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Preface

Human endeavor in the hundreds of fields that comprise human knowledge
(for example, modern universities may offer graduate degrees in over 100
programs, some of them having sub-areas—see Syracuse University (1999,
pp. 7-9) for an example with 116 graduate programs) involves the construc-
tion of statistical models to describe fundamental variables. Of the variety
of possible models, probability distributions are the most widely used ones.
This book deals with how to model (or, how to fit) continuous probability
distribution models to data.

The area of fitting distributions to data has seen explosive growth in re-
cent years. In view of this and the widespread need for fitting methods in
virtually all areas of endeavor, we believe there is a need for a text that can
be used in applied programs (including graduate programs in the mathemat-
ical sciences, where many research topics in this area will be explored), and
as a reference work by researchers and practitioners. This book therefore
includes the following: a detailed exposition of the Generalized Lambda Dis-
tribution (GLD), relevant results related to the Generalized Bootstrap (GB)
and Monte Carlo Simulation (MC), and the necessary tables, algorithms,
and computer programs for fitting continuous probability distributions to
data.

We restrict our coverage to the GLD/GB/MC methods that have been
used successfully in many fields, where our own recent work has dealt with
the refinement and completion of these methods, whose proper exposition
for the audiences intended fills a volume. A reviewer of some of that work
stated “I don’t see why the authors [are] wait[ing] to write a - - - book about
univariate and multivariate GLD applications” (Omey (1998)), and we ap-
preciate this encouragement.

The plan of the book is detailed in the introduction to Chapter 1. A
wide-ranging variety of applications is included to aid the practitioner, as
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well as proofs of key results to aid the person involved in theoretical devel-
opment, teaching a course, or studying these topics. Various programs are
provided to help with the computational difficulties associated with fitting
distributions. These programs are available from the CRC Press website
http://www.crcpress.com and are listed in Appendix A.

We thank our students who often have analyzed data from a broad range
of fields with these methods, or developed extensions of the results in their
research work (often in a published paper). Some examples include Nel-
son B. Beckwith (whose work on the GLD-2 of Chapter 5 was published in
Beckwith and Dudewicz (1996)), and Mr. Fasheng Li and other students in
Statistical Simulation and Nonstandard Data Analysis (MAT 621) at Syra-
cuse University whose valuable applied and theoretical insights have aided
us in our own development and understanding of the modeling process in
both its applied and theoretical aspects. We also wish to express our grati-
tude to Susan Karian, Jarold Tawney, and Helen Viles for their considerable
typesetting assistance.

We welcome communications from those who use this book and will try
to include additional applications and references to new work in subsequent
editions.

Zaven A. Karian
Denison University
Granville, Ohio

Edward J. Dudewicz
Syracuse University
Syracuse, New York

March 2000
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Chapter 1

The Generalized Lambda Family of
Distributions

Much of modern human endeavor, in wide-ranging fields that include
science, technology, medicine, engineering, management, and virtually all of
the areas that comprise human knowledge involves the construction of
statistical models to describe the fundamental variables in those areas.!
The most basic and widely used model, called the probability distribu-
tion, relates the values of the fundamental variables to their probability of
occurrence. When the variable of interest can take on (subject to the pre-
cision of the measuring process) any value in an interval, the probability
distribution is called continuous. This book deals with how to model (or,
how to fit) a continuous probability distribution to data.

The area of fitting distributions to data has seen explosive growth in recent
years.? Consequently, few individuals are well versed in the new results
that have become available. In many cases these recent developments have
solved old problems with the fitting process; they have also provided the
practitioner with a confusing array of methods. Moreover, some of these
methods, called “asymptotic” methods in the theoretical literature, were
developed with very large sample sizes in mind and are ill-suited for many
applications. With these facts in mind, this book seeks to

e Give the results, tables, algorithms, and computer programs needed
to fit continuous probability distributions to data, using the General-
ized Lambda Distribution (GLD) and the Generalized Bootstap (GB)
approaches;

TFor example, in actuarial science, see Klugman, Panjer, and Willmot (1998), which while an
“applied text” (p. ix), needed to assume “that the reader has a solid background in mathematical
statistics” (p. ix).

2Recent works include Bowman and Azzalini (1997), Scott (1992), and Simonoff (1996). An
overview with 71 references to recent work is given by Miiller (1997).
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e Bring together in one place the key results on GLD and GB fitting of
continuous probability distributions, with emphasis on recent results
that make these methods nearly universally applicable.

There are good reasons for using the GLD distribution and GB methods.
GLD fits have been used successfully in many fields (e.g., the construction
industry, atmospheric data, quality control, medical data, reliability). More-
over, the “bootstrap” is widely used in its non-generalized form, making the
GB a method that should appeal to those familiar with the Bootstrap —
though perhaps not with its drawbacks that the GB generalization addresses.
The inclusion of other methods, as was done in our earlier work (see Part IV
of Dudewicz and Karian (1985)), would raise the question: “Which method
should be used in practice?” Our answer to this question has always been:
Try the GLD and GB first and stop there if the results are acceptable.
Combined with the fact that our own recent work has contributed to the
refinement and completion of the GLD and GB methods, whose proper ex-
position alone fills a book, the decision to focus on the GLD and GB methods
is a clear one for us.

The plan of the book is as follows:

Chapter 1. Specify the basic GLD family of distributions. The GLD has
four parameters that one needs to choose to fit the data at hand.

Chapter 2. Show how to estimate the unknown parameters with the
method of moments. This is how the parameters have usually been esti-
mated in applications.

Chapter 3. Develop the extended GLD (EGLD) to cover all possible mo-
ments. The limited coverage of moment-space has been a problem in some
GLD applications; this problem is now solved by the EGLD.

Chapter 4. Show how to estimate the unknown parameters using per-
centiles. Since moments do not always exist, and moment-based estimators
can have high variability, the recent development of methods using per-
centiles allows for better fitting distributions in some applications.

Chapter 5. Develop a bivariate version of GLD (and of the EGLD), which
is important when two characteristics must be fitted jointly. This method
was made available only recently.

Chapter 6. Develop the Generalized Bootstrap method of fitting and con-
trast it with the Bootstrap method. The latter has important drawbacks
that the GB generalization addresses.

Appendices. Give the tables and computer code needed for applications so
that although a person may write his or her own code if desired, the code we
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used will be available for easy implementation. The tables will be sufficient
in many applications.

Along the way, we include a wide-ranging variety of applications from a
number of areas as illustrations in detail (to aid the practitioner), and proofs
of key results (to aid the person interested in the theoretical development,
who may wish to teach a course in this area, or to do research in it).

1.1 History and Background

The search for a method of fitting a continuous probability distribution to
data is quite old. Pearson (1895) gave a four-parameter system of probability
density functions, and fitted the parameters by what he called the “method
of moments” (Pearson (1894)). It has been stated (Hald (1998), pp. 649-650)
that

Like Chebyshev, Fechner, Thiele, and Gram he [Pearson] felt the
need for a collection of continuous distributions to choose among
for describing the ... phenomena he was studying. He wanted
a system embracing distributions with finite as well as infinite
support and with skewness both to the right and the left.

The system we develop in this book has its origins in the one-parameter
lambda distribution proposed by John Tukey® (1960). Tukey’s lambda dis-
tribution was generalized, for the purpose of generating random variates for
Monte Carlo simulation studies, to the four-parameter generalized lambda
distribution, or GLD, by John Ramberg and Bruce Schmeiser (Ramberg and
Schmeiser (1972, 1974)). Subsequently, a system, with the necessary tables,
was developed for fitting a wide variety of curve shapes by Ramberg, Tadika-
malla, Dudewicz, and Mykytka (1979). Since the early 1970s the GLD has
been applied to fitting phenomena in many fields of endeavor with continu-
ous probability density functions. In some cases problems arose, such as a
need for tables for a range not yet published or computed, or a need for an
extension to the part of moment-space not covered by the GLD; solutions
to these problems are given later in this book.

We will cover the applications through a number of detailed examples.
A few words about some important applications are appropriate in this in-

3Tt has been pointed out that the Tukey Lambda was introduced in Hastings, Mosteller, Tukey,
and Winsor (1947); however, the usual origin is stated as Tukey (1960).
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troduction. In an early application of the GLD (at the time called the RS
(or Ramberg-Schmeiser) distribution), Ricer (1980) dealt with construc-
tion industry data. His concern was to correct for the deviations from
normality which occur in construction data, especially in expectancy pricing
and in a competitive bidding environment, finding such quantities as the
optimum markup.

In another important application area, meteorology, it is recognized that
many variables have “...non-normality, [so] most climatologists have used
empirical distributions. ..” (Oztiirk and Dale (1982), p. 995). As an alterna-
tive, fitting of solar radiation data with the GLD was successful due to the
“flexibility and generality” (Oztiirk and Dale (1982), p. 1003) of the GLD,
which “could successfully be used to fit the wide variety of curve shapes
observed.” In many applications, this means that we can use the GLD to
describe data with a single functional form by specifying its four pa-
rameter values for each case, instead of giving the basic data (which is what
the empirical distribution essentially does) for each case. The one func-
tional form allows us to group cases that are similar, as opposed to being
overburdened with a mass of numbers or graphs.

Each application area has its own concerns and goals. What they have
in common is the need for a flexible, easy-to-work-with, complete system of
continuous probability distributions—a need for which the GLD has been
found to be quite suitable. We urge those who wish to look up some of the
work in areas for which we have not given references to write the first paper
applying the GLD to those areas and send us a copy. Some of the more
accessible references in several important areas are

e Modeling biological and physical phenomena, Silver (1977)

e Generating random variables for Monte Carlo studies, Hogben (1963),
Shapiro and Wilk (1965), Shapiro, Wilk, and Chen (1968), Karian and
Dudewicz (1999b)

e Sensitivity studies of statistical methods, Filliben (1969)

e Approximation of percentiles of distributions, Tukey (1960), Van Dyke
(1961)

e Testing goodness of fit in logistic regression, Pregibon (1980)

e Modeling complex situations in applied research, such as quantal re-
sponse in bioassay and economics, Mudholkar and Phatak (1984),
Pregibon (1980)
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e Quality management, engineering, control, and planning, Dudewicz
(1999).

As a prelude, and for some a refresher, before defining the Generalized
Lambda Distribution (GLD) family in Section 1.2, we review some ba-
sic notions from statistics. For fuller details, see Karian and Dudewicz
(1999b) or Dudewicz and Mishra (1998).

If the variable X is involved in the model we are constructing, and we have
no way of accurately predicting its value from other known variables, then
X is usually called a stochastic variable or random variable (r.v.).* If
X can take on only a few discrete values (such as 0 or 1 for failure or success,
or 0,1,2,3,... as the number of occurrences of some event of interest), then
X is called a discrete random variable. If the outcome of interest X can
take on values in a continuous range (such as all values greater than zero for
an engine failure time), then X is called a continuous random variable.?

For any r.v. of interest, we wish to know: What are the chances
of occurrence of the various possible values of the r.v.? For example,
what is the probability that X is no larger than 3.27 Or, that X is no larger
than 4.5 (or any other value)? Specifying P(X < 3.2), P(X < 4.5), or in
general P(X < z), is one way of specifying the chances of occurrence of
the various values that are possible. This is called giving the distribution
function (d.f.) of X:

Fx(z)=P(X <z), —o0o<z<+00. (1.1.1)

As an example, if X has what is called the standard normal or N(0, 1)
distribution function, then F'x(x) is usually denoted by ®(z). There is no
simple formula for finding ®(3.2), but ®(3.2) can be approximated through
numerical integration. Values for ®(x) are given in Appendix E for various
values of z. From the table in Appendix E, we find ®(3.2) = .9993129, i.e.,
the chance that X will be 3.2 or less is then 99.93129%. It is possible to plot
the function ®(x) by graphing a fine grid of points (z, ®(z)) using z-values
included in Appendix E, and joining the points by a smooth curve. This is
done in Figure 1.1-1. The plot, while specific to the standard normal d.f.,

THere we restrict ourselves to r.v.s that assume a single number, such as X = 3.2, called univariate
r.v.s. The case when X may be a pair, such as X = (T, H) with T=Temperature and H=Humidity,
is also important (X is then called a bivariate r.v.) and is dealt with in Chapter 5.

5There are also mixed r.v.s that arise when X takes on some values with positive probability but
is otherwise continuous. (E.g., at random choose to flip a fair coin, marked 3 on one side and 5 on
the other side, or spin a spinner that points to a number on a circumference marked continuously
from 0.0 to 1.0. Then with probability 0.25, X = 3; with probability 0.25, X = 5; and otherwise X
is a number between 0 and 1.) We deal here only with the continuous part of X and its modeling.
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1 2 3 4
Figure 1.1-1. The d.f. of a N(0,1) r.v.

has some properties in common with all plots of d.f.s of continuous r.v.s: the
curve starts near a height of zero at the left (very small values of x), and
increases continuously, approaching a height of 1.0 as x gets large.

A second way of specifying the chances of occurrence of the vari-
ous values of X is to give what is called the probability density function
(p.d.f.) of X. This is a function fx(z) that is > 0 for all z, integrates to 1
over the range —oo < & < 400, and such that for all x,

T
Fy(z) = / Fx()dt. (1.1.2)
—00
Every d.f. Fx(-) has associated with it a unique® p.d.f. fx(-), so we gain the
same information by specifying either one of these functions. As an example,
if X has the N(0, 1) d.f., then its p.d.f. is usually given the name ¢(z) and
has the simple expression

]. —11)2/2

P(x) = Ee )

It is possible to plot the function ¢(x) by graphing a fine grid of points
(z,é(z)) using any z-value grid we wish and computing ¢(z) from (1.1.3).
This is done in Figure 1.1-2. The plot, while specific to the standard normal
p.d.f., has some properties in common with all plots of p.d.f.s: the curve is

—00 < x < +00. (1.1.3)

%Actually, the p.d.f. is unique up to sets of measure zero, i.e. there is what is called an
equivalence class of such functions. However, this is a notion not needed in our work (and those
familiar with it are unlikely to need this review), so we do not dwell on it. One important point
that comes from it, however, is that the p.d.fs fi(z) =1if 0 <z <1 (and = 0 otherwise), and
fo(z) =1if 0 < z <1 (and = 0 otherwise) are not different — they yield the same d.f., and both
are called the uniform p.d.f. (on (0,1)).
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1 2 3 4
Figure 1.1-2. The p.d.f. of a N(0,1) r.v.

non-negative, the area under the whole curve is 1, and areas under the curve
between values give us the probability of that range of values.

A third way of specifying the chances of occurrence of the various
values of X is to give what is called the inverse distribution function,
or percentile function (p.f.), of X. This is the function @x(y) which, for
each y between 0 and 1, tells us the value of = such that Fx(z) = y:

Qx(y) = (The value of z such that Fx(z) =y), 0<y<1. (1.1.4)

For example, for the N(0,1) d.f., we know from Appendix E that ®(1.96) =
0.975. Hence, Q(0.975) = 1.96 for the N(0,1) distribution, i.e., the value
that is (with probability .975) not exceeded is 1.96. Equivalently, with the
N(0,1) distribution one will find values of 1.96 or smaller 97.5% of the time.
It is possible to plot the function Q(y) by graphing a fine grid of points
(y, Q(y)) using any y-value grid over the range 0 to 1. This is done in Figure
1.1-3 for the standard normal case, using numerical methods to converge on
the root needed in (1.1.4). The plot, while specific to the standard normal
case, has some properties in common with all plots of p.f.s: all “action” takes
place for horizontal axis values between 0 and 1 (these represent probabilities
of non-exceedance, and probabilities must be between 0 and 1), and the curve
is increasing from the smallest value of X (in the limit as y tends to 0), to
the largest value of X (in the limit as y tends to 1).

We see that there are three ways to specify the chances of occurrence of
a r.v. (the d.f., the p.d.f., and the p.f.). For the N(0,1) example it was not
easy to specify the d.f. (we had to numerically calculate it; we may think
of this as easy since virtually all statistics books have this table in them,
nevertheless there is no simple formula); it was easy to specify the p.d.f;
and it was not easy to specify the p.f. (numerical calculation was necessary;
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Figure 1.1-3. The p.f. of a N(0,1) r.v.

we may think of this as harder, as Q(y) is given in most statistics books
only for a few “holy” values of y, such as 0.90, 0.95, etc., but in fact it is no
harder than finding the N(0,1) d.f.). For other examples, it varies which of
the d.f., p.d.f., and p.f. is easier to deal with. In particular, for the GLD we
will see in Section 1.2 that the p.f. is very easy to obtain, the p.d.f. is also
eagy to find, and the d.f. needs numerical calculation.

For later reference, we give the p.d.f., d.f., and p.f. for a r.v. with the
general normal distribution with mean p and variance o2, N(u,0?). The
p.d.f. is

fla) = ;m ¢~ (/2% (115)

the distribution function (d.f.) is
F(z) = P(X < 7) :P(X_“ < :”_“) :@("”‘“) . (L16)

o = 0 (o

and the percentile function (p.f.) is
Q(y) = (z such that F(z) = y)
= u+ o0 (y). (1.1.7)

We should note that, in addition to @x(y), there are several notations in
common use for the p.f.; one usually finds the notation F)}l(:v). This nota-
tion, while more common in the literature, is often confused with 1/Fx(y),
for which the same notation is used. For this reason, we will designate the
p.f. by @x(y) throughout this book.
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1.2 Definition of the Generalized Lambda Distributions

The generalized lambda distribution family with parameters A1, A2,
A3, A4, GLD(A1, A2, A3, Ag), is most easily specified in terms of its per-
centile function

)\3 — 1 _ >\4
Q(y) = QY A1, A2y A3, Ag) = A1 + %

(1.2.1)
where 0 < y < 1. The parameters A; and Ay are, respectively, location and
scale parameters, while A3 and A4 determine the skewness and kurtosis of the
GLD(A1, A2, A3, A1). Recall that for the normal distribution there are also
restrictions on (p, 0%), namely, ¢ > 0. The restrictions on Aj, ..., \s that
yield a valid GLD(A1, A2, A3, A\4) distribution will be discussed in Section 1.3
and the impact of A3 and A4 on the shape of the GLD(A1, A2, A3, \4) p.d.f.
will be considered in Section 1.4.

It is relatively easy to find the probability density function from
the percentile function of the GLD, as we now show.

Theorem 1.2.2. For the GLD(\1, A2, A3, A1), the probability density func-
tion is
A2
f(:l") - )\3y>‘3_1 + )\4(1 _ y))\4_1a at x = Q(y)

(1.2.3)

(Note that Q(y) can be calculated from (1.2.1).)

Proof. Since z = Q(y), we have y = F(z). Differentiating with respect to
x, we find

dy
7 = @)
_ dy _ 1
1) = Taw) ~ 7@wy (124)

Since we know the form of Q(y) from (1.2.1), we find directly that

dQ(y) _ d (Al I U y)A‘*) Ay (g
)\2 )\2 ’

dy dy

(1.2.5)

from which the theorem follows using (1.2.5) in (1.2.4). R
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In plotting the function f(z) for a density such as the normal, where f(x)
is given as a specific function of z, we proceed by calculating f(x) at a grid
of = values, then plotting the pairs (z, f(z)) and connecting them with a
smooth curve. For the GLD family, plotting f(x) proceeds differently
since (1.2.3) tells us the value of f(z) at x = Q(y). Thus, we take a grid of y
values (such as .01, .02, .03, ..., .99, that give us the 1%, 2%, 3%, ..., 99%
points), find = at each of those points from (1.2.1), and find f(z) at that =
from (1.2.3). Then, we plot the pairs (x, f(x)) and link them with a smooth
curve.

As an example of plotting f(z) for a GLD, consider the GLD(A1, A2, Az, A4)
with parameters

A1 = 0.0305, Xy = 1.3673, Ag=0.004581, X4 = 0.01020,
i.e., the GLD()\l, A2, Ag, )\4) with (see (1.2.1))

Q(y) = 0.0305 + (y? 004551 — (1 = 4))001020) /1 3673, (1.2.6)

This GLD arose (see Ramberg, Tadikamalla, Dudewicz, and Mykytka (1979))
as the fit to measurements of the coeflicient of friction for a metal. For ex-
ample, in the process noted in the above paragraph, we find that at y = 0.25
the Q(0.25)=0.028013029, from (1.2.6). Next, at x = 0.028, using (1.2.3)
with the specified values of A1, A2, Az, Ag, £(0.028) = 43.0399612. Hence,
(0.028,43.04) will be one of the points on the graph of f(z). Proceeding in
this way for y = 0.01, 0.02,...,0.99, we obtain the graph of f(z) given in
Figure 1.2-1.

40
30

20

0 0.02 0.04 0.06 0.08

Figure 1.2-1. The p.d.f. of GLD(0.0305, 1.3673,0.004581, 0.01020).
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1.3 The Parameter Space of the GLD

We noted, following formula (1.2.1), that it does not always specify a valid
distribution. The reason is that one cannot just write down any formula
and be assured it will specify a distribution without checking the conditions
needed for that fact to hold. In particular, a function f(z) is a probability
density function if and only if it satisfies the conditions

fz)>0 and /OO flz)de = 1. (1.3.1)

From (1.2.4) we see that for the GLD(\1, A2, A3, \4), conditions (1.3.1) are
satisfied if and only if

A oo
Agyrs—1 4 )\42(1 )l >0 and /_OO f(Q(y) dQ(y) =1. (1.3.2)

Since from (1.2.4) we know that

f(Qy)) dQ(y) = dy,

and y is on the range [0, 1], the second condition in (1.3.2) follows. Thus, for
any A1, A2, Az, \g the function f(z) will integrate to 1. It remains to show
that the first condition in (1.3.2) holds.

Since A1 does not enter into the first condition in (1.3.2), this parameter
will be unrestricted, leading us to the following theorem.

Theorem 1.3.3. The GLD(\1, A2, A3, A1) specifies a valid distribution if
and only if

A2
> 1.3.4
Azyre Tl 4 Mg (1 —gy)Mat = 0 (134)

for all y € [0, 1].

The next theorem establishes the role of \; as a location parameter.

Theorem 1.3.5. If the random variable X is GLD(0, A2, A3, A1), then the
random variable X + A1 is GLD(A1, A2, Az, Ap).

Proof. If X is GLD(0, A2, A3, A1), by (1.1.1) we have

g — (1 - y)™

Q) = "

© 2000 by Chapman & Hall/CRC



Now
FX_|_)\1(:L‘) = P[X + A < :L‘] = P[X <z-— )\1] = FX(:L‘ - )\1), (1.3.6)

hence Fx(x — A1) = y also implies F'x4y, (x) =y, yielding

A3 (1 — 4\ M
r—XA=Qx(y) = #, T=Qxin(Y), (1.3.7)
whence
g — (L —y)™
Qxin(W)=2=M+Qx(y) =M+ — N (1.3.8)

This proves that X + A; is a GLD(A1, A2, A3, A4) random variable. i

Since 0 <y < 1in (1.3.4), we immediately have the following.

Corollary 1.3.9. The GLD(A1, A2, A3, A1) of (1.2.1) specifies a valid distri-
bution if and only if

9(y, A3, M) = Agy® 7+ A (L= )M ! (1.3.10)

has the same sign (positive or negative) for all y in [0,1], as long as Ao
takes that sign also. In particular, the GLD(A1, A2, A3, A1) specifies a valid
distribution if A2, Az, \q all have the same sign.

To determine the ()3, \4) pairs that lead to a valid GLD, we con-
sider (A3, A4)-space in the following regions:

Region 1 = {(A3,Aq) | A3 < -1,y > 1} (1.3.11)
Region 2 = {(A3,\g) | A3 > 1, < -1} (1.3.12)
Region 3 = {(A3, A1) | A3 > 0, s > 0} (1.3.13)
Region 4 = {(A3, A1) | A3 <0, <0} (1.3.14)
Vi={(A3,A) | A3<0,0 < g <1} (1.3.15)
Vo = {()\3, )\4) ‘ D<Az <l, 4 < 0} (1.3.16)
V3 = {()\3,)\4) ‘ —1< A3 <0,M > 1} (1.3.17)
Va={(A3,A1) | A3 >1,-1 < A\g <0} (1.3.18)

The following lemma is a direct consequence of Corollary 1.3.9.

Lemma 1.3.19. The GLD(A1, A2, A3, A1) is valid in Regions 8 and 4 speci-
fied in (1.8.13) and (1.3.14).
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Next, we consider the other Regions, starting with Regions V1 and Va.
Lemma 1.3.20. The GLD(A1, A2, A3, A\s) is not wvalid in Regions V1 and
V.

Proof. By Corollary 1.3.9, the GLD(A1, A2, A3, A1) is valid at (A1, A2, A3, A4)
if and only if g(y, A3, A1), as defined in (1.3.10), has the same sign for all y
in [0,1], and Xy takes that same sign. In Region Vi we have A3 < 0 and
0 < Ay < 1. It is easy to see that

lim g(y,As3,\s) = —00  and lim g¢(y, A3, \g) = 400,
y—0+ y—1—

so that g(y, A3, A1) cannot keep the same sign over the interval [0, 1], hence
the GLD(A1, A2, A3, A4) is not valid for (A3, \4) in V;. The analysis for Vo
is similar (with A3 and A4 interchanged). W

Lemma 1.3.21. The GLD(A1, Ao, A3, \y) is valid in Regions 1 and 2 speci-
fied in (1.3.11) and (1.3.12).

Proof. We will show that for (A3, \4) in Region 1, g(y, A3, A1), (defined in
(1.3.10)), is negative for all y in [0,1]. We start by considering

0 9(y, A3, M)

—_ Asz—1 1 As—1
3 YT+ A In(y)y

Since this is positive (A3 < 0 and In(y) < 0), g(y, A3, \g) increases as Ag
increases and

9y, A3, M) < g(y, =1, M)

-1
=2 ML =)™ = R(y, A). (1.3.22)
Now,
8 h(y, A - B
3(+44) — (1 _ y)M 1 + )\4(1 _ y)A4 1 ln(l _ y)
= (1 =)™ 11+ M In(1 — )]
and 9 7y, M) > 0 if and only if
0 M\
-1
< 171 . N\° . .
Ag < =) (1.3.23)
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Case 1: —1/In(1 —y) <1, equivalently, 1 —e™! <y < 1.
By (1.3.23) h(y, A4) increases with A4 and

~1
9(y, 23, A1) < h(y, \) < h(y,1) = ¥l 0.

Case 2: —1/In(1 —y) > 1, equivalently, 0 <y < 1 —e~1.

In this case, h{y, A4) will be largest when Ay = —1/In(1 — y). Therefore,

My, A1) < h(y, ﬁ) (1.3.24)
! ! ) —
:_?_<m> (1—y)( ( >)_f(y).

The derivative of f(y), after some simplification, is

2(1 — )2 In%(1 —y) — yPe (1 +1In(1 — ¢)
y*In?(1 —y)(1 - y)? '

Since the denominator is non-negative, f’(y) has the same sign as

2e(y — 1)% [In(1 —y)\?
" ( " ) — (1+1n(1—y)).

fly) =

To show that f'(y) > 0, it suffices to establish that

k(y) = 2e(yy— 1)? <ln(1y— y)) >1

because we would then have In(1-y) < 0, —(1+In(1-y)) > —1, and f'(y) =
E(y) — (1 +1n(1 —y)) > 0. The first factor of k(y), 2(y — 1)?, decreases as y
increases on [0,1 — e}, the interval to which y is constrained. Therefore,

2e(y —1)? _ 2e7! 2e~1 2
ely—17° 27 2 = > 1. (1.3.25)
Y Y 1—e" e—1

The other factor of k(y), In?(1—y)/y?, increases as y increases on [0,1—e™].
Hence, its value must exceed

lim <M>2 =1.

y—0+ Y
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This, together with (1.3.25), makes k(y) > 1, hence, f'(y) > 0. We now

have 1 — 9
f(y)Sf(l_e_l):W<0,

yielding,
9(y, A3, A1) < h(y, A1) < f(y) <0.

A similar argument, with A3 and A4 interchanged, gives g(y, A3, A1) < 0
for (A3, A1) from Region 2 and Corollary 1.3.9 is used to conclude the proof.

The situation is quite different in Regions V3 and V4. We start by observ-
ing that the GLD(A1, A2, A3, A4) is valid at only some points of V3. For
example, at A3 = —1/2, Ay = 2, the g(y, A3, \q) of (1.3.10) is

1 _
9(v) = -3y 324 2(1-y),

for which ¢'(y) = 2y5/2 — 2, which is < 0 if and only if (3/4)y~>/2 < 2, i.e.,
if and only if 3/8 < ¢%/2, or y > (3/8)%/% = .67548. Noting that
1

1 = — ]_ = —_——
Jim, g(y) = —co and g(1) = =3,

2/5

we see that g(y) increases as y increases from 0 to (3/8)%/°, then decreases.

Its maximum occurs at y = (3/8)%/5, in which case

o((2)7") = —3(@/97) 2 4 201 - (3/9)%)

= —0.90064 4 0.64904 = —0.25160.

Thus, ¢(y) is negative for all y in [0,1], and the GLD(A1, A2, A3, Ag) (with
A2 < 0) is valid at (A3, \q)= (—1/2,2).
This can be contrasted with the point (A3, \s) = (—1/2,1) where

1
g(y)zl—w-

In this case 1
Jim, 9(y) = —oo and ¢(1) = 5,
which establishes (A3, A1) = (—1/2,1) as a point of V3 where the GLD

is not valid.
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The following result, due to Karian, Dudewicz and McDonald (1996), gives
the complete characterization of the valid points of Regions V3 and
V.

Lemma 1.3.26. A point in Region V3 is valid if and only if

(1 — )\3)1_>‘3

-3
(Mg — Ag)M—2s BN

— 1Mt .
(M —1) < b

(1.3.27)

Proof. Let 0 <y <1and —1 < A <0 (think of X as A3), and f(A\) =a > 1
(think of @ as A4, so we are considering Region V in the second quadrant).
Let

Gly) =+ a(l —y)* L. (1.3.28)

Since the GLD(A1, A2, A3, A\y) is valid if G(y) has constant sign for all y in
[0, 1], we examine the zeros of G. G(y) = 0 is equivalent to

_T)\ _a ;Ay_)j_l‘ (1.3.29)
Through the substitutions
@) -2
(1.3.29) can be simplified to
B=y"(1-vy), (1.3.30)

where 3, v > 0.
Differentiating with respect to y we obtain a relation for the critical points

of h(\,y) =y (1 - y):

ah()‘ay)_ y—1 ¥
oy W (1-y)-vy

which is zero if and only if yy7~! = y7(147), i.e., if and only if y has the value
Ye = v/(1 + 7). At y., h(),y) has a maximum since h(A,0) = h(A,1) =0
and h(\,y) > 0. This maximum is given by

ye ol

h()‘ayc) = yZ(l - yc) = (1 _I_,Y) = (1 _I_,Y)1+7'
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Since the difference of the two sides in (1.3.30) will go from positive at y = 0
to negative at y = y., G changes sign on [0, 1] if and only if

A
Ty 2 3. (1.3.31)

By restating this in terms of the A3 and A4 parameters of the GLD, we see
that (A3, A\4) fails to yield a valid GLD if and only if

(1 — )\3)1_>‘3
()\4 _ )\3)>\4—>\3

(A —1DM7L > _)\—i?’ ] (1.3.32)

The following theorem, by summarizing the results of Lemmas 1.3.19,
1.3.20, 1.3.21 and 1.3.26, completely characterizes the ()3, \4) pairs for
which the GLD is valid.

Theorem 1.3.33. With a suitable Ay, the GLD(A1, A2, A3, Aq) is valid at
points (A3, Ag) if and only if (A3, \s) is in one of the unshaded regions de-
picted in Figure 1.5—-1. The curved boundaries between the valid and non-
valid regions are given by.

(1—Xg)l ™ -1 A3 . .
W()\4 -1) =N (Region 5 in the second quadrant)
and
(1 _ )\4)1—>\4

-
(Ag =171 = 4 (Region 6 in the fourth quadrant).

(A3 — Ag)hs—M A3

Figure 1.3-1 shows all the (A3, A4) points (the points in the unshaded re-
gion) for which a valid GLD(A1, A2, A3, A4) exists. The shaded region consists
of the points excluded by Lemma 1.3.20 and Theorem 1.3.33. Therefore, for
(A3, A4) in the shaded region there will not exist a valid GLD(A1, A2, A3, \4)
distribution.

Theorem 1.3.33 gives an algebraic characterization of the boundary be-
tween the (A3, A1) points of V3 and V4 that lead to a valid GLD(A1, A2, A3, A4)
and those that do not. However, it is not clear from this algebraic formula-
tion that the shape of the shaded region is as depicted in Figure 1.3-1. The
next two theorems clarify this point.
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Figure 1.3—1. Regions 1, 2, 3, 4, 5, and 6 where the GLD is valid.

Theorem 1.3.34. If GLD(\1, A2, A5, ML) is valid for a point (A3, \}) in V3
and (A3, A}), is a point with —1 < A3 < A}, then GLD(A1, A2, A3, A}) is also
valid for (As, \}).

Proof. We know from Corollary 1.3.9 that for GLD(A1, A2, A3, A]) to be
valid,

9y, A5, AD) = Ay T+ A1 - )i (1.3.35)
must have the same sign for all y in [0, 1]. Since

lim My =—0co  and lim Aj(1 — )Mt = Ay,
et 3Y ) i(1-9) 4

9{y, A5, A1) < 0 for some sufficiently small y. Hence, g(y, A5, A}) < 0 for all
y in [0, 1]. We next observe that

09y, A3, Ae) _ s

T e (1+A3lny) (1.3.36)

and the right-hand side of (1.3.36) is positive because both A3 and Iny are
negative. Hence, for any y in [0, 1], g(y, A3, A4) is an increasing function of
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Az and

for all y in [0, 1]. By Corollary 1.3.9, GLD(A1, A2, A3, A\j) must be valid. §

Theorem 1.3.37. Given —1 < A} < 0, there exists a A} > 1 such that the
GLD(A1, A2, A3, A1) is not valid for points (A3, Aa) with A < A} and it is
valid for points (A3, A\a) with Ay > A\].

Proof. From (1.3.32), GLD(A1, A2, A5, Ay) is valid if and only if

(1=A'% M-l A3
o (= 1M _73
()\4 _ )\g))q—)\g ()\4 ) < N
which is equivalent to
kYIS OV A=Y
Az T Qe Z TR, (1.3.38)

A3 Ag(Ag — 1)ra—1
Differentiating h(A4) we have

Ay — M\ Ae—A% .
h/()\4) = W [)\4 ln()\4 - )\3) — ln()\4 - 1)] . (1.3.39)

The terms outside of the brackets in (1.3.39) are positive. The expression
inside the brackets can be rewritten as

)\4—)\§>
Al
4n<)\4—1

and since Ay — A5 > A4 — 1, the bracketed part of (1.3.39) is also positive.
Therefore, h(A4) is a continuous and increasing function of A4 and it must
attain all values between

h(1) = (1 = A3)N! (1.3.40)

and

IR YA P.VE ¥
lim h(\g) = lim QAT

—_—— = 0. 1.3.41
Ag—00 A4 —00 )\4()\4 — 1)>‘4_1 &0 ( )
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The limit in (1.3.41) is infinite because the degree (in A4) of the numerator is
A4— A3 which is larger than )4, the degree in the denominator. In particular,
since

N1 _ (1A%

1 _ *

< 00,

h{A4) must attain the value

(1= )%
¥

for some Ay = Aj. Since h{\4) increases with A\g, when Ay > A}, the in-
equality of (1.3.38) holds and the GLD(A1, A2, A3, Ay) is valid at such points.
Similarly when Ay < A}, the inequality of (1.3.38) cannot hold and the
GLD(A1, A2, A3, A4) is not valid at these points. [

Theorems 1.3.34 and 1.3.37 justify the shape of the invalid shaded
region of V3 given in Figure 1.3-1, and of the valid Region 5.
Similar arguments, with A3 and A4 interchanged, establish analogous results
for V4 and Region 6. One of the consequences of Theorem 1.3.37 is that for a
given A3 in (—1,0), there is one and only one A4 for which (A3, A1) is on the
boundary curve specified in Theorem 1.3.33. Therefore, the boundary curve
can be viewed as the graph of a function (say Ay = B(A3)) that specifies the
points (A3, B(A4)) on the boundary.

As A3 approaches 0 from the left, B(\3) grows at a surprisingly high rate
— this is not apparent in Figure 1.3—-1 because A3 < —0.3 in Figure 1.3-1.
However, some direct (and difficult) computations yield the following values
of B(A3) for A3 = —-0.3, —0.2, —0.1, —0.08, and — 0.04.

3.6196669
25.450660

(=0.3)
)
) = 476523.97
)
)

B(-0.3
B(—0.2
B(-0.1

8) = 1.9935190 x 10°
4) = 1.2580865 x 1024

B(
B(

o O

.0
.0

It can be seen in Figure 1.3-2 (a) that even In(B(\3)) rises quite rapidly
when A3 gets sufficiently close to 0. A significant, although somewhat more

moderated, growth can be seen in Figure 1.3-2 (b) which gives the graph of
In(In(B(As))).
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In(As) In(In(A4))

4

(a) (b)

Figure 1.3—2. Growth of In(A\4) (a) and In{In(A\4)) (b) as A3 increases to
0 on the boundary of valid and non-valid regions in Vj.

1.4 Shapes of the GLD Density Functions

In this section we undertake an investigation of the possible shapes
of the GLD (A1, A2, A3, A4) p.d.f.s by charting, over (A3, A4)-space, the
regions where the p.d.f. has zero, one, or two relative extreme points (points
where the GLD(A1, A2, A3, A\4) p.d.f. has a relative maximum or relative min-
imum). This is followed by graphs of GLD(A1, A2, A3, \4) p.d.f.s that illus-
trate shapes associated with various regions of (A3, A\y)-space.

Lemma 1.4.1. The relative extreme points of the GLD(A1, A2, A3, \s) p.d.f.
occur at values of y where
y > Ag(Ag — 1)

9(y) = T2~ NOs—1) (1.4.2)

Proof. It was shown in Section 1.2 (see equation (1.2.3)) that the p.d.f. of
a GLD(A1, A2, A3, \y) random variable is given by

f($) - )\3y>‘3_1 + )\4(1 — y))\4_1

where © = Q(y), or equivalently, y = F(z). Differentiating with respect to
':E’

(1.4.3)

d o dy
/ _ <
f (:E) - dy (A3y>\3_1 + )\24—1> dl‘
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d Ao

As(As = Dye=2 =AM = D(1 — y)™ )
(Agyhs =1 + A1 h)2

=—) flz). (1.4.4)
The lemma is obtained by setting the parenthesized expression in the nu-
merator of (1.4.4) to zero. NI

Theorem 1.4.5. The p.d.f. of the GLD(A1, A2, A3, \a) has no relative ex-
treme points in the following regions of (A3, A4)-space.

Eor ={(A3,2) | 0< A3 <1, Ay >1}
Eo2={(A3;A1) | A3 > 1, 0< A <1}
Eo’gz{()\g,)u;) | A3 <0, 0< <1}
Ep4= {(A3,\1) | 0< A3 <1, \g <0}

Proof. Before starting the proof we note that the GLD is valid for (A3, A4)
in Ey 1 and Ey» but not valid in Ey 3 and Ej 4 (see Figure 1.3-1). The latter
two regions are included for the sake of completeness.

The left-hand side of (1.4.2) is always positive. However, in all of the cases
listed, the right-hand side is negative. |

Theorem 1.4.6. The GLD(A1, A2, A3, A1) p.d.f. has a unique relative ex-
tremum when A3 > 2 and Aq > 2.

Proof. Differentiating the g(y) that was defined at (1.4.2) in Lemma 1.4.1,

) _ ()\3 _ 2)(1 _ y)A4—2y>\3—3 + ()\4 _ 2)2/)‘3_2(1 _ y)A4—3
g(y) = (1 —y)20u-2)

Az— — M3
N (y (1 i(glj)2(§/4)—2) ) (A3 =2)I-y)+(M—2)y). (147

Hence, ¢'(y) has the same sign as
hy) = (A3 —2)(1 —y) + (Ma — 2)y. (1.4.8)

When A3 > 2 and A\gy > 2, h(y), and consequently ¢'(y), is positive. More-
over,

lim ¢g(y) =0 and lim ¢(y) = oo,
y—0+ y—1-
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making ¢g(y) a function that increases from 0 to co. Therefore, (1.4.2) must
hold at exactly one value of y which is the only critical point of the p.d.f.
of the GLD(A1, A2, A3, A4). Moreover, since the f'(x) of (1.4.4) changes sign
from positive to negative as y moves from 0 to 1, this unique extreme point
is a relative maximum of the p.d.f. of the GLD(A1, A2, A3, \1). 1

Theorem 1.4.9. The GLD(A1, A2, A3, \s) p.d.f. has a unique relative ex-
tremum when A3 < 2, Aq < 2, and (A3, A1) is not in one of the regions
excluded by Theorem 1.4.5.

Proof. From (1.4.8), the constraints A3 < 2 and Ay < 2 make h(y), and
hence ¢'(y), negative. Also,

lim ¢(y) = o0 and lim ¢(y) =0.
y—0+t y—1-

Thus, ¢g(y) decreases from co to 0, yielding a unique solution to (1.4.2). N

Lemma 1.4.10. Let

(2 - )\3)>‘3_2()\4 - )\3)>‘4_>‘3

U(Xg, \) = IR , (1.4.11)
VA3, M) = %- (1.4.12)

If M > 2, and 1 < A3 < 2 or A3 < 0, then the GLD(A1, A2, A3, \y) p.d.f.
has

two relative extrema if  U(A3, A1) < V (A3, A1)
one relative extremum if U(As, A1) = V (A3, Ae)
no relative extrema if — U(Ag, Ag) > V(A3, Ag).

Proof. We have already established that ¢’(y) has the same sign as h(y)
(as defined in (1.4.8)). h(y) will be zero if and only if

For the constraints specified in this lemma we see that h(y) is negative, zero,
or positive depending on whether y is less than, equal to, or greater than yy,
giving g(y) a “parabolic shape” that opens up. The existence and number of
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solutions to (1.4.2) will depend on how this parabolic-shaped curve intersects

the horizontal line MO D
4{A4 —
= ————~ =V{A3, \1).
) )\3()\3 — 1) V( 3 4)

There are three possibilities:
< V(A3,A4) and (1.4.2) has two solutions
9(yo) { = V(A3, \4) and (1.4.2) has a unique solution
> V(A3, A1) and (1.4.2) has no solutions.

The following direct computation of g(yy) completes the proof.

23\ 2 - X3 )M—?
- 1—
9(wo) <>\4 - >\3> / < As— A3
(2 _ )\3)>\3—2 y ()\4 _ )\3)>\4—2
()\4 - )\4)>‘4_>‘3 ()\4 — 2)>‘4_2
(2 - )\3)>‘3_2()\4 - )\3)>‘4_>‘3

- (Mg — 2)ra—2 =U(As3,00)- 0

Lemma 1.4.13. If Ay > 2 and A3 < 0, then U(X3, \)/V (A3, M) is a
decreasing function of As.

Proof. From
U()‘3a )‘4) o )\3()\3 - 1)(2 - )\3)>‘3_2()\4 — )\3)>\4—>\3

V()\g, )\4) )\4()\4 — 1)()\4 — 2)>‘4_2
we have
0 UOsA) (A= 22N = A M2 — Ag) e
O V(A3, A1) (Mg —1)
5 5) e (35 B )
2 —_— —_—
X <)\3 In < S Azln 2~ g 2X3+1). (14.14)

Except for the initial negative sign, all portions of this expression are posi-
tive. N

Theorem 1.4.15. For each A] > 2, there is one and only one A\ between
—1 and O for which
2= 2APN 2L - N - 1)

(\f— 2% A3 - 1)
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and the p.d.f. of the GLD(A1, A2, A5, \l) has a unique relative extremum. At
points (A3, \a) with Ag < A} the p.d.f. has no relative extrema and at points
with A3 > A3 the p.d.f. has exactly two relative extrema.

Proof. We know from Lemma 1.4.13 that U(\3, A1)/V (A3, A1) decreases
with A3. We observe that
lim U3, A1) _ U(0, \y)
A3—0— V()\g, )\4) lim,\3_>0— V()\g, )\4)

2)\>\4
_()\4—2>‘4 2)/00—0

U(As, \e) _ U(=1, M)

1i -
Nomt1+ VO, A) - V(=1, \a)

o 2()\4 + 1)>‘4+1
- 27)\4()\4 - 1)()\4 - 2)>‘4_2'

and

(1.4.16)

The derivative of (1.4.16), with respect to A4, is

2()\4 + 1)()\4 — 2)2_>‘4
27)\4()\4 — 1)()\4 + 1)>‘4

Since this derivative is positive, U(—1, A\s)/V (-1, A4) is an increasing func-
tion of Ay and U(—1,\)/V(-1,A) > U(-1,2)/V(-1,2) = 1, making
U()\3,)\4) > V()\3,)\4) at A3 = —

We now have U(A3, A\g)/V (A3, \s) decreasing from a number larger than
1 at A3 = —1 to 0 as A3 — 0~. This means that for a fixed A\] > 2, the
surfaces U(A3, \4) and V (A3, A\y) cross exactly once for some A\ between
—1 and 0. Moreover, when A3 < A5, U(A3,A\s) > V(A3, \y) indicating, by
Lemma 5, the absence of extreme points for the GLD(A1, A2, A3, A\s) p.d.f;
and, when A3 > A3, U(A3, A1) < V(A3,Ag), indicating the presence of two
relative extrema. |

Lemma 1.4.17. If Ay > 2 and 1 < A3 < 2, then U(A3, \1)/V (A3, M) is a
decreasing function of Mg

Proof. From (1.4.11) and (1.4.12),

U(As, M) As(A3 — 1)(2 = X)) 72 (N — Ag)M s
V()\g, )\4) - )\4()\4 — 1)()\4 — 2)>‘4_2
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and we have

0 U()\g, )\4) o )\3()\3 — 1)(2 — )\3)>‘3_2()\4 — 2)2_>‘4()\4 — )\3)>‘4_>‘3

MV 0Oa ) N -1 .
A — A A — A
2] <4 3)— 1 <4 3)—2 1]. 1.4.18
[)\4n N2 Aqln ™2 A+ ( )

It is clear that, with the exception of the expression in brackets, all terms in

0 Uz, A
(1.4.18) are positive. Therefore, W % < 0 if and only if
)\4—)\3> <)\4—)\3>
7 - -2 +1<0. 1.4.19
)\4ln<>\4_2 AgIn Y Ar+1<0 ( )

The inequality in (1.4.19) can be written as

)\4—)\3> 224 —1
1
H<A4—2 RBYESW

and is equivalent to

A=A on1/02-0)
=2 <e .
Since (A4 — A3)/(A4 —2) < 1 when 1 < A3 < 2, it is sufficient for the proof
of this lemma to show that
1 < eGM=D/(=A0) — g7y (1.4.20)
when Ay > 2. We establish this by observing that

(202 — 204 4 1)eAa=D/(Ai=A)

Y=

< 0.

Hence
a(Aq) > lim a(A\y)
Ag—00

— lim e2M—1/(A-X)
Ag—00

=1.
Having verified the inequality in (1.4.20), we have the proof of the lemma.
| |

© 2000 by Chapman & Hall/CRC



Theorem 1.4.21. If s > 2 and 1 < X3 < 2, then the p.d.f. of the
GLD(A1, A2, A3, A1) has exactly two relative extrema.

Proof. From Lemma 1.4.17, we know that for the specified values of
Az and Ag, U(A3,\1)/V (A3, \g) is a decreasing function of A\4. Hence,

U(As, A1) ) U(As, A1)
J\AH M)y, 2N A
Vs A) st V(ds, A1)
Climy_or UQs ) 1
ST Vw2 V(a2

This makes U(A3,A\s) < V(A3, A1) and the theorem follows from Lemma
1.4.10. &

Symmetry and the presence (or absence) of tails are additional
shape details of interest for GLD(A;, A2, A3, \s) distributions. We can
see from (1.2.3) that if f(z) = f(Q(y)), the p.d.f. of a GLD(\1, A2, A3, A\4)
distribution can be viewed as a function £k of y, A1, A2, A3 and A4, and that
then

k(ya )‘h )‘2a )‘3a )‘4) = k(]- - Y, )‘h )‘2a )‘4a )‘3)

If z in the domain of f corresponds to y via z = Q(y), we must have, from
(1.2.1),

A3 (1 — g\ M
zZQ(yaAlaAQaA3a)‘4):)\l‘l'u:)\l -|-A

2

The z-value that corresponds to 1 — y when A3 and A4 are interchanged is

1— A4 _ A3
Q1 = 1, M1, g, Ay Ag) = Ay + & y>A2 W™ _\ _ 4

Therefore, the GLD (A1, A2, A4, A3) is the symmetric image, about the
line z = A1, of the GLD(\, A2, A3, \s) p.d.f. This is illustrated in Figure
1.4-1. These comments are summarized in the following theorem.

Theorem 1.4.22. The p.d.f.s of GLD(A1, A2, A3, A1) and GLD(A1, A2, A, A3)
are symmetric tmages of each other and the axis of symmetry is the line
Tr = )\1.

Depending on the choice of A3 and A4, a GLD(A1, A2, A3, A1) p.d.f. may
have all possible combinations of finite or infinite right and left tails. For a
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3.8
3.6
3.4
3.2

2,87
2.6
2.4
224

1.8
1.6
1.4
1.2

0.8
0.6
0.4
0.2

26 2.8 3 3.2 3.4

Figure 1.4-1. The GLD(3,2,1.5,.5) and GLD(3,2,.5,1.5) p.d.f.s; one is
the symmetric image of the other about the line z = 3.

p.d.f. not to have an infinite right tail, its c.d.f. F'(z) must attain the value
1 at some finite point z = z¢. This means that (1) = z¢. Since
A3 A4
y* -1 -
Q) =y + LU
2

we see that () is defined at y = 1 if and only if Ay > 0. Thus, a GLD p.d.f.
has an infinite right tail if and only if Ay < 0. A similar argument shows
that a GLD(A1, A2, A3, A4) p.d.f. will have an infinite left tail if and only if
A3 < 0. A similar analysis can be applied for other choices of A3 and A4. For
example, if A3 = 0 and g > 0,

lim Qy) =M —1/% and lim Q@) =Q(1) = \r.

y—0+ y—1-
We formalize these results on the support of the GLD(A1, A2, A3, A4) in the
next theorem. We emphasize these results since, while their derivation is
simple, the results of Theorem 1.4.23 are given incorrectly in virtu-
ally all papers that state them (e.g., Table 2 of Ramberg, Tadikamalla,
Dudewicz, and Mykytka (1979)). This seems to be due to an error in an
early work, a 1971 M.S. thesis at the University of lowa.

Theorem 1.4.23. The support of the GLD(A1, A2, A3, A\a) p.d.f. (i.e., points
where the p.d.f. is positive) is as given in the following table.
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As A Support
A3 >0 A >0 [)\1 — 1/)\2, A+ 1/)\2]

A3 >0 | A= A1, A1+ 1/)]
A3=0|X>0 A1 —1/A2, A1
A3 <0| A <0 (—00, 00)

A3 <0 | A= (=00, M +1/X2]

A3=0[X <0 [)\1—1/)\2, OO)

Theorems 1.4.5, 1.4.6, 1.4.9, 1.4.15, and 1.4.21, together with the symme-
try properties of the GLD(A1, A2, A3, A\s) about the line A3 = A4, completely
characterize the regions of (A3, A4)-space that give rise to GLD (A1, A2, A3, A4)
p.d.f.s with 0, 1, or 2 relative extreme points. Figure 1.4-2 summarizes these
results. The region designated by an “X” in Figure 1.4-2 does not produce
valid GLD(Aq, A2, A3, A\4) distributions. All other regions are labeled with
the number of relative extreme points associated with the (A3, \4) points in
that region.

Figures 1.4-3 through 1.4-9 show GLD(A1, A2, A3, A1) p.d.f.s with (A3, Aq)
taken from various regions of (A, Ay)-space. Figure 1.4-3a shows p.d.f.s with
A1 =0, Ao =1, A3 = 2.5 and Ny = 0.5, 0.75, 1.0,...,2.5. The graph that
rises to the highest point on the left (at z = —1) is the one corresponding
to A4 = 0.5, the next highest corresponds to Ay = 0.75, and so on. From
Theorem 1.4.23, we know that p.d.f.s with these values of A3 and A4 will
not have infinite right or left tails. Moreover, we can observe from Figure
1.4-2 that there will be a transition from zero to one and eventually to two
critical points as Ay moves from 0.5 to 2.25. It is not apparent in Figure
1.4-3a which of the graphs, if any, have critical points. As we look at the
p.d.f.s with Ay = 0.5, 0.75, 1.0 in Figure 1.4-3b we see that, consistent with
the foregoing analysis, these p.d.f.s do not have critical points whereas the
p.d.f.s in Figure 1.4-3c¢, corresponding to Ay = 1.25, 1.5, 1.75, exhibit two
critical points (this is perhaps most apparent for Ay = 1.5 and 1.75). The
last set of the p.d.f.s from Figure 1.4-3a, those for \y = 2.0, 2.25, 2.5, are
shown, with considerable rescaling, in Figure 1.4-3d where the presence of
a critical point is clearly visible.

Figure 1.4-4a depicts GLD(A1, A2, A3, A\4) p.d.fsfor Ay =0, Ao =1, A3 =
1.5 and Ay = 0.5, 0.75, 1.0,...,2.5. As before, the graph that rises to the
highest point on the left (at = —1) is the one corresponding to As = 0.5,
the next highest corresponds to A4 = 0.75, and so on.
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A4

Figure 1.4-2. The number of critical points of the p.d.f.s
of GLD(A1, A2, A3, Aq) distributions.

1.471

/

& s 0% oS
Figure 1.4-3a. GLD(0,1, A3, A\4) p.d.f.s with A3 = 2.5 and
M = 0.5, 0.75, 1.0, 1.25, 1.5, 1.75, 2.0, 2.25, 2.5.
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<

T -0.5

Figure 1.4-3b. GLD(0, 1, A3, A\4) p.d.f.s with A3 = 2.5 and
Ay = 0.5, 0.75, 1.0.

0.5

;

1 s T

5

0.5

Figure 1.4-3c. GLD(0,1, A3, \4) p.d.f.s with A3 = 2.5 and
Ay = 1.25, 1.5, 1.75.

-1 -0.5 T % 0.5

Figure 1.4-3d. GLD(0, 1, A3, A\4) p.d.f.s with A3 = 2.5 and
A = 2.0, 2.25, 2.5.
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It is clear from Figure 1.4-4a that the the first three p.d.f.s (corresponding
to Ay = 0.5, 0.75, 1.0) do not exhibit critical points; perhaps with some
difficulty, we can see that the next three p.d.f.s (corresponding to Ay =
1.0, 1.25, 1.5) have a single critical point (this is best observed on the right
side of the graphs in Figure 1.4-4a where these curves “turn up” as = gets
close to 1. The remaining three p.d.f.s are replotted in Figure 1.4-4b where
one can more clearly see the two critical points of the graphs corresponding
to A\q = 2.25 and 2.5.

Figure 1.4-5 gives GLD(A1, A2, A3, A1) p.d.f.s associated with A\; = 0, A2 =
1, A3 = 0.5 and Ay = 0.25, 0.5, 0.75, 1.0, 1.5, 2.0, 2.5. In this case the p.d.f.
corresponding to Ay = 0.25 is the one that rises to the highest point in the
center of the graph, the next highest corresponding to Ay = 0.5, and so on. It
is easy to see the transition from one to no critical points as A4 goes through
the A4 = 1 barrier.

Figures 1.4-6 and 1.4-7a and 1.4-7b show some unusual p.d.f. shapes with
(A3, A4) from the second quadrant. These are the kinds of sharp peaks that
are often found in applications in spectroscopy that occur with spectra of
autoregressive processes. The multiple peaks of spectra often look like
the overlay of the several curves in Figure 1.4-6, indicating that it may be
possible to model them as a mixture of GLD random variables. For an
overview of the procedures used in spectroscopy, see Dudewicz, Mommaerts,
and van der Meulen (1991). Since spectroscopy procedures are not simple,
there may be a potential for substantial advances through the use of mixtures
of GLDs in this area. Recall that Theorem 1.4.23 indicates the presence of
a left tail for these choices of (A3, A4). In Figure 1.4-6, \; = 0, Ay = —1,
A3 = —0.2 and Ay = 27, 30, 35, 50. The highest curve (in the middle)
corresponds to Ay = 27, the next highest corresponds to Ay = 30, and so
on. The (A3, A\4) points for all four p.d.f.s fall in the second quadrant region
marked with a “2” in Figure 1.4-2.

The (A3, A\4) points for the p.d.f.s of Figure 1.4-7a (A\; = 0, A2 = —1,
Az = —0.5 and Mg = 2.91, 2.92,...,2.99) cross the boundary between the
two regions that give rise to two and then to zero critical points. The graphs
are so packed together that it is difficult to distinguish among them. Figure
1.4-7b gives a magnification of the portion of the graphs where critical points
seem to appear. The highest graph corresponds to Ay = 2.91, the next
highest to Ay = 2.92, and so on. It is clear that there are two critical points
when Ay = 2.91 and no critical points when Ay = 2.99. The point on the
boundary where the transition occurs is (approximately) (—0.5,2.996).

Figures 1.4-8a and 1.4-8b show GLD(A1, A2, A3, A4) p.d.f.s with A\; = 0,
Ao = —1, A3 = —3, and \y = 1.0, 1.25, 1.5, 1.75, 2.0, 6.0, 20. Figure 1.4-8a
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1 -0.5 To 0.5

Figure 1.4-4a. GLD(0,1, A3, A\4) p.d.f.s with A3 = 1.5 and
A= 0.5, 0.75, 1.0, 1.25, 1.5, 1.75, 2.0, 2.25, 2.5.

-1 -0.5 T35 0.5

Figure 1.4-4b. GLD(0, 1, A3, A\4) p.d.f.s with A3 = 1.5 and
A = 2.0, 2.25, 2.5.

-1 -0.5 To 0.5

Figure 1.4-5. GLD(0,1, A3, \s) p.d.f.s with A3 = 0.5 and
As = 0.25, 0.5, 0.75, 1.0, 1.5, 2.0, 2.5.
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oLz -1.8 1.6 1.4 1.2

Figure 1.4-6. GLD(0,—-1, A3, \y) p.d.f.s with A3 = —0.2 and
Aq = 27, 30, 35, 50.

-1.5

Figure 1.4-7a. GLD(0,—1, A3, A\4) p.d.f.s with A3 = —0.5 and
A = 2.91, 2.92, 2.93, ..., 2.99.

14777 -1.3 -T2 1.1

Figure 1.4-Tb. GLD(0, —1, A3, A\4) p.d.f.s with A3 = —0.5 and
A = 2.91, 2.92, 2.93, ..., 2.99.
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shows the first four of these with the p.d.f. with the highest point on the
right corresponding to A4 = 1.0, the next highest to Ay = 1.25, etc. The
critical point for the p.d.f. with A\y = 1.25 is clearly visible; the ones for
Aq = 1.5 and 1.75 are more difficult to spot. Although the p.d.f.s in Figure
1.4-8b correspond to three distinct Ay values (A4 = 2.0, 6.0, 20.0), only two
graphs are discernible; the graphs for Ay = 6.0 and 20 are so close that they
cannot be distinguished.

The p.d.f.s depicted in Figure 1.4-9 have shapes that are frequently en-
countered in applications. For these p.d.f.s Ay =0, Ay =1, A3 = —0.25 and
A = —0.1, —0.2, —0.35, —0.5. The curve that rises highest corresponds to
A4 = —0.1, the next highest to Ay = —0.2, etc. Since this places (g, \4) in
the third quadrant, by Theorem 1.4.23, they all have infinite left and right
tails and by earlier results, each has a unique critical point.

We close this section with some notes on shape and related results from
the literature. Freimer, Kollia, Mudholkar, and Lin (1988) used a slightly
different parametrization of the GLD than the traditional one used at (1.2.1),
but, in the main, their results are similar to those of this section. In their
Section 3 they note

The family ... is very rich in the variety of density and tail
shapes. It contains unimodal, U-shaped, J-shaped and mono-
tone p.d.f.s. These can be symmetric or asymmetric and their
tails can be smooth, abrupt, or truncated, and long, medium or
short ... properties ... relevant in ... modelling data and deter-
mining the methods of subsequent analysis.

They then classify the GLD with respect to tail shape and density shape.

Freimer, Kollia, Mudholkar, and Lin (1988) also (in their Section 4) relate
the GLD system to that of Karl Pearson, adding to what was shown by
Ramberg, Tadikamalla, Dudewicz, and Mykytka (1979). As similarities,
they note

e Both contain the uniform and exponential distributions;
e Both accommodate densities of varied shapes.

As differences, they note
e Only the GLD includes the logistic distribution;

e Only the Pearson includes the normal distribution (however, the GLD
can come very close to the normal distribution);
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Figure 1.4-8a. GLD(0,—1, A3, \4) p.d.f.s with A3 = —3 and
A = 1.0, 1.25, 1.5, 1.75.

3 2] 1 L

Figure 1.4-8b. GLD(0, -1, A3, \4) p.d.f.s with A3 = —3 and
A\t = 2.0, 6.0, 20.

2 1 Tl 1 4

Figure 1.4-9. GLD(0,1, A3, \y) p.d.f.s with A3 = —0.25 and
Ay =—0.1, —0.2, —0.35, —0.5.
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e The Pearson covers all skewness and all kurtosis values, the GLD does
not. This is a problem in some applications and it is solved by the
Extended GLD developed in our Chapter 3.

1.5 GLD Random Variate Generation

As we noted in the Introduction to this Chapter, one of the important ap-
plications of the GLD has been the generation of r.v.s for Monte Carlo
studies. This important application arises due to the confluence of several
key results, which we will now state.

Theorem 1.5.1. If Qx(:) is the percentile function of a random variable
X, and U is a uniform random variable on (0,1), then Qx(U) has the same
d.f. as does X.

This result is key in simulation and Monte Carlo studies (for a proof, see
p. 156 of Karian and Dudewicz (1999a)), as it allows easy generation of a
stream of random variables from any distribution for which the percentile
function is readily available. This follows from

Corollary 1.5.2. If U1,Us,,... are independent uniform random wvariables
on (0,1), then
X1 =Qx(Uh), X2 =Qx(U2), ... (1.5.3)

are independent random variables each with the same d.f. as X.

For a proof, also see p. 156 of Karian and Dudewicz (1999a). The percentile
function is not available in a closed (or easy-to-work-with) form for many of
the most important distributions, such as the normal distribution. However
the GLD is (see (1.2.1)) defined by its p.f., which is a simple-to-calculate

expression. Thus, r.v.s for a simulation study can easily be generated
from any distribution that can be modeled by a GLD.

Example. Suppose we have modeled an important r.v. by an approximate
standard normal distribution X. We will show in Section 2.4.1 that a close
fit to the standard normal is available via the GLD with

(A1, A2, A3, Aq) = (0,0.1975,0.1349, 0.1349) (1.5.4)
and this GLD has p.f. (see (1.1.1))
Q(y) — (y0.1349 _ (1 _ y)0.1349)/0‘1975
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= 5.06329(y 1349 — (1 — 3)01349), (1.5.5)

Thus, if Uy, Uy, ... are independent uniform r.v.s on (0,1), then

QU1), QU2), ... (1.5.6)

are independent and (approximately) N(0,1) r.v.s for the simulation study
at hand.

There are a number of good sources of independent uniform r.v.s on (0, 1).
For example (see p. 137 of Karian and Dudewicz (1999a)), the generator
called URN41 has a period of approximately 5 x 10'® (see Karian and
Dudewicz (1999a), pp. 132-133 for the period, Figure 3.5-8 for its FOR-
TRAN code, Figure 3.5-9 for its C code, and Appendix G (p. 493) for its
first 100 numbers), has passed extensive testing, and yields

Uy = 0.67460162, Uy = 0.15152637, ... . (1.5.7)

Thus, using these in (1.5.5) (see (1.5.6)), we find the approximate normal
r.v.s

X1 = 5.06329((0.67460162)%1349 — (1 — 0.67460162)*1349) = 0.44975078
Xy = 5.06329((0.15152637)%1349 — (1 — 0.15126372)%134%) = —1.026919958.

We can continue the stream by generating additional uniform r.v.s on (0, 1),
Us, Uy, ... and evaluate Q(Us), Q(Us), .. ..

Since we will see in Section 2.2 (especially Figure 2.2-5) that the GLD
covers a broad space of distributions and can model many different
shapes well, it follows that the GLD is very useful for modeling in-
put to simulation and Monte Carlo studies: one can change the
distribution being used by simply altering the lambda vector.

|
Problems for Chapter 1

1.1. Suppose that the d.f. of X is Fx(z) = 0 if z < 1,= (z* — 1)/255 if
1<z <4, and =1if z > 4.

a. Find the p.d.f. of X, say fx(z), and graph it. Also graph the d.f. of
X.

b. Find the p.f. of X, say Qx(y), and graph it. Find Qx(.95).
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1.2. Suppose that the p.d.f. of X is fx(z) = 5¢~3® when 7 is positive (and
= 0 otherwise).

a. Graph the p.d.f. of X. Find and graph the d.f. of X. Find Fx(5.3).
b. Find the p.f. of X and graph it. Find Qx(.75).

1.3. Suppose the p.f. of X is Q(y) = y? (for y between 0 and 1).

a. Find f(z), the p.d.f. of X, and graph it. (Note that your answer should
not have any y variables in it — they need to be eliminated.)

b. Find F(z), the d.f. of X, and graph it.
c. Using Q(y), at what z is the probability below z equal to 0.9?

d. Using F'(z), at what z is the probability below z equal to 0.9?

1.4. Identify the p.f. Q(y) = y* as a member of GLD family, i.e., what are
the values of A1, A2, A3, A4 (see (1.2.1))?7 Then, use Theorem 1.2.2 to find
f(z). Do your results agree with those in Theorem 1.4.23 as to when the
p.d.f. is positive? Does Corollary 1.3.9 say this is a valid distribution case
of the GLD?

1.5. Suppose that X has a valid GLD distribution of the form (1.2.1), i.e.,
with p.f.

Q) =M+ (¥ = (1 -y)™)/ X

In their work on GLDs, Freimer, Kollia, Mudholkar, and Lin (1988) took
the p.f. to be

Q*(y) = a1 + (¥ = 1)/(azaz) = (1 = y)* = 1) /(a2a4).

Suppose that Q(y) = Q*(y) for all y between 0 and 1. Then what is the
relationship between the vectors (A1, A2, A3, \4) and (a1, ag, a3, aq4)? If you
cannot find a relationship that makes Q(y) = Q*(y) for all y, then in what
sense is @*(y) a “GLD”, or is it simply another similar, but different, family
of p.f.s?

1.6. Joiner and Rosenblatt (1971) used the p.f.

Q1(y) = b1+ % /by — (1 — y)* /bs.

Can you find relationships that make Q(y) = Q1(y)? That make Q1(y) =
Q*(y) (for Q, see (1.2.1); for Q*, see Problem 1.5)7
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1.7. Hogben (1963) and Shapiro and Wilk (1965) did sampling studies
(Monte Carlo experiments) using the p.f.

Q2(y) =y=/ca — (1 —y)™.

Relate this to the p.f.s Q, @*, and Q; (of (1.2.1), Problem 1.5, and Problem
1.6, respectively).

1.8. Gilchrist (1997) states the result: If R(y) and S(y) are each individually
valid percentile functions (that may involve various parameters), then

T(y) = A+ B(R(y) + S(y))

is also a valid percentile function. Prove this result.
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Chapter 2

Fitting Distributions and Data with
the GLD via the Method of Moments

In most practical applications, when constructing a statistical model we do
not know the appropriate probability distribution (or do not know it fully).
If the appropriate probability distribution is fully known (e.g., if it is
known that X follows the normal distribution with mean 5 feet and standard
deviation 6 inches), then this distribution should be used in the model.
However, if a variable such as the height of females in a certain population is
stated in the literature to be normal in distribution with population mean 5
feet and standard deviation 6 inches, very often these are only estimates
obtained from a sample. Note that the normal distribution for height
would be inappropriate formally since it gives P(X < 0) > 0, when we
know that X cannot be negative. This need not be a reason to reject the
normal model since for this model

P(X < 0) = ®(—10) = 0.7619855 x 10723

(National Bureau of Standards (1953)), and a model that comes close to
the true value of zero for the probability is acceptable as long as it is
used intelligently by realizing that we have a close approximation to the
true model, and do not make claims such as “persons of negative height will
occur once each 1/(0.7619855 x 10723) = 1.3 x 10* people.” While such a
claim is absurd, and no reasonable person would think a model bad because
an unreasonable person could use it to make such a statement, the adage
“What is so uncommon as common sense?” is one we have found to have
much truth to it.

Even if we know, by theoretical derivation from reasonable assumptions,
for example, that X is normal in distribution, we will often not know its
parameters. These will need to be estimated from whatever data is available.
Suppose that we have a set of data X1, Xo,..., X, that are independent and
identically distributed random variables. If the data is normally distributed,
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ie., if X; is N(u,0?) for i = 1,2,...,n, then the mean u and the variance

o? are usually estimated, respectively, by

p=X ot A

and

6P=s" = Z(Xz - X)?/(n—1).

Note that a random variable X that is N(u,0?) has

measure of center) = E(X) = u,
measure of variability) = F(X — u)? = 02,
measure of skewness) = E(X — u)3/a® =0,

measure of kurtosis) = F(X — u)*/o* = 3.

SN TN TN N

If a random variable Y has a distribution other than the normal, we might
attempt to approximate it by a random variable X that is N(u,o?) for
some 4 and o?. We can do this successfully for center E(Y) and variability
Var(Y) = E(Y — E(Y))? by choosing p and ¢ in such a way as to match
the center and variability of Y with the same center and variability for X.
However, after that is done there are no free parameters in the distribution
of X, and (unless the skewness and kurtosis of Y are, respectively, 0 and
3) we will not be able to match them in X. Hence, the normal family
of distributions cannot be used to match data successfully unless the data
is symmetric (so its skewness is 0) and has tail weight similar to that of
the normal (so that its kurtosis is near 3). For this reason, families of
distributions with additional parameters are often used, allowing us to match
more than the center and the variability of Y.

In order to find a moment-based GLD(A1, A2, A3, A\4) fit to a given dataset
X1, Xa,..., X, we determine the first four moments (X, and the second,
third, and fourth central moments) of X;, Xo,..., X,,, set these equal to
their GLD(A1, A2, A3, A4) counterparts, and solve the resulting equations for
A1, A2, A3, Ad.

In Section 2.1 we consider the first four moments of GLD(\1, A2, A3, A4)
distributions and in Section 2.2 we determine the possible values that these
moments can attain. Fitting a GLD(\1, A2, A3, A1) through the method of
moments is developed in Section 2.3. Applications of these results for approx-
imating some well-known distributions, and for fitting a GLD(A1, A2, A3, A4)
to a dataset, are developed in Sections 2.4 and 2.5, respectively.
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2.1 The Moments of the GLD Distribution

In this section we develop expressions for the moments of GLD (A1, A2, A3, A4)
random variables. We start by setting A\; = 0 to simplify this task; next, we
obtain the non-central moments of the GLD(A1, A2, A3, A4); and finally, we
derive the central GLD(A1, A2, A3, A1) moments.

Theorem 2.1.1. If X is a GLD(\1, A2, A3, \a) random variable, then Z =
X — A1 is GLD(0, A2, A3, A4).

Proof. Since X is GLD(A1, A2, A3, \g),

Qx(y) =M+ W’
and

Fx_y(z)=PX -M<z]=PX <z+M|=Fx(z+ 1) (212
If we set Fx(z + A1) = y, we obtain

Az _ (1 — o\ M
:v-l-Al:Qx(y):)q—l—#, r=Qx_x¥). (213

From (2.1.2) we also have Fx_), (z) = y which with (2.1.3) yields

g — (1 —y)™
o ’

proving that X — A; is GLD(0, A2, A3, \4). W

Qx Yy =r=

Having established \; as a location parameter, we now determine the non-
central moments (when they exist) of the GLD(Aq, A2, Az, Ad).

Theorem 2.1.4. If Z is GLD(0, Ao, A3, \y), then E(Z¥), the expected value
of ZF, is given by

k

E(ZF) = % > l(f) (=1)"B(Ag(k — i) + 1, A\gi + 1)) (2.1.5)
2 =0

where ((a,b) is the beta function defined by

1
Bla,b) = / 2211 = 2)" da. (2.1.6)
0
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Proof.

Bz = [" Fede = [ @t ay @17)
1 3 (] — A\ F 1
= /0 (W) dy = )\1k / (y’\3 -(1- y)’\4)k dy.

By the binomial theorem,

(v - (1- ™)

=0

(2.1.8)

[("“) W)= - yw] .

Using (2.1.8) in the last expression of (2.1.7), we get

(5)
(

k

2

/ y>\3(k 1)

.>PD%Qdk—0+LAa+D

V“@

completing the proof of the theorem. [

Before continuing with our investigation of the GLD(A1, A2, A3, A4) mo-
ments, we note three properties of the beta function that will be useful in
our subsequent work.

Properties of the beta function

1. The integral in (2.1.6) that defines the beta function will converge if
and only if a and b are positive (this can be verified by choosing ¢ from

the (0,1) interval and considering the integral over the subintervals
(0,¢) and (¢, 1)).

2. When a and b are positive, 5(a,b) = 3(b,a). Using the substitution
y = 1 — z in the integral for 5(a,b) will transform it to the integral for

B(b,a).

3. By direct evaluation of the integral in (2.1.6), it can be determined
that for u > —1,

Blu+1,1) e

=p(lLu+1)= (2.1.9)
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The first of these observations, along with (2.1.5) of Theorem 2.1.4, helps
us determine the conditions under which the GLD(A1, A2, A3, A4) moments
exist.

Corollary 2.1.10. The k-th GLD(\1, A2, A3, \a) moment exists if and only
if A3 > —1/k and Ay > —1/k.

Proof. From Theorem 2.1.1, E(X*) will exist if and only if E(Z*) = E((X -
A1)F) exists, which, by Theorem 2.1.4, will exist if and only if

A(k—i)+1>0and \i+1>0, fori=0,1,..., k.
This condition will prevail if and only if A3 > —1/k and Ay > —1/k. 1

Since, ultimately, we are going to be interested in the first four moments
of the GLD(A1, A2, A3, \s), we will need to impose the condition 3 >
—1/4 and Ay > —1/4 throughout the remainder of this chapter.
The next theorem gives an explicit formulation of the first four centralized
GLD(A1, A2, A3, A1) moments.

Theorem 2.1.11. If X is GLD(A1, A2, A3, Ag) with A3 > —1/4 and Ag >
—1/4, then its first four moments, oy, az, a3, 4 (mean, variance, skewness,
and kurtosis, respectively), are given by

A

a=p=EX)=M\+ o (2.1.12)
2
B — A?
ar =0’ =EB[(X - p?] = v (2.1.13)
2
C — 3AB + 243
a3 =E(X —E(X))3/o% = A%;’ , (2.1.14)
2
_ 2p _ A4
as = E(X — E(X))*/o* = b -44¢ +46f B-3 . (2.1.15)
As0
where
1 1
= - 2.1.16
1 1
B= —28(1 1 2.1.1
T+2y (1424 B+ As 1+ M), (2.1.17)
1
= - —36(1+2X3, 1+ X
C= oo Tray  PUF2 14+A)
+368(1+ A3, 1 +2)\q), (2.1.18)
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1 1
D= -
144X T W
+68(1 4 23, 1+ 2Xg) — 46(1 + A3, 1+ 3Xy). (2.1.19)

46(1 4 3X3, 1 4+ A4)

Proof. Let Z be a GLD(0, A2, A3, \y) random variable. By Theorem 2.1.1,
B(X*) = E((Z + \)P).

We first express E(Z%), for i = 1, 2, 3, and 4, in terms of A, B, C, and D.
To do this for E(Z), we use Theorem 2.1.4 to obtain

B(2) = 2 (80 +1,1) = 8L A + 1),

and from (2.1.9) we get

1 1 1 A
== - == 2.1.2
E(Z) A2 <)\3 +1 A+ 1) A2 (2:1:20)

For E(Z?) we again use Theorem 2.1.4 and the simplification allowed by
(2.1.9) to get

E(Z*) = z (B2As+1,1) = A3+ 1, + 1)+ 8(1,20 + 1))

-
1 1 1 B

= — — -2 1 1 = —. 2.1.21
N2 <2)\3-|-1 a1 P+l At )> o (212

Similar arguments, with somewhat more complicated algebraic manipula-
tions, for E(Z3) and E(Z*) produce

E(Z%) = )\% (2.1.22)
E(Z%) = 24. (2.1.23)
)‘2

We now use (2.1.20) to derive (2.1.12):

A
a=EX)=E(Z+M)=M+EZ)=\+ .
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Next, we consider (2.1.13):

a2 =E(XY) - =E(Z+ M) -oi
= E(Z*) +2ME(Z) + )] - of. (2.1.24)

Substituting A/ g for E(Z) and A+ A/ for o in 2.1.24 and using (2.1.21),
we get
A?  B-A?
=EB(Z%) -5 =——.
@B TN TR
The derivations of (2.1.14) and (2.1.15) are similar but algebraically more
involved. |

Corollary 2.1.25. If oy, o, a3, a4 are the first four moments of GLD(Aq,
A2, A3, A1), then the first four moments of GLD(A1, A2, Ay, A3) will be

g, - o3, o4. (2.1.26)

Proof. The exchange of A3 and )4 in the expressions for A, B, C, and D
in (2.1.16) through (2.1.20) changes the signs of A and C' and leaves B and
D intact. Thus from (2.1.12), the first moment of GLD(A1, A2, A4, Ag) will
be )\1 - A/)\g = 1 — 2A/)\2.

Since B and A? are not affected by the exchange of A3 and )4, from
(2.1.13), ap will be the second moment of GLD(A1, A2, Mg, A3). C, A, and A3
of (2.1.14) all change signs when A3 and A4 are switched, making —ag the
third moment of GLD(\1, A2, Ay, A3). Since D, AC, A?B, and A* of (2.1.15)
are not affected by the exchange of A3 and Ay, GLD(A1, A2, A4, A3) will have
ay for its fourth moment. |

2.2 The (03, a4)-Space Covered by the GLD Family

If a random variable Y has a distribution other than the GLD, we might
try to approximate it by a random variable X that is GLD(A1, A2, A3, A4)
for some A1, A2, A3, A4. Suppose that the first four moments of Y are a1 =
i, a2 = 0%, as, and ay. If we can choose A3, A4 so that a GLD(0,1, A3, \4)
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has third and fourth moments a3 and a4, then we can let Ay and A2 be
solutions of the equations

., B—A

A
p=A+—, o0°= 2 (2.2.1)
2

Ao’
It follows from Theorem 2.1.11 that the resulting A1, Ao, A3, A4 specify a
GLD with the desired first four moments. Here, we note that A, B, C, D
are functions only of Az, A4, and that (2.2.1) can be solved for any p and
any 02 > 0. We have, therefore, established the following consequence of
Theorem 2.1.11.

Corollary 2.2.2. The GLD(A1, A2, A3, \s) can match any first two moments
w and o2, and some third and fourth moments ag and oy.

The larger the set of (a3, ag) that the GLD(A1, A2, A3, A4) can generate, the
more useful the GLD(A1, A2, A3, A\s) family will be in fitting a broad range of
datasets and approximating a variety of other random variables. So we next
consider the spectrum of values that as and a4 can attain. From Corollary
2.1.25, we know that if (a3, a4) can be attained, then so can (—as, a4) (by
switching A3 and )\4), allowing us to consider the (a3, a4)-space associated
with the GLD()\l, )\2, )\3, )\4)

Figures 2.2-1, 2.2-2, and 2.2-3 show the (a3, a4) contour plots for (A3, \y)
from Regions 3, 4, and 5 and 6, respectively (recall that these regions were
defined in Section 1.3 and illustrated in Figure 1.3-1). The curves in Figure
2.2-1 are associated with a sequence of values of A4, with A3 ranging on the
interval (0, 15) for each of these choices of \4. For example, the curve labeled
“0.02” is obtained by plotting the (a3, a.4) pairs when )4 is set to 0.02 and A3
is taken from the interval (0,15). All the curves of Figure 2.2-1 are obtained
in a similar manner with Ay = 0.02, 0.07, 0.12,..., 0.52, 0.6, 0.7,..., 1.0
and Az from the interval (0,15).

The construction of Figure 2.2-2 is similar to that of Figure 2.2-1, with
(A3, A4) taken from Region 4. Note that in this case we must have

-1/4<X3<0 and —-1/4<X4<0

since otherwise (see Corollary 2.1.10) a3 or a4 or both may not exist. Some
of the A4 values associated with these curves are given in Figure 2.2-2; the
other values of Ay are —0.0125, —0.0250,..., —0.075. In Figure 2.2-3 the
roles of A3 and A4 are reversed in the sense that A is fixed (to the values
shown in the figure) and A4 is allowed to range upward (in the case of Region
5) from the boundary that defines the region (see Theorem 1.3.33).

Figure 2.2—4 gives a comprehensive view of the connection between the
GLD (a3, aq)-space and the regions of (A3, \4). The area marked “Impossible
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o3

o 1 2 3 4

Figure 2.2-1. (a3, ay4)-space generated by (s, \g)
from Region 3 (see (1.3.13)).

Qg

Figure 2.2-2. (a3, a4)-space generated by (A3, \s)
from Region 4 (see (1.3.14)).
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Figure 2.2-3. (a3, ay)-space generated by (A3, \4) from Regions
5 and 6 (defined in Theorem 1.3.33).
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R4, R5, R6
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20+

Impossible Region

2 4 6 8 10 12

Figure 2.2—4. Regions of (a3, a4) moment-space that the GLD
can attain (R3, R4, R5, R6); cannot attain (X);
impossible for any distribution.

Region” is where oy < 1+ a3, an impossibility since the inequality
ag >1+aj (2.2.3)

holds for all distributions (it is less well-known than the inequality E(X?) >
p?, which follows from Var(X) = E(X?) — u? > 0). Moreover, since ay >
1 + a3 always holds, a4 necessarily exceeds 1. This result, given in some
classical books, is well-known in the field of distribution fitting but is not
covered in most texts on probability and statistics. Moreover, we are not
aware of any texts that give a simple proof. For a brief indication of how an
advanced proof may proceed, see Kendall and Stuart (1969), p. 92, Exercise
3.19. We now state and prove this result.

Theorem 2.2.4.  For any r.v. X for which these moments exist, g >
1+ a3. (Note that equality is not possible.)

Proof. Since

;=

E(X = 3;E(X))i _ (X —U§<X>>",
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we can assume without loss of generality that F(X) = 0 and ox = 1, so
that E(X?) =1 (because «; involves only X* = (X — E(X))/ox, which has
E(X*)=0and B(X *2) = 1). Now the Schwarz inequality (see, for example,
Dudewicz and Mishra (1988), p. 240, Theorem 5.3.23) says that for any r.v.s,
X and Y, for which the expectation exists, (E(XY))? < E(X®)E(Y?). If
we take the two r.v.s in the Schwarz inequality to be X and X2 — 1, then

The proof will be complete when we show that equality is not possible.

The Schwarz inequality also asserts that equality occurs if and only if for
some constant, a, we have Y = aX. In our case, this implies that equality
holds if and only if X2 —1=aX or

P ++va?+ 4‘
2
Thus, we can have equality if and only if X is a r.v. that takes on only the
two values
a—+va*+4 a++va®+4
T

Suppose these values are attained with probabilities p and 1 —p, respectively
(0 <p<1). Then E(X) = 0 implies

1 a
= —— 1-|-—>. 2.2.5
P 2( a?+4 ( )

Since 0 < p<1,a<—1and a/va2+4>-3. But E(X?) =1 implies

_141 <L> (2.2.6)

P=9mi\Vaz 14/ =
The two values of p specified by (2.2.5) and (2.2.6) must be equal (to have
both E(X) = 0 and E(X?) = 1); equating them yields a/va2? + 4 = —4/3
(which is > —3) and p = 1/6. Hence, a is the solution of a = (—4/3)va? + 4,
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which is equivalent to a?> = —16. Since no such real number a exists, the
equality cannot hold. |

Immediately above the Impossible Region in Figure 2.2—4 there is a narrow
“sliver” marked by “X.” The GLD(A1, A2, A3, \4) does not produce (ag, o)
in this region. We saw in Figures 2.2-1, 2.2-2, and 2.2-3 that Regions 3, 4,
5, and 6 cannot yield points in area X. That Regions 1 and 2 also cannot
follows from the fact that A3 < —1 (Region 1) and Ay < —1 (Region 2)
violate the conditions A3 > —0.25 and A4 > —0.25 needed for the third and
fourth moments to exist (see Corollary 2.1.10). Other distributions (e.g., the
beta distribution) do have their (a3, ay) in this area. In Chapter 3 we give
an extension of the GLD that covers this portion of (a3, ay)-space. (While
area X of Figure 2.2-4 may look “small,” it is important in a variety of
applications.)

The remaining portions of Figure 2.2-4 are marked with “R3,” designating
that (A3, A\4) has to be chosen from Region 3 for this portion of (a3, a4)-
space, and with “R4 R5 R6,” designating that (A3, \4) is to be chosen from
one of Regions 4, 5 or 6 to generate (a3, a4) in this area. The boundaries
between the various portions of Figure 2.2-4 are drawn reasonably accu-
rately, except for the boundaries that enclose the “R4, R5, R6” area; these
are rough approximations obtained through numeric computations from the
curves in Figure 2.2-3.

The (a3, a4)-space covered by the GLD already includes the moments of
such distributions as the uniform, Student’s ¢, normal, Weibull, gamma,
lognormal, exponential, and some beta distributions, among others. Thus,
it is a rich class in terms of moment coverage. To put this in context, we
show in Figure 2.2-5 the (a3, a4) pairs associated with a number of well-
known distributions. The shaded region is the region covered by the (a3, ay4)
pairs of the GLD(A1, A2, A3, Ag).

The lines that are designated by “W,” “L-N,” “G,” and “S” (the latter
refers to the line defined by a3 = 0) show the (a3, ay) pairs for the Weibull,
lognormal, gamma, and Student’s ¢ distributions, respectively. The area
designated by “BET A RE G IO N” shows the (a3, ay) points that can be
produced by the beta distribution. This region extends from the Impossible
Region to slightly beyond the line marked for the lognormal distribution.
The point designated by a small square with label “u” and located at (0, 1.8)
represents the uniform distribution; the point at (0,3) labeled with “n”
represents the normal distribution, N(u,o?); and the point located at (4, 9)
and labeled with “e” gives the (a3, ) point associated with the exponential
distribution.
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Figure 2.2-5. (a3, a4) points of some distributions (the shaded
region consists of GLD (a3, a4) points).

2.3 Fitting the GLD Through the Method of Moments

As stated at the beginning of the chapter, our intention is to fit a GLD to a
dataset by equating aq, o, as, aq to &, &a, &, &, the sample statistics cor-
responding to ag, a2, as, a4, and solving the equations for A1, Ao, A3, \y. Fora
dataset X1, Xo,..., X, the sample moments corresponding to oy, aa, a3, ayg
are denoted &g, &, s, &uqy and are defined by

d1=X =) zi/n, (2.3.1)
=1
Gp = 6% = zn:(Xi - X)?/n, (2.3.2)
=1
G = zn:(Xi - X)3/(né?), (2.3.3)
=1
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by = Zn:(Xi —X)*/(nst). (2.3.4)

These are not the maximum likelihood estimators (those would have some
ns replaced by n — 1), but correspond to method-of-moments estimators.
Solving the system of equations

a; = & fori=1,2 3,4 (2.3.5)

for A1, A2, Az, Ay is simplified somewhat by observing that A, B, C, D of
(2.1.16) through (2.1.19) are free of A; and Az, and Ay drops out of (2.1.14)
and (2.1.15) because (see (2.1.13)) Noo' = (B—A%)¥2 for i = 3 and 4. Thus,
a3 and a4 depend only on A3 and A4. Hence, if A3 and A4 can be obtained
by solving the subsystem

oz =d&3 and ag=dy (2.3.6)

of two equations in the two variables A3 and A4, then using (2.1.13) and
(2.1.12) successively will yield Ay and A;.

Unfortunately, (2.3.6) is complex enough to prevent exact solutions, forc-
ing us to appeal to numerical methods to obtain approximate solutions.
Algorithms for finding numerical solutions to systems of equations such as
(2.3.6) are generally designed to “search” for a solution by checking if an ini-
tial set of values (A3 = A3, Aa = A} in the case of (2.3.6)) can be considered
an approximate solution. This determination is made by checking if

max(|ag — &3, |au — Gul|) <, (2.3.7)

when A3 = A3 and Ay = A]. The positive number € represents the accuracy
associated with the approximation; if it is determined that the initial set of
values A3 = A3, Ay = A} does not provide a sufficiently accurate solution,
the algorithm searches for a better choice of A3 and A4 and iterates this
process until a suitable solution is discovered (i.e., one that satisfies (2.3.7)).
In algorithms of this type there is no assurance that the algorithm will
terminate successfully nor that greater accuracy will be attained in successive
iterations. Therefore, such searching algorithms are designed to terminate
(unsuccessfully) if (2.3.7) is not satisfied after a fixed number of iterations.

2.3.1 Fitting through Direct Computation

The outcome of searching algorithms (success or failure, and in the latter
case the particular solution) depends on the equations themselves, the € of
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(2.3.7), the maximum number of iterations allowed, and the initial starting
point for the search. Such algorithms usually have built-in specifications for
€ and the maximal number of iterations, leaving the choice of the starting
point as the only real option for the user. To get some insight into
where to look for solutions (i.e., how to choose a starting point), consider a
specific case where

G1=0, do=1, 6&2=0.025 G4=2. (2.3.8)

It is clear from Figures 2.2-1, 2.2-2, and 2.2-3 that the only region of
(A3, Ag)-space that can produce a solution is Region 3 (this can also be
observed from Figure 2.2—-4). The equation a4 = 2, represented by a curve
in (A3, A4), is shown in Figure 2.3-1. The (A3, A1) points on this curve satisfy
the second equation; hence, they represent potential solutions to (2.3.6). The
actual solutions will also have to be on the curve specified by a3 = 0.025.
We see from the intersection of these two curves, shown in Figure 2.3-2, that
there seem to be four solutions with (A3, A4) roughly

(0.02,0.75), (0.1,0.85), (0.5,0.8), (2.25,3.25) (2.3.9)

and an additional four solutions when A3 and A4 are exchanged. The sym-
metry of solutions about the A3 = A4 line is due to the presence of two values
of &g = £+/0.025. In practice, of course, we have either &3 = ++/0.025 or
&3 = —+/0.025 and then find 4 solutions for each case.

The procedure FindLambdasM, given in Appendix A, was devised specifi-
cally to produce solutions to (2.3.5). It requires &, éo, &3, &q and an initial
(A3, A4) as input parameters. By default, a maximum of 10 iterations is used
by FindLambdasM but this default can be reset if an additional parameter
is passed to the program indicating the number of iterations that need to
be used. The program uses € = 107°; to change the value of €, the two oc-
currences of 0.00001 will have to be suitably adjusted in the program itself.
When FindLambdasM terminates successfully, it returns the Aq, A2, A3, Ay of
the fitted distribution.

FindLambdasM, along with the other programs listed in Appendix A, is
available on the CRC Press website through

http://www.crepress.com.
This program is written in Maple and the command

>  FindLambdasM([0, 1, sqrt(0.025), 2], 0.02,0.75);
produces

[-1.332725170, .2919002955, .02981696805, .7181437677]
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indicating that the fitted distribution has
(A1, A2, Az, Aq) = (—1.332725170,.2919002955, .02981696805, .7181437677)

and |&; — a;| = 0 (to 5 decimal places).

The search for this solution corresponds to a3 = ++/0.025 and it was
initiated at (0.02,0.75). Using FindLambdasM with &3 = ++/0.025 and all
four of the possibilities in (2.3.9) gives the following GLD fits.

GLD; = GLD( — 1.33272663, .2919002520, .0298168180, .7181444379)
GLD2 = GLD(.2562450422,.4992390619, .8014867557, .4640761247)
GLD3; = GLD(1.189623323, .3463943247, .9383793840, .0776168109)
GLD4 = GLD(.1267486891, .5357244180, 3.225675940, 2.283523402)

The p.d.f.s of these GLD fits are shown in Figure 2.3-3 where GLD; is labeled
with (7). In GLDg, GLD3 and GLDy4, A3 > A4 but in GLDj, A3 < Ag. It
can be seen, perhaps with some difficulty, from Figure 2.3-3 that GLD; is
skewed to the left while GLD2, GLD3, and GLD4 are skewed to the right.

Note that had the original dg and &4 been 0.5 and 2, respectively,
we would easily determine from Figures 2.2-1, 2.2-2, and 2.2-3 (or, with
some difficulty from Figure 2.2-4) that (2.3.6) would not have any solutions.
This can be seen even more convincingly in Figure 2.3—4 which shows that
the contour curves of the two equations do not intersect when (A3, A4) is in
Region 3.

Figure 2.3—-3. Four GLD fits for the &1, &2, &3, &a specified by (2.3.8).
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Figure 2.3-5 shows a family of contour curves for Region 3 for a4
with values

1.825, 1.85, 1.9, 2, 2.1, 2.25, 2.5, 2.75, 3, 3.5, 4.

The curve associated with oy = 1.825 consists of the innermost oval and the
lowest branches along the A3 and A4 axes, the curve for a4 = 1.85 consists
of the next larger oval and the next higher branches along the axes, and so
on. Figure 2.3-6 gives contour curves for Region 3 for o3 with values

0.005, 0.01, 0.015, 0.025, 0.05, 0.1, 0.2, 0.3, 0.5, 0.75, 1, 1.25, 1.5, 2.

The curve closest to the line A3 = A4 (not shown) and on either side of this
line is associated with a3 = 0.005 and subsequent curves moving away from
A3 = A4 Tepresent increasing values of a3. The “dense” set of curves in the
lower left corner are branches of the curves in the larger portion of Figure
2.3-6. The one farthest from the origin is associated with a3 = 0.005 and is
actually connected with the rest of the curve for o = 0.005. As o3 increases
the curves become disconnected and move closer to the origin. These two
families of curves (the ay curves of Figure 2.3-5 and the a3 curves of Figure
2.3-6) are shown in Figure 2.3-7 and provide a rough guide for determining
initial searching points when Region 3 solutions are sought.

The contour plots for Region 4 with a4 taking values

6, 6.5, 7,8, 9 10, 12, 14, 17, 20, 25, 30, 45, 65
and a3 taking values
0.2,04, 07,1, 15,23, 5,7, 10, 13, 17

are given in Figure 2.3-8. The curves that are open near the origin are
associated with a4 and those that are open away from the origin are the
curves for a3. In both cases, the smallest values (of a4 or a3) produce
curves that are closest to A3 = A4 with the curves moving away from this
line with increasing values. Figure 2.3-8 not only provides starting points
for the search of solutions to (2.3.6), but it also indicates that, if a solution
exists, it will be unique, except for the interchange of A3 and A4.

It seems from Figure 2.3—-8 that there should be a unique (up to sym-
metry) GLD fit with (A3, A\4) from Region 4 for the &1, G, &3, ba specified
in (2.3.8). Moreover, the (A3, \4) associated with this fit should be close
to the origin. The many attempts made through FindLambdasM to find a
solution in Region 4 failed. When search algorithms such as the one imple-
mented in FindLambdasM fail, they fail because the surfaces associated with
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Figure 2.3—5. Contour curves of as4 with (A3, A1) from Region 3.
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Figure 2.3—-6. Contour curves of a3 with (A3, A\s) from Region 3.
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Figure 2.3—-8. Contour curves of a3 and a4 with (A3, \y) from Region 4.

the equations have sharp corners or points where differentiability fails. This
is not the case in our situation. FindLambdasM cannot find a solution in
Region 4 because of the proximity of the solution to the origin. When ag
and a4, particularly oy, are calculated with (A3, A4) near the origin, unless
very high levels of computational precision are used, the computational er-
rors at intermediate levels could get magnified throughout the search path of
the algorithm. This phenomenon is illustrated in Figures 2.3-9 and 2.3-10.
In Figure 2.3-9 the surface a4 is plotted using 25 digits of precision for all
computations (this is well beyond the precision allowed by most hardware-
based floating point operations). We can see that the surface is smooth and
well-behaved. In Figure 2.3-10 the same surface is plotted with only 10
digits of precision, a rather common level of precision in most computing
environments. It is clear that substantial errors are produced when (A3, A4)
is near the origin. If FindLambdasM is unable to obtain a solution within
the specified number of iterations and error tolerance, e, it gives the approx-
imate values of A1, A2, A3, A\g that it has computed, along with an appropriate
warning.

A final word of caution: when FindLambdasM returns Aj, A2, A3, Ag, there
is no assurance that the GLD associated with A1, A2, A3, Ay is valid. Thus,
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one needs to check that (A3, A4) is in one of the valid regions of Figure 1.3-1.

2.3.2 Fitting by the Use of Tables

Some readers may not have sufficient expertise in programming or adequate
programming support to use the type of analysis that was illustrated in Sec-
tion 2.3.1. For this reason, a number of investigators have provided tables
for the estimation of A1, Ao, As, Ay. The first of these was given by Ramberg
and Schmeiser (1974); more comprehensive tables (in the sense of coverage
of (a3, a4)-space) were provided subsequently by Ramberg, Tadikamalla,
Dudewicz and Mykytka (1979); Cooley (1991) used greater computational
precision to improve previous tables; and Dudewicz and Karian (1996) pro-
vide the most accurate and comprehensive tables to date. The latter are
given in Appendix B. To capture as much precision as possible within the
table of Appendix B, the notation a’ is used for the entries of the table to
mean a x 107, For example, an entry of 0.14172 represents 0.001417.

Unless some simplifications are used, tabulated results for determining
A1, A2, Ag, Aq from &1, G, &3, &g would require a “four-dimensional” display,
a decidedly impractical undertaking. To make the tabulation manageable,
we first use not (&q, e, ds,é&q) but (0,1,|é&s|,&4) and obtain a solution
(A1(0,1), X2(0,1), A3, A\g) to (2.3.5). Note that interchanging A3 and A4 would
change the signs of A and C in (2.1.12) through (2.1.15), changing the sign
of a3 and necessitating a sign change for A\;(0,1). Therefore, when &3 < 0,
we interchange A3 and A4 and change the sign of A\1(0,1). Next, we obtain
the solution to (2.3.5) associated with &;, &g, &g, &q by setting

Al = )\1(0, 1)\/ Qg+ &1 and Ay = )\2(0, 1)/\/ .
We summarize this process in the GLD-M algorithm below.

Algorithm GLD-M: Fitting a GLD distribution to data by the
method of moments.

GLD-M-1. Use (2.3.1) through (2.3.4) to compute &1, Go, &3, Gu4;
GLD-M-2. Find the entry point in a table of Appendix B closest to (|é&s|, &4);

GLD-M-3. Using (|Gs|, &4) from Step GLD-M-2 extract A1(0, 1), A2(0, 1), As,
and A4 from the table;

GLD-M-4. If &3 < 0, interchange A3 and A4 and change the sign of A\1(0,1);
GLD-M-5. Compute \; = )\1(0, 1)\/ o+ a1 and Ay = )\2(0, 1)/\/ a9,
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To illustrate the use of Algorithm GLD-M and the table of Ap-
pendix B suppose that &q, &o, &3, &4 have been computed to have values

=2, do=3, a&3=—-v0.025 a4=2. (2.3.10)

Note that d4 has been taken to be the same as, and &3 has been taken to be
the negative of, the previous values from (2.3.8) used in the FindLambdasM
procedure. Step GLD-M-1 is taken care of since &y, &2, éig, &g is given. For
Step GLD-M-2, we observe that &g = —0.15811; hence, the closest point to
(|&s|, &) in the Table of Appendix B is (0.15,2.0), giving us

A1(0,1) = —1.3231, Ay(0,1) = 0.2934, A3 = 0.03145, A4 = 0.7203.

The instructions on the use of the table in Appendix B indicate that a
superscript of b in a table entry designates a factor of 107°. In this case, an
entry of 0.3145' for A3 indicates a value of 0.3145 x 10~! = 0.03145. Since
as < 0, Step GLD-M—4 readjusts these to

A1(0,1) =1.3231, X2(0,1) =0.2934, A3 =0.7203, X4 = 0.03145.
With the computations in Step GLD-M-5 we get

A =4.2917, Ao =0.1694, A3 =0.7203, 4= 0.03145.

2.3.3 Limitations of the Method of Moments

The wide applicability of the methods developed in Sections 2.3.1 and 2.3.2
will be apparent when we use GLD distributions to approximate a number
of commonly encountered distributions (Section 2.4) and when we fit GLD
distributions to several datasets (Section 2.5). However, it is worth keeping
in mind that most methods have limitations and we discuss the limitations
agsociated with fitting a GLD through the method of moments here.

Algorithm GLD-M, through the table of Appendix B, enables us to fit a
GLD(A1, A2, A3, \4) when (03, a4) is confined by

1.8(62 + 1) < dy < 1.843 + 15. (2.3.11)

The upper restriction éy < 1.843 + 15 is forced on us by limitations of table
space and difficulties associated with computations when this restriction is
removed. We can see from Figures 2.2-1 through 2.2-3 that the GLD is
capable of generating distributions with (a3, ) beyond this constraint (see
also the shaded region of possible (a3, a4) pairs in Figure 2.2-5). If needed,

© 2000 by Chapman & Hall/CRC



it is quite likely that, perhaps with some difficulty, we would be able to find
a suitable fit in this region.

The lower restriction of (2.3.11), 1.8(&3+1) < d4, cannot be removed since
it is a limitation of the GLD(A1, A2, A3, A1) family of distributions. Recall
(Theorem 2.2.4) that for all distributions we must have aq > 1+ a3. Thus,
while the upper restriction of (2.3.11) may be overcome through greater
computational effort, the lower restriction eliminates the possibility of fitting
a GLD()\l, )\2, )\3, )\4) when

14463 < a4 < 1.8(a3 +1).

While analyses of actual data by Wilcox (1990), Pearson and Please (1975),
and Micceri (1989), indicate that values of |és| up to 4 and values of &4 up
to 50 are realistic, it is most common for data to produce (a3, ay) with

14632 < dy < 1.842 + 15,

making the lower constraint of (2.3.11) a more serious limitation. In Chapter
3 we develop the EGLD system, the Extended GLD, to address this problem.

A different problem arises when we try to find a GLD(A1, A2, A3, A1) ap-
proximation to a distribution when (some of) the first four moments of
the distribution do not exist. This type of fitting problem will also arise
in a less obvious form if we encounter data that is a random sample from
such a distribution. We address this difficulty in Chapter 4 by devising a
GLD(A1, A2, A3, A\q) fitting method that depends on percentiles rather than
moments.

In terms of a preference between the two approaches discussed in Sections
2.3.1 (direct computation) and 2.3.2 (use of tables), we note that the un-
availability of the proper computing environment and, to a lesser extent,
simplicity are the principle advantages of using tables. There are, however,
two disadvantages:

1. Because of length limitations, existing tables provide at most one so-
lution even when multiple solutions may exist.

2. Results obtained through Algorithm GLD-M, because of their depen-
dence on tables, are less accurate than estimations of A1, Ao, A3, Ay by
direct computation. We know, for example, from the GLD; fit of Sec-
tion 2.3.1 that 0.7181 and 0.02982 would be more precise values for Ag
and A4, respectively.

If one has access to a computational system that can provide solutions
to equations like (2.3.5), it is possible to use the tables of Appendix B to
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determine a good starting point for the search so that an accurate solution
may be obtained with considerable efliciency.

Of course, the ultimate criterion is goodness of fit of the fitted distri-
bution to the true (unknown) distribution. Methods of assessing this are
discussed in Section 2.5.1.

2.4 GLD Approximations of Some Well-Known Distributions

In Section 1.4 we saw the large variety of shapes that the GLD (A1, A2, A3, A4)
p.d.f. can attain. For the GLD(A1, A2, A3, A\4) to be useful for fitting dis-
tributions to data, it should be able to provide good fits to many of the
distributions the data may come from. In this section we see that the
GLD(A1, A2, A3, Aq) fits well many of the most important distributions.

We apply three checks on each occasion where we fit a GLD to a distri-
bution. The first check considers the closeness of f(xz), the approximating
GLD p.d.f,, to f(z), the p.d.f. of the distribution being approximated. The
proximity of f(z) to f(z) is determined by approximating sup | f(z) — f(z)|.
The p.d.f. of the distribution we will be approximating, f(z), is available to
us; therefore, there is no difficulty with computing f(z). To compute f(z),

e we take 249 equispaced points y; = /250, fori = 1,2,...,249 from
the interval (0,1);

e using (1.2.1) we compute z; = Q(y;) for i =1,2,...,249;
e using (1.2.3) we compute f(z;) fori=1,2,...,249.

We now use the approximation

sup| f() = (@) = | max 1f(x) - £(a)].
In actual practice we found that using 249 points does not limit the accuracy
of the sup|f(z) — f(z)| that we compute. We have obtained essentially the
same (i.e., within 1073) values for sup | f(z) — f(z)| when the 249 points have
been increased to 4999 points.

For a second check, we look at the proximity of the approximating and
approximated d.f.s, F(z) and F(z), respectively. While p.d.f. differences are
less easy to interpret, differences in d.f.s have an immediate meaning in the
probability assigned to easy-to-interpret events. To check the closeness of
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F(z) to F(x), we follow the same idea (and use the same points x;) as in
the computation of f(x) and use the approximation

sup | F(z) — F(z)| = | ax |F(z) — F(z)).

Again, in practice, sup |F'(z) — F(z)| does not change much (less than 10~%)
when a much larger number of points is used.

For the third check we consider the closeness of the a4, Go, 3, &4 of the
fitted GLD to the aq, as,as,as of the distribution that is approximated.
Since in all cases FindLambdasM will be used to obtain the approximating
GLD, we are assured, subject to a warning message from FindLambdasM, that
both |é3 — as| and |Gy — ay| are less than 107°. From (2.1.12) and (2.1.13)
we know that there are no difficulties associated with the computations of
&1 and Go; therefore, we expect |G1 — aq| and |G2 — az| to be no larger
than 10~%. Since the use of FindLambdasM takes care of this check, we do
not explicitly mention it as we look for fits to distributions in the following
sections.

2.4.1 The Normal Distribution

The normal distribution, with mean p and variance % (o > 0), N(u,0?),
has p.d.f.

f(z) = —— exp [—

oV2r

(x — p)?
202

], —o0 <z < 00.

Since all normal distributions can be obtained by a location and scale adjust-
ment to N(0, 1), we consider a GLD(\1, A2, A3, A\g) fit to N(0,1) for which

a1 =0, ar=1 «a3=0, a4=23.

Appendix B suggests (A3, A1)= (0.13,0.13) as a starting point for our invo-
cation of FindLambdasM which yields

GLD(0,0.1975,0.1349, 0.1349).

For our first check of the fit, we observe that the graphs of the N(0,1)
and the fitted GLD p.d.f.s, given in Figure 2.4-1 (a), show the two p.d.f.s
to be “nearly identical” (the N(0,1) p.d.f. is slightly higher at the center).
Specifically, we compute

sup |f(x) — f(2)| = 0.002812,
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0.2

Figure 2.4-1. The N(0,1) with its fitted GLD; the GLD p.d.f. rises
higher at the center (a). The two d.f.s are so close
that they appear as a single curve (b).

where f(x) and f(z) are the p.d.f.s of the N(0,1) and the fitted distributions,
respectively. As a second check of the fit, we observe that the graphs
of the N(0,1) and the fitted d.f.s, given in Figure 2.4-1 (b), cannot be
distinguished. Specifically,

sup |F(z) — F(z)| = 0.001085,

where F(z) and F'(z) are the d.f.s of the N(0,1) and the fitted distributions,
respectively. This means that the probability that X is at most « differs from
its approximation by no more than 0.001085 at any z.

Since (A3, A4) is from Region 3, GLD(0,0.1975,0.1349,0.1349) has finite
support (see Theorem 1.4.23) in the form of the interval [—5.06, 5.06]. This
may or may not be desirable — see the discussion at the beginning of this
chapter.

2.4.2 The Uniform Distribution

The continuous uniform distribution on the interval (a,b) with a < b has
p.d.f.

1
fl)=qb-a
0, otherwise.

ifa<xz<b
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For simplicity we consider the uniform distribution on the interval (0, 1) for

which
1 1

5, ap = Ea

The indication from Appendix B is to use (A3, \4)= (1,1)
for FindLambdasM. This, in turn, yields

o] = a3 =0, oaq4=

» C©

s a starting point

GLD(0.5, 2.0000, 1.0000, 1.0000).

In this case, the fit is perfect because using these values of A1, Ao, As, A4,
in (1.2.1) gives Q(y) = y where Q(y) is the inverse distribution function
of the fitted GLD. Therefore, we must also have F(y) = y, matching the
distribution function of the uniform distribution on the (0, 1) interval. Hence,
our checks: (a1, a2, a3,04) = (1/2,1/2,0,9/5) exactly; the p.d.f. graphs
are identical (i.e., sup |f(z) — f(z)| = 0); and the d.f.s are identical (i.e.,
sup [F(z) — F(z)| = 0).
For the general uniform distribution on (a,b) we have

a+b (b—a)?
2 ?

9
a] = a3 =0, ag= 5
Since as and a4 do not change, to fit the uniform distribution on (a, b) we
need only adjust A1 and As.
If (A1, A2, A3, Ag) = (1/2,2,1,1) yields (a1, a2, a3,04) = (1/2,1/12,0,9/5),
then by Theorem 2.1.11, changing to (A1, A2, A3, \d) = (1/2 + 61,262,1,1)
will yield (since in this case A = 0)

1 1 9
(041,042,043,044) = <_ +61a —F.,0 _> .

2 126275

Solving
e mg

we find
‘51:a+§_1’ 62_bia

This establishes that

_ N2
()\la)‘Za)‘3a)‘4) - (iba (b a) ,]., 1)

2 12
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will produce

a+b (b—a)? 9)

(alaa2aa3aa4):( 5 12 ) ’3

the exact moments of the uniform distribution on (a,b). As was the case
when ¢ = 0 and b = 1, the fit will be exact.

2.4.3 The Student’s ¢ Distribution
The Student’s ¢ distribution with v degrees of freedom, ¢(v), has p.d.f.

" (4)
fla)= 2
VAT (5) (1+2

The specification of the ¢(v) p.d.f. uses the gamma function, I'(¢), which for
t > 0 is defined by

—oo<r<oo.

) (v+1)/2°

I‘t:oot_l_yd
(t) vy

Some properties of I'(t) will be developed in Section 3.1 (for a more detailed
discussion see Artin (1964)).

The existence of the i-th moment of ¢(v) depends on the relative sizes of
¢ and v. For the i-th moment to exist, the integral

i
= ymir () (1+2)"

must converge. The power of z in the integrand is ¢ — v — 1. Therefore, the
integral will converge if and only if i —v — 1< —-1ori<v.

Since we need the first four moments of a distribution to apply the method
of moments, we can only consider ¢ distributions with v > 5. (In Chapter 4
we develop other methods that can be used for approximating ¢ distributions
with small v.) We expect that the limiting case ¥ = 5 may be the one where
a GLD(A1, A2, A3, A\y) fit will be most difficult.

The first four moments of ¢(v) are

a1 =0, o= a3 =0, =3 (2.4.1)

v—2’ v—4
which, when v = 5, become

5
a; =0, a2:§, a3 =0, a4=09.
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To fit ¢(5), we use (A3, Aa)= (—0.13, —0.13) (suggested in Appendix B) as a
starting point for FindLambdasM. The resulting fit is

GLD(0.1613 x 107, —0.2481, —0.1359, —0.1359).

For our first check we observe the p.d.f.s of this GLD and ¢(5), shown in
Figure 2.4-2 (a) (the one that rises higher at the center is the GLD p.d.f.),
and compute A

sup | f(z) — f(z)| = 0.03581.

Our second check leads us to consider the graphs of the d.f.s of ¢(5) and its
fitted distribution. These are shown in Figure 2.4-2 (b) (the #(5) d.f. rises
slightly higher on the left and is slightly lower on the right) and yield

sup |[F(z) — F(z)| = 0.01488.

While this seems to be a reasonably good fit, it does not look as good as
the N(0,1) fit. Also, unlike the N(0, 1) fit, the support of this GLD fit is
(—00,00) — as it is for ¢(5).

As v gets large, the GLD(A1, A2, A3, A4) fits for ¢(v) get better. For v =
6,10, and 30 we get, respectively, the following fits.

(A1, A2, A3, A1) = (3 x 10718, -0.1376, —0.08020, —0.08020) with
sup |f(x) — f(2)| = 0.02311, and sup |F(z) — F(z)| = 0.009513;
(A1, A2, A3, A1) = (6 x 10715,0.02335, 0.01476, 0.01476), with
sup |f(x) — f(z)| = 0.01041 and sup |F(z) — F(z)| = 0.004160;

(A1, Az, Az, ) = (0,0.1452,0.09701,0.09701), with
sup |f(x) — f(2)| = 0.004544 and sup |F(z) — F(z)| = 0.001766.

2.4.4 The Exponential Distribution
The exponential distribution with parameter § > 0 has p.d.f.

_z
3

1

—e o, ifx>0
flay=14"

0, otherwise.
For this distribution

a1=0, ax=0> a3=2, as=09.
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0.2

Figure 2.4-2. The p.d.f. and d.f. of ¢(5) with the fitted GLD. The
GLD p.d.f. rises higher at the center (a). The #(5) d.f.
rises higher on the left and is lower on the right (b)).

We can see that a3 and a4 do not change because 6 is a scale parameter.
Therefore, if a specific exponential distribution, say with # = 1, can be fitted,
then other exponential distributions can be fitted using the A3 and A4 from
the fit obtained for 8 = 1.
For 6 =1,
ar=1, a=1 a3=2, ag4=09.

Since (a3, as4) = (2,9) is an actual entry point in the table of Appendix B, we
can use the table values without the concern about interpolation errors. This
produces, after the adjustments mandated in Step GLD-M-5 of Algorithm
GLD-M,

GLD(0.006862, —0.0010805, —0.4072 x 107>, —0.001076).

For our first check, we consider the exponential p.d.f., with § = 1, and
the fitted GLD p.d.f., plotted together in Figure 2.4-3 (the curve that turns
down near the vertical axis is the GLD p.d.f.). The explanation for the
surprising result

sup |f(x) — f(z)| = 0.6771

is that, although not evident from Figure 2.4-3, the GLD p.d.f. has infinite
tails in both directions and for negative values close to 0, it assumes values
near 0.7 where the exponential p.d.f. is zero. This yields a large difference
over a small range for the p.d.f.s (though, as our second check below shows,
the d.f.s are very close).
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Figure 2.4-3. The exponential p.d.f. with § =1 and its fitted
GLD (the GLD p.d.f. turns down on the left).

For our second check we observe that the d.f.s of the GLD fit and the
exponential distribution with # = 1 cannot be visually distinguished and a
graphic comparison of these d.f.s is not given. We do note that for 8 =1

sup |[F'(z) — F(z)| = 0.009801
and when 6 = 3,
(A1, A2, A3, Ag) = (0.02100, —0.0003603, —0.4072 x 105, —0.001076),
with
sup |f(x) — f(z)| = 0.2257,  sup|EF(z) — F(z)| = 0.009801.

2.4.5 The Chi-Square Distribution
The p.d.f. of the x*(v) distribution with v degrees of freedom is given by

$u/2—1e—z/2

Y ifr>0
f)={ Tz "°°
0, otherwise.
The first four moments of x*(v) are
V2 12
aq v, a2 v, a3 \/;a 0y + I/
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We first illustrate the GLD(A1, A2, A3, A4) fit for v = 5 where FindLambdasM
is used with (A3, A4)= (0.01,0.05), as suggested by Appendix B, to provide

GLD(2.6040, 0.01756, 0.009469, 0.05422)

with support [A1 —1/Xa, A1 + 1/ o] = [—54.3482, 59.5582] (Theorem 1.4.23).

The first check regarding the closeness of the x?(5) and the fitted p.d.f.s
is shown in Figure 2.4-4 (the GLD p.d.f. rises higher at the center). We can
see from Figure 2.4—4 that this GLD fits x2(5) reasonably well, and has long
but finite left and right tails. To complete this check, we determine

sup | f(x) — f(z)| = 0.02115.
For our second check, we obtain
sup |[F(z) — F(z)| = 0.01357

but we do not illustrate the x?(5) and the fitted d.f.s because the two graphs
cannot be visually distinguished.

When we try to fit x?(1) by the methods of this chapter, we run into
difficulties. For v =1,

o] = 1, gy = 2, a3 = 2.8284, g = 15,

placing (o, aa) well outside the range of the table of Appendix B and our
computational capability. When v = 2, x*(2) is the same as the exponential
distribution with # = 2 and fitting this distribution was covered in Section
2.4.4. There are no difficulties associated with fitting x?(v) distributions
with v > 3. For v = 3, v = 10, and v = 30, we find, respectively,

(A1, A2, Az, A) = (0.8596,0.009543, 0.002058,0.02300), with
sup |f(x) — f(z)| = 0.05312 and sup |F(z) — F(z)| = 0.0156;

(A1, A2, Az, M) = (7.1747,0.02168, 0.02520, 0.09388), with
sup | f(x) — f(z)| = 0.007783 and sup |F(z) — F(z)| = 0.01182;

(A1, A2, A3, \g) = (26.4479,0.01896,0.05578,0.1366), with
sup | f(z) — f(z)| = 0.002693 and sup |F(z) — F(z)| = 0.007649.

We know that for large v, the closeness of x2(v) to N(v,2v) would produce
a reasonably good fit.
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Figure 2.4—-4. The x?(5) p.d.f. with its fitted GLD (the
GLD p.d.f. rises higher at the center).

2.4.6 The Gamma Distribution
The p.d.f. of the Gamma distribution, I'(«, #), with parameters o > 0 and
# > 0 is given by

:L,a—le—z/O

fla)={ T(aype

0, otherwise.

, ifx>0

If @ =1, this is the exponential distribution; if « = /2 and 0 = 2, it is the
x2(v). The a1, az, a3, a4 for T(a, ) are given by

a1 = ab, a2:a92, g = a4y =3+ —.
o

2
Vo'
For the purpose of this illustration we take o = 5 and 8 = 3 for which

) 21
o1 =15,  ap =45, a3:2£, oy = —.

) )
Here a3 =~ 0.89 and aq4 = 4.2 and Appendix B for this entry point sug-
gests an initial search point of (0.03,0.1). The GLD fit that results from

FindLambdasM is
GLD(10.7620, 0.01445, 0.02520, 0.09388).

For the first check, we consider the two p.d.f.s shown in Figure 2.4-5 (the
curve that rises higher in the middle is the GLD p.d.f.). This seems to be a
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Figure 2.4-5. The gamma p.d.f. with &« =5 and 6 = 3 and its fitted
GLD (the GLD p.d.f. rises higher at the center).

reasonable fit for which
sup |f(z) — f(2)| = 0.005188.

The fit is somewhat deceptive in that its support is, by Theorem 1.4.23, the
interval [—58.43,79.96]. For the second check, we cannot distinguish the
graphs of the d.f.s of I'(5, 3) and its fitted GLD and

sup |[F'(z) — F(z)| = 0.01182.

2.4.7 The Weibull Distribution

A Weibull random variable with parameters a > 0 and § > 0 has p.d.f.
aﬁ:vﬁ_le_azﬂ, ifx>0
0, otherwise.

An excellent reference on the Weibull distribution, its multivariate general-
izations, as well as reliability-related distributions is Harter (1993), which
contains several hundred references on the Weibull distribution alone.

The moments of the Weibull distribution are

ar =BT T+ 7Y,
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o = (-3T(357)8* +6T(37)r(257)5 - 2 (T(5 7)) /

(2ress - (™)) sy (2r 15 - -2 52

oy {_F(%) +41"(¥)1"(%) = GF(ﬁ-ﬁ|'2) (P(ﬂ; 1))

(D)} (50 - (0E5))

Note that a3 and a4 do not depend on the parameter o. If we take a =1
and 8 = 5, the moments of the Weibull distribution will be

2

a1 = 091816, s =0.04423, a3 = —0.2541, a4 = 2.8802.

From a search with FindLambdasM with the starting point (0.1,0.2) that is
obtained from Appendix B, we get the GLD fit

GLD(0.9935,1.0491,0.2121,0.1061).

The support of the fitted GLD is the interval [0.0403,1.947]. For the first
check we see in Figure 2.4-6 that the Weibull and the fitted p.d.f.s are
“nearly identical” and calculate

sup | f(x) — f(z)| = 0.03538.

0.8
0.6
0.4

0.2

0 0.2 0.4 06 0.8 1 1.2 1.4 1.6 1.8 2

Figure 2.4—6. The Weibull p.d.f. with « =5 and 5= 2 and its fitted
GLD (the GLD p.d.f. is to the right near its peak).
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As our second check we note that the graphs of the Weibull and the
fitted distributions appear to be identical and

sup |F(z) — F(z)| = 0.002726.

2.4.8 The Lognormal Distribution
The p.d.f. of the lognormal distribution with parameters g and ¢ > 0 is

1 (In(x) — pu)?| .
f2) = { 2oV exp l——202 ] , ifx >0,

0, otherwise.

The moments of the lognormal distributions are
ap = et o2,

ay = (602 - 1)62“"'”2,
as = /e’ — 1 (e"2 -|—2),
oy = edo’ + 2¢3” + 3e20”" _ 3,

In the special case when y = 0 and ¢ = 1/3, the moments, obtained by
direct computation, are

a1 = 1.0571, a2=0.1313, a3=1.0687, a4=5.0974.

With the starting point of (0.01,0.03) indicated by Appendix B, we get,
using FindLambdasM, the GLD fit

GLD(0.8451,0.1085,0.01017, 0.03422).

The support of this fit is [—8.37,10.06]. For our first check, we plot the
p.d.f.s of the lognormal with y = 0 and o = 1/3 and the fitted GLD. This is
shown in Figure 2.4-7 (the graph that rises higher at the center is the p.d.f.
of GLD(0.8451,0.1085,0.01017,0.03422). We also compute

sup | f(x) — f(z)| = 0.09535.

For our second check we note that the d.f.s of the two distributions are
virtually identical and

sup |[F(z) — F(z)| = 0.01235.
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Figure 2.4-7. The lognormal p.d.f. with u =0 and ¢ = 1/3 and its
fitted GLD (the GLD p.d.f. rises higher at the center).

The choice of parameters in this, as well as previous distributions, has
been quite arbitrary. Generally, GLD fits can be obtained with most, but
not all, choices of parameters. In the case of the lognormal distribution, had
we chosen = 0 and ¢ = 1, the resulting moments would have been

o = 16487, a2 =4.6708, w3 =06.1849, a4 =113.9364,

making the search for a solution, if indeed one exists, quite difficult. In
general, for (a3, a4) to be within the range of computation, we must have
0 < ¢ < 0.55. When ¢ is small (e.g.,, ¢ = 0.1) the hazard rate of the
lognormal is increasing; when o is moderate (e.g., 0 = 0.5) it increases and
then slowly decreases; when o is large (e.g., o = 1.0) it is decreasing. The
latter case arises when X = In(Y’) and Y is N(0,1), making X lognormal
with ¢ = 0 and ¢ = 1. Thus, it is possible to fit the GLD in the ranges of
most use in reliability applications (see, for example, Nelson (1982), p. 35).

2.4.9 The Beta Distribution

A random variable has the beta distribution if for parameters 33, 54 > —1,
it has p.d.f.
2P (1 — )P
f@)=13 B(Bs+1,61+1)

0, otherwise.

fo<xe <1,

The notation of B3 and 4 for the parameters of the beta distribution is
used for reasons that will become clear in Chapter 3, when we consider
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a generalization of this distribution. If 83 = (4 = 0, this is the uniform
distribution on (0,1). The moments of the beta distribution (these will be
derived in Section 3.1) are

B3+l
Y Bt A+ 2
B (B3 +1)(Bs+1)
o =

(B3 + Ba+2)%(Bs + s+ 3)’

_ 2B P3)VBs+PBi+3
(Bs+ Ba+HV(Bs+ D(Ba+ 1)
g = MBs s +3) (BsBalBs + Pa+2) + 303 +505 + 301 +561+4)
(B3 + Ba+5)(B3+ Ba+4)(Bz+1)(Bs+1)
If we take the specific beta distribution with 85 = 84 = 1, we get
1 1 15
5 =55 =0 o=~

and using the starting point of (0.4,0.4) (obtained from Appendix B) in
FindLambdasM, we obtain the fit

] =

GLD(0.5000, 1.9693, 0.4495, 0.4495).

Our first check indicates that this is an excellent fit (with support the
interval [—.008, 1.008]) to the chosen beta distribution, as can be seen from
Figure 2.4-8 where the two p.d.f.s are indistinguishable. Moreover,

sup |f(x) — f(2)| = 0.009298.

The quality of this fit is confirmed by our second check where the d.f.s of
the beta distribution with parameters g3 = 84 = 1 and its fitted GLD are
virtually identical and

sup |F(z) — F(z)| = 0.0003734.

In spite of this good fit, in some cases the GLD is unable to provide
a good approximation to beta distributions because the (a3, a4) points of
these distributions are outside the range of the GLD (they lie in the region
marked X in Figure 2.2-4). Consider, for example, the beta distribution
with 83 = —1/2, 84 = 1, for which

8 V14 42

Qr=-—2, a3=—"—, o4

M= 175 3 e
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Figure 2.4-8. The beta p.d.f. with g3 = 34 = 1 and its fitted
GLD (the two p.d.f.s are nearly indistinguishable).

In this case (a, ay) lies below the region that the GLD moments cover (see
(2.3.11) and Figure 2.2-5). Only some of the (a3, a4) points in the BETA
REGION of Figure 2.2-5 are in the GLD (a3, ay) region that was given in
(2.3.11). This motivates (in Chapter 3) extending the GLD to cover the
portion of (a3, ay)-space below the region described in (2.3.11).

2.4.10 The Inverse Gaussian Distribution

The p.d.f. of the inverse Gaussian distribution with parameters y > 0 and
A > 0 is given by

N2
A/ Agexp —M , if x >0,
flx) = 27w 2ucx

0, otherwise.

This distribution has applications to problems associated with the times
required to cover fixed distances in linear Brownian motion. The reader
may wish to consult Govindarajulu (1987), p. 611. The moments of this
distribution are

3 15
a1y = W, O‘ZZMTa 043:3\/?, a4:3+Tﬂ-
We first consider the special case of u = 0.5 and A = 6 with

1 V3 17

1
§a 042—4—8a 043—7, 4 1

] =
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Figure 2.4-9. The inverse Gaussian p.d.f. (= 0.5 and A = 6) and its
fitted GLD (the GLD p.d.f. rises higher at the center).

Use of FindLambdasM with the starting point (0.01,0.03) gives the fit
GLD(0.4164, 0.6002, 0.02454, 0.08009).

We note that the support of this GLD is [—1.2497,2.0825] and proceed to our
first check by considering the graphs of the p.d.f.s of this inverse Gaussian
distribution and its fitted GLD (given in Figure 2.4-9) and determine

sup|f(z) — f(z)| = 0.1899.

For our second check, we note that it is impossible to graphically dis-
tinguish the d.f. of this inverse Gaussian distribution from that of its fitted
GLD and

sup |[F(z) — F(z)| = 0.01052.

2.4.11 The Logistic Distribution

The p.d.f. of the logistic distribution, with parameters u and o > 0, is given
by

e—(@—p)/c
flz) = T e—(z—u)/0)2 for —oo<z < o00.
For this distribution,
nlo? 21

a3 =0, aqg=—.

o] = W, o = 5

3 9
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The a3 and a4 do not depend on the parameters of the logistic distribution
and (as,aq) = (0,4.2) is an entry in Table B-1 of Appendix B.

In the special case of u =0 and o = 1, we use Table B-1 of Appendix B
to obtain the fit

GLD(0, —0.0003637, —0.0003630, —0.0003630)

and note that the support of the fitted distribution is (—oo,00). Next, we
observe that the p.d.f.s of this logistic distribution and its fitted GLD are
graphically indistinguishable, as shown in Figure 2.4-10. Moreover,

sup | f(x) — f(z)| = 0.0004191.

This takes care of our first check. For our second check, we consider
the d.f.s of the two distributions and observe that they look identical and

sup |[F(z) — F(z)| = 0.0003541.

Since for the logistic distribution (as,a4) = (0,4.2) for all admissible
and o, the entry of Table B-1 of Appendix B that we used in this specific
case can be used in all situations, guaranteeing a GLD fit for all members
of this family of distributions. The logistic is used as a life distribution (see
Nelson (1982)), and is not a member of the Pearson family (see Freimer,
Kollia, Mudholkar, and Lin (1988), p. 3560).

Since the loglogistic distribution deals with ¥ = eX where X is logistic,
by taking logarithms, we can reduce the loglogistic to the logistic.

0.2

-4 -2 2 4

Figure 2.4-10. The logistic p.d.f. (x =0 and ¢ = 1) and its fitted
GLD. The two p.d.f.s cannot be distinguished.
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2.4.12 The Largest Extreme Value Distribution

The largest extreme value distribution, with parameters p and ¢ > 0, has
p.d.f.

flx) = le—(z—“)/" exp [—e_(z_“)/"}, for —oco<zx<oo.
o

This distribution can be used to describe human life (see Nelson (1982),
p. 40) and has moments

1
o1 =pu+vyo, a2= 677202, a3 =V 1.29857, ayq =54,

where v = 0.57722 is Euler’s constant.

Since a3 and a4 are independent of the parameters of the distribution,
we can consider fitting a specific distribution, knowing that fits for other
distributions of this family can be obtained in a similar manner. If we set
u=0and o =1,

a1 = .5772, g = 1.6449, g = 1.1395, Qg = 5.4.
Using the initial search point of (0.0007,0.026), we obtain the fit
GLD( — 0.1857,0.02107, 0.006696, 0.02326)

and note that the support of this GLD is [-47.647,47.275]. We compare
the p.d.f. of this distribution and that of its fitted GLD. This comparison,
illustrated in Figure 2.4-11, yields

sup | f(z) — f(z)| = 0.02215
for our first check. Next, we compare the d.f.s of the extreme value dis-
tribution with ¢ = 0 and o = 1 to observe that the d.f.s cannot be visually

distinguished and X
sup |F'(z) — F(z)| = 0.01004,

completing our second check.

2.4.13 The Extreme Value Distribution

This distribution, also called the smallest extreme value distribution, is im-
portant in some applications. For example, Weibull (1951) reported that
the strength of a certain material follows an extreme value distribution with
p = 108kg/cm? and ¢ = 9.27kg/cm? (also see Nelson (1982), p. 41).
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Figure 2.4-11. The largest extreme value p.d.f. (u =0 and ¢ = 1) and
its fitted GLD (the GLD p.d.f. rises higher at the center).

Also, if X is Weibull, then In(X) has an extreme value distribution, making
this relationship similar to the one between the lognormal and the normal
distributions. It is also known (see Kendall and Stuart (1969), pp. 85, 335,
344) that if X has the extreme value distribution then the p.d.f. of (X —pu)/o
is f(r) = e®7¢"". The extreme value distribution is also used in life and
failure data analysis, “weakest link” situations, temperature minima, rainfall
in droughts, human mortality of the aged, etc., and often represents the first
failure (which fails the unit).

The extreme value distribution has parameters y and ¢ > 0 and p.d.f.

f(z) = le(’”—“)/" exp [—e(z_“)/"}, for —oco<x < o0.
o

If Y is extreme value with parameters yy and oy, then X = —Y is
largest extreme value with parameters ux = —py and ox = oy. This
follows since

P(Y <y)=1-e "7,

Hence,
PX<z)=P(-Y<z)=PY >-2)=1-P(Y < —x)

—1— (1 _ e_e(—fv—#y)/ffy) . e_e—(fH'My)/ffy . e_e—(fv—#x)/ffx

The moments of the two distributions have the relation

Oél(X) = —Oél(Y), OZQ(X) = OZQ(Y), ag(X) = —ag(Y), 044(X) = 044(Y).
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Thus, to fit a largest extreme value with moments (5,16,0.5,9.2) is
the same as fitting an extreme value with moments (-5, 16, —0.5,9.2).
As we have already considered fitting a largest extreme value distribution,
Section 2.4.12 has the details for fitting an extreme value distribution.

The moments of the distribution are

1
ol =p—yo, Q= 677202, a3 = —V1.29857, a4 =54,

where v = 0.57722 is Euler’s constant.

2.4.14 The Double Exponential Distribution
The double exponential distribution with parameter A > 0 has p.d.f.
B e—lzl/A ;
x) = 3\ or —oco<x<oo.

The moments of this distribution are

a1 =0, a=2)% a3=0, oa4=06.

Since a3 and a4 are constants, we will be able to find GLD(A1, A2, A3, \y)
fits to this distribution if we can find a fit when A = 1 and the moments are

a1 =0, ar=2, a3=0, a4=06.
Initiating a search at (—0.1, —0.1) FindLambdasM provides the fit
GLD(7.5505 x 10717, —0.1192, —0.08020, —0.08020).

Note that the support of this GLD is (—oc0, c0). We now compare the p.d.f.s
of the double exponential distribution with A = 1 to that of the fitted GLD.
The graphs of these p.d.f.s are given in Figure 2.4-12 (a) where the graph
of the double exponential p.d.f. rises higher in the center. Our observation
that

sup |f(x) — f(z)| = 0.1457
completes the first check. For the second check, we compute

sup |F(x) — F(z)| = 0.02871

and obtain a plot of the d.f.s of the two distributions, shown in Figure 2.4-12
(b). Note that in contrast to most of the fits provided so far, there is an
observable difference between the two d.f.s (the double exponential d.f. is
lower immediately to the left of the center and higher immediately to the
right of the center).
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(a) (b)

Figure 2.4-12. The p.d.fs (a) and d.f.s (b) of the double
exponential (A = 1) and its fitted GLD.

2.4.15 The F-Distribution

The p.d.f. of the F' distribution, with 11 > 0 and vs > 0 degrees of freedom,
F(v1,12), is given by

T ((v1 +12)/2) (v1/v2)"'/? L(1—2)/2

fz) = I'(v1/2)I(12/2) % (1+$§)(V1+V2)/2

when z > 0 and f(z) = 0 when = < 0.

The power of z in the p.d.f. of the F' distribution is —1 — v»/2. Therefore
for the i-th moment to exist, we must have i —1—12/2 < —1 or vy > 2i. This
immediately restricts the moment-based GLD(A1, A2, A3, Ag) fits to those F
distributions with v, > 8.

The moments of the F' distribution (when vy > 8), are

v
o1 =
1 o _2a
1/22 (1/1 + v — 2)
g = 3
nm (1/2 - 4) (1/2 - 2)
22 (v2 — 2 4 2117)
g —

1/1(1/2—6),/%2__%

© 2000 by Chapman & Hall/CRC



3 (1/11/22 + 41/22 + 8urrn + 1/121/2 — 1615 + 10 1/12 - 20171 + 16) (1/2 - 4)

1/1(1/1-|-I/2—2)(I/2—6) (1/2—8) '

If we set vo = 10, a7, a0, a3, aq4 will exist. However, if we also choose

v = 5, then we have (a3, aq)= (14.9538,53.8615), taking us outside the

range of the table in Appendix B as well as outside our range of computation.

a3 and a4 both decrease with increasing vy, but when v = 10, this does not
help since

g4 =

lim of = 12, lim a4 = 45,
v1—00 V1 —00

and (a3, a4) stays out of range for all v, > 0.

More generally, by considering o3 as a function of v; and v2 and taking the
derivative of a3(v1, 1) with respect to vz, we can determine that o3(v1,v2)
decreases with increasing 1o when 15 > 8. This implies that for 8 < vy < 15,

88(2v1 + 13)2
2 >ai(rl,15) = ——
as(,ve) 2 a5(v1 15) = o =
This last expression is a decreasing function of 1. Hence,

201 +13)2
Oé%(l/l,ljg)z lim 88( v+ 3)

St 4 19)° 435,
vi—oo 81(v1(v1 + 13)

placing (a3, a4) outside of our computational range whenever vy < 15.
With similar analyses, we can determine that in order to have a3 < 4 when
o = 16, we must have vq > 28; when vy = 20, we must have vq > 6.26; and
when v» = 30, we must have 1 > 3.52.
It is, therefore, possible to obtain fits for large 1. For example, if we let
vy = 25 and v1 = 6, we get

a1 = 1.0869, as=0.5439, a3=18101, a4 =9.1986
and the GLD (A1, Az, Ag, Ag) fit
GLD(0.5898, —0.09063, —0.01095, —0.05314)

by using the entries of Appendix B. We observe that the support of this fit is
(—00,00). For the first check, we compare the p.d.f. of F(6,25) with that
of its GLD fit (see Figure 2.4-13) and compute

sup | f(x) — f(z)] = 0.1155.

For the second check, we note that d.f.s of F'(6,25) and the fitted GLD
cannot be visually distinguished and

sup |[F'(z) — F(z)| = 0.01633.
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Figure 2.4-13. The p.d.f.s of F(6,25) and its fitted GLD (the one that
rises higher at the center is the p.d.f. of the fitted GLD).

2.4.16 The Pareto Distribution
The Pareto distribution, with parameters 8 > 0 and A > 0, has p.d.f.

BN
) = o g if x> A,
0, otherwise.

The moments of the Pareto distributions are

_ BA

al—ma

Qg = BN

TB-2p-2)
2(6+1)

a3 = 5
(B=3)\/75=

g BFHB (B2

B(B=3)(B-4)

We see that a3 and a4 depend only on the single parameter 3 and for
a1, g, 03, 0 to exist, we must have 3 > 4. For almost all reasonable choices
of 3, a3 and a4 are out of range for us to be able to compute A1, A2, A3, \4.
For example, when 8 = 5, ag = 4.6476 and a4 = 73.8000. As ( increases
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70

Figure 2.4-14. The o3 and a4 of the Pareto distribution as
functions of 3 (a4 is the higher curve).

both a3 and a4 decrease. However,

1“ n g = 2
3

so [ has to get quite large for as and a4 to come near our tabulated range.
This can be seen from the graphs of a3 and a4 given in Figure 2.4-14 where
a4 is the higher of the two curves.

2.4.17 Summary of Distributions and their GLD fits

In Table 2.4-15 we summarize the distributions considered in this section,
giving the section reference, the (A3, A4) of the fitted GLD(A1, A2, A3, A1), the
sup | f(z) — f(x)|, and the sup |F(z) — F(z)| for each distribution. The range
of (a3, ay) of these “standard” distributions represents a rather small portion
of the space that the GLD makes available. Therefore, the GLD provides
a much richer variety of distributions than the “standard” distributions. In
light of the results about (a3, a4) found in real datasets by Micceri (1989),
Pearson and Pease (1975), and Wilcox (1990), use of the GLD is indicated
in many application areas.
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Table 2.4-15. Distributions considered in this section, with section reference,

GLD( Ay, Azs Agy Ay) it sup |f(l) — f()] and sup |ﬁ'(i.) — F(x)|.

Distribution Section | A1, Ag, Az, Ay for GLD Fit sup |f(z) — f(z)| | sup|fz) — Fiz)
N(0,1) 2.4.1 (0,0.1975, 0.1349, 0.1349) 0.002812 0.001085
Uniform on (0,1) 2.4.2 (0.5,2,1,1) 0 0
Student’s &, ¥ =15 2.4.3 (0, —0.2481, —0.1359, —0.1359) 0.03581 0.01488

r==6 2.4.3 (0, —0.1376, —0.08020, —0.08020) 0.02311 0.009513

v =10 2.4.3 (0,0.02335, 0.01476, 0.01476) 0.01041 0.004160

¥ =30 2.4.3 (0,0.1452, 0.09701, 0.09701) 0.004544 0.001766
Exponential, 6 =1 2.4.4 (0.006862, —0.0010805, —0.4072 x 1075, —0.001076) | 0.67T1 0.009801

8=3 2.4.4 {0,02100, —0,0003603, —0.4072 x 10~%, —0,001076) 0.2257 00089801

Chi-square, 1= 3 2.4.5 (0.8596, 0.0095443, 0.002058, 0.02300) 0.05312 0.0156

r=>5 2.4.5 (2.6040, 0,01756, 0,009469, 0.05422) 0.02115 0.01357

v =10 2.4.5 (T.1747, 0.02168, 0.02520, 0,09:388) 0.007783 001182

¥ =30 2.4.5 (26,4479, 0.01896, 0.05578, 0.1366) 0.002693 0.007649
Gamma, =5, 0 =3 2.4.6 (10,7620, 0.01445, 0.02520,0,09388) 0.005188 0.01182
Weibul,l & =1, =5 24.7 (0.9935, 1.0491, 0.2121, 0.1061 ) 0053538 0.002726
Lognormal, g =0, 0 =1/3 2.4.8 (0.8451, 0.1085, 0.01017, 0.03422) 0.009535 0.01235
Beta, 0z = 33 =1 249 (0,5000, 1,9693, 0.4495, 0.4495) 0.009298 0.0003734
Inverse Gaussian, gt = 1/2, A =6 24.10 (0.4164, 0.6002, 0,02454, 0.08009) 0.1899 0.01052
Logistic, p=0,0 =1 24.11 {0, —0.0003637, —0.0003630, —0.0003630) 0.0004217 0.0003613
Largest Ext, Val, p=0,0=1 24.12 | (—0.1857, 0,02107, 0.006696, 0.02326) 0.02215 0.01004
Extreme Value 2.4.13 Fits are similar to those of the Largest Extreme Value Distribution
Double Exponential, A =1 2.4.14 (7.5505 = 10737, —0,01192, —0.080102, —0.08020) 0.1457 0.02871
F,vy =6 1m=2125 24.15 (0.5898, —0.09063, —0.01095, —0.05314) 0.1155 0.01633
Pareto 2.4.16 {a%, @4 ) out of table and computation range
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2.5 Examples: GLD Fits of Data, Method of Moments

We have already seen details of the shapes of GLD distributions (Section 1.4),
a GLD fitted to an actual dataset (the fit to measurements of the coefficient
of friction of a metal at (1.2.6)), and fits to many of the most important
distributions encountered in applications in various areas (summarized in
Table 2.4-9).

In this section we consider fits of the GLD to actual datasets. A
number of examples will be given, from a variety of fields, in order to
illustrate a spectrum of nuances that arise in the fitting process. In this
section, we will fit datasets for which the estimated (a3, a4) pair (denoted
by (&3, @&4)) is in the region covered by the GLD that was given in Figure
2.2—4. The reasons for this restriction are twofold: first, as we saw in Section
2.4.9, when we attempt to fit distributions that have (skewness?, kurtosis)
that is not in the area covered by the GLD (wide though this is) the fit will
usually not be excellent; second, in Chapter 3 we will extend the GLD to an
EGLD that covers the (a3, ay) points not covered by the GLD so it makes

sense to consider such examples in Chapter 3.

It is true that there is variability of sampling in the estimates of (skewness?,

kurtosis): even if the true (a3, ay) point is in the GLD region, the estimate
from the data might not be or if the true point is not in the GLD region,
the estimate from the data might be. Thus, one may, in applications, end
up fitting by a model that cannot cover the true distribution very well. For
this reason, when we take up these additional examples in Chapter 3, after
we extend the GLD to the EGLD, we will attempt to fit both a GLD and
an EGLD and compare the two fits.

We should also note, as we will see in detail in Chapter 3, that the method
of extension of the GLD is such that there is a zone of overlap of the (a3, o)
points of the two models. This means that we in fact have a zone where both
model types will fit the data well, so “wrong zone” (skewness®, kurtosis)
should be less of a problem in applications when (43,44) is “near” the
boundary.

In the examples we discuss we have both real datasets from the literature,
and datasets with simulated (Monte Carlo) data. While with a real dataset
we can assess how well the model fits the data, we cannot assess how well
it fits the underlying true distribution (as that distribution is not known).
With simulated datasets we can do both, which is why we have included
them.
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2.5.1 Assessment of Goodness-of-Fit

There are a number of aspects of “goodness-of-fit,” a topic on which many
papers and books have been written that are relevant to the subject area of
this book. We will cover them mainly in this section. The situation we
have is as follows:

S-1. We are seeking to model a phenomenon X of interest in some area of
research.

S—2. There are certain distributions Fi, Fs,..., F} that we wish to include,
in some form, among those we wish to consider to describe X. These
may be ones that it is believed X truly follows (e.g., they are derived
from assumptions X is believed to obey), or they may simply be ones
that yielded reasonable approximations in the previous studies.

S-3. We have available data on the phenomenon X in some form, for ex-
ample,

1. Independent observations X7, Xo, ..., X,, on the phenomenon.

2. A histogram of the distribution of X based on data (but the data
itself is not available to us).

3. The sample moments &1, &2, &3, &4 based on data (but we do not
have the data).

4. Some other form of information based on data is available.

S—4. We are considering using a family of distributions G(w) to fit the phe-
nomenon’s p.d.f./d.f./p.f., where w is the vector of parameters which
(when chosen) picks a particular member of the family G(w). For
example, if G is the GLD family then w = (A1, A2, A3, Aq).

We make the following points regarding the circumstances described in
S—1 through S—4.

Point 1. In most cases, the F;s of S—2 will merely be approximations
to a true (and unknown) distribution of X. If they are truly the
distributions that X follows, and have one or more unknown parameters,
then one should act as though X is in the family F;(w) and use techniques
which optimally choose w for that family.

Point 2. In light of Point 1 it is not necessarily required that the
fitted G distribution have all of the characteristics of F; of S-2.
For example, in the first paragraph of this chapter we noted that often the

© 2000 by Chapman & Hall/CRC



support (range of possible values) of F; may be ones we know cannot occur;
in such a setting we certainly do not want to require that G have the same
support as Fj.

Point 3. In light of S-1, we will want the family G(w) to be one
that can come reasonably close to including Fi, Fh, ..., F; when w
is chosen appropriately. For this reason, in Section 2.4 we described how
close the GLD family can come to various widely used distributions, using
a fit based on matching the first four moments of the GLD to the first four
moments of the particular F;. We might also fit with the EGLD of Chapter
3, or with a Method of Percentiles as in Chapter 4, especially if we did not
find the fit to F; satisfactory. If F; is fitted with G, then the question
arises: Is Gy a good approximation to F;? Some ways to approach this
question include

o Assess the adequacy and appropriateness of the support of Gg.
e Compare the p.d.f.s, d.f.s, and p.f.s of Gy with those of F;.

e Compare Gg with F; on other measures that “matter” for the applica-
tion under consideration; for example, moments, probabilities of key
events, hazard functions, and so on.

These are not simple questions for which there is a simple formula that can
provide a correct answer — they are some of the most difficult questions
that arise in modeling, and usually require serious interaction between the
statistician and the subject matter specialists — but it is essential that they
be carefully and fully considered if we are to have confidence in the model.

Point 4. With data of any of the forms described in S-3, we can use
the Method of Moments to fit a GLD. In case of S-3-2, the moments are
approximated using the midpoint assumption; with S-3-1 and S-3-2, the
Method of Percentiles (presented in Chapter 4) can be used to fit a GLD; in
case of S—-3-2, the percentiles needed are approximated (an analog of case
S—-3-3 is to have available certain sample percentiles). What can be done
with situation S-3—4 depends on the specifics of the information available.

Point 5. After we fit a distribution G to the data the question will arise:
Is this a good fit to the true underlying distribution? Since the true
distribution is unknown, this is a difficult question. In case S-3-3 we can
reasonably ask that G have values close to the specified sample moments (or,
if sample percentiles were given, to the sample percentiles). In case S-3—-2 we
should overplot the histogram of the data and p.d.f. g of the d.f. G
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and examine key shape elements. In case S—3-1 we can overplot the d.f. G
and the empiric d.f. of the data and examine their closeness.

Point 6. There are many statistical tests of the hypothesis that the
data X7, Xo,..., X, come from the distribution G. These are in addition
to the eyeball test, which should always be used (and in which many
experimenters place the most faith). Based on the theorem that follows we
agsert: The hypothesis that the data come from G is equivalent to the
hypothesis that G(X;),G(X>),...,G(X,) are independent uniform
r.v.s on (0,1).

Theorem 2.5.1. If a r.v. Y has continuous d.f. H(y), then the r.v. Z =
H(Y') has the uniform distribution on (0,1).

There are many statistical tests for this hypothesis such as the Kolmogorov—
Smirnov D, Cramér—von Mises W2, Kuiper V, Watson U?, Anderson-Darling
A?, log-statistic @, x?, entropy, as well as other tests of uniformity. Some
references are Dudewicz and van der Meulen (1981) (where the entropy
test is developed, and which has references to the literature) and Shapiro
(1980) (which, while oriented to testing normality, has excellent comments
on goodness-of-fit testing in general).

Of the goodness-of-fit tests, the oldest is the chi-square test proposed
by Pearson (1900). The idea of the test is to divide the range of the distri-
bution into k cells and compare the observed number in each cell to the
number that would be expected if the assumed distribution is true. Under
certain construction of the cells, the resulting test statistic has (approx-
imately) a chi-square distribution with degrees of freedom k—1—1¢
where t is the number of parameters estimated (e.g., ¢ = 4 for the GLD).
Drawbacks of the test are

e low power (ability to reject an incorrect fit) vs. other tests;
e loss of information when the data are grouped into cells;
e arbitrariness of the choice of the cells.

For reference on the chi-square test, see Moore (1977). We illustrate the
chi-square test in the examples that we consider below.

We should note why some experimenters place the most faith in
the eyeball test, though they may also do a formal test of the hypothesis:

e the chi-square test itself is approximate (and assumes use of the method
of maximum likelihood, rather than the method of moments);
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e for any test, failure to reject does not mean the hypothesis is true;
it could, for example, be that the sample size is too small to detect
differences that exist between the true and hypothesized models;

e for any test, rejection does not mean that the hypothesized model is
inappropriate for the purpose intended.

However, the eyeball test requires experience. Therefore, we recommend
starting with a hypothesis test and if we then wish to go against the
conclusion of the test based on examination of the overplot of hypothesis
and data, make the case for reversal. This is analogous to a lawyer
making a case at an appellate level. As Gibbons (1997, p. 81) states, “the
investigator hopes to be able to accept the null hypothesis, even when it
appears to be only nearly true.” The eyeball test is not a license to follow a
personal whim, and it is important to guard against any lack of rigor in so
important a decision as choice of distributional model for the phenomenon
under study. The eyeball test is sometimes called a graphical test (see
Ricer (1980), p. 18). If the plot is of the e.d.f. and the fitted G, we might
look for criss-crossing of the two rather than one staying consistently on one
side of the other. We should always be aware that there is subjectivity to
the analysis.

The Kolmogorov—Smirnov or K S test is based on the largest difference
(in absolute value) between the e.d.f. and its hypothesized counterpart. This
can be interpreted as a quantification of the eyeball test. Only the biggest
deviation is used; if one curve is uniformly on one side of the other but does
not reach very far away at any one point, the test will not reject; for this
reason, the test is sometimes viewed as lacking in power. A good comparison
of the K.S and chi-square tests is given by Gibbons (1997, pp. 80-82). The
use of the K .S statistic to give a confidence interval for the true d.f. (see
Gibbons (1997), Section 3.2) is also of some interest.

There is a large literature on quantification of eyeball tests; one article,
with references, worth considering is Gan, Koehler, and Thompson (1991).

2.5.2 Example: Cadmium in Horse Kidneys

Elinder, J6nsson, Piscator and Rahnster (1981) investigated histopathologi-
cal changes due different levels of metal concentrations in horse kidneys. We
list below part of their data dealing with the average cadmium concentra-
tions in the kidney cortex of horses.

11.9 16.7 234 25.8 25.9 27.5 28.5 31.1
32.5 35.4 38.3 38.5 41.8 42.9 50.7 52.3
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52.5 52.6 54.5 4.7 56.6 56.7 58.0 60.8
61.8 62.3 62.5 62.6 63.0 67.7 68.5 69.7
73.1 76.0 76.9 777 78.2 80.3 93.7 101.0
104.5 1054 107.0

For this data we find
G1 = 57.2442, & = 576.0741, &z = 0.2546, Gy = 2.5257
and obtain the GLD fit
GLD(41.7897,0.01134, 0.09853, 0.3606)

whose support is [—46.355, 129.935].

Figure 2.5-1 (a) shows the p.d.f. of the fitted GLD with a histogram of the
data; Figure 2.5-1 (b) shows the e.d.f. of the data with the d.f. of the fitted
GLD. These figures indicate a reasonably good fit which is substantiated
with a chi-square test. The test uses the classes

(—00,30), [30,50), [50,60), [60,70), [70,85), [85,00)
whose respective frequencies are
7, 7, 9, 9, 6, 5.
Calculation of expected frequencies yields
5.5633, 12.3032, 6.5387, 5.8075, 6.6775, 6.1097
and the chi-square statistic and the p-value that result are

5.6087 and 0.01787.

v N

20 40 80 80 100 120 0 20 40 80 80 100 120

(a) (b)

Figure 2.5—1. Histogram of cadmium concentrations and fitted p.d.f. (a);
the e.d.f. of the data with the d.f. of its fitted GLD (b).
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2.5.3 Example: Brain (Left Thalamus) MRI Scan Data

Dudewicz, Levy, Lienhart, and Wehrli (1989) give data on the brain tissue
MRI scan parameter, AD. It should be noted that the term “parameter”
is used differently in brain scan studies — it is used to designate what we
would term random variables. In the cited study the authors show that AD ™2
has a normal distribution while AD does not, and report the following 23
obhservations associated with scans of the left thalamus.

108.7 107.0 1103 110.0 113.6 99.2 109.8 104.5
108.1  107.2 112.0 115.5 1084 1074 1134 101.2
98.4 100.9 100.0 107.1 108.7 102.5 103.3

We compute the &1, ég, &3, &y for AD to obtain
G1 = 106.8349, G = 22.2988, a3 = —0.1615, &y = 2.1061.

With these &4, Go, &3, 44 Karian, Dudewicz and McDonald (1996) fitted
this data by following Algorithm GLD-M of Section 2.3, using the entry at
(|G&s|, &4) = (0.15,2.1) to obtain the fit

GLD;(112.1335,0.06374, 0.6387, 0.05478)

with support [96.445,127.822].
Here we appeal to FindLambdasM to determine the more precise fit

GLD2(102.8998, 0.08060, 0.1475,0.8041)

whose support is [90.493,115.307]. Figure 2.5-2 (a) shows the p.d.f.s of
GLD; (labeled (1)), and GLD; (labeled (2)), and a histogram of the data;
Figure 2.5-1 (b) shows the e.d.f. of the data with the d.f.s of GLD; and GLD2
(the former is not labeled, the latter is labeled by (2)). The A1, A2, A3, Ay of
GLD; and GLDy seem to differ significantly; however, at least visually, the
p.d.f.s and d.f.s of the distributions appear to provide equally valid fits.
With the small sample size of this example, we are not able to perform a
chi-square test but we can partition the data into classes, such as

(—00,103), [103,107), [107,110.5), [110.5,00),
whose respective frequencies are
7, 6, 5, 6,
and calculate the chi-square statistics of the two fits to obtain
1.3122 and 1.6405
for GLD; and GLD3, respectively.
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Figure 2.5—-2. Histogram of AD and GLD; and GLD; p.d.f.s,
designated by (1) and (2) in (a); e.d.f.s of AD
with the d.f.s of GLD; and GLD; in (b).

N
y;

2.5.4 Example: Human Twin Data for Quantifying Genetic
(vs. Environmental) Variance

There is variability in most human characteristics: people differ in height,
weight, and other variables. One question of interest in fields such as health,
clothing manufacture, etc. (see Dudewicz, Chen, and Taneja (1989), pp. 223—
228) is how much of the variability is due to genetic makeup, and how much
is due to environmental influences. There is little dispute that some of
the variability is from each source; there is a great controversy about how
much of the variability should be attributed to each source. One approach
to quantifying this variability is through so-called “twin studies,” where
human twins are studied in various scenarios. In such studies, normality
of the variables is often assumed when this assumption may not always be
valid (see Williams and Zhou (1998)). Some references to this interesting
field include Christian, Carmelli, Castelli, Fabsitz, Grim, Meaney, Norton,
Reed, Williams, and Wood (1990), and Christian, Kang, and Norton (1974).
Interesting datasets in this area come from the Indiana Twin Study. We
focus on one dataset! which is given in sorted form in Table 2.5-3.
The sample moments of X are

01 = 548589, ap =1.3082, &3 =-0.04608, &4 = 2.7332.

TThis data comes from the P.h.D. thesis of Dr. Cynthia Moore, under the supervision of Dr. Joseph
C. Christian, Department of Medical and Molecular Genetics, Indiana University School of
Medicine, kindly shared with us by Dr. Moore. The data collection was supported by the Na-
tional Institutes of Health Individual Research Fellowship Grant—“Twin Studies in Human Devel-
opment.” PHS-5-F32-HDO06869, 1987-1990.
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Table 2.5-3. Birth Weights of Twins

Twinl | Twin 2| Twin 1l | Twin 2 || Twin 1 | Twin 2 || Twin 1 | Twin 2

2.44 2.81 3.00 3.78 3.15 2.93 3.17 4.13
3.63 3.19 3.68 5.38 3.69 3.56 3.7 3.24
3.75 3.16 3.83 3.83 3.91 3.81 3.91 4.60
4.00 3.66 4.00 4.28 4.10 5.00 4.12 4.75

4.12 6.31 4.19 4.31 4.20 4.75 4.28 4.50
4.31 3.66 4.31 3.88 4.31 4.69 4.38 3.40
4.38 5.00 4.44 5.13 4.49 4.15 4.53 3.83
4.56 4.31 4.56 5.38 4.63 4.12 4.69 4.63

4.75 4.56 4.75 4.63 4.81 4.38 4.81 4.44
4.91 5.13 4.94 4.78 4.95 4.22 5.00 5.38
5.00 6.16 5.03 4.94 5.13 3.81 5.15 5.00
5.16 5.75 5.16 6.69 5.19 4.94 5.22 4.75

5.25 5.38 5.25 5.63 5.25 5.81 5.25 6.10
5.25 6.25 5.31 4.69 5.38 5.69 5.38 6.81
5.41 5.69 5.44 5.75 5.47 5.13 5.47 6.75
5.50 5.38 5.56 4.44 5.56 5.48 5.56 6.31

5.59 6.22 5.61 6.18 5.63 4.69 5.63 4.88
5.63 4.97 5.66 5.38 5.72 5.06 5.75 5.63
5.81 5.19 5.81 5.94 5.84 5.56 5.88 4.88
5.88 5.69 5.88 5.88 5.88 5.88 5.91 5.50

5.94 4.81 5.94 5.41 5.94 5.75 5.94 6.31
5.97 5.63 6.06 5.31 6.10 5.19 6.10 6.13
6.16 5.8 6.19 4.44 6.19 5.50 6.31 5.81
6.31 6.10 6.33 8.14 6.38 5.19 6.38 6.05

6.56 6.38 6.59 6.16 6.60 6.53 6.63 6.19
6.63 6.19 6.63 6.38 6.66 7.10 6.69 5.81
6.69 6.13 6.75 6.56 6.78 6.22 6.81 6.19
6.81 6.60 6.81 7.41 6.88 6.06 6.88 6.63

6.94 5.50 6.95 5.72 7.06 7.31 7.25 8.00
7.31 4.58 7.31 7.31 7.46 7.22 7.69 7.25
7.72 6.44 8.13 7.75 8.44 6.31
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Figure 2.5—4. The histogram of X and its fitted p.d.f. (a); the
empirical d.f. of X and the d.f. of its fitted GLD (b).

Using a search with initial point(0.2,0.2), FindLambdasM determines the fit
GLD(5.5872,0.2266, 0.2089, 0.1762)

and indicates that |&; — a;| < 1072 for i = 1, 2, 3, and 4. To get a sense of
the quality of this fit we look at the histogram of X with the superimposed
graph of the fitted p.d.f. (Figure 2.5-4 (a)) as well as the e.d.f. of X with
the superimposed d.f. of the GLD fit (Figure 2.5-4 (b)). Next, we apply the
chi-square test with the 8 classes

(—00,4), [4,4.5), [4.5,5), [5,5.5), [5.3,6), [6,6.5), [6.5,7), [7,00)
for which the observed frequencies, respectively, are
12, 15, 12, 21, 25 11, 18, O.
The chi-square test yields expected frequencies of
12.6118, 12.0611, 16.8280, 20.0078, 20.2769, 17.3427, 12.2938, 11.5779
for these 8 classes, giving us
8.8225 and 0.03175

for the chi-square statistic and p-value for this test.
With a similar analysis of Y, using the same classes, we find

61 = 5.3666, G2 =1.2033, a3=—0.01219, a4 = 2.7665,
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Figure 2.5—5. The histogram of Y and its fitted p.d.f. (a); the
empirical d.f. of Y and the d.f. of its fitted GLD (b).

GLD(5.3904, 0.2293, 0.1884, 0.1807).

The comparative p.d.f. and d.f. plots for Y are given in Figures 2.5-5 (a)
and (b).
When we apply the chi-square test we obtain observed frequencies of

15, 11, 19, 19, 21, 22, 7, O,
expected frequencies of
13.5767, 13.4924, 18.6506, 21.4160, 20.4944, 16.2641, 10.5725, 8.5333,
and chi-square statistic and p-value of

4.1568 and 0.2450.

2.5.5 Example: Rainfall Distributions

Statistical modeling plays an essential role in the study of rainfall and the
relationships between rainfall at multiple sites (Shimizu (1993)). Lognor-
mal distributions have been used extensively in this work, and in univariate
cases have worked well; however, with multiple sites the many rejections of
lognormality (e.g., see the Rs in “Table 2. Test for lognormality” on p. 168
of Shimizu (1993)) indicate a need for more modeling flexibility. While the
data for Shimizu’s studies was from sites in Japan and is no longer available,
similar data for U.S. sites is readily available from the U.S. National Oceanic
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and Atmospheric Administration. From that data, shown in Table 2.5-6 is
data from the period May 1998 to October 1998 in Rochester, New York
and Syracuse, New York. This data is for the 47 days on which both cities
had positive rainfall measured. (The study of Shimizu (1993) looks at all
4 combinations of “rain, no rain” possibilities; however, for this example’s
purpose we concentrate on only the case of rain at both sites.)

The moments of X are

a1 = 0.4913, &9 = 0.4074, &3 =1.8321, Q4 = 5.7347,
and those of Y are
&1 =.3906, &2 =0.1533, &3=1.6163, G4 = 5.2245.

In both cases, (43, d4) is located outside of the region of the table of Ap-
pendix B and outside of the region for reliable computations. We will return
to this example in Chapters 3 and 4 and fit GLD(A1, A2, A3, A4) distributions
to both X and Y via the EGLD and through a percentile-based method.

Table 2.5—6. Rainfall (in inches) at Rochester, N.Y. (X) and
Syracuse, N.Y. (Y) from May to October of 1998,
on days when both sites had positive rainfall.

X Y X Y X Y
03 05 11| 07§ 07| .04
09 14 01| 14) 69| .72
62 60 08| .21 61| .36
081 .09 50| b4f 23| .18

127 220 03|126( .09 .10
120 210165 94| 1.87| .17
A5 05261 94§ 85| .37
135 48 .15 .28( .31 .38
A6 A8 27| 31§ .06| .04
2311090138 42| .74]1.79
25111250 13| .11 .10| .16
2411050 76| 36 03| .42
291 081 .02 A7) .07| .02
A7 19 47| 04 41| .79
03 37 15| A8 01| .09
02 19 19| .22
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2.6 Moment-Based GLD Fit to Data from a Histogram

In the examples of Section 2.5 the actual data on the phenomenon of
interest, X1, Xo,..., X, was available to us. We acted assuming that these
were independent and identically distributed observations — an assumption
that should be verified. In many cases the data are given in the form of
a histogram. While it would in general be preferable to have the actual
data (going to a histogram involves a certain loss of information, such as
the distribution of the observations within the classes), it nevertheless is
possible to proceed with fitting of a distribution using data in the form of a
histogram.

One could seek the original data from the authors of the histogram,
but this is often difficult: the author may have moved, or may not be able to
release the data without a time-consuming approval process, or may not have
retained the basic data. As an example of use of histograms, one may look
in virtually any scientific journal or newspaper. For example, Dahl-Jensen,
Mosegaard, Gundestrup, Clow, Johnsen, Hansen, and Balling (1998) in their
Figure 2 give six histograms, each based on 2000 Monte Carlo observations.
As they use between 5 and 15 classes in each histogram, they are easily able
to meet the rules for an informative histogram: there should be no more
than two classes with a frequency less than 5, and classes should be
of equal width. While histograms with classes of unequal width can
be used, they are often misused. In order not to be misleading, the heights
of the bars must be adjusted so the area of the bar is proportional
to the frequency. Thus, if class 1 has a width of 2.5 and 150 observations,
and its height is 150 in the frequency histogram, and if class 2 has width 5
and also 150 observations, then its height must be 75. Below we give two
examples of the use of a histogram to fit a distribution.

Sometimes the histogram data is presented to us in the form
of a table such as Table 2.6-1, which comes from Ramberg, Tadikamalla,
Dudewicz, and Mykytka (1979, p. 207). The classes have equal widths
(assuming the lowest class is 0.010 to 0.015 and the highest class is 0.060
to 0.065), but there are more than 2 classes with fewer than 5 observations
in them, so we combine the two lowest and the two highest classes. Now
there are no classes with fewer than 5 observations in them. Classes with
low frequencies have highly variable estimates of true p.d.f. heights, due to
inadequate amount of observation, and it is preferable to avoid them in order
to avoid a bias in the fitting.

We use the mid-point assumption that every data point is located at the
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Table 2.6—1. Observed Coefficient of Friction Frequencies.

Coeflicient of Friction | Observed Frequency

less than 0.015 1
0.015 — 0.020 9
0.020 — 0.025 30
0.025 — 0.030 44
0.030 — 0.035 58
0.035 — 0.040 45
0.040 — 0.045 29
0.045 — 0.050 17
0.050 — 0.055 9
0.055 — 0.060 4
0.060 or more 4
Total 250

center of its class interval; for the first class, we assume that its entries are
located at 0.0125 and for the last class we assume that the entries have value
0.0625. With these assumptions, we can compute approximate moments for
this data and obtain

G1 = 0.03448,  dp =9.2380 x 107°, G5 =0.5374,  dy = 3.2130,
and subsequently, the GLD fit
GLD;(0.02889, 18.1935,0.05744, 0.1850).

We note that the original data are in fact given in Hahn and Shapiro
(1967), and from the original data (not a histogram) Hahn and Shapiro
computed the sample moments as

a1 =.0345, Go = 0.00009604, &3 = .87, Gu=4.92. (2.6.1)

We now also fit a GLD using (2.6.1) to illustrate the change that results
from having the original data vs. only the histogram of the data. The GLD»
associated with the moments given in (2.6.1) is given by

GLD2(0.03031, 1.5638,0.005133,0.01179).
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Figure 2.6—2. The histogram of coefficients of friction data and its

fitted p.d.f. (a). The empirical d.f. of coeflicients of
friction and the d.f. of its fitted GLD (b).

The histogram of the data with the fitted GLD; and GLD2 p.d.f.s is given
in Figure 2.6-2 (a) (the GLD2 p.d.f. rises higher at the center). The e.d.f of
the data together with the two fitted d.f.s is given in Figure 2.6-2 (b) (the
GLD3 d.f. extends farther to the left).

We do a chi-square test using the classes

(—00,0.020), [0.020,0.025), [0.025,0.030), [0.030,.035),
0.035,0.040), [0.040,0.045), [0.045,0.050), [0.050,0.055), [0.055,c0)

for which the observed frequencies are, respectively,
10, 30, 44, 58, 45, 29, 17, 9, 8.
We get the following expected frequencies:

GLD; : 9.9332, 28.9050, 49.9837, 52.8583,
42.8412, 29.6866, 18.2559, 10.0063, 7.5298

GLD, : 9.6062, 25.1726, 51.3265, 58.5142,
44.7824, 27.8634, 15.6573, 8.34979, 8.7277.

These give the following chi-square statistics and p-values for the two fits:
GLD; : x? statistic = 1.6000, p—value = 0.8088

GLD; : y? statistic = 2.2661, p—value = 0.6869.
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We conclude that at least in this example (with a relatively large sample
size, and a well-constructed histogram), the effect of the lack of the original
data has been negligible: both GLD; and GLD»> models fit the data quite
well.

2.7 The GLD and Design of Experiments

In many studies including, but not limited to, simulation studies and theo-
retical studies of sensitivity of results to distributions, there is a distribution
one thinks of as the “best fit” to the true underlying distribution. For ex-
ample, in the coeflicient of friction data of the example in Section 2.6, the
underlying “true” state of nature is estimated to have moments

(o1, 02, a3, aq) = (0.03448,9.238 x 107°,0.5374, 3.2130) (2.7.1)
and the GLD p.f.
Q(y) = 0.02889 + (y*05744 — (1 — ¢)0-1850) /18.1935. (2.7.2)

However, as these are only estimates from the data, very often it will be de-
sired to re-do the analysis (e.g., re-run the simulation program, or
refine the theoretical analysis) with a changed distribution (a distri-
bution in the neighborhood of the best estimate, but varied as much as seems
reasonable in the setting using the best available engineering information).

This type of analysis is relatively simple to perform using the GLD and
notions of statistical design of experiments (e.g., see Section 6.4.2 of
Karian and Dudewicz (1999a)). This approach is superior to the “grab bag
of distributions” approach sometimes used, wherein one haphazardly adds
alternative distributions to the set used. To vary the distribution from the
fitted GLD in (2.7.2), we vary the parameters (A1, A2, A3, A1), but these do
not have intrinsic value to us (as we may not easily understand the meaning
of a change of 0.5 units in A4, for example). So, instead we vary the
(a1, a2, a3, a4), fit a new GLD for each desired set of a-values, and
run our study with the new fitted GLD.

In the coefficient of friction example, suppose we are comfortable with the
fitted mean (0.03448) and variance (9.2380 x 10~°) and do not believe that
perturbations of reasonable size in these values will impact the variables of
interest to us. However, we believe that the shape parameters (skewness
a3 and kurtosis a4) may have an impact when varied within reasonable
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bounds. Further, suppose that we have reason to believe that a3 may vary
from 0.5374 by up to £0.2, and a4 may vary from 3.2130 by up to £0.5.
That reason can either be based on previous studies in the area, or on
theoretical considerations, or on statistical reasons for which we
might take these bounds to be £2 standard deviations (estimated)
of the estimates in (2.7.1). Note here that one needs to estimate (and take
twice the square root of) the variances

a2

Var(éd) = —, (2.7.3)

n
R n—1)2 n—1)n-3 — a3
Var(ég) = ( 3 ) 4 — ( )g )oz% ~ K 2 (2.7.4)
n n n

Var(ds) = (0Aug — 3anusus — 603y
+2.2503 14 + 8.7503 13 + 9a3) /(nal), (2.7.5)

Var(éu) ~ (ajus — doopaps — 8o3usps + 4pj
—ajuj + 16aspspa + 16a33)/ (naf). (2.7.6)

In the above we already know how to estimate a2 by &o. The new expressions
13, [ha, U5, e, 1 are related to the a1, ao, as, ay that we are familiar with by
the equations

_ 15 _ 2 __ .25 _ .3 _ 4
M3 = Qg as, p4 = 0504, M5 = 03705, He = Qy0p, Mg = Qyag. (2.7.7)

Hence, they can be estimated by replacing right-hand side terms by their es-
timates. The approximations in (2.7.5) and (2.7.6) are up to order O(n=3/2).
A good reference is Cramér (1946, pp. 354, 357). In this example, we get

a5 = 4.5553,
ag = 17.0073,
ag = 114.2131,

ps = 4.7716 x 1077,
pa = 2.7142 x 1078,
ps = 3.7365 x 10719,
pe = 1.3408 x 10711,
ps = 8.3182 x 10715,
Var(as) = 0.01600,
Var(a4) = 0.07150,

Var(as) = 0.1265,
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Var(ay) = 0.2674.

Hence, 2y/Var(as) = 0.253 and 24/Var(ay) = 0.536. A study that varies as
by up to +£0.25, and a4 by up to +0.54, is reasonable. We use £0.2 and

+0.5 for simplicity below.

We now choose the (as,a4) for our experiments using what is called a
Central Composite Design in two variables (a3 and «o4), with a mul-
tiplier of 1.5. The sample point (0.5374,3.2130) is at the center of our
experiments, and is called a Center Point. We go out from this Center
Point to a distance £1.5d; = £0.2 on a3, and +1.5ds = £0.5 on ay, so we
have d; = .1333, dy = .3333.

This sets the Star Points as

(0.5374 — 0.2, 3.2130
(0.5374 + .02, 3.2130

0.3374, 3.2130
0.7374, 3.2130

N N N
TN TN TN N
[ e N

(0.5374, 3.2130 — 0.5) = (0.5374, 2.7130 (2.7.8)
(0.5374, 3.2130 + 0.5) = (0.5374, 3.7130).
The Factorial Points are taken as
(0.5374 — dy,3.2130 — do) = (0.4041,2.8797)
(0.5374 — dy,3.2130 + do) = (0.4041, 3.5463)
(0.5374 + dy, 3.2130 — do) = (0.6707,2.8797) (2.7.9)
(0.5374 + dy, 3.2130 + d2) = (0.6707, 3.5463).

This is illustrated on coordinate axes in Figure 2.7-1. Also see Figure 6.4-2
of Karian and Dudewicz (1999b) for the general case and see Dudewicz and
Karian (1985, pp. 189, 196, 206, 233) for details for more than two variables;
that case would arise if we varied all of oy, as, as, 4, and there are ways
to cut the number of points used from the full 2% 4+ 2k + 1 with % variables
without losing much information in a precise sense. This is desirable since
when k£ = 2 we have only 9 points, but this would, if not reduced, become
25 with £ = 4 and grow rapidly with k.

In Figure 2.7-1 note that the factorial points lie on the corners of a box
(shown by “x”), and the star points (shown by “*”) lie on perpendiculars
from the center point and go out a distance £0.2 (horizontally), £0.5 (ver-
tically) from the center of the design area. One should also be careful that
the specified variations continue to fall in the possible region of Figure 2.2—4;
if they move outside the GLD area, one may need to utilize the EGLD of
Chapter 3.
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Figure 2.7-1. The design points for the sensitivity study

of the coeflicient of friction example.

We now fit a GLD for each of the 9 points (we already have this for the
center point, so there are 8 additional points to be fitted). This process yields
the following (a3, a4) and their associated GLDs (the GLDs associated with
star points are designated with the superscript “*,” those associated with
factorial points are similarly marked with an “z,” and the one associated
with the center point is designated by “0”).

(O‘?n 044)
(a3, 04
(a3, 04
(a3, 04
(a3, 04
(a3, 04
(a3, 04
(a3, 04

)
)
)
)
)
)
)
)

(043, (871

(0.5374,3.2130)
0.3374, 3.2130)
0.7374, 3.2130)
0.5374, 2.7130) ,
0.5374,3.7130
0.4041,2.8797
0.4041,3.5463) ,
0.6707,2.8797) ,
(0.6707,3.5463) ,

3

)
GLD*(0.03136, 17.0249, 0.07594, 0.1412);
GLD*(0.02595,19.0831, 0.03251, 0.2410)
GLD*(0.02547, 23.6743, 0.04238, 0.3404);

GLD?(0.02902, 18.1399, 0.05850, 0.1825
(
(
(
GLD*(0.03080, 10.8659, 0.04175, 0.08697);
(
(
(
(

3

GLD®(0.02895, 22.5726, 0.07766, 0.2452);
GLD*(0.03160, 11.9256, 0.05164, 0.09109);
GLD*(0.02450, 21.8367, 0.02642, 0.3223);
GLD®(0.02881, 14.7763, 0.04340, 0.1434).

The graphs of these p.d.f.s are shown in Figure 2.7-2, where the fit associated
with the center point is shown by diamond-shaped points. From Figure 2.7—
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0’ 0.01 0.02 0.03 0.04 0.05 0.06 0.7

Figure 2.7-2. The p.d.f.s associated with the design points for the
sensitivity study of the coeflicient of friction.

2 we can observe the spread of the distributions chosen for the sensitivity
study about the distribution associated with the center point.

As a final point, note that if we are interested in an output of an exper-
iment (simulation or other experiment), we can now fit a metamodel via
regression. That will show the effect of changes in a3 and a4 from the center
on the output, and is a useful way of summarizing the information in the
experiments run at the design points. For a detailed example, including SAS
code and contour graphs for interpretation, see Section 8.3 of Karian and
Dudewicz (1999a).

|
Problems for Chapter 2

2.1. For the GLD studied in (1.2.6), find the value of o = (a1, a2, a3, aa),
and identify (a3, a4) in Figure 2.2-4.

2.2. For the two GLDs of Figure 1.4-1, find the first four moments, and
identify the distributions in the plot of Figure 2.2—4.
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2.3. For the 9 GLDs plotted in Figure 1.4-3a, find the first four moments,
and identify their points in Figure 2.2—4.

2.4. For the 9 GLDs plotted in Figure 1.4-4a, find the first four moments,
and identify their points in Figure 2.2—4.

2.5. For the 7 GLDs plotted in Figure 1.4-5, find the first four moments,
and identify their points in Figure 2.2—4.

2.6. For the 4 GLDs plotted in Figure 1.4-6, find the first four moments,
and identify their points in Figure 2.2—4.

2.7. For the 9 GLDs plotted in Figure 1.4-7a, find the first four moments,
and identify their points in Figure 2.2—4.

2.8. For the 4 GLDs plotted in Figure 1.4-8a, find the first four moments,
and identify their points in Figure 2.2—4.

2.9. For the 3 GLDs plotted in Figure 1.4-8h, find the first four moments,
and identify their points in Figure 2.2—4.

2.10. For the 4 GLDs plotted in Figure 1.4-9, find the first four moments,
and identify their points in Figure 2.2—4.

2.11. In Chapter 1 (e.g., see Figures 1.4-6, 1.4-7a, 1.4-8a) plots were given
of GLDs with parameters in Regions 1 and 5 of Figure 1.3—1, but no plots
for Regions 2 and 6. Construct similar plots for Regions 2 and 6, and find
their (a3, ay) points (if they exist). (Hint: See Theorem 1.4.22.)

2.12. Ramberg (1975) developed the model

Q) = M + (A — (1= 9)™) /A,

and gave a set of tables. Fit some examples with the GLD and with the
above model and compare. Which do you prefer, and why?

2.13. In Figure 2.5-4 (b) we plotted the e.d.f. and the fitted GLD d.f. on
the same axes. Plot a 95% confidence band on the same axes to quantify the
quality of the fit. (The confidence band uses the e.d.f. data to yield a band
in which the true d.f. will, with high confidence, lie. See Gan, Koehler, and
Thompson (1991).)
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Chapter 3

The Extended GLD System, the EGLD:
Fitting by the Method of Moments

In this chapter we address one of the two limitations of the GLD (when
fitted via the method of moments) discussed in Section 2.3.3: the inability
to provide fits for (@, a4) in the region 1+ af < ay < 1.8(a3 + 1). We do
this by developing and appending a Generalized Beta Distribution (GBD)
that covers this region not covered by the GLD(A1, A2, A3, \4) and using
the method of moments to fit the resulting Extended GLD (the EGLD)
distributions to data.

The method described in the following sections is due to Karian, Dudewicz
and McDonald (1996). In Section 3.1 we define the beta distribution and
derive its moments. Next, in Section 3.2, we develop the GBD family of dis-
tributions as a generalization of the beta distribution and in Section 3.3, we
use the method of moments to estimate the parameters of the GBD/EGLD.
Ilustrations for approximating known distributions and for fitting the EGLD
to a dataset follow in Sections 3.4 and 3.5, respectively.

3.1 The Beta Distribution and its Moments

The beta distribution, discussed in many statistics texts (see, for example,
Dudewicz and Mishra (1988), p. 137), with parameters 33 > —1 and (4 >
—1, is defined through its p.d.f. by

$63(1_$)64
f@)={ BE+ LA O=Tsl (3.1.1)

0, otherwise

where [3(a,b) is the beta function in (2.1.6).
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Before proceeding to determine the moments of a beta random variable,
we establish several useful results related to beta and gamma functions. For
a > 0, the gamma function encountered in Section 2.4 is defined by

T(a) = /OOO t" et dt. (3.1.2)

Two of the properties of the gamma function are given in Lemmas 3.1.3 and
3.1.4 and its most basic connection to the beta function is given in Theorem
3.1.5. The moments of the beta distribution are derived in Theorem 3.1.9,
its Corollary 3.1.15, and Theorem 3.1.16.

Lemma 3.1.3. Fora >0,
I(a+1) = al'(a).

Proof. Integrating I'(a 4+ 1) by parts gives

T(a+1)= / T et gt — —t2e] oy / T et (1)
—Jo B t=0 0

o
=0+ / ae 1 dt = al'(a). W
0
Lemma 3.1.4. Fora >0,
had 2
I(a) = 2/ uw?* ™ du.
0

Proof. The proof is a direct consequence of making the substitution ¢ = u?
in (3.1.2). &

Theorem 3.1.5. For a and b positive,
L(a)T'(b)

B(a,b) = Tath)

Proof. We start by considering I'(a)I'(b) which, by Lemma 3.1.4, can be
written as

[(a)(b) = <2 /OOO w2 e du) <2 /OOO vl dv)

= 4/00 /OO u2a— 1yl o=+ g0 gy
0 Jo
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Using the substitution 4 = rcosf, v = rsin# in the above integral, we get
* r3 2a—1 , 2a—1p 2b—1 _: 2b—1 p —r?
[(a)'(b) =4 7" cos Ore°~ " sin® ™" Pe”" rdrdf
o Jo

. E:d
_ 4/ T2a+2b—1e—r2 dr / 2 cos2e=194in2—1 9 46. (3.1.6)
0 0

We now evaluate each of the two integrals in (3.1.6) separately. In the first
integral we use the substitution x = r? to get

1
o0 _ 2 o0 $a+b—5e—z
/ plot2b=le=r dr:/ —dx

0 0 2z
oo 2L‘a+b_1 1
= / e *dr = -I'(a+D). (3.1.7)
0 2 2

The second integral of (3.1.6), through the substitution y = sin?#@ (noting
that this makes dy = 2sin 6 cos8df), yields

ks ks

2 1
/2 cos?* 1 9sin®~19dh = 5 / * cos?42 g gin2—2 6(2sinfcos ) do
0 0

1 a—1,b—1 1
=5 [a-pry Ay = 5600
0
1

= 5B8(a,b). (3.1.8)

The proof of the theorem is completed by substituting the results of (3.1.7)
and (3.1.8) in (3.1.6). N

Theorem 3.1.9. If X is a beta random vartable with parameters B3 and (4
and if Bi = B3+ Pa+i,i=1,2,..., then E(X%), the k-th moment of X, is
given by

B(Bs+k+1,84+1)

E(XF) = 3.1.10
) = 8B+ 18+ D —
and also by the recursive relation
E(X*) = <M> E(X*Yfork=1,2,3,..., BE(X")=1. (3.1.11)
k+1

© 2000 by Chapman & Hall/CRC



Proof. By definition

xkrfa (1 — 2)5
ﬁ&+1m+>“

_ B(Bs+k+1,8+1) / alatk(1 — )P
B(Bs+1,84+1) B(Bs+k+1,84+1)
Since the integral in (3.1.12) is the integral of the beta p.d.f. with parameters
B3+ k and Sy, its value must be 1. This establishes the part of the theorem
given in (3.1.10).
For the second part of the theorem, we consider F(X*)/E(X*1), which,
from (3.1.10), can be written as

E(X*)  BBs+k+1,B:+1)
E(XF1 " B(Bs+k,Ba+1)

Applying Theorem 3.1.5 to the numerator and denominator of the ratio in
(3.1.13), we have

E(XF) T(@Bs+k+DI(Bs+1) T(Bs+Ba+k+1)
E(XFT) " T(Bs+M+k+2)  T@+ATB+ 1)

After cancelling I'(84 + 1), and using Lemma 3.1.3 on I'(83 + k£ + 1) and
(B3 + B4+ k + 2) in (3.1.14), we obtain

E(XY) Btk Btk
E(XF1)  Bs+Ba+k+1 By’

which completes the proof of the theorem by establishing (3.1.11). N

Xk

dr. (3.1.12)

(3.1.13)

(3.1.14)

Corollary 3.1.15. If X is a beta random variable with parameters B3 and
B4 and we let B, =33+ P4+14,1=1,2,..., then

(Bs+1)(Bs+2)---(Bs+ k)
ByBs -+ Bria '

E(X*) =

Proof. In this proof by mathematical induction, we first observe that when
kE = 1 the result follows from the substitution of £ = 1 in (3.1.11). Now
agsume that the Corollary holds for £ — 1, i.e., assume that

(Bs+D)(Bs+2)---(Bs+k—1)

E(X*) = B,Bs--- By
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and use (3.1.12) to express E(X*) by

k
_ <ﬁ3‘|‘k‘> Bs+1)(B3+2)---(Bs+Ek—1)
Bi i1 ByBs--- By,
_ B+ DB +2) (B + k) .
ByBs - - By '

Theorem 3.1.16. If X is a beta random variable with parameters 33 and
Baand Bi=03+ P4+, i=1,2,..., then

o =EX)=p= @, (3.1.17)
By
ar=E (X - p)?] =0 = (B +;§§§; +b (3.1.18)
- 1 +1)(Be+ 1) (Ba —
rhay = B [ = ] 2GR g
4 o Al _ o (B+1)(Bat+1)
c*ay = F _(X—u) | —3( BIBsBB: )
x (BsBuBa + 303 + 363 + 585 + 504 +4) (3.1.20)

Proof. Setting k£ =1 in Corollary 3.1.15 gives the first assertion. To obtain
(3.1.18), the second assertion, we note that

0% = B(X?) - [B(X)]
and by Corollary 3.1.15,

s (B DBs+2)  (B+1)?
7= B> B3 <Bz>’

which can be simplified to (3.1.18).
In (3.1.19),

E [(X - u)ﬂ -F [X3 —3uX? + 342X — ;ﬁ]

= E(X?) = 3uE(X?) + 2u3.
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Using Corollary 3.1.15, we get

_(Bs+D)(Bs+2)(Bs+3)  _(Bs+1)*(B3+2)
E [(X - “)3)} = By B3B, -3 B3B3
Bs+1\* [ B3+1
+2< B, ) - (BSBgB4>

x (85 +2)(8s + 3)B3 = 3(8s + 1)(8s + 2) BaBy +2(B5 + 1) By By

_ 2(53 + 1)(Bs + 1)(Bs — B3)
B B3B3B, '

For the proof of (3.1.20), we note that
E[(X - '] = B [X* - 4uX° + 642 X2 — 4% X + 1]
= E(X*) —4pE(X3) + 62 E(X?) — 3u.
From Corollary 3.1.15, we have

E [(X—M)ﬂ _ B3+ 1)(Bs+2)(B3+3)(Bs +4)

ByB3 B, Bs
() (g
(55 () (452

< [(Bs +2)(Bs + 3)(Bs + 49)BS = 4(8 + 1) (8 + 2) (8 + 3) B3 Bs

+ 6(Bs + 1)*(Bs + 2)B2B4Bs — (85 + 1)3333435] .

Through cumbersome but straightforward algebraic manipulations the last
expression in the brackets can be equated to

3 (Bs84Bs + 363 + 357 + 585 + 564 + 1) ,

completing the proof of (3.1.20). =
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3.2 The Generalized Beta Distribution and its Moments

To be able to use the beta distribution for fitting datasets, we need to make
the distribution more flexible so that its support is not confined to the in-
terval (0,1). This can be done through the introduction of location and
scale parameters, 31 and (32, respectively. The transformation given in the
following definition establishes a generalized beta random variable.

Definition 3.2.1. If X is a beta random variable with parameters B3 and
B4, for B > 0, and any (1, the random variable Y = (31 4+ 52X s said to
have a Generalized Beta Distribution, GBD(31, B2, B3, B4).

We now proceed to establish the p.d.f. of a GBD(f1, 52, 83, 54) random
variable.

Theorem 3.2.2. The p.d.f. of the GBD(f1, (32,3, 54) random variable is
(x = B1)%(B1 + B2 — )™
fl@)=1{ B(Bs+1,B:+1) 5/33-1-/34—1—1)’

0, otherwise.

for Bi <x < B+ P

Proof. Let Y be a GBD(f1, (52,33, f1) random variable. From Definition
3.2.1, Y = 51 4+ 2 X where X is a beta random variable with parameters 03
and (4. The distribution function (d.f.) of Y is

Fr(y) = POV <) = P(3 + X <) = P (X < 1200,

Since X is a beta random variable, from (3.1.1) we have

B (y=51)/B2 $53(1 _ :3)64
Fy(y) = /0 TS WY dx. (3.2.3)

Using the substitution u = 5 + fax in (3.2.3), we get

_ v (=B (B + B — w)™
= /6 B(s+ 1, s + DAFP)

which, through differentiation gives us the p.d.f. as stated. J§

In order to fit a GBD(f1, 32,03, 04) to a dataset using the method of
moments, we will need to match &1, G, &3, 4 (as defined in (2.3.1) through
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(2.3.4)) to their GBD(f1, 52, 33, f4) counterparts, a1, a2, a3, aa. These
o, o, as, ag, for GBD(51, B2, B3, B4) distributions, are given in the following
theorem.

Theorem 3.2.4. Let Y be a GBD(f, (2, 83, 84) random variable with

mean py and variance o%. Then

Pa(B3 +1)

ay = py =1+ B (3.2.5)
02 = B [(v = uy)?] = o} = 2 ;;3;54 *D (326)
_E[(Y-w)’] _ 2(Ba—P3)VBs
Y/ (7S [ A} 20
o= E [(Y — puy)*]  3Bs(B3BuBa + 362 + 565 + 367 + 584 + 4) (328)
T T ByBs(Bs + 1)(Bs + 1) e

where B; =3+ Pa+ifori=1,....

Proof. We know from Definition 3.2.1 that ¥ = $; + $2 X where X has a
beta distribution with parameters 33 and B4. From (3.1.17),
B2(Bs +1)

a1 =py = E(Y) =01+ REX) =056+ — B

To prove the theorem for ao, a3, and a4, we note that for < = 2, 3, 4,

a=F [(Y - MY)z} =F Kﬁl + B X — 1 — ﬁz(ﬁg—;l)y]

ey [(X - %)] — BB [(X - )] (3:29)

2

where px denotes the mean of the beta random variable X. We see from
(3.2.9) that as = $50% where 0% is the variance of X and (3.2.6) follows
from (3.1.18).

To prove the results for oz and ayq we divide by the appropriate power of
oy and use (3.1.19) or (3.1.20). N

We now proceed to show that the (a3, ay)-space of the GBD(31, 2, B3, B4)
distributions contains the region

1402 <oy <1.81+ad)

© 2000 by Chapman & Hall/CRC



Q4

3.5

2.5

. : . : 2
o 0.5 1 15 2 Qa3

Figure 3.2-1. Contour plots of the (a3, ay) for B3 = —.99,—.9, .7,
_.5,—.25.0,.25,.75,1.5.2.5,4,6 and for —1 < 84 < oo.

that the GLD(A1, A2, A3, A1) did not cover. The contour plots of the (a3, au)-
points of the GBD(1, 32, 33, 84) depicted in Figure 3.2-1 give a preliminary
indication that the desired region is covered. The curves of Figure 3.2-1
correspond to values of B3 = —.99, —-.9, —.7, —.5, -.25,0, .25, .75,1.5,2.5,4,6
and —1 < B4 < co. The lines shown in heavy print are the boundary lines
as =1+ a3 and ag = 3 + 2a. The “turning points” of the curves occur
when 5 = B4 and we can see from (3.2.7) that at these points ag = 0 and
from (3.2.8) that

_32ﬁ3+3x2ﬁ§’+8ﬁ§+10ﬁ3+4_ 285+ 3
C283+5 0 (283 +4)(28+1)2 283 +5

More specifically, when §3 = 34 = —1, the turning point is at oy = 1 and
when 3 = (4 = 0, the turning point is at aq4 = 1.8. Moreover, when §3 = (4,

0y

lim g4 = 3.
B3=Pa—00

The following theorem gives the (a3, au)-space of the GBD(31, 2, 33, 54)
distributions.
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Theorem 3.2.10. The (a3, au)-space covered by the GBD(B1, 2, 53, B4) is
exactly

1+ a3 < ag < 3+ 203 (3.2.11)

Proof. As has been previously noted, the left inequality holds for all dis-
tributions. From (3.2.7) of Theorem 3.2.4,

o 8(Bs—Ps)*Bs
3+ 208 =yt B (3.2.12)

If we consider the right side of (3.2.11) as a fraction N/D, then
D = Bi(3+1)(8s + 1), (3.2.13)
N = 8(Bs — $5)Bs + 3B{(Bs + )(Ba + 1)

=3 |(Bs+ D(B2 +2)(8s + V(B + 1) + 5(5 — o)*Bs|

= 385 (B2 + 2)(Bs + DB+ 1) + 35— )] + R

where
R =3B3(Bz +1)(83 + 1)(Bs + 1) > 0. (3.2.14)

Therefore,

N > 3Bs [32(53 +1)(Ba+1) +2(Bs+1)(Ba+1) + ;(54 - 53)2]

= 3By | BafaBa + 353 + 357 + 5(8s + Ba) + 4+ 5]
with
=20+ 20 — 3= 2(hs— By’ 20
This implies
N > 3By [BofBsfs + 333 + 361 + 5(85 + ) + 4]
and from (3.2.13) and (3.2.14),

o N _ 3B3[Bofsfs+305 +3087 +5(Bs+Bs) +4]
Sr=p BI(Bs + D(fa+ 1) o
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Since a3 and a4 are continuous functions of 33 and B4, the (a3, au)-space
covered by the GBD((1, B2, 33, 34) is the entire space specified by the the-
orem. We have now shown that the (a3, ay) of every GBD(f1, B2, B3, 81)
satisfies (3.2.11). To complete the proof we need to show that for every
pair (a3*, o) satisfying (3.2.11), there is a vector (37,55, 3%, 3%) such that
the GBD(3}, 33, 3%, 85) has o} = o3* and ay = oj. This would show that
the GBD((1, B2, 33, 84) “covers” the space described by (3.2.11). This is
established numerically in Section 3.3. 1

3.3 Estimation of GBD(f, 32, 53, 81) Parameters

To use the method of moments to estimate GBD(f1, (B2, 3, F4) parameters,
we need to solve the system of equations

Oéz':OAéi fori:1,2,3,4

for 51, B2, B3, B4, where &; are specified in (2.3.1) through (2.3.4) and «; are
given in Theorem 3.2.4. This task is simplified somewhat by the fact that
the subsystem of equations for ¢ = 3 and 4 depends only on 35 and 4. Thus,
if B3 and B4 could be obtained from a3 = &3 and oy = Gy, then as = a9
would yield £» and subsequently, a1 = &; would give us 3;.

The complexity of the third and fourth equations makes it impossible to
find closed form solutions; therefore, as in the case of the GLD (A1, A2, A3, A4)
distributions, we appeal to numeric methods based on search algorithms.

To develop some insight about where to begin the search for a solution
we start by considering a specific case by letting 43 = 0.25 and &4 = 2.5.
Figure 3.2—1 shows the contour curves for this choice of &3 and G4 (the “oval-
shaped” curve is for &4 = 2.5). The intersection of these two curves, roughly
at (2,0.5) and (0.5, 2), indicates the existence of solutions with (33, 84) near
these points when (&g, &4) = (£0.5,2.5). For &3 = ++/0.25 = 0.5 we have
the solution near (0.5, 2) and for &3 = —0.5 we have the solution near (2, 0.5).

A more precise solution can be obtained through the use of the Maple
program FindBetasM. This program, whose listing is given in Appendix A,
is similar to the FindLambdasM program discussed in Section 2.3. Suppose
that for some &; and &2 (say, &1 = 0 and &2 = 1), &3 = 0.5 and ag = 2.5,
we want to obtain a solution for 31, 52, 83, B4. Since we know that (33, 54)
must be in the proximity of (0.5, 2), we start the search for a solution at this
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y

_'1/%/ 3 3 2 5 Bs

Figure 3.3—1. The contour curves for af = 0.25 and a4 = 2.5.

point. The command we use is
> FindBetasM([0,1,0.5,2.5],0.5,2);
and the result from this command is the GBD(31, 52, 33, f1) fit
GBD( — 1.6439, 4.8592, 0.4499, 1.8358). (3.3.1)

Figures 3.3-2 and 3.3-3 give a3 and a4 contour curves, respectively. The
curves in Figure 3.3-2 are for o4 = 0.01,0.05,0.1,0.2,0.4,1,2,3,4,5, and
6. BEach curve has two “branches” arranged symmetrically about the line
B3 = f4. The innermost pair (those on either side of #3 = 84 and closest to
it) is associated with a3 = 0.01, the next pair away from 33 = 34 is associated
with a3 = 0.05, and so on. The contour curves given in Figure 3.3-3 have
a4 =1.3,1.6,1.8,1.9,2,2.1,2.2,2.3,2.4,2.5,2.75,3.5, and 4.5. The innermost
loop (hardly visible, near the point (-1, —1)) is for a4 = 1.3, the next is for
a4 = 1.6, and so on.

To provide a graphic guide for solutions to &3 = as and &4 = oy, Figure
3.3—4 superimposes the sets of contours from Figures 3.3-2 and 3.3-3. The
curves given in solid lines are the contours for a4 and those in dotted lines
are the contours for o3.

© 2000 by Chapman & Hall/CRC



Pa

Bs

Figure 3.3—2. Contour curves for of = .01,.05,.1,.2,.4,1,2, 3,4,5,6.

Pa

Bs

Figure 3.3—3. Contour curves for aqy = 1.3,1.6,1.8,1.9,
2,2.1,2.2,2.3,24,2.5,2.75,3.5,4.5, 6.
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Figure 3.3—4. The contour curves for a3 and ay.

Those who do not have access to a computing system that (through Maple
or some other software) can provide solutions to ag = é3 and as = G4 can
consult Dudewicz and Karian (1996) for extensive tabled values of (33, 54)
for (as,aq) that cover the region of the GBD(f1, (52, 33, 54) stipulated in
Theorem 3.2.10. We include the table from Dudewicz and Karian (1996) in
Appendix C and give an algorithm for using this table to obtain approximate
solutions of (3 and fS4.

Algorithm GBD-M: Fitting a GBD distribution to data by the
method of moments.

GBD-M-1. Use (2.3.1) through (2.3.4) to compute &1, &, &3, du4;
GBD-M-2. Find the entry point in a table of Appendix C closest to (|&s|, &4);

GBD-M-3. Using (|asl|, &4) from Step GBD-M-2 extract §3 and (4 from
the table;

GBD-M-4. If 43 < 0, interchange (33 and S4;

GBD-M-5. Substitute 33 and B4 (obtained in GBD-M-3 or GBD-M-4)
and &, for fs, B4, and ag, respectively, in (3.2.6) and solve it for F,.
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Equivalently, compute G2 from

(B3 + Ba+ 3)b
(Bs+1)(Bs+1)

B2 = (ﬁ3+ﬁ4+2)\/

GBD-M-6. Substitute 32, #3 and 34 (obtained in GBD-M-3 or GBD-M—4
and GBD-M-5) and &y, for §a, 83, B1, and «g, respectively, in (3.2.5)
and solve it for 5;. Equivalently, compute 31 from

Ba(Bs + 1)

=t iy

To illustrate the use of Algorithm GBD-M and the table of Ap-
pendix C, consider the &1, &, &3, &g that were discussed earlier in the second
paragraph of this section:

The entry point to the table of Appendix C is &3 = 0.5 and &4 = 2.49 and
this produces g3 = 0.4253 and 34 = 1.7781. Next, following Step GBD-M-5,
we compute F2 = 4.8186. Finally, we follow Step GBD-M-6 and compute
B1 = —1.6339. As expected, this fit,

GBD( — 1.6339, 4.8186,0.4253, 1.7781), (3.3.2)

obtained from Algorithm GBD-M and Appendix C, has (31, 82, 83, B4 close
to the more accurate fit in (3.3.1) that was obtained through direct compu-
tation. For the fit in (3.3.2), we have

|6n — a1| = 3.0 x 1078, |dy — | = 1.7 x 1075,
|Gy — as| = 2.2 x 107%,  |dy — oy = 1.0 x 1072,

and for the fit in (3.3.1), we have

|61 — 1| =21 x107°, |42 — o] = 6.6 x 1079,
|ig — o3| = 2.0 x 1075, |dy — ay| = 2.7 x 1075,

However, if we use the full accuracy provided by FindBetasM, instead of the
truncations shown in (3.3.1), we obtain

‘dl - 041‘ < 10_10, ‘OAZQ - 042‘ =2.0x 10_10,
|&s — ag| = 2.0 x 10_10, |Ga — aa| = 1.0 X 1078,
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We now combine the results of this chapter with those of Chapter 2
to form the system of distributions whose (o3, a4)-space (actually
(a1, 00, a3,a4)-space since any «; and «ap are possible) covers the
entire range of possibilities.

Definition 3.3.4. The Extended Generalized Lambda Distribution (EGLD)
system consists of the GLD(A1, A2, A3, \a) and GBD(f1, B2, B3, B4) families
of distributions.

Appendices B and C provide tabled solutions for some, but not all, of
the (a3, a4) pairs arising from EGLD distributions. Figure 3.3-5 shows the
(a3, ayq)-space (restricted to a3 < 4 and a4 < 22) and various components of
this space. The GLD(A1, A2, A3, \4) covers the shaded region, where a3 < 4
and —1.903 + a4 < 15 and solutions are available from the table of Appendix
B. It also covers the region above the shaded area where tabled solutions
are not available and computations become increasingly difficult as (a3, a4)
moves away from the shaded area.

The portion of (a3, as)-space covered by the GBD(B1, 32,83, 34) is en-
closed between two thick lines and marked “B ET A RE GIO N” in
Figure 3.3-5. The GLD and GBD regions overlap and within this intersec-
tion both GLD(A1, A2, A3, A\s) and GBD(1, B2, 83, B4) fits are possible. This
possibility has benefits as discussed in Section 2.5 and reduces the impact of
the variability in (o3, a4). The table of Appendix C provides approximate
solutions for some of the region covered by the GBD(f1, B2, 33, £4), with
a3 < 4. When the (o3, a4) within this region gets close to the boundaries,
computations become difficult, making it impossible to extend the table of
Appendix C to (a3, a4) that are close to the boundaries. This is especially
true for the upper boundary (aq = 3 + 2a3) where at least one of 33 or 34
gets very large when (a3, a4) gets close to the boundary. However, when
(a3, ay) is close to the upper boundary we are also in the GLD region and
have in Appendix B the table needed to fit a GLD. This, coupled with the
fact that there are no computational problems in the non-overlap GBD re-
gion, means we have no problem fitting an EGLD anywhere in the combined
regions.

The portion of Figure 3.3-5, bounded by the dotted lines, that strad-
dles the GLD and GBD regions represents the (a3,as) points of the F-
distribution with a3 < 4. The lines that show the (a3, a4) points of a
number of distributions considered in Section 2.4 are also shown in Figure
3.3-5 (some of these lines are actually curves when extended beyond a3 = 4).
The lines of (03, a4) points of the gamma, inverse Gaussian, lognormal, Stu-
dent’s ¢, and Weibull distributions are labeled with “G,” “IG,” “LN,” “T,”
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Figure 3.3—-5. The (a3, a4)-space covered by the EGLD system.

and “W,” respectively. Of the distributions considered in Section 2.4, the
double exponential, exponential, logistic, normal, uniform, largest extreme
value (hence, also the extreme value) have single points for their (a3, ay).
These are designated in Figure 3.3-5, respectively, by “d,” “e,” “,” “n,”
“u,” and “v.” Only two of the distributions considered in Section 2.4 are
not designated in Figure 3.3-5. The chi-square distribution is a special case
of the gamma, hence its (a3, a4) points are included among those of the
gamma distribution, and the Pareto distribution does not have any (a3, ay4)

points that are within the a% and a4 limitations of Figure 3.3-5.

3.4 GBD Approximations of Some Well-Known Distributions

In this section we attempt to fit a GBD(f1, 32,03, 84) to the distributions
already considered in Section 2.4, where GLD(A1, A2, A3, A1) fits were found.
When we use FindBetasM we are assured, in the absence of a warning mes-
sage, that each of the é7, Gz, &3, &4 produced by FindBetasM is within 107°
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of its corresponding «;.

For each of the distributions, we approximate we check the ay < 3 + 203
constraint and the closeness of the approximating p.d.f. to the p.d.f. being
approximated. This is done by checking the support of the fitted EGLD,
comparing the original and the fitted p.d.f.s graphically, and by computing
sup | f(z) — f(z)| where f(z) is the p.d.f. of the approximating distribution
and f(z) is the p.d.f. of the distribution being approximated. In many
cases, the (a3, a4) points are located within the GBD(31, B2, 33, 84) region
but near the ay = 3 + 203 boundary, either making it impossible to com-
pute 1, 52,33, B4 or producing fits with very large 53 and/or B4. In such
situations computation of F'(z), the d.f. of the approximating distribution,
is impossible or extremely difficult and we are not able to provide a com-
parison of the d.f.s of the approximated and approximating distributions as
was done in Section 2.4.

3.4.1 The Normal Distribution
The first four moments of N(u,?), given in Section 2.4.1, are

o1 = U, ay = o2, ag =0, oq = 3.
Since these satisfy ay = 3 + 203, this (o3, ay4) is located on the boundary
of the (03, aq) pairs that are attainable by the GBD(81, 32, 53, 34). We saw
earlier that when 33 = 34 (a necessary condition for symmetric distributions
such as N(0,1)),
g = 3—2ﬁ3 + 3.
283 +5

Therefore, for large (s, and B4 = (3, a GBD(f1, 52, 03, 54) will have its
(a3, a4) close to (0,3), the (a3, a4) of N(0,1). Using FindBetasM with
(a1, 09, a3,a4) = (0,1,0,3) and an initial search point of (10°,10%) for
(B3, 04) gives the fit

GBD( — 1.0119 x 10%, 2.0239 x 10%, 5.1201 x 107, 5.1201 x 107).

The graph of the p.d.f. of the approximating GBD(f1, (2, 83, 84) is indis-
tinguishable from that of the N(0,1) distribution, giving a visual indication
that this fit may be even better than the rather good GLD(A1, A2, A3, A4)
fit that was obtained in Section 2.4.1 (see Figure 2.4-1, where the N(0, 1)
and the fitted GLD(A1, A2, A3, A4) p.d.f.s are almost indistinguishable). The
support of the GBD(31, 52, 53, 84) approximation is [-10119, 10119], con-
trasted with the support of [—5.06, 5.06] for the GLD(A1, A2, A3, Aa) fit;
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which one is preferable depends on the application on hand, as discussed at
the beginning of Chapter 2. For this fit we have

sup |f(z) — f(z)| = 0.002364.

It is interesting to note that although the (a3, ay)= (0,3) could not be
attained by a GBD(f1, (2, 3, £4), the approximation that was obtained has
(a3, aq)= (1.930030232 x 10710, 2.999999941).

3.4.2 The Uniform Distribution

The moments of the uniform distribution on the interval (a,b) are, as noted
in Section 2.4.2,

a+b _ (b—a)?
2 12 7

9
o1 = az =0, a4:3.

Since

9
a4:3<3:3+2a§

for all uniform distributions, we should expect GBD(31, (32, 33, 84) approxi-
mations that are reasonably good. In the specific case of the uniform distri-
bution on the (0, 1) interval, we search via FindBetasM with the (0, 0) initial
point suggested by the table of Appendix C, to obtain the fit

GBD(0,1,0,0).

This yields the GBD(f1, 52, 03, 84) p.d.f. of 1 on the (0, 1) interval. As was
the case with the GLD(A1, A2, A3, A4) fit obtained in Section 2.4-2, we have
a perfect fit for the uniform distribution on the (0, 1) interval. In general,
for the uniform distribution on the interval (a,b), the fit (again, this will be
an exact fit) will be

GBD(a,b — a,0,0).

3.4.3 The Student’s ¢ Distribution

We recall from the discussion of ¢(v) (the ¢ distribution with v degrees of
freedom) in Section 2.4.3 that for the i-th moment of ¢(v) to exist, v must
exceed i. Whenever the first 4 moments of #(v) exist (i.e., when v > 5),
these moments, as given in Section 2.4.3, will be

v v—2
ag =0, oy =3 .
v—14

a1:0, o =
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For all ¢(v) distributions,
-2
as=32"">3=3+2a2
v —

locating (03, a4) outside of the region covered by the GBD(31, 52, 33, B4).
This makes it impossible to find good GBD(f1, 82,33, 54) approximation
to t(v), particularly when v is small. For large v, the (a3, a4) of t(v) will
come close to the boundary a4 = 3 + 2a§ and we may be able to find a
GBD(1, 32, 3, 1), such as the one for N(0, 1) in Section 3.4.1, that provides
a reasonable approximation to such a #(v).

3.4.4 The Exponential Distribution

The exponential distribution with parameters « and 6, defined in Section
2.4.4, has

a =0, as = 02, ag =2, ag =9

and
a4 =9 <11 =3+ 203.

It is clear from the table of Appendix C that a GBD(31, 82, 53, 84) approxi-
mation of the exponential distribution must have large 54 and 33 near zero.
For 6 = 3, we set (a1,a2,a3,a4) = (3,9,2,9) and use the initial point of
(B3, B4) = (0,10%) (again, it may take a number of trials and a bit of luck to
arrive at an initial point that produces an approximation) in FindBetasM to
find the approximation

GBD( — 1.4630 x 1077, 6.1517 x 107, 5.1370 x 10713, 2.0506 x 107).

The p.d.f. of this distribution is indistinguishable from that of the expo-
nential distribution with 8 = 3, providing an approximation that seems to
be superior to the GLD(\1, A2, A3, A4) obtained in Section 2.4.5 (see Figure
2.4-4) with

sup |f(z) — f(z)| = 0.001894.
The support for the GBD(51, (2, 33, 1) approximation is roughly [—1.4 x

1077,6.2 x 107] whereas the support for the GLD(A1, A2, A3, \4) approxima-
tion of Section 2.4.4 is (—oo, ©0).
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3.4.5 The Chi-Square Distribution

As noted in Section 2.4.5, a1, az, a3, ag for x*(v), the chi-square distribution
with v degrees of freedom, are

2v/2 12
o1 = v, a9 = 2v, ang\/y_, oz4:3-|—7.
Since 19 16
oz4:3-|—7<3-|——:3-|-2oz§,
v

the (a3, a4) pairs of the x*(v) are within the region covered by the GBD
with (a3, a4) approaching the boundary of this region as v — oco. The
contrast worthy of note between the t(v) and x?(v) distributions is that the
(a3, a4) pairs approach the boundary from opposite sides; from inside the
region covered by the GBD(81, 52, 33, 34) in the case of x*(v), and from
outside this region for ¢(v).

To fit a GBD(31, B2, 83, 34) to a specific x?(v) distribution, say for v = 5,
we use FindBetasM with

_2V/10 27

) )
and the initial search point (s, 84) = (1.5,5000) to obtain

o] = 5’ o = 10, a3

GBD( — 2.1381 x 1077, 8.2257 x 107, 1.5000, 4.1128 x 107).

It is not simple to determine a suitable starting point. From Figure 3.3-4
it seems that we need a large (4 to accommodate aq4 = 5.4 with 0 < G5 <
2. After a few trials we can find an initial search point (not necessarily
(B3, 84) = (1.5,5000)) that provides a GBD(f1, 52,05, 34) approximation
(not necessarily the one that is given here). Another way of finding an
initial search point is to consult the table of Appendix C. The closest point
to (a3, a4) = (1.265,5.4) in Appendix C is (a3, a4) = (1.275,4.96), for which
(B3, 04) = (0.4516,12.1859). It is also clear from this table that to find a
solution for (as,as) = (1.265,5.4) we need to take 4 considerably larger
than the tabled 12.1859 and take 83 somewhat larger than the tabled value
of 0.4516. With a few trials and some luck, we may be able to arrive at a
suitable initial search point.

When the x%(5) and the fitted GBD(f1, 32, 83, 1) p.d.f.s are plotted, it is
not possible to distinguish the two graphs, making the GBD(/1, 32, 53, £4)
approximation, at least visually, superior to the GLD(A1, A2, A3, A1) approx-
imation obtained in Section 2.4.5 (see Figure 2.4-3). The support of the
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GBD(31, 32, #3, f1) approximation is roughly [—0.1 x 1076, 8 x 107] (that
of the GLD(A1, A2, A3, Ag) is [-54.3, 59.6]) and

sup | f(z) — f(z)| = 0.0006473.

3.4.6 The Gamma Distribution
The gamma distribution with parameters a and 6, defined in Section 2.4.6,
has
og =3+ —.
o

Since 6 ,
a4 =3+—<3+—=3+2a3,
(8% (8%

GBD(1, 32, 03, $4) approximations should be available for all gamma dis-
tributions. For the specific case where o = 5 and 6 = 3 considered in Section
2.4.6, we have

V5 21

a1:15, a2:45, 043:2?, 044:?.

The table of Appendix C indicates a (3 in the vicinity of 3 and a large f4.
Using the initial point (fs,34) = (3,5000) in FindBetasM, we obtain the
approximation

GBD( — 6.5062 x 1077, 2.0330 x 10%, 4.0000, 6.7766 x 107).

The graphs of the p.d.f.s of the approximation and of the gamma distribution
with o = 5 and 4 = 3 are virtually identical with

sup | f(z) — f(z)| = 0.00003560.

The support of the GBD(, B2, 83, 1) approximation is [—6.5 x 1077, 2.0 x
10%] whereas the support for the GLD (A1, A2, A3, \4) approximation obtained
in Section 2.4.6 is [—58.4, 80.0].

3.4.7 The Weibull Distribution

The aq, ag, as, oy for the Weibull distribution with parameters o and 3 are
given in Section 2.4.7. It is difficult to determine analytically the values of
a, if there are any, for which a4 < 3 +2a3. From the graph of ay — 3 — 203
for 0 < o < 1 given in Figure 3.4-1 (a), we see that a4 > 3 + 203 for small
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Figure 3.4-1. Graph of agy — 3 — 2a§ for0<a<1(a)
and for 0.4 < o <6 (b).

values of a and the inequality may be reversed when « is closer to 1 than to
0. The latter assertion is substantiated in Figure 3.4-1 (b) where the same
graph is given for 0.4 < a < 6. An approximation of the specific value ag
of a where ay = 3 + 203 can now be found (using Newton’s Method or the
bisection method), giving us ap = 0.4709331608. Thus, we conclude that a
GBD(1, 32, B3, B4) approximation to a Weibull distribution is likely to be
good if and only if & > ag = 0.47.

For the Weibull distribution considered in Section 2.4.7, with a = 1 and
B =5, a GBD(81, B2, 33,44) should be attainable. The moments of this
distribution (from Section 2.4.7) are

a1 = 1.8363, az = 0.1769, as = —0.2541, ag = 2.8803

and the table of Appendix C indicates a possible solution in the vicinity of
(B3, 04) = (6,10). Note that in this case ag < 0 and once 83 and (4 are
determined, they must be interchanged.

The GBD(51, B2, F3, 34) approximation

GBD( — 1.1593, 4.5402, 15.5955, 7.5567)
provided by FindBetasM seems to be quite good as can be seen in Figure 3.4—
2 where the p.d.f.s of the distribution, its GBD(/1, 82, 3, 34) approximation,

and its GLD(A1, A2, A3, A1) approximation (from Section 2.4.7) are plotted.
At the point where the three curves peak, the lowest of the three curves is
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Figure 3.4-2. The p.d.f.s of the Weibull distribution with o = 1,
B =05, its GBD and GLD approximations.

the GBD(f1, (2, 83, 84) approximation, the middle one is the Weibull dis-
tribution, and the highest curve is the GLD(\1, A2, A3, A1), approximation.
For the GBD(f1, B2, 33, B4) fit, we have

sup | f(z) — f(z)| = 0.01598.

We also note that the supports of the GBD and the GLD approximations
are [—1.1593,3.3809] and [.0806, 3.8934], respectively.

3.4.8 The Lognormal Distribution

Closed form expressions for the first four moments of the lognormal distri-
bution were given in Section 2.4.8. In that section, where the lognormal
distribution was defined, we considered y = 0 and ¢ = 1/3, which yielded

a1 = 1.0571, as = 0.1313, as = 1.0687, aq = 5.0974.

Indeed, aq = 5.0974 < 5.2842 = 3 + 203, placing (a3, a4) within the region
covered by the GBD(f31, B2, 33, B1). However, (a3, a4) is close to the bound-
ary and computations for 3, B2, 33, 54 produce only rough approximations
with very large values of 32 and 34 (sometimes in excess of 101°°) or produce
errors. For example, when

> FindBetasM([1.0571,.1313,1.0687,4.8],50,50);
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is used, computation is shifted to the complex domain and the “fit”

GBD( — 5.5155 x 10M% — 4.8615 x 101%%,4.1548 x 10%%¢ — 2.9178 x 103%%,
— 1.8000%% + 3.5931 x 103!#7,1.0803 x 10*7® + 1.5384 x 10*7%)

is obtained, with a warning that \Bg — (3] = 1.0687 and \B4 — [4] = 1.8000.
When

> FindBetasM([1.0571,.1313,1.0687,4.8],3,50);

is used, computation remains in the real domain and the “fit”

GBD(0.3722, —0.2528 x 10112,2.5728, —1.3189 x 1014)

is obtained with a warning indicating that |35 — 3] = 0.01060 and |34 — 84| =
0.1206.

Investigations of other choices of u and o reveal that the situation en-
countered above does not change appreciably as long as ¢ stays small (i.e.,
(a3, a4) remains in the region covered by the GBD(f31, 52,33, 1) but close
enough to the boundary to make computations unreliable). Moreover, as
o gets large (a3 and a4 do not depend on u), (a, as) moves well into the
region covered by the GLD(\1, A2, Az, A4). For example, when y = 0 and
o =1,

a1 = 1.6487, ap = 4.6708, ag = 6.1849, ay = 113.9364
and when y =0 and o = 2,
o1 = 7.3890, ap=2926.3598, a3 =414.3593, a4 = 9.2206 x 10°,

and in both cases, (a3,a4) is well outside of the region covered by the

GBD(ﬁla ﬁQa ﬁ?n ﬁ4)

3.4.9 The Beta Distribution

The moments of the beta distribution derived in Section 3.1 are given in
equations (3.1.17) through (3.1.20). It was also established through the
definition of the GBD (see Definition 3.2.1) that if X is beta with parameters
B3 and f4, then X is also GBD with parameters 5 = 0, 32 = 1, 3, f4.
Therefore, the GBD(0, 1, 33, 54) is an exact fit for the beta distribution with
parameters (3 and 4.
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3.4.10 The Inverse Gaussian Distribution

The definition of this distribution and its moments are given in Section
2.4.10. The inverse Gaussian distribution with parameters g and A has
moments

3
a1y = W, O‘ZZMTa a3:3\/ga Oé4:3+§.

In this case
3A+ 18y S 3A+15u

34 2a = Y Y o4,

placing (a3, a4) inside the space covered by the GBD for all 4 > 0 and
A > 0. However, as can be seen from the table of Appendix C, (a3, a4) pairs
obtained from an inverse Gaussian distribution are beyond the entries of the
table, and generally, beyond computation range.

3.4.11 The Logistic Distribution

We saw in Section 2.4.11, where this distribution is defined, that (a3, ay) =
(0,4.2) for this distribution. This is outside the (a3, aq)-space covered by the
GBD(/1, 32, 3, B4); therefore, GBD cannot be fitted to a logistic distribution
through the method of moments.

3.4.12 The Largest Extreme Value Distribution

Section 2.4.12 gives the definition and moments of this distribution, for which
(a3, aq) = (1.1395,5.4). Since

3+ 203 = 5.59714 > 5.4 = au,

the (a3, a4) of the largest extreme value distribution is inside the region
covered by the GBD(31, B2, 3, 4). However, as was the case with the inverse
Gaussian, this point is in the region that is outside our range of computation.

3.4.13 The Extreme Value Distribution

This distribution, defined in Section 2.4.13, has the same (a3, a4) as the
largest extreme value distribution, producing the same circumstances dis-
cussed in Section 3.4.12.
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3.4.14 The Double Exponential Distribution

Section 2.4.14 defines this distribution and gives its moments. For all values
of the parameter A > 0 of this distribution we have a3 = 0 and a4 = 6.
Since (a3, a4) is outside the space covered by the GBD(f1, B2, 3, 84), it is
not possible to fit a GBD to a double exponential distribution through the
method of moments.

3.4.15 The F-Distribution

This distribution and its moments are given in Section 2.4.15. It is clear
from Figure 3.3-5 that the (a3, a4)-space of the F-distribution overlaps the
space covered by the GBD(f1, (2, 83, £1). But in almost all cases, even when
(a3, ay) is within the intersection of the F-distribution and GBD(f1, 32, 83, 84)
regions, the (a3, ay) obtained from an F-distribution, such as the (a3, ay) =
(1.8101,9.1986) of Section 2.4.15, is beyond the computation range for the
GBD(ﬁla ﬁQa ﬁ?n ﬂ4)

3.4.16 The Pareto Distribution

Section 2.4.16 gives the definition and the moments of the Pareto distribu-
tion. The analysis of a3 and a4 in Section 2.4.16 makes it clear that (a3, o)
produced from this distribution cannot be in the region covered by the
GBD(1, 32, 03, B4). Therefore, it is not possible to fit a GBD(/1, B2, 3, 54)
to a Pareto distribution through the method of moments.

3.5 Examples: GBD Fits of Data, Method of Moments

In this section we illustrate the use of the EGLD in fitting datasets. For the
first two examples, we use data that is simulated from GBD(/f1, 32, 53, 54)
distributions. In one case, we are able to obtain a GBD fit but no GLD fits;
in the other case, we obtain GLD and GBD fits. In the next two examples
in Sections 3.5.3 and 3.5.4, we reconsider two examples from Chapter 2. For
the data on cadmium concentrations in horse kidneys, a GBD(/1, 32, 53, £4)
fit is obtained, giving us two fits for this data. The rainfall data of Section
2.5.4 did not yield any fits through the GLD but we are now able to find a
GBD(f1, 32, 03, B4) fit in the EGLD system for both X and Y components
of this data. In Section 3.5.5 we introduce an example from forestry on the
stand heights and diameters of trees.
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3.5.1 Example: Fitting a GBD to Simulated Data
from GBD(3, 5,0, —0.5)

The following data, considered by Karian, Dudewicz and McDonald (1996),
was generated from the GBD(3, 5,0, —0.5) distribution.

7.88 677 798 673 679 699 325 410 7.25 574
5.03 522 799 741 721 7.8l 7.87 7.73 800 575
6.81 7.79 742 6.17 7.96 463 743 777 3.55 431
8.00 6.82 7.72 790 743 696 671 450 488 6.03
6.06 4.56 4.06 4.47 6.21 3.87 646 3.29 599 7.59
796 759 713 513 7.89 724 7.00 800 6.65 4.52
798 7.84 798 800 7.95 520 785 795 6.79 6.84
519 572 799 733 734 3.09 741 560 4.7 5.03

The &1, &, &3, g for this data is

a1 = 6.4975, G = 2.0426, 43 = —0.7560, a4 = 2.3536.
The point (43, &) = (0.5715,2.3536) is in the region covered by both the
GLD(A1, A2, A3, A1) and GBD(f1, 52, B3, f1). However, as can be seen from
the table of Appendix B, this (43, &4) is outside the computation range for

the GLD. To obtain a GBD(/51, 82, 33, 54) fit, we use FindLambdasM with
initial search point (—0.5,0.1) to obtain

GBD(3.0551,4.9615, 0.08247, —0.5223).

A histogram of the data with the p.d.f.s of GBD(3,5,0,—0.5), the distribu-
tion from which the data was generated, and the fitted GBD are shown in
Figure 3.5-1 (a) (the fitted p.d.f. is slightly lower near the point 3). Figure
3.5-1 (b) gives the empirical d.f. together with the d.f.s of the two GBDs,
which cannot be visually distinguished.

If we partition this data into the 7 classes

(—00,4.5), 4,5,5.5), [5.5,6.5), [6.5,7.0), [7.0,7.5), [7.5,7.9), [7.9,00),
we observe frequencies of
9, 12, 10, 11, 12, 12, 14.
The expected frequencies from the fitted distribution,
10.6415, 9.7209, 12.4782, 8.0789, 10.7142, 14.4046, 13.8844,
give a chi-square statistic and p-value of
2.8025 and 0.2354,

respectively.
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Figure 3.5—1. Histogram of data generated from GBD(3, 5,0, —0.5) and
the p.d.f.s of the original and fitted GBDs (a); the
e.d.f. of the data with the d.f. of its fitted GBD (b).

3.5.2 Example: Fitting a GBD to Data Simulated
from GBD(2,7,1,4)

The following data, from Karian, Dudewicz and McDonald (1996), is gener-
ated from the GBD(2,7,1,4) distribution.

3.88 531 326 365 678 331 6.09 342 345 4.83
4.01 437 334 420 223 317 320 3.12 550 545
4.28 477 449 374 459 364 316 466 6.44 2.04
3.87 337 235 429 6.25 277 373 728 422 448
3.54 379 378 228 4.09 5.02 337 3.00 275 4.12
486 4.17 594 514 3.29 379 359 479 3.18 4.84

For this data
Q1 = 4.1053, &9 =1.2495, &3 = 0.6828, Q4 = 3.2998.

The point (&%, &4) = (0.4663,3.2998) is in the region where the GBD and
GLD overlap. When we use FindLambdasM with the initial search point
(0.04,0.2), we get the fit

GLD(3.2841,0.1539, 0.04245, 0.2007),
and when we use FindBetasM with the initial search point (1.5,7), we get

GBD(1.8696,10.4885,1.9344, 9.8320).

© 2000 by Chapman & Hall/CRC



08

.A \ 04
01 ;
02

Figure 3.5—2. Histogram of data generated from GBD(2,7,1,4) and the
p.d.f.s of the original (dotted line) and fitted GLD and
GBD (a); the e.d.f. of the data with the d.f.s of the
original (dotted line) and its fitted GLD and GBD (b).

Figure 3.5-2 (a) shows a histogram of the data with three p.d.f.s: one for
the distribution from which the data was generated (shown as a dotted line),
one for the GLD fit (the one that rises higher near the center), and one for
the GBD fit. Figure 5.3-2b shows the empirical d.f. of the data with the d.f.s
of the three p.d.f.s depicted in Figure 3.5—2a. The d.f. of the distribution
from which the data was generated is shown as a dotted curve and the other
two d.f.s cannot be distinguished.

To apply a chi-square test, the data is partitioned into the 6 intervals

(-00,3), [3,3.5), [3.5,4.0), [4.0,4.5), [4.5,5.0), [5.0,00),
producing the observed frequencies
6, 14, 11, 11, 7, 11.

The expected frequencies for the GLD fit,

9.1915, 10.9071, 11.1862, 9.4086, 7.1169, 12.1896,
yield a chi-square statistic and p-value of

2.3754 and 0.1233,

respectively. The GBD fit gives expected frequencies of

9.8047, 10.2981, 10.7894, 9.4861, 7.3604, 12.2612,
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producing a chi-square statistic and p-value of
3.2002 and 0.07363,

respectively.

3.5.3 Example: Cadmium in Horse Kidneys

In this section we reconsider the data of Section 2.5.2 and fit it with a
GBD(1, 32, 03, B4). Recall that in Section 2.5.2 we gave the moments,

Q1 = 57.2419, &9 = 576.1894, &3 = 0.2545, &y = 2.5253,
of the data and the GLD fit
GLD(41.7767,0.01135, 0.09851, 2.3608).

To fit a GBD(f1, B2, F3, 84) to this data we use FindBetasM with the initial
search point (2,4) to obtain

GBD( — 0.1827,144.3347, 2.0502, 3.6193).

The p.d.f.s of the two fits together with a histogram of the data are shown in
Figure 3.5-3 (a) (the GLD p.d.f. rises higher near the center). The e.d.f. of
the data and the d.f.s of the fitted GLD and GBD are shown in Figure 3.5-3

(b).
Next, we partition the data into the 6 classes
(—OO, 30)a [30, 50)a [50, 60)a [60, 70)a [70, 85)a [85, OO)
and obtain the following frequencies in these classes

7,7, 9, 9, 6 5.

From the expected frequencies for the GBD fit (those for the GLD fit are
given in Section 2.5.2)

5.8577, 11.7590, 6.5332, 5.9843, 6.9084, 5.9574,
we compute the chi-square statistic and corresponding p-value to obtain
48731 and 0.02728,

respectively. For comparison, we note that a chi-square statistic of 5.6095
and a p-value of 0.01786 were obtained for the GLD fit of Section 2.5.2.
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Figure 3.5—-3. Histogram of the cadmium data and the p.d.f.s of
the fitted GLD and GBD (a); the e.d.f. of the data
with the d.f.s of the fitted GLD and GBD (b).

3.5.4 Example: Rainfall Data of Section 2.5.5

Table 2.5-6 of Section 2.5.5 gives the Rainfall (in inches) at Rochester (X)
and Syracuse (Y), New York, from May to October of 1998. In Section
2.5.5, after computing the sample moments for X and Y, we were not able
to find a GLD(A1, A2, A3, A4) fit to either X or Y. We now attempt to fit
a GBD(f1, B2, 33, 04) to X and Y. We start with the moments of X (from
Section 2.5.5),

G1 = 0.4913, Go = 0.4074, G5 = 1.8321, Gy = 5.7347,

and observe that (43, &4) lies in the region covered by the GBD(31, B2, 3, B4).
We use the initial point (—0.7,0.6) to obtain the fit

GBD(0.06129, 3.0802, —0.7491, 0.5463)

from FindBetasM. Figure 3.5-4 (a) shows a histogram of X and its fitted
GBD and Figure 3.5—4 (b) shows the e.d.f. of X with the d.f. of its fitted
GBD.

We partition the data into the classes
(—00,0.07), [0.07,0.1), [0.1,0.2), [0.2,0.45), [0.45,1.0), [1.0,00)
and get the observed expected frequencies

9, 6, 9, 7, 8 8.
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Figure 3.5—4. Histogram of X and the p.d.f. of the fitted GBD (a);
the e.d.f. of X with the d.f. of its fitted GBD (b).

From the fitted GBD, the expected frequencies
12.4465, 5.6345, 6.7382, 7.0311, 7.0502, 8.0888

are obtained; these lead, respectively, to the following chi-square statistic
and p-value
1.8663 and 0.1719.

The moments of Y are
a1 = 0.3906, a9 =0.1533, &3 =1.6163, &4 = 5.2245.
With (—0.5,1.7) as an initial search point, FindBetasM produces the fit
GBD(0.07209,2.1729, —0.5816, 1.4355).

A histogram of Y and the fitted p.d.f. are given in Figure 3.5-5 (a) and the
e.d.f. of Y and the d.f. of the fitted GBD are given in Figure 3.5.-5 (b).
When Y is partitioned into the classes

(—00,0.08), [0.08,0.15), [0.15,0.22), [0.22,0.38), [0.38,0.73), [0.73,00),
we have observed frequencies of
7,7, 8 8 8 8.
The expected frequencies from the fitted GBD(/1, B2, 53, 54)
6.9494, 10.9353, 5.1887, 7.3122, 8.5232, 8.0677,
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Figure 3.5—5. Histogram of Y and the p.d.f. of the fitted GBD (a);
the e.d.f. of Y with the d.f. of its fitted GBD (b).

produce the chi-square statistic and p-value of
3.0371 and 0.0814,

respectively. We thus see that the EGLD, through its GBD part, has suc-
ceeded in completing the GLD coverage.

3.5.5 Example: Tree Stand Heights and Diameters
in Forestry

The estimation of tree stand volume is an important problem in forestry.
Such estimations are based on measurements of tree diameters and heights
(see Schreuder and Hafley (1977)). Unpublished studies of the (43, &y) of
the two variables DBH (diameter, in inches, at breast height) and H (tree
height, in feet) have shown that for the DBH variable, about 2% of stands
have (&%, &4) in the GLD but not the GBD region, about 70% of stands have
(&3, ay) in the overlapping region, and the other 28% have (43, &4) pairs in
the GBD region only.

For the H variable, these three percentages are 0%, 20%, and 80%, respec-
tively.

Table 3.5-6 gives DBH and H values for tree stands of 0.1 acres of Douglas
fir in Idaho. (We are grateful for the communication of this data by Professor
Lianjun Zhang of the Faculty of Forestry, SUNY College of Environmental
Science and Forestry, Syracuse, New York, and Professor James A. Moore,
Director of the Inland Tree Nutrition Cooperative (IFTNC), of the Depart-
ment of Forest Resources, University of Idaho, and for permission to quote

© 2000 by Chapman & Hall/CRC



this example and data from their studies of tree growth in the Northwest,
USA.)
For the DBH data in Table 3.5-6, we have

01 =6.7404, &9 =6.6721, &3 =0.4544, &y = 2.7450.

The (&3, &) lies in the overlap region of the GLD and GBD and we can
invoke FindLambdasM with initial search point (0.05,0.5), and FindBetasM
with initial search point (2,5), to obtain the fits

GLD(4.7744,0.08911, 0.06257, 0.3056 )

and
GBD(1.3522,16.7462, 1.6296, 4.5429),

respectively. The support of the GLD fit, the interval [—6.45,16.00], covers
the spread of the DBH data [2.2,14.8] but allows the possibility of values,
including negative ones, well below the minimum of the data. The support
of the GBD fit, [1.3,18.1], provides a better coverage of the spread of the
data.

A histogram of DBH together with the p.d.f.s of the GLD (rising higher
at the center) and GBD fits is shown in Figure 3.5-7 (a) and the e.d.f. of
DBH with the d.f.s of the two fitted distributions is shown in Figure 3.5-7

(b).
To perform a chi-square test for these two fits, we partition the data for
DBH into the classes

(—00,3.75), [3.75,4.5), [4.5,5.0), [5.0,6.0), [6.0,7.0),
[7.0,8.0), [8.0,9.0), [9.0,10.25), [10.25,00)

and obtain the frequencies
10, 9, 11, 11, 7, 10, 12, 10, O,
and expected frequencies of
10.0864, 8.4738, 6.5326, 13.6000, 12.7848, 11.0069, 8.8806, 8.1155, 9.5195
and

10.9161, 8.1165, 6.1359, 13.0145, 12.7265, 11.2992, 9.2219, 8.3249, 9.2445
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Table 3.5—6. Tree diameters DBH (in inches), and heights H (in feet).

DBH| H ||DBH| H | DBH| H | DBH| H | DBH| H
3.30 [ 28.0 1 5.90 | 43.0f 3.80 [30.0f 7.00([64.0f 5.80|50.0
4.40 | 48.0| 4.60|50.0f 8.20|70.0f 3.30]|30.0 | 10.20 | 75.0

11.30 [ 86.0 || 4.80 | 34.0)f 9.10 | 72.0 | 4.40|44.0 5.60 | 30.0
850 [ 73.01 820 |63.0) 4.7052.0) 8.00([64.0f 8&8.20|66.0
7.70 | 64.0 || 10.00 | 78.0 || 4.80 [ 40.0 | 7.10 [ 60.0 | 5.50 | 44.0

12.80 [ 90.0 || 8.90 [ 78.0f 9.80 [ 80.0f 7.10|60.0 {| 6.10 [ 64.0

10.00 [ 76.0 || 8.10 | 71.0J§ 2.20 [ 14.0) 7.30 [ 47.0 || 10.80 | 74.0
5.60 600 640|47.0) 4.30|49.0f 9.5080.0f 7.70| 72.0
740 [ 67.0 1 3.60 | 48.0 |1 5.50 [ 52.0 | 6.50 [ 59.0 || 10.30 | 82.0
490|620 5.80|62.0 14.80|82.0f 6.40|66.0| 4.90]|49.0

10.00 [ 80.0 || 3.40 [ 35.0)) 6.30 [ 42.0 )| 8.90 [ 85.0 || &8.10 | 78.0

10.30 [ 78.0J| 3.00 [ 28.0f 2.40 [19.0) 4.70 | 30.0 || 4.10 | 34.0
4.00 | 31.0| 4.20|26.0 | 10.70 | 75.0 | 4.00|35.0 || 2.50| 18.0

10.20 [ 80.0 || 3.50 [ 30.0ff 9.30 [ 78.0 || 8.60 [ 68.0 {| 9.10 | 80.0
8.10 [ 68.01 6.90 | 67.0 1 5.50 [ 50.0 1 5.80 [ 58.0 f 5.50 | 39.0

10.40 [ 94.0 || 4.40 | 45.0 ) 4.70 [ 55.0 ) 4.70 | 55.0 || 4.50 | 55.0
4.90 | 55.0 | 3.00|24.0 | 10.30 | 80.0 f 5.30 | 40.0 || 8.80 | 80.0
7.8066.0f 6.5040.0f§ 7.20|68.0) 7.20(67.0
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Figure 3.5—7. Histogram of DBH and the p.d.f.s of the fitted
GLD and GBD (a); the e.d.f. of DBH with the
d.f.s of its fitted GLD and GBD (b).
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for the GLD and GBD fits, respectively. The chi-square statistic and p-value
of the test for the GLD fit are

7.8569 and  0.09696,
and for the GBD fit these are
8.2471 and  0.08293.
For the H data of Table 3.5—6, we have
&1 = 57.1348, &9 = 365.3751, a3 = —0.2825, a4 = 2.1046,

and again, (43, a4) is in the GLD and GBD overlap region. With the initial
search point (0.02,0.6) FindLambdasM yields the fit

GLD(82.0495,0.01442,0.6212, 0.02459)
and with the initial search point of (0.05,0.5) FindBetasM yields the fit
GBD(11.3851, 77.9226,0.7781,0.2504).

The support of the GLD fit, [12.70, 151.40], covers the spread of the data,
which is [14.0,94.0]. However, the GBD fit, with support [11.4,89.3] does
not cover the spread of the data (see Problem 3.1).

The p.d.f.s of the fitted GLD and GBD and a histogram of H are shown in
Figure 3.5-8 (a) (the GLD p.d.f. rises higher near the center) and the fitted
d.f.s and the e.d.f. of H are shown in Figure 3.5-8 (b).

To perform a chi-square test the data is partitioned into the classes

(—00,30), [30,37.5), [37.5,47.5), [47.5,55), [55,62.5),
[62.5,67.5), [67.5,75), [75,80), [80,00),

with observed frequencies of
7, 10, 11, 9, 11, 11, 9, 8, 13
The expected frequencies of the GLD fit are
9.3662, 7.2608, 11.8326, 10.2410, 11.2074, 7.8919, 12.1651, 7.9312, 11.1037,
leading to the chi-square statistic and p-value of

42160 and 0.3776.
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Figure 3.5—8. Histogram of H and the p.d.f.s of the fitted
GLD and GBD (a); the e.d.f. of H with the
d.f.s of its fitted GLD and GBD (b).

For the GBD fit we get expected frequencies of
8.9201, 7.2814, 12.0188, 10.3900, 11.2445, 7.8001, 11.8147, 7.6531, 11.5860
and a chi-square statistic and p-value of
3.8776  and  0.4228,

respectively.

This example is continued in Section 5.5.4, where we consider the most
important aspect of this application: the fitting of a bivariate GLD-2 dis-
tribution to the pair (DBH, H).

3.6 EGLD Random Variate Generation

We saw in Section 1.4 that the GLD is very useful in simulation and Monte
Carlo studies as it can model a wide range of distribution shapes with a
simple model from which it is easy to generate data. It is also easy to
change the distribution (e.g., for sensitivity studies) by simply changing the
(M, A2, A3, A1). The EGLD completes the coverage of moment-space, as
we saw in Section 3.3, especially Figure 3.3-5. To complete this gain for
simulation and Monte Carlo studies, we now specify how to generate the
GBD part of the EGLD.
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Since (see the proof of Theorem 3.2.2) a GBD r.v., Y, can be represented
as

Y = 061+ 52X, (3.6.1)

where X has the beta distribution of (3.1.1), to generate values of ¥ we
can generate values of X, say Xi, Xo, ... and then calculate

Vi=08+0650X1, Ya=01+0X, ... (3.6.2)

Three methods of generating X1, Xo, ... are given in Karian and Dudewicz
(1999b), Section 4.6.8. Their Method 1 deals with the case where §3 and
34 are both from the set of values —0.5, 0, 0.5, 1, 1.5, 2, 2.5, ...; Method 2
uses the p.f. of a beta r.v., with the incomplete beta function and Newton-
Raphson iteration; Method 3 works when (33 and (34 are positive. For other
methods, some of them exact and fast, see Tadikamalla (1984, pp. 207-208).

Problems for Chapter 3

3.1. In the forestry example of Section 3.5.5, we found a GBD fit to the
H (height) data that had support [11.4, 89.3]. However, the data ranged
from a minumum of 18.0 to a maximum of 94.0. Thus, as noted in the
example, the fit had the undesirable property that it could not “explain” all
of the observed data. One way to handle such problems is to constrain the
search for a fit to GBDs that satisfy the condition:

/1 <14 and B+ G >9 (*)

since then the support of the fitted GBD will be at least that of the
data.

Perform such a constrained search to obtain a GBD fit to the height H
data that has support that covers the range of the data. [Hint: One way
to accomplish this is to modify FindBetasM by adding a “penalty” to the
quantity to be minimized when (x) is not satisfied. This allows you to
start the process with the usual initial point, but direct the process to seek
solutions that have the desired support.]

3.2. For the constrained fit obtained in Problem 3.1, perform a chi-square
test of fit and compare with the results from the unconstrained fit given in
Example 3.5.5.
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3.3. Modify the routines FindLambdasM and FindBetasM to obtain proce-
dures FindLambdasMR and FindBetasMR (“R” for restricted) that produce
fits whose supports cover the support of the data. Find or construct a
dataset for which the original routines yield a support that is “too small”
and obtain fits through FindLambdasMR and FindBetasMR. (See the hint of
Problem 3.1.)

3.4. For the MRI data of Section 2.5.3, investigate fitting a GBD to the
data and compare your result with the GLD fits of Section 2.5.3.

3.5. For the twin birth-weight data of Section 2.5.4, investigate fitting a
GBD to each of X and Y and compare your results with the GLD fits of
Section 2.5.4.

3.6. For the coefficient of friction data of Section 2.6 given in the form of a
histogram, investigate fitting a GBD to the data and compare your results
with the GLD fits of Section 2.6.

3.7. For a dataset of your choice (not given in this book), investigate fitting
a GBD and compare your result with GLD fits and other fits given in the
literature.
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Chapter 4

A Percentile-Based Approach to Fitting
Distributions and Data with the GLD

In this chapter we consider a GLD(A1, A2, A3, \y) fitting process that is based
exclusively on percentiles. The concept and name “percentile” (also, “quar-
tile” and “decile”) are due to Galton (1875) (see Hald (1998, pp. 602, 604)),
who in his 1875 paper proposed to characterize a distribution by its loca-
tion (median), and its dispersion (half the interquartile range). These are
basically (4.1.2) and half of a special case of (4.1.3) below. However, these
do not include the two shape measures (4.1.4) and (4.1.5). Mykytka (1979)
initially used percentiles for the estimation of GLD(\1, A2, A3, \4) parame-
ters through methods that relied on a mixture of moments and percentiles.
The percentile-based approach that we will describe was proposed in Karian
and Dudewicz (1999a). It fits a GLD(A1, A2, A3, Ay) distribution to a given
dataset by specifying four percentile-based sample statistics and equating
them to their corresponding GLD(A1, A2, A3, A\4) statistics. The resulting
equations are then solved for Aq, A2, A3, Ag, with the constraint that the re-
sulting GLD be a valid distribution.

To make the percentile approach an acceptable alternative to the method
of moments and to provide the necessary computational support for the use
of percentile-based fits, Dudewicz and Karian (1999a) give extensive tables
for estimating the parameters of the fitted GLD(A1, A2, A3, \g) distribution.
These tables are reproduced in Appendix D.

There are three principal advantages to the use of percentiles:

1. There is a large class of GLD(A1, A2, A3, A\4) distributions that have
fewer than four moments and these distributions are excluded from
consideration when one uses parameter estimation methods that re-
quire moments. On the occasions when moments do not exist or may

be out of table range, percentiles can still be used to estimate param-
eters and obtain GLD(A1, A2, A3, A4) fits.
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2. The equations associated with the percentile method that we will con-
sider are simpler and the computational techniques required for solving
them provide greater accuracy.

3. The relatively large variability of sample moments of orders 3 and 4
can make it difficult to obtain accurate GLD (A1, A2, A3, \y) fits through
the method of moments.

4.1 The Use of Percentiles

For a given dataset, X1, Xo,..., X, let @, denote the (100p)th percentile of
the data. 7, is computed by first writing (n + 1)p as r + (a/b), where r is a

positive integer and a/b is a proper fraction, possibly zero. If ¥71,Y5,...,Y,
are the order statistics of X7, X3,..., X, then 7, can be obtained from

. a

fip=Yr+ 2 (Yrp1 = Yr). (4.1.1)

This definition of the (100p)th data percentile differs from the usual
definition. Consider, for example, p = 0.5 where the sample median is
usually defined as M,, = Y; if n = 2k + 1 for some integer £ and M, =
(Yy 4+ Yiy1)/2 if n = 2k for some integer k. By contrast, the sample quantile
of order 0.5 is usually defined as Zps = Y[g5n)41 Where [0.5n] denotes the
largest integer less than 0.5n. Since the sample quantile is defined as a
function of a single order statistic, it is mathematically somewhat simpler.
However, the sample median is a better estimate of the population median.
The 7, that we have defined is the generalization of the definition of the
sample median to the case p # 0.5 as described in Hogg and Tanis (1997),
p- 25.
The sample statistics that we will use are defined by

p1 = Tos, (4.1.2)

P2 = M1y — Ty, (4.1.3)

. 0.5 — 7.

p3 = ——— (4.1.4)
T1—y — 705

. To75 — T0.25

py = —B5 7038 (4.1.5)

P2
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where w is an arbitrary number between 0 and 1/4. These statistics have
the following interpretations (where for ease of discussion we momentarily
assume u = 0.1).

1. pp is the sample median;

2. po is the inter-decile range, i.e., the range between the 10th per-
centile and 90th percentile;

3. ps is the left-right tail-weight ratio, a measure of relative tail
weights of the left tail to the right tail (distance from median to the
10th percentile in the numerator and distance from 90th percentile to
the median in the denominator);

4. p4 is the tail-weight factor or the ratio of the inter-quartile range
to the inter-decile range, which cannot exceed 1 and measures the tail
weight (values that are close to 1 indicate the distribution is not greatly
spread out in its tails, while values close to 0 indicate the distribution
has long tails).

In the case of N(u,0?), the normal distribution with mean u and
variance o2, we have

pr=p,  p2=2560, ps=1, ps=1.36/2.56=0.53.

This indicates, respectively, that the median of N(u,o?) is i, the middle 80%
of the probability is in the range of about two-and-a-half standard deviations
from the median, left and right tail weights are equal, and the inter-quartile
range is 53% of the inter-decile range.

From the definition of the GLD(A1, A2, A3, A4) inverse distribution function
(1.1.1), we now define p1, p2, p3, pa, the GLD counterparts of p1, p2, ps, fa,
as

s _ 1y
P :Q@) :Al‘*%’ (4.1.6)
b= Q1 - ) - Quy = L= m AR o
_ Q(%) - Q(U) . (1 - u)A4 — 3 + (%)/\3 _ (%)/\4
3= Q(l — U) — Q(%) o (1 — u))\B — M+ (%))\4 — (%))\3’ (4.1.8)
o QD=0 @ -G+ @M - (@Y (1.19)

P2 (1 —u)s —uM 4 (1 —u)M —uts’
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The following are direct consequences of the definitions of p1, p2, p3, pa:

1. Since A\; may assume any real value, we can see from (4.1.6) that this
is also true for p;.

2. Since 0 < u < 1/4, we have u < 1 — u and from (4.1.7) we see that
p2 > 0.

3. The numerator and denominator of ps in (4.1.8) are both positive;
therefore, ps > 0.

4. In (4.1.9), because of the restriction on «, the denominator of ps must
be greater than or equal to its numerator, confining ps to the unit
interval.

In summary, the definitions of p1, p2, ps, p4 lead to the restrictions:
—o<pr<oo, p2=>0, p3>0, 0<ps <1, (4.1.10)

If we consider ps = ps(u, A3, \s) and ps = ps(u, A3, A1) as functions of w,
Az and A4, we see that

1
JA3, ) = ————— 4.1.11
P (u ? 4) P3 (’LL, )‘4a )‘3) ( )
and
p4(u, Asg, )\4) = p4(u, A, )\3). (4.1.12)

A given set of values for p1, p2, p3, p4, subject to the restrictions given
in (4.1.10), can be attained from some inverse distribution function but
it is not clear that it can be attained from a GLD(A1, A2, A3, A\4) inverse
distribution. To develop some insight into the possible p1, p2, p3, p4 that
are attainable from GLD(A1, A2, A3, \y) distributions, we let f(u, A3, A4)
be the denominator of ps given in (4.1.9), i.e.,

Flu,hs, M) = (1= u)® = + (1 —u) — e,
Differentiating f(u, A3, \4) with respect to v and simplifying we get

aﬁuf(% A3, A1) =
X (= w4 wd ) =g (- M) ()
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This derivative will be negative if both A3 and A4 are positive, making
f(u, A3, A1) a decreasing function of v when A3 > 0 and Ay > 0. This
makes pgs an increasing function of u. Moreover, py will attain a value of
1 if w = 1/4, regardless of the values of A3 and A\s. Figure 4.1-1 gives a
more precise view of the impact of u on the surfaces p(u, Az, \s). Three
such surfaces (from the lowest to the highest) for v = 0.01, 0.15, and 0.23,
respectively, are shown in Figure 4.1-1.

\ M AN
/14

NN
.61 7777 \\N
oL

1/

Figure 4.1-1. The surfaces (in rising order) p4(0.01, A3, A1),
pa(0.15, A3, Ag), and p4(0.23, A3, A4).

4.2 The (ps, ps)-space of GLD(\y, A2, A3, \q)

The fitting of a GLD(\1, A2, A3, A1) to a given dataset X1, X2, ..., X, is done
by solving the system of equations p; = p;(i = 1,2,3,4) for A1, A, A3, A4.
The definitions of p1, p2, 3, pa in (4.1.2) through (4.2.5) may have seemed
strange or arbitrary to this point. However, we now observe the main ad-
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vantage of these definitions: the subsystem p3s = p3 and ps = pg involves
only As and A4, allowing us to first solve this subsystem for A3 and A4 and
use these values of A3 and A4 in po = po to obtain As from

1 — )3 — M 1 — )M — M3
dy = Lz ;2( W = u (4.2.1)

and finally, using the values of Ao, As and Mg in py = py for A1 to obtain

Az _ Aq
e Q202

(4.2.2)

As we consider solving the system ps3 = p3, p4 = p4, it becomes necessary
to give u a specific value. For a particular u we must have (n+1)u > 1 to be
able to compute 7, and 71_,,, and eventually ps, p3, and p4. If  is too small,
say v = 0.01, then our method will be restricted to large samples (n > 99
for the u = 0.01 case). Unfortunately, we cannot resolve this problem by
choosing u close to 1/4 because then the denominator of p4 will be close to its
numerator, making p4 close to 1 and rendering it useless as a measure of “tail
weight.” We have found v = 0.1 to be a good compromise: it accommodates
all n > 9 and allows p4 to function as a reasonable measure of tail weight.
Throughout the rest of this chapter we take v = 0.1.

Figures 4.2-1, 4.2-2, and 4.2-3 show contour plots of (p3, p4) for (A3, A\4)
from Regions 1, 2, 5 and 6, Region 3, and Region 4, respectively (recall
that the (A3, \4) regions were discussed in Section 1.2 and are illustrated in
Figure 1.2-1 of that section). Half of the contour curves of Figures 4.2-1
through 4.2-3 are obtained by holding As fixed and varying A4; the other
half are generated by reversing the roles of A3 and A\4.

It is clear from Figures 4.2-1 through 4.2-3 that there are constraints
on (ps,ps). In some cases (e.g., when (ps,ps)= (0.1,0.7)), the equations
ps = p3 and pg = p4 have no solutions; in other cases (e.g., when (p3, ps) =
(0.3,0.45)), there seem to be multiple solutions. We can also see that the
bulk of (p3, ps)-space is covered by (A3, As) chosen from Regions 3 and 4
and very little of (ps, ps)-space is covered by (A3, A\s) from the other regions.
This prompts us to give preference to numerical searches for solutions from
Regions 3 and 4.

The reasons for the existence of multiple solutions can be understood by
considering the solutions associated with a fixed (p%, pi). Any solution to
p3 = p5 and ps = pj must be located simultaneously on these two surfaces.
For purposes of illustration let us suppose that (p3, p5) = (0.4,0.5). Since
a solution must be located on the intersection of the surface ps = 0.5 and
the plane at 0.5 (Figure 4.2—4 illustrates this for (A3, A4) from Region 3), all
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(p3, pa) generated by (A3, A\q) from Regions 1, 2, 5, and 6

(see Figure 1.2-1).

Figure 4.2-1.
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(p3, pa) generated by (A3, \4) from Region 3

(see Figure 1.2-1).

Figure 4.2-2.
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Figure 4.2-3. (ps,p4) generated by (A3, A4) from Region 4
(see Figure 1.2-1).

points of the intersection of the surface and the plane in Figure 4.2—4 are
possible solutions. Similar intersection curves will also arise from considering
the surface ps = 0.4 and the horizontal plane at 0.4. The actual solutions
will be located at the points where these curves themselves intersect. Figure
4.2-5 shows the curves associated with (g3, p%) = (0.4, 0.5) (the curves drawn
in heavy lines are associated with py = 0.5 and the more lightly drawn curves
are for p3 = 0.4).

Figure 4.2-5 indicates the presence of solutions near the points (A3, A\y) =
(3,21) and (A3, A\s) = (6,1). Moreover, there seems to be a possibility of
another solution in the lower right portion of the graph. When that portion
of the graph is magnified (Figure 4.2-6), it becomes clear that there is indeed
a third solution near (A3, A1) = (40,0.2). We can also observe in Figure 4.2—4
that the surface ps has a “crown” when (As, A\4) is near (0,0). It is possible
that because of the limited resolution of the figure, we are not able to see the
intersection of the surface ps and the horizontal plane at 0.5. There is, in
fact, a fourth solution near the origin. Another possible solution suggested
by Figure 4.2-5 is one near (0.1,40); the A4 of such a solution, if it exists,
will have to be larger than 60. It is possible that there may be additional
solutions that were not part of this analysis (Regions 1, 2, 4, 5, and 6).
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Figure 4.2—4. The surface p4 with horizontal plane at .5 (Region 3).
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The location and the number of solutions change as (53, pi) changes. Fig-
ure 4.2-7 shows the intersections of the “solution curves” from Region 3 for
p3 =0.15,0.2,...,0.6 and pgy = 0.1, 0.15,...,0.6. As in Figures 4.2-5 and
4.2-6, the curves associated with p4 are shown with heavy lines and those

associated with ps with more lightly drawn lines.
A4

1+
0.8t
0.6t
0.4t
o.24
10 20 30 40 50 >\3

o

Figure 4.2—6. Solutions to p3 = 0.4, and py = 0.5 at
intersection points (Region 3).
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Figure 4.2-7. Intersections of p3 and ps curves (Region 3).
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4.3 Estimation of GLD Parameters Through a Method of
Percentiles

As was the case with the equations of Chapters 2 and 3, p3 = ps and
P4 = pa cannot be solved in closed form. We use a program written in
Maple and similar to the searching programs of Chapters 2 and 3 to ob-
tain approximate solutions to these equations. The listing of this program,
called FindLambdasP, is given in Appendix A. In this case the equations are
simpler, and good approximations with

max (|p3 — psl, |pa — pa]) < 107°

are generally obtained within 3 or 4 iterations.

Solutions for a given (ps, p4) can be found in various regions of (A3, A4)-
space (depicted in Figure 1.2-1). Depending on the precise values of p3 and
P4, as many as four solutions may exist in just one region (this occurs in
Region 3). The following are more detailed observations that can be made
regarding the presence of solutions in various regions of (s, A4)-space.

1. It is clear from (4.1.12) that the p4 curves are symmetric with respect
to the line A3 = A\y. We can also see from (4.1.11) that symmetric
images of the p3 curves (about the line A3 = A4) would be added in
Figure 4.2-7 if p3 were allowed to exceed 1. When p3 > 1, we can
obtain solutions by replacing ps with 1/p3 and exchanging the A3 and
A4 that result from a solution associated with (1/5s, pa).

2. For a substantial portion of (p3,p4) with 0 < p3 < 1 and 0 < pyg <
0.625, there are solutions from Region 3.

(a) Table D-1 of Appendix D gives solutions from Region 3 for a large
subset of (p3, pa) with this constraint.

(b) For a subportion of the (ps3, ps)-space with 0.1 < ps < 0.625 and
ps relatively close to py, there is another solution in Region 3.
Table D-2 of Appendix D gives such solutions.

(c¢) In the region 3.8 < ps <1 and 0.54 < ps < 0.625, depending on
the value of p4, there may also be a solution (A3, A1) near (0,0);
as ps and p4 get large (i.e., as p3 gets closer to 1 and p4 gets closer
to 0.625), these solutions gradually move away from the origin.
Such solutions are tabulated in Table D-3 of Appendix D.
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(d) In yet a smaller region within 0.66 < p3 < 1 and 0.586 < pg <
0.625, it may be possible to obtain an additional solution. Such
solutions are given in Table D—4 of Appendix D.

(e) It is also possible that for certain (ps, p4) there may be yet another
solution in Region 3. Such a solution, on the rare occasions that it
exists, will have a small A3 (generally A3 < 0.2) and a considerably
larger A4 (generally Ay > 60). These solutions are not tabulated.

3. When 0 < p3 < 1 and 0 < pg4 < 0.48, there is a unique solution
from Region 4. In contrast to the Region 3 solutions, these will pro-
duce GLD(A1, A2, A3, A\y) distributions with infinite left and right tails
(see Section 1.3 for a comprehensive discussion of GLD(A1, A2, A3, A4)
shapes). Solutions from Region 4 are given in Table D-5 of Appendix
D.

4. Solutions from Regions 1, 2, 5, and 6 are also possible. But, as can be
observed from Figure 4.2-1, these are associated with a very limited
set of (p3, p4). Such solutions are not tabulated.

These observations are summarized in Figure 4.3-1 which shows the (ps3, p4)
pairs for which solutions are tabulated in Tables D-1, D-2, D-3, D4, and
D-5 of Appendix D. These regions are designated in Figure 4.3—-1 by T1,
T2, T3, T4, and T3, respectively. Boundaries are designated for T1, T2,
T3, and T5, but not for T4.

1. The region for Table D—4 is not designated by its own boundary since
it represents a rather small neighborhood of the point (0.8,0.6).

2. The boundary of the region for Table D—2, except for the small
portion on the right where ps = 1, is depicted with two thick
curves.

3. We can see from Figure 4.3—1 that most of the time when solutions
exist there will be at least two solutions. Moreover, on some occasions
(e.g., when ps = 0.9 and ps = 0.61), Tables 1, 2, 3, and 4 will provide
four distinct solutions. On somewhat rare occasions (e.g., near the
point that has p3 = 0.4 and ps = 0.6), only a single solution will be
given in Table 1.

4. As can be observed from Figures 4.2-1, 4.2-2, and 4.2-3, solutions will
not exist in any GLD parameter Region (1, 2, 3, 4, 5, or 6) in the area
marked “No Solutions” in Figure 4.3—1.
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Figure 4.3—1. (p3, pa)-space covered by Tables 1, 2, and 3 (denoted
(by T1, T2, and T3, respectively). The N(0,1) and
Cauchy points are (1,.526) and (1,.325), respectively.

5. The curves in Figure 4.3-1 are obtained by smoothing the “edge points”
of the tables; consequently, the points on the curves represent approx-
imations of these edge points. The “upper” boundaries of the
regions for Tables 1 and 5 are shown by lightly drawn curves
(the higher curve is the boundary for the region of Table 1). On the
right, these two regions are bounded by p3 = 1 and below they are
bounded by ps = 0.

6. The boundary of Table 3 consists of the line p5 = 1, a lightly drawn
horizontal line at about ps = 0.5 , and a lightly drawn curved upper
portion.

With the availability of the tables of Appendix D, the algorithm below
shows how to obtain numerical values of A1, A2, A3, A\g4 for a GLD fit.
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Algorithm GLD-P: Fitting a GLD distribution to data, percentile
method.

GLD-P-1. Use (4.1.2) through (4.1.5) to compute p1, p2, 43, P4.

GLD-P-2. Find the entry point in one or more of the tables of Appendix D
closest to (ps, pa); if p3 > 1, use (1/ps3, pa) instead of (ps3, pa).

GLD-P-3. Using the entry point from Step GLD-P-2, extract A3 and 5\4;
if p3 > 1, interchange A3 and A4.

GLD-P-4. Use )3 for A3 and \4 for A4 in (4.1.7) to determine Ao

GLD-P-5. Use \; for A, A3 for A3, and M\ for )4 in (4.1.6) to obtain M.

To estimate A1, A2, A3, Ay with greater accuracy than would be possible
through Algorithm GLD-P, we can use FindLambdasP, the searching pro-
gram mentioned earlier. The tables of Appendix D can be used to obtain
reasonable starting points for a search that ultimately is likely to estimate
A1, A2, Az, Ay more accurately. The two examples that illustrate this below
use the program FindLambdasP to find an approximate solution. As was the
case with FindLambdasM and FindBetasM discussed in Sections 2.3 and 3.3,
respectively, this program is written in Maple and requires three arguments:
a list consisting of p1, P2, P3, P4, an initial estimate of A3 and an initial es-
timate of A4. By default, FindLambdasP uses u = 0.1; however, through an
optional 4th argument, the user can specify another value for u.

Example 1. Suppose we want to find percentile-based fits when
=0, po=1 p3=0.3, ps=0.45.

From the location of (0.3,0.45) in Figure 4.3-1, we should expect three
solutions to arise from entries of Tables D-1, D-2, and D-5 of Appendix D.
These solutions, extracted from the tables, have, respectively,

(As, M) = (3.5362, 22.3488), (6.97905, 0.528742), (—0.0089, —0.2455).

The more precise computed estimators of A1, A2, A3, A4 can now be obtained
through the Maple interaction:

> FindLambdasP([0, 1, 0.3, 0.45], 3.5, 22);
> FindLambdasP([0, 1, 0.3, 0.45], 7, 0.5);

> FindLambdasP([0, 1, 0.3, 0.45], -0.01, -0.2);
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The three fits that result are, in order,
GLD;(—0.1072482198, .7829248492, 3.574024953, 22.14595157),
GLD»(0.6190898659, 1.113639228, 7.217498806, 0.5225051496),

and
GLD5(—0.2281927712, —0.8542746993, —0.01319056636, —0.2679842550).
The fact that the supports of GLD1, GLD»2, and GLDj are, respectively,
[-1.38,1.17], [-0.28,1.52], and (—o0,00),

gives us an indication that we are likely to have three rather diverse fits to
choose from for our application. This is even more apparent from Figure
4.3-2 which shows the GLD;, GLD», and GLDs p.d.f.s, designated by “(1),”
“(2), and “(5)” respectively. Because the computations of FindLambdasP
guarantee that |p3 — ps| and |pg — ps| are less than 107® and p; and ps can
be easily obtained from (4.1.6) and (4.1.7), we can be certain that for all
three fits (p1, po, p3, pa) = (0,1,0.3,0.45).

Example 2. Let us consider
P1 = 0, ﬁg = 1, ﬁg = 0.9, ﬁ4 = 0.61.

We can see from Figure 4.3—-1 that four solutions may be attained from
entries of Tables D-1, D-2, D-3, and D-4 with

(Ag, Ag) = (1.2099, 32.4923), (2.48046, 2.05430), (0.01419, 0.84334),
(0.91871,0.67829).

Since there are actual entries for (ps, ps) = (0.9,0.61), the exact values of
our (p3, p4), we can obtain accurate estimators of (A3, \4) either through
FindLambdasP or through Algorithm GLD-P. In either case, we obtain the
following four fits.

GLD;(—0.5078313823, 0.8512441110, 1.209933725, 32.49226836),

GLD2(0.03939060205, 1.563264059, 2.480456830, 2.054298999),
GLD3(—0.5395883345, 0.8022004003, 0.01419333590, 0.8433388506),

and

GLD4(.06359226582, 1.508433272, .9187136135, .6782908239).
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As in Example 1, the supports of these fits
[—1.68,0.67], [-0.60,0.68], [-1.79,0.71], and [-—0.60,0.73]

for GLD;, GLD,, GLD3 and GLDy, respectively, indicate the possibility of
a variety of p.d.f. shapes. This is substantiated in Figure 4.3—3 where the
GLD;, GLDy, GLD3, and GLD4 p.d.f.s are shown (designated, respectively,
by 44(1)’77 44(2)’77 44(3)’77 44(4)77)‘

-1 -0.8 0.6 0.4 -0.2 0 0.2 0.4 0.6 0.8 1

Figure 4.3—2. The GLD;, GLDs, and GLDjy p.d.f.s of Example 1,
marked by “(1),” “(2),” and “(5),” respectively.

0]

-15 -1 05 0 0.5

Figure 4.3—-3. The GLD;, GLD2, GLD3, and GLD4 p.d.f.s of Example
2, marked by “(1),” “(2),” “(3),” and “(4),” respectively.
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4.4 GLD Approximations of Some Well-Known Distributions

In this section we use the percentile-based method described in Sections 4.1
through 4.3 to fit GLD distributions to the important distributions encoun-
tered in applications that were considered in Sections 2.4 and 3.4. It follows
from the discussion of Section 4.3, and particularly from Figure 4.3-1, that
in most cases we will be able to fit several GLDs to a given distribution.
Of course, this does not mean that all the fits will be good ones. In the
following sections as we consider the distributions of Sections 2.4 and 3.4,
we will discover that, generally, the percentile method produces three fits,
of which one is clearly superior to the others. In our first example we fit
the N(0,1) distribution, obtain three fits, and give all the details associated
with each fit. In subsequent sections we concentrate, on the best fit.

4.4.1 The Normal Distribution
The percentile statistics, p1, pa, p3, p4, for N(u,c?) are

p1=u, p2=25631c, p3=1, pg=0.52631.

Locating (ps, p4) in Figure 4.3-1, we see that three fits are available from
Tables D-1, D-2, and D-3. Through the use of these table entries and
FindLambdasP for direct computations, we get the three fits GLD, GLD»>,
and GLD3 to N(0,1), associated with Tables D-1, D-2, and D-3, respec-
tively. These fits are

GLD;(—0.8584, 0.3967, 1.5540, 15.4770),

GLD4(0, 0.5456, 3.3897, 3.3897),
GLD3(0, 0.2142,0.1488, 0.1488),

with respective supports
[—3.38,1.66], [—-1.83,1.83], and [-4.67,4.67].

GLD; is asymmetric (even though it has p3 = 1 and hence, as measured
by the left-right tail-weight is ps-symmetric) because A3 # A4; therefore, it
may not be a suitable fit for N(0,1), depending on why N(0,1) is chosen
in a particular application. GLD2 is symmetric but its support is much too
confined to be a suitable fit for N(0,1). GLD;, GLDy, GLD3, and the N(0, 1)
p.d.f.s are shown in Figure 4.4-1 and the GLDs are marked by “(1),” “(2),”
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Figure 4.4-1. The GLD;, GLD2, and GLD3 fits to N(0, 1) marked
by “(1),” “(2),” and “(3),” respectively; the N(0,1)
and GLD3 p.d.f.s cannot be distinguished.

and “(3).” The N(0,1) p.d.f. cannot be seen as a distinct curve because it
coincides (visually) with GLDs.

The support of the moment-based GLD fit of N(0, 1) obtained in Section
2.4.1 was [—5.06,5.06] and that of the GBD fit obtained in Section 3.4.1
was [—10119,10119]. By comparison, the support of GLD3 is more limited;
however, this may not be a problem in many applications (see discussion at
the beginning of Chapter 2) because the N(0,1) tail probability outside of
the GLDj3 support is approximately 3 x 107%. We complete our first check
for the N(0, 1) fits by noting that

sup|fi(z) — f(x)] = 0.1547,

sup | fa(z) — f(z)| = 0.08626,
sup |fa(z) — f(z)| = 0.0006322,

where f;(z) are the GLD; p.d.f.s and f(z) is the p.d.f. of N(0,1). (See Section
2.4 for an explanation of how sup|f(z) — f(x)| and sup |F(z) — F(z)| are
computed.)

There are perceptible differences between the graphs of the GLD; and
GLD; d.f.s and the d.f. of N(0,1). However, the graphs of the N(0,1) and
GLDj d.f.s appear to be identical and to complete our second check, we
note that

sup |Fy(z) — F(z)| = 0.04783,

sup | Fy(z) — F(z)| = 0.03306,
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sup | F3(x) — F(z)| = 0.0005067,

where Fj(z) are the GLD; d.f.s and F(x) is the d.f. of N(0,1).
As indicated in the introductory paragraph of this section, we obtained
several fits, with one of the fits, GLDg3, clearly superior to the others.

4.4.2 The Uniform Distribution

The values of p1, p2, ps, pa for the uniform distribution on the interval (a, b)

are
1 4 5

p1 2(a+b), P2 5(a+b), =1 =g

We can see from Figure 4.3—-1 that it is possible to find fits from Tables D1,
D-2, D-3, and D—4. Computations associated with the four entries, when
a = 0 and b = 1, obtained from Tables D-1 through D4, yield the following
fits, respectively.

GLD;(0.5309 x 10~7,1.0000, 1.0000, 154.5288),

GLD>(0.5000, 2.0000, 2.0000, 2.0000),
GLD3(0.5000, 2.0000, 1.0000, 1.0000),
GLD4(—0.2552 x 1071%,1.0000, —0.1112 x 1072 1.0000).

GLD; lacks symmetry, as did one of the fits to N(0,1) in Section 4.4.1.
GLDy is not valid because its (A3, A4) lies in the region excluded for valid
GLDs (see Figure 1.2-1). The fits GLDy and GLD3 are actually a single
fit. For either GLDy or GLDg, the substitution of A1, A2, A3, A4 into Q(y),
the inverse distribution function that defines the GLD(A1, A2, A3, A4) (see
(1.2.1)), yields @Q(y) = y. This not only establishes that GLD2 and GLDs3
are the same, but that this common fit is a perfect one that matches the
inverse distribution function of the uniform distribution on (0, 1).

Perfect fits for the uniform distribution were also obtained via the GBD
in Section 3.4.2 and through moment-based estimation in Section 2.4.2. See
the latter part of Section 2.4.2 for a discussion of how to obtain a GLD fit
to the general uniform distribution on the interval (a,b) from a fit of the
uniform distribution on (0, 1).

4.4.3 The Student’s ¢ Distribution

Because of symmetry, t(v), the Student’s ¢ distribution with v degrees of
freedom, has ps = 1. When v =1, py = 0.3249 and as v gets large, p4 gets
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close to 0.5263, the ps of N(0,1). To fit (1), we first determine p1, p2, p3, pa
to obtain

P1 = 0, P2 = 6.1554, pP3 = 1, P4 = 0.3249.

Next, we locate (ps, p4) = (1,0.32) in Figure 4.3-1 and find out that fits are
available through Tables D-1 and D-5. Doing the required computations,
we are led to the fits (associated, respectively, with Tables D-1 and D-5),

GLD; (0, 0.1698, 6.1596, 6.1596),

GLDs(0, —2.0676, —0.8727, —0.8727).

Both GLD; and GLDj are symmetric and GLDs has (—o0, 00) for its sup-
port. The p.d.f. plots of (1), GLD;, and GLDs are shown in Figure 4.4-2
where the p.d.f.s of (1) and GLDs appear almost identical. To complete
our first check for the GLDs5 fit, we note that

f(z) = f(z)| = 0.005157

(for the GLD; fit this is 0.1743). The d.f. of #(1) cannot be graphically
distinguished from the d.f. of the GLD5 and

|F(z) — F(z)| = 0.002376

(for the GLD; this figure is 0.05086).

To compare this method of fitting #(v) with previous ones, we note that
the GBD did not provide a fit for any v (see Section 3.4.3) and the method
of moments was not applicable for v < 4 because requisite moments did not
exist for such v (see Section 2.4.3). We were able to obtain the fit

GLD,,,(0.1613 x 10~7, —0.2481, —0.1359, —0.1359)

for ¢(5) through the method of moments in Section 2.4.3. For #(3), the
percentile-based method of this chapter produces

p1=0, pp=29518, p3=1 pg=0.4924
and the fit (actually, the best of three possible fits)
GLD,(0, —0.06445, —0.04118, —0.04118).

The p.d.f.s of ¢(5) and GLD,, are visually indistinguishable but there is a
perceptible distinction between the p.d.f.s of #(5) and GLD,, (see Figure
2.4-2), indicating that GLD,, is a superior fit. For the GLD,, we have

sup |f(x) — f(z)] = 0.001398 and sup|F(z) — F(z)| = 0.001550,
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Figure 4.4-2. The GLD; and GLDj fits to t(1) marked by “(1)” and “(5),”
respectively; the #(1) and GLDs p.d.f.s are almost identical.

compared to 0.03581 and 0.01488, respectively, for the GLD,,.
For 1 < v < 6, the percentile-based fitting of ¢(v) provides good fits with
support (—oo,00). When v =7,
p1=0, p2=28298, p3=1, pg=0.5026

and a very good fit is obtained from GLD(0, 0.02171, 0.01422, 0.01422),
which has support [—46.07,46.07] and

sup |f(x) — f(2)| = 0.001256, sup|E(z) — F(z)| = 0.001273.

As v increases, the supports of the fits provided by the use of percentiles
shrink to [—4.67,4.67] but the fits remain quite good, as can be seen from
the limiting case of N(0,1) described in Section 4.4.1. The “best” fits for
v =6, 10, and 30 yield

(A1, A2, A3, Aq) = (0,—0.01352, —0.008763, —0.008763), with
sup | f(z) — f(z)| = 0.001324, and sup |F(z) — F(z)| = 0.001388;

(A1, A2, Az, M) = (0,0.08277,0.05521,0.05521), with
sup | f(x) — f(z)| = 0.001105 and sup |F(z) — F(z)| = 0.001054;

(A1, A2, A3, A1) = (0,0.1721,0.1179, 0.1179), with
sup |f(x) — f(z)] = 0.0007980 and sup |F(x) — F(z)| = 0.0006888.
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4.4.4 The Exponential Distribution
The d.f. of the exponential distribution is

F(z) = /Oz f)dt=1—e"" forz>0 (4.4.1)

and 0 for x < 0, where f(t) is the p.d.f. of the distribution (see Section
2.4.5). The percentile function, Q(x), of this distribution is

Q(z) = —-0In(1 — ).

Since for 0 < p < 1, mp, the 100p-th percentile, is characterized by m, =
Q(p), we can easily compute 7.1, 7o.25, To.5, To.75, and 7o.g to obtain the
P1, P2, P3, p4 of the exponential distribution with parameter . These are

In9 1
=#In2 =201 =——1=0.3652 = —.
p1=0In2, py=20In3, p;3 5 0.3652, p4 5

Since for all values of 8, (ps, ps), rounded to two decimals, is (0.37,0.50),
Figure 4.3—1 indicates the possibility of solutions from Tables D-1 and D-2.
When 0 = 3, these lead, through the use of FindLambdasP, to the two fits

GLD;(1.0498, 0.1250, 2.9578, 22.5624),
GLD4(5.0180, 0.1967, 5.6153, 0.7407),

with respective supports
[—6.95,9.05] and [—0.066,10.10).

Figure 4.4-3 shows the p.d.f.s of GLD;, GLD2, and the exponential distri-
bution with 8 = 3. It seems from Figure 4.4-3 that both fits have significant
differences from the exponential, with GLDy (marked by “(2)”) being the
better of the two fits. To complete our first check for GLD, we note that

sup|f(z) — f(z)| = 0.2653.

For our second check we compare the d.f.s of the GLD3 and exponential
(6 = 3) distributions and observe that although they are visibly distinct,
they are close to each other and

sup |[F'(z) — F(z)| = 0.03285.
In Section 2.4.4 the reasonably good fit
GLD,,(0.02100, —0.0003603, —0.4072 x 10~>, —0.001076)
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with support (—o0, c0) was obtained through the method of moments, and
in Section 3.4.4 a very good fit that could not be visually distinguished from
the exponential was obtained through the GBD. Figure 4.4-4 provides a
comparison of the GLD,, and GLD» fits by showing their p.d.f.s with the
p.d.f. of the exponential distribution with 6 = 3.

When 6 = 1, the better of the two percentile fits is

GLD(5.0180, 0.1967, 5.6153, 0.7407),
with support [—0.022, 3.37] and
sup|f(z) — f(z)] = 0.7959 and sup |F(z) — F(z)| = 0.03285.

0.5
(1)

0.4

0.3

0.2

0.1

0 2 4 [ 8 10 12

Figure 4.4-3. The p.d.f.s of the exponential distribution (with § = 3),
GLD; marked by “(1),” and GLD2 marked by “(2)”.

0.3
0.25 1
0.2
0.15
0.1

0.05

0 2 4 [ 8 10 12

Figure 4.4—-4. The p.d.f.s of the exponential distribution (with § = 3),
GLD,, and the moment-based GLD fit of Section 2.4.5.
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4.4.5 The Chi-Square Distribution

In Sections 2.4.5 and 3.4.5 we considered x*(5), the chi-square distribution
with v = 5 degrees of freedom. For this distribution,

p1=4.3515, po=7.6260, p3=0.5611, pg=0.5181

and from Figure 4.3-1 we see that there are three solutions associated with
Tables D-1, D-2, and D-3. Using FindLambdasP we get the percentile-based
GLD()\l, )\2, )\3, )\4)1

GLD;(2.7300,0.1198, 2.3638, 18.7648),

GLD,(6.5087,0.1775, 6.0038, 1.3273),
GLD3(2.4772,0.03448,0.01867, 0.1163).

When the graphs of the p.d.f.s of GLD;, GLD2, and GLD3 are compared
with that of the x%(5) p.d.f., it becomes obvious that GLDj is the superior
fit.

The GBD in Section 3.4.5 led to a very good fit (graphically indistinguish-
able from x?(5)) and the method of moments produced the reasonably good
fit

GLD,,(2.6040,0.01756, 0.009469, 0.05422)

in Section 2.4.5 (see Figure 2.4-4). Figure 4.4-5 shows the p.d.f.s of the
x2(5), GLD3, and the GLD,, fit obtained in Section 2.4.5. The highest
rising curve is the moment-based p.d.f., the next highest is the GLD3 p.d.f.,
and the lowest curve is the p.d.f. of x2(5). GLDj3 seems to be the better
of the two fits; however, both fitted distributions have supports that extend
below zero. To complete our first check we note that the support of GLD3
is [—26.53,31.48] and

sup | f(x) — f(z)| = 0.01525.

For our second check we observe that the d.f.s of GLD3 and x?(5) are
indistinguishable and

sup |[F(z) — F(z)| = 0.01202.

For other values of v we continue to obtain three distinct GLD fits. The
best of these fits for v = 3, 10, and 30 are, respectively,

(A1, A2, A3, A1) = (0.7445,0.02524,0.004756, 0.06524), with
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Figure 4.4-5. The x?(5) p.d.f. with its moment-based GLD fit (highest
rising curve) and percentile-based GLD fit (next highest).

sup | f(x) — f(z)| = 0.05540 and sup|F(z) — F(z)| = 0.01556;

(A1, A2, A3, \g) = (7.1811,0.03341,0.04262,0.1541), with
sup | f(z) — f(z)| = 0.004830, and sup |F(z) — F(z)| = 0.008034;

(A1, A2, A3, Ag) = (26.8430, 0.02403, 0.07999, 0.1743), with
sup | f(z) — f(z)| = 0.001234 and sup |F(z) — F(z)| = 0.004327.

4.4.6 The Gamma Distribution

The d.f. of I'(a, #), the gamma distribution with parameters @ and 6 can be
expressed as

F(r) = /0 ’ fydt=1- F;/("OE)O‘) for x > 0, (4.4.2)

(and 0 if x < 0) where f(¢) is the p.d.f. of the gamma distribution (see
Section 2.4.6), and I'p(a) is the incomplete gamma function

b
I'y(a) :/0 et dt.

For a discussion of the incomplete gamma function, see Abramowitz and
Stegun (1964).
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While the values of mg.1, mo.25, 0.5, ®o.75, and 7g.9 depend on both « and
8, ps and p4 are functions of only a. For the specific case of @« =5 and 6§ =3
considered in Sections 2.4.6 and 3.4.6, the values of p1, p2, p3, p4 are

p1 =14.0127, po = 16.6830, p3 = 0.6736, ps = 0.5225.

We can see from Figure 4.3-1 that for (ps3, pa) = (0.67,0.52) three fits can be
obtained through Tables D-1, D-2, and D-3. Through FindLambdasP these
produce, respectively, the following approximations to the gamma distribu-
tion with o =5 and # = 3:

GLD;(9.9636,0.0571, 2.1126, 17.3966),

GLD4(17.4845,0.0819, 5.6490, 1.7161),
GLDs(10.7717,0.0223,0.0426, 0.1541).

Upon inspection, we find that GLDg3, with support [—34.07,55.61], is the
best of these fits with

sup |f(x) — f(2)| = 0.003220.

This takes care of our first check. For our second check we note that the
graphs of the d.f.s of GLD3 and the gamma distribution with @ = 5 and
@ = 3 look identical and

sup |[F(z) — F(z)| = 0.008034.
In Section 2.4.6 a reasonably good fit
GLD,,(10.7620,0.01445, 0.02520, 0.09388)

was obtained when the GLD(A1, A2, A3, A\s) parameters were estimated via
the method of moments.

In Section 3.4.6, through the GBD approximation, a very good fit was
produced. The p.d.f. of this fit was visually indistinguishable from that of
the gamma p.d.f. with & = 5 and 8 = 3. Figure 4.4-6 shows the p.d.f. of
the gamma distribution with & = 5 and 6 = 3, along with the two approxi-
mations GLD,, and GLDg3. The curve that rises highest is the GLD,, p.d.f.,
the next highest is the GLD3 p.d.f., and the lowest one is the p.d.f. of the
gamma distribution. Of the two approximations, GLDs may be superior in
many applications.
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Figure 4.4-6. The p.d.f.s of GLD,, (the highest curve), GLD3 (the next
highest), and the gamma distributions (with o = 5, 8 = 3).

4.4.7 The Weibull Distribution

The cumulative distribution function for the Weibull distribution with pa-
rameters o and 3 is expressible in closed form as

F(z) = /Oz fH)dt=1- e for z >0, (4.4.3)

(and 0 if z < 0), where f(t) is the Weibull p.d.f. (see Section 2.4.7). From
(4.4.3) and the fact that p = F(7,), where m, is the p-th percentile of this
distribution, we have

Oé?'l'g

p=1—¢e"
and solving this for m, we get
In(1 —p)]"/?
= [—w] . (4.4.4)

This allows us to derive mg.1, 7o.25, 70.5, T0.75, and 7o.9 and subsequently
obtain

p1= (@)UB, (4.4.5)
p2 = <ln710>1/5 - <w>w, (4.4.6)
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_ (In2)"/% — (In(10/9))"/?
P8 = T 10)/8 — (In2)1/8

_ (2In2)/% — (In(4/3))/8
P4~ In10)1/8 — (In(10/9))1/8"

(4.4.7)

(4.4.8)

We can see that as in the situation with the gamma distribution p; and po
depend on both distribution parameters, but ps and ps depend only on .

When we take a = 1 and 3 = 5, as was done in Sections 2.4.7 and 3.4.7,
we obtain

p1 =0.9293, po=0.5439, p3=1.1567, ps= 0.52059.

Note that since p3 > 1 we need to use 1/p3 = 0.8645 and exchange A3 and \4.
The three solutions available from Tables D-1, D-2, and D-3 and obtained
through FindLambdasP are, respectively,

GLD;(1.0938, 1.8256, 16.3599, 1.7350),

GLD2(0.8858, 2.5734, 2.5933, 4.2158),
GLD3(0.9823, 1.0492, 0.2031, 0.1136).

Visual inspection leads us to discard GLD; and GLD> in favor of GLDs,
whose p.d.f. cannot be distinguished from that of the Weibull p.d.f. with
a=1and g =5. To complete our first check we observe that the support
of GLDj3 is [0.029, 1.935] and

sup | f(x) — f(z)| = 0.01914.

For our second check we note that the graphs of the d.f.s of GLD3 and the
Weibull distribution with & = 1 and 8 = 5 appear to be identical and

sup |F(z) — F(z)| = 0.001932.

The moment-based GLD and the GBD approximations obtained in Sec-
tions 2.4.7 and 3.4.7 were also good fits to this Weibull distribution (see
Figure 3.4-3).

4.4.8 The Lognormal Distribution

The lognormal random variable, W, is defined by W = e where X is
N(p,0?) (i.e., X is normally distributed with mean p and variance o2).
Since X = 0Z + p, where Z is N(0,1), we can define W by

W = e7%HH = ghe??,
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For 0 < p <1, mp, the p-th percentile of W has, by definition, the property

1 -
p=PW<m)= P(e“e”z <mp) =P(Z< M).
o
If we define z, to be the 100p-th percentile of Z (i.e., p = P(Z < z,)), we

would have

Inm, —p
Zp = ———
P o
and
T, = e7TH (4.4.9)

Since tabled values of 2, are commonly available, the g 1, mo.25, 705, To.75,
and mpg needed can be obtained from the corresponding values of z, and
equations (4.1.2) through (4.1.5) can be used to obtain the following formulas

for P11y P25 P35 P4-

P = e (4.4.10)

P2 = eCR0.9 1 _ o—0%0.9+1 (4.4.11)
eF%0.5 T _ o—0%0.9 4 e%%0.5 _ g7 0%0.9

p3 = — (4.4.12)
0209 _ 0205+ €7%0.9 — e720.5

eUZ0‘75+“ _ e_UZ0‘75+“ eC70.75 _ g~ 0%0.75

ps= = : (4.4.13)

e0Z0.9Ft U — 0—020.9+1 €0%0.9 — e—0%0.9

We see from (4.4.12) and (4.4.13) that the expressions for ps and ps do not
involve .

We now consider, as we did in Sections 2.4.8 and 3.4.8, the specific log-
normal distribution that has y = 0 and ¢ = 1/3. For these values of y and
O-’

=1 p2=0.8806, p3=0.6523, pg=0.5149

and we are led to the following three solutions from Tables D-1, D-2, and
D-3, respectively:

GLD;(0.8001, 1.0811, 2.2099, 17.0513),

GLD,(1.2074, 1.5217,6.1996, 1.6032),
GLD3(0.8393,0.2934, 0.02937, 0.1005).
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By looking at the graphs of the GLD; and GLD2 we determine that they are
not suitable approximations to the lognormal distribution under considera-
tion, but GLD3 provides a very good fit. Computation yields [—2.57,4.24]
as the support of this fit and

sup | f(x) — f(z)| = 0.05381

completes our first check. For our second check we note that the graphs
of the d.f.s of GLD3 and the lognormal distribution under consideration
appear identical and

sup |F(x) — F(z)| = 0.006971.

In Section 3.4.8 we found out that the GBD does not provide approxima-
tions to lognormal distributions and in Section 2.4.8 we found that

GLD,,,(0.8451,0.1085,0.01017, 0.03422)

was a reasonably good fit for the lognormal with 4 = 0 and ¢ = 1/3 (see
Figure 2.4-7). The p.d.f.s of the lognormal with ;x = 0 and ¢ = 1/3, the
GLDy,, and the GLD3 are shown in Figure 4.4-7. The one that rises highest
is the GLD,, p.d.f., the next highest is the GLD3 p.d.f., and the lowest one
is the p.d.f. of the lognormal distribution with 4 =0 and ¢ = 1/3. Of these
two approximations, GLD3 appears to be the better one.

1.24

0.8
0.6
0.4

0.2

Figure 4.4-7. The p.d.f.s of GLD,, (the highest curve), GLDg3 (the next
highest), and the lognormal distributions (4 = 0, o = 1/3).
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4.4.9 The Beta Distribution

The percentiles, and hence p1, p2, ps, ps, of the beta distribution require
numerical integration even when the parameters, 33 and (4, are specified.
(For the definition of the beta distribution, see Section 2.4.9.) We know
from the development of the GBD(f, 32, 53,34) in Chapter 3 that the
GBD(f1, 32, 03, 54) is a generalization of the beta distribution and, con-
sequently, provides perfect fits for the beta distribution. In Section 2.4.9 we
found out that, in general, the (a3, a4) of the beta distributions lies outside
of the range covered by the GLD(A1, A2, A3, A1) moments, making it impos-
sible to fit a beta distribution through the method of moments. We will see
in Section 4.4.17 that the (ps,ps) of the beta distribution are within the
(p3, pa)-space of the GLD(A1, A2, A3, \yg), allowing us to approximate beta
distributions with GLDs through our percentile-based method.

In the specific case considered in Section 2.4.9 where 3 = (4 = 1, the
distribution function turns out to be F(z) = 6x — 622 for 0 < z < 1.
Computing p1, p2, p3, p4 we have

1
p=z p2= 0.6084, p3s=1, pg=0.5708.

From Tables D-1, D-2, D-3, and D—4 and FindLambdasP, we are led to the
following four approximations.

GLD;(0.2231, 1.5068, 1.2612, 22.2424),

GLD2(0.5000, 2.4331,2.8374, 2.8374),
GLD3(0.5000, 1.9443,0.4398, 0.4398),
GLD4(0.3819, 1.7030, 0.2054, 0.5859).

GLD; and GLD2 are not good fits but GLDs and GLD4 are, with GLDj3
somewhat superior to GLD4. Figure 4.4-8 shows the p.d.f.s of GLD3, GLD4
and beta distribution with g3 = 84 = 1. The GLDy4 p.d.f. is higher at the
endpoints near 0 and 1, GLDj3 gets closer to the z-axis at these points and
the beta p.d.f. reaches the x-axis at these points.

The supports of GLD3s and GLD4 are

[-0.014,1.014]  and  [—0.20,0.97],

respectively, and the A1, A2, Az, Ay of GLDj3 are very close to those of the
moment-based GLD (A1, A2, A3, A1) approximation obtained in Section 2.4.9.
To complete our first check we note that

sup | fa(z) — f(x)| = 0.009618 and sup|fs(z) — f(z)| = 0.1917,
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Figure 4.4-8. The p.d.f.s of GLD3 (highest at 0 and 1), GLD2 (next
highest), and the beta distributions (3 = 84 = 1).

where f3(z) and fs(x) are the p.d.f.s of GLD3 and GLDy, respectively. The
graphs of the d.f.s of GLD3, GLDy4 and the beta distribution with 85 = 84 =
1 appear to be identical and

sup |[E3(x) — F(x)| = 0.001030 and sup|Fy(z) — F(z)| = 0.008360,

where F3(z) and Fy(z) are the d.f.s of GLD3 and GLDy, respectively. This
takes care of our second check.

4.4.10 The Inverse Gaussian Distribution

This distribution, whose p.d.f. is given in Section 2.4.10, does not have a
closed form d.f. or percentile function. We will see in Section 4.4.17 that the
(p3, pa) of the inverse Gaussian distribution are within the (ps, p4)-space of
the GLD, making it possible to fit any inverse Gaussian distribution.

To fit a percentile-based GLD to the inverse Gaussian we specify its pa-
rameters p and A and use numeric methods to obtain the needed percentiles.
The distribution that we considered in Section 2.4.10 had ¢ = 0.5 and A = 6;
for this distribution, we obtain

w1 = 0.3339, wo5 = 0.3962, w5 = 0.4801, 775 = 0.5821, w9 = 0.6916
from which we obtain

p1 = 04801, py=0.3578, ps=0.6915, pg=0.5197.
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Figure 4.3-1 suggests the presence of three solutions associated with Tables
D-1, D-2, and D-3 of Appendix D. Through FindLambdasP we obtain the
fits

GLD;(0.3934, 2.6872,2.1017, 16.9322),

GLD(0.5523, 3.7980, 5.7431, 1.7715),
GLDs(0.4176,0.9580, 0.04304, 0.1349).

Graphic inspection of the three fits reveals that GLDg is the best of the three
fits. Figure 4.4-9 shows the p.d.f. of the inverse Gaussian distribution with
the p.d.f.s of GLD3 and GLD,,,, where GLD,, is the moment-based fit

GLD,,,(0.4164, 0.6002, 0.02454, 0.08009)

that was obtained in Section 2.4.10. The GLD,, p.d.f. is the highest of the
three curves near the center and the GLDj3 is the lowest.

To complete our first check we note that the supports of GLDs and
GLD,,, are [—0.63,1.46] and [—1.25, 2.08], respectively, and for GLD3

sup |f(x) — f(z)| = 0.1143.

For our second check we observe that the d.f.s of GLD3 and the lognormal
with ¢ = 0.5 and A = 6 are visually indistinguishable and

sup |[F(z) — F(z)| = 0.006340.

0’ 02 04 06 08 1 12

Figure 4.4-9. The p.d.f.s of GLD,, (highest at center), GLD3 (lowest
at center), and the inverse Gaussian (¢ = 0.5, A = 6).
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4.4.11 The Logistic Distribution

The p.d.f. of this distribution is given in Section 2.4.11 and the following
d.f. is obtained from it through integration:

1

:mfor — o0 <X < o0.

F(x)

The percentiles needed for the computation of p1, p2, ps, ps are
T1 = /J_O-lnga .25 = /J_O-ln3a T = My, T75 = /J-|-O'1Il3, m9 = u-l—aln9,

and .
pr=p, p2=20In9, p3=1 ps=z.

Since p3 and p4 are both independent of the distribution’s parameters, if
we can fit a specific logistic distribution, we should be able to fit any logistic
distribution. For the specific case of 4 =0 and ¢ =1,

1
p1 =0, p2 = 4.3944, p3 =1, P4 = 5

Figure 4.3-1 indicates 4 possible fits from Tables D-1, D-2, D-3, and D-5
of Appendix D; from FindLambdasP these fits are, respectively,

GLD;(—1.1574,0.2464, 1.8093, 12.3687),

GLD»(0,0.3078, 3.7094, 3.7094),
GLD3(0,1.0825 x 1079,1.0825 x 107%,1.0825 x 1077,
GLD5(0, —8.45701 x 1077, —8.45701 x 1077, —8.45701 x 1077).

The distribution being fitted is symmetric with support the entire real line.
GLD; is asymmetric with support [—5.22,2.90], GLD; is symmetric with
support [—3.25,3.25], GLDj3 is symmetric with support [—9.2 x 1019,9.2 x
10'°], and GLDsy is symmetric with infinite support in both directions. The
higher quality of the GLDs and GLDjy fits is also substantiated visually
because the graphs of the p.d.f.s of the fitted distribution, the GLDg3, and
the GLDs look identical and

sup | fa(z) — f(z)] = 7.9262 x 10711,

sup | fs(z) — f(x)| = 1.0803 x 1077,
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where f3(x) and f5(x) are the p.d.f.s of GLD3 and GLDs, respectively. Hav-
ing completed our first check, we take up our second check by noting
that the d.f.s of these distributions also appear identical with

sup |F3(z) — F(x)| = 1.0258 x 10710,

sup | F5(z) — F(x)| = 6.5028 x 1078,

where F3(x) and F5(z) are the d.f.s of GLD3 and GLDs, respectively.
These are clearly excellent fits. The rather good moment-based fit

GLD,,(0, —0.0003637, —0.0003630, —0.0003630)
was obtained in Section 2.4.11 with

sup | f(x) — f(z)| = 0.0004191 and sup |F(z) — F(z)| = 0.0003541.

4.4.12 The Largest Extreme Value Distribution

The largest extreme value distribution, whose p.d.f. is given in Section 2.4.12,
has, for ¢ > 0,

Tr—

2t )
Fz)y=e% 7 for —oco<z<oo.

From F'(z) we can derive

71 = p—oln(ln10), (4.4.14)
mos = p—oln(ln4), (4.4.15)
w5 =p—oln(ln2), (4.4.16)
w5 = p—oln(ln4/3), (4.4.17)
w9 =p—oln(ln10/9), (4.4.18)
from which we obtain
p1=p—oln(In2), (4.4.19)
p2 = o (In(In 10) — In(In10/9)), (4.4.20)
ps = hlf(ﬁg)l 0_) 1n(11nn(11%§)9) ~ 0.6373, (4.4.21)
In2 + In(In2) — In(In4/3) ~ 0.5008. (1.4.22)

pa= In(In10) — In(In 10/9)
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For the specific case of 4 = 0 and ¢ = 1 considered in Section 2.4.12, we
have

p1 = 0.3665, py=3.08440, ps=0.6373, ps = 0.5098

and we see from Figure 4.3—1 there should be three fits associated with Tables
D-1, D-2, and D-3 of Appendix D. Through FindLambdasP we obtain the
fits

GLD;(—-0.3025,0.3081,2.2782,16.8717),

GLD,(1.1584, 0.4276, 6.6331, 1.5199),
GLD3(—0.1761,0.05676, 0.01964, 0.06540).

Graphic inspection of these fits reveals that GLDg is the best of the three
fits. Figure 4.4-10 shows the p.d.f. of the largest extreme value distribution
with the p.d.f.s of GLD3 and GLD,,, where GLD,, is the moment-based fit

GLD,,,(—0.1857,0.02107,0.006696, 0.02326)

that was obtained in Section 2.4.12. The p.d.f. of GLD,, rises highest near
the center and the p.d.f. of GLDj3 is the lowest near the center.
The observation that GLD3 has support [—17.79,17.44] and

sup | f(x) — f(z)| = 0.01393,

completes our first check. For our second check we note that the d.f.s of
GLDj3 and the distribution being fitted are visually indistinguishable and

sup |F(x) — F(z)| = 0.006260.

2 4 6

Figure 4.4-10. The p.d.f.s of GLD,, (highest at the center),
GLD3 (lowest at the center), and the largest
extreme value distribution (4 =0, 0 =1).
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4.4.13 The Extreme Value Distribution
The p.d.f. of this distribution is given in Section 2.4.13 and its d.f. is
F(z)=1- e for — oo <z < 0.

The percentiles needed for the computation of p1, p2, ps, ps are

71 = p+ oln(In(10/9)), (4.4.23)
a5 = 4+ oln(In{4/3)), (4.4.24)
75 = p+ oln(ln2), (4.4.25)
s = p+ oln(ln4), (4.4.26)
w9 = p+ oln(In10), (4.4.27)
and
= p+oln(ln2), (4.4.28)
p2 = o (In(In 10) — In(In 10/9)) , (4.4.29)
ps = 1?1(118112)1 5 lf(llnn(llfé)g) ~ 1.5692, (4.4.30)
pa— In2 + In(In2) — In(In4/3) ~ 0.5008. (4.4.31)

In(In10) — In(In 10/9)

Because of the close relationship of this distribution with the largest extreme
value distribution, we obtain the same po and p4 that we did in Section 4.4.12
and the ps that we get is the reciprocal of the ps of the largest extreme value
distribution (see (4.4.21) and (4.4.22)). Recall that (ps, p4) and (1/ps, p4)
lead to GLD fits with their A3 and A4 interchanged (see (4.1.11) of Section
4.1). Therefore, we can get a percentile-based GLD fit for the extreme value
distribution whenever we are able to fit the largest extreme value distribution
with the same parameters and since ps and p4 are constants, percentile-based
fits are available for all possible parameter values of the distribution.

4.4.14 The Double Exponential Distribution

The double exponential distribution, whose p.d.f. is given in Section 2.4.14,
has d.f.
{1—%6—9% ifz >0

P(z) =
%e’”/’\ if x <0.
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The percentiles m1 = —AInb, w95 = —AIn2, 75 =0, w75 = Alnl, and
mTg = Alnb lead to

p1=0, p2=2\In5 p3=1, ps=1n2/In5.

Since p3 and p4 are both independent of X if we can fit a specific double
exponential, then we should be able to fit all double exponential distribu-
tions. Figure 4.3-1 indicates two possible fits from Tables D-1 and D-5 of
Appendix D for all possible values of the parameter X. In the specific case
of A =1 considered in Section 2.4.14, from FindLambdasP we obtain the two

fits
GLD;(0,0.3833,4.5849, 4.5849),

GLDs(0, —0.7626, —0.3552, —0.3552).

The support of the distribution being fitted is (—oo, co) whereas the supports
of GLD; and GLDs are, respectively, [—2.61,2.61] and (—o0,00). Also,
visual inspection indicates that GLDj is the better fit. In Section 2.4.14 we
obtained the moment-based fit

GLD,,(7.5505 x 10727, —0.1192, —0.08020, —0.08020).

Figure 4.4-11 shows the p.d.f.s of the double exponential (with A = 1),
GLDs, and GLD,,,. The double exponential p.d.f. rises to a sharp point
at 0 and the higher rising curve at the center is the p.d.f. of GLD5. The
computation R
sup | f(z) — f(z)| = 0.08034

completes our first check (note that for GLD,, this figure was 0.1457).

-4 -2 0 2 4

Figure 4.4-11. The p.d.f.s of GLD,, (lowest at center), GLDs, and the
double exponential with A = 1 (highest at center).
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For our second check we observe that the d.f.s of the double exponential
and GLDs5 appear to be identical and

sup | f(x) — f(z)| = 0.01046.

For GLD,, this figure was 0.02871.

4.4.15 The F-Distribution

The F-distribution whose p.d.f. is given in Section 2.4.15 does not have a

closed-form representation of its d.f. or its percentile function. Thus, we

have to use numeric methods to obtain p1, p2, p3, p4 in specific instances.
When 11 = 6 and 1o = 25, the case considered in Section 2.4.15, we obtain

p1 = 09158, py=1.6688, p3=0.5058, pg4=0.5031.

The three possible fits suggested by Tables D-1, D-2, and D-3 of Appendix
D, respectively, lead to

GLD; = (0.6080, 0.5372, 2.5962, 18.77855),

GLD, = (1.4933,0.7809, 6.7632, 1.1197),
GLDs = (0.5290, 0.02885, 0.003070, 0.01930).

Visual inspection indicates that GLD3, with support [—34.13,35.19], is the
best of these three fits. Figure 4.4-12 shows the F(6,25), GLD3, and GLD,,
p.d.f.s, where GLD,, is the fit

GLD,, = (0.5898, —0.09063, —0.01095, —0.05314)

that was obtained in Section 2.4.15. The curve that rises the highest at
the center is the GLD,, p.d.f., the next highest is the GLDg3 p.d.f., and the
lowest is the p.d.f. of F(6,25). To complete our first check, we note that
for GLDsg, A

sup | f(z) — f(z)| = 0.06559.

For our second check, we observe that the d.f.s of the F'(6,25) and GLD3
distributions cannot be visually distinguished and

sup |F'(z) — F(z)| = 0.01154.

Our discussion of the F-distribution in Section 2.4.15 showed that moment-
based fits were possible only for relatively large values of vo. The percentile-
based approach of this chapter turns out to be far more flexible, allowing
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Figure 4.4-12. The p.d.f.s of GLD,, (highest at center),
GLDs, and F'(6,25) (lowest at center).

us to obtain fits for a variety of choices of 14 and 1». For example, for

(r1,v2) = (2,4), (4,6) and (6,12) we get, respectively, the following fits:

(A, A2, Az, Ag) = (1.9576 x 1075, —0.5000, —7.1117 x 1077, —0.5000), with
sup |f(x) — f(z)| = 0.004965 and sup|EF(z) — F(z)| = 8.4394 x 10~5;

(A1, A2, Az, Ag) = (0.3244, —0.3426, —0.02427, —0.2969), with
sup |f(z) — f(2)| = 0.1283, and sup|F(z) — F(z)| = 0.01386;

(A1, A2, Az, Ag) = (0.4963, —0.1270, —0.01241, —0.09145), with
sup |f(x) — f(2)| = 0.06865 and sup |F(z) — F(x)| = 0.01199.

4.4.16 The Pareto Distribution

From the p.d.f. of the Pareto distribution given in Section 2.4.16, through
integration we obtain the d.f.

A8
F(w)zl—(;) for x> A
and F(zx) =0 if x < A, and the percentile function

A
Q(:E) = (1 —:L‘)l/fB'
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From Q(z) we can compute

p1 = A28, (4.4.32)

pa =X (10" = (10/9)"/7), (4.4.33)
_1-(5/9)"/F

pP3 = 51//8——]_’ (4434)

9l/8 _ (2/3)1/6
S/ (5/9)1/8

(4.4.35)

In Sections 2.4.16 and 3.4.16 we were not able to obtain fits to this impor-
tant distribution (widely used in studies of income) for any of its parameter
values because its (a3, a4) pairs are outside the regions covered by the GLD
and EGLD. However, the (ps, p4) of the Pareto distribution depends only on
the single parameter 3 and is within the (p3, p4)-space covered by the tables
of Appendix D. For example, when A =1 and 5 = 5, we have

p1 = 1.1487, ps=0.5636, p3=0.2021, ps=0.4618

and we use FindLambdasP to obtain the following fits suggested by Tables
D-1, D2, and D-3, respectively.

GLD; (1.0842, 1.3832, 3.4873, 23.1347),
GLD4(1.4839, 2.0467, 6.4014, 0.5190),

GLD3(1.0000, —1.0000, —7.3451 x 10™%, —0.2000).

Of these, GLDg, with support [0.99,1.97], appears to be the best fit and its
p-d.f. seems to be indistinguishable from that of the Pareto p.d.f. with A =1
and 3 = 5. We complete our first check for this fit by computing

sup |f(z) — f(z)] = 6.0 x 107.

As has generally been the case, in our second check the d.f.s of GLDg
and that of the Pareto distribution under consideration also appear to be
identical and in this case

sup | F(z) — F(z)| = 4.1 x 107°.
Fits of the Pareto distribution with other choices of A and § are not only

possible but also quite good. The fits for (X, 3) = (1,2), (1,10), and (1, 20)
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are summarized below.

(A1, A2, A3, A1) = (1.0000, —1.0000, —4.1976 x 10~ —0.5000), with
sup | f(z) — f(z)| = 3.8 x 107 and sup |[F(z) — F(z)| = 1.2 x 1079,

(A1, A2, Az, M) = (1.0000, —1.0000, —2.1159 x 10~7, —=0.1000), with
sup | f(z) — f(z)| = 0.05271, and sup|F(z) — F(z)| = 1.1 x 1075,

(A1, A2, Az, ) = (1.0000, —1.0000, —5.6691 x 10~%, —0.05000), with
sup |f(z) — f(z)| = 0.05664 and sup |F(z) — F(z)| = 6.4 x 1076,

4.4.17 Summary of Distribution Approximations

It should be clear from Sections 4.4.1 through 4.4.16 that the use of per-
centiles allows us to approximate a variety of distributions, in many cases
yielding better approximations than the moment-based methods of Chap-
ters 2 and 3. It also seems that the (p3, p4) points of the GLD(A1, A2, A3, A4)
cover a large enough area to provide flexibility in approximating distributions
(e.g., the beta, F', Pareto, and some Student’s ¢ distributions) that could not
be fitted with the GBD(f1, 52, 83, 84) or with the GLD(\1, A2, A3, \4) when
moments are used. Figure 4.4-13 charts the location of the (p3, p4) points
for the distributions considered in Sections 4.4.1 through 4.4.16. The (ps, p4)
points associated with these distributions consist of a single point, a curve,
or a region in (ps, p4)-space.

The (p3, p4) points of the uniform, normal, logistic, double exponential,
Cauchy (or t(1), the Student’s ¢ distribution with one degree of freedom),
exponential, and largest extreme value (hence also extreme value) distribu-
tions are marked with small rectangles and labeled with “u,” “n,” “l,” “d,”
“c,” “e,” and “v,” respectively. The first five of these have ps = 1 and are
located at the right edge of Figure 4.4-13; the last two are more centrally
located.

The (ps3, p4) points of Student’s ¢, gamma (this includes the chi-square as a
special case), Weibull, lognormal, inverse Gaussian, and Pareto distributions
are represented by curves that are labeled with “T,” “G,” “W,” “LN,” “IG,”
and “P,” respectively. The curves for the gamma and Weibull intersect at
“e,” the (p3,pa) of the exponential distribution. The lognormal and inverse
Gaussian curves are very close to each other; the higher of the two curves that
the label “LN, IG” points to is the curve for the lognormal, the lower one is
for the inverse Gaussian. With the exception of the curve for the Student’s
t and Pareto distributions, all curves extend from the vicinity of (0,0) to
a point where ps3 = 1. The curve for the Pareto distribution also starts
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Figure 4.4-13. The (p3, p4) points associated with the distributions
considered in Sections 4.4.1 through 4.4.16.

near (0,0) but extends only to the (p3, ps) of the exponential distribution.
The curve, actually straight line, of the ¢ distribution connects the points
agsociated with the Cauchy and normal distributions.

The region enclosed by the two curves marked with “+” represents the area
covered by the beta distribution. The region enclosed by the dashed lines
and marked “F dist.” is the area covered by the F-distribution. Except for
the region of the F-distribution, the points, curves, and regions of Figure
4.4-13 provide an accurate representation of the (ps,ps) points for each
distribution. The (p3, p4) points of the F-distribution are much harder to
compute and the region marked “F dist.” is only a reasonable approximation
of the true (ps3, ps)-space of the F-distribution.

The thick curve in Figure 4.4-13 that goes through the beta region is the
boundary that separates the points that are within the range of the tables
of Appendix D (the points below the curve) from those that are outside this
range (the points above the curve). Points that are above this curve are
generally also outside of computation range of FindLambdasP.
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4.5 Comparison of the Moment and Percentile Methods

The greater flexibility of the percentile approach, of course, does not speak to
the quality of the approximations it produces. To get a quantitative measure
of the quality of approximations we consider the “distances” between g(z),
the p.d.f. of the distribution being approximated and f(x), the p.d.f. of the
approximating GLD (A1, A2, Az, \g).

There is a large body of literature involving evaluation of the estimate
f(z) of ap.d.f. g(z), through nonnegative divergence or pseudodistance
measures designated by D(f,g). The Ly-norm,

1@ =@l = ([ 1@ -g@lda) " p21 s

is a commonly used form of D(f,g) (see Gyorfi, Liese, Vajda, and van der
Meulen (1998) for details). We will concentrate on the cases p = 1 and
p=2.

The case p = 1 has a natural interpretation in terms of probability. The
overlapping coefficient, A(f,g), of any two p.d.f.s, f(x) and g(z), is de-
fined as the area that is under both p.d.f.s and above the horizontal axis;
equivalently, A(f,g) is the area above the horizontal axis and below the
function min{f(z), g(z)). (For an introductory discussion of the history and
literature of this subject, see Mishra, Shah, and Lefante (1986) and for exam-
ples, see Dudewicz and Mishra (1988).) The relationship of the L; distance,
[|f(z) — g(z)]||1, to A(f,g) is shown in Figure 4.5-1 where ||f(z) — g(x)|]1
is the area between the two illustrated p.d.f.s and A(f, g) is the area under
min(f(x), g(x)) which is shown in heavy print. It can be seen from Figure
4.5-1 that

o

A(f,9) + 11 (@) — g(@)lhh =/ max(f(z), g(x)) dz. (4.5.2)

—00

Hence, the L; distance and A(f, g) are two sides of the same coin: the L;
distance measures the difference, while A(f, g) measures the commonality,
of two p.d.f.s

In Point 6 of Section 2.5.1 we noted some of the many statistical tests of the
hypothesis that given data comes from a specified d.f., G(z). Many of these
tests rely on the sample (empirical) d.f. of the data. However, a number
of the tests have an interpretation based on the closeness of an f(z), the
estimating p.d.f., to g(z), the p.d.f. being estimated (see Dudewicz and van
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Figure 4.5—-1. Relationship between the overlapping coeflicient
A(f,g) and the Ly norm, ||f(z) — g(=)|x
of any two p.d.f.s f(x) and g(x).

der Meulen (1987) for such an interpretation with the entropy test). Since
it is of interest to consider distance measures between p.d.f.s f(z) and g(z),
based on f(z) and g(z) themselves (and not their d.f.s), we begin with the
definition of L; and Lo norms.

Definition 4.5.1. The L1 and Lo distances between two p.d.f.-s are, respec-
tively,

=gl = [ 15(@) = g(a)| do

and 1/2

17 =gl = | [ (#@) - g(a)? do

When there is complete agreement between f(z) and g(z),
1f =gl =[1f = gll2=0.

Moreover, because they are p.d.f.s, the integrals of f and g are equal to 1

and
IIf —gllr <2

The integrations that lead to || f —g||1 and || f—g||2 must be done numerically
because we do not have a closed-form expression for f(z), the p.d.f. of the
approximating GLD(A1, A2, A3, A4). The results, therefore, will be numerical
approximations. The following algorithm will produce approximate L; and
Lo distances.
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Algorithm L,Ly: Approximations to L1 and Ly Distances.

L1L2—1. Input
e 1, a positive integer > 3.
® )\, A2, Az, Ay, the parameters of the GLD(\1, A2, A3, Aq) fit with p.d.f.

f(z)-
e g(z), the p.d.f. of the distribution being fitted.

L;Ly-2. Compute values p; =i/n fori=1,2, ..., n— 1.

L1Ly-3. Compute the n — 1 percentile points 7, using m; = Q(p;) for ¢ =
1,2,...,n—1 (see (1.1.1)).

LiLy-4. Compute the n — 1 y-coordinates of the GLD(A1, A2, A3, A4) p.d.f.
using
Agpy3 ™ 4 Ag(1 = py)a=t
fori=1,2,..., n—1 (see (1.1.3)). The points (m;,y;) are on the graph
of f.

Yi

LiLy-5. Compute the n — 1 values on g(z), the function being fitted, by
Y, = g(m;) fori=1,2, ..., n—1, making sure that when pi; is outside
of the support of g(z), Y; is assigned a value of zero. The points (7;,Y;)
are on the graph of g.

IhLy—6. Let Ay =mjy; —mfori=1,2, ..., n—2.

L1Lo-7. Compute the sums
n—2 n—2
S1=Y Ay Yy and Sp=> Ay —-Y)>
i=1 i=1

L1L,-8. Compute
™ oo
E:/ M@M+/ g9(z) dx

-0 Tn—1
and
™ oo
Ty = / g*(x) dx + g*(x) dx.
-0 Tn—1

L1Ly—9. 5147 approximates the L; distance between f and g and /52 + 15
approximates the Lo distance between f and g.
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In Algorithm I Ly, S and Sy are Riemann sums for the integrals
Tn—1 Tn—1 9
[ 5@ - g@)l e and (f(@) - g(@)* dz,  (453)
T 1

respectively. Therefore, 57 and So converge to the values of these definite
integrals as n — oo. Since the accumulated probability of f(x) on the
intervals (—oo, ) and (7,_1,00) is 2/n and f(z) and g(z) are non-negative,

/m | f(z) —g(z)|dz + - f(2) — g(x)| da

— 00 Tn—1

= /7r1 (f@) +a@)de+ [ (f@)+g(@) de

-0 Tn—1
2
<Z 4T (4.5.4)
n
Therefore,
2
’ f =gl = (S1+T) ’ <= (4.5.5)
and
If = glh = lim (S1+T1). (4.5.6)

It can be similarly established that
If = glla = lim /52 + T, (4.5.7)

justifying the conclusions in Step LqLo—9.

Table 4.5.2 summarizes the L; and Lo distances between the p.d.f.s of
the distributions considered in Sections 2.4.1 through 2.4.16 (and also in
Sections 4.4.1 through 4.2.16) and their GLD(A1, A2, A3, A4) approximations
that resulted from moment-based and percentile-based estimations. The
percentile-based fit is the fit that was deemed visually most appropriate in
Sections 4.4.1 through 4.4.16.

The computations of the L1 and Ly distances in Table 4.5-2 were obtained
through Algorithm L; L9 with a large enough n (n = 5000) to have an error
bound of 1073, This assertion is based on the fact that when n was increased
from 2500 to 5000, only negligible differences (less than 10~3) were observed
in the computed values.
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Table 4.5—2. L; and Ly distances between distributions and their
moment and percentile based GLD approximations.

L, distance Lo distance
Distribution Moment | Percentile | Moment | Percentile
Fit Fit Fit Fit

Normal: pn=0,0% =1 0.007 0.003 0.003 0.001
Uniform®: on interval (0,1) 0 0 0 0

Student’s t: v =1 i 0.019 i 0.005
Student’s t: v =5 0.066 0.008 0.034 0.002
Chi-Square: v =5 0.101 0.060 0.025 0.017
Exponential: § = 3 0.022 0.154 0.045 0.092
Gamma: @« =5,0 =3 0.060 0.036 0.012 0.007
Weibull: a =1, 5=5 0.015 0.008 0.012 0.006
Lognormal: p=10,0 =1/3 0.090 0.042 0.054 0.027
Beta: 3 =08,=1 i 0.006 i 0.014
Inv. Gaussian: p=10.5, A=6 0.055 0.008 0.017 0.010
Logistic: u=0,0=1 0.004 0.003 0.002 0.002
Largest Ext. Value: p=0,0=1| 0.071 0.034 0.023 0.013
Extreme Valuef}: n=0,0=1 0.071 0.034 0.023 0.013
Double Exponential: A =1 0.123 0.087 0.082 0.038
F:v =6, 15 =25 0.068 0.080 0.063 0.063
Pareto: A\=1,5=5 i 0.002 i 0.032

tThe moment and percentile fits to the uniform distribution were exact.

! Moment fits are not possible.

1 Figures for this distribution are the same as those for the largest extreme
value distribution (see Section 2.4.13 for an explanation).

We see from Table 4.5-2 that with the exception of the exponential case
(with 8 = 3) and F'(6,25), the percentile fits produce GLD(A1, A2, A3, Ay) ap-
proximations with smaller L and Lo distances from the p.d.f.s being approx-
imated. Furthermore, the percentile-based estimation of A1, Az, A3, Ag led to
good approximations for the Student’s ¢, beta, Pareto and F-distributions
when moment-based estimation was not possible.

As was noted in Section 4.1, a percentile-based method of fitting the GLD
is important when moments do not exist (or are out of table range), and to
avoid the possibly relatively large variability of sample moments of orders
3 and 4. Indeed, the use of sample percentiles in estimation of population
quantities such as the mean, variance, skewness, and kurtosis has been pop-
ular in statistics for some time due to its robustness. In terms of the sample
mean and sample median, one often finds such statements as “... the sample
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median is less affected by extreme values than the mean. With particularly
small sample sizes, the sample median is often a better indicator of central
tendency than the mean.” (Gibbons (1997), p. 97).

Even for higher order moments such as variance, skewness, and kurtosis,
it has been found that better tail weight classification can be found using
percentiles rather that the sample kurtosis (Hogg (1972)). In light of a
substantial literature along these lines, it is natural to expect the percentile-
based method to compare favorably with its moment-based counterpart in
the context of fitting a GLD.

We are currently investigating ways in which the relative goodness of
these two methods can be quantified. The methods we are studying in-
volve comparisons of the Mean Squared Errors (MSEs) of the estimators of
A1, A2, Az, Aq obtained by the two methods, as well as comparing the result-
ing fitted distributions (using chi-squared discrepancies and Kolmogorov-
Smirnov distances, for example). While detailed results are not available,
preliminary indications are that the percentile approach, while not uniformly
superior to the moment method, does better especially with datasets where
moments are misled by high variability of sample moments.

One quantitative comparison may be of some interest. It is known that the
sample mean X is asymptotically normal with center the population mean
and variance o2 /n, based on a random sample of size n from a population
with finite variance o2. This follows from the classical Central Limit Theo-
rem (see Theorem 6.3.2 of Dudewicz and Mishra (1988)). It is also known
that the 0.5 quantile Zg 5 is, in the same setting, asymptotically normal with
center the population median &5 and variance

(42(0sIm)

where f is the population probability density function, which is assumed
to be continuous and positive at £y 5 (see, for example, Theorem 7.4.21 of
Dudewicz and Mishra (1988)). In the case of the GLD(A1, A2, A3, \y) it is
known that

B - A?
0'2 = )\—% (458)
with
1 1

A— - 4.5.9
14+ 14X ( )

1 1
26(1 4+ A3, 14+ A\y), (4.5.10)

B= -
T+2% 1+ 2
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where 3 designates the beta function. It follows from (16) and the definition
of the GLD(A1, A2, A3, Ay) that

f(€os) = A2 (A3(0.5)A3—1 + A4(0.5)A4—1)_1 .

Therefore, the asymptotic distribution of Zg 5 has a smaller variance than
the asymptotic distribution of X if and only if

A3 M \?
<2A3+2A4> <
1 1 1 1 2
—28(14+ X3, 1+ \y) — - i
T2 T1oy  PaH A l+A) <1+A3 1+A4>

In Figures 4.5-3 and 4.5—4 the regions of (A3, \s)-space where this inequality
holds are marked by “P” (indicating a lower asymptotic variance, and a
potential preference, for the percentile method) and the regions where the
reverse inequality holds are marked by “M” (indicating a potential preference
for the moment method).

2 4 6 8 0 A3
Figure 4.5-3. First quadrant regions of (A3, A4)-space where variance

of X is greater than the variance of Zy 5 (marked by “P”)
and less than the variance of Zy 5 (marked by “M”).
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-0.25 -0.2 -0.15 -0.1 -0.056

A3

F-0.05

P r-0.15

-0.25 Ny

Figure 4.5—4. Third quadrant regions of (A3, A4)-space where variance
of X is greater than the variance of Zy 5 (marked by “P”)
and less than the variance of Zp 5 (marked by “M”).

Since, for both the moment and percentile methods, tabled solutions have
so far been confined to the first and third quadrants of (A3, \s)-space, these
are the only (A3, A4) sets for which we show the status of the inequality.
Moreover, in the third quadrant of (A3, A4)-space, the GLD has its first four
moments if and only if —0.25 < A3, Ay < 0. Thus, a comparison of the two
methods is irrelevant outside of this square. We can see that on a relatively
large portion of this square the asymptotic distribution of Zgs has smaller
variance than the asymptotic distribution of X.

4.6 Examples: GLD Fits of Data via the Method of Per-
centiles

In this section we apply the method of this chapter to various datasets. In
the first application, in Section 4.6.1, we consider data generated from the
Cauchy distribution. Since the a1, ae, a3, s of the Cauchy distribution do
not exist, we do not expect that data generated from the Cauchy could
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have a fit, much less a good one, through the method of moments. In Sec-
tions 4.6.2 and 4.6.3 we introduce data from some scientific studies involving
measurements of radiation in soil samples and velocities within galaxies. In
Section 4.6.4 we return to the Rainfall data of Sections 2.5.5 (where no GLD
fit could be obtained through the use of moments) and 3.5.4 (where a GBD
fit was obtained).

4.6.1 Example: Data from the Cauchy Distribution

The data for this example (listed below) comes from Karian and Dudewicz
(1999a). It is Example 2 of that paper and is generated from the Cauchy
distribution.

1.99 -424 561 -3.13 -224 -014 -332 -837 -198 -120
7.81 =313 1.20 1.54 -.594 1.05 192 383 522 .605
427 276 784 -1.30 542 -159 -166 -246 -1.81 -.412
-9.67 6.61 —-598 -3.42 .036 .81 -1.34 -1.22 -1.47 -.592
=311 3.85 492 -112 4.22 1.89 -.382 1.20 3.21 —-.648
-.523 -882 306 -.882 —-.635 13.2 463 -2.60 281 1.00
-336 -1.69 -484 -1.68 -131 -166 —.266 .51l —198 1.55
-1.03 215 495 637 -714 -135 -1.55 -4.79 4.36 -1.53
-1.51 -140 -1.10 -1.87 .095 484 -998 -4.05 -37.9 -.368
5.25 1.09 274 684 -105 20.6 311 .621 3.28 1.56

We first attempt to obtain fits by using the moment-based methods of Chap-
ters 2 and 3 and compute &g, &o, &3, Gy to get

01 =.3464 G2 =49.4908 a3 =1.8671 &4 = 31.3916.

We note that these computations as well as subsequent ones yield slightly
different results from those given in Karian and Dudewicz (1999a) because
the computations in Karian and Dudewicz (1999a) are based on the sim-
ulated data prior to its truncation to three digits. The (a3, a4) that we
have is well outside the range of the tables in Appendices B and C and also
beyond our range of computation, making it impossible to fit a distribution
from the EGLD family by the methods discussed in Chapters 2 and 3.
To obtain a percentile-based fit, we compute p1, p2, ps, P4:

p1=—0.1820 o =T7.2600 p5=0.6632 ps=0.2981

and obtain two fits from FindLambdasP based on entries from Tables D-1
and D-5, respectively, of Appendix D.

GLD;(—0.3848,0.1260, 5.2455, 10.2631),
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GLD5(—0.2830, —2.4471, —0.9008, —1.0802).

GLDs turns out to be the superior fit. (This is not surprising since the
(A3, A4) for GLDs is from Region 4, assuring us that the support of the re-
sulting fit will be (—o0, c0); by contrast, the support of GLD; is [-8.3,7.6].)

Although most of the data is concentrated on the interval [—6,6], the
range of the data is [—-37.9,48.4]. A histogram on [-37.9,48.4] would be so
compressed that its main features would not be visible. A slightly distorted
histogram of the data (when the 8 of the 100 observations outside of the
interval [—6, 6] are ignored) and the GLD; and GLDs p.d.f.s are shown in
Figure 4.6-1 (a) (the p.d.f. of GLDj rises higher at the center). Figure 4.6-1
(b) shows the e.d.f. of the data with d.f.s of GLD; and GLDs.

When the data is partitioned into the intervals

(=00, —=3], (=3,=15], (=1.5,—.7], (=.7,—4], (=4,0]
(0,.4], (4,.7], (7,15, (1.5,3], (3,00),

we obtain observed frequencies of
10, 12, 11, 11, 14, 8, 8, 7, 6, 13.

and the expected frequencies for these intervals that result from GLD; are

10.2541, 7.1461, 9.3964, 10.8408, 18.5659,
8.1299, 4.0927, 7.3986, 8.9770, 14.9985.

Figure 4.6-1. Histogram of data generated from the Cauchy distribution
and the p.d.f.s of the fitted GLD; and GLDs5 (a); the e.d.f.
of the data with the d.f.s of the fitted GLD; and GLD2 (b).
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These lead to the chi-square goodness-of-fit statistic and corresponding p-
value of
9.7352 and 0.08310,

respectively. For GLDsy, the expected frequencies are

10.2644, 9.7906, 14.5337, 8.6285, 12.2154,
9.8868, 5.4195, 8.9350, 7.4654, 12.8607,

and the resulting chi-square statistic and p-value are
4.5740 and 0.4700,

justifying our earlier observation that GLDjy is the better of the two fits.

4.6.2 Data on Radiation in Soil Samples

Florida gypsum and phosphate mine tailings produce radiation in the form
of radon 222. A monitoring of these mines in Polk County, reported by
Horton (1979) (also see McClave, Dietrich, and Sincich (1997, p. 38)) gave
data on these exhalation rates, part of which follows (in increasing order).

178.99 205.84 357.17 393.55 538.37 558.33 599.84

752.89 878.56 880.84 961.40 1096.43 1150.94 1322.76
1426.57 1480.04 1489.86 1572.69 1698.39 1709.79 1774.77
1830.78 1888.22 1977.97 2055.20 2315.52 2367.40 2617.57
2758.84 2770.23 2796.42 2996.49 3017.48 3750.83 3764.96
4132.28 5402.35 6815.69 9139.21  11968.23

For this data
G1 = 2384.8422, @z = 5.5198 x 10°%, &3 = 2.3811, @y = 9.1440

and moment-based GLD and EGLD fits are not possible. However, the
1, P2, P3, P4 for this data are

p1 = 1742.2800, po = 4867.3110, p3 = 0.3776, ps = 0.3881

and FindLambdasP can be used to obtain the following two percentile-based
fits, associated with Tables D-1 and D-5 of Appendix D, respectively.

GLD; (1377.6122,0.0001678,4.0305, 17.2300),

GLD5(1314.9599, —0.0008317, —0.2609, —0.6357.
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The support of GLD1, [-4582.25, 7337.47], indicates that the fitted GLD;
distribution extends too far to the left and not far enough to the right. By
contrast, the GLDg distribution extends indefinitely in both directions and
its support is (—oo,00). Visual inspection indicates that GLDs, in spite of
its support, is the better of the two fits. Figure 4.6-2 (a) shows a histogram
of the data with the p.d.f. of GLDs and Figure 4.6-2 (b) shows the e.d.f. of
the data with the d.f. of GLDs.

To get a chi-square goodness-of-fit statistic for the GLDy fit, we partition
the data into the intervals
[0,600), [600,1200), [1200,1700), [1700,2100), [2100,3000), [3000,cc)
and obtain the observed frequencies
7, 6, 6, 6, 7, 8
and expected frequencies

5.3512,6.9761,7.1251, 4.6083, 6.3302, 9.6092.

The chi-square statistic and its associated p-value for this fit are

1.5829 and 0.2083.

0.00036
0.00034
0.00032

0.0003
0.00028
0.00026
0.00024
0.00022

0.0002

0.00018
0.00016
0.00014
0.00012 j
0.0001
8e-05
6e-05,
4
5

2000 4000 6000 8000 10000 12000 14000 a 2000 4000 6000 8000 10000 12000

Figure 4.6—2. Histogram of radiation data and the p.d.f. of GLD5 (a);
the e.d.f. of the data with the d.f. of GLDs (b).
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4.6.3 Data on Velocities within Galaxies

In astronomy, the cluster named A1775 is believed to consist of two clusters
that are in close proximity. Oegerle, Hill, and Fitchett (1995) gave veloc-
ity observations (in kilometers per second) from A1775 (see also McClave,
Dietrich, and Sincich (1997, p. 85)) which include the following velocity ob-
servations (in increasing order).

18499 18792 18933 19026 19111 19111 19130
19179 19225 19404 19408 19595 19595 19619
19673 19740 19807 19866 20210 20210 20875
21911 21993 22192 22193 22417 22417 22426
22513 22625 22647 22682 22738 22738 22744
22779 22781 22796 22809 22922 22922 23017
23059 23121 23220 23261 23303 23303 23408
23432 24909

The p1, po, ps, p4 for this data are
p1 = 22355.0000, po = 4218.0000, ps = 3.5316, pg = 0.7620.

The (p3, ps) for this data is not covered by any of the tables of Appendix
D and if we locate this point in Figure 4.4-13, we see that it is located
outside the region covered by the GLD tables but within the region of the
generalized beta distribution of the EGLD discussed in Chapter 3.

The &1, &g, a3, &4 for this data,

G1 = 21450.0196, o = 3.0489 x 10%, G5 = —0.2626, a4 = 1.5451,

places (a3,a4) outside of the GLD range but within the EGLD system
covered by the GBD which gives the fit

GBD(18675.3862, 4880.6411, —0.4789, —0.6045).

The principal purpose of this example is to show that there are datasets for
which percentile-based fits are not possible. Having established this, we note
that the support for the fitted GBD is [18675,23556] but the data ranges over
the interval [18499,24909]. The method described in Problems 3.1 through
3.3 may well produce a better fit by guaranteeing that the support of the
fitted GBD covers the data range.

4.6.4 Rainfall Data of Sections 2.5.5 and 3.5.4

Rainfall (in inches) at Rochester (X) and Syracuse (Y'), New York was given
in Table 2.5-6 of Section 2.5.5 where we were not able to find a GLD fit to
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either X or Y by using moments. In Section 3.5.4 we found GBD fits for
both X and Y. Here we reconsider this data with the view of developing
percentile-based GLD fits to both X and Y.

We compute the p1, p2, p3, pa for X (rainfall in Rochester) to get

p1=0.1900, po=1.4060, p3=0.1302, pg=0.4339
and, using FindLambdasP, obtain the two fits
GLD;(0.08299, 0.4698,4.3140, 34.6818),

GLD»(1.7684, 0.5682,4.9390, 0.1055),

from the (A3, A\4)-spaces associated with Tables 1 and 2 of Appendix D. The
supports of GLD; and GLD3 are, respectively, [—2.0, 2.2] and [0.0085, 3.53].
The support of GLD; is ill-suited for this data and visual inspection of the
GLD; p.d.f confirms the view that GLDs is the better of the two fits. Figure
4.6-3 (a) shows a histogram of X with the p.d.f. of GLD2 and the p.d.f of
the EGLD fit

GBD(0.06129, 3.0802, —0.7491, 0.5463)

obtained in Section 3.5.4. The two p.d.f.s are almost indistinguishable. Fig-

ure 4.6-3 (b) shows the e.d.f. of X with the d.f. of GLD3 (the d.f. of the GBD

is not included as it is indistinguishable from that of the GLD5 distribution).
To check the quality of the GLDs fit, we partition X into the intervals

(—00,0.07), [0.07,0.1), [0.1,0.2), [0.2,0.45), [0.45,1.0), [1.0,00)
(the same intervals used in Section 3.5.4) and obtain observed frequencies of
9, 6, 9, 7, 8, 8

and expected frequencies of
12.8895, 3.9439, 7.1669, 7.5657, 7.3532, 8.0808.
This leads to a chi-square statistic and corresponding p-value of
2.8145 and 0.09342,

respectively. For comparison, we note that the chi-square statistic and p-
value associated with the GBD fit of Section 3.5.4 were

1.8663 and 0.1719,
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Figure 4.6—3. Histogram of rainfall data (X) and the p.d.f.s
of the fitted GLD2 and GBD (a); the e.d.f. of
the data with the d.f. of the fitted GLD2 (b).

respectively.
The p1, p2, p3, pa for Y are

p1=0.2200, pp=1.0100, p3=0.2053, ps=0.3663.

Appendix D indicates the possibilities of fits associated with Tables 1, 2, and
5. These fits, obtained through FindLambdasP, are

GLD;(0.1674,0.6762, 4.8129, 23.8840),

GLD;(1.3381,0.7557,9.6291, 0.2409),
GLD1(0.08251, —4.0872, —0.08545, —0.6986).
The supports of GLD;, GLD> and GLDj are, respectively,

[—1.31,0.84], [.015,2.09], (—00,00).

The most reasonable of these is the support of GLDs and it can also be
confirmed visually that the GLD> p.d.f. is the most suitable of the three
fitted GLDs.

Figure 4.6-4 (a) shows a histogram of Y with the p.d.f. of GLD; and the
p.d.f. of the EGLD fit

GBD(0.07209, 2.1729, —0.5816, 1.4355)

that was obtained in Section 3.5.4. The moment-based GBD p.d.f. is marked
with “m” and the p.d.f. of GLD3 is marked with “p.” Figure 4.6-4 (b) depicts
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Figure 4.6—4. Histogram of rainfall data (Y) and the p.d.f.s
of the fitted GLD2 and GBD (a); the e.d.f. of
the data with the d.f. of the fitted GLD2 (b).

the e.d.f. of Y with the d.f. of GLD; (the d.f. of the GBD fit is not included
as it cannot be distinguished from that of the GLD5).

To obtain a chi-square statistic for the GLDy fit we partition Y into the
intervals

(—00,0.08), [0.08,0.15), [0.15,0.22), [0.22,0.38), [0.38,0.73), [0.73,00)

(the same intervals that were used in Section 3.4.5) and determine the ob-
served frequencies
7, 7, 8 8 8 8

and expected frequencies
8.8883, 8.0537, 6.5580, 9.0282, 6.9056, 7.5662.
From these we obtain the chi-square statistic and p-value
1.1715 and 0.2791,

respectively. For comparison we note that the chi-square statistic and p-value
associated with the GBD fit of Section 3.5.4 were

3.0371 and 0.0814,

respectively.
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4.7 Percentile-Based GLD Fit of Data from a Histogram

In the examples of Section 4.6 the actual data X, Xs,..., X, on the phe-
nomenon of interest was available to us. We assumed that these were inde-
pendent and identically distributed observations, an assumption that should
be tested or otherwise verified. However, in many cases, such as that de-
scribed in Section 2.6 where the method of moments was used, the data are
given in the form of a histogram. In such situations, the key is to estimate
the percentiles from the histogram. Estimation of moments was done using
the midpoint assumption in Section 2.6, here we assume that the data is
uniformly spread in each class to estimate the needed percentiles.

As an illustration, we consider the data of Section 2.6 (Table 2.6-1). The
10th percentile, 7.1, is estimated by first observing that the first class,
(0.010, 0.015), has a relative frequency of 1/250 = 0.004; the second class,
(0.015, 0.020), has relative frequency 9/250 = 0.036, and a cumulative rel-
ative frequency of 0.004 4+ 0.036 = 0.04; the next class, (0.020, 0.025) has
a relative frequency of 30/250 = 0.12 and a cumulative relative frequency
of 0.16. The third class is the first one whose cumulative relative frequency
exceeds 0.1. For w1, we must reach 0.1: 0.04 from the first two classes
and 0.06 from the third, which represents 0.06/0.12 = 0.5 of the third class.
This gives us the estimate 0.020 4+ 0.5(0.025 — 0.020) = 0.0225 for mp1. In a
similar manner we obtain the following percentiles that are needed for the
computation of p1, P2, p3, Pa:

To.1 — 0.0225, To.25 — 0.02756, To.s — 0.03353,
To.75 — 0.04009, 709 — 0.04765.

From these, using (4.1.2) through (4.1.5), we obtain
p1 = 0.03353, po = 0.02515, p3=0.7819, p4 = 0.4982.
There are three possible fits for the (ps3, p4) that we have (GLD;, GLDa,
and GLDs, from Tables D-1, D-2, and D-5, respectively, of Appendix D).
Using FindLambdasP we obtain

GLD;(0.02789, 40.4376, 2.1314, 14.1404),

GLD»(0.03839, 51.1844, 6.8756, 1.9588),
GLDs5(0.03151, —1.5821, —0.006655, —0.01124).
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Visual inspection shows that GLDs is the best of these three fits. In
Section 2.6 we obtained two fits based on the method of moments. The
better of the two fits as measured by the chi-square goodness-of-fit statistic

was
GLD,,,(0.02889, 18.1935, .05744, .1850).

Figure 4.7-1 (a) shows the histogram of the data with the p.d.f.s of GLDs
and GLD,,, (the one that rises higher near the center is the p.d.f. of GLDs.
In Figure 4.7-1 (b) we show the e.d.f. of the data with the d.f.s of GLDs and
GLD,,, (the d.f. of GLD,, is slightly lower on the left side of the figure and
slightly higher on the right side).

To compare the GLD5 and GLD,, fits, we note that the chi-square statistic
and p-value of 1.6000 and 0.8088 were obtained for the GLD,, fit in Section
2.6. For GLD5 we use the same class intervals used in Section 2.6 and obtain
the observed frequencies

10, 30, 44, 58, 45, 29, 17, 9, 8
and expected frequencies

14.9844,  25.0469, 45.8615, 54.8447, 45.0772,
29.1585, 16.6068, 8.8906, 9.5295.

The chi-square statistic and p-value for the GLDsy fit are
3.1517 and 0.5328,

respectively.

08

04

Figure 4.7-1. Histogram of coefficients of friction and the p.d.f.s
of the fitted GLD5 and GLD,,, (a); the e.d.f. of the
data with the d.f. of the fitted GLD5 and GLD,, (b).
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Problems for Chapter 4

4.1. In Section 4.4.1 we fitted the GLD to the N(0, 1) p.d.f. using Algorithm
GLD-P of Section 4.3 with « = 0.1. Recall that v = 0.1 accommodates
sample sizes as small as 9 whereas u = 0.01 requires sample sizes of at least
99 and, in general, © can be any number strictly between 0 and 0.25. The
quality of the fit that we obtained, as measured by the L; norm (see Table
4.5-2), was 0.003. The fit and its L; norm varies as u varies, hence the L;
norm of the fit is a function of u, say Li(u).

a. Use Algorithm GLD-P to find GLD fits to N(0, 1) with v = 0.01, 0.05,
0.1, 0.2, 0.24. When several fits are available choose what seems to be
the best of the available fits, as was done in Section 4.4.1.

b. Find L1(0.01), L1(0.05), L1(0.1), L1(0.2), L1(0.24) for the fits obtained
in part a.

c. Graph Li(u) of w in the interval (0, 0.25). What u do you predict will
yield the Li-best GLD approximation to N(0,1)? Test your prediction
by finding the the fit and its L; norm for that u value.

4.2. Repeat Problem 4.1 for U(0, 1), the uniform distribution on the interval
(0,1).

4.3. Repeat Problem 4.1 for #(1), the Student’s ¢ distribution with v = 1.
4.4. Repeat Problem 4.1 for the exponential distribution with 6 = 3.

4.5. Repeat Problem 4.1 for x?(5), the chi-square distribution with v = 5.

4.6. Repeat Problem 4.1 for I'(5,3), the gamma distribution with a = 5
and 8 = 3.

4.7. Repeat Problem 4.1 for the Weibull distribution with o = 1 and 3 = 5.

4.8. Repeat Problem 4.1 for the lognormal distribution with ¢ = 0 and
o=1/3.
4.9. Repeat Problem 4.1 for the beta distribution with 3 = 84 = 1.

4.10. Repeat Problem 4.1 for the inverse Gaussian distribution with ¢ = 0.5
and A = 6.

4.11. Repeat Problem 4.1 for the logistic distribution with 4 = 0 and ¢ = 1.

4.12. Repeat Problem 4.1 for the largest extreme value distribution with
u=0and g =1.
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4.13. Repeat Problem 4.1 for the double exponential distribution with A =
1.

4.14. Repeat Problem 4.1 for F(6,25), the F-distribution with 11 = 6 and
Vo = 25.

4.15. Repeat Problem 4.1 for the Pareto distribution with 8 =5 and A = 1.
4.16. For each of Problems 4.1 through 4.15, find the value of u that achieves

min max Ly (u, g)
where the maximum is taken over all g in the class of distributions under
consideration.

4.17. In Section 4.6.1 two fits GLD; and GLD5 were obtained to data
that was generated from the Cauchy distribution. By plotting the p.d.f.s of
GLD; and GLDs with the p.d.f. of the Cauchy distribution, make an initial
agsessment of the “closeness” of the Cauchy p.d.f. to the GLD; and GLDs
p.d.f.s. Next, substantiate your observation quantitatively by computing

sup |fi(@) = f(x)]  and sup |fs(@) = f(2)].

Now do graphic and quantitative assessments of the d.f.s of the Cauchy and
the fitted GLDs.

4.18. In addition to introducing the terms and concepts of “percentile,”
“quartile,” and “decile” (see the introduction to this chapter), Galton went
on to develop “regression” (see Section 10.2 of Dudewicz, Chen, and Taneja
(1989)). While regression often uses the assumption of normal distribution
for its residuals, a GLD or EGLD distribution for the residuals is also a
possibility. Develop the details and in an example contrast the results with
those of normal regression. You can use simulated data from a non-normal
distribution such as the Cauchy, which has no mean or higher order moments
but can be fitted well using the GLD as seen in Section 4.6.1.

4.19. In Example 2.5.4 we fitted each of X and Y from birth weight of
twins with a GLD. The fit to Y was good (p-value of 0.24), but that to X
was surprisingly poor (p-value of 0.03). Use the method of this chapter to
fit X and Y using percentiles, and compare the quality of the fits with those
obtained in Chapter 2.
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Chapter 5

GLD-2: The Bivariate GLD
Distribution

We saw in Chapters 1-4 that the GLD and EGLD are very successful in
practice in fitting a variety of datasets. Since data is often bivariate (the
simplest multivariate setting), it is desirable to have a way of fitting a bi-
variate GLD, a distribution whose univariate components (not necessarily
independent) have univariate GLD (or EGLD) distributions. A bivariate
GLD, called GLD-2, was developed by Beckwith and Dudewicz (1996), and
its essential features are described in this chapter; for full details, see Beck-
with and Dudewicz (1996) and Karian and Dudewicz (1999a). The algo-
rithm developed by Beckwith and Dudewicz (1996) is based on the following
procedure.

1. Fit univariate GLDs separately to the components X and Y of the
bivariate random variable (X,Y").

2. Use the method R. L. Plackett (1965) proposed for generating bivariate
distributions with specified marginals to develop a bivariate distribu-
tion with these marginals.

3. Optimize over the infinite set of distributions in the Plackett class to
obtain a fit to the actual dataset.

4. Calculate a bivariate plot and various quantitative measures to visually
and quantitatively assess the quality of the fit.

Following the brief overview of Section 5.1 this chapter describes in Section
5.2 Plackett’s Method and its use to develop the GLD—-2. Next, the GLD-2 is
used to fit several well-known bivariate distributions with identical and non-
identical margins (Sections 5.3 and 5.4), and datasets (Section 5.5). Section
5.6 gives a procedure for generating GLD-2 random variates. We conclude by
describing in Section 5.7 some open problems related to the GLD-2, followed
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by a set of problems for this chapter that will allow students in courses using
this book as a text and other readers to test their understanding of the
methods and concepts of the GLD-2.

5.1 Overview

Suppose the random variables X and Y have p.d.f.s f(z) and g(y) and d.f.s
F(z), and G(y), respectively. The d.f., H(z,y), and p.d.f., h(z,y), formulas
for the GLD-2 are, respectively:

Sz, y) = VS*=,y) —4¥(¥ - 1) F(z)G(y)
H(z,y) = 2(0 —1) (T #1) (5.1.1)

and

Vf{z)gly) 1 + (¥ = D{F(2) + Gy) = 2F(=)G(y)]

h{z,y) =
(:9) (S2(z,y) — 4T(¥ — 1) F(2)G(y))*

where ¥ is nonnegative and
S(z,y) =1+ (F(z) + Gy)(¥ - 1).

Note that ¥ = 1 is the case when X and Y are independent random variables,
in which case H(z,y) = F(x)G(y) and h(z,y) = f(zx)g(y) for all (z,y).

To illustrate this method we give the final results of fitting the bivari-
ate data which arose in a study of imaging in the brain (Dudewicz, Levy,
Lienhart, and Wehrli (1989)). The issue was to fit the measured quantity
called AD (the 'H hydrogen density in a specific portion of brain tissue as
related to the average density in the whole brain). In this example, the AD
measurements are for the Cortical White Matter Right side (CWR) (desig-
nated by X) and the Cortical White Matter Left side (CWL) (designated
by Y). Thus, the data are the pairs (X,Y) and the concern of the research
was to determine if X and Y were related. The data, from Dudewicz, Levy,
Lienhart, and Wehrli (1989, p. 337), is given in Table 5.1-1. The results of
applying Algorithm GLD-2 of Section 5.3 to the data of Table 5.1-1, shown
in Figures 5.1-2, 5.1-3, and 5.1-4, can be interpreted as follows:
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Table 5.1-1. Brain tissue ' H hydrogen density data.

X Y X Y X Y
96.8 99.2 96.8 96.8 95.6 [ 100.8
107.6 | 102.9 86.5 86.1 87.3 85.7
99.6 98.1 94.5 95.5 89.8 91.2
99.5 | 103.9 97.0 92.9 88.2 88.8
102.9 | 109.2 92.2 91.0 89.4 94.1
34.8 82.8 | 100.3 98.2 88.6 89.9
97.9 95.9 | 102.5 95.6 87.7 86.4
103.2 | 100.2 | 100.6 99.4 88.1 91.0

1. Figure 5.1-2 shows the GLD p.d.f. that is fitted to X (together with
the histogram for X) and the fitted d.f. (with the empiric distribution
of X). Figure 5.1-3 does the same for Y. These figures indicate that
the GLD fits the data well.

2. A two-dimensional scatterplot with median lines is shown in Figure
5.1-4. The counts a, b, ¢, and d specified in the algorithm of Section
5.3 are shown on the scatterplot.

3. Figure 5.1-4 also shows the three-dimensional GLD-2 p.d.f. that is
obtained by using (5.1.2). The “snake shape” of this surface indicates
that the GLD-2 can produce a good fit even in the absence of sym-
metry, a property that is associated with some distributions such as
the bivariate normal. For non-convex contours, see McLachlan (1992),
p- 41.

We see that X and Y are not independent. In fact, they are highly cor-
related, and so a tumor in one side might stand out on a visual X and Y
comparison. Also, the fits are quite good for each variable. Some software
that could be useful in this connection is given in the article by Beckwith
and Dudewicz (1996); for additional details, also see Karian and Dudewicz
(1999a).

We conclude that the GLD-2 has, in this case, handled well a dataset that
might have led researchers seeing the histogram of Figures 5.1-2 and 5.1-3
to wonder: How can we ever fit the pair (X,Y) since X is so non-normal,
and the data contours are non-convex? With this motivation, we proceed to
develop the GLD-2 in detail.
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Figure 5.1-2. Histogram of X with its GLD p.d.f.; empirical
distribution with its GLD d.f.
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Figure 5.1-3. Histogram of Y with its GLD p.d.f.; empirical
distribution with its GLD d.f.
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Figure 5.1-4. The (X,Y) scatterplot and the bivariate
GLD-2 p.d.f. for (X,Y).
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5.2 Plackett’s Method of Bivariate d.f. Construction: The
GLD-2

The goal here is to construct a family of bivariate distributions, with given
marginals Fy(x) and Gy(y), such that the family contains the bivariate
distributions that correspond to the independent case as well as the upper
and lower Fréchet bounds; i.e., the family includes the bivariate d.f.s

F(z)G(y), (5.2.1)
Ho(z,y) = max{F(z) + G(y) — 1,0}, (5.2.2)

and
Hi(z,y) = min{F(z), G(y)}. (5.2.3)

Fréchet considered convex mixtures of the upper and lower bounds,
H(z,y) = AHo(z,y) + (1 = M Hi(z,y) (0 <A <1), (5.24)

and Morgenstern (later extended by Farlie and Gumbel, now called the FGM
family; see Hutchinson and Lai (1990)) considered

H(z,y) = F(z)G(y)[1 + o A(F)B(GQ)] (5.2.5)

where A(F(x)) and B(F(y)) are functions of x and y that tend to zero as
F(z) and G(y) — 1, respectively. Fréchet’s mixture certainly contains the
upper and lower bounds, and the FGM family contains the independent case,
but neither contains all three. Another problem with the FGM family is that
the constraints on A(F) and B(G) require that a be small, hence the family
only models cases of weak dependence.

In his method, Plackett used the ideas of a two-by-two contingency table.
Given a scatterplot of bivariate data, partition the x and y values with a
horizontal line and a vertical line, dividing the data into four quadrants.
Each quadrant has a probability. Suppose that the true bivariate d.f. of the
pair (X,Y) is

H(z,y) = P(X <z,Y <y). (5.2.6)

Then the probabilities that a pair (X,Y) falls into the four quadrants are
H(z,y) in the lower left quadrant, F'(x)— H(z,y) in the upper left quadrant,
G(y) — H(z,y) in the lower right quadrant, and 1 — F(z) — G(y) + H(z,y)
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in the upper right. For example, the probability that (X,Y) is in the upper
left quadrant is

P((X,Y) is in the upper left quadrant)
=P(X <z,Y >y
=P(X <z, Y<o0)-PX <z,Y <y (5.2.7)
= F(z) - H(z,y),

where F'(z) is the d.f. of X (and we also used G(y) for d.f. of Y). We show
the situation in Figure 5.2-1.
Plackett proposed a system that solves

H(-F-G+H)

V= (F—H)(G-H) '

(5.2.8)

and showed that for all ¥ € [0, 00) equation (5.2.8) has a unique root H
which satisfies Ho(z,y) < H(z,y) < Hi(z,y), a condition shown by Fréchet
to be necessary for any bivariate distribution. This H is a valid bivariate
distribution, and its marginals are Fx(z) = F(z) and Gy (y) = G(y). Fur-
ther, it is possible to attain the independent joint distribution F(z)G(y).
Note that if we call the probabilities of the four quadrants a,b,c,d as in
Figure 5.2-1, then Plackett is proposing a system where, for some value of
the constant ¥,

ad = ¥bc (5.2.9)

for all points (x,y) in the plane. We will see below that this in fact specifies
a bivariate d.f. with marginals F'(x) and G(y) (though this is not obvious at
this point, and the proof will take some effort).

It is unlikely that H, the solution of (5.2.8), will be in a simple form; often
numerical calculations will be needed. To find the solution of Plackett’s
equation (5.2.8), we follow the development given by Mardia (1967, 1970)
with some additional details. First, rewrite (5.2.8) as a quadratic in H.
From (5.2.8) we have the equivalent statements

W(F-H)(G-H)=H(1-F -G+ H),
U(FG-H(F+G)+H)=H(1-F-G)+ H?,
H*(1-0)+ H[1+(F+G)(¥ -1)] - ¥FG = 0.

Next, solve the last equation for H and obtain

g A+ FE+@-1) £ VOI+ T+ -1 +41 - HIFG
N 2(1 — ) ‘
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quadrant probability quadrant probability

b= F(x) - H(z,y) d=1-F(z) - G(y) + H(z,y)
(=)

quadrant probability quadrant probability

a:H(x,y) C:G(y)—H(:IZ,y)

Figure 5.2—1. The probabilities that (X,Y") falls into the four
quadrants determined by a point (z,y).

To simplify, let
S=14+(F+G)(¥-1), (5.2.10)
and obtain

—S+/EFAI-IFG S+ /T -4V -)VFG

2(1 - ) N 2(1 - )
For the independent case, let ¥ =1 in (5.2.8); that is,
HQ1-F-G+H)
F-HC-H)
HQl1-F-G+H)=(F-H)(G-H),
H-HF -HG+ H?=FG - HG - HF + H?,

H = FG. (5.2.11)

For ¥ # 1, Mardia (1967, 1970) showed that only one root will yield a
valid d.f.:

H=

1=

o S —/S?—-4(¥ - 1)VFG
N 2( —1)
To see this, label the two roots of the quadratic as
S+ /ST -4V -1)YFG S —4/S?—-4(¥ -1)VFG
“= 200 — 1) 200 — 1) ’

(5.2.12)

and g =
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or

1+ (F+G(¥ —-1)+/5? -4V -1)TFG

“= 200 — 1)

1 F+G /S2—4¥-1)VFG
‘—m@_1y+ 2 2( —1) (5.2.13)

and

1+ (F+G)(V-1) - /24T -1)VFG

b= 2(0 —1)

1 F+G /S2—-4V -1)VFG
—2(\11_1)-% 5 W —1) (5.2.14)

Then consider four cases: ¥ =0,0< ¥ <1, ¥ =1, and ¢ > 1. If ¥ > 1,
then the root
1 F+G F+d

in( £
a>2(qj_1)-|— 5~ > min(F,G)

and hence does not satisfy the Fréchet upper bound (and thus is not a valid
bivariate d.f.).
Noting that

M%:(S+V@2—4NL—DWFG>(S—V@2—4NL—D@FG>

2(V — 1) 2(V — 1)
S-S+ 4 -1)VFG  OFG
N 4T —1)2 ST -1

is negative for all ¥ € (0,1), we conclude that one of the roots o and j is
negative (the other positive) in this case. Now for ¥ € (0,1), -4(¥ -1)¥FG
is positive, so

5 1 +Pw4?_v@1—qw—D@FG
C2(T—1) 2 2(0 —1)
2
S 1 +F+G_ VS
2(T — 1) 2 2(T — 1)
1 F+G 1+4+F(U—-1)+G(¥-1)
— _I_ pu—
2(T — 1) 2 2(T — 1)
1 F+G 1 F+G

0.

_ﬂ@—n+ 2 2(0 —1) 2
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Thus for ¥ € (0,1), we have 3 > 0, hence « is negative and therefore
invalid. If ¥ = 1, we have H = F'G, the independent case in (5.2.11) above.
From (5.2.8) we see H = max(0,F + G — 1) if and only if ¥ = 0, and
H = min(F,G) if and only if ¥ = co. These observations together imply
that for ¥ € [0,00), « is not a valid distribution, and also that we
can achieve the independent case and the Fréchet bounds.

What remains to be shown then is that

S — /AT -1UFG
2(¥ — 1)

ﬁ:H(l‘ay) =

(5.2.15)

is a valid bivariate d.f. There are (see p. 123 of Dudewicz and Mishra (1988),
e.g.) four criteria to check:

1. lim H{z,y)=1

T Y—00
2. lim H(z,y)= lim H(z,y) =0;
z——00 Yy——00

3. lim H h,y)= lim H(z,y+h)= H(x,y); and

Jm H(z +h,y) = lim H(z,y+h) = H(z,y); an

4. H(a,b)+H(a+h,b+k)—H(a+h,b)—H(a,b+k) > 0, for any h, k > 0;
that is, H assigns positive probability to all rectangles.

We would also like to verify that the given joint d.f. has the desired marginals;
that is,
5. ylggo H(z,y) = F(z) and Jim H(z,y) = G(y).

To establish criterion 1, note that lim, .o F'(z) = limy_.o G(y) = 1, so
by (5.2.11)

lim S= lim 1+(F4+G)(¥V-1)=2¥-1,
F,G—1

T, Yy—00

hence, from (5.2.12), when ¥ # 1 (the case ¥ = 1 follows from (5.2.11))

S —/ST—4(¥ — )UFG

lim H(z,y)= lim

@,y—00 FG=1 2(T —1)
20 -1— /U -1 4T -1V
N 2(0 —1)
20— 1 — VAT2 — AT +1— AT2 + AT
N 2( —1)
20 -2
2T -1)
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Criterion 2 is similar: one notes that

i F(z) =0,
hence
lim S:}in})l-l—(F-l-G)(\I/—l) =1+G(¥-1)

T——00

and note that 1+ G(¥ — 1) >0, so

S —/ST—4(¥ — )UFG

(A H(z,y) = lim, 20 — 1)
1+G@-1) - I+ G -1
N 2(0 —1)
146G -1 -1+ G(¥ -1 o
N 2( — 1) -

by symmetry, lim,_, o H(z,y) = 0.
To verify criteria 3 and 4, it is sufficient to show that

0’H
Mz.9) = 5Fa6 =0

for all real numbers z and y. Below at (5.2.19) we find that

_ Ufgll+ (V- 1)(F +G—2FQG)]
B (S2 —4V(¥ - )FG)3/2

h(z,y)

which is (since the other terms are nonnegative) > 0 if and only if
1+(¥ -1)(F+G-2FG) > 0.

Now consider three cases: 0 < ¥ <1, ¥ =1, and ¥ > 1.

Clearly (5.2.16) is satisfied if ¥ = 1. If 0 < ¥ < 1, then note the left-hand

side of (5.2.16) can be bounded as follows:

142FG-F-G<14+ (v -1)(F+G—-2FG) <1,

since using calculus we find F' 4+ G — 2F'G achieves its minimum of 0 at
F=0,G=1or F =G =0 and its maximum of 1 at ¥ = 0,G = 1 or

F=1,G=0. It follows that for 0 < ¥ < 1 we have

0<1+(¥—-1)(F+G-2FG) < 1.
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In the case of ¥ > 1,14+ (¥ - 1)(F+ G - 2FG) > 14+ F+ G - 2FG. As
1+ F+ G —2FG achieves its minimum of lat F=G =0o0r F =G =1 and
its maximum of 2 at F =0,G=1o0r F ' =1,G =0, when ¥ > 1 we have

1+(¥ -1)(F+G-2FG) > 1.

Thus, H is a valid bivariate d.f. for all ¥ > 0 and is given by

S —/ST—4U(¥ —1)FG
H= 2(0 — 1) (T#1) (5.2.17)
FG (T =1).

To see that the marginals are as in 5, note that since lim,_,o F'(z) = 1, by
(5.2.10)

lim S = lim 1+ (F+G)(¥ —1) = ¥+ G(¥ - 1),

T—00

thus (see (5.2.14))

. L S /AU -1)UFG
Hm H@,y) = lim H(z,y) = lim, 20 — 1)

U4+ GU-1) - /T+ G -DE -4V -1)ICG
N 2( —1)

U+ G0 -1)— /U2 -2GU(V - 1) + GZ(¥ — 1)?
N 2( —1)

U+ GO -1) - /U -G -1

N 2( — 1)

U+ G -1) - T+ G -1)

N 2(0 —1)

C2G(W - 1)

“Sw-n ¢

and by symmetry lim, .o H(z,y) = F"
Mardia also derived the p.d.f. of H as follows. Given a d.f. H(z,y), the
p.d.f. h(z,y) is given by

i )_2<3_H>_£<3_Hﬂ>_2<3_ﬂ>
Y =5y \0z) "oy \oF dy) ~ 9y \OF

0 <8H>f 0 <8HdG> 0’H
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with the derivative interchanges permissible due to the continuity of H(z,y),
F(z), and G(y). Making substitutions to simplify notation:

D = (S2 — 4¥(¥ - )FG)%,p= 10,

and noting that (5.2.10) implies 92 = 82 = ¥ — 1 = p — 1, from (5.2.14)
when ¥ # 1, we find

oH _ p-1 1
OF 2(p—-1) 2p-1)

<[5 = w0l - DFG)E x 256 - 1) ~ 190 - )G
_ % - %(52 —4p(p— VFG)™} x (S — 2G).
Thus,
PH _ 1[-3(8*—4plp - VFG)"3(2S(p — 1) — 4p(p — 1)F) ]
OF8G ~ 2|  x(S—2pG) + (5 — 4p(p — )FG) 3 ((p — 1) — 2p)

L[ =5 (57 = 4p(p — DFG)~32(p — 1)(S — 2pF) ]
2] x(S-2pG) = (S*~4p(p - VFG)77 x (p+1)
—1r

(p = 1)(S = 2pF)(S = 2pG) + (p + 1)(S* — 4p(p — DFG))|

§? = p(SF + SG) + SF + SG — 2(p — )FG]

—

§? = (p— 1)(SF + 5G - 2FG)]

[SA+@-D)F+G)-(p-DEF+G) -2 -1)FG)|

[S—2(p -1 FG)]

1+ @-1)(F+G) -2p-1)FG)

& s Ol Ols Bls o= TS

l14+(p-1
1+(T-1
(% — 40

(F + G - 2FQ)]
(F + G - 2FQ)]
U-1)FG)3

—_— = ~— —

Hence,
_ Ufgll+ (¥ -1)(F+G-2FQG)

§ (52 — 4U(¥ — 1)FG)2

: (5.2.19)

© 2000 by Chapman & Hall/CRC



One sees from (5.2.14) and (5.2.10) that this also holds for ¥ = 1, i.e., for
all w.

The results derived above are summarized in the following theorem.

Theorem 5.2.20. Let X be a r.v. with d.f. F(x), and letY be a r.v. with
d.f. G(y). Then for each value of ¥ # 1 from [0,00) the bivariate function
(5.2.15)

S — /AT -1FG
2(¥ — 1) ’

where S = 1+ (F 4+ G)(V — 1) (see (5.2.10)), is a bivariate d.f. with the
marginals F(z) and G(y). When ¥ =1, we have

ﬁ:H(l‘ay):

H(z,y) = F(z)G(y),

the case of independent components X and Y. In all cases, H is the unique
solution of the equation (see (5.2.8))

H(-F-G+H)

V= (F—H)(G-H)

When ¥ =0,
H =max(0, F +G - 1),

and when ¥ = oo,
H = min(F, G),

showing that the Fréchet bounds can be attained. The p.d.f. of H(x,y) is
(see (5.2.19))

o _ Yfgll+ (¥ - D(F + G~ 2FG)
(S —4W(¥ - 1)FG)?

Given then that H is a valid distribution, the question arises: What value
of V¥ is appropriate? Plackett gives two examples of how one might answer
this. In an example using the Bivariate Normal he equates the two d.f.s at
the univariate medians, and given a contingency table proposes a consistent
estimator UT. The standard (zero means and unit variances) Bivariate
Normal is given by its p.d.f.

2 2
exp (=52
2my/1 = p? ’

N(z,ylp) = Pl <15 (5.2.21)
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the corresponding d.f. is given by

(u2—2puv+v2)

Y exp
M(z,ylp) = / / /T 21(1_pp) )du dv. (5.2.22)

Thus, at £ =y = 0 (the “median vector”) the d.f. equals

(5.2.23)

M(0,00p) = / | 2“”2 D gy - 5 0)

211 — p? 27

and sincex =y =0,F=G=1%,and S=1+(F+G)(¥ —1) = T (see
(5.2.14)) at the medians the d.f. is given by

=S4T -1DFG V-2 4+T T-/T
2(0 —1) N 2( — 1) 2T —1)
VI (U -VO)(1+VT) VT

H(0,0) =

= X = . 5.2.24
0+ VD) VI 1) 20+ V) (5:2:24)
Equating (5.2.23) and (5.2.24), we have
cos(—=p) VT
2m 2(1+V¥)
We now solve for ¥ to obtain
1 2
U = M . (5.2.25)
cos™H(—p) -7

Thus with the ¥ of (5.2.25) the Bivariate Normal and H will agree (at least)
at this point.

Plackett also suggested an estimator of ¥ useful for fitting datasets:
Divide the joint distribution into four quadrants, using lines x = h and
y = k for some constants h,k. Then count the number of (z,y) points in
each quadrant; let a, b, ¢, d denote the counts; that is,

a(x < h,y <k),b(z < hyy>k)cle >hy<k), and d(z > h,y > k).

Then ¥+ = % is Plackett’s estimator. One may motivate this estimator as
follows: Since ad = bc for the d.f. H(x,y) for any pair (z,y) (see 5.2.9) by
the derivation of the class of d.f.s H, it is always true that ¥ = ad/(bc).
It is then reasonable to estimate ¥ using the counts a, b, ¢, d from the data.
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Plackett states that ¥ is asymptotically normal, and that the variance is
given by V(¥*) = (IH)2[1/a+1/b+1/c+1/d]. Mardia (1967) showed that
the variance is minimized if A and k are chosen as the respective medians.

With the above groundwork, we are in a position to develop a bivariate
GLD in Section 5.3. There (5.2.17) and (5.2.19) are taken with f, g, F, and
G chosen as univariate GLDs; to fit a known bivariate distribution, we fit
the marginals f(z) and g(y) each with a univariate GLD, while for datasets
with unknown distributions the GLDs can be fitted with some appropriate
method and substituted. Additionally, we can specify any arbitrary pair of
marginals in (5.2.17) and (5.2.19) to investigate the possible curve shapes.
In the sections that follow we develop these methods and discuss several
examples.

5.3 Fitting the GLD-2 to Well-Known Bivariate Distribu-
tions

We now introduce the new bivariate GLD-2. The d.f. is (see Theorem 5.2.20)
the solution of Plackett’s equation

H(-F-G+H)

Yo me-n)
S — /ST A9(¥ -~ 1)FG
H(z,y) = 2(¥-1) (0 #1) (5.3.1)
ra (o =1),
with

S=5(,y) =1+ (Fz) + Gy)(¥ - 1),
where F' = F(z) and G = G(y) are GLD marginal d.f.s and ¥ € [0, 00) is a

measure of association between the marginals. The p.d.f. h(z,y) is

Vi(@)g(y)t + (¥ - D(F(z) + Gly) = 2F(@)G(y))]

hiz,y) = 2
(z,y) (S2%(z,y) —4¥(¥ — 1)F(2)G(y))2

9

where f(x) and g(x) are (possibly different) GLD marginal p.d.f.s.
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In order to develop a bivariate GLD using Plackett’s method Beckwith
and Dudewicz (1996) proposed the following algorithm for approximating
any specified p.d.f. f(z,y):

Algorithm GLD-BYV: Bivariate Approximation to f(z,y) with a
GLD-2.

GLD-BV-1. Specify the bivariate p.d.f. f(z,y) to be fitted and its marginals
fi(@) and fa(y).

GLD-BV-2. Fit both marginals with GLDs, using some suitable method
(such as the Method of Moments, or if the moments do not exist the
Method of Percentiles).

GLD-BV-3. Graph the marginals fi(z), fo(y) and their GLD fits to verify
the quality of the univariate fits.

GLD-BV-4. Evaluate the GLD-2 distribution numerically on a grid of n xn
values of x and y for a broad range of ¥ values.

GLD-BV-5. Choose ¥ optimizing the fit with some criterion, yielding ¥ =
Uy.

GLD-BV-6. Graph the true distribution f(z,y) and the GLD-2 with ¥ =
¥g to visualize the quality of the fit.

In the remainder of this section we consider four bivariate distributions:
the Bivariate Normal, Gumbel’s Bivariate Exponential, the Bivari-
ate Cauchy, and Kibble’s Bivariate Gamma, each with univariate mar-
ginals of the same name. The marginals are fitted with the Method of Mo-
ments (except for the Cauchy, which has no moments, in which case the
Method of Percentiles is used). Hutchinson and Lai (1990) is an excellent
reference on bivariate distributions that is broad and encyclopedic.

5.3.1 The Bivariate Normal (BVN) Distribution

Here the standard BVN of (5.2.21) is used, hence we have N(0, 1) marginals,
correlation coefficient p, and moments y = 0,02 = 1,03 = 0, and aq = 3.
From Section 2.4.1 we find the fitted GLD has A = (0, 0.1975,0.1349, 0.1349),
and is a good univariate fit.

Having the univariate fits, the appropriate value of ¥ for each p is needed
next. Use of Algorithm GLD-BV of Section 5.3 proceeds as follows:

e Set n, the number of grid values for each marginal.
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e Calculate equally spaced « and y values, and the corresponding p value.
Also calculate f(z), f(y), and store these values in arrays.

e Find the value of ¥ (to three decimal places) which minimizes the L;
erTor.

e Output the results for each p = —-0.9,-0.8,---,0.9.

Since (see Beckwith and Dudewicz (1996)) there is a unique value of ¥
that minimizes the L; error, our program (the listing is in Appendix A) asks
the user for N, the maximum number of iterations (10 < N < 40 is usually
sufficient). The L; error is calculated for ¥ = 0,1,2,..., N (for brevity, we
designate this succession of values of ¥ by ¥ = 0(1)N) and the least value
¥, is kept. The initial error should be large for small ¥, decrease near the
minimum, and then increase again. So the error is calculated from ¥; — 1
to ¥; + 1 in increments of 0.001 until a three decimal place “best” ¥ = ¥
is found.

At each iteration, four other measures of error are calculated: the smallest
ratio and the largest ratio of the estimated f(z,y) to the true f(z,y), and
the smallest and largest absolute differences of estimated and true f(z,y).
Also, the estimated volume of the two joint distributions is calculated to
ensure accuracy of the Ly error (if the volumes aren’t near one, the process
is suspect). The truncation required (at £4 in this case) will lead to error,
as will the choice of Riemann partition size. These errors are summarized
in Table 5.3-1 (excluding min|f — h|, which was < 107 for all cases). See
Figure 5.3-2! for a graph of ¥ = 3(0.1)5 (i.e., for ¥ = 3, 3.1, 3.2,...,5), with
the corresponding errors, from fitting the Bivariate Normal with p = 0.5, and
optimal ¥ = 3.653.

With this estimate of ¥, a visual check is important. See Figures 5.3-3
through 5.3-8 for graphs of the GLD-2, the true BVN, and the error

f(@,ylp) — h(z, y|¥),

both as 3-D density graphs and 2-D contour graphs. The values of p used are
—0.8, —0.5, 0,0.2, 0.5, and 0.9. The BVN seems to work well for most of
these examples, the method is quite efficient, and most of the error seems due
to the univariate fits. Good references on graphic visualization of bivariate
distributions are the paper of Johnson, Wang, and Ramberg (1984) and the
book of Johnson (1987).

TSome of the figures of this and the next two sections (specifically, Figures 5.3—2 through 5.3-12,
5.3—-14, 5.3-15, 5.3-17 through 5.3-20, 5.4-2, 5.4-3, 5.4-5, and 5.5-1 through 5.5-6) are reprinted
with permission from Beckwith and Dudewicz (1996), and are copyright ©1996 by American
Sciences Press, Inc., 20 Cross Road, Syracuse, New York 13224-2104.
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Table 5.3—1. Optimal ¥ and Corresponding Error Estimates.

Distribution h=GLD-2| Max Max Min 14
|h — f] h/f h/f | Error

BVN, p=-0.8 ¥ = 0.083 0.0611 | 1772332.764 | 0.003 | 0.17694
BVN, p=-0.5 ¥ =0.274 0.0135 8739.460 | 0.006 | 0.08661
BVN, p=0 ¥ = 1.000 0.0023 1.101 | 0.330 | 0.00927
BVN, p=0.2 ¥ =1.624 0.0038 10.942 | 0.040 | 0.03159
BVN, p=10.5 ¥ = 3.653 0.0119 &727.850 | 0.006 | 0.08661
BVN, p=10.9 ¥ = 28.395 | 0.0721 | 7721885.406 | 0.003 | 0.22283
BVE,8=0 ¥ = 0.989 0.3031 1.004 | 0.695 | 0.01919
BVE, 8 =0.5 ¥ = 0.477 0.1705 130.895 | 0.666 | 0.08628
BVE, 8 =0.5 ¥ = 0.278 0.0934 15793.256 | 0.723 | 0.10465
BVC of (5.3.4) ¥ =1.553 0.0512 8.093 | 0.097 | 0.32887
BVC, Independent | ¥ = 1.000 0.0041 1.084 | 0.958 | 0.02019
BVG, p=0.2 ¥ =1.611 0.0338 3.894 | 0.109 | 0.09931
BVG, p=04 ¥ = 2.605 0.0458 62.180 | 0.053 | 0.12313
BVG, p=10.6 ¥ =4.614 0.0731 25062.656 | 0.038 | 0.15694
BVG, p=10.38 ¥ =11.004 | 0.1298 | 1204440.624 | 0.039 | 0.21297

012

0115}

01l

0105t

35 4 45
0.095t
009

Figure 5.3—2. L; error (vertical axis) vs. ¥ (horizontal axis)
for the BVN with p = 0.5.
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’

h = GLD-2, ¥ = 0.083

f=BVN, p=-038 Error: f—h

Figure 5.3-3. Bivariate normal (p = —0.8) and GLD-2.

h = GLD-2, ¥ =0.274 f=BVN, p=-05 Error: f—h

Figure 5.3—4. Bivariate normal (p = —0.5) and GLD-2.
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h=GLD-2,¥ =1 f=BVN,p=0 Error: f—h

Figure 5.3—5. Bivariate normal (p = 0) and GLD-2.

NS N

h=GLD-2, ¥ =1.624 f=BVN, p=10.2 Error: f—h

Figure 5.3—-6. Bivariate normal (p = 0.2) and GLD-2.

© 2000 by Chapman & Hall/CRC



N

h

h

Error: f—h

and GLD-2.
Error: f —

and GLD-2.

)

)

9

0.5
0

05
(p

0.9
P

BVN, p
BVN, p

iate normal (

iate normal

/
/
ivar

1var

7. B

3-8. B

3

5
5

Figure

Figure
GLD-2, ¥ = 28.395

GLD-2, ¥ = 3.563

h

© 2000 by Chapman & Hall/CRC



5.3.2 Gumbel’s Bivariate Exponential Type I (BVE)
Here the d.f. is

Flz,y)=1—e%— eV + e @rutimy (5.3.2)
and the p.d.f. is
flz,y) = [(1 + 02)(1 + Oy) — fle~(=Fv+aw) (5.3.3)

where 0 < 0 <1 and z,y > 0 (see Hutchinson and Lai (1990)).
The marginals are each standard Exponential, that is Exp[1], hence

w=1 ol2=1, a3=2, as1=09.
From the tables (also from Section 2.4.4),
A(0,1) = (—0.993, —0.001081, —0.00000407, —0.001076),
so by Step 5 of Algorithm GLD-M in Section 2.3.2, we have
A1(1,1) = A(0,1)1 + 1 = —0.993 + 1 = 0.007

and oo, 1
200, 1) _ —0.001081.

)\2(1, 1) =
Therefore,
A = (0.007, —0.001081, —0.00000407, —0.001076).

The quality of the univariate exponential GLD fit was covered in Section
2.4.4 (e.g., see Figure 2.4-3). Eleven graphs of the BVE for § = 0(0.1)1 are
shown in Figure 5.3-9.

Graphs of the optimal GLD-2, BVE, and the difference function for 6 =
0,0.5, and 0.9 are shown in Figures 5.3-10 through 5.3-12.

5.3.3 Bivariate Cauchy (BVC)

Fitting the Bivariate Cauchy (BVC) reveals interesting facets of the GLD.
The p.d.f. of the BVC is

1
f(z,y) = %(1 +2%+ yz)(—g/z)’ —oo <z, y< oo, (5.3.4)
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Figure 5.3—9. Graphs of the bivariate exponential p.d.f.
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h = GLD-2, ¥ =0.989 f=BVE, 6=0 Error: f—h

Figure 5.3—-10. Bivariate exponential (# = 0) and GLD-2.

—

AR

h = GLD-2, ¥ = 0.477 f=BVE, 6=05 Error: f—h

Figure 5.3—11. Bivariate exponential (§ = 0.5) and GLD-2.
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& R

"

Error: f —h

h = GLD-2, ¥ = 0.278 f=BVE, =09

Figure 5.3—12. Bivariate exponential (§ = 0.9) and GLD-2.

with marginals

file) = fole) = =

e, o . 5.3.5
T+ o<z, y<oo ( )

Since the Cauchy distribution has no expected values, the Method of Mo-
ments cannot be used in fitting the GLD to the Cauchy. With the Method
of Percentiles, noting that the Cauchy is (1), the Student’s ¢ with 1 degree
of freedom, from Section 4.4.3 we have the fit with

A = (0, —2.0676, —0.8727, —0.8727). (5.3.6)

The percentile function for ¢(1) is available in closed form: F'(z) = p where
0 < p <1 yields

p== (tan @)+ 3) = stanl(a) + 5, (5.3.7)

Q(p) = tan <7T(p - %)) : (5.3.8)
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Using an alternative percentile method due to Mykytka (1979), Beckwith
and Dudewicz (1996) obtain the fit with

A = (0,-2.136833, —0.88871662, —0.88871662), (5.3.9)

which is very close to the fit (5.3.6) of Section 4.4.3. Note that both fits
are in Region 4 (see Figure 1.3-1). Hence both have support (—o0, c0) and
only the means (a7 = 0, in both cases) exist (see Theorem 1.4.23, Theorem
2.1.4, and Corollary 2.1.10). Figure 5.3-13 contains a graph of the univariate
Cauchy p.d.f., its GLD fit via (5.3.9), and the difference of the two p.d.f.s.

Note that in the bivariate Cauchy distribution function there is no coef-
ficient of association for the marginals: there is only one distribution (this
is a special (bivariate) case of the multivariate Cauchy), and it is not the
independent joint distribution which has

f(@,y) = filz) - foly)-

Using Algorithm GLD-BV with f the BVC of (5.3.3) yields Figure 5.3-14.
For f the independent joint distribution, we obtain Figure 5.3-15. For each,
the smallest L; error occurred at or near ¥ = 1, which yields an independent
bivariate p.d.f. The errors max | f — h | for the BVC and the independent
joint distribution were very low, 0.0512 and 0.0041, respectively; the L error
using the BVC was 0.32887 (the largest of all cases) whereas the L; error for
the independent joint distribution was 0.02019, indicating a very good fit.
Note that we used ¥ = 1 in Figure 5.3—-15 (due to theoretical implications of
the symmetry, although Algorithm GLD-BYV yields ¥ = 1.5534 for minimum
Ly error).

0006

Cauchy GLD Error

Figure 5.3—13. The univariate Cauchy p.d.f., its GLD
approximation, and approximation error.
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h=GLD-2,¥ =1 f=BVC Error: f—h

Figure 5.3-14. Bivariate Cauchy of (5.3.4).

h=GLD-2,¥ =1 f = Independent Cauchy Error: f—h

Figure 5.3—-15. Bivariate independent Cauchy.
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5.3.4 Kibble’s Bivariate Gamma (BVG)
This distribution has p.d.f.

_ fa(@) fa(®)T(a) exp [_ plx -I-y)] ( )_(a_l)/zja—l <2 :Eyp)
p
1

f(l‘ay)_ 1_p

ta—lg—t

where x,y >0, a >0, 0 < p < 1, fa(t)zw, and

S

Ti(2) = TZ:;J Pk +r+1)

is a modified Bessel function. Although the p.d.f. appears complicated, it
is one of the simpler bivariate Gamma distributions as compared, e.g., with
Jensen’s (see Hutchison and Lai (1990)), and the convergence of the Bessel
function is good for small values of p.

The marginals are each I'(a, 1), for which with o = 2 we have (see Section
2.4.6) p=2,0% =2, a3 = /2, and ay = 6. From the Ramberg, Tadikamalla,
Dudewicz, and Mykytka (1979) tables

A(0,1) = (—0.782,0.0379, 0.005603, 0.0365),

so by Step 5 of Algorithm GLD-M of Section 2.3.2, A1(2,2) = A\1(0, 1)v/2 +2
= 0.8941, A\2(2,2) = X2(0,1)/+/2 = 0.02680, and

A = (0.894085, 0.0267993, 0.005603, 0.0365).

Figure 5.3-16 contains graphs of I'(2, 1), along with its GLD fit. See Figures
5.3-17 through 5.3-20 for graphs of the GLD-2, Bivariate Gamma, and
error.

0.38
0.36
0.34
0.32 0.04

03
0.28
0.26
0.24

022 T

02
018 \/
016
014

0.12 -0.04
01

0.08
0.06
0.04
0.02 -0.08

o 1 2 3 4 s ] 7 [

Figure 5.3—-16. The I'(2,1) p.d.f. with its GLD approximation,
and the error of the GLD approximation.
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h = GLD-2, ¥ =1.611 f=BVG, p=02 Error: f—h

Figure 5.3—17. Bivariate gamma (p = 0.2) and GLD-2.

h = GLD-2, ¥ = 2.605 = =0. Error: f—h

Figure 5.3—18. Bivariate gamma (p = 0.4) and GLD-2.
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h = GLD-2, ¥ = 4.614 f=BVG, p=106 Error: f—h

Figure 5.3—19. Bivariate gamma (p = 0.6) and GLD-2.

h = GLD-2, ¥ = 11.004

Figure 5.3—20. Bivariate gamma (p = 0.8) and GLD-2.
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5.4 GLD-2 Fits: Distributions with Non-Identical Marginals

In the examples of Section 5.3, known bivariate distributions whose marginals
are identical were considered. We now consider bivariate distributions with
different marginals to examine the variety of shapes that can be achieved by
the GLD-2.

5.4.1 Bivariate Gamma BVG with Non-Identical Marginals

First, consider X to be the I'(2,1) r.v. and Y the I'(4, 1) r.v., both fitted by
GLDs. I'(2,1) was fitted in Section 5.3.4 via

A = (0.894085, 0.0267993,0.005603, 0.036)
and I'(4,1) can be fitted by a univariate GLD with
A = (2.656,0.0421, 0.0194, 0.08235).

See Figure 5.4-1 for graphs of the univariate GLD fits, and Figure 5.4-2
for contour graphs of the fitted GLD-2 with ¥ = 0.05(0.115)0.95 (negative
correlation) and ¥ = 1(3)13 (zero and positive correlation). The contour
graphs in Figure 5.4-2 are truncated to 0 < z,y < 10. (Note the contour
heights between graphs are not the same.)

03
0.2

01

2 4 8 8 10 2 4 [} 8 10 12

Figure 5.4—1. Univariate GLD fits to I'(2, 1) (on
the left) and I'(4,1) (on the right).

5.4.2 Bivariate with Normal and Cauchy Marginals

As our second example with non-identical marginals, suppose X is Cauchy
and Y is N(0,1). Each of these distributions was used previously in Section
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Figure 5.4-2. GLD-2 with different gamma marginals (X
is I'(2,1) and Y is I'(4, 1)) for 12 values
of ¥ (graphs show 0 < z, y < 6).
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5.3 in fitting their respective bivariate p.d.f.s. Figure 5.4-3 shows several
contour graphs, again with ¥ = 0.05(0.15)0.95 and ¥ = 1(3)13.

5.4.3 Bivariate with Gamma and “Backwards Gamma”
Marginals

The final example of the non-identical marginals case involves a non-standard
marginal. To reverse the shape of one of the marginals, one can switch Ag
and Ay; this will skew the distribution exactly opposite to the original. In the
case of Gamma, however, the p.d.f. is non-negative only for « > 0, whereas
this new “Backwards Gamma” is defined for # both negative and positive.
To create a p.d.f. more similar to I'(4,1) with a reversed shape, we add an
offset of 5 to A1 to shift the p.d.f. The new parameters are then

A = (7.656,0.0421, 0.08235,0.0194).

See Figure 5.4—4 for a graph of the GLD “Backwards Gamma” and Figure
5.4-5 for contour graphs of the GLD-2 for 12 values of W.

¥ =0.05 ¥ =0.20 ¥ =0.35 ¥ = 0.50

Figure 5.4-3. The GLD-2 for one Cauchy marginal
(X) and one normal marginal (Y') for
¥ = 0.05(0.15)0.95 and 1(3)12 (continued).
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Figure 5.4-3. The GLD-2 for one Cauchy marginal
(X) and one normal marginal (Y') for
¥ = 0.05(0.15)0.95 and 1(3)12 (concluded).

0.15

0.05

-2 0 2 4 6 8 10

Figure 5.4-4. The univariate GLD for the “backwards I'(4,1)”.
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¥ =0.05 ¥ = 0.50

¥ =0.65

Figure 5.4-5. The GLD-2 with X as the I'(2,1) and
Y as the “backwards I'(4,1)” for
¥ = 0.05(0.15)0.95 and 1(3)12.
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5.5 Fitting GLD-2 to Datasets

To fit the GLD-2 to a dataset we begin, as in Algorithm GLD-BV in Section
5.3 for a known bivariate distribution, by approximating the marginals with
GLDs. Since the true distributions are unknown, the sample moments or
percentiles are used. In this section we develop an algorithm for fitting the
GLD-2 to a dataset; next, we show the results of applying the algorithm to
six datasets considered by Beckwith and Dudewicz (1996), and follow this
up by giving the full details of fitting GLD-2 distributions in three examples.

5.5.1 Algorithm for Fitting the GLD-2 to Data

The success obtained in fitting known bivariate distributions leads us to
expect good results in the more difficult case of bivariate datasets with un-
known marginals and joint distributions. In Plackett (1965) a method of es-
timating ¥ was proposed for this situation: graph a scatterplot of the data,
along with the two lines at x = & and y = g, the respective medians; count
the number of points in each of the four resulting quadrants, denoting these
four counts in the sets {z < Z,y < 7}, {& < Z,y > 7}, {& > Z,y < 7}, and
{z > Z,y > 4}, by a, b, ¢, and d, respectively; then use ¥+ = (a-d)/(b-c) to
estimate ¥ (this estimator is motivated by the relationship given in (5.2.9)).

Beckwith and Dudewicz (1996) proposed the following algorithm for fitting
the GLD-2 to bivariate datasets:

Algorithm GLD-BVD: Fitting Bivariate Data with a GLD-2.

GLD-BVD-1. Given a bivariate dataset
Zla Z2a sy Zn = (XlaYi)a (XZaYVZ)a Py (XnaYn)a

with unknown bivariate p.d.f f(z,y), fit both marginals X and Y with
GLDs, using some suitable method (such as the Method of Moments,
or the Method of Percentiles).

GLD-BVD-2. Graph the marginal d.f.s F(x) and F(y) along with the em-
piric d.f.s (e.d.f.s) to verify the quality of the univariate fits, and per-
form other checks of the univariate fits as discussed in previous chap-
ters.

GLD-BVD-3. Graph a scatterplot of the (X,Y) data with the lines z = Z
and y = ¢, i.e., at the respective medians.
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GLD-BVD-4. Count the number of points in each of the four resulting
quadrants, labeling them a, b, ¢, and d, as in Figure 5.2-1.

GLD-BVD-5. Calculate ¥+ = (a-d)/(b-c), and use this value of ¥ in (5.3.1)
with the GLD marginal d.f.s (or in h(z,y) which follows (5.3.1)).

GLD-BVD—-6. Graph the resulting GLD—-2 and a 3-D scatterplot using height
values from the GLD-2 to visualize the quality of the fit, and perform
quantitative checks of the fit as well.

Algorithm GLD-BVD was applied by Beckwith and Dudewicz (1996) to
three datasets involving imaging data in the normal brain (see Dudewicz,
Levy, Lienhart, and Wehri (1989)) and three datasets from Johnson and
Wichern’s (1992) text. As it is instructive to see the wide range of appli-
cations, of p.d.f. shapes and contours, and of values of ¥, we provide some
of the details of these six applications and then give new examples with full
details. For each of the datasets, the univariate GLD fits were calculated
using the method of moments and the empiric d.f.s were graphed for a visual
check of the fit. The resulting GLD p.d.f. was also graphed. Then the data
were graphed in a bivariate scatterplot along with the horizontal and ver-
tical lines at the respective medians to determine the values a, b, ¢, and d.
The respective counts were labeled in each quadrant, and the median lines
intersect at (Z,7). With the resulting U*, the data were graphed in a 3-D
scatterplot with heights calculated from the GLD-2 p.d.f. Also graphed was
the resulting GLD-2, both as a 3-D density plot and a 2-D contour plot.
Figures 5.5—-1 through 5.5-6 give the bivariate graphs for each of the six
datasets.

The first dataset is from national track records for 55 countries; the first
variable is the time (in seconds) of the 100-meter run, and the second is the
time (in seconds) of the 400-meter run. The computed sample correlation
coeflicient is r = 0.834692; this modestly high correlation results in a large
U+ of 162.5. The second dataset compares the effect of two levels of carbon
dioxide on an anesthetic, halothane, in sleeping dogs; here » = 0.718082 and
U+ = 14. The third dataset compares the GPAs and GMAT scores for 31
students admitted to a graduate school of business; here r = 0.00409619,
and (since this is close to zero), ¥ = 1.469 is close to 1.

The fourth, fifth, and sixth datasets are Magnetic Resonance Imaging
(MRI) brain scan data. Several measures were taken from MRI scans on
approximately 40 patients over a period of time (the “Screened” data was
used).

The first MRI dataset (our fourth dataset) is from the Putamen section,
and the two variables are T2 left and right; here r = 0.797282 and ¥+ = 64.
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3-D scatterplot with GLD-2 heights GLD-2, ¥ = 162.5

bh=2 d=25
Lo ale 53
. a=26 c=2 g _ _
2-D scatterplot with median lines GLD-2 contour plot

Figure 5.5—1. Track records (in seconds) for 55 countries,
100 meter vs. 400 meter.

The second MRI dataset is AD data, with the first variable Cortical White
Right, and the second Caudate Right; here r = 0.783512 and ¥+ = 23.333.
The third MRI dataset is Putamen Right, T2 vs. AD; here r = —0.603856
and (since r is negative and somewhat large in absolute value) ¥+ = 0.0222
is close to zero.
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3-D scatterplot with GLD-2 heights

(410, 473)
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2-D scatterplot with median lines GLD-2 contour plot

Figure 5.5—2. Comparison of the effect of two levels
of carbon dioxide in sleeping dogs.

It is difficult to judge the quality of the fits when the distributions are
unknown, as we do not have the error values like |h{z,y) — f(z,y)| that
were available in the known-distribution case, or the known distribution, to
compare with. Given this lack of information, however, the graphs presented
here do seem to be evidence of fits that are reasonable.
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3-D scatterplot with GLD-2 heights GLD-2, ¥ = 1.469

. b=7 d=8 i
T | 339, 559) i
‘ . ¢=7 ‘ \
a=9 . .
2-D scatterplot with median lines GLD-2 contour plot

Figure 5.5—-3. Comparison of GPA and GMAT scores of students
admitted to graduate business schools.

Up to this point in Chapter 5 we have emphasized visual assessment
of goodness-of-fit. In the univariate case in Section 2.5.1, we noted that
in addition to the “eyeball test,” there were many statistical tests of the
hypothesis that the data come from the fitted distribution, and that it was
important to perform at least one of these, lest one’s assessment be overly
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3-D scatterplot with GLD-2 heights

b=3
d=12
(68, 67)
a=16 c=1
2-D scatterplot with median lines GLD-2 contour plot

Figure 5.5—4. Comparison of the T2 left and T2 right
variables from Putamen sections.

subjective. In the bivariate case, we lack the key result of Point 6 of Section
2.5.1 (Theorem 2.5.1) that one can transform to univariate uniformity. There
is, in fact, no such transformation in two or more dimensions. This limits the
number of quantitative assessments available; this is an important problem
in theoretical statistics which is currently under investigation.
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GLD-2, ¥ = 23.333

b=3 d=14
(94.5,%4.1)
. a=15 c=3 i - =
2-D scatterplot with median lines GLD-2 contour plot

Figure 5.5-5. AD of CWR and CWL variables in MRI data.

One test that is available is the chi-square test of the hypothesis that
the data (X1,Y1),(X2,Y2),...,(X,,Y,) are independent observations
from the fitted distribution H(z,y). To conduct this test, we divide the
plane into k& non-overlapping and exhaustive cells and obtain the probability
that H assigns to each cell. For any rectangular area such as that shown in
Figure 5.5-7, the probability can be found by computing (for a < b, ¢ < d)
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Figure 5.5—6. Putamen right, T2 vs. AD.

Pla<z<bec<Y <d)=H(b,d)— H(a,d) — H(b,c) + H(a,c). (5.5.1)

This formula holds even if a,b, ¢, d take on values such as +oo, making it
convenient to divide the plane into rectangular cells. As one desires the
expected number of points in each cell to be at least 5, one can partition
each of X and Y into cells, say 4 cells each. This yields 4 x 4 = 16 cells in
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d - ad) = (b.d)

Figure 5.5—7. A rectangular area in the plane and its probability
via (5.5.1). Left and lower boundaries are excluded.

the plane, some of which may have very small probability; such cells can be
combined with adjacent cells to raise the expected number of points in the
combined cell to 5 or higher.

We will return to assessment in the examples that follow and in the discus-
sion of research problems in Section 5.6. We have already shown the GLD-2
fits to a number of datasets, along with visual evidence of goodness-of-fit,
plus contours which the typical bivariate models in use today could not come
close to duplicating (due to the existence in the data of non-elliptical, even
non-convex, contours).

In two of the following three examples we examine in greater detail the
quantitative assessment of goodness-of-fit via the chi-square test as discussed
above.

5.5.2 Example: Human Twin Data of Section 2.5.4

This dataset of birth weights of twins was considered in Section 2.5.4 (see
Table 2.5-3) where both of its components were fitted with GLDs through
the method of moments. The fits for X and Y that were obtained were,
respectively,

GLD,(5.5872,0.2266, 0.2089, 0.1762)

and
GLD,(5.3904, 0.2293, 0.1884, 0.1807).

A histogram of X with the fitted GLD,, and a plot of the e.d.f. of X with the
d.f. of GLD,, given in Figure 2.5-4 indicate that GLD, fits X reasonably
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well. Similar graphic comparisons in Figure 2.5-5 establish that GLD, is
also a reasonably good fit to Y. The qualities of the two fits were further
substantiated through chi-square tests that yielded p-values of 0.03175 for
GLD, and 0.2450 for GLD,,.

The scatterplot of Figure 5.5-8 (a) shows
a=49, b=13, c¢=13, d=48

from which we obtain ¥+ = 13.9172. The GLD-2 that results from this is
shown in Figure 5.5-8 (b).

To perform a chi-square goodness-of-fit test we partition the support of
the GLD-2 into rectangular cells designated by

Io x Iy = {(z,y) | # € I and y € Iy},

where I, and I, are intervals of finite or infinite length. Since the rectangular
cells are of the type shown in Figure 5.5-7, we can use (5.5.1) to compute
the probabilities, and hence the expected frequencies for each cell. Table
5.5-9 gives the cells used in this case as well as the observed and expected
frequencies associated with each cell.

The chi-square statistic and p-value for this test are 9.3116 and 0.02542.
Note that to compute the chi-square statistic and p-value we use the chi-
square distribution with 3 degrees of freedom because we have 13 cells and
9 estimated parameters: A1, A2, A3, Ay for each of the GLD, and GLD,, fits
and ¥, hence degrees of freedom is 13 —9 — 1 = 3.

d=48

° o ° °©
a=49 00, o o [0 *
o

Figure 5.5—8. The scatterplot of the birth weights of
twins (a) and the fitted GLD-2 (b).
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Table 5.5—9. The cells, expected frequencies, and observed frequencies
for the twin data and its fitted GLD-2.

Cell Expected | Observed

Frequency | Frequency
(—00,4] X (—00,4.2] 7.5625 11
(4,00) X (—00,4.2] 10.7254 7
(—00,4.5] x (4.2, 5] 8.4201 9
(4.5,5.5] x (4.2, 5] 13.8320 13
(5.5,00) x (4.2, 5] 5.1798 8
(—00,5.25] x (5, 5.75] 11.1951 8
(5.25,5.75] x (5, 5.75] 9.4963 9
(5.75,00) x (5,5.75] 11.3240 13
(—00,5.75], (5.75, 6.5] 7.5109 8
(5.75,6.5] x (5.75,6.5] | 11.0697 9
(6.5,00) x (5.75,6.5] 7.5785 12
(—00,6.75] x (6.5, 00) 9.3363 7
(6.75,00) x (6.5, 00) 9.7695 9

5.5.3 Example: The Rainfall Distributions of Section 2.5.5

The rainfall data of Section 2.5.5 (see Table 2.5-6) gives the rainfall (in
inches) in Rochester, N.Y. (X)) and Syracuse, N.Y. (Y) from May to October
1998, on days when both locations had positive rainfall. Our attempt, in
Section 2.5.5, to fit a GLD to X and Y through the method of moments
failed because the (a3, a4) points for both X and Y were outside the region
covered by the GLD; in Section 3.5.4 we were able to obtain EGLD fits
to both X and Y; and in Section 4.6.4 we used the percentile approach to
obtain two GLD fits to X and three fits to Y.

Here we consider the bivariate (X,Y") and use the best of the GLD fits
that were obtained in Section 4.6.4. For X and Y, respectively, these were

GLD,(1.7684,0.5682,4.9390, 0.1055)

and
GLD,(1.3381,0.7557, 9.6291, 0.2409).
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Figure 4.6-3 (a) shows a histogram of X with the p.d.f.s of GLD, and the
GBD fit of Section 3.5.4. In Figure 4.6-3 (b) we see the e.d.f. of X with
the d.f. of GLD,. Figure 4.6—4 gives similar illustrations for Y. These are
reasonably good fits, an assertion that is supported by p-values of 0.09342
and 0.2791 for GLD,, and GLD,, respectively.

From the scatterplot of (X,Y") in Figure 5.5-10 (a) we see that

from which we obtain ¥+ = 13.68. The GLD-2 fit to this bivariate data is
shown in Figure 5.5-10 (b).

A chi-square goodness-of-fit test is not available in this case because there
are 47 data points and 9 estimated parameters. Hence, we would need to
partition the support of the fitted GLD—-2 into a minimum of 11 cells to have
11— 9 — 1 =1 be positive, forcing some of the expected frequencies to fall
below 5. In such a situation the test statistic will not have an approximate
chi-square distribution. One could obtain the actual null distribution by
Monte Carlo methods and then complete a test. This would also be true if
degrees of freedom were zero or negative.

Oco| Y3
LY
Ble ]

oo
o4,
o
&

(a) (b)

Figure 5.5—-10. The scatterplot of the rainfall data (a)
and the fitted GLD-2 (b).
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5.5.4 Example: The Tree Stand Data of Section 3.5.5

Two variables, DBH representing the tree diameter at breast height (in
inches) and H representing the tree height (in feet), were considered in Sec-
tion 3.5.5, and GLD (moment-based) and GBD fits for both variables were
obtained. To obtain a GLD-2 for the bivariate (DBH, H), we use the GLD
fits of Section 3.5.5 that were

GLDppr(4.7744,0.08911, 0.06257, 0.3056)

and
GLD£(82.0495,0.01442, 0.6212, 0.02459)

for DBH and H, respectively. We note that p-values of 0.09696 and 0.3776
were computed for the GLDppy and GLDyg fits, respectively, in Section
3.5.5.

The (DBH, H) scatterplot is given in Figure 5.5-11 (a) with a = 42, b = 3,
¢ =4, and d = 40, giving us ¥ = 140. The GLD-2 fit to (DBH,H) is shown
in Figure 5.5-11 (b).

With the notation used earlier, a partitioning of the plane into 13 cells
and associated expected and observed frequencies are shown in Table 5.5-
12. We have degrees of freedom 13—9—1 = 3 (since there are 13 cells, 9 fitted
parameters, and we lose 1 for the chi-square even if we fit no parameters).
The chi-square statistic and p-value that result from this test are 11.0670
and 0.01137, respectively.

Figure 5.5—-11. The scatterplot of the tree stand data (a)
and the fitted GLD-2 (b).
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Table 5.5—12. The cells, expected frequencies, and observed frequencies
for the tree stand data and its fitted GLD-2.

Cell Expected | Observed

Frequency | Frequency
(—00,00) X (—00, 26] 6.1395 5
(—o0,4] x (26, 39] 6.0533 8
(4,00) x (26, 39] 6.0464 5
(00, 5] x (39, 50] 6.6154 8
(5,00) x (39, 50] 6.8840 9
(—o0, 6] x (50, 60] 6.9502 8
(6,00) x (50, 60] 7.3736 3
(=00, 7.25] x (60, 69] 8.0411 8
(7.25, 00), (60, 69] 6.0959 8
(—00,8.5) x (69, 78] 7.3022 5
(8.5,00) x (69, 78] 7.2650 9
(—00,10.5] x (78, c0) 6.5677 10
(10.5,00) x (78,00) 7.6502 3

5.6 GLD-2 Random Variate Generation

The generation of r.v.s for Monte Carlo studies is one of the important appli-
cations of fitted distributions. In previous chapters we developed methods for
generating GLD random variates (Section 1.5) and EGLD random variates
(Section 2.6). Here we describe a method for generating random variates
from a GLD-2. Design of experiments using the GLD-2 is also possible
(generalizing Section 2.7).

Recall that the GLD-2 is specified by its distribution function H(x,y)
given in (5.1.1) and its p.d.f. h(z,y) given in (5.1.2). These involve a univari-
ate GLD F(z), a univariate GLD G(y), and a nonnegative constant ¥. The
F(z), G(y), and ¥ may be chosen to match a particular theoretical model
distribution, as noted in Sections 5.3 and 5.4, or to fit a dataset through
Algorithm GLD-BVD of Section 5.5. Since “bivariate inverse functions” are
not available, the generation of r.v.s from a GLD-2 involves considerations
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that did not arise in our previous discussions of the univariate cases in Sec-
tions 1.5 and 3.6. The three theorems that follow enable us to overcome the
non-existence of bivariate inverse functions.

Theorem 5.6.1. IfZ = (X,Y) is a r.v. with any bivariate distribution,
then its distribution function H(x,y) may be written as

H(z,y) = F(z)G(y|z) (5.6.2)

where F(x) and G(y) are the distribution functions of X andY, respectively,
and

Glylz)=P(Y <y|X <=z (5.6.3)

s the conditional distribution function of Y given that X < zx.

The proof of Theorem 5.6.1 is a simple application of the definitions of
conditional probability and distribution function (in the bivariate case). The
following is a direct consequence of Theorem 5.6.1.

Theorem 5.6.4. Suppose Z = (X,Y) is a r.v. with a GLD-2 distribution,
X1 is generated from F(x) through the method of Section 1.5, and Y is
generated from the p.d.f.

g(y|z) = (5.6.5)

Then the pair (X1,Y1) has the same distribution as (X,Y).

Since the g(y | 1) in (5.6.5) is the conditional p.d.f. of Y given that X = zy,
Theorem 5.6.4 provides us with a method of generating a GLD-2 r.v. (X,Y)
if we can generate Y from the p.d.f. g(y|z1). This is non-trivial, since
9(y|z1) is not a GLD distribution. However, the following method can
be used because we have explicit expressions for both the numerator and
denominator of (5.6.5).

Theorem 5.6.6. Let Y1 = G~Y(U | z1) where U is a uniform r.v. on (0,1).
Then Y1 has p.d.f. g(y|x1) described in (5.6.5) and is the solution of the
equation

G(y1 ‘:L‘l) ="U. (5.6.7)
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To obtain a solution to (5.6.7) numerical integration can be used to find
y1 such that

vi hzr|y) ,
[ fa) W=U

i.e., such that

/_ " b |y) dy = U f(21). (5.6.8)

Example: The program GLD2RAND for generating GLD-2 random variates
(written in Maple) is included in Section A.5 of Appendix A. The first two
parameters of the program are the A1, Ao, A3, Ay of the two marginal GLDs,
each entered as a list; the third parameter is the value of ¥; and the fourth
parameter is the number of observations that are to be generated.

For a specific illustration, we fit the GLD-2 to the bivariate normal with
marginals that are N(0,1) and N(100,225) with p = 0.5. The GLD fits to
N(0,1) and N(100, 225) are, respectively,

GLDx(0,0.1975,0.1349,0.1349)

and
GLDy (100, .01316,.1349, .1349).

GLDx is the fit that was obtained in Section 2.4.1. We know from Table
5.3-1 that ¥ = 3.653 when p = 0.5. Thus, we invoke GLD2RAND with the
following sequence of Maple commands:

> LambdaX := [0,0.1975,0.1349,0.1349];
> LambdaY := [100,.01316,.1349,.1349];
> GLD2RAND(LambdaX, LambdaY, 3.653, 200);

to generate 200 random observations from the GLD-2 that has GLDx and
GLDy for its marginals and ¥ = 3.653. In Table 5.6-1 we give the 200 (X,Y)
pairs that are generated and note that when the means and variances of the
X and Y components and the correlation coeflicient are computed we get

X =0.01100, Y =99.4321, s% = 0.8573, s =219.9745, r = 0.4035.

To obtain a quantitative assessment of the quality of this generator, we
perform a chi-square goodness-of-fit test on the data of Table 5.6-1 by par-
titioning the plane into 16 rectangles. These rectangular cells along with
their observed and expected frequencies shown in Table 5.6-2 produce a
chi-square statistic of 10.1753 and a p-value of 0.1175.
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Table 5.6—1. Random sample generated through GLD2RAND.

X Y X Y X Y X Y X Y
—.644 | 95.90 || —.951 [ 96.24 || —.008 | 117.3 || —-1.46 | 87.50 || —2.06 | 99.53
1.00 | 104.3 | —.061 | 110.0 || .857 | 109.0 || —.811 | 85.76 || —.136 | 107.2
-1.11| 79.16 1.05 | 88.49  .257 | 106.9 || —.830 | 88.89 1.25 | 119.1
—938 | 95.23 || —.549 [ 123.4 || —.439 | 102.5 || -1.82 | 88.84 || .479 | 109.5
1.45 | 121.9 118 | 1069 ff .752 | 113.9 | .898 | 98.30 || —.394 | 95.90
—.144 | 106.5 || -1.04 | 88.79 || —.156 | 104.6 || —.151 | 105.2 || —.343 | 89.72
797 | 103.6 .871 | 110.8 || —.455 | 89.81 || —.197 | 119.1 3511034
=750 | 93.42 || -1.81 [ 84.39 || —.717 [ 90.97 || —.075 | 90.65 617 | 101.7
-976 | 112.8 || -1.16 [ 92.58 || .700 | 110.5 || 1.77 | 113.4 || —.264 | 105.3
.020 | 99.50 1.15 | 101.1 .209 | 1155 | 087 | 109.1 || —1.14 | 85.28
.099 | 104.8 335 | 1228 f 904 | 125.6 || .748 | 131.8 || —2.44 | 77.43
250 | 84.78 | —.444 | 86.17 || —.345 | 110.6 || .298 | 112.4 || —.985 | 82.95
-1.02 | 85.22 .166 | 110.0 | —1.29 | 98.00 || 1.20 | 95.31 .546 | 89.96
—-.359 | 100.6 277 | 84.71 | -1.56 | 98.15 || —.640 | 92.79 445 | 94.80
13411096 | —.762 | 1085 || 1.07 | 85.22 || -1.18 | 112.9 .608 | 100.7
.824 | 83.38 253 | 1024 f .227 | 85.70 || .630 | 112.7 || —.924 | 38.98
-2.38 | 80.74 || —.097 | 85.03 || —.033 [ 90.83 || -1.26 | 77.55 971 | 107.9
-1.37 | 84.06 345 | 1012 2.44 | 1206 || 1.01 | 112.2 076 | 91.81
1.29 | 84.13 | —.319 | 102.6 || 1.29 | 111.6 || .864 | 89.72 461 | 98.07
327 | TLT8 | 333 | 9042 1 751 | 113.8 || .182 | 100.5 [ —.048 | 100.1
—-400 | 97.81 || —.621 [ 88.13 || 1.19 | 128.9 || .615 | 124.8 || —.887 | 101.6
.147 1 98.30 1.56 | 1079 { —100 | 103.9 || 1.00 | 115.2 1.00 | 100.6
-1.09 | 86.96 || —2.31 [ 95.62 || .748 | 77.89 || —-1.34 | 102.9 || —.887 | 86.29
426 | 8558 | —2.12 | 79.84 || .650 | 112.3 || —.756 | 93.09 1.16 | 93.09
.566 | 1029 {| —1.45 | 106.0 || —.252 | 98.52 || —.606 | 90.38 1.38 | 87.50
-.128 | 108.0 1.08 | 107.8 § .136 | 120.3 || —.087 | 96.36 .366 | 128.0
-2.17 | 68.89 || -1.47 [ 85.28 || .818 [ 105.7 || 1.19 | 102.5 907 | 127.0
1.34 | 103.0 1.32192.07  .057 | 1284 || 1.45 | 111.2 .021 | 113.7
1.53 | 1124 { —.526 | 102.0 || .213 | 91.01 || —1.71 | 93.34 || —.145 | 74.41
-1.09 | 87.40 || —.357 [ 61.71 || —.455 [ 85.88 |l —.075 | 96.93 .540 | 102.1
2871 1072 | —605 | 86.74 || .704 | 122.1 || —.135 | 93.95 || —.274 | 113.3
937 | 1011 §f —209 | 7473 || .594 | 117.3 || .955 | 117.7 || —.601 | 78.33
291 | 87.02 | —.545 | 126.4 || —.024 | 95.27 || .030 | 79.93 || —.334 | 80.02
1.70 | 119.3 6919543 1 .475| 114.8 || —.596 | 115.3 612 | 1144
644 | 1134 f 696 | 128.9 || .182 | 106.7 || —.371 | 83.38 || —1.45 | 89.33
—688 | 1055 || —.214 [ 81.97 || .099 | 117.0 || .344 | 105.7 || .936 | 81.08
106 1 93.99 | —.960 | 85.34 || —1.35 | 107.7 || 1.54 | 90.28 614 | 134.8
—425 | 60.69 || —.729 [ 74.89 || 1.32 [ 84.00 || 1.29 | 115.2 678 | 96.28
109 |1 1003 | —.635 | 95.07 || .301 | 102.6 || 1.85 | 94.92 386 | 121.3
—.559 1 99.72 || —.028 [ 89.96 || —-1.63 | 111.6 || —.678 | 76.44 || 1.07 | 103.4
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Table 5.6—2. The cells, expected frequencies, and observed
frequencies for the data of Table 5.6-1.

Cell Expected | Observed

Frequency | Frequency
(=00, —1] X (—00, 89.5] 16.7091 17
(—1,-0.25] x (—o0,89.5] 15.6534 17
(—0.25,0.25] x (—o0, 89.5] 8.3016 7
(0.25,00) x (—00, 89.5] 7.7286 12
(=00, —0.7] x (89.5,100] 13.9775 11
(—0.7,0] x (89.5, 100] 15.7682 18
(0,0.7] x (89.5, 100] 13.6189 10
(0.7,00) x (89.5,100] 8.2427 7
(=00, —0.7] x (100,110.5] 8.2427 5
—0.7,0] x (100, 110.5] 13.6189 14
(0,0.7] x (100, 110.5] 15.7682 19
(0.7, 00) x (100, 110.5] 13.9775 15
(=00, —0.25] x (110.5, c0) 7.7286 8
(—0.25,0.25] x (110.5, c0) 8.3016 7
(0.25,1] x (110.5, c0) 15.6534 21
(1, 00] x (110.5, 00) 16.7091 12

5.7 Conclusions and Research Problems Regarding GLD—-2

The GLD is a versatile family for distribution fitting. In this Chapter 5 we
have seen a bivariate version, the GLD-2. From the examples given, using
a variety of marginals and correlations as well as a variety of datasets, it
appears that the GLD-2 fits both some bivariate known distributions and
some bivariate datasets well. We are currently reinvestigating an extension of
the EGLD to a bivariate version, so that an even broader range of probability
distributions arising in practice can be fitted.

Some historical, as well as research frontiers, comments may be useful to
the reader seeking to put the material on bivariate distributions into per-
spective. First, since any bivariate d.f. F(x,y) is a function of the marginals
Fi(z) and Fy(y) called a copula, F(z,y) = C(Fi{(z), Fx(y)), it seems un-
likely that a bivariate GLD (by any generalization to two dimensions) would
have a closed form for its d.f. since its univariate form is specified by its per-
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centile function. This would also seem to apply to the multivariate (three
or more variates) cases. Note that Johnson and Kotz (1973) proposed a
non-closed-form multivariate extension of Tukey’s original (ungeneralized)
lambda distribution.

Second, the method R.L. Plackett (1965) proposed for generating bivari-
ate distributions from specified marginals, used by Beckwith and Dudewicz
(1996) to yield the GLD-2, rarely generates a closed-form expression for
d.f.s, but this is not a problem as computer calculation of the properties of
the resulting distribution is readily available.

Third, Plackett (1981, p. 151) has noted that the method of Plackett
(1965) for generating bivariate distributions was in fact introduced in 1913
in Pearson (1913) and Pearson and Heron (1913).

Fourth, due to the lack of a transformation from (X,Y’) into a bivariate
uniform distribution on the unit square (as noted in Section 5.5, in the
paragraph before that containing equation (5.5.1)), a Kolmogorov-Smirnov
type test based on the statistic

Dn = Sup‘Fn(l‘ay) _H(l‘ay)‘ (5'7'1)
()

does not reduce to testing bivariate uniformity; hence, critical values will be
functions of the fitted H (when we act as if it is the true d.f. of (X,Y")) as well
as of the sample size n. This means we would have to calculate the critical
values anew in each application. (Above, F,(z,y) is the bivariate empiric
d.f. ) In addition, the sup will require care to compute (but will be possible
since it should occur at or just before a jump). While F, (z,y) is called the
empirical process and there is a great deal of research on it (e.g., see Csérgé
and Szyszkowicz (1994) and its references; on p. 97 these authors seem to
indicate computational methods will be needed for the critical values, and in
any case they do not seem to have reduced their theory to practice). We are
not aware of this concluding in a (non-asymptotic) goodness-of-fit test, even
if, e.g., H is bivariate normal (in which case one could calculate the necessary
tables, which might also depend on the correlation coefficient). There appear
to be many interesting and important research problems in this area (and
some of them might be approached via computer simulation in terms of the
tables needed for implementation, or via algorithms to calculate the needed
critical values anew each time one tests using D), of (5.6.1)).

Fifth, from the graphs in Section 5.5, it will be clear that the GLD-
2 can have non-elliptic contours, in fact even non-convex contours. This
is of importance in applications, as it allows modeling of the (widespread)
situations where these sorts of contours arise. Work on multivariate models
is still in rapid development; some references one might consult for some
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of these aspects (elliptically contoured distributions, multivariate models
with given marginals, etc.) include Dall’Aglio, Kotz, and Salinetti (1991),
Anderson, Fang, and Olkin (1994), and Hayakawa, Aoshima, Shimizu, and
Taneja (1995, 1096, 1997, 1998).

Problems for Chapter 5

5.1 Let X and Y be random variables with marginal p.d.f.s that are uniform
on (0, 1). Find and provide a contour plot of H(z, y) with marginals the same
as those of X and Y, but for which (5.2.9) holds for ¥ = 4.

5.2 Do Problem 5.1 with ¥ = 0.25.

5.3 Do Problem 5.1 for each of the following values of ¥: 0.01, 0.1, 1, 10,
100, oc.

5.4 Suppose (X,Y) has a bivariate d.f. F(z,y) which is one discussed in
Hutchinson and Lai (1990) but not considered in Section 5.3. Develop a
GLD-2 fit H(z,y), plot contours, and consider the error f —h. How good a
fit to (X,Y) can be obtained using the GLD-2?

5.5 In Section 5.5.3, a GLD-2 fit was obtained to a set of data on rainfall
(X,Y) at two cities. Test the hypothesis that the data comes from the fitted
distribution. [Hint: Split the plane into 10 rectangles with frequencies of at
least 4.0 per rectangle. Compute a chi-square discrepancy measure. To as-
sess its significance, we cannot use a chi-square distribution, since the degrees
of freedom would be 10 —9 — 1 = 0. However, one can find the approximate
null distribution by Monte Carlo simulation. Do so and find the p-value
of the computed test statistic. At level of significance 0.01 do you accept
or reject the null hypothesis that the data (X1,Y1), (Xo,Y2),...,(X47, Ya7)
comes from the fitted GLD-27]

5.6 Generate 25 points from the GLD-2 h(z,y) fitted to the rainfall data of
Section 5.5.3. Fit a GLD-2 h*(z,y) to this set of simulated data. Compare
this GLD-2 to that with p.d.f. plotted in Figure 5.5-10 (b). In particular,
find

sup |h(z,y) — h*(z,y)l,

(z,9)

and plot h*(z,y) and e(z,y) = |h(z,y) — h*(z,y)|.
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Chapter 6

The Generalized Bootstrap (GB) and
Monte Carlo (MC) Methods

In Chapter 1 we noted the key role of statistical models, in particular of prob-
ability distributions, in modern human endeavor, and the recent explosive
developments in fitting distributions to data. In Chapters 1 through
5, through the use of the EGLD, we have provided modern, cutting-edge
methods for this area.

The fitted distributions are often used in a Monte Carlo Simulation
(MC) problem solution, where one samples from the fitted distribution
using random numbers — recall that we saw how to accomplish such sam-
pling in Section 1.5 (GLD Random Variate Generation), Section 3.6 (EGLD
Random Variate Generation), and Section 5.6 (GLD-2 Random Variate Gen-
eration). The resulting samples from the fitted distribution can then be used
to assess the performance of the simulated system, making it possible to op-
timize the system before it is built or modified (we saw in Section 2.7 how
design of experiments could be used in this process with a fitted GLD). For
some examples of MC in optimization, vehicle routing, and inventory man-
agement see, e.g., Golden, Assad, and Zanakis (1984), Golden and Eiselt
(1992), and Dudewicz (1997), respectively. For uses in quality control, see
Dudewicz (1999, p. 44-84).

An alternative approach in use as early as 1967, that did not gain wide
use until it was given the name bootstrap by B. Efron in 1979, after which
interest in it increased markedly, does not fit a distribution and then sample
from it. Rather, it draws its samples at random with replacement
from the data at hand.

The Bootstrap Method has attracted much interest since it is simple and
seems to yield solutions to problems. However, the method can behave badly
if the sample size is not large, and most of the theory supporting it is devel-
oped as the sample size becomes infinite. For example, if we have 50 years
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of data on rainfall in an area and we are designing a levee, the bootstrap
method will never yield observations more extreme than the most extreme
in the dataset of size 50. This can easily lead to design of a levee that will
not withstand the 100-year flood (a typical design criterion in the U.S.) or
the 1000-year flood (a design criterion in Europe) with high probability. For
more details, see Dudewicz (1992) and Dudewicz and Mishra (1988, Sec-
tion 5.6). For these reasons, we will not detail the Bootstrap Method
further here; it is a method fraught with danger of seriously inad-
equate results.

We do detail the Generalized Bootstrap which was introduced formally
in Dudewicz (1992) (and discussed earlier in Karian and Dudewicz (1991,
Section 6.6)).

6.1 The Generalized Bootstrap (GB) Method

The essence of the Generalized Bootstrap (GB) Method is to fit an
EGLD to the available data, and then take samples from the fitted distri-
bution (and work with them as the BM does with its samples from the data
itself). This method has been shown to do better than the BM when the
number of data points is not very large, and do as well as the BM when the
number of data points is large. Sun and Miiller-Schwarze (1996) have an
excellent exposition with real-data examples. More recent examples in data
mining, including interactive computer systems, consumer purchases, crop
damage, and pathogens, are considered by Dudewicz and Karian (1999b).
Suppose that we are interested in

0 =0(F), (6.1.1)

some function of the distribution F(-), but F(-) is unknown (if it were
known we could simply calculate 8(F')). However, we have a random sample
X1, Xo,..., X, from F(-). How can we use this sample to estimate 8(F)?
The Generalized Bootstrap (GB) approaches the problem as
follows. Suppose that one would typically estimate 6 by 6 =

0(X1,X2,...,Xy,). Then, instead, proceed as follows:

GB-1. Estimate F' by F. (The estimating F' should always be one that
has the properties known for the true F'. For example, F' should be
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continuous if it is known that F' is continuous. Fitting with the Gen-
eralized Lambda Distribution or with the empiric p.d.f. will often be
appropriate.)

GB-—2. Independently generate N random samples of size n from F.

From

Y1,Ys,...,Y, estimate 0(F), calling the estimate 6;.
From

Yis1, Yoy, ..., Yo, estimate 0(F), calling the estimate 5.

From

Y(N—1)nt1; - - -, Yn estimate 8(F), calling the estimate Oy.
GB-3. Use the sample 91, ég, . ,éN to estimate 6. For example, one may
calculate

6= <%> ge} (6.1.2)

and
N

6% = <ﬁ> > (6 - 9)?, (6.1.3)

i=1
which give the sample mean and sample variance, respectively, of the

GB estimators found in GB-2. Then, assuming approximate normal-
ity, we have

Var(6) = Var(6;) /N ~ 62N, (6.1.4)
and an approximate 100(1 — «)% confidence interval for 6 is
A+ (1 -a/2)s. (6.1.5)

The GB method uses the original estimator based on the original sample.
However, the GB method uses the samples generated in step GB-2 to arrive
at an estimate of the variability of the original estimator. The method of
(6.1.5) is called the “standard method” (e.g., see Chernick (1999, p. 54)),
and is appropriate if 6 has an approximate normal distribution.

A widely used alternative to the standard method is the “percentile
method,” which uses the upper and lower «/2 percentiles of the GB sample
estimators as the confidence interval. Specifically, the percentile method
proceeds as follows:

© 2000 by Chapman & Hall/CRC



PM-1. Use the Generalized Bootstrap GB (Steps GB-1 and GB-2) to ob-
tain N estimates 61,03, ...,60xN.

PM-2. Place the N estimates 61,8, ...,0x from step PM-1 in increasing
numerical order, obtaining

é(l) < é(z) <...< é(N)a (6.1.6)

the order statistics, where 9(1) is the smallest of 9(1) . ..é(N), 9(2) is
the second smallest of 9(1)...9(]\;), etc., and é(N) is the largest of

PM-3. The percentile method’s (approximate) 100(1 — a)% confidence in-
terval for 4 is

(O(a), O)) (6.1.7)

where

a=|N2|, b=[N(1- %)1. (6.1.8)
(That is, the lower 100a/2%, and upper 100a/2%, of the samples are
deleted. Note that |-] rounds down and |[-] rounds up; e.g., [24.8] =
24, [76.3] = 77.)

Example: We have the n = 60 observations X1, Xo,..., Xgg given in Table
6.1-1. We wish to obtain a 95% (approximate) confidence interval for p,
the probability that a value at least 7.30 will be found. (This data was
considered, in another context, in Dudewicz and Karian (1999b).)

Table 6.1-1. Data (n = 60 data points).

3.88(5.31(3.26|3.65]|6.78|3.31|6.09(3.42|3.45|4.83
4.014.37(3.34|4.20 | 2.23|3.173.20 | 3.12 | 5.50 | 5.45
4.28 | 4.77 1 4.49 | 3.74 [ 4.59 | 3.64 | 3.16 | 4.66 | 6.44 | 2.04
3.871337(235]4.29 625277373 |7.28|4.22 | 4.48
3.5413.793.78 | 2.28 | 4.09 | 5.02 | 3.37 | 3.00 | 2.75 | 4.12
4.86|4.1715.94|5.14 (3.29 | 3.79 | 3.59 | 4.79 | 3.18 | 4.84
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Using the Generalized Bootstrap, in Step GB-1 we fit a GLD using the
methods of Chapter 2. From the data we find

a1 = 4.1053, a9 = 1.2495, &3 = 0.6828, G4 = 3.2998
and the fit is
A1 =3.2530, Ay =0.1549, A3 =0.04033, X4 =0.2059

or the fit
GLD(3.2530, 0.1549, 0.04033, 0.2059).

This fit, with a histogram of the n = 60 data points, is shown in Figure
6.1-2.

Following step GB-2, we generate N = 500 random samples of size n = 60
from the fitted GLD (3.2530,0.1549,0.04033,0.2059). (For details of the
random number generator used, see Karian and Dudewicz (1999b, p. 133),
where it is called URNA41. It is a generator with high-quality test results and
an astronomic period 292. Also see Dudewicz and Karian (1999b, p. 262).)
Samples 1,2,3,4,5,6 and 500 are shown in Table 6.1-3. From these we
calculate the estimates of p, probability of values at least 7.30, as

P1=p2=p3=ps=0, ps=0.0333, pg=0,...,P500 =0.

0.3

0.2

\\
/ T~

0 2 3 4 5 6 7 8

Figure 6.1-2. Data in the form of a histogram, and fitted
GLD(3.2530, 0.1549, 0.04033, 0.2059).
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Note that in Table 6.1-3 values at or above 7.30 are highlighted for the
reader’s ease. The only such values, 8.15 and 7.76, are in the fifth sample,
hence ps = 2/60 = .0333.

The resulting p1, po, - . ., Psoo are shown in Table 6.1-4 where the entry in
the i-th row and j-th column is pig(;_1)4;. The order statistics (6.1.6) of
the entries of Table 6.1-4 are shown in Table 6.1-5; the latter are needed for
the percentile method of obtaining an approximate confidence interval (step
PM-3).

For an approximate 95% confidence interval, we have

Na/2=125 and N(1 - a/2)=487.5;

hence, our interval for p is

(15(12),]5(488)) = (0,0.0333).

We know (see Dudewicz and Karian (1999b, p. 262)) that the fitted GLD
actually has p = 0.0056, so this interval covers the true p of the fitted GLD.
(As the distribution from which the original data was drawn is not known, we
are not in a position to conclude with certainty whether its p is also covered
by the interval. This is the case with all “bootstrap” methods, which allow
us to make inferences from data but cannot guarantee correctness of those
inferences.)

The following theorem, discussed in Dudewicz (1992), implies that by
proper use of the GB one will obtain better results than with the BM.

Theorem 6.1.9. The Bootstrap Method is a special case of the Generalized
Bootstrap (namely, the BM takes the empiric d.f. in step GB-1).

Sun and Miiller-Schwarze (1996) compared the performances of the Boot-
strap Method and the Generalized Bootstrap of this section (as well as an-
other method — the jackknife). Focusing on a particular applied problem
and dataset, they provided the necessary computer code in the C program-
ming language and drew general implications. They reported two important
conclusions.

1. The Generalized Bootstrap is more consistent in parameter estimation
than is the Bootstrap Method.

2. The number of bootstrap samples N should be at least 500.

Asymptotic properties of GB have been shown by Lin (1997), who notes
(p. 302) that “... some advantages of using [GB] ... over the ordinary boot-
strap [BM] have been found ... .” For further discussion and examples, see
Dudewicz (1992).
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Table 6.1-3. Samples 1 through 6 and 500, each of size 60, from the
fitted GLD. Highlighted observations are at least 7.30.

7= 1 =2 1 =3 1 =4 1 =25 1=6 7 = 500
3.30 3.02 6.03 5.14 2.73 3.67 3.25
5.53 4.01 2.87 5.84 3.36 4.25 4.25
2.90 3.73 5.13 5.56 6.52 3.74 e 4.66
5.01 3.45 3.54 5.70 2.48 2.87 e 6.08
5.78 2.73 2.84 3.49 3.91 5.91 e 4.81
4.94 5.35 3.49 4.33 4.12 3.60 e 5.20
3.56 4.29 4.42 4.16 3.99 247 e 5.73
5.64 3.82 4.75 3.85 3.06 4.77 e 4.52
5.15 2.66 2.65 3.62 3.78 5.43 e 4.00
3.02 3.81 4.72 5.09 2.96 3.59 ‘.- 4.91
3.48 4.34 6.29 3.71 3.17 4.31 e 3.18
5.10 3.73 4.17 6.35 5.51 5.85 e 2.51
4.33 3.21 1.99 4.66 6.94 4.51 e 4.37
2.81 3.26 3.68 3.02 5.69 4.18 e 3.28
2.36 2.21 3.01 5.26 4.37 4.42 ‘e 3.22
5.10 5.49 2.54 6.35 3.71 5.14 e 5.65
4.81 4.13 4.33 3.08 3.78 2.82 e 3.49
2.46 4.21 2.67 5.50 3.56 2.49 e 4.21
5.11 4.77 3.20 2.44 2.84 4.95 e 4.03
2.94 4.36 2.42 4.05 4.43 4.29 ‘.- 3.48
5.29 4.75 3.95 2.30 4.49 3.52 B 4.01
4.18 7.21 6.23 3.39 3.83 4.43 e 3.78
2.65 4.13 3.56 3.86 3.59 2.83 e 3.39
4.44 3.03 2.87 3.79 3.21 4.43 e 4.31
5.44 3.64 4.09 3.42 5.13 1.84 e 2.76
3.81 5.60 3.12 3.15 3.56 4.03 e 4.81
2.77 6.59 4.49 6.19 5.21 3.46 e 4.82
3.76 3.71 4.85 3.41 3.39 3.48 e 6.15
3.76 4.11 3.17 2.57 3.05 3.03 e 3.08
5.55 3.52 3.25 4.07 4.48 5.71 ‘.- 4.30
3.12 4.35 2.98 3.52 3.78 3.75 e 2.89
3.83 4.97 3.39 3.36 4.28 6.03 e 5.79
4.99 4.64 4.47 3.72 4.16 3.16 e 3.48
3.18 4.75 4.83 4.97 4.36 4.20 e 3.47
2.70 4.46 4.11 5.73 8.15 3.42 ‘.- 3.48
3.55 3.66 2.87 5.56 3.25 3.12 BEE 4.94
2.70 5.07 4.95 4.33 6.48 5.27 e 4.04
1.95 3.50 4.06 4.25 4.83 3.12 e 3.15
2.99 2.93 4.98 3.67 3.22 4.77 e 3.27
3.44 3.64 4.51 3.08 3.75 5.03 ‘.- 4.19
2.98 6.56 2.97 6.17 3.68 5.20 B 2.94
3.12 6.32 6.68 3.52 3.57 4.32 e 4.83
3.78 3.88 6.24 4.27 3.27 4.05 e 4.75
5.71 4.58 5.11 2.67 3.30 4.20 e 5.25
4.84 3.26 4.58 3.60 3.28 5.91 e 4.64
5.74 3.63 3.78 4.77 4.36 4.02 e 4.02
3.45 3.37 6.48 5.02 4.79 5.73 e 2.94
3.05 4.69 4.41 2.67 3.73 4.81 e 3.25
3.55 6.11 4.30 3.86 5.44 3.97 e 4.79
3.32 2.44 3.49 3.72 4.23 6.26 ‘.- 3.30
4.47 4.93 2.23 3.99 4.31 6.34 BEE 4.11
4.16 4.02 6.29 3.04 4.91 4.52 e 5.64
2.34 2.51 4.64 5.02 3.72 3.86 e 3.52
5.08 3.17 6.22 4.36 3.95 5.89 e 5.13
2.95 4.91 3.52 3.49 3.43 4.16 ‘.- 4.83
3.30 5.94 2.87 2.93 7.76 5.29 e 4.15
3.22 3.12 2.42 4.07 3.22 4.81 e 4.24
6.48 4.67 2.36 5.19 3.20 3.45 e 3.67
4.50 3.62 2.27 6.10 4.07 3.39 e 4.59
2.94 2.77 3.89 5.36 2.30 3.37 ‘.- 3.85
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Table 6.1-4. The 500 GB estimates p1, P2, ..., P500-
0 0 0 0] .0333 0] .0333 0 0 0
0 0 0] .0500 0] .0167 0 0] .0500 0
0167 | .0167 0 0] .0167 0 0 0 0] .0167
0 0 0 0] .0167 0 0].0333 0] .0167
0] .0167 01.0333 | .0167 0] .0167 0| .0167 | .0167
0167 | .0167 0 01.0167 | .0167 | .0333 0 0 0
0 0] .0167 | .0667 0] .0167 | .0167 0| .0167 | .0167
0333 | .0333 | .0167 | .0167 0] .0167 0] .0167 0 0
0] .0167 0 0 0 0 0 0 0 0
0] .0333 | .0167 0] .0167 | .0167 0 0 0 0
0 0 01.0667 | .0500 [ .0167 0 0 01 .0500
0333 0 0 0 0] .0167 0] .0167 | .0500 0
0] .0167 0 0] .0500 0 0] .0167 0 0
0333 0 0 0 0 0 0] .0167 0] .0167
0 0 0 0] .0167 0| .0167 0 0 0
0 0 0 0 0 0] .0167 | .0500 [ .0167 0
0167 | .0167 0 0 0].0333 0] .0167 0 0
0 0 0 0 0 01 .0167 0 0 0
0167 0 0 01].0333 | .0333 0 0 0] .0167
0167 0 0 0 0 0 0] .0167 0 0
01].03331.0333 01 .0167 [ .0500 0 0].0167 ] .0167
0167 0 0 0 0] .0333 0].0333 0 0
0333 | .0333 | .0167 0] .0167 0 0 0 0 0
0167 01.0333 | .0167 | .0167 | .0333 | .0333 | .0333 0 0
0 0| .0167 | .0167 0].0333 | .0333 | .0167 0] .0333
01].0333 0 0 0] .0167 0] .0167 0 0
0] .0167 0].0333 0 0 0 0 0] .0167
0] .0167 0] .0167 0] .0167 0 01].0333 0
0167 0 0 0] .0167 0 0] .0167 | .0333 0
0 0 0 0] .0167 | .0167 0 0] .0167 0
0167 ] .0333 01.0333 1 .0167 0 0 0 0 0
0 0 0| .0167 | .0167 0] .0167 | .0333 | .0167 0
0 0].0333 0] .0167 | .0167 | .0333 | .0167 | .0167 0
0167 | .0167 | .0167 | .0167 | .0167 0] .0167 0 0 0
0 0 0 0] .0167 | .0167 0] .0167 0 0
0 0 0 07].0333 0 0].0167 01].0167
0 0 01].0333 0] .0333 | .0167 | .0167 0] .0333
0333 0] .0167 0] .0167 0] .0167 01].0333 0
0| .0167 | .0167 | .0167 0] .0333 0 0 0] .0167
0167 | .0167 01].0333 0 0 0] .0167 0 0
0 01.0167 [ .0167 | .0333 | .0167 | .0333 0 0 0
0] .0167 | .0167 0 0 0 0].0333 0 0
0] .0167 0] .0167 0] .0167 0].0167 | .0167 0
0167 0 0].0333 | .0167 | .0167 0 0 0 0
0] .0167 | .0167 0 0 0 0 0 0] .0167
0 0] .0167 | .0167 0].0167 0] .0500 0 0
0] .0167 0 0] .0167 0 0] .0167 0 0
0167 0| .0167 | .0167 0] .0167 0] .0167 0 0
0167 0 0].0167 | .0167 0 0] .0167 0 0
0 0 0] .0167 0 0] .0167 | .0167 0 0
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Table 6.1-5. The order statistics p(1y < peay < -+ < P(500)-

O OO0 IO OO0 OO OO OO OO YOO YOO Y

O OO0 IO OO0 OO OO OO OO YOO YOO Y

OO OOOOOOOOODOOOOO OO0 OO O Y

OO OOOOOOOOODOOOOO OO0 OO O Y

OO OOOOOOOOODOOOOO OO0 OO O Y

OO OOOOOOOOODOOOOO OO0 OO O Y

OO OOOOOOOOODOOOOO OO0 OO O Y

OO OOOOOOOOODOOOOO OO0 OO O Y

OO OOOOOOOOODOOOOO OO0 OO O Y

OO OOOOOOOOODOOOOO OO0 OO O Y

0167
0167
.0167
.0167

0167
0167
0167
.0167

0167
.0167
0167
0167
0167

0167
0167
0167
0167
.0167

0167
.0167
0167
0167
.0167

0167
0167
0167
0167
.0167

.0333
.0333
.0333
.0333
.0500

.0333
.0333
.0333
.0333
.0500
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6.2 Comparisons of the GB and BM Methods

Since the BM has defects that are not generally well-known, in addition to
the comments already made in Section 6.1, we detail here some of the recent
results relevant to the comparison of GB and BM. These comparisons, in
our opinion, make GB the method of choice when one intends to use MC
methods.

In one study of distributional inference, Kroese (1994, pp. 41-42) stated,
“A disadvantage of the Bootstrap procedure is that discrete distributions
are generated.” This is because the data is resampled by the BM, so one
never sees any but the same data points one started with when the BM is
used. Indeed, criticism of the BM has been growing in recent years (Young
(1994)).

Meanwhile, recent theoretical work (e.g., Lin (1997)) has shown that meth-
ods like the GB, which beat the BM for small to moderate sample sizes, also
give good asymptotic performance. In this light, it is not surprising that the
most recent comprehensive book on bootstrap methods states, . . . the gen-
eralized bootstrap. . . [is] a promising alternative to the. . . bootstrap since it
has the advantage of taking account of the fact that the data are continuous
but it does not seem to suffer the drawbacks. . . 7(Chernick (1999, p. 109)).

Problems for Chapter 6

6.1 Suppose we are faced with the question: What is the probability that
a value of a random variable X greater than 6.30 will be encountered? We
have available a random sample of data of size 20, namely

3.88 4.01 428 3.87 354 486 531 437 497 3.37
3.79 417 326 334 449 235 378 594 3.65 4.20

(this is part of the data considered in Dudewicz and Karian (1999b, p. 260)
in another context). Use the GB method to answer this question. [Hint:
Fit an EGLD to the data. Then either (a) find the tail probability above
6.30 in the fitted distribution, or (b) take a sample of size 10,000 from the
fitted EGLD and estimate the desired probability by ¥/10,000 where Y is
the number of the 10,000 values which are 6.30 or larger.]
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6.2 Use the BM to attempt to answer the question of Problem 6.1. [Hint:
Sample 10,000 from the data at random with replacement, and estimate
by Z/10,000 where Z is the number of the 10,000 values which are 6.30 or
larger.|

6.3 In Problem 6.1, find an approximate 95% confidence interval for the
desired probability p as follows. Do the sampling of 10,000 values 1,000
times. This yields 1,000 estimates of p, say p1,...,p1000- Discard the 25
smallest of the p;s and also discard the 25 largest, leaving the middle 95%
of the estimates. Claim this is a 95% confidence interval for p.

6.4 As in Problem 6.3, but using the BM.

6.5 Comparing the results of Problem 6.1 with those of Problem 6.2, and of
Problem 6.3 with those of Problem 6.4, given an assessment of the GB in
comparison with the BM.
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Appendix A

Programs for Fitting the GLD, GBD,
and GLD-2

This Appendix consists of the compendium of programs that deal with var-

ious computations discussed in the text.

1. Section A.1 lists programs that are of general utilty. These consist of

Histogram: for plotting data histograms;
Percentile: for obtaining sample percentiles;
GLDPDFplot: for graphing a GLD p.d.f;
GLDDFplot: for graphing the d.f. of a GLD.

2. Section A.2 lists programs associated with fitting of GLDs with the

method of moments described in Chapter 2. These consist of

FindAlphas: for finding the oy, a9, a3, a4 of a dataset;

FindLambdasM: for determining A1, A2, A3, Aq4 from a1, a9, as, a4.

3. The single program of Section A.3 is FindBetasM and it is used for

computing 31, B2, 3, B4 from o, a2, a3, o4.

4. Section A.4 contains programs associated with the percentile-based

method discussed in Chapter 4. These are

FindRhos: for the determination of p1, p2, ps3, p4 for a dataset;

FindLambdasP: for determining A1, A2, A3, Ag4 from p1, p2, p3, p4.
5. Section A.5 deals with GLD-2 fits and contains

PlackettPsi: to compute Plackett’s ¥ from bivariate data;
GLD2PDFplot: for graphing the p.d.f. of a GLD-2;
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GLD2RAND: for generating random samples from a fitted GLD-2; and

P.301ff: the program (listing starts on page 301) written in the C
programming language for obtaining GLD-2 approximations.

With the exception of the last program in Section A.5 (which is written
in the programming language C), all programs are written in Maple for
execution within the Maple computing environment. There are advantages
and disadvantages associated with any choice of programming language or
environment. The principal disadvantages of Maple are

1. Maple is not as universally available as FORTRAN or C. Consequently,

some individuals, including expert programmers, will have to assume
the expense (in money and time) of acquiring Maple and getting accli-
mated to it.

. The primary strength of Maple is in symbolic mathematical manipula-
tions, not in numeric computations. This makes numeric computations
in Maple considerably slower than they would be in FORTRAN or C.

The advantages of using Maple are

1. Access to a host of built-in symbolic manipulation algorithms that

enable users to perform differentiations, symbolic integrations, com-
putations of Jacobians, solving differential equations, etc.

. The ability to set almost arbitrary levels of accuracy, including preci-
sions that exceed the computer’s hardware floating-point capabilities.
Use of high levels of accuracy slows program executions; however, in
many instances this is a very worthwhile trade-off.

. Access to numeric, symbolic and graphic computation in a single en-
vironment. The ability to produce images such as those given in figures
throughout this book greately enhances one’s ability to solve equations
agsociated with GLD, GBD, and GLD-2 fits.

The programs listed in the following sections can be obtained from the
CRC Press website through

http://www.crepress.com.
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A.1 General Utility Programs

HESHHHHHE R R

# #

#  Procedure for Graphing a Data Histogram #

# #

HESHHHHHE R R

# FUNCTION: Histogram

# PURPOSE: Plot a histogram of data

# ARGUMENTS: L -- list of data values

# R -- (optional) range of data values of the form
# a..b (if not present the max and min of the
# data will be used).

# I -- (optional) number of intervals (if not present
# 8 intervals will be used).

Histogram := proc()

local YYY, YY, Y, n, 1, u, v, i, j, k, p, t, U, V, count,
truemin, truemax, nint;

YY := sort(evalf(args([1]));

n := nops(YY);
if nargs = 1 then
truemin := YY[1]; truemax := YY[n]; nint := 8
else
truemin := lhs(args[2]);
truemax := rhs(args[2]);
nint := args[3]
fi;
count := 0;
for i to n do
if YY[i] < truemin or truemax < YY[i] then
count := count + 1
fi
od;
if 0 < count then print("WARNING: There are", count,
" data points out of plot range.")
fi;
j:=1;
YYY := array(l .. n);
u := array(l .. nint + 1);
v := array(l .. nint + 1);
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for i to n do
if truemin <= YY[i] and YY[i] <= truemax then
YYY[3§] := YY[il; § := j + 1

fi
od;
n:=j-1;
Y := [seq(YYY[k], k=1 .. n)];
p := array(l .. 8*nint);
1 := (truemax - truemin)/nint;
ul1] := truemin;
v[1] := 0;

for i from 2 to nint + 1 do
uli] := ufi - 1] + 1; v[i] := 0

od;
if ulnint + 1] < Y[n] then ulnint + 1] := Y[n] fi;
i:=2;

for j to n do
if Y[j] <= u[i] then v[i - 1] := v[i - 1] + 1
else i :=1+1; j:=3j-1

fi

od;

t :=1;

for i to nint do
Ult] := ulil;
V[t] := 0;

t =t + 1;
Ult] := Ult - 1];

vit] := v[il;
t =t + 1;
Ult] := Ut - 1] + 1;

VIit] := v[i];
t =t + 1;
Ult] := Ult - 1];
V[t] := 0;
t =t +1

od;

for i tot - 1 do
pl2*i - 1] := U[i]; pl[2%i] := V[i]/(1#*n)

od;

plot([seq([p[2*i - 1], p[2%il], i =1 .. t - 1)],
color = black)

end:
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HESHHHHHE R R

# #
# Procedure to Determine Data Percentiles #
# #

B s e g g g
# FUNCTION: Percentile

# PURPOSE: Compute sample percentiles

# ARGUMENTS: L -- list of data values

# p —— probability for the percentile

Percentile:=proc(L::list(numeric), p::numeric)
local n, LL, F, r, ab:
description "The 100*p-th percentile of the list L":

if p<O or p>1 then
ERROR("Second argument must be between 0 and 1") fi:
n := nops(L):
if p < 1/(n+1) or p > n/(n+l) then
ERROR("Percentile does not exist") fi:
LL:=sort(L): F:=convert((n+1)*p, fraction):
r:=trunc(F): ab:=F-r:
LL[r]+ ab*(LL[r+1]-LL[r])
end:

HESHHHHHE R R

# #
# Procedure for Graphing a GLD p.d.f. #
# #

B s e g g g

# FUNCTION: GLDPDFplot

# PURPOSE: Graph the p.d.f. of a GLD distribution
# ARGUMENTS: L -- list of lambda values.

GLDPDFplot := proc(L::1list)
local P1, P2, P, X, £, i, n, Points;
n := 101;

P:=array(l..n);
for i from 1 to n do
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if i <= 5 then P[i] := i*0.0005

elif i <= 10 then P[i] := 0.0025+(i-5)*0.001
elif i <= 20 then P[i] := 0.0075+(i-10)*0.002
elif i <= 30 then P[i] := 0.0275+(i-20)%0.01
elif i <= 67 then P[i] := 0.1275+(i-30)*0.02
elif i <= 77 then P[i] := 0.8675+(i-67)*0.01
elif i <= 87 then P[i] := 0.9675+(i-77)*0.002
elif i <= 97 then P[i] := 0.9875+(i-87)%*0.001
P

else P[i] := 0.9975+(i-97)*0.0005
fi

od;

X := [seq(L[1]+ ( P[i]1°L[3] - (1-P[il)"L[4] )/L[2], i=1..n)]:
f := [seq(L[2]/(L[31*P[i]~(L[3]-1)+L[4]*(1-P[i])~(L[4]-1)), i=1..
Points:= [seq( [X[il, £[i]], i= 1..n)]:
plot(Points, color=black) :

end:

HESHHHHHE R R

# #
# Procedure for Graphing a GLD d.f. #
# #

B s e g g g
# FUNCTION: GLDCDFplot

# PURPOSE: Graph the d.f. of a GLD distribution
# ARGUMENTS: L -- list of lambda values.

GLDCDFplot := proc(L::1list)
local P, X, i, n, Points;

n := 101;

P:=array(l..n);

for i from 1 to n do
if i <= 5 then P[i] := i*0.0005

elif i <= 10 then P[i] := 0.0025+(i-5)*0.001
elif i <= 20 then P[i] := 0.0075+(i-10)*0.002
elif i <= 30 then P[i] := 0.0275+(i-20)%0.01
elif i <= 67 then P[i] := 0.1275+(i-30)*0.02
elif i <= 77 then P[i] := 0.8675+(i-67)*0.01
elif i <= 87 then P[i] := 0.9675+(i-77)*0.002
elif i <= 97 then P[i] := 0.9875+(i-87)%*0.001
P

else P[i] := 0.9975+(i-97)*0.0005

fi
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od;

X := [seq(L[1]1+ ( P[i]1°L[3] - (1-P[i])"L[4] )/L[2], i=1..mn)]:
Points:= [seq( [X[il, P[i]], i= 1..m)]:

plot(Points, color=black) :

end:

A.2 GLD Parameter Estimation: Method of Moments
R R

# #
#  Procedure to Determine Alphas from Data #
# #

B s e g g g
# FUNCTION: FindAlphas

# PURPOSE: Compute First 4 sample moments

# ARGUMENTS: DL -- 1list of data.

FindAlphas := proc (DL::list)
local n, i, AH1, AH2, AH3, AH4, S;

n:=nops(DL);

AH1 := convert(DL, ‘+¢)/n;

S:= [seq((DL[i]-AH1)"2, i=1..n)];

AH2 := convert(S, ‘+¢)/n;

S:= [seq((DL[i]-AH1)"3, i=1..n)];

AH3 := convert(S, ‘+¢)/(n*AH2"(3/2));
S:= [seq((DL[i]-AH1)"4, i=1..n)];

AH4 := convert(S, ‘+¢)/(n*xAH2"2);

evalf ([AH1, AH2, AH3, AH4]);
end:
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HESHHHHHE R R

# #
# Procedure to Determine Lambdas from #
# Sample Moments #
# #

B s e g g g

# FUNCTION: FindLambdasM

# PURPOSE: Newton’s method for GLD Approx. via moments
# ARGUMENTS: AH -- list of sample alphas;

# I3, I4 -- Initial approx. of lambda3 and lambda4
# IterCount —- (optional) Max. No. of Iterations

# (if not present it is set to 10).
FindLambdasM := proc(AH:: list, I3::numeric, I4::numeric)

local A, B, C, D1, D2, D3, Alphl, Alph2, Alph3, Alph4, F,
AHatl, AHat2, AHat3, AHat4, V, J, err3, err4, iteratioms,
Fk, Jk, Y, Eq3, Eq4, L1, L2, L3, L4, a, b, temp, lambdal,
lambda2, lambda3, lambda4, IterCount, L, FirstL, SecondL;

Digits:=20;
if nargs=3 then IterCount := 10 else IterCount := args([4] fi;
with(linalg, vector, matrix, jacobian, linsolve):

AHat1:=0; AHat2:=1;
AHat3:=evalf (AH[3]); AHat4:=evalf (AH[4]);
L3:=13; L4:=14;

A:=1/(1+lambda3)-1/(1+lambda4d) ;
B:=1/(1+2%1lambda3)+1/ (1+2*lambdad4) -2*Beta(1+lambda3, 1+lambda4) ;
C:=1/(1+3*lambda3) -1/ (1+3*lambdad)-3*Beta (1+2*lambda3, 1+lambda4)

+3*Beta(1+lambda3, 1+2*1lambdad) ;
D1:=1/(1+4*1lambda3)+1/(1+4*lambda4)+6*xBeta(1+2%lambda3, 1+2*lambdad) ;
D2:=-4%Beta(1+3*lambda3,1+lambdad)-4*Beta(l+lambda3, 1+3*lambda4) ;
D3:=D1+D2;

Alphl:=lambdal+A/lambda?2;
Alph2:=abs(B-A"2)/lambda2"2;
Alph3:=(C-3*A*B+2+xA"3)/abs ((B-A"2)"(3/2));
Alph4 :=(D3-4*A+xC+6*B*A~2-3%A"4) /((B-A"2)"2);

Eqg3 :
Eq4 :

Alph3-AHat3;
Alph4-AHat4;
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F:= vector([Eq3, Eg4l);
V:=vector([lambda3, lambda4]);

J:= jacobian(F, V);

err3 := 1; errd := 1; iterations:=1;

while (((err3 > 0.00001) or
(errd > 0.00001)) and (iterations <= IterCount)) do
# if iterations=IterCount then lprint(‘WARNING: iterations=°¢,
iterations, ‘ERRORS: ¢,err3, err4) fi;
Fk:=vector([evalf (subs({lambda3=L3, lambda4=L4},-Eq3)),
evalf (subs({lambda3=L3, lambdad4=L4},-Eq4))]);
Jk:= matrix([
[subs({lambda3=L3, lambdad4=L4}, J[1,1]),
subs ({lambda3=L3, lambdad4=L4}, J[1,2])],
[subs({lambda3=L3, lambdad4=L4}, J[2,1]),
subs ({lambda3=L3, lambdad4=L4}, J[2,2])]
D;
Y:= linsolve(Jk,Fk);
L3:= L3+Y[1];
L4:= LA+Y[2];
err3:= evalf (abs(subs({lambda3=L3, lambda4=L4}, Eq3)));
err4:= evalf (abs(subs({lambda3=L3, lambda4=L4}, Eq4)));
if iterations=IterCount then lprint(‘WARNING: iterations=°¢,
iterations, ‘ERRORS: ¢,err3, err4) fi;
iterations := iterations+1
od;

a:=evalf (subs({lambda3=L3, lambdad4=L4},A));
b:=evalf (subs({lambda3=L3, lambda4=L4},B));

L2:=abs(sqrt((b-a~2) /AHat2));
L1 := AHatl -a/L2;
FirstL:=[L1,L2,L3,L4];

if L3 < 0 then SecondL:=[-FirstL[1],FirstL[2],
FirstL[4],FirstL[3]] else SecondL:= FirstL fi;

if evalf(AH[3]) < 0 then L:=[-SecondL[1],SecondL[2],
SecondL[4] ,SecondL[3]] else L:=SecondL fi;

[(L[1)*sqrt(AH[2])+AH[1], L[2]/sqrt(AH[2]),L[3],L[4]];

evalf (%,10);
end:
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A.3 GBD Parameter Estimation: Method of Moments

HESHHHHHE R R

# #
# Procedure to Determine Betas from #
# Sample Moments #
# #

B s e g g g

# FUNCTION: FindBetasM

# PURPOSE: Newton’s method for GBD approx. via moments
# ARGUMENTS: AH -- list of sample alphas;

# I3, I4 -- Initial approx. of beta 3 and beta 4
# IterCount —- (optional) Max. No. of Iterations
# (if not present it is set to 10).
FindBetasM := proc(AH:: list, I3::numeric, I4::numeric)

local Alphil, Alph2, Alph3, Alph4, F, AHatl, AHat2,
AHat3, AHat4, V, J, err3, err4, iteratioms,
Alph4Num, Alph4Den, B2, B3, B4, B5,
Fk, Jk, Y, Eq3, Eq4, Betl, Bet2, Bet3, Bet4,
temp, betal, beta2, beta3, beta4, IterCount;

Digits:=20;

if nargs=3 then IterCount := 10 else IterCount := args([4] fi;
with(linalg, vector, matrix, jacobian, linsolve):
AHat1:=AH[1]; AHat2:=AH[2]; AHat4:=AH[4];

if AH[3] < O then AHat3 := -AH[3] else AHat3 := AH[3] fi;
Bet3:=13; Bet4:=14;

B2 := beta3+betad4+2; B3 := B2+1; B4 := B2+2; Bb5 := B2+3;

Alphl := betal+(beta2+(beta3+1))/B2;

Alph2 := (beta2"2*(beta3+1)*(betad+1))/(B2"2*B3);

Alph3 := 2+ ((betad-betal)*sqrt(B3))/(B4*sqrt((beta3+1)*(betad+1)));
Alph4Num:=3+B3* (beta3*betad*B2+3*betal3”2+5+xbeta3+3*betad~2+5*betad+4) ;
Alph4Den := B4*B5*(beta3+1)*(betad+1);

Alph4 := Alph4Num/Alph4Den;

Eqg3 :
Eq4 :

Alph3-AHat3;
Alph4-AHat4;

F:= vector([Eq3, Eq4l);
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V:=vector([beta3, betad]):
J:= jacobian(F, V);
err3 := 1; errd := 1; iterations:=0;
while (((err3 > 0.0000001) or
(errd > 0.0000001)) and (iterations < IterCount+1)) do
if iterations=IterCount then lprint(‘WARNING:
iterations=¢, iterations, ‘ERRORS: ‘,err3, err4) fi;
Fk:=vector([evalf (subs({beta3=Bet3, betad=Bet4},-Eq3)),
evalf (subs({beta3=Bet3, betad4=Betd},-Eq4))]);
Jk:= matrix([
[subs({beta3=Bet3, betad=Betd}, J[1,1]),
subs ({beta3=Bet3, betad=Betd}, J[1,2])],
[subs({beta3=Bet3, betad=Betd}, J[2,1]),
subs ({beta3=Bet3, betad=Bet4}, J[2,2])]
;
Y:= linsolve(Jk,Fk);
Bet3:= Bet3+Y[1];

Betd:= Bet4+Y[2];
err3:= evalf (abs(subs({beta3=Bet3, betad=Betd}, Eq3)));
err4d:= evalf (abs(subs({beta3=Bet3, betad=Betd}, Eq4)));
iterations := iterations+1

od;

if AH[3] < O then temp := Bet3; Bet3 := Bet4; Bet4 := temp fij;
Bet2:=(Bet3+Bet4+2) *sqrt ( ((Bet3+Bet4+3)*AHat2)/((Bet3+1)*(Betd+1))
Betl := AHatl- (Bet2*(Bet3+1))/(Bet3+Betd+2);

evalf ([Betl, Bet2, Bet3, Bet4], 10);

end:
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A.4 GLD Parameter Estimation: Method of Percentiles
R R

# #
# Procedure to Determine Rhos from Data #
# #

HESHHHHHE R R
# FUNCTION: FindRhos
# PURPOSE: Compute Rho values for a sample
# ARGUMENTS: DL -- list of data
u -- (optional-if not present, assumed to be 0.1)

FindRhos := proc (DL::list)
local P10, P25, P50, P75, P9O,
Rho2, Rho3, Rho4, u;

if nargs=1 then u:=0.1 else u:=args[2] fi:

P10:=Percentile(DL,u):
P25:=Percentile(DL,0.25):
P50:=Percentile(DL,0.5);
P75:=Percentile(DL,0.75):
P90:=Percentile(DL,1-u):

Rho2:=P90-P10:
Rho3:=(P50-P10)/(P90-P50) :
Rho4:=(P75-P25) /Rho2:
[P50,Rho2,Rho3,Rho4]

end:

HESHHHHHE R R

# #
# Procedure to Determine Lambdas from Rhos #
# #

S
# FUNCTION: FindLambdasP

# PURPOSE: Newton’s method for GLD (percentiles)
# ARGUMENTS: RH -- list of rho values

# I3, I4 -- Initial approx. of lambda3 and lambda4
# u -- (optional; if not present assumed 0.1)
FindLambdasP := proc(RH:: list, I3::numeric, I4::numeric)

© 2000 by Chapman & Hall/CRC



local u, IterCount, RHatl, RHat2, RHat3, RHat4, L3, L4,
lambdal, lambda2, lambda3, lambda4, Rhol, Rho2,
Rho3, Rho4, Eq3, Eq4, F, V, J, Fk, Jk, err3, err4,
Y, L1, L2, iterations, temp;

Digits:=30;

if nargs=4 then u:=args[4] else u:=0.1 fi;

IterCount := 10;

with(linalg, vector, matrix, jacobian, linsolve):
RHat1:=RH[1]; RHat2:=RH[2]; RHat4:=RH[4];

if RH[3] > 1 then RHat3 := 1/RH[3] else RHat3 := RH[3] fi;
L3:=13; L4:=14;

Rhol:=lambdal+ (0.5 1ambda3-0.5"1lambda4) /lambda2;
Rho2:= ((1-u) lambda3-u~lambdad+(1-u) lambda4-u~lambda3)/lambda2;
Rho3:=((1-u) "lambdad4-u~lambda3+0.5 1lambda3-0.5"1ambda4d)/
((1-u) "lambda3-u~lambda4+0.5~1lambda4-0.5"1ambda3) ;
Rho4:=(0.75"1lambda3-0.25"1ambda4+0.75  1lambda4-0.25"1ambda3) /
((1-u) "lambda3-u~lambdad4+ (1-u) "lambda4-u~lambda3) ;

Eq3 := Rho3-RHat3; Egq4 := Rho4-RHat4;

F:= vector([Eq3, Eg4l);
V:=vector([lambda3, lambda4]);
J:= jacobian(F, V);
err3 := 1; errd := 1; iterations:=0;
while (((err3 > 0.000001) or
(errd > 0.000001)) and (iteratiomns < IterCount+1)) do
if iterations=IterCount then lprint(‘WARNING:
iterations=¢, iterations, ‘ERRORS: ‘,err3, err4) fi;
Fk:=vector([evalf (subs({lambda3=L3, lambda4=L4},-Eq3)),
evalf (subs({lambda3=L3, lambdad4=L4},-Eq4))]);
Jk:= matrix([
[subs({lambda3=L3, lambdad4=L4}, J[1,1]),
subs ({lambda3=L3, lambdad4=L4}, J[1,2])],
[subs({lambda3=L3, lambdad4=L4}, J[2,1]),
subs ({lambda3=L3, lambdad4=L4}, J[2,2])]
D;
Y:= linsolve(Jk,Fk);
L3:= L3+Y[1];
L4:= LA+Y[2];
err3:= evalf (abs(subs({lambda3=L3, lambda4=L4}, Eq3)));
err4:= evalf (abs(subs({lambda3=L3, lambda4=L4}, Eq4)));
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iterations := iterations+1
od;

if RH[3] > 1 then temp:=L3; L3:=L4; L4:=temp fi;
L2:=((1-u) "L3-u"L4+(1-u) "L4-u"L3) /RHat2;
L1:=RHat1-(0.5"L3-0.5"L4)/L2;

evalf ([L1, L2, L3, L4],10);
end:

A.5 Programs for GLD-2 Fitting
HEHFHSFHFEHHHRSHHF SR RRSSH RS R RS R A SR RS H A RS

# #
# Procedure to Determine No. of Points in #
# Each Quadrant and Plackett’s Psi #
# #

HHSHEHS SR H RS RS RS RS HSA H R R

# FUNCTION: PlackettPsi

# PURPOSE: Compute a, b, ¢, d, and Plackett’s Psi
# ARGUMENTS: X, Y -—— X and Y data values (as lists)

PlackettPsi := proc(X::list, Y::list)
local n, i, C1, C2, C3, C4, MX, MY;

n := nops(X);
Cl :=0; C2 :=0; C3 :=0; C4 :=0;
MX := Percentile(X,0.5);
MY := Percentile(Y,0.5);
for i from 1 to n do
if X[i] >= MX and Y[i] >= MY then C1 := Ci+1
elif X[i] >= MX and Y[i] < MY then C4 := C4+1
elif X[i] <= MX and Y[i] > MY then C2 := C2+1
else C3 := C3+1
fi

od;
[C1, C2,C3,C4, (C1*C3)/(C2%C4)]
end:

© 2000 by Chapman & Hall/CRC



HESHHHHHE R R

# #
# Procedure for a 3-D Graph of a Fitted GLD-2 #
# #

HEHEHE R

# FUNCTION: GLD2PDFplot

# PURPOSE: Produce a 3-D graph of a fitted GLD-2

# ARGUMENTS: Psi -- Plackett’s Psi

# L1, L2 —- Lambda values for the X and Y
# GLD fits

GLD2PDFplot := proc(Psi::numeric, L1::1list, L2::1list)

local A, P1, P2, P, XX, £fX, YX, fY, i,
j» S, PL, n, top, bottom, PlotSet;

with(plots, [display, spacecurvel]);

n := 25;

P1 := .001,.005,.012,.003,.02,.03,.042,.055,.075,
.1,.13,.165,.205,.25,.3,.35, .4, .45, .5;

P2 := seq(1-P1[19-i],i=1..18);

P := [P1,P2];

XX:=[seq(L1[1]+ ( P[i]"L1[3] - (1-P[i]l)"L1[4] )/L1[2], i=1..n)]:
fX:=[seq(L1[2]/(L1[3]*P[i]~(L1[3]-1)+L1[4]*(1-P[i])~(L1[4]-1)),i=1..n)]:
YX:=[seq(L2[1]+ ( P[i]"L2[3] - (1-P[i])~L2(4] )/L2[2], i=1..n)]:
fY:=[seq(L2[2]/(L2[3]*P[i] ~(L2[3]-1)+L2[4]*(1-P[i])~(L2[4]-1)),i=1..n)]:

if Psi = 1 then
for i from 1 to n do
for j from 1 to n do
Ali,j] := [XX[i], YX[j1, £X[i1*£fY[j1];
od
od
else
for i from 1 to n do
for j from 1 to n do
top := Psi#fX[il*fY[jl1*(1+(Psi-1)*(P[i]J+P[j]1-2«P[i1*P[j1));
S := 1+(P[i]+P[j1)*(Psi-1);
bottom := (872-4*Psi*(Psi-1)*P[i1*P[j]1)~(3/2);
Ali,j] := [XX[il, YX[j], top/bottom]
od
od
fi;
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PlotSet := {};

for i from 1 to n do
PL := spacecurve([seq(A[i,j], j=1..n)], color=black);
PlotSet := PlotSet union {PL};

od;

for j from 1 to n do
PL := spacecurve([seq(A[i,j], i=1..n)], color=black);
PlotSet := PlotSet union {PL};

od;

display(PlotSet);

end:

3

e e R R s s e g
# #
# Procedure for Generating GLD-2 Random Samples #
# #

e e R R s s e g

# FUNCTION: GLD2RAND

# PURPOSE: Generate random samples from GLD-2

# ARGUMENTS: LX, LY -- Lambdas (as lists) of the X
and Y components

Psi -- Plackett’s Psi

N -- Size of sample to be generated

H H* I

GLD2RAND := proc(LX::list, LY::1list, psi::numeric, N::posint)
local y, 11, 12, 13, 14, FInv, GInv, f, g, R,
gInt, k, r, u, x, Fx, fx, Gy, X, i, Delta,
gy, S, hNum, hDen, h, gPDF, j, iter;

11+ (y~13-(1-y) ~14) /12;
FInv:=subs({11=LX[1],12=LX[2],13=LX[3],14=LX[4]1},%);
GInv:=subs({11=LY[1],12=LY[2],13=LY[3],14=LY[41},%%);
12/(13%y~ (13-1)+14%(1-y) ~(14-1));
f:=simplify(subs({11=LX[1],12=LX[2],13=LX[3],14=LX[41},%));
g:=simplify(subs({11=LY[1],12=LY[2],13=LY[3],14=LY[4]},%%));
iter:=1000;

R:=array(l..N): gInt:=array(l..iter);
Gy:=[seq(i*(1.0/iter), i=0..iter)]:
X:=[seq(subs(y=Gy[i],GInv), i=1..nops(Gy))]:
Delta:=[seq(X[i+1]-X[i], i=1..nops(Gy)-1)]:
gy:=[seq(subs(y=Gy[il,g), i=1..nops(Gy))]:
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for

od:
[se

k from 1 to N do

r:=evalf (rand()/10712):

u:=evalf (rand()/10712):

x:=subs(y=r,FInv):

Fx:=r; fx:=subs(y=r,f):

S:=[seq(1+(Fx+Gy[i])*(psi-1), i=1..nops(Gy))]:

hNum:=[seq(psi*fx*gy [i]* (1+(psi-1) *(Fx+Gy [1] -2*Fx*Gy[i])),
i=1..nops(Gy))]:

hDen:=[seq((S[i] "2-4*psi*(psi-1)*Fx*Gy[i])~(3/2),
i=1..nops(Gy))]:

h:=[seq(hNum[i] /hDen[i], i=1..nops(Gy))]:

gPDF:=[seq(h[i]l/fx, i=1..nops(Gy))]:

gInt[1] :=Delta[1]*gPDF[1];

for i from 2 to iter do

gInt[i] :=gInt[i-1]+Delta[i]*gPDF[i];

od:

je:=1:

while gInt[j] < u do j:=j+1 od:

Rlk]:=[x, (X[j-11+X[j1}/2]

q(R[i], i=1..M]:

end:

/*
/*
/*
/*
/*
/*
/*
/*
/*
/*
/*

#in
#in
#in
#in
#de

sk ook ok ok ok ok ok ok ok sk sk ok ok ok sk o ok sk kol ok ok ko ok o o ko ok ko okok sk ok ok sk okok sk ok sk okok kR R kR ok ok ok ok f
This C program, reproduced with permission from Beckwith x/
and Dudewicz (1996), copyright (c) 1996 by American Sciences */
Press, Inc., 20 Cross Road, Syracuse, New York 13224-2104, */

calculates the value of Psi (to 3 decimal places) which x/
results in the smallest L1 error in fitting the GLD-2 */
to the Bivariate Normal distribution, for rho= -0.8(0.1)0.9. */
By changing the values of Lambda in function Table, and x/
the formula for the BVN p.d.f. in function bvn, other */
distributions can be fitted also. */
sk ook ok ok ok ok ok ok ok sk sk ok ok ok sk o ok sk kol ok ok ko ok o o ko ok ko okok sk ok ok sk okok sk ok sk okok kR R kR ok ok ok ok f

clude <math.h>
clude <stdio.h>
clude <stdlib.h>
clude <conio.h>
fine Pi 3.14159265
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/*

/*

/*

function prototypes */

double f (double x, double a, double b, double c, double d);
double R (double x, double a, double b, double c, double d);
double bvn (double x, double y);

double h (double Psi, double fx, double fy, double px, double py);
int table (void);

double get_Psi (int places, int steps, double old_pos);

global variables */

double min, sup, inf, best_bvnvol, best_gld_vol, Rho;

double best-max_ratio, best_min_ratio, E[20][20], Lx[5];

double px[500], py[500], Ly[5], £x[500], £fy[500], zx[500], zy[500];
int numpoints;

functions */

double f(double x, double a, double b, double c, double d) {

}

/* GLD p.d.f. */

return (b/(c * pow(x, ¢c- 1) + d * pow (1-x, d-1)));

double R(double x, double a, double b, double c, double d) {

}

/* GLD R(p) */

return (a + (pow (x, ¢) - pow (1-x, d)) / b);

double bvn (double x, double y) {

}

/* Bivariate Normal (standard) p.d.f. */
double e, c;
e = (x*x - 2%Rho*x*y + y*y) / (2 - 2*Rho*Rho);

¢ =2 % Pi * pow(l - Rho*Rho, 0.5);
return (exp(-e)/c);

double h (double Psi, double fx, double fy, double px, double py) {

/* GLD-2 p.d.f., with Plackett’s h(x,y) and GLD marginals */
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double num, den, S;

[y

S =1+ (px + py) * (Psi- 1);
num = Psixfx*fy*(1 + (Psi- 1) * (px + py — 2 * px * py));
den = pow(S*S - 4 * Psi * (Psi- 1) * px * py, 1.5);
if (den == 0)
den = 0.0000000 1;
return(num/den) ;

int table (void) {

/* Create arrays of:
equally spaced x and y values between their minimums and
maximums, the corresponding p-values for each x, y, and
the GLD p.d.f. values. x/

double x_range, y_range, error, a, b, h;
double zxmax=4, zxmin=-4, zymax=4, zymin=-4;
int i, count, top;

printf ("Enter the number of pairs: ");
scanf ("%/d", &numpoints);

printf ("Enter the largest integer value of Psi: ");
scanf ("%d", &top);

/* Lambda values for univariate normal p.d.f.’s */
Lx[1] = 0;

Lx[2] = 0.1974513695;

Lx[3] = 0.13491245465;

Lx[4] = Lx[3];

Ly[1] = 0;

Ly[2] = 0.1974513695;

Ly[31 = 0.13491245465;

Ly[4] = Ly[3];

X_range = zxmax - zxmin;
y_range = zymax - zymin;

/* Bisection method to find the p-values for equally spaced x */

for (i

= 0; i <= numpoints; ++i) {
zx[i] =

zxmin + x_range * i / numpoints;
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error = 1;
count = 0;
if (Lx[2] < 0)
a = 0.0001; /* 0°(-L) = infinity */
else
a= 0;
b=1;
while (error> .0000000001) {
h= (b+ a) / 2;
if (count > 50)
error = 0;
if ((R(a, Lx[1], Lx[2], Lx[3], Lx[4]) - zx[i])=*\
(R¢h, Lx[1], Lx[21, Lx[3], Lx[4]) - zx1i]) > 0)
= h;

b = h;
error = fabs(R¢h, Lx[1], Lx[2], Lx[3], Lx[4]) - zx[il);
++count;

}

px[i] = h;
}

/* Bisection method to find the p-values for equally spaced y */
for (i 0; i <= numpoints; ++i) {

zy[i] zymin + y_range * i/numpoints;
error = 1;
count = 0;
if (Ly[2] < 0)
a - 0.000 1; /#* 0°(-L) infinity %/

else
a = 0;

b =1;

while (error> .0000000001) {
h = (b+a)/2;

if (count > 50)
error = 0;

if ((R(a, Ly[1], Ly[2], Ly(3], Ly[4]) - zy[ij)*\
(R(h, Lyl[11, Ly(2]1, Ly(3], Ly(4]) - zy[il) > 0)
a= h;

else
b = h;
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error = fabs(R(h, Ly[1], Ly[2], Ly[3], Ly[4]) - zy[il);

++count;
¥
pyl[il = h;

}

for (i = 1; i <= numpoints; ++i) {
fx[il=f (px[i], Lx[1], Lx[2], Lx[3], Lx[4]1);
fy[il=f(py[il, Ly[1], Ly[2], Ly[3]1, Ly[41);
}
return (top);

}
double get_Psi (int places, int steps, double old_pos) {

/* Find the Psi which corresponds to the smallest L1 error
volume. This is a four-step procedure, finding Psi as an
integer, then within 0.1, 0.01, and finally 0.001 */

double pos, norm_vol, gld-vol, min_ratio, max_ratio;
double delta, error, Psi, new_pos, tl, t2, term, temp;
int i, j, count;

min = 5000; sup = 0; inf = 1;
for (count = 0; count <= steps; ++count) {
max_ratio -1;
min_ratio 1000;
error = 0;
norm_vol = 0;
gld_vol = 0;
if (places == 0)
Psi = count;
else
Psi = old_pos - 1 / pow(10, places - 1)
+ count pow(10, places);
for (i = 1; i < numpoints; ++i)
for (j = 1; j < numpoints; ++j) {
tl = bvn(zx[il, zy[jl);
t2 = h(Psi, fx[i], fy[il, px[il, py(jl);
delta = (zx[i+ 1] - zx[il)*(zy[j+ 1] - zy[il);
norm_vol += tl1 * delta;
gld_vol += t2 * delta;
term = fabs(tl - t2);
error += term * delta;

n -
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if (term > sup)
sup = term;
if (term < inf)
inf = term;
if (fabs(t1l) > .0000000001) {
temp = t2 / t1;
if (temp > max_ratio)
max_ratio = temp;
if (temp < min_ratio)
min_ratio = temp;
}
}
printf ("Rho=%.2f Psi=%.3f Llerror=%.8f\n",
Rho, Psi, error);
if (error < min) {
min = error;
best_bvn_vol = norm_vol;
best-gld_vol = gld_vol;
best_max_ratio max_ratio;

best_min_ratio min_ratio;
new_pos = Psi;
return (new-pos);

}

void main (void) {
int count, r, t, last;
double Psi;

clrscr();
last = table();

for (r = -8; r < 10; ++r) {
Rho= r / 10.0;
t=r+ 8;

Psi = get_Psi(0,last,0); /* Find Psi between 0 and

specified maximum  */

Psi = get_Psi (1,20,Psi); /* Find Psi to 0.1 */
Psi = get-Psi (2,20,Psi); /* Find Psi to 0.01 */
Psi = get_Psi (3,20,Psi); /#* Find Psi to 0.001 */

printf ("Minimum L1 at Psi=Y%.3f, error=%.8f\n",Psi,min);
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printf ("Smallest error: %.8f,largest: %.8f\n",inf,sup);

printf ("Rho = %f\n", Rho);

printf ("At best psi, volume of BVN = Jf, volume of GLD = %f\n",
best_bvn_vol, best_gld_vol);

E[t][1] = Rho; /* Rho for BVN %/
E[t][2] = Psi; /* Psi value */
E[t] [3] = min; /* Smallest L1 volume */
E[t][4] = sup; /* Largest abs. difference between p.d.f.s */
E[t][5] = inf; /* Smallest abs. difference between p.d.f.s */
E[t] [6] = best_bvn_vol; /* BVN vol at optimal Psi */
E[t] [7] = best_gld_vol; /* GLD-2 volume at optimal Psi */
E[t][8] = best_min_ratio; /* smallest ratio of p.d.f.’s */
E[t] [9] = best_max_ratio; /* largest ratio of p.d.f.’s */

}

printf ("Rho Psi err vol max err min error');

printf (" min ratio max ratio BVN vol GLD vol\n");

printf (" "y

printf (" \n");

for (t = 0; t < 18; ++t)
printf ("/4.1£%6.3f%.5£%.4f %.8f 9.3f %11.3f%8.3f ¥8.3f\n",
E[(t] (1], E[(t] (2], E[t] (3], E[t] (4], E[t](5], E[t](8],
E(t] (9], E[t](6], E[t]([7]);
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Appendix B

Table B—1 for GLD Fits: Method of
Moments

For specified a3 and a4, Table B-1 gives the A;(0, 1), A2(0, 1), A3, and A4 for
GLD fits in the shaded region of Figure 3.3-5. In order to give a suflicient
number of significant digits, superscripts are used to designate factors of 1—10.
Thus, an entry of a® designates a x 10°. For example, for (as, a4) close to
(0.15,4.1), the table gives

(A1(0,1), X2(0,1), A3, A\g) = (—0.7268,0.1603',0.8378%,0.95642).
The proper interpretation of these table entries is
(A1(0,1), A2(0,1), A3, Ag) = (—0.07268,0.01603, 0.008378, 0.009564).
With few exceptions, Table B—1 provides values of A1, Ao, A3, A4 for which

max |oy; — &;| < 107°.

1<i<4
The exceptions occur when very small changes in A3 or Ay cause large vari-
ations in ag and a4 — a situation that arises when A3 or Ay gets close to 0.
When |A3] < 1072 or |\4| < 1072, we generally have

max |oy — &;| < 1072,

1<i<4
In the rare instances where |\3| < 107* or |\4] < 1074, we can only be
assured of

max |oy; — &;| < 1072
1<i<4

The entries of Table B-1 are from “The Extended Generalized Lambda
Distribution (EGLD) System for Fitting Distributions to Data with Mo-
ments, IT: Tables” by E.J. Dudewicz and Z.A. Karian, American Journal of
Mathematical and Management Sciences, V. 16, 3 & 4 (1996), pp. 287-307,
copyright (©1996 by American Sciences Press, Inc., 20 Cross Road, Syracuse,
New York 13224-2104. Reprinted with permission.

© 2000 by Chapman & Hall/CRC



© 2000 by Chapman & Hall/CRC

&3 = 0.00 &3 = 0.05

G | A1(0,1) | A2(0,1) A3 A4 Ga | A1(0,1) | A2(0,1) A3 A4

1.8 0 0.5773 | 1.0000 | 1.0000 1.9]-1.4668 | 0.2091 | 0.2295T | 0.8558
1.9 0 0.5360 | 0.7315 | 0.7315 2.0 -1.2202 |0.3122 | 0.5052! |0.7602
2.0 0 0.4952 | 0.5843 | 0.5843 2.1-1.0128 |0.3230 | 0.7990% | 0.6698
2.1 0 0.4563 | 0.4839 | 0.4839 2.2 1-0.8022 |0.3314 |0.1128 | 0.5802
2.2 0 0.4197 | 0.4092 | 0.4092 2.3|-0.5873 |0.3361 |0.1502 |0.4881
2.3 0 0.3854 | 0.3507 | 0.3507 2.4 |-0.3748 | 0.3328 | 0.1876 |0.3941
2.4 0 0.3533 | 0.3032 | 0.3032 2.5 [-0.2200 |0.3164 |0.2046 | 0.3148
2.5 0 0.3232 | 0.2637 | 0.2637 2.6 |-0.1431 |0.29024 |0.1973 | 0.2605
2.6 0 0.2950 | 0.2303 | 0.2303 2.7 |-0.1046 |0.2673 |0.1809 |0.2212
2.7 0 0.2684 | 0.2016 | 0.2016 2.8 |-0.82531 | 0.2429 |0.1625 |0.1903
2.8 0 0.2434 | 0.1765 | 0.1765 2.9 [-0.6818T | 0.2196 | 0.1445 | 0.1645
2.9 0 0.2198 | 0.1545 | 0.1545 3.0 [ -0.58351 | 0.1975 | 0.1276 | 0.1425
3.0 0 0.1974 | 0.1349 | 0.1349 3.1|-0.5110! [ 0.1765 |0.1119 |0.1232
3.1 0 0.1763 |0.1174 |0.1174 3.2 -0.45541 [ 0.1565 | 0.97451 | 0.1061
3.2 0 0.1563 | 0.1016 | 0.1016 3.3|-0.4115' [ 0.1375 | 0.8412' | 0.9081!
3.3 0 0.1372 [ 0.87241 [0.87241 3.4-0.37587 [ 0.1194 [0.7182T [0.7700"
34 0 0.1191 | 0.74181 | 0.7418! 3.5 [-0.34631 | 0.1021 | 0.60451 | 0.6444!
3.5 0 0.1018 | 0.62221 | 0.62221 3.6 -0.32151 | 0.85621 | 0.49931 | 0.52971
3.6 0 0.85271 | 0.51221 | 0.51221 3.7 -0.30031 | 0.69861 | 0.40151 | 0.4243!
3.7 0 0.6951 | 0.41061 | 0.4106! 3.8 | -0.2820! | 0.54781 | 0.31051 | 0.3270!
3.8 0 0.5442T [0.3166T | 0.31667 3.9 [-0.2661T [ 0.4033T [0.2256T |0.2369T
3.9 0 0.39961 | 0.22011 | 0.22911 4.0 | -0.25181 | 0.26461 | 0.14631 | 0.15311
4.0 0 0.26101 | 0.14761 | 0.14761 4.1 -0.23951 | 0.1315% | 0.71842 | 0.75042
4.1 0 0.1279% | 0.7140% | 0.71402 4.2 -0.22841 | 0.35853 | 0.19363 | 0.20183
4.2 0 -0.65793 | -0.36303 | -0.36303 4.3 -0.21831 | -0.11951 | -0.63862 | -0.66432
4.3 0 -0.1231T [ -0.67072 | -0.67072 4.41-0.20911 [-0.23811 [ -0.1259T | -0.1308T
44 0 -0.24161 | -0.13021 | -0.13021 4.5 |-0.20101 | -0.35231 | -0.1845 | -0.19131
45 0 -0.35581 | -0.18971 | -0.18971 4.6 |-0.19351 | -0.46251 | -0.24001 | -0.24851
4.6 0 -0.46601 | -0.24601 | -0.24601 4.7 |-0.1867" | -0.5689" | -0.20261 | -0.30261
4.7 0 -0.57231 | -0.29931 | -0.29931 4.8 -0.18031 | -0.67171 | -0.34251 | -0.35381
4.9 0 -0.77441 [ -0.39781 [ -0.3978T 5.0 [ -0.1691T [ -0.8672T [ -0.4351T [ -0.44857
5.1 0 -0.96361 | -0.48681 | -0.48681 5.2 -0.1593% | -0.1050 |-0.51931 | -0.53431
5.3 0 -0.1141 |-0.56781 | -0.56781 5.4 |-0.1509! | -0.1223 | -0.59611 | -0.61241
5.5 0 -0.1308 | -0.64191 | -0.64191 5.6 | -0.1434 | -0.1385 | -0.66661 | -0.6839!
5.7 0 -0.1466 | -0.70981 | -0.70981 5.8 | -0.1368! | -0.1538 | -0.73151 | -0.74951
5.9 0 -0.1614 [ -0.7725T [-0.77257 6.0 | -0.1309T [ -0.1683 [ -0.7914T | -0.81017
6.1 0 -0.1755 | -0.8304! | -0.83041 6.2 | -0.12561 | -0.1820 | -0.84711 | -0.86621
6.3 0 -0.1889 |[-0.8842! | -0.88421 6.4 | -0.1208! | -0.1950 | -0.89881 | -0.9183!
6.5 0 -0.2016 | -0.93421 | -0.93421 6.6 | -0.11651 | -0.2074 | -0.94701 | -0.96681
6.7 0 -0.2137 | -0.98091 | -0.98091 6.8 | -0.11251 | -0.2192 | -0.99211 |-0.1012
7.0 0 -0.2307 |-0.1045 |-0.1045 7.1 | -0.1072T [-0.2359 |-0.1055 |-0.1075
7.3 0 -0.2466 |-0.1104 |-0.1104 7.41-0.1024 | -0.2515 |-0.1112 |-0.1132
7.6 0 -0.2615 |[-0.1158 |-0.1158 7.7 1-0.98202 | -0.2661 |-0.1164 |-0.1184
7.9 0 -0.2755 |[-0.1207 |-0.1207 8.0 | -0.94422 [ -0.2798 |-0.1212 |-0.1232
8.2 0 -0.2887 |[-0.1253 |-0.1253 8.3 |-0.91012 | -0.2927 |-0.1256 |-0.1277
8.7 0 -0.3089 |-0.1321 |-0.1321 8.8 | -0.86002% | -0.3126 | -0.1323 | -0.1343
9.2 0 -0.3274 |-0.1382 |-0.1382 9.3 | -0.81692 | -0.3307 |-0.1383 |-0.1403
9.7 0 -0.3443 |[-0.1436 |-0.1436 9.8 [ -0.77952 | -0.3474 | -0.1436 |-0.1456
10.2 0 -0.3599 |[-0.1485 |-0.1485 10.3 | -0.74652 | -0.3627 | -0.1484 |-0.1503
10.7 0 -0.3743 |[-0.1529 |-0.1529 10.8 | -0.71732 | -0.3768 | -0.1527 |-0.1547
115 0 -0.3951 |[-0.1592 |-0.1592 11.6 | -0.6769% | -0.3974 | -0.1589 |-0.1608
12.3 0 -0.4138 |[-0.1646 |-0.1646 12.4 | -0.64282 | -0.4158 |-0.1643 |-0.1661
13.1 0 -0.4305 |[-0.1694 |-0.1694 13.2 | -0.61342 | -0.4323 | -0.1690 |-0.1708
13.9 0 -0.4457 |-0.1736 |-0.1736 14.0 | -0.58792 | -0.4473 | -0.1732 |-0.1750
14.7 0 -0.4595 |[-0.1774 |-0.1774 14.8 | -0.56562 | -0.4610 |-0.1769 |-0.1787




a3 = 0.10 a3 = 0.15

G | A1(0,1) | X2(0,1) A3 A4 G | A1(0,1) | X2(0,1) A3 A4

1.9 -1.5049 | 0.2911 | 0.1562T | 0.8296 1.9 -1.5580 | 0.2826 | 0.72312 | 0.8107
2.0 [-1.2708 |0.3028 | 0.4121' | 0.7373 2.0 |-1.3231 |0.2934 |0.3145! | 0.7203
2.1|-1.0645 |0.3117 |0.6711' | 0.6520 2.1-1.1221 |0.3010 |0.5487% |0.6387
2.2 -0.8721 |0.3177 | 0.9412' | 0.5700 2.2 | -0.0405 | 0.3056 | 0.7814! | 0.5622
2.3|-0.6878 |0.3199 |0.1219 | 0.4897 2.3|-0.7722 | 0.3066 |0.1009 | 0.4891
2.4 [-05150 |0.3163 | 0.1477 | 0.4116 2.4[-0.6175 [0.3031 |0.1215 | 0.4194
2.5|-0.3700 | 0.3049 | 0.1646 | 0.3407 2.5 |-0.4830 |0.2039 |0.1366 | 0.3553
2.6 |-0.2687 | 0.2863 | 0.1678 | 0.2831 2.6 | -0.3760 | 0.2791 |[0.1435 |0.2994
2.7 -0.2047 |0.2644 |0.1607 | 0.2385 2.71-0.2984 |0.2604 |0.1421 | 0.2533
2.8 [-0.1640 |0.2417 |0.1486 | 0.2033 2.8 -0.2436 | 0.2398 |0.1350 | 0.2156
2.9[-0.1366 | 0.2193 | 0.1346 | 0.1746 2.9]-0.2049 | 0.2187 |0.1249 | 0.1846
3.0 [-0.1170 |0.1977 |0.1205 | 0.1503 3.0 -0.1766 |0.1980 |0.1135 | 0.1586
3.1(-0.1026 |0.1770 | 0.1067 |0.1294 3.1(-0.1550 |0.1778 |0.1017 | 0.1362
3.2 [-0.01531 | 0.1572 | 0.9365 | 0.1111 3.2(-0.1384 |0.1584 | 0.9006 | 0.1167
3.3[-0.82711 | 0.1383 | 0.81351 | 0.94901 3.3 (-0.1251 | 0.1397 | 0.78851 | 0.99581
3.4 [-0.75551 [ 0.1203 | 0.69841 | 0.8034T 3.4[-0.1143 [0.1219 | 0.68151 | 0.84281
3.5 |-0.6961" [ 0.1031 | 0.5908' | 0.6719! 3.5|-0.1053 |0.1048 |0.5803' | 0.7052!
3.6 | -0.6461" | 0.86661 | 0.4003' | 0.5523! 3.6 | -0.97721 | 0.88381 | 0.4848' | 0.58061
3.7 [ -0.60341 | 0.70921 | 0.39641 | 0.44291 3.7 -0.91241 [ 0.7268% | 0.3947% | 0.46691
3.8 | -0.56651 | 0.55851 | 0.30851 | 0.3422! 3.8 | -0.8564! | 0.57641 | 0.3100' | 0.36271
3.0 [-0.5346" [ 0.41417 [ 0.2261T [ 0.2493T 3.9-0.8082T [ 0.4320T [0.2301T | 0.2667T
4.0 | -0.50581 | 0.27551 | 0.14881 | 0.16311 4.0 | -0.76491 | 0.29351 | 0.15481 | 0.1780?
4.1 [-0.48111 | 0.14231 | 0.76062 | 0.83022 4.1 |-0.72681 | 0.16031 | 0.83782 | 0.95642
4.2|-0.45881 | 0.14322 | 0.75773 | 0.82353 4.2 |-0.69271 | 0.32182 | 0.16672 | 0.18912
4.3 |-0.4385" | -0.1089" | -0.57032 | -0.61752 4.3 | -0.66181 | -0.91162 | -0.46822 | -0.52792
4.41-0.4202T [ -0.2275T | -0.1181" | -0.1274" 4.41-0.6344T [ -0.2099T | -0.1069T | -0.1199T
4.5 | -0.40361 | -0.34181 | -0.1758! | -0.18911 4.5 | -0.60931 | -0.32451 | -0.16391 | -0.18301
4.6 | -0.38831 | -0.45221 | -0.23061 | -0.24741 4.6 | -0.58631 | -0.43501 | -0.2180% | -0.24241
4.7 | -0.3746 | -0.55871 | -0.28261 | -0.30231 4.7 | -0.56531 | -0.54171 | -0.26941 | -0.29841
4.8 [-0.36191 | -0.66161 | -0.3320 | -0.35431 4.8 | -0.54601 | -0.64481 | -0.31841 | -0.35131
5.0 | -0.3392T | -0.8574 | -0.4238T | -0.4504T 5.0 | -0.5116T [ -0.84107 | -0.4095T | -0.4489T
5.2 -0.3197' [ -0.1041 | -0.5074! | -0.53731 5.2 |-0.48201 | -0.1025 |-0.49271 | -0.53711
5.4 |-0.30271 [ -0.1213 | -0.58381 | -0.61621 5.4 |-0.45621 | -0.1198 | -0.56881 | -0.61711
5.6 | -0.28771 [ -0.1376 | -0.65401 | -0.68841 5.6 | -0.43361 | -0.1361 | -0.63881 | -0.69021
5.8 | -0.27441 [ -0.1529 | -0.71871 | -0.75471 5.8 | -0.4135' | -0.1514 | -0.7033' | -0.7571!
6.0 | -0.2625T [ -0.1674 | -0.7785T | -0.8157" 6.0 | -0.39551 [ -0.1660 |-0.7631T | -0.8188T
6.2 1-0.25191 | -0.1812 | -0.8340! | -0.87221 6.2 -0.37941 [ -0.1798 |-0.81861 | -0.87581
6.4 [-0.24231 | -0.1942 | -0.8857% | -0.92461 6.4 | -0.36491 | -0.1928 | -0.87041 | -0.92861
6.6 | -0.23351 | -0.2066 | -0.9339' | -0.97341 6.6 | -0.35171 | -0.2053 |-0.91871 | -0.9778!
6.8 | -0.22551 | -0.2184 | -0.9790! | -0.1019 6.8 | -0.33961 | -0.2171 | -0.96391 | -0.1024
7.1[-0.21487 | -0.2351 | -0.1042 | -0.1082 7.1[-0.32341[-0.2339 [-0.1027 |-0.1087
7.4|-0.20531 | -0.2507 |-0.1099 |-0.1139 7.4 | -0.30901 | -0.2495 |-0.1084 |-0.1145
7.7|-0.19681 | -0.2653 | -0.1151 |-0.1192 7.7 1-0.2962 | -0.2641 |-0.1136 |-0.1197
8.0 [ -0.1892! | -0.2791 |-0.1199 |-0.1240 8.0 | -0.28481 [ -0.2779 |-0.1185 | -0.1246
8.3 ]-0.18241 [ -0.2920 |-0.1244 |-0.1284 8.3 | -0.27441 | -0.2908 |-0.1229 | -0.1290
8.8 [-0.1723T[-0.3119 |-0.1311 |-0.1351 8.8 [ -0.2593T [ -0.3108 [ -0.1297 | -0.1357
9.3 | -0.16371 | -0.3301 |-0.1370 |-0.1411 9.3 | -0.2462' | -0.3290 |-0.1357 |-0.1417
9.8 | -0.1562 | -0.3467 | -0.1424 | -0.1464 9.8 | -0.23491 | -0.3457 |-0.1411 | -0.1470
10.3 | -0.1495! | -0.3621 | -0.1472 |-0.1511 10.3 | -0.22491 | -0.3611 |-0.1459 |-0.1518
10.8 | -0.1437% | -0.3763 | -0.1516 | -0.1554 10.8 | -0.2161' | -0.3753 | -0.1503 | -0.1561
11.6 | -0.1356T | -0.3969 | -0.1578 | -0.1616 11.6 | -0.2039T | -0.39590 | -0.1565 | -0.1622
12.4 | -0.12871 | -0.4153 | -0.1632 | -0.1669 12.4 | -0.1936 | -0.4144 | -0.1620 |-0.1676
13.2 | -0.1229! | -0.4318 | -0.1679 |-0.1716 13.2 | -0.1847! | -0.4310 | -0.1668 |-0.1722
14.0 | -0.1177* | -0.4468 | -0.1721 | -0.1757 14.0 | -0.1770 | -0.4460 |-0.1710 |-0.1764
14.8 [ -0.1133! | -0.4605 | -0.1759 | -0.1794 14.8 | -0.1703' | -0.4597 | -0.1748 |-0.1801

© 2000 by Chapman & Hall/CRC




&z = 0.20 &z = 0.25

big )\1(0,1) )\2(0,1) A3 A4 big )\1(0,1) )\2(0,1) A3 A4

2.0 |-1.3871 | 0.2841 | 0.2124T | 0.7090 2.0 -1.4649 | 0.2748 | 0.1050% | 0.7034
2.1(-1.1865 |0.2009 | 0.4302! | 0.6298 2.1 [-1.2592 |0.2814 | 0.3133! | 0.6252
2.2 -1.0104 |0.2047 |0.6384! |0.5571 2.2-1.0840 |0.2847 | 0.5060% | 0.5548
2.3|-0.8509 | 0.2952 | 0.8359% |0.4888 2.3-0.9287 | 0.2850 | 0.6845% |0.4898
2.41-0.7062 |0.29019 |0.1013 | 0.4246 2.4 |-0.7893 | 0.2820 | 0.84361 |0.4294
2.5 |-0.5783 | 0.2841 | 0.1151 | 0.3652 2.5 -0.6654 | 0.2763 | 0.9730T | 0.3734
2.6 | -0.4710 |0.2718 |0.1233 | 0.3120 2.6 |-0.5584 |0.2649 |0.1062 |0.3226
2.7 |-0.3862 | 0.2558 |0.1253 |0.2661 2.7|-04696 |0.2512 |0.1103 |0.2776
2.8 1-0.3217 |0.2374 |0.1221 | 0.2273 2.8 |-0.3983 | 0.2349 |0.1099 |0.2385
2.91-0.2734 |0.2180 |0.1153 | 0.1948 2.9(-0.3423 |0.2172 |0.1059 | 0.2050
3.0 | -0.2368 | 0.1983 | 0.1065 |0.1672 3.0 [ -0.2985 | 0.1987 | 0.99571 | 0.1763
3.1(-0.2087 |0.1789 | 0.9673% |0.1435 3.1(-0.2640 |0.1802 |0.9173' |0.1515
3.2(-0.1865 | 0.1599 | 0.8659% |[0.1230 3.2(-0.2364 |0.1618 | 0.8313' |0.1300
3.3(-0.1687 | 0.1416 |0.7651% |0.1049 3.3(-0.2140 |0.1440 |0.7423' |0.1110
3.4(-0.1542 | 0.1240 |0.66681 | 0.8888! 3.4(-01956 |0.1266 | 0.65321 | 0.9419!
3.5[-0.1420 |0.1070 |0.5722T | 0.7449! 35[-0.1802 | 0.1099 | 0.5658T | 0.7916T
3.6 |-0.1318 | 0.9075' | 0.4819' | 0.6150! 3.6 |-0.1672 |0.9375" | 0.4810' | 0.6560"
3.71-0.1230 | 0.75121 | 0.39601 | 0.4968! 3.7 [-0.1560 |0.78211 | 0.39951 | 0.5331!
3.8 -0.1154 | 0.6012% | 0.31451 | 0.3888! 3.8-0.1463 | 0.63261 | 0.32141 | 0.42101
3.9 (-0.1088 | 0.45701 | 0.23721 | 0.2896! 3.9-01379 | 0.48881 | 0.24691 | 0.3182!
4.0[-0.1030 | 0.3185T [ 0.1640T | 0.19807 4.0[-0.1305 | 0.3504T | 0.1760T | 0.2235T
4.1 |-0.97861 | 0.18531 | 0.94672 | 0.1132! 4.11-0.1239 |0.2172! | 0.10841 | 0.1360!
4.2 -0.93231 | 0.57072 | 0.28942 | 0.34292 4.21-0.1180 | 0.88892 | 0.44082 | 0.54672
4.3 | -0.89101 | -0.66402 | -0.33422 | -0.39292 4.3-0.1127 |-0.34772 | -0.17132 | -0.21042
4.4 |-0.85351 | -0.1854 | -0.92612 | -0.10811 4.41-0.1080 |-0.1541' | -0.75422 | -0.91782
4.5 -0.8195T | -0.3002T | -0.1489T [ -0.1727" 45-0.1036 |-0.26917 | -0.1309T | -0.15807
4.6 | -0.78861 | -0.4110* | -0.20241 | -0.23341 4.6 | -0.99641 | -0.3801 | -0.18381 | -0.22021
4.7 | -0.7600" | -0.51791 | -0.25331 | -0.29061 4.7 1-0.96021 | -0.4875 | -0.23431 | -0.27871
4.8 -0.73391 | -0.6213 | -0.30191 | -0.34451 4.8 1-0.92701 | -0.5912 | -0.28251 | -0.3340?
4.9 |-0.7097t | -0.72131 | -0.34821 | -0.39561 4.9-0.89621 | -0.6916 | -0.32851 | -0.38611
5.1 [-0.66681 | -0.9118" [ -0.4347T | -0.4900T 5.1 [ -0.8415T [ -0.8828T | -0.4147T | -0.4824T
5.3 [ -0.62041 | -0.1091 | -0.5139' | -0.5753! 5.3 [-0.7941 | -0.1062 | -0.4937" | -0.5693!
5.5 | -0.59681 | -0.1259 |[-0.5867 | -0.65281 5.5 | -0.75261 | -0.1231 | -0.5665! | -0.64821
5.7 | -0.56801 | -0.1418 | -0.65391 | -0.72371 5.7 |-0.71611 | -0.1391 | -0.63361 | -0.72021
5.9 | -0.54241 | -0.1568 |[-0.7160" | -0.78881 5.9 | -0.68361 | -0.1541 | -0.6959! | -0.78621
6.1 |-0.5195T | -0.1710 |-0.77371 | -0.8487T 6.1 | -0.6545T | -0.1684 | -0.7537F | -0.8470T
6.3 | -0.49891 | -0.1844 | -0.82741 | -0.9041? 6.3 | -0.62841 | -0.1819 | -0.8075' | -0.90311
6.5 | -0.4802! | -0.1972 | -0.87751 | -0.95561 6.5 | -0.6047" | -0.1948 | -0.8578! | -0.95521
6.7 | -0.46321 | -0.2094 | -0.92431 | -0.1004 6.7 | -0.58321 | -0.2070 | -0.9049' | -0.1004
6.9 |-0.44771 | -0.2210 | -0.96831 | -0.1048 6.9 | -0.56351 | -0.2187 | -0.94911 | -0.1049
7.2 1-0.4267% | -0.2374 | -0.1029 |-0.1110 72 -0.5370T | -0.2351 | -0.1010 |-0.1111
7.5 | -0.40821 | -0.2528 |[-0.1085 |-0.1166 7.5 |-0.51351 | -0.2506 |-0.1067 |-0.1168
7.8 |-0.3916' | -0.2672 |-0.1137 |-0.1218 7.8 | -0.49251 | -0.2650 | -0.1118 |-0.1220
8.1|-0.37671 | -0.2807 |-0.1184 [-0.1265 8.1 |-0.47371 | -0.2786 |-0.1166 [-0.1268
8.4 |-0.36331 | -0.2934 | -0.1228 |-0.1309 8.4 |-0.45671 | -0.2914 |-0.1210 |-0.1312
8.9 [-0.34351 | -0.3131 [-0.1204 |[-0.1375 8.0 | -0.4318T [ -0.3111 |-0.1277 |-0.1378
9.4 | -0.3265' | -0.3310 |-0.1353 |[-0.1433 9.4 |-0.4103! | -0.3201 |-0.1337 |-0.1437
9.9 | -0.31161 | -0.3475 | -0.1406 |[-0.1485 9.9 | -0.39151 | -0.3457 | -0.1390 [-0.1489
10.4 | -0.20861 | -0.3627 |-0.1454 |-0.1532 10.4 [ -0.37511 | -0.3609 | -0.1438 |-0.1536
10.9 | -0.2870 | -0.3767 | -0.1497 | -0.1575 10.9 | -0.3605! | -0.3750 | -0.1482 |-0.1579
11.7 | -0.2710T | -0.3971 | -0.1559 | -0.1635 11.7 [ -0.3403T [ -0.3954 | -0.1544 | -0.1639
12.5 | -0.25741 | -0.4153 |[-0.1613 |-0.1687 12.5 [ -0.3232! | -0.4138 | -0.1599 |-0.1692
13.3 | -0.24571 | -0.4317 | -0.1660 |-0.1733 13.3 [ -0.30851 | -0.4302 | -0.1647 |-0.1738
14.1 | -0.23561 | -0.4466 |-0.1703 |-0.1774 14.1 | -0.29571 | -0.4452 | -0.1689 | -0.1779
14.9 | -0.22671 | -0.4602 |-0.1740 |-0.1811 14.9 | -0.28451 | -0.4588 | -0.1727 | -0.1816

© 2000 by Chapman & Hall/CRC




&3 = 0.30 a3 = 0.35

by )\1(0,1) )\2(0,1) As A4 big )\1(0,1) )\2(0,1) As A4

2.0 [-1.5501 | 0.2660 |-0.1001% | 0.7019 2.1 [-1.4414 [0.2630 | 0.7342% | 0.6297
2.1[-1.3428 |0.2721 |0.1956' | 0.6249 2.2 |-1.2523 | 0.2667 | 0.2556% | 0.5599
2.2-1.1637 |0.2755 |0.3797! | 0.5556 2.3-1.0934 | 0.2674 | 0.4168% | 0.4979
2.3 |-1.0087 |0.2759 |0.54671 |0.4927 2.4 |-0.9548 |0.2653 | 0.5590! | 0.4415
2.4 (-08712 |0.2732 | 0.6949' | 0.4348 2.5[-0.8324 |0.2604 |0.6797% | 0.3897
25| -0.7491 | 0.2675 |0.8187% | 0.3813 2.6 | -0.7245 | 0.2527 | 0.7745" | 0.3423
2.6 |-0.6421 | 0.2586 | 0.9108! |0.3324 2.7 | -0.6307 | 0.2424 | 0.8394! | 0.2092
2.7 | -0.5505 | 0.2467 | 0.9658! | 0.2884 2.8 | -0.5504 |0.2297 |0.8727! | 0.2606
2.8 |-0.4743 |0.2323 | 0.98301 | 0.2495 2.9 |-0.4830 |0.2153 |0.8761' | 0.2263
2.9 [-04121 |0.2162 |0.9671' | 0.2155 3.0 [-0.4271 [0.1996 |0.8543' | 0.1961
3.0 [-0.3618 [0.1991 | 0.9255T | 0.1859 3.1[-0.3809 |0.1832 | 0.8131% | 0.1695
3.1(-0.3213 |0.1816 | 0.8661% | 0.1602 3.2(-0.3428 |0.1665 | 0.7581% | 0.1462
3.2[-0.2884 |0.1640 |0.7957% |0.1377 3.3(-0.3112 |0.1498 | 0.6944® | 0.1255
3.3|-0.2614 |0.1467 |0.7191' | 0.1179 3.4 |-0.2847 |0.1333 | 0.6254% | 0.1072
3.4 (-0.2390 |0.1208 |0.6398! | 0.1003 3.5(-0.2623 |0.1171 | 0.5540! | 0.9077!
3.5[-0.2202 [0.1133 | 0.5600T | 0.8457T 3.6 |-0.2432 [0.1014 |o0.4819T7 |0.7602T
3.6 |-0.2042 |0.97331 | 0.4813! | 0.70431 3.71-0.2268 | 0.8619% | 0.41041 | 0.62671
3.71-0.1905 | 0.8192! | 0.40461 | 0.57631 3.8 (-0.2126 | 0.71441 | 0.3403' | 0.50531
3.8-0.1786 | 0.67051 | 0.33031 | 0.45971 3.9|-0.2001 |[o0.5718 |0.27221 | 0.39431
3.91-0.1682 | 0.52721 | 0.25881 | 0.35301 4.0 -0.1892 | 0.43411 | 0.2062! | 0.29251
4.0 |-0.1591 | 0.3891T | 0.1902T | 0.2549T 41]-0.1794 | 0.3011T | 0.1427T | 0.193671
4.1]-0.1510 | 0.25591 | 0.12451 | 0.16431 4.2 -0.1707 | 0.1727% | 0.81582 | 0.1116?
4.2 ]-0.1438 |0.1275% | 0.61762 | 0.80352 4.3 |-0.1629 | 0.4870% | 0.22922 | 0.30902
4.31]-0.1381 |0.7885% | 0.3799% | 0.4890% 4.4 |-0.1559 |-0.71052 | -0.33322 | -0.44312
4.41-0.1314 |-0.1158" | -0.55552 | -0.70582 4.5 |-0.1495 |-0.18681 | -0.87252 | -0.11461
45[-0.1260 [-0.2312T [-0.1103" | -0.1387" 4.6 -0.1437 |[-0.2986T [ -0.1389T | -0.1804"
4.6 -0.1212 |-0.34271 | -0.16261 | -0.20261 4.7 -0.1383 | -0.40671 | -0.18841 | -0.24231
4.71-0.1167 |-0.4504 | -0.21261 | -0.26271 4.8 -0.1334 |-0.51131 | -0.23581 | -0.30041
4.8 1-0.1127 |-0.55451 | -0.26041 | -0.31931 4.9-0.1289 |-0.61251 | -0.2813 | -0.35531
4.91-0.1089 |-0.65531 | -0.30621 | -0.37281 5.0 | -0.1247 | -0.71061 | -0.3249 | -0.40721
5.1[-0.1022 |-0.8474" | -0.3920T | -0.4713T 5.21-0.1173 |-0.8977" | -0.4070T | -0.50297
5.3 [-0.96371 | -0.1028 | -0.4709 | -0.5600" 5.4|-0.1108 |-0.1074 |-0.48271 | -0.58931
5.5 |-0.91291 [ -0.1198 |-0.54371 | -0.64041 5.6|-0.1051 |-0.1240 |-0.55281 | -0.6677*
5.7 | -0.86821 [ -0.1358 |-0.61101 | -0.71371 5.8 |-0.1001 |-0.1396 |-0.61781 |-0.73921
5.9 | -0.82851 | -0.1509 | -0.6734! | -0.7809! 6.0 | -0.9563! | -0.1545 |-0.67821 | -0.80481
6.1 | -0.7930T | -0.1653 | -0.7314T | -0.8426T 6.2 | -0.9162T | -0.1685 | -0.73451 | -0.8652T
6.3 |-0.7611" | -0.1789 | -0.7855' | -0.89971 6.4 | -0.88011 | -0.1818 | -0.78711 | -0.9210!
6.5 [-0.73221 | -0.1918 | -0.8361' | -0.95251 6.6 | -0.84731 | -0.1945 | -0.83641 | -0.97271
6.7 | -0.70591 | -0.2041 | -0.8834! | -0.1002 6.8 | -0.81751 | -0.2066 | -0.88261 | -0.1021
6.9 | -0.68191 | -0.2158 | -0.92791 | -0.1047 7.0 | -0.7902! | -0.2181 |-0.92611 | -0.1066
7.21-0.64961 | -0.2324 | -0.9897T | -0.1111 7.3]-0.75341 | -0.2344 [-0.9866" | -0.1128
7.5 | -0.62101 | -0.2479 |-0.1046 |-0.1168 7.6 | -0.72071 | -0.2497 |-0.1042 |-0.1184
7.8 | -0.59551 | -0.2624 |-0.1098 |-0.1221 7.9 | -0.6916' | -0.2640 |-0.1093 |-0.1236
8.1 | -0.57261 | -0.2760 |-0.1147 |-0.1269 8.2 | -0.6654! | -0.2774 |-0.1141 |-0.1283
8.4 | -0.55191 | -0.2889 |-0.1191 |-0.1313 8.5 |-0.64171 | -0.2901 |-0.1185 |-0.1327
8.9 [ -0.52161 [ -0.3087 |-0.1258 |-0.1380 9.0 [ -0.60681 [ -0.3097 [-0.1251 |-0.1393
9.4 | -0.4955 | -0.3269 |-0.1319 |-0.1439 9.5 | -0.5768 | -0.3276 |-0.1310 |-0.1451
9.9 | -0.47281 | -0.3435 |-0.1372 |-0.1492 10.0 | -0.55061 | -0.3440 | -0.1364 | -0.1503
10.4 | -0.45281 | -0.3588 |-0.1421 |-0.1539 10.5 | -0.52761 | -0.3592 | -0.1412 | -0.1550
10.9 | -0.43511 | -0.3729 | -0.1465 | -0.1582 11.0 | -0.5072! | -0.3732 | -0.1456 |-0.1592
11.7 [ -0.4106T | -0.3935 | -0.1528 | -0.1643 11.8 | -0.4789T | -0.3935 | -0.1518 | -0.1652
12.5 [ -0.3899! | -0.4118 | -0.1583 | -0.1695 12.6 | -0.4549! | -0.4117 | -0.1573 | -0.1704
13.3 | -0.37211 | -0.4284 |-0.1632 |-0.1742 13.4 | -0.4343! | -0.4282 |-0.1621 |-0.1750
14.1 | -0.35661 | -0.4434 | -0.1675 |-0.1783 14.2 | -0.4164! | -0.4430 | -0.1664 | -0.1790
14.9 | -0.3431' | -0.4570 |-0.1713 |-0.1819 15.0 | -0.40071 | -0.4566 | -0.1703 |-0.1827

© 2000 by Chapman & Hall/CRC




Gz = 0.40 a3 = 0.45

by )\1(0,1) )\2(0,1) As A4 big )\1(0,1) )\2(0,1) As A4

2.2[-1.3537 | 0.2583 |0.12951 | 0.5683 2.3[-1.2809 [0.2519 [0.1629" | 0.5173
2.3(-1.1858 | 0.2595 |0.2004! | 0.5058 2.4(-1.1383 |0.2511 | 0.3051' | 0.4608
2.4 [-1.0429 |0.2580 |0.4305% | 0.4500 2.5 |-1.0083 | 0.2479 | 0.4266! | 0.4101
2.5 [-0.9180 |0.2539 | 0.55041 | 0.3991 2.6 | -0.8946 |0.2423 |0.5277 | 0.3641
2.6 [-0.8081 |0.2473 | 0.64811 | 0.3527 2.7 1-0.7947 |0.2346 |0.6070' | 0.3221
2.7 |-0.7115 | 0.2384 | 0.7207% | 0.3103 2.8 [-0.7071 |0.2248 [ 0.6633 | 0.2840
2.8 [-0.6277 |0.2272 | 0.76661 | 0.2720 2.9 |-0.6308 |0.2133 |0.6963' | 0.2495
2.9 [-0.5557 |0.2143 |0.78611 | 0.2376 3.0 |-0.5650 |0.2004 |0.7072' |0.2184
3.0 | -0.4947 |0.2000 |0.7817% | 0.2069 3.1|-0.5086 |[0.1863 |0.6986 | 0.1906
3.1(-0.4433 |0.1848 | 0.7574% | 0.1797 3.2|-0.4605 |0.1716 |0.6737% | 0.1657
3.2 (-0.4001 [0.1600 [0.7177% | 0.1555 3.3(-0.4196 [0.1565 |0.63647 | 0.1435
3.3]-0.3638 |0.1530 |0.6671' | 0.1341 3.4 |-0.3846 |0.1412 | 0.5898% | 0.1236
3.4 (-0.3331 |0.1371 | 0.6091' | 0.1149 3.5|-0.3546 [0.1260 |0.5370 | 0.1058
3.5-0.3070 |0.1214 | 0.54671 | 0.97821 3.6|-0.3288 |0.1110 | 0.4801' | 0.8969!
3.6 [-0.2846 | 0.1060 |0.48181 | 0.82421 3.7 |-0.3065 |[0.9623% | 0.42091 | 0.75141
3.71-0.2654 |0.9099T [0.4162T | 0.68497T 3.81-0.2870 [0.8183T | 0.3608T | 0.6192T
3.8 |-0.2486 | 0.7639' | 0.3508! | 0.5583! 3.9(-0.2699 |0.67811 |0.3007' | 0.49861
3.91-0.2339 |0.62231 | 0.28641 | 0.44271 4.0 | -0.2548 | 0.5419% | 0.2412! | 0.3880?
4.0 [-0.2210 | 0.48521 |0.22351 | 0.33681 4.1]-0.2414 | 0.4098% | 0.1828% | 0.28641
4.1]-0.2095 |0.35251 |0.16231 | 0.2391! 4.2 1-0.2294 | 0.2818% | 0.12581 | 0.19251
4.21-0.1992 [0.2242T [0.10317 | 0.1489T 4.3]-0.2186 [0.15771 [0.70452 | 0.10551
4.3 1-0.1900 |0.1002! | 0.45972 | 0.65212 4.4(-0.2090 |0.3763% |0.1680% | 0.24702
4.4 [-0.1816 |-0.19842 | -0.90893 | -0.12692 4.5 | -0.2001 | -0.78672 | -0.35082 | -0.50682
4.5]-0.1741 |-0.1358 | -0.62042 | -0.85342 4.6 |-0.1921 |-0.1912! | -0.85112 | -0.12111
4.6 |-0.1672 |-0.2480" | -0.1130! | -0.15331 4.7 | -0.1848 |-0.30021 | -0.13341 | -0.18711
4.71-0.1610 |[-0.3566' | -0.1619" | -0.2171" 4.8 1-0.1781 [-0.4058T [ -0.1799T | -0.24917
4.8 -0.1552 |-0.46171 | -0.20891 | -0.27711 4.9-0.1719 |-0.50811 | -0.22471 | -0.3075!
4.91-0.1499 |-0.56341 | -0.25411 | -0.33361 5.0 | -0.1662 |-0.60721 | -0.26781 | -0.3625!
5.0 [ -0.1450 | -0.6620' | -0.2975! | -0.3870! 5.1|-0.1609 |-0.7034 | -0.3004! | -0.41451
5.1(-0.1404 |-0.75761 | -0.33921 | -0.43751 5.2 | -0.1560 | -0.7966 | -0.34941 | -0.46381
5.3 [-0.1322 [-0.9401T | -0.4179T | -0.5307" 5.4 (-0.1472 |-0.9750T [ -0.4251T | -0.55497
5.5(-0.1251 |[-0.1112 |-0.4908! | -0.61501 5.6 | -0.1394 |-0.1143 |-0.4955' | -0.6373!
5.71-0.1189 |[-0.1274 |-0.5585! | -0.69161 5.8 -0.1326 |-0.1302 |-0.56101 | -0.71241
59 (-0.1133 |-0.1428 |-0.62141 | -0.76161 6.0 | -0.1265 |-0.1453 |-0.62211 | -0.7810
6.1-0.1084 |-0.1573 |-0.68011 | -0.82581 6.2 |-0.1211 |-0.1595 |-0.67911 | -0.8440!
6.3 -0.1039 |[-0.1711 |-0.7349T | -0.88507 6.4 -0.1162 | -0.1731 |-0.73251 | -0.90217
6.5 | -0.9989" | -0.1842 | -0.7861' | -0.93971 6.6 |-0.1118 |[-0.1859 [-0.78261 | -0.9559!
6.7 | -0.96241 | -0.1967 | -0.83421 | -0.99051 6.8 |-0.1078 |-0.1982 |-0.82971 | -0.1006
6.9 | -0.9290" | -0.2085 | -0.8794! | -0.1038 7.0 | -0.1041 |-0.2099 |-0.8740! | -0.1052
7.1 [-0.89851 | -0.2199 | -0.9220! | -0.1082 7.2 | -0.1007 |-0.2211 |-0.9157! | -0.1096
7.4 -0.8573T7 [ -0.2359 [ -0.9814T | -0.1143 7.5 [-0.9618T | -0.2369 [-0.9741T | -0.1156
7.7 [ -0.82071 | -0.2510 |-0.1036 |-0.1198 7.8 |-0.9212! | -0.2517 |-0.1028 |-0.1211
8.0 [ -0.78791 [ -0.2651 | -0.1086 | -0.1249 8.1 | -0.8849! | -0.2657 |-0.1077 |-0.1261
8.3 |-0.7584' | -0.2783 | -0.1133 | -0.1296 8.4 | -0.8522! | -0.2788 |-0.1124 |-0.1307
8.6 | -0.73171 [ -0.2009 |-0.1176 |-0.1339 8.7 |-0.8225! | -0.2912 |-0.1166 |-0.1349
9.1 |-0.6925T [-0.3102 [-0.1242 | -0.1404 9.2 -0.77881 [-0.3103 |-0.1231 | -0.1413
9.6 | -0.65861 | -0.3279 |-0.1301 |-0.1461 9.7 | -0.7411" | -0.3278 |-0.1290 | -0.1470
10.1 | -0.62901 | -0.3442 |-0.1354 |-0.1513 10.2 | -0.7080" | -0.3439 |-0.1342 |-0.1521
10.6 | -0.60291 | -0.3592 | -0.1402 | -0.1559 10.7 | -0.6789! | -0.3588 |-0.1390 | -0.1567
11.1 [ -0.5798! | -0.3730 | -0.1445 |-0.1601 11.2 | -0.6531" | -0.3726 |-0.1433 | -0.1608
11.9 | -0.54771 [ -0.3932 |-0.1507 | -0.1660 12.0 | -0.6172T [ -0.3926 |-0.1495 | -0.1667
12.7 | -0.5205' | -0.4113 |-0.1562 |-0.1712 12.8 | -0.5867" | -0.4106 |-0.1550 |-0.1718
13.5 | -0.49701 | -0.4276 |-0.1610 |-0.1757 13.6 | -0.5605% | -0.4267 |-0.1598 |-0.1763
14.3 | -0.47671 | -0.4424 |-0.1653 |-0.1797 14.4 | -0.53761 | -0.4414 | -0.1640 |-0.1803
15.1 | -0.45881 | -0.4559 | -0.1691 | -0.1833 15.2 | -0.5176" | -0.4548 |-0.1679 |-0.1839

© 2000 by Chapman & Hall/CRC




&z = 0.50 &z = 0.55

by )\1(0,1) )\2(0,1) As A4 big )\1(0,1) )\2(0,1) A3 A4

2.3 [-1.4124 | 0.2443 | 0.2873% | 0.5334 2.4 |-1.3697 | 0.2379 | 0.4465Z | 0.4931
2.4 [-1.2450 |0.2445 |0.17841 | 0.4748 2.5-1.2153 |0.2366 | 0.1798! |0.4393
2.5[-1.1060 |0.2422 |0.3045% | 0.4233 2.6 | -1.0862 | 0.2331 | 0.2025% |0.3920
2.6 |-0.9864 |0.2376 |0.4102! | 0.3770 2.7 | -0.9748 | 0.2276 | 0.3854! |0.3495
2.7|-0.8818 | 0.2310 |0.4961' | 0.3350 2.8 |-0.8774 |0.2202 | 0.4593% |0.3109
2.8 -0.7898 | 0.2225 | 0.5614T | 0.2969 2.0 -0.7918 |0.2113 | 0.5143T | 0.2758
2.9|-0.7091 |0.2123 | 0.60601 | 0.2621 3.0 | -0.7165 | 0.2009 | 0.5508% | 0.2440
3.0 [ -0.6387 |0.2007 |0.6304! |0.2307 3.1(-0.6504 |0.1893 | 0.56961 | 0.2150
3.1|-05775 | 0.1878 | 0.6361% | 0.2023 3.2 |-0.5927 |0.1767 | 0.5723% |0.1889
3.2|-0.5246 |0.1742 |0.6254! | 0.1768 3.3|-0.5424 [0.1634 |0.5611 | 0.1652
3.3[-0.4790 | 0.1600 | 0.6013T | 0.1539 3.4 -0.4986 | 0.1497 | 0.5383T | 0.1438
3.4 (-0.4396 |0.1454 | 0.5665 | 0.1332 3.5(-0.4605 |0.1358 | 0.5063% |0.1245
3.5(-0.4057 |0.1308 |0.5239! | 0.1146 3.6 |-0.4272 |0.1217 | 0.4673! |0.1070
3.6 |-0.3762 |0.1163 | 0.4756! | 0.9786! 3.71-0.3981 |0.1078 | 0.42331 |0.9111t
3.71-0.3506 |0.1019 | 0.42371 | 0.82661 3.8 -0.3725 |0.93941 | 0.37571 | 0.76661
3.8 -0.3282 | 0.8771% | 0.3695T | 0.6885T 3.9(-0.3499 | 0.8034T [0.3260T | 0.6347"
3.9-0.3084 |0.73871 | 0.31421 | 0.56241 4.0 [-0.3299 | 0.67021 | 0.27501 | 0.51391
4.0 1-0.2910 | 0.60381 | 0.25871 | 0.44691 4.1-0.3121 | 0.5400% | 0.22361 | 0.4028!
4.1]-0.2755 | 0.47261 | 0.20351 | 0.3409! 4.2 |-0.2963 | 0.41341 |0.17231 | 0.30061
4.21-0.2617 | 0.34501 | 0.14911 | 0.24291 4.3 -0.2820 |0.2900% |0.12151 | 0.2059!
4.31-0.2492 [0.2212T [ 0.9582% [ 0.1523T 4.41-0.2691 [0.17001 [0.71502 | 0.1181t
4.41-0.2380 |0.10111 | 0.43852 | 0.68172 4.5 |-0.2574 | 0.53542 | 0.22582 | 0.36442
4.5]-0.2278 |-0.15392 | -0.66833 | -0.10182 4.6 | -0.2468 |-0.59542 | -0.25152 | -0.39752
4.6 |-0.2186 |-0.1283 | -0.55702 | -0.83352 4.7 -0.2371 |-0.1693! | -0.71602 | -0.1110*
4.71-0.2101 |-0.23771 | -0.10321 | -0.1518 4.8 -0.2282 |-0.27581 | -0.1167* | -0.17781
4.8 [-0.2023 [-0.3438T [-0.1491T [ -0.21617T 4.91-0.2200 [-0.3792T [-0.1604" [ -0.2405T
4.91-0.1952 |-0.4466 | -0.19341 | -0.27651 5.0|-0.2124 |-0.4795 | -0.20281 | -0.29961
5.0 | -0.1886 | -0.54631 | -0.23621 | -0.33351 5.1 |-0.2055 |-0.5769 | -0.24381 | -0.35531
5.1(-0.1825 |[-0.64311 | -0.27751 | -0.38721 5.2 | -0.1990 |-0.6714' | -0.28351 | -0.4080!
5.2 -0.1769 |-0.7370% | -0.31741 | -0.43811 5.3 |-0.1930 |-0.7632 | -0.32181 | -0.45791
5.4 ]-0.1667 |-0.91671 | -0.3931T | -0.53207 5.5 | -0.1821 | -0.9392T [-0.3948T | -0.55017
5.6 | -0.1578 |[-0.1086 |-0.46351 | -0.61691 5.7|-0.1726 |-0.1105 |-0.46311 |-0.63351
5.8 | -0.1500 |[-0.1246 |-0.52931 | -0.69411 5.9|-0.1642 |-0.1263 |-0.52691 | -0.70941
6.0 | -0.1430 |-0.1398 |-0.5907! | -0.7645! 6.1|-0.1567 |-0.1412 |-0.58671 | -0.77871
6.2 1-0.1368 |-0.1542 |-0.64821 | -0.82911 6.3 |-0.1500 |-0.1553 |-0.64281 | -0.84241
6.4 -0.1312 |-0.1679 |-0.7020T | -0.8886T 6.5 | -0.1440 | -0.1688 |-0.69541 | -0.90117
6.6 |-0.1261 |-0.1809 |-0.75261 | -0.94371 6.7 |-0.1385 |[-0.1816 |-0.7449' | -0.95541
6.8 [-0.1216 |-0.1932 |-0.8001% | -0.9947! 6.9 -0.1335 |-0.1938 |-0.7916' | -0.1006
7.0 [-0.1174 |-0.2050 |-0.8449! | -0.1042 7.1|-0.1290 |-0.2054 |-0.83561 |-0.1053
7.2]-0.1135 |-0.2163 |-0.8872! | -0.1087 7.3|-0.1248 |-0.2165 |-0.8771! |-0.1097
7.5 -0.1083 |-0.2323 | -0.9462T | -0.1148 7.6 -0.1192 |-0.2323 |-0.9353T | -0.1157
7.8 |-0.1037 |-0.2472 |-0.1001 |-0.1204 7.9]-0.1141 |-0.2471 |-0.9891' | -0.1212
8.1 [-0.99571 | -0.2613 |-0.1051 |-0.1255 8.2(-0.1096 |-0.2610 |-0.1039 |-0.1263
8.4 | -0.95851 | -0.2745 |-0.1098 |-0.1301 8.5(-0.1056 |-0.2741 |-0.1085 |-0.1309
8.7 [ -0.92481 | -0.2870 |-0.1141 |-0.1345 8.8 |-0.1019 |-0.2865 |-0.1128 |-0.1352
9.2 [ -0.87521 [ -0.3063 |-0.1207 |-0.1410 9.3 | -0.9647T [ -0.3056 |-0.1194 |-0.1416
9.7 [ -0.83241 | -0.3240 |-0.1266 |-0.1467 9.8 | -0.9178! | -0.3231 |-0.1252 |-0.1474
10.2 | -0.7950 | -0.3402 | -0.1319 |-0.1519 10.3 | -0.8768 | -0.3392 | -0.1305 |-0.1525
10.7 [ -0.7620! | -0.3552 | -0.1368 | -0.1565 10.8 | -0.84071 | -0.3541 | -0.1354 |-0.1571
11.2 | -0.73281 | -0.3691 |-0.1412 | -0.1607 11.3 | -0.80861 | -0.3679 | -0.1398 |-0.1612
12.0 | -0.6922T | -0.3892 | -0.1475 | -0.1666 12.1 | -0.76417 | -0.3879 | -0.1460 |-0.1671
12.8 [ -0.65781 | -0.4073 | -0.1530 |-0.1718 12.9 | -0.7263! | -0.4059 | -0.1515 |-0.1722
13.6 [ -0.6282! | -0.4236 | -0.1579 |-0.1763 13.7 | -0.6938! | -0.4221 | -0.1564 |-0.1768
14.4 | -0.60241 | -0.4384 |-0.1622 | -0.1803 14.5 | -0.6654 | -0.4369 | -0.1608 |-0.1808
15.2 [ -0.5798! | -0.4519 | -0.1661 | -0.1839 15.3 | -0.64061 | -0.4503 | -0.1647 |-0.1843
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Gz = 0.60 Gz = 0.65

big )\1(0,1) )\2(0,1) A3 A4 big )\1(0,1) )\2(0,1) A3 A4

25 |-1.3428 | 0.2310 | 0.47152 | 0.4596 2.6 -1.3202 | 0.2240 | 0.3908% | 0.4318
2.6 |-1.1981 |0.2286 |0.1706% | 0.4098 2.7-1.1915 |0.2208 |0.1533% |0.3853
2.71-1.0766 |0.2242 |0.2723% | 0.3659 2.8 |-1.0759 | 0.2157 | 0.2465! |0.3443
2.8 [-0.9718 |0.2180 |0.3551% |0.3265 2.9|-0.9761 |0.2000 |0.3215% |0.3075
2.9 -0.8801 |0.2102 | 0.4200% |0.2908 3.0 [-0.8887 |0.2010 |0.3797% |0.2742
3.0 | -0.7993 | 0.2010 | 0.4675% | 0.2583 31|-0.8117 | 0.1916 | 0.4220T | 0.2438
3.1[-0.7281 | 0.1905 | 0.4984! |[0.2288 3.2]-0.7436 |0.1813 |0.4493! | 0.2162
3.2[-0.6654 |0.1791 |0.5137 |0.2020 3.3(-0.6834 [0.1700 |o0.4627' |0.1911
3.3[-0.6103 |0.1668 |0.5151% |0.1776 3.4(-0.6302 |0.1581 | 0.4637 |0.1682
3.4(-05619 |0.1540 |0.5042! |[0.1554 3.5(-0.5832 |0.1457 | 0.4539! |0.1473
3.5[-0.5195 |0.1408 | 0.4833 [0.1354 3.6 [-0.5417 |0.1330 | 0.4350% |0.1283
3.6 |-0.4822 |0.1274 |0.4541' |0.1171 3.71-0.5049 |[0.1201 |0.4088% |0.1110
3.7|-0.4493 |0.1139 | 0.4187' | 0.1005 3.8|-0.4723 [o0.1071 |0.3767' | 0.9516!
3.8 |-0.4204 |[0.1004 |0.37851 |0.85411 3.9(-0.4434 |[0.9417 | 0.34021 | 0.8068!
3.9|-0.3948 |0.8714' |0.3350' | 0.7160! 4.0 |-0.4177 |o0.8136' |0.3004! | 0.6740!
4.0 [-0.3720 | 0.7404T [0.2893T | 0.5894T 41-0.3946 | 0.6873T [0.2584T | 0.55197
4.1 -0.3517 | 0.6119% | 0.24221 | 0.47311 4.2-0.3740 | 0.56321 | 0.21481 | 0.43951
4.21-0.3336 |0.4863% |0.19451 | 0.3660! 4.3 -0.3555 |0.44181 | 0.17061 | 0.33561
4.3 ]-0.3173 | 0.3637% | 0.14671 | 0.26691 4.41-0.3387 |0.32291 |0.12591 | 0.2393!
4.4 |-0.3026 |0.24421 |0.99112 | 0.17501 4.5]-0.3235 |0.2070% | 0.81372 | 0.1499!
45[-0.2892 | 0.1278T | 0.52152 | 0.89652 4.6 -0.3097 |0.9398% [0.37197 | 0.6659°%
4.6 |-0.2770 | 0.14912 | 0.61113 | 0.10252 4.71-0.2970 |-0.16072 | -0.63943 | -0.11162
4.7 [ -0.2659 |-0.95312 | -0.39162 | -0.64252 4.8 |-0.2855 |-0.1232! | -0.49212 | -0.83912
4.8 [ -0.2558 |-0.20221 | -0.83282 | -0.13391 4.9-0.2749 |-0.2274' | -0.91142 | -0.15211
4.91-0.2464 |-0.30611 | -0.12621 | -0.19921 5.0 [-0.2651 |[-0.3287% | -0.13211 | -0.21621
5.0 [ -0.2378 | -0.4069T [ -0.1680T [ -0.2606T 5.1[-0.2560 [-0.4273T7 [-0.1721T [ -0.27661
5.11-0.2299 |-0.5048% | -0.20851 | -0.31861 5.2 1-0.2477 |-0.52311 | -0.2110! | -0.33351
5.2 -0.2225 |-0.60011 | -0.24791 | -0.37331 5.3 [-0.2399 |-0.6163' | -0.24881 | -0.3873!
5.3 [-0.2157 |-0.69261 | -0.28611 | -0.42501 5.4 |-0.2327 | -0.7069! | -0.28551 | -0.43831
5.4 -0.2093 |-0.7825 | -0.32301 | -0.4740! 5.5(-0.2259 | -0.79501 | -0.32121 | -0.48661
5.6 | -0.1977 | -0.95497 [ -0.3936T | -0.56471 5.7 | -0.2137 | -0.9643T [ -0.3895T | -0.57611
5.8 |-0.1876 |-0.1118 |-0.45971 | -0.64691 5.9 1(-0.2020 |-0.1125 |-0.45371|-0.65721
6.0-0.1786 |-0.1273 |-0.52181 | -0.7217 6.1(-0.1933 |-0.1277 |-0.51421|-0.7312
6.2 -0.1706 |-0.1419 |-0.58011 | -0.79021 6.3 |-0.1848 |-0.1421 |-0.57111 | -0.79891
6.4 |-0.1634 |-0.1559 |-0.6349' | -0.85311 6.5|-0.1771 |-0.1558 |-0.6248 | -0.86121
6.6 | -0.1569 | -0.1691 |-0.68651 | -0.9111°7 6.7 | -0.1701 | -0.1680 | -0.67541 | -0.9187"
6.8 [-0.1510 |-0.1817 |-0.73511 | -0.96481 6.9|-0.1638 |-0.1814 |-0.72311 | -0.9720!
7.0 [ -0.1457 | -0.1938 |-0.7809! | -0.1015 7.1]-0.1581 |-0.1933 |-0.76821 | -0.1021
7.2 1-0.1408 |-0.2053 |-0.8242' | -0.1061 7.3]-0.1528 |-0.2046 |-0.8109! | -0.1068
7.4 |-0.1363 |-0.2163 |-0.8652! | -0.1105 75 |-0.1480 |-0.2155 |-0.8513! |-0.1111
7.7-0.1302 |-0.2319 |[-0.92261 | -0.1165 7.8]-0.1414 [-0.2309 |[-0.90811|-0.1170
8.0 [ -0.1247 |-0.2465 |-0.9758! [ -0.1219 8.1 -0.1355 |-0.2454 |-0.9607' [ -0.1225
8.3 [-0.1198 |-0.2603 |-0.1025 |-0.1269 8.4(-0.1303 |[-0.2591 |-0.1010 |-0.1274
8.6 |-0.1154 |-0.2732 |-0.1071 |-0.1315 8.7[-0.1255 |-0.2720 |-0.1055 [-0.1320
8.9 |-0.1115 |-0.2855 |-0.1114 |-0.1358 9.0 [-0.1212 |[-0.2841 |-0.1098 |-0.1362
9.4 [-0.1056 |-0.3045 |-0.1179 |-0.1422 95 |-0.1149 |-0.3030 |-0.1162 |-0.1426
9.9 [-0.1005 |-0.3219 |-0.1237 |[-0.1479 10.0 | -0.1093 | -0.3202 |-0.1221 |-0.1482
10.4 | -0.96011 | -0.3379 | -0.1200 |-0.1529 10.5 [ -0.1045 |[-0.3362 |-0.1273 |-0.1533
10.9 | -0.9208! | -0.3526 |-0.1338 |[-0.1575 11.0 [ -0.1003 |[-0.3508 |-0.1321 |-0.1578
11.4 | -0.8859! | -0.3663 |-0.1382 |[-0.1616 11.5 [ -0.9646! | -0.3645 | -0.1365 |-0.1620
12.2[-0.837371 [ -0.3863 | -0.1445 |-0.1675 12.3[-0.9120T [ -0.3843 | -0.1428 | -0.1678
13.0 [ -0.79611 | -0.4042 | -0.1500 |-0.1726 13.1 | -0.8672! | -0.4022 | -0.1483 |-0.1729
13.8 | -0.76051 | -0.4204 |-0.1549 |[-0.1771 13.9 | -0.8286 [ -0.4183 |-0.1532 |-0.1774
14.6 | -0.7296! | -0.4350 |-0.1592 [-0.1811 14.7 [ -0.79501 | -0.4329 | -0.1576 |-0.1813
15.4 | -0.7024! | -0.4484 |-0.1631 |-0.1846 15.5 [ -0.76551 | -0.4462 | -0.1615 | -0.1849
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a3 = 0.70 Gz = 0.75

by )\1(0,1) )\2(0,1) As A4 big )\1(0,1) )\2(0,1) A3 A4

2.7 [-1.3272 | 0.2170 | 0.22512 | 0.4090 2.0 | -1.2057 |0.2061 |0.1012T | 0.3487
2.8 [-1.1943 |0.2132 |0.1298! | 0.3651 3.0 [ -1.0968 |0.2003 |0.1835% |0.3119
2.9 [-1.0829 |0.2077 |0.2165! | 0.3264 3.1(-1.0031 |0.1932 |0.2489! |0.2790
3.0 | -0.9867 | 0.2008 | 0.2858% | 0.2018 3.21-0.9212 [0.1850 |0.2993% | 0.2492
3.1(-0.9025 |0.1926 |0.3393 | 0.2604 3.3(-0.8488 |[0.1758 |0.33601 | 0.2221
3.2 -0.8283 | 0.1833 | 0.3781F | 0.2319 3.4 -0.7846 |0.1658 | 0.3602T | 0.1974
3.3(-0.7625 |0.1731 | 0.4033! | 0.2059 3.5(-0.7275 |0.1552 | 0.3729! |0.1748
3.4(-0.7041 |0.1621 |0.4159' | 0.1821 3.6 |-0.6765 |0.1440 | 0.3753% |0.1542
3.5(-0.6523 |0.1505 |0.4173 | 0.1604 3.71-0.6310 |0.1324 | 0.3689% |0.1352
3.6 |-0.6062 |0.1386 | 0.4091! | 0.1406 3.8 -0.5904 |0.1206 |0.3548! |0.1179
3.7[-0.5653 |0.1263 | 0.39257 | 0.1225 3.9 -0.5541 |0.1086 | 0.33437 [0.1019
3.8 -0.5288 |0.1138 | 0.3691' | 0.1060 4.0|-0.5215 | 096541 |0.3087' |0.8730!
3.9-0.4963 |0.1014 | 0.3403' | 0.9077! 4.1 -0.4922 |0.8453% | 0.27891 |0.73811
4.0 | -0.4673 | 0.88891 | 0.3072! | 0.76831 4.2 |-0.4659 | 0.72601 | 0.24601 | 0.6137*
4.1 |-0.4413 | 0.76541 | 0.27101 | 0.6401? 4.3 | -0.4421 | 0.60801 | 0.21061 | 0.4988!
4.21-04179 [0.64341 [0.23241 [ 0.52191 4.41-0.4206 [0.49181 [0.17361 | 0.3923
4.3 ]-0.3969 |0.52341 | 0.1922! | 0.41261 4.5 |-0.4011 |0.37781 | 0.13551 | 0.29361
4.41-0.3779 |o0.4058 |0.15111 | 0.31161 4.6 | -0.3833 | 0.26591 | 0.96632 | 0.20161
4.5 |-0.3607 | 0.2005% | 0.10041 | 0.21771 4.7 -0.3671 | 0.15641 | 0.57492 | 0.1159'
4.6|-0.3450 |0.17791 |0.6767> | 0.1303' 4.8|-0.3523 |0.49392 |0.18332 | 0.35822
4.71-0.3306 | 0.67992 | 0.26072 | 0.48722 4.9[-0.3386 | -0.55092 | -0.20612 | -0.39162
4.8 | -0.3175 |-0.39182 | -0.15122 | -0.27512 5.0 | -0.3261 |-0.1570" | -0.59152 | -0.1095!
4.9 |-0.3055 |-0.14361 | -0.55742 | -0.98942 5.1|-0.3145 |-0.25641 | -0.97152 | -0.17561
5.0 |-0.2944 | -0.2453 | -0.95652 | -0.16601 5.2 | -0.3038 |-0.35331 | -0.13451 | -0.2379!
5.1(-0.2842 |-0.34431 | -0.1348 | -0.22911 5.3 |-0.2939 |-0.44761 | -0.1711 | -0.29661
5.2 1-0.2747 [-0.4407T [-0.1730"7 | -0.2885T 5.41-0.2846 |-0.5396T [ -0.2070T [-0.35217T
5.3 | -0.2659 |-0.53451 | -0.21031 | -0.3447! 5.5|-0.2760 |-0.62011 | -0.24201 | -0.40461
5.4 | -0.2577 |-0.62581 | -0.24671 | -0.3978! 5.6 | -0.2680 | -0.7164 | -0.27621 | -0.45441
5.5 |-0.2501 |[-0.71471 | -0.28221 | -0.44811 5.7 | -0.2605 | -0.8014% | -0.30961 | -0.50171
5.6 | -0.2429 |-0.8012% | -0.31671 | -0.4958 5.8 |-0.2534 |-0.88421 | -0.34211 | -0.54671
5.8 | -0.2300 | -0.96751 | -0.3828T | -0.5843T 6.0 | -0.2405 | -0.1044 |-0.40467 | -0.6303T
6.0 | -0.2186 |-0.1125 |-0.4453 | -0.66471 6.2 ]-0.2291 |-0.1195 |-0.4638% | -0.70641
6.2 ]-0.2084 |-0.1275 |-0.50431 | -0.7380! 6.4 |-0.2189 |-0.1339 |-0.51981 |-0.77611
6.4 |-0.1993 |-0.1417 |-0.5599% | -0.80511 6.6 | -0.2097 |-0.1476 |-0.5728 | -0.8401?
6.6 |-0.1911 |-0.1553 |-0.61251 | -0.86691 6.8 -0.2014 |-0.1607 |-0.62291 | -0.89921
6.8 | -0.1837 | -0.1682 | -0.6622T | -0.9240" 7.0 | -0.1939 |-0.1732 |-0.6705T | -0.9538T
7.0 | -0.1769 |-0.1805 |-0.7091' | -0.9769! 7.2 1-0.1870 |-0.1851 |-0.7155' | -0.1005
7.2|-0.1708 |-0.1923 |-0.75361 | -0.1026 7.4 | -0.1807 |-0.1964 |[-0.7582! |-0.1052
7.4|-0.1651 |-0.2035 |-0.7957% | -0.1072 7.6 | -0.1750 |-0.2073 |[-0.7988! |-0.1096
7.6 | -0.1599 |-0.2143 |-0.8357! | -0.1115 7.8|-0.1696 |-0.2178 |-0.8373! |-0.1137
7.0 -0.1529 |-0.2296 |-0.8919T [ -0.1174 8.1(-0.1624 |-0.2326 |-0.8917% | -0.1195
8.2 |-0.1466 |-0.2440 |-0.9440' | -0.1228 8.4(-0.1559 |-0.2466 |-0.9422! | -0.1247
8.5[-0.1409 |-0.2575 |-0.99251 | -0.1278 8.7 [ -0.1500 |-0.2598 |-0.9893! | -0.1295
8.8 [-0.1358 |-0.2703 |-0.1038 |-0.1323 9.0 | -0.1447 |-0.2723 |-0.1033 |-0.1339
9.1|-0.1312 |-0.2824 |-0.1080 |-0.1365 9.3]-0.1399 |-0.2841 |-0.1074 |-0.1380
9.6 | -0.1243 |-0.3011 |-0.1145 | -0.1429 9.8 | -0.1327 |-0.3024 | -0.1138 | -0.1442
10.1 | -0.1184 |-0.3183 |-0.1203 |-0.1485 10.3 | -0.1265 |-0.3192 |-0.1194 |-0.1497
10.6 | -0.1132 |-0.3341 |-0.1255 |-0.1535 10.8 | -0.1211 |-0.3347 |-0.1246 |-0.1546
11.1 | -0.1086 | -0.3437 |-0.1303 |-0.1581 11.3 | -0.1162 | -0.3490 |-0.1293 |-0.1590
11.6 | -0.1045 |-0.3623 |-0.1347 |-0.1622 11.8 | -0.1119 |-0.3624 |-0.1337 |-0.1631
12.4 | -0.9883T | -0.3821 |-0.1410 | -0.1680 12.6 | -0.1059 | -0.3818 |-0.1399 |-0.1688
13.2 | -0.9399! | -0.3999 | -0.1466 |-0.1731 13.4 | -0.1008 | -0.3993 |-0.1453 |-0.1738
14.0 | -0.89811 | -0.4159 |-0.1515 |-0.1775 14.2 | -0.9641' | -0.4152 |-0.1502 |-0.1782
14.8 | -0.86181 | -0.4305 | -0.1559 | -0.1815 15.0 | -0.92561 | -0.4295 | -0.1546 |-0.1821
15.6 | -0.8299 | -0.4438 | -0.1598 | -0.1850 15.8 | -0.89171 | -0.4427 | -0.1585 |-0.1856
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Gz = 0.80 &z = 0.85

by )\1(0,1) )\2(0,1) As A4 big )\1(0,1) )\2(0,1) A3 A4

3.0 [-1.2251 [0.1995 | 0.6849% | 0.3356 3.1 [-1.2524 [ 0.1935 |0.31942 | 0.3254
3.1(-1.1174 |0.1936 | 0.1481' | 0.3002 3.2|-1.1444 | 0.1875 |0.1104' | 0.2912
3.2(-1.0250 |0.1864 |0.2111' | 0.2687 3.3[-1.0523 | 0.1804 |0.17241 | 0.2607
3.3(-0.9444 |0.1783 | 0.25971 | 0.2402 3.4 [-09721 |0.1724 | 0.22051 | 0.2332
3.4 |-0.8732 |0.1693 | 0.2055! | 0.2143 3.5|-0.9013 | 0.1635 | 0.2563' | 0.2083
3.5 -0.8099 [0.1595 |0.3195" | 0.1907 3.6 | -0.8384 | 0.1541 | 0.2809T | 0.1855
3.6 | -0.7535 |0.1492 |0.3330' | 0.1691 3.7 -0.7822 | 0.1440 | 0.20561 | 0.1647
3.7 -0.7030 |0.1383 |0.3369% | 0.1492 3.8 -0.7318 | 0.1336 | 0.30141 | 0.1455
3.8 |-0.6578 |0.1272 |0.3325" | 0.1310 3.9 -0.6866 | 0.1228 | 0.29041 |0.1279
3.9-0.6172 |0.1158 | 0.3210' | 0.1143 4.0 | -0.6458 | 0.1118 | 0.2905% | 0.1117
4.0-0.5807 |0.1042 [0.30357 | 0.9887T 4.1]-0.6090 | 0.1007 | 0.2759T | 0.9668T
4.1 |-0.5479 |0.92601 | 0.28101 | 0.84681 4.2'1-0.5758 | 0.89461 | 0.25651 | 0.82861
4.21-0.5183 | 0.81001 | 0.2544! | 0.71571 4.3 ]-0.5457 | 0.78251 | 0.23301 | 0.7006!
4.3 -0.4915 | 0.69471 | 0.22461 | 0.59451 4.4-0.5184 | 0.67101 | 0.20641 | 0.58211
4.4 |-0.4672 | 0.58061 |0.19241 | 0.48221 4.5 [-0.4935 | 0.5605% | 0.17721 | 0.47201
45]-0.4452 | 0.4679T | 0.1534T | 0.3780°7 4.6 [-0.4709 | 0.4512T [0.1461T | 0.3696!
4.6 |-0.4252 |0.35731 |0.12311 | 0.28121 4.7 1-0.4503 | 0.34381 | 0.11361 | 0.27441
4.7]-0.4069 | 0.24851 | 0.86982 | 0.1909! 4.8 |-0.4313 | 0.23801 | 0.80022 | 0.18541
4.8 [-0.3901 |0.14201 | 0.50352 | 0.10661 4.9 [ -0.4140 | 0.1342% | 0.45812 | 0.10221
4.9 |-0.3747 |0.3770% | 0.1352%2 | 0.27702 5.0 | -0.3979 | 0.32432 | 0.11222 | 0.24172
5.0 | -0.3605 |-0.64257 | -0.23262 | -0.4627> 5.1 [-0.3832 | -0.6705° | -0.23467 | -0.48962
5.11-0.3474 |-0.16381 | -0.59812 | -0.1157* 5.2 [ -0.3696 | -0.1645' | -0.58082 | -0.11781
5.2 | -0.3353 |[-0.26101 | -0.95992 | -0.18111 5.3 | -0.3569 | -0.25961 | -0.92502 | -0.18261
5.3 |-0.3241 |[-0.35581 | -0.13171 | -0.24271 5.4 |-0.3452 | -0.35251 | -0.12651 | -0.24371
5.4 |-0.3137 |-0.44831 | -0.16671 | -0.30091 5.5 | -0.3343 | -0.44321 | -0.16011 | -0.30151
5.5 | -0.3040 [-0.5385T [-0.2012T | -0.35597 5.6 [ -0.3241 | -0.5317T | -0.1932T [ -0.3562T
5.6 | -0.2949 | -0.62651 | -0.23491 | -0.40801 5.7 |-0.3145 | -0.61811 | -0.22571 | -0.40801
5.7 | -0.2865 | -0.71221 | -0.26801 | -0.45741 5.8 | -0.3056 | -0.70241 | -0.25761 | -0.45721
5.8 [ -0.2785 | -0.79581 | -0.3003" | -0.5044! 5.9 [-0.2973 | -0.78471 | -0.28881 | -0.5039!
5.9|-0.2711 |-0.8773% | -0.33181 | -0.54911 6.0 [ -0.2804 | -0.8649! | -0.3194! | -0.54841
6.1 | -0.2575 |-0.1034 |-0.3925T | -0.6322T 6.2 [-0.2751 | -0.1020 |-0.3784T [-0.6313T
6.3 |-0.2454 |-0.1184 |-0.45021 | -0.70801 6.4 | -0.2623 | -0.1167 | -0.4348 | -0.70681
6.5 | -0.2346 |-0.1326 |-0.5050' | -0.7773! 6.6 | -0.2508 | -0.1308 |-0.4884' | -0.77611
6.7 | -0.2248 |-0.1461 |-0.5570' | -0.84111 6.8 [ -0.2404 | -0.1442 | -0.5394! | -0.83981
6.9 | -0.2160 |-0.1591 |-0.6063' | -0.9000! 7.0 [-0.2311 | -0.1570 |-0.5879' | -0.8986!
7.1]-0.2080 |-0.1714 |-0.6531T | -0.9545T 7.2-0.2226 | -0.1692 | -0.6340T | -0.9531T
7.3 -0.2007 |-0.1832 |-0.6975' | -0.1005 7.4(-0.2148 | -0.1809 | -0.6779' | -0.1004
7.5(-0.1940 |-0.1945 |-0.7398! | -0.1052 7.6 |-0.2076 | -0.1921 |-0.7196! | -0.1051
7.7 1-0.1878 | -0.2053 |-0.7799! | -0.1096 7.8 [-0.2011 |-0.2028 |-0.7594! | -0.1095
7.9-0.1821 |-0.2156 |-0.8181! | -0.1138 8.0 [ -0.1950 | -0.2131 |-0.7973' [ -0.1136
8.2 [-0.1744 [-0.2304 |-0.8720T | -0.1195 8.3 ]-0.1867 | -0.2277 |-0.8508T | -0.1193
8.5 | -0.1674 |-0.2443 |-0.92221 | -0.1247 8.6 [ -0.1793 | -0.2415 | -0.9008! [ -0.1246
8.8 |-0.1611 |-0.2574 |-0.9691 | -0.1295 8.9 [-0.1726 | -0.2546 | -0.94751 | -0.1294
9.1 |-0.1555 |-0.2698 |-0.1013 |-0.1339 9.2 | -0.1666 | -0.2669 |-0.9912' [ -0.1338
9.4 | -0.1503 | -0.2815 |-0.1054 |-0.1380 9.5 | -0.1610 |-0.2786 |-0.1032 |-0.1379
9.9 [ -0.1426 |-0.2997 |-0.1117 | -0.1442 10.0 | -0.1529 | -0.2967 | -0.1095 | -0.1441
10.4 | -0.1360 |-0.3165 |-0.1174 |-0.1497 10.5 | -0.1457 | -0.3134 |-0.1152 |-0.1496
10.9 [ -0.1301 |-0.3319 |-0.1226 |-0.1546 11.0 | -0.1395 | -0.3289 |-0.1204 |-0.1545
11.4 | -0.1250 |-0.3462 |-0.1273 |-0.1591 11.5 [ -0.1339 |-0.3431 |-0.1252 |-0.1590
11.9 | -0.1203 | -0.3595 |-0.1316 |-0.1631 12.0 [ -0.1290 |-0.3564 |-0.1295 |-0.1630
12.7[-0.1139 | -0.3790 |-0.1379 | -0.1688 12.8 [ -0.1221 | -0.3758 |-0.1358 |-0.1687
13.5 [ -0.1084 | -0.3964 |-0.1434 |-0.1738 13.6 [ -0.1162 | -0.3933 |-0.1413 |-0.1737
14.3 | -0.1037 |-0.4122 |-0.1483 |-0.1782 14.4 | -0.1111 | -0.4091 |-0.1462 |-0.1781
15.1 | -0.99531 | -0.4266 |-0.1527 | -0.1821 15.2 [ -0.1067 | -0.4234 | -0.1507 |-0.1820
15.9 | -0.95891 | -0.4398 |-0.1566 |-0.1856 16.0 | -0.1028 | -0.4366 |-0.1546 |-0.1855

© 2000 by Chapman & Hall/CRC




&z = 0.90 &z = 0.95

by )\1(0,1) )\2(0,1) As A4 big )\1(0,1) )\2(0,1) As A4

3.3[-1.1782 | 0.1821 | 0.70382 | 0.2846 3.4[-1.2193 [0.1773 | 0.2760% | 0.2803
3.4(-1.0851 [ 0.1751 | 0.1328' | 0.2548 3.5(-1.1237 | 0.1704 | 0.91652 | 0.2509
3.5 |-1.0043 | 0.1672 | 0.18131 | 0.2281 3.6 |-1.0415 |0.1628 | 0.1416% | 0.2247
3.6 |-0.9333 [ 0.1586 | 0.2179 | 0.2039 3.7|-0.9695 |0.1544 |0.17981 | 0.2010
3.7 |-0.8702 | 0.1494 | 0.24381 | 0.1818 3.8 -0.0056 |0.1455 |0.2075% |0.1794
3.8 [-0.8138 | 0.1397 | 0.2602T [0.1615 3.0 [-0.8485 | 0.1362 | 0.22611 | 0.1596
3.9|-0.7632 | 0.1296 | 0.26811 | 0.1429 4.0]-0.7972 |0.1264 |0.23651 | 0.1414
4.0 [ -0.7175 | 0.1192 | 0.26861 | 0.1258 4.11]-0.7509 |0.1164 |0.23971 |0.1246
4.1|-0.6764 | 0.1086 | 0.26261 | 0.1099 4.2 -0.7001 |0.1062 | 0.23661 |0.1091
4.2 |-0.6391 | 0.97881 | 0.25101 | 0.95331 4.3]-0.6711 |0.9579' | 0.22801 | 0.9477!
4.3 ]-0.6053 | 0.87067 | 0.2346T | 0.81807T 4.41-0.6366 |0.8533T |0.21477 | 0.8148T
4.4 -05746 | 0.7622% | 0.2142% | 0.69261 4.5 [-0.6051 |0.74861 | 0.19741 | 0.69131
4.5 | -0.5466 | 0.65431 | 0.19061 | 0.57611 46 |-0.5764 |0.6441' | 0.17681 | 0.5765!
4.6 |-0.5211 | 0.54721 | 0.16441 | 0.46781 4.71-0.5502 |0.5402' | 0.1536' | 0.4695!
4.7 | -0.4978 | 0.4412% | 0.1361% | 0.36691 4.8 [-0.5261 |0.43731 |0.12811 | 0.36971
4.8 [-0.4765 | 0.3367% | 0.1063T [ 0.2729T 4.0 -0.5041 |0.3358T | 0.1009T | 0.27667
4.9 | -0.4569 | 0.23381 | 0.75312 | 0.18491 5.0 | -0.4838 | 0.23551 | 0.72432 | 0.18941
5.0 | -0.4389 | 0.13271 | 0.43482 | 0.10251 5.1]-0.4650 | 0.13691 | 0.42942 | 0.10761
5.1 |-0.4223 | 0.33392 | 0.11112 | 0.25262 5.2 | -0.4477 | 0.39992 | 0.12762 | 0.30752
5.2 | -0.4069 |-0.63882 | -0.21542 | -0.47352 5.3 |-0.4317 |-0.55112 | -0.17862 | -0.41512
5.3 | -0.3927 | -0.15911 | -0.5428% [ -0.1157" 5.4 -0.4168 |-0.1483T | -0.4873% | -0.1096T
5.4 |-0.3794 | -0.25231 | -0.86942 | -0.1801? 5.5 | -0.4029 |-0.2397' | -0.79672 | -0.1738!
5.5 | -0.3671 | -0.3435% | -0.11941 | -0.24101 5.6 | -0.3900 | -0.3202! | -0.11061 | -0.23461
5.6 | -0.3557 |-0.43251 | -0.1515" | -0.29851 5.7 | -0.3780 | -0.41651 | -0.14121 | -0.2919?
5.7 | -0.3450 |-0.5194" | -0.1833' | -0.35301 5.8 [-0.3668 |-0.5020" | -0.1716! | -0.3463!
5.8 [ -0.3350 [ -0.6044T | -0.2145T | -0.4046T 5.9 | -0.3562 | -0.58561 | -0.2017T | -0.39807T
5.9 | -0.3256 | -0.68471 | -0.24531 | -0.45371 6.0 [-0.3464 |-0.66731 | -0.2313% | -0.4470
6.0 | -0.3168 | -0.7684" | -0.2755" | -0.50031 6.1|-0.3371 |-0.74711 | -0.2605" | -0.49371
6.1|-0.3085 | -0.8475" | -0.3051" | -0.54481 6.2 1-0.3283 |-0.82511 | -0.2892! | -0.53811
6.2 | -0.3007 | -0.92471 | -0.3341' | -0.58711 6.3 (-0.3201 |-0.90141 | -0.3174! | -0.58051
6.4 [-0.2863 | -0.1074 | -0.3904T | -0.66611 6.5 [-0.3049 |-0.1049 |-0.3721' [-0.6597!
6.6 | -0.2735 | -0.1216 | -0.44411 | -0.73851 6.7 | -0.37371 | -0.7977 | -0.2443 | -0.2609
6.8 | -0.2620 | -0.1352 | -0.49531 | -0.8049? 6.9-0.2792 |-0.1324 |-0.47491 | -0.79871
7.0 |-0.2516 | -0.1481 | -0.54421 | -0.86611 7.1-0.2681 |-0.1452 | -0.52291 | -0.86011
7.21-0.2421 | -0.1605 | -0.5908! | -0.92271 7.3 -0.2580 |-0.1575 |-0.5688! | -0.9170!
7.4 -0.2334 [-0.1724 | -0.6352T [ -0.9753T 7.5 -0.2488 |-0.1693 | -0.61267 | -0.9697"
7.6 | -0.2255 | -0.1837 | -0.6775% | -0.1024 7.7|-0.2404 |-0.1806 |-0.6545! | -0.1019
7.8 |-0.2182 | -0.1946 |-0.7179! [ -0.1070 7.9]-0.2327 |-0.1914 |-0.6944! | -0.1065
8.0 [ -0.2115 | -0.2051 | -0.7563! | -0.1113 8.1 |[-0.2255 |-0.2017 |-0.7326! [ -0.1108
8.2 |-0.2053 |-0.2151 |-0.7931' | -0.1153 8.3(-0.2189 |-0.2117 |-0.7691' | -0.1148
8.5 [-0.1968 | -0.2294 | -0.8451T [ -0.1208 8.6 [-0.2099 |-0.2259 |-0.8209T [-0.1204
8.8 [-0.1892 | -0.2428 | -0.89371 | -0.1259 8.9 [-0.2017 |-0.2394 |-0.8694! [-0.1255
9.1(-0.1823 | -0.2556 | -0.9393! | -0.1306 9.2 -0.1944 |-0.2520 |-0.9148! [-0.1302
9.4 [ -0.1760 | -0.2676 | -0.9820' | -0.1349 9.5 [ -0.1877 |-0.2641 |-0.9575! [ -0.1345
9.7 -0.1703 | -0.2791 |-0.1022 |-0.1389 9.8 [-0.1816 |-0.2755 |-0.9977' | -0.1386
10.2 | -0.1618 | -0.2969 | -0.1084 | -0.1450 10.3[-0.1725 |-0.2932 |-0.1060 | -0.1446
10.7 | -0.1544 |-0.3133 |-0.1140 |-0.1504 10.8 [ -0.1646 |-0.3096 |-0.1116 |-0.1501
11.2 | -0.1478 | -0.3284 |-0.1191 |-0.1552 11.3 [ -0.1577 |-0.3247 |-0.1167 |-0.1549
11.7 | -0.1421 | -0.3425 |-0.1238 |-0.1596 11.8 | -0.1515 |-0.3388 |-0.1214 |-0.1593
12.2 | -0.1369 | -0.3555 |-0.1281 |-0.1636 12.3 [-0.1460 |-0.3518 |-0.1257 |-0.1633
13.0 | -0.1297 | -0.3747 | -0.1343 | -0.1692 13.1[-0.1383 |-0.3710 | -0.1320 | -0.1690
13.8 [ -0.1235 | -0.3919 | -0.1398 |-0.1742 13.9 [-0.1317 |-0.3882 |-0.1375 |-0.1739
14.6 | -0.1181 | -0.4075 |-0.1447 |-0.1786 14.7 [ -0.1260 |-0.4038 |-0.1424 |-0.1783
15.4 | -0.1135 | -0.4217 |-0.1491 |-0.1824 15.5 | -0.1210 |-0.4180 |-0.1469 |-0.1822
16.2 | -0.1094 | -0.4347 |-0.1530 |-0.1858 16.3 [-0.1166 |-0.4311 |-0.1509 |-0.1856

© 2000 by Chapman & Hall/CRC




&z = 1.00 &z = 1.05

by )\1(0,1) )\2(0,1) As A4 big )\1(0,1) )\2(0,1) As A4

3.6 [-1.1690 | 0.1664 | 0.48207 [ 0.2490 3.7]-1.2220 | 0.1631 | 0.1786° | 0.2491
3.7 -1.0840 | 0.1590 | 0.1009 | 0.2230 3.8 [-1.1327 | 0.1559 | 0.58152 | 0.2230
3.8 |-1.0101 | 0.1509 | 0.1414' | 0.1996 3.9 |-1.0559 | 0.1481 | 0.1019 | 0.1997
3.9 | -0.9448 | 0.1423 | 0.17151 | 0.1783 4.0 [ -0.9883 | 0.1398 | 0.13511 | 0.1785
4.0 | -0.8865 | 0.1333 | 0.1927! | 0.1588 4.1-0.9283 | 0.1311 | 0.1593' | 0.1592
4.1]-0.8342 [ 0.1239 | 0.2058T | 0.1409 4.2]-0.8744 | 0.1220 | 0.1755F | 0.1415
4.2]-0.7869 | 0.1142 |0.2119' | 0.1244 4.3]-0.8259 | 0.1127 |0.1847' | 0.1251
4.3|-0.7441 | 0.1044 | 0.2119' |0.1091 4.4|-0.7819 | 0.1032 |0.18781 | 0.1100
4.4 |-0.7053 | 0.94341 | 0.20641 | 0.95001 4.5(-0.7419 | 0.93491 | 0.1856' | 0.9599!
4.5 |-0.6699 | 0.84241 | 0.19621 | 0.81871 4.6 |-0.7054 | 0.83741 |0.1786' | 0.82971
4.6 | -0.6376 | 0.74117 | 0.1820" | 0.6967T 4.71-0.6720 | 0.7394T [0.16767 | 0.7086T
4.7 | -0.6080 | 0.63991 | 0.16451 | 0.58301 4.8 | -0.6415 | 0.6413% | 0.15311 | 0.59571
4.8 | -0.5809 | 0.53921 | 0.14421 | 0.47701 4.9-0.6134 | 0.54361 | 0.13571 | 0.49021
4.9 | -0.5560 | 0.43921 | 0.12151 | 0.37801 5.0 | -0.5875 | 0.44651 | 0.1159! | 0.3916!
5.0 | -0.5331 | 0.34041 | 0.96982 | 0.28551 5.1 |-0.5637 | 0.35021 | 0.9400% | 0.29921
5.1 | -0.5120 | 0.2428T | 0.70082 | 0.1987! 5.2 | -0.5418 | 0.2552T | 0.70552 | 0.21287
5.2 |-0.4925 | 0.14661 | 0.43832 | 0.11721 5.3 |-0.5214 | 0.16131 | 0.45772 | 0.13141
5.3 |-0.4744 | 0.51922 | 0.15842 | 0.40612 5.4 | -0.5026 | 0.68822 | 0.19982 | 0.54832
5.4 | -0.4577 | -0.41102 | -0.12762 | -0.31492 5.5 | -0.4850 | -0.22182 | -0.65713 | -0.17302
5.5 | -0.4421 |-0.13241 | -0.41762 | -0.99462 5.6 | -0.4687 |-0.1116" | -0.33672 | -0.85362
5.6 | -0.4276 | -0.2219T | -0.70977 | -0.1636T 5.7 | -0.4535 | -0.1994T | -0.61132 | -0.1497"
5.7 | -0.4141 | -0.3096 | -0.1002! | -0.22431 5.8 | -0.4393 |-0.28551 | -0.88802 | -0.2105!
5.8 | -0.4014 | -0.39561 | -0.12951 | -0.28181 5.9 | -0.4260 | -0.3700! | -0.11661 | -0.26821
5.9 | -0.3896 |-0.47971 | -0.1586' | -0.33631 6.0 | -0.4135 | -0.45281 | -0.14431 | -0.32291
6.0 | -0.3785 | -0.5619 | -0.1874! | -0.38801 6.1|-0.4019 |-0.5337' | -0.1719" | -0.3748
6.1 | -0.3681 | -0.6424T | -0.2159T | -0.4372T 6.2 | -0.3909 | -0.6131T | -0.1993" | -0.4242T
6.2 | -0.3583 | -0.72121 | -0.24411 | -0.4840* 6.3 | -0.3806 | -0.69081 | -0.22641 | -0.47121
6.3 | -0.3491 | -0.7982! | -0.27181 | -0.52861 6.4 | -0.3708 | -0.7668" | -0.25321 | -0.5160"
6.4 | -0.3404 | -0.87341 | -0.2092! | -0.57111 6.5 | -0.3616 | -0.8411" | -0.27961 | -0.55881
6.5 | -0.3322 | -0.94701 | -0.3260! | -0.6117 6.6 | -0.3529 | -0.91391 | -0.30571 | -0.59961
6.7 | -0.3170 | -0.1089 |-0.37831 [-0.68771 6.8 -0.3369 | -0.1055 |-0.35661 | -0.67611
6.9 |-0.3034 | -0.1226 | -0.42851 | -0.75741 7.0 |-0.3224 | -0.1190 |-0.40571 | -0.74631
7.11-0.2910 | -0.1356 | -0.47681 | -0.82171 7.2-0.3094 |-0.1319 |-0.45301 | -0.8110!
7.3 (-0.2799 | -0.1480 | -0.52301 | -0.88101 7.4]-0.2975 | -0.1443 |-0.49851 | -0.8707
7.5 | -0.2697 |-0.1600 |-0.5672' | -0.93601 7.6 | -0.2867 | -0.1561 | -0.54211 | -0.9262!
7.7 | -0.2603 | -0.1714 | -0.6095T | -0.9872T 7.8 [-0.2768 |-0.1675 |-0.5839T | -0.0777"
7.9 | -0.2517 | -0.1824 | -0.6500" | -0.1035 8.0 | -0.2677 | -0.1784 | -0.6240' | -0.1026
8.1(-0.2438 | -0.1929 | -0.6888! | -0.1080 8.2 -0.2593 | -0.1889 |-0.66241 | -0.1071
8.3 -0.2365 | -0.2030 |-0.7258' | -0.1121 8.4(-0.2515 |-0.1990 |-0.6992! | -0.1113
8.5 -0.2297 | -0.2128 |-0.7613! | -0.1161 8.6 | -0.2443 | -0.2087 |-0.73461 | -0.1152
8.8 | -0.2205 |-0.2267 |-0.8118T [-0.1215 8.9 | -0.2344 [-0.2225 |-0.7848T | -0.1207
9.1-0.2121 |-0.2398 |-0.85911 | -0.1265 9.2 -0.2255 | -0.2356 | -0.83201 | -0.1258
9.4 | -0.2045 |-0.2522 |-0.9035' | -0.1311 9.5 -0.2174 | -0.2480 | -0.8765' | -0.1304
9.7 -0.1976 | -0.2640 | -0.94541 | -0.1354 9.8 [ -0.2101 | -0.2598 |-0.9183% | -0.1347
10.0 | -0.1913 | -0.2752 | -0.98481 | -0.1393 10.1 | -0.2034 | -0.2710 | -0.95781 | -0.1387
10.5 [ -0.1819 | -0.2927 | -0.1046 |-0.1453 10.6 | -0.1934 | -0.2884 |-0.1019 | -0.1447
11.0 | -0.1737 | -0.3087 |-0.1101 |-0.1506 11.1 | -0.1846 | -0.3045 |-0.1074 |-0.1501
11.5 | -0.1665 | -0.3236 |-0.1152 | -0.1554 11.6 | -0.1769 | -0.3194 |-0.1125 |-0.1549
12.0 | -0.1600 | -0.3375 |-0.1198 |-0.1598 12.1 | -0.1701 | -0.3332 |-0.1172 |-0.1593
12.5 | -0.1543 | -0.3504 |-0.1241 |-0.1637 12.6 | -0.1639 | -0.3461 |-0.1215 |-0.1632
13.3[-0.1462 | -0.3693 | -0.1303 | -0.1693 13.4 | -0.1553 | -0.3651 | -0.1278 | -0.1689
14.1 | -0.1393 | -0.3863 |-0.1358 |-0.1742 14.2 | -0.1480 | -0.3821 |-0.1333 |-0.1738
14.9 | -0.1334 | -0.4018 |-0.1407 |-0.1785 15.0 | -0.1416 | -0.3976 |-0.1383 |-0.1782
15.7 | -0.1281 | -0.4158 |-0.1451 |-0.1824 15.8 | -0.1361 | -0.4117 |-0.1428 |-0.1820
16.5 | -0.1235 | -0.4288 |-0.1491 |-0.1858 16.6 | -0.1312 | -0.4247 |-0.1468 |-0.1855

© 2000 by Chapman & Hall/CRC




&3 = 1.10 &z = 1.15

big )\1(0,1) )\2(0,1) As A4 by )\1(0,1) )\2(0,1) As A4

3.9|-1.1839 | 0.1534 | 0.1235% | 0.2248 4.1 [-1.1669 | 0.1442 | 0.15652 | 0.2045
4.0-1.1077 | 0.1458 | 0.60402 | 0.2013 4.2 -1.0915 | 0.1365 | 0.57462 | 0.1829
4.1(-1.0369 | 0.1378 | 0.97402 | 0.1800 4.3(-1.0255 | 0.1284 | 0.89372 | 0.1635
4.21-0.9744 | 0.1204 |0.1251' | 0.1607 4.4(-09669 |0.1199 |0.11301 | 0.1457
4.3]-0.9185 | 0.1207 | 0.1448' | 0.1430 4.5]-0.9143 | 0.1113 | 0.1293' | 0.1293
4.4]-0.8632 | 0.1117 | 0.1574T | 0.1267 4.6 [-0.8668 | 0.1024 | 0.1395T [0.1143
4.5]-0.8226 | 0.1025 |0.1639' |0.1117 4.7 | -0.8237 | 0.93411 | 0.14401 | 0.1003
4.6]-0.7812 | 0.93201 | 0.16501 | 0.97741 4.8 |-0.7843 | 0.84301 [ 0.1438' | 0.8730!
4.7]-0.7434 | 0.83771 | 0.16131 | 0.84781 4.9 |-0.7483 | 0.75121 | 0.13931 | 0.75211
4.8 |-0.7088 | 0.74281 [ 0.15351 | 0.72701 5.0|-0.7152 | 0.65911 | 0.13121 | 0.63931
4.9]-0.6771 | 0.6478T | 0.1422T [0.6144T 5.1 | -0.6848 | 0.566711 | 0.1199T | 0.5338T
5.0 [ -0.6479 | 0.5530 | 0.1278! | 0.50011 5.2 |-0.6567 | 0.47541 | 0.10581 | 0.43511
5.1]-0.6210 | 0.45861 | 0.11081 | 0.41061 5.3 [ -0.6307 | 0.38431 | 0.89482 | 0.34241
5.2 | -0.5962 | 0.36501 | 0.91662 | 0.31821 5.4 | -0.6068 | 0.20401 | 0.71202 | 0.25551
5.3 | -0.5733 | 0.27241 | 0.70762 | 0.23171 5.5 | -0.5845 | 0.20461 | 0.51292 | 0.17361
5.4 | -0.5520 | 0.1808T | 0.4839% | 0.1502T 5.6 | -0.5637 | 0.11637 | 0.30052 | 0.96432
5.5 -0.5323 | 0.90382 | 0.24842 | 0.73422 5.7 | -0.5445 | 0.29122 | 0.7733°% | 0.23642
5.6 | -0.5136 | 0.7603% | 0.21401°0 | 0.60451° 5.8 | -0.5265 | -0.56742 [ -0.15442 | -0.45132
5.7 | -0.4968 |-0.86292 | -0.24792 | -0.67262 5.9 | -0.5096 | -0.1412 | -0.39272 | -0.11021
5.8 | -0.4808 | -0.17241 | -0.50462 | -0.13191 6.0 | -0.4939 | -0.2244! | -0.63612 | -0.1718?
5.0 | -0.4659 | -0.25707 | -0.76482 | -0.19307 6.1 |-0.4792 | -0.3059T | -0.88242 | -0.23027T
6.0 | -0.4519 | -0.3401% | -0.10271 | -0.25101 6.2 | -0.4653 | -0.3861' | -0.11311 | -0.28571
6.1|-0.4388 | -0.4214! | -0.1290% | -0.30601 6.3 | -0.4523 | -0.4647' | -0.13811 | -0.33841
6.2 | -0.4264 | -0.5013 | -0.15531 | -0.35831 6.4 | -0.4401 | -0.5419' | -0.16311 | -0.38861
6.3 | -0.4148 | -0.5796 | -0.18161 | -0.40811 6.5 | -0.4286 | -0.61751 | -0.18811 | -0.43641
6.4 | -0.4039 | -0.6561" | -0.20761 | -0.45531 6.6 | -0.4177 | -0.6917T | -0.2120T | -0.48207
6.5 | -0.3936 |-0.7312' | -0.2335" | -0.50051 6.7 | -0.4074 | -0.7643" | -0.23751 | -0.52551
6.6 | -0.3839 | -0.8047 [ -0.25901 | -0.54361 6.8 | -0.3976 | -0.83551 | -0.26191 | -0.56711
6.7 | -0.3747 | -0.87671 | -0.28431 | -0.58481 6.9 | -0.3884 | -0.9053" | -0.2861" | -0.6069'
6.8 | -0.3660 | -0.9471 [ -0.30921 | -0.62421 7.0 |-0.3796 | -0.9736 | -0.3100! | -0.64501
7.0 -0.3499 | -0.1084 | -0.3580T | -0.6980T 7.2-0.3634 | -0.1106 |-0.3567% | -0.7166"
7.21-0.3353 | -0.1215 | -0.40511 | -0.76601 7.4 -0.3487 | -0.1233 | -0.40201 | -0.78251
7.41-0.3221 |-0.1340 |-0.45061 | -0.82871 7.6 | -0.3353 |-0.1355 |-0.4459' | -0.84351
7.6 -0.3101 | -0.1460 |-0.49441 | -0.88671 7.8 1-0.3231 | -0.1473 |-0.48821 | -0.9001?
7.8 [-0.2901 [-0.1576 |-0.53661 |-0.9407! 8.0 |-0.3119 | -0.1585 |-0.5200" |-0.95271
8.0 | -0.2890 | -0.1687 | -0.57711 | -0.99097T 8.2 |-0.3017 | -0.1693 | -0.5682T | -0.1002
8.2 -0.2797 | -0.1793 | -0.6159' | -0.1038 8.4 -0.2022 | -0.1797 | -0.6060' | -0.1048
8.4 [-0.2711 | -0.1896 |-0.65331 | -0.1082 8.6 [ -0.2834 | -0.1898 | -0.6423! | -0.1091
8.6 [ -0.2632 | -0.1994 | -0.68911 | -0.1123 8.8 |-0.2752 | -0.1994 |-0.6772' | -0.1131
8.8 [ -0.2558 | -0.2089 | -0.0724! | -0.1162 9.0 [ -0.2676 | -0.2087 |-0.7108' | -0.1169
9.1 -0.2456 | -0.2224 | -0.7726T | -0.1216 9.3 [-0.2572 | -0.2220 | -0.7588T | -0.1222
9.4 | -0.2365 | -0.2353 | -0.81881 | -0.1265 9.6 | -0.2478 | -0.2346 |-0.8041' | -0.1271
9.7 | -0.2282 | -0.2475 |-0.86241 | -0.1311 9.9 [-0.2392 | -0.2465 |-0.8468! | -0.1316
10.0 | -0.2206 | -0.2590 |-0.9035' | -0.1353 10.2 [ -0.2314 | -0.2579 | -0.8872! | -0.1357
10.3 | -0.2136 | -0.2700 | -0.94231 | -0.1392 10.5 | -0.2242 | -0.2687 | -0.92541 | -0.1396
10.8 | -0.2033 | -0.2872 | -0.1002 | -0.1451 11.0 | -0.2135 | -0.2856 | -0.9847T | -0.1454
11.3 | -0.1942 | -0.3030 |-0.1057 |-0.1504 11.5 [ -0.2041 |-0.3012 |-0.1039 |-0.1507
11.8 | -0.1862 | -0.3177 |-0.1108 |-0.1552 12.0 [ -0.1958 | -0.3157 |-0.1089 |-0.1554
12.3 | -0.1791 |-0.3314 |-0.1154 |-0.1595 12.5 [ -0.1883 | -0.3292 |-0.1135 |-0.1597
12.8 | -0.1727 | -0.3441 |-0.1197 |-0.1635 13.0 [ -0.1817 | -0.3419 |-0.1177 |-0.1636
13.6 | -0.1637 | -0.3628 | -0.1259 | -0.1691 13.8 | -0.1723 | -0.3604 |-0.1239 |-0.1691
14.4 | -0.1561 | -0.3797 |-0.1314 |-0.1739 14.6 | -0.1643 | -0.3771 |-0.1294 |-0.1740
15.2 | -0.1494 | -0.3951 |-0.1364 |-0.1783 15.4 [ -0.1574 | -0.3923 |-0.1344 |-0.1783
16.0 | -0.1436 | -0.4091 |-0.1408 |-0.1821 16.2 | -0.1513 | -0.4062 |-0.1388 |-0.1821
16.8 | -0.1384 | -0.4219 |-0.1449 |-0.1855 17.0 [ -0.1459 | -0.4190 |-0.1429 |-0.1855

© 2000 by Chapman & Hall/CRC




&3 = 1.20 &z = 1.25

big )\1(0,1) )\2(0,1) A3 A4 by )\1(0,1) )\2(0,1) As A4

43[-1.1536 | 0.1356 | 0.13932 | 0.1874 45[-1.1479 | 0.1277 | 0.8589° | 0.1730
4.41-1.0828 | 0.1278 |0.51002 | 0.1675 4.6 [-1.0805 | 0.1199 | 0.42192 | 0.1545
4.5(-1.0205 | 0.1197 | 0.79122 | 0.1494 4.7(-1.0211 |0.1119 | 0.67552 | 0.1376
4.6 [ -0.9650 | 0.1114 | 0.99692 | 0.1329 4.8 [-0.9679 | 0.1036 | 0.85992 |0.1221
4.71-0.9150 | 0.1028 | 0.1137' |0.1177 4.9 |-0.9199 | 0.95241 | 0.98442 | 0.1079
4.3 -0.8697 | 0.9410T [0.1221T | 0.1036 5.0 | -0.8763 | 0.8672T | 0.106571 | 0.9463T
4.9]-0.8284 | 0.85291 | 0.12551 | 0.90571 5.1|-0.8365 | 0.7812' | 0.10841 | 0.8233!
5.0 | -0.7907 | 0.76411 | 0.12451 | 0.78411 5.2 | -0.8000 | 0.6947' |0.1071' | 0.7086!
5.1 [-0.7560 | 0.6749 | 0.1197' | 0.6706! 5.3 | -0.7664 | 0.6080" |0.1023' | 0.6013!
5.21-0.7241 | 0.58561 |0.1115 | 0.56451 5.4 -0.7355 | 0.52141 | 0.94402 | 0.50091
5.3 | -0.6947 | 0.4964T | 0.1005T | 0.46511 5.5 | -0.7068 | 0.43511 | 0.83912 | 0.4066T
5.4 |-0.6675 | 0.4077' | 0.8705% | 0.3718! 5.6 | -0.6802 | 0.34921 | 0.71142 | 0.31801
5.5 [-0.6422 | 0.31961 | 0.71452 | 0.28411 5.7 | -0.6556 | 0.26421 | 0.56432 | 0.23471
5.6 | -0.6189 | 0.23251 | 0.54112 | 0.2017% 5.8 | -0.6327 | 0.1798" | 0.4005% | 0.1560!
5.7 1-0.5971 | 0.14621 | 0.35252 | 0.12391 5.9 [-0.6113 | 0.96352 | 0.22272 | 0.81782
5.8 | -0.5768 | 0.60872 | 0.15152 | 0.50502 6.0 | -0.5913 | -0.13912 | -0.3323% | -0.11567
5.9 | -0.5579 | -0.23262 | -0.59543 | -0.18902 6.1]-0.5726 | -0.67412 | -0.16582 | -0.54902
6.0 | -0.5402 | -0.10611 [ -0.27862 | -0.84562 6.2 | -0.5550 | -0.14761 | -0.37282 | -0.11791
6.1 |-0.5236 | -0.18781 | -0.50412 | -0.1468? 6.3 | -0.5386 | -0.2265" | -0.58582 | -0.17771
6.2 | -0.5080 | -0.2681 | -0.73442 | -0.2058? 6.4 | -0.5231 | -0.3041 | -0.80362 | -0.23451
6.3 | -0.4934 | -0.34697 | -0.96802 | -0.26197 6.5 | -0.5086 | -0.3805T | -0.1025T | -0.28851
6.4 | -0.4797 | -0.4244 | -0.12041 | -0.31521 6.6 | -0.4949 | -0.45561 | -0.12491 | -0.3400?
6.5 | -0.4667 | -0.5005" | -0.14411 | -0.36591 6.7 | -0.4820 | -0.5293! | -0.14741 | -0.3890?
6.6 | -0.4545 | -0.57521 | -0.1679* | -0.41431 6.8 | -0.4697 | -0.6017t | -0.17011 | -0.4358?
6.7 | -0.4430 | -0.6484 | -0.1917* | -0.46041 6.9 | -0.4582 | -0.67281 | -0.19271 | -0.4805?
6.8 [-0.4321 [ -0.7203T [ -0.2153T [ -0.5045T 7.0 [-0.4472 [ -0.7425T [ -0.2153T [ -0.52327T
6.9 | -0.4218 | -0.7907 | -0.23891 | -0.54661 7.1|-0.4368 |-0.8109" | -0.23771 | -0.56401
7.0 | -0.4120 | -0.85981 | -0.26221 | -0.58691 7.2 |-0.4270 | -0.8780% | -0.26011 | -0.60321
7.1|-0.4027 | -0.92751 | -0.28531 | -0.62551 7.3 1-0.4176 | -0.94381 | -0.28221 | -0.6407?
7.2 1 -0.3939 | -0.99391 | -0.30821 | -0.66251 7.4 |-0.4087 | -0.1008 |-0.3041! | -0.67671
7.4]-0.3775 | -0.1123 | -0.3531% | -0.7320" 7.6 | -0.3921 |-0.1134 |-0.3473T [-0.7445T
7.6 | -0.3626 |-0.1247 |-0.39671 | -0.79621 7.8 1-0.3770 | -0.1254 |-0.38931 | -0.80721
7.8 [-0.3490 | -0.1365 | -0.4390' | -0.8557! 8.0 | -0.3633 | -0.1370 |-0.4302! | -0.86541
8.0 | -0.3366 | -0.1480 |-0.4799' | -0.9109! 8.2 | -0.3506 | -0.1482 | -0.46971 | -0.91951
8.21-0.3252 | -0.1590 |-0.51941 | -0.96241 8.4 |-0.3390 |-0.1590 |-0.5081" |-0.96991
8.4 | -0.3147 | -0.1695 | -0.55751 | -0.1010 8.6 | -0.3282 | -0.1693 | -0.54511 | -0.1017
8.6 | -0.3050 | -0.1797 | -0.5942' [ -0.1055 8.8 [-0.3183 | -0.1793 | -0.5808! | -0.1061
8.8 [ -0.2960 | -0.1895 |-0.62961 [ -0.1098 9.0 [ -0.3091 |-0.1889 |-0.6154' | -0.1103
9.0 | -0.2877 | -0.1990 | -0.66371 | -0.1137 9.2 [-0.3005 |-0.1981 |-0.6486' | -0.1142
9.2 [ -0.2799 | -0.2081 | -0.6965' [ -0.1175 9.4 | -0.2025 | -0.2071 |-0.6807' | -0.1179
9.5 |-0.2692 | -0.2211 | -0.7435% | -0.1227 9.7 | -0.2815 | -0.2199 | -0.7268T | -0.1230
9.8 | -0.2504 | -0.2335 | -0.78791 [ -0.1275 10.0 [ -0.2714 | -0.2320 |-0.7703! | -0.1277
10.1 | -0.2506 | -0.2452 | -0.8299! | -0.1319 10.3 | -0.2623 | -0.2436 |-0.8117! |-0.1321
10.4 | -0.2425 | -0.2564 | -0.8697 | -0.1360 10.6 | -0.2540 | -0.2546 | -0.8508! | -0.1362
10.7 [ -0.2351 | -0.2671 | -0.90731 | -0.1398 10.9 | -0.2463 | -0.2651 | -0.8880! | -0.1400
11.2 | -0.2238 | -0.2340 | -0.9670T | -0.1457 11.4 [ -0.2348 | -0.2816 | -0.9458T | -0.1457
11.7 | -0.2140 | -0.2995 |-0.1021 |-0.1509 11.9 | -0.2246 | -0.2968 | -0.9990! | -0.1509
12.2 | -0.2054 | -0.3138 |-0.1070 |-0.1556 12.4 [ -0.2157 | -0.3110 |-0.1048 |-0.1555
12.7 | -0.1977 | -0.3271 |-0.1116 |-0.1598 12.9 [ -0.2076 | -0.3242 |-0.1093 |-0.1597
13.2 [ -0.1908 | -0.3396 |-0.1158 |-0.1637 13.4 [ -0.2004 | -0.3365 |-0.1136 |-0.1636
14.0 | -0.1811 | -0.3579 |-0.1219 |-0.1692 14.2[-0.1903 | -0.3547 | -0.1197 | -0.1691
14.8 | -0.1727 | -0.3745 |-0.1274 |-0.1740 15.0 [ -0.1816 | -0.3712 |-0.1252 |-0.1739
15.6 [ -0.1655 | -0.3895 |-0.1323 |-0.1783 15.8 [ -0.1740 | -0.3862 | -0.1301 |-0.1781
16.4 [ -0.1591 | -0.4033 | -0.1368 |-0.1821 16.6 [ -0.1673 | -0.3999 | -0.1345 |-0.1819
17.2 | -0.1535 | -0.4160 |-0.1408 |-0.1855 17.4 [ -0.1614 | -0.4125 |-0.1386 |-0.1853

© 2000 by Chapman & Hall/CRC




© 2000 by Chapman & Hall/CRC

&z = 1.30 &3 = 1.35
big )\1(0,1) )\2(0,1) As A4 big )\1(0,1) )\2(0,1) A3 A4
4.7]-1.1437 [ 0.1206 | 0.6892% [ 0.1610 5.0 [-1.0925 | 0.1066 | 0.2023% | 0.1344
4.8]-1.0839 | 0.1129 | 0.31782 | 0.1435 5.11(-1.0365 | 0.98741 | 0.42542 | 0.1193
4.9]-1.0265 | 0.1049 | 0.55252 | 0.1276 5.2 [-0.9863 | 0.90761 | 0.58742 | 0.1054
5.0 | -0.9751 | 0.96791 | 0.72272 | 0.1130 5.3 | -0.9409 | 0.82691 | 0.69722 | 0.92571
5.1 [-0.9286 | 0.88551 | 0.8373%2 | 0.9954! 5.4 [-0.8095 | 0.74561 | 0.7615% | 0.8064!
5.2 | -0.8863 | 0.8022T | 0.9037Z | 0.8702T 5.5 [ -0.8616 | 0.66407 | 0.7863% | 0.6953T
5.3 [ -0.8476 | 0.7184' | 0.9278% | 0.7536! 5.6 [ -0.8267 | 0.58211 | 0.7763% | 0.5913!
5.4 -0.8121 | 0.63421 | 0.91492 | 0.64471 5.7 | -0.7945 | 0.50041 | 0.73592 | 0.4938!
5.5 [ -0.7793 | 0.55011 | 0.8696% | 0.5428! 5.8 [ -0.7647 | 0.41881 | 0.6689% | 0.4023!
5.6 | -0.7490 | 0.46601 | 0.7960% | 0.4472! 5.9 [-0.7370 | 0.3377' | 0.57862 | 0.3161!
5.7 1-0.7209 | 0.3824T [ 0.6977% | 0.35737T 6.0 |-0.7113 [ 0.2573T [ 0.4683°% | 0.2350T
5.8 | -0.6948 | 0.29921 | 0.57822 | 0.27261 6.1|-0.6873 | 0.1774% | 0.34042 | 0.15831
5.9 | -0.6706 | 0.21691 | 0.4405% | 0.19301 6.2 | -0.6648 | 0.98252 |0.19762 | 0.85772
6.0 | -0.6480 | 0.13531 | 0.2870% | 0.11761 6.3 | -0.6438 | 0.19932 [ 0.4177% | 0.17042
6.1|-0.6268 | 0.54502 | 0.12022 | 0.46382 6.4 [ -0.6242 | -0.53702 | -0.12462 | -0.48012
6.2 -0.6071 | -0.25287 [ -0.57743 | -0.21082 6.5 [-0.6056 | -0.1337T [ -0.30062 | -0.1099T
6.3 | -0.5885 | -0.1040" | -0.24502 | -0.85042 6.6 | -0.5883 | -0.2088" | -0.48342 | -0.16851
6.4|-0.5711 | -0.18161 | -0.43992 | -0.14571 6.7 |-0.5719 | -0.28301 | -0.67282 | -0.22441
6.5 | -0.5547 | -0.25811 | -0.64112 | -0.20341 6.8 | -0.5565 | -0.35601 | -0.86712 | -0.27761
6.6 | -0.5393 | -0.3333' | -0.84692 | -0.25831 6.9 | -0.5419 | -0.42781 | -0.1065* | -0.32841
6.7 | -0.5247 | -0.4074T [-0.10571 | -0.3106" 6.0 [ -0.5419 | -0.4279T [-0.10661 | -0.3284T
6.8 | -0.5110 | -0.48021 | -0.1269* | -0.36041 7.0 [ -0.5280 |-0.49871 | -0.12671 | -0.3769!
6.9 | -0.4980 | -0.55171 | -0.14831 | -0.4080? 7.1(-0.5151 | -0.56801 | -0.14701 | -0.42301
7.0 | -0.4858 |-0.6219' | -0.16981 | -0.4533! 7.2 | -0.5027 | -0.6363 | -0.16741 | -0.46721
7.1 -0.4741 | -0.6910% | -0.19141 | -0.4968 7.3 -0.4910 |-0.7034 | -0.1880" | -0.50961
7.21-0.4631 |-0.7587" | -0.2129T | -0.5383T 7.41-04798 |-0.7693T | -0.2085T [ -0.5501T
7.3 -0.4527 | -0.82521 | -0.23441 | -0.57811 7.5(-0.4692 | -0.83411 | -0.22911 | -0.58901
7.4 -0.4427 | -0.89051 | -0.25581 | -0.61621 7.6 [ -0.4592 |-0.89771 | -0.2495 | -0.6263!
7.5 | -0.4332 | -0.95461 | -0.27701 | -0.6528! 7.7 1 -0.4496 | -0.96021 | -0.26991 | -0.66211
7.6 |-0.4242 | -0.1017 | -0.29801 | -0.68801 7.8 -0.4404 | -0.1021 |-0.29011 | -0.69651
7.8 -0.4074 [-0.1140 |-0.3395T | -0.7543! 7.9[-0.4317 [-0.1082 |-0.3101T [ -0.72967
8.0 |-0.3921 | -0.1257 |-0.38011 | -0.81561 8.1|-0.4154 |-0.1199 |-0.34971 | -0.79211
8.2-0.3780 | -0.1371 |-0.4195% | -0.87271 8.3 |-0.4004 |-0.1312 |-0.38831 | -0.85021
8.4 | -0.3651 |-0.1480 |-0.4579' | -0.92581 8.5 [ -0.3867 | -0.1420 |-0.4260' | -0.90431
8.6 | -0.3532 | -0.1585 |-0.49511 | -0.97531 8.7 1-0.3740 | -0.1525 |-0.4626 | -0.95481
8.8 | -0.3422 | -0.1686 | -0.53111 | -0.1022 8.0 | -0.3623 | -0.1627 | -0.4982T [-0.1002
9.0 [ -0.3321 | -0.1784 | -0.5659' | -0.1065 9.1 |-0.3515 | -0.1724 |-0.53271 [ -0.1046
9.2 | -0.3226 | -0.1878 | -0.59961 | -0.1106 9.3 |-0.3414 | -0.1818 |-0.56611 [ -0.1088
9.4 |-0.3138 | -0.1969 |-0.63211 | -0.1145 9.5 [-0.3320 | -0.1909 |-0.5985' | -0.1127
9.6 | -0.3056 | -0.2057 |-0.66361 | -0.1181 9.7 [-0.3232 | -0.1997 | -0.6208' | -0.1164
9.9 [-0.2042 [ -0.2183 [ -0.7087% | -0.1232 9.9 [-0.3150 |-0.2082 | -0.66011 [-0.1199
10.2 | -0.2839 | -0.2303 | -0.75151 | -0.1279 10.2 [ -0.3037 [-0.2204 |-0.70361 | -0.1248
10.5 | -0.2744 | -0.2417 |-0.7922! | -0.1322 10.5 [ -0.20933 [-0.2320 |-0.7450! | -0.1203
10.8 | -0.2658 | -0.2525 | -0.83081 | -0.1362 10.8 [ -0.2839 [-0.2430 |-0.7844! | -0.1335
11.1 | -0.2578 | -0.2629 |-0.86751 | -0.1400 11.1 [ -0.2752 | -0.2536 |-0.8219! | -0.1374
11.6 | -0.2459 | -0.2791 |-0.9247T | -0.1457 114 [ -0.2672 | -0.2637 | -0.8576 | -0.1411
12.1 | -0.2354 | -0.2942 |-0.97741 | -0.1508 11.9 [ -0.2551 [-0.2795 |-0.9133! | -0.1466
12.6 | -0.2261 |-0.3082 |-0.1026 |-0.1554 124 | -0.2445 | -0.2041 | -0.9648! | -0.1516
13.1|-0.2177 | -0.3213 |-0.1071 |-0.1596 12.9 [ -0.2350 [-0.3078 |-0.1012 |-0.1561
13.6 | -0.2102 |-0.3335 |-0.1113 |-0.1634 134 | -0.2265 | -0.3206 |-0.1057 |-0.1602
14.4 [ -0.1996 | -0.3516 |-0.1174 |-0.1689 13.9 [-0.218%8 [-0.3326 |-0.1098 |-0.1639
15.2 | -0.1905 | -0.3679 |-0.1229 |-0.1737 14.7 [ -0.2080 [-0.3503 |-0.1158 |-0.1693
16.0 | -0.1826 | -0.3828 |-0.1278 |-0.1779 15.5 | -0.1987 | -0.3664 |-0.1212 |-0.1740
16.8 | -0.1757 | -0.3965 |-0.1323 |-0.1817 16.3 [ -0.1906 |-0.3810 |-0.1261 |-0.1782
17.6 | -0.1695 | -0.4090 |-0.1363 |-0.1851 17.1[-0.1834 [-0.3945 |-0.1305 |-0.1819
17.9 [ -0.1770 | -0.4068 |-0.1345 |-0.1853




G = 1.40 G = 1.45

big )\1(0,1) )\2(0,1) A3 A4 big )\1(0,1) )\2(0,1) A3 A4

5.2 |-1.1058 | 0.1011 | 0.78693 | 0.1268 5.5 | -1.0691 | 0.88711 | 0.1642% | 0.1068
5.3 |-1.0507 | 0.93351 |0.29602 | 0.1124 5.6 [ -1.0199 | 0.8105 | 0.3245% | 0.9396!
5.4 1-1.0012 | 0.85531 | 0.45482 | 0.99091 5.7 [ -0.9754 | 0.7333' | 0.43642 | 0.8210!
5.5 | -0.9565 | 0.77641 | 0.56382 | 0.8680! 5.8 [ -0.9348 | 0.6559 | 0.50682 | 0.7108!
5.6 [ -0.9157 | 0.6970' | 0.6297% | 0.7537! 5.9 [ -0.8976 | 0.57841 | 0.5408% | 0.6078!
5.7 | -0.8783 | 0.61751 | 0.6579% | 0.6470T 6.0 | -0.8634 | 0.5000T [ 0.54327 | 0.5114T
5.8 [ -0.8438 | 0.5379 | 0.6531%2 | 0.5471! 6.1|-0.8317 | 0.42361 | 0.51772 | 0.42081
5.9 |-0.8119 | 0.45841 |0.61942 | 0.45341 6.2 | -0.8022 | 0.34671 | 0.46772 | 0.3356!
6.0 | -0.7824 | 0.3792' | 0.56032 | 0.3653! 6.3 ]-0.7749 | 0.27031 | 0.39642 | 0.2553!
6.1 |-0.7550 | 0.3006% | 0.47912 | 0.28241 6.4 [ -0.7494 | 0.190441 | 0.30632 | 0.17941
6.2 [-0.7294 [ 0.22257 |0.3785% | 0.2041T 6.5 [-0.7255 [ 0.1192T |0.1998% | 0.10761
6.3 [ -0.7056 | 0.1450% | 0.26112 | 0.1300! 6.6 [ -0.7031 | 0.44692 | 0.79113 | 0.39482
6.4 -0.6832 | 0.68232 [ 0.12922 | 0.59872 6.7 | -0.6821 | -0.29012 [ -0.53893 | -0.25212
6.5 | -0.6622 | -0.7667% [ -0.15183 | -0.65913 6.8 [ -0.6624 | -0.1018! | -0.19752 | -0.86492
6.6 | -0.6426 | -0.82662 | -0.17022 | -0.69682 6.9 | -0.6438 | -0.1738 | -0.35012 | -0.1449?
6.7 | -0.6241 | -0.15671 | -0.3343% | -0.12967 7.0 | -0.6263 | -0.2447T | -0.51032 | -0.2005T
6.8 | -0.6067 | -0.2297' | -0.50602 | -0.18671 7.1 [-0.6097 | -0.3147' | -0.67702 | -0.2535!
6.9 | -0.5902 | -0.3017" | -0.68402 | -0.24101 7.2 | -0.5940 | -0.38371 | -0.84922 | -0.30411
7.0 | -0.5747 | -0.37261 | -0.86712 | -0.2928 7.3 1-0.5793 | -0.45161 | -0.10251 | -0.35231
7.1 -0.5600 | -0.4424 | -0.10541 | -0.34221 7.4 |-0.5652 | -0.5185" | -0.1205' | -0.39851
7.21-0.5461 | -0.5112T [ -0.1245T [ -0.3804" 7.5 [-0.5519 | -0.5843T [ -0.1388T | -0.4427T
7.3 -0.5330 | -0.57891 | -0.14381 | -0.4346 7.6 | -0.5393 | -0.64911 | -0.15721 | -0.48511
7.41-05205 | -0.64521 | -0.16321 | -0.4778 7.7 1-0.5272 | -0.71281 | -0.17581 | -0.52561
7.5 | -0.5086 | -0.7106" | -0.1827' | -0.5191! 7.8 [-0.5158 | -0.7755" | -0.19451 | -0.56461
7.6 |-0.4974 | -0.77481 | -0.20231 | -0.55881 7.9 | -0.5049 | -0.83711 | -0.21331 | -0.60201
7.7 1-0.4866 | -0.8380" [ -0.2220T [-0.5969T 8.0 | -0.4945 | -0.8977T [ -0.2320" [ -0.6379T
7.8 -0.4764 | -0.9000! | -0.24151 | -0.63351 8.1 [ -0.4845 | -0.9572% | -0.25071 | -0.67241
7.9 [ -0.4667 | -0.9609' | -0.2610' | -0.66861 8.2 ]-0.4751 |-0.1016 |-0.2693' | -0.70571
8.0 [-0.4574 | -0.1021 |-0.2804! | -0.70231 8.3 |-0.4660 | -0.1073 |-0.2878 | -0.73771
8.1 |-0.4485 | -0.1080 |-0.29971 | -0.73491 8.4 |-0.4573 | -0.1130 |-0.30621 | -0.76851
8.3 -0.4318 | -0.1194 |-0.3378T | -0.7963T 8.6 | -0.4410 | -0.1240 | -0.34267 | -0.82707
8.5 |-0.4165 |-0.1305 |-0.37511 | -0.85351 8.8 | -0.4260 |-0.1346 |-0.3784' | -0.88151
8.7 |-0.4025 | -0.1411 |-0.4116 | -0.90681 9.0 | -0.4122 | -0.1449 |-0.4133 | -0.93241
8.9 -0.3895 | -0.1514 |-0.44721 | -0.95661 9.2 1-0.3994 | -0.1548 |-0.44741 | -0.98011
9.1 |-0.3775 | -0.1613 | -0.48181 | -0.1003 9.4 | -0.3875 | -0.1644 | -0.4806 [ -0.1025
9.3[-0.3664 | -0.1709 | -0.51541 | -0.1047 9.6 | -0.3765 | -0.1736 | -0.5129T | -0.1067
9.5 [ -0.3560 | -0.1801 |-0.54811 | -0.1088 9.8 [ -0.3662 | -0.1826 | -0.5444! | -0.1107
9.7 [ -0.3464 | -0.1891 | -0.57971 | -0.1127 10.0 | -0.3566 | -0.1912 |-0.5749 | -0.1144
9.9 | -0.3373 | -0.1977 | -0.61041 | -0.1164 10.2 [ -0.3476 | -0.1996 | -0.6044! | -0.1179
10.1 | -0.3289 |-0.2061 |-0.64011 | -0.1198 10.4 | -0.3391 | -0.2077 |-0.63311|-0.1213
104 | -0.3172 | -0.2181 |-0.6820T |-0.1247 10.7 [ -0.3274 [ -0.2193 | -0.6746 | -0.1260
10.7 [ -0.3065 |-0.2295 |-0.72361 | -0.1292 11.0 [ -0.3166 |-0.2305 |-0.71411 | -0.1303
11.0 | -0.2967 | -0.2404 |-0.7625 | -0.1334 11.3 | -0.3068 | -0.2411 |-0.7518' | -0.1344
11.3 [ -0.2877 | -0.2509 | -0.7995! | -0.1372 11.6 [ -0.2077 | -0.2512 | -0.78781 | -0.1382
11.6 [ -0.2794 | -0.2608 | -0.83471 | -0.1409 11.9 | -0.2893 | -0.2609 | -0.8222! | -0.1417
12.1 | -0.2669 | -0.2764 | -0.8899T | -0.1464 12.4 | -0.2764 | -0.2765 | -0.8771% | -0.1472
12.6 | -0.2558 | -0.2910 |-0.9410% |-0.1513 12.9 [ -0.2652 | -0.2907 | -0.9271! | -0.1520
13.1 [ -0.2460 | -0.3046 |-0.98841 | -0.1558 13.4 [ -0.2552 | -0.3039 | -0.9735! | -0.1564
13.6 [ -0.2371 | -0.3173 |-0.1032 |-0.1599 13.9 [ -0.2462 | -0.3163 |-0.1017 |-0.1604
14.1 | -0.2291 | -0.3292 |-0.1073 |-0.1637 14.4 [ -0.2381 | -0.3280 | -0.1057 |-0.1641
14.9 | -0.2179 | -0.3467 |-0.1133 |-0.1690 15.2 [ -0.2266 | -0.3452 |-0.1116 |-0.1693
15.7 [ -0.2082 | -0.3627 |-0.1187 |-0.1737 16.0 [ -0.2166 | -0.3609 |-0.1169 |-0.1740
16.5 [ -0.1997 |-0.3773 |-0.1236 |-0.1779 16.8 [ -0.2079 | -0.3753 |-0.1218 |-0.1781
17.3 [ -0.1922 | -0.3007 |-0.1281 |-0.1816 17.6 [ -0.2002 | -0.3885 |-0.1262 |-0.1818
18.1 [ -0.1855 | -0.4030 |-0.1321 |-0.1850 18.4 [ -0.1934 | -0.4006 |-0.1302 |-0.1851

© 2000 by Chapman & Hall/CRC




&z = 1.50 &z = 1.55

G4 | A1(0,1) | A2(0,1) A3 A4 G | A1(0,1) [ A2(0,1) A3 A4

5.7 | -1.0915 | 0.8480% | 0.2043% | 0.1024 6.0 [ -1.0683 | 0.7421 | 0.6443°% | .86871
5.8 |-1.0422 | 0.77281 | 0.19522 | 0.89911 6.1 |-1.0232 | 0.66831 | 0.19212 | 0.75621
5.9 | -0.9976 | 0.69741 | 0.31332 | 0.78401 6.2 | -0.9822 | 0.59451 | 0.27952 | 0.65161
6.0 | -0.9570 | 0.62191 | 0.39082 | 0.6770! 6.3 |-0.9446 | 0.52071 | 0.33182 | 0.5540!
6.1 [-0.9197 | 0.5463% | 0.43292 | 0.57701 6.4 | -0.9100 | 0.4472% | 0.35362 | 0.46261
6.2 | -0.8854 | 0.4708T [ 0.44427 | 0.4834T 6.5 | -0.8780 | 0.3740T | 0.34852 | 0.37681
6.3 |-0.8536 | 0.39561 | 0.42832 | 0.39541 6.6 | -0.8483 | 0.3011% | 0.32012 | 0.29591
6.4 | -0.8242 | 0.32091 | 0.38852 | 0.31271 6.7 | -0.8206 | 0.22881 | 0.27102 | 0.21951
6.5 | -0.7968 | 0.24651 | 0.32792 | 0.2345! 6.8 | -0.7947 | 0.15701 | 0.20372 | 0.14721
6.6 | -0.7711 | 0.17281 | 0.24892 | 0.16061 6.9 |-0.7705 | 0.8580% | 0.12032 | 0.78742
6.7 | -0.7471 | 0.99627 | 0.15382 | 0.90592 7.0 | -0.7478 | 0.15322 | 0.22995 | 0.13772
6.8 | -0.7246 | 0.27192 | 0.4457% | 0.24222 7.11-0.7264 |-0.54422 [ -0.8663% | -0.47972
6.9 | -0.7035 | -0.44462 | -0.7684% | -0.38812 7.21-0.7063 | -0.12341 | -0.20702 | -0.1067
7.0 | -0.6836 | -0.11531 | -0.20892 | -0.98752 7.3 1-0.6873 | -0.1915 | -0.33662 | -0.16271
7.1 [-0.6648 | -0.1852' | -0.35002 | -0.1558 7.41-0.6694 | -0.25871 | -0.47422 | -0.21611
7.2 [-0.6471 | -0.2543T [ -0.49397 | -0.2102T 7.5 -0.6524 | -0.32511 | -0.61862 | -0.2670"
7.3 1-0.6304 | -0.32241 | -0.65452 | -0.26211 7.6 | -0.6363 |-0.3906" | -0.76892 | -0.31571
7.4 1-0.6146 | -0.38961 | -0.81572 | -0.31161 7.7 -0.6211 | -0.45511 | -0.92422 | -0.36231
7.5 [ -0.5995 | -0.4559' | -0.98182 | -0.3591! 7.8 | -0.6066 |-0.51871 | -0.1084' | -0.40691
7.6 | -0.5853 | -0.52121 | -0.11521 | -0.40451 7.9 [-0.5929 | -0.58141 | -0.12461 | -0.44971
7.7 | -0.5718 | -0.58511 | -0.13241 | -0.4477¢ 8.0 | -0.5798 | -0.6431T | -0.1412T | -0.49077
7.8 | -0.5590 | -0.64831 | -0.14981 | -0.48931 8.1 |-0.5673 | -0.7038! | -0.15791 | -0.5300?
7.9 [ -0.5468 | -0.7105' | -0.16751 | -0.52921 8.2 | -0.5554 | -0.76361 | -0.1748" | -0.56781
8.0 | -0.5351 | -0.7716 | -0.18531 | -0.56761 8.3 | -0.5441 | -0.82241 | -0.1918! | -0.60421
8.1 |-0.5240 | -0.8318 | -0.20321 | -0.60441 8.4 |-0.5333 | -0.8803" | -0.2089" | -0.63911
8.2 [ -0.5134 | -0.89107 | -0.22107 | -0.6398T 8.5 [ -0.5229 | -0.9373T | -0.22607 | -0.67287T
8.3 | -0.5033 | -0.9492! | -0.23891 | -0.67381 8.6 | -0.5130 | -0.9933" | -0.2431" | -0.70521
8.4 | -0.4936 |-0.1006 |-0.25681 | -0.70661 8.7 |-0.5035 | -0.1048 |-0.2602! | -0.73651
8.5 | -0.4843 | -0.1063 | -0.27461 | -0.73821 8.8 | -0.4944 | -0.1103 |-0.27731 | -0.76671
8.6 | -0.4754 | -0.1118 |-0.29231 | -0.76871 8.9 |-0.4857 | -0.1156 |-0.29421 | -0.79581
8.8 | -0.4588 | -0.1226 | -0.3274% [ -0.8265T 9.1 [-0.4692 | -0.1260 | -0.3278T | -0.85117
9.0 | -0.4434 | -0.1330 | -0.3620% | -0.88041 9.3 | -0.4541 | -0.1361 | -0.3610' | -0.9028!
9.2 [-0.4292 | -0.1431 | -0.3959! | -0.93081 9.5 | -0.4400 | -0.1458 |-0.39351 | -0.95121
9.4 | -0.4160 | -0.1528 |-0.4290% | -0.97811 9.7 | -0.4270 | -0.1552 |-0.42531 | -0.99671
9.6 | -0.4038 |-0.1622 | -0.4613' | -0.1022 9.9 [ -0.4148 | -0.1643 | -0.4565' | -0.1039
9.8 [ -0.3925 | -0.1713 | -0.4929T | -0.1064 10.1 | -0.4035 | -0.1732 | -0.4869T | -0.1080
10.0 | -0.3818 | -0.1802 | -0.52361 | -0.1104 10.3 [ -0.3929 | -0.1817 |-0.5165' | -0.1118
10.2 [ -0.3719 | -0.1887 | -0.55351 | -0.1141 10.5 | -0.3830 | -0.1900 | -0.54541 | -0.1154
10.4 [ -0.3626 | -0.1969 | -0.5825' | -0.1176 10.7 [ -0.3737 | -0.1980 | -0.57341 | -0.1188
10.6 | -0.3539 | -0.2049 | -0.6107! | -0.1209 10.9 | -0.3649 | -0.2057 | -0.6008' | -0.1220
10.9 | -0.3417 | -0.2164 | -0.6514T | -0.1256 11.2[-0.3527 | -0.2169 | -0.6403T | -0.1266
11.2 | -0.3306 | -0.2274 | -0.6904! | -0.1299 11.5 [ -0.3415 | -0.2276 | -0.6782' | -0.1308
11.5 [ -0.3204 | -0.2379 | -0.72761 | -0.1340 11.8 | -0.3312 | -0.2379 |[-0.7144' | -0.1347
11.8 | -0.3110 | -0.2479 |-0.76321 | -0.1377 12.1 | -0.3217 | -0.2477 |-0.74911 | -0.1384
12.1 [ -0.3023 | -0.2575 | -0.79731 | -0.1413 12.4 | -0.3129 | -0.2570 |-0.7824! | -0.1419
12.6 | -0.2892 | -0.2727 | -0.8508T | -0.1466 12.9 [-0.2096 | -0.2718 | -0.8347% | -0.1471
13.1 [ -0.2775 | -0.2868 | -0.9005! | -0.1515 13.4 [ -0.2877 | -0.2856 | -0.88341 | -0.1519
13.6 [ -0.2671 | -0.2999 | -0.94671 | -0.1559 13.9 [ -0.2771 | -0.2985 | -0.9289! | -0.1562
14.1 [ -0.2577 | -0.3123 | -0.9899! | -0.1599 14.4 [ -0.2675 | -0.3107 | -0.9713! | -0.1601
14.6 | -0.2492 | -0.3239 |-0.1030 |-0.1636 14.9 | -0.2588 | -0.3221 |-0.1011 |-0.1638
15.4 | -0.2372 | -0.3411 |-0.1089 | -0.1688 15.7 | -0.2465 | -0.3389 | -0.1069 | -0.1690
16.2 [ -0.2268 | -0.3567 |-0.1143 |-0.1735 16.5 [ -0.2359 | -0.3543 |-0.1122 |-0.1736
17.0 [ -0.2177 | -0.3710 |-0.1191 |-0.1776 17.3 [ -0.2265 | -0.3685 |-0.1170 |-0.1776
17.8 [ -0.2096 | -0.3842 |-0.1235 |-0.1813 18.1 | -0.2182 | -0.3815 |-0.1214 |-0.1813
18.6 [ -0.2025 | -0.3963 |-0.1276 |-0.1847 18.9 [ -0.2109 | -0.3935 |-0.1254 |-0.1846
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&z = 1.60 &3 = 1.65

G4 | A1(0,1) | A2(0,1) A3 A G | A1(0,1) [ A2(0,1) A3 A4

6.3 | -1.06524 | 0.64561 | 0.7024° | 0.73711 6.6 | -1.0426 | 0.55841 | 0.5801° | 0.62471
6.4|-1.0106 | 057341 [ 0.1700% | 0.63431 6.7 |-1.0034 | 0.4879' |0.1379% | 0.5300!
6.5 |-0.9725 | 0.50141 [ 0.23442 | 0.53851 6.8 [-0.9675 | 0.41781 | 0.1860% [ 0.4414!
6.6 | -0.9373 | 0.42061 | 0.26842 | 0.44871 6.9 | -0.9343 | 0.3480" | 0.2070% | 0.3582!
6.7 | -0.9048 | 0.35821 [ 0.27582 | 0.36441 7.0 [-0.9035 | 0.27871 | 0.20442 | 0.27981
6.8 | -0.8747 | 0.2872T [0.25972 | 0.28501 7.1 -0.8748 | 0.2099T | 0.1809% | 0.20581
6.9 | -0.8466 | 0.2167% | 0.22292 | 0.21001 7.21-0.8480 | 0.14171 | 0.13912 | 0.13581
7.0 [ -0.8203 | 0.1467' | 0.1680% | 0.1390! 7.3 [-0.8230 | 0.74032 | 0.8092% | 0.69492
7.1(-0.7958 | 0.77382 | 0.9694% | 0.71772 7.4 [-0.7995 | 0.7037% | 0.842563 | 0.64723
7.2 |-0.7727 | 0.8695% | 0.1177% | 0.79023 7.5 [-0.7773 | -0.59242 | -0.7669° | -0.53402
7.3]-0.7510 | -0.59242 | -0.8576° | -0.52792 7.6 | -0.7565 | -0.1248T [ -0.17302 | -0.11057
7.41-0.7305 | -0.1265 | -0.19432 | -0.1106 7.7 | -0.7368 | -0.18961 | -0.2790% | -0.1649'
7.5]-0.7113 | -0.1928 | -0.31212 | -0.1657* 7.8 [-0.7182 | -0.25361 | -0.3936% | -0.2169'
7.6 | -0.6930 | -0.25841 | -0.43832 | -0.21821 7.9 | -0.7005 [-0.31681 | -0.51572 | -0.26651
7.7 | -0.6757 |-0.32321 | -0.57162 | -0.2685! 8.0 | -0.6838 | -0.37921 | -0.64432 | -0.3140
7.8 -0.6594 | -0.3870T | -0.71112 | -0.3165T 8.1 | -0.6679 | -0.4408T [ -0.7784% | -0.3595T
7.9 | -0.6438 | -0.4500" | -0.85582 | -0.3624! 8.2 | -0.6528 |-0.5015" | -0.9173% | -0.4030!
8.0 | -0.6291 |-0.51211 | -0.1005 | -0.40651 8.3 [-0.6384 | -0.56141 | -0.10601 | -0.44491
8.1|-0.6150 | -0.57331 | -0.1158% | -0.44871 8.4 | -0.6248 | -0.6204 | -0.12071 | -0.48501
8.2 | -0.6016 |-0.63381 | -0.13141 | -0.48931 8.5 |-0.6116 | -0.67871 | -0.13561 | -0.52371
8.3 | -0.5889 | -0.6931T [ -0.1472T | -0.5282T 8.6 | -0.5992 | -0.7359T | -0.1508T | -0.56071
8.4|-0.5768 | -0.75161 | -0.16321 | -0.56551 8.7 |-0.5873 | -0.79231 | -0.16611 | -0.59641
8.5 | -0.5652 | -0.8092 | -0.1794! | -0.6015" 8.8 | -0.5759 |-0.84791 | -0.1816' | -0.6308!
8.6 | -0.5541 | -0.8659' | -0.19571 | -0.63611 8.9 | -0.5650 |-0.90261 | -0.1971' | -0.6639!
8.7 | -0.5435 | -0.92171 | -0.2120% | -0.66951 9.0 | -0.5546 |-0.9565" | -0.2128" | -0.6958!
8.8 | -0.5333 | -0.97661 | -0.2284T | -0.7016! 9.1 | -0.5446 | -0.1009 | -0.2284T | -0.7266T
8.9|-0.5236 | -0.1031 |-0.2448 | -0.73261 9.2 1-0.5350 | -0.1062 |-0.24411 |-0.75631
9.0 |-0.5142 | -0.1084 |-0.26111 | -0.76251 9.3 |-0.5258 | -0.1113 |-0.25981 | -0.78511
9.1|-0.5053 |-0.1136 |-0.2775% | -0.79141 9.4 [-0.5169 | -0.1164 |-0.27551 [-0.81291
9.2 -0.4967 | -0.1188 |-0.29371 | -0.81931 9.5 |-0.5084 |-0.1214 |-0.2910' |-0.83971
9.4 | -0.4804 | -0.1288 | -0.32601 | -0.8724T 9.7 | -0.4923 [ -0.1311 | -0.3220T | -0.89097T
9.6 | -0.4654 | -0.1386 | -0.35781 [ -0.92221 9.9 | -0.4774 |-0.1405 |-0.3526' |-0.9389!
9.8 | -0.4515 | -0.1480 | -0.3890 | -0.96891 10.1 | -0.4635 | -0.1496 | -0.3827% | -0.98401
10.0 | -0.4385 | -0.1571 | -0.4197! | -0.1013 10.3 | -0.4505 | -0.1585 |-0.4122' | -0.1027
10.2 | -0.4264 |-0.1659 |-0.44971 | -0.1054 10.5 | -0.4384 | -0.1671 |-0.4412! | -0.1067
104 | -0.4150 | -0.1745 |-0.4790T | -0.1093 10.7 [ -0.4271 | -0.1754 | -0.4695T |-0.1105
10.6 | -0.4044 | -0.1828 | -0.50771 | -0.1130 10.9 | -0.4165 |-0.1834 |[-0.4972! | -0.1140
10.8 | -0.3945 | -0.1908 | -0.53561 | -0.1165 11.1 | -0.4065 |-0.1912 |[-0.5243 | -0.1174
11.0 | -0.3852 | -0.1986 | -0.5628' | -0.1198 11.3 [ -0.3971 | -0.1988 | -0.55061 [-0.1207
11.2 | -0.3763 | -0.2061 | -0.5893% | -0.1230 11.5 [ -0.3882 | -0.2062 | -0.57641 |-0.1237
11.5 | -0.3641 | -0.2171 | -0.6277% | -0.1274 11.8 [ -0.3758 | -0.2168 | -0.61371 | -0.1281
11.8 | -0.3528 | -0.2275 | -0.66451 | -0.1315 12.1 | -0.3644 | -0.2270 |-0.6496 | -0.1321
12.1 | -0.3424 | -0.2375 |-0.6999' | -0.1354 12.4 [ -0.3539 | -0.2368 | -0.68411 [-0.1359
12.4 | -0.3327 | -0.2470 | -0.73381 | -0.1390 12.7 | -0.3441 |-0.2461 |[-0.7172 | -0.1394
12.7 | -0.3238 | -0.2562 | -0.76631 | -0.1423 13.0 [ -0.3351 | -0.2551 | -0.7490' |-0.1427
13.2 | -0.3103 | -0.2707 | -0.8175% | -0.1475 13.5 [-0.3213 | -0.2693 | -0.7992T [-0.1478
13.7 | -0.2982 | -0.2842 | -0.86531 | -0.1522 14.0 | -0.3090 |-0.2825 |-0.8462! |-0.1524
14.2 | -0.2874 | -0.2969 |-0.9100! | -0.1564 14.5 | -0.2080 | -0.2950 | -0.8902! |-0.1566
14.7 | -0.2776 | -0.3088 | -0.9518' | -0.1603 15.0 | -0.2880 | -0.3067 |-0.9314! [-0.1604
15.2 | -0.2687 | -0.3200 | -0.9910' | -0.1639 15.5 [ -0.2789 | -0.3177 |-0.9701% [-0.1639
16.0 | -0.2561 | -0.3366 | -0.1049 | -0.1690 16.3 [ -0.2660 | -0.3341 | -0.1027 |-0.1690
16.8 | -0.2452 | -0.3518 |-0.1101 |-0.1736 17.1 [ -0.2548 | -0.3491 |-0.1079 |[-0.1735
17.6 | -0.2356 | -0.3658 |-0.1149 |-0.1776 17.9 [ -0.2449 | -0.3629 |-0.1127 |[-0.1775
18.4 | -0.2270 | -0.3786 |-0.1192 |-0.1812 18.7 [ -0.2361 | -0.3756 |-0.1170 |-0.1811
19.2 | -0.2195 | -0.3905 |-0.1232 |-0.1845 19.5 | -0.2283 | -0.3873 |[-0.1210 |-0.1844
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&3 = 1.70 &z = 1.75

G4 | A1(0,1) | A2(0,1) A3 A4 G | A1(0,1) [ A2(0,1) A3 A4

6.0 [ -1.0378 | 0.4%00T | 0.3862° | 0.5286T 7.2 1-1.0375 | 0.4103T | 0.1438% | 0.4462T
7.0 | -1.0007 | 0.41141 | 0.10272 | 0.44051 7.3 1-1.0021 | 0.3434' | 0.6850% | 0.3637!
7.1|-0.9666 | 0.34321 |0.13912 | 0.35801 7.41-0.9693 | 0.27711 | 0.96983 | 0.28621
7.2 1-0.9349 | 0.27541 | 0.15132 | 0.28021 7.5-0.9389 | 0.2113' | 0.10342 | 0.21311
7.3 1-0.9055 | 0.20821 | 0.14212 | 0.2069t 7.6 [-0.9105 | 0.14611 | 0.90413 | 0.14411
7.4 -0.8780 | 0.14151 | 0.1142% | 0.13757 7.7 | -0.8840 | 0.81452 | 0.6025° | 0.78642
7.5 | -0.8523 | 0.75472 | 0.69623 | 0.71792 7.8 |-0.8604 | 0.19932 [ 0.16883 | 0.18872
7.6 [ -0.8282 | 0.10022 | 0.1033% | 0.93382 7.9 | -0.8358 |-0.45952 | -0.4393% | -0.42542
7.7 | -0.8055 | -0.5470% | -0.6191° | -0.50002 8.0 | -0.8138 [ -0.1085" [ -0.11472 | -0.98802
7.8 | -0.7842 | -0.11871 | -0.14572 | -0.10661 8.1 |-0.7931 | -0.17041 | -0.19602 | -0.15241
7.9]-0.7640 | -0.18217T | -0.23962 | -0.1605T 8.2 [-0.7734 | -0.2317T | -0.28672 | -0.20371
8.0 | -0.7449 | -0.2446 | -0.34232 | -0.2120? 8.3 | -0.7548 | -0.2921 | -0.38562 | -0.25271
8.1 |-0.7268 | -0.3064 | -0.45302 | -0.26121 8.4 |-0.7372 | -0.3519' | -0.49182 | -0.29961
8.2 |-0.7096 | -0.3677% | -0.57102 | -0.30851 8.5 (-0.7204 | -0.41081 | -0.60432 | -0.34451
8.3 | -0.6934 | -0.4277' | -0.69392 | -0.35351 8.6 | -0.7045 | -0.4690" | -0.72252 | -0.38761
8.4 | -0.6779 | -0.4871T | -0.82252 | -0.3067" 8.7 | -0.6893 | -0.5264T | -0.84542 | -0.42897
8.5 | -0.6632 | -0.5457 | -0.95562 | -0.43831 8.8 | -0.6748 | -0.5831" | -0.97252 | -0.46861
8.6 [ -0.6491 | -0.6035! | -0.1092! | -0.47811 8.9 | -0.6610 | -0.63891 | -0.1103! | -0.50681
8.7 | -0.6357 | -0.6604! | -0.12321 | -0.51651 9.0 | -0.6478 | -0.6940" | -0.12371 | -0.54361
8.8 |-0.6228 | -0.7168 | -0.13761 | -0.55351 9.1 |-0.6351 | -0.74861 | -0.13741 | -0.57911
8.0 [ -0.6106 | -0.7720% | -0.1520T | -0.5889T 9.2 [-0.6231 | -0.8018T | -0.1512T | -0.61317
9.0 | -0.5989 | -0.8265 | -0.16671 | -0.62311 0.3 |-0.6115 | -0.85461 | -0.1652! | -0.6460*
9.1 | -0.5877 | -0.8801" | -0.1815" | -0.65601 9.4 | -0.6004 | -0.9066 | -0.1794! | -0.67771
9.2 | -0.5769 | -0.9330" | -0.19641 | -0.68781 9.5 | -0.5898 | -0.9578" | -0.1936" | -0.70831
9.3 | -0.5666 | -0.98511 [-0.2113" | -0.71851 9.6 | -0.5796 | -0.1008 |-0.2080" |-0.73791
9.4 | -0.5567 | -0.1036 | -0.2264T [ -0.74817T 9.7 | -0.5697 | -0.1058 | -0.2223T | -0.76651
9.5 | -0.5472 | -0.1087 | -0.24141 | -0.77681 9.8 | -0.5603 | -0.1107 |-0.2368" | -0.79421
9.6 [ -0.5381 | -0.1137 | -0.25641 [ -0.8045! 9.9 | -0.5512 | -0.1155 |-0.2512! |-0.8210!
9.7 [ -0.5293 | -0.1186 | -0.2714! | -0.83131 10.0 | -0.5425 | -0.1203 | -0.26561 | -0.84691
9.8 | -0.5208 | -0.1234 | -0.28641 | -0.85721 10.1 | -0.5340 | -0.1249 | -0.2799 | -0.8720?
10.0 [ -0.5048 | -0.1328 | -0.3161T | -0.90667 10.3 [ -0.5181 | -0.1341 | -0.3085% | -0.91997T
10.2 | -0.4900 | -0.1420 | -0.34551 | -0.95311 10.5 | -0.5032 | -0.1430 |-0.3369! | -0.9650!
10.4 [ -0.4761 | -0.1508 | -0.37451 | -0.99681 10.7 | -0.4893 | -0.1516 | -0.36481 | -0.1008
10.6 | -0.4632 | -0.1594 | -0.4030! | -0.1038 10.9 | -0.4764 | -0.1600 | -0.3923! | -0.1048
10.8 [ -0.4510 | -0.1678 | -0.4310! | -0.1077 11.1 | -0.4642 | -0.1681 |-0.4194! | -0.1086
11.0 | -0.4397 | -0.1758 | -0.4584T | -0.1114 11.3 | -0.4528 | -0.1759 | -0.4459T | -0.1122
11.2 | -0.4290 | -0.1837 |-0.4853! |-0.1149 11.5 | -0.4420 | -0.1836 | -0.4719! | -0.1156
11.4 | -0.4189 | -0.1913 |-0.5115 | -0.1182 11.7 | -0.4319 | -0.1910 |-0.4974! |-0.1188
11.6 | -0.4095 | -0.1987 |-0.53711|-0.1214 11.9 | -0.4223 | -0.1982 |-0.5223! | -0.1219
11.8 | -0.4005 | -0.2059 |-0.56211 | -0.1244 12.1 | -0.4133 | -0.2052 | -0.5466 | -0.1248
12.1 [ -0.3880 | -0.2163 | -0.5985T | -0.1286 12.4 [ -0.4007 | -0.2154 | -0.58207 | -0.1290
12.4 [ -0.3765 | -0.2262 | -0.6335' | -0.1325 12.7 [ -0.3890 | -0.2251 |-0.6162' | -0.1329
12.7 [ -0.3658 | -0.2358 | -0.6672! | -0.1362 13.0 [ -0.3781 | -0.2345 | -0.6491' | -0.1365
13.0 [ -0.3559 | -0.2449 | -0.69951 | -0.1397 13.3 [ -0.3681 | -0.2435 | -0.6808! | -0.1399
13.3 [ -0.3467 | -0.2537 | -0.7307! | -0.1429 13.6 | -0.3587 | -0.2521 |-0.7113! |-0.1431
13.8 [ -0.3327 | -0.2676 | -0.7800T | -0.1479 14.1 [ -0.3444 | -0.2657 | -0.7597% | -0.1480
14.3 | -0.3202 | -0.2807 |-0.8262 | -0.1525 14.6 | -0.3316 | -0.2785 | -0.8052' | -0.1525
14.8 [ -0.3089 | -0.2929 | -0.8695! | -0.1566 15.1 [ -0.3201 | -0.2906 | -0.84791 | -0.1566
15.3 [ -0.2087 | -0.3044 | -0.9102! | -0.1604 15.6 | -0.3097 | -0.3019 | -0.8880' | -0.1603
15.8 [ -0.2894 | -0.3153 | -0.9484! | -0.1639 16.1 | -0.3001 |-0.3126 |-0.9259' | -0.1638
16.6 | -0.2761 | -0.3314 | -0.1005 | -0.1689 16.9 | -0.2866 | -0.3286 | -0.9819T | -0.1688
17.4 | -0.2646 | -0.3462 |-0.1056 |-0.1734 17.7 [ -0.2747 | -0.3432 | -0.1033 |-0.1732
18.2 | -0.2544 | -0.3598 |[-0.1104 |-0.1774 18.5 [ -0.2642 | -0.3567 | -0.1080 |-0.1772
19.0 | -0.2454 | -0.3724 |-0.1147 |-0.1809 19.3 [ -0.2549 | -0.3691 |-0.1123 |-0.1807
19.8 [ -0.2373 | -0.3840 |-0.1186 |-0.1842 20.1 | -0.2466 |-0.3806 |[-0.1162 |-0.1839
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&3 = 1.80 &z = 1.85

G | A1(0,1) | A2(0,1) A3 A4 G | A1(0,1) | A2(0,1) A3 A

7.6 | -1.0070 | 0.2835T [ 0.3780° | 0.29797T 7.91-1.0151 | 0.2312T [0.1210° | 0.2416T
7.71-0.9753 | 0.21901 | 0.61353 | 0.22461 8.0 | -0.9842 | 0.1684% |0.3311% | 0.17201
7.8 | -0.9458 | 0.15511 | 0.6456% | 0.1555! 8.1|-0.9555 | 0.10631 |0.3515% | 0.1062!
7.9 | -0.9183 | 0.91772 | 0.4084% | 0.90062 8.2 | -0.9286 | 0.44802% | 0.2041% | 0.43842
8.0 | -0.8925 | 0.20102 | 0.1925% | 0.27982 8.3 | -0.9034 | -0.16032 | -0.9175% | -0.15382
8.1]-0.8684 |-0.3293% | -0.25423 | -0.31042 8.4 [-0.8798 |-0.76217% | -0.5195° | -0.71732
8.2 | -0.8434 | -0.10041 | -0.88913 | -0.92682 8.5 | -0.8574 | -0.13571 | -0.10652 | -0.12541
8.3 |-0.8221 | -0.1610" | -0.15822 | -0.1460? 8.6 | -0.8364 | -0.19451 | -0.17142 | -0.17671
8.4 | -0.8019 | -0.22091 | -0.23722 | -0.19691 8.7 | -0.8164 | -0.25271 | -0.24562 | -0.22571
8.5 | -0.7846 | -0.2742! | -0.31572 | -0.2408? 8.8 -0.7975 | -0.31011 | -0.32812 | -0.27261
8.6 | -0.7664 | -0.3327T7 | -0.41032 | -0.2876 8.9 -0.7796 | -0.3668T | -0.41792 | -0.31757
8.7 |-0.7491 | -0.3905 | -0.51162 | -0.33251 9.0 | -0.7625 | -0.42281 | -0.51422 | -0.36061
8.8 | -0.7326 | -0.44761 | -0.61912 | -0.37551 9.1 |-0.7462 | -0.47821 | -0.61632 | -0.40201
8.9 | -0.7169 | -0.5039 | -0.73172 | -0.41681 9.2 | -0.7307 | -0.53271 | -0.72332 | -0.44171
9.0 | -0.7020 | -0.5595 | -0.84892 | -0.45651 9.3 | -0.7160 | -0.5866" | -0.83472 | -0.47991
0.1]-0.6877 | -0.6143T | -0.9701% | -0.4947" 9.4 [-0.7018 |-0.6397T | -0.95012 | -0.5167T
9.2 | -0.6741 | -0.66841 | -0.1095® | -0.53141 9.5 | -0.6883 | -0.69221 | -0.1069 | -0.55221
9.3 | -0.6610 | -0.7217' | -0.1222! | -0.56681 9.6 | -0.6754 | -0.7439' | -0.1190" | -0.58631
9.4 | -0.6485 | -0.7743' | -0.1353" | -0.6009' 9.7 | -0.6630 |-0.7949" | -0.1314' | -0.6193
9.5 | -0.6366 | -0.8261! | -0.14851 | -0.63371 9.8 | -0.6511 | -0.84521 | -0.1441 | -0.65111
9.6 [ -0.6251 |-0.8772T | -0.1619T | -0.6655T 9.9 | -0.6397 |-0.8948T | -0.1569" | -0.6818T
9.7 | -0.6141 | -0.92761 | -0.17541 | -0.69611 10.0 | -0.6287 | -0.94371 | -0.1698* | -0.71151
9.8 | -0.6035 | -0.9773' | -0.18911 | -0.72571 10.1 | -0.6182 | -0.99191 | -0.1828 | -0.74021
0.9 | -0.5934 | -0.1026 | -0.2028! | -0.75441 10.2 | -0.6080 | -0.1039 | -0.1960% | -0.76801
10.0 | -0.5836 | -0.1074 | -0.2166" | -0.7820! 10.3 | -0.5983 | -0.1086 |-0.20921 | -0.7949!
10.1 | -0.5742 | -0.1122 | -0.2304T | -0.8088T 10.4 | -0.5889 | -0.1132 | -0.2224T | -0.8209"
10.2 | -0.5651 | -0.1169 | -0.2442! | -0.8348? 10.5 | -0.5798 | -0.1178 | -0.2357 | -0.84621
10.3 | -0.5564 | -0.1215 | -0.2580! | -0.85991 10.6 | -0.5711 | -0.1223 | -0.2490! | -0.8706
10.4 | -0.5480 | -0.1260 | -0.2719 | -0.88431 10.7 | -0.5627 | -0.1267 | -0.2623 | -0.89441
10.5 | -0.5399 | -0.1305 | -0.2856 | -0.9080! 10.8 | -0.5545 | -0.1311 | -0.2755 | -0.91741
10.7 | -0.5244 |-0.1393 | -0.3130T [ -0.9532T 11.0 [ -0.5391 | -0.1396 |-0.3019T | -0.9615T
10.9 | -0.5101 | -0.1478 | -0.3402! | -0.99581 11.2 | -0.5246 | -0.1479 | -0.32801 | -0.1003
11.1 | -0.4966 | -0.1561 | -0.3669' | -0.1036 11.4 | -0.5111 | -0.1559 | -0.35391 | -0.1042
11.3 | -0.4840 |-0.1641 |-0.3933! | -0.1074 11.6 | -0.4983 | -0.1638 |-0.3794' | -0.1080
11.5 | -0.4721 | -0.1719 |-0.4193! |-0.1110 11.8 | -0.4864 | -0.1714 |-0.40461 | -0.1115
11.7 | -0.4609 | -0.1794 | -0.44471 [ -0.1145 12.0 | -0.4751 | -0.1788 |-0.4293T | -0.1149
11.9 | -0.4504 |-0.1868 | -0.4697' | -0.1177 12.2 | -0.4644 | -0.1860 |-0.4535 | -0.1181
12.1 | -0.4405 | -0.1940 | -0.4942! | -0.1208 12.4 | -0.4544 | -0.1929 |-0.4773 | -0.1211
12.3 | -0.4311 | -0.2009 |-0.5181% |-0.1238 12.6 | -0.4449 | -0.1997 | -0.50071 | -0.1240
12.5 | -0.4222 | -0.2077 | -0.5416 | -0.1266 12.8 | -0.4358 | -0.2064 | -0.52351 | -0.1268
12.8 [ -0.4097 | -0.2175 | -0.5757% | -0.1306 13.1 | -0.4228 | -0.2163 |-0.5579T | -0.1308
13.1 | -0.3981 | -0.2269 | -0.6087! | -0.1343 13.4 | -0.4110 | -0.2255 |-0.59011 | -0.1345
13.4 | -0.3874 | -0.2359 | -0.64051 |-0.1378 13.7 | -0.4001 | -0.2343 | -0.62121 | -0.1379
13.7 | -0.3774 | -0.2446 | -0.6712! | -0.1411 14.0 | -0.3900 | -0.2429 |-0.65131 | -0.1412
14.0 | -0.3680 | -0.2530 | -0.7008" | -0.1442 14.4 | -0.3789 | -0.2537 | -0.68781 | -0.1451
14.5 [ -0.3538 | -0.2662 | -0.7477% | -0.1489 14.8 | -0.3663 | -0.2638 [-0.7256T | -0.1488
15.0 | -0.3410 | -0.2786 | -0.7920! | -0.1533 15.3 | -0.3532 | -0.2761 |-0.7692! | -0.1531
15.5 | -0.3295 | -0.2904 | -0.8336! |-0.1573 15.8 | -0.3413 | -0.2876 |-0.81021 | -0.1571
16.0 | -0.3190 | -0.3014 | -0.8728' | -0.1609 16.3 | -0.3306 |-0.2985 |-0.8490' | -0.1607
16.5 | -0.3094 | -0.3119 | -0.9098! | -0.1643 16.8 | -0.3207 | -0.3088 | -0.88561 | -0.1640
17.3 | -0.2057 | -0.3274 |-0.9647T | -0.1691 17.6 | -0.3067 | -0.3242 [-0.9401T | -0.1689
18.1 | -0.2837 | -0.3417 | -0.1015 |-0.1735 18.4 | -0.2943 | -0.3384 | -0.9901' | -0.1732
18.9 | -0.2731 | -0.3549 | -0.1061 |-0.1774 19.2 | -0.2834 | -0.3514 |-0.1036 |-0.1771
19.7 | -0.2636 | -0.3671 |-0.1103 |-0.1809 20.0 | -0.2737 | -0.3635 |-0.1078 |-0.1806
20.5 | -0.2552 | -0.3785 |-0.1143 |-0.1840 20.8 | -0.2649 |-0.3748 |-0.1117 |-0.1837
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&z = 1.90 &z = 1.95

G4 | A1(0,1) | A2(0,1) A3 A4 G | A1(0,1) [ A2(0,1) A3 A4

8.3 -0.9961 | 0.1249T [0.1247° | 0.1273T 8.7 | -0.9827 [ 0.2917% | 0.3576% | 0.20112
8.4 |-0.9678 | 0.64482 [ 0.1501% | 0.64312 8.8 -0.9771 | 0.41112 | 0.5806% | 0.40763
8.5 [-0.9414 | 0.4676% | 0.1668% | 0.45713 8.9 | -0.9320 | -0.86582 | -0.31383 | -0.83132
8.6 | -0.9166 | -0.54442 [ -0.25753 | -0.52202 9.0 | -0.9088 | -0.1434" | -0.6761% | -0.13531
8.7 1-0.8933 | -0.1129% | -0.65673 | -0.10631 9.1 | -0.8870 | -0.19961 | -0.11452 | -0.1850
8.8 [-0.8713 [ -0.1707T [ -0.11672 [ -0.15797 9.2 [-0.8664 [-0.2551T [-0.17112 | -0.2326T
8.9 | -0.8505 | -0.22781 | -0.17772 | -0.20711 0.3 | -0.8468 | -0.31001 | -0.23602 | -0.27821
9.0 | -0.8308 | -0.2842 | -0.24752 | -0.25431 9.4 |-0.8282 | -0.3641 | -0.30872 | -0.3218?
9.1 |-0.8121 | -0.3399% | -0.32532 | -0.29941 9.5 | -0.8106 | -0.4176 | -0.38812 | -0.36371
9.2 | -0.7943 | -0.3950" | -0.41002 | -0.34271 9.6 | -0.7937 | -0.47041 | -0.47362 | -0.4040?
9.3 -0.7774 | -0.4493T [ -0.50102 | -0.3843T 9.7 [ -0.7777 | -0.5226T | -0.56452 | -0.44271
9.4 | -0.7613 | -0.5030" | -0.59762 | -0.42431 9.8 | -0.7624 | -0.5741' | -0.66022 | -0.47991
9.5 | -0.7459 | -0.5560" | -0.69892 | -0.46261 9.9 | -0.7477 | -0.6249" | -0.76012 | -0.51581
9.6 | -0.7312 | -0.60821 | -0.80462 | -0.49961 10.0 | -0.7337 | -0.67501 | -0.86372 | -0.55031
9.7 |-0.7172 | -0.6598" | -0.91412 | -0.53521 10.1 | -0.7203 | -0.7245 | -0.97072 | -0.58371
9.8 [ -0.7037 | -0.7107% | -0.1027% [ -0.5695T 10.2 [ -0.7074 | -0.7733T | -0.1081T | -0.615971
9.9 | -0.6908 | -0.7610" |-0.1143" | -0.60261 10.3 | -0.6951 | -0.82151 | -0.1193* | -0.6470?
10.0 | -0.6785 | -0.81051 | -0.12611 | -0.63461 10.4 | -0.6832 | -0.86901 | -0.1307* | -0.67701
10.1 | -0.6666 | -0.8593! | -0.1381" | -0.6655' 10.5 | -0.6718 | -0.91591 | -0.1424! | -0.70611
10.2 | -0.6552 | -0.90751 | -0.15031 | -0.69531 10.6 | -0.6608 | -0.96221 | -0.15411 | -0.73421
10.3 [ -0.6443 | -0.95517 | -0.1627T | -0.724171 10.7 [ -0.6503 | -0.1008 | -0.1661% | -0.761471
10.4 | -0.6338 | -0.1002 | -0.17511 | -0.75211 10.8 | -0.6401 | -0.1053 | -0.1781! | -0.78781
10.5 | -0.6236 | -0.1048 | -0.1877' | -0.77911 10.9 | -0.6303 | -0.1097 | -0.1902! | -0.81341
10.6 | -0.6138 | -0.1094 | -0.2003! | -0.80531 11.0 [ -0.6208 | -0.1141 | -0.2023 | -0.83811
10.7 | -0.6044 | -0.1139 | -0.2130! | -0.83071 11.1 [ -0.6117 | -0.1184 | -0.2146 | -0.86221
10.8 [ -0.5953 | -0.1183 | -0.2258T | -0.8553T 11.2[-0.6029 | -0.1227 | -0.2268T | -0.88551
10.9 | -0.5866 | -0.1227 | -0.23851 | -0.87911 11.3 [ -0.5943 | -0.1269 | -0.2391% | -0.90821
11.0 [ -0.5781 | -0.1270 | -0.25131 | -0.90231 11.4 | -0.5861 | -0.1310 |-0.2513 | -0.93021
11.1 | -0.5699 | -0.1312 | -0.26401 | -0.9248?1 11.5 | -0.5781 | -0.1351 | -0.26361 | -0.95161
11.2 [ -0.5620 | -0.1354 | -0.27671 | -0.9466 11.6 | -0.5704 | -0.1391 |-0.2758' | -0.97251
11.4 [ -0.5470 | -0.1436 | -0.3021T | -0.98851 11.8 | -0.5557 | -0.1470 | -0.3001% | -0.1012
11.6 | -0.5329 | -0.1516 |-0.3272! | -0.1028 12.0 [ -0.5419 | -0.1547 | -0.3243! | -0.1050
11.8 [ -0.5196 | -0.1593 | -0.35211 | -0.1066 12.2 [ -0.5289 | -0.1622 | -0.3482! | -0.1086
12.0 [ -0.5072 | -0.1669 | -0.37661 | -0.1101 12.4 | -0.5167 | -0.1694 |-0.3718' |-0.1120
12.2 | -0.4954 | -0.1742 | -0.4008! |-0.1135 12.6 [ -0.5051 | -0.1765 |-0.3951' | -0.1153
12.4 | -0.4843 | -0.1813 | -0.4245T | -0.1167 12.8 | -0.4042 | -0.1834 | -0.4180T | -0.1184
12.6 | -0.4739 | -0.1883 | -0.44791 | -0.1198 13.0 [ -0.4838 | -0.1901 | -0.4405' | -0.1213
12.8 [ -0.4639 | -0.1950 | -0.4708! | -0.1227 13.2 | -0.4740 | -0.1966 |-0.46271 | -0.1241
13.0 | -0.4545 | -0.2016 | -0.4933! | -0.1255 13.4 | -0.4647 | -0.2030 | -0.4844% | -0.1268
13.2 | -0.4456 | -0.2080 |-0.5154! | -0.1282 13.6 | -0.4559 | -0.2092 | -0.50571 | -0.1204
135 [-0.4326 | -0.2176 | -0.54871 | -0.1321 13.9 [ -0.4430 | -0.2185 | -0.53797 | -0.1332
13.8 | -0.4210 | -0.2265 |-0.5798 | -0.1356 14.2 [ -0.4314 | -0.2272 | -0.56811 | -0.1366
14.1 | -0.4101 | -0.2351 |-0.6100" | -0.1390 14.5 | -0.4205 | -0.2355 | -0.5974! | -0.1398
14.4 | -0.4000 | -0.2434 |-0.6392! | -0.1421 14.8 | -0.4104 | -0.2435 |-0.62571 | -0.1429
14.7 [ -0.3905 | -0.2513 | -0.66741 | -0.1451 15.1 [ -0.4010 | -0.2513 | -0.6532' | -0.1458
15.2 [ -0.3763 | -0.2637 | -0.7114T | -0.1495 15.6 | -0.3867 | -0.2634 | -0.69611 | -0.1501
15.7 [ -0.3632 | -0.2757 | -0.7539! | -0.1537 16.1 [ -0.3735 | -0.2750 | -0.7375% | -0.1542
16.2 [ -0.3513 | -0.2869 | -0.7940! | -0.1576 16.6 | -0.3615 | -0.2860 |-0.7768 | -0.1580
16.7 [ -0.3404 | -0.2976 | -0.8319' | -0.1611 17.1 [ -0.3506 |-0.2964 |-0.8139' | -0.1614
17.2 [ -0.3305 | -0.3077 | -0.8678 | -0.1644 17.6 | -0.3406 | -0.3063 | -0.8491' | -0.1646
18.0 [ -0.3163 | -0.3227 | -0.9213T[-0.1691 18.4 [ -0.3262 | -0.3210 | -0.9017% | -0.1693
18.8 | -0.3038 | -0.3366 |[-0.9705 | -0.1734 19.2 [ -0.3135 | -0.3346 | -0.95011 | -0.1735
19.6 | -0.2027 | -0.3494 |-0.1016 |-0.1772 20.0 | -0.3023 | -0.3472 |[-0.99471 | -0.1772
20.4 | -0.2828 | -0.3613 |[-0.1057 |-0.1806 20.8 | -0.2922 | -0.3589 |[-0.1036 |-0.1806
21.2 | -0.2739 | -0.3724 | -0.1096 |-0.1837 21.6 | -0.2831 | -0.3698 |[-0.1074 |-0.1837
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&3 =2.00

G | A1(0,1) | A2(0,1) A3 A4

9.0 | -0.9930 [-0.10812 | -0.4072° | -0.10762
9.1 |-0.9740 |-0.56752 | -0.7075% | -0.55762
9.2 | -0.9495 | -0.1128 | -0.27243 | -0.10861
9.3 |-0.9264 | -0.1682 | -0.59043 | -0.15921
9.4 | -0.9047 | -0.22291 | -0.10122 | -0.20741
9.5 | -0.8841 | -0.2769T | -0.15272 | -0.25357
9.6 | -0.8646 |-0.3303" | -0.2125% | -0.29771
9.7 | -0.8460 |-0.3830" | -0.27982 | -0.3401
9.8 | -0.8284 | -0.43511 | -0.35372 | -0.3808?
9.9 | -0.8116 | -0.4865 | -0.43352 | -0.4199?
10.0 | -0.7955 | -0.5372T | -0.51872 | -0.45761
10.1 | -0.7802 | -0.5873 | -0.60862 | -0.49381
10.2 | -0.7655 | -0.63681 | -0.70272 | -0.52871
10.3 | -0.7515 | -0.6856" | -0.80052 | -0.56241
10.4 | -0.7380 | -0.7337' | -0.90162 | -0.5949
10.5 | -0.7251 | -0.7813T | -0.1006" | -0.6263T
10.6 | -0.7127 | -0.82821 | -0.1112! | -0.65661
10.7 | -0.7008 | -0.8745 | -0.12211 | -0.68591
10.8 | -0.6894 | -0.92021 | -0.1332! | -0.71431
10.9 | -0.6783 | -0.96521 | -0.1444 | -0.7418?
11.0 [ -0.6677 | -0.1010 | -0.1558T | -0.76841
11.1 | -0.6575 | -0.1054 | -0.1672! | -0.79421
11.2 | -0.6476 | -0.1097 | -0.1788 | -0.81931
11.3 | -0.6381 | -0.1140 | -0.1905! | -0.84361
11.4 | -0.6289 | -0.1182 | -0.2022! | -0.86711
11.5 [ -0.6200 [-0.1223 [ -0.2139T [ -0.8900"
11.6 | -0.6114 | -0.1264 | -0.2257* | -0.91221
11.7 | -0.6030 | -0.1305 | -0.23751 | -0.93391
11.8 | -0.5950 | -0.1345 | -0.2493 | -0.95491
11.9 | -0.5872 | -0.1384 | -0.2611% | -0.97531
12.1 | -0.5723 | -0.1461 | -0.2845 | -0.1015
12.3 | -0.5584 | -0.1536 | -0.3079! | -0.1052
12.5 | -0.5452 | -0.1609 | -0.3310' | -0.1087
12.7 | -0.5328 | -0.1680 | -0.3539' | -0.1121
12.9 | -0.5210 | -0.1750 |-0.3765' | -0.1153
13.1 [ -0.5099 | -0.1817 | -0.3988T [-0.1183
13.3 | -0.4994 | -0.1883 | -0.4207! |-0.1212
13.5 | -0.4894 | -0.1947 | -0.4423 | -0.1240
13.7 | -0.4799 | -0.2010 | -0.4635! | -0.1267
13.9 | -0.4709 | -0.2071 | -0.4843 | -0.1292
14.2 [ -0.4578 | -0.2162 | -0.5159T | -0.1330
14.5 | -0.4459 | -0.2247 | -0.5455' | -0.1364
14.8 | -0.4349 | -0.2329 | -0.57421 | -0.1396
15.1 | -0.4245 | -0.2408 | -0.6021' | -0.1426
15.4 | -0.4148 | -0.2485 | -0.6290! | -0.1454
15.9 [ -0.4002 | -0.2604 | -0.6713T [ -0.1498
16.4 | -0.3867 | -0.2719 | -0.71231 | -0.1538
16.9 | -0.3744 | -0.2827 | -0.7511' | -0.1576
17.4 | -0.3632 | -0.2930 | -0.7879' | -0.1610
17.9 | -0.3529 | -0.3028 | -0.8228! | -0.1642
18.7 [ -0.3381 [ -0.3174 | -0.87511 | -0.1689
19.5 | -0.3250 | -0.3309 |-0.9233 |-0.1730
20.3 | -0.3134 | -0.3434 |-0.9678! | -0.1768
21.1 | -0.3030 |-0.3550 |-0.1009 |-0.1802
21.9 | -0.2937 | -0.3658 |-0.1047 |-0.1833
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Appendix C

Table C—-1 for GBD Fits: Method of
Moments

For specified a3 and a4, Table C-1 gives the (3 and 34 values for GBD fits
in the region designated in Figure 3.3-5.

The entries of Table C-1 are from “The Extended Generalized Lambda
Distribution (EGLD) System for Fitting Distributions to Data with Mo-
ments, II: Tables” by E.J. Dudewicz and Z.A. Karian, American Journal of
Mathematical and Management Sciences, V. 16 3 & 4 (1996), pp. 309-331,
copyright (©1996 by American Sciences Press, Inc., 20 Cross Road, Syracuse,
New York 13224-2104. Reprinted with permission.

© 2000 by Chapman & Hall/CRC



0.000 < &3 <0.075

&s = 0.000 &3 = 0.025 &3 = 0.050 a3z = 0.075
[ B3 B4 B3 B4 B3 B4 B3 B4
1.05 -0.9615 | -0.9615 -0.9625 | -0.9616 -0.9644 | -0.9626 -0.9673 | -0.9647
1.08 -0.9375 | -0.9375 -0.9388 | -0.9372 -0.9411 | -0.9381 -0.9443 | -0.9400
1.11 -0.9127 | -0.9127 -0.9143 -0.9121 -0.9170 | -0.9127 -0.9206 -0.9144
1.14 -0.8871 | -0.8871 -0.8891 | -0.8862 -0.8921 | -0.8866 -0.8962 | -0.8881
1.17 -0.8607 | -0.8607 -0.8630 | -0.8595 -0.8664 | -0.8595 -0.8709 | -0.8608
1.20 -0.8333 | -0.8333 -0.8360 | -0.8318 -0.8399 | -0.8316 -0.8449 | -0.8327
1.23 -0.8051 | -0.8051 -0.8082 | -0.8033 -0.8125 | -0.8027 -0.8179 | -0.8036
1.26 -0.7759 | -0.7759 -0.7794 | -0.7737 -0.7841 | -0.7729 -0.7901 | -0.7735
1.29 -0.7456 | -0.7456 -0.7495 | -0.7431 -0.7548 | -0.7419 -0.7613 | -0.7423
1.32 -0.7143 | -0.7143 -0.7187 | -0.7113 -0.7244 | -0.7099 -0.7314 | -0.7100
1.35 -0.6818 | -0.6818 -0.6867 | -0.6785 -0.6929 | -0.6767 -0.7005 | -0.6765
1.38 -0.6481 | -0.64%1 -0.6535 | -0.6444 -0.6603 | -0.6422 -0.6685 | -0.6418
1.41 -0.6132 | -0.6132 -0.6190 | -0.6090 -0.6264 | -0.6065 -0.6353 | -0.6057
1.44 -0.5769 | -0.5769 -0.5833 | -0.5723 -0.5913 | -0.5694 -0.6009 | -0.5683
1.47 -0.5392 | -0.5392 -0.5462 | -0.5341 -0.5548 | -0.5308 -0.5651 | -0.5294
1.50 -0.5000 | -0.5000 -0.5076 | -0.4943 -0.5169 | -0.4906 -0.5279 | -0.48%9
1.63 -0.4592 | -0.4592 -0.4674 | -0.4530 -0.4774 | -0.448%8 -0.4892 | -0.4467
1.66 -0.4167 | -0.4167 -0.4255 | -0.4099 -0.4363 | -0.4052 -0.4490 | -0.4028
1.59 -0.3723 | -0.3723 -0.3819 | -0.3649 -0.3935 | -0.3598 -0.4071 | -0.3570
1.62 -0.3261 | -0.3261 -0.3364 | -0.3180 -0.3489 | -0.3124 -0.3634 | -0.3091
1.65 -0.2778 | -0.2778 -0.2889 | -0.2690 -0.3023 | -0.2628 -0.3178 | -0.2592
1.68 -0.2273 | -0.2273 -0.2392 | -0.2178 -0.2536 | -0.2110 -0.2702 | -0.2069
1.71 -0.1744 | -0.1744 -0.1873 -0.1642 -0.2027 | -0.1567 -0.2204 | -0.1522
1.74 -0.1190 | -0.1190 -0.1329 | -0.1080 -0.1494 | -0.0999 -0.1683 | -0.0948
1.77 -0.0610 | -0.0610 -0.0758 | -0.0491 -0.0935 | -0.0402 -0.1137 | -0.0346
1.80 -0.0000 | -0.0000 -0.0160 0.0128 -0.0349 0.0224 -0.0565 0.0286
1.83 0.0641 0.0641 0.0470 0.0779 0.0267 0.0883 0.0036 0.0951
1.86 0.1316 0.1316 0.1132 0.1465 0.0915 0.1577 0.0667 0.1651
1.89 0.2027 0.2027 0.1829 0.2188 0.1597 0.2309 0.1332 0.2390
1.92 0.2778 0.2778 0.2565 0.2951 0.2316 0.3082 0.2033 0.3170
1.95 0.3571 0.3571 0.3343 0.3757 0.3076 0.3899 0.2772 0.3995
1.98 0.4412 0.4412 0.4167 0.4612 0.3880 0.4765 0.3554 0.4869
2.01 0.5303 0.56303 0.5039 0.5519 0.4731 0.5684 0.4382 0.5797
2.04 0.6250 0.6250 0.5966 0.6482 0.5635 0.6661 0.5260 0.6783
2.07 0.7258 0.7258 0.6952 0.7509 0.6596 0.7701 0.6193 0.7833
2.10 0.8333 0.8333 0.8004 0.8604 0.7620 0.8812 0.7186 0.8955
2.13 0.9483 0.9483 0.9127 0.9775 0.8713 0.9999 0.8245 1.0154
2.16 1.0714 1.0714 1.0330 1.1030 0.9883 1.1273 0.9378 1.1440
2.19 1.2037 1.2037 1.1621 1.2379 1.1137 1.2641 1.0591 1.2822
2.22 1.3462 1.3462 1.3011 1.3832 1.2487 1.4116 1.1895 1.4311
2.25 1.5000 1.5000 1.4511 1.5402 1.3941 1.5710 1.3300 1.56921
2.28 1.6667 1.6667 1.6134 1.7103 1.56515 1.7438 1.4817 1.7667
2.31 1.8478 1.8478 1.7898 1.8954 1.7222 1.9318 1.6462 1.9565
2.34 2.0455 2.0455 1.9820 2.0974 1.9082 2.1370 1.8250 2.1638
2.37 2.2619 2.2619 2.1924 2.3187 2.1114 2.3620 2.0202 2.3910
2.40 2.5000 2.5000 2.4236 2.5624 2.3344 2.6097 2.2341 2.6411
2.43 2.7632 2.7632 2.678%8 2.8318 2.5804 2.8837 2.4696 2.9178
2.46 3.0556 3.0556 2.9622 3.1314 2.8530 3.1884 2.7301 3.2254
2.49 3.3824 3.3824 3.2784 3.4665 3.1568 3.5293 3.0199 3.5696
2.52 3.7500 3.7500 3.6338 3.8438 3.4976 3.9132 3.3443 3.9570
2.55 4.1667 4.1667 4.0360 4.2717 3.8826 4.3488 3.7098 4.3966
2.58 4.6429 4.6429 4.4949 4.7612 4.3209 4.8473 4.1248 4.8993
2.61 5.1923 5.1923 5.0235 5.3266 4.8245 5.4231 4.6003 5.4797
2.64 5.8333 5.8333 5.6391 5.9869 5.4094 6.0958 5.1505 6.1574
2.67 6.5909 6.5909 6.3649 6.7682 6.0969 6.8918 5.7947 6.9587
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0.100 < &3 <0.175

&3 = 0.100 a3 = 0.125 &3 = 0.150 a3 =0.175
[ B3 B4 B3 B4 B3 B4 B3 B4
1.05 -0.9710 | -0.9679 -0.9755 | -0.9722 -0.9808 | -0.9777 -0.9867 | -0.9842
1.08 -0.9484 | -0.9430 -0.9534 | -0.9472 -0.9592 | -0.9525 -0.9656 | -0.9590
1.11 -0.9252 | -0.9173 -0.9306 | -0.9214 -0.9369 | -0.9267 -0.9439 | -0.9331
1.14 -0.9012 | -0.8908 -0.9071 | -0.8947 -0.9139 | -0.8999 -0.9214 | -0.9064
1.17 -0.8765 | -0.8634 -0.8829 | -0.8672 -0.8902 | -0.8724 -0.8983 | -0.878%8
1.20 -0.8509 | -0.8351 -0.8579 | -0.838%8 -0.8658 | -0.8439 -0.8745 | -0.8503
1.23 -0.8245 | -0.8058 -0.8320 | -0.8094 -0.8405 | -0.8144 -0.8498 | -0.8208
1.26 -0.7972 | -0.7755 -0.8053 | -0.7790 -0.8144 | -0.7839 -0.8244 | -0.7903
1.29 -0.7689 | -0.7441 -0.7777 | -0.7475 -0.7874 | -0.7524 -0.7981 | -0.7588
1.32 -0.7397 | -0.7116 -0.7491 | -0.7149 -0.7595 | -0.7197 -0.7709 | -0.7261
1.35 -0.7094 | -0.6780 -0.7195 | -0.6811 -0.7306 | -0.6858 -0.7428 | -0.6923
1.38 -0.6781 | -0.6430 -0.6888 | -0.6460 -0.7007 | -0.6507 -0.7137 | -0.6572
1.41 -0.6456 | -0.6068 -0.6571 | -0.6096 -0.6698 | -0.6143 -0.6835 | -0.6208
1.44 -0.6118 | -0.5691 -0.6242 | -0.5718 -0.6377 | -0.5764 -0.6523 | -0.5830
1.47 -0.5768 | -0.5300 -0.5900 | -0.5325 -0.6044 | -0.5371 -0.6199 | -0.5437
1.50 -0.5405 | -0.4892 -0.5545 | -0.4917 -0.5698 | -0.4962 -0.5864 | -0.5028
1.63 -0.5027 | -0.4468 -0.5176 | -0.4491 -0.5340 | -0.4536 -0.5515 | -0.4603
1.66 -0.4634 | -0.4026 -0.4793 | -0.4048 -0.4967 | -0.4092 -0.5153 | -0.4159
1.59 -0.4224 | -0.3565 -0.4394 | -0.3585 -0.4579 | -0.3629 -0.4776 | -0.3698
1.62 -0.3798 | -0.3084 -0.3978 | -0.3102 -0.4175 | -0.3146 -0.4385 | -0.3216
1.65 -0.3353 | -0.2582 -0.3545 | -0.2598 -0.3754 | -0.2642 -0.3977 | -0.2712
1.68 -0.2888 | -0.2056 -0.3093 | -0.2071 -0.3315 | -0.2114 -0.3552 | -0.2186
1.71 -0.2403 | -0.1505 -0.2621 | -0.1519 -0.2857 | -0.1562 -0.3109 | -0.1635
1.74 -0.1895 | -0.0928 -0.2128 | -0.0940 -0.2379 | -0.0983 -0.2646 | -0.1058
1.77 -0.1364 | -0.0323 -0.1612 | -0.0333 -0.1879 | -0.0376 -0.2163 | -0.0453
1.80 -0.0807 0.0313 -0.1071 0.0305 -0.1355 0.0261 -0.1657 0.0182
1.83 -0.0222 0.0982 -0.0504 0.0975 -0.0807 0.0931 -0.1128 0.0850
1.86 0.0392 0.1686 0.0091 0.1682 -0.0231 0.1637 -0.0573 0.1553
1.89 0.1038 0.2429 0.0717 0.2426 0.0373 0.2381 0.0009 0.2294
1.92 0.1718 0.3214 0.1375 0.3212 0.1009 0.3166 0.0621 0.3076
1.95 0.2435 0.4043 0.2070 0.4044 0.1678 0.3997 0.1265 0.3902
1.98 0.3193 0.4922 0.2802 0.4925 0.2384 0.4876 0.1943 0.4777
2.01 0.3995 0.5855 0.3576 0.5859 0.3129 0.5809 0.2658 0.5704
2.04 0.4845 0.6847 0.4396 0.6853 0.3917 0.6800 0.3414 0.6689
2.07 0.5747 0.7903 0.5266 0.7910 0.4752 0.7855 0.4213 0.7737
2.10 0.6707 0.9031 0.6189 0.9039 0.5639 0.8980 0.5061 0.8854
2.13 0.7730 1.0236 0.7173 1.0246 0.6581 1.0182 0.5961 1.0048
2.16 0.8822 1.1529 0.8222 1.1539 0.7585 1.1471 0.6918 1.1325
2.19 0.9991 1.2918 0.9344 1.2929 0.8657 1.2854 0.7939 1.2696
2.22 1.1246 1.4415 1.0546 1.4425 0.9804 1.4344 0.9029 1.4171
2.25 1.2595 1.6032 1.1837 1.6042 1.1034 1.5951 1.0197 1.5763
2.28 1.4051 1.7785 1.3228 1.7794 1.2358 1.7692 1.1451 1.7484
2.31 1.5627 1.9692 1.4731 1.9697 1.3785 1.9583 1.2801 1.9352
2.34 1.7338 2.1773 1.6360 21774 1.56329 2.1644 1.4258 2.1386
2.37 1.9203 2.4053 1.8132 2.4049 1.7005 2.3899 1.5836 2.3609
2.40 2.1243 2.6562 2.0067 2.6550 1.8830 2.6377 1.7551 2.6048
2.43 2.3484 2.9337 2.2187 2.9313 2.0827 2.9111 1.9422 2.8737
2.46 2.5958 3.2420 2.4523 3.2382 2.3020 3.2143 2.1471 3.1713
2.49 2.8704 3.5868 2.7109 3.5809 2.5440 3.56525 2.3725 3.5027
2.52 3.1769 3.9746 2.9986 3.9660 2.8126 3.9320 2.6217 3.8738
2.55 3.5213 4.4142 3.3209 4.4019 3.1122 4.3606 2.8988 4.2921
2.58 3.9112 4.9164 3.6844 4.8991 3.4489 4.8486 3.2088 4.7671
2.61 4.3561 5.4957 4.0976 5.4715 3.8299 5.4090 3.5579 5.3109
2.64 4.8690 6.1710 4.5716 6.1374 4.2648 6.0590 3.9543 5.9395
2.67 5.4667 6.9681 5.1212 6.9213 4.7660 6.8216 4.4084 6.6739

© 2000 by Chapman & Hall/CRC




0.200 < &3 <0.275

a3 = 0.200 &z = 0.225 &3 = 0.250 a3z = 0.275
[ B3 B4 B3 B4 B3 B4 B3 B4
1.10 -0.9587 | -0.9495 -0.9667 | -0.9583 -0.9753 | -0.9683 -0.9843 | -0.9794
1.13 -0.9370 | -0.9231 -0.9457 | -0.9320 -0.9548 | -0.9420 -0.9645 | -0.9533
1.16 -0.9147 | -0.8958 -0.9240 | -0.9048 -0.9338 | -0.9150 -0.9441 | -0.9264
1.19 -0.8917 | -0.8676 -0.9016 | -0.8767 -0.9121 | -0.8870 -0.9230 | -0.8986
1.22 -0.8680 | -0.8385 -0.8785 | -0.8477 -0.8897 | -0.8582 -0.9013 | -0.8700
1.25 -0.8435 | -0.8085 -0.8547 | -0.8177 -0.8665 | -0.8284 -0.8789 | -0.8404
1.28 -0.8182 | -0.7773 -0.8301 | -0.7867 -0.8427 | -0.7976 -0.8558 | -0.8098
1.31 -0.7920 | -0.7451 -0.8047 | -0.7546 -0.8181 | -0.7657 -0.8320 | -0.7782
1.34 -0.7650 | -0.7118 -0.7785 | -0.7214 -0.7926 | -0.7327 -0.8074 | -0.7454
1.37 -0.7370 | -0.6772 -0.7513 | -0.6870 -0.7664 | -0.6985 -0.7819 | -0.7115
1.40 -0.7081 | -0.6413 -0.7233 | -0.6513 -0.7392 | -0.6630 -0.7557 | -0.6764
1.43 -0.6781 | -0.6041 -0.6942 | -0.6143 -0.7111 | -0.6263 -0.7285 | -0.6400
1.46 -0.6471 | -0.5654 -0.6642 | -0.5758 -0.6820 | -0.5881 -0.7004 | -0.6022
1.49 -0.6149 | -0.5252 -0.6330 | -0.5359 -0.6519 | -0.5484 -0.6714 | -0.5629
1.62 -0.5815 | -0.4834 -0.6007 | -0.4943 -0.6207 | -0.5072 -0.6413 | -0.5221
1.65 -0.5469 | -0.4399 -0.5672 | -0.4510 -0.5883 | -0.4643 -0.6101 | -0.4797
1.68 -0.5109 | -0.3945 -0.5324 | -0.4060 -0.5547 | -0.4197 -0.5777 | -0.4355
1.61 -0.4735 | -0.3472 -0.4963 | -0.3590 -0.5199 | -0.3731 -0.5442 | -0.3895
1.64 -0.4346 | -0.2978 -0.4587 | -0.3100 -0.4837 | -0.3246 -0.5094 | -0.3415
1.67 -0.3940 | -0.2462 -0.4196 | -0.2588 -0.4461 | -0.2739 -0.4732 | -0.2914
1.70 -0.3518 | -0.1923 -0.3789 | -0.2052 -0.4069 | -0.2209 -0.4356 | -0.2391
1.73 -0.3078 | -0.1358 -0.3365 | -0.1492 -0.3662 | -0.1655 -0.3965 | -0.1845
1.76 -0.2619 | -0.0766 -0.2923 | -0.0905 -0.3237 | -0.1074 -0.3558 | -0.1272
1.79 -0.2139 | -0.0145 -0.2461 | -0.0289 -0.2794 | -0.0466 -0.3134 | -0.0673
1.82 -0.1637 0.0508 -0.1979 0.0357 -0.2331 0.0172 -0.2691 | -0.0044
1.85 -0.1111 0.1194 -0.1475 0.1036 -0.1848 0.0843 -0.2229 0.0616
1.88 -0.0561 0.1916 -0.0946 0.1751 -0.1343 0.1549 -0.1746 0.1311
1.91 0.0017 0.2678 -0.0393 0.2505 -0.0813 0.2292 -0.1241 0.2041
1.94 0.0624 0.3483 0.0188 0.3300 -0.0259 0.3076 -0.0713 0.2811
1.97 0.1263 0.4333 0.0798 0.4141 0.0323 0.3903 -0.0159 0.3624
2.00 0.1935 0.5234 0.1441 0.5030 0.0935 0.4779 0.0423 0.4483
2.03 0.2645 0.6190 0.2117 0.5974 0.1579 0.5707 0.1034 0.5393
2.06 0.3394 0.7206 0.2831 0.6975 0.2257 0.6691 0.1676 0.6357
2.09 0.4187 0.8288 0.3585 0.8041 0.2972 0.7738 0.2354 0.7381
2.12 0.5027 0.9441 0.4383 0.9177 0.3728 0.8852 0.3068 0.8470
2.15 0.5919 1.0675 0.5228 1.0391 0.4528 1.0041 0.3823 0.9631
2.18 0.6867 1.1996 0.6127 1.1690 0.5376 1.1313 0.4622 1.0872
2.21 0.7878 1.3416 0.7082 1.3084 0.6277 1.2676 0.5469 1.2199
2.24 0.8958 1.4944 0.8102 1.4583 0.7236 1.4140 0.6369 1.3624
2.27 1.0115 1.6594 0.9191 1.6199 0.8258 1.5717 0.7326 1.56156
2.30 1.1356 1.8381 1.0357 1.7948 0.9351 1.7420 0.8348 1.6808
2.33 1.2692 2.0322 1.1609 1.9844 1.0522 1.9265 0.9439 1.8594
2.36 1.4134 2.2437 1.2958 2.1909 1.1780 2.1270 1.0609 2.0532
2.39 1.5695 2.4753 1.4415 2.4164 1.3134 2.3456 1.1865 2.2641
2.42 1.7391 2.7296 1.5993 2.6637 1.4598 2.5848 1.3218 2.4943
2.45 1.9241 3.0103 1.7708 2.9361 1.6184 2.8477 1.4680 2.7468
2.48 2.1267 3.3216 1.9581 3.2375 1.7909 3.1378 1.6265 3.0247
2.51 2.3495 3.6687 2.1633 3.5727 1.9793 3.4597 1.7989 3.3321
2.54 2.5958 4.0581 2.3893 3.9478 2.1858 3.8187 1.9872 3.6738
2.57 2.8695 4.4979 2.6393 4.3699 2.4134 4.2214 2.1938 4.0558
2.60 3.1756 4.9983 2.9176 4.8487 2.6654 4.6763 2.4214 4.4855
2.63 3.5204 5.5726 3.2293 5.3958 2.9462 5.1940 2.6735 4.9723
2.66 3.9117 6.2383 3.5808 6.0270 3.2609 5.7881 2.9545 5.5279
2.69 4.3598 7.0186 3.9807 6.7626 3.6164 6.4765 3.2696 6.1680
2.72 4.8784 7.9452 4.4396 7.6306 4.0211 7.2832 3.62568 6.9127
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0.300 < &3 <0.375

&3 = 0.300 a3 = 0.325 &3 = 0.350 a3 = 0.375
Gy B3 B4 B3 B4 B3 B4 B3 B4
1.15 -0.9614 | -0.9479 -0.9722 | -0.9615 -0.9832 | -0.9762 -0.9944 | -0.9919
1.18 -0.9412 | -0.9207 -0.9527 | -0.9346 -0.9644 | -0.9495 -0.9763 | -0.9656
1.21 -0.9204 | -0.8926 -0.9326 | -0.9067 -0.9450 | -0.9220 -0.9576 | -0.9384
1.24 -0.8990 | -0.8636 -0.9119 | -0.8780 -0.9250 | -0.8936 -0.9383 | -0.9104
1.27 -0.8769 | -0.8336 -0.8905 | -0.84%4 -0.9044 | -0.8644 -0.9185 | -0.8815
1.30 -0.8541 | -0.8026 -0.8685 | -0.8177 -0.8832 | -0.8341 -0.8981 | -0.8517
1.33 -0.8305 | -0.7706 -0.8458 | -0.7861 -0.8613 | -0.8029 -0.8770 | -0.8209
1.36 -0.8063 | -0.7374 -0.8224 | -0.7533 -0.8388 | -0.7705 -0.8553 | -0.7891
1.39 -0.7812 | -0.7031 -0.7982 | -0.7194 -0.8155 | -0.7371 -0.8330 | -0.7562
1.42 -0.7553 | -0.6675 -0.7733 | -0.6842 -0.7915 | -0.7025 -0.8099 | -0.7221
1.45 -0.7285 | -0.6306 -0.7475 | -0.6478 -0.7667 | -0.6666 -0.7861 | -0.6868
1.48 -0.7008 | -0.5922 -0.7208 | -0.6100 -0.7411 | -0.6294 -0.7615 | -0.6503
1.51 -0.6721 | -0.5525 -0.6933 | -0.5708 -0.7146 | -0.5908 -0.7361 | -0.6124
1.54 -0.6425 | -0.5111 -0.6647 | -0.5301 -0.6873 | -0.5508 -0.7099 | -0.5731
1.57 -0.6118 | -0.4681 -0.6352 | -0.4877 -0.6590 | -0.5091 -0.6828 | -0.56322
1.60 -0.5799 | -0.4233 -0.6047 | -0.4437 -0.6297 | -0.4658 -0.6547 | -0.4898
1.63 -0.5469 | -0.3767 -0.5730 | -0.3978 -0.5993 | -0.4208 -0.6257 | -0.4456
1.66 -0.5126 | -0.3281 -0.5402 | -0.3499 -0.5679 | -0.3739 -0.5957 | -0.3997
1.69 -0.4770 | -0.2773 -0.5061 | -0.3001 -0.5353 | -0.3249 -0.5646 | -0.3518
1.72 -0.4400 | -0.2243 -0.4707 | -0.24R80 -0.5015 | -0.2739 -0.5323 | -0.3019
1.75 -0.4016 | -0.168%8 -0.4339 | -0.1935 -0.4664 | -0.2206 -0.4989 | -0.2498
1.78 -0.3616 | -0.1108 -0.3957 | -0.1366 -0.4300 | -0.1649 -0.4642 | -0.1954
1.81 -0.3199 | -0.0500 -0.3559 | -0.0770 -0.3921 | -0.1066 -0.4281 | -0.1385
1.84 -0.2764 0.0138 -0.3145 | -0.0145 -0.3527 | -0.0455 -0.3907 | -0.0789
1.87 -0.2310 0.0808 -0.2713 0.0511 -0.3116 0.0186 -0.3517 | -0.0165
1.90 -0.1837 0.1513 -0.2263 0.1200 -0.2688 0.0858 -0.3111 0.0489
1.93 -0.1341 0.2254 -0.1792 0.1925 -0.2242 0.1564 -0.2689 0.1176
1.96 -0.0823 0.3036 -0.1300 0.2688 -0.1776 0.2308 -0.2248 0.1898
1.99 -0.0280 0.3861 -0.07%6 0.3493 -0.1290 0.3091 -0.1788 0.2659
2.02 0.0290 0.4733 -0.0247 0.4343 -0.0780 0.3917 -0.1308 0.3460
2.05 0.0888 0.5656 0.0318 0.5242 -0.0247 0.4790 -0.0806 0.4305
2.08 0.1517 0.6635 0.0912 0.6194 0.0312 0.5713 -0.0280 0.5198
2.11 0.2179 0.7675 0.1535 0.7204 0.0898 0.6692 0.0271 0.6144
2.14 0.2877 0.8781 0.2192 0.8278 0.1515 0.7731 0.0849 0.7146
217 0.3614 0.9961 0.2884 0.9421 0.2164 0.8835 0.1457 0.8210
2.20 0.4394 1.1221 0.3615 1.0640 0.2847 1.0012 0.2095 0.9342
2.23 0.5220 1.2570 0.4387 1.1944 0.3569 1.1267 0.2768 1.0548
2.26 0.6097 1.4017 0.5206 1.3340 0.4331 1.2610 0.3478 1.1836
2.29 0.7030 1.5574 0.6074 1.4840 0.5139 1.4050 0.4228 1.3214
2.32 0.8023 1.7253 0.6997 1.6454 0.5995 1.5597 0.5021 1.4692
2.35 0.9084 1.9069 0.7981 1.8197 0.6905 1.7263 0.56862 1.6280
2.38 1.0220 2.1039 0.9030 2.0083 0.7874 1.9062 0.6755 1.7991
2.41 1.1438 2.3182 1.0154 2.2130 0.8908 2.1012 0.7705 1.9841
2.44 1.2750 2.5524 1.1359 2.4361 1.0013 2.3130 0.8719 2.1845
2.47 1.4165 2.8091 1.2655 2.6801 1.1199 2.5439 0.9802 2.4024
2.50 1.5697 3.0917 1.4053 2.9478 1.2473 2.7966 1.0962 2.6400
2.53 1.7362 3.4043 1.5566 3.2430 1.3847 3.0742 1.2209 2.9003
2.56 1.9177 3.7519 1.7210 3.5699 1.56333 3.3805 1.3552 3.1864
2.59 2.1165 4.1404 1.9001 3.9339 1.6946 3.7202 1.5003 3.5022
2.62 2.3351 4.5775 2.0962 4.3414 1.8702 4.0987 1.6576 3.8527
2.65 2.5769 5.0725 2.3118 4.8007 2.0624 4.5231 1.8288 4.2436
2.68 2.8458 5.6377 2.5501 5.3219 2.2735 5.0020 2.0158 4.6822
2.71 3.1467 6.2886 2.8149 5.9182 2.5066 5.5462 2.2211 5.1776
2.74 3.4859 7.0458 3.1111 6.6066 2.7654 6.1699 2.4474 5.7410
2.77 3.8712 7.9370 3.4448 7.4096 3.0545 6.8911 2.6984 6.3874
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0.400 < &3 <0.475

a3 = 0.400 a3 = 0.425 a3 = 0.450 a3 = 0.475
Gy B3 B4 B3 B4 B3 B4 B3 B4
1.25 -0.9455 | -0.918%8 -0.9592 | -0.9378 -0.9729 | -0.9577 -0.9865 | -0.9784
1.28 -0.9262 | -0.8901 -0.9407 | -0.9095 -0.9552 | -0.9299 -0.9695 | -0.9512
1.31 -0.9064 | -0.8604 -0.9217 | -0.8804 -0.9369 | -0.9013 -0.9520 | -0.9232
1.34 -0.8860 | -0.8298 -0.9021 | -0.8503 -0.9181 | -0.8718 -0.9340 | -0.8943
1.37 -0.8649 | -0.7982 -0.8819 | -0.8193 -0.8988 | -0.8414 -0.9155 | -0.8644
1.40 -0.8432 | -0.7655 -0.8611 | -0.7872 -0.8788 | -0.8099 -0.8965 | -0.8337
1.43 -0.8208 | -0.7316 -0.8396 | -0.7540 -0.8583 | -0.7774 -0.8768 | -0.8019
1.46 -0.7978 | -0.6966 -0.8175 | -0.7197 -0.8372 | -0.7439 -0.8566 | -0.7691
1.49 -0.7740 | -0.6603 -0.7947 | -0.6841 -0.8154 | -0.7091 -0.8358 | -0.7351
1.62 -0.7494 | -0.6227 -0.7712 | -0.6473 -0.7929 | -0.6731 -0.8143 | -0.7000
1.65 -0.7240 | -0.5837 -0.7470 | -0.6091 -0.7697 | -0.6358 -0.7922 | -0.6637
1.68 -0.6978 | -0.5432 -0.7219 | -0.5695 -0.7458 | -0.5972 -0.7694 | -0.6260
1.61 -0.6707 | -0.5011 -0.6960 | -0.5284 -0.7211 | -0.5571 -0.7459 | -0.5870
1.64 -0.6426 | -0.4574 -0.6693 | -0.4857 -0.6956 | -0.5155 -0.7216 | -0.5464
1.67 -0.6136 | -0.4118 -0.6416 | -0.4413 -0.6693 | -0.4722 -0.6966 | -0.5044
1.70 -0.5836 | -0.3644 -0.6130 | -0.3951 -0.6421 | -0.4273 -0.6707 | -0.4607
1.73 -0.5525 | -0.3150 -0.5835 | -0.3470 -0.6140 | -0.3805 -0.6440 | -0.4153
1.76 -0.5203 | -0.2635 -0.5528 | -0.2968 -0.5849 | -0.3317 -0.6164 | -0.3680
1.79 -0.4869 | -0.2097 -0.5211 | -0.2445 -0.5548 | -0.2809 -0.5878 | -0.3187
1.82 -0.4522 | -0.1534 -0.4882 | -0.1898 -0.5236 | -0.2279 -0.5583 | -0.2674
1.85 -0.4162 | -0.0946 -0.4540 | -0.1327 -0.4912 | -0.1726 -0.5277 | -0.2139
1.88 -0.3788 | -0.0330 -0.4186 | -0.0730 -0.4577 | -0.1147 -0.4960 | -0.1580
1.91 -0.3398 0.0316 -0.3818 | -0.0104 -0.4229 | -0.0542 -0.4631 | -0.0996
1.94 -0.2993 0.0993 -0.3435 0.0552 -0.3868 0.0091 -0.4291 | -0.03%4
1.97 -0.2571 0.1705 -0.3037 0.1240 -0.3492 0.0756 -0.3937 0.0256
2.00 -0.2131 0.2454 -0.2622 0.1963 -0.3102 0.1453 -0.3570 0.0927
2.03 -0.1672 0.3242 -0.2190 0.2724 -0.2696 0.2186 -0.3188 0.1631
2.06 -0.1192 0.4074 -0.1739 0.3525 -0.2273 0.2956 -0.2791 0.2371
2.09 -0.0691 0.4952 -0.1269 0.4370 -0.1832 0.3768 -0.2378 0.3149
2.12 -0.0166 0.5880 -0.0777 0.5263 -0.1371 0.4624 -0.1947 0.3968
2.15 0.0384 0.6863 -0.0263 0.6206 -0.0891 0.5528 -0.1498 0.4832
2.18 0.0961 0.7907 0.0276 0.7206 -0.0388 0.6484 -0.1029 0.5745
2.21 0.1567 0.9015 0.0841 0.8267 0.0138 0.7496 -0.0540 0.6710
2.24 0.2205 1.0195 0.1434 0.9394 0.0689 0.8570 -0.0027 0.7732
2.27 0.2876 1.1454 0.2057 1.0594 0.1267 0.9712 0.0509 0.8816
2.30 0.3584 1.2799 0.2713 1.1874 0.1875 1.0927 0.1071 0.9967
2.33 0.4332 1.4239 0.3404 1.3241 0.2513 1.2223 0.1661 1.1193
2.36 0.5124 1.5785 0.4134 1.4707 0.3186 1.3609 0.2281 1.2501
2.39 0.5963 1.7449 0.4905 1.6279 0.3895 1.5092 0.2933 1.3898
2.42 0.6853 1.9244 0.5722 1.7972 0.4645 1.6685 0.3620 1.56393
2.45 0.7801 2.1186 0.6589 1.9798 0.5437 1.8399 0.4345 1.6999
2.48 0.8812 2.3294 0.7511 21774 0.6278 2.0247 0.5112 1.8725
2.51 0.9892 2.5588 0.8492 2.3918 0.7170 2.2247 0.5923 2.0588
2.54 1.1049 2.8094 0.9540 2.6253 0.8119 2.4417 0.6784 2.2602
2.57 1.2291 3.0843 1.0662 2.8803 0.9132 2.6780 0.7698 2.4786
2.60 1.3630 3.3870 1.1865 3.1600 1.0214 2.9360 0.8672 2.7163
2.63 1.5077 3.7218 1.3159 3.4681 1.1373 3.2189 0.9712 2.9759
2.66 1.6645 4.0941 1.4556 3.8089 1.2618 3.5304 1.0824 3.2603
2.69 1.8351 4.5103 1.6068 4.1877 1.3960 3.8749 1.2017 3.5733
2.72 2.0216 4.9784 1.7710 4.6113 1.5410 4.2577 1.3299 3.9192
2.75 2.2261 5.5085 1.9502 5.0876 1.6982 4.6855 1.4683 4.3034
2.78 2.4518 6.1135 2.1464 5.6270 1.8694 5.1664 1.6180 4.7323
2.81 2.7019 6.8097 2.3623 6.2424 2.0564 5.7106 1.7807 5.2140
2.84 2.9810 7.6190 2.6012 6.9506 2.2618 6.3312 1.9580 5.7587
2.87 3.2944 8.5704 2.8670 7.7736 2.4834 7.0448 2.1521 6.3789

© 2000 by Chapman & Hall/CRC




0.500 < &3 <0.575

&3 = 0.500 &3 = 0.525 &3 = 0.550 &3 = 0.575
Gy B3 B4 B3 B4 B3 B4 B3 B4
1.35 -0.9439 | -0.9079 -0.9597 | -0.9322 -0.9751 | -0.9571 -0.9902 | -0.9827
1.38 -0.9261 | -0.8785 -0.9426 | -0.9034 -0.9588 | -0.9291 -0.9747 | -0.9553
1.41 -0.9077 | -0.848%1 -0.9250 | -0.8737 -0.9421 | -0.9001 -0.9587 | -0.9271
1.44 -0.8887 | -0.8167 -0.9070 | -0.8432 -0.9248 | -0.8703 -0.9423 | -0.8981
1.47 -0.8692 | -0.7843 -0.8884 | -0.8116 -0.9071 | -0.8396 -0.9254 | -0.8682
1.50 -0.8492 | -0.7508 -0.8692 | -0.7790 -0.8889 | -0.8078 -0.9081 | -0.8373
1.63 -0.8285 | -0.7162 -0.8495 | -0.7453 -0.8702 | -0.7751 -0.8903 | -0.8055
1.66 -0.8072 | -0.6804 -0.8293 | -0.7104 -0.8509 | -0.7412 -0.8719 | -0.7726
1.59 -0.7853 | -0.6433 -0.8084 | -0.6744 -0.8310 | -0.7062 -0.8530 | -0.7387
1.62 -0.7626 | -0.6049 -0.7869 | -0.6371 -0.8106 | -0.6700 -0.8336 | -0.7036
1.65 -0.7393 | -0.5650 -0.7647 | -0.5984 -0.7895 | -0.6325 -0.8136 | -0.6673
1.68 -0.7152 | -0.5237 -0.7419 | -0.5583 -0.7678 | -0.5937 -0.7931 | -0.6298
1.71 -0.6904 | -0.4808 -0.7183 | -0.5167 -0.7455 | -0.5535 -0.7719 | -0.5908
1.74 -0.6648 | -0.4361 -0.6940 | -0.4735 -0.7224 | -0.5117 -0.7501 | -0.5505
1.77 -0.6383 | -0.3897 -0.6689 | -0.4286 -0.6987 | -0.4684 -0.7276 | -0.5087
1.80 -0.6109 | -0.3414 -0.6430 | -0.3820 -0.6742 | -0.4233 -0.7044 | -0.4653
1.83 -0.5827 | -0.2911 -0.6162 | -0.3334 -0.6489 | -0.3765 -0.6805 | -0.4202
1.86 -0.5534 | -0.2387 -0.5886 | -0.2829 -0.6228 | -0.3278 -0.6559 | -0.3734
1.89 -0.5231 | -0.1840 -0.5600 | -0.2301 -0.5958 | -0.2771 -0.6304 | -0.3246
1.92 -0.4917 | -0.1268 -0.5304 | -0.1751 -0.5679 | -0.2242 -0.6042 | -0.2739
1.95 -0.4592 | -0.0671 -0.4998 | -0.1177 -0.5391 | -0.1691 -0.5771 | -0.2210
1.98 -0.4255 | -0.0046 -0.4681 | -0.0577 -0.5093 | -0.1115 -0.5490 | -0.1659
2.01 -0.3906 0.0609 -0.4353 0.0051 -0.4785 | -0.0514 -0.5201 | -0.1083
2.04 -0.3543 0.1296 -0.4012 0.0709 -0.4465 0.0115 -0.4901 | -0.04%82
2.07 -0.3166 0.2016 -0.3659 0.1398 -0.4134 0.0774 -0.4591 0.0146
2.10 -0.2774 0.2773 -0.3292 0.2121 -0.3791 0.1464 -0.4270 0.0804
2.13 -0.2365 0.3570 -0.2910 0.2881 -0.3434 0.2188 -0.3937 0.1493
2.16 -0.1940 0.4409 -0.2514 0.3681 -0.3064 0.2948 -0.3591 0.2216
2.19 -0.1497 0.5295 -0.2101 0.4523 -0.2680 0.3748 -0.3233 0.2975
2.22 -0.1035 0.6230 -0.1671 0.5410 -0.2280 0.4590 -0.2861 0.3772
2.25 -0.0552 0.7219 -0.1223 0.6348 -0.1864 0.5477 -0.2475 0.4612
2.28 -0.0047 0.8267 -0.0755 0.7339 -0.1430 0.6414 -0.2073 0.5496
2.31 0.0481 0.9378 -0.0267 0.8389 -0.0978 0.7404 -0.1654 0.6429
2.34 0.1034 1.0560 0.0244 0.9502 -0.0506 0.8452 -0.1218 0.7415
2.37 0.1615 1.1818 0.0779 1.0686 -0.0013 0.9564 -0.0764 0.8457
2.40 0.2224 1.3160 0.1339 1.1945 0.0502 1.0744 -0.0290 0.9563
2.43 0.2865 1.4595 0.1927 1.3287 0.1041 1.1999 0.0206 1.0735
2.46 0.3541 1.6132 0.2545 1.4722 0.1607 1.3337 0.0724 1.1982
2.49 0.4253 1.7781 0.3195 1.6257 0.2200 1.4765 0.1266 1.3310
2.52 0.5005 1.9557 0.3879 1.7905 0.2823 1.6293 0.1835 1.4726
2.55 0.5801 2.1472 0.4601 1.9677 0.3479 1.7931 0.2431 1.6241
2.58 0.6644 2.3544 0.5364 2.1588 0.4170 1.9692 0.3058 1.7863
2.61 0.7540 2.5793 0.6172 2.3653 0.4899 2.1589 0.3717 1.9605
2.64 0.8493 2.8241 0.7028 2.5893 0.5670 2.3639 0.4412 2.1480
2.67 0.9510 3.0916 0.7937 2.8330 0.6486 2.5859 0.5146 2.3504
2.70 1.0596 3.3848 0.8906 3.0989 0.7351 2.8271 0.5920 2.5693
2.73 1.1760 3.7077 0.9939 3.3902 0.8271 3.0900 0.6741 2.8069
2.76 1.3011 4.0647 1.1044 3.7105 0.9250 3.3777 0.7611 3.0656
2.79 1.4359 4.4615 1.2229 4.0643 1.0295 3.6937 0.8536 3.3482
2.82 1.56816 4.9049 1.3503 4.4570 1.1413 4.0421 0.9522 3.6581
2.85 1.7397 5.4032 1.4877 4.8950 1.2613 4.4282 1.0573 3.9993
2.88 1.9117 5.9670 1.6363 5.3865 1.3903 4.8581 1.1699 4.3766
2.91 2.0999 6.6098 1.7977 5.9416 1.56295 5.3395 1.2906 4.7958
2.94 2.3066 7.3486 1.9736 6.5730 1.6802 5.8819 1.4205 5.2641
2.97 2.5348 8.2059 2.1661 7.2969 1.8439 6.4972 1.5607 5.7904

© 2000 by Chapman & Hall/CRC




0.600 < &3 <0.675

&3 = 0.600 a3 = 0.625 &3 = 0.650 a3 = 0.675
Gy B3 B4 B3 B4 B3 B4 B3 B4
1.50 -0.9268 | -0.8674 -0.9449 | -0.8978 -0.9624 | -0.9287 -0.9793 | -0.9598
1.63 -0.9098 | -0.8365 -0.9288 | -0.8679 -0.9471 | -0.8996 -0.9648 | -0.9316
1.66 -0.8924 | -0.8046 -0.9122 | -0.8370 -0.9314 | -0.8697 -0.9499 | -0.9026
1.59 -0.8745 | -0.7717 -0.8952 | -0.8051 -0.9153 | -0.8389 -0.9346 | -0.8728
1.62 -0.8560 | -0.7377 -0.8777 | -0.7723 -0.8987 | -0.8071 -0.9189 | -0.8421
1.65 -0.8371 | -0.7026 -0.8598 | -0.7383 -0.8817 | -0.7743 -0.9028 | -0.8104
1.68 -0.8176 | -0.6663 -0.8413 | -0.7032 -0.8642 | -0.7404 -0.8862 | -0.7778
1.71 -0.7975 | -0.6287 -0.8223 | -0.6670 -0.8462 | -0.7055 -0.8692 | -0.7441
1.74 -0.7768 | -0.5898 -0.8027 | -0.6295 -0.8277 | -0.6693 -0.8517 | -0.7093
1.77 -0.7556 | -0.5495 -0.7826 | -0.5906 -0.8087 | -0.6319 -0.8338 | -0.6733
1.80 -0.7337 | -0.5077 -0.7619 | -0.5504 -0.7891 | -0.5933 -0.8153 | -0.6361
1.83 -0.7111 | -0.4643 -0.7406 | -0.5087 -0.7690 | -0.5532 -0.7963 | -0.5977
1.86 -0.6879 | -0.4193 -0.7187 | -0.4655 -0.7483 | -0.5117 -0.7768 | -0.5579
1.89 -0.6639 | -0.3725 -0.6961 | -0.4206 -0.7270 | -0.4687 -0.7568 | -0.5166
1.92 -0.6391 | -0.3238 -0.6728 | -0.3739 -0.7051 | -0.4240 -0.7361 | -0.4739
1.95 -0.6136 | -0.2732 -0.6488 | -0.3254 -0.6825 | -0.3776 -0.7149 | -0.4295
1.98 -0.5873 | -0.2204 -0.6240 | -0.2750 -0.6593 | -0.3294 -0.6930 | -0.3835
2.01 -0.5601 | -0.1654 -0.5985 | -0.2225 -0.6353 | -0.2793 -0.6705 | -0.3357
2.04 -0.5320 | -0.1080 -0.5721 | -0.1677 -0.6106 | -0.2271 -0.6473 | -0.2860
2.07 -0.5029 | -0.04%1 -0.5449 | -0.1106 -0.5850 | -0.1728 -0.6234 | -0.2343
2.10 -0.4729 0.0145 -0.5168 | -0.0511 -0.5587 | -0.1161 -0.5987 | -0.1804
2.13 -0.4417 0.0800 -0.4877 0.0112 -0.5315 | -0.0570 -0.5733 | -0.1243
2.16 -0.4095 0.1487 -0.4576 0.0763 -0.5035 0.0047 -0.5471 | -0.0658
2.19 -0.3761 0.2206 -0.4265 0.1444 -0.4744 0.0692 -0.5200 | -0.0048
2.22 -0.3415 0.2961 -0.3943 0.2158 -0.4444 0.1367 -0.4921 0.0590
2.25 -0.3056 0.3754 -0.3609 0.2907 -0.4134 0.2074 -0.4632 0.1257
2.28 -0.2683 0.4588 -0.3263 0.3694 -0.3813 0.2815 -0.4333 0.1955
2.31 -0.2296 0.5467 -0.2904 0.4520 -0.3480 0.3593 -0.4024 0.2686
2.34 -0.1893 0.6393 -0.2531 0.5390 -0.3135 0.4410 -0.3705 0.3453
2.37 -0.1474 0.7371 -0.2144 0.6307 -0.2777 0.5269 -0.3374 0.4259
2.40 -0.1037 0.8405 -0.1741 0.7275 -0.2405 0.6174 -0.3030 0.5105
2.43 -0.0581 0.9500 -0.1322 0.8297 -0.2019 0.7128 -0.2675 0.5996
2.46 -0.0106 1.0662 -0.0886 0.9379 -0.1618 0.8136 -0.2305 0.6934
2.49 0.0390 1.1895 -0.0431 1.0525 -0.1201 0.9201 -0.1922 0.7924
2.52 0.0909 1.3208 0.0043 1.1742 -0.0766 1.0329 -0.1524 0.8969
2.55 0.1453 1.4608 0.0539 1.3036 -0.0314 1.1525 -0.1109 1.0075
2.58 0.2022 1.6103 0.1057 1.4413 0.0159 1.2795 -0.0678 1.1247
2.61 0.2619 1.7703 0.1600 1.5884 0.0652 1.4147 -0.0229 1.2491
2.64 0.3247 1.9419 0.2168 1.7456 0.1167 1.5587 0.0240 1.3812
2.67 0.3908 2.1265 0.2764 1.9140 0.1707 1.7126 0.0729 1.56219
2.70 0.4603 2.3254 0.3390 2.0948 0.2272 1.8772 0.1240 1.6720
2.73 0.5338 2.5403 0.4049 2.2895 0.2864 2.0538 0.1775 1.8324
2.76 0.6114 2.7733 0.4743 2.4996 0.3487 2.2436 0.2334 2.0041
2.79 0.6935 3.0265 0.5475 2.7270 0.4141 2.4481 0.2921 2.1885
2.82 0.7806 3.3027 0.6248 2.9737 0.4830 2.6691 0.3537 2.3868
2.85 0.8733 3.6050 0.7067 3.2423 0.5557 2.9084 0.4185 2.6007
2.88 0.9719 3.9372 0.7935 3.5358 0.6325 3.1685 0.4866 2.8319
2.91 1.0772 4.3038 0.8858 3.8576 0.7137 3.4521 0.5585 3.0827
2.94 1.1898 4.7102 0.9840 4.2119 0.7998 3.7624 0.6343 3.3556
2.97 1.3107 5.1630 1.0889 4.6037 0.8913 4.1031 0.7145 3.6534
3.00 1.4407 5.6704 1.2010 5.0390 0.9886 4.4789 0.7995 3.9796
3.03 1.56810 6.2425 1.3213 5.5253 1.0924 4.8952 0.8898 4.3384
3.06 1.7330 6.8920 1.4507 6.0716 1.2035 5.3586 0.9857 4.7346
3.09 1.8981 7.6352 1.5902 6.6895 1.3225 5.8775 1.0880 5.1742
3.12 2.0784 8.4931 1.7414 7.3935 1.4504 6.4620 1.1974 5.6645

© 2000 by Chapman & Hall/CRC




0.700 < &3 <0.775

a3z = 0.700 a3 =0.725 a3z = 0.750 a3 =0.775
Gy B3 B4 B3 B4 B3 B4 B3 B4
1.63 -0.9333 | -0.8672 -0.9522 | -0.9027 -0.9703 | -0.9382 -0.9876 | -0.9736
1.66 -0.9179 | -0.8363 -0.9377 | -0.8729 -0.9566 | -0.9095 -0.9746 | -0.9459
1.69 -0.9021 | -0.8045 -0.9227 | -0.8423 -0.9425 | -0.8799 -0.9613 | -0.9174
1.72 -0.8859 | -0.7717 -0.9074 | -0.8107 -0.9280 | -0.8495 -0.9476 | -0.8882
1.75 -0.8692 | -0.7378 -0.8917 | -0.7781 -0.9131 | -0.8182 -0.9336 | -0.8580
1.78 -0.8521 | -0.7029 -0.8755 | -0.7445 -0.8979 | -0.7859 -0.9192 | -0.8270
1.81 -0.8345 | -0.6668 -0.8589 | -0.7099 -0.8822 | -0.7527 -0.9045 | -0.7951
1.84 -0.8165 | -0.6295 -0.8419 | -0.6741 -0.8662 | -0.7184 -0.8893 | -0.7622
1.87 -0.7979 | -0.5908 -0.8244 | -0.6371 -0.8497 | -0.6829 -0.8738 | -0.7283
1.90 -0.7788 | -0.5509 -0.8064 | -0.5988 -0.8328 | -0.6463 -0.8579 | -0.6933
1.93 -0.7592 | -0.5095 -0.7879 | -0.5593 -0.8154 | -0.6085 -0.8415 | -0.6571
1.96 -0.7390 | -0.4666 -0.7690 | -0.5183 -0.7975 | -0.5694 -0.8247 | -0.6198
1.99 -0.7183 | -0.4221 -0.7495 | -0.4759 -0.7792 | -0.5289 -0.8075 | -0.5812
2.02 -0.6969 | -0.3760 -0.7294 | -0.4319 -0.7604 | -0.4870 -0.7898 | -0.5413
2.05 -0.6749 | -0.3280 -0.7088 | -0.3863 -0.7410 | -0.4436 -0.7717 | -0.5000
2.08 -0.6523 | -0.2782 -0.6876 | -0.3389 -0.7212 | -0.3986 -0.7530 | -0.4572
2.11 -0.6290 | -0.2264 -0.6658 | -0.2897 -0.7007 | -0.3519 -0.7339 | -0.4129
2.14 -0.6050 | -0.1724 -0.6433 | -0.23%6 -0.6797 | -0.3034 -0.7142 | -0.3669
217 -0.5802 | -0.1162 -0.6202 | -0.1854 -0.6581 | -0.2530 -0.6940 | -0.3192
2.20 -0.5547 | -0.0577 -0.5964 | -0.1300 -0.6358 | -0.2007 -0.6732 | -0.2697
2.23 -0.5284 0.0035 -0.5718 | -0.0723 -0.6129 | -0.1462 -0.6518 | -0.2182
2.26 -0.5012 0.0673 -0.5465 | -0.0121 -0.5893 | -0.0894 -0.6298 | -0.1647
2.29 -0.4731 0.1340 -0.5204 0.0507 -0.5650 | -0.0303 -0.6072 | -0.1090
2.32 -0.4441 0.2038 -0.4934 0.1163 -0.5400 0.0314 -0.5839 | -0.0510
2.35 -0.4142 0.2770 -0.4656 0.1850 -0.5142 0.0958 -0.5599 0.0094
2.38 -0.3831 0.3536 -0.4369 0.2568 -0.4875 0.1630 -0.5351 0.0724
2.41 -0.3511 0.4341 -0.4072 0.3320 -0.4600 0.2334 -0.5097 0.1383
2.44 -0.3178 0.5186 -0.3765 0.4108 -0.4317 0.3070 -0.4834 0.2070
2.47 -0.2834 0.6075 -0.3448 0.4936 -0.4023 0.3841 -0.4563 0.2789
2.50 -0.2477 0.7012 -0.3119 0.5807 -0.3720 0.4651 -0.4283 0.3542
2.53 -0.2107 0.7999 -0.2779 0.6722 -0.3407 0.5500 -0.3994 0.4332
2.56 -0.1722 0.9041 -0.2426 0.7687 -0.3083 0.6393 -0.3696 0.5159
2.59 -0.1322 1.0143 -0.2060 0.8704 -0.2747 0.7333 -0.3387 0.6028
2.62 -0.0907 1.1310 -0.1680 0.9779 -0.2399 0.8324 -0.3068 0.6942
2.65 -0.0474 1.2548 -0.1286 1.0915 -0.2039 0.9369 -0.2738 0.7904
2.68 -0.0024 1.3862 -0.0876 1.2119 -0.1665 1.0472 -0.2396 0.8918
2.71 0.0446 1.5261 -0.0449 1.3396 -0.1276 1.1640 -0.2042 0.9987
2.74 0.0937 1.6752 -0.0005 1.4753 -0.0873 1.2877 -0.1674 1.1117
2.77 0.1449 1.8344 0.0459 1.6197 -0.0453 1.4190 -0.1293 1.2313
2.80 0.1985 2.0047 0.0942 1.7737 -0.0016 1.5585 -0.0897 1.3580
2.83 0.2546 2.1874 0.1446 1.9382 0.0439 1.7071 -0.04%6 1.4924
2.86 0.3134 2.3837 0.1973 2.1144 0.0913 1.8655 -0.0058 1.6353
2.89 0.3752 2.5952 0.2525 2.3033 0.1408 2.0349 0.0388 1.7875
2.92 0.4401 2.8237 0.3103 2.5065 0.1925 2.2162 0.0852 1.9499
2.95 0.5084 3.0713 0.3710 2.7256 0.2465 2.4108 0.1336 2.1234
2.98 0.5803 3.3402 0.4346 2.9623 0.3032 2.6201 0.1841 2.3093
3.01 0.6563 3.6333 0.5016 3.2190 0.3625 2.8459 0.2369 2.5088
3.04 0.7367 3.9539 0.5722 3.4979 0.4248 3.0900 0.2922 2.7234
3.07 0.8219 4.3060 0.6466 3.8023 0.4902 3.3547 0.3500 2.9550
3.10 0.9122 4.6941 0.7253 4.1353 0.5591 3.6426 0.4107 3.2054
3.13 1.0084 5.1239 0.8086 4.5014 0.6317 3.9567 0.4744 3.4769
3.16 1.1109 5.6022 0.8969 4.9052 0.7084 4.3008 0.5414 3.7724
3.19 1.2203 6.1375 0.9907 5.3529 0.7894 4.6790 0.6120 4.0948
3.22 1.3376 6.7400 1.0906 5.8517 0.8753 5.0966 0.6864 4.4481
3.25 1.4636 7.4230 1.1972 6.4104 0.9665 5.5599 0.7649 4.8366
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0.800 < &3 <0.875

&3 = 0.800 a3 = 0.825 &3 = 0.850 a3 = 0.875
Gy B3 B4 B3 B4 B3 B4 B3 B4
1.80 -0.9303 | -0.8474 -0.9502 | -0.8886 -0.9690 | -0.9292 -0.9868 | -0.9692
1.83 -0.9162 | -0.8162 -0.9369 | -0.8586 -0.9565 | -0.9004 -0.9751 | -0.9416
1.86 -0.9017 | -0.7840 -0.9232 | -0.8278 -0.9436 | -0.8709 -0.9630 | -0.9133
1.89 -0.8868 | -0.7509 -0.9092 | -0.7960 -0.9305 | -0.8405 -0.9506 | -0.8842
1.92 -0.8716 | -0.7167 -0.8949 | -0.7633 -0.9170 | -0.8092 -0.9379 | -0.8543
1.95 -0.8559 | -0.6814 -0.8802 | -0.7296 -0.9031 | -0.7770 -0.9249 | -0.8235
1.98 -0.8399 | -0.6450 -0.8651 | -0.6949 -0.8890 | -0.7438 -0.9116 | -0.7918
2.01 -0.8234 | -0.6074 -0.8496 | -0.6590 -0.8744 | -0.7097 -0.8979 | -0.7593
2.04 -0.8065 | -0.5685 -0.8337 | -0.6220 -0.8595 | -0.6744 -0.8839 | -0.7257
2.07 -0.7892 | -0.5283 -0.8175 | -0.5838 -0.8443 | -0.6380 -0.8696 | -0.6911
2.10 -0.7714 | -0.4867 -0.8008 | -0.5443 -0.8286 | -0.6005 -0.8549 | -0.6554
2.13 -0.7531 | -0.4436 -0.7837 | -0.5034 -0.8126 | -0.5617 -0.8399 | -0.6186
2.16 -0.7343 | -0.3990 -0.7661 | -0.4611 -0.7961 | -0.5216 -0.8245 | -0.5805
2.19 -0.7151 | -0.3527 -0.7481 | -0.4173 -0.7792 | -0.4802 -0.8087 | -0.5413
2.22 -0.6953 | -0.3047 -0.7296 | -0.3719 -0.7619 | -0.4373 -0.7925 | -0.5007
2.25 -0.6749 | -0.2549 -0.7106 | -0.3249 -0.7442 | -0.3928 -0.7759 | -0.4587
2.28 -0.6540 | -0.2031 -0.6911 | -0.2761 -0.7260 | -0.3468 -0.7588 | -0.4153
2.31 -0.6325 | -0.1493 -0.6710 | -0.2254 -0.7073 | -0.2991 -0.7414 | -0.3703
2.34 -0.6104 | -0.0933 -0.6504 | -0.1728 -0.6881 | -0.2496 -0.7235 | -0.3237
2.37 -0.5877 | -0.0350 -0.6292 | -0.1181 -0.6683 | -0.1982 -0.7051 | -0.2754
2.40 -0.5642 0.0258 -0.6075 | -0.0611 -0.6481 | -0.1448% -0.6862 | -0.2253
2.43 -0.5401 0.0891 -0.5851 | -0.0018 -0.6273 | -0.0893 -0.6669 | -0.1733
2.46 -0.5153 0.1553 -0.5621 0.0600 -0.6059 | -0.0315 -0.6470 | -0.1192
2.49 -0.4897 0.2244 -0.5383 0.1244 -0.5839 0.0286 -0.6266 | -0.0630
2.52 -0.4633 0.2966 -0.5139 0.1916 -0.5613 0.0913 -0.6056 | -0.0046
2.55 -0.4361 0.3722 -0.4888 0.2619 -0.56381 0.1566 -0.5841 0.0562
2.58 -0.4080 0.4514 -0.4629 0.3353 -0.5141 0.2248 -0.5620 0.1196
2.61 -0.3790 0.5345 -0.4362 0.4122 -0.4895 0.2961 -0.5392 0.1857
2.64 -0.3490 0.6217 -0.4086 0.4928 -0.4641 0.3706 -0.5157 0.2547
2.67 -0.3180 0.7134 -0.3801 0.5772 -0.4379 0.4485 -0.4916 0.3268
2.70 -0.2860 0.8098 -0.3508 0.6659 -0.4109 0.56302 -0.4668 0.4021
2.73 -0.2528 0.9114 -0.3204 0.7591 -0.3831 0.6158 -0.4412 0.4809
2.76 -0.2185 1.0185 -0.2891 0.8571 -0.3544 0.7057 -0.4149 0.5634
2.79 -0.1830 1.1317 -0.2567 0.9604 -0.3247 0.8001 -0.3877 0.6500
2.82 -0.1461 1.2514 -0.2231 1.0693 -0.2941 0.8995 -0.3597 0.7408
2.85 -0.1078 1.3781 -0.1884 1.1844 -0.2625 1.0041 -0.3308 0.8362
2.88 -0.0681 1.5126 -0.1523 1.3060 -0.2297 1.1145 -0.3010 0.9366
2.91 -0.0268 1.6554 -0.1150 1.4348 -0.1959 1.2310 -0.2701 1.0423
2.94 0.0161 1.8074 -0.0763 1.5715 -0.1608 1.3542 -0.2383 1.1537
2.97 0.0608 1.9695 -0.0360 1.7167 -0.1244 1.4847 -0.2053 1.2714
3.00 0.1073 2.1427 0.0058 1.8712 -0.0868 1.6231 -0.1713 1.3957
3.03 0.1558 2.3280 0.0492 2.0359 -0.0477 1.7701 -0.1360 1.5274
3.06 0.2065 2.5268 0.0945 2.2118 -0.0070 1.9265 -0.0994 1.6670
3.09 0.2595 2.7405 0.1417 2.4001 0.0352 2.0931 -0.0615 1.8152
3.12 0.3148 2.9709 0.1909 2.6021 0.0790 2.2711 -0.0221 1.9729
3.15 0.3728 3.2198 0.2422 2.8192 0.1247 2.4616 0.0187 2.1409
3.18 0.4337 3.4894 0.2959 3.0531 0.1723 2.6658 0.0612 2.3202
3.21 0.4975 3.7825 0.3520 3.3058 0.2220 2.8853 0.1053 2.5120
3.24 0.5646 4.1020 0.4108 3.5796 0.2738 3.1217 0.1513 2.7176
3.27 0.6353 4.4517 0.4725 3.8771 0.3280 3.3770 0.1992 2.9385
3.30 0.7098 4.8356 0.5373 4.2014 0.3847 3.6536 0.2491 3.1763
3.33 0.7885 5.2591 0.6054 4.5561 0.4441 3.9539 0.3013 3.4330
3.36 0.8718 5.7282 0.6771 4.9456 0.5064 4.2812 0.3558 3.7108
3.39 0.9601 6.2504 0.7527 5.3750 0.5718 4.6390 0.4128 4.0125
3.42 1.0539 6.8350 0.8327 5.8506 0.6406 5.0317 0.4725 4.3409

© 2000 by Chapman & Hall/CRC




0.900 < &3 <0.950

&3 = 0.900 as = 0.925 &z = 0.950
Gy B3 Ba B3 B4 B3 B4
1.94 -0.9496 -0.8790 -0.9687 -0.9233 -0.9867 -0.9667
1.98 -0.9329 -0.8389 -0.9531 -0.8849 -0.9721 -0.9300
2.02 -0.9158 -0.7972 -0.9370 -0.8452 -0.9569 -0.8920
2.06 -0.8981 -0.7539 -0.9204 -0.8039 -0.9414 -0.8527
2.10 -0.8798 -0.7089 -0.9032 -0.7610 -0.9253 -0.8118
2.14 -0.8609 -0.6620 -0.8855 -0.7165 -0.9087 -0.7695
2.18 -0.8414 -0.6132 -0.8672 -0.6701 -0.8916 -0.7255
2.22 -0.8213 -0.56622 -0.8484 -0.6219 -0.8739 -0.6797
2.26 -0.8005 -0.5090 -0.8289 -0.5715 -0.8557 -0.6321
2.30 -0.7790 -0.4534 -0.8088 -0.5190 -0.8369 -0.56825
2.34 -0.7568 -0.3952 -0.7881 -0.4642 -0.8175 -0.5307
2.38 -0.7338 -0.3343 -0.7667 -0.4068 -0.7975 -0.4767
2.42 -0.7101 -0.2704 -0.7446 -0.3468 -0.7769 -0.4203
2.46 -0.6856 -0.2033 -0.7217 -0.2839 -0.7556 -0.3613
2.50 -0.6602 -0.1328 -0.6981 -0.2180 -0.7336 -0.2995
2.54 -0.6339 -0.0587 -0.6736 -0.1487 -0.7109 -0.2347
2.58 -0.6066 0.0195 -0.6484 -0.0759 -0.6874 -0.1667
2.62 -0.5784 0.1019 -0.6222 0.0008 -0.6631 -0.0954
2.66 -0.5491 0.1890 -0.5951 0.0816 -0.6380 -0.0203
2.70 -0.5187 0.2811 -0.5671 0.1668 -0.6120 0.0588
2.74 -0.4872 0.3787 -0.56380 0.2569 -0.5852 0.1421
2.78 -0.4544 0.4823 -0.5078 0.3523 -0.5573 0.2301
2.82 -0.4204 0.5924 -0.4765 0.4534 -0.5285 0.3231
2.86 -0.3849 0.7096 -0.4440 0.5607 -0.4986 0.4216
2.90 -0.3480 0.8347 -0.4101 0.6749 -0.4676 0.5260
2.94 -0.3095 0.9683 -0.3750 0.7965 -0.4354 0.6370
2.98 -0.2693 1.1114 -0.3384 0.9263 -0.4019 0.7550
3.02 -0.2274 1.2650 -0.3002 1.0650 -0.3671 0.8807
3.06 -0.1836 1.4303 -0.2605 1.2137 -0.3309 1.0150
3.10 -0.1377 1.6085 -0.2190 1.3735 -0.2933 1.1587
3.14 -0.0896 1.8013 -0.1756 1.5454 -0.2540 1.3127
3.18 -0.0392 2.0103 -0.1303 1.7309 -0.2130 1.4782
3.22 0.0137 2.2376 -0.0828 1.9317 -0.1702 1.6564
3.26 0.0694 2.4856 -0.0330 2.1496 -0.1255 1.8489
3.30 0.1280 2.7573 0.0193 2.3868 -0.0787 2.0574
3.34 0.1898 3.0559 0.0742 2.6459 -0.0297 2.2837
3.38 0.2552 3.3856 0.1320 2.9299 0.0217 2.5302
3.42 0.3243 3.7512 0.1929 3.2425 0.0757 2.7998
3.46 0.3976 4.1587 0.2572 3.5879 0.1325 3.0954
3.50 0.4755 4.6154 0.3252 3.9715 0.1924 3.4211
3.54 0.5585 5.1304 0.3973 4.3997 0.2555 3.7814
3.58 0.6470 5.7152 0.4738 4.8802 0.3222 4.1819
3.62 0.7417 6.3843 0.5552 5.4231 0.3927 4.6294
3.66 0.8433 7.1567 0.6420 6.0407 0.4676 5.1324
3.70 0.9527 8.0570 0.7348 6.7489 0.5471 5.7014
3.74 1.0707 9.1188 0.8341 7.5684 0.6319 6.3498
3.78 1.1986 10.3876 0.9410 8.5264 0.7223 7.0047
3.82 1.3376 11.9282 1.0561 9.6600 0.8191 7.9584
3.86 1.4895 13.8345 1.1807 11.0200 0.9230 8.9707
3.90 1.6561 16.2486 1.3160 12.6791 1.0348 10.1718
3.94 1.8399 19.3964 1.4634 14.7440 1.1556 11.6178
3.98 2.0439 | 23.6582 1.6250 17.3781 1.2865 13.3891
4.02 2.2718 29.7282 1.8028 20.8449 1.4289 15.6048
4.06 2.5283 | 39.0200 1.9996 25.5976 1.5846 18.4495
4.10 2.8197 54.9194 2.2190 32.4863 1.7555 22,2248

© 2000 by Chapman & Hall/CRC




0.975 < 43 < 1.025

as = 0.975 &3 = 1.000 a3 = 1.025
Gy B3 Ba B3 B4 B3 B4
2.10 -0.9460 -0.8613 -0.9655 -0.9095 -0.9837 -0.9564
2.14 -0.9305 -0.8210 -0.9509 -0.8711 -0.9701 -0.9198
2.18 -0.9144 -0.7792 -0.9359 -0.8313 -0.9560 -0.8820
2.22 -0.8979 -0.7358 -0.9204 -0.7901 -0.9415 -0.8428
2.26 -0.8808 -0.6907 -0.9044 -0.7473 -0.9266 -0.8022
2.30 -0.8633 -0.6437 -0.8880 -0.7029 -0.9112 -0.7601
2.34 -0.8451 -0.5949 -0.8711 -0.6567 -0.8954 -0.7164
2.38 -0.8265 -0.5439 -0.8536 -0.6087 -0.8790 -0.6710
2.42 -0.8072 -0.4908 -0.8356 -0.5586 -0.8622 -0.6238
2.46 -0.7873 -0.4354 -0.8170 -0.5065 -0.8449 -0.5747
2.50 -0.7668 -0.3774 -0.7979 -0.4521 -0.8270 -0.5235
2.54 -0.7457 -0.3168 -0.7782 -0.3953 -0.8087 -0.4702
2.58 -0.7238 -0.2533 -0.7579 -0.3359 -0.7897 -0.4146
2.62 -0.7013 -0.1868 -0.7369 -0.2737 -0.7702 -0.3565
2.66 -0.6780 -0.1169 -0.7153 -0.2086 -0.7501 -0.2957
2.70 -0.6539 -0.0435 -0.6930 -0.1404 -0.7294 -0.2322
2.74 -0.6291 0.0337 -0.6699 -0.0687 -0.7080 -0.1656
2.78 -0.6034 0.1150 -0.6461 0.0066 -0.6859 -0.0957
2.82 -0.5767 0.2008 -0.6215 0.0858 -0.6631 -0.0224
2.86 -0.5492 0.2914 -0.5961 0.1693 -0.6396 0.0547
2.90 -0.5207 0.3871 -0.5698 0.2573 -0.6154 0.1358
2.94 -0.4911 0.4886 -0.5426 0.3503 -0.5903 0.2212
2.98 -0.4604 0.5962 -0.5145 0.4487 -0.5644 0.3114
3.02 -0.4286 0.7105 -0.4853 0.5529 -0.5376 0.4066
3.06 -0.3956 0.8321 -0.4551 0.6634 -0.5098 0.5073
3.10 -0.3613 0.9618 -0.4237 0.7808 -0.4811 0.6141
3.14 -0.3256 1.1003 -0.3912 0.9059 -0.4514 0.7273
3.18 -0.2884 1.24%6 -0.3574 1.0392 -0.4205 0.8477
3.22 -0.2497 1.4076 -0.3223 1.1816 -0.3885 0.9758
3.26 -0.2094 1.5785 -0.2857 1.3341 -0.3554 1.1124
3.30 -0.1673 1.7626 -0.2477 1.4977 -0.3209 1.2584
3.34 -0.1233 1.9616 -0.2081 1.6736 -0.2851 1.4148
3.38 -0.0774 21771 -0.1668 1.8632 -0.2478 1.56825
3.42 -0.0292 2.4113 -0.1237 2.0681 -0.2090 1.7629
3.46 0.0212 2.6666 -0.07%6 2.2901 -0.1685 1.9574
3.50 0.0742 2.9457 -0.0315 2.5315 -0.1264 2.1676
3.54 0.1298 3.2522 0.0179 2.7946 -0.0823 2.3954
3.58 0.1884 3.5900 0.0697 3.0825 -0.0363 2.6431
3.62 0.2501 3.9639 0.1240 3.3987 0.0119 2.9133
3.66 0.3152 4.3800 0.1811 3.7474 0.0623 3.2089
3.70 0.3841 4.8453 0.2413 4.1337 0.1152 3.5337
3.74 0.4571 5.3689 0.3047 4.5637 0.1708 3.8920
3.78 0.5345 5.9618 0.3717 5.0450 0.2293 4.2890
3.82 0.6169 6.6384 0.4426 5.5868 0.2908 4.7311
3.86 0.7047 7.4167 0.5177 6.2010 0.35568 5.2261
3.90 0.7986 8.3208 0.5975 6.9025 0.4244 5.7836
3.94 0.8992 9.3825 0.6825 7.7103 0.4971 6.4160
3.98 1.0073 10.6451 0.7732 8.6499 0.5741 7.1385
4.02 1.1238 12.1695 0.8702 9.7548 0.6560 7.9713
4.06 1.2499 14.0430 0.9742 11.0712 0.7433 8.9405
4.10 1.3867 | 16.3966 1.0862 12.6638 0.8365 10.0815
4.14 1.56360 19.4345 1.2070 14.6263 0.9362 11.4423
4.18 1.6994 | 23.4950 1.3379 17.0996 1.0433 13.0908
4.22 1.8794 | 29.1798 1.4802 20.3055 1.1587 | 15.1258
4.26 2.0787 | 37.6727 1.6357 | 24.6143 1.2833 17.6959

© 2000 by Chapman & Hall/CRC




1.050 < &3 < 1.100

&3 = 1.050 a3z = 1.075 &3 = 1.100
Gy B3 Ba B3 B4 B3 B4
2.24 -0.9544 -0.8747 -0.9733 -0.9252 -0.9909 -0.9741
2.28 -0.9402 -0.8355 -0.9600 -0.8879 -0.9786 -0.9386
2.32 -0.9256 -0.7948 -0.9464 -0.8493 -0.9658 -0.9019
2.36 -0.9105 -0.7527 -0.9323 -0.8094 -0.9526 -0.8641
2.40 -0.8950 -0.7090 -0.9178 -0.7680 -0.9391 -0.8249
2.44 -0.8791 -0.6635 -0.9029 -0.7251 -0.9252 -0.7843
2.48 -0.8627 -0.6163 -0.8876 -0.6806 -0.9109 -0.7423
2.52 -0.8458 -0.5672 -0.8718 -0.6343 -0.8961 -0.6987
2.56 -0.8284 -0.56161 -0.8556 -0.5863 -0.8810 -0.6534
2.60 -0.8105 -0.4628 -0.8388 -0.5363 -0.8654 -0.6064
2.64 -0.7920 -0.4073 -0.8217 -0.4842 -0.8493 -0.5576
2.68 -0.7730 -0.3492 -0.8040 -0.4300 -0.8328 -0.5068
2.72 -0.7534 -0.2886 -0.7857 -0.3733 -0.8159 -0.4538
2.76 -0.7332 -0.2252 -0.7670 -0.3143 -0.7984 -0.3987
2.80 -0.7125 -0.1587 -0.7477 -0.2525 -0.7805 -0.3411
2.84 -0.6910 -0.0891 -0.7278 -0.1879 -0.7620 -0.2811
2.88 -0.6689 -0.0161 -0.7073 -0.1202 -0.7430 -0.2183
2.92 -0.6461 0.0607 -0.6862 -0.0493 -0.7234 -0.1526
2.96 -0.6226 0.1414 -0.6644 0.0251 -0.7032 -0.0838
3.00 -0.5983 0.2264 -0.6420 0.1033 -0.6825 -0.0117
3.04 -0.5732 0.3160 -0.6188 0.1856 -0.6611 0.0639
3.08 -0.5473 0.4106 -0.5950 0.2721 -0.6390 0.1434
3.12 -0.5204 0.5107 -0.5703 0.3634 -0.6163 0.2269
3.16 -0.4927 0.6166 -0.5448 0.4598 -0.5929 0.3149
3.20 -0.4640 0.7288 -0.5185 0.5617 -0.5687 0.4077
3.24 -0.4343 0.8481 -0.4913 0.6696 -0.5438 0.5057
3.28 -0.4035 0.9749 -0.4632 0.7840 -0.5180 0.6092
3.32 -0.3715 1.1101 -0.4341 0.9054 -0.4913 0.7188
3.36 -0.3384 1.2544 -0.4039 1.0346 -0.4638 0.8350
3.40 -0.3040 1.4087 -0.3727 1.1723 -0.4354 0.9583
3.44 -0.2683 1.5741 -0.3403 1.3193 -0.4059 1.0895
3.48 -0.2311 1.7518 -0.3067 1.4764 -0.3754 1.2293
3.52 -0.1924 1.9432 -0.2718 1.6449 -0.3438 1.3785
3.56 -0.1521 2.1498 -0.2355 1.8259 -0.3110 1.56381
3.60 -0.1100 2.3734 -0.1978 2.0208 -0.2770 1.7091
3.64 -0.0662 2.6161 -0.1585 2.2311 -0.2417 1.8928
3.68 -0.0203 2.8804 -0.1176 2.4588 -0.2050 2.0905
3.72 0.0276 3.1692 -0.0750 2.7059 -0.1669 2.3039
3.76 0.0778 3.4858 -0.0305 2.9749 -0.1272 2.5348
3.80 0.1304 3.8344 0.0160 3.2689 -0.0858 2.7853
3.84 0.1857 4.2199 0.0647 3.5911 -0.0427 3.0581
3.88 0.2437 4.6480 0.1156 3.9459 0.0023 3.3560
3.92 0.3049 5.1261 0.1691 4.3381 0.0494 3.6825
3.96 0.3694 5.6631 0.2251 4.7736 0.0986 4.0418
4.00 0.4375 6.2700 0.2841 5.2600 0.1501 4.4389
4.04 0.5095 6.9610 0.3462 5.8061 0.2041 4.8797
4.08 0.5859 7.7540 0.4117 6.4233 0.2609 5.3718
4.12 0.6670 8.6726 0.4809 7.1258 0.3205 5.9241
4.16 0.7534 9.7479 0.5541 7.9320 0.3833 6.5480
4.20 0.8455 11.0222 0.6317 8.8656 0.4496 7.2577
4.24 0.9441 12.5544 0.7142 9.9584 0.5196 8.0717
4.28 1.0499 14.4284 0.8021 11.2531 0.5936 9.0138
4.32 1.1637 | 16.7689 0.8958 12.8094 0.6722 10.1157
4.36 1.2866 19.7687 0.9962 14.7126 0.7557 | 11.4201
4.40 1.4197 | 23.7429 1.1039 17.0892 0.8446 12.9867

© 2000 by Chapman & Hall/CRC




1.125 < &3 < 1.175

a3 =1.125 &3 = 1.150 a3 =1.175
Gy B3 Ba B3 B4 B3 B4
2.44 -0.9460 -0.8413 -0.9653 -0.8961 -0.9833 -0.9490
2.48 -0.9326 -0.8015 -0.9528 -0.8585 -0.9716 -0.9133
2.52 -0.9188 -0.7603 -0.9400 -0.8196 -0.9596 -0.8764
2.56 -0.9046 -0.7177 -0.9267 -0.7793 -0.9473 -0.8384
2.60 -0.8901 -0.6735 -0.9132 -0.7376 -0.9346 -0.7990
2.64 -0.8751 -0.6276 -0.8992 -0.6944 -0.9216 -0.7583
2.68 -0.8598 -0.5799 -0.8848 -0.6496 -0.9082 -0.7161
2.72 -0.8439 -0.56303 -0.8701 -0.6031 -0.8945 -0.6725
2.76 -0.8277 -0.4788 -0.8550 -0.5548 -0.8803 -0.6272
2.80 -0.8110 -0.4251 -0.8394 -0.5046 -0.8658 -0.5802
2.84 -0.7938 -0.3691 -0.8234 -0.4524 -0.8509 -0.5313
2.88 -0.7761 -0.3107 -0.8070 -0.3980 -0.8356 -0.4806
2.92 -0.7579 -0.2498 -0.7901 -0.3414 -0.8199 -0.4278
2.96 -0.7393 -0.1861 -0.7727 -0.2823 -0.8038 -0.3728
3.00 -0.7200 -0.1195 -0.7549 -0.2206 -0.7872 -0.3156
3.04 -0.7002 -0.0497 -0.7365 -0.1561 -0.7702 -0.2558
3.08 -0.6798 0.0234 -0.7176 -0.0887 -0.7527 -0.1935
3.12 -0.6589 0.1001 -0.6982 -0.0181 -0.7347 -0.1284
3.16 -0.6372 0.1807 -0.6782 0.0559 -0.7162 -0.0603
3.20 -0.6150 0.2654 -0.6577 0.1335 -0.6972 0.0110
3.24 -0.5920 0.3546 -0.6365 0.2150 -0.6776 0.0857
3.28 -0.5683 0.4486 -0.6147 0.3007 -0.6575 0.1641
3.32 -0.5439 0.5479 -0.5923 0.3909 -0.6368 0.2463
3.36 -0.5187 0.6528 -0.5692 0.4860 -0.6155 0.3328
3.40 -0.4927 0.7638 -0.5453 0.5863 -0.5936 0.4238
3.44 -0.4658 0.8815 -0.5207 0.6924 -0.5711 0.5197
3.48 -0.4380 1.0065 -0.4953 0.8045 -0.5478 0.6209
3.52 -0.4093 1.1393 -0.4691 0.9234 -0.5238 0.7277
3.56 -0.3796 1.2808 -0.4420 1.0496 -0.4991 0.8408
3.60 -0.3488 1.4318 -0.4141 1.1837 -0.4736 0.9605
3.64 -0.3169 1.5933 -0.3852 1.3266 -0.4473 1.0876
3.68 -0.2839 1.7663 -0.3552 1.4789 -0.4201 1.2226
3.72 -0.2496 1.9520 -0.3243 1.6418 -0.3920 1.3663
3.76 -0.2140 2.1519 -0.2922 1.8162 -0.3630 1.56196
3.80 -0.1770 2.3676 -0.2589 2.0034 -0.3329 1.6833
3.84 -0.1385 2.6009 -0.2244 2.2048 -0.3019 1.8586
3.88 -0.0985 2.8539 -0.1886 2.4219 -0.2697 2.0466
3.92 -0.0568 3.1293 -0.1515 2.6567 -0.2363 2.2488
3.96 -0.0133 3.4299 -0.1128 2.9113 -0.2017 2.4667
4.00 0.0321 3.7592 -0.0726 3.1882 -0.1658 2.7022
4.04 0.0795 4.1215 -0.0307 3.4903 -0.1286 2.9573
4.08 0.1291 4.5216 0.0130 3.8210 -0.0898 3.2346
4.12 0.1810 4.9655 0.0586 4.1845 -0.0495 3.56369
4.16 0.2354 5.4607 0.1062 4.5857 -0.0075 3.8676
4.20 0.2926 6.0161 0.1560 5.0306 0.0362 4.2307
4.24 0.3527 6.6430 0.2082 5.5263 0.0819 4.6312
4.28 0.4160 7.3556 0.2628 6.0818 0.1295 5.0748
4.32 0.4827 8.1721 0.3202 6.7080 0.1793 5.5685
4.36 0.5532 9.1160 0.3805 7.4191 0.2315 6.1210
4.40 0.6278 10.2185 0.4440 8.2327 0.2862 6.7432
4.44 0.7070 11.56221 0.5110 9.1718 0.3435 7.4484
4.48 0.7911 13.0850 0.5817 10.2670 0.4038 8.2540
4.52 0.8806 14.9906 0.6565 11.5591 0.4673 9.1822
4.56 0.9762 17.3618 0.7358 13.1049 0.5341 10.2622
4.60 1.0785 | 20.3874 0.8201 14.9845 0.6048 11.5333

© 2000 by Chapman & Hall/CRC




1.200 < &3 < 1.250

a3 = 1.200 &z = 1.225 &z = 1.250
Gy B3 Ba B3 B4 B3 B4
2.60 -0.9546 -0.8579 -0.9732 -0.9144 -0.9904 | -0.9686
2.64 -0.9425 -0.8194 -0.9618 -0.8780 -0.9798 | -0.9342
2.68 -0.9300 -0.7797 -0.9502 -0.8405 -0.9690 | -0.8987
2.72 -0.9171 -0.73%6 -0.9382 -0.8017 -0.9578 | -0.8621
2.76 -0.9040 -0.6960 -0.9259 -0.7617 -0.9463 | -0.8243
2.80 -0.8904 -0.6519 -0.9133 -0.7202 -0.9346 | -0.7853
2.84 -0.8766 -0.6062 -0.9004 -0.6773 -0.9225 | -0.7450
2.88 -0.8623 -0.5588 -0.8871 -0.6329 -0.9101 | -0.7033
2.92 -0.8477 -0.5095 -0.8735 -0.5868 -0.8974 | -0.6601
2.96 -0.8326 -0.4583 -0.8595 -0.5390 -0.8844 | -0.6153
3.00 -0.8172 -0.4050 -0.8451 -0.4893 -0.8710 | -0.5690
3.04 -0.8014 -0.3496 -0.8304 -0.4377 -0.8573 | -0.5209
3.08 -0.7851 -0.2918 -0.8153 -0.3841 -0.8433 | -0.4709
3.12 -0.7684 -0.2316 -0.7998 -0.3283 -0.8288 | -0.4191
3.16 -0.7513 -0.1687 -0.7839 -0.2701 -0.8140 | -0.3651
3.20 -0.7337 -0.1030 -0.7675 -0.2095 -0.7989 | -0.3090
3.24 -0.7156 -0.0344 -0.7508 -0.1462 -0.7833 | -0.2505
3.28 -0.6970 0.0375 -0.7336 -0.0801 -0.7674 | -0.1896
3.32 -0.6779 0.1127 -0.7159 -0.0111 -0.7510 | -0.1261
3.36 -0.6583 0.1916 -0.6977 0.0612 -0.7342 | -0.0598
3.40 -0.6381 0.2745 -0.6791 0.1368 -0.7170 0.0096
3.44 -0.6173 0.3615 -0.6600 0.2161 -0.6993 0.0821
3.48 -0.5960 0.4531 -0.6403 0.2994 -0.6811 0.1580
3.52 -0.5740 0.5496 -0.6200 0.3868 -0.6624 0.2375
3.56 -0.5513 0.6513 -0.5992 0.4787 -0.6433 0.3209
3.60 -0.5280 0.7588 -0.5778 0.5756 -0.6236 0.4085
3.64 -0.5040 0.8724 -0.5558 0.6776 -0.6034 0.5007
3.68 -0.4792 0.9927 -0.56331 0.7854 -0.5826 0.5976
3.72 -0.4536 1.1203 -0.5098 0.8993 -0.5612 0.6998
3.76 -0.4272 1.2558 -0.4858 1.0198 -0.5392 0.8075
3.80 -0.4000 1.4000 -0.4610 1.1476 -0.5166 0.9214
3.84 -0.3719 1.5537 -0.4354 1.2832 -0.4932 1.0419
3.88 -0.3428 1.7178 -0.4090 1.4275 -0.4692 1.1695
3.92 -0.3127 1.8934 -0.3818 1.5812 -0.4445 1.3049
3.96 -0.2816 2.0816 -0.3537 1.7452 -0.4190 1.4488
4.00 -0.2495 2.2839 -0.3247 1.9205 -0.3927 1.6020
4.04 -0.2161 2.5018 -0.2947 2.1084 -0.3656 1.7654
4.08 -0.1815 2.7371 -0.2637 2.3101 -0.3376 1.9400
4.12 -0.1456 2.9918 -0.2315 2.5272 -0.3087 2.1269
4.16 -0.1084 3.2684 -0.1983 2.7614 -0.2788 2.3274
4.20 -0.0697 3.5697 -0.1638 3.0148 -0.2479 2.5430
4.24 -0.0294 3.8990 -0.1280 3.2897 -0.2160 2.7754
4.28 0.0125 4.2602 -0.0909 3.5888 -0.1829 3.0266
4.32 0.0562 4.6581 -0.0523 3.9154 -0.1486 3.2988
4.36 0.1017 5.0983 -0.0123 4.2732 -0.1131 3.5946
4.40 0.1493 5.5876 0.0295 4.6668 -0.0762 3.9172
4.44 0.1990 6.1344 0.0729 5.1017 -0.0379 4.2703
4.48 0.2509 6.7491 0.1182 5.5843 0.0019 4.6580
4.52 0.3054 7.4446 0.1654 6.1227 0.0433 5.0857
4.56 0.3625 8.2375 0.2148 6.7268 0.0864 5.5596
4.60 0.4226 9.1489 0.2665 7.4090 0.1312 6.0872
4.64 0.4857 | 10.2066 0.3205 8.1848 0.1781 6.6781
4.68 0.5522 11.4478 0.3772 9.0744 0.2270 7.3437
4.72 0.6224 | 12.9230 0.4367 10.1036 0.2781 8.0987
4.76 0.6966 14.7034 0.4993 11.3072 0.3315 8.9618

© 2000 by Chapman & Hall/CRC




1.275 < &3 < 1.325

as = 1.275 as = 1.300 a3 = 1.325
2 Bs Ba B3 Ba B3 Ba
2.80 -0.9543 -0.8474 -0.9726 | -0.9068 -0.9895 | -0.9635
2.84 -0.9431 -0.8094 -0.9621 | -0.8709 -0.9797 | -0.9297
2.88 -0.9315 -0.7702 -0.9514 | -0.8340 -0.9697 | -0.8948
2.92 -0.9197 -0.7297 -0.9403 | -0.7958 -0.9594 | -0.8588
2.96 -0.9075 -0.6877 -0.9290 | -0.7564 -0.9489 | -0.8218
3.00 -0.8951 -0.6443 -0.9174 | -0.7157 -0.9381 | -0.7835
3.04 -0.8823 -0.5994 -0.9055 | -0.6737 -0.9270 | -0.7440
3.08 -0.8692 -0.56528 -0.8933 | -0.6301 -0.9156 | -0.7033
3.12 -0.8558 -0.5045 -0.8808 | -0.5850 -0.9040 | -0.6611
3.16 -0.8420 -0.4544 -0.8680 | -0.5383 -0.8921 | -0.6175
3.20 -0.8279 -0.4023 -0.8549 | -0.4899 -0.8799 | -0.5723
3.24 -0.8135 -0.3481 -0.8414 | -0.4396 -0.8673 | -0.5255
3.28 -0.7987 -0.2918 -0.8277 | -0.3874 -0.8545 | -0.4770
3.32 -0.7835 -0.2332 -0.8135 | -0.3332 -0.8414 | -0.4267
3.36 -0.7679 -0.1721 -0.7991 | -0.2768 -0.8280 | -0.3745
3.40 -0.7519 -0.1084 -0.7843 | -0.2181 -0.8142 | -0.3203
3.44 -0.7356 -0.0419 -0.7691 | -0.1569 -0.8001 | -0.2639
3.48 -0.7188 0.0275 -0.7535 | -0.0932 -0.7857 | -0.2052
3.52 -0.7015 0.1001 -0.7376 | -0.0267 -0.7709 | -0.1441
3.56 -0.6838 0.1761 -0.7212 0.0427 -0.7557 | -0.0804
3.60 -0.6657 0.2557 -0.7045 0.1153 -0.7402 | -0.0140
3.64 -0.6471 0.3392 -0.6873 0.1912 -0.7243 0.0553
3.68 -0.6279 0.4268 -0.6696 0.2707 -0.7080 0.1276
3.72 -0.6083 0.5188 -0.6515 0.3540 -0.6913 0.2033
3.76 -0.5881 0.6157 -0.6330 0.4414 -0.6742 0.2826
3.80 -0.5674 0.7177 -0.6139 0.56332 -0.6567 0.3655
3.84 -0.5460 0.8252 -0.5944 0.6298 -0.6387 0.4526
3.88 -0.5241 0.9388 -0.5743 0.7314 -0.6202 0.5439
3.92 -0.5016 1.0589 -0.5536 0.8385 -0.6013 0.6399
3.96 -0.4784 1.1860 -0.5324 0.9515 -0.5818 0.7409
4.00 -0.4545 1.3208 -0.5106 1.0709 -0.5619 0.8473
4.04 -0.4298 1.4640 -0.4882 1.1972 -0.5414 0.9595
4.08 -0.4045 1.6164 -0.4651 1.3311 -0.5203 1.0779
412 || -0.3783 | 1.7787 || -0.4414 | 1.4732 || -0.4987 | 1.2032
4.16 || -0.3514 | 1.9520 || -0.4169 | 1.6242 || -0.4764 | 1.3358
4.20 -0.3236 2.1373 -0.3918 1.7850 -0.4536 1.4764
4.24 -0.2948 2.3360 -0.3658 1.9566 -0.4300 1.6258
4.28 -0.2652 2.5495 -0.3391 2.1399 -0.4058 1.7847
4.32 -0.2345 2.7793 -0.3115 2.3362 -0.3809 1.9540
4.36 -0.2028 3.0275 -0.2830 2.5469 -0.3552 2.1348
4.40 -0.1699 3.2960 -0.2536 2.7735 -0.3287 2.3282
4.44 -0.1360 3.5876 -0.2233 3.0178 -0.3015 2.5356
4.48 -0.1007 3.9051 -0.1919 3.2819 -0.2733 2.7583
452 || -0.0642 | 4.2520 || -0.1594 | 3.5683 || -0.2443 | 2.9981
4.56 -0.0263 4.6325 -0.1258 3.8797 -0.2143 3.2571
4.60 0.0131 5.0514 -0.0910 4.2193 -0.1833 3.5374
4.64 0.0540 5.5147 -0.0549 4.5912 -0.1513 3.8417
4.68 0.0966 6.0295 -0.0175 4.9999 -0.1181 4.1732
4.72 0.1410 6.6046 0.0214 5.4510 -0.0838 4.5354
4.76 0.1872 7.2509 0.0617 5.9512 -0.0483 4.9327
4.80 0.2354 7.9819 0.1037 6.5086 -0.0114 5.3703
4.84 0.2858 8.8150 0.1474 7.1332 0.0268 5.8543
4.88 0.3385 9.7723 0.1929 7.8377 0.0665 6.3923
4.92 0.3937 | 10.8830 0.2403 8.6377 0.1077 6.9935
4.96 0.4516 12.1859 0.2899 9.56536 0.1506 7.6694

© 2000 by Chapman & Hall/CRC




1.350 < &3 < 1.400

a3 = 1.350 a3 = 1.375 &g = 1.400
2 Bs Ba B3 Ba B3 Ba
3.00 -0.9572 | -0.84%0 -0.9750 | -0.9093 -0.9913 | -0.9679
3.04 -0.9469 | -0.8109 -0.9653 | -0.8744 -0.9824 | -0.9349
3.08 -0.9363 | -0.7726 -0.9555 | -0.8384 -0.9732 | -0.9009
3.12 -0.9255 | -0.7330 -0.9454 | -0.8012 -0.9638 | -0.8660
3.16 -0.9144 | -0.6922 -0.9351 | -0.7630 -0.9542 | -0.8300
3.20 -0.9030 | -0.6500 -0.9245 | -0.7234 -0.9443 | -0.7929
3.24 -0.8914 | -0.6064 -0.9136 | -0.6826 -0.9342 | -0.7547
3.28 -0.8794 | -0.5612 -0.9025 | -0.6405 -0.9239 | -0.7152
3.32 -0.8672 | -0.5145 -0.8911 | -0.5969 -0.9133 | -0.6745
3.36 -0.8547 | -0.4660 -0.8795 | -0.5518 -0.9024 | -0.6325
3.40 -0.8419 | -0.4157 -0.8676 | -0.5051 -0.8913 | -0.5890
3.44 -0.8288 | -0.3636 -0.8554 | -0.4567 -0.8800 | -0.5440
3.48 -0.8154 | -0.3094 -0.8429 | -0.4066 -0.8684 | -0.4975
3.52 -0.8017 | -0.2531 -0.8302 | -0.3546 -0.8565 | -0.4493
3.56 -0.7876 | -0.1945 -0.8171 | -0.3006 -0.8444 | -0.3993
3.60 -0.7732 | -0.1336 -0.8038 | -0.2445 -0.8320 | -0.3475
3.64 -0.7585 | -0.0701 -0.7901 | -0.1861 -0.8193 | -0.2937
3.68 -0.7434 | -0.0040 -0.7761 | -0.1255 -0.8063 | -0.2379
3.72 -0.7280 0.0651 -0.7618 | -0.0623 -0.7930 | -0.1799
3.76 -0.7122 0.1371 -0.7472 0.0035 -0.7795 | -0.1196
3.80 -0.6960 0.2125 -0.7322 0.0722 -0.7656 | -0.0568
3.84 -0.6794 0.2913 -0.7169 0.1438 -0.7514 0.0085
3.88 -0.6624 0.3738 -0.7011 0.2186 -0.7369 0.0767
3.92 -0.6449 0.4602 -0.6851 0.2969 -0.7220 0.1477
3.96 -0.6271 0.5510 -0.6686 0.3787 -0.7068 0.2219
4.00 -0.6087 0.6462 -0.6517 0.4645 -0.6912 0.2995
4.04 -0.5899 0.7464 -0.6344 0.5544 -0.6753 0.3805
4.08 -0.5707 0.8518 -0.6167 0.6488 -0.6590 0.4654
4.12 -0.5509 0.9630 -0.5986 0.7479 -0.6423 0.5544
4.16 -0.5306 1.0802 -0.56800 0.8522 -0.6252 0.6476
4.20 -0.5097 1.2041 -0.5609 0.9620 -0.6076 0.7456
4.24 -0.4883 1.3351 -0.5413 1.0778 -0.5897 0.8485
4.28 -0.4663 1.4740 -0.56212 1.2001 -0.5713 0.9568
4.32 -0.4436 1.6214 -0.5006 1.3293 -0.5524 1.0710
4.36 || -0.4204 | 1.7780 || -0.4794 | 1.4661 || -0.5331 | 1.1913
4.40 -0.3964 1.9447 -0.4577 1.6111 -0.5133 1.3185
4.44 || -0.3718 | 2.1225 || -0.4353 | 1.7651 || -0.4929 | 1.4529
4.48 || -0.3464 | 2.3125 || -0.4124 | 1.9288 || -0.4720 | 1.5953
4.52 -0.3203 2.5160 -0.3887 2.1033 -0.4506 1.7464
4.56 -0.2934 2.7343 -0.3645 2.2895 -0.4286 1.9069
4.60 -0.2656 2.9691 -0.3395 2.4886 -0.4060 2.0776
4.64 -0.2370 3.2221 -0.3137 2.7020 -0.3827 2.2597
4.68 -0.2075 3.4957 -0.2872 2.9312 -0.3588 2.4541
4.72 -0.1769 3.7922 -0.2599 3.1779 -0.3343 2.6621
4.76 -0.1454 4.1146 -0.2318 3.4441 -0.3090 2.8852
480 || -0.1128 | 4.4662 || -0.2027 | 3.7321 || -0.2829 | 3.1250
4.84 -0.0791 4.8511 -0.1728 4.0447 -0.2561 3.3834
4.88 -0.0442 5.2740 -0.1418 4.3850 -0.2285 3.6625
4.92 -0.0080 5.7407 -0.1098 4.7567 -0.2000 3.9647
4.96 0.0295 6.2581 -0.0767 5.1642 -0.1706 4.2931
5.00 0.0684 6.8345 -0.0425 5.6126 -0.1403 4.6510
5.04 0.1088 7.4804 -0.0071 6.1084 -0.1090 5.0423
5.08 0.1508 8.2087 0.0296 6.6591 -0.0767 5.4720
5.12 0.1945 9.0357 0.0676 7.2742 -0.0432 5.9457
5.16 0.2399 9.9823 0.1071 7.9650 -0.0086 6.4702

© 2000 by Chapman & Hall/CRC




1.425 < &3 < 1.475

ag = 1.425 a3 = 1.450 as = 1.475
2 Bs Ba B3 Ba B3 Ba
3.20 -0.9626 | -0.8588 -0.9796 | -0.9214 -0.9951 | -0.9810
3.24 -0.9532 | -0.8229 -0.9708 | -0.8876 -0.9870 | -0.9491
3.28 -0.9436 | -0.7859 -0.9619 | -0.8528 -0.9787 | -0.9163
3.32 -0.9337 | -0.7478 -0.9527 | -0.8171 -0.9702 | -0.8827
3.36 -0.9237 | -0.7085 -0.9433 | -0.7802 -0.9614 | -0.84%1
3.40 -0.9133 | -0.6679 -0.9337 | -0.7422 -0.9525 | -0.8124
3.44 -0.9028 | -0.6259 -0.9238 | -0.7031 -0.9433 | -0.7758
3.48 -0.8920 | -0.5826 -0.9138 | -0.6626 -0.9340 | -0.73R%0
3.52 -0.8809 | -0.5378 -0.9035 | -0.6209 -0.9244 | -0.6990
3.56 -0.8696 | -0.4915 -0.8930 | -0.5778 -0.9146 | -0.6589
3.60 -0.8581 | -0.4435 -0.8823 | -0.56333 -0.9046 | -0.6174
3.64 -0.8463 | -0.3939 -0.8713 | -0.4873 -0.8944 | -0.5746
3.68 -0.8342 | -0.3424 -0.8601 | -0.4396 -0.8839 | -0.5304
3.72 -0.8219 | -0.2889 -0.8486 | -0.3902 -0.8733 | -0.4846
3.76 -0.8093 | -0.2335 -0.8369 | -0.3391 -0.8624 | -0.4374
3.80 -0.7964 | -0.1759 -0.8249 | -0.2861 -0.8512 | -0.3884
3.84 -0.7832 | -0.1160 -0.8127 | -0.2311 -0.8399 | -0.3377
3.88 -0.7698 | -0.0538 -0.8002 | -0.1740 -0.8282 | -0.2852
3.92 -0.7560 0.0110 -0.7874 | -0.1147 -0.8164 | -0.2307
3.96 -0.7419 0.0786 -0.7744 | -0.0530 -0.8043 | -0.1742
4.00 -0.7275 0.1490 -0.7610 0.0112 -0.7919 | -0.1155
4.04 -0.7128 0.2224 -0.7474 0.0780 -0.7793 | -0.0545
4.08 -0.6978 0.2991 -0.7335 0.1476 -0.7664 0.0090
4.12 -0.6824 0.3793 -0.7192 0.2202 -0.7532 0.0750
4.16 -0.6666 0.4631 -0.7047 0.2959 -0.7397 0.1437
4.20 -0.6505 0.5509 -0.6898 0.3750 -0.7260 0.2153
4.24 -0.6340 0.6430 -0.6746 0.4577 -0.7119 0.2900
4.28 -0.6171 0.7395 -0.6590 0.5443 -0.6975 0.3679
4.32 -0.5998 0.8410 -0.6431 0.6349 -0.6829 0.4494
4.36 -0.56821 0.9476 -0.6268 0.7300 -0.6679 0.5346
4.40 -0.5639 1.0598 -0.6102 0.8297 -0.6525 0.6237
4.44 -0.5453 1.1781 -0.5931 0.9345 -0.6369 0.7171
4.48 -0.5263 1.3030 -0.5757 1.0447 -0.6208 0.8150
4.52 -0.5067 1.4348 -0.5578 1.1607 -0.6044 0.9177
4.56 -0.4867 1.5744 -0.56395 1.2830 -0.5876 1.0257
460 || -0.4661 | 1.7222 || -0.5207 | 1.4121 || -0.5705 | 1.1393
4.64 -0.4450 1.8791 -0.5015 1.5486 -0.5529 1.2590
4.68 -0.4234 2.0459 -0.4818 1.6930 -0.5349 1.3851
4.72 || -0.4012 | 2.2235 || -0.4616 | 1.8461 || -0.5165 | 1.5183
4.76 -0.3783 2.4128 -0.4409 2.0086 -0.4976 1.6591
480 || -0.3549 | 2.6152 || -0.4197 | 2.1814 || -0.4783 | 1.8082
4.84 -0.3307 2.8319 -0.3979 2.3655 -0.4585 1.9663
4.88 -0.3059 3.0644 -0.3755 2.5619 -0.4382 2.1341
4.92 || -0.2804 | 3.3146 || -0.3525 | 2.7719 || -0.4174 | 2.3127
4.96 -0.2542 3.5842 -0.3289 2.9969 -0.3960 2.5029
5.00 -0.2271 3.8757 -0.3046 3.2385 -0.3741 2.7060
5.04 -0.1992 4.1918 -0.2796 3.4985 -0.3516 2.9232
5.08 -0.1705 4.5354 -0.2539 3.7789 -0.3285 3.1561
5.12 || -0.1409 | 4.9104 || -0.2275 | 4.0824 || -0.3048 | 3.4062
5.16 -0.1103 5.3209 -0.2003 4.4116 -0.2804 3.6755
5.20 -0.0787 5.7721 -0.1722 4.7699 -0.2553 3.9662
5.24 || -0.0461 | 6.2702 || -0.1433 | 5.1611 || -0.2296 | 4.2809
5.28 -0.0124 6.8227 -0.1136 5.5900 -0.2030 4.6225
5.32 0.0225 7.4386 -0.0828 6.0618 -0.1757 4.9945
5.36 0.0585 8.1292 -0.0511 6.5834 -0.1476 5.4012
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1.500 < &3 < 1.550

&3 = 1.500 a3 = 1.525 &3 = 1.550
2 Bs Ba B3 Ba B3 Ba
3.45 -0.9591 -0.8357 -0.9759 -0.9013 -0.9912 -0.9636
3.50 -0.9482 -0.7910 -0.9657 -0.8593 -0.9818 -0.9240
3.55 -0.9369 -0.7446 -0.9551 -0.8158 -0.9720 -0.8831
3.60 -0.9253 -0.6964 -0.9443 -0.7707 -0.9619 -0.8408
3.65 -0.9133 -0.6463 -0.9332 -0.7239 -0.9516 -0.7970
3.70 -0.9011 -0.5943 -0.9218 -0.6754 -0.9410 -0.7517
3.75 -0.8885 -0.5401 -0.9101 -0.6250 -0.9301 -0.7046
3.80 -0.8756 -0.4837 -0.8981 -0.5726 -0.9189 -0.6558
3.85 -0.8623 -0.4248 -0.8857 -0.5180 -0.9074 -0.6051
3.90 -0.8487 -0.3634 -0.8731 -0.4612 -0.8956 -0.5524
3.95 -0.8347 -0.2993 -0.8601 -0.4020 -0.8835 -0.4976
4.00 -0.8204 -0.2322 -0.8468 -0.3402 -0.8711 -0.4405
4.05 -0.8057 -0.1620 -0.8331 -0.2757 -0.8584 -0.3810
4.10 -0.7906 -0.0885 -0.8191 -0.2083 -0.8453 -0.3189
4.15 -0.7751 -0.0114 -0.8047 -0.1377 -0.8320 -0.2541
4.20 -0.7593 0.0696 -0.7900 -0.0638 -0.8183 -0.1864
4.25 -0.7430 0.1547 -0.7748 0.0137 -0.8042 -0.1156
4.30 -0.7262 0.2443 -0.7593 0.0950 -0.7899 -0.0414
4.35 -0.7090 0.3387 -0.7434 0.1805 -0.7751 0.0363
4.40 -0.6914 0.4382 -0.7271 0.2704 -0.7600 0.1179
4.45 -0.6733 0.5434 -0.7104 0.3651 -0.7445 0.2036
4.50 -0.6547 0.6547 -0.6932 0.4650 -0.7286 0.2936
4.55 -0.6355 0.7725 -0.6755 0.5704 -0.7123 0.3885
4.60 -0.6159 0.8976 -0.6574 0.6819 -0.6956 0.4885
4.65 -0.5957 1.0304 -0.6388 0.8000 -0.6784 0.5940
4.70 -0.5749 1.1719 -0.6198 0.9252 -0.6608 0.7055
4.75 -0.5535 1.3227 -0.6001 1.0582 -0.6428 0.8235
4.80 -0.56315 1.4839 -0.56800 1.1996 -0.6242 0.9486
4.85 -0.5089 1.6564 -0.5593 1.3504 -0.6052 1.0813
4.90 -0.4855 1.8415 -0.56380 1.5114 -0.5857 1.2225
4.95 -0.4615 2.0405 -0.5160 1.6836 -0.5656 1.3729
5.00 -0.4368 2.2549 -0.4935 1.8682 -0.5450 1.56333
5.05 -0.4112 2.4867 -0.4703 2.0666 -0.5238 1.7048
5.10 -0.3849 2.7378 -0.4463 2.2802 -0.5020 1.8885
5.15 -0.3577 3.0107 -0.4217 2.5109 -0.4796 2.0858
5.20 -0.3296 3.3083 -0.3963 2.7606 -0.4565 2.2980
5.25 -0.3006 3.6339 -0.3701 3.0318 -0.4328 2.5270
5.30 -0.2706 3.9915 -0.3431 3.3271 -0.4083 2.7746
5.35 -0.2395 4.3859 -0.3152 3.6498 -0.3831 3.0432
5.40 -0.2074 4.8228 -0.2864 4.0039 -0.3572 3.3354
5.45 -0.1741 5.3092 -0.2566 4.3939 -0.3304 3.6543
5.50 -0.1396 5.8539 -0.2259 4.8253 -0.3027 4.0038
5.55 -0.1038 6.4674 -0.1940 5.3049 -0.2742 4.3881
5.60 -0.0666 7.1634 -0.1610 5.8409 -0.2447 4.8126
5.65 -0.0280 7.9590 -0.1268 6.4436 -0.2143 5.2837
5.70 0.0122 8.8767 -0.0914 7.1259 -0.1828 5.8093
5.75 0.0541 9.9459 -0.0546 7.9039 -0.1502 6.3991
5.80 0.0977 | 11.2067 -0.0164 8.7990 -0.1164 7.0651
5.85 0.1431 12.7140 0.0233 9.8386 -0.0814 7.8227
5.90 0.1906 14.5462 0.0646 11.0602 -0.0451 8.6917
5.95 0.2403 16.8185 0.1077 12.5145 -0.0074 9.6977
6.00 0.2923 19.7077 0.1525 14.2736 0.0317 | 10.8751
6.05 0.3467 | 23.4994 0.1993 16.4422 0.0724 | 12.2707
6.10 0.4039 | 28.6870 0.2482 19.1790 0.1147 | 13.9498
6.15 0.4640 | 36.2027 0.2994 | 22.7367 0.1588 16.0065
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1.575 < &3 < 1.625

&g = 1.575 &3 = 1.600 a3 = 1.625
2 Bs Ba B3 Ba B3 Ba
3.68 -0.9627 -0.8407 -0.9787 -0.9074 -0.9934 -0.9706
3.73 -0.9526 -0.7973 -0.9693 -0.8667 -0.9847 -0.9323
3.78 -0.9423 -0.7523 -0.9597 -0.8246 -0.9758 -0.8928
3.83 -0.9317 -0.7057 -0.9499 -0.7810 -0.9666 -0.8519
3.88 -0.9208 -0.6574 -0.9397 -0.7359 -0.9572 -0.8097
3.93 -0.9097 -0.6073 -0.9294 -0.6892 -0.9475 -0.7661
3.98 -0.8982 -0.5552 -0.9187 -0.6407 -0.9376 -0.7208
4.03 -0.8865 -0.5010 -0.9078 -0.5904 -0.9274 -0.6740
4.08 -0.8745 -0.4446 -0.8966 -0.56382 -0.9170 -0.6254
4.13 -0.8622 -0.3859 -0.8851 -0.4839 -0.9063 -0.5751
4.18 -0.8496 -0.3247 -0.8734 -0.4274 -0.8954 -0.5227
4.23 -0.8367 -0.2608 -0.8614 -0.3685 -0.8842 -0.4684
4.28 -0.8234 -0.1941 -0.8490 -0.3072 -0.8727 -0.4118
4.33 -0.8098 -0.1244 -0.8364 -0.2433 -0.8610 -0.3529
4.38 -0.7959 -0.0515 -0.8235 -0.1765 -0.8489 -0.2916
4.43 -0.7817 0.0249 -0.8103 -0.1067 -0.8366 -0.2277
4.48 -0.7671 0.1050 -0.7967 -0.0338 -0.8240 -0.1610
4.53 -0.7522 0.1890 -0.7828 0.0426 -0.8112 -0.0913
4.58 -0.7368 0.2773 -0.7686 0.1226 -0.7980 -0.0184
4.63 -0.7211 0.3702 -0.7541 0.2066 -0.7845 0.0578
4.68 -0.7051 0.4680 -0.7392 0.2948 -0.7706 0.1377
4.73 -0.6886 0.5712 -0.7239 0.3875 -0.7565 0.2214
4.78 -0.6717 0.6800 -0.7083 0.4850 -0.7420 0.3093
4.83 -0.6543 0.7951 -0.6923 0.5878 -0.7272 0.4016
4.88 -0.6365 0.9170 -0.6759 0.6963 -0.7120 0.4988
4.93 -0.6183 1.0461 -0.6591 0.8109 -0.6965 0.6011
4.98 -0.5996 1.1833 -0.6419 0.9322 -0.6806 0.7090
5.03 -0.5804 1.3292 -0.6242 1.0607 -0.6643 0.8229
5.08 -0.5606 1.4846 -0.6061 1.1970 -0.6476 0.9434
5.13 -0.5404 1.6506 -0.5875 1.3419 -0.6305 1.0709
5.18 -0.5196 1.8280 -0.5684 1.4961 -0.6130 1.2061
5.23 -0.4982 2.0182 -0.54%89 1.6607 -0.5951 1.3497
5.28 -0.4762 2.2224 -0.56288 1.8365 -0.5766 1.5025
5.33 -0.4536 2.4423 -0.5082 2.0247 -0.5578 1.6653
5.38 -0.4303 2.6797 -0.4870 2.2267 -0.5384 1.8390
5.43 -0.4064 2.9365 -0.4652 2.4439 -0.5185 2.0249
5.48 || -0.3817 | 3.2153 || -0.4428 | 2.6781 || -0.4981 | 2.2242
5.53 -0.3563 3.5187 -0.4198 2.9313 -0.4772 2.4383
5.58 -0.3301 3.8503 -0.3961 3.2057 -0.4557 2.6688
5.63 -0.3032 4.2138 -0.3718 3.5040 -0.4336 2.9177
5.68 -0.2753 4.6140 -0.3467 3.8295 -0.4109 3.1871
5.73 -0.2466 5.0564 -0.3209 4.1857 -0.3875 3.4797
5.78 -0.2169 5.5480 -0.2942 4.5773 -0.3635 3.7982
5.83 -0.1862 6.0971 -0.2668 5.0094 -0.3388 4.1464
5.88 -0.1545 6.7142 -0.2385 5.4885 -0.3133 4.5284
503 || -0.1217 | 7.4121 || -0.2092 | 6.0224 || 0.2871 | 4.9491
5.98 -0.0877 8.2075 -0.1790 6.6209 -0.2601 5.4146
6.03 -0.0525 9.1217 -0.1478 7.2960 -0.2322 5.9321
6.08 -0.0160 10.1828 -0.1156 8.0629 -0.2035 6.5107
6.13 || 00219 | 11.4282 || -0.0822 | 8.9413 || -0.1738 | 7.1614
6.18 0.0612 12.9093 -0.0476 9.9567 -0.1432 7.8083
6.23 || 0.1021 | 14.6987 || -0.0118 | 11.1429 || -0.1115 | 8.7392
6.28 0.1447 | 16.9014 0.0254 12.5461 -0.0788 9.7071
6.33 0.1890 19.6767 0.0639 14.2302 -0.0450 10.8325
6.38 0.2352 | 23.2772 0.1039 16.2874 -0.0099 12.1562
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1.650 < &3 < 1.700

&3 = 1.650 a3 = 1.675 a3z = 1.700
2 Bs Ba B3 Ba B3 Ba
3.95 -0.9606 -0.8216 -0.9763 -0.8908 -0.9906 -0.9562
4.00 -0.9513 -0.7788 -0.9676 -0.8507 -0.9826 -0.9185
4.05 -0.9417 -0.7344 -0.9587 -0.8092 -0.9743 -0.8796
4.10 -0.9319 -0.6885 -0.9496 -0.7663 -0.9658 -0.8394
4.15 -0.9219 -0.6410 -0.9402 -0.7220 -0.9571 -0.7980
4.20 -0.9116 -0.5917 -0.9306 -0.6761 -0.9482 -0.7551
4.25 -0.9010 -0.5405 -0.9208 -0.6286 -0.9391 -0.7109
4.30 -0.8903 -0.4874 -0.9108 -0.5793 -0.9297 -0.6650
4.35 -0.8792 -0.4322 -0.9005 -0.5282 -0.9201 -0.6176
4.40 -0.8679 -0.3748 -0.8899 -0.4751 -0.9103 -0.5684
4.45 -0.8563 -0.3150 -0.8792 -0.4200 -0.9003 -0.5174
4.50 -0.8445 -0.2527 -0.8681 -0.3627 -0.8900 -0.4645
4.55 -0.8324 -0.1878 -0.8569 -0.3031 -0.8795 -0.4096
4.60 -0.8200 -0.1201 -0.8454 -0.2410 -0.8687 -0.3525
4.65 -0.8074 -0.0493 -0.8336 -0.1763 -0.8578 -0.2931
4.70 -0.7944 0.0246 -0.8215 -0.1088 -0.8466 -0.2312
4.75 -0.7812 0.1020 -0.8092 -0.0384 -0.8351 -0.1668
4.80 -0.7676 0.1830 -0.7966 0.0352 -0.8234 -0.0997
4.85 -0.7537 0.2680 -0.7837 0.1122 -0.8114 -0.0296
4.90 -0.7396 0.3572 -0.7706 0.1928 -0.7992 0.0435
4.95 -0.7250 0.4509 -0.7571 0.2772 -0.7867 0.1200
5.00 -0.7102 0.5494 -0.7434 0.3658 -0.7739 0.2000
5.05 -0.6950 0.6532 -0.7293 0.4588 -0.7608 0.2838
5.10 -0.6794 0.7626 -0.7149 0.5566 -0.7475 0.3717
5.15 -0.6635 0.8781 -0.7002 0.6595 -0.7339 0.4638
5.20 -0.6472 1.0002 -0.6851 0.7679 -0.7199 0.5607
5.25 -0.6305 1.1295 -0.6697 0.8823 -0.7057 0.6625
5.30 -0.6134 1.2666 -0.6540 1.0031 -0.6911 0.7697
5.35 -0.5959 1.4121 -0.6378 1.1309 -0.6762 0.8828
5.40 -0.5780 1.56669 -0.6213 1.2662 -0.6610 1.0021
5.45 -0.5596 1.7317 -0.6044 1.4098 -0.6454 1.1282
5.50 -0.5407 1.9078 -0.5871 1.5624 -0.6295 1.2617
5.55 -0.5214 2.0960 -0.5694 1.7249 -0.6132 1.4031
5.60 -0.5016 2.2977 -0.5513 1.8981 -0.5965 1.56533
5.65 -0.4812 2.5144 -0.5327 2.0831 -0.5795 1.7130
5.70 -0.4604 2.7476 -0.56136 2.2812 -0.5620 1.8831
5.75 -0.4389 2.9994 -0.4940 2.4936 -0.5441 2.0646
5.80 -0.4169 3.2718 -0.4740 2.7221 -0.5258 2.2587
5.85 -0.3943 3.5675 -0.4534 2.9683 -0.5070 2.4666
5.90 -0.3710 3.8895 -0.4323 3.2343 -0.4878 2.6899
505 || -0.3471 | 4.2413 || -0.4107 | 3.5227 || -0.4681 | 2.9302
6.00 -0.3225 4.6270 -0.3884 3.8361 -0.4478 3.1894
6.05 -0.2972 5.0517 -0.3656 4.1778 -0.4271 3.4699
6.10 || -0.2711 | 5.5214 || -0.3421 | 4.5518 || -0.4058 | 3.7743
6.15 -0.2443 6.0435 -0.3179 4.9628 -0.3840 4.1055
6.20 -0.2166 6.6268 -0.2931 5.4161 -0.3616 4.4673
6.25 -0.1881 7.2825 -0.2676 5.9187 -0.3386 4.8639
6.30 -0.1586 8.0247 -0.2412 6.4786 -0.3149 5.3004
6.35 -0.1283 8.8710 -0.2142 7.1060 -0.2906 5.7830
6.40 -0.0969 9.8446 -0.1862 7.8136 -0.2656 6.3190
6.45 -0.0644 | 10.9757 -0.1574 8.6173 -0.2398 6.9178
6.50 -0.0309 12.3050 -0.1277 9.5375 -0.2134 7.5906
6.60 0.0398 15.8052 -0.0654 11.8436 -0.1580 9.2192
6.71 0.1236 | 21.8563 0.0080 15.4729 -0.0931 11.6291
6.83 0.2234 | 34.5155 0.0947 | 21.8805 -0.0169 15.4823
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1.725 < &3 < 1.775

a3 =1.725 a3z = 1.750 a3 = 1.775
2 Bs Ba B3 Ba B3 Ba
4.22 -0.9610 -0.8129 -0.9761 -0.8838 -0.9900 -0.9506
4.27 -0.9524 -0.7710 -0.9681 -0.8446 -0.9826 -0.9138
4.32 -0.9436 -0.7277 -0.9600 -0.8041 -0.9750 -0.8758
4.37 -0.9346 -0.6829 -0.9516 -0.7623 -0.9672 -0.8367
4.42 -0.9254 -0.6366 -0.9430 -0.7191 -0.9592 -0.7964
4.47 -0.9159 -0.56886 -0.9342 -0.6745 -0.9510 -0.7547
4.52 -0.9063 -0.56389 -0.9252 -0.6283 -0.9426 -0.7118
4.57 -0.8964 -0.4873 -0.9160 -0.5805 -0.9340 -0.6673
4.62 -0.8863 -0.4338 -0.9065 -0.56310 -0.9252 -0.6214
4.67 -0.8760 -0.3783 -0.8969 -0.4797 -0.9163 -0.5739
4.72 -0.8654 -0.3206 -0.8871 -0.4265 -0.9071 -0.5246
4.77 -0.8547 -0.2605 -0.8771 -0.3713 -0.8977 -0.4736
4.82 -0.8437 -0.1981 -0.8668 -0.3139 -0.8882 -0.4208
4.87 -0.8324 -0.1330 -0.8563 -0.2543 -0.8784 -0.3659
4.92 -0.8209 -0.0652 -0.8456 -0.1922 -0.8684 -0.3090
4.97 -0.8092 0.0056 -0.8347 -0.1277 -0.8583 -0.2498
5.02 -0.7972 0.0795 -0.8236 -0.0604 -0.8479 -0.1883
5.07 -0.7850 0.1567 -0.8122 0.0098 -0.8373 -0.1243
5.12 -0.7725 0.2375 -0.8006 0.0830 -0.8264 -0.0576
5.17 -0.7597 0.3221 -0.7887 0.1595 -0.8154 0.0119
5.22 -0.7467 0.4107 -0.7766 0.2394 -0.8041 0.0843
5.27 -0.7334 0.5037 -0.7642 0.3231 -0.7926 0.1600
5.32 -0.7198 0.6014 -0.7516 0.4107 -0.7809 0.2390
5.37 -0.7059 0.7041 -0.7387 0.5026 -0.7689 0.3217
5.42 -0.6917 0.8122 -0.7255 0.5990 -0.7567 0.4082
5.47 -0.6772 0.9261 -0.7121 0.7003 -0.7442 0.4988
5.52 -0.6623 1.0463 -0.6984 0.8069 -0.7315 0.5938
5.57 -0.6472 1.1733 -0.6844 0.9191 -0.7185 0.6936
5.62 -0.6317 1.3077 -0.6700 1.0374 -0.7053 0.7985
5.67 -0.6158 1.4501 -0.6554 1.1622 -0.6918 0.9088
5.72 -0.5996 1.6012 -0.6405 1.2943 -0.6779 1.0250
5.77 -0.5830 1.7618 -0.6252 1.4340 -0.6638 1.1476
5.82 -0.5661 1.9329 -0.6096 1.5821 -0.6495 1.2771
5.87 -0.5487 2.1153 -0.5937 1.7394 -0.6347 1.4140
5.92 -0.5309 2.3102 -0.5774 1.9067 -0.6197 1.56590
5.97 -0.5127 2.5190 -0.5607 2.0849 -0.6044 1.7128
6.02 -0.4941 2.7431 -0.5436 2.2751 -0.5887 1.8761
6.07 -0.4750 2.9841 -0.56262 2.4786 -0.5727 2.0500
6.12 -0.4555 3.2440 -0.5083 2.6966 -0.5563 2.2352
6.17 -0.4354 3.5251 -0.4900 2.9308 -0.5396 2.4331
6.22 || -0.4149 | 3.8208 || -0.4713 | 3.1829 || -0.5225 | 2.6449
6.27 -0.3938 4.1613 -0.4521 3.4550 -0.5050 2.8720
6.32 || -0.3722 | 45231 || -0.4325 | 3.7495 || -0.4871 | 3.1161
6.37 -0.3500 4.9193 -0.4124 4.0692 -0.4687 3.3791
6.42 -0.3273 5.3551 -0.3918 4.4173 -0.4500 3.6632
6.47 -0.3039 5.8364 -0.3706 4.7978 -0.4308 3.9709
6.52 -0.2798 6.3706 -0.3490 5.2151 -0.4111 4.3054
6.57 -0.2551 6.9666 -0.3267 5.6747 -0.3909 4.6699
6.62 -0.2297 7.6354 -0.3039 6.1832 -0.3703 5.0688
6.67 -0.2036 8.3911 -0.2804 6.7486 -0.3491 5.5069
6.72 -0.1767 9.2511 -0.2563 7.3808 -0.3274 5.9901
6.82 -0.1205 11.3823 -0.2061 8.8976 -0.2823 7.1219
6.92 -0.0607 | 14.3149 -0.1531 10.8766 -0.2348 8.5435
7.04 || 0.0161 | 19.6946 || -0.0851 | 14.2160 || -0.1743 | 10.8112
7.16 0.0993 | 29.3837 -0.0121 19.4357 -0.1096 14.0621

© 2000 by Chapman & Hall/CRC




1.800 < &3 < 1.850

a3 = 1.800 &3 = 1.825 &3 = 1.850
2 Bs Ba B3 Ba B3 Ba
4.48 -0.9649 -0.8221 -0.9793 -0.8933 -0.9924 -0.9604
4.54 -0.9555 -0.7734 -0.9705 -0.8478 -0.9843 -0.9176
4.60 -0.9458 -0.7229 -0.9615 -0.8006 -0.9759 -0.8734
4.66 -0.9358 -0.6704 -0.9522 -0.7516 -0.9672 -0.8276
4.72 -0.9256 -0.6158 -0.9426 -0.7008 -0.9584 -0.7802
4.78 -0.9151 -0.5589 -0.9329 -0.6479 -0.9492 -0.7310
4.84 -0.9043 -0.4997 -0.9228 -0.5930 -0.9399 -0.6799
4.90 -0.8933 -0.4378 -0.9125 -0.56358 -0.9303 -0.6268
4.96 -0.8819 -0.3732 -0.9019 -0.4761 -0.9204 -0.5715
5.02 -0.8703 -0.3057 -0.8911 -0.4139 -0.9103 -0.5140
5.08 -0.8585 -0.2351 -0.8800 -0.3490 -0.9000 -0.4541
5.14 -0.8463 -0.1611 -0.8687 -0.2811 -0.8893 -0.3917
5.20 -0.8338 -0.0835 -0.8570 -0.2101 -0.8785 -0.3264
5.26 -0.8210 -0.0020 -0.8451 -0.1358 -0.8674 -0.2583
5.32 -0.8079 0.0835 -0.8329 -0.0579 -0.8560 -0.1871
5.38 -0.7946 0.1736 -0.8205 0.0239 -0.8444 -0.1125
5.44 -0.7808 0.2684 -0.8077 0.1098 -0.8325 -0.0344
5.50 -0.7668 0.3685 -0.7946 0.2001 -0.8203 0.0476
5.56 -0.7524 0.4742 -0.7812 0.2953 -0.8078 0.1337
5.62 -0.7377 0.5859 -0.7676 0.3956 -0.7951 0.2242
5.68 -0.7226 0.7043 -0.7535 0.5015 -0.7821 0.3195
5.74 -0.7072 0.8298 -0.7392 0.6134 -0.7687 0.4199
5.80 -0.6913 0.9632 -0.7245 0.7319 -0.7551 0.5258
5.86 -0.6751 1.1051 -0.7095 0.8576 -0.7411 0.6378
5.92 -0.6585 1.2565 -0.6941 0.9910 -0.7269 0.7562
5.98 -0.6415 1.4181 -0.6784 1.1329 -0.7123 0.8818
6.04 || -0.6241 | 1.5911 || -0.6623 | 1.2841 || -0.6973 | 1.0150
6.10 -0.6062 1.7766 -0.6458 1.4455 -0.6821 1.1566
6.16 -0.5878 1.9761 -0.6288 1.6181 -0.6664 1.3073
6.22 -0.5690 2.1910 -0.6115 1.8031 -0.6504 1.4682
6.28 -0.5497 2.4231 -0.5938 2.0019 -0.6340 1.6401
6.34 -0.5299 2.6746 -0.5756 2.2159 -0.6172 1.8242
6.40 -0.5096 2.9479 -0.5569 2.4468 -0.6001 2.0218
6.46 -0.4887 3.2458 -0.5377 2.6969 -0.56825 2.2344
6.52 -0.4672 3.5717 -0.5181 2.9682 -0.5644 2.4637
6.58 -0.4452 3.9295 -0.4980 3.2638 -0.5459 2.7117
6.64 -0.4225 4.3241 -0.4773 3.5867 -0.5270 2.9806
6.70 -0.3992 4.7613 -0.4560 3.9410 -0.5076 3.2730
6.76 -0.3752 5.2479 -0.4342 4.3311 -0.4876 3.5923
6.82 -0.3505 5.7928 -0.4118 4.7626 -0.4672 3.9420
6.88 -0.3251 6.4067 -0.3888 5.2423 -0.4462 4.3266
6.94 -0.2989 7.1032 -0.3651 5.7785 -0.4247 4.7514
7.00 -0.2719 7.8998 -0.3407 6.3815 -0.4026 5.2228
7.06 -0.2440 8.8190 -0.3156 7.0642 -0.3798 5.7489
712 -0.2153 9.8910 -0.2898 7.8431 -0.3565 6.3392
7.18 -0.1856 11.1562 -0.2632 8.7396 -0.3325 7.0061
7.24 -0.1550 12.6711 -0.2357 9.7818 -0.3077 7.7651
7.30 -0.1233 14.5162 -0.2074 11.0076 -0.2823 8.6362
7.36 -0.0905 16.8105 -0.1783 12.4692 -0.2561 9.6455
742 || -0.0566 | 19.7384 || -0.1481 | 14.2404 || -0.2292 | 10.8281
743 || -0.0215 | 23.6004 || -0.1170 | 16.4295 || -0.2014 | 12.2320
7.54 0.0150 | 28.9225 -0.0848 19.2020 -0.1727 | 13.9243
7.60 0.0528 | 36.7165 -0.0515 22.8234 -0.1431 16.0026
7.66 0.0920 | 49.2080 -0.0170 27.7491 -0.1126 18.6139
7.72 0.1328 | 72.4385 0.0187 | 34.8307 -0.0811 21.9904
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1.875 < &3 < 1.925

a3 = 1.875 &3 = 1.900 a3 = 1.925
Gy Bs Ba B3 Ba B3 Ba
4.75 -0.9686 -0.8318 -0.9822 -0.9032 -0.9946 -0.9704
4.81 -0.9600 -0.7850 -0.9742 -0.8594 -0.9872 -0.9293
4.87 -0.9512 -0.7365 -0.9660 -0.8140 -0.9796 -0.8867
4.93 -0.9421 -0.6861 -0.9575 -0.7670 -0.9717 -0.8428
4.99 -0.9328 -0.6338 -0.9488 -0.7183 -0.9636 -0.7973
5.05 -0.9232 -0.5794 -0.9399 -0.6678 -0.9553 -0.7502
5.11 -0.9135 -0.5229 -0.9308 -0.6153 -0.9468 -0.7014
5.17 -0.9034 -0.4640 -0.9214 -0.5608 -0.9381 -0.6508
5.23 -0.8932 -0.4026 -0.9119 -0.5041 -0.9291 -0.5982
5.29 -0.8827 -0.3386 -0.9021 -0.4451 -0.9200 -0.5436
5.35 -0.8720 -0.2718 -0.8920 -0.3836 -0.9106 -0.4869
5.41 -0.8610 -0.2020 -0.8818 -0.3195 -0.9010 -0.4278
5.47 -0.8497 -0.1290 -0.8713 -0.2526 -0.8912 -0.3663
5.53 -0.8382 -0.0525 -0.8606 -0.1828 -0.8812 -0.3021
5.59 -0.8265 0.0276 -0.8496 -0.1097 -0.8710 -0.2352
5.65 -0.8145 0.1117 -0.8384 -0.0332 -0.8605 -0.1654
5.71 -0.8022 0.2000 -0.8269 0.0469 -0.8498 -0.0924
5.77 -0.7897 0.2928 -0.8152 0.1309 -0.8389 -0.0160
5.83 -0.7768 0.3906 -0.8033 0.2191 -0.8277 0.0640
5.89 -0.7637 0.4936 -0.7911 0.3119 -0.8163 0.1479
5.95 -0.7503 0.6023 -0.7786 0.4094 -0.8047 0.2359
6.01 -0.7366 0.7172 -0.7658 0.56122 -0.7928 0.3283
6.07 -0.7226 0.8389 -0.7528 0.6206 -0.7807 0.4255
6.13 -0.7082 0.9677 -0.7395 0.7351 -0.7683 0.5279
6.19 -0.6936 1.1045 -0.7259 0.8562 -0.7556 0.6358
6.25 -0.6786 1.2500 -0.7119 0.9845 -0.7427 0.7497
6.31 -0.6632 1.4049 -0.6977 1.1205 -0.7295 0.8701
6.37 -0.6475 1.5702 -0.6832 1.2651 -0.7160 0.9976
6.43 -0.6315 1.7469 -0.6683 1.4190 -0.7022 1.1327
6.49 -0.6151 1.9363 -0.6531 1.5830 -0.6881 1.2761
6.55 -0.5983 2.1395 -0.6376 1.7583 -0.6737 1.4287
6.61 -0.5810 2.3582 -0.6217 1.9458 -0.6590 1.5912
6.67 -0.5634 2.5942 -0.6055 2.1470 -0.6440 1.7647
6.73 -0.5454 2.8495 -0.5889 2.3634 -0.6287 1.9502
6.79 -0.5269 3.1264 -0.5719 2.5965 -0.6130 2.1489
6.85 -0.5079 3.4278 -0.5545 2.8484 -0.5969 2.3624
6.91 -0.4885 3.7569 -0.5366 3.1214 -0.5805 2.5923
6.97 -0.4686 4.1176 -0.5184 3.4180 -0.5637 2.8404
7.03 -0.4482 4.5145 -0.4997 3.7416 -0.5466 3.1088
7.09 -0.4272 4.9532 -0.4805 4.0956 -0.5290 3.4003
7.15 -0.4057 5.4405 -0.4609 4.4846 -0.5110 3.7176
7.21 -0.3836 5.9845 -0.4408 4.9138 -0.4926 4.0644
7.27 -0.3609 6.5957 -0.4202 5.3896 -0.4738 4.4447
7.33 -0.3376 7.2869 -0.3990 5.9198 -0.4545 4.8635
7.39 -0.3137 8.0745 -0.3773 6.5139 -0.4347 5.3269
7.45 -0.2890 8.9797 -0.3550 7.1840 -0.4144 5.8421
7.51 -0.2637 10.0304 -0.3321 7.9454 -0.3937 6.4181
7.57 -0.2376 11.2638 -0.3086 8.8175 -0.3723 7.0660
7.63 -0.2108 12.7314 -0.2845 9.8259 -0.3505 7.7998
7.69 -0.1831 14.5055 -0.2596 11.0044 -0.3280 8.6375
7.75 -0.1546 16.6919 -0.2341 12.3995 -0.3050 9.6023
7.83 -0.1151 20.5380 -0.1988 14.7116 -0.2733 11.1407
7.97 -0.0420 32.1944 -0.1337 | 20.7854 -0.2150 14.8576
8.11 0.-370 63.9400 -0.0639 | 32.4901 -0.1527 | 20.9276
8.25 0.1227 | 475.8773 0.0114 | 64.1704 -0.0859 | 32.5601
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1.950 < &3 < 2.000

&3 = 1.950 a3 = 1.975 &z = 2.000
Gy Ba Ba B3 Ba B3 Ba
5.08 -0.9655 -0.8047 -0.9788 -0.8785 -0.9910 -0.9477
5.15 -0.9562 -0.7505 -0.9701 -0.8278 -0.9829 -0.9002
5.22 -0.9465 -0.6940 -0.9611 -0.7750 -0.9745 -0.8509
5.29 -0.9365 -0.6350 -0.9518 -0.7201 -0.9659 -0.7996
5.36 -0.9263 -0.5735 -0.9423 -0.6630 -0.9570 -0.7463
5.43 -0.9158 -0.5092 -0.9325 -0.6033 -0.9478 -0.6908
5.50 -0.9050 -0.4418 -0.9224 -0.5410 -0.9384 -0.6330
5.57 -0.8940 -0.3713 -0.9121 -0.4759 -0.9288 -0.5727
5.64 -0.8826 -0.2973 -0.9014 -0.4078 -0.9189 -0.5097
5.71 -0.8710 -0.2196 -0.8906 -0.3364 -0.9087 -0.4439
5.78 -0.8591 -0.1379 -0.8794 -0.2615 -0.8983 -0.3750
5.85 -0.8468 -0.0520 -0.8680 -0.1829 -0.8876 -0.3029
5.92 -0.8343 0.0386 -0.8563 -0.1003 -0.8766 -0.2273
5.99 -0.8215 0.1342 -0.8443 -0.0134 -0.8654 -0.1479
6.06 -0.8083 0.2353 -0.8320 0.0782 -0.8540 -0.0644
6.13 -0.7949 0.3422 -0.8195 0.1749 -0.8422 0.0234
6.20 -0.7811 0.4556 -0.8066 0.2771 -0.8302 0.1159
6.27 -0.7670 0.5759 -0.7934 0.3851 -0.8179 0.2135
6.34 -0.7525 0.7038 -0.7799 0.4997 -0.8053 0.3166
6.41 -0.7377 0.8401 -0.7661 0.6212 -0.7924 0.4256
6.48 -0.7225 0.9856 -0.7520 0.7504 -0.7792 0.5411
6.55 -0.7069 1.1411 -0.7375 0.8880 -0.7657 0.6637
6.62 -0.6910 1.3077 -0.7227 1.0348 -0.7520 0.7940
6.69 -0.6747 1.4866 -0.7076 1.1917 -0.7378 0.9327
6.76 -0.6579 1.6792 -0.6920 1.3598 -0.7234 1.0806
6.83 -0.6408 1.8870 -0.6761 1.5402 -0.7086 1.2386
6.90 -0.6232 2.1118 -0.6598 1.7343 -0.6935 1.4078
6.97 -0.6052 2.3557 -0.6432 1.9437 -0.6780 1.5894
7.04 -0.5867 2.6213 -0.6261 2.1702 -0.6622 1.7847
7.11 -0.5677 2.9113 -0.6086 2.4158 -0.6460 1.9952
7.18 -0.54%3 3.2292 -0.5906 2.6830 -0.6294 2.2228
7.25 -0.56283 3.5790 -0.5722 2.9747 -0.6124 2.4695
7.32 -0.5078 3.9658 -0.56533 3.2943 -0.5950 2.7378
7.39 -0.4867 4.3954 -0.5340 3.6459 -0.5771 3.0306
7.46 -0.4651 4.8751 -0.5141 4.0342 -0.5589 3.3511
7.53 -0.4428 5.4141 -0.4938 4.4654 -0.5401 3.7034
7.60 -0.4199 6.0235 -0.4728 4.9465 -0.5209 4.0924
7.67 -0.3964 6.7180 -0.4513 5.4865 -0.5012 4.5238
7.74 -0.3722 7.5161 -0.4293 6.0968 -0.4810 5.0048
7.81 -0.3472 8.4423 -0.4066 6.7915 -0.4603 5.5443
7.88 -0.3215 9.5294 -0.3833 7.5889 -0.4390 6.1533
7.95 -0.2951 10.8224 -0.3593 8.5133 -0.4171 6.8457
8.02 -0.2678 12.3848 -0.3346 9.5967 -0.3947 7.6396
8.09 -0.2396 14.3089 -0.3091 10.8833 -0.3716 8.5584
8.16 -0.2106 16.7347 -0.2830 12.4349 -0.3479 9.6336
8.23 -0.1806 19.8851 -0.2560 14.3415 -0.3235 10.9079
8.30 || -0.1406 | 24.1372 || -0.2282 | 16.7387 || -0.2984 | 12.4412
8.37 -0.1175 30.1849 -0.1995 19.8408 -0.2725 14.3201
8.44 -0.0843 39.4587 -0.1699 24.0086 -0.2459 16.6745
8.51 -0.0499 55.4564 -0.1393 29.8991 -0.2185 19.7083
8.58 -0.0143 89.5900 -0.1076 38.8481 -0.1902 23.7616
8.65 0.0226 212.7215 -0.0749 54.0532 -0.1610 29.4467
8.72 -0.0411 85.5496 -0.1309 | 37.98%0
8.79 -0.0061 189.4380 -0.0998 52.2426
8.86 -0.0676 | 80.7819
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Appendix D

Tables for GLD F'its: Method of
Percentiles

For specified p3 and py, Tables D-1 through D-5 give the A5 and A4 values
for GLD fits in the regions designated by “T1,” “T2,” “T3,” “T4,” and
“T'5,” respectively, in Figure 4.3—1.

The entries for Tables D-1, D-2, and D-5 are from “Fitting the Gener-
alized Lambda Distribution (GLD) System by a Method of Percentiles, II:
Tables” by E.J. Dudewicz and Z.A. Karian, American Journal of Mathe-
matical and Management Sciences, V. 19, 1 & 2 (1999), pp. 1-73, copyright
(©1999 by American Sciences Press, Inc., 20 Cross Road, Syracuse, New
York 13224-2104. Reprinted with permission.
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Table D-1: 0.005 < p4 < 0.008 and Az, Ay >0

pa = 0.005 pa = 0.006 pa = 0.007 pa = 0.008
b3 A3 Aq A3 Aq A3 Aq A3 Aq
.02 28.9513 | 66.0812 27.9517 | 65.0816 27.1063 | 64.2362 26.3739 | 63.5039
.04 28.8455 | 59.3966 27.8459 | 58.3970 27.0005 | 57.5516 26.2681 | 56.8192
.06 28.7427 | 55.4454 27.7431 54.4458 26.8977 | 53.6004 26.1653 | 52.8681
.08 28.6432 | 52.6155 27.6436 | 51.6159 26.7982 | 50.7705 26.0658 | 50.0381
.10 28.5472 | 50.4016 27.5476 | 49.4020 26.7022 | 48.5566 25.9698 | 47.8242
12 28.4549 | 48.578%8 27.4553 | 47.5792 26.6099 | 46.7339 25.8776 | 46.0015
14 28.3666 | 47.0274 27.3670 46.0278 26.5216 45.1824 25.7892 | 44.4501
.16 28.2824 | 45.6758 27.2828 | 44.6762 26.4374 | 43.8309 25.7050 | 43.0985
18 28.2025 | 44.4780 27.2029 | 43.4784 26.3575 | 42.6330 25.6251 | 41.9007
.20 28.1271 43.4026 27.1275 42,4030 26.2821 41.5576 25.5497 | 40.8252
.22 28.0562 | 42.4272 27.0566 41.4276 26.2113 40.5822 25.4789 | 39.8498
.24 27.9902 | 41.5353 26.9906 | 40.5357 26.1452 | 39.6903 25.4128 | 38.9579
.26 27.9290 | 40.7144 26.9294 | 39.7148 26.0840 | 38.8694 25.3517 | 38.1371
28 27.8729 | 39.9549 26.8733 | 38.9553 26.0279 | 38.1099 25.2055 | 37.3775
.30 27.8219 | 39.2490 26.8223 | 38.2495 25.9769 | 37.4041 25.2445 | 36.6717
.32 27.7761 | 38.5907 26.7765 | 37.5911 25.9311 | 36.7457 25.1987 | 36.0133
.34 27.7355 | 37.9748 26.7359 | 36.9752 25.8905 | 36.1298 25.1582 | 35.3974
.36 27.7003 | 37.3971 26.7007 | 36.3975 25.8554 | 35.5521 25.1230 | 34.8197
.38 27.6706 | 36.8541 26.6710 | 35.8545 25.8256 | 35.0091 25.0932 | 34.2768
.40 27.6462 | 36.3429 26.6466 | 35.3433 25.8012 | 34.4979 25.0688 | 33.7656
42 27.6273 | 35.8609 26.6277 | 34.8613 25.7823 | 34.0159 25.0499 | 33.2835
.44 27.6138 | 35.4059 26.6142 | 34.4063 25.768% | 33.5609 25.0364 | 32.8285
.46 27.6057 | 34.9759 26.6061 | 33.9763 25.7607 | 33.1309 25.0283 | 32.3985
48 27.6030 | 34.5693 26.6034 | 33.5697 25.7580 | 32.7243 25.0256 | 31.9919
.50 27.6057 | 34.1845 26.6061 | 33.1849 25.7607 | 32.3395 25.0283 | 31.6071
.52 27.6136 | 33.8202 26.6140 | 32.8206 25.7686 | 31.9752 25.0362 | 31.2428
.54 27.6268 | 33.4751 26.6272 | 32.4755 25.7818 | 31.6301 25.0494 | 30.8978
.56 27.6450 | 33.1482 26.6454 | 32.1486 25.8000 | 31.3032 25.0677 | 30.5709
.58 27.6683 | 32.8384 26.6687 | 31.8388 25.8233 | 30.9934 25.0909 | 30.2611
.60 27.6965 | 32.5449 26.6969 | 31.5453 25.8515 | 30.6999 25.1191 | 29.9675
.62 27.7295 | 32.2666 26.7299 | 31.2670 25.8845 | 30.4216 25.1521 | 29.6893
.64 27.7671 | 32.0029 26.7675 | 31.0033 25.9221 | 30.1579 25.1897 | 29.4256
.66 27.8092 | 31.7530 26.8096 | 30.7534 25.9642 | 29.9080 25.2319 | 29.1756
.68 27.8557 | 31.5161 26.8561 | 30.5165 26.0107 | 29.6712 25.2784 | 28.9388
.70 27.9064 | 31.2917 26.9068 | 30.2921 26.0614 | 29.4467 25.3291 | 28.7144
72 27.9612 | 31.0791 26.9616 | 30.0795 26.1162 | 29.2341 25.3838 | 28.5017
.74 28.0198 | 30.8777 27.0202 | 29.8781 26.1748 | 29.0327 25.4425 | 28.3003
.76 28.0822 | 30.6869 27.0826 | 29.6873 26.2372 | 28.8420 25.5048 | 28.1096
78 28.1481 | 30.5063 27.1485 | 29.5067 26.3031 28.6613 25.5708 | 27.9290
.80 28.2174 | 30.3353 27.2178 | 29.3357 26.3724 | 28.4903 25.6400 | 27.7580
.82 28.2899 | 30.1735 27.2903 | 29.1739 26.4449 | 28.3285 25.7126 | 27.5961
.84 28.3655 | 30.0203 27.3659 | 29.0207 26.5205 | 28.1753 25.7881 | 27.4429
.86 28.4439 | 29.8754 27.4443 | 28.8758 26.5989 | 28.0304 25.8665 | 27.2980
.88 28.5250 | 29.7383 27.5254 | 28.7387 26.6800 | 27.8933 25.9477 | 27.1610
.90 28.6087 | 29.6087 27.6091 28.6091 26.7637 | 27.7637 26.0313 | 27.0313
.92 28.6948 29.4862 27.6952 28.4866 26.8498 27.6412 26.1174 | 26.9088
.94 28.7831 | 29.3703 27.7835 | 28.3707 26.9381 27.5253 26.2057 | 26.7930
.96 28.8734 | 29.2609 27.8738 | 28.2613 27.0284 | 27.4159 26.2960 | 26.6835
.98 28.9657 | 29.1574 27.9661 28.1578 27.1207 | 27.3125 26.3883 | 26.5801
1.00 29.0598 | 29.0598 28.0602 | 28.0602 27.2148 | 27.2148 26.4824 | 26.4824
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Table D-1: 0.009 < p4 <0.012 and Az, Ay >0

pa = 0.009 pa =0.010 pa = 0.011 pa =0.012
3 A3 A4 As A4 A3 A A3 Aq
.02 25.7279 | 62.8579 25.1500 | 62.2801 24.6273 | 61.7574 24.1500 | 61.2802
.04 25.6221 | 56.1732 25.0442 | 55.5954 24.5215 | 55.0727 24.0442 | 54.5955
.06 25.5193 | 52.2221 24.9414 | 51.6442 24.4187 | 51.1215 23.9414 | 50.6443
.08 25.4198 | 49.3921 24.8419 | 48.8142 24.3192 | 48.2915 23.8419 | 47.8143
.10 25.3238 | 47.1782 24.7459 | 46.6003 24.2232 | 46.0776 23.7459 | 45.6004
12 25.2316 | 45.3555 24.6537 | 44.7776 24.1309 | 44.2549 23.6537 | 43.7777
14 25.1432 | 43.8041 24.5654 | 43.2262 24.0426 | 42.7035 23.5654 | 42.2262
.16 25.0590 | 42.4525 24.4811 | 41.8746 23.9584 | 41.3519 23.4811 | 40.8747
.18 24.9791 | 41.2547 24.4012 | 40.6768 23.8785 | 40.1541 23.4012 | 39.6768
.20 24.9037 | 40.1792 24.3258 | 39.6014 23.8030 | 39.0786 23.3258 | 38.6014
.22 24.8329 | 39.2038 24.2550 | 38.6259 23.7322 | 38.1032 23.2550 | 37.6260
.24 24.7668 | 38.3119 24.1889 | 37.7340 23.6662 | 37.2113 23.1889 | 36.7341
.26 24.7057 | 37.4911 24.1278 | 36.9132 23.6050 | 36.3904 23.1278 | 35.9132
.28 24.6495 | 36.7315 24.0716 | 36.1537 23.5489 | 35.6309 23.0716 | 35.1537
.30 24.5985 | 36.0257 24.0206 | 35.4478 23.4979 | 34.9251 23.0206 | 34.4478
.32 24.5527 | 35.3673 23.9748 | 34.7895 23.4520 | 34.2667 22.9748 | 33.7895
.34 24.5122 | 34.7514 23.9343 | 34.1735 23.4115 | 33.6508 22.9343 | 33.1735
.36 24.4770 | 34.1737 23.8991 | 33.5958 23.3763 | 33.0731 22.8991 | 32.5959
.38 24.4472 | 33.6308 23.8693 | 33.0529 23.3465 | 32.5301 22.8693 | 32.0529
.40 24.4228 | 33.1195 23.8449 | 32.5417 23.3222 | 32.0189 22.8449 | 31.5417
.42 24.4039 | 32.6375 23.8260 | 32.0597 23.3032 | 31.5369 22.8260 | 31.0597
.44 24.3904 | 32.1825 23.8125 | 31.6046 23.2897 | 31.0819 22.8125 | 30.6047
.46 24.3823 | 31.7525 23.8044 | 31.1747 23.2817 | 30.6519 22.8044 | 30.1747
A48 24.3796 | 31.3459 23.8017 | 30.7680 23.2790 | 30.2453 22.8017 | 29.7681
.50 24.3823 | 30.9611 23.8044 | 30.3832 23.2816 | 29.8605 22.8044 | 29.3833
.52 24.3902 | 30.5968 23.8123 | 30.0189 23.2896 | 29.4962 22.8123 | 29.0190
.54 24.4034 | 30.2518 23.8255 | 29.6739 23.3027 | 29.1511 22.8255 | 28.6739
.56 24.4216 | 29.9248 23.8438 | 29.3470 23.3210 | 28.8242 22.8438 | 28.3470
.58 24.4449 | 29.6151 23.8670 | 29.0372 23.3443 | 28.5144 22.8670 | 28.0372
.60 24.4731 | 29.3215 23.8952 | 28.7436 23.3725 | 28.2209 22.8952 | 27.7436
.62 24.5061 | 29.0433 23.9282 | 28.4654 23.4055 | 27.9426 22.9282 | 27.4654
.64 24.5437 | 28.7795 23.9658 | 28.2017 23.4431 | 27.6789 22.9658 | 27.2017
.66 24.5859 | 28.5296 24.0080 | 27.9517 23.4852 | 27.4290 23.0080 | 26.9518
.68 24.6324 | 28.2928 24.0545 | 27.7149 23.5317 | 27.1921 23.0545 | 26.7149
.70 24.6831 | 28.0684 24.1052 | 27.4905 23.5824 | 26.9677 23.1052 | 26.4905
72 24.7378 | 27.8557 24.1599 | 27.2779 23.6372 | 26.7551 23.1599 | 26.2779
.74 24.7965 | 27.6543 24.2186 | 27.0764 23.6958 | 26.5537 23.2186 | 26.0765
.76 24.8588 | 27.4636 24.2809 | 26.8857 23.7582 | 26.3629 23.2809 | 25.8857
.78 24.9247 | 27.2829 24.3469 | 26.7051 23.8241 | 26.1823 23.3469 | 25.7051
.80 24.9940 | 27.1119 24.4162 | 26.5341 23.8934 | 26.0113 23.4162 | 25.5341
.82 25.0665 | 26.9501 24.4887 | 26.3722 23.9659 | 25.8495 23.4887 | 25.3722
.84 25.1421 | 26.7969 24.5642 | 26.2190 24.0415 | 25.6963 23.5642 | 25.2191
.86 25.2205 | 26.6520 24.6426 | 26.0741 24.1199 | 25.5514 23.6426 | 25.0741
.88 25.3016 | 26.5149 24.7238 | 25.9371 24.2010 | 25.4143 23.7238 | 24.9371
.90 25.3853 | 26.3853 24.8074 | 25.8074 24.2847 | 25.2847 23.8074 | 24.8075
.92 25.4714 | 26.2628 24.8935 | 25.6849 24.3707 | 25.1621 23.8935 | 24.6849
.94 25.5597 | 26.1469 24.9818 | 25.5691 24.4590 | 25.0463 23.9818 | 24.5691
.96 25.6500 | 26.0375 25.0722 | 25.4596 24.5494 | 24.9368 24.0722 | 24.4596
.98 25.7423 | 25.9341 25.1644 | 25.3562 24.6417 | 24.8334 24.1644 | 24.3562
1.00 25.8364 | 25.8364 25.2585 | 25.2585 24.7357 | 24.7357 24.2585 | 24.2585

© 2000 by Chapman & Hall/CRC




Table D—-1: 0.0135 < py < 0.0180 and Az, A4 >0

pa = 0.0135 pa = 0.0150 pa = 0.0165 pa = 0.0180
b3 A3 Aq A3 Aq A3 Aq A3 Aq
.02 23.5038 | 60.6342 22.9260 | 60.0566 22.4033 | 59.5341 21.9261 | 59.0572
.04 23.3980 | 53.9493 22.8202 | 53.3717 22.2975 | 52.8491 21.8203 | 52.3721
.06 23.2952 | 49.9981 22.7175 49.4204 22,1948 48.8978 21.7175 | 48.4207
.08 23.1957 | 47.1681 22.6180 | 46.5904 22.0953 | 46.0678 21.6180 | 45.5907
.10 23.0097 | 44.9542 22.5220 | 44.3765 21.9993 | 43.8539 21.5220 | 43.3767
12 23.0074 | 43.1314 22.4297 | 42.5538 21.9070 42.0311 21.4298 | 41.5540
14 22,9191 41.5800 22.3414 | 41.0023 21.8187 | 40.4797 21.3415 | 40.0025
.16 22.8349 | 40.2284 22.2572 | 39.6507 21.7345 | 39.1281 21.2572 | 38.6509
18 22.7550 | 39.0306 221773 | 38.4529 21.6546 | 37.9303 21.1773 | 37.4531
.20 22.6796 | 37.9552 22,1018 | 37.3775 21.5791 | 36.8548 21.1019 | 36.3777
.22 22.6087 | 36.9798 22.0310 | 36.4021 21.5083 | 35.8794 21.0311 | 35.4022
.24 22.5427 | 36.0879 21.9650 | 35.5102 21.4423 | 34.9875 20.9650 | 34.5103
.26 22.4815 | 35.2670 21.9038 | 34.6893 21.3811 | 34.1666 20.9039 | 33.6895
28 22.4254 | 34.5075 21.8477 | 33.9298 21.3250 | 33.4071 20.8477 | 32.9300
.30 22.3744 | 33.8016 21.7966 | 33.2239 21.2739 | 32.7013 20.7967 | 32.2241
.32 22.3286 | 33.1433 21.7508 | 32.5656 21.2281 | 32.0429 20.7509 | 31.5657
.34 22,2830 | 32.5273 21.7103 | 31.9496 21.1876 | 31.4270 20.7104 | 30.9498
.36 22.2528 | 31.9496 21.6751 | 31.3719 21.1524 | 30.8493 20.6752 | 30.3721
.38 22,2230 | 31.4067 21.6453 30.8290 21.1226 30.3063 20.6454 | 29.8291
.40 22,1987 | 30.8955 21.6209 | 30.3178 21.0982 | 29.7951 20.6210 | 29.3179
42 221797 | 30.4135 21.6020 | 29.8358 21.0793 | 29.3131 20.6021 | 28.8359
.44 22.1663 | 29.9584 21.5885 | 29.3807 21.0658 | 28.8581 20.5886 | 28.3809
.46 22.1582 | 29.5285 21.5804 | 28.9507 21.0577 | 28.4281 20.5805 | 27.9509
48 22.1555 29.1218 21.5778 28.5441 21.0551 28.0214 20.5778 27.5443
.50 22,1582 | 28.7370 21.5804 | 28.1593 21.0577 | 27.6366 20.5805 | 27.1595
.52 22,1661 | 28.3727 21.5884 | 27.7950 21.0657 | 27.2723 20.5884 | 26.7951
.54 22,1792 | 28.0277 21.6015 | 27.4499 21.078% | 26.9273 20.6016 | 26.4501
.56 22.1975 27.7007 21.6198 27.1230 21.0971 26.6004 20.6198 26.1232
.58 22.2208 27.3910 21.6431 26.8133 21.1204 26.2906 20.6431 25.8134
.60 22.2490 | 27.0974 21.6712 | 26.5197 21.1485 | 25.9970 20.6713 | 25.5198
.62 22.2820 26.8191 21.7042 26.2414 21.1815 25.7187 20.7043 25.2416
.64 22.3196 26.5554 21.7418 25.9777 21.2191 25.4550 20.7419 24.9778
.66 22.3617 | 26.3055 21.7840 | 25.7278 21.2613 | 25.2051 20.7840 | 24.7279
.68 22.4082 | 26.0687 21.8305 | 25.4909 21.3078 | 24.9683 20.8305 | 24.4911
.70 22.4589 25.8442 21.8812 25.2665 21.3585 24.7438 20.8813 24.2666
72 225137 | 25.6316 21.9359 25.0539 21.4132 24.5312 20.9360 24.0540
.74 22.5723 25.4302 21.9946 24.8525 21.4719 24.3298 20.9947 | 23.8526
.76 22.6347 | 25.2395 22.0569 24.6617 21.5342 24.1390 21.0570 23.6618
78 22.7006 25.0588 22,1229 24.4811 21.6002 23.9584 21.1229 23.4812
.80 22.7699 24.8878 22,1922 24.3101 21.6695 23.7874 21.1922 23.3102
.82 22.8424 | 24.7260 22.2647 24.1482 21.7420 23.6255 21.2647 | 23.1483
.84 22.9180 245728 22.3402 23.9951 21.8175 23.4724 21.3403 22.9952
.86 22,9964 | 24.4279 22.4186 23.8502 21.8959 23.3275 21.4187 | 22.8502
.88 23.0775 24.2908 22.4998 23.7131 21.9771 23.1904 21.4998 22.7132
.90 23.1612 | 24.1612 22.5835 | 23.5835 22.0607 | 23.0608 21.5835 | 22.5836
.92 23.2472 24.0386 22.6695 23.4609 22,1468 22,9382 21.6696 22.4610
.94 23.33565 23.9228 22.7578 23.3451 22.2351 22.8224 21.7579 22.3452
.96 23.4259 23.8134 22.8482 23.2356 22.3255 22.7129 21.84K82 22.2357
.98 23.5182 23.7099 22.9404 23.1322 22.4177 22.6095 21.9405 22,1323
1.00 23.6122 23.6122 23.0345 23.0345 22.5118 22.5118 22.0346 22.0346
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Table D—-1: 0.0195 < py < 0.0240 and Az, A4 >0

pa = 0.0195 pa = 0.0210 pa = 0.0225 pa = 0.0240
3 A3 A4 As A4 A3 A A3 Aq
.02 21.4871 | 58.6186 21.0807 | 58.2125 20.7022 | 57.8346 20.3483 | 57.4812
.04 21.3813 | 51.9332 20.9749 | 51.5270 20.5965 | 51.1489 20.2425 | 50.7952
.06 21.2785 | 47.9819 20.8721 | 47.5756 20.4937 | 47.1974 20.1397 | 46.8436
.08 21.1790 | 45.1518 20.7726 | 44.7455 20.3942 | 44.3672 20.0402 | 44.0134
.10 21.0830 | 42.9378 20.6766 | 42.5315 20.2982 | 42.1532 19.9442 | 41.7994
12 20.9908 | 41.1151 20.5843 | 40.7087 20.2059 | 40.3304 19.8519 | 39.9766
14 20.9024 | 39.5636 20.4960 | 39.1573 20.1176 | 38.7790 19.7636 | 38.4251
.16 20.8182 | 38.2120 20.4118 | 37.8056 20.0334 | 37.4273 19.6794 | 37.0735
18 20.7383 | 37.0142 20.3319 | 36.6078 19.9535 | 36.2295 19.5995 | 35.8757
.20 20.6629 | 35.9387 20.2564 | 35.5324 19.8780 | 35.1540 19.5241 | 34.8002
.22 20.5921 | 34.9633 20.1856 | 34.5569 19.8072 | 34.1786 19.4532 | 33.8247
.24 20.5260 | 34.0714 20.1196 | 33.6650 19.7412 | 33.2867 19.3872 | 32.9328
.26 20.4649 | 33.2505 20.0584 | 32.8441 19.6800 | 32.4658 19.3260 | 32.1120
.28 20.4087 | 32.4910 20.0023 | 32.0846 19.6239 | 31.7063 19.2699 | 31.3524
.30 20.3577 | 31.7851 19.9513 | 31.3788 19.5728 | 31.0004 19.2189 | 30.6466
.32 20.3119 | 31.1268 19.9054 | 30.7204 19.5270 | 30.3421 19.1731 | 29.9882
.34 20.2714 | 30.5108 19.8649 | 30.1044 19.4865 | 29.7261 19.1325 | 29.3722
.36 20.2362 | 29.9331 19.8297 | 29.5267 19.4513 | 29.1484 19.0973 | 28.7945
.38 20.2064 | 29.3902 19.7999 | 28.9838 19.4215 | 28.6054 19.0675 | 28.2516
.40 20.1820 | 28.8790 19.7756 | 28.4726 19.3971 | 28.0942 19.0432 | 27.7403
42 20.1631 | 28.3969 19.7566 | 27.9905 19.3782 | 27.6122 19.0242 | 27.2583
.44 20.1496 | 27.9419 19.7431 | 27.5355 19.3647 | 27.1572 19.0107 | 26.8033
.46 20.1415 | 27.5119 19.7350 | 27.1055 19.3566 | 26.7272 19.0027 | 26.3733
.48 20.1388 | 27.1053 19.7324 | 26.6989 19.3539 | 26.3205 19.0000 | 25.9666
.50 20.1415 | 26.7205 19.7350 | 26.3141 19.3566 | 25.9357 19.0026 | 25.5818
.52 20.1494 | 26.3562 19.7430 | 25.9498 19.3645 | 25.5714 19.0106 | 25.2175
.54 20.1626 | 26.0111 19.7561 | 25.6047 19.3777 | 25.2263 19.0237 | 24.8724
.56 20.1808 | 25.6842 19.7744 | 25.2778 19.3959 | 24.8994 19.0420 | 24.5455
.58 20.2041 | 25.3744 19.7976 | 24.9680 19.4192 | 24.5896 19.0652 | 24.2357
.60 20.2323 | 25.0808 19.8258 | 24.6744 19.4474 | 24.2960 19.0934 | 23.9421
.62 20.2653 | 24.8026 19.8588 | 24.3961 19.4804 | 24.0178 19.1264 | 23.6638
.64 20.3029 | 24.5389 19.8964 | 24.1324 19.5180 | 23.7541 19.1640 | 23.4001
.66 20.3450 | 24.2889 19.9386 | 23.8825 19.5601 | 23.5041 19.2061 | 23.1502
.68 20.3915 | 24.0521 19.9851 | 23.6456 19.6066 | 23.2673 19.2526 | 22.9133
.70 20.4422 | 23.8276 20.0358 | 23.4212 19.6573 | 23.0428 19.3034 | 22.6889
72 20.4970 | 23.6150 20.0905 | 23.2086 19.7121 | 22.8302 19.3581 | 22.4762
74 20.5556 | 23.4136 20.1492 | 23.0072 19.7707 | 22.6288 19.4167 | 22.2748
.76 20.6180 | 23.2228 20.2115 | 22.8164 19.8331 | 22.4380 19.4791 | 22.0840
78 20.6839 | 23.0422 20.2774 | 22.6358 19.8990 | 22.2574 19.5450 | 21.9034
.80 20.7532 | 22.8712 20.3467 | 22.4647 19.9683 | 22.0864 19.6143 | 21.7324
.82 20.8257 | 22.7093 20.4192 | 22.3029 20.0408 | 21.9245 19.6868 | 21.5705
.84 20.9013 | 22.5562 20.4948 | 22.1497 20.1164 | 21.7713 19.7624 | 21.4173
.86 20.9797 | 224112 20.5732 | 22.0048 20.1948 | 21.6264 19.8408 | 21.2724
.88 21.0608 | 22.2742 20.6544 | 21.8677 20.2759 | 21.4893 19.9219 | 21.1353
.90 21.1445 | 22.1445 20.7380 | 21.7381 20.3596 | 21.3597 20.0056 | 21.0057
.92 21.2306 | 22.0220 20.8241 | 21.6155 20.4457 | 21.2371 20.0917 | 20.8832
.94 21.3189 | 21.9062 20.9124 | 21.4997 20.5340 | 21.1213 20.1800 | 20.7673
.96 21.4092 | 21.7967 21.0028 | 21.3902 20.6243 | 21.0118 20.2704 | 20.6578
.98 21.5015 | 21.6933 21.0950 | 21.2868 20.7166 | 20.9084 20.3626 | 20.5544
1.00 21.5956 | 21.5956 21.1891 | 21.1891 20.8107 | 20.8107 20.4567 | 20.4567
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Table D-1: 0.026 < p4 < 0.032 and Az, Ay >0

pa = 0.026 pa = 0.028 pa = 0.030 pa = 0.032
b3 A3 Aq A3 Aq A3 Aq A3 Aq
.02 19.9093 | 57.0431 19.5028 | 56.6378 19.1244 | 56.2606 18.7704 | 55.9081
.04 19.8035 | 50.3567 19.3970 | 49.9508 19.0185 | 49.5730 18.6646 | 49.2199
.06 19.7007 | 46.4050 19.2942 | 45.9989 18.9157 | 45.6209 18.5618 | 45.2676
.08 19.6012 | 43.5747 19.1947 | 43.1686 18.8162 42.7905 18.4623 | 42.4371
.10 19.5052 | 41.3606 19.0987 | 40.9545 18.7202 | 40.5763 18.3663 | 40.2228
12 19.4129 | 39.5378 19.0065 | 39.1316 18.6280 | 38.7534 18.2741 | 3R.3999
14 19.3246 | 37.9863 18.9182 | 37.5801 18.5397 | 37.2019 18.1858 | 36.8483
.16 19.2404 | 36.6347 18.8339 | 36.2285 18.4555 | 35.8502 18.1016 | 35.4966
18 19.1605 | 35.4368 18.7540 | 35.0306 18.3756 | 34.6524 18.0217 | 34.2987
.20 19.0851 | 34.3614 18.6786 | 33.9551 18.3001 | 33.5769 17.9462 | 33.2232
.22 19.0142 | 33.3859 18.6078 | 32.9796 18.2293 | 32.6014 17.8754 | 32.2478
.24 18.9482 | 32.4940 18.5417 | 32.0877 18.1632 | 31.7095 17.8093 | 31.3558
.26 18.8870 | 31.6731 18.4806 | 31.2668 18.1021 | 30.8886 17.7482 | 30.5349
28 18.8309 | 30.9136 18.4244 | 30.5073 18.0459 | 30.1290 17.6920 | 29.7754
.30 18.7799 | 30.2077 18.3734 | 29.8014 17.9949 | 29.4231 17.6410 | 29.0695
.32 18.7340 | 29.5493 18.3276 | 29.1430 17.9491 28.7647 17.5952 | 28.4111
.34 18.6935 | 28.9334 18.2871 28.5271 17.9086 | 28.148%8 17.5547 | 27.7951
.36 18.6583 | 28.3557 18.2519 | 27.9494 17.8734 | 27.5711 17.5195 | 27.2174
.38 18.6285 27.8127 18.2221 27.4064 17.8436 27.0281 17.4897 | 26.6744
.40 18.6042 | 27.3015 18.1977 | 26.8952 17.8192 | 26.5168 17.4653 | 26.1631
42 18.5852 26.8194 18.1788 26.4131 17.8002 26.0348 17.4463 25.6811
.44 18.5717 | 26.3644 18.1652 | 25.9581 17.7867 | 25.5797 17.4328 | 25.2260
.46 18.5636 25.9344 18.1572 25.5281 17.7787 25.1497 17.4247 | 24.7960
48 18.5609 25.5277 18.1545 25.1214 17.7760 24.7431 17.4220 24.3893
.50 18.5636 | 25.1429 18.1571 24.7366 17.7786 | 24.3582 17.4247 | 24.0045
.52 18.5715 | 24.7786 18.1651 24.3723 17.7865 | 23.9939 17.4326 | 23.6402
.54 18.5847 | 24.4335 18.1782 | 24.0272 17.7997 | 23.6488 17.4458 | 23.2950
.56 18.6029 | 24.1066 18.1965 | 23.7002 17.8179 | 23.3219 17.4640 | 22.9681
.58 18.6262 | 23.7968 18.2197 | 23.3904 17.8412 | 23.0120 17.4873 | 22.6583
.60 18.6544 | 23.5032 18.2479 | 23.0968 17.8694 | 22.7184 17.5155 | 22.3646
.62 18.6874 | 23.2249 18.2809 22.8185 17.9024 22.4401 17.5484 | 22.0864
.64 18.7250 22.9612 18.3185 22.5548 17.9400 22.1764 17.5860 21.8226
.66 18.7671 22.7112 18.3606 22.3048 17.9821 21.9264 17.6282 21.5726
.68 18.8136 | 22.4744 18.4071 22.0680 18.0286 | 21.6895 17.6747 | 21.3357
.70 18.8643 22,2499 18.4578 21.8435 18.0793 21.4651 17.7254 | 21.1113
72 18.9191 22.0373 18.5126 21.6309 18.1341 21.2524 17.7801 20.8986
.74 18.9777 | 21.8358 18.5712 | 21.4294 18.1927 | 21.0510 17.8388 | 20.6971
.76 19.0401 21.6451 18.6336 21.2387 18.2551 20.8602 17.9011 20.5064
78 19.1060 | 21.4644 18.6995 | 21.0580 18.3210 | 20.6795 17.9670 | 20.3257
.80 19.1753 | 21.2934 18.7688 | 20.8870 18.3903 | 20.5085 18.0363 | 20.1546
.82 19.2478 21.1315 18.8413 20.7251 18.4628 20.3466 18.1088 19.9928
.84 19.3234 | 20.9783 18.9169 | 20.5719 18.5383 | 20.1934 18.1844 | 19.8396
.86 19.4018 | 20.8334 18.9953 | 20.4270 18.6168 | 20.0485 18.2628 | 19.6946
.88 19.4829 | 20.6963 19.0764 | 20.2899 18.6979 19.9114 18.3440 | 19.5575
.90 19.5666 | 20.5667 19.1601 20.1603 18.7816 19.7818 18.4277 | 19.4279
.92 19.6527 | 20.4441 19.2462 | 20.0377 18.8677 | 19.6592 18.5137 | 19.3053
.94 19.7410 | 20.3283 19.3345 19.9218 18.9560 19.5433 18.6020 | 19.1894
.96 19.8313 | 20.2188 19.4249 19.8124 19.0463 19.4339 18.6924 | 19.0799
.98 19.9236 | 20.1154 19.5172 19.7089 19.1386 19.3304 18.7847 | 1R8.9765
1.00 20.0177 | 20.0177 19.6112 19.6112 19.2327 | 19.2327 18.8788 | 1R8.8788
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Table D-1: 0.034 < p4 < 0.040 and Az, Ay >0

pa = 0.034 pa = 0.036 pa = 0.038 pa = 0.040
b3 A3 Aq A3 Aq A3 Aq A3 Aq
.02 18.4379 | 55.5773 18.1245 | 55.2658 17.8279 | 54.9714 17.5466 | 54.6926
.04 18.3321 | 48.8884 18.0187 | 4R8.5759 17.7222 | 48.2806 17.4408 | 4K.0006
.06 18.2294 | 44.9358 17.9159 44.6231 17.6194 | 44.3274 17.3381 44,0471
.08 18.1299 | 42.1051 17.8164 | 41.7923 17.5199 41.4964 17.2386 | 41.2159
.10 18.0339 | 39.8908 17.7204 | 39.5779 17.4239 | 39.2820 17.1426 | 39.0013
12 17.9416 | 3R8.0678 17.6281 | 37.7548 17.3316 | 37.4589 17.0503 | 37.1782
14 17.8533 | 36.5162 17.5398 | 36.2032 17.2433 | 35.9072 16.9620 | 35.6264
.16 17.7691 | 35.1645 17.4556 | 34.8515 17.1591 | 34.5554 16.8778 | 34.2746
18 17.6892 | 33.9666 17.3757 | 33.6535 17.0792 | 33.3575 16.7979 | 33.0766
.20 17.6137 | 32.8911 17.3003 | 32.5780 17.0038 | 32.2819 16.7225 | 32.0011
.22 17.5429 | 31.9156 17.2295 | 31.6025 16.9330 | 31.3064 16.6517 | 31.0255
.24 17.4769 | 31.0237 17.1634 | 30.7105 16.8669 | 30.4144 16.5856 | 30.1335
.26 17.4157 | 30.2027 17.1023 | 29.8896 16.8057 | 29.5935 16.5244 | 29.3126
28 17.3596 | 29.4432 17.0461 29.1300 16.7496 | 28.8339 16.4683 | 2&8.5530
.30 17.3085 | 28.7373 16.9951 28.4241 16.6986 | 28.1280 16.4173 | 27.8471
.32 17.2627 | 28.0789 16.9492 | 27.7657 16.6527 | 27.4695 16.3714 | 27.1886
.34 17.2222 | 27.4629 16.9087 | 27.1497 16.6122 | 26.8536 16.3309 | 26.5726
.36 17.1870 | 26.8852 16.8735 | 26.5720 16.5770 | 26.2758 16.2957 | 25.9949
.38 17.1572 26.3422 16.8437 26.0290 16.5472 25.7328 16.2659 25.4518
.40 17.1328 25.8309 16.8193 25.5177 16.5228 25.2215 16.2415 24.9406
42 17.1139 25.3489 16.8004 25.0357 16.5038 24.7394 16.2225 24.4585
.44 17.1003 | 24.8938 16.7869 | 24.5806 16.4903 | 24.2843 16.2090 | 24.0034
.46 17.0923 | 24.4638 16.7788 | 24.1505 16.4822 | 23.8543 16.2009 | 23.5733
48 17.0896 | 24.0571 16.7761 23.7438 16.4795 | 23.4476 16.1982 | 23.1666
.50 17.0922 | 23.6722 16.7787 | 23.3590 16.4821 23.0627 16.2008 | 22.7817
.52 17.1001 | 23.3079 16.7866 | 22.9946 16.4901 22.6983 16.2087 | 22.4173
.54 17.1133 22.9628 16.7997 22.6495 16.5032 22.3532 16.2218 22.0721
.56 17.1315 22.6358 16.8180 22.3225 16.5214 22.0262 16.2401 21.7451
.58 17.1548 22.3259 16.8413 22.0127 16.5447 21.7163 16.2633 21.4352
.60 17.1830 22.0323 16.8694 21.7190 16.5729 21.4227 16.2915 21.1416
.62 17.2159 21.7540 16.9024 21.4407 16.6058 21.1443 16.3245 20.8632
.64 17.2535 | 21.4902 16.9400 | 21.1769 16.6434 | 20.8805 16.3621 | 20.5994
.66 17.2956 | 21.2403 16.9821 20.9269 16.6856 | 20.6305 16.4042 | 20.3494
.68 17.3421 | 21.0034 17.0286 | 20.6900 16.7320 | 20.3936 16.4507 | 20.1124
.70 17.3928 | 20.7789 17.0793 | 20.4655 16.7827 | 20.1691 16.5014 | 19.8879
72 17.4476 | 20.5662 17.1341 20.2528 16.8375 19.9564 16.5561 19.6752
.74 17.5062 | 20.3647 17.1927 | 20.0514 16.8961 19.7549 16.6148 | 19.4737
.76 17.5686 | 20.1739 17.2551 19.8605 16.9585 19.5641 16.6771 19.2829
78 17.6345 | 19.9933 17.3210 19.6799 17.0244 | 19.3834 16.7430 | 19.1022
.80 17.7038 | 19.8222 17.3903 19.5088 17.0937 | 19.2123 16.8123 | 18.9311
.82 17.7763 | 19.6603 17.4628 19.3469 17.1662 19.0504 16.8849 | 1K8.7692
.84 17.8519 | 19.5071 17.5384 | 19.1937 17.2418 18.8972 16.9604 | 1K8.6159
.86 17.9303 | 19.3622 17.6168 19.0487 17.3202 18.7522 17.0389 | 18.4709
.88 18.0115 19.2251 17.6979 18.9116 17.4014 18.6151 17.1200 18.3338
.90 18.0952 | 19.0954 17.7816 18.7819 17.4851 18.4854 17.2037 | 18.2041
.92 18.1812 | 18.9728 17.8677 | 18.6593 17.5712 18.3628 17.2898 | 18.0815
.94 18.2695 | 18.8569 17.9560 18.5435 17.6595 18.2469 17.3781 17.9656
.96 18.3599 | 18.7475 18.0464 | 18.4340 17.7499 18.1374 17.4685 | 17.8561
.98 18.4522 | 18.6440 18.1387 | 18.3305 17.8422 18.0340 17.5608 | 17.7527
1.00 18.5463 | 18.5463 18.2328 18.2328 17.9363 17.9363 17.6549 | 17.6549
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Table D—-1: 0.0425 < p4 < 0.0500 and Az, Ay >0

pa = 0.0425 pa = 0.0450 pa = 0.0475 pa = 0.0500
b3 A3 Aq A3 Aq A3 Aq A3 Aq
.02 17.2142 | 54.3636 16.9007 | 54.0541 16.6042 | 53.7621 16.3229 | 53.4858
.04 17.1084 | 47.6700 16.7949 | 47.3587 16.4984 | 47.0647 16.2171 | 46.7861
.06 17.0056 | 43.7160 16.6921 | 43.4040 16.3957 | 43.1093 16.1144 | 42.8300
.08 16.9061 | 40.8846 16.5927 | 40.5724 16.2962 | 40.2773 16.0149 | 39.9976
.10 16.8101 | 38.6698 16.4966 | 38.3574 16.2002 | 38.0622 15.9189 | 37.7823
12 16.7179 | 36.8465 16.4044 | 36.5341 16.1079 | 36.2387 15.8267 | 35.9586
14 16.6295 | 35.2948 16.3160 | 34.9821 16.0196 | 34.6867 15.7384 | 34.4066
.16 16.5453 | 33.9429 16.2318 | 33.6302 15.9354 | 33.3347 15.6542 | 33.0545
18 16.4654 | 32.7449 16.1520 | 32.4322 15.8555 | 32.1366 15.5743 | 31.8564
.20 16.3900 | 31.6693 16.0765 | 31.3565 15.7801 | 31.0609 15.4988 | 30.7806
.22 16.3192 | 30.6937 16.0057 | 30.3810 15.7093 | 30.0853 15.4280 | 29.8050
.24 16.2531 | 29.8017 15.9396 | 29.4889 15.6432 | 29.1933 15.3619 | 28.9129
.26 16.1920 | 28.9807 15.8784 | 2R8.6679 15.5820 | 28.3722 15.3008 | 28.0919
28 16.1358 28.2211 15.8223 27.9082 15.5259 27.6126 15.2446 27.3322
.30 16.0848 | 27.5152 15.7712 | 27.2023 15.4748 | 26.9066 15.1936 | 26.6262
.32 16.0389 | 26.8567 15.7254 | 26.5438 15.4290 | 26.24%1 15.1477 | 25.9676
.34 15.9984 | 26.2407 15.6849 | 25.9278 15.3884 | 25.6321 15.1072 | 25.3516
.36 15.9632 | 25.6629 15.6496 | 25.3500 15.3532 | 25.0542 15.0719 | 24.7737
.38 15.9334 | 25.1199 15.6198 24.8069 15.3234 24.5111 15.0421 24.2306
.40 15.9090 | 24.6086 15.5954 | 24.2956 15.2990 | 23.9998 15.0177 | 23.7193
42 15.8900 | 24.1265 15.5764 | 23.8135 15.2800 | 23.5177 14.9987 | 23.2371
.44 15.8765 | 23.6713 15.5629 | 23.3583 15.2665 | 23.0625 14.9852 | 22.7819
.46 15.8684 | 23.2413 15.5548 22,9282 15.2583 22.6324 14.9770 22.3517
48 15.8657 | 22.8345 15.5521 22.5214 15.2556 22.2256 14.9743 21.9449
.50 15.8683 | 22.4496 15.5547 | 22.1365 15.2582 | 21.8406 14.9769 | 21.5599
.52 15.8762 22.0852 15.5626 21.7721 15.2661 21.4761 14.9848 21.1954
.54 15.8893 | 21.7400 15.5757 | 21.4269 15.2792 | 21.1309 14.9979 | 20.8502
.56 15.9075 | 21.4130 15.5939 | 21.0998 15.2974 | 20.8038 15.0161 | 20.5230
.58 15.9308 | 21.1031 15.6172 | 20.7899 15.3207 | 20.4939 15.0393 | 20.2131
.60 15.9590 | 20.8094 15.6453 | 20.4962 15.3488 | 20.2001 15.0674 | 19.9193
.62 15.9919 | 20.5310 15.6783 | 20.2178 15.3817 | 19.9217 15.1004 | 19.6408
.64 16.0295 | 20.2672 15.7159 19.9539 15.4193 19.6578 15.1379 | 19.3769
.66 16.0716 | 20.0171 15.7580 19.7038 15.4614 | 19.4077 15.1800 | 19.1268
.68 16.1181 19.7802 15.8044 | 19.4669 15.5079 19.1707 15.2265 | 18.8897
.70 16.1688 | 19.5556 15.8552 19.2423 15.5586 18.9461 15.2772 | 18.6651
72 16.2235 | 19.3429 15.9099 19.0295 15.6133 18.7333 15.3319 | 18.4523
.74 16.2822 | 19.1414 15.9685 18.8280 15.6720 18.5318 15.3906 | 18.2507
.76 16.3445 | 18.9505 16.0309 18.6371 15.7344 | 18.3409 15.4529 | 18.0598
78 16.4105 | 1R8.7698 16.0968 18.4564 15.8003 18.1601 15.5189 | 17.8790
.80 16.4798 | 18.5987 16.1661 18.2853 15.8696 17.9889 15.5882 | 17.7078
.82 16.5523 | 18.4367 16.2386 18.1233 15.9421 17.8270 15.6607 | 17.5458
.84 16.6279 | 18.2835 16.3142 17.9700 16.0177 | 17.6737 15.7363 | 17.3925
.86 16.7063 | 18.1385 16.3927 | 17.8250 16.0961 17.5286 15.8147 | 17.2474
.88 16.7875 | 18.0014 16.4738 17.6878 16.1773 17.3915 15.8959 | 17.1102
.90 16.8712 | 17.8717 16.5575 17.5581 16.2610 17.2617 15.9796 | 16.9805
.92 16.9573 | 17.7490 16.6436 17.4355 16.3471 17.1391 16.0658 | 16.8578
.94 17.0456 17.6331 16.7320 17.3196 16.4355 17.0232 16.1541 16.7419
.96 17.1360 17.5236 16.8224 17.2101 16.5259 16.9136 16.2445 16.6323
.98 17.2283 | 17.4202 16.9147 | 17.1066 16.6182 16.8101 16.3369 | 16.5288
1.00 17.3224 17.3224 17.0089 17.0089 16.7123 16.7123 16.4310 16.4310
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Table D-1: 0.053 < p4 < 0.062 and Az, Ay >0

pa = 0.053 pa = 0.056 pa = 0.059 pa = 0.062
b3 A3 Aq A3 Aq A3 Aq A3 Aq
.02 16.0034 | 53.1731 15.7015 | 52.8790 15.4154 | 52.6016 15.1434 | 52.3395
.04 15.8976 | 46.4703 15.5957 | 46.1726 15.3096 | 45.8912 15.0377 | 45.6246
.06 15.7949 | 42.5132 15.4930 42,2143 15.2069 41.9316 14.9350 | 41.6635
.08 15.6954 | 39.6803 15.3935 | 39.3808 15.1074 | 39.0975 14.8355 | 3R8.8287
.10 15.5994 | 37.4646 15.2975 | 37.1649 15.0114 | 36.8811 14.7395 | 36.6119
12 15.5072 | 35.6408 15.2053 | 35.3408 14.9192 | 35.0568 14.6473 | 34.7873
14 15.4188 | 34.08%6 15.1170 | 33.7885 14.8309 | 33.5043 14.5590 | 33.2346
.16 15.3347 | 32.7364 15.0328 32.4362 14.7467 | 32.1520 14.4748 | 31.8821
18 15.2548 | 31.5382 14.9529 | 31.2379 14.6668 | 30.9535 14.3949 | 30.6836
.20 15.1793 | 30.4624 14.8774 | 30.1621 14.5913 | 29.8776 14.3195 | 29.6076
.22 15.1085 29.4867 14.8066 29.1863 14.5205 28.9018 14.2486 28.6317
.24 15.0424 | 28.5946 14.7406 28.2941 14.4545 28.0096 14.1826 27.7394
.26 14.9813 27.7735 14.6794 27.4730 14.3933 27.1884 14.1214 | 26.9182
28 14.9251 27.0138 14.6232 26.7132 14.3371 26.4286 14.0652 26.1583
.30 14.8740 26.3078 14.5722 26.0072 14.2860 25.7225 14.0141 25.4522
.32 14.8282 | 25.6492 14.5263 | 25.3486 14.2402 | 25.0639 13.9683 | 24.7935
.34 14.7876 25.0331 14.4857 24.7324 14.1996 24.4477 13.9277 | 24.1773
.36 14.7524 | 24.4553 14.4505 | 24.1545 14.1643 | 23.8697 13.8924 | 23.5993
.38 14.7225 23.9121 14.4206 23.6114 14.1345 23.3265 13.8625 23.0560
.40 14.6981 23.4007 14.3962 23.0999 14.1100 22.8150 13.8381 22.5445
42 14.6791 22.9185 14.3772 22.6177 14.0910 22.3327 13.8190 22.0622
.44 14.6656 22.4633 14.3636 22.1624 14.0774 21.8774 13.8054 | 21.6068
.46 14.6574 | 22.0331 14.3555 21.7322 14.0692 21.4471 13.7972 21.1764
48 14.6547 | 21.6262 14.3527 21.3253 14.0665 21.0402 13.7944 | 20.7694
.50 14.6573 | 21.2412 14.3553 | 20.9402 14.0690 | 20.6551 13.7970 | 20.3843
.52 14.6651 | 20.8766 14.3631 20.5756 14.0769 | 20.2904 13.8048 | 20.0196
.54 14.6782 | 20.5313 14.3762 | 20.2302 14.0899 19.9450 13.8178 | 19.6741
.56 14.6964 | 20.2042 14.3944 | 19.9030 14.1081 19.6177 13.8360 | 19.3468
.58 14.7196 | 19.8941 14.4176 19.5930 14.1313 19.3076 13.8592 | 19.0366
.60 14.7478 | 19.6003 14.4457 | 19.2991 14.1594 | 19.0137 13.8873 | 18.7426
.62 14.7807 19.3218 14.4786 19.0205 14.1923 18.7351 13.9201 18.4639
.64 14.8183 | 19.0579 14.5162 18.7565 14.2298 18.4710 13.9577 | 18.1998
.66 14.8603 | 18.8077 14.5583 18.5063 14.2719 18.2207 13.9997 | 17.9495
.68 14.9068 18.5706 14.6047 18.2692 14.3184 17.9835 14.0462 17.7122
.70 14.9575 | 18.3459 14.6554 | 1R8.0445 14.3690 17.7588 14.0968 | 17.4874
72 15.0122 18.1331 14.7101 17.8316 14.4238 17.5458 14.1516 17.2744
.74 15.0709 17.9315 14.7688 17.6299 14.4824 17.3441 14.2102 17.0726
.76 15.1332 17.7405 14.8311 17.4389 14.5447 17.1530 14.2726 16.8815
78 15.1991 17.5596 14.8970 17.2580 14.6107 | 16.9721 14.3385 | 16.7005
.80 15.2685 | 17.3885 14.9664 | 17.0867 14.6800 16.8008 14.4078 | 16.5292
.82 15.3410 | 17.2264 15.0389 16.9247 14.7525 16.6387 14.4804 | 16.3670
.84 15.4166 17.0731 15.1145 16.7713 14.8281 16.4853 14.5560 16.2135
.86 15.4950 | 16.9280 15.1930 16.6262 14.9066 16.3401 14.6345 | 16.0683
.88 15.5762 | 16.7907 15.2742 16.4889 14.9878 16.2028 14.7157 | 15.9310
.90 15.6600 | 16.6610 15.3579 16.3591 15.0716 16.0730 14.7995 | 15.8011
.92 15.7461 16.5383 15.4440 16.2364 15.1577 | 15.9503 14.8856 | 15.6783
.94 15.8345 16.4223 15.5324 16.1204 15.2461 15.8342 14.9740 15.5623
.96 15.9249 | 16.3127 15.6229 16.0108 15.3366 15.7246 15.0645 | 15.4526
.98 16.0173 | 16.2092 15.7153 15.9073 15.4290 15.6210 15.1570 | 15.3490
1.00 16.1114 16.1114 15.8095 15.8095 15.5232 15.5232 15.2512 15.2512
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Table D—-1: 0.0655 < py < 0.0760 and Az, A4 >0

pa = 0.0655 pa = 0.0690 pa = 0.0725 pa = 0.0760
b3 A3 Aq A3 Aq A3 Aq A3 Aq
.02 14.8424 | 52.0513 14.5570 51.7804 14.2858 51.5255 14.0274 | 51.2852
.04 14.7366 | 45.3305 14.4513 45.0530 14.1801 44,7905 13.9217 | 44.5420
.06 14.6339 | 41.3675 14.3486 | 41.0878 14.0774 | 40.8229 13.8190 | 40.5716
.08 14.5344 | 38.5317 14.2491 | 3%8.2509 13.9779 | 37.9849 13.7196 | 37.7322
.10 14.4385 | 36.3144 14.1532 | 36.0330 13.8820 | 35.7662 13.6236 | 35.5128
12 14.3463 | 34.4895 14.0609 | 34.2077 13.7898 | 33.9404 13.5314 | 33.6865
14 14.2580 | 32.9365 13.9726 32.6544 13.7015 32.3869 13.4432 | 32.1326
.16 14.1738 | 31.5838 13.8885 | 31.3015 13.6173 | 31.0337 13.3590 | 30.7792
18 14.0939 | 30.3851 13.8086 | 30.1027 13.5374 | 29.8347 13.2791 | 29.5800
.20 14.0184 | 29.3090 13.7331 29.0264 13.4620 | 28.7584 13.2037 | 28.5035
.22 13.9476 28.3330 13.6623 28.0504 13.3911 27.7822 13.1328 27.5271
.24 13.8815 | 27.4407 13.5962 | 27.1579 13.3250 | 26.8896 13.0667 | 26.6345
.26 13.8204 | 26.6194 13.5350 | 26.3365 13.2639 | 26.0682 13.0055 | 25.8129
28 13.7642 | 25.8595 13.4788 | 25.5766 13.2076 | 25.3081 12.9493 | 25.0528
.30 13.7131 25.1533 13.4277 24.8703 13.1565 24.6017 12.8982 24.3464
.32 13.6672 24.4945 13.3819 24.2115 13.1106 23.9429 12.8523 23.6874
.34 13.6266 | 23.8782 13.3412 | 23.5951 13.0700 | 23.3265 12.8116 | 23.0709
.36 13.5913 | 23.3002 13.3059 | 23.0170 13.0347 | 22.7483 12.7763 | 22.4926
.38 13.5614 | 22.7569 13.2760 22.4736 13.0047 22.2048 12.7463 21.9491
.40 13.5369 22.2453 13.2515 21.9620 12.9802 21.6930 12.7218 21.4372
42 13.5179 21.7629 13.2324 21.4795 12.9611 21.2105 12.7026 20.9546
.44 13.5043 21.3074 13.2188 21.0240 12.9474 20.7549 12.6889 20.4989
.46 13.4961 | 20.8770 13.2106 | 20.5935 12.9392 | 20.3243 12.6806 | 20.0682
48 13.4932 | 20.4699 13.2077 | 20.1863 12.9363 19.9170 12.6777 | 19.6609
.50 13.4957 | 20.0847 13.2102 19.8010 12.9388 19.5316 12.6802 | 19.2753
.52 13.5035 | 19.7199 13.2180 19.4361 12.9465 19.1666 12.6879 | 18.9102
.54 13.5166 | 19.3744 13.2310 19.0905 12.9595 18.8209 12.7008 | 18.5644
.56 13.5347 | 19.0469 13.2491 18.7630 12.9775 18.4933 12.7188 | 18.2367
.58 13.5578 | 18.7367 13.2722 18.4526 13.0006 18.1829 12.7419 | 17.9261
.60 13.5859 | 18.4426 13.3002 18.1584 13.0287 | 17.88%6 12.7699 | 17.6317
.62 13.6188 | 18.1639 13.3331 17.8796 13.0615 17.6096 12.8027 | 17.3527
.64 13.6563 | 17.8996 13.3706 17.6153 13.0990 17.3452 12.8402 | 17.0882
.66 13.6984 17.6492 13.4126 17.3648 13.1410 17.0946 12.8822 16.8374
.68 13.7448 | 17.4119 13.4590 17.1274 13.1874 | 16.8571 12.9286 | 16.5998
.70 13.7954 | 17.1870 13.5097 | 16.9024 13.2380 16.6320 12.9792 | 16.3746
72 13.8502 | 16.9739 13.5644 | 16.6892 13.2927 | 16.4188 13.0339 | 16.1612
.74 13.9088 | 16.7721 13.6230 16.4873 13.3514 | 16.2167 13.0925 | 15.9591
.76 13.9711 16.5809 13.6854 | 16.2960 13.4137 | 16.0254 13.1549 | 15.7677
78 14.0371 16.3998 13.7513 16.1149 13.4797 | 15.8442 13.2208 | 15.5864
.80 14.1064 16.2284 13.8207 15.9434 13.5490 15.6726 13.2901 15.4147
.82 14.1790 16.0662 13.8932 15.7811 13.6216 15.5102 13.3627 15.2522
.84 14.2546 | 15.9127 13.9689 15.6275 13.6972 15.3566 13.4384 | 15.0985
.86 14.3331 15.7674 14.0474 15.4822 13.7758 15.2112 13.5170 14.9530
.88 14.4143 | 15.6300 14.1286 15.3448 13.8570 15.0737 13.5983 | 14.8155
.90 14.4981 15.5001 14.2124 15.2148 13.9409 14.9437 13.6821 14.6854
.92 14.5843 15.3773 14.2987 15.0919 14.0271 14.8207 13.7684 14.5624
.94 14.6727 15.2612 14.3871 14.9758 14.1156 14.7045 13.8569 14.4461
.96 14.7633 15.1515 14.4777 14.8661 14.2062 14.5947 13.9476 14.3363
.98 14.8557 15.0479 14.5702 14.7624 14.2987 14.4910 14.0401 14.2325
1.00 14.9500 14.9500 14.6645 14.6645 14.3931 14.3931 14.1345 14.1345
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Table D-1: 0.080 < p4 <0.092 and Az, Ay >0

pa = 0.080 pa = 0.084 pa = 0.088 pa = 0.092
b3 A3 Aq A3 Aq A3 Aq A3 Aq
.02 13.7464 | 51.0273 13.4790 | 50.7860 13.2242 | 50.5601 12.9808 | 50.3487
.04 13.6407 | 44.2734 13.3734 | 44.0201 13.1185 | 43.7808 12.8751 | 43.5546
.06 13.5380 | 40.2995 13.2707 | 40.0423 13.0159 | 39.7987 12.7725 | 39.5677
.08 13.4385 | 37.4585 13.1713 | 37.1993 12.9165 | 36.9536 12.6731 | 36.7202
.10 13.3426 | 35.23R%0 13.0754 | 34.9778 12.8206 | 34.7308 12.5772 | 34.4960
12 13.2504 | 33.4111 12.9832 33.1501 12.7284 | 32.9023 12.4850 | 32.6667
14 13.1621 31.8568 12.8949 31.5953 12.6402 31.3469 12.3968 | 31.1106
.16 13.0780 | 30.5030 12.8107 | 30.2412 12.5560 | 29.9924 12.3126 | 29.7557
18 12.9981 29.3036 12.7309 29.0415 12.4761 28.7924 12.2328 28.5553
.20 12.9227 | 28.2268 12.6554 27.9645 12.4007 27.7152 12.1573 27.4778
.22 12.8518 | 27.2504 12.5846 | 26.9878 12.3298 | 26.7383 12.0865 | 26.5008
.24 12.7857 | 26.3576 12.5185 26.0949 12.2637 25.8452 12.0203 25.6074
.26 12.7245 25.5359 12.4573 25.2731 12.2025 25.0232 11.9591 24.7853
28 12.6683 24.7756 12.4010 24.5127 12.1462 24.2627 11.9028 24.0246
.30 12.6172 | 24.0691 12.3499 | 23.8060 12.0951 23.5559 11.8516 | 23.3177
.32 12.5712 23.4100 12.3039 23.1469 12.0491 22.8966 11.8056 22.6582
.34 12.5305 22.7934 12.2632 22.5301 12.0083 22.2798 11.7648 22.0412
.36 12.4952 22.2150 12.2278 21.9516 11.9729 21.7011 11.7294 | 21.4625
.38 12.4652 21.6714 12.1978 21.4078 11.9429 21.1572 11.6993 20.9184
.40 12.4406 21.1594 12.1732 20.8958 11.9182 20.6450 11.6746 20.4060
42 12.4214 | 20.6767 12.1539 20.4129 11.8989 20.1620 11.6553 19.9228
.44 12.4077 | 20.2208 12.1402 19.9569 11.8851 19.7059 11.6414 19.4665
.46 12.3993 | 19.7900 12.1318 19.5260 11.8767 | 19.2748 11.6329 | 19.0353
48 12.3964 19.3826 12.1288 19.1184 11.8736 18.8670 11.6298 18.6273
.50 12.3988 18.9969 12.1311 18.7325 11.8759 18.4810 11.6320 18.2411
.52 12.4065 | 18.6317 12.1388 18.3672 11.8835 18.1154 11.6395 | 17.8754
.54 12.4193 18.2857 12.1516 18.0210 11.8963 17.7691 11.6523 17.5289
.56 12.4374 17.9578 12.1696 17.6930 11.9142 17.4409 11.6701 17.2005
.58 12.4604 17.6471 12.1926 17.3821 11.9372 17.1299 11.6930 16.8892
.60 12.4884 | 17.3526 12.2205 17.0874 11.9650 16.8350 11.7209 | 16.5942
.62 12.5211 17.0734 12.2532 16.8081 11.9977 16.5555 11.7535 16.3144
.64 12.5586 | 16.8087 12.2906 16.5432 12.0351 16.2905 11.7909 | 16.0492
.66 12.6005 | 16.5579 12.3326 16.2922 12.0770 16.0392 11.8327 | 15.7978
.68 12.6469 | 16.3201 12.3789 16.0543 12.1233 15.8011 11.8790 | 15.5595
.70 12.6975 | 16.0948 12.4295 15.8288 12.1739 15.5755 11.9296 | 15.3337
72 12.7522 15.8813 12.4842 15.6151 12.2286 15.3617 11.9842 15.1197
.74 12.8108 15.6790 12.5428 15.4127 12.2872 15.1591 12.0428 14.9169
.76 12.8732 15.4874 12.6051 15.2210 12.3495 14.9672 12.1052 14.7249
78 12.9391 15.3060 12.6711 15.0395 12.4155 14.7855 12.1711 14.5430
.80 13.0085 15.1342 12.7404 14.8676 12.4848 14.6135 12.2405 14.3708
.82 13.0811 14.9716 12.8131 14.7049 12.5575 14.4506 12.3132 14.2078
.84 13.1567 | 14.8178 12.8888 14.5509 12.6332 14.2965 12.3889 | 14.0535
.86 13.2353 14.6722 12.9674 14.4052 12.7119 14.1507 12.4676 13.9076
.88 13.3167 | 14.5346 13.0487 | 14.2674 12.7933 14.0128 12.5490 | 13.7696
.90 13.4006 14.4044 13.1327 14.1372 12.8772 13.8824 12.6331 13.6391
.92 13.4869 14.2813 13.2190 14.0140 12.9637 13.7592 12.7195 13.5157
.94 13.5754 | 14.1650 13.3077 | 13.8976 13.0523 13.6427 12.8083 | 13.3991
.96 13.6661 14.0550 13.3984 | 13.7876 13.1431 13.5326 12.8991 13.2889
.98 13.7587 | 13.9512 13.4911 13.6837 13.2358 13.4286 12.9919 | 13.1848
1.00 13.8532 | 13.8532 13.5855 13.5855 13.3304 | 13.3304 13.0866 | 13.0866
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Table D—-1: 0.0965 < p4 < 0.1100 and Az, A4 >0

pa = 0.0965 pa = 0.1010 pa = 0.1055 pa = 0.1100
b3 A3 Aq A3 Aq A3 Aq A3 Aq
.02 12.7193 50.1273 12.4698 49.9225 12.2312 49.7336 12.0027 | 49.5598
.04 12.6136 | 43.3146 12.3642 43.0890 12.1257 | 42.8769 11.8972 | 42.6776
.06 12.5110 | 39.3217 12.2616 | 39.0894 12.0231 | 38.8699 11.7947 | 3R.6623
.08 12.4117 | 36.4713 12.1622 | 36.2357 11.9238 | 36.0126 11.6954 | 35.8010
.10 12.3158 | 34.2454 12.0664 | 34.0080 11.8280 | 33.7827 11.5996 | 33.5688
12 12.2237 | 32.4149 11.9743 32.1762 11.7359 31.9496 11.5075 | 31.7342
14 12.1354 | 30.8581 11.8861 30.6186 11.6477 | 30.3910 11.4193 | 30.1746
.16 12.0513 29.5026 11.8019 29.2624 11.5635 29.0341 11.3352 28.8170
18 11.9714 | 28.3018 11.7221 28.0611 11.4837 27.8324 11.2554 | 27.6146
.20 11.8960 | 27.2240 11.6466 | 26.9830 11.4082 | 26.7537 11.1799 | 26.5355
.22 11.8251 26.2466 11.5758 26.0053 11.3374 25.7757 11.1091 25.5571
.24 11.7590 25.3531 11.5097 25.1114 11.2712 24.8816 11.0429 24.6627
.26 11.6977 | 24.5307 11.4484 | 24.2889 11.2099 | 24.0588 10.9816 | 23.8396
28 11.6414 | 23.7698 11.3920 23.5278 11.1536 23.2974 10.9252 23.0780
.30 11.5902 23.0627 11.3408 22.8205 11.1023 22.5899 10.8739 22.3702
.32 11.5442 22.4031 11.2947 22.1606 11.0562 21.9299 10.8277 | 21.7099
.34 11.5034 | 21.7859 11.2538 21.5433 11.0153 21.3123 10.7867 | 21.0921
.36 11.4679 21.2070 11.2183 20.9641 10.9796 20.7329 10.7511 20.5125
.38 11.4377 | 20.6627 11.1881 20.4197 10.9494 | 20.1832 10.7207 | 19.9676
.40 11.4129 20.1502 11.1632 19.9069 10.9245 19.6753 10.6957 19.4543
42 11.3936 | 19.6668 11.1438 19.4233 10.9050 19.1914 10.6762 | 18.9702
.44 11.3796 | 19.2103 11.1298 18.9666 10.8909 1R8.7344 10.6620 | 18.5130
.46 11.3711 18.7788 11.1212 18.5349 10.8822 18.3024 10.6532 18.0807
48 11.3679 | 18.3706 11.1179 18.1264 10.8788 17.8937 10.6497 | 17.6717
.50 11.3701 17.9842 11.1200 17.7398 10.8808 17.5068 10.6517 | 17.2844
.52 11.3775 | 17.6183 11.1274 | 17.3736 10.8881 17.1403 10.6588 | 16.9176
.54 11.3902 | 17.2715 11.1400 17.0265 10.9006 16.7930 10.6713 | 16.5700
.56 11.4080 | 16.9429 11.1577 | 16.6976 10.9183 16.4638 10.6888 | 16.2405
.58 11.4308 16.6314 11.1805 16.3858 10.9409 16.1517 10.7114 15.9280
.60 11.4586 | 16.3360 11.2082 16.0902 10.9686 15.8558 10.7390 | 15.6318
.62 11.4912 | 16.0560 11.2407 | 15.8100 11.0010 15.5752 10.7713 | 15.3509
.64 11.5285 | 15.7906 11.2779 15.5442 11.0382 15.3092 10.8084 | 15.0845
.66 11.5703 | 15.5389 11.3197 | 15.2923 11.0799 15.0569 10.8501 14.8319
.68 11.6165 15.3004 11.3659 15.0535 11.1261 14.8178 10.8962 14.5925
.70 11.6671 15.0743 11.4164 14.8272 11.1766 14.5912 10.9467 14.3655
72 11.7217 14.8601 11.4710 14.6127 11.2311 14.3764 11.0012 14.1504
.74 11.7803 14.6571 11.5296 14.4094 11.2897 14.1729 11.0597 13.9466
.76 11.8426 14.4648 11.5919 14.2169 11.3520 13.9801 11.1221 13.7536
78 11.9086 | 14.2827 11.6579 14.0346 11.4180 13.7975 11.1881 13.5707
.80 11.9780 | 14.1103 11.7273 13.8620 11.4875 13.6247 11.2575 | 13.3976
.82 12.0507 | 13.9472 11.8000 13.6986 11.5602 13.4610 11.3303 | 13.2337
.84 12.1265 13.7927 11.8759 13.5440 11.6361 13.3062 11.4062 13.0786
.86 12.2052 13.6466 11.9546 13.3977 11.7149 13.1597 11.4851 12.9318
.88 12.2867 13.5084 12.0362 13.2593 11.7965 13.0211 11.5668 12.7931
.90 12.3708 13.3778 12.1203 13.1285 11.8808 12.8901 11.6511 12.6618
.92 12.4573 | 13.2543 12.2069 13.0048 11.9674 | 12.7663 11.7379 | 12.5378
.94 12.5461 13.1375 12.2958 12.8879 12.0564 12.6492 11.8270 12.4206
.96 12.6370 13.0272 12.3869 12.7775 12.1475 12.5386 11.9182 12.3098
.98 12.7299 12.9230 12.4798 12.6732 12.2406 12.4342 12.0114 12.2052
1.00 12.8246 12.8246 12.5747 12.5746 12.3355 12.3355 12.1065 12.1065
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Table D-1: 0.115 < p4 < 0.130 and Az, Ay >0

bz =0115 bz = 0.120 pi—=0125 bz —0.130
b3 A3 Aq A3 Aq A3 Aq A3 Aq
.02 11.7596 | 49.3841 11.5270 49.2261 11.3040 49.0857 11.0898 | 4K8.9624
.04 11.6541 42.4703 11.4215 42,2771 11.1986 42.0976 10.9844 | 41.9311
.06 11.5516 | 3R8.4449 11.3191 | 3R.2406 11.0962 | 38.04K87 10.8821 | 37.8686
.08 11.4524 | 35.5787 11.2199 | 35.3690 10.9970 | 35.1711 10.7830 | 34.9845
.10 11.3566 | 33.3436 11.1242 | 33.1307 10.9013 | 32.9294 10.6873 | 32.7389
12 11.2646 | 31.5072 11.0321 | 31.2923 10.8093 | 31.0886 10.5954 | 30.8957
14 11.1764 | 29.9463 10.9440 | 29.7299 10.7212 | 29.5247 10.5073 | 29.3301
.16 11.0923 | 28.5877 10.8599 | 2R8.3703 10.6371 28.1640 10.4232 | 27.9682
18 11.0125 | 27.3846 10.7801 27.1664 10.5573 | 26.9593 10.3434 | 26.7625
.20 10.9371 | 26.3050 10.7047 | 26.0862 10.4819 | 25.8783 10.2680 | 25.6808
.22 10.8662 25.3261 10.6338 25.1068 10.4110 24.8984 10.1971 24.7002
.24 10.8000 24.4313 10.5676 24.2116 10.3448 24.0027 10.1309 23.8040
.26 10.7387 | 23.6078 10.5062 | 23.3877 10.2834 | 23.1784 10.0694 | 22.9793
28 10.6822 22.8460 10.4498 22.6255 10.2269 22.4158 10.0129 22.2162
.30 10.6309 | 22.1379 10.3983 | 21.9171 10.1754 | 21.7070 9.9613 | 21.5071
.32 10.5846 21.4773 10.3520 21.2562 10.1290 21.0458 9.9149 20.8455
.34 10.5436 | 20.8592 10.3109 | 20.6378 10.0879 | 20.4270 9.8736 | 20.2263
.36 10.5079 | 20.2793 10.2751 20.0575 10.0519 19.8465 9.8376 | 19.6454
.38 10.4774 | 19.7341 10.2446 19.5120 10.0213 19.3005 9.8069 | 19.0990
.40 10.4524 | 19.2205 10.2194 | 18.9981 9.9960 18.7863 9.7815 | 1K8.5844
42 10.4327 | 18.7360 10.1996 18.5133 9.9761 18.3011 9.7614 | 1K8.0987
.44 10.4184 | 18.2785 10.1852 18.0553 9.9615 17.8427 9.7467 | 17.6400
.46 10.4095 | 17.8459 10.1762 17.6223 9.9524 | 17.4093 9.7374 | 17.2061
48 10.4059 | 17.4365 10.1725 17.2126 9.9486 16.9991 9.7335 | 16.7954
.50 10.4077 | 17.04K89 10.1742 16.8245 9.9501 16.6106 9.7348 | 16.4064
.52 10.4148 | 16.6817 10.1811 16.4569 9.9569 16.2425 9.7415 | 16.0378
.54 10.4271 16.3336 10.1933 16.1084 9.9689 15.8936 9.7534 | 15.6884
.56 10.4445 | 16.0037 10.2106 15.7781 9.9861 15.5627 9.7704 | 15.3570
.58 10.4670 | 15.6909 10.2330 15.4648 10.0084 | 15.2490 9.7925 | 15.0427
.60 10.4945 | 15.3942 10.2603 15.1677 10.0356 14.9513 9.8196 | 14.7445
.62 10.5268 15.1129 10.2925 14.8859 10.0677 14.6691 9.8516 14.4617
.64 10.5638 14.8461 10.3294 14.6187 10.1045 14.4013 9.8883 14.1934
.66 10.6054 | 14.5931 10.3710 14.3652 10.1460 14.1474 9.9296 | 13.9390
.68 10.6515 | 14.3533 10.4170 14.1250 10.1919 13.9067 9.9755 | 13.6977
.70 10.7018 14.1259 10.4673 13.8972 10.2422 13.6784 10.0257 13.4689
72 10.7564 | 13.9105 10.5218 13.6813 10.2966 13.4620 10.0801 13.2520
.74 10.8149 | 13.7063 10.5803 13.4767 10.3551 13.2570 10.1385 | 13.0465
.76 10.8772 13.56128 10.6426 13.2828 10.4174 13.0627 10.2009 12.8517
78 10.9432 | 13.3296 10.7086 13.0992 10.4834 | 12.8787 10.2669 | 12.6672
.80 11.0127 13.1562 10.7781 12.9254 10.5530 12.7044 10.3365 12.4926
.82 11.0855 | 12.9920 10.8510 12.7608 10.6259 12.5395 10.4095 | 12.3272
.84 11.1615 12.8366 10.9270 12.6051 10.7020 12.3834 10.4857 12.1707
.86 11.2405 12.6895 11.0061 12.4578 10.7811 12.2357 10.5649 12.0226
.88 11.3222 12.5505 11.0879 12.3184 10.8631 12.0961 10.6469 11.8826
.90 11.4066 12.4190 11.1725 12.1867 10.9477 11.9640 10.7317 11.7502
.92 11.4935 12.2947 11.2595 12.0622 11.0349 11.8392 10.8190 11.6251
.94 11.5827 12.1773 11.3488 11.9445 11.1244 11.7212 10.9087 11.5069
.96 11.6741 12.0664 11.4403 11.8333 11.2160 11.6098 11.0005 11.3952
.98 11.7675 11.9616 11.5338 11.7283 11.3098 11.5046 11.0944 11.2897
1.00 11.8627 11.8627 11.6292 11.6292 11.4053 11.4053 11.1902 11.1902
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Table D-1: 0.136 < p4 < 0.154 and Az, Ay >0

pa = 0.136 pa = 0.142 pa = 0.148 pa =0.154
b3 A3 Aq A3 Aq A3 Aq A3 Aq
.02 10.8436 | 48.8373 10.6082 | 4K8.7371 10.3827 | 48.6621 10.1664 | 4K8.6129
.04 10.7383 | 41.7481 10.5030 | 41.5827 10.2776 | 41.4347 10.0613 | 41.3036
.06 10.6360 | 37.6675 10.4007 | 37.4820 10.1754 | 37.3115 9.9592 | 37.1556
.08 10.5369 | 34.7746 10.3017 | 34.5794 10.0765 | 34.3982 9.8604 | 34.2304
.10 10.4414 | 32.5240 10.2062 | 32.3232 9.9810 | 32.1358 9.7650 | 31.9612
12 10.3494 | 30.6775 10.1143 | 30.4731 9.8892 | 30.2817 9.6732 | 30.1027
14 10.2614 | 29.1097 10.0263 | 2R8.9027 9.8012 | 2R.7085 9.5853 | 2R8.5264
.16 10.1774 | 27.7461 9.9423 | 27.5372 9.7173 | 27.3411 9.5014 | 27.1568
18 10.0976 | 26.5391 9.8625 | 26.3289 9.6375 | 26.1312 9.4217 | 25.9453
.20 10.0222 25.4564 9.7871 25.2452 9.5621 25.0462 9.3463 24.8590
.22 9.9512 24.4751 9.7162 24.2629 9.4911 24.0630 9.2753 23.8747
.24 9.8849 | 23.5782 9.6499 | 23.3652 9.4248 | 23.1645 9.2089 | 22.9752
.26 9.8235 | 22.7528 9.5884 | 22.5393 9.3632 | 22.3378 9.1473 | 22.1478
28 9.7669 | 21.9893 9.5317 | 21.7751 9.3065 | 21.5729 9.0905 | 21.3822
.30 9.7152 | 21.2796 9.4800 | 21.0648 9.2547 | 20.8621 9.0386 | 20.6706
.32 9.6687 | 20.6175 9.4334 | 20.4022 9.2079 | 20.1988 8.9917 | 20.0067
.34 9.6273 | 19.9978 9.3918 19.7820 9.1663 19.5780 8.9499 | 19.3853
.36 9.5912 | 19.4164 9.3556 19.2000 9.1299 18.9954 8.9133 | 18.8020
.38 9.5603 | 18.8695 9.3245 18.6526 9.0987 | 1K8.4474 8.8819 | 18.2533
.40 9.5347 | 18.3543 9.2988 18.1368 9.0727 | 17.9310 8.8558 | 17.7362
42 9.5145 | 17.8681 9.2784 | 17.6500 9.0521 17.4435 8.8349 | 17.2480
.44 9.4997 | 17.4088 9.2633 17.1900 9.0368 16.9828 8.8194 | 16.7866
.46 9.4902 | 16.9743 9.2536 16.7549 9.0269 16.5470 8.8092 | 16.3500
48 9.4860 | 16.5630 9.2492 16.3429 9.0223 16.1343 8.8044 | 15.9364
.50 9.4872 | 16.1734 9.2502 15.9526 9.0230 15.7432 8.8048 | 15.5445
.52 9.4936 | 15.8041 9.2564 | 15.5826 9.0290 15.3724 8.8105 | 15.1728
.54 9.5053 | 15.4540 9.2679 15.2317 9.0402 15.0207 8.8215 | 14.8202
.56 9.5222 | 15.1219 9.2845 14.8988 9.0566 14.6870 8.8376 | 14.4856
.58 9.5441 14.8069 9.3062 14.5830 9.0781 14.3703 8.8588 | 14.1680
.60 9.5710 | 14.5080 9.3329 14.2834 9.1046 14.0698 8.8851 13.8666
.62 9.6028 | 14.2245 9.3645 13.9991 9.1360 13.7846 8.9163 | 13.5804
.64 9.6393 | 13.9555 9.4009 13.7293 9.1722 13.5140 8.9523 | 13.3089
.66 9.6806 | 13.7004 9.4420 13.4733 9.2131 13.2572 8.9930 | 13.0511
.68 9.7263 | 13.4584 9.4876 13.2306 9.2586 13.0135 9.0384 | 12.8065
.70 9.7764 | 13.2289 9.5377 | 13.0003 9.3085 12.7825 9.0882 | 12.5745
72 9.8307 | 13.0113 9.5919 12.7820 9.3627 | 12.5633 9.1423 | 12.3545
.74 9.8892 | 12.8051 9.6503 12.5751 9.4210 12.3556 9.2006 | 12.1459
.76 9.9515 | 12.6097 9.7126 12.3790 9.4833 12.1587 9.2628 | 11.9481
78 10.0176 12.4246 9.7787 12.1932 9.5494 11.9722 9.3290 11.7608
.80 10.0872 | 12.2493 9.8484 | 12.0173 9.6192 11.7956 9.3988 | 11.5834
.82 10.1603 12.0834 9.9215 11.8507 9.6924 11.6283 9.4721 11.4154
.84 10.2365 | 11.9264 9.9979 11.6931 9.7689 11.4700 9.5487 | 11.2564
.86 10.3159 | 11.7778 10.0774 | 11.5440 9.8485 11.3203 9.6285 | 11.1060
.88 10.3981 11.6373 10.1598 11.4030 9.9311 11.1787 9.7113 | 10.9637
.90 10.4830 | 11.5045 10.2449 11.2697 10.0165 11.0448 9.7968 | 10.8293
.92 10.5705 | 11.3790 10.3326 11.1437 10.1044 | 10.9183 9.8851 10.7022
.94 10.6604 11.2604 10.4227 11.0246 10.1948 10.7988 9.9757 10.5822
.96 10.7525 | 11.1483 10.5151 10.9122 10.2875 10.6860 10.0688 | 10.4688
.98 10.8467 | 11.0426 10.6095 10.8061 10.3822 10.5794 10.1639 | 10.3619
1.00 10.9427 | 10.9427 10.7059 10.7059 10.4789 10.4789 10.2609 | 10.2609
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Table D-1: 0.161 < p4 < 0.182 and Az, Ay >0

51 =0.161 51 = 0.168 pa=0175 51 = 0.182
P3 A3 Aq A3 Aq A3 Aq A3 Aq
.02 9.9246 | 4K8.5893 9.6935 | 48.6037 9.4721 | 4K8.6584 9.2597 | 48.7564
.04 9.8197 | 41.1721 9.5887 | 41.0635 9.3675 | 40.9779 9.1552 | 40.9158
.06 9.7177 | 36.9917 9.4869 | 36.8468 9.2658 | 36.7206 9.0537 | 36.6130
.08 9.6190 | 34.0512 9.3882 | 33.8891 9.1672 | 33.7438 8.95563 | 33.6150
.10 9.5237 | 31.7730 9.2930 | 31.6011 9.0722 | 31.4449 8.8603 | 31.3040
12 9.4320 | 29.9089 9.2014 | 29.7306 8.9807 | 29.5674 8.7689 | 29.4187
14 9.3442 28.3287 9.1137 | 28.1461 8.8930 27.9781 8.6813 27.8241
.16 9.2603 | 26.9562 9.0298 | 26.7705 8.8092 | 26.5989 8.5976 | 26.4410
18 9.1806 | 25.7425 8.9502 | 25.5544 8.7295 | 25.3801 8.5180 | 25.2194
.20 9.1052 24.6545 8.8748 24.4645 8.6541 24.2882 8.4426 24.1251
.22 9.0342 | 23.6689 8.8038 | 23.4773 8.6831 | 23.2993 8.3716 | 23.1344
.24 8.9678 | 22.7682 8.7373 | 22.5754 8.5166 | 22.3960 8.3050 | 22.2295
.26 8.9061 21.9397 8.6755 | 21.7457 8.4547 | 21.5651 8.2430 | 21.3973
.28 8.8492 | 21.1732 8.6185 | 20.9782 8.3976 | 20.7965 8.1858 | 20.6275
.30 8.7971 20.4608 8.5663 | 20.2648 8.3453 | 20.0821 8.1333 19.9119
.32 8.7501 19.7961 8.5191 19.5992 8.2979 | 19.4154 8.0857 | 19.2442
.34 8.7081 19.1738 8.4770 | 18.9760 8.2555 | 1K8.7913 8.0431 18.6190
.36 8.6713 18.5897 8.4399 | 18.3910 8.2182 | 18.2053 8.0055 18.0319
.38 8.6397 | 18.0402 8.4080 | 17.8405 8.1860 | 17.6538 7.9730 17.4793
.40 8.6133 17.5221 8.3813 | 17.3216 8.1590 | 17.1338 7.9456 16.9582
42 8.5921 17.0330 8.3599 | 16.8315 8.1372 | 16.6426 7.9235 16.4659
.44 8.5763 16.5707 8.3437 | 16.3681 8.1207 | 16.1781 7.9066 16.0001
.46 8.5658 16.1331 8.3328 | 15.9294 8.1094 | 15.7382 7.8949 15.5590
.48 8.5606 15.7185 8.3273 | 15.5137 8.1035 | 15.3213 7.8885 15.1407
.50 8.5607 | 15.3255 8.3270 | 15.1195 8.1028 | 14.9258 7.8873 14.7439
.52 8.5660 14.9527 8.3320 | 14.7455 8.1073 | 14.5505 7.89014 | 14.3671
.54 8.5767 | 14.5989 8.3422 | 14.3905 8.1171 14.1942 7.9008 14.0093
.56 8.5924 | 14.2632 8.3576 | 14.0535 8.1322 | 13.8557 7.9154 | 13.6694
.58 8.6133 13.9444 8.3782 | 13.7334 8.1523 | 13.5342 7.9351 13.3463
.60 8.6393 13.6418 8.4038 | 13.4294 8.1776 | 13.2288 7.9599 13.0393
.62 8.6702 13.3544 8.4344 | 13.1407 8.2078 | 12.9386 7.9808 12.7475
.64 8.7060 13.0816 8.4699 | 12.8666 8.2430 | 12.6630 8.0246 12.4703
.66 8.7465 12.8226 8.5101 12.6063 8.2830 12.4012 8.0643 12.2069
.68 8.7917 | 12.5768 8.5551 12.3592 8.3277 | 12.1526 8.1087 | 11.9567
.70 8.8413 12.3437 8.6045 12.1246 8.3769 11.9167 8.1578 11.7192
72 8.8953 12.1225 8.6584 11.9022 8.4307 11.6928 8.2113 11.4937
74 8.9535 11.9127 8.7165 11.6911 8.4887 11.4804 8.2693 11.2798
.76 9.0158 11.7139 8.7788 | 11.4911 8.5509 | 11.2790 8.3314 | 11.0769
.78 9.0819 11.5255 8.8449 | 11.3015 8.6171 11.0881 8.3976 10.8846
.80 9.1518 11.3470 8.9149 | 11.1219 8.6871 10.9072 8.4677 | 10.7023
.82 9.2252 11.1780 8.9884 | 10.9519 8.7608 | 10.7360 8.5416 10.5297
.84 9.3020 11.0181 9.0654 | 10.7909 8.8380 | 10.5739 8.6190 10.3664
.86 9.3820 10.8668 9.1457 | 10.6386 8.9185 | 10.4205 8.6998 10.2118
.88 9.4650 10.7237 9.2290 | 10.4946 9.0021 10.2755 8.7837 | 10.0657
.90 9.5509 10.5885 9.3152 | 10.3585 9.0887 | 10.1384 8.8707 9.9275
.92 9.6395 10.4607 9.4041 10.2299 9.1781 10.0089 8.9605 9.7970
.94 9.7305 10.3400 9.4956 | 10.1085 9.2700 9.8866 9.0530 9.6738
.96 9.8239 10.2261 9.5895 9.9938 9.3644 9.7712 9.1479 9.5575
.98 9.9195 10.1185 9.6855 9.8856 9.4610 9.6623 9.2452 9.4479
1.00 10.0171 10.0171 9.7836 9.7836 9.5597 9.5597 9.3445 9.3445
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Table D-1: 0.190 < p4 < 0.214 and Az, Ay >0

pa = 0.190 pa = 0.108 pa = 0.206 pa = 0214
P3 A3 Aq A3 Aq A3 Aq A3 Aq
.02 9.0272 | 4K8.9259 8.8047 | 49.1635 8.5916 | 49.4781 8.3870 | 49.8814
.04 8.9229 | 40.8741 8.7006 | 40.8647 8.4877 | 40.8892 8.2834 | 40.9492
.06 8.8215 | 36.5128 8.5994 | 36.4371 8.3867 | 36.3863 8.1826 | 36.3610
.08 8.7233 | 33.4878 8.5014 | 33.3817 8.2889 | 33.2968 8.0850 | 33.2332
.10 8.6285 | 31.1613 8.4067 | 31.0380 8.1943 | 30.9339 7.9906 | 30.8488
12 8.5372 | 29.2662 8.3156 | 29.1319 8.1034 | 29.0156 7.8008 | 28.9171
14 8.4497 | 27.6648 8.2282 | 27.5230 8.0161 | 27.3983 7.8127 | 27.2906
.16 8.3661 | 26.2769 8.1447 | 26.1297 7.9326 | 25.9990 7.7293 | 25.8847
18 8.2865 | 25.0516 8.0651 24.9003 7.8532 | 24.7651 7.6499 | 24.6457
.20 8.2111 | 23.9545 7.98908 | 23.8000 7.7778 | 23.6613 7.5746 | 23.5380
.22 8.1400 | 22.9614 7.9187 | 22.8043 7.7067 | 22.6628 7.5034 | 22.5364
.24 8.0734 | 22.0545 7.8520 | 21.8953 7.6399 | 21.7514 7.4366 | 21.6225
.26 8.0113 | 21.2206 7.7808 | 21.0596 7.5776 | 20.9136 7.3741 20.7824
28 7.9539 | 20.4493 7.7322 | 20.2865 7.5198 | 20.1388 7.3162 | 20.0057
.30 7.9012 | 19.7323 7.6793 19.5681 7.4667 | 19.4186 7.2628 19.2837
.32 7.8534 | 19.0633 7.6312 18.8975 7.4183 | 18.7465 7.2141 18.6099
.34 7.8105 | 18.4367 7.5880 18.2696 7.3748 | 18.1170 7.1702 17.9787
.36 7.7726 | 17.8483 7.5497 | 17.6798 7.3361 17.5257 7.1311 17.3857
.38 7.7397 | 17.2944 7.5164 | 17.1244 7.3023 | 16.9687 7.0969 16.8271
.40 7.7119 | 16.7719 7.4881 16.6004 7.2736 | 16.4431 7.0676 16.2997
42 7.6893 | 16.2781 7.4650 16.1051 7.2499 | 15.9461 7.0434 | 15.8010
.44 7.6719 15.8109 7.4471 15.6362 7.2314 15.4755 7.0242 15.3285
.46 7.6597 | 15.3682 7.4343 15.1918 7.2180 | 15.0293 7.0101 14.8803
48 7.6527 | 14.9483 7.4267 | 14.7701 7.2098 | 14.6057 7.0012 14.4547
.50 7.6510 | 14.5497 7.4244 | 14.3697 7.2068 | 14.2033 6.9975 14.0502
.52 7.6545 | 14.1712 7.4273 13.9893 7.2090 | 13.8208 6.9990 13.6655
.54 7.6633 | 13.8116 7.4355 13.6276 7.2165 | 13.4570 7.0057 | 13.2994
.56 7.6773 | 13.4697 7.4489 13.2837 7.2292 | 13.1109 7.0176 12.9508
.58 7.6965 | 13.1447 7.4674 | 12.9566 7.2471 12.7815 7.0348 12.6190
.60 7.7208 | 12.8357 7.4912 12.6455 7.2702 | 12.4680 7.0571 12.3029
.62 7.7502 12.5420 7.5200 12.3495 7.2984 12.1697 7.0847 12.0020
.64 7.7845 | 12.2627 7.5539 12.0681 7.3317 | 11.8858 7.1174 | 11.7155
.66 7.8238 | 11.9973 7.5927 | 11.8004 7.3700 | 11.6157 7.1551 11.4428
.68 7.8679 | 11.7451 7.6364 | 11.5460 7.4133 | 11.3589 7.1979 11.1833
.70 7.9167 | 11.5056 7.684%8 11.3043 7.4614 | 11.1147 7.2456 10.9364
72 7.9700 | 11.2781 7.7380 11.0747 7.5142 | 10.8827 7.2981 10.7017
.74 8.0279 | 11.0623 7.7956 10.8567 7.5717 | 10.6623 7.3553 10.4788
.76 8.0899 | 10.8575 7.8576 10.6498 7.6336 | 10.4531 7.4172 10.2670
78 8.1562 | 10.6634 7.9239 10.4536 7.6999 | 10.2547 7.4834 | 10.0661
.80 8.2264 | 10.4794 7.9942 10.2676 7.7703 | 10.0666 7.5540 9.8755
.82 8.3004 | 10.3051 8.0684 | 10.0915 7.8448 9.8883 7.6287 9.6949
.84 8.3781 10.1401 8.1464 9.9247 7.9230 9.7195 7.7073 9.5239
.86 8.4592 9.9840 8.2279 9.7669 8.0050 9.5598 7.7897 9.3621
.88 8.5436 9.8364 8.3128 9.6177 8.0904 9.4088 7.8757 9.2091
.90 8.6311 9.6969 8.4009 9.4767 8.1791 9.2661 7.9651 9.0646
.92 8.7215 9.5651 8.4919 9.3435 8.2709 9.1314 8.0576 8.9281
.94 8.8147 9.4408 8.5858 9.2178 8.3655 9.0042 8.1532 8.7993
.96 8.9103 9.3234 8.6822 9.0993 8.4629 8.8843 8.2515 8.6779
.98 9.0083 9.2128 8.7811 8.9875 8.5627 8.7713 8.3525 8.5635
1.00 9.1085 9.1085 8.8822 8.8822 8.6649 8.6649 8.4558 8.4558
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Table D-1: 0.223 < p4 < 0.250 and Az, Ay >0

pa = 0.223 pa = 0.232 pa = 0.241 pa = 0.250
P3 A3 Aq A3 Aq A3 Aq A3 Aq
.02 8.1664 | 50.4604 7.9552 | 51.2028 7.7528 | 52.1529 7.5585 | 53.3831
.04 8.0631 41.0621 7.8522 41.2271 7.6501 41.4492 7.4561 41.7349
.06 7.9626 | 36.3640 7.7520 | 36.4018 7.5502 | 36.4761 7.3566 | 36.5894
.08 7.8652 | 33.1877 7.6549 | 33.1703 7.4534 | 33.1818 7.2601 | 33.2235
.10 7.7711 | 30.7763 7.5610 | 30.7284 7.3598 | 30.7057 7.1668 | 30.7087
12 7.6805 | 28.8275 7.4706 | 28.7606 7.2696 | 28.7164 7.0768 | 28.6955
14 7.5935 | 27.1895 7.3838 | 27.1096 7.1830 | 27.0510 6.9904 | 27.0140
.16 7.5103 | 25.7752 7.3007 | 25.6861 7.1000 | 25.6172 6.9076 | 25.5687
18 7.4309 | 24.5301 7.2215 | 24.4340 7.0209 | 24.3575 6.8286 | 24.3005
.20 7.3556 | 23.4176 7.1462 | 23.3162 6.9456 | 23.2337 6.7534 | 23.1701
.22 7.2844 | 22.4121 7.0750 22.3064 6.8744 | 22.2192 6.6821 22.1504
.24 7.2175 21.4950 7.0079 21.3857 6.8073 21.2946 6.6149 21.2216
.26 7.1549 | 20.6522 6.9452 | 20.5400 6.7443 | 20.4456 6.5518 | 20.3689
28 7.0967 | 19.8730 6.8868 19.7581 6.6857 | 19.6608 6.4929 19.5811
.30 7.0431 19.1488 6.8328 19.0315 6.6314 | 18.9317 6.4383 18.8491
.32 6.9940 | 1K8.4729 6.7834 | 18.3534 6.56816 | 18.2511 6.3880 18.1660
.34 6.9496 | 17.8397 6.7386 17.7181 6.5363 | 17.6135 6.3422 17.5259
.36 6.9100 | 17.2447 6.6984 | 17.1209 6.4955 | 17.0141 6.3009 16.9241
.38 6.8752 | 16.6841 6.6630 16.5582 6.4595 | 16.4491 6.2641 16.3567
.40 6.8453 16.1547 6.6324 16.0266 6.4282 15.9152 6.2320 15.8204
42 6.8204 | 15.6538 6.6067 | 15.5235 6.4016 | 15.4097 6.2046 15.3123
.44 6.8004 | 15.1791 6.5859 15.0464 6.3800 | 14.9301 6.1821 14.8302
.46 6.7856 | 14.7286 6.5702 14.5934 6.3633 | 14.4745 6.1643 14.3718
48 6.7758 | 14.3006 6.5595 14.1628 6.3516 | 14.0411 6.1516 13.9356
.50 6.7712 | 13.8935 6.5539 13.7530 6.3449 | 13.6284 6.1438 13.5198
.52 6.7717 | 13.5061 6.5534 | 13.3627 6.3434 | 13.2351 6.1411 13.1233
.54 6.7775 | 13.1372 6.5582 12.9908 6.3471 12.8600 6.1435 12.7449
.56 6.7885 | 12.7858 6.5682 12.6362 6.3559 | 12.5021 6.1512 12.3835
.58 6.8048 12.4509 6.5834 12.2981 6.3701 12.1606 6.1641 12.0382
.60 6.8263 | 12.1318 6.6039 11.9757 6.3895 | 11.8345 6.1823 11.7083
.62 6.8530 11.8277 6.6297 11.6681 6.4142 11.5232 6.2058 11.3931
.64 6.8849 11.5379 6.6607 11.3749 6.4442 11.2262 6.2348 11.0919
.66 6.9219 | 11.2619 6.6970 11.0953 6.4795 | 10.9427 6.2691 10.8042
.68 6.9641 10.9991 6.7384 | 10.8289 6.5202 | 10.6724 6.3087 | 10.5296
.70 7.0112 | 10.7490 6.7850 10.5751 6.5660 | 10.4146 6.3538 10.2675
72 7.0633 | 10.5111 6.8366 10.3336 6.6171 10.1691 6.4042 10.0175
.74 7.1203 | 10.2848 6.8931 10.1037 6.6732 9.9352 6.4599 9.7793
.76 7.1819 | 10.0699 6.9546 9.8852 6.7344 9.7128 6.5207 9.5526
78 7.2482 9.8658 7.0208 9.6777 6.8005 9.5015 6.5867 9.3369
.80 7.3189 9.6723 7.0916 9.4808 6.8714 9.3007 6.6577 9.1320
.82 7.3938 9.4888 7.1668 9.2940 6.9469 9.1103 6.7335 8.9375
.84 7.4729 9.3150 7.2463 9.1170 7.0269 8.92908 6.8140 8.7530
.86 7.5558 9.1505 7.3299 8.9496 7.1112 8.7590 6.8990 8.5784
.88 7.6425 8.9950 7.4174 8.7912 7.1996 8.5974 6.9883 8.4132
.90 7.7328 8.8480 7.5086 8.6416 7.2918 8.4448 7.0817 8.2572
.92 7.8264 8.7093 7.6033 8.5004 7.3878 8.3007 7.1790 8.1099
.94 7.9230 8.5785 7.7012 8.3672 7.4871 8.1649 7.2800 7.9711
.96 8.0226 8.4551 7.8023 8.2417 7.5897 8.0370 7.3843 7.8405
.98 8.1249 8.3390 7.9061 8.1236 7.6953 7.9167 7.4918 7.7176
1.00 8.2297 8.2297 8.0125 8.0125 7.8036 7.8036 7.6022 7.6022
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Table D—-1: 0.26 < p4 < 0.29 and Az, Ay >0

51 = 0.26 51 =0.27 51 =028 51 =0.29
P3 A3 Aq A3 Aq A3 Aq A3 Aq
.02 7.3514 | 55.2232 7.1532 | 57.8791 6.9630 | 62.1808 6.7805 | 71.9138
.04 7.2495 | 42.1368 7.0517 | 42.6421 6.8621 | 43.2708 6.6801 | 44.0506
.06 7.1504 | 36.7643 6.9530 | 36.9955 6.7638 | 37.2891 6.5823 | 37.6529
.08 7.0543 | 33.3069 6.8573 | 33.4318 6.6685 | 33.6009 6.4875 | 33.8181
.10 6.9613 | 30.7433 6.7647 | 30.8122 6.5763 | 30.9172 6.3957 | 31.0604
12 6.8717 | 2R8.7001 6.6754 | 28.7350 6.4873 | 28.8012 6.3071 28.9004
14 6.7855 | 26.9986 6.5894 | 27.0108 6.4017 | 27.0514 6.2217 | 27.1215
.16 6.7029 | 25.5390 6.5070 | 25.5352 6.3195 | 25.5578 6.1398 | 25.6077
18 6.6239 24.2602 6.4282 24.2445 6.2409 24.2539 6.0613 24.2890
.20 6.5488 | 23.1217 6.3532 | 23.0970 6.1659 | 23.0964 5.9864 | 23.1202
.22 6.4775 | 22.0956 6.2819 | 22.0638 6.0946 | 22.0552 5.9151 22.0702
.24 6.4102 21.1616 6.2144 21.1240 6.0271 21.1090 5.8475 21.1170
.26 6.3469 20.3046 6.1510 20.2622 5.9634 | 20.2419 5.7836 20.2440
28 6.2877 | 19.5129 6.0915 19.4664 5.9036 | 19.4416 5.7236 19.4389
.30 6.2327 | 18.7776 6.0361 18.7275 5.8478 | 18.6988 5.6674 | 18.6917
.32 6.1820 | 1K8.0914 5.984%8 18.0379 5.7960 | 18.0057 5.6151 17.9949
.34 6.1356 | 17.4484 5.9378 17.3918 5.7484 | 17.3563 5.5668 17.3420
.36 6.0935 | 16.8438 5.8951 16.7843 5.7049 | 16.7456 5.5225 16.7281
.38 6.0560 | 16.2736 5.8567 | 16.2112 5.6656 | 16.1695 5.4824 | 16.1487
.40 6.0230 | 15.7345 5.8227 | 15.6691 5.6307 | 15.6243 5.4464 | 15.6004
42 5.9946 | 15.2235 5.7933 15.1551 5.6001 15.1072 5.4147 | 15.0802
.44 5.9709 | 14.7383 5.7684 | 14.6667 5.5740 | 14.6157 5.3873 14.5854
.46 5.9520 14.2768 5.7482 14.2020 5.5525 14.1475 5.3643 14.1138
48 5.9379 | 13.8372 5.7328 13.7589 5.5356 | 13.7009 5.3459 13.6637
.50 5.9288 | 13.4180 5.7222 13.3360 5.5235 | 13.2743 5.3321 13.2332
.52 5.9247 13.0177 5.7166 12.9319 5.5162 12.8662 5.3231 12.8211
.54 5.9257 | 12.6353 5.7160 12.5454 5.5139 | 12.4755 5.3190 12.4260
.56 5.9318 | 12.2698 5.7205 12.1755 5.5166 | 12.1011 5.3198 12.0470
.58 5.9432 11.9202 5.7303 11.8213 5.5246 11.7421 5.3258 11.6831
.60 5.9600 | 11.5857 5.7453 11.4821 5.5379 | 11.3978 5.3371 11.3335
.62 5.9821 11.2657 5.7658 11.1570 5.5566 | 11.0674 5.3538 10.9976
.64 6.0096 | 10.9597 5.7918 10.8457 5.5808 | 10.7505 5.3761 10.6748
.66 6.0426 | 10.6669 5.8233 10.5475 5.6107 | 10.4464 5.4040 10.3645
.68 6.0811 10.3871 5.8605 10.2620 5.6462 | 10.1549 5.4378 10.0665
.70 6.1251 10.1197 5.9033 9.0888 5.6876 9.8754 5.4776 9.7803
72 6.1747 9.8644 5.9518 9.7277 5.7349 9.6078 5.5234 9.5057
.74 6.2296 9.6208 6.0059 9.4782 5.7880 9.3518 5.5753 9.2425
.76 6.2901 9.3887 6.0658 9.2401 5.8471 9.1071 5.6334 8.9905
78 6.35568 9.1677 6.1312 9.0131 5.9121 8.8735 5.6978 8.7495
.80 6.4268 8.9576 6.2022 8.7971 5.9830 8.6509 5.7684 8.5195
.82 6.5029 8.7579 6.2786 8.5917 6.0596 8.4389 5.8452 8.3002
.84 6.5840 8.5686 6.3603 8.3967 6.1419 8.2375 5.9280 8.0915
.86 6.6699 8.3892 6.4471 8.2118 6.2297 8.0465 6.0168 7.89034
.88 6.7604 8.2194 6.5388 8.0369 6.3228 7.8656 6.1115 7.7057
.90 6.8552 8.0591 6.6353 7.8716 6.4211 7.6946 6.2117 7.5282
.92 6.9543 7.9078 6.7362 7.7157 6.5242 7.5334 6.3172 7.3607
.94 7.0572 7.7652 6.8414 7.5688 6.6318 7.3815 6.4278 7.2031
.96 7.1638 7.6311 6.9505 7.4307 6.7438 7.2387 6.5430 7.0550
.98 7.2737 7.5050 7.0633 7.3010 6.8598 7.1048 6.6627 6.9162
1.00 7.3868 7.3868 7.1793 7.1793 6.9794 6.9794 6.7863 6.7863
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Table D-1: 0.301 < p4 <0.334 and Az, Ay >0

pa = 0.301 pa = 0.312 pa = 0.323 pa =0.334
P3 A3 Aq A3 Aq A3 Aq A3 Aq
.04 6.4882 | 45.1317 6.3045 | 46.5288 6.1283 | 4K8.3901 5.9594 | 51.0040
.06 6.3910 | 3R8.1458 6.2079 | 38.7527 6.0324 | 39.4976 5.8641 | 40.4142
.08 6.2967 | 34.1179 6.1141 | 34.4888 5.9392 | 34.9405 5.7716 | 35.4857
.10 6.2054 | 31.2653 6.0233 | 31.5239 5.8489 | 31.8419 5.6818 | 32.2257
12 6.1172 | 29.0494 5.9356 | 29.2433 5.7617 | 29.4854 5.5951 29.7800
14 6.0322 | 27.2343 5.8510 | 27.3864 5.6775 | 27.5803 5.5113 | 27.8189
.16 5.9506 | 25.6952 5.7696 | 25.8184 5.5965 | 25.9793 5.4307 | 26.1800
18 5.8723 | 24.3581 5.6916 | 24.4604 5.5187 | 24.5975 5.3532 | 24.7710
.20 5.7975 | 23.1754 5.6169 | 23.2620 5.4442 | 23.3812 5.2789 | 23.5346
.22 5.7262 22.1146 5.5457 22,1891 5.3730 22.2946 5.2078 22.4325
.24 5.6585 21.1528 5.4779 21.2176 5.3052 21.3123 5.1399 21.43%81
.26 5.5945 | 20.2728 5.4137 | 20.3297 5.2408 | 20.4157 5.0754 | 20.5318
28 5.5341 19.4617 5.3530 19.5122 5.1798 | 19.5910 5.0141 19.6991
.30 5.4774 | 18.7095 5.2959 18.7544 5.1223 | 18.8272 4.9562 18.9288
.32 5.4246 18.0081 5.2425 18.0483 5.0683 18.1159 4.9016 18.2118
.34 5.3756 | 17.3513 5.1927 | 17.3871 5.0178 | 17.4502 4.8505 17.5412
.36 5.3304 | 16.7335 5.1467 | 16.7654 4.9710 | 16.8244 4.8027 | 16.9111
.38 5.2893 | 16.1506 5.1045 16.1788 4.9278 | 16.2339 4.7585 16.3167
.40 5.2521 15.5988 5.0662 15.6234 4.8882 | 15.6749 4.7178 15.7540
42 5.2191 15.0750 5.0318 15.0960 4.8525 | 15.1440 4.6807 | 15.2196
.44 5.1902 14.5766 5.0015 14.5940 4.8206 14.6384 4.6472 14.7106
.46 5.1657 14.1013 4.9752 14.1150 4.7926 14.1558 4.6175 14.2245
48 5.1455 | 13.6471 4.9532 13.6570 4.7687 | 13.6940 4.5917 | 13.7591
.50 5.1298 13.2125 4.9355 13.2182 4.7490 13.2513 4.5698 13.3127
.52 5.1187 12.7959 4.9223 12.7972 4.7335 12.8260 4.5520 12.8834
.54 5.1124 12.3961 4.9137 12.3926 4.7225 12.4168 4.5385 12.4699
.56 5.1110 12.0119 4.9099 12.0034 4.7161 12.0226 4.5294 12.0710
.58 5.1147 11.6425 4.9110 11.6284 4.7145 11.6423 4.5249 11.6856
.60 5.1236 11.2870 4.9173 11.2670 4.7179 11.2750 4.5253 11.3126
.62 5.1378 | 10.9448 4.9289 10.9183 4.7265 | 10.9199 4.5307 | 10.9514
.64 5.1577 10.6152 4.9460 10.5818 4.7407 10.5764 4.5415 10.6011
.66 5.1833 | 10.2978 4.9689 10.2570 4.7605 | 10.2441 4.5580 10.2613
.68 5.2148 9.9921 4.9978 9.9434 4.7864 9.9223 4.5805 9.9313
.70 5.2524 9.6980 5.0329 9.6408 4.8186 9.6110 4.6093 9.6110
72 5.2963 9.4151 5.0745 9.3490 4.8574 9.3098 4.6448 9.3001
.74 5.3466 9.1433 5.1227 9.0679 4.9031 9.0186 4.6874 8.9984
.76 5.4034 8.8824 5.1778 8.7972 4.9560 8.7374 4.7375 8.7058
78 5.4668 8.6324 5.2399 8.5372 5.0164 8.4662 4.7955 8.4225
.80 5.5369 8.3932 5.3092 8.2876 5.0844 8.2051 4.8618 8.1487
.82 5.6136 8.1647 5.3857 8.0487 5.1604 7.9543 4.9366 7.8846
.84 5.6971 7.9469 5.4695 7.8204 5.2443 7.7140 5.0203 7.6306
.86 5.7870 7.7399 5.5606 7.6030 5.3364 7.4845 5.1131 7.3871
.88 5.8834 7.5434 5.6588 7.3963 5.4365 7.2659 5.2150 7.1544
.90 5.9860 7.3576 5.7640 7.2006 5.5445 7.0585 5.3261 6.9330
.92 6.0945 7.1822 5.8760 7.0158 5.6603 6.8624 5.4461 6.7234
.94 6.2087 7.0170 5.9943 6.8418 5.7834 6.6778 5.5748 6.5259
.96 6.3282 6.8620 6.1186 6.6785 5.9135 6.5046 5.7116 6.3406
.98 6.4525 6.7169 6.2485 6.5258 6.0500 6.3428 5.8560 6.1677
1.00 6.56813 6.5813 6.3835 6.3835 6.1923 6.1923 6.0072 6.0072
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Table D-1: 0.346 < p4 < 0.382 and Az, Ay >0

51 = 0.346 51 = 0.358 51 =0.370 54 = 0.382
P3 A3 Aq A3 Aq A3 Aq A3 Aq
.04 5.7828 | 55.5853 5.6137 | 66.5241
.06 5.6882 | 41.6700 5.5199 | 43.2973 5.3587 | 45.4912 5.2042 | 48.6694
.08 5.5964 | 36.2068 5.428% | 37.0896 5.2684 | 38.1788 5.1147 | 39.5434
.10 5.5073 | 32.7298 5.3404 | 33.3372 5.1807 | 34.0678 5.0278 | 34.9489
12 5.4211 | 30.1677 5.2549 | 30.6332 5.0958 | 31.1878 4.9435 | 31.8466
14 5.3379 | 28.1348 5.1722 | 28.5147 5.0137 | 28.9659 4.8620 | 29.4982
.16 5.2577 | 26.4478 5.0924 | 26.7708 4.9344 | 27.1547 4.7832 | 27.6064
18 5.1805 | 25.0046 5.0156 | 25.2878 4.8580 | 25.6249 4.7072 | 26.0212
.20 5.1064 | 23.7430 4.9418 | 23.9969 4.7844 | 24.3000 4.6340 | 24.6565
.22 5.0354 | 22.6217 4.8709 | 22.8536 47138 | 23.1311 4.5636 | 23.4578
.24 4.9676 21.6122 4.8031 21.8270 4.6460 22.084%8 4.4959 22.3888
.26 4.9029 20.6940 4.7383 20.8953 4.5812 21.1377 4.4310 21.4239
28 4.8414 19.8517 4.6765 20.0421 4.5192 20.2722 4.3689 20.5443
.30 4.7830 | 19.0734 4.6178 19.2549 4.4601 19.4750 4.3096 19.7359
.32 4.7279 | 18.3498 4.5622 18.5240 4.4040 | 18.7360 4.2530 18.9878
.34 4.6760 | 17.6735 4.5096 17.8415 4.3508 | 18.0468 4.1992 18.2912
.36 4.6274 17.0385 4.4601 17.2012 4.3004 17.4009 4.1481 17.6392
.38 4.5820 | 16.4397 4.4137 | 16.5979 4.2530 | 16.7928 4.0998 17.0261
.40 4.5400 15.8730 4.3704 16.0271 4.2086 16.2179 4.0542 16.4470
42 4.5014 15.3348 4.3304 15.4853 4.1672 15.6725 4.0114 15.8981
.44 4.4663 | 14.8222 4.2936 14.9692 4.1287 | 15.1533 3.9715 15.3758
.46 4.4347 14.3325 4.2601 14.4763 4.0934 14.6574 3.9344 14.8773
48 4.4067 13.8635 4.2300 14.0041 4.0612 14.1824 3.9002 14.4000
.50 4.3825 | 13.4133 4.2034 | 13.5506 4.0323 | 13.7261 3.8690 13.9416
.52 4.3621 12.9801 4.1804 | 13.1139 4.0067 | 13.2867 3.8409 13.5001
.54 4.3457 | 12.5624 4.1612 12.6926 3.9846 | 12.8624 3.8159 13.0738
.56 4.3336 12.1588 4.1458 12.2851 3.9661 12.4518 3.7943 12.6611
.58 4.3258 | 11.7683 4.1346 11.8902 3.9514 | 12.0535 3.7761 12.2605
.60 4.3226 | 11.3897 4.1277 | 11.5067 3.9407 | 11.6662 3.7616 11.8706
.62 4.3243 11.0222 4.1255 11.1337 3.9343 11.2888 3.7510 11.4903
.64 4.3312 10.6649 4.1281 10.7703 3.9325 10.9204 3.7445 11.1183
.66 4.3436 | 10.3173 4.1360 10.4156 3.9355 | 10.5599 3.7426 10.7538
.68 4.3618 9.9787 4.1496 10.0691 3.9440 | 10.2067 3.7456 10.3955
.70 4.3864 9.6488 4.1693 9.7301 3.9583 9.8598 3.7540 10.0427
72 4.4177 9.3271 4.1956 9.3982 3.9789 9.5188 3.7683 9.6944
.74 4.4562 9.0136 4.2292 9.0731 4.0066 9.1831 3.7894 9.3500
.76 4.5025 8.7082 4.2706 8.7547 4.0422 8.8523 3.8179 9.0086
78 4.5570 8.4109 4.3207 8.4428 4.0864 8.5262 3.8549 8.6698
.80 4.6205 8.1219 4.3801 8.1377 4.1404 8.2047 3.9017 8.3331
.82 4.6933 7.8416 4.4497 7.8397 4.2051 7.8881 3.9595 7.9983
.84 4.7760 7.5704 4.5302 7.5493 4.2818 7.5767 4.0300 7.6655
.86 4.8690 7.3001 4.6225 7.2673 4.3717 7.2714 4.1150 7.3351
.88 4.9726 7.0581 4.7272 6.9946 4.4761 6.9733 4.2167 7.0081
.90 5.0871 6.8185 4.8448 6.7325 4.5960 6.6839 4.3370 6.6861
.92 5.2122 6.5907 4.9755 6.4822 4.7323 6.4052 4.4780 6.3717
.94 5.3479 6.3757 5.1193 6.2450 4.8854 6.1392 4.6411 6.0681
.96 5.4936 6.1740 5.2758 6.0220 5.0550 5.8883 4.8268 5.7791
.98 5.6486 5.9859 5.4440 5.8144 5.2402 5.6544 5.0343 5.5090
1.00 5.8118 5.8118 5.6227 5.6227 5.4393 5.4393 5.2613 5.2613
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Table D-1: 0.394 < p4 < 0.430 and Az, Ay >0

51— 0.394 51 = 0.406 51 = 0.418 51 = 0.430
P3 A3 Aq A3 Aq A3 Aq A3 Aq
.06 5.0560 | 54.0416 49138 | 70.4214
.08 4.9673 | 41.2989 4.8259 | 43.6607 4.6901 | 47.1054 4.5596 | 53.1079
.10 4.8812 | 36.0202 4.7405 | 37.3425 4.6056 | 39.0148 4.4760 | 41.2144
12 4.7976 | 32.6299 4.6577 | 33.5666 4.5235 | 34.6979 4.3947 | 36.0876
14 4.7167 | 30.1244 4.5775 | 30.8616 4.4440 | 31.7329 4.3159 | 32.7713
.16 4.6385 28.1347 4.4998 28.7512 4.3669 29.4712 4.2394 | 30.3151
18 4.5629 26.4834 4.4248 27.0200 4.2924 | 27.6419 4.1655 28.3636
.20 4.4901 25.0715 4.3523 25.5519 4.2204 | 26.1060 4.0939 26.7445
.22 4.4199 23.8380 4.2824 24.2772 4.1508 24.7821 4.0247 25.3613
.24 4.3524 | 22.7426 4.2151 23.1507 4.0837 | 23.6189 3.9579 24.1541
.26 4.2875 21.7571 4.1503 22.1414 4.0191 225814 3.8934 23.0833
28 4.2253 20.8615 4.0881 21.2270 3.9568 21.6452 3.8313 22,1212
.30 4.1658 | 20.0402 4.0283 | 20.3910 3.8970 | 20.7920 3.7714 | 21.2479
.32 4.1088 | 19.2818 3.9711 19.6208 3.8395 | 20.0083 3.7137 | 20.4483
.34 4.0544 | 18.5769 3.9163 18.9066 3.7843 | 19.2833 3.6582 19.7108
.36 4.0027 | 17.9182 3.8639 18.2404 3.7314 | 18.6086 3.6049 19.0264
.38 3.9535 | 17.2997 3.8139 17.6159 3.6808 | 17.9775 3.5537 | 18.3877
.40 3.9069 | 16.7163 3.7664 | 17.0279 3.6324 | 17.3844 3.5046 17.7888
42 3.8629 16.1638 3.7213 16.4718 3.56862 16.8244 3.4575 17.2246
.44 3.8215 | 15.6387 3.6785 15.9439 3.5423 | 16.2938 3.4126 16.6911
.46 3.7827 | 15.1379 3.6382 15.4411 3.5006 | 15.7892 3.3696 16.1847
48 3.7467 | 14.6587 3.6004 | 14.9605 3.4612 | 15.3076 3.3287 | 15.7024
.50 3.7133 | 14.1988 3.5650 14.4998 3.4240 | 14.8465 3.2899 15.2414
.52 3.6827 | 13.7561 3.56322 14.0566 3.3890 | 14.4036 3.2531 14.7994
.54 3.65561 13.3287 3.5019 13.6291 3.3564 | 13.9769 3.2183 14.3744
.56 3.6304 | 12.9150 3.4743 13.2155 3.3261 13.5646 3.1856 13.9644
.58 3.6088 | 12.5133 3.4495 12.8142 3.2983 | 13.1650 3.1550 13.5678
.60 3.5905 12.1224 3.4276 12.4237 3.2730 12.7765 3.1267 13.1829
.62 3.5757 | 11.7407 3.4088 12.0425 3.2503 | 12.3977 3.1005 12.8083
.64 3.5646 11.3672 3.3932 11.6694 3.2305 12.0272 3.0768 12.4425
.66 3.5576 | 11.0005 3.3811 11.3030 3.2136 | 11.6636 3.0556 12.0841
.68 3.5550 | 10.6395 3.3729 10.9421 3.2000 | 11.3056 3.0370 11.7319
.70 3.5572 | 10.2832 3.3688 10.5853 3.1899 | 10.9518 3.0213 11.3843
72 3.5648 9.9304 3.3695 10.2315 3.1838 | 10.6007 3.0087 | 11.0400
.74 3.5784 9.5801 3.3754 9.8792 3.1820 | 10.2510 2.9996 10.6974
.76 3.5990 9.2313 3.3874 9.5271 3.1852 9.9010 2.9945 10.3550
78 3.6275 8.8829 3.4064 9.1739 3.1942 9.5490 2.9938 10.0108
.80 3.6653 8.56339 3.4336 8.8178 3.2101 9.1929 2.9985 9.6627
.82 3.7138 8.1836 3.4708 8.4574 3.2344 8.8306 3.0096 9.3083
.84 3.7752 7.8311 3.5200 8.0908 3.2689 8.4593 3.0285 8.9442
.86 3.8519 7.4762 3.5840 7.7162 3.3164 8.0756 3.0574 8.5666
.88 3.9469 7.1189 3.6668 7.3319 3.3809 7.6757 3.0995 8.1700
.90 4.0637 6.7602 3.7735 6.9368 3.4683 7.2547 3.1599 7.7470
.92 4.2064 6.4023 3.9108 6.5305 3.5878 6.8069 3.2470 7.2863
.94 4.3787 6.0492 4.0872 6.1153 3.7536 6.3264 3.3766 6.7703
.96 4.5834 5.7072 4.3115 5.6983 3.9875 5.8108 3.5817 6.1696
.98 4.8210 5.3841 4.5899 5.2931 4.3172 5.2721 3.9399 5.4389
1.00 5.0881 5.0881 4.9194 4.9194 4.7547 4.7548 4.5939 4.5939
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Table D-1: 0.442 < p4 < 0.478 and Az, Ay >0

51 = 0.442 51 = 0.454 54 = 0.466 5a = 0478
P3 A3 Aq A3 Aq A3 Aq A3 Aq
.08 4.4343 | 79.8432
.10 4.3515 | 44.3122 4.2317 | 49.3212 4.1164 | 61.9369
12 4.2710 | 37.8406 4.1520 | 40.1475 4.0376 | 43.4154 3.9274 | 48.8048
14 4.1928 | 34.0258 4.0746 | 35.5738 3.9610 | 37.5463 3.8517 | 40.1963
.16 4.1171 | 31.3119 3.9996 | 32.5038 3.8867 | 33.9555 3.7781 | 35.7737
18 4.0437 | 29.2044 3.9268 | 30.1916 3.8145 | 31.3642 3.7066 | 32.7818
.20 3.9726 | 27.4819 3.8563 | 28.3375 3.7446 | 29.3378 3.6372 | 30.5218
.22 3.9039 | 26.0260 3.7880 | 26.7907 3.6767 | 27.6755 3.5699 | 28.7079
.24 3.8374 | 24.7655 3.7218 | 25.4647 3.6110 | 26.2674 3.5047 | 27.1948
.26 3.7731 | 23.6545 3.6579 | 24.3049 3.5474 | 25.0473 3.4414 | 25.8985
28 3.7111 | 22.6617 3.5960 | 23.2749 3.4858 | 23.9716 3.3801 24.7659
.30 3.6512 | 21.7644 3.5362 | 22.3488 3.4261 | 23.0104 3.3206 | 23.7613
.32 3.5934 | 20.9460 3.4784 | 21.5080 3.3683 | 22.1424 3.2630 | 22.8597
.34 3.5377 | 20.1939 3.4226 20.7383 3.3125 21.3514 3.2071 22.0426
.36 3.4841 19.4980 3.3687 | 20.0287 3.2584 | 20.6252 3.1530 | 21.2961
.38 3.4324 | 18.8504 3.3166 19.3706 3.2061 19.9544 3.1006 | 20.6095
.40 3.3827 | 18.2448 3.2665 18.7571 3.1556 | 19.3311 3.0498 19.9742
42 3.3349 | 17.6759 3.2181 18.1823 3.1067 | 18.7493 3.0006 19.3835
.44 3.2890 | 17.1391 3.1714 | 17.6417 3.0595 | 18.2038 2.9529 18.8318
.46 3.2450 | 16.6308 3.1265 17.1311 3.0138 | 17.6903 2.9067 | 18.3144
48 3.2029 | 16.1477 3.0833 16.6473 2.9697 | 17.2053 2.8619 17.8275
.50 3.1626 | 15.6872 3.0418 16.1872 2.9272 | 16.7457 2.8185 17.3677
.52 3.1241 15.2467 3.0019 15.7484 2.8861 16.3087 2.7765 16.9323
.54 3.0874 | 14.8240 2.9636 15.3287 2.8465 | 15.8921 2.7358 16.5188
.56 3.0526 | 14.4173 2.9269 14.9260 2.8083 | 15.4937 2.6964 | 16.1250
.58 3.0196 14.0248 2.8919 14.5385 2.7716 15.1119 2.6583 15.7492
.60 2.9885 13.6449 2.8585 14.1646 2.7362 14.7449 2.6213 15.3896
.62 2.9594 13.2760 2.8267 13.8029 2.7022 14.3913 2.5856 15.0447
.64 2.9322 12.9168 2.7965 13.4519 2.6696 14.0497 2.5511 14.7133
.66 2.9070 | 12.5659 2.7681 13.1103 2.6384 | 13.7188 25177 | 14.3940
.68 2.8840 | 12.2220 2.7413 12.7768 2.6086 | 13.3975 2.4854 | 14.0858
.70 2.8633 | 11.8837 2.7164 | 12.4503 2.5802 | 13.0845 2.4543 13.7876
72 2.8451 11.5497 2.6933 12.1294 2.5532 12.7789 2.4243 13.4984
.74 2.8295 11.2185 2.6722 11.8130 2.5277 12.4794 2.3954 13.2173
.76 2.8169 | 10.8886 2.6533 11.4995 2.5037 | 12.1851 2.3676 12.9434
78 2.8076 | 10.5583 2.6367 | 11.1877 2.4814 | 11.8947 2.3410 12.6758
.80 2.8021 10.2256 2.6227 10.8759 2.4608 11.6070 2.3155 12.4136
.82 2.8011 9.8881 2.6116 10.5622 2.4420 11.3208 2.2913 12.1560
.84 2.8055 9.5430 2.6040 10.2444 2.4253 11.0344 2.2682 11.9019
.86 2.8166 9.1865 2.6004 9.9197 2.4109 | 10.7462 2.2465 11.6505
.88 2.8364 8.8137 2.6019 9.5845 2.3992 10.4541 2.2261 11.4005
.90 2.8681 8.4171 2.6098 9.2338 2.3907 | 10.1552 2.2073 11.1507
.92 2.9167 7.9856 2.6263 8.8605 2.3860 9.8460 2.1901 10.8996
.94 2.9923 7.4999 2.6553 8.4527 2.3862 9.5215 2.1748 10.6453
.96 3.1170 6.9211 2.7042 7.9896 2.3932 9.1740 2.1618 10.3856
.98 3.3615 6.1418 2.7910 7.4240 2.4100 8.7907 2.1514 10.1172
1.00 3.3635 5.2636 2.9874 6.5859 2.4430 8.3468 2.1444 9.8357
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Table D-1: 0.490 < p4 < 0.526 and Az, Ay >0

pa =0.490 pa = 0.502 pa =0.514 pa = 0.526
P3 A3 Aq A3 Aq A3 Aq A3 Aq
12 3.8214 | 64.2211
14 3.7464 | 44.1155 3.6450 | 51.3837
.16 3.6736 | 3R8.1536 3.5729 | 41.5147 3.4759 | 47.0716 3.3824 | 63.7499
18 3.6028 | 34.5411 3.5029 | 36.8151 3.4066 | 39.9625 3.3138 | 44.9480
.20 3.5341 | 31.9479 3.4348 | 33.7114 3.3392 | 35.9819 3.2471 | 39.1087
.22 3.4673 | 29.9280 3.3686 | 31.3973 3.2737 | 33.2157 3.1823 | 35.5637
.24 3.4025 28.2765 3.3044 29.5562 3.2100 | 31.1011 3.1191 33.0233
.26 3.3397 | 26.8819 3.2420 | 28.0307 3.1481 | 29.3943 3.0578 | 31.0502
28 3.2787 | 25.6769 3.1814 | 26.7312 3.0879 | 27.9671 2.9981 29.4427
.30 3.2195 | 24.6177 3.1225 | 25.6014 3.0294 | 26.7438 2.9400 | 28.0907
.32 3.1621 | 23.6740 3.0653 | 24.6041 2.9725 | 25.6761 2.8835 | 26.9280
.34 3.1063 22.8242 3.0098 23.7128 2.9172 24.7310 2.8285 25.9108
.36 3.0522 | 22.0523 2.9558 | 22.9087 2.8634 | 23.8850 2.7749 | 25.0094
.38 2.9997 | 21.3460 2.9033 22.1771 2.8111 23.1211 2.7228 24.2024
.40 2.9488 20.6956 2.8523 21.5074 2.7602 22.4260 2.6720 23.4739
42 2.8993 | 20.0935 2.8028 | 20.8906 2.7106 | 21.7898 2.6225 | 22.8117
.44 2.8513 19.5336 2.7546 20.3198 2.6623 21.2044 2.5743 22.2064
.46 2.8047 | 19.0108 2.7077 | 19.7894 2.6153 | 20.6633 2.5272 | 21.6505
48 2.7594 18.5208 2.6620 19.2946 2.5694 | 20.1614 2.4813 21.1380
.50 2.7154 | 18.0601 2.6176 18.8317 2.5248 | 19.6943 2.4365 | 20.6639
.52 2.6727 17.6256 2.5744 18.3972 2.4812 19.2582 2.3927 20.2241
.54 2.6312 | 17.2149 2.5323 17.9885 2.4386 | 18.8503 2.3500 19.8152
.56 2.5908 | 16.8256 2.4912 17.6030 2.3971 18.4679 2.3081 19.4343
.58 2.5516 | 16.4557 2.4512 17.2389 2.3566 | 18.1087 2.2673 19.0789
.60 2.5135 16.1037 2.4122 16.8942 2.3169 17.7708 2.2273 18.7470
.62 2.4764 15.7679 2.3741 16.5674 2.2782 17.4526 2.1881 18.4367
.64 2.4404 15.4470 2.3370 16.2571 2.2403 17.1527 2.1497 18.1466
.66 2.4053 15.1398 2.3007 15.9621 2.2032 16.8697 2.1121 17.8752
.68 2.3712 14.8452 2.2653 15.6814 2.1668 16.6026 2.0751 17.6215
.70 2.3380 | 14.5623 2.2306 15.4139 2.1312 | 16.3505 2.0389 17.3843
72 2.3058 14.2902 2.1968 15.1589 2.0963 16.1124 2.0033 17.1629
.74 2.2744 | 14.0280 2.1637 | 14.9156 2.0620 | 15.8877 1.9684 | 16.9565
.76 2.2439 13.7749 2.1313 14.6833 2.0284 15.6757 1.9340 16.7644
78 2.2142 | 13.5304 2.0995 14.4614 1.9953 | 15.4758 1.9002 16.5860
.80 2.1854 13.2937 2.0684 14.2494 1.9628 15.2877 1.8668 16.4209
.82 2.1573 | 13.0642 2.0379 14.0469 1.9308 | 15.1108 1.8340 16.2687
.84 2.1301 12.8414 2.0080 13.8534 1.8993 14.9448 1.8017 16.1290
.86 2.1036 | 12.6246 1.9787 | 13.6685 1.8683 | 14.7895 1.7697 | 16.0016
.88 2.0779 12.4133 1.9498 13.4920 1.8377 14.6446 1.7382 15.8861
.90 2.0530 | 12.2069 1.9215 13.3237 1.8075 | 14.5100 1.7071 15.7825
.92 2.0289 | 12.0049 1.8936 13.1631 1.7776 | 14.3855 1.6763 15.6907
.94 2.0055 | 11.8067 1.8661 13.0103 1.7481 14.2709 1.6459 15.6104
.96 1.9830 11.6118 1.8390 12.8651 1.7189 14.1664 1.6158 15.5416
.98 1.9613 11.4193 1.8123 12.7274 1.6900 14.0720 1.56859 15.4844
1.00 1.9405 | 11.2286 1.7859 12.5972 1.6613 | 13.9875 1.5564 | 15.43R87
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Table D-1: 0.538 < p4 < 0.574 and Az, Ay >0

pa = 0.538 pa = 0.550 pa = 0.562 pa = 0574
3 A3 A4 As A4 A3 A A3 Aq
.18 3.2243 | 56.8961
.20 3.1584 | 44.0215 3.0726 | 5b.4584
.22 3.0942 | 38.8200 3.0091 | 44.0299 2.9270 | 57.3016
.24 3.0316 | 35.5298 2.9472 [ 39.0740 2.8658 | 45.0216 2.7871 | 66.3575
.26 2.9708 | 33.1312 2.8870 [ 35.8939 2.8062 | 39.9409 2.7282 | 47.4182
.28 2.9116 | 31.2523 2.8284 | 33.5636 2.7481 | 36.7209 2.6707 | 41.6362
.30 2.8540 | 29.7140 2.7713 | 31.7340 2.6915 | 34.3782 2.6147 | 38.1597
.32 2.7979 | 28.4169 2.7156 | 30.2357 2.6364 | 32.5487 2.5600 | 35.6918
.34 2.7432 | 27.2999 2.6614 [ 28.9730 2.5826 | 31.0571 2.5067 | 33.7943
.36 2.6900 | 26.3226 2.6085 [ 27.8870 2.5301 | 29.8056 2.4547 | 32.2646
.38 2.6381 | 25.4570 2.5569 [ 26.9387 2.4790 | 28.7337 2.4040 | 30.9928
.40 2.5876 | 24.6829 2.5067 | 26.1006 2.4290 | 27.8016 2.3544 | 29.9124
.42 2.5382 | 23.9853 2.4576 | 25.3533 2.3802 | 26.9817 2.3060 | 28.9800
.44 2.4901 | 23.3526 2.4097 | 24.6820 2.3326 | 26.2541 2.2587 | 28.1658
.46 2.4432 | 22.7759 2.3629 | 24.0754 2.2860 | 25.6038 2.2124 | 27.4486
.48 2.3973 | 22.2479 2.3171 | 23.5248 2.2405 | 25.0195 2.1672 | 26.8124
.50 2.3525 | 21.7629 2.2724 | 23.0231 2.1960 | 24.4923 2.1229 | 26.2455
.52 2.3087 | 21.3161 2.2287 | 22.5647 2.1524 | 24.0151 2.0796 | 25.7384
.54 2.2658 | 20.9036 2.1859 | 22.1449 2.1098 | 23.5824 2.0372 | 25.2838
.56 2.2239 | 20.5221 2.1440 | 21.7599 2.0680 | 23.1894 1.9956 | 24.8758
.58 2.1829 | 20.1690 2.1029 | 21.4065 2.0271 | 22.8323 1.9549 [ 24.5097
.60 2.1427 | 19.8417 2.0627 | 21.0820 1.9869 | 22.5080 1.9149 | 24.1814
.62 2.1033 | 19.5384 2.0233 | 20.7842 1.9476 | 22.2137 1.8758 | 23.8877
.64 2.0646 | 19.2573 1.9846 | 20.5111 1.9089 [ 21.9472 1.8373 | 23.6259
.66 2.0267 | 18.9969 1.9466 | 20.2610 1.8710 | 21.7066 1.7995 [ 23.3937
.68 1.9895 | 18.7561 1.9093 | 20.0326 1.8338 | 21.4902 1.7625 | 23.1892
.70 1.9530 | 18.5336 1.8726 | 19.8246 1.7972 | 21.2967 1.7260 | 23.0107
72 1.9170 | 18.3286 1.8366 | 19.6360 1.7612 | 21.1249 1.6902 | 22.8568
.74 1.8817 | 18.1402 1.8011 | 19.4659 1.7258 [ 20.9737 1.6550 | 22.7265
.76 1.8469 [ 17.9678 1.7662 | 19.3134 1.6910 | 20.8423 1.6204 | 22.6186
.78 1.8127 [ 17.8107 1.7319 | 19.1780 1.6567 [ 20.7300 1.56863 | 22.5323
.80 1.7790 [ 17.6684 1.6981 | 19.0590 1.6230 [ 20.6360 1.56528 | 22.4669
.82 1.7458 | 17.5405 1.6648 | 18.9560 1.5897 [ 20.5598 1.5198 | 22.4219
.84 1.7130 | 17.4266 1.6319 | 18.8685 1.5570 | 20.5011 1.4873 | 22.3968
.86 1.6807 [ 17.3264 1.5995 | 18.7963 1.5248 | 20.4593 1.4553 | 22.3910
.88 1.6488 | 17.2396 1.5676 | 18.7389 1.4930 | 20.4342 1.4237 | 22.4044
.90 1.6174 | 17.1660 1.5361 | 18.6961 1.4616 | 20.4254 1.3927 | 22.4367
.92 1.5862 [ 17.1055 1.5050 | 18.6678 1.4307 | 20.4329 1.3621 | 22.4877
.94 1.5555 [ 17.0579 1.4743 | 18.6537 1.4002 | 20.4563 1.3319 | 22.5574
.96 1.5251 | 17.0230 1.4440 | 18.6538 1.3702 | 20.4957 1.3022 | 22.6456
.98 1.4951 [ 17.0009 1.4140 | 18.6678 1.3405 | 20.5508 1.2729 | 22.7525
1.00 1.4654 | 16.9915 1.3844 | 18.6959 1.3112 | 20.6218 1.2440 | 22.8781
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Table D-1: 0.586 < p4 < 0.622 and Az, Ay >0

pa = 0.586 pa = 0.598 pa = 0.610 pa = 0.622
P3 A3 Aq A3 Aq A3 Aq A3 Aq
28 2.5959 | 52.8597
.30 2.5405 | 44.7330
.32 2.4864 | 40.5450 2.4152 51.3449
.34 2.4336 | 37.7435 2.3629 | 44.8007
.36 2.3821 35.6598 2.3119 41.1053 2.2441 55.7224
.38 2.3318 | 34.0174 2.2621 38.5612 2.1948 | 47.7863
.40 2.2826 | 32.6749 2.2134 | 36.6469 2.1466 | 43.7192
42 2.2346 | 31.5503 2.1658 | 35.1318 2.0995 | 41.0277 2.0353 | 60.2810
.44 2.1877 | 30.5915 2.1193 | 33.8936 2.0534 | 39.0527 1.9897 | 51.3813
.46 2.1418 | 29.7640 2.073%8 | 32.8599 2.0083 | 37.5208 1.9451 | 47.1513
48 2.0969 | 29.0430 2.0293 | 31.9837 1.9642 | 36.2915 1.9014 | 44.4470
.50 2.0529 | 28.4108 1.9857 | 31.2338 1.9211 | 35.2839 1.8587 | 42.5175
.52 2.0099 | 27.8539 1.9431 | 30.5873 1.8788 | 34.4465 1.8168 | 41.0617
.54 1.9678 | 27.3622 1.9013 | 30.0279 1.8374 | 33.7450 1.7758 | 39.9293
.56 1.9265 | 26.9273 1.8603 | 29.5432 1.7968 | 33.1555 1.7356 | 39.0347
.58 1.8860 | 26.5431 1.8202 | 29.1237 1.7570 | 32.6604 1.6962 | 3R8.3246
.60 1.8464 | 26.2042 1.7808 28.7618 1.7180 | 32.2471 1.6576 37.7641
.62 1.8074 | 25.9065 1.7422 | 2R8.4516 1.6797 | 31.9055 1.6197 | 37.3292
.64 1.7692 25.6465 1.7043 28.1884 1.6422 | 31.6282 1.6825 37.0031
.66 1.7317 | 25.4214 1.6671 27.9684 1.6053 | 31.4094 1.5460 | 36.7740
.68 1.6949 | 25.2288 1.6306 | 27.7884 1.5691 | 31.2445 1.56102 | 36.6336
.70 1.6587 | 25.0667 1.5947 | 27.6460 1.5336 | 31.1301 1.4750 | 36.5762
72 1.6232 | 24.9334 1.5595 | 27.5390 1.4987 | 31.0636 1.4404 | 36.5985
.74 1.5882 | 24.8276 1.5248 | 27.4659 1.4644 | 31.0431 1.4065 | 36.6989
.76 1.5538 | 24.7482 1.4908 | 27.4254 1.4307 | 31.0673 1.3731 | 36.8779
78 1.5201 | 24.6941 1.4573 | 27.4166 1.3975 | 31.1355 1.3403 | 37.1375
.80 1.4868 | 24.6647 1.4244 | 27.4386 1.3650 | 31.2473 1.3081 | 37.4817
.82 1.4541 24.6594 1.3920 27.4910 1.3329 | 31.4032 1.2764 | 37.9170
.84 1.4219 24.6776 1.3601 27.5736 1.3014 | 31.6040 1.2452 38.4527
.86 1.3902 24.7192 1.3288 27.6864 1.2704 | 31.8510 1.2146 39.1019
.88 1.3590 | 24.7837 1.2979 | 27.8295 1.2399 | 32.1462 1.1844 | 39.8834
.90 1.3283 24.8712 1.2676 28.0034 1.2099 | 32.4923 1.1547 | 40.8236
.92 1.2980 24.9818 1.2376 28.2088 1.1803 | 32.8928 1.1255 41.9624
.94 1.2682 25.1154 1.2082 28.4466 1.1513 | 33.3524 1.0967 | 43.3598
.96 1.2388 25.2724 1.1792 28.7179 1.1226 | 33.8767 1.0684 | 45.1157
.98 1.2099 25.4531 1.1507 29.0242 1.0944 | 34.4737 1.0405 47.4101
1.00 1.1814 | 25.6581 1.1225 29.3676 1.0666 | 35.1528 1.0131 50.6210
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Table D—2: 0.0965 < py < 0.2500 and Az, A4 <0

51 = 0.0965 52 =0.1010 5z = 0.1055 52 =0.1100

P3 A3 Aq A3 Aq A3 Aq A3 Aq

.02 || 14.9985 [ .007375 || 14.5980 | .007678 || 14.2241 | .007968 || 13.8734 | .008246
.04 || 19.4018 [ .009919 || 18.4847 | .010926 || 17.6989 | .011868 | 17.0114 | .012758

pa = 0.115 P2 = 0.120 P2 = 0.125 ps = 0.130

P3 A3 Aq A3 Aq A3 Aq A3 Aq

.02 13.5076 | .008540 13.1639 | .008819 || 12.8396 | .009083 12.5326 | .009331
.04 || 16.3361 | .013694 || 15.7342 | .014583 || 15.1912 | .054308 14.6963 | .016241
.06 || 24.1625 | .009595 || 21.8283 | .012275 || 20.2013 | .014576 18.9505 | .016633

ps = 0.136 Py — 0.142 ps = 0.148 by = 0.154

P3 A3 Aq A3 Aq A3 Aq A3 Aq

.02 12.1846 | .009607 || 11.8561 | .009859 || 11.5451 | .010086 11.2497 | .010285
.04 || 14.1549 | .017169 13.6610 | .018052 || 13.2067 | .018891 12.7860 | .019690
.06 17.7511 | .001888 16.7680 | .020937 || 15.9343 | .022854 |[ 15.2103 | .024654

.08 28.4134 | .008739 23.2586 | .015052 20.6849 | .019749
51 = 0.161 51 = 0.168 51 =0.175 51 = 0.182
P3 A3 Aq A3 Aq A3 Aq A3 Aq

.02 10.9227 [ .010480 10.6126 | .010632 || 10.3177 | .010738 10.0365 | .010794
.04 || 12.3312 | .020570 11.9095 | .021395 || 11.5163 | .022164 |[ 11.1478 | .022874
.06 14.4700 | .026630 13.8166 | .028490 (| 13.2313 | .030247 || 12.7009 | .031908
.08 18.7108 | .024323 17.2687 | .028317 || 16.1306 | .031920 15.1896 | .035233

10 25.5898 | .015803 21.2151 | .025055
51 = 0.190 51 = 0.108 51 = 0.206 51— 0.214
P3 A3 Aq A3 Aq A3 Aq A3 Aq

.02 || 9.73016 | .010791 || 9.43839 | .010709 |[ 9.15975 | .010541 || 8.89307 | .010278
.04 || 10.7530 | .023611 10.3826 | .024262 || 10.0336 | .024820 |[ 9.70358 | .025278
.06 12.1496 | .033696 11.6464 | .035368 |[| 11.1834 | .036925 10.7542 | .038363
.08 14.2809 | .038738 13.5007 | .041997 || 12.8164 | .045043 12.2064 | .047898
.10 18.5972 [ .033008 16.8527 | .039657 || 15.5401 | .045513 14.4858 | .050812

A2 23.8252 | .024628 19.6285 | .038262
pa = 0.223 pa = 0.232 pq = 0.241 pa = 0.250
P3 A3 Aq A3 Aq A3 Aq A3 Aq

.02 || 8.60607 [ .009858 || 8.33168 | .009294 || 8.06884 | .008571 7.81665 | .007675
.04 || 9.35238 [ .025663 || 9.02009 | .025896 || 8.70467 | .025960 || 8.40445 | .025838
.06 10.3058 | .039833 || 9.88868 | .041134 |[ 9.49843 | .042254 || 9.13161 | .043174
.08 11.5903 | .050895 11.0338 | .053670 || 10.5260 | .056222 10.0585 | .058543
.10 13.5025 | .056267 || 12.6691 | .061285 |[ 11.9448 | .065925 11.3035 | .070222

12 17.1282 | .049722 15.4479 [ .059261 14.1772 | .067624 13.1528 | .075148
.14 25.7910 | .025339 19.3559 | .049624 16.6760 | .065567

© 2000 by Chapman & Hall/CRC



Table D-2: 0.260 < p4 < 0.382 and Az, A4 <0

pa = 0.260 pa = 0.270 pa = 0.280 pa = 0.290

P3 A3 Aq A3 Aq A3 Aq A3 Aq

.02 || 7.54804 [ .006456 || 7.29078 | .004982 || 7.04415 | .003231 || 6.80757 | .001182
.04 || 8.08698 [ .025462 || 7.78492 | .024805 || 7.49694 | .023839 || 7.22196 | .022533
.06 || 8.74814 [ .043940 || 8.38704 | .044405 || 8.04579 | .044535 || 7.72234 | .044292
.08 || 9.57880 [ .060834 || 9.13454 | .062795 || 8.72054 | .064394 || 8.33276 | .065592
.10 10.6667 | .074609 10.0934 | .078590 || 9.57138 | .082147 |[ 9.09181 | .085253

12 12.2052 | .082738 11.3984 | .089645 [| 10.6946 | .095933 10.0694 | .101628
14 || 14.7797 | 079769 13.4016 | .091871 12.3147 | .102544 || 11.4147 | .112106
16 || 23.7947 | 038842 17.7305 | .072665 (| 15.1968 [ .094167 || 13.5468 | .111299

A8 19.0640 | .077452
pa = 0.301 pa =0.312 pa = 0.323 pa =0.334
P3 A3 Aq A3 Aq A3 Aq A3 Aq

.04 || 6.93341 [ .020667 || 6.65856 | .018312 |[ 6.39667 | .015432 || 6.14717 | .011993
.06 || 7.38512 [ .043547 || 7.06565 | .042247 || 6.76250 | .040333 || 6.47458 | .037750
.08 || 7.93267 [ .066390 || 7.55704 | .066579 || 7.20317 | .066085 || 6.86896 | .064829
.10 || 8.60525 [ .088099 || 8.15503 | .090282 || 7.73594 | .091721 7.34393 | .092322

12 || 9.45282 [ 107200 || 8.89575 | .112007 || 8.38716 | .115984 || 7.91886 | .119042
.14 10.5737 | .121534 || 9.84557 | .129907 || 9.20235 | .137241 8.62528 | .143499
.16 12.2057 | .127238 11.1483 | .141044 (| 10.2720 | .153145 || 9.52160 | .163727
18 15.2413 | .113826 13.2200 | .139106 11.8174 | .159456 10.7345 | .176652

.20 19.1473 092960 14.6904 144014 12.6286 175609

.22 17.9296 | .125390
pa = 0.346 pa = 0.358 pa =0.370 pa = 0.382

P3 Az Aq A3 Aq A3 Aq A3 Aq

.04 || 5.88870 [ .007574 |[ 5.64421 | .002441
.06 [| 6.17689 [ .034107 || 5.89558 | .029549 || 5.63019 | .024036 || 5.38050 | .017556
.08 || 6.52489 [ .062495 || 6.20069 | .059057 || 5.89523 | .054424 || 5.60781 | .048525
.10 || 6.94351 [ .091902 || 6.56849 | .090222 || 6.21652 | .087137 || 5.88596 | .082509

A2 || 7.44679 | 121201 7.00939 | .121972 || 6.60215 | .121170 || 6.22173 | .118599
.14 || 8.05593 [ .149002 || 7.53770 | .152975 || 7.06182 | .155225 || 6.62186 | .155525
.16 || 8.80771 [ 173598 || 8.17658 | .181671 || 7.60992 | .187810 || 7.09504 | .191808
A8 || 9.77462 [ 192656 || 8.96861 | .206155 || 8.27148 | .217252 || 7.65554 | .225873
.20 11.1288 | .202121 10.0031 | .223662 || 9.09496 | .241468 || 8.32082 | .255994

.22 13.4798 | .190940 11.5146 | .228712 10.1879 | .257200 (| 9.17124 | .279957
.24 14.6527 | .200377 (| 11.8673 | .256937 10.3043 | .293986
.26 18.1400 | .171123 12.1431 | .287898
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Table D-2: 0.394 < p4 < 0.478 and Az, A4 <0

51— 0.394 51 = 0.406 51 = 0418 51 = 0.430
b3 A3 Aq A3 Aq A3 Aq A3 Aq
.06 5.14648 .010131 4.92823 001824
.08 5.33809 | .041326 5.08603 032838 4.85183 .023135 4.63580 | .012363
10 5.57574 | .076223 5.28529 068202 5.01456 .058438 4.76385 | .047009
12 5.86568 | .114061 5.53240 107377 5.22100 .098411 4.93132 | .087108
14 6.21303 .153620 5.83187 149242 5.47599 142127 5.14401 .132052
.16 6.62284 | .193401 6.18666 192274 5.78168 .188080 5.40450 | .180453
A8 7.10256 | .231829 6.59992 234832 6.13864 | .234516 5.71217 | .230448
.20 7.66600 | .267329 7.07776 275346 6.54810 279762 6.06521 280169
.22 8.34012 | .298201 7.63302 312336 7.01474 | .322364 6.46318 | .328039
.24 9.18074 | .322169 8.29169 344205 7.54983 .361017 6.90924 | .372811
.26 10.3230 | .335029 9.10812 368726 8.17661 .394307 7.41250 | .413412
28 12.2680 | .323744 10.2158 381544 8.94332 .420203 7.99185 | .448685
.30 12.1391 367957 9.96654 | .434642 8.68558 | .476942
.32 9.58155 | .494863
.34 10.9695 | .492530

51— 0.442 51 = 0.454 51 = 0.466 5a = 0.478
03 A3 A4 A3 Aq A3 Aq A3 Ad
.08 4.43824 | .000738
.10 4.53373 | .034109 4.32479 .020049 4.13740 .005237
12 4.66379 | .073542 4.41934 | .057960 4.19908 .040807 4.00382 | .022699
14 4.83556 118887 4.55121 102672 4.29242 837115 4.06108 .062638
.16 5.056303 | .169048 4.72655 153615 4.42575 .134118 4.15282 | .110907
18 5.31586 | .222142 4.94674 | .209097 4.60353 190882 4.28702 | .167313
.20 5.62059 | .276049 5.20817 | .266777 4.82387 | .251655 4.46571 .229992
.22 5.96339 | .328927 5.50486 324421 5.07996 .313740 4.68340 | .295932
.24 6.34245 | .379408 5.83149 380354 5.36386 .374949 4.93044 | .362224
.26 6.75945 | .426506 6.18525 433487 5.66938 433878 5.19766 | .426864
28 7.22001 469421 6.56646 483123 5.99307 | .489751 5.47855 | .488778
.30 7.74053 | .507297 6.97905 528742 6.33418 542156 5.76940 | .547503
.32 8.34498 | .538890 7.43162 569804 6.69440 590839 6.06870 | .602891
.34 9.09082 | .561863 7.94021 605526 7.07815 .635550 6.37657 | .654918
.36 10.1322 | .570281 8.53574 | .634516 7.49348 675916 6.69455 | .703581
.38 9.28746 653763 7.95452 711277 7.02565 | .748823
.40 8.48787 | .740354 7.37490 | .790473
42 9.15249 760307 7.75048 | .828159
.44 10.1394 762243 8.16661 .861145
.46 8.65100 | .887904
48 9.27138 | .904692
.50 10.3282 | .895569
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Table D-2: 0.490 < p4 < 0.526 and Az, A4 <0

pa = 0.490 pa = 0.502 pa =0514 pa = 0.526
b3 A3 Aq A3 Aq A3 Aq A3 Aq
12 3.83361 .004340
14 3.85879 | .040387 3.68590 018038
.16 3.91000 | .084877 3.70284 | .057466 3.52951 .030338 3.38879 | .004896
18 4.00037 | .138753 3.74867 | .106479 3.563682 .072733 3.36622 | .040089
.20 4.13450 | .201343 3.83474 | .166034 3.57456 .125918 3.36202 | .084587
.22 4.31234 | .269941 3.96750 234895 3.65533 .190993 3.38885 | .141080
.24 4.52468 .340901 4.14266 309397 3.78501 .266158 3.46121 211152
.26 4.75964 | .411239 4.34743 385286 3.95590 .346644 3.58550 | .292636
28 5.00749 | .479237 4.56831 459600 4.15174 | .427520 3.75098 | .379423
.30 5.26187 | .544167 4.79551 530952 4.35773 505874 3.93761 .465623
.32 5.51912 | .605858 5.02312 598958 4.56439 580663 4,12927 | .548289
.34 5.77736 | .664390 5.24781 663709 4.76644 | 651831 4.31680 | .626716
.36 6.03580 | .719936 5.46768 725482 4.96105 719710 4.49571 701175
.38 6.29436 | .772682 5.68162 784604 5.14661 784744 4.66378 | .772231
.40 6.55346 | .822790 5.88888 .841400 5.32207 | .847385 4.81986 | .840484
42 6.81396 | .870387 6.08885 896180 5.48662 .908061 4.96325 | .906494
.44 7.07720 | .915544 6.28093 1949233 5.63951 967171 5.09339 | .970762
.46 7.34517 | .958265 6.46445 1.00084 5.77993 1.02509 5.20078 | 1.03374
48 7.62083 | .998462 6.63856 1.05126 5.90697 | 1.08218 5.31188 | 1.09586
.50 7.90836 | 1.03590 6.80217 | 1.10079 6.01962 1.13880 5.39915 | 1.15749
.52 8.21722 | 1.07010 6.95386 1.14971 6.11670 1.19533 5.47099 | 1.21903
.54 8.56118 1.10001 7.09179 1.19838 6.19692 1.25214 5.52684 1.28084
.56 8.97677 | 1.12315 7.21358 1.24717 6.25888 1.30965 5.56612 | 1.34328
.58 9.60174 | 1.13013 7.31614 | 1.29658 6.30112 1.36830 5.58%37 | 1.40673
.60 7.39559 1.34720 6.32221 1.42855 5.50323 | 1.47156
.62 7.44719 1.39977 6.32085 1.49091 5.58050 | 1.53812
.64 7.46549 1.45521 6.29605 1.565591 5.55025 | 1.60679
.66 7.44484 | 1.51460 6.24723 1.62409 5.50278 | 1.67791
.68 7.3803%8 1.57914 6.17441 1.69599 5.43873 | 1.75182
.70 7.26943 1.65003 6.07832 1.77213 5.35903 | 1.82882
72 7.11278 1.72832 5.96044 | 1.85298 5.26495 | 1.90917
.74 6.91505 1.81476 5.82295 1.93892 5.15802 | 1.99309
.76 6.68388 1.90979 5.66859 | 2.03028 5.03997 | 2.08075
78 6.42828 2.01356 5.50051 2.12729 4.91270 2.17222
.80 6.15717 | 2.12606 5.32202 | 2.23005 4.77817 | 2.26756
.82 5.87838 | 2.24719 5.13642 | 2.33861 4.63835 | 2.36672
.84 7.03552 | 2.13737 5.50829 | 2.37678 4.94681 2.45288 4.49510 | 2.46959
.86 6.38593 | 2.33102 5.32185 | 2.51463 4.75599 | 2.57273 4.35016 | 2.57600
.88 5.87348 | 2.52119 5.05272 | 2.66049 4.56637 | 2.69790 4.20510 | 2.68570
.90 5.43394 | 2.71637 4.79349 | 2.81407 4.37996 | 2.82808 4.06127 | 2.79842
.92 5.04513 | 2.91944 4.54588 | 2.97505 4.19834 | 2.96291 3.91982 | 2.91379
.94 4.69622 | 3.13158 4.31093 | 3.14307 4.02272 | 3.10194 3.78166 | 3.03143
.96 4.38057 | 3.35402 4.08912 | 3.31771 3.85396 | 3.24468 3.64755 | 3.15090
.98 4.09369 | 3.58721 3.88054 | 3.49852 3.69264 | 3.39060 3.51801 | 3.27174
1.00 3.83170 | 3.83170 3.68500 | 3.68500 3.563910 | 3.53910 3.39345 | 3.39345
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Table D-2: 0.538 < p4 < 0.574 and Az, A4 <0

pa = 0.538 pa = 0.550 pa = 0.562 pa =0.574
b3 A3 Aq A3 Aq A3 Aq A3 Aq
18 3.23328 .010462
.20 3.19873 | .045969 3.07799 012406
.22 3.18073 | .091087 3.03099 046730 2.92725 .010178
.24 3.19250 | .149191 2.99706 .090281 2.86847 | .041649 2.78571 .003R807
.26 3.25123 | .223004 2.98855 147025 2.81803 .080997 2.71751 .031020
28 3.36657 | .310720 3.02506 221630 2.78508 .132063 2.65306 | .063947
.30 3.52595 | .404569 3.12429 314715 2.78758 .201153 2.59712 | .105215
.32 3.70446 | .496937 3.27660 417098 2.85390 .294908 2.55962 | .159906
.34 3.88375 | .584543 3.44978 517498 2.99341 .407609 2.56418 | .238368
.36 4.05484 | .667015 3.62048 611397 3.16634 | .520313 2.65642 | .353873
.38 4.21400 | .744991 3.77918 698752 3.33530 .623650 2.83262 | .488804
.40 4.35978 | .819296 3.92295 780709 3.48781 717768 3.01472 | .610728
42 4.49160 | .890698 4.05123 858453 3.62186 804761 3.17262 | .716684
.44 4.60923 | .959861 4.16416 932976 3.73812 836475 3.30561 .811446
.46 4.71254 | 1.02735 4.26205 1.00508 3.83767 | .964291 3.41688 | .898608
48 4.80140 | 1.09367 4.34525 1.07540 3.92156 1.03923 3.50930 | .980461
.50 4.87570 | 1.15925 4.41408 1.14448 3.99066 1.11206 3.58499 | 1.05851
.52 4.93533 | 1.22448 4.46882 1.21277 4.04573 1.18339 3.64558 | 1.13378
.54 4.98019 | 1.28973 4.50976 1.28066 4.08745 1.25369 3.69236 | 1.20704
.56 5.01025 1.35534 4.53721 1.34849 4.11642 1.32337 3.72640 1.27882
.58 5.02554 1.42163 4.55152 1.41656 4.13325 1.39274 3.74861 1.34957
.60 5.02619 | 1.48891 4.55308 1.48515 4.13856 1.46207 3.75985 | 1.41962
.62 5.01247 1.55745 4.54239 1.55449 4.13297 1.563161 3.76091 1.48922
.64 4.98478 | 1.62754 4.52002 1.62480 4.11716 1.60153 3.75256 | 1.55859
.66 4.94371 1.69940 4.48663 1.69625 4.09182 1.67198 3.73555 | 1.62789
.68 4.89000 | 1.77326 4.44298 1.76901 4.05771 1.74310 3.71066 | 1.69722
.70 4.82455 | 1.84932 4.38990 1.84318 4.01560 1.81496 3.67862 | 1.76668
72 4.74843 | 1.92771 4.32831 1.91887 3.96631 1.88762 3.64019 | 1.83631
.74 4.66282 | 2.00854 4.25919 1.99610 3.91067 | 1.96110 3.59612 | 1.90612
.76 4.56901 | 2.09190 4.18353 | 2.07491 3.84951 2.03539 3.54713 | 1.97611
78 4.46834 | 2.17778 4.10238 | 2.15527 3.78367 | 2.11045 3.49392 | 2.04623
.80 4.36216 2.26617 4.01674 2.23711 3.71396 2.18620 3.43719 2.11643
.82 4.25181 | 2.35697 3.92762 | 2.32033 3.64116 | 2.26256 3.37758 | 2.18661
.84 4.13857 | 2.45005 3.83595 | 2.40479 3.56601 2.33939 3.31570 | 2.25668
.86 4.02364 | 2.54524 3.74263 2.49034 3.48920 2.41655 3.25211 2.32651
.88 3.90811 | 2.64232 3.64845 | 2.57677 3.41136 | 2.49388 3.18733 | 2.39597
.90 3.79295 | 2.74101 3.55415 | 2.66385 3.33307 | 2.57118 3.12183 | 2.46491
.92 3.67898 | 2.84102 3.46035 | 2.75135 3.25481 2.64826 3.05603 | 2.53318
.94 3.56692 | 2.94202 3.36762 | 2.83899 3.17705 | 2.72491 2.99029 | 2.60063
.96 3.45734 | 3.04366 3.27640 | 2.92650 3.10015 | 2.80092 2.92493 | 2.66709
.98 3.35070 | 3.14557 3.18708 | 3.01359 3.02443 | 2.87608 2.86023 | 2.73240
1.00 3.24736 | 3.24736 3.09997 | 3.09997 2.95016 | 2.95016 2.79641 | 2.79641
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Table D-2: 0.586 < p4 < 0.622 and Az, A4 <0

pa = 0.586 pa = 0.598 pa =0.610 pa = 0.622

3 A3 A4 As A4 A3 A A3 Aq

.28 2.58357 | .016265

.30 2.51056 | .041966

.32 2.44008 | .072213 2.39377 | .018533

.34 2.37504 | .109053 2.31856 | .039593

.36 2.32155 | .156827 2.24445 | .062899

.38 2.29739 | .227101 2.17225 | .089033

.40 2.37404 | .356359 2.10308 | .119078

.42 2.60480 | .536847 2.03907 | .155386

.44 2.80566 | .676842 1.98626 | .204788

.46 2.95769 | .788904 2.00065 | .321329

.48 3.07646 | .886201 2.49982 | .689537

.50 3.17066 | .974588 2.67832 | .824975

.52 3.24526 | 1.05708 2.79756 | .930794

54 3.30339 | 1.13545 2.88479 | 1.02317 2.17967 | .723125

.56 3.34725 | 1.21082 2.94991 | 1.10763 2.43072 | 911825

.58 3.37845 | 1.28396 2.99796 | 1.18682 2.54082 | 1.02242

.60 3.39833 | 1.35542 3.03202 | 1.26225 2.61264 | 1.11488

.62 3.40797 | 1.42559 3.05425 | 1.33486 2.66181 | 1.19788

.64 3.40837 | 1.49478 3.06622 | 1.40526 2.69484 | 1.27483 2.10969 | .988449

.66 3.40039 | 1.56320 3.06923 | 1.47390 2.71536 | 1.34748 2.23420 | 1.11870

.68 3.38488 | 1.63101 3.06435 | 1.54108 2.72570 | 1.41685 2.29480 | 1.21200

.70 3.36261 | 1.69831 3.05252 [ 1.60699 2.72753 | 1.48358 2.33032 | 1.29212

72 3.33432 | 1.76518 3.03457 | 1.67179 2.72215 | 1.54809 2.35036 | 1.36463

74 3.30072 | 1.83165 3.01125 | 1.73558 2.71060 | 1.61066 2.35934 | 1.43187

.76 3.26249 | 1.89773 2.98325 | 1.79839 2.69375 | 1.67149 2.35983 | 1.49510

.78 3.22025 | 1.96340 2.95120 | 1.86026 2.67235 | 1.73070 2.35354 | 1.55506

.80 3.17463 | 2.02861 2.91568 | 1.92118 2.64707 | 1.78837 2.34170 | 1.61219

.82 3.12618 | 2.09330 2.87724 | 1.98112 2.61848 | 1.84454 2.32527 | 1.66681

.84 3.07544 | 2.15740 2.83635 | 2.04004 2.58709 | 1.89923 2.30502 | 1.71912

.86 3.02289 | 2.22082 2.79348 | 2.09789 2.55335 | 1.95243 2.28156 | 1.76925

.88 2.96897 | 2.28345 2.74901 | 2.15460 2.51769 | 2.00413 2.25542 | 1.81728

.90 2.91409 | 2.34519 2.70333 | 2.21010 2.48046 | 2.05430 2.22706 | 1.86328

.92 2.85861 | 2.40592 2.65675 | 2.26432 2.44198 | 2.10290 2.19684 | 1.90728

.94 2.80285 | 2.46553 2.60957 | 2.31718 2.40254 | 2.14989 2.16511 | 1.94929

.96 2.74709 | 2.52391 2.56204 | 2.36860 2.36238 | 2.19523 2.13214 | 1.98933

.98 2.69157 | 2.58093 2.51439 | 2.41850 2.32174 | 2.23888 2.09818 | 2.02738
1.00 2.63649 | 2.63649 2.46680 | 2.46680 2.28080 | 2.28080 2.06344 | 2.06344
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Table D-3: 0.502 < p4 < 0.526 and Az, Ay >0

pa = 0.502 51— 0514 51 = 0.526
P3 A3 A4 A3 A4 A3 A4
.38 .00013 | .01106
.40 .00039 | .01130 .00019 | .07795
42 00067 | .01153 .00181 .07966
.44 00097 | .01176 .00353 | .08134 .00154 | .14887
.46 00127 | .01197 .00535 | .08296 .00431 .15202
.48 00160 | .01217 .00728 | .08451 .00725 | .15511
.50 00193 | .01236 .00930 | .08600 .01037 | .15811
.52 00228 .01252 .01143 .08741 .01366 .16102
.54 00264 | .01268 .01366 | .08872 01714 | .16383
.56 .00301 .01281 .01599 | .08994 .02082 | .16650
.58 00339 | .01293 .01842 | .09106 .02469 | .16904
.60 .00378 | .01303 .02095 | .09205 02877 | 17142
.62 .00418 | .01311 .02357 | .09292 .03306 | .17362
.64 00458 | .01316 .02628 | .09364 .03756 | .17561
.66 .00498 | .01320 .02907 | .09422 .04229 | 17738
.68 00539 | .01321 .03194 | .09465 .04725 | .17890
.70 00579 | .01320 .03487 | .09490 .05244 | .18014
72 00620 | .01317 .03786 | .09499 .05786 | .18107
74 00660 | .01312 .04090 | .09489 .06351 .18166
.76 00699 | .01305 .04398 | .09461 .06939 | .18187
.78 00739 | .01296 .04707 | .09414 07549 | .18167
.80 00777 | 01285 .05017 | .09348 .08180 | .18103
.82 00814 | .01272 .05325 | .09263 .08329 | .17991
.84 00850 | .01258 .05631 .09159 .00494 | 17829
.86 00886 | .01241 .05932 | .09037 10171 17614
.88 00919 | .01223 .06227 | .08898 10854 | 17345
.90 00952 | .01204 .06513 | .08742 11538 | 17022
.92 00983 | .01184 06790 | .08572 12216 | .16646
.94 01013 | .01162 .07056 | .08388 12879 | 116219
.96 01041 .01140 .07309 | .08193 .13519 | 15749
.98 01068 | .01117 07548 | .07987 14129 | 15240
1.00 01093 | .01093 07773 | 07773 .14701 .14701
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Table D-3: 0.538 < p4 < 0.622 and Az, Ay >0

pa = 0.538 pa = 0.550 pa = 0.562 pa =0.574
P3 A3 Aq A3 Aq A3 Aq A3 Aq
.48 .00301 22336
.50 00668 | .22795
.52 01057 | .23246 .00381 30117
.54 01468 | .23689 .00808 | .30721
.56 01904 | .24122 .01260 | .31319 .00328 | .38199
.58 02365 | .24542 01737 | .31910 .00785 | .38950
.60 02853 | .24948 .02242 | .32492 .01266 | .39697 .00097 | .46541
.62 .03370 | .25338 02777 | .33063 01773 | .40439 .00553 | .47436
.64 .03918 | .25710 .03344 | .33621 .02307 | .41177 .01031 .48331
.66 04499 | .26059 .03945 | .34165 .02871 41907 .01532 | .49227
.68 05115 | .26383 .04584 | .34691 .03467 | .42630 .02057 | 50121
.70 05768 | .26679 .05264 | .35196 .04099 | .43342 .02607 | .51014
72 06463 | .26940 .05991 35677 .04769 | .44042 .03186 | .51904
74 07203 | .27163 06768 | .36128 .054K83 | .44727 .03795 | .52790
.76 07991 27340 07604 | .36544 .06245 | .45393 .04437 | .53672
.78 08831 27465 .08505 | .36918 07062 | .46038 05117 | .54547
.80 09729 | .27527 .094%1 .37240 07942 | .46655 .05837 | .55415
.82 10689 | .27518 .10546 | .37498 .08895 | .47239 .06603 | .56272
.84 11715 | 27424 11716 | 37677 .09935 | .47780 07423 | 57116
.86 12813 | .27230 13012 | .37753 .11081 .48266 .08303 | .57943
.88 13984 | .26921 .14463 | .37696 .12359 | .48681 .09255 | 58749
.90 15228 | .26478 16112 | .37460 .13808 | .48998 .10294 | 59528
.92 16538 | .25884 .18016 | .36973 15488 | .49176 .11439 | .60269
.94 17899 25126 .20255 .36125 .17506 .49140 12721 .60959
.96 19281 .24203 .22934 | .34737 .20081 48733 14183 | .61578
.98 .20642 23127 26111 32571 23811 47506 .15905 62087
1.00 21933 .21933 20544 20544 37634 37634 .46346 .46346
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Table D-3: 0.586 < p4 < 0.634 and Az, Ay >0

pa = 0.586 pa = 0.598 pa = 0.610 pa = 0.622

P3 A3 [ M A3 | M As | M s | M

.54 2.03531 63682

.56 1.77814 .51340

b8 1.65593 47138

.60 1.56598 45088

62 1.49268 .44293

64 1.42962 44349

.66 1.37344 | .45007

.68 1.32222 .46094 1.58799 73803

.70 1.27479 47491 1.51059 72949

72 1.23040 49112 1.44543 72855

74 1.18857 | .50897 1.38847 73267

.76 1.14896 52805 1.33755 74044

78 1.11133 54805 1.29132 750908

.80 96798 .36556 1.07548 56876 1.24890 76368

82 93249 40578 1.04128 .59000 1.20967 77811

84 89864 44062 1.00859 61166 1.17318 79396

.86 .86610 47263 97733 .63364 1.13909 .81097

.88 83472 50286 .94739 65587 1.10713 82897

90 73415 .35942 .80440 53185 .91871 67829 1.07710 84779

92 .69452 41179 77507 55993 89122 70086 1.04883 86732

94 65865 .45379 74666 .5R730 .86485 72354 1.02218 88746

.96 .62454 49119 71909 61408 .83954 | .74629 .99703 90814

98 59146 52592 .69232 64039 .81525 76910 97329 .92929
1.00 55894 55894 66628 66628 79194 | 79194 95087 95087

pr=0631 |
P3 A3 A
82 1.57391 1.10986
84 1.49927 | 1.09761
.86 1.44174 1.09742
.88 1.39373 | 1.10368
90 1.35223 1.11420
92 1.31565 1.12786
94 1.28306 1.14399
.96 1.25382 1.16220
98 1.22752 1.18221

1.00 1.20385 | 1.20385
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Table D—4: 0.586 < p4 < 0.622 and Az, Ay >0

pa = 0.586 pa = 0.598 pa = 0.610 pa = 0.622

P3 Az [ M As | M As | M As | M

.66 .00096 56123

.68 .00544 | 57161

.70 .01009 58203

72 01492 59248

74 01995 .60297 .00231 67288

.76 02518 .61348 .00651 68471

.78 03063 .62402 .01084 | .69660

.80 03632 .63459 .01529 70857

.82 04226 64517 .01987 | .72060

.84 04848 65577 .02458 73271 .00309 .80327

.86 .05501 66638 .02943 74488 .00674 | .81653

.88 06188 67699 .03444 | 75714 .01044 | .82989

.90 06914 | .68759 .03959 76947 .01419 .84334

.92 07682 69817 .04492 78187 .01800 85688

.94 .08500 70871 .05042 79436 .02185 .87053

.96 09376 .71920 .05611 .80693 .02575 88427 .00061 .95405

.98 10321 72960 .06201 81958 .02970 89812 .00336 .96862
1.00 11349 73988 .06813 83232 .03369 .91208 .00610 .08327
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Table D-5: 0.005 < p4 < 0.008 and Az, A4 <0

pa = 0.005 pa = 0.006 pa = 0.007 pa = 0.008
p3 A3 A4 A3 Aq A3 Ad Az Aq
.02 -4.1567 | -5.8568 -3.9567 | -5.6573 -3.7873 | -5.4884 -3.6403 | -5.3419
.04 -4.4853 | -5.8837 -4.2855 | -5.6842 -4.1164 | -5.5153 -3.9698 | -5.3689
.06 -4.6782 | -5.9004 -4.4786 | -5.7008 -4.3096 | -5.5320 -4.1631 | -5.3856
.08 -4.8145 | -5.9116 -4.6149 | -5.7121 -4.4460 | -5.5433 -4.2996 | -5.3970
10 -4.9193 | -5.9194 -4.7197 | -5.7200 -4.5509 | -5.5512 -4.4045 | -5.4048
A2 -5.0039 | -5.9249 -4.8044 | -5.7254 -4.6355 | -5.5566 -4.4892 | -5.4103
14 -5.0745 | -5.9285 -4.8750 | -5.7290 -4.7062 | -5.5603 -4.5598 | -5.4139
16 -5.1348 | -5.9307 -4.9353 | -5.7313 -4.7665 | -5.5625 -4.6202 | -5.4162
18 -5.1871 | -5.9319 -4.9876 | -5.7325 -4.8189 | -5.5637 -4.6725 | -5.4174
.20 -5.2332 | -5.9322 -5.0337 | -5.7328 -4.8649 | -5.5640 -4.7186 | -5.4177
.22 -5.2741 | -5.9318 -5.0747 | -5.7324 -4.9059 | -5.5636 -4.7596 | -5.4173
.24 -5.3109 | -5.9308 -5.1115 | -5.7313 -4.9427 | -5.5626 -4.7964 | -5.4163
.26 -5.3441 | -5.9292 -5.1447 | -5.7298 -4.9760 | -5.5611 -4.8297 | -5.4148
.28 -5.3744 | -5.9273 -5.1750 | -5.7279 -5.0062 | -5.5591 -4.8599 | -5.4129
.30 -5.4020 | -5.9249 -5.2026 | -5.7255 -5.0339 | -5.5568 -4.8876 | -5.4106
.32 -5.4274 | -5.9223 -5.2280 | -5.7229 -5.0593 | -5.5542 -4.9130 | -5.4079
.34 -5.4509 | -5.9194 -5.2515 | -5.7200 -5.0827 | -5.5513 -4.9365 | -5.4050
.36 -5.4726 | -5.9163 -5.2732 | -5.7169 -5.1044 | -5.5482 -4.9582 | -5.4019
.38 -5.4927 | -5.9130 -5.2933 | -5.7136 -5.1246 | -5.5449 -4.9783 | -5.3986
.40 -5.5115 | -5.9095 -5.3121 | -5.7101 -5.1434 | -5.5414 -4.9971 | -5.3951
42 -5.56291 | -5.9058 -5.3297 | -5.7064 -5.1609 | -5.5377 -5.0147 | -5.3915
.44 -5.5455 | -5.9020 -5.3461 | -5.7027 -5.1774 | -5.5339 -5.0311 | -5.3877
.46 -5.56609 | -5.8982 -5.3615 | -5.6988 -5.1928 | -5.56301 -5.0465 | -5.3838
.48 -5.5764 | -5.8942 -5.3760 | -5.6948 -5.2073 | -5.5261 -5.0610 | -5.3798
.50 -5.6891 | -5.8901 -5.3897 | -5.6907 -5.2209 | -5.5220 -5.0747 | -5.3758
.52 -5.6019 | -5.8860 -5.4026 | -5.6866 -5.2338 | -5.5179 -5.0876 | -5.3716
.54 -5.6141 | -5.8818 -5.4147 | -5.6824 -5.2460 | -5.5137 -5.0998 | -5.3674
.56 -5.6257 | -5.8775 -5.4263 | -5.6781 -5.2576 | -5.5094 -5.1113 | -5.3632
.58 -5.6366 | -5.8732 -5.4372 | -5.6738 -5.2685 | -5.5051 -5.1223 | -5.3589
.60 -5.6470 | -5.8689 -5.4476 | -5.6695 -5.2789 | -5.5008 -5.1327 | -5.3545
.62 -5.6569 | -5.8645 -5.4575 | -5.6651 -5.2888 | -5.4964 -5.1425 | -5.3502
.64 -5.6662 | -5.8601 -5.4669 | -5.6607 -5.2982 | -5.4920 -5.1519 | -5.3458
.66 -5.6752 | -5.8557 -5.4758 | -5.6563 -5.3071 | -5.4876 -5.1609 | -5.3414
.68 -5.6837 | -5.8512 -5.4843 | -5.6518 -5.3156 | -5.4831 -5.1694 | -5.3369
.70 -5.6919 | -5.8468 -5.4925 | -5.6474 -5.3238 | -5.4787 -5.1775 | -5.3325
72 -5.6996 | -5.8423 -5.5003 | -5.6429 -5.3316 | -5.4742 -5.1853 | -5.3280
74 -5.7071 | -5.8378 -5.5077 | -5.6385 -5.3390 | -5.4698 -5.1928 | -5.3235
.76 -5.7142 | -5.8334 -5.5148 | -5.6340 -5.3461 | -5.4653 -5.1999 | -5.3191
.78 -5.7210 | -5.8289 -5.5216 | -5.6295 -5.3529 | -5.4608 -5.2067 | -5.3146
.80 -5.7275 | -5.8244 -5.5282 | -5.6251 -5.3595 | -5.4564 -5.2132 | -5.3102
.82 -5.7338 | -5.8200 -5.5344 | -5.6206 -5.3657 | -5.4519 -5.2195 | -5.3057
.84 -5.7398 | -5.8155 -5.5404 | -5.6162 -5.3717 | -5.4475 -5.2255 | -5.3012
.86 -5.7456 | -5.8111 -5.5462 | -5.6117 -5.3775 | -5.4430 -5.2313 | -5.2968
.88 -5.7511 | -5.8067 -5.5518 | -5.6073 -5.3831 | -5.4386 -5.2368 | -5.2924
.90 -5.7565 | -5.8022 -5.5571 | -5.6029 -5.3884 | -5.4342 -5.2422 | -5.2879
.92 -5.7616 | -5.7978 -5.5622 | -5.5984 -5.3935 | -5.4297 -5.2473 | -5.2835
.94 -5.7665 | -5.7934 -5.5672 | -5.5940 -5.3985 | -5.4253 -5.2522 | -5.2791
.96 -5.7713 | -5.7890 -5.5719 | -5.5897 -5.4032 | -5.4210 -5.2570 | -5.2747
.98 -5.7759 | -5.7847 -5.5765 | -5.5853 -5.4078 | -5.4166 -5.2616 | -5.2704
1.00 -5.7803 | -5.7803 -5.5809 | -5.5809 -5.4122 | -5.4122 -5.2660 | -5.2660
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Table D-5: 0.009 < p4 <0.012 and Az, A4 <0

51 = 0.009 51 = 0.010 51 =0.011 51 = 0.012
p3 A3 A4 A3 Aq A3 Ad Az Aq
.02 -3.5104 | -5.2126 -3.3940 | -5.0969 -3.2885 | -4.9921 -3.1920 | -4.8963
.04 -3.8403 | -5.2397 -3.7243 | -5.1240 -3.6193 | -5.0192 -3.5233 | -4.9235
.06 -4.0337 | -5.2564 -3.9179 | -5.1408 -3.8130 | -5.0361 -3.7171 | -4.9404
.08 -4.1703 | -5.2678 -4.0545 | -5.1521 -3.9497 | -5.0475 -3.8539 | -4.9518
10 -4.2752 | -5.2757 -4.1595 | -5.1600 -4.0547 | -5.0554 -3.9590 | -4.9598
A2 -4.3600 | -5.2811 -4.2443 | -5.1655 -4.1396 | -5.0609 -4.0439 | -4.9653
14 -4.4306 | -5.2848 -4.3150 | -5.1692 -4.2103 | -5.0646 -4.1146 | -4.9690
16 -4.4910 | -5.2871 -4.3753 | -5.1715 -4.2707 | -5.0669 -4.1750 | -4.9713
18 -4.5434 | -5.2883 -4.4278 | -5.1727 -4.3231 | -5.0681 -4.2275 | -4.9725
.20 -4.5895 | -5.2886 -4.4739 | -5.1731 -4.3692 | -5.0685 -4.2736 | -4.9729
.22 -4.6305 | -5.2882 -4.5149 | -5.1727 -4.4103 | -5.0681 -4.3147 | -4.9725
.24 -4.6673 | -5.2872 -4.5517 | -5.1717 -4.4471 | -5.0671 -4.3515 | -4.9715
.26 -4.7006 | -5.2857 -4.5850 | -5.1702 -4.4804 | -5.0656 -4.3848 | -4.9700
.28 -4.7308 | -5.2838 -4.6152 | -5.1682 -4.5106 | -5.0636 -4.4151 | -4.9681
.30 -4.7585 | -5.2815 -4.6429 | -5.1659 -4.5383 | -5.0613 -4.4427 | -4.9658
.32 -4.7839 | -5.2789 -4.6683 | -5.1633 -4.5637 | -5.0587 -4.4682 | -4.9632
.34 -4.8074 | -5.2760 -4.6918 | -5.1604 -4.5872 | -5.0559 -4.4917 | -4.9603
.36 -4.8291 | -5.2729 -4.7135 | -5.1573 -4.6089 | -5.0527 -4.5134 | -4.9572
.38 -4.8492 | -5.2695 -4.7337 | -5.1540 -4.6291 | -5.0494 -4.5336 | -4.9539
.40 -4.8680 | -5.2660 -4.7525 | -5.1505 -4.6479 | -5.0460 -4.5524 | -4.9504
42 -4.8856 | -5.2624 -4.7701 | -5.1469 -4.6655 | -5.0423 -4.5699 | -4.9468
.44 -4.9020 | -5.2586 -4.7865 | -5.1431 -4.6819 | -5.0386 -4.5864 | -4.9430
.46 -4.9175 | -5.2548 -4.8019 | -5.1392 -4.6974 | -5.0347 -4.6018 | -4.9392
.48 -4.9320 | -5.2508 -4.8164 | -5.1353 -4.7119 | -5.0307 -4.6163 | -4.9352
.50 -4.9456 | -5.2467 -4.8301 | -5.1312 -4.7255 | -5.0266 -4.6300 | -4.9311
.52 -4.9585 | -5.2426 -4.8430 | -5.1271 -4.7384 | -5.0225 -4.6429 | -4.9270
.54 -4.9707 | -5.2384 -4.8552 | -5.1229 -4.7506 | -5.0183 -4.6551 | -4.9228
.56 -4.9823 | -5.2341 -4.8668 | -5.1186 -4.7622 | -5.0141 -4.6667 | -4.9185
.58 -4.9932 | -5.2298 -4.8777 | -5.1143 -4.7731 | -5.0098 -4.6776 | -4.9142
.60 -5.0036 | -5.2255 -4.8881 | -5.1100 -4.7835 | -5.0054 -4.6880 | -4.9099
.62 -5.0135 | -5.2211 -4.8980 | -5.1056 -4.7934 | -5.0011 -4.6979 | -4.9055
.64 -5.0229 | -5.2167 -4.9074 | -5.1012 -4.8028 | -4.9967 -4.7073 | -4.9011
.66 -5.0318 | -5.2123 -4.9163 | -5.0968 -4.8117 | -4.9922 -4.7162 | -4.8967
.68 -5.0403 | -5.2079 -4.9248 | -5.0924 -4.8203 | -4.9878 -4.7248 | -4.8923
.70 -5.0485 | -5.2034 -4.9330 | -5.0879 -4.8284 | -4.9834 -4.7329 | -4.8879
72 -5.0563 | -5.1990 -4.9408 | -5.0835 -4.8362 | -4.9789 -4.7407 | -4.8834
74 -5.0637 | -5.1945 -4.9482 | -5.0790 -4.8436 | -4.9744 -4.7481 | -4.8789
.76 -5.0708 | -5.1900 -4.9553 | -5.0745 -4.8508 | -4.9700 -4.7553 | -4.8745
.78 -5.0776 | -5.1856 -4.9621 | -5.0701 -4.8576 | -4.9655 -4.7621 | -4.8700
.80 -5.0842 | -5.1811 -4.9687 | -5.0656 -4.8641 | -4.9610 -4.7686 | -4.8655
.82 -5.0904 | -5.1766 -4.9749 | -5.0611 -4.8704 | -4.9566 -4.7749 | -4.8611
.84 -5.0965 | -5.1722 -4.9809 | -5.0567 -4.8764 | -4.9521 -4.7809 | -4.8566
.86 -5.1022 | -5.1677 -4.9867 | -5.0522 -4.8822 | -4.9477 -4.7867 | -4.8522
.88 -5.1078 | -5.1633 -4.9923 | -5.0478 -4.8877 | -4.9433 -4.7922 | -4.8477
.90 -5.1131 | -5.1589 -4.9976 | -5.0434 -4.8931 | -4.9388 -4.7976 | -4.8433
.92 -5.1183 | -5.1545 -5.0027 | -5.0390 -4.8982 | -4.9344 -4.8027 | -4.8389
.94 -5.1232 | -5.1501 -5.0077 | -5.0346 -4.9031 | -4.9300 -4.8076 | -4.8345
.96 -5.1280 | -5.1457 -5.0124 | -5.0302 -4.9079 | -4.9256 -4.8124 | -4.8301
.98 -5.1325 | -5.1413 -5.0170 | -5.0258 -4.9125 | -4.9213 -4.8170 | -4.8258
1.00 -5.1370 | -5.1370 -5.0215 | -5.0215 -4.9169 | -4.9169 -4.8214 | -4.8214
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Table D-5: 0.0135 < py < 0.0180 and Az, A4 <0

pa = 0.0135 p4 = 0.0150 pa = 0.0165 pq = 0.0180
p3 A3 A4 A3 Aq A3 Ad Az Aq
.02 -3.0609 | -4.7665 -2.9434 | -4.6503 -2.8367 | -4.5450 -2.7388 | -4.4487
.04 -3.3930 | -4.7938 -3.2763 | -4.6777 -3.1705 | -4.5725 -3.0737 | -4.4763
.06 -3.5872 | -4.8107 -3.4708 | -4.6947 -3.3652 | -4.5895 -3.2687 | -4.4934
.08 -3.7241 | -4.8222 -3.6078 | -4.7062 -3.5025 | -4.6011 -3.4061 | -4.5050
10 -3.8293 | -4.8302 -3.7131 | -4.7142 -3.6078 | -4.6091 -3.5116 | -4.5131
A2 -3.9142 | -4.8357 -3.7980 | -4.7197 -3.6929 | -4.6147 -3.5967 | -4.5187
14 -3.9850 | -4.8394 -3.8689 | -4.7235 -3.7638 | -4.6185 -3.6676 | -4.5225
16 -4.0454 | -4.8418 -3.9294 | -4.7258 -3.8243 | -4.6208 -3.7282 | -4.5249
18 -4.0979 | -4.8430 -3.9819 | -4.7271 -3.8768 | -4.6221 -3.7807 | -4.5262
.20 -4.1440 | -4.8434 -4.0281 | -4.7275 -3.9230 | -4.6225 -3.8270 | -4.5265
.22 -4.1851 | -4.8430 -4.0691 | -4.7271 -3.9641 | -4.6221 -3.8681 | -4.5262
.24 -4.2219 | -4.8420 -4.1060 | -4.7261 -4.0010 | -4.6212 -3.9050 | -4.5253
.26 -4.2553 | -4.8405 -4.1393 | -4.7247 -4.0343 | -4.6197 -3.9383 | -4.5238
.28 -4.2855 | -4.8386 -4.1696 | -4.7227 -4.0646 | -4.6178 -3.9687 | -4.5219
.30 -4.3132 | -4.8363 -4.1973 | -4.7205 -4.0924 | -4.6155 -3.9964 | -4.5196
.32 -4.3387 | -4.8337 -4.2228 | -4.7179 -4.1178 | -4.6129 -4.0219 | -4.5171
.34 -4.3622 | -4.8309 -4.2463 | -4.7150 -4.1413 | -4.6101 -4.0454 | -4.5142
.36 -4.3839 | -4.8278 -4.2680 | -4.7119 -4.1631 | -4.6070 -4.0672 | -4.5111
.38 -4.4041 | -4.8245 -4.2882 | -4.7086 -4.1833 | -4.6037 -4.0874 | -4.5078
.40 -4.4229 | -4.8210 -4.3070 | -4.7051 -4.2021 | -4.6002 -4.1062 | -4.5044
42 -4.4405 | -4.8174 -4.3246 | -4.7015 -4.2197 | -4.5966 -4.1238 | -4.5007
.44 -4.4569 | -4.8136 -4.3411 | -4.6978 -4.2361 | -4.5929 -4.1403 | -4.4970
.46 -4.4724 | -4.8097 -4.3565 | -4.6939 -4.2516 | -4.5890 -4.1557 | -4.4931
.48 -4.4869 | -4.8058 -4.3710 | -4.6899 -4.2661 | -4.5850 -4.1702 | -4.4892
.50 -4.5006 | -4.8017 -4.3847 | -4.6859 -4.2798 | -4.5810 -4.1839 | -4.4851
.52 -4.5135 | -4.7976 -4.3976 | -4.6817 -4.2927 | -4.5768 -4.1969 | -4.4810
.54 -4.5257 | -4.7934 -4.4098 | -4.6775 -4.3049 | -4.5727 -4.2091 | -4.4768
.56 -4.5372 | -4.7891 -4.4214 | -4.6733 -4.3165 | -4.5684 -4.2206 | -4.4726
.58 -4.5482 | -4.7848 -4.4323 | -4.6690 -4.3274 | -4.5641 -4.2316 | -4.4683
.60 -4.5586 | -4.7805 -4.4427 | -4.6647 -4.3378 | -4.5598 -4.2420 | -4.4639
.62 -4.5685 | -4.7761 -4.4526 | -4.6603 -4.3477 | -4.5554 -4.2519 | -4.4596
.64 -4.5779 | -4.7717 -4.4620 | -4.6559 -4.3571 | -4.5510 -4.2613 | -4.4552
.66 -4.5868 | -4.7673 -4.4710 | -4.6515 -4.3661 | -4.5466 -4.2702 | -4.4508
.68 -4.5953 | -4.7629 -4.4795 | -4.6471 -4.3746 | -4.5422 -4.2788 | -4.4463
.70 -4.6035 | -4.7584 -4.4877 | -4.6426 -4.3828 | -4.5377 -4.2869 | -4.4419
72 -4.6113 | -4.7540 -4.4955 | -4.6382 -4.3906 | -4.5333 -4.2947 | -4.4374
74 -4.6187 | -4.7495 -4.5029 | -4.6337 -4.3980 | -4.5288 -4.3022 | -4.4330
.76 -4.6258 | -4.7451 -4.5100 | -4.6292 -4.4051 | -4.5244 -4.3093 | -4.4285
.78 -4.6327 | -4.7406 -4.5168 | -4.6248 -4.4120 | -4.5199 -4.3161 | -4.4241
.80 -4.6392 | -4.7361 -4.5234 | -4.6203 -4.4185 | -4.5154 -4.3226 | -4.4196
.82 -4.6455 | -4.7317 -4.5296 | -4.6159 -4.4248 | -4.5110 -4.3289 | -4.4151
.84 -4.6515 | -4.7272 -4.5357 | -4.6114 -4.4308 | -4.5065 -4.3349 | -4.4107
.86 -4.6573 | -4.7228 -4.5414 | -4.6070 -4.4366 | -4.5021 -4.3407 | -4.4062
.88 -4.6628 | -4.7183 -4.5470 | -4.6025 -4.4421 | -4.4977 -4.3463 | -4.4018
.90 -4.6681 | -4.7139 -4.5523 | -4.5981 -4.4475 | -4.4932 -4.3516 | -4.3974
.92 -4.6733 | -4.7095 -4.5575 | -4.5937 -4.4526 | -4.4888 -4.3567 | -4.3930
.94 -4.6782 | -4.7051 -4.5624 | -4.5893 -4.4575 | -4.4844 -4.3617 | -4.3886
.96 -4.6830 | -4.7007 -4.5672 | -4.5849 -4.4623 | -4.4800 -4.3665 | -4.3842
.98 -4.6876 | -4.6963 -4.5718 | -4.5805 -4.4669 | -4.4757 -4.3710 | -4.3798
1.00 -4.6920 | -4.6920 -4.5762 | -4.5762 -4.4713 | -4.4713 -4.3755 | -4.3755
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Table D-5: 0.0195 < py < 0.0240 and Az, A4 <0

pa = 0.0195 p4 = 0.0210 pa = 0.0225 pa = 0.0240
P3 A3 Ad Az Aq A3 Ad Az Aq
.02 -2.6485 | -4.3600 -2.6645 | -4.2777 -2.4860 | -4.2010 -2.4122 | -4.1291
.04 -2.9844 | -4.3877 -2.9015 | -4.3056 -2.8242 | -4.2290 -2.7516 | -4.1572
.06 -3.1798 | -4.4049 -3.0973 | -4.3228 -3.0203 | -4.2463 -2.9481 | -4.1746
.08 -3.3173 | -4.4165 -3.2350 | -4.3345 -3.1582 | -4.2580 -3.0862 | -4.1864
10 -3.4229 | -4.4246 -3.3407 | -4.3426 -3.2640 | -4.2662 -3.1922 | -4.1946
A2 -3.5081 | -4.4302 -3.4259 | -4.3483 -3.3493 | -4.2719 -3.2776 | -4.2003
14 -3.5791 | -4.4341 -3.4970 | -4.3521 -3.4204 | -4.2757 -3.3487 | -4.2042
16 -3.6397 | -4.4365 -3.5576 | -4.3545 -3.4811 | -4.2782 -3.4095 | -4.2067
18 -3.6923 | -4.4378 -3.6102 | -4.3559 -3.5338 | -4.2795 -3.4622 | -4.2080
.20 -3.7385 | -4.4382 -3.6565 | -4.3563 -3.5801 | -4.2799 -3.5085 | -4.2085
.22 -3.7797 | -4.4379 -3.6977 | -4.3560 -3.6213 | -4.2796 -3.5497 | -4.2082
.24 -3.8166 | -4.4369 -3.7346 | -4.3550 -3.6583 | -4.2787 -3.5867 | -4.2073
.26 -3.8500 | -4.4355 -3.7680 | -4.3536 -3.6917 | -4.2773 -3.6201 | -4.2058
.28 -3.8803 | -4.4336 -3.7984 | -4.3517 -3.7220 | -4.2754 -3.6505 | -4.2040
.30 -3.9080 | -4.4313 -3.8261 | -4.3495 -3.7498 | -4.2732 -3.6783 | -4.2017
.32 -3.9335 | -4.4287 -3.8516 | -4.3469 -3.7753 | -4.2706 -3.7038 | -4.1992
.34 -3.9570 | -4.4259 -3.8752 | -4.3441 -3.7988 | -4.2678 -3.7274 | -4.1964
.36 -3.9788 | -4.4228 -3.8969 | -4.3410 -3.8206 | -4.2647 -3.7492 | -4.1933
.38 -3.9990 | -4.4195 -3.9172 | -4.3377 -3.8409 | -4.2614 -3.7694 | -4.1900
.40 -4.0179 | -4.4161 -3.9360 | -4.3342 -3.8597 | -4.2580 -3.7883 | -4.1866
42 -4.0355 | -4.4125 -3.9536 | -4.3306 -3.8773 | -4.2544 -3.8059 | -4.1830
.44 -4.0519 | -4.4087 -3.9701 | -4.3269 -3.8938 | -4.2506 -3.8224 | -4.1792
.46 -4.0674 | -4.4049 -3.9856 | -4.3230 -3.9093 | -4.2468 -3.8379 | -4.1754
.48 -4.0819 | -4.4009 -4.0001 | -4.3191 -3.9238 | -4.2428 -3.8524 | -4.1714
.50 -4.0956 | -4.3968 -4.0138 | -4.3150 -3.9375 | -4.2388 -3.8661 | -4.1674
.52 -4.1086 | -4.3927 -4.0267 | -4.3109 -3.9505 | -4.2347 -3.8791 | -4.1633
.54 -4.1208 | -4.3885 -4.0390 | -4.3067 -3.9627 | -4.2305 -3.8913 | -4.1591
.56 -4.1323 | -4.3843 -4.0505 | -4.3025 -3.9743 | -4.2263 -3.9029 | -4.1549
.58 -4.1433 | -4.3800 -4.0615 | -4.2982 -3.9852 | -4.2220 -3.9138 | -4.1506
.60 -4.1537 | -4.3757 -4.0719 | -4.2939 -3.9956 | -4.2176 -3.9242 | -4.1463
.62 -4.1636 | -4.3713 -4.0818 | -4.2895 -4.0055 | -4.2133 -3.9341 | -4.1419
.64 -4.1730 | -4.3669 -4.0912 | -4.2851 -4.0149 | -4.2089 -3.9435 | -4.1375
.66 -4.1820 | -4.3625 -4.1002 | -4.2807 -4.0239 | -4.2045 -3.9525 | -4.1331
.68 -4.1905 | -4.3581 -4.1087 | -4.2763 -4.0325 | -4.2001 -3.9611 | -4.1287
.70 -4.1987 | -4.3536 -4.1169 | -4.2718 -4.0406 | -4.1956 -3.9692 | -4.1242
72 -4.2064 | -4.3492 -4.1246 | -4.2674 -4.0484 | -4.1912 -3.9770 | -4.1198
74 -4.2139 | -4.3447 -4.1321 | -4.2629 -4.0559 | -4.1867 -3.9845 | -4.1153
.76 -4.2210 | -4.3403 -4.1392 | -4.2585 -4.0630 | -4.1823 -3.9916 | -4.1109
.78 -4.2278 | -4.3358 -4.1460 | -4.2540 -4.0698 | -4.1778 -3.9984 | -4.1064
.80 -4.2344 | -4.3313 -4.1526 | -4.2496 -4.0764 | -4.1733 -4.0050 | -4.1020
.82 -4.2407 | -4.3269 -4.1589 | -4.2451 -4.0826 | -4.1689 -4.0112 | -4.0975
.84 -4.2467 | -4.3224 -4.1649 | -4.2406 -4.0886 | -4.1644 -4.0173 | -4.0930
.86 -4.2525 | -4.3180 -4.1707 | -4.2362 -4.0944 | -4.1600 -4.0230 | -4.0886
.88 -4.2580 | -4.3136 -4.1762 | -4.2318 -4.1000 | -4.1555 -4.0286 | -4.0842
.90 -4.2634 | -4.3091 -4.1816 | -4.2273 -4.1053 | -4.1511 -4.0339 | -4.0797
.92 -4.2685 | -4.3047 -4.1867 | -4.2229 -4.1105 | -4.1467 -4.0391 | -4.0753
.94 -4.2734 | -4.3003 -4.1916 | -4.2185 -4.1154 | -4.1423 -4.0440 | -4.0709
.96 -4.2782 | -4.2959 -4.1964 | -4.2141 -4.1202 | -4.1379 -4.0488 | -4.0665
.98 -4.2828 | -4.2916 -4.2010 | -4.2098 -4.1248 | -4.1336 -4.0534 | -4.0622
1.00 -4.2872 | -4.2872 -4.2054 | -4.2054 -4.1292 | -4.1292 -4.0578 | -4.0578
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Table D-5: 0.026 < p4 < 0.032 and Az, A4 <0

pa = 0.026 pa = 0.028 pa = 0.030 pa = 0.032
p3 A3 A4 A3 Aq A3 Ad Az Aq
.02 -2.3201 | -4.0398 -2.2344 | -3.9569 -2.1540 | -3.8795 -2.0782 | -3.8069
.04 -2.6613 | -4.0681 -2.6774 | -3.9853 -2.4990 | -3.9082 -2.4254 | -3.8359
.06 -2.8584 | -4.0855 -2.7751 | -4.0029 -2.6973 | -3.9259 -2.6243 | -3.8537
.08 -2.9968 | -4.0974 -2.9137 | -4.0148 -2.8363 | -3.9378 -2.7636 | -3.8657
10 -3.1029 | -4.1056 -3.0200 | -4.0232 -2.9427 | -3.9462 -2.8702 | -3.8741
A2 -3.1884 | -4.1114 -3.1056 | -4.0289 -3.0285 | -3.9521 -2.9561 | -3.8800
14 -3.2597 | -4.1153 -3.1770 | -4.0329 -3.0999 | -3.9560 -3.0276 | -3.8840
16 -3.3204 | -4.1178 -3.2379 | -4.0354 -3.1608 | -3.9586 -3.0886 | -3.8866
18 -3.3732 | -4.1192 -3.2907 | -4.0368 -3.2137 | -3.9600 -3.1415 | -3.8881
.20 -3.4196 | -4.1197 -3.3371 | -4.0373 -3.2602 | -3.9605 -3.1881 | -3.8886
.22 -3.4608 | -4.1194 -3.3784 | -4.0371 -3.3015 | -3.9603 -3.2294 | -3.8884
.24 -3.4978 | -4.1185 -3.4154 | -4.0362 -3.3386 | -3.9594 -3.2665 | -3.8876
.26 -3.5313 | -4.1171 -3.4489 | -4.0348 -3.3720 | -3.9581 -3.3001 | -3.8862
.28 -3.5617 | -4.1152 -3.4793 | -4.0330 -3.4025 | -3.9562 -3.3305 | -3.8844
.30 -3.5895 | -4.1130 -3.5072 | -4.0308 -3.4303 | -3.9540 -3.3584 | -3.8822
.32 -3.6150 | -4.1105 -3.5327 | -4.0282 -3.4559 | -3.9515 -3.3840 | -3.8797
.34 -3.6386 | -4.1077 -3.5563 | -4.0254 -3.4795 | -3.9487 -3.4076 | -3.8769
.36 -3.6604 | -4.1046 -3.5781 | -4.0224 -3.5013 | -3.9457 -3.4295 | -3.8738
.38 -3.6807 | -4.1013 -3.5984 | -4.0191 -3.5216 | -3.9424 -3.4497 | -3.8706
.40 -3.6995 | -4.0979 -3.6173 | -4.0157 -3.5405 | -3.9390 -3.4686 | -3.8672
42 -3.7172 | -4.0943 -3.6349 | -4.0121 -3.5582 | -3.9354 -3.4863 | -3.8636
.44 -3.7337 | -4.0906 -3.6514 | -4.0084 -3.5747 | -3.9317 -3.5028 | -3.8599
.46 -3.7491 | -4.0867 -3.6669 | -4.0045 -3.5902 | -3.9279 -3.5183 | -3.8561
.48 -3.7637 | -4.0828 -3.6815 | -4.0006 -3.6048 | -3.9239 -3.56329 | -3.8521
.50 -3.7774 | -4.0787 -3.6952 | -3.9965 -3.6185 | -3.9199 -3.5467 | -3.8481
.52 -3.7904 | -4.0746 -3.7081 | -3.9924 -3.6314 | -3.9158 -3.5596 | -3.8440
.54 -3.8026 | -4.0705 -3.7204 | -3.9883 -3.6437 | -3.9116 -3.5719 | -3.8398
.56 -3.8142 | -4.0662 -3.7320 | -3.9840 -3.6553 | -3.9074 -3.5835 | -3.8356
.58 -3.8252 | -4.0619 -3.7429 | -3.9797 -3.6663 | -3.9031 -3.5945 | -3.8313
.60 -3.8356 | -4.0576 -3.7534 | -3.9754 -3.6767 | -3.8988 -3.6049 | -3.8270
.62 -3.8455 | -4.0533 -3.7633 | -3.9711 -3.6866 | -3.8944 -3.6148 | -3.8227
.64 -3.8549 | -4.0489 -3.7727 | -3.9667 -3.6960 | -3.8901 -3.6242 | -3.8183
.66 -3.8639 | -4.0445 -3.7817 | -3.9623 -3.7050 | -3.8857 -3.6332 | -3.8139
.68 -3.8724 | -4.0400 -3.7902 | -3.9579 -3.7136 | -3.8812 -3.6418 | -3.8095
.70 -3.8806 | -4.0356 -3.7984 | -3.9534 -3.7217 | -3.8768 -3.6499 | -3.8050
72 -3.8884 | -4.0312 -3.8062 | -3.9490 -3.7295 | -3.8723 -3.6577 | -3.8006
74 -3.8958 | -4.0267 -3.8136 | -3.9445 -3.7370 | -3.8679 -3.6652 | -3.7961
.76 -3.9030 | -4.0222 -3.8208 | -3.9401 -3.7441 | -3.8634 -3.6723 | -3.7917
.78 -3.9098 | -4.0178 -3.8276 | -3.9356 -3.7509 | -3.8590 -3.6792 | -3.7872
.80 -3.9163 | -4.0133 -3.8341 | -3.9311 -3.7575 | -3.8545 -3.6857 | -3.7827
.82 -3.9226 | -4.0089 -3.8404 | -3.9267 -3.7638 | -3.8501 -3.6920 | -3.7783
.84 -3.9286 | -4.0044 -3.8464 | -3.9222 -3.7698 | -3.8456 -3.6980 | -3.7738
.86 -3.9344 | -4.0000 -3.8522 | -3.9178 -3.7756 | -3.8412 -3.7038 | -3.7694
.88 -3.9400 | -3.9955 -3.8578 | -3.9134 -3.7812 | -3.8367 -3.7094 | -3.7650
.90 -3.9453 | -3.9911 -3.8631 | -3.9089 -3.7865 | -3.8323 -3.7147 | -3.7605
.92 -3.9505 | -3.9867 -3.8683 | -3.9045 -3.7916 | -3.8279 -3.7199 | -3.7561
.94 -3.9554 | -3.9823 -3.8732 | -3.9001 -3.7966 | -3.8235 -3.7248 | -3.7517
.96 -3.9602 | -3.9779 -3.8780 | -3.8957 -3.8014 | -3.8191 -3.7296 | -3.7473
.98 -3.9648 | -3.9735 -3.8826 | -3.8914 -3.8059 | -3.8147 -3.7342 | -3.7430
1.00 -3.9692 | -3.9692 -3.8870 | -3.8870 -3.8104 | -3.8104 -3.7386 | -3.7386
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Table D-5: 0.034 < p4 < 0.040 and Az, A4 <0

pqa = 0.034 pa = 0.036 pa = 0.038 pa = 0.040
p3 A3 A4 A3 Aq A3 Ad Az Aq
.02 -2.0065 | -3.7386 -1.9383 | -3.6740 -1.8733 | -3.6128 -1.8111 | -3.5545
.04 -2.3559 | -3.7678 -2.2901 | -3.7034 -2.2276 | -3.6424 -2.1680 | -3.5844
.06 -2.5555 | -3.7857 -2.4904 | -3.7215 -2.4286 | -3.6606 -2.3698 | -3.6027
.08 -2.6951 | -3.7978 -2.6304 | -3.7337 -2.5690 | -3.6729 -2.5106 | -3.6151
10 -2.8020 | -3.8063 -2.7374 | -3.7422 -2.6762 | -3.6815 -2.6180 | -3.6237
A2 -2.8880 | -3.8122 -2.8236 | -3.7482 -2.7625 | -3.6875 -2.7045 | -3.6298
14 -2.9596 | -3.8163 -2.8953 | -3.7523 -2.8344 | -3.6916 -2.7764 | -3.6340
16 -3.0207 | -3.8189 -2.9565 | -3.7549 -2.8956 | -3.6943 -2.8377 | -3.6367
18 -3.0736 | -3.8204 -3.0095 | -3.7564 -2.9487 | -3.6958 -2.8909 | -3.6382
.20 -3.1202 | -3.8209 -3.0561 | -3.7570 -2.9954 | -3.6964 -2.9376 | -3.6389
.22 -3.1616 | -3.8207 -3.0976 | -3.7568 -3.0369 | -3.6963 -2.9791 | -3.6387
.24 -3.1988 | -3.8199 -3.1347 | -3.7560 -3.0741 | -3.6955 -3.0164 | -3.6379
.26 -3.2323 | -3.8186 -3.1683 | -3.7547 -3.1077 | -3.6942 -3.0500 | -3.6366
.28 -3.2628 | -3.8168 -3.1988 | -3.7529 -3.1382 | -3.6924 -3.0806 | -3.6349
.30 -3.2907 | -3.8146 -3.2267 | -3.7507 -3.1661 | -3.6902 -3.1086 | -3.6327
.32 -3.3163 | -3.8121 -3.2524 | -3.7482 -3.1918 | -3.6877 -3.1342 | -3.6303
.34 -3.3399 | -3.8093 -3.2760 | -3.7455 -3.2155 | -3.6850 -3.1579 | -3.6275
.36 -3.3618 | -3.8063 -3.2979 | -3.7424 -3.2374 | -3.6820 -3.1798 | -3.6245
.38 -3.3821 | -3.8030 -3.3182 | -3.7392 -3.2577 | -3.6788 -3.2002 | -3.6213
.40 -3.4010 | -3.7996 -3.3371 | -3.7358 -3.2766 | -3.6754 -3.2191 | -3.6179
42 -3.4187 | -3.7960 -3.3548 | -3.7322 -3.2943 | -3.6718 -3.2368 | -3.6144
.44 -3.4352 | -3.7923 -3.3714 | -3.7285 -3.3109 | -3.6681 -3.2534 | -3.6107
.46 -3.4507 | -3.7885 -3.3869 | -3.7247 -3.3264 | -3.6643 -3.2689 | -3.6068
.48 -3.4653 | -3.7846 -3.4015 | -3.7208 -3.3410 | -3.6604 -3.2835 | -3.6029
.50 -3.4791 | -3.7806 -3.4152 | -3.7168 -3.3548 | -3.6563 -3.2973 | -3.5989
.52 -3.4920 | -3.7765 -3.4282 | -3.7127 -3.3678 | -3.6523 -3.3103 | -3.5948
.54 -3.5043 | -3.7723 -3.4405 | -3.7085 -3.3800 | -3.6481 -3.3226 | -3.5907
.56 -3.5159 | -3.7681 -3.4521 | -3.7043 -3.3916 | -3.6439 -3.3342 | -3.5865
.58 -3.5269 | -3.7638 -3.4631 | -3.7000 -3.4026 | -3.6396 -3.3452 | -3.5822
.60 -3.5373 | -3.7595 -3.4735 | -3.6957 -3.4131 | -3.6353 -3.3556 | -3.5779
.62 -3.5472 | -3.7551 -3.4834 | -3.6914 -3.4230 | -3.6310 -3.3656 | -3.5736
.64 -3.5567 | -3.7508 -3.4929 | -3.6870 -3.4324 | -3.6266 -3.3750 | -3.5692
.66 -3.5657 | -3.7464 -3.5019 | -3.6826 -3.4414 | -3.6222 -3.3840 | -3.5648
.68 -3.5742 | -3.7419 -3.5104 | -3.6782 -3.4500 | -3.6178 -3.3926 | -3.5604
.70 -3.5824 | -3.7375 -3.5186 | -3.6737 -3.4582 | -3.6133 -3.4008 | -3.5559
72 -3.5902 | -3.7331 -3.5264 | -3.6693 -3.4660 | -3.6089 -3.4086 | -3.5515
74 -3.5977 | -3.7286 -3.5339 | -3.6648 -3.4735 | -3.6044 -3.4161 | -3.5471
.76 -3.6048 | -3.7241 -3.5410 | -3.6604 -3.4806 | -3.6000 -3.4232 | -3.5426
.78 -3.6116 | -3.7197 -3.5479 | -3.6559 -3.4875 | -3.5955 -3.4301 | -3.5381
.80 -3.6182 | -3.7152 -3.5544 | -3.6515 -3.4940 | -3.5911 -3.4366 | -3.5337
.82 -3.6245 | -3.7108 -3.5607 | -3.6470 -3.5003 | -3.5866 -3.4429 | -3.5292
.84 -3.6305 | -3.7063 -3.5667 | -3.6426 -3.5063 | -3.5822 -3.4489 | -3.5248
.86 -3.6363 | -3.7019 -3.5725 | -3.6381 -3.5121 | -3.5777 -3.4547 | -3.5203
.88 -3.6419 | -3.6974 -3.5781 | -3.6337 -3.5177 | -3.5733 -3.4603 | -3.5159
.90 -3.6472 | -3.6930 -3.5834 | -3.6293 -3.56230 | -3.5689 -3.4656 | -3.5115
.92 -3.6524 | -3.6886 -3.5886 | -3.6249 -3.5282 | -3.5645 -3.4708 | -3.5071
.94 -3.6573 | -3.6842 -3.5935 | -3.6205 -3.6331 | -3.5601 -3.4757 | -3.5027
.96 -3.6621 | -3.6798 -3.5983 | -3.6161 -3.5379 | -3.5557 -3.4805 | -3.4983
.98 -3.6667 | -3.6754 -3.6029 | -3.6117 -3.5425 | -3.5513 -3.4851 | -3.4939
1.00 -3.6711 | -3.6711 -3.6073 | -3.6073 -3.5469 | -3.5469 -3.4895 | -3.4895
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Table D-5: 0.0425 < p4 < 0.0500 and Az, Ay <0

pa = 0.0425 pa = 0.0450 pa = 0.0475 p4 = 0.0500
p3 A3 A4 A3 Aq A3 Ad Az Aq
.02 -1.7368 | -3.4854 -1.6660 | -3.4201 -1.56981 | -3.3580 -1.5329 | -3.2989
.04 -2.0972 | -3.5157 -2.0301 | -3.4507 -1.9662 | -3.3890 -1.9051 | -3.3303
.06 -2.3001 | -3.5341 -2.2340 | -3.4693 -2.1712 | -3.4078 -2.1113 | -3.3492
.08 -2.4413 | -3.5466 -2.3757 | -3.4819 -2.3134 | -3.4205 -2.2541 | -3.3621
10 -2.5490 | -3.5553 -2.4837 | -3.4907 -2.4218 | -3.4294 -2.3628 | -3.3711
A2 -2.6357 | -3.5615 -2.5706 | -3.4969 -2.5089 | -3.4356 -2.4501 | -3.3774
14 -2.7078 | -3.5657 -2.6428 | -3.5011 -2.5812 | -3.4400 -2.5226 | -3.3818
16 -2.7692 | -3.5684 -2.7043 | -3.5039 -2.6429 | -3.4428 -2.5843 | -3.3847
18 -2.8224 | -3.5700 -2.7577 | -3.5056 -2.6963 | -3.4445 -2.6378 | -3.3864
.20 -2.8692 | -3.5707 -2.8045 | -3.5063 -2.7432 | -3.4452 -2.6849 | -3.3871
.22 -2.9108 | -3.5706 -2.8462 | -3.5062 -2.7849 | -3.4451 -2.7266 | -3.3871
.24 -2.9481 | -3.5698 -2.8835 | -3.5054 -2.8223 | -3.4444 -2.7640 | -3.3864
.26 -2.9817 | -3.5685 -2.9172 | -3.5042 -2.8560 | -3.4432 -2.7978 | -3.3852
.28 -3.0124 | -3.5668 -2.9479 | -3.5024 -2.8867 | -3.4415 -2.8286 | -3.3835
.30 -3.0403 | -3.5647 -2.9759 | -3.5003 -2.9148 | -3.4394 -2.8566 | -3.3814
.32 -3.0660 | -3.5622 -3.0016 | -3.4979 -2.9405 | -3.4369 -2.8824 | -3.3790
.34 -3.0897 | -3.5595 -3.0253 | -3.4952 -2.9643 | -3.4342 -2.9062 | -3.3763
.36 -3.1117 | -3.5565 -3.0473 | -3.4922 -2.9862 | -3.4313 -2.9282 | -3.3733
.38 -3.1320 | -3.5533 -3.0677 | -3.4890 -3.0066 | -3.4281 -2.9486 | -3.3702
.40 -3.1510 | -3.5499 -3.0866 | -3.4856 -3.0256 | -3.4247 -2.9676 | -3.3668
42 -3.1687 | -3.5463 -3.1044 | -3.4821 -3.0434 | -3.4212 -2.9854 | -3.3633
.44 -3.1853 | -3.5427 -3.1210 | -3.4784 -3.0600 | -3.4175 -3.0020 | -3.3596
.46 -3.2009 | -3.5389 -3.1365 | -3.4746 -3.0756 | -3.4137 -3.0176 | -3.3558
.48 -3.2155 | -3.5349 -3.1512 | -3.4707 -3.0902 | -3.4098 -3.0323 | -3.3519
.50 -3.2293 | -3.5309 -3.1650 | -3.4667 -3.1040 | -3.4058 -3.0461 | -3.3480
.52 -3.2423 | -3.5269 -3.1780 | -3.4626 -3.1170 | -3.4018 -3.0591 | -3.3439
.54 -3.2545 | -3.5227 -3.1903 | -3.4585 -3.1293 | -3.3976 -3.0714 | -3.3398
.56 -3.2662 | -3.5185 -3.2019 | -3.4543 -3.1410 | -3.3934 -3.0831 | -3.3356
.58 -3.2772 | -3.5142 -3.2129 | -3.4500 -3.1520 | -3.3892 -3.0941 | -3.3313
.60 -3.2876 | -3.5099 -3.2234 | -3.4457 -3.1625 | -3.3849 -3.1046 | -3.3270
.62 -3.2976 | -3.5056 -3.2333 | -3.4414 -3.1724 | -3.3805 -3.1145 | -3.3227
.64 -3.3070 | -3.5012 -3.2428 | -3.4370 -3.1819 | -3.3762 -3.1240 | -3.3183
.66 -3.3160 | -3.4968 -3.2518 | -3.4326 -3.1909 | -3.3718 -3.1330 | -3.3139
.68 -3.3246 | -3.4924 -3.2604 | -3.4282 -3.1995 | -3.3674 -3.1416 | -3.3095
.70 -3.3328 | -3.4880 -3.2685 | -3.4238 -3.2077 | -3.3629 -3.1498 | -3.3051
72 -3.3406 | -3.4836 -3.2764 | -3.4193 -3.2155 | -3.3585 -3.1576 | -3.3007
74 -3.3481 | -3.4791 -3.2838 | -3.4149 -3.2230 | -3.3541 -3.1651 | -3.2962
.76 -3.3552 | -3.4746 -3.2910 | -3.4104 -3.2301 | -3.3496 -3.1723 | -3.2918
.78 -3.3621 | -3.4702 -3.2979 | -3.4060 -3.2370 | -3.3452 -3.1791 | -3.2873
.80 -3.3686 | -3.4657 -3.3044 | -3.4015 -3.2436 | -3.3407 -3.1857 | -3.2829
.82 -3.3749 | -3.4613 -3.3107 | -3.3971 -3.2499 | -3.3362 -3.1920 | -3.2784
.84 -3.3810 | -3.4568 -3.3167 | -3.3926 -3.2559 | -3.3318 -3.1981 | -3.2740
.86 -3.3868 | -3.4524 -3.3225 | -3.3882 -3.2617 | -3.3274 -3.2039 | -3.2695
.88 -3.3923 | -3.4480 -3.3281 | -3.3837 -3.2673 | -3.3229 -3.2094 | -3.2651
.90 -3.3977 | -3.4435 -3.3335 | -3.3793 -3.2726 | -3.3185 -3.2148 | -3.2607
.92 -3.4028 | -3.4391 -3.3386 | -3.3749 -3.2778 | -3.3141 -3.2199 | -3.2562
.94 -3.4078 | -3.4347 -3.3436 | -3.3705 -3.2827 | -3.3097 -3.2249 | -3.2518
.96 -3.4126 | -3.4303 -3.3484 | -3.3661 -3.2875 | -3.3053 -3.2297 | -3.2474
.98 -3.4172 | -3.4259 -3.3529 | -3.3617 -3.2921 | -3.3009 -3.2343 | -3.2431
1.00 -3.4216 | -3.4216 -3.3574 | -3.3574 -3.2965 | -3.2965 -3.2387 | -3.2387

© 2000 by Chapman & Hall/CRC




Table D-5: 0.053 < p4 < 0.062 and Az, A4 <0

pa = 0.053 pa = 0.056 pa = 0.059 pa = 0.062
p3 A3 A4 A3 Aq A3 Ad Az Aq
.02 -1.4577 | -3.2315 -1.3854 | -3.1675 -1.3155 | -3.1065 -1.2478 | -3.0483
.04 -1.8353 | -3.2633 -1.7687 | -3.1998 -1.7051 | -3.1394 -1.6441 | -3.0818
.06 -2.0429 | -3.2825 -1.9779 | -3.2193 -1.9159 | -3.1591 -1.8567 | -3.1017
.08 -2.1864 | -3.2955 -2.1221 | -3.2324 -2.0609 | -3.1724 -2.0024 | -3.1152
10 -2.2955 | -3.3046 -2.2317 | -3.2416 -2.1709 | -3.1817 -2.1128 | -3.1246
A2 -2.3831 | -3.3110 -2.3195 | -3.2481 -2.2590 | -3.1883 -2.2012 | -3.1313
14 -2.4558 | -3.3155 -2.3924 | -3.2526 -2.3321 | -3.1929 -2.2746 | -3.1360
16 -2.5177 | -3.3184 -2.4544 | -3.2556 -2.3943 | -3.1960 -2.3369 | -3.1391
18 -2.5713 | -3.3202 -2.5082 | -3.2574 -2.4481 | -3.1978 -2.3909 | -3.1410
.20 -2.6184 | -3.3210 -2.5554 | -3.2583 -2.4954 | -3.1987 -2.4383 | -3.1419
.22 -2.6602 | -3.3210 -2.5973 | -3.2583 -2.5374 | -3.1988 -2.4803 | -3.1420
.24 -2.6977 | -3.3203 -2.6348 | -3.2577 -2.5750 | -3.1982 -2.5180 | -3.1414
.26 -2.7316 | -3.3191 -2.6687 | -3.2565 -2.6090 | -3.1970 -2.5520 | -3.1403
.28 -2.7623 | -3.3174 -2.6995 | -3.2549 -2.6399 | -3.1954 -2.5830 | -3.1387
.30 -2.7904 | -3.3154 -2.7277 | -3.2528 -2.6681 | -3.1934 -2.6112 | -3.1367
.32 -2.8163 | -3.3130 -2.7535 | -3.2504 -2.6940 | -3.1910 -2.6371 | -3.1344
.34 -2.8401 | -3.3103 -2. 7774 | -3.2478 -2.7178 | -3.1884 -2.6610 | -3.1318
.36 -2.8621 | -3.3074 -2.7994 | -3.2449 -2.7399 | -3.1855 -2.6831 | -3.1289
.38 -2.8825 | -3.3042 -2.8199 | -3.2417 -2.7604 | -3.1823 -2.7037 | -3.1257
.40 -2.9016 | -3.3009 -2.8390 | -3.2384 -2.7795 | -3.1790 -2.7228 | -3.1224
42 -2.9194 | -3.2973 -2.8568 | -3.2349 -2.7973 | -3.1755 -2.7406 | -3.1190
.44 -2.9360 | -3.2937 -2.8734 | -3.2312 -2.8140 | -3.1719 -2.7573 | -3.1153
.46 -2.9516 | -3.2899 -2.8891 | -3.2275 -2.8296 | -3.1681 -2.7730 | -3.1116
.48 -2.9663 | -3.2860 -2.9038 | -3.2236 -2.8443 | -3.1643 -2.7877 | -3.1077
.50 -2.9801 | -3.2821 -2.9176 | -3.2196 -2.8582 | -3.1603 -2.8016 | -3.1038
.52 -2.9931 | -3.2780 -2.9306 | -3.2156 -2.8712 | -3.1562 -2.8146 | -3.0997
.54 -3.0055 | -3.2739 -2.9430 | -3.2114 -2.8836 | -3.1521 -2.8270 | -3.0956
.56 -3.0171 | -3.2697 -2.9546 | -3.2073 -2.8953 | -3.1479 -2.8387 | -3.0914
.58 -3.0282 | -3.2654 -2.9657 | -3.2030 -2.9063 | -3.1437 -2.8497 | -3.0872
.60 -3.0386 | -3.2611 -2.9762 | -3.1987 -2.9168 | -3.1394 -2.8603 | -3.0829
.62 -3.0486 | -3.2568 -2.9862 | -3.1944 -2.9268 | -3.1351 -2.8702 | -3.0786
.64 -3.0581 | -3.2525 -2.9956 | -3.1901 -2.9363 | -3.1308 -2.8797 | -3.0743
.66 -3.0671 | -3.2481 -3.0047 | -3.1857 -2.9453 | -3.1264 -2.8888 | -3.0699
.68 -3.0757 | -3.2437 -3.0133 | -3.1813 -2.9539 | -3.1220 -2.8974 | -3.0655
.70 -3.0839 | -3.2392 -3.0215 | -3.1768 -2.9622 | -3.1176 -2.9056 | -3.0611
72 -3.0917 | -3.2348 -3.0293 | -3.1724 -2.9700 | -3.1131 -2.9135 | -3.0566
74 -3.0992 | -3.2304 -3.0368 | -3.1680 -2.9775 | -3.1087 -2.9210 | -3.0522
.76 -3.1064 | -3.2259 -3.0440 | -3.1635 -2.9847 | -3.1042 -2.9282 | -3.0478
.78 -3.1133 | -3.2215 -3.0508 | -3.1591 -2.9915 | -3.0998 -2.9350 | -3.0433
.80 -3.1198 | -3.2170 -3.0574 | -3.1546 -2.9981 | -3.0953 -2.9416 | -3.0389
.82 -3.1261 | -3.2126 -3.0637 | -3.1502 -3.0044 | -3.0909 -2.9479 | -3.0344
.84 -3.1322 | -3.2081 -3.0698 | -3.1457 -3.0105 | -3.0864 -2.9540 | -3.0300
.86 -3.1380 | -3.2037 -3.0756 | -3.1413 -3.0163 | -3.0820 -2.9598 | -3.0255
.88 -3.1436 | -3.1992 -3.0812 | -3.1368 -3.0219 | -3.0776 -2.9654 | -3.0211
.90 -3.1489 | -3.1948 -3.0865 | -3.1324 -3.0272 | -3.0731 -2.9707 | -3.0166
.92 -3.1541 | -3.1904 -3.0917 | -3.1280 -3.0324 | -3.0687 -2.9759 | -3.0122
.94 -3.1590 | -3.1860 -3.0966 | -3.1236 -3.0374 | -3.0643 -2.9809 | -3.0078
.96 -3.1638 | -3.1816 -3.1014 | -3.1192 -3.0421 | -3.0599 -2.9856 | -3.0034
.98 -3.1684 | -3.1772 -3.1060 | -3.1148 -3.0467 | -3.0555 -2.9902 | -2.9991
1.00 -3.1728 | -3.1728 -3.1104 | -3.1104 -3.0512 | -3.0512 -2.9947 | -2.9947
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Table D-5: 0.0655 < py < 0.0760 and Az, A4 <0

5z = 0.0655 52 = 0.0690 ps = 00725 Bz = 0.0760
P3 A3 Ad Az Aq A3 Ad Az Aq
.02 -1.1711 | -2.9834 -1.0964 | -2.9215 -1.0233 | -2.8623 -.9515 | -2.8055
.04 -1.5759 | -3.0176 -1.5105 | -2.9565 -1.4476 | -2.8981 -1.3870 | -2.8422
.06 -1.7905 | -3.0379 -1.7274 | -2.9771 -1.6669 | -2.9191 -1.6087 | -2.8635
.08 -1.9372 | -3.0516 -1.8751 | -2.9910 -1.8156 | -2.9332 -1.7586 | -2.8778
10 -2.0482 | -3.0611 -1.9866 | -3.0007 -1.9278 | -2.9430 -1.8713 | -2.8879
A2 -2.1370 | -3.0679 -2.0758 | -3.0076 -2.0173 | -2.9501 -1.9613 | -2.8950
14 -2.2106 | -3.0727 -2.1496 | -3.0125 -2.0914 | -2.9550 -2.0357 | -2.9000
16 -2.2731 | -3.0759 -2.2124 | -3.0157 -2.1544 | -2.9583 -2.0988 | -2.9035
18 -2.3272 | -3.0778 -2.2666 | -3.0177 -2.2088 | -2.9604 -2.1534 | -2.9056
.20 -2.3747 | -3.0788 -2.3143 | -3.0188 -2.2565 | -2.9615 -2.2013 | -2.9067
.22 -2.4169 | -3.0789 -2.3565 | -3.0190 -2.2989 | -2.9617 -2.2438 | -2.9070
.24 -2.4547 | -3.0784 -2.3944 | -3.0185 -2.3369 | -2.9613 -2.2818 | -2.9066
.26 -2.4888 | -3.0773 -2.4286 | -3.0174 -2.3711 | -2.9603 -2.3161 | -2.9056
.28 -2.5197 | -3.0758 -2.4596 | -3.0159 -2.4022 | -2.9588 -2.3473 | -2.9042
.30 -2.5480 | -3.0738 -2.4879 | -3.0139 -2.4306 | -2.9569 -2.3758 | -2.9023
.32 -2.5740 | -3.0715 -2.5140 | -3.0117 -2.4567 | -2.9546 -2.4019 | -2.9000
.34 -2.5979 | -3.0689 -2.56379 | -3.0091 -2.4807 | -2.9520 -2.4259 | -2.8975
.36 -2.6201 | -3.0660 -2.5601 | -3.0062 -2.5029 | -2.9492 -2.4482 | -2.8947
.38 -2.6406 | -3.0629 -2.5807 | -3.0031 -2.5235 | -2.9461 -2.4689 | -2.8916
.40 -2.6598 | -3.0596 -2.5999 | -2.9998 -2.5427 | -2.9429 -2.4881 | -2.8884
42 -2.6777 | -3.0561 -2.6178 | -2.9964 -2.5606 | -2.9394 -2.5060 | -2.8850
.44 -2.6944 | -3.0525 -2.6345 | -2.9928 -2.5774 | -2.9358 -2.5228 | -2.8814
.46 -2.7101 | -3.0488 -2.6502 | -2.9891 -2.5931 | -2.9321 -2.56386 | -2.8777
.48 -2.7248 | -3.0449 -2.6650 | -2.9852 -2.6079 | -2.9283 -2.5534 | -2.8739
.50 -2.7387 | -3.0410 -2.6789 | -2.9813 -2.6218 | -2.9244 -2.6673 | -2.8699
.52 -2.7518 | -3.0370 -2.6920 | -2.9773 -2.6349 | -2.9203 -2.5804 | -2.8659
.54 -2.7641 | -3.0328 -2.7044 | -2.9732 -2.6473 | -2.9162 -2.5928 | -2.8618
.56 -2.7758 | -3.0287 -2.7161 | -2.9690 -2.6591 | -2.9121 -2.6046 | -2.8577
.58 -2.7869 | -3.0245 -2.7272 | -2.9648 -2.6702 | -2.9079 -2.6157 | -2.8535
.60 -2.7974 | -3.0202 -2.7377 | -2.9605 -2.6807 | -2.9036 -2.6263 | -2.8492
.62 -2.8074 | -3.0159 -2.7477 | -2.9562 -2.6907 | -2.8993 -2.6363 | -2.8449
.64 -2.8169 | -3.0115 -2.7572 | -2.9519 -2.7003 | -2.8950 -2.6458 | -2.8406
.66 -2.8260 | -3.0072 -2.7663 | -2.9475 -2.7093 | -2.8906 -2.6549 | -2.8362
.68 -2.8346 | -3.0028 -2.7749 | -2.9431 -2.7180 | -2.8862 -2.6635 | -2.8319
.70 -2.8428 | -2.9983 -2.7831 | -2.9387 -2.7262 | -2.8818 -2.6718 | -2.8275
72 -2.8507 | -2.9939 -2.7910 | -2.9343 -2.7341 | -2.8774 -2.6797 | -2.8230
74 -2.8582 | -2.9895 -2.7985 | -2.9298 -2.7416 | -2.8730 -2.6872 | -2.8186
.76 -2.8654 | -2.9850 -2.8057 | -2.9254 -2.7488 | -2.8685 -2.6944 | -2.8142
.78 -2.8723 | -2.9806 -2.8126 | -2.9209 -2.7557 | -2.8641 -2.7013 | -2.8097
.80 -2.8789 | -2.9761 -2.8192 | -2.9165 -2.7623 | -2.8596 -2.7079 | -2.8053
.82 -2.8852 | -2.9717 -2.8255 | -2.9120 -2.7686 | -2.8552 -2.7142 | -2.8008
.84 -2.8912 | -2.9672 -2.8316 | -2.9076 -2.7747 | -2.8507 -2.7203 | -2.7964
.86 -2.8970 | -2.9628 -2.8374 | -2.9032 -2.7805 | -2.8463 -2.7261 | -2.7919
.88 -2.9026 | -2.9584 -2.8430 | -2.8987 -2.7861 | -2.8418 -2.7317 | -2.7875
.90 -2.9080 | -2.9539 -2.8483 | -2.8943 -2.7915 | -2.8374 -2.7371 | -2.7831
.92 -2.9132 | -2.9495 -2.8535 | -2.8899 -2.7966 | -2.8330 -2.7423 | -2.7786
.94 -2.9181 | -2.9451 -2.8585 | -2.8855 -2.8016 | -2.8286 -2.7472 | -2.7742
.96 -2.9229 | -2.9407 -2.8633 | -2.8811 -2.8064 | -2.8242 -2.7520 | -2.7698
.98 -2.9275 | -2.9363 -2.8679 | -2.8767 -2.8110 | -2.8198 -2.7566 | -2.7655
1.00 -2.9320 | -2.9320 -2.8723 | -2.8723 -2.8154 | -2.8154 -2.7611 | -2.7611
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Table D-5: 0.080 < p4 <0.092 and Az, A4 <0

pa = 0.080 pa = 0.084 pa = 0.088 pa = 0.092
p3 A3 A4 A3 Aq A3 Ad Az Aq
.02 -.8704 | -2.7431 -.7897 | -2.6833 -.7090 | -2.6257 -.6273 | -2.5700
.04 -1.3201 | -2.7810 -1.2556 | -2.7224 -1.1931 | -2.6661 -1.1324 | -2.6120
.06 -1.5449 | -2.8027 -1.4836 | -2.7446 -1.4245 | -2.6888 -1.3675 | -2.6352
.08 -1.6961 | -2.8173 -1.6361 | -2.7595 -1.5785 | -2.7040 -1.5230 | -2.6507
10 -1.8096 | -2.8276 -1.7504 | -2.7699 -1.6936 | -2.7146 -1.6389 | -2.6615
A2 -1.9000 | -2.8348 -1.8413 | -2.7773 -1.7850 | -2.7222 -1.7309 | -2.6693
14 -1.9747 | -2.8400 -1.9164 | -2.7826 -1.8605 | -2.7276 -1.8067 | -2.6748
16 -2.0381 | -2.8435 -1.9801 | -2.7862 -1.9244 | -2.7313 -1.8709 | -2.6786
18 -2.0929 | -2.8457 -2.0350 | -2.7885 -1.9796 | -2.7337 -1.9263 | -2.6811
.20 -2.1409 | -2.8469 -2.0832 | -2.7897 -2.0279 | -2.7350 -1.9748 | -2.6825
.22 -2.1836 | -2.8472 -2.1260 | -2.7902 -2.0708 | -2.7355 -2.0178 | -2.6830
.24 -2.2217 | -2.8469 -2.1642 | -2.7899 -2.1092 | -2.7352 -2.0563 | -2.6828
.26 -2.2561 | -2.8460 -2.1987 | -2.7890 -2.1437 | -2.7344 -2.0910 | -2.6820
.28 -2.2873 | -2.8445 -2.2300 | -2.7876 -2.1751 | -2.7330 -2.1224 | -2.6807
.30 -2.3159 | -2.8427 -2.2586 | -2.7857 -2.2038 | -2.7312 -2.1512 | -2.6789
.32 -2.3420 | -2.8405 -2.2848 | -2.7836 -2.2301 | -2.7291 -2.1775 | -2.6768
.34 -2.3661 | -2.8379 -2.3090 | -2.7811 -2.2543 | -2.7266 -2.2018 | -2.6744
.36 -2.3884 | -2.8351 -2.3314 | -2.7783 -2.2767 | -2.7239 -2.2242 | -2.6716
.38 -2.4091 | -2.8321 -2.3521 | -2.7753 -2.2975 | -2.7209 -2.2451 | -2.6687
.40 -2.4284 | -2.8289 -2.3714 | -2.7721 -2.3168 | -2.7177 -2.2644 | -2.6655
42 -2.4464 | -2.8255 -2.3894 | -2.7687 -2.3349 | -2.7143 -2.2825 | -2.6622
.44 -2.4632 | -2.8219 -2.4063 | -2.7652 -2.3517 | -2.7108 -2.2994 | -2.6587
.46 -2.4790 | -2.8182 -2.4221 | -2.7615 -2.3676 | -2.7071 -2.3153 | -2.6550
.48 -2.4938 | -2.8144 -2.4369 | -2.7577 -2.3824 | -2.7034 -2.3302 | -2.6512
.50 -2.5077 | -2.8105 -2.4509 | -2.7538 -2.3964 | -2.6995 -2.3442 | -2.6474
.52 -2.56209 | -2.8065 -2.4640 | -2.7498 -2.4096 | -2.6955 -2.3574 | -2.6434
.54 -2.5333 | -2.8024 -2.4765 | -2.7457 -2.4221 | -2.6914 -2.3699 | -2.6394
.56 -2.5451 | -2.7983 -2.4883 | -2.7416 -2.4339 | -2.6873 -2.3817 | -2.6352
.58 -2.5562 | -2.7941 -2.4994 | -2.7374 -2.4451 | -2.6831 -2.3929 | -2.6311
.60 -2.5668 | -2.7899 -2.5100 | -2.7332 -2.4556 | -2.6789 -2.4035 | -2.6268
.62 -2.5768 | -2.7856 -2.5201 | -2.7289 -2.4657 | -2.6746 -2.4136 | -2.6226
.64 -2.5864 | -2.7812 -2.5296 | -2.7246 -2.4753 | -2.6703 -2.4231 | -2.6182
.66 -2.5955 | -2.7769 -2.5387 | -2.7202 -2.4844 | -2.6659 -2.4323 | -2.6139
.68 -2.6041 | -2.7725 -2.6474 | -2.7158 -2.4931 | -2.6616 -2.4409 | -2.6095
.70 -2.6124 | -2.7681 -2.5556 | -2.7114 -2.5013 | -2.6572 -2.4492 | -2.6051
72 -2.6203 | -2.7637 -2.5635 | -2.7070 -2.5092 | -2.6528 -2.4571 | -2.6007
74 -2.6278 | -2.7592 -2.6711 | -2.7026 -2.5168 | -2.6483 -2.4647 | -2.5963
.76 -2.6350 | -2.7548 -2.5783 | -2.6981 -2.5240 | -2.6439 -2.4719 | -2.5919
.78 -2.6419 | -2.7504 -2.5852 | -2.6937 -2.56309 | -2.6395 -2.4788 | -2.5874
.80 -2.6485 | -2.7459 -2.5918 | -2.6893 -2.5375 | -2.6350 -2.4855 | -2.5830
.82 -2.6548 | -2.7415 -2.5981 | -2.6848 -2.5439 | -2.6306 -2.4918 | -2.5785
.84 -2.6609 | -2.7370 -2.6042 | -2.6804 -2.56500 | -2.6261 -2.4979 | -2.5741
.86 -2.6667 | -2.7326 -2.6101 | -2.6759 -2.55568 | -2.6217 -2.5037 | -2.5697
.88 -2.6723 | -2.7281 -2.6157 | -2.6715 -2.5614 | -2.6172 -2.5094 | -2.5652
.90 -2.6777 | -2.7237 -2.6210 | -2.6671 -2.6668 | -2.6128 -2.5147 | -2.5608
.92 -2.6829 | -2.7193 -2.6262 | -2.6626 -2.5720 | -2.6084 -2.5199 | -2.5564
.94 -2.6879 | -2.7149 -2.6312 | -2.6582 -2.5770 | -2.6040 -2.5249 | -2.5520
.96 -2.6927 | -2.7105 -2.6360 | -2.6538 -2.6818 | -2.5996 -2.5297 | -2.5476
.98 -2.6973 | -2.7061 -2.6406 | -2.6494 -2.5864 | -2.5952 -2.5343 | -2.5432
1.00 -2.7017 | -2.7017 -2.6451 | -2.6451 -2.5908 | -2.5908 -2.5388 | -2.6388
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Table D-5: 0.0965 < py < 0.1100 and Az, A4 <0

pa = 0.0965 p4 = 0.1010 pq = 0.1055 p4 = 0.1100
P3 A3 Ad Az Aq A3 Ad Az Aq
.02 -.6333 | -2.5095 -.4354 | -2.4509 -.3310 | -2.3940 -.2158 | -2.3383
.04 -1.0660 | -2.5534 -1.0013 | -2.4970 -.9381 [ -2.4426 -.8762 | -2.3900
.06 -1.3055 | -2.5773 -1.2456 | -2.5216 -1.1875 | -2.4679 -1.1311 | -2.4160
.08 -1.4628 | -2.5931 -1.4048 | -2.5377 -1.3488 | -2.4845 -1.2945 | -2.4330
10 -1.5797 | -2.6042 -1.5227 | -2.5491 -1.4678 | -2.4961 -1.4146 | -2.4450
A2 -1.6723 | -2.6121 -1.6160 | -2.5572 -1.5617 | -2.5044 -1.5092 | -2.4535
14 -1.7485 | -2.6178 -1.6927 | -2.5630 -1.6388 | -2.5104 -1.5869 | -2.4596
16 -1.8130 | -2.6217 -1.7575 | -2.5671 -1.7040 | -2.5145 -1.6524 | -2.4639
18 -1.8687 | -2.6243 -1.8134 | -2.5697 -1.7602 | -2.5173 -1.7088 | -2.4668
.20 -1.9174 | -2.6257 -1.8623 | -2.5713 -1.8093 | -2.5190 -1.7582 | -2.4685
.22 -1.9606 | -2.6263 -1.9056 | -2.5720 -1.8528 | -2.5197 -1.8018 | -2.4694
.24 -1.9992 | -2.6262 -1.9444 | -2.5719 -1.8917 | -2.5197 -1.8408 | -2.4694
.26 -2.0340 | -2.6255 -1.9793 | -2.5712 -1.9267 | -2.5191 -1.8760 | -2.4689
.28 -2.0656 | -2.6242 -2.0110 | -2.5700 -1.9585 | -2.5179 -1.9079 | -2.4678
.30 -2.0944 | -2.6225 -2.0399 | -2.5683 -1.9874 | -2.5163 -1.9369 | -2.4662
.32 -2.1208 | -2.6204 -2.0663 | -2.5663 -2.0140 | -2.5143 -1.9636 | -2.4642
.34 -2.1451 | -2.6180 -2.0907 | -2.5639 -2.0385 | -2.56120 -1.9881 | -2.4619
.36 -2.1676 | -2.6153 -2.1133 | -2.5613 -2.0611 | -2.5093 -2.0108 | -2.4593
.38 -2.1885 | -2.6124 -2.1342 | -2.5584 -2.0820 | -2.5064 -2.0318 | -2.4565
.40 -2.2079 | -2.6092 -2.1537 | -2.5552 -2.1016 | -2.5034 -2.0513 | -2.4534
42 -2.2260 | -2.6059 -2.1718 | -2.5519 -2.1198 | -2.5001 -2.0696 | -2.4501
.44 -2.2430 | -2.6024 -2.1888 | -2.5485 -2.1368 | -2.4966 -2.0866 | -2.4467
.46 -2.2588 | -2.5988 -2.2047 | -2.5448 -2.1527 | -2.4930 -2.1026 | -2.4431
.48 -2.2738 | -2.5950 -2.2197 | -2.5411 -2.1677 | -2.4893 -2.1176 | -2.4394
.50 -2.2878 | -2.5912 -2.2338 | -2.5373 -2.1818 | -2.4855 -2.1318 | -2.4356
.52 -2.3011 | -2.5872 -2.2470 | -2.5333 -2.1951 | -2.4815 -2.1451 | -2.4317
.54 -2.3136 | -2.6832 -2.2595 | -2.5293 -2.2076 | -2.4775 -2.1577 | -2.4277
.56 -2.3264 | -2.5791 -2.2714 | -2.5252 -2.2195 | -2.4734 -2.1695 | -2.4236
.58 -2.3366 | -2.5749 -2.2826 | -2.5210 -2.2308 | -2.4693 -2.1808 | -2.4195
.60 -2.3472 | -2.5707 -2.2933 | -2.5168 -2.2414 | -2.4651 -2.1915 | -2.4153
.62 -2.3573 | -2.5664 -2.3034 | -2.5126 -2.2515 | -2.4608 -2.2016 | -2.4110
.64 -2.3669 | -2.5621 -2.3130 | -2.5083 -2.2612 | -2.4565 -2.2113 | -2.4067
.66 -2.3760 | -2.5578 -2.3221 | -2.5039 -2.2703 | -2.4522 -2.2204 | -2.4024
.68 -2.3847 | -2.5534 -2.3308 | -2.4996 -2.2790 | -2.4479 -2.2292 | -2.3981
.70 -2.3930 | -2.5490 -2.3391 | -2.4952 -2.2874 | -2.4435 -2.2375 | -2.3937
72 -2.4009 | -2.5446 -2.3471 | -2.4908 -2.2953 | -2.4391 -2.2454 | -2.3893
74 -2.4085 | -2.5402 -2.3546 | -2.4864 -2.3029 | -2.4347 -2.2530 | -2.3849
.76 -2.4157 | -2.5357 -2.3619 | -2.4819 -2.3101 | -2.4302 -2.2603 | -2.3805
.78 -2.4227 | -2.5313 -2.3688 | -2.4775 -2.3171 | -2.4258 -2.2672 | -2.3760
.80 -2.4293 | -2.5269 -2.3754 | -2.4731 -2.3237 | -2.4214 -2.2739 | -2.3716
.82 -2.4357 | -2.5224 -2.3818 | -2.4686 -2.3301 | -2.4169 -2.2803 | -2.3671
.84 -2.4417 | -2.5180 -2.3879 | -2.4642 -2.3362 | -2.4125 -2.2864 | -2.3627
.86 -2.4476 | -2.5135 -2.3938 | -2.4597 -2.3420 | -2.4080 -2.2922 | -2.3583
.88 -2.4532 | -2.5091 -2.3994 | -2.4553 -2.3477 | -2.4036 -2.2979 | -2.3538
.90 -2.4586 | -2.5047 -2.4048 | -2.4509 -2.3531 | -2.3992 -2.3033 | -2.3494
.92 -2.4638 | -2.5002 -2.4100 | -2.4464 -2.3583 | -2.3947 -2.3085 | -2.3450
.94 -2.4688 | -2.4958 -2.4150 | -2.4420 -2.3633 | -2.3903 -2.3135 | -2.3406
.96 -2.4736 | -2.4914 -2.4198 | -2.4376 -2.3681 | -2.3859 -2.3183 | -2.3361
.98 -2.4782 | -2.4870 -2.4244 | -2.4332 -2.3727 | -2.3815 -2.3229 | -2.3317
1.00 -2.4827 | -2.4827 -2.4288 | -2.4288 -2.3771 | -2.3771 -2.3274 | -2.3274
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Table D-5: 0.115 < p4 < 0.130 and Az, A4 <0

pa =0.115 pa = 0.120 pa =0.125 pa = 0.130
P3 A3 Ad Az Aq A3 Ad Az Aq
.02 -.0648 | -2.2773
.04 -.8086 | -2.3335 -.7420 | -2.2787 -.6761 | -2.2256 -.6108 | -2.1740
.06 -1.0703 | -2.3604 -1.0110 | -2.3067 -.9533 | -2.2547 -.8969 | -2.2042
.08 -1.2361 | -2.3779 -1.1795 | -2.3247 -1.1246 | -2.2733 -1.0712 | -2.2234
10 -1.3576 | -2.3902 -1.3023 | -2.3373 -1.2489 | -2.2862 -1.1969 | -2.2367
A2 -1.4530 | -2.3989 -1.3986 | -2.3463 -1.3460 | -2.2955 -1.2949 | -2.2463
14 -1.5312 | -2.4053 -1.4774 | -2.3528 -1.4253 | -2.3022 -1.3749 | -2.2532
16 -1.5971 | -2.4097 -1.5437 | -2.3575 -1.4921 | -2.3070 -1.4421 | -2.2582
18 -1.6538 | -2.4127 -1.6008 | -2.3606 -1.5495 | -2.3103 -1.4998 | -2.2616
.20 -1.7034 | -2.4146 -1.6506 | -2.3626 -1.56996 | -2.3123 -1.5502 | -2.2638
.22 -1.7473 | -2.4155 -1.6946 | -2.3636 -1.6438 | -2.3134 -1.5947 | -2.2650
.24 -1.7864 | -2.4156 -1.7340 | -2.3638 -1.6834 | -2.3138 -1.6344 | -2.2654
.26 -1.8217 | -2.4151 -1.7694 | -2.3633 -1.7189 | -2.3134 -1.6701 | -2.2651
.28 -1.8537 | -2.4141 -1.8015 | -2.3624 -1.7511 | -2.3125 -1.7024 | -2.2642
.30 -1.8829 | -2.4125 -1.8308 | -2.3609 -1.7805 | -2.3110 -1.7319 | -2.2629
.32 -1.9096 | -2.4106 -1.8576 | -2.3590 -1.8074 | -2.3092 -1.7589 | -2.2611
.34 -1.9342 | -2.4084 -1.8823 | -2.3568 -1.8322 | -2.3070 -1.7838 | -2.2590
.36 -1.9570 | -2.4058 -1.9051 | -2.3543 -1.8551 | -2.3046 -1.8067 | -2.2565
.38 -1.9780 | -2.4030 -1.9262 | -2.3515 -1.8763 | -2.3018 -1.8280 | -2.2538
.40 -1.9976 | -2.3999 -1.9459 | -2.3485 -1.8960 | -2.2988 -1.8478 | -2.2509
42 -2.0159 | -2.3967 -1.9642 | -2.3453 -1.9144 | -2.2957 -1.8662 | -2.2477
.44 -2.0330 | -2.3933 -1.9814 | -2.3419 -1.9316 | -2.2923 -1.8834 | -2.2444
.46 -2.0490 | -2.3897 -1.9974 | -2.3384 -1.9477 | -2.2888 -1.8996 | -2.2409
.48 -2.0641 | -2.3861 -2.0125 | -2.3347 -1.9628 | -2.2851 -1.9147 | -2.2373
.50 -2.0783 | -2.3823 -2.0267 | -2.3309 -1.9770 | -2.2814 -1.9290 | -2.2335
.52 -2.0916 | -2.3784 -2.0401 | -2.3270 -1.9904 | -2.2775 -1.9424 | -2.2297
.54 -2.1042 | -2.3744 -2.0527 | -2.3230 -2.0031 | -2.2735 -1.9551 | -2.2257
.56 -2.1161 | -2.3703 -2.0647 | -2.3190 -2.0150 | -2.2695 -1.9671 | -2.2217
.58 -2.1274 | -2.3662 -2.0760 | -2.3149 -2.0264 | -2.2654 -1.9784 | -2.2176
.60 -2.1381 | -2.3620 -2.0867 | -2.3107 -2.0371 | -2.2612 -1.9892 | -2.2135
.62 -2.1482 | -2.3578 -2.0969 | -2.3065 -2.0473 | -2.2570 -1.9994 | -2.2092
.64 -2.1579 | -2.3535 -2.1065 | -2.3022 -2.0570 | -2.2528 -2.0091 | -2.2050
.66 -2.1671 | -2.3492 -2.1157 | -2.2979 -2.0662 | -2.2485 -2.0183 | -2.2007
.68 -2.1758 | -2.3448 -2.1245 | -2.2936 -2.0750 | -2.2441 -2.0271 | -2.1964
.70 -2.1842 | -2.3404 -2.1328 | -2.2892 -2.0833 | -2.2398 -2.0355 | -2.1920
72 -2.1921 | -2.3361 -2.1408 | -2.2848 -2.0913 | -2.2354 -2.0435 | -2.1876
74 -2.1997 | -2.3317 -2.1484 | -2.2804 -2.0989 | -2.2310 -2.0511 | -2.1833
.76 -2.2070 | -2.3272 -2.1557 | -2.2760 -2.1062 | -2.2266 -2.0584 | -2.1788
.78 -2.2140 | -2.3228 -2.1627 | -2.2716 -2.1132 | -2.2222 -2.0654 | -2.1744
.80 -2.2206 | -2.3184 -2.1693 | -2.2671 -2.1199 | -2.2177 -2.0721 | -2.1700
.82 -2.2270 | -2.3139 -2.1757 | -2.2627 -2.1263 | -2.2133 -2.0785 | -2.1656
.84 -2.2331 | -2.3095 -2.1818 | -2.2583 -2.1324 | -2.2088 -2.0846 | -2.1611
.86 -2.2390 | -2.3050 -2.1877 | -2.2538 -2.1383 | -2.2044 -2.0905 | -2.1567
.88 -2.2446 | -2.3006 -2.1934 | -2.2494 -2.1439 | -2.2000 -2.0962 | -2.1522
.90 -2.2500 | -2.2962 -2.1988 | -2.2449 -2.1493 | -2.1955 -2.1016 | -2.1478
.92 -2.2552 [ -2.2918 -2.2040 | -2.2405 -2.1546 | -2.1911 -2.1068 | -2.1434
.94 -2.2602 | -2.2873 -2.2090 | -2.2361 -2.1596 | -2.1867 -2.1118 | -2.1390
.96 -2.2650 | -2.2829 -2.2138 | -2.2317 -2.1644 | -2.1823 -2.1166 | -2.1346
.98 -2.2697 | -2.2785 -2.2184 | -2.2273 -2.1690 | -2.1779 -2.1213 | -2.1301
1.00 -2.2741 | -2.2741 -2.2229 | -2.2229 -2.1735 | -2.1735 -2.1258 | -2.1258
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Table D-5: 0.136 < p4 < 0.154 and Az, A4 <0

pa = 0.136 pga = 0.142 pqa = 0.148 pga = 0.154
p3 A3 A4 A3 Aq A3 Ad Az Aq
.04 -.6325 | -2.1138 -.4539 | -2.0551 -.3744 | -1.9979 -.2930 | -1.9419
.06 -.8307 | -2.1455 -.7659 | -2.0886 -.7024 | -2.0334 -.6399 | -1.9797
.08 -1.0088 | -2.1655 -.9482 | -2.1094 -.8892 | -2.0551 -.8315 | -2.0023
10 -1.1365 | -2.1793 -1.0779 | -2.1238 -1.0210 | -2.0700 -.9656 | -2.0178
A2 -1.2356 | -2.1892 -1.1782 | -2.1341 -1.1226 | -2.0807 -1.0685 | -2.0289
14 -1.3164 | -2.1964 -1.2598 | -2.1415 -1.2049 | -2.0884 -1.1517 | -2.0370
16 -1.3841 | -2.2016 -1.3281 | -2.1469 -1.2738 | -2.0941 -1.2212 | -2.0428
18 -1.4423 | -2.2051 -1.3866 | -2.1507 -1.3328 | -2.0980 -1.2806 | -2.0470
.20 -1.4929 | -2.2075 -1.4376 | -2.1532 -1.3842 | -2.1007 -1.3323 | -2.0498
.22 -1.5377 | -2.2088 -1.4827 | -2.1546 -1.4294 | -2.1023 -1.3779 | -2.0515
.24 -1.5776 | -2.2093 -1.5228 | -2.1552 -1.4698 | -2.1030 -1.4185 | -2.0524
.26 -1.6135 | -2.2091 -1.5589 | -2.1551 -1.5061 | -2.1030 -1.4549 | -2.0525
.28 -1.6460 | -2.2083 -1.5915 | -2.1544 -1.5389 | -2.1024 -1.4879 | -2.0520
.30 -1.6756 | -2.2070 -1.6213 | -2.1532 -1.6688 | -2.1013 -1.5180 | -2.0509
.32 -1.7027 | -2.2053 -1.6485 | -2.1516 -1.5961 | -2.0997 -1.5454 | -2.0494
.34 -1.7276 | -2.2033 -1.6736 | -2.1496 -1.6213 | -2.0977 -1.5707 | -2.0475
.36 -1.7507 | -2.2009 -1.6967 | -2.1472 -1.6445 | -2.0954 -1.5940 | -2.0453
.38 -1.7720 | -2.1982 -1.7181 | -2.1446 -1.6660 | -2.0929 -1.6156 | -2.0428
.40 -1.7919 | -2.1953 -1.7380 | -2.1418 -1.6860 | -2.0900 -1.6357 | -2.0400
42 -1.8104 | -2.1922 -1.7566 | -2.1387 -1.7046 | -2.0870 -1.6544 | -2.0370
.44 -1.8277 | -2.1889 -1.7739 | -2.1354 -1.7220 | -2.0838 -1.6718 | -2.0338
.46 -1.8438 | -2.1854 -1.7902 | -2.1320 -1.7383 | -2.0804 -1.6882 | -2.0305
.48 -1.8590 | -2.1818 -1.8054 | -2.1284 -1.7536 | -2.0768 -1.7035 | -2.0269
.50 -1.8733 | -2.1781 -1.8198 | -2.1247 -1.7680 | -2.0732 -1.7179 | -2.0233
.52 -1.8868 | -2.1743 -1.8333 | -2.1209 -1.7815 | -2.0694 -1.7315 | -2.0195
.54 -1.8995 | -2.1703 -1.8460 | -2.1170 -1.7943 | -2.0655 -1.7443 | -2.0157
.56 -1.9115 | -2.1663 -1.8581 | -2.1130 -1.8064 | -2.0615 -1.7564 | -2.0117
.58 -1.9229 | -2.1623 -1.8695 | -2.1090 -1.8178 | -2.0575 -1.7679 | -2.0077
.60 -1.9337 | -2.1581 -1.8803 | -2.1048 -1.8287 | -2.0534 -1.7788 | -2.0036
.62 -1.9439 | -2.1539 -1.8905 | -2.1006 -1.8390 | -2.0492 -1.7891 | -1.9994
.64 -1.9537 | -2.1497 -1.9003 | -2.0964 -1.8487 | -2.0450 -1.7989 | -1.9952
.66 -1.9629 | -2.1454 -1.9095 | -2.0921 -1.8580 | -2.0407 -1.8082 | -1.9910
.68 -1.9717 | -2.1411 -1.9184 | -2.0878 -1.8669 | -2.0364 -1.8170 | -1.9867
.70 -1.9801 | -2.1367 -1.9268 | -2.0835 -1.8753 | -2.0321 -1.8255 | -1.9824
72 -1.9881 | -2.1324 -1.9348 | -2.0791 -1.8833 | -2.0277 -1.8335 | -1.9780
74 -1.9958 | -2.1280 -1.9425 | -2.0748 -1.8910 | -2.0234 -1.8412 | -1.9737
.76 -2.0031 | -2.1236 -1.9498 | -2.0704 -1.8983 | -2.0190 -1.8486 | -1.9693
.78 -2.0101 | -2.1192 -1.9568 | -2.0659 -1.9054 | -2.0146 -1.8556 | -1.9649
.80 -2.0168 | -2.1147 -1.9635 | -2.0615 -1.9121 | -2.0101 -1.8623 | -1.9605
.82 -2.0232 | -2.1103 -1.9699 | -2.0571 -1.9185 | -2.0057 -1.8688 | -1.9560
.84 -2.0293 | -2.1059 -1.9761 | -2.0527 -1.9247 | -2.0013 -1.8749 | -1.9516
.86 -2.0352 | -2.1014 -1.9820 | -2.0482 -1.9306 | -1.9968 -1.8808 | -1.9472
.88 -2.0409 | -2.0970 -1.9876 | -2.0438 -1.9362 | -1.9924 -1.8865 | -1.9427
.90 -2.0463 | -2.0926 -1.9931 | -2.0393 -1.9417 | -1.9880 -1.8920 | -1.9383
.92 -2.0515 | -2.0881 -1.9983 | -2.0349 -1.9469 | -1.9835 -1.8972 | -1.9339
.94 -2.0566 | -2.0837 -2.0033 | -2.0305 -1.9519 | -1.9791 -1.9022 | -1.9294
.96 -2.0614 | -2.0793 -2.0082 | -2.0261 -1.9568 | -1.9747 -1.9071 | -1.9250
.98 -2.0660 | -2.0749 -2.0128 | -2.0217 -1.9614 | -1.9703 -1.9117 | -1.9206
1.00 -2.0705 | -2.0705 -2.0173 | -2.0173 -1.9659 | -1.9659 -1.9162 | -1.9162
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Table D-5: 0.161 < p4 < 0.182 and Az, A4 <0

5z = 0.161 Bz = 0.168 ps=0175 pz = 0.182

P3 A3 Ad Az Aq A3 Ad Az Aq
.04 -.1943 | -1.8777 -.0889 | -1.8143

.06 -.6681 | -1.9186 -.4971 | -1.8591 -.4268 | -1.8009 -.3567 | -1.7439
.08 -.7659 [ -1.9425 -.7018 | -1.8843 -.6389 [ -1.8277 -.B773 | -1.7723
10 -.9027 | -1.9587 -.8415 | -1.9013 -.7818 | -1.8455 -.7236 | -1.7912
A2 -1.0072 | -1.9703 -.9476 | -1.9135 -.8897 [ -1.8583 -.8333 | -1.8045
14 -1.0914 | -1.9788 -1.0330 | -1.9224 -.9762 [ -1.8676 -.9209 | -1.8143
16 -1.1616 | -1.9849 -1.1040 | -1.9289 -1.0480 | -1.8744 -.9935 | -1.8215

18 || -1.2216 | -1.9893 || -1.1645 | -1.9335 || -1.1091 | -1.8794 || -1.0552 | -1.8267
.20 || -1.2738 | -1.9924 || -1.2171 | -1.9368 || -1.1621 | -1.8828 || -1.1087 | -1.8304

22 [ -1.3197 | -1.9943 || -1.2633 | -1.9389 || -1.2087 [ -1.8851 -1.1557 | -1.8329
.24 || -1.3605 | -1.9953 || -1.3045 | -1.9400 |[ -1.2502 [ -1.8864 || -1.1974 | -1.8344
.26 || -1.3972 | -1.9955 || -1.3414 | -1.9404 || -1.2873 | -1.8870 || -1.2348 [ -1.8351
.28 || -1.4304 | -1.9951 -1.3748 | -1.9401 || -1.3209 | -1.8868 || -1.2686 | -1.8350
.30 || -1.4606 | -1.9941 -1.4052 | -1.9392 || -1.3515 | -1.8860 || -1.2993 | -1.8344

32 || -1.4882 | -1.9927 || -1.4329 | -1.9379 || -1.3794 | -1.8848 || -1.3274 [ -1.8333
.34 || -1.5136 | -1.9909 || -1.4585 | -1.9362 |[ -1.4050 | -1.8832 || -1.3532 [ -1.8317
.36 || -1.5370 | -1.9888 || -1.4820 | -1.9341 || -1.4287 | -1.8812 || -1.3770 [ -1.8298
.38 || -1.5587 | -1.9863 || -1.5038 | -1.9317 |[ -1.4506 | -1.8788 || -1.3990 [ -1.8275
40 | -1.5789 | -1.9836 || -1.5240 | -1.9290 || -1.4709 | -1.8762 || -1.4194 | -1.8250

42 || -1.5976 | -1.9806 || -1.5429 | -1.9261 |[ -1.4898 | -1.8734 || -1.4384 [ -1.8222
44 || -1.6152 | -1.9775 || -1.5605 | -1.9230 |[ -1.5075 | -1.8703 || -1.4561 [ -1.8192
46 (| -1.6316 | -1.9741 -1.5769 | -1.9198 || -1.5240 | -1.8671 -1.4727 | -1.8160
A48 || -1.6470 | -1.9707 || -1.5924 | -1.9163 || -1.5396 | -1.8637 || -1.4883 [ -1.8126
.50 || -1.6615 | -1.9671 -1.6069 | -1.9127 || -1.5541 | -1.8601 -1.5029 | -1.8091

.62 || -1.6751 | -1.9633 || -1.6206 | -1.9090 |[ -1.5679 | -1.8565 || -1.5167 [ -1.8055
.54 || -1.6880 | -1.9595 || -1.6335 | -1.9052 |[ -1.5808 [ -1.8527 || -1.5297 [ -1.8018
.56 || -1.7001 | -1.9556 || -1.6457 | -1.9013 |[ -1.5930 | -1.8488 || -1.5420 [ -1.7979
.68 || -1.7116 | -1.9516 || -1.6572 | -1.8973 |[ -1.6046 | -1.8449 || -1.5536 [ -1.7940
.60 || -1.7225 | -1.9475 || -1.6682 | -1.8933 || -1.6156 | -1.8408 || -1.5646 [ -1.7900

62 || -1.7328 | -1.9433 || -1.6785 | -1.8892 |[ -1.6260 | -1.8367 || -1.5750 [ -1.7859
.64 || -1.7427 | -1.9392 || -1.6884 | -1.8850 |[ -1.6358 | -1.8326 || -1.5849 [ -1.7817
.66 || -1.7520 | -1.9349 || -1.6977 | -1.8808 |[ -1.6452 | -1.8284 || -1.5943 [ -1.7776
.68 [| -1.7609 | -1.9306 || -1.7066 | -1.8765 || -1.6541 | -1.8241 || -1.6033 | -1.7733
70 [ -1.7693 | -1.9263 || -1.7151 | -1.8722 || -1.6626 | -1.8198 || -1.6118 [ -1.7690

72 || -1.7774 | -1.9220 || -1.7232 | -1.8679 || -1.6708 [ -1.8155 || -1.6199 [ -1.7647
.74 || -1.7851 | -1.9176 || -1.7309 | -1.8635 || -1.6785 [ -1.8112 || -1.6277 | -1.7604
76 || -1.7925 | -1.9132 || -1.7383 | -1.8591 |[ -1.6859 [ -1.8068 || -1.6351 [ -1.7560
78 || -1.7995 | -1.9089 || -1.7454 | -1.8548 |[ -1.6930 | -1.8024 || -1.6421 [ -1.7517
.80 [| -1.8063 | -1.9044 || -1.7521 | -1.8504 || -1.6997 | -1.7980 || -1.6489 [ -1.7473

.82 [ -1.8127 | -1.9000 || -1.7586 | -1.8459 |[ -1.7062 | -1.7936 || -1.6554 [ -1.7429
.84 [ -1.8189 | -1.8956 || -1.7648 | -1.8415 |[ -1.7124 [ -1.7892 || -1.6616 | -1.7384
.86 || -1.8248 | -1.8912 || -1.7707 | -1.8371 || -1.7183 | -1.7848 || -1.6676 | -1.7340
.88 [| -1.8305 | -1.8867 || -1.7764 | -1.8327 || -1.7240 | -1.7803 || -1.6733 [ -1.7296
.90 [| -1.8359 | -1.8823 || -1.7818 | -1.8282 || -1.7295 | -1.7759 || -1.6787 [ -1.7252

92 || -1.8412 | -1.8779 || -1.7871 | -1.8238 || -1.7347 | -1.7715 || -1.6840 [ -1.7207
94 || -1.8462 | -1.8734 || -1.7921 | -1.8194 |[ -1.7398 | -1.7670 || -1.6891 [ -1.7163
.96 (| -1.8511 | -1.8690 || -1.7970 | -1.8149 |[ -1.7446 | -1.7626 || -1.6939 [ -1.7119
.98 || -1.8557 | -1.8646 || -1.8016 | -1.8105 |[ -1.7493 | -1.7582 || -1.6986 [ -1.7075
1.00 || -1.8602 | -1.8602 |[ -1.8061 | -1.8061 || -1.7538 [ -1.7538 || -1.7031 | -1.7031
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Table D-5: 0.190 < p4 < 0.214 and Az, A4 <0

51 =0.190 51 =0.108 51 = 0.206 51 = 0.214
P3 A3 Ad Az Aq A3 Ad Az Aq
.06 -.2767 | -1.6799 -.1962 | -1.6169 -.1148 | -1.5545 -.0319 | -1.4925
.08 -.5082 [ -1.7105 -.4403 | -1.6501 -.3734 | -1.5907 -.3075 | -1.5322
10 -.6586 [ -1.7305 -.5950 | -1.6713 -.5329 [ -1.6134 -.4721 | -1.5565
A2 -.7705 | -1.7447 -.7092 | -1.6863 -.6495 [ -1.6293 -.5911 | -1.5735
14 -.8594 [ -1.7550 -.7996 | -1.6973 -.7413 | -1.6409 -.6844 | -1.5858
16 -.9330 | -1.7627 -.8741 | -1.7054 -.8168 | -1.6495 -.7609 | -1.5949
18 -.9954 [ -1.7682 -.9372 | -1.7114 -.8807 | -1.6559 -.8255 | -1.6017
.20 -1.0494 | -1.7722 -.9918 | -1.7157 -.9358 | -1.6605 -.8812 | -1.6067
.22 -1.0968 | -1.7750 -1.0396 | -1.7186 -.9840 [ -1.6638 -.9299 | -1.6103
.24 -1.1389 | -1.7767 -1.0821 | -1.7206 -1.0268 | -1.6659 -.9730 | -1.6126
.26 -1.1766 | -1.7775 -1.1201 | -1.7216 -1.0651 | -1.6672 -1.0116 | -1.6141
.28 -1.2106 | -1.7776 -1.1543 | -1.7219 -1.0997 | -1.6676 -1.0464 | -1.6147
.30 -1.2415 | -1.7771 -1.1855 | -1.7215 -1.1310 | -1.6674 -1.0780 | -1.6147
.32 -1.2698 | -1.7761 -1.2139 | -1.7206 -1.1596 | -1.6667 -1.1068 | -1.6141
.34 -1.2957 | -1.7747 -1.2400 | -1.7193 -1.1859 | -1.6655 -1.1332 | -1.6130
.36 -1.3196 | -1.7728 -1.2641 | -1.7176 -1.2101 | -1.6638 -1.1575 | -1.6115
.38 -1.3418 | -1.7707 -1.2863 | -1.7155 -1.2324 | -1.6618 -1.1800 | -1.6096
.40 -1.3623 | -1.7682 -1.3069 | -1.7131 -1.2532 | -1.6595 -1.2009 | -1.6074
42 -1.3814 | -1.7655 -1.3261 | -1.7104 -1.2725 | -1.6570 -1.2202 | -1.6049
.44 -1.3992 | -1.7625 -1.3441 | -1.7076 -1.2905 | -1.6542 -1.2383 | -1.6021
.46 -1.4159 | -1.7594 -1.3608 | -1.7045 -1.3073 | -1.6511 -1.2553 | -1.56992
.48 -1.4315 | -1.7561 -1.3765 | -1.7012 -1.3231 | -1.6479 -1.2711 | -1.5961
.50 -1.4462 | -1.7526 -1.3913 | -1.6978 -1.3379 | -1.6446 -1.2860 | -1.5928
.52 -1.4601 | -1.7490 -1.4052 | -1.6943 -1.3519 | -1.6411 -1.3000 | -1.5893
.54 -1.4731 | -1.7453 -1.4183 | -1.6906 -1.3650 | -1.6374 -1.3132 | -1.5857
.56 -1.4854 | -1.7415 -1.4306 | -1.6868 -1.3774 | -1.6337 -1.3256 | -1.5820
.58 -1.4971 | -1.7376 -1.4423 | -1.6830 -1.3891 | -1.6299 -1.3374 | -1.5782
.60 -1.5081 | -1.7336 -1.4534 | -1.6790 -1.4002 | -1.6259 -1.3486 | -1.5743
.62 -1.5186 | -1.7296 -1.4639 | -1.6750 -1.4108 | -1.6219 -1.3591 | -1.5703
.64 -1.5285 | -1.7254 -1.4738 | -1.6709 -1.4208 | -1.6179 -1.3691 | -1.5663
.66 -1.5379 | -1.7213 -1.4833 | -1.6667 -1.4303 | -1.6137 -1.3787 | -1.5622
.68 -1.5469 | -1.7171 -1.4923 | -1.6625 -1.4393 | -1.6096 -1.3877 | -1.5580
.70 -1.5555 [ -1.7128 -1.5009 | -1.6583 -1.4479 | -1.6053 -1.3963 | -1.56538
72 -1.5636 | -1.7085 -1.5090 | -1.6540 -1.4561 | -1.6011 -1.4045 | -1.5496
74 -1.5714 | -1.7042 -1.5168 | -1.6497 -1.4639 | -1.5968 -1.4124 | -1.5453
.76 -1.5788 | -1.6998 -1.5243 | -1.6454 -1.4713 | -1.5925 -1.4198 | -1.5410
.78 -1.6859 | -1.6955 -1.5314 | -1.6410 -1.4785 | -1.5881 -1.4270 | -1.5367
.80 -1.5927 | -1.6911 -1.5382 | -1.6366 -1.4853 | -1.5837 -1.4338 | -1.5323
.82 -1.5992 | -1.6867 -1.5447 | -1.6322 -1.4918 | -1.5794 -1.4403 | -1.5279
.84 -1.6054 | -1.6823 -1.5509 | -1.6278 -1.4980 | -1.5750 -1.4466 | -1.5235
.86 -1.6113 | -1.6778 -1.5569 | -1.6234 -1.5040 | -1.5705 -1.4526 | -1.5191
.88 -1.6171 | -1.6734 -1.5626 | -1.6190 -1.5097 | -1.5661 -1.4583 | -1.5147
.90 -1.6225 | -1.6690 -1.5681 | -1.6146 -1.5152 | -1.5617 -1.4638 | -1.5103
.92 -1.6278 | -1.6646 -1.5734 | -1.6101 -1.5205 | -1.5573 -1.4691 | -1.5059
.94 -1.6329 | -1.6601 -1.5784 | -1.6057 -1.56256 | -1.5529 -1.4742 | -1.5015
.96 -1.6377 | -1.6557 -1.5833 | -1.6013 -1.5304 | -1.5484 -1.4790 | -1.4970
.98 -1.6424 | -1.6513 -1.5880 | -1.5969 -1.5351 | -1.5440 -1.4837 | -1.4926
1.00 -1.6469 | -1.6469 -1.5925 | -1.56925 -1.56396 | -1.56396 -1.4882 | -1.4882
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Table D-5: 0.223 < p4 < 0.250 and Az, A4 <0

pi=0223 pr = 0.232 b1 = 0.241 bz = 0.250
p3 A3 A4 A3 Aq A3 Ad Az Aq
.08 -.2346 | -1.4674 -.1628 | -1.4032 -.0925 | -1.3395 -.0241 | -1.2761
10 -.4051 | -1.4937 -.3397 | -1.4318 -.2759 | -1.3707 -.2139 | -1.3102
A2 -.5270 [ -1.5118 -.4645 | -1.4513 -.4036 | -1.3917 -.3442 | -1.3328
14 -.6220 | -1.5250 -.5612 | -1.4654 -.5019 [ -1.4068 -.4441 | -1.3491
16 -.6997 [ -1.5348 -.6400 | -1.4759 -.5818 [ -1.4181 -.5250 | -1.3612
18 -.7651 [ -1.5421 -.7062 | -1.4838 -.6488 | -1.4266 -.5928 | -1.3703
.20 -.8214 | -1.5475 -.7631 | -1.4897 -.7063 | -1.4329 -.6509 | -1.3772
.22 -.8706 | -1.5514 -.8128 | -1.4939 -.7565 [ -1.4376 -.7015 | -1.3823
.24 -.9141 | -1.5541 -.8567 | -1.4970 -.8008 | -1.4410 -.7462 | -1.3860
.26 -.9530 | -1.5558 -.8960 | -1.4989 -.8404 | -1.4432 -.7861 | -1.3886
.28 -.9881 | -1.5567 -.9313 | -1.5000 -.8760 | -1.4446 -.8220 | -1.3902
.30 -1.0199 | -1.5568 -.9634 | -1.5004 -.9083 [ -1.4452 -.8544 | -1.3910
.32 -1.0489 | -1.5564 -.9926 | -1.5001 -.9377 | -1.4451 -.8841 | -1.3912
.34 -1.0755 | -1.5555 -1.0194 | -1.4993 -.9646 | -1.4445 -.9112 | -1.3908
.36 -1.1000 | -1.5541 -1.0440 | -1.4981 -.9894 | -1.4434 -.9361 | -1.3898
.38 -1.1226 | -1.5523 -1.0668 | -1.4965 -1.0123 | -1.4419 -.9591 | -1.3885
.40 -1.1436 | -1.5502 -1.0879 | -1.4945 -1.0335 | -1.4400 -.9805 | -1.3867
42 -1.1631 | -1.5478 -1.1075 | -1.4922 -1.0533 | -1.4378 -1.0003 | -1.3847
.44 -1.1813 | -1.5452 -1.1258 | -1.4896 -1.0716 | -1.4354 -1.0188 | -1.3823
.46 -1.1983 | -1.5423 -1.1429 | -1.4868 -1.0888 | -1.4327 -1.0360 | -1.3797
.48 -1.2142 | -1.5392 -1.1589 | -1.4838 -1.1049 | -1.4298 -1.0522 | -1.3769
.50 -1.2292 | -1.56360 -1.1739 | -1.4807 -1.1200 | -1.4267 -1.0674 | -1.3739
.52 -1.2432 | -1.5326 -1.1880 | -1.4773 -1.1342 | -1.4234 -1.0816 | -1.3707
.54 -1.2565 | -1.5290 -1.2013 | -1.4739 -1.1475 | -1.4200 -1.0950 | -1.3673
.56 -1.2690 | -1.5254 -1.2139 | -1.4702 -1.1602 | -1.4164 -1.1077 | -1.3638
.58 -1.2808 | -1.56216 -1.2257 | -1.4665 -1.1721 | -1.4128 -1.1197 | -1.3602
.60 -1.2920 | -1.5178 -1.2370 | -1.4627 -1.1833 | -1.4090 -1.1310 | -1.3565
.62 -1.3026 | -1.56138 -1.2476 | -1.4588 -1.1940 | -1.4052 -1.1417 | -1.3527
.64 -1.3127 | -1.5098 -1.2577 | -1.4548 -1.2041 | -1.4012 -1.1518 | -1.3488
.66 -1.3222 | -1.5058 -1.2673 | -1.4508 -1.2137 | -1.3972 -1.1615 | -1.3448
.68 -1.3313 | -1.5016 -1.2764 | -1.4467 -1.2229 | -1.3931 -1.1706 | -1.3408
.70 -1.3399 | -1.4974 -1.2851 | -1.4425 -1.2316 | -1.3890 -1.1793 | -1.3367
72 -1.3482 | -1.4932 -1.2933 | -1.4383 -1.2398 | -1.3848 -1.1876 | -1.3325
74 -1.3560 | -1.4890 -1.3012 | -1.4341 -1.2477 | -1.3806 -1.1955 | -1.3283
.76 -1.3635 | -1.4847 -1.3087 | -1.4298 -1.2553 | -1.3764 -1.2031 | -1.3241
.78 -1.3707 | -1.4803 -1.3159 | -1.4255 -1.2624 | -1.3721 -1.2103 | -1.3198
.80 -1.3775 | -1.4760 -1.3227 | -1.4212 -1.2693 | -1.3678 -1.2172 | -1.3155
.82 -1.3840 | -1.4716 -1.3293 | -1.4168 -1.2759 | -1.3634 -1.2237 | -1.3112
.84 -1.3903 | -1.4673 -1.3355 | -1.4125 -1.2821 | -1.3591 -1.2300 | -1.3069
.86 -1.3963 | -1.4629 -1.3415 | -1.4081 -1.2882 | -1.3547 -1.2360 | -1.3025
.88 -1.4020 | -1.4585 -1.3473 | -1.4037 -1.2939 | -1.3503 -1.2418 | -1.2981
.90 -1.4075 | -1.4540 -1.3528 | -1.3993 -1.2994 | -1.3459 -1.2473 | -1.2938
.92 -1.4128 | -1.4496 -1.3581 | -1.3949 -1.3047 | -1.3415 -1.2526 | -1.2894
.94 -1.4179 | -1.4452 -1.3632 | -1.3905 -1.3098 | -1.3371 -1.2577 | -1.2850
.96 -1.4228 | -1.4408 -1.3680 | -1.3861 -1.3147 | -1.3327 -1.2626 | -1.2806
.98 -1.4275 | -1.4364 -1.3727 | -1.3816 -1.3194 | -1.3283 -1.2672 | -1.2761
1.00 -1.4320 | -1.4320 -1.3772 | -1.3772 -1.3239 | -1.3239 -1.2717 | -1.2717
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Table D-5: 0.26 < p4 < 0.29 and Az, As <0

ps =026 b =027 bz — 028 ps =029
p3 A3 A4 A3 Aq A3 Ad Az Aq
10 -.1474 | -1.2434 -.0839 | -1.1771 -.0245 | -1.1110
A2 -.2803 | -1.2681 -.2188 | -1.2040 -.1600 | -1.1402 -.1047 | -1.0767
14 -.3817 | -1.2858 -.3214 | -1.2231 -.2632 | -1.1609 -.2076 | -1.0991
16 -.4636 | -1.2989 -.4041 | -1.2373 -.3464 | -1.1763 -.2908 | -1.1157
18 -.6322 | -1.3088 -.4732 | -1.2480 -.4160 | -1.1879 -.3605 | -1.1283
.20 -.5908 | -1.3163 -.5323 | -1.2562 -.4755 [ -1.1969 -.4202 | -1.1381
.22 -.6419 [ -1.3219 -.5838 | -1.2624 -.5273 | -1.2037 -.4722 | -1.1455
.24 -.6870 [ -1.3261 -.6293 | -1.2670 -.5730 [ -1.2088 -.5181 | -1.1512
.26 -.7272 | -1.3290 -.6698 | -1.2704 -.6137 | -1.2126 -.5590 | -1.1555
.28 -.7633 | -1.3309 -.7062 | -1.2727 -.6503 | -1.2152 -.5957 | -1.1585
.30 -.7961 | -1.3320 -.7391 | -1.2741 -.6834 [ -1.2170 -.6290 | -1.1606
.32 -.8259 [ -1.3324 -.7691 | -1.2747 -.7136 | -1.2179 -.6593 | -1.1619
.34 -.8532 | -1.3322 -.7966 | -1.2747 -.7412 | -1.2182 -.6871 | -1.1624
.36 -.8783 [ -1.3315 -.8218 | -1.2742 -.7666 | -1.2179 -.7125 | -1.1624
.38 -.9015 | -1.3303 -.8451 | -1.2732 -.7900 | -1.2171 -.7361 | -1.1618
.40 -.9229 [ -1.3287 -.8667 | -1.2718 -.8117 | -1.2159 -.7578 | -1.1607
42 -.9429 [ -1.3268 -.8867 | -1.2700 -.8318 | -1.2143 -.7780 | -1.1593
.44 -.9614 | -1.3246 -.9054 | -1.2679 -.8506 | -1.2123 -.7969 | -1.1575
.46 -.9788 [ -1.3221 -.9228 | -1.2656 -.8681 | -1.2101 -.8145 | -1.1554
.48 -.9950 [ -1.3194 -.9392 | -1.2630 -.8845 [ -1.2076 -.8309 | -1.1531
.50 -1.0103 | -1.3164 -.9545 | -1.2601 -.8998 [ -1.2049 -.8463 | -1.1505
.52 -1.0246 | -1.3133 -.9688 | -1.2571 -.9143 | -1.2019 -.8608 | -1.1477
.54 -1.0381 | -1.3100 -.9824 | -1.2539 -.9279 [ -1.1989 -.8744 | -1.1447
.56 -1.0508 | -1.3066 -.9951 | -1.2506 -.9407 [ -1.1956 -.8873 | -1.1415
.58 -1.0628 | -1.3031 -1.0072 | -1.2471 -.9527 [ -1.1922 -.8994 | -1.1382
.60 -1.0741 | -1.2994 -1.0186 | -1.2435 -.9642 [ -1.1887 -.9108 | -1.1347
.62 -1.0849 | -1.2957 -1.0293 | -1.2398 -.9750 [ -1.1850 -.9217 | -1.1312
.64 -1.0951 | -1.2918 -1.0396 | -1.2360 -.9852 | -1.1813 -.9319 | -1.1275
.66 -1.1047 | -1.2879 -1.0493 | -1.2321 -.9949 [ -1.1775 -.9417 | -1.1237
.68 -1.1139 | -1.2839 -1.0585 | -1.2282 -1.0042 | -1.1736 -.9509 | -1.1199
.70 -1.1226 | -1.2798 -1.0672 | -1.2242 -1.0130 | -1.1696 -.9597 | -1.1160
72 -1.1310 | -1.2757 -1.0756 | -1.2201 -1.0213 | -1.1656 -.9681 | -1.1120
74 -1.1389 | -1.2715 -1.0835 | -1.2160 -1.0293 | -1.1615 -.9761 | -1.1079
.76 -1.1464 | -1.2673 -1.0911 | -1.2118 -1.0368 | -1.1573 -.9836 | -1.1038
.78 -1.1537 | -1.2631 -1.0983 | -1.2076 -1.0441 | -1.1531 -.9909 | -1.0997
.80 -1.1605 | -1.2588 -1.1052 | -1.2033 -1.0510 | -1.1489 -.9978 | -1.0955
.82 -1.1671 | -1.2545 -1.1118 | -1.1990 -1.0576 | -1.1447 -1.0044 | -1.0913
.84 -1.1734 | -1.2502 -1.1181 | -1.1947 -1.0639 | -1.1404 -1.0107 | -1.0870
.86 -1.1794 | -1.2459 -1.1241 | -1.1904 -1.0699 | -1.1361 -1.0167 | -1.0827
.88 -1.1852 | -1.2415 -1.1299 | -1.1861 -1.0757 | -1.1318 -1.0225 | -1.0784
.90 -1.1907 | -1.2371 -1.1354 | -1.1817 -1.0812 | -1.1274 -1.0280 | -1.0741
.92 -1.1960 | -1.2327 -1.1407 | -1.1773 -1.0865 | -1.1231 -1.0333 | -1.0698
.94 -1.2011 | -1.2283 -1.1458 | -1.1730 -1.0915 | -1.1187 -1.0383 | -1.0654
.96 -1.2060 | -1.2239 -1.1506 | -1.1686 -1.0964 | -1.1143 -1.0432 | -1.0611
.98 -1.2106 | -1.2195 -1.1553 | -1.1642 -1.1011 | -1.1099 -1.0478 | -1.0567
1.00 -1.2151 | -1.2151 -1.1598 | -1.1598 -1.1056 | -1.1056 -1.0523 | -1.0523
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Table D-5: 0.301 < p4 <0.334 and Az, A4 <0

b1 = 0.301 pi=0312 pi= 0323 ps=0.334

03 A3 Ad A3 A A3 Ad A3 A4

12 [ -.0486 [ -1.0071
14 [ -.1499 [ -1.0314 || -.0965 -.9638 || -.0486 | -.8965 || -.0070 | -.8295
16 || -.2324 [ -1.0494 || -.1773 -.9833 || -.1263 | -.9174 || -.0800 | -.8515
.18 [ -.3018 [ -1.0632 || -.2458 -.9983 || -.1930 | -.9336 || -.1439 | -.8688
.20 || -.3614 | -1.0739 || -.3049 | -1.0100 || -.2510 | -.9462 || -.2001 | -.8825

.22 [ -.4134 | -1.0821 || -.3566 | -1.0190 || -.3021 | -.9562 || -.2501 | -.8933
.24 || -.4593 | -1.0884 || -.4024 | -1.0261 || -.3474 | -.9639 || -.2947 | -.9019
.26 (| -.5003 | -1.0932 || -.4433 | -1.0315 || -.3881 [ -.9700 || -.3348 | -.9087
28 || -.B6372 [ -1.0968 || -.4802 | -1.0356 || -.4248 | -.9746 || -.3711 | -.9139
.30 || -.6706 | -1.0993 || -.5136 | -1.0385 || -.4581 | -.9781 || -.4041 | -.9179

.32 || -.6010 | -1.1009 || -.5440 [ -1.0405 || -.4884 [ -.9806 || -.4343 | -.9208
.34 || -.6288 | -1.1018 || -.5718 | -1.0418 || -.5162 [ -.9822 || -.4620 | -.9229
.36 || -.6544 [ -1.1020 || -.5975 | -1.0423 || -.5418 [ -.9831 || -.4875 | -.9241
.38 || -.6780 | -1.1017 || -.6211 | -1.0423 || -.5655 [ -.9833 || -.5110 | -.9247
40 [ -.6998 | -1.1009 || -.6430 | -1.0417 || -.5874 | -.9831 || -.5329 | -.9248

42 | -.7201 | -1.0997 || -.6633 | -1.0407 || -.6077 | -.9823 || -.5532 | -.9243
44 | -.7390 | -1.0981 || -.6823 | -1.0394 || -.6266 | -.9812 |[ -.5721 | -.9234
46 || -.7566 | -1.0962 | -.6999 [ -1.0376 || -.6443 | -.9797 || -.5897 | -.9221
A48 || -.7731 | -1.0940 || -.7165 | -1.0356 || -.6609 | -.9778 || -.6062 | -.9205
.50 [| -.7886 | -1.0915 || -.7320 | -1.0333 || -.6764 | -.9757 || -.6217 | -.9185

.52 || -.8031 | -1.0888 || -.7465 | -1.0308 || -.6909 | -.9733 || -.6363 | -.9163
.54 || -.8168 | -1.0860 || -.7602 [ -1.0280 || -.7046 | -.9707 || -.6500 | -.9139
.56 || -.8297 [ -1.0829 || -.7731 | -1.0251 || -.7175 | -.9679 || -.6629 | -.9112
.58 || -.8418 | -1.0797 || -.7853 [ -1.0220 (| -.7297 [ -.9649 || -.6750 | -.9084
.60 || -.8533 | -1.0763 || -.7968 | -1.0187 || -.7412 | -.9618 || -.6865 | -.9054

.62 || -.8641 [ -1.0728 || -.8076 | -1.0153 || -.7521 | -.9585 || -.6974 | -.9022
.64 (| -.8744 | -1.0693 || -.8179 | -1.0118 || -.7624 | -.9551 || -.7077 | -.8989
.66 || -.8842 [ -1.0656 || -.8277 | -1.0082 || -.7722 | -.9516 || -.7174 | -.8955
.68 [| -.8935 | -1.0618 || -.8370 [ -1.0045 || -.7814 [ -.9479 || -.7267 | -.8920
.70 || -.9023 | -1.0579 || -.8458 [ -1.0007 || -.7902 | -.9442 || -.7354 | -.8883

72 || -.9106 | -1.0540 || -.8542 -.9968 || -.7986 | -.9404 || -.7438 | -.8846
.74 || -.9186 [ -1.0500 || -.8621 -.9929 || -.8065 | -.9366 || -.7517 | -.8808
76 || -.9262 [ -1.0459 || -.8697 -.9889 || -.8141 | -.9326 || -.7593 | -.8769
78 || -.9334 [ -1.0418 || -.8769 -.9849 || -.8213 | -.9286 || -.7665 | -.8730
.80 || -.9403 [ -1.0377 || -.8838 -.9808 || -.8282 | -.9246 || -.7734 | -.8690

.82 [ -.9469 [ -1.0335 || -.8904 -.9766 || -.8348 | -.9205 || -.7799 | -.8650
.84 (| -.9532 [ -1.0293 || -.8967 -.9724 || -.8411 | -.9164 || -.7862 | -.8609
.86 [| -.9592 [ -1.0250 || -.9027 -.9682 || -.8471 [ -.9122 || -.7921 | -.8568
.88 || -.9650 | -1.0208 (| -.9085 -.9640 || -.8528 [ -.9080 || -.7978 | -.8526
.90 || -.9705 [ -1.0165 || -.9140 -.9597 || -.8583 [ -.9038 || -.8033 | -.8484

.92 || -.9758 [ -1.0121 || -.9192 -.9554 || -.8635 | -.8995 || -.8085 | -.8442
.94 | -.9808 [ -1.0078 || -.9243 -9511 || -.8685 [ -.8952 || -.8135 | -.8400
.96 || -.9857 [ -1.0035 || -.9291 -.9468 || -.8733 | -.8909 || -.8183 | -.8358
.98 || -.9903 -.9991 || -.9337 -.9425 || -.8779 | -.8866 || -.8228 | -.8315
1.00 || -.9948 -.9948 [| -.9381 -.9381 || -.8823 | -.8823 || -.8272 | -.8272
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Table D-5: 0.346 < p4 < 0.382 and Az, A4 <0

p4 =0.346 p4 = 0.358 p4 =0.370 p4 = 0.382

03 A3 Ad A3 Ad A3 Ad A3 A4

.16 || -.0360 | -.7799
A8 || -.0954 | -.7982 || -.0533 | -.7277 || -.0184 | -.6575
.20 || -.1488 [ -.8130 |[ -.1025 | -.7433 || -.0624 | -.6736 || -.0291 | -.6042

22 || -.1967 | -.8247 || -.1476 | -.7560 || -.1036 | -.6870 || -.0655 | -.6179
.24 || -.2400 [ -.8342 || -.1888 | -.7662 || -.1419 | -.6980 || -.1002 | -.6294
.26 || -.2791 [ -.8417 || -.2265 | -.7745 || -.1775 | -.7070 |[ -.1328 | -.6391
28 || -.3147 | -.8476 || -.2610 | -.7812 || -.2104 | -.7144 || -.1635 | -.6471
.30 || -.3472 [ -.8522 |[ -.2926 | -.7864 || -.2408 | -.7203 || -.1922 | -.6536

.32 || -.3770 [ -.8557 |[ -.3218 | -.7905 || -.2689 | -.7250 || -.2190 | -.6589
.34 || -.4044 | -.8583 || -.3487 | -.7936 || -.2951 | -.7286 || -.2440 | -.6631
.36 || -.4296 [ -.8600 || -.3735 | -.7958 || -.3193 | -.7313 || -.2673 | -.6663
.38 || -.4530 [ -.8610 || -.3966 | -.7972 || -.3419 | -.7332 || -.2891 | -.6688
40 || -.4747 | -.8614 || -.4180 | -.7980 || -.3629 | -.7344 || -.3095 | -.6704

42 || -.4949 [ -.8612 || -.4380 | -.7982 || -.3825 | -.7350 || -.3286 | -.6715
44 || -.5137 | -.8606 || -.4566 | -.7979 || -.4008 | -.7351 || -.3465 | -.6719
46 || -.6313 [ -.8596 || -.4740 | -.7972 || -.4180 | -.7347 || -.3634 | -.6719
A48 || -.5477 | -.8582 |[ -.4904 | -.7961 || -.4341 | -.7339 || -.3791 | -.6715
.50 || -.6632 | -.8565 || -.5057 | -.7947 || -.4493 | -.7328 || -.3940 | -.6706

.62 || -.b777 | -.8545 || -.5201 | -.7929 || -.4635 | -.7313 || -.4080 | -.6694
.54 || -.6913 [ -.8523 |[ -.5336 | -.7909 || -.4769 | -.7295 || -.4212 | -.6679
.56 || -.6042 [ -.8498 || -.5464 | -.7886 || -.4895 | -.7274 || -.4336 | -.6661
.68 || -.6163 [ -.8471 || -.5584 | -.7861 || -.5015 | -.7252 || -.4453 | -.6640
.60 || -.6277 | -.8443 || -.5698 | -.7834 || -.5127 | -.7227 || -.4565 | -.6618

.62 || -.6386 [ -.8412 |[ -.5806 | -.7806 || -.5234 | -.7200 || -.4670 | -.6593
.64 || -.6488 [ -.8381 |[ -.5908 | -.7775 || -.5335 | -.7171 || -.4769 | -.6566
.66 || -.6685 [ -.8348 || -.6004 | -.7744 || -.5431 | -.7141 || -.4864 | -.6538
.68 || -.6678 [ -.8314 |[ -.6096 | -.7711 || -.5521 | -.7110 || -.4953 | -.6509
.70 || -.6765 | -.8278 || -.6183 | -.7677 || -.5608 | -.7077 || -.5038 | -.6478

72 || -.6848 [ -.8242 |[ -.6266 | -.7642 || -.5689 | -.7044 || -.5119 | -.6445
.74 || -.6927 [ -.8205 || -.6344 | -.7606 || -.5767 | -.7009 || -.5196 | -.6412
.76 || -.7003 [ -.8167 || -.6419 | -.7569 || -.5841 | -.6973 || -.5269 | -.6378
78 || -.7074 | -.8129 || -.6490 | -.7532 || -.5912 | -.6937 || -.5338 | -.6343
.80 || -.7142 | -.8090 || -.6558 | -.7493 || -.5979 | -.6900 || -.5404 | -.6307

.82 || -.7208 [ -.8050 || -.6623 | -.7455 || -.6043 | -.6862 || -.5467 | -.6270
.84 || -.7270 | -.8010 || -.6684 | -.7415 || -.6104 | -.6823 || -.5527 | -.6233
.86 || -.7329 [ -.7969 || -.6743 | -.7375 || -.6162 | -.6785 || -.5585 | -.6195
.88 || -.7386 [ -.7928 || -.6799 | -.7335 || -.6217 | -.6745 || -.5639 | -.6157
.90 || -.7440 | -.7887 || -.6853 | -.7295 || -.6270 | -.6705 || -.5691 | -.6118

92 || -.7492 [ -.7846 || -.6904 | -.7254 || -.6321 | -.6665 || -.5741 | -.6079
.94 || -.7541 [ -.7804 || -.6953 | -.7213 || -.6369 | -.6625 || -.5789 | -.6039
.96 || -.7588 [ -.7762 |[ -.7000 | -.7171 || -.6416 | -.6584 || -.5834 | -.5999
98 || -.7634 | -.7720 || -.7045 | -.7129 || -.6460 | -.6543 || -.5877 | -.5959
1.00 || -.7677 | -.7677 || -.7088 | -.7088 || -.6502 | -.6502 || -.5919 | -.5919
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Table D-5: 0.394 < p4 < 0.430 and Az, A4 <0

pa = 0.304 pz = 0.406 ps = 0418 Bz = 0.430
p3 A3 A4 A3 Aq A3 Aq Az Ad
.20 -.0032 | -.5353
.22 -.0341 | -.5489 -.0099 [ -.4805
.24 -.0643 | -.5607 -.0350 | -.4921 -.0127 | -.4240
.26 -.0934 | -.5708 -.0599 | -.5023 -.0330 | -.4339 -.0130 | -.3659
.28 -.1212 | -.5793 -.0842 [ -.5111 -.05633 | -.4426 -.0290 | -.3742
.30 -.1475 | -.5864 -.1076 | -.5185 -.0732 | -.4502 -.0452 | -.3816
.32 -.1724 | -.5922 -.1301 | -.5248 -.0928 | -.4568 -.0613 | -.3882
.34 -.1959 [ -.5970 -.1516 | -.5301 -.1117 | -.4623 -.0772 | -.3938
.36 -.2180 | -.6007 -.1720 | -.5343 -.1300 | -.4670 -.0929 | -.3987
.38 -.2388 | -.6037 -.1914 | -.5377 -.1475 | -.4708 -.1081 | -.4029
.40 -.2583 | -.6058 -.2097 | -.5404 -.1643 | -.4739 -.1229 | -.4063
.42 -.2767 | -.6073 -.2270 | -.5423 -.1803 | -.4763 -.1371 | -.4091
.44 -.2940 | -.6082 -.2435 | -.5436 -.1955 [ -.4781 -.1508 | -.4112
.46 -.3102 | -.6086 -.2590 | -.5444 -.2100 | -.4793 -.1639 | -.4128
.48 -.3256 | -.6085 -.2736 | -.5447 -.2238 | -.4800 -.1765 | -.4140
.50 -.3400 | -.6080 -.2875 | -.5446 -.2368 | -.4802 -.1885 | -.4146
.52 -.3536 | -.6071 -.3006 | -.5441 -.2493 | -.4801 -.2000 | -.4149
.54 -.3665 | -.6059 -.3130 | -.5432 -.2610 | -.4796 -.2109 | -.4147
.56 -.3786 | -.6044 -.3248 | -.5420 -.2722 | -.4787 -.2213 | -.4142
.b& -.3901 | -.6026 -.3359 [ -.5405 -.2829 [ -.4776 -.2313 | -.4134
.60 -.4010 | -.6005 -.3464 | -.5388 -.2929 [ -.4761 -.2407 | -.4124
.62 -.4113 | -.5983 -.3564 | -.5368 -.3025 | -.4744 -.2498 | -.4110
.64 -.4211 | -.5959 -.3659 | -.5346 -.3116 | -.4726 -.2583 | -.4095
.66 -.4303 | -.5933 -.3749 | -.5322 -.3203 | -.4705 -.2665 | -.4077
.68 -.4391 | -.5905 -.3835 | -.5297 -.3285 | -.4682 -.2743 | -.4057
.70 -.4474 | -.5876 -.3916 | -.5270 -.3363 | -.4657 -.2817 | -.4035
72 -.4554 | -.5845 -.3993 [ -.5242 -.3437 | -.4631 -.2887 | -.4012
.74 -.4629 [ -.5814 -.4066 | -.5212 -.3508 | -.4604 -.2954 | -.3988
.76 -.4700 | -.5781 -.4136 | -.5181 -.3575 | -.4576 -.3018 | -.3962
.78 -.4769 | -.5748 -.4202 | -.5149 -.3639 | -.4546 -.3079 | -.3935
.80 -.4833 | -.5713 -.4266 | -.5117 -.3700 | -.4515 -.3137 | -.3906
.82 -.4895 [ -.5678 -.4326 | -.5083 -.3758 | -.4484 -.3192 | -.3877
.84 -.4954 | -.5642 -.4383 | -.5049 -.3813 | -.4451 -.3245 | -.3847
.86 -.5010 | -.5605 -.4438 | -.5014 -.3866 | -.4418 -.3295 | -.3816
.88 -.5064 | -.5568 -.4490 | -.4978 -.3916 | -.4384 -.3343 | -.3785
.90 -.5115 | -.5531 -.4539 [ -.4942 -.3964 | -.4350 -.3388 | -.3753
.92 -.5163 | -.5493 -.4587 | -.4905 -.4010 | -.4315 -.3431 | -.3720
.94 -.5210 | -.5454 -.4632 | -.4868 -.4053 | -.4280 -.3472 | -.3687
.96 -.5254 [ -.5415 -.4675 | -.4831 -.4094 | -.4244 -.3511 | -.3653
.98 -.5297 | -.56376 -.4716 | -.4793 -.4134 | -.4208 -.3549 | -.3619

1.00 -.5337 | -.5337 -.4755 | -.4755 -4171 | -.4171 -.3584 | -.3584
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Table D-5: 0.442 < p4 < 0.478 and Az, A4 <0

pg = 0.442 pg = 0.454 pa = 0.466 pa = 0478
P3 A3 Aq A3 Aq A3 Aq Az Ad
.28 -.0114 | -.3064 -.0003 | -.2397
.30 -.0237 | -.3132 -.0089 [ -.2455 -.0002 | -.1789 .0033 | -.1140
.32 -.0363 | -.3194 -.0179 | -.2509 -.0060 | -.1832 0001 | -.1168
.34 -.0489 | -.3249 -.0272 | -.2558 -.0121 | -.1872 -.0032 | -.1196
.36 -.0615 | -.3297 -.0366 | -.2603 -.0184 | -.1909 -.0068 | -.1222
.38 -.0740 | -.3339 -.0461 | -.2643 -.0250 | -.1943 -.0106 | -.1247
.40 -.0863 | -.3375 -.05657 | -.2678 -.0316 | -.1974 -.0145 | -.1270
.42 -.0984 | -.3406 -.0652 [ -.2708 -.0384 | -.2002 -.0186 | -.1291
.44 -.1102 | -.3430 -.0746 | -.2734 -.0452 | -.2026 -.0227 | -.1310
.46 -.1215 | -.3450 -.0839 [ -.2756 -.0520 [ -.2047 -.0269 | -.1327
.48 -.1326 | -.3465 -.0930 | -.2773 -.0688 | -.2065 -.0312 | -.1342
.50 -.1432 | -.3475 -.1018 | -.2786 -.0655 [ -.2079 -.0355 | -.1355
.52 -.1534 | -.3481 -.1104 | -.2796 -.0721 | -.2090 -.0398 | -.1366
.54 -.1632 | -.3484 -.1188 | -.2802 -.0786 | -.2099 -.0441 | -.1374
.56 -.1726 | -.3483 -.1268 | -.2804 -.0850 | -.2104 -.0484 | -.1381
.b& -.1816 | -.3478 -.1346 | -.2804 -.0912 | -.2107 -.0526 | -.1386
.60 -.1903 | -.3471 -.1421 | -.2801 -.0972 | -.2107 -.0568 | -.1388
.62 -.1985 | -.3462 -.1493 | -.2795 -.1031 | -.2105 -.0609 | -.1389
.64 -.2064 | -.3449 -.1563 | -.2786 -.1087 | -.2101 -.0649 | -.1388
.66 -.2139 | -.3435 -.1629 [ -.2776 -.1142 | -.2095 -.0688 | -.1386
.68 -.2211 | -.3419 -.1693 | -.2764 -.1194 | -.2086 -.0726 | -.1382
.70 -.2279 | -.3401 -.1754 | -.2749 -.1245 | -.2076 -.0763 | -.1376
72 -.2345 | -.3381 -.1812 | -.2733 -.1294 | -.2065 -.0799 | -.1369
.74 -.2407 | -.3359 -.1868 | -.2716 -.1341 | -.2051 -.0833 | -.1360
.76 -.2466 | -.3337 -.1921 | -.2696 -.1385 | -.2037 -.0866 | -.1351
.78 -.2523 | -.3313 -.1972 | -.2676 -.1428 | -.2021 -.0898 | -.1340
.80 -.2577 | -.3287 -.2020 | -.2655 -.1469 | -.2003 -.0929 | -.1328
.82 -.2628 | -.3261 -.2066 | -.2632 -.1508 | -.1985 -.0959 | -.1315
.84 -.2677 | -.3234 -.2110 | -.2608 -.1546 | -.1966 -.0987 | -.1302
.86 -.2724 | -.3206 -.2152 | -.2584 -.1582 [ -.1946 -.1014 | -.1287
.88 -.2768 | -.3177 -.2192 | -.2559 -.1616 | -.1925 -.1040 | -.1272
.90 -.2810 | -.3148 -.2230 | -.25633 -.1648 | -.1904 -.1064 | -.1256
.92 -.2850 | -.3118 -.2266 | -.2506 -.1679 | -.1881 -.1087 | -.1240
.94 -.2889 [ -.3087 -.2301 | -.2479 -.1708 | -.1859 -.1110 | -.1223
.96 -.2925 [ -.3056 -.2334 | -.2451 -.1736 | -.1835 -.1131 | -.1205
.98 -.2960 | -.3025 -.2365 | -.2423 -.1762 | -.1811 -.1151 | -.1188
1.00 -.2993 | -.2993 -.2394 | -.2394 -.1787 | -.1787 -.1169 | -.1169
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Appendix E

The Normal Distribution

A random variable X is said to have the normal distribution N(u,c?) if (for
some —o0 < p < 400, 02> 0)

1 o=
fx(z) = 6_%(%)2 —w<r<+o0o.

V21 o

The table on the following two pages gives for various values of y (when
p =0 and 0 = 1) the probability P[X <y| = [Y_ fx(z)dz. A table entry
is either a number, a, or a number, a, and an exponent, b. If an exponent is
not present, then a is the value of the integral to 4 significant digits. If an
exponent, b, is present, then it signifies the number of 0s (in case y < 0) or
the number of 9s (in case y > 0) that must be inserted immediately following
the decimal point of a. For example, if y = —3.26, a = .5771 and b = 3;
hence the value of the integral is .0005771. If y = 4.52, then o = .6908 and
b = 5; hence the value of the integral is .999996908.

This table is from Appendix C of Modern Statistical, Systems, and GPSS
Simulation, Second Edition, by Z.A. Karian and E.J. Dudewicz, CRC Press
(1999), pp. 470-471. Reprinted with the permission of CRC Press.
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The Normal Distribution (continues)

y 9 8 7 6 5 4 3 2 1 0
-4.90 | .3019% | .3179% | .33475 | .3524% | .3710° [ .3906° | .4111°% | .4327% | .4554% | 47926
-4.80 | .50428 | 53048 | 55808 | .58696 | .6173% | 64026 | 68265 | 71788 | 75465 | .79336
-4.70 | .83396 | .87656 | .02116 | 96795 | .10173 | .10695 | .11235 | .11795 | .12395 | .13015
-4.60 | .1366° | .14345 | .15065 | .15815 | .16605 | .17425 | .1828% | .1919% | .2013% | .21125
-4.50 | .2216% | .23255 | .24395 | 25585 | .26825 | .28135 | .2949% | 30025 | .32415 | .33985
-4.40 | .3561°5 | .37325 | .3011° | 40985 | 42045 | 44985 | .47125 | 409355 | 5169° | 54135
-4.30 | .56685 | .59345 | 62125 | .65035 | .68075 | .71245 | .74555 | 78015 | .81635 | .8540°
-4.20 | .89345 | .93455 | .97745 | .1022% | .1069% | .1118% | .1168* | .1222% | .1277% | .1335%
-4.10 | .1395% | .1458% | .1523% | .1591% | .1662% | .17374 | .1814% | .18944 | .1978% | .2066%
-4.00 | .2157% | .2252% | .2351% | .2454% | .2561% | .2673% | .2789* | .2910%* | .3036% | .3167%
-3.90 | .3304% | .3446% | .3504% | 37474 | .3908% | 40747 | .4247% | .4427% | 46157 | .4810%
-3.80 | .5012* | .5223% | .5442* | .5669* | .5906%* | .6152* | .6407* | .6673* | .6948* | .7235%
-3.70 | .7532% | .7841% | .8162% | .8496% | .8842% | .9201* | .9574* | .9961* | .1036° | .10783
-3.60 | .1121% | .11663 | .12133 | .1261% | .1311% | .1363% | .1417% | .1473% | .1531% | .15913
-3.50 | .1653% | .1718% | .17853 | .18543 | .19263 | .2001% | .20783% | .2158% | .22413 | .23263
-3.40 | 24153 | .25073 | .26023 | .27013 | .28033 | .29093 | .30183 | .31315 | .32483 | .3369°
-3.30 | .3495% | .36243 | .37583 | .38973 | .4041° | 41893 | 43423 | 45013 | .4665° | .48343
-3.20 | .5009° | .5190% | .53773 | .5571% | .5770% | .5976° | .6190° | .6410° | .6637° | .6871°
-3.10 | 71143 | 73643 | 76223 | 78883 | .81643 | .84473 | .8740% | .00433 | .03543 | 96763
-3.00 | .10012 | .10352 | .10702 | .11072 | .11442 | .11832 | .12232 | .12642 | .13062 | .13502
-2.90 | 13952 | .14412 | .14892 | .15382 | .15892 | .16412 | .1695% | .1750% | .18072 | .18662
-2.80 | .19262 | .19882 | .20522 | .21182 | .21862 | .22562 | .23272 | .24012 | .24772 | .25552
-2.70 | .26352 | .27182 | .28032 | .28902 | .29802 | .30722 | .3167% | .32642 | .33642 | .34672
-2.60 | .35732 | .36812 | .37932 | .30072 | .40252 | 41452 | .4269% | 43962 | .45272 | .46612
-2.50 | .47992 | .49402 | .50852 | .52342 | .53862 | .55432 | .57032 | .58682 | .60372 | .62102
-2.40 | .6387% | .65692 | .67562 | .69472 | 71437 | 73442 | .7549% | .7760% | .7976% | .81982
-2.30 | .84242 | .86562 | .88942 | .01372 | .93872 | .96422 | .99032 | .1017! | .1044! | .10721
-2.20 | .1101% | .1130% | .1160% | 11911 | .12221 | .12551 | .12871 | .13211 | .13551 | .1390!
-2.10 | .1426 | .14631 | .15001 | .1539% | .15781 | .16181 | .16591 | .17001 | .1743! | .17861
-2.00 | .18311 | .18761 | .19231 | .19701 | .20181 | .20681 | .21181 | .21691 | .2222! | 22751
-1.90 | 23301 | .23851 [ 24421 | .2500T | .25591 | .26191 | .2680T | 27431 | 28071 | .28721
-1.80 | 29381 | 3005 | .3074 | 3144 | 32161 | .32881 | .3362 | .34381 | .3515 | .3593!
-1.70 | .36731 | .37541 | .38361 | .39201 | .40061 | 40931 | 41821 | 42721 | 43631 | .44571
-1.60 | 45511 | .46481 | 47461 | .48461 | 49471 | 50501 | 51551 | 52621 | 53701 | .54801
-1.50 | .55921 | 57051 | 58211 | 5938 | 60571 | 61781 | .6301' | .6426 | .65521 | 66811
-1.40 | 68117 | .6944T | 70787 | 72157 | 73531 | 74031 | 7636 | 77801 | 79271 | 8076
-1.30 | .82261 | .83791 | .85341 | 86911 | .88511 | 9012 | 9176 | 93421 | .9510" | .9680!
-1.20 | 98531 | .1003 | .1020 | .1038 | .1056 | .1075 | .1093 | .1112 | .1131 | .1151
-1.10 | .1170 | .1190 | .1210 | .1230 | .1251 | .1271 | .1292 | .1314 | .1335 | .1357
-1.00 | .1379 | .1401 | .1423 | .1446 | .1469 | .1492 | .1515 | .1539 | .1562 | .1587

-90 | .1611 | .1635 | .1660 | .1685 | .1711 | .1736 | .1762 | .1788 | .1814 | .1841
-.80 | .1867 | .1894 | .1922 | .1949 | .1977 | .2005 | .2033 | .2061 | .2090 | .2119
-70 | 2148 | 2177 | .2206 | .2236 | .2266 | .2296 | .2327 | .2358 | .2389 | .2420
-60 | .2451 | .2483 | .2514 | .2546 | .2578 | .2611 | .2643 | .2676 | .2709 | .2743
-50 | 2776 | 2810 | .2843 | .2877 | .2912 | .2946 | .2081 | .3015 | .3050 | .3085
-40 | 3121 | 3156 | 3192 | .3228 | .3264 | .3300 | .3336 | .3372 | .3409 | .3446
-30 | .3483 | .3520 | .3557 | .3594 | .3632 | .3669 | .3707 | .3745 | .3783 | .3821
-20 | .3859 | .3897 | .3936 | .3974 | .4013 | .4052 | .4090 | .4129 | .4168 | .4207
-10 | 4247 | 4286 | 4325 | .4364 | .4404 | 4443 | .4483 | .4522 | 4562 | .4602
-0.00 | .4641 | 4681 | .4721 | .4761 | .4801 | .4840 | .48%0 | .4920 | .4960 | .5000
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The Normal Distribution (concluded)

y 0 1 2 3 4 5 6 7 8 9
.00 | .5000 | .5040 | .5080 | .5120 | .5160 | .5199 | .5239 | .5279 | 5319 | .5359
10 | .5398 | .5438 | 5478 | .5517 | .5557 | 5596 | .5636 | .5675 | 5714 | .5753
20 | 5793 | .5832 | 5871 | .5910 | .5948 | 5987 | .6026 | .6064 | .6103 | .6141
30 | 6179 | .6217 | 6255 | .6203 | .6331 | 6368 | .6406 | .6443 | .6480 | .6517
40 | .6554 | .6591 | .6628 | .6664 | .6700 | 6736 | .6772 | .6808 | .6844 | .6879
50 | .6915 | .6950 | .6985 | .7019 | .7054 | 7088 | .7123 | .7157 | .7190 | .7224
60 | 7257 | 7291 | 7324 | 7357 | 7389 | 7422 | 7454 | .7486 | .7517 | .7549
70 | 7580 | 7611 | 7642 | 7673 | 7704 | 7734 | 7764 | 7794 | 7823 | .7852
80 | .7881 | .7910 | .7939 | .7967 | .7995 | .8023 | .8051 | .8078 | .8106 | .8133

9| 8159 | .8186 | .8212 | .8238 | .8264 | .8289 | .8315 | .8340 | .8365 | .8389

1.00 | .8413 | .8438 | .8461 | .8485 | .8508 | .8531 | .8554 | .8577 | .8599 | .8621
1.10 | .8643 | .8665 | .8686 | .8708 | .8729 | .8749 | .8770 | .8790 | .8810 | .8830
1.20 | .8849 | .8869 | .8888 | .8907 | .8925 | .8944 | .8962 | .8980 | .8997 | .0148!
1.30 | .0320% | .04901 | .06581 | .08241 | .09881 | .1149! | .13091 | .14661 | .16211 | .17741
1.40 | .19241 | 20731 | .22201 | .23641 | 25071 | 2647 | 27851 | 29221 | 3056 | .31891
1.50 | .3319T | 34481 | 35741 | 36991 | 38221 | .3043% | 40621 | 41791 | 42951 | .44081
1.60 | .45201 | 46301 | .47381 | 48451 | 49501 | .5053% | 51541 | 52541 | 53521 | .54491
1.70 | .55431 | 56371 | .57281 | 58181 | 59071 | 59941 | 60801 | 61641 | .62461 | .63271
1.80 | .64071 | .64851 | .65621 | .66381 | 67121 | 67841 | .68561 | 69261 | .69951 | .70621
1.90 | .71281 | 71931 | .72571 | 73201 | 73811 | 7441t | 75001 | 75581 | 76151 | .76701
2.00 | .7725T | 777l | 78311 | 78821 | 79321 | 7982 | .8030T | 80771 | .8124T | .81691
2.10 | .82141 | 82571 | .83001 | .83411 | .83821 | .84221 | .84611 | .85001 | .85371 | .85741
2.20 | .86101 | 86451 | 86791 | .87131 | 87451 | 87781 | .88091 | .88401 [ .8870 | .8899!
2.30 | .89281 | 89561 | .89831 | .00972 | .03582 | .06132 | .08632 | .11062 | .13442 | .15762
2.40 | .18022 | 20242 | .22402 | .24512 | 26562 | .28572 | .30532 | .32442 | .34312 | .36132
250 | .3790% | 39632 | 41322 | 42977 | 44577 | 46147 | .4766% | 49152 | .5060% | 52012
2.60 | .53392 | 54732 | 56042 | 57312 | 58552 | 59752 | 60932 | 62072 | .63192 | .64272
2.70 | .65332 | .66362 | .67362 | .68332 | .69282 | 70202 | .71102 | .71972 | .72822 | .73652
2.80 | .74452 | 75232 | 75002 | .76732 | 77442 | 78142 | 78822 | .79482 | .80122 | .80742
2.90 | .81342 | 81932 | .82502 | .83052 | .83592 | .84112 | .84622 | .85112 | .85592 | .86052
3.00 | .8650% | 86942 | .8736% | .87772 | 88172 | .88567 | .88932 | 89302 [ .8965% | .89992
3.10 | .03243 | .0646° | .0957% | .1260°% | .1553% | .18363 | .21123 | .2378% | .2636% | .28863
3.20 | .3129% | .3363% | .3590% | .3810% | .40243 | .4230% | .44293 | 46233 | .4810% | 49913
3.30 | .5166° | .5335% | .5499% | .5658% | 5811° | .5959° | .6103% | .62423 | .6376% | .6505°
3.40 | .6631% | 67523 | .6869% | .69823 | 7091° | .7197% | .7299% | 73983 | .7493% | .75853
350 | 76743 | 77595 | 78423 | 79223 | .7999° | .80743 | .81463 | .8215° | .82825 | .83473
3.60 | .8409° | 84693 | .8527% | .8583% | .8637° | .8689% | .8739% | 87873 | .8834% | .8879°
3.70 | .89223 | .89643 | .0039% | .0426% | .0799% | .1158% | .1504% | .1838% | .2159% | 24684
3.80 | .2765% | .3052% | .3327% | .3593% | .3848% | .4004% | 43317 | 4558 | 4777 | 49884
3.90 | .5190* | .5385* | .5573* | .5753% | 5926* | .6092* | .6253% | .6406* | .6554* | .6696%
4.00 | .6833% [ 69642 | 70001 | 72111 | 73272 | .7439% | 75462 | 76491 | 77482 | 78437
4.10 | .7934% | .8022% | .8106* | .8186* | .8263% | .8338% | .8409% | .8477% | .8542¢ | .8605¢
420 | .8665* | .8723* | .8778* | .8832% | .8882* | .8931* | .8978* | .0226% | .0655% | .10665
4.30 | 14605 | .18375 | .21995 | .25455 | 28765 | .31935 | .34975 | .37885 | .4066° | .4333°
4.40 | 45885 | 48325 | 5065% | .5288% | 55025 | .57075 | .50025 | .60895 | .62685 | 64395
450 | 66025 | 67595 | .6908°% | .7051° | .7187° | .73185 | 74425 | 75615 | .7675° | .7784°
4.60 | 78885 | 79875 | .80815 | .81725 | .82585 | .83405 | .84195 | .84945 | .8566° | .8634°
4.70 | .86995 | 87615 | .8821% | .88775 | 89315 | .89835 | .03216 | .07896 | .12355 | .1661°
4.80 | 20675 | 24545 | 28226 | 31745 | 35086 | .38275 | 41316 | .44206 | .46965 | 49585
4.90 | .5208% | 54468 | .56736 | .58806 | 60946 | .62908 | .64765 | .66536 | .6821¢ | .69816
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