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INTRODUCTION 
 

Many phenomenon and processes of the ambient medium can be de-
scribed mathematically as the initial boundary-value problems for partial 
differential equations. The mathematical models have displayed their great 
efficiency in technical systems and physical applications. However, in such 
branches of science as theoretical electrical technology and electroenerget-
ics, the mathematical models development is obviously backward of current 
requirements and numerous engineering practice demands. This backward 
slip becomes especially visible if we try to realize some comparative analy-
sis with models, methods and informational technologies applied in the me-
chanics of continua [77, 78], plasma physics, synergetic and in the other 
fields of modern natural science, where the numerical integration of the 
many-dimensional nonlinear evolutionary equations becomes an ordinary 
event. 

Quite a lot of theoretical electrical technology problems have a direct 
mechanical analogue and they have been solved as far back as the 18th cen-
tury. The striking example of that is the problem about longitudinal oscilla-
tions of elastic bar with added mass. When the mass is equal to zero, we ob-
tain the condition of free end or the condition of short-circuit at the receiv-
ing end of the transmission line. And vice versa, when the mass is infinitely 
large, we obtain the condition of rigid fixing or the condition of idling.  

The practical implementation of the electrical power has a shorter his-
tory in comparison with mechanical energy, but it is characterized by very 
rapid development of the whole line: production-transportation-distribution-
utilization. The high speed of the electromagnetic wave propagation and 
relatively moderate distances of the electric power transmission have had an 
influence upon the approaches of such systems analysis and calculation. The 
most frequently these systems are represented as the circuits with lumped 
parameters, but the links parameters between different loads and power 
supply usually are not taken into consideration. It is characteristic that in 
electrical circuit calculations the parameter’s determination is executed 
separately at the steady-state regime and at the transient regime. Obviously, 
it is a consequence of complexity and of laboriousness of the electromag-
netic processes study in the integral connection with their natural course in 
the electrical circuits. As an example one can consider the class of non-
stationary boundary-value problems for telegraph equations: the theoretical 
and practical significance of these problems is more then evident when ana-
lyzing the transient and steady-state processes in the electrical circuits in-
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cluding the circuits with nonhomogeneous structure. The structural hetero-
geneity is one of the characteristic futures of the modern electrical power 
system. It is clear enough that the heterogeneities essentially influence upon 
the all processes and regimes in the system. It is to mention that the exact 
solutions are known only for limited number of the boundary-value prob-
lems for telegraph equations.  

The computer techniques give the possibility to deviate from traditional 
approaches in the investigation and calculation of the electrical circuits with 
lumped and distributed parameters. 

The basic element of any electrical system is the linear electric circuit 
consisting of the source (generator), the communication circuit and the load. 
The limiting regimes for such a circuit are represented by the idling regime 
(the load resistance value ∞→SR ) and by the short-circuited regime 
( 0=SR ). Seemingly, these simple circuits are investigated with exhaustive 
completeness (taking into account that these processes are described by 
well-known telegraph equations – Kirchhoff’s laws). It seems to be para-
doxically, but more detailed study of these circuits achieves that this is not 
the case. For example, even for line lengths substantially smaller then the 
electromagnetic wave length one can discover a number of particular prop-
erties that can be easily revealed by solving the concrete initial boundary-
value problem of mathematical physics for these circuits. 

Another important problem for energetics and computer techniques is 
accepted to be the problem of creation of so-called “room temperature” su-
perconductors (the energy losses in such superconductors are negligible 
small or are missing at all). It seems to be paradoxically, but if the whole 
energetics should be transferred to the superconductors, it will not operate 
and will collapse. 

The efficiency and operational reliability of energetics are the most 
topical problems. The power losses under the electrical energy transmission 
and distribution have the direct influence upon the energetic efficiency indi-
ces. The losses decrease is possible only on the basis of more exact knowl-
edge about the particular qualities of electroenergetic system operation. As a 
consequence, the increased requirements upon the theoretical calculation’s 
accuracy become necessary. The engineering accuracy of about 5…10% is 
not accepted as satisfactory since, for example, if it is necessary to deter-
mine the power losses till hundredth part of the percent (it may be hundreds 
of thousands in a money equivalent), than the voltage and current instanta-
neous values must be calculated with the accuracy not less then four-five 
significant digits. 
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In the countries with developed market economy the customers of the 
research works usually are the investment funds, large-scale energetic and 
insurance companies, privately owned firms specialized in energetic audit-
ing. It is obvious that they are interested often in thousandth or even ten 
thousandth parts of the percent. On implementation of commercial orders 
connected particularly with the simultaneous increase of the transmission 
power and of the efficiency, it is often necessary to use the different phys-
ico-mathematical models and to carry out the numerous numerical calcula-
tions under the widest variety of the initial parameters of the electricity 
transmission with the purpose of their adjustment to the available experi-
mental or statistical data. 

By now one can enumerate not so many nonstationary problems for 
electrical circuits with distributed and lumped parameters that have been 
solved and carried to numbers [22, 42, 48, 55, 60, 66, 110, 116, 119]. In the 
strict sense only the problem about the rectangular potential and current 
wave motion along the homogeneous semiinfinite line is solved irreproach-
able [60]. Unfortunately, only this analytical solution can be used as a sam-
ple solution for a posteriori accuracy estimation of the approximate meth-
ods. We’ll consider the accuracy satisfactory if as minimum 2-3 significant 
digits coincide. In this case the numerical and the analytical solutions repre-
sented in graphical form are visually congruent. 

The publication’s analysis in the field and the personal experience make 
it clear that it is not still formed the unique and strongly valid approach to 
the calculation of the wave processes and the power transmission energy 
datum in the distributed systems with variable (tunable) parameters. 

In the cited and in many other works the quite particular cases of the 
telegraph equation solving under the additional simplifying conditions are 
considered. For example, quite often when calculating the electrical circuits 
the only active longitudinal resistance R > 0 is taking into account, but the 
transverse leakance (or shunt conductance) between the direct and the in-
verse wires is assumed to be equal to zero: G = 0 [22, 42, 55, 60, 66, 110, 
116]. To the rare exceptions we can relate the paper [48], where the instan-
taneous connection to the direct voltage of the cable line with nonzero leak-
age current through the imperfect insulation is investigated.  

In spite of this, the traditional approaches and methods for calculations 
of the loading regimes and commutation transient processes in distributing 
systems (high-current long extent circuits, communication lines, etc.) are 
sufficiently intricated and can not pretend to universality. Some more de-
tailed review connected with the analytical or numerical solutions of the 
long line evolutionary equations one can find in [90, 120, 125]. 
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Reasoning from the requirement of the theoretical electrotechnology 
development and of the engineering practice the necessity of creation of 
some thesaurus (based on the latest measuring and computational technolo-
gies) containing the numerical models and sample (test) examples for elec-
tromagnetic circuits and fields is about to happen. Their following approba-
tion on the physical models must contribute to overcome the existing gap 
between the theoretical and experimental researches [33, 125] in the prob-
lems of electrical power transmission on long distances. The solutions of 
such model (test) problems should be represented in a maximally simple 
and convenient form as any specialist (familiar with the theoretical electro-
technology) may use them and may repeat the results varying the initial data 
at his judgment.  

It is well-known that none of the deductive methods of calculation or 
forecasting “does not like” the heavy gradients (neither by time nor by 
space). The situation becomes more complicated when it is necessary to cal-
culate the shock wave evolution (strong discontinuities) in the distinctly 
nonhomogeneous medium with parameters differing in orders. For example, 
the wave resistances in the backbone power transmission lines and in the 
distributing networks with cable insertions differ in 8…12 times. If we con-
sider the Franklin’s lightning rod or Faraday cage as a piecewise homoge-
neous long line, then the linear leakance (shunt conductance) at the separate 
sections changes quite in hundreds of times. Under the emergency situations 
(such as open-phase fault and drop) the load resistance can suddenly go 
down from infinitely large values (at the idling regime) till zero (at short-
circuited regime). 

Nevertheless, the ideas of the method of characteristics and of the first 
differential approximation turn out to be extremely productive and give a 
possibility to deduce the uniform computation relations for essentially non-
homogeneous parametrical structures under the connection-disconnection of 
loads and of other lumped systems [89, 90].  

The problem of reactive power determination in the long line as such 
(with no resorting to its simplified representation in the form of RCL-
circuits with lumped parameters) can be related to the number of unsolved 
problems too. In present there exists the problem relating to the financial 
interrelation between the electrical power supplier and consumer when pay-
ing for the reactive power consumption. In case of direct contracts between 
the large-scale electrical power consumers and the generation source (elec-
tric power station) there is no clarity what to pay, because the electric lines 
can be both the consumers and the generators of the reactive power. This 
problem becomes more complicated in case when nonsinusoidal effect or 
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dissymmetry by phases appears under the electrical power supply. In our 
opinion the idea of instantaneous power decomposition for nonsinusoidal 
functions on components at the electrical circuit boundaries has no pros-
pects. It is expediently to use the balance equation for reactive powers for 
the electrical circuit (generator – power transmission line – load) as a whole 
and then to calculate the reactive power of its elements. There is no clarity 
in the question about the reactive power under the transient regimes as well 
(even how to calculate and/or to measure it for registration). 

It is to mention the fact that there are a big number of inexactitudes and 
mistaken theses in the sections related to the power transmission by alternat-
ing current on the long distances. This fact has been rightly pointed out still 
in the paper [109]. Many conclusions and derivations unfortunately are 
turned not on the base of strict solutions for telegraph equations as such, but 
on the base of the long line substitution by lumped elements (in many cases 
namely this substitution serves as a source for incorrect conclusions and 
derivations). 

It is not clear, for example, why it is considered that the maximal effi-
ciency can be reached under the matched load when the power is transmit-
ted in it only by direct wave [15]. The point is that from the steady-state re-
gime equations it is easy to determine that for alternating current line one 
must distinguish the difference between the regimes under which the maxi-
mal efficiency, the maximal values of generated and transmission powers, 
maximal power factors of the source and of the receiver are reached. In gen-
eral case under the electrical power transmission along the long line, there 
are five different load resistances different from complex wave resistance of 
the line. Sometimes the following recommendation is indicated: the shunt 
reactors should be disconnected under the natural power regime, because 
the line under this regime is surely compensated by reactive power. But the 
solutions of the steady-state regime equations demonstrate [90], that if the 
powers and the locations of the reactors are chosen in special manner, then 
the increase of efficiency and of transmission power can be achieved simul-
taneously (namely in this way the proprietors of the backbone and distribut-
ing transmission lines achieve these indexes). 

The investigation of the processes in the multiwire electrical lines is ac-
companied by some difficulties. As a rule, in the reference manuals the dis-
tributed parameters values for multiple-phase lines are represented in the 
averaged form and these averaged values are considered to be equal for all 
phases of the line. This fact gives the possibility to replace, for example, the 
three-phase line by single-wire line and to deduce for it corresponding cal-
culations of regimes and processes. In general such a replacement is incor-
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rect even for steady-state sinusoidal regime in power transmission line 
without losses acting on matched load. What is the matched load for single-
wire line with arbitrary losses – is clear and physically feasible. In general 
case it is the complex resistance SZ , consuming the active and reactive 
powers from the line. 

At the same time the symmetrical matrix of the wave resistances 
2121 // −= CLZ  for ideal multiwire electrical lines with nonzero interference 

between the wires consists of nonzero elements and the boundary conditions 
u = Zi are to be fulfilled at the receiving end of the line as to ensure the 
traveling waves regime. Physically this means that nonzero active resis-
tances are to be connected between the phases, but it has been never applied 
in the practice. Furthermore, one can construct an example of the line with 
losses when some elements of the matrix Z are real and negative, hence it is 
necessary to connect some additional EMF sources between the phases to 
obtain the matched load. 

If there is the interference between the wires, then for the single-circuit 
three-phase line the natural current and the natural power decrease inevitab-
ly. For real half-wave line without taking into account the losses the natural 
power decrease comes to minimum 4…5%, but for the line with losses the 
efficiency decreases in comparison with the case when the interference be-
tween the wires is not taking into account. Hence, the replacement of the 
three-phase line by the single-wire model represents the sufficiently rough 
approximation.  

As it was mention above, all elements of the electrical power system are 
characterized by the constructive heterogeneity that influences upon the 
primary and secondary parameters as well as upon the accuracy of analyti-
cal and numerical solutions of the macroscopic electrodynamics problems. 

The physical heterogeneity of the electroenergetic objects represents the 
complicated scientific and technical problem, especially in cases when there 
are great distinction in dimensions between the zones and sections with dif-
ferent electrical and electrophysical parameters. The Maxwell equations in 
the differential and integral forms represent the theoretical foundation for 
this kind of problems. Let’s mention that the telegraph equations represent a 
particular case of the Maxwell equations and this fact reflects the generality 
of the approach used in the monograph for solution of the topical problems 
of the electrotechnology and energetics.  

The Maxwell equation’s utilization for study of the electromagnetic in-
teraction effects in the electrodynamics problems constitutes the sufficiently 
complicated mathematical problem owing to necessity of taking into con-
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sideration the electromagnetic field interaction with the substance in the 
heterogeneous medium. The complexity of the problem is caused by the fol-
lowing matter. The substance consists of a great number of particles and the 
motion of the separate particle is impossible to describe. To avoid this diffi-
culty usually some models of continuous medium are used. It is to mention 
only that the development and the theoretical foundation of such models do 
not represent a trivial problem especially for heterogeneous mediums.  

The subject of present research represents the development of the de-
ductive methods and the mathematical modeling of the electromagnetic 
wave propagation in the systems and mediums with variable parameters. As 
a basic implement of the scientific analysis, the tools of mathematical phys-
ics and of computational mathematics are applied with reference to electro-
technology and electroenergetics.  

When fulfilling this research and redacting the present edition the au-
thor has been guided by the following assumptions:  

1. The long line is considered as a circuit with distributed parameters 
and it is not replaced by equivalent recurrent networks with lumped ele-
ments even in the cases when it is acceptable.  

2. The connection to the line of the facilities represented by the equiva-
lent circuits with lumped parameters is described by the boundary condi-
tions (Kirchhoff‘s laws) which are valid for arbitrary time moment. 

3. The accuracy is considered satisfactory if as minimum 2…3 correct 
significant digits in obtained numerical solution are ensured. 

4. All solutions are to satisfy the law of conservation of electromagnetic 
energy. 

5. Since any steady-state process is next to the transient process, then 
their calculations must be realized in the same order (as it takes place in re-
ality). 

6. The numerical scheme is to be homogeneous and to realize the calcu-
lation both in direct time and in inverse time (at least for homogeneous 
boundary conditions).  

7. The primary parameters of the multiwire lines are to be determined 
on the base of rigorous solutions of the initial boundary-value problems of 
the electromagnetic field theory.  

8. All algorithms and routines must be more efficient and practically 
feasible then all known now commercial tools based on integration of the 
long line equations. 

The monograph parallel to the original materials contains some refer-
ence and general theoretic information. The presented methods and research 
results for nonstationary phenomenon under the electromagnetic energy 
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propagation in the nonhomogeneous systems with variable parameters can 
be successfully used during the courses of theoretical electrical technology, 
automatic control systems, radio engineering, wave dynamics, mathematical 
physics, computational methods, etc.  

The author would like to thank his colleagues G. Ribacova, D. Zlatano-
vich, I. P. Stratan, M. V. Chiorsac, A. S. Sidorenco, V. K. Rimskii, V. P. 
Berzan, A. A. Juravliov, M. L. Shit, Iu. Sainsus, V. I. Cojocaru for produc-
tive discussions of the research results and for advices in this edition prepa-
ration. 

The author would like to express his deepest gratitude to the reviewer, 
the academician of Moldova Academy of Sciences Canţer V. G., whose re-
marks and requests turned out to be useful and helpful for improving of pre-
sent edition.  
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TABLE OF SYMBOLS AND UNITS  
 
t – time, s; 
x – space variable, m; 
u – instantaneous voltage value, V; 
i – instantaneous current value, A; 
P – power, W; 
W – energy, J; 
η – efficiency; 
L – linear inductance, H/m; 
C – linear capacity, F/m; 
R – linear active resistance, Ω/m; 
G – linear leakance (shunt conductance), S/m; 
l – line length, m; 
λ – wave length, m; 
a – speed of electromagnetic wave propagation, m/s; 
Δ – time of wave run along the line length, s; 
ZB – wave resistance (impedance) of the long line, Ω; 
RS – active load resistance, Ω; 
LS – load inductance, H; 
CS – load capacity, F; 
f – frequency, Hz; 
ω – angular (circular) frequency, rad/s; 
ϕ, θ – phase displacement angle, rad; 
cos ϕ – power factor; 
τ – time step of finite difference scheme, s; 
h – space step of finite difference scheme, m. 
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CHAPTER I 

COMPUTATION OF TRANSIENT AND STEADY-STATE 
PROCESSES IN LINE CIRCUITS WITH DISTRIBUTED 
AND LUMPED PARAMETERS 

 

1. Telegraph equations and dimensionless quantities 
 
The electromagnetic power transfer through the long line by means of 

conduction currents can be described by well known telegraph equations, 
which represent Kirchhoff's laws for closed circuit generated by subcircuit 
with the length dx: 

 

 ;0=+
∂
∂+

∂
∂ Ri

x
u

t
iL  0=+

∂
∂+

∂
∂ Gu

x
i

t
uC .  (1.1) 

 
The primary parameters in these relations are the followings: L is the 

inductance of the loop formed by direct and return lines; R is the longitudi-
nal resistance; C, G are the transverse capacity and conductance of the wire 
insulation leakage. 

To mark out the unique solution the system (1.1) must be completed 
with the boundary and initial conditions. Let at the start time t = 0 the line 
circuit (fig. 1.1) is connected to the external voltage source of the arbitrary 
form: 

 
 )(tUu 0=  when 0=x ,   (1.2) 

 
and its receiving end is closed on the impulse-reaction load in the form of 
the serial RLC – circuit: 

 

 ∫ ττ++=
t

s
ss di

Cdt
diLiRu

0

)(1  when lx = .   (1.3) 

 

www.TechnicalBooksPDF.com



 15 

Obviously, when SR  = SL = 0, SC = ∞  we obtain the short-circuit con-
ditions: u = 0, and the condition =SR ∞  corresponds to the idling in the 
line: i = 0 (the load is out off). Such a singular loads (short-circuit or idling) 
occur relatively rare in practice, however theirs study is of undoubted inter-
est as an initial stage in the transferring to the real (nonsingular) load condi-
tions. Usually the initial conditions for the problem are zero (the electric 
charge in the circuit is missing before the commutation). 

 

 
 

Fig. 1.1. The electric circuit that consists of the voltage source, uniform long line 
with the lineal parameters L, C, R, G and the lumped RLC – load at the receiving 
end. 

 
On power take-off, on switching on the "bucking out" or another kind of 

systems, the currents and the voltages as a functions of the spatial variable x 
in the intermediate points of the line x = xn can possess the discontinuities of 
the first kind or another jumps. However, the integro-differential relation 
(1.3) doesn’t change its form when substituting i = i1 – i2 and u = u1 – u2 
(here the subscripts mean the function values at the left and at the right of 
the point of switching). Let’s remark that the impulse-reaction lumped loads 
can consist of the arbitrary set of serial or parallel connected RLC – units. In 
this case the boundary conditions become more intricate, but it is important 
only these conditions to remain linear (since then the unique solution ex-
ists). 

The system of linear differential equations (1.1) is of hyperbolic type [25, 
107] that implies evidently the finite velocity of electromagnetic wave 
propagation determined through parameters of the line by formula 

LC/a 1= . In the case of multiwire line (when L, C are the symmetric 
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square matrixes of self and mutual inductances and capacitances) the wave 
velocities are congruent with the eigenvalues of matrix 

 

 
0

0
1

1

−

−
=

C
LA . 

 
When solving the initial boundary-value problems (1.1) – (1.3) it is 

convenient to use the dimensionless (normalized) quantities. Let’s introduce 
into consideration such quantities over the formulas: 
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here oU  is some basic (rated) voltage; BZ  is the impedance in the line; a is 
the electromagnetic wave velocity; λ = a/f is the wave-length on a fre-
quency of the electric power supply; T = λ /a = 1/f  is the oscillation period; 

=Δ l/a is the wave runtime along the line with the length l; the degree sign 
denotes dimensional quantities. As a unit of length one can use the length of 
any part of the line, but for sinusoidal voltage line )2sin(0 ftUu π=  the 
valueλ is used usually. In this case, after transferring to dimensionless 
quantities by formulas (1.4) in the original equations and in the boundary 
conditions, we obtain that 0U = L = C = ZB = λ = a = T = f = 1. 

For secondary parameters in the sinusoidal voltage (current) line and 
design relations of the complex amplitude method (CAM) we’ll use the fol-
lowing notations: 
 

 
CjG
LjRZ

ω+
ω+=0 ;   β+α=δ j  ))(( CjGLjR ω+ω+= ; 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
ω

−ω+=
S

SSS C
LjRZ 1 ;    

)(th
)(th

0

0
0 lZZ

lZZ
ZZ

S

S
BX δ+

δ+
= ;  (1.5) 

 
 1100 ; IZUIZU SBX == ; )(sh)(ch 0001 lIZlUU δ−δ= ; 
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 ϕ+ϕ=+== sincos* IUjIUjQPUIS . 

 
Here ω = 2πf is the circular frequency; Z0 is complex impedance (char-

acteristic impedance); δ, α, β are propagation, attenuation and phase con-
stants; ZS is the load resistance; ZВХ is the input resistance of the line; U0, I0, 
U1, I1 are the complexes of voltages and currents at the sending end and out 
end of the line with length l; S is the complex power with the active P and 
reactive Q components. 

The relations (1.5) are also referred to by long line formulas or the 
equations of the steady-state regime. 
 

2. The Fourier series method for calculation of nonsinusoidal 
regimes in opened and short-circuited circuits with sinusoidal 
current or voltage sources 
 
Axiomatic structure of the theory of the line electric circuits with dis-

tributed and lumped parameters is formed by Ohm's and Kirchhoff's laws. 
And without controversy the following deductive reasoning arises from 
these laws. If the concentrated device, consisting from the arbitrary set of 
RLC – units, is connected directly to the supply terminal of the sinusoidal 
voltage (or current), then, reasoning from the solution of the integro-
differential equation 

 

 ∫ ττ++=
t

s
ss di

Cdt
diLiRu

0

)(1 , 

 
the current (or voltage) also will change in time by sinusoidal law [59]. The 
presence in the electric circuit of some elements with distributed parameters 
as a long line (interconnecting wires) makes such reasoning not so evident 
even for the steady-state processes. Its examination on the base of strongly 
valid solutions of the correctly formulated boundary-value problems for 
telegraph equations leaded to rather unexpected results that require accurate 
and comprehensive analysis. 

Let’s consider the problem of determination of voltage function ),( txu  
and current function ),( txi  satisfying the system of hyperbolic equations 
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 ;0=+
∂
∂+

∂
∂ Ri

x
u

t
iL  0=+

∂
∂+

∂
∂ Gu

x
i

t
uC  when 0),,0( >∈ tlx   (2.1) 

 
and the following initial and boundary conditions: 
 
 ],0[,0)0,()0,( lxxixu ∈== ; (2.2) 
 
 0,0),(,sin),0( 0 ≥=ω= ttlutUtu . (2.3) 

 
To simplify the problem solution the condition (2.3) should be written 

in complex form 0,0),(,),0( 0 ≥== ω ttlueUtu tj . 
In case of short circuit at the receive end of the alternating voltage line 

the boundary conditions are formulated usually only in terms of voltages 
),( txu . So in this case the current function ),( txi  can be eliminated from 

the relations (2.1) – (2.3) and we obtain the problem formulated with respect 
to voltage function 

 

 RGu
x

u
t
uRCLG

t
uLC −

∂
∂=

∂
∂++

∂
∂

2

2

2

2
)(  

 
or 
 

 u
x

ua
t
u

t
u

GRGR γγ−
∂
∂=

∂
∂γ+γ+

∂
∂

2

2
2

2

2
)(  when 0),,0( >∈ tlx ; (2.4) 

 

 ],0[,0)0,(
0

lx
t
uxu

t
∈=

∂
∂=

=
; (2.5) 

 
 0,0),(,),0( 0 ≥== ω ttlueUtu tj . (2.6) 

 
Here the voltage at the sending end is specified in the complex form using 
the following notations: LRR /=γ , CGG /=γ , LCa /1= . 

The solution is finding by expansion it in Fourier series [107] that as-
sumes the transfer to the zero boundary data. With this scope let’s reformu-
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late the problem (2.4) – (2.6) with respect to new function =),(~ txu  
tjelxUtxu ω−−= )/1(),( 0 : 

 

),(~~~
)(

~
2

2
2

2

2
txfu

x
ua

t
u

t
u

GRGR +γγ−
∂
∂=

∂
∂γ+γ+

∂
∂  when 0),,0( >∈ tlx ; (2.7) 

 
 tjtj elxUejlxUtxf GRGR

ω
ω

ω γ−=γ+γω−γγ−ω−= )/1()]())[(/1(),( 0
2

0 ; 
 
 )()( 2

GRGR j γ+γω−γγ−ω=γω ; 
 

 ],0[,1
~

,1)0,(~
0

0
0 lx

l
xUj

t
u

l
xUxu

t
∈⎟

⎠
⎞

⎜
⎝
⎛ −ω−=

∂
∂

⎟
⎠
⎞

⎜
⎝
⎛ −−=

=
; (2.8) 

 
 0,0),(~),0(~ ≥== ttlutu . (2.9) 

 

Let’s assign ∑
∞

=

π=
1

sin)(),(~
k

k l
kxtctxu , ∑

∞

=

π=
1

sin)(),(
k

k l
kxtftxf , then 

substitute them in (2.7). So we obtain the second-degree ordinary differen-
tial equation with respect to amplitudes )(tck  

 
 )()()()()( tftctctc kkkkk GR =γ+γ+γ+ &&& , (2.10) 
 

 tj
kk e

k
U

tf
l
ka

GR
ωω

π
γ

=γγ+⎟
⎠
⎞

⎜
⎝
⎛ π=γ 0

2 2
)(, . 

 
The general solution of this equation in case when 21 mm ≠  is the following 
 
 )()( 21

21 tFecectc k
tm

k
tm

kk ++= ; 
 

 ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

−
−−

−ω
−

−ωπ
γ

=
ω

ω

2121

0 212

)(
2

)(
mm
ee

mj
ee

mjk
U

tF
tmtmtmtj

k , 

 
And in the case of multiple roots 21 mm =  one can obtain 
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 )()()( 1
21 tFetcctc k

tm
kkk ++= ; 

 

 ( )[ ]
2

1

10

)(
)(12)(

1

mjk
emjteUtF

tmtj

k −ωπ
−ω+−γ=

ω
ω . 

 
The numbers 1m , 2m  represent the roots of the characteristic equation 

0)(2 =γ+γ+γ+ kmm GR : 
 
 kkkk mm β−α−=β+α−= 21 , , 
 

 
2

2 2)(5.0),(5.0 ⎟
⎠
⎞

⎜
⎝
⎛ π−γ−γ=βγ+γ=α

l
ka

GRGR kk . 

 
The values of the constants kk cc 21 ,  are determined by meeting the ini-

tial condition (2.8) 
 

 
)(
)(2,

)(
)(2

21

10
2

21

20
1 mmk

mjUc
mmk
mjUc kk −π

−ω=
−π
−ω−= . 

 
Than the solution of (2.4) – (2.6) takes the following form: 

 

 ( )∑
∞

=
⎢
⎣

⎡
+−ω−−ω

−π
=

1
21

21

0 21 )()(
)(

2
),(

k

tmtm emjemj
mmk

U
txu  

 

 tj
k e

l
xU

l
kxtF ω⎟

⎠
⎞

⎜
⎝
⎛ −+π

⎥
⎦

⎤
+ 1sin)( 0 . 

 
After some transformation we have 
 

∑
∞

= ⎢
⎢
⎣

⎡
+⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛

−ω
−

−ω−
π=

1 1221
2

2

0
12

)(
)(2),(

k

tmtm

mj
e

mj
e

mml
kaUtxu  
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 tj
tj

e
l
xU

k
lkx

lka
el ω

ω

ω
ω ⎟

⎠
⎞

⎜
⎝
⎛ −+

π
π

⎥
⎥
⎦

⎤

γ−π
γ

+ 1)/sin(
)(

022

2
. (2.11) 

 
The current function ),( txi  can be determined by substitution of the re-

lation (2.11) in the first equation from (2.1) 
 

⎪⎩

⎪
⎨
⎧

+
+γ+γ−ω−ω

πγ+ω
⎟
⎠
⎞

⎜
⎝
⎛ π= ∑

∞

=

γ−

1 2121

2
0

))()()((
)/cos()(2),(

k

t

mmmjmj
lkxje

l
ka
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Utxi

RR

G
R

 

 

 ∑
∞

=
+⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛

+γ−ω
−

+γ−ω−
π

⎟
⎠
⎞

⎜
⎝
⎛ π+

1 221121

2

))(())((
)/cos( 21

k

tmtm

mmj
e

mmj
e

mm
lkx

l
ka

RR

 

 

 
⎪⎭

⎪
⎬
⎫
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

γ−π
πγ+−

γ+ω
−+ ∑

∞

= ω
ω

ωγ−

1
22

2

)(
)/cos(21

)(2 k

tjt

lka
lkxl

j
ee

R

R

. (2.12) 

 
The formula (2.12) can be essentially simplified. The series with the 

multiplier tRe γ−  cancel, but the expression in the last round bracket can be 
summed up. As a result we obtain the following formula: 

 

+−δ
δ

+
δ

−=
ωγ−

)(ch
)(sh

),(
0

0

0

0 xl
lZ

eU
Zl
eU

txi
tjtR

 

 

 ∑
∞

=
⎜
⎜
⎝

⎛
−

+γ−ω−
π

⎟
⎠
⎞

⎜
⎝
⎛ π+

1 1121

2
0

))((
)/cos(2 1

k

tm

mmj
e

mm
lkx

l
ka

lL
U

R

 

 

 ⎟
⎟
⎠

⎞

+γ−ω
−

))(( 22

2

mmj
e

R

tm
. (2.13) 

 
Here the expressions 
 
 ))(( CjGLjR ω+ω+=δ  and )/()(0 CjGLjRZ ω+ω+=  
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identify the propagation coefficient of the electromagnetic wave and the line 
impedance. 

To obtain the real solution of the problem (2.1) – (2.3) it is necessary to 
take the imaginary components of the formulas (2.11) and (2.13). 

Let study the asymptotic properties of the solution (2.13) for the steady-
state values of the current at the sending end of the line 0=x  when ∞→t . 
As the roots 2,1m  of the characteristic equation have the negative imaginary 
component in case when 0≠R  or 0≠G , then under the condition ∞→t  
the last term of the expression (2.13) tends to zero and we obtain the solu-
tion of the following form 

 

 tj
ttjt

eI
LjRl

eU
lZ

eU
Zl
eU

ti
RR

ω
γ−ωγ−

+
ω+

−=
δ

+
δ

−= 0
0

0

0

0

0
)()(th

),0( , 

 
where by I0 is denoted the complex amplitude of the current. 

Farther, if 0≠R , then at the limit we obtain the solution 
 

 )(th,
)(th

,),0( 0
0

0

0
00 lZZ

Z
U

lZ
U

IeIti BX
BX

tj δ==
δ

== ω , 

 
that coincides with the solution obtained by the complex amplitude method 
(CAM). In the case when 0=R  and 0≠G  the steady-state solution is the 
following 
 

 tjtj eI
Ll

jU
eI

Llj
U

ti ωω +
ω

=+
ω

−= 0
0

0
0),0( . 

 
This solution already differs from the solution obtained by CAM on the 
constant component 0UI =Δ /XL that is determined only by inductive im-
pedance XL = Llω and is independent of other lineal parameters. 

Let’s consider also the particular case of the solution (2.13) for ideal 
line ( 0== GR ) when 0=x . In this case 0=γ=γ GR , aj /ω=δ , 

CLZZ B /0 ==  and the roots of the characteristic equation have the form 
)/()/(2,1 Δπ±=π±= kjlkajm , where al /=Δ  is the wave runtime along 

the line. Then the series from the (2.13) can be represented in the following 
form 
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=⎟
⎟
⎠

⎞
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⎜
⎝

⎛

+γ−ω
−

+γ−ω−
π

⎟
⎠
⎞

⎜
⎝
⎛ π∑

∞

=1 221121

2
0

))(())((
)/cos(2 21

k

tmtm

mmj
e

mmj
e

mm
lkx

l
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lL
U
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 ∑
∞

= ⎟
⎠
⎞

⎜
⎝
⎛

Δ
π−ω

Δ
πω+

Δ
π

Δ
π−

=
1

2
2

0
cossin2

k k

ktjktk

lL
U

. 

 
Since BZlL Δ=  then from (2.13) we obtain the real solution for ideal 

line 
 

 
( ) ⎥

⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

π−Δω
Δ

π

Δω+ωΔω−
Δω

= ∑
∞

=1
22

0

)(

cos
2)cos()(ctg1),0(

k k

kt

t
Z
Uti

B

. (2.14) 

 
The formula (2.14) represents the algebraic sum of three terms each of 

them being the periodical function with different periods. The first term is 
constant, the second one contains the function )cos( tω  that is a periodical 
function with period ωπ= /21T  and the third term is represented as a series 
that is also a periodical function with period Δ= 22T . Therefore the current 
function ),0( ti  will be a periodical function with period T if there are two 

integer positive numbers *k  and *n  such as 
 

 2
*

1
* TnTkT == or when π=ω 2 : 

Δ
==

Δω
π=

2
1

*

*

2

1

k
n

T
T . 

 
Thus, if π=ω 2  and Δ is a rational number, than the solution ),0( ti  will 

be a periodical function with period T Δ== ** 2nk . The formula (2.14) can 
be written in a closed form. By expansion in Fourier series it is easy to 
demonstrate that function )(cos Δ−ω t  on the segment ]2,0[ Δ∈t  can be 
represented in the form of series 
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( )

]2,0[,
)(

cos
21

)sin(
)(cos

1
22

Δ∈
π−Δω

Δ
π

Δω+
Δω

=
Δω

Δ−ω ∑
∞

=
t

k

kt
t

k
. (2.15) 

 
As it follows from (2.15) the function )(cos Δ−ω t  is a periodical func-

tion with the period Δ2 , then for any t the sum of the series in (2.15) can be 
written as 

 

 
( )

,
)sin(

))12((cos
)(

cos
21

1
22 Δω

Δ−−ω=
π−Δω

Δ
π

Δω+
Δω ∑

∞

=

nt
k

kt

k
 

 
,...3,2,1],2,)1(2[ =ΔΔ−∈ nnnt  

 
and then (2.14) can be re-arranged to the form 

 

,)cos()(ctg
)sin(

))12((cos),0( 0
⎥
⎦

⎤
⎢
⎣

⎡
ωΔω−

Δω
Δ−−ω= tnt

Z
U

ti
B

 (2.16) 

 
,...3,2,1],2,)1(2[ =ΔΔ−∈ nnnt  

 
After some not complicated transformations we obtain the following 

representation for the formula (2.16): 
 

,
)sin(

)(sin)1(sin2)sin(),0( 0
⎥
⎦

⎤
⎢
⎣

⎡
Δω

Δ−ωΔ−ω+ω= ntnt
Z
U

ti
B

 (2.17) 

 
,...3,2,1],2,)1(2[ =ΔΔ−∈ nnnt  

 
The identical expression for current function was obtained by means of 

method of characteristics in [89]. Specifically, for the quarter-wave line 
( 4/1=Δ , π=ω 2 , 1)sin( =Δω ), considering that =Δ−−ω ))12((cos nt  

)sin(2)1( 1 tn π−= − , one can obtain from (2.16) the quite simple solution 
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 ,...3,2,1],2/,2/)1[(,
)2sin()1(

),0(
1

0 =−∈
π−

=
−

nnnt
Z

tU
ti

B

n
 (2.18) 

 
From (2.13) we can obtain as well the solution for undistorting line 

( γ=γ=γ GR ) when 0=x  (here and later by the term "undistorting line" we 
understand the line with no distortions). In this case aj /)( ω+γ=δ , 

Δω+γ=δ )( jl , CLZZ B /0 == , BZlL Δ=  and the roots of the character-
istic equation have the following form =π±γ−= )/(2,1 lkajm  

)/( Δπ±γ−= kj , where al /=Δ  is the wave runtime along the line. Then 
the formula (2.13) at the point 0=x  can be represented in the following 
form 

 

+δ
δ

+
δ

−=
ωγ−

l
lZ

eU
Zl
eU

ti
tjtR

ch
)(sh

),0(
0

0

0

0  

 

 =⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

+γ−ω
−

+γ−ω−
⎟
⎠
⎞

⎜
⎝
⎛ π+ ∑

∞

=1 221121

2
0

))(())((
12 21

k

tmtm

mmj
e

mmj
e

mml
ka

lL
U

RR

 

 

 −
Δω+γ

−ω+γΔ=
γ−ω

)(
)(cth 00

jZ
eUj

Z
eU

BB

ttj
 

 

 ( ) ( )∑
∞

=

Δπ−Δπγ−
=⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛

Δπ+ω+γ
+

Δπ−ω+γΔ
−

1

//
0

//k

ktjktjt

kj
e

kj
e

Z
eU

B
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k
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eUj
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eU
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)(cth

/
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By direct expansion in Fourier series it is easy to demonstrate that the 

series in formula (2.19) for any t can be written in the following final form: 
 

 ( ) =
−

Δ=
Δπ−ω+γ Δω+γΔω+γ+

ω+γ∞

−∞=

Δπ
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Substituting this expression in formula (2.19) we obtain the final pres-

entation for current at the sending end of the line 
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 (2.20) 

 
,...2,1,0],)1(2,2[ =Δ+Δ∈ nnnt  

 
In particular, for quarter-wave line ( 4/1=Δ , π=ω 2 ) from (2.20) we 

have the real solution 
 

 ( ) 12/))(1(2),4/th()(cth
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,...2,1,0],2/)1(,2/[ =+∈ nnnt , 

 
that coincides with the solution obtained by method of characteristic [89]. 

Let’s consider now the problem of determining of the unknown quanti-
ties in the open-circuited line with the given sinusoidal current at the send-
ing end. Thus, it is necessary to determine the voltage ),( txu and current 

),( txi  functions satisfying the system of telegraph equations 
 

 ;0=+
∂
∂+

∂
∂ Ri

x
u

t
iL  0=+

∂
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∂
∂ Gu

x
i

t
uC  when 0),,0( >∈ tlx  (2.22) 

 
and the following initial and boundary conditions: 
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 ],0[,0)0,()0,( lxxixu ∈== ; (2.23) 
 
 0,0),(,sin),0( 0 ≥=ω= ttlitIti . (2.24) 

 
In case of idling the boundary conditions are formulated in terms of cur-

rent only. Therefore by elimination of the voltage function ),( txu  from 
(2.22) – (2.24) we obtain the following boundary-value problem formulated 
with respect to current function ),( txi : 

 

 RGi
x

i
t
iRCLG

t
iLC −

∂
∂=

∂
∂++

∂
∂

2

2

2

2
)(  

 
or 
 

 i
x

ia
t
i

t
i

GRGR γγ−
∂
∂=

∂
∂γ+γ+

∂
∂

2

2
2

2

2
)(  when 0),,0( >∈ tlx  (2.25) 
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=
; (2.26) 

 
 0,0),(,),0( 0 ≥== ω ttlieIti tj . (2.27) 

 
The problem (2.25)-(2.27) also can be solved by means of Fourier series 

expansion method and its solution can be represented in the form 
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The formula (2.29) can be essentially simplified. The series, that con-

tain as a factor tGe γ− , cancel and the expression in the last round bracket can 
be summed. As a result we obtain the following representation for voltage 
function: 
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To obtain the real solution of the problem (2.22) – (2.24) it is necessary 

to take the imaginary components of the formulas (2.28) and (2.30). 
Let’s study the solution (2.30) at the sending end of the line ( 0=x ) for 

the steady-state regime when ∞→t . As the roots of the characteristic equa-
tion 2,1m  have the negative real component in case when 0≠R  or 0≠G , 
then under the condition ∞→t  the last term of the expression (2.30) tends 
to zero and we obtain the solution of the following form 
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where by U0 is denoted the complex amplitude of the voltage. 

Farther, if 0≠G , then at the limit we obtain the solution 
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This coincides with the solution obtained by CAM. In the case when 0=G  
and 0≠R  the steady-state solution is the following 
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This solution already differs from the solution obtained by CAM on the 
constant component CXIU 0=Δ , that is determined only by capacitance 

ClX C ω= 1  and is independent of other lineal parameters. 
Let’s consider also the particular case of the solution (2.30) for ideal 

line ( 0== GR ) when 0=x . In this case 0=γ=γ GR , aj /ω=δ , 

CLZZ B /0 ==  and the roots of the characteristic equation have the form 
)/()/(2,1 Δπ±=π±= kjlkajm , where al /=Δ  is the wave runtime along 

the line. Then the series from the (2.30) can be represented in the form 
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Since BZlC /Δ=  then from (2.30) we obtain the real solution for ideal 

line 
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The formula (2.31) represents the algebraic sum of three terms each of 
them being the periodical function with different periods. The first term is 
constant, the second one contains the function )cos( tω  that is a periodical 
function with period ωπ= /21T  and the third term is represented as a series 
that is also a periodical function with period Δ= 22T . Therefore the voltage 
function ),0( tu  will be a periodical function with period T if there are two 

integer positive numbers *k  and *n  such as 
 

 2
*

1
* TnTkT ==  or when π=ω 2 : 

Δ
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2
1
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*

2

1

k
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T
T . 

 
Thus, if Δ is a rational number and π=ω 2 , than the solution ),0( tu  

will be a periodical function with period T Δ== ** 2nk . The formula (2.31) 
can be written in a closed form. By expansion in Fourier series it is easy to 
demonstrate that function )(cos Δ−ω t  on segment ]2,0[ Δ∈t  can be repre-
sented in the form of series 
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Since )(cos Δ−ω t  is a periodical function with period Δ2 , then for any 

t the sum of the series in (2.32) can be written as 
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Then (2.31) can be re-arranged to the form 
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After some not complicated transformations we obtain the following 
representation for formula (2.33): 
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Specifically, for the quarter-wave line ( 4/1=Δ , π=ω 2 , 1)sin( =Δω ), 

considering that )sin(2)1())12((cos 1 tnt n π−=Δ−−ω − , one can obtain from 
(2.33) the following solution 
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Let’s consider the particular case of the solution (2.30) for undistorting 

line ( γ=γ=γ GR ) when 0=x . In this case aj /)( ω+γ=δ , 

Δω+γ=δ )( jl , CLZZ B /0 == , BZlC /Δ=  and the roots of the charac-
teristic equation have the following form 

)/()/(2,1 Δπ±γ−=π±γ−= kjlkajm , where al /=Δ  is the wave runtime 
along the line. Then the formula (2.30) when 0=x  can be represented in 
the form 
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By direct expansion in Fourier series it is easy to demonstrate that the 
series in formula (2.36) for any t can be written in the following final form: 
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Substituting this expression in formula (2.36) we obtain the final pres-

entation for voltage function at the sending end of the line 
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In particular, for quarter-wave line when 4/1=Δ , π=ω 2  from (2.37) 

we have the real solution 
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Thus, the expressions for voltages at the sending end of the ideal and 
undistorting lines (2.35) and (2.38) are identical with the numerical solu-
tions obtained by method of characteristic [89]. 

For pictorial presentation let’s consider the graphical representation of 
the obtained solutions for degenerated cases and realize the parametric 
analysis of the losses effect on the transient and steady-state processes in the 
unloaded line [92]. The behavior in time of the voltage function at the send-
ing end of the open-circuited quarter-wave line is presented on fig. 2.1 (R = 
G = 0 (a); R = 0.48, G = 0 (b); R = 0.48, G = R/5 (c); R = G = 0.48 (d); R = 
4.8, G = 0 (e); R = 4.8, G = R/5 (f)). The steady-state sinusoidal regimes are 
formed only in the case when there is a leakage current through the line in-
sulation (G > 0) and these regimes can be calculated by CAM (see fig. 2.1, 
c, d, f). 

 
 

 
 

 
 
 

www.TechnicalBooksPDF.com



 

 

34 

 
 
 

 
 
 

 
 
 

 

www.TechnicalBooksPDF.com



 35 

 
 
Fig. 2.1. The dynamics of the voltage function at the sending end of the open-
circuited quarter-wave line when R = G = 0 (a); R = 0.48, G = 0 (b); R = 0.48, G = 
R/5 (c); R = G = 0.48 (d); R = 4.8, G = 0 (e); R = 4.8, G = R/5 (f). 
 

In case of perfect insulation (G = 0) we obtain the displacement of volt-
ages on the constant value that depends only on capacitance and is inde-
pendent of the value of its active resistance CG XIU /0= . For more details 
see table 2.1, where the exact values of the voltages at the sending end of 
the open-circuited sinusoidal current line for different values of its length 
are presented. Similarly results we obtain for currents in a short-circuited 
sinusoidal voltage line when R = 0 (see table 2.2). 

To surprise is the fact that for relatively short lines the steady-state val-
ues of the voltage under an idling regime are in small dependence on the 
level of resistance losses in the line. Highly remarkable is the fig. 2.2 where 
the voltage time diagrams for ideal line and for line with sufficiently great 
losses (R = 22.44 mΩ/km) are practically indistinguishable. The obtained 
results are recent and surely they require more sophisticated physical analy-
sis and experimental validation. Let’s remind that CAM is in principle un-
suitable for calculation of such degenerated regimes because they are not 
sinusoidal. 

Thus, represented here strongly valid solutions of the telegraph equa-
tions constrict even greater the class of problems that can be solved by 
means of symbolic method. To repeat or make use of results obtained here 
by classical deductive method it is necessary for user to possess a fund of 
knowledge in mathematical physics and some experience in the field. To 
achieve this object it is much easier to commercialize the computer-program 
“Albatross” (see [89, 90]) that executes with eases the analytical solutions 
with any accuracy rating and that is maximum simple in exploiting. 
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Thus, the general form of the exact solutions of the telegraph equations 
is presented for degenerated cases (short circuit and idling). The particular 
cases of the solutions for ideal and undistorting lines are considered in de-
tails that confirmed their complete concordance with the corresponding so-
lutions obtained earlier by method of characteristics and by difference-
characteristics algorithm “Albatross”. 

 

 
 

 
 

Fig. 2.2. The dynamics of the voltage function at the sending end of the open-
circuited line of length l =0.05 when R = G = 0 (a); R = 4.8, G = 0 (b). 

 
The constant component (unknown up to now) in the current and volt-

age functions for short-circuited and open-circuited lines connected to the 
sinusoidal voltage/current source was found out. If in the electric circuit 
with distributed reactive elements there are no losses on Joule–Lenz effect, 
then there is no possibility to generate the sinusoidal regime in it. In some 
cases the same regime doesn’t appear even in the presence of losses in the 
open- circuited (short-circuited) lines. 
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3. Method of characteristics for ideal and undistorting lines with 
lumped elements 
 
The system of equations (1.1) is of hyperbolic type with finite velocity 

of electromagnetic disturbance propagation. If for the line parameters the 
condition of proportionality or undistorted wave condition LR γ= , CG γ=  
takes place, then the general solution can be represented in the form of 
damped progressing waves with arbitrary shape and any localization ratio: 
 
 );( atxei t ±ψ= γ−  BZatxeu t /)( ±ψ±= γ− ,  (3.1) 

 
It results from (3.1) that the invariants of the original system (1.1) keep 

the constant values along the straight lines adtdx ±=/ , called characteris-
tics: 

 
 /( uieI t ±≡ γ±

BZ const=) . 
 

Let’s remark, that the linear solitary waves during their propagation in 
the forward and reverse directions run through each other without interac-
tion, this means that any set of them satisfies the original equations. Using 
these correlations (Riemannian invariants) it is easy to obtain the exact solu-
tion at arbitrary point x and time 0>t . 

As an example let’s consider the line with purely active load at the re-
ceiving end: iRu s=  when x = l. The design domains and the wave-front 
configurations in the plane of variables xt are presented in the fig. 3.1. Starting 
from zero initial data when t = 0, the voltages and currents are also zero in 
the domain I, because the electromagnetic disturbance, propagating from the 
point x = 0 with constant velocity along the charge-free conductor, reaches 
the opposite end of the line x = l after period of time =Δ l/a. 

Using the correlations on characteristics with negative slope 
adtdx −= : 0)( 1122 =−=−≡ γ−

BB ZuiZuieI t  and the boundary condi-
tion at the input of the linear circuit: )(02 tUu = , we obtain BZUi 02 =  
when x = 0; Δ≤< 20 t . 

Let’s note especially, that the current at the origin of the line in the ini-
tial stage (during the time required for wave double passing over the line 
length) is independent on the value of the dissipative factor 0>γ . In other 
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words the solution for ideal line coincides with the same for undistorting 
line over the time segment: x = 0; Δ≤< 20 t . 
 

 
 
Fig. 3.1. The design domains and the wave-front configurations for uniform trans-
mission line with RLC – circuit at the receiving end. 
 

Using now the correlations on characteristics with positive slope 
adtdx = : 

 
 [ ]BB ZtutieZuieI tt )()()( 22

)(
33 Δ−+Δ−=+≡ Δ−γγ+  

 
and the boundary condition 33 iRu S= , we can determine the current 
 

 [ ]B
SB

B Ztutie
RZ

Zi )()( 223 Δ−+Δ−
+

= Δγ−  when lx = ; Δ≤<Δ 3t . 

 
From the correlation along the line adtdx −= : 
 

 [ ]BB ZtutieZuieI tt )()()( 33
)(

44 Δ−−Δ−=−≡ Δ−γγ−  
 

and the boundary condition at the input: )(tUu 04 = , we have 
 
 [ ]BB ZtutieZtUi )()()( 3304 Δ−−Δ−+= Δγ−  when lx = ; Δ≤<Δ 42 t . 
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By using this not complicated procedure one can obtain the exact ana-
lytical solution for any space-time domain in the plane xt, as well as for any 
form of the input voltage (current). If, particularly, we assign the voltage in 
the complex form as u = exp(jωt) = cos(ωt) + jsin(ωt) when x = 0, then as-
signing the frequency ω = 0 and separating the real component from the 
general solution, we obtain the solution for constant voltage u = 1. But if ω 
≠ 0 and we separate the imaginary component of the solution, then we ob-
tain the solution for sinusoidal voltage: u = sin(ωt). Let’s cite some exact 
solutions in the general form for different load regimes setting at the receiv-
ing end of the line x = l boundary conditions of (1.3) type. 

 
3.1. Active resistance at the end of the line 

 
Using the boundary condition iRu s=  when x = l and introducing the 

following notations for dimensionless quantities: 10 == UZ B ; γ== GR ; 

BS

BS

ZR
ZR

z
+
−

= ; Δω+γ−= )( jeE ; 2zEzE = , let’s represent unsteady currents 

and voltages at the end points of the line as follows. 
 
Starting point 0=x : 

 
tjeu ω=2 ; tjei ω=2  when Δ≤< 20 t ; 
tjeu ω=4 ; )21(4 Ezei tj −= ω  when Δ≤<Δ 42 t ; 
tjeu ω=6 ; [ ])1(216 EE zzei tj −−= ω  when Δ≤<Δ 64 t ; 

tjeu ω=8 ; [ ]
E

EE
EEE z

zz
ezzzei tjtj
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1
21

)1(21
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tjeu ω=10 ; [ ]
E

EE
EEEE z

zz
ezzzzei tjtj

+
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=−+−−= ωω

1
21

)1(21
5

32
10  

when Δ≤<Δ 108 t  etc. 
 

The structure of the obtained solution makes it possible to write out the 
formulas for any arbitrary time interval 
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 tj
n eu ω=2 , 

E

EE
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= ω

1
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2  (3.2) 

when Δ≤<Δ− ntn 2)1(2 , n = 1, 2, 3, … 
 
Receiving end lx = : 

 
011 == ui  when Δ≤< t0 ; 

Eezu tjω+= )1(3 ; Eezi tjω−= )1(3  when Δ≤<Δ 3t ; 

)1()1(5 EzEezu tj −+= ω ; )1()1(5 EzEezi tj −−= ω  when Δ≤<Δ 53 t ; 
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11  

when Δ≤<Δ 119 t  etc. 
 
The formulas for any arbitrary time interval can be written out in this 

case too: 

 
E

E

z
zezu

n
tj

n +
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+= Δ−ω+Δγ−
+ 1

)(1)1( )(
12 ; 

 
E

E

z
zezi

n
tj

n +
−−

−= Δ−ω+Δγ−
+ 1

)(1)1( )(
12  (3.3) 

when Δ+≤<Δ− )12()12( ntn , n = 1, 2, 3, …. 
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The solution corresponding to the input voltage )2sin( tu π=  when x = 0 
arrives in the form of imaginary component of the cited above formulas as-
signing π=ω 2 . These expressions look to be intricate, but they will be-
come more complicate if we’ll try to write out the real solution directly for 
boundary function )2sin( tu π= . 

Let’s examine the asymptotic properties of the unknown functions when 
∞→t . In the case the parameter n in the formulas (3.2), (3.3) tends to in-

finity as well. The solution’s behavior depends strongly on the parameter 
2zEzE = . If 1<Ez , then 0)( →− n

Ez  and the solution takes the form of 
the periodical sinusoidal function with the period ωπ= /2T = 1/f = 1: 

 

 tjeUtu ω= 0)( ; 10 =U ; tjeIti ω= 0)( ; 
E

E

z
zI

+
−=

1
1

0  when 0=x  (3.4) 

and 

 tjeUtu ω= 1)( ; Δω+γ−

+
+= )(

1 1
1 je

z
zU
E

; 

 

 tjeIti ω= 1)( ; Δω+γ−

+
−= )(

1 1
1 je

z
zI
E

 when lx = . (3.5) 

 
After some transformations we obtain the asymptotic relations that co-

incide with the correlations obtained by CAM for steady-state (sinusoidal) 
regimes: 

 

=0Z
C
LZB = ; ajCjGLjR /)())(( ω+γ=ω+ω+=δ ; 11 IRU S= ; 

 

 
)th(
)th(

lRZ
lZR

ZZ
SB

BS
BBX δ+

δ+
= ; 00 IZU BX= ; )(sh)(ch 0001 lIZlUU δ−δ= . 

 
The condition 1<Ez  or 12)(22 <=== Δγ−Δω+γ− zezezEz j

E  takes 

place when or 0>γ  or 1<z . 
In case of short-circuited or open-circuited lines we have 0=γ , 1±=z  

and, correspondingly, 1=Ez . Then when ∞→t  the solution of (3.2), (3.3) 
doesn’t tend to purely sinusoidal form. Transforming (3.2), (3.3) and taking 
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into consideration that 0=γ , 1±=z , it is easy to obtain the explicit formu-
las for real solutions for boundary condition )sin(),0( ttu ω= .The solutions 
have the piecewise sinusoidal form given below. 
 
Short-circuited ideal line: 
 

[ ]tnti n ωΔω−Δ−−ω
Δω

= coscos))12((cos
sin

1
2  

 when 0=x ; Δ≤<Δ− ntn 2)1(2 .  (3.6) 

[ ])2(sinsin
sin

1
12 Δ−ω−ω

Δω
=+ ntti n  

 
 when lx = ; Δ+≤<Δ− )12()12( ntn .  (3.7) 

 
Open-circuited ideal line: 
 

[ ]tnti n
n ωΔω+Δ−−ω−

Δω
= − cossin))12((sin)1(

cos
1 1

2  

 
 when 0=x , Δ≤<Δ− ntn 2)1(2 .  (3.8) 
 

[ ])2(sin)1(sin
cos

1
12 Δ−ω−−ω

Δω
=+ nttu n

n  

 
 when lx = , Δ+≤<Δ− )12()12( ntn . (3.9) 

 
The formula (3.6) coincides with the solution (2.16), obtained in the 

precedent paragraph by means of Fourier method. Using the formulas (3.2), 
(3.3) we’ll write out some solutions for degenerated modes in sinusoidal 
voltage ideal and undistorting lines with the lengths l = 1/2;1/4;1/8; 3/8. 
 
Ideal ( 0=γ ) short-circuited half-wave (l = ½) line: 
 1;1;2/1;1 −=−===Δ−= π−

EzeEz j ; 

)2sin(2 tu n π= ; )2sin()12(
1

)(21lim)2sin(
1

2 tn
z

zzti
E

EE

E

n

z
n π−=

+
−−−

π=
−→

 

when 0=x , ntn ≤<Δ− 2 ; 
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012 =+nu ; ))(2sin(2
1

)(1lim))(2sin(2
1

12 Δ−π=
+
−−

Δ−π=
−→

+ tn
z
zti

E

E

E

n

z
n  

when x = l, Δ+≤<Δ− ntn . 
 
Undistorting ( 0>γ ) short-circuited half-wave (l = ½) line: 
 
 γ−γ−π−γ− −=−===Δ−= ezeeEz E

j ;;2/1;1 2/2/ ; 
 

)2sin(2 tu n π= ; )2sin(
1

21
2 t

e
eei

n

n π
−

−+= γ−

γ−γ−
 when 0=x , ntn ≤<Δ− 2 ; 

 

012 =+nu ; ))(2sin(
1
12 2/

12 Δ−π
−
−= γ−

γ−
γ−

+ t
e
eei

n

n  

when x = l, Δ+≤<Δ− ntn . 
 
Ideal ( 0=γ ) open-circuited have-wave (l = 1/2) line: 
 1;1;2/1;1 =−===Δ= π−

EzeEz j ; 

)2sin(2 tu n π= ; )2sin()1( 1
2 ti n

n π−= −  when 0=x , ntn ≤<Δ− 2 ; 
 

( ) ))(2sin()1(112 Δ−π−−=+ tu n
n ; 012 =+ni  

when x = l, Δ+≤<Δ− ntn . 
 
Undistorting ( 0>γ ) open-circuited have-wave (l = 1/2) line: 
 
 γ−γ−π−γ− =−===Δ= ezeeEz E

j ;;2/1;1 2/2/ ; 
 

)2sin(2 tu n π= ; )2sin(
1

)1(21
2 t

e
eei

nn

n π
+

−−−= γ−

γ−γ−
 

when 0=x , ntn ≤<Δ− 2 ; 
 

))(2sin(
1

)1(12 2/
12 Δ−π

+
−−= γ−

γ−
γ−

+ t
e

eeu
nn

n ; 012 =+ni  

when x = l, Δ+≤<Δ− ntn . 
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Ideal ( 0=γ ) short-circuited quarter -wave (l = 1/4) line: 
 1;;4/1;1 2/ =−===Δ−= π−

EzjeEz j ; 

)2sin(2 tu n π= ; )2sin()1( 1
2 ti n

n π−= −  
when 0=x , 222 // ntn ≤<Δ− ; 

 
012 =+nu ; ( ) ))(2sin()1(112 Δ−π−−=+ ti n

n  
when x = l, Δ+≤<Δ− 22 // ntn . 

 
Undistorting ( 0>γ ) short-circuited quarter -wave (l = 1/4) line: 
 2/4/2/4/ ;;4/1;1 γ−γ−π−γ− =−===Δ−= ezjeeEz E

j ; 
 

)2sin(2 tu n π= ; )2sin(
1

)1(21
2/

2/2/

2 t
e

eei
nn

n π
+

−−−= γ−

γ−γ−
 

when 0=x , 222 // ntn ≤<Δ− ; 
 

012 =+nu ; ))(2sin(
1

)1(12 2/

2/
4/

12 Δ−π
+
−−= γ−

γ−
γ−

+ t
e

eei
nn

n  

when x = l, Δ+≤<Δ− 22 // ntn . 
 
Ideal ( 0=γ ) open-circuited quarter -wave (l = 1/4) line: 
 1;;4/1;1 2/ −=−===Δ= π−

EzjeEz j  

)2sin(2 tu n π= ; )2sin()12(
1

)(21lim)2sin(
1

2 tn
z

zzti
E

EE

E

n

z
n π−=

+
−−−

π=
−→

 

when 0=x , 222 // ntn ≤<Δ− ; 
 

))(2sin()1(2
1

)(1lim))(2sin(2
1

12 Δ−π+=
+
−−

Δ−π=
−→

+ tn
z
ztu

E

E

E

n

z
n ; 

012 =+ni  when x = l, Δ+≤<Δ− 22 // ntn . 
 
Undistorting ( 0>γ ) open-circuited quarter -wave (l = 1/4) line: 
 2/4/2/4/ ;;4/1;1 γ−γ−π−γ− −=−===Δ= ezjeeEz E

j  
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)2sin(2 tu n π= ; )2sin(
1

21
2/

2/2/

2 t
e

eei
n

n π
−

−+= γ−

γ−γ−
 

when 0=x , 222 // ntn ≤<Δ− ; 
 

))(2sin(
1
12 2/

2/
4/

12 Δ−π
−
−= γ−

γ−
γ−

+ t
e
eeu

n

n ; 012 =+ni  

when x = l, Δ+≤<Δ− 22 // ntn . 
 
Ideal ( 0=γ ) short-circuited line with the length l = 1/8: 
 jzjeEz E

j =−===Δ−= π− ;2/)1(2;8/1;1 4/ ; 
 

)2sin(2 tu n π= ; 

⎪
⎪
⎩

⎪
⎪
⎨

⎧

=π+π
==π+ϕϕ+π

=−=ϕϕ+π
=π

=

...,10,6,2),2sin(
...,9,5,1,2)tg();2sin(5

...,12,8,4,2)tg();2sin(5
...,11,7,3),2sin(

2

nt
nt

nt
nt

i n  

when 0=x , 424 // ntn ≤<Δ− ; 
 
 

012 =+nu ; 

...,11,7,3,

...,10,6,2,
...,9,5,1,
...,12,8,4,

)4/32cos(2
)2/2sin(22

)4/2sin(2
0

12

=
=
=

=

⎪
⎪
⎩

⎪
⎪
⎨

⎧

π+π
π−π

π−π
=+

n
n
n

n

t
t

t
i n  

when x = l, Δ+≤<Δ− 44 // ntn . 
 

Undistorting ( 0>γ ) short-circuited line with the length l = 1/8: 
 4/8/4/8/ ;2/)1(2;8/1;1 γ−γ−π−γ− =−===Δ−= jezejeEz E

j ; 
 

)2sin(2 tu n π= ; 
2/1

2/

24/4/

2
1

)2(1);2sin(
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

+
−+=ϕ+π= γ−

γ−γ−

e
eeAtAi

n

n ; 

 ...,11,7,3;tg;2tg; 4/
2

4/4/
121 ==ϕ−=ϕϕ−ϕ=ϕ γ−γ−γ− neee n  
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2/1

2/

2/24/

2
1

)21();2sin(
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

+
++=ϕ+π= γ−

γ−γ−

e
eeAtAi

n

n ; 

 ...,12,8,4;tg;
21

tg; 4/
24/

4/

121 ==ϕ
+

−=ϕϕ−ϕ=ϕ γ−
γ−

γ−
ne

e
e

n  

2/1

2/

24/4/

2
1

)2(1);2sin(
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

+
++=ϕ+π= γ−

γ−γ−

e
eeAtAi

n

n ; 

 ...,9,5,1;tg);2(tg; 4/
2

4/4/
121 ==ϕ+−=ϕϕ−ϕ=ϕ γ−γ−γ− neee n  

2/1

2/

2/24/

2
1

)21();2sin(
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

+
+−=ϕ+π= γ−

γ−γ−

e
eeAtAi

n

n ; 

 ...,10,6,2;tg;
21

tg; 4/
24/

4/

121 ==ϕ
−

−=ϕϕ−ϕ=ϕ γ−
γ−

γ−
ne

e
e

n  

when 0=x , 424 // ntn ≤<Δ− ; 
 

012 =+nu ; 

2/

4/8/

12
1

)1(2);4/2sin(
γ−

γ−γ−

+
+

−=π−ϕ+π=
e

eeAtAi
n

n ; 

 ...,12,8,4;tg;0; 4/
2121 ==ϕ=ϕϕ−ϕ=ϕ γ− ne  

2/

2/
8/

12
1
12);4/2sin( γ−

γ−
γ−

+
+
+=π−ϕ+π=

e
eeAtAi

n

n ; 

 ...,9,5,1;tg;tg; 4/
2

4/
121 ==ϕ=ϕϕ−ϕ=ϕ γ−γ− nee n  

2/

4/8/

12
1

)1(2);4/2sin(
γ−

γ−γ−

+
+

+=π−ϕ+π=
e

eeAtAi
n

n ; 

 ...,10,6,2;tg;0tg; 4/
2121 ==ϕ=ϕϕ−ϕ=ϕ γ− ne  

2/

2/
8/

12
1
12);4/2sin( γ−

γ−
γ−

+
+
+=π−ϕ+π=

e
eeAtAi

n

n ; 

 ...,11,7,3;tg;tg; 4/
2

4/
121 ==ϕ−=ϕϕ−ϕ=ϕ γ−γ− nee n  

when x = l, Δ+≤<Δ− 44 // ntn . 
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Ideal ( 0=γ ) open-circuited line with the length l = 1/8: 
 jzjeEz E

j −=−===Δ= π− ;2/)1(2;8/1;1 4/  
 

)2sin(2 tu n π= ; 

⎪
⎪
⎩

⎪
⎪
⎨

⎧

=π+π
=−=π+ϕϕ+π

==ϕϕ+π
=π

=

...,10,6,2),2sin(
...,9,5,1,2)tg();2sin(5
...,12,8,4,2)tg();2sin(5

...,11,7,3),2sin(

2

nt
nt

nt
nt

i n  

when 0=x , 424 // ntn ≤<Δ− ; 
 

...,11,7,3,

...,10,6,2,
...,9,5,1,
...,12,8,4,

)4/2sin(2
)2/2sin(22

)4/32cos(2
0

12

=
=
=

=

⎪
⎪
⎩

⎪
⎪
⎨

⎧

π−π
π−π

π+π
=+

n
n
n

n

t
t

t
u n ; 012 =+ni  

when x = l, Δ+≤<Δ− 44 // ntn . 
 
Undistorting ( 0>γ ) open-circuited line with the length l = 1/8: 
 4/8/4/8/ ;2/)1(2;8/1;1 γ−γ−π−γ− −=−===Δ= jezejeEz E

j  
 

)2sin(2 tu n π= ; 
2/1

2/

24/4/

2
1

)2(1);2sin(
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

+
−+=ϕ+π= γ−

γ−γ−

e
eeAtAi

n

n ; 

 
 ...,11,7,3;tg;2tg; 4/

2
4/4/

121 =−=ϕ+−=ϕϕ−ϕ=ϕ γ−γ−γ− neee n  
 

2/1

2/

2/24/

2
1

)21();2sin(
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

+
++=ϕ+π= γ−

γ−γ−

e
eeAtAi

n

n ; 

 

 ...,12,8,4;tg;
21

tg; 4/
24/

4/

121 =−=ϕ
+

=ϕϕ−ϕ=ϕ γ−
γ−

γ−
ne

e
e

n  
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2/1

2/

24/4/

2
1

)2(1);2sin(
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

+
++=ϕ+π= γ−

γ−γ−

e
eeAtAi

n

n ; 

 
 ...,9,5,1;tg;2tg; 4/

2
4/4/

121 =−=ϕ+=ϕϕ−ϕ=ϕ γ−γ−γ− neee n  
 

2/1

2/

2/24/

2
1

)21();2sin(
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

+
+−=ϕ+π= γ−

γ−γ−

e
eeAtAi

n

n ; 

 

 ...,10,6,2;tg;
21

tg; 4/
24/

4/

121 =−=ϕ
−

=ϕϕ−ϕ=ϕ γ−
γ−

γ−
ne

e
e

n  

when 0=x , 424 // ntn ≤<Δ− ; 
 

012 =+ni ; 

2/

4/8/

12
1

)1(2);4/2sin(
γ−

γ−γ−

+
+

−=π−ϕ+π=
e

eeAtAu
n

n ; 

 
 ...,12,8,4;tg;0; 4/

2121 =−=ϕ=ϕϕ−ϕ=ϕ γ− ne  
 

2/

2/
8/

12
1
12);4/2sin( γ−

γ−
γ−

+
+
+=π−ϕ+π=

e
eeAtAu

n

n ; 

 
 ...,9,5,1;tg;tg; 4/

2
4/

121 =−=ϕ−=ϕϕ−ϕ=ϕ γ−γ− nee n  
 

2/

4/8/

12
1

)1(2);4/2sin(
γ−

γ−γ−

+
+

+=π−ϕ+π=
e

eeAtAu
n

n ; 

 
 ...,10,6,2;tg;0tg; 4/

2121 =−=ϕ=ϕϕ−ϕ=ϕ γ− ne  
 

2/

2/
8/

12
1
12);4/2sin( γ−

γ−
γ−

+
+
+=π−ϕ+π=

e
eeAtAu

n

n ; 
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 ...,11,7,3;tg;tg; 4/
2

4/
121 =−=ϕ=ϕϕ−ϕ=ϕ γ−γ− nee n  

when x = l, Δ+≤<Δ− 44 // ntn . 
 
Ideal ( 0=γ ) short-circuited line with the length l = 3/8: 
 jzjeEz E

j −=+−===Δ−= π− ;2/)1(2;8/3;1 4/3 ; 
 

)2sin(2 tu n π= ; 

⎪
⎪
⎩

⎪
⎪
⎨

⎧

==ϕϕ+π
=π
=π+π

=−=π+ϕϕ+π

=

...,10,6,2,2)tg();2sin(5
...,9,5,1),2sin(

...,12,8,4),2sin(
...,11,7,3,2)tg();2sin(5

2

nt
nt
nt

nt

i n  

when 0=x , 43243 // ntn ≤<Δ− ; 
 

012 =+nu ; 

...,11,7,3,

...,10,6,2,
...,9,5,1,
...,12,8,4,

)4/32sin(2
0

)4/32cos(2
)2/2sin(22

12

=
=
=

=

⎪
⎪
⎩

⎪
⎪
⎨

⎧

π−π

π−π
π−π

=+

n
n
n

n

t

t
t

i n  

when x = l, Δ+≤<Δ− 4343 // ntn . 
 

Undistorting ( 0>γ ) short-circuited line with the length l = 3/8: 

 4/38/34/38/3 ,)1(
2
2,

8
3,1 γ−γ−π−γ− −=+−===Δ−= jezejeEz E

j ; 

 
)2sin(2 tu n π= ; 

2/1

2/3

24/34/3

2
1

)2(1),2sin(
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

+
++=ϕ+π= γ−

γ−γ−

e
eeAtAi

n

n ; 

 
 ...,11,7,3;tg;2tg; 4/3

2
4/34/3

121 =−=ϕ+=ϕϕ−ϕ=ϕ γ−γ−γ− neee n  
 

2/1

2/3

2/324/3

2
1

)21(),2sin(
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

+
+−=ϕ+π= γ−

γ−γ−

e
eeAtAi

n

n ; 

 

www.TechnicalBooksPDF.com



 51 

 ...,12,8,4;tg;
21

tg; 4/3
24/3

4/3

121 =−=ϕ
−

=ϕϕ−ϕ=ϕ γ−
γ−

γ−
ne

e
e

n  

 
2/1

2/3

24/34/3

2
1

)2(1);2sin(
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

+
−+=ϕ+π= γ−

γ−γ−

e
eeAtAi

n

n ; 

 
 ...,9,5,1;tg;2tg; 4/3

2
4/34/3

121 =−=ϕ−=ϕϕ−ϕ=ϕ γ−γ−γ− neee n  
 

2/1

2/3

2/324/3

2
1

)21();2sin(
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

+
++=ϕ+π= γ−

γ−γ−

e
eeAtAi

n

n ; 

 ...,10,6,2;tg;
21

tg; 4/3
24/3

4/3

121 =−=ϕ
+

=ϕϕ−ϕ=ϕ γ−
γ−

γ−
ne

e
e

n  

when 0=x , 43243 // ntn ≤<Δ− ; 
 

012 =+nu ; 

2/3

4/38/3

12
1

)1(2);4/2sin(
γ−

γ−γ−

+
+

−=π−ϕ+π=
e

eeAtAi
n

n ; 

 
 ...,12,8,4;tg;0; 4/3

2121 =−=ϕ=ϕϕ−ϕ=ϕ γ− ne  
 

2/3

2/3
8/3

12
1
12);4/2sin( γ−

γ−
γ−

+
+
+=π−ϕ+π=

e
eeAtAi

n

n ; 

 
 ...,9,5,1;tg;tg; 4/3

2
4/3

121 =−=ϕ−=ϕϕ−ϕ=ϕ γ−γ− nee n  
 

2/

4/38/3

12
1

)1(2);4/2sin(
γ−

γ−γ−

+
+

+=π−ϕ+π=
e

eeAtAi
n

n ; 

 
 ...,10,6,2;tg;0tg; 4/3

2121 =−=ϕ=ϕϕ−ϕ=ϕ γ− ne  
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2/3

2/3
8/3

12
1
12);4/2sin( γ−

γ−
γ−

+
+
+=π−ϕ+π=

e
eeAtAi

n

n ; 

 
 ...,11,7,3;tg;tg; 4/3

2
4/3

121 =−=ϕ=ϕϕ−ϕ=ϕ γ−γ− nee n  
when x = l, Δ+≤<Δ− 4343 // ntn . 

 
Ideal ( 0=γ ) open-circuited line with the length l = 3/8: 
 jzjeEz E

j =+−===Δ= π− ;2/)1(2;8/3;1 4/3  

)2sin(2 tu n π= ; 

⎪
⎪
⎩

⎪
⎪
⎨

⎧

=−=ϕϕ+π
=π
=π+π

==π+ϕϕ+π

=

...,10,6,2,2)tg();2sin(5
...,9,5,1),2sin(

...,12,8,4),2sin(
...,11,7,3,2)tg();2sin(5

2

nt
nt
nt

nt

i n  

when 0=x , 43243 // ntn ≤<Δ− ; 
 

...,11,7,3,

...,10,6,2,
...,9,5,1,
...,12,8,4,

)4/2cos(2
)2/2sin(22

)4/32sin(2
0

12

=
=
=

=

⎪
⎪
⎩

⎪
⎪
⎨

⎧

π+π
π−π

π−π
=+

n
n
n

n

t
t

t
u n ; 012 =+ni  

when x = l, Δ+≤<Δ− 4343 // ntn . 
 

 
Undistorting ( 0>γ ) open-circuited line with the length l = 3/8: 
 4/38/34/38/3 ;2/)1(2;8/3;1 γ−γ−π−γ− =+−===Δ= jezejeEz E

j ; 
 

)2sin(2 tu n π= ; 
2/1

2/3

24/34/3

2
1

)2(1),2sin(
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

+
++=ϕ+π= γ−

γ−γ−

e
eeAtAi

n

n ; 

 
 ...,11,7,3;tg);2(tg; 4/3

2
4/34/3

121 ==ϕ+−=ϕϕ−ϕ=ϕ γ−γ−γ− neee n  
 

2/1

2/3

2/324/3

2
1

)21();2sin(
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

+
+−=ϕ+π= γ−

γ−γ−

e
eeAtAi

n

n ; 
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 ...,12,8,4;tg;
21

tg; 4/3
24/3

4/3

121 ==ϕ
−

−=ϕϕ−ϕ=ϕ γ−
γ−

γ−
ne

e
e

n  

 
2/1

2/3

24/34/3

2
1

)2(1);2sin(
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

+
−+=ϕ+π= γ−

γ−γ−

e
eeAtAi

n

n ; 

 
 ...,9,5,1;tg;2tg; 4/3

2
4/34/3

121 ==ϕ+−=ϕϕ−ϕ=ϕ γ−γ−γ− neee n  
 

2/1

2/3

2/324/3

2
1

)21();2sin(
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

+
++=ϕ+π= γ−

γ−γ−

e
eeAtAi

n

n ; 

 

 ...,10,6,2;tg;
21

tg; 4/3
24/3

4/3

121 ==ϕ
+

−=ϕϕ−ϕ=ϕ γ−
γ−

γ−
ne

e
e

n  

when 0=x , 43243 // ntn ≤<Δ− ; 
 

2/3

4/38/3

12
1

)1(2);4/2sin(
γ−

γ−γ−

+
+

−=π−ϕ+π=
e

eeAtAu
n

n ; 

 
 ...,12,8,4;tg;0; 4/3

2121 ==ϕ=ϕϕ−ϕ=ϕ γ− ne  
 

;
1
12);4/2sin( 2/3

2/3
8/3

12 γ−

γ−
γ−

+
+
+=π−ϕ+π=

e
eeAtAu

n

n  

 
 ...,9,5,1;tg;tg; 4/3

2
4/3

121 ==ϕ=ϕϕ−ϕ=ϕ γ−γ− nee n  
 

2/

4/38/3

12
1

)1(2);4/2sin(
γ−

γ−γ−

+
+

+=π−ϕ+π=
e

eeAtAu
n

n ; 

 
 ...,10,6,2;tg;0tg; 4/3

2121 ==ϕ=ϕϕ−ϕ=ϕ γ− ne  
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2/3

2/3
8/3

12
1
12);4/2sin( γ−

γ−
γ−

+
+
+=π−ϕ+π=

e
eeAtAu

n

n ; 

 
 ...,11,7,3;tg;tg; 4/3

2
4/3

121 ==ϕ−=ϕϕ−ϕ=ϕ γ−γ− nee n ; 
 
 012 =+ni  

when x = l, Δ+≤<Δ− 4343 // ntn . 
 

3.2. Ideal capacity at the end of the line 
 
Using the boundary condition idtduCS =/  when lx =  and introducing 

the following notations: SCk /1= ; ,...,,, 321=Δ−= mmttm  we can represent 
nonstationary solution at the end points of the line in the form given below. 
 
Starting point 0=x : 

 
tjtj eieu ωω == 22 ;  when Δ≤< 20 t ; 

 
tjeu ω=4 ; [ ]22 2)(2 2

24
kttj keekj

kj
eii −ω

Δγ−
+−ω

+ω
+=  when Δ≤<Δ 42 t ; 

 

tjeu ω=6 ; 
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+ω
ω−−

+ω
−ω

+ω
+= −ω

Δγ−
44

4

24

46 4)(2 kttj e
kj

jktke
kj

kj
kj

eii  

when Δ≤<Δ 64 t ; 
 

tjeu ω=8 ; 
⎢
⎢
⎣

⎡
+

+ω
−ω

+ω
+= ω

Δγ−
6

2

36

68
)(
)(2 tje

kj
kj

kj
eii  

 

 
⎥
⎥
⎦

⎤
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

+ω
ω−+

+ω
ω+−+ − 6

2

22

6
2
6

2

)(
33224 kte
kj

kkt
kj
jktkk  when Δ≤<Δ 86 t ; 

 

tjeu ω=10 ; 
⎢
⎢
⎣

⎡
−

+ω
−ω

+ω
+= ω

Δγ−
8

3

48

810
)(
)(2 tje

kj
kj

kj
eii  
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 ⎜
⎜
⎝

⎛
−

+ω
ω−ω++

+ω
ω+−− 82

22
2
8

23
8

3

)(
32323

3
8 kt

kj
kjktk

kj
jktkk  

 
⎥
⎥
⎦

⎤
⎟
⎟
⎠

⎞

+ω
ω−ω− − 8

3

22

)(
)(3 kte

kj
kj  when Δ≤<Δ 108 t  etc. 

 
Receiving end lx = : 

 
011 == ui  when Δ≤< t0 ; 

 

( )112
3

kttj ee
kj

keu −ω
Δγ−

−
+ω

= ; ( )112
3

kttj keej
kj

ei −ω
Δγ−

+ω
+ω

=  when Δ≤<Δ 3t ; 

 

⎥
⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+ω
−ω−+

+ω
−ω

+ω
+= −ω

Δγ−
33

3

3

35 22 kttj e
kj
kjkte

kj
kj

kj
keuu ; 

 

 ⎥
⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+ω

ω+−−
+ω

−ωω
+ω

+= −ω
Δγ−

33 32)(2
3

3

35
kttj e

kj
jkktke

kj
kjj

kj
eii  

when Δ≤<Δ 53 t ; 
 

⎢
⎢
⎣

⎡
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+ω
−ω

+ω
+= ω

Δγ−
5

25

57
2 tje

kj
kj

kj
keuu  

 
⎥
⎥

⎦

⎤

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+ω
−ω+

+ω
ω−− − 5

2

5
2
5

2 42 kte
kj
kjt

kj
kjtk ; 

⎢
⎢
⎣

⎡
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+ω

ω−ω
+ω

+= ω
Δγ−

5

25

57
2 tje

kj
jkj

kj
eii  

 

( ) ⎥
⎥
⎦

⎤
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

+ω
ω−ω++

+ω
+ω−+ − 5

2

22

5
2
5

2 52)2(42 kte
kj
kjkkt

kj
kjtkk  when Δ≤<Δ 75 t ; 
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⎢
⎢
⎣

⎡
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+ω
−ω

+ω
+= ω

Δγ−
7

37

79
2 tje

kj
kj

kj
keuu  

 

 
⎥
⎥

⎦

⎤

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+ω
−ω−

+ω
ω−+

+ω
+ω−+ − 7

3

72

22
2
7

23
7

3 3
)(

)3(6364
3
1 kte

kj
kjkt

kj
ktk

kj
kjtk ; 

 

⎢
⎢
⎣

⎡
⎜⎜
⎝

⎛
+

+ω
+ω−−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+ω
−ωω

+ω
+= ω

Δγ−
2
7

23
7

3
37

79
)35(64

3
2 7 tk

kj
kjtkke

kj
kjj

kj
eii tj  

 

 
⎥
⎥
⎦

⎤
⎟
⎟
⎠

⎞

+ω
ω−ω−ω+−

+ω
ω−ω++ − 7

3

3223

72

22

)(
219153

)(
)983(6 kte

kj
jkkjkkt

kj
kjk  

when Δ≤<Δ 97 t ; 
 

⎢
⎢
⎣

⎡
⎜⎜
⎝

⎛
+

+ω
+ω−−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+ω
−ω

+ω
+= ω

Δγ−
3
9

34
9

4
49

911
282

3
12 9 tk

kj
kjtke

kj
kj

kj
keuu tj  

 

 
⎥
⎥

⎦

⎤

⎟
⎟

⎠

⎞
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+ω
−ω+

+ω
ω−ω−

+ω
ω−ω++ − 9

4

93

22
2
9

2
2

22
3

)(
)(24

)(
)32(12 kte

kj
kjkt

kj
kjtk

kj
kjk ; 

 

⎜⎜
⎝

⎛
+

+ω
+ω−

⎢
⎢
⎣

⎡
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+ω
−ωω

+ω
+= ω

Δγ−
3
9

34
9

4
49

911
)23(82

3
2 9 tk

kj
kjtkke

kj
kjj

kj
eii tj  

 

 
( ) ( )

+
+ω

ω−ω−ω+−
+ω

ω−ω++ 93

3223
2
9

2
2

22 4542478312 kt
kj

jkkjktk
kj
kjk  

 

( ) ⎥
⎥
⎦

⎤
⎟
⎟
⎠

⎞

+ω
ω+ω−ω−ω++ − 9

4

432234 271242123 kte
kj

kjkkjk  

when Δ≤<Δ 119 t  etc. 
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3.3. Ideal inductance at the end of the line 
 

Using the boundary condition dtdiLu S /=  when lx =  and introducing 
the following notation: SLk /1=  we can represent nonstationary solution at 
the end points of the line in the form given below. 
 
Starting point 0=x : 

 
tjtj eieu ωω == 22 ;  when Δ≤< 20 t ; 

 
tjeu ω=4 ; [ ]22 2)(2 2

24
kttj keekj

kj
eii −ω

Δγ−
+−ω

+ω
−=  when Δ≤<Δ 42 t ; 

 

tjeu ω=6 ; 
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+ω
ω−−

+ω
−ω

+ω
+= −ω

Δγ−
44

4

24

46 4)(2 kttj e
kj

jktke
kj

kj
kj

eii  

when Δ≤<Δ 64 t ; 
 

tjeu ω=8 ; 
⎢
⎢
⎣

⎡
+

+ω
−ω

+ω
−= ω

Δγ−
6

2

36

68
)(
)(2 tje

kj
kj

kj
eii  

 

⎥
⎥
⎦

⎤
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

+ω
ω−+

+ω
ω+−+ − 6

2

22

6
2
6

2

)(
33224 kte
kj

kkt
kj
jktkk  when Δ≤<Δ 86 t ; 

 

tjeu ω=10 ; 
⎢
⎢
⎣

⎡
−

+ω
−ω

+ω
+= ω

Δγ−
8

3

48

810
)(
)(2 tje

kj
kj

kj
eii  

 

 ⎜
⎜
⎝

⎛
−

+ω
ω−ω++

+ω
ω+−− 82

22
2
8

23
8

3

)(
32323

3
8 kt

kj
kjktk

kj
jktkk  

 

⎥
⎥
⎦

⎤
⎟
⎟
⎠

⎞

+ω
ω−ω− − 8

3

22

)(
)(3 kte

kj
kj  when Δ≤<Δ 108 t  etc. 
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Receiving end lx = : 
 

011 == ui  when Δ≤< t0 ; 
 

( )112
3

kttj keej
kj

eu −ω
Δγ−

+ω
+ω

= ; ( )112
3

kttj ee
kj

kei −ω
Δγ−

−
+ω

=  when Δ≤<Δ 3t ; 

 

⎥
⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+ω

ω+−−
+ω

−ωω
+ω

−= −ω
Δγ−

33 32)(2
3

3

35
kttj e

kj
jkktke

kj
kjj

kj
euu ; 

 

⎥
⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+ω
−ω−+

+ω
−ω

+ω
−= −ω

Δγ−
33

3

3

35 22 kttj e
kj
kjkte

kj
kj

kj
keii  

when Δ≤<Δ 53 t ; 
 

⎢
⎢
⎣

⎡
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+ω

ω−ω
+ω

+= ω
Δγ−

5

25

57
2 tje

kj
jkj

kj
euu  

( ) ⎥
⎥
⎦

⎤
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

+ω
ω−ω++

+ω
+ω−+ − 5

2

22

5
2
5

2 52)2(42 kte
kj
kjkkt

kj
kjtkk ; 

 

⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+ω
−ω+

+ω
ω−−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+ω
−ω

+ω
+= −ω

Δγ−
55

2

5
2
5

2
25

57
422 kttj e

kj
kjt

kj
kjtke

kj
kj

kj
keii  

when Δ≤<Δ 75 t ; 
 

⎢
⎢
⎣

⎡
⎜⎜
⎝

⎛
+

+ω
+ω−−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+ω
−ωω

+ω
−= ω

Δγ−
2
7

23
7

3
37

79
)35(64

3
2 7 tk

kj
kjtkke

kj
kjj

kj
euu tj  

 
⎥
⎥
⎦

⎤
⎟
⎟
⎠

⎞

+ω
ω−ω−ω+−

+ω
ω−ω++ − 7

3

3223

72

22

)(
219153

)(
)983(6 kte

kj
jkkjkkt

kj
kjk ; 

 

⎢
⎢
⎣

⎡
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+ω
−ω

+ω
−= ω

Δγ−
7

37

79
2 tje

kj
kj

kj
keii  
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⎥
⎥

⎦

⎤

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+ω
−ω−

+ω
ω−+

+ω
+ω−+ − 7

3

72

22
2
7

23
7

3 3
)(

)3(6364
3
1 kte

kj
kjkt

kj
ktk

kj
kjtk  

when Δ≤<Δ 97 t ; 
 

⎜⎜
⎝

⎛
+

+ω
+ω−

⎢
⎢
⎣

⎡
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+ω
−ωω

+ω
+= ω

Δγ−
3
9

34
9

4
49

911
)23(82

3
2 9 tk

kj
kjtkke

kj
kjj

kj
euu tj  

 
( ) ( )

+
+ω

ω−ω−ω+−
+ω

ω−ω++ 93

3223
2
9

2
2

22 4542478312 kt
kj

jkkjktk
kj
kjk  

 
( ) ⎥

⎥
⎦

⎤
⎟
⎟
⎠

⎞

+ω
ω+ω−ω−ω++ − 9

4

432234 271242123 kte
kj

kjkkjk ; 

⎢
⎢
⎣

⎡
⎜⎜
⎝

⎛
+

+ω
+ω−−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+ω
−ω

+ω
+= ω

Δγ−
3
9

34
9

4
49

911
282

3
12 9 tk

kj
kjtke

kj
kj

kj
keii tj  

 
⎥
⎥

⎦

⎤

⎟
⎟

⎠

⎞
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+ω
−ω+

+ω
ω−ω−

+ω
ω−ω++ − 9

4

93

22
2
9

2
2

22
3

)(
)(24

)(
)32(12 kte

kj
kjkt

kj
kjtk

kj
kjk  

when Δ≤<Δ 119 t  etc. 
 

3.4. RLC – circuit at the end of the line 
 
The boundary condition for RLC – circuit at the end of the line is of the 

form of (1.3). For some simplification let’s consider the case of multiple 
roots of characteristic equation 0/1)(2 =+++ SBSS CkZRkL , i.e. =SL4  

2)( BSS ZRC += . Let’s introduce the following notations: ,kjk +ω=ω  
2
ωω = kLL S , )2/()( SBS LZRk += . Then the initial fragments of the nonsta-

tionary solution at the end points of the line can be written in the form given 
below. 

 
Starting point 0=x : 

 
tjtj eieu ωω == 22 ;  when Δ≤< 20 t ; 
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tjeu ω=4 ; 

[ ]22 )(2)2(2
2

2

24
kttj ejtkkejL

L
eii −

ω
ω

ω
ω

Δγ−
ω−−ω−−=  when Δ≤<Δ 42 t ; 

 
tjeu ω=6 ; (⎢⎣

⎡ −−ω−+= ω
ω

ω
ω

Δγ−
3
4

322
2

4

46 3
2)2(2 4 tkkejL

L
eii tj  

 ) ⎥
⎦

⎤
ω−ω−ω−+ω+− −

ωωωω
4)(6)(6)2(3 4

22
4

2 ktejLjtkLktkjkk  

when Δ≤<Δ 64 t ; 
 

tjeu ω=8 ; (⎢⎣
⎡ −−ω−−= ω

ω
ω

ω

Δγ−
5
6

533
3

6

68 15
1)2(2 6 tkkejL

L
eii tj  

 
 −ω−ω+++ω+− ωωω

3
6

3224
6

42 )6623(10)32(5 tkkjkkLktkjkk  
 
 −ω+ω−+ω−ω+− ωωωωω 6

3222
6

23 )463(30)2)2(3(30 tkjLkLtkjLjkk  
 

) ⎥
⎦

⎤
ω−ω−ω− −

ωω
6)463(30 22 kteLjLj  when Δ≤<Δ 86 t ; 

 
tjeu ω=10 ; (⎢⎣

⎡ −+ω−+= ω
ω

ω
ω

Δγ−
7
8

744
4

8

810 315
1)2(2 8 tkkejL

L
eii tj  

 
 −ω−ω+++ω+− ωωω

5
8

52226
8

63 )6832(42)43(7 tkkjkkLktkjkk  
 
 ( ) +ω−ω−ω++ω+− ωω

4
8

43223 464)32(2210 tkjkkjkLjkkk  
 
 ( ) −ω+ω−ω+++ ωωω

3
8

342222 2)33(43420 tkkjkkLLk  
 
 ( ) +ω−ω−ω+− ωωω

2
8

2432 24)2(31260 tkLjLjkk  
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 ( ) −ω+ω+ω−+ ωωωω 8
43223 2432520 tkLjLkL  

 

) ⎥
⎦

⎤
ω−ω−ω−ω− −

ωωω
8)22)((2520 22 kteLjLjLj  when Δ≤<Δ 108 t . 

 
Receiving end lx = : 

 
011 == ui  when Δ≤< t0 ; 

 

( )11 )()(2
13

kttj ejtkkejL
L
eu −

ω
ω

ω
ω

Δγ−
ω−−ω−= ; 

( )11 )(2
13

kttj ejtkkej
L
ei −

ω
ω

ω

Δγ−
ω−+ω=  when Δ≤<Δ 3t ; 

 

(⎢⎣
⎡ −+ω−ω−+= ω

ω
ωω

ω

Δγ−
3
3

32
2

3

35 3
1)2)((2 3 tkkejLjL

L
euu tj  

 ) ⎥
⎦

⎤
ω−ω−ω−+ω+− −

ωωωω
3)23(3)23(3)2(3 3

22
3

2 ktejLjtkLktkjkk ; 

(⎢⎣
⎡ −+ω−ω−= ω

ω
ω

ω

Δγ−
3
3

32
2

3

35 3
1)2(2 3 tkkejLj

L
eii tj  

 ) ⎥
⎦

⎤
ω−ω−ω−+ω+− −

ωωωω
3)2(3)2(3)2(3 3

22
3

2 ktejLjtkLktkjkk  

when Δ≤<Δ 53 t ; 
 

(⎢⎣
⎡ −−ω−ω−+= ω

ω
ωω

ω

Δγ−
5
5

532
3

5

57 30
1)2)((2 5 tkkejLjL

L
euu tj  

 
 −ω−ω+++ω+− ωωω

3
5

3224
5

42 )332(20)32(5 tkkjkkLktkjkk  
 
 −ω+ω−+ω−ω+− ωωωωω 5

3222
5

23 )485(30))2(2(60 tkjLkLtkjLjkk  
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 ) ⎥
⎦

⎤
ω−ω−ω− −

ωω
5)485(30 22 kteLjLj ; 

 

(⎢⎣
⎡ −+ω−ω+= ω

ω
ω

ω

Δγ−
5
5

532
3

5

57 30
1)2(2 5 tkkejLj

L
eii tj  

 
 −ω−ω+++ω+− ωωω

3
5

3224
5

42 )33(20)32(5 tkkjkkLktkjkk  
 
 −ω+ω−+ω−ω+− ωωωωω 5

3222
5

23 )44(30))2((60 tkjLkLtkjLjkk  
 

 ) ⎥
⎦

⎤
ω−ω− −

ω
52)2(30 ktejLj when Δ≤<Δ 75 t ; 

 

(⎢⎣
⎡ −−ω−ω−−= ω

ω
ωω

ω

Δγ−
7
7

743
4

7

79 630
1)2)((2 7 tkkejLjL

L
euu tj  

 
 −ω−ω+++ω+− ωωω

5
7

52226
7

63 )121665(21)43(7 tkkjkkLktkjkk  
 
 ( ) +ω++ω−ω+ω+− ωω

4
7

422 )32(5)22)(2(2105 tkjkkLkjkjkk  
 
 ( ) −ω+ω−ω+++ ωωω

3
7

342222 4)33(109210 tkkjkkLLk  
 
 ( ) +ω−ω−ω+− ωωω

2
7

2432 410)2(9630 tkLjLjkk  
 
 ( ) −ω+ω+ω−+ ωωωω 7

43223 820187630 tkLjLkL  
 

 ( )) ⎥
⎦

⎤
ω+ω−ω−ω− −

ωωω
73223 820187630 ktejLLjLj ; 

 

(⎢⎣
⎡ −+ω−ω−= ω

ω
ω

ω

Δγ−
7
7

743
4

7

79 630
1)2(2 7 tkkejLj

L
eii tj  
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 −ω−ω+++ω+− ωωω
5
7

52226
7

63 )121663(21)43(7 tkkjkkLktkjkk  
 
 ( ) +ω++ω−ω+ω+− ωω

4
7

422 )32(3)22)(2(2105 tkjkkLkjkjkk  
 
 ( ) −ω+ω−ω+++ ωωω

3
7

342222 4)33(63210 tkkjkkLLk  
 
 ( ) +ω−ω−ω+− ωωω

2
7

2432 46)2(3630 tkLjLjkk  
 
 ( ) −ω+ω+ω−+ ωωωω 7

43223 8126630 tkLjLkL  
 

 ) ⎥
⎦

⎤
ω−ω− −

ω
73)2(630 ktejLj when Δ≤<Δ 97 t  etc. 

 
So, as it turned out, the formation of solution, the exact solution analy-

sis and tabulation for undistorting lines (there is only wave dissipation and 
there is no wave dispersion) is enough laborious task. To make use of the 
given analytical solutions one must have certain grounding in mathematics. 
The design formulas look very intricate even at the initial stage of the tran-
sient process. So it is impossible to generalize them for the lines with arbi-
trary input voltage form, with variable (tunable) parameters, etc. Thus, only 
some elementary test problems can be solved by means of method of char-
acteristics and Fourier method. However, these solutions are of methodical 
and practical importance, because they serve as a basis for comparative 
analysis and for posterior precision estimation of the numerical solutions. 

Let’s remark that the method of characteristics can be used for solving 
not only direct problems, but inverse problems (modeling the wave process 
in the reverse time from the present to the past) as well. The inverse prob-
lems of the mathematical physics with the irreversible energy dissipation are 
usually ill-defined because of input data instability. 

Let’s suppose that at some time moment t = t0 the space distributions of 
the current and voltage in the line are known (are given): );(0 xii =  

),(0 xuu =  ],0[ lx ∈ , as well as the boundary conditions at the end points 
when t < t0: u = exp(jωt) when x = 0 and iRu s=  when x = l. Now let’s pre-
sent the nonstationary solutions of (3.2), (3.3) in the reverse time. Starting 
from the initial state, the functions i0(x) and u0(x) generate two invariants 

)(tA  and )(tB  at the end points of the line: 
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[ ] )0(
00 ))(())(()( tt

lBl etxiZtxutA −γ−= , )()( 0 ttaltxl −−= , 00 ttt ≤<Δ− ; 

[ ] )(
0000

0))(())(()( tt
B etxiZtxutB −γ+= , )()( 00 ttatx −= , 00 ttt ≤<Δ− . 

 

 
 

Fig. 3.2. The wave-front configurations in case of transient process in the reverse 
time. 

 
Starting point 0=x  (fig. 3.2): 
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z
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E
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ω Δ+−
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when Δ−≤<Δ− 34 00 ttt ; 
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⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−+−=

Δγ
ω

2

4

10
)4(1121

z
etB

zz
ei

EE

tj  

 2

42 )4(
1

21

z
etB

z
z

z
e

E

E

E
tj

Δγ
ω Δ++

+

−−

=  

when Δ−≤<Δ− 45 00 ttt ; 

tjeu ω=12 ; =Δ++⎥
⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−+−=

Δγ
ω

3

5

12
)5(1121

z
etA

zz
ei

EE

tj  

 3

52 )5(
1

21

z
etA

z
z

z
e

E

E

E
tj

Δγ
ω Δ++

+

−−

=  

when Δ−≤<Δ− 56 00 ttt ; 
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⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
+−+−=

Δγ
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Δγ
ω Δ+−

+

+−
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when Δ−≤<Δ− 67 00 ttt  etc. 
 

The structure of the obtained solution makes it possible to write out the 
formulas for any arbitrary time interval 

 
tj

m eu ω=4 ; 

 m

m
m

m

m

tj
m

z
emtA

z
z

z
ei

E

E

E Δγ−
−

−

−

ω Δ−+−+
+

−−−
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)12(

1
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1

4
))12(()1(
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)1(21
 

when ,)12(2 00 Δ−−≤<Δ− mttmt  m = 1, 2, 3, … 
 

tj
m eu ω

+ =)12(2 ; 
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 m

m
m

m

m

tj
m

z
emtB

z
z

z
ei
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E

E Δγ
ω

+
Δ+−+

+

−−−

=
2

)12(2
)2()1(

1

)1(21
 (3.10) 

when ,2)12( 00 Δ−≤<Δ+− mttmt  m = 0, 1, 2, 3, … 
 

Receiving end lx = : 
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1 −
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when Δ−≤<Δ− 67 00 ttt ; 
 

The formulas for any arbitrary time interval can be written out in this 
case too: 

 
1414 −− = mm iRu S ; 

 
)1(

))12(()1(
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)1(

)1(
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1

)12(1
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−

Δ−+−+
+
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= −
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when ,)12(2 00 Δ−−≤<Δ− mttmt  m = 1, 2, 3, … 
 

1414 ++ = mm iRu S ; 
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)2()1(
1

)1(

)1(
2 21

14
−

Δ+−+
+
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−
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Δγ−ω

+
SE

E

E

S Rz
emtA

z
z

z

ER
ei m

m
m

m

m

tj

m  (3.11) 

when ,2)12( 00 Δ−≤<Δ+− mttmt  m = 0, 1, 2, 3, … 
 
Let’s remark the expressions m

Ez/1  and mz/1  in the formulas (3.10) 
and (3.11). Since for line with losses ( 0>γ ) we have 1<Ez  and for ideal 

line with loading ∞<< SR0  – 1<z , then these expressions tend to infin-
ity when ∞→m . Correspondingly, the currents and voltages will tend to 
infinity as well, but this means that the problem modeling the wave process 

www.TechnicalBooksPDF.com



 

 

68 

involution is ill-defined. In the strict sense, the solutions (3.10) and (3.11) 
are stable only in the case of ideal line ( 0=γ ) with short circuit or idling 
( 1=z ). 

Thus, the method of characteristics is of self-dependent importance, be-
cause by applying this method one can reconstruct (interpret) the initial 
wave image or input signal, that is extremely important for diagnostics and 
identification of the parameters of diverse electrotechnology and electro-
energetics installations. 

 

4. Moving capacitor discharge on long line with losses 
 
The discharge on the ideal line of the moving with the steady speed ca-

pacitor was considered in [61]. Moving the voltage source with the speeds 
greater or lesser then the speed of the light, the authors attempted to dis-
cover the time delay effect within the limits of the linear electrodynamic 
model. As long as such effect didn’t become apparent, the authors con-
cluded that the obtained result is a good reason for disproof the special the-
ory of relativity (STR). 

In this paragraph by means of method of characteristics [89, 90] we ex-
amine the evolution of the nonstationary capacitor discharge on the long 
line. On the base of exact solutions of the boundary-value problems for 
telegraph equations it was established [76] that under some fixed relations 
between the capacity of the voltage source and the losses in the line, the 
electromagnetic energy distribution in the line is symmetric and independ-
ent of the speed of capacitor. It was discovered the effect of the speed en-
hancing of the electric capacity discharge under the speeds exceeding the 
speed of potential and current wave propagation in the line. The nonlinear 
problem of the discharge of capacitor, moving with steady acceleration (un-
til the velocity of its motion reaches the electromagnetic wave velosity), was 
solved. 
 
4.1. Solution of telegraph equations for undistorting line by means of 

method of characteristics 
 
Let’s consider the infinite twin-wire long line. Let the charged capacitor 

with the capacity Cn and potential U0 is connected up to this line at the ini-
tial time moment 0=t  (fig. 4.1). Under contacting the current appears in 
the conductor and the potential will propagate in both directions from the 
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connection point with the speed a, that we’ll take equal to 160000 km/sec (it 
is typical for cable lines). 

 

 
 

Fig. 4.1. The twin-wire long line with connected capacitor. 
 
So, it requires to determine the voltage function ),( txu  and the current 

function ),( txi , 0>∞−∞∈ tx ),,( , satisfying the system of telegraph equa-
tions 

 

 ;0=+
∂
∂+

∂
∂ Ri

x
u

t
iL      0=+

∂
∂+

∂
∂ Gu

x
i

t
uC  (4.1) 

 
under the following initial and boundary conditions: 

 
 ),(,0)0,()0,( ∞−∞∈== xxixu , (4.2) 
 

 ),(),(),( titi
dt

tdu
nC 00000 +−−=  when 00 >= tx , . (4.3) 

 
In case of undistorting line (R/L = G/C = γ) the solution of the problem  

(4.1) – (4.3) can be obtained by the method of characteristics. [89, 90]. As it 
is considered the line with unrestricted length, than the potential and current 
waves are propagating to the left and to the right from the source without 
reflections. It means that for 0>x  along the characteristics constxat =+  
the following relation takes place 0=− uiZB , where CLZB /=  and 

LCa /1=  represent the impedance of the line and the velocity of the elec-
tromagnetic wave propagation correspondingly. At the same time for 0<x  
along the characteristics constxat =−  the following relation takes place 
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0=+ uiZ B . Now using these relations, let’s eliminate the currents from the 
boundary condition (4.3). As a result we obtain the ordinary differential 
equation with respect to capacitor voltage 

 

 0000020 Ututxtu
Zdt

tduC
B

n =>=−= ),(,,),,(),( , 

 
with the solution 

 0,2,),0( 00
0 ≥=λ= λ− t

ZC
eUtu

Bn

t . (4.4) 

 
As can be seen, the capacitor voltage is independent on the losses in the 

line for which the proportionality condition R/L = G/C = γ takes place. 
The electrical energy, lumped in the capacitor, decreases in time by ex-

ponential law (just as the voltage) and can be calculated by formula 
 

 t

B

tnn
n e

Z
UeUCuCtW 00 2

0

2
02

2
0

2

22
)( λ−λ−

λ
=== . 

 
The solution of the initial equations (4.1) – (4.3) with boundary condi-

tion (4.4) using the method of characteristics can be written in the form 
 

0== ),(),( txitxu  when   atxoratx >−< ; 
 

B
axt ZtxutxieUtxu /),(),(;),( /)(

0
00 == γ−λ+λ−        when    atx <<0 ; (4.5) 

 
B

axt ZtxutxieUtxu /),(),(;),( /)(
0

00 −== γ−λ−λ−      when     0<<− xat . 
  
 

It can be seen from (4.5) that if the condition γ=λ0  takes place, then 
the potential distribution depends only on time in the perturbed domain and 
it is independent on the longitudinal coordinate x. The symmetrical charac-
ter of the nonstationary process of wave propagation in the left and in the 
right from the capacity connection point is also evident. The solution (4.5) 
is valid also for ideal line when γ = 0: 

 
B

axt ZtxutxieUtxu /),(),(;),( )/(
0

0 == −λ−    when    atx <<0 ; 
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B
axt ZtxutxieUtxu /),(),(;),( )/(

0
0 −== +λ−    when     0<<− xat . 

 
So, the voltage jump on the characteristics x = ± at is equal to the initial po-
tential value at the condenser: Δ U = 0U . When γ > 0 the voltage jump 

monotone decreases in time by exponential law: Δ U = 0U te γ− . 

The evolution of the normalized with respect to 0U  voltages along the 
ideal and undistorting lines is represented in the fig. 4.2 – 4.4 for different 
time moments t = 1 (a); 2 (b); 3 (c); 4 (d) with diverse correlations between 
the value of capacitor nC and the losses in the line γ . 

 

 
 

 
 
Fig. 4.2. The voltage distribution along the ideal line (γ = 0) for different time 
moments when Cn = 1, λ0 = 2. 
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Fig. 4.3. The voltage distribution along the undistorting line (γ = 0.48) for different 
time moments when Cn = 1, λ0 = 2. 

 

 
 

 
 

Fig. 4.4. The voltage distribution along the undistorting line (γ = 0.48) for different 
time moments when Cn = 10, λ0 = 0.2. 
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Fig. 4.5. The voltage distribution along the undistorting line (γ = 0.48) for different 
time moments when Cn = 4.16667, λ0 = γ = 0.48. 

 
The electromagnetic energy )(tWq , accumulated in the distributed reac-

tive elements till the time moment t, can be calculated by the formula [15, 
34] 

 

 ( ) ( ) =−
γ−

=+= λ−γ−

−
∫ tt

Bn

n
at

at
q ee

ZC
UC

dxCuLitW 022
2
022

22
1)(  

 

 ( )tt ee
Z

U

B

022

0

2
0

)(
λ−γ− −

γ−λ
= .  

 
Taking into consideration the conditioned of the Joule–Lenz effect irre-

versible losses of the active power in the line, the losses )(tWp  in the line 
take the following form: 
 

 ( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
γ−λ

γ+
γ−λ

λ
−

λ
=+= λ−γ−

−
∫ ∫ tt

B

t a

aτ
p ee

Z
Uτ

dτdxGuRitW 02

0

2

0

0

0

2
0

0

22 1)( . 

 
So the expression for the total energy in the line )()()( tWtWtW pql +=  is 
the following 
 

 ( ) )()0(1)( 02

0

2
0 tWWe
Z

U
tW nn

t
l

B

−=−
λ

= λ−  (4.6) 

 
or 
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 )0()()()( nnl WtWtWtW =+= , (4.7) 

 
where )(tW  is the total energy. 

 
4.2. Steady speed moving capacitor 
 

Let’s consider now the analogous problem but with the condition that 
the discharging capacitor is moving with steady speed av ≤  or av >  to the 
right of the initial position. In this case the defining equations are to be inte-
grated under the following boundary condition: 

 

 0,)(,2,)),(( 00
0 ≥==λ= λ− tvttx

ZC
eUttxu v

n

t
v

B

. (4.8) 

 
Here )(txv  denotes the trajectory of the capacitor motion on the plane Oxt 
(fig. 4.6), that is the straight line OA in this case. 

 

  
 

Fig. 4.6. The location of the solution regions on the plane Oxt when the capacitor is 
moving with steady speed av ≤  (a) and av > (b). 

 
Let’s describe the solution of this problem, defined by method of char-

acteristics, in case when av <  (fig. 4.6, а). The solution is zero in the do-
mains I and IV, where the electromagnetic wave is not yet reached: 

 
 0== ),(),( txitxu   when   atxratx >−< o  (4.9) 
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Then we have the direct wave propagation (moving to the right) in the 
domain II: 

 va
tvax

va
xat

va
vtx

eUeeUtxu −
γ−λ+λ−γ−

−
−λ−

−
−γ−

==
)()(

00

00
0

),( ; (4.10) 
 
 BZtxutxi /),(),( −=      when   atxat <<−  
 
and the return wave propagation (moving to the left) in the domain III: 
 

 va
tvax

va
xat

va
xvt

eUeeUtxu +
γ+λ+γ−λ

−
+
+λ−

+
−γ−

==
)()(

00

00
0

),( ; 
 
 BZtxutxi /),(),( −=         when        vtxat <<− . (4.11) 
 

The electromagnetic energy, accumulated in the distributed reactive 
elements till the time moment t, can be calculated by the formula 
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γ−

=+= λ−γ−

−
∫ tt
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q ee
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UCdxCuLitW 022
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1)(  

 

 ( )tt ee
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B
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0

2
0

)(
λ−γ− −

γ−λ
= , 

 
and the total energy )()()(0 tWtWtW nq += , accumulated in the distributed 
reactive elements and in the capacitor, takes the following form 
 

 =⎟
⎠

⎞
⎜
⎝
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−

γ−
= λ−γ− tnt

n

n e
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 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
λ
γ−

γ−λ
= λ−γ− tt ee

Z
U

B

02

0

2

0

2
0

)(
. (4.12) 

 
As it follows from (4.12), the total energy tends to zero with time in 

case of undistorting line ( 0>γ ), whereas it remains constant equal to ca-
pacitor energy at the initial time moment (4.7) in case of ideal line ( 0=γ ). 
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Thus, the moving capacitor discharges with the same speed as the fixed 
one in case when the speed of it’s motion is less then the speed of the elec-
tromagnetic wave. 

Now let’s consider the solution in case when the capacitor is moving 
with the speed of electromagnetic wave av = . It is the particular case of the 
solution (4.9) – (4.11). Here the domain II is missing. The solution is zero in 
the domains I and IV, where the electromagnetic wave is not yet reached. 
And we have the return wave propagation (moving to the left) in the domain 
III: 
 

a
tax

eUtxu 2
)()(

0

00

),(
γ+λ+γ−λ−

= ;   BZtxutxi /),(),( −=     when atxat <<−  
 

The distributions of voltage along the ideal and undistorting lines for 
the time moments t = 1; 2; 3; 4 when 18.0 =<= av  are represented in the 
fig. 4.7 – 4.10. The wave pattern here has evidently asymmetrical form and 
the quantities of energy, that are taken off by the electromagnetic waves in 
the opposite directions, are essentially different. 

 

 
 

 
 

Fig. 4.7. The voltage distribution along the ideal line (γ = 0) for different time 
moments when Cn = 1, λ0 = 2 and the steady speed v = 0.8 moving capacitor. 
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Fig. 4.8. The voltage distribution along the undistorting line (γ = 0.48) for different 
time moments when Cn = 1, λ0 = 2 and the steady speed v = 0.8 moving capacitor. 

 

 
 

 
 

Fig. 4.9. The voltage distribution along the undistorting line (γ = 0.48) for different 
time moments when Cn = 10, λ0 = 0.2 and the steady speed v = 0.8 moving capaci-
tor. 

 
Thus from the fig. 4.7 – 4.9 we see that the quantity of energy accumu-

lated with time in the negative half plane 0<x  differs from energy in the 
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domain 0>x . Using the solution (4.9) – (4.11), let’s obtain the quantitative 
estimation of this disbalance: 
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Let’s consider the difference between the energies 

)()()( tWtWtW −+ −=Δ : 
 

 =−=Δ −+ )()()( tWtWtW  
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⎟

⎠

⎞

⎜
⎜

⎝

⎛
−−+

γ−λ
= λ−γ−+

γ+λ− ttva
tva

aeveeva
Za

U

B

0
0

22
)(2

0

2
0 )(

)(
 

 

va
de

va
ae

va
ve

adZ
U vdtadtva

tva

B +
γ−λ

=⎥⎦
⎤

⎢⎣
⎡

+
−

+
−= −+

γ+λ− 022
)(22

0 ,1
0

. (4.13) 

 
The derivative by parameter d of the expression in the square brackets 

of the formula (4.13) has the following signs: 
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Then the function F(d) is convex and it reaches the maximum value 
equal to zero at the point 0=d . But this means that the function F(d) pos-
sesses only nonpositive values for any values of the parameter d. Taking 
into consideration the sign of the coefficient )/(2

0 BadZU  in the formula 
(4.13), we obtain 

 
 0,when)()(,0)( 0 ≠γ<λ<>Δ +− vtWtWtW , 

 
 0,when)()(,0)( 0 ≠γ>λ><Δ +− vtWtWtW , 

 
 0orwhen)()(,0)( 0 =γ=λ==Δ +− vtWtWtW . 

 
So in case when γ=λ0  we observe the equal total energy storage in 

the left and in the right half planes. The formula (4.12) for total energy 
)(0 tW in the line and in the capacitor in this case contains the indeterminate 

form 0/0, that can be disclosed by means of l'Hôpital rule 
 

.
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2limlim)( 0
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0

2
2
0

22
0

0

222
0

0
t

ttt
te

Z
Ute

Z
Uee

Z
U

tW
BBB

λ−
γ−

λ→γ

λ−γ−

λ→γ
=

−
−=

γ−λ
−=  (4.14) 

 
The voltage distribution along the line when 48.00 =γ=λ  is repre-

sented in the fig. 4.10 below. As the speed of wave attenuation in the line 
and the speed of the capacitor discharge are equal, then the voltage profiles 
get the symmetrical rectangular form (as in case of fixed capacitor). 

Let’s consider now the case of moving capacitor with the speed av >  
(fig. 4.6,b). In this case the energy in the line at the time moment t occupies 
the domain ],[ vtat− , that is bigger then the domain ],[ atat−  when av ≤ . 
Hence, if the capacitor discharges with the previous speed )/(20 BZCn=λ , 
then in the ideal line we observe the greater then initial energy storage, that 
is the contradiction with the energy conservation law. Therefore let’s as-
sume that the capacitor discharges with another speed vλ . This speed can 
be determined from the total energy conservation law in the ideal line. Let’s 
write down the boundary conditions at the trajectory of the capacitor motion 
in the following form 
  
 0,)(,)),(( 0 ≥== λ− tvttxeUttxu v

t
v

v . (4.15) 
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Fig. 4.10. The voltage distribution along the undistorting line (γ = 0.48) for differ-
ent time moments when Cn = 4.16667, λ0 = γ = 0.48, v = const < a = 1. 

 
The solution of this problem when av >  (fig. 4.6,b) we determine by 

means of method of characteristics. The solution is zero in the domains I 
and IV, where the electromagnetic wave is not yet reached. And we have 
the return wave propagation (moving to the left) in the domain III: 
 

 
)(

0

)()(

0),(
atx

vatva
tvax vvv

eeUeUtxu
+

+
γ−λ−γ−+

γ+λ+γ−λ−
== ;   (4.16) 

 
BZtxutxi /),(),( −=    when  atxat <<−  

 
Now we observe the propagation of two waves (direct and return) in the 

domain II. These waves are generated by boundary condition at the straight 
line OA (fig. 4.6,b): 
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      when       vtxat << . 

 
The energy, accumulated in the reactive elements in the line till the time 

moment t, can be calculated by formula 
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And the total energy takes the following form 
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The total energy for ideal line 0=γ  can be written down as 
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⎥
⎥
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. (4.18) 

 
It follows from (4.18) that to satisfy the energy conservation law, i.e. 

0>∀t  the total energy to be equal to the initial energy in the capacitor 
)/()( 0

2
0 BZUtWn λ= , it is necessary to assign 0/ λ=λ vav . This implies the 

following desired value for the speed of capacitor discharge avv /0λ=λ . 
So, when moving with the speed greater than the electromagnetic wave 

speed, the capacitor discharges quicker then when av ≤ . 
As it follows from (4.16) – (4.17), the potential distribution depends 

only on the time in the disturbed domain and it is independent on the longi-
tudinal coordinate x under the condition γ=λv  or va /0 γ=λ , =nC  

)/(2)/(2 0 BB ZavZ γ=λ= . 
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The distributions of voltage along the ideal and undistorting lines for 
the time moments t = 1; 2; 3; 4 when 12.1 =>= av  are represented in the 
fig. 4.11 – 4.14. 

 

 
Fig. 4.11. The voltage distribution along the ideal line (γ = 0) for different time 
moments when Cn = 4, λ0 = 0.5, λv = 0.6 and the steady speed v = 1.2 moving ca-
pacitor. 

 

 
Fig. 4.12. The voltage distribution along the undistorting line (γ = 0.48) for differ-
ent time moments when Cn = 4, λ0 = 0.5, λv = 0.6 and the steady speed v = 1.2 
moving capacitor. 
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Fig. 4.13. The voltage distribution along the undistorting line (γ = 0.48) for differ-
ent time moments when Cn = 10, λ0 = 0.2, λv = 0.24 and the steady speed v = 1.2 
moving capacitor. 
 

 

 

 
 

Fig. 4.14. The voltage distribution along the undistorting line (γ = 0.48) for differ-
ent time moments when Cn = 5, λ0 = 0.4, λv = 0.48 and the steady speed v = 1.2 
moving capacitor. 
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Thus from the fig. 4.11 – 4.14 we see that the quantity of energy accu-
mulated with time in the negative half plane 0<x  differs from energy in 
the domain 0>x . Indeed, using the solution (4.16) – (4.17), we obtain 

 

 ( )
⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
−

γ−λ
+

=+= +
γ+λ−γ−

−
− ∫ va

tva
t

vat

v

ee
Za

vaU
dxCuLitW

B

)(2
2

2
0

0
22

)(2
)(

2
1)( , 

 

 ( ) =+= ∫+

vt
dxLiCutW

0

22
2
1)(  

 

 ⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
−−++

γ−λ
= λ−γ−+

γ+λ− ttva
tva

v

v
v

B

veeaveva
Za

U 22
)(22

0 2)()(
)(2

. 

 
Let’s consider the difference between the energies =Δ )(tW  

)()( tWtW −+ −= : 
 

 =−=Δ −+ )()()( tWtWtW  
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The derivative by parameter d of the expression in the square brackets 

of the formula (4.19) has the following signs 
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⎪
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tva
avd

tva
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)(
)/ln(при,0

2 2222 . 

 
Then the function F(d) is convex and it reaches the maximum positive 

value at the point 
tva

avd
)(
)/ln(

+
= . But this means that the function F(d) pos-

sesses both positive and negative values for different values of the parame-
ter d. Taking into consideration the sign of the coefficient )/(2

0 BadZU  in 
the formula (4.19), we obtain that WΔ , as the function of parameter d, is 
decreasing function and it is equal to zero for vdd = . The values vd  de-
pend on time t and they can be determined as the roots of the transcendental 
equation vaveae vdtadt +=+ −22 . Hence, we obtain 

 
 )()(when)()(,0)( tdvatWtWtW vv +<γ−λ<>Δ +− , 

 
 )()(when)()(,0)( tdvatWtWtW vv +>γ−λ><Δ +− , 

 
 )()(when)()(,0)( tdvatWtWtW vv +=γ−λ==Δ +− . 

 
So, to obtain at any time moment t the equal total energy storage both in 

the positive and in the negative domains (that means the symmetry of the 
potential), the capacitor nC  must be variable (controllable) and must ensure 
the fulfillment of the condition: )()( tdva vv ++γ=λ . 

 
4.3. Steady acceleration moving capacitor 

 
Let’s consider now the problem in which the discharging capacitor be-

gins the motion with steady acceleration b and the initial speed v. But when 
its speed reaches the value a, at a later time the capacitor moves with this 
steady speed: 
 

 
BZC

eUttxu
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t
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2,)),(( 00
0 =λ= λ− , (4.20) 
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vax
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Here )(txv  denotes the trajectory of the capacitor motion on the plane Oxt, 
that is OAB on the fig. 4.15 and consists of two parts: at the part OA the 

curve vtbttxv +=
2

)(
2

 represents the parabola, and at the part AB it is a 

straight line attxv =)( . 
 

 
 

Fig. 4.15. The location of the solution regions on the plane Oxt when the capacitor 
is moving with steady acceleration right up till its speed reaches the electromag-
netic wave speed a. 

 
The solution of the problem, determined by method of characteristics, 

has the different form at every of five domains of the plane Oxt (fig. 4.15). 
The solution is zero in the domains I and V, where the electromagnetic 
wave is not yet reached. Then we have the direct wave propagation (moving 
to the right) in the domain II: 

 

BZtxutxieUeeUtxu ttttt /),(),(,),( )(
0

)(
0

00 ===
+++ γ−λ−γ−λ−−γ− , (4.21) 
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And we have the return wave propagation (moving to the left) in the 

domain III: 
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And we have also the return wave propagation (moving to the left) in 

the domain IV: 
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B
aa

ZtxutxieeUtxu
xatx

a
t

/),(),(,),( 22
)(

0

00

−==
−+γ−λ−λ+γ−

 (4.23) 
 
when 
 aaaaa ttxttaxxtta ≥+−<<+−− ,)()( . 
 

The distributions of voltage along the ideal and undistorting lines for 
the time moments t = 1.0; 2.0; 3.0; 4.0  when 0=v , 5.0=b  ( 1=ax , 

2=at ) are represented in the fig. 4.16 – 4.18. 
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Fig. 4.16. The voltage distribution along the ideal line (γ = 0) for different time 
moments when Cn = 1, λ0 = 2 and the steady acceleration b = 0.5 moving capacitor. 

 

 
 

 
 

Fig. 4.17. The voltage distribution along the undistorting line (γ = 0.48) for differ-
ent time moments when Cn = 1, λ0 = 2 and the steady acceleration b = 0.5 moving 
capacitor. 
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Fig. 4.18. The voltage distribution along the undistorting line (γ = 0.48) for differ-
ent time moments when Cn = 10, λ0 = 0.2 and the steady acceleration b = 0.5 mov-
ing capacitor. 

 
How it follows from formulas (4.21) – (4.23) and fig. 4.16 – 4.18, the 

solution u(x,t) is the continuous function of variable x till the time moment 
ta, i.e. the time moment when the moving capacitor reaches the electromag-
netic wave speed a. At a later time att >  the function u(x,t) endure the dis-
continuity (jump) at the points aa xttax +−= )( , i.e. along the straight line 
AB at the interface of domains II and IV (fig. 4.15). The value of this jump 
is the following 

 

 [ ]2/)()(
0

00),0(),0( ttt eeeUtxutxu a γ−λ−γ−λ−γ− −=−−+ ,  
 
and it is equal to zero when γ=λ0 . 

The energy, accumulated in the line till time moment t, can be calcu-
lated by the formula that coincides with the formula for the case of steady 
speed moving capacitor when av ≤ . 

If not only wave dissipation, but the dispersion as well is presented, 
then the solution can not be presented in the form of decaying (d'Alembe-
rian) solitons and the calculation must be effectuated by means of program 
Albatross. For the line with dispersion (RC ≠ GL) the gradients of the wave 
field by x always will be nonzero and the symmetrical potential distribution 
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can’t be achieved (fig. 4.19). As soon as the speed v exceeds the value of a, 
the solution becomes multiversion and the speed of discharge vλ  must be 
corrected in such a way as to ensure the observance of electromagnetic en-
ergy balance. 

 

 
 

Fig. 4.19. The potential distribution for the time moment t = 9.0 along the line with 
losses R = 0.48, G = 0 when Cn = 2; λ0 = 1; v = 1.2 (a);  b = 0.5(b). 

 
Thus, the dynamics of the capacitor discharge on the long line was ana-

lyzed by means of exact solutions of the telegraph equations. Under the 
some correlation between the capacitor of the voltage source and the losses 
in the line, the distribution of the total energy in the line becomes symmetri-
cal and independent of the capacitor speed. It was discovered the effect of 
the speed enhancing of the electric capacity discharge under the speeds ex-
ceeding the speed of potential and current wave propagation in the line. The 
nonlinear problem of the steady acceleration moving capacitor was also 
solved. 
 

5. The pulse mode power. Capacity or inductance connection to 
loaded continuous current line 

 
It is well known, that the sudden alteration of the parameters of the line 

or of the receiver in the steady state electricity transmission leads to the 
rushes of both voltage (current) source power and active power consumed 
by loading at the transient stage of the process. Let’s set a problem to carry 
out the exact quantitative analysis of nonstationary voltages and currents 
during the millisecond range. Another problem will be to determine the 
conditions in which the loading power reaches the maximal values under the 
pulse mode. Toward this end let’s consider at first the momentary connec-
tion to the continuous voltage line of some passive one-ports in the form of 
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uncharged lumped capacity or inductance (we’ll denote them as reactive 
power sources – RPS). 

Let’s consider undistorting line with the length l, that is connected to 
the continuous voltage source 0U  and closed on the resistance SR . Let’s 
suppose that the uncharged capacitor nC  is momentary paralleling at the 
point 2/lxn =  in the time moment 0* >= tt  (fig. 5.1). 

 

 
 

Fig. 5.1. Uncharged capacitor paralleling to the continuous current transmission 
line. 

 
It requires to determine the voltage function ),( txu  and current function 
),( txi , satisfying the system of telegraph equations 

 

 ;0=+
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∂ Ri

x
u

t
iL  0],,0[,0 >∈=+

∂
∂+

∂
∂ tlxGu

x
i

t
uC   (5.1) 

 
and the following initial and boundary conditions: 

 
 ],0[,0)0,()0,( lxxixu ∈== , (5.2) 
 
 0),,(),(,0),0( ≥== ttliRtluUtu S , (5.3) 
 

0*),(*;),,0(),0(
),(

=>+−−= txutttxitxi
dt

txdu
nC nnn

n . (5.4) 
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In the case of undistorting line: γ== CGLR //  the solution of the 
problem (5.1) – (5.4) can be find by method of characteristics [89, 90]. Till 
the time moment t* the solution is determined in [89] and it has the follow-
ing form 
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when lx = , ,...3,2,1],)12(,)12[( =Δ+Δ−∈ nnnt . 
 
Here we use the following notations: 

 

 
BS

BS

ZR
ZR

z
+
−

= , Δγ−
γ = 2zez , 

C
LZ B = , al /=Δ  

LC
a 1= . (5.7) 

 
Let’s suppose that the uncharged capacitor is connected to the middle 

point of the line in the time moment Δ= *2* nt . Then from the correlation 
on the characteristics constatx =±  for ]2/**,[ Δ+∈ ttt  at the point 

2/lxn =  we obtain 
 

=−+− ),0(),0( txiZtxu nn B  
 
 [ ] [ ] 0

2/
*20

2/)2/,0()2/,0( AeiZUetiZtu nBB ≡+=Δ−+Δ−= Δγ−Δγ−  
 

[ ] =Δ−−Δ−=+−+ Δγ− 2/)2/,()2/,(),0(),0( etliZtlutxiZtxu BB nn  
 
 [ ] 0

2/
1*21*2 BeiZu nn B ≡−= Δγ−

++ . (5.8) 
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Then we add to these relations the voltage continuity condition and the 
differential equation (5.4): 

 
 ),0(),0( txutxuu nnn +=−= , 
 

 ),0(),0(, txitxiii
dt

duC nnnn
n

n +−−== . (5.9) 

 
Solving the equations (5.8) – (5.9) with regard to voltage and current 

values in the point xn, we have 
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 ]2/**,[,,2 Δ+∈=−=λ tttxx
ZC n

n
n

B

. 

 
During this time interval ]2/**,[ Δ+∈ ttt  at the end points of the line 

(till the wave from the capacitor draw-off point doesn’t reach the ends) the 
solution remains as (5.5) – (5.6): 

 
 00,0 ),0( Utuu == , 
 
 )1*(20,0 ),0( +== nitii , ]2/**,[,0 Δ+∈= tttx ; (5.11) 
 
 1*20, ),( +== nl utluu , 
 
 1*20, ),( +== nl itlii  , ]2/**,[, Δ+∈= tttlx . (5.12) 

 
During the next time interval ]*,2/*[ Δ+Δ+∈ ttt  the wave from ca-

pacitor reaches the end points of the line and the solution becomes as fol-
lows 
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 [ ] )()2/()2/()()( 1
2/

0,0,1,01,0 tDetiZtutiZtu nn BB ≡Δ−−Δ−=− Δγ−
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During the same interval ]*,2/*[ Δ+Δ+∈ ttt  at the middle point of the 

line we have 
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During the next time interval ]2/3*,*[ Δ+Δ+∈ ttt  the solution at the 

end points of the line takes the form 
 

[ ] )()2/()2/()()( 2
2/

1,1,2,02,0 tDetiZtutiZtu nn BB ≡Δ−−Δ−=− Δγ−
− , 

 
 [ ] BZtDUtiUtu /)()(,)( 202,002,0 −== , 0=x ; (5.16) 
 

[ ] )()2/()2/()()( 2
2/

1,1,2,2, tEetiZtutiZtu nnll BB ≡Δ−+Δ−=+ Δγ−
+ , 
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 )()( 2,2, tiRtu ll S= , 
 

2/)()1()( 22, tEztul += , )2/()()1()( 22, BZtEztil −= , lx = . (5.17) 
 
During the same interval ]2/3*,*[ Δ+Δ+∈ ttt  at the middle point of 

the line we obtain: 
 

 [ ] 2/
1,002 )2/()( Δγ−Δ−+= etiZUtA B , 

 
 [ ] 2/

1,1,2 )2/()2/()( Δγ−Δ−−Δ−= etiZtutB ll B , 
 

 [ ]∫
Δ+

τ−λΔ−−λ ττ+τ
λ

−Δ+=
t

t

tntt
nn deBAetutu nn

*

)(
22

)*(
1,2, )()(

2
)*()( , 

 

 
BB Z

tBtu
ti

Z
tutA

ti n
n

n
n

)()(
)(,

)()(
)( 22,

2,
2,2

2,
−

=
−

= +− , 

 ]2/3*,*[,),()()( 2,2,2, Δ+Δ+∈=−= +− tttxxtititi nnnn . (5.18) 
 
Proceeding in the same manner one can obtain the solutions for any 

time interval 
 

]2/)1(*,2/*[ Δ++Δ+∈ mtmtt , m = 1, 2, 3, … 
 

=− )()( ,0,0 tiZtu mm B  
 
 [ ] )()2/()2/( 2/

)1(,1, tDetiZtu mmnmn B ≡Δ−−Δ−= Δγ−
−−− , 

 
 [ ] BZtDUtiUtu mmm /)()(,)( 0,00,0 −== , 0=x ; (5.19) 
 

=+ )()( ,, tiZtu mlml B  
 
 [ ] )()2/()2/( 2/

)1(,1, tEetiZtu mmnmn B ≡Δ−+Δ−= Δγ−
+−− , 
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 )()( ,, tiRtu mlml S= , 2/)()1()(, tEztu mml += , 
 
 )2/()()1()(, BZtEzti mml −= , lx = . (5.20) 

 
During the same time interval at the middle point of the line we have 

the following relations 
 
 [ ] 2/

1,00 )2/()( Δγ−
− Δ−+= etiZUtA mm B , 

 
 [ ] 2/

1,1, )2/()2/()( Δγ−
−− Δ−−Δ−= etiZtutB mlmlm B , 

 
 −Δ+= Δ−−λ

−
)2*(

1,, )2*()( mtt
mnmn

nemtutu  
 

 [ ]∫
Δ+

τ−λ ττ+τ
λ

−
t

mt

t
mm

n deBA n

2/*

)()()(
2

, 

 

 
BB Z

tBtu
ti

Z
tutA

ti mmn
mn

mnm
mn

)()(
)(,

)()(
)( ,

,
,

,
−

=
−

= +− , 

 
 )()()( ,,, tititi mnmnmn +− −= , 
 
 ]2/)1(*,2/*[, Δ++Δ+∈= mtmttxx n . (5.21) 

 
Using the obtained relations let’s study at first the wave processes in the 

ideal line (R = G = 0), closed on impedance: 1== BS ZR . Almost straight 
away after the commutation, the steady-state conditions with unit currents, 
voltages, generated and transmission capacities are formed. Let’s suppose 
that the uncharged capacitor nC  is momentary connected at the point =nx  

nl 2/l=  in the time moment t = 0.3125 corresponding to the 5 wave runs 
along the line length 161/=l . 

The dynamics of the power changes of the source, receiver and RPS is 
represented in the fig. 5.2 (curves 1-3) with consecutive doubling of the 
value nC  = 1(a); 2(b); 4(c); 8(d).. The increasing of this value is accompa-
nied by disproportionate but monotonous increasing of the pure active load-
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ing power during the transient process: P1 = 3.13; 3.33; 3.50; 3.64, corre-
spondingly. 

Taking into account the losses in the continuous current line (fig. 5.3) 
we observe some decreasing of power rushes and nonlinear dependence of 
its maximal values on the values of the connected capacity: P1 = 2.64; 2.68; 
2.63; 2.5. Thus, as a first approximation the value nC  = 2 can be considered 
the optimal one in respect to reaching the ultimate loading power under the 
pulse mode and with capacitor connection at the middle point of the con-
tinuous current line. 

If we move the point of capacity ( nC  = 2) connection near the source 

nl = l/4, then we get some increasing of the loading power: P1 = 2.95 (fig. 
5.4, a). However, the parametrical analysis makes it clear that the amplitude 
of oscillation of the active power can be raised no more than three-fold rela-
tively to nominal level. It is interesting to mention, that these fluctuations 
can be eliminated, if the throttle with inductance mL  is connected to the line 
(independent of the point of its series connection =mx ml ) simultaneously 
with capacity (fig. 5.4, b-d). 

 
 
 

 
 
 
 

www.TechnicalBooksPDF.com



 

 

98 

 
 
 

 
 
 
 
 
 

 
 
 

www.TechnicalBooksPDF.com



 99 

 
 

 
 
 

Fig. 5.2. Generator, loading and RPS power (curves 1-3) when R = G = 0;  
nC  = 1(a); 2(b); 4(c); 80(d). 
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Fig. 5.3. Generator, loading and RPS power (curves 1-3) when R = 7G = 0.48;  
nC  = 1(a); 2(b); 4(c); 8(d). 
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Fig. 5.4. Generator, loading and RPS power (curves 1-4) when R = 7G = 0.48;  
Cn = 2, ln = l/4 (a); Cn = Lm = 2, ln = l/4, lm = 3l/4 (b); Cn = Lm = 2, ln = lm = 
= l/4 (c); Cn = Lm = 8, ln = lm = l/4 (d). 

 

6. Active and reactive powers of the long line 
 
It is to mention that in the training and special literature there is no 

some common and strongly valid approach for the definition of the active 
and reactive power of the long line even in case of steady-state sinusoidal 
processes, not to mention the transient regimes. By means of complex am-
plitude method the total (apparent) power can be decomposed in two or-
thogonal components and so we can obtain their distribution along the 
whole circuit. However, at the same time it remains unclear what we must 
to interpret by reactive power of the whole line without resorting to its sim-
plified representation as a lumped RLC – circuit [15, 56, 59]. Meanwhile, in 
respect to the mathematical physics the indetermination in the interpretation 
of the reactive power can be eliminated. The original equations of the elec-
trical circuits theory are of hyperbolic type, but the energy integral (or the 
total electromagnetic energy conservation law) is well known and com-
monly used for such equations [95 – 98, 25 – 27]. 
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6.1. The power under the sinusoidal regime 
 
The electromagnetic power transmission in the long line by conduction 

currents can be described by well known telegraph equations that represent 
the Kirchhoff's law for closed contour formed by subcircuit with length dx: 

 

 ;0=+
∂
∂+

∂
∂ Ri

x
u

t
iL  0=+

∂
∂+

∂
∂ Gu

x
i

t
uC .  (6.1) 

 
To obtain the unique solution the system (6.1) must be completed with 

initial and boundary conditions. Let’s suppose that the electrical circuit at 
the initial time moment 0=t  is connected to the external sinusoidal voltage 
source and its receiving end is closed on the load resistance SS RZ = + SjX : 
 
 tjeUu ω= 0  when 0=x ; iZu s=  when lx = . 
 

Let’s derive the following integral identities transforming the equation 
(6.1) in the complex functions space. For that we multiply the first equation 
(6.1) by conjugated to current function *i . The second equation we replace 
by conjugated one and multiply it by u. Now we sum up the obtained rela-
tions 

 

 0)( ***
*

* =++
∂
∂+

∂
∂+

∂
∂ uuGiiRui

x
u

t
uCi

t
iL  

 
or 
 

 0)( 22*
*

* =++
∂
∂+

∂
∂+

∂
∂ uGiRui

x
u

t
uCi

t
iL . (6.2) 

 
Let’s write down one more expression conjugated to (6.2): 
 

 0)( 22**
*

=++
∂
∂+

∂
∂+

∂
∂ uGiRiu

x
u

t
uCi

t
iL . (6.3) 

 
Now we sum up and subtract relations (6.2) and (6.3). After some trans-

formations we obtain two identities: 
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 ( ) [ ] 0)Re(
2
1 22*22 =++

∂
∂++

∂
∂ uGiRui

x
uCiL

t
;  (6.4) 

 

 [ ] 0)Im(2 **
**

* =
∂
∂+⎟

⎠
⎞

⎜
⎝
⎛

∂
∂−

∂
∂+⎟

⎠
⎞

⎜
⎝
⎛

∂
∂−

∂
∂ ui

x
ju

t
uu

t
uCi

t
ii

t
iL . (6.5) 

 
Let’s suppose now that under the steady state regime when ∞→t  the 

solution (as well as the input voltage) can be represented in the form of 
complex functions: tjexUtxu ω= )(),( и .)(),( tjexItxi ω=  If the active val-
ues of voltages and currents are assigned as )()()( xj uexUxU ϕ= ; 

)()()( xj iexIxI ϕ= , than in this case we have )(),( xUtxu =  and 

)(),( xItxi = . Hence, )Re( *ui  from (6.4) and )Im( *ui  from (6.5) can be 
expressed by active power P and reactive power Q from the standpoint of 
the theoretical foundations of electrotechnology [15, 56, 59]: 

 
 )()()(;)()()()( )()()(* xxxexIxUeexIxUiu iu

xjxjxj iu ϕ−ϕ=ϕ⋅=⋅= ϕϕ−ϕ ; 
 
 )()(cos)()()Re( * xPxxIxUiu =ϕ⋅= ; 
 
 )()(sin)()()Im( * xQxxIxUiu =ϕ⋅= . 

 
Further we substitute the expressions tjexUtxu ω= )(),( and 

tjexItxi ω= )(),(  in (6.4) and (6.5), then we integrate by x on the interval 
lx ≤≤0  and after some transformations we can obtain the following bal-

ance equations of active and reactive powers: 
 

 ( ) )()()()( lPPdxxUGxIR
l

−=+∫ 0
0

22   (6.6) 

 
and 
 

 ( ) )()0()()(
0

22 lQQdxxUCxIL
l

−=−ω∫ .  (6.7) 
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So the left-hand members of the equalities (6.6) and (6.7) define corre-
spondingly the active and reactive power of the long line. Computations can 
be continued by means of complex amplitude method: 

 

CjG
LjRZ

ω+
ω+=0 ; β+α=δ j  ))(( CjGLjR ω+ω+= ; 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
ω

−ω+=
S

SSS C
LjRZ 1 ; 

)(th
)(th

0

0
0 lZZ

lZZ
ZZ

S

S
BX δ+

δ+
= ; 

 
1100 ; IZUIZU SBX == ; )(sh)(ch 0001 lIZlUU δ−δ= ; 

 
ϕ+ϕ=+== sincos* IUjIUjQPUIS . 

 
Here ω  = 2 fπ  is angle (circular) frequency; Z0 is the complex (characteris-
tic) impedance; δ , α ,β  are the propagation, attenuation and phase con-
stants; ZS, ZВХ  are the load and input resistances; U0, I0, U1, I1 are the active 
values of the voltages and currents at the beginning and at the end of the 
line with the length l; S is the complex power with the active P and reactive 
Q components. 

The solution at any point x of the interval [0, l] by means of complex 
amplitude method can be represented in the following form 

 
)(ch)(sh)();(sh)(ch)( 0000000 xIZxUxIZxIZxUxU δ+δ−=δ−δ= . (6.8) 

 
Let’s substitute (6.8) in (6.6) and (6.7), then integrate by x. After some 

transformations we obtain the evident formulas banding together the source, 
receiver and long line powers: 

 

 [ ] ( ) ( )[ −α+
α
α+=− )ch()sh()()0(2 2

00
2

0
2

0
2

0 lZIUlZGRlPPZ  

 

 ( ) ] ( ) ( )[ +β−
β
β−+α− )cos()sin()sh(Re2 2

0
2

00
2

0*0*00 lUZIlZGRlZIU  

 

 ( ) ] ;)sin(Im2 *0*00 lZIU β+  
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 [ ] ( ) ( )[ −α+
α
α−=−

ω
)ch()sh()()0(

2 2
00

2
0

2
0

2
0 lZIUlZCLlQQ

Z
 

 

 ( ) ] ( ) ( )[ +β−
β
β++α− )cos()sin()sh(Re2 2

0
2

00
2

0*0*00 lUZIlZCLlZIU  

 

 ( ) ])sin(Im2 *0*00 lZIU β+ . (6.9) 
 
In the case of undistorting line (when CLZZ B /0 == , LCa /1= , 

aj /)( ω+γ=δ , CGLR // ==γ ), the correlation (6.9) becomes essentially 
simpler: 

 

 ( ) ( )[ ])(shRe2)(ch)(sh)()0( *00
2

0
2

0 Δγ−Δγ+Δγ=− IUZUIZlPP BB ; 
 

 ( ) ( )[ ])sin(Im2)cos()sin()()0( *00
2

0
2

0 Δω+Δω−Δω=− IUZUIZlQQ BB

. 
 
If the load consists only of the active resistance SS RZ = , then it is easy 

to show that the reactive power at the receiving end of the line is zero and 
the balance equation can be reduced to the form 
 

 =− )()( lPP 0 ( )( )
2

2-22-2
0

)2cos(21
z11

γγ

ΔγΔγ

+Δω+
+−

zz
ee

Z
U

B

; 

 

 2

2
0

)2cos(21
)2sin(

)0(
γγ

γ

+Δω+
Δω

−=
zz

z
Z
U

Q
B

; 
BS

BS

ZR
ZRzzez

+
−== Δγ−γ ;2 . 

 
In case when the undistorting line is closed on the matched load 

BS ZR = , then at the starting end of the transmission line we also obtain the 
zero reactive power Q(0) = 0. In the absence of active losses in the line 
( =γ 0), the generated power coincides with the transferred power: P(l) = 
P(0). 
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It is quite difficult to give the real physical matter to the cited above 
computations, but even the fact of obtaining of the power balance equations 
as a sequent from the initial system (6.1) for steady state sinusoidal regime 
is important. The final formulas even for simple particular cases don’t allow 
to make clear the nature of the reactive power and to give its pictorial physi-
cal interpretation. 

It is to mention, that usually only the instantaneous power р = iu and its 
mean value – active power Р are admitted as physically valid by many au-
thors [56]. The reactive power Q and the total (apparent) power S are con-
sidered only as a convenient design values for description of the energetic 
processes with sinusoidal currents and voltages solely. This is why we are 
going now to consider the instantaneous voltages and currents starting with 
commutation, i.e. from the zero initial state, right up to steady state stage of 
the electromagnetic oscillations in the linear circuit with distributed and 
lumped constants. This approach seems to be defensible and logical one, 
since nonstationary wave process precedes any steady state regime. But it is 
impossible from the instantaneous power a priori to mark out one or several 
reactive components in a unique and physically valid way. Even for periodi-
cal nonsinusoidal regimes such a problem is far from its resolution, al-
though many authors have made an attempt to realize it [1, 4, 6, 29 – 31, 
43]. 

 
6.2. The power under the nonsinusoidal regime 

 
In case of steady state sinusoidal regimes the active component of the 

instantaneous power can be defined as a mean value during the oscillation 
period, but its reactive component can be calculated, for example, by the 
formula [56]: 
 

 ∫∫ ⎟
⎠
⎞

⎜
⎝
⎛

ω
−=⎟

⎠
⎞

⎜
⎝
⎛

ω
=

TT
dt

dt
dui

T
dt

dt
diu

T
Q

00

11 . (6.10) 

 
However, these and other similar formulas are applicable only for 

lumped devices and do not assume any generalizations for systems with dis-
tributed parameters or for nonsinusoidal currents and voltages. Therefore, to 
obtain the energy integral, we’ll use the approach generally accepted in the 
theory of linear hyperbolic equations [95 – 98, 25 – 27]. This approach is 
valid for any type of functions that are the solutions of the initial system 
(6.1). 
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Using the standard procedure we multiply the first equation (6.1) by i, 
the second equation – by u and then we sum up the obtained results 

 

 022 =+
∂
∂+

∂
∂++

∂
∂+

∂
∂ Gu

x
iu

t
uCuRi

x
ui

t
iLi  

 
or 

 

 .0)()(
2
1 2222 =

∂
∂++++

∂
∂ iu

x
GuRiCuLi

t
 

 
Now we integrate this expression in the domain ,0 lx ≤≤  t≤τ≤0 . 

Taking into account zero initial data we obtain the following integral iden-
tity: 

 

 ( ) ( ) =+++ ∫∫ ∫ dxCuLidτdxGuRi
lt l

0

22

0 0

22
2
1  

 

 .)],(),(),0(),0([
0
∫ τττ−ττ=
t

dluliui   (6.11) 

 
The left-hand member of the energy balance equation represents the 

sum of its active (irreversible converting to the heat) and reactive (reversi-
ble) components, but the right-hand member – the difference between the 
source energy and receiver energy. It is easy to verify, that all members in 
(6.11), as a physical quantities, have the same dimension – the joule (J). 

Thus, if the instantaneous currents and voltages are the solutions of the 
initial system (6.1), then they satisfy the conservation law (6.11) as well. 
Since under the zero initial and boundary conditions the integral identity 
(6.11) holds only for trivial solution 0≡≡ ui , then, taking into account the 
Fredholm alternative, it follows the proof of the unicity theorem with the 
assumption of solution’s existence. 

So, if the distribution in space and time of the voltages and currents is 
known, then the irreversible losses of the active power in the line can be de-
fined from (6.11) as follows 
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 P(t) = ( )∫ +
l

dxGuRi
0

22 ,  (6.12) 

 
and the current total energy (storing in the distributed reactive elements of 
the line) at time point t > 0 can be calculated by the formula 
 

 W(t) = Wм (t) + Wэ(t) = ( )dxCuLi
l

∫ +
0

22

2
1 . (6.13) 

 
Let’s differentiate the relation (6.11) by time variable and obtain 
 

 ( ) ( ) =+++ ∫∫ dxCuLi
dt
ddxGuRi

ll

00

2222

2
1 ),(),(),0(),0( tlutlituti −  

 
or taking into account (6.12), (6.13) 
 

 =+ )()( tW
dt
dtP ),(),(),0(),0( tlutlituti − . 

 
If we suppose that all components here are periodical functions, than 

calculation of the mean values during the time interval [0,T] gives 
 

[ ] =−+∫ )()()( 011

0

WTW
T

dttP
T

T

∫∫ −
TT

dttlutli
T

dttuti
T 00

),(),(1),0(),0(1 . (6.14) 

 
Taking into account that )()( 0WTW = , we get the generator and loading 
active powers balance equation 
 

 =aP )()( lPP −0 = ∫
T

dttP
T 0

1 )( . (6.15) 

 
Particularly, under the steady state sinusoidal regime with the period 

ωπ= /2T  with 
 

 ))(sin()(),()),(sin()(),( xtxItxixtxUtxu iu ϕ+ω=ϕ+ω= , 
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where U(x) and I(x) are voltage and current amplitude active values, after 
the direct integration in (6.14), we obtain 

 

 [ ]∫ +=
l

a dxxGUxRIP
0

22 )()( ; )0(cos)0()0()0( ϕ= UIP ; 

 
 )(cos)()()( llUlIlP ϕ= ; )()()( xxx iu ϕ−ϕ=ϕ . 

 
Then the relation (6.15) takes the form 
 

 [ ] )()0()()(
0

22 lPPdxxGUxRI
l

−=+∫ , 

 
that coincides with (6.6). 

To obtain the analogous expressions for reactive power (in case of arbi-
trary periodical functions) we differentiate the first equation from (6.1) by 
time and multiply it by i. Then the second equation we multiply by ∂u/∂t 
and sum up the obtained results 
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Let’s integrate the last expression in the domain lx ≤≤0 : 
 

 ( ) =
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛
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dt

tldutli
dt

tduti ),(),(),0(),0( −=  . 
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Calculating the mean values on the time interval [0,T], we obtain 
 

 [ ] =
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛

∂
∂+
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∂+− ∫ ∫

T l
dtdx

t
uC

t
iLi

T
PTP

T 0 0

2

2

21)0()(
2
1  

 

 ∫∫ −=
TT

dt
dt

tldutli
T

dt
dt

tduti
T 00

),(),(1),0(),0(1 . 

 
Since )()( 0PTP =  we can obtain the reactive power balance equation 

using the notations from (6.10): 
 

 [ ])()0(1

0 0

2

2

2
lQQdtdx

t
uC

t
iLi

T

T l
−ω−=

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛

∂
∂+

∂
∂

∫ ∫ . (6.16) 

 
Now we apply to the left-hand member of the relation (6.16) the for-

mula of integration by parts. Then the double integral can be transformed to 
the form 

 

 −
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∫∫ ∫ ∂
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 ∫ ∫ ⎥
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⎢
⎣

⎡
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⎜
⎝
⎛
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⎠
⎞

⎜
⎝
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∂
∂

−−
T l

dtdx
t
uC

t
iL

T 0 0

221 . 

 
Let’s mention that for periodical solution with period T the member 

T
ttii 0/ =∂∂  is equal to zero. Therefore, under the pure active loading at the 

receiving end u = SR i according to (6.10) we obtain the zero reactive power: 
Q(l) = 0. 

Now from (6.16) we can obtain the relation between the reactive powers 
of the source, receiver and long line 
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This relation comes out right for any periodical solution of the problem. 

In case of sinusoidal regime we get the formula 
 

 [ ] )()0()()(
0

22 lQQdxxCUxLI
l

−=−ω∫ , (6.18) 

 
that coincides with (6.7). 
 
6.3. Numerical examples 

 
Let’s consider now the numerical examination of some energy charac-

teristics of the steady state electricity transmission with sinusoidal and non-
sinusoidal currents and voltages. For simplicity and clearness we use the 
dimensionless quantities L = C = ZB = λ = a = T = f = 1 and consider the un-
distorting line (because for this kind of line it is easy to obtain the exact so-
lution in case of both transient and steady sate regimes for arbitrary forms of 
acting voltage or current) [75, 90]. Let’s the homogeneous line with pa-
rameters =l  3λ/8; R = G = 0.48 is instantaneously connected to the sinu-
soidal voltage source: )2sin( ftu π= , and its receiving end lx =  is closed on 
the active resistance: u = SR i. 

The lines with the wave lengths λ /8, 3λ /8, 5λ /8,… are notable by two 
main reasons. The first reason is that the active losses (calculated by com-
plex amplitude method) under the idling in such lines coincide with the 
same under the short circuit. And the second one is that the generator reac-
tive powers under these two degenerated regimes are equal by their absolute 
values but are opposite by their signs. The reactive power is zero under the 
natural power regime (progressing waves) when SR = 1. It is accepted that 
in this case the line is balanced in accordance with reactive power as long as 
the power of its magnetic field coincides with the power of its electrical 
field. [4, 6]. 

As it was mentioned above, the nonstationary wave process precedes to 
any steady state regime, so the calculations we’ll realize in the same order. 
Fig. 6.1 shows the changes in time of the total source power S0(t) = 
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),(),( tuti 00 and of the instantaneous active power losses in the line P(t) 
(curves 1;2) from the commutation moment under the variation of the load 
resistance: =SR ∞  (a); 0 (b); 1 (c). The constant, distinguished by number 
3, corresponds to the active component (calculated by complex amplitude 
method) of the difference between the source power and receiver power, 
that coincides exactly with the mean steady value, calculated by formula 
(6.15): aP = 0.1726 (a); 0.1726 (b); 0.1512 (c). 
 
 

 
 
 

 
 

www.TechnicalBooksPDF.com



 115 

 
 

Fig. 6.1. The dynamics of the total source power and the active power losses 
in the line (curves 1;2) when R =G =0.48 and variation of the load resistance: 

=SR ∞  (a); 0 (b); 1 (c). 
 
For numerical analysis of the exchange electromagnetic processes be-

tween the sinusoidal voltage source and the line with lumped reactivities 
let’s consider fig. 6.2, where the instantaneous powers of the magnetic and 
electrical fields in the line Qм (t) and Qэ(t) are represented. These quantities 
are calculated as a derivatives by time variable of the energy functions Wм 
(t) and Wэ(t) (curves 1;2). The constant, distinguished by number 3, corre-
sponds to the reactive power of the source (calculated by complex ampli-
tude method), that coincides exactly with the value, calculated by formula 
(6.18) for sinusoidal currents and voltages. 

 

 
 

www.TechnicalBooksPDF.com



 

 

116 

 

 
 

Fig. 6.2. The instantaneous powers of the magnetic and electrical fields in the line 
when R =G = 0.48 and variation of the load resistance: =SR ∞  (a); 0 (b); 1 (c). 

 
One can pay attention to the full coincidence, i.e. zero disbalance be-

tween the instantaneous powers of the magnetic and electrical fields in the 
undistorting line with the matched load SR = 1. It seems to be more difficult 
the case when the amplitudes and the phases of the instantaneous powers 
don’t coincide not only during the transient process but during the steady 
state regime as well. In this case the estimation of the reactive power in the 
form of one number gives only approximate qualitative idea about the elec-
tromagnetic energy circulation in the linear circuit. For example, let’s con-
sider the reactive power at the starting end of the transmission line under the 
idling regime: Q0 = 0.4693 (curve 3 in fig. 6.2, а) and Q0 = –0.4693 under 
the short-circuit regime (curve 3 in fig. 6.2, b). The comparison makes it 
clear that the power of the magnetic field in the first case prevail over the 
power of the electric field, whereas in the second case the situation is ex-
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actly opposite. Indeed, the figures show that the corresponding periodical 
functions exchange their amplitude values. 

The dynamics of the total power of the source and the active power 
losses in the short-circuited line (curves 1;2) when R = 0; G =0.48 (a); 0 (b) 
are presented in the fig. 6.3. The constant, distinguished by number 3, corre-
sponds to aP = 0.1082 (a); 0.0 (b). 

The instantaneous powers of the magnetic and electrical fields in the 
short-circuited line are represented in the fig. 6.4. The constants, distin-
guished by number 3, correspond to Q0 = – 0.4906 (a); – 0.5 (b), determined 
by formula (6.18). For given variants the solutions in the steady state regime 
present periodical piecewise sinusoidal functions (see fig. 6.5) and the com-
plex amplitude method is inapplicable in this case in principle. 

 

 
 

 
 

Fig. 6.3. The dynamics of the total source power and the active power losses in the 
short-circuited line (curves 1;2) when R = 0; G =0.48 (a); 0 (b). 
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Fig. 6.4. The instantaneous powers of the magnetic and electrical fields in the 
short-circuited line (curves 1;2) when R = 0; G =0.48 (a); 0 (b). 
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Fig. 6.5. The instantaneous voltages and currents (curves 1;2) at the input of the 
short-circuited line when R = 0; G =0.48 (a); 0 (b). 
 

If irreversible losses of the active power in the line can be described as 
before by means of its mean value, then the disbalance between the instan-
taneous powers of the magnetic and electrical fields (defined by formula 
(6.18) as one real number) hardly can give the exhaustive information about 
the exchange electromagnetic processes in the transmission line. When 
comparing the graphical charts in the fig. 6.2,b and fig. 6.4, it is easy to no-
tice that the behavior in time of the magnetic and electric fields in the short-
circuited line are strongly different both in quantity and in quality. At the 
same time their integral characteristics in the form of reactive power values 
(6.18) differ only in second-third significant digit. 

If we assign the input voltages in the trapezium form, sufficiently closed 
to the rectangular one (fig. 6.6), then the corresponding values of the reac-
tive power slightly increase: Q0 = – 0.626 (a); – 0.636 (b), but the difference 
between them remains negligible as before. Under the periodical input volt-
ages of the triangular form the reactive power in the considering cases de-
creases in half: Q0 = –0.314 (a); –0.318 (b). 

The generation and transmission by the multiwire lines of the big en-
ergy fluxes leads to more complicated situation with the reactive power. It 
becomes more complex to estimate correctly nonstationary disbalance be-
tween the powers of the magnetic and electric fields in the transient process 
under the alert conditions like a short circuit, unexpected load faults or load 
rises and so on. Obviously, for adequate description of the electromagnetic 
processes and phenomenon in the real circuits it is nevertheless necessary to 
use the instantaneous powers of the magnetic and electrical fields of the 
line. 
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Fig. 6.6. The instantaneous voltages and currents (curves 1;2) at the input of the 
short-circuited line when R = 0; G =0.48 (a); 0 (b). 

 

 

www.TechnicalBooksPDF.com



 121 

 
 

Fig. 6.7. The instantaneous powers of the magnetic and electrical fields in the 
short-circuited line (curves 1;2) when R = 0; G =0.48 (a); 0 (b). 

 

7. The finite-difference scheme: principle of creation and 
theoretical foundation 

 
Let’s consider the problem (1.1)-(1.3) for telegraph equations on the in-

terval ],0[ lx ∈  when 0≥t  with zero initial data: 
 

 ;0=+
∂
∂+

∂
∂ Ri

x
u

t
iL  0=+

∂
∂+

∂
∂ Gu

x
i

t
uC ;  (7.1) 

 
 )(),0( 0 tUtu = , ),(),( tlDitlu = , 0>t .  (7.2) 

 
Here D is an integro-differential operator that, according to the bound-

ary condition (1.3), has the following form 
 

 ∫ ττ++=
t

s
ss di

Cdt
tdiLtiRtDi

0

)(1)()()( .  (7.3) 

 
In order to create the finite-difference scheme we use the grid-

characteristic method as follows. At first on the interval ],0[ l  we generate 
the uniform grid with integer and half-integer indexes: 
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 NlhNmhxxNmmhx mmm /;,1,2/;,0, 2/1 ==−=== − . 
 

The uniform grid is generated over the time coordinate with the step τ also 
with integer and half-integer indexes: τ= ntn , 2/2/1 τ+=+ nn tt , n = 
0,1,2,… 

Then we integrate the equations (7.1) by the cell 
],[],[ 11 +− ×= nnmm ttxxQ  of the two-dimensional grid. So we obtain the in-

tegral relations along the boundary of the cell Q 
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t
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x

x
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n

n

m

m

. 

 
Now the one-dimensional integrals we approximate by means of quad-

rature midpoint rule or rectangle rule, but two-dimensional integrals – by 
the formula with weights α and β. As a result we obtain 
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   (7.4) 

 0)( 2/1
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1
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1
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τ −
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−
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C . 

 
The following notations are used here 
 

 )2/,(),,2/( 2/1
2/1 τ+=±= +

± nm
n
mnm

n
m txiithxii . 

 
The values 2/1+n

mi  и 2/1+n
mu  at the half-integer time layer can be ex-

pressed from (7.4) through the variables n
mi 2/1±  and n

mu 2/1± . We’ll use the 
relations on the characteristics with positive and negative slopes: 
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Solving this system we obtain the following correlations 
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   (7.5) 

 
22

2/12/12/12/12/1
n
m

n
m

n
m

n
mn

m
ii

Z
uu

u B
+−−++−=

+ +
. 

 
So, the finite difference equations, that approximate (7.1), have the form 

of relations (7.4), (7.5). The boundary values 2/1+n
mi  and 2/1+n

mu  take the 
form 

 
 )( 2/10
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n
N iDu , 

 
where hD  is the finite-difference approximation for the integro-differential 
operator D from (7.3). The operator hD  can be represented in the following 
form 
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Then the boundary values at the right end 2/1+n

Ni  and 2/1+n
Nu  can be written 

in the explicit form 
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The weighting coefficients βα,  and the time-step τ  in (7.4), (7.5) must 

be chosen in such a way as to ensure the minimal effect of the dispersion 
and dissipation phenomenon of the finite difference scheme. In order to de-
termine the optimal values of the parameters βα,  and τ  we apply the first 
differential approximation method for finite difference relations. Using (7.5) 
we eliminate the values 2/1+n

mi , 2/1+n
mu  from the (7.4) and write out the ob-

tained relations in the non-index form: 
 

 ;0
2

)( =−++ατ+ xxxt ihLaRiuiL &  

   (7.8) 
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So the first differential approximation for this scheme has the following 
form 
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These differential equations are approximated by finite-difference equa-

tions (7.8) with second order of accuracy by h and τ. 
The original telegraph equations for the line with losses are equivalent 

to the following: 
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Taking into account above representations the first differential ap-

proximation can be transformed to the form: 
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This implies that the weighting coefficients βα,  should be chosen in 

such a way as to minimize (desirable to zero) differential additions to the 
original equations: 
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After collecting terms we obtain 
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One can readily see that when ah=τ  and 
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the coefficients of time derivatives become zero, but the remaining mem-
bers do not contain the derivatives and tend to zero with first order when 

0→h . The coefficients α and β can be represented as: γ=α L , γ=β C , 
2/)( RG γ+γ=γ , LRR /=γ , CGG /=γ . Hence, the proposed scheme with 

the weights minimizes not only the dissipation, but the difference dispersion 
of the numerical solution as well. The finite-difference relations (7.4), (7.5) 
can be generalized for the case when the line lineal parameters change along 
the longitudinal coordinate x and for the case of the multiwire lines with the 
branchpoints, lumped elements and other complicative factors. In case of 
heterogeneous line the space coordinate x partition to the elementary cells 
must be realized in such a way as to fulfill the condition τ = hm-1/2/am-1/2 = 
const for any index m. The approximation for the boundary conditions of 
the type (7.2) and for more general forms is in detail described in [86 – 90]. 

The numerous numerical experiments and comparisons with analytical 
solutions have demonstrated that the accuracy of the numerical solutions 
constitutes no less then three-four significant digits even in the vicinity of 
the wave fronts (strong discontinuities). A priori and a posteriori accuracy 
estimations and some other theoretical aspects of the developed method will 
be considered in the next paragraphs. 

 

8. Stability of computational scheme 
 
Let’s prove the stability of the finite-difference scheme (7.4)-(7.7), (7.8) 

by initial data taking into account zero boundary conditions. In this order we 
write down the finite-difference scheme for new unknown functions r and s, 
that are known as Riemannian invariants of the system (7.1) and can be ex-
pressed through currents and voltages as follows: iZur B+= , iZus B−= . 
The system of equations (7.1) written in invariants takes the form 
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The finite-difference scheme (7.8) in terms of r and s when γ=α L , 
γ=β C  gets the following form 
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or 
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The equations (8.2) are written for internal nodes xm-1/2, Nm ,1= . In or-

der that the first equation to be correctly formulated the value nr 2/1−  is re-
quired. This value we determine from the zero boundary condition (7.6) 

02/1
0 =+nu . So we have 02/1

0
2/1

0 =+ ++ nn sr  and nn ss 2/1
2/1

0 =+  or 
nnn srr 2/12/1
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0 == −

+ . In the second equation the value n
Ns 2/1+  is required. 

This value we determine from the boundary condition (7.7) when 
0/1 == SS CL . Then at the right-hand end we have only active loading: 
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n
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Consequently, the homogeneous boundary conditions for the scheme (8.2) 
take the following form 

 
 nn sr 2/12/1 =− ; n

N
n
N zrs 2/12/1 −+ −= . (8.3) 

 
Let’s write down the scheme (8.2) in the operator form 
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where 
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As the operator )~( DA +  in (8.4) is not self-conjugated, then to prove 

the stability we use the theorem 4, part II, §2 [98]. 
Theorem. 
Let in two-layer finite-difference scheme 
 

 0=+ nn
t AyBy  (8.5) 

 
the operators A and B are independent on n, 0* >= BB  and the operator 

1−A  exists. Then the condition 
 

 11

1
−−

ρ+
τ≥ BA  (8.6) 

 
is sufficient for stability of the scheme (8.5) with the constant 1≥ρ  in the 
energetic space HB. The same condition is necessary for stability in HB with 
the constant 1≤ρ . The condition 
 
 11 5.0 −− τ≥ BA  (8.7) 
 
is necessary and sufficient for stability of the scheme (8.5) with the constant 

1=ρ  in the energetic space HB. 
Let’s notice that if dEB =  (d > 0), then the condition (8.7) is equiva-

lent to 
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2
),( Ay

d
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Let’ introduce the following scalar product and norm 
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The operator A from (8.8) for the scheme (8.4) gets the form DAA += ~  

when γτ+= 1d . Therefore at first we obtain the estimation of the type (8.8) 
for the operator A~ . For that we apply the following two finite-difference 
formulas [102] 
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Now we sum up these formulas by all internal nodes of the grid xm-1/2, 
Nm ,1=  and get 
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Now we consider and transform the expression ),~( yyA  
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x

n
x  
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2/1
2
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 ( ) ( )2
2/1

2
2/1

2
2/1

2
2/1

2
5.05.0~)/(5.0 +−− −+−+= NN srarsayAah . (8.9) 

 
From the boundary condition (8.3) we have 
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 2
2/1

2
2/1 −= rs  and 0)1( 2

2/1
22

2/1
2

2/1 ≥−=− −+− NNN rzsr  ( 1≤z ). 
 
Then from (8.9) it follows 
 

 
2~

2
),~( yA

a
hyyA ≥ . (8.10) 

 
Now we return to the estimation (8.8) for operator DAA += ~ , that has 

the form 
 

 ( ) 2
)~(

2
,)~( yDA

d
yyDA +τ≥+ . (8.11) 

 

Let’s estimate the norm 
2

)~( yDA +  

 

 ),~(2~)~( 222
DyyADyyAyDA ++≤+ . (8.12) 

 
The first member in the right-hand part of the (8.12) can be estimated 

by formula (8.10). The second member 2Dy , that contains the symmetric 
matrix D from (8.4), can be estimated by maximal eigenvalue of this matrix 

),max()(max GRD γγ=λ  
 

 ),)((max
2 yDyDDy λ≤ . (8.13) 

 
To estimate the third member from the (8.12) we apply the inequalities 

(8.10), (8.13) and ε-inequality: 0,/2 22 >εε+ε≤ baab  
 

 ),)((),~(2~1),~(2 max
22

yDyDyyA
h
aDyyADyyA ελ+

ε
≤ε+

ε
≤ . (8.14) 

 
Using the inequalities (8.10), (8.13) and (8.14), from (8.12) we obtain 
 

 +
ε

+λ+≤+ ),~(2),)((),~(2)~( max
2

yyA
h
ayDyDyyA

h
ayDA  

www.TechnicalBooksPDF.com



 131 

 ),)(()1(),~()1(2),)(( maxmax yDyDyyA
h

ayDyD λε++
ε

ε+=ελ+ . 

 
Now we choose the parameter ε from the condition of equality of the 

coefficients 
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2),()1()1(2
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max Dh

aD
h

a
λ

=ελε+=
ε

ε+ . 

 
Then we get the following estimation 
 

 ( )yyDAD
h
ayDA ,)~()(2)~( max

2
+⎟

⎠
⎞

⎜
⎝
⎛ λ+≤+ . (8.15) 

 
Substituting the inequality (8.15) in the stability condition (8.11), we 

obtain 
 

 ( ) ≥+τ−+
2
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d
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 0)~(
2/2)(

1 2
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⎠
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≥ yDA
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. 

 
Hence, the condition 
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γ−λ+

=
γ−λ+

≤τ
hDa

h
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h
a 2/)(2/)(

1

max
max

 

 

 
2/),min( GRha

h
γγ−

=  or 
)2/(),min(1

1
ahh

a

GR γγ−
≤τ  (8.16) 

 
is sufficient for stability of the finite-difference scheme (8.2), (8.3) by initial 
data in the space L2. 

Let’s obtain also the necessary condition of stability for the finite-
difference scheme (7.8) 
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 ;0
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   (8.17) 

 .0
2

)( ,,, =−++βτ+ n
xxm
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n
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n
tm uhCaGuiuC &  

 
Substituting the values γ=α L , γ=β C , 2/)( RG γ+γ=γ , LRR /=γ , 

CGG /=γ  in (8.17), we rewrite it in the form 
 

 ;0
2

1)1( ,,, =−γ++γτ+ n
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   (8.18) 

 .0
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1)1( ,,, =−γ++γτ+ n
xxm
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n
tm uhaui

C
u G&  

 
Now we apply the spectral stability criterion (Neumann criterion). We 

will find the solution of the equations (8.18) in the harmonics form with the 
phase ϕ 

 

 mxjneqy
u
i

y ϕ=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
= 0 .  (8.19) 

 
Substituting (8.19) in (8.18) we get the system of two equations with the 

matrix A 
 

 00 =ϕ Ayeq mxjn ;  (8.20) 
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sin
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h
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jh

h
aq

A
G

R
. 

 
For existence of the nontrivial solution of the form (8.19), it is required 

that the matrix A determinant to be equal to zero. Expanding this determi-
nant, we obtain the equation with regard to parameter q. The value of this 
parameter is equal to the norm of the transition operator from the layer with 
number n to the layer n+1. 
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In case of undistorting line ( γ=γ=γ GR ) this equation takes suffi-

ciently simple form 
 

 0sin
2
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Its roots are the following 
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2
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According to the spectral stability criterion, the finite-difference scheme 

is instable if there exists such values of the phase ϕ for which 1>q . From 
(8.22) yields 
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/42
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Solving this inequality, we obtain the necessary stability condition 
 

 
)2/(1

1
ahh

a
γ−

>τ .  (8.23) 

 
It is easy to see that this condition coincides with the sufficient condition 
(8.16) when γ=γ=γ GR . 
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For line with losses, the roots of the equation (8.21) have the following 
form 

 

 ±⎟
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 0
4
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2
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2
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h
a .  (8.24) 

 
To obtain the necessary stability condition in this case we are to demon-

strate that there exists at least one value of the phase ϕ, for which 1>q . 
Therefore, we will consider the value ϕ that makes the radical expression in 
(8.24) be equal to zero 
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Then the roots of (8.24) are real and multiple and the inequality 1>q  

leads to the stability condition 
 

 

a
h

a

hh
a

GR γ−
γ−γ

−+

>τ

2

22

4

)(
11

2 .  (8.25) 

 
It is easy to notice that the condition (8.25) coincides with (8.23) when 

γ=γ=γ GR . 
 
 

9. A posteriori analysis of the numerical solutions accuracy 
 
To have some test problem we’ll consider the nonstationary problem 

about the motion of the potential and current rectangular wave along the 
half-infinite line with strong dissipation and dispersion: =0U L = C = 1;  
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R = 2; G = 0. In [15, 60] one finds the exact analytical solution of this prob-
lem in the form of the zero order Bessel function of the first kind. The solu-

tion is RtextRjJtxi 5.022
0 5.0),( −⎟

⎠
⎞⎜

⎝
⎛ −=  when t > x and i(x, t) = 0 when t 

≤ x. It is to mention that the motion of the current jump with the steady 
speed a = 1 is identified here in the explicit manner. So the solution appears 
to be a heavy test for every numerical scheme. Nevertheless, the design fi-
nite-difference formulas (7.4) - (7.7) ensure the accuracy till two significant 
digits even on the very coarse grid with 5 partitions per length and time unit 
(these corresponds to 300000 km and 1 s in a real scale). 

It is easy to see from the time diagrams at the fixed space points: x = 1; 
3; 5 (curves 1–3 in the fig. 9.1), that the structure of the finite-difference 
functions is such, that independent of the grid step the exact solution is in 
the gripe of them and the residual between them tends to zero under the grid 
refinement. The increasing of the number of the grid points by an order re-
sults in increasing of the number of significant digits in the numerical solu-
tion by the unit at least. The approximate solution on the sufficiently long 
time interval (50 s) is visual indistinguishable from exact one when τ = h = 
0.02 (fig. 9.1, b). 
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Fig. 9.1. Currents dynamics at the points x = 1; 3; 5 (curves 1-3) in the direct volt-
age line with losses in cases of 5 (a) and 50 (b) partitions per length unit. 
 

Let’s apply now to another source [48]. Here we find the investigation 
of the degenerated and loading regimes in the direct voltage circuit with dis-
tributed losses: =0U 1 V; L = 0.77 µH/m; C = 2.9 nF/m; R = 48 mΩ /m;  
G = 0.4 mS/m; l =341 m; =BZ  16.29 Ω; a = 211619 km/s; Δ = 1.61 µs. 
The investigation is fulfilled by means of operator method with help of 
Laplace transformation and the expansion theorem. The considered here 
load resistance is: SR = 0 (short-circuit); ∞  (idling); 15 Ω. After transforma-
tion to the relative units by formulas (1.4), we obtain R = 1.0045; G = 
2.2226; =SR 0.9205. These values discover unnaturally big cable shunt 
conductance, because for high-current lines and data transmission systems 
we usually have R ≥ G. 

The voltage and current oscillograms in in the short-circuited), open-
ended and loaded lines are represented in the fig. 9.2. These calculations 
correspond to partitioning of the computational domain in 100 of elemen-
tary cells. The desired functions discontinuity propagation is not followed 
specially in the computational scheme, but nevertheless, it clearly recog-
nizes even fine details of the wave motion, all jumps are extremely accurate 
and exactly correspond to the arrival moments of the direct and reflected 
waves to the point of observation. Let’s consider now the pure active load 
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( =SR 0.9205) that is closed to the matched load for direct current line 
( =SR 1). In this case the amplitude of the wave reflected from the receiver 
numerically is present in the third digit, but it is too small to be visually 
watched in the time diagrams. The analogous wave presentation from [48] is 
correct from qualitative point of view but it can not be used as a test because 
of its smearing (it seems to be so because of using of the smoothing Lanc-
zos sigma-factors with the object to cancel the Gibbs oscillations in the re-
sultant discontinuous solution). 

The transient process, that appears when the short-circuited line is con-
nected to the direct voltage, can be calculated and rechecked by the Fourier 
variable separation method [75, 90]. As a result of its applying one gets the 
following voluminous expression for current: 
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where 
 

 ;/;/;/ aRGCGLR GRGR γγ==δ=γ=γ GRZ /0 = ; 
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To obtain as sensitive results as in fig. 9.2 by applying the above formu-

las it is necessary here to sum up as minimum 1000 of members. This is 
caused by the slow convergence of the Fourier series in the vicinity of the 
desired functions jumps. 

Let’s mention another source [110], where it was made an attempt to 
solve the nonstationary problem about the instantaneous connection to the 
direct voltage source 0Uu =  (when 0=x ) of the cable with the lumped ca-
pacity at the end: L = 31.2 mH/km; C = 0.25 µF /km; R = 1.88 Ω/km; G = 0; 
l = 320 km ; =BZ 353.27 Ω; a = 11323 km/s; Δ = 28.3 ms; sC = Cl = 
= 80 µF. if we assume the unit to be the wave length with the frequency f = 
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= 50 Hz: λ = 226.45 km, then in the dimensionless form we obtain: 
41311.=Δ== sCl ; 20511.=R . 

 

 
 

Fig. 9.2. The dynamics of voltages (a) and currents (b) at the points x = 0.1 (curves 
1-3); 0.3 (4-6); 0.9 (7-9) in the short-circuited (1;4;7), open-ended (3; 6; 9) and 
loaded on pure active resistance (2;5;8) lines. 

 
The changes in time of the voltage and current (curves 1; 2) at the 

charging capacitor in the line without losses 0== GR  are represented in 
fig. 9.3,a. The superposition of the direct and reflected waves leads to the 
forming of enough complicated nonstationary picture. The electric energy 
accumulated in the capacity returns back in the line approximately every 7 
wave runs along the circuit. It arrives that in the absence of active losses in 
the connecting wires it is impossible theoretically to charge the ideal con-
denser because the wave process here does not steady or it steadies infi-
nitely long. The grid solutions are calculated with use of 100 of nodes along 
the line length and it was found quite enough to repeat the exact solution 
obtained by method of characteristics. Let’s denote k = –1/CS, 

)( Δ−= mtktm , ,...3,2,1=m . Then the voltages and currents at the end of 
the line during the underwritten time intervals can be represented as follows 

 
011 == ui  when Δ≤< t0 ; 

1223
teu −= ; 123

tei =  when Δ≤<Δ 3t ; 
3)21(22 335

tetuu −++−= ; 3)21(2 335
tetii ++=  when Δ≤<Δ 53 t ; (9.2) 

5)21(22 2
557

tetuu +−+= ; 5)241(2 2
5557

tettii +++=  when Δ≤<Δ 75 t  
etc. 
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As can be seen from formulas (9.2) (these formulas can be continued on 
the plane xt with no limit), tracking from the zero initial state switching 
wave process has the pronounced oscillatory character and does not mani-
fest any asymptotic properties. 

Taking into account the real active losses in the cable without the cur-
rent insulation leakage we obtain the sufficiently rapid stabilization of volt-
age on the condenser till the nomination level and the charging current de-
creasing till zero (see fig. 9.3,b). The voltage curve coincides qualitative 
with the same from the source but we can not say the same about the calcu-
lated current oscillogram. The method applied in [110] does not take into 
consideration high-frequency components of the transient process and gives 
incorrect results even for asymptotic values of the desired functions that can 
be easily calculated by complex amplitude method. In steady state regime 
under the conditions 0=> GR  we always obtain the unit voltage and zero 
current in the whole line. 

 

 
 

Fig. 9.3. The rectangular wave fall on the lumped capacity CS = 80 µF, connected 
to the receiving end of the cable with length l = 320 km when R = 0 (a);  
1.88 Ω/km (b). 

 
Since, when connecting the ideal line with distributed and lumped reac-

tive elements to the direct voltage, the regime does not steady then the same 
regime hardly can appear under the sinusoidal input voltage (fig. 9.4,a). As 
a result of continuous bilateral interchange of energy between the infinite 
power generator and the line reactive elements the wave process is devel-
oped by very complex script, that from the qualitative point of view reminds 
of aperiodic regime, but is not it. If to calculate the steady state electricity 
transmission regime in the absence of losses on the Joule–Lenz effect one 
applies formally the complex amplitude method, then obtained voltage and 
current amplitudes will not represent the real values (see curves 3 and 4). 
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In the line with losses the wave process represented in the fig. 9.4, b 
later then 100…200 ms after commutation practically comes to the steady 
state stage, when the voltage and current amplitudes can be calculated by 
complex amplitude method. This fact gives one more confirmation of the 
correctness of calculations by the “albatross” method. 

The evident shortage of experimental data for transient electromagnetic 
processes forces to the inaccessible articles. In the experiments [66], traced 
as early as 1959, some nonstationary processes have been researched. The 
process was caused by capacitor discharge with µF5.0=SC  on the cable 
with length 8.0=l  km with lineal parameters: L = 0.125 mH/km; C = 0.31 
µF/km; Δ = 5 µs. The capacitor discharge can be modeled by the following 
boundary conditions: 

 

 i
dt
duCS =     when    00 ≥= tx , ; 0Uu =    when   0== tx . 

 
The theoretical calculations in [66] have been effectuated by traveling 

wave method without taking into consideration the losses in the line. The 
results of these numerical experiments are reproduced in fig. 9.5, 9.6 for 
short-circuited and opened cable correspondingly. However, the cited article 
author assertion about acceptable conformity between the computational 
and experimental data seems to be highly disputable. It is indeed necessary 
to repeat the similar experiments at the more qualitative level using the 
modern measuring equipment. 

If we set the active losses in the cable equal to the same from the previ-
ous example (R = 1.88 Ω/km) then, owing to moderate length of the line (l = 
0.8 km), the wave process in it does not steady even after 35 wave runs 
along the line length (see fig. 9.7). 
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Fig. 9.4. The sinusoidal wave fall on the lumped capacity CS = 80 µF, connected to 
the receiving end of the cable with the length l = 320 km when R = 0 (a);  
1.88 Ω/km (b). 
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Fig. 9.5. Voltage and current diagrams (curves 1;2) at the points x = 0 (a); l/10 (b) 
under the capacitor discharge CS = 0.5 µF on the ideal short-circuited cable line 
with the length l =0.8 km. 
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Fig. 9.6. Voltage and current diagrams (curves 1;2) at the points x = 0 (a); l/10 (b) 
under the capacitor discharge CS = 0.5 µF on the ideal open-ended cable line with 
the length l =0.8 km. 
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Fig. 9.7. Voltage and current diagrams (curves 1;2) at the points x = 0 (a); l/10 (b) 
under the capacitor discharge CS = 0.5 µF on the open-ended cable line with the 
length l =0.8 km and the losses: R = 1.88 Ω/km, G = 0. 

 
As a test problem let’s consider also the reflection of the rectangular po-

tential and current wave from the RL – circuit connected to the end of the 
line. The aerial circuit with the length l = 100 km with the wave resistance 
ZB = 500 Ω and the speed of wave propagation a = 300000 km/s has at the 
end the RL – load that consists of parallel connected active resistance RS = 
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700 Ω and inductance LS = 0.1 H (see fig. 9.8). The line is connected to the 
direct voltage source U0 = 30 kV. It is required to obtain the voltage and 
current distribution diagrams along the line for the time moment when the 
reflected from the end of the line wave reaches the midpoint of the line [15]. 

 

 
 

Fig. 9.8. Uncharged line with RL – circuit connection to the direct voltage. 
 
In the dimensionless variables we have U0 = l = ZB = a =1; RS = 1.4; LS 

= 0.6. The boundary conditions can be written as 
 

 )(tUu 0=  when 0;0 >= tx ; 
 

 
dt
diLuiRuiii ss

2
121 ;; ==+=  when 0, >= tlx . 

 
The distribution of voltages and currents along the line for time moment 

t = 1.5 is represented in fig 9.9 when G = R/5; R = 0 (a); 0.048 (b); 0.48 (c); 
4.8 (d). The diagrams in the fig. 9.9,a exactly repeat the results obtained for 
ideal line in [15]. In the presence of losses in the line distorts the profile of 
direct and reflected from the end of the line wave right up to beyond recog-
nition when R = 4.8 (see fig. 9.9,d). 

Voltage and current time diagrams at the point of connection of active-
inductive load are represented in the fig 9.10 for ideal line of direct (а) and 
sinusoidal voltages with commercial frequency f = 50 H (b). During the ini-
tial stage of the nonstationary process the results are closely related, but al-
ready after several wave runs along the line length (1…2 ms in real time 
scale) the difference between the comparing functions becomes evident. 
These differences between the direct and alternating current lines are pro-
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nounced when the losses are present in the line (see fig. 9.11) and in the first 
circuit the regime steadies quickly. 

Therefore, only in very rough approximation the results of calculations 
for the line with sinusoidal voltage at the head end can be replaced by the 
same for the line with direct voltage. 

 

 

 
 

Fig. 9.9. Voltage and current (curves 1;2) distribution diagrams along the line with 
RL – circuit for t = 1.5 when G = R/5, G = R/5, R = 0 (a); 0.048 (b); 0.48 (c);  
4.8 (d). 

 

 
 

Fig. 9.10.  Voltages and currents (curves 1;2) at the receiving end of the ideal di-
rect voltage (a) and alternating voltage (b) lines. 
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Fig. 9.11. Voltages and currents (curves 1;2) at the receiving end of the ideal direct 
voltage (a) and alternating voltage (b) lines when R= 0.48, G = R/5. 

 
The travelling waves in the line appear most often under the external 

electromagnetic fields action, for example, under the lightning stroke [59]. 
Let’s set the initial current distribution as a two positive half-periods of the 
sinusoid with amplitude 1 and 0.5, as it is depicted in the fig. 9.12,а. The 
left-hand end of the line we consider as short-circuited and the right-hand 
end – opened. 
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Fig. 9.12. Traveling waves in the line with open right-hand end and short-circuited 
left-hand end. 
 

Either of two initial electromagnetic perturbations generates in twos 
waves of current and potential with equal amplitudes and opposite direc-
tions. The evolution of the wave motion represented in fig. 9.12,b-f achieves 
that the linear (d'Alemberian) solitary waves interpenetrate but do not inter-
act. As a result of irreversible power losses in the line (R = 2, G = 0) the 
amplitude of the single pulses gradually decreases till zero. 

So the approaches and analytical methods stated in [15, 48, 59, 60, 66, 
110] together with Fourier method, method of characteristics and complex 
amplitude method have very restricted range of application and do not per-
mit further generalizations for lines with arbitrary losses and with arbitrary 
form of the input voltage, tunable parameters, etc. Only elementary test 
problems can be solved by means of these methods. But such problems are 
of methodical and practical importance, because they serve as a base for 
comparative analysis and a posteriori accuracy estimation of the numerical 
solutions (see the table 9.1). 

 
Table 9.1. The comparative characteristics of the methods for computation of the 
transient and steady state processes in the electrical circuits with distributed and 
lumped parameters. 
 

Method and its age Accuracy Range of application 
1. Complex amplitude 
method is more then 100 
years old  

absolute  Steady state sinusoidal regimes in a 
piecewise-homogeneous circuits 
with nonzero losses 

2. The Fourier method is 
about 200 years old 

absolute  Transient and steady state processes 
in an alternating current opened 
lines and in an alternating voltage 
short-circuited lines with arbitrary 
losses 
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Method and its age Accuracy Range of application 
3. Method of characteris-
tics (of traveling waves) 
is more then 250 years 
old 

absolute  Transient and steady state processes 
in a piecewise-homogeneous ideal 
and undistorting circuits with vari-
able (by time) lumped parameters 

4. The universal grid-
characteristics method 
“Albatross” is more then 
10 years old 

From three-
four signifi-
cant digits 
and more  

Transient and steady state processes 
in a non-homogeneous parametrical 
circuits with arbitrary losses and 
another complicative factors 

 

10. Emergency and postemergency states caused by instantaneous 
changes of load parameters in the overhead transmission line 
500 kV 
 

The power supply security and the quality of the delivered electric 
power take on special significance in the state of the art. Towards this end 
the isolated automatic and protection subsystems are stipulated in a power 
supply systems as their basic elements. The necessary condition of their re-
liable performance is the learning of limit regimes including the emergency 
states that depend on the design features and on topology of protected areas. 

The perturbations that decrease the quality of voltage can appear both 
under the transmission of power and under the distribution of power. Be-
cause of the considerable length the overhead transmission lines are sub-
jected to atmospheric forcing. The diverse types of discharges of the atmos-
pheric electricity (lightning) become a reason of different perturbations, 
swings, undervoltage, power outage. The duration and the degree of pertur-
bations depend on the circuit structure and on time that is necessary for its 
reconfiguration. The reasons of overvoltage caused by lightning strokes 
usually are considered as external with respect to the electric mains. An-
other type of perturbations appears during the electric mains administration 
under the load droppings or unexpected load pickups. The last type of per-
turbations is very infrequent, because usually the large-scale loads are 
gradually connected to the electric mains. But this does not relate to unex-
pected load dropping, that usually is a result of the emergency situations 
like the short-circuit or the break in the line. The current maximal value dur-
ing the transient electromagnetic processes can in dozens and hundreds of 
times exceed its nominal value. The maximal possible overvoltage under the 
different nonstationary regimes constitutes several tens of its nominal value. 
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10.1. Transient processes caused by instantaneous change of load resis-
tance 

 
The exact solution for the homogeneous line with the active resistance 

SR  at the receiving end 
 

 iRu S=  when 0, >= tlx , (10.1) 
 
and with sinusoidal voltage at the input 

 
 )sin(0 tUu ω=  when 0,0 >= tx  (10.2) 
 
was obtained in [89, 93]. This solution at the steady regime has the follow-
ing form 
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The following notations have been used above 
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Let’s suppose that till the initial time moment 0=t  the steady state re-

gime has been generated in the line. This regime can be described by the 
formulas (10.3) – (10.6). Then the sudden (stepwise) change of the load SR  
happens at the time moment 0=t . Let’s find the solution of this problem 
on time interval ],0[ *tt ∈ , Δ+= )12( ** nt . Thus, the boundary condition at 
the right-hand end of the line takes the form 

 
 iRu S

*=  when ,lx =  ],0[ *tt ∈  . (10.7) 
 
If the load *

SR  is equal to zero or 

 1*

*
* −=

+
−

=
BS

BS

ZR
ZR

z , 

then the short-circuited regime is realized. If ever ∞=*
SR  or 1* =z , then 

the idling regime is realized. 
The solution of this problem is found by the method of characteristics 

that is described in detail in [89]. At the input of the line the steady state so-
lution (10.3)–(10.6) remains, until the reflected from the loaded end wave 
reaches the input (see fig. 10.1). 

 

 
 
Fig. 10.1. Computational domains and configurations of the wave fronts under the 
instantaneous change of the load resistance. 
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Hence, when ],0[,0 Δ∈= tx  we have 
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The cited above formulas can be represented in the general form 
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when )1(,...,1,0],)1(2,2[, * −=Δ+Δ∈= nnnntlx . 

If at the time moment Δ+= )12( ** nt  the previous load is restored, then 
the subsequent solution has the form 
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Here by Ani  is denoted the current function at the input of the line 0=x  

during the time interval ],[ ** Δ+Δ−∈ ttt  
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10.2. Comparison of calculated results and full-scale test for half-wave 

line 500 kV 
 
Let’s consider the three-phase overhead transmission line 500 kV Vol-

gograd – Lipetsk (556 km) – Arzamas (1572 km) – Shagol (2858 km) with-
out intermediate connections with total wave distance 173º [22], that deter-
mines the wave-length as =λ  2858 × 360º /173º = 5947.28 km and the 
speed of electromagnetic disturbance propagation along the as a = λf = 
297364 km/s with the frequency f =50 H (the oscillation period Δ = λ /a = 
1/f = 20 ms; the time of the wave run along the line length lΔ = l/a = 9.61 
ms). If we do not take into consideration the interference of the wires in the 
homogeneous line and set its equivalent wave resistance as ZB = 278 Ω [4], 
then we obtain following lineal reactive parameters: L = 0.9348 mH /km; C 
=12.10 nF/km; Ll = 2.67 H; Cl = 34.58 µF; XL = 133.5 Ω; XC =  578.37 Ω. If  
l = λ , then XL  = XC = BZ . The active resistance and conduction we set as 

=R 22.44 mΩ/km; =G  41.47 nS/km, that corresponds to the phase con-
sisted of three wires of the type АС 450/51 [70]. 

Starting from these values of the initial parameters we determine the 
complex wave resistance Z0 = 278.25 – j9.0927 Ω. It is easy to certain that 
under the character for high-current lines lineal parameters (CR > LG) the 
angle of the complex number Z0 always gets the negative value, that implies 
the capacitive nature of the wave resistance. 

In the line loaded on the resistance Z0 (that usually is used as a matched 
load) the return (reflected) waves are missing when the whole energy is 
propagated in it by the direct wave [4]. However, it does not follow from 
this that just in the case of the steady state process of travelling waves the 
minimal losses are realized [89]. For example, in the homogeneous line with 
the length l = 0.15 λ  the efficiency is 92.10% under the action on the 
matched load ZS = Z0 = 278.25 – j9.0927 Ω., whereas under the unmatched 
load of the capacitive nature ZS = 278 +j278 Ω we obtain the efficiency 
equal to 93.73%, but for all that the active power of 40% from natural is 
transferred in it. 
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We assume that the amplitude of the phase voltage is equal 0U = 

525 32 /  = 428.66 kV and the natural power of the sinusoidal voltage line 
)2sin(0 tfUu π=  possesses the value Pн = )2/(2

0 BZU = 330.5 MW. Thus 
during the travelling waves regime at the sending end of the three-phase line 
500 kV it is generated about 1 GW of the power. If we now will use the 
formulas (1.4), then in the dimensionless form we’ll obtain == fU0 L = C 

= =BZ =λ  a = Δ = 2Pн = 1; Z0 = 1.0009 – j0.0327; =l  173º/360º = 
=R 7 =G lΔ = Cl = Ll = 0.4805. 
Let’s consider at first the steady state processes of the power transfer 

and realize the comparative analysis of the calculated and experimental 
data. In fig. 10.2 it is shown the dependence of the losses on the line length 
when transferring the natural power П = 1 –P1/P0, where P0, P1 are the gen-
erated and transmission powers (curves 1;2), as well as during the idling Пxx 
= P0/Pн (curve 3). The losses in the loaded half-wave line with the parame-
ters =R 7 =G  0.48 come to 23%, that practically coincides with the full-
scale test results represented in [22]. Let’s remind that in the experiment 
from 1967 the losses of the active power come to 225 kW (the part of them 
being the crown losses) when at the sending end (hydroelectric power sta-
tion) it was 985 kW. The case with R =0.74, G = 0 (b) corresponds to 

=R 34 mΩ/km. With these values of the lineal active resistance of the three 
wires АС 300/66 (that are used also in the lines of the type 500 kV), the 
losses exceed 30%, that contradict with experimental data [22]. 

 

 
 

Fig. 10.2. Line length x dependence of the power losses when transferring the natu-
ral power П = 1 –P1/P0 (curves1;2) and when idling Пxx = P0 /Pн (curve 3) for R = 
7G = 0.48(a); R =0.74, G = 0(b). 

 
Comparing the curves 1 and 3 we can conclude that the losses under the 

pure active load ZS = ZB =1 are nevertheless lower than in the case of the 
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line with matched load equal to complex wave resistance: ZS = Z0. However 
these distinctions are sufficiently small for every line length and they can be 
neglected. As we see the relative losses under the natural power transfer (or 
the power closed to natural) almost linear depend on the line length and the 
value of these losses is sufficiently sensible to the variations of the parame-
ter R. It is appropriate to mention here that the idling losses for half-wave 
line without supplementary connections come to 13.66%, i.e. the half from 
the losses under the natural power transfer. 

Now we will mention another source where the design losses come to 
13% under the natural power transfer in the projected half-wave line 750 kV 
Surgut – Chornobyl [46]. It is easy to determine that in this case for the line 
without supplementary connections the inequality ≤R  12 mΩ/km must be 
hold at the minimum. If we will take in consideration the inevitable crown 
losses (0.5…1% on every 1000 km of the power transmission line) then the 
parameter R can not exceed 9…11 mΩ/km. The idling losses in this case 
can be only 6 %. The decrease of active power losses in the wires due to the 
increase of their wave resistance ( =BZ 278 Ω) is inadmissible, as it will in-
volve inevitably the decrease of the natural power value. 

The connection to the half-wave line of 3…4 shunt reactors makes it 
possible to decrease the idling losses, if the location and parameters of the 
reactors are selected in the optimal manner. As regards the possibility of the 
losses decrease under the natural power transfer, to obtain the same impres-
sive effect seems hardly possibly. The losses can be decreased no more then 
on 2…3% in this case, but the question remains for another investigation. 

The distribution along the line of the active (a) and reactive (b) powers 
is represented in fig. 10.3 under the natural power regime (curves 1;2) and 
prior to natural power regime (curves 3-5). The curve 6 corresponds to the 
idling in the line, when the load is disconnected. The load resistance ZS is 
selected here in such a way that at the end of the line (Shagol) to have 760, 
506, 430, 260 MW as in the experiment [22]. 

The decreasing of the load resistance ZS results in the gradual rise of the 
active power (right up to the regime of natural power transfer) and in reduc-
tion of the reactive power that is maximal under the standing wave regime 
(idling). The minimal values of the reactive power at the generator connec-
tion point can be observed when ZS = BZ . In this case the power factor of 
the pure active load is equal to 1 (by definition) and it is closed to 1 near the 
source. This means that the bilateral interchange of the electromagnetic en-
ergy between the generator and the receiver is missing practically. Under 
the matched load ZS = Z0 the distribution of the reactive power along the 
line is of linear character and constitutes Q0 = – 32.30 MVA at the sending 
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end and Q1 = – 24.85 MVA at the receiving end. Whereas when ZS = BZ  we 
have correspondingly Q0 = – 8.60 MVA and Q1 = 0. 

 

 
 

Fig. 10.3. Distribution along the line of the active (a) and reactive (b) powers when 
R = 7G = 0.48 and the load resistance variations ZS = Z0 (curve 1); ZВ (curve 2); 
1.676ZВ (curve 3); 2.025ZВ (curve 4); 3.535ZВ (curve 5); ∞ (curve 6). 

 
The diagrams of voltage modulus (a) and current modulus (b) are repre-

sented in fig. 10.4 when R = 7G = 0.48 and the load resistance variations ZS 
= Z0 (curve 1); BZ  (curve 2); 1.676 BZ  (curve 3); 2.025 BZ  (curve 4); 
3.535 BZ  (curve 5); ∞ (curve 6).The voltage (current) losses under the natu-
ral power transfer come to 12%, that fill in the experimental data [22]. 

 

 
 

Fig. 10.4. Distribution along the line of the voltage modulus (a) and current 
modulus (b) when R = 7G = 0.48 and the load resistance variations ZS = Z0 (curve 
1); ZВ (curve 2); 1.676ZВ (curve 3); 2.025ZВ (curve 4); 3.535ZВ (curve 5);  
∞ (curve 6). 

Under the steady state regime the maximal in absolute value voltages 
and currents (in dependence on wave distance) appear or in idling or in 
short-circuit of the receiving end (fig. 10.5). The minimal values of the volt-
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ages and currents in the transmission line appear under the matched load in 
the line (curves 1;2). 

 

 
 

Fig. 10.5. The maximal in absolute values of voltage (a) and current (b) depend-
ence on the line length x when R = 7G = 0.48 and the load resistance variations ZS 
= Z0; (curve 1); ZВ (curve 2); 0 (curve 3); ∞ (curve 4). 

 
In the table 10.1 besides the maximal voltages ⏐U⏐m , that can be ob-

served in the line when x = xm , the phase displacements δ between voltages 
at the end points are represented, as well as the power factors of the source 
(cosϕ0) and the critical values of the pure active load SZ , that ensure the 
maximum of the transmission power and efficiency. The mentioned parame-
ters of the steady state process quite essentially depend on the length l and 
resistance SZ . It is sufficient to pay attention to the fact that the angle δ for 
half-wave line (l = λ /2) varies from +0.9995π when ZS = Z0 = 1.0009 – 
j0.0327 till – 0.9993π when ZS = BZ =1. The maximal overvoltage values 
for the line with the length that is closed to half-wave consist from 5.2 till 
7.3 of nominal values. Also we can not ignore the differences in the second-
third significant digit of the transmission power and efficiency values in the 
lines with the length that slightly or strongly differs from half-wave. In 
many cases the regime with maximal transmission (generated) power or 
maximal efficiency can not be realized in practice. It seems to have only 
some theoretical importance, but it is not exactly so. Anyway the informa-
tion about the extreme regimes enlarges essentially the traditional ideas 
about the electromagnetic power transfer along the long lines and proves to 
be useful for analyzing of the emergency and postemergency states, caused 
by instantaneous changes of the load parameters. 
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The series of emergency regimes in the loaded half-wave line executed 
in [22] showed the comparative high stability of the line with respect to dy-
namical changes. The internal overvoltages at the diverse substations do not 
exceed the predicted insulation level of the overhead lines 500 kV. The 
maximal registered overvoltage factor under the transient process with short 
circuit duration 130…190 ms comes to 1.75…1.95. Let’s check the corre-
spondence of these experimental data with the theoretical calculations based 
on the exact solutions of the corresponding boundary-value problems for 
telegraph equations in the dynamical formulation. 

Let’s model at first the sudden change-over of the receiving end of the 
half-wave line from idling to short circuit with duration Δt = 6.5 (130 ms). 
The calculation results are shown in the fig. 10.6 as a time dependences of 
voltage (a) and power (b) at the sending and receiving ends of the line. The 
curves 2 and 3 correspond to the voltages at the substations Lipetsk and Ar-
zamas. As it easy to observe from diagrams, the overvoltages at the substa-
tion Arzamas (see curve 3) during the short-circuited (with duration only130 
ms) stage practically reach the multiplicity 5.6 that is characteristically for 
the steady state regime under the assumption that the short circuit is of infi-
nite duration. After transferring to the idling regime the sixfold overvoltages 
appear at the switchpoint (Shagol substation). But these overvoltages at-
tenuate quickly (curve 4). 

The maximal overvoltage multiplicity at the Arzamas substation under 
the short circuit in the loaded transmission line ( SR = 1) remains the same 
as in the unloaded line (fig. 10.7). The maximal voltages in the loaded line 
at the postemergency stage with duration around the 20 ms (the time equal 
to double wave runs along the line length) reach value 4 and the transmis-
sion power hits form two pronounced peaks with the amplitude 9. The situa-
tion with the overvoltages at the middle of the half-wave line remains ap-
proximate the same if the power take-of will increase or will decrease by 
changing the load resistance SR . The variation of the length and of the lin-
eal parameters of the line in the limits of 10…20% leads to the overvoltage 
multiplicity not less then 5 under the short-circuited regime. The interfer-
ence between the wires in the three-phase transmission system can be con-
sidered among the second order effects, because it does not influence practi-
cally upon the overvoltage multiplicity in the faulty phase under the steady 
state and under the transient processes as well. The studies on this question 
lie ahead. 

If the short circuit point will be replaced at Arzamas substation (fig. 
10.8), then the maximal overvoltages will arise at Lipetsk substation and 



 

 

164 

they will be equal only to 1.6, that coincides with experimental data [22]. 
Here we must to mention that this maximal value occurs at the beginning of 
the nonstationary process and it is greater then steady-state value (the last 
one is equal to 1). In this case the voltage and power jumps at the point of 
load connection are not to be observed and the process of power transmis-
sion practically returns to the original state in 20 ms after short circuit 
elimination. 

Let’s suppose now that at the same place the short-term break with du-
ration Δt = 3 (60 ms) has happened. From the fig. 10.9 we see that the maximal 
overvoltage values, as well as the power hits, appear at the point of loading. 
The aftereffect of the emergency event is felt only during the 20 ms time 
interval, after that the system “forgets” the event. Thus, the break in the 
middle of the half-wave line can have more grave consequences then the 
short circuit at its end. 

Concerning so quick system restoring let’s mention the following. From 
the formulas for current and voltage (10.10) – (10.11) one can see that the 
influence on the active solution for the current Ani  during the short circuit 
action decreases in time, because it is multiplied by the factor 

( ) ( )mm zez Δγ−
γ = 2 . In this concrete case the influence vanishes very fast, 

because RS = 1 or z = 0. For undistorting line when z = 0 the solution re-
stores after 19.22 ms (the time equal to double wave runs along the line 
length) as if it wasn’t prehistory. This is possible because in this case the 
regime of wave propagation without reflection is realized. In case of the line 
with arbitrary losses the solution also “forgets” the emergency state but not 
so quickly as in previous case. 

Thus, the electric power transmission by long lines has some particular 
features including the emergency regimes. The proposed approach gives the 
possibility to model the real emergency situations and to determine the 
steady and impulsive values of voltages and currents at the most weak 
points of the electrical circuit. 

Thus, it is presented the strategy of calculation for transient processes 
caused by instantaneous changes of the resistance load at the receiving end 
of the half-wave transmission line. The comparison of the calculating data 
and full-scale experiment data for half-wave line 500 kV discovers their sat-
isfactory coordination with the experimental data for steady state regime. 
The calculating overvoltage multiplicity under the short circuit at the point 
of load connection with duration 130 ms and under the circuit break at the 
middle of the half-wave line with duration 60 ms comes to 6 nominal val-
ues, that is contrary to the full-scale experiment results [22]. 
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Fig. 10.6. Voltages (a) and powers (b) in the unloaded transmission line ( SR = ∞) 
under the short circuit with duration Δt = 6.5 (130 ms) at the receiving end l = 
0.4805 (2858 km). 
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Fig. 10.7. Voltages (a) and powers (b) in the loaded transmission line ( SR = 1) un-
der the short circuit with duration 6.5 (130 ms) at the point of load connection l = 
0.4805 (2858 km). 

 

 
 

 
 

Fig. 10.8. Voltages (a) and powers (b) in the loaded transmission line ( SR  = 1) 
under the short circuit with duration 7 (140 ms) at the point x = 0.2643 (1572 km). 
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Fig. 10.9. Voltages (a) and powers (b) in the loaded transmission line (RS = 1) un-
der its break (idling) with duration (60 ms) at the point x = 0.2643 (1572 km). 

 
 



CHAPTER II 

TRANSMISSION POWER AND EFFICIENCY INCREASE 
BY MEANS OF "BUCKING OUT" SYSTEMS 

 

11. Maximal steady-state voltages and currents in homogeneous 
alternating current transmission line 
 
Let’s consider the problem of determination of the maximal by sR  

steady-state values of voltages and currents in the long line with the genera-
tor at the left-hand end and with the active load sR  at the right-hand end. 
The currents and voltages satisfy the telegraph equations 

 

 ;0=+
∂
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x
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x
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t
uC .  (11.1) 

 
At the ends of the line we have the following boundary conditions: 
 

 )exp(),0( 0 tjUtu ω= ; ),(),( tliRtlu s= .   (11.2) 
 
For the steady-state regime the solution for current I(x) and voltage U(x) 

complexes can be obtained by complex amplitude method (CAM) 
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0 .  (11.3) 

 
Here Z0 is the complex wave (characteristic) resistance; δ is propagation 

coefficient; δ = α + jβ; α, β are the attenuation and phase constants. 
The square of the modulus of the current complex can be determined 

from the relation 
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The maximal values of 2)(xI  by sR  can be determined by the exami-

nation of the derivative sdRxId /)( 2 . The derivative sign is determined by 
the values of the following quadratic trinomial: 
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Let’s note that the following inequalities are equivalent 
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We consider at first the case of ideal line: R = G = 0; δ = jω/a; 

LCa /1= ; CLZZ B /0 == . Then in equation (11.5) the following ex-
pressions become equal to zero: 

 
 [ ] [ ] 0)tg(Re)th(Re 0 =Δω=δ jZlZ B ; 
 
 [ ] [ ] 00))(ctg(Re))(cth(Re 0 ==⇒=Δ−Δω=−δ cajZxlZ xB  
 
and the derivative sdRxId /)( 2  takes the form of linear function with re-
spect to load resistance sR  
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Here we denote by xΔΔ,  the time of electromagnetic wave run along the 
line length l and along the interval [0, x] correspondingly. 

As ),0[ ∞∈sR  and the derivative is a linear function yields 2)(xI  is 
monotone function and the maximal values of the current modulus for ideal 
line are reached at the extremities of the interval ),0[ ∞ , i.e. when 0=sR  
(i.e. short circuit is realized) or when ∞=sR  (i.e. in case of idling in the 
line). 

Let’s consider now the case of undistorting line: R/L = G/C = γ; δ = (γ + 
jω)/a; LCa /1= ; CLZZ B /0 == . Then 
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and the formula (11.5) can be represented in the form 
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Let’s note that the signs of the coefficients a and a~ , b and b~ , c and 

c~ coincide. Now we will prove that the quadratic trinomial in (11.7) at the 
interval ),0[ ∞∈sR  can possess only positive or only negative values, or it 
has only one positive root in case when 0~ >a . 

First of all, if the discriminant 0~~4~~ 2 <−= cabd , then the expression 
(11.7) possesses only positive or only negative values in dependence on the 
sign of a~ . If the discriminant is non-negative, then the equation 

0~~~ 322 =++ BSBSB ZcRZbRZa  has real roots. Let’s consider the case 0~ <a  

and 0<a . Then from (11.6) we have [ ]
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Combining these two inequalities, we have 1
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, and so 

0~ <b  and 0<b . Thus if the coefficient a is negative, then b and c are 
negative too and the both roots of the quadratic equation are negative. 

Further, let 0~ >c . The from )sh(22~~
xca Δγ+=  we obtain that 0~ >a . 

From (11.6) it follows 
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δ

xl

l
 and correspondingly 0>b  and 0~ >b . Thus 

we obtain that if the coefficient c is positive, then a and b are positive too 
and the both roots of the quadratic equation are also negative. It remains to 
consider the case when 0~ >a  and 0~ <c . In this case independent on the 
sign of the coefficient b~  the quadratic equation has one positive and one 
negative root. 

Hence, we have demonstrated that the quadratic trinomial in formula 
(11.7) at the interval ),0[ ∞∈sR  can possess only positive or only negative 
values, or it has only one positive root in case when 0~ >a . In these cases 
the modulus 2)(xI  is either monotone function by sR , or nonmonotonic 
but concave function for any values of x and l at the interval ),0[ ∞∈sR . 
This implies that the maximal values of the current modulus for undistorting 
line are reached at the extremities of the interval ),0[ ∞ , i.e. when 0=sR , 
(i.e. short circuit is realized) or when ∞=sR  (i.e. in case of idling in the 
line). 

In case of line with arbitrary losses )//( CGLR ≠  the behavior of the 

modulus 2)(xI  as a function of sR  is more complicated, i.e. there are local 
maximums for ∞<< sR0 . This is why it is impossible to prove mathe-
matically rigorous the affirmation obtained above for ideal and undistorting 
lines. However, the affirmation remains correct in this case too. This fact is 
justified by contl curves that are represented in the fig. 11.1, when R = 0.48, 
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G = R/7. We use here the dimensionless load parameter 
B

B

ZR
ZR

z
s

s
+
−

= , that 

possesses the value z = -1 under the short circuit and the value z = 1 under 
the idling. As it is seen from the figure the maximal values are reached for 
different line lengths l when 1±=z . 

 
Fig. 11.1. Contl curves 2)(max xI

x
 for different values of the line lengths l and of 

the load resistance z. 
 
Let’s consider now the analogous problem for modulus of voltage com-

plex )(xU . 
The square of modulus of voltage complex can be determined as fol-

lows 
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The maximal values of 2)(xU  by sR  can be determined by the exami-

nation of the derivative sdRxUd /)( 2 . The derivative sign is determined by 
the following quadratic trinomial: 
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Let’s note that the following inequalities are equivalent 
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We consider at first the case of ideal line: R = G = 0; δ = jω/a; 

LCa /1= ; CLZZ B /0 == . Then from (11.9) we obtain 
 [ ] [ ] 0)tg(Re)th(Re 0 =Δω=δ jZlZ B ; 
 
 [ ] [ ] 00))(tg(Re))(th(Re 0 ==⇒=Δ−Δω=−δ cajZxlZ xB  
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and the derivative sdRxUd /)( 2  takes the form of linear function with re-
spect to load resistance sR  
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As ),0[ ∞∈sR  and the derivative is a linear function yields 2)(xU  is 

monotone function and the maximal values of the voltage modulus for ideal 
line are reached at the extremities of the interval ),0[ ∞ , i.e. when 0=sR  
(i.e. short circuit is realized) or when ∞=sR  (i.e. in case of idling in the 
line). 

Let’s consider now the case of undistorting line: R/L = G/C = γ; δ = (γ + 
jω)/a; LCa /1= ; CLZZ B /0 == . Then 
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and the formula (11.9) can be represented in the following form 
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Let’s note that the signs of the coefficients a and a~ , b and b~ , c and 

c~ coincide. Now we will prove that the quadratic trinomial in (11.11) at the 
interval ),0[ ∞∈sR  can possess only positive or only negative values, or it 
has only one positive root in case when 0~ >a . 

First of all, if the discriminant 0~~4~~ 2 <−= cabd , then the expression 
(11.11) possesses only positive or only negative values in dependence on 
the sign of a~ . If the discriminant is non-negative, then the equation 

0~~~ 322 =++ BSBSB ZcRZbRZa  has real roots. Let’s consider the case 0~ <a  

and 0<a . Then from (11.10) we have 
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Combining these two inequalities, we have 1
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0~ <b  and 0<b . Thus if the coefficient a is negative, then b and c are 
negative too and the both roots of the quadratic equation are negative. 

Further, let 0~ >c . The from )sh(22~~
xca Δγ+=  we obtain that 0~ >a . 

From (11.10) it follows 
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Then 1
))(cth(
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2
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l
 and correspondingly 0>b  and 0~ >b . Thus 

we obtain that if the coefficient c is positive, then a and b are positive too 
and the both roots of the quadratic equation are also negative. It remains to 
consider the case when 0~ >a  and 0~ <c . In this case independent on the 
sign of the coefficient b~  the quadratic equation has one positive and one 
negative root. 

Hence, we have demonstrated that the quadratic trinomial in formula 
(11.11) at the interval ),0[ ∞∈sR  can possess only positive or only negative 
values, or it has only one positive root in case when 0~ >a . In these cases 
the modulus 2)(xU  is either monotone function by sR , or nonmonotonic 
but concave function for any values of x and l at the interval ),0[ ∞∈sR . 
This implies that the maximal values of the current modulus for undistorting 
line are reached at the extremities of the interval ),0[ ∞ , i.e. when 0=sR , 
(i.e. short circuit is realized) or when ∞=sR  (i.e. in case of idling in the 
line). 

 
 

 
 

Fig. 11.2. Contl curves 2)(max xU
x

 for different values of the line lengths l and of 

the load resistance z. 
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In case of line with arbitrary losses )//( CGLR ≠  the behavior of the 

modulus 2)(xU  as a function of sR  is more complicated, i.e. there are local 
maximums for ∞<< sR0 . This is why it is impossible to prove mathe-
matically rigorous the affirmation obtained above for ideal and undistorting 
lines. However, the affirmation remains correct in this case too. This fact is 
justified by contl curves that are represented in the fig. 11.2, when R = 0.48, 

G = R/7. We use here the dimensionless load parameter 
B

B

ZR
ZR

z
s

s
+
−

= , that 

possesses the value z = -1 under the short circuit and the value z = 1 under 
the idling. As it is seen from the figure the maximal values are reached for 
different line lengths l when 1±=z . 

 

12. Maximal transmission power and efficiency in alternating 
voltage line 

12.1. Calculation of losses under traveling-wave and mixed-wave modes 
The analytical solutions for generated power, transmission power and 

efficiency in cases of ideal and undistorting lines have been obtained in [89, 
90]. Now we are going to determine the conditions in which the active load 
at the receiving end consumes maximal power under the steady-state re-
gime. Let’s show at first that for any line length the efficiency of the alter-
nating voltage line with arbitrary losses is always greater under the pure ac-
tive load ZS = RS = ZB (i.e. the line is in the traveling-wave mode) then 
when the line is closed on matched (active-reactive) load that is equal to 
complex wave resistance ZS = Z0 (i.e. the line is in the mixed-wave mode). 
The small exceptions are the short lines with large values of the lineal pa-
rameters R and G. However, the differences between the efficiencies in 
these two cases are very slight and come to fraction of a percent. 

The dependence of the efficiency and of the transmission power on the 
line length x are represented in the fig. 12.1 and fig. 12.2 when ZS = ZВ 
(curve 1); Z0 (curve 2) and R = 0.48, G = R/5 (a); R = 0.48, G = 0 (b); R = 
4.8, G = R/5(c); R = 4.8, G = 0 (d). 

The data cited in the table 12.1 represent the power losses in the line 
with pure active load that is equal to the wave resistance of the ideal line: 

=SZ =SR BZ . Under such load the quasisteady wave process occurs. This 
process is closed to traveling-wave regime and the efficiency value of the 
half-wave line is maximal possible. It is to mention that even in the line with 
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complex matched load =SZ Z0 under the traveling-wave mode (natural 
power) the losses turn out to be a little greater [91]. 

 

 

 
Fig. 12.1. Efficiency depending on the line length x when ZS = ZВ (curve 1); Z0 
(curve 2) and R = 0.48, G = R/5 (a); R = 0.48, G = 0 (b); R = 4.8, G = R/5(c); R = 
4.8, G = 0 (d). 

 
Now we will consider the power losses in the alternating voltage line 

with the length closed to half-wave with frequency 50 Hz and will compare 
them with published calculation and experimental data for lines of this type. 
As may be seen from presented results for the alternating voltage line with 
length =l  2858 km the losses come to 24.48%, that is with 1.64% greater 
then in the [22]. As is well known in the experiment from 1968, concerning 
the 985 MW power transfer, the losses in the half-wave three-phase line 500 
kV come to 225 MW (22.84%). If we neglect the insulation leakage current 
( 0=G ), then the losses decrease till 20.85%. The total coincidence between 
the calculating and experimental data can be reached if we set G  = 32 
nS/km. However, such a comparison can hardly be considered as a correct 
one because of some reasons. The first reason is that the interference be-
tween the wires was ignored. The second one is that in this experiment the 
half-wave overhead line 500 kV was evidently working under the mixed-
wave mode, but not under the traveling-wave mode. This fact is confirmed 
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by the amplitude value that is equal to 1.07 kA at the beginning of the line 
with the voltage 525 kV. It is possible to get the increasing of transmission 
power under the mixed-wave mode but the relative losses in this case will 
increase too. 
 

 

 
 

Fig. 12.2. Transmission power depending on the line length x when ZS = ZВ (curve 
1); Z0 (curve 2) and R = 0.48, G = R/5 (a); R = 0.48, G = 0 (b); R = 4.8, G = 
R/5(c); R = 4.8, G = 0 (d). 

 
Let’s apply to another source where the losses in the half-wave alternat-

ing and direct voltage lines are considered [46]. As it is established in [46], 
to obtain for design line 700 kV Surgut – Chernobyl (3000 km) the power 
losses about 13%, the inequality ≤R  12 mΩ/km must to hold at least. The 
violation of this condition gives rise to the losses that are always greater 
then 13%. 

For comparison the power losses in case of direct current are repre-
sented in the last column of the table 12.1. As can be seen the losses in this 
case are always lower then in case of alternating voltage of the energy 
source. Only for undistorting lines, when GLRC =  (only the dissipation 
occurs but the dispersion is missing completely), these results coincide. But 
in high-current electrical circuits GLRC > , as a rule, and so the differences 
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between the efficiency in alternating and direct voltage lines can reach sev-
eral percents. 

 
Table 12.1. Power losses for different line lengths l, longitudinal active resistances 
R  and insulation shunt admittances G in case when =SZ BZ . 

 
l R, mΩ/km G, nS/km Δ P, % ΔП, % 

0.0516 λ
302 km 

22 
22 

62 
0 

2.91 
2.42 

2.91 
2.42 

0.0949 λ
556 km 

22 
22 

62 
0 

5.27 
4.37 

5.26 
4.36 

0.2684 λ
1572 km

22 
22 

62 
0 

14.18 
11.85 

13.91 
11.41 

0.4880 λ 
2858 km

22 
22 

62 
0 

24.48 
20.85 

23.38 
18.98 

0.5123 λ 
3000 km

22 
22 
12 
12 
22 

62 
0 
0 

175 
311 

25.53 
21.77 
12.91 
24.17 
38.85 

24.34 
19.74 
12.15 
24.17 
38.85 

 
The changes of the average (dimensionless) values of the generated and 

transmission power P (curves 1, 2), efficiency η (curve 3), power factors 
( ϕcos ) of the source and the receiver (curves 4, 5) depending on the line 
length x are represented in the fig.12.3 in case when =SZ Z0 (a); BZ (b); 

48.0=R , G=R/5. As can be seen from the diagrams the transmission power 
and the efficiency monotone decrease with increasing of the line length, but 
the generated power remains practically steady with slight (in limits of 1…3 
%) fluctuations in case when =SZ BZ . 

In the fig. 12.4 the line length x dependence of the investigated values is 
represented when =SZ  ZВ +jωLS (a); ZВ –j/(ωCS ) (b); LS =1/8 (0.66 H); CS 
=1/5 (15.23 µF); R = 0.48; G = R/5. The presence of the reactive elements 
in the load resistance results in dramatic change of the input circuit resis-
tance and, as implication, all values characterizing the alternating current 
power transfer experience oscillations in dozens of percents. For the half-
wave line the transmission power and efficiency are maximal when the load 
at the receiving end is pure active. 
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Fig. 12.3. Line length dependence of generated and transmission power, efficiency 
and power factors of source and receiver when ZS = Z0 (a); ZS = ZВ(b); R = 0.48;  
G = R/5. 

 

 
 

Fig. 12.4. Line length dependence of generated and transmission power, efficiency 
and power factors of source and of receiver when ZS = ZВ +jωLS (a); ZS = ZВ –
j/(ωCS) (b); LS =1/8; CS =1/5; R = 0.48; G = R/5. 
 
12.2. Pure active load critical resistances 
 

For direct current line with nonzero lineal resistance ( R >0) and ideal 
insulation (G = 0) the maximal power consumption reaches in case when the 
condition SR  = R l is fulfilled, i.e. when the active load resistance is equal 
to the total resistance of the line (the Lenz-Bott theorem) [15, 34]. In this 
case the efficiency of the line is independent on its length and is equal to 
0.5. It is not so for alternating voltage lines even in case of relative short 
lines: l ~λ /16. The question about limit values of the transmission power 
dependence on the alternating voltage line length was raised in [60] but it 
had not any future development. 
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Let’s remind [89, 90] the formulas for exact determination of average 
steady values of generated power (P0), transmission power (P1) and effi-
ciency (η) in alternating voltage line with pure active load with the resis-
tance 0≥SR . They have the following form 
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Let’s set the following problem: to determine the values of resistance 

0≥SR  at the receiving end of the sinusoidal voltage line which ensure the 
maximal values of generated power, transmission power and efficiency. If 
we test the indicated functions for extremum, then we obtain for resistance 

SR  the following expressions: 
 

 0max P
SR

 is reached at kR0 . 

The value kR0  is determined through the real roots ±
kR0  of the quadratic 

equation  
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These roots can be either with opposite signs or both negative. This is 
way the value kR0  is determined by formula  
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In the fig. 12.5 we can see the changes of generated and transmission 

powers, efficiency and power factors of the source and receiver (curves 1–5) 
depending on parameter z when l = 0.0516 (Balashov substation); R = 
0.48(a); 4.8(b); G = R/5; =SZ SR . The represented diagrams visual demon-
strate that the maximal values of all examined functions are reached at the 
different values of the load resistance SR . With increasing of the losses in 
the line we observe the “dispersal” of the critical resistances for generated 
and transmission powers, whereas the maximum points of efficiency and of 
power factor remain practically fixed. Thus, by variation of the parameter 

SR  one can gain a clear idea of power flow for any interval of the line 
length. This information in turn gives the possibility to choose the optimal 
regime starting from some criteria or posed purposes. 

Fig. 12.6 illustrates the generated and transmission powers, efficiency 
and power factors of the source and receiver depending on parameter z 
when )/( SSS CjRZ ω−= ; CS =1 (17.57 µF). Here and below we assume 
that 48.0=R , G = R/5. The longitudinal compensation of the load parame-
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ters for this line length increases the maximal transmission power, but it de-
creases efficiency and ϕcos . 

 

 
 
Fig. 12.5. Generated power, transmission power, efficiency and power factors of 
source and of receiver depending on load resistance SR  when l = 0.0516; R = 
0.48(a); 4.8(b); G = R/5; ZS = RS. 

 
The generated power, maximal transmission power, efficiency and criti-

cal resistance z1k depending on the line length are represented in the fig. 12.7 
(curves 1 – 4 correspondingly). The increasing (decreasing) of the transmis-
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sion power as line length changes always is accompanied by the decreasing 
(increasing) of efficiency. For quarter-wave line the power maximum is 
reached under the regime closed to idling ( SR = 13.93 BZ ), but for half-
wave line – under the regime closed to short circuit ( SR = 0.14 BZ ). 

 
Fig. 12.6. Generated power, transmission power, efficiency and power factors of 
source and of receiver depending on load resistance SR  when l = 0.0516; R = 
0.48; G = R/5; )/( SSS CjRZ ω−= ;CS =1. 

Generated power, transmission power, maximal efficiency and critical 
resistance zη depending on the line length are represented in the fig. 12.8. It 
is especially visible here that the maximal efficiency not in the least corre-
sponds to the maximal transmission power. Thus, it is necessary to tell the 
difference between the different regimes of line working: under maximal 
transmission power, efficiency, power factor and maximal watt-hour effi-
ciency of the sinusoidal voltage generator. 

If load parameters and line parameters are independent on time, then 
calculation of steady-state regime in e electrical circuit by symbolic method 
does not constitute a complicated problem. The situation changes radically 
in case when such dependence exists. Even slight parameter changes in 
time, voltage jumps or jumps of the feeding generator frequency give rise to 
appearance of nonsinusoidal current components that can not be determined 
by using the steady-state regime equations in hyperbolic functions. Fourier 
expansion of the input signal and another approaches for nonsinusoidal re-
gimes calculation seem to be unpromising and inefficient. 
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The complex amplitude method potential is far from being exhausted, 
but the field of its application is a priori restricted in limits of sinusoidal 
steady-state regimes. 

 
Fig. 12.7. Generated power (1), maximal transmission power (2), efficiency (3) and 
critical resistance z1k (4) depending on the line length x when R = 0.48; G = R/5. 

 

 
Fig. 12.8. Generated power (1), transmission power (2), maximal efficiency (3) and 
critical resistance zη (4) depending on the line length x when R = 0.48; G = R/5. 
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13. Load parameters compensation with the object of 
transmission power and efficiency increasing  
 
For compensation of the reactive power consumed by loads (asynchro-

nous motors, electrolysis installations; etc.) and by electrical system ele-
ments usually the transverse included capacitor banks, synchronous con-
densers and synchronous motors are used. These "bucking out" systems are 
destined for electrical customer ensuring with the reactive power with de-
sired voltage values, as well as for active power losses decreasing in ele-
ments of electric mains. 

Controlled "bucking out" systems (controllable capacitor banks, syn-
chronous condensers and motors with automatic excitation control) are used 
also as an automatic voltage control systems in electric mains. The power 
and the location of the "bucking out" systems are usually defined by techni-
cal and economic indices obtained from calculations. 

The reactive power compensation at present is of no small importance 
factor that allows to settle a problem of energy-saving at small, medium and 
large-scale enterprises. In opinion of main experts in domain the energy re-
sources part (in particular, electric power) comes to 30-40% from the cost of 
production. This is enough forcible argument to necessitate the analysis and 
auditing of power consumption and to elaborate some reactive power com-
pensation procedure. 

The most of electrical consumers are the electric machines (transform-
ers, arc welding equipment) in which the alternating magnetic flux is con-
nected with windings. As a consequence, in the windings under the alternat-
ing current the reactive electromotive forces are induced. These electromo-
tive forces cause the phase displacement (φ) between voltage and current. 
This phase displacement usually increases, but cosφ decreases under the 
small load. For example, if cosφ of alternating current engine under full 
loading is equal to 0,75-0,80, then under small loading it is equal to 0,20-
0,40. Small-loaded transformers also have low values of cosφ. Thus, if the 
reactive power compensation is not applied, then the resulting cosφ of the 
energetic system will be low and the load current will increase with the 
same active power consumption from the electric main. Correspondingly, 
the application of the reactive power compensation (using the automatic ca-
pacitor installations) results in decreasing of the consumable current. This 
decreasing comes to 30-50% depending on values of cosφ and, correspond-
ingly, it leads to decreasing of the conductive wires heating and insulation 
aging. 
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It is accepted that by compensation of parameters of the line with any 
length it is possible to impart the properties characteristic to the half-wave 
line. With other words, any line can be adjusted to the half-wave length. The 
idea of adjustment is known for a long time however it does not get yet 
some practical application. The investigations in the field have shown that 
the application of the adjusted electric mains is advisable for lines with 
lengths 1500 – 3500 km. The adjustment to the half-wave is realized by ad-
justing devices. The adjusting schemes are picked out in such a way as to 
ensure the minimal consumption of the adjusting devices under the given 
flow capacity. 

However, some strict theoretical foundation and comprehensive quanti-
tative analysis of the reactive power compensation processes are missing in 
the textbooks and special literature. Thus we will try to fill up this gap.  

Let’s formulate the following problem. Is it possible to compensate the 
pure active load in such a way as to increase simultaneously both the effi-
ciency and the transmission power? If yes, then what values the reactive re-
sistance must possess and what quantitative effect can be reached?  

 

 
Fig. 13.1. Alternating voltage line with active RS and reactive XS load at receiving 
end. 

 
If the load at the end of the line has active and reactive components (see 

fig. 13.1), then the equations of steady-state process in the hyperbolic func-
tions (1.5) take the form 
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The active power of the load can be written in the following form 
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To determine the maximal value 1P  with respect to the load parameters 

SX  and SR  it is necessary to solve the system of two equations  
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After the differentiation the system gets the form  
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Now it is easy to see that we need to solve the following system of 

equations 
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Let’s consider the first equation from (13.4). After differentiation of the 
modulus 1I , we obtain the equation form which we determine the optimal 
value for SX : 
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Solving the second equation from (13.4) we obtain the explicit expres-

sion for optimal value for SR  depending on parameter value SX : 
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Now let’s determine the values of the load parameters SX  and SR , for 

which the efficiency ( 01 / PP=η ) reaches its maximal value. As 
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To obtain the maximal value of efficiency it is necessary to solve the 

following system of equations 
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Let’s consider the first equation from (13.7). After differentiation and 

some simplifications we obtain the equation form which we determine the 
optimal value for SX : 
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Solving the second equation from (13.7) we obtain the explicit expres-

sion for optimal value for SR  depending on parameter value SX : 
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It is natural to choose the wave resistance of the line RS = ZB as an ac-

tive load, because the efficiency reaches its maximal value (with respect to 
variation of RS) exactly under such resistance. The efficiency depending on 
line length is represented in the fig. 13.2 when R = 0.48, G = R/5(a); R = 
0.48, G = 0(b); R = 1.205, G = R/5(c); R = G = 1.205(d); R = 4.8, G = 
R/5(e); R = 4.8, G = 0(f). The curve 1 is obtained in case when the reactive 
load resistance is zero XS = 0, and the curve 2 corresponds to η= ,SS XX  
(the case when the efficiency is maximal for given line length). 

As it can be seen from diagrams some evident efficiency increasing can 
be reached by means of longitudinal compensation of the load parameters 
only at the interval 0 < x < 0.25 under the sufficiently large values of the 
lineal resistance and zero leakage R = 4.8, G = 0 (see fig. 13.2, f). If the load 
is connected to the undistorting line (see fig. 13.2, d), then the both curves 
coincide and it is impossible to get any efficiency refinement.  

The diagrams in the fig. 13.3 show that the optimal (critical) resistance 
XS,η is changing within wide limits, but it always remains positive, hence it 
is of inductive nature. Under the not great losses (R = 22 mΩ /km) the resis-
tance of the compensative reactive element is equal to zero for half-wave 
line (see fig. 13.3, a, b). 

Let’s consider now the changes in transmission power under the reac-
tive resistance XS = XS,η    connected to the pure active load. The correspond-
ing dependences on the line length of the P1 are represented in the fig. 13.4. 
We must mention especially the intervals along the line length for which the 
load active power turned out to be higher under the longitudinal compensa-
tion. It is easy to note that the optimal line length here turns out to be the 
line with the length approximately equal to 0.3, for which the increasing of 
the function P1 is maximal. 
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Fig. 13.2. η(XS = 0) (1) and η(XS = XS,η) (2) depending on line length when RS = ZB 
and R = 0.48, G = R/5(a); R = 0.48, G = 0(b); R = 1.205, G = R/5(c); R = G = 
1.205(d); R = 4.8, G = R/5(e); R = 4.8, G = 0(f). 
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Fig. 13.3. XS,η depending on line length when RS = ZB and R = 0.48, G = R/5(a); R 
= 0.48, G = 0(b); R = 1.205, G = R/5(c); R = G = 1.205(d); R = 4.8, G = R/5(e); R 
= 4.8, G = 0(f). 

 
The changes of the input resistance for above mentioned variants are 

represented in the fig. 13.5, where the curve 1 represents the modulus and 
curve 2 – argument of the complex function. Here we note also that in the 
vicinity of the point x = 0.3 the modulus of the input resistance decreases 
that results in passing current increasing and then in transmission power in-
creasing. 
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Fig. 13.4. P1 (XS = 0) (1) and P1 (XS = XS,η) (2) depending on line length when RS = ZB 
and R = 0.48, G = R/5(a); R = 0.48, G = 0(b); R = 1.205, G = R/5(c); R = G = 
1.205(d); R = 4.8, G = R/5(e); R = 4.8, G = 0(f). 

 
Let’s determine the resistance XS = XS,k , under which the transmission 

power is maximal. At the same time let’s clarify how the efficiency will 
change. The maximal transmission power depending on the line length is 
represented in the fig. 13.6. Straight away one can mention that integrally 
the power can be increased even for undistorting line with the exception of 
the cases when the load is connected to the receiving ends of the quarter-
wave or half-wave lines. The dependence of XS,k on line length here is alter-
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nating-sign (see fig. 13.7). The capacitive nature of the reactive resistance 
(XS,k < 0) takes turn to inductive one (XS,k > 0) in a parts of line that are 
equal to 0.25. 
 

 

 

 
Fig. 13.5. BXZ (XS = 0) (1) and BXZ (XS = XS,η) (2) depending on line length when RS 
= ZB and R = 0.48, G = R/5(a); R = 0.48, G = 0(b); R = 1.205, G = R/5(c); R = G = 
1.205(d); R = 4.8, G = R/5(e); R = 4.8, G = 0(f). 

 
The efficiency depending on line length represented in the fig. 13.8 

shows that only in the vicinity of the point x = 0.25 we can mention its slight 
increasing. Minimum points at this figure correspond to maximum points in 
the fig. 13.5.  Thus, the maximal increasing of the transmission power al-
ways is accompanied by efficiency decreasing (sometimes till the inadmis-
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sible down level). The same correlation can be observed at the diagrams 
represented in the fig. 13.9. Here we have the input resistance BXZ  depend-
ing on line length. 

 

 

 

 
Fig. 13.6. P1(XS = 0) (1) and P1(XS = XS,k) (2) depending on line length when RS = ZB 
and R = 0.48, G = R/5(a); R = 0.48, G = 0(b); R = 1.205, G = R/5(c); R = G = 
1.205(d); R = 4.8, G = R/5(e); R = 4.8, G = 0(f). 

 
To have more complete presentation about possibilities of transmission 

power increasing with respect to variation of complex load resistance ZS = 
RS + jXS the contl curves of the function P1(z, XS) are shown in the fig. 13.10 
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for different segments of the line length. Let’s remind that z = (RS –ZB)/( RS 
+ZB). Analyzing the represented results we can conclude that the pure active 
load connected to the quarter-wave or to half-wave line can not be compen-
sated in such a way as to increase the power in it. 

 

 
 

 
 

 
 

Fig. 13.7. XS,k depending on line length when RS = ZB and R = 0.48, G = R/5(a); R = 
0.48, G = 0(b); R = 1.205, G = R/5(c); R = G = 1.205(d); R = 4.8, G = R/5(e); R = 
4.8, G = 0(f). 
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Fig. 13.8. η(XS = 0) (1) and η(XS = XS,k) (2) depending on line length when RS = ZB 
and R = 0.48, G = R/5(a); R = 0.48, G = 0(b); R = 1.205, G = R/5(c); R = G = 
1.205(d); R = 4.8, G = R/5(e); R = 4.8, G = 0(f). 
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Fig. 13.9. BXZ (XS = 0) (1) and BXZ (XS = XS,k) (2) depending on line length when 
RS = ZB and R = 0.48, G = R/5(a); R = 0.48, G = 0(b); R = 1.205, G = R/5(c); R = G 
= 1.205(d); R = 4.8, G = R/5(e); R = 4.8, G = 0(f). 
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Fig. 13.10. Transmission power depending on complex load resistance when R = 
0.48, G = R/5; l = 0.0516 (a);0.0949 (b); 0.125 (c); 0.25(d); 0.2684(e); 0.375(f); 
0.488(g); 0.5(h). 

 

14. Line parameters longitudinal compensation 
 
Let’s formulate the problem with the similar nature (see previous sec-

tion): how to compensate the parameters of the line with pure active load at 
the receiving end for the purpose of increasing the efficiency and the trans-
mission power simultaneously?  

Let the reactive power source with complex resistance nnn jXRZ +=  
(see fig.14.1) is connected to the line cleaving at the point nlx = . Then the 
steady-state regime equations in hyperbolic functions (1.5) take the form  
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Fig. 14.1. The alternating voltage line with pure active load RS at the receiving end 
and the reactive load Xn, connected to the line cleaving. 
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Let’s consider the case when BSS RZ Z==  and 0=nR , nn jXZ = . 

Then the load active power can be written as follows  
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As to determine the values of the compensating load nn jXZ =  and its 
location nl  (the values that ensure the maximal active power kP ,1  values), 
we are to solve the system of two equations  
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These equations after differentiation and some simplifications take the form  
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From the first equation now we obtain the explicit expression for opti-

mal value of the nX  depending on the parameter nl : 
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Substituting this expression in the second equation we obtain the tran-

scendental equation with respect to unknown nl  
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Taking into account that 0)Re( * ≠AB , we can write down  
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Thus, to calculate the maximal value 1P  it is necessary to determine the 

value knl ,  as a solution of the nonlinear equation (14.5). Than from the rela-
tion (14.4) we can determine the optimal value knX ,  and from (14.2) – the 
maximal value kP ,1 . 
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Let’s note that the equation (14.5) possesses several roots. The values of 
these roots give only extreme values (i.e. maximal and minimal) of 1P . 
Therefore we are to find all roots of the equation (14.5) at first and then to 
choose the value of the root knl , , that ensure the global maximum of the 1P . 

Now we will consider the problem of determination of the maximal 
value η  of the efficiency and of the transmission power. The efficiency can 
be represented in the following form: 
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As to determine the values of the compensating load nn jXZ =  and its 

location nl  (the values that ensure the maximal active power kP ,1  values), 
we are to solve the system of two equations  
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These equations after differentiation and some simplifications take the form 
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From the first equation now we obtain the explicit expression for opti-

mal value of the nX  depending on the distance nl : 
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Substituting this expression in the second equation we obtain the tran-
scendental equation with respect to unknown nl  
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Thus, to calculate the maximal value η  it is necessary to determine the 

value η,nl  as a solution of the nonlinear equation (14.9). Then from the rela-
tion (14.8) we can determine the optimal value η,nX  and from (14.6) – the 
maximal value η . 

Let’s note that the equation (14.8) possesses several roots. The values of 
these roots give only extreme values (i.e. maximal and minimal) of η . 
Therefore we are to find all roots of the equation (14.9) at first and then to 
choose the value of the root η,nl , that ensure the global maximum of the η . 

On the basis of obtained exact solutions let’s carry out the parametrical 
analysis of the considered circuit with pure active load RS = ZB under the 
variation of the line lineal parameters R, G and its length. It seems to be of 
fundamental importance the fact, that efficiency increasing due to the longi-
tudinal compensation is possible only for the lines with wave dispersion (see 
fig. 14.2). As it follows from diagrams in the fig. 14.2, b, f, the increasing of 
the efficiency of the line with compensated reactive parameters is so much 
the better when the dispersion is greater. In case when there is only the wave 
dissipation in the line, the effect of efficiency increasing is not to be ob-
served at all (see fig. 14.2, d). 

The diagrams in fig. 14.3 show that the reactive resistance of the reac-
tive power sources is positive and so it has purely inductive nature. The ab-
sence of the leakage current through the insulation changes quite greatly the 
nonlinear dependence of the compensating element reactive resistance on 
line length (see fig. 14.3, b, f). 

The information about the location of the reactive power sources de-
pending on the line length is represented in the fig. 14.4. The coordinate of 
the optimal reactive power source connection at the interval l/λ < (0.15-0.2) 
represents the linear function, but it can hardly be said about the transmis-
sion power. 

The diagrams in the fig. 14.5 give the negative answer for the main 
question relative to transmission power increasing by means of inductive 
element (that increases the efficiency) connected to the line. The power de-
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creases in all considered cases and in case of short lines with great disper-
sion it decreases till inadmissible down level (see fig. 14.5 b, f). 

The diagrams in the fig. 14.6 give the idea about input resistance of the 
compensated electrical circuit depending on the line length. The curves 1 
and 3 represent the modules but curves 2 and 4 – the arguments of the com-
plexes. The fluctuations of the input resistance become progressively less 
when line length increases.  

Now let’s increase the transmission power to the limit value for every 
line interval and study the efficiency in these cases. The curves 2 in the fig. 
14.7 correspond to the series reactive power source as before. For line with 
small losses the transmission power can be increased approximately in 4 
times (see fig. 17, a, b). For undistorting line this increasing is double. But 
when the losses are sufficiently great, the difference between these consid-
ered cases becomes insignificant. 

How it was to be expected, the reactive power source has a capacitance 
nature because its reactive resistance is negative for any line length (Xn,η<0). 
The presence of the leakage current through the insulation does not influ-
ence so greatly as in case of inductive reactive power source connected to 
the line (see fig. 14.8). 

It is interesting to observe the ln,k depending on the line length (see fig. 
14.9). For short lines the optimal location changes by linear low, then it be-
comes stabilized at constant level.  

The transmission power increasing is accompanied by efficiency de-
creasing. For the lines with relatively small losses the efficiency decreases 
approximately in 2 times, but under the rise of the losses this decreasing be-
comes not so evident (see fig. 14.10). 

The diagrams of the electrical circuit input resistance depending on the 
length l are represented in the fig. 14.11. The longitudinal capacity connec-
tion stipulates for input resistance decreasing and transmission power in-
creasing. This effect comes out under the capacity connection to any point 
of the long line, but we obtain different values of the transmission power 
increasing even under the optimal value of the parameter Xn. 

The effect of the transmission power increasing is possible as well un-
der the longitudinal connection of the inductance, but only at the points dis-
tant from the sending end more than on the distance equal to λ/4 (see fig. 
14.12-14.16). The efficiency in this case is always less in comparison with 
homogeneous line. The efficiency becomes especially small for lines with 
length closed to the quarter-wave line. 

The contl curves for maximal values of the transmission power and for 
efficiency depending on the value and on the location of the longitudinal 
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compensation Xn in the line with the length l = λ are represented in the fig. 
14.17 and 14.18. 

 
 

 
 

 
 

 
 
Fig. 14.2.  η(Xn = 0) (1) and η (Xn = Xn,η) (2) depending on the line length when RS 
= ZB and R = 0.48, G = R/5(a); R = 0.48, G = 0(b); R = 1.205, G = R/5(c); R = G = 
1.205(d); R = 4.8, G = R/5(e); R = 4.8, G = 0(f). 
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Fig. 14.3. Xn,η depending on the line length when RS = ZB and R = 0.48, G = R/5(a); 
R = 0.48, G = 0(b); R = 1.205, G = R/5(c); R = G = 1.205(d); R = 4.8, G = R/5(e); 
R = 4.8, G = 0(f). 
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Fig. 14.4. ln,η depending on the line length when RS = ZB and R = 0.48, G = R/5(a); 
R = 0.48, G = 0(b); R = 1.205, G = R/5(c); R = G = 1.205(d); R = 4.8, G = R/5(e); 
R = 4.8, G = 0(f). 

 
 
 



 211 

 
 

 
 
 

 
 
 

 
 
 
Fig. 14.5. P1(Xn = 0) (1) and P1(Xn = Xn,η) (2) depending on the line length when 
RS = ZB and R = 0.48, G = R/5(a); R = 0.48, G = 0(b); R = 1.205, G = R/5(c); R = G 
= 1.205(d); R = 4.8, G = R/5(e); R = 4.8, G = 0(f). 
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Fig. 14.6. BXZ (1), )arg( BXZ (3) (Xn = 0) and BXZ (2), )arg( BXZ (4) (Xn = Xn,η) 
depending on the line length when RS = ZB and R = 0.48, G = R/5(a); R = 0.48, G = 
0(b); R = 1.205, G = R/5(c); R = G = 1.205(d); R = 4.8, G = R/5(e); R = 4.8, G = 
0(f). 
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Fig. 14.7. P1(Xn = 0) (1) and P1(Xn = Xn,k < 0) (2) depending on the line length 
when RS = ZB and R = 0.48, G = R/5(a); R = 0.48, G = 0(b); R = 1.205, G = R/5(c); 
R = G = 1.205(d); R = 4.8, G = R/5(e); R = 4.8, G = 0(f). 
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Fig. 14.8. Xn,k<0 depending on the line length when RS = ZB and R = 0.48, G = 
R/5(a); R = 0.48, G = 0(b); R = 1.205, G = R/5(c); R = G = 1.205(d); R = 4.8, G = 
R/5(e); R = 4.8, G = 0(f). 
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Fig. 14.9.  ln,k depending on the line length when RS = ZB and R = 0.48, G = R/5(a); 
R = 0.48, G = 0(b); R = 1.205, G = R/5(c); R = G = 1.205(d); R = 4.8, G = R/5(e); 
R = 4.8, G = 0(f). 
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Fig. 14.10. η(Xn = 0) (1) and η (Xn = Xn,k < 0) (2) depending on the line length when 
RS = ZB and R = 0.48, G = R/5(a); R = 0.48, G = 0(b); R = 1.205, G = R/5(c); R = G 
= 1.205(d); R = 4.8, G = R/5(e); R = 4.8, G = 0(f). 

 
 



 217 

 
 

 
 
 

 
 
 

 
 
 
Fig. 14.11. BXZ (1), )arg( BXZ (3) (Xn = 0) and BXZ (2), )arg( BXZ (4) (Xn = Xn,k < 
0) depending on the line length when RS = ZB and R = 0.48, G = R/5(a); R = 0.48, 
G = 0(b); R = 1.205, G = R/5(c); R = G = 1.205(d); R = 4.8, G = R/5(e); R = 4.8, G 
= 0(f). 
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Fig. 14.12. P1(Xn = 0) (1) and P1(Xn = Xn,k > 0) (2) depending on the line length 
when RS = ZB andR = 0.48, G = R/5(a); R = 0.48, G = 0(b); R = 1.205, G = R/5(c); 
R = G = 1.205(d); R = 4.8, G = R/5(e); R = 4.8, G = 0(f). 
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Fig. 14.13.  Xn,k > 0 depending on the line length when RS = ZB and R = 0.48, G = 
R/5(a); R = 0.48, G = 0(b); R = 1.205, G = R/5(c); R = G = 1.205(d); R = 4.8, G = 
R/5(e); R = 4.8, G = 0(f). 
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Fig. 14.14. ln,k depending on the line length when RS = ZB and R = 0.48, G = R/5(a); 
R = 0.48, G = 0(b); R = 1.205, G = R/5(c); R = G = 1.205(d); R = 4.8, G = R/5(e); 
R = 4.8, G = 0(f). 
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Fig. 14.15. η(Xn = 0) (1) and η (Xn = Xn,k>0) (2) depending on the line length when 
RS = ZB and R = 0.48, G = R/5(a); R = 0.48, G = 0(b); R = 1.205, G = R/5(c); R = G 
= 1.205(d); R = 4.8, G = R/5(e); R = 4.8, G = 0(f). 
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Fig. 14.16. BXZ (1), )arg( BXZ (3) (Xn = 0) and BXZ (2), )arg( BXZ (4) (Xn = 
Xn,k>0) depending on the line length when RS = ZB and R = 0.48, G = R/5(a); R = 
0.48, G = 0(b); R = 1.205, G = R/5(c); R = G = 1.205(d); R = 4.8, G = R/5(e); R = 
4.8, G = 0(f). 
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Fig. 14.17. The transmission power depending on the value and on the location of 
the longitudinal compensating reactive element Xn when l = 1.0; R = 0 (a); 0.48 
(b); G = R/5. 
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Fig. 14.18. The efficiency depending on the value and on the location of the longi-
tudinal compensating reactive element Xn when l = 1.0; R = 0.48, G = R/5. 

 

15. Line parameters transverse compensation 
 
Let at the point nlx =  the reactive power source with complex resis-

tance nnn jXRZ +=  is parallel-connected to the line with length l (see fig. 
15.1). 
 

 
 
Fig. 15.1. The alternating voltage line with active load RS at the receiving end and 
the reactive load Xn, parallel-connected to the line. 
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Then the steady-state regime equations in hyperbolic functions (1.5) 
take the form 
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Let’s consider the case when BSS RZ Z==  and 0=nR , nn jXZ = . 

Then the load active power can be written as follows 
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As to determine the values of the compensating load nn jXZ =  and its 

location nl  (the values that ensure the maximal active power kP ,1  values), 
we are to solve the system of two equations 
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These equations after differentiation and some simplifications take the form 
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From the first equation now we obtain the explicit expression for opti-

mal value of the nX  depending on the parameter nl : 
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Substituting this expression in the second equation we obtain the tran-

scendental equation with respect to unknown nl  
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Thus, to calculate the maximal value 1P  it is necessary to determine the 

value knl ,  as a solution of the nonlinear equation (15.5). Than from the rela-
tion (15.4) we can determine the optimal value knX ,  and from (15.2) – the 
maximal value kP ,1 . 

Let’s note that the equation (15.5) possesses several roots. The values of 
these roots give only extreme values (i.e. maximal and minimal) of 1P . 
Therefore we are to find all roots of the equation (15.5) at first and then to 
choose the value of the root knl , , that ensure the global maximum of the 1P . 

Now we will consider the problem of determination of the maximal 
value η  of the efficiency and of the transmission power. The efficiency can 
be represented in the following form 
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As to determine the values of the compensating load nn jXZ =  and its 

location nl  (the values that ensure the maximal efficiency values), we are to 
solve the system of two equations  
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These equations after differentiation and some simplifications take the form 
 
 [ ] ( ) 0~Re2)~~(Im **

0
**

0 =−− DDZDADAZX n ; 
 

 0~~)~(11Re
**

0
=

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂
∂+

∂
∂+

∂
∂

nnnn l
DA

l
DAj

l
DD

XZ
. (15.7) 

 
From the first equation now we obtain the explicit expression for opti-

mal value of the nX  depending on the nl :  
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Substituting this expression in the second equation (15.7) we obtain the 

transcendental equation with respect to unknown nl  
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Thus, to calculate the maximal value η  it is necessary to determine the 
value η,nl  as a solution of the nonlinear equation (15.9). Then from the rela-
tion (15.8) we can determine the optimal value η,nX  and from (15.6) – the 
maximal value η . 

Let’s note that the equation (15.8) possesses several roots. The values of 
these roots give only extreme values (i.e. maximal and minimal) of η . 
Therefore we are to find all roots of the equation (15.9) at first and then to 
choose the value of the root η,nl , that ensure the global maximum of the η . 

Now we will consider the efficiency of the line with matched active 
load when the compensation of its reactive elements ensures the maximal 
values for efficiency (fig. 15.2). Let’s mention that the qualitative and quan-
titative data using in the diagrams in the fig. 15.2 – 15.5 are similar with the 
same data obtained for the line under the reactive parameters longitudinal 
compensation (see fig. 14.2 – 14.6). As in the case of longitudinal compen-
sation the efficiency increasing here is achieved by connection to the line of 
the reactive power source with inductive resistance. However, at the same 
time the decreasing of the active power consumption is observed always 
(see fig. 15.5). 

The results on transverse capacitive compensation with the object of in-
creasing the power transmitted in pure active load turn out to be rather un-
expected (see fig. 15.7 – 15.11). It arrives that the reactive power source 
with optimal capacitive resistance must be located at the sending end of the 
line independently of line length and of losses (see fig. 15.9). As a result the 
power of receiver can be increased in dozens of times including the case of 
undistorting line (see fig. 15.7, d). The power increasing in this case also is 
accompanied by efficiency decreasing. The efficiency decreasing runs down 
to disastrous down level for lines with great losses (see fig. 15.10, e, f). 

The transmission power increasing can be achieved also by means of 
inductive transverse compensation but only for lines with length greater 
then a quarter-wave (see fig. 15.12 – 15.16). The power increasing in this 
case is not as impressive as in case of capacitive transverse compensation, 
but the efficiency does not decline so greatly. Moreover, for the lines with 
great active losses (in order of 220 mΩ/km) we obtain the simultaneous (al-
though not very significant) efficiency increasing (see fig. 15.15, e, f). 

The contl curves for maximal values of the transmission power and for 
efficiency depending on the value and on the location of the transverse com-
pensation Xn in the line with the length l = λ are represented in the fig. 15.17 
and 15.18. These diagrams can serve in a sense of a navigator when choos-
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ing the parameters of the passive compensators reasoning from the technical 
requirements and restrictions. 

The practical implementation of the reactive power sources (mainly 
bank of capacitors and reactors) frequently purposes entirely different ob-
jects (not the increasing of active transmission power). However, the sug-
gested approach to the quantitative analysis of the consequences of reactive 
power sources connection to the trunk and distribution transmission lines 
gives the possibility to enlarge essentially the present notions about the role 
and real potentialities of the different compensating elements. 

 

 

 
Fig. 15.2. η( 01 =−

nX ) (1) and η ( 1
,

1 −
η

− = nn XX ) (2) depending on the line length 
when RS = ZB and R = 0.48, G = R/5(a); R = 0.48, G = 0(b); R = 1.205, G = R/5(c); 
R = G = 1.205(d); R = 4.8, G = R/5(e); R = 4.8, G = 0(f). 
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Fig. 15.3. 1

,
−

ηnX  depending on the line length when RS = ZB and R = 0.48, G = 
R/5(a); R = 0.48, G = 0(b); R = 1.205, G = R/5(c); R = G = 1.205(d); R = 4.8, G = 
R/5(e); R = 4.8, G = 0(f). 
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Fig. 15.4. ln,η depending on the line length when RS = ZB and R = 0.48, G = R/5(a);  
R = 0.48, G = 0(b); R = 1.205, G = R/5(c); R = G = 1.205(d); R = 4.8, G = R/5(e); 
R = 4.8, G = 0(f). 
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Fig. 15.5. P1( 01 =−

nX ) (1) and P1( 1
,

1 −
η

− = nn XX ) (2) depending on the line length 
when RS = ZB and R = 0.48, G = R/5(a); R = 0.48, G = 0(b); R = 1.205, G = R/5(c); 
R = G = 1.205(d); R = 4.8, G = R/5(e); R = 4.8, G = 0(f). 
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Fig. 15.6. BXZ (1), )arg( BXZ (3) ( 01 =−
nX ) and BXZ (2), )arg( BXZ (4) 

( 1
,

1 −
η

− = nn XX )depending on the line length when RS = ZB and R = 0.48, G = R/5(a); 
R = 0.48, G = 0(b); R = 1.205, G = R/5(c); R = G = 1.205(d); R = 4.8, G = R/5(e); 
R = 4.8, G = 0(f). 
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Fig. 15.7. P1( 01 =−
nX ) (1) and P1( 01

,
1 <= −−

knn XX ) (2) depending on the line 
length when RS = ZB and R = 0.48, G = R/5(a); R = 0.48, G = 0(b); R = 1.205, G = 
R/5(c); R = G = 1.205(d); R = 4.8, G = R/5(e); R = 4.8, G = 0(f). 
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Fig. 15.8. 01
, <−
knX  depending on the line length when RS = ZB and R = 0.48, G = 

R/5(a); R = 0.48, G = 0(b); R = 1.205, G = R/5(c); R = G = 1.205(d); R = 4.8, G = 
R/5(e); R = 4.8, G = 0(f). 
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Fig. 15.9. ln,k depending on the line length when RS = ZB and R = 0.48, G = R/5(a); 
R = 0.48, G = 0(b); R = 1.205, G = R/5(c); R = G = 1.205(d); R = 4.8, G = R/5(e); 
R = 4.8, G = 0(f). 
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Fig. 15.10. η( 01 =−
nX ) (1) and η ( 01

,
1 <= −−

knn XX ) (2) depending on the line 
length when RS = ZB and R = 0.48, G = R/5(a); R = 0.48, G = 0(b); R = 1.205, G = 
R/5(c); R = G = 1.205(d); R = 4.8, G = R/5(e); R = 4.8, G = 0(f). 
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Fig. 15.11. BXZ (1), )arg( BXZ (3) ( 01 =−

nX ) and BXZ (2), )arg( BXZ (4) 

( 01
,

1 <= −−
knn XX )depending on the line length when RS = ZB and R = 0.48, G = 

R/5(a); R = 0.48, G = 0(b); R = 1.205, G = R/5(c); R = G = 1.205(d); R = 4.8, G = 
R/5(e); R = 4.8, G = 0(f). 
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Fig. 15.12. P1( 01 =−

nX ) (1) and P1( 01
,

1 >= −−
knn XX ) (2) depending on the line 

length when RS = ZB and R = 0.48, G = R/5(a); R = 0.48, G = 0(b); R = 1.205, G = 
R/5(c); R = G = 1.205(d); R = 4.8, G = R/5(e); R = 4.8, G = 0(f). 
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Fig. 15.13. 01
, >−
knX  depending on the line length when RS = ZB and R = 0.48, G = 

R/5(a); R = 0.48, G = 0(b); R = 1.205, G = R/5(c); R = G = 1.205(d); R = 4.8, G = 
R/5(e); R = 4.8, G = 0(f). 
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Fig. 15.14. ln,k depending on the line length when RS = ZB and R = 0.48, G = R/5(a); 
R = 0.48, G = 0(b); R = 1.205, G = R/5(c); R = G = 1.205(d); R = 4.8, G = R/5(e); 
R = 4.8, G = 0(f). 
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Fig. 15.15. η( 01 =−

nX ) (1) and η ( 01
,

1 >= −−
knn XX ) (2) depending on the line 

length when RS = ZB and R = 0.48, G = R/5(a); R = 0.48, G = 0(b); R = 1.205,  
G = R/5(c); R = G = 1.205(d); R = 4.8, G = R/5(e); R = 4.8, G = 0(f). 
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Fig. 15.16. BXZ (1), )arg( BXZ (3) ( 01 =−

nX ) and BXZ (2), )arg( BXZ (4) 

( 01
,

1 >= −−
knn XX )depending on the line length when RS = ZB and R = 0.48, G = 

R/5(a); R = 0.48, G = 0(b); R = 1.205, G = R/5(c); R = G = 1.205(d); R = 4.8, G = 
R/5(e); R = 4.8, G = 0(f). 
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Fig. 15.17. The transmission power depending on the value and on the location of 
the transverse compensating reactive element Xn when l = 1.0; R = 0 (a); 0.48(b); 
G = R/5. 
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Fig. 15.18. The efficiency depending on the value and on the location of the trans-
verse compensating reactive element Xn when l = 1.0; R = 0.48; G = R/5. 

 

16. How to tune the quarter-wave line to the half-wave regime  
 
Controlled "bucking out" systems or compensating systems (controlla-

ble capacitor banks, synchronous condensers and motors with automatic ex-
citation control) are used as an automatic voltage control systems in electric 
mains.  

It is accepted that by compensation of parameters of the line with any 
length it is possible to impart the characteristic properties of the half-wave 
line. The idea of adjustment is known for a long time however it does not 
get yet some practical application. The investigations in the field have 
shown that the application of the adjusted electric mains is advisable for 
lines with lengths 1500 – 3500 km. The adjustment to the half-wave is real-
ized by adjusting devices. The adjusting schemes are picked out in such a 
way as to ensure the minimal consumption of the adjusting devices under 
the given flow capacity [19, 36]. 

In this connection we will consider the problem of imparting of charac-
teristic properties of the half-wave line to the quarter-wave line by means of 
lumped elements (throttles, reactors, banks of capacitors) [74]. 
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16.1. Steady-state regime equations 
 
Let’s consider the homogeneous line with length 4/λ=l  closed to the 

lumped resistance RS and consisting from the N parts with lengths lk, k= 

N,1= ; ∑
=

=
N

k
kll

1
. At the junction points of these parts there parallel or se-

ries connected the lumped elements with complex resistances Zn1 and Zn2 (as 
it is shown in the fig. 16.1). It is known [89], that .the expression for the 
power at the receiving end of the ideal half-wave line has the form 

SRUP /5.0 2
01 = , i.e. it is in inverse proportion with the load resistance that 

means the increasing of the power consumption under the parallel electrical 
customers connection. At the same time for the quarter-wave line we have 
the opposite picture: 2

01 5.0 URP S= , i.e. the power is directly proportional 
with the load resistance. In this case the extraction of power at this point 
must be done by means of series electrical customers connections that are 
impossible in practice. 

 

 
 
 

Fig. 16.1. Homogeneous alternating voltage line with series and parallel equidis-
tant connected lumped elements. 

 
Now let’s consider the problem of lumped elements connection to the 

quarter-wave line with purpose to change the nature of load power depend-
ence on the parameter SR . Since we consider the steady-state regime in the 
electrical sinusoidal voltage circuit with amplitude U0, then we can use the 
symbolic method [59]. 
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Let’s denote the complex amplitudes of voltages and currents at the in-
put and output of the electrical circuit by 00 , IU , 11, ++ NN IU , and at the 
points of lumped elements connection – as follows: 

 
 )1()0( kkk UxU =− , )2()0( kkk UxU =+ , )1()0( kkk IxI =− , 

 )2()0( kkk IxI =+ , Nk ,1= , ∑
=

=
k

i
ik lx

1
, 11 lx = , 212 llx += , … 

 
In case of homogeneous line with parameters L, C, R, G without lumped 

elements, the solution of the problem at the interval ],0[ lx ∈  has the fol-
lowing form  

 
 SSSBX RZIZUIZU NN === ++ ,, 1100 , (16.1) 
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= , (16.2) 

 

 
)(ch)(sh
)(sh)(ch

0

0
0 lZlZ

lZlZ
ZZ

S

S
BX δ+δ

δ+δ
= , (16.3) 

 

 ))((,0 CjGLjR
CjG
LjRZ ω+ω+=δ

ω+
ω+= . (16.4) 

 
Here BXZ , 0Z  are the input and wave resistances of the line, δ is the propa-
gation factor, HZ  is the load resistance, fπ=ω 2 , f is generator supply fre-
quency. 

The solution for the line with N connected lumped elements we will ob-
tain in the following manner. Let’s suppose that all series connected com-
plex resistances possess the same value 1nZ , and those parallel connected – 

2nZ . Then the conjugation conditions at the points kx  take the form 
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 ( ) NkIIZUIZUU kknkknkk ,...1,, )2()1(
2

)2()1(
1

)2()1( =−==− . (16.5) 
 
To solve the problem with the conjugation conditions (16.5) let’s in-

troduce the notion of the input resistance )(k
BXZ  for parts of the line 

Nklxx k ,1],,[ =∈ . Then the complexes of voltages and currents at the 
points 0+= kxx  will be connected by relations 
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At the points 0−= kxx  from (16.5) we obtain  
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The currents and voltages values at the left and at the right of the points 

xk and at the ends of the line are connected by the recurrence relations  
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Combining the formulas (16.10)-(16.12), we obtain the current at the 
output of the line expressed by initial voltage  
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The generator power and the load power can be calculated by formulas  
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The obtained formulas (16.6)–(16.15) give the possibility to realize the 

parametrical analysis lumped elements connection influence on the distribu-
tion of voltages, currents and power along the line.  
 
16.2. Numerical results 
 

Let’s consider the homogeneous quarter-wave line with parameters: l = 
1/4; C = L = 1. The diagrams in the fig. 16.2, 16.3 represent the load power 

1P  and generator power P0 depending on the dimensionless parameter z = 
(RS – 1)/(RS + 1) for the lines with length l = 1/2 (curve 1) and l = 1/4 (curve 
2) without insertions. Then for quarter-wave line we consider the insertions 
at the points ))1(4/( += Nkxk , Nk ,1=  of the series connected complex 
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resistances )4/()(1 NLjRZn ω+=  and of the parallel connected complex 
resistances )/(42 CjGNZn ω+= : N = 2 (3), N = 4 (4), N = 6 (5), N = 8 (6) 
N = 10 (7). 

 

 
 

 
 

Fig 16.2. Transmission power depending on load resistance when G = R/5, R = 
0.0048 (a); 0.048 (b);0.48 (c); 1.205 (d). 
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Fig 16.3. Generated power depending on load resistance when G = R/5, R = 0.0048 
(a); 0.048 (b);0.48 (c); 1.205 (d). 

 
The presented results show that the compensation by means of resis-

tances 1nZ , 2nZ  with nonzero active components makes it possible to trans-
form the quarter-wave line to the half-wave line when even 8 … 10 supple-
mentary elements are connected. At the same time the nature of voltage dis-
tribution along the compensated quarter-wave line is at most approximated 
to the same for half-wave line (see fig. 16.4). 
 

 
 

Fig 16.4. Voltage modulus depending on line length for half-wave line (a) and for 
quarter-wave line (b) with 10 lumped elements with resistances Zn1 = (R+jωL)/40, 
Zn2 = 40/(G+jωC) when R = 0.48, G = R/5 and RS = 0 (curve 1); ∞ (2); 1 (3); 1/2 
(4); 2 (5); 1/4 (6); 4 (7); 1/8 (8). 

 
At the same time if we will try to compensate the line by means of pure 

active resistances (throttles and condensers), then (as it is seen from dia-
grams in the fig. 16.5–16.8) the quarter-wave line (curves 2 – 7) can be ap-
proximated to the half-wave line (curve 1) only qualitatively. However this 
result turns out to be acceptable from the practice point of view. 
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Fig 16.5. Transmission power depending on load resistance when G = R/5,  
R = 0.0048 (a); 0.048 (b); 0.48 (c); 1.205 (d) and )4/(1 NLjZn ω=  and 

)/(42 CNjZn ω−= . 
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Fig 16.6. Generated power depending on load resistance when G = R/5, R = 0.0048 
(a); 0.048 (b);0.48 (c); 1.205 (d) and )4/(1 NLjZn ω=  and )/(42 CNjZn ω−= . 
 

 
 

 
 

Fig 16.7. Voltage modulus distribution for quarter-wave line (a), with two (N=2) 
(b), with six (N=6) (c) and with ten (N=10) (d) compensating elements with resis-
tances )4/(1 NLjZn ω= , )/(42 CNjZn ω−=  when R = 0.48, G = R/5 and RS = 
0 (curve 1); ∞ (2); 1 (3); 1/2 (4); 2 (5); 1/4 (6); 4 (7); 1/8 (8). 
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Fig 16.8. The active power distribution along the quarter-wave line (a), with two 
(N=2) (b), with six (N=6) (c) and with ten (N=10) (d) compensating elements with 
resistances )4/(1 NLjZn ω= , )/(42 CNjZn ω−=  when R = 0.48, G = R/5 and 
RS = 0 (curve1); ∞ (2); 1 (3); 1/2 (4); 2 (5); 1/4 (6); 4 (7); 1/8 (8). 

 
Thus, the analytical formulas and the numerical results for steady-state 

power transmission process calculations in the piecewise-homogeneous 
loaded and unloaded alternating voltage transmission line are cited and rep-
resented. The throttles and bank of capacitors connections to the quarter-
wave line allow us to fetch its properties to the half-wave line properties. 

 

17. Idling and natural power transfer loss saving by means of 
shunt reactors and reactive power sources 
 
The “losses control problem” has had, for a long-time, a cult-like status 

among the power engineering community. A significant amount of forces 
from the scientific, technological and civil-engineering communities is 
dedicated to solving this problem. The loss saving within a small fraction of 
a percent is usually considered to be a major achievement in this domain. 
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The main factors, that determine the losses during its transmission by means 
of alternating or continuous current, are active longitudinal resistance R(x,t) 
and shunt admittance of insulation G(x,t). However, both wave dissipation 
and wave dispersion are present in high-current electric circuits. In particu-
lar, this circumstance can be used for component redistribution of the quasi-
steady electromagnetic processes: decreasing the power of magnetic field in 
favor of increasing the power of electric field. As a consequence, the idling 
and natural power transfer losses saving can be reached 

 
17.1. The steady-state regime in the homogeneous transmission line 

with lumped LC – circuits 
 
Let’s consider the connection to the line of the "bucking out" systems in 

the form of shunt reactors and the bank of capacitors (fig. 17.1). As long as 
we consider the steady-state regime in the electric circuit with sinusoidal 
current, we apply the symbolic method [59] to solve the telegraph equations. 

 

 
 

Fig. 17.1. Shunt reactors and reactive power sources connection to the transmission 
line. 

 
Let’s denote the complex voltage and current amplitudes at the sending 

end and output end of the electric circuit by 00 , IU , NN IU ,  and at the 
points of connection of lumped elements by 

 
 )1()0( kkk UxU =− , )2()0( kkk UxU =+ , )1()0( kkk IxI =− , 
 
 )2()0( kkk IxI =+ , 1,1 −= Nk , 
 

 ∑
=

=
k

i
ik lx

1
, 11 lx = , 212 llx += , …, lxN = . 
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In case of homogeneous transmission line with parameters L, C, R, G 
without lumped elements the problem solution at interval ],0[ lx ∈  takes the 
following form  

 
 SSSBX RZIZUIZU NN === ,,00 , (17.1) 
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ω+= . (17.4) 

 
Here BXZ , 0Z  are the input resistance and the impedance (wave resistance) 
of the line, γ is the propagation factor, SZ  is the load resistance, ,2 fπ=ω  f 
is the frequency of the feeding generator. 

The solution for the line with (N-1) lumped elements is obtained by us 
in the following manner: Let’s denote the resistances of the series reactive 
power sources by )(

1
k

nZ , and the resistances of the connected in parallel 

shunt reactors by )(
2
k

nZ . Then, the conjugation constraints for the reactive 
power sources in the points kx  take the form 
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and the following one, for the shunt reactors 
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To solve the problem with conjugation constraints (17.5) and (17.6) 
let’s introduce the concepts of input resistance )(k

BXZ  for the parts of the 
line 1,1],,[ −=∈ Nklxx k . Then, the complexes of the voltages and of the 
currents at the points 0+= kxx  will be related by formulas 
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From (17.5) and (17.6) at the points 0−= kxx  we’ll have 
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The current and voltage values at the left and at the right of the points xk 
and at the ends of the line are in the following recurrence relations 
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Combining the formulas (17.10) – (17.13), we obtain the formula for 
current at the output expressed through the initial voltage 
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The generator power and the loading power can be calculated using the 

formulas 

 ( ) ( ) ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
=== )0(

2
0*

000
*
00

1Re
2

Re
2
1Re

2
1

BXZ
U

IUIUP , 

( ) ( )
22

)Re(
Re

2
1Re

2
1

22
**

1
NN

NNNN
IRZI

IUIUP SS ==== . (17.16) 

The obtained relations (17.6) – (17.16) allow us to carry out the paramet-
ric analysis of the influence of connecting lumped elements on the voltage 
and current distributions as well as on the power losses along the whole line 
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17.2. The results of numerical experiments regarding loss minimization 

 
Let’s consider a homogeneous (without additional connections) line 

with dimensionless parameters C = L = 2PH = 1; R = 0.48; G = R/7. Let the 
line be closed on the load with complex resistance ZS. At first, we construct 
the functional dependences of the active and reactive source power (genera-
tor) on the length of the open-ended line without losses R = G = 0 (a) and 
with losses R = 7G = 0.48 (b). As can be seen on graphic representation (see 
fig. 17.2), the active losses in the neighborhood of the quarter-wave line 
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without loading (ZS = ∞) reach peak values, whereas the active losses for 
half-wave line are relatively not too large and constitute only 13.58% com-
paring with natural power PH = 0.5. In case when there is a matched load in 
the line ZS = Z0 = 1.0009 – j0.0327 then the active power losses are equal to 
24.75%, but when the load is purely active ZS = =BZ  1 then the losses are 
slightly smaller and constitute 24.65%. However, the losses during the 
idling must be minimally half as great as during the natural power transmis-
sion [3, 4, 8]. Therefore, let’s consider the problem of losses minimization 
by connecting the "bucking out" systems in the form of shunt reactors and 
reactive power sources in the line. 

 

 
 

Fig. 17.2. Active and reactive powers of generator (curves 1, 2) depending on the 
length of open-ended line when R = G = 0 (a); R = 7G = 0.48 (b). 

 
The parallel connection to the line of the ideal shunt reactor makes it 

possible to reduce the idling losses up to 2.28% if the inductances and their 
locations will be chosen as in the table 17.1. At the same time, the serial 
connection to the line of the bank of capacitors with capacitances Cn does 
not give some appreciable result. In case of the 1/4-wave or 1/8-wave lines 
(the tables 17.2 and 17.3), the connection of only two reactors results in a 
decrease of losses up to 1.97% and 0.89% respectively. Let’s remember that 
the dimensionless value Ln = 1 corresponds to Ln = 5.56 H with the reactor 

power Qn = 
nL

U
ω2

2
0 = 330.5 MVAr and the phase voltage 0U  = 525 32 /  = 

428.66 kV. 
All foregoing results bring out clearly the evident advantages of the 

shunt reactors in comparison with reactive power sources from the stand-
point of solving the problem of idling losses minimization and confirm the 
conclusions stated by G. Alexandrov in [3, 4, 59]. 
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Table 17.1. The idling losses in dependence of the number, location and parame-
ters of the reactors or reactive power sources connected to the half-wave transmis-
sion line. 
 

Number xk Ln P0/PH, % xk Cn P0/PH, % 
1 0.25 ∞ 13.58 0.25 ∞ 13.58 
1 0.22638 0.00245 6.74 0.46029 0.11817 13.53 

2 0.15533 
0.36912 

0.09390 
0.04890 4.27 0.45535 

0.47161 
0.24704 
0.15124 13.53 

3 
0.11292 
0.24922 
0.41186 

0.15969 
0.12447 
0.10067 

3.40 
0.00000 
0.00000 
0.49621 

0.57724 
0.61198 
0.96338 

13.43 

4 

0.08841 
0.18948 
0.30489 
0.43314 

0.21997 
0.18807 
0.16192 
0.14649 

3.00 

0.00000 
0.00115 
0.48868 
0.50000 

0.56071 
0.67903 
0.93410 
0.48271 

13.49 

5 

0.07706 
0.16118 
0.24786 
0.34926 
0.45146 

0.25316 
0.25289 
0.22467 
0.18798 
0.21637 

2.28 

0.00000 
0.00001 
0.00001 
0.00021 
0.00052 

1.08447 
0.45487 
1.49851 
0.91257 
0.39859 

13.11 

 
Nevertheless in some articles [40, 41, 90] it is pointed out at some un-

desirable consequences in exploiting of overhead transmission line 
500…1150 kV, equipped with shunt reactors, under the abnormal (asym-
metrical, unbalanced, open-phase operating) regimes. The utilization of the 
shunt reactors distinctly complicates the processes of commutation of over-
head transmission lines and can give rise to resonance conditions resulting 
from the presence of line capacitance and reactor inductance. Hence, it is 
necessary to calculate the transient processes caused by short-term open-
phase operating energization (de-energization) of overhead high-voltage 
transmission lines. Now we are going to consider this problem in detail us-
ing the exact formulation of the initial boundary-value problem for tele-
graph equations. It is also necessary to carry out careful comparative study 
of efficiency and controllability of shunt reactors of different embodiment 
controlled by means of magnetic bias circuits or by means of a transformer 
type compensator. This kind of study allows to determine the preferred pos-
sibilities for utilization of these reactors in the overhead high-voltage trans-
mission lines of different purpose and embodiment [40, 41, 90]. 
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Table 17.2. The idling losses in dependence of the number, location and parame-
ters of the reactors or reactive power sources connected to the quarter-wave trans-
mission line. 
 

Number xk Ln P0/PH, % xk Cn P0/PH, % 
1 0.125 ∞ 1458.9 0.125 ∞ 1458.9 
1 0.16217 0.10119 2.87 0.00000 0.48387 60.20 

2 0.09568 
0.19773 

0.20777 
0.19691 1.97 0.00000 

0.00000 
1.51370 
0.94687 85.52 

3 
0.06786 
0.13912 
0.21276 

0.30754 
0.29372 
0.28677 

1.75 
0.03246 
0.03246 
0.07716 

1.60984 
0.00253 
0.01658 

0.26 

4 

0.05314 
0.11014 
0.16520 
0.22073 

0.38617 
0.37512 
0.41541 
0.36984 

1.67 

0.00000 
0.00650 
0.00650 
0.01499 

0.42379 
0.02427 
0.17994 
0.32825 

0.13 

5 

0.04413 
0.08972 
0.13610 
0.18218 
0.22719 

0.47755 
0.48316 
0.45735 
0.49357 
0.47919 

1.62 

0.00129 
0.00129 
0.00159 
0.01429 
0.14792 

0.24725 
0.16917 
0.43684 
0.12460 
0.01353 

0.29 

 
Table 17.3. The idling losses in dependence of the number, location and parame-
ters of the reactors or reactive power sources connected to the 1/8-wave transmis-
sion line. 

 
Number xk Ln P0/PH, % xk Cn P0/PH, % 

1 0.06 ∞ 3.58 0.25 ∞ 3.58 
1 0.08293 0.25119 1.01 0.00000 0.63404 2.29 

2 0.04953 
0.09976 

0.43598 
0.43173 0.89 0.00000 

0.00000 
0.37061 
0.41082 1.09 

3 
0.03527 
0.07101 
0.10698 

0.61837 
0.61225 
0.60959 

0.86 
0.00000 
0.00000 
0.00000 

0.33919 
0.23981 
0.34709 

0.53 

4 

0.02792 
0.05573 
0.08342 
0.11119 

0.78128 
0.80428 
0.78987 
0.79797 

0.85 

0.00431 
0.00431 
0.00438 
0.00459 

0.11847 
0.19833 
0.19509 
0.16596 

0.18 

5 

0.02235 
0.04433 
0.06712 
0.09034 
0.11338 

1.00494 
1.00472 
0.93802 
0.96340 
0.95189 

0.84 

0.00007 
0.00008 
0.00017 
0.00017 
0.02523 

0.15397 
0.12380 
0.15445 
0.14623 
0.17232 

0.09 
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For visual demonstration, let’s represent some of the obtained results for 
determination of optimal power and location of shunt reactors in the graphi-
cal form. The distributions along the half-wave line of the active (curves 1, 
2) and reactive (3, 4) power are presented in fig. 17.3 (a). The distributions 
of voltage modulus (curves 1, 2) and current modulus (3, 4) are presented in 
fig. 17.3 (b). All results in fig. 17.3 are obtained in case when R = 7G = 0.48 
for five shunt reactors providing the minimal value for idling losses. The 
curves 1, 3 hereinafter correspond to homogeneous line without additional 
lumped elements. 

 

 
 

Fig. 17.3. The distribution along the half-wave line of the active (curves 1, 2) and 
reactive (curves 3, 4) power (a), voltage modulus (curves 1, 2) and current modulus 
(curves 3, 4) (b) when R = 7G = 0.48 for five shunt reactors connected to the line. 

 
The physical meaning of the obtained results at the qualitative level is 

sufficiently evident. In the line with connected reactors, we obtain the volt-
age equalization along the line and simultaneous decreasing of modulus cur-
rent. Due to this fact, a decrease of the power of the magnetic field and an 
increase of the power of the electric field takes place in the whole line. Let’s 
remember that the total losses in the wires are determined by two compo-
nents: active (ohmic) losses Ri2 and the losses caused by leakage of current 
through imperfect isolation Gu2. Since R > G, then the redistribution of the 
electromagnetic field components makes it possible to minimize the total 
losses. The same effect can not be achieved in case of undistorting line, be-
cause we have here R = G in dimensionless form. This example of the com-
parative analysis of computational results serves as a good illustration of the 
evident advantages provided by the transfer to dimensionless variables [49]. 

It is considered, that the half-wave line has such a remarkable property 
as the equilibrium by reactive power. In consequence, there is no need to 
install additional "bucking out" systems for its functioning [19, 22, 36, 104]. 
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Let’s examine this case and see if it is possible to increase simultaneously 
the power transfer and efficiency using the shunt reactors, selecting their 
powers and locations in some optimal manner. 

Because of obvious reasons, the problem of searching the optimal pa-
rameters of "bucking out" systems, with the scope of wire losses decreasing 
during the natural power transfer, is much more complicated. Hereinafter 
we consider the half-wave line with losses, closed on pure active load ZS = 
ZB = 1, because in this case the efficiency is is higher, but not too much, 
than in case of progressing wave regime when the space wave transfers the 
energy in the matched load: ZS = Z0 = 1.0009 – j0.0327. Let’s perform this 
search by means of configuration method in the space of variables xk, Ln 
without any restrictions on reactors location or on maximal values of the 
voltages along the whole line. 

Connection to the half-wave line of 3…4 reactors makes it possible to 
decrease the active losses with more than 3%, if at the same time there are 
no restrictions upon the voltage drops along the line (table 17.4). The further 
increase in the number of "bucking out" systems does not contribute to an 
increase of efficiency. 
 
Table 17.4. The maximal values of the power transfer and efficiency in depend-
ence on the number, location and parameters of the reactors. 
 

Number xk Ln P1 η, % 
1 0.25 ∞ 0.38000 76.033

1 0.27921 0.35344 0.38618 77.237

2 0.23540 
0.43754

0.28354 
0.42204 0.39166 78.331

3 
0.19028 
0.32904 
0.50000

0.36976 
0.34469 
0.36019

0.39568 79.136

4 

0.17687 
0.28016 
0.33871 
0.49976

0.48660 
0.84034 
0.49917 
0.43407

0.39594 79.188

 
Let’s consider now the fig. 17.4, where we have the distribution along 

the half-wave line of the active (curves 1, 2) and reactive (curves 3, 4) 
power (a), voltage modulus (curves 1, 2) and current modulus (curves 3, 4) 
(b) for four shunt reactors connected to the line, the last one being “clasped” 
to the receiver. The presented results show that the decrease of the losses is 
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accompanied, unfortunately, by reactive an increase of power the whole line 
and, especially, at its starting end. Here the generator begins to consume the 
reactive power (see curve 4) that is always extremely undesirable, because 
this leads to its rapid deterioration. 

 

 
 

Fig. 17.4. The distributions along the half-wave line of the active (curves 1, 2) and 
reactive (curves 3, 4) power (a), voltage modulus (curves 1, 2) and current modulus 
(curves 3, 4) (b) for four shunt reactors connected to the line.  
 

The situation improves drastically if we limit to 1.05 the maximal value 
of the voltage modulus in the line (table 17.5, fig.17.5). Taking into account 
the 5% restriction on voltage exceeding in the line, the effect from connec-
tion of shunt reactors decreases up to 1.8%, but the first reactor, “clasped” 
to the voltage source, forces the generator not to consume but to return the 
reactive power in the line (Q = 0.04 when x = 0). The obtained profit in effi-
ciency is enough good. 

 
Table 17.5. The maximal values of the power transfer and efficiency in depend-
ence on location and inductance values of the four shunt reactors under the restric-
tion: 05.1)(max

],0[
≤

∈
xU

lx
.  

 
Number xk Ln P1 η, % 

1 0.25 ∞ 0.38000 76.033 

4 

0.00153 
0.16895 
0.29023 
0.47255 

0.61539 
0.82961 
0.71337 
0.78460 

0.38912 77.824 

 
If we will suppose that the insulation of the half-wave line is ideal (G = 

0), than in such a line (with stronger wave dispersion) the effect intensifies 
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up to 2% in comparison with homogeneous line (table 17.6). For loaded un-
distorting line (R = G and only the wave dissipation exists) it is impossible 
to decrease the losses as well as in the idling regime. 

 

 
 

Fig. 17.5. The distributions along the line of the active (curves 1, 2) and reactive 
(curves 3, 4) power (a), voltage modulus (curves 1, 2) and current modulus (curves 
3, 4) (b) for four shunt reactors connected to the line under the restriction: 

05.1)(max
],0[

≤
∈

xU
lx

. 

 
Thus, the calculation relations for voltage, current, active and reactive 

power determination for the steady-state regime in the alternating voltage 
circuit with distributed and lumped parameters are obtained. The connection 
of the shunt reactors and reactive power sources in the form of the bank of 
capacitors makes it possible the decrease of idling losses in a several times 
for lines with different length. 

 
Table 17.6. The maximal values of the power transfer and efficiency in depend-
ence on location and inductance values of the four shunt reactors in case of half-
wave line with ideal insulation (G = 0) and under the restriction: 

05.1)(max
],0[

≤
∈

xU
lx

. 

 
Number xk Ln P1 η, % 

1 0.25 ∞ 0.39326 78.690 

4 

0.00003 
0.15256 
0.28372 
0.46822 

0.92998 
0.82858 
0.84911 
0.73522 

0.40340 80.680 

 
The efficiency in the half-wave line at the natural power transfer can be 

increased more then on 3% in case when there are no restrictions on the 
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voltage exceeding or on 1.8% when the voltage exceeding are restricted by 
limiting value of 1.05. The connection of the "bucking out" systems in the 
undistorting line does not give rise to decrease the losses in the line. 

 

18. Decomposition method for calculation of two generators 
optimal action under general loads  
 
As it was shown in [90] the nature of active power take-off in the alter-

nating voltage line essentially depends on load location. For simplicity and 
clearness we will consider at first the line without losses with purely active 
load nodes (fig. 18.1). If we connect the load at the points x = λ/2, λ, 
3 λ/2,…, then the transmission power is in inverse proportion to the resis-
tance RS , but at the points x = λ/4, 3λ/4, 5 λ/4,… this dependence is directly 
proportional (it is of linear nature). This means that at the mentioned points 
of the circuit with the alternating voltage source of unlimited power it is 
possible to realize the unlimited power take-off under the regimes approxi-
mated to the idling or short circuit. It is to note, that in the line with distrib-
uted active losses (R > 0) the unlimited power take-off is impossible (even 
from the theoretical point of view). In case when the load nodes are located 
at the points x = λ/8, 3 λ/8, 5 λ/8,…, the maximal possible power at this 
nodes is equal to natural power (that is reached under RS = ZB). 

In this way, every point of the alternating voltage circuit can be identi-
fied by its strongly association with individual functional dependence be-
tween the transmission power and the load resistance RS. Thus, the nature of 
power take-off in the sinusoidal current circuit changes radically in the 
equal intervals of length λ/8. This fact fundamentally distinguishes this kind 
of line from the direct current line. It is naturally, that the realization of the 
system interconnection in USA is scheduled to put into practice by means of 
backbone direct current transmission lines used as the main method of sepa-
ration of synchronously acting subsystems. 

The structure of interregional and regional interconnections of the elec-
tric mains in accordance with Conceptual Design of the USA Electricity 
System for 2010 – 2030 is represented in the fig. 18.2. The dimensions and 
the geographical location of the main electrical producers and main electri-
cal customers in USA admit to realize not only the ring structure of intersys-
tem tie, but the star structures as well. Due to this fact, the two-way cus-
tomer supply is preserved since it is presupposed to place the main power-
supply sources at the system nodes [33]. 
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Fig. 18.2. The structure of interregional and regional interconnections of the elec-
tric mains in accordance with Conceptual Design of the USA Electricity System for 
2010 – 2030. 

 
Let’s consider at first the simplest circuit with two generators and five 

load nodes located as it is shown in the fig. 18.3. Let’s suppose that the al-
ternating voltage sources possess the unlimited power and their action on 
general loads is not necessarily synchronized. In accordance with complex 
amplitude method the currents and voltages at the ends points of the homo-
geneous line with length l are connected by the relations  

 
 lIZlUU δ−δ= shch 1012 ; lIZlUIZ δ+δ−= chsh 10120   (18.1) 
 
or 
 
 lIZlUU δ+δ= shch 2021 ; lIZlUIZ δ+δ= chsh 20210 .  (18.2) 
 

Here by 
CjG
LjRZ

ω+
ω+=0 , ))(( CjGLjR ω+ω+=δ  we denote the wave 

resistance (impedance) and the propagation factor in the line and by 
2211 ,,, IUIU  – the voltages and currents at the left-hand and right-hand 

ends of the line. 
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a)  
 
 
 
 
 
 
 
 
b) 
 
 
 
 
 
 
 
 
c) 
 
 
 
 
 
 
 
 
d) 
 
 
 
 
 
 
 
 

Fig. 18.3. Scheme of generator nodes and load nodes location in alternating voltage 
circuit. 
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Let’s denote the lengths of the parts of non-homogeneous line by lk, and 

the points of conjunction – by xk: 6,1,
1

==∑
=

klx
k

i
ik , lxx == 60 ,0 . The 

lineal parameters of the part of the line with number k we denote by kL , 

kC , kR , kG , the wave resistances and the propagation factors – by 

kkZ γ,,0 . Let’s suppose that all loads with complex resistance knZ ,  at the 
conjunction points are parallel-connected. Then the voltage at the conjunc-
tion points of the sectional line is a continuous function, whereas the current 
has discontinuity of the first kind. Let’s denote the voltage and current at the 
node with number k by kU , )0( −=−

kk xII , )0( +=+
kk xII . For the line 

with six heterogeneous sections we are to determine 19 unknowns: 7 volt-
ages kU  at the nodes kx , 6,0=k , 2 currents at the ends of the line 

00 II =+ , 66 II =−  and 10 currents at the conjunction points 5,1,, =+− kII kk . 
For unique determination of these unknowns it is necessary to construct the 
system of 19 equations. This system consists of twelve equations of the type 
(18.1), (18.2), five equations for load and two values of voltage at the gen-
eration points. Now we will cite these equations in accordance with the 
scheme in the fig. 18.3, а, where by 60

~,~ UU  are denoted given voltages at 
the points x0 and x6: 

 

00
~UU = ; 1101,011011,0 chsh lIZlUIZ δ+δ−=− ; 

 

1111,011101,0 chsh lIZlUIZ δ+δ= − ; )( 111,1
+− −= IIZU n ; 

 

2212,022122,0 chsh lIZlUIZ δ+δ−= +− ; 
 

2222,022212,0 chsh lIZlUIZ δ+δ= −+ ; 
 

)( 222,2
+− −= IIZU n ; 3323,033233,0 chsh lIZlUIZ δ+δ−= +− ; 

 
 3333,033323,0 chsh lIZlUIZ δ+δ= −+ ; )( 333,3

+− −= IIZU n ;  (18.3) 
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 4434,044344,0 chsh lIZlUIZ δ+δ−= +− ; 
 
 4444,044434,0 chsh lIZlUIZ δ+δ= −+ ; )( 444,4

+− −= IIZU n ; 
 
 5545,055455,0 chsh lIZlUIZ δ+δ−= +− ; 
 
 5555,055545,0 chsh lIZlUIZ δ+δ= −+ ; )( 555,5

+− −= IIZU n ; 
 
 6656,066566,0 chsh lIZlUIZ δ+δ−= +− ; 
 
 6666,066656,0 chsh lIZlUIZ δ+δ=+ ; 66

~UU = . 
 

Let’s form the vector y  from unknowns in the following order: 
 
 ,,,,,,,,,,,( 33322211100

+−+−+−= IUIIUIIUIIUy  
 
 TUIIUIIUI ),,,,,,, 66555444

+−+− . 
 

Then the system (18.3) can be written in the matrix form  
 

 FyA = , (18.4) 
 
where the vector )~,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,~( 60 UUF = , and the ma-
trix A has a simple tridiagonal structure. In the general case the system with 
such a matrix can be written in the following form  
 
 01000 Fycyb =+ ; 
 
 1,1,11 −==++ +− niFycybya iiiiiii ; (18.5) 
 
 nnnnn Fybya =+−1 . 
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Such systems can be solved efficiently by means of sweep method [101]. 
The recurrence relations of this method are the followings:  
 

0

0
0

0

0
0 ,

b
F

b
c

=β
−

=α ; 

 

 ;,1,;1,1,
1

1

1
ni

ab
aF

ni
ab
c

iii

iii
i

iii

i
i =

α+
β−

=β−=
α+

−
=α

−

−

−
 (18.6) 

 
nny β= ; 0,1...,2,1,1 −−=β+α= + nniyy iiii . 

 
However, for the system (18.3) we can obtain the solution in the explicit 

form as recurrence formulas. At first we will solve the problem with one 
generator at the left end and with given loads knZ ,  at all other nodes. Let’ 
the line with length l consists of N sections with lengths kl  and with pa-

rameters kL , kC , kR , kG , kZ ,0 , kδ , Nk ,1= . Let’s denote the voltages 

and currents at the node with number k by kU , )0( −=−
kk xII , 

)0( +=+
kk xII , Nk ,0= . Then at every section with number k the relations 

of type (18.1) – (18.2) take place. These relations connect the currents and 
voltages at the ends of the line 

 
 kkkkkkkkk lIZlUIZ δ+δ= −+

− chsh ,01,0 ; 
 
 NklIZlUU kkkkkkkk ,1,shch ,01 =δ+δ= −

− . (18.7) 
 

At the right-hand end of the line lxN =  and at the conjunction nodes 

)1(,1,
1

−==∑
=

Nklx
k

i
ik  the following conditions are fulfilled  

 
 NnNSNNSN ZZIZU ,,, , == −−− , 
 
 )1(,1),(, −=−= +− NkIIZU kkknk . (18.8) 
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The solution of the system (18.7), (18.8) with the condition at the left-
hand end 00

~UU =  can be obtained in the following manner. From the equa-
tion for the last section  

 
 NNNNNNNNN lIZlUIZ δ+δ= −+

− chsh ,01,0 ; 
 
 NNNNNNNN lIZlUU δ+δ= −

− shch ,01  
 
and the boundary condition −−= NNSN IZU ,  we eliminate NU  and calculate 

the ratio: ++
−− = NBXNN ZIU ,11 / . In this way we obtain the expression for in-

put resistance +
NBXZ ,  for the last section of the line ],[ 1 NN xxx −∈ , that in-

cludes the resistance at the right-hand end and the parameters of this section 
 

 
NNNSNNN

NNNSNNN
NNBX

lZlZ

lZlZ
ZZ

δ+δ

δ+δ
= −

−
+

shch

chsh

,,0

,,0
,0, . (18.9) 

 
Thus, we obtain the relation between the voltage 1−NU  and the current +

−1NI  
 

 +
−

+
− = 1,1 NNBXN IZU . (18.10) 

 
Then applying (18.10) we eliminate +

−1NI  from the conjunction condi-

tion (18.8) at the node 1−Nx , calculate the ratio between 1−NU  and −
−1NI . In 

this way we obtain the relation between the voltage 1−NU  and current −
−1NI  

 

 
1,,

1,,
1,11 /

−
+

−
+

−
−

−
−−

+
==

NnNBX

NnNBX
NSNN

ZZ

ZZ
ZIU ; (18.11) 

 
 −

−
−

−− = 11,1 NNSN IZU . (18.12) 
 
Now we pass on to the section ],[ 12 −−∈ NN xxx . From the equations for 

this section  
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 1111,011121,0 chsh −−
−

−−−−−
+

−− δ+δ= NNNNNNNNN lIZlUIZ ; 
 
 1111,01112 shch −−

−
−−−−−− δ+δ= NNNNNNNN lIZlUU , 

 
using the condition (18.12) −

−
−

−− = 11,1 NNSN IZU , we eliminate 1−NU  and 

calculate the ratio +
−

+
−− = 1,22 / NBXNN ZIU . In this way we get the expres-

sion for input voltage +
−1,NBXZ , corresponding to the last two sections of the 

line ],[ 2 NN xxx −∈ : 
 

 
111,111,0

111,111,0
1,01,

shch

chsh

−−
−

−−−−

−−
−

−−−−
−

+
−

δ+δ

δ+δ
=

NNNSNNN

NNNSNNN
NNBX

lZlZ

lZlZ
ZZ . (18.13) 

 
Thus, we obtain the following relation between the voltage 2−NU  and 

the current +
−2NI : 

 
 +

−
+

−− = 21,2 NNBXN IZU . (18.14) 
 
Then applying (18.14) we eliminate +

−2NI  from the conjunction condi-

tion (18.8) at the node 2−Nx , calculate the ratio between 2−NU  and −
−2NI . 

So we obtain the relation between the voltage 2−NU  and current −
−2NI : 

 

 
2,1,

2,1,
2,22 /

−
+

−

−
+

−−
−

−
−−

+
==

NnNBX

NnNBX
NSNN

ZZ

ZZ
ZIU ; (18.15) 

 
 −

−
−

−− = 22,2 NNSN IZU . (18.16) 
 
If we continue in this manner, we obtain the recurrence formulas for 

voltages and currents for any section. Thus, for section with number k these 
formulas get the form 
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lZlZ
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δ+δ

δ+δ
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+

shch

chsh

,,0

,,0
,0, ; 

 NkIZU kkBXk ,1,1,1 == +
−

+
− ; 

1,,

1,,
1,

−
+

−
+

−
−

+
=

knkBX

knkBX
kS

ZZ

ZZ
Z ; 

 )1(,2,11,1 +== −
−

−
−− NkIZU kkSk . (18.17) 

 
The solution of the problem for currents and voltages is formed by con-

secutive calculations by formulas (18.17), starting with known voltage value 
at the left-hand end of the line 00

~UU = . 
Now we will consider the problem with the generator at the right-hand 

end and with given loads knZ ,  at all other nodes and with the boundary 

condition at the left-hand end +++ −=−= 00,00,0 IZIZU nS . By repeating the 
transformations described above for the problem with the generator at the 
left-hand end, we obtain the formulas analogous to (18.17) 
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δ+δ

δ+δ
= +

−

+
−−

shch

chsh

1,,0
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,0, ; 

 NkIZU kkBXk ,1,, =−= −− ; 
knkBX

knkBX
kS

ZZ

ZZ
Z

,,

,,
,

+
= −

−
+ ; 

 )1(,1,, −=−= ++ NkIZU kkSk . (18.18) 
 
Now by means of formulas (18.17) and (18.18) one can obtain the solu-

tion of problems for the nodes represented in the fig. 18.3,a. By formulas 
(18.17) we get the solution of the problem for generator at the left-hand end 
and with the condition 06 =U  or 06, =−

SZ , that is equivalent with the 
short-circuit of the right-hand end. And by formulas (18.18) we solve the 
problem for generator at the right-hand end and with condition 00 =U  or 

00, =+
SZ , i.e. with short-circuited left-hand end. By virtue of linearity of the 

defining equations, the solution of the original problem turns out to be the 
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sum of solutions of two problems with one acting generator and short-
circuited end.  

The solution of the problems for nodes configurations represented in the 
fig. 18.3, b-d can be obtained analogically. The line is divided in tree sec-
tions: the first section – from the left-hand loaded end to the first generator, 
the second – the section between two generators, and the third – from the 
second generator to the right-hand loaded end. From the structure of the 
equations (18.7), (18.8) it is clear that at every section the solution is inde-
pendent on other sections. Thus, the problem can be solved by means of 
formulas (18.17), (18.18) for each of three sections. 

As an example we will consider the calculation of the generators active 
power and the loads for the problems schematically represented in the fig 
18.3. We set that at each line section the lineal parameters are the same (R = 
0.48, G = R/7), and all load resistances coincide with wave resistance of the 
line: kSZ ,  = 0Z . The voltage at the left-hand generator always is equal to 

unit, but at the right-hand generator it has the form δ= jeU , where δ is 
phase displacement. The total line length is equal to half-wave length l = 
0.5, and 2l1 = 2l2 = l3 = l4 = 2l5 = 2l6 = 1/8. 

In the tables 18.1–18.3 there are represented the values of generated Pgen 
and transmission Ptran powers, efficiency (η) and power factor (cos ϕ) for 
two parallel acting sources under the general loads (the generator powers are 
printed in bold). For the first variant of generator and load nodes location 
the maximal total power consumption Ptran = 1.0622 is reached under the 
synchronous action of generators (δ =0), whereas the maximal efficiency 
equal to 89.28% is reached when δ =2π/3, but it corresponds to smaller 
transmission: Ptran = 0.9219. 

If the nodes are placed as in the second variant, then the limiting values 
of transmission power as well as of the efficiency are obtained under the 
synchronous action of generators. The transmission power increases (in 
comparison with the previous variant) in two and a half times: Ptran = 
2.6338, and the efficiency increases up to 93.26%. In the third variant the 
efficiency remains approximately the same, but the transmission power goes 
down till the value Ptran = 2.0554. 

In the table 18.4 there are represented the values of generated and 
transmission powers in case when the second generator is disconnected. 
Here the most winning variant for limiting efficiency is the second one, but 
for maximal transmission power – the third one. 
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Thus, the generator locations and the order of their synchronization (deter-
mined by the phase displacement δ) influence sufficiently on power flows in the 
alternating voltage circuit. Even under the synchronized action of two genera-
tors the load power P3, placed at the equal distances from them, changes ap-
proximately in 3 times: from 0.2864 to 0.7556. In this way it becomes clear 
that the line action under the lumped loads can hardly be optimal one as from 
point of view of limiting efficiency values ensuring as well as of maximal 
transmission power values reaching. The main question here is the following: 
is it possible to set the load parameters in such a way as to increase the trans-
mission power and the efficiency simultaneously? Yes, of course. For exam-
ple, when Zn = {0.8048; 1.3031; 0.9124; 1.3016; 0.8047} we obtain Ptran = 
2.6369 and the efficiency equal to 93.47%. 

If the scheme of location of generator and load nodes has more compli-
cated topology (for example, as in the fig. 18.2), then the problem must be 
decomposed in the subproblems of the type considered above. The situation 
becomes greatly complicated if we consider the restricted (limited) generators 
powers. This problem still lies ahead to be formulated correctly and to be 
solved by means of tensor analysis methods for electrical circuits [57, 58]. 

As it follows from the table 18.1 the power factors of generators are 
wide of unit. This means the inadmissibly large reactive power values. Let’s 
remember that under the power factor less then 0.7071 the reactive power 
becomes even greater then generated active power.  

Let’s formulate the problem of minimization of generator nodes reactive 
power. For that let’s place the “bucking-out” systems (compensative ele-
ments) in the immediate vicinity of the voltage sources (see fig. 18.4). We 
suppose that the distances l1 and l8 are infinitesimal. 

 

Fig. 18.4. Connection of "bucking out" systems with resistances Zn1 = jXn1 and  
Zn7 = jXn7 with purpose to increase generator power factor till 1. 
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In this case the electrical circuit consists of 9 nodes and the system of 
equations (18.3) gets the form of system with 25 equations 

00
~UU = ; 1101,011011,0 chsh lIZlUIZ δ+δ−=− ; 

1111,011101,0 chsh lIZlUIZ δ+δ= − ; )( 111,1
+− −= IIZU n ; 

2212,022122,0 chsh lIZlUIZ δ+δ−= +− ; 2222,022212,0 chsh lIZlUIZ δ+δ= −+ ; 

)( 222,2
+− −= IIZU n ; 3323,033233,0 chsh lIZlUIZ δ+δ−= +− ; 

 3333,033323,0 chsh lIZlUIZ δ+δ= −+ ; )( 333,3
+− −= IIZU n ; 

 4434,044344,0 chsh lIZlUIZ δ+δ−= +− ; 

 4444,044434,0 chsh lIZlUIZ δ+δ= −+ ; )( 444,4
+− −= IIZU n ; 

 5545,055455,0 chsh lIZlUIZ δ+δ−= +− ;  (18.19) 

 5555,055545,0 chsh lIZlUIZ δ+δ= −+ ; )( 555,5
+− −= IIZU n ; 

 6656,066566,0 chsh lIZlUIZ δ+δ−= +− ; 

 6666,066656,0 chsh lIZlUIZ δ+δ= −+ ; )( 666,6
+− −= IIZU n ; 

 7767,077677,0 chsh lIZlUIZ δ+δ−= +− ; 

 7777,077767,0 chsh lIZlUIZ δ+δ= −+ ; )( 777,7
+− −= IIZU n ; 

 8878,088788,0 chsh lIZlUIZ δ+δ−= +− ; 

 8888,088878,0 chsh lIZlUIZ δ+δ=+ ; 88
~UU = . 

When 01 →l  and 08 →l  from relations (18.1), (18.2) we obtain the 

evident equalities: 01 II =− , 01 UU =  and 87 II =+ , 78 UU = . If we elimi-

nate from (18.19) the unknowns 0I , −
1I , 1U , 8I , +

7I  and 7U , then we ob-
tain the new system for 19 remained desired functions  

00
~UU = ; 2212,022022,0 chsh lIZlUIZ δ+δ−= +− ; 
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2222,022212,0 chsh lIZlUIZ δ+δ= −+ ; 

)( 222,2
+− −= IIZU n ; 3323,033233,0 chsh lIZlUIZ δ+δ−= +− ; 

 3333,033323,0 chsh lIZlUIZ δ+δ= −+ ; )( 333,3
+− −= IIZU n ; 

 4434,044344,0 chsh lIZlUIZ δ+δ−= +− ; 

 4444,044434,0 chsh lIZlUIZ δ+δ= −+ ; )( 444,4
+− −= IIZU n ; 

 5545,055455,0 chsh lIZlUIZ δ+δ−= +− ;  (18.20) 

 5555,055545,0 chsh lIZlUIZ δ+δ= −+ ; )( 555,5
+− −= IIZU n ; 

 6656,066566,0 chsh lIZlUIZ δ+δ−= +− ; 

 6666,066656,0 chsh lIZlUIZ δ+δ= −+ ; )( 666,6
+− −= IIZU n ; 

 7767,077677,0 chsh lIZlUIZ δ+δ−= +− ; 

 7777,077867,0 chsh lIZlUIZ δ+δ= −+ ; 88
~UU = . 

Let’s mention that the system (18.20) does not contain the current val-
ues I0 and I8, corresponding to the end points of the line. Thus the procedure 
of reactive power compensation can be realized in the following manner. At 
first we solve the system (18.20) by described above method. Then from the 
correlations between currents and voltages at the ends of the line  

 )( 101,0
+−= IIZU n ; )( 877,8 IIZU n −= −   (18.21) 

we determine the resistances of the compensative elements in accordance 
with the condition of equality to zero of the generated active power: 

 0)Im( *
000 == IUQ  and 0)Im( *

888 == IUQ .  (18.22) 

Now using the (18.21) we eliminate I0 and I8 and solve the obtained 
equations with regard to Zn1 = jXn1 and Zn7 = jXn7. In this way we obtain the 
explicit relations for reactive resistances of the compensative elements: 

 
[ ]

[ ]*
10

*
00

1
)(Im

Re
+

−=
IU

UU
X n ; 

[ ]
[ ]*

78

*
88

7
)(Im

Re
−

=
IU

UU
X n .  (18.23) 
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Then from the (18.21) we determine the currents I0 and I8, that give the zero 
value for generators reactive power.  

The reactive resistances, under which the generator power factors are 
equal to 1, are represented in the table 18.5. The reactive resistances here are 
of capacitive nature and under the synchronous action of the generators they 
get the equal values owing to symmetrical location of the loading nodes 
with respect to the middle of the line. If we remove the load locations mov-
ing them near the first generator (see table 18.6), then the compensative 
element for the second generator becomes of capacitive nature and the resis-
tance values change in an order depending on the synchronization angle δ 
(see table 18.6). 

Reducing the distance between the generators in 100 times (approxi-
mately 30 km in the real scale) we obtain the acceptable energy datum for 
power transmission only under δ = 0, when the line efficiency and the 
source power factor consist of more then three of nines (see table 18.7). If 
we try formally to apply the formulas (18.23) to determine the reactive re-
sistance of compensative elements, then we get the unwarrantable great in-
ductance values (see table 18.7), that has no any practical meaning. It is to 
mention, that under the unmatched load resistances (ZS = Z0/2) the effi-
ciency decreases slightly (in a third digit) and the power factors approximate 
to 1, so the compensative elements connection becomes unwarranted (see 
table 18.8). 

Let’s mention that variation of the values Zn1 and Zn7 does not change 
the values of the loads active powers because the currents and the voltages 
in the line do not depend on the current values at the generators I0 and I8, but 
depend on current values +

1I  and −
7I  at the input of compensative elements. 

The values of generators active powers also do not depend on I0 and I8 and, 
correspondingly, on Zn1 and Zn7 in view of following reasons. The genera-
tors active powers are calculated by the formulas 

 )Re( *
000 IUP =  and )Re( *

888 IUP = .  (18.24) 

Let’s express from (18.21) the values I0 and I8 through the +
1I , −

7I  and 
introduce them in (18.24). Then we get 
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 1,010 / nZUII += + ; [ ] =+== + *
1,010

*
000 )/(Re)Re( nZUIUIUP  

 [ ] [ ] =+= + *
1,

*
00

*
10 /Re)(Re nZUUIU  

 [ ] [ ]*
1,

2
0

*
10 /1Re)(Re nZUIU += + .  (18.25) 

 
If the compensative elements resistance is purely reactive, i.e. Zn,1 = 

jXn,1, then the second member in the (18.25) is equal to zero and we obtain 

[ ]*
100 )(Re += IUP , i.e. the generator active power depends only on +

1I  and 
does not depend on I0 and Zn,1. For the right-hand generator we obtain the 
analogical result owing to relation 7,878 / nZUII += − . 

Now at last let’s consider the model of two sinusoidal voltage sources 
synchronous action (δ = 0) under the general active-reactive load in the 
form of lumped RL – circuit: Zn = 40 + j⋅20 Ω. We will use the following 
parameters values: =0U =2U 27.5 kV; l = 40 km; BZ  = 387.7 Ω; a  = 
299 883 km/s; R  = 0.2 Ω/km; G  = 56 nS/km. The variable x in the table 
18.9 denotes the distance from the receiver to the left-hand generator. Such 
given data are characteristic for traction circuit of the railway alternating 
current electrified transport where the moving load (electric locomotive) can 
change not only in time, but can move in space with determined velocity. 

All alternating current electrical receivers are, as a rule, consumers of 
active and of reactive powers at the same time, at that only the electric 
power station generators serve as an active power sources. The presence of 
the reactive elements in the moving load causes the power factor decrease 
and, correspondingly, generated reactive power increase, which often is 
comparable with generated active power. 

In the considered variant the origin generators power factors vary from 
0.87 to 0.91, but the generated reactive power forms nearly 50% from the 
active power. Connection of the capacitive nature compensative elements 
with the power equal to the reactive power of the supply generators elimi-
nates completely the phase displacement between the current and voltage. 

As it follows from presented results, the greatest losses of the active and 
the reactive powers as well as of the phase voltage occur in case when the 
receiver is equidistant from the sources. The voltage decrease at the load in 
this case reaches UΔ  = 2 kV, that is with 7% greater then nominal value 
(fig. 18.5). This is the reason to calculate the losses of active and of reactive 
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powers even for so short lines (l = 40 km) by exact formulas presented in the 
paragraph 6. 

 

 
 
Fig. 18.5. Voltage and current modules distribution along line under the load Zn = 
40 + j⋅20 Ω located at the points x = 2; 10; 20 km (curves 1-3). 

 
The location of unmatched active-inductive load Zn = 40 + j⋅20 Ω influ-

ences essentially on the reactive power value, which changes more then in 6 
times: lQ  =0.1010 MVAr when x =2 km and lQ = 0.6165 MVAr when x = 
20 km. If the load has matched capacitive nature Zn = Z0 = 399.56 – j⋅88.69 
Ω, then this energy datum becomes less in an order and the voltage fluctua-
tions are marked only in second significant digit (table 18.10). The match of 
the load insures the efficiency greater than 99%, independently on its loca-
tion between two supply substations.  

If we double the longitudinal active resistance and the transverse 
leakance: R  = 0.4 Ω /km; G  = 120 nS/km, then we obtain the results repre-
sented in the tables 18.11, 18.12. When x = 20 km the voltage at the load 
decreases till 24.46 kV, and the thrust loading decreases till 6 MW, whereas 
in the previous variant it comes to 6.46 MW. 

In the table 18.13 we represent the calculations for the case when l = 
= 50 km; Zn = 530 + j⋅460 Ω; R  = 0.364 Ω/km; G  = 0, and the load con-
sumes approximately 0.4 MW of the active power and 0.35 MVAr of reac-
tive power. In this case the losses of power and of phase voltage are insig-
nificant and they can be neglected. Only the generated reactive power de-
pends essentially on the load location. In this case it is necessary to regulate 
compensative elements resistances (as to compensate the generated reactive 
power). 
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CHAPTER III 

TRANSIENT AND STEADY-SATE REGIMES UNDER 
THE IDEAL TRANSFORMERS CONNECTED TO THE 
LINE 

 
The connection to the line of the ideal transformers (when sinks or addi-

tional electromagnetic energy sources are missed) is considered in this chap-
ter. There are for the first time formulated the problems connected with the 
increase of transmission power and of efficiency by means of transformers. 
The methods of these problems solving are indicated.  

19. Transformer connection to an arbitrary point of line 
 
The exact solution for undistorting line with linear parameters LR γ= , 

CG γ=  in accordance with method of characteristics can be represented in 
the form of traveling waves with dissipative factor  

 
 );( atxei t ±ψ= γ−  BZatxeu t /)( ±ψ±= γ− . (19.1) 

 
It follows from (19.1) that the invariants of the original hyperbolic sys-

tem of equations (1.1) keep the constant values along the straight lines 
adtdx ±=/ , called characteristics 

 
 constaCuieI t =±≡ γ−± )( . 

 
Let’s obtain the exact solution for homogeneous line with resistance SR  

at the receiving end 
 

 iRu S=  when 0, >= tlx  . (19.2) 
 

Consider the case when at the input of the line the voltage is given as an ar-
bitrary function of time 
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 )(0 tuu =  when 0,0 >= tx . (19.3) 

 
Now let the ideal transformer is connected to the point of the line with 

the coordinate lxx n ε== , 10 <ε< . This connection can be simulated by 
the following boundary conditions: 

 
  −+ −= kuu , */ kii −+ −= ,  (19.4) 
 
where k  and *k  are the transformer ratios (or turns ratios). 

We will consider only the case when these ratios are equal: k  = *k . 
Then at the point nxx =  the continuity condition of power instantaneous 
values by space coordinate x is fulfilled: 

 
 ++−− = uiui  when nxx = . 

 
It means that at the connection point the additional energy source or its 

sink is missed.  
Using the relations on characteristics with positive and negative slopes 

adtdx ±=/  and the conjunction condition (19.4) at the point 1lx =  for 

1,121 ),min(0 tt =ΔΔ<≤ , we obtain the system of four equations with re-

spect to four unknowns +−+− uuii ,,,  
 

 ;0;0 =+=− −−++ aCuiaCui  
 
 −++− −=−= kuukii , , 

 
from which the zero solution results 
 
 .0==== −−++ uiui  
 

Here we denote by al /,, 2121 =Δ+Δ=ΔΔΔ  the times of electromag-
netic wave run along the line intervals with lengths llll )1(, 21 ε−=ε=  and 
l correspondingly. 
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Further we use the relations on characteristics with negative slope 
adtdx −=/ , the zero initial data 0== ui  when 0=t , the values 

0==== −−++ uiui  when 1lx =  and the boundary condition (19.3). As a 
result at the left-hand end of the line 0=x  we get the system of two equa-
tions with respect to two unknown functions  

 
 0;0 uuaCui ==− , 
 
the solution of which can be easily determined  

 
 0

0
10

0
1 , uuaCui ==  when 1,0120,0 ttx =Δ≤<= . 

 
Evidently, at the points 1,0, lttlx =Δ<<=  we have the trivial solution 

under the zero initial data  
 

 011 == ll ui . 
 

To obtain the solution for 0=x , 1,0tt >  and lx = , 1,ltt >  it is neces-
sary to consider the solution behavior when 1lx = . 

Using the relations on characteristics with positive and negative slopes 
adtdx ±=/  and the conjunction condition (19.4) at the point 1lx =  for 

1,121 ),min(0 tt =ΔΔ<≤ , we obtain the system of four equations with re-

spect to four unknowns +−+− uuii ,,, : 
 

 ( ) );()()( 12121
2 tBetaCutiaCui ll +Δγ−++ ≡Δ−−Δ−=−  

 
 ( ) );()()( 11

0
11

0
1

1 tBetaCutiaCui −Δγ−−− ≡Δ−+Δ−=+  (19.5) 
 
 −++− −=−= kuukii , . 
 

This system reduces to the system of two equations  
 

 )(1 tBkaCui +−+ =+ , 
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 )(1 tBaCuki −−+ =+− . (19.6) 
 
Now we can obtain the desired functions when 1lx = , <≤ tt 1,1  

2,121,11,0 ),min( ttt l =Δ+Δ+< : 
 

 [ ] +−−++ −=−
+

= 111121 ,)()(
1

1 kiitkBtB
k

i , 

 

 [ ] −++−− −=+
+

= 111121 ,)()(
)1(

1 kuutkBtB
kaC

u . (19.7) 

 
Let’s determine the solution when 0=x , 2,01,0 ttt <≤  and lx = , 

2,1, ll ttt <≤ . According to the relations on characteristics adtdx ±=/  and 
the boundary conditions (19.2), (19.3) we get the system of two equations 
with respect to two unknowns: 

 
 ( ) );()()(:0 0

21111
1 tAetaCutiaCuix ≡Δ−−Δ−=−= Δγ−−−  

 
 )(0 tuu = . (19.8) 
 
 ( ) );()()(: 22121

2 tAetaCutiaCuilx l≡Δ−+Δ−=+= Δγ−++  
 iRu S= . (19.9) 
 

Solving the systems (19.8) and (19.9) we determine the unknown func-
tions 0

2i , 0
2u  at the time interval 2,011,11,0 tttt =Δ+<≤  and li2 , lu2  for 

2,21,11, ll tttt =Δ+<≤ : 
 

 )(),( 0
2

0
2

0
20

0
2 tAaCuituu +== , (19.10) 

 

 )(
1

),(
1

1
222

0
2 tA

aCR
R

utA
aCR

i lll

S

S

S +
=

+
=  . (19.11) 
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Further, using the relations on characteristics with positive and negative 
slopes adtdx ±=/  and the conjunction condition (19.4) at the point 1lx =  
for 1,121 ),min(0 tt =ΔΔ<≤ , we get the system of four equations with re-

spect to four unknowns +−+− uuii ,,, : 
 

 ( ) );()()( 22222
2 tBetaCutiaCui ll +Δγ−++ ≡Δ−−Δ−=−  

 
 ( ) );()()( 21

0
21

0
2

1 tBetaCutiaCui −Δγ−−− ≡Δ−+Δ−=+  
 
 −++− −=−= kuukii , . (19.12) 
 

From this system we obtain the solution when 1lx =  for 

3,122,12,02,1 ),min( ttttt l =Δ+Δ+<≤ : 
 

 [ ] +−−++ −=−
+

= 222222 ,)()(
1

1 kiitkBtB
k

i , 

 

 [ ] −++−− −=+
+

= 222222 ,)()(
)1(

1 kuutkBtB
kaC

u . (19.13) 

 
Now let’s determine the solution when 0=x , 3,02,0 ttt <≤  and lx = , 

3,2, ll ttt <≤ . According to the relations on characteristics adtdx ±=/  and 
the boundary conditions (19.2), (19.3) we obtain the system of two equa-
tions with respect to two unknowns: 

 
 ( ) );()()(:0 0

31212
1 tAetaCutiaCuix ≡Δ−−Δ−=−= Δγ−−−  

 
 )(0 tuu = . (19.14) 
 
 ( ) );()()(: 32222

2 tAetaCutiaCuilx l≡Δ−+Δ−=+= Δγ−++  
 
 iRu S= . (19.15) 
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Solving the systems (19.14) and (19.15) we determine the unknown 
functions 0

3i , 0
3u  for 3,012,12,0 tttt =Δ+<≤  and li3 , lu3  for <≤ ttl 2,  

3,22,1 ltt =Δ+< : 
 

 )(),( 0
3

0
3

0
30

0
3 tAaCuituu +== , (19.16) 

 

 )(
1

),(
1

1
333

0
3 tA

aCR
R

utA
aCR

i lSll

SS +
=

+
=  . (19.17) 

 
Continuing this procedure we can obtain the solution for any time mo-

ment 0>t . 
As an example let’s cite some exact solutions for undistorting line with 

parameters: L = C = a = BZ  = 1; Δ= 35.01l ; 0≥γ  under the sinusoidal 
voltage of the feeding generator: )2sin(0 tu π= . 

 
19.1. Current and voltage at the sending end of the line 0=x :  

 

0
0
1

0
1 sin tiu ==  when Δ≤< 7.00 t ; tt π= 20 , 

 

0
0
2 sin tu = , 7

70
1

0
2 sin2 tyEii +=  

when Δ≤<Δ 4.17.0 t ; )7.0(27 Δ−π= tt , 
 

0
0
3 sin tu = ; 14

1420
2

0
3 sin2 tEyii +=  

when Δ≤<Δ 0.24.1 t ; )4.1(214 Δ−π= tt , 
 

0
0
4 sin tu = ; 20

2020
3

0
4 sin)1(2 tEyzii −−=  

when Δ≤<Δ 1.20.2 t ; )0.2(220 Δ−π= tt , 
 

0
0
5 sin tu = ; 21

2130
4

0
5 sin2 tEyii +=  

when Δ≤<Δ 7.21.2 t ; )1.2(221 Δ−π= tt , 
 

0
0
6 sin tu = ; 27

2720
5

0
6 sin)1(4 tEyzyii −−=  

when Δ≤<Δ 8.27.2 t ; )7.2(227 Δ−π= tt , 
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0
0
7 sin tu = ; 28

2840
6

0
7 sin2 tEyii +=  

when Δ≤<Δ 3.38.2 t ; )8.2(228 Δ−π= tt , 
 

0
0
8 sin tu = ; 33

33220
7

0
8 sin)1(2 tEyyzii −−=  

when Δ≤<Δ 4.33.3 t ; )3.3(233 Δ−π= tt , 
 

0
0
9 sin tu = ; 34

34220
8

0
9 sin)1(6 tEyzyii −−=  

when Δ≤<Δ 5.34.3 t ; )4.3(234 Δ−π= tt , 
 

0
0
10 sin tu = ; 35

3550
9

0
10 sin2 tEyii +=  

when Δ≤<Δ 0.45.3 t ; )5.3(235 Δ−π= tt , 
 

0
0
11 sin tu = ; 40

402220
10

0
11 sin)13)(1(2 tEyyzii −−−=  

when Δ≤<Δ 1.40.4 t ; )0.4(240 Δ−π= tt , 
 

0
0
12 sin tu = ; 41

41230
11

0
12 sin)1(8 tEyzyii −−=  

when Δ≤<Δ 2.41.4 t ; )1.4(241 Δ−π= tt , 
 

0
0
13 sin tu = ; 42

4260
12

0
13 sin2 tEyii +=  

when Δ≤<Δ 6.42.4 t ; )2.4(242 Δ−π= tt , 
 

0
0
14 sin tu = ; 46

462230
13

0
14 sin)1(2 tEyyzii −−=  

when Δ≤<Δ 7.46.4 t ; )6.4(246 Δ−π= tt , 
 

0
0
15 sin tu = ; 47

472220
14

0
15 sin)12)(1(6 tEyyyzii −−−=  

when Δ≤<Δ 8.47.4 t ; )7.4(247 Δ−π= tt , 
 

0
0
16 sin tu = ; 48

48240
15

0
16 sin)1(10 tEyzyii −−=  

when Δ≤<Δ 9.48.4 t ; )8.4(248 Δ−π= tt , 

0
0
17 sin tu = ; 49

4970
16

0
17 sin2 tEyii +=  

when Δ≤<Δ 3.59.4 t ; )9.4(249 Δ−π= tt , 
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0
0
18 sin tu = ; 53

532230
17

0
18 sin)12)(1(4 tEyyyzii −−−=  

when Δ≤<Δ 4.53.5 t ; )3.5(253 Δ−π= tt , 
 

0
0
19 sin tu = ; 54

5422220
18

0
19 sin)35)(1(4 tEyyyzii −−−=  

when Δ≤<Δ 5.54.5 t ; )4.5(254 Δ−π= tt , 
 

0
0
20 sin tu = ; 55

55250
19

0
20 sin)1(12 tEyzyii −−=  

when Δ≤<Δ 6.55.5 t ; )5.5(255 Δ−π= tt , 
 

0
0
21 sin tu = ; 56

5680
20

0
21 sin2 tEyii +=  

when Δ≤<Δ 9.56.5 t ; )6.5(256 Δ−π= tt , 
 

0
0
22 sin tu = ; 59

592340
21

0
22 sin)1(2 tEyyzii −−=  

when Δ≤<Δ 0.69.5 t ; )9.5(259 Δ−π= tt ., 
 

Here 
BS

BS

ZR
ZR

z
+
−

= , 
1
1

2

2

+
−=

k
ky , )1( zyyz += , 10/Δγ−= eE . 

 
19.2. Current and voltage at the end of the line lx = :  
 

022 == ll iu  when Δ≤< 0.10 t , 
 

ll i
z
zu 22 1

1
−
+= ; 10

102
2 sin1)1( tEyzil −−=  

when Δ≤<Δ 7.10.1 t ; )0.1(210 Δ−π= tt , 
 

ll i
z
zu 33 1

1
−
+= ; 17

172
23 sin1)1( tEyyzii ll −−+=  

when Δ≤<Δ 3.27.1 t ; )7.1(217 Δ−π= tt , 
 

ll i
z
zu 44 1

1
−
+= ; 23

232
34 sin1)1( tEyzyzii ll −−+=  

when Δ≤<Δ 4.23.2 t ; )3.2(223 Δ−π= tt , 



 303 

ll i
z
zu 55 1

1
−
+= ; 24

2422
45 sin1)1( tEyyzii ll −−+=  

when Δ≤<Δ 0.34.2 t ; )4.2(224 Δ−π= tt , 
 

ll i
z
zu 66 1

1
−
+= ; 30

3022
56 sin)12(1)1( tEyyzzii ll −−−+=  

when Δ≤<Δ 1.30.3 t ; )0.3(230 Δ−π= tt , 
 

ll i
z
zu 77 1

1
−
+= ; 31

3123
67 sin1)1( tEyyzii ll −−+=  

when Δ≤<Δ 6.31.3 t ; )1.3(231 Δ−π= tt , 
 

ll i
z
zu 88 1

1
−
+= ; 36

36222
98 sin1)1( tEyyzzii ll −−+=  

when Δ≤<Δ 7.36.3 t ; )6.3(236 Δ−π= tt , 
 

ll i
z
zu 99 1

1
−
+= ; 37

3722
89 sin)23(1)1( tEyyzyzii ll −−−+=  

when Δ≤<Δ 8.37.3 t ; )7.3(237 Δ−π= tt , 
 

ll i
z
zu 1010 1

1
−
+= ; 38

2824
910 sin1)1( tEyyzii ll −−+=  

when Δ≤<Δ 3.48.3 t ; )8.3(238 Δ−π= tt , 
 

ll i
z
zu 1111 1

1
−
+= ; 43

43222
1011 sin)23(1)1( tEyyyzzii ll −−−+=  

when Δ≤<Δ 4.43.4 t ; )3.4(243 Δ−π= tt , 
 

ll i
z
zu 1212 1

1
−
+= ; 44

44222
1112 sin)34(1)1( tEyyzyzii ll −−−+=  

when Δ≤<Δ 5.44.4 t ; )4.4(244 Δ−π= tt , 
 

ll i
z
zu 1313 1

1
−
+= ; 45

452
1213 sin1)1( tEyyzii ll −−+=  

when Δ≤<Δ 9.45.4 t ; )5.4(245 Δ−π= tt , 
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ll i
z
zu 1414 1

1
−
+= ; 49

49233
1314 sin1)1( tEyyzzii ll −−+=  

when Δ≤<Δ 0.59.4 t ; )9.4(249 Δ−π= tt , 
ll i

z
zu 1515 1

1
−
+= ; 

 50
502422

1615 sin)166(1)1( tEyyyzzii ll +−−−+=  
when Δ≤<Δ 1.50.5 t ; )0.5(250 Δ−π= tt , 

 
ll i

z
zu 1616 1

1
−
+= ; 51

51223
1516 sin)45(1)1( tEyyzyzii ll −−−+=  

when Δ≤<Δ 2.51.5 t ; )1.5(251 Δ−π= tt , 
 

ll i
z
zu 1717 1

1
−
+= ; 52

5226
1617 sin1)1( tEyyzii ll −−+=  

when Δ≤<Δ 6.52.5 t ; )2.5(252 Δ−π= tt , 
 

ll i
z
zu 1818 1

1
−
+= ; 56

562223
1718 sin)34(1)1( tEyyyzzii ll −−−+=  

when Δ≤<Δ 7.56.5 t ; )6.5(256 Δ−π= tt , 
 

ll i
z
zu 1919 1

1
−
+= ; 

 57
572422

1819 sin)31210(1)1( tEyyyyzzii ll +−−−+=  
when Δ≤<Δ 8.57.5 t ; )7.5(257 Δ−π= tt , 

 
ll i

z
zu 2020 1

1
−
+= ; 58

58224
1920 sin)56(1)1( tEyyzyzii ll −−−+=  

when Δ≤<Δ 9.58.5 t ; )8.5(258 Δ−π= tt , 
 

ll i
z
zu 2121 1

1
−
+= ; 59

5927
2021 sin1)1( tEyyzii ll −−+=  

when Δ≤<Δ 0.69.5 t ; )9.5(259 Δ−π= tt . 
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19.3. Quasisteady-state current and voltage forms for undistorting line 
 
Let’s obtain the closed formulas for currents, voltages and for average 

power in the steady-state regime (so named quasisteady-state forms) apply-
ing the following approach. Let’s suppose that the wave propagation pro-
cess starts at the infinitely far in time point −∞=t , and by the time moment 

0=t  the wave motion becomes already steady-state. We will look for the 
solution at the beginning of the line 0=x  and at the end of the line lx =  in 
the following form 

 
)2sin(),0(,2sin)(),0(:0 110 ϕ+π=π=== tAtitUtutux  (19.18) 

 
)2sin()(),2sin()(: 2222 ϕ+π=ϕ+π== tAtitARtulx S . (19.19) 

 
Here U is given amplitude of the sinusoidal voltage, 21, AA  and 21,ϕϕ  are 
unknown amplitudes and phases. These unknown values we will determine 
starting from the condition that after the wave (19.18) reflection from the 
receiving end lx =  and after wave (19.19) reflection from the loaded end 

0=x  the current forms remain permanent sinusoidal. But it is necessary to 
take into account the appearance of the waves reflected from the conjunc-
tion point 1llxx n =ε== , 10 <ε< . 

According to the formulas (19.5) the values −i , +i , −u  and +u  can be 
determined from the system  

 
( ) );()()( 2

22 tBetaCutiaCui ll +Δγ−++ ≡Δ−−Δ−=−  
 

( ) );()()( 1
1

0
1

0 tBetaCutiaCui −Δγ−−− ≡Δ−+Δ−=+  (19.20) 
 
 −++− −=−= kuukii , . 
 

Here we denote by al /,, 2121 =Δ+Δ=ΔΔΔ  the times of electromag-
netic wave run along the line intervals with lengths llll )1(, 21 ε−=ε=  and 
l correspondingly. 

This system reduces to the system of two equations  

 )(tBkaCui +−+ =+ , )(tBaCuki −−+ =+− . (19.21) 
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Solving the last system we obtain the solution when llx ε== 1 : 
 

 [ ] +−−++ −=−
+

= kiitkBtB
k

i ,)()(
1

1
2 , 

 

 [ ] −++−− −=+
+

= kuutkBtB
kaC

u ,)()(
)1(

1
2 . (19.22) 

 
Substituting the expressions (19.18), (19.19) in the (19.20) we get 
 

 2))(2sin()1()( 222
Δγ−+ ϕ+Δ−π−= etaCRAtB S ; 

 
 [ ] 1))(2sin())(2sin()( 1111

Δγ−− Δ−π+ϕ+Δ−π= etaCUtAtB . 
 
In accordance with the (19.22) we obtain 

 

[ ] −ϕ+Δ−π−
+

= Δγ−+ 2))(2sin()1(
1

1)( 2222 etaCRA
k

ti S  

 

[ ] 1))(2sin())(2sin(
1

11112
Δγ−Δ−π+ϕ+Δ−π

+
− etaCUtA

k
k ; 

 
)()( tkiti +− −= ; 

 

[ +ϕ+Δ−π
+

=− ))(2sin(
)1(

1)( 1112
tA

kaC
tu  

 
 ] +Δ−π+ Δγ− 1))(2sin( 1 etaCU  
 

 2))(2sin()1(
)1(

2222
Δγ−ϕ+Δ−π−

+
+ etUaCRA

kaC
k

S ; 

 
)()( tkutu −+ −= .  (19.23) 
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Further, we determine the current and voltage at the points 0=x  and 
lx =  by formulas (19.8), (19.9)  
 

 ( ) 1)()(:0 11
Δγ−−− Δ−−Δ−+== etaCutiaCuix ; 

 
 )(0 tuu = . (19.24) 
 
 ( ) 2)()(: 22

Δγ−++ Δ−+Δ−=+= etaCutiaCuilx ; 
 
 iRu S= . (19.25) 
 

Thus, after two reflections the current at the sending end of the line 
0=x  takes the form  
 

−π= taCUti 2sin)(  
 

 +ϕ+Δ−π−
+

− Δγ− ))(2sin()1(
1

2
222 taCReA

k
k

S  

 

 
⎢
⎢
⎣

⎡
+ϕ+Δ−π

+
−+ ))2(2sin(

1
1

1112

2
tA

k
k  

 

 12
12

2
))2(2sin(

1
1 Δγ−

⎥
⎥
⎦

⎤
Δ−π

+
−+ et

k
kaCU . (19.26) 

 
It is convenient to introduce the following notations  

 

 
2

tg,, 2 α==
+
−= Δγ−

γ kzez
ZR
ZRz

BS

BS , 

 

 ,sin1
1

2,cos
1
1 2

22

2
α=−=

+
α−=

+
−= y

k
k

k
ky  (19.27) 

 
 Δγ−

γγ
Δγ−

γ +=+== ezyzyyyey z )1()1(, . 
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Then the formula (19.26) can be rewritten in the form 
 

+ϕ+Δ−π
−

α+π= Δγ− ))(2sin(
1

sin22sin)( 22 teA
z

ztaCUti  

 
 [ +ϕ+Δ−πα+ ))2(2sin(cos 111 tA  
 
 ] 12

1))2(2sin( Δγ−Δ−π+ etaCU . (19.28) 
 
At the right-hand end of the line lx =  from (19.25) we obtain 
 

−ϕ+Δ−π
+
−

⋅
+
−−= Δγ− ))2(2sin(

1
1

1
1)( 22

2
22

2
2 teA

aCR
aCR

k
kti

s

s  

 

 [ +ϕ+Δ−π
+

⋅
+

− ))(2sin(
1

1
1

2
112 tA

aCRk
k

s
 

 
 ] Δγ−Δ−π+ etaCU ))(2sin( . 
 
Or taking into consideration the notations (19.27) finally we get 
 

−ϕ+Δ−πα−= Δγ− ))2(2sin(cos)( 22
2

2
2 teAzti  

 

 [ +ϕ+Δ−πα−− ))(2sin(
2

sin)1(
11 tAz  

 
 ] Δγ−Δ−π+ etaCU ))(2sin( . (19.29) 

 
Now to determine the parameters 1A , 2A , 1ϕ , 2ϕ  we equate the rela-

tions (19.18), (19.19) with (19.28), (19.29): 
 

+π=ϕ+π taCUtA 2sin)2sin( 11  
 

 +ϕ+Δ−π
−

α+ Δγ− ))(2sin(
1

sin2
22 teA

z
z  
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 [ ] 12
1111 ))2(2sin())2(2sin(cos Δγ−Δ−π+ϕ+Δ−πα+ etaCUtA ; 

 
−ϕ+Δ−πα−=ϕ+π Δγ− ))2(2sin(cos)2sin( 22

2
222

2 teAztA  
 

 [ ] Δγ−Δ−π+ϕ+Δ−πα−− etaCUtAz ))(2sin())(2sin(
2

sin)1(
11 . 

 
As these equalities are to fulfill for any t, then equating the coefficients 

of tπ2sin  with the coefficients of tπ2cos , we obtain the following system 
of four equations with respect to unknowns 1A , 2A , 1ϕ , 2ϕ : 

 

−ϕ−Δπ
−

α+=ϕ Δγ− )2cos(
1

sin2cos 2211 eA
z

zaCUA  

 
 )4cos(cos)4cos(cos 1

2
11

2
1

11 Δπα−ϕ−Δπα− Δγ−Δγ− aCUeeA ; 
 

+ϕ−Δπ
−

α−=ϕ Δγ− )2sin(
1

sin2sin 2211 eA
z

zA  

 
 )4sin(cos)4sin(cos 1

2
11

2
1

11 Δπα+ϕ−Δπα+ Δγ−Δγ− aCUeeA ; 
 

−ϕ−Δπα−=ϕ Δγ− )4cos(coscos 22
2

222
2eAzA  

 

 −ϕ−Δπα−− Δγ− )2cos(sin
2

1
11eAz  

 

 )2cos(sin
2

1 Δπα−− Δγ−ezaCU ; (19.30) 

 
+ϕ−Δπα=ϕ Δγ− )4sin(cossin 22

2
222

2eAzA  
 

 +ϕ−Δπα−+ Δγ− )2sin(sin
2

1
11eAz  
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 )2sin(sin
2

1 Δπα−+ Δγ−ezaCU . 

 
After the notations 

 111 sin)/( ϕ= aCUAy , 112 cos)/( ϕ= aCUAy , 
 
 223 sin)/( ϕ= aCUAy , 224 cos)/( ϕ= aCUAy  , 
 
the system (19.30) transforms to the following system of linear algebraic 
equations 

 
 FyG = ,  (19.31) 
where 

 

 

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

−+ΔπΔπ−
+Δπ−Δπ−

Δπ−Δπ−+
ΔπΔπ+

=

22

22

11

11

12sin2cos
12cos2sin

2sin2cos1
2cos2sin1

sc

cs

sc

cs

zYzYBB
zYzYBB

DDYY
DDYY

G ; 

 
 Tyyyyy ),,,( 4321= ; T

sc BBYYF )2sin,2cos,,1( 11 Δπ−Δπ−= ; 
 

 Δγ−Δγ− −−
=α−= e

zy
ezB

2
)1(1

sin
2

1 2
; 

 

 Δγ−Δγ−

−
−

=
−

α= e
z

yz
e

z
zD

1
12

1
sin2 2

; 

 
 1

2
1

2
1 4sin4sincos 11 Δπ−=Δπα= Δγ−Δγ− yeeYs ; 

 
 1

2
1

2
1 4cos4coscos 11 Δπ−=Δπα= Δγ−Δγ− yeeYc ; 

 
 2

2
2

2
2 4sin4sincos 22 Δπ−=Δπα= Δγ−Δγ− yeeYs ; 
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 2
2

2
2

2 4cos4coscos 22 Δπ−=Δπα= Δγ−Δγ− yeeYc . 
 

The solution of the system (19.31) can be represented in the form  
=ϕ= 111 sinAy  

 ( )[ +Δπα++Δπ= Δγ−
γ

Δγ−
γ 1

22 4sincos4sin2
21 ezzez

Zn
aCU  

 
 ])(4sincos 21

2 Δ−Δπα+ γz ; 
 

=ϕ= 112 cosAy  
 

 ( )[ −−+−= Δ−ΔγΔ−Δγ
γγ

)(2)(2222 12211 eezyz
Zn

aCU  

 
 ( ) ]2

4)( 4cos12 121 Δπ−− Δγ−Δ−Δγ
γ eezy ; 

 
=ϕ= 223 sinAy  

 

 [ +Δπ−α−= γ

Δγ−
2sin)1(sin)1( z

Zn
ezaCU  

 
 ( ) ])(2sin1cos 21

)(22 211 Δ−Δπ−α+ Δ−ΔγΔγ− zee ; 
 

=ϕ= 224 cosAy  
 

 [ +Δπ+α−= γ

Δγ−
2cos)1(sin)1( z

Zn
ezaCU  

 
 ( ) ])(2cos1cos 21

)(22 211 Δ−Δπ+α+ Δ−ΔγΔγ− zee ; (19.32) 
 

[ ++α++Δπ+= Δ−ΔγΔγ−
γγ

)(42422 211 1cos4cos21 ezezzZn  
 
 ]+Δ−Δπ+ Δ−Δγ )(4cos2 21

)(2 21ze  
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 ( ) ( )[ ]2
4

1
422 4cos14cos1cos2 121 Δπ++Δπ+α+ Δγ

γ
Δγ−Δγ− ezeze . 

 
Now from (19.32) after some transformations we obtain the formulas 

for amplitudes 1A , 2A  and phases 1ϕ , 2ϕ : 

⎩⎨
⎧
⎢⎣
⎡ ++Δπ−= γγ

2
1 4cos21 zzaCUA  

 
 ( )+Δπ+−Δπ++ Δγ

γ
Δγ−Δγ−

2
4

1
422 4cos)1(4cos)1(2 121 ezezye  

 

 ( ) 2/1
21

)(2)(4242 )(4cos21 21211

⎭⎬
⎫

⎥⎦
⎤Δ−Δπ−++ Δ−ΔγΔ−ΔγΔγ− Znzeezey ; 

 

( )⎢⎣
⎡ +Δπ+−Δπ=ϕ Δγ−

γ
Δγ−

γ 1
22

1 4sin4sin2tg 21 yezzez  

 
 ] [ +−Δ−Δπ+ γγ

2
21

2 1/)(4sin zyz  
 
 ( )−−+ Δ−ΔγΔ−Δγ

γ
)(2)(222 1221 eezy  

 

 ( ) ⎥⎦
⎤Δπ−− Δγ−Δ−Δγ

γ 2
4)( 4cos12 121 eezy ; (19.33) 

Zn
ezyaCUA

Δγ−−−=
222

2
)1)(1( ; 

 
=ϕ2tg  

 
( )
( ) )(2cos12cos)1(

)(2sin12sin)1(

21
)(22

21
)(22

211

211

Δ−Δπ+−Δπ+

Δ−Δπ−−Δπ−
= Δ−ΔγΔγ−

γ

Δ−ΔγΔγ−
γ

zeyez

zeyez
. (19.34) 

 
Hence, the quasisteady-state forms for currents and voltages look like 

the (19.18) and (19.19), where the amplitudes and phases are defined by 
formulas (19.33) and (19.34). To obtain the average power it is necessary to 
integrate the currents and voltages product by the unit time interval: 
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=ϕ+ππ== ∫∫
1

0
11

1

0
0 )2sin()2sin(),0(),0( dtttUAdttituP  

 

 ( )[ −−+−=
ϕ

= Δ−ΔγΔ−Δγ
γγ

)(2)(2222
2

1
1

12211
22

cos eezyz
Zn

aCUUA  

 

 ( ) ⎥⎦
⎤Δπ−− Δγ−Δ−Δγ

γ 2
4)( 4cos12 121 eezy ; (19.35) 

 

==ϕ+π== ∫∫ 2
)2(sin),(),(

2
2

1

0
2

22
2

1

0
1

AR
dttARdttlitluP s

s  

 

 
Zn

eyzaCU
2

)1)(1( 2222 Δγ−−−= ; (19.36) 

 
 Δγ−

γγ
Δγ−

γ
Δγ−

γ +=+=== ezyzyyyeyzez z )1()1(,,2 . 
 

The efficiency is calculated as 01 / PP=η  or 
 

( )⎢⎣
⎡ −−+−−−=η Δ−ΔγΔ−Δγ

γγ
Δγ− )(2)(2222222 12211)1)(1( eezyzeyz  

 

 ( ) ⎥⎦
⎤Δπ−− Δγ−Δ−Δγ

γ 2
4)( 4cos12 121 eezy . (19.37) 

 
In case when 0=γ  the average power takes the form  

 

== 10 PP { +−−=−− 111
2
1

2
11 222

22
2 ))(())(( yzaCU

Zn
yzaCU  

 

 [ ]−Δ−Δπ++++Δπ+ )(4cos214cos2 21
222 zzyzz  

 

 ( )[ ] }21
2 4cos24cos12 Δπ+Δπ+− zzy . (19.38) 
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19.4. Quasisteady-state current and voltage forms for line with arbi-
trary losses 

 
If the steady state process is considered then we can apply the equations 

of steady-state regime in hyperbolic functions. Let’s denote as before the 
complex amplitudes of voltages and currents at the input-output of the elec-
trical circuit by 00 , IU , 11, IU , and at the conjunction point (where the 

ideal transformer is connected) by −+ −= kUU , +− −= kII . In accordance 
with complex amplitude method (1.5) for the fist section of the line 

10 lx ≤≤  we can write down the equalities 
 

)(sh)(ch 10010 lZIlUU δ−δ=− , )(ch)(sh 101
0

0 lIl
Z
U

I δ+δ−=− . (19.39) 

 
Using the relation 00 IZU BX=  we get 
 

[ ] 0101 )(sh)(ch IlZlZU BX δ−δ=− ,  

 [ ]
0

0
101 )(ch)(sh

Z
I

lZlZI BX δ+δ−=− . (19.40) 

 
For the second section of the line lllxl =+≤≤ 211  we have 

 

)(sh)(ch 20121 lZIlUU δ+δ=+ , )(ch)(sh 212
0

1 lIl
Z
UI δ+δ=+  (19.41) 

 
or according to relation 11 IZU S=  

 
 [ ] 1202 )(sh)(ch IlZlZU S δ+δ=+ , 
 

 [ ]
0

1
202 )(ch)(sh

Z
IlZlZI S δ+δ=+ . (19.42) 

 
Applying the conjunction conditions when 1lx =  
 

 −+ −= kUU , +− −= kII , (19.43) 
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from (19.41) and (19.43) we obtain 
 
[ ] [ ] 01011202 )(sh)(ch)(sh)(ch IlZlZkIlZlZ BXS δ−δ−=δ+δ , 

  (19.44) 

[ ] [ ]
0

0
101

1
202 )(ch)(sh)(ch)(sh

0 Z
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The homogeneous system of equations (19.44) possesses the solution 

when its determinant is equal to zero. This condition allows us to obtain the 
formula for input resistance BXZ  
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where the following notation is used 
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In case of sinusoidal voltage =),0( tu  )sin(0 tu ω=  the active power of 

generator, of load and the efficiency can be calculated by the formulas  
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20. Why transformers can not be placed close to the  
points λ /8, 3λ /8, 5 λ /8 

 
Let’s formulate the problem of the transformer ratio k determination in 

order to reach the maximal values of transmission power and of the effi-
ciency. We will use the exact solutions for the line with arbitrary losses. So 
from the formulas (19.47)–(19.49) we get 
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For the input resistance BXZ  we introduce the notations different from 

the notations in previous paragraph 
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and 
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Then it will be convenient to represent the formulas (20.2), (20.3) in the 

form explicitly containing the parameter k 
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where the expressions independent on the parameter k are denoted by const. 

From the formulas (20.6) and (20.7) it results that the dependence of the 
transmission power and of the efficiency on the parameter k is enough triv-
ial. So, by equating to zero of the first derivative of 1P  and of η by k, we 
obtain the equations for determination of the optimal values of k: 
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In the table 20.1 we represent the dependence of the coefficient k (from 

the (20.8), i.e. when the maximal values of the transmission power are 
reached) on the l1 for the following parameters of the undistorting line: R = 
= G = 0.48, l = 1. As it follows from the represented data, the transformer 
connection to the points λ /8, 3 λ /8, 5 λ /8 gives the maximal value of 1P  
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when k = -1, i.e. the transformer must act in no-operation mode (in idling). 
This means that the transformer connection to the indicated points is of no 
use. 
 
Table 20.1. Coefficient  kK depending on l1 for undistorting  

line when R = G = 0.48. 
 
l1 1/32 1/16 3/32 1/8 5/32 3/16 7/32 1/4 
kK -2.2390 -1.5518 -1.2223 -1.0000 -0.8195 -0.6508 -0.4740 -0.3456 

P1(kK)/ 
P1(-1) 2.4898 1.3796 1.0744 1.0000 1.0692 1.3144 1.9014 2.6232 

η(kK)/ 
η(-1) 0.9553 0.9773 0.9933 1.0000 0.9897 0.9440 0.8134 0.6177 

 
l1 9/32 5/16 11/32 3/8 13/32 7/16 15/32 1/2 
kK -0.4898 -0.6628 -0.8269 -1.0000 -1.2041 -1.4723 -1.8342 -2.0607 

P1(kK)/ 
P1(-1) 1.7618 1.2564 1.0545 1.0000 1.0500 1.2066 1.4687 1.6205 

η(kK)/ 
η(-1) 0.7992 0.9253 0.9826 1.0000 0.9814 0.9180 0.8023 0.7231 

 
l1 17/32 9/16 19/32 5/8 21/32 11/16 23/32 3/4 
kK -1.7711 -1.4314 -1.1856 -1.1856 -0.8484 -0.7197 -0.6214 -0.5875 

P1(kK)/ 
P1(-1) 1.4017 1.1652 1.0379 1.0000 1.0344 1.1313 1.2582 1.3105 

η(kK)/ 
η(-1) 0.8112 0.9186 0.9805 1.0000 0.9808 0.9241 0.8456 0.8085 

 
l1 25/32 13/16 27/32 7/8 29/32 15/16 31/32 
kK -0.6394 -0.7415 -0.8640 -1.0000 -1.1502 -1.3103 -1.4498 

P1(kK)/ 
P1(-1) 1.2242 1.1039 1.0253 1.0000 1.0228 1.0821 1.1487 

η(kK)/ 
η(-1) 0.8576 0.9322 0.9830 1.0000 0.9840 0.9412 0.8913 

 
In the table 20.2 we represent the dependence of the coefficient k from 

the (20.8), i.e. when the maximal values of the transmission power are 
reached) on the l1 for the following parameters of the line: R = 0.48, G = 
R/5, l = 1. As it follows from the represented data, there are some points in 
this line too where the transformer connection is of no use, because k = -1 
again. However, these points are located at the left of the values λ /8, 3 λ /8, 
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5 λ /8. At the same time, the transformer location at these points and in the 
zones at the right of them results in simultaneous increase of the transmis-
sion power and of the efficiency. 

 
Table 20.2. Coefficient kK depending on l1 for line with losses R = 0.48, G = R/5 

 
l1 1/32 1/16 3/32 1/8 5/32 3/16 7/32 1/4 
kK -2.2323 -1.5425 -1.212 -0.9905 -0.8108 -0.6416 -0.4545 -0.2682 

P1(kK)/ 
P1(-1) 2.4979 1.3762 1.0705 1.0002 1.0819 1.3697 2.1749 3.9948 

η(kK)/ 
η(-1) 0.9470 0.9664 0.9855 1.0006 1.0044 0.9802 0.8740 0.5715 

 
l1 9/32 5/16 11/32 3/8 13/32 7/16 15/32 1/2 
kK -0.4661 -0.6565 -0.8299 -1.0118 -1.2296 -1.5351 -2.0549 -2.6436 

P1(kK)/ 
P1(-1) 2.0022 1.2978 1.0577 1.0002 1.0700 1.2949 1.7852 2.2829 

η(kK)/ 
η(-1) 0.8200 0.9294 0.9789 1.0006 0.9948 0.9449 0.8093 0.6401 

 
l1 17/32 9/16 19/32 5/8 21/32 11/16 23/32 3/4 
kK -1.9848 -1.486 -1.1926 -0.9861 -0.8188 -0.6683 -0.5298 -0.4614 

P1(kK)/ 
P1(-1) 1.6672 1.2302 1.0461 1.0003 1.0588 1.2311 1.5326 1.7277 

η(kK)/ 
η(-1) 0.7868 0.9122 0.9758 1.0007 0.9890 0.9288 0.8046 0.7034 

 
l1 25/32 13/16 27/32 7/8 29/32 15/16 31/32 
kK -0.5497 -0.6954 -0.8500 -1.0166 -1.2096 -1.4497 -1.7375 

P1(kK)/ 
P1(-1) 1.4516 1.1746 1.0358 1.0004 1.0489 1.1793 1.3698 

η(kK)/ 
η(-1) 0.7966 0.9096 0.9756 1.0007 0.9862 0.9260 0.8241 

 
In the table 20.3 we represent the dependence of the coefficient k (from 

the (20.9), i.e. when the maximal value of the efficiency is reached) on the l1 
for the following parameters of the line: R = 0.48, G = R/5, l = 1. 
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Table 20.3. Coefficient kη depending on l1 for line with losses R = 0.48, G = R/5. 
 

l1 1/32 1/16 3/32 1/8 5/32 3/16 7/32 1/4 
kη -0.6768 -0.7029 -0.7424 -0.7905 -0.8435 -0.8982 -0.9517 -1.0006 

η(kη)/ 
η(-1) 1.0043 1.0073 1.0080 1.0069 1.0046 1.0022 1.0005 1.0000 

P1(kη)/ 
P1(-1) 0.4785 0.5681 0.7188 0.9121 1.0789 1.1351 1.0836 0.9990 

 
l1 9/32 5/16 11/32 3/8 13/32 7/16 15/32 1/2 
kη -1.0412 -1.0699 -1.0844 -1.0846 -1.0722 -1.0511 -1.0254 -0.9994 

η(kη)/ 
η(-1) 1.0004 1.0014 1.0021 1.0023 1.0018 1.0010 1.0003 1.0000 

P1(kη)/ 
P1(-1) 0.9384 0.9209 0.9441 0.9923 1.0383 1.0551 1.0360 0.9990 

 
l1 17/32 9/16 19/32 5/8 21/32 11/16 23/32 3/4 
kη -0.9764 -0.9592 -0.9494 -0.9476 -0.9534 -0.9655 -0.9822 -1.0007 

η(kη)/ 
η(-1) 1.0003 1.0008 1.0013 1.0015 1.0012 1.0007 1.0002 1.0000 

P1(kη)/ 
P1(-1) 0.9681 0.9578 0.9706 0.9979 1.0241 1.0337 1.0223 0.9990 

 
l1 25/32 13/16 27/32 7/8 29/32 15/16 31/32 
kη -1.0186 -1.0330 -1.0419 -1.0442 -1.0396 -1.0293 -1.0150 

η(kη)/ 
η(-1) 1.0002 1.0006 1.0010 1.0012 1.0010 1.0005 1.0001 

P1(kη)/ 
P1(-1) 0.9786 0.9716 0.9804 0.9994 1.0175 1.0242 1.0160 

 

21. Transmission power increase by means of transformers 
 
Let’s try to determine where and with what gear ratio the transformer 

must be connected to the line in such a way as to increase to the maximum 
the transmission power. 

In the previous paragraph we have obtained the formula for the trans-
former ratio k, which gives the maximal value of the transmission power 1P . 
The transmission power 1P  can be represented in the form 
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Fig. 21.1. Transformer connection to the line closed to the active resistance RS(t). 
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From the formula (20.8) we obtain that the maximal value of 1P  is 

reached when the transformer ratio k gets the values 
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After the substitution of the value k from (21.3) in the formula for 1P  

and some simplifications we obtain the dependence of the maximal 1P  only 
on the 1l : 
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In case of ideal line when 0== GR  and 1== BS ZR  we get 
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Then the formulas (21.3), (21.4) can be essentially simplified and they 

obtain the following form 
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As it follows from these formulas, if the frequency is equal π=ω 2  and 
1=a , then the transformer ratio Kk  tends to zero and the power 1P  tends to 

infinity when the value 1l  tends to the ...4/5;4/3;4/1 .  
In case of distorting line to determine the value 1l , that gives the maxi-

mal value for 1P , we are to equate with zero the first derivative of function 
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1P  by the 1l . As a result we obtain some complicated transcendental equa-
tion that can not be solved analytically. So it may be solved numerically. In 
the fig. 21.2 we represent the diagrams for values 1l  and k  (under which the 
maximal value of 1P  is reached) depending on the line length l with the fol-
lowing parameters values: 1== BS ZR , 48.0=R , 5/RG = . The diagram 
for power 1P  depending on 1l , when 1=l  and )( 1lkk K=  form (21.3) is 
represented in the fig. 21.2,а. So, we see that the maximum is reached when 

4/11 =l . 
Further in the fig. 21.2,b,c we have the coefficient k and the transformer 

location 1l  (under which the maximal value of 1P  is reached) depending on 
the line length l. One can see that for the lines with 4/1≥l  the parameters k 
and 1l  possess the constant values independent on l. These values are 

4/11 =l , 268.0−≈k . The transmission power in this case is approximately 
4 times greater then the corresponding one in the line without transformer 
(see fig. 21.2,d). 

 

 

 
 

Fig. 21.2. The explanations are in the text. 
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In the fig. 21.3 there are represented the same diagrams as in the fig. 
21.2, but for line with losses 27.0=R , 5/RG = . In this case we observe 
the power increase in 6.8 times under the value ≈k -0.2001. 

 

 

 
 

Fig. 21.3. The explanations are in the text. 
 
Now let’s consider the ideal half-wave line (l =1/2, R = G = 0), closed 

on the wave resistance SR =1. If the transformer with gear ratio k1 is con-
nected to the middle point of the line (l1 = 1/4), then the active transmission 
power will increase in (1/k1)2 times. Reasoning from this dependence, the 
transmission power can be increased unrestrictedly by unrestrictedly de-
creasing of the k1. Let’s remind that the same dependence occurs under the 
voltage increase at the input of the ideal homogeneous line with arbitrary 
length. 

The dynamics of the instantaneous power values of the generator and of 
the load (curves 1, 2) are represented in the fig. 21.4 when k1= –1/2; R = G 
= 0 (a); R = 0.48, G = R/5 (b). The transformer is connected at the time 
moment t = 3 and it is disconnected at t = 9. This time interval is sufficient 
for establishing stage attainment and for power increase in 4 times in the 
absence of losses. After the transformer sudden outage one can observe the 
power inrushes at the level of 6.2. In such a way we obtain some paradoxi-
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cal result for the half-wave line. If it is required to increase the transmission 
power in k2 times, then instead of the input voltage amplitude increasing in k 

times, it is necessary to decrease in k times the voltage in the middle of the 
line by means of step-down transformer connected there. 

Taking into account the losses in the line (see fig. 21.4, b) we obtain the 
increase of the transmission power in nearly 3 times, but the power inrushes 
become twice smaller in comparison with previous variant.  

Let’s consider now the quarter-wave line l = 1/4. It is known that the 
transformer connection to the middle point of such line is of no sense. Then 
let’s consider the connection of two transformers: to the point l1 = 1/16 – 
the step-up transformer with the gear ratio k1 = – 1.5, and to the point l2 = 
3/16 – the step-down transformer with the gear ratio k2 = 1/ k1. The results 
of calculations are represented in the fig. 21.5 for ideal line with losses. The 
first transformer connection results in power increase only in 1.45 times, but 
the second transformer connection leads to the 3.15 times increasing. The 
power inrushes are insignificant here and come only to 3.5. It is interesting 
that after the step-down transformer connection not only the transmission 
power increases, but also the source power factor improves (judging by 
negative values of the function P0(t)). 

The numerical information for the line with length l =1/8 with con-
nected to its middle point step-up transformer (k1= – 1.5) is represented in 
the form of time diagrams in the fig. 21.6. The power in this case can be in-
creased only on 30…40%. The not great generator power inrush may be ob-
served here. The transformer connection makes the generator instantaneous 
power values to be negative, that serves as an indicator of the quasisteady 
state process initiation – the process of the electromagnetic power bilateral 
exchange between the receiver and the source.  

It would seem that the considered problems are of only of abstract na-
ture and the obtained results are purely of theoretical importance. However, 
it is not quite so. One may take note of [53], where the idea of global plane-
tary electroenergetics system was formulated and grounded for the first 
time. Its practical implementation promises a great economical profit for the 
whole mankind. But the real implementation would require the high study 
of the technical realizability of the power transmission lines, the construc-
tion of the intercontinental electrical links, the elaboration of the fundamen-
tally new approaches to electrical power transmission on great distances. 
The application in the engineering practice of the superconducting transmis-
sion lines also stimulates the high-performance technology and equipment 
elaboration, that is impossible undoubtedly without fundamental theoretical 
investigations in the electroenergetics. 
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Fig. 21.4. Generator and load powers (curves 1;2) when l =1/2; l1 = 1/4; k1= –1/2; 
R = G = 0 (a); R = 0.48, G = R/5 (b). 
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Fig. 21.5. Generator and load powers (curves 1;2) when l = 1/4; l1 = 1/16; l2 = 
3/16; k1 = – 1.5; k2 = 1/ k1; R = G = 0 (a); R = 0.48, G = R/5 (b). 
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Fig. 21.6. Generator and load powers (curves 1;2) when l =1/8; l1 = 1/16; k1= 
= – 1.5; R = G = 0 (a); R = 0.48, G = R/5 (b). 

 



 

CHAPTER IV 

PIECEWISE HOMOGENEOUS AND THREE-PHASE 
TRANSMISSION LINES 

 
The mathematical models that describe the processes of power trans-

mission in nonhomogeneous and polyphase circuits are not applied practi-
cally in the modern electrotechnology and electroenergetics [14, 37, 105, 
110]. Even for steady-state regimes such models are very uncommon. 

In case of multiwire line, when L, C are symmetrical square matrixes of 
the self and mutual inductances and capacitances, the wave velocities of the 
potential and of the current are determined as the eigenvalues of the matrix 
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Here in our opinion it is to mention the following important aspect. The 

primary parameters used quite often in multiwire line calculations are cho-
sen in such a way, that the electromagnetic emanation velocity occurs to be 
greater then the velocity of light in vacuum, that can not be accepted as cor-
rect. This is the reason why the single-velocity theory of potential and cur-
rent wave propagation is applied. In this case the matrix of capacitances C 
and one velocity of electromagnetic wave propagation a are used as a pri-
mary initial parameters. The matrix of inductances is determined then as 

21 / aCL −= . 
 

22. Exact solutions for composite undistorting lines by method of 
characteristics 
 
Let’s consider the piecewise homogeneous electrical line with RLC–

circuit at the receiving end 
 



 

 

330 

 ∫ τ++=
t

id
Cdt

diLiRu
S

SS
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1  when 0, >= tlx . (22.1) 

 
We suppose that the unknown voltages and currents are continuous at 

the conjunction points  
 

 uuu == +− ; iii == +−  when 0, >= txx n , (22.2) 
 
and at the input of the line the voltage is given as an arbitrary function of 
time  
 
 )(0 tuu =  when 0,0 >= tx . (22.3) 
 

At first let’s construct the exact solution for undistorting line that con-
sists from two joined sections with parameters: 1BZ , 1a , 1γ , 2BZ , 2a , 2γ  
(see fig. 22.1). For the sake of simplicity let's assume that 112 == aa ; 

22 == nxl . 
Using the relations on characteristics with negative slope adtdx −=/ , 

zero initial data in the unperturbed domains I and II and boundary condi-
tions (22.2), we obtain the system of two equations with respect to two un-
known functions 

 
 0;01 uuiZu B ==− , 

 
from which the following solution results 

 
 0303 ;/ 1 uuZui B == , when Δ≤<= 20,0 tx , 

 
where 1/ axn=Δ  is the time of electromagnetic wave run along the first 
homogeneous section of the composite line. Evidently, that at the time in-
terval Δ<< 20 t , lx =  we get the trivial solution reasoning from form the 
zero initial state of the uncharged line 

 
 02211 ==== iuiu . 
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Fig. 22.1. Computational domains and wave-front configurations in piecewise ho-
mogeneous line with RLC–circuit at the receiving end. 

 
Using further the relations on characteristics with positive and negative 

slopes and the continuity condition for solution (22.2), we obtain the follow-
ing system for determination of u and i at the interior contact boundary: 
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when Δ<<Δ= 3, txx n . 
 
The solution of the system can be easily determined 
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The relations on characteristics 2/ adtdx =  and the boundary condition 

at the end point of the line (22.1) form a new system of equations for volt-
age and current determination  
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2
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when Δ<<Δ= 42, tlx . 
Now from the last relation we eliminate the function 6u . In this way we 

obtain the ordinary differential equation with constant coefficients and non-
homogeneous right-hand member. The equation is with respect to 6i : 
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This equation must be integrated under the following initial conditions at 
the point Δ== 2, tlx : 
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To solve this Cauchy problem we apply the standard procedure in order 

to find unknown functions 6u  and 6i  at the time interval lxt =Δ<<Δ ,42 . 
In case when the characteristic equation 
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possesses the multiple roots 
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the solution of the differential Cauchy problem ( Δ= 20t ) is the following 
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Applying the proposed algorithm required number of times one can ob-

tain the solution in the arbitrary domain of its existence.  
Now let’s cite some exact solutions in the explicit form for the follow-

ing parameters values: 
 

 101 =BZ ; 12 ==== SSSB CLRZ ;  121 == aa ; 021 >γ=γ=γ . 
 

The direct voltage of the feeding generator: 10 =u  
22.1. Current at the sending end of the line 0=x  
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22.2. Voltage and current at the end of the line lx =  
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The sinusoidal voltage of the feeding generator: π=ωω= 2),sin(0 tu  
22.4. Current at the sending end of the line 0=x  
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22.5. Voltage and current at the end of the line lx =  
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23. Discrete model building and foundation for nonhomogeneous 
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The equations for multiwire line with n wires can be represented in the 

form of equations (1.1): 
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Here ),( txi  and ),( txu  are K-dimensional vector-functions: ( )TKiii ,...,1= , 

( )TKuuu ,...,1= ; L and C are symmetrical matrices K×K, connected by the 

relation 21 / aCL −= , where a is the speed of electromagnetic wave propa-
gation; R and G are diagonal matrices K×K with constant values on diago-
nal. The boundary conditions at the input and at the output of the line are of 
the following form 
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 )(),0( 0 tUtu = , ),(),( tlDitlu = , 0>t .  (23.2) 
 
It is denoted by D the matrix integro-differential operator that contains 

the diagonal matrices RS, LS and CS 
 

 ∫ ττ++= −
t

ss diC
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tdiLtiRtDi S

0

1 )()()()( .  (23.3) 

 
The finite-difference relations (7.4), (7.5) can be generalized according 

to the case when the linear parameters are changing along the longitudinal 
coordinate x. They also can be generalized according to the multiwire elec-
trical circuits with point of branching, lumped elements and with other 
complicative factors. In case of nonhomogeneous line the partition on the 
elementary cells by space coordinate x is chosen in such a way as the condi-
tion τ = hm-1/2/am-1/2 = const is fulfilled necessarily for any index m. 

We will use the grid-characteristic approach when constructing the fi-
nite-difference scheme. According to this approach we are to proceed as fol-
lows. At first on the interval ],0[ l  we generate the uniform grid with integer 
and half-integer indexes: 

 
 NlhNmhxxNmmhx mmm /;,1,2/;,0, 2/1 ==−=== − . 

 
The uniform grid is generated over the time coordinate with the step τ also 
with integer and half-integer indexes: τ= ntn , 2/2/1 τ+=+ nn tt , n = 
0,1,2,… 

Then we integrate the equations (23.1) by the cell 
],[],[ 11 +− ×= nnmm ttxxQ  of the two-dimensional grid. So we obtain the in-

tegral relations along the boundary of the cell Q  
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Now the one-dimensional integrals we approximate by means of quad-
rature midpoint rule (rectangle rule), but two-dimensional integrals – by the 
formula with weights α and β. As a result we obtain 
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The following notations are used here 
 

 )2/,(),,2/( 2/1
2/1 τ+=±= +

± nm
n
mnm

n
m txiithxii . 

 
The values 2/1+n

mi  and 2/1+n
mu  at the half-integer time layer can be ex-

pressed from (23.4) through the variables n
mi 2/1±  and n

mu 2/1± . We’ll use the 
relations on the characteristics with positive and negative slopes: 
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Here ZB is the matrix of wave resistances: aLLCZ B == − 2/11 )( . 
Solving this system we obtain the following correlations 
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So, the finite-difference equations, that approximate (23.1), have the 

form of relations (23.4), (23.5). The boundary values 2/1+n
mi  and 2/1+n

mu  take 
the form  
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where hD  is the finite-difference approximation for the integro-differential 
operator D from (23.3). The operator hD  can be represented in the follow-
ing form  
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Then the boundary values at the right end 2/1+n

Ni  and 2/1+n
Nu  can be written 

in the explicit form  
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The weighting coefficients βα,  and the time-step τ  in (23.4), (23.5) 

must be chosen in such a way as to ensure the minimal effect of the disper-
sion and dissipation phenomenon of the finite-difference scheme. In order to 
determine the optimal values of the parameters βα,  and τ  we apply the 
first differential approximation method for finite-difference relations. Using 
(23.5) we eliminate the values 2/1+n

mi , 2/1+n
mu  from the (23.4) and write out 

the obtained relations in the non-index form: 
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So the first differential approximation for this scheme has the following 
form  
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These differential equations are approximated by finite-difference equa-

tions (23.8) with second order of accuracy by h and τ. Thus these equations 
can be represented in the form  
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The original telegraph equations for the line with losses are equivalent 

to the following: 
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Taking into account above representations the first differential ap-

proximation can be transformed to the form: 
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This implies that the weighting coefficients βα,  should be chosen in 

such a way as to minimize (desirable to zero) differential additions to the 
original equations: 
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After collecting terms and taking into account aCaL /1−= and 

aLaC /1−= , we obtain 
 

 ;0
2

)(
2222

2
→−⎥⎦

⎤
⎢⎣
⎡ +−τα

∂
∂+⎟

⎠
⎞

⎜
⎝
⎛ −τ

∂
∂ GRiahLCRGLahL

t
i

a
hLL

t
i  

 

 ,0
2

)(
2222

2
→−⎥⎦

⎤
⎢⎣
⎡ +−τβ

∂
∂+⎟

⎠
⎞

⎜
⎝
⎛ −τ

∂
∂ RGuahCRCLGahC

t
u

a
hCC

t
u  

 
One can readily see that when ah=τ  and 
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the coefficients of time derivatives become zero, but the remaining mem-
bers do not contain the derivatives and tend to zero with first order when 

0→h . If the matrices R and G are diagonal matrices with the same values 
at the diagonal, then the matrix coefficients α and β can be represented as: 

Lγ=α , Cγ=β , 2/)( RG γ+γ=γ , RLR
1−=γ , GCG

1−=γ . Hence, the 
proposed scheme with the weights minimizes not only the dissipation, but 
the difference dispersion of the numerical solution as well. 

Let’s prove the stability of the finite-difference scheme (23.4)-(23.7), 
(23.8) by initial data taking into account zero boundary conditions. In this 
order we write down the finite-difference scheme for new unknown func-
tions r and s, that are known as Riemannian invariants of the system (23.1) 
and can be expressed through currents and voltages as follows: iZur B+= , 

iZus B−= . As the matrices L and C are related by the formula 
21 / aCL −= , Then these matrices are permutable and the matrix of wave 

resistances BZ  can be represented in the form 2/12/12/12/1 −− == CLLCZ B . 
The system of equations (23.1) written in invariants takes the form 
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The finite-difference scheme (23.8) in terms of r and s when γ=α L , 

γ=β C  gets the following form 
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In (23.10) r and s represent K-dimensional vector-functions: 
( )TKrrr ,...,1= , ( )TKsss ,...,1= . As the matrices L and C are permutable 

and symmetrical, then they can be reduced to the diagonal form by means of 
the same orthogonal matrix Q, composed from the common eigenvectors: 

TQQL LΛ= , TQQC CΛ= . The matrices LΛ  and CΛ  are diagonal with the 
elements equal to the eigenvalues of the matrices L and C correspondingly: 

 
);...;;( ,2,1, KLLLL diag λλλ=Λ ; );...;;( ,2,1, KCCCC diag λλλ=Λ . 

 
Then the matrices Gγ , Rγ  and γ  can also be represented in the diagonal 

form: 
 TQGQ CG

1−Λ=γ ; TQRQ LR
1−Λ=γ ; TQGRQ CL )(5.0 11 −− Λ+Λ=γ . 

 
Now the finite-difference scheme (23.10) with respect to unknowns 

rQr T=~  and sQs T=~  can be represented in the diagonal form  
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where kk CG G ,, / λ=λ , kk LR R ,, / λ=λ , )(5.0 ,,, kkk GR λ+λ=λγ , k = 1,…K. 

In this way this system decomposes in K systems. Each of these K sys-
tems consists of two equations for pairs of unknowns ),~,~( kk sr  k = 1,…K. 
Now for each of these systems we apply the approach of the stability proof 
described in the paragraph 8. This procedure results in the stability condi-
tion of the form (8.16): 
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24. Transient process caused by voltage source connection to two 
series lines in presence of capacitance or inductance at the 
conjunction point  
 
Let’s consider two lines with following parameters. For the first line we 

set the length 1l , the wave resistance 1BZ , the speed of the electromagnetic 
wave propagation 1a , for second line – 2l , 12 BB ZZ ≠ , 12 aa ≠  correspon-
dingly. The capacity nC  or the inductance nL  is parallel-connected to the 
junction point (see fig. 24.1). 

In is required to determine the transformation of the wave shape pene-
trating in the second line, the nature of current changes penetrating through 
these lumped elements, the resulting voltage and current distributions along 
the first line under the motion of the wave reflected from the junction point 
[15]. 

The transient process starts with propagation along the first line of the 
incident wave with rectangular front 0Uu =  and 1/0 BZUi =  (see fig. 22.1). 
To determine the voltages and currents usually the equivalent circuit with 
lumped parameters is considered [15]. However this approach can not be 
generalized for alternating voltage lines with arbitrary losses, several gen-
erators and several loading nodes [73]. This is way the nonstationary prob-
lem has to be formulated in terms of mathematical physics setting the corre-
sponding boundary conditions for arbitrary time moment 0>t  in more 
general integro-differential form 

 
 0when)(0 == xtUu ; 
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where 21 uuu == , 21 iii −= . 

It is evident, that for ideal capacitance modeling ∞<< nC0  it is neces-
sary to set 0== nn LR , but for ideal inductance modeling ∞<< nL0  it is 
sufficiently to set 0=nR  and ∞=nC . 
 

 
а) 

 
b) 
 

Fig. 24.1. Transverse capacitive (а) and inductive compensation (b) of cable line, 
conjugated with overhead transmission line. 
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Let’s write down the relations on characteristics with positive and with 
negative slopes (see fig. 22.1) at the conjunction point nxx =  assigning 

constU =0 : 
 

 Δ<<Δ==+=+ 3;when0/,/2/ 211 201 txxZuiZUZui nBBB . 
 
Hence, if we do not take into consideration the waves reflected from the 

ends of the line, then at the conjunction point of the overhead and cable 
lines we always obtain the following relation between the voltage u and the 
current step 21 iii −= : 
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Taking into account the boundary condition  
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we obtain the ordinary differential equation with respect to voltage u as a 
function of time: 
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To obtain the unique solution it is necessary to set the boundary condi-

tion at the point Δ=t . As 0=i  when Δ<< t0 , then the voltage deter-
mined by integral relation (24.3), is equal to zero too 0)( =Δu . The physi-
cal meaning of this condition is the follows. At the time moment when the 
wave entries the conjunction point, the voltage goes down to zero because 
the uncharged capacitance represents as it were short-circuit. Then it fol-
lows from the characteristic relations, that the input current value through 
the capacitance is equal to 1/2 0 BZU . Let’s write down the solution of the 
formulated Cauchy problem in the following form 
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If instead of capacitance nC  the ideal inductance nL  is connected to at 
the conjunction point, then owing to boundary condition 

 

 nn xx
dt
diLu == when  

 
we get again the ordinary differential equation with respect to current step i 
at the contact boundary 
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Integrating this equation when 0)( =Δi , we obtain 
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As an example we will consider the calculations for initial data taken 

from [15], namely: 
 

 100 =U  kV, 601 =l  km, 1002 =l  km, 4008 12 == BB ZZ  Ω, 
 3000002 12 == aa  km/s, 62.5=nC  µF. 
 

The purely active load with the resistance 4002 == BS ZR  Ω is con-
nected to the receiving end of the overhead line. In the dimensionless form 
we have 
 1220 1 ==== laZU B , 6.01 =l , 82 =BZ , 5.01 =a , 843.0=nC . 
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The voltage and current distributions along the nonhomogeneous line 
till the time moment when the wave reaches the end of the second line are 
represented in the fig. 24.2. The represented here diagrams for ideal line co-
incide with the same from [15] and they can be used as samples. 

If we set the following losses in both lines: 22.0=R  Ω/km, G = 
= 44 µS/km, then the voltage and current amplitudes will decrease approxi-
mately by a quarter without essential changes in the form (see fig. 24.2, b). 

As the wave motion is developed in the electrical circuit consisting 
from the two heterogeneous parts, the losses influence becomes essentially 
stronger. Let’s follow the transient process evolution at the point of reactive 
element connection (at the conjunction point of two lines). The cable line 
we will reduce till 50 km in order that the time of one wave run along this 
line to be equal to unit (the same as in overhead line) or to 33.3 µs in the 
real time scale.  

 

 
 

Fig. 24.2. Voltage and current distribution (curves 1, 2) along cable and overhead 
lines with ideal capacitance Cn = 5.62 µF at the conjunction point when R = G = 0 
(a); R = 0.22 Ω/km, G = 44 µS/km (b). 

 
In the fig. 24.3 we have represented the time diagrams of the voltage 

and current (curves 1, 2) for ideal line (a) and for line with losses (b). The 
curves 3 and 4 correspond to the case when the distance between the source 
and the receiver is such that the reflected waves have no time to reach the 
point of observation at the interval 300 << t . 

The initial current value expressed through the capacity is equal to 
1/2 0 BZU . Then the capacitance is charging and the current through it de-

creases by time till zero (if there are losses in the line). In the absence of the 
losses the nature of voltage and current changes has explicit quasisteady-
state oscillatory character. It is to mention that the voltage exhibits a ten-
dency to stabilization. At the same time the current amplitude and its pola-
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rity are changing all the time. The last means the continual energy inter-
change between the reactive power source and the line. 

 

 
 

 
 

Fig. 24.3. Voltages and currents (curves 1, 2) on the ideal capacitance 
Cn = 5.62 µF parallel-connected to the conjunction point of cable and over-
head lines when R = G = 0 (a); R = 0.22 Ω/km, G = 44 µS/km (b). 
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If now we will replace the capacitance Cn = 5.62 µF by the inductance 
1.0=nL  H, then we will obtain the regime closed to short-circuit. The cur-

rent at the inductance unrestrictedly increases in time and the voltage tends 
to zero (see fig. 24.4). The voltage and current steps seriated through 2=Δt  
correspond to the simultaneous arriving of the direct and reflected waves to 
the point 50=nx km. 
 

 

 
 
Fig. 24.4. Voltages and currents (curves 1, 2) on the ideal inductance Ln = 0.1 H 
parallel-connected to the conjunction point of cable and overhead lines when R =  
= G = 0 (a); R = 0.22 Ω/km, G = 44 µS/km (b). 
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Finally let’s consider how the reactive power source parallel-connected 
to the line influences upon the load voltage losses. In the fig. 24.5 we have 
represented the voltages and currents at the end of the line connected by the 
relation iRu S=  (because the load here is purely active). The comparative 
analysis of the represented oscillograms shows that the dozens of wave runs 
along the nonhomogeneous line are required to obtain the steady-state re-
gime. The capacitance connection to the line does not affect the voltage 
losses (they come to 11% here), but the inductance connection results in to-
tal shunting of the power transmission from the source to the receiver. 

 
 

 
 
 

 
 
 

Fig. 24.5. Voltages and currents (curves 1, 2) on the load when R = G = Ln = 0,  
Cn = ∞ (a); R = 0.22 Ω/km, G = 44 µS/km (b); Ln = 0, Cn = 5.62 µF (c); Ln = 0.1 H, 
Cn = ∞ (d). 
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25. The replacement of power transmission line by cables. 
Influence of cable insertion on power flows 
 
The interest in the development of transient and steady-state processes 

in the conjugated lines consisting from several heterogeneous sections is 
quickened permanently as a result of broad using of the traditional and su-
perconducting cable lines in the backbone and distribution transmission 
lines. The cost and the cable laying are in 10…13 times greater then when 
overhead transmission line construction with the same parameters. But such 
a replacement gives several evident advantages. This is why this direction of 
development seems to be very promising. At the same time, the sections 
dedicated to nonhomogeneous alternating voltage lines are missing practi-
cally in the monographic and reference books [15, 50, 63 – 65, 79, 111, 
112]. 

We adduce here the formulas for steady-state regimes calculations in 
conjugated lines of the form “overhead line – cable – overhead line” with 
the lumped compensative elements (represented in the form of series RLC – 
circuit) parallel-connected to the conjunction points. Then we analyze the 
cable insertion influence on the voltage and on the active transmission 
power distribution along the line. The pronounced nonlinear dependence of 
the electromagnetic energy propagation in conjugated line with reactive 
power sources is discovered. As a result of the overhead line section re-
placement by cable insertion (under the other equal conditions) the power 
flows can both increase and decrease in dozens of times.  

 
25.1. Steady-state regime equations for piecewise homogeneous line 

 
Let the overhead line with the length l supplies by the alternating vol-

tage source: )2sin(0 ftUu π=  with the frequency f. Let’s study the influence 
on the transmission power of the overhead line middle section replacement 
by the cable with the wave resistance that is in 8 or more times smaller then 
in the overhead line. At the conjunction points of the piecewise homogene-
ous line (overhead line – cable – overhead line) closed to the resistance SR , 
let’s place the RLC – circuits with complex resistances Zn, as it is shown in 
the fig. 25.1. 

Since the steady-state regime in sinusoidal voltage circuit is considered, 
then let’s apply the symbolic method [59]. Here we try to evolve the general 
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methodology of this method as applied to the piecewise homogeneous lines 
[89]. 

 

 
 

Fig 25.1. Overhead alternating voltage line with cable insertion of the length 2l . 
 
Let’s denote the complex amplitudes of the voltages and currents at the 

input-output of the electrical circuit by 00 , IU , 33 , IU , and at the points of 
compensative elements connection – as follows 

 
 )1()0( kkk UxU =− , )2()0( kkk UxU =+ , )1()0( kkk IxI =− , 
 
 )2()0( kkk IxI =+ , 2,1=k , )2(

00
)2(

00 , IIUU == , 
 
 00 =x , 11 lx = , 212 llx += , llllx =++= 3213 . 
 

In case of homogeneous line with the parameters L, C, R, G without 
connected lumped elements, the problem solution at the interval ],0[ lx ∈  
gets the form 

 
 SSSBX RZIZUIZU === ,, 3300 , (25.1) 
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Here BXZ , 0Z  are the input and the wave resistances if the line, δ is the 
propagation factor, SZ  is the load resistance, fπ=ω 2  is the angular fre-
quency. 

The solution for nonhomogeneous line with two parallel-connected 
lumped elements we obtain in the following manner. The conjunction con-
ditions at the points kx  have the form  
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To solve the problem with such conditions we introduce the notation of 

input resistance )(k
BXZ  for line sections 2,1],,[ =∈ klxx k . Then the com-

plexes of voltages and currents at the points 0+= kxx  will be connected 
by the relations  
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At the points 0−= kxx  from (25.5) we have 
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The current and voltage values at the left and at the right of the points xk 

and at the ends of the line are related by the following recurrence relations 
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Combining the formulas (25.10) – (25.12), we obtain the relation for 

current determination at the output of the line through the input voltage  
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The currents, voltages and active power along the line can be deter-

mined by the formulas  
 

 )1(
0

1
)2(

1
)2( )(sh

)(ch)( +
+

+
−δ

−−δ= k
kkk

kkk Z
xxU

xxIxI , (25.15) 



 

 

366 

 ),(sh)(ch)( 1
)1(

0
)2(

1
)2(

kk
k

kkkk xxZIxxUxU −δ−−δ= +
+

+   (25.16) 
 
 2,1,0],,[ 1 =∈ + kxxx kk . 
 

 ( ))()(Re
2
1)( * xIxUxP = . (25.17) 

 
The generator power and the load power are obtained as follows: 
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The obtained relations (25.6) – (25.18) make it possible the comparative 

analysis of the cable insertion and lumped elements influence on the cur-
rents, voltages and power distribution along the line. 
 
25.2. Comparative analysis of the numerical experiments 

 
Let’s set the initial data in the dimensionless form: U0 = ZB1 = ZB3 = 

= a1 = a3 = 1; ZB2 = 1/8; a2 = ½; Cn1 = 0.05; Rm = 0.48; Gm = Rm/5; m = 1, 2, 
3; lk = l2/l; l1 = l3 = (l - l2)/2. Conditionally it can be assumed that the wave 
resistance of the overhead line section is equal to 400 Ω, and for the cable it 
is in 8 times smaller, i.e. 50 Ω. The speed of electromagnetic wave propaga-
tion is 2 times smaller in the cable then in the overhead line. 

In the fig. 25.2 – 25.5 we have represented the calculation results for the 
line without lumped reactive elements. The generated and transmission 
powers (curves 1, 2) depending on the load resistance RS = (1 + z)/(1 – z) are 
represented in the fig. 25.2. The length increase of the cable section results 
in some interesting particular features. For example, when lk = 0.2 (see fig. 
25.2, c) the greatest power flows may be observed (in comparison with 
other considered variants). Moreover, the critical resistance value (when the 
maximal active power is transmitted to the load) becomes four times greater 
then the wave resistance (RS = 4). It is easy to observe that the power in-
crease is always accompanied by the efficiency decrease. It is obvious, that 
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the cases when the losses under idling regime are greater then under natural 
power regime are unacceptable. The idling losses have to be two times 
smaller (as minimum), then under the natural power transmission [2, 4]. 
 

 
 

 
 
Fig 25.2. Generated and transmission power (curves 1, 2) depending on load resis-
tance when l = 0.125; lk = 0 (a); 0.1 (b); 0.2 (c); 0.3 (d). 

 
In the fig 25.3– 25.4 we have represented the voltage modulus and the 

active power distribution along the line with length l = 0.125 when lk = 0 
(a); 0.1 (b); 0.2 (c); 0.3 (d) and RS = 1 (1); 3/2 (2); 2 (3); 4 (4); 8 (5); ∞ (6). 
It turns out from these results that the relative length of the cable insertion 
may consist not more then 10% form the total length of the line. When this 
length reaches 20…30%, then the overvoltage ratio in the line exceeds 2 
under its action on the matched load RS = 1. For homogeneous line (see fig 
25.3, a) the voltage dip is equal to 0.95 when RS = 1, whereas in case of ca-
ble insertion (see fig 25.3,b) the voltages at the sending end and at the re-
ceiving end become nearly equal (this fact can be considered as a positive 
factor). 

If the capacitance 05.01 =nC  is connected to the conjunction point of 
the overhead and the cable lines, then the character of the voltage modulus 
and the active power distribution along the line changes essentially (see fig. 
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25.5– 25.6). For example, the reactive power source connection to the mid-
dle of the overhead line results in increase of the voltage at the load till 1.05. 
Also we can observe the losses increase when the generator is acting under 
the idling regime.  

The dependence on the cable insertion length l2 of the generated power 
(curve 1) and the active power (curve 2) transmitted to the load RS = 1 is 
represented in the fig. 25.7 when l = 1/8 (a); 1/4 (b); 3/8 (a); 1/2 (b). If in 
the relative short line (l = 1/8) the presence of the cable insertion always re-
sults in transmission power increase, then in the half-wave and in the quar-
ter-wave lines the power flows and the efficiency can descend to inadmissi-
ble down level.  
 
 

 
 
 

 
 
 
Fig 25.3. Voltage modulus distribution along the line with length l = 0.125 when  
lk = 0 (a); 0.1 (b); 0.2 (c); 0.3 (d) and RS = 1 (1); 3/2 (2); 2 (3); 4 (4); 8 (5); ∞ (6). 
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Fig 25.4. Active power distribution along the line with length l = 0.125 when lk = 0 
(a); 0.1 (b); 0.2 (c); 0.3 (d) and RS = 1 (1); 3/2 (2); 2 (3); 4 (4); 8 (5); ∞ (6). 
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Fig 25.5. Voltage modulus distribution along the line with length l = 0.125 when 

05.01 =nC , lk = 0 (a); 0.1 (b); 0.2 (c); 0.3 (d) and RS = 1 (1); 3/2 (2); 2 (3); 4 (4); 
8 (5); ∞ (6). 
 
 

 
 
 

 
 
Fig 25.6. Active power distribution along the line with length l = 0.125 when 

05.01 =nC , lk = 0 (a); 0.1 (b); 0.2 (c); 0.3 (d) and RS = 1 (1); 3/2 (2); 2 (3); 4 (4); 
8 (5); ∞ (6). 



 371 

 
 

 
 
 

 
 
 
Fig. 25.7. Generated power (curve 1) and transmitted to the load RS = 1 active 
power (curve 2) depending on the length of cable insertion l2 when l = 1/8 (a); 1/4 
(b); 3/8 (a); 1/2 (b). 

 
 
Thus, the technique of the steady-state voltage, current and transmission 

power values in the overhead line concerning the cable insertion with the 
RLC – circuits parallel-connected to the conjunction points is represented. 
The parametrical analysis of the influence of the cable section length and of 
the reactive power sources on the voltage drops and on the power flows in 
the conjugated line has discovered several nonlinear dependences. The cable 
insertion in the relative short lines (l = 1/8) results not only in transmission 
line capacity, but also in more uniform voltage distribution along the non-
homogeneous transmission line. 
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26. Wires interference on voltage and power distributions in 
three-phase transmission line 
 
The equations for three-phase transmission line do not outwardly differ 

from equations for scalar case (when the single-wire representation is used) 
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Here ),( txi  and ),( txu  are three-dimensional vector-functions: 

( )Tiiii 321 ,,= , ( )Tuuuu 321 ,,= ; 
L and C are symmetrical matrices 3×3, connected by the relation L = C -1/a2, 
where a is the speed of electromagnetic wave propagation; R and G are the 
diagonal matrices 3×3 with constant values at the diagonal. The boundary 
conditions at the input and at the output of the line have the following form 
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The solution of the problem in the steady-state regime can be obtained 

by complex amplitude method. Let’s represent the functions ),( txi  and 
),( txu  in the following form  

 
 tjtj exItxiexUtxu ωω == )(),(,)(),( . (26.3) 
 

Then the equations (26.1) can be transformed in ordinary differential 
equations with respect to complex amplitudes )(),( xIxU  
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or 
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The solution of the problem can be represented in the form  
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We have denoted here by )(xCh  and )(xSh  the matrix hyperbolic co-
sine and sine that can be determined through the eigenvalues of the matrix C 
in the following manner. Let the symmetric matrix C is defined by two val-
ues  
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Then its eigenvalues take the form 212,1 cc −=λ , 213 2cc +=λ  and the 

matrix C can be represented by means of diagonal matrix of its eigenvalues 
ΛC and of orthogonal matrix of eigenvectors Q as follows 
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As we suppose that the matrix L can be expressed through the matrix C: 

21 / aCL −= , where a is the speed of electromagnetic wave propagation 
along the wires and the matrices R and G are diagonal with constant values, 
then the matrix of the propagation factors γ from (26.6) can be represented 
in the form  
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Using the representation (26.8) we can introduce the matrix exponents 
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Then the matrices )(xCh  and )(xSh  take the following form  
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a)                                                                 b) 
 
 

  
 

Fig. 26.1. The draft of transmission tower for 500 kV line in traditional construc-
tion (a) and the draft of V- transmission tower with broken line cross-arm for  
1150 kV line (b). 
 

In the fig. 26.2–26.7 we have represented the calculation results for the 
following initial data in the dimensionless form  
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Fig 26.2. Voltage modulus distribution at the phases 1, 2, 3 (curves 1, 2, 3) along 
the line with length l = 0.4805 when R = 0.48 G = R/7 and С = С1, RS1= RS2 = RS3 = 
= 1(a); C = С1, RS1 =0, RS2 = RS3 = 1 (b); C = С2, RS1 =0, RS2 = RS3 = 1 (c); C = С3,  
RS1 =0, RS2 = RS3 = 1 (d); С = С2, RS1= RS2 = RS3 = 0(e); С = С3, RS1= RS2 = RS3 = 
= 0(f). 
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Fig 26.3. Active power distribution at the phases 1, 2, 3 (curves 1, 2, 3) and the 
total active power distribution (curve 4) along the line with length l = 0.4805 when 
R = 0.48 G = R/7 and С = С1, RS1= RS2 = RS3 = 1(a); C = С1, RS1 =0, RS2 = RS3 = 
= 1 (b); C = С2, RS1 =0, RS2 = RS3 = 1 (c); C = С3, RS1 =0, RS2 = RS3 = 1 (d); С = 
= С2, RS1= RS2 = RS3 = 0(e); С = С3, RS1= RS2 = RS3 = 0(f). 
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Fig 26.4. Reactive power distribution at the phases 1, 2, 3 (curves 1, 2, 3) along the 
line with length l = 0.4805 when R = 0.48 G = R/7 and С = С1, RS1= RS2 = RS3 = 
= 1(a); C = С1, RS1 =0, RS2 = RS3 = 1 (b); C = С2, RS1 =0, RS2 = RS3 = 1 (c); C = С3, 
RS1 =0, RS2 = RS3 = 1 (d); С = С2, RS1= RS2 = RS3 = 0(e); С = С3, RS1= RS2 =  
= RS3 = 0(f). 
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Fig 26.5. Voltage modulus distribution at the phases 1, 2, 3 (curves 1, 2, 3) along 
the ideal line with length l = 0.4805 and С = С1, RS1= RS2 = RS3 = 1(a); C = С1,  
RS1 = 0, RS2 = RS3 = 1 (b); C = С2, RS1 =0, RS2 = RS3 = 1 (c); C = С3, RS1 =0, RS2 = 
= RS3 = 1 (d). 
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Fig 26.6. Active power distribution at the phases 1, 2, 3 (curves 1, 2, 3) and the 
total active power distribution (curve 4) along the ideal line with length l = 0.4805 
and С = С1, RS1= RS2 = RS3 = 1(a); C = С1, RS1 =0, RS2 = RS3 = 1 (b); C = С2, RS1 =0, 
RS2 = RS3 = 1 (c); C = С3, RS1 =0, RS2 = RS3 = 1 (d). 
 
 

 
 

 
 

Fig 26.7. Reactive power distribution at the phases 1, 2, 3 (curves 1, 2, 3) along the 
ideal line with length l = 0.4805 and С = С1, RS1= RS2 = RS3 = 1(a); C = С1, RS1 =0, 
RS2 = RS3 = 1 (b); C = С2, RS1 =0, RS2 = RS3 = 1 (c); C = С3, RS1 =0, RS2 = RS3 = 1 (d). 
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In the fig. 26.8–26.10 we have represented the calculation results for the 
case when ( )TU 1,1,10 = . 

 
 

 
 
 

 
 
Fig 26.8. Voltage modulus distribution at the phases 1, 2, 3 (curves 1, 2, 3) along 
the line with length l = 0.4805 when R = 0.48 G = R/7 and С = С1, RS1= RS2 =  
= RS3 = 1(a); C = С1, RS1 =0, RS2 = RS3 = 1 (b); C = С2, RS1 =0, RS2 = RS3 = 1 (c);  
C = С3, RS1 =0, RS2 = RS3 = 1 (d). 
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Fig 26.9. Active power distribution at the phases 1, 2, 3 (curves 1, 2, 3) and the 
total active power distribution (curve 4) along the line with length l = 0.4805 when 
R = 0.48 G = R/7 and С = С1, RS1= RS2 = RS3 = 1(a); C = С1, RS1 =0, RS2 = RS3 = 
= 1 (b); C = С2, RS1 =0, RS2 = RS3 = 1 (c); C = С3, RS1 =0, RS2 = RS3 = 1 (d). 
 
 

 
 

 
 

Fig 26.10. Reactive power distribution at the phases 1, 2, 3 (curves 1, 2, 3) along 
the line with length l = 0.4805 when R = 0.48 G = R/7 and С = С1, RS1= RS2 = RS3 = 
= 1(a); C = С1, RS1 =0, RS2 = RS3 = 1 (b); C = С2, RS1 =0, RS2 = RS3 = 1 (c); C = С3, 
RS1 =0, RS2 = RS3 = 1 (d). 



 

CHAPTER V 

ELECTROSTATIC FIELDS IN MULTICONNECTED 
MEDIUMS: THEORY AND CALCULATIONS 

 
The main subject of the macroscopic electrodynamics is the study of the 

electromagnetic fields in the substance-filled spaces. The form of the mac-
roscopic electrodynamics equations and the meaning of the contained values 
depend essentially on the physical nature of the material medium as well as 
of the field modifications in time. In the general case the electromagnetic 
fields are described by total system of Maxwell equations that is usually 
written down in differential and integral form. 

The system of equations, containing the Maxwell equations for electro-
magnetic field and Newton equations for particles, represents the unified 
system of equations describing all phenomenon conditioned by electromag-
netic interaction (without taking into consideration relativistic and quantum 
effects). Therefore, in the strict sense, they must be solved jointly in elec-
trodynamics problems. However, to solve the problems about electromag-
netic field and substance interaction in such general formulation is ex-
tremely complicated. The complexity lies in the follows. The substance con-
sists of immense number of particles and the motion of each separate parti-
cle can not be described. The same problem appears in classical mechanics 
when describing the mechanical motion of gases, fluids and solids. To avoid 
this difficulty the physicists has had to elaborate some special models of 
mechanical systems: the model of perfectly rigid body, the model of contin-
uum medium, etc. Under the study of charged particles and electromagnetic 
field interaction it is necessary to introduce some models too. One of the 
most common models is the model of continuum medium consisting of 
electrical dipoles (dielectrics). This model of electrical dipole plays an im-
portant role in physics since the atoms and molecules represent the systems 
of charged particles whish are neutral in general, but they can possess non-
zero dipole moment and so they can produce the electrical field. 

The displacement current discovery gave to Maxwell an opportunity to 
create the unified theory of electrical and magnetic phenomenon. This the-
ory has clarified all known at that time experimental facts and has predicted 
some new effects which have been confirmed afterwards. The main corol-
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lary of the Maxwell theory was a conclusion about existence of electromag-
netic waves propagating with light speed. 

In this chapter we will consider sufficiently omnibus technique for 
elaboration of some numerical models for electromagnetic fields in nonho-
mogeneous structures. The technique is based on block discretization and 
finite volume method ideas. The a priori and a posteriori accuracy analysis 
for some real problems will be fulfilled. The considered problems are of ap-
plied importance and at the same time they can be considered as test prob-
lem for comparative analysis of the results obtained by another methods im-
plementation. 

 

27. Maxwell equations 
 
The Maxwell equations form a base of the theory. These equations play 

the similar role in the electromagnetism doctrine as Newton’s laws in me-
chanics or laws of thermodynamics. We cite below the total system of 
Maxwell equations of the classical electrodynamics in continuous medium 
[16, 17, 69, 103, 108]. 

The first pair of Maxwell equations is formed from the following equa-
tions: 

 
t
BE

∂
∂−=
r

r
 rot ,  (27.1) 

 
 0div =B

r
.  (27.2) 

 
Here vector E

r
 is the vector of electric field strength, B

r
 is the vector of 

magnetic field inductance. 
The first equation relates the value of E

r
 with the time variation of vec-

tor B
r

, so this equation represents in essence the electromagnetic induction 
law. It shows that the source of the vector E

r
 rotational field is the magnetic 

rotational field varying in time. The second equation indicates on the ab-
sence of magnetic field sources (i.e. magnetic charges) both in vacuum and 
in magnetized material. 

The second pair of Maxwell equations is formed from the equations: 
 

 
t
DjH

∂
∂+=
r

rr
 rot ,   (27.3) 
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 ρ=D
r

div ,   (27.4) 
 

where PED
rrr

+ε= 0  is the vector of dielectric strain, MBH
r

r
r

−
μ

=
0

 is mag-

netic field strength, M
r

 is substance magnetization, P
r

 is polarization, j
r

 is 
the vector of current density, ρ  is the charge cubic density. 

The first equation establishes the relation between the conduction and 
displacement currents and the magnetic field generated by these currents. 
The second equation reveals that off-site charges serve as a sources of vec-
tor D

r
. 

The cited above equations represent the differential form of Maxwell 
equations. It is to mention that only the main characteristics of the field 
(such as E

r
 and B

r
) appear in the first pair of equations. And only the auxil-

iary quantities D
r

 and H
r

 appear in the second pair. 
We should mention also that the form of equations (27.2) and (27.4) 

does not depend on medium availability. At the same time the vectors D
r

 
and H

r
, as well as the values ρ  and j

r
, contained in equations (27.3) and 

(27.4), depend on substance properties and on conditions of its positioning. 
Any macroscopic body, considered as a continuous medium, consists of 
charged particles (electrons and nucleuses) possessing also magnetic mo-
ments and therefore interacting with electromagnetic field, serving at the 
same time as its sources. Thus, the values D

r
, H
r

, ρ  and j
r

 must be deter-
mined reasoning from electrical and magnetic properties of the substance. 

When deriving the formula (27.1), Maxwell had assumed the variable in 
time magnetic field causes the field BE

r
 appearance in the space independ-

ent on wire contour existence in the space. The presence of the contour only 
allows us to detect the electrical field existence in corresponding space 
points by inductive current initiation in contour. 

Let’s consider the case of electromagnetic induction when the wire con-
tour Γ (where the current is induced) is stationary and magnetic flow varia-
tion is caused be magnetic field changes. The inductive current appearance 
indicates that the magnetic field changes result in appearance in the contour 
of the off-site forces acting on current carriers. These off-site forces are not 
connected with chemical or thermal processes in the wire. They also can not 
represent magnetic forces because such forces do not perform the work on 
charges. It remains to conclude that the inductive current is caused by the 
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electrical field appeared in the wire. Let’s denote the strength of this field by 
BE
r

 (this notation is auxiliary as well as the qE
r

). The electromotive force is 

equal to vector BE
r

 circulation over given contour Γ: 
 

 ∫
Γ

=ε ldEBi
rr

 . (27.5) 

Let’s substitute the expression (27.5) for iε  in the formula 
dt
d

i
Φ−=ε  

and the expression ∫ SdB
rr

  for Φ . As a result we get the relation 
 

 ∫∫ −=
Γ

SdB
dt
dldEB

rrrr
  . 

 
The integral from the right-hand member is taken over arbitrary contour-
supported surface. As the contour and the surface are stationary, than the 
differentiations by time and by surface can trade places: 
 

 Sd
t
BldE

S
B

r
r

rr
  ∫∫ ∂

∂−=
Γ

. (27.6) 

 
Taking into consideration that vector B

r
 depends on time and on coor-

dinates as well, than we can write down the partial time derivative under the 
integral sign (integral ∫ SdB

rr
  is a function of time only). 

The left-hand member of the relation (27.6) we transform by means of 
Stokes theorem and obtain: 

 

 Sd
t
BSdE

SS
B

r
r

rr
  rot ∫∫ ∂

∂−= . 

 
As the surface of integration is chosen in arbitrary way, then the follow-

ing equality should be fulfilled 
 

 
t
BEB ∂

∂−=
r

r
rot . 
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At every point of space the field curl BE
r

 is equal to the time derivative 
of vector B

r
 with opposite sign. 

The field BE
r

, caused by magnetic field changes, differs essentially 
from the electrical field qE

r
, caused by electrical charges. The electrostatic 

field is potential, its lines start and finish on the charges. The curl of vector 

qE
r

 is equal to zero at any point: 
 

 qE
r

rot  = 0. 
 
According to the (27.6) the curl of vector BE

r
 is not equal to zero. 

Hence, the field of BE
r

, as well as the magnetic field, is rotational field (or 
curl field). Strength lines of BE

r
 are closed. 

Thus, the electrical field can be both the potential field ( qE
r

) and the 

curl one ( BE
r

). In general case the electrical field is composed of these two 
fields. If we sum up qE

r
 and BE

r
, then we obtain the following equation: 

 

 
t
BE

∂
∂−=
r

r
rot . (27.7) 

 
The existence of the interconnection between the electrical and mag-

netic fields is a reason why the separated considerations of electrical and 
magnetic fields have only relative use. Really, electrostatic field is created 
by system of stationary charges in some coordinate system, but these 
charges can move relatively another inertial reference system, so they will 
be mobile in the second system and, hence, will create the magnetic field. 
Thus, the field, that proves to be “purely” electric or “purely” magnetic rela-
tively some coordinate system, can represent some union of electric and 
magnetic fields (i.e. unified electromagnetic field) relatively some other ref-
erence systems. 

When deriving the formula (27.3), Maxwell had revised the equations 
for curl of vector H

r
 in case of stationary (not varying in time) electromag-

netic field, where the curl of H
r

 at any point is equal to conduction current 
density: 
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 jH
rr

=rot ,  (27.8) 
 
vector j

r
 here is connected with charge density at the same point by conti-

nuity equation: 
 

 
dt
dj ρ−=∇

r
. (27.9) 

 
Electromagnetic field can be stationary only in condition that charge 

density ρ  and current density j
r

 are independent on time. In this case ac-
cording to (27.9) the divergence of j

r
 is equal to zero. 

Thus, we can clarify if the equation (27.9) is valid in case of changing 
in time fields. Let’s consider the magnetic field initiated by current under 
the charging of condenser from the direct voltage source U (fig. 27.1). 

This current is not constant in time (at the time moment when the volt-
age at the condenser becomes equal to U, the current stops). The conduction 
current lines discontinue at the interval between the condense plates. 

 
 ∫∫ =

11

 rot
SS

SdjSdH
rrrr

. 

 
Let’s consider the circular contour Г, covering the wire (where the cur-

rent flows to condenser), and let’s integrate the relation (27.8) over the sur-
face S1 (this surface crosses the wire and is limited by the contour): 

The left-hand member of last relation we transform by means of Stokes 
theorem and obtain the vector H

r
 circulation on contour Г: 

 
 ISdjldH

S

== ∫∫
Γ

rrrr
  

1

. (27.10) 

 
Here I is the current strength that charges the condenser. Now executing the 
same calculations for the surface S2, we get evidently incorrect relation: 

 0  
2

== ∫∫
Γ

SdjldH
S

rrrr
.  (27.11) 

The obtained result indicates that in case of changing in time fields the 
equation (27.8) no longer is valid. The following conclusion arises here. In 
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this equation the component depending on arbitrary in time fields is miss-
ing. In case of stationary fields this component reduces to zero. 
 

 
 

Fig. 27.1. Magnetic field initiated by current under the condenser charging from 
the direct voltage source. 

 
The non validity of the equation (27.8) in case of nonstationary fields 

results also from the following considerations. Let’s calculate the diver-
gence from both parts of the relation (27.8): 

 
 [ ] .rot jH

rr
∇=∇  

 
The divergence of the curl must necessarily be equal to zero In this way 

one can get a conclusion that the divergence of vector j
r

 also must be al-
ways equal to zero. However, this conclusion contradicts with the continuity 
equation where j

r
 is nonzero. 

To co-ordinate the equations (27.8) and (27.9), Maxwell had introduced 
an additional component in the right-hand member of the equation (27.8). 
This component may have the same dimension as current density has. 
Maxwell proposed to name this component as displacement current density. 
Thus by Maxwell the equation (27.8) must have the form: 

 
 dispjjH

rrr
+=rot . (27.12) 
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It is assumed that the sum of conduction current and of displacement 
current to be named the net current. The density of the net current is: 

 
 dispnet jjj

rrr
+= . (27.13) 

 
If we assign the divergence of the displacement current equal to the di-

vergence of conduction current with opposite sign 
 

 jjdisp
rr

−∇=∇ , (27.14) 
 
then the divergence of the right-hand member of the equation (27.12), as 
well as the divergence of the left-hand member, always will be equal to 
zero. 

Now let’s substitute in (27.14) j
r

∇  according to (27.9) through 
t∂
ρ∂ . 

We obtain the following expression for divergence of the displacement cur-
rent: 

 

 
t

jdisp ∂
ρ∂=∇

r
.  (27.15) 

 
To get the connection between the displacement current and the values 

characterizing the electrical field changes in time, we use the relation: 
 

 ρ=∇D
r

. 
 

After differentiation by time, we obtain: 
 

 ( )
t

D
t ∂

ρ∂=∇
∂
∂ r

. 

 
Now let’s change the order of differentiation by time and by coordi-

nates. As a result we get the following expression for derivative of ρ  by t : 
 

 ⎟
⎠
⎞

⎜
⎝
⎛

∂
∂∇=

∂
ρ∂ D

tt
r

. 
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The substitution of this expression in formula (27.15) gives: 
 

 ⎟
⎠
⎞

⎜
⎝
⎛

∂
∂∇=∇ D
t

jdisp
rr

. 

 
In this way we obtain 
 

 .
t
Djdisp ∂

∂=
r

r
  (27.16) 

 
Substituting the expression (27.16) in formula (27.13), we get the equa-

tion 
 

 
t
DjH

∂
∂+=
r

rr
rot . 

 
Each of the vector equations (27.1) and (27.3) is equivalent to three sca-

lar equations which relate the vector’s components from the left-hand and 
right-hand members of the equalities. Applying the rule of differential op-
erators opening we can write down them as follows: 

 

 
t

B
z

E
y

E xyz
∂

∂
−=

∂
∂

−
∂

∂
; 

t
B

x
E

z
E yzx

∂
∂

−=
∂

∂
−

∂
∂

; 

 

 
t

B
y

E
x

E zxy

∂
∂

−=
∂

∂
−

∂
∂

; (27.17) 

 

 0=
∂

∂
+

∂
∂

+
∂

∂
z

B
y

B
x

B zyx  (27.18) 

 
for the first pair of equations and: 
 

 
t

D
j

z
H

y
H x

x
yz

∂
∂

+=
∂

∂
−

∂
∂

; 
t

D
j

x
H

z
H y

y
zx

∂
∂

+=
∂

∂
−

∂
∂

; 
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t

D
j

x
H

x
H z

z
yy

∂
∂

+=
∂

∂
−

∂
∂

; (27.19) 

 

 ρ=
∂

∂
+

∂
∂

+
∂

∂
z

D
y

D
x

D zyx  (27.20) 

 
for the second pair. 

Altogether we obtain 8 equations concerning 12 functions (these are 
three components of each of the vectors E

r
, B
r

, D
r

, H
r

). Since the number 
of equations is smaller then the number of unknown functions, then the 
equations (27.1) – (27.4) are not enough for fields determination by given 
charge and current distributions. To realize the field calculations, the Max-
well equations should be enlarged by equations relating D

r
 and j

r
 with E

r
, 

as well as H
r

 with B
r

. These equations have the form: 
 

 ED
rr

0εε=  ; (27.21) 
 
 HB

rr
0μμ= ;  (27.22) 

 
 Ej

rr
σ= .  (27.23) 

 
The set of equations (27.1) – (27.23) forms the foundation of the elec-

trodynamics of quiescent mediums. 
Let’s consider now the Maxwell equations in integral form. 

The first pair: 
 

 ∫∫ −=
Γ S

SdB
dt
dldE

rrrr
  ; (27.24) 

 
 0 =∫

S

SdB
rr

  (27.25) 

 
The second pair: 
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 ∫∫∫ +=
Γ SS

SdD
dt
dSdjldH

rrrrrr
    ; (27.26) 

 
 ∫∫ ρ=

VS

dVSdD
rr

 . (27.27) 

 
Equation (27.24) can be obtained by integrating (27.1) over arbitrary 

surface S with the following left-hand member transformation by means of 
Stokes theorem to the integral over contour Г, bounding the surface S. The 
equation (27.26) can be obtained in the same manner from the relation 
(27.3). Equations (27.25) and (27.27) can be deduced from (27.2) and (27.4) 
by integrating over arbitrary volume V with the following left-hand member 
transformation by means of the Gauss–Ostrogradsky theorem to the integral 
over closed surface S bounding the volume V. 

When solving the electrodynamics problems it is considered that all 
macroscopic bodies are bounded by surfaces. Under the transfer through 
these surfaces the physical properties of the macroscopic bodies are sud-
denly changed, therefore the electromagnetic fields generated by these bod-
ies can be suddenly changed too. In other words, the vector functions D

r
 

and H
r

 are piecewise continuous function of coordinates, i.e. they are con-
tinuous with their derivatives inside of each homogeneous domain, but can 
discontinue at the boundaries between two mediums. In this connection it 
seems to be more convenient to solve the Maxwell equations (27.1) – (27.4) 
in each domain bounded by some boundary surface separately and then to 
combine the obtained solutions by means of boundary conditions. 

As to determine the boundary conditions it is convenient to use the inte-
gral form of the Maxwell equations. According to the equation (27.4) and to 
the Gauss–Ostrogradsky theorem we have 

 
 QdVdSDdVD n =ρ== ∫∫∫    div

r
,  (27.28) 

 
where Q is the total charge inside the volume of integration. 

Let’s consider the infinitesimal volume in the form of cylinder with the 
height h and the base area S, placed in the mediums 1 and 2 (fig. 27.2). 

The relations (27.28) in this case can be written down in the form: 
 

 QdSDSDSD
lat

nnn =+− ∫  21 .  (27.29) 
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Here nr  is the normal to the boundary between two mediums, directed 
from the medium 2 to the medium 1. The sign “minus” in the second com-
ponent is determined by the following: external normal nr  to the surface of 
integration in the medium 2 is directed oppositely to the normal nr  in the 
medium 1. 
 

 
 
 

Fig. 27.2. Infinitesimal volume in the form of cylinder with the height h and the 
base area S, placed in the mediums 1 and 2. 
 

Let the bases of the cylinder tend to the boundary between two medi-
ums. As the lateral area tends to zero, then 0 →∫

lat
n dSD , and therefore the 

relation (27.29) takes the form 
 

 σ==−
S
QDD nn 21 , (27.30) 

 
where nD2  and nD1  are the normal components of the vector D

r
 at the dif-

ferent sides of the boundary surface; σ is the surface density of the charges 
surplus with respect to the charges of the substance itself. If the boundary 
surface is uncharged, then in formula (27.30) it is necessary to set σ  = 0. It 
is convenient to use the notion of surface density when surplus charges are 
located in a very thin stratum d of the substance but the field is considered 
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at the distance r from the surface and r >> d. Then from the definition of the 

charge cubic density 
dS

Q
⋅Δ

Δ=ρ  we have: 

 σ  = ρ d = 
S
Q

Δ
Δ . 

 
Taking into account that PED

rrr
+ε= 0  and ( ) nPnP =⋅ r

r
 is the polarized 

charge surface density, then the formula (27.30) can be written in the form 
 

 ( ) netnn EE σ+σ=−ε 210 , 
 
where nPPPP nnnet

rrr
⋅−=−=σ )( 1212  and σ  is the surface density of the 

charges surplus with respect to the bound charges of the substance itself (the 
value σ  appears in the boundary condition (27.30)). 

Using the equation (27.2) and realizing the similar reasoning we obtain 
the boundary condition for vector B

r
: 

 
 021 =− nn BB   (27.31) 

 
Expressions (27.30) and (27.31) represent the boundary conditions for 

normal components of the vectors B
r

 and D
r

. To obtain the conditions for 
tangential components one can apply the equations (27.1) and (27.3). Let’s 
multiply scalarwise the equation (27.3) by positive normal N

r
 to the surface 

S, bounded by contour L that has a rectangular form (fig. 27.3). 
 
 

 
 

Fig. 27.3. The explanations are in the text. 
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Applying the Stokes theorem we obtain: 
 

 ( ) ( ) ( ) ( )dSjNdSDN
t

ldHdSHN
L

   rot ∫∫∫∫ ⋅+⋅
∂
∂=⋅=⋅

rrrrrrrr
. 

 
Let’s rewrite this equation in the form: 
 

 ( ) ( ) ( ) =−τ⋅−τ⋅+=⋅ ∫∫∫∫∫
a

d
n

a

d

c

b

b

a
n

L

dhHdlHdlHdhHldH      21
rrrrrr

 

 ( ) ( )dhdljNdhdlDN
t

  ∫∫ ⋅+⋅
∂
∂=

rrrr
  (27.32) 

 
Here 1H

r
 and 2H

r
 are the values of the vector H

r
 in the mediums 1 and 

2 correspondingly, τr  is the unit vector tangent to the boundary surface, nr  is 
the normal to the boundary surface, directed from the medium 2 to the me-
dium 1. 

Let now 0→h  when l is small but fixed. Then 0→∫ dhH n , 

0→∫ dSDn  and the relation (27.32) takes the form: 
 

 ( ) ( )hlNjlHH
rrrrrr

⋅=⋅τ⋅−τ⋅ 21 . 
 
After cancellation by l we get: 
 
 ( ) ( ) ( )NihNjHH

rrrrrrrr
⋅=⋅=τ⋅−τ⋅ 21 , 

 
where hji ⋅=

rr
. Vector τr , as it follows from the fig. 27.3, can be written in 

the form [ ]., nN rrr =τ  Then the previous expression takes the following form 
 
 ( ) [ ] ( )[ ] .,, 2121 NiNHHnnNHH

rrrrrrrrrr
⋅=⋅−=⋅−  

 
Since this formula is valid for any surface orientation (and for any ori-

entation of the vector N
r

 correspondingly), then we obtain 
 

 [ ] [ ] .,, 21 iHnHn
rrrrr =−  (27.33) 
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In the boundary condition (27.33) the surface current density (surplus 
with respect to excitation currents) appears. If the currents are missing, then 

we should set i
r

=0. Taking into account, that MBH
r

r
r

−
μ

=
0

 and [ ]nM rr
,  is 

the surface density of excitation current, we rewrite the formula (27.33) in 
the form: 

 
 [ ] [ ] ( ) ,,, 021 μ+=− exciiBnBn

rrrrrr  
 
where [ ] [ ] ( )[ ].,,, 2121 nMMnMnMiexc

rrrrrrrr
−=−=  

Using the equation (27.1) and realizing the similar reasoning we obtain 
the boundary condition for vector E

r
: 

 
 [ ] [ ] 0,, 21 =− EnEn

rrrr   (27.34) 
 

Thus, the Maxwell equations (27.1) – (27.4) must be completed by 
boundary conditions (27.30), (27.31), (27.33) and (27.34). These conditions 
determine the continuity of the vector’s E

r
 tangential components (27.34) 

and of the vector’s B
r

 normal component (27.31) when transferring the 
boundary between two mediums. The vector’s D

r
 normal component dis-

continues when transferring the boundary, the vector’s H
r

 tangential com-
ponent discontinues also if the surface currents appear (27.33). 

One more boundary condition can be obtained by means of continuity 
equation ( =+∂ρ∂ jt

r
div 0) and equation (27.4): 

 

 
⎭
⎬
⎫

⎩
⎨
⎧

+
∂
∂=+

∂
∂=+

∂
ρ∂ j

t
DjD

t
j

t
r

r
rrr

divdivdivdiv . 

 
As the boundary condition (27.31) is a consequence of he equation 

(27.2), then in the analogous manner we find: 
 

 n
n

n
n j

t
D

j
t

D
2

2
1

1 +
∂

∂
=+

∂
∂

rr

. (27.35) 
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If there are no charges with time depending surface density on the 
boundary surface, then from (27.30) and (27.35) we obtain the continuity of 
current density normal components: 

 nn jj 21 = . 

Thus, the boundary conditions at the boundary surface between two 
mediums have the following form: 

 ( ) σ=−⋅ 21 DDn
rrr ; ( )[ ] 0, 21 =− EEn

rrr ; 
(27.36) 

 ( ) 021 =−⋅ BBn
rrr ; ( )[ ] iHHn

rrrr =− 21, , 

where nr  is the normal to boundary directed from the medium 2 to the me-
dium 1. These conditions should be fulfilled for any time moment at every 
point of the boundary surface. 

Since the Maxwell equations (27.1) – (27.4) usually are solved in 
piecewise homogeneous mediums, then the boundary conditions (27.36) 
should be considered as an integral part of Maxwell equations. 

In case of stationary electric and magnetic fields ( 0/ =∂∂ tB
r

 and 
0/ =∂∂ tD

r
) the system of Maxwell equations (27.1) – (27.4) decomposes in 

two systems: 
the system of electrostatics equations: 
 
 ρ=D

r
div , 0rot =E

r
, EPED

rrrr
εε=+ε= 00   (27.37) 

 
and the system of magnetostatics equations: 
 
 jH

rr
=rot , 0div =B

r
, ( ) HMHB

rrrr
μμ=+μ= 00 .  (27.38) 

 
The boundary conditions remain the same. 

 

28. Finite volume method for electrostatic field calculation 
 

The general problem of electric field calculation consists in determina-
tion of its strength at each point by means of given charges or potentials. In 
case of electrostatic field the problem is completely solved by finding the 
potential as a function of coordinates. If in homogeneous and isotropic me-
dium the electric charges distribution σ  is known completely, then the po-
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tential distribution u can be obtained by simple integration of the charges 
over surface of all charged bodies. The inverse problem of finding the 
charge distribution in accordance with given potential distribution, can be 
solved by means of Laplace equation and the boundary condition 

σ=∂∂ε− nu /  at surface of the charged conducting bodies [34]. 
However, frequently the problem proves to be more complicated. Gener-

ally, one can consider the system of charged conducting bodies circled by 
dielectric that does not contain the volume charges. In this case or the poten-
tials of all bodies 1u , 2u , …, ku , or the total charges 1q , 2q , … kq  are 
given. But the charge distribution on the surface of each body is unknown 
and remains the subject for determination. The potential distribution in 
space is unknown as well. The problem became more complicated espe-
cially for heterogeneous or anisotropic medium. The solution of such 
boundary problems with the final analytic representation is possible only for 
individual particular cases [34]. 

In this chapter we propose the numerical model for electrostatic field cal-
culation. To obtain this model we use the concepts of finite volume method 
that has been developed successfully during the last two decades and that 
finds more and more applications in solving the multidimensional problem 
of the mathematical physics [47, 90, 99, 117]. The a priori and the a posteri-
ori analysis of the discrete solutions accuracy for bodies with complicated 
geometry demonstrates that such an approach offers some advantages in 
comparison with finite difference or with finite element methods [90]. We 
will try to convince the reader of the truth of this statement by considering 
some applied problems which are used here as a test problems. 

Boundary problem definition. Let’s consider the problem of determina-
tion of two-dimensional distribution of the electric field potential ),( yxu  in 
the multiply-connected domain Ω . Let the absolute permittivity ),( yxaε  
possesses the piecewise constant value in this domain. The problem repre-
sents the particular case of the three-dimensional problem for cylinder with 
cross-section Ω , that is infinite in direction of axis z. The function 

),( yxu within Ω  satisfies the Poisson’s equation 
 

 ),()grad(div yxua σ−=ε ,  (28.1) 
 

where ),( yxσ  is the density of free charge distribution. If there are no such 
charges in the domain Ω , then the equation (28.1) changes into Laplace’s 
equation 0)grad(div =ϕεa , and on the boundary Ω∂=Γ  of the domain Ω  
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the values ),( yxu  are considered as known 
 

 ),(),( yxyxu μ=Γ . (28.2) 
 

The field strength vector E
r

 is determined through the potential u by the 
formula uE grad−=

r
, and electrical displacement vector – by ED a

rr
ε= . At 

the boundaries between two heterogeneous mediums the continuity condi-
tions 0][ =u  and 0)],[( =nD rr

 are fulfilled (square brackets here denote the 
difference of limit values at the left and at the right of the boundary and nr  is 
the normal vector to this boundary). 

 a)  b) 

  

Fig. 28.1. Neighborhood of the grid point P0 and the Voronoi cell *
0PK  (a), the tri-

angle kji PPPΔ  (b). 

Discrete model. To solve the Dirichlet's problem let’s divide the do-
main Γ+Ω=Ω  into finite set of small triangles. Now all apexes of the tri-
angles constitute the discrete set of grid points, that be imposed upon the 
continuum Ω . The grid must be constructed in such a way as the sides of 
the triangles to coincide with the interface between two mediums. Let de-
note by hT  the set of grid triangles, where h  is the maximal value of the tri-

angles lateral lengths. Let introduce also the dual grid *
hT  that consists of 

so-called Voronoi cells (see fig. 28.1, a). The vertexes of Voronoi cell *
0PK  
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for some grid point 0P  we denote by Qi.. These vertexes Qi are the centers 
of the circles circumscribed around the triangles having the point 0P  as an 
apex. 

As an approximate solution of the problem (28.1), (28.2) we consider 
the piecewise linear function ),( yxuh  that must be continuous in Ω  and 
linear on every triangle hTK ∈ . The function ),( yxuh  on the set of trian-
gles hT  can be defined in the following manner. 

Let the triangle kji PPPK Δ=  (fig. 28.1, b) be some element of the set 

hT  and ),( yxP  be an arbitrary point of this element. In this triangle for 
each apex we introduce the shape functions ),( yxNi , ),( yxN j  and 

),( yxNk . These functions should verify the following conditions: the func-
tions are linear and their values at the triangle apexes are equal to 0 or 1, i.e. 

 
 0)()(;1)( === kijiii PNPNPN ; 
  
 0)()(;1)( === kjijjj PNPNPN ; 
 
 0)()(;1)( === jkikkk PNPNPN . 

 
The shape functions can be represented in the explicit form expressing 

them through the coordinates of the vertexes 
 

),(
2
1),( ycxba
A

yxN iiii ++=  

 ;,, jkikjijkkji xxcyybyxyxa −=−=−=  
 

),(
2
1),( ycxba
A

yxN jjjj ++=   (28.3) 

 kijikjkiikj xxcyybyxyxa −=−=−= ,, ; 
 

),(
2
1),( ycxba
A

yxN kkkk ++=  

 ijkjikijjik xxcyybyxyxa −=−=−= ,, . 
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Here A is the area of the triangle 
 

 

kk

jj

ii

yx
yx
yx

A
1
1
1

2 = . 

 
Using the shape functions for every grid node (internal or boundary) we 

introduce the basis function ),( yxiϕ , i = 1, 2, …, n, n + 1, …, n1 (n and n1 

represent here the number of internal nodes and the total number of nodes 
correspondingly). The function ),( yxiϕ  is piecewise linear, i.e. it is con-
tinuous and linear on each triangle with unit value in the node iP  and with 
zero values in all other nodes. Then the approximate solution ),( yxuh  can 
be represented as a linear combination of basis functions 

 

 ∑
=

ϕ=
1

1
),(),(

n

i
iih yxuyxu . (28.4) 

 
Owing to the piecewise linear nature of the constructed basis { } 1

1
n
ii =ϕ , 

the functions hu  represent the elements of Sobolev space )(1
2 Ω∈Wuh . It is 

easy to verify that the coefficients ui from (28.4) are equal to the unknown 
potential values at the node ),( iii yxP , i.e. iiih uyxu =),( . 

It is to mention here that we apply Galerkin method to solve the prob-
lem (28.1), (28.2). This method consists in following. Let’s substitute the 
(28.4) in the equation (28.1) and then write down the condition of orthogo-
nality of obtained expression with respect to basis functions ),( yxkϕ  for 
internal nodes 

 
 nkdsdsu kkha ,1,)grad(div =σϕ−=ϕε ∫∫

ΩΩ

; (28.5) 

 

 k

n

i
ikik

n

i
iia udsu β=α=ϕϕε ∑∫ ∑

=Ω =

~)grad(div
11

11
; (28.6) 

 
 dsdsds kiakiakikk ϕϕε−=ϕϕε=ασϕ−=β ∫∫∫

ΩΩΩ

gradgrad)grad(div;~ . 
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As the solution values are known at the boundary nodes, then the sys-
tem (28.6) takes the form 

 

 k

n

i
ikiu β=α∑

=1
, nk

n

ni
ikikk ,1,~ 1

1
=μα−β=β ∑

+=
. (28.7) 

 
In contrast to finite element method the generalized Galerkin method is 

used in finite volume method. This generalized approach consists in follow-
ing. There are used basis functions ),( yxkψ  of the space )()( 2

0
2 Ω=Ω LW  

in the condition of orthogonality (28.5). Let’s introduce new basis functions 
),( yxkψ  for dual grid *

hT  by the following rule: function ),( yxkψ  pos-
sesses the constant unit values in the Voronoi cell for internal node kP  and 
it possesses zero values in the rest of domain. Then the condition of or-
thogonality (28.5) with functions ),( yxkψ  gets the form 

 
 nkdsdsu kkha ,1,)grad(div =σψ−=ψε ∫∫

ΩΩ

. (28.8) 

 
Taking into consideration that the function ),( yxkψ  is nonzero only in 

*
0PK , we obtain 

 
 ∫∫ σ−=ε

*
0

*
0

)grad(div
PP KK

ha dsdsu , (28.9) 

 
where *

0PK  is Voronoi cell for node kP . 
Thus, to obtain the system of linear algebraic equations with respect to 

unknown values of the function hu  at the grid points by means of finite vol-
ume method we should proceed as follows. Let’s consider the Poisson equa-
tion ),,()grad(div zyxua σ−=ε  in three-dimensional space with Cartesian 
coordinates Oxyz. Let’s integrate this equation over the volume of the right 
prism *

0PV  with the base coinciding with the cell *
0PK  and with the height 

equal to unit and directed on Oz-axis. Then we obtain 
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 ∫∫ σ−=ε
*
0

*
0

),,()grad(div
PP VV

a dVzyxdVu . (28.10) 

 
Let’s mention that the volume of such prism is equal numerically to its 

base area **
00 PP KV = . For this prism and for function u, independent on co-

ordinate z, the relation (28.10) coincides with (28.9). Now we apply the di-
vergence theorem to the left-hand member of the (28.10) and obtain 
 

=ε=ε ∫∫
∂ *

0
*
0

grad)grad(div
PP V

a
V

a SdudVu  

 

 ∫∫
∂∂ ∂

∂ε=ε=
*
0

*
0

),grad(
PP V

a
V

a dS
n
udSnu , (28.11) 

 
where *

0PV∂  is the total surface of the prism *
0PV ; n  is the external normal to 

the surface *
0PV∂ , and nu ∂∂ /  is the derivative of function u by this normal. 

In this case the equation (28.10) takes the form 
 

 ∫∫ σ−=
∂
∂ε

∂ *
0

*
0

),,(
PP VV

a dVzyxdS
n
u . (28.12) 

 
As it is supposed that the unknown functions in the problem (28.1) 

(28.2) are independent on coordinate z then the derivative nu ∂∂ /  is equal to 
zero at the prism bases. The lateral surface of the prism *

0PV  consists of the 

rectangular parts with the unit heights and with the arias numerically equal 
to the side lengths of the cell *

0PK . Therefore, the integrals from the expres-
sion (28.12) can be represented in the following form 

 ∫∫
∂∂ ∂

∂ε=
∂
∂ε

*
0

*
0 PP K

a
V

a dl
n
udS

n
u , ∫∫ σ=σ

*
0

*
0

),(),,(
PP KV

dSyxdVzyx , 

where *
0PK∂  and n  are the boundary and the external normal to the cell 

boundary *
0PK , nu ∂∂ /  is the derivative of the function u by this normal. 
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Then the expression (28.12 takes the form. 
 

 ∫∫ σ−=
∂
∂ε

∂ *
0

*
0

),(
PP KK

a dSyxdl
n
u . (28.13) 

 
Thus, the solution of the problem (28.1), (28.2) by finite volume 

method reduces to the approximation of the relation (28.13) for Voronoi 
cells for internal nodes of the difference grid. The analogous procedure is 
proper to the finite difference method for grids with rectangular cells. 
Therefore, the finite volume method can be considered as some generaliza-
tion of the finite difference method for block discretization with arbitrary 
shaped cells. By this reason the finite volume method keeps all advantages 
of the finite difference method. In comparison with finite element method 
the algorithm of finite-difference approximations here is not so sophisti-
cated and we do not need to construct local and global stiffness matrices 
when forming the resolving system of equations of type (28.7). 

Let’s denote in the Voronoi cell *
0PK  (see fig. 28.1, а) by 6,0, =mPm  

the grid nodes; by 6,1, =mQm  – the vertexes *
0PK  for the node 0P ; by 

mM , 6,1=m  – the intersection points of the segments mPP0  and mm QQ 1− . 

Then the integral from the formula (28.13) over the contour *
0PK∂  (taking 

into account that 17 PP = , 17 QQ = , 17 MM = ) we can approximate as fol-
lows: 

 

 ∑∑ ∫∫
=

+
+

+
+

=∂

−
ε≅

∂
∂ε=

∂
∂ε

+

6

1
1

10

01
1

6

1

)()(
)(

1
*
0

i
ii

i

i
ia

i QQ
a

K
a QQ

PP
PuPu

Mdl
n
udl

n
u

iiP

, 

 
where 10 +iPP  and 1+iiQQ  are the lengths of the segments 10 +iPP  and 

1+iiQQ . 
The integral from the right-hand member of (28.13) we approximate by 

formula 
 

 00 )(),(
*
0

SPdSyx
PK

σ=σ∫ , 
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where S0 is the area of the Voronoi cell *
0PK . Then the approximation of the 

equation (28.13) can be represented in the following form 
 

 00

6

1
1

10

01
1 )(

)()(
)( SPQQ

PP
PuPu

M
i

ii
i

i
ia σ−=

−
ε∑

=
+

+

+
+ . 

 
So the final equation for the grid node 0P  takes the following form 
 

 00

6

1
100 )()()( SPPuPu

i
ii σ−=α+α ∑

=
+ ; (28.14) 

 

 ∑
=+

+
+ α−=α=ε=α

6

1
0

10

1
1 ;6,1,)(

i
i

i

ii
iai i

PP

QQ
M  

 
 ( 71 PP = , 71 MM = , 71 QQ = ). 
 

Now we can write out the equation in the form of (28.4) for each inter-
nal grid node and we use the condition (28.2) for the boundary grid node. 
As a result, we obtain the system of linear algebraic equations with the 
symmetrical matrix. It is to mention that when solving the practically im-
portant problems the number of equations in such systems amounts to thou-
sands or dozens of thousands. However, since each equation of the type 
(28.14) contains only some nonzero elements (usually there are from 3 to 9 
nonzeros), then it turns out that the final matrix is sufficiently sparse matrix. 
For matrix inversion of similar type (banded matrix) we use usually Gauss 
elimination or square-root method. 

The convergence of this method will be considered in the next para-
graph. 

The obtained solution ),( yxuh  for field potential distribution in Ω  
permits to construct the flux of field strength vector 

uEEE yx grad),( −==
r

. Let denote by V the flux of vector E
r

 passing 
through the area that is parallel to the z-axis and the condition 

const),( =yxu is fulfilled on the surface of this area. As it is shown in [34] 
the functions u and V satisfy the Cauchy-Riemann equations 
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x
V

y
uE

y
V

x
uE yx ∂

∂−=
∂
∂−=

∂
∂=

∂
∂−= ; , (28.15) 

 
therefore the lines const),( =yxu  and const),( =yxV  generate the mutu-
ally orthogonal families. The function ),( yxV  can be obtained by calcula-
tion of the contour integral of function ),( yxu  
 

 ∫ ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂−

∂
∂=

),(

),( 00

),(
yx

yx

dy
x
udx

y
uyxV , (28.16) 

 
where 00 , yx  are the coordinates of an arbitrary point from Ω and the patch 
of integration is situated inside of domain Ω. In case of multiply-connected 
domain the patch of integration also can not intersect the cuts of the domain 
that bring it to simply connected structure. 

The capacitance C between two conducting bodies can be computed 
from the formula 

 

 
21 uu

qC
−

= , (28.17) 

 
where )( 21 uu −  is potential difference of these bodies. The charge q of the 
body located inside of the some three-dimensional domain V can be com-
puted in accordance with Gauss' law of flux as a surface integral of the field 
strength vector E

r
 over surface VS ∂=  

 
 ∫∫ =⋅ε−=⋅ε=

SS

SduSdEq
vvr

grad  

 

 ∫∫ ∂
∂ε−=⋅ε−=

SS

dS
n
udSnu )(grad r . (28.18) 

 
Here by S we denoted an arbitrary surface containing the charged body, by 
nr  – the exterior normal vector to the surface S and by ε  – the permittivity. 
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29. Convergence proof and a priori estimation of discrete 
solutions accuracy 
 
Let’s consider the Dirichlet's problem for elliptical equation that repre-

sents a generalization of the problem (28.1), (28.2). It is required to deter-
mine the function ),( 21 xxu that is a solution of the equation 

 

),(),(),( 21
2

212
21

211
1

xxf
x
uxxk

xx
uxxk

x
Lu =⎥

⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

∂
∂+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
∂
∂

∂
∂−= ,  (29.1) 

 
in the interior of the domain D and on the boundary D∂=Γ  it satisfies zero 
boundary conditions 
 
 0),( =Γyxu . (29.2) 
 

The coefficients of the operator L satisfy the condition of strong ellipti-
city: 2,1,0),( 0

21
1 =>≥≥ jkxxkk jjj . Let the right-hand member of (29.1) 

is quadratic integrable, i.e.. )(2 DLf ∈ . Then the solution of (29.1), (29.2) 
is the element of the space Q 
 
 }on0),({)( 2

2 Γ=∈=∈ uDWuDQu . 
 

Let’s demonstrate that operator L is symmetrical and positive defined. 
Since )(2 DLf ∈ , then )(2 DLLu ∈ . Let’s consider the scalar product of 
Lu  and )(DQv ∈  in the space 2L  
 

∫ ⎥
⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

∂
∂+⎟⎟
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⎝
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∂

∂
∂−=

D

dxdxxxv
x
uxxk

xx
uxxk

x
vLu 2121

2
212

21
211

1
),(),(),(),( . 

 
Applying the generalized Green's formula and taking into account the 

condition 0== ΓΓ vu , we obtain 
 

),(),(),(),( 21
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212
11

211 Lvudxdx
x
v

x
uxxk

x
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x
uxxkvLu

D

=⎥
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⎤
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⎣

⎡
∂
∂

∂
∂+

∂
∂

∂
∂= ∫ , (29.3) 
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that proves the operator L symmetry. 
To prove the positive definiteness of this operator we should prove at 

first the Friedrichs' inequality. Let’s suppose that domain D is rectangular 
one }2,1,0:),{( 21 =≤≤= klxxxD kk . Then the Friedrichs' inequality has 
the form 

 

2/),min(,0,, 21
1
2

2/12

2

2

1
llcuWuu

x
u

x
uc ==∈≥⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛

∂
∂+

∂
∂

Γ . (29.4) 

 
Since the elements of the space 1

2W  may not possess the derivative in 
the classical meaning, we will consider the consequence }{ mu  of suffi-
ciently smooth functions that are equal to zero on boundary Γ and converg-
ing to 1

2Wu ∈  when ∞→m . As 0=Γmu , then the function ),( 21 xxum  
verifies the identity 

 

 Dxxdxuxxu
x

m ∈ξ
ξ∂

ξ∂
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21
21

1

. 

 
Let’s turn to modules in this equality and then apply the Cauchy-

Bunyakovsky inequality. As a result we get 
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The right-hand member of the last inequality represents a product of 
two functions: the first one depending on x1 only and the second one – on x2 
only. Therefore, integrating this inequality over the rectangle D, we obtain 

 

 =ξ
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≤ . (29.5) 

 
In a similar manner the estimation by the variable x2 can be obtained 
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Now let’s combine (29.5) and (29.6) 
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Now we take the square root and get the following inequality 
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Let’s remind that in 1

2W  the convergence 
∞→

∂∂→∂∂
m

kkm xuxu //  and 

∞→
→

m
m uu  holds. So, considering ∞→m  in the last inequality, we obtain the 

Friedrichs' inequality (29.4). 
To prove the Friedrichs' inequality in the arbitrary domain D, one 

should consider the rectangle Π circumscribed around the D. The function 
u~ is defined in Π so as it is equal to u in the interior of D and it is equal to 
zero in the Π\D. Applying the proved above inequality to the function u~ and 
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taking into account that the function u~  is equal to zero outside of D, we ob-
tain the inequality (29.4) in the arbitrary domain D. 

Now let’s prove the positive definiteness of the operator L. Let’s con-
sider the inequality (29.3) when uv =  and use the condition of ellipticity 

2,1,0),( 0
21 =>≥ jkxxk jj  and the Friedrichs' inequality (29.4) 
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Thus, we get 
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that proves the operator L positive definiteness. The operator L positive 
definiteness ensures the unique existence of the solution of (29.1), (29.2). 
The existence of the solution results from the condition 0>δ , that ensures 
the existence of the inverse operator 1−L  and, hence, of the solution 

fLu 1−= . To prove the uniqueness of solution it is sufficient to suppose 
that there exists two different solutions u1 and u2 and to consider their dif-
ference u = u1 - u2. Since the operator L is linear then the difference u satis-
fies the homogeneous equation 0=Lu . The last equation possesses only 
zero solution as the operator L is positive defined. Hence, u1 = u2. 

The problem (29.1), (29.2) is solved by means of finite volume method 
described in details in the previous paragraph. According to this method the 
approximate solution is sought as an expansion by basis function ),( yxiϕ , i 

= 1, 2, …, 1n  of the space 1
2

1
,2 WW h ⊂  
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Since the functions iϕ  are continuous in D and linear in each triangle of 
triangulation, then the function hu  is continuous and piecewise linear too, 

i.e. 1
2

1
,2 WWu hh ⊂∈ . In accordance with Sobolev’ theory of interpolation 

the functions hu  approximate the solution of the problem (29.1), (29.2). 
Let’s prove the approximation theorem in one-dimensional case [67] 

 
Theorem. If )()( 2

2 DWxu ∈ , D = [a, b] then there exists the function 

)(1
,2 DWu hh ∈  such as 
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22 DWDLh uhcuu ≤− , (29.10) 
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2
1

2 DWDWh uhcuu ≤− , (29.11) 

 
where the constants 1c , 2c  are independent on h and on )(xu . 

Proof. Let on the grid bxxxxa NN =<<<<= −110 ... , 1−−= iii xxh , 
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hh max= , Ni ,1=  the following piecewise linear compact functions are 
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The functions )(xiϕ  are linearly independent. Let’s denote the linear 

capsule of the system }{ iϕ  by HN. The functions from HN are continuous, 
piecewise linear functions possessing the first derivative that is additive 
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with any finite order. Therefore, ),( baCH N ⊂ , ),(1
2 baWH N ⊂  and NH  

can be denoted as ),( baCh  or ),(1
,2 baW h  depending on the space where the 

approximation is examined by means of }{ iϕ . 

If we take the finite sum N

N

i
iiN Hxaxv ∈ϕ=∑

=0
)()( , then it is easy to 

observe that )( iNi xva = . It is to mention, that the functions }{ iϕ  represent 
the system of almost orthogonal functions, i.e. 
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This property results in the following: the matrix of the system of linear 

algebraic equations obtaining by finite volume method has a tridiagonal 
structure. 

Since the function )(xu  from )(1
2 DW  (and especially from )(2

2 DW ) is 
continuous in one-dimensional case, then )(xu  possesses the finite value at 
any grid node ix , i = 0, 1, …, N. Therefore we can consider the linear com-
bination 
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Let’s estimate the difference huu −  in the arbitrary point ),( 1 ii xxx −∈ . 

For that we write down the following inequalities taking into account that 
the function )(xuh  is piecewise linear and 

iiih hxuxudxxdu /))()((/)( 1−−=  when ),( 1 ii xxx −∈ : 
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Now we apply the Cauchy-Bunyakovsky inequality to the (29.13) ex-

tending at the same time the limits of integration: 
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Summing over i = 0, 1, …, N the last inequalities, we obtain (29.10). If 

now we will differentiate (29.13) and then implement the same estimations 
and reasoning, we will obtain (29.11). 

So the theorem is proved. 
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30. Test problems solution and field strength calculation in 
irregular shaped bodies (a circle in a square)  
 
The analytical representation for electrostatic field strength between two 

misaligned circular cylinders female each other is presented in [69]. It is 
reasonable to consider this problem as a test one, supposing the potential at 
the exterior boundary equal to zero and at inner boundary – equal to ten di-
mensionless units. 

Numerical solution of the problem we begin with the block discretiza-
tion of the computational domain and finite-difference grid construction. 
The example of such discretization for the grid with 67 grid nodes is pre-
sented in the fig. 30.1. Then, in accordance with algorithms (described for 
example in [82]), we create Delaunay triangulation and Voronoi diagram for 
the system of grid nodes. The sides of triangles are represented at fig. 30.1 
by firm lines and the sides of Voronoi cells – by dashed lines. After the po-
tential space distribution is determined, we calculate the discrete values of 
the flux function (field strength) by formulas (28.16). 

Some numerical results are represented by diagrams on fig. 30.2. We 
have here the potential contl curves (continuous lines) and the contl curves 
for flux function (dashed lines), obtained on the essentially dense grid with 
19834 grid nodes. The capacitance calculated on this grid coincides (within 
third significant digit) with the exact value calculated by formula [69]: 
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where R1 is the radius of internal cylinder, R2 is the radius of external cylin-
der, D is the distance between their centers, ε is the permittivity, l is the 
height of cylinder for which the capacity is calculated. When R1 = 0.3385 m 
and R2 = 2 m; D = 1.1547 m; l = 1 m; ε = 8.8542 pF/km we obtain C = 
41.28 pF. 
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Let’s consider another test problem about the electrostatic field of the 
single wire with radius R located at a height of h above the earth. The exact 
solution of this problem is presented in [69] and the formula for capacity 
calculation is the following  
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The computational domain (when R = 0.3385 m and h = 16.8 m) is 

bounded by the square 360×360 m and the potential is considered equal to 
zero at this square boundaries.  

To optimize the number of grid nodes the non-uniform grid is used with 
computational cells concentration in vicinity of the wires. In the fig. 30.3 we 
represent the example of sufficiently coarse non-uniform grid with the grid 
step equal to 22.5 m near the external boundary and approximating to 7.5 m 
near the wire. The total number of nodes is equal to 611. 

To obtain numerical results with adequate accuracy the problem was 
solved on an essentially dense grid. The grid step nearby external boundary 
is equal to 4 m and as verging towards the wires it becomes equal to 0.08 m. 
The numerical results obtained on the grid with 43300 nodes are represented 
in the fig. 30.4. The numerical capacitance value 12.10 pF differs from the 
exact analytical value on 2 units in the fourth significant digit.  

Further we will consider some problems for a single wire with rectangu-
lar screens. The contl curves of potential and of flow function (continuous 
and dashed lines correspondingly) are represented in the fig. 30.5 – 30.8. 
The dimensionless length equal to unity corresponds to 0.1 m in real scale. 
The indicated capacitance values C = 28.70; 33.08; 33.80; 35.52 pF are cal-
culated when R1 = 0.01 m; l = 1 m and ε = 8.8542 pF/m. The number of grid 
nodes is chosen in such a way as their following doubling do not influence 
upon the third significant digit in the capacitance value C. 
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As may be seen from represented results, the changes in linear dimen-
sions and in external contour configuration (the screen with zero potential) 
have quite essential influence upon space strength distribution and upon 
electrical capacitance of doubly-connected domains. The capacitance value 
increases nonlinearly as the distance between the conducting bodies sepa-
rated by dielectric sequentially decreases. 

 
 

 
 

Fig. 30.5. Capacitance calculation С = 28.70 pF on the grid with 40214 nodes.  
 
 

 
 

Fig. 30.6. Capacitance calculation С = 33.08 pF on the grid with 12948 nodes.  
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Fig. 30.7. Capacitance calculation С = 33.80 pF on the grid with 10014 nodes.  
 
 

 
 

Fig. 30.8. Capacitance calculation С = 35.52 pF on the grid with 14253 nodes. 
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31. Electrostatic fields in the system: three-phase transmission 
line - earth  
 
Let’s consider now a problem that is important for practical implemen-

tations. It deals with the three-conductor cable with cylindrical shell used as 
a screen. This problem has no an analytical solution, therefore it is neces-
sary to analyze the converging discrete solutions on the consequence of grid 
refinements for accuracy vindication. In the fig. 31.1 we represent the equi-
potential lines (continuous lines) and strength field contl curves (dashed 
lines) for typical cable structure. The represented numerical results are ob-
tained on the grid with 18906 nodes. The numerical experiments have dem-
onstrated that the doubling of the grid nodes number results in numerical 
solution alterations only in fourth significant digit. 

 

 
 

Fig. 31.1. Potential and strength field contl curves for three-conductor cable (the 
wire radii R1 = R2 = R3 = 0.3385 m; the distance between their centers D = 2 m and 
the shell radius R = 2 m). 
 

Using the formulas (28.17), (28.18), one can determine the matrix of 
self and mutual coefficients of electrostatic induction (self-capacitances and 
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mutual capacitances). The elements of this matrix are used as primary pa-
rameters for three-phase transmission: 
 

 28.41
1.0370.106-0.106-
0.106-1.0370.106-
0.106-0.106-1.037

⋅
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=C  nF/km. 

 
To calculate the elements from the first row of the matrix C, we should 

solve the problem with nonzero potential on one of the cable conductors and 
with zero potential on the others and on the shell as well. When the potential 
field is calculated, we can determine the charge of every conductor by 
means of (28.18) and then the values of self and mutual capacitances by 
means of (28.17). 

Let’s consider now the problem of electrostatic field determination for 
the line with triangular layout of wires and with the return (neutral) wire 
placed in the geometrical center between them. The computational domain 
(in case when R1 = R2 = R3 = R4 = 0.3385 m, D = 2 m and the distance be-
tween the lower phases and the earth H = 16.8 m) is bounded by the square 
360×360 m and the potential is considered equal to zero at this square 
boundaries.  

To optimize the number of grid nodes the non-uniform grid is usually 
used with computational cells concentration in vicinity of the wires. The 
grid step nearby external boundary is equal to 4 m and as verging towards 
the wires it becomes equal to 0.08 m. The numerical results obtained on the 
grid with 23845 nodes are represented in the fig. 31.2. 

The matrix of self and mutual capacitances for indicated conductor’s 
configuration is as follows  

 

 

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

=

48.9815.60-15.57-15.88-
15.82-30.434.95-4.71-
15.78-4.81-30.004.79-
15.82-4.71-4.95-30.43

C nF/km. 

 
If in order to calculate the elements of this matrix we use the approxi-

mate formulas from [69], where the wire thickness is not taken into account, 
then we obtain the quantitative differences (disparity) in the first-second 
significant digit 
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⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

=

43.8314.42-14.44-14.42-
14.42-27.543.96-3.81-
14.44-3.96-27.253.96-
14.42-3.81-3.96-27.54

C nF/km.  

 
In the fig. 31.3 we represent the potential and strength field contl curves 

for three-phase line with triangular layout of wires. These results are ob-
tained on the grid with 15106 nodes and with minimal grid step equal to 
0.11 m. 

The matrix of self and mutual capacitances is the following: 
 

 
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=

23.728.75-8.89-
9.01-22.569.12-
8.89-8.75-23.72

C nF/km. 

 
When the wire thickness is not taken into account we obtain the dispar-

ity in the second-third significant digit: 
 

 
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=

22.798.71-8.56-
8.71-22.508.71-
8.56-8.71-22.79

C nF/km. 

 
If we will layout the conductors horizontally, then we obtain the results 

represented in the fig. 31.4, where the distances between the wires vary 
from 1 m to 12 m. 
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The capacitance matrices are cited below in the same order as in the 
figures (the matrix obtained by numerical solution and the matrix obtained 
by approximate formulas from [69]): 
 

 
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=

31.9822.99-4.04-
22.99-50.9022.99-
4.04-22.99-31.98
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⎟
⎟
⎟

⎠
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⎜
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⎛
=
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2.08-20.78-29.27

C nF/km; 
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⎜
⎜
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⎛
=

19.8110.46-2.78-
10.46-24.9410.46-
2.78-10.46-19.81

C nF/km; 
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17.247.76-2.47-
7.76-20.387.76-
2.47-7.76-17.24
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⎟
⎟
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⎜
⎜
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⎛
=

17.077.73-2.39-
7.73-20.237.73-
2.39-7.73-17.07

C nF/km; 
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⎜
⎜
⎜

⎝

⎛
=

14.354.81-1.58-
4.81-15.794.81-
1.58-4.81-14.35

C ;  
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=

14.294.81-1.57-
4.81-15.744.81-
1.57-4.81-14.29

C nF/km; 
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⎜
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⎝

⎛
=

13.022.88-0.84-
2.88-13.572.88-
0.84-2.88-13.02

C ;  
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=

12.882.85-0.84-
2.85-13.452.85-
0.84-2.85-12.88

C nF/km. 

 
It is to mention that, as the distance between the wires increases, the ac-

curacy of approximate calculation of matrix elements increases right up to 
third significant digit. 
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32. Space distribution of potential in high-voltage divider 
 
The necessity of the precise electrical capacity determination in the 

multiply connected piecewise-homogeneous bodies, where the potential is 
known at the opened contours, often appears in the engineering practice. 
The determination of the electrostatic fields and capacities of the high-
voltage resistors (potential dividers), implemented on the base of microwire 
and protected by the conical or cylindrical screens (fig. 32.1), belongs to 
such problems with degenerated boundary conditions. Such a problem defi-
nition does not present the classical Dirichlet's problem for simply con-
nected or multiply connected domain since the boundary conditions are 
specified not only at the exterior boundary, but at the two broken lines in-
side the domain of solution existence as well. 

 

 
 

Fig. 32.1. General view of the high-voltage resistor with cylindrical screen. 
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As the considered problem possesses the axial symmetry property, then, 
to obtain the system of linear algebraic equations with respect to unknown 
function values hu  at the grid nodes, we will proceed as follows. Let’s con-
sider in a three-dimensional space with Cartesian coordinates Oxyz the Pois-
son’s equation ),,()grad(div zyxua σ−=ε . We direct the Oz axis to the re-
sistor rotation axis and then we consider two-dimensional domain Ω  in the 
half-plane Oxz. This domain is generated by intersection of the three-
dimensional resistor with the positive half-plane { ;0=y  ;0≥x  

),( ∞−∞∈z }. Now in Ω  we introduce the system of finite-difference grid 
nodes, execute the triangulation and carry out the Voronoi diagram (the pro-
cedure is described in details in the paragraph 28). Then we integrate the 
Poisson equation over the volume of the curvilinear prism *

0PV  obtained by 

rotation of the Voronoi cell *
0PK  around the Oz axis on the angle equal to 

one radian. As a result we obtain 
 

 ∫∫ σ−=ε
*
0

*
0

),,()grad(div
PP VV

a dVzyxdVu . (32.1) 

 
Now let’s apply the divergence theorem to the left-hand member of the 

(32.1) 
 
 =ε=ε ∫∫

∂ *
0

*
0

grad)grad(div
PP V

a
V

a SdudVu  

 

 ∫∫
∂∂ ∂

∂ε=ε=
*
0

*
0

),grad(
PP V

a
V

a dS
n
udSnu , (32.2) 

 
where *

0PV∂  is the total surface of the prism *
0PV ; n  is the external normal to 

the surface *
0PV∂ , and nu ∂∂ /  is the derivative of function u by this normal. 

Then the equation (32.1) can be transformed to the form 
 

 ∫∫ σ−=
∂
∂ε

∂ *
0

*
0

),,(
PP VV

a dVzyxdS
n
u . (32.3) 
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As the unknown functions are independent on the rotation coordinate 
ϕ,  then the derivative nu ∂∂ /  is equal to zero at the prism base. The lateral 
surface of the prism *

0PV  consists of the conical parts with the arias numeri-

cally equal to the product of the side lengths of the cell *
0PK  and half-sum of 

the distances along Ox axis between the corresponding cell vertexes and the 
rotation axis and the rotation angle 1=ϕΔ . The prism volume *

0PV  is equal 

to the product of the aria of the cell *
0PK  and the angle 1=ϕΔ . Therefore, 

the integrals from the expression (32.3) can be represented in the following 
form 
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∂∂ ∂
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0 PP K

a
V

a dl
n
uxdS

n
u

Q , ∫∫ σ=σ
*
0

*
0

),(),,(
PP KV

dSzxdVzyx , 

 
where *

0PK∂  and n  are the boundary and the external normal to the bound-

ary of the cell *
0PK , Qx  is the coordinate x of the point located at the middle 

of the corresponding side of the cell *
0PK , and nu ∂∂ /  is the derivative of 

the function u by the normal 
Then the expression (32.3) takes the form. 
 

 ∫∫ σ−=
∂
∂ε

∂ *
0

*
0

),(
PP KK

a dSzxdl
n
uxQ . (32.4) 

 
Approximating the equation (32.4) by the cell *

0PK , we obtain the equa-

tion (it is analogous with equation (28.14)) for the node 0P :  
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 ( 71 PP = , 71 MM = , 71 QQ = ). 
 

The equations of the type (32.5), written for every internal node, gener-
ate the system of equations with the solution that represents the potential 
distribution in the system resistor – dielectric (air) – screen. The conjunction 
conditions are fulfilled automatically in this case as well as in case of ho-
mogeneous finite difference scheme for piecewise homogeneous mediums. 

The fig. 32.2 and fig. 32.3 represent the potential and field strength 
contl curves for typical constructions of resistive divider with screen and 
without it. The resistor represents the hollow glass cylinder with the height 
H1 = 120 mm, the external diameter D1 = 28 mm and the internal diameter 
D2 = 18 mm. The screen is of cylindrical form with the height H = 220 mm 
and the diameter D = 75 mm or conical form with the height H = 220 mm; 
the lower diameter D0 = 28 mm and the top diameter D1 = 105 mm or 135 
mm. The relative dielectric constant for glass is e1 = 6, and it is e2 = 1 for 
the air filling the internal and external frame hollows. The potential is given 
at the inner boundaries and it is linearly decreasing from 10 dimensionless 
units to zero. 

The comparative analysis of the presented results shows that the pres-
ence of the screen with indicated dimensions approximately duplicates the 
electrical capacity of divider. Furthermore, the modifications of shape of the 
screening surface with zero potential reveal the high order effects with the 
object of constructive optimization reasoning from concrete technical re-
quirements. 

The fig. 32.4, 32.5 represent the potential and field strength contl curves 
for typical constructions of resistive voltage divider with the screens of cy-
lindrical and conical forms under the constant potential along the winding. 
In this case, the field is missing inside the divider since the potential is quite 
closed to constant given at the contour. 
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