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INTRODUCTION

Many phenomenon and processes of the ambient medium can be de-
scribed mathematically as the initial boundary-value problems for partial
differentia equations. The mathematical models have displayed their great
efficiency in technical systems and physical applications. However, in such
branches of science as theoretical electrical technology and electroenerget-
ics, the mathematical models development is obviously backward of current
requirements and numerous engineering practice demands. This backward
slip becomes especidly visible if we try to realize some comparative analy-
sis with models, methods and informational technologies applied in the me-
chanics of continua [77, 78], plasma physics, synergetic and in the other
fields of modern natural science, where the numerical integration of the
many-dimensional nonlinear evolutionary equations becomes an ordinary
event.

Quite a lot of theoretical electrical technology problems have a direct
mechanical analogue and they have been solved as far back as the 18th cen-
tury. The striking example of that is the problem about longitudinal oscilla-
tions of elastic bar with added mass. When the mass is equal to zero, we ob-
tain the condition of free end or the condition of short-circuit at the receiv-
ing end of the transmission line. And vice versa, when the massis infinitely
large, we obtain the condition of rigid fixing or the condition of idling.

The practica implementation of the electrical power has a shorter his-
tory in comparison with mechanical energy, but it is characterized by very
rapid development of the whole line: production-transportation-distribution-
utilization. The high speed of the electromagnetic wave propagation and
relatively moderate distances of the electric power transmission have had an
influence upon the approaches of such systems analysis and calculation. The
most frequently these systems are represented as the circuits with lumped
parameters, but the links parameters between different loads and power
supply usually are not taken into consideration. It is characteristic that in
electrical circuit caculations the parameter’s determination is executed
separately at the steady-state regime and at the transient regime. Obviously,
it is a consequence of complexity and of laboriousness of the electromag-
netic processes study in the integral connection with their natural course in
the electrical circuits. As an example one can consider the class of non-
stationary boundary-value problems for telegraph equations: the theoretical
and practical significance of these problems is more then evident when ana-
lyzing the transient and steady-state processes in the electrical circuits in-
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cluding the circuits with nonhomogeneous structure. The structural hetero-
geneity is one of the characteristic futures of the modern electrical power
system. It is clear enough that the heterogeneities essentially influence upon
the all processes and regimes in the system. It is to mention that the exact
solutions are known only for limited number of the boundary-value prob-
lems for telegraph equations.

The computer techniques give the possibility to deviate from traditional
approaches in the investigation and calculation of the electrical circuits with
lumped and distributed parameters.

The basic element of any electrical system is the linear electric circuit
consisting of the source (generator), the communication circuit and the load.
The limiting regimes for such a circuit are represented by the idling regime
(the load resistance value R — o) and by the short-circuited regime

(Rs =0). Seemingly, these simple circuits are investigated with exhaustive

completeness (taking into account that these processes are described by
well-known telegraph equations — Kirchhoff’s laws). It seems to be para-
doxically, but more detailed study of these circuits achieves that this is not
the case. For example, even for line lengths substantially smaller then the
electromagnetic wave length one can discover a number of particular prop-
erties that can be easily revealed by solving the concrete initial boundary-
value problem of mathematical physics for these circuits.

Another important problem for energetics and computer techniques is
accepted to be the problem of creation of so-called “room temperature” su-
perconductors (the energy losses in such superconductors are negligible
small or are missing at all). It seems to be paradoxically, but if the whole
energetics should be transferred to the superconductors, it will not operate
and will collapse.

The efficiency and operational reliability of energetics are the most
topical problems. The power losses under the electrical energy transmission
and distribution have the direct influence upon the energetic efficiency indi-
ces. The losses decrease is possible only on the basis of more exact knowl-
edge about the particular qualities of electroenergetic system operation. As a
consequence, the increased requirements upon the theoretical calculation’s
accuracy become necessary. The engineering accuracy of about 5...10% is
not accepted as satisfactory since, for example, if it is necessary to deter-
mine the power losses till hundredth part of the percent (it may be hundreds
of thousands in a money equivalent), than the voltage and current instanta-
neous values must be calculated with the accuracy not less then four-five
significant digits.
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In the countries with developed market economy the customers of the
research works usually are the investment funds, large-scale energetic and
insurance companies, privately owned firms specialized in energetic audit-
ing. It is obvious that they are interested often in thousandth or even ten
thousandth parts of the percent. On implementation of commercial orders
connected particularly with the simultaneous increase of the transmission
power and of the efficiency, it is often necessary to use the different phys-
ico-mathematical models and to carry out the numerous numerical calcula-
tions under the widest variety of the initial parameters of the electricity
transmission with the purpose of their adjustment to the available experi-
mental or statistical data.

By now one can enumerate not so many nonstationary problems for
electrical circuits with distributed and lumped parameters that have been
solved and carried to numbers [22, 42, 48, 55, 60, 66, 110, 116, 119]. In the
strict sense only the problem about the rectangular potential and current
wave motion along the homogeneous semiinfinite line is solved irreproach-
able [60]. Unfortunately, only this analytical solution can be used as a sam-
ple solution for a posteriori accuracy estimation of the approximate meth-
ods. We’ll consider the accuracy satisfactory if as minimum 2-3 significant
digits coincide. In this case the numerical and the analytical solutions repre-
sented in graphical form are visually congruent.

The publication’s analysis in the field and the personal experience make
it clear that it is not still formed the unique and strongly valid approach to
the calculation of the wave processes and the power transmission energy
datum in the distributed systems with variable (tunable) parameters.

In the cited and in many other works the quite particular cases of the
telegraph equation solving under the additional simplifying conditions are
considered. For example, quite often when calculating the electrical circuits
the only active longitudinal resistance R > 0 is taking into account, but the
transverse leakance (or shunt conductance) between the direct and the in-
verse wires 1s assumed to be equal to zero: G = 0 [22, 42, 55, 60, 66, 110,
116]. To the rare exceptions we can relate the paper [48], where the instan-
taneous connection to the direct voltage of the cable line with nonzero leak-
age current through the imperfect insulation is investigated.

In spite of this, the traditional approaches and methods for calculations
of the loading regimes and commutation transient processes in distributing
systems (high-current long extent circuits, communication lines, etc.) are
sufficiently intricated and can not pretend to universality. Some more de-
tailed review connected with the analytical or numerical solutions of the
long line evolutionary equations one can find in [90, 120, 125].
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Reasoning from the requirement of the theoretical electrotechnology
development and of the engineering practice the necessity of creation of
some thesaurus (based on the latest measuring and computational technolo-
gies) containing the numerical models and sample (test) examples for elec-
tromagnetic circuits and fields is about to happen. Their following approba-
tion on the physical models must contribute to overcome the existing gap
between the theoretical and experimental researches [33, 125] in the prob-
lems of electrical power transmission on long distances. The solutions of
such model (test) problems should be represented in a maximally simple
and convenient form as any specialist (familiar with the theoretical electro-
technology) may use them and may repeat the results varying the initial data
at his judgment.

It i1s well-known that none of the deductive methods of calculation or
forecasting “does not like” the heavy gradients (neither by time nor by
space). The situation becomes more complicated when it is necessary to cal-
culate the shock wave evolution (strong discontinuities) in the distinctly
nonhomogeneous medium with parameters differing in orders. For example,
the wave resistances in the backbone power transmission lines and in the
distributing networks with cable insertions differ in 8...12 times. If we con-
sider the Franklin’s lightning rod or Faraday cage as a piecewise homoge-
neous long line, then the linear leakance (shunt conductance) at the separate
sections changes quite in hundreds of times. Under the emergency situations
(such as open-phase fault and drop) the load resistance can suddenly go
down from infinitely large values (at the idling regime) till zero (at short-
circuited regime).

Nevertheless, the ideas of the method of characteristics and of the first
differential approximation turn out to be extremely productive and give a
possibility to deduce the uniform computation relations for essentially non-
homogeneous parametrical structures under the connection-disconnection of
loads and of other lumped systems [89, 90].

The problem of reactive power determination in the long line as such
(with no resorting to its simplified representation in the form of RCL-
circuits with lumped parameters) can be related to the number of unsolved
problems too. In present there exists the problem relating to the financial
interrelation between the electrical power supplier and consumer when pay-
ing for the reactive power consumption. In case of direct contracts between
the large-scale electrical power consumers and the generation source (elec-
tric power station) there is no clarity what to pay, because the electric lines
can be both the consumers and the generators of the reactive power. This
problem becomes more complicated in case when nonsinusoidal effect or
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dissymmetry by phases appears under the electrical power supply. In our
opinion the idea of instantaneous power decomposition for nonsinusoidal
functions on components at the electrical circuit boundaries has no pros-
pects. It is expediently to use the balance equation for reactive powers for
the electrical circuit (generator — power transmission line — load) as a whole
and then to calculate the reactive power of its elements. There is no clarity
in the question about the reactive power under the transient regimes as well
(even how to calculate and/or to measure it for registration).

It is to mention the fact that there are a big number of inexactitudes and
mistaken theses in the sections related to the power transmission by alternat-
ing current on the long distances. This fact has been rightly pointed out still
in the paper [109]. Many conclusions and derivations unfortunately are
turned not on the base of strict solutions for telegraph equations as such, but
on the base of the long line substitution by lumped elements (in many cases
namely this substitution serves as a source for incorrect conclusions and
derivations).

It is not clear, for example, why it is considered that the maximal effi-
ciency can be reached under the matched load when the power is transmit-
ted in it only by direct wave [15]. The point is that from the steady-state re-
gime equations it is easy to determine that for alternating current line one
must distinguish the difference between the regimes under which the maxi-
mal efficiency, the maximal values of generated and transmission powers,
maximal power factors of the source and of the receiver are reached. In gen-
eral case under the electrical power transmission along the long line, there
are five different load resistances different from complex wave resistance of
the line. Sometimes the following recommendation is indicated: the shunt
reactors should be disconnected under the natural power regime, because
the line under this regime is surely compensated by reactive power. But the
solutions of the steady-state regime equations demonstrate [90], that if the
powers and the locations of the reactors are chosen in special manner, then
the increase of efficiency and of transmission power can be achieved simul-
taneously (namely in this way the proprietors of the backbone and distribut-
ing transmission lines achieve these indexes).

The investigation of the processes in the multiwire electrical lines is ac-
companied by some difficulties. As a rule, in the reference manuals the dis-
tributed parameters values for multiple-phase lines are represented in the
averaged form and these averaged values are considered to be equal for all
phases of the line. This fact gives the possibility to replace, for example, the
three-phase line by single-wire line and to deduce for it corresponding cal-
culations of regimes and processes. In general such a replacement is incor-
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rect even for steady-state sinusoidal regime in power transmission line
without losses acting on matched load. What is the matched load for single-
wire line with arbitrary losses — is clear and physically feasible. In general
case it is the complex resistance Zg, consuming the active and reactive

powers from the line.
At the same time the symmetrical matrix of the wave resistances

Z=1L"2C7"? for ideal multiwire electrical lines with nonzero interference
between the wires consists of nonzero elements and the boundary conditions
u = Zi are to be fulfilled at the receiving end of the line as to ensure the
traveling waves regime. Physically this means that nonzero active resis-
tances are to be connected between the phases, but it has been never applied
in the practice. Furthermore, one can construct an example of the line with
losses when some elements of the matrix Z are real and negative, hence it is
necessary to connect some additional EMF sources between the phases to
obtain the matched load.

If there is the interference between the wires, then for the single-circuit
three-phase line the natural current and the natural power decrease inevitab-
ly. For real half-wave line without taking into account the losses the natural
power decrease comes to minimum 4...5%, but for the line with losses the
efficiency decreases in comparison with the case when the interference be-
tween the wires is not taking into account. Hence, the replacement of the
three-phase line by the single-wire model represents the sufficiently rough
approximation.

As it was mention above, all elements of the electrical power system are
characterized by the constructive heterogeneity that influences upon the
primary and secondary parameters as well as upon the accuracy of analyti-
cal and numerical solutions of the macroscopic electrodynamics problems.

The physical heterogeneity of the electroenergetic objects represents the
complicated scientific and technical problem, especially in cases when there
are great distinction in dimensions between the zones and sections with dif-
ferent electrical and electrophysical parameters. The Maxwell equations in
the differential and integral forms represent the theoretical foundation for
this kind of problems. Let’s mention that the telegraph equations represent a
particular case of the Maxwell equations and this fact reflects the generality
of the approach used in the monograph for solution of the topical problems
of the electrotechnology and energetics.

The Maxwell equation’s utilization for study of the electromagnetic in-
teraction effects in the electrodynamics problems constitutes the sufficiently
complicated mathematical problem owing to necessity of taking into con-
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sideration the electromagnetic field interaction with the substance in the
heterogeneous medium. The complexity of the problem is caused by the fol-
lowing matter. The substance consists of a great number of particles and the
motion of the separate particle is impossible to describe. To avoid this diffi-
culty usually some models of continuous medium are used. It is to mention
only that the development and the theoretical foundation of such models do
not represent a trivial problem especially for heterogeneous mediums.

The subject of present research represents the development of the de-
ductive methods and the mathematical modeling of the electromagnetic
wave propagation in the systems and mediums with variable parameters. As
a basic implement of the scientific analysis, the tools of mathematical phys-
ics and of computational mathematics are applied with reference to electro-
technology and electroenergetics.

When fulfilling this research and redacting the present edition the au-
thor has been guided by the following assumptions:

1. The long line is considered as a circuit with distributed parameters
and it is not replaced by equivalent recurrent networks with lumped ele-
ments even in the cases when it is acceptable.

2. The connection to the line of the facilities represented by the equiva-
lent circuits with lumped parameters is described by the boundary condi-
tions (Kirchhoff*s laws) which are valid for arbitrary time moment.

3. The accuracy is considered satisfactory if as minimum 2...3 correct
significant digits in obtained numerical solution are ensured.

4. All solutions are to satisfy the law of conservation of electromagnetic
energy.

5. Since any steady-state process is next to the transient process, then
their calculations must be realized in the same order (as it takes place in re-
ality).

6. The numerical scheme is to be homogeneous and to realize the calcu-
lation both in direct time and in inverse time (at least for homogeneous
boundary conditions).

7. The primary parameters of the multiwire lines are to be determined
on the base of rigorous solutions of the initial boundary-value problems of
the electromagnetic field theory.

8. All algorithms and routines must be more efficient and practically
feasible then all known now commercial tools based on integration of the
long line equations.

The monograph parallel to the original materials contains some refer-
ence and general theoretic information. The presented methods and research
results for nonstationary phenomenon under the electromagnetic energy
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propagation in the nonhomogeneous systems with variable parameters can
be successfully used during the courses of theoretical electrical technology,
automatic control systems, radio engineering, wave dynamics, mathematical
physics, computational methods, etc.

The author would like to thank his colleagues G. Ribacova, D. Zlatano-
vich, I. P. Stratan, M. V. Chiorsac, A. S. Sidorenco, V. K. Rimskii, V. P.
Berzan, A. A. Juravliov, M. L. Shit, Iu. Sainsus, V. 1. Cojocaru for produc-
tive discussions of the research results and for advices in this edition prepa-
ration.

The author would like to express his deepest gratitude to the reviewer,
the academician of Moldova Academy of Sciences Canter V. G., whose re-
marks and requests turned out to be useful and helpful for improving of pre-
sent edition.
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TABLE OF SYMBOLSAND UNITS

t — time, s;

X — space variable, m;

U — instantaneous voltage value, V;

| — instantaneous current value, A;

P — power, W;

W — energy, J;

1 — efficiency;

L — linear inductance, H/m;

C — linear capacity, F/m;

R — linear active resistance, Q/m;

G — linear leakance (shunt conductance), S/m;
| —line length, m;

A — wave length, m;

a— speed of electromagnetic wave propagation, m/s;
A — time of wave run along the line length, s;
Zg — wave resistance (impedance) of the long line, Q;
Rs— active load resistance, Q;

Ls— load inductance, H;

Cs— load capacity, F;

f — frequency, Hz;

o — angular (circular) frequency, rad/s;

¢, 0 — phase displacement angle, rad,

cos ¢ — power factor;

T — time step of finite difference scheme, s;

h — space step of finite difference scheme, m.
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CHAPTER

COMPUTATION OF TRANSIENT AND STEADY-STATE
PROCESSESIN LINE CIRCUITSWITH DISTRIBUTED
AND LUMPED PARAMETERS

1. Telegraph equations and dimensionless quantities

The electromagnetic power transfer through the long line by means of
conduction currents can be described by well known telegraph equations,
which represent Kirchhoff's laws for closed circuit generated by subcircuit
with the length dx:

L@+6—u+Ri:0; Ca—u+g+Gu:0. (1.1)
ot ox ot ox

The primary parameters in these relations are the followings: L is the
inductance of the loop formed by direct and return lines; R is the longitudi-
nal resistance; C, G are the transverse capacity and conductance of the wire
insulation leakage.

To mark out the unique solution the system (1.1) must be completed
with the boundary and initial conditions. Let at the start time ¢ = 0 the line
circuit (fig. 1.1) is connected to the external voltage source of the arbitrary
form:

u=Uy(¢t) when x =0, (1.2)

and its receiving end is closed on the impulse-reaction load in the form of
the serial RLC — circuit:

: t
u =RSi+LS%+CL i(T)dt when x =1 . (1.3)

50
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Obviously, when Ry = Ly=0, C;= o we obtain the short-circuit con-
ditions: u= 0, and the condition Ry = corresponds to the idling in the

line: i= 0 (the load is out off). Such a singular loads (short-circuit or idling)
occur relatively rare in practice, however theirs study is of undoubted inter-
est as an initial stage in the transferring to the real (nonsingular) load condi-
tions. Usually the initial conditions for the problem are zero (the electric
charge in the circuit is missing before the commutation).

L, CRG,l

Ry(?)

Lg(?)

Cs(0)

Fig. 1.1. The electric circuit that consists of the voltage source, uniform long line
with the lineal parameters L, C, R, G and the lumped RLC — load at the receiving
end.

On power take-off, on switching on the "bucking out" or another kind of
systems, the currents and the voltages as a functions of the spatial variable x
in the intermediate points of the line x = x,, can possess the discontinuities of
the first kind or another jumps. However, the integro-differential relation
(1.3) doesn’t change its form when substituting i =i} — i and u = u; — >
(here the subscripts mean the function values at the left and at the right of
the point of switching). Let’s remark that the impulse-reaction lumped loads
can consist of the arbitrary set of serial or parallel connected RLC — units. In
this case the boundary conditions become more intricate, but it is important
only these conditions to remain linear (since then the unique solution ex-
ists).

The system of linear differential equations (1.1) is of hyperbolic type [25,
107] that implies evidently the finite velocity of electromagnetic wave
propagation determined through parameters of the line by formula

a=1/VLC. In the case of multiwire line (when L, C are the symmetric
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square matrixes of self and mutual inductances and capacitances) the wave
velocities are congruent with the eigenvalues of matrix

-1
AZOL'

ctl o

When solving the initial boundary-value problems (1.1) — (1.3) it is
convenient to use the dimensionless (normalized) quantities. Let’s introduce
into consideration such quantities over the formulas:

o lOZo o o Ro o
u=2 D Q= B,t—t ,x=x—;R: ZL ; (1.4)
U° U° T° A Zy
OaO [e] fe) (¢] fe] RO LO 5
G=@G kZBBZB:VL /C ’RS: i;LS: OS 7CS: COSo’
z, L°\° C'A

here U° is some basic (rated) voltage; Z, is the impedance in the line; a is
the electromagnetic wave velocity; A = a/f is the wave-length on a fre-
quency of the electric power supply; 7= A/a = 1/f is the oscillation period,;
A =l/a is the wave runtime along the line with the length /; the degree sign
denotes dimensional quantities. As a unit of length one can use the length of
any part of the line, but for sinusoidal voltage line u =U sin(2nft) the

valueA is used usually. In this case, after transferring to dimensionless
quantities by formulas (1.4) in the original equations and in the boundary
conditions, we obtain that Uy=L=C=Zz=A=a=T=f=1.

For secondary parameters in the sinusoidal voltage (current) line and
design relations of the complex amplitude method (CAM) we’ll use the fol-
lowing notations:

R+ joL . 5 5
Zy=|—"——; d=0+ =4/ (R+ joL)(G+ joC);
0 1/G+].mc 7B = (R + joL)G + joC)

., _y Zs+Zyth@D)
T T 7+ Z,th(BD)

(1.5)

Z.=R.+jl oL, —
s S](S(DCS

Ug=Zylo; Up=Zsly; U =Uych(d])—ZyIosh(3]);
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S=ul :P+jQ:|U||I|COS(p+j|U||I|sin(p.

Here o = 27f'is the circular frequency; Z, is complex impedance (char-
acteristic impedance); 0, o, 3 are propagation, attenuation and phase con-
stants; Zs is the load resistance; Zzy is the input resistance of the line; U, Iy,
U, I, are the complexes of voltages and currents at the sending end and out
end of the line with length /; S is the complex power with the active P and
reactive Q components.

The relations (1.5) are also referred to by long line formulas or the
equations of the steady-state regime.

2. The Fourier seriesmethod for calculation of nonsinusoidal
regimesin opened and short-circuited circuitswith sinusoidal
current or voltage sour ces

Axiomatic structure of the theory of the line electric circuits with dis-
tributed and lumped parameters is formed by Ohm's and Kirchhoff's laws.
And without controversy the following deductive reasoning arises from
these laws. If the concentrated device, consisting from the arbitrary set of
RLC — units, is connected directly to the supply terminal of the sinusoidal
voltage (or current), then, reasoning from the solution of the integro-
differential equation

. t
u=Ri+L ﬂ+L i(T)drt,
Sdt C

S0

the current (or voltage) also will change in time by sinusoidal law [59]. The
presence in the electric circuit of some elements with distributed parameters
as a long line (interconnecting wires) makes such reasoning not so evident
even for the steady-state processes. Its examination on the base of strongly
valid solutions of the correctly formulated boundary-value problems for
telegraph equations leaded to rather unexpected results that require accurate
and comprehensive analysis.

Let’s consider the problem of determination of voltage function u(x,)

and current function i(x,¢) satisfying the system of hyperbolic equations
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Lﬁ.kafu.;.]{jzo; Ca—u+ﬁ+Gu=0 when xe (0,/), t>0 (2.1)
ot ox ot Ox

and the following initial and boundary conditions:
u(x,0)=i(x,0)=0, xe[0,/]; (2.2)
u(0,0)=Uysinot, u(l,t)=0, t=0. (2.3)

To simplify the problem solution the condition (2.3) should be written
in complex form u(0,¢) = Uye’™, u(l,t)=0, t20.
In case of short circuit at the receive end of the alternating voltage line

the boundary conditions are formulated usually only in terms of voltages
u(x,t). So in this case the current function i(x,#) can be eliminated from

the relations (2.1) — (2.3) and we obtain the problem formulated with respect
to voltage function

2 2
L2 L (1G+ROY L =27 RGu
o’ o ox?
or
02u Ju 02u
at_2+m +yG)§: azax—z—yRyG u when xe (0,0), t>0; (2.4)
Ju
u(x,0)==— =0, xe[0,l]; (2.5)
ot |,
u(0,) =Uye’™ , u(l,t)=0, t=0. (2.6)

Here the voltage at the sending end is specified in the complex form using
the following notations: y, =R/L, v, =G/C, a=1/4JLC.

The solution is finding by expansion it in Fourier series [107] that as-
sumes the transfer to the zero boundary data. With this scope let’s reformu-
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late the problem (2.4) — (2.6) with respect to new function u(x,?)=
=u(x,t)=Uy(1-x/1)e’™

2~ 9 =
2—;’+(YR Y(;)—— 23 — VY + f(x,t) when xe (0,1), t>0;(2.7)
t x?

£60 = Uy (1= D@ =¥5¥e) = jo¥y + Y6 )™ =Ug(l=x/ DY ge”™;

= ((’32 _YR'YG)_j(’)('YR +YG);

a(x,O)z—UO[l—f), ?)_L; =- jmuo[l—ﬂ, xe[0,]];  (2.8)
t=0

i(0,0)=u(l,6)=0, t=0. (2.9)

Let’s assign ii(x,0)= Y ¢; (z)sin?, fn=>Y fi (t)sin?, then
k=l k=l

substitute them in (2.7). So we obtain the second-degree ordinary differen-
tial equation with respect to amplitudes ¢, (¢)

Cr @O+ (Y V) (O + Yk () = fi (1), (2.10)

ark
Yk:[ ] ] +YrYs> fk(t)— O'Yo) Jwt
Tk

The general solution of this equation in case when m; # m, is the following

(1) =cye™ +cye™ + F(0);

Fr(t)=

nk(joo—m;) B

2U07m ej(,l)t _ emzt emlt _ emzt
. b
JO—my my —my

And in the case of multiple roots m; = m, one can obtain
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cr (0) = (e + )™ + Fi (1) ;

2UpY o [ejwt - (1 +t(jo— ml))emlt]

Fo (1) =
K0 e joo—my )2

The numbersm,, m, represent the roots of the characteristic equation

m2+(YR+YG)m+Yk =0:

my =—0 +B;, my =—0y =By,

2ankj2

o =0.5(Yx +Y6), By = 0-5\/% ~Y6) —( 7

The values of the constants ¢y, ¢, are determined by meeting the ini-
tial condition (2.8)

_2(jo—my) - _ 2Uo(jo—m)
wh(my —my) "2 wh(my —my)

Clk =
Than the solution of (2.4) — (2.6) takes the following form:

_ - 2UO L mt oo myt
u(x,t)—kzz‘;{—nk(m1 —mz)((]w my)e (jo—mjy)e )+

+F, (t)}sin#+Uo(l—§je’“” :

After some transformation we have

oo 2 myt mt
u(x,t)=2UOZ“L2 (amk) ( e e ]4_

| 17 (my —my) JO—my  jO—m,
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2 jot . )
R S
a - O]

The current function i(x,7) can be determined by substitution of the re-
lation (2.11) in the first equation from (2.1)

i) =220 {i(‘”‘k T e (jor+7,) cos(mhx /)

Ll |55\ 1) (jo—m)(jo—my)(Yy +m)(Yy +m;)

my—my | (Jo—m)(Ye+my)  (jo—my)(Y, +my)

o 2 m.t m,t
arnk \~ cos(mkx /1) e e
+Z( z j [ }

Yl jot oo 12
L@ ' e 1427, [ cosz(nkxz/l) ' (2.12)
2(]O)+YR) k=1 (ank) -1 Yo

The formula (2.12) can be essentially simplified. The series with the

multiplier e ¥ cancel, but the expression in the last round bracket can be
summed up. As a result we obtain the following formula:

er_YRt " erj(l)t

i(x,1) = — chd(I — x) +

L2 (anka cos(nkx/l)[ "
(

IL o\ 1 my —my JO—my)(Yg +my)

" J . (2.13)

 (jo—my)(Y, +my)

Here the expressions

8= (R + joL)(G + joC) and Z, = /(R + joL) /(G + joC)
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identify the propagation coefficient of the electromagnetic wave and the line
impedance.

To obtain the real solution of the problem (2.1) — (2.3) it is necessary to
take the imaginary components of the formulas (2.11) and (2.13).

Let study the asymptotic properties of the solution (2.13) for the steady-
state values of the current at the sending end of the line x =0 whent — oo.
As the roots m , of the characteristic equation have the negative imaginary

component in case whenR #0 or G # 0, then under the condition ¢ — oo
the last term of the expression (2.13) tends to zero and we obtain the solu-
tion of the following form

—Yt Ot =Yt
er Vr erj er Vr joot

l(O,t):_ + = — +10€ B
18Z,  Zyth(d)) IR+ joL)

where by /) is denoted the complex amplitude of the current.
Farther, if R # 0, then at the limit we obtain the solution

Uy Uy

i(0,6) = I,e’™, I, = =
©.0=1 07 Zyth(Bl)  Z,,

s Zygy =Zyth(d]),

that coincides with the solution obtained by the complex amplitude method
(CAM). In the case when R =0 and G # 0 the steady-state solution is the
following

Yo + 1 el =—jU0 +Ioejmt.

(0,¢)=—
10.0) JoLI 0 oLl

This solution already differs from the solution obtained by CAM on the
constant componentAl =U /X, that is determined only by inductive im-

pedance X; =wL/ and is independent of other lineal parameters.

Let’s consider also the particular case of the solution (2.13) for ideal
line (R=G=0) whenx=0. In this casey,=7,=0, d&=j0/a,
Zy=Z7Z,=+L/C and the roots of the characteristic equation have the form
my, =*j(ank/l)=%j(nk/A), where A=1/a is the wave runtime along

the line. Then the series from the (2.13) can be represented in the following
form

www. TechnicalBooksPDF.com



23

2U, i(ank]z cos(rtkx /1) et ™! _
IL ! (

o my—my |\ (JO—m) (Y, +my)  (JO—my) (Y, +my)

nk . wkt . Tkt
- —Xs1n—+]0)cos—

Since /L = AZ, then from (2.13) we obtain the real solution for ideal
line

Tkt
U| 1 5 s
i(0,t) =—| ——ctg(wA)cos(wt)+20A ) ———=—— 1. (2.14)
Zy| OA = (@A) - (nk)

The formula (2.14) represents the algebraic sum of three terms each of
them being the periodical function with different periods. The first term is
constant, the second one contains the function cos(®?) that is a periodical
function with period 7; =21/ ® and the third term is represented as a series
that is also a periodical function with period 7, =2A. Therefore the current
function i(0,7) will be a periodical function with period 7 if there are two

integer positive numbers k& and n such as

n_ 1

T:k*TI:n*T2 orwhen m=2n: L= : .
I, oA k 2A

Thus, if ®= 27w and A is a rational number, than the solution i(0,#) will

be a periodical function with period 7" = k™ =2n"A. The formula (2.14) can
be written in a closed form. By expansion in Fourier series it is easy to
demonstrate that function cos®(z —A) on the segment 7€ [0, 2A] can be

represented in the form of series
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Tkt
cos—

cosm(t—A):L i

sin(wd) oA > 1€[0,2A]. (2.15)

= (0A)? - nk)

As it follows from (2.15) the function cos®(z —A) is a periodical func-
tion with the period 2A, then for any ¢ the sum of the series in (2.15) can be
written as

cosn—kt
—+20)A°° A :cosm(t—(Zn—l)A)
®A i (0A)? - (nk)? sin(mA)

e[2(n-1)A2nA], n=123,...

and then (2.14) can be re-arranged to the form

i(0,1) = %{COS "’(Sti;((ofz)_ DA) _ io(wn) cos(cot)} (2.16)

te[2(n—1)A2nA], n=123,...

After some not complicated transformations we obtain the following
representation for the formula (2.16):

(2.17)

i(0,t) = %{sin(mt) +2

B

sin W(n —1)Asin o(t —nA)
sin(mA) ’

te[2(n—1)A2nA], n=123,...

The identical expression for current function was obtained by means of
method of characteristics in [89]. Specifically, for the quarter-wave line
(A=1/4, w=2m, sin(wA)=1), considering that cosw(t—(2n—1)A)=

= (—1)"_1 sin(2mt) , one can obtain from (2.16) the quite simple solution
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Uy (—1)" sin(2mt)
ZB

i(0,¢) = , te[(n=-1)/2,n/2],n=123,.. (2.18)

From (2.13) we can obtain as well the solution for undistorting line
(Vg =% =7V) when x =0 (here and later by the term "undistorting line" we

understand the line with no distortions). In this case 0= (y+ jm)/a,
=(y+ oA, Zy=Z, = M, [L = AZ , and the roots of the character-
istic equation have the following form —m,=-y% j(ank/l)=
=—yt j(mk/A), where A=//a is the wave runtime along the line. Then

the formula (2.13) at the point x =0 can be represented in the following
form

er_YRt n erj(l)l

2U0 Z(ankj ( e™! e™! ]
—my | (Jo—m)(Yy +m1) (JO—my) (Y, +my)

Jjot -t
S0 oA+ jo)—— 20—
Zy Zy(Y+ jwA

er—yt i ejnkt/A . e—jnkt/A ~
Z,A ' '

“\ v+ j(0-nk/A) v+ j(o+mk/A)

i0,¢) = — chdl +

UO jot -yt °° ejnkt/A

e e
= thA(Y+ jw)— .
Z, cthA(y+Jjo) Z,A ,Z;yﬂ(m—nkm)

(2.19)

By direct expansion in Fourier series it is easy to demonstrate that the
series in formula (2.19) for any 7 can be written in the following final form:

oo okt A A THIO)

k;w Y+ j(m— nk/A) Q2D A _ 2n(yHjo)A
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~ 2Ae(y+jw)te—2(n+1)(y+ju))A

- 20rjoA , te[2nA,2(n+1)A], n=0,1,2,...
Substituting this expression in formula (2.19) we obtain the final pres-
entation for current at the sending end of the line

Jjoot
i(0,1) = UOZe (cthA(y+ Jjo) —

B

2o+ j)A
¢ , (2.20)

| — e 2(r+j@A

te[2nA,2(n+1)A], n=0,1,2,...

In particular, for quarter-wave line (A=1/4, w=2mn) from (2.20) we
have the real solution

7+1

cthA(y+ jw) = th(y/4), o 2Dy o)A _ (_ e_y/z)

b

. 2 . _,Y/2 n+1
(0,0 = Z0SCTD |y /4y 2 lj -
e

B

(2.21)

_Ugsin@nn)f 2 1—(=1)"e /2
- ‘ 1+e7V? ’

B
te[n/2,(n+1)/2], n=0,12,...,

that coincides with the solution obtained by method of characteristic [89].
Let’s consider now the problem of determining of the unknown quanti-

ties in the open-circuited line with the given sinusoidal current at the send-

ing end. Thus, it is necessary to determine the voltage u(x,7)and current

i(x,t) functions satisfying the system of telegraph equations

L9 Rz 0%+ 9 Gu=0 when xe (0.1), t>0 (2.22)
ot ox ot ox

and the following initial and boundary conditions:
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u(x,0)=i(x,0)=0, xe[0,/]; (2.23)
i(0,t)=1ysinot, i(/,1)=0, t=0. (2.24)

In case of idling the boundary conditions are formulated in terms of cur-
rent only. Therefore by elimination of the voltage function u(x,z) from
(2.22) — (2.24) we obtain the following boundary-value problem formulated
with respect to current function i(x,?):

2. . 2.
e 16+ RO pai
ot? ot ox?
or
0% di 0% .
az_2+ (Yp + yG)g = q? PR AT when xe (0,1), 1>0 (2.25)
. di
ix,0)=— =0, xe[0,/]; (2.26)
dt,-
i(0,0) =Ty’ i(1,1)=0, t>0. (2.27)

The problem (2.25)-(2.27) also can be solved by means of Fourier series
expansion method and its solution can be represented in the form

) 2
i(x,t):2102{ (amk) ( ¢

WI2f emlt
2 . - +
=1 l (ml—mz) ](D_mz ](D—ml

2, jor - .
A ]s1n(7th/l)+ Io(l—ﬂe jor

: (2.28)
(amk)® =%y, | Tk

21, {i(ank)z et (jo+,) cos(mhx/ )
(

[ JO—m)(jo—my)(Yg +m)(Yg +my)
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+Z(ankj cos(nkx/l)( | ™! _ ™! ]+

my—my |\ (Jo—m)(Yg+m) (JO—my)(Ys+m;)

e Yol —eJO 12 cos(nkx/l)

L . 2.29
2o+, ( Y”’Z ~ (amk)? - } (229

The formula (2.29) can be essentially simplified. The series, that con-

tain as a factor e ¥ | cancel and the expression in the last round bracket can
be summed. As a result we obtain the following representation for voltage
function:

Iozoe_yct " Iozoejmt
8l sh(3])

L 2o Z(ank cos(mkx /1) ™!
e l '

k=1 my—my | (JOo—m)(Ys +my)

chd( — x) +

oMt
— : (2.30)
(Jo—=my)(Yg "‘mz)j

To obtain the real solution of the problem (2.22) — (2.24) it is necessary
to take the imaginary components of the formulas (2.28) and (2.30).

Let’s study the solution (2.30) at the sending end of the line (x =0) for
the steady-state regime when ¢ — oo . As the roots of the characteristic equa-
tion m;, have the negative real component in case whenR #0 or G #0,

then under the condition ¢ — o the last term of the expression (2.30) tends
to zero and we obtain the solution of the following form

u(() t) _ _I()Z()e_yct " [OZ()ejwt _ I e_YG U ejmt
’ 81 th(d)) G+ joC) O

where by Uj is denoted the complex amplitude of the voltage.
Farther, if G # 0, then at the limit we obtain the solution
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_ 1yZ, Zy

= =Z, 1y, Z,, =—9
th(d) 0 TR (8l

u(0,t)=Uqye’™, U,

This coincides with the solution obtained by CAM. In the case when G =0
and R # 0 the steady-state solution is the following

1 ; il ;
u(0,6) = ——2— 4 Uye/™ :]—0+er1(‘”.
JjoCl oCl

This solution already differs from the solution obtained by CAM on the
constant component AU =/ X, that is determined only by capacitance

X, =1/®Cl and is independent of other lineal parameters.

Let’s consider also the particular case of the solution (2.30) for ideal
line (R=G=0) whenx=0. In this case v,=7v,=0, &= jo/a,
Zo=Z,= VL/C and the roots of the characteristic equation have the form
my, =xj(ank/l)=%j(nk/A), where A=1/a is the wave runtime along

the line. Then the series from the (2.30) can be represented in the form

21, i ark \* cos(mhx /1) e e™! _
e /

(JoO—m)(Yg +my) B (JO—my) (Y +my)

k=1 my = ny
—n—ksinn—kt+ '(ocosn—kt
Np/ SN S
Ic = ) Tk ? '
- o2 ™
)

Since /C =A/Z, then from (2.30) we obtain the real solution for ideal
line

Tkt
oo COS——

1
u(0,0) =142, =" ctg(@A) cos(or) + 20A

B 2.31
i (0A)? — (k) 230
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The formula (2.31) represents the algebraic sum of three terms each of
them being the periodical function with different periods. The first term is
constant, the second one contains the function cos(w?) that is a periodical

function with period 7] =21/ ® and the third term is represented as a series
that is also a periodical function with period 7, = 2A. Therefore the voltage
function u(0,¢) will be a periodical function with period 7 if there are two

integer positive numbers k& and n such as
%
n 1

* * T
I'=kTy=nT, orwhen o=2m: AT ; .
I, oA | 2A

Thus, if A is a rational number and ® =27, than the solution u(0,¢)

will be a periodical function with period T =k~ =2n"A . The formula (2.31)
can be written in a closed form. By expansion in Fourier series it is easy to
demonstrate that function cos ®(# —A) on segment ¢ € [0, 2A] can be repre-

sented in the form of series

sin(mA) oA k:lm, te[0,2A]. (2.32)

cos(t —A) _ 1 +2(’)AZ

Since cosm(f —A) is a periodical function with period 2A, then for any
t the sum of the series in (2.32) can be written as

cosn—kt
—+20)A°° A :cosm(t—(zn—l)A)
®A i (0A)? - (nk)? sin(mA)

te[2(n—-1)A2nAl,n=12,3,...
Then (2.31) can be re-arranged to the form

cosm(t —(2n—1)A)
sin(mA)

u(0,t) = 1023{ —ctg(mA) cos(mt)} (2.33)

te[2(n—1)A2nA], n=123,..
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After some not complicated transformations we obtain the following
representation for formula (2.33):

u(0,6)=1,Z, {sin(wt) 4o SN0 =DAsino(r = na) } (2.34)
sin(®A)

te[2(n—1)A2nA], n=123,...

Specifically, for the quarter-wave line (A=1/4, 0=2xw, sin(wA) =1),

considering that coso(t —(2n—1)A) = (—1)"_1 sin(2wt), one can obtain from
(2.33) the following solution

u(0,0)=1,Z,(-1)""sin2nt), te[(n-1)/2,n/2],n=123,.. (2.35)

Let’s consider the particular case of the solution (2.30) for undistorting
line (y,=7,=7v) when x=0. In this case d&=(y+jw)/a,
8=+ jwA, Zy=Z,=~L/C, IC=A/Z, and the roots of the charac-
teristic equation have the following form
my, =—Y* jank/l)=—-y% j(nk/A), where A=1[/a is the wave runtime

along the line. Then the formula (2.30) when x =0 can be represented in
the form

IOZOe_YGt n [OZOe]wt

u(0,¢) =— chdl +
) sh(d/)
g 2 mt myt
N 21, Z(ankj 1 e 3 e B
1€\ L) mp=my{ (jo—m)(Ye+m) (JO—my)(Ys+my)
. -
=1,Z ;e cthA(y + j(n))—ﬂ—
(Y+ jmA
_IOZBe—y i ejnkt/A . e—jnkt/A B
A v+ jlo-mk/A) v+ jlo+Tk/A)
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-yt Jjmkt/ A
= 147,/ cthA(y+ jo) — L0Z8° > .
A A y+jo-Tk/A)
By direct expansion in Fourier series it is easy to demonstrate that the
series in formula (2.36) for any ¢ can be written in the following final form:

(2.36)

o0 ejnkt/A 2Ae(y+jw)t
kzz_w v+ j(ow—mk/A)

20D+ A _ 2n(r+ jo)A -

_ 2Ae(y+jw)te—2(n+1)(y+ju))A

T , te[2nA,2(n+1)A], n=0,1,2,...
l—e

Substituting this expression in formula (2.36) we obtain the final pres-
entation for voltage function at the sending end of the line

(2.37)

ot ‘ 26—2(n+l)(y+j0))A
u(0,t)=1yZ e cthA(Y+ jo)— ,

| o 20r @A

te[2nA, 2(n+1)A], n=0,12,..

In particular, for quarter-wave line when A=1/4, ®=2n from (2.37)
we have the real solution

: 1
cthA(y+ jo) = th(y/4), e 2DIH®A - (— e_wz)wr :

2 _e_,Y/z n+1
u(0,1) = I,Z , sin(2mt)| th(y/4) - =
1+e7V?
_(_1\" ,—nY/2
= 1y Z,, sin(2mt) Y (el VA ,. (2.38)
? 1+e77?

te[n/2,(n+1)/2], n=0,1,2,...
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Thus, the expressions for voltages at the sending end of the ideal and
undistorting lines (2.35) and (2.38) are identical with the numerical solu-
tions obtained by method of characteristic [89].

For pictorial presentation let’s consider the graphical representation of
the obtained solutions for degenerated cases and realize the parametric
analysis of the losses effect on the transient and steady-state processes in the
unloaded line [92]. The behavior in time of the voltage function at the send-
ing end of the open-circuited quarter-wave line is presented on fig. 2.1 (R =
G=0(a);R=048,G=0(b); R=048, G=R/5(c); R=G=048(d); R=
4.8, G=0(e); R=4.8, G=R/5 (f)). The steady-state sinusoidal regimes are
formed only in the case when there is a leakage current through the line in-
sulation (G > 0) and these regimes can be calculated by CAM (see fig. 2.1,

¢, d, f).
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1.5

Fig. 2.1. The dynamics of the voltage function at the sending end of the open-
circuited quarter-wave line when R=G=0(a); R=0.48, G=0 (b); R=0.48, G=
R/5(c);R=G=048(d); R=4.8,G=0(e); R=4.8, G=R/5 (f).

In case of perfect insulation (G = 0) we obtain the displacement of volt-
ages on the constant value that depends only on capacitance and is inde-
pendent of the value of its active resistance U, =1,/ X .. For more details

see table 2.1, where the exact values of the voltages at the sending end of
the open-circuited sinusoidal current line for different values of its length
are presented. Similarly results we obtain for currents in a short-circuited
sinusoidal voltage line when R = 0 (see table 2.2).

To surprise is the fact that for relatively short lines the steady-state val-
ues of the voltage under an idling regime are in small dependence on the
level of resistance losses in the line. Highly remarkable is the fig. 2.2 where
the voltage time diagrams for ideal line and for line with sufficiently great
losses (R = 22.44 mQ/km) are practically indistinguishable. The obtained
results are recent and surely they require more sophisticated physical analy-
sis and experimental validation. Let’s remind that CAM is in principle un-
suitable for calculation of such degenerated regimes because they are not
sinusoidal.

Thus, represented here strongly valid solutions of the telegraph equa-
tions constrict even greater the class of problems that can be solved by
means of symbolic method. To repeat or make use of results obtained here
by classical deductive method it is necessary for user to possess a fund of
knowledge in mathematical physics and some experience in the field. To
achieve this object it is much easier to commercialize the computer-program
“Albatross’ (see [89, 90]) that executes with eases the analytical solutions
with any accuracy rating and that is maximum simple in exploiting.
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Thus, the general form of the exact solutions of the telegraph equations
is presented for degenerated cases (short circuit and idling). The particular
cases of the solutions for ideal and undistorting lines are considered in de-
tails that confirmed their complete concordance with the corresponding so-
lutions obtained earlier by method of characteristics and by difference-
characteristics algorithm “ Albatross”.
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Fig. 2.2. The dynamics of the voltage function at the sending end of the open-
circuited line of length / =0.05 when R = G =0 (a); R = 4.8, G = 0 (b).

The constant component (unknown up to now) in the current and volt-
age functions for short-circuited and open-circuited lines connected to the
sinusoidal voltage/current source was found out. If in the electric circuit
with distributed reactive elements there are no losses on Joule-Lenz effect,
then there is no possibility to generate the sinusoidal regime in it. In some
cases the same regime doesn’t appear even in the presence of losses in the
open- circuited (short-circuited) lines.
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3. Method of characteristicsfor ideal and undistorting lineswith
lumped elements

The system of equations (1.1) is of hyperbolic type with finite velocity
of electromagnetic disturbance propagation. If for the line parameters the
condition of proportionality or undistorted wave condition R=yL, G=yC
takes place, then the general solution can be represented in the form of
damped progressing waves with arbitrary shape and any localization ratio:

i=e My(xtat), u=+te My(xtat)/Z,, (3.1)

It results from (3.1) that the invariants of the original system (1.1) keep
the constant values along the straight lines dx/dt = ta, called characteris-
tics:

IT=e"(itul Z, )=const.

Let’s remark, that the linear solitary waves during their propagation in
the forward and reverse directions run through each other without interac-
tion, this means that any set of them satisfies the original equations. Using
these correlations (Riemannian invariants) it is easy to obtain the exact solu-
tion at arbitrary point x and time ¢ > 0.

As an example let’s consider the line with purely active load at the re-
ceiving end: u = R when x = [. The design domains and the wave-front

configurations in the plane of variables xt are presented in the fig. 3.1. Starting
from zero initial data when ¢ = 0, the voltages and currents are also zero in
the domain I, because the electromagnetic disturbance, propagating from the
point x = 0 with constant velocity along the charge-free conductor, reaches
the opposite end of the line x = / after period of time A =//a.

Using the correlations on characteristics with negative slope

dx/dt=—a: I~ =e"(iy—u,y/Z,)=i; —uy/Z, =0 and the boundary condi-
tion at the input of the linear circuit: u, =U,(¢), we obtain i, =U,/Z,

whenx=0; 0<t<2A.

Let’s note especially, that the current at the origin of the line in the ini-
tial stage (during the time required for wave double passing over the line
length) is independent on the value of the dissipative factor y> 0. In other
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words the solution for ideal line coincides with the same for undistorting
line over the time segment: x =0; 0 <7< 2A.

2A 2A 2A
A A

Y g 2\
x A 2A 2A 2A
Fig. 3.1. The design domains and the wave-front configurations for uniform trans-
mission line with RLC — circuit at the receiving end.

Using now the correlations on characteristics with positive slope
dx/dt=a:

1Y =eV(iy+usy [Z,) =" Vi (= A) +uy (t— A Z,]

and the boundary condition u3 = Rgi3, we can determine the current

— 2B i (t—=A)+u,(t—A)/Z when x=17; A<t <3A.
7 4R, liy(t = D) +uy (1 -A)/Z,]

From the correlation along the line dx/dt =—a:
I"=eV(iy—uy/Z,) =" iyt - A —us(t-A)/Z,]
and the boundary condition at the input: u, =U,(¢), we have

iy =Uo(0)]Zy +e Piy(t=A)—uz(t—A)/Z, ] when x=1; 2A <t <4A.
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By using this not complicated procedure one can obtain the exact ana-
lytical solution for any space-time domain in the plane xt, as well as for any
form of the input voltage (current). If, particularly, we assign the voltage in
the complex form as u = exp(jwt) = cos(w¢) + jsin(w¢) when x = 0, then as-
signing the frequency ® = 0 and separating the real component from the
general solution, we obtain the solution for constant voltage u = 1. But if ®
# 0 and we separate the imaginary component of the solution, then we ob-
tain the solution for sinusoidal voltage: u = sin(wf). Let’s cite some exact
solutions in the general form for different load regimes setting at the receiv-
ing end of the line x = / boundary conditions of (1.3) type.

3.1. Activeresistance at the end of theline

Using the boundary condition # = R;i when x = / and introducing the
following notations for dimensionless quantities: Z, =U, =1; R=G=7;

R.—7 (4
z=8"%8 . po o m(HOA, z, =zE?, let’s represent unsteady currents
R, +7Z,

and voltages at the end points of the line as follows.

Starting point x =0:

Uy = /o ip = e/ when 0 <1 <2A;
Uy = e/ ; iy :ejwt(l—2zE) when 2A <t <4A;
ug = e’ ig =e’*[1-2z,(1-z,)] when 4A <1 <6A;

I ¢ I t 2 7 tl_Z _224
ug =/ ig =e/® [I—ZZE(I—ZE +zE)] =/ ZE TTE
I+z,
when 6A <t <8A;
jw,1—2E+2zg
I+z,
when 8A < ¢ <10A etc.

U =/, i10 =efwt[1—2zE(1—zE +z§ —zz)] =e

The structure of the obtained solution makes it possible to write out the
formulas for any arbitrary time interval
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: o 1=z, —2(=z,)"
, = el iy, = ot 122 =20 2) (3.2)
I+z,
when 2(n—DA<t<2nA,n=1,2,3, ...

L)

Receiving end x =1:

ip =u; =0 when 0<t<A;
uy = (1+2)e’/™E; iy = (1-2)e/™E when A <t <3A;

us =(1+2)e’™E(1-z,); is =(1—2)e’™E(1—z,) when 3A <1< 5A;

3
u7:(1+z)ef‘”fE(1—zEJrzg):(lJrz)ef"”E—1 Cze),
I+z,
ot 2 ot 1= (=2 )3
i; =(1-2)e’”E(l—-z, +z;)=(1-z)e/” E——E— when 5A <t <7A;
I+z,
ot 2 .3 ot - 1— (=2 )4
ug=(1+2)e’"E(Q -z, +z; —z;)=(1+z2)e/YE——"L—;
I+z,
oot 2 .3 ot - 1— (=2 )4
i = (1=2)e/ E(l—z, +22 ~23) = (1= 2)e/ " E-— £
I+z,
when 7A <t <9A;
oot 2 3, .4 o 1= (=2,)°
uy =(0+2)e’E(l-z, +z; -z, +z,)=(1+z2)e/YE——"E;
I+z,
ot 2 3, .4 o 1=(=2,)°
iy = (1—-2)e’® E(1—2E+ZE—ZE+ZE):(1—z)eJ‘°EI—E
+zy

when 9A <t <11A etc.

The formulas for any arbitrary time interval can be written out in this
case too:

- —YA+ j(t—A) 1_(_ZE)n .
U+l —( +Z)e P
l+z,

—A+jo(—a) 1= (=z;)" (3.3)
I+z,
when (2n—DA<t<n+DA,n=1,2,3, ...

iny1 = (1—2)e
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The solution corresponding to the input voltage u = sin(2nt) when x =0
arrives in the form of imaginary component of the cited above formulas as-
signing @=2n. These expressions look to be intricate, but they will be-
come more complicate if we’ll try to write out the real solution directly for
boundary function u = sin(27t).

Let’s examine the asymptotic properties of the unknown functions when
t — oo In the case the parameter # in the formulas (3.2), (3.3) tends to in-
finity as well. The solution’s behavior depends strongly on the parameter
zZp, = E* If |ZE| <1, then (-z,)" — 0 and the solution takes the form of

the periodical sinusoidal function with the period 7' =2n/ 0= 1/f=1:

u(t):UOejmt; Up=1; i(t)zloejmt; Iy = 17z, when x=0 (3.4)
+z;
and
u(t)= Ulej‘”’; U, :H_Ze—(YJrjw)A;
1+z,
i(6) =1,/ [, = 127 o 0rron  hen o, s
I+z,

After some transformations we obtain the asymptotic relations that co-
incide with the correlations obtained by CAM for steady-state (sinusoidal)
regimes:

Z :ZB:\/%; 6=\/(R+ij)(G+ij) =(y+jw)/a; U;=Rl;;

R, +Z ,th(31])
Zy=2Z,—25""8 - Uy=2Z,1y; Uy =Uych(8])— ZyI,sh(d]).
BX BZB+RSth(81) 0 BX*0 1 0 ( ) 040 ( )

The condition |z, <1 or |z,| Z‘ZEZ‘ =‘ze_2(7+jm)A‘ :‘ze_sz‘ <1 takes

place when or y >0 or |z| <l.

In case of short-circuited or open-circuited lines we have y=0, z =+1
zE| =1. Then when ¢ — e the solution of (3.2), (3.3)
doesn’t tend to purely sinusoidal form. Transforming (3.2), (3.3) and taking

and, correspondingly,
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into consideration that y =0, z = %1, it is easy to obtain the explicit formu-
las for real solutions for boundary condition u#(0,#) = sin(®¢).The solutions
have the piecewise sinusoidal form given below.

Short-circuited ideal line:

iy, =— [cos o(t—(2n—1)A) —cos WA cos wt]
sin WA
when x=0; 2(n—-1)A <t <2nA. (3.6)
] = L [sin @¢ —sin o(r — 2nA)]
sin WA
when x=/; 2n-1D)A<t<(2n+1A. 3.7)

Open-circuited ideal line:

1
coS WA

Iy, = [(—1) " sin o(t — (2n—1)A) +sin ®A cos mt]

when x =0, 2(n—1)A <t <2nA. (3.8)

Uypsl = @[sin ot —(-1)" sino(z — 2nA)]

when x=/, 2n—-1DA<t<(2n+1)A. (3.9)

The formula (3.6) coincides with the solution (2.16), obtained in the
precedent paragraph by means of Fourier method. Using the formulas (3.2),
(3.3) we’ll write out some solutions for degenerated modes in sinusoidal
voltage ideal and undistorting lines with the lengths / = 1/2;1/4;1/8; 3/8.

Ideal (y=0) short-circuited half-wave (I =%2) line:
z=-1; A=1/2; E=e /™ =—1; z, =—1;

1-z, —2(-z,)"
Uy, = Sin(20); iy, = sin(2mr) lim £~ 2(Ze)
ZE—)—I 1+ ZE

= (2n—1)sin(2m¢)

when x =0, n—2A<t<n;
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1_(_ZE)n
Zg
whenx=[, n—-A<t<n+A.

Urp+l = O, i2n+1 = 2Sln(27t(l‘—A)) lim

ZE—)—I

= 2nsin(2n(t — A))

Undistorting (y > 0) short-circuited half-wave (I = ¥2) line:

z=-1; A=1/2; E=e V2 /M =_¢V2, ; =_¢77,

2

v _ n
Uy, =sin(2mt); 1+ ¢ 2e sin(2mt) when x =0, n—2A<t<n;
l—e

. —\(/21 "
1/[2n+1 = O, 12n+1 =2e = Sln(Zn(t—A))
whenx=1[ n—-A<t<n+A.

Ideal (y=0) open-circuited have-wave (I = 1/2) line:
z=1; A=1/2; E=e /" =—1; z, =1;
Uy, =SIn(2Mt) ; ir, = (—1)"" sin(2mr) when x=0, n—2A<t<n;

ot = (L= (1) JSin@R(t = A)); gy =
whenx=[ n—-A<t<n+A.

Undistorting (y > 0) open-circuited have-wave (I = 1/2) line:

z=1; A=1/2; E=e V2 M =_eV2; ; =¢77;

2

—e VN (=t
Uy, =sin(2mt); i, _1=e 2CDe

" sin(27t)
1+e
when x=0, n—2A<t<n;

y2 1= (-D"e™™

Upyl = 2€ e
e

SIN2R(t —~A)) ; igpg =0

whenx=1[, n—-A<t<n+A.
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Ideal (y=0) short-circuited quarter -wave (I = 1/4) line:
z=-1; A=1/4 E=e/™?=—j; z, =1;
Uy, =SIn(2ML) 5 is, = (—1)"" sin(2mr)
when x=0, n/2-2A<t<n/2;

s =0 iy = (1= (=1)" sin(2n(r — A))
whenx=1[ n/2-A<t<n/2+A.

Undistorting (y > 0) short-circuited quarter -wave (I = 1/4) line:

Z:_l; A:1/4, Eze_y/4_jn/2:—je_y/4; ZE:e—“{/Q;
. 1— _Y/2_2_1n —yn/2 .
Uy, =SINQ2ML) ; iy, =~ CD7e sin(27t)
1+e77?

when x=0, n/2-2A<t<n/2;

Uppy =05 i, =2

al=(D"e?

2 sin(27t(t — A))

1+e
whenx=1[ n/2-A<t<n/2+A.

Ideal (y=0) open-circuited quarter -wave (I = 1/4) line:
z=1; A=1/4 E=e¢ /™ =—j, z, =-1
) . . 1=z, =2(-z,)"
Uy, =sin(2mr); i, =sin(2nt) lim Zg ~2(2)

ZE%—I 1+ZE

when x=0, n/2-2A<t<n/2;

= (2n—1)sin(2mnz)

Uy,y = 28In(2n(t —A)) lim ﬂ =2(n+1)sin(2n(t — A));

ZE—>—1 +ZE

irpe1 =0 whenx =1 n/2-A<t<n/2+A.

Undistorting (y > 0) open-circuited quarter -wave (I = 1/4) line:

z=1; A=1/4; E=e V42 —_joV4, ; —_7V/2
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1+e7V2 27 W/2
- l_e—'Y/Z

Uy, =sin(2mt); i,, sin(2mt)

when x=0, n/2-2A<t<n/2;

—yn/2

SR A): ey =0

Uppy) = 2€

whenx=1[ n/2-A<t<n/2+A.

Ideal (y=0) short-circuited line with the length | = 1/8:
z=-1; A=1/8; E=e¢ /™4 =x/§(l—j)/2; Zp=7J;

sin(2nt), n=3,7,11, ...
, , V5 sin(2nt + ); tg(@) = -2, n=4,8,12, ...
gy = SINRL); Iyy = \/gsin(2nt +@); tg(p+m)=2, n=15,9, ...
sin(2nt +m), n=2,6,10, ...
when x=0, n/4—-2A<t<n/4;

0 , n=4,8,12, ...

2sin2nt—n/4) , n=15,9,..

2\2sin@ne—m/2), n=2,6,10, ...

2cos(2nt+3n/4) , n=3,7,11, ...
whenx=1[ n/4-A<t<n/4+A.

Upper =05 ippq =

Undistorting (y > 0) short-circuited line with the length | = 1/8:
z=—1; A=1/8 E=e V¥4 = \(1- j)e V8 /2; 2, = je V4,

Uy, =sin(2mt);

1/2
1+ (e—'Y/4 _ 2e—yn/4)2

iy, = Asin(2mt + @); A = 2 ;

l+e Y

/4 _ —y/4

O=0;—0,; tgp, =2e¢ e tg(Pz=€_Y/4; n=3,7,11,...
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1/2
. 1+2e /42 4 o7V/2
i, :As1n(21'ct+(p);A:{( c —)Y/2 c ;

1+e

—y/4
—y/4
(P:(Pl_(Pz; tg(plz_ma tg(pzze v 5 n:478712>"'
1/2
—y/4 —yn/4\2
iy, = Asin(2mt + @); A = 1+ (e *2e ) ;
1+e77/?

0=0; —@y; tgo =—e ™+ tgp, =e VY n=1,5,9,...

1/2
(1 _2e—’Y}’l/4)2 + e—’Y/z
v/2 ’

i, :Asin(2m+(p);A={ o
e
e—y/4

P=0; —¢,y; tgp =— tgp, = 1'%, n=2,6,10,...

T
when x=0, n/4-2A<t<n/4;

Uppt1 =0;
—Y/8 1 _ —Ynl4
iype) = Asin(2ut+@—m/4); A= 2e " d e/z ) ;
l1+e”!

P=0,—0y; ¢ =0; tep, =¢ V4 n=4,812,..

e - - .

lJre_W2 ’
— —y/4

=0, —0,; tgo, = "% tgo, =V n=15,9,..
20781474y

iype) = Asin(2ut +@—n/4); A=

iype) = Asin(2ut +@—n/4); A=

1+e77/?
—y/4
0= =05 tgp =0; tgpy =e™""; n=2,6,10,...
—yn/2
iy = Asin2mt + @ —1/4); A=2e7V'8 1+e—_/2;
1+e7 "

0=, —0,; tg, =—e M4, tg®, =e V4 n=3,7,11,..
whenx=1[ n/4-A<t<n/4+A.
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Ideal (y=0) open-circuited line with thelength | = 1/8:
=1 A=1/8 E=e /™ =201~ j)/2; z, =~

sin(2mt), n=3,7,11, ...
| Ssin@@nr+ @) te(@) =2, n=4,8,12,..
| V5sin(2n + 9); tg(@+ 1) =2, n=1,5,9, ...
sin(2nt + 1), n=2,6,10, ...
when x=0, n/4—-2A<t<n/4;

Uy, =sin(2nt); i,,

0 , n=4,812, ...
2cos(2mnt+3n/4) , n=1,5,9, ...
2N2sin2nt—7n/2), n=2,6,10,...
2sin@ut—mn/4) , n=3,7,11,...

whenx=1[ n/4-A<t<n/d4+A.

Udp+1 = 5 i2n+1 =0

Undistorting (y > 0) open-circuited line with the length | = 1/8:
z=1A=1/8; E=¢ V/8/M4 = \/E(l—j)e_w8 125z, = —je_7/4

U, =sin(2mt) ;

L+ (V4 M4y }”2

iy, = Asin(2mt +@); A= { -

l+e

O=0;—0,; tgo, = e M4 L oTV/4, tg®, =—e V4 n=3,7.11,..

1/2
iy, = Asin(2nt + @); Az{( ¢ ) te ;

1+e77?2
v /4
P=0;—9y; 120, =g tgp, =—e "7 n=4,8,12,..
e
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1/2
lJr(e_W4 +2e—yn/4)2 / )
—y/2 ’

iy, = Asin(2mt + @); A = { -
e

O=0; —0,; tgo, =2e M4 4 oTV4, tgQ, =— V% n=15,9,..

iy, = Asin(2mt + @); A = {
=0, —0y; tgo =
LT T e

Iy =0

Uy = Asin(2ut+@—n/4); A=

-y/2

O=0;—0y; ¢ =0; tgp, =—¢ V4 n=4,812, ..

—yn/2
Uy, = Asin(2nt +@—1/4); A= 2078 l—l-e—_/z ;
l+e!

O=0; —Qy; tgQ; = —e™M4; tgQ, = —e " n=1,5,9,..

273 1+ e_Y"/4) _

\/1+e_w2

0=, —Q,; tgo, =0; tgo, =— "% n=26,10,..

: _ /1+ “m/2
Uy = Asin(2wt +@—1/4); A="2e v/8 e—_m;
I+e

Uy, = Asin(2nt +@—1/4); A=
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O=0,—0y; tgg, =e "4 tgp, =—e V4 n=3,7,11,...
whenx=1[ n/4—-A<t<n/4+A.

Ideal (y=0) short-circuited line with the length | = 3/8:
z=-1; A=3/8; E=e M4 =_\2(1+/)/2; z, =—};

VSsin(2ns + 9); tg(@+m) =2, n=3,7,11,...
sin(2nt+ ), n=4,8,12, ...
sin(2mt), n=1,5,9, ...
V5 sin(2nt + ); tg(@) =2, n=2,6,10, ...
when x=0, 3n/4-2A<t<3n/4;

Uy, =sin(2nt); iy, =

22 sin2nt —1/2), n=4,8,12,..

2cos(2mt—3m/4) , n=15,9, ..

0 , n=2,6,10, ...

2sin(2nt —3mn/4) , n=3,7,11,...
whenx=1[, 3n/4—-A<t<3n/4+A.

Upps =05 0, =

Undistorting (y > 0) short-circuited line with the length | = 3/8:

— e—3y/8—3jn/4 - _ \/5

Z:—l,A:%, E 7(1_'_]-)6—3\(/8, z; :_je—3y/4;

U, =sin(2mnt);

1/2
1+(e—3y/4+2e—3"{n/4)2:| '
2

iy, = Asin(2nt + @), A = { 72

1+e

O=0, —¢y; tgp; =2e " 4V 1oy =—e 71 n=3,7,11,...

1/2
(1_26—3Yn/4)2 +e—3'Y/2 .
-3v/2 >

iy, = Asin(2nt + @), A ={ .
e
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6—3"{/4 _3v/4
(‘P:(pl_(p27 tg(pl :W7 tg(PZ =-e v ; n:4787 129

1/2
1+(e—3’y/4_26—3"{n/4)2 .
-3y/2 ?

iy, = Asin(2mt + @); A =
l+e

O=0,—9y; te =V =274 o, = -7V n=1,5,9, ...

1/2
—3yn/4,2 —3y/2
i2n=ASin(2m+(P);A:{(1+26 ) +e } |

147372
“3y/4
e -3y/4
P=0; — 0y 120, = g tgpy =—e """ n=2,6,10,...

when x =0, 3n/4-2A<t<3n/4;

Upyer =03
26—3’Y/8 (1 _ e—3’yn/4) .

V1+ e 312

O=0,—0y; ¢ =0; tgp, =—e V% n=4,8,12,..

. B 1+ —3'Y}’l/2
iy = Asin(2mt + @ —1/4); A=2e8 \/HeTy/z ;
e

O=0; —0,; tgo, =M%, tg, =— 4 n=1,5,9,..

iype) = Asin(2ut+@—n/4); A=

26—37/8(1+e—3’yn/4) )
/2

iype) = Asn(2nt+@—m/4); A=
1+e7?

O=0; —0,; tgp; =0; tgo, =—e_3y/4; n=2,6,10,...
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iy = ASINQ2Tt + @ —T/4); A =2¢8 \/I:Tv/z;
e

O=0Q; —0y; tgQ, =¢34, tg®, =4 n=3.7.11,...

whenx=1[, 3n/4—-A<t<3n/4+A.

Ideal (y=0) open-circuited line with the length | = 3/8:
z=1; A=3/8; E=e /"4 =_2(1+))/2; z, =
VSsin(2m + @); tg(+m) =2, n=3,7,11, ...
sin(2nt+m), n=4,8,12, ...
sin(2mt), n=1,5,9, ...
V5 sin(2mz + 9); tg(@) =2, n=2,6,10, ...
when x=0, 3n/4-2A<t<3n/4;

Uy, =sin(2mt); iy, =

0 , n=4,8,12, ...

2sin(2nt —-3n/4) , n=15,9,...

Hant TN 2 sin2nt—1/2), n=2,6,10, ..
2cos(2nt+m/4) , n=3,7,11,...

whenx =1, 3n/4—-A<t<3n/4+A.

S i =0

Undistorting (y > 0) open-circuited line with the length | = 3/8:
z=LA=3/8 E=e V83 D1+ j)eV8 /252, = je 14,

U, =sin(2mt);

1/2
1+(e—3y/4+2e—3"{n/4)2:| '
2

iy, = Asin(2nt + @), A = { 72

1+e

O =0, —0y; tgg, =—(2e M 4V tge, =Y n=3,7,11, ..

1/2
(1_26—37}1/4)2 +e—3'Y/2:| .
’

iy, = Asin(2nt +@Q); A= { v

l+e
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€_3Y/4

“3y/4
P=0 —9; tg@1:—w; tgp, =e " n=4,8,12,..

1/2
1+(e—3’y/4_26—3"{n/4)2 .
-3y/2 ?

iy, = Asin(2mt + @); A =
l+e

0=, —9y; tgo; =—e V42714 o0, =14 n=1,5,9, ..

1/2
(1+26—3’Y}’l/4)2 +e—3'Y/2 .
-37/2 >

iy, = Asin(2mt + @); A = { -
e

e—3y/4 /4
= —_ N - —e V&, =
O=0; —Py; 180 32034 tgp, =e ; n=2,6,10, ...

when x =0, 3n/4-2A<t<3n/4;

26_3Y/8(1 _ e—3'Y7’l/4) .

V1+e3V/2

0=, —P,y; ¢, =0; tgp, =e V4 n=4812,..

—3yn/2
Uppp = ASIN2TL+@—T/4); A = 26_37/8\/11-?:”/2;
e

—3yn/4,
9

Uy = Asn(2ut+@—1/4); A=

O=0; —09y; tgp =e

26—37/8(1+e—3'yn/4) .

Vit+eV?

O=0; -0y tgg; =0; tgpy =e "% n=2,6,10,..

Uy = Asin(2ut+@—m/4); A=
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. ~ 1+ =3yn/2
Uppp = ASIN2TL +Q—T0/4); A =2e 37/8\/1::”/2;
e

0=, —0y; tgg, =—e "4 tgg, =4 n=3,7,11,...;

Iype1 =0
whenx=1[, 3n/4—-A<t<3n/4+A.

3.2. Ideal capacity at theend of theline

Using the boundary condition C¢du/dt =i when x =1 and introducing
the following notations: k =1/Cg; ¢, =t —mA, m=1,2,3,... we can represent
nonstationary solution at the end points of the line in the form given below.

Starting point x =0:

u, =e’™; iy =’ when 0<t<2A;

‘ e 2YA , B
uyg=e’ iy =iy + .e [(j(;)—k)ejwtz +2ke ktz] when 2A <t <4A;
jo+k
. “AyA [ a0 N2 .
Ug = eﬂm; i6 = i4 + z.e (]0) k) ejmt“ —4k kt4 i — ]0) e_kt“
jo+k| jo+k Jo+k

when 4A <t <6A;

—67A ; 3
o . . 2e 0" 0w-k j
ugzejmt;lgzz + (] ) ej(l)t6+

Jjo+k| (jo+k)?

. 2 a2
k_+3]wkt6+ k 3&)2 ¢ | when 6A<7<8A;
jo+k (jo+k)

+4k(2kzt§ -2
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. 2 .y a2
_% k3t§’—3k.+2jwk2t§+3k +2](1)k 230) ktg—
3 jo+k (jo+k)

N )
—3M e | when 8A<t<10A etc.
(Jo+k)

Receiving end x =/:

ip=u; =0 when 0<t<A;

e [ ~ e VA ) B
s _e_(el‘”ﬁ —e kfl); i :e—(jo)ef(”tl + ke ktl)when A<t<3A;

 jo+k jo+k
—3vA . ) .
Us =u3+2ke J® kej(m3 + 2kt3—J(D k e |
jo+k | jo+k jo+k

BYA :
is =13+ 2070 | jojo—k) e/ —k 2kty — k+3jo et
jo+k| jo+k jo+k

when 3A <t <5A;

2
e 1A — .
i =I5 + = J k_](;) e +
jo+k jo+k

42jo+k) +k2+2jmk—5m2
jo+k 0 (jot+k)

+ /{2k2t52 - Je_kt5 ] when 5A<t<T7A;
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N . 3 .
Ug =y +2ke {(]0) kj e’ 4

jo+k |\ jo+k

- 2 a2 N3
i1 4k3¢3 —6—3{0)+kk2t72 L S =307) 30)2 )kt7 —3(—{0) kJ e M |
3 Jo+k (jo+ k) jo+k

—TyA A .
iy =iy + 2_6 j M o017 _k 4383 - 6(5{(0*' 3k) K22 +
Jjo+k Jjo+k 3 jo+k

. 6(3k> +8 jok —90*)

s - 3k +15 jok > —90°k — 21 j0° ok
(jo+k)?

(jo+k)?
when 7TA<t<9A;

Uy =g + 2ke H‘]w kJ e’ —%(2k4t3 _g2/® kk3t;’ +

jo+k |\ jo+k jo+k

2 L a2 L2 2 A
L 12k +2]03k230))k2t92_24]0)(k ;”)kt9+3(f_‘” kj o |.
(jo+k) (jo+k) Jo+k

-9vA . 4 ) .
i =ig + 2.6 T A k| gion K 2k ty ——8(3{m+2k)k3t§ +
jo+k jo+k 3 jo+k

I+ 4jcok2 —5w°k — 4joo3
(jo+k)

3k? +8j0)k—7o)2

+12 3
(jo+k)

k%t —24

ktg +

. 3kt +12 0k - 420°k% —12j0’k + 270" Ko
(jo+k)*
when 9A <t <11A etc.
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3.3. Ideal inductance at the end of theline

Using the boundary condition u = L di/dt when x =/ and introducing
the following notation: k =1/Lg we can represent nonstationary solution at
the end points of the line in the form given below.

Starting point x =0:

u, =e’; iy =e/* when 0<t<2A;

ot 272 ot —kt
uy =’ iy =i, —= [(j(o—k)ej 2 +2ke 2]when 2A<t<4A;
jo+k
, 207 [ Cio—k)2 : B
g = e o =i, + e (Jo—k) 1% — 4l k, - JO |,k
jo+k| jo+k Jo+k

when 4A <t <6A;

—67A . 3
; _2e " (jo-k) o/

ug =e’™; iy = -
5T J(’)+k|:(j0)+k)2

k+3j® k? =3’
- ktg + 5
jo+k (jo+k)

+ 4k[2k2162 -2 Je_kt(’ ] when 6A<7<8A;

—8YA . 4
o - . 2e w—k ;
Uy = e/ . i = ig + (J ) o/ _

Jjo+k| (jo+k)’

: 2 L a2
_% k3t§—3k'+2]0)k2t§+3k +2jwk 230) Kt
3 Jo+k (jo+k)

3 Jok? —0?)

3 e M | when 8A<¢<10A etc.
(jo+k)
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Receiving end x =/:

iy =u; =0 when 0<¢<A;

207

Qe
jo+k

jo+k

Uy (jmejw[l + ke k0 ); i3 = (ejwtl —e 7k ) when A<t <3A;

—3yA . . ) .
s :u3_2e Jo(jo k)ej(m3 iy 2kt3—k+3](0 ok :
jo+k| jo+k jo+k

SByA [ . _ L
i5 = i3 — 2k€ J(D k ejwt3 + 2kt3 —M e_kt3
Jo+k | jo+k jo+k

when 3A <t <5A;

—-57A . 2 .
Uy =Ujg + 2e ] k JO) ej(DZS +
jo+k jo+k

: 2 hy a2
Tk 2k2t52 _ 4(2](D+ k) kts + k +2](Dk 25(1) e_kts :
Jjo+k (jo+k)

—5vA . 2 _ . L 2
jo+k jo+k

when SA<t<7A;

~7yA A .
u9:u7_2e {jﬂ{ﬂo kj e]mt7_§(4k3t%_wk2t72+

jo+k Jjo+k jo+k

b

. 6(3k> +8j(ok—9a)2)kt 3K +15 ok - 90’k - 21 jo’ okt
(jo+k)> ! o+ k)

3
2ke” "N in— .
iy = iy — 2K SR o

jo+k |\ jo+k
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. 2 a2 L3
NI YRV P EI L yEs +6(k—3‘”2)kt7 —3(1_"’—") e~k
3 jo+k (jo+k) jo+k

when 7A<t<9A;

~9yA A :
Ui =Ug + 2e _] J(D k e]wtg +£ 2k4tg —Mk3tg +
jo+k Jjo+k 3 Jjo+k

3k? +8j(1)k—7(1)2 i +4j(x)k2 —50)21(—4jo)3

+12 k%3 —24 kto +
(joo+k)? ’ (jo+k) ’
. 3kt +12j0k> —420°k% —12j0°k + 270" ko |
(jo+k)* ’

4
2Uke” ™ | ( jor— o | 2jm+
i =ig + ke JOZk Y oy 1 2ktd 82 kk3z§+
jo+k |\ jo+k 3 jo+k

2 L hir a2 L2 2 o\

L 12k +2](,0k2 30 )k2t92_24]0)(k ;D)kt +3(J.(o k] -k
(jo+k) (jo+k) Jo+k

when 9A <t <11A etc.

3.4. RLC —circuit at theend of theline

The boundary condition for RLC — circuit at the end of the line is of the
form of (1.3). For some simplification let’s consider the case of multiple

roots of characteristic equation LSk2 +(Ry+Z,)k+1/Cy =0, 1e. 4L =
=C,(R; +Z,)*. Let’s introduce the following notations: k, = jo+k,

L,= Lsk(% , k=(Rs; +Z,)/(2Lg) . Then the initial fragments of the nonsta-

tionary solution at the end points of the line can be written in the form given
below.

Starting point x=0:

uy =e’®; iy =e’/® when 0<t<2A;
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u, =e’®;
iy =iy — (Ly —2jm)e’™2 = 2(kkyty — jm)e when 2A <t <4A;
(O]
. 2 4MA , 2
ug = e’ ig =iy + eLZ [(Lm —2 jm)? e/ —E(kzkg)ti -

()
. 2.2 2 . . —kt,
—3k(k+2jw)kyty +6ky(kLy — 0 )ty —6j0X Ly, — ]0)))6 4 }
when 4A <t <6A;
2 —6'YA

ug = e/ ig =ig — eL3 {(L(D —2jm)> e/ —%(k%g,tg -
®

— 5k 2k +3 joo)kote +10k(3kLy, + 2k +6 jok — 6w Yk te —
30 . . 37122 2 2 .3
—30(3k(k +2j®) Ly —2,j00 Yk 212 +30(3kL2 — 60> Ly, +4 j0° Yyt —
—300(3L2, — 6 j0L,, —4m> ))e_kt" } when 6A<7<8A;

2 —S'YA
4
LO)

1

Uy = e i =ig + {(L00 —2]'(;))4ej°°t8 +E(k4k;tg -

—7k> 3k +4 jo)k Ot + 42k (kL +3k* + 8 jok — 607 Yk ot —
—210k(2k(2k +3j0) Ly, + K +4 jok? — 607k — 40 e +
+ 42003k 2 + 4KL (k2 +3 jook —3007) + 20° k263 -

12603k (k + 2 je) 2, — 4j0° Ly, - 20° k212 +
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+ 2520(kL§D —30°L% +4j0’L, + 20" )kwtg -
—2520 j0)(L,, — jo)(L2 -2 joL, — 2@2))e"“8 } when 8A<¢<10A.

Receiving end x =1:

ip=u; =0 when 0<t<A;

_ 26_YA ( L . j(otl kk . —ktl ).
Uz = ( 0)—]0))6 _( u)tl_]o*))e D
L(l)
—YA .
iy = 2 ( joe® + (kk 1 — jo)e ) when A <7< 3A;
(O]
=3vA )
Us =13 + 2 7 {(Lm — jo)(Ly, — 2 jm)e’™s +%(k2k33t§ -
(O]
—3k(k + 2 jo)k a3 + 3k (3kLy — 2007 )15 =3 j(3 L, —2 jm))e""3 } :
=37A )
is =iy — =% . [ JO(Ly —2 j®)e’™ +l(k2k3)t33 -
Ly, 3
—3k(k + 2 jo)k 23 + 3k (kLyy — 207 )13 =3 jaX( Ly, — 2 jw))e""3 }
when 3A <t <5A;
—57A . 1
Uy = us +2eL—3{(Lm — JO)(Lg, —2jm)* e/’ _E(pkgzg -
(0]

— 5k2 (2k + 3 jooYk gt +20k(2kLy, + k* +3 jook — 30 kot —

— 60(2k(k +2j®) Ly, — jo° Ye2t2 +30(5kL2 — 8w Ly, +4 j Yk yts —

www. TechnicalBooksPDF.com



62
—300(5L2 — 8 jwL,, —4®° ))e—’“s } :

26—5’YA

: 1
iv = is + { JO(Ly —2jw)? e’ +%(k3k§)z§ -

Lo,
—5k2 (2k +3 jo)kots +20k(kLy, + k2 +3 jok — 302 )k 13 —

—60(k(k +2 @)L, — joo° k212 +30(kL2, — 40> Ly, + 4 j0° Yk yts —
~30j0(Lg, —2j0)* )e_kt5 } when 5A<t<7A;

_ _29_7YA Lo L. —2i 3 j(,ot7_
Ug = Uy L4 ( ® ]0))( [0 ]0)) e

®

L
630

le*e37 -

—7k> Bk + 4 jo)k 38 +21k* (5kLy, + 6k* +16 jok —1200% )kot3 —
105k (2(k + 2 jo) (k2 + 2 jok —20%) + SKLy, (2K +3 jo) ke +
+21000k2L2 +10kLy (K +3 jook —30%) +doo* k313 —

— 63009k (k +2ja) 2 10 jo’ Ly, — 40* k212 +

* 630(7“3» — 180’ L, +20,j00’ L, +80* )kww -

27T 3 1
lg =i7 — Iz {]&(Lw—2]0))3e]mt7 +@<k4kz,t77—

®
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— 73 Bk + 4 jo)k S8 + 21k (BkLy, + 6k +16 jook —120% k15 —
105k (2(k + 2 j0) (k2 + 2 jok —20%) + 3kLy, (2K +3 jo) ke +
+ 2100212, + 6kLy (K +3 jook —30%) +40* Je313 -
— 63003k (k +2j0) 12 — 60’ L, — 40* Jk 22 +

+ 63o(kL§D —6m% L2 +12jw’ L, + 80" )kmt7 -
—630j0(L,, — 2j0))3 )e_kt7 } when 7A <t <9A etc.

So, as it turned out, the formation of solution, the exact solution analy-
sis and tabulation for undistorting lines (there is only wave dissipation and
there is no wave dispersion) is enough laborious task. To make use of the
given analytical solutions one must have certain grounding in mathematics.
The design formulas look very intricate even at the initial stage of the tran-
sient process. So it is impossible to generalize them for the lines with arbi-
trary input voltage form, with variable (tunable) parameters, etc. Thus, only
some elementary test problems can be solved by means of method of char-
acteristics and Fourier method. However, these solutions are of methodical
and practical importance, because they serve as a basis for comparative
analysis and for posterior precision estimation of the numerical solutions.

Let’s remark that the method of characteristics can be used for solving
not only direct problems, but inverse problems (modeling the wave process
in the reverse time from the present to the past) as well. The inverse prob-
lems of the mathematical physics with the irreversible energy dissipation are
usually ill-defined because of input data instability.

Let’s suppose that at some time moment ¢ = ¢, the space distributions of
the current and voltage in the line are known (are given): i=iy(x);

u=uy(x), xe[0,/], as well as the boundary conditions at the end points
when ¢ < fo: u = exp(jot) when x = 0 and u = R;i when x = /. Now let’s pre-

sent the nonstationary solutions of (3.2), (3.3) in the reverse time. Starting
from the initial state, the functions iy(x) and uy(x) generate two invariants
A(t) and B(¢) at the end points of the line:
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A() = [uy (x, (1)) = Z 4iy (x, )], x,(6) =1 —a(ty —1), ty —A <t <ty;

B(t) = [ug (xo () + Z gig (xo (e)]e ™™™, xo (1) = alty — 1), tg —A <1 <1,

=f ly
X1V /\ XII X VIII VI v 11

0

XIII XI IX VII \Y% [11 I

A

X

Fig. 3.2. The wave-front configurations in case of transient process in the reverse
time.

Starting point x =0 (fig. 3.2):

Uy =/, iy =/ + B(¢) when tj —A<t<t,;
A
or . j A(t+A)e”
u4=ejwt;14:—ejwt+¥Whent0—2A<tSt0—A;
z
2vA
of | . j 2 B(t+2A)e
u6:e]wt;16=e/mt -1+— _Bux2h)e” =
Zg z
l—z, +—
— Jot £ Zg B(t+2A)e2“{A
I+z, z

when 7) —3A <t <t,-2A;

37A
: ; 2 A(t+3A
u8=ejwt;i8=ejmt{—l+—} _ ( 2)6 _
z
+
et zp  A(t+38)e™"
l+z, 72
when ¢y, —4A <t <ty -3A;
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. . YA
uyg =e’; i =e’°’{—1+i(l—iﬂ ,BUuFaBe T

Zg Zg z?
2
I=z, == 4yA
et z; | B(t+4A)e™"
=e +
I+z, z2

when ¢y —5A<t<t;—4A;

. . SYA
U :e](ut; 1-12 :e](ot|:_1+i(1_ij:| +%:

Zg Zg z
2
l—z;—— SvA
et zy  A(t+5A)e"
=e +
I+z, z

when ¢y, —6A <t <t,—5A;

. . 67YA
U4 :ej(,l)t; i14 =ejwl|:—1+i(1—L+L}] —M:

2 3
Zg Zy oz z

l—z, +—
ooz B(t+6A)e™

l+z, 7
when ¢, —7A <t <ty —6A etc.

=e

The structure of the obtained solution makes it possible to write out the
formulas for any arbitrary time interval

" zm o™ At + (2m—1)A)e P DA
4m l+z, z"

when 1y —2mA <1<ty —(2m—-1A, m=1,2,3, ...

_ jar,
Urom+l) =€
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m
l—zE—Z( )

oot z? m B(t+ 2mA)eszA
+(=D
l+z, 7™M

when ¢ty —2m+1DA<t<ty-2mA, m=0,1,2,3, ...

Dmil) =€ (3.10)

Receiving end x =1:

A(?)

N

Jjot
uy = Rgiz; i3 = ! (26 —B(t+A)eYAJ

u1=RSi1; 11: When tO_A<tSt0,

R.—1| E

2/ A@r+24)e”"

Us = R is; is =
TS T (R-DE z(R, -1)

when ¢, —=3A<t<t,-2A;

207 (1_ 1 ]+B(t+3A)e3YA _

1= R - 0E )
N

Zp z(R; —1)
1
L 26 TET L B +38)e™
" (Rg—-1E 1+z, ’ z(R, 1)

when #, —4A <t <ty —-3A;
Jjoor 4vA
%:&m%:;g__@mL}ggﬁ@g_:
(Rs—DE\  z, 22 (R, —1)
;-1
20 TE g, . At +4A)e ™™
(Ry—DE 1+z, z2 (R —1)

when 7) —S5A<t<t;—4A;

27 [ 1 1] Ba+358)"

(Ry —DE ) 2R -1)

z
E  Zj

uy = Rglyys iy =
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_ 2e/ ZE+2 B(z‘+5A)eSYA
C(Ry-DE 1+z, 2R 1)
when 7) —6A <t <t;—5A;
2™ 1 1] A@+6A)e™
e T

z
E Zj

Uiz = Rgipz; i3
oz 4—
2e/® z2 At +6A)

(Rg=DE 1+z, 22 (R, -1)
when #) —7TA<t <ty —6A;

The formulas for any arbitrary time interval can be written out in this
case too:

Ugpm-y = Rgigp1;

(="
I foogmd Y B(t + (2m —1)A)e @D
dm—1 = - -
" (Ry-DE 14z, 2" MR, —1)

when 1y —2mA<t<ty—(2m-DA, m=1,2,3, ...

Ugms1 = Rlgmyr;

"
i E —
) 27 zy ! m A(t + ZmA)ezmYA
e = T e (3.11)
(Rg-DE 1+z, z"(Rg 1)

when 1y —2m+1)A<t <ty —2mA, m=0,1,2,3, ...

Let’s remark the expressions 1/z, and 1/z" in the formulas (3.10)
and (3.11). Since for line with losses (y > 0) we have |zE| <1 and for ideal
line with loading 0 < Rg <o — |z| <1, then these expressions tend to infin-

ity when m — oo. Correspondingly, the currents and voltages will tend to
infinity as well, but this means that the problem modeling the wave process
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involution is ill-defined. In the strict sense, the solutions (3.10) and (3.11)
are stable only in the case of ideal line (y = 0) with short circuit or idling
(|Z| =1).

Thus, the method of characteristics is of self-dependent importance, be-
cause by applying this method one can reconstruct (interpret) the initial
wave image or input signal, that is extremely important for diagnostics and
identification of the parameters of diverse electrotechnology and electro-
energetics installations.

4. Moving capacitor dischargeon long line with losses

The discharge on the ideal line of the moving with the steady speed ca-
pacitor was considered in [61]. Moving the voltage source with the speeds
greater or lesser then the speed of the light, the authors attempted to dis-
cover the time delay effect within the limits of the linear electrodynamic
model. As long as such effect didn’t become apparent, the authors con-
cluded that the obtained result is a good reason for disproof the special the-
ory of relativity (STR).

In this paragraph by means of method of characteristics [89, 90] we ex-
amine the evolution of the nonstationary capacitor discharge on the long
line. On the base of exact solutions of the boundary-value problems for
telegraph equations it was established [76] that under some fixed relations
between the capacity of the voltage source and the losses in the line, the
electromagnetic energy distribution in the line is symmetric and independ-
ent of the speed of capacitor. It was discovered the effect of the speed en-
hancing of the electric capacity discharge under the speeds exceeding the
speed of potential and current wave propagation in the line. The nonlinear
problem of the discharge of capacitor, moving with steady acceleration (un-
til the velocity of its motion reaches the electromagnetic wave velosity), was
solved.

4.1. Solution of telegraph equations for undistorting line by means of
method of characteristics

Let’s consider the infinite twin-wire long line. Let the charged capacitor
with the capacity C, and potential Uy is connected up to this line at the ini-
tial time moment =0 (fig. 4.1). Under contacting the current appears in
the conductor and the potential will propagate in both directions from the
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connection point with the speed a, that we’ll take equal to 160000 km/sec (it
is typical for cable lines).

T N

Fig. 4.1. The twin-wire long line with connected capacitor.

So, it requires to determine the voltage function u(x,7) and the current
function i(x,?), x€ (—o0,00),1 >0, satisfying the system of telegraph equa-
tions

di  du ou 0i
L—+—+Ri=0; —+— =0 4.1
8t+8x+ i=0; C8t+8x+Gu 4.1

under the following initial and boundary conditions:
u(x,0) =i(x,0) =0, x€ (—oo,00), 4.2)

¢, MO0 ~i(0-0.0-i(0+0.0) when x=0,1>0.  (43)

In case of undistorting line (R/L = G/C = v) the solution of the problem
(4.1) — (4.3) can be obtained by the method of characteristics. [89, 90]. As it
is considered the line with unrestricted length, than the potential and current
waves are propagating to the left and to the right from the source without
reflections. It means that for x > 0 along the characteristics at + x = const

the following relation takes place Z,i—u=0, where Z,=+L/C and

a=1/~/LC represent the impedance of the line and the velocity of the elec-
tromagnetic wave propagation correspondingly. At the same time for x <0
along the characteristics at —x = const the following relation takes place
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Z,i+u=0.Now using these relations, let’s eliminate the currents from the

boundary condition (4.3). As a result we obtain the ordinary differential
equation with respect to capacitor voltage

du(0,t) 2
C ——==——u(0,t), x=0,t>0, u(0,0)=U,,
n dt ZB ( ) ( ) 0

with the solution
2

C,Z,

n

u(0,£)=Uge ™™, Ny =

, 120. (4.4)

As can be seen, the capacitor voltage is independent on the losses in the
line for which the proportionality condition R/L = G/C = vy takes place.

The electrical energy, lumped in the capacitor, decreases in time by ex-
ponential law (just as the voltage) and can be calculated by formula

2 2 2
Cnu — CnUo e—zxot — Uo e—zxot

W, (6) =
(=73 2 MoZ,

The solution of the initial equations (4.1) — (4.3) with boundary condi-
tion (4.4) using the method of characteristics can be written in the form

u(x,t)=i(x,t)=0 when x<-at or x>at;
u(x,t)=Uye 0 i(x 6y =u(x, 1)/ Z,, when O<x<at; (4.5)

u(x,t)= er_}”“_(}‘”_”"/"; i(x,t)=-u(x,t)/Z, when —at<x<0.

It can be seen from (4.5) that if the condition A, =7 takes place, then

the potential distribution depends only on time in the perturbed domain and
it is independent on the longitudinal coordinate x. The symmetrical charac-
ter of the nonstationary process of wave propagation in the left and in the
right from the capacity connection point is also evident. The solution (4.5)
is valid also for ideal line when y = 0:

u(x,t)=Ue ™" i(x,t)=u(x,t)/Z, when 0<x<at;
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u(x,t)=U,e ™™ j(x,t) = —u(x,t)/Z, when —at<x<0.
So, the voltage jump on the characteristics x =% at is equal to the initial po-

tential value at the condenser: AU =U 0" When y > 0 the voltage jump

monotone decreases in time by exponential law: AU=U, e ",

e_

0
The evolution of the normalized with respect to Uy voltages along the

ideal and undistorting lines is represented in the fig. 4.2 — 4.4 for different
time moments ¢ = 1 (a); 2 (b); 3 (¢); 4 (d) with diverse correlations between
the value of capacitor C, and the losses in the line 7.

u a
0.8 0.8
0.6 0.6
<« —
0.4 0.4
0.2 0.2
X

1

u c
0.8 ~ v 0.8
N~
0.6 ~5 0.6
«— —>
0.4 0.4
0.2 0.2
X
% 4 3 2 4 0 1 2 3 4 %

Fig. 4.2. The voltage distribution along the ideal line (y = 0) for different time

moments when C, = 1, Ay = 2.

0.8 0.4
" a "
0.6 0.3
0.4 0.2
0.2 AV 0.1
0 X

5 4 3 2 414 0 1 2 3 4 5
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0.2

JIA . !
N // . \\ // .

%% =3 2 41 0 1 2 3 4 5 % 4 3 2 4 0 1 2 3 4 5

Fig. 4.3. The voltage distribution along the undistorting line (y = 0.48) for different
time moments when C, =1, Ay = 2.

u a 06 u A b
| 7 TN
08 /\ 0.4 yd \
«— —
0.4 P .
0.2

0.2

0 I z

0.6 0.5

0.4 .

0.2 «— — . <—/ \—>
0.1
9 X 0 X

Fig. 4.4. The voltage distribution along the undistorting line (y = 0.48) for different
time moments when C, = 10, A, = 0.2.
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0.3 - P 0.2 o d
0.2
0.1
0.1
«— — — —
0 SI) J

Fig. 4.5. The voltage distribution along the undistorting line (y= 0.48) for different
time moments when C, =4.16667, Ao =y = 0.48.

The electromagnetic energy W, (7), accumulated in the distributed reac-

tive elements till the time moment ¢, can be calculated by the formula [15,
34]

w,(@) :% T(Liz + Cuz)dx = %C;—g‘;(e—zw _e—zxot):
n“~B

—at

U—g (e—2yt _ e—zkot )
Mo —NZ,

Taking into consideration the conditioned of the Joule-Lenz effect irre-
versible losses of the active power in the line, the losses W, (¢) in the line

take the following form:

t at U2 7\l
Wy () :_[ .[(Riz + G”Z)dxa'f =—2 (1— 0 2w, ¥ e‘”‘o’} .

So the expression for the total energy in the line W;(t) =W, ()+ W, (1) is
the following

2
i) =52 (1= e 2 )=, 0) -1, (1) (4.6)
04 B

or
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W) =w () +W,@®)=W,(0), (4.7)
where W (t) is the total energy.

4.2. Steady speed moving capacitor

Let’s consider now the analogous problem but with the condition that
the discharging capacitor is moving with steady speed v <a or v > a to the
right of the initial position. In this case the defining equations are to be inte-
grated under the following boundary condition:

2
C,Z,

n

u(x, (),0) =Uge ™" Ny = , x, () =vt, t20. (4.8)

Here x,(¢) denotes the trajectory of the capacitor motion on the plane Oxt
(fig. 4.6), that is the straight line OA in this case.

¢ _

4 a t b

N
111 11
m | m /g ®
4
IV I
v |

0 X 0 X

Fig. 4.6. The location of the solution regions on the plane Oxt when the capacitor is
moving with steady speed v < a (a) and v > a (b).

Let’s describe the solution of this problem, defined by method of char-
acteristics, in case when v < a (fig. 4.6, a). The solution is zero in the do-

mains [ and IV, where the electromagnetic wave is not yet reached:

u(x,t)=i(x,t)=0 when x<-at or x>at (4.9)
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Then we have the direct wave propagation (moving to the right) in the

domain II:

y)c—vt A at—x (y—p)x+(aky—yv)t

Y

u(x,t)=Upge Ve a7V =Ugpe a-v ; (4.10)

i(x,t)=—u(x,t)/Z, when —at<x<at

and the return wave propagation (moving to the left) in the domain III:

vi—x A at+x (Ao—)x+(akg+yv)t
- —Ag
u(x’t):UOe a+v o a+v =Ugye a+v ;
i(x,t)=-u(x,t)/Z, when —at<x<vt. 4.11)

The electromagnetic energy, accumulated in the distributed reactive
elements till the time moment ¢, can be calculated by the formula

w, (@) :% T(Lﬂ + Cuz)dx =2_C;—Z§Z(e—2vr _e—zxot):
L

—at

2
U _ _
_—o(e o _, 2xoz)’

(7“0 - Y)ZB

and the total energy W, (1) =W, (1) +W,(¢), accumulated in the distributed

reactive elements and in the capacitor, takes the following form

2
c,u - C,Z, -
Wo(t) = —2— [e 2w _Yenls, 27‘°tj=

2-vC,Z, 2
2
Y [e‘” —le‘nofj . (4.12)
(7‘0 - Y)ZB }‘0

As it follows from (4.12), the total energy tends to zero with time in
case of undistorting line (y > 0), whereas it remains constant equal to ca-

pacitor energy at the initial time moment (4.7) in case of ideal line (y=0).
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Thus, the moving capacitor discharges with the same speed as the fixed
one in case when the speed of it’s motion is less then the speed of the elec-
tromagnetic wave.

Now let’s consider the solution in case when the capacitor is moving
with the speed of electromagnetic wave v = a. It is the particular case of the
solution (4.9) — (4.11). Here the domain II is missing. The solution is zero in
the domains I and IV, where the electromagnetic wave is not yet reached.

And we have the return wave propagation (moving to the left) in the domain
I1T:

(M=) x+a(ro+y)t
u(x,t)=Uye 2a ; i(x,t)=-u(x,t)/Z, when —at<x<at

The distributions of voltage along the ideal and undistorting lines for
the time moments 7 = 1; 2; 3; 4 when v=0.8 <a =1 are represented in the
fig. 4.7 — 4.10. The wave pattern here has evidently asymmetrical form and
the quantities of energy, that are taken off by the electromagnetic waves in
the opposite directions, are essentially different.

u a u b
0.8 \ 0.8 \
0.6 0.6
0.4 0.4 N
N N
0.2 0.2
N ~~1J
0 X [N~ x

u ¢ u d
0.8 0.8
0.6 \ 0.6 \
0.4 A \\ — 0.4 h \ [
0.2 \ 0.2 \

N Ji x N JIIP

Fig. 4.7. The voltage distribution along the ideal line (y = 0) for different time
moments when C, = 1, A, = 2 and the steady speed v = 0.8 moving capacitor.
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0.8 7 0.4 B
0.6 0.3
04 0.2
- «—]
N
0.2 ~ 0.1
X
95 -4 1 2 3 95 3 2 4 5
03 7 0.2 7
0.2
0.1
—>
P x
95 4 1 2 3 95 3 -2 4 5

Fig. 4.8. The voltage distribution along the undistorting line (y= 0.48) for different
time moments when C, = 1, Ay = 2 and the steady speed v = 0.8 moving capacitor.

11— 0.8 -
08 4 0.6
0.6
0.4

04 — —
02 0.2

X
%5 1T 2 3 3 3 2 4 5
06— 0.6 -
04 /\ 0.4 \
0.2 0.2

—

X
%5 1T 2 3 3 3 2 4 5

Fig. 4.9. The voltage distribution along the undistorting line (y = 0.48) for different
time moments when C, = 10, Ao = 0.2 and the steady speed v = 0.8 moving capaci-

tor.

Thus from the fig. 4.7 — 4.9 we see that the quantity of energy accumu-
lated with time in the negative half plane x <0 differs from energy in the
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domain x > 0. Using the solution (4.9) — (4.11), let’s obtain the quantitative
estimation of this disbalance:

0 U2 (a+v) _2(aho )t
W_(t)=— J(Liz +Cu2)dx=L e _e  at
2 2‘1(7“0_7)23

—at
1 at

/A0 =5I(Cu2 +Li2)dx =
0

_2(akg+yw)t

2
U _ _
0 (a+v)e 4V +(a—v)e 2V _pge M |

2a(hg—V)Z,

Let’s  consider the  difference  between  the  energies
AW@) =W, (t)-W_(1):

AW () =W, (t)-W_(t) =

U2 _2(a7u0+'\{v)t
=— -0 (a+v)e atv e 2V gt | =
aO“O —YZ,
vl = _ Ao —
— 0 e a+v ‘:I_LeZadt _Le 2th:l’ d — 0] Y ) (413)
adZ , a+v a+v a+v

The derivative by parameter d of the expression in the square brackets
of the formula (4.13) has the following signs:

A% a _
F(d) — 1 _ eZadt _ e Zle"
a+v a+v

Fl=-

2avt [ezad’ _ g2 ] _J> 0, whend <0
a+v

<0, whend >0
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Then the function F(d) is convex and it reaches the maximum value
equal to zero at the point d = 0. But this means that the function F(d) pos-
sesses only nonpositive values for any values of the parameter d. Taking

into consideration the sign of the coefficient Ug /(adZ ) in the formula
(4.13), we obtain

AW (t)>0, W_(t)<W_(t) when A,<Yy, v#0,
AW(t)<0, W_(t)>W.(t) when A, >7v, v#0,
AW(@)=0, W (t)=W_(t) when A,=7 or v=0.

So in case when A, =7y we observe the equal total energy storage in

the left and in the right half planes. The formula (4.12) for total energy
W, (¢) in the line and in the capacitor in this case contains the indeterminate

form 0/0, that can be disclosed by means of I'Hopital rule

2 -2yt 2t 2 =2yt 2
Uy .. e —e " Uy . -2 2Uy -
Wy(t) = =2 lim =20 lim = 270 gpm2ht

Ly v, Ao —7Y Zy y-r, -1 Z,

(4.14)

The voltage distribution along the line when A, =7y =0.48 is repre-

sented in the fig. 4.10 below. As the speed of wave attenuation in the line
and the speed of the capacitor discharge are equal, then the voltage profiles
get the symmetrical rectangular form (as in case of fixed capacitor).

Let’s consider now the case of moving capacitor with the speed v > a
(fig. 4.6,b). In this case the energy in the line at the time moment ¢ occupies
the domain [—at,vt], that is bigger then the domain [—at,at] when v<a.

Hence, if the capacitor discharges with the previous speed Ay =2/(C,Z,),

then in the ideal line we observe the greater then initial energy storage, that
is the contradiction with the energy conservation law. Therefore let’s as-
sume that the capacitor discharges with another speed A, . This speed can
be determined from the total energy conservation law in the ideal line. Let’s
write down the boundary conditions at the trajectory of the capacitor motion
in the following form

u(x, (6),6)=Uge ™, x,(t)=vt, t20. (4.15)
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0.8 — 040 -
0.6 0.3
0.4 0.2

«— — - _
0.2 0.1
0 <2 z
5 4 3 2 4 0 1 2 3 4 5 5 4 3 2 4 0 1 2 3 4 5
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u 4 u d
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0.1
0.1
«— — — —
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Fig. 4.10. The voltage distribution along the undistorting line (y = 0.48) for differ-
ent time moments when C, =4.16667, Ao =7=0.48, v=const<a = 1.

The solution of this problem when v >a (fig. 4.6,b) we determine by
means of method of characteristics. The solution is zero in the domains I
and IV, where the electromagnetic wave is not yet reached. And we have
the return wave propagation (moving to the left) in the domain III:

(A, =) x+(ak, +p)t » _k,.—“/(x +at)
u(x,t)=Uye ary =Uge Ye @ ) (4.16)

i(x,t)=-u(x,t)/Z, when —at<x<at

Now we observe the propagation of two waves (direct and return) in the
domain II. These waves are generated by boundary condition at the straight
line OA (fig. 4.6,b):

_ X“_y(x—at) —}»"_Y(x+at)
u(x,t)=Uye Mg va +e Vta ; (4.17)
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Upe™ | 2 Hwmany 2 (eran)
e V¢ —e Vta when at<x<vt.
ZB

i(x,t)=

The energy, accumulated in the reactive elements in the line till the time
moment ¢, can be calculated by formula

2
vU _ _
0 (e 2yt e 27»‘1).

1%, 2 2
Wq(t)ZEI(L’ + Cu )dxzm

—at

And the total energy takes the following form

Ug v ooy [(voA, =7 2
Wy(t)=W, W,t)=——|— o B — E
0 (=W, @)+ W, (1) o —7Z, Le [a )

The total energy for ideal line y =0 can be written down as

Wy (f) = Ug v [v_ A e M| =
AMZzla \a Ay

v

2
_ Uj I:l_(l_kva/\/je—27»vt:|. (4.18)
B }“0

It follows from (4.18) that to satisfy the energy conservation law, i.e.
Vit >0 the total energy to be equal to the initial energy in the capacitor
w,(t)= Ug I(AyZ,), it is necessary to assign A,a/v = A, . This implies the
following desired value for the speed of capacitor discharge A, =Ayv/a.

So, when moving with the speed greater than the electromagnetic wave

speed, the capacitor discharges quicker then when v<a.
As it follows from (4.16) — (4.17), the potential distribution depends
only on the time in the disturbed domain and it is independent on the longi-

tudinal coordinate x under the condition A, =7y or Ay =ay/v, C, =
=2/(hgZy)=2vI(ayZy).
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The distributions of voltage along the ideal and undistorting lines for
the time moments ¢ = 1; 2; 3; 4 when v=1.2>a =1 are represented in the

fig. 4.11 —4.14.

1.6 - p 1.4 P b

1.4 1.2

1.2 1

5 ; 0.8 ~C
: T~ 0.6

06

04 0.4 ™~

0.2 b — 0.2 ] —
0 Y X
5 4 3 2 41 0 1 2 3 4 5 5 4 3 2 4 0 1 3 4 5

12 — 121 7
1 1

08 N 0.8 \\ \

0.6 AN S 0.6 ~ I

0.4 . 0.4 -

0.2 — L 0.2l —1 Y,
0 = X
5 4 3 2 4 0 1 2 3 4 5 5 4 3 2 4 0 1 2 3 4 5

Fig. 4.11. The voltage distribution along the ideal line (y = 0) for different time
moments when C, =4, Ay = 0.5, A, = 0.6 and the steady speed v = 1.2 moving ca-

pacitor.
1'2u N a 0'8u b
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5 4 3 2 4 0 1 2 3 4 5 5 4 3 2 4 0 1 2 3 4 5

Fig. 4.12. The voltage distribution along the undistorting line (y = 0.48) for differ-
ent time moments when C, = 4, Ay = 0.5, A, = 0.6 and the steady speed v = 1.2
moving capacitor.
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Fig. 4.13. The voltage distribution along the undistorting line (y = 0.48) for differ-
ent time moments when C, = 10, Ao = 0.2, A, = 0.24 and the steady speed v = 1.2
moving capacitor.
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Fig. 4.14. The voltage distribution along the undistorting line (y = 0.48) for differ-

ent time moments when C, = 5, Ay = 0.4, A, = 0.48 and the steady speed v = 1.2
moving capacitor.
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Thus from the fig. 4.11 — 4.14 we see that the quantity of energy accu-
mulated with time in the negative half plane x <0 differs from energy in
the domain x > 0. Indeed, using the solution (4.16) — (4.17), we obtain

19 UZ(a+v) _2(ah+p)t
W_(t)=— J(Liz + Cu? )dx S U S S sy atv ,
2 - 2a(h, —V)Z,
1 vt
W, (t) = Ej(cpﬁ +Li2)dx =
0
U2 _2(&17\.V+’YV)I‘
= m (a+v)e atve 4 (v— a)e_zw — 2ve_27”vt .
v B

Let’s consider the difference between the energies AW (¢)=
=W, ()-W_(1):

AW (@) =W, () =W_(1) =

U2 _2(617\.v+’YV)I‘
0 (a+v)e atv g W e | o

a(x’v _Y)ZB
2 2ak, )t
— UO e a+v |:1 _ a ezadt _ v e—Zth :|’ d= 7\’\1 -7 ) (419)
adZ a+v a+v a+v

The derivative by parameter d of the expression in the square brackets
of the formula (4.19) has the following signs

a A% _
F(d) — 1 _ eZadt _ e 2vdt ,
a+v a+v
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>0, npud < In(v/a)

o [V26—2vdt _a2e2adt]: (a+v)t
a+v In(v/a)’

<0,mpud >——=

(a+v)

Then the function F(d) is convex and it reaches the maximum positive
In(v/a)
(a+v)
sesses both positive and negative values for different values of the parame-

value at the point d = . But this means that the function F(d) pos-

ter d. Taking into consideration the sign of the coefficient U 3 /(adZ,) in

the formula (4.19), we obtain that AW, as the function of parameter d, is
decreasing function and it is equal to zero for d =d, . The values d, de-
pend on time ¢ and they can be determined as the roots of the transcendental

equation ae?® +ve " = 4 +v . Hence, we obtain

AW(t) >0, W_(t)<W,(t) when A —y<(a+v)d,(t),
AW(t)<0, W_(£)>W,.(t) when A, —y>(a+v)d (1),
AW (t)=0, W_(£)=W,(t) when A —y=(a+v)d (f).

So, to obtain at any time moment ¢ the equal total energy storage both in
the positive and in the negative domains (that means the symmetry of the
potential), the capacitor C, must be variable (controllable) and must ensure

the fulfillment of the condition: A, =y+(a+v)d, (?).

4.3. Steady acceler ation moving capacitor

Let’s consider now the problem in which the discharging capacitor be-
gins the motion with steady acceleration b and the initial speed v. But when
its speed reaches the value a, at a later time the capacitor moves with this
steady speed:

2
c,Z

n“=nB

u(x, (t),6) =Uge ™", Lo =

: (4.20)
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2

o
xv(t) = 2 t

+vt,0<t<t, _a-v a —v >0
s ta ’ = VY.
b

at, t>t,

Here x,(¢) denotes the trajectory of the capacitor motion on the plane Oxt,

that is OAB on the fig. 4.15 and consists of two parts: at the part OA4 the
2
curve x,(¢) =%+vt represents the parabola, and at the part AB it is a

straight line x,(¢) = at .

t
B
v
11 Q) - G !
v I
0o x, X

Fig. 4.15. The location of the solution regions on the plane Oxt when the capacitor
is moving with steady acceleration right up till its speed reaches the electromag-
netic wave speed a.

The solution of the problem, determined by method of characteristics,
has the different form at every of five domains of the plane Oxt (fig. 4.15).
The solution is zero in the domains I and V, where the electromagnetic
wave is not yet reached. Then we have the direct wave propagation (moving
to the right) in the domain II:

u(x,t) = U()e_Y(t_tJr)e_>”°t+ = er_yt_(x0_7)1+ , i(x,t)y=u(x,t)/Z,, (4.21)
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=1t (t) = al—)v{l_ l_2b(at—x)}

(a—v)*

when

2
t
7+vt<x<at, 0<t<t, or a(t—-t,)+x,<x<at, t>t,.

And we have the return wave propagation (moving to the left) in the
domain III:

u(x,t) =Uge VT ™0 =y, e M0 e 1) =—u(x,0)/Z,, (4.22)

=1 (xn0) = “ZV[ 1+ 2f:it;r);) —1}

bt
—at<x<7+vt, 0<t<t, or —at<x<-—-a(t—-t,)+x,, t>t,.

when

And we have also the return wave propagation (moving to the left) in
the domain IV:

(vtho)t Ao —Y(

_— x+at,—x, )

u(x,t)=Uje 2 e 2a , i) =—u(x,t)/Z, (4.23)

when

—a(t—t,)+x, <x<a(t—t,)+x,, t=t,.

The distributions of voltage along the ideal and undistorting lines for
the time moments ¢ = 1.0; 2.0; 3.0; 4.0 when v=0, =05 (x, =1,

t, =2 ) are represented in the fig. 4.16 — 4.18.
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Fig. 4.16. The voltage distribution along the ideal line (y = 0) for different time
moments when C, = 1, A, = 2 and the steady acceleration » = 0.5 moving capacitor.

0.8 — 040 \ -
0.6 0.3 N /
0.4 — — 0.2 \\
<« \ —
0.2 0.1
0 Y x

5 4 3 2 414 0 1 2 3 4 65 S5 4 3 2 4 0 1 2 3 4 5

0.3 0.2

0.2 /
AN 1N /

0.1 S N
«— \\l — <« \\ —>

—
X X

$ 4 3 2 4 0 1 2 3 4 5 5 4 3 2 4 0 1 2 3 4 5§

Fig. 4.17. The voltage distribution along the undistorting line (y = 0.48) for differ-
ent time moments when C, = 1, Ao = 2 and the steady acceleration » = 0.5 moving
capacitor.
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73 a u b
0.8 - A~
0.6
06 / \\ L
0.4
0.4 a— — ] .
0.2 0.2
0 Y z

8
0.6 - e 0.5 u d
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: 0.3
/ |1
e 0.2
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<« — <« —
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Fig. 4.18. The voltage distribution along the undistorting line (y = 0.48) for differ-
ent time moments when C, = 10, Ao = 0.2 and the steady acceleration b = 0.5 mov-
ing capacitor.

How it follows from formulas (4.21) — (4.23) and fig. 4.16 — 4.18, the
solution u(x,¢) is the continuous function of variable x till the time moment
14, 1.€. the time moment when the moving capacitor reaches the electromag-
netic wave speed a. At a later time ¢ > ¢, the function u(x,f) endure the dis-

continuity (jump) at the points x = a(t —¢,)+ x,, i.e. along the straight line

AB at the interface of domains II and IV (fig. 4.15). The value of this jump
is the following

u(x+0,6)—u(x—-0,¢) = er—Yt e oV _ e_(ko_“{)t/z] ,

and it is equal to zero when A, =1.

The energy, accumulated in the line till time moment ¢, can be calcu-
lated by the formula that coincides with the formula for the case of steady
speed moving capacitor when v<a.

If not only wave dissipation, but the dispersion as well is presented,
then the solution can not be presented in the form of decaying (d'Alembe-
rian) solitons and the calculation must be effectuated by means of program
Albatross. For the line with dispersion (RC # GL) the gradients of the wave
field by x always will be nonzero and the symmetrical potential distribution
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can’t be achieved (fig. 4.19). As soon as the speed v exceeds the value of a,
the solution becomes multiversion and the speed of discharge A, must be

corrected in such a way as to ensure the observance of electromagnetic en-
ergy balance.

0.15 0.15
u a u b
]
01 ] AN 0.1 _ j
0.08 0.05
<« > ] >
n X x
=0 s o s 10 1 35 A0 s 0o 5 10 15

Fig. 4.19. The potential distribution for the time moment 7 = 9.0 along the line with
losses R=0.48, G=0when C,=2; Ao=1;v=1.2(a); b=0.5(b).

Thus, the dynamics of the capacitor discharge on the long line was ana-
lyzed by means of exact solutions of the telegraph equations. Under the
some correlation between the capacitor of the voltage source and the losses
in the line, the distribution of the total energy in the line becomes symmetri-
cal and independent of the capacitor speed. It was discovered the effect of
the speed enhancing of the electric capacity discharge under the speeds ex-
ceeding the speed of potential and current wave propagation in the line. The
nonlinear problem of the steady acceleration moving capacitor was also
solved.

5. The pulse mode power. Capacity or inductance connection to
loaded continuous current line

It is well known, that the sudden alteration of the parameters of the line
or of the receiver in the steady state electricity transmission leads to the
rushes of both voltage (current) source power and active power consumed
by loading at the transient stage of the process. Let’s set a problem to carry
out the exact quantitative analysis of nonstationary voltages and currents
during the millisecond range. Another problem will be to determine the
conditions in which the loading power reaches the maximal values under the
pulse mode. Toward this end let’s consider at first the momentary connec-
tion to the continuous voltage line of some passive one-ports in the form of
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uncharged lumped capacity or inductance (we’ll denote them as reactive
power sources — RPS).

Let’s consider undistorting line with the length /, that is connected to
the continuous voltage source U, and closed on the resistance R, . Let’s
suppose that the uncharged capacitor C, is momentary paralleling at the

point x, =//2 in the time moment # =¢*> 0 (fig. 5.1).

12 172

A
A A

® I
L 4

o

o

7

C’P u=U, []RS

Fig. 5.1. Uncharged capacitor paralleling to the continuous current transmission
line.

It requires to determine the voltage function u(x,¢) and current function
i(x,t), satistfying the system of telegraph equations

LZ+$+R1’:O; CZ’+;+Gu=O, xe[0,7],2>0 (-1)

and the following initial and boundary conditions:

u(x,0)=i(x,0)=0, xe[0,/], (5.2)
u(0,0)=U, u(l,t)=R;i(l,1), 120, (5.3)
C, Chl(:;t”’t) =i(x, —0,0)—i(x, +0,2), t>¢* u(x,,t*)=0. (5.4)
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In the case of undistorting line: R/L=G/C=7y the solution of the
problem (5.1) — (5.4) can be find by method of characteristics [89, 90]. Till
the time moment ¢* the solution is determined in [89] and it has the follow-
ing form

U nl U, [1 —zy=2(-z,)"
uy,()=Uqy, ir,(t)=—|1+2) (-z ) |= (5.5)
' "z, Z{ Y Z,(1+2,)
when x =0, te [2(n—1)A,2nA]l, n =12,3,...;
An—l ] A 1_(_Zy)n
Uy () =(1+2)Woe ™ D (=2z,) =(1+2)Uge " ————
i=0 1+z
J Y
. (-Upe™ it (1=2)Uge™ 1=(=2))"
i ()= Y (-2, = (5:6)
B j=0 B Y

when x=1, te [2n—-1DA,2n+1DA], n=123,....

Here we use the following notations:

T 7h TP Rty

R +Z, JLC

Let’s suppose that the uncharged capacitor is connected to the middle
point of the line in the time moment *=2n* A. Then from the correlation
on the characteristics x=*at =const for te[t*,t*+A/2] at the point

x, =1/2 we obtain
u(x, —0,t)+ Z,i(x, —0,t) =

=[u(0,1 = A12)+ Z,i(0,6 = A/ 2)]e 2 =[Ug + Z gin e Jle ™% = 4,
ux, +0,0) = Z,i(x, +0,0) = [u(l,t = A/ 2) = Z,i(l,t = A/2)]e "2 =

: —yA/2
= [tz = Zyinynii Je 2 = By (5.8)
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Then we add to these relations the voltage continuity condition and the
differential equation (5.4):

u, =u(x,—0,t)=u(x, +0,7),

g ‘%ﬂ:in, i, =i(x, —0,0)—i(x, +0,t). (5.9)

Solving the equations (5.8) — (5.9) with regard to voltage and current
values in the point x,, we have

Ay + B “m] . Ay —uy (1)
Upo(t) = : 7 - [l_exn(t t )]’ Iy 0- () = Zn, ’
B
. u,o)—By . . .
Ipos () = nZ— s b () =1, 0-(0) =1, 00 (1), (5.10)
B
2
A, =— , X=x,,tE[t*t*+A/2].
CnZB

During this time interval ¢ e [¢*,t*+A/2] at the end points of the line

(till the wave from the capacitor draw-off point doesn’t reach the ends) the
solution remains as (5.5) — (5.6):

ugo =u(0,1)=U,,
ig,0 =1(0,8) =ip(pepry, X =0,2€ [t*,0*+A/2]; (5.11)
upo =ull,t) =uy,uq,
i =i(l,t)=ip,myy ,x=1te[t*1*+A/2]. (5.12)

During the next time interval 7€ [t*+A/2,t*+A] the wave from ca-

pacitor reaches the end points of the line and the solution becomes as fol-
lows
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o1 () = Zyioy () = o (= A1 2) = Z,i o (1= A/ 2)|e ™2 = Dy (1),
ug, ()=Uy, i, () =[Uy—Dy(O)/ Z,, x=0; (5.13)
g 1 () + Z iy 1 (6) = [y 0 (1= AT 2) + Z iy 00 (1= A/ 2)]e ™2 = By (1),
upy (1) = Rsig 1 (1),
u ()= (1+2)E ()12, i,(0) = (1= E () /2Z,), x=1. (5.14)

During the same interval ¢t e [t *+A/2,t*+A] at the middle point of the
line we have

40 = Uy + Z,ig o (- A/ 2) ]2,

By (1) = [uz,o (t=A12)=Z4i; o (t _A/z)]e—yA/zj

e s 4 ~
”n,l(t)=”n,o(f*+A/2)€k”(tt A _Zn I[A1(1)+Bl(1)]e7”"(’ Dar,

*+A/2
"o 2 0= Ay () —uy (1) )= w1 ()= By (1)
n CnZB > ‘n,l- ZB > fnl+ ZB >
g1 (@) =10y (O) =i, 1. (D), x=x,,t€[t*+A/2,t *+A]. (5.15)

During the next time interval 7€ [t*+A,t*+3A/2] the solution at the
end points of the line takes the form

. . —vA/
w2 (1) = Z i 2 (1) = [t (1= A12) = Z i (1= A/ 2)]e ™2 = D, (1),
g, ()=Uy, ig,(t)=[Uy—Dy()]/ Z,, x=0; (5.16)

) 5 (1) + Z iy 5 (1) = [t (1= A12)+ 2,0 1, (1= A12)) T2 = E5 (1),
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upo () = Rgig (1),
w0 = (1+ 2DEy (012 iy, (1) = (1= 2)E5 () (2Z,) x =1. (5.17)

During the same interval ¢ e [¢*+A,#*43A/2] at the middle point of
the line we obtain:

Ay ()= [Uo + Zyig, (1 — A/Z)]e_YA/z ,

By(t) =y (1= A/ 2) = Z,iy (= AT2) ]2,

s AL )
U (1) = “n,l(f*‘*A)ek"(t o _Tn J.[Az(T)‘FBz(T)]e)””(t Yar,
t*+A
Ay () —uy (1) 5 (£)= By (1)
5 > 2+ (t =,
Z, Z,
in,Z(t):l'n’z_(l‘)—l'n’z_,_(t), x:xn,fe[l‘*+A,l‘*+3A/2], (518)

in,Z— ()=

Proceeding in the same manner one can obtain the solutions for any
time interval

te[t*+mA/2,t*+(m+1)A/2],m=1,2,3, ...
ug () = Z gl (1) =
= bty (0= A 2) = Z,i gy (1= A/ D) |2 =D, 1),
o, () =Ug, ign(®)=Uo =D, 0]/ Z,, x=0; (5.19)
Up () +Z iy, () =

=t =812+ Zyi oy (=222 2 B, ),
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up () = Rgip (1) 1y, (6) = (14 2)E,, (1) / 2,
i1 ()= (1= 2)E,, (6)/(2Z,) , x=1. (5.20)

During the same time interval at the middle point of the line we have
the following relations

A (1) = U + Z iy (1= A1) |2,

By (6) =ty yyr (t = AT 2) = Z iy oy (1= A1 2) ]2,

un,m (t) = un,m—l (t * + mA/z)exn (t_t*_mA/Q) _

7\’ t
- 4,0+ B, @] P,

t*+mA/2

Ay () =1y (2) Uy m (@)= B, (1)

Lym— (1) = s Dy (D) = :
n,m Z, n,m+ Z,
in,m (t) = in,m— (t) - in,m+ (t) >
X=Xx,,t€[t*+mA/2,t*+(m+1)A/2]. (5.21)

Using the obtained relations let’s study at first the wave processes in the
ideal line (R = G = 0), closed on impedance: R, =Z , =1. Almost straight
away after the commutation, the steady-state conditions with unit currents,
voltages, generated and transmission capacities are formed. Let’s suppose
that the uncharged capacitor C, is momentary connected at the point x, =
[, =1/2 in the time moment ¢ = 0.3125 corresponding to the 5 wave runs

along the line length / =1/16.

The dynamics of the power changes of the source, receiver and RPS is
represented in the fig. 5.2 (curves 1-3) with consecutive doubling of the
value C,, = 1(a); 2(b); 4(c); 8(d).. The increasing of this value is accompa-

nied by disproportionate but monotonous increasing of the pure active load-
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ing power during the transient process: P; = 3.13; 3.33; 3.50; 3.64, corre-
spondingly.

Taking into account the losses in the continuous current line (fig. 5.3)
we observe some decreasing of power rushes and nonlinear dependence of
its maximal values on the values of the connected capacity: P, = 2.64; 2.68;
2.63; 2.5. Thus, as a first approximation the value C,, =2 can be considered
the optimal one in respect to reaching the ultimate loading power under the
pulse mode and with capacitor connection at the middle point of the con-
tinuous current line.

If we move the point of capacity (C, = 2) connection near the source

[, = /4, then we get some increasing of the loading power: P; = 2.95 (fig.

5.4, a). However, the parametrical analysis makes it clear that the amplitude
of oscillation of the active power can be raised no more than three-fold rela-
tively to nominal level. It is interesting to mention, that these fluctuations
can be eliminated, if the throttle with inductance L,, is connected to the line

(independent of the point of its series connection x,, =/,, ) simultaneously
with capacity (fig. 5.4, b-d).
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Fig. 5.2. Generator, loading and RPS power (curves 1-3) when R = G = 0;
C, = 1(a); 2(b); 4(c); 80(d).
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Fig. 5.3. Generator, loading and RPS power (curves 1-3) when R = 7G = 0.48;

C, =1(a); 2(b); 4(c); 8(d).
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15
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t
'250 0.5 1 1.5 2 2.5

Fig. 5.4. Generator, loading and RPS power (curves 1-4) when R = 7G = 0.48;
¢ =2L=li@,C,=L,=2,1,=141,=3l/4b); C,=L,=2,1,=1, =
=1/4(c); C,=L,=8,1,=1,=1/4(d).

6. Active and reactive powers of thelong line

It is to mention that in the training and special literature there is no
some common and strongly valid approach for the definition of the active
and reactive power of the long line even in case of steady-state sinusoidal
processes, not to mention the transient regimes. By means of complex am-
plitude method the total (apparent) power can be decomposed in two or-
thogonal components and so we can obtain their distribution along the
whole circuit. However, at the same time it remains unclear what we must
to interpret by reactive power of the whole line without resorting to its sim-
plified representation as a lumped RLC — circuit [15, 56, 59]. Meanwhile, in
respect to the mathematical physics the indetermination in the interpretation
of the reactive power can be eliminated. The original equations of the elec-
trical circuits theory are of hyperbolic type, but the energy integral (or the
total electromagnetic energy conservation law) is well known and com-
monly used for such equations [95 — 98, 25 — 27].
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6.1. The power under the sinusoidal regime

The electromagnetic power transmission in the long line by conduction
currents can be described by well known telegraph equations that represent
the Kirchhoff's law for closed contour formed by subcircuit with length dx:

% ou u o
L—+—+4+Ri=0; C—+—+Gu=0. 6.1
o o T S T T .

To obtain the unique solution the system (6.1) must be completed with
initial and boundary conditions. Let’s suppose that the electrical circuit at
the initial time moment ¢# = 0 is connected to the external sinusoidal voltage
source and its receiving end is closed on the load resistance Z¢ = Rg+ jX:

u=Uye’™ whenx =0; u=Zi when x=I.

Let’s derive the following integral identities transforming the equation
(6.1) in the complex functions space. For that we multiply the first equation
(6.1) by conjugated to current function i*. The second equation we replace
by conjugated one and multiply it by u. Now we sum up the obtained rela-
tions

Lo e O iy R+ Gun” =0
ot ot ox
or
L% et O iy R|i[2 +Glul? =o0. (6.2)
ot ot ox

Let’s write down one more expression conjugated to (6.2):

Jdi* . du ., d . 2 2
at1+C§u +ax(u 1)+R|1| +G|u| =0. (6.3)

L

Now we sum up and subtract relations (6.2) and (6.3). After some trans-
formations we obtain two identities:
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10
20t

di ., di*. ou* _a_u . i ]
L(El > 1)+C( > u atu j+2] ax[Im(ul )]—0. (6.5)

(L|i|2 +C|u|2)+aa—x[Re(ui*)]+R|i|2 +Glul>=0;  (6.4)

Let’s suppose now that under the steady state regime when ¢ — oo the
solution (as well as the input voltage) can be represented in the form of

complex functions: u(x,t) =U(x)e/®wu i(x,t)=1 (x)ej“)t. If the active val-
ues of voltages and currents are assigned as U(x)= |U (_X)|€j(pu(x);
I(x)= |I(x)|ej(Pi(x), than in this case we have |u(x, H = | U(x)| and
|i(x, H = |I (x)|. Hence, Re(ui*) from (6.4) and Im(ui*) from (6.5) can be

expressed by active power P and reactive power O from the standpoint of
the theoretical foundations of electrotechnology [15, 56, 59]:

ui* =[UG) || emwernw =|U)|-|IG] e px) =, (1) =, (1);
Re(ui*) =|U(x)|-|I(x)|cos @(x) = P(x);
Im(ui*) = |U(x) |-]1(x)|sin o(x) = O(x).
Further we substitute the expressions u(x,t) =U(x)e/® and
i(x,t)=1(x)esot in (6.4) and (6.5), then we integrate by x on the interval

0 <x </ and after some transformations we can obtain the following bal-
ance equations of active and reactive powers:

[
[ (R|1(x)|2 +GlU@)| )dx = P(0) - P(I) (6.6)
0
and
[
of (L|1(x)|2 —qu ) )dx = 0(0)-0(). (6.7)
0
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So the left-hand members of the equalities (6.6) and (6.7) define corre-
spondingly the active and reactive power of the long line. Computations can
be continued by means of complex amplitude method:

R+ joL . - -
Zy=|—L—;0=0+ B =+ (R+ joL)G+ joC);
0 1/G+jmc JB =(R+ joL)G + joC)

Z,+ Zyth(o!
Zo=Ry+j wLS——l s Ly =Ly 20— (5);
oC, Zo + Zth(81)

Up=Zylos Uy =Zgl; Uy =Ugch(8])—ZyIysh(81);
S=UI* :P+jQ:|U||I|COS(p+j|U||I|sin(p.

Here w =2mf is angle (circular) frequency; Zy is the complex (characteris-
tic) impedance; d,0,3 are the propagation, attenuation and phase con-
stants; Zs, Zgy are the load and input resistances; Uy, [y, U, I; are the active
values of the voltages and currents at the beginning and at the end of the
line with the length /; S is the complex power with the active P and reactive
QO components.

The solution at any point x of the interval [0, /] by means of complex
amplitude method can be represented in the following form

U(X) = Uoch(SX) - Zolosh(aX); Zol(X) = —U()Sh(SX) + Zoloch(aX) . (68)

Let’s substitute (6.8) in (6.6) and (6.7), then integrate by x. After some
transformations we obtain the evident formulas banding together the source,
receiver and long line powers:

sh(al)
(04

27,[*[P(0) - P(1)]= (R + G|ZO|2) (|U0|2 +[19Z,[° )ch(ocl) -

—2Re(UyI3ZE )sh(ocl)]+ (R ~G|Z,|* )Sing}l ) [(|]OZO|2 ~[uo|? )cos(Bl) +

+2Im(U I3 Z§ )Sin(Bl)] ;
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27,2
2200 1000y - o)) = (1 - clz, P 2@

0
W (0

(|U0|2 + 1o Zo|?Jeh(ou) -

ORe(Uy 1§25 (o) |+ (L +C1Z,| )Si“éﬁ ) [(|IOZO I —Uof )cos(Bl) +

+2Im(Uy 1325 )sin(Bl)] : (6.9)

In the case of undistorting line (when Zy =Z, =+ L/C, a=1/JLC,
O0=(y+jw)/a, y=R/L=G/C), the correlation (6.9) becomes essentially
simpler:

P(0)-P(l) = sh(yA)[(ZB 1> +|Uo* /2, )ch(yA) —2Re(U, I} )sh(yA)] ;

0(0)—O(l) = sin((oA)[(ZB 1o|* = |Uo|* /ZB )cos(coA) +2Im(U, I} )sin((nA)]

If the load consists only of the active resistance Z; = R, then it is easy

to show that the reactive power at the receiving end of the line is zero and
the balance equation can be reduced to the form

Ug (1—e2m )1+ 22e-21)

PO)-P() = ;
©0) =P Z, 1+22ycos(20)A)+z$

U2 z,, sin(2mA _
00)=- 0 ySind ) 35 zy =ze2YA; ZZRS Zs .
Zy 142z, cos(20A) + zy Rs+7Z,

In case when the undistorting line is closed on the matched load
R¢ =Z,, then at the starting end of the transmission line we also obtain the

zero reactive power Q(0) = 0. In the absence of active losses in the line
(y=0), the generated power coincides with the transferred power: P(/) =

P(0).
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It is quite difficult to give the real physical matter to the cited above
computations, but even the fact of obtaining of the power balance equations
as a sequent from the initial system (6.1) for steady state sinusoidal regime
is important. The final formulas even for simple particular cases don’t allow
to make clear the nature of the reactive power and to give its pictorial physi-
cal interpretation.

It is to mention, that usually only the instantaneous power p = iu and its
mean value — active power P are admitted as physically valid by many au-
thors [56]. The reactive power Q and the total (apparent) power S are con-
sidered only as a convenient design values for description of the energetic
processes with sinusoidal currents and voltages solely. This is why we are
going now to consider the instantaneous voltages and currents starting with
commutation, i.e. from the zero initial state, right up to steady state stage of
the electromagnetic oscillations in the linear circuit with distributed and
lumped constants. This approach seems to be defensible and logical one,
since nonstationary wave process precedes any steady state regime. But it is
impossible from the instantaneous power a priori to mark out one or several
reactive components in a unique and physically valid way. Even for periodi-
cal nonsinusoidal regimes such a problem is far from its resolution, al-
though many authors have made an attempt to realize it [1, 4, 6, 29 — 31,
43].

6.2. The power under the nonsinusoidal regime

In case of steady state sinusoidal regimes the active component of the
instantaneous power can be defined as a mean value during the oscillation
period, but its reactive component can be calculated, for example, by the
formula [56]:

T . T
o--L u[ﬁjdt:—i i(@jdz. (6.10)
oT 0 dt oT 5 dt

However, these and other similar formulas are applicable only for
lumped devices and do not assume any generalizations for systems with dis-
tributed parameters or for nonsinusoidal currents and voltages. Therefore, to
obtain the energy integral, we’ll use the approach generally accepted in the
theory of linear hyperbolic equations [95 — 98, 25 — 27]. This approach is
valid for any type of functions that are the solutions of the initial system
(6.1).
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Using the standard procedure we multiply the first equation (6.1) by i,
the second equation — by u and then we sum up the obtained results

Liﬁ+ia—u+Ri2 +Cua—u+uﬁ+(?u2 =0
t X t X

or

lﬁ(u2 +Cu®)+ Ri* + Gu? +i(z‘u) = 0.
2 ot ox

Now we integrate this expression in the domain 0<x</, 0<t<t.

Taking into account zero initial data we obtain the following integral iden-
tity:

Jt..l[(Ri2 +Gu2)dxdr+lj (Li2 +Cu2)dx =
00 2O

= [[i(0, vy u(0,7) - i(l, yu(l, T)] dr. (6.11)
0

The left-hand member of the energy balance equation represents the
sum of its active (irreversible converting to the heat) and reactive (reversi-
ble) components, but the right-hand member — the difference between the
source energy and receiver energy. It is easy to verify, that all members in
(6.11), as a physical quantities, have the same dimension — the joule (J).

Thus, if the instantaneous currents and voltages are the solutions of the
initial system (6.1), then they satisfy the conservation law (6.11) as well.
Since under the zero initial and boundary conditions the integral identity
(6.11) holds only for trivial solution i =u =0, then, taking into account the
Fredholm alternative, it follows the proof of the unicity theorem with the
assumption of solution’s existence.

So, if the distribution in space and time of the voltages and currents is
known, then the irreversible losses of the active power in the line can be de-
fined from (6.11) as follows
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P(f) = j(Riz +Gu?)dx | (6.12)
0

and the current total energy (storing in the distributed reactive elements of
the line) at time point # > 0 can be calculated by the formula

W) = Wy (£) + Wo(t) = % j (Li2 + Cu?)dx. (6.13)
0

Let’s differentiate the relation (6.11) by time variable and obtain

Ot— ~

]
(Ri> + Gu? )dx %%j (Li2 + Cu? )dx = i(0,£)u(0,£) —i(l,t)u(l,t)
0
or taking into account (6.12), (6.13)
d . .
P(t) +EW(I) =i(0,)u(0,t)—i(l,t)u(l,t).

If we suppose that all components here are periodical functions, than
calculation of the mean values during the time interval [0,7] gives

1k 1 15 "y
- { P(t)dt +?[W(T) —W(0)]= - { i(0,)u(0, )t~ { i(l,0)u(l,)dt .(6.14)

Taking into account that W(7T)=W(0), we get the generator and loading
active powers balance equation

T
P, = P(0)— P(]) =%jp(t)dt. (6.15)
0

Particularly, under the steady state sinusoidal regime with the period
T =2n/® with

u(x,t) =U(x)sin(of + @, (x)), i(x,t)=1(x)sin(0t+@,(x)),
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where U(x) and /(x) are voltage and current amplitude active values, after

the direct integration in (6.14), we obtain

[
P, = J.[RIZ (x)+ GU? (x)]dx ; P(0)=1(0)U(0)cos@(0);
0

P(l) =I(OU(I)cos o) ; ¢(x) =@, (x) —@;(x).
Then the relation (6.15) takes the form
l
j[Rlz(x) +GU2(x)|dx = P(0)— P(1),
0
that coincides with (6.6).
To obtain the analogous expressions for reactive power (in case of arbi-

trary periodical functions) we differentiate the first equation from (6.1) by

time and multiply it by i. Then the second equation we multiply by du/dt
and sum up the obtained results

Liﬁ_i_.a(auj_i_ 0i C(a_uj au 0i o ou 0
ot2  ox\ ot az ot 3t ox o

or

10 02i ou d (.du
E—(R12+Gu2)+Llat—2+C(atj +a—x(l§j 0.

Let’s integrate the last expression in the domain 0 < x </:

/ / 2
lij. Ri2 +Gu2)dx+j LiL+C(au) dx=
2.dt3 o 02 ot

du(O £) du(l n

=1(0,1)

—i(l,t)——
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Calculating the mean values on the time interval [0,7], we obtain

1 1Eel 02 (du ~
o7 —[P(1)- P(0)+?‘M[Lz—+C(aJ ]dxdr-

du(O ), du(l,t)

——jmw ljan

Since P(T) = P(0) we can obtain the reactive power balance equation
using the notations from (6.10):

1 02i
?”[L’at—z ( t] ]dxdf— o[0(0)-00)]. (6.16)

Now we apply to the left-hand member of the relation (6.16) the for-
mula of integration by parts. Then the double integral can be transformed to
the form

Let’s mention that for periodical solution with period 7 the member
idi/ 8t|tT:0 is equal to zero. Therefore, under the pure active loading at the

receiving end u = R i according to (6.10) we obtain the zero reactive power:

o) =0.

Now from (6.16) we can obtain the relation between the reactive powers
of the source, receiver and long line
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LJT‘J[‘ L(ﬁjz — C(a—ujz dxdt=Q(0)—-Q(]) (6.17)
ol 3o \or ot ' '

This relation comes out right for any periodical solution of the problem.
In case of sinusoidal regime we get the formula

/
mj [L[z(x)—cuz(x) dx = 0(0)-0(), (6.18)
0

that coincides with (6.7).
6.3. Numerical examples

Let’s consider now the numerical examination of some energy charac-
teristics of the steady state electricity transmission with sinusoidal and non-
sinusoidal currents and voltages. For simplicity and clearness we use the
dimensionless quantities L = C=Zz=A=a=T=f= 1 and consider the un-
distorting line (because for this kind of line it is easy to obtain the exact so-
lution in case of both transient and steady sate regimes for arbitrary forms of
acting voltage or current) [75, 90]. Let’s the homogeneous line with pa-
rameters /= 3A/8; R = G = 0.48 is instantaneously connected to the sinu-
soidal voltage source: u = sin(2mft), and its receiving end x =/ is closed on

the active resistance: u = R i.

The lines with the wave lengths A /8, 3\ /8, 5A /8,... are notable by two
main reasons. The first reason is that the active losses (calculated by com-
plex amplitude method) under the idling in such lines coincide with the
same under the short circuit. And the second one is that the generator reac-
tive powers under these two degenerated regimes are equal by their absolute
values but are opposite by their signs. The reactive power is zero under the
natural power regime (progressing waves) when Rg= 1. It is accepted that

in this case the line is balanced in accordance with reactive power as long as
the power of its magnetic field coincides with the power of its electrical
field. [4, 6].

As it was mentioned above, the nonstationary wave process precedes to
any steady state regime, so the calculations we’ll realize in the same order.
Fig. 6.1 shows the changes in time of the total source power Sy(f) =
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i(0,)u(0,¢)and of the instantaneous active power losses in the line P()
(curves 1;2) from the commutation moment under the variation of the load
resistance: R; = oo (a); 0 (b); 1 (c). The constant, distinguished by number
3, corresponds to the active component (calculated by complex amplitude

method) of the difference between the source power and receiver power,
that coincides exactly with the mean steady value, calculated by formula

(6.15): P,=0.1726 (a); 0.1726 (b); 0.1512 (c).
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1.2

So: P (&

o A A VA A A A
STANTA ANTANNANNANNANY,
yIRA RURURURURIR
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i IN Il i 1

LTI I U

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

Fig. 6.1. The dynamics of the total source power and the active power losses
in the line (curves 1;2) when R =G =0.48 and variation of the load resistance:

Ry =00 (a); 0 (b); 1 (C).

For numerical analysis of the exchange electromagnetic processes be-
tween the sinusoidal voltage source and the line with lumped reactivities
let’s consider fig. 6.2, where the instantaneous powers of the magnetic and
electrical fields in the line O, (¢) and O,(¢) are represented. These quantities
are calculated as a derivatives by time variable of the energy functions W,
() and W,(¢) (curves 1;2). The constant, distinguished by number 3, corre-
sponds to the reactive power of the source (calculated by complex ampli-
tude method), that coincides exactly with the value, calculated by formula
(6.18) for sinusoidal currents and voltages.

‘la,.q, a

f AT N Na ala A NAAANDANRA
3 lp(\\hn,,ln /\nnvn‘nn AT

oY NAA)

AV MA A MMM

A ’ f

0 2 4 6 8 10

www.TechnicalBooksPDF.com



Q”"Qaﬂn b
2
1A all I TN P O O O O A
N
O} A2 i A
4B AAVARY VINLAVAAT RAVATNAL,
vl v UU1U2vauuvuvv

-2 uu

t
"% 2 a4 6 8 10
0.6QM’Q3 -

Fig. 6.2. The instantaneous powers of the magnetic and electrical fields in the line
when R =G = 0.48 and variation of the load resistance: Ry = oo (a); 0 (b); 1 (C).

One can pay attention to the full coincidence, i.e. zero disbalance be-
tween the instantaneous powers of the magnetic and electrical fields in the
undistorting line with the matched load Ry= 1. It seems to be more difficult

the case when the amplitudes and the phases of the instantaneous powers
don’t coincide not only during the transient process but during the steady
state regime as well. In this case the estimation of the reactive power in the
form of one number gives only approximate qualitative idea about the elec-
tromagnetic energy circulation in the linear circuit. For example, let’s con-
sider the reactive power at the starting end of the transmission line under the
idling regime: Qp = 0.4693 (curve 3 in fig. 6.2, a) and Qy = -0.4693 under
the short-circuit regime (curve 3 in fig. 6.2, b). The comparison makes it
clear that the power of the magnetic field in the first case prevail over the
power of the electric field, whereas in the second case the situation is ex-
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actly opposite. Indeed, the figures show that the corresponding periodical
functions exchange their amplitude values.

The dynamics of the total power of the source and the active power
losses in the short-circuited line (curves 1;2) when R = 0; G =0.48 (a); 0 (b)
are presented in the fig. 6.3. The constant, distinguished by number 3, corre-
sponds to P,=0.1082 (a); 0.0 (D).

The instantaneous powers of the magnetic and electrical fields in the
short-circuited line are represented in the fig. 6.4. The constants, distin-
guished by number 3, correspond to Oy = - 0.4906 (a); - 0.5 (b), determined
by formula (6.18). For given variants the solutions in the steady state regime
present periodical piecewise sinusoidal functions (see fig. 6.5) and the com-
plex amplitude method is inapplicable in this case in principle.

t
0 1 2 3 4 5 6 7 8 9 10

Fig. 6.3. The dynamics of the total source power and the active power losses in the
short-circuited line (curves 1;2) when R = 0; G =0.48 (a); 0 (b).
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Fig. 6.4. The instantaneous powers of the magnetic and electrical fields in the
short-circuited line (curves 1;2) when R = 0; G =0.48 (a); 0 (b).
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Fig. 6.5. The instantaneous voltages and currents (curves 1;2) at the input of the
short-circuited line when R = 0; G =0.48 (a); 0 (b).

If irreversible losses of the active power in the line can be described as
before by means of its mean value, then the disbalance between the instan-
taneous powers of the magnetic and electrical fields (defined by formula
(6.18) as one real number) hardly can give the exhaustive information about
the exchange electromagnetic processes in the transmission line. When
comparing the graphical charts in the fig. 6.2,b and fig. 6.4, it is easy to no-
tice that the behavior in time of the magnetic and electric fields in the short-
circuited line are strongly different both in quantity and in quality. At the
same time their integral characteristics in the form of reactive power values
(6.18) differ only in second-third significant digit.

If we assign the input voltages in the trapezium form, sufficiently closed
to the rectangular one (fig. 6.6), then the corresponding values of the reac-
tive power slightly increase: Oy =— 0.626 (a); — 0.636 (b), but the difference
between them remains negligible as before. Under the periodical input volt-
ages of the triangular form the reactive power in the considering cases de-
creases in half: Oy =-0.314 (a); —0.318 (b).

The generation and transmission by the multiwire lines of the big en-
ergy fluxes leads to more complicated situation with the reactive power. It
becomes more complex to estimate correctly nonstationary disbalance be-
tween the powers of the magnetic and electric fields in the transient process
under the alert conditions like a short circuit, unexpected load faults or load
rises and so on. Obviously, for adequate description of the electromagnetic
processes and phenomenon in the real circuits it is nevertheless necessary to
use the instantaneous powers of the magnetic and electrical fields of the
line.
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Fig. 6.6. The instantaneous voltages and currents (curves 1;2) at the input of the

short-circuited line when R = 0; G =0.48 (a); 0 (b).
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Fig. 6.7. The instantaneous powers of the magnetic and electrical fields in the
short-circuited line (curves 1;2) when R = 0; G =0.48 (a); 0 (b).

7. Thefinite-difference scheme: principle of creation and
theor etical foundation

Let’s consider the problem (1.1)-(1.3) for telegraph equations on the in-
terval x € [0,/] when ¢ >0 with zero initial data:

9 u u o
L2 pico %y 9 L Gu=o: 71
P P ML 7.D
w(0,0)=Uo (1), ull,t)= Di(l,1), £ > 0. (7.2)

Here D is an integro-differential operator that, according to the bound-
ary condition (1.3), has the following form

di(t) | 1.
CS

Di(t) = Ryi(t)+ L ﬁmm. (7.3)
0

In order to create the finite-difference scheme we use the grid-
characteristic method as follows. At first on the interval [0,/] we generate

the uniform grid with integer and half-integer indexes:
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X, =mh,m=0,_N;xm_1/2 =xm—h/2,m=1,_N;h=l/N.

The uniform grid is generated over the time coordinate with the step T also

with integer and half-integer indexes: ¢, =nt, t,.y,,=t,+7/2, n =
0,1,2,...

Then we integrate the equations (7.1) by the cell
O =[x,_1,%,,1X[t,,t,41] of the two-dimensional grid. So we obtain the in-

tegral relations along the boundary of the cell Q

X

t 1
L [ it op-iCtpkdx + [ [u(x,, t-u(x,, .0t + R][i(x,0)dtdx =0 ;
X ¢ 0

m-1

X ¢
C [ lu(xt,p-uCretpldx+ [ [iCx,0-i(x,,_1.0)ldt + GJu(x,t)dtdx =0 .
0

X t
m—1 n

Now the one-dimensional integrals we approximate by means of quad-
rature midpoint rule or rectangle rule, but two-dimensional integrals — by
the formula with weights o and 3. As a result we obtain

.n+l .n n+l/2 n+l/2

bn=1/27"tm-1/2 | Um U1 .n+1 .7 _n.
L . + I + 0y + (R= )iy 10 =0;
(7.4)
un+1 un l.n+1/2 l.n+1/2 .
m=1/2 " %m-1/2 m “fm-1 n+ n _
C . + P +Bup 172 +(G—PBluy_y2 =0.

The following notations are used here

i" s =i(x, £hI2,t,), itV =i(x,,.t, +1/2).
.n+1/2 n+l/2 . .
The values i, U u, at the half-integer time layer can be ex-

pressed from (7.4) through the variables i,,,, and u,,,,,. We’ll use the
relations on the characteristics with positive and negative slopes:
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n+l1/2 .n+1/2 n . on+l/2 .n+1/2 n .7
Uy, Zging " =ty yp+ Lyl 1y Uy =Lyl =tpigya — L iy

Solving this system we obtain the following correlations

n
l-n+l/2 _Up1/2— m+1/2 Im-1/2 +lm+1/2
meo 27 2

s
B

(7.5)

n n
ntl/2 _ Um1/2 tlUme1)2 5 Ine/2 = m+l/2
= 2 T 2

So, the finite difference equations, that approximate (7.1), have the form
of relations (7.4), (7.5). The boundary values ln+l/2 n+l/2 take the
form

and u

1/2 1/2 .
ug " =Ug(tpsry2)s i (Uo(tn+1/2)_u1n/2)/23‘”1”/2; (7.6)

n+l/2

.n+1/2 n n+l/2
(Dp+Zy )in"" " =12+ Zyin_1/2. Uy

=Dyiy 7,

where D, is the finite-difference approximation for the integro-differential
operator D from (7.3). The operator D, can be represented in the following
form

.n+l/2  .n-1/2 n n+1/2 n1/2

.n+l1/2 .n+l/2 Iy =Iy l
Dyin™' " = RN + L G Z T.
S k=1

.n+1/2 and un+1/2

Then the boundary values at the right end iy can be written

in the explicit form

1/2 1 F j
uy ZM[ZB s+ Bs (u]nv_”z +ZBZ]HV_”2)];
n+l/2 [ ( )]
i — }FE + Z,in 1.7
N T Btz N e o
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BS:RS+—S+—;FS= ——+— n z N T.
C T 2C Cs i

The weighting coefficients o, B and the time-step T in (7.4), (7.5) must

be chosen in such a way as to ensure the minimal effect of the dispersion
and dissipation phenomenon of the finite difference scheme. In order to de-
termine the optimal values of the parameters o, 3 and T we apply the first

differential approximation method for finite difference relations. Using (7.5)

we eliminate the values l"+1/2 , n+1/2 from the (7.4) and write out the ob-

tained relations in the non-index form.

(L+o1)i;, +u; + Ri ———i5, =0;
(7.8)
(C+PBr)u, +i; +Gu —h—uf =0.

So the first differential approximation for this scheme has the following
form

Ji 1% | ou hLa 9%
L — - +Ri-ELOL
( +Oﬂ)(8t+2812 ox 2 ox?
2 . 2
(C+B1) —+£a—u +ﬁ+Gu—hcaa—u:0.
2 9¢2 ) ox 2 9x?

These differential equations are approximated by finite-difference equa-
tions (7.8) with second order of accuracy by 4 and 7.

The original telegraph equations for the line with losses are equivalent
to the following:

02 02
—= LC—+(LG+RC)—+RGz
x> ot?
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2 2
9 19" 16+ RO 1 RGu.
ox? or* ot

Taking into account above representations the first differential ap-
proximation can be transformed to the form:

o ou . 9i Ltd% Lah 9%
L—+—+Ri+0T—+— — =0
ot Ox of 2 9¢? 2 ox2

) 2 2
Ca—u+ﬁ+Gu+Bﬂ:a—”+ga u_Caha “_ )
ot ox o 2 9t 2 ox?

This implies that the weighting coefficients o, 3 should be chosen in

such a way as to minimize (desirable to zero) differential additions to the
original equations:

: 2. 2. .
o2 RO Lahl ) 00T L (1G+ RO+ RGi | 0;
or 2 9¢2 2 ot ot

2 2
pr Crotu_Cahly 0 G Ry 4 RGu| 0.
a 2 x* 2 ot? ot

After collecting terms we obtain

2. .
ﬂ(“ Lh] 90— L (16 + rC) |- L4 RGi s 0
2 2a 2 2

w2 2/ al

, _
JufCr_Ch), g SO 1G4 re) |- RGu - 0.
o\ 2 2a) ot| 2 2
One can readily see that when T = h/a and
2
a="L% 164 rey=LY (LG + RO = l(R +£);
21 2 2 C
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B

2
_hCa v rey=S Lo+ rROY =1 G+QJ
21 2 2 L

the coefficients of time derivatives become zero, but the remaining mem-
bers do not contain the derivatives and tend to zero with first order when
h — 0. The coefficients o and B can be represented as: o= Ly, B=Cy,

Y= +Yr)/2,¥Yx =R/L, vy, =G/C.Hence, the proposed scheme with

the weights minimizes not only the dissipation, but the difference dispersion
of the numerical solution as well. The finite-difference relations (7.4), (7.5)
can be generalized for the case when the line lineal parameters change along
the longitudinal coordinate x and for the case of the multiwire lines with the
branchpoints, lumped elements and other complicative factors. In case of
heterogeneous line the space coordinate x partition to the elementary cells
must be realized in such a way as to fulfill the condition T = hy.12/am-12 =
const for any index m. The approximation for the boundary conditions of
the type (7.2) and for more general forms is in detail described in [86 — 90].

The numerous numerical experiments and comparisons with analytical
solutions have demonstrated that the accuracy of the numerical solutions
constitutes no less then three-four significant digits even in the vicinity of
the wave fronts (strong discontinuities). A priori and a posteriori accuracy
estimations and some other theoretical aspects of the developed method will
be considered in the next paragraphs.

8. Stability of computational scheme

Let’s prove the stability of the finite-difference scheme (7.4)-(7.7), (7.8)
by initial data taking into account zero boundary conditions. In this order we
write down the finite-difference scheme for new unknown functions » and s,
that are known as Riemannian invariants of the system (7.1) and can be ex-
pressed through currents and voltages as follows: r=u+Z,i, s=u—Z,i.

The system of equations (7.1) written in invariants takes the form

8r+ 8r+YG+YR r+YG—YR o=

—+a
ot ox 2 2

0;

8.1)
0s BS+YG—YRF+YG+YRS

——a =0.
ot  ox 2 2
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The finite-difference scheme (7.8) in terms of » and s when o =Ly,
B =Cy gets the following form

(1+yor" +ary _hTarz?x +yr” +—YG;YR-S" =0;
n_oon_ha nooon Y6 =Ye on
(I+70)s; —as; _?S)?x+’YS + 5 =0
or
(l+yr)rt”+arx”+yl,"+YG;YR s" =0
(8.2)
(1+’Yt)s;l—as¥+75n+%rn -0

The equations (8.2) are written for internal nodes x,,.12, m = I,_N In or-

der that the first equation to be correctly formulated the value '}/, is re-

quired. This value we determine from the zero boundary condition (7.6)
n+l/2 n+l/2 n+l/2 n

+1/2

uy '~=0. So we have ry “+s, " =0 and s, ~=s{,, or
+1/2 . . .

ro = =rl,, =s{/,. In the second equation the value sy, is required.

This value we determine from the boundary condition (7.7) when
L, =1/C; =0. Then at the right-hand end we have only active loading:

nl/2 _ pontl/2 . h . . n+l/2 _ n+l/2
Uy =Ry or n the Imvariants SN =—zI'y ,

z=(Ry—=Zy)(Rs +Z},), |z| <1. From the relations on characteristics:

n+l/2 _ n n+tl/2 _ n h diti n _ n
SN =Spny1/0 B Ty =7ry_1/2 We get the condition §py /0 =—zZFy_/2-

Consequently, the homogeneous boundary conditions for the scheme (8.2)
take the following form

n n o, .n _ n
Y12 = 81725 SN+1/2 = "ZIN-1/2 - (8.3)

Let’s write down the scheme (8.2) in the operator form
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By!' +(A+D)y" =0, (8.4)

where

-~ n 2 _
B=(1+W)E,y=(r],/1y= arxn ,Dy=l[ ot YRJ-
S —as, 2\Y6 — Tz 2y

As the operator (Z + D) in (8.4) is not self-conjugated, then to prove

the stability we use the theorem 4, part II, §2 [98].
Theorem.
Let in two-layer finite-difference scheme

By + Ay" =0 (8.5)

the operators 4 and B are independent on n, B = B >0 and the operator

A7 exists. Then the condition

47> gt (8.6)
l+p

is sufficient for stability of the scheme (8.5) with the constant p >1 in the

energetic space Hp. The same condition is necessary for stability in Hp with
the constant p <1. The condition

A >05t87" (8.7)

is necessary and sufficient for stability of the scheme (8.5) with the constant
p =1 in the energetic space Hp.

Let’s notice that if B=dE (d > 0), then the condition (8.7) is equiva-
lent to

T 2
(Ay,y) = g”Ay” . (8.8)

Let’ introduce the following scalar product and norm
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|r||2 =(r,r).

N
(r,5)= Zrk—l/zsk—l/zh’
k=1

The operator 4 from (8.8) for the scheme (8.4) gets the form A = A+D
when d =1+ yt. Therefore at first we obtain the estimation of the type (8.8)

for the operator A . For that we apply the following two finite-difference
formulas [102]

WeW = O.5[(w2 ))—C + h(ws )2] ; —wew= 0.5[— (w2 )x +h(w, )2] .

Now we sum up these formulas by all internal nodes of the grid x,.i.,
m=1,N and get

N N
2 2 2
(W s W) = D W12, 5 Wmo1/2h = 0.50 D (Wyyy/0.5) h= W2y /0 + Wiy =
m=l m=1

= 0.5]’1”\/1/);”2 — Wzl/z + W]2V—1/2;

N N
2 2 2
—(Wea W) = D W 2 W1/2h = 058 Y (W 1/0.0) h+Wijn = Wirgrn =
m=1 m=l1

2 2 2
= 0.5h|w. || +wija = wyi1/2-
Now we consider and transform the expression (4 V,¥)
(Ay,y)=a(ry ,r)=a(sy,s) =
2 2 2 2 2 2
= OSahm l"}” + || Sx” ] + 0.5(1(.91/2 — 7"_1/2 )+ O.SG(FN_I/Z - SN+1/2 ):

=0.5(h/ )| + 0.5als25 — 25 )+ 05210 —s2n). (89)

From the boundary condition (8.3) we have
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2 _ 2 2 2 2, 2
stz =12 and gy =iz = (=272 20 (2 <1).

Then from (8.9) it follows
- B~ 112
(dy.)z |y (8.10)
a

Now we return to the estimation (8.8) for operator A4 = A+ D, that has
the form

((Z+D)y,y)2%H(Z+D)yH2. @8.11)
Let’s estimate the norm H(Z +D) sz

[+ D" <| B+ +2(Av. 0. (8.12)

The first member in the right-hand part of the (8.12) can be estimated

by formula (8.10). The second member ||Dy 2 , that contains the symmetric

matrix D from (8.4), can be estimated by maximal eigenvalue of this matrix
kmax (D) =max(Yz,Ys)

”Dy”2 < Anax (D)(Dy, ). (8.13)

To estimate the third member from the (8.12) we apply the inequalities
(8.10), (8.13) and e-inequality: 2ab < a’ /e +eb*,e> 0

~ Ly~ 2 2 _2a ,~
2y, Dy) < |y +el D <7 (Ay. 9) + i (D)D) (8.14)
Using the inequalities (8.10), (8.13) and (8.14), from (8.12) we obtain

- 2 261 ~ 26[ ~
H(A +D) yH < (49.9) + hina (DYDy, ) + - (Ap: ) +
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2a(1 +¢€)

+ &M pax (D)(Dy, y) = (A, )+ (L+ &)k oy (D)(Dy, ).

Now we choose the parameter € from the condition of equality of the
coefficients

2a(1+¢ 2a
2ad+e) (I+&)A oy (D), €=——.
€ hx‘max (D)
Then we get the following estimation

|+ Dy [— Mo (D)) (A + D)y, ). (8.15)

Substituting the inequality (8.15) in the stability condition (8.11), we
obtain

A+ Dyyy)-S |+ D 2

25z Ja+onl 20,

Hence, the condition

T< ! = h =

+7“max(D)/2_Y a+[7”max(D)/2_'Y]h

- ) or < 1 (8.16)
a—hmin(Yy,Y;)/2  h 1-hmin(y,,Y;)/(2a)

is sufficient for stability of the finite-difference scheme (8.2), (8.3) by initial
data in the space L,.

Let’s obtain also the necessary condition of stability for the finite-
difference scheme (7.8)
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hlL
(L+00)il, +up .+ Rill —T"i;z,,fx —0:
(8.17)
hC
(C+Bryuls, +in i +Gulh ——ul = =0.

Substituting the values ao=Ly, B=Cy, Y=y, +Y:)/2, ¥ =R/L,
Yo =G/C in (8.17), we rewrite it in the form

. 1 . ha .
(A+Y0)iy, + Z”sz + Y rlm _Tl:rlz,)?x =0;

(8.18)

1. ha
A+y0)u,, +Elrnn,x + Yoy, —7”;71,)& =0.

Now we apply the spectral stability criterion (Neumann criterion). We
will find the solution of the equations (8.18) in the harmonics form with the

phase ¢
y= (;J = yoq" e . (8.19)

Substituting (8.19) in (8.18) we get the system of two equations with the
matrix A

q"e’™ Ay, =0; (8.20)
Y =1y, + 2 sin2 O1 _sin oh
A= T ) h 2 ) Lh ) il
Jj . + a . 2
asm(ph Tw(q—1)+yc +751n L

For existence of the nontrivial solution of the form (8.19), it is required
that the matrix 4 determinant to be equal to zero. Expanding this determi-
nant, we obtain the equation with regard to parameter ¢q. The value of this
parameter is equal to the norm of the transition operator from the layer with
number # to the layer n+1.
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1+ N
—Yt(q—l)+(y+—s1n2 (p—j +<_sin? ©h+
T h h?

2
[yR +7asm2 %hj(yc +27asin2 %hj—[y+7asm2 %hj =
(8.21)
1+vt 2a . 2 @Oh 2 a2.2 Yz —7Y )2
= (q—l)+(y+—sm —H +-——sin” gh——L— =0,
{ T h 2 h? 4

In case of undistorting line (y, =7, =7) this equation takes suffi-
ciently simple form

2
{ (q —1)+( hasi z(pzhﬂ +Z—2sin2 ©h=0.

Its roots are the following

H:cw (q1,-D= —(y+27asm2 ? j+ j— |sm q)h| (8.22)

According to the spectral stability criterion, the finite-difference scheme
is instable if there exists such values of the phase ¢ for which |q| >1. From

(8.22) yields

o o1=L ( e _2J+4ar/h.ar/h—lsin2(p_h>0'

I+yt\ 1+t I+yt 1+t
Solving this inequality, we obtain the necessary stability condition

a1 (8.23)
h T 1—yh/(2a)

It is easy to see that this condition coincides with the sufficient condition
(8.16) when y, =7, =7.
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For line with losses, the roots of the equation (8.21) have the following
form

Sk AP, —l):—(y+2—asin2(‘)—h]i
T ' h 2

) 2
i\/_a_zsmz on+e=Ye)" _ (8.24)
. 4

To obtain the necessary stability condition in this case we are to demon-

strate that there exists at least one value of the phase ¢, for which |q| >1.

Therefore, we will consider the value ¢ that makes the radical expression in
(8.24) be equal to zero

2 2 2 2
Sinz(ph=h (Yr —Yo) . 2 ®h 0.5 1+\/1_h Yz —Ys) '

; sin” — =
4a° 2 4a®

Then the roots of (8.24) are real and multiple and the inequality |q| >1
leads to the stability condition

. 2 . (8.25)

h Y
1+\/1_h (a=Yo) _vh

4a° a

It is easy to notice that the condition (8.25) coincides with (8.23) when
Yr =Y =7

9. A posteriori analysis of the numerical solutions accuracy
To have some test problem we’ll consider the nonstationary problem

about the motion of the potential and current rectangular wave along the
half-infinite line with strong dissipation and dispersion: Uy =L = C = 1;
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R=2; G=0.In[15, 60] one finds the exact analytical solution of this prob-
lem in the form of the zero order Bessel function of the first kind. The solu-

tion is i(x,t)=J, (O.SRj\/l2 —x? )e_O‘SR’ when ¢ > x and i(x, £) = 0 when ¢

< x. It is to mention that the motion of the current jump with the steady
speed a = 1 is identified here in the explicit manner. So the solution appears
to be a heavy test for every numerical scheme. Nevertheless, the design fi-
nite-difference formulas (7.4) - (7.7) ensure the accuracy till two significant
digits even on the very coarse grid with 5 partitions per length and time unit
(these corresponds to 300000 km and 1 s in a real scale).

It is easy to see from the time diagrams at the fixed space points: x = 1;
3; 5 (curves 1-3 in the fig. 9.1), that the structure of the finite-difference
functions is such, that independent of the grid step the exact solution is in
the gripe of them and the residual between them tends to zero under the grid
refinement. The increasing of the number of the grid points by an order re-
sults in increasing of the number of significant digits in the numerical solu-
tion by the unit at least. The approximate solution on the sufficiently long

time interval (50 s) is visual indistinguishable from exact one when T =4 =
0.02 (fig. 9.1, b).
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Fig. 9.1. Currents dynamics at the points x = 1; 3; 5 (curves 1-3) in the direct volt-
age line with losses in cases of 5 (a) and 50 (b) partitions per length unit.

Let’s apply now to another source [48]. Here we find the investigation
of the degenerated and loading regimes in the direct voltage circuit with dis-
tributed losses: Uy =1 V; L =0.77 pH/m; C = 2.9 nF/m; R = 48 mQ /m;
G =04 mS/m; /=341 m; Z, = 16.29 Q; a = 211619 km/s; A = 1.61 ps.
The investigation is fulfilled by means of operator method with help of

Laplace transformation and the expansion theorem. The considered here
load resistance is: R, = 0 (short-circuit); oo (idling); 15 Q. After transforma-

tion to the relative units by formulas (1.4), we obtain R = 1.0045; G =
2.2226; R, =0.9205. These values discover unnaturally big cable shunt

conductance, because for high-current lines and data transmission systems
we usually have R > G.

The voltage and current oscillograms in in the short-circuited), open-
ended and loaded lines are represented in the fig. 9.2. These calculations
correspond to partitioning of the computational domain in 100 of elemen-
tary cells. The desired functions discontinuity propagation is not followed
specially in the computational scheme, but nevertheless, it clearly recog-
nizes even fine details of the wave motion, all jumps are extremely accurate
and exactly correspond to the arrival moments of the direct and reflected
waves to the point of observation. Let’s consider now the pure active load
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(Rg =0.9205) that is closed to the matched load for direct current line
(Rg =1). In this case the amplitude of the wave reflected from the receiver

numerically is present in the third digit, but it is too small to be visually
watched in the time diagrams. The analogous wave presentation from [48] is
correct from qualitative point of view but it can not be used as a test because
of its smearing (it seems to be so because of using of the smoothing Lanc-
zos sigma-factors with the object to cancel the Gibbs oscillations in the re-
sultant discontinuous solution).

The transient process, that appears when the short-circuited line is con-
nected to the direct voltage, can be calculated and rechecked by the Fourier
variable separation method [75, 90]. As a result of its applying one gets the
following voluminous expression for current:

N chd(l—-x) 2e™
— + X
IR Zysh(dl) L

i(x,t)=-U, {e

X > %FI;X/I)[(OWG _'Yk)Stht"'Bk'YGCtht]}’ (9'1)
k=1 k Tk

where

Yo =R/L; v, =G/C;0=+RG =\YYs /a; Zy =VR/G ;

2amk ank \*
0= 0.5V, +76)5 Br =0.5,/(Vs —YG)Z—( ; j s Yk =YrYo J{Tj :

To obtain as sensitive results as in fig. 9.2 by applying the above formu-
las it is necessary here to sum up as minimum 1000 of members. This is
caused by the slow convergence of the Fourier series in the vicinity of the
desired functions jumps.

Let’s mention another source [110], where it was made an attempt to
solve the nonstationary problem about the instantaneous connection to the
direct voltage source u = U, (when x =0) of the cable with the lumped ca-
pacity at the end: L = 31.2 mH/km; C = 0.25 pF /km; R = 1.88 Q/km; G = 0;
[ =320 km ; Z, =353.27 Q; a = 11323 km/s; A = 283 ms; C;= Cl =
= 80 pF. if we assume the unit to be the wave length with the frequency f =
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= 50 Hz: A = 226.45 km, then in the dimensionless form we obtain:
[=C, A:14131 R=1.2051.

1 1.5~

u 1 ) a i 1 b
m |2
0.8 3 M 3
41_——_' 5 1 / o~ 14
06 T / /E__, 5
6 . / ;
—T ] /
0.4 7
8 0.5 "
AL 8
0.2
9 [ 9
t t
00 1 2 3 4 5 c0 1 2 3 4 5

Fig. 9.2. The dynamics of voltages (a) and currents (b) at the points x = 0.1 (curves
1-3); 0.3 (4-6); 0.9 (7-9) in the short-circuited (1;4;7), open-ended (3; 6; 9) and
loaded on pure active resistance (2;5;8) lines.

The changes in time of the voltage and current (curves 1; 2) at the
charging capacitor in the line without losses R =G =0 are represented in
fig. 9.3,a. The superposition of the direct and reflected waves leads to the
forming of enough complicated nonstationary picture. The electric energy
accumulated in the capacity returns back in the line approximately every 7
wave runs along the circuit. It arrives that in the absence of active losses in
the connecting wires it is impossible theoretically to charge the ideal con-
denser because the wave process here does not steady or it steadies infi-
nitely long. The grid solutions are calculated with use of 100 of nodes along
the line length and it was found quite enough to repeat the exact solution
obtained by method of characteristics. Let’s denote k& = -1/Cg,

n =k(@—mA), m=123,.... Then the voltages and currents at the end of

the line during the underwritten time intervals can be represented as follows

iy =u, =0 when 0<7<A;
uy =2-2e"; iy =2¢" when A<t<3A;
us =—2+uy +2(1-2t5)e"; is =iy +2(1+2¢3)e> when 3A <t <5A; (9.2)

uy =2+us —2(1+263)eS ; iy =is +2(1+4t5 +2£5 )e'S when 5A <t <7A
etc.
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As can be seen from formulas (9.2) (these formulas can be continued on
the plane xt with no limit), tracking from the zero initial state switching
wave process has the pronounced oscillatory character and does not mani-
fest any asymptotic properties.

Taking into account the real active losses in the cable without the cur-
rent insulation leakage we obtain the sufficiently rapid stabilization of volt-
age on the condenser till the nomination level and the charging current de-
creasing till zero (see fig. 9.3,b). The voltage curve coincides qualitative
with the same from the source but we can not say the same about the calcu-
lated current oscillogram. The method applied in [110] does not take into
consideration high-frequency components of the transient process and gives
incorrect results even for asymptotic values of the desired functions that can
be easily calculated by complex amplitude method. In steady state regime
under the conditions R > G =0 we always obtain the unit voltage and zero
current in the whole line.

ui a i b

0.8

N 2NN /
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Fig. 9.3. The rectangular wave fall on the lumped capacity Cs = 80 uF, connected
to the receiving end of the cable with length / = 320 km when R = 0 (a);
1.88 Q/km (b).

Since, when connecting the ideal line with distributed and lumped reac-
tive elements to the direct voltage, the regime does not steady then the same
regime hardly can appear under the sinusoidal input voltage (fig. 9.4,a). As
a result of continuous bilateral interchange of energy between the infinite
power generator and the line reactive elements the wave process is devel-
oped by very complex script, that from the qualitative point of view reminds
of aperiodic regime, but is not it. If to calculate the steady state electricity
transmission regime in the absence of losses on the Joule-Lenz effect one
applies formally the complex amplitude method, then obtained voltage and
current amplitudes will not represent the real values (see curves 3 and 4).
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In the line with losses the wave process represented in the fig. 9.4, b
later then 100...200 ms after commutation practically comes to the steady
state stage, when the voltage and current amplitudes can be calculated by
complex amplitude method. This fact gives one more confirmation of the
correctness of calculations by the “albatross” method.

The evident shortage of experimental data for transient electromagnetic
processes forces to the inaccessible articles. In the experiments [66], traced
as early as 1959, some nonstationary processes have been researched. The
process was caused by capacitor discharge with C; =0.5uF on the cable

with length / =0.8 km with lineal parameters: L = 0.125 mH/km; C = 0.31

puF/km; A =5 ps. The capacitor discharge can be modeled by the following
boundary conditions:

Cs%zi when x=0,120; u=U, when x=¢=0.

The theoretical calculations in [66] have been effectuated by traveling
wave method without taking into consideration the losses in the line. The
results of these numerical experiments are reproduced in fig. 9.5, 9.6 for
short-circuited and opened cable correspondingly. However, the cited article
author assertion about acceptable conformity between the computational
and experimental data seems to be highly disputable. It is indeed necessary
to repeat the similar experiments at the more qualitative level using the
modern measuring equipment.

If we set the active losses in the cable equal to the same from the previ-
ous exampl