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Preface

Networked Control Systems (NCSs) are spatially distributed systems for which
the communication between sensors, actuators and controllers is realized by a
shared (wired or wireless) communication network. NCSs offer several advan-
tages, such as reduced installation and maintenance costs and greater flexi-
bility, as compared to conventional control systems in which parts of control
loops exchange information via dedicated point-to-point connections. At the
same time, NCSs generate imperfections (such as sampled, corrupted, delayed
and lossy data) that impair the control system performance and can even
lead to instability. In order to reduce data loss (i.e., packet collisions) among
uncoordinated NCS links and owing to limited channel capacities, scheduling
protocols are employed to govern the communication medium access. Since
the aforementioned network-induced phenomena occur simultaneously, the in-
vestigation of their cumulative adverse effects on the NCS performance is
of particular interest. This investigation opens the door to various trade-offs
while designing NCSs. For instance, dynamic scheduling protocols, model-
based estimators or smaller transmission intervals can compensate for greater
delays at the expense of increased implementation complexity/costs.

When multi-agent applications are of interest, emerging technologies pro-
vide networks of increasingly accomplished agents that may be mobile and may
possess significant (but limited) processing, sensing, communication as well as
memory and energy storage capabilities. Multi-Agent Networks (MANs) that
coexist side by side sharing the same physical environment may need to share
information (e.g., measurements, intentions) as well as resources and services
(e.g., storage space, energy supplies, processing power, Internet or routing
services) in order to realize their full potential and prolong their mission.
However, this inter-network interaction must not compromise the objectives
of each individual network.

That being said, a number of recent control community efforts tackle the
question: “How often should information between systems/agents or differ-
ent parts of control systems be exchanged in order to meet a desired perfor-
mance?” Under the term intermittent information, we refer to both intermit-
tent feedback (a user-designed property) and intrinsic properties of control
systems due to packet collisions, hardware-dependent lower bounds on trans-
mission periods and processing time, network throughput, scheduling proto-
cols, lossy communication channels, occlusions of sensors or a limited com-
munication/sensing range. User-designed intermittent feedback is motivated
by rational use of expensive resources at hand in an effort to decrease energy

xiii
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xiv Networked Control Systems with Intermittent Feedback

consumption as well as processing and sensing requirements. In addition, in-
termittent feedback allows multitasking by not utilizing resources all the time
for a sole task.

Stabilizing transmission intervals can be computed offline, for the worst-
case scenario, which leads to periodic transmissions, or online, depending on
the actual control performance, which typically results in aperiodic data ex-
change. Common “on the fly” transmission strategies are event-triggering and
self-triggering. In event-triggered approaches, one defines a desired perfor-
mance, and a transmission of up-to-date information is triggered when an
event representing the unwanted performance occurs. In self-triggered ap-
proaches, the currently available (but outdated) information is used to deter-
mine the next transmission instant, that is, to predict the occurrence of the
triggering event. In comparison with event-triggering, where sensor readings
are constantly obtained and analyzed in order to detect events (even though
the control signals are updated only upon event detection), self-triggering re-
laxes requirements posed on sensors and processors in embedded systems.

There has been a tremendous amount of theoretical achievements accom-
panied by numerical simulations comparing different intermittent feedback
paradigms in the past several years. However, experimental validations and
applicability discussions are typically not found therein. Hence, we believe that
application-oriented works, which should attract the attention of hardware-
oriented researchers and practicing engineers in industries and bring benefits
to the theorists as well, are in order now. Accordingly, this book is written in an
application-oriented and rather straightforward manner, leaving technicalities
for the proofs, and several of our theoretical results are verified experimen-
tally. The utilized experimental testbed includes wireless sensor networks and
aerial robots. Nevertheless, it should not be forgotten that our methodology is
couched in a rich and potent theoretical background (e.g., Lp-stability, impul-
sive and delayed systems, switched systems, small-gain theorem, Lyapunov–
Razumikhin techniques, dynamic programming, Markov processes, etc.). The
theoretical results presented in this book can readily be adapted by other
fields of engineering (e.g., sensor fusion, computer science and signal process-
ing) and toward different application areas (e.g., aerospace, biomedical, power
systems and manufacturing).

The principal goal of this book is to present a coherent and versatile frame-
work applicable to various settings investigated by the authors over the last
several years. We strongly believe that a significant number of potential read-
ers exist for this book among the professionals working in the engineering
fields, which includes practicing engineers working in industries, researchers
and scientists in research institutes as well as academics working in univer-
sities. Our intention is to broaden the community attracted to intermittent
feedback by demonstrating that the existing theory is mature enough to be
exploited/applied in real life. Certainly, the intermittent feedback paradigm
can only benefit from the potential synergy. The salient features of this book
are:
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Preface xv

• a comprehensive exposition of a versatile and coherent intermittent feed-
back methodology,

• a broad spectrum of applications and settings,

• experimental validation with a detailed treatment of implementation is-
sues,

• it is an educational and entirely self-contained book so that potential read-
ers not working in related fields can appreciate our theoretical considera-
tions and apply them effectively, and

• it is concise enough to be used for self-study.

Our intention is to demonstrate that the presented results can be used

• for resource management (e.g., multitasking and lifetime vs. performance
trade-offs),

• when designing control laws, and

• when acquiring an experimental testbed (i.e., purchasing new sensors, ac-
tuators, communication devices, mobile robotic platforms, etc.).

Chapter 1 introduces and motivates the concepts of intermittent informa-
tion and intermittent feedback in control systems. Our methodology in its
most general form is presented in Chapter 2 and the remainder of the book,
except for Chapter 5, which is reserved for event-based scheduling in multi-
loop NCSs, which unfolds from this chapter. Basically, Chapters 3–8 (save for
Chapter 5) devise additional results and apply the methodology of Chapter 2
to several plant-controller and MAN problems illustrating its versatility and
effectiveness. Chapters 2–5 are dedicated to plant-controller settings, while
multi-system settings are reserved for Chapters 6–8. In case the reader is in-
terested merely in one of the problems from Chapters 3–8, we suggest to first
read Chapters 1 and 2 before moving to the corresponding chapter. In order
to follow the results in Chapter 5, the reader may even skip Chapter 2.

We wish to express our greatest debt to many colleagues and students
who helped us to realize this book. Our special thanks go to our collaborators:
Rafael Fierro (Chapters 3 and 4), Ricardo Sanfelice (Chapter 3), Silvia Ferrari
(Chapter 4), Stjepan Bogdan (Chapter 7), Vedran Bilas (Chapter 6), Ivana
Palunko (Chapters 7 and 8), Adam Molin (Chapter 5), and Mohammad H.
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The motto of the Olympic Games is “citius, altius, fortius”, which is Latin
for “faster, higher, stronger”. The same driving force is found in almost every
field of human activity and interest. Accordingly, engineering communities are
constantly looking for ways to further improve the state of the art by contin-
ually pushing technology limits and advancing theoretical foundations. For
instance, both manufacturing improvements and theoretical findings are pro-
viding more reliable, precise, smaller and faster processing units, sensors and
communication devices, as well as enhanced energy storage units. However,
the full potential of these resources ought to be exploited in order to satisfy
the insatiable needs of the industrial and civil sector. Perhaps the same pro-
cessor can serve several control loops in case one control loop is not onerous
enough. Similarly, one sensor could provide feedback information for several
control loops, rather than being idle most of the time while serving a single
control loop. That being said, the control system community has recently put
under scrutiny its fundamental concept—feedback. Essentially, the following
question is tackled: “How often should information between systems be ex-
changed in order to meet a desired performance?” The desired performance
can be estimation quality, disturbance rejection, stability or performance index
minimization/maximization, which brings us to the subject of this book. Our
efforts naturally fall within the scope of Networked Control Systems (NCSs).

NCSs are spatially distributed systems for which the communication be-
tween sensors, actuators and controllers is realized by a shared (wired or wire-
less) communication network [73, 18, 196, 111, 52]. NCSs offer several advan-
tages, such as reduced installation and maintenance costs as well as greater
flexibility, over conventional control systems in which parts of control loops
exchange information via dedicated point-to-point connections. At the same
time, NCSs generate imperfections (such as sampled, corrupted, delayed and
lossy data) that impair the control system performance and can even lead to
instability. In order to reduce data loss (i.e., packet collisions) among uncoor-
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dinated NCS links and owing to limited channel capacities (i.e., bandwidth),
scheduling protocols are employed to govern the communication medium ac-
cess. For instance, it may not be possible to simultaneously send both position
and velocity data of an agent to its neighbors (e.g., underwater applications),
but either position or velocity data can be sent at any time instance. Likewise,
many communication devices cannot receive and send information simultane-
ously (see Chapter 6 for more). Since the aforementioned network-induced
phenomena occur simultaneously, the investigation of their cumulative ad-
verse effects on the NCS performance is of particular interest. This investiga-
tion opens the door to various trade-offs while designing NCSs. For instance,
dynamic scheduling protocols (refer to [68] and [117]), model-based estimators
[48] or smaller transmission intervals can compensate for greater delays at the
expense of increased implementation complexity/costs [35].

In particular, this book examines the notion of intermittent information.
Under the term intermittent information, we refer to both intermittent feed-
back (a user-designed property as in [169, 5, 6, 103, 200, 67]) and intrinsic
properties of control systems due to packet collisions, hardware-dependent
lower bounds on transmission periods and processing time, network through-
put, scheduling protocols, lossy communication channels, occlusions of sensors
or a limited communication/sensing range. User-designed intermittent feed-
back is motivated by rational use of expensive resources at hand in an effort
to decrease energy consumption as well as processing and sensing require-
ments. In addition, intermittent feedback allows multitasking by not utilizing
resources all the time for a sole task.

Stabilizing transmission intervals can be computed offline for the worst-
case scenario (Chapters 2 and 7), which leads to periodic transmissions, or
online depending on the actual control performance, which typically results
in aperiodic data exchange (Chapters 3, 4, 5, 6 and 8). Common “on the
fly” transmission strategies are event-triggering and self-triggering and are
illustrated in Figures 1.1 and 1.2, respectively. In event-triggered approaches,
one defines a desired performance, and a transmission of up-to-date infor-
mation is triggered when an event representing the unwanted performance
occurs [169, 103, 200, 203, 149]. In self-triggered approaches (see Chapters 3
and 6), the currently available (but outdated) information is used to deter-
mine the next transmission instant, that is, to predict the occurrence of the
triggering event [191, 192, 6, 170]. In comparison with event-triggering, where
sensor readings are constantly obtained and analyzed in order to detect events
(even though the control signals are updated only upon event detection), self-
triggering relaxes requirements posed on sensors and processors in embedded
systems.

Owing to their importance in recent years, let us dedicate one more para-
graph to event- and self-triggering as depicted in Figures 1.1 and 1.2. Say
that one’s goal is to keep the red signal below the prespecified green signal
by means of “interventions” (e.g., transmissions of up-to-date data) that reset
the red signal to zero. Using the event-triggered paradigm, one would con-
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FIGURE 1.1
Illustration of event-triggering.

tinuously monitor both signals and make an “intervention” whenever the red
signal becomes equal to the green signal. Clearly, the equality of the red and
green signals represents the events in this scenario. Using the self-triggered
paradigm, one would need to know the prespecified green signal as well as
dynamics of the red signal. Based on this knowledge and the information
available at an “intervention” instant, one would compute/predict the occur-
rence of events (e.g., via a worst-case analysis), commit to this prediction, and
preclude events by making another “intervention” at the computed/predicted
instant. This commitment to the computed/predicted time instants introduces
some conservativeness in “intervention” instants, but eliminates the need for
continuous monitoring of both signals, which may not be implementable in
real life. In other words, event-triggering typically yields less frequent “inter-
vention” instants at the expense of continuous monitoring and inability to
foresee events and act accordingly. Basically, the self-triggered paradigm is a
combination of event-triggering and time-triggering. Lastly, observe that the
resets of the red signal give rise to impulsive system modeling, which entails
Zeno behavior analyses as demonstrated in this book.

Throughout the book, we focus on emulation-based approaches. In
emulation-based approaches, one first designs a controller without taking into
account a communication network, and then, in the second step, one deter-
mines how often control and sensor signals have to be transmitted over the
network so that the closed-loop system still delivers a desired performance
(i.e., stability, disturbance rejection level, etc.). If the reader is interested in
network-aware control design or co-design, which are out of scope of this book,
the reference [162] is a good starting point. However, as emulation-based de-
sign and network-aware design/co-design are quite intertwined, the present re-
sults may be utilized as the first step toward network-aware design/co-design.

The principal requirement of our framework is Lp-stability of the closed-
loop system. In other words, if a certain controller does not yield the closed-
loop system Lp-stable, one can seek another controller. Hence, unlike some of
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FIGURE 1.2
Illustration of self-triggering.

the related works, our requirements are on the closed-loop systems and not
on the plant and controller per se, as illustrated throughout this book.

Altogether, this book presents a coherent and versatile framework applica-
ble to various settings investigated by the authors over the last several years.
Our framework is applicable to

• nonlinear time-varying dynamic plants and controllers with delayed dy-
namics;

• a large class of static, dynamic, probabilistic and priority-oriented schedul-
ing protocols (i.e., Uniformly Globally Exponentially Stable and bi-
character prioritizing protocols);

• delayed, noisy, lossy and intermittent information exchange;

• decentralized initial-condition-independent and initial-condition-dependent
control problems (e.g., consensus and output synchronization) of hetero-
geneous agents with time-varying directed (not necessarily balanced) com-
munication topologies;

• state and output feedback;

• offline and online intermittent feedback;

• optimal intermittent feedback through Approximate Dynamic Program-
ming (ADP) and Reinforcement Learning (RL); and

• control systems with exogenous disturbances and modeling uncertainties.

We aim at demonstrating that the presented results can be used

• for resource management (e.g., multitasking and lifetime vs. performance
trade-offs),

• when designing control laws, and
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• when acquiring an experimental testbed (i.e., purchasing new sensors, ac-
tuators, communication devices, mobile robotic platforms, etc.).

In order to improve book readability, we make each chapter as self-
contained as possible while developing the selected applications and solving
the engineering problems of interest. Hence, when two derivations in differ-
ent chapters are similar, but not identical, we have the luxury to keep both
derivations, rather than referring the reader to the other chapter with different
settings and forcing her/him to fill in the omitted details.

1.1 Why Study Intermittent Feedback?

Suppose that one is to develop an Autonomous Cruise Control (ACC) sys-
tem using laser-based or radar-based sensors (depicted in Figure 3.1). ACC
allows a vehicle to slow down when approaching another vehicle and accel-
erate to the desired speed when traffic allows. The sampling periods of ACC
loops are typically fixed and designed for the worst-case scenario (e.g., fast
and heavy traffic). Furthermore, these fixed sampling periods are often deter-
mined experimentally and are based on the traditional rules of thumb (e.g.,
20 times the time constant of the dominant pole [158]). Intuitively, the sam-
pling periods of ACC loops should not remain constant as the desired speed,
distance between the cars, the environment (urban on non-urban), and paths
(straight or turns) change. Our work quantifies this intuition. In addition, say
that merely low-end (e.g., with high noise levels and with low update fre-
quencies) sensors are at one’s disposal. A natural question is whether such
sensors are able to deliver the desired performance level (e.g., a prespecified
overshoot, settling time and disturbance rejection level) for the vehicle of in-
terest (e.g., bounds on linear and angular velocity as well as on turning radius
of the vehicle) given a preferred control law. In case this possibility is ruled
out by the theoretical findings, one should consider improving the software
(e.g., advanced filtering and processing of noisy measurements, model-based
estimators, etc.), designing a different control law or purchasing new hardware
(e.g., sensors, processors or communication devices) to decrease transmission
intervals, delays and noise level. The exact amount of time, effort and money
that should be invested in these enhancements, which is often the crucial ques-
tion in many real-life projects, can be inferred from the results presented in
this book. Alternatively, a number of exhausting trial-and-error experiments
need to be carried out risking vehicle damage or (potentially) overly powerful,
yet economically unjustifiable, hardware components need to be acquired. An
example of ACC is thoroughly analyzed in Chapter 3.

Essentially, this book studies the robustness of closed-loop systems with
respect to the aforementioned network-induced phenomena (e.g., scheduling
protocols, sampled, corrupted, delayed and lossy data, etc.). Hence, the plant
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and controller (designed via any existing method) are given and we analyze
robustness of the resulting control system. We are interested to know whether
the hardware/equipment at hand can deliver a desired control performance
for a given control system. If not, one can modify the controller parameters,
controller design or purchase more advanced hardware components. Accord-
ingly, we want quick and easy transferability of control systems to different
communication/sensing networks with the slightest interventions in the con-
trol law (e.g., change of controller parameters). One is often given a sensing
and communication infrastructure along with inherent delays and needs to
make sure in advance (i.e., in order to preclude testbed damage) whether this
set-up can yield the required transmission intervals. In fact, it is common
practice in industrial applications to design the control laws without having a
particular communication/network infrastructure in mind (refer to Chapters
2, 3, 6 and 7).

Moreover, as illustrated throughout this book, the up-to-date data, which
is about to arrive at the controller, may not be informative enough with respect
to the out-of-date data from the last transmission instant. In the extreme case,
where the up-to-date data is exactly the same as the outdated data, there is
no justification for a novel transmission. Consequently, in an effort to further
improve control system performance (i.e., “faster, higher, stronger”), it may
not be beneficial to purchase a more expensive sensor that yields more frequent
measurements.

Intrinsically, continuous information flows in real-life applications involving
wireless communication (see Chapter 6 for more) are often not achievable for
the following reasons:

(i) Digital technology might be employed: Every operation within a digi-
tal control system takes a certain amount of time for completion. Con-
sequently, the hardware-specific minimal time to broadcast/receive a
packet by a wireless radio transceiver determines the maximal frequency
of communication.

(ii) Communication devices cannot broadcast and receive simultaneously:
Unless there are two parallel communication channels (one only for trans-
mitting and one only for receiving), a wireless device can either broadcast
or receive at a particular moment. Since a double communication chan-
nel yields a big overhead in terms of complexity and energy consumption
of devices, it is not desirable in most applications.

(iii) A radio transceiver cannot receive messages when inactive: In order for a
radio to receive a message, it has to listen to the communication medium
and switch to the active operation mode. Because the power consump-
tion of the radio while actually receiving and while merely listening is
practically the same (see [154, 194, 99] and Section 6.5), it is desirable
to replace portions of listening intervals with idle intervals when no in-
coming information is expected.
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(iv) Message collision: When several messages are being received at a re-
ceiver’s end simultaneously, the associated data are lost. To avoid such
collisions, scheduling protocols are often used.

The emergence of new technologies provides networks of increasingly ac-
complished agents. Such agents may be mobile and may possess significant
processing, sensing, communication as well as memory and energy storage
capabilities (refer to Figure 6.1). At the same time, aspirations to satisfy
evergrowing demands of the industrial and civil sector bring about novel en-
gineering paradigms such as Cyber-Physical Systems [148] and the Internet
of Things [125]. The essence of these paradigms is fairly similar—to extend
even further the concepts of heterogeneity, safety, decentralization, scalabil-
ity, reconfigurability, and robustness of Multi-Agent Networks (MANs) by
laying more burden on the agents. Everyday examples of MANs are coop-
erative multi-robot systems [159] and Wireless Sensor Networks (WSNs) [1].
Agents usually have limited and costly resources at their disposal which ren-
ders agent resource management of critical importance. An avenue toward
agent resource management can be decentralized event- and self-triggered con-
trol/sensing/communication (Chapters 6, 7 and 8). In addition, in scenarios
where somebody could eavesdrop on inter-agent communication, it may be de-
sirable to decrease the rate at which information among agents is exchanged.

Intermittent feedback can be utilized to reduce requirements posed on
communication, sensing, processing and energy resources in MANs without
compromising objectives of the MANs (Chapters 6, 7 and 8). Consequently,
the hardware expenses and energy consumption are driven down whilst MAN
multitasking, such as inter-network collaboration, is facilitated. Scenarios in
which agents of one network need to achieve a common goal, call for the study
of decentralized cooperative control schemes. In order to accomplish this goal
in an uncertain and noisy setting and to detect changes in the communication
topology, agents have to exchange information. Because each transmission
and reception of information necessitates energy, communication should be
induced only when the goal completion can no longer be guaranteed in order
to prolong the MAN mission.

Naturally, our analysis methodology can be a starting point for synthesis,
which we often employ when selecting controller parameters. For instance, in
the quadrotor experiments from Chapter 7, we chose controller parameters in
order to obtain Maximally Allowable Transmission Intervals (MATIs) greater
than 20 ms as that was the limit of our hardware setup. Essentially, as it
is the case in real-life problems, merely the plant is given a priori and can-
not be altered. Everything else (e.g., scheduling protocol, controller, delays,
estimator) is either selected by the control system designer or stems from
the hardware limitations. The control system designer can typically choose a
different controller or estimator at no cost, but the choice of “better” hard-
ware often entails cost. Thus, selection of a different controller or estimator is
almost always preferred.
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8 Networked Control Systems with Intermittent Feedback

Altogether, the intermittent feedback investigations can be utilized in a
number of ways (e.g., for choosing the controller structure and parameters,
designing the network and scheduling protocol, designing the estimator, pur-
chasing hardware, analyzing the influence of noise and disturbances on the
control performance, etc.).

1.2 Historical Aspects and Related Notions

Even though feedback implementations traditionally connote periodicity ow-
ing to its theoretical and applicational convenience [158, 98], this periodicity
has been questioned on and off ever since the dawn of digital technology
[58, 106, 16, 185, 36, 126]. Suitable introductory reads regarding time- vs.
event-triggering are found in [136] and [137]. However, as opposed to our
work, the work presented in [136] and [137] designs the integrated chip archi-
tecture for time- and event-triggering. Hence, the concepts of stability, control
performance (in terms of Lp-gains), optimal transmission intervals or upper
bounds on transmission intervals are not covered in [136] and [137] at all.

Among the more recent works that led to resurgence of interest in inter-
mittent feedback, let us pinpoint [157, 10]. Our book shares the viewpoint of
[157, 10] and falls within the recent body of literature regarding intermittent
feedback, such as [169, 5, 6, 103, 200, 67, 67, 102, 203, 66, 149] to name a
few. In fact, the entire book brings together a number of recent references
regarding intermittent feedback making it impossible to state all of them in
this paragraph. A significant portion of these recent works investigate event-
and self-triggering as depicted in Figures 1.1 and 1.2. However, owing to the
space limitations of conference and journal publications, the aforementioned
works focus merely on a subset of problems/applications investigated in this
book and on rather specific assumptions (e.g., noiseless measurements, dis-
turbances not present, so-called small delays, static controllers, time-invariant
plants, linear plants and controllers, etc.). As expected from a book, we present
a comprehensive and unifying framework applicable to a rather broad range
of problems.

As stated in [52], three principal formalisms used to tackle the problems in
the area of NCSs and intermittent feedback are discrete-time systems, impul-
sive/hybrid systems and delay systems. Save for Chapter 5, where the discrete-
time systems formalism is employed, our framework integrates impulsive sys-
tems and delay systems formalisms. As a consequence, we have devised novel
results regarding stability of impulsive delay systems, which are presented in
this book.

As mentioned earlier, the ability to allow for intermittent feedback can
be thought of as a robustness property of control systems. Accordingly, the
systems that allow for longer intervals of open-loop control, that is, the inter-
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vals in between two consecutive arrivals of feedback information, are clearly
more robust with respect to the intermittent information phenomenon. Tak-
ing the utilized robustness tool into account, the recent approaches pertaining
to intermittent feedback can be classified as:

(i) small-gain theorem approaches [131], [168];

(ii) dissipativity and passivity-based approaches [200], [201], [203];

(iii) Input-to-State Stability (ISS) approaches [169], [5], [6], [103]; and

(iv) other robustness approaches [47], [104], [170], [149].

We point out that our framework employs the small-gain theorem and Lp-
stability.

Lastly, let us clarify the difference between sampled-data control and inter-
mittent feedback, which are indeed quite related terms. Besides some concep-
tual and historical differences stated in [67, 102, 66], the term sampled-data
control traditionally implies periodic information exchange schemes and ab-
sence of communication protocols (i.e., the data among all parts of a control
system are exchanged simultaneously).

1.3 Open Problems and Perspectives

Owing to “citius, altius, fortius”, we are sure intermittent feedback will attract
the attention of researchers and practitioners for years to come. For instance,
tomorrow’s hardware components will undoubtedly produce smaller delays
and smaller transmission intervals. However, that does not mean smaller de-
lays and/or transmission intervals should be utilized routinely. On the one
hand, smaller delays may destabilize some systems as discussed in [61], [133,
Chapter 1.], [164], and [52, Section 2.3]. On the other, further reductions of
transmission intervals may not bring any benefits, as discussed in this book.
In fact, smaller delays may allow for greater transmission intervals, that is,
greater information intermittency, without compromising the control system
performance. If the latter holds, additional feedback intermittency is worth-
while. Hence, the question “Exactly which values of delays and transmission
intervals render the same level of performance (e.g., disturbance rejection,
convergence speed, etc.)?” is extensively, but certainly not exhaustively, ad-
dressed in our book. Furthermore, smaller delays and transmission intervals
often do improve the system performance. Nevertheless, the obtained perfor-
mance improvement may be negligible with respect to the greater use (e.g.,
wear and tear, sensor exposure) of resources. Essentially, the order of magni-
tude of tomorrow’s delays and transmission intervals will keep decreasing, but
almost all concerns pointed out in this chapter will remain.
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10 Networked Control Systems with Intermittent Feedback

Since many works regarding event- and self-triggering are still being pub-
lished, it is clear that this area has not matured yet and further research
endeavors are vital. In fact, most of the proposed methodologies are applica-
ble to a rather specific application-dependent setting (e.g., specific plant/agent
and controller dynamics as well as specific topology and inter-agent coupling),
which often hinders equitable comparisons between methodologies and im-
pedes their transferability to a different setting. In addition, not every event-
triggered scheme has its self-triggered counterpart, which may be troublesome
in practical implementations owing to the continuous monitoring required by
event-triggering. Thus, generalizing and unifying frameworks are needed in or-
der to attract a broader audience. We believe our unifying and comprehensive
framework is a step toward achieving this goal.

At the moment, the research community is interested in extending in-
tertransmission intervals as much as possible without taking into account a
deterioration in the performance due to intermittent feedback. In applications
where energy consumption for using sensors, transmitting the obtained infor-
mation, and executing control laws is relatively inexpensive compared to the
slower convergence and excessive use of control power, extending intersampling
intervals is not desirable. For instance, think of an airplane driven by an au-
topilot system designed to follow the shortest path between two points. Any
deviation from the shortest path caused by intermittent feedback increases
overall fuel consumption. This increase in fuel consumption is probably more
costly than the cost of energy saved due to intermittent feedback. In Chap-
ters 4 and 8, we encode these energy consumption trade-offs using cost func-
tions, and design ADP approaches that yield (sub)optimal intertransmission
intervals with respect to the cost function. However, more formal guarantees
regarding (sub)optimality are required.

Finally, more detailed accounts of open problems and perspectives are
found in the corresponding sections of each chapter.

1.4 Notation

To simplify notation in the book, we use (x, y) := [x> y>]>. The dimension
of a vector x is denoted nx. Next, let f : R → Rn be a Lebesgue measurable
function on [a, b] ⊂ R. We use

‖f [a, b]‖p :=

(∫

[a,b]

‖f(s)‖pds
) 1
p

to denote the Lp-norm of f when restricted to the interval [a, b]. If the corre-
sponding norm is finite, we write f ∈ Lp[a, b]. In the above expression, ‖ · ‖
refers to the Euclidean norm of a vector. If the argument of ‖ · ‖ is a matrix
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A, then it denotes the induced 2-norm of A. Eigenvalues and singular values
of a matrix A are denoted λi(A) and σi(A), respectively. The kernel (or null
space) of a matrix A is denoted Ker(A). The dimension of Ker(A) is denoted
G(A) and equals the geometric multiplicity of the zero eigenvalue [195, Defini-
tion B.14]. The algebraic multiplicity of the zero eigenvalue is denoted A(A).
Furthermore, | · | denotes the (scalar) absolute value function. The element-
wise product of the ith and jth columns of a matrix A is denoted A(i).A(j).
The n-dimensional vector with all zero entries is denoted 0n. Likewise, the
n by m matrix with all zero entries is denoted 0n×m. The identity matrix of
dimension n is denoted In. In addition, Rn+ denotes the nonnegative orthant.
The natural numbers are denoted N or N0 when zero is included. The dom-
inant growth rate of a function f(x) : Rnx → R is denoted O(f). Since this
dominant growth rate is in line with the big O notation, we adopt the letter O.

Left-hand and right-hand limits are denoted x(t−) = limt′↗t x(t′) and
x(t+) = limt′↘t x(t′), respectively. Next, for a set S ⊆ Rn, let PC([a, b],S) ={
φ : [a, b] → S

∣∣ φ(t) = φ(t+) for every t ∈ [a, b), φ(t−) exists in S for
all t ∈ (a, b] and φ(t−) = φ(t) for all but at most a finite number of points
t ∈ (a, b]

}
. Observe that PC([a, b],S) denotes the family of right-continuous

functions on [a, b) with finite left-hand limits on (a, b] contained in S and
whose discontinuities do not accumulate in finite time. Finally, let 0̃nx denote
the zero element of PC([−d, 0],Rnx).

Given x ∈ Rn, we define

x̄ = (|x1|, |x2|, . . . , |xn|),

where | · | denotes the (scalar) absolute value function. Given x =
(x1, x2, . . . , xn) and y = (y1, y2, . . . , yn) ∈ Rn, the partial order � is defined
as

x � y ⇐⇒ xi ≤ yi ∀i ∈ {1, · · · , n}.
The set An denotes the set of all n × n matrices and A+

n denotes the subset
of all matrices that are symmetric and have nonnegative entries.
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In this chapter, we present our methodology in its most general form. More
precisely, we consider nonlinear plants with delayed dynamics, nonlinear de-
layed dynamic controllers, external disturbances (and/or modeling uncertain-
ties), scheduling protocols, lossy communication channels as well as sampled,
distorted and delayed information. Furthermore, variable transmission inter-
vals and time-varying nonuniform delays possibly greater than the transmis-
sion intervals (so-called large delays) are considered along with model-based
estimators. Several numerical examples are provided to demonstrate the ben-
efits of the proposed approach. The remaining chapters further exemplify the
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16 Networked Control Systems with Intermittent Feedback

methodology of this chapter and combine it with additional results to solve
more specific intermittent feedback problems.

2.1 Motivation, Applications and Related Works

Consider a nonlinear delayed system to be controlled by a nonlinear delayed
dynamic controller over a communication network in the presence of exoge-
nous/modeling disturbances, scheduling protocols among lossy NCS links,
time-varying signal delays, time-varying transmission intervals and distorted
data. Notice that networked control is not the only source of delays and that
delays might be present in the plant and controller dynamics as well. There-
fore, we use the term delayed NCSs. This chapter presents an emulation-based
approach for investigating the cumulative adverse effects in NCSs consisting of
plants and controllers with delayed dynamics and characterized with nonuni-
form time-varying NCS link delays. In other words, different NCS links induce
different and nonconstant delays. In addition, the communication delays are
allowed to be larger than the transmission intervals (the so-called large delays).
In addition, this chapter investigates the aforementioned cumulative effects
for a wide class of plant-controller dynamics (i.e., time-varying, nonlinear, de-
layed and with disturbances) and interconnections (i.e., output feedback) as
well as for the variety of scheduling protocols (i.e., UGES protocols) and other
network-induced phenomena (i.e., variable delays, lossy communication chan-
nels with distortions). For instance, [119] focuses on time-varying nonlinear
control affine plants (i.e., no delayed dynamics in the plant nor controller) and
state feedback with a constant delay whilst neither exogenous/modeling dis-
turbances, distorted data nor scheduling protocols are taken into account. The
authors in [95] and [205] consider linear control systems, impose Zero-Order-
Hold (ZOH) sampling and do not consider noisy data or scheduling protocols.
In addition, [95] does not take into account disturbances. Similar comparisons
can be drawn with respect to other related works (see [189, 73, 68, 181, 119]
and the references therein).

In order to account for large delays, our methodology employs impul-
sive delayed system modeling and Lyapunov–Razumikhin techniques when
computing Maximally Allowable Transmission Intervals (MATIs) that prov-
ably stabilize NCSs for the class of Uniformly Globally Exponentially Stable
(UGES) scheduling protocols (to be defined later on). Besides MATIs that
merely stabilize NCSs, our methodology is also capable of designing MATIs
that yield a prespecified level of control system performance. As in [68], the
performance level is quantified by means of Lp-gains. According to the batch
reactor case study provided in Section 2.5.1, MATI conservativeness reper-
cussions of our approach for the small delay case appear to be modest in
comparison with [68]. This conservativeness emanates from the complexity of
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the tools for computing Lp-gains of delayed (impulsive) systems as pointed
out in Section 2.5 and, among others, [28]. On the other hand, delayed system
modeling (rather than ODE modeling as in [68]) allows for the employment
of model-based estimators, which in turn increases MATIs (see Section 2.5
for more). In addition, real-life applications are characterized by corrupted
data due to, among others, measurement noise and communication channel
distortions. In order to include distorted information (in addition to exoge-
nous/modeling disturbances) into the stability analyses, we propose the notion
of Lp-stability with bias.

The remainder of this chapter is organized as follows. Section 2.2 presents
the utilized stability notions regarding impulsive delayed systems. Section 2.3
states the problem of finding MATIs for nonlinear delayed NCSs with UGES
protocols in the presence of nonuniform communication delays and exoge-
nous/modeling disturbances. A methodology to solve the problem is presented
in Section 2.4. Detailed numerical examples are provided in Section 2.5. Con-
clusions and future challenges are in Section 2.6. The proofs are provided in
Section 2.7.

2.2 Impulsive Delayed Systems and Related Stability
Notions

Consider nonlinear impulsive delayed systems

Σ





χ(t+) = hχ(t, χt) t ∈ T
χ̇(t) = fχ(t, χt, ω)

y = `χ(t, χt, ω)

}
otherwise ,

(2.1)

where χ ∈ Rnχ is the state, ω ∈ Rnω is the input and y ∈ Rny is the
output. The functions fχ and hχ are regular enough to guarantee forward
completeness of solutions which, given initial time t0 and initial condition
χt0 ∈ PC([−d, 0],Rnχ), where d ≥ 0 is the maximum value of all time-
varying delay phenomena, are given by right-continuous functions t 7→ χ(t) ∈
PC([t0 − d,∞],Rnχ). Furthermore, χt denotes the translation operator act-
ing on the trajectory χ(·) defined by χt(θ) := χ(t + θ) for −d ≤ θ ≤ 0. In
other words, χt is the restriction of trajectory χ(·) to the interval [t−d, t] and
translated to [−d, 0]. For χt ∈ PC([−d, 0],Rnχ), the norm of χt is defined by
‖χt‖ = sup−d≤θ≤0 ‖χt(θ)‖. Jumps of the state are denoted χ(t+) and occur
at time instants t ∈ T := {t1, t2, . . .}, where ti < ti+1, i ∈ N0. The value
of the state after a jump is given by χ(t+) for each t ∈ T . For a compre-
hensive discussion regarding the solutions to (2.1) considered herein, refer to
[13, Chapter 2 and 3]. Even though the considered solutions to (2.1) allow for
jumps at t0, we exclude such jumps in favor of notational convenience.
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18 Networked Control Systems with Intermittent Feedback

Definition 2.1 (Uniform Global Stability). For ω ≡ 0nω , the system Σ is
said to be Uniformly Globally Stable (UGS) if for any ε > 0 there exists
δ(ε) > 0 such that, for each t0 ∈ R and each χt0 ∈ PC([−d, 0],Rnχ) satisfying
‖χt0‖ < δ(ε), each solution t 7→ χ(t) ∈ PC([t0 − d,∞],Rnχ) to Σ satisfies
‖χ(t)‖ < ε for all t ≥ t0 and δ(ε) can be chosen such that limε→∞ δ(ε) =∞.

Definition 2.2 (Uniform Global Asymptotic Stability). For ω ≡ 0nω , the
system Σ is said to be Uniformly Globally Asymptotically Stable (UGAS) if it
is UGS and uniformly globally attractive, i.e., for each η, ζ > 0 there exists
T (η, ζ) > 0 such that ‖χ(t)‖ < η for every t ≥ t0+T (η, ζ) and every ‖χt0‖ < ζ.

Definition 2.3 (Uniform Global Exponential Stability). For ω ≡ 0nω , the
system Σ is said to be Uniformly Globally Exponentially Stable (UGES) if
there exist positive constants λ and M such that, for each t0 ∈ R and each
χt0 ∈ PC([−d, 0],Rnχ), each solution t 7→ χ(t) ∈ PC([t0 − d,∞],Rnχ) to Σ
satisfies ‖χ(t)‖ ≤M‖χt0‖e−λ(t−t0) for each t ≥ t0.

Definition 2.4 (Lp-Stability with Bias b). Let p ∈ [1,∞]. The system Σ is
Lp-stable with bias b(t) ≡ b ≥ 0 from ω to y with (linear) gain γ ≥ 0 if there
exists K ≥ 0 such that, for each t0 ∈ R and each χt0 ∈ PC([−d, 0],Rnχ), each
solution to Σ from χt0 satisfies ‖y[t0, t]‖p ≤ K‖χt0‖+ γ‖ω[t0, t]‖p + ‖b[t0, t]‖p
for each t ≥ t0.

Definition 2.5 (Lp-Detectability). Let p ∈ [1,∞]. The state χ of Σ is Lp-
detectable from (y, ω) with (linear) gain γ ≥ 0 if there exists K ≥ 0 such that,
for each t0 ∈ R and each χt0 ∈ PC([−d, 0],Rnχ), each solution to Σ from χt0
satisfies ‖χ[t0, t]‖p ≤ K‖χt0‖+ γ‖y[t0, t]‖p + γ‖ω[t0, t]‖p for each t ≥ t0.

Definitions 2.1, 2.2 and 2.3 are motivated by [88], while Definition 2.5 is in-
spired by [131]. Definition 2.4 is motivated by [131] and [84]. When b = 0, we
say “Lp-stability” instead of “Lp-stability with bias 0”.

2.3 Problem Statement: Stabilizing Transmission Inter-
vals and Delays

Consider a nonlinear control system consisting of a plant with delayed dy-
namics

ẋp = fp(t, xpt , u, ωp),

y = gp(t, xpt), (2.2)

and a controller with delayed dynamics

ẋc = fc(t, xct , y, ωc),

u = gc(t, xct), (2.3)
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where xp ∈ Rnp and xc ∈ Rnc are the states, y ∈ Rny and u ∈ Rnu are
the outputs, and (u, ωp) ∈ Rnu × Rnωp and (y, ωc) ∈ Rny × Rnωc are the
inputs of the plant and controller, respectively, where ωp and ωc are external
disturbances to (and/or modeling uncertainties of) the plant and controller,
respectively. The translation operators xpt and xct are defined in Section 2.2
while the corresponding plant and controller delays are dp ≥ 0 and dc ≥ 0,
respectively. For notational convenience, constant plant and controller delays
are considered.

Let us now model the communication network between the plant and con-
troller over which intermittent and realistic exchange of information takes
place (see Figure 2.1). The value of u computed by the controller that arrives
at the plant is denoted û. Similarly, the values of y that the controller actually
receives are denoted ŷ. Consequently, we have

u = û, y = ŷ, (2.4)

on the right-hand side of (2.2) and (2.3). In our setting, the quantity û is the
delayed and distorted input u fed to the plant (2.2) while the quantity ŷ is the
delayed and distorted version of y received by the controller (2.3). We proceed
further by defining the error vector

e =

[
ey(t)
eu(t)

]
:=

[
ŷ(t)− yt
û(t)− ut

]
, (2.5)

where yt and ut are translation operators and the maximal network-induced
delay is d ≥ 0 (e.g., propagation delays and/or delays arising from pro-
tocol arbitration). In addition, in case of a time-invariant static controller
with ωc ≡ 0nω , d can directly embed nontrivial executions times of the con-
trol law. The operator (yt, ut) in (2.5) delays each component of (y, u) for
the respective delay. Essentially, if the ith component of (y(t), u(t)), that is
(y(t), u(t))i, is transmitted with delay di : R → R+, then the ith component
of (yt, ut), that is (yt, ut)i, is in fact (y(t − di(t)), u(t − di(t)))i. Accordingly,
d := max{supt∈R d1(t), . . . , supt∈R dny+nu(t)}.

Due to intermittent transmissions of the components of y and u, the respec-
tive components of ŷ and û are updated at time instants t1, t2, . . . , ti, . . . ∈ T ,
i.e.,1

ŷ(t+i ) = yt + hy(ti, e(ti))

û(t+i ) = ut + hu(ti, e(ti))

}
ti ∈ T , (2.6)

where hy : R × Rne → Rny and hu : R × Rne → Rnu model measurement
noise, channel distortion and the underlying scheduling protocol. The roles
of hy and hu are as follows. Suppose that the NCS has l links. Accordingly,
the error vector e can be partitioned as e := (e1, . . . , el). In order to avoid

1Recall that the jump times at the controller and plant end obey some scheduling scheme.
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FIGURE 2.1
A diagram of a control system with the plant and controller interacting over
a communication network with intermittent information updates. The two
switches indicate that the information between the plant and controller are
exchanged (complying with some scheduling protocol among the NCS links)
at discrete time instants belonging to a set T . The communication delays in
each NCS link are time varying and, in general, different.

cumbersome indices, let us assume that each NCS link is characterized by its
own delay. Hence, there are merely l (rather than ny + nu) different delays
di : R→ R+ in (2.5). Besides the already introduced upper bound d on di(t)’s,
we assume that di(t)’s are differentiable with bounded |ḋi(t)|. As orchestrated
by (2.6), if the jth NCS link is granted access to the communication medium
at some ti ∈ T , the corresponding components of (ŷ(ti), û(ti)) jump to the
received values. It is to be noted that all other components of (ŷ(ti), û(ti))
remain unaltered. Consequently, the related components of e(ti) reset to the
noise νj(ti) present in the received data, i.e.,

ej(t
+
i ) = νj(ti), (2.7)

and we assume that

sup
t∈R,j∈{1,...,l}

‖νj(t)‖ = Kν .

Noise νj(ti), which is embedded in hy and hu, models any discrepancy between
the received values and their actual values at time ti − dj(t) (when the jth

NCS link of (y(t), u(t)) was sampled). As already indicated, this discrepancy
can be a consequence of measurement noise and channel distortion. We point
out that νj has nothing to do with ωp nor ωc. Observe that out-of-order packet
arrivals, as a consequence of the time-varying delays, are allowed for.

Between transmissions, the values of ŷ and û need not to be constant
as in [68], but can be estimated in order to extend transmission intervals
(consult [48] for more). In other words, for each t ∈ [t0,∞) \ T we have

˙̂y = f̂p
(
t, xpt , xct , ŷt, ût, ωp, ωc

)
,

˙̂u = f̂c
(
t, xpt , xct , ŷt, ût, ωp, ωc

)
, (2.8)
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where the translation operators ŷt and ût are with delay d. The commonly
used ZOH strategy is characterized by ˙̂y ≡ 0ny and ˙̂u ≡ 0nu .

The following definition of UGES scheduling protocols is extracted from
[131] and [68].

Definition 2.6. Consider the noise-free setting, i.e., Kν = 0. The protocol
given by h := (hy, hu) is UGES if there exists a function W : N0×Rne → R+

such that W (i, ·) : Rne → R+ is locally Lipschitz (and hence almost everywhere
differentiable) for every i ∈ N0, and if there exist positive constants a, a and
0 ≤ ρ < 1 such that

(i) a‖e‖ ≤W (i, e) ≤ a‖e‖, and

(ii) W (i+ 1, h(ti, e)) ≤ ρW (i, e),

for all (i, e) ∈ N0 × Rne .

Note that i in W (i, e) counts jumps/transmissions and corresponds to ti ∈ T .
Additionally, even though the delays could result from protocol arbitration,
the delays are not a part of the UGES protocol definition [131, 68]. In addition,
T is not a part of the protocol, but rather a consequence, as it is yet to
be designed. Commonly used UGES protocols are the Round Robin (RR)
and Try-Once-Discard protocol (TOD) (consult [131, 68, 35]). RR utilizes a
cyclic user-defined deterministic scheme to grant the communication medium
access while TOD grants the communication medium access to the NCS link
with the greatest corresponding error in (2.5). Accordingly, RR is a static
whilst TOD is a dynamic scheduling protocol. The corresponding constants
are aRR = 1, aRR =

√
l, ρRR =

√
(l − 1)/l for RR and aTOD = aTOD = 1,

ρTOD =
√

(l − 1)/l for TOD. Explicit expressions of the noise-free h(t, e) for
RR and TOD are provided in [131], but are not needed in the context of this
chapter.

The properties imposed on the delay NCS in Figure 2.1 are summarized
in the following standing assumption.

Assumption 2.1. The jump times of the NCS links at the controller and plant
end obey the underlying UGES scheduling protocol (characterized through h)
and occur at transmission instants belonging to T := {t1, t2, . . . , ti, . . .}, where
ε ≤ ti+1−ti ≤ τ for each i ∈ N0 with ε > 0 arbitrarily small. The received data
is corrupted by measurement noise and/or channel distortion (characterized
through h as well). In addition, each NCS link is characterized by the network-
induced delay di(t), i ∈ {1, . . . , l}.

The existence of a strictly positive τ , and therefore the existence of ε > 0, is
demonstrated in Remark 2.3.

A typical closed-loop system (2.2)–(2.8) with continuous (yet delayed) in-
formation flows in all NCS links might be robustly stable (in the Lp sense
according to (2.16)) only for some sets of di(t), i ∈ {1, . . . , l}. We refer to the
family of such delay sets as the family of admissible delays and denote it D.
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Next, given some admissible delays di(t), i ∈ {1, . . . , l}, the maximal τ which
renders Lp-stability (with a desired gain) of the closed-loop system (2.2)–(2.8)
is called MATI and is denoted τ . We are now ready to state the main problem
studied herein.

Problem 2.1. Given admissible delays di(t), i ∈ {1, . . . , l}, estimator (2.8)
and the UGES protocol of interest, determine the MATI τ to update com-
ponents of (ŷ,û) such that the NCS (2.2)–(2.8) is Lp-stable with bias and a
prespecified Lp-gain for some p ∈ [1,∞].

Remark 2.1. Even though our intuition (together with the case studies pro-
vided herein and in [181]) suggests that merely “small enough” delays (in-
cluding the zero delay) are admissible because the control performance impairs
(i.e., the corresponding Lp-gain increases) with increasing delays, this obser-
vation does not hold in general [61], [133, Chapter 1.], [164], and [52, Section
2.3]. In fact, “small” delays may destabilize some systems while “large” delays
might destabilize others. In addition, even a second-order system with a sin-
gle discrete delay might toggle between stability and instability as this delay is
being decreased. Clearly, the family D needs to be specified on a case-by-case
basis. Hence, despite the fact that the case studies presented herein and in
[181] yield MATIs that hold for all smaller delays (including the zero delay)
than the delays for which these MATIs are computed, it would be erroneous to
infer that this property holds in general.

2.4 Computing Maximally Allowable Transfer Intervals

Along the lines of [131], we rewrite the closed-loop system (2.2)–(2.8) in the
following form amenable for small-gain theorem (see [88, Chapter 5]) analyses:

x(t+) = x(t)

e(t+) = h(t, e(t))

}
t ∈ T (2.9a)

ẋ = f(t, xt, e, ω)

ė = g(t, xt, et, ωt)

}
otherwise, (2.9b)

where x := (xp, xc), ω := (ωp, ωc), and functions f , g and h are given by
(2.10)–(2.12). Even though (2.10)–(2.12) may seem quite convoluted, we point
out that these expressions are obtained via straightforward calculations as il-
lustrated with a number of examples throughout this book. We assume enough
regularity on f and g to guarantee existence of the solutions on the interval
of interest [13, Chapter 3]. Observe that the differentiability of di(t)’s and the
boundedness of |ḋi(t)| play an important role in attaining regularity of g. For
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the sake of simplicity, our notation does not explicitly distinguish between
translation operators with delays dp, dc, d or 2d in (2.10)–(2.12) and in what
follows. In this regard, we point out that the operators xpt and xct are with

delays dp and dc, respectively, the operators gpt and gct within f̂p and f̂c
are with delay 2d while all other operators are with delay d. In what follows
we also use d := 2d + max{dp, dc}, which is the maximum value of all delay
phenomena in (2.12).

For future reference, the delayed dynamics

x(t+) = x(t)
}

t ∈ T (2.13a)

ẋ = f(t, xt, e, ω)
}

otherwise, (2.13b)

are termed the nominal system Σn, and the impulsive delayed dynamics

e(t+) = h(t, e(t))
}

t ∈ T (2.14a)

ė = g(t, xt, et, ωt)
}

otherwise, (2.14b)

are termed the error system Σe. Observe that Σn contains delays, but does
not depend on h or T as seen from (2.13). Instead, h and T constitute the
error subsystem Σe as seen from (2.14).

The remainder of our methodology interconnects Σn and Σe using ap-
propriate outputs. Basically, W (i, e) from Definition 2.6 is the output of Σe
while the output of Σn, denoted H(xt, ωt), is obtained from g(t, xt, et, ωt) and
W (i, e) as specified in Section 2.4.2. Notice that the outputs H(xt, ωt) and
W (i, e) are auxiliary signals used to interconnect Σn and Σe and solve Prob-
lem 2.1, but do not exist physically. Subsequently, the small-gain theorem is
employed to infer Lp-stability with bias.

2.4.1 Lp-Stability with Bias of Impulsive Delayed LTI Sys-
tems

Before invoking the small-gain theorem in the upcoming subsection, let us
establish conditions on the transmission interval τ and delay d(t) that yield
Lp-stability with bias for a class of impulsive delayed LTI systems. Clearly,
the results of this subsection are later applied to achieving Lp-stability with
bias and an appropriate Lp-gain of Σe.

Consider the following class of impulsive delayed LTI systems

ξ̇(t) = aξ(t− d(t)) + ũ(t), t /∈ T (2.15a)

ξ(t+) = cξ(t) + ν̃(t), t ∈ T , (2.15b)

where a ∈ R and c ∈ (−1, 1), initialized with some ξt0 ∈ PC([−d̆, 0],R). In

addition, d(t) is a continuous function upper bounded by d̆ while ũ, ν̃ : R→ R
denote external inputs and ν̃ ∈ L∞.
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ŷ
(t)

u
sin

g
(2

.2
)

a
n
d

(2
.5

) ,ω
c (t) ) 

=
: [
f

1 (t,x
t ,e,ω

)
f

2 (t,x
t ,e,ω

) ]

(2.10)

h
(t,e(t))

:=

[
h
y (t,e(t) )

h
u (t,e(t) ) ]

(2.11)

g
(t,x

t ,e
t ,ω

t )
(2.5)
:=

:=



f̂
p (t,x

p
t ,x

c
t ,g

p
t (t,x

p
t )

+
e
y
t ,g

c
t (t,x

c
t )

+
e
u
t ,ω

(t) )
︸

︷︷
︸

m
o
d
e
l-b

a
se

d
e
stim

a
to

r
(2

.8
)

−
(
∂
g
p

∂
t )

t (t,x
p
t )−

(
∂
g
p

∂
x
p )

t (t,x
p
t )f

1
t (t,x

t ,e,ω
)

︸
︷︷

︸
=
−
ẏ
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Lemma 2.1. Assume ũ ≡ 0, ν̃ ≡ 0 and consider a positive constant r. In

addition, let λ1 := a2

r , and λ2 := c2 for c 6= 0 or merely λ2 ∈ (0, 1) for c = 0.
If there exist constants λ > 0, M > 1 such that the conditions

(I) τ
(
λ+ r + λ1Me−λτ

)
< lnM , and

(II) τ
(
λ+ r + λ1

λ2
eλd̆
)
< − lnλ2

hold, then the system (2.15) is UGES and ‖ξ(t)‖ ≤
√
M‖ξt0‖e−

λ
2 (t−t0) for all

t ≥ t0.

The previous lemma, combined with the work presented in [4], results in the
following theorem.

Theorem 2.1. Suppose that the system given by (2.15) is UGES with con-
stants λ > 0 and M > 1 and that supt∈R ‖ν̃(t)‖ ≤ K̃ν . Then, the system

(2.15) is Lp-stable with bias K̃ν
√
M

e
λε
2 −1

from ũ to ξ and with gain 2
λ

√
M for each

p ∈ [1,∞].

2.4.2 Obtaining MATIs via the Small-Gain Theorem

We are now ready to state and prove the main result of this chapter. Es-
sentially, we interconnect Σn and Σe via suitable outputs (i.e., H(xt, ωt) and
W (i, e), respectively) as depicted in Figure 2.2, impose the small-gain condi-
tion and invoke the small-gain theorem.

Theorem 2.2. Suppose the underlying UGES protocol, d1(t), . . . , dl(t) and
Kν ≥ 0 are given. In addition, assume that

(a) there exists a continuous function H : PC([−d, 0],Rnx)×PC([−d, 0],Rnω )→
Rm such that the system Σn given by (2.13) is Lp-stable from (W,ω) to
H(xt, ωt) for some p ∈ [1,∞], i.e., there exist KH , γH ≥ 0 such that

‖H[t, t0]‖p ≤KH‖xt0‖+ γH‖(W,ω)[t, t0]‖p, (2.16)

for all t ≥ t0, and

(b) there exists L ≥ 0 and d : R → R+, supt∈R d(t) = d̆, such that
for almost all t ≥ t0, almost all e ∈ Rne and for all (i, xt, ωt) ∈
N0 × PC([−d, 0],Rnx)× PC([−d, 0],Rnω ) it holds that

〈∂W (i, e)

∂e
, g(t, xt, et, ωt)

〉
≤ LW (i, e(t− d(t))) + ‖H(xt, ωt)‖. (2.17)

Then, the NCS (2.9) is Lp-stable with bias from ω to (H, e) for each τ for

which there exist M > 1 and λ > 0 satisfying (I), (II) and 2
λ

√
MγH < 1 with

parameters a = a
aL and c = ρ.
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FIGURE 2.2
Interconnection of the nominal system Σn and error impulsive system Σe.

Remark 2.2. According to Problem 2.1, condition (a) requires the underly-
ing delays to be admissible, i.e., {d1(t), . . . , dl(t)} ∈ D. Condition (a) implies
that the nominal system (i.e., the closed-loop system) is robust with respect
to intermittent information and disturbances. Besides Lp-stability, typical ro-
bustness requirements encountered in the literature include Input-to-State Sta-
bility (ISS) and passivity [184]. Condition (b) relates the current growth rate
of W (i, e) with its past values. As shown in Section 2.5, all recommendations
and suggestions from [131] and [68] regarding how to obtain a suitable W (i, e)
readily apply because W (i, e) characterizes the underlying UGES protocol (and
not the plant-controller dynamics).

Remark 2.3 (Zeno-freeness). The left-hand side of conditions (I) and (II)
from Lemma 2.1 are nonnegative continuous functions of τ ≥ 0 and approach
∞ as τ →∞. Also, these left-hand sides equal zero for τ = 0. Note that both
sides of (I) and (II) are continuous in λ, M , λ1, λ2 and d̆. Hence, for every

λ > 0, λ1 ≥ 0, M > 1, λ2 ∈ (0, 1) and d̆ ≥ 0 there exists τ > 0 such that
(I) and (II) are satisfied. Finally, since 2

λ

√
M is continuous in λ and M , we

infer that for every finite γH > 0, there exists τ > 0 such that 2
λ

√
MγH < 1.

In other words, for each admissible di(t), i ∈ {1, . . . , l}, the unwanted Zeno
behavior is avoided and the proposed methodology does not yield continuous
feedback, which might be impossible to implement. Notice that each τ yielding
2
λ

√
MγH < 1 is a candidate for τ . Depending on r, λ2, λ and M , the maximal

such τ is in fact MATI τ .

Remark 2.4. The right-hand side of (2.17) might not be descriptive enough
for many problems of interest. In general, (2.17) should be sought in the form〈
∂W (i,e)
∂e , g(t, xt, et, ωt)

〉
≤ ∑m

k=1 LkW (i, e(t − d̀k(t))) + ‖H(xt, ωt)‖, where

d̀k : R → R+ and m ≥ 1. As this general form leads to tedious computations
(as evident from the proof of Lemma 2.1 in Section 2.7), we postpone its
consideration for the future. For the time being, one can intentionally delay
the communicated signals in order to achieve a single discrete delay d(t) in
(2.17). This idea is often found in the literature and can be accomplished via
the time-stamping of data and introduction of buffers at receiver ends (refer
to [73] and references therein).
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Remark 2.5. Noisy measurements can be a consequence of quantization er-
rors. According to [118], feedback control prone to quantization errors cannot
yield closed-loop systems with linear Lp-gains. Hence, the bias term in the
linear gain Lp-stability with bias result of Theorem 2.2 cannot be removed
without contradicting the points in [118]. Further investigations of quantized
feedback are high on our future research agenda.

Remark 2.6. Let us consider the case of lossy communication channels. If
there is an upper bound on the maximum number of successive dropouts, say
Nd ∈ N, simply use τ

Nd
as the transmission interval in order for Theorem

2.2 to hold. Moreover, the transmission instants among NCS links need not be
(and often cannot be) synchronized. In this case, each NCS must transmit at a
rate smaller than τRR (instead of τRRl), where τRR is the MATI obtained for
the RR protocol, in order to meet the prespecified performance requirements.
Observe that this leads to asynchronous transmission protocols, which in turn
increases the likelihood of packet collisions [117].

Corollary 2.1. Assume that the conditions of Theorem 2.2 hold and that x
is Lp-detectable from (W,ω,H). Then the NCS (2.9) is Lp-stable with bias
from ω to (x, e).

In the following proposition, we provide conditions that yield UGS and GAS
of the interconnection Σn and Σe. Recall that ω ≡ 0nω and Kν = 0 are the
disturbance and noise settings, respectively, corresponding to UGS and GAS.

Proposition 2.1. Assume that the interconnection of systems Σn and Σe,
given by (2.13) and (2.14), is Lp-stable from ω to (x, e). If p = ∞, then this
interconnection is UGS. When p ∈ [1,∞), assume that f(t, xt, e,0nω ) and
g(t, xt, et, 0̃nω ) are (locally) Lipschitz uniformly in t and that ‖H(xt, 0̃nω )‖ →
0 as ‖xt‖ → 0. Then, this interconnection is GAS.

2.5 Numerical Examples: Batch Reactor, Planar System
and Inverted Pendulum

2.5.1 Batch Reactor with Constant Delays

According to [68], the batch reactor case study has become a benchmark
example in the area of NCSs over the years. Hence, we apply our work to this
example and compare it with the approach presented in [68].

Consider the linearized model of an unstable batch reactor given by

ẋp = Apxp +Bpu, y = Cpxp,
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where

Ap =

[ 1.38 −0.2077 6.715 −5.676
−0.5814 −4.29 0 0.675

1.067 4.273 −6.654 5.893
0.048 4.273 1.343 −2.104

]
, Bp =

[
0 0

5.679 0
1.136 −3.146
1.136 0

]
, Cp =

[
1 0 1 −1
0 1 0 0

]
,

and a PI controller given by

ẋc = Acxc +Bcy, u = Ccxc +Dcy,

where

Ac =
[

0 0
0 0

]
, Bc =

[
0 1
1 0

]
, Cc =

[−2 0
0 8

]
, Dc =

[
0 −2
5 0

]
.

In addition, assume that only the plant outputs y are transmitted via the
network; hence, e = ey and eu ≡ 0nu . Following the development of Section
2.4, we obtain

ẋ(t) =

[
ẋp(t)
ẋc(t)

]
=

[
Ap BpCc

02×4 Ac

]
x(t) +

[
BpDcCp 04×2

BcCp 02×2

]
x(t− d)

+

[
BpDc

Bc

]
e(t) +

[
10 0 10 0 0 0
0 5 0 5 0 0

]>
ω(t),

where the last term including ω(t) is a posteriori added by the authors in [68],
and

ė(t) =
[
−CpBpDc

]
︸ ︷︷ ︸

A1

e(t− d) +
[
−CpAp − CpBpCc

]
︸ ︷︷ ︸

A2

x(t− d)+

+
[
−CpBpDcCp 02×2

]
︸ ︷︷ ︸

A3

x(t− 2d),

with A1 being diagonal

A1 =

[
15.73 0

0 11.3580

]
.

Since the example in [68] does not consider noisy information, one can set
Kν = 0. In other words, bias b(t) ≡ b = 0 and all L2-stability results in this
subsection are without bias. Likewise, in order to provide a better comparison
with [68], we assume that the received values of y and u given by ŷ and û,
respectively, remain constant between updates (see (2.12)). This strategy is
known as the Zero-Order Hold (ZOH) strategy. Let us point out that the ZOH
strategy is an integral part of the small-delay approach in [68]; hence, the ZOH
assumption in [68] cannot be trivially relaxed.

According to [131] and [68], we select WRR(i, e) := ‖D(i)e‖ and
WTOD(t, e) := ‖e‖, where D(i) is a diagonal matrix whose diagonal elements
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are upper bounded by
√
l. Next, we determine LRR, HRR(x, ω, d), LTOD and

HTOD(x, ω, d) as follows:

〈∂WRR(i, e)

∂e
, ė
〉
≤ ‖D(i)ė‖ =

=
∥∥D(i)

(
A1e(t− d) +A2x(t− d) +A3x(t− 2d)

)∥∥

≤ ‖A1‖︸ ︷︷ ︸
LRR

‖D(i)e(t− d)‖︸ ︷︷ ︸
WRR(i,e(t−d))

+
√
l‖A2x(t− d) +A3x(t− 2d)‖︸ ︷︷ ︸

HRR(x,ω,d)

,

〈∂WTOD(i, e)

∂e
, ė
〉

=
1

WTOD(i, e)

(
e(t)>A1e(t− d)+

+ e(t)>
(
A2x(t− d) +A3x(t− 2d)

))

≤ 1

WTOD(i, e)

(
‖e(t)‖‖A1‖‖e(t− d)‖+

+ ‖e(t)‖‖A2x(t− d) +A3x(t− 2d)‖
)

= ‖A1‖︸ ︷︷ ︸
LTOD

‖e(t− d)‖︸ ︷︷ ︸
WTOD(i,e(t−d))

+ ‖A2x(t− d) +A3x(t− 2d)‖︸ ︷︷ ︸
HTOD(x,ω,d)

.

In order to compute γH for p = 2, we use the software HINFN [124].
However, HINFN is not able to handle delayed states in the output (see HRR

and HTOD). In order to accommodate HRR and HTOD to HINFN, we first
compute an estimate of the L2-gain, say L1, from (e, ω) to y1 := A2x(t),
and then an estimate of the L2-gain, say L2, from (e, ω) to y2 := A3x(t).
Afterward, we simply add together those two gains because

‖y1(t)[t0,∞) + y2(t− d)[t0,∞)‖p = ‖y1(t)[t0,∞) + y2(t)[t0 + d,∞)‖p
≤ ‖y1(t)[t0,∞)‖p + ‖y2(t)[t0,∞)‖p
≤ (L1 + L2)︸ ︷︷ ︸

γHTOD≤

‖(e, ω)[t0,∞)‖p,

where we used the fact that the L2-gain of the time-delay operator Dd is less
than unity (refer to [87] for more) and that y2(t − d) = 0 when t − d < t0.
Notice that another d seconds delay added to ‖y1(t) + y2(t − d)‖ is exactly
HTOD and the corresponding Lp-gain γHTOD remains unaltered (i.e., γHTOD
is less or equal to L1 +L2). In addition, from the form of HRR we infer that we
can use γHRR =

√
lγHTOD . According to HINFN, the maximally admissible

delay d is 40 ms. In addition, let us choose the controlled output z given by
z(t) = Cx(t) where

C =

[
1 0 1 −1 0 0
0 1 0 0 0 0

]
.

One goal of [68] is to determine pairs (d, τ) such that the L2-gain, denoted γz,
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UGAS
d = 0 d = 6.3 d = 40

our work
RR τ = 6.5 τ = 3.6 τ = 1.3

TOD τ = 7.8 τ = 5.3 τ = 2.8

[68]
RR τ [68] = 8.9 N/A N/A

TOD τ [68] = 10.8 τ [68] = 8.3 N/A

TABLE 2.1
Comparison between our methodology and [68] for UGAS. All delays d and
MATIs τ are measured in milliseconds.

L2-gain γz = 200
d = 10 d = 40

our work
RR τ = 1.6 τ = 0.18

TOD τ = 2.6 τ = 0.64

[68]
RR N/A N/A

TOD N/A N/A

TABLE 2.2
Comparison of our methodology and [68] for L2-stability. Delays d and MATIs
τ are expressed in milliseconds.

from ω to z is below a certain value. This goal is achieved in a similar manner
as Corollary 2.1.

When one is interested merely in asymptotic stability, then the input to Σn
is e instead of (e, ω) because, for this particular example, the corresponding
γH is smaller (i.e., τ is greater). Owing to Proposition 2.1, we infer UGAS.
When interested in UGAS, HINFN suggests that d is 2.34 s. However, the
corresponding τ is extremely small (the order of magnitude is 10−200 s for both
RR and TOD) and has no practical merit but rather confirms Remark 2.3.

In Tables 2.1 and 2.2, a comparison between the methodology presented
herein and in [68] is provided. We consider the case without ω, which renders
UGAS, and the case with ω, which renders L2-stability from ω to z with a
prespecified gain γz. Notice that the maximal possible τ [68], obtained with
TOD for d = 0 ms and when interested in UGAS, is 10.8 ms. Hence, the
maximal theoretical delay that can be considered in [68] for TOD is d =
10.8 ms while for RR is d = 8.9 ms. Recall that this corresponds to the small
delay case. We point out that our methodology is able to consider delays that
are significantly greater than 10.8 ms even when Lp-stability is of interest
(refer to Tables 2.1 and 2.2). In fact, provided that Σn is Lp-stable for some
d ≥ 0 (recall that each such d is an admissible delay), there exists a stabilizing
τ > 0 (see Remark 2.3). As can be concluded from Tables 2.1 and 2.2, those
MATIs that can be computed in [68] are about 50% greater than ours for the
same d.
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2.5.2 Planar System with Constant Delays

The following example is motivated by [186, Example 2.2] and all the results
are provided for p = 2. It is straightforward to show that [186, Example
2.2] is not L2-stable when the error vector e is considered as the input. In
addition, [186, Example 2.2] does not contain disturbance terms. Therefore,
we introduce disturbance ω and modify [186, Example 2.2] to make it (more
precisely, its nominal system (2.13)) L2-stable in the sense of (2.16) with delay-
independent L2-gain. Basically, consider the following nonlinear delayed plant
(compare with (2.2))

[
ẋp1(t)
ẋp2(t)

]
=

[
−0.5xp1(t)+xp2(t)−0.25xp1(t) sin

(
u(t)xp2(t−dp1)

)

xp1(t) sin
(
u(t)xp2(t−dp1)

)
+1.7xp2(t−dp2)+u(t)−xp2(t)

]
+
[
ω1(t)
ω2(t)

]

controlled with (compare with (2.3))

u(t) = −2xp1(t)− 2xp2(t).

As this controller is without internal dynamics, therefore x(t) := xp(t) =
(xp1(t), xp2(t)). Additionally, ω(t) := (ω1(t), ω2(t)).

Let us consider the NCS setting in which noisy information regarding xp1
and xp2 are transmitted over a communication network while the control signal
is not transmitted over a communication network nor distorted (i.e., û = u).
Anyway, since we are considering a static controller (i.e., no state on its own), a
potential NCS link for transmitting u can readily be embedded in NCS links
from the plant to the controller. In addition, consider that the information
regarding xp2 arrives at the controller with delay d while information regarding
xp1 arrives in timely manner. For the sake of simplicity, let us take d = dp2.
Apparently, the output of the plant is y(t) = xp(t) = x(t) and there are
two NCS links so that l = 2. Namely, xp1 is transmitted through one NCS
link while xp2 is transmitted through the second NCS link. The repercussions
of these two NCS links are modeled via the following error vector (compare
with (2.5))

e =

[
e1

e2

]
= ŷ −

([
xp1(t)

0

]
+

[
0

xp2(t− d)

]

︸ ︷︷ ︸
yt

)
.

The expressions (2.10) and (2.12) for this example become:

ẋ(t) =

[
−0.5 1
−2 −1

]

︸ ︷︷ ︸
A1

x(t) +

[
0 0
0 −0.3

]

︸ ︷︷ ︸
A2

x(t− d)+

+

[
−0.25 0

1 0

]

︸ ︷︷ ︸
B1

x(t)N(xt, e) +

[
0 0
−2 −2

]

︸ ︷︷ ︸
B

e(t) + ω(t), (2.18)
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〈∂WRR(i, e)

∂e
, ė
〉
≤ ‖D(i)ė‖ ≤

√
l‖B‖︸ ︷︷ ︸
LRR

‖D(i)e(t− d)‖︸ ︷︷ ︸
WRR(i,e(t−d))

+

+
√
l
(
‖C1x(t) + C2x(t− d) + C3x(t− 2d) + C6ω(t) + C7ω(t− d)‖+ ‖C4x(t)‖+ ‖C5x(t− d)‖

)︸ ︷︷ ︸
HRR(xt,ωt)

,

(2.19)〈∂WTOD(i, e)

∂e
, ė
〉
≤ ‖B‖︸︷︷︸
LTOD

‖e(t− d)‖︸ ︷︷ ︸
WTOD(i,e(t−d))

+

+
(
‖C1x(t) + C2x(t− d) + C3x(t− 2d) + C6ω(t) + C7ω(t− d)‖+ ‖C4x(t)‖+ ‖C5x(t− d)‖

)︸ ︷︷ ︸
HTOD(xt,ωt)

,

(2.20)

ė(t) = ˙̂y −Be(t− d) +

[
0.5 −1
0 0

]

︸ ︷︷ ︸
C1

x(t) +

[
0 0
2 2

]

︸ ︷︷ ︸
C2

x(t− d)+

+

[
0 0
0 0.3

]

︸ ︷︷ ︸
C3

x(t− 2d) +

[
0.25 0

0 0

]

︸ ︷︷ ︸
C4

x(t)N(xt, e)+

+

[
0 0
−1 0

]

︸ ︷︷ ︸
C5

x(t− d)N(xt, et) +

[
−1 0
0 0

]

︸ ︷︷ ︸
C6

ω(t) +

[
0 0
0 −1

]

︸ ︷︷ ︸
C7

ω(t− d),

where N(xt, e) := sin

([
−2
(
xp1(t)+e1(t)

)
−2
(
xp2(t−d)+e2(t)

)]
xp2(t−dp1)

)

and N(xt, et) := sin

([
− 2
(
xp1(t − d) + e1(t − d)

)
− 2
(
xp2(t − 2d) + e2(t −

d)
)]
xp2(t− dp1 − d)

)
.

According to [131] and [68], we select WRR(i, e) := ‖D(i)e‖ and
WTOD(t, e) := ‖e‖, where D(i) is a diagonal matrix whose diagonal elements
are lower bounded by 1 and upper bounded by

√
l. Next, we determine LRR,

HRR(x, ω, d), LTOD and HTOD(x, ω, d) from Theorem 2.2 for the ZOH strat-
egy (i.e., ˙̂y ≡ 0ny ) obtaining (2.19) and (2.20). In order to estimate γH , we
utilize Lyapunov–Krasovskii functionals according to [29, Chapter 6] and [38].
Basically, if there exist γ ≥ 0 and a Lyapunov–Krasovskii functional V (xt)
for the nominal system (2.13), that is (2.18), with the input (W,ω) and the
output H such that its time derivative along the solution of (2.13) with a zero
initial condition satisfies

V̇ (xt) +H>H − γ2(W,ω)>(W,ω) ≤ 0, ∀xt ∈ C([−d, 0],Rnx), (2.21)
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

A>1 C+CA1+E+N(xt,e)(B

>
1 C+CB1)+C>1 C1 CA2+C>1 C2 CB C+C>1 C6

A>2 C+C>2 C1 −E+C>2 C2 02×2 C>2 C6

B>C 02×2 −γ2I2 02×2

C+C>6 C1 C>6 C2 02×2 −γ2I2+C>6 C6


 ≤ 0,

(2.23)

then the corresponding L2-gain γH is less than γ. Refer to [133] for more
regarding time-derivatives of functionals along solutions. The functional used
herein is

V (xt) = x(t)>Cx(t) +

∫ 0

−d
x(t+ θ)>Ex(t+ θ)dθ, (2.22)

where C and E are positive-definite symmetric matrices.
Next, we illustrate the steps behind employing (2.22). Let us focus on

TOD (i.e., the input is (e, ω)) and the output C1x(t) + C2x(t− d) + C6ω(t).
The same procedure is repeated for the remaining terms of HRR(xt, ωt) and
HTOD(xt, ωt). For the Lyapunov–Krasovskii functional in (2.22), the expres-
sion (2.21) boils down to the Linear Matrix Inequality (LMI) (see [29] for
more) given by (2.23). For a comprehensive discussion regarding LMIs, refer
to [29]. Notice that the above LMI has to hold for all N(xt, e) ∈ [−1, 1]. Using
the LMI Toolbox in MATLAB R©, we find that the minimal γ for which (2.23)
holds is in fact γH . For our TOD example and the specified output, we obtain
γH = 18.7051. This γH holds for all d ≥ 0. In other words, any d ≥ 0 is an
admissible delay and belongs to the family D. For RR, simply multiply γH
by
√

2.
Detectability of x from (W,x,H), which is a condition of Corollary 2.1,

is easily inferred by taking x(t) to be the output of the nominal system and
computing the respective L2-gain γd. Next, let us take the output of interest
to be x and find MATIs that yield the desired Lp-gain from ω to x to be
γdes = 50. Combining (2.56) with γd leads to the following condition

γW γH < 1− γd
γdes

that needs to be satisfied (by changing γW through changing MATIs) in order
to achieve the desired gain γdes. In addition, observe that the conditions of
Proposition 2.1 hold (and the closed-loop system is an autonomous system)
so that we can infer UGAS when ω ≡ 0nω and Kν = 0.

Let us now introduce the following estimator (compare with (2.8))

˙̂y = Bŷ(t− d) = B

(
e(t− d) +

[
1 0
0 0

]
x(t− d) +

[
0 0
0 1

]
x(t− 2d)

)
, (2.24)

which can be employed when one is interested in any of the three performance
objectives (i.e., UGAS, Lp-stability or Lp-stability with a desired gain).

www.TechnicalPDF.com



34 Networked Control Systems with Intermittent Feedback

0 50 100 150 200
0

5

10

15

20

25

30

35

40

delay d [ms]

M
A

T
I [

m
s]

Round Robin (RR)

 

 
UGAS/no estim.
Lp−stab./no estim.
des. gain/no estim.
UGAS/with estim.
Lp−stab./with estim.
des. gain/with estim.
UGAS/no estim.
Lp−stab./no estim.
des. gain/no estim.
UGAS/with estim.
Lp−stab./with estim.
des. gain/with estim.

(a)

0 50 100 150 200
0

10

20

30

40

50

60

delay d [ms]

M
A

T
I [

m
s]

Try−Once−Discard (TOD)

 

 
UGAS/no estim.
Lp−stab./no estim.
des. gain/no estim.
UGAS/with estim.
Lp−stab./with estim.
des. gain/with estim.
UGAS/no estim.
Lp−stab./no estim.
des. gain/no estim.
UGAS/with estim.
Lp−stab./with estim.
des. gain/with estim.

(b)

FIGURE 2.3
Numerically obtained MATIs for different delay values d ≥ 0 in scenarios with
and without estimation: (a) RR and (b) TOD.
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Figure 2.3 provides evidence that the TOD protocol results in greater
MATIs (at the expense of additional implementation complexity/costs) and
that the model-based estimators significantly prolong MATIs, when compared
with the ZOH strategy, especially as d increases. We point out that a different
estimator (such as ˙̂y = kBŷ(t − d) for some k ∈ R) can be employed as
d approaches zero (because the estimator slightly decreases the MATIs as
seen in Figure 2.3) to render greater MATIs in comparison with the scenarios
without estimation. However, we do not modify our estimator as d approaches
zero for the sake of clarity. In addition, notice that the case d = 0 boils down
to ODE modeling so that we can employ less conservative tools for computing
L2-gains. Accordingly, the 4 × 4 LMI given by (2.23) becomes a 3 × 3 LMI
resulting in a smaller γH . Furthermore, the constant a in Theorem 2.2 becomes
L, rather than a

aL, which in turn decreases γW for the same τ . Apparently,

MATIs pertaining to UGAS are greater than the MATIs pertaining to Lp-
stability from ω to (x, e) and these are greater than the MATIs pertaining to
Lp-stability from ω to x with γdes = 50.

For completeness, we provide the gains used to obtain Figure 2.3:
γH,TOD = 9.6598 for UGAS with ZOH and d = 0; γH,TOD = 4.3344 for UGAS
with estimation and d = 0; γH,TOD = 22.3631 for UGAS with ZOH and d > 0;
γH,TOD = 27.3659 for UGAS with estimation and d > 0; γH,TOD = 10.8958
for Lp-stability with ZOH and d = 0; γH,TOD = 5.3258 for Lp-stability with
estimation and d = 0; γH,TOD = 26.4601 for Lp-stability with ZOH and d > 0;
γH,TOD = 31.7892 for Lp-stability with estimation and d > 0; γd = 3.5884 for
d = 0; and γd = 7.9597 for d > 0. Recall that γH,RR =

√
2γH,TOD. For γH,RR,

simply multiply γH,TOD with
√

2.

2.5.3 Inverted Pendulum with Time-Varying Delays

The following example is taken from [170, 183] and the results are provided
for p = 2. Consider the inverted pendulum (compare with (2.2)) given by

ẋp1 = xp2 + ω1

ẋp2 =
1

L
(−g cos(xp1) + u) + ω2,

where g = 9.8 and L = 2, controlled with

u = −Lλxp2 + g cos(xp1)−K(xp2 + λxp1),

where K = 50 and λ = 1. Clearly, the control system goal is to keep the pendu-
lum at rest in the upright position. Because this controller is without internal
dynamics, x(t) := xp(t) = (xp1(t), xp2(t)). Additionally, ω(t) := (ω1(t), ω2(t)).

Consider the NCS setting in which noisy information regarding xp1 and
xp2 are transmitted over a communication network while the control signal is
not transmitted over a communication network nor distorted (i.e., û = u). In
addition, consider that the information regarding xp2 arrives at the controller
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with delay d(t) ≤ d̆ and |ḋ(t)| ≤ d̆1 while information regarding xp1 arrives
instantaneously. Apparently, the output of the plant is y(t) = xp(t) = x(t) and
there are two NCS links so that l = 2. Namely, xp1 is transmitted through
one NCS link while xp2 is transmitted through the second NCS link. The
repercussions of these two NCS links are modeled via the following error vector
(compare with (2.5))

e =

[
e1

e2

]
= ŷ −

([
xp1(t)

0

]
+

[
0

xp2(t− d(t))

]

︸ ︷︷ ︸
yt

)
.

The expressions (2.10) and (2.12) for this example become

ẋ(t) =

[
0 1
−Kλ
L −1

]

︸ ︷︷ ︸
A1

x(t) +

[
0 0
0 −K

L − λL

]

︸ ︷︷ ︸
A2

x(t− d(t))+

+

[
0

n(x1(t), e1(t))

]
+

[
0 0
−Kλ
L

−K
L − λL

]

︸ ︷︷ ︸
B

e(t) + ω(t),

ė(t) = ˙̂y +

[
0 −1
0 0

]

︸ ︷︷ ︸
B1

x(t) +

[
−1 0
0 0

]

︸ ︷︷ ︸
C1

ω(t) +

(
−Be(t− d(t))+

+

[
0 0
Kλ
L 0

]

︸ ︷︷ ︸
B2

x(t− d(t))−
[

0
n(x1(t− d(t)), e1(t− d(t)))

]
+

+

[
0 0
0 −1

]

︸ ︷︷ ︸
C2

ω(t− d(t)) +

[
0 0
0 K

L + λL

]

︸ ︷︷ ︸
B3

x(t− 2d(t))

)
(1− ḋ(t)),

where n(x1(t), e1(t)) = −2g
L sin

(
e1(t)+2x1(t)

2

)
sin
(
e1(t)

2

)
.

According to [131] and [68], we select WRR(i, e) := ‖D(i)e‖ and
WTOD(t, e) := ‖e‖, where D(i) is a diagonal matrix whose diagonal elements
are lower bounded by 1 and upper bounded by

√
l. Next, we determine LRR,

HRR(x, ω, d), LTOD and HTOD(x, ω, d) from Theorem 2.2 for the ZOH strat-
egy (i.e., ˙̂y ≡ 0ny ) obtaining (2.25) and (2.26).

The Lyapunov–Krasovskii functional used for the pendulum example is

V (t, xt, ẋt) = x(t)>Px(t) +

∫ t

t−d̆
x(s)>Sx(s)ds+

+ d̆

∫ 0

−d̆

∫ t

t+θ

ẋ(s)>Rẋ(s)dsdθ +

∫ t

t−d(t)

x(s)>Qx(s)ds,
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〈∂WRR(i, e)

∂e
, ė
〉
≤ ‖D(i)ė‖ ≤

√
l
(
1 + d̆1

)(
‖B‖+

g

L

)
︸ ︷︷ ︸

LRR

‖D(i)e(t− d(t))‖︸ ︷︷ ︸
WRR(i,e(t−d(t)))

+

+
√
l
(∥∥B1x(t) + C1ω(t) +

(
1− ḋ(t)

)(
B2x(t− d(t)) +B3x(t− 2d(t)) + C2ω(t− d(t))

)∥∥)︸ ︷︷ ︸
HRR(xt,ωt)

,

(2.25)〈∂WTOD(i, e)

∂e
, ė
〉
≤
(
1 + d̆1

)(
‖B‖+

g

L

)
︸ ︷︷ ︸

LTOD

‖e(t− d(t))‖︸ ︷︷ ︸
WTOD(i,e(t−d(t)))

+

+
(∥∥B1x(t) + C1ω(t) +

(
1− ḋ(t)

)(
B2x(t− d(t)) +B3x(t− 2d(t)) + C2ω(t− d(t))

)∥∥)︸ ︷︷ ︸
HTOD(xt,ωt)

,

(2.26)

where P is a positive-definite symmetric matrix while S, R and Q are positive-
semidefinite symmetric matrices. Next, we take the output of interest to be x
and find MATIs that yield the desired Lp-gain from ω to x to be γdes = 15. In
addition, observe that the conditions of Proposition 2.1 hold (and the closed-
loop system is an autonomous system) so that we can infer UGAS when
ω ≡ 0nω and Kν = 0.

We use the following estimator (compare with (2.8))

˙̂y = Bŷ(t− d(t))(1− ḋ(t)) = B

(
e(t− d(t)) +

[
1 0
0 0

]
x(t− d(t))+

+

[
0 0
0 1

]
x(t− 2d(t))

)
(1− ḋ(t)),

which can be employed in any of the three performance objectives (i.e., UGAS,
Lp-stability or Lp-stability with a desired gain) provided d(t) is known. One
can use the ideas from Remark 2.4 toward obtaining known delays.

Figures 2.4 and 2.5 provide evidence that the TOD protocol results
in greater MATIs (at the expense of additional implementation complex-
ity/costs) and that the model-based estimators significantly prolong MATIs,

when compared with the ZOH strategy. In addition, notice that the case d̆ = 0
boils down to ODE modeling, so that we can employ less conservative tools for
computing L2-gains. Apparently, MATIs pertaining to UGAS are greater than
the MATIs pertaining to Lp-stability from ω to (x, e) and these are greater
than the MATIs pertaining to Lp-stability from ω to x with γdes = 15. As

expected, time-varying delays upper bounded with some d̆ lead to smaller MA-
TIs when compared to constant delays d̆. It is worth mentioning that d̆ = 33
ms is the maximal value for which we are able to establish condition (a) of
Theorem 2.2. Consequently, the delays from Figures 2.4 and 2.5 are instances
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FIGURE 2.4
Numerically obtained MATIs for various constant delay values d ≥ 0 in sce-
narios with and without estimation: (a) RR and (b) TOD.
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UGAS/no estim.
Lp-stab./no estim.
des. gain/no estim.
UGAS/with estim.
Lp-stab./with estim.
des. gain/with estim.

(a)

0 5 10 15 20 25 30

delay upper bound [ms]

0

5

10

15

20

M
A

T
I [

m
s]

Try-Once-Discard (TOD), |ḋ| ≤ 0.5
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(b)FIGURE 2.5
Numerically obtained MATIs for various time-varying delays d(t) such that

d(t) ≤ d̆ and |ḋ(t)| ≤ d̆1 = 0.5 in scenarios with and without estimation: (a)
RR and (b) TOD.
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of admissible delays. The exhaustive search for admissible delays is an open
problem that is out of the scope of this chapter.

2.6 Conclusions and Perspectives

In this chapter, we studied how much information exchange between a plant
and controller can become intermittent (in terms of MATIs) such that the
performance objectives of interest are not compromised. Depending on the
noise and disturbance setting, the performance objective can be UGAS or
Lp-stability (with a prespecified gain and toward the output of interest). Our
framework incorporates time-varying delays and transmission intervals that
can be smaller than the delays, nonlinear plants/controllers with delayed dy-
namics, external disturbances (or modeling uncertainties), UGES scheduling
protocols (e.g., the RR and TOD protocols), distorted data and model-based
estimators. As expected, the TOD protocol results in greater MATIs than the
RR protocol. Likewise, estimation (rather than the ZOH strategy) between
two consecutive transmission instants extends the MATIs.

Regarding potential future research avenues, one can devise conditions
rendering Lp-stability of the error dynamics involving several time-varying
delays (see Remark 2.4). In addition, in light of [44], we plan to design event-
and self-triggering for delayed NCS with scheduling protocols. Observe that
Chapter 3 does not consider delays or scheduling protocols.

2.7 Proofs of Main Results

2.7.1 Proof of Lemma 2.1

This proof follows the exposition in [208]. The following two definitions re-
garding (2.1) are utilized in this proof and are taken from [208].

Definition 2.7 (Lyapunov Function). The function V : [t0,∞)× Rnξ → R+

is said to belong to the class ν0 if we have the following:

1. V is continuous in each of the sets [tk−1, tk)× Rnξ , and for each ξ ∈ Rnξ
and each t ∈ [tk−1, tk), where k ∈ N, the limit lim(t,y)→(t−k ,x) V (t, y) =

V (t−k , x) exists;

2. V (t, ξ) is locally Lipschitz in all ξ ∈ Rnξ ; and

3. V (t, 0) ≡ 0 for all t ≥ t0.
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Definition 2.8 (Upper Dini Derivative). Given a function V : [t0,∞) ×
Rnξ → R+, the upper right-hand derivative of V with respect to system (2.1)
is defined by D+V (t, ξ(t)) = lim supδ↘0

1
δ [V (t+ δ, ξ(t+ δ))− V (t, ξ(t))].

Proof. We prove this theorem employing mathematical induction. Consider
the following Lyapunov function for (2.15) with ũ ≡ 0, ν̃ ≡ 0:

V (t, ξ(t)) = rξ(t)2. (2.27)

Using 2ab ≤ a2 + b2, a, b ∈ R in what follows, we obtain

D+V (t, ξ(t)) ≤ 2rξ(t)aξ(t− d(t)) ≤ r2ξ(t)2 + a2ξ(t− d(t))2

≤ rV (t, ξ(t)) + λ1V (t− d(t), ξ(t− d(t))), (2.28)

along the solutions of (2.15) with ũ, ν̃ ≡ 0, for each t 6∈ T . In what follows, we
are going to show that

V (t, ξ(t)) ≤ rM‖ξt0‖2e−λ(t−t0), ∀t ≥ t0, (2.29)

where

M > eλτ ≥ eλ(t1−t0). (2.30)

One can easily verify that (I) implies (2.30). Notice that this choice of M
yields ‖ξt0‖2 < M‖ξt0‖2e−λ(t1−t0).

According to the principle of mathematical induction, we start showing
that

V (t, ξ(t)) ≤ rM‖ξt0‖2e−λ(t−t0), ∀t ∈ [t0, t1), (2.31)

holds by showing that the basis of mathematical induction

V (t, ξ(t)) ≤ rM‖ξt0‖2e−λ(t1−t0), ∀t ∈ [t0, t1), (2.32)

holds. For the sake of contradiction, suppose that (2.32) does not hold. From
(2.27) and (2.30), we infer that there exists t ∈ (t0, t1) such that

V (t, ξ(t)) > rM‖ξt0‖2e−λ(t1−t0)

> r‖ξt0‖2 ≥ V (t0 + s, ξ(t0 + s)), ∀s ∈ [−d̆, 0],

which implies that there exists t∗ ∈ (t0, t) such that

V (t∗, ξ(t∗)) = rM‖ξt0‖2e−λ(t1−t0),

V (t, ξ(t)) ≤ V (t∗, ξ(t∗)), ∀t ∈ [t0 − d̆, t∗], (2.33)

and there exists t∗∗ ∈ [t0, t
∗) such that

V (t∗∗, ξ(t∗∗)) = r‖ξt0‖2,
V (t∗∗, ξ(t∗∗)) ≤ V (t, ξ(t)), ∀t ∈ [t∗∗, t∗]. (2.34)
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Using (2.33) and (2.34), for any s ∈ [−d̆, 0] we have

V (t+ s, ξ(t+ s)) ≤ rM‖ξt0‖2e−λ(t1−t0) = Me−λ(t1−t0)V (t∗∗, ξ(t∗∗))

≤Me−λ(t1−t0)V (t, ξ(t)), ∀t ∈ [t∗∗, t∗]. (2.35)

Let us now take s to be a function of time, that is, s := s(t). From (2.28) and

(2.35) with s := s(t) = −d(t) ∈ [−d̆, 0] for all t ∈ [t∗∗, t∗], we obtain

D+V (t, ξ(t)) ≤
(
r + λ1Me−λ(t1−t0)

)
V (t, ξ(t)),

for all t ∈ [t∗∗, t∗]. Recall that 0 < t∗ − t∗∗ ≤ t1 − t0 ≤ τ . Having that said, it
follows from (2.30), (2.33) and (2.34) that

V (t∗, ξ(t∗)) ≤ V (t∗∗, ξ(t∗∗))e(r+λ1Me−λ(t1−t0))(t∗−t∗∗)

= r‖ξt0‖2e(r+λ1Me−λ(t1−t0))(t∗−t∗∗)

≤ r‖ξt0‖2e(r+λ1Me−λτ )τ
(I)
< rM‖ξt0‖2e−λτ

≤ rM‖ξt0‖2e−λ(t1−t0) = V (t∗, ξ(t∗)),

which is a contradiction. Hence, (2.31) holds, i.e., (2.29) holds over [t0, t1).
It is now left to show that (2.29) holds over [tk−1, tk) for each k ∈ N,

k ≥ 2. To that end, assume that (2.29) holds for each k ∈ {1, 2, . . . ,m}, where
m ∈ N, i.e.,

V (t, ξ(t)) ≤ rM‖ξt0‖2e−λ(t−t0), ∀t ∈ [t0, tk), (2.36)

for every k ∈ {1, 2, . . . ,m}. Let us now show that (2.29) holds over [tm, tm+1)
as well, i.e.,

V (t, ξ(t)) ≤ rM‖ξt0‖2e−λ(t−t0), ∀t ∈ [tm, tm+1). (2.37)

For the sake of contradiction, suppose that (2.37) does not hold. Then, we can
define

t := inf
{
t ∈ [tm, tm+1)

∣∣V (t, ξ(t)) > rM‖ξt0‖2e−λ(t−t0)
}
.

From (2.15b) with ν̃ ≡ 0 and (2.36), we know that

V (t+m, ξ(t
+
m)) = rξ(t+m)2 = rc2ξ(tm)2 = λ2V (t−m, ξ(t

−
m))

≤ λ2rM‖ξt0‖2e−λ(tm−t0)

= λ2rM‖ξt0‖2eλ(t−tm)e−λ(t−t0)

< λ2re
λ(tm+1−tm)M‖ξt0‖2e−λ(t−t0)

< rM‖ξt0‖2e−λ(t−t0),

where λ2 ∈ (0, 1) is such that λ2e
λ(tm+1−tm) ≤ λ2e

λτ < 1. One can easily
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verify that (II) implies λ2e
λτ < 1. Another fact to notice is that t 6= tm.

Employing the continuity of V (t, ξ(t)) over the interval [tm, tm+1), we infer

V (t, ξ(t)) = rM‖ξt0‖2e−λ(t−t0),

V (t, ξ(t)) ≤ V (t, ξ(t)), ∀t ∈ [tm, t]. (2.38)

In addition, we know that there exists t∗ ∈ (tm, t) such that

V (t∗, ξ(t∗)) = λ2re
λ(tm+1−tm)M‖ξt0‖2e−λ(t−t0),

V (t∗, ξ(t∗)) ≤ V (t, ξ(t)) ≤ V (t, ξ(t)), ∀t ∈ [t∗, t]. (2.39)

We proceed as follows, for any t ∈ [t∗, t] and any s ∈ [−d̆, 0], then either

t+ s ∈ [t0− d̆, tm) or t+ s ∈ [tm, t]. If t+ s ∈ [t0− d̆, tm), then from (2.36) we
have

V (t+ s, ξ(t+ s)) ≤ rM‖ξt0‖2e−λ(t+s−t0)

= rM‖ξt0‖2e−λ(t−t0)e−λs

≤ rM‖ξt0‖2e−λ(t−t0)eλ(t−t)eλd̆

≤ reλd̆eλ(tm+1−tm)M‖ξt0‖2e−λ(t−t0). (2.40)

If t+ s ∈ [tm, t], then from (2.38) we have

V (t+ s, ξ(t+ s)) ≤ rM‖ξt0‖2e−λ(t−t0)

≤ reλd̆eλ(tm+1−tm)M‖ξt0‖2e−λ(t−t0). (2.41)

Apparently, the upper bounds (2.40) and (2.41) are the same; hence, it does

not matter whether t+s ∈ [t0− d̆, tm) or t+s ∈ [tm, t]. Therefore, from (2.39)

and this upper bound, we have for any s ∈ [−d̆, 0]

V (t+ s, ξ(t+ s)) ≤ eλd̆

λ2
V (t∗, ξ(t∗)) ≤ eλd̆

λ2
V (t, ξ(t)), (2.42)

for all t ∈ [t∗, t]. Once more, let us take s to be a function of time, that is,

s := s(t) = −d(t) ∈ [−d̆, 0] for all t ∈ [t∗, t]. Now, from (2.28) and (2.42), we
have

D+V (t, ξ(t)) ≤
(
r +

λ1

λ2
eλd̆
)
V (t, ξ(t)), ∀t ∈ [t∗, t].

Recall that 0 < t− t∗ ≤ tm+1 − tm ≤ τ . Accordingly, we reach

V (t, ξ(t)) ≤ V (t∗, ξ(t∗))e(r+
λ1
λ2
eλd̆)(t−t∗)

= λ2re
λ(tm+1−tm)M‖ξt0‖2e−λ(t−t0)e(r+

λ1
λ2
eλd̆)(t−t∗)

≤ λ2e
λτe(r+

λ1
λ2
eλd̆)τrM‖ξt0‖2e−λ(t−t0)

(II)
< rM‖ξt0‖2e−λ(t−t0) = V (t, ξ(t)),
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which is a contradiction; hence, (2.29) holds over [tm, tm+1). Employing math-
ematical induction, one immediately infers that (2.29) holds over [tk−1, tk) for
each k ∈ N. From (2.27) and (2.29), it follows that

‖ξ(t)‖ ≤
√
M‖ξt0‖e−

λ
2 (t−t0), ∀t ≥ t0.

2.7.2 Proof of Theorem 2.1

The following two well-known results can be found in, for example, [168].

Lemma 2.2 (Young’s Inequality). Let ∗ denote convolution over an interval
I, f ∈ Lp[I] and g ∈ Lq[I]. The Young’s inequality is ‖f ∗ g‖r ≤ ‖f‖p‖g‖q for
1
r = 1

p + 1
q − 1 where p, q, r > 0.

Theorem 2.3 (Riesz–Thorin Interpolation Theorem). Let F : Rn → Rm
be a linear operator and suppose that p0, p1, q0, q1 ∈ [1,∞] satisfy p0 < p1

and q0 < q1. For any θ ∈ [0, 1], define pθ, qθ by 1/pθ = (1 − θ)/p0 + θ/p1

and 1/qθ = (1 − θ/q0) + θ/q1. Then, ‖F‖pθ→qθ ≤ ‖F‖1−θp0→q0‖F‖θp1→q1 , where
‖F‖p·→q· denotes the norm of the mapping F between the Lp· and Lq· space.
In particular, if ‖F‖p0→q0 ≤ M0 and ‖F‖p1→q1 ≤ M1, then ‖F‖pθ→qθ ≤
M1−θ

0 Mθ
1 .

Proof. From the UGES assumption of the theorem, we infer that the funda-
mental matrix Φ(t, t0) satisfies:

‖Φ(t, t0)‖ ≤
√
Me−

λ
2 (t−t0), ∀t ≥ t0,

uniformly in t0. Refer to [4, Definition 3] for the exact definition of a funda-
mental matrix. Now, [4, Theorem 3.1] provides

ξ(t) = Φ(t, t0)ξ(t0) +

∫ t

t0

Φ(t, s)ũ(s)ds

+

∫ t

t0

Φ(t, s)aξs(−d(t))ds+
∑

t0<ti≤t
Φ(t, ti)ν̃(ti), ∀t ≥ t0, (2.43)

where ξs(−d(t)) = 0 when s− d(t) ≥ t0. The above equality along with

∑

t0<ti≤t
e−

λ
2 (t−ti) ≤

∞∑

i=1

e−
λ
2 εi =

1

e
λε
2 − 1

www.TechnicalPDF.com



MATIs with Time-Varying Delays and Model-Based Estimators 45

immediately yields

‖ξ(t)‖ ≤ ‖Φ(t, t0)‖‖ξt0‖+

∫ t

t0

‖Φ(t, s)‖‖ũ(s)‖ds

+

∫ t

t0

‖Φ(t, s)‖|a|‖ξs(−d(t))‖ds+
∑

t0<ti≤t
‖Φ(t, ti)‖‖ν̃(ti)‖

≤
√
Me−

λ
2 (t−t0)‖ξt0‖+

√
M

∫ t

t0

e−
λ
2 (t−s)‖ũ(s)‖ds

+ |a|
√
M‖ξt0‖

∫ t0+d(t)

t0

e−
λ
2 (t−s)ds+ K̃ν

√
M

1

e
λε
2 − 1

, ∀t ≥ t0, (2.44)

uniformly in t0.
Let us now estimate the contribution of the initial condition ξt0 toward

‖ξ[t0, t]‖p by setting ũ ≡ 0 and K̃ν = 0. In other words, we have

‖ξ(t)‖ ≤
√
Me−

λ
2 (t−t0)‖ξt0‖+ |a|

√
M‖ξt0‖

∫ t0+d̆

t0

e−
λ
2 (t−s)ds, ∀t ≥ t0.

(2.45)

In what follows, we use (a + b)p ≤ 2p−1ap + 2p−1bp and (a + b)
1
p ≤ a

1
p + b

1
p ,

where a, b ≥ 0 and p ∈ [1,∞) (see, for example, [51, Lemmas 1 and 2]). Raising
(2.45) to the pth ∈ [1,∞) power, integrating over [t0, t] and taking the pth root
yields

‖ξ[t0, t]‖p ≤
(
√
M + |a|

√
M

2

λ

(
e
d̆λ
2 − 1

)
)

2
p−1
p

( 2

pλ

) 1
p ‖ξt0‖, ∀t ≥ t0,

where we used

(∫ ∞

t0

(∫ t0+d̆

t0

e−
λ
2 (t−s)ds

)p
dt

) 1
p

=
2

λ

(
e
d̆λ
2 − 1

)( 2

pλ

) 1
p

. (2.46)

When p =∞, simply take the limit

lim
p→∞

2
p−1
p

( 2

pλ

) 1
p

= 2.

Let us now estimate the contribution of the input ũ(t) toward ‖ξ[t0, t]‖p
by setting ‖ξt0‖ = 0 and K̃ν = 0. In other words, we have

‖ξ(t)‖ ≤
√
M

∫ t

t0

e−
λ
2 (t−s)‖ũ(s)‖ds, ∀t ≥ t0. (2.47)
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Note that
∫∞

0
e−

λ
2 sds = 2

λ . Now, integrating the previous inequality over [t0, t]
and using Lemma 2.2 with p = q = r = 1 yields the L1-norm estimate:

‖ξ[t0, t]‖1 ≤
2

λ

√
M‖ũ[t0, t]‖1, ∀t ≥ t0. (2.48)

Taking the max over [t0, t] in (2.47) and using Lemma 2.2 with q = r = ∞
and p = 1 yields the L∞-norm estimate:

‖ξ[t0, t]‖∞ ≤
2

λ

√
M‖ũ[t0, t]‖∞, ∀t ≥ t0. (2.49)

From (2.43), one infers that we are dealing with a linear operator, say F , that
maps ũ to e with bounds for the norms ‖F‖1 ≤ ‖F‖∗1 and ‖F‖∞ ≤ ‖F‖∗∞,
where ‖F‖∗1 and ‖F‖∗∞ are given by (2.48) and (2.49), respectively. Because
‖F‖∗1 = ‖F‖∗∞, Theorem 2.3 gives that ‖F‖p ≤ ‖F‖∗1 = ‖F‖∗∞ for all p ∈
[1,∞]. This yields

‖ξ[t0, t]‖p ≤
2

λ

√
M‖ũ[t0, t]‖p, ∀t ≥ t0, (2.50)

for any p ∈ [1,∞].
Let us now estimate the contribution of the noise ν̃(t) towards ‖ξ[t0, t]‖p

by setting ‖ξt0‖ = 0 and ũ ≡ 0. In other words, we have

‖ξ(t)‖ ≤ K̃ν

√
M

1

e
λε
2 − 1

, ∀t ≥ t0.

By identifying b(t) ≡ b := K̃ν

√
M 1

e
λε
2 −1

, we immediately obtain

‖ξ[t0, t]‖p ≤ ‖b[t0, t]‖p, ∀t ≥ t0,

for all p ∈ [1,∞].
Finally, summing up the contributions of ξt0 , ũ(t) and ν̃(t) produces

‖ξ[t0, t]‖p ≤ 2
√
M

(
1 + |a| 2

λ

(
e
d̆λ
2 − 1

)
)( 1

pλ

) 1
p ‖ξt0‖

+
2

λ

√
M‖ũ[t0, t]‖p + ‖b[t0, t]‖p, ∀t ≥ t0,

for any p ∈ [1,∞].

2.7.3 Proof of Theorem 2.2

Proof. Combining (i) of UGES protocols and (2.17), one obtains

〈∂W (i, e)

∂e
, g(t, xt, et, ωt)

〉
≤ a

a
LW (j, e(t− d(t))) + ‖H(xt, ωt)‖ (2.51)
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for any i, j ∈ N. Hence, the index i in W (i, e) can be omitted in what follows.
Now, we define Z(t) := W (e(t)) and reach

dZ(t)

dt
≤ a

a
LZ(t− d(t)) + ‖H(xt, ωt)‖, (2.52)

for almost all t /∈ T . For a justification of the transition from (2.51) to (2.52),
refer to [131, Footnote 8]. Likewise, property (ii) of the UGES protocols yields

Z(t+) ≤ ρZ(t) + aνj(t), (2.53)

for all t ∈ T , where νj(t), j ∈ {1, . . . , l}, is the jth NCS link noise given by
(2.7) and upper bounded with Kν . Notice that |Z(t)| = |W (e(t))|. Next, we
use the comparison lemma for impulsive delayed systems [109, Lemma 2.2].
Basically, the fundamental matrix of (2.52)–(2.53) is upper bounded with the
fundamental matrix of (2.15) with parameters a := a

aL and c := ρ. Refer to

[4, Definition 3] for the exact definition of a fundamental matrix. Of course,
the corresponding transmission interval τ in (2.15b), and therefore in (2.53),
has to allow for M > 1 and λ > 0 that satisfy (I), (II) and 2

λ

√
MγH < 1 (as

stated in Theorem 2.2). Essentially, (I) and (II) yield Lp-stability with bias

from H to W , while 2
λ

√
MγH < 1 allows us to invoke the small-gain theorem.

Following the proof of Theorem 2.1, one readily establishes Lp-stability from
H to W with bias, i.e.,

‖W [t0, t]‖p ≤ KW ‖Wt0‖+ γW ‖H[t0, t]‖p + ‖b[t0, t]‖p, (2.54)

for any t ≥ t0 any p ∈ [1,∞], where

KW := 2
√
M

(
1 +

a

a
L

2

λ

(
e
d̆λ
2 − 1

)
)( 1

pλ

) 1
p

,

γW :=
2

λ

√
M, b :=

aKν

√
M

e
λε
2 − 1

.

Let us now infer Lp-stability with bias from ω to (H, e) via the small-gain
theorem. Inequality (2.16) implies

‖H[t, t0]‖p ≤KH‖xt0‖+ γH‖W [t, t0]‖p + γH‖ω[t0, t]‖p, (2.55)

for all t ≥ t0. Combining the above with (2.54) and property (i) of the UGES
protocols yields

‖e[t0, t]‖p ≤
aKW /a

(1− γW γH)
‖et0‖+

γWKH/a

(1− γW γH)
‖xt0‖

+
γW γH/a

(1− γW γH)
‖ω[t0, t]‖p +

1/a

(1− γW γH)
‖b[t0, t]‖p, (2.56)

‖H[t0, t]‖p ≤
KH

1− γW γH
‖xt0‖+

aKHKW

1− γW γH
‖et0‖

+
γH

1− γW γH
‖ω[t0, t‖p +

γH
1− γW γH

‖b[t0, t‖p.
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From the above two inequalities, Lp-stability from ω to (H, e) with bias
γH+ 1

a

1−γW γH
aKν
√
M

e
λε
2 −1

and gain
γH(1+

γW
a )

1−γW γH is immediately obtained.

2.7.4 Proof of Corollary 2.1

Proof. The Lp-detectability of x from (W,ω,H) implies that there exist
Kd, γd ≥ 0 such that

‖x[t0, t]‖p ≤Kd‖xt0‖+ γd‖H[t0, t]‖p + γd‖(W,ω)[t0, t]‖p
≤Kd‖xt0‖+ γd‖H[t0, t]‖p + γd‖W [t0, t]‖p + γd‖ω[t0, t]‖p (2.57)

for all t ≥ t0. Plugging (2.55) into (2.57) leads to

‖x[t0, t]‖p ≤ Kd‖xt0‖+ γdKH‖xt0‖+ γdγH‖W [t, t0]‖p
+ γdγH‖ω[t0, t]‖p + γd‖W [t0, t]‖p + γd‖ω[t0, t]‖p
≤ Kd‖xt0‖+ γdKH‖xt0‖+ (aγdγH + aγd)‖e[t, t0]‖p
+ (γdγH + γd)‖ω[t0, t]‖p

for all t ≥ t0. Finally, we include (2.56) in (2.57) and add the obtained inequal-
ity to (2.56), which establishes Lp-stability with bias from ω to (x, e).

2.7.5 Proof of Proposition 2.1

Proof. For the case p =∞, UGS of the interconnection Σn and Σe is immedi-
ately obtained using the definition of L∞-norm. Therefore, the case p ∈ [1,∞)
is more interesting. From the conditions of the proposition, we know that there
exist K ≥ 0 and γ ≥ 0 such that

‖(x, e)[t0, t]‖p ≤ K‖(xt0 , et0)‖+ γ‖ω[t0, t]‖p, ∀t ≥ t0.
Recall that ω ≡ 0nω when one is interested in asymptotic stability. By raising
both sides of the above inequality to the pth power, we obtain:

∫ t

t0

‖(x, e)(s)‖pds ≤ K1‖(xt0 , et0)‖p, ∀t ≥ t0, (2.58)

where K1 := Kp.
First, we need to establish UGS of the interconnection Σn and Σe when

ω ≡ 0nω . Before we continue, note that the jumps in (2.13) and (2.14) are
such that ‖(x, e)(t+)‖ ≤ ‖(x, e)(t)‖ for each t ∈ T . Apparently, jumps are not
destabilizing and can be disregarded in what follows. Along the lines of the
proof for [165, Theorem 1], we pick any ε > 0. Let K be the set {(x, e)

∣∣ ε
2 ≤

‖(x, e)‖ ≤ ε}, K1 be the set {(x, e)
∣∣‖(x, e)‖ ≤ ε}, and take

a := sup
t∈R

(x,e)(t)∈K
(x,e)t∈PC([−d,0],K1)

‖
(
f(t, xt, e,0nω ), g(t, xt, et, 0̃nω )

)
‖,
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where f(t, xt, e,0nω ) and g(t, xt, et, 0̃nω ) are given by (2.10) and (2.12), re-
spectively. This supremum exists because the underlying dynamics are Lip-
schitz uniformly in t. Next, choose 0 < δ < ε

2 such that r < δ im-

plies K1‖(xt0 , et0)‖p < s0, where s0 := ε(ε/2)p

2a . Let ‖(xt0 , et0)‖d < δ.
Then ‖(x, e)(t)‖ < ε for all t ≥ t0. Indeed, suppose that there exists some
t > t0 such that ‖(x, e)(t)‖ ≥ ε. Then, there is an interval [t1, t2] such that
‖(x, e)(t1)‖ = ε

2 , ‖(x, e)(t2)‖ = ε, (x, e)(t) ∈ K, (x, e)t ∈ PC([−d, 0],K1), for
all t ∈ [t1, t2]. Hence,

∫ ∞

t0

‖(x, e)(s)‖pds ≥
∫ t2

t1

‖(x, e)(s)‖pds ≥ (t2 − t1)
( ε

2

)p
.

On the other hand,

ε

2
≤ ‖(x, e)(t2)− (x, e)(t1)‖ ≤

∫ t2

t1

‖(f(t, xt, e,0nω ), g(t, xt, et, 0̃nω ))‖ds

≤ a(t2 − t1),

and, combining the above with (2.58), we conclude that

s0 ≤
∫ ∞

t0

‖(x, e)(s)‖pds ≤ K1‖(xt0 , et0)‖p,

which is a contradiction.
Second, let us show asymptotic convergence of ‖(x, e)(t)‖ to zero. Using

(2.58), we infer that (x, e)(t) ∈ Lp. Owing to the Lipschitz dynamics of the
corresponding system, we conclude that (ẋ, ė)(t) ∈ Lp as well. Now, one read-
ily establishes asymptotic convergence of ‖x‖ to zero using [171, Facts 1–4].
Consequently, asymptotic convergence of ‖e‖ to zero follows from (2.44) by ob-
serving that ξ(t) and ũ(t) in (2.44) correspond to W (t) and H(t), respectively,
and using (i) of Definition 2.6.
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The previous chapter was characterized by constant MATIs that, at best,
result in periodic transmissions of up-to-date information and periodic execu-
tions of control laws when one aims for utmost feedback intermittency. The
goal of the present chapter is to relax this periodicity (i.e., MATI constancy)
using the self-triggered transmission paradigm. The MATIs in this chapter are
designed for the worst-case scenario and preclude potential prolongation of
transmission intervals utilizing the information arriving from the plant (e.g.,
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plant output and external input). It is worth mentioning that this chapter
does not consider delays or scheduling protocols. The proposed approach is
successfully applied to an Autonomous Cruise Control (ACC) scenario.

3.1 Motivation, Applications and Related Works

In this chapter, we devise input-output triggering employing Lp-gains over a
finite horizon in the small-gain theorem. By resorting to convex programming,
a method to compute Lp-gains over a finite horizon is devised. Under the
term input-output triggering, we refer to self-triggering based on the currently
available values of the plant’s external input and output. The triggering event,
which is precluded in our approach, is the violation of the small-gain condition.
Depending on the noise in the environment, the developed mechanism yields
stable, asymptotically stable, and Lp-stable (with bias) closed-loop systems.
Control loops are modeled as interconnections of impulsive switched systems
for which several Lp-stability results are presented.

3.1.1 Motivational Example: Autonomous Cruise Control

Using laser-based or radar-based sensors, ACC technology allows a vehicle to
slow down when approaching another vehicle and accelerate to the desired
speed when traffic allows. Besides reducing driver fatigue, improving comfort
and fuel economy, ACC is also intended to keep cars from crashing [85]. The
sampling periods of ACC loops are typically fixed and designed for the worst-
case scenario (e.g., fast and heavy traffic). Furthermore, these fixed sampling
periods are often determined experimentally and are based on the traditional
rules of thumb (e.g., 20 times the time constant of the dominant pole). In-
tuitively, the sampling periods of ACC loops should not remain constant as
the desired speed, distance between the cars, the environment (urban on non-
urban), and paths (straight or turns) change. The present chapter quantifies
this intuition.

Consider the trajectory tracking controller in [40] as an example of a simple
ACC. In [40], a velocity-controlled unicycle robot R1 given by

ẋR1 = vR1 cos θR1, ẏR1 = vR1 sin θR1, θ̇R1 = ωR1 (3.1)

tracks a trajectory generated by a virtual velocity-controlled unicycle robot
R2 with states xR2, yR2 and θR2, and linear and angular velocities vR2 and
ωR2, respectively. See Figure 3.1 for an illustration. Besides trajectory track-
ing, this controller can be employed in leader-follower, target-pursuit, obstacle
avoidance and waypoint-following problems. The tracking error xp in the co-
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FIGURE 3.1
An illustration of the trajectory tracking problem considered in this chapter.

ordinate frame {M} of robot R1 is

xp =



xp1
xp2
xp3


 =




cos θR1 sin θR1 0
− sin θR1 cos θR1 0

0 0 1





xR2 − xR1

yR2 − yR1

θR2 − θR1


 . (3.2)

After differentiating (3.2), we obtain:

ẋp =



ωR1xp2 − vR1 + vR2 cosxp3
−ωR1xp1 + vR2 sinxp3

ωR2 − ωR1


 . (3.3)

System (3.3) can be interpreted as a plant with state xp and external
inputs vR2 and ωR2. Take the output of the plant to be y = xp and introduce
ωp := [vR2 ωR2]>. The plant is controlled through control signals vR1 and
ωR1. In order to compute vR1 and ωR1, and track an unknown trajectory (a
trajectory is given by vR2(t), ωR2(t) and initial conditions of xR2, yR2 and
θR2), robot R1 needs to know the state of the plant xp and the inputs to R2,
i.e., vR2 and ωR2. Following [40], choose the following control law:

vR1 = vR2 cosxp3 + k1xp1,

ωR1 = ωR2 + k2vR2
sinxp3
xp3

xp2 + k3xp3, (3.4)

where k1, k2 and k3 are positive control gains. Let us introduce u :=
[vR1 ωR1]>. Proposition 3.1 in [40] shows that the control law (3.4) makes the
origin xp = [0 0 0]> of the plant (3.3) globally asymptotically stable provided
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that vR2(t), ωR2(t) and their derivatives are bounded for all times t ≥ 0 and
limt→∞ vR2(t) 6= 0 or limt→∞ ωR2(t) 6= 0.

The above asymptotic stability result is obtained assuming instantaneous
and continuous information. In real-life applications, continuous access to the
values of y and ωp is rarely achievable. In other words, the control signal u is
typically computed using intermittent measurements corrupted by noise. The
measurements of the outputs and external inputs of the plant are denoted ŷ
and ω̂p, respectively. In general, as new up-to-date values of ŷ and ω̂p arrive,
the control signal may change abruptly. Afterward, the newly computed val-
ues u are sent to actuators. These values might be noisy and intermittently
updated as well. Hence, the plant is not controlled by u but instead by û. An
illustration of such a control system is provided in Figure 3.2.

A goal of this chapter is to take advantage of the available information
from the plant, i.e., of ŷ and ω̂p, and design sampling/control update instants
T = {t1, t2, . . .} such that stability of the control system is preserved. As
our intuition suggests, different ŷ and ω̂p may yield different time instants
in T . In fact, the intersampling intervals τ1 = t2 − t1, τ2 = t3 − t2, . . ., for
R1 are determined based on the distance from the desired trajectory (i.e.,
ŷ) and the nature of the trajectory (i.e., ω̂p). Driven by the desire to obtain
intersampling instants τi’s as large as possible, we adopt impulsive switched
system modeling in this chapter. Figure 3.3 contrasts different methods for
computing τi’s. The solid blue line in Figure 3.3 represents τi’s computed via
the methodology devised in this chapter. Apparently, the use of finite horizon
Lp-gains (this notion somewhat corresponds to the notion of individual Lp-
gains considered in [207]) produces larger τi’s in comparison with the use of
unified gains. Unified gains are simply the maximum of all individual gains of a
switched system (which corresponds to the worst-case scenario). As discussed
in [207], unified gains are a valid (although quite conservative) choice for
the Lp-gain of a switched system. However, even such conservative Lp-gains
of interconnected switched systems, when used in the small-gain theorem,
do not suffice to conclude stability of the closed-loop system (see [207] or
condition (ii) of Theorem 3.1). Altogether, one should thoughtfully use the
finite horizon Lp-gains of interconnected switched systems in order to decrease
conservativeness, i.e., maximize τi’s, when applying the small-gain theorem.

3.1.2 Applications and Literature Review

Event-triggered and self-triggered realizations of intermittent feedback are pro-
posed in [169, 5, 6, 103, 200]. In these event-driven approaches, one defines
a desired performance, and sampling (i.e., transmission of up-to-date infor-
mation) is triggered when an event representing the unwanted performance
occurs. The work in [103] applies event-triggering to control, estimation and
optimization tasks. The work in [200] utilizes the dissipative formalism of non-
linear systems, and employs passivity properties of feedback interconnected
systems in order to reach an event-triggered control strategy for stabiliza-
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FIGURE 3.2
A diagram of a control system with the plant and controller interacting over
a communication network with intermittent information updates. The three
switches indicate that the information between the plant and controller are
exchanged at discrete time instants belonging to a set T .
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τi’s generated via the methodology devised in this chapter. Definitions of the
said notions appear in Sections 3.2 and 3.4.
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tion of passive and output passive systems. In [203], the authors propose an
event-triggered output feedback control approach for time-invariant input-
feedforward output-feedback passive plants and controllers (in addition to
some other technical conditions imposed on plants and controllers). A partic-
ular limitation of the results in [203] is that the number of inputs and outputs
of the plant and controller must be equal (due to this, this approach cannot be
applied to the ACC example in Section 3.5). The event-triggered approach of
[149] converts a trajectory tracking control problem into a stabilization prob-
lem for an autonomous system and then applies an invariance principle for
hybrid systems in order to solve the tracking problem. It is worth mentioning
that [149] is tailored for a trajectory tracking problem of unicycles, which is
quite similar to our case study in Section 3.5. However, while the results of
[149] hold for a certain class of trajectories (i.e., trajectories generated with
a non-constant linear velocity and angular velocity which does not change
the sign or converge to zero), we do not impose such requirements on the
trajectories. In addition, [149] assumes that the trajectory is known a priori
by the controller while we make no such assumption. Lastly, notice that the
self-triggered counterparts of the event-triggered approaches from [203] and
[149] are yet to be devised.

In self-triggered approaches, the current sample is used to determine the
next sampling instant, i.e., to predict the occurrence of the triggering event.
In comparison with event-triggering, where sensor readings are constantly ob-
tained and analyzed in order to detect events (even though the control signals
are updated only upon event detection), self-triggering decreases requirements
posed on sensors and processors in embedded systems. The pioneering work on
self-triggering, intended to maintain L2-gains of linear control systems below
a certain value, is found in [191] and [192]. A comprehensive comparison of our
work with [191] and [192] is provided in [184]. The authors in [6] extend the
event-triggering presented in [169] and develop state-triggering : self-triggering
based on the value of the system state in the last feedback transmission. The
work in [170] utilizes Lyapunov theory and develops event-triggered trajectory
tracking for nonlinear systems affine in controls.

The approach in Chapter 2 is developed for general nonlinear controllers
and plants that render closed-loop systems stable, asymptotically stable or ex-
ponentially stable in the absence of a communication network. The generality
of nonlinear models considered in Chapter 2 allows for analysis of time-varying
closed-loop systems with external inputs/disturbances, output feedback and
dynamic controllers. In addition, the methodology from Chapter 2 yields sta-
ble, asymptotically stable, exponentially stable or Lp-stable control systems
under the intermittent information and settings of Chapter 3 as illustrated
in the remainder of this chapter. The principal requirement in Chapter 2 is
Lp-stability of the closed-loop system. In other words, if a certain controller
does not yield the closed-loop system Lp-stable, one can seek another con-
troller. Hence, unlike related works, our requirements are on the closed-loop
systems and not on the plant and controller per se. On the other hand, the
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work in [47] does not consider external inputs, and the results for nonlinear
systems are provided for a class of exponentially stable closed-loop systems in
the absence of communication networks. The authors in [104] do not consider
external inputs and exponential stability of systems with specific nonlinear-
ities is analyzed. The work in [170] investigates state feedback for nonlinear
systems affine in controls and static controllers. A comparison of our approach
and the approach from [170] can be found in [183]. The Input-to-State Stabil-
ity (ISS) approaches [169, 5, 6, 103] assume state feedback, static controllers,
and do not consider external inputs. In addition, the results of [5] and [6] are
applicable to state-dependent homogeneous systems and polynomial systems.
The work in [200] analyzes passive plants, proportional controllers and does
not take into account external inputs.

The main limitation of the approach in Chapter 2 is periodicity of the
transmission instants inherited from the standard definition of Lp-gains. Recall
that the standard Lp-gain is not a function of time (i.e., there is no prediction
of when some event might happen) or state. To circumvent this limitation
(while retaining most of the generality of Chapter 2), we devise an input-
output triggered approach employing Lp-gains over a finite horizon in the
small-gain theorem. Under the term input-output triggering, we refer to self-
triggering based on the values of the plant’s external input and output in the
last feedback transmission. The triggering event, which is precluded in our
approach, is the violation of the small-gain condition. It is worth pointing
out that our approach does not require construction of storage or Lyapunov
functions which can be a difficult task for a given problem.

The remainder of this chapter is organized as follows. Section 3.2 presents
the utilized notation and definitions. Section 3.3 formulates the problem of
input-output triggered intermittent feedback under various assumptions. The
methodology brought together to solve the problem of interest is presented in
Section 3.4. The proposed input-output triggered sampling policy is verified on
a trajectory tracking problem in Section 3.5. Conclusions and future challenges
are in Section 3.6. Proofs and technical results are included in Section 3.7.

3.2 Impulsive Switched Systems and Related Stability
Notions

Given a (finite or infinite) sequence of time instances t1, t2, . . . , ti, . . . with
ti+1 > ti, defining the set T , and an initial time t0 < t1, this chapter considers
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switched systems with impulses written as

Σδ





χ(t+) = hδχ(t, χ(t)) t ∈ T
χ̇ = fδχ(t, χ, ω)

y = `δχ(t, χ, ω)

}
otherwise ,

(3.5)

where χ ∈ Rnχ is the state, (ω, δ) ∈ Rnω+nω is the input, and y ∈ Rny is
the output. The input δ is given by a piecewise constant, right-continuous
function of time δ : [t0,∞) → P, which we refer to as the switching signal ,
with P being an index set (not necessarily a finite set). The functions fδχ and

hδχ are regular enough to guarantee the existence of solutions, which, given the
initial state χ0, initial time t0, and a switching signal δ : [t0,∞)→ P, are given
by right-continuous functions t 7→ χ(t). Jumps of the state χ occur at each
t ∈ T . The value of the state after a jump is given by χ(t+) = limt′↘t χ(t′) for
each t ∈ T . The switching signal δ changes at time instances tδi , defining the
set T δ, which is a subset of T . For notational convenience, we define tδ0 := t0,
which is not a switching time, the intersampling intervals τi = ti+1 − ti for
each ti+1, ti in T ∪ {t0} =: T0, and the interswitching intervals τ δi := tδi+1− tδi
for each tδi+1, t

δ
i in T δ ∪ {tδ0} =: T δ0 .

The following stability notions for impulsive switched systems Σδ as in
(3.5) are employed in this chapter.

Definition 3.1 (Lp-stability with bias b). Let p ∈ [1,∞]. Given a switching
signal t 7→ δ(t), the impulsive switched system Σδ is Lp-stable with bias b(t) ≡
b ≥ 0 from ω to y with (linear) gain γ ≥ 0 if there exists K ≥ 0 such that,
for each t0 ∈ R and each χ0 ∈ Rnχ , each solution to Σδ from χ0 at t = t0 we
have that ‖y[t0, t]‖p ≤ K‖χ0‖+ γ‖ω[t0, t]‖p + ‖b[t0, t]‖p for each t ≥ t0.

Definition 3.2 (Lp-stability with bias b over a finite horizon τ). Let p ∈
[1,∞]. Given a switching signal t 7→ δ(t) and τ ≥ 0, the impulsive switched
system Σδ is Lp-stable over a finite horizon of length τ with bias b(t) ≡ b ≥ 0
from ω to y with (linear) constant gain γ̃(τ) ≥ 0 if there exists a constant1

K̃(τ) ≥ 0 such that, for each t0 ∈ R and each χ0 ∈ Rnχ , each solution to Σδ

from χ0 at t = t0 satisfies ‖y[t0, t]‖p ≤ K̃(τ)‖χ0‖+ γ̃(τ)‖ω[t0, t]‖p+‖b[t0, t]‖p
for each t ∈ [t0, t0 + τ).

Definition 3.3 (detectability). Let p ∈ [1,∞]. Given a switching signal t 7→
δ(t), the state χ of Σδ is Lp-detectable from (y, ω) to χ with (linear) gain
γ ≥ 0 if there exists K ≥ 0 such that, for each t0 ∈ R and each χ0 ∈ Rnχ , each
solution to Σδ from χ0 at t = t0 satisfies ‖χ[t0, t]‖p ≤ K‖χ0‖+ γ‖y[t0, t]‖p +
γ‖ω[t0, t]‖p for each t ≥ t0.

Proposition 3.1. Given a switching signal t 7→ δ(t), if Σδ is Lp-stable with

1The parenthesis in K̃ and γ̃ denote explicitly the dependency of these constants on the
already chosen τ .
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bias b(t) ≡ b ≥ 0 from ω to y with gain γ ≥ 0 and Lp-detectable from (y, ω)
to χ with gain γ′ ≥ 0, then Σδ is Lp-stable with bias γ′b from ω to state χ for
the given switching signal.

Proof. From the Lp-stability with bias assumption, Definition 3.1 implies that
there exists K ≥ 0 such that for each t0 and each χ0 we have

‖y[t0, t]‖p ≤ K‖χ0‖+ γ‖ω[t0, t]‖p + ‖b[t0, t]‖p ∀t ≥ t0,

while Lp-detectability from (y, ω) to χ with gain γ′ implies that there exists
K ′ ≥ 0 such that

‖χ[t0, t]‖p ≤ K ′‖χ0‖+ γ′‖y[t0, t]‖p + γ′‖ω[t0, t]‖p
for all t ≥ t0. Then, we obtain

‖χ[t0, t]‖p ≤ (Kγ′ +K ′)‖χ0‖+ (γγ′ + γ′)‖ω[t0, t]‖p + γ′‖b[t0, t]‖p (3.6)

for all t ≥ t0. This proves the claim since (3.6) corresponds to Lp-stability
with bias γ′b, gain γγ′ + γ′, and constant Kγ′ +K ′.

For a given switching signal δ, the following result provides a set of suffi-
cient conditions for Lp-stability of a system Σδ with Lp-stable (over a finite
horizon) subsystems.

Theorem 3.1. Given a switching signal t 7→ δ(t), consider the impulsive
switched system Σδ given by (3.5). Let K ≥ 0 and p ∈ [1,∞). Suppose the
following properties hold:

(i) For each tδi ∈ T δ0 , there exist constants K̃(τ δi ) and γ̃(τ δi ) such that2

‖y[tδi , t
′]‖p ≤ K̃(τ δi )‖χ(tδ+i )‖+ γ̃(τ δi )‖ω[tδi , t

′]‖p (3.7)

for all t′ ∈ [tδi , t
δ
i+1) if tδi is not the largest switching time in T δ (in which

case τ δi = tδi+1− tδi ) or for all t′ ∈ [tδi ,∞) if tδi is the largest switching time

in T δ (in which case it corresponds to Lp-stability and one can write K̃
and γ̃), and such that

KM := sup
i
K̃(τ δi ), (3.8)

γM := sup
i
γ̃(τ δi ), (3.9)

exist.

(ii) The condition
∑

i

‖χ(tδ+i )‖ ≤ K‖χ(t0)‖, (3.10)

holds.

2For i = 0, we have χ(tδ+0 ) = χ(tδ0), which is equal to χ(t0).
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Then, Σδ is Lp-stable from ω to y with constant KMK and gain γM for the
given δ. For p = ∞, the same result holds with the constant KMK and gain
γM when (3.10) is replaced with supi ‖χ(tδ+i )‖ ≤ K‖χ(t0)‖.

See Subsection 3.7.2 for a proof.

Remark 3.1. The sampling policy designed herein (along with Assumption
3.2 provided below) ensures that hypothesis (i) of Theorem 3.1 always holds.
Note that it is not straightforward to verify (3.10) beforehand. In fact, the
control policy needs to make decisions “on the fly”, based on the available
information regarding previous switching instants, in order to enforce (3.10)
(refer to Section 3.5 for further details). For example, condition (3.10) can be
enforced by requiring ‖χ(tδ+i+1)‖ ≤ λ‖χ(tδ+i )‖, where λ ∈ [0, 1), which is similar
to the property exploited in the design of uniformly globally exponentially stable
protocols in Chapter 2. Notice that decision making “on the fly” by exploiting
previously received information is a salient feature of self-triggering.

Building from ideas in [168], the next result proposes an expression of the
Lp-gain over a finite horizon for a generic nonlinear system χ̇ = g̃(t, χ, v) with
state χ and input v.

Theorem 3.2. Given τ ≥ 0 and t0 ∈ R, suppose that there exist A ∈ A+
nχ

with ‖A‖ <∞, a continuous function ỹ : R× Rnχ × Rnv → Rnχ+ such that

χ̇ = g̃(t, χ, v) � Aχ+ ỹ(t, χ, v), ∀(t, χ, v) ∈ [t0, t0 + τ ]× Rnχ × Rnv . (3.11)

Then, for each solution to χ̇ = g̃(t, χ, v) we have

‖χ[t0, t0 + τ ]‖p ≤ K̃(τ)‖χ(t0)‖+ γ̃(τ)‖ỹ[t0, t0 + τ ]‖p, (3.12)

for all t ∈ [t0, t0 + τ), where

K̃(τ) =

(
exp(‖A‖pτ)− 1

p‖A‖

) 1
p

, (3.13)

γ̃(τ) =
exp(‖A‖τ)− 1

‖A‖ . (3.14)

Theorem 3.2 proposes conditions under which χ̇ = g̃(t, χ, v) is Lp-stable from ỹ
to χ over the finite horizon τ for any p ∈ [1,∞]. Its proof is in Subsection 3.7.3.

3.3 Problem Statement: Self-Triggering from Input and
Output Measurements

Consider a nonlinear feedback control system consisting of a plant

ẋp = fp(t, xp, u, ωp),

y = gp(t, xp), (3.15)
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and a controller

ẋc = fc(t, xc, uc, ωc),

yc = gc(t, xc), (3.16)

interconnected via the assignment

u = yc, uc = y, ωc = ωp, (3.17)

where xp ∈ Rnp and xc ∈ Rnc are the states, y ∈ Rny and yc ∈ Rnu are the
outputs, and (u, ωp) ∈ Rnu ×Rnω and (uc, ωc) ∈ Rny ×Rnω are the inputs of
the plant and controller, respectively, where ωp is an exogenous input to the
plant. Following the assignment (3.17), we model the connections (or links)
between the plant and the controller as communication networks over which
intermittent exchange of information due to sampling takes place. Figure 3.2
depicts this setting, where the value of u computed by the controller that
arrives at the plant is denoted û. Similarly, the values of y and ωp that the
controller actually receives are denoted ŷ and ω̂p, respectively. In this setting,
the quantity û is the input fed to the plant (3.15) while the quantities ŷ and
ω̂p are the measurement of y and ωp received by the controller (3.16).

To study the properties of the feedback control system in Figure 3.2, define

e =

[
ey
eu

]
:=

[
ŷ − y
û− u

]
(3.18)

and
eω := ω̂p − ωp. (3.19)

To model intermittent transmission (or sampling) of the values of y and u, the
quantities ŷ and û are updated at time instances t1, t2, . . . , ti, . . . in T , i.e.,3

ŷ(t+i ) = y(ti) + hy(ti)

û(t+i ) = u(ti) + hu(ti)

}
ti ∈ T , (3.20)

where hy : R → Rny and hu : R → Rnu . Similarly, the quantity ω̂p may
change discretely reflecting changes in the plant exogenous input or in the
level of plant disturbances. The time instants at which jumps of ω̂p occur are
denoted tδi and belong to the set T δ, which is a subset of T . We assume that
the received values of y, u, and ωp given by ŷ, û, and ω̂p, respectively, remain
constant in between updates, i.e., for each t ∈ [t0,∞) \ T ,

˙̂y = 0, ˙̂u = 0, ˙̂ωp = 0, (3.21)

which is known as the Zero-Order-Hold (ZOH) strategy [80].
The following standing assumption summarizes the properties imposed on

the feedback control system in Figure 3.2 throughout this chapter.

3The formulation of the update law in (3.20) implies that the jump times at the controller
and plant end coincide.
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Assumption 3.1 (standing assumption). The jump times at the controller
and plant end coincide. The set of sampling instants T δ := {tδ1, tδ2, . . . , tδi , . . .}
at which ω̂p changes its value satisfies T δ ⊂ T , where T := {t1, t2, . . . , ti, . . .},
ti+1 > ti for each ti+1, ti in T .

We are now ready to state the problem studied in this chapter.

Problem 3.1. Determine the set of sampling instants T and T δ to update
(ŷ, û) and ω̂p, respectively, such that the closed-loop system (3.15)–(3.16) is
stable in the Lp sense.

The following specific scenarios are investigated:

Case 3.1. The signals û, ŷ, and ω̂p are not corrupted by noise, and ωp is
constant between consecutive tδi ’s.

Case 3.2. The signals û and ŷ are not corrupted by noise while ω̂p is corrupted
by noise. In addition, ωp is arbitrary between consecutive tδi ’s.

Case 3.3. The signals û, ŷ, and ω̂p are corrupted by noise. In addition, ωp
is arbitrary between two consecutive tδi ’s.

3.4 Input-Output Triggered Mechanism

Following Chapter 2, our solution to Problem 3.1 determines the sampling
instants T using input-output information of the system resulting from the
interconnection between (3.15) and (3.16), namely

x(t+) = x(t)

e(t+) = h(t)

}
t ∈ T (3.22a)

ẋ = f(t, x, e, ω̂p, eω)

ė = g(t, x, e, ω̂p, eω)

}
otherwise , (3.22b)
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where x := (xp, xc), and functions f , g and h are given by

f(t, x, e, ω̂p, eω) :=

[
fp(t, xp, gc(t, xc) + eu, ω̂p − eω)
fc(t, xc, gp(t, xp) + ey, ω̂p)

]
, (3.23)

h(ti) :=

[
hy(ti)
hu(ti)

]
, (3.24)

g(t, x, e, ω̂p, eω) :=



f̂p(t, xp, xc, gp(t, xp) + ey, gc(t, xc) + eu, ω̂p − eω)︸ ︷︷ ︸
≡0 for zero-order-hold estimation strategy

−

︷ ︸︸ ︷
f̂c(t, xp, xc, gp(t, xp) + ey, gc(t, xc) + eu, ω̂p)−

−∂gp∂t (t, xp)− ∂gp
∂xp

(t, xp)fp(t, xp, gc(t, xc) + eu, ω̂p − eω)

−∂gc∂t (t, xc)− ∂gc
∂xc

(t, xc)fc(t, xc, gp(t, xp) + ey, ω̂p)

]

(3.25)

where hy and hy are introduced in (3.20).
By identifying the switching signal δ in (3.5) with ω̂p

4, we write (3.22) in
the form of an impulsive switched system Σδ as in (3.5) as follows:

x(t+) = x(t)

e(t+) = h(t)

}
t ∈ T (3.26a)

ẋ = fδ(t, x, e, eω)

ė = gδ(t, x, e, eω)

}
otherwise . (3.26b)

In this chapter, we are interested in changes in Lp-gains (over a finite hori-
zon) of (3.26) for different values of the switching signal δ = ω̂p. Note
that fδ(t, x, e, eω) and gδ(t, x, e, eω) are alternative (but equivalent) labels
for f(t, x, e, ω̂p, eω) and g(t, x, e, ω̂p, eω). (For convenience, we use the former
when the switching component of our model is explicitly utilized.)

3.4.1 Why Lp-gains over a Finite Horizon?

Lp-gains over a finite horizon allow prediction of the triggering event in this
chapter. In addition, as suggested by the example in Section 3.1.1, they pro-
duce less conservative intertransmission intervals τi’s than classical Lp-gains
when used in the small-gain theorem. This is due to the fact that Lp-gains over
a finite horizon are monotonically nondecreasing in τ . To show this fact, we
use the following characterization for p ∈ [1,∞) taken from [78], [79] and [81]:

[γ̃(τ)]p := sup
ω∈Lp[t0,t0+τ ]

{∫ t0+τ

t0
‖y(t)‖pdt

∫ t0+τ

t0
‖ω(t)‖pdt

}
, (3.27)

4This assignment requires the space of δ and ω̂p to match, i.e., P ⊆ Rnω .
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where ‖x(t0)‖ = 0, ‖ω[t0, t0 +τ ]‖p 6= 0, bias b = 0 and δ is fixed to be constant
to generate an output y and solution x of Σδ. The case p =∞ is similar.

Proposition 3.2. The function τ 7→ γ̃(τ) is monotonically nondecreasing.

Proof. Take τ > 0 and choose any τ ′ such that τ ′ > τ . According to (3.27),
for the horizon [t0, t0 + τ ′] we can write

[γ̃(τ ′)]p = sup
ω∈Lp[t0,t0+τ ′]





∫ t0+τ

t0
‖y(t)‖pdt+

∫ t0+τ ′

t0+τ
‖y(t)‖pdt

∫ t0+τ

t0
‖ω(t)‖pdt+

∫ t0+τ ′

t0+τ
‖ω(t)‖pdt



 .

Now, choose ω ∈ Lp[t0, t0 + τ ′] such that ω(t) = 0 for t ∈ (t0 + τ, t0 + τ ′]. This
yields

[γ̃(τ ′)]p = sup
ω∈Lp[t0,t0+τ ′]





∫ t0+τ

t0
‖y(t)‖pdt+

∫ t0+τ ′

t0+τ
‖y(t)‖pdt

∫ t0+τ

t0
‖ω(t)‖pdt



 ≥

≥ sup
ω∈Lp[t0,t0+τ ]

{∫ t0+τ

t0
‖y(t)‖pdt

∫ t0+τ

t0
‖ω(t)‖pdt

}
= [γ̃(τ)]p.

Taking the pth root of the above inequality shows the claim.

Since a standard (i.e., infinite horizon or classical) Lp-gain γ can be defined
as

γ := sup
τ≥0

γ̃(τ), (3.28)

we conclude that γ̃(τ) ≤ γ for all τ ≥ 0. Lastly, notice that some systems are
Lp-stable only over a finite horizon.

3.4.2 Proposed Approach

The approach proposed to provide a solution to Problem 3.1 is as follows.
Suppose that tδi and tδi+1 are two consecutive switching instants of the switch-
ing signal t 7→ δ(t). Then, the switching signal t 7→ δ(t) remains constant
over [tδi , t

δ
i+1), i.e., δ(t) = r for all t ∈ [tδi , t

δ
i+1) for some r ∈ P. To deter-

mine if a sample should be taken within (tδi , t
δ
i+1), i.e., to determine τi with

τi ≤ tδi+1−tδi , suppose that for each t ∈ [tδi , t
δ
i+τi), and for some p ∈ [1,∞], the

solution t 7→ (x(t), e(t)) to (3.26) resulting from an input t 7→ eω(t) satisfies

ė(t) � Are(t) + ỹr(t, x(t), eω(t)), (3.29)

‖ỹr[tδi , t]‖p ≤ Kr
n‖x(tδi )‖+ γrn‖(e, eω)[tδi , t]‖p, (3.30)

where Ar ∈ A+
ne with ‖Ar‖ < ∞, ỹr : R × Rnx × Rnω → Rne+ is continuous,

and Kr
n and γrn are positive constants. From (3.29), it follows that, for each

t ∈ [tδi , t
δ
i + τi), we have

‖e[tδi , t]‖p ≤ K̃r
e (τi)‖e(tδi )‖+ γ̃re (τi)‖ỹr[tδi , t]‖p,
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with τ 7→ K̃r
e (τ) and τ 7→ γ̃re (τ) given as

K̃r
e (τ) =

(
exp(‖Ar‖pτ)− 1

p‖Ar‖

) 1
p

, γ̃re (τ) =
exp(‖Ar‖τ)− 1

‖Ar‖ (3.31)

(see (3.13) and (3.14), respectively). Then, interpreting system (3.26) as the
interconnection shown in Figure 3.4 between the nominal system Σδn given by

x(t+) = x(t)
}

t ∈ T (3.32a)

ẋ = fδ(t, x, e, eω)
}

otherwise, (3.32b)

with input (e, eω) and output ỹr, and the error system Σδe given by

e(t+) = h(t)
}

t ∈ T (3.33a)

ė = gδ(t, x, e, eω)
}

otherwise, (3.33b)

with input ỹr and output e, and using a small-gain argument, we propose
to choose τ > 0 such that γ̃re (τ) ≤ κ/γrn, where κ ∈ (0, 1). In this way, the
small-gain condition γrnγ̃

r
e (τ) < 1 is satisfied and a stabilizing sampling policy

is given by τ r ∈ (0, τ r,∗], where5

τ r,∗ =
1

‖Ar‖ ln

(
κ
‖Ar‖
γrn

+ 1

)
. (3.35)

This policy yields the closed-loop system (3.26) Lp-stable over a horizon τ
when, over this horizon, the value of the switching signal is equal to r. We
emphasize that the policy (3.35) is utilized in all subsequent results of this
chapter. However, different settings (i.e., Cases 3.1, 3.2 and 3.3) lead to dif-
ferent stability properties of closed-loop systems (refer to the following sub-
section).

3.4.3 Design of Input-Output Triggering

In this subsection, we provide a solution to Problem 3.1 by designing inter-
sampling intervals using input-output information. The following assumption
is imposed in the results to follow.

5Using the expression for γ̃re in (3.31), we obtain

exp(‖Ar‖τ)− 1

‖Ar‖
≤

κ

γrn
. (3.34)

Then, solving the above inequality for τ and taking the largest possible value, denoted τr,∗,
yields

τr,∗ =
1

‖Ar‖
ln

(
κ
‖Ar‖
γrn

+ 1

)
.

www.TechnicalPDF.com



66 Networked Control Systems with Intermittent Feedback

FIGURE 3.4
Interconnection of the nominal switched system Σδn and the output error im-
pulsive switched system Σδe.

Assumption 3.2. For each r ∈ P, there exists a function ỹr such that the
following hold:

(i) There exists Ar such that

gr(t, x, e, eω) � Are+ỹr(t, x, eω), ∀(t, x, e, eω) ∈ [t0,∞)×Rnx×Rne×Rnω .
Furthermore, there exists η such that supr∈P ‖Ar‖ ≤ η.

(ii) The system Σrn is Lp-stable from (eω, e) to ỹr with a constant Kr
n and gain

γrn. Furthermore, there exist constants Kn and γn such that supr∈P K
r
n ≤

Kn and supr∈P γ
r
n ≤ γn.

(iii) The state x of Σrn is Lp-detectable from (ỹ, eω, e) with a constant Kr
d

and gain γrd. Furthermore, there exist constants K and γ such that
supr∈P K

r
d ≤ K and supr∈P γ

r
d ≤ γ.

3.4.3.1 Cases 3.1 and 3.2

In each of these cases, û and ŷ are transmitted without distortions (and with-
out transmission delays). Then, the plant and the controller receive precise
values of u and y at transmission instants; namely, hy and hu in (3.20) are
equal to zero. Therefore, the error state e is reset to zero at every sampling
event, in which case, the impulsive switched system (3.26) becomes

x(t+) = x(t)

e(t+) = 0

}
t ∈ T (3.36a)

ẋ = fδ(t, x, e, eω)

ė = gδ(t, x, e, eω)

}
otherwise . (3.36b)

In particular, for Case 3.1, the signal eω is also reset to zero at transmis-
sion instants, and since ωp is constant between two consecutive transmission
instants, we have that eω ≡ 0 if ω̂p(0) = ωp(0). The following Lp-stability
properties from eω to (x, e) are guaranteed by the proposed policies.

www.TechnicalPDF.com



Input-Output Triggering 67

Theorem 3.3. Given p ∈ [1,∞], suppose that Assumption 3.2 holds. Let the
sampling instants in T be given by (3.35), computed for given values of r, that
are constant on each intersampling interval, and define the switching signal
δ : [t0,∞)→ P with T δ ⊂ T . Suppose there exists K such that, for the given
switching signal δ, for each (x(t0), e(t0), t0) and each t 7→ eω(t), each solution
to (3.36) is such that its x component satisfies

∑

tδi∈T δ0

‖x(tδ+i )‖ ≤ K‖x(t0)‖. (3.37)

Then, there exists τ∗min > 0 such that τ r,∗ ≥ τ∗min for all r ∈ P and, for each
(x0, t0), each solution to (3.36) satisfies

‖(x, e)[t0, t]‖p ≤ KK̂‖(x, e)(t0)‖+ γ̂‖eω[t0, t]‖p, ∀t ≥ t0, (3.38)

for the switching signal δ. (Constants K̂ and γ̂ are defined in Subsection 3.7.4.)

Remark 3.2. Property (3.38) corresponds to Lp-stability from eω to (x, e).
The existence of τ∗min follows from the upper bound on ‖Ar‖ and on γrn in
items (ii) and (iii) of Assumption 3.2, respectively. From (3.35) we obtain

τ r,∗ =
1

‖Ar‖ ln

(
κ
‖Ar‖
γrn

+ 1

)
≥ 1

η
ln

(
κ
η

γn
+ 1

)
> 0.

Note that since, without loss of generality, there exists γn > 0 such that
infr∈P γrn ≥ γn, then we have that τ r,∗ is upper bounded by τ∗max =

lim‖Ar‖↘0
1
‖Ar‖ ln

(
κ‖A

r‖
γn

+ 1
)

= κ
γn

.

Remark 3.3. For Case 3.1, inequality (3.38) becomes ‖(x, e)[t0, t]‖p ≤
KK̂‖(x, e)(t0)‖. In addition, notice that ‖(x, e)(t+i )‖ ≤ ‖(x, e)(ti)‖, ti ∈ T .
Consequently, one can infer stability, asymptotic and exponential stability af-
ter imposing additional structure on fδ(t, x, e, eω) and gδ(t, x, e, eω) in (3.36)
(refer to [131, 168, Section II], [165], [172] and Chapter 6).

Remark 3.4. Let us consider the case where u or y (or both) is the output
of a state observer. In other words, the plant or controller (or both) is fed
with an estimate provided by an observer. Consequently, in (3.36a) we have
e(t+) = h(t) for all t ∈ T , where h(t) is the observer error. For p ∈ [1,∞),
if the observer error satisfies the condition that there exists Kh ≥ 0 such that∑
tδi∈T δ0 ‖h(tδi )‖ ≤ K‖e(t0)‖ (e.g., exponentially converging observers), then

Theorem 3.3 holds with

‖(x, e)[t0, t]‖p ≤ K1K̂‖(x, e)(t0)‖+ γ̂‖eω[ti, t]‖p, ∀t ≥ t0,

where K1 =
√
nx + ne max

{
K,Kh

}
. For p = ∞, the observer error has to

be bounded, i.e., there exists Kh ≥ 0 such that ‖h(t)‖ ≤ Kh‖e(t0)‖ for every
t ≥ t0, in order for Theorem 3.3 to hold.
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3.4.3.2 Case 3.3

This is the most general case, for which (3.26) is rewritten as

x(t+) = x(t)

e(t+) = h(t)

}
t ∈ T (3.39a)

ẋ = fδ(t, x, e, eω)

ė = gδ(t, x, e, eω)

}
otherwise, (3.39b)

where t 7→ h(t) models measurement noise, quantization error, and related
perturbations. For this system, we have the following result.

Theorem 3.4. Given p ∈ [1,∞], suppose that Assumption 3.2 holds and that
there exists Kh ≥ 0 such that ‖h(t)‖ ≤ Kh for all t ≥ t0. Let the sampling
instants in T be given by (3.35), computed for given values of r that, at least,
are constant on each interval and define the switching signal δ : [t0,∞) → P
with T δ ⊂ T . Suppose there exists K such that, for the given switching signal
δ, for each (x(t0), e(t0), t0) and each t 7→ eω(t), each solution to (3.39) is such
that its x component satisfies (3.37). Then, there exists τ∗min > 0 such that
τ r,∗ ≥ τ∗min for all r ∈ P and, for each (x(t0), e(t0), t0), each solution to (3.39)
satisfies

‖(x, e)[t0, t]‖p ≤ KK̂‖(x, e)(t0)‖+ γ̂‖eω[t0, t]‖p + ‖b̂[t0, t]‖, ∀t ≥ t0 (3.40)

for the switching signal δ. (Expressions for K̂, γ̂ and b̂(t) are provided in
Subsection 3.7.4.)

Property (3.40) corresponds to Lp-stability from eω to (x, e) with bias

b̂(t) ≡ b̂ ≥ 0. See Subsection 3.7.4 for a proof. Remarks 2.5 and 2.6 are
applicable to Theorem 3.4 as well.

Remark 3.5. In order to account for possible delays introduced by the com-
munication networks in Figure 3.2, one can use scattering transformation for
the small-gain theorem [76]. Provided that Σδn and Σδe are input-feedforward
output-feedback passive systems satisfying certain conic relations, the work in
[76] makes stability properties of (3.26) independent of constant time delays
and Theorem 3.4 is applicable again. In light of [201] and [203], these constant
time delays are allowed to be larger than the intersampling intervals τ r,∗’s.

3.4.4 Implementation of Input-Output Triggering

Note that condition (3.29) is only needed over a horizon [tδi , t
δ
i +τi), where τi is

yet to be determined. Asking for this condition to hold for every (x, eω) would
be too restrictive or lead to conservative sampling times. Since x(tδi ) and e(tδi )
are known after every sampling event, then, for the current constant value of
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t 7→ δ(t) and the input t 7→ eω(t) over [tδi , t
δ
i + τi), the required property is

guaranteed when

gδ(t, x, e, eω) � Aδe+ ỹδ(t, x, eω(t))

holds for each

t ∈ [tδi , t
δ
i + τi], (x, e) ∈ Si := Reachtδi ,t−tδi ((x(tδi ), e(t

δ
i ))),

where Reachtδi ,t−tδi ((x(tδi ), e(t
δ
i ))) is the reachable set of

ẋ = fδ(t, x, e, eω), ė = gδ(t, x, e, eω) (3.41)

from (x(tδi ), e(t
δ
i )) at tδi after t− tδi units of time, namely

Reacht,τ (z0) := {z(t′) : z is a solution to (3.41) from z0 at t, t′ ∈ [t, t+ τ ]}.

Then, exploiting the reachability ideas outlined above, the following algo-
rithm can be used at each time instant ti, i = 0, 1, 2, . . .:

Step 1. Obtain measurements ŷ(ti) and ω̂p(ti).

Step 2. Extract state estimate x̂(ti) from the measurements.

Step 3. Update the control law (3.16) with ŷ(ti) and, if (3.37) is not com-
promised, with ω̂p(ti).

Step 4. Actuate the plant with û(ti).

Step 5. Estimate Si from (3.15)–(3.16) using reachability analysis.

Step 6. Compute (3.35) and pick τi.

With the objective of obtaining values of γ̃e(τ) in (3.14) as small as possi-
ble, we propose to minimize ‖A‖. This leads to less conservative τi’s in a solu-
tion to Problem 3.1. Following the statement of Theorem 3.2, we consider the
following optimization problem: given r ∈ P, t, τ > 0, and eω : [t, t+τ ]→ Rnω ,

minimize ‖A‖ (3.42a)

subject to: A ∈ A+
ne (3.42b)

gr(t, x, e, eω) � Aē+ ỹr(t, x, eω) (3.42c)

for all t ∈ [t, t+ τ ], (x, e) ∈ S := Reacht,τ ((x(t), e(t))).

Proposition 3.3. The optimization problem (3.42) is convex.
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Proof. It is well known that ‖A‖ is a convex function of A (see [30], Chapter 3).
Now, let us prove that constraints (3.42b) and (3.42c) yield a convex set. First,
a convex combination of two matrices in A+

ne is again in A+
ne . This is due to

the fact that symmetric matrices with nonnegative elements remain symmetric
with nonnegative elements when multiplied with nonnegative scalars and when
added together. Let us now show that inequality (3.42c) yields a convex set
in A. For any t′ ∈ [t, t + τ ], pick any (x′, e′) ∈ S and e′ω ∈ Rnω . Now, let
us introduce substitutions E(ē) = gr(t′, x′, e′, e′ω) and F = ỹr(t′, x′, e′ω). Our
goal is to show that if

E(ē′) � A1ē′ + F, (3.43)

E(ē′) � A2ē′ + F, (3.44)

then

E(ē′) � [(1− α)A1 + αA2]ē′ + F (3.45)

where α ∈ [0, 1]. Using (3.43) and (3.44), we obtain

(1− α)A1ē′ + αA2ē′ � (1− α)(E(ē′)− F ) + α(E(ē′)− F ) = E(ē′)− F,

which is equivalent to (3.45). Since t′, (x′, e′) and e′ω were picked arbitrarily
from [t, t+τ ], S and Rnω , respectively, therefore (3.45) holds for all t ∈ [t, t+τ ]
and all (x, e) ∈ S. The fact that the intersection of a family of convex sets is
a convex set concludes the proof.

3.5 Example: Autonomous Cruise Control

In this section, we apply the input-output triggered update policy (3.35) to
the trajectory tracking controller presented in Section 3.1.1 and exploit the
ideas from Section 3.4.4. Since the controller (3.4) is not a dynamic controller,
we have fc ≡ 0. Next, we take xc = (vR1, ωR1) and

u = gc(t, xc) = xc. (3.46)

Recall that the states of the plant (3.3) are measured directly, i.e.,

y = gp(t, xp) = xp, (3.47)

and assume that the communication network for transmitting the control in-
put (vR1, ωR1) to the actuators of R1 can be neglected due to on-board con-
trollers. Because of the absence of the communication network for transmitting
u and fc ≡ 0, we have that eu ≡ 0. Consequently, we can exclude xc from x
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and take x = xp. Notice that fp is given by (3.3). Recall that the external
input is ωp = (vR2, ωR2). Now we have

e = x̂− x = [e1 e2 e3]>, (3.48)

and

eω = ω̂p − ωp = [eω,1 eω,2]>. (3.49)

After substituting (3.3), (3.4), (3.46), (3.47), (3.48) and (3.49) into (3.23) and
(3.25), we obtain (compare with expression (3.26))

ė = −ẋ =



−Q− P (x2 + e2)x2 − k3(x3 + e3)x2 +R+ k1(x1 + e1)− S

ω̂R2x1 + P (x2 + e2)x1 + k3(x3 + e3)x1 − T
eω,2 + P (x2 + e2) + k3(x3 + e3)




︸ ︷︷ ︸
= gδ(t, x, e, eω) = −fδ(t, x, e, eω)

(3.50)

and (compare with expression (3.11))

¯̇e �




k1 k2|v̂R2|M2 max{|v̂R2|, k3M2}
k2|v̂R2|M2 k2|v̂R2|M1 max{k2|v̂R2|, k3M1}

max{|v̂R2|, k3M2} max{k2|v̂R2|, k3M1} k3




︸ ︷︷ ︸
A = initial point for the convex program (3.42)

ē+

+



k2|v̂R2|x2

2 + |k1x1 + eω,1 cosx3 − ω̂R2x2 − k3x2x3|
k2|v̂R2x1x2|+ |ω̂R2x1 + k3x1x3 − T |

k2|v̂R2x2|+ |eω,2 + k3x3|




︸ ︷︷ ︸
ỹ(t, x, ω̂p, eω)

(3.51)

where

P = k2v̂R2
sin(x3 + e3)

x3 + e3
,

Q = ω̂R2x2,

R = v̂R2 cos(x3 + e3),

S = (v̂R2 − eω,1) cosx3,

T = (v̂R2 − eω,1) sinx3,

and |x1| ≤ M1, |x2| ≤ M2. Constants M1 and M2 are obtained from the
sets Si’s (see the next paragraph for more details about computing Si’s).
We choose k1 = 1.5, k2 = 1.2 and k3 = 1.1. In addition, in order to make
this example more realistic, ωp takes values in [−3, 3]× [−3, 3]. Consequently,
reachability sets Si are compact which, in turn, implies finite M1 and M2.
Since scenarios including Case 3.3 are more realistic, this section includes
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numerical results for such a scenario. When emulating noisy environments, we
use eω ∈ U([−0.3, 0.3]×[−0.3, 0.3]) and h(t) ∈ U([−0.15, 0.15]×[−0.15, 0.15]×
[−0.15, 0.15]) where U(B) denotes the uniform distribution over a set B.

Before verifying that the hypotheses of Theorem 3.4 hold and presenting
numerical results, let us provide details behind Steps 1–6. Since the bounds
on ωp are known, we confine measurements ω̂p to the same set, i.e., r ∈
P = [−3, 3] × [−3, 3]. In other words, if we obtain ω̂p(ti) 6∈ P (for instance,
because of measurement noise), we use the closest value in P (with respect
to the Euclidean distance) for ω̂p(ti). Now, after receiving ω̂p(ti) and ŷ(ti),
we update control signal u(ti). Next, we need to determine when to sample
again. Utilizing ŷ(ti), we obtain x̂(ti) ∈ ŷ(ti)± [−0.15, 0.15]× [−0.15, 0.15]×
[−0.15, 0.15]. Starting from these x̂(ti), and due to the fact that u(ti) is the
linear and angular velocity of R1 and remains constant until ti+1, we readily
compute reachable states x̂(ti + τi) for any τi ≥ 0 using u(ti) and the bounds
on ωp. Because of (3.48), reachable output errors e(ti + τi) are immediately
computed and sets Si are obtained. Inspecting the form of A in (3.51), we
infer that the first two components of x are important for (3.51) to hold on
some Si. Due to the properties of �, we choose the maximum values of |x1|
and |x2| in Si denoted M1 and M2, respectively.

Let us verify that the hypotheses of Theorem 3.4 hold. Due to (3.51), we
infer that item (i) of Assumption 3.2 is fulfilled provided that M1 and M2

are finite. For this reason, we restrict the analysis to a set for the state x
given by bounded |x1| and |x2|. Next, combining the approach of [78] and the
power iterations method [77] (as this chapter is void of delays), we estimate
L2-gains Σδn over P and obtain γn = 96. The upper bound Kn is obtained
similarly. Hence, item (ii) of Assumption 3.2 holds. Item (iii) of Assumption
3.2 is inferred from (3.50) and (3.51) as follows. It can be shown that

‖x‖2 ≤ k
(
‖ỹ‖2 + ‖(e, eω)‖2

)

for any k ≥ 2. Integrating both sides of the last inequality over [t0, t] for any
t ≥ t0 and taking the square root, yields

‖x[t0, t]‖2 ≤
√
k‖ỹ[t0, t]‖2 +

√
k‖(e, eω)[t0, t]‖2.

In other words, the state x of the system Σrn is L2-detectable from (e, eω, ỹ)
with the upper bounds K = 0 and γ =

√
k. Finally, the condition (3.37)

of Theorem 3.4 is easily verified for an arbitrary user-selected K ≥ 0,
where K captures the desired impact of the initial conditions on the track-
ing performance according to (3.40), as the simulation progresses for a given
δ : [t0,∞)→ P. Recall that the switching signal δ is in fact ω̂p. Accordingly,
only after the control law (3.4) is updated with the most recent information
about ωp, i.e., with ω̂p (and provided that this value is different from the
current value of ω̂p), that time instant becomes a switching instant and the
corresponding x(tδ+i ) contributes to the left-hand side of (3.37). In case (3.37)
might get violated, simply decrease τi’s in Step 6 or cease switching accord-
ing to Step 3 (i.e., the left-hand side of (3.37) remains unaltered) by using
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the current ω̂p until (3.37) is no longer compromised (if ever). Furthermore,
even from the viewpoint that ω̂p is a noisy version of ωp, it might not be
advantageous (in terms of decreasing the tracking error) to always update the
control law (3.4) with the incoming information about ωp, i.e., with ω̂p. This
observation is found in the following paragraph as well.

In the simulations, we choose ωp(t) = (1, 1)t[0,2.26) + (0.6, 0.15)t[2.26,9.25) +
(2, 2)t[9.25,12], where tI is the indicator function on an interval I, i.e., tI = t

when t ∈ I and zero otherwise. The corresponding L2-gains Σδn are as follows:

γ
(0.6,0.15)
n = 22, γ

(1,1)
n = 53 and γ

(2,2)
n = 56. In order to illustrate Theorem 3.4

and the mechanism behind (3.35), we superpose a continuous signal eω(t) ∈
[−0.3, 0.3]× [−0.3, 0.3], where t ∈ [0, 12], onto the above ωp(t), and update the
control law with ω̂p being (0.6, 0.15), (1, 1) or (2, 2). This way, we are able to
use a fixed γδn between two switches so that the left-hand side of (3.37) does
not increase unnecessarily (and because the received values are corrupted by
noise anyway). In addition, the impact of changes in ŷ on τi’s is easier to
observe. The obtained numerical results are provided in Figure 3.5. As can
be seen from Figure 3.5, intersampling intervals τi’s tend to increase as ‖x‖
approaches the origin because M1 and M2 decrease. In addition, the abrupt
changes of τi at 2.26 s and 9.25 s, visible in Figure 3.5(c), are the consequence
of the abrupt changes in ω̂p. In other words, τi’s adapt to the changes in
ω̂p. This adaptation of τi’s follows from (3.35) where individual gains are
considered instead of the unified gain [207]. The simulation results obtained
using the unified gain supr∈P γ

r
n = γn = 96, achieved when r = (3, 3), and

corresponding A in (3.35) are shown in Figure 3.6. Apparently, the use of
the unified gains decreases τi’s, does not allow for adaptation of τi, and yet
does not necessarily yield stability of the closed-loop system since (3.37) does
not have to hold (a similar observation is found in [207]). Consequently, the
number of transmissions in the scenario depicted in Figure 3.5 is 580, while
in the scenario depicted in Figure 3.6 it is 1377 (refer to Figure 3.3 as well).
Finally, it should be mentioned that the oscillations of x in Figures 3.5(a) and
3.6(a) are an inherited property of the controller, and not a consequence of
intermittent feedback.

3.6 Conclusions and Perspectives

In this chapter we present a methodology for input-output triggered control of
nonlinear systems. Based on the currently available measurements of the out-
put and external input of the plant, a sampling policy yielding the closed-loop
system stable in some sense is devised. Using the formalism of Lp-gains and
Lp-gains over a finite horizon, the small-gain theorem is employed to prove
stability, asymptotic, and Lp-stability (with bias) of the closed-loop system.
Different types of stability are a consequence of different assumptions on the
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FIGURE 3.5
A realistic scenario illustrating input-output triggering: (a) states x of the
tracking system, (b) norm of (x, e), (c) values of intersampling intervals τi’s
between two consecutive transmissions. Red stems indicate time instants when
changes in δ happen, and (d) a detail from Figure 3.5(c).
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FIGURE 3.6
A realistic scenario illustrating input-output triggering using the unified gains:
(a) states x of the tracking system, (b) norm of (x, e), and (c) values of in-
tersampling intervals τi’s between two consecutive transmissions. Red stems
indicate time instants when changes in δ happen.
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noise environment causing the mismatch between the actual external input
and output of the plant, and the measurements available to the controller
via feedback. The closed-loop systems are modeled as impulsive switched sys-
tems, and several results regarding Lp-stability of such systems are devised.
Finally, our input-output triggered sampling policy is exemplified on a trajec-
tory tracking controller for velocity-controlled unicycles.

It is of interest to apply scattering transformation between the controller
and plant in order to eliminate detrimental effects of delays (if present). Fur-
thermore, actuators with saturation could be analyzed. In order to obtain
larger intertransmission intervals, zero-order hold estimation strategies can
be replaced with model-based estimation of control signals and plant outputs
(as in Chapter 2). Finally, we expect our results (with slight modifications) to
hold for input-to-state stability of impulsive switched systems.

3.7 Proofs of Main Results

3.7.1 Properties of Matrix Functions

Let f : R→ R be a continuous function. The work in [168] constructs a matrix
A such that ‖f(A)‖ = f(‖A‖) for any f by requiring that matrix A is sym-
metric, with nonnegative entries and positive semidefinite. While symmetry
of the matrix and nonnegative entries are required throughout [168], positive
semidefiniteness is required only in [168, Lemma 7.1]. Exploiting the fact that
f in [168, Lemma 7.1] (i.e., in Theorem 3.2 herein) is the exponential function
f(·) = exp(·) and A is a real symmetric matrix with nonnegative entries, the
following lemmas show that the positive semidefiniteness requirement of [168,
Theorem 5.1] can be relaxed.

Lemma 3.1. Suppose that f(·) = exp(·) and A is a real n × n symmetric
matrix. The eigenvalue of A with the largest absolute value is real and non-
negative if and only if ‖f(A)‖ = f(‖A‖).
Proof. It is well known that real symmetric matrices can be diagonalized, i.e.,
A = UDUT where D is a diagonal matrix and U is an orthogonal matrix.
Since the spectral norm is unitarily invariant [60], it is straightforward to
show that the following equalities hold:

‖f(A)‖ = ‖UDUT ‖ = ‖D‖ = ‖diag(f(λ1(A)), f(λ2(A)), . . . , f(λn(A))‖ =

= max
k
|f(λk(A))|. (3.52)

On the other hand, using the definition of the induced matrix 2-norm ‖ · ‖, we
have

f(‖A‖) = f(max
k
|σk(A)|). (3.53)
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In addition, real symmetric matrices have the following property

σk(A) = |λk(A)|. (3.54)

Using (3.54), and monotonicity and positivity of the exponential function,
we conclude that expressions (3.52) and (3.53) are equal if and only if the
eigenvalue of A with the largest absolute value is real and nonnegative.

For completeness, we now write the following well-known result for symmetric
matrices (see, e.g., [122, Chapter 8]).

Lemma 3.2. If A is a symmetric matrix with nonnegative entries, then the
eigenvalue of A with the largest absolute value is real and nonnegative.

3.7.2 Proof of Theorem 3.1

Proof. We prove this theorem for the case p ∈ [1,∞). The proof for the case
p =∞ is similar.

Let us start from some initial condition χ(t0) and apply input ω to an
impulsive switched system Σδ given by (3.5) to obtain the state trajectory
t 7→ χ(t) and associated output t 7→ y(t). Now, we can write for every t ≥ t0

‖y[t0, t]‖pp =

∫ t

t0

‖y(s)‖pds =
J−1∑

i=0

∫ tδi+1

tδi

‖y(s)‖pds+

∫ t

tδJ

‖y(s)‖pds

=
J−1∑

i=0

‖y[tδi , t
δ
i+1]‖pp + ‖y[tδJ , t]‖pp, (3.55)

where J = arg max{j : tδj ≤ t}. From (3.7) we obtain

‖y[t0, t]‖pp ≤
J−1∑

i=0

(
K̃(τ δi ))‖χ(tδ+i )‖+ γ̃(τ δi )‖ω[tδi , t

δ
i+1]‖p

)p
+

+
(
K̃(τ δJ))‖χ(tδ+J )‖+ γ̃(τ δJ)‖ω[tδJ , t]‖p

)p
. (3.56)

Using (3.8) and (3.9) yields

‖y[t0, t]‖pp ≤
J−1∑

i=0

(
KM‖χ(tδ+i )‖+ γM‖ω[tδi , t

δ
i+1]‖p

)p
+

+
(
KM‖χ(tδ+J )‖+ γM‖ω[tδJ , t]‖p

)p
. (3.57)

In what follows we use the following version of the Minkowski inequality

(
M∑

i=1

(ai + bi)
p

)1/p

≤
(

M∑

i=1

api

)1/p

+

(
M∑

i=1

bpi

)1/p

, (3.58)
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where ai, bi ≥ 0 and M ∈ N ∪ {∞}. Taking the pth root of (3.57) yields

‖y[t0, t]‖p ≤
(
J−1∑

i=0

(
KM‖χ(tδ+i )‖+ γM‖ω[tδi , t

δ
i+1]‖p

)p
+

+
(
KM‖χ(tδ+J )‖+ γM‖ω[tδJ , t]‖p

)p
) 1
p

. (3.59)

Applying (3.58) to the right-hand side of (3.59) with M = J , ai =
KM‖χ(tδ+i )‖ and bi = γM‖ω[tδi , t

δ
i+1]‖p for i ≤ J − 1, bJ = γM‖ω[tδJ , t]‖p,

leads to

‖y[t0, t]‖p ≤ KM

(
J∑

i=0

‖χ(tδ+i )‖p
) 1
p

+

+ γM

(
J−1∑

i=0

‖ω[tδi , t
δ
i+1]‖pp + ‖ω[tδJ , t]‖pp

) 1
p

. (3.60)

Applying the inequality (a + b)1/p ≤ a1/p + b1/p, where a, b ≥ 0, to the first
term in (3.60) multiple times, and noting that, since tδ0 = t0,

J−1∑

i=0

‖ω[tδi , t
δ
i+1]‖pp + ‖ω[tδJ , t]‖pp = ‖ω[t0, t]‖pp

(as in (3.55)), we obtain

‖y[t0, t]‖p ≤ KM

( J∑

i=0

‖χ(tδ+i )‖
)

+ γM‖ω[t0, t]‖p. (3.61)

Applying (3.10) we obtain

‖y[t0, t]‖p ≤ KMK‖χ(t0)‖+ γM‖ω[t0, t]‖p (3.62)

for all t ≥ t0.

3.7.3 Proof of Theorem 3.2

Let Df(t) denote the left-hand derivative of f : R → Rn, i.e., Df(t) =

limh→0,h<0
f(t+h)−f(t)

h . The following two lemmas and theorem are taken from
[168] and slightly modified.

Lemma 3.3. Let I = [t0, t1], v ∈ Rn and consider Dv � Av+ d(t), v(t0) =
v0, ∀t ∈ I, where A ∈ A+

ne , ‖A‖ < ∞, and d(t) : I → Rn is continuous.
Then, for all t ∈ I, v(t) is bounded by

v(t) � exp(A(t− t0))v0 +

∫ t

t0

exp(A(t− s))d(s)ds.
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Proof. Now we are ready to prove Theorem 3.2. By the hypotheses of the
theorem, we have χ̇ = g̃(t, χ, v) � Aχ + ỹ(t, χ, v) for all t ∈ [t0, t0 + τ ], and
the ith component of χ̇ is given by:

∣∣ d
dtχi(t)

∣∣ =
∣∣∣limh→0,h<0

χi(t+h)−χi(t)
h

∣∣∣ ≥ lim
h→0,h<0

|χi(t+ h)| − |χi(t)|
h

=

= Dχi(t).

Therefore, Dχ � Aχ+ ỹ(t). Using Lemma 3.3, we can write

χ(t) � exp(A(t− t0))χ(t0) +

∫ t

t0

exp(A(t− s))ỹ(s)ds. (3.63)

Setting the input term ỹ ≡ 0, we obtain χ(t) � exp (A(t− t0))χ(t0). Tak-
ing the norm of both sides of this inequality and using Lemmas 3.1 and 3.2
we obtain

‖χ(t)‖ ≤ exp (‖A‖(t− t0))‖χ(t0)‖. (3.64)

Raising to the pth ∈ [1,∞) power and integrating over [t0, t] yields

‖χ[t0, t]‖pp ≤
exp(‖A‖p(t− t0))− 1

p‖A‖ ‖χ(t0)‖p.

Taking the pth root yields

‖χ[t0, t]‖p ≤
(

exp(‖A‖p(t− t0))− 1

p‖A‖

) 1
p

‖χ(t0)‖, p ∈ [1,∞). (3.65)

The L∞ bound is easily obtained by taking limp→∞ ‖χ[t0, t]‖p obtaining

‖χ[t0, t]‖∞ ≤ exp(‖A‖(t− t0))− 1)‖χ(t0)‖.

Let us now set χ(t0) = 0 and estimate the contribution from the input

term. From (3.63) we have χ(t) �
∫ t
t0

exp(A(t− s))ỹ(s)ds. Using Lemmas 3.1
and 3.2 we obtain

‖χ(t)‖ ≤
∫ t

t0

exp(‖A‖(t− s))‖ỹ(s)‖ds. (3.66)

Let us denote φ(s) = exp(‖A‖s). Integrating the previous inequality and using
Lemma 2.2 with p = q = r = 1 yields the L1-norm estimate:

‖χ[t0, t]‖1 ≤ ‖φ[0, t− t0]‖1‖ỹ[t0, t]‖1. (3.67)

Taking the max over [t0, t] in (3.66) and using Lemma 2.2 with q = r = ∞
and p = 1 yields the L∞-norm estimate:

‖χ[t0, t]‖∞ ≤ ‖φ[0, t− t0]‖1‖ỹ[t0, t]‖∞. (3.68)

www.TechnicalPDF.com



80 Networked Control Systems with Intermittent Feedback

We can think of (3.63) as a linear operator G mapping ỹ to χ with bound for
the norms ‖G‖1 ≤ ‖G‖∗1 and ‖G‖∞ ≤ ‖G‖∗∞ where ‖G‖∗1 and ‖G‖∗∞ are given
by (3.67) and (3.68), respectively. Because ‖G‖∗1 = ‖G‖∗∞, Theorem 2.3 gives
that ‖G‖p ≤ ‖G‖∗1 = ‖G‖∗∞ for all p ∈ [1,∞]. This yields

‖χ[t0, t]‖p ≤ ‖φ[0, t− t0]‖1‖ỹ[t0, t]‖p, p ∈ [1,∞].

Since ‖φ[0, t− t0]‖1 = exp(‖A‖(t−t0))−1
‖A‖ , we obtain

‖χ[t0, t]‖p ≤
exp(‖A‖(t− t0))− 1

‖A‖ ‖ỹ[t0, t]‖p, p ∈ [1,∞]. (3.69)

After summing up the contributions of (3.65) and (3.69), the statement of the
theorem follows.

3.7.4 Proof of Results in Section 3.4.3

The proofs of the results in Section 3.4.3 use the property over an arbitrary
finite interval with constant δ introduced in the next section. After that, this
property is used sequentially, over a finite horizon of arbitrary length, to obtain
an Lp-bound on (x, e).

3.7.4.1 Lp property over an arbitrary finite interval with constant δ

Proof. Consider the nontrivial interval I := [t, t+ τ), t ≥ t0 on which t 7→ δ(t)
is constant and with τ > 0 to be defined. Let r be such that δ(t) = r for all
t ∈ I. From item (ii) of Assumption 3.2, given initial condition x(t), we have,
for all t ∈ I,

‖ỹr[t, t]‖p ≤ Kr
n‖x(t)‖+ γrn‖(e, eω)[t, t]‖p

≤ Kr
n‖x(t)‖+ γrn‖e[t, t]‖p + γrn‖eω[t, t]‖p. (3.70)

Item (i) of Assumption 3.2 allows us to invoke Theorem 3.2 for Σre on I. Then,
we have, for all t ∈ I,

‖e[t, t]‖p ≤ K̃r
e (τ)‖e(t)‖+ γ̃re (τ)‖ỹr[t, t]‖p (3.71)

for any τ chosen as
τ ∈ (0, τ r,∗], (3.72)

where K̃r
e (τ), γ̃re (τ) are given as in (3.31) and τ r,∗ is given as in (3.35). Due

to the construction of τ r,∗ and the choice of τ in (3.72), the open-loop gain
of the interconnection (see Figure 3.4) from eω to e is γrnγ̃

r
e (τ) is less than

κ ∈ (0, 1). Then, combining (3.70) and (3.71), we have, for each t ∈ I,

‖e[t, t]‖p ≤
K̃r
e (τ)

1− γrnγ̃re (τ)
‖e(t)‖+

γ̃re (τ)Kr
n

1− γrnγ̃re (τ)
‖x(t)‖+

γ̃re (τ)γrn
1− γrnγ̃re (τ)

‖eω[t, t]‖p.
(3.73)
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Next, let us use τ∗max from Remark 3.2 instead of τ in order to obtain the

following upper bound for K̃r
e (τ) over (0, τ r,∗] and for any r ∈ P:

K̃r
e (τ) ≤ sup

r∈P

(
exp (‖Ar‖pτ∗max)− 1

p‖Ar‖

) 1
p

=: K̃e(τ).

This supremum exists due to Assumption 3.2. Likewise, γ̃re (τ) can be upper
bounded by a constant γ̃e(τ). Next, using the detectability property in item
(iii) of x from (ỹr, eω, e) (with gains K and γ), and combining (3.73) and
(3.70), gives

‖(x, e)[t, t]‖p ≤ K̂‖(x(t), e(t))‖+ γ̂‖eω[t, t]‖p (3.74)

for all t ∈ I, where the constants K̂ and γ̂ are given by

K̂ =
√
nx + ne max

{
K +

γ̃e(τ)Kn + γKn + γγ̃e(τ)Kn

1− κ ,

K̃e(τ) + γγnK̃e(τ) + γK̃e(τ)

1− κ

}
,

γ̂ = γ +
γ̃e(τ)γn + γγn + γγ̃e(τ)γn

1− κ ,

where we have used the bounds on Kr
n and γrn given in item (ii) of Assump-

tion 3.2. Notice that the above expressions are independent of r ∈ P.

3.7.4.2 Extending bounds to (an arbitrarily long) finite horizon

Proof. Given initial time t0 and initial condition x0, we use analysis on an ar-
bitrary interval in Section 3.7.4.1 to design the sampling instants T to update
(ŷ, û) and, in turn, define the instants in T δ at which the signal t 7→ δ(t) is
allowed to switch. In this way, using t = t0, x(t) = x0, e(t) = e0, pick τ0 to
satisfy (3.72) to define I0 := [t0, t0 + τ0), over which t 7→ δ(t) is constant, i.e.,
δ(t) = r0 for all t ∈ I0, for some r0 ∈ P. Then, as previously explained, we
obtain, for all t ∈ I0,

‖(x, e)[t0, t]‖p ≤ Kr0‖(x0, e0)‖+ γr0‖eω[t0, t]‖p. (3.75)

Now, at t = t0 + τ0 a sampling event occurs, which updates (x, e) according
to (3.26a), and, potentially, δ changes value. Then, using t = t1, x(t) = x(t+1 ),
e(t) = limt↗t1 h(t) =: e(t1), pick τ1 to satisfy (3.72) to define I1 := [t1, t1+τ1),
over which t 7→ δ(t) is constant, i.e., δ(t) = r1 for all t ∈ I1, for some r1 ∈ P.
Then, as before, we obtain, for all t ∈ I1,

‖(x, e)[t1, t]‖p ≤ Kr1‖(x(t1), e(t+1 ))‖+ γr1‖eω[t1, t]‖p. (3.76)
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Proceeding in this way for subsequent sampling intervals, in particular, for the
i-th sampling time, we use t = ti, x(t) = x(ti), e(t) = limt↗ti h(t) =: e(t+i ),
pick τi to satisfy (3.72) to define Ii := [ti, t1 + τi), over which t 7→ δ(t) is
constant, i.e., δ(t) = ri for all t ∈ Ii, for some ri ∈ P. Now, we obtain, for all
t ∈ Ii,

‖(x, e)[ti, t]‖p ≤ Kri‖(x(ti), e(t
+
i ))‖+ γri‖eω[ti, t]‖p. (3.77)

In fact, the above construction of ti’s can be performed for any t ≥ t0, com-
bining (3.77) over each Ii interval with i ∈ {0, 1, 2, . . . , N}, where N is such
that [0, t] ⊂ ∪Ni=0Ii and [0, t] 6⊂ ∪N−1

i=0 Ii.

Now we are ready to prove the results in Section 3.4.3.

3.7.4.3 Proof of Theorem 3.3

Proof. Let us now apply Theorem 3.1 with (x, e) playing the role of y and
eω playing the role of ω. According to Theorem 3.1, we are interested only in
instants ti ∈ T that are followed by a change of the value of δ, i.e., in tδi ∈ T δ.
Recall that, due to (3.74), we have KM ≤ K̂ and γM ≤ γ̂; hence, the suprema
in (3.8) and (3.9) exist. Next, we need to verify that there exists K1 ≥ 0 such
that

∑
tδi∈T δ0 ‖(x(tδi ), e(t

δ+
i ))‖ ≤ K1‖(x(t0), e(t0))‖. Due to the perfect resets

of e at tδi ∈ T δ, given by (3.36a), and hypothesis (3.37), we infer that K1 = K
for Cases 3.1 and 3.2. In other words, (3.38) holds for Cases 3.1 and 3.2.

The case for p =∞ follows similarly.

3.7.4.4 Proof of Theorem 3.4

Proof. Notice that h(t) in Theorem 3.4 is more general than h(t) in Remark
3.4. Consequently, the condition (ii) of Theorem 3.1 is no longer satisfied. In
order to take into account the setting of Theorem 3.4, we rewrite (3.71) as
follows

‖e[t0, t]‖p ≤ K̃r
e (τ r0,∗)‖e(t0)‖+ γ̃re (τ r0,∗)‖ỹr[t0, t]‖p,
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for all t ∈ I0 = [t0, t0 + τ r0,∗), and

‖e[ti, t]‖p ≤ K̃r
e (τ ri,∗)‖h(ti)‖+ γ̃re (τ ri,∗)‖ỹr[ti, t]‖p

≤ K̃r
e (τ ri,∗)Kh + γ̃re (τ ri,∗)‖ỹr[ti, t]‖p

=

(
exp(‖Ari‖pτ ri,∗)− 1

p‖Ari‖

) 1
p

Kh + γ̃re (τ ri,∗)‖ỹr[ti, t]‖p

=

[∫ ti+τ
ri,∗

ti

∥∥∥ exp
(
‖Ari‖(s− ti)

)
Kh

∥∥∥
p

ds

] 1
p

+ γ̃re (τ ri,∗)‖ỹr[ti, t]‖p

≤
[∫ ti+τ

ri,∗

ti

∥∥ exp
(
‖Ari‖τ ri,∗

)
Kh

∥∥∥
p

ds

] 1
p

+ γ̃re (τ ri,∗)‖ỹr[ti, t]‖p

= ‖bri [ti, ti + τ ri,∗]‖p + γ̃re (τ ri,∗)‖ỹr[ti, t]‖p,

for all t ∈ Ii = [ti, ti + τ ri,∗) with i ∈ {0, 1, 2, . . . , N}, where N is such that
[0, t] ⊂ ∪Ni=0Ii and [0, t] 6⊂ ∪N−1

i=0 Ii, and bri(t) ≡ bri = exp
(
‖Ari‖τ ri,∗

)
Kh.

Notice that supr∈P b
r ≤ Kh exp(ητ∗max) =: b ≡ b(t), where η is defined in (ii)

of Assumption 3.2 and τ∗max in Remark 3.2, is a suitable uniform choice over
all Ii intervals. Next, let us use the following bounds over each interval:

‖e[ti, t]‖p ≤ K̃r
e (τ ri,∗)‖e(ti)‖+ γ̃re (τ ri,∗)‖ỹr[ti, t]‖p + ‖b[ti, t]‖p,

for all t ∈ Ii = [ti, ti+τ
ri,∗), where ‖e(ti)‖ = 0 for i ∈ {1, 2, ..., N}. Notice that

the above systems are Lp-stable with the same bias b(t) ≡ b over intervals Ii.
In the same manner as before, we now apply the small-gain theorem over

each interval Ii and utilize item (iii) of Assumption 3.2. Afterward, we apply
Theorem 3.1 to the resulting Lp-stable systems with bias over each interval Ii.
[Notice that Theorem 3.1 readily extends to Lp-stability with bias. By adding
‖b[tδi , tδi+1]‖p and ‖b[tδJ , t]‖p to the respective terms on the right-hand side of
(3.56) and following the remainder of the proof in Section 3.7.2, one arrives at
‖y[t0, t]‖p ≤ KMK‖χ(t0)‖+ γM‖ω[t0, t]‖p + ‖b[t0, t]‖p for all t ≥ t0.] In other
words, following the exposition below (3.71), one readily obtains:

‖(x, e)[t0, t]‖p ≤ KK̂‖(x, e)(t0)‖+ γ̂‖eω[t0, t]‖p + ‖b̂[t0, t]‖, ∀t ≥ t0,

where

b̂(t) ≡ b̂ =
γγn + γ

1− κ Kh exp(ητ∗max).

The case of p =∞ is similar.
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In this chapter, we utilize the adaptive upper bounds of Chapter 3 in order to
obtain stabilizing sampling instants that, at the same time, minimize a cost
function pertaining to performance vs. energy trade-offs. Afterward, we revisit
our Autonomous Cruise Control (ACC) example to illustrate the resulting
optimal input-output triggered transmission mechanism.

4.1 Motivation, Applications and Related Works

This chapter investigates optimal intermittent feedback for nonlinear control
systems. Using the currently available measurements from a plant, we de-
velop a methodology that outputs when to update the controller with new
measurements such that a given cost function is minimized. Our cost function
captures trade-offs between the performance and energy consumption of the
control system. The optimization problem is formulated as a Dynamic Pro-
gramming (DP) problem, and Approximate Dynamic Programming (ADP) is
employed to solve it. Instead of advocating a particular approximation archi-
tecture for ADP, we formulate properties that successful approximation archi-
tectures satisfy. In addition, we consider problems with partially observable
states, and propose Particle Filtering (PF) to deal with partially observable
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states and intermittent feedback. Finally, our approach is applied to a mobile
robot trajectory tracking problem.

At the moment, the research community is interested in extending inter-
sampling intervals as much as possible without taking into account a deterio-
ration in the performance due to intermittent feedback. In applications where
energy consumption for using sensors, transmitting the obtained information,
and executing control laws is relatively inexpensive compared to the slower
convergence and excessive use of control power, extending intersampling inter-
vals is not desirable. For instance, think of an airplane driven by an autopilot
system designed to follow the shortest path between two points. Any devia-
tion from the shortest path caused by intermittent feedback increases overall
fuel consumption. This increase in fuel consumption is probably more costly
than the cost of energy saved due to intermittent feedback. In this chapter,
we encode these energy consumption trade-offs in a cost function, and design
an ADP approach that yields optimal intertransmission intervals with respect
to the cost function.

Similar problems to the problem considered herein are discussed in [75]
and [64]. The authors in [75] balance control performance versus network cost
by choosing the appropriate time delay–controller pair. The work in [64] in-
vestigates optimal control of hybrid systems based on ideas from dynamic
and convex programming. While [75] associates costs with each time delay–
controller pair, the work in [64] associates costs with switches between con-
trollers. The optimization methods from [75] and [64] boil down to optimal
control of switching systems (refer to [19] and [199]). However, the results of
[19] and [199] are not applicable in this chapter. The authors of [199] focus
on problems in which a prespecified sequence of active subsystems is given,
and then seek both the optimal switching instants and the optimal continu-
ous inputs. The work in [19] does not make assumptions about the number
of switches nor the mode sequence; instead, they are determined by the solu-
tion of the problem. The authors in [19] develop their methodology for prob-
lems that include two modes, and provide directions for how to extend the
methodology to problems with several distinct modes. However, this extension
becomes intractable as the number of modes grows.

Motivated by [199], we adopt ADP (see [20] and [21]) as the strategy for
tackling our problem. ADP is a set of methods for solving sequential decision-
making problems under uncertainty by alleviating the computational burden
of the infamous curses of dimensionality in DP [150]. In theory, DP solves
a wide spectrum of optimization problems providing an optimal solution. In
practice, straightforward implementations of DP algorithms are deemed com-
putationally intractable for most of the applications. Therefore, the need for
efficient ADP methods. However, comprehensive analyses and performance
guarantees of these approximate methods are still unresolved (except in very
special settings), and present a critical area of research. In literature, ADP
is also known as reinforcement learning [166] and neuro-dynamic program-
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ming [22]. Furthermore, ADP methods are extensively used in operational
research [150].

The rest of the chapter is organized as follows. Section 4.2 presents the
problem of optimal intermittent feedback and assumptions under which the
problem is solved. The methodology brought together to solve the problem is
presented in Section 4.3. The proposed methodology is verified on a trajectory
tracking controller in Section 4.4. Conclusions are drawn and future challenges
are discussed in Section 4.5.

4.2 Problem Statement: Performance Index Minimiza-
tion

Consider a time-invariant nonlinear feedback control system consisting of a
plant

ẋp = fp(xp, u, ωp),

y = gp(xp), (4.1)

and a controller

ẋc = fc(xc, y, ωc),

u = gc(xc), (4.2)

where xp ∈ Rnp and xc ∈ Rnc are the states, y ∈ Rny and u ∈ Rnu are the
outputs, and ωp ∈ Rnωp and ωc ∈ Rnωc are the external/exogenous inputs
or disturbances of the plant and controller, respectively. Notice that y is the
input of the controller, and u is the input of the plant. Let us denote the
compound state of the closed-loop systems (4.1) and (4.2) by x = (xp, xc)
where x ∈ Rnx .

In the above control system, one tacitly assumes that the controller is
fed continuously and instantaneously by the output y and the external input
ωp of the plant. However, in real-life applications this assumption is rarely
fulfilled, and sometimes excessively demanding since stability of closed-loop
systems can be achieved via intermittent feedback. For example, extremely
fast processing units, sensors and communication devices are needed in order
to emulate continuous and instantaneous feedback using digital technology.
At the same time, intermittent feedback has detrimental effects on the per-
formance of the control loop.

In order to account for the intermittent knowledge of y and ωp by the con-
troller, we model the links between the plant and controller as communication
networks that cause intermittent exchange of information. More precisely, we
introduce the output error vector e as follows:

e(t) := ŷ(t)− y(t) (4.3)
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FIGURE 4.1
Diagram of a plant and controller with discrete transmission instants and
communication channels giving rise to intermittent feedback.

where ŷ is an estimate of y performed from the perspective of the controller,
and the input error vector eω as follows:

eω(t) := ω̂p(t)− ωp(t) (4.4)

where ω̂p is an estimate of ωp from the perspective of the controller. For the
sake of simplicity, we take ŷ and ω̂p to be the most recently communicated
values (or transmitted measurements) of the output and external input of the
plant, i.e., we use the ZOH strategy. Now we introduce T := {ti : i ∈ N0}
as the set of time instants when outputs and external inputs of the plant
are transmitted over communication networks. Finally, many control laws are
designed such that ωc = ω̂p. Examples are trajectory tracking controllers as
in [170] and Chapter 3. An illustration of a control system indicating the
communication channels that cause intermittent information is provided in
Figure 4.1.

Next, we want to minimize the following cost function V : Rnx → R that
captures performance vs. energy trade-offs

Vτi(x0) = E
eω

{ ∞∑

i=1

γi
[ ti∫

ti−1

(xTpQxp + uTRu)dt+ S

︸ ︷︷ ︸
l(xp,u,τi)

]}
(4.5)

over all sampling policies τi and for all initial conditions x0 ∈ Rnx . In addition,
γ ∈ (0, 1) is a discount factor that makes the sum (4.5) finite provided that
l(xp, u, τi) is bounded over all [ti−1, ti] where ti ∈ T and

ti = ti−1 + τi−1. (4.6)

For clarity, we use τi instead of τ(ŷ(ti), ω̂p(ti)), but one has to keep in mind
that, in general, intersampling intervals τi’s depend on the most recently trans-
mitted information from the plant, i.e., on ŷ(ti) and ω̂p(ti). In addition, Q and
R are positive definite matrices, and a nonnegative constant S represents the
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cost incurred for sampling y and ωp, transmitting ŷ and ω̂p, and updating
the control signal u. In (4.5), the expectation over a stochastic signal eω is
denoted E

eω
.

The main problem considered herein can now be stated:

Problem 4.1. For the system (4.1) and (4.2) with values of ω̂p and ŷ received
at ti, i ∈ N0, find time intervals τi’s until the next transmission instants such
that (4.5) is minimized.

We solve the above problem under the following assumptions:

Assumption 4.1. ŷ is corrupted by measurement noise.

Assumption 4.2. ω̂p is corrupted by measurement noise, and ωp is arbitrary
between two consecutive ti’s.

Due to these assumptions, we have to deal with partially observable states
(see Subsection 4.3.5 for more details).

4.3 Obtaining Optimal Transmission Intervals

This section presents the tools brought together to solve Problem 4.1 under
Assumptions 4.1 and 4.2. Starting from the input-output-triggering of Chap-
ter 3 that provides maximal stabilizing intersampling intervals τmax

i ’s, we find
optimal τ∗i ’s for the cost function (4.5) resorting to ADP and PF.

4.3.1 Input-Output-Triggering via the Small-Gain Theorem

Building on the small-gain theorem, we develop input-output-triggering in
Chapter 3. In other words, based on the currently available but outdated mea-
surements of the outputs and external inputs of a plant, a simple expression
for when to obtain new up-to-date measurements and execute the control law
is provided. In fact, with slight modifications, our ADP approach is applicable
to any self-triggered sampling policy (e.g., [6], [103], and [134]). Essentially,
self-triggered sampling policies output maximal allowable intersampling in-
tervals τmax

i ’s that provably yield a stable closed-loop system (4.1) and (4.2).
Starting from these τmax

i ’s, the work presented herein finds

τ∗i ∈ [0, τmax
i ], i ∈ N0 (4.7)

that minimize (4.5). Because we know the upper bounds τmax
i ’s of stabilizing

sampling policies, τ∗i ’s obtained in this chapter provably stabilize the plant. A
comprehensive treatment of the problem of whether ADP solutions of optimal
problems yield stability can be found in [206].
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4.3.2 Dynamic Programming

Notice that the cost function (4.5) has the standard DP form. Let us now
introduce a state transition function f that maps x(ti−1), u(ti−1) and ω̂p(ti−1)
to x(ti) given some eω over [ti−1, ti], i.e.,

x(ti) = f(x(ti−1), u(ti−1), τi−1, ω̂p(ti−1), eω). (4.8)

Due to intermittent feedback and the presence of nonlinearities in the plant
and controller, the state transition function over τi’s, in general, cannot be
given in a closed form with, for example, a difference equation [132]. This
is a typical impediment one faces when analyzing nonlinear systems under
intermittent feedback. Therefore, in general, the state transition function (4.8)
needs to be simulated using (4.1), (4.2), ŷ(ti−1), ω̂p(ti−1) and eω over time
horizon τi−1.

Next, let us assume that eω is a stationary stochastic process. Conse-
quently, since we consider the infinite horizon problem (4.5) and a time-
invariant control system (4.1) and (4.2), τi is not a function of ti. Hence,
we simply write τ instead of τi in the rest of the chapter. Solving the DP
problem of minimizing (4.5) backward through time is combinatorially im-
possible since the state space x in (4.5) is uncountable. Therefore, we write
the stochastic control problem of minimizing (4.5) over τ in its equivalent
form known as the Bellman equation

V ∗(z) = inf
τ∈[0,τmax]

(
l(z, u, τ) + γ E

eω
{V ∗(f(z, u, τ, ω̂p, eω))}

)
, (4.9)

where V ∗(z) is called the optimal value function (or optimal cost-to-go func-
tion), and represents the cost incurred by an optimal policy τ∗ when the ini-
tial condition in (4.5) is z. It is well known that V ∗ is the unique fixed point
of (4.9). Therefore, the problem of minimizing (4.5) boils down to finding V ∗

in (4.9).
For notational convenience, we introduce the Bellman operator M as

Mg = (Mg)(z) = inf
τ∈[0,τmax]

(
l(z, u, τ) + γ E

eω
{g(f(z, u, τ, ω̂p, eω))}

)
(4.10)

for any g : Rnx → R. Since γ ∈ (0, 1), it can be shown thatM is a contraction,
i.e.,

‖Mu−Mv‖s ≤ γ‖u− v‖s, (4.11)

where ‖v‖s = supz∈Rnx v(z). The set B of all bounded, real-valued functions
with the norm ‖ · ‖s is a Banach space. Therefore, for each initial V 0 ∈ B, the
sequence of value functions V n+1 =MV n =Mn+1V 0 converges to V ∗.

Two remarks are in order. First, it can be shown that the problem of
finding an optimal τ∗ for each state in (4.9) is non-convex. However, since τ
is confined to a rather small compact set [0, τmax], we utilize gradient search
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methods with constraints from different initial points in order to obtain τ∗.
Second, the expectation E

eω
in (4.9) can be obtained in a closed form only

for special cases. Otherwise, it can be calculated numerically by replacing the
integral with a sum using a quadrature approximation. In Section 4.4, we use
the Simpson formula [39].

Lastly, due to the “curses of dimensionality”, solving (4.9) for V ∗(z) or
iterating an initial V 0 is deemed intractable for most of the problems of in-
terest; hence, we employ ADP in the next subsection where our goal is to find
an approximation V̂ ∗ of V ∗.

4.3.3 Approximate Dynamic Programming

Among a number of methods in ADP, we choose the Value Iteration (VI)
method for its simplicity and a wide spectrum of applications. Notice that B
is an infinite dimensional vector space, meaning that it takes infinitely many
parameters to describe V ∗. Therefore, one introduces an approximate value
function V̂ i of V i where i ∈ N0. Then, the VI method iteratively applies M
to an approximate value function V̂ 0 until ‖V̂ i+1 − V̂ i‖s < ε where ε > 0.
Approximate value functions V̂ i, i ∈ N0, can be represented in finite parameter
approximation architectures such as Neural Networks (NNs). Note that it is
not possible to obtain true value functions V i’s but only their approximations;
hence, we write V̂ i instead of V i. Basically, VI performs

V̂ i+1 =MV̂ i, i ∈ N0 (4.12)

until

‖V̂ i+1 − V̂ i‖s < ε (4.13)

where ε > 0.
In order to calculate V̂ i+1 in (4.12), we need to apply (4.10) over all

z ∈ Rnx . Obviously, this is computationally impossible since Rnx contains
uncountably many points. Therefore, many ADP approaches focus on a com-
pact subset Cx ⊂ Rnx , choose a finite set of points X ⊂ Cx, and calculate V̂ i+1

only for the points in X . Afterward, the values of V̂ i+1 for Cx \X are obtained
via some kind of interpolation/generalization.

4.3.4 Approximation Architecture

The problem of choosing an approximation architecture that fits V̂ i+1 to
V̂ i+1(X ) and, at the same time, is able to interpolate/generalize for V̂ i+1(Cx \
X ) appears to be crucial in order for ADP to converge. It is considered that
ADP is not converging when either the stopping criterion (4.13) is never
reached (refer to [55] and [100]) or V̂ ∗ is not an accurate approximation of
V ∗ [138]. The latter criterion is concerned with suboptimality of the obtained
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solution. In this chapter, we focus on the former deferring suboptimality anal-
yses for future work.

The key property that has to be preserved by an approximation archi-
tecture is the contraction property (4.11) (refer to [55], [100] and [32]). In
[55], the author classifies function approximators as expansion or contraction
approximators. Expansion approximators, such as linear regressors and NNs,
exaggerate changes on Cx \X . Contraction approximators (or local averagers),
such as k-nearest-neighbor, linear interpolation, grid methods and other state
aggregation methods, conservatively respond to changes in X . Therefore, on
the one hand, a VI that includes a contraction approximator always converges,
in the sense of (4.13), to the fixed point determined by the approximator,
say V̂ ∗ca. However, not much can be said about the value ‖V ∗− V̂ ∗ca‖s (see [55]
and [100]). On the other hand, a VI that includes an expansion approximator
might diverge [100]. However, NNs are still a widely used approximation ar-
chitecture due to their notable successes (for example, [161], [173], and [107]),
adaptive architectures [187], performance guarantees under certain assump-
tions [32], and inventions of novel NN architectures. These novel NN archi-
tectures are also called nonparametric approximation [32] and they adapt to
the training data. Examples are kernel-based NNs (refer to [23] and [63]) and
recurrent NNs (refer to [167] and [63]). Almost all of the references in this
subsection provide advantages and disadvantages of different approximation
architectures. This fact shows the importance of the choice of approximation
architecture.

A goal of this chapter is not to advocate certain architectures. Instead,
based on our experience and the references above, we define properties that
successful approximation architectures possess (e.g., contraction approxima-
tors and kernel-based NNs). Based on the specifics of the problem (dimen-
sionality of the problem, availability and density of data, available processing
power, memory requirements, etc.), one should choose a suitable architecture.
In the example from Section 4.4, a Multilayer Perceptron (MLP) architecture
is successful in fulfilling this property.

4.3.4.1 Desired Properties

Assume that V ∗(x) is a smooth function on Cx, and choose a smooth function
approximator. At the ith step, where i ∈ N0, randomly pick any x′ ∈ Cx,
calculate (MV̂ i)(x′), and fit V̂ i(x′) to (MV̂ i)(x′) obtaining V̂ i+1. We are
seeking an approximation architecture that satisfies the following properties

(i) V̂ i+1(x′) = (MV̂ i)(x′);

(ii) supp(V̂ i+1 − V̂ i) = Ci, where supp(f) = {x : f(x) 6= 0} is the support of
a function f , and Ci ⊂ Cx is a convex and compact neighborhood of x;
and

(iii) for any c ∈ ∂Ci, where ∂Ci denotes the boundary of Ci, the following
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holds

V̂ i+1[S] ⊆ [V̂ i+1(c), V̂ i+1(x′)], (4.14)

where V̂ i+1[S] is the image of the segment S connecting x′ and c,

in order to have ‖V i+1 − V i‖s → 0 as i→∞.

Remark 4.1. Let us consider two value functions ûi and v̂i in the ith

step, and apply M at a randomly chosen x′i. Due to (4.11), we have
‖(Mûi)(x′i) − (Mv̂i)(x′i)‖ ≤ γ‖ûi(x′i) − v̂i(x′i)‖. From property (i), we con-
clude that ‖ûi+1(x′i)− v̂i+1(x′i)‖ ≤ γ‖ûi(x′i)− v̂i(x′i)‖. Since the approximator
is smooth, we know that there exists a neighborhood C′i ⊆ Ci of x′i such that
supx∈C′i ‖û

i+1(x) − v̂i+1(x)‖ ≤ supx∈C′i ‖û
i(x) − v̂i(x)‖. This means that the

nonexpansion property required in [55] is obtained locally around x′i. The non-
expansion property from [55] is (4.11) when γ is replaced with 1. Finally,
property (iii) eliminates counterexamples in which the Lebesgue measures of
C′i, i ∈ N0, tend to zero. Consequently, generalization of the approximation
architecture is ensured.

Remark 4.2. Property (i) is the accuracy requirement in order to pre-
serve (4.11). Property (ii) is the “local property” found in [55], [100] and
[187]. This local property is built in the activation functions of the kernel-
based NNs. Property (iii) is used to ensure that C′i’s are not merely x′i’s. In
addition, property (iii) curbs expansiveness on Ci \ C′i.

Remark 4.3. Notice that Desired Properties imply online learning of
NNs [63]. The motivation behind this choice lies in the fact that it is straight-
forward to check properties (i), (ii) and (iii) in online learning. Moreover,
since we randomly pick points x′i ∈ Cx in each step, we do not have to specify
X . By choosing random x′i’s, we also avoid the problem of exploration vs. ex-
ploitation [150]. On the other side, when using batch learning, properties (i),
(ii) and (iii) cannot be guaranteed since NNs are expansion approximators.
In fact, not until we switched to online learning in the example from Section
4.4, convergence was obtained. An extension of Desired Properties for batch
learning and the problem of choosing X are left for future work.

Remark 4.4. As the stopping criterion we use the following: when ‖V̂ i+1 −
V̂ i‖s < ε for N ∈ N consecutive steps, the value iteration method has con-
verged.

4.3.5 Partially Observable States

Notice that the approximate value function V̂ (x) is a function of state x.
Up to this point we did not take into account that x is not available due to
Assumptions 4.1 and 4.2. In other words, we are solving the DP problem (4.5)
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with partially observable states. More details about strategies for solving DP
problems with partially observable states are found in Chapter 5 of [20].

Let us assume that the controller can access its state xc. Consequently,
the controller can calculate u at any given time. However, the controller does
not have access to the state of the plant xp but merely to ω̂p and ŷ. In other
words, we are solving the DP problem (4.5) with imperfect state information,
i.e., partially observable states. We circumvent this problem by introducing
a Particle Filter (PF) (refer to [62] and [45]) that provides estimates x̂p of
the actual state xp. More details about the problem of estimation under in-
termittent information can be found in [177]. It is well known that PFs are
suitable for nonlinear processes, non-Gaussian and nonadditive measurement
as well as process noise. We account for changes in ωp between two consecutive
sampling instants by treating eω as the process noise.

More precisely, we model the closed-loop system (4.1) and (4.2) as

xp(ti) = fdp (xp(ti−1), u(ti−1), τi−1, ω̂p(ti−1), eω),

ŷ(ti) = g(xp(ti), ν), (4.15)

where fdp represents a discrete transition function of the plant obtained in
similar fashion as (4.8), and statistics of the process noise eω and measure-
ment noise ν are known and time invariant. Based on (4.15), we build a PF
that extracts x̂p from ω̂p and ŷ and feeds the controller. Details of our PF
implementation under intermittent feedback can be found in [177] and [176].

We deal with partially observable states by first obtaining V̂ ∗(x) for the
case of perfect state information. Then, we employ PF and iterate V̂ ∗(x)
using (4.12) to obtain the approximation of V̂ ∗(x̂) for the case of partially
observable states. The motivation behind obtaining V̂ ∗(x̂) from V̂ ∗(x) lies in
the fact that PFs need several steps to obtain a reliable estimate x̂ starting
from a poor initial estimate. Since the random choice of the state in every
step in Desired Properties requires initialization of PFs for each step leading
to a poor estimate x̂, Desired Properties cannot be used for obtaining V̂ ∗(x̂).
Basically, since V̂ ∗(x) is a close estimate of V̂ ∗(x̂) when x̂ is a close estimate
of x, we exploit V̂ ∗(x) to fine tune V̂ ∗(x̂) without need for the exploration
phase.

4.4 Example: Autonomous Cruise Control (Revisited)

In this section, we apply the optimal self-triggered sampling policy to the
trajectory tracking controller presented in Section 3.1.1. When emulating noise
in (4.15), we use eω ∈ U([−0.3, 0.3] × [−0.3, 0.3]) and ν ∈ U([−0.15, 0.15] ×
[−0.15, 0.15]×[−0.15, 0.15]), where U(S) denotes the uniform distribution over
a compact set S.
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The following coefficients were used in the cost function (4.5): Q = 0.1I3,
R = 0.1I2, S = 15 and γ = 0.96. A remark is in order regarding the choice
of Q, R and S. On the one hand, as we decrease S and keep Q and R fixed,
the obtained sampling policy τ approaches zero. In other words, as the energy
consumption for sampling, transmitting and processing decreases, the optimal
intermittent feedback turns into continuous feedback. On the other hand, as S
becomes greater, τ approaches τmax. The above choice of Q, R and S yields
τ ∈ [0.6τmax, 0.9τmax].

As the approximation architecture, we choose an MLP with 100 hidden
neurons. In addition, we confine x to the set Cx = [−100, 100]2 × [−30π, 30π].
Not until we used that many hidden neurons, properties (i), (ii) and (iii) were
satisfied on Cx. Even though activation functions in MLPs are not locally
responsive, we were able to satisfy (i), (ii) and (iii). We presume the reason is
low dimensionality of the considered tracking problem. For high-dimensional
problems, the kernel-based NNs appear to be more suitable. In the stopping
criterion from Remark 4.4 we choose ε = 1 and N = 10, and obtain V̂ ∗(x) in
about 300 to 400 steps depending on the initial V̂ 0(x) and ωp. Afterward, we

obtain V̂ ∗(x̂) from V̂ ∗(x) using (4.12) and x̂ fed from the particle filter. With
ε = 1 and N = 10, it takes about 50 simulations for V̂ ∗(x̂) to converge starting
from V̂ ∗(x). The obtained approximation V̂ ∗(x̂) of V ∗(x) for ωp = (1, 1) is
illustrated in Figure 4.2.

In the simulation included in this chapter, we choose k1 = 1.5, k2 = 1.2
and k3 = 1.1. Figure 4.3 is obtained for the trajectory generated with ωp(t) =
(1, 1)[0,1.83)+(0.6, 0.15)[1.83,8.8)+(2, 2)[8.8,12] where tS is the indicator function
on a set S, i.e., tS = t when t ∈ S and zero otherwise. In addition, Figure 4.3
shows that the intersampling interval τ tends to increase as ‖x‖ approaches
the origin.

4.5 Conclusions and Perspectives

This chapter investigates the problem of optimal input-output-triggering for
nonlinear systems. We replace the traditional periodic paradigm, where up-
to-date information is transmitted and control laws are executed in a periodic
fashion, with optimal intermittent feedback. In other words, we develop a
methodology that, based on the currently available but outdated measure-
ments of the outputs and external inputs of a plant, provides time instants for
obtaining new up-to-date measurements and execute the control law such that
a given cost function is minimized. The optimization problem is formulated
as a DP problem, and ADP is employed to solve it. In addition, because the
investigated problems contain partially observable states, our methodology
includes particle filtering under intermittent feedback. Furthermore, instead
of advocating one approximation architecture over another in ADP, we for-
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mulate properties that successful approximation architectures satisfy. Finally,
our approach is successfully applied to a trajectory tracking controller for
velocity-controlled unicycles.

In the future, the main goal is to further investigate the properties of
successful approximation architectures. In addition, we plan to estimate how
suboptimal the methodology developed in this chapter is.
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In this chapter, we consider multiple feedback loops being closed over a shared
communication channel . This situation is common in practice where multiple
control applications run over the same communication channel. As the trans-
mission capacity of the shared link is limited, not all feedback loops may be
closed at a time and some of the control sub-systems run in open loop. If
one of those sub-systems occupies the communication channel for an exces-
sive amount of time, the performance of the other control systems is likely
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to be significantly deteriorated; in the worst case, the overall system becomes
unstable. In such a setting, the individual control loops are no longer op-
erating independently but are coupled through the communication resource.
Accordingly, a smart mechanism is needed which regulates the access to the
communication channel (e.g., the UGES protocols from Chapter 2). In com-
munication engineering, such a mechanism is known as medium access control
(MAC) protocol. In this chapter we introduce different MAC policies, which
in contrast to standard approaches, explicitly take the state of the individual
NCS loops into account and analyze the overall behavior of the multi-loop
control system under these policies. The individual control loops consist of
potentially heterogeneous linear time-invariant plants with stochastic distur-
bances. The channel capacity is limited in terms of the transmission slots at
a particular instant of time. We introduce a novel scheduling scheme, which
dynamically prioritizes the channel access at each time step according to an
error-dependent priority measure. Given local error thresholds for each control
loop, the scheduling policy blocks the transmission of sub-systems with lower
error values in order to free the channel for sub-systems with larger errors. The
scheduler then allocates the communication resource probabilistically among
the eligible sub-systems based on a prioritized measure. We prove stochas-
tic stability of the multi-loop NCS under the proposed scheduler in terms
of f -ergodicity of the overall network-induced error. Additionally, we derive
uniform analytic performance bounds for an average cost function comprised
of a quadratic error term and transmission penalty. Furthermore, results on
the robustness of the scheme against channel imperfections such as packet
dropouts are discussed and a decentralized implementation is presented. Sim-
ulation results show that the proposed scheme presents a significant reduction
of the aggregate network-induced error variance compared to time-triggered
and random access scheduling policies such as TDMA and CSMA, especially
as the number of sub-systems increases.

5.1 Motivation, Applications and Related Works

Traditional digital control systems are typically associated with time-triggered
control schemes and periodic sampling. The introduction of communication
networks for data transmission between spatially distributed entities in large-
scale systems spurs the design of more advanced sampling strategies that
result in more efficient utilization of the available resources (e.g., bandwidth
and energy). However, control over shared communication resources imposes
several design challenges due to channel capacity limitations, network conges-
tion, delays and dropouts [130, 73]. As many results over recent years show,
e.g., [11, 169, 190, 42, 71] and references found throughout this book, it is
often more beneficial to sample upon the occurrence of specific events, rather
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than after a fixed period of time elapses, especially when dealing with scarce
resources.

Most of the available works consider an event-triggered synthesis for single-
loop networked systems under limited communication resources [90, 127, 120,
112, 101, 188, 121, 37, 8, 59, 7, 169]. The main focus is on appropriate event
generation to reduce the communication cost and yet achieve the required
control performance including stability.

In practice, however, multiple networked control applications often share
the resource-limited communication infrastructure for closing the loop be-
tween the sensors and the controllers; see Figure 5.1 for illustration. Relevant
application domains are in industrial automation, building automation, smart
transportation, smart grids, and general infrastructure systems. The commu-
nication channel typically has a limited capacity, i.e, only a limited number
of transmission slots are available at a certain instant of time. If the number
of control applications exceeds the number of parallel transmission slots, then
inevitably some of the feedback loops may not be closed at that time instant.
In such a setting, the individual feedback loops compete for the limited com-
munication resource. In fact, their performance is coupled through limited
resources: If there are feedback loops which make excessive use of the com-
munication resources and block others, then this may lead to a performance
degradation of the overall system and may even result in unstable behavior.

Compared to the single-loop scenario (see Chapters 2, 3, 4 and the refer-
ences therein), multiple-loop networked control systems under communication
constraints have attained little attention in the literature so far, with notable
exceptions in [70, 34, 25, 26, 27, 128, 129, 155, 198, 156, 152, 9] as well as
in Chapters 6, 7 and 8. The results presented in [128, 129] suggest that an
event-based approach can be effectively employed as a threshold policy to
govern the channel access in a networked control system with explicitly con-
sidered resource limit. Also, [33, 65, 153] conclude that event-based control
and scheduling schemes outperform periodic rules in terms of resource con-
sumption while preserving the same level of control performance in multi-loop
NCSs.

However, the triggering strategy and the communication model at the level
of channel access management and collision resolution have a quite intricate
relationship. It is suggested in [70, 34] that event-triggering is considerably
beneficial compared to the time-triggered sampling in Carrier Sense Multiple
Access (CSMA)-based random channel arbitration. But with unslotted and
slotted ALOHA, event-triggered sampling leads to a performance degrada-
tion [25, 26]. In summary, the interaction between the sampling mechanism
and underlying communication protocol needs to be thoroughly studied.

5.1.1 Medium Access Control

Every communication channel is subject to a capacity constraint, which im-
plies that only a limited number of networked control applications simul-
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Fig. 1. Schematic of a multiple loop NCS with shared communication
channel.

matrix X is represented by N (µ, X), while P[A] denotes the
probability that event A occurs. A vector with superscript i
belongs to control loop i, while the subscript k denotes the
time step. For matrices, subscript i indicates the belonging
subsystem while superscript n denotes the matrix power.

II. PROBLEM STATEMENT

Consider an NCS composed of N heterogeneous LTI con-
trol loops coupled through a shared communication medium,
as schematically depicted in Fig. 1. Each control loop con-
sists of a stochastic plant Pi, and a feedback controller Ci.
The plant Pi is modeled by the stochastic difference equation

xi
k+1 = Aix

i
k + Biu

i
k + wi

k, (1)

where the disturbance process wi
k ∈Rni is i.i.d. with N (0, I)

at each time k, and Ai ∈ Rni×ni , Bi ∈ Rni×mi describe
system and input matrices, respectively. Considering unity
covariance Gaussian distribution for disturbance process is
merely for notational convenience. Since our results are
independent of initial state, xi

0 is allowed to be any random
variable with arbitrary finite variance distributions. At each
time-step k, the binary scheduling variable δi

k ∈ {0, 1}
denotes if a subsystem i is awarded the channel access, i.e.

δi
k =

{
1, xi

k is sent for transmission
0, xi

k is blocked.

Each loop is assumed to be driven by a local state feedback
controller updated at every time step k either by the true
state xi

k (in case δi
k =1) or by the estimated state x̂i

k (in case
δi
k =0). Essentially, we consider control laws γi’s given by

ui
k = γi(Zi

k) = −LiE
[
xi

k|Zi
k

]
, (2)

where Zi
k ={xi

0, δ
i
0 . . . , xi

k, δi
k} is the update history and Li

is any stabilizing feedback gain. Notice that, in accordance
with the emulation-based frameworks, the synthesis of Li’s
is not explicitly addressed here. Knowing that the plants are
stabilized in the absence of a communication network, we
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Fig. 2. A multi-loop NCS with a shared communication channel and local
scheduling mechanism.

focus on the scheduling process. In case δi
k =0, a Kalman-

like estimator with local knowledge Zi
k−1 computes x̂i

k as

E
[
xi

k|Zi
k

]
= (Ai − BiLi)E

[
xi

k−1|Zi
k−1

]
, (3)

with initial distribution E
[
xi

0|Zi
0

]
= 0. The estimate in (3)

is well behaved since a stabilizing gain Li ensures that
the closed-loop matrix (Ai − BiLi) is Hurwitz. The local
network-induced error is defined as ei

k =xi
k−E

[
xi

k|Zi
k

]
for

each subsystem i ∈ {1. . . . , N}, and evolves as

ei
k+1 =

(
1 − δi

k+1

)
Aie

i
k + wi

k, (4)

where the sequence of decisions within one time period is

· · · → ek → δk+1 → zk+1 → uk+1 → ek+1 → · · ·
Having (1)-(4), the aggregate networked state (xi

k, ei
k) has

triangular dynamics within each local control loop as
[

xi
k+1

ei
k+1

]
=

[
Ai − BiLi

(
1 − δi

k+1

)
BiLi

0
(
1 − δi

k+1

)
Ai

][
xi

k

ei
k

]
+

[
wi

k

wi
k

]
.

This implies that the evolution of the error sate ei
k is

independent of the system state xi
k.

A. Decentralized Scheduling Mechanism

We assume that the operational time scale of the commu-
nication channel is much finer than that of the local control
systems, i.e. between each two time steps k → k +1, the
communication time slots are {kh, kh + τ, . . . , kh + (h −
1)τ, (k+1)h}, with τ a fixed time duration and the integer h
denoting the number of samples within one control period.
Assume h ≫ 1. We aim for a decentralized approach, i.e.
the ith subsystem is provided with only local information
Ai, Bi, Wi, λi, Zi

k and the distribution of xi
0, where λi

is the local error threshold. Thus, every subsystem i knows
its latest local error ei

k′ as well as λi to decide whether to
compete for channel access at time k′ +1. If the weighted
squared norm of its latest error is smaller or equal to the
given local threshold, subsystem i will be excluded from
the channel access competition. This process represents the
deterministic feature of the scheduling design. Thus, we have

P[δi
k′+1 = 1

∣∣ei
k′ ] = 0 if ∥ei

k′∥2
Qi

≤ λi, (5)

FIGURE 5.1
Multi-loop NCS operated over a shared communication channel.

taneously have access to the channel. If the number of feedback loops ex-
ceeds the number of available slots, some of the transmission requests are
inevitably blocked and the corresponding sub-systems remain in open loop
until they obtain access to the channel. This issue is common to any net-
worked application; in order to resolve the access conflict, different scheduling
paradigms have been developed. These mechanisms are called medium access
control (MAC) protocols. The most important MAC paradigms are catego-
rized with respect to their implementation in “centralized vs. decentralized”,
“time-triggered vs. event-triggered”, and “deterministic vs. random (proba-
bilistic) access” schemes.

Time division multiple access (TDMA), frequency division multiple access
(FDMA) and code division multiple access (CDMA) are well-known central-
ized access policies. With a priori assigned resources to the individual data
streams/applications (time slots in TDMA, code sequence in CDMA, and
frequency range in FDMA), they offer collision-free transmission and high
throughput even at high network load. They are called contention-free pro-
tocols. Moreover, quality-of-service support and bandwidth arbitration are
facilitated as those methods are, in principle, capable of prioritizing chan-
nel access given either pre-determined priority order or dynamic prioritiza-
tion based on the network and control systems online conditions. However,
centralized strategies lack flexibility toward structural system changes and
scalability, which consequently makes those approaches unfeasible to imple-
ment for structurally varying and large-scale networked systems. Centralized
strategies are mostly preferred in small and medium-size NCSs without any
structural changes. In addition, centralized protocols are characterized by a
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single point of failure, which can compromise the overall NCS performance.
In a decentralized MAC protocol, the transmission time of every node is de-
termined locally without the requirement of having global knowledge of all
nodes among which the communication medium is shared. They are scalable,
easy-to-install, and may flexibly react to changes in the network configura-
tion. Decentralized policies are suitable for networked systems with a large
and possibly changing number of nodes. However, collisions are inevitable
within those contention-based protocols and need to be handled with care in
the NCS design. Furthermore, collision avoidance mechanisms, e.g., the listen-
before-talk scheme in CSMA with collision avoidance (CSMA-CA), call for all
nodes to sense the channel quite often, which induces energy consumption due
to idle listening, overhearing, and message overhead.

The difference between event-triggered and time-triggered scheduling ap-
proaches is that the former takes into account the current situation of the
sub-systems (and the communication channel) in order to control the channel
access while the latter approach schedules the communication resource ac-
cording to some periodic offline rules. For example, TDMA is a time-triggered
scheduling approach where the sequence of transmissions for a sub-system
is determined a priori. The notable advantage of event-triggered approaches
is the capability of real-time monitoring of the NCS and corresponding ad-
justment of the scheduling decisions; for instance, prioritizing the transmis-
sion requests from those nodes in urgent transmission state. Event-triggered
scheduling policies consider a well-defined event as the trigger for a transmis-
sion rather than an elapsed fixed period of time. As many results over recent
years show [11, 169, 190, 42, 71], it is often more beneficial to sample a signal
within the control loop upon the occurrence of specific events, rather than
after a fixed period of time elapses, especially when dealing with scarce re-
sources. In NCSs, event-based control and scheduling schemes outperform the
periodic (time-triggered) rules in terms of resource consumption while pre-
serving the same level of control performance [33, 65, 153]. This motivates
us to consider an event-triggered scheduling approach in this chapter in or-
der to appropriately manage the resource constraints imposed on the channel
capacity.

The scheduling decisions may be performed according to either determinis-
tic or probabilistic rules. TDMA and Try-Once-Discard (TOD), already inves-
tigated in Chapter 2, are well-known deterministic mechanisms; CSMA and
CSMA-CA are commonly employed probabilistic channel access managers.
Deterministic rules usually render better performance than their probabilistic
counterparts, but the latter are often better scalable and reconfigurable as
they facilitate a decentralized implementation.

The remainder of this chapter is organized as follows. Section 5.2 presents
the terminology and essential background used throughout this chapter. Sec-
tion 5.3 introduces the basic problem setting and formulates the scheduling
problem in multi-loop NCSs. Different event-based scheduling mechanisms are
proposed in Section 5.4. Furthermore, their convergence properties are inves-
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tigated and studied in the presence of transmission errors. In Section 5.5 a de-
centralized implementation considering state-of-the-art communication proto-
cols is studied. Simulation results comparing the performance of the proposed
scheduling approaches to others are presented in Section 5.6. Conclusions and
future challenges are found in Section 5.7. Several technical results and proofs
are included in Section 5.8.

5.2 Markov Chains and Stochastic Stability

We will show in the next section that the system under consideration is a
homogeneous Markov chain evolving in Rne . Therefore, in the following we
will shortly revisit some essential notions and properties related to Markov
chains evolving in uncountable state spaces as well as their convergence. The
notions and properties below are mainly from the textbook [123].

5.2.1 Markov Chains

Proposition 5.1 (Markov Property). Let Φ = {Φ0,Φ1, . . .} be a Markov
chain defined on (Ω,F) equipped with the initial measure µ. Assume h : Ω→ R
is a measurable and bounded function. Then for any positive integer n, the
Markov property follows as

Eµ [h (Φn+1,Φn+2, . . .) |Φ0, . . . ,Φn,Φn = s] = EΦ [h(Φ1,Φ2, . . .)] .

According to Proposition 5.1, the Markov property implies that the evo-
lution of a Markov state is forgetful of all its past values except the most
immediate value.

Definition 5.1 (Occupation Times and Return Times). Let S be a general
state space equipped with σ-algebra A(S). Then for any A ∈ A(S):

1. The occupation time, refers to the measurable function ηA : Ω→ Z+∪{∞},
which denotes the number of visits to set A by the Markov chain Φ =
{Φ1,Φ2, . . .}, i.e.,

ηA :=
∞∑

n=1

I{Φn ∈ A}.

2. The return time refers to the measurable function τA : Ω → Z+ ∪ {∞},
which denotes the first return time to the set A by the Markov chain Φ =
{Φ1,Φ2, . . .}, i.e.,

τA := min{n ≥ 1 : Φn ∈ A}.
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Definition 5.2 (ϕ-Irreducible Markov Chains). Let the Markov chain Φ be
defined on (S,A), and ϕ be a measure on the σ-algebra A(S). Then Φ is said
to be ϕ-irreducible, if for every s ∈ S, ϕ(A) > 0 implies

Ps(τA <∞) > 0.

The measure ϕ is then called the irreducibility measure of the Markov chain
Φ.

ϕ-irreducibility means that the entire state space of a ϕ-irreducible Markov
chain can be reached via a finite number of transitions, regardless of the initial
state. We will see in what follows that this property plays an essential role in
stability analysis of Markov chains on uncountable state spaces.

Theorem 5.1 (ψ-Irreducible Markov Chain). If a Markov chain Φ defined on
(S,A) is ϕ-irreducible, then a unique maximal irreducibility measure ψ exists
on A(S) such that

1. ψ � ϕ;

2. Markov chain Φ is ϕ′-irreducible for any other measure ϕ′, if and only if
ψ � ϕ′;

3. ψ(A) > 0 implies Ps(τA <∞) > 0, for every s ∈ S; and

4. if ψ(A) = 0, then ψ(Ā) = 0, where Ā := {z : Pz(τA <∞) > 0}.

Definition 5.3 (Small set). A subset C ∈ B(X) of the measurable space
(X,B) is called ν-small if a non-trivial measure ν on B(X) and k > 0 exists
such that for all x ∈ C and B ∈ B(X),

P k(x,B) ≥ ν(B).

Remark 5.1. It is comprehensively discussed in [123, Sec. 5.3.5] that for
linear state-space models, all compact subsets of the state space are small sets
as well.

Definition 5.4 (Aperiodic and Strongly Aperiodic Markov Chain). Let Φ be
a ϕ-irreducible Markov chain. The Markov chain Φ is called aperiodic if the
largest common period for which a d-cycle occurs equals one. The chain Φ is
called strongly aperiodic if there exists a ν-small set A such that ν(A) > 0.

5.2.2 Stochastic Stability

We mainly employ stability concepts presented in [123], where a comprehen-
sive discussion about the stability of Markov chains in uncountable state
spaces is provided. The stability of Markov chains can be investigated in
terms of ergodicity. A random process is called ergodic if the time-average
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of its events over one sample sequence of transitions represents the behavior
of the process over the entire state-space. Thus, ergodicity implies the exis-
tence of an invariant finite measure over the entire state-space, implying that
the process returns to some sets in finite time, and does not diverge forever.

Definition 5.5 (Positive Harris Recurrence [72]). Let the Markov chain
Φ = (Φ0,Φ1, . . .) evolve in state space X, with individual random variables
measurable with respect to some known σ-algebra B(X). Then Φ is said to be
positive Harris recurrent if:

1. there exists a non-trivial measure ν(B) > 0 for a set B ∈ B such that for
all initial states Φ0 ∈ X, P (Φk ∈ B, k <∞) = 1 holds, and

2. Φ admits a unique invariant probability measure.

Definition 5.6 (f -Ergodicity [123]). Let f ≥ 1 be a real-valued function in
Rn. A Markov chain Φ is said to be f -ergodic, if:

1. Φ is positive Harris recurrent with the unique invariant probability measure
π,

2. the expectation π(f) :=
∫
f(Φk)π(dΦk) is finite, and

3. limk→∞ ‖P k(Φ0, .)−π‖f = 0 for every initial value Φ0 ∈ X, where ‖ν‖f =
sup|g|≤f |ν(g)|.
Item 3 introduces the notion of Markov chain gradient with respect to a

real-valued function of states.

Definition 5.7 (Drift for Markov Chains). Let V : Rn → [0,+∞) be a real-
valued function and Φ be a Markov chain. The drift operator ∆ is defined for
any non-negative measurable function V as

∆V (Φk) = E[V (Φk+1)|Φk]− V (Φk), Φk ∈ Rn. (5.1)

The following theorem summarizes the f -ergodicity of Markov chains in
general state spaces [123, Ch. 14].

Theorem 5.2 (f -Norm Ergodic Theorem). Suppose that the Markov chain
Φ is ψ-irreducible and aperiodic and let f (Φ)≥1 be a real-valued function in
Rn. If a small set D and a non-negative real-valued function V exist such that
∆V (Φ)≤−f(Φ) for every Φ∈Rn\D and ∆V <∞ for Φ∈D, then the Markov
chain Φ is f -ergodic.

In summary, f -ergodicity expresses that the Markov state converges to
an invariant finite-variance measure over the entire state-space. This ensures
that the Markov chain is a stationary process, and guarantees that if the
Markov state leaves some compact subsets of σ-algebra B(X), it returns to
these subsets in finite time with probability one.

Lyapunov Mean Square Stability (LMSS) is another commonly employed
stability concept in stochastic systems.
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Definition 5.8 (Lyapunov Mean Square Stability [94]). A linear system with
state vector Xk is Lyapunov mean square stable (LMSS) if given ε>0, there
exists ρ(ε) such that ‖X0‖2<ρ implies

sup
k≥0

E
[
‖Xk‖22

]
≤ε.

It should be noted that Lyapunov mean square stability implies f -
ergodicity but not vice versa since the latter holds not only with quadratic
Lyapunov functions but also with p-power variations. A weaker notion of sta-
bility is given by the Lyapunov Stability in Probability (LSP).

Definition 5.9 (Lyapunov Stability in Probability [94]). A linear system
with state vector xk is LSP if given ε, ε′>0, there exists ρ(ε, ε′)>0 such that
|x0|<ρ implies

lim
k→∞

supP
[
xTkxk ≥ ε′

]
≤ ε. (5.2)

5.3 Problem Statement: Scheduling in Multi-Loop NCS

In this section, we introduce the model of a multi-loop NCS and further dis-
cuss the control and scheduling synthesis. Consider a set of N heterogeneous
control loops coupled through a shared communication channel as depicted
in Figure 5.1. Each individual loop consists of a discrete time linear time-
invariant sub-system with stochastic disturbances (including model uncertain-
ties) Pi and a controller Ci, where the link from Pi to Ci is closed through the
shared communication channel. A scheduling unit decides when a state vector
xik ∈Rnxi at time step k is to be scheduled for channel utilization, where ni
is the dimension of the i’th sub-system. The process Pi is modeled by the
stochastic difference equation

xik+1 = Aix
i
k +Biu

i
k + wik, (5.3)

where wik ∈ Rnωi is i.i.d. with the standard normal distribution N (0, I) at
each time k, while constant matrices Ai∈Rnxi×nxi and Bi∈Rnxi×nui describe
system and input matrices of sub-system i, respectively. The pair (Ai, Bi) is
assumed to be stabilizable. The initial state xi0 is randomly chosen from an
arbitrary bounded-variance distribution. The initial state x0 together with the
noise sequence wk generate a probability space (Ω,A,P), where Ω is the set of
all possible outcomes, A is a σ-algebra of events associated with probability
P. The variable δik ∈{0, 1} represents the scheduler’s decision whether a sub-
system i transmits at time step k or not
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δik =

{
1, xik is sent through the channel

0, xik is blocked.

Based on the scheduler’s decision at a time step k, the received data at the
controller side is determined as

zik =

{
xik, δik = 1,

∅, δik = 0.

Remark 5.2. Unless stated otherwise, we assume a loss-less channel, i.e.,
if a packet is transmitted, it will be surely received by the corresponding con-
troller. Accordingly, the block “dropout/collision indicator” in Figure 5.1 is to
be ignored. The case of packet dropouts due to imperfect channels is addressed
in Section 5.4.4 and the case of collisions due to a decentralized implementa-
tion (contention-based protocol) in Section 5.5. Furthermore, we assume that
the state is transmitted and not a measurement.

It is assumed that the ith controller has knowledge of its own model, i.e.,
Ai, Bi, and the distributions of process noise, wik and xi0, but not of the others.
The control law is assumed to be a measurable and causal mapping of past
observations, in particular, here we assume a linear time-invariant control law

uik = −LiE
[
xik|Zik

]
, (5.4)

where Zik = {zi0, . . . , zik} is the ith controller observation history, and Li is a
stabilizing feedback gain. If there is no transmission at time step k, a model-
based estimator computes the state estimate

E
[
xik|Zik

]
= (Ai −BiLi)E

[
xik−1|Zik−1

]
if δik=0, (5.5)

with E
[
xi0|Zi0

]
= 0nxi . The estimate (5.5) is well-behaved as the stabilizing

gain Li ensures the stability of the closed-loop matrix (Ai −BiLi). In case of
a successful transmission, the transmitted state is employed to compute the
control. The network-induced error eik∈Rnei , defined as

eik :=xik − E
[
xik|Zik

]
, (5.6)

plays a crucial role within the stability analysis as we will see in the following.
Employing (5.3)–(5.5) and the definition of the network-induced error eik, the
dynamics of the ith-loop is written in terms of its so-called network state
(xik, e

i
k) as

xik+1 = (Ai −BiLi)xik +
(
1− δik

)
BiLie

i
k + wik, (5.7)

eik+1 =
(
1− δik+1

)
Aie

i
k + wik. (5.8)
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From (5.7) it follows that if the ith-loop is closed at time k, i.e., δik=1, the
stabilizing gain Li ensures the closed-loop matrix (Ai −BiLi) to be Hurwitz.
Moreover, (5.8) indicates that the evolution of the network induced error eik
is independent of the system state xik and the control input uik. Furthermore,
we observe that stability of closed-loop system i does not imply stability of
the error state eik. Thus, given a stable closed-loop matrix (Ai −BiLi), it is
sufficient to show stability of eik in order to show stability of the aggregate
state (xik, e

i
k). We show later that if Ai is unstable then the ith loop needs to be

closed “often enough” over an interval to ensure stable error dynamics. This
separation enables us to design the scheduler, which affects the error state
eik, independent of the control law uik. Hence, we employ an emulation-based
control strategy with the minimal requirement to stabilize the closed-loop
systems in the absence of the capacity constraint.

Problem 5.1. Design a scheduling protocol such that the network-induced
error dynamics (5.8) is stabilized in a stochastic sense.

Problem 5.2. Investigate the performance of the multi-loop NCS under the
proposed scheduling protocol and compare it to conventional approaches.

5.4 Stability and Performance

5.4.1 Event-Based Scheduling Design

In scheduling design, the goal is to develop a medium access control scheme
which utilizes limited communication resources efficiently and leads to an
improved overall NCS performance compared to conventional scheduling ap-
proaches, e.g., TDMA and CSMA. Naturally, stability of the overall networked
system is one of the most fundamental requirements. We assume that the
communication channel is subject to a capacity constraint such that not all
sub-systems can simultaneously transmit. Consequently, some of data packets
are blocked and the corresponding systems operate in open loop.

Here we introduce a novel event-based error-dependent scheduling rule
that dynamically prioritizes the channel access for the loops competing for
channel access. Therefore we first define the overall network-induced error
state ek ∈ Rne by stacking the error vectors from all control loops as follows

ek = (e1
k, . . . , e

N
k ), (5.9)

with ne =
∑N
i=1 nei.

The following scheduling rule defines the probability of channel access for
a sub-system, say i, at time step k + 1 based on the error values ek at one
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time step before as

P[δik+1 = 1|ek, λi] =





0 ‖eik‖2Qi ≤ λi
1 ‖eik‖2Qi > λi ∧ jλ ≤ c
‖eik‖2Qi∑
jλ
‖ejk‖2Qj

‖eik‖2Qi>λi ∧ jλ > c,

(5.10)

where ‖eik‖2Qi:=ei
T

k Qie
i
k with Qi a positive definite matrix, c<N denotes the

channel capacity, and jλ is the number of loops satisfying ‖eik‖2Qi > λi. The
scheduler is error dependent as it is informed about each sub-system’s error
state at each time step in order to decide the priority for channel access. Fur-
thermore, the proposed rule possesses a probabilistic-deterministic nature and
is therefore called the bi-character scheduler from now on. First, if ‖eik‖2Qi≤λi
at time step k, then no transmission request associated with sub-system i is
submitted (first argument in (5.10)). This feature helps to allocate the channel
more efficiently by excluding the sub-systems for which a transmission is not
crucial. If jλ ≤ c, then all eligible sub-systems transmit (second argument of
(5.10)). Otherwise, the channel is allocated probabilistically until the capac-
ity is reached and other transmission requests are blocked. Indeed, if jλ > c,
each eligible sub-system associated with its assigned probability takes part in
a biased randomization.

Example 5.1. Consider an NCS with N=4, where two are eligible for trans-
mission at a certain time, while c=1. Assume the priorities are assigned as 0.8
and 0.2. The biased randomization is tossing an unfair coin where the proba-
bilities of having head and tail are 80% and 20%, respectively. One sub-system
will transmit based on the outcome of the single toss of the coin. Hence, it is
not guaranteed that the sub-system with higher priority transmits, though it is
more likely.

Furthermore, it is clear that (5.10) is a collision-free, i.e., contention-free,
policy as the scheduler selects the data packets for transmission. For the sake
of brevity of presentation we assume c=1 from now on, thus

∑N

i=1
δik = 1, ∀k ≥ 0. (5.11)

The results provided below can easily be extended toward the general case∑N
i=1 δ

i
k = c < N , where c > 1.

Remark 5.3. The bi-character scheduler (5.10) is event based. The eligibil-
ity for channel competition (deterministic part) is performed in a decentralized
fashion with the tuning parameter λi, i.e., locally at every plant. The schedul-
ing of the eligible systems (probabilistic policy) is performed by a central unit,
i.e., the scheduling variable δik+1 at time step k + 1 is a function of all er-

ror states e1
k, . . . , e

N
k . To eligible sub-systems, the channel is awarded based

on a biased randomization. The weight matrices Qi directly affect the access
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probability as it specifies how frequently a sub-system needs to transmit. The
randomization in (5.10) does not exclude sub-systems with lower priority from
transmission. This randomization provides a flexible design enabling a decen-
tralized implementation as discussed in Section 5.5 and [115]. In addition, by
slightly deviating from the current scheduler and employing the p-norm instead
of the 2-norm in (5.10) with p � 2 the highest priorities have a significantly
higher chance to transmit; in fact, for p → ∞ they transmit almost surely as
shown in [114].

In order to characterize the properties of the overall system dynamics under
the scheduling protocol (5.10), we study the behavior of the overall network-
induced error state ek ∈ Rne (5.9). The scheduling law (5.10), which generates
the input signal for the error state ek according to (5.8), is a randomized policy
depending only on the most recent error values, i.e., the decision on which
sub-system eventually transmits at an arbitrary time step k + 1 is correlated
with the latest error state ek. Moreover, the Gaussian noise wi in (5.8) has
a continuous everywhere-positive density function at any element eik of the
overall state ek meaning that there is a non-zero probability to reach any
subset of Rne . This implies that there exists a transition probability for any
event E ∈ A such that

P (ek+t ∈ E|em,m < k, ek) = Pt(ek+t ∈ E|ek),

where Pt(ek+t ∈ E) denotes the probability that ek enters a set E after t
transitions, and m is an arbitrary time index before time step k. Since the
scheduling policy (5.10) is forgetful about the error states em, m<k, to decide
the next transmission via δik+1, (5.9) is a Markov chain. It is homogeneous as
the difference equation (5.8) is time invariant and noise process wik is i.i.d.
for every i={1, . . . , N}, and for any time step k. Since the noise distribution
is absolutely continuous with an everywhere-positive density function, every
subset of the state-space is accessible within one transition, i.e., the d-cycle
is one, thus the Markov chain is aperiodic and ψ-irreducible, where ψ is a
non-trivial measure on the state space Rne .

Remark 5.4. With the classical TOD scheduling rule

δik+1 =

{
0 ‖eik‖2 < ‖ejk‖2 for sub-system j 6= i

1 otherwise
, (5.12)

the highest priorities transmit with probability one, it is a centralized, event-
triggered, deterministic policy. The properties of the underlying Markov chain
of the network-induced error ek remain the same as for the bi-character
scheduling policy (5.10). Also in this case, stability has to be shown only for
ek in order to show stability of the overall system.

Remark 5.5. As an alternative to (5.10) we have also studied the pure prob-
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abilistic policy

P
[
δik+1 = 1

∣∣ejk, j ∈ {1, . . . , N}
]

=
‖eik‖p2∑N
j=1 ‖e

j
k‖
p
2

, (5.13)

where, p ≥ 1 is an integer. Since the scheduling law (5.13) depends only on the
latest error state values, the proposed rule ensures that the Markov property
of the network-induced error state (5.9) remains valid as shown in [114].

5.4.2 Stability Analysis

In this section the stability of the multi-loop NCS with the proposed bi-
character medium access control policy (5.10) is investigated. In order to show
stability of the overall system under the scheduling policy, we only have to
show that the network-induced error ek is stabilized as derived in Section 5.3.
We show that the Markov chain ek and therefore the multi-loop NCS, arbi-
trated by the proposed scheduling protocol, is stochastically stable, accord-
ing to the notion of f -ergodicity. In order to show stability employing the
f -Norm Ergodic Theorem 5.2 we select a non-negative real-valued function
V :Rne→R+ as

V (ek) =
∑N

i=1
ei

T

k Qie
i
k. (5.14)

Due to the characteristics of the selected function (5.14), f -ergodicity of the
Markov chain (5.9) cannot always be guaranteed employing the drift ∆V over
one transition step, i.e., for k → k+1. We illustrate this observation for N = 2
by constructing the following example.

Example 5.2. Let an NCS with two identical scalar systems compete for one
channel slot. For illustration purposes, assume Q1 =Q2 =1 and e1

k=e2
k= ēk>

λ1 =λ2 so the transmission chance for each system is 1
2 according to (5.10).

Employing (5.14), it is straightforward to show that the drift in (5.1) with
ek = (e1

k, e
2
k) becomes

∆V (ek)=E[V (ek+1)|ek]−V (ek)=2+‖Aēk‖22 − 2‖ēk‖22.

For A>
√

2, the drift is positive, which violates the drift condition in Theo-
rem 5.2. We show later that the ergodicity of Markov chain (5.9) under the
capacity constraint (5.11) is recovered considering the drift over an interval
with length equal or greater than the number of sub-systems sharing the chan-
nel.

Intuitively, only after all sub-systems have a chance to transmit, a negative
drift ∆V over some interval of interest can be guaranteed. To fulfill this, we
investigate the ergodicity of the Markov chain over the interval with length N .
Ergodicity over an interval implies ergodicity over longer intervals (see [123,
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Ch.19] for details of ergodicity over multi-step intervals). To infer f -ergodicity
over the interval [k, k+N ], we modify the drift definition in (5.1) as

∆V (ek, N) = E[V (ek+N )|ek]− V (ek), ek ∈ Rne . (5.15)

Theorem 5.3. Consider a multi-loop NCS consisting of N heterogeneous lin-
ear time-invariant stochastic sub-systems modeled as (5.3), and a transmis-
sion channel subject to the constraint (5.11), and the control, estimation and
scheduling laws given by (5.4), (5.5) and (5.10), respectively. Then, for any
positive λi’s and positive definite Qi’s the Markov chain (5.9) following (5.8)
is f -ergodic. Furthermore, if the gain matrix Li (5.4) ensures the closed-loop
matrix (Ai −BiLi) to be Hurwitz ∀ i ∈ {1, ..., N}, then the multi-loop NCS
described in (5.3)–(5.8) with the aggregate state (xk, ek) under the scheduling
law (5.10) is f -ergodic.

The proof of this result employs the multi-step drift (5.15) of the Lyapunov
function candidate (5.14), see Section 5.8.1.

Remark 5.6. Theorem 5.3 assures that the Markov chain (5.9) visits compact
sets Df ⊂Rne at most every N time steps for any λi>0 and Qi �0. The set
Df , however, varies with the parameters λi’s, Qi’s, N and system matrices
Ai.

As in this particular case f -ergodicity is shown employing a quadratic Lya-
punov function, it is straightforward to show Lyapunov mean square stability.

Corollary 5.1. The multi-loop NCS described in (5.3)–(5.8) with the aggre-
gate state (xk, ek) under the scheduling law (5.10) is Lyapunov mean square
stable.

The proof is presented in Section 5.8.2.

Remark 5.7. When the deterministic TOD policy (5.12) is employed, then all
the stability statements remain valid. In particular, the Markov chain underly-
ing the network-induced error ek is f -ergodic; the multi-loop NCS is f -ergodic
and LMSS. The proof largely follows the proof arguments of Theorem 5.3, see
Section 5.8.1.

Remark 5.8. When the pure probabilistic policy (5.13) is employed, still all
the stability statements remain valid, i.e., the Markov chain underlying the
network-induced error ek is f -ergodic; the multi-loop NCS is f -ergodic and
LMSS. The proof is provided in [114]; it follows the line of arguments as for
Theorem 5.3, see Section 5.8.1.
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5.4.3 Performance and Design Guidelines

In this section, we investigate the performance of the bi-character scheduling
policy (5.10) by obtaining analytical uniform upper bounds on the average of
the per-time step cost function Jek given by

Jek =
∑N

j=1
ej

T

k Qje
j
k+ηδjk :=

∑N

j=1
‖ejk‖2Qj+ηδjk, (5.16)

where η ≥ 0 denotes the cost of channel utilization.
Note that we solely evaluate the performance of the scheduler, i.e., there

is no penalty on the signals uik and xik. Due to the independence of control
inputs from the scheduling policy, terms involving uik and xik can be readily
added to the cost function. However, a minimization of those terms would
directly affect the design of gain Li, which is out of the scope of this chapter.

The following lemma is essential in order to obtain the analytical upper
bound for the average cost.

Lemma 5.1. [37] Let ek be a Markov chain with state space X. Introduce
Jek : X → R and a measurable function h : X → R, where h (ek) ≥ 0 for all

ek∈X. Define the average cost Jave =limT→∞ sup 1
T

∑T−1
k=0 E [Jek ]. Then

Jave ≤ supek∈X {Jek + E [h (ek+1) |ek]− h (ek)} .
Lemma 5.1 refers to one-step time transitions. Since ek is a ψ-irreducible

Markov chain evolving in the uncountable space Rne , one can generate
a Markov chain by sampling the states of the original chain at steps
{0, N, 2N, ...}. It is straightforward to show that the generated Markov chain
is ψ-irreducible, aperiodic, and time homogeneous [123, Ch. 1]. Consequently,
the average cost Jave can be defined over an N -step interval as follows

Jave ≤ supek∈X {Jek + E [h (ek+N ) |ek]− h (ek)} . (5.17)

Let h (ek)=
∑N
i=1 ‖eik‖2Qi , then from (5.16), we conclude

Jave ≤ supek∈X
∑N

i=1

[
E
[
‖eik+N‖2Qi |ek

]
+ ηδik

]
. (5.18)

Theorem 5.4. Consider a multi-loop NCS consisting of N heterogeneous
linear time-invariant stochastic sub-systems modeled as (5.3), and a trans-
mission channel subject to the constraint (5.11), and the control, estimation
and scheduling laws given by (5.4), (5.5) and (5.10), respectively. Then the

average cost Jave =limT→∞ sup 1
T

∑T−1
k=0 E [Jek ] is upper bounded by a strictly

increasing function of ‖Ai‖, tr(Qi), N , and η, over all initial conditions and
for all i∈{1, . . . , N}. Furthermore, the upper bound is convex with respect to
λi for all i∈{1, . . . , N}.

The proof is provided in Section 5.8.3.
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Remark 5.9. Even though the convexity with respect to the local error thresh-
olds λi is shown only for the upper bound, simulations suggest that the average
cost (5.18) inherits this property, see also Section 5.6. Intuitively, lowering λi’s
implies that more sub-systems compete for transmission, increases the proba-
bility that sub-systems with lower priorities transmit, and hence increases the
average cost. On the other hand, with higher λi’s, more sub-systems are de-
terministically kept out of channel access competition and subsequently they
remain in open loop.

The obtained upper bound for the average cost function determines the size
of the attractive set for the error state ek. Theorem 5.4 indicates the influence
of different system parameters, which is discussed in the following. If the degree
of instability of the sub-systems increases, i.e., the matrix norm ‖Ai‖ for at
least one i increases, then also the size of the attractive set increases, which
is intuitively comprehensible. If the number N of sub-systems increases while
the capacity remains constant, again the size of the attractive set increases
as individual sub-systems have to wait longer for channel access. In fact, the
same holds true also if the ratio c

N decreases.
As already discussed when introducing the bi-character scheduling policy

(5.10), the local parameters λi’s and Qi’s tune the deterministic threshold
and assigned priorities, respectively. The weight matrices Qi indeed deter-
mine the importance of transmissions for a certain sub-system, and therefore
they are designed to assign the priorities in favor of those sub-systems with
higher operational importance. Increasing them would increase the chance
the corresponding sub-system has to be granted access to the channel. Set-
ting the weight matrix very high for one certain sub-system results in that
sub-system having, as expected, much more frequent transmissions than the
others. Setting all the error thresholds λi to zero results in the pure proba-
bilistic scheduling policy (5.13). Although it is shown that the f -ergodicity
remains valid under the policy (5.13), we will see in the numerical that the
performance of the bi-character policy (5.10) outperforms that of (5.13). In-
tuitively, setting the threshold to zero allows all sub-systems i ∈ {1, . . . , N}
to take part in the channel competition at every time step. Since the channel
access is supposed to be eventually granted through a randomized mechanism,
even those sub-systems with negligible error values have chances to use the
channel and therefore occupy the limited transmission possibilities. Hence,
the channel becomes busy and other sub-systems with higher errors remain
in open loop and should wait for next time steps to transmit, which leads
to increase in the aggregate error variance. On the other hand, setting those
thresholds very high means that more sub-systems with relatively high er-
rors (but still below their corresponding highly set thresholds) are excluded
from the channel competition and they remain in open loop until their errors
exceed the corresponding thresholds. This scenario also leads to increased ag-
gregate error variance. Therefore, there should be optimal error thresholds
which maintain the balance between the aggregate error variance and giv-
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ing the chance to transmit to the sub-systems which are in more stringent
real-time conditions.

5.4.4 Scheduling in the Presence of Channel Imperfections

So far in this chapter, we assumed that every data packet which is awarded
channel access, will be successfully received by the controller. We will now
investigate the robustness of the scheduling policy with respect to data packet
dropouts. Note that even in case of a centralized scheduling mechanism such
as TOD (5.12) or the bi-character policy (5.10), dropouts may still happen
caused by external factors such as erroneous network links, malfunctioning
network hardware, weak-power wireless signals from stations located far away,
environmental disturbances, or even intentionally through, e.g., the dynamic
source routing protocol. In order to model packet loss, we introduce the binary
variable γk, which indicates successful or unsuccessful transmission in each
time instant

γik =

{
1, xik successfully received

0, xik dropped.

Thus the dynamics of the error state eik depends on the sequence of variables
δik and γik as

eik+1 =
(
1− θik+1

)
Aie

i
k + wik, (5.19)

where θik = δikγ
i
k; see also Figure 5.1 for an illustration. We assume a Bernoulli

packet loss, i.e., a scheduled data packet is successfully transmitted with prob-
ability p and dropped with probability 1− p, i.e.,

P
[
γik = 1|δik = 1

]
= p , P

[
γik = 0|δik = 1

]
= 1− p . (5.20)

Through the following proposition, we show that, under mild conditions, the
TOD policy (5.12) is robust against the dropouts, i.e., the stability of the
overall multi-loop NCS is preserved.

Proposition 5.2. Consider a multi-loop NCS consisting of N heterogeneous
linear time-invariant stochastic sub-systems modeled as (5.3), and a transmis-
sion channel subject to the constraint (5.11), and the control, estimation and
scheduling laws given by (5.4), (5.5) and (5.12), respectively. Assume that the
scheduled data packets are successfully transmitted by probability p as described
in (5.20) with

p > 1− 1
∑N
i=1 ‖Ai‖2N2

.

Then the network-induced error state (5.19) is f -ergodic.

The proof is provided in Section 5.8.4. f -ergodicity of the overall multi-loop
NCS with the aggregate state (xk, ek) readily follows from the assumption of
the closed-loop matrix (Ai −BiLi) to be Hurwitz ∀ i ∈ {1, ..., N}.
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The result indicates that the transmission needs to be successful often
enough depending on the degree of instability of the sub-systems and the
number of sub-systems: The higher the degree of instability of the sub-systems
is, the lower the packet loss probability is allowed to be. Also, the larger the
number N of sub-systems sharing the single transmission channel is, the higher
the transmission success rate is required to be, which is intuitive.

We have derived analogous results for the proposed bi-character scheduling
policy (5.10). In particular, if we can deterministically bound the packet loss
occurrences during an interval [k, k +N ] by m, i.e., m < N , then the network-
induced error state (5.19) is f -ergodic, see [116] for a formal proof.

5.5 Decentralized Scheduler Implementation

The proposed bi-character scheduling approach (5.10) is intrinsically central-
ized: The event triggers, in our case the weighted error norms from all sub-
systems involved in channel access competition, are provided to the scheduler
at every time step. Therefore, the scheduling protocol has the form of a cen-
tralized control unit where all sub-systems are connected and update their
event information in a timely manner. This approach, as discussed earlier,
might not always be desirable due to a long distance between the sending sta-
tions, high amount of data which needs to be transmitted and analyzed by the
centralized scheduling unit, extra transmission costs, and even privacy issues.
Decentralized control and scheduling mechanisms with local decision-making
units are appropriate when such issues are relevant.

In this section, we discuss the approximate decentralized implementation of
the centralized bi-character scheduling policy (5.10), i.e., the ith sub-system is
provided with only local information Ai, Bi, Wi, λi, Z

i
k and the distribution of

xi0, where λi is the local error threshold and Zik = {zi0, . . . , zik}. First, note that
the deterministic scheduling process is performed locally within each loop, i.e.,
in a decentralized fashion, because the condition ‖eik′‖≤λi is checked locally in
order to decide whether the sub-system is eligible for the channel competition.
Therefore, the decentralized design, described in what follows, approximates
the probabilistic part of the scheduling policy (5.10), as the deterministic part
is inherently decentralized.

In order to introduce the decentralized scheduling mechanism, it is es-
sential to have a closer look at the communication channel. First of all, it
is assumed that the operational time scale of the communication channel,
denoted as micro time slots, is much finer than that of the local control sys-
tems, denoted as macro time slots. This implies that between each two macro
time slots kτmacro → (k + 1)τmacro, the micro time slots are distributed as
{kτmacro, kτmacro + τ, . . . , kτmacro + (h− 1)τ, (k+ 1)τmacro}, with τ and τmacro

denoting the duration of the micro and the macro time slots, respectively,
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and the integer h denoting the number of micro time slots within one con-
trol period, i.e., one macro time slot. Considering the current communication
and telecommunication standards in terms of bandwidth, time resolution, and
speed in comparison to many control applications, it is reasonable to assume
h� 1. One data packet can be transmitted through the communication chan-
nel starting from every micro time slot {1, . . . , h}. We assume that a data
packet will be received by the corresponding controller before the next macro
time slot starts.

Every sub-system i knows its latest local error eik as well as λi at time step
k when the sub-system is about to decide whether to compete for channel
access in time step k + 1. A system which is eligible for channel transmission
at some time k′+1, locally inspects whether the channel is free. We introduce
integer random variables νik ∈ {0, 1, . . . , (h − 1)}, so-called waiting times, for
each eligible sub-system. The integer νik denotes the number of micro slots
that sub-system i waits before listening to the communication channel at time
kh+νik, where the time from now on is expressed in terms of the number of
micro time slots. If the channel is free, sub-system i transmits. Otherwise, sub-
system i backs off and does not attempt to transmit over {τmacro, kτmacro +
τ, . . . , kτmacro + (h − 1)τ} again. We propose for every eligible sub-system i,
that the waiting time νik is chosen randomly from a finite-variance concave
probability mass function (pmf) with the error-dependent mean

E[νik] =
1

‖eik‖2Qi
. (5.21)

The waiting times νik ∈ {0, 1, . . . , (h − 1)} are chosen for every eligible sub-
system according to its corresponding local mass function. Note that they
are independent from each other, i.e., the design is indeed decentralized. The
concavity of the local probability mass functions emphasizes the prioritized
character of the decentralized scheduling rule, as it ensures the random waiting
times are chosen with higher probabilities around the mean (5.21).

The decentralized implementation of the scheduling policy is accordingly
represented by

P[δik+1 = 1
∣∣eik] =

{
0 ‖eik‖2Qi ≤ λi
P[νik < νjk] ∀j ∈ Gk, j 6= i,

(5.22)

where Gk denotes the set of all eligible sub-systems at time instant k,
i.e., Gk = {i|‖eik‖2Qi > λi}.

Similar to the centralized scheme (5.10), there is no guarantee that the sub-
system with the highest error is awarded the channel even though that sub-
system has more chance. In Figure 5.2, the probabilistic channel access pro-
cedure is schematically shown for a specific realization with two sub-systems.
For illustrative purposes, h=11 even though in reality the time duration τ of
the communication channel is often much finer.

As the proposed policy is decentralized, there is a possibility of collision,
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channel is free, subsystem i transmits. Otherwise,
it backs off and does not attempt to transmit over
{k′h, k′h+τ, . . . , k′h+(h−1)τ, (k′+1)h} again. We propose,
for a subsystem i which satisfies (6), that the waiting time
νi

k′ is chosen randomly from a finite-variance concave
probability mass function with the error-dependent mean

E[νi
k′ ] =

1

∥ei
k′∥2

Qi

. (8)

Assumption (6) ensures E[νi
k′ ] ∈ (0, λ−1

i ). The random
variables νi

k′ are chosen according to their corresponding
local probability mass functions. The concavity of the local
distribution emphasizes the prioritized character as it ensures
the random waiting times are chosen with higher probabil-
ities around the mean (8). As our policy is decentralized,
the possibility of collisions should also be accounted for. A
collision occurs if at least two subsystems choose exactly
identical waiting times. Each subsystem is informed by the
collision detection unit, in case a collision occurs. At every
time step k, a successful transmission is reported via γk as

γi
k =

{
1, xi

k successfully received
0, xi

k dropped.

Therefore, the dynamics of the error state ei
k becomes

ei
k+1 =

(
1 − θi

k+1

)
Aie

i
k + wi

k, (9)

where θi
k =δi

kγ
i
k. Principally, by choosing the waiting times

randomly the probability of collision is reduced by introduc-
ing the communication sub-frames as a collision avoidance
mechanism, and the transmission chance for subsystems with
high errors is increased via the choice of local distributions.
We can achieve such a design within a TCP-like protocol,
where the acknowledgment of a successful transmission is
sent over an error-free reverse link to each subsystem.

Let Gk′ denote the set of eligible subsystems for transmis-
sion at time-step k′+1. Thus, considering (7), the probability
that subsystem j ∈ Gk′ transmits at time-step k′+1 is

P[δj
k′+1 = 1

∣∣ej
k] = P[νj

k′ < νl
k′ ], ∀l ∈ Gk′ , l ̸= j. (10)

Basically, a subsystem j starts listening the channel accord-
ing to its chosen waiting time. If the channel is free, it
transmits which ensures its waiting time has been shorter
than all other eligible subsystems l∈Gk′ , l ̸=j, i.e. νj

k′ <νl
k′ .

The subsystems that find the channel occupied, might try to
transmit in future time-steps adhering to similar procedure,
if they are eligible depending on their updated error values.
Fig. 2 depicts our proposed access scheme, schematically.

Remark 1: The dependence of random waiting times,
which is a MAC layer parameter, on error values from the
application (i.e. the control) layer, couples the medium access
to the application. This is in line with recent trends of cross-
layer design - in contrast to the classical separation of OSI
layers in classical communication protocols.

We define the aggregate error state ek ∈ Rn by stacking
the error vectors of different subsystems as follows:

ek = (e1⊤
k , . . . , eN⊤

k )⊤, (11)

kh

τ2 =ν1
k

τ1 (k+1)hτ4

τ5 =ν2
k

τ6

P[νi
k]

τ3 τ7 τ10. . .

E[ν1
k]

E[ν2
k]

time

local pmf
of ν1

k
local pmf
of ν2

k

Next time-stepPrevious
time-step

Fig. 2. Two subsystems compete for channel access by randomly choosing
their waiting times ν1

k and ν2
k , according to their corresponding local

probability mass functions with error-dependent means E[ν1
k] and E[ν2

k ].

kh

ν1
k

(k+1)h

ν2
k

P[νi
k]

E[ν1
k] E[ν2

k] time
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Next time-stepPrevious
time-step

Fig. 3. Two subsystems compete for channel access by randomly choosing
their waiting times ν1

k and ν2
k , according to their corresponding local

probability mass functions with error-dependent means E[ν1
k] and E[ν2

k ].

where n =
∑N

i=1 ni. The introduced scheduling policy, is a
randomized policy depending only on the most recent error
values. Since the scheduler restarts at the beginning of each
sample time, regardless of which subsystem has previously
transmitted, the scheduling variable depends only on the
latest error value. Although the error evolution is affected
by the history of error state and scheduling variables, the
randomization in channel allocation renders the scheduling
variables statistically independent from their previous values.
Therefore, (11) possesses the Markov property. Moreover,
as the difference equation in (4) is time-invariant and the
process wi

k is i.i.d. for i∈{1, . . . , N}, the Markov chain (11)
is homogeneous. Moreover, as the disturbance distribution is
absolutely continuous with a positive density function, the
Markov chain is aperiodic and ψ-irreducible.

III. STABILITY ANALYSIS

In this section, we study stability of multi-loop NCSs
with shared communication networks subject to the capacity
constraint (7), and the proposed decentralized scheduling
policy in (5) and (10). Essentially, we show Lyapunov
stability in probability (LSP) for the overall NCS of interest.
Before proceeding, we state some preliminaries about LSP.

A. Preliminaries

Definition 1: (Lyapunov Stability in Probability (LSP),
[16]) A linear system with state vector xk possesses LSP

FIGURE 5.2
Two sub-systems compete for channel access by randomly choosing their wait-
ing times ν1

k and ν2
k , according to their corresponding local probability mass

functions with error-dependent means E[ν1
k ] and E[ν2

k ] ) (purple arrows). The
blue arrows illustrate a possible realization of the waiting times, here sub-
system 1 won the competition as its waiting time is lower than for sub-
system 2.

namely if at least two subsystems choose exactly identical waiting times. As
all sub-systems are blocked from transmission within the corresponding macro
time slot then, a collision has the same effect as a packet dropout. Accord-
ingly, the error dynamics can be represented using the packet drop/collision
indicator variable γik by (5.19). The probability of collision obviously depends
on the choice of the local probability mass functions, the number of micro
time slots h, and other system parameters such as the number of sub-systems
N , the scheduler parameters λi, Qi, and the sub-system dynamics. The im-
plementation of the proposed decentralized scheduling scheme is illustrated in
Figure 5.3.

Of course, scheduler parameters should be chosen such that collisions hap-
pen rarely. However, there is still a non-zero probability that collisions happen
at all time instants over the interval [k, k+N ]. This leads to the conclusion
that there is a non-zero probability that all sub-systems operate in open loop
as all transmission attempts have failed due to collisions. Therefore, the sta-
bility of NCSs under such a decentralized policy cannot be shown in terms
of f -ergodicity. Instead, stability is shown in terms of Lyapunov Stability in
Probability [94].

Proposition 5.3. Consider a multi-loop NCS consisting of N heterogeneous
linear time-invariant stochastic sub-systems modeled as (5.3), and a transmis-
sion channel subject to the constraint (5.11), and the control and estimation
laws given by (5.4) and (5.5), respectively. Under the scheduling law (5.22)
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6 Decentralized Implementation of State-Dependent Scheduling Law
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Figure 6.3: Multiple-loop NCS with error-dependent decentralized scheduling algorithm and
collision detection unit.

P[δ
j
k′+1 = 1|e j

k] = P[ν
j
k′ < ν

l
k′], ∀l ∈ *k′, l ̸= j. (6.9)

Basically, if a sub-system j transmits then it ensures that its waiting time has been shorter
than all other eligible sub-systems l ∈ *k′ , l ̸= j, i.e. ν j

k′ < ν
l
k′. The sub-systems that find

the channel occupied, might try to transmit in future time-steps adhering to the similar
procedure, if they are eligible depending on their updated error values. The decentralized
algorithm is schematically shown in Figure 6.3 for a multi-loop NCS with collision detection
unit.

6.2 Stability Analysis

In this section, we study stability of multiple-loop NCSs with shared communication net-
works subject to the capacity constraint (6.4), and the proposed decentralized scheduling
policy (6.2) and (6.9). Essentially, we show Lyapunov stability in probability (LSP) for the
described NCS. Before proceeding to the main stability results, we state some preliminaries
about LSP.

84

FIGURE 5.3
Architecture for the decentralized implementation of the scheduler.
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with the waiting times chosen according to a finite-variance concave probabil-
ity mass function with mean (5.21), the overall system is Lyapunov stable in
probability.

The proof is provided in Section 5.8.5. A similar decentralized scheduling
policy with the adaptation of the error thresholds depending on communica-
tion channel feedback is investigated in [113].

5.6 Empirical Performance Evaluation

In this section, the performance of the proposed event-triggered sched-
uler (5.10) is investigated and compared with TDMA and idealized CSMA
policies. We also demonstrate that the deterministic feature of the sched-
uler yields performance improvements compared to the pure probabilistic pol-
icy (5.13).

To make the simulations more general, we assume a heterogeneous multi-
loop NCS comprised of two classes of sub-systems. The first class consists
of control loops with unstable plants, the second class of control loops with
stable processes. The system parameters (5.3) are A1 = 1.25, B1 = 1 for the
first class and A2 =0.75, and B2 =1 for the second class. The initial condition
is x1

0 = x2
0 = 0, and the random disturbance is given by wik ∼ N (0, 1). We

consider N loops with an equal number of loops belonging to each of the two
classes. In order to stabilize the sub-systems, we choose a deadbeat control
law in (5.4), i.e., Li = Ai for each class i ∈ {1, 2} and a model-based observer
given by (5.5). For the purpose of simplicity, we select Qi = 1 for each class
i ∈ {1, 2}. The results are obtained from Monte Carlo simulations over a
horizon of 5× 105 time steps.

5.6.1 Optimized Thresholds λ for the Bi-Character Sched-
uler

For illustrative purposes, we assume that the local error thresholds are equal
for all sub-systems. Therefore, we drop the subscript i and simply denote the
thresholds λ in the remainder of this section. The simulation results presented
in Figure 5.4 demonstrate how the variance of the network-induced error (5.9)
change with respect to the local error thresholds λ for multi-loop NCSs with
different numbers of connected sub-systems under the scheduling policy (5.10).
We observe that indeed the aggregate error variance is a convex function of the
error threshold λ; see also Section 5.4.3. In consequence, there is an optimal
error threshold that minimizes the aggregate error variance. We also observe,
that the optimal value of λ monotonically increases with an increasing number
N of control loops. This is expected since the competition to access the sole
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k ] and E[ν2
k].

the interval [k, k+N ]. This leads to the conclusion that
all subsystems operate in open-loop as all transmission
attempts have failed due to collisions. Therefore, the sta-
bility of NCSs under such a decentralized policy cannot
be shown in terms of f -ergodicity since the m < N −1
requirement of Proposition 1 does not hold. Instead, the
Proposition 1 can still be recovered in terms of Lyapunov
Stability in Probability [21]. In the limit h → ∞, the
Lyapunov stability is achieved with probability one.

6 Numerical Results

In this section, the performance of our proposed bi-
character event-triggered scheduler is investigated and
compared with TDMA and idealized CSMA policies. We
also demonstrate that the deterministic feature of the
scheduler yields performance improvements in compar-
ison with the pure stochastic scheduler from [25].

To make the simulations more general, we assume an
NCS comprised of two heterogeneous classes of subsys-
tems. The first class includes homogeneous control loops
with unstable plants while the second class contains ho-
mogeneous loops with stable processes. The system pa-
rameters are A1 = 1.25, B1 = 1 for the first class and
A2 = 0.75, and B2 = 1 for the second class. The initial
condition is x1

0 = x2
0 = 0, and the random disturbance

is given by wi
k ∼ N (0, 1). We consider N loops with

equal number of loops belonging to each of two classes.
In order to stabilize the subsystems, we choose a dead-
beat control law Li = Ai for each class i ∈ {1, 2} and
a model-based observer given by (3). For the purpose of
simplicity, we select Qi = I for each class i ∈ {1, 2}.

Simulation results in Fig. 3 demonstrates how the vari-
ance of error Markov chain (8) changes with respect to
the local error thresholds λ, for NCSs with different num-
ber of connected subsystems, employing our bi-character
scheduling policy. The results are in accordance with the
discussion in Remark 6 confirming that the variance of
error is indeed a convex function of error thresholds λ.
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Fig. 3. Error variance vs. local error thresholds for NCSs
with different number of control loops.

This makes it feasible to tune the error thresholds opti-
mally in order to minimize the error variance. As it can
be seen, the optimal value of λ monotonically increases
by the growing scale of NCSs. This is expected since the
competition to access the sole communication channel
intestifies by increasing the number of subsystems.

Selecting the optimal error thresholds, Fig. 4 provides
the comparison in terms of error variance between
our proposed policy and related scheduling proto-
cols for NCSs with different number of subsystems
N ∈{2, 4, 6, 8, 10, 20} subject to the constraint (7). Note
that for N > 2, we have more unstable systems than
the available transmission slots. The averages are cal-
culated via Monte Carlo simulations over a horizon of
5 × 105. The lower bound is determined by relaxing the
constraint in (7), i.e. every subsystem can transmit at
every time-step. For the results to be comparable, we
disregard the communication penalty, i.e. ηi = 0. For
the purpose of simplicity, we calculate the mean vari-
ances by considering equal λ’s for all N subsystems in
an NCS. The chosen thresholds are shown in Fig. 4 for
different N . The deterministic feature of the policy (6)
can be removed to obtain the pure probabilistic sched-
uler by considering all the subsystems for the channel
access competition at every time-step [25]. Considering
this policy, it is expected that the mean error vari-
ance increases compared to the bi-character scheduler,
since the subsystems with small errors might utilize the
channel in presence of those with large error values.
The slight advantage of the pure probabilistic policy in
comparison with the bi-character policy in presence of
packet dropouts for N <10 corresponds to the fact that
a dropout has more significant effect on the average
of the error variance when less subsystems are sharing
the channel. As the number of subsystems grow, the
bi-character policy outperforms the pure probabilistic
strategy, as it is shown by Fig. 4.

The superiority of our approach is evident in comparison
with TDMA and idealized CSMA protocols. TDMA is a
time-triggered access scheme, where subsystems trans-
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FIGURE 5.4
Error variance over local error thresholds for multi-loop NCSs with different
number of control loops.

communication channel intensifies by increasing the number of sub-systems
while keeping the number of available simultaneous transmission possibilities
equal (here c = 1).

5.6.2 Comparison for Different Scheduling Policies

In the following we will study the performance of the proposed error-dependent
scheduling laws (5.10), (5.12), and (5.13) in comparison to classical schemes
as TDMA and CSMA, and a uniform event-based policy as proposed in [128].
Therefore we use the same multi-loop NCS setup as before. As error thresholds
λ, we consider the optimal ones as derived in the previous paragraph as a
function of the number N of sub-systems; see also Figure 5.4.

Figure 5.5 provides comparisons in terms of average network-induced error
variance between the different scheduling policies for different numbers of sub-
systems N ∈ {2, 4, 6, 8, 10, 20} subject to the constraint (5.11). Note that for
N > 2, we have more unstable systems than available transmission slots, i.e.,
at least one unstable sub-system is in open loop at every time step. The chosen
optimal thresholds λ for different N are also presented in Figure 5.5.

To have a fair comparison, we derived the optimal TDMA pattern by brute
force search over a finite time window (finding the optimal TDMA pattern is
NP-hard). We search for the patterns resulting in minimum average error vari-
ance over the considered window for NCS setups with N ∈{2, 4, 6, 8, 10, 20}.
The optimal search is, however, extremely time-consuming, while the pattern
changes sensitively w.r.t. the system parameters. The search for N=4 over 9
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time steps lasts nearly 11 hours on a 3.90 GHz 4690 Core i5 CPU, indicating
the lack of scalability of this approach. The CSMA is a non-prioritized ran-
domized channel arbitration; the transmission probability for a sub-system i
is computed a priori also depending on system parameters for a fair com-

parison as
A2
i∑N

j=1 A
2
j

at each time step. The uniform event-based policy pro-

posed in [128] disregards the error-dependent prioritization in policy (5.10)
and instead employs uniform channel access probabilities. Hence, the sched-
uler randomly selects one sub-system among the eligible ones with uniform
probability. Within the CSMA scheme, the sub-systems are selected randomly
for channel access with a uniform probability, independent of the sub-system
state.

As observable in Figure 5.5, the TOD scheduling policy (5.12) outperforms
all other policies, which is to be expected as always the sub-system with the
largest error is granted channel access. However, this is a fully centralized
approach and only suitable for small-scale multi-loop NCSs. The fully de-
centralized, i.e., scalable, probabilistic policy (5.13) performs astonishingly
well, for small N close to the TDMA scheme, and for larger N even better
than TDMA. As expected, the proposed policy (5.10) performs better than
the purely probabilistic one, as only sub-systems with larger errors compete
for channel access due to the eligibility criterion. The CSMA scheme, which
is also fully decentralized, performs worst: it results in an acceptable perfor-
mance only up to N = 4. For N = 6 the variance takes values of magnitude
104. This is also expected as CSMA is a static protocol which may result in
a long non-transmission period for unstable systems. The performance of the
uniform event-based policy from [128] is between the optimal TDMA and the
CSMA scheme. The proposed error-dependent scheduling laws (5.10), (5.12),
and (5.13) all show a rather graceful performance degradation with an increas-
ing number of sub-systems (while the capacity remains constant at c = 1).

5.6.3 Performance of the Decentralized Scheduler

Now, the performance of the proposed decentralized scheduling (5.22) is com-
pared to the proposed error-dependent scheduling laws (5.10), (5.13) and the
classical schemes TDMA and CSMA. Therefore we use the same multi-loop
NCS setup as before. As error thresholds λ we consider the optimal ones as
derived in the previous paragraph as a function of the number N of sub-
systems, see also Figure 5.4 and Table 5.1. The number of micro time slots in
the communication system is h=150. The waiting times are chosen randomly
from a Poisson distribution with mean (5.21) for each sub-system at every
time instant.

In a decentralized scheduling policy, there is an inevitable chance of colli-
sion as there is the possibility that two or more sub-systems choose the same
waiting time. The collision probability increases with a higher number N of
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FIGURE 5.5
Comparison of the average error variance vs. the number of control loops for
different scheduling policies.

control loops. This is validated by the empirically derived number of collisions
presented in Table 5.1.

Number of plants (N) 2 4 6 8 10
Error threshold (λ) 0.25 1.45 2.80 4.30 6.00
Collisions in 2×105samples 252 972 2094 3535 5009

Collisions (%) 0.126 0.486 1.047 1.767 2.504

TABLE 5.1
Optimal error thresholds λ and the number of collisions depending on the
number of control loops.

Figure 5.6 shows the performance of the different scheduling policies in
terms of the aggregate network-induced error variance for multi-loop NCSs
with a different number of subsystems N ∈{2, 4, 6, 8, 10} subject to the con-
straint (5.11). Here in the TDMA scheme, every sub-system transmits ac-
cording to an a priori defined schedule every N time steps. With the CSMA
scheme (ICSMA) every sub-system has a chance of transmission of 1

N at each
time step. For comparison we also consider the case where all sub-systems
transmit at every time step by relaxing the capacity constraint to c=N , i.e.,
every subsystem transmits at every time step. This is the (non-achievable)
lower bound for error variance.

The ICSMA protocol results in an acceptable performance only for N=2,
while the bi-character approach (5.10) outperforms TDMA. As expected, for
the pure probabilistic scheduler (5.13) the error variance increases compared
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6 Decentralized Implementation of State-Dependent Scheduling Law

transmission rate [33]. For simplicity, we calculate the error variances by considering equal
local error thresholds λi ’s for all sub-systems in an NCS setup, according to Table 6.1. The
increase of λ as N increases follows from assuming fixed channel capacity. The number of
micro slots within one macro slot is assumed to be h = 150. The local parameters αi

k’s are
also assumed to be constant for all time-steps and they are αi

k = 150 for all i ∈ {1, . . . , N}
with N ∈ {2, 4, 6, 8, 10}. In addition, the local waiting times are chosen randomly from the
Poisson distributions for each sub-system at every time-step, where the mean of the Poisson
distributions are time varying according to (6.5). The number of detected collisions, under
the employment of the proposed decentralized scheduling law is shown in Table 6.1. It can
be seen that, although collisions inevitably happen, the collision rate is rather low which
indicates that the decentralized policy can be tuned properly to avoid high collision rates.
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Figure 6.4: Comparison of the average error variance vs. the number of control loops for
different scheduling policies.

The idealized CSMA protocol (blue curve in Figure 6.4), as also demonstrated in pre-
vious sections, results in an acceptable performance only for N = 2, while the bi-character
approaches, centralized and decentralized, outperform TDMA (red curve in Figure 6.4). The
performance gap increases with increasing number of sub-systems N . The bi-character cen-
tralized scheduler, drawn as the dotted blue curve in Figure 6.4, slightly outperforms the
bi-character decentralized law (black curve in Figure 6.4), according to Figure 6.4. This
observation is expected though due to the absence of packet collisions within centralized
approaches. Comparing the performance of the decentralized policy with that of the pure
probabilistic scheduler shows that the performance can become enhanced under the former
protocol. This is however not a firm conclusion, as we usually expect to get better per-
formance out of centralized designs. The reason for having an improved performance in
Figure 6.4 from the decentralized approach is that the pure probabilistic approach is proba-
bly not the optimal centralized way of arbitrating the communication channel.

94

FIGURE 5.6
Comparison of the average error variance vs. the number of control loops for
different scheduling policies.

to the bi-character scheduler, since those subsystems with small errors now
have non-zero chance to utilize the channel.

5.6.4 Performance with Packet Dropouts

In this section we investigate the performance of the multi-loop NCS under
the TOD scheduling policy (5.12) and with packet dropouts. To simulate the
effect of packet dropouts, a fixed success probability p is assigned to each
sub-system i and the binary random variable γik is then determined as the
outcome of the Bernoulli distribution such that γik = 1 with probability p and
γik = 0 with probability 1 − p. Otherwise the simulation conditions, such as
system parameters and the two classes of sub-systems (stable and unstable),
are chosen as in Section 5.6.2. For comparison the multi-loop NCS is also
simulated under the optimal TDMA scheme, the classical CSMA scheme and
the uniform event-based strategy from [128]; see also Section 5.6.2 for details
on those scheduling schemes.

Figure 5.7 provides the comparison in terms of the average aggregate
network-induced error variance for the multi-loop NCS with a different num-
ber of sub-systems N ∈ {2, 4, 6, 8, 10, 20}, subject to the capacity constraint
(5.11), i.e., c = 1. The TOD scheduler without packet dropout (p = 100%)
is clearly superior to the three other scheduling approaches (optimal TDMA,
uniform event-based, CSMA). The performance deteriorates gracefully as the
number of sub-systems increases. For dropout probabilities of 10% ((p = 90%)
and 20% (p = 80%) the aggregate error variance is still well bounded even
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FIGURE 5.7
Comparison of the average error variance vs. the number of control loops for
different scheduling policies with packet dropout.

for N = 20. This indicates that the derived bound (5.43) is rather conserva-
tive: They compute to p > {0.6374, 0.9175, 0.9771, 0.9930, 0.9977, 0.9999} for
N = {2, 4, 6, 8, 10, 20}. Naturally with increasing packet dropout probability,
the performance deteriorates. Still, the TOD scheduler outperforms all others
even with a dropout probability of 10%. As previously discussed, under these
conditions the CSMA protocol results in an acceptable variance only up to
N=4.

5.7 Conclusions and Perspectives

In this chapter, we address the problem of scheduling in multi-loop NCS over
shared capacity-limited communication channels. We propose different event-
based scheduling policies which all have in common that they determine the
priority for channel access depending on the state of the sub-systems. We
show stability of the overall multi-loop NCS in a probabilistic sense and pro-
vide conditions for stability under packet dropouts. In practice, the choice
for a centralized scheme or a decentralized scheme largely depends on the
network size. The performance for centralized scheduling policies is clearly
superior over decentralized strategies. However, this comes at the cost of addi-
tional overhead also in terms of communication and is suitable only for small
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to medium-size multi-loop NCSs. Decentralized strategies inevitably result
in collisions, i.e., packet dropouts caused internally. The performance could
come arbitrarily close to the centralized case if the communication system
operates on a significantly faster time scale than the control sub-systems. The
proposed state-dependent scheduling policies clearly outperform the classical
MAC paradigms such as TDMA and CSMA. There are many open challenges
which need to be addressed in the future, such as the consideration of non-
linear dynamics for the sub-systems and an optimization-based approach to
state-dependent scheduling.

5.8 Proofs and Derivations of Main Results

Before proceeding to the proof of the main theorem of this chapter, we express
eik+N as function of a previous error value eik+ri

at a certain time step k+ ri,
with ri∈ [0, N − 1]:

eik+N =
∏N

j=ri+1

(
1− δik+j

)
AN−rii eik+ri (5.23)

+
∑N−1

r=ri

[∏N

j=r+2

(
1− δik+j

)
AN−r−1
i wik+r

]
.

5.8.1 Proof of Theorem 5.3

Proof. To study stability, we let the NCS operate from time step k to k+N−1
under the policy (5.10). Then, time k+N is scheduled considering all possible
scenarios that might happen over [k, k+N−1]. To that end, we define at ev-
ery time k′∈ [k, k+N ] two time-varying disjoint sets S1

k′ and S2
k′ , containing

all excluded sub-systems and all eligible sub-systems for transmission, respec-
tively. Therefore, for every i∈{1, . . . , N} at a time step k′ we have i∈S1

k′ if
‖eik′‖2Qi ≤ λi and i∈ S2

k′ if ‖eik′‖2Qi >λi. Clearly, S1
k′ ∪ S2

k′ = N . Inclusion in

either set S1
k′ or S2

k′ depends on both transmission occurrence and the noise
process. Having this said, we discern three complementary and disjoint cases
for a sub-system i. Sub-system i:

c1: has either transmitted or not within the past N−1 time steps, and i ∈
S1
k+N−1, i.e., ‖eik+N−1‖2Qi ≤ λi;

c2: has transmitted at least once within the past N−1 time steps, i.e., δik′ = 1
at a certain time step k′∈ [k, k+N−1], and i∈S2

k+N−1, i.e., ‖eik+N−1‖2Qi>
λi;
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c3: has not transmitted within the past N − 1 time steps, i.e., δik′ = 0 for all
time steps k′∈ [k, k+N−1], and i∈S2

k+N−1, i.e., ‖eik+N−1‖2Qi> λi.

Each sub-system is characterized by exactly one of the cases in transition
from k to k+N−1. For each of the three cases, the N -step drift (5.15) is split
into partial drifts:

∆V (e
i∈cj
k , N) =

∑
cj
E
[
‖eik+N‖2Qi |ek

]
− V (e

cj
k ), (5.24)

where V (e
cj
k )=

∑
cj
‖eik‖2Qi for each case cj ∈ {c1, c2, c3}. We investigate (5.24)

for each case cj in order to invoke Theorem 5.2. For all sub-systems i∈c1 we
know δik+N =0, which is followed from ‖eik+N−1‖2Qi≤λi. Therefore

∑

c1

E
[
‖eik+N‖2Qi |ek

]
=
∑

c1

E
[
‖Aieik+N−1+wik+N−1‖2Qi|ek

]

≤
∑

c1
λi‖Ai‖22 + tr(Qi), (5.25)

where the inequality (5.51) is ensured by the Cauchy–Schwarz inequality. De-

fine fc1 = ε1V (ec1k )− ξb+1 , with ξb
+

1 =
∑
c1
λi‖Ai‖22 + tr(Qi) and ε1 ∈ (0, 1].

Then, we can find a small set D1 and constant ε1 such that fc1 ≥ 1 and
∆V (ec1k , N)≤∑c1

λi‖Ai‖22 + tr(Qi)− V (ec1k )≤−fc1 .
For a sub-system i ∈ c2, assume that a transmission occurred at time step

k+ ri, where ri ∈ [0, N − 1], i.e., δik+ri
=1. By statistical independence of the

noise sequence wik+r and error eik+ri−1, from (5.52) we have

∑

c2

E
[
‖eik+N‖2Qi |ek

]
≤
∑

c2

N∑

r=ri

tr(Qi)‖AN−ri ‖22. (5.26)

Define fc2 = ε2V (ec2k ) − ξb+2 , where ξb
+

2 is the right side of the inequality
in (5.53) and ε2 ∈ (0, 1]. Then we can find a small set D2⊂Rne and ε2 such

that fc2≥1 and ∆V (ec2k , N)≤∑c2

∑N
r=ri

tr(Qi)‖AN−ri ‖22 −V (ec2k )≤−fc2 .
The sub-systems i∈ c3 are eligible to compete for channel access at time

step k+N because they belong to S2
k+N−1. To infer f -ergodicity, we split the

third case c3 into two complementary and disjoint sub-cases as follows:

lc31 Sub-system i has not transmitted over the past N−1 time steps, but i∈S1

at least once over k, k+N−2,

lc32 Sub-system i has not transmitted over the past N−1 time steps, and i∈S2

for all the N−1 time steps.

Recall that the sub-systems i ∈ c3 belong to S2
k+N−1. For sub-case lc31 ,

suppose that k + ri was the last time for which i ∈ S1
k+ri

, which implies
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‖eik+ri
‖2Qi ≤ λi. Knowing that δik′ = 0 for i ∈ c3 until time step k + N , we

reach

∑
l
c3
1

E
[
‖eik+N‖2Qi |ek

]
≤

∑
l
c3
1

[
λi‖AN−rii ‖22 +

∑N−1

r=ri
tr(Qi)‖AN−r−1

i ‖22
]
. (5.27)

Define flc31
=εlc31

V (e
l
c3
1

k )−ξb+
l
c3
1

, where ξb
+

l
c3
1

is given in (5.54), with εlc31
∈(0, 1].

Thus, we can find small set Dlc31
⊂ Rne and εlc31

such that flc31
≥ 1, and

∆V (e
l
c3
1

k , N) ≤ −flc31
.

In sub-case lc32 , sub-systems are all in S2
k′ since ‖eik′‖2Qi > λi for all k′ ∈

[k, k+N−1]. From (5.52) with r′=0:

∑
l
c3
2

E
[
‖eik+N‖2Qi |ek

]

≤
∑

l
c3
2

[∑N

r=1
tr(Qi)‖AN−ri ‖22

]
+‖ANi ‖22‖eik‖2Qi

≤
∑

l
c3
2

[∑N

r=1
tr(Qi)‖AN−ri ‖22

]
+‖ANi ‖22V(e

l
c3
2

k ). (5.28)

Unlike the other cases, the upper bound in (5.55) depends on the initial
value via the last term. As the considered cases cannot happen all together,
let us calculate the probability for sub-case lc32 to happen according to the
policy (5.10). Recall that the interval of interest has length N . Therefore,
if one system, say j, is not awarded channel access during the entire interval
[k, k+N ], then there exists another sub-system, say i, which is awarded channel
access more than once. Let k + r̄ denote the most recent step at which sub-
system i has transmitted, i.e., δik+r̄ = 1. The probability that i transmits again
at k+N , i.e., δik+N = 1, in the presence of system j with no prior transmission
at all time steps k̄, is computed as

P[δik+N = 1|δik+r̄ = 1, δj
k̄

= 0, ‖ej
k̄
‖2Qj > λj ]

= E
[
P[δik+N = 1|ek]|δik+r̄ =1, δj

k̄
= 0, ‖ej

k̄
‖2Qj >λj

]

= E

[
‖eik+N−1‖2Qi∑

j∈c2 ‖e
j
k+N−1‖2Qj +

∑
j∈c3 ‖e

j
k+N−1‖2Qj

|zi,j
]

≤ E

[
‖∑N−1

r=r̄ A
N−r−1
i wik+r−1‖2Qi∑

j∈c2 λj +
∑
j∈lc31

λj +
∑
j∈lc32

‖ejk‖2Qj

∣∣∣zi,j
]

≤
∑N−1
r=r̄ tr(Qi)‖AN−r−1

i ‖22∑
j∈c2λj+

∑
j∈lc31

λj+
∑
j∈lc32
‖ejk‖2Qj

= Plc32
, (5.29)
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where zi,j abbreviates the conditions of the expectation, and the worst-case

scenario is considered which entails ‖el
c3
2

k′ ‖2Qj ≤‖e
l
c3
2

k′+1‖2Qj . From (5.29) one infers
that the probability of subsequent transmission for a certain sub-system, in
the presence of sub-systems with large errors and no prior transmission, can be
made arbitrarily close to zero by tuning λj ’s and Qj ’s. Intuitively, the chance
of transmission for a sub-system j ∈ lc32 can be increased by increasing λj of
sub-systems j /∈ lc32 , i.e., j ∈ {c2, lc31 }.

Incorporating the occurrence probabilities for each case {c1, c2, c3}, the
N -step drift (5.1) can be expressed as

∆V (ek, N)=

3∑

j=1

∑

i∈cj
PcjE

[
‖eik+N‖2Qi |ek

]
−V (e

cj
k ), (5.30)

where Pcj represents the probability of each case {c1, . . . , c3} happening, and∑3
j=1Pcj =1. Recalling the right-hand side of (5.55), and applying the proba-

bility (5.29) for the case lc32 according to (5.30), we can find the upper bound
for the partial drift as follows:

∆V (e
j∈lc32

k , N)≤
[
Plc32

∑
l
c3
2

‖ANj ‖22−1

]
V (e

l
c3
2

k )+ξb
+

l
c3
2
,

with ξb
+

l
c3
2

= Plc32

∑
l
c3
2

[∑N
r=1 tr(Qj)‖AN−rj ‖22

]
. Define flc32

= εlc32
V (e

l
c3
2

k )− ξb+
l
c3
2

,

with εlc32
∈ (0, 1]. We can find small set Dlc32

and εlc32
s. t. flc32

≥ 1, and

∆V (e
l
c3
2

k , N)≤−flc32
.

So far, the partial drifts for all cases c1 − c3 are shown to be convergent.
Therefore, the small set Df ⊂Rne can be selected as Df =D1∪D2∪Dlc31

∪Dlc32

ensuring that real-valued functions f(ek) ≥ 1 exist such that ∆V (ek, N) ≤
−minf(ek) for ek ∈Rne\Df , and ∆V (ek, N)<∞ for ek ∈Df . This confirms
that the condition in Theorem 5.2 holds for the overall drift defined in (5.30),
which readily proves that the error Markov chain (5.9) is f -ergodic. The f -
ergodicity of the overall system (5.7) with the aggregate state (xk, ek) follows
directly from the triangular structure of (5.7) and the stabilizing gains Li .

5.8.2 Proof of Corollary 5.1

Proof. An LTI system with state vector Xk is said to possess Lyapunov mean
square stability (LMSS) if, given ε>0, there exists ρ(ε) such that ‖X0‖2<ρ
implies [94]:

sup
k≥0

E
[
‖Xk‖22

]
≤ε.

Assuming Xk = (xk, ek), the LMSS of the overall NCS state is achieved if∑
cj
Pi∈cj E

[
‖eik‖22

]
≤ ε for all cj ∈ {c1, c2, c3}, given the stabilizing control
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gains Li exist for all i∈{1, . . . , N}. Uniform upper bounds for E[‖ei∈cjk ‖22] for
cases {c1, c2, lc31 } are derived in (5.51)–(5.54) overN -step intervals, considering
Pcj are upper bounded with one. For the case lc32 , the uniform upper bound
can be obtained by employing (5.55) and (5.29). The bound can obtained from
the expression (5.38) assuming Qj=I.

5.8.3 Proof of Theorem 5.4

Proof. We derive uniform upper bounds for the average cost (5.18) for each
case c1, c2 and c3 considering the same multi-loop NCS model as assumed in
Theorem 5.3. For the cases c1, c2, and lc31 , the upper bounds derived in (5.51)–
(5.54) are valid and only the communication cost should be added. Therefore,
we derive the following for the average cost (5.18):

J i∈c1ave ≤
∑

c1
λi‖Ai‖22 +Nη + tr(Qi), (5.31)

J i∈c2ave ≤Nη+
∑

c2

∑N

r=ri
tr(Qi)‖AN−ri ‖22, (5.32)

J
i∈lc31
ave ≤

∑
l
c3
1

[
λi‖AN−rii ‖22+

N−1∑
r=ri

‖AN−r−1
i ‖22 tr(Qi)

]
, (5.33)

where Nη upper-bounds the cost of communication. For sub-systems in lc32 ,
the non-uniform upper bound (5.55) is valid. Therefore, according to (5.18),
we have

J
i∈lc32
ave ≤ sup

ek

∑
l
c3
2

‖ANi ‖22‖eik‖2Qi+
∑N

r=1
tr(Qi)‖AN−ri ‖22.

We rewrite the average cost (5.18) for different cases as Jave = Pc1J
i∈c1
ave +

Pc2J
i∈c2
ave +Plc31

J
i∈lc31
ave +Plc32

J
i∈lc32
ave . Since δi

k̄
=0 for all sub-systems i∈ lc32 and for all

k̄ ∈ [k+N ], J
i∈lc32
ave ≤supek∈Rne

∑
i∈lc32

E
[
‖eik+N‖2Qi |ek

]
. Given the probability

of occurrence for the sub-case lc32 in (5.29), and considering the worst-case
scenario, we conclude

Plc32
J
i∈lc32
ave ≤

∑N
r=rq

tr(Qq)‖AN−rq ‖22∑
i∈c2λi+

∑
i∈lc31

λi

∑
i∈lc32

N∑
r=1

tr(Qi)‖AN−ri ‖22

+
∑N

r=rq
tr(Qq)‖AN−rq ‖22

∑
i∈lc32

‖ANi ‖22. (5.34)

Summing up the uniform upper bounds (5.35)–(5.38) for all cases {c1, c2, c3},
we obtain the overall upper bound for the average cost function (5.18) in-
dependent of the initial state. The overall upper bound is strictly increasing
w.r.t. ‖Ai‖, N, tr(Qi), and η, for all i∈{1, . . . , N}. Since the error thresholds
λi’s are determined locally for each sub-system i, and moreover the obtained
overall upper bound for the average cost is the summation of local functions
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which are convex w.r.t. their corresponding local threshold λi, the overall
upper bound is convex w.r.t. the λi’s, and the proof then readily follows.

We derive the upper bounds for the average cost (5.18) for each case c1, c2
and c3 considering the same multi-loop NCS model as assumed in Theorem 5.3.
For the cases c1 and c2, we notice that the upper bounds derived in (5.51)
and (5.53) are valid. Therefore, from (5.18), we derive

J i∈c1ave ≤
∑

c1
λi‖Ai‖22 + nδη + tr(Qi), (5.35)

J i∈c2ave ≤nδη+
∑

c2

∑N

r=ri
tr(Qi)‖AN−ri ‖22, (5.36)

where nδ represents the number of transmissions. For sub-systems in c3 both
upper bounds in (5.54) and (5.55) are still valid. Therefore, for both lc31 and
lc32 , we have

J
i∈lc31
ave ≤

∑

l
c3
1

[
λi‖AN−rii ‖22+

N−1∑

r=ri

‖AN−r−1
i ‖22 tr(Qi)

]
(5.37)

J
i∈lc32
ave ≤ sup

ek

∑
l
c3
2

‖ANi ‖22‖eik‖2Qi+
∑N

r=1
tr(Qi)‖AN−ri ‖22.

The average cost in (5.18) can be rewritten for different cases as Jave =

Pc1J
i∈c1
ave +Pc2J

i∈c2
ave +Plc31

J
i∈1

c3
2

ave +Plc32
J
i∈lc32
ave . With probability of occurrence for

lc32 in (5.29) still valid, and considering the worst-case scenario, we have for
lc32

Plc32
J
j∈lc32
ave ≤

∑
l
c3
2

‖Aj‖22
N−1∑

r=r̄

tr(Qi)‖AN−r−1
i ‖22+ (5.38)

[∑
l
c3
2

∑N
r=1tr(Qj)‖AN−rj ‖22

][∑N−1
r=r̄ tr(Qi)‖AN−r−1

i ‖22
]

∑
c2
λj +

∑
l
c3
1
λj

.

As (5.38) is a uniform bound along with the upper bounds for cases
{c1, c2, lc31 }, the result readily follows.

5.8.4 Proof of Proposition 5.2

Proof. To address stability, we consider the operation of the NCS over an
interval with length N , i.e., from the initial time step k to k+N under the
TOD policy (5.12). Then, according to (5.15), we calculate the expectation
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of error at the final time step k+N considering all possible transitions in the
entire state-space Rne over the interval [k, k+N ]. To that end, we divide the set
of all sub-systems into two complementary and disjoint sets G and Ḡ, where
|G|+ |Ḡ| = N , where | · | denotes the cardinality operator. Set G contains the
sub-systems which have been awarded channel access at least once over the
entire interval [k, k + N ], either the transmission has been successful or not.
The set Ḡ includes the sub-systems which have never been awarded channel
access over the same interval. Thus, if a sub-system is awarded channel access
but the scheduled packet is dropped, it belongs to the set G. Assume m sub-
systems belong to the set Ḡ. According to the law of iterated expectations and
from (5.52), we conclude for a sub-system i ∈ G that

E
[
‖eik+N‖22|ek, γik+ri

]
= pE

[
‖eik+N‖22|ek, γik+ri = 1

]
+ (1− p)E

[
‖eik+N‖22|ek, γik+ri = 0

]
≤ p
∑N−1

r=ri−1
tr(Wi)‖AN−r−1

i ‖22 + (1− p)E
[
‖ANi eik +

∑N−1

r=0
AN−r−1
i wik+r‖22|ek

]
≤ tr(Wi)

(
p
∑N−1

r=ri−1
‖AN−r−1

i ‖22 + (1− p)
[
‖ANi ‖22‖eik‖22 +

∑N−1

r=0
‖AN−r−1

i ‖22
])
,

(5.39)

in which k + ri represents the latest time sub-system i is awarded channel
access.

Sub-systems j ∈ Ḡ have never been awarded channel access over the past
N time steps, i.e., δj

k̄
= 0 for all k̄ ∈ [k, k + N ]. If m > 0, then there exists

at least one sub-system q ∈ G which has transmitted more than once over
the past N time steps, either successfully or unsuccessfully. Consider the two
latest successful or unsuccessful transmissions of sub-system q happened at
time steps k+rq and k+rqq, where rq < rqq ≤ N . This implies ‖eqk+rqq−1‖2 >
‖ejk+rqq−1‖2 for all j ∈ Ḡ, according to (5.12). For a sub-system j ∈ Ḡ the
following inequality is straightforward to show

E
[
‖ejk+N‖22

∣∣ek] ≤ ‖AN−rqq+1
j ‖22E

[
‖eqk+rqq−1‖22|ek

]
+
∑N−1

r=rqq−1
tr(Wj)‖AN−r−1

j ‖22.
(5.40)

Considering the dropout possibility 1−p associated with the scheduled trans-
mission of sub-system q at time step k + rq, the expectation of error norm at
time k + rqq − 1 for sub-system q becomes

E
[
‖eqk+rqq−1‖22|ek, γqk+rq

]
= pE

[
‖eqk+rqq−1‖22|ek, γqk+rq

= 1
]

+ (1− p)E
[
‖eqk+rqq−1‖22|ek, γqk+rq

= 0
]

≤ p
∑rqq−2

r=rq−1
tr(Wq)‖Arqq−r−2

q ‖22

+ (1− p)E
[
‖Arqq−1

q eqk +
∑rqq−2

r=0
A
rqq−r−2
q wqk+r‖22|ek

]
.
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Substituting the above expression in (5.40), the following upper bound for

E
[
‖ejk+N‖22

∣∣ek
]

follows

E
[
‖ejk+N‖22

∣∣ek] ≤ p‖AN−rqq+1
j ‖22

∑rqq−2

r=rq−1
tr(Wq)‖Arqq−r−2

q ‖22

+ (1− p)‖AN−rqq+1
j ‖22E

[
‖Arqq−1

q eqk+
∑rqq−2

r=0
A
rqq−r−2
q wqk+r‖22|ek

]
+
∑N−1

r=rqq−1
tr(Wj)‖AN−r−1

j ‖22

≤ ζ>0 + (1− p)‖AN−rqq+1
j ‖22‖Arqq−1

q ‖22‖eqk‖22, (5.41)

where

ζ>0 = p‖AN−rqq+1
j ‖22

∑rqq−2

r=rq−1
tr(Wq)‖Arqq−r−2

q ‖22 +
∑N−1

r=rqq−1
tr(Wj)‖AN−r−1

j ‖22

+ (1− p)‖AN−rqq+1
j ‖22

∑rqq−2

r=0
tr(Wq)‖Arqq−r−2

q ‖22.

Having (5.39) and (5.41), we compute the N -step drift definition (5.15) as
follows

∆V (ek, N) =
∑

i∈G
E
[
‖eik+N‖22

∣∣ek
]

+
∑

j∈Ḡ
E
[
‖ejk+N‖22

∣∣ek
]
− V (ek)

≤
∑

i∈G

[
p
∑N−1

r=ri−1
tr(Wi)‖AN−r−1

i ‖22
]

+
∑

i∈G

[
(1− p)

[
‖ANi ‖22‖eik‖22 +

∑N−1

r=0
tr(Wi)‖AN−r−1

i ‖22
]]

+
∑

j∈Ḡ
ζ>0 + (1− p)‖AN−rqq+1

j ‖22‖Arqq−1
q ‖22‖eqk‖22 − V (ek).

Then, we can rewrite the N -step drift operator as

∆V (ek, N) ≤ τ>0 +
∑

i∈G

[
(1− p)

[
‖ANi ‖22‖eik‖22

]]
(5.42)

+
∑

j∈Ḡ
(1− p)‖AN−rqq+1

j ‖22‖Arqq−1
q ‖22‖eqk‖22 − V (ek),

where

τ>0 = ζ>0 +
∑
i∈G

[
p
∑N−1

r=ri−1
tr(Wi)‖AN−r−1

i ‖22
]

+
∑
i∈G

[
(1− p)

∑N−1

r=0
tr(Wi)‖AN−r−1

i ‖22
]
.
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Now, we re-express (5.42), using the fact that V (ek) > ‖eik‖22, for every i ∈
{1, . . . , N}

∆V (ek, N) ≤ τ>0 + (1− p)V (ek)

∑
j∈Ḡ

‖AN−rqq+1
j ‖22‖Arqq−1

q ‖22 +
∑
i∈G

‖ANi ‖22


− V (ek).

In order to achieve a decreasing drift function, it is essential to satisfy the
following inequality

(1− p)


∑

j∈Ḡ
‖AN−rqq+1

j ‖22‖Arqq−1
q ‖22 +

∑

i∈G
‖ANi ‖22


− 1 < 0.

Considering the worst-case scenario, i.e., Aj > Ai for all them sub-systems j ∈
Ḡ and N −m sub-systems i ∈ G, the lower bound for the success probability
p can be derived as follows

p > 1− 1∑
j∈Ḡ ‖Aj‖2N2 +

∑
i∈G ‖ANi ‖22

.

The above lower bound depends on the time-variant sets G and Ḡ, thus we
employ the inequality

∑N
i=1 ‖Ai‖2N2 >

∑
j∈Ḡ ‖Aj‖2N2 +

∑
i∈G ‖ANi ‖22, leading

to the time-invariant lower bound on p as

p > 1− 1
∑N
i=1 ‖Ai‖2N2

. (5.43)

Having (5.43) satisfied, we define f2 : Rne → R as f2 = ε2V (ek) − τ>0, with
ε2 ∈ (0, 1]. Therefore, small set D2 and ε2 can be found such that f2 ≥ 1,
and ∆V (ek, N) ≤ −f2, for ek /∈ D2. This readily proves the f -ergodicity of
(5.9).

5.8.5 Proof of Proposition 5.3

Here we show Lyapunov Stability in Probability (LSP) [94] of the overall
system; see also Definition 5.9. Before presenting the main proof, we show in
the following lemma that LSP of the overall system can be shown by solely
considering the error state ek.

Lemma 5.2. Consider a system dynamics given by (5.7). The condition in
Definition 5.9) is equivalent to

lim
k→∞

supP
[
eTkek ≥ ξ′

]
≤ ξ, (5.44)

where ξ′ > 0 and the constant ξ fulfills 0 ≤ ξ ≤ ε.
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Proof. The system state xik for each loop i evolves as

xik+1 = (Ai −BiLi)xik + (1− θik+1)BiLie
i
k + wik. (5.45)

As already discussed, the evolution of the error eik is independent of the sys-
tem state xik within each individual control loop. Furthermore, by assumption,
the emulative control law (5.4) ensures the closed-loop matrix (Ai−BiLi) is
Hurwitz. Together with the assumption that xi0 has a bounded variance dis-
tribution, it follows that the system state xik is converging. In addition, the
disturbance process wik is i.i.d. according to N (0, I), and is bounded in prob-

ability. Thus, showing limk→∞ supP
[
ei

T

k e
i
k ≥ ξ′i

]
≤ ξi ensures the existence of

constants εi and ε′i>0 such that limk→∞ supP
[
xi

T

k x
i
k ≥ ε′i

]
≤εi. As individual

loops operate independently, we take the aggregate NCS state (xk, ek). Then,
the existence of ξ and ξ′ > 0 such that limk→∞ supP

[
eTkek ≥ ξ′

]
≤ ξ, implies

existence of ε and ε′>0 such that limk→∞ supP
[
xTkxk ≥ ε′

]
≤ε, and the proof

readily follows.

As expected values are more straightforward in pursuing further analysis
than probabilities, we employ Markov’s inequality for ξ′ > 0

P
[
eTkek ≥ ξ′

]
≤ E

[
eTkek

]

ξ′
. (5.46)

This confirms that showing the error is uniformly bounded in expectation en-
sures finding appropriate ξ and ξ′>0 such that (5.44) is satisfied for arbitrary
ρ(ξ′, ξ). Introducing positive definite matrices Qi, we focus on deriving an
upper bound for the expectation of weighted quadratic error norm

E
[
eTkQek

]
=
∑N

i=1
E
[
ei

T

k Qie
i
k

]
=
∑N

i=1
E
[
‖eik‖2Qi

]
, (5.47)

where Q=diag(Qi). This modifies the condition (5.44) as

lim
k→∞

supP
[
eTkQek ≥ ξ̄′

]
≤ ξ̄. (5.48)

Due to the capacity constraint (5.11), the boundedness of (5.47) cannot always
be shown over one step transition, as already illustrated in Section 5.4.2. Fol-
lowing the same arguments, we look over the interval [k, k+N ], with arbitrary
initial state ek in order to show LSP.

Proof. We assume that the NCS operates from some time instant k until
k+N−1 and we predict the error evolution considering all the possible scenarios
under the introduced scheduling policy over the interval [k, k+N−1]. Then,
looking at time step k+N , we show that the aggregate error state ek+N

fulfills (5.47). We divide the subsystems i ∈ {1, . . . , N} at each time step
k′ ∈ [k, k+N−1] into two disjoint sets as

i ∈
{
Gk′ ‖eik′‖2Qi > λi

Ḡk′ ‖eik′‖2Qi ≤ λi,
(5.49)
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where Gk′ ∪ Ḡk′ = N . According to (5.10), subsystems belonging to Gk′ are
considered for transmission at time k′+1. Note that not only a transmission
results in error decrement for a subsystem, but the disturbance process might
also decrease the error. Therefore, the inclusion in either set Gk′ or Ḡk′ de-
pends on both transmission occurrence and disturbance wik′ . To take this into
account, we discern three complementary and mutually exclusive cases, cov-
ering the entire state space that the Markov chain ek evolves, at time step
k+N−1 as:

Subsystem i:

c1: has either successfully transmitted or not within the past N−1 time steps,
and is in set Ḡk+N−1, i.e.,

i ∈ Ḡk+N−1 ⇒ ‖eik+N−1‖2Qi ≤ λi;

c2: has successfully transmitted at least once within the past N−1 time steps,
and is in set Gk+N−1, i.e.,

∃k′∈ [k, k+N−1] : θik′ = 1 and ‖eik+N−1‖2Qi > λi;

c3: has not successfully transmitted within the past N−1 time steps, and is
in set Gk+N−1, i.e.,

∀k′∈ [k, k+N−1] : θik′ = 0 and ‖eik+N−1‖2Qi > λi.

We study the boundedness of error expectation over the interval [k, k+N ]
for cases c1–c3. Since, the cases are complementary and mutually exclusive,
we can calculate the probability for each case to happen, and express (5.47)
as ∑N

i=1
E
[
‖eik+N‖iQi

]
=
∑

cl
Pcl E

[
‖eik+N‖iQi |cl,Pcl

]
, (5.50)

where
∑3
l=1 Pcl = 1.

Suppose that some subsystems i belong to c1. Since i∈Ḡk+N−1, it follows
from (5.49) that ‖eik+N−1‖2Qi≤λi. Thus, they are not eligible for transmission

at time k +N , i.e., δik+N = 0. Then, it follows from (5.8) and (5.50)

∑

i∈c1
E
[
‖eik+N‖2Qi |ek

]
=
∑

i∈c1
E
[
‖Aieik+N−1+wik+N−1‖2Qi |ek

]

≤
∑

c1
‖Ai‖22E

[
‖eik+N−1‖2Qi

∣∣ ek] + E
[
‖wik+N−1‖2Qi

]

≤
∑

c1
‖Ai‖22λi + E

[
‖wik+N−1‖2Qi

]
. (5.51)

This fulfills the condition (5.48) with ξ̄′ >
∑
c1
‖Ai‖22λi + E

[
‖wik+N−1‖2Qi

]
,

and ξ̄ =
∑
c1

E[‖eik+N‖2Qi |ek]
ξ̄′

< 1.
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For some i ∈ c2, let a successful transmission occur at time step k+r′i,
where r′i∈ [1, N−1], i.e., θik+r′i

=1. We express eik+N as a function of the error

at time k+r′i−1 as

eik+N =
∏N

j=r′i

(
1− θik+j

)
A
N−r′i+1
i eik+r′i−1

+
∑N

r=r′i

[∏N

j=r+1

(
1− θik+j

)
AN−ri wik+r−1

]
, (5.52)

where we define
∏N
N+1(1 − θik+j) := 1. The first term of the above equality

vanishes as θik+r′i
= 1. By statistical independence of wik+r−1 and θik+j , it

follows from (5.52)

∑
c2
E
[
‖eik+N‖2Qi |ek

]

=
∑

c2
E
[
‖
∑N

r=r′i

∏N

j=r+1

[
1−θik+j

]
AN−ri wik+r−1‖2Qi

]

≤
∑

c2

∑N

r=r′i
E
[
‖AN−ri wik+r−1‖2Qi

]
. (5.53)

In fact, we disregard the scheduling process in the last inequality. We are

allowed to do so since
∏N
j=r+1

[
1−θik+j

]
≤ 1. Hence, the condition (5.48)

is satisfied considering ξ̄′ is chosen to be larger than (5.53), and ξ̄ =∑
c2

E[‖eik+N‖2Qi |ek]
ξ̄′

< 1.

The subsystems in the third case are eligible for channel access at time
k+N . To infer (5.50), we split the third case, c3, into two complementary and
disjoint sub-cases as follows:

lc31 system i has not transmitted within the past N−1 time steps, but has
been in Ḡ at least once, the last occurred at a time k + r′i, with r′i ∈
[0, . . . , N − 2].

lc32 system i has not transmitted within the past N−1 time steps, and has
been in G for all time [k, k +N − 1].

Recall that the subsystems i∈ c3 belong to Gk+N−1. For sub-case lc31 , k + r′i
is the last time for which i ∈ Ḡk+r′i

, which in turn implies ‖eik+r′i
‖2Qi ≤ λi.

Knowing that θik′ = 0 for i ∈ c3 until time step k +N , we reach

∑
l
c3
1

E
[
‖eik+N‖2Qi |ek

]
≤

∑
l
c3
1

[
‖AN−r

′
i

i ‖22λi+
∑N−1

r=r′i
E
[
‖AN−r−1

i wik+r‖2Qi
]]
. (5.54)

The condition (5.48) is met by choosing ξ̄′ larger than the uniform upper

bound (5.54), and ξ̄ =

∑
l
c3
1

E[‖eik+N‖2Qi |ek]
ξ̄′

< 1.
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The subsystems j ∈ lc32 have always been candidates for channel access,

i.e., j ∈ G[k,k+N−1]. Hence, ‖ejk′‖2Qj >λj for all k′ ∈ [k, k+N−1]. From (5.8),
we conclude

∑
l
c3
2

E
[
‖ejk+N‖2Qj |ek

]

≤
∑

l
c3
2

E
[
‖Ajejk+N−1‖2Qj |ek

]
+E

[
‖wjk+N−1‖2Qj

]
. (5.55)

Expression (5.55) is not uniformly bounded since the term ejk+N−1 in (5.55)
is not bounded according to (5.49). However, as the considered cases cannot
happen together, we calculate the probability for sub-case lc32 to happen ac-
cording to the scheduling policy (5.10). Note that in deriving (5.51), (5.53) and
(5.54) it was not necessary to consider the probability of the corresponding
cases to happen. To calculate the probability of happening we need to consider
the possibility of collisions. As collisions may happen at all time steps, there
is a non-zero probability that all the scheduled packets collide. This means
that all subsystems operate in open loop at all time steps. We investigate two
collision scenarios: 1) there has been at least one successful transmission over
the interval [k, k+N−1], and 2) there has been no successful transmission over
the entire interval. We assume that if a collision is reported, then the channel
is not awarded to any subsystem.

Investigating the first scenario, we assume that whenever a collision is
detected and consequently all the subsystems have to operate in open loop, a
virtual control loop has successfully transmitted instead of a real subsystem.
This means at the time the collision occurs, N real subsystems and one virtual
one share the communication channel and the channel is awarded to the virtual
subsystem. The virtual loops have the same discrete LTI dynamics as in (5.3).
As the worst-case situation, let the channel experience m<N−1 collisions in
the interval [k, k+N−1]. Thus, at time k+N we have N real and m virtual
subsystems, where all virtual ones have transmitted. Since we have N +m
subsystems, we need to extend our interval to [k, km], where km = k+N+m.
Consideration of virtual loops is merely to justify the longer interval and plays
no more role in the analysis. If a subsystem j ∈ lc32 transmits at km, then its
error becomes bounded in expectation. Otherwise, if j has never transmitted,
then there exists another subsystem, say i, which has transmitted more than
once. Let k+r̄ denote the most recent step in which θik+r̄=1 for r̄ ≤N+m−1.
The probability that subsystem i re-transmits at the final time step km, in
the presence of the subsystem j∈ lc32 , can be expressed as

P[θikm =1|θik+r̄ = 1, θjk′ = 0 ∀k′∈ [k, km]]

= P[νjkm−1> νikm−1|θik+r̄=1, θjk′ = 0 ∀k′∈ [k, km]]

≤
E[νjkm−1|θ

j
k′ = 0 ∀k′∈ [k, km]]

sikm−1τ
,

where the last expression follows from Markov’s inequality considering the
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positive constant waiting time νikm−1 = sikm−1τ corresponds to subsystem i is

given, and sikm−1∈{1, . . . , h−1}. The latest error value of subsystem j at time
km−1 is required to be given in order to have an expectation of the waiting
times νjkm−1. Therefore, having the last expression conditioned on ejkm−1, we
have from the law of iterated expectation that

E[νjkm−1|θ
j
k′ = 0 ∀k′∈ [k, km]]

sikm−1τ

=
E[E[νjkm−1|e

j
km−1]|θjk′ = 0 ∀k′∈ [k, km]]

sikm−1τ

=
1

sikm−1τ‖e
j
km−1‖

j
Qj

, (5.56)

where the last equality follows from (5.21). The expression (5.56) confirms
that having large error values correspond to subsystems j∈ lc32 with no prior
transmission reduces the probability of re-transmission of a subsystem i /∈ lc32 .

Having (5.50) extended for the interval [k, km] and considering the expres-
sion (5.55) for the expectation of error for a subsystem j ∈ lc32 , we employ
(5.56) as follows

∑
l
c3
2

Plc32
E
[
‖ejkm‖

2
Qj |ek

]

=
∑

l
c3
2

P[νjkm−1>ν
i
km−1]E

[
‖ejkm‖

2
Qj |ek

]

≤
∑

l
c3
2

‖Aj‖22‖ejkm−1‖2Qj
sikm−1τ‖e

j
km−1‖2Qj

+
E
[
‖wjkm−1‖2Qj

]

sikm−1τ‖e
j
km−1‖2Qj

≤
∑

l
c3
2

‖Aj‖22
sikm−1τ

+
E
[
‖wjkm−1‖2Qj

]

λjsikm−1τ
, (5.57)

where the last inequality follows from knowing that ‖ejkm−1‖2Qj >λj for every

subsystem j ∈ lc32 . Since (5.57) is uniformly bounded, (5.48) holds by select-

ing ξ̄ =

∑
l
c3
2

E
[
‖ejkm‖

2
Qj
|ek
]

ξ̄′
< 1 and ξ̄′ larger than (5.57), over the interval

[k, km]. Expression (5.57) can be made small by tuning λj ’s and Qj ’s but not
arbitrarily, due to its first term. It confirms, despite having unstable plants
and sparse capacity which might cause a subsystem with large error wait for
transmission, the expected error remains bounded. Moreover, (5.57) is de-
rived considering the couplings between the subsystems which occurs in the
communication channel.

It was shown earlier that condition (5.47) holds at time k+N within each
case c1-c2 and lc31 , which implies that they stay bounded in expectation over
longer finite horizons. Thus, rewriting (5.50) over the extended interval [k, km]
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yields

∑N+m

i=1
E
[
‖eikm‖2Qi

]
=
∑

cl
Pcl E

[
‖eikm‖2Qi |cl,Pcl

]

≤
∑

c1
E
[
‖eikm‖2Qi |c1

]
+
∑

c2
E
[
‖eikm‖2Qi |c2

]

+
∑

l
c3
1

E
[
‖eikm‖2Qi |l

c3
1

]
+
∑

l
c3
2

Plc32
E
[
‖eikm‖2Qi |l

c3
2 ,Plc32

]
<ς̄,

where ς̄ sums up the finite uniform upper bounds for cases c1-c3, assuming at
least one successful transmission over [k, km]. This ensures the error Markov
chain ek satisfies (5.47), which in turn affirms the overall NCS possesses LSP.

The second collision scenario prevents employing the probability Plc32
to

show that (5.47) holds for sub-case lc32 , since no transmission happens over
[k, k+N ]. To infer (5.48), we calculate the probability that at least two sub-
systems select identical waiting times at every time step, leading to an all–time
step collision scenario. As all subsystems operate in open loop, we calculate
(5.48) for all i∈{1, . . . , N}. Assume a subsystem i has selected νik′ = sik′τ at
some time k′, for sik′ ∈{1, . . . , h−1}. The probability that a subsystem j has

identical waiting time νjk′=sik′τ can be calculated. We know

E[νjk′ ] =
∑h−1

m=1
mτ.P(νjk′ = mτ).

Therefore, we conclude

P(νjk′=sik′τ)=
1

sik′τ

[
E[νjk′ ]−

∑h−1

m=1,m 6=si
k′
mτ.P(νjk′=mτ)

]

<
1

sik′τ

[
1

λj
−
∑h−1

m=1,m 6=si
k′
mτ.P(νjk′=mτ)

]
≤ 1

sik′τλj
.

Extending this for every pair of subsystems i and j which collides at every
time step k′∈ [k, k+N ], we find the upper bound for the probability of having
successive collisions as

P

[
N∑

i=1

θik′=0, ∀k′∈ [k, k+N ]

]
≤
k+N∏

k′=k

N∑

i=1

N∑

j=1,j 6=i

1

sik′τλj
.

From (5.52), if no subsystem transmits, we can choose ξ̄′ =
∑N
i=1 ‖ANi eik+∑N

r=1A
N−r
i wik+r−1‖2Qi>0. Then, we have

sup
ek

P

[
N∑

i=1

‖eik+N‖2Qi ≥ ξ̄′
]
<
k+N∏

k′=k

N∑

i=1

N∑

j=1,j 6=i

1

sik′τλj
, (5.58)

for an arbitrary ρ(ξ̄′, ξ̄) such that
∑N
i=1 ‖eik‖2Qi < ρ and LSP of the overall

NCS is readily obtained according to (5.48).
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In this chapter, our interest is to reduce requirements posed on communi-
cation, sensing, processing and energy resources in Multi-Agent Networks
(MANs) without compromising the objectives of the MANs. Consequently,
the hardware expenses and energy consumption are driven down whilst MAN
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multitasking, such as inter-network collaboration, is facilitated. Scenarios, in
which agents of one network need to achieve a common goal, call for the study
of decentralized cooperative control schemes. In order to accomplish this goal
in an uncertain and noisy setting and to detect changes in the communica-
tion topology, agents have to exchange information. Because each transmis-
sion and reception of information necessitates energy, communication should
be induced only when the goal completion can no longer be guaranteed in
order to prolong the MAN mission. To that end, we devise an information
exchange mechanism which draws upon ideas of self-triggered communica-
tion. The proposed mechanism is inspected both theoretically and experimen-
tally (employing off-the-shelf wireless sensor platforms) for performance vs.
lifetime trade-offs using a single-integrator consensus case study. Our mech-
anism is applicable to heterogeneous agents with exogenous disturbances (or
modeling uncertainties), to switching communication topologies and to both
initial-condition-dependent and initial-condition-independent long-term coop-
erative behaviors. The investigated stability notions include Lp-stability and
Input-to-State Stability (with respect to a set). This chapter does not consider
delays, model-based estimators or noisy measurements. Noisy measurements
are readily included through Lp-stability with bias as illustrated in Chapters 7
and 8. Delays and estimators are also considered in Chapters 7 and 8.

6.1 Motivation, Applications and Related Works

The emergence of new technologies provides networks of increasingly accom-
plished agents. Such agents may be mobile and may possess significant pro-
cessing, sensing, communication as well as memory and energy storage capa-
bilities (refer to Figure 6.1). At the same time, aspirations to satisfy ever-
growing demands of the industrial and civil sectors bring about novel engi-
neering paradigms such as Cyber-Physical Systems [148] and the Internet of
Things [125]. The essence of these paradigms is fairly similar—to extend even
further the concepts of heterogeneity, safety, decentralization, scalability, re-
configurability, and robustness of MANs by laying more burden on the agents.
Everyday examples of MANs are cooperative multi-robot systems [159] and
Wireless Sensor Networks (WSNs) [1].

According to [148, 93, 125], we are heading toward densely deployed MANs
that coexist side by side, sharing the same physical environment as illustrated
in Figure 6.2. In order to realize the full potential of MANs, one typically
allows each agent of a network to interact with any agent of neighboring
networks. In other words, the existence of specialized agents (e.g., gateways) is
no longer required to achieve inter-network collaboration. Neighboring MANs
may need to share information (e.g., measurements, intentions) as well as
resources and services (e.g., storage space, energy supplies, processing power,
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FIGURE 6.1
Block scheme of an agent indicating information and energy flows.

FIGURE 6.2
Two decentralized co-located MANs.

Internet or routing services). However, this interaction must not compromise
the objectives of each individual network. Commonly investigated objectives
of stand-alone networks are consensus attainment [159, 43, 143] and output
synchronization [202, 57, 175].

Agents usually have limited and costly resources at their disposal which
renders agent resource management of critical importance. Recently, several
authors have proposed an avenue to agent resource management by means of
decentralized event-triggered and self-triggered control/sensing/communicati-
on schemes (refer to [202, 57, 144] and [193, 43, 143, 178, 175], respectively). In
event-triggered schemes, one defines a desired performance and a transmission
of up-to-date information is induced when an event representing the unwanted
performance occurs. In this chapter, the desired performance is closed-loop
stability. In self-triggered approaches, currently available information is used
to compute the next transmission instant, i.e., to predict the occurrence of
the triggering event. Therefore, self-triggering enables agents to predict time

www.TechnicalPDF.com



148 Networked Control Systems with Intermittent Feedback

intervals of idleness over which energy conservation modes can be activated
[154, 194, 99]. Alternatively, agents can freely engage in other activities (e.g.,
inter-network collaboration) prior to the (pre)computed transmission instant.
As a caveat, the performance of event- and self-triggered control schemes
is more susceptible to disturbances, modeling uncertainties and noise due to
longer open-loop-control intervals (refer to previous chapters, especially Chap-
ter 4). While Chapter 4 and the references therein bring theoretical studies of
performance vs. resource consumption trade-offs for plant-controller control
problems, the work presented herein investigates theoretically and experimen-
tally these trade-offs for MANs. To the best of our knowledge, these trade-offs
for MANs are yet to be addressed both theoretically and experimentally.

Since many works regarding event- and self-triggering are still being pub-
lished, it is clear that this area has not matured yet and further research en-
deavors are vital. In fact, most of the proposed methodologies are applicable
to a rather specific application-dependent setting (e.g., specific agent and con-
troller dynamics as well as specific topology and inter-agent coupling), which
often hinders equitable comparisons between methodologies and impedes their
transferability to a different setting. Thus, generalizing and unifying frame-
works are needful. To that end, we devise a unifying framework for general
heterogeneous agents with (possibly dynamic and output-feedback) local con-
trollers in the presence of exogenous disturbances (or modeling uncertainties)
and switching topologies. We point out that, except for [202], all of the afore-
mentioned works consider state-feedback controllers. The unifying feature of
our framework is manifested in the fact that both initial-condition-dependent
and initial-condition-independent long-term behaviors of MANs can be an-
alyzed. For example, initial-condition-dependent long-term behaviors are in-
vestigated in [202, 43, 143, 175] while initial-condition-independent long-term
behaviors are addressed in [193, 57, 144, 178].

The principal requirement in our framework is Lp-stability (with respect
to a set) of the closed-loop system as discussed in Chapter 2. In other words,
we do not impose specific requirements on the agent and controller dynamics
per se, or on the underlying communication topology. Basically, when given
local controllers do not yield the closed-loop system Lp-stable (with respect
to a set), one can look for another topology or design alternative controller.
In this regard, our framework is akin to [193] and [144]. Nevertheless, the
requirements in [193] and [144] are imposed locally on each agent (i.e., Lp-
stability and Input-to-State Stability properties, respectively) and on agent
interactions (i.e., weak coupling). In addition, self-triggered counterparts of
[144, 193] are still to be devised. Furthermore, [202] requires proportional
controllers and passive agents, which in turn implies that the number of
inputs equals the number of outputs for all agents, while [43] investigates
single-integrator agents with proportional control laws. The authors in [57]
impose the Hurwitz condition on local dynamics (rather than on the closed-
loop dynamics as we do herein) and the diagonal dominant matrix struc-
ture on the nominal closed-loop dynamics. In [143], the authors tailor several
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ternary controllers for self-triggered practical consensus of single-integrator
agents and show that those controllers possess some desirable robustness fea-
tures. As opposed to [143], our methodology, as well as the methodologies in
[193, 202, 144], aims at devising triggering conditions for a variety of existing
control schemes that are designed on the premise of continuous information
flows (i.e., an emulation-based approach). As far as communication topologies
are concerned, only [202] considers time-varying topologies (though balanced
ones). Furthermore, [43] and [143] consider undirected fixed topologies. On
the other hand, our framework encompasses directed switching topologies. It
is worth mentioning that the approaches in [43] and [193] are not Zeno-free.
Lastly, unlike [202, 57, 43, 144, 143], our work is able to consider external
disturbances (or modeling uncertainties).

The remainder of the chapter is organized as follows. Section 6.2 presents
the notation and terminology used throughout this chapter. Section 6.3 for-
mulates the self-triggered information exchange problem for MANs comprised
of heterogeneous linear systems. Consequently, we state problems related to
feasibility of self-triggered mechanisms as well as to the related theoretical and
experimental MAN performance vs. lifetime analyses. Our self-triggered mech-
anism is devised in Section 6.4. Theoretical performance vs. lifetime trade-offs
and experimental results for a single-integrator consensus case study are in
Section 6.5. Conclusions and future challenges are found in Section 6.6. Several
technical results and proofs are included in Section 6.7.

6.2 Initial-Condition-(In)dependent Multi-Agent Sys-
tems and Switched Systems

Consider a nonlinear impulsive system

Σ





ẋ = f(x, ω)

y = g(x, ω)

}
t ∈

⋃

i∈N0

[ti, ti+1),

x(t+) = h(x(t)) t ∈ T ,
(6.1)

where x ∈ Rnx denotes the state, ω ∈ Rnω reflects the external disturbance (or
modeling uncertainties), and y ∈ Rny denotes the output of the system. We
assume enough regularity on f and h to guarantee existence of the solutions
given by right-continuous functions t 7→ x(t) on [t0,∞) starting from x0 at
t = t0. Jumps of the state x (or impulses) occur at each t ∈ T := {ti : i ∈ N}.
The value of the state after the jump is given by x(t+) = limt′↘t x(t′) for each
t ∈ T . For a comprehensive discussion of impulsive systems, refer to [12].

In the following definitions, we use the set

By :=
{
y ∈ Rny

∣∣∃b ∈ B such that y = g(b,0nω )
}
, (6.2)
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where B ⊆ Rnx .

Definition 6.1. (Uniform Global Exponential Stability w.r.t. a set) For ω ≡
0nω , the system Σ is Uniformly Globally Exponentially Stable (UGES) w.r.t.
a set B if there exist k, l > 0 such that ‖x(t)‖B ≤ k exp(−l(t − t0))‖x(t0)‖B
for all t ≥ t0 and for any x(t0).

Definition 6.2. (Input-to-State Stability w.r.t. a set) The system Σ is Input-
to-State Stable (ISS) w.r.t. a set B if there exist a class-KL function β and
a class-K∞ function γ such that, for any x(t0) and every input ω, the corre-
sponding solution x(t) satisfies ‖x(t)‖B ≤ β(‖x(t0)‖B, t− t0) + γ(‖ω[t0, t]‖∞).

Definition 6.3. (Lp-stability w.r.t. a set) Let p ∈ [1,∞]. The system Σ is
Lp-stable from ω to y w.r.t. a set B with gain γ ≥ 0 if there exists K ≥ 0 such
that ‖y[t0, t]‖p,By ≤ K‖x(t0)‖B + γ‖ω[t0, t]‖p for any t ≥ t0, x(t0) and ω.

Definition 6.4. (Lp-detectability w.r.t. a set) Let p ∈ [1,∞]. The state x of
Σ is Lp-detectable from (ω, y) to x w.r.t. a set B with gain γd ≥ 0 if there exists
Kd ≥ 0 such that ‖x[t0, t]‖p,B ≤ Kd‖x(t0)‖B + γd‖y[t0, t]‖p,By + γd‖ω[t0, t]‖p
for any t ≥ t0, x(t0) and ω.

Definitions 6.1 and 6.2 are motivated by [88] and [108], while Definitions 6.3
and 6.4 are motivated by [168]. Notice that K, γ, Kd and γd in Definitions 6.3
and 6.4 are not unique.

6.2.1 Switched Systems and Average Dwell Time

Consider a family of systems (6.1) indexed by the parameter ρ taking values
in a set P = {1, 2, . . . ,m}. Let us define a right-continuous and piecewise
constant function σ : [t0,∞) → P called a switching signal [105]. The role
of σ is to specify which system is active at any time t ≥ t0. The resulting
switched system investigated herein is given by

Σσ





ẋ = fσ(x, ω)

y = g(x, ω)

}
t ∈

⋃

i∈N0

[ti, ti+1),

x(t+) = hσ(x(t)) t ∈ T .
(6.3)

For each switching signal σ and each t ≥ t0, let Nσ(t, t0) denote the number
of discontinuities, called switching times, of σ on the open interval (t0, t). We
say that σ has average dwell time τa if there exist N0, τa > 0 such that

Nσ(t, t0) ≤ N0 +
t− t0
τa

(6.4)

for every t ≥ t0. For a comprehensive discussion, refer to [105] and [74]. In this
chapter, different values of σ correspond to different topologies L, while state
jump instants ti’s indicate time instants at which an exchange of information
takes place.

www.TechnicalPDF.com



Topology-Triggering of Multi-Agent Systems 151

Notice that our definitions of impulsive and switched systems do not ex-
plicitly rule out accumulations of jumping and switching instants in finite
time as is typically done in the literature (e.g., [105], [74] [53], [159, Chapter
2]). A priori exclusions of these phenomena are not in the essence of self-
triggered communication. In fact, valid self-triggered communication policies
must guarantee that communication instants do not accumulate in finite time,
which is known as Zeno behavior (refer to Remark 6.3). Consequently, self-
triggering eliminates the problem of arbitrary fast switching because changes
in the communication topology are irrelevant while information is not being
exchanged.

6.2.2 Graph Theory

A directed graph, or digraph, is a pair G = (V, E), where V = {1, . . . , N}
is a nonempty set of nodes (or vertices) and E ⊂ V × V is the set of the
corresponding edges. When the edge (i, j) belongs to E , it means that there
is an information flow from the node i to the node j. We do not allow self-
loops, i.e., edges that connect a vertex to itself. When both (i, j) and (j, i)
belong to E , we say that the link between i and j is bidirectional. Otherwise,
the link between i and j is unidirectional . The set of neighbors of the node
i is Ni = {j ∈ V : (j, i) ∈ E}, which is all nodes that the node i can obtain
information from. A path in a graph is a sequence of vertices such that from
each of its vertices there is an edge to the next vertex in the sequence. A cycle
in G is a directed path with distinct nodes except for the starting and ending
node. An inclusive cycle for an edge is a cycle that contains the edge on its
path. A directed tree is a directed graph in which every node has exactly one
parent except for one node. A subgraph Gs = (Vs, Es) of G is a graph such
that Vs ⊆ V and Es ⊆ E ∩ (Vs × Vs). A directed spanning tree Gs of G is a
subgraph of G such that Gs is a directed tree and Vs = V. A graph G contains
a directed spanning tree if a directed spanning tree is a subgraph of G.

Given a graph G, the graph Laplacian matrix L ∈ R|V|×|V| is defined as

L = [lij ], lij =





−1, j ∈ Ni
|Ni|, j = i

0, otherwise

.

6.3 Problem Statement: Transmission Intervals Adapt-
ing to Underlying Communication Topologies

Under the premise of continuous information exchange between neighboring
agents, the closed-loop dynamics of a large class of MAN control problems
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can be written as the following switched linear system:

ẋ = Acl
σx+ ω,

y = Cclx, (6.5)

where x, y and ω are stack vectors comprised of (possibly translated) agents’
states, outputs and exogenous disturbances (or modeling uncertainties), re-
spectively. In other words, when N agents are considered, it follows that
x := (ξ1, ξ2, . . . , ξN )− ξp

σ, y := (ζ1, ζ2, . . . , ζN )− ζp
σ and ω := (ω1, ω2, . . . , ωN ),

where ξi, ζi and ωi are the ith agent state, output and exogenous distur-
bance, respectively. Because of the translation of (ξ1, ξ2, . . . , ξN ) by a par-
ticular solution ξp

σ, the equilibrium manifold of the closed-loop dynamics in-
cludes the origin when ω ≡ 0nω . The associated output is ζp

σ . Appendix 6.7.1
delineates steps relating (6.5) with linear heterogeneous agents and control
laws commonly found in the literature. Notice that, for a finite number of
agents N , there can be at most 2N

2−N different topologies (i.e., individual
systems constituting the switched system) as self-loops are not allowed. Ac-

cordingly, |P| = m, where m ≤ 2N
2−N . Relevant graph theory concepts are

provided in Section 6.2.2.

Assumption 6.1. All individual systems in (6.5) are characterized by the
same equilibrium manifold

B := Ker(Acl
ρ ) = Ker(Acl

% ) ∀ρ, % ∈ P.

The above assumption can be achieved by adapting d in (6.33) as the topology
changes. Apparently, B represents the set of equilibrium points when ω ≡ 0nω .
Consequently,

By :=
{
y ∈ Rny

∣∣x ∈ B such that y = Cclx
}
.

Assumption 6.2. For each ρ ∈ P, all eigenvalues of Acl
ρ have nonpositive

real parts. In addition, the eigenvalues with zero real parts are located in the
origin and A(Acl

ρ ) = G(Acl
ρ ) for each ρ ∈ P.

Remark 6.1. In case B 6= 0nx , that is, A(Acl
ρ ) = G(Acl

ρ ) 6= 0 for each ρ ∈
P, the MAN long-term behavior depends on the agents’ initial conditions.
Basically, Ker(Acl

ρ ) is nontrivial, spanned by the eigenvectors corresponding
to the zero eigenvalue and represents the equilibrium manifold. Such matrices
are typically found in coordinated tasks that look primarily for an agreement
while the actual value of the agreement/consensus point depends on the agents’
initial conditions. When A(Acl

ρ ) = G(Acl
ρ ) = 0, ρ ∈ P, then Acl

ρ is Hurwitz and
the MAN long-term behavior is independent of the agents’ initial conditions
as there is merely one attractor, the sole equilibrium point.

Definition 6.5. Suppose we have a closed-loop system given by (6.5). We say
that the MAN achieves its objective if y → By as t→∞.
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Remark 6.2. The above definition includes both output and state synchro-
nization/consensus problems (consult [202, 178] and [57, 144, 193, 43, 143,
175], respectively). The latter is characterized by Ccl = Inx .

Recall that (6.5) is obtained on the premise of continuous information
exchange among neighbors. However, continuous information flows in real-life
applications are often not achievable as discussed in Chapter 1 and throughout
this book. Nevertheless, MAN cooperation is still being achieved in realistic
settings. This observation indicates that there is some built-in robustness of
the closed-loop dynamics (6.5) with respect to intermittent information ex-
change. By thriving on this built-in robustness, self-triggering extends agents’
lifetime and allows the agents to engage in inter-network activities. However,
self-triggering consensus degrades network performance due to greater suscep-
tibility to modeling uncertainties and exogenous disturbances as demonstrated
in this book.

Problem 6.1. Modify the closed-loop dynamics (6.5) such that the hardware
limitations are taken into account and design a self-triggered data exchange
mechanism.

Problem 6.2. Theoretically investigate MAN performance vs. lifetime trade-
offs when the designed self-triggered mechanism is employed.

Problem 6.3. Experimentally validate the obtained theoretical results.

6.4 Topology-Triggering and Related Performance vs.
Lifetime Trade-Offs

In order to account for intermittent data exchange, the closed-loop system
(6.5) can be modified as follows:

ẋ = Acl
σx+Bcl

σ e+ ω, (6.6)

where Bcl
σ is a matrix of appropriate dimensions and e is an auxiliary error

signal with the following dynamics

ė = −Cclẋ. (6.7)

Further details regarding Bcl
σ and e are not needed to follow the subsequent

exposition. Nevertheless, the interested reader is referred to Section 6.7.2,
where Bcl

σ and e are constructed for common cooperative control problems.
From (6.6), we infer that the underlying communication topology captured

in σ(t), i.e., in the graph Laplacian matrix Lσ, plays an instrumental role
in cooperative control. Consequently, agents need to discover the underlying
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communication topology in a decentralized manner. To that end, we advocate
the approach from [14] due to its finite-time-convergence property and appli-
cability to directed graphs. According to [14], the following assumption needs
to be placed on the communication topology.

Assumption 6.3. All unidirectional links have an inclusive cycle.

After discovering a certain Lρ, where ρ ∈ P, agents utilize that knowledge
to synchronize broadcasting/receiving instants in order to avoid lost packages.
Namely, only those agents that have no common receivers and are not receivers
themselves at a particular time instant are allowed to broadcast their states.
By grouping such agents via Algorithm 1 into subsets Piρ, an agent partition
is obtained. The input to the algorithm is Lρ and the outputs are subsets
Piρ. The number of nonempty Piρ’s is Tρ ≤ N and empty Piρ’s are pruned.
Figure 6.3 illustrates the partition obtained for

Lρ =

[ 2 − 1 0 − 1 0
0 1 − 1 0 0
0 0 1 0 − 1

− 1 − 1 0 2 0
0 0 − 1 − 1 2

]
. (6.8)

Algorithm 1 The algorithm developed for graph partitioning. Taking Lρ,
where ρ ∈ P, as the input, the algorithm outputs a partition {P1

ρ , . . . ,PNρ }.
Piρ ← {∅} for all i ∈ {1, . . . , N}; k ← 0
for i = 1 to N do

if i 6∈ Pmρ for every m ∈ {1, . . . , N} then
k ← k + 1
Pkρ ← Pkρ ∪ {i}
for j = i+ 1 to N do

if Lρ(i).Lρ(j) = 0N for all i ∈ Pkρ then

Pkρ ← Pkρ ∪ {j}
end if

end for
end if

end for

6.4.1 Designing Broadcasting Instants

Let us now design stabilizing broadcasting instants for each Piρ. For simplic-
ity, let us consider the following TDMA scheduling protocol, which is similar
in spirit to the Round Robin (RR) protocol from Chapter 2, illustrated in
Figure 6.4.

Protocol 6.1. The agents from P [(i+1) mod N ]+1
ρ broadcast their outputs τρ

seconds after the agents from P [i mod N ]+1
ρ have broadcast their outputs, where

a mod b denotes the remainder of the division of a by b for a, b ∈ N.

The impact of broadcasting agents’ outputs is as follows:
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FIGURE 6.3
The graph partition P1

ρ = {1, 3}, P2
ρ = {2, 5} and P3

ρ = {4} obtained via
Algorithm 1. Accordingly, Tρ = 3. In order not to clutter this figure with a
battery for each node, only Node 3 is connected to a battery.

Property 6.1. If the ith agent broadcasts at time t, the corresponding com-
ponents of e reset to zero while other components remain unchanged, i.e.,

e+
(i−1)nζ+1(t) = . . . = e+

inζ
(t) = 0,

e+
j (t) = ej(t),

}
(6.9)

for all j ∈
{

1, . . . , Nnζ
}
\
{

(i− 1)nζ + 1, . . . , inζ
}

, where the set difference is
denoted \.

Due to the extensions of [168] presented in Chapter 3, our framework is appli-
cable to the larger class of uniformly persistently exciting scheduling protocols
[168] and not merely to Protocol 6.1. However, we do not pursue that direction
herein in order not to obfuscate the main points of the present chapter.

As can be inferred from Protocol 6.1, agents know when they should “hear”
from their neighbors, which is a prominent feature of self-triggering. When an
agent does not “hear” from a neighbor in the precomputed time interval, that
agent induces the topology discovery algorithm [14] in order to keep track
of changes in the communication topology. Upon discovering a new topol-
ogy, an up-to-date partition is obtained via Algorithm 1, the corresponding
TDMA scheduling commences, and so on. Consequently, τρ from Protocol
6.1 adapts to the new topology in order to preserve MAN stability. As a re-
sult, one could label our self-triggered control scheme as topology-triggering .
However, we do not insist on the term topology-triggering in order not to
inundate the area with excessive terminology. For instance, [43] and [143]
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FIGURE 6.4
An illustration of the considered TDMA scheduling for the partition depicted
in Figure 6.3. The abbreviation TX stands for transmission while RX stands
for reception. Apparently, our TDMA scheduling prevents limitations (i)–(iv)
from Section 6.3 for a sufficiently large τρ, i.e., τρ ≥ max{tTX , tRX}, for each
ρ ∈ P. On the other hand, τρ has to be sufficiently small in order to preserve
closed-loop stability.

devise state-triggering, Chapter 3 designs input-output-triggering while [135]
develops team-triggering.

We are still left to compute values of τσ that stabilize the closed-loop
system (6.6)–(6.7) with intermittent data exchange. To that end, let us in-
terconnect dynamics (6.6) and (6.7) and employ the small-gain theorem [88].
First, we upper bound the output error dynamics (6.7) for a fixed topology,
i.e., σ(t) ≡ ρ for some ρ ∈ P, as follows:

¯̇e = −Ccl(Acl
ρ x+Bcl

ρ e+ ω) � A∗ρē+ ỹρ(x, ω), (6.10)

where

A∗ρ = [a∗ij ] := max{|c∗ij |, |c∗ji|}, (6.11)

ỹρ(x, ω) := −Ccl(Acl
ρ x+ ω). (6.12)

In (6.11), we use −CclBcl
ρ = [c∗ij ]. Observe that (6.10) is preparing the terrain

for application of Theorem 3.2. Notice that A∗ρ ∈ A+
ne and ỹρ : Rnx × Rnω →

Rne+ is a continuous function. With this choice of A∗ρ and ỹρ, the upper bound
(6.10) holds for all (x, e, ω) ∈ Rnx × Rne × Rnω and all t ∈ R.

Theorem 6.1. Suppose that Protocol 6.1 is implemented and σ(t) ≡ ρ, where
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ρ ∈ P. In addition, suppose that τρ ∈ (0, τ∗ρ ), where τ∗ρ := ln(2)
‖A∗ρ‖Tρ . Then, the

error system (6.7) is Lp-stable from ỹρ, given by (6.12), to e for any p ∈ [1,∞]
with gain

γeρ =
Tρ exp(‖A∗ρ‖(Tρ − 1)τρ)(exp(‖A∗ρ‖τρ)− 1)

‖A∗ρ‖(2− exp(‖A∗ρ‖Tρτρ))
, (6.13)

and constant

Ke
ρ =

1

2− exp(‖A∗ρ‖Tρτρ)

(
exp(p‖A∗ρ‖Tρτρ)− 1

p‖A∗ρ‖

) 1
p

. (6.14)

Proof. See the proof of Theorem 3.2.

Next, take (e, ω) to be the input and ỹρ, given by (6.12), to be the output
of the dynamics (6.6). For future reference, this system is termed a nominal
system. Due to Assumption 6.2, [175, Theorem 1] yields Lp-stability w.r.t B
of the system (6.6) with input (ω, e) and any output ỳρ linear in x and ω. In
addition, [175, Theorem 1] provides expressions for an associated constant and
Lp-gain. The following proposition shows that one can employ [175, Theorem
1] to infer Lp-stability of (6.6) for the (nonlinear) output ỹρ given by (6.12).

Proposition 6.1. Suppose that the system (6.6) with input (ω, e) and (linear)
output ỳρ := −Ccl(Acl

ρ x+ ω) is Lp-stable w.r.t B with some constant Kρ and
gain γρ. Then, the system (6.6) with input (ω, e) and (nonlinear) output ỹρ,
given by (6.12), is Lp-stable w.r.t B with the same constant Kρ and gain γρ.

Apparently, systems (6.6) and (6.7) are interconnected according to Figure
6.5. We point out that ỹρ is an auxiliary signal used to interconnect (6.6)
and (6.7), but does not exist physically. According to the small-gain theorem,
the open loop gain γργ

e
ρ must be strictly less than unity in order for this

interconnection to be Lp-stable from ω to (ỹρ, e) w.r.t. (By,0ne) and, due
to Lp-detectability of the nominal system (see the proof of Theorem 6.2 for
more), Lp-stable from ω to (x, e) w.r.t. (B,0ne).
Theorem 6.2. If the interbroadcasting interval τρ in (6.13) is such that
γργ

e
ρ < 1, then the MAN objective in the sense of Definition 6.5 is Lp-stable

from ω to (x, e) w.r.t. (B,0ne) for given p ∈ [1,∞].

Remark 6.3. Notice that γeρ(τρ) in (6.13) is a monotonically increasing func-
tion of τρ ∈ [0, τ∗ρ ). In addition, notice that γeρ(0) = 0. Due to [175, Theorem
1], we know that γρ <∞. Since our goal is to design τρ such that γργ

e
ρ(τρ) < 1,

we first find τ ′ρ such that γργ
e
ρ(τ ′ρ) = 1, and then compute τρ = κτ ′ρ, where

κ ∈ (0, 1). Due to monotonicity of γeρ(τρ), the obtained τ ′ρ is strictly positive;
hence, τρ = κτ ′ρ is strictly positive. Consequently, the unwanted Zeno behav-
ior [53] is avoided. In other words, our approach does not yield continuous
feedback, which is impossible to implement in digital technology. Since we are
interested in obtaining the interbroadcasting interval τρ as large as possible,
we choose κ as large as possible (e.g., κ = 0.999).
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FIGURE 6.5
Interconnection of the nominal and the error dynamics.

Remarks 2.5 and 2.6 are applicable to Theorem 6.2 as well.

6.4.2 Switching Communication Topologies

Before proceeding further, we point out that scenarios with B = 0nx are less
involved and do not entail all the steps delineated below (when compared to
scenarios with B 6= 0nx). Essentially, scenarios with B = 0nx boil down to
[178, Section V].

6.4.2.1 Switching without Disturbances

The previous subsection establishes Lp-stability of the interconnection in Fig-
ure 6.5. In what follows, we demonstrate that this interconnection is UGES
w.r.t. (B,0ne) when ω ≡ 0nω . To that end, we introduce the following substi-
tution (i.e., change of coordinates)

z = Sρx,

where Sρ is an invertible matrix with real entries that transforms Acl
ρ into the

Real Jordan Form (refer to [175, Section IV.A] for more details). According to
[175, Section IV.B], B is spanned by the last A columns of S−1

ρ . In addition,
the complementary space of B, denoted Bc, is spanned by the first nx − A
columns of S−1

ρ . Having that said, it is convenient to label the first nx − A
entries of z as zr and the last A entries of z as zq, i.e.,

z := (zr, zq).

As a result, we can write

x = S−1
ρ z = S−1

ρ

(
(zr,0A) + (0nx−A , zq)

)
.

Thus,

‖x‖B ≤
∥∥S−1

ρ (zr,0A)
︸ ︷︷ ︸

∈Bc

+S−1
ρ (0nx−A , zq)︸ ︷︷ ︸

∈B

∥∥
B =

∥∥S−1
ρ (zr,0A)

∥∥
B

≤
∥∥S−1

ρ (zr,0A)
∥∥ ≤

∥∥S−1
ρ

∥∥∥∥zr
∥∥. (6.15)
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Notice that zr is the state of the reduced system associated with the nominal
system (see [175, Section IV.B]). Since our choice of the nominal system output
ỹρ, stated in (6.12), yields Bỹρ = 0nỹρ , the reduced system output equals ỹρ.
Thus, the inputs (e, ω) and the output ỹρ of the reduced and nominal systems
are exactly the same. The reduced system is basically

żr = Acl,r
σ zr +Bcl,r

σ e+Br
σω,

ỹρ = Cr
σzr + ω. (6.16)

For explicit expressions of Acl,r
σ , Bcl,r

σ , Br
σ and Cr

σ see [175, Section IV.B]. In
other words, the reduced system is merely a different state-space realization
(though a lower-dimensional realization) of the input-output mapping of the
nominal system. In addition, notice that (6.7) is in fact

ė = −Ccl
(
Acl
σS
−1
σ (zr, zq) +Bcl

σ e+ ω
)

= −Ccl
(
Acl
σS
−1
σ (zr,0A) +Bcl

σ e+ ω
)
.

Since the results invoked below are stated in terms of the Euclidean norm,
the reduced system allows us to utilize those results at once (i.e., we use ‖zr‖
rather than ‖x‖B and relate those two norms via (6.15)).

Theorem 6.3. Suppose that the conditions of Theorem 6.2 hold and ω ≡ 0nω .
In addition, assume that Lρ, ρ ∈ P, is fixed. Then, the interconnection (6.16)–
(6.7) is UGES. Consequently, the closed-loop system (6.6)–(6.7) is UGES
w.r.t. (B,0ne).

To shorten the notation, we introduce χ := (zr, e). According to Theorem
6.3, each subsystem in P is UGES (i.e., UGES w.r.t. (B,0ne) when considering
x instead of zr as the nominal system state). Let us now apply [12, Theorem
15.3] to each subsystem in P. From (6.49) we infer that the flow and jump
maps are Lipschitz continuous and are zero at zero. In addition, jump times
ti’s are predefined (i.e., time-triggered according to Protocol 6.1 and do not
depend on the actual solution of the system as long as the topology is fixed),
and such that 0 < t1 < t2 < . . . < ti and limi→∞ ti =∞ hold. Consequently,
all conditions of [12, Theorem 15.3] are met. From [12, Theorem 15.3], we
know that there exist functions Vρ : R × Rnzr+ne → R, ρ ∈ P, that are
right-continuous in t and Lipschitz continuous in χ, and satisfy the following
inequalities

c1,ρ‖χ‖2 ≤ Vρ(t, χ) ≤ c2,ρ‖χ‖2, t ≥ t0, (6.17)

D+
ρ Vρ(t, χ) ≤ −c3,ρ‖χ‖2, t 6∈ T , (6.18)

Vρ(t
+, χ+) ≤ Vρ(t, χ), t ∈ T , (6.19)

for all χ ∈ Rnzr+ne , where c1,ρ, c2,ρ and c3,ρ are positive constants. These
constants are readily obtained once k and l from Definition 6.1 are known
(see the proof of [12, Theorem 15.3]). In the above inequalities, D+

ρ Vρ(t, χ)
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denotes the upper right derivative of function Vρ with respect to the solutions
of the ρth system. The upper right derivative of Vρ is given by

D+
ρ Vρ(t, χ) := lim sup

h→0,h>0

( 1

h
[Vρ(t+ h, χ(t+ h))− Vρ(t, χ(t))]

)
,

where χ(t), t ≥ t0, denotes the trajectory of the ρth system. We now rewrite
(6.17) and (6.18) as follows

c1‖χ‖2 ≤ Vρ(t, χ) ≤ c2‖χ‖2, t ≥ t0, (6.20)

D+
ρ Vρ(t, χ) ≤ −2λ0Vρ(t, χ), t 6∈ T , (6.21)

Vρ(t, χ) ≤ µV%(t, χ), t ≥ t0, (6.22)

for all χ ∈ Rnzr+ne and all ρ, % ∈ P, where

c1 = min
ρ∈P

c1,ρ > 0, c2 = max
ρ∈P

c2,ρ > 0,

λ0 = min
ρ∈P

c3,ρ
2c1,ρ

> 0, µ = max
ρ,%∈P

c2,ρ
c1,%

> 0.

Notice that µ > 1 in the view of interchangeability of ρ and % in (6.22).
Following ideas from [105] and [74], we obtain the following result:

Theorem 6.4. Consider the family of m systems for which (6.19), (6.20),
(6.21) and (6.22) hold. Then the resulting switched system is UGES for every
switching signal σ with average dwell time

τa >
lnµ

2λ0
(6.23)

and N0 arbitrary.

Corollary 6.1. The MAN objective in the sense of Definition 6.5 is UGES
w.r.t. (B,0ne) for every switching signal σ with the average dwell time (6.23)
and N0 arbitrary.

Proof. This proof is akin to the last part of the proof for Theorem 6.3.

6.4.2.2 Switching with Disturbances

Let us now examine the MAN properties when ω 6≡ 0nω . Notice that impulsive
switched systems can be interpreted as time-varying impulsive systems. From
Theorem 6.4 we infer that the corresponding state transition matrix Φ(t, t0)
satisfies

‖Φ(t, t0)‖ ≤ k exp(−l(t− t0)), (6.24)

where k =
√

c2
c1
µN0 and l = λ for some λ ∈ (0, λ0). For the explicit form of

state transition matrices of linear time-varying impulsive systems, refer to [12,
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Chapter 3]. From the corresponding variation of constants formula (see [12,
Chapter 3])

χ(t) = Φ(t, t0)χ(0) +

∫ t

t0

Φ(t, s)[Br>
σ − Ccl>]>ω(s)ds,

and (6.24), we obtain

‖χ(t)‖ ≤ k exp(−l(t− t0))‖χ(0)‖+ bk

∫ t

t0

exp(−l(t− s))‖ω(s)‖ds,

where maxρ∈P
∥∥[Br

ρ −Ccl]
∥∥ ≤ b. Since t ≥ t0,

∫ t
t0

exp(−l(t− s))ds ≤ 1/l for

any t0. Using [160, Theorem 12.2], we infer that the switched system of interest
is uniformly bounded-input bounded-state stable which in turn implies ISS
(refer to [159, Theorem 2.35 & Remark 2.36] for more details). Likewise, Lp-
stability from ω to (zr, e) is obtained following the lines of [180]. We conclude
the above discussion in the following theorem.

Theorem 6.5. The MAN objective in the sense of Definition 6.5 is ISS and
Lp-stable w.r.t. (B,0ne) from ω to (x, e) for every switching signal σ with the
average dwell time (6.23) and N0 arbitrary.

Remark 6.4. Recall that changes of the topology in [ti, ti+1), where ti, ti+1 ∈
T , remain unnoticed until ti+1 (or even later). Therefore, if minρ∈P τρ ≥ τa,
then we effectively have that the switched system of interest is UGES for any
switching signal. Obviously, we want to obtain τρ’s as large as possible. This
is yet another motivation for developing self-triggered control policies.

Remark 6.5. The above result is similar to the well-known result of [91]. The
difference is that [91] considers continuous communication among agents. In
fact, the main result of [91] is a special case of ours when τρ → 0 for all ρ ∈ P.
Therefore, Theorem 6.5 generalizes the main result of [91] to more realistic
networking artifacts.

6.5 Example: Output Synchronization and Consensus
Control with Experimental Validation

In this section we employ the results of Section 6.4 to examine performance vs.
lifetime trade-offs for the single-integrator consensus problem (refer to [175]
and the references therein). Afterward, our theoretical predictions are exper-
imentally verified using a set of wireless sensor platforms. We point out that
other theoretical trade-offs (e.g., those involving Tρ and ‖Lρ‖), performance
metrics (e.g., time-efficiency and energy-efficiency as in [83]) or MAN tasks
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can be analyzed along the same lines. Alas, specifics of each of these analyses
hinder unifying trade-off results in the spirit of Section 6.4. Accordingly, this
section focuses on a subset of the cooperative tasks from Section 6.4.

As demonstrated in [175], the single-integrator consensus problem leads to
Acl
σ = Bcl

σ = −k(Lσ ⊗ Inξ) and Ccl = Inx , where k is a positive control gain
and ⊗ denotes the Kronecker product. Among several other topologies that
satisfy Assumption 6.3, we work out the methodology from Section 6.4 on Lρ,
given by (6.8), and

L% =

[ 1 − 1 0 0 0
0 1 − 1 0 0
0 0 1 0 − 1

− 1 0 0 1 0
0 0 − 1 − 1 2

]
.

Algorithm 1 yields P1
% = {1, 3}, P2

% = {2, 4} and P3
% = {5}. When nξ = 1, the

corresponding substitution matrices are

Sρ =

[ 0.0166 − 0.3979 0.06 0.1306 0.1906
0.1558 0.1322 − 0.2684 0.1243 − 0.1440

− 1.4166 0.1979 − 0.4600 1.0694 0.6094
1.3333 0 0 − 1.3333 0
0.0667 0.2 0.4 0.1333 0.2

]
,

S% =

[− 0.1994 − 0.3032 0.1994 0.1141 0.1891
0.2025 − 0.1625 − 0.2025 0.2051 − 0.0426
0.5327 − 0.3635 − 0.5327 − 0.7807 1.1442

− 0.5 0.5 0 0.5 − 0.5
0.1667 0.1667 0.3333 0.1667 0.1667

]
,

yielding the reduced closed-loop matrices in (6.16)

Acl,r
ρ = k

[− 1.1226 0.7449 0 0
− 0.7449 − 1.1226 0 0

0 0 − 2.7549 0
0 0 0 − 3

]
,

Acl,r
% = k

[− 0.7672 0.7926 0 0
− 0.7926 − 0.7672 0 0

0 0 − 2.4656 0
0 0 0 − 2

]
,

Bcl,r
ρ = k

[ 0.0974 0.5451 − 0.2672 − 0.0540 − 0.3213
− 0.1873 0.1479 0.2566 − 0.2369 0.0197

3.9026 − 0.5451 1.2672 − 2.9460 − 1.6787
− 4 0 0 4 0

]
,

Bcl,r
% = k

[ 0.3134 0.1038 − 0.3134 0.0751 − 0.1789
0.0027 0.3650 − 0.0027 − 0.2478 − 0.1172

− 1.3134 0.8962 1.3134 1.9249 − 2.8211
1 − 1 0 − 1 1

]
,

Br
ρ =

[ 0.0166 − 0.3979 0.0600 0.1306 0.1906
0.1558 0.1322 − 0.2684 0.1243 − 0.1440

− 1.4166 0.1979 − 0.4600 1.0694 0.6094
1.3333 0 0 − 1.3333 0

]
,

Br
% =

[− 0.1994 − 0.3032 0.1994 0.1141 0.1891
0.2025 − 0.1625 − 0.2025 0.2051 − 0.0426
0.5327 − 0.3635 − 0.5327 − 0.7807 1.1442

− 0.5 0.5 0 0.5 − 0.5

]
,

Cr
ρ = k

[− 2.7549 − 1.4897 0.5098 − 0.75
1.4473 − 1.8694 − 0.8946 − 0.75
1.2151 1.3071 1.5698 1.5

− 2.7549 − 1.4897 0.5098 1.5
− 1.1226 0.7449 − 2.7549 − 3

]
,

Cr
% = k

[ 0.1084 − 1.9541 0.7832 2
1.5739 − 0.3690 − 1.1479 − 2
0.6588 1.1615 1.6823 2

− 2.2328 − 0.7926 − 0.5344 − 2
− 0.7672 0.7926 − 2.4656 − 2

]
, (6.25)
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while the matrix in (6.11) becomes

A∗ρ =

[
2 1 0 1 0
1 1 1 1 0
0 1 1 0 1
1 1 0 2 1
0 0 1 1 2

]
, A∗% =

[
1 1 0 1 0
1 1 1 0 0
0 1 1 0 1
1 0 0 1 1
0 0 1 1 2

]
.

6.5.1 Performance vs. Lifetime Trade-Offs

For a fixed topology, i.e., σ(t) ≡ ρ, a stabilizing τρ yields (6.48). Notice that

K̃ and γ̃ in (6.48) are functions of both τρ and the control gain k. In the
interest of brevity, suppose that p ∈ [1,∞) and Acl,r

ρ is a normal matrix for
each ρ ∈ P. For instance, the latter is fulfilled whenever the algebraic and
geometric multiplicity of each eigenvalue of Acl

ρ coincide (which is the case
for Lρ and L% considered above). Considering τρ and k as variables, let us
now determine dominant growth rates for Kρ, γρ, K

e
ρ , γeρ, Kd

ρ and γdρ that

constitute K̃ and γ̃ in (6.48).
From [88, Corollary 5.2], (6.25), (6.13) and (6.14) we obtain

O(Kρ) = kO(Kd
ρ ) = kO

((
λmax(Pρ)

) 1
p

√
λmax(Pρ)

λmin(Pρ)

)
,

O(γρ) = kO(γdρ) = kO

(
k
λ2

max(Pρ)

λmin(Pρ)

)
,

O(Ke
ρ) =

exp(kτρ)

k(2− exp(kτρ))
,

O(γeρ) =
exp(2kτρ)

k(2− exp(kτρ))
,

where Pρ is the solution of the Lyapunov equation PρA
cl,r
ρ +

(
Acl,r
ρ

)>
Pρ =

−Inx . Let us introduce Asρ := Acl,r
ρ +

(
Acl,r
ρ

)>
. Employing [96, (70) and (88)],

we obtain λmin(Pρ) ≥ 1

2‖Acl,r
ρ ‖

and λmax(Pρ) ≤ −2
λmax(Asρ) . According to [24,

Problem VII.6.4], we know that λmax(Asρ) < 0 since Acl,r
ρ is Hurwitz by con-

struction. Moreover, −λmax(Asρ) equals the smallest singular value, denoted

σmin, of Asρ. The work in [145] provides σmin(Asρ) ≥
|det(Asρ)|√

trace(As>ρ Asρ)
. Using

√
trace(As>ρ Asρ) =

√√√√
nz∑

i=1

(σi(As))2 ≤
nz∑

i=1

σi(As) ≤ nzr‖Asρ‖ ≤ 2nzr‖Acl,r
ρ ‖

and the Marcus–de Oliviera conjecture from [24, p. 184], we infer that the
lower bound of σmin(Asρ) is a polynomial in k of order nzr . Thus, O(Kρ),

O(γρ), O(Kd
ρ ) and O(γdρ) are polynomials in k. Since O(Ke

ρ) and O(γeρ) con-

tain exponential terms, their impact on the growth rates of K̃ and γ̃ is pre-
dominant. Now, it is straightforward to show that the dominant growth rates
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of K̃ and γ̃ are given by

O(K̃) = O(γ̃) =
1

kα
(
κ − exp (kτρ)

) , (6.26)

where α > 0 while κ is a positive constant whose actual value is irrelevant for
our purposes herein. However, we point out that κ is a function of Lρ, agent
dynamics and the selected decentralized control law. In order for (6.26) to be
finite, the following needs to hold

τρ ∈
(

0,
lnκ
k

)
, (6.27)

which is in line with Theorem 6.1. Let us measure the MAN performance in
terms of the time to reach (i.e., convergence rate) the MAN objective starting
from some (x(t0), e(t0)) and in the presence of disturbance ω (refer to (6.48)).

From [178] and [175] we know there is an element of the set
(

0, lnκ
k

)
, de-

noted τmax
ρ , such that any τρ < τmax

ρ stabilizes the control system of interest.
Apparently, an increase in the control gain k decreases τmax

ρ . From (6.48) and

(6.26) one concludes that, for a fixed k, the greater τρ (i.e., greater K̃ and
γ̃) becomes, the smaller the rate of convergence toward the MAN objective,
and the closed-loop system becomes more susceptible to disturbances/noise.
On the other hand, the rate of convergence and disturbance sensitivity might
be decreased by increasing k, which in turn requires a smaller τρ (i.e., more
frequent information exchange). Nevertheless, a decrease in k might impair
the MAN performance and disturbance rejection due to kα in (6.26). There-
fore, one needs to carefully balance between performance and energy needs.
It might even turn out that the hardware at hand cannot deliver information
at a rate below τmax

ρ . In that case, one should decrease k or augment κ by
changing the underlying communication topology, control law or system dy-
namics. Alternatively, one could look for more advanced hardware. Lastly, in
light of Theorem 6.5, the same inference about performance vs. resource con-
sumption holds for time-varying topologies with switching signals satisfying
the associated average dwell-time condition.

6.5.2 Experimental Setup

We select eZ430-RF2500 wireless sensor nodes because they offer a fairly short
time window of activity for transmitting/receiving a message. In addition,
these nodes are quite affordable and have modest energy requirements [82].
On the other hand, due to simplicity of the WSN nodes, the topology dis-
covery algorithm [14] is not yet implemented and time-varying topologies are
not examined experimentally. For numerical simulations involving switching
topologies, albeit without agent partitions, refer to [175].

Each eZ430-RF2500 node (Figure 6.6) is a very low-power wireless plat-
form built around an MSP430 microcontroller and CC2500 transceiver [174].
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FIGURE 6.6
eZ430-RF2500 WSN node used in the experimental setup.

The ultra low-power MSP430 is a 16-bit microcontroller with 5 low-power
operating modes. It is equipped with a digitally controlled oscillator (DCO)
and internal very-low-power low-frequency oscillator (VLO) used in low-power
operating modes. Besides the internal clock source, MSP430 also supports ex-
ternal crystal oscillators. Information about power consumption and oscillator
characteristics are shown in Table 6.1. More information about typical drifts
for commercial clock sources and procedures regarding how to suppress them
can be found in [163].

The CC2500 is a 2.4-GHz RF transceiver implementing the SimpliciTI
communication protocol with 250 kbps data rate. This proprietary stack of
Texas Instruments is much simpler than the generally used IEEE 802.15.4/Zig-
Bee protocol, requires less memory capacity and enables lower power consump-
tion when the node is in the idle mode. It also has a much lower overhead in
terms of additional headers per packet (only 14 extra bytes).

Current
consumption

active mode (at 1 MHz
and 3.3 V)

about 300 µA

deepest low-power mode about 500 nA

Oscillators
digitally controlled
oscillator

+/-2% typical tolerance
+/-5% maximal tolerance

very-low-power
low-frequency oscillator

frequency drift 0.5%/ ◦C
and 4%/V

TABLE 6.1
Current consumption and oscillator characteristics of MSP430 microcon-
troller.
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6.5.3 Energy Consumption

To characterize the energy consumption of the eZ430-RF2500, the node was
connected to a laboratory power source providing 3 V, and a 10 Ω resistor was
connected in series to the node. The current in the circuit was measured by
a multimeter (Fluke 45), while the voltage drop on the resistor was captured
with a digital oscilloscope (Rigol DS1102E). Node current consumption in dif-
ferent operating modes is shown in Table 6.2. Figure 6.7 shows the voltage drop
(proportional to the node current consumption) on the resistor, presenting a
sequence in which the node is receiving and then transmitting a packet. As
pointed out in the figure, the time interval required to merely receive or trans-
mit is about 780 µs, but a significant amount of time is taken by switching
between operating modes. The intrinsic platform-dependent functions (e.g.,
calibration, scanning the channel before sending, etc.) create overhead. Due
to this overhead, it takes 2.2 ms to broadcast or receive a message. This rep-
resents the hardware-dependent lower bound on τρ.

The energy consumption of the node, denoted Enode, is the sum of the
energy utilized in all operating modes and energy utilized for all transitions
between operating modes, i.e.,

Enode =
∑

mode

Pmode · tmode +
∑

trans

Ptrans · ttrans, (6.28)

where Pmode and tmode represent power consumption of the node in a partic-
ular operation mode and the time spent in that mode, respectively. Taking
into account the power consumption of a node from Table 6.2 and measuring
the time intervals when staying in different modes and transitions (as in Fig-
ure 6.7), we estimate the long-term energy consumption of the node. In our
experiment, each node was connected to a small-size battery providing 3 V and
1000 mAh. In the idle mode the radio was inactive while the microcontroller
was active.

Component
Current consumption [mA]

Microcontroller Transceiver

on on, RX 21.30
on on, TX 25.11
on off 3.00
off off 0.001

TABLE 6.2
Current consumption of the eZ430-RF2500 node in different operating modes
with a 3 V supply.
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RX 

TX 

} } 

idle  

listening 

} 

FIGURE 6.7
A sequence showing a node listening to the communication medium, then re-
ceiving a message and immediately transmitting another message. The packet
has a 2 B payload (total 24 B on the physical layer due to the stack and
radio overhead). Transitions between operating modes present a significant
overhead in time and energy. Notice that the power consumption of the radio
when merely listening is almost the same (and even slightly higher!) as when
actually receiving a packet. This finding also advocates TDMA scheduling
employing agent partitions.

6.5.4 Experimental Results

We select k = 1, p = 2, randomly pick initial states that are further apart (see
Figure 6.8(c)), and use these initial states in all experiments for a fair compar-
ison. The single-integrator problem was implemented for various broadcasting
intervals τρ ranging from the lower physical limit of 2.2 ms to the experimen-
tal upper limit on the stabilizing intervals of 0.3 s. We point out that the
theoretical upper bound on the stabilizing intervals τρ, obtained via Section
6.4, is 0.033 s. Hence, the theoretically predicted τmax

ρ is about 9 times more
conservative than the experimental one.

As shown in Figure 6.4, each node cycles between the following modes: TX-
idle-RX-idle-RX-idle-TX-. . . , and so on. Clearly, each cycle lasts for Tρτρ sec-
onds. The expected node lifetime, when powered by a 1000-mAh-capacity
battery, is shown in Figure 6.8(a) for different τρ. The smaller the τρ is, the
greater the average power consumed in one cycle becomes. If we want to
increase the lifetime of our device by increasing τρ, the closed-loop system
takes longer to reach ε-vicinity of consensus (see Figure 6.8(b)). In addition,
a greater τρ causes greater sensitivity to noise as shown in Figure 6.8(b). The
smaller noise/disturbance level is hardware dependent and arises from round-
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ing the exchanged data to two decimal places. The greater noise/disturbance
level is emulated by adding random numbers to the exchanged data. Those
random numbers are drawn from the uniform distribution over the interval
[−1, 1]. Since the nodes in our experiments are within 10 m of each other,
hardware-specific sporadic losses of messages are negligible [41]. Nevertheless,
an increase in lost messages can easily be compensated for according to Re-
mark 2.6.

As predicted by (6.26), the graphs in Figures 6.8(a) and 6.8(b) are rather
nonlinear with vertical and horizontal asymptotes; hence, considerable de-
creases of intertransmission intervals may not significantly improve perfor-
mance while the corresponding expected lifetimes may be significantly short-
ened (and vice versa). The rationale behind this observation is that, as τρ
decreases, practically the same information is being exchanged in several con-
secutive intervals. Basically, upcoming (but costly) transmissions do not bring
significantly different information; hence, the “old” information (preserved via
the zero-order-hold strategy) is an adequate replacement for the “new” infor-
mation.

Figure 6.8(c) brings experimentally obtained states of the agents for the
theoretical τmax

ρ = 0.033 s. Apparently, from Figures 6.8(a) and 6.8(b), we
infer that the theoretical τmax

ρ = 0.033 s provides an acceptable compromise
between the time to converge and node lifetime.

6.6 Conclusions and Perspectives

In this chapter, we devise a comprehensive self-triggered communication
scheme for managing resources of MANs without compromising the original
initial-condition-(in)dependent goals of the MANs. By extending the intervals
of idleness of each agent, our communication scheme poses lesser demands
on the agent resources (e.g., lowers the operating frequency and energy con-
sumption). In addition, these resources can now be exploited for other activi-
ties (e.g., inter-network collaboration). However, extended intervals of idleness
lead to degraded performance, which manifests in decreased disturbance/noise
resilience and increased convergence times. On the other hand, shorter inter-
transmission intervals may significantly decrease network lifetime while per-
formance may not improve considerably. In addition, our experimental find-
ings are in good agreement with the theoretical analyses and suggest that
our theoretical bounds are not overly conservative and provide a reasonable
performance vs. energy trade-off.

In the future, a consideration of nonlinear agents is in order. Regarding
the practical side of this work, the experiments indicate that it is important
to keep agents’ internal clocks synchronized. Evidently, the proposed scheme
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FIGURE 6.8
Experimental results that verify the theoretical exposition of Section 6.4: (a)
expected lifetime of the battery, (b) time to converge into ε-vicinity of the
consensus for ε = 0.4, and (c) states of the agents for τρ = 0.033 s.
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is suitable for clock synchronization during experiments; hence, it will be
employed in the future.

6.7 Proofs and Derivations of Main Results

6.7.1 From Agent Dynamics to Closed-Loop Dynamics

Consider N heterogeneous linear systems, i.e., agents, given by

ξ̇i = Aiξi +Biui + ωi,

ζi = Ciξi, (6.29)

where ξi ∈ Rnξi is the state, ui ∈ Rnui is the input, ζi ∈ Rnζ is the output of
the ith system, i ∈ {1, 2, . . . , N}, and ωi ∈ Rnξ reflects exogenous disturbances
or unmodeled dynamics. In addition, Ai, Bi and Ci are matrices of appropriate
dimensions. Since these agents are vertices of a communication graph, the set
of all agents is denoted V. Hence, |V| = N . A common decentralized control
policy is given by

ui = −Ki

∑

j∈Ni
[(ζi − ζj)− (di − dj)], (6.30)

where Ki is a nui × nζ matrix, Ni denotes the set of neighbors of the ith

agent and di ∈ Rnζ is the bias term. Next, let us define the following stack
vectors ξ := (ξ1, ξ2, . . . , ξN ), y := (ζ1, ζ2, . . . , ζN ), d := (d1, d2, . . . , dN ) and
ω := (ω1, ω2, . . . , ωN ). Knowing the Laplacian matrix Lρ of a communication
graph G, the closed-loop dynamic equation of (6.29) given the control law
(6.30) becomes

ξ̇ = Acl
ρ ξ −Bcl

ρ d+ ω,

ζ = Cclξ, (6.31)

where ρ ∈ P denotes the subsystem associated with Lρ, and

Acl
ρ = [Acl

ρ,ij ], Acl
ρ,ij =

{
Ai − lρ,iiBiKiCi, i = j

−lρ,ijBiKiCj , otherwise
,

Bcl
ρ = [Bcl

ρ,ij ], Bcl
ρ,ij = −lρ,ijBiKi,

Ccl = diag(C1, C2, . . . , CN ), (6.32)

where Acl
ρ,ij and Bcl

ρ,ij are matrix blocks whilst diag(·, ·, . . . , ·) indicates a di-
agonal matrix.
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Remark 6.6. Using the Geršgorin circle theorem, the work in [50] provides
sufficient conditions for Acl

ρ to be Hurwitz. Applying these sufficient conditions

to Acl
ρ herein, we obtain that when

(i) Ai − lρ,iiBiKiCi is Hurwitz for all i ∈ {1, 2, · · · , N}, and

(ii) minλi∈λ(Ai−lρ,iiBiKiCi) |λi| ≥
∑
j∈Ni ‖BiKiCj‖,

where the set of all eigenvalues of a matrix is denoted λ(·), are fulfilled, the
matrix Acl

ρ is Hurwitz. Thus, by changing Ki’s for different topologies, one

can ensure that Acl
σ remains Hurwitz.

When ω ≡ 0nω , the equilibria of (6.31) satisfy

Acl
ρ ξ = Bcl

ρ d. (6.33)

It is well known that the above matrix equality is solvable if and only if Bcl
ρ d is

in the column space of Acl
ρ . If this condition is not met, simply select different

di’s. Notice that d = 0nd or Acl
ρ being Hurwitz immediately makes (6.33)

solvable. Provided that (6.33) is solvable, we can find a particular solution
ξp to (6.33). The corresponding output is ζp = Cclξp. Now, the substitutions
x = ξ − ξp and y = ζ − ζp transform (6.31) into the equivalent system (6.5).
Notice that one can change ζp by changing d. For example, one can change
formations by changing d.

6.7.2 Introducing Intermittent Data Exchange

The control law (6.30) can be modified as follows:

ui = −Ki

∑

j∈Ni
[(ζ̂i − ζ̂j)− (di − dj)], (6.34)

where signals ζ̂i : [t0,∞) → Rnx , i ∈ {1, . . . , N}, are piece-wise constant
and right-continuous functions with jumps accompanying the data exchange
instants and t0 ∈ R is the initial time. In other words, the control signal ui is
driven by sampled zero-order-hold versions of the actual signals ζi : [t0,∞)→
Rnx , i ∈ {1, . . . , N}. Now, let us introduce the error vector e as follows

e =




e1

e2

...
eN


 :=




ζ̂1 − ζ1
ζ̂2 − ζ2

...

ζ̂N − ζN


 = ζ̂ − ζ. (6.35)

The above expression uses ζ̂ := (ζ̂1, ζ̂2, . . . , ζ̂N ). Taking e into account, the

closed-loop dynamics (6.5) become (6.6). Since
˙̂
ζ = 0 and ζ̇p = 0, the corre-

sponding error dynamics are (6.7).
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6.7.3 Proof of Proposition 6.1

Proof. This proposition is proved by showing that

∥∥− Ccl(Acl
ρ x+ ω)

∥∥
Bỳρ
≥
∥∥−Ccl(Acl

ρ x+ ω)
∥∥
Bỹρ

, (6.36)

where the sets Bỳρ and Bỹρ are obtained via (6.2). Apparently, Bỹρ may be
constructed from Bỳρ by applying the · operator to the elements of Bỳρ . In
addition, notice that nỳρ = nỹρ . Now, the inequality (6.36) is obtained as
follows. For each i ∈ 1, . . . , nỹ, the reverse triangle inequality yields

∣∣∣
(
− Ccl(Acl

ρ x+ ω)− bỳρ
)
i

∣∣∣ ≥
∣∣∣
∣∣(− Ccl(Acl

ρ x+ ω)
)
i

∣∣−
∣∣(bỳρ)i

∣∣
∣∣∣,

where bỳρ ∈ Bỳρ and (·)i denotes the ith component of a vector. Hence,

∥∥− Ccl(Acl
ρ x+ ω)− bỳρ

∥∥ ≥
∥∥−Ccl(Acl

ρ x+ ω)− bỳρ
∥∥,

yielding

inf
bỳρ∈Bỳρ

‖ − Ccl(Acl
ρ x+ ω)− bỳρ‖ ≥ inf

bỳρ∈Bỳρ
‖−Ccl(Acl

ρ x+ ω)− bỳρ‖

= inf
bỹρ∈Bỹρ

‖−Ccl(Acl
ρ x+ ω)− bỹρ‖,

which is equivalent to (6.36).

6.7.4 Proof of Theorem 6.2

Proof. According to [175, Section IV.D], the state x of system (6.6) is Lp-
detectable w.r.t. B from input (ω, e) and from any output ỳρ, i.e., there exist
Kd
ρ and γdρ such that

‖x[t0, t]‖p,B ≤ Kd
ρ‖x(t0)‖B + γdρ‖ỳρ[t0, t]‖p,By + γdρ‖ω[t0, t]‖p, (6.37)

for any t ≥ t0. In addition, from the assumptions of the theorem we have:

‖ỹρ[t0, t]‖p,Bỹρ ≤ Kρ‖x(t0)‖B + γρ‖(ω, e)[t0, t]‖p, (6.38)

‖e[t0, t]‖p ≤ Ke
ρ‖e(t0)‖+ γeρ‖ỹρ[t0, t]‖p, (6.39)

for all t ≥ t0. Notice that (6.38) involves ‖ỹρ[t0, t]‖p,Bỹρ while (6.39) involves
‖ỹρ[t0, t]‖p. Therefore, in general, the small-gain theorem is not applicable
to interconnections of systems that are Lp-stable w.r.t. sets. However, our
choice of the output ỹρ, stated in (6.12), yields Bỹρ = 0nỹρ . In other words,
‖ỹρ[t0, t]‖p = ‖ỹρ[t0, t]‖p,Bỹρ . Next, notice that ‖(ω, e)[t0, t]‖p ≤ ‖ω[t0, t]‖p +
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‖e[t0, t]‖p. We now apply the small-gain theorem to (6.38)–(6.39) obtaining

‖ỹρ[t0, t]‖p ≤
1

1− γργeρ
[
Kρ‖x(t0)‖B + γρK

e
ρ‖e(t0)‖+ γρ‖ω[t0, t]‖p

]
, (6.40)

‖e[t0, t]‖p ≤
1

1− γργeρ
[
γeρKρ‖x(t0)‖B +Ke

ρ‖e(t0)‖+ γργ
e
ρ‖ω[t0, t]‖p

]
.

(6.41)

Merging (6.37) and (6.40), we obtain:

‖x[t0, t]‖p,B ≤
( Kργ

d
ρ

1− γργeρ
+Kd

ρ

)
‖x(t0)‖B +

Ke
ργργ

d
ρ

1− γργeρ
‖e(t0)‖

+
( γργ

d
ρ

1− γργeρ
+ γdρ

)
‖ω[t0, t]‖p. (6.42)

Now, we use the following equality:

‖(x, e)[t0, t]‖p,(B,0ne ) = ‖(x,0ne)[t0, t] + (0nx , e)[t0, t]‖p,(B,0ne ). (6.43)

It is easily shown (simply follow the proof for the classical Minkowski inequal-
ity [15, Chapter 6] and the fact that ‖ · ‖B is a seminorm) that

‖(x,0ne)[t0, t] + (0nx , e)[t0, t]‖p,(B,0ne ) ≤ ‖(x,0ne)[t0, t]‖p,(B,0ne )+

+ ‖(0nx , e)[t0, t]‖p,(B,0ne )

= ‖x[t0, t]‖p,B + ‖e[t0, t]‖p (6.44)

holds. In fact, one can think of (6.44) as a variant of the classical Minkowski
inequality. Combining (6.41), (6.42), (6.43) and (6.44) yields

‖(x, e)[t0, t]‖p,(B,0ne ) ≤ K1‖x(t0)‖B +K2‖e(t0)‖+ γ̃‖ω[t0, t]‖p, (6.45)

where K1 =
γeρKρ+γdρKρ

1−γργeρ +Kd
ρ , K2 =

Ke
ρ+Ke

ργργ
d
ρ

1−γργeρ and γ̃ =
γργ

e
ρ+γργ

d
ρ

1−γργeρ + γdρ . We

proceed by obtaining the following expression:

‖x(t0)‖B + ‖e(t0)‖ = inf
b∈B
‖x(t0)− b‖+ ‖e(t0)‖

≤ inf
b∈B

( nx∑

i=1

|xi(t0)− bi|
)

+

ne∑

i=1

|ei(t0)− 0|

= inf
b∈B

( nx∑

i=1

|xi(t0)− bi|+
ne∑

i=1

|ei(t0)− 0|
)

≤ √nx + ne inf
b∈B

(
‖(x(t0), e(t0))− (b,0ne)‖

)

=
√
nx + ne‖(x(t0), e(t0))‖(B,0ne ). (6.46)
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In the above derivation, we use the following inequalities
√√√√

nϑ∑

i=1

|ϑi|2 ≤
nϑ∑

i=1

|ϑi| ≤
√
nϑ

√√√√
nϑ∑

i=1

|ϑi|2, (6.47)

where ϑ = (ϑ1, . . . , ϑnϑ) ∈ Rnϑ . Finally, putting together (6.45) and (6.46),
we obtain

‖(x, e)[t0, t]‖p,(B,0ne ) ≤ K̃‖(x(t0), e(t0))‖(B,0ne ) + γ̃‖ω[t0, t]‖p, (6.48)

where K̃ :=
√
nx + ne max{K1,K2}.

6.7.5 Proof of Theorem 6.3

Proof. Let us show that (6.16) and (6.7) satisfy the assumptions of [168, The-
orem 2.5]. In other words, we show that there exist nonnegative constants
L1, L2, L3 and L4 such that

‖Acl,r
ρ zr +Bcl,r

ρ e‖ ≤ L1(‖zr‖+ ‖e‖)
‖CclAcl

ρ S
−1
ρ (zr, zq) + CclBcl

ρ e‖ ≤ L2(‖zr‖+ ‖e‖)
‖z+
r (t)‖ ≤ L3‖zr(t)‖
‖e+(t)‖ ≤ L4‖e(t)‖





(6.49)

for all zr ∈ Rnx−A , all e ∈ Rne and each ρ ∈ P. Notice that zr does
not experience jumps when new information arrives; hence, one can take
L3 = 1. From (6.9) it follows that the last inequality is satisfied with
L4 = 1. It is straightforward to show that L1 = max{‖Acl,r

ρ ‖, ‖Bcl,r
ρ ‖} and

L2 = max{‖CclAcl
ρ S
−1
ρ ‖, ‖CclBcl

ρ ‖} satisfy the above inequalities. The UGES
property of (zr, e) follows from [168, Theorem 2.5], i.e., there exist k, l > 0
such that ‖(zr, e)(t)‖ ≤ k exp(−l(t− t0))‖(zr, e)(t0)‖ for all t ≥ t0 and for any
(zr, e)(t0).

Lastly, for all t ≥ t0 and for any (x, e)(t0) we have

‖(x, e)(t)‖(B,0ne )

seminorm
≤ ‖(x(t),0ne)‖(B,0ne ) + ‖(0nx , e(t))‖(B,0ne )

≤ ‖x(t)‖B + ‖e(t)‖
(6.15)

≤ ‖S−1
ρ ‖‖zr(t)‖+ ‖e(t)‖

≤ max{‖S−1
ρ ‖, 1}(‖zr(t)‖+ ‖e(t)‖)

(6.47)

≤ max{‖S−1
ρ ‖, 1}

√
nzr + ne‖(zr, e)(t)‖

≤ kmax{‖S−1
ρ ‖, 1}

√
nzr + ne exp(−l(t− t0))‖(zr, e)(t0)‖

≤ kmax{‖S−1
ρ ‖, 1}

√
nzr + ne exp(−l(t− t0))(‖zr(t0)‖+ ‖e(t0)‖)

≤ kmax{‖S−1
ρ ‖, 1}

√
nzr + ne exp(−l(t− t0))(‖Sρ‖‖P‖‖x(t0)‖B + ‖e(t0)‖)

(6.46)

≤ k1 exp(−l(t− t0))‖(x, e)(t0)‖(B,0ne ),
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where P is the oblique projector onto Bc along B (refer to [175, Section IV.C]
for more) and k1 := k

√
nzr + ne

√
nx + ne max{‖S−1

ρ ‖, 1}max{‖Sρ‖‖P‖, 1}.

6.7.6 Proof of Theorem 6.4

Proof. This proof follows the proof of [105, Theorem 3.2]. Pick an arbitrary
T > 0, let t0 := 0, and denote the switching times on the interval (0, T )
by t1, . . . , tNσ(T,0). Consider the function W (t) := exp(2λ0t)Vσ(t)(t, χ(t)). On
each interval [tj , tj+1) we have

D+
σ(tj)

W = 2λ0W + exp(2λ0t)D
+
σ(tj)

Vσ(tj)(t, χ) ≤ 0

due to (6.21). Due to (6.19), when state jumps occur we have Vσ(tj)(t
+, χ+) ≤

Vσ(tj)(t, χ) no matter whether the jump times coincide with the switching
times or not. Therefore, W is nonincreasing between two switching times.
This, together with (6.19) and (6.22), yields

W (tj+1) = exp(2λ0tj+1)Vσ(tj+1)(tj+1, χ(tj+1))

≤ µ exp(2λ0tj+1)Vσ(tj)(tj+1, χ(tj+1))

≤ µ exp(2λ0t
−
j+1)Vσ(tj)(t

−
j+1, χ

−(tj+1)) = µW (t−j+1) ≤ µW (tj).

In the above expressions, the time instant just before t is denoted t−. When
the functions of interest are continuous in t, then t− = t, but we still write t−

instead of t for clarity. In addition, the left limit of a solution χ(t) at instant t
is denoted χ−(t). Iterating the last inequality from j = 0 to j = Nσ(T, 0)− 1,
we obtain

W (T−) ≤W (tNσ(T,0)) ≤ µNσ(T,0)W (0).

Using the definition of W , the above inequality and (6.19) we have

exp(2λ0T )Vσ(T−)(T, χ(T )) ≤ exp(2λ0T
−)Vσ(T−)(T

−, χ(T−)) ≤
≤ µNσ(T,0)Vσ(0)(0, χ(0)).

Now suppose that σ has the average dwell-time property (6.4). Hence, we can
write

Vσ(T−)(T, χ(T )) ≤ exp(−2λ0T + (N0 +
T

τa
) lnµ)Vσ(0)(0, χ(0)) =

= exp(N0 lnµ) exp((
lnµ

τa
− 2λ)T )Vσ(0)(0, χ(0)).

From the above inequality, we infer that if τa satisfies (6.23), then
Vσ(T−)(T, χ(T )) converges to zero exponentially as T → ∞, i.e., it is upper-

bounded by µN0 exp(−2λT )Vσ(0)(0, χ(0)) for some λ ∈ (0, λ0). Using (6.20),

we obtain ‖χ(T )‖ ≤
√

c2
c1
µN0 exp(−2λT )‖χ(0)‖. This proves GES.
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Notice that the value of the initial time t0 was fixed to 0 for convenience.
In fact, the switched system of interest is GES for any t0, i.e., the switched
systems is UGES.
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This chapter computes transmission rates and delays that provably stabi-
lize Multi-Agent Systems (MASs) in the presence of disturbances and noise.
Namely, given the existing information delay among the agents and the un-
derlying communication topology, we determine rates at which information
between the agents need to be exchanged such that the MAS of interest is Lp-
stable with bias, where this bias accounts for noisy data. In order to consider
MASs characterized by sets of equilibrium points, the notions of Lp-stability
(with bias) and Lp-detectability with respect to a set are employed. Using
Lyapunov–Razumikhin type of arguments, we are able to consider delays
greater than the transmission intervals. Our methodology is applicable to gen-
eral (not merely to single- and double-integrator) heterogeneous linear agents,
directed topologies and output feedback. The computed transmission rates are
experimentally verified employing a group of off-the-shelf quadcopters.
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7.1 Motivation, Applications and Related Works

Recent years have witnessed an increasing interest in decentralized control of
Multi-Agent Systems (MASs) [139, 159, 49, 197, 201, 43, 110, 57, 143]. De-
centralized control is characterized by local interactions between neighbors. In
comparison with centralized control, decentralized control avoids a single point
of failure, which in turn increases robustness of MASs, allows for inexpensive
and simple agents, and lowers the implementation cost. In addition, decentral-
ized control scales better as the number of agents increases and is sometimes
an intrinsic property of MASs. The problem of synchronizing agents’ outputs
is a typical problem solved in a decentralized fashion (e.g., [159] and [201]).
The goal of output synchronization is to achieve a desired collective behavior
of MASs. Examples are formation control, flocking, consensus control, etc.

Information exchange among neighbors is instrumental for coordination as
discussed in all aforementioned references. However, degraded communication
environments are commonly encountered in real-life applications. Namely, the
exchanged information is often sampled, delayed, corrupted and prone to com-
munication channel dropouts. Furthermore, the agent models utilized to devise
cooperative control laws might not be accurate or external disturbances might
be present. Hence, it is of interest to determine how robust a control law is
with respect to realistic data exchange and to quantify this robustness. Herein,
the impact of external disturbances is quantified through Lp-gains while the
influence of corrupted data is quantified through the bias term in Lp-stability
with bias. As expected, different transmission rates and communication de-
lays as well as different controller parameters yield different robustness levels.
In addition, since many MASs possess a set of equilibria (rather than a sole
equilibrium point), we employ the notions of Lp-stability (with bias) and Lp-
detectability with respect to a set (see Chapter 6 and [175, 182]).

The remainder of the chapter is organized as follows. Section 7.2 provides
the notation and terminology used herein. Section 7.3 states the robustness
problem of linear MASs with respect to realistic communication. A method-
ology to solve this robustness problem is presented in Section 7.4 and ex-
perimentally verified in Section 7.5. Conclusions and future directions are in
Section 7.6. The proofs are provided in Section 7.7.
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FIGURE 7.1
A snapshot of our experimental setup with three quadcopters.

7.2 Impulsive Delayed Systems

In this chapter, we consider impulsive delayed systems

Σ





χ(t+) = hχ(χ(t), χ(t− d)) t ∈ T
χ̇(t) = fχ(χ(t), χ(t− d), ω)

y = `χ(χ, ω)

}
otherwise ,

(7.1)

where χ ∈ Rnχ is the state, ω ∈ Rnω is the input, y ∈ Rny is the output
and d ≥ 0 is the time delay. The functions fχ and hχ are regular enough
to guarantee forward completeness of solutions which, given initial condition
ψχ ∈ PC([t0 − d, t0],Rnχ) and initial time t0, are given by right-continuous
functions t 7→ χ(t) ∈ PC([t0 − d,∞],Rnχ). Jumps of the state χ(t+) occur at
each t ∈ T := {t1, t2, . . .}, where ti < ti+1, i ∈ N0. For a comprehensive dis-
cussion regarding the solutions to (7.1) considered herein, refer to [13, Chapter
2 & 3]. Even though the considered solutions to (7.1) allow for jumps at t0,
we exclude such jumps in favor of notational convenience.
In the following definitions, we use the set

By := {y ∈ Rny |∃b ∈ B such that y = `χ(b,0nω )}, (7.2)

where B ⊆ Rnx .

Definition 7.1 (Lp-Stability with Bias b and w.r.t. a set). Let p ∈ [1,∞].
The system Σ is Lp-stable w.r.t. a set B and with bias b(t) ≡ b ≥ 0 from ω
to y with gain γ ≥ 0 if there exists K ≥ 0 such that, for each t0 ∈ R and
each ψχ ∈ PC([t0− d, t0],Rnχ), each solution to Σ from ψχ at t = t0 satisfies
‖y[t0, t]‖p,By ≤ K‖ψχ‖d,B + γ‖ω[t0, t]‖p + ‖b[t0, t]‖p for each t ≥ t0.
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Definition 7.2 (Lp-Detectability w.r.t. a set). Let p ∈ [1,∞]. The state χ
of Σ is Lp-detectable w.r.t. a set B from (y, ω) with gain γd ≥ 0 if there
exists Kd ≥ 0 such that, for each t0 ∈ R and each ψχ ∈ PC([t0 − d, t0],Rnχ),
each solution to Σ from ψχ at t = t0 satisfies ‖χ[t0, t]‖p,B ≤ Kd‖ψχ‖d,B +
γd‖y[t0, t]‖p,By + γd‖ω[t0, t]‖p for each t ≥ t0.

7.3 Problem Statement: Stabilizing Transmission Inter-
vals and Delays

Consider N heterogeneous linear agents given by

ξ̇i = Aiξi +Biui + ωi,

ζi = Ciξi, (7.3)

where ξi ∈ Rnξi is the state, ui ∈ Rnui is the input, ζi ∈ Rnζ is the output of
the ith agent, i ∈ {1, 2, . . . , N}, and ωi ∈ Rnξi reflects modeling uncertainties
and/or exogenous disturbances. The matrices Ai, Bi and Ci are of appropriate
dimensions. A common decentralized policy is

ui = −Ki

∑

j∈Ni
(ζi − ζj), (7.4)

where Ki is an nui × nζ matrix, and Ni denotes the set of neighbors of the
ith agent according to Section 6.2.2.

When considering real-life applications, the controllers (7.4) are typically
fed by estimates of signals ζi’s and ζj ’s. Basically, (7.4) becomes

ui = −Ki

∑

j∈Ni
(ζ̂i − ζ̂j), (7.5)

where estimates ζ̂i ∈ ([t0,∞),Rζ), i ∈ {1, . . . , N}, are piece-wise continuous
functions with jump times contained in T . Observe that the ZOH estima-
tion strategy yields ζ̂i’s, which are merely delayed, sampled (i.e., piece-wise
constant) and noisy versions of ζi’s. For simplicity, we assume that all commu-
nication links introduce the same propagation delay equal to some d ≥ 0. In
addition, we neglect message collisions and consider that all agents’ outputs
are received at time instants ti ∈ T as indicated in Figure 7.2. If one is con-
cerned with packet collisions, the scheduling protocols among agents’ outputs
from Chapter 6 readily complement the methodology presented herein.

Next, we define the following stack vectors ξ := (ξ1, . . . , ξN ), y :=

(ζ1, . . . , ζN ), ζ̂ := (ζ̂1, . . . , ζ̂N ), and ω := (ω1, . . . , ωN ). The discrepancy be-

tween ζ̂ and the delayed signal ζ is captured by the error vector e, i.e.,

e(t) := ζ̂(t)− ζ(t− d). (7.6)
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FIGURE 7.2
An illustration of communication links among four agents characterized with
the same propagation delays and sampling instants.

Utilizing the Laplacian matrix L of the underlying communication graph G,
the closed-loop dynamic equation becomes

ξ̇(t) = Aclξ(t) +Acldξ(t− d) +Aclee(t) + ω(t), (7.7)

ζ = Cclξ, (7.8)

with

Acl = diag(A1, . . . , AN ), Acld = [Acld
ij ], Acld

ij = −lijBiKiCj ,

Acle = [Acle
ij ], Acle

ij = −lijBiKi, Ccl = diag(C1, . . . , CN ),

where Acld
ij and Acle

ij are matrix blocks whilst diag(·, ·, . . . , ·) indicates a diag-
onal matrix. Our methodology allows for employment of model-based estima-
tors [48, 181], that is,

˙̂
ζ(t) = Eζ̂(t− d), (7.9)

for each t ∈ [t0,∞) \ T , where E is a block diagonal matrix. Notice that E is
implemented locally due to the decentralized nature of the control problem.
Basically, each agent runs an estimator regarding itself (e.g., for ζ̂i) and an

estimator regarding each of its neighbors (i.e., for each ζ̂j , j ∈ Ni). Notice
that the obtained estimates are utilized in (7.5). In order for the estimates

regarding each ζ̂i, i ∈ {1, . . . , N}, to match, the estimators are provided with
same initial conditions while the estimators’ dynamics are identical and given
by the respective block matrices of E. Using (7.6), (7.8) and (7.9), we arrive
at

ė(t) =
˙̂
ζ(t)− ζ̇(t− d) = E

(
e(t− d) + Cclξ(t− 2d)

)
− Cclξ̇(t− d), (7.10)

for each t ∈ [t0,∞) \ T while for each ti ∈ T we have

e(t+i ) = ν(ti), (7.11)
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where ν(ti) models any discrepancy (e.g., due to measurement noise and/or
channel distortions) between the received values and their actual values at
time ti − d (when the agents’ outputs were sampled). We consider bounded
ν, i.e.,

sup
t∈R
‖ν(t)‖ = Kν ≥ 0.

Let B := Ker(Acl +Acld) denote the set of equilibrium points of the MAS
(7.3)–(7.5) in the absence of realistic control system phenomena (e.g., delays
and exogenous disturbances as well as intermittent and distorted information).
Since B specifies the desired MAS behavior (as the control law (7.4) is designed
to steer MAS toward B), it is natural to analyze robustness of the MAS (7.3)–
(7.5) w.r.t. B. Refer to Chapter 6 for a comprehensive discussion regarding
stability w.r.t. sets.

Intuitively, the nominal system (defined explicitly in Section 7.4.1) per-
taining to MAS (7.3)–(7.5) might be robustly stable w.r.t. B (in the Lp-sense
according to (7.14)) only for some values of d. We refer to such delays as
admissible delays. The condition (7.14) typically entails the existence of a di-
rected spanning tree [159], but one can envision (less challenging/appealing)
MAS scenarios in which this directed spanning tree requirement is redundant.
Furthermore, given an admissible delay d, the maximal transmission interval
τ , i.e., ti+1− ti ≤ τ for each i ∈ N0, which renders Lp-stability of MAS (7.3)–
(7.5) w.r.t. B is called Maximally Allowable Transfer Interval (MATI) and is
denoted τ . In order to exclude ill-disposed choices, such as ti+1− ti = τ

i2 , that
lead to Zeno behavior, we impose an arbitrary small lower bound on ti+1− ti,
that is, 0 < ε ≤ ti+1− ti for each i ∈ N0. The existence of such ε follows from
Remark 7.3. We are now ready to state the main problem considered herein.

Problem 7.1. Given an admissible delay d existent in the MAS (7.3)–(7.5)
with estimator (7.9), determine the MATI τ to update the control law (7.5)
with novel neighbors’ outputs such that the MAS of interest is Lp-stable from
ω to ξ w.r.t. B for some p ∈ [1,∞].

Remark 7.1. Using our framework, it is straightforward to compute τ result-
ing in Lp-stability from ω to ξ w.r.t. B with a prespecified Lp-gain for some
p ∈ [1,∞]. In order not to the conceal the main points of this chapter, these
details are left out herein and the reader is referred to Chapter 2.

7.4 Computing Maximally Allowable Transfer Intervals

In order to solve Problem 7.1, we bring together the concepts of Lp-stability
and Lp-detectability w.r.t. a set (refer to Chapter 6 and [175] for more) as
well as Lp-stability and Lp-detectability for delayed (impulsive) systems (see
Chapter 2).
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7.4.1 Interconnecting the Nominal and Error System

As in Chapter 2, the principal idea is to consider two interconnected systems
and invoke the small-gain theorem [88]. Basically, we want to interconnect
dynamics (7.7) and dynamics (7.10)–(7.11). To that end, let us expand the
right side of (7.10):

ė(t) =E
(
e(t− d) + Cclξ(t− 2d)

)
−

− Ccl
(
Aclee(t− d) +Aclξ(t− d) +Acldξ(t− 2d) + ω(t− d)

)
, (7.12)

and select

ζ̃ := −CclAclξ(t− d) +
(
ECcl − CclAcld

)
ξ(t− 2d)− Cclω(t− d) (7.13)

to be the output of the nominal system Σn given by (7.7). Notice that the input
to Σn is (e, ω). Now, let us interconnect with Σn the error system Σe given
by (7.10) and (7.11) with the input and output being ζ̃ and e, respectively.
Notice that Σn is a delayed system whilst Σe is an impulsive delayed system
from Section 7.2. According to Problem 7.1, the delay d is admissible so that
the nominal system Σn is Lp-stable w.r.t. B for some p ∈ [1,∞] and the
corresponding Lp-gain is denoted γn, i.e., there exist Kn, γn ≥ 0 such that

‖ζ̃[t0, t]‖p,Bζ̃ ≤ Kn‖ψξ‖d,B + γn‖(e, ω)[t0, t]‖p, (7.14)

for all t ≥ t0. In order to invoke the small-gain theorem and infer Lp-stability,
the transmission interval τ has to render the Lp-gain γe of Σe such that
γnγe < 1. Recall that the maximal such τ is in fact τ . When B = 0nξ , a
procedure for attaining such a period τ is provided in Chapter 2. Nevertheless,
Chapter 2 does not cover cases when B 6= 0nξ .

7.4.2 MASs with Nontrivial Sets B
MASs with nontrivial sets B, that is, B 6= 0nξ , are designed to primarily look
for an agreement while the actual value of the agreement/consensus point de-
pends on the agents initial conditions. However, available tools for computing
Lp-stability and Lp-detectability gains of delayed dynamics, such as the soft-
ware HINFN [124], cannot be utilized as they are. Nevertheless, Chapter 6
delineates how to compute the respective gains in the quotient space Rnξ \ B,
where the existing tools can be utilized. In order to exploit Chapter 6, we
impose the following two assumptions on the MAS (7.3)–(7.5):

Assumption 7.1. The algebraic multiplicity of the zero eigenvalue of Acl +
Acld, denoted A, equals its geometric multiplicity, denoted G.

Due to Assumption 7.1, we know that there exists a Real Jordan Form
basis such that the last A rows and columns of the operator Acl +Acld written
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in this basis contain all zero entries. For more, refer to Chapter 6. In order to
streamline the exposition of this chapter, we consider such Real Jordan Form
bases herein.

Assumption 7.2. There exists a Real Jordan Form basis of Acl +Acld such
that the last A rows and columns of operators Acl and Acld written in this
basis contain all zero entries as well.

Remark 7.2. It is certainly of interest to investigate which class of Acl +
Acld yields Assumption 7.2. However, since about two dozen examples that
we have considered so far readily fulfill Assumption 7.2, we have deferred this
investigation for the future.

Assumption 7.3. The estimator E yields Ker
(
Acl +Acld

)
⊆ Ker

(
−CclAcl +

ECcl − CclAcld
)
.

Moreover, Chapter 6 states that, given the Assumptions 7.1 and 7.2, one can
utilize the same procedure to infer Lp-detectability w.r.t. B of the state ξ of

Σn from (e, ω, ζ̃). Let γd denote the corresponding Lp-detectability gain.

7.4.3 Computing Transmission Intervals τ

From Lemma 2.1 and Theorem 2.1, we know that γe = 2
λ

√
M ,Ke = 2

√
M

(
1+

‖E−CclAcle‖ 2
λ

(
e
dλ
2 −1

)
)(

1
pλ

) 1
p

and bias b = K̃ν
√
M

e
λε
2 −1

for any p ∈ [1,∞], where

constants λ > 0 and M > 1 satisfy inequalities

(I) τ
(
λ+ r + λ1Me−λτ

)
< lnM , and

(II) τ
(
λ+ r + λ1

λ2
eλd
)
< − lnλ2,

with r > 0 being an arbitrary constant, λ1 := ‖E−CclAcle‖2
r and λ2 ∈ (0, 1). It

is worth mentioning that Lyapunov–Razumikhin techniques are employed to
reach conditions (I) and (II). The expression for λ1 is obtained by considering
the Try-Once-Discard (TOD) protocol in Theorem 2.2. Namely, L in Theorem
2.2 equals ‖E−CclAcle‖ according to (7.12). Altogether, we have reached the
following result:

Theorem 7.1. Assume that an admissible delay d for the MAS (7.3)–(7.5)
is given so that (7.14) holds for some p ∈ [1,∞]. If the transmission interval
τ satisfies (I) and (II) for some λ > 0 and M > 1 such that 2

λ

√
Mγn < 1, the

interconnection of the nominal system Σn and the error system Σe is Lp-stable

from ω to (ζ̃, e) w.r.t. (B,0ne) (and with bias when Kν 6= 0).

Corollary 7.1. Assume that the conditions of Theorem 7.1 holds and that ξ
is Lp-detectable from (e, ω, ζ̃) w.r.t. B. Then the MAS (7.3)–(7.5) is Lp-stable
(with bias when Kν 6= 0) w.r.t. (B,0ne) from ω to (ξ, e).
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Section 7.5 delineates once more all the pieces put together in order to attain
Theorem 7.1 (i.e., Corollary 7.1). However, the following remarks regarding
the relevance of Theorem 7.1 to practical implementations are in order.

Remark 7.3. The left-hand sides of conditions (I) and (II) are nonnegative
continuous functions of τ ≥ 0 and tend to ∞ as τ →∞. Also, these left-hand
sides equal zero for τ = 0. Note that both sides of (I) and (II) are continuous
in λ, M , λ1, λ2 and d. Hence, for every λ > 0, λ1 ≥ 0, M > 1, λ2 ∈ (0, 1)
and d ≥ 0, there exists τ > 0 such that (I) and (II) are satisfied. Finally,
since 2

λ

√
M is continuous in λ and M , we infer that for every finite γn > 0

there exists τ > 0 such that 2
λ

√
Mγn < 1. In other words, for each admissible

d the unwanted Zeno behavior is avoided and the proposed methodology does
not yield continuous feedback that might be impossible to implement. Notice
that each τ yielding 2

λ

√
Mγn < 1 is a candidate for τ . Depending on r, λ2, λ

and M , the maximal such τ is in fact MATI τ .

Remarks 2.5 and 2.6 are applicable to Theorem 7.1 as well.

7.5 Example: Consensus Control with Experimental Val-
idation

The agents in our experimental setup are commercially available AR.Drone
Parrot quadcopter platforms [146]. In order to account for the specifics of
our experimental settings (e.g., baseline controller, custom battery supplies,
latencies due to the OptiTrack motion caption system [140] and our ROS
code [151]), we decided to perform system identification of these quadcopters
on our own (rather than employing models or model parameters obtained by
other researchers). As we are interested in coordinating the quadcopters in the
plane, we identify the quadcopters’ transfer functions in x- and y-axis. The
experimental data for identification is collected for each axis independently.
Potential coupling among x- and y-axis or slight model differences between
quadcopters are taken into account using ωi’s in our MAS model (7.3)–(7.5).
Using the MATLAB R© System Identification Toolbox, for both axes the ob-
tained transfer function is

Gxi(s) =
Xi(s)

Uxi(s)
=

Kp

s(1 + Tps)
e−ds,

Gyi(s) =
Yi(s)

Uyi(s)
=

Kp

s(1 + Tps)
e−ds, (7.15)

where Kp = 5.2, Tp = 0.38 and d = 0.104 s for all i ∈ {1, 2, 3, 4}. The
inputs Uxi(s) and Uyi(s) are the Laplace transforms of the normalized pitch
and roll angles of the ith agent, respectively, whilst the outputs Xi(s) and
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FIGURE 7.3
Experimental verification of the identified transfer function for an AR.Drone
Parrot quadcopter in the x-axis. These responses are obtained for the pulse
input with duration of 1.75 s and amplitude of 0.2. This 0.2 is the normalized
roll angle that is fed to the low-level controller and corresponds to the actual
pitch angle of 9◦. Since our agents are homogeneous, we write x[m] instead of
xi[m].

Yi(s) are the Laplace transforms of the x- and y-coordinate of the ith agent,
respectively. This second-order transfer function with delay is a reasonable
trade-off between the model complexity and accuracy. In addition, since our
framework allows for modeling uncertainties through ωi’s, additional model
accuracy is not essential. A fragment of comparison among the identified model
and the actual model is provided in Figure 7.3. In order to avoid notation
ambiguity, we restrict our attention to Gxi(s) (i.e., to x-axis direction) from
now on. The analysis with respect to y-axis is the same.

Let us now write (7.15) in the form of MAS (7.3)–(7.5) with delays. Ba-
sically, the delay d from (7.15) becomes the communication link delay (see
Figure 7.2) while the remainder of the transfer function can be written in the
state-space form (7.3) as

ξ̇i =

[
0 1
0 −Tp

]
ξi +

[
0
Kp

]
ui + ωi.

Since the consensus controller (7.4) is a time-invariant static controller (i.e.,
without memory/states on its own), the choice for d to represent the communi-
cation delay is justified. The first component of ξi corresponds to the position
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of the ith agent while the second component corresponds to its velocity in the
x-axis direction. The more intuitive notation for the first component of ξi is
xi while for the second component of ξi is vxi , which is the notation found in
the plots. We weight the position and velocity in the output ζi as follows

ζi =
[
0.05 0.025

]
ξi,

in order to put (twice) more emphasis on the position discrepancy among the
agents because the velocity measurements are rather noisy (see Figures 7.4
and 7.5). The selected graph topology is depicted in Figure 7.2 and the graph
Laplacian matrix is

L =




0 0 0 0
−1 2 −1 0
0 −1 2 −1
−1 −1 −1 3


 .

As given by L, we consider one leader and three followers. Due to the space
constraints of our laboratory, the leader is virtual (i.e., generated on a com-
puter). This chapter includes two sets of experiments. The first set is obtained
using K := K1 = . . . = K4 = 2 while the second set of experiments uses
K := K1 = . . . = K4 = 4.

For simplicity, we set E = 0nζ×nζ , which corresponds to the ZOH estima-
tion strategy. Observe that this choice of E meets Assumption 7.3. In addition,
one can readily verify that Assumption 7.1 holds for both K = 2 and K = 4
with A = G = 1. A Real Jordan Form basis of Acl + Acld for K = 2 is given
by the columns of the following matrix

T2 =




0 0 0 0 0 0 −2.6316 1
0 0 0 0 0 0 1 0

0.3718 0.7091 −0.8738 1.5873 −0.3570 0.6601 −2.6316 1
−1 0 1 0 1 0 1 0

−0.3718 −0.7091 −1.2357 2.2448 0.5049 −0.9336 −2.6316 1
1 0 1.4142 0 −1.4142 0 1 0
0 0 −0.8738 1.5873 −0.3570 0.6601 −2.6316 1
0 0 1 0 1 0 1 0


 ,

while for K = 4 is given by the columns of

T4 =




0 0 0 0 0 0 −2.6316 1
0 0 0 0 0 0 1 0

0.3109 0.4731 −0.5619 1.1514 −0.3035 0.4353 −2.6316 1
−1 0 1 0 1 0 1 0

−0.3109 −0.4731 −0.7946 1.6283 0.4292 −0.6156 −2.6316 1
1 0 1.4142 0 −1.4142 0 1 0
0 0 −0.5619 1.1514 −0.3035 0.4353 −2.6316 1
0 0 1 0 1 0 1 0


 .

The last column of the above two matrices spans B, i.e.,

B := ρ(1, 0, 1, 0, 1, 0, 1, 0), ρ ∈ R.

Assumption 7.2 is readily verified as well. Apparently, the above B is not trivial
as discussed in Section 7.4.2. Hence, we need to work in the quotient space
Rnξ \ B. To that end, we utilize the above Real Jordan Form bases and apply
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the procedure from Chapter 6 to write the closed-loop dynamics (7.7) with
the output ζ̃, given by (7.13), in the reduced form. Basically, we introduce
the substitution (i.e., change of coordinates) z = (TK)−1ξ, where TK is given
above for the selected K’s, prune the last component of z, obtaining zr, so
that the reduced system for K = 2 becomes:

żr(t) =




−0.38 0 0 0 0 0 0
−1.211 0 0 0 0 0 0

0 0 −0.38 0 0 0 0
0 0 0.4208 0 0 0 0
0 0 0 0 −0.38 0 0
0 0 0 0 1.3093 0 0
0 0 0 0 0 0 −0.38


 zr(t)

+




−0.2 1.1062 0 0 0 0 0
0.1049 −0.58 0 0 0 0 0

0 0 0.1138 −0.4835 0 0 0
0 0 0.0627 −0.2662 0 0 0
0 0 0 0 −0.2538 −1.172 0
0 0 0 0 −0.1373 −0.6338 0
0 0 0 0 0 0 0


 zr(t− d)

+




0 31.2 0 −31.2 0 0
0 −16.3592 0 16.3592 0 0

5.2 −2.1539 −2.1539 −0.8922 0 −0.8536
2.8624 −1.1857 −1.1857 −0.4911 −0.5377 −0.4699
5.2000 12.5539 12.5539 −30.3078 0 −0.1464
2.8122 6.7894 6.7894 −16.3910 −0.2218 −0.0792

0 0 0 0 0 1
0 −1 0 0 0 1

1.4103 0.5243 0 0 −1.4103 −0.5243
0 0.3536 0 0.3536 0 0.1464

0.2227 0.1946 0.2227 0.1946 0.0923 0.0806
0 −0.3536 0 −0.3536 0 0.8536

−0.5356 −0.1912 −0.5356 −0.1912 1.293 0.4616
0 0 0 0 0 0


 (e, ω)(t),

where the output of the reduced system Σn is the following one

ζ̃r(t) =

[ 0 0 0 0 0 0 −0.0405
0.0405 0 −0.0405 0 −0.0405 0 −0.0405
−0.0405 0 −0.0573 0 0.0573 0 −0.0405

0 0 −0.0405 0 −0.0405 0 −0.0405

]

︸ ︷︷ ︸
Cr

zr(t)

+

[
0 0 0 0 0 0 0

−0.005 0.0277 −0.0028 0.0121 0.0063 0.0293 0
0.005 −0.0277 −0.004 0.0171 −0.009 −0.0414 0

0 0 −0.0028 0.0121 0.0063 0.0293 0

]

︸ ︷︷ ︸
Cdr

zr(t− d)

+

[ 0 0 0 0 −0.05 −0.025 0 0 0 0 0 0
0 0 0 0 0 0 −0.05 −0.025 0 0 0 0
0 0 0 0 0 0 0 0 −0.05 −0.025 0 0
0 0 0 0 0 0 0 0 0 0 −0.05 −0.025

]

︸ ︷︷ ︸
Dr

(e, ω)(t),

delayed for additional d time units (compare with (7.13)). We point out that
the Lp-gain corresponding to this additional delay d is unity [87]. Likewise,
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for K = 4 we obtain:

żr(t) =




−0.38 0 0 0 0 0 0
−1.8639 0 0 0 0 0 0

0 0 −0.38 0 0 0 0
0 0 0.6831 0 0 0 0
0 0 0 0 −0.38 0 0
0 0 0 0 2.0322 0 0
0 0 0 0 0 0 −0.38


 zr(t)

+




−0.59 1.4762 0 0 0 0 0
0.3877 −0.97 0 0 0 0 0

0 0 0.0377 −0.7015 0 0 0
0 0 0.0184 −0.3423 0 0 0
0 0 0 0 −0.6977 −1.5458 0
0 0 0 0 −0.4864 −1.0777 0
0 0 0 0 0 0 0


 zr(t− d)

+




0 62.4 0 −62.4 0 0
0 −41.0032 0 41.0032 0 0

10.4 −4.3078 −4.3078 −1.7844 0 −0.8536
5.0751 −2.1022 −2.1022 −0.8707 −0.7413 −0.4165
10.4 25.1078 25.1078 −60.6156 0 −0.1464

7.2509 17.5051 17.5051 −42.2611 −0.3364 −0.1021
0 0 0 0 0 1

0 −1 0 0 0 1
2.1136 0.6571 0 0 −2.1136 −0.6571

0 0.3536 0 0.3536 0 0.1464
0.3071 0.1725 0.3071 0.1725 0.1272 0.0715

0 −0.3536 0 −0.3536 0 0.8536
−0.8122 −0.2465 −0.8122 −0.2465 1.9607 0.5951

0 0 0 0 0 0


 (e, ω)(t),

ζ̃r(t) =

[ 0 0 0 0 0 0 −0.0405
0.0405 0 −0.0405 0 −0.0405 0 −0.0405
−0.0405 0 −0.0573 0 0.0573 0 −0.0405

0 0 −0.0405 0 −0.0405 0 −0.0405

]

︸ ︷︷ ︸
Cr

zr(t)

+

[
0 0 0 0 0 0 0

−0.0147 0.0369 −0.0009 0.0175 0.0174 0.0386 0
0.0147 −0.0369 −0.0013 0.0248 −0.0247 −0.0547 0

0 0 −0.0009 0.0175 0.0174 0.0386 0

]

︸ ︷︷ ︸
Cdr

zr(t− d)

+

[ 0 0 0 0 −0.05 −0.025 0 0 0 0 0 0
0 0 0 0 0 0 −0.05 −0.025 0 0 0 0
0 0 0 0 0 0 0 0 −0.05 −0.025 0 0
0 0 0 0 0 0 0 0 0 0 −0.05 −0.025

]

︸ ︷︷ ︸
Dr

(e, ω)(t).

We are now ready to apply the software HINFN [124] in order to compute
γn and γd for p = 2. Altogether, for K = 2 we obtain γn = 3.1588 and
γd = 62.0433, while for K = 4 we obtain γn = 4.9444 and γd = 66.5614.
Apparently, d = 0.108 s is an admissible delay. As far as the computation of
γe is concerned, for K = 2 we have ‖CclAcle‖ = 0.9881, while for K = 4 we
have ‖CclAcle‖ = 1.9762. Using Theorem 7.1, forK = 2 we obtain τ = 0.0835 s
when r = 5, λ = 14.363, M = 5.168 and λ2 = 0.08. Additionally, for K = 4
we obtain τ = 0.042 s when r = 8, λ = 17.2, M = 3 and λ2 = 0.13. It is worth
mentioning that, in general, the ratio among two MATIs is not almost the
inverse of the gain ratio. This is corroborated by the following: K = 6 results
in τ = 0.0262 s, and K = 8 leads to τ = 0.0176 s. Apparently, an increase in
K decreases τ .

Next, we experimentally verify the computed MATIs τ = 0.0835 s and
τ = 0.042 s for K = 2 and K = 4, respectively, which corresponds to 12 Hz and
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‖ξ[t0,tend]‖2,B
(tend−t0)

K=2
50 Hz 0.054
12 Hz 0.042
9 Hz 0.078

K=4
50 Hz 0.052
24 Hz 0.057
20 Hz 0.065

TABLE 7.1
Comparison of the normalized ‖ξ[t0, tend]‖2,B for different gains K and sam-
pling frequencies. The consensus controller is turned on at t0 while it is
switched off at tend. The difference tend − t0 is about 40 s for each experi-
ment.

24 Hz, respectively. In order to test the claimed robustness of the experimental
MAS (see Corollary 7.1) and to examine how different gains K and different
sampling frequencies affect the system performance, we generate an exogenous
disturbance (e.g., wind) that moves the virtual agent with speed 0.5 m/s along
the square of side length 0.5 m. This disturbance is generated in our computer
in order to have its repeatability while carrying out the experiments, which in
turn yields a fair comparison. This disturbance was reproduced several times
during each experimental trial. Also, we have introduced offsets among agent
positions in order to avoid agent collisions. Of course, these offsets do not alter
the MATIs as clarified in Chapter 6. Experimental data is presented in Table
7.1 as well as in Figures 7.4 and 7.5.

From Table 7.1 we infer that faster sampling improves the system per-
formance (with the only exception being the case K = 2, f = 12), which is
expected. Notice that the delay d is larger than the sampling intervals. Such
delays are referred to as large delays. In addition, the computed MATIs ap-
pear to be rather accurate and useful for our experimental setup (see Figures
7.4 and 7.5). Hence, the obtained experimental results regarding the conser-
vativeness of our methodology are encouraging. Nevertheless, further research
efforts are needed in this regard.

7.6 Conclusions and Perspectives

This chapter investigates multi-agent control in degraded communication en-
vironments. Our theoretical framework allows for sampled, delayed and cor-
rupted data as well as for general heterogeneous linear agents, model-based
estimators, output feedback and directed (not necessarily balanced) topolo-
gies. We seek Maximally Allowable Transmission Intervals (MATIs) that yield
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(c)FIGURE 7.4
Experimental data for one square maneuver and K = 2. The computed
marginal frequency is 12 Hz while the experimentally obtained one is 9 Hz.
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(c)FIGURE 7.5
Experimental data for one square maneuver and K = 4. The computed
marginal frequency is 24 Hz while the experimentally obtained one is 20 Hz.
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a certain performance in terms of Lp-gains. In addition, a salient feature of our
framework is the consideration of so-called large delays. Essentially, we com-
bine results from previous chapters regarding Lp-stability of delay systems
and multi-agent systems under intermittent information, and experimentally
verify the obtained MATIs. The experiments suggest that our methodology
yields MATIs which are rather accurate and useful for practical purposes.

Future research avenues include nonuniform and time-varying delays (us-
ing the work presented in Chapter 2) as well as time-varying topologies. It is
also of interest to further study the impact that different parameters (e.g., dif-
ferent sampling frequencies, delays, controller gains or noise levels) have on the
control performance. Lastly, in order to further reduce communication efforts,
one can consider the event- and self-triggered communication paradigms.

7.7 Proofs of Main Results

7.7.1 Proof of Theorem 7.1

Proof. From the paragraph directly above Theorem 7.1, we have Lp-stability

from ζ̃ to e with bias, i.e.,

‖e[t0, t]‖p ≤ Ke‖ψe‖d + γe‖ζ̃[t0, t]‖p + ‖b[t0, t]‖p, (7.16)

for any t ≥ t0 and any p ∈ [1,∞]. Expressions for Ke, γe and b are provided
directly above Theorem 7.1.

Let us now infer Lp-stability with bias from ω to (ζ̃, e) via the small-gain

theorem [88]. Notice that (7.14) involves ‖ζ̃[t0, t]‖p,Bζ̃ while (7.16) involves

‖ζ̃[t0, t]‖p. Therefore, in general, the small-gain theorem is not applicable to
interconnections of systems that are Lp-stable w.r.t. sets. However, our choice

of the output ζ̃, stated in (7.13), yields Bζ̃ = 0nζ̃ due to Assumption 7.3.

In other words, ‖ζ̃[t0, t]‖p = ‖ζ̃[t0, t]‖p,Bζ̃ . Next, notice that ‖(ω, e)[t0, t]‖p ≤
‖ω[t0, t]‖p + ‖e[t0, t]‖p. Combining (7.14) with (7.16) yields

‖e[t0, t]‖p ≤
Ke

1− γeγn
‖ψe‖d +

γeKn

1− γeγn
‖ψξ‖d,B+

+
γeγn

1− γeγn
‖ω[t0, t]‖p +

1

1− γeγn
‖b[t0, t]‖p, (7.17)

‖ζ̃[t0, t]‖p ≤
Kn

1− γeγn
‖ψξ‖d,B +

γnKe

1− γeγn
‖ψe‖d+

+
γn

1− γeγn
‖ω[t0, t‖p +

γn
1− γeγn

‖b[t0, t]‖p. (7.18)

www.TechnicalPDF.com



194 Networked Control Systems with Intermittent Feedback

Using the Minkowski inequality [15, Chapter 6], we obtain:

‖(ζ̃, e)[t0, t]‖p = ‖(ζ̃,0ne)[t0, t] + (0nζ̃ , e)[t0, t]‖p ≤ ‖ζ̃[t0, t]‖p + ‖e[t0, t]‖p.
(7.19)

Combining (7.17), (7.18) and (7.19), along with Bζ̃ = 0nζ̃ , yields

‖(ζ̃, e)[t0, t]‖p,(Bζ̃ ,0ne ) ≤ K1‖ψξ‖d,B +K2‖ψe‖d + γ1‖ω[t0, t]‖p + ‖b1[t0, t]‖p,
(7.20)

for all t ≥ t0, where K1 = γeKn+Kn
1−γγe , K2 = Ke+γnKe

1−γγe , γ1 = γnγe+γn
1−γγe and

b1 = 1+γn
1−γeγn b. We proceed by using the following expression:

‖ψξ‖d,B + ‖ψe‖d ≤ 2 max{‖ψξ‖d,B, ‖ψe‖d} ≤ 2‖(ψξ, ψe)‖d,(B,0ne ). (7.21)

Finally, putting together (7.20) and (7.21), we obtain

‖(ζ̃, e)[t0, t]‖p,(Bζ̃ ,0ne ) ≤ K3‖(ψξ, ψe)‖d,(B,0ne ) + γ1‖ω[t0, t]‖p + ‖b1[t0, t]‖p,
(7.22)

for all t ≥ t0, where K3 := 2 max{K1,K2}.

7.7.2 Proof of Corollary 7.1

Proof. The Lp-detectability of ξ w.r.t. B from (e, ω, ζ̃) implies that there exist
Kd, γd ≥ 0 such that

‖ξ[t0, t]‖p,B ≤Kd‖ψξ‖d,B + γd‖ζ̃[t0, t]‖p,Bζ̃ + γd‖(e, ω)[t0, t]‖p
≤Kd‖ψξ‖d,B + γd‖ζ̃[t0, t]‖p,Bζ̃ + γd‖e[t0, t]‖p + γd‖ω[t0, t]‖p

(7.23)

for all t ≥ t0. Plugging (7.14) into (7.23) leads to

‖ξ[t0, t]‖p,B ≤ Kd‖ψξ‖d,B + γdKn‖ψξ‖d,B + γdγn‖e[t, t0]‖p+
+ γdγn‖ω[t0, t]‖p + γd‖e[t0, t]‖p + γd‖ω[t0, t]‖p
≤ Kd‖ψξ‖d,B + γdKn‖ψξ‖d,B + (γdγn + γd)‖e[t, t0]‖p+
+ (γdγn + γd)‖ω[t0, t]‖p

for all t ≥ t0. Observe that (simply follow the proof for the classical Minkowski
inequality [15, Chapter 6] and the fact that ‖ · ‖B is a seminorm)

‖(ξ, e)[t0, t]‖p,(B,0ne ) = ‖(ξ,0ne)[t0, t] + (0nξ , e)[t0, t]‖p,(B,0ne ) ≤
≤ ‖(ξ,0ne)[t0, t]‖p,(B,0ne ) + ‖(0nξ , e)[t0, t]‖p,(B,0ne )

= ‖ξ[t0, t]‖p,B + ‖e[t0, t]‖p (7.24)
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holds. In fact, one can think of (7.24) as a variant of the classical Minkowski
inequality. Finally, we include (7.17) in (7.23) and add the obtained inequality
to (7.17), which establishes Lp-stability w.r.t. (B,0ne) with bias from ω to
(ξ, e) following the same steps as in the proof of Theorem 7.1.
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This chapter investigates how often information between neighbors in coop-
erative MASs needs to be exchanged in order to meet a desired performance.
To that end, we formulate a DP problem for each agent and employ an on-
line Least Square Policy Iteration (LSPI) method to solve these problems.
Basically, LSPI computes aperiodic broadcasting instants for each individual
agent such that the cost functions of interest are minimized. Cost functions
studied herein capture trade-offs between the MAS local control performance
in the presence of exogenous disturbances and energy consumption of each
agent. Agent energy consumption is critical for prolonging the MAS mission
and is comprised of both control (e.g., acceleration, velocity, etc.) and commu-
nication effort. The obtained broadcasting intervals adapt to the most recent
information (e.g., delayed and noisy agents’ inputs and/or outputs) received
from neighbors and provably stabilize the MAS. We point out that LSPI is
a model-free Reinforcement Learning (RL) algorithm capable of dealing with
continuous states and actions. Chebyshev polynomials are utilized as the ap-
proximator in LSPI while Kalman Filtering (KF) handles sampled, corrupted
and delayed data. The proposed methodology is exemplified on a consensus
control problem with general linear agent dynamics.

197
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8.1 Motivation, Applications and Related Works

Decentralized control of MASs has been one of the most active research areas
in the last decade [139, 159, 49, 197, 201, 110, 57]. Decentralized control is char-
acterized by local interactions between neighbors. As discussed in all afore-
mentioned references, information exchange among neighbors is instrumental
for MAS coordination, especially in the presence of exogenous disturbances
and noisy data. Owing to digital technology and limited communication chan-
nel capacities, continuous data flows among neighbors are often not achievable.
Instead, data among agents are exchanged intermittently (i.e., not necessarily
in a periodic fashion). In addition, realistic communication channels intro-
duce delays, distort the transmitted data and give rise to packet dropouts. In
consequence of these network-induced phenomena, the MAS control perfor-
mance is impaired and MASs can even become unstable. At the same time,
agents’ sensing and broadcasting units consume energy while in operation.
Since agents typically have scarce energy supplies at disposal (e.g., batteries),
it may erroneously seem that sensing and broadcasting should be executed
as sparsely as possible in order to prolong the MAS mission (i.e., agents’ life-
time), which is the driving force in some of the related works as pointed out
in [68] and [179]. Namely, compared to scenarios with “frequent” sampling
and broadcasting, “infrequent” data exchange results in greater settling times
(i.e., slower convergence to a vicinity of MAS equilibria according to Chapter
6), which in turn may exhaust the energy supplies more than the “frequent”
counterpart due to greater control effort in the long run (e.g., acceleration or
velocity). This observation underlies the work in the present chapter.

We quantify the repercussions of intermittent feedback on the MAS con-
trol performance and MAS lifetime. An optimization problem is posed for each
agent involving only locally available data. Each cost function captures the
local control performance vs. agent lifetime trade-offs. In theory, DP solves
a wide spectrum of optimization problems (including the optimization prob-
lems considered herein) providing an optimal solution [20, 21]. In practice,
straightforward implementations of DP algorithms are deemed computation-
ally intractable for most of the applications due to the infamous curses of
dimensionality [150]. Therefore the need for efficient Approximate Dynamic
Programming (ADP) or RL methods (refer to [22, 150] and [166, 32], respec-
tively). The RL method utilized herein is the online model-free LSPI reported
in [142, 141, 97]. Notice that the local DP problems are coupled, which in
turn yields nonautonomous underlying dynamics so that the corresponding
cost-to-go is non-stationary [86]. In addition, the distribution of exogenous
disturbances is often unknown or unpredictable (e.g., winds, sea currents,
waves, etc.). The behavior of neighbors may not be predictable due to the
presence of other agents, disturbances and noise. Hence the need for an online
model-free RL method. Besides, online RL methods do not require the train-
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ing phase (unlike offline RL methods). Our LSPI approximation architecture
for both continuous state and action pairs is based on Chebyshev polynomials.
In addition, we use KF to alleviate the problem of delayed, sampled and noisy
data [2].

The present chapter is a continuation of Chapter 4, where we consider sim-
ilar cost functions for plant-controller settings without delays. In addition, the
ADP method in Chapter 4 is an offline perceptron-based value iteration sup-
plied with the exact control system model. Building upon Chapters 6 and 7,
this chapter first devises stabilizing upper bounds for intervals between two
consecutive broadcasting instants of each individual agent, thereby giving rise
to asynchronous communication. Afterward, these stabilizing upper bounds
are exploited in LSPI to ensure MAS stability. To the best of our knowl-
edge, the optimal MAS intermittent feedback problem is yet to be addressed.
Arguably, the line of research found in [86] and [92] is the most similar to
our work, even though [86] and [92] employ different RL approaches and aim
at different goals. In addition to the references provided herein, the reader
interested in ADP and RL approaches for MASs should as well consult the
references from [86] and [92].

The remainder of the chapter is organized as follows. Section 8.2 formulates
the optimal intermittent feedback problem for MASs. In Section 8.3 we bring
together Lp-stability of MASs and LSPI in order to solve the problem of
interest. A numerical example is provided in Section 8.4. Conclusions and
future research avenues are in Section 8.5.

8.2 Problem Statement: Cost-Minimizing Transmission
Policies

Consider N heterogeneous linear agents given by

ξ̇i = Aiξi +Biui + ωi,

ζi = Ciξi, (8.1)

where ξi ∈ Rnξi is the state, ui ∈ Rnui is the input, ζi ∈ Rnζ is the output of
the ith agent, i ∈ {1, 2, . . . , N}, and ωi ∈ Rnξi reflects modeling uncertainties
and/or exogenous disturbances. The matrices Ai, Bi and Ci are of appropriate
dimensions. A common decentralized policy is

ui(t) = −Ki

∑

j∈Ni
(ζi(t)− ζj(t)), (8.2)

where Ki is an nui × nζ gain matrix [139, 159]. In real-life applications, the
transmitted information about signals ζi(t) and ζj(t) in (8.2) arrive at the
receivers with some delay. For simplicity, suppose that all communication
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links introduce the same propagation delay d ≥ 0 so that ζi(t) and ζj(t) in
(8.2) can be replaced with ζi(t− d) and ζj(t− d), respectively.

Remark 8.1. The delay constancy, and hence delay uniformity (i.e., the
delays in all communication channels are equal), can be enforced through
protocols with constant end-to-end time delays or protocols with guaranteed
and known upper bounds on the time delay (e.g., Time Division Multiple Ac-
cess (TDMA) and Controller Area Network (CAN) protocols) and appropriate
buffering at the receiver ends (refer to [73] and the references therein). In case
time-varying and/or nonuniform delays are inevitable, the present approach
can readily be augmented with the ideas from Chapter 2 at the expense of more
complex notation and mathematics.

Next, we define the following stack vectors ξ := (ξ1, . . . , ξN ), ζ :=
(ζ1, . . . , ζN ) and ω := (ω1, . . . , ωN ). We assume that ω ∈ Lp (even though
ω may not be known entirely). Utilizing the Laplacian matrix L of the under-
lying communication graph G, the closed-loop dynamic equation becomes

ξ̇(t) = Aclξ(t) +Acldξ(t− d) + ω(t), (8.3)

ζ = Cclξ, (8.4)

with

Acl = diag(A1, . . . , AN ), Acld = [Acld
ij ],

Acld
ij = −lijBiKiCj , Ccl = diag(C1, . . . , CN ),

where Acld
ij are matrix blocks whilst diag(·, ·, . . . , ·) indicates a diagonal matrix.

Next to being delayed, the signals ζi(t) and ζj(t) forwarded to the con-
trollers (8.2) are typically sampled and noisy versions of the neighbors’ out-

puts. We denote these signals ζ̂i(t) and ζ̂j(t), respectively. In order not to
conceal the main points of this chapter, we assume Zero-Order-Hold (ZOH)
sampling even though model-based estimators can be employed in order to
extend the stabilizing interbroadcasting intervals (see Chapter 6). In addition
to broadcasting sampled versions of ζi’s at time instant belonging to T (see
Figure 7.2), the agents broadcast sampled versions of ui’s as well because
these input data are required for KF. Noise related to ζi is νi(t) ∈ Rnζ whilst
the noise pertaining to ui is υi(t) ∈ Rnui . For each i ∈ {1, . . . , N}, we assume
νi(t) ∈ L∞ and υi(t) ∈ L∞.

In what follows, we need to differentiate among the broadcasting instants
in T pertaining to each agent. Consequently, let tji ∈ T , i ∈ N0, label the
broadcasting instants pertaining to the jth agent. The interbroadcasting in-
tervals τ ji ’s are defined by τ ji−1 = tji − tji−1, i ∈ N. We allow some broadcasting
instants of different agents to coincide. Also, agents’ broadcasting instants are
not orchestrated by some scheduling protocol. In other words, communication
between agents is asynchronous. Furthermore, let us define local discrepancy
vectors xi, i ∈ {1, . . . , N}, as follows: xi := (. . . , ζi − ζj , . . .), where j ∈ Ni.
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According to Chapter 6, the vast majority of MASs (8.1)–(8.2) are designed
to steer ξ toward B := Ker(Acl + Acld) in an effort to attain ‖xi(t)‖ → 0
as t → ∞ for all i ∈ {1, . . . , N}. In this chapter, we use xi’s to measure
the MAS local performance while the energy effort comprises both control
and broadcasting effort. We are now ready to state the main problem solved
herein.

Problem 8.1. For each j ∈ {1, . . . , N}, minimize the following cost function
that captures performance vs. energy trade-offs

E
ω

{ ∞∑

i=1

(γj)
i
[ tji∫

tji−1

(x>j Pjxj + u>j Rjuj)dt+ Sj

︸ ︷︷ ︸
rj(xj ,uj ,τ

j
i )

]}
(8.5)

for the jth agent of MAS (8.1)–(8.2) over all sampling policies τ ji and for all
initial conditions xj(t0) ∈ Rnxj .

In Problem 8.1, the discount factor γj ∈ (0, 1) makes the sum (8.5) finite

provided that the reward rj(xj , uj , τ
j
i ) is uniformly bounded over all τ ji . The

matrices Pj and Rj are positive semidefinite, and a nonnegative constant Sj
represents the cost incurred for sampling and transmitting ζj and uj . In (8.5),
the conditional expectation over a stochastic signal ω is denoted E

ω
.

8.3 Computing Maximally Allowable Transfer Intervals

Section 8.3.1 computes stabilizing upper bounds on τ ji , j ∈ {1, . . . , N}, i ∈ N0,
such that the MAS (8.1)–(8.2) is Lp-stable from ω to (ξ, e) w.r.t. B and with

bias (see Definition 7.1). Subsequently, these upper bounds on τ ji ’s are utilized
in the online LSPI procedure of Section 8.3.2 while obtaining (sub)optimal
τ ji ’s in the sense of Problem 8.1. Accordingly, our solutions of the optimal
problems (8.5) yield control system stability in addition to (sub)optimality,
which is a perennial problem when employing RL or ADP (see [206] or any
RL/ADP reference herein for more). In addition, we employ KF in Section
8.3.2 to handle partially observable DP problems.

8.3.1 Stabilizing Interbroadcasting Intervals

Before proceeding further, let us point out that the analysis of the present
subsection, and therefore of the entire chapter, is applicable to MASs with
general heterogeneous continuous-time linear agents (not merely to single- or
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double-integrator dynamics) with exogenous disturbances, directed communi-
cation topologies and output feedback (inherited from Chapter 7). Further-
more, when communication delays are greater than the sampling period (the
so-called large delays), no other work takes into account the concurrent ad-
verse effects of the aforementioned realistic data exchange phenomena such
as sampled, corrupted and delayed data as well as lossy communication chan-
nels (also inherited from Chapter 7). Consequently, even though there exist
a number of works investigating self- or time-triggered control strategies for
MASs (refer to Chapter 7 for a list of such approaches), no other approach
is applicable to settings as general as those considered herein. However, when
some of the settings are relaxed, alternative approaches for computing stabi-
lizing upper bounds on τ ji , j ∈ {1, . . . , N}, i ∈ N0, may be employed as well.

Basically, the LSPI pursuit for (sub)optimal τ ji ’s in Section 8.3.2 is decou-

pled from the methodology for computing stabilizing upper bounds on τ ji ’s.
Lastly, since Chapter 7 does not yield asynchronous broadcasting, the present
subsection extends Chapter 7 in this regard.

The discrepancy between the vector of received information ζ̂ :=
(ζ̂1, . . . , ζ̂N ) that actually feeds the control laws (8.2), and the delayed sig-
nal ζ(t) is captured by the error vector e, i.e.,

e(t) = (e1(t), . . . , eN (t)) := ζ̂(t)− ζ(t− d). (8.6)

Thus, the closed-loop dynamic equations become

ξ̇(t) = Aclξ(t) +Acldξ(t− d) +Aclee(t) + ω(t), (8.7)

ζ = Cclξ, (8.8)

with

Acle = [Acle
ij ], Acle

ij = −lijBiKi.

Due to ZOH sampling, that is
˙̂
ζ = 0nζ for each t ∈ [t0,∞) \ T , we have

ė(t) = −ζ̇(t− d) = −Cclξ̇(t− d), (8.9)

while for each tji ∈ T we have

ek(tj+i ) = ek(tji ), k ∈ {1, . . . , N}, k 6= j,

ej(t
j+
i ) = νj(t

j
i ). (8.10)

The principal idea is to interconnect two thoughtfully constructed systems
and invoke the small-gain theorem [88]. Basically, we want to interconnect
dynamics (8.7) and dynamics (8.9)–(8.10). To that end, let us expand the
right side of (8.9):

ė(t) = −Ccl
[
Aclee(t− d) +Aclξ(t− d) +Acldξ(t− 2d) + ω(t− d)

]
, (8.11)
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and select

ζ̃ := −Ccl
[
Aclξ(t− d) +Acldξ(t− 2d) + ω(t− d)

]
(8.12)

to be the output of the nominal system Σn given by (8.7). Notice that the
input to Σn is (e, ω). Now, let us interconnect with Σn the error system Σe
given by (8.9)–(8.10) with the input and output being ζ̃ and e, respectively.
Notice that Σn is a delay system whilst Σe is an impulsive delay system from
Section 7.2. For the given d, we assume that the nominal system Σn is Lp-
stable w.r.t. B for some p ∈ [1,∞] and denote the corresponding Lp-gain γn.
Equivalently, there exist Kn, γn ≥ 0 such that

‖ζ̃[t0, t]‖p,Bζ̃ ≤ Kn‖ψξ‖d,B + γn‖(e, ω)[t0, t]‖p, (8.13)

for all t ≥ t0. The condition (8.13) typically entails the existence of a directed
spanning tree [159], but one can envision less challenging/appealing MAS
scenarios in which this directed spanning tree requirement is redundant. A
procedure for computing γn is provided in Chapter 7.

In order to invoke the small-gain theorem, the interbroadcasting intervals
τ ji ’s have to render the Lp-gain γe of Σe such that γnγe < 1. From Lemma

2.1 and Theorem 2.1, we know that γe = 2
λ

√
M and bias for any p ∈ [1,∞],

where constants λ > 0 and M > 1 satisfy inequalities

(I) τ ji
(
λ+ r + λ1Me−λτ

j
i

)
< lnM , and

(II) τ ji
(
λ+ r + λ1

λ2
eλd
)
< − lnλ2,

with r > 0 being an arbitrary constant, λ1 := N‖CclAcle‖2
r and λ2 = N−1

N .

Theorem 8.1. Suppose the communication link delay d for the MAS (8.1)–
(8.2) yields (8.13) for some p ∈ [1,∞]. If the interbroadcasting intervals τ ji ,
i ∈ N0, j ∈ {1, . . . , N}, satisfy (I) and (II) for some λ > 0 and M > 1 such
that 2

λ

√
Mγn < 1, then the MAS (8.1)–(8.2) is Lp-stable from ω to (ζ̃, e)

w.r.t. (B,0ne) and with bias.

Proof. The main idea behind this proof is already outlined in the second part
of Remark 2.6. Consider the Round Robin (RR) protocol from Chapter 2,
and select any RR broadcasting pattern (i.e., any permutation {1, . . . , N}).
Essentially, the broadcasting instants of the first agent in the RR sequence
are followed by the broadcasting instants of the second agent in this RR
sequence, which in turn are followed by the broadcasting instants of the third
agent in this RR sequence, etc. The broadcasting instants of the N th agent
in the RR sequence are followed by the broadcasting instants of the first
agent in the RR sequence and so on (see Figure 8.1). Since the conditions
of Theorem 8.1 correspond to any RR broadcasting sequence (i.e., conditions
(I) and (II) pertain to a generic RR protocol through λ1 and λ2), let τRR
denote the obtained stabilizing interbroadcasting interval. Arbitrarily select
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FIGURE 8.1
Illustration of the RR protocol.

one stabilizing interbroadcasting interval of RR, denote it τRR, and take all τ ji ,
i ∈ N0, j ∈ {1, . . . , N}, to be less than or equal to τRR. Note that this results in
asynchronous broadcasting between the agents. In addition, observe that each
agent broadcasts at most every NτRR units of time in the RR protocol whilst
each agent broadcasts at most every τRR units in the asynchronous scheme
from Section 8.2. Clearly, one can always find the selected RR broadcasting
pattern among the resulting asynchronous broadcasting instants that complies
with τRR. Thus, the resulting asynchronous communication possesses the same
Lp-gain γe as the original RR protocol, which concludes the proof.

The largest τ ji satisfying Theorem 8.1 is denoted τ and represents the upper

bound of stabilizing interbroadcasting intervals. Essentially, as long as τ ji ≤ τ ,
i ∈ N0, j ∈ {1, . . . , N}, MAS stability is ensured. Owing to Remark 2.3, it
follows that τ > 0. In other words, the unwanted Zeno behavior is avoided.

Corollary 8.1. Suppose the conditions of Theorem 8.1 hold and ξ is Lp-

detectable from (e, ω, ζ̃) w.r.t. B. Then the MAS (8.1)–(8.2) is Lp-stable with
bias w.r.t. (B,0ne) from ω to (ξ, e).

Proof. Refer to the proof of Theorem 6.2.

Notice that Remark 2.6 holds for Theorem 8.1 as well.

Remark 8.2. We point out that we are not interested in stochastic differ-
ential equations or stochastic stability (see [89] or Chapter 5), but rather in
Lp-stability. Hence, even though we allow for stochastic disturbances ω herein,
Theorem 8.1 holds solely for disturbance sample paths (i.e., trajectories or real-
izations) with finite Lp-norm. Following [150, Section 8.2] and [32, Chapter 5],
this sample path stability approach is congruent with our online LSPI method.
Refer to Remark 8.4 for more regarding the relation between Lp-stability and
stochastic signals considered herein.

8.3.2 (Sub)optimal Interbroadcasting Intervals

In order to utilize the results of Section 8.3.1, one needs Lp disturbances and
L∞ noise, which in turn excludes the Gaussian distribution. Since KF is the
optimal linear filter for linear non-Gaussian systems [69], we focus on KF
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herein. In addition, even though nonlinear filters (such as KF banks [204] or
particle filters) might outperform KF, their employment is not always justi-
fiable due to higher computational and implementation complexity (on the
top of the LSPI complexity, which is discussed in Remark 8.3). Based on the
Cramér-Rao lower bound for linear non-Gaussian systems, a procedure for
determining whether it is advantageous to employ nonlinear filters over KF is
found in [69]. For instance, in order to facilitate the process of drawing sam-
ples from a distribution as well as to obtain Lp disturbances and L∞ noise,
Section 8.4 considers truncated Gaussian distributions [31] over the interval
[µ−10σ, µ+10σ], where µ and σ are the mean and standard deviation, respec-
tively. Hence, it is legitimate to use KF in Section 8.4, rather than nonlinear
filters. Of course, in case more general disturbances and noise distributions
are encountered, one is free to employ nonlinear filters (preceded with per-
taining theoretical analyses, of course), since our framework is not limited
merely to KF.

In order to provide LSPI with up-to-date and more accurate (i.e., less
noisy) values of xj , j ∈ {1, . . . , N}, in the aforementioned settings, we employ
the concepts from [2]. Basically, each agent runs one KF for itself and one
KF for each of its neighbors. Similar ideas are found in [20, Chapter 5] while
handling partially observable DP problems. Results for inferring detectability
and stabilizability of time-varying discrete systems, which are requirements
for KF to work properly, are found in [3] and [46] (see Section 8.4 for more).
In what follows, for notational convenience we drop the agent identifier j while
solving (8.5). Recall that N LSPI algorithms are executed in parallel (one on
each agent).

Adaptive optimal algorithms from the literature are typically based on
solving the Bellman equation [17]. In the present work, we use an online
version of LSPI, which interacts with the system at time instants ti (i.e.,
iteration step i), i ∈ N0, through the following three variables x(ti), τ(ti)
and r(ti) found in (8.5). The first variable (i.e., the LSPI state) is the local
discrepancy vector x(ti) ∈ X , which represents the local agent knowledge at
time ti obtained via KF. The second variable is the LSPI action τ(ti) ∈ A. The
third variable is the LSPI reward function r(ti) defined in (8.5) and measures
the local performance after taking the action τ(ti) in state x(ti). In other
words, we are solving the sequential decision-making problem (8.5) and LSPI
aims to provide optimal actions τ(ti) for each state x(ti).

Using policy iteration, policies hκ(x(ti)) are evaluated by iteratively con-
structing an estimate of the LSPI state and action value function called Q-
function. The use of Q-functions alleviates the problem of computing the
expectation in (8.5) as discussed in [150, Chapter 8.2]. Following [142], the
LSPI state-action approximate value function is defined by

Q̂(x(ti), τ(ti)) = Φ>
(
x(ti), τ(ti)

)
ακ, (8.14)

where
Φ
(
x(ti), τ(ti)

)
= ψ(τ(ti))⊗ φ(x(ti))
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is the Kronecker product of the basis function vectors ψ(τ(ti)) and φ(x(ti))
formed with Chebyshev polynomials while ακ is the approximation parameter
vector that is being learned. Clearly, since Chebyshev polynomials are defined
on the interval [−1, 1], the state space X needs to be compact. Observe that A
is a compact set due to the upper bound τ . Consequently, a compact X yields
finiteness of r(ti) so that the cost function in Problem 8.1 is well defined. The
control action τ(ti) ∈ A is given by

τ(ti) = hκ
(
x(ti)

)
,

where

hκ
(
x(ti)

)
=

{
u.r.a. ∈ A every ε iterations,
hκ
(
x(ti)

)
otherwise,

(8.15)

where “u.r.a.” stands for “uniformly chosen random action” and yields the
algorithm’s exploration phase every ε steps while hκ(x(ti)) is the policy ob-
tained according to

hκ(x(ti)) ∈ arg min
u
Q̂
(
x(ti), τ(ti)

)
. (8.16)

Since LSPI solves optimal problems, the algorithm needs to have an explo-
ration phase in order to avoid local minima and to cope with non-stationary
cost-to-go functions [86]. The parameter vector ακ is updated every κ ≥ 1
steps from the projected Bellman equation for model-free policy iteration that,
according to [97], can be written as

Γiακ = γΛiακ + zi, (8.17)

where γ originates from (8.5) and

Γ0 = βΓI, Λ0 = 0, z0 = 0,

Γi = Γi−1 + φ
(
x(ti), τ(ti)

)
φ
(
x(ti−1), τ(ti−1)

)>
,

Λi = Λi−1 + φ
(
x(ti), τ(ti)

)
φ
(
x(ti), h(x(ti+1))

)>
,

zi = zi−1 + φ
(
x(ti), τ(ti)

)
r(ti), (8.18)

where Γi, Λi and zi represent the policy evaluation mapping and projection
operator of the Bellman equation [32] and are updated at every iteration step
i. The updated vector ακ via (8.17) is used to improve the Q-function estimate
(8.14). Afterward, new and improved policies (in the sense of Problem 8.1)
are obtained from (8.16). The interested reader is referred to [142] and [97]
for more details regarding the LSPI variant employed herein.

Remark 8.3. Some of the benefits of LSPI include implementation simplicity
due to the linear-in-parameter approximators, which in turn strips the algo-
rithm down to a set of linear matrix equations. Accordingly, the principal
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numerical concern lies in the need for matrix inversion, which is a well-
understood nuisance circumvented, among others, via the LU factorization
[54]. Of course, one can always additionally decrease the numerical complex-
ity of LSPI by employing lower-order Chebyshev polynomials at the expense
of greater suboptimality (while stability is still guaranteed in light of Section
8.3.1). Furthermore, the approximation in LSPI focuses on the value-function
representation, thereby eliminating the “actor” part in the actor-critic frame-
work of related approximate policy-iteration algorithms (see [86] and the ref-
erences therein). Consequently, LSPI eliminates one potential source of inac-
curacy and decreases computational complexity with respect to the actor-critic
framework. As noted earlier, LSPI is a model-free algorithm, that is, it does
not need a model for policy iteration nor does it need to learn one. Addition-
ally, LSPI is able to learn (sub)optimal policies using a small number of sam-
ples when compared to conventional learning approaches such as the classical
Q-learning. For a comprehensive discussion, refer to [97].

Remark 8.4. (Lp-stability and stochastic inputs) KF requires the distur-
bances ωi’s to be Gaussian white processes. As the Gaussian white processes
are not Lebesgue integrable, one cannot invoke Theorem 8.1 immediately. How-
ever, the Gaussian white process is an idealization convenient for a number
of analytical purposes, but does not exist as a physical phenomenon (see [147,
Chapter 6], [56, Chapter 10] and [204]). Instead, band-limited approxima-
tions/realizations are encountered in practice. For instance, all sample paths
of ωi’s in Section 8.4 possess finite Lp-norm owing to MATLAB R© realizations
of white noise (e.g., finite noise bandwidth and nonzero sampling rate). When
it comes to prospective experimental verifications, such as those in Chapters
6 and 7, similar inferences could be drawn (refer to [56] and [204]).

Remark 8.5. The investigation regarding (sub)optimality of the obtained in-
terbroadcasting intervals is the principal direction of our future work. While
we already have reassuring results regarding (sub)optimality of LSPI in plant-
controller settings, the (sub)optimality repercussions of the KF-LSPI and
LSPI-LSPI interplay in MAS settings is still unclear. Basically, the gener-
ality of our MAS settings (e.g., partially observable and coupled DP problems
with external disturbances) hinders a fruitful comprehensive investigation at
the moment.
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8.4 Example: Consensus Control (Revisited)

Consider a group of four agents with identical dynamics

ξ̇i =

[
0 1
0 −Tp

]
ξi +

[
0
Kp

]
ui + ωi,

ζi =
[
0.05 0.025

]
ξi,

where Kp = 5.2 and Tp = 0.38, with the communication topology shown in
Figure 7.2 and communication link delay d = 0.104 s. Thus, the corresponding
graph Laplacian matrix is

L =

[
0 0 0 0

− 1 2 − 1 0
0 − 1 2 − 1

− 1 − 1 − 1 3

]
.

Apparently, the first agent is the leader. We point out that the above agent dy-
namics is the result of AR.Drone Parrot quadcopter identification in the x-axis
direction (see Chapter 7). Accordingly, the first component of ξi corresponds
to the position of the ith agent while the second component corresponds to its
velocity. The more intuitive notation for the first component of ξi is xi while
for the second component of ξi is vi, which is the notation found in Figure
8.2. In (8.2), select K1 = . . . = K4 = 0.5. Using Theorem 8.1, the resulting τ
equals 0.04 s. Apparently, the delay is greater than the broadcasting interval
(i.e., the so-called large delay).

From [3, Corollary 3.4], we infer that τ ji , j ∈ {1, . . . , N}, i ∈ N0, bounded
away from zero, say by an arbitrary τ > 0, suffice to fulfill the detectability
requirement for KF convergence. Basically, one can find Kk for any τ ji ∈
A := [τ , τ ] such that each state matrix norm in [3, Corollary 3.4] is upper
bounded by the same constant strictly less than unity. We choose τ = 10−5 s.
In real-life applications, observe that a lower bound on τ ji intrinsically stems
from hardware limitations. Next, owing to duality between detectability and
stabilizability, the stabilizability requirement for KF convergence is obtained
via [3, Corollary 3.4] as well.

The selected tuning parameters for LSPI are κ = 2, ε = 50, and the orders
of Chebyshev polynomials for both X and A are 15, 15, 25 and 33 of the first,
second, third and fourth agent, respectively. In addition, each component of
xj , j ∈ {1, . . . , N}, belongs to the interval [−30, 30], which in turn defines
X . The cost function parameters are γ1 = . . . = γ4 = 0.99, P2 = P3 = 5I2,
P4 = 5I3, R1 = . . . = R4 = 5 and S1 = . . . = S4 = 20. Notice that, since
the first agent is the leader, its local discrepancy vector x1 is not defined;
hence, P1 does not exist. The output and input measurement noise adheres
to the truncated zero-mean normal distribution with variance 0.3, which in
turn renders νi(t), υi(t) ∈ L∞. The external disturbances ωi’s also adhere to
the truncated zero-mean normal distribution with covariance diag(0, 1). Refer
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to [2] regarding continuous-time to discrete-time modeling transition required
in order to employ KF. The interbroadcasting intervals are initialized to τ .
The corresponding numerical results with the agents’ initial conditions (5, 5),
(−3,−3), (10, 10) and (4, 4) are provided in Figure 8.2. It is worth mentioning
that the execution time of one LSPI iteration with the above parameters is
less than 1 ms performed on a computer with an i7-3770@3.4GHz processor
and 8GB of memory.

A remark is in order regarding the choice of Pj , Rj and Sj . On the one
hand, as we decrease Sj and keep Pj and Rj fixed, the obtained interbroad-

casting intervals τ ji approach τ . On the other hand, as Sj becomes greater, τ ji
approach τ . Notice that this remark is expected and underlines the principal
motivation for this work—overly sparse information exchange is not preferable
a priori and needs to be applied thoughtfully, especially when the relative cost
of communication with respect to the cost of control performance (e.g., stabi-
lization or tracking performance) and control effort (e.g., movement) is low.
However, the related literature does not take into account this cost viewpoint,
but solely focuses on minimizing the communication effort.

Recall that each agent learns its own approximation parameter vector αjκ,
which in turn renders the corresponding policy hjκ

(
xj(t

j
i )
)

and actions τ ji ’s.
Therefore, convergence of αjκ’s indicates a successful completion of the learning
process (see Figure 8.3), while τ ji ’s do not necessarily display smooth behaviors
(see Figure 8.2(c)). Also, keep in mind that the exploration phase takes place
every ε steps. Furthermore, observe that αjκ’s are different for each agent even
though homogeneous agents are encountered (which is the motivation behind
utilizing homogenous agents in this numerical example). The evidence that the
underlying cost-to-go is non-stationary [86] is provided in Figure 8.3 (cf. [141,
Figure 9]). Basically, αjκ adapts to changes in the underlying nonautonomous
dynamics.

8.5 Conclusions and Perspectives

This chapter studies the optimal intermittent feedback problem in MASs with
respect to a goal function that captures local MAS performance vs. agent life-
time trade-offs. Starting off with provably stabilizing upper-bounds on agents’
interbroadcasting intervals, we bring together KF and an online model-free
LSPI method to tackle coupled partially observable DP problems. Our frame-
work is rather general since it is applicable to general heterogeneous linear
agents with output feedback in the presence of disturbances, to realistic com-
munication environments (e.g., intermittency, noise, delays and dropouts) as
well as to directed and unbalanced communication topologies. Lastly, a con-
sensus control problem is provided to demonstrate the benefits of the proposed
methodology.
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(c)FIGURE 8.2
Numerically obtained data: (a) agents’ positions, (b) agents’ velocities, and
(c) the corresponding (sub)optimal interbroadcasting intervals for each agent.
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FIGURE 8.3
The process of learning ακ for each agent.
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In the future, the main goal is to estimate how suboptimal the method-
ology developed in this chapter is. In addition, it is of interest to investigate
time-varying topologies and nonlinear agent dynamics. Lastly, experimental
verification of the presented theory is in order.
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