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Wireless Device-to-Device Communications and Networks

Covering the fundamental theory together with the state of the art in
research and development, this practical guide provides the techniques
needed to design, analyze, and optimize device-to-device (D2D)
communications in wireless networking.

With an ever-increasing demand for higher-data-rate wireless access, D2D
communication is set to become a key feature supported by next-generation
cellular networks. This book introduces D2D-based wireless
communications from the physical-, MAC-, network-, and application-layer
perspectives, providing all the key background information before moving
on to discuss real-world applications as well as potential future
developments. Key topics are discussed in detail, such as dynamic resource
sharing (e.g., of spectrum and power) between cellular and ad-hoc D2D
communications to accommodate larger volumes of traffic and provide
better service to users. Readers will understand the practical challenges of
resource management, optimization, security, standardization, and network
topology, and learn how the design principles are applied in practice.
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Preface

Now that more and more new mobile multimedia-rich services are
becoming available to mobile users, there is an ever-increasing demand for
higher-data-rate wireless access. Therefore, new wireless technologies such
as Long Term Evolution Advanced (LTE-A) and WiMAX have been
introduced, which are capable of providing high-speed, large-capacity, and
guaranteed-quality-of-service (QoS) mobile services. Apart from the new
technologies, new techniques such as small-cell networks and
heterogeneous networks (HetNets) have also been developed, which are
able to improve network capacity by reducing cell size and effectively
controlling the interference. However, all these attempts still rely on a
centralized network topology, which entails mobile devices communicating
with a base station or access point. Such a centralized network topology is
inherently limited by the capabilities of the base station and access point,
which could be congested due to the presence of a large number of
communicating devices. Also, the base station and access point might not
have complete information about transmission parameters among devices,
which is required in order to achieve the optimal network performance. To
mitigate this problem, the concept of device-to-device (D2D)
communications has been introduced to allow local peer-to-peer
transmission among mobile devices offloading traffic from the base station
and access point. Also, it is crucial to increase the wireless network
capacity to accommodate the bandwidth-consuming mobile applications
and services. Device-to-device communications is a promising concept to
improve user experience and resource utilization in cellular networks,
operating in both licensed and unlicensed spectrum bands.

The D2D communications can underlay or overlay a cellular network,
using the same resources to improve the system throughput. Specifically,
besides cellular operation, where user equipment (UE) is served by the



network via the evolved NodeBs (eNBs) in the LTE architecture, UEs may
communicate with each other directly over the D2D links. The UE in D2D
connections still has to be loosely controlled by the eNBs in a network-
controlled manner, thus continuing cellular operation. The eNBs can control
the resources used for the cellular and D2D links. The eNBs can also set
constraints on the transmission parameters (e.g., transmit power and
communication duration) of D2D transmitters to limit the interference
experienced at the cellular receivers.

Numerous researchers and wireless engineers have postulated that D2D
communications will become a key feature supported by next-generation
cellular networks. D2D communication has the following advantages. One
can

e extend coverage,

e offload in cellular networks,

e improve energy efficiency,

¢ increase throughput and spectrum efficiency, and

e create new services such as social/vehicular ad-hoc networking
services, etc.

The design, analysis, and optimization of D2D communications and
networking require multidisciplinary knowledge, namely knowledge of
wireless communications and networking, signal processing, artificial
intelligence (e.g., for learning), decision theory, optimization, and economic
theory. Therefore, a book containing the basic concepts/theories for
addressing the research advances that enable D2D communications in
cellular networks as well as the state of the art of research and development
and related information will be very useful for researchers and engineers.

This book summarizes the state of the art of research on D2D
communications coexisting with cellular networks from physical-, MAC-,
network-, and application-layer perspectives. The key features of this book
are as follows:

e aunified view of D2D communications and networking,



e a comprehensive review of the state-of-the-art research and key
technologies for D2D communications networks,

e coverage of a wide range of techniques for design, analysis,
optimization, and applications of D2D communications networks,

e outlining the key research issues related to D2D communications and
networking, and

e Standardization activities on D2D communications.

This book is divided into five parts: Part I (Introduction), Part II
(Techniques for modeling and analysis of D2D communications), Part III
(Resource management, cross-layer design, and security for D2D
communications), Part IV (Applications of D2D communications), and Part
V (Standardization of D2D communications). Part I contains Chapter 1,
which provides an introduction to D2D communications. The topics include
the different methods for configuration or access, device synchronization
and discovery, spectrum sharing and resource management, power control,
and D2D local area networks. Also, a simulation scenario for D2D
communications is described.

In Part II, which consists of Chapters 2 and 3, different techniques that
can be applied to the problem of design, analysis, and optimization of D2D
communications are introduced. In particular, the optimization techniques
which are useful to obtain the optimal resource-management schemes for
D2D communications are discussed in Chapter 2. Major variations of
optimization techniques (e.g., unconstrained and constrained optimization,
nonlinear optimization, combinatorial optimization) are presented. Also,
stochastic optimization based on dynamic programming, the Markov
decision process (MDP), and stochastic programming are discussed. In
Chapter 3, the game-theory techniques are discussed. The basics of different
game-theoretic models, namely noncooperative game, repeated game,
cooperative game (i.e., bargaining game, coalition game), and evolutionary
game models as well as the basics of matching theory and auction theory
are presented.

Part III, which consists of Chapters 4-8, deals with radio-resource
management, cross-layer design, and security for D2D communications.



Chapter 4 presents a framework for mode selection for D2D
communications that is based on a coalitional game. Also, a model for joint
mode selection and resource allocation is developed. Chapter 5 focuses on
interference coordination for D2D communications. A network-assisted
power control scheme that considers both interference reduction and power
saving is proposed. Chapter 6 introduces methods for subcarrier allocation
and time-domain scheduling for D2D communications. Chapter 7 provides
an overview of cross-layer design concepts and discusses the challenges in
adopting these concepts to develop new protocols. Several examples of
cross-layer design are also illustrated. Chapter 8 studies the security issues
that arise during the neighbor-discovery phase and data-transmission phase
of D2D communications. The concept of physical-layer security is
discussed as a method for secure D2D communications.

Part IV, which consists of Chapters 9—11, deals with several application
scenarios of D2D communications. In particular, applications of D2D
communications in the context of vehicular ad-hoc networks (VANETSs) are
discussed in Chapter 9. In Chapter 10, application of D2D communications
for cooperative content delivery in mobile social networks is discussed.
Chapter 11 deals with the paradigm of machine-to-machine (M2M)
communications, noting that D2D communications can be considered as a
type of M2M communication when the D2D users are in close mutual
proximity.

Part V consists of Chapter 12, which introduces the motivation,
requirements, and application scenarios for using D2D communications
over LTE/LTE-A networks. Also, this chapter introduces the key methods
and system parameters to evaluate the performance of D2D
communications (at both link and system levels) by computer simulations.

Since each chapter in this book is quite independent, skipping any
chapter in this book will not affect your ability to follow the rest of the
book.
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Part 1



Introduction



1 Basics of D2D communications

As one of the next-generation wireless communication systems, the Third
Generation Partnership Project (3GPP) Long Term Evolution (LTE) is
committed to providing technologies for high data rates and system capacity.
Further, LTE-Advanced (LTE-A) was defined to support new components
for LTE to meet higher communication demands [1]. In particular, the
performance and quality of service (QoS) of local area services need to be
improved significantly by reusing the spectrum resources. However, reuse of
the wunlicensed spectrum might not provide a stable controlled
environment [2]. Therefore, the approach of exploiting the licensed spectrum
for local area services has attracted much attention. In this chapter, we
present the basic concepts of device-to-device (D2D) communications in the
licensed spectrum bands. We first provide an overview of D2D
communications underlaying the cellular network. We then discuss access
methods, device synchronization, and discovery mechanisms. Next, mode
selection, spectrum sharing, power control, and multiple-input-multiple-
output (MIMO) techniques are briefly introduced. The concepts of D2D
direct and D2D local area networks (LANs) are proposed, a simulation
scenario for D2D direct is given as an example, and, finally, the issues and
challenges in D2D communications are outlined.

1.1 Overview of D2D communications

The term D2D communications commonly refers to the techniques that
enable devices to communicate directly without an infrastructure of access
points or base stations. D2D communications amount to a technology
component for LTE-A, where user equipments (UEs) transmit data signals to



each other over a direct link/connection using the cellular resources instead
of through the eNB (i.e., a base station). As an underlay to the cellular
network, D2D communications allow one to increase the spectral
efficiency [1, 3, 4, 5, 6, 7, 8, 9]. While D2D communications is considered
as an add-on component in the 4G systems, it i1s expected to be a native
feature supported by the next-generation (e.g., fifth-generation [5G]) cellular
networks.

D2D communications may be of three types, as shown in Figure 1.1.

e Peer-to-peer communication: This is point-to-point communication, and
most studies on D2D communication consider this type of transmission.

e Cooperative communication: This uses mobiles as relays to extend
coverage, and exploits cooperative diversity through multiple
collaborative mobiles to obtain space diversity.

e Multiple-hop (multihop) communication: This is similar to mobile ad-
hoc network and mesh network, which may include complex data
superposition, and data routing, e.g., wireless network coding.

Paarto-pear Cooparativa Multiple-hop
COoMm munications com munications communications

Figure 1.1. Device-to-device signal transmissions.

Although the use of D2D communications brings an improvement in
spectral efficiency and has large benefits in terms of system capacity, it also
causes interference with the cellular network as a result of spectrum sharing.
Thus, an efficient interference coordination must be formulated to guarantee



a target performance level of the cellular communication. There exist several
works about the use of D2D UEs for restricting co-channel
interference [1, 3, 10, 11]. The authors in [12] utilize MIMO transmission
schemes to avoid interference from the cellular downlink to D2D receivers
sharing the same resources, with the aim of guaranteeing the required
performance for the D2D communications. Interference management both
from cellular to D2D communications and from D2D to cellular networks is
considered in [13]. To further improve the gain from intra-cell spectrum
reuse, properly pairing the cellular and D2D users for sharing the same
resources has been studied [14, 15]. The authors in [15] propose an
alternative greedy heuristic algorithm to lessen interference with the primary
cellular networks using channel state information (CSI). The scheme is easy
to operate yet cannot avoid signaling overhead. In [16], the resource-
allocation scheme avoids the harmful interference by tracking the near—far
interference, identifies the interfering cellular users, and ensures that the
uplink (UL) frequency bands are efficiently used. Additionally, the goal is to
prevent interference from cellular to D2D communication. In [17], the
authors provide an analysis on optimal resource allocation and power control
between the cellular and D2D connections that share the same resources for
different resource-sharing modes, and evaluate the performance of the D2D
underlay system both in a single-cell scenario and in the Manhattan grid
environment. Then, the schemes are applied to further optimize the resource
usage among users sharing the same resources.

The existing works in the literature show that by proper resource
management, D2D communications can effectively improve the system
throughput with the interference between cellular networks and D2D
transmissions being minimized. However, the problem of allocating cellular
resources to D2D transmissions is not trivial. In the later parts of the book,
we will discuss different resource-management methods for D2D
communications.

1.2 Key technologies for D2D communications

1.2.1 Configuration of D2D communications



The D2D networks can be configured in the following three ways to allow or
restrict their usage by certain users.

e Network-controlled D2D: In this scenario, the communication signaling
setup and thereafter resource allocation for both cellular and D2D users
are controlled by the base station (BS) and the core network. This
centralized configuration benefits from efficient interference avoidance
and resource management. However, when the number of D2D links
becomes large, this scheme incurs a large amount of control signaling,
which can increase the overhead and reduce the spectrum efficiency.
Therefore, this fully network-controlled approach is particularly useful
for scenarios with small numbers of D2D links.

o Self-organized D2D: In this scenario, D2D users themselves realize the
communication in a self-organizing way by finding the empty spectrum
hole. This configuration is similar to cognitive radio, which allows D2D
users to sense a surrounding environment, thereby obtaining CSI,
interference, and cellular system information. This distributed method
can effectively avoid the controlling signaling overhead, and the time
delay, but the self-organized nature of this method may cause
communication chaos and instability due to lack of control by the
operators in the licensed spectrum.

* Network-assisted D2D: The D2D users operate in a self-organized way,
and, for resource management, exchange with the cellular system a
limited amount of controlling information. The cellular network can use
the status of D2D communications for better control purposes. This
approach has the merits of the first two approaches.

1.2.2  Device synchronization and discovery

For D2D communications, synchronization between cellular networks and
D2D users and among D2D users themselves will be necessary to minimize
multiple-access interference and for proper handoff. The approaches in IEEE
802.11 or in LTE can be adopted to enable the synchronization among
mobiles. Typically, device synchronization and discovery are realized in a
joint way.



The fundamental problem of device discovery is that two devices have to
meet in space, time, and frequency without any coordination. This can be
made possible via some randomized procedure, and one of the peers assumes
the responsibility of sending the beacon. For traditional peer discovery, both
in the ad-hoc case and in the cellular case, the discovery is made possible by
one party transmitting a known synchronization or reference signal sequence
(the beacon). Depending on whether or not there are responses from the
discovering UEs, the discovery approaches can be classified into two
categories: beacon-based discovery and request-based discovery. According
to whether there is network participation in the detection, the discovery
procedure could be categorized into two types: network-assisted detection
and non-network-assisted detection.

In the case of network-assisted D2D, the network can mediate in the
discovery process by recognizing D2D candidates, coordinating the time and
frequency allocations for sending/scanning for beacons, and thereby making
the pairing process more energy efficient and less time consuming. A typical
procedure is as follows.

e Use direct signal to discover a peer.

e Set the transmission power so that UEs within a certain distance can
hear the broadcast.

e Whoever receives the broadcast confirms that with the eNB.

1.2.3 Mode selection

In a D2D underlay communications system, one of the most challenging
problems is to decide whether communicating devices should use cellular or
direct communication mode. In the D2D mode, data is directly transmitted to
the receiver while the cellular communication mode requires the source
device to transmit to the eNB and then the destination device receives from
the eNB on downlink (DL). Here, three different mode selection criteria are
considered.

(1) Cellular: All devices are in cellular mode.



(1) Force D2D: D2D mode is always selected for all the communicating
devices.

(111) Path-loss D2D: D2D mode is selected if any of the path losses
between a source device and its serving eNB, or a destination device
and its serving eNB, is greater than the path loss in the direct link
between the source node and the destination node.

1.2.4 Spectrum sharing and resource management

Spectrum-sharing methods for D2D communications can be categorized as
follows.

o Overlay D2D communications: The D2D users occupy the vacant
cellular spectrum for communication. This approach can completely
eliminate cross-tier interference by dividing the licensed spectrum into
two parts (i.e., orthogonal channel assignment). That 1s, one fraction of
the subchannels will be used by the cellular users while another fraction
would be used by the D2D networks. Although it is optimal from a
cross-tier interference standpoint, this approach is inefficient in terms of
spectrum reuse.

o Underlay D2D communications: In this spectrum-sharing scheme,
multiple D2D users are allowed to work as an underlay with cellular
users, and thus improve the spectrum efficiency. Co-channel
assignment of the cellular and D2D users will be more efficient and
profitable for operators, although this is far more intricate than the
overlay scheme from the technical point of view.

The overlay approach is easy to realize, but might not be spectrally
efficient. While the underlay method incurs a relatively greater signaling
overhead, it can achieve a better overall system performance. To optimize
the system performance over spectrum sharing of both D2D and cellular
modes, radio resource management 1is important. Radio resource
management can be performed in either a noncooperative or a cooperative
manner. In a noncooperative solution, each D2D user can manage its
spectrum so as to maximize the throughput and quality of service (QoS). By



contrast, in a cooperative approach, the D2D users can gather partial
information about spectrum usage and perform spectrum allocation taking
into account the effect that it would have on its co-channel neighbors. In this
way, the average cellular and D2D users’ throughput and QoS, as well as
their performances, can be locally optimized.

1.2.5 Power control

Power control is an important and effective way to coordinate the co-channel
interference. Power control can be performed by two methods.

e Self-organized power control: The D2D users make power changes in a
self-organized way according to a predefined signal-to-interference-
plus-noise ratio (SINR) threshold in order to meet the QoS without
affecting the cellular users.

e Network-managed power control: Both cellular and D2D users
adaptively adjust their transmit power according to the SINR report.
Typically, the D2D users can control the transmit power first, and then
the cellular users make changes afterward. This iterative process
terminates when all the users have satisfied their SINR requirements.

Obviously, the first method is not going to change the behaviors of
cellular users since the D2D users are treated invisibly. This method is
simple, but less efficient than the second method, which allows all of the
users to adjust their transmit powers. However, the network-controlled
approach requires some information exchange among cellular users, D2D
users, and the eNB.

1.2.6 Uplink and downlink transmission with MIMO

The use of multiple-input and multiple-output (MIMO) antennas can
improve system capacity by multiplexing signals in the spatial domain and
increase robustness by exploiting space diversity. Specifically, by
performing transmit or receive beamforming, the use of multiple antennas at
the eNB and the UE can reduce the co-channel interference to other users
and thus improve spectrum efficiency.



The different MIMO-based methods are as follows.

e eNB beamforming: This type of multi-user MIMO-like approach can be
performed at the cellular downlink to reduce interference to the D2D
users so that D2D communications can be allowed.

e D2D beamforming: This avoids any harmful interference being caused
by the D2D transmissions to the cellular and other D2D users.

o Virtual D2D beamforming: This borrows the ideas of cooperation
among mobile nodes such that multiple D2D users collaboratively form
the beamforming matrices to improve the system performance.

1.3 Device-to-device local area networks

D2D communications can be classified into two main categories: D2D direct
and D2D local area networks (D2D LANSs). Specifically, D2D direct simply
refers to conventional one-hop communication [1]. In multthop D2D LAN,
the network-controlled smart devices can realize cluster-wise
communications in an ad-hoc manner, and meanwhile work in the license
band to achieve maximal flexibility and performance. Figure 1.2 shows a
typical single-cell scenario with multiple users consisting of conventional
cellular communications, one-hop D2D direct transmission, and D2D LAN
for group communication.
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Figure 1.2. D2D communications underlaying cellular networks, including cellular communication,
D2D direct, and D2D LAN.

With regard to D2D LAN, the network-controlled mobiles can form
group communications, and thus provide various functionalities for specific
application purposes. Similarly to D2D direct, these mobiles in the LAN can
also work as an underlay to cellular networks for spectrum reuse, which
makes the resource-allocation problems even more challenging. The
representative scenarios for D2D LANSs are as follows.

o Group communications:. When large numbers of similar requests are
received by the eNB, the LAN can be used to efficiently offload data.
For example, in stadium or concert networks, when many mobiles ask
for the content, some “seed” UEs can be first selected to obtain the
complete information from the eNB, and then these seeds can share
data with the remaining mobiles to reduce the eNB’s effort.

e Multihop relay communications: When some smart devices are out of
the coverage of the eNB, the mobiles in the D2D LAN can serve as
relays for completing the file delivery among mobiles. This is
particularly useful for disaster situations as well as suburb areas.

e Collaborative smartphone sensing: Since smartphones have the
capability of environment sensing, which is similar to wireless sensor
networks, the data can be collaboratively aggregated to some “sink”
UEs and then transmitted to the eNB.

One representative example of an application of D2D LAN is mobile
social networks, where social interests play a major role in enhancing the
smartphone transmission in D2D LAN, and a contract game can be used to
model utilities of the social-related individuals.

1.4 D2D direct: a simulation scenario

A single-cell scenario is considered as illustrated in Figure 1.3. For
simplicity, just one cellular user (UE1) and one D2D pair (UE2 and UE3),
which is in D2D mode, are located in the cell. Three users share the same
radio resources at the same time. As a result, co-channel interference should



be considered. The position of UE2 is fixed as long as the distance from BS
to it is D. The position of the other D2D user UE3 is uniformly distributed
inside a region of radius L from UE2. As in a traditional cellular system,
UEI1 is free to be anywhere inside the cell, following a uniform distribution.
In the simulation, the locations of three users are updated in each iteration.
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Figure 1.3. The scenario of underlay D2D communications.

According to Figure 1.3, three communicating users are in the system.
UE2 and UE3 are in D2D mode, and UEI is a cellular user. We set the
maximum distance between UE2 and UE3 to be 25 meters. Actually, as
much as 100 meters distance between them can be effective. The results
presented here give only a representative scenario. Table 1.1 shows the main
simulation parameters.

Table 1.1. Main simulation parameters

Parameter Value

Cellular Isolated cell, one-sector

System area User devices are distributed within a range of 500 m from the
BS

Noise spectral density 2l ! ?4 dBm/Hz

System bandwidth 5 MHz

Noise figure 5dB at BS/9 dB at device



Antenna gains and
patterns

Cluster radius

Transmit power

The wireless propagation is modeled according to WINNER II channel
models, and the D2D channel is based on an office/indoor scenario while the
cellular channel is based on an urban macrocell scenario. Table 1.2 gives
path-loss models. d is the link distance in meters, and flyrg]ls is the number
of walls penetrated in the link. dgp = 4hgghysfc/c, where f: is the center
frequency in Hz, » — 3.() » 10® m/s is the propagation velocity in free
space, and hyg and hyq are the effective antenna heights at the BS and the
MS, respectively. The effective antenna heights g and hyq are computed as
follows: hgg = hgs — 1.0m, and hy;q = hys — 1.0 m, where figg and jfipqg are
the actual antenna heights, and the effective environment height in urban
environments 1s assumed to be 1.0 m. The LOS probability is given in Table

1.3.

Scenario

D2D (LOS)

D2D (NLOS)

Cellular (LOS)

Cellular (NLOS)

BS: 14 dBi; device: omnidirectional 0 dBi

5m,10m, I5m,20m, 25 m

BS: 46 dBm; device: 24 dBm (without power control)

Table 1.2. Path-loss models [18]

Path loss (dB)

36.8 lﬂgl{].ﬂr+ 43.8
+ Siyalls — 1)

26 lngl.[]. d + 39
40.0log o d + 1347

— 14.0 lﬂgm ‘JI?FBS
— 14.0 1Dg1{} JI?EHS

(44.9 — 6.55 log|g hgs)
log g d + 34.46
+ 5.83 log, higs

Shadow fading (dB)

afor |0m = d < dgp
6 for d']ép < d < 5km,

hps = 25m,
}I’EMS = 1.5m
8 for

50m < d = Skm



J'I?BS = 25m,
Ivs = 1.5m

D2D user- PL=PLy+PLtw+PLjp 7
Cellular user PLy = PLg| (dout + djy)

PLiw = 14 4+ 15 (1 — cos 8)2
PL;, = 0.5d;,

Table 1.3. LOS probability [18]

Scenario LOS probability

I, d<25
D2D Pros = [I ~09(1 - (124 - 061 logmd)“)”ii.-, 25

Cellular  Pros =min (18/d, 1) - (1 —exp (—d/63)) +exp (—d /63)

Next, D2D and cellular SINR distribution with power control are
investigated. The LTE uplink open-loop-fraction power-control scheme
(OFPC) is given as [19]

P:miﬂ {Pn]ug..P{}‘l‘ IO-Ingﬂf—l—&’-L}. (1’1)

The parameters for the power-control scheme are given in Table 1.4.

Table 1.4. OFPC parameters

Parameter Value

Po — 78 dBm
o 0.8
L Path loss between two UEs in a pair



In this scenario, the interference between D2D and cellular users due to
UL resource sharing has been taken into account. When the distance
between D2D and co-channel cellular users is not larger than the maximum
distance of D2D communications, the interference channel can be based on
an indoor/office scenario. However, when co-channel interference comes
from a more distant location, the D2D channel model is not suitable. In
accord with WINNER II channel models, we choose an indoor-to-
outdoor/outdoor-to-indoor  scenario to simulate the long-distance
interference channel.

Table 1.2 also shows the interference channel model. PLg; is the path
loss of the urban microcell scenario (see p . 44 in [18] for parameter detail),
doyt 18 the distance between the outdoor terminal and the point on the wall
that 1s nearest to the indoor terminal, d;, is the distance from the wall to the
indoor terminal, € is the angle between the outdoor path and the normal of
the wall. For simplicity, we assume {§ — () so that dyy; + dijp = d in the
simulation.

Consider a scenario of 19 cells, each of which is shown in Figure 1.3.
For simplicity, a model with one cellular user and one D2D pair is
considered. We update the locations of three users in each simulation
iteration. Moreover, co-channel interference is taken into account. Neighbor
cell interference is also from D2D, cellular users (UL), and BS (DL).
Figures 1.4 and 1.5 give the SINR distribution of D2D communications
without a power-control (PC) mechanism in the downlink (DL) and uplink
(UL) periods, respectively.
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Figure 1.4. SINR distribution of D2D underlay communications with L =25 m (DL). C, cellular.
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Figure 1.5. SINR distribution of D2D underlay communications with L =25 m (UL). C, cellular.

When D2D users share cellular DL resources without PC, D2D SINR is
better when the pair is farther away from BS. Cellular (UE1) SINR is less
sensitive to the location of D2D users. The UE1 SINR is higher than D2D
SINR. When sharing DL resources, the interference to D2D is from BS. The
position of the pair has direct influence on the strength of the interference.
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For a cellular user, the strength of interference depends not only on the
position of D2D users, but also on the position of the cellular user. Since
both are randomly distributed, the position of the D2D pair does not
significantly affect the results. The UE transmit power is smaller than that of
BS. As a result, the interference from BS is higher than that from D2D. As a
result, the D2D SINR is clearly worse than that of UE].

When D2D users share cellular UL resources without PC, the D2D SINR
remains almost unchanged as the distance from BS to the pair changes. The
BS SINR is better when the D2D pair is farther away from the BS. The D2D
SINR is better than the BS SINR. In UL resource sharing, the strength of
D2D interference depends not only on the positions of D2D users, but also
on the positions of cellular users. Since both are randomly distributed, the
position of the D2D pair does not significantly affect the results. For the BS,
the interference is from D2D users. The position of the pair has direct
influence on the strength of the interference. UE3 is 0-25 m from UE2 and
UE1 1s 0-500 m away from the BS, which is likely to make the D2D receive
power larger than the BS receive power.

Figures 1.6 and 1.7 show the SINR distribution of D2D communications
under power control in DL and UL periods, respectively. When D2D users
share cellular DL resources with power control, the D2D SINR has
decreased. The UE1 SINR has increased. When D2D users share cellular UL
resources with power control, the D2D SINR has decreased. The BS SINR
has increased. Figure 1.8 shows a comparison of SINR distribution between
D2D communications with and without power control. With power control,
the D2D SINR has decreased about 30 dB. The D2D SINR with power
control gives a smaller dynamic range.



— @ - D=0.4A, D2D
D=0.8R020
- % - D= (0.8R, D20
—+-- D=04RC ||
D=0.8R,C
-o- D=08RC ||
SNR, CIUE1}
L
(] -
[
-100 50 0 50 100 150

SIMA (dB)

Figure 1.6. SINR distribution of D2D underlay communications under PC with L =25 m (DL). C,
cellular.

- & — D=0.4A, D2D i
0.9¢ D=0.6A, D2D Moy 1
- # = D=0.8R DD ] :? !
081 - p-osrc | | S
szl D=06RC | FRSET
| -e- p=osrcC {
06 SNR, C{B5} J,. S 4
ao 1 :
u 5_ - |i i . 3 - =
{
0.4t I 4
03t g
,J
0.2t ! 1
||:
0.1+ b E
!
O

70 60 50 -40 30 20 10 © 10 20 30
SIMNA (dB)

Figure 1.7. SINR distribution of D2D underlay communications under PC with L = 25m (UL). C,
cellular.

www.TechnicalPDF.com



1 —o — e e -~
F 'f#ir
" p @) j
0.9} : :
+ Q' m _.'_-
0.8 ! o ! :
0.7} ¥ oo !
| J—I !
0.6} , r .
[T l I J
g 05 T it f
04| | & .
& : I
| i
03 | q |
aal , O [~ & - CFOL, DFIX = 24 dBm, DL |
' i : | # - CFOL, DFOL, DL
a1l ’ @ | =+ CFOL, DFX =24 dBm, UL |
* o 1 | & CROL, DFOL, UL |
o —|—tﬂlﬂfﬂ§ﬂ.:.uu.‘ e L
~100 54} 0 5(} 104 154
SIMR (dB)

Figure 1.8. The SINR distribution of D2D underlay communications under PC with L = 25 m,
D = ().5R. CFOL, Cellular fraction open-loop PC; DFIX, D2D fixed power; DFOL, D2D

fraction open-loop PC.

The OFPC scheme limits the transmit power of D2D users, which results
in D2D SINR degradation. Because the D2D transmit power drops, the
interference to cellular user and BS decreases. Owing to the path-loss
compensation in the OFPC scheme, the D2D SINR obtains a more

concentrated distribution.

1.5

Issues and challenges in D2D communications

For D2D direct, several key challenges are as follows.

e Scaling law and capacity analysis.
e Channel measurement and modeling, and interference analysis.
e Proximity-based applications, such as context-aware networks, and

offload in concert and stadium networks.
e Mobility measurement, modeling, and management.

e Reduction of signaling overhead.

e Limited-backhaul issues for cross-cell D2D transmission



One of the major difficulties hindering D2D communications is the need
to develop efficient data spreading in the D2D networks without causing
severe disturbance of the original cellular networks. Power control,
cooperative transmission, and multiple-access methods need to be carefully
researched. The use of wireless network coding has been recognized as an
efficient way to improve the network performance in terms of spectrum
efficiency, and thus the question of how to adopt this technique has to be
studied carefully.

For multithop D2D communications, which is particularly useful for
coverage extension, it would be desirable to incentivize intermediate nodes
to participate in a relaying process. In this case, a rewarding system
regarding proper payment must be developed.

Radio resource management in MIMO and orthogonal frequency-
division multiple-access (OFDMA)-based underlay D2D networks is
particularly challenging. In these networks, the problem of how to
effectively coordinate space, time, frequency, power, and device becomes
interesting. Energy harvesting (e.g., from the ambient radio environment) for
short-range D2D communications is another emerging research topic. Other
challenges include identification of services for which D2D communication
is useful, cognitive and self-organizing D2D links, proximity-based
offloading, and capacity and performance evaluation of D2D
communications. Finally, many applications, such as mobile social networks,
vehicular ad-hoc networks, and even machine-type communications, which
exploit D2D communications, deserve intensive studies.

1.6 Chapter summary

D2D communications will be a main feature supported by future wireless
communications networks. D2D communication in the licensed spectrum
bands is more controllable for communication operators than that in the
unlicensed spectrum. By reusing cellular spectrum resources, D2D
communications can improve the spectrum efficiency and thus contribute to
a relatively high system capacity.



In this chapter, we have introduced some basic concepts and
technologies for D2D communications. First, we have provided an overview
of D2D communications. The term D2D communications commonly refers
to the technology that enables devices to communicate directly without an
infrastructure of access points or base stations. It can be classified into three
categories  involving  peer-to-peer =~ communication,  cooperative
communication, and multiple-hop communication. We have discussed the
D2D configuration methods, device synchronization, and discovery
mechanisms. Then, we have briefly introduced mode selection, spectrum
resource sharing, power control, and MIMO techniques. A simple simulation
scenario has been described, along with some simulation results.
Furthermore, we have proposed the concept of D2D LANSs, in which the
network-controlled mobile devices can perform group communications and
realize various functionalities for specific applications. We have finally
discussed a few challenges in D2D communications.
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Techniques for modeling and analysis of D2D
communications



2  Optimization

In this chapter, we discuss how to formulate resource allocation problems in
a communication network. Specifically, we study what the resources are,
what the parameters are, what the practical constraints are, and what the
optimized performances across the different layers are. The tradeoffs
between the different optimization goals and different users’ interests are
also investigated. The goal is to provide the reader with a new perspective
from the optimization point of view for wireless networking and resource
allocation problems.

2.1 Constrained optimization

Many resource-allocation problems can be formulated as constrained
optimization problems. The general formulation can be written as

min f(x)
[ g:(x}y=0, fori=1,...;m, (2.1)
5.1
h(xy =0, forj=1,...,]

where x is the parameter vector for optimizing the resource allocation, Q is
the feasible range for the parameter vector, and f(x) is the optimization goal
matrix, objective goal, or utility function that represents the performance or
cost. Here, g;(x) and h;(x) are the inequality and equality constraints for the
parameter vector, respectively. The optimization process finds the solution



x < £ that satisfies all inequality and equality constraints. For optimal
solution, f(X) < f( x), ¥x € £2.

2.1.1 Basic definition

If the optimization goal, the inequality constraints, and the equality
constraints are all linear functions of the parameter function x, then the
problem in (2.1) is called a linear program. One important characteristic of a
linear-program problem is that there is a global optimal point that is very
easy to obtain by linear programming. By contrast, one major drawback of
linear programs is that most of the practical problems in wireless networking
and resource allocation are nonlinear. Therefore, it is hard to model these
practical problems as linear programs. If either the optimization goal or the
constraints functions are nonlinear, the problem in (2.1) is called a nonlinear
program. In general, there are multiple local optima in a nonlinear program,
and finding the global optimum is not an easy task. Furthermore, if the
feasible set ) contains some integer sets, the problem in (2.1) is called an
integer program. Most integer programs are nondeterministic polynomial-
time hard (NP-hard) problems that cannot be solved in polynomial time.

One special kind of nonlinear program is a convex optimization problem
in which the feasible set Q is a convex set, and the optimization goal and the
constraints are convex/concave/linear functions. A convex set is defined as
follows.

DEFINITION 1. 4 set Q is convex if for any X|,X2 € £2 and any 0 with
0 <8 < 1, wehave

x) +(1 —H)xy € Q.
A convex function fis defined as follows.

DEFINITION 2. A function f is convex over X if the feasible range Q of the
parameter vector X is a convex set, and if, for all X|,X2 € §2 and

=<1



f6x) + (1 —0)x2) < 6f(x1) + (1 — B)f(x2).

A function is strictly convex if the strict inequality holds whenever
X| #Xoand () = & = |. Afunction is called concave if — f is convex.

In Figure 2.1, we show examples of a convex set and a nonconvex set. In
Figure 2.2, we show the example of a convex function. If the function is
differentiable, and if either of the following two conditions holds, the
function is a convex function.

First-order condition: f(x2) = f(x1) + Vf(x1 )T (x2 — x1).
(2.2)

Second-order condition: sz{x) > 0.
(2.3)

One important application of the convex function is Jensen’s inequality.
Suppose function f'is convex and the parameter x has any arbitrary random
distribution over Q. Then the following equality holds:

fIE[X]) < Ef(x), (2.4)

where E denotes expectation.

O =

Figure 2.1. A convex set and a nonconvex set.
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Figure 2.2. An example of a convex function.

The advantages of convex optimization are as follows.

e [t has a variety of applications such as automatic control systems,
estimation and signal processing, communications and networks,
electronic-circuit design, data analysis and modeling, statistics, and
finance.

e The computation time is usually of quadratic order. The problems can
then be solved, very reliably and efficiently, using interior-point
methods or other special methods for convex optimization.

e Solution methods are reliable enough to be embedded in a computer-
aided design or analysis tool, or even a real-time reactive or automatic
control system.

e There are also theoretical or conceptual advantages of formulating a
problem as a convex optimization problem.

The challenges of the convex optimization concern how to recognize and
model the problem as a convex optimization. Moreover, there are many
tricks for transforming problems into convex forms.

We have discussed the basics for constrained optimization problems.
Next we will see how the problem can be formulated. Resource allocation
can be formulated as a constrained optimization problem with the
parameters, objective functions, and constraints of the following physical
meanings.

o Examples of parameters: Physical-layer parameters include transmitted
power, modulation level, channel coding rate, and channel/code
selection. MAC-layer parameters include transmission time/frequency,



service rate, and priorities for transmission. Network-layer parameters
include route selection and routing cost. Application-layer parameters
include source-coding rate, buffer priority, and packet arrival rate.

o Example of objective function: Physical layer: minimal overall power,
maximal throughput, maximal rate per joule, and minimal bit error rate.
MAC layer: maximal overall throughput, minimal buffer-overflow
probability, and minimal delay. Network layer: minimal cost and
maximal profit. Application layer: minimal distortion and minimal
delay.

e Examples of constraints: Physical layer: maximal mobile transmitted
power, available modulation constellation, available channel coding
rate, and limited energy. MAC layer: contentions, limited
time/frequency slot, and limited information about other mobiles.
Network layer: maximal hops and security concerns. Application layer:
the base-layer transmission, limited source rate, strict delay, and
security.

2.1.2 The Lagrangian method

After formulating the constrained optimization problem for resource
allocation, we need to find solutions. Next, we explain how to obtain the
solution in closed form. One of the most important methods used to find a
closed-form solution for constrained optimization is the Lagrangian method,
which has the following steps.

(1) Rewrite (2.1) as a Lagrange multiplier function J as

m [

J=f0)+ ) higiX) + ) uihy(x), (2.5)
i=1 i=1

where 4 ; and M are Lagrange multipliers.

(i1) Differentiate J over x and set to zero as



L (2:6)
X

(111) From (2.6), solve for 4; and M.
(iv) Replace 3 ;and /4 in the constraints to get optimal x.

Notice that the difficulty in the Lagrangian method is in steps (iii) and
(iv), where the closed-form solution is obtained for the Lagrange multipliers.
Some approximations and mathematical tricks are necessary to obtain the
closed-form solutions.

The difficulty in obtaining the analytical results from (2.1) is because of
the nonlinearity and nonconvexity of the constraints and the optimization
goal. This makes the Lagrange multiplier function in (2.5) hard to
differentiate and makes it hard to obtain the optimal points. If some
approximations for the constraints or the optimization goal functions can be
obtained under some conditions, we can solve (2.1) by differentiating (2.5)
and putting the results back into the constraints to get the optimal Lagrange
multiplier. There are several methods to put the above idea into practice. We
classify them as follows.

(1) Parameterized approximation. In this method, the nonlinear or
nonconvex function is approximated by the parameterized function.
The goal is to obtain the optimal parameters such that the
approximation errors can be minimized.

The most common type of approximation is linear approximation.
Suppose the original function is f(x), the linear approximation can be
written as

o
min f | £(x) — (ax + b)) dx, (2.7)

a,fr



(i)

where [¢, ] are the interested region where the approximation needs
to be accurate.

Another type of approximation is polynomial or Tyler expansion.
The original function can be expanded as

f(x) =co +c1(x—x0) + c2(x —x0)> + - - -,
(2.8)

where XY} is the point where the series are expanded, and {{}, ],
7, ... are constant.

In general, for any convex function f'(x;a) of x with parameter vector
a, the approximation within region [¢, ¢/ ] can be written as

d
min f | F(x) — f(x; @) dx. (2.9)

Omitting unimportant parts. The basic idea for this type of
approximation is that, even though the function itself is not convex,
within a certain range, some components can be omitted.
Consequently, the approximation is convex.

One good example is the channel capacity function as

C = Wlog,»(1 + SNR), (2.10)

where C is the capacity, W is the bandwidth, and SNR is the signal-to-
noise ratio. However, when the SNR 1is high, i.e., SNR = 1, we can
omit 1 and have

C' = Wlog,(SNR). (2.11)



(' 1s a convex function. This approximation has been employed in
some networking optimizations such as [20].

2.1.3 Optimality

In this subsection, we will discuss the optimality of the solution, i.e., how to
determine whether the solution is optimal or not, and in what sense the
solution is optimal. The organization of this section is as follows. First the
optimality for the unconstrained problem is discussed. Then Fritz John
conditions and Karush—Kuhn—Tucker (KKT) conditions are explained.
Finally, second-order conditions are illustrated.

Before we discuss the unconstrained optimality, we define the global
optimum and local optimum as follows.

DEFINITION 3. Consider minf(x) over Q and let X & §2. If
fI(X) = f(x), VX € Q, and then X is called a global minimum. If f(X) is no
more than the neighbor of X, X is called a local minimum.

Some necessary and sufficient conditions for the optimality are as
follows.

e Necessary conditions

(1) First-order necessary condition: If f(x) is differentiable at ¥, then
X is a local minimum if Vf(x) = 0.

(11) Second-order necessary condition: If f(x) is twice differentiable at
% and if X is a local minimum, then Vf(Xx) = 0 and Hessian
matrix H(X) is positive semidefinite.

e Sufficient conditions



(1) First-order necessary and sufficient condition: If f(x) is pseudo-
convex at ¥, then x is a global minimum if and only if Vf( X) = 0

(11) Second-order sufficient condition: If f(x) is twice differentiable at
¥ and if Vf(X) = 0 and Hessian matrix H(X) is positive definite,
then X is a strict local minimum.

It is worth mentioning that some points on the curves satisfying the
necessary conditions might not be the true optimum. For example, in
Figure 2.3, we show 7 = x* — y*. We can see that the necessary condition of
the first-order differential equal to zero is satisfied for the saddle point at
(0, 0). However, the saddle point is not a local optimum.

Figure 2.3. An example of a saddle point.

Next we list a few theorems for the optimality of (2.1) as follows.

 Fritz John necessary conditions. Let X be a feasible solution, and let
I={i : g;(x)=0}. Suppose g;,i € [ is continuous at y. fand g;,i € /
are differentiable at ¥, and A, ¥j is continuous and differentiable at .



If % is a local minimum, then there exist scalars L), U, for j = [,
and Vj for j = 1,...,l such that

{
up VAR + Y uVgi(X) + Yy v Vhi(%) =0,

up,ui = 0,V¥i € I,(uo, vy, v) # (0,0,0),

(2.12)
where Ll is the vector whose component is [{j and v = (v;,...,v)".
Fritz John sufficient conditions. Define
S={x:gx)=0, forie Lh(x)=0,forj=1,....0} Ifhjfor j=1,...,[ are

affine and Vhi(X), j = 1,...,[, are linearly independent, and if there
exists an g-neighborhood N:(X) of X,& = 0, such that f is pseudo-
convex on S M N:(X), then ¥ is a local minimum for (2.1).

KKT necessary conditions. Suppose f'and g;, I € [, are differentiable at
X, gi.i e[, is continuous at w, and h;,Vj, is continuous and
differentiable at §. Suppose Vgi(X). ¥j= [, and Vii(X).j = 1.....[ are
linearly independent. If % is a local optimum, then unique scalars
;. i € f,and Vjfor j = 1,...,! exist such that

!
VFR) + ) uiVgi®) + ) v Vi) =0,
il j=l1
u; > 0,Vi e 1.
(2.13)

KKT sufficient conditions. Suppose KKT conditions hold at ¥, i.e.,
there exist scalars iy; = (Jfor ; & J and v;for j = 1I,...,/ such that

f
VAR) + )i Vgi®) + ) T VA(X) = 0.
il j=1

(2.14)

Let J ={j:v; = 0} and K = {j : vj = 0}. Suppose f'is pseudo-convex
at x, &7 is quasi-convex at ¥ for § & [, h; is quasi-convex at y for
J € J, and h; is quasi-concave at X for j € K. Then ¥ is a global
optimal solution to (2.1). If the generalized convexity assumptions on
the objective and constraint functions are restricted to a domain N.(X)
for some g = (), then X is a local minimum for (2.1).



e KKT second-order necessary conditions. Suppose the objective and
constraints defined in (2.1) are twice differentiable, and €2 is not empty.
If % 1s a local optimum, define the restricted Lagrangian function L(x)
as

ief

{
L(X) = (%, 8,9) = f(X) + ) " #gi(X) + ) Vi),
j=l

(2.15)
Denote its Hessian at ¥ by

{
VL) = V() + Y iVogil®) + vV y(X),

(2.16)

where V2f(x), V2igi(x) for § = [, and vZ2h(x) for j=1,...,! are the
Hessians of /', & for y = [, and h; for j=1,...,[, respectively.
Assume that Vg;(x) for ; < [ and Viy(X) for j = 1,...,[ are linearly
independent. Then ¥ is a KKT point and

d'viL)d = 0, (2.17)

for all de {d #0: Vgi(x)'d <0} for all § & f, viix)Td=0 for all
Tiiheasd.

o KKT second-order sufficient conditions. Suppose the objective and
constraints defined in (2.1) are twice differentiable, and € is not empty.
Let ¥ be a KKT point for (2.1), with Lagrange multiplier j; and j»
associated with the inequality and equality constraints, respectively.
Denote j* ={iel:u =0} and [ ={iecr:a =0}. Define the
restricted Lagrangian function L(x) and its Hessian. Define the cone

Vgi(X)'d =0} forielt,
C={d+#£0: Vgi(x)'d=<0} foriel,
Vhi(x)'d =0} forj=1,...,L
(2.18)

Then, if d € {d = 0} for all § & (, we have that ¥ is a strict local
minimum for (2.1).



The optimality discussed in this subsection can be used for different
scenarios. For example, it can prove the optimality of a certain solution, it
can determine the termination criteria for the adaptive algorithm, or it can be
used for convergence analysis.

2.1.4 The primal—dual algorithm

In this subsection, we define the duality concept for the constrained
optimization. Under some convexity assumptions and constraints, the primal
and dual problems have the same optimal objective values, so it is possible
to solve the prime problem by considering the dual problem and develop
very efficient algorithms. We will define the dual problem first and then
introduce the duality theorem. Some properties will be discussed and then
we will introduce the primal—dual algorithm.

Consider (2.1) as the primal problem. The Lagrangian dual problem of
(2.1) can be defined as

max #(u, v)

s.t.u =0,
(2.19)

where 6(u.v) =inf{f(x) + Y7 uigi®) + Xy vhy(x): x€ Q) .

For example, the primal problem for linear programming in standard
form is

min c'x

X
s.1. A=t
x = 0,
(2.20)

where x 1s the optimized vector with dimension A 4w ], ¢ and b are
constant vectors, and A 1s a constant matrix. The dual function is



N
f(u,v) = ir;t" (ch e Z AiX; + vI(Ax — h))
i=1
= —b'y + inf(c + Alv — }..)Tx,
X
(2.21)

where 3 = [x)...ay]". Since a linear function (¢ +ATv— ) 1S unbounded
below, f(u,v) = —oc only when ¢ + ATy — 1 =0. We have the dual
problem as follows:

by c—|—ATv—l =0,

max f(u, v) = :
—00 otherwise.

st A >0

(2.22)

One of the major applications of the dual problem is the duality theorem.
The following weak duality theorem states that the objective value of any
feasible solution to the dual problem is a lower bound on the objective value
of any feasible solution to the primal problem.

THEOREM 1. Weak duality theorem: If x is a feasible solution to the prime
problem in (2.1) and (u.v) are the feasible solution to the dual problem in
(2.19), then f(x) = B(u,v). The duality gap is defined as f(x)— 6{u,v).

Under convexity assumptions and constraint qualification, the duality
gap is zero under the following strong duality theorem.

THEOREM 2. Strong duality theorem: Let Q be a convex set, let 81 be convex,
and let hj be affine. Suppose there exists an x < ) such that g(x) < ) and
hix) = 0, and {) is the interior point for h (Slaters (interiority) condition).
Then the optimal point of a prime problem is the same as the optimal point
of a dual problem, i.e.,

inf{(2.1)} = sup{(2.19)}. (2.23)



The necessary and sufficient condition for the zero duality gap is the
existence of a saddle point defined as follows.

DEFINITION 4. (X, 81, V) with ¥ = §} and it = 0 if and only if
(1) o@Ea,%) =min(fx) + X, igix) + X hy(x)),
(1) g(x) < 0.h(¥) =0, and
(i) @ 'g(x) = 0.
The other similar interpretation is the complementary slackness [20].

If the primal and dual problems are equal, it is possible to solve the
primal problem indirectly by solving the dual problem. For nonlinear
nonconvex problems, the duality gap might not be zero. Sometimes, in
practice, the dual problem will need less information to optimize, and
consequently it is easier to solve. In addition, primal and dual problems can
be solved iteratively to find the optimal solution. One solution is called
cutting planes or the outer-linearization method with the steps as follows.

(1) Initialization.
(i1) Solve primal optimization.
(i11) Solve dual optimization.

(iv) Go back to step (1), until an optimal condition such as the KKT
condition has been satisfied.

2.2 Linear programming and the simplex
algorithm



Linear programming (LP) is the problem of maximizing/minimizing a linear
function over a convex polyhedron. It is used extensively in engineering. An
example of an engineering application is improving the network
performance for different users using the same radio resources. Linear
programs can be solved by using the simplex method [21, 22]. Some other
algorithms will also be discussed.

A linear program is a problem that can be expressed in standard form as
follows:

mine' x
subject to Ax=h,
o =0,

(2.24)

where x 1s the vector of variables to solve, A i1s a matrix of known
coefficients, and ¢ and b are vectors of known coefficients. The expression
cx is called the objective function, and the equations Ay — |y are called
the constraints. The matrix A is generally not square and usually A has more
columns than rows, and Ax — |y is therefore quite likely to be
underdetermined, leaving great latitude in the choice of x with which to
minimize ¢ [ y.

Two families of solution techniques are in wide use today. Both visit a
progressively improving series of trial solutions until a solution that satisfies
the conditions for an optimum is reached.

o The simplex methods, which were introduced by Dantzig about 50 years
ago, visit “basic” solutions computed by fixing enough of the variables
at their bounds to reduce the constraints A ¥ — |y to a square system,
which can be solved for unique values of the remaining variables. Basic
solutions represent extreme boundary points of the feasible region
defined by Ax — |, X = 0, and the simplex method can be viewed
as moving from one such point to another along the edges of the
boundary.



e Barrier or interior-point methods,' by contrast, visit points within the
interior of the feasible region. These methods stem from techniques for
nonlinear programming that were developed and popularized in the
1960s by Fiacco and McCormick, but their application to LP dates back
only to Karmarkar’s innovative analysis in 1984.

Whether the solution of an LP problem falls on the boundary of the
feasible region is specified by the following theorem.

THEOREM 3. Extreme-point (or simplex filter) theorem: If the maximum or
minimum value of a linear function defined over a polygonal convex region
exists, then it is found at the boundary of the region.

This theorem implies that a finite number of extreme points indicates a
finite number of solutions. Hence, the search is reduced to a finite set of
points. However, a finite set can still be too large for practical purposes. The
simplex method provides an efficient systematic search guaranteed to
converge in a finite number of steps.

Linear programming problems must be converted into augmented form
before being solved by the simplex algorithm. This form introduces non-
negative slack variables to replace inequalities with equalities in the
constraints. The problem can then be written in the following augmented
form:

I HEO

where x is the variable vector from the standard form in (2.24), Xg is the
introduced slack variable vector from the augmentation process, ¢ contains
the optimization coefficients, A and b describe the system of constraint
equations, and Z is the variable to be maximized.



The system is typically under-determined, since the number of variables
exceeds the number of equations. The difference between the number of
variables and the number of equations gives us the number of degrees of
freedom associated with the problem. Any solution, optimal or not, will
therefore include a number of variables of arbitrary value. The simplex
algorithm uses zero as this arbitrary value, and the number of variables with
value zero equals the degrees of freedom.

Variables with non-zero values are called basic variables, and variables
of zero value are called nonbasic variables in the simplex algorithm. The
augmented form simplifies finding the initial basic feasible solution. The
simplex method provides an efficient systematic search guaranteed to
converge in a finite number of steps. The algorithm is as follows.

(1) Begin the search at an extreme point (i.e., a basic feasible solution).

(i1)) Determine whether the movement to an adjacent extreme can
improve on the optimization of the objective function. If not, the
current solution is optimal. If, however, improvement is possible, then
proceed to the next step.

(i11)) Move to the adjacent extreme point which offers (or, perhaps, appears
to offer) the most improvement in the objective function.

(iv) Repeat steps (i1) and (i11) until the optimal solution has been found or
it can be shown that the problem is either unbounded or infeasible.

In 1972, Klee and Minty gave an example of an LP problem in which the
polytope P is a distortion of an n-dimensional cube. They showed that the
simplex method as formulated by Dantzig visits all 2y vertices before
arriving at the optimal vertex. This shows that the worst-case time-
complexity of the algorithm is exponential. Similar examples have been
found for other pivot rules. It is an open question whether there is a pivot
rule with polynomial time worst-case complexity. Nevertheless, the simplex
method is remarkably efficient in practice.



The importance of LP derives in part from its many applications and in
part from the existence of good general-purpose techniques for finding
optimal solutions. For example, Khachian [23] found an o(:%) polynomial
time algorithm. A much more efficient polynomial time algorithm was found
by Karmarkar [24]. This method goes through the middle of the solid
(making it a so-called interior-point method), and then transforms and warps.
Interior-point methods were known as early as the 1960s in the form of the
barrier-function methods. These techniques take as input only a linear
program in the standard form, and determine a solution without reference to
any information concerning the linear program’s origins or special structure.
These techniques are fast and reliable over a substantial range of problem
sizes and applications.

By contrast, there are some limitations of LP. In practice, the objectives
and the constraints are rarely linear functions of the optimization parameters.
Under nonlinear conditions, there might be many local optima and the
simplex algorithm cannot then find good solutions. In the next few sections,
we will discuss more generalized programming methods that deal with the
more complicated problems.

2.3 Convex programming

A convex optimization problem can be defined as

min fp(x)
: filx) =0,i = LM
subject t
subject to e

(2.26)

where the objective function fi is convex, the inequality constraint functions
f1s- - -.fm are convex, and the equality constraint functions gi(x) = a/x —b;
are affine.



A fundamental property of convex optimization problems is that any
locally optimal point is also globally optimal. Moreover, by using the duality
theory studied in the previous section, the optimality conditions can be easily
identified. Since linearity is a special kind of convexity, LP is a special kind
of convex optimization. Some typical convex programming problems are
discussed in the following subsections.

2.3.1 Quadratic, geometric, and semidefinite programming

A problem is called a quadratic program if the objective function is
quadratic and the constraint functions are affine as

min x| Px + EqTx

subject to Gx=
Pl Ax = b,

(2.27)

where p — pT. If P is a positive semidefinite matrix, then the problem in
(2.27) 1s a convex function. In this case, the quadratic program has a global
optimal point, if there exists at least one vector x satisfying the constraints
and the optimization goal is bounded on the feasible region. If P is positive
definite, then the global optimal point is unique. If P is zero, the problem
becomes a linear program. The KKT condition is sufficient when the
problem is convex.

The dual of a quadratic program is also a quadratic program. For
example, if we ignore the equality constraint in (2.27), the dual function is
given by

g(u) = inf %XTPX 4 qTx +u'(Gx — h}] . (2.28)

The infimum is attained for x = —(P)~!'(q + G "u), and we have the dual
problem as



1
min ;IITG(P}‘IGTH +(t" +GP) qu

s.t.u = 0.
(2.29)

For positive-definite P, the ellipsoid method solves the problem in
polynomial time [25]. If P is negative definite (even if Q has only one
negative eigenvalue), then the problem is NP-hard [25].

For geometric programming, we need the following two definitions.

DEFINITION 5. 4 function f'is called monomial if

Flx) = ax®x® L x, (2.30)

H
where ¢ = (Jand a; = R.

DEFINITION 6. 4 function f'is called posynomial if

K
f{l} _ Z ck r(fmruzi . ,_1:::”;", (23])

k=1
where ¢ = O and aj;, € R.

An optimization problem is called a geometric program if

min fo(x)

fly =10 =1,

subject to
! B Ty s B

(2.32)

where fiy. . ... [, are posynomials and /y.. ... h, are monomials. Geometric
programs have numerous applications, including circuit sizing and parameter



estimation via logistic regression in statistics. The maximum likelithood
estimator in logistic regression is a geometric program.

Geometric programs are not (in general) convex optimization problems,
but they can be transformed to convex problems by a change of variables
and a transformation of the objective and constraint functions. For example,
on putting y = log x, a posynomial becomes a sum of exponentials of affine
functions.

The field of semidefinite programming (SDP) or semidefinite
optimization (SDO) deals with optimization problems over symmetric
positive-semidefinite matrix variables with linear cost functions and linear
constraints. Popular special cases are LP and convex quadratic programming
with convex quadratic constraints. An SDP problem is

min ¢ ' x

subject to F(x) = 0,
(2.33)

where

m

Fx) =Fo+ ) xF, (2.34)
i=1

and F(X) is positive semidefinite.

The dual of a semidefinite program is given by

min Fpy

v =0 ¥
subject to f’i O.O’ b

(2.35)



Many practical problems in operations research and combinatorial
optimization can be modeled or approximated as semidefinite programming
problems. There are two types of algorithms for solving SDPs. One is the
interior-point methods, and the other one is specialized general convex
optimization algorithms.

2.3.2 The gradient method, the Newton method, and their
variations

One advantage of convex optimization is the fact that there are many simple
methods to find the global optimum. We will discuss the solutions of
unconstrained optimization first, and then we will generalize the solutions to
the constrained optimizations. For the unconstrained cases, some methods
are as follows.

* The gradient method finds the nearest local minimum of a function
with the assumption that the gradient of the function can be
computed. The method of steepest descent, also called the gradient-
descent method, starts at a point X{} and, as many times as needed,
moves from X; to X; | by minimizing along the line extending in
the direction of — Vf(x), the local downhill gradient. The pseudo-
code is given as follows.

Given a feasible starting point Xy}, repeat the following steps.
(1) Calculate the gradient Vf(x).

(i1) Line search: Choose the step size ¢ that optimizes

f(x; — 1VF(x;)-
(1) Update: x;11 = X; — tVf(X;).

Continue repeating the above steps until the stopping criteria, such as
the KKT condition (defined in the previous section) or the desired
accuracy, are satisfied.



One example of the gradient method is shown in Figure 2.4. As can
be seen, the method of steepest descent is simple and easy to apply,
and each iteration is fast. It is also very stable. If minimum points
exist, the method is guaranteed to locate them. But, even with all
these positive characteristics, the method has one very important
drawback: It generally has slow convergence. For badly scaled
systems, i.¢., if the eigenvalues of the Hessian matrix at the solution
point are different by several orders of magnitude, the method can end
up spending a long number of iterations before locating a minimum
point. It starts out with a reasonable convergence, but the progress
gets slower and slower.

The Newton method is a well-known algorithm for finding roots of
equations in one or more dimensions. It can also be used to find local
maxima and local minima of functions by noticing that, if a real
number y* is where the first-order gradient of a function f(x) is equal
to zero, one can solve for * by applying Newton’s method to f'(x).

Figure 2.4. An example of the gradient-descent method.

DEFINITION 7. Given that the second-order differential exists,
theNewton step is defined as

Vo = — V(%) V(). (2.36)
This can have the following interpretations:

¥t 1s the minimizer of the second-order approximation



f{x +v) =f(x)+ ‘Ff{x}Tv + %Vijf{X]‘V.
i (2.37)

¥t 1s the steepest descent direction in Hessian norm.

¥t 1s the solution of a linearized optimality condition for the first-
order differential Vf(x*) = (.

The Newton step is independent of linear changes of the parameters.

DEFINITION 8. TheNewton decrement is defined as
A(x) = (V) V() Vi), (2.38)

A7 /2 is an estimate of f(X) — f*, based on the quadratic
approximation of fat x [20].

The geometric interpretation of Newton’s method is that at each
iteration one approximates f(x) by a quadratic function around x, and
then takes a step towards the maximum/minimum of that quadratic
function. The detailed steps are given below.

Given a feasible starting point X{}, tolerance g - (), repeat the
following steps.

(1) Calculate the Newton step and decrement.
(11) Quitif 32/2 <e.
(i11) Line search: Choose the step size ¢.
(iv) Update: X; | = X; + [Vpt.

Newton’s method converges much faster towards a local maximum or
minimum than does the gradient-descent method. However, to use



Newton’s method, one needs to know the Hessian of f(x), which
sometimes can be difficult to compute. There exist various quasi-
Newton methods, where an approximation for the Hessian is used
instead. Another drawback of Newton’s method is that finding the
inverse of the Hessian can be an expensive operation.

There are some other methods for unconstrained optimization.

e Conjugate gradients. This method is an attempt to resolve this problem
by “learning” from experience. It uses conjugate directions instead of
the local gradient for going downhill. The method proceeds by
generating vector sequences of iterates (i.e., successive approximations
to the solution), residuals corresponding to the iterates, and search
directions used in updating the iterates and residuals. Although the
length of these sequences can become large, only a few vectors need to
be kept in memory. In every iteration of the method, two inner products
are performed in order to compute update scalars that are defined to
make the sequences satisfy certain orthogonality conditions. If the
vicinity of the minimum has the shape of a long and narrow valley, the
minimum is reached in far fewer steps than the case using the method
of steepest descent.

The secant method. For the Newton method, it can be laborious both to
calculate and to invert the Hessian matrix for systems with a large
number of dimensions. The idea of the secant method is not to use the
Hessian matrix directly, but rather to start the procedure with an
approximation to the matrix, which, as one gets closer to the solution,
gradually approaches the Hessian.

Stochastic (or “on-line”) gradient descent. The true gradient is
approximated by the gradient of the cost function evaluated for a single
training example. The parameters are then adjusted by an amount
proportional to this approximate gradient. Therefore, the parameters of
the model are updated after each training example. For large data sets,
on-line gradient descent can be much faster than batch gradient descent.
The Broyden—Fletcher—-Goldfarb—Shanno (BFGS) method. Quasi-
Newton or variable metric methods can be used when it is difficult or
time-consuming to evaluate the Hessian matrix. Instead of obtaining an
estimate of the Hessian matrix at a single point, these methods



gradually build up an approximate Hessian matrix by using gradient
information from some or all of the previous iterates visited by the
algorithm.

In the rest of this section, we will discuss how to solve the constrained
optimization. First, by using the KKT condition, sometimes we can prove
that the constraints can be eliminated without affecting the final solutions.
Moreover, by utilizing the dual problem, some constraints can be removed
without loss of the optimality. If the constraints cannot be reduced, the
following methods are the general approaches which can be employed to
solve the problems.

» The projected-gradient method/Newton method. If there is no
inequality constraint, we can project the gradient or search direction
according to the equality constraint. Suppose the optimization
problem is given by

min f(x)

subject to Ax = b.
(2.39)

For the projected-gradient method, the project gradient ¥pg can be

A 0 W 0 t

where w is an estimate of the Lagrange multiplier.

(2.40)

For the projected Newton method, the projected Newton step ¥pi
can be expressed as

(vff(x} AT Vat _(—vﬂx}
2 ) (w )=

(2.41)



 The interior-point method/barrier method. When the searching point
approaches the boundary of the feasibility, the approach is to add the
penalty to the objective so that the solution always satisfies the
inequality constraints. We will discuss these approaches in detail in
Section 2.4.

 The cutting planes method. The basic idea of this approach is to find a
hyperplane so that the searching space for the optimal solution can be
greatly reduced. We will discuss this method in Section 2.5.

2.3.3 The alternating-direction method-of-multipliers algorithm

The general form of the alternating-direction method of multipliers
(ADMM) is described as follows:

win  f-+gl) (2.42)

subject to Ax+ Bz =¢,

where x £ B", z € B™, and ¢ = [P, with matrices A = [FP*? and
B = BF*™ The functions f and g are closed, convex, and proper. The
scaled augmented Lagrangian can be expressed as

L, (%) = f(%) + g(2) + 2 |Ax + Bz - e+,
(2.43)

where p = () is the penalty parameter and J is the scaled dual variable.
Using the scaled dual variable, x and z are updated in a Gauss—Seidel
fashion. At each iteration ¢, the update process can be expressed as

T A argmin f(X) + %HA:{ +Bz —c+ ||%,
% 2

z+! = argmin (@) + 2 |AX*! + Bz — e+ /I3,
: 2

(2.44)



Finally, the scale dual variable is updated by

i+1

M s ﬂf +A1f+|. 2 BIH—[ C. (245)

ADMM-based methods offer an opportunity for a general framework of
distributed optimization, one canonical example of which is the sharing
problem which has the form

N N
min ) _ fi(x;) + g (Z x,-) ; (2.46)

i

where x; € B, i = I, ....N, are local variables. The function f; depicts
the local cost for subsystem i, and function g is the common objective. In the
sharing problem, each agent i determines its own individual variable X to
optimize the local cost/payoff function f; and the shared objective g. The
sharing problem can be delicately handled by ADMM in a distributed
fashion. By duplicating all the variables X;, the sharing problem can be
rewritten as follows:

N N
I;mg Z:ﬁ(xs} gu ) (zr: Zi ) (2.47)

subject to x; =z, Vi

The scaled update process of ADMM consists of the iterations. The ]'{,-
update can be performed individually by each local agent j = 1,....N in
parallel as

. P
1 = argmin f;(x;) + o Ixi — z; + i3, (2.48)

X;

and the variable z is updated after collecting all the local variables as



J?I'I'r
it — argmlng( E Z,—) + ;“1'; — L + ﬂ:-||3~
z v -
i

(2.49)

The scaled dual variable [l ;-update step is also performed independently in
parallel as follows:

Vg ) (2.50)

Hence, the original sharing problem is decomposed into two parts: a z-
update optimization problem, which requires collecting X; from each agent;
and N Xj-update optimization problems, which are calculated by each
individual agent from the scattered new z.

2.4 Nonlinear programming

A nonlinear program is a problem that can be put into the form

min F(x)

- gi(x) =0, fori=1,...,m, where m = 0,
subject to { ] _ ’
hj(x) =0, forj=m; + 1,....m, where m = m,

2.51)

where F' is a scalar-valued function of variable vector x. We seek to
minimize F subject to one or more other such functions that serve to limit or
define the values of the variable vector. F' is called the “objective function,”
and the various other functions are called the “constraints.” Since the
objective function or the constraints can be nonlinear, the optimization in
(2.51) is called nonlinear programming (NLP).

One of the greatest challenges in NLP is that some problems exhibit
“local optima,” i.e., solutions that merely satisfy the requirements on the
derivatives of the functions but are not necessarily good. These situations are



similar to multiple peaks. It is difficult for an algorithm that tries to move
from point to point only by climbing uphill, since the peak it achieves might
not be the highest. Algorithms that have been proposed in order to overcome
this difficulty are termed “global optimization.” Next, we will first discuss
how to find a local optimum from an initialization. Specifically, we will
discuss the barrier/interior-point method. Then we will study the techniques
to find the global optimum.

The idea of encoding the feasible set using a barrier and designing
barrier methods was studied in the early 1960s by Fiacco, McCormick and
others. These ideas were mainly developed for general NLP. Nesterov and
Nemirovskii came up with a special class of such barriers that can be used to
encode any convex set. They guarantee that the number of iterations of the
algorithm is bounded by a polynomial in the dimension, and guarantee the
accuracy of the solution.

2.4.1 The barrier/interior-point method

In constrained optimization, a barrier function is a continuous function
whose value at a point increases to infinity as the point approaches the
boundary of the feasible area. It is used as a penalizing term for violations of
constraints. The barrier function will also be convex and smooth. The two
most common types of barrier functions are inverse barrier functions and
logarithmic barrier functions given as

Z;J:nq ]JH}_."{X} if h_l,i = O'«f =mp.....m,

T =2 .
" +00 otherwise,
(2.52)
and
frlog i | - Zj'”:ml IDg(hj{xj) if hj = 0-_} =mMl.....M
+00 otherwise,
(2.53)

respectively.



On adding the barrier function to the objective function F(x), the
problem in (2.51) becomes

min tF(x) + /(x)

subject to g;(x) =0, fori=1,....m.
(2.54)

In the extreme case, where ¢ is large enough, the barrier function / becomes
an ideal barrier function, and the problem in (2.54) becomes the problem in
(2.51).

The barrier method (path-following algorithm) tries to solve the problem
in (2.51) by solving a sequence of the simplified problem in (2.54). In other
words, the method computes the optimal x* for a sequence of increasing
values of ¢ until the solution is close enough to the original problem. The
details of the barrier method are shown in Table 2.1.

Table 2.1. The barrier method

Given a feasible initialization x{}, tolerance £ = -D, and ilL et ﬂ, M= 1, repeat
the following steps.

1. Calculate % * in (2.54).

2.Puty — K*'

3. If the tolerance is satisfied, return x.

4.Putf = [l

There is a tradeoff in the choice of w. If x is small, the complexity in
solving the problem in (2.54) for each iteration is small, and the iterations
closely follow the central path within the feasible range which can avoid
possible local optima. However, it needs more iterations. By contrast, if u is



large, the barrier function converges fast to the ideal one, but the complexity
for solving (2.54) increases and a certain possible local optimum might
appear.

Interior-point methods are a certain class of algorithms used to solve
linear and nonlinear convex optimization problems. These algorithms were
inspired by the algorithms of Narendra Karmarkar for linear programming,
which he developed in 1984. The basic elements of the method consist of a
self-concordant barrier function used to encode the convex set. Mehrotra’s
predictor—corrector algorithm is a common implementation of an interior-
point method. The primal—dual interior-point method proposed by Kojima,
Mizuno, and Yoshise is also widely used. The interior-point method starts
from the analytic center (which is proposed by Sonnevend and Megiddo),
then follows the central path, and finally converges to an optimal solution.
One example 1s shown in Figure 2.5.

\

Analytic Cantar
Eeih

Central Path

Optimal Solution

o

Figure 2.5. An example of the interior-point method.

To achieve the global optimum, the initial starting point for the
algorithms plays an important role. One popularly used approach starts with
some heuristics with good solutions, and then uses a certain algorithm to
converge to a better solution. In most cases, some good solutions can be
obtained. However, the global optimum is not guaranteed. In order to obtain
the global optimum, some other method can be employed.



2.4.2 The Monte Carlo method

Monte Carlo methods are a class of computational algorithms for simulating
the behavior of various physical and mathematical systems. They are
distinguished from other simulation methods (such as molecular dynamics)
by being stochastic, which means that they are nondeterministic in a certain
manner. The algorithm usually uses random numbers (or more often pseudo-
random numbers) as opposed to deterministic algorithms.

Interestingly, the Monte Carlo method does not require truly random
numbers for it to be useful. Many of the most useful techniques use
deterministic, pseudo-random sequences, making it easy to test and re-run
simulations. The only quality usually necessary to make good simulations is
for the pseudo-random sequence to appear “random enough” in a certain
sense. That is, the elements must either be uniformly distributed or follow
another desired distribution when a large enough number of elements of the
sequence are considered. Because of the repetition of algorithms and the
large number of calculations involved, the Monte Carlo method can be
applied in a computer by utilizing many techniques of computer simulation.

For optimization problems, especially for problems with large
dimensions, there might be a lot of local optima. To overcome the problem,
we initialize the algorithm randomly within the feasible region. By
comparing the local optima, the probability of finding the global optimum is
increased with the number of Monte Carlo initialization points. There are
some variations of Monte Carlo methods such as parallel tempering and
stochastic tunneling.

2.4.3 Simulated annealing

Simulated annealing (SA) is a generic probabilistic meta-algorithm for the
global optimization problem. It was independently invented by S.
Kirkpatrick, C. D. Gelatt, and M. P. Vecchi in 1983, and by V. Cerny in
1985.



The name and inspiration come from annealing in metallurgy, a
technique involving heating and controlled cooling of a material to increase
the size of its crystals and reduce their defects. The heat causes the atoms to
become unstuck from their initial positions (a local minimum of the internal
energy) and wander randomly through states of higher energy; the slow
cooling gives them more chances of finding configurations with lower
internal energy than the initial one.

By analogy with this physical process, each step of the SA algorithm
replaces the current solution by a random “nearby” solution. This solution is
chosen with a probability that depends on the difference between the
corresponding function values and on a global parameter 7' (called the
temperature). The temperature is gradually decreased during the process.
The dependence is such that the current solution changes almost randomly
when 7 is large, but increasingly “downhill” as 7T goes to zero. The
allowance for “uphill” moves saves the method from becoming stuck at local
minima.

At each step, the SA heuristic considers a certain neighbor of the current
state, and probabilistically decides between moving the system to a neighbor
state or staying in the current state. The probabilities are chosen so that the
system ultimately tends to move to states of lower energy. The probability is
large when the temperature is high so that the algorithm will not become
stuck in a certain local optimum. By contrast, the probability is low since the
probability of local optima is low. When the temperature is zero, the
algorithm reduces to the greedy algorithm. Typically this step is repeated
until the system reaches a state that is good enough for the application, or
until a given computation budget has been exhausted. It can be shown that,
for any given finite problem, the probability that the simulated annealing
algorithm terminates with the global optimal solution approaches 1 as the
annealing schedule is extended.

2.4.4 Genetic algorithms

A genetic algorithm (GA) is a search technique used to find approximate
solutions for optimization problems. Genetic algorithms are a particular class



of evolutionary algorithms that use techniques inspired by evolutionary
biology such as inheritance, mutation, natural selection, and recombination
(or crossover).

Genetic algorithms are typically implemented as a computer simulation
in which a population of abstract representations (called chromosomes) of
candidate solutions (called individuals) to an optimization problem evolves
toward better solutions. Traditionally, solutions are represented in binary as
strings of Os and 1s, but different encodings are also possible. The evolution
starts from a population of completely random individuals and happens in
generations. In each generation, the fitness of the whole population is
evaluated. Then, multiple individuals are stochastically selected from the
current population (according to their fitness), and modified (mutated or
recombined) to form a new population, which becomes current in the next
iteration of the algorithm. The details of the algorithm are shown in Table
2.2

Table 2.2. Genetic algorithm

Choose the population of random initializations.

Repeat the following steps.

1. Evaluate the individual performance of a certain proportion of the population.

2. Select pairs of best-ranking individuals to reproduce.

3. Apply a crossover operator, which determines the probability that the two selected
individuals will be actually combined together for the offspring.

4. Apply a mutation operator, whereby a small probability of mutation is added to the
offspring.

Continue to repeat the above steps until a terminating condition is attained.

2.4.5 Swarm intelligence



Swarm intelligence (SI) is the collective behavior of decentralized, self-
organized systems, natural or artificial. The concept is employed in artificial
intelligence. SI systems consist typically of a population of simple agents
interacting locally with one another and with their environment. The
inspiration often comes from nature, especially biological systems. The
agents follow very simple rules, and, although there is no centralized control
structure dictating how individual agents should behave, local, and, to a
certain degree, random, interactions among such agents lead to the
emergence of “intelligent” global behavior, unknown to the individual
agents. Natural examples of SI include ant colonies, bird flocking, animal
herding, bacterial growth, and fish schooling. In principle, a swarm should
be a multi-agent system that has self-organized behavior and shows certain
intelligent behavior. The application of swarm principles to robots is called
swarm robotics, while the term SI refers to the more general set of
algorithms. “Swarm prediction” has been used in the context of forecasting
problems.

Examples of algorithms include, but are not limited to, altruism
algorithms [25, 26], ant colony optimization [27, 28], artificial bee colony
algorithms [29], artificial immune systems [30], gravitational search
algorithms [31, 32], glowworm swarm optimization [33, 34], intelligent
water drops [35], particle swarm optimization [36, 37, 38], river formation
dynamics [39, 40, 41], self-propelled particles [42, 43, 44], stochastic
diffusion search [45, 46, 47, 48, 49], and multi-swarm optimization [50, 51],
which fit different scenarios. SI-based techniques can be used in a number of
applications such as orbital swarms for self-assembly and interferometry,
swarm technology for planetary mapping, data mining, ant-based routing,
and crowd simulation.

In the following, we show an example of how to find the shortest path.
Suppose that, from the source to the destination, there are multiple paths,
and ants need to find the shortest path. The SI algorithm can be summarized
as follows.

(1) As they move, ants deposit a pheromone.



(1)) The pheromone decays in time.
(i11) Ants follow the path with the highest pheromone concentration.

(iv) Without pheromone, the probability of choosing a short path is equal
to that of choosing a long path.

A shorter path allows a higher number of passages, and therefore the
pheromone level will be higher on shorter paths. Ants will increasingly tend
to choose shorter paths.

2.5 Integer programming

Discrete optimization is the problem in which the decision variables assume
discrete values from a specified set. Combinatorial optimization problems,
on the other hand, are problems that involve choosing the best combination
out of all possible combinations. Most combinatorial problems can be
formulated as integer programs. Integer/combinatorial optimization
problems are investigated with the efficient allocation of limited resources to
meet desired objectives when the values of some or all of the variables are
restricted to be integral. Constraints on basic resources, such as modulation,
channel allocation, and coding rate, restrict the possible alternatives that are
considered feasible. For example, channel allocation, modulation level,
channel coding rate, and even power are discrete in the real-practice system.
To design future wireless networks, it is of importance to study these integer
optimization problems, especially from an industrial implementation point of
view.

The versatility of the integer/combinatorial optimization model stems
from the fact that, in many practical problems, activities and resources such
as the channel, user, and time slot are indivisible. Also, many problems have
only a finite number of alternative choices (such as modulation) and
consequently can appropriately be formulated as combinatorial optimization
problems, the word combinatorial referring to the fact that only a finite



number of alternative feasible solutions can exist. Combinatorial
optimization models are often referred to as integer programming models,
where programming refers to “planning” so that these are models used in
planning where some or all of the decisions can take on only a finite number
of alternative possibilities. Integer optimization is the process of finding one
or more best (optimal) solutions in a well-defined discrete problem space. In
this section, we study how to use integer optimization for wireless
networking and resource-allocation problems.

The major difficulty with these problems is that we do not have any
optimality conditions to check whether a given (feasible) solution is optimal
or not. For example, in linear programming we do have an optimality
condition: When a candidate solution is given, we’ll check whether there
exists an “improving feasible direction” in which to move; if there doesn’t,
then the solution is optimal. If we can find a direction in which to move that
results in a better solution, then the solution is not optimal. There are no such
global optimality conditions in discrete or combinatorial optimization
problems. The means to guarantee that a given feasible solution is optimal is
to “compare” with every other feasible solution. To do this explicitly
amounts to total enumeration of all possible alternatives, which 1is
computationally prohibitive due to the NP-completeness of integer
programming problems. Therefore, this comparison must be done implicitly,
resulting in partial enumeration of all possible alternatives.

There are at least three different approaches for solving integer
programming problems, although they are frequently combined into
“hybrid” solution procedures in computational practice. They are

» relaxation and decomposition techniques,
e enumeration techniques, and
e cutting planes approaches that are based on polyhedral combinatorics.

Before we study those techniques, we investigate the general problem and
one simple example, namely the knapsack problem, in the following two
sections.



2.5.1 General formulation

In this subsection, we first discuss the general problem formulation for
integer optimization. Then we discuss the potential applications for wireless
networking and resource allocation. We further illustrate the concerns for
formulating the problem.

Most of the integer optimization research to date covers only the linear
case. A survey of nonlinear integer programming approaches is given in
[52]. The general problem formulation can be given by

min f(X, y, Z)
XY.Z
gilxy. 2y, fori=1...,m,
s.t. hix,y,2) =0, for j=1,...,1,

xeR.ye {01}, andze T,
(2.55)

where the function f is the objective function, the functions £; are the
equality constraint functions, the functions /; are the inequality constraint
functions, the component of the vector x is a real-valued variable, the
component of the vector y is a variable of either 0 or 1, and the component
of the vector z is an integer value in a space J . If y = 0 and g — (), (2.55)
becomes a nonlinear optimization case. If g — (), the problem in (2.55) is
referred to as a pure 0-1 integer-programming problem; if y = 0, the
problem in (2.55) is called a pure-integer programming problem. Otherwise,
the problem is a mixed-integer programming problem.

For wireless networking and resource allocation, there are many
potential applications of integer optimization. Next, we will list some
representative examples.

* Network, routing, and graph problems. Many optimization
problems can be represented by a network, where a network (or
graph) is defined by nodes and by arcs connecting those nodes. Many
practical problems arise around physical networks such as



communication networks. In addition, there are many problems that
can be modeled as networks even when there is no underlying
physical network. For example, one can think of the assignment
problem where one wishes to assign a set of users to a certain set of
jobs in a way that minimizes the cost of the assignment. Here one set
of nodes represents the users to be assigned, another set of nodes
represents the possible jobs, and there is an arc connecting a user to a
job if that user 1s capable of performing that job.

In addition, there are many graph-theoretic problems that examine
the properties of the underlying graph or network. Such problems
include the Chinese-postman problem where one wishes to find a path
(a connected sequence of edges) through the graph that starts and ends
at the same node, which covers every edge of the graph at least once;
and has the shortest length possible. If one adds the restriction that
each node must be visited exactly once and drops the requirement that
each edge be traversed, the problem becomes the notoriously difficult
traveling-salesman problem. Other graph problems include the vertex-
coloring problem, whose object is to determine the minimum number
of colors needed to color each vertex of the graph in order that no pair
of adjacent nodes (nodes connected by an edge) will share the same
color; the edge-coloring problem, whose object is to find a minimum
total weighted collection of edges such that each node is incident to at
least one edge; the maximum-clique problem, whose objective is to
find the largest subgraph of the original graph such that every node is
connected to every other node in the subgraph; and the minimum-cut
problem, whose objective is to find a minimum weighted collection of
edges that (if removed) would disconnect a set of nodes s from a set
of nodes .

Although these combinatorial optimization problems on graphs
might appear, at first glance, to be interesting mathematically but to
have little application to the decision making in management or
engineering, their domain of applicability is extraordinarily broad.
The traveling-salesman problem has applications in routing and
scheduling, in large-scale circuitry design, and in strategic defense.
The four-color problem (can a map be colored in four colors or
fewer?) is a special case of the vertex-coloring problem. Both the



clique problem and the minimum-cut problem have important
implications for the reliability of large systems.

The scheduling problem. Space—time networks are often used in
scheduling applications. Here one wishes to meet specific demands at
different points in time. To model this problem, different nodes
represent the same entity at different points in time. An example of
the many scheduling problems that can be represented as a space—
time network is the channel-assignment problem, which requires that
one assign a specific favorable user to the channel to maximize the
system performance or QoS. Each time, a channel must have one and
only one user assigned to it, and a user can be assigned to a channel
according to its instantaneous channel conditions as well as its
transmission history or QoS.

The assignment problem. The assignment problem is one of the
fundamental combinatorial optimization problems in the branch of
optimization or operations research in mathematics. In its most
general form, the problem is as follows.

There are a number of agents and a number of tasks. Any agent can
be assigned to perform any task, incurring a certain cost that may vary
depending on the assignment. It is required to perform all tasks by
assigning exactly one agent to each task in such a way that the total
cost of the assignment is minimized. If the numbers of agents and
tasks are equal and the total cost of the assignment for all tasks is
equal to the sum of the costs for each agent (or the sum of the costs
for each task, which is the same thing in this case), then the problem
is called a linear assignment problem. Commonly, when one speaks of
an assignment problem without any additional qualification, the linear
assignment problem is meant. Other kinds are the quadratic
assignment problem and the bottleneck assignment problem.

The assignment problem is a special case of another optimization
problem known as the transportation problem, which is a special case
of the maximal flow problem, which in turn is a special case of a
linear program. While it is possible to solve any of these problems
using the simplex algorithm, each problem has more efficient
algorithms designed to take advantage of its special structure.



Algorithms that solve the linear assignment problem within an
amount of time bounded by a polynomial expression of the number of
agents are known.

The restrictions on agents, tasks, and cost in the (linear) assignment
problem can be relaxed, as shown in the example below. Suppose that
a taxi firm has three taxis (the agents) available, and three customers
(the tasks) wishing to be picked up as soon as possible. The firm
prides itself on speedy pickups, so for each taxi the “cost” of picking
up a particular customer will depend on the time taken for the taxi to
reach the pickup point. The solution to the assignment problem will
be whichever combination of taxis and customers results in the least
total cost.

However, the assignment problem can be made rather more flexible
than it first appears. In the above example, suppose that there are four
taxis available, but still only three customers. Then a fourth task can
be invented, perhaps called “sitting still doing nothing,” with a cost of
0 for the taxi assigned to it. The assignment problem can then be
solved in the usual way and still give the best solution to the problem.

Similar tricks can be played in order to allow more tasks than
agents, tasks to which multiple agents must be assigned (for instance,
a group of more customers than will fit in one taxi), or maximizing
profit rather than minimizing cost.

The formal definition of the assignment problem (or linear
assignment problem) can be written as follows. Each of n tasks can be
performed by any of n agents. The cost of task i being accomplished
by agent j is €'ij. Assign one agent to each task to minimize the total
cost as

n n
min E E E‘,.:],'.\',:].'

i=1 j=1

Zj!:l xj=1, foralli,
s.t. ¢ Yix; =1, forallj,
X € (0, 1),

(2.56)



Now we discuss the formulation considerations. The versatility of the
integer programming formulation, as illustrated by the above examples, shall
provide sufficient explanation for the high activity in the field of
combinatorial optimization that is investigated by developing solution
procedures for such problems. Since there are often different ways of
mathematically representing the same problem, and since obtaining an
optimal solution to a large integer-programming problem in a reasonable
amount of computer time may well depend on the way it is “formulated,”
much recent research has been directed toward the reformulation of integer
programming problems. In this regard, it is sometimes advantageous to
increase (rather than decrease) the number of integer variables, the number
of constraints, or both. Moreover, a certain problem may be of such a nature
that it can hardly be formulated as (2.55), but (2.55) has a wide range of
applications.

Once the problem has been formulated (or reformulated) into an integer
programming problem, solution approaches for obtaining optimal — or at
least near-optimal — solutions must be found. In the next subsection, we
discuss a special case of integer programming, namely the knapsack
problem, and its variety of applications.

2.5.2 The knapsack problem

In this subsection, we discuss one special case of integer programming and
its applications. Then, we list different formats of the problem formulation.

Suppose one wants to fill a knapsack that can hold a total weight of ¢
with a certain combination of items from a list of n possible items each with
weight ¥ and value [? so that the value of the items packed into the
knapsack 1s maximized. This problem has a single linear constraint (that the
weight of the items in the knapsack not exceed c), a linear objective
function, which sums the values of the items in the knapsack, and the added
restriction that each item either be in the knapsack or not, i.e., a fractional
amount of an item is not possible. Define a vector of binary variable -Xj
having the following meaning:



1. if item j is selected.
i . if item :]115 selecte (2.57)
0. otherwise.

The simplest knapsack problem is that of how to pack as many valuable
items as possible, which has the following formulation:

H
max E PjX;
Xf :
J=1

n
5.1. E WiXj = C.
i=1

(2.58)

In general the knapsack problems are NP-hard. For solution approaches
specific to the knapsack problem see [53].

Although this problem might seem almost too simple to have much
applicability, the knapsack problem is important to cryptographers and to
those interested in protecting computer files, electronic transfers of funds,
and electronic mail. These applications use a “key” to allow entry into
secure information. Often the keys are based on linear combinations of a
certain collection of data items that must equal a certain value. This problem
1s also structurally important in that most integer programming problems are
generalizations of this problem (i.e., there are many knapsack constraints
that together constitute the problem). Approaches for the solution of multiple
knapsack problems are often based on examining each constraint separately.

Next, we will list all types of knapsack-problem formulations. For
wireless networking and resource allocation, we can select the best fits for
the specific problem.

e The 0-1 knapsack problem. The problem formulation is the same as
(2.58). The problem itself attracts a lot of attention for three reasons.
First, it can be viewed as the simplest integer optimization problem.



Second, it appears as a subproblem of many complex problems. Third,
it may represent many practical situations.

The bounded knapsack problem. The bounded knapsack problem is a
generalized 0—-1 knapsack problem since Xj can be a certain integer
other than binary. The problem is formulated as

H
max E 7iX;
j=1

R PP e A N
Zj:l H.J'IJ =

8.1
0 < x; < bj and integer, je N = {1,...,n}.

(2.59)

The subset-sum problem. The subset-sum problem is also called the
value-independent knapsack problem or stick-stacking problem. It is a
particular case of the 0—1 knapsack problem with p; = w;, ¥j. The
problem can be written as

R
m;_lx E HL.‘J.}'
x £

j=l1

M
2 j=1WiXj = 6,

x; = 1, if item j is selected; x; = 0, otherwise.

s.L

(2.60)

The change-making problem. The problem is to make changes for a
fixed amount of money and minimize the number of changes. The unit
for each change is denoted by Wj and the overall amount of money is c.
The problem can be formulated as

A
xj
J=1

n
S Wi =,
s.t. ? o
0 =< xj and 1s an integer, j e N = {1,....n}.

2.61)

The multiple-knapsack problem. If there is more than one knapsack, the
problem 1s a multiple-knapsack problem. Suppose there are in total m
knapsacks and » items. The 0—1 multiple-knapsack problem is given by



m n
Imax E E Pj-‘f{a’
i=1 j=1
n ) . ; .
Z_.i:l wixg <c, VieM=1{1,...,m),

m

g.t. = 1, Vie N={1,....,n},

xiy = 1, if item j is selected for knapsack i; x; = (. otherwise.
(2.62)

e The generalized assignment problem. In the generalized assignment
problem, the profit and weight are different for different knapsacks, i.e.,
we have ij and Wij. The problem formulation is given by

max Z Z PijXij
i=1 j=1
Zj’:l Wiy < ci, Yie M ={1,...,m},
5.t ¥ Yasp=il, e N=Ell..00

x;; = 1, if item j is selected for knapsack i; x;; = 0. otherwise.
(2.63)

e The bin-packing problem. The bin-packing problem is that of how to
select the minimal number of knapsacks with capacity ¢ to pack all the
items. Suppose y; = 1 if the ith knapsack is occupied; otherwise y; = ()
. The problem formulation is given by

H
min Z ¥i
i=l
Zj!:l WiXij = ¢y, YIEN = [1:c00n)
SL o4 Y hpmp= L e N =l
x; = 1, if item j is selected for knapsack i; x;; = 0, otherwise.

(2.64)

In the next three subsections, we will discuss three different approaches
to solve the integer/combinatorial problem. Examples are given to clarify the
approaches.



2.5.3 Relaxation and decomposition

One approach to the solution to integer-programming problems is to take a
set of “complicating” constraints into the objective function in a Lagrangian
fashion (with fixed multipliers that are changed iteratively). This approach is
known as Lagrangian relaxation. Removing the complicating constraints
from the constraint set frequently makes the resulting subproblem
considerably easier to solve. The latter is a necessity for the approach to
work because the subproblems must be solved repetitively until optimal
values for the multipliers are found. The bound found by Lagrangian
relaxation can be tighter than that found by linear programming, but only at
the expense of solving subproblems in integers, 1.e., only if the subproblems
do not have the integrality property. (A problem has the integrality property
if the solution to the Lagrangian problem is unchanged when the integrality
restriction is removed.) Lagrangian relaxation requires that one understands
the structure of the problem being solved in order to then relax the
constraints that are “complicating” it [54]. A related approach that attempts
to strengthen the bounds of Lagrangian relaxation is called Lagrangian
decomposition [55]. This approach consists of isolating sets of constraints so
as to obtain separate, easily solved problems over each of the subsets. The
dimension of the problem is increased by creating linking variables that link
the subsets. All Lagrangian approaches are problem-dependent and no
underlying general theory has evolved.

Suppose an example constrained combinatorial optimization as follows:

R
max Z PiX;j
j=1
H R
5.t | D=1 =,

x; = {0, 1}, ¥j.
(2.65)

The Lagrangian relaxation relaxes the complicated constraint to the
objective function, which is given by



n R
max Z pixi+a|ec— Z WiX;
j=1 =

s.t. x; = {0, 1}, V).
(2.66)

where }_is the Lagrange multiplier. The goal is that there is a certain simple
solution to solve (2.66) with fixed 3. Consequently, the complexity can be
reduced a lot. By adjusting 3, the feasibility and slackness of the
complicated constraints are improved. This method is called the sub-gradient
method and can be implemented as follows.

(1) Begin with each }_at 0. Let the step size be a certain (problem-
dependent) value £.

(11) Solve (2.66) to get the current solution x.
(111) For every constraint violated by x, increase the corresponding }_ by k.

(iv) For every constraint with positive slack relative to x, decrease the
corresponding } by k.

(v) If m iterations have passed since the best relaxation value has
decreased, cut £ in half.

(vi) Go to step (ii).

Next, we give an example for Lagrangian relaxation. The integer
optimization problem is

max 4dx; + 5x2 +6x3 + x4
wel0,1]

2_‘([ -+ Exg -+ 3.1’3 -+ 4.1’4 <7,

8.1
xX] —x2 +x3 —ag = 0.

(2.67)



The Lagrangian relaxation is given by

max 4xy; 4+ 5x2 +6x3 + Txg + A (7 — 2x1 — 2x2 — 3x3 — 4xy)
xi€{0.1)
+ A2(—=x1 + X2 — X3 + X4).
(2.68)

We select the initial value as 4| = A> = () and a step size of () 5. The
solution 1s x; = 1,Vj. However, it violates the first constraint. We set
»1 = 0.5 and 42 = (), and the solution and the constraint violation are the
same. We set the new value until 3,y = 2 and 4> = (. There is slackness of
the first constraint and the second constraint is satisfied. Since we cannot go
back to 41 = 1.5, which causes constraint violation, we reduce the step size
by setting 41 = 1.75 and 4> = (). The process stops when j; = 1.83 and
r2 = (.33, with optimal solution x| = x» = x3 = l and x4 = ().

Most Lagrangian-based strategies provide approaches that deal with
special row structures. Other problems may possess special column
structure, such that, when some subsets of the variables are assigned specific
values, the problem reduces to one that is easy to solve. Benders’
decomposition algorithm fixes the complicating variables, and solves the
resulting problem iteratively [56]. Using the problem’s associated dual, the
algorithm must then find a cutting plane (i.e., a linear inequality) that “cuts
off” the current solution point but no integer feasible points. This cut is
added to the collection of inequalities and the problem is re-solved.

Since each of the decomposition approaches described above provides a
bound on the integer solution, it can be incorporated into a branch-and-
bound algorithm (discussed in the next subsection), instead of the more
commonly used linear-programming relaxation. However, these algorithms
are special-purpose algorithms in that they exploit the “constraint pattern” or
special structure of the problem.

2.5.4  An enumerative technique: the branch-and-bound
approach



The simplest approach to solving a pure-integer-programming problem is to
enumerate all the possibilities. However, due to the “combinatorial
explosion” resulting from the parameter “size,” only the smallest instances
can be solved by such an approach. Sometimes one can implicitly eliminate
many possibilities by domination or feasibility arguments. Besides
straightforward or implicit enumeration, the most commonly used
enumerative approach is called branch and bound, where the “branching”
refers to the enumeration part of the solution technique and “bounding”
refers to the fathoming of possible solutions by comparison with a known
upper or lower bound on the solution value. Next, we will discuss the
branch-and-bound approach in detail and some examples will also be given.

The general idea may be described in terms of finding the minimal value
of a function f(x) over a set of admissible values of the argument x called
the feasible region. Both fand x may be of arbitrary nature. A branch-and-
bound procedure requires two tools.

The first one is a smart way of covering the feasible region by several
smaller feasible subregions (ideally, splitting into subregions). This is called
branching, since the procedure is repeated recursively to each of the
subregions and all produced subregions naturally form a tree structure,
called a search tree or branch-and-bound tree or something similar. Its nodes
are the constructed subregions. Another tool is bounding, which is a fast way
of finding upper and lower bounds for the optimal solution within a feasible
subregion.

The core of the approach is the simple observation that (for a
minimization task), if the lower bound for a subregion A from the search tree
is greater than the upper bound for any other (previously examined)
subregion B, then A may be safely discarded from the search. This step is
called pruning. It is usually implemented by maintaining a global variable m
that records the minimum upper bound seen among all subregions examined
so far; any node whose lower bound is greater than m can be discarded.



It may happen that the upper bound for a node matches its lower bound;
that value is then the minimum of the function within the corresponding
subregion. Sometimes there is a direct way of finding such a minimum. In
both these cases it is said that the node is solved. Note that this node may
still be pruned as the algorithm progresses.

Ideally the procedure stops when all nodes of the search tree have been
either pruned or solved. At that point, all non-pruned subregions will have
their upper and lower bounds equal to the global minimum of the function.
In practice the procedure is often terminated after a given time; at that point,
the optimal lower bound and the optimal upper bound, among all non-pruned
sections, define a range of values that contains the global minimum.

The efficiency of the method depends critically on the effectiveness of
the branching and bounding algorithms used; bad choices can lead to
repeated branching, without any pruning, until the subregions become very
small. In that case the method will be reduced to an exhaustive enumeration
of the domain, which is often impractically large. There is no universal
bounding algorithm that works for all problems, and there is little hope that
one will ever be found; therefore the general paradigm needs to be
implemented separately for each application, with branching and bounding
algorithms that are specially designed for it.

In the following, we give an example of a branch-and-bound algorithm.
We maximize the following constrained integer optimization:

max Z = 21x; + 11

?.t[ —|—4.r3 = ]3?
5.1 x1 =0,x =0,
X],X7 are integers.

(2.69)

(1) The first step relaxes (2.69) that .X'] and .X'2 are continuous variables.
We have the solution 7 — 30, x; = 1.86, and x» = 0. Then we try
to branch on Y| to steps (i1) and (ii1), since it is not an integer value.



(i) x; = 2. In this case, there is no feasible solution.

(111) 0 =< x; < [. The solutionis 7 — 37.5, x; = |, and x» = 1.5.
Then we try to branch on .X'2 to steps (iv) and (v), since it is not an
integer value.

(iv) 0 =x; =1and0 < x» < |. Thesolutionis ¥ — 32, x; = 1, and
x> = 1. Since all variables are integer, stop branching. Return one of
the possible solutions.

(v) 0=<x; = land x3 = 2. The solutionis  — 37, x; =0.71, and
x2 = 2. Then we try to branch on X| to steps (vi) and (vii), since it
1s not an integer value.

(vi) x; = land x> = 2. There is no feasible solution.

(vil) x; =0and x» = 2. The solutionis 7 — 35.75, x; = (), and
x7 = 3.25. Then we try to branch on .X'2 to steps (viii) and (ix) ,
since it is not an integer value.

(vi) x; =0and2 < x» < 3. Thesolutionis 7 — 33, x; = 0, and
x7 = 3. Since all variables are integer, stop branching. Return one of
the possible solutions.

(ix) x] = (and x2» = 4. There is no feasible solution.

The steps are shown in Figure 2.6. Compared with the results in steps
(1v) and (vii1), the optimal solutionis ¥ — 32, x; = l,and x5 = |.
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Figure 2.6. An example of a branch-and-bound algorithm.

2.5.5 Cutting planes

Significant computational advances in exact optimization have taken place.
Both the size and the complexity of the problems solved were increased
considerably when polyhedral theory, which has been developed over the
past 25 years, was applied to numerical problem solving. The underlying
idea of polyhedral combinatorics is to replace the constraint set of an
integer-programming problem by an alternative convexification of the
feasible points and extreme rays of the problem.

Weyl [57] established the fact that a convex polyhedron can alternatively
be defined as the intersection of finitely many half-spaces or as the convex
hull plus the conical hull of a certain finite number of vectors or points. If
the data of the original problem formulation are rational numbers, then
Weyl’s theorem implies the existence of a finite system of linear inequalities
whose solution set coincides with the convex hull of the mixed-integer
points in S that we denote conv(S). Thus, if we can list the set of linear
inequalities that completely define the convexification of S, then we can
solve the integer-programming problem by linear programming. Gomory



[58] derived a “cutting-plane” algorithm for integer-programming problems
that can be viewed as a constructive proof of Weyl’s theorem, in this context.

Although Gomory’s algorithm converges to an optimal solution in a
finite number of steps, the convergence to an optimum is extraordinarily
slow due to the fact that these algebraically derived cuts are “weak” in the
sense that they frequently do not even define supporting hyperplanes to the
convex hull of feasible points. Since one is interested in a linear constraint
set for conv(S) that is as small as possible, one is led to consider minimal
systems of linear inequalities such that each inequality defines a facet of the
polyhedron conv(§). When viewed as cutting planes for the original
problem, the linear inequalities that define facets of the polyhedron conv(S)
are “best possible” cuts, i.e., they cannot be made “stronger” in any sense of
the word without losing a certain feasible integer or mixed-integer solution
to the problem. Considerable research activity has focused on identifying
part (or all) of those linear inequalities for specific combinatorial
optimization problems that are, however, derived from an underlying general
theme due to Weyl’s theorem that applies generally. Since for most
interesting integer-programming problems the minimal number of
inequalities necessary to describe this polyhedron is exponential in the
number of variables, one is led to wonder whether such an approach can ever
be computationally practical. It is therefore remarkable that the
implementation of cutting-plane algorithms that are based on polyhedral
theory has been successful in solving problems of sizes previously believed
intractable. The numerical success of the approach can be explained, in part,
by the fact that we are interested in proving the optimality of a single
extreme point of conv(S). We therefore do not require the complete
description of S but rather only a partial description of S in the neighborhood
of the optimal solution.

Thus, a general cutting-plane approach relaxes in a first step the
integrality restrictions on the variables and solves the resulting linear
program over the set S. If the linear program is unbounded or infeasible, so
is the integer program. If the solution to the linear program is integer, then
one has solved the integer program. If not, then one solves a facet-
identification problem whose objective is to find a linear inequality that
“cuts off” the fractional linear-programming solution while assuring that all



feasible integer points satisfy the inequality, i.e., an inequality that
“separates” the fractional point from the polyhedron conv(5). The algorithm
continues until (1) an integer solution has been found (we have successfully
solved the problem); (2) the linear program is infeasible and therefore the
integer problem is infeasible; or (3) no cut is identified by the facet-
identification procedures either because a full description of the facial
structure is not known or because the facet-identification procedures are
inexact, i.e., one is unable to algorithmically generate cuts of a known form.
If we terminate the cutting-plane procedure because of the third possibility,
then, in general, the process has “tightened” the linear-programming
formulation so that the resulting linear-programming solution value is much
closer to the integer solution value. In general, the cutting-plane method can
be described as follows.

(1) Solve the linear-programming relaxation.

(i1) If the solution to the relaxation is feasible in the integer-programming
problem, STOP with optimality.

(i11)) Otherwise, find one or more cutting planes that separate the optimal
solution to the relaxation from the convex hull of feasible integral
points, and add a subset of these constraints to the relaxation.

(iv) Return to the first step.

Typically, the first relaxation is solved using the primal simplex algorithm.
After the addition of cutting planes, the current primal iterate is no longer
feasible. However, the dual problem is only modified by the addition of
some variables. If these extra dual variables are given the value 0, the
current dual solution is still dual feasible. Therefore, subsequent relaxations
are solved using the dual simplex method. Notice that the values of the
relaxations provide lower bounds on the optimal value of the integer
program. These lower bounds can be used to measure progress towards
optimality, and to give performance guarantees on integral solutions.



Consider an example integer-programming problem as

min —2.1’[ —
X+ 2.?(3 < 7.

5.1 2x] —x2 = 3.
x1,x2 = 0, integer.

(2.70)

The feasible integer points are indicated in Figure 2.7. The linear-
programming relaxation (or LP relaxation) is obtained by ignoring the
integrality restrictions; this is given by the polyhedron contained in the solid
lines. The boundary of the convex hull of the feasible integer points is
indicated by dashed lines.

xz

14

Figure 2.7. An example of a cutting plane.

If a cutting-plane algorithm were used to solve this problem, the linear
programming relaxation would first be solved, giving the point x; = 2.6,
17 = 2.2, which has value _ 77 4. The inequalities x| + x» = 4 and
x] = 2 are satisfied by all the feasible integer points but they are violated
by the point (2.6; 2.2). Thus, these two inequalities are valid cutting planes.

These two constraints can then be added to the relaxation, and, when the



relaxation is solved again, the point x| = 2, x» = 2 results, with value
— 3. Notice that this point is feasible in the original integer program, so it
must actually be optimal for that problem, since it is optimal for a relaxation
of the integer program.

If, instead of adding both inequalities, just the inequality x; < 2 had
been added, the optimal solution to the new relaxation would have been
x] = 2, x» = 2.5, with value — £ 5. The relaxation can then have been
modified by adding a cutting plane that separates this point from the convex
hull, for example x; + x3 =< 4. Solving this new relaxation will again
result in the optimal solution to the integer program.

2.5.6 Benders’ decomposition

Benders’ decomposition [56] is a widely used algorithm to solve large-scale
linear programs (as well as mixed-integer programming) with a special block
structure, by dividing the large-scale complicated problems into multiple
smaller problems. Then solving those smaller problems iteratively can be
much more computationally efficient than directly solving a single large
problem. Specifically, a master problem is solved for a subset of variables,
and the remaining variables are calculated by the subproblems given the
variable values calculated by the main problem. If the subproblems find the
master-problem decisions are infeasible, more constraints are generated and
added to the main problem. The above iteration is performed until
convergence 1s attained.

As an example, we consider the single large-scale linear mixed-integer
programming as follows:

max z=c X+ hTy
XY
AX+ Gy < b,
st. § x€ Z:j;
yeR,,

Q2.71)



where x and y are variables, and ¢, h, b, A, and G are constant vectors or
matrices. When A is block decomposable, the resulting integer programming
(the master problem) is much easier than the original problem. Here x is
called a complicating variable, since the problem becomes significantly
easier to solve if x is fixed.

First, we assume x is fixed, and we obtain the following linear-
programming problem:

7Lp(X) = m:m{hﬂ(}}' < b — Ax}. (2.72)

which is the subproblem mentioned above, and its dual

m;;m{u{b — Ax)[uG = h,u € BT} (2.73)

Assuming that the dual polyhedron is nonempty and bounded, the master
problem can be stated as

Z = max (c‘t + min (b —Ar{}) . (2.74)

xef A e

where 4{«'}"_, are the extreme points of the dual polyhedron. Then we can
reformulate the master problem as

z =max(n < u'(b— Ax),ie 1,...,T,x€ Z\ }.
n

(2.75)

The above master problem and subproblem are optimized iteratively. As
long as the original single large-scale linear mixed-integer program in (2.71)
is a partitionable problem along with feasible, bounded-value linear-
programming relaxation, after a finite number of steps, Benders’
decomposition finds an optimal solution or proves that none exists.



2.6 Dynamic programming and Markov decision
processes

We first study the basics of dynamic programming. Then, one major
application, the Markov decision process, will be introduced and solved by
use of the Bellman equation. Then for the cases where the transition
probability for the Markov process is not random or not known, partially
observable M