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Preface

This book provides a modern introduction to probability and develops a foundation
for understanding statistics, randomness, and uncertainty. A variety of applications
and examples are explored, from basic coin-tossing and the study of coincidences to
Google PageRank and Markov chain Monte Carlo. As probability is often considered
to be a counterintuitive subject, many intuitive explanations, diagrams, and practice
problems are given. Each chapter ends with a section showing how to explore the
ideas of that chapter in R, a free software environment for statistical calculations
and simulations.

Lecture videos from Stat 110 at Harvard, the course which gave rise to this book
(and which has been taught by Joe every year since 2006), are freely available at
stat110.net. Additional supplementary materials, such as R code and solutions to
exercises marked with (s), are also available at this site.

Calculus is a prerequisite for this book; there is no statistics prerequisite. The main
mathematical challenge lies not in performing technical calculus derivations, but in
translating between abstract concepts and concrete examples. Some major themes
and features are listed below.

1. Stories. Throughout this book, definitions, theorems, and proofs are pre-
sented through stories: real-world interpretations that preserve mathemat-
ical precision and generality. We explore probability distributions using
the generative stories that make them widely used in statistical modeling.
When possible, we refrain from tedious derivations and instead aim to
give interpretations and intuitions for why key results are true. Our expe-
rience is that this approach promotes long-term retention of the material
by providing insight instead of demanding rote memorization.

2. Pictures. Since pictures are thousand-word stories, we supplement defini-
tions with illustrations so that key concepts are associated with memorable
diagrams. In many fields, the difference between a novice and an expert
has been described as follows: the novice struggles to memorize a large
number of seemingly disconnected facts and formulas, whereas the expert
sees a unified structure in which a few principles and ideas connect these
facts coherently. To help students see the structure of probability, we em-
phasize the connections between ideas (both verbally and visually), and
at the end of most chapters we present recurring, ever-expanding maps of
concepts and distributions.

xiii



xiv Preface

3. Dual teaching of concepts and strategies. Our intent is that in reading this
book, students will learn not only the concepts of probability, but also
a set of problem-solving strategies that are widely applicable outside of
probability. In the worked examples, we explain each step of the solution
but also comment on how we knew to take the approach we did. Often we
present multiple solutions to the same problem.

We explicitly identify and name important strategies such as symmetry
and pattern recognition, and we proactively dispel common misunder-
standings, which are marked with the # (biohazard) symbol.

4. Practice problems. The book contains about 600 exercises of varying dif-
ficulty. The exercises are intended to reinforce understanding of the ma-
terial and strengthen problem-solving skills instead of requiring repetitive
calculations. Some are strategic practice problems, grouped by theme to
facilitate practice of a particular topic, while others are mized practice,
in which several earlier topics may need to be synthesized. About 250
exercises have detailed online solutions for practice and self-study.

5. Simulation, Monte Carlo, and R. Many probability problems are too dif-
ficult to solve exactly, and in any case it is important to be able to check
one’s answer. We introduce techniques for exploring probability via sim-
ulation, and show that often a few lines of R code suffice to create a
simulation for a seemingly complicated problem.

6. Focus on real-world relevance and statistical thinking. Examples and ex-
ercises in this book have a clear real-world motivation, with a particu-
lar focus on building a strong foundation for further study of statistical
inference and modeling. We preview important statistical ideas such as
sampling, simulation, Bayesian inference, and Markov chain Monte Carlo;
other application areas include genetics, medicine, computer science, and
information theory. Our choice of examples and exercises is intended to
highlight the power, applicability, and beauty of probabilistic thinking.
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1

Probability and counting

Luck. Coincidence. Randomness. Uncertainty. Risk. Doubt. Fortune. Chance.
You've probably heard these words countless times, but chances are that they were
used in a vague, casual way. Unfortunately, despite its ubiquity in science and ev-
eryday life, probability can be deeply counterintuitive. If we rely on intuitions of
doubtful validity, we run a serious risk of making inaccurate predictions or over-
confident decisions. The goal of this book is to introduce probability as a logical
framework for quantifying uncertainty and randomness in a principled way. We’ll
also aim to strengthen intuition, both when our initial guesses coincide with logical
reasoning and when we’re not so lucky.

1.1 Why study probability?

Mathematics is the logic of certainty; probability is the logic of uncertainty. Prob-
ability is extremely useful in a wide variety of fields, since it provides tools for
understanding and explaining variation, separating signal from noise, and modeling
complex phenomena. To give just a small sample from a continually growing list of
applications:

1. Statistics: Probability is the foundation and language for statistics, en-
abling many powerful methods for using data to learn about the world.

2. Physics: Einstein famously said “God does not play dice with the uni-
verse”, but current understanding of quantum physics heavily involves
probability at the most fundamental level of nature. Statistical mechanics
is another major branch of physics that is built on probability.

3. Biology: Genetics is deeply intertwined with probability, both in the in-
heritance of genes and in modeling random mutations.

4. Computer science: Randomized algorithms make random choices while
they are run, and in many important applications they are simpler and
more efficient than any currently known deterministic alternatives. Proba-
bility also plays an essential role in studying the performance of algorithms,
and in machine learning and artificial intelligence.
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5. Meteorology: Weather forecasts are (or should be) computed and expressed
in terms of probability.

6. Gambling: Many of the earliest investigations of probability were aimed
at answering questions about gambling and games of chance.

7. Finance: At the risk of redundancy with the previous example, it should
be pointed out that probability is central in quantitative finance. Modeling
stock prices over time and determining “fair” prices for financial instru-
ments are based heavily on probability.

8. Political science: In recent years, political science has become more and
more quantitative and statistical. For example, Nate Silver’s successes in
predicting election results, such as in the 2008 and 2012 U.S. presidential
elections, were achieved using probability models to make sense of polls
and to drive simulations (see Silver [25]).

9. Medicine: The development of randomized clinical trials, in which patients
are randomly assigned to receive treatment or placebo, has transformed
medical research in recent years. As the biostatistician David Harrington
remarked, “Some have conjectured that it could be the most significant
advance in scientific medicine in the twentieth century.... In one of the
delightful ironies of modern science, the randomized trial ‘adjusts’ for both
observed and unobserved heterogeneity in a controlled experiment by in-
troducing chance variation into the study design.” [17]

10. Life: Life is uncertain, and probability is the logic of uncertainty. While it
isn’t practical to carry out a formal probability calculation for every deci-
sion made in life, thinking hard about probability can help us avert some
common fallacies, shed light on coincidences, and make better predictions.

Probability provides procedures for principled problem-solving, but it can also pro-
duce pitfalls and paradoxes. For example, we’ll see in this chapter that even Got-
tfried Wilhelm von Leibniz and Sir Isaac Newton, the two people who independently
discovered calculus in the 17th century, were not immune to basic errors in prob-
ability. Throughout this book, we will use the following strategies to help avoid
potential pitfalls.

1. Simulation: A beautiful aspect of probability is that it is often possible to
study problems via simulation. Rather than endlessly debating an answer
with someone who disagrees with you, you can run a simulation and see
empirically who is right. Each chapter in this book ends with a section
that gives examples of how to do calculations and simulations in R, a free
statistical computing environment.

2. Biohazards: Studying common mistakes is important for gaining a stronger
understanding of what is and is not valid reasoning in probability. In this
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book, common mistakes are called biohazards and are denoted by 4 (since
making such mistakes can be hazardous to one’s health!).

3. Sanity checks: After solving a problem one way, we will often try to solve
the same problem in a different way or to examine whether our answer
makes sense in simple and extreme cases.

1.2 Sample spaces and Pebble World

The mathematical framework for probability is built around sets. Imagine that an
experiment is performed, resulting in one out of a set of possible outcomes. Before
the experiment is performed, it is unknown which outcome will be the result; after,
the result “crystallizes” into the actual outcome.

Definition 1.2.1 (Sample space and event). The sample space S of an experiment
is the set of all possible outcomes of the experiment. An event A is a subset of the
sample space S, and we say that A occurred if the actual outcome is in A.

FIGURE 1.1
A sample space as Pebble World, with two events A and B spotlighted.

The sample space of an experiment can be finite, countably infinite, or uncountably
infinite (see Section A.1.5 of the math appendix for an explanation of countable and
uncountable sets). When the sample space is finite, we can visualize it as Pebble
World, as shown in Figure 1.1. Each pebble represents an outcome, and an event is
a set of pebbles.

Performing the experiment amounts to randomly selecting one pebble. If all the
pebbles are of the same mass, all the pebbles are equally likely to be chosen. This
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special case is the topic of the next two sections. In Section 1.6, we give a general
definition of probability that allows the pebbles to differ in mass.

Set theory is very useful in probability, since it provides a rich language for express-
ing and working with events; Section A.1 of the math appendix provides a review of
set theory. Set operations, especially unions, intersections, and complements, make
it easy to build new events in terms of already-defined events. These concepts also
let us express an event in more than one way; often, one expression for an event is
much easier to work with than another expression for the same event.

For example, let S be the sample space of an experiment and let A, B C S be events.
Then the union A U B is the event that occurs if and only if at least one of A and
B occurs, the intersection A N B is the event that occurs if and only if both A and
B occur, and the complement A€ is the event that occurs if and only if A does not
occur. We also have De Morgan’s laws:

(AUB)° = A°NB° and (AN B)° = A°U B¢,

since saying that it is not the case that at least one of A and B occur is the same
as saying that A does not occur and B does not occur, and saying that it is not
the case that both occur is the same as saying that at least one does not occur.
Analogous results hold for unions and intersections of more than two events.

In the example shown in Figure 1.1, A is a set of 5 pebbles, B is a set of 4 pebbles,
A U B consists of the 8 pebbles in A or B (including the pebble that is in both),
A N B consists of the pebble that is in both A and B, and A° consists of the 4
pebbles that are not in A.

The notion of sample space is very general and abstract, so it is important to have
some concrete examples in mind.

Example 1.2.2 (Coin flips). A coin is flipped 10 times. Writing Heads as H and
Tails as T', a possible outcome (pebble) is HHHTHHTTHT, and the sample space
is the set of all possible strings of length 10 of H’s and T"s. We can (and will) encode
H as 1 and T as 0, so that an outcome is a sequence (sq,...,s19) with s; € {0,1},
and the sample space is the set of all such sequences. Now let’s look at some events:

1. Let Ay be the event that the first flip is Heads. As a set,
Ay ={(1,s2,...,810) : 85 € {0,1} for 2 < j < 10}.

This is a subset of the sample space, so it is indeed an event; saying that A; occurs
is the same thing as saying that the first flip is Heads. Similarly, let A; be the event
that the jth flip is Heads for j = 2,3, ..., 10.

2. Let B be the event that at least one flip was Heads. As a set,
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3. Let C be the event that all the flips were Heads. As a set,

C =4

j=1

4. Let D be the event that there were at least two consecutive Heads. As a set,

9
D= U(A] ﬁAj+1).

7=1
O

Example 1.2.3 (Pick a card, any card). Pick a card from a standard deck of 52
cards. The sample space S is the set of all 52 cards (so there are 52 pebbles, one for
each card). Consider the following four events:

e A: card is an ace.

e B: card has a black suit.
e D: card is a diamond.

e H: card is a heart.

As a set, H consists of 13 cards:
{Ace of Hearts, Two of Hearts, ..., King of Hearts}.

We can create various other events in terms of A, B,D,H. For example, A N
H is the event that the card is the Ace of Hearts, A N B is the event
{Ace of Spades, Ace of Clubs}, and AU D U H is the event that the card is red
or an ace. Also, note that (DUH )¢ = D°NH® = B, so B can be expressed in terms
of D and H. On the other hand, the event that the card is a spade can’t be written
in terms of A, B, D, H since none of them are fine-grained enough to be able to
distinguish between spades and clubs.

There are many other events that could be defined using this sample space. In
fact, the counting methods introduced later in this chapter show that there are
252 ~ 4.5 x 10" events in this problem, even though there are only 52 pebbles.

What if the card drawn were a joker? That would indicate that we had the wrong
sample space; we are assuming that the outcome of the experiment is guaranteed
to be an element of S. g

As the preceding examples demonstrate, events can be described in English or in
set notation. Sometimes the English description is easier to interpret while the
set notation is easier to manipulate. Let S be a sample space and Syctya be the
actual outcome of the experiment (the pebble that ends up getting chosen when the
experiment is performed). A mini-dictionary for converting between English and
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sets is shown below. For example, for events A and B, the English statement “A
implies B” says that whenever the event A occurs, the event B also occurs; in terms
of sets, this translates into saying that A is a subset of B.

English Sets
Events and occurrences

sample space S

s is a possible outcome seS
A is an event ACS
A occurred Sactual € A
something must happen Sactual € S

New events from old events

A or B (inclusive) AUB

A and B ANB

not A A°

A or B, but not both (AN B U (A°N B)
at least one of Ay,..., A, AiU---UA,
all of A1,..., A, Ain---NA,
Relationships between events

A implies B ACB

A and B are mutually exclusive ANB=10

Aj, ..., Ay, are a partition of S A U---UA, =5, 4;NAj=0fori#j

1.3 Naive definition of probability

Historically, the earliest definition of the probability of an event was to count the
number of ways the event could happen and divide by the total number of possible
outcomes for the experiment. We call this the naive definition since it is restrictive
and relies on strong assumptions; nevertheless, it is important to understand, and
useful when not misused.

Definition 1.3.1 (Naive definition of probability). Let A be an event for an exper-
iment with a finite sample space S. The naive probability of A is

A number of outcomes favorable to A
Pnaive(A) = u =

"~ |S|  total number of outcomes in S

(We use |A| to denote the size of A; see Section A.1.5 of the math appendix.)
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In terms of Pebble World, the naive definition just says that the probability of A is
the fraction of pebbles that are in A. For example, in Figure 1.1 it says

) 4

8 1
Pnaive(A) - §> Pnaive(B) = §7 Pnaive(AUB) = §7 Pnaive(AmB) = §

For the complements of the events just considered,

4 1
Pnaive(Ac) = 0 Pnaive(BC) = §7 Pnaive((A U B)C) = Pnaive((A N B)C) = §
9 9 9 9
In general,
|[A°l |51 =4 |A|
Proaive(A°) = 21— 1 p(A).

In Section 1.6, we will see that this result about complements always holds for
probability, even when we go beyond the naive definition. A good strategy when
trying to find the probability of an event is to start by thinking about whether it will
be easier to find the probability of the event or the probability of its complement.
De Morgan’s laws are especially useful in this context, since it may be easier to
work with an intersection than a union, or vice versa.

The naive definition is very restrictive in that it requires S to be finite, with equal
mass for each pebble. It has often been misapplied by people who assume equally
likely outcomes without justification and make arguments to the effect of “either
it will happen or it won’t, and we don’t know which, so it’s 50-50”. In addition to
sometimes giving absurd probabilities, this type of reasoning isn’t even internally
consistent. For example, it would say that the probability of life on Mars is 1/2
(“either there is or there isn’t life there”), but it would also say that the probability
of intelligent life on Mars is 1/2, and it is clear intuitively—and by the properties
of probability developed in Section 1.6—that the latter should have strictly lower
probability than the former. But there are several important types of problems
where the naive definition s applicable:

e when there is symmetry in the problem that makes outcomes equally likely. It is
common to assume that a coin has a 50% chance of landing Heads when tossed,
due to the physical symmetry of the coin.! For a standard, well-shuffled deck of
cards, it is reasonable to assume that all orders are equally likely. There aren’t
certain overeager cards that especially like to be near the top of the deck; any
particular location in the deck is equally likely to house any of the 52 cards.

e when the outcomes are equally likely by design. For example, consider conducting
a survey of n people in a population of N people. A common goal is to obtain a

1See Diaconis, Holmes, and Montgomery [8] for a physical argument that the chance of a tossed
coin coming up the way it started is about 0.51 (close to but slightly more than 1/2), and Gelman
and Nolan [12] for an explanation of why the probability of Heads is close to 1/2 even for a coin
that is manufactured to have different weights on the two sides (for standard coin-tossing; allowing
the coin to spin is a different matter).
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simple random sample, which means that the n people are chosen randomly with
all subsets of size n being equally likely. If successful, this ensures that the naive
definition is applicable, but in practice this may be hard to accomplish because
of various complications, such as not having a complete, accurate list of contact
information for everyone in the population.

e when the naive definition serves as a useful null model. In this setting, we assume
that the naive definition applies just to see what predictions it would yield, and
then we can compare observed data with predicted values to assess whether the
hypothesis of equally likely outcomes is tenable.

1.4 How to count

Calculating the naive probability of an event A involves counting the number of
pebbles in A and the number of pebbles in the sample space S. Often the sets
we need to count are extremely large. This section introduces some fundamental
methods for counting; further methods can be found in books on combinatorics, the
branch of mathematics that studies counting.

1.4.1 DMultiplication rule

In some problems, we can directly count the number of possibilities using a basic but
versatile principle called the multiplication rule. We’ll see that the multiplication rule
leads naturally to counting rules for sampling with replacement and sampling without
replacement, two scenarios that often arise in probability and statistics.

Theorem 1.4.1 (Multiplication rule). Consider a compound experiment consisting
of two sub-experiments, Experiment A and Experiment B. Suppose that Experiment
A has a possible outcomes, and for each of those outcomes Experiment B has b
possible outcomes. Then the compound experiment has ab possible outcomes.

To see why the multiplication rule is true, imagine a tree diagram as in Figure 1.2.
Let the tree branch a ways according to the possibilities for Experiment A, and for
each of those branches create b further branches for Experiment B. Overall, there
are b+ b+ --- + b = ab possibilities.

a
& 1.4.2. It is often easier to think about the experiments as being in chronological

order, but there is no requirement in the multiplication rule that Experiment A has
to be performed before Experiment B.

Example 1.4.3 (Ice cream cones). Suppose you are buying an ice cream cone.
You can choose whether to have a cake cone or a waffle cone, and whether to
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FIGURE 1.2

Tree diagram illustrating the multiplication rule. If Experiment A has 3 possible
outcomes and Experiment B has 4 possible outcomes, then overall there are 3-4 = 12
possible outcomes.

have chocolate, vanilla, or strawberry as your flavor. This decision process can be
visualized with a tree diagram, as in Figure 1.3.

By the multiplication rule, there are 2 - 3 = 6 possibilities. This is a very simple
example, but is worth thinking through in detail as a foundation for thinking about
and visualizing more complicated examples. Soon we will encounter examples where
drawing the tree in a legible size would take up more space than exists in the known
universe, yet where conceptually we can still think in terms of the ice cream example.
Some things to note:

1. Tt doesn’t matter whether you choose the type of cone first (“I’d like a waffle
cone with chocolate ice cream”) or the flavor first (“I'd like chocolate ice cream on
a waffle cone”). Either way, there are 2 -3 = 3 -2 = 6 possibilities.

2. It doesn’t matter whether the same flavors are available on a cake cone as on a
waflle cone. What matters is that there are exactly 3 flavor choices for each cone
choice. If for some strange reason it were forbidden to have chocolate ice cream on a
waffle cone, with no substitute flavor available (aside from vanilla and strawberry),
there would be 3+ 2 = 5 possibilities and the multiplication rule wouldn’t apply. In
larger examples, such complications could make counting the number of possibilities
vastly more difficult.

Now suppose you buy two ice cream cones on a certain day, one in the afternoon
and the other in the evening. Write, for example, (cakeC, waffleV) to mean a cake
cone with chocolate in the afternoon, followed by a waffle cone with vanilla in the
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FIGURE 1.3
Tree diagram for choosing an ice cream cone. Regardless of whether the type of
cone or the flavor is chosen first, there are 2 -3 = 3 - 2 = 6 possibilities.

evening. By the multiplication rule, there are 62 = 36 possibilities in your delicious
compound experiment.

But what if you're only interested in what kinds of ice cream cones you had that
day, not the order in which you had them, so you don’t want to distinguish, for
example, between (cakeC, waffleV) and (waffleV, cakeC)? Are there now 36/2 = 18
possibilities? No, since possibilities like (cakeC, cakeC) were already only listed once
each. There are 6 -5 = 30 ordered possibilities (x,y) with x # y, which turn into 15
possibilities if we treat (x,y) as equivalent to (y,z), plus 6 possibilities of the form
(z,x), giving a total of 21 possibilities. Note that if the 36 original ordered pairs
(z,y) are equally likely, then the 21 possibilities here are not equally likely. 0

Example 1.4.4 (Subsets). A set with n elements has 2" subsets, including the
empty set () and the set itself. This follows from the multiplication rule since for
each element, we can choose whether to include it or exclude it. For example, the set
{1,2,3} has the 8 subsets 0, {1}, {2}, {3}, {1,2},{1,3},{2,3},{1,2,3}. This result
explains why in Example 1.2.3 there are 2°2 ~ 4.5 x 10'® events that can be defined.

O

We can use the multiplication rule to arrive at formulas for sampling with and with-
out replacement. Many experiments in probability and statistics can be interpreted
in one of these two contexts, so it is appealing that both formulas follow directly
from the same basic counting principle.

Theorem 1.4.5 (Sampling with replacement). Consider n objects and making k
choices from them, one at a time with replacement (i.e., choosing a certain object
does not preclude it from being chosen again). Then there are n* possible outcomes.

For example, imagine a jar with n balls, labeled from 1 to n. We sample balls one
at a time with replacement, meaning that each time a ball is chosen, it is returned
to the jar. Each sampled ball is a sub-experiment with n possible outcomes, and
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there are k sub-experiments. Thus, by the multiplication rule there are n*

obtain a sample of size k.

ways to

Theorem 1.4.6 (Sampling without replacement). Consider n objects and making
k choices from them, one at a time without replacement (i.e., choosing a certain
object precludes it from being chosen again). Then there are n(n—1)---(n—k+1)
possible outcomes, for k¥ < n (and 0 possibilities for k& > n).

This result also follows directly from the multiplication rule: each sampled ball is
again a sub-experiment, and the number of possible outcomes decreases by 1 each
time. Note that for sampling k out of n objects without replacement, we need k < n,
whereas in sampling with replacement the objects are inexhaustible.

Example 1.4.7 (Permutations and factorials). A permutation of 1,2,...,n is an
arrangement of them in some order, e.g., 3,5,1,2,4 is a permutation of 1,2, 3,4, 5.
By Theorem 1.4.6 with k = n, there are n! permutations of 1,2, ..., n. For example,
there are n! ways in which n people can line up for ice cream. (Recall that n! =
n(n —1)(n —2)---1 for any positive integer n, and 0! = 1.) O

Theorems 1.4.5 and 1.4.6 are theorems about counting, but when the naive def-
inition applies, we can use them to calculate probabilities. This brings us to our
next example, a famous problem in probability called the birthday problem. The
solution incorporates both sampling with replacement and sampling without re-
placement.

Example 1.4.8 (Birthday problem). There are k people in a room. Assume each
person’s birthday is equally likely to be any of the 365 days of the year (we exclude
February 29), and that people’s birthdays are independent (we assume there are no
twins in the room). What is the probability that two or more people in the group
have the same birthday?

Solution:

There are 365F ways to assign birthdays to the people in the room, since we can
imagine the 365 days of the year being sampled k times, with replacement. By
assumption, all of these possibilities are equally likely, so the naive definition of
probability applies.

Used directly, the naive definition says we just need to count the number of ways
to assign birthdays to k people such that there are two or more people who share a
birthday. But this counting problem is hard, since it could be Emma and Steve who
share a birthday, or Steve and Naomi, or all three of them, or the three of them
could share a birthday while two others in the group share a different birthday, or
various other possibilities.

Instead, let’s count the complement: the number of ways to assign birthdays to
k people such that no two people share a birthday. This amounts to sampling
the 365 days of the year without replacement, so the number of possibilities is
365-364-363--- (365 — k+ 1) for k < 365. Therefore the probability of no birthday
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matches in a group of k people is

365-364--- (365 —k+1)
365k ’
and the probability of at least one birthday match is

365-364---(365 —k+1)
365k

Figure 1.4 plots the probability of at least one birthday match as a function of k.

The first value of k for which the probability of a match exceeds 0.5 is kK = 23.

Thus, in a group of 23 people, there is a better than 50% chance that two or more

of them will have the same birthday. By the time we reach k£ = 57, the probability

of a match exceeds 99%.

P(no birthday match) =

P(at least 1 birthday match) =1 —

probability of birthday match
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FIGURE 14
Probability that in a room of k£ people, at least two were born on the same day.
This probability first exceeds 0.5 when k£ = 23.

Of course, for k = 366 we are guaranteed to have a match, but it’s surprising that
even with a much smaller number of people it’s overwhelmingly likely that there
is a birthday match. For a quick intuition into why it should not be so surprising,
note that with 23 people there are (223) = 253 pairs of people, any of which could
be a birthday match.

Problems 24 and 25 show that the birthday problem is much more than a fun party
game, and much more than a way to build intuition about coincidences; there are
also important applications in statistics and computer science. Problem 60 explores
the more general setting in which the probability is not necessarily 1/365 for each
day. It turns out that in the non-equal probability case, having at least one match
becomes even more likely. O

& 1.4.9 (Labeling objects). Drawing a sample from a population is a very fun-
damental concept in statistics. It is important to think of the objects or people in



Probability and counting 13

the population as named or labeled. For example, if there are n balls in a jar, we
can imagine that they have labels from 1 to n, even if the balls look the same to
the human eye. In the birthday problem, we can give each person an ID (identifi-
cation) number, rather than thinking of the people as indistinguishable particles or
a faceless mob.

A related example is an instructive blunder made by Leibniz in a seemingly simple
problem (see Gorroochurn [15] for discussion of this and a variety of other proba-
bility problems from a historical perspective).

Example 1.4.10 (Leibniz’s mistake). If we roll two fair dice, which is more likely:
a sum of 11 or a sum of 127

Solution:

Label the dice A and B, and consider each die to be a sub-experiment. By the
multiplication rule, there are 36 possible outcomes for ordered pairs of the form
(value of A, value of B), and they are equally likely by symmetry. Of these, (5,6)
and (6,5) are favorable to a sum of 11, while only (6, 6) is favorable to a sum of 12.
Therefore a sum of 11 is twice as likely as a sum of 12; the probability is 1/18 for
the former, and 1/36 for the latter.

However, Leibniz wrongly argued that a sum of 11 and a sum of 12 are equally
likely. He claimed that “it is equally likely to throw twelve points, than to throw
eleven; because one or the other can be done in only one manner”. Here Leibniz was
making the mistake of treating the two dice as indistinguishable objects, viewing
(5,6) and (6,5) as the same outcome.

What are the antidotes to Leibniz’s mistake? First, as explained in & 1.4.9, we
should label the objects in question instead of treating them as indistinguishable.
If Leibniz had labeled his dice A and B, or green and orange, or left and right, he
would not have made this mistake. Second, before we use counting for probability, we
should ask ourselves whether the naive definition applies (see & 1.4.21 for another
example showing that caution is needed before applying the naive definition). O

1.4.2 Adjusting for overcounting

In many counting problems, it is not easy to directly count each possibility once
and only once. If, however, we are able to count each possibility exactly ¢ times
for some ¢, then we can adjust by dividing by c. For example, if we have exactly
double-counted each possibility, we can divide by 2 to get the correct count. We call
this adjusting for overcounting.

Example 1.4.11 (Committees and teams). Consider a group of four people.
(a) How many ways are there to choose a two-person committee?

(b) How many ways are there to break the people into two teams of two?
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Solution:

(a) One way to count the possibilities is by listing them out: labeling the people as
1, 2, 3, 4, the possibilities are , , , , , .

Another approach is to use the multiplication rule with an adjustment for over-
counting. By the multiplication rule, there are 4 ways to choose the first person on
the committee and 3 ways to choose the second person on the committee, but this
counts each possibility twice, since picking 1 and 2 to be on the committee is the
same as picking 2 and 1 to be on the committee. Since we have overcounted by a
factor of 2, the number of possibilities is (4 - 3)/2 = 6.

(b) Here are 3 ways to see that there are 3 ways to form the teams. Labeling the
people as 1,2, 3,4, we can directly list out the possibilities: ’12 | 34 ‘, ’13 | 24 ‘, and
. Listing out all possibilities would quickly become tedious or infeasible with
more people though. Another approach is to note that it suffices to specify person
1’s teammate (and then the other team is determined). A third way is to use (a)
to see that there are 6 ways to choose one team. This overcounts by a factor of 2,
since picking 1 and 2 to be a team is equivalent to picking 3 and 4 to be a team. So
again the answer is 6/2 = 3. O

A binomial coefficient counts the number of subsets of a certain size for a set, such
as the number of ways to choose a committee of size k from a set of n people. Sets
and subsets are by definition unordered, e.g., {3,1,4} = {4,1, 3}, so we are counting
the number of ways to choose k objects out of n, without replacement and without
distinguishing between the different orders in which they could be chosen.

Definition 1.4.12 (Binomial coefficient). For any nonnegative integers k and n,
the binomial coefficient (2), read as “n choose k7, is the number of subsets of size
k for a set of size n.

For example, (3) = 6, as shown in Example 1.4.11. The binomial coefficient (Z)

is sometimes called a combination, but we do not use that terminology here since
“combination” is such a useful general-purpose word. Algebraically, binomial coef-
ficients can be computed as follows.

Theorem 1.4.13 (Binomial coefficient formula). For k£ < n, we have

<n> n(n—1)-(n—k-+1) n!

k)~ k! T (n—k)&

For k > n, we have (Z) =0.

Proof. Let A be a set with |A| = n. Any subset of A has size at most n, so (Z) =0
for & > n. Now let k& < n. By Theorem 1.4.6, there are n(n —1)---(n — k + 1)
ways to make an ordered choice of k elements without replacement. This overcounts
each subset of interest by a factor of k! (since we don’t care how these elements are
ordered), so we can get the correct count by dividing by k!. |
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4 1.4.14. The binomial coeflicient (Z) is often defined in terms of factorials, but
keep in mind that (Z) is 0 if £ > n, even though the factorial of a negative number
is undefined. Also, the middle expression in Theorem 1.4.13 is often better for
computation than the expression with factorials, since factorials grow extremely

fast. For example,
100 100 - 99
= = 4
( 5 > 5 950

can even be done by hand, whereas computing (1[2)0) = 100!/(98!-2!) by first calculat-
ing 100! and 98! would be wasteful and possibly dangerous because of the extremely
large numbers involved (100! a2 9.33 x 101°7).

Example 1.4.15 (Club officers). In a club with n people, there are n(n—1)(n

ways to choose a president, vice president, and treasurer, and there are (g)
n(n—1)(n—2)
3!

2)

ways to choose 3 officers without predetermined titles.

Example 1.4.16 (Permutations of a word). How many ways are there to permute
the letters in the word LALALAAA? To determine a permutation, we just need to
choose where the 5 A’s go (or, equivalently, just decide where the 3 L’s go). So there

are
8 8 8-7-6 56 pe tations
— = = Tmu 1011S.
5 3 3! p

How many ways are there to permute the letters in the word STATISTICS? Here
are two approaches. We could choose where to put the S’s, then where to put the

s (from the remaining positions), then where to put the I's, then where to put
the A (and then the C is determined). Alternatively, we can start with 10! and then
adjust for overcounting, dividing by 3!3!2! to account for the fact that the S’s can
be permuted among themselves in any way, and likewise for the T’s and I's. This

ives
10Y (7 (4) (2) _ 10!
( 3 ) <3) (2) (1) 313191 = 50400 possibilities.

Example 1.4.17 (Binomial theorem). The binomial theorem states that

<x+y>":i(k) oy

k=0

To prove the binomial theorem, expand out the product

(z+y)(x+y)...(x+y).

n factors

Just as (a+b)(c+d) = ac+ad+ bc+ bd is the sum of terms where we pick the a or
the b from the first factor (but not both) and the ¢ or the d from the second factor
(but not both), the terms of (x + y)™ are obtained by picking either the = or the y
(but not both) from each factor. There are (Z) ways to choose exactly k of the x’s,
and each such choice yields the term z*y™~*. The binomial theorem follows. ]
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We can use binomial coefficients to calculate probabilities in many problems for
which the naive definition applies.

Example 1.4.18 (Full house in poker). A 5-card hand is dealt from a standard,
well-shuffled 52-card deck. The hand is called a full house in poker if it consists of
three cards of some rank and two cards of another rank, e.g., three 7’s and two 10’s
(in any order). What is the probability of a full house?

Solution:

All of the (552) possible hands are equally likely by symmetry, so the naive definition
is applicable. To find the number of full house hands, use the multiplication rule
(and imagine the tree). There are 13 choices for what rank we have three of; for
concreteness, assume we have three 7’s and focus on that branch of the tree. There
are (g) ways to choose which 7’s we have. Then there are 12 choices for what rank
we have two of, say 10’s for concreteness, and (3) ways to choose two 10’s. Thus,

13(3)12(;) 3744

P(full h = = ~ (0.00144.
(full house) B 2598960
The decimal approximation is more useful when playing poker, but the answer in
terms of binomial coefficients is exact and self-annotating (seeing “(552)” is a much

bigger hint of its origin than seeing “2598960”). g

Example 1.4.19 (Newton-Pepys problem). Isaac Newton was consulted about
the following problem by Samuel Pepys, who wanted the information for gambling
purposes. Which of the following events has the highest probability?

A: At least one 6 appears when 6 fair dice are rolled.
B: At least two 6’s appear when 12 fair dice are rolled.

C': At least three 6’s appear when 18 fair dice are rolled.

Solution:

The three experiments have 6%, 6!2, and 6!® possible outcomes, respectively, and by
symmetry the naive definition applies in all three experiments.

A: Instead of counting the number of ways to obtain at least one 6, it is easier to
count the number of ways to get no 6’s. Getting no 6’s is equivalent to sampling the
numbers 1 through 5 with replacement 6 times, so 5% outcomes are favorable to A¢
(and 6° — 5% are favorable to A). Thus

56

B: Again we count the outcomes in B¢ first. There are 5'2 ways to get no 6’s in
12 die rolls. There are (112)511 ways to get exactly one 6: we first choose which die
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lands 6, then sample the numbers 1 through 5 with replacement for the other 11
dice. Adding these, we get the number of ways to fail to obtain at least two 6’s.

Then
512 + (112) 511

P(B)=1- 612

~ 0.62.

C: We count the outcomes in C¢, i.e., the number of ways to get zero, one, or two
6’s in 18 die rolls. There are 5'® ways to get no 6’s, (118)517 ways to get exactly one
6, and (128) 516 ways to get exactly two 6’s (choose which two dice will land 6, then
decide how the other 16 dice will land).

5 ()5 ()5

P(C) =1 5

~ 0.60.

Therefore A has the highest probability.

Newton arrived at the correct answer using similar calculations. Newton also pro-
vided Pepys with an intuitive argument for why A was the most likely of the three;
however, his intuition was invalid. As explained in Stigler [27], using loaded dice
could result in a different ordering of A, B, C, but Newton’s intuitive argument did
not depend on the dice being fair. O

In this book, we care about counting not for its own sake, but because it sometimes
helps us to find probabilities. Here is an example of a neat but treacherous counting
problem; the solution is elegant, but it is rare that the result can be used with the
naive definition of probability.

Example 1.4.20 (Bose-Einstein). How many ways are there to choose k times from
a set of n objects with replacement, if order doesn’t matter (we only care about
how many times each object was chosen, not the order in which they were chosen)?

Solution:

When order does matter, the answer is n* by the multiplication rule, but this
problem is much harder. We will solve it by solving an isomorphic problem (the
same problem in a different guise).

Let us find the number of ways to put k indistinguishable particles into n distin-
guishable boxes. That is, swapping the particles in any way is not considered a
separate possibility: all that matters are the counts for how many particles are in
each box. Any configuration can be encoded as a sequence of |’s and @’s in a natural
way, as illustrated in Figure 1.5.

To be valid, a sequence must start and end with a |, with exactly n—1 |’s and k @’s
in between; conversely, any such sequence is a valid encoding for some configuration
of particles in boxes. Thus there are n + k — 1 slots between the two outer walls,
and we need only choose where to put the k @’s, so the number of possibilities is
("H,:_l). This is known as the Bose-FEinstein value, since the physicists Satyenda
Nath Bose and Albert Einstein studied related problems about indistinguishable
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C | 0O | [00© O

| [ ] | (I J |Q0.| [ ] |
FIGURE 1.5

Bose-Einstein encoding: putting & = 7 indistinguishable particles into n = 4 distin-
guishable boxes can be expressed as a sequence of |'s and @’s, where | denotes a
wall and @ denotes a particle.

particles in the 1920s, using their ideas to successfully predict the existence of a
strange state of matter known as a Bose-Einstein condensate.

To relate this back to the original question, we can let each box correspond to one
of the n objects and use the particles as “check marks” to tally how many times
each object is selected. For example, if a certain box contains exactly 3 particles,
that means the object corresponding to that box was chosen exactly 3 times. The
particles being indistinguishable corresponds to the fact that we don’t care about
the order in which the objects are chosen. Thus, the answer to the original question
is also (”Jr,’:*l).

Another isomorphic problem is to count the number of solutions (z1, ..., z,) to the
equation x1 + x3 + -+ + x, = k, where the z; are nonnegative integers. This is
equivalent since we can think of x; as the number of particles in the ith box.

& 1.4.21. The Bose-Einstein result should not be used in the naive definition of
probability except in very special circumstances. For example, consider a survey
where a sample of size k is collected by choosing people from a population of size n
one at a time, with replacement and with equal probabilities. Then the n* ordered
samples are equally likely, making the naive definition applicable, but the ("H,z*l)
unordered samples (where all that matters is how many times each person was

sampled) are not equally likely.

As another example, with n = 365 days in a year and k people, how many possible
unordered birthday lists are there? For example, for k£ = 3, we want to count lists
like (May 1, March 31, April 11), where all permutations are considered equivalent.
We can’t do a simple adjustment for overcounting such as n* /3! since, e.g., there are
6 permutations of (May 1, March 31, April 11) but only 3 permutations of (March
31, March 31, April 11). By Bose-Einstein, the number of lists is (nﬂ?*l). But the
ordered birthday lists are equally likely, not the unordered lists, so the Bose-Einstein
value should not be used in calculating birthday probabilities.

g



Probability and counting 19

1.5 Story proofs

A story proof is a proof by interpretation. For counting problems, this often means
counting the same thing in two different ways, rather than doing tedious algebra. A
story proof often avoids messy calculations and goes further than an algebraic proof
toward explaining why the result is true. The word “story” has several meanings,
some more mathematical than others, but a story proof (in the sense in which we’re
using the term) is a fully valid mathematical proof. Here are some examples of story
proofs, which also serve as further examples of counting.

Example 1.5.1 (Choosing the complement). For any nonnegative integers n and

k with k < n, we have
n\ n
k) \n—k)

This is easy to check algebraically (by writing the binomial coefficients in terms of
factorials), but a story proof makes the result easier to understand intuitively.

Story proof: Consider choosing a committee of size k in a group of n people. We
know that there are (Z) possibilities. But another way to choose the committee is
to specify which n — k people are not on the committee; specifying who is on the
committee determines who is not on the committee, and vice versa. So the two sides
are equal, as they are two ways of counting the same thing. O

Example 1.5.2 (The team captain). For any positive integers n and k with k& < n,

(m0) =+

This is again easy to check algebraically (using the fact that m! = m(m — 1)! for
any positive integer m), but a story proof is more insightful.

Story proof: Consider a group of n people, from which a team of k£ will be chosen,
one of whom will be the team captain. To specify a possibility, we could first choose
the team captain and then choose the remaining £ — 1 team members; this gives
the left-hand side. Equivalently, we could first choose the k team members and then
choose one of them to be captain; this gives the right-hand side. ]

Example 1.5.3 (Vandermonde’s identity). A famous relationship between binomial
coefficients, called Vandermonde’s identity, says that

(=2 G)

This identity will come up several times in this book. Trying to prove it with a
brute force expansion of all the binomial coefficients would be a nightmare. But a
story proves the result elegantly and makes it clear why the identity holds.
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Story proof: Consider a group of m men and n women, from which a committee
of size k will be chosen. There are (m;n) possibilities. If there are ;7 men in the
committee, then there must be k — 7 women in the committee. The right-hand side

of Vandermonde’s identity sums up the cases for j. O

Example 1.5.4 (Partnerships). Let’s use a story proof to show that

2n)!
2(71.31! =(2n—-1)(2n—3)---3-1.

Story proof: We will show that both sides count the number of ways to break 2n
people into n partnerships. Take 2n people, and give them ID numbers from 1 to
2n. We can form partnerships by lining up the people in some order and then saying
the first two are a pair, the next two are a pair, etc. This overcounts by a factor
of n! - 2" since the order of pairs doesn’t matter, nor does the order within each
pair. Alternatively, count the number of possibilities by noting that there are 2n —1
choices for the partner of person 1, then 2n — 3 choices for person 2 (or person 3, if
person 2 was already paired to person 1), and so on. U

1.6 Non-naive definition of probability

We have now seen several methods for counting outcomes in a sample space, allowing
us to calculate probabilities if the naive definition applies. But the naive definition
can only take us so far, since it requires equally likely outcomes and can’t handle
an infinite sample space. To generalize the notion of probability, we’ll use the best
part about math, which is that you get to make up your own definitions. What
this means is that we write down a short wish list of how we want probability to
behave (in math, the items on the wish list are called azioms), and then we define
a probability function to be something that satisfies the properties we want!

Here is the general definition of probability that we’ll use for the rest of this book.
It requires just two axioms, but from these axioms it is possible to prove a vast
array of results about probability.

Definition 1.6.1 (General definition of probability). A probability space consists
of a sample space S and a probability function P which takes an event A C S as
input and returns P(A), a real number between 0 and 1, as output. The function
P must satisfy the following axioms:
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2. If Ay, Ao, ... are disjoint events, then

PlJ4; | =D P4
j=1 j=1

(Saying that these events are disjoint means that they are mutually exclu-
sive: A;NAj =0 for i #j.)

In Pebble World, the definition says that probability behaves like mass: the mass
of an empty pile of pebbles is 0, the total mass of all the pebbles is 1, and if we
have non-overlapping piles of pebbles, we can get their combined mass by adding
the masses of the individual piles. Unlike in the naive case, we can now have pebbles
of differing masses, and we can also have a countably infinite number of pebbles as
long as their total mass is 1.

We can even have uncountable sample spaces, such as having S be an area in the
plane. In this case, instead of pebbles, we can visualize mud spread out over a region,
where the total mass of the mud is 1.

Any function P (mapping events to numbers in the interval [0, 1]) that satisfies the
two axioms is considered a valid probability function. However, the axioms don’t tell
us how probability should be interpreted; different schools of thought exist.

The frequentist view of probability is that it represents a long-run frequency over a
large number of repetitions of an experiment: if we say a coin has probability 1/2 of
Heads, that means the coin would land Heads 50% of the time if we tossed it over
and over and over.

The Bayesian view of probability is that it represents a degree of belief about the
event in question, so we can assign probabilities to hypotheses like “candidate A
will win the election” or “the defendant is guilty” even if it isn’t possible to repeat
the same election or the same crime over and over again.

The Bayesian and frequentist perspectives are complementary, and both will be
helpful for developing intuition in later chapters. Regardless of how we choose to
interpret probability, we can use the two axioms to derive other properties of prob-
ability, and these results will hold for any valid probability function.

Theorem 1.6.2 (Properties of probability). Probability has the following proper-
ties, for any events A and B.

1. P(A°) =1— P(A).
2.1f A C B, then P(A) < P(B).
3. P(AUB)=P(A)+ P(B) — P(ANB).
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Proof.

1. Since A and A€ are disjoint and their union is S, the second axiom gives
P(S)=P(AUA°) = P(A) + P(A°),

But P(S) =1 by the first axiom. So P(A) + P(A°) = 1.

2. If A C B, then we can write B as the union of A and B N A¢, where B N A° is
the part of B not also in A. This is illustrated in the figure below.

S
BNAS

B

Since A and B N A€ are disjoint, we can apply the second axiom:
P(B)=P(AU(BNA®))=P(A)+ P(BN A°).
Probability is nonnegative, so P(B N A¢) > 0, proving that P(B) > P(A).

3. The intuition for this result can be seen using a Venn diagram like the one below.

S

The shaded region represents AU B, but the probability of this region is not P(A)+
P(B), because that would count the football-shaped region AN B twice. To correct
for this, we subtract P(A N B). This is a useful intuition, but not a proof.

For a proof using the axioms of probability, we can write AU B as the union of the
disjoint events A and B N A°. Then by the second axiom,

P(AUB)=P(AU(BNA°)) =P(A)+ P(Bn A°).

So it suffices to show that P(BN A¢) = P(B) — P(AN B). Since AN B and B N A°¢
are disjoint and their union is B, another application of the second axiom gives us

P(ANB)+ P(BNA°) = P(B).
So P(BN A¢) = P(B) — P(AN B), as desired. [
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The third property is a special case of inclusion-exclusion, a formula for finding the
probability of a union of events when the events are not necessarily disjoint. We
showed above that for two events A and B,

P(AUB)=P(A)+ P(B)— P(ANB).
For three events, inclusion-exclusion says

P(AUBUC)=P(A)+ P(B)+ P(C)
—P(ANB)—-P(ANC)—-P(BNC)
+P(ANBNC).

For intuition, consider a triple Venn diagram like the one below.

A B

To get the total area of the shaded region AU B U C', we start by adding the areas
of the three circles, P(A) + P(B) + P(C). The three football-shaped regions have
each been counted twice, so we then subtract P(ANB) + P(ANC)+ P(BNCQC).
Finally, the region in the center has been added three times and subtracted three
times, so in order to count it exactly once, we must add it back again. This ensures
that each region of the diagram has been counted once and exactly once.

Now we can write inclusion-exclusion for n events.

Theorem 1.6.3 (Inclusion-exclusion). For any events Aj,..., A,,
n
P (U Ai> =Y P(A) =) P(AinA)+ > PANANAL)—...
i=1 i i<j i<j<k

+ (=) P(A NN Ap).

This formula can be proven by induction using just the axioms, but instead we’ll
present a shorter proof in Chapter 4 after introducing some additional tools. The
rationale behind the alternating addition and subtraction in the general formula is
analogous to the special cases we’ve already considered.

The next example, de Montmort’s matching problem, is a famous application of
inclusion-exclusion. Pierre Rémond de Montmort was a French mathematician who
studied probability in the context of gambling and wrote a treatise [21] devoted to
the analysis of various card games. He posed the following problem in 1708, based
on a card game called Treize.
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Example 1.6.4 (de Montmort’s matching problem). Consider a well-shuffled deck
of n cards, labeled 1 through n. You flip over the cards one by one, saying the
numbers 1 through n as you do so. You win the game if, at some point, the number
you say aloud is the same as the number on the card being flipped over (for example,
if the 7th card in the deck has the label 7). What is the probability of winning?

Solution:

Let A; be the event that the ith card in the deck has the number ¢ written on it.
We are interested in the probability of the union A; U---U A,: as long as at least
one of the cards has a number matching its position in the deck, you will win the
game. (An ordering for which you lose is called a derangement, though hopefully no
one has ever become deranged due to losing at this game.)

To find the probability of the union, we’ll use inclusion-exclusion. First,

1
P(4;) = -
for all 4. One way to see this is with the naive definition of probability, using the
full sample space: there are n! possible orderings of the deck, all equally likely, and
(n—1)! of these are favorable to A; (fix the card numbered ¢ to be in the ith position
in the deck, and then the remaining n — 1 cards can be in any order). Another way
to see this is by symmetry: the card numbered 7 is equally likely to be in any of the
n positions in the deck, so it has probability 1/n of being in the ith spot. Second,

(n—2)! 1
nl nmn-1)

P(AZ ﬁAj) =

since we require the cards numbered ¢ and j to be in the ith and jth spots in the
deck and allow the remaining n — 2 cards to be in any order, so (n — 2)! out of n!
possibilities are favorable to A; N A;. Similarly,

1
n(n—1)(n—2)’

P(AiﬁAjﬂAk) =

and the pattern continues for intersections of 4 events, etc.

In the inclusion-exclusion formula, there are n terms involving one event, (72‘) terms
involving two events, (’;) terms involving three events, and so forth. By the sym-
metry of the problem, all n terms of the form P(A;) are equal, all (}) terms of the
form P(A; N Aj) are equal, and the whole expression simplifies considerably:

n n n 1
Y (z:U1AZ> T n(7£2—) 1) " n(n—(1?3>(n—2) _.“Jr(_l)nﬂiﬂ

3

_ 1 1 n+1 1
—1—5—&-5—”-—%(—1) gt
Comparing this to the Taylor series for 1/e (see Section A.8 of the math appendix),
1 1 1 1
e =l-=+=—=+...,
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we see that for large n, the probability of winning the game is extremely close
to 1 — 1/e, or about 0.63. Interestingly, as m grows, the probability of winning
approaches 1 — 1/e instead of going to 0 or 1. With a lot of cards in the deck, the
number of possible locations for matching cards increases while the probability of
any particular match decreases, and these two forces offset each other and balance
to give a probability of about 1 — 1/e. O

Inclusion-exclusion is a very general formula for the probability of a union of events,
but it helps us the most when there is symmetry among the events A;; otherwise
the sum can be extremely tedious. In general, when symmetry is lacking, we should
try to use other tools before turning to inclusion-exclusion as a last resort.

1.7 Recap

Probability allows us to quantify uncertainty and randomness in a principled way.
Probabilities arise when we perform an experiment: the set of all possible outcomes
of the experiment is called the sample space, and a subset of the sample space
is called an event. It is useful to be able to go back and forth between describing
events in English and writing them down mathematically as sets (often using unions,
intersections, and complements).

Pebble World can help us visualize sample spaces and events when the sample space
is finite. In Pebble World, each outcome is a pebble, and an event is a set of pebbles.
If all the pebbles have the same mass (i.e., are equally likely), we can apply the naive
definition of probability, which lets us calculate probabilities by counting.

To this end, we discussed several tools for counting. When counting the number
of possibilities, we often use the multiplication rule. If we can’t directly use the
multiplication rule, we can sometimes count each possibility exactly ¢ times for
some ¢, and then divide by c to get the actual number of possibilities.

An important pitfall to avoid is misapplying the naive definition of probability,
implicitly or explicitly assuming equally likely outcomes without justification. One
technique to help avoid this is to give objects labels, for precision and so that we are
not tempted to treat them as indistinguishable.

Moving beyond the naive definition, we define probability to be a function that
takes an event and assigns to it a real number between 0 and 1. We require a valid
probability function to satisfy two axioms:

1. P() =0, P(S) = 1.

2. If Ay, As, ... are disjoint events, then P

A | = Z P(A;).

Jj=1 Jj=1

s
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Many useful properties can be derived just from these axioms. For example,
P(A)=1-P(A)

for any event A, and we have the inclusion-exclusion formula

n

P (UAZ) =Y P(A) =) P(AiNA)+ > PANANA)— ...
i=1 i i<j i<j<k
+ ()" P(A NN AY)

for any events Ai,..., A,. For n = 2, this is the much nicer-looking result

P(Al U AQ) = P(Al) + P(AQ) — P(Al N AQ)

Figure 1.6 illustrates how a probability function maps events to numbers between
0 and 1. We’ll add many new concepts to this diagram as we continue our journey
through the field of probability.

(

UK

>
[

What can Q000
happen? o000

(1 f2]s)
(o] J-].-]
N
events numbers
A PA)
not A P P(A°) =1-P(A)
Aand B —_ P(ANB)
AorB P(AUB) = P(A) + P(B) — P(ANB)
something happened P(S) =1

FIGURE 1.6

It is important to distinguish between events and probabilities. The former are sets,
while the latter are numbers. Before the experiment is done, we generally don’t know
whether or not a particular event will occur (happen). So we assign it a probability
of happening, using a probability function P. We can use set operations to define
new events in terms of old events, and the properties of probabilities to relate the
probabilities of the new events to those of the old events.
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1.8 R

R is a very powerful, popular environment for statistical computing and graphics,
freely available for Mac OS X, Windows, and UNIX systems. Knowing how to use R
is an extremely useful skill. R and various supporting information can be obtained
at http://www.r-project.org. RStudio is an alternative interface for R, freely
available at http://www.rstudio.com.

In the R section at the end of each chapter, we provide R code to let you try out
some of the examples from the chapter, especially via simulation. These sections
are not intended to be a full introduction to R; many R tutorials are available
for free online, and many books on R are available. But the R sections show how
to implement various simulations, computations, and visualizations that naturally
accompany the material from each chapter.

Vectors

R is built around wectors, and getting familiar with “vectorized thinking” is very
important for using R effectively. To create a vector, we can use the ¢ command
(which stands for combine or concatenate). For example,

v <- ¢(3,1,4,1,5,9)

defines v to be the vector (3,1,4,1,5,9). (The left arrow <- is typed as < followed
by -. The symbol = can be used instead, but the arrow is more suggestive of the fact
that the variable on the left is being set equal to the value on the right.) Similarly,
n <- 110 sets n equal to 110; R views n as a vector of length 1.

sum(v)

adds up the entries of v, max(v) gives the largest value, min(v) gives the smallest
value, and length(v) gives the length.

A shortcut for getting the vector (1,2,...,n) is to type 1:n; more generally, if m
and n are integers then m:n gives the sequence of integers from m to n (in increasing
order if m < n and in decreasing order otherwise).

To access the ith entry of a vector v, use v[i]. We can also get subvectors eas-
ily:
v[c(1,3,5)]

gives the vector consisting of the 1st, 3rd, and 5th entries of v. It’s also possible to
get a subvector by specifying what to exclude, using a minus sign:

v[-(2:4)]
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gives the vector obtained by removing the 2nd through 4th entries of v (the paren-
theses are needed since -2:4 would be (-2, —1,...,4)).

Many operations in R are interpreted componentwise. For example, in math the
cube of a vector doesn’t have a standard definition, but in R typing v~3 simply
cubes each entry individually. Similarly,

1/(1:100) "2
is a very compact way to get the vector (1, 2%, 3%, ce ﬁ).

In math, v+ w is undefined if v and w are vectors of different lengths, but in R the
shorter vector gets “recycled”! For example, v+3 adds 3 to each entry of v.

Factorials and binomial coefficients

We can compute n! using factorial(n) and (Z) using choose(n,k). As we have
seen, factorials grow extremely quickly. What is the largest n for which R returns a
number for factorial(n)? Beyond that point, R will return Inf (infinity), with a
warning message. But it may still be possible to use 1factorial (n) for larger values
of n, which computes log(n!). Similarly, 1choose(n,k) computes log (Z)

Sampling and simulation

The sample command is a useful way of drawing random samples in R. (Techni-
cally, they are pseudo-random since there is an underlying deterministic algorithm,
but they “look like” random samples for almost all practical purposes.) For exam-

ple,

n <- 10; k <- 5
sample(n,k)

generates an ordered random sample of 5 of the numbers from 1 to 10, without
replacement, and with equal probabilities given to each number. To sample with
replacement instead, just add in replace = TRUE:

n <- 10; k <- 5
sample(n,k,replace=TRUE)

To generate a random permutation of 1,2,...,n we can use sample(n,n), which
because of R’s default settings can be abbreviated to sample(n).

We can also use sample to draw from a non-numeric vector. For example, letters is
built into R as the vector consisting of the 26 lowercase letters of the English alpha-
bet, and sample(letters,7) will generate a random 7-letter “word” by sampling
from the alphabet, without replacement.
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The sample command also allows us to specify general probabilities for sampling
each number. For example,

sample(4, 3, replace=TRUE, prob=c(0.1,0.2,0.3,0.4))

samples 3 numbers between 1 and 4, with replacement, and with probabilities given
by (0.1,0.2,0.3,0.4). If the sampling is without replacement, then at each stage the
probability of any not-yet-chosen number is proportional to its original probabil-
ity.

Generating many random samples allows us to perform a simulation for a proba-
bility problem. The replicate command, which is explained below, is a convenient
way to do this.

Matching problem simulation

Let’s show by simulation that the probability of a matching card in Example 1.6.4 is
approximately 1 — 1/e when the deck is sufficiently large. Using R, we can perform
the experiment a bunch of times and see how many times we encounter at least one
matching card:

n <- 100
r <- replicate(1074,sum(sample(n)==(1:n)))
sum(r>=1)/10"4

In the first line, we choose how many cards are in the deck (here, 100 cards). In the
second line, let’s work from the inside out:

e sample(n)==(1:n) is a vector of length n, the ith element of which equals 1 if the
1th card matches its position in the deck and 0 otherwise. That’s because for two
numbers a and b, the expression a==b is TRUE if a = b and FALSE otherwise,
and TRUE is encoded as 1 and FALSE is encoded as 0.

e sum adds up the elements of the vector, giving us the number of matching cards
in this run of the experiment.

e replicate does this 10* times. We store the results in r, a vector of length 10*
containing the numbers of matched cards from each run of the experiment.

In the last line, we add up the number of times where there was at least one matching
card, and we divide by the number of simulations.

To explain what the code is doing within the code rather than in separate documen-
tation, we can add comments using the # symbol to mark the start of a comment.
Comments are ignored by R but can make the code much easier to understand for
the reader (who could be you—even if you will be the only one using your code, it
is often hard to remember what everything means and how the code is supposed to
work when looking at it a month after writing it). Short comments can be on the



30 Introduction to Probability

same line as the corresponding code; longer comments should be on separate lines.
For example, a commented version of the above simulation is:

n <- 100 # number of cards
r <- replicate(1074,sum(sample(n)==(1:n))) # shuffle; count matches
sum(r>=1)/10"4 # proportion with a match

What did you get when you ran the code? We got 0.63, which is quite close to
1—1/e.

Birthday problem calculation and simulation

The following code uses prod (which gives the product of a vector) to calculate the
probability of at least one birthday match in a group of 23 people:

k <- 23
1-prod ((365-k+1) :365) /3657k

Better yet, R has built-in functions, pbirthday and gbirthday, for the birthday
problem! pbirthday (k) returns the probability of at least one match if the room
has k people. gbirthday(p) returns the number of people needed in order to have
probability p of at least one match. For example, pbirthday(23) is 0.507 and
gbirthday(0.5) is 23.

We can also find the probability of having at least one triple birthday match, i.e.,
three people with the same birthday; all we have to do is add coincident=3 to
say we're looking for triple matches. For example, pbirthday (23, coincident=3)
returns 0.014, so 23 people give us only a 1.4% chance of a triple birthday match.
gbirthday(0.5,coincident=3) returns 88, so we’d need 88 people to have at least
a 50% chance of at least one triple birthday match.

To simulate the birthday problem, we can use

b <- sample(1:365,23,replace=TRUE)
tabulate (b)

to generate random birthdays for 23 people and then tabulate the counts of how
many people were born on each day (the command table(b) creates a prettier
table, but is slower). We can run 10* repetitions as follows:

r <- replicate(1074, max(tabulate(sample(1:365,23,replace=TRUE))))
sum(r>=2)/10"4

If the probabilities of various days are not all equal, the calculation becomes much
more difficult, but the simulation can easily be extended since sample allows us to
specify the probability of each day (by default sample assigns equal probabilities,
so in the above the probability is 1/365 for each day).
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1.9 Exercises

Exercises marked with (8) throughout this book have detailed solutions online at
stat110.net. We highly recommend working on the exercises yourself before study-
ing the online solutions.

Counting

1. How many ways are there to permute the letters in the word MISSISSIPPI?

(a) How many 7-digit phone numbers are possible, assuming that the first digit can’t
bea0oral?

(b) Re-solve (a), except now assume also that the phone number is not allowed to start
with 911 (since this is reserved for emergency use, and it would not be desirable for the
system to wait to see whether more digits were going to be dialed after someone has
dialed 911).

3. Fred is planning to go out to dinner each night of a certain week, Monday through
Friday, with each dinner being at one of his ten favorite restaurants.

(a) How many possibilities are there for Fred’s schedule of dinners for that Monday
through Friday, if Fred is not willing to eat at the same restaurant more than once?

(b) How many possibilities are there for Fred’s schedule of dinners for that Monday
through Friday, if Fred is willing to eat at the same restaurant more than once, but is
not willing to eat at the same place twice in a row (or more)?

4. A round-robin tournament is being held with n tennis players; this means that every
player will play against every other player exactly once.

(a) How many possible outcomes are there for the tournament (the outcome lists out
who won and who lost for each game)?

(b) How many games are played in total?

5. A knock-out tournament is being held with 2" tennis players. This means that for each
round, the winners move on to the next round and the losers are eliminated, until only
one person remains. For example, if initially there are 2* = 16 players, then there are
8 games in the first round, then the 8 winners move on to round 2, then the 4 winners
move on to round 3, then the 2 winners move on to round 4, the winner of which is
declared the winner of the tournament. (There are various systems for determining who
plays whom within a round, but these do not matter for this problem.)

(a) How many rounds are there?

(b) Count how many games in total are played, by adding up the numbers of games
played in each round.

(¢) Count how many games in total are played, this time by directly thinking about it
without doing almost any calculation.

Hint: How many players need to be eliminated?

6. There are 20 people at a chess club on a certain day. They each find opponents and
start playing. How many possibilities are there for how they are matched up, assuming
that in each game it does matter who has the white pieces (in a chess game, one player
has the white pieces and the other player has the black pieces)?
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Two chess players, A and B, are going to play 7 games. Each game has three possible
outcomes: a win for A (which is a loss for B), a draw (tie), and a loss for A (which is
a win for B). A win is worth 1 point, a draw is worth 0.5 points, and a loss is worth 0
points.

(a) How many possible outcomes for the individual games are there, such that overall
player A ends up with 3 wins, 2 draws, and 2 losses?

(b) How many possible outcomes for the individual games are there, such that A ends
up with 4 points and B ends up with 3 points?

(¢) Now assume that they are playing a best-of-7 match, where the match will end as
soon as either player has 4 points. For example, if after 6 games the score is 4 to 2 in
favor of A, then A wins the match and they don’t play a 7th game. How many possible
outcomes for the individual games are there, such that the match lasts for 7 games and
A wins by a score of 4 to 37

® (a) How many ways are there to split a dozen people into 3 teams, where one team
has 2 people, and the other two teams have 5 people each?

(b) How many ways are there to split a dozen people into 3 teams, where each team has
4 people?

® (a) How many paths are there from the point (0,0) to the point (110,111) in the
plane such that each step either consists of going one unit up or one unit to the right?

(b) How many paths are there from (0, 0) to (210, 211), where each step consists of going
one unit up or one unit to the right, and the path has to go through (110,111)?

To fulfill the requirements for a certain degree, a student can choose to take any 7 out
of a list of 20 courses, with the constraint that at least 1 of the 7 courses must be a
statistics course. Suppose that 5 of the 20 courses are statistics courses.

(a) How many choices are there for which 7 courses to take?

(b) Explain intuitively why the answer to (a) is not (i’) . (169),
Let A and B be sets with |A| = n,|B| = m.

(a) How many functions are there from A to B (i.e., functions with domain A, assigning
an element of B to each element of A)?

(b) How many one-to-one functions are there from A to B (see Section A.2.1 of the
math appendix for information about one-to-one functions)?

Four players, named A, B, C, and D, are playing a card game. A standard, well-shuffled
deck of cards is dealt to the players (so each player receives a 13-card hand).

(a) How many possibilities are there for the hand that player A will get? (Within a
hand, the order in which cards were received doesn’t matter.)

(b) How many possibilities are there overall for what hands everyone will get, assuming
that it matters which player gets which hand, but not the order of cards within a hand?

(¢) Explain intuitively why the answer to Part (b) is not the fourth power of the answer
to Part (a).

A certain casino uses 10 standard decks of cards mixed together into one big deck, which
we will call a superdeck. Thus, the superdeck has 52 - 10 = 520 cards, with 10 copies
of each card. How many different 10-card hands can be dealt from the superdeck? The
order of the cards does not matter, nor does it matter which of the original 10 decks
the cards came from. Express your answer as a binomial coefficient.

Hint: Bose-Einstein.

You are ordering two pizzas. A pizza can be small, medium, large, or extra large, with
any combination of 8 possible toppings (getting no toppings is allowed, as is getting all
8). How many possibilities are there for your two pizzas?
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Story proofs

® Give a story proof that >°;'_, (}) = 2".
(® Show that for all positive integers n and k with n > k,

n n n+1
doing this in two ways: (a) algebraically and (b) with a story, giving an interpretation

for why both sides count the same thing.
Hint for the story proof: Imagine n + 1 people, with one of them pre-designated as

“president”.
- ’ 2n — 1
n n—
k‘ =
k=1 <k> ! ( n-1 > 7

Hint: Consider choosing a committee of size n from two groups of size n each, where
only one of the two groups has people eligible to become president.

Give a story proof that
for all positive integers n.

® (a) Show using a story proof that

) o) () ()= (1)

where n and k are positive integers with n > k. This is called the hockey stick identity.

Hint: Imagine arranging a group of people by age, and then think about the oldest
person in a chosen subgroup.

(b) Suppose that a large pack of Haribo gummi bears can have anywhere between 30
and 50 gummi bears. There are 5 delicious flavors: pineapple (clear), raspberry (red),
orange (orange), strawberry (green, mysteriously), and lemon (yellow). There are 0 non-
delicious flavors. How many possibilities are there for the composition of such a pack of
gummi bears? You can leave your answer in terms of a couple binomial coefficients, but
not a sum of lots of binomial coefficients.

Define {Z} as the number of ways to partition {1,2,...,n} into k non-empty subsets, or
the number of ways to have n students split up into k£ groups such that each group has
at least one student. For example, {3} = 7 because we have the following possibilities:

o {1}, {2,3,4} o {1,2}, {3,4}
e {2}, {1,3,4}
o (31, {1.2,4} e {1,3}, {2,4}
e {4}, {1,2,3} e {1,4}, {2,3}
Prove the following identities:
n+1 n n
PRIt

Hint: I'm either in a group by myself or I’'m not.

0wl

Hint: First decide how many people are not going to be in my group.

(a)

(b)

33
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The Dutch mathematician R.J. Stroeker remarked:

Every beginning student of number theory surely must have marveled at the miraculous
fact that for each natural number n the sum of the first n positive consecutive cubes is
a perfect square. [29]

Furthermore, it is the square of the sum of the first n positive integers! That is,
P+ + 4’ =0+2+ - +n)

Usually this identity is proven by induction, but that does not give much insight into
why the result is true, nor does it help much if we wanted to compute the left-hand side
but didn’t already know this result. In this problem, you will give a story proof of the
identity.

(a) Give a story proof of the identity

1424 +n= (";“1)

Hint: Consider a round-robin tournament (see Exercise 4).

(b) Give a story proof of the identity

1 1 1
1)) (1)

It is then just basic algebra (not required for this problem) to check that the square of
the right-hand side in (a) is the right-hand side in (b).

Hint: Imagine choosing a number between 1 and n and then choosing 3 numbers between
0 and n smaller than the original number, with replacement. Then consider cases based
on how many distinct numbers were chosen.

Naive definition of probability

Three people get into an empty elevator at the first floor of a building that has 10
floors. Each presses the button for their desired floor (unless one of the others has
already pressed that button). Assume that they are equally likely to want to go to
floors 2 through 10 (independently of each other). What is the probability that the
buttons for 3 consecutive floors are pressed?

(® A certain family has 6 children, consisting of 3 boys and 3 girls. Assuming that all
birth orders are equally likely, what is the probability that the 3 eldest children are the
3 girls?

(® A city with 6 districts has 6 robberies in a particular week. Assume the robberies are
located randomly, with all possibilities for which robbery occurred where equally likely.
What is the probability that some district had more than 1 robbery?

A survey is being conducted in a city with 1 million residents. It would be far too
expensive to survey all of the residents, so a random sample of size 1000 is chosen
(in practice, there are many challenges with sampling, such as obtaining a complete
list of everyone in the city, and dealing with people who refuse to participate). The
survey is conducted by choosing people one at a time, with replacement and with equal
probabilities.

(a) Explain how sampling with vs. without replacement here relates to the birthday
problem.

(b) Find the probability that at least one person will get chosen more than once.



Probability and counting

25.

26.

27.

28.

29.

30.

31.

A hash table is a commonly used data structure in computer science, allowing for fast
information retrieval. For example, suppose we want to store some people’s phone num-
bers. Assume that no two of the people have the same name. For each name x, a hash
function h is used, letting h(z) be the location that will be used to store z’s phone
number. After such a table has been computed, to look up z’s phone number one just
recomputes h(x) and then looks up what is stored in that location.

The hash function h is deterministic, since we don’t want to get different results every
time we compute h(z). But h is often chosen to be pseudorandom. For this problem,
assume that true randomness is used. Let there be k people, with each person’s phone
number stored in a random location (with equal probabilities for each location, inde-
pendently of where the other people’s numbers are stored), represented by an integer
between 1 and n. Find the probability that at least one location has more than one
phone number stored there.

® A college has 10 (non-overlapping) time slots for its courses, and blithely assigns
courses to time slots randomly and independently. A student randomly chooses 3 of the
courses to enroll in. What is the probability that there is a conflict in the student’s
schedule?

(® For each part, decide whether the blank should be filled in with =, <, or >, and give
a clear explanation.

(a) (probability that the total after rolling 4 fair dice is 21) (probability that the
total after rolling 4 fair dice is 22)

(b) (probability that a random 2-letter word is a palindrome?) (probability that a
random 3-letter word is a palindrome)

With definitions as in the previous problem, find the probability that a random n-letter
word is a palindrome for n = 7 and for n = 8.

® Elk dwell in a certain forest. There are N elk, of which a simple random sample of
size n are captured and tagged (“simple random sample” means that all (]Z ) sets of n
elk are equally likely). The captured elk are returned to the population, and then a new
sample is drawn, this time with size m. This is an important method that is widely used
in ecology, known as capture-recapture. What is the probability that exactly k of the m
elk in the new sample were previously tagged? (Assume that an elk that was captured
before doesn’t become more or less likely to be captured again.)

Four cards are face down on a table. You are told that two are red and two are black, and
you need to guess which two are red and which two are black. You do this by pointing
to the two cards you're guessing are red (and then implicitly you're guessing that the
other two are black). Assume that all configurations are equally likely, and that you do
not have psychic powers. Find the probability that exactly j of your guesses are correct,
for 7 =0,1,2,3,4.

(® A jar contains r red balls and g green balls, where r and g are fixed positive integers.
A ball is drawn from the jar randomly (with all possibilities equally likely), and then a
second ball is drawn randomly.

(a) Explain intuitively why the probability of the second ball being green is the same
as the probability of the first ball being green.

(b) Define notation for the sample space of the problem, and use this to compute the
probabilities from (a) and show that they are the same.

35

2A palindrome is an expression such as “A man, a plan, a canal: Panama” that reads the same
backwards as forwards (ignoring spaces, capitalization, and punctuation). Assume for this problem
that all words of the specified length are equally likely, that there are no spaces or punctuation,
and that the alphabet consists of the lowercase letters a,b,. .. z.
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(c¢) Suppose that there are 16 balls in total, and that the probability that the two balls
are the same color is the same as the probability that they are different colors. What
are r and g (list all possibilities)?

(® A random 5-card poker hand is dealt from a standard deck of cards. Find the prob-
ability of each of the following possibilities (in terms of binomial coefficients).

(a) A flush (all 5 cards being of the same suit; do not count a royal flush, which is a
flush with an ace, king, queen, jack, and 10).

(b) Two pair (e.g., two 3’s, two 7’s, and an ace).

A random 13-card hand is dealt from a standard deck of cards. What is the probability
that the hand contains at least 3 cards of every suit?

A group of 30 dice are thrown. What is the probability that 5 of each of the values
1,2,3,4,5,6 appear?

A deck of cards is shuffled well. The cards are dealt one by one, until the first time an
Ace appears.

(a) Find the probability that no kings, queens, or jacks appear before the first ace.

(b) Find the probability that exactly one king, exactly one queen, and exactly one kack
appear (in any order) before the first ace.

Tyrion, Cersei, and ten other people are sitting at a round table, with their seating
arrangement having been randomly assigned. What is the probability that Tyrion and
Cersei are sitting next to each other? Find this in two ways:

(a) using a sample space of size 12!, where an outcome is fully detailed about the seating;

(b) using a much smaller sample space, which focuses on Tyrion and Cersei.

An organization with 2n people consists of n married couples. A committee of size k is
selected, with all possibilities equally likely. Find the probability that there are exactly
7 married couples within the committee.

There are n balls in a jar, labeled with the numbers 1,2,...,n. A total of k balls are
drawn, one by one with replacement, to obtain a sequence of numbers.

(a) What is the probability that the sequence obtained is strictly increasing?

(b) What is the probability that the sequence obtained is increasing? (Note: In this
book, “increasing” means “nondecreasing”.)

Each of n balls is independently placed into one of n boxes, with all boxes equally likely.
What is the probability that exactly one box is empty?

® A norepeatword is a sequence of at least one (and possibly all) of the usual 26 letters
a,b,c,...,z, with repetitions not allowed. For example, “course” is a norepeatword, but
“statistics” is not. Order matters, e.g., “course” is not the same as “source”.

A norepeatword is chosen randomly, with all norepeatwords equally likely. Show that
the probability that it uses all 26 letters is very close to 1/e.

Axioms of probability
Show that for any events A and B,
P(A)+ P(B)—1<P(ANB) < P(AUB) < P(A) + P(B).

For each of these three inequalities, give a simple criterion for when the inequality is
actually an equality (e.g., give a simple condition such that P(AN B) = P(AU B) if
and only if the condition holds).
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Let A and B be events. The difference B — A is defined to be the set of all elements of
B that are not in A. Show that if A C B, then

P(B — A) = P(B) — P(A),

directly using the axioms of probability.

Let A and B be events. The symmetric difference AAB is defined to be the set of all
elements that are in A or B but not both. In logic and engineering, this event is also
called the XOR (exzclusive or) of A and B. Show that

P(AAB) = P(A) + P(B) — 2P(AN B),

directly using the axioms of probability.

Let A1, Az, ..., A, be events. Let By be the event that at least k of the A; occur, and
Cy be the event that exactly k of the A; occur, for 0 < k < n. Find a simple expression
for P(By) in terms of P(Ck) and P(Cr41).

Events A and B are independent if P(AN B) = P(A)P(B) (independence is explored
in detail in the next chapter).

(a) Give an example of independent events A and B in a finite sample space S (with
neither equal to () or S), and illustrate it with a Pebble World diagram.

(b) Consider the experiment of picking a random point in the rectangle
R={(z,y):0<z<1,0<y <1},

where the probability of the point being in any particular region contained within R is
the area of that region. Let A; and B; be rectangles contained within R, with areas not
equal to 0 or 1. Let A be the event that the random point is in A;, and B be the event
that the random point is in B;. Give a geometric description of when it is true that A
and B are independent. Also, give an example where they are independent and another
example where they are not independent.

(c) Show that if A and B are independent, then

P(AUB)=P(A)+ P(B)— P(A)P(B) =1— P(A°)P(B°).
(® Arby has a belief system assigning a number Pa,by(A) between 0 and 1 to every event
A (for some sample space). This represents Arby’s degree of belief about how likely A

is to occur. For any event A, Arby is willing to pay a price of 1000 - Parby(A) dollars to
buy a certificate such as the one shown below:

Certificate

The owner of this certificate can redeem it for $1000 if A occurs. No
value if A does not occur, except as required by federal, state, or local
law. No expiration date.

Likewise, Arby is willing to sell such a certificate at the same price. Indeed, Arby is
willing to buy or sell any number of certificates at this price, as Arby considers it the
“fair” price.

Arby stubbornly refuses to accept the axioms of probability. In particular, suppose that
there are two disjoint events A and B with

PArby(A U B) # PArby(A) + PArby(B)-

Show how to make Arby go bankrupt, by giving a list of transactions Arby is willing
to make that will guarantee that Arby will lose money (you can assume it will be
known whether A occurred and whether B occurred the day after any certificates are
bought/sold).

37
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Inclusion-exclusion

A fair die is rolled n times. What is the probability that at least 1 of the 6 values never
appears?

(® A card player is dealt a 13-card hand from a well-shuffled, standard deck of cards.
What is the probability that the hand is void in at least one suit (“void in a suit” means
having no cards of that suit)?

For a group of 7 people, find the probability that all 4 seasons (winter, spring, summer,
fall) occur at least once each among their birthdays, assuming that all seasons are equally
likely.

A certain class has 20 students, and meets on Mondays and Wednesdays in a classroom
with exactly 20 seats. In a certain week, everyone in the class attends both days. On
both days, the students choose their seats completely randomly (with one student per
seat). Find the probability that no one sits in the same seat on both days of that week.
Fred needs to choose a password for a certain website. Assume that he will choose an
8-character password, and that the legal characters are the lowercase letters a, b, c, ...,
z, the uppercase letters A, B, C, ..., Z, and the numbers 0, 1, ..., 9.

(a) How many possibilities are there if he is required to have at least one lowercase letter
in his password?

(b) How many possibilities are there if he is required to have at least one lowercase
letter and at least one uppercase letter in his password?

(¢) How many possibilities are there if he is required to have at least one lowercase
letter, at least one uppercase letter, and at least one number in his password?

(® Alice attends a small college in which each class meets only once a week. She is
deciding between 30 non-overlapping classes. There are 6 classes to choose from for each
day of the week, Monday through Friday. Trusting in the benevolence of randomness,
Alice decides to register for 7 randomly selected classes out of the 30, with all choices
equally likely. What is the probability that she will have classes every day, Monday
through Friday? (This problem can be done either directly using the naive definition of
probability, or using inclusion-exclusion.)

A club consists of 10 seniors, 12 juniors, and 15 sophomores. An organizing committee
of size 5 is chosen randomly (with all subsets of size 5 equally likely).

(a) Find the probability that there are exactly 3 sophomores in the committee.

(b) Find the probability that the committee has at least one representative from each
of the senior, junior, and sophomore classes.

Mixed practice

For each part, decide whether the blank should be filled in with =, <, or >, and give a
clear explanation. In (a) and (b), order doesn’t matter.

(a) (number of ways to choose 5 people out of 10) (number of ways to choose 6
people out of 10)

(b) (number of ways to break 10 people into 2 teams of 5) (number of ways to
break 10 people into a team of 6 and a team of 4)

(¢) (probability that all 3 people in a group of 3 were born on January 1) (proba-
bility that in a group of 3 people, 1 was born on each of January 1, 2, and 3)

Martin and Gale play an exciting game of “toss the coin,” where they toss a fair coin
until the pattern HH occurs (two consecutive Heads) or the pattern TH occurs (Tails
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followed immediately by Heads). Martin wins the game if and only if HH occurs before
TH occurs.

(d) (probability that Martin wins) 1/2

Take a deep breath before attempting this problem. In the book Innumeracy [22], John
Allen Paulos writes:

Now for better news of a kind of immortal persistence. First, take a deep
breath. Assume Shakespeare’s account is accurate and Julius Caesar gasped
[“Et tu, Brute!”] before breathing his last. What are the chances you just
inhaled a molecule which Caesar exhaled in his dying breath?

Assume that one breath of air contains 10?2 molecules, and that there are 10** molecules
in the atmosphere. (These are slightly simpler numbers than the estimates that Paulos
gives; for the purposes of this problem, assume that these are exact. Of course, in reality
there are many complications such as different types of molecules in the atmosphere,
chemical reactions, variation in lung capacities, etc.)

Suppose that the molecules in the atmosphere now are the same as those in the at-
mosphere when Caesar was alive, and that in the 2000 years or so since Caesar, these
molecules have been scattered completely randomly through the atmosphere. You can
also assume that sampling-by-breathing is with replacement (sampling without replace-
ment makes more sense but with replacement is easier to work with, and is a very good
approximation since the number of molecules in the atmosphere is so much larger than
the number of molecules in one breath).

Find the probability that at least one molecule in the breath you just took was shared
with Caesar’s last breath, and give a simple approximation in terms of e.

A widget inspector inspects 12 widgets and finds that exactly 3 are defective. Unfortu-
nately, the widgets then get all mixed up and the inspector has to find the 3 defective
widgets again by testing widgets one by one.

(a) Find the probability that the inspector will now have to test at least 9 widgets.

(b) Find the probability that the inspector will now have to test at least 10 widgets.

There are 15 chocolate bars and 10 children. In how many ways can the chocolate bars
be distributed to the children, in each of the following scenarios?

(a) The chocolate bars are fungible (interchangeable).

(b) The chocolate bars are fungible, and each child must receive at least one.

Hint: First give each child a chocolate bar, and then decide what to do with the rest.
(¢) The chocolate bars are not fungible (it matters which particular bar goes where).

(d) The chocolate bars are not fungible, and each child must receive at least one.

Hint: The strategy suggested in (b) does not apply. Instead, consider randomly giving
the chocolate bars to the children, and apply inclusion-exclusion.

Given n > 2 numbers (a1, az,...,a,) with no repetitions, a bootstrap sample is a se-
quence (z1,%2,...,%s) formed from the a;’s by sampling with replacement with equal
probabilities. Bootstrap samples arise in a widely used statistical method known as
the bootstrap. For example, if n = 2 and (a1,a2) = (3,1), then the possible bootstrap
samples are (3,3),(3,1),(1,3), and (1,1).

(a) How many possible bootstrap samples are there for (a1,...,an)?

(b) How many possible bootstrap samples are there for (ai,...,an), if order does not
matter (in the sense that it only matters how many times each a; was chosen, not the
order in which they were chosen)?
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(¢) One random bootstrap sample is chosen (by sampling from ai, ..., a, with replace-
ment, as described above). Show that not all unordered bootstrap samples (in the sense
of (b)) are equally likely. Find an unordered bootstrap sample by that is as likely as
possible, and an unordered bootstrap sample bs that is as unlikely as possible. Let p1 be
the probability of getting by and p2 be the probability of getting bs (so p; is the prob-
ability of getting the specific unordered bootstrap sample b;). What is p1/p2? What is
the ratio of the probability of getting an unordered bootstrap sample whose probability
is p1 to the probability of getting an unordered sample whose probability is p2?

(® There are 100 passengers lined up to board an airplane with 100 seats (with each
seat assigned to one of the passengers). The first passenger in line crazily decides to
sit in a randomly chosen seat (with all seats equally likely). Each subsequent passenger
takes his or her assigned seat if available, and otherwise sits in a random available seat.
What is the probability that the last passenger in line gets to sit in his or her assigned
seat? (This is a common interview problem, and a beautiful example of the power of
symmetry.)

Hint: Call the seat assigned to the jth passenger in line “seat j” (regardless of whether
the airline calls it seat 23A or whatever). What are the possibilities for which seats
are available to the last passenger in line, and what is the probability of each of these
possibilities?

In the birthday problem, we assumed that all 365 days of the year are equally likely
(and excluded February 29). In reality, some days are slightly more likely as birthdays
than others. For example, scientists have long struggled to understand why more babies
are born 9 months after a holiday. Let p = (p1,pa,...,p365) be the vector of birthday
probabilities, with p; the probability of being born on the jth day of the year (February
29 is still excluded, with no offense intended to Leap Dayers).

The kth elementary symmetric polynomial in the variables x1, ..., x, is defined by
ex(T1,...,xn) = Z Tjp .- Ty
1<j1<j2<--<jrp<n

This just says to add up all of the (Z) terms we can get by choosing and multiplying

k of the variables. For example, e1(x1,x2,x3) = 1 + 2 + 23, e2(x1,x2,x3) = 122 +
173 + T2x3, and es(x1, T2, T3) = T1T2T3.

Now let k > 2 be the number of people.

(a) Find a simple expression for the probability that there is at least one birthday match,
in terms of p and an elementary symmetric polynomial.

(b) Explain intuitively why it makes sense that P(at least one birthday match) is min-
imized when p; = W}s for all j, by considering simple and extreme cases.

(¢) The famous arithmetic mean-geometric mean inequality says that for z,y > 0,
m ; Y > \J/ry.
This inequality follows from adding 4zy to both sides of 2* — 2zy + y* = (z — y)*> > 0.

Define r = (r1,...,7365) by 11 = 72 = (p1 + p2)/2, r; = p; for 3 < j < 365. Using the
arithmetic mean-geometric mean bound and the fact, which you should verify, that

er(T1,. .., xn) = T1T2€8—2(T3,. .., Tn) + (1 + T2)ek—1(T3, ..., Tn) + ex(T3,...,Tn),
show that
P(at least one birthday match|p) > P(at least one birthday match|r),

with strict inequality if p # r, where the “given r” notation means that the birthday
probabilities are given by r. Using this, show that the value of p that minimizes the
probability of at least one birthday match is given by p; = 3%5 for all j.
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Conditional probability

We have introduced probability as a language for expressing our degrees of belief or
uncertainties about events. Whenever we observe new evidence (i.e., obtain data),
we acquire information that may affect our uncertainties. A new observation that
is consistent with an existing belief could make us more sure of that belief, while a
surprising observation could throw that belief into question. Conditional probability
is the concept that addresses this fundamental question: how should we update our
beliefs in light of the evidence we observe?

2.1 The importance of thinking conditionally

Conditional probability is essential for scientific, medical, and legal reasoning, since
it shows how to incorporate evidence into our understanding of the world in a logical,
coherent manner. In fact, a useful perspective is that all probabilities are conditional;
whether or not it’s written explicitly, there is always background knowledge (or
assumptions) built into every probability.

Suppose, for example, that one morning we are interested in the event R that it will
rain that day. Let P(R) be our assessment of the probability of rain before looking
outside. If we then look outside and see ominous clouds in the sky, then presumably
our probability of rain should increase; we denote this new probability by P(R|C)
(read as “probability of R given C”), where C' is the event of there being ominous
clouds. When we go from P(R) to P(R|C), we say that we are “conditioning on
C”. As the day progresses, we may obtain more and more information about the
weather conditions, and we can continually update our probabilities. If we observe
that events By,..., B, occurred, then we write our new conditional probability of
rain given this evidence as P(R|Bj, ..., By). If eventually we observe that it does
start raining, our conditional probability becomes 1.

Furthermore, we will see that conditioning is a very powerful problem-solving strat-
egy, often making it possible to solve a complicated problem by decomposing it into
manageable pieces with case-by-case reasoning. Just as in computer science a com-
mon strategy is to break a large problem up into bite-size pieces (or even byte-size
pieces), in probability a common strategy is to reduce a complicated probability
problem to a bunch of simpler conditional probability problems. In particular, we
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will discuss a strategy known as first-step analysis, which often allows us to obtain
recursive solutions to problems where the experiment has multiple stages.

Due to the central importance of conditioning, both as the means by which we up-
date beliefs to reflect evidence and as a problem-solving strategy, we say that

Conditioning is the soul of statistics.

.|
2.2 Definition and intuition

Definition 2.2.1 (Conditional probability). If A and B are events with P(B) > 0,
then the conditional probability of A given B, denoted by P(A|B), is defined as

P(ANB)
P(AB) = ———
Here A is the event whose uncertainty we want to update, and B is the evidence
we observe (or want to treat as given). We call P(A) the prior probability of A and
P(A|B) the posterior probability of A (“prior” means before updating based on the
evidence, and “posterior” means after updating based on the evidence).

It is important to interpret the event appearing after the vertical conditioning bar
as the evidence that we have observed or that is being conditioned on: P(A|B) is
the probability of A given the evidence B, not the probability of some entity called
A|B. As discussed in # 2.4.1, there is no such event as A|B.

For any event A, P(A|A) = P(AnN A)/P(A) = 1. Upon observing that A has
occurred, our updated probability for A is 1. If this weren’t the case, we would
demand a new definition of conditional probability!

Example 2.2.2 (Two cards). A standard deck of cards is shuffled well. Two cards
are drawn randomly, one at a time without replacement. Let A be the event that the
first card is a heart, and B be the event that the second card is red. Find P(A|B)
and P(B|A).

Solution:

By the naive definition of probability and the multiplication rule,

13-25 25

52-51 204

since a favorable outcome is determined by choosing any of the 13 hearts and then

any of the remaining 25 red cards. Also, P(A) = 1/4 since the 4 suits are equally
likely, and

P(ANB) =

C26-51 1

- 52-51 2

P(B)
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since there are 26 favorable possibilities for the second card, and for each of those,
the first card can be any other card (recall from Chapter 1 that chronological order
is not needed in the multiplication rule). A neater way to see that P(B) = 1/2 is
by symmetry: from a vantage point before having done the experiment, the second
card is equally likely to be any card in the deck. We now have all the pieces needed
to apply the definition of conditional probability:

P(ANB) _ 25/204 25

P(A|B) = P(B) —  1/2 102
_ P(BNA) _ 25/204 25
P(BlA4) = P(A) — 1/4 51

This is a simple example, but already there are several things worth noting.

1. It’s extremely important to be careful about which events to put on which side of
the conditioning bar. In particular, P(A|B) # P(B|A). The next section explores
how P(A|B) and P(B|A) are related in general. Confusing these two quantities is
called the prosecutor’s fallacy and is discussed in Section 2.8. If instead we had
defined B to be the event that the second card is a heart, the two conditional
probabilities would have been equal.

2. Both P(A|B) and P(B|A) make sense (intuitively and mathematically); the
chronological order in which cards were chosen does not dictate which conditional
probabilities we can look at. When we calculate conditional probabilities, we are
considering what information observing one event provides about another event,
not whether one event causes another.

3. We can also see that P(B|A) = 25/51 by a direct interpretation of what condi-
tional probability means: if the first card drawn is a heart, then the remaining cards
consist of 25 red cards and 26 black cards (all of which are equally likely to be drawn
next), so the conditional probability of getting a red card is 25/(25 + 26) = 25/51.
It is harder to find P(A|B) in this way: if we learn that the second card is red, we
might think “that’s nice to know, but what we really want to know is whether it’s
a heart!” The conditional probability results from later sections in this chapter give
us methods for getting around this issue. 0

To shed more light on what conditional probability means, here are two intuitive
interpretations.

Intuition 2.2.3 (Pebble World). Consider a finite sample space, with the outcomes
visualized as pebbles with total mass 1. Since A is an event, it is a set of pebbles,
and likewise for B. Figure 2.1(a) shows an example.

Now suppose that we learn that B occurred. In Figure 2.1(b), upon obtaining this
information, we get rid of all the pebbles in B¢ because they are incompatible
with the knowledge that B has occurred. Then P(A N B) is the total mass of the
pebbles remaining in A. Finally, in Figure 2.1(c), we renormalize, that is, divide
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FIGURE 2.1

Pebble World intuition for P(A|B). From left to right: (a) Events A and B are sub-
sets of the sample space. (b) Because we know B occurred, get rid of the outcomes
in B€. (c) In the restricted sample space, renormalize so the total mass is still 1.

all the masses by a constant so that the new total mass of the remaining pebbles
is 1. This is achieved by dividing by P(B), the total mass of the pebbles in B.
The updated mass of the outcomes corresponding to event A is the conditional
probability P(A|B) = P(AN B)/P(B).

In this way, our probabilities have been updated in accordance with the observed
evidence. Outcomes that contradict the evidence are discarded, and their mass is
redistributed among the remaining outcomes, preserving the relative masses of the
remaining outcomes. For example, if pebble 2 weighs twice as much as pebble 1
initially, and both are contained in B, then after conditioning on B it is still true
that pebble 2 weighs twice as much as pebble 1. But if pebble 2 is not contained in
B, then after conditioning on B its mass is updated to 0. 0

Intuition 2.2.4 (Frequentist interpretation). Recall that the frequentist interpre-
tation of probability is based on relative frequency over a large number of repeated
trials. Imagine repeating our experiment many times, generating a long list of ob-
served outcomes. The conditional probability of A given B can then be thought of
in a natural way: it is the fraction of times that A occurs, restricting attention to
the trials where B occurs. In Figure 2.2, our experiment has outcomes which can
be written as a string of 0’s and 1’s; B is the event that the first digit is 1 and A is
the event that the second digit is 1. Conditioning on B, we circle all the repetitions
where B occurred, and then we look at the fraction of circled repetitions in which
event A also occurred.

In symbols, let n4, npg, nap be the number of occurrences of A, B, AN B respectively
in a large number n of repetitions of the experiment. The frequentist interpretation
is that
np NAB
P(A)= — P(B)~ —,P(ANB)~ —.
(A)~ "2 P(B)~ "2 P(An B~
Then P(A|B) is interpreted as nap/np, which equals (nap/n)/(np/n). This inter-
pretation again translates to P(A|B) = P(AN B)/P(B). O

For practice with applying the definition of conditional probability, let’s do a few
more examples. The next three examples all start with the same basic scenario of
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10101010101001000010010

01010101001010000111110

11110010101010000000111
11001101101010101010110

01100001110101011110011

10100110111001001001110

FIGURE 2.2

Frequentist intuition for P(A|B). The repetitions where B occurred are circled;
among these, the repetitions where A occurred are highlighted in bold. P(A|B) is
the long-run relative frequency of the repetitions where A occurs, within the subset
of repetitions where B occurs.

a family with two children, but subtleties arise depending on the exact information
we condition on.

Example 2.2.5 (Elder is a girl vs. at least one girl). A family has two children,
and it is known that at least one is a girl. What is the probability that both are
girls, given this information? What if it is known that the elder child is a girl?
Solution:

Assume each child is equally likely to be a boy or a girl, independently.! Then

P(both girls, at least one girl)  1/4
P(at least one girl) C3/4

P(both girls|at least one girl) = 1/3,

. . . P(both girls, elder is a girl)  1/4
P(both girls|eld 1) = =——=1/2
(both girlslelder is a girl) P(elder is a girl) 1/2 /
It may seem counterintuitive at first that the two results are different, since there is
no reason for us to care whether the elder child is a girl as opposed to the younger

child. Indeed, by symmetry,

P(both girls|younger is a girl) = P(both girls|elder is a girl) = 1/2.

However, there is no such symmetry between the conditional probabilities

'Section 2.5 introduces independence formally, but for now it can just be thought of intuitively:
knowing the elder child’s gender gives no information about the younger child’s gender, and vice
versa. For simplicity, we often assume that the probability that a child is a boy is 1/2, but 0.51
would be more accurate for most countries (slightly more boys than girls are born each year; this
is offset by women having longer lifespans than men on average). See Matthews [20] for a report
on the ratio of boys born to girls born in the U.S.
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P(both girls|elder is a girl) and P(both girls|at least one girl). Saying that the el-
der child is a girl designates a specific child, and then the other child (the younger
child) has a 50% chance of being a girl. “At least one” does not refer to a specific
child. Conditioning on a specific child being a girl knocks away 2 of the 4 “pebbles”
in the sample space {GG,GB, BG, BB}, while conditioning on at least one child
being a girl only knocks away BB. O

Example 2.2.6 (Random child is a girl). A family has two children. You randomly
run into one of the two, and see that she is a girl. What is the probability that
both are girls, given this information? Assume that you are equally likely to run
into either child, and that which one you run into has nothing to do with gender.

Solution:

Intuitively, the answer should be 1/2: imagine that the child we encountered is
in front of us and the other is at home. Both being girls just says that the child
who is at home is a girl, which seems to have nothing to do with the fact that
the child in front of us is a girl. But let us check this more carefully, using the
definition of conditional probability. This is also good practice with writing events
in set notation.

Let G1,G2,Gs be the events that the elder, younger, and random child is a girl,
respectively. We have P(G1) = P(G2) = P(G3) = 1/2 by symmetry (we are im-
plicitly assuming that any specific child, in the absence of any other information,
is equally likely to be a boy or a girl). By the naive definition of probability, or by
independence as explained in Section 2.5, P(G1 N G2) = 1/4. Thus,

P(G1NGs|Gs) = P(G1 N G2 N Gs)/P(Gs) = (1/4)/(1/2) = 1/2,

since G1 N G2 NG = G1 N Gy (if both children are girls, it guarantees that the
random child is a girl). So the probability that both are girls is 1/2, consistent with
our intuition.

Keep in mind though that in order to arrive at 1/2, an assumption was needed about
how the random child was selected. In statistical language, we say that we collected
a random sample; here the sample consists of one of the two children. One of the
most important principles in statistics is that it is essential to think carefully about
how the sample was collected, not just stare at the raw data without understanding
where they came from. To take a simple extreme case, suppose that a repressive law
forbids a boy from leaving the house if he has a sister. Then “the random child is a
girl” is equivalent to “at least one of the children is a girl”, so the problem reduces
to the first part of Example 2.2.5. O

Example 2.2.7 (A girl born in winter). A family has two children. Find the prob-
ability that both children are girls, given that at least one of the two is a girl who
was born in winter. Assume that the four seasons are equally likely and that gender
is independent of season (this means that knowing the gender gives no information
about the probabilities of the seasons, and vice versa; see Section 2.5 for much more
about this).
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Solution:

By the definition of conditional probability,

P(both girls, at least inter girl
P(both girls|at least one winter girl) = (bo Iz (giEI“lS, at cas (?n: WH,l ;r &l )
at least one winter gir

Since the probability that a specific child is a winter-born girl is 1/8, the denomi-
nator equals
P(at least one winter girl) = 1 — (7/8)2.

To compute the numerator, use the fact that “both girls, at least one winter girl” is
the same event as “both girls, at least one winter child”; then use the assumption
that gender and season are independent:

P(both girls, at least one winter girl) = P(both girls, at least one winter child)
= (1/4)P(at least one winter child)
= (1/4)(1 — P(both are non-winter))
= (1/4)(1 = (3/4)%).

Altogether, we obtain

(1/4)(1 = (3/4)*) _ 7/64
1—-(7/8)2  15/64

P(both girls|at least one winter girl) = = 7/15.

At first this result seems absurd! In Example 2.2.5 we saw that the conditional
probability of both children being girls, given that at least one is a girl, is 1/3; why
should it be any different when we learn that at least one is a winter-born girl? The
point is that information about the birth season brings “at least one is a girl” closer
to “a specific one is a girl”. Conditioning on more and more specific information
brings the probability closer and closer to 1/2.

For example, conditioning on “at least one is a girl who was born on a March 31
at 8:20 pm” comes very close to specifying a child, and learning information about
a specific child does not give us information about the other child. The seemingly
irrelevant information such as season of birth interpolates between the two parts of
Example 2.2.5. Exercise 29 generalizes this example to an arbitrary characteristic
that is independent of gender. O

2.3 Bayes’ rule and the law of total probability

The definition of conditional probability is simple—just a ratio of two probabilities—
but it has far-reaching consequences. The first consequence is obtained easily by
moving the denominator in the definition to the other side of the equation.
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Theorem 2.3.1. For any events A and B with positive probabilities,

P(AN B) = P(B)P(A|B) = P(A)P(B|A).

This follows from taking the definition of P(A|B) and multiplying both sides by
P(B), and then taking the definition of P(B|A) and multiplying both sides by
P(A). At first sight this theorem may not seem very useful: it is the definition of
conditional probability, just written slightly differently, and anyway it seems circular
to use P(A|B) to help find P(ANB) when P(A|B) was defined in terms of P(ANB).
But we will see that the theorem is in fact very useful, since it often turns out to be
possible to find conditional probabilities without going back to the definition, and
in such cases Theorem 2.3.1 can help us more easily find P(AN B).

Applying Theorem 2.3.1 repeatedly, we can generalize to the intersection of n
events.

Theorem 2.3.2. For any events Ay, ..., A, with positive probabilities,
P(A1, Ag, ..., Ap) = P(A1)P(A2| A1) P(A3|A1, Ag) -+ - P(Anl Ay, ..., Apa).

The commas denote intersections.

In fact, this is n! theorems in one, since we can permute Aq,..., A, however we
want without affecting the left-hand side. Often the right-hand side will be much
easier to compute for some orderings than for others. For example,

P(A1, Ag, A3) = P(A1)P(A2|A1)P(A3]A1, Az) = P(A2)P(A3|A2) P(A1| Az, A3),

and there are 4 other expansions of this form too. It often takes practice and thought
to be able to know which ordering to use.

We are now ready to introduce the two main theorems of this chapter—Bayes’ rule
and the law of total probability—which will allow us to compute conditional prob-
abilities in a wide range of problems. Bayes’ rule is an extremely famous, extremely
useful result that relates P(A|B) to P(B|A).

Theorem 2.3.3 (Bayes’ rule).

P(A|B) = ]D(%’f(‘g“‘).

This follows immediately from Theorem 2.3.1, which in turn followed immediately
from the definition of conditional probability. Yet Bayes’ rule has important impli-
cations and applications in probability and statistics, since it is so often necessary
to find conditional probabilities, and often P(B|A) is much easier to find directly
than P(A|B) (or vice versa).

Another way to write Bayes’ rule is in terms of odds rather than probability.
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Definition 2.3.4 (Odds). The odds of an event A are

odds(A) = P(A)/P(A°).

For example, if P(A) = 2/3, we say the odds in favor of A are 2 to 1. (This is
sometimes written as 2 : 1, and is sometimes stated as 1 to 2 odds against A; care
is needed since some sources do not explicitly state whether they are referring to
odds in favor or odds against an event). Of course we can also convert from odds
back to probability:

P(A) = odds(A)/(1 + odds(A)).

By taking the Bayes’ rule expression for P(A|B) and dividing it by the Bayes’ rule
expression for P(A¢|B), we arrive at the odds form of Bayes’ rule.

Theorem 2.3.5 (Odds form of Bayes’ rule). For any events A and B with positive
probabilities, the odds of A after conditioning on B are
P(A|B)  P(BJ|A) P(A)

P(A°|B) _ P(B]A°) P(A°)’

In words, this says that the posterior odds P(A|B)/P(A¢|B) are equal to the prior
odds P(A)/P(A°) times the factor P(B|A)/P(B|A°), which is known in statistics
as the likelihood ratio. Sometimes it is convenient to work with this form of Bayes’
rule to get the posterior odds, and then if desired we can convert from odds back
to probability.

The law of total probability (LOTP) relates conditional probability to unconditional
probability. It is essential for fulfilling the promise that conditional probability can
be used to decompose complicated probability problems into simpler pieces, and it
is often used in tandem with Bayes’ rule.

Theorem 2.3.6 (Law of total probability (LOTP)). Let Ay,..., A, be a partition
of the sample space S (i.e., the A; are disjoint events and their union is S), with
P(A;) > 0 for all . Then

P(B) = Y P(B|A;)P(4).
=1

Proof. Since the A; form a partition of S, we can decompose B as
B=(BNA)U(BNA)U---U(BNA,).

This is illustrated in Figure 2.3, where we have chopped B into the smaller pieces
BN A; through B N A,,. By the second axiom of probability, because these pieces
are disjoint, we can add their probabilities to get P(B):

P(B)=P(BNA;))+P(BNAy)+--+ P(BNA,).
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Now we can apply Theorem 2.3.1 to each of the P(B N A;):

P(B) = P(B|A1)P(A1) + -+ + P(B|Aq) P(An).

(\y
el
BnA5
BnA3 _y

BnA, BnA,

BnAzf

~ |
A1 Az A3 A4 AS Ae

FIGURE 2.3
The A; partition the sample space; P(B) is equal to ), P(B N A4;).

The law of total probability tells us that to get the unconditional probability of B, we
can divide the sample space into disjoint slices A;, find the conditional probability of
B within each of the slices, then take a weighted sum of the conditional probabilities,
where the weights are the probabilities P(A;). The choice of how to divide up the
sample space is crucial: a well-chosen partition will reduce a complicated problem
into simpler pieces, whereas a poorly chosen partition will only exacerbate our
problems, requiring us to calculate n difficult probabilities instead of just one!

The next few examples show how we can use Bayes’ rule together with the law of
total probability to update our beliefs based on observed evidence.

Example 2.3.7 (Random coin). You have one fair coin, and one biased coin which
lands Heads with probability 3/4. You pick one of the coins at random and flip
it three times. It lands Heads all three times. Given this information, what is the
probability that the coin you picked is the fair one?

Solution:

Let A be the event that the chosen coin lands Heads three times and let F' be the
event that we picked the fair coin. We are interested in P(F|A), but it is easier to
find P(A|F) and P(A|F¢) since it helps to know which coin we have; this suggests
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using Bayes’ rule and the law of total probability. Doing so, we have
P(A[F)P(F)
P(A)
_ P(A[F)P(F)
~ P(A|F)P(F) + P(A|F°)P(F°)
(1/2)*-1/2
C(1/2)3-1/2+ (3/4)3 - 1/2
~ 0.23.

P(F|A) =

Before flipping the coin, we thought we were equally likely to have picked the fair
coin as the biased coin: P(F) = P(F¢) = 1/2. Upon observing three Heads, however,
it becomes more likely that we’ve chosen the biased coin than the fair coin, so
P(F|A) is only about 0.23. O

4 2.3.8 (Prior vs. posterior). It would not be correct in the calculation in the above
example to say after the first step, “P(A) = 1 because we know A happened.” It
is true that P(A|A) = 1, but P(A) is the prior probability of A and P(F') is the
prior probability of F—Dboth are the probabilities before we observe any data in the
experiment. These must not be confused with posterior probabilities conditional on
the evidence A.

Example 2.3.9 (Testing for a rare disease). A patient named Fred is tested for a
disease called conditionitis, a medical condition that afflicts 1% of the population.
The test result is positive, i.e., the test claims that Fred has the disease. Let D be
the event that Fred has the disease and T be the event that he tests positive.

Suppose that the test is “95% accurate”; there are different measures of the accuracy
of a test, but in this problem it is assumed to mean that P(T|D) = 0.95 and
P(T¢|D¢) = 0.95. The quantity P(T'|D) is known as the sensitivity or true positive
rate of the test, and P(7°¢| D) is known as the specificity or true negative rate.

Find the conditional probability that Fred has conditionitis, given the evidence
provided by the test result.

Solution:

Applying Bayes’ rule and the law of total probability, we have
P(T'|D)P(D)
P(T)
_ P(T|D)P(D)
~ P(T|D)P(D) + P(T|D¢)P(D¢)
B 0.95-0.01
~0.95-0.01 4 0.05 - 0.99
~ 0.16.

P(D|T) =

So there is only a 16% chance that Fred has conditionitis, given that he tested
positive, even though the test seems to be quite reliable!
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Many people, including doctors, find it surprising that the conditional probability
of having the disease given a positive test result is only 16%, even though the test
is 95% accurate (see Gigerenzer and Hoffrage [14]). The key to understanding this
surprisingly high posterior probability is to realize that there are two factors at play:
the evidence from the test, and our prior information about the prevalence of the
disease. Although the test provides evidence in favor of disease, conditionitis is also
a rare condition! The conditional probability P(D|T) reflects a balance between
these two factors, appropriately weighing the rarity of the disease against the rarity
of a mistaken test result.

10000 people

9900 people

true positives false negatives

false positives

true negatives

FIGURE 2.4

Testing for a rare disease in a population of 10000 people, where the prevalence of
the disease is 1% and the true positive and true negative rates are both equal to
95%. Bubbles are not to scale.

For further intuition, consider a population of 10000 people as illustrated in Figure
2.4, where 100 have conditionitis and 9900 don’t; this corresponds to a 1% disease
rate. If we tested everybody in the population, we’d expect that out of the 100
diseased individuals, 95 would test positive and 5 would test negative. Out of the
9900 healthy individuals, we’d expect (0.95)(9900) ~ 9405 to test negative and 495
to test positive.

Now let’s focus in on those individuals who test positive; that is, let’s condition on a
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positive test result. The 95 true positives (i.e., the individuals who test positive and
have the disease) are far outnumbered by the 495 false positives (i.e., the individuals
who test positive despite not having the disease). So most people who test positive
for the disease are actually disease-free! O

2.4 Conditional probabilities are probabilities

When we condition on an event E, we update our beliefs to be consistent with
this knowledge, effectively putting ourselves in a universe where we know that E
occurred. Within our new universe, however, the laws of probability operate just as
before. Conditional probability satisfies all the properties of probability! Therefore,
any of the results we have derived about probability are still valid if we replace all
unconditional probabilities with probabilities conditional on E. In particular:

e Conditional probabilities are between 0 and 1.

e P(S|IE)=1, P(0|E) =0.

o If Ay, As, ... are disjoint, then P(US2, A;|E) = > 22, P(A4|E).

e P(A°|E)=1—- P(A|E).

e Inclusion-exclusion: P(AU B|E) = P(A|E) + P(B|E) — P(AN B|E).

% 2.4.1. When we write P(A|E), it does not mean that A|E is an event and
we're taking its probability; A|E is not an event. Rather, P(-|E) is a probability
function which assigns probabilities in accordance with the knowledge that E has
occurred, and P(-) is a different probability function which assigns probabilities
without regard for whether E has occurred or not. When we take an event A and
plug it into the P(-) function, we’ll get a number, P(A); when we plug it into
the P(-|E) function, we’ll get another number, P(A|E), which incorporates the
information (if any) provided by knowing that E occurred.

To prove mathematically that conditional probabilities are probabilities, fix an event
E with P(E) > 0, and for any event A, define P(A) = P(A|E). This notation helps
emphasize the fact that we are fixing F and treating P(-|E) as our “new” probability
function. We just need to check the two axioms of probability. First,

o _PONE) 5 _P(SNE)
P)=PW|E) = W =0,P(S)=P(S|E) = W =1.
Second, if Ay, As,... are disjoint events, then

P(ANE)U(ANE)U--) _ L5 1P“E :i P(4,|B),

P(AjUAU- -+ ) = P(E) P(E
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So P satisfies the axioms of probability.

Conversely, all probabilities can be thought of as conditional probabilities: whenever
we make a probability statement, there is always some background information that
we are conditioning on, even if we don’t state it explicitly. Consider the rain example
from the beginning of this chapter. It would be natural to base the initial probability
of rain today, P(R), on the fraction of days in the past on which it rained. But which
days in the past should we look at? If it’s November 1, should we only count past
rainy days in autumn, thus conditioning on the season? What about conditioning on
the exact month, or the exact day? We could ask the same about location: should we
look at days when it rained in our exact location, or is it enough for it to have rained
somewhere nearby? In order to determine the seemingly unconditional probability
P(R), we actually have to make decisions about what background information to
condition on! These choices require careful thought and different people may come
up with different “prior” probabilities P(R) (though everyone can agree on how to
update based on new evidence).

Since all probabilities are conditional on background information, we can imagine
that there is always a vertical conditioning bar, with background knowledge K to the
right of the vertical bar. Then the unconditional probability P(A) is just shorthand
for P(A|K); the background knowledge is absorbed into the letter P instead of
being written explicitly.

To summarize our discussion in a nutshell:
Conditional probabilities are probabilities, and all probabilities are conditional.

We now state conditional forms of Bayes’ rule and the law of total probability. These
are obtained by taking the ordinary forms of Bayes’ rule and LOTP and adding
to the right of the vertical bar everywhere.

Theorem 2.4.2 (Bayes’ rule with extra conditioning). Provided that P(ANE) > 0
and P(BN E) > 0, we have
P(B|A, E)P(A|E)

P(B|E)

P(A|B,E) =

Theorem 2.4.3 (LOTP with extra conditioning). Let A1, ..., A, be a partition of
S. Provided that P(A; N E) > 0 for all 4, we have

P(B|E) = iP(B|Ai,E)P(Ai|E).
=1

The extra conditioning forms of Bayes’ rule and LOTP can be proved similarly to
how we verified that P satisfies the axioms of probability, but they also follow di-
rectly from the “metatheorem” that conditional probabilities are probabilities.

Example 2.4.4 (Random coin, continued). Continuing with the scenario from
Example 2.3.7, suppose that we have now seen our chosen coin land Heads three
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times. If we toss the coin a fourth time, what is the probability that it will land
Heads once more?

Solution:

As before, let A be the event that the chosen coin lands Heads three times, and
define a new event H for the chosen coin landing Heads on the fourth toss. We
are interested in P(H|A). It would be very helpful to know whether we have the
fair coin. LOTP with extra conditioning gives us P(H|A) as a weighted average of
P(H|F,A) and P(H|F¢, A), and within these two conditional probabilities we do
know whether we have the fair coin:

P(H|A) = P(H|F, A)P(F|A) + P(H|F¢, A)P(F°|A)
= % '0.23+%(1—o.23)

~ 0.69.

The posterior probabilities P(F|A) and P(F¢|A) are from our answer to Example
2.3.7.

An equivalent way to solve this problem is to define a new probability function P
such that for any event B, P(B) = P(B|A). This new function assigns probabilities
that are updated with the knowledge that A occurred. Then by the ordinary law of
total probability,

P(H) = P(H|F)P(F) + P(H|F°)P(F°),

which is exactly the same as our use of LOTP with extra conditioning. This once
again illustrates the principle that conditional probabilities are probabilities. O

We often want to condition on more than one piece of information, and we now
have several ways of doing that. For example, here are some approaches for finding
P(A|B,C):

1. We can think of B, C' as the single event BNC' and use the definition of conditional
probability to get
P(A,B,C)

P(B,0C)

This is a natural approach if it’s easiest to think about B and C in tandem. We
can then try to evaluate the numerator and denominator. For example, we can use
LOTP in both the numerator and the denominator, or we can write the numerator
as P(B,C|A)P(A) (which would give us a version of Bayes’ rule) and use LOTP to
help with the denominator.

P(A|B,C) =

2. We can use Bayes’ rule with extra conditioning on C' to get

B|A, C)P(A|C)
P(BIC)

paB,c) = 2
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This is a natural approach if we want to think of everything in our problem as being
conditioned on C.

3. We can use Bayes’ rule with extra conditioning on B to get
P(C|A,B)P(A|B)
P(C|B)
This is the same as the previous approach, except with the roles of B and C swapped.

We mention it separately just to emphasize that it’s a bad idea to plug into a formula
without thinking about which event should play which role.

P(A|B,C) =

It is both challenging and powerful that there are a variety of ways to approach this
kind of conditioning problem.

2.5 Independence of events

We have now seen several examples where conditioning on one event changes our
beliefs about the probability of another event. The situation where events provide
no information about each other is called independence.

Definition 2.5.1 (Independence of two events). Events A and B are independent
if
P(ANB) = P(A)P(B).
If P(A) > 0 and P(B) > 0, then this is equivalent to
P(A|B) = P(A),
and also equivalent to P(B|A) = P(B).

In words, two events are independent if we can obtain the probability of their
intersection by multiplying their individual probabilities. Alternatively, A and B
are independent if learning that B occurred gives us no information that would
change our probabilities for A occurring (and vice versa).

Note that independence is a symmetric relation: if A is independent of B, then B
is independent of A.

& 2.5.2. Independence is completely different from disjointness. If A and B are
disjoint, then P(AN B) = 0, so disjoint events can be independent only if P(A) = 0
or P(B) = 0. Knowing that A occurs tells us that B definitely did not occur, so A
clearly conveys information about B, meaning the two events are not independent
(except if A or B already has zero probability).

Intuitively, it makes sense that if A provides no information about whether or not
B occurred, then it also provides no information about whether or not B¢ occurred.
We now prove a handy result along those lines.
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Proposition 2.5.3. If A and B are independent, then A and B¢ are independent,
A¢ and B are independent, and A° and B¢ are independent.

Proof. Let A and B be independent. Then
P(B°|A)=1- P(BJ]A) =1—- P(B) = P(B°),

so A and B¢ are independent. Swapping the roles of A and B, we have that A and B
are independent. Using the fact that A, B independent implies A, B¢ independent,
with A¢ playing the role of A, we also have that A and B¢ are independent. |

We also often need to talk about independence of three or more events.

Definition 2.5.4 (Independence of three events). Events A, B, and C are said to
be independent if all of the following equations hold:

P(AN B) = P(A)P(B),
P(ANC) = P(A)P(C),
P(BNC) = P(B)P(C),

P(ANBNC) = P(A)P(B)P(C)

If the first three conditions hold, we say that A, B, and C are pairwise independent.
Pairwise independence does not imply independence: it is possible that just learning
about A or just learning about B is of no use in predicting whether C' occurred,
but learning that both A and B occurred could still be highly relevant for C'. Here
is a simple example of this distinction.

Example 2.5.5 (Pairwise independence doesn’t imply independence). Consider
two fair, independent coin tosses, and let A be the event that the first is Heads,
B the event that the second is Heads, and C' the event that both tosses have the
same result. Then A, B, and C' are pairwise independent but not independent, since
P(ANBNC) = 1/4 while P(A)P(B)P(C) = 1/8. The point is that just knowing
about A or just knowing about B tells us nothing about C, but knowing what
happened with both A and B gives us information about C' (in fact, in this case it
gives us perfect information about C). O

On the other hand, P(AN BN C) = P(A)P(B)P(C) does not imply pairwise
independence; this can be seen quickly by looking at the extreme case P(A) = 0,
when the equation becomes 0 = 0 and tells us nothing about whether B and C' are
independent.

We can define independence of any number of events similarly. Intuitively, the idea
is that knowing what happened with any particular subset of the events gives us no
information about what happened with the events not in that subset.

Definition 2.5.6 (Independence of many events). For n events Aj, Ag,..., A, to
be independent, we require any pair to satisfy P(A4;NA;) = P(A;)P(A;) (fori # j),
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any triplet to satisfy P(A; N A; N Ag) = P(A;)P(A;)P(Ag) (for 4,4, k distinct),
and similarly for all quadruplets, quintuplets, and so on. This can quickly become
unwieldy, but later we will discuss other ways to think about independence. For
infinitely many events, we say that they are independent if every finite subset of the
events is independent.

Conditional independence is defined analogously to independence.

Definition 2.5.7 (Conditional independence). Events A and B are said to be
conditionally independent given E if P(AN B|E) = P(A|E)P(B|E).

% 2.5.8. It is easy to make terrible blunders stemming from confusing indepen-
dence and conditional independence. Two events can be conditionally independent
given F, but not independent. Two events can be independent, but not condition-
ally independent given E. Two events can be conditionally independent given FE,
but not independent given E¢. The next few examples illustrate these distinctions.
Great care is needed in working with conditional probabilities and conditional in-
dependence!

Example 2.5.9 (Conditional independence doesn’t imply independence). Return-
ing once more to the scenario from Example 2.3.7, suppose we have chosen either a
fair coin or a biased coin with probability 3/4 of heads, but we do not know which
one we have chosen. We flip the coin a number of times. Conditional on choosing the
fair coin, the coin tosses are independent, with each toss having probability 1/2 of
heads. Similarly, conditional on choosing the biased coin, the tosses are independent,
each with probability 3/4 of heads.

However, the coin tosses are not unconditionally independent, because if we don’t
know which coin we’ve chosen, then observing the sequence of tosses gives us infor-
mation about whether we have the fair coin or the biased coin in our hand. This in
turn helps us to predict the outcomes of future tosses from the same coin.

To state this formally, let F' be the event that we’ve chosen the fair coin, and let A;
and As be the events that the first and second coin tosses land heads. Conditional on
F, Ay and As are independent, but A; and As are not unconditionally independent
because A; provides information about As. O

Example 2.5.10 (Independence doesn’t imply conditional independence). Suppose
that my friends Alice and Bob are the only two people who ever call me. Each day,
they decide independently whether to call me: letting A be the event that Alice
calls and B be the event that Bob calls, A and B are unconditionally independent.
But suppose that I hear the phone ringing now. Conditional on this observation,
A and B are no longer independent: if the phone call isn’t from Alice, it must be
from Bob. In other words, letting R be the event that the phone is ringing, we have
P(B|R) < 1 = P(B|A% R), so B and A€ are not conditionally independent given
R, and likewise for A and B. O

Example 2.5.11 (Conditional independence given E vs. given E°). Suppose there
are two types of classes: good classes and bad classes. In good classes, if you work
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hard, you are very likely to get an A. In bad classes, the professor randomly assigns
grades to students regardless of their effort. Let G be the event that a class is good,
W be the event that you work hard, and A be the event that you receive an A. Then
W and A are conditionally independent given G¢, but they are not conditionally
independent given G! O

2.6 Coherency of Bayes’ rule

An important property of Bayes’ rule is that it is coherent: if we receive multiple
pieces of information and wish to update our probabilities to incorporate all the
information, it does not matter whether we update sequentially, taking each piece
of evidence into account one at a time, or simultaneously, using all the evidence
at once. Suppose, for example, that we’re conducting a weeklong experiment that
yields data at the end of each day. We could use Bayes’ rule every day to update
our probabilities based on the data from that day. Or we could go on vacation for
the week, come back on Friday afternoon, and update using the entire week’s worth
of data. Either method will give the same result.

Let’s look at a concrete application of this principle.

Example 2.6.1 (Testing for a rare disease, continued). Fred, who tested positive
for conditionitis in Example 2.3.9, decides to get tested a second time. The new
test is independent of the original test (given his disease status) and has the same
sensitivity and specificity. Unfortunately for Fred, he tests positive a second time.
Find the probability that Fred has the disease, given the evidence, in two ways: in
one step, conditioning on both test results simultaneously, and in two steps, first
updating the probabilities based on the first test result, and then updating again
based on the second test result.

Solution:

Let D be the event that he has the disease, T} that the first test result is positive,
and T5 that the second test result is positive. In Example 2.3.9, we used Bayes’ rule
and the law of total probability to find P(D|T}). Another quick solution uses the
odds form of Bayes’ rule:

P(D|Ty) P(D) P(Ty|D) 1 0.95

= = — .~ x0.19.
P(De|Ty) — P(D°) P(T1|D°) ~ 99 0.05

Since P(D|T1)/(1 — P(D|T1)) = 0.19, we have P(D|T}) = 0.19/(1 + 0.19) ~ 0.16,
in agreement with our answer from before. The odds form of Bayes’ rule is faster
in this case because we don’t need to compute the unconditional probability P(77)
in the denominator of the ordinary Bayes’ rule. Now, again using the odds form of
Bayes’ rule, let’s find out what happens if Fred tests positive a second time.
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One-step method: Updating based on both test results at once, we have

P(D|T1 ﬁTg) _ P(D) P(Tl ﬂT2|D)

P(DC|T1 N Tg) P(Dc) P(Tl N T2|DC)

1 0.952 361
= .= — " ~3.646
99 0.052 99 ’

which corresponds to a probability of 0.78.

Two-step method: After the first test, the posterior odds of Fred having the disease

are
P(D|TY) 1 095

P(DeTy) — 99 0.05
from the above. These posterior odds become the new prior odds, and then updating
based on the second test gives

0.19,

P(DITiNTy) _ P(D|Ty) P(T|D,Th)

P(DYTyNTy) — P(De|Ty) P(T5|De,Ty)
B < 1 0.95> 0.95 361

— e —— | —— = — = 3.64
99 0.05/0.05 99 3646,

which is the same result as above.

Note that with a second positive test result, the probability that Fred has the disease
jumps from 0.16 to 0.78, making us much more confident that Fred is actually
afflicted with conditionitis. The moral of the story is that getting a second opinion
is a good idea! O

2.7 Conditioning as a problem-solving tool

Conditioning is a powerful tool for solving problems because it lets us engage in
wishful thinking: when we encounter a problem that would be made easier if only
we knew whether E happened or not, we can condition on £ and then on E°,
consider these possibilities separately, then combine them using LOTP.

2.7.1 Strategy: condition on what you wish you knew

Example 2.7.1 (Monty Hall). On the game show Let’s Make a Deal, hosted by
Monty Hall, a contestant chooses one of three closed doors, two of which have a goat
behind them and one of which has a car. Monty, who knows where the car is, then
opens one of the two remaining doors. The door he opens always has a goat behind
it (he never reveals the car!). If he has a choice, then he picks a door at random
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with equal probabilities. Monty then offers the contestant the option of switching
to the other unopened door. If the contestant’s goal is to get the car, should she
switch doors?

Solution:

Let’s label the doors 1 through 3. Without loss of generality, we can assume the
contestant picked door 1 (if she didn’t pick door 1, we could simply relabel the
doors, or rewrite this solution with the door numbers permuted). Monty opens
a door, revealing a goat. As the contestant decides whether or not to switch to
the remaining unopened door, what does she really wish she knew? Naturally, her
decision would be a lot easier if she knew where the car was! This suggests that
we should condition on the location of the car. Let C; be the event that the car is
behind door i, for i = 1,2, 3. By the law of total probability,

W =

1 1
P(get car) = P(get car|C}) - 3 + P(get car|Cy) - 3 + P(get car|C3) -

Suppose the contestant employs the switching strategy. If the car is behind door 1,
then switching will fail, so P(get car|C1) = 0. If the car is behind door 2 or 3, then
because Monty always reveals a goat, the remaining unopened door must contain
the car, so switching will succeed. Thus,

1 1 1 2
P(get =0--4+1--4+1--==
(get car) 3 + 3 + 3= 3
so the switching strategy succeeds 2/3 of the time. The contestant should switch to
the other door.

Figure 2.5 is a tree diagram of the argument we have just outlined: using the switch-
ing strategy, the contestant will win as long as the car is behind doors 2 or 3, which
has probability 2/3. We can also give an intuitive frequentist argument in favor of
switching. Imagine playing this game 1000 times. Typically, about 333 times your
initial guess for the car’s location will be correct, in which case switching will fail.
The other 667 or so times, you will win by switching.

There’s a subtlety though, which is that when the contestant chooses whether to
switch, she also knows which door Monty opened. We showed that the unconditional
probability of success is 2/3 (when following the switching strategy), but let’s also
show that the conditional probability of success for switching, given the information
that Monty provides, is also 2/3.
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You Car is Monty Outcome if
choose: behind: opens: you switch:
1/6
1/6
173
1/3

FIGURE 2.5
Tree diagram of Monty Hall problem. Switching gets the car 2/3 of the time.

Let M; be the event that Monty opens door j, for j = 2,3. Then
P(get car) = P(get car|My)P(Ms) + P(get car|Ms)P(Ms3),

where by symmetry P(Msz) = P(M3) = 1/2 and P(get car|My) = P(get car|M3).
The symmetry here is that there is nothing in the statement of the problem that
distinguishes between door 2 and door 3; in contrast, Problem 39 considers a scenario
where Monty enjoys opening door 2 more than he enjoys opening door 3.

Let x = P(get car|My) = P(get car|Ms). Plugging in what we know,

= P(get car) = -+ - ==,

2 T
3 2
as claimed.

Bayes’ rule also works nicely for finding the conditional probability of success using
the switching strategy, given the evidence. Suppose that Monty opens door 2. Using
the notation and results above,

P(M|C1)P(Cy) _ (1/2)(1/3) 1

P(CiIMz) = P(My)  1/2 3

So given that Monty opens door 2, there is a 1/3 chance that the contestant’s
original choice of door has the car, which means that there is a 2/3 chance that the
switching strategy will succeed.

Many people, upon seeing this problem for the first time, argue that there is no
advantage to switching: “There are two doors remaining, and one of them has
the car, so the chances are 50-50.” After the last chapter, we recognize that this
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argument misapplies the naive definition of probability. Yet the naive definition,
even when inappropriate, has a powerful hold on people’s intuitions. When Marilyn
vos Savant presented a correct solution to the Monty Hall problem in her column
for Parade magazine in 1990, she received thousands upon thousands of letters from
readers (even mathematicians) insisting that she was wrong.

To build correct intuition, let’s consider an extreme case. Suppose that there are
a million doors, 999,999 of which contain goats and 1 of which has a car. After
the contestant’s initial pick, Monty opens 999,998 doors with goats behind them
and offers the choice to switch. In this extreme case, it becomes clear that the
probabilities are mot 50-50 for the two unopened doors; very few people would
stubbornly stick with their original choice. The same is true for the three-door case.

Just as we had to make assumptions about how we came across the random girl in
Example 2.2.6, here the 2/3 success rate of the switching strategy depends on the
assumptions we make about how Monty decides which door to open. In the exercises,
we consider several variants and generalizations of the Monty Hall problem, some
of which change the desirability of the switching strategy. 0

2.7.2 Strategy: condition on the first step

In problems with a recursive structure, it can often be useful to condition on the
first step of the experiment. The next two examples apply this strategy, which we
call first-step analysis.

Example 2.7.2 (Branching process). A single amoeba, Bobo, lives in a pond. After
one minute Bobo will either die, split into two amoebas, or stay the same, with equal
probability, and in subsequent minutes all living amoebas will behave the same way,
independently. What is the probability that the amoeba population will eventually
die out?

Solution:

Let D be the event that the population eventually dies out; we want to find P(D).
We proceed by conditioning on the outcome at the first step: let B; be the event



64 Introduction to Probability

that Bobo turns into ¢ amoebas after the first minute, for ¢ = 0,1,2. We know
P(D|Bp) = 1 and P(D|B;) = P(D) (if Bobo stays the same, we're back to where
we started). If Bobo splits into two, then we just have two independent versions
of our original problem! We need both of the offspring to eventually die out, so
P(D|B3) = P(D)2. Now we have exhausted all the possible cases and can combine
them with the law of total probability:

1 1 1

P(D) :P(D’BO)'g“‘P(D\Bl) : §+P<D\B2)'§
1 1 1
=1.--+P(D)--+PD)? -
g tPD)- 3 +P(D)- 5

Solving for P(D) gives P(D) = 1: the amoeba population will die out with proba-
bility 1.

The strategy of first-step analysis works here because the problem is self-similar in
nature: when Bobo continues as a single amoeba or splits into two, we end up with
another version or another two versions of our original problem. Conditioning on
the first step allows us to express P(D) in terms of itself. ]

Example 2.7.3 (Gambler’s ruin). Two gamblers, A and B, make a sequence of
$1 bets. In each bet, gambler A has probability p of winning, and gambler B has
probability ¢ = 1 — p of winning. Gambler A starts with ¢ dollars and gambler B
starts with IV — i dollars; the total wealth between the two remains constant since
every time A loses a dollar, the dollar goes to B, and vice versa.

We can visualize this game as a random walk on the integers between 0 and N,
where p is the probability of going to the right in a given step: imagine a person
who starts at position ¢ and, at each time step, moves one step to the right with
probability p and one step to the left with probability ¢ = 1 — p. The game ends
when either A or B is ruined, i.e., when the random walk reaches 0 or N. What is
the probability that A wins the game (walking away with all the money)?

Solution:

We recognize that this game, like Bobo’s reproductive process, has a recursive struc-
ture: after the first step, it’s exactly the same game, except that A’s wealth is now
either ¢ + 1 or ¢ — 1. Let p; be the probability that A wins the game, given that A
starts with ¢ dollars. We will use first-step analysis to solve for the p;. Let W be
the event that A wins the game. By LOTP, conditioning on the outcome of the first
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round, we have

pi = P(W|A starts at ¢, wins round 1) - p + P(W|A starts at i, loses round 1) - ¢
= P(W|A starts at i + 1) - p+ P(W|A startsat i — 1) - ¢
=Pit1 P+ Pi-1-¢-
This must be true for all ¢ from 1 to N —1, and we also have the boundary conditions
po = 0 and py = 1. Now we can solve this equation, called a difference equation, to

obtain the p;. Section A.4 of the math appendix discusses how to solve difference
equations, so we will omit some of the steps here.

The characteristic polynomial of the difference equation is pz? —  + ¢ = 0, which
has roots of 1 and ¢/p. If p # 1/2, these roots are distinct, and the general solution

is .
(2
pi:a'li-i-b-(q) .

p

Using the boundary conditions pg = 0 and py = 1, we get
1
N )
()
P

and we simply plug these back in to get the specific solution. If p = 1/2, the roots
of the characteristic polynomial are not distinct, so the general solution is

a:—b:

pi=a-1"+0b-i-1"
The boundary conditions give a =0 and b = 1/N.

In summary, the probability of A winning with a starting wealth of ¢ is

1
e ifp#£1/2,
R iy p#1/
i itp=1/2.
The p = 1/2 case is consistent with the p # 1/2 case, in the sense that
-0
lim —2— = —.
p—il— (%)N

To see this, let © = ¢/p and let = approach 1. By L’Hopital’s rule,

i — i izt 1 i
im = lim = —.
o1 1 —aN 251 NgN-1 N

By symmetry, the probability of B winning from a starting wealth of N —i is obtained
by switching the roles of ¢ and p, and of ¢ and N — 4. It can then be verified that
for all 4 and all p, P(A wins) + P(B wins) = 1, so the game is guaranteed to end:
neverending oscillation has probability 0. 0
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2.8 Pitfalls and paradoxes

The next two examples are fallacies of conditional thinking that have arisen in the
legal context. The prosecutor’s fallacy is the confusion of P(A|B) with P(B|A); the
defense attorney’s fallacy is the failure to condition on all the evidence.

% 2.8.1 (Prosecutor’s fallacy). In 1998, Sally Clark was tried for murder after
two of her sons died shortly after birth. During the trial, an expert witness for
the prosecution testified that the probability of a newborn dying of sudden infant
death syndrome (SIDS) was 1/8500, so the probability of two deaths due to SIDS
in one family was (1/8500)2, or about one in 73 million. Therefore, he continued,
the probability of Clark’s innocence was one in 73 million.

There are at least two major problems with this line of reasoning. First, the expert
witness found the probability of the intersection of “first son dies of SIDS” and
“second son dies of SIDS” by multiplying the individual event probabilities; as we
know, this is only valid if deaths due to SIDS are independent within a family. This
independence would not hold if genetic or other family-specific risk factors cause all
newborns within certain families to be at increased risk of SIDS.

Second, the so-called expert has confused two different conditional probabilities:
P(innocencelevidence) is different from P(evidence|innocence). The witness claims
that the probability of observing two newborn deaths if the defendant were innocent
is extremely low; that is, P(evidence|innocence) is small. What we are interested in,
however, is P(innocence|evidence), the probability that the defendant is innocent
given all the evidence. By Bayes’ rule,

P(evidence|innocence) P(innocence)
P(evidence) ’

P(innocence|evidence) =

so to calculate the conditional probability of innocence given the evidence, we must
take into account P(innocence), the prior probability of innocence. This probability
is extremely high: although double deaths due to SIDS are rare, so are double
infanticides! The posterior probability of innocence given the evidence is a balance
between P(evidence|innocence), which is low, and P(innocence), which is high. The
expert’s probability of (1/8500)2, questionable in and of itself, is only part of the
equation.

Sadly, Clark was convicted of murder and sent to prison, partly based on the expert’s
wrongheaded testimony, and spent over three years in jail before her conviction was
overturned. The outcry over the misuse of conditional probability in the Sally Clark
case led to the review of hundreds of other cases where similar faulty logic was used
by the prosecution.

& 2.8.2 (Defense attorney’s fallacy). A woman has been murdered, and her husband
is put on trial for this crime. Evidence comes to light that the defendant had a history
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of abusing his wife. The defense attorney argues that the evidence of abuse should
be excluded on grounds of irrelevance, since only 1 in 10,000 men who abuse their
wives subsequently murder them. Should the judge grant the defense attorney’s
motion to bar this evidence from trial?

Suppose that the defense attorney’s 1-in-10,000 figure is correct, and further assume
the following facts: 1 in 10 men commit abuse against their wives, 1 in 5 married
women who are murdered are murdered by their husbands, and 50% of husbands
who murder their wives previously abused them.

Let A be the event that the husband commits abuse against his wife, and let G be the
event that the husband is guilty. The defense’s argument is that P(G|A) = 1/10,000,
so guilt is still extremely unlikely conditional on a previous history of abuse.

However, the defense attorney fails to condition on a crucial fact: in this case, we
know that the wife was murdered. Therefore, the relevant probability is not P(G|A),
but P(G|A, M), where M is the event that the wife was murdered.

Bayes’ rule with extra conditioning gives

P(A|G, M)P(G|M)
(A|G, M)P(G|M) + P(A|Ge, M)P(Ge|M)

P(GIA, M) =

_05-02
T 050240108
_0
- 2.

The evidence of abuse has increased the probability of guilt from 20% to over 50%, so
the defendant’s history of abuse gives important information about his probability
of guilt, contrary to the defense attorney’s argument.

Note that in the above calculation, we did not use the defense attorney’s P(G|A)
number anywhere; it is irrelevant to our calculation because it does not account for
the fact that the wife was murdered. We must condition on all the evidence.

We end this chapter with a paradox about conditional probability and aggregation
of data.

Example 2.8.3 (Simpson’s paradox). Two doctors, Dr. Hibbert and Dr. Nick, each
perform two types of surgeries: heart surgery and Band-Aid removal. Each surgery
can be either a success or a failure. The two doctors’ respective records are given in
the following tables, and shown graphically in Figure 2.6, where white dots represent
successful surgeries and black dots represent failed surgeries.

Heart Band-Aid Heart Band-Aid
Success 70 10 Success 2 81
Failure 20 0 Failure 8 9

Dr. Hibbert Dr. Nick
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Dr. Hibbert had a higher success rate than Dr. Nick in heart surgeries: 70 out of 90
versus 2 out of 10. Dr. Hibbert also had a higher success rate in Band-Aid removal:
10 out of 10 versus 81 out of 90. But if we aggregate across the two types of surgeries
to compare overall surgery success rates, Dr. Hibbert was successful in 80 out of
100 surgeries while Dr. Nick was successful in 83 out of 100 surgeries: Dr. Nick’s
overall success rate is higher!

0]0]0101010101010)0)
0]0]0101010101010)0)
8000606060600

heat OOO0OOQOOO0O0O000 OCeo0000000
0J0]0101010101010)0)
0J0J0101010101010)0)
cccccccsse

000000000

0J0J0101010101010)0)

0]010I01010101010)0)

56600833383

ek 0]0]0101010101010)0) 5033353330

0J0J0101010101010)0)

0J0J0101010101010)0)

0J0J010]010101010)0)

Dr. Hibbert Dr. Nick

FIGURE 2.6

An example of Simpson’s paradox. White dots represent successful surgeries and
black dots represent failed surgeries. Dr. Hibbert is better in both types of surgery
but has a lower overall success rate, because he is performing the harder type of
surgery much more often than Dr. Nick is.

What’s happening is that Dr. Hibbert, presumably due to his reputation as the
superior doctor, is performing a greater number of heart surgeries, which are inher-
ently riskier than Band-Aid removals. His overall success rate is lower not because
of lesser skill on any particular type of surgery, but because a larger fraction of his
surgeries are risky.

Let’s use event notation to make this precise. For events A, B, and C, we say that
we have a Simpson’s paradoz if

P(A|B,C) < P(A|B,C)

P(A|B,C¢) < P(A|B¢,C°),
but
P(A|B) > P(A|B°).

In this case, let A be the event of a successful surgery, B be the event that Dr. Nick
is the surgeon, and C' be the event that the surgery is a heart surgery. The conditions
for Simpson’s paradox are fulfilled because the probability of a successful surgery
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is lower under Dr. Nick than under Dr. Hibbert whether we condition on heart
surgery or on Band-Aid removal, but the overall probability of success is higher for
Dr. Nick.

The law of total probability tells us mathematically why this can happen:

P(A|B) = P(A|C, B)P(C|B) + P(A|C®, B)P(C*|B)
P(A|B°) = P(A|C, B)P(C|B°) + P(A|C¢, B)P(C°|B°).

Although we have
P(A|C,B) < P(A|C, B°)

and
P(A|C*, B) < P(A|C¢, BY),

the weights P(C|B) and P(C¢|B) can flip the overall balance. In our situation
P(C°|B) > P(C°|BY),

since Dr. Nick is much more likely to be performing Band-Aid removals, and this
difference is large enough to cause P(A|B) to be greater than P(A|B¢).

Aggregation across different types of surgeries presents a misleading picture of the
doctors’ abilities because we lose the information about which doctor tends to per-
form which type of surgery. When we think confounding variables like surgery type
could be at play, we should examine the disaggregated data to see what is really
going on.

Simpson’s paradox arises in many real-world contexts. In the following examples,
you should try to identify the events A, B, and C that create the paradox.

o Gender discrimination in college admissions: In the 1970s, men were significantly
more likely than women to be admitted for graduate study at the University of
California, Berkeley, leading to charges of gender discrimination. Yet within most
individual departments, women were admitted at a higher rate than men. It was
found that women tended to apply to the departments with more competitive
admissions, while men tended to apply to less competitive departments.

e Baseball batting averages: It is possible for player 1 to have a higher batting average
than player 2 in the first half of a baseball season and a higher batting average
than player 2 in the second half of the season, yet have a lower overall batting
average for the entire season. It depends on how many at-bats the players have
in each half of the season. (An at-bat is when it’s a player’s turn to try to hit the
ball; the player’s batting average is the number of hits the player gets divided by
the player’s number of at-bats.)

e Health effects of smoking: Cochran [5] found that within any age group, cigarette
smokers had higher mortality rates than cigar smokers, but because cigarette smok-
ers were on average younger than cigar smokers, overall mortality rates were lower
for cigarette smokers.
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0

2.9 Recap

The conditional probability of A given B is

P(ANB)

PAIB) = =55

Conditional probability has exactly the same properties as probability, but P(:|B)
updates our uncertainty about events to reflect the observed evidence B. Events
whose probabilities are unchanged after observing the evidence B are said to be
independent of B. Two events can also be conditionally independent given a third
event F/. Conditional independence does not imply unconditional independence, nor
does unconditional independence imply conditional independence.

Two important results about conditional probability are Bayes’ rule, which relates
P(A|B) to P(B|A), and the law of total probability, which allows us to get uncon-
ditional probabilities by partitioning the sample space and calculating conditional
probabilities within each slice of the partition.

Conditioning is extremely helpful for problem-solving because it allows us to break a
problem into smaller pieces, consider all possible cases separately, and then combine
them. When using this strategy, we should try to condition on the information that,
if known, would make the problem simpler, hence the saying condition on what
you wish you knew. When a problem involves multiple stages, it can be helpful to
condition on the first step to obtain a recursive relationship.

Common mistakes in thinking conditionally include:

e confusion of the prior probability P(A) with the posterior probability P(A|B);
e the prosecutor’s fallacy, confusing P(A|B) with P(B|A);

e the defense attorney’s fallacy, failing to condition on all the evidence;

e unawareness of Simpson’s paradox and the importance of thinking carefully about
whether to aggregate data.

Figure 2.7 illustrates how probabilities can be updated as new evidence comes in
sequentially. Imagine that there is some event A that we are interested in. On
Monday morning, for example, our prior probability for A is P(A). If we observe on
Monday afternoon that B occurred, then we can use Bayes’ rule (or the definition
of conditional probability) to compute the posterior probability P(A|B).

We use this posterior probability for A as the new prior on Tuesday morning, and
then we continue to collect evidence. Suppose that on Tuesday we observe that C
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FIGURE 2.7

Conditional probability tells us how to update probabilities as new evidence comes
in. Shown are the probabilities for an event A initially, after obtaining one piece of
evidence B, and after obtaining a second piece of evidence C. The posterior for A
after observing the first piece of evidence becomes the new prior before observing
the second piece of evidence. After both B and C are observed, a new posterior for
A can be found in various ways. This then becomes the new prior if more evidence
will be collected.
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occurred. Then we can compute the new posterior probability P(A|B, C) in various
ways (in this context, probably the most natural way is to use Bayes’ rule with
extra conditioning on B). This in turn becomes the new prior if we are going to
continue to collect evidence.

2.10 R
Simulating the frequentist interpretation

Recall that the frequentist interpretation of conditional probability based on a large
number n of repetitions of an experiment is P(A|B) ~ nap/np, where nyp is the
number of times that A N B occurs and npg is the number of times that B occurs.
Let’s try this out by simulation, and verify the results of Example 2.2.5. So let’s
simulate n families, each with two children.

n <- 1075
childl <- sample(2,n,replace=TRUE)
child2 <- sample(2,n,replace=TRUE)

Here childl is a vector of length n, where each element is a 1 or a 2. Letting 1 stand
for “gir]” and 2 stand for “boy”, this vector represents the gender of the elder child
in each of the n families. Similarly, child2 represents the gender of the younger
child in each family.

Alternatively, we could have used
sample(c("girl","boy") ,n,replace=TRUE)
but it is more convenient working with numerical values.

Let A be the event that both children are girls and B the event that the elder is a girl.
Following the frequentist interpretation, we count the number of repetitions where
B occurred and name it n.b, and we also count the number of repetitions where
AN B occurred and name it n.ab. Finally, we divide n.ab by n.b to approximate

P(A|B).

n.b <- sum(childi==1)
n.ab <- sum(childl==1 & child2==1)
n.ab/n.b

The ampersand & is an elementwise AND, so n.ab is the number of families where
both the first child and the second child are girls. When we ran this code, we got
0.50, confirming our answer P(both girls|elder is a girl) = 1/2.

Now let A be the event that both children are girls and B the event that at least
one of the children is a girl. Then A N B is the same, but n.b needs to count the
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number of families where at least one child is a girl. This is accomplished with the
elementwise OR operator | (this is not a conditioning bar; it is an inclusive OR,
returning TRUE if at least one element is TRUE).

n.b <- sum(childl==1 | child2==1)
n.ab <- sum(childl==1 & child2==1)
n.ab/n.b

For us, the result was 0.33, confirming that P(both girls|at least one girl) =
1/3.

Monty Hall simulation

Many long, bitter debates about the Monty Hall problem could have been averted
by trying it out with a simulation. To study how well the never-switch strategy per-
forms, let’s generate 10° runs of the Monty Hall game. To simplify notation, assume
the contestant always chooses door 1. Then we can generate a vector specifying
which door has the car for each repetition:

n <- 1075
cardoor <- sample(3,n,replace=TRUE)

At this point we could generate the vector specifying which doors Monty opens,
but that’s unnecessary since the never-switch strategy succeeds if and only if door
1 has the car! So the fraction of times when the never-switch strategy succeeds
is sum(cardoor==1)/n, which was 0.334 in our simulation. This is very close to
1/3.

What if we want to play the Monty Hall game interactively? We can do this by
programming a function. Entering the following code in R defines a function called
monty, which can then be invoked by entering the command monty () any time you
feel like playing the gamel!

monty <- function() {
doors <- 1:3

# randomly pick where the car is
cardoor <- sample(doors,1)

# prompt player
print("Monty Hall says ‘Pick a door, any door!’")

# receive the player’s choice of door (should be 1,2, or 3)
chosen <- scan(what = integer(), nlines = 1, quiet = TRUE)

# pick Monty’s door (can’t be the player’s door or the car door)
if (chosen != cardoor) montydoor <- doors[-c(chosen, cardoor)]
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else montydoor <- sample(doors[-chosen],1)

# find out whether the player wants to switch doors

print (paste("Monty opens door ", montydoor, "!", sep=""))
print("Would you like to switch (y/n)?")

reply <- scan(what = character(), nlines = 1, quiet = TRUE)

# interpret what player wrote as '"yes" if it starts with "y"
if (substr(reply,1,1) == "y") chosen <- doors[-c(chosen,montydoor)]

# announce the result of the game!
if (chosen == cardoor) print("You won!")
else print("You lost!")

}

The print command prints its argument to the screen. We combine this with paste
since print ("Monty opens door montydoor") would literally print “Monty opens
door montydoor”. The scan command interactively requests input from the user;
we use what = integer() when we want the user to enter an integer and what
= character() when we want the user to enter text. Using substr(reply,1,1)
extracts the first character of reply, in case the user replies with “yes” or “yep” or
“yeah!” rather than with “y”.

2.11 Exercises

Conditioning on evidence

1. (® A spam filter is designed by looking at commonly occurring phrases in spam. Suppose
that 80% of email is spam. In 10% of the spam emails, the phrase “free money” is used,
whereas this phrase is only used in 1% of non-spam emails. A new email has just arrived,
which does mention “free money”. What is the probability that it is spam?

2. (® A woman is pregnant with twin boys. Twins may be either identical or fraternal (non-
identical). In general, 1/3 of twins born are identical. Obviously, identical twins must
be of the same sex; fraternal twins may or may not be. Assume that identical twins are
equally likely to be both boys or both girls, while for fraternal twins all possibilities are
equally likely. Given the above information, what is the probability that the woman’s
twins are identical?

3. According to the CDC (Centers for Disease Control and Prevention), men who smoke are
23 times more likely to develop lung cancer than men who don’t smoke. Also according
to the CDC, 21.6% of men in the U.S. smoke. What is the probability that a man in
the U.S. is a smoker, given that he develops lung cancer?

4. Fred is answering a multiple-choice problem on an exam, and has to choose one of n
options (exactly one of which is correct). Let K be the event that he knows the answer,
and R be the event that he gets the problem right (either through knowledge or through
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luck). Suppose that if he knows the right answer he will definitely get the problem right,
but if he does not know then he will guess completely randomly. Let P(K) = p.

(a) Find P(K|R) (in terms of p and n).

(b) Show that P(K|R) > p, and explain why this makes sense intuitively. When (if ever)
does P(K|R) equal p?

Three cards are dealt from a standard, well-shuffled, deck. The first two cards are flipped
over, revealing the Ace of Spades as the first card and the 8 of Clubs as the second card.
Given this information, find the probability that the third card is an ace in two ways:
using the definition of conditional probability, and by symmetry.

A hat contains 100 coins, where 99 are fair but one is double-headed (always landing
Heads). A coin is chosen uniformly at random. The chosen coin is flipped 7 times, and it
lands Heads all 7 times. Given this information, what is the probability that the chosen
coin is double-headed? (Of course, another approach here would be to look at both sides
of the coin—Dbut this is a metaphorical coin.)

A hat contains 100 coins, where at least 99 are fair, but there may be one that is double-
headed (always landing Heads); if there is no such coin, then all 100 are fair. Let D be
the event that there is such a coin, and suppose that P(D) = 1/2. A coin is chosen
uniformly at random. The chosen coin is flipped 7 times, and it lands Heads all 7 times.

(a) Given this information, what is the probability that one of the coins is double-
headed?

(b) Given this information, what is the probability that the chosen coin is double-
headed?

The screens used for a certain type of cell phone are manufactured by 3 companies,
A, B, and C. The proportions of screens supplied by A, B, and C are 0.5, 0.3, and
0.2, respectively, and their screens are defective with probabilities 0.01, 0.02, and 0.03,
respectively. Given that the screen on such a phone is defective, what is the probability
that Company A manufactured it?

(a) Show that if events A; and A; have the same prior probability P(A;) = P(A2),
A; implies B, and As implies B, then A; and A2 have the same posterior probability
P(A,|B) = P(A2|B) if it is observed that B occurred.

(b) Explain why (a) makes sense intuitively, and give a concrete example.

Fred is working on a major project. In planning the project, two milestones are set up,
with dates by which they should be accomplished. This serves as a way to track Fred’s
progress. Let A; be the event that Fred completes the first milestone on time, Az be
the event that he completes the second milestone on time, and As be the event that he
completes the project on time.

Suppose that P(A;j41|A;) = 0.8 but P(A;41]AS) = 0.3 for j = 1,2, since if Fred falls
behind on his schedule it will be hard for him to get caught up. Also, assume that the
second milestone supersedes the first, in the sense that once we know whether he is
on time in completing the second milestone, it no longer matters what happened with
the first milestone. We can express this by saying that A; and As are conditionally
independent given A2 and they’re also conditionally independent given AS.

(a) Find the probability that Fred will finish the project on time, given that he completes
the first milestone on time. Also find the probability that Fred will finish the project on
time, given that he is late for the first milestone.

(b) Suppose that P(A1) = 0.75. Find the probability that Fred will finish the project
on time.

An exit poll in an election is a survey taken of voters just after they have voted. One
major use of exit polls has been so that news organizations can try to figure out as

(0]
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soon as possible who won the election, before the votes are officially counted. This has
been notoriously inaccurate in various elections, sometimes because of selection bias:
the sample of people who are invited to and agree to participate in the survey may not
be similar enough to the overall population of voters.

Consider an election with two candidates, Candidate A and Candidate B. Every voter
is invited to participate in an exit poll, where they are asked whom they voted for; some
accept and some refuse. For a randomly selected voter, let A be the event that they voted
for A, and W be the event that they are willing to participate in the exit poll. Suppose
that P(W|A) = 0.7 but P(W|A®) = 0.3. In the exit poll, 60% of the respondents say
they voted for A (assume that they are all honest), suggesting a comfortable victory for
A. Find P(A), the true proportion of people who voted for A.

Alice is trying to communicate with Bob, by sending a message (encoded in binary)
across a channel.

(a) Suppose for this part that she sends only one bit (a 0 or 1), with equal probabilities.
If she sends a 0, there is a 5% chance of an error occurring, resulting in Bob receiving a
1; if she sends a 1, there is a 10% chance of an error occurring, resulting in Bob receiving
a 0. Given that Bob receives a 1, what is the probability that Alice actually sent a 17

(b) To reduce the chance of miscommunication, Alice and Bob decide to use a repetition
code. Again Alice wants to convey a 0 or a 1, but this time she repeats it two more times,
so that she sends 000 to convey 0 and 111 to convey 1. Bob will decode the message by
going with what the majority of the bits were. Assume that the error probabilities are
as in (a), with error events for different bits independent of each other. Given that Bob
receives 110, what is the probability that Alice intended to convey a 17

Company A has just developed a diagnostic test for a certain disease. The disease
afflicts 1% of the population. As defined in Example 2.3.9, the sensitivity of the test is
the probability of someone testing positive, given that they have the disease, and the
specificity of the test is the probability that of someone testing negative, given that they
don’t have the disease. Assume that, as in Example 2.3.9, the sensitivity and specificity
are both 0.95.

Company B, which is a rival of Company A, offers a competing test for the disease.
Company B claims that their test is faster and less expensive to perform than Company
A’s test, is less painful (Company A’s test requires an incision), and yet has a higher
overall success rate, where overall success rate is defined as the probability that a random
person gets diagnosed correctly.

(a) It turns out that Company B’s test can be described and performed very simply: no
matter who the patient is, diagnose that they do not have the disease. Check whether
Company B’s claim about overall success rates is true.

(b) Explain why Company A’s test may still be useful.

(¢) Company A wants to develop a new test such that the overall success rate is higher
than that of Company B’s test. If the sensitivity and specificity are equal, how high
does the sensitivity have to be to achieve their goal? If (amazingly) they can get the
sensitivity equal to 1, how high does the specificity have to be to achieve their goal? If
(amazingly) they can get the specificity equal to 1, how high does the sensitivity have
to be to achieve their goal?

Consider the following scenario, from Tversky and Kahneman [30]:

Let A be the event that before the end of next year, Peter will have installed
a burglar alarm system in his home. Let B denote the event that Peter’s
home will be burglarized before the end of next year.

(a) Intuitively, which do you think is bigger, P(A|B) or P(A|B¢)? Explain your intuition.
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(b) Intuitively, which do you think is bigger, P(B|A) or P(B|A)? Explain your intuition.

(c) Show that for any events A and B (with probabilities not equal to 0 or 1), P(A|B) >
P(A|B°) is equivalent to P(B|A) > P(B|A°).

(d) Tversky and Kahneman report that 131 out of 162 people whom they posed (a)
and (b) to said that P(A|B) > P(A|B) and P(B|A) < P(B|A°). What is a plausible
explanation for why this was such a popular opinion despite (c¢) showing that it is
impossible for these inequalities both to hold?

Let A and B be events with 0 < P(AN B) < P(A) < P(B) < P(AUB) < 1. You are
hoping that both A and B occurred. Which of the following pieces of information would
you be happiest to observe: that A occurred, that B occurred, or that AU B occurred?
Show that P(A|B) < P(A) implies P(A|B°) > P(A), and give an intuitive explanation
of why this makes sense.

In deterministic logic, the statement “A implies B” is equivalent to its contrapositive,
“not B implies not A”. In this problem we will consider analogous statements in prob-
ability, the logic of uncertainty. Let A and B be events with probabilities not equal to
Oor 1.

(a) Show that if P(B|A) =1, then P(A°|B°) = 1.
Hint: Apply Bayes’ rule and LOTP.

(b) Show however that the result in (a) does not hold in general if = is replaced by ~.
In particular, find an example where P(B|A) is very close to 1 but P(A°|B°) is very
close to 0.

Hint: What happens if A and B are independent?

Show that if P(A) = 1, then P(A|B) = 1 for any B with P(B) > 0. Intuitively, this says
that if someone dogmatically believes something with absolute certainty, then no amount
of evidence will change their mind. The principle of avoiding assigning probabilities of
0 or 1 to any event (except for mathematical certainties) was named Cromwell’s rule
by the statistician Dennis Lindley, due to Cromwell saying to the Church of Scotland,
“think it possible you may be mistaken”.

Hint: Write P(B) = P(BN A) + P(B N A°), and then show that P(B N A°) = 0.

Explain the following Sherlock Holmes saying in terms of conditional probability, care-
fully distinguishing between prior and posterior probabilities: “It is an old maxim of
mine that when you have excluded the impossible, whatever remains, however improb-
able, must be the truth.”

The Jack of Spades (with cider), Jack of Hearts (with tarts), Queen of Spades (with a
wink), and Queen of Hearts (without tarts) are taken from a deck of cards. These four
cards are shuffled, and then two are dealt.

(a) Find the probability that both of these two cards are queens, given that the first
card dealt is a queen.

(b) Find the probability that both are queens, given that at least one is a queen.

(c) Find the probability that both are queens, given that one is the Queen of Hearts.

A fair coin is flipped 3 times. The toss results are recorded on separate slips of paper
(writing “H” if Heads and “T” if Tails), and the 3 slips of paper are thrown into a hat.

(a) Find the probability that all 3 tosses landed Heads, given that at least 2 were Heads.

(b) Two of the slips of paper are randomly drawn from the hat, and both show the
letter H. Given this information, what is the probability that all 3 tosses landed Heads?

7
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(® A bag contains one marble which is either green or blue, with equal probabilities. A
green marble is put in the bag (so there are 2 marbles now), and then a random marble
is taken out. The marble taken out is green. What is the probability that the remaining
marble is also green?

(®) Let G be the event that a certain individual is guilty of a certain robbery. In gathering
evidence, it is learned that an event 4y occurred, and a little later it is also learned that
another event Fs also occurred. Is it possible that individually, these pieces of evidence
increase the chance of guilt (so P(G|E.) > P(G) and P(G|E2) > P(G)), but together
they decrease the chance of guilt (so P(G|FE1, E2) < P(G))?

Is it possible to have events Ai, As, B,C with P(A;|B) > P(A:|C) and P(A2|B) >
P(A2|C), yet P(A1 U A2|B) < P(A; U A2|C)? If so, find an example (with a “story”
interpreting the events, as well as giving specific numbers); otherwise, show that it is
impossible for this phenomenon to happen.

(® A crime is committed by one of two suspects, A and B. Initially, there is equal
evidence against both of them. In further investigation at the crime scene, it is found
that the guilty party had a blood type found in 10% of the population. Suspect A does
match this blood type, whereas the blood type of Suspect B is unknown.

(a) Given this new information, what is the probability that A is the guilty party?

(b) Given this new information, what is the probability that B’s blood type matches
that found at the crime scene?

(® To battle against spam, Bob installs two anti-spam programs. An email arrives,
which is either legitimate (event L) or spam (event L¢), and which program j marks as
legitimate (event Mj) or marks as spam (event M) for j € {1,2}. Assume that 10%
of Bob’s email is legitimate and that the two programs are each “90% accurate” in the
sense that P(M;|L) = P(M;|L?) = 9/10. Also assume that given whether an email is
spam, the two programs’ outputs are conditionally independent.

(a) Find the probability that the email is legitimate, given that the 1st program marks
it as legitimate (simplify).

(b) Find the probability that the email is legitimate, given that both programs mark it
as legitimate (simplify).

(c) Bob runs the 1st program and M; occurs. He updates his probabilities and then
runs the 2nd program. Let P(A) = P(A|M;) be the updated probability function after
running the 1st program. Explain briefly in words whether or not P(L|Ms) = P(L|M;N
M>): is conditioning on M; N Ms in one step equivalent to first conditioning on M1, then
updating probabilities, and then conditioning on Msy?

Suppose that there are 5 blood types in the population, named type 1 through type 5,
with probabilities p1,p2,...,ps. A crime was committed by two individuals. A suspect,
who has blood type 1, has prior probability p of being guilty. At the crime scene blood
evidence is collected, which shows that one of the criminals has type 1 and the other
has type 2.

Find the posterior probability that the suspect is guilty, given the evidence. Does the
evidence make it more likely or less likely that the suspect is guilty, or does this depend
on the values of the parameters p,pi1,...,ps? If it depends, give a simple criterion for
when the evidence makes it more likely that the suspect is guilty.

Fred has just tested positive for a certain disease.

(a) Given this information, find the posterior odds that he has the disease, in terms of
the prior odds, the sensitivity of the test, and the specificity of the test.

(b) Not surprisingly, Fred is much more interested in P(have disease|test positive),
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known as the positive predictive value, than in the sensitivity P(test positive|have disease).
A handy rule of thumb in biostatistics and epidemiology is as follows:

For a rare disease and a reasonably good test, specificity matters much more than sen-
sitivity in determining the positive predictive value.

Explain intuitively why this rule of thumb works. For this part you can make up some
specific numbers and interpret probabilities in a frequentist way as proportions in a
large population, e.g., assume the disease afflicts 1% of a population of 10000 people
and then consider various possibilities for the sensitivity and specificity.

29. A family has two children. Let C' be a characteristic that a child can have, and assume
that each child has characteristic C' with probability p, independently of each other and
of gender. For example, C' could be the characteristic “born in winter” as in Exam-
ple 2.2.7. Show that the probability that both children are girls given that at least one

is a girl with characteristic C' is i:—g, which is 1/3 if p = 1 (agreeing with the first part of

Example 2.2.5) and approaches 1/2 from below as p — 0 (agreeing with Example 2.2.7).

Independence and conditional independence
30. (® A family has 3 children, creatively named A, B, and C.

(a) Discuss intuitively (but clearly) whether the event “A is older than B” is independent
of the event “A is older than C”.

(b) Find the probability that A is older than B, given that A is older than C.
31. (® Is it possible that an event is independent of itself? If so, when is this the case?

32.  (® Consider four nonstandard dice (the Efron dice), whose sides are labeled as follows
(the 6 sides on each die are equally likely).

A:4,4,4,4,0,0
B: 3,3,3,3,3,3
C: 6,6,2,2,2,2
D: 5,5,5,1,1,1

These four dice are each rolled once. Let A be the result for die A, B be the result for
die B, etc.

(a) Find P(A > B), P(B > C),P(C > D), and P(D > A).

(b) Is the event A > B independent of the event B > C7? Is the event B > C independent
of the event C' > D? Explain.

33. Alice, Bob, and 100 other people live in a small town. Let C be the set consisting of the
100 other people, let A be the set of people in C' who are friends with Alice, and let B
be the set of people in C' who are friends with Bob. Suppose that for each person in C,
Alice is friends with that person with probability 1/2, and likewise for Bob, with all of
these friendship statuses independent.

(a) Let D C C. Find P(A= D).
(b) Find P(A C B).

(¢) Find P(AUB = ().

34. Suppose that there are two types of drivers: good drivers and bad drivers. Let G be
the event that a certain man is a good driver, A be the event that he gets into a car
accident next year, and B be the event that he gets into a car accident the following
year. Let P(G) = g and P(A|G) = P(B|G) = p1, P(A|G°) = P(B|G®) = p2, with
p1 < pz2. Suppose that given the information of whether or not the man is a good driver,
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A and B are independent (for simplicity and to avoid being morbid, assume that the
accidents being considered are minor and wouldn’t make the man unable to drive).

(a) Explain intuitively whether or not A and B are independent.
(b) Find P(G|A).

(¢) Find P(B|A°).

(® You are going to play 2 games of chess with an opponent whom you have never
played against before (for the sake of this problem). Your opponent is equally likely to
be a beginner, intermediate, or a master. Depending on which, your chances of winning
an individual game are 90%, 50%, or 30%, respectively.

(a) What is your probability of winning the first game?

(b) Congratulations: you won the first game! Given this information, what is the prob-
ability that you will also win the second game (assume that, given the skill level of your
opponent, the outcomes of the games are independent)?

(c) Explain the distinction between assuming that the outcomes of the games are in-
dependent and assuming that they are conditionally independent given the opponent’s
skill level. Which of these assumptions seems more reasonable, and why?

(a) Suppose that in the population of college applicants, being good at baseball is
independent of having a good math score on a certain standardized test (with respect
to some measure of “good”). A certain college has a simple admissions procedure: admit
an applicant if and only if the applicant is good at baseball or has a good math score
on the test.

Give an intuitive explanation of why it makes sense that among students that the college
admits, having a good math score is negatively associated with being good at baseball,
i.e., conditioning on having a good math score decreases the chance of being good at
baseball.

(b) Show that if A and B are independent and C' = AUB, then A and B are conditionally
dependent given C' (as long as P(AN B) > 0 and P(AU B) < 1), with

P(A|B,C) < P(A|C).

This phenomenon is known as Berkson’s paradoz, especially in the context of admissions
to a school, hospital, etc.

We want to design a spam filter for email. As described in Exercise 1, a major strategy
is to find phrases that are much more likely to appear in a spam email than in a non-
spam email. In that exercise, we only consider one such phrase: “free money”. More
realistically, suppose that we have created a list of 100 words or phrases that are much
more likely to be used in spam than in non-spam.

Let W; be the event that an email contains the jth word or phrase on the list. Let
p = P(spam),p; = P(Wj|spam), r; = P(Wj|not spam),

where “spam” is shorthand for the event that the email is spam.

Assume that Wi, ..., Wigo are conditionally independent given M, and also condition-
ally independent given M°. A method for classifying emails (or other objects) based on
this kind of assumption is called a naive Bayes classifier. (Here “naive” refers to the
fact that the conditional independence is a strong assumption, not to Bayes being naive.
The assumption may or may not be realistic, but naive Bayes classifiers sometimes work
well in practice even if the assumption is not realistic.)

Under this assumption we know, for example, that

P(W17 W27W3C7 W4cy EERX} ch00|spam) = ppo(l _p3)(1 _p4) s (1 _pIOO)-
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Without the naive Bayes assumption, there would be vastly more statistical and com-
putational difficulties since we would need to consider 2% ~ 1.3 x 10%° events of the
form A; N Az ---N Ao with each A; equal to either W; or ch, A new email has just
arrived, and it includes the 23rd, 64th, and 65th words or phrases on the list (but not
the other 97). So we want to compute

P(Spa'm|cha ceey W2CQ7 W237W284, <. '7W6837W647W657 Wéﬁ: <. '7Wf00)'

Note that we need to condition on all the evidence, not just the fact that WasNWeaNWs
occurred. Find the conditional probability that the new email is spam (in terms of p
and the p; and r;).

Monty Hall

® (a) Consider the following 7-door version of the Monty Hall problem. There are 7
doors, behind one of which there is a car (which you want), and behind the rest of which
there are goats (which you don’t want). Initially, all possibilities are equally likely for
where the car is. You choose a door. Monty Hall then opens 3 goat doors, and offers
you the option of switching to any of the remaining 3 doors.

Assume that Monty Hall knows which door has the car, will always open 3 goat doors
and offer the option of switching, and that Monty chooses with equal probabilities from
all his choices of which goat doors to open. Should you switch? What is your probability
of success if you switch to one of the remaining 3 doors?

(b) Generalize the above to a Monty Hall problem where there are n > 3 doors, of which
Monty opens m goat doors, with 1 < m <n — 2.

® Consider the Monty Hall problem, except that Monty enjoys opening door 2 more
than he enjoys opening door 3, and if he has a choice between opening these two doors,
he opens door 2 with probability p, where £ < p < 1.

To recap: there are three doors, behind one of which there is a car (which you want),
and behind the other two of which there are goats (which you don’t want). Initially,
all possibilities are equally likely for where the car is. You choose a door, which for
concreteness we assume is door 1. Monty Hall then opens a door to reveal a goat, and
offers you the option of switching. Assume that Monty Hall knows which door has the
car, will always open a goat door and offer the option of switching, and as above assume
that if Monty Hall has a choice between opening door 2 and door 3, he chooses door 2
with probability p (with 3 <p <1).

(a) Find the unconditional probability that the strategy of always switching succeeds
(unconditional in the sense that we do not condition on which of doors 2 or 3 Monty
opens).

(b) Find the probability that the strategy of always switching succeeds, given that Monty
opens door 2.

(c) Find the probability that the strategy of always switching succeeds, given that Monty
opens door 3.

The ratings of Monty Hall’s show have dropped slightly, and a panicking executive
producer complains to Monty that the part of the show where he opens a door lacks
suspense: Monty always opens a door with a goat. Monty replies that the reason is so
that the game is never spoiled by him revealing the car, but he agrees to update the
game as follows.

Before each show, Monty secretly flips a coin with probability p of Heads. If the coin
lands Heads, Monty resolves to open a goat door (with equal probabilities if there is
a choice). Otherwise, Monty resolves to open a random unopened door, with equal
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probabilities. The contestant knows p but does not know the outcome of the coin flip.
When the show starts, the contestant chooses a door. Monty (who knows where the
car is) then opens a door. If the car is revealed, the game is over; if a goat is revealed,
the contestant is offered the option of switching. Now suppose it turns out that the
contestant opens door 1 and then Monty opens door 2, revealing a goat. What is the
contestant’s probability of success if he or she switches to door 3?7

You are the contestant on the Monty Hall show. Monty is trying out a new version of
his game, with rules as follows. You get to choose one of three doors. One door has a car
behind it, another has a computer, and the other door has a goat (with all permutations
equally likely). Monty, who knows which prize is behind each door, will open a door (but
not the one you chose) and then let you choose whether to switch from your current
choice to the other unopened door.

Assume that you prefer the car to the computer, the computer to the goat, and (by
transitivity) the car to the goat.

(a) Suppose for this part only that Monty always opens the door that reveals your less
preferred prize out of the two alternatives, e.g., if he is faced with the choice between
revealing the goat or the computer, he will reveal the goat. Monty opens a door, revealing
a goat (this is again for this part only). Given this information, should you switch? If
you do switch, what is your probability of success in getting the car?

(b) Now suppose that Monty reveals your less preferred prize with probability p, and
your more preferred prize with probability ¢ = 1 — p. Monty opens a door, revealing a
computer. Given this information, should you switch (your answer can depend on p)?
If you do switch, what is your probability of success in getting the car (in terms of p)?

First-step analysis and gambler’s ruin

(® A fair die is rolled repeatedly, and a running total is kept (which is, at each time,
the total of all the rolls up until that time). Let p, be the probability that the running
total is ever ezactly n (assume the die will always be rolled enough times so that the
running total will eventually exceed m, but it may or may not ever equal n).

(a) Write down a recursive equation for p, (relating p, to earlier terms py in a simple
way). Your equation should be true for all positive integers n, so give a definition of po
and py for k < 0 so that the recursive equation is true for small values of n.

(b) Find pr.

(c) Give an intuitive explanation for the fact that p, — 1/3.5 =2/7 as n — oo.

A sequence of n > 1 independent trials is performed, where each trial ends in “success”
or “failure” (but not both). Let p; be the probability of success in the ith trial, ¢; = 1—p;,
and b; = ¢; —1/2, for : = 1,2,...,n. Let A,, be the event that the number of successful
trials is even.

(a) Show that for n = 2, P(A2) = 1/2 + 2b1bs.
(b) Show by induction that
P(An) =1/24 2" biby ... by.

(This result is very useful in cryptography. Also, note that it implies that if n coins are
flipped, then the probability of an even number of Heads is 1/2 if and only if at least
one of the coins is fair.) Hint: Group some trials into a supertrial.

(¢) Check directly that the result of (b) is true in the following simple cases: p; = 1/2
for some i; p; = 0 for all i; p;, = 1 for all 3.
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(® Calvin and Hobbes play a match consisting of a series of games, where Calvin has
probability p of winning each game (independently). They play with a “win by two””
rule: the first player to win two games more than his opponent wins the match. Find
the probability that Calvin wins the match (in terms of p), in two different ways:

(a) by conditioning, using the law of total probability.

(b) by interpreting the problem as a gambler’s ruin problem.

A gambler repeatedly plays a game where in each round, he wins a dollar with probability
1/3 and loses a dollar with probability 2/3. His strategy is “quit when he is ahead by
$2,” though some suspect he is a gambling addict anyway. Suppose that he starts with
a million dollars. Show that the probability that he’ll ever be ahead by $2 is less than
1/4.

As in the gambler’s ruin problem, two gamblers, A and B, make a series of bets, until
one of the gamblers goes bankrupt. Let A start out with ¢ dollars and B start out with
N — i dollars, and let p be the probability of A winning a bet, with 0 < p < % Each
bet is for % dollars, with k a positive integer, e.g., £ = 1 is the original gambler’s ruin
problem and k£ = 20 means they’re betting nickels. Find the probability that A wins the
game, and determine what happens to this as k — oo.

There are 100 equally spaced points around a circle. At 99 of the points, there are
sheep, and at 1 point, there is a wolf. At each time step, the wolf randomly moves either
clockwise or counterclockwise by 1 point. If there is a sheep at that point, he eats it.
The sheep don’t move. What is the probability that the sheep who is initially opposite
the wolf is the last one remaining?

An immortal drunk man wanders around randomly on the integers. He starts at the
origin, and at each step he moves 1 unit to the right or 1 unit to the left, with probabilities
p and ¢ = 1—p respectively, independently of all his previous steps. Let S,, be his position
after n steps.

(a) Let pr be the probability that the drunk ever reaches the value k, for all £ > 0.
Write down a difference equation for pr (you do not need to solve it for this part).

(b) Find py, fully simplified; be sure to consider all 3 cases: p < 1/2,p = 1/2, and
p > 1/2. Feel free to assume that if A;, As,... are events with A; C A;4, for all j,
then P(A,) — P(Uj21A;) as n — oo (because it is true; this is known as continuity of
probability).

Simpson’s paradox

® (a) Is it possible to have events A, B, C such that P(A|C) < P(B|C) and P(A|C) <
P(B|C?), yet P(A) > P(B)? That is, A is less likely than B given that C is true,
and also less likely than B given that C is false, yet A is more likely than B if we're
given no information about C. Show this is impossible (with a short proof) or find a
counterexample (with a story interpreting A, B, C).

(b) If the scenario in (a) is possible, is it a special case of Simpson’s paradox, equivalent to
Simpson’s paradox, or neither? If it is impossible, explain intuitively why it is impossible
even though Simpson’s paradox is possible.

(® Consider the following conversation from an episode of The Simpsons:

Lisa: Dad, I think he’s an ivory dealer! His boots are iwory, his hat is
wory, and I'm pretty sure that check is ivory.

Homer: Lisa, a guy who has lots of ivory is less likely to hurt Stampy
than a guy whose wory supplies are low.

Here Homer and Lisa are debating the question of whether or not the man (named
Blackheart) is likely to hurt Stampy the Elephant if they sell Stampy to him. They
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clearly disagree about how to use their observations about Blackheart to learn about
the probability (conditional on the evidence) that Blackheart will hurt Stampy.

(a) Define clear notation for the various events of interest here.

(b) Express Lisa’s and Homer’s arguments (Lisa’s is partly implicit) as conditional
probability statements in terms of your notation from (a).

(c) Assume it is true that someone who has a lot of a commodity will have less desire
to acquire more of the commodity. Explain what is wrong with Homer’s reasoning that
the evidence about Blackheart makes it less likely that he will harm Stampy.

(a) There are two crimson jars (labeled Cy and C3) and two mauve jars (labeled M; and
M>). Each jar contains a mixture of green gummi bears and red gummi bears. Show by
example that it is possible that C1 has a much higher percentage of green gummi bears
than M, and C2 has a much higher percentage of green gummi bears than M, yet if
the contents of C; and C> are merged into a new jar and likewise for M7 and Ma, then
the combination of C; and C2 has a lower percentage of green gummi bears than the
combination of M; and M.

(b) Explain how (a) relates to Simpson’s paradox, both intuitively and by explicitly
defining events A, B, C' as in the statement of Simpson’s paradox.

As explained in this chapter, Simpson’s paradox says that it is possible to have events
A,B,C such that P(A|B,C) < P(A|B° C) and P(A|B,C°) < P(A|B° C°), yet
P(A|B) > P(A|B°).

(a) Can Simpson’s paradox occur if A and B are independent? If so, give a concrete
example (with both numbers and an interpretation); if not, prove that it is impossible.

(b) Can Simpson’s paradox occur if A and C are independent? If so, give a concrete
example (with both numbers and an interpretation); if not, prove that it is impossible.

(¢) Can Simpson’s paradox occur if B and C are independent? If so, give a concrete
example (with both numbers and an interpretation); if not, prove that it is impossible.

® The book Red State, Blue State, Rich State, Poor State by Andrew Gelman [13]
discusses the following election phenomenon: within any U.S. state, a wealthy voter is
more likely to vote for a Republican than a poor voter, yet the wealthier states tend
to favor Democratic candidates! In short: rich individuals (in any state) tend to vote
for Republicans, while states with a higher percentage of rich people tend to favor
Democrats.

(a) Assume for simplicity that there are only 2 states (called Red and Blue), each
of which has 100 people, and that each person is either rich or poor, and either a
Democrat or a Republican. Make up numbers consistent with the above, showing how
this phenomenon is possible, by giving a 2 x 2 table for each state (listing how many
people in each state are rich Democrats, etc.).

(b) In the setup of (a) (not necessarily with the numbers you made up there), let
D be the event that a randomly chosen person is a Democrat (with all 200 people
equally likely), and B be the event that the person lives in the Blue State. Suppose
that 10 people move from the Blue State to the Red State. Write Polg and Phew for
probabilities before and after they move. Assume that people do not change parties,
s0 we have Phew(D) = Poa(D). Is it possible that both Puew(D|B) > Poa(D|B) and
Pocw(D|B€) > Poa(D|B¢) are true? If so, explain how it is possible and why it does not
contradict the law of total probability P(D) = P(D|B)P(B) + P(D|B¢)P(B°); if not,
show that it is impossible.
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Mixed practice

Fred decides to take a series of n tests, to diagnose whether he has a certain disease
(any individual test is not perfectly reliable, so he hopes to reduce his uncertainty by
taking multiple tests). Let D be the event that he has the disease, p = P(D) be the
prior probability that he has the disease, and ¢ = 1 — p. Let T; be the event that he
tests positive on the jth test.

(a) Assume for this part that the test results are conditionally independent given Fred’s
disease status. Let a = P(T;|D) and b = P(T;|D¢), where a and b don’t depend on j.
Find the posterior probability that Fred has the disease, given that he tests positive on
all n of the n tests.

(b) Suppose that Fred tests positive on all n tests. However, some people have a certain
gene that makes them always test positive. Let G be the event that Fred has the gene.
Assume that P(G) = 1/2 and that D and G are independent. If Fred does not have the
gene, then the test results are conditionally independent given his disease status. Let
ao = P(T3|D,G°) and by = P(T;|D°, G°), where ag and bg don’t depend on j. Find the
posterior probability that Fred has the disease, given that he tests positive on all n of
the tests.

A certain hereditary disease can be passed from a mother to her children. Given that
the mother has the disease, her children independently will have it with probability 1/2.
Given that she doesn’t have the disease, her children won’t have it either. A certain
mother, who has probability 1/3 of having the disease, has two children.

(a) Find the probability that neither child has the disease.

(b) Is whether the elder child has the disease independent of whether the younger child
has the disease? Explain.

(¢) The elder child is found not to have the disease. A week later, the younger child is
also found not to have the disease. Given this information, find the probability that the
mother has the disease.

Three fair coins are tossed at the same time. Explain what is wrong with the following
argument: “there is a 50% chance that the three coins all landed the same way, since
obviously it is possible to find two coins that match, and then the other coin has a 50%
chance of matching those two”.

An urn contains red, green, and blue balls. Let 7, g,b be the proportions of red, green,
blue balls, respectively (r +g+b=1).

(a) Balls are drawn randomly with replacement. Find the probability that the first time
a green ball is drawn is before the first time a blue ball is drawn.

Hint: Explain how this relates to finding the probability that a draw is green, given that
it is either green or blue.

(b) Balls are drawn randomly without replacement. Find the probability that the first
time a green ball is drawn is before the first time a blue ball is drawn. Is the answer the
same or different than the answer in (a)?

Hint: Imagine the balls all lined up, in the order in which they will be drawn. Note that
where the red balls are standing in this line is irrelevant.

(c¢) Generalize the result from (a) to the following setting. Independent trials are per-
formed, and the outcome of each trial is classified as being exactly one of type 1, type 2,

.., or type n, with probabilities p1,p2,...,pn, respectively. Find the probability that
the first trial to result in type ¢ comes before the first trial to result in type j, for i # j.

Marilyn vos Savant was asked the following question for her column in Parade:
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You're at a party with 199 other guests when robbers break in and announce
that they are going to rob one of you. They put 199 blank pieces of paper in
a hat, plus one marked “you lose.” Each guest must draw, and the person
who draws “you lose” will get robbed. The robbers offer you the option of
drawing first, last, or at any time in between. When would you take your
turn?

The draws are made without replacement, and for (a) are uniformly random.

(a) Determine whether it is optimal to draw first, last, or somewhere in between (or
whether it does not matter), to maximize the probability of not being robbed. Give a
clear, concise, and compelling explanation.

(b) More generally, suppose that there is one “you lose” piece of paper, with “weight”
v, and there are n blank pieces of paper, each with “weight” w. At each stage, draws
are made with probability proportional to weight, i.e., the probability of drawing a
particular piece of paper is its weight divided by the sum of the weights of all the
remaining pieces of paper. Determine whether it is better to draw first or second (or
whether it does not matter); here v > 0,w > 0, and n > 1 are known constants.

Let D be the event that a person develops a certain disease, and C be the event that
the person was exposed to a certain substance (e.g., D may correspond to lung cancer
and C may correspond to smoking cigarettes). We are interested in whether exposure
to the substance is related to developing the disease (and if so, how they are related).
The odds ratio is a very widely used measure in epidemiology of the association between
disease and exposure, defined as

_odds(D|C)
OR = odds(D|C¢)’
where conditional odds are defined analogously to unconditional odds: odds(A|B) =
15((:! ‘BB>) . The relative risk of the disease for someone exposed to the substance, another
widely used measure, is

RR = 7P(ch) .
P(D|C?)

The relative risk is especially easy to interpret, e.g., RR = 2 says that someone exposed
to the substance is twice as likely to develop the disease as someone who isn’t exposed
(though this does not necessarily mean that the substance causes the increased chance
of getting the disease, nor is there necessarily a causal interpretation for the odds ratio).
(a) Show that if the disease is rare, both for exposed people and for unexposed people,
then the relative risk is approximately equal to the odds ratio.

(b) Let p;; for i = 0,1 and j = 0,1 be the probabilities in the following 2 x 2 table.

D D¢
C  pui1 pio
C° por  poo

For example, p1o = P(C, D). Show that the odds ratio can be expressed as a cross-

product ratio, in the sense that
OR = P11Poo

piopo1

(c¢) Show that the odds ratio has the neat symmetry property that the roles of C' and
D can be swapped without changing the value:
odds(C|D)
OR= —————=~.
odds(C'|D¢)
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This property is one of the main reasons why the odds ratio is so widely used, since it
turns out that it allows the odds ratio to be estimated in a wide variety of problems
where relative risk would be hard to estimate well.

A researcher wants to estimate the percentage of people in some population who have
used illegal drugs, by conducting a survey. Concerned that a lot of people would lie
when asked a sensitive question like “Have you ever used illegal drugs?”, the researcher
uses a method known as randomized response. A hat is filled with slips of paper, each
of which says either “I have used illegal drugs” or “I have not used illegal drugs”. Let p
be the proportion of slips of paper that say “I have used illegal drugs” (p is chosen by
the researcher in advance).

Each participant chooses a random slip of paper from the hat and answers (truthfully)
“yes” or “no” to whether the statement on that slip is true. The slip is then returned
to the hat. The researcher does not know which type of slip the participant had. Let
y be the probability that a participant will say “yes”, and d be the probability that a
participant has used illegal drugs.

(a) Find y, in terms of d and p.

(b) What would be the worst possible choice of p that the researcher could make in
designing the survey? Explain.

(¢) Now consider the following alternative system. Suppose that proportion p of the slips
of paper say “I have used illegal drugs”, but that now the remaining 1 — p say “I was
born in winter” rather than “I have not used illegal drugs”. Assume that 1/4 of people
are born in winter, and that a person’s season of birth is independent of whether they
have used illegal drugs. Find d, in terms of y and p.

At the beginning of the play Rosencrantz and Guildenstern are Dead by Tom Stop-
pard [28], Guildenstern is spinning coins and Rosencrantz is betting on the outcome for
each. The coins have been landing Heads over and over again, prompting the following
remark:

Guildenstern: A weaker man might be moved to re-examine his faith, if
in nothing else at least in the law of probability.

The coin spins have resulted in Heads 92 times in a row.

(a) Fred and his friend are watching the play. Upon seeing the events described above,
they have the following conversation:

Fred: That outcome would be incredibly unlikely with fair coins. They
must be using trick coins (maybe with double-headed coins), or the experi-
ment must have been rigged somehow (maybe with magnets).

Fred’s friend: It’s true that the string HH. .. H of length 92 is very un-
likely; the chance is 1/292 ~ 2% 10728 with fair coins. But any other specific
string of H’s and T’s with length 92 has ezxactly the same probability! The
reason the outcome seems extremely unlikely is that the number of possible
outcomes grows exponentially as the number of spins grows, so any outcome
would seem extremely unlikely. You could just as well have made the same
argument even without looking at the results of their experiment, which
means you really don’t have evidence against the coins being fair.

Discuss these comments, to help Fred and his friend resolve their debate.

(b) Suppose there are only two possibilities: either the coins are all fair (and spun fairly),
or double-headed coins are being used (in which case the probability of Heads is 1). Let
p be the prior probability that the coins are fair. Find the posterior probability that the
coins are fair, given that they landed Heads in 92 out of 92 trials.

(¢) Continuing from (b), for which values of p is the posterior probability that the coins
are fair greater than 0.57 For which values of p is it less than 0.057
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There are n types of toys, which you are collecting one by one. Each time you buy a
toy, it is randomly determined which type it has, with equal probabilities. Let p;; be the
probability that just after you have bought your ith toy, you have exactly j toy types
in your collection, for ¢ > 1 and 0 < j < n. (This problem is in the setting of the coupon
collector problem, a famous problem which we study in Example 4.3.11.)

(a) Find a recursive equation expressing p;; in terms of p;—1,; and p;—1 -1, for i > 2
and 1 < j < n.

(b) Describe how the recursion from (a) can be used to calculate p;;.

A/B testing is a form of randomized experiment that is used by many companies to
learn about how customers will react to different treatments. For example, a company
may want to see how users will respond to a new feature on their website (compared
with how users respond to the current version of the website) or compare two different
advertisements.

As the name suggests, two different treatments, Treatment A and Treatment B, are
being studied. Users arrive one by one, and upon arrival are randomly assigned to one
of the two treatments. The trial for each user is classified as “success” (e.g., the user
made a purchase) or “failure”. The probability that the nth user receives Treatment A
is allowed to depend on the outcomes for the previous users. This set-up is known as a
two-armed bandit.

Many algorithms for how to randomize the treatment assignments have been studied.
Here is an especially simple (but fickle) algorithm, called a stay-with-a-winner procedure:

(i) Randomly assign the first user to Treatment A or Treatment B, with equal proba-
bilities.

(ii) If the trial for the mth user is a success, stay with the same treatment for the
(n + 1)st user; otherwise, switch to the other treatment for the (n + 1)st user.

Let a be the probability of success for Treatment A, and b be the probability of success
for Treatment B. Assume that a # b, but that a and b are unknown (which is why
the test is needed). Let p, be the probability of success on the nth trial and a, be the
probability that Treatment A is assigned on the nth trial (using the above algorithm).

(a) Show that

Pn = (a_b)a'rz“!‘b:
ny1=(a+b—1)an+1—0.

(b) Use the results from (a) to show that p,1 satisfies the following recursive equation:
Prnt1 = (a+b—1)pn + a+ b— 2ab.

(c) Use the result from (b) to find the long-run probability of success for this algorithm,
limy,— o0 Pr, assuming that this limit exists.

In humans (and many other organisms), genes come in pairs. A certain gene comes in
two types (alleles): type a and type A. The genotype of a person for that gene is the
types of the two genes in the pair: AA, Aa, or aa (aA is equivalent to Aa). Assume that
the Hardy- Weinberg law applies here, which means that the frequencies of AA, Aa,aa
in the population are p?, 2p(1 — p), (1 — p)? respectively, for some p with 0 < p < 1.
When a woman and a man have a child, the child’s gene pair consists of one gene
contributed by each parent. Suppose that the mother is equally likely to contribute
either of the two genes in her gene pair, and likewise for the father, independently.
Also suppose that the genotypes of the parents are independent of each other (with
probabilities given by the Hardy-Weinberg law).

(a) Find the probabilities of each possible genotype (AA, Aa,aa) for a child of two
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random parents. Explain what this says about stability of the Hardy-Weinberg law
from one generation to the next.

Hint: Condition on the genotypes of the parents.

(b) A person of type AA or aa is called homozygous (for the gene under consideration),
and a person of type Aa is called heterozygous (for that gene). Find the probability
that a child is homozygous, given that both parents are homozygous. Also, find the
probability that a child is heterozygous, given that both parents are heterozygous.

(¢) Suppose that having genotype aa results in a distinctive physical characteristic, so it
is easy to tell by looking at someone whether or not they have that genotype. A mother
and father, neither of whom are of type aa, have a child. The child is also not of type
aa. Given this information, find the probability that the child is heterozygous.

Hint: Use the definition of conditional probability. Then expand both the numerator
and the denominator using LOTP, conditioning on the genotypes of the parents.

A standard deck of cards will be shuffled and then the cards will be turned over one at
a time until the first ace is revealed. Let B be the event that the next card in the deck
will also be an ace.

(a) Intuitively, how do you think P(B) compares in size with 1/13 (the overall proportion
of aces in a deck of cards)? Explain your intuition. (Give an intuitive discussion rather
than a mathematical calculation; the goal here is to describe your intuition explicitly.)

(b) Let C; be the event that the first ace is at position j in the deck. Find P(B|Cj) in
terms of j, fully simplified.

(c) Using the law of total probability, find an expression for P(B) as a sum. (The sum
can be left unsimplified, but it should be something that could easily be computed in
software such as R that can calculate sums.)

(d) Find a fully simplified expression for P(B) using a symmetry argument.

Hint: If you were deciding whether to bet on the next card after the first ace being an
ace or to bet on the last card in the deck being an ace, would you have a preference?
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Random variables and their distributions

In this chapter, we introduce random wvariables, an incredibly useful concept that
simplifies notation and expands our ability to quantify uncertainty and summarize
the results of experiments. Random variables are essential throughout the rest of
this book, and throughout statistics, so it is crucial to think through what they
mean, both intuitively and mathematically.

3.1 Random variables

To see why our current notation can quickly become unwieldy, consider again the
gambler’s ruin problem from Chapter 2. In this problem, we may be very interested
in how much wealth each gambler has at any particular time. So we could make up
notation like letting A;; be the event that gambler A has exactly j dollars after k
rounds, and similarly defining an event Bj;, for gambler B, for all j and k.

This is already too complicated. Furthermore, we may also be interested in other
quantities, such as the difference in their wealths (gambler A’s minus gambler B’s)
after k rounds, or the duration of the game (the number of rounds until one player is
bankrupt). Expressing the event “the duration of the game is r rounds” in terms of
the Aj;, and Bj, would involve a long, awkward string of unions and intersections.
And then what if we want to express gambler A’s wealth as the equivalent amount
in euros rather than dollars? We can multiply a number in dollars by a currency
exchange rate, but we can’t multiply an event by an exchange rate.

Instead of having convoluted notation that obscures how the quantities of interest
are related, wouldn’t it be nice if we could say something like the following?

Let X, be the wealth of gambler A after k rounds. Then Y, = N — X}
is the wealth of gambler B after k rounds (where N is the fixed total wealth);
X =Y, = 2X;. — N is the difference in wealths after k rounds; ¢; X}, is the wealth
of gambler A in euros after k rounds, where ¢ is the euros per dollar exchange
rate after k rounds; and the duration is R = min{n : X,, =0 or Y¥;, = 0}.

The notion of a random variable will allow us to do exactly this! It needs to be
introduced carefully though, to make it both conceptually and technically correct.
Sometimes a definition of “random variable” is given that is a barely paraphrased
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version of “a random variable is a variable that takes on random values”, but such
a feeble attempt at a definition fails to say where the randomness come from. Nor
does it help us to derive properties of random variables: we’re familiar with working
with algebraic equations like x? 4+ 32 = 1, but what are the valid mathematical
operations if x and y are random variables? To make the notion of random variable
precise, we define it as a function mapping the sample space to the real line. (See
the math appendix for review of some concepts about functions.)

FIGURE 3.1

A random variable maps the sample space into the real line. The r.v. X depicted
here is defined on a sample space with 6 elements, and has possible values 0, 1,
and 4. The randomness comes from choosing a random pebble according to the
probability function P for the sample space.

Definition 3.1.1 (Random variable). Given an experiment with sample space S,
a random variable (r.v.) is a function from the sample space S to the real numbers
R. It is common, but not required, to denote random variables by capital letters.

Thus, a random variable X assigns a numerical value X (s) to each possible outcome
s of the experiment. The randomness comes from the fact that we have a random
experiment (with probabilities described by the probability function P); the map-
ping itself is deterministic, as illustrated in Figure 3.1. The same r.v. is shown in a
simpler way in the left panel of Figure 3.2, in which we inscribe the values inside
the pebbles.

This definition is abstract but fundamental; one of the most important skills to
develop when studying probability and statistics is the ability to go back and forth
between abstract ideas and concrete examples. Relatedly, it is important to work
on recognizing the essential pattern or structure of a problem and how it connects
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to problems you have studied previously. We will often discuss stories that involve
tossing coins or drawing balls from urns because they are simple, convenient sce-
narios to work with, but many other problems are isomorphic: they have the same
essential structure, but in a different guise.

To start, let’s consider a coin-tossing example. The structure of the problem is that
we have a sequence of trials where there are two possible outcomes for each trial.
Here we think of the possible outcomes as H (Heads) and T' (Tails), but we could
just as well think of them as “success” and “failure” or as 1 and 0, for example.

Example 3.1.2 (Coin tosses). Consider an experiment where we toss a
fair coin twice. The sample space consists of four possible outcomes: S =
{HH,HT,TH,TT}. Here are some random variables on this space (for practice,
you can think up some of your own). Each r.v. is a numerical summary of some
aspect of the experiment.

e Let X be the number of Heads. This is a random variable with possible values 0,
1, and 2. Viewed as a function, X assigns the value 2 to the outcome HH, 1 to
the outcomes HT and TH, and 0 to the outcome T'T. That is,

X(HH)=2,X(HT) = X(TH) =1,X(TT) = 0.

e Let Y be the number of Tails. In terms of X, we have Y = 2 — X. In other words,
Y and 2 — X are the same r.v.: Y(s) =2 — X(s) for all s.

e Let I be 1 if the first toss lands Heads and 0 otherwise. Then I assigns the value 1
to the outcomes HH and HT and 0 to the outcomes T'H and T'T. This r.v. is an
example of what is called an indicator random wvariable since it indicates whether
the first toss lands Heads, using 1 to mean “yes” and 0 to mean “no”.

We can also encode the sample space as {(1,1), (1,0),(0,1),(0,0)}, where 1 is the
code for Heads and 0 is the code for Tails. Then we can give explicit formulas for
XY, I:

X(s1,82) = s1+ s2, Y(s1,52) =2 —s1 — s2, I(s1,52) = s1,

where for simplicity we write X (s1, s2) to mean X ((s1,s2)), etc.

For most r.v.s we will consider, it is tedious or infeasible to write down an explicit
formula in this way. Fortunately, it is usually unnecessary to do so, since (as we
saw in this example) there are other ways to define an r.v., and (as we will see
throughout the rest of this book) there are many ways to study the properties of
an r.v. other than by doing computations with an explicit formula for what it maps
each outcome s to. O

As in the previous chapters, for a sample space with a finite number of outcomes
we can visualize the outcomes as pebbles, with the mass of a pebble corresponding
to its probability, such that the total mass of the pebbles is 1. A random variable
simply labels each pebble with a number. Figure 3.2 shows two random variables
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defined on the same sample space: the pebbles or outcomes are the same, but the
real numbers assigned to the outcomes are different.

S S: S ) S: S

FIGURE 3.2
Two random variables defined on the same sample space.

As we’ve mentioned earlier, the source of the randomness in a random variable is
the experiment itself, in which a sample outcome s € S is chosen according to a
probability function P. Before we perform the experiment, the outcome s has not
yet been realized, so we don’t know the value of X, though we could calculate the
probability that X will take on a given value or range of values. After we perform the
experiment and the outcome s has been realized, the random variable crystallizes
into the numerical value X (s).

Random variables provide numerical summaries of the experiment in question. This
is very handy because the sample space of an experiment is often incredibly com-
plicated or high-dimensional, and the outcomes s € S may be non-numeric. For
example, the experiment may be to collect a random sample of people in a certain
city and ask them various questions, which may have numeric (e.g., age or height)
or non-numeric (e.g., political party or favorite movie) answers. The fact that r.v.s
take on numerical values is a very convenient simplification compared to having to
work with the full complexity of S at all times.

3.2 Distributions and probability mass functions

There are two main types of random variables used in practice: discrete r.v.s and
continuous r.v.s. In this chapter and the next, our focus is on discrete r.v.s. Con-
tinuous r.v.s are introduced in Chapter 5.

Definition 3.2.1 (Discrete random variable). A random variable X is said to be
discrete if there is a finite list of values a1, as,...,a, or an infinite list of values
ai,ag,... such that P(X = a; for some j) = 1. If X is a discrete r.v., then the
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finite or countably infinite set of values x such that P(X = z) > 0 is called the
support of X.

Most commonly in applications, the support of a discrete r.v. is a set of integers.
In contrast, a continuous r.v. can take on any real value in an interval (possibly
even the entire real line); such r.v.s are defined more precisely in Chapter 5. It
is also possible to have an r.v. that is a hybrid of discrete and continuous, such
as by flipping a coin and then generating a discrete r.v. if the coin lands Heads
and generating a continuous r.v. if the coin lands Tails. But the starting point for
understanding such r.v.s is to understand discrete and continuous r.v.s.

Given a random variable, we would like to be able to describe its behavior using the
language of probability. For example, we might want to answer questions about the
probability that the r.v. will fall into a given range: if L is the lifetime earnings of
a randomly chosen U.S. college graduate, what is the probability that L exceeds a
million dollars? If M is the number of major earthquakes in California in the next
five years, what is the probability that M equals 07

The distribution of a random variable provides the answers to these questions; it
specifies the probabilities of all events associated with the r.v., such as the proba-
bility of it equaling 3 and the probability of it being at least 110. We will see that
there are several equivalent ways to express the distribution of an r.v. For a discrete
r.v., the most natural way to do so is with a probability mass function, which we
now define.

Definition 3.2.2 (Probability mass function). The probability mass function
(PMF) of a discrete r.v. X is the function px given by px(z) = P(X = z). Note
that this is positive if = is in the support of X, and 0 otherwise.

& 3.2.3. In writing P(X = z), we are using X = z to denote an event, consisting
of all outcomes s to which X assigns the number x. This event is also written as
{X = z}; formally, {X = x} is defined as {s € S : X(s) = z}, but writing {X = z}
is shorter and more intuitive. Going back to Example 3.1.2, if X is the number
of Heads in two fair coin tosses, then {X = 1} consists of the sample outcomes
HT and TH, which are the two outcomes to which X assigns the number 1. Since
{HT,TH} is a subset of the sample space, it is an event. So it makes sense to talk
about P(X = 1), or more generally, P(X = xz). If {X = z} were anything other
than an event, it would make no sense to calculate its probability! It does not make
sense to write “P(X)”; we can only take the probability of an event, not of an r.v.

Let’s look at a few examples of PMFs.

Example 3.2.4 (Coin tosses continued). In this example we’ll find the PMFs of
all the random variables in Example 3.1.2, the example with two fair coin tosses.
Here are the r.v.s we defined, along with their PMF's:

e X, the number of Heads. Since X equals 0 if T'T" occurs, 1 if HT or T H occurs,
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and 2 if HH occurs, the PMF of X is the function px given by

px(0) = P(X =0) = 1/4,
px(1) = P(X =1) =1/2,
px(2) = P(X =2) =1/4,

and px(x) = 0 for all other values of x.

e Y =2 — X, the number of Tails. Reasoning as above or using the fact that

P(Y =y)= P2~ X =y) = P(X =

the PMF of Y is
py(0) = P(Y =0) =1/4,
py(l) =P =1)=1/2,
py(2) = P(Y =2)=1/4,

and py (y) = 0 for all other values of y.

2—y)=px(2-y),

Note that X and Y have the same PMF (that is, px and py are the same function)
even though X and Y are not the same r.v. (that is, X and Y are two different

functions from {HH, HT,TH,TT} to the real line).

occurs and 1 if HH or HT occurs, the PMF of I is

pr(0) =PI =0)=1/2,

pr(l)=P(I=1)=1/2,
and pr(i) = 0 for all other values of i.
s 9 s 9 s
o o o

° ] P2 s ° 4 o2 o3
X y
FIGURE 3.3
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I, the indicator of the first toss landing Heads. Since I equals 0 if TH or TT

Left to right: PMFs of X, Y, and I, with X the number of Heads in two fair coin
tosses, Y the number of Tails, and I the indicator of Heads on the first toss.

The PMFs of X, Y, and I are plotted in Figure 3.3. Vertical bars are drawn to

make it easier to compare the heights of different points.

g
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Example 3.2.5 (Sum of die rolls). We roll two fair 6-sided dice. Let T'= X +Y
be the total of the two rolls, where X and Y are the individual rolls. The sample
space of this experiment has 36 equally likely outcomes:

S =1{(1,1),(1,2),...,(6,5),(6,6)}.

For example, 7 of the 36 outcomes s are shown in the table below, along with the
corresponding values of X, Y, and T'. After the experiment is performed, we observe
values for X and Y, and then the observed value of T' is the sum of those values.

s X Y X+Y
1 2 3

NN N TN TN TN N
NN
AW Ul N
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Since the dice are fair, the PMF of X is
P(X =j)=1/6,

forj=1,2,...,6 (and P(X = j) = 0 otherwise); we say that X has a Discrete Uni-
form distribution on 1,2, ..., 6. Similarly, Y is also Discrete Uniform on 1,2, ... 6.

Note that Y has the same distribution as X but is not the same random variable
as X. In fact, we have

P(X=Y)=6/36=1/6.

Two more r.v.s in this experiment with the same distribution as X are 7 — X and
7—7Y. To see this, we can use the fact that for a standard die, 7— X is the value on
the bottom if X is the value on the top. If the top value is equally likely to be any
of the numbers 1,2, ..., 6, then so is the bottom value. Note that even though 7— X
has the same distribution as X, it is never equal to X in a run of the experiment!

Let’s now find the PMF of T. By the naive definition of probability,

P(T =2) = P(T = 12) = 1/36,
P(T =3) = P(T = 11) = 2/36,
P(T = 4) = P(T = 10) = 3/36,
P(T =5)= P(T =9) = 4/36,
P(T =6) = P(T =8) = 5/36,
P(T =7)=06/36

For all other values of t, P(T = t) = 0. We can see directly that the support of T
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is {2,3,...,12} just by looking at the possible totals for two dice, but as a check,
note that
PT=2)+PT=3)+---+P(T=12) =1,

which shows that all possibilities have been accounted for. The symmetry property
of T that appears above, P(T' = t) = P(T = 14—t), makes sense since each outcome
{X =z,Y = y} which makes T" =t has a corresponding outcome {X =7 —z,Y =
7 — y} of the same probability which makes T' = 14 — ¢.

0.20

PMF
0.10

0.05

0.00
N +—e
w
e

FIGURE 3.4
PMF of the sum of two die rolls.

The PMF of T is plotted in Figure 3.4; it has a triangular shape, and the symmetry
noted above is very visible. O

Example 3.2.6 (Children in a U.S. household). Suppose we choose a household
in the United States at random. Let X be the number of children in the chosen
household. Since X can only take on integer values, it is a discrete r.v. The proba-
bility that X takes on the value x is proportional to the number of households in
the United States with x children.

Using data from the 2010 General Social Survey [26], we can approximate the pro-
portion of households with 0 children, 1 child, 2 children, etc., and hence approxi-
mate the PMF of X, which is plotted in Figure 3.5. U

We will now state the properties of a valid PMF.

Theorem 3.2.7 (Valid PMFs). Let X be a discrete r.v. with support z1,x9,...
(assume these values are distinct and, for notational simplicity, that the support is
countably infinite; the analogous results hold if the support is finite). The PMF px
of X must satisfy the following two criteria:

e Nonnegative: px(x) > 0 if x = x; for some j, and px(z) = 0 otherwise;

e Sums to 1: Z;‘ilpx(%‘) =1
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FIGURE 3.5
PMF of the number of children in a randomly selected U.S. household.

Proof. The first criterion is true since probability is nonnegative. The second is true
since X must take on some value, and the events {X = x;} are disjoint, so

o0 o0
ZP(szj):P U{X:xj} =PX=zxior X=ux90r ...)=1.
j=1 j=1
|
Conversely, if distinct values x1, z9,... are specified and we have a function satisfy-

ing the two criteria above, then this function is the PMF of some r.v.; we will show
how to construct such an r.v. in Chapter 5.

We claimed earlier that the PMF is one way of expressing the distribution of a
discrete r.v. This is because once we know the PMF of X, we can calculate the
probability that X will fall into a given subset of the real numbers by summing over
the appropriate values of z, as the next example shows.

Example 3.2.8. Returning to Example 3.2.5, let T" be the sum of two fair die rolls.
We have already calculated the PMF of T. Now suppose we're interested in the
probability that T is in the interval [1,4]. There are only three values in the interval
[1,4] that T' can take on, namely, 2, 3, and 4. We know the probability of each of
these values from the PMF of T', so

P(1<T <4)=P(T =2)+ P(T =3)+ P(T = 4) = 6/36.

O

In general, given a discrete r.v. X and a set B of real numbers, if we know the PMF
of X we can find P(X € B), the probability that X is in B, by summing up the



100 Introduction to Probability

heights of the vertical bars at points in B in the plot of the PMF of X. Knowing
the PMF of a discrete r.v. determines its distribution.

3.3 Bernoulli and Binomial

Some distributions are so ubiquitous in probability and statistics that they have
their own names. We will introduce these named distributions throughout the book,
starting with a very simple but useful case: an r.v. that can take on only two possible
values, 0 and 1.

Definition 3.3.1 (Bernoulli distribution). An r.v. X is said to have the Bernoulli
distribution with parameter p if P(X = 1) = p and P(X = 0) = 1 — p, where
0 < p < 1. We write this as X ~ Bern(p). The symbol ~ is read “is distributed as”.

Any r.v. whose possible values are 0 and 1 has a Bern(p) distribution, with p the
probability of the r.v. equaling 1. This number p in Bern(p) is called the parame-
ter of the distribution; it determines which specific Bernoulli distribution we have.
Thus there is not just one Bernoulli distribution, but rather a family of Bernoulli
distributions, indexed by p. For example, if X ~ Bern(1/3), it would be correct but
incomplete to say “X is Bernoulli”; to fully specify the distribution of X, we should
both say its name (Bernoulli) and its parameter value (1/3), which is the point of
the notation X ~ Bern(1/3).

Any event has a Bernoulli r.v. that is naturally associated with it, equal to 1 if the
event happens and 0 otherwise. This is called the indicator random variable of the
event; we will see that such r.v.s are extremely useful.

Definition 3.3.2 (Indicator random variable). The indicator random variable of
an event A is the r.v. which equals 1 if A occurs and 0 otherwise. We will denote
the indicator r.v. of A by I4 or I(A). Note that I4 ~ Bern(p) with p = P(A).

We often imagine Bernoulli r.v.s using coin tosses, but this is just convenient lan-
guage for discussing the following general story.

Story 3.3.3 (Bernoulli trial). An experiment that can result in either a “success”
or a “failure” (but not both) is called a Bernoulli trial. A Bernoulli random variable
can be thought of as the indicator of success in a Bernoulli trial: it equals 1 if success
occurs and 0 if failure occurs in the trial. O

Because of this story, the parameter p is often called the success probability of
the Bern(p) distribution. Once we start thinking about Bernoulli trials, it’s hard
not to start thinking about what happens when we have more than one Bernoulli
trial.

Story 3.3.4 (Binomial distribution). Suppose that n independent Bernoulli trials
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are performed, each with the same success probability p. Let X be the number of
successes. The distribution of X is called the Binomial distribution with parameters
n and p. We write X ~ Bin(n,p) to mean that X has the Binomial distribution
with parameters n and p, where n is a positive integer and 0 < p < 1. g

Notice that we define the Binomial distribution not by its PMF, but by a story
about the type of experiment that could give rise to a random variable with a
Binomial distribution. The most famous distributions in statistics all have stories
which explain why they are so often used as models for data, or as the building
blocks for more complicated distributions.

Thinking about the named distributions first and foremost in terms of their stories
has many benefits. It facilitates pattern recognition, allowing us to see when two
problems are essentially identical in structure; it often leads to cleaner solutions
that avoid PMF calculations altogether; and it helps us understand how the named
distributions are connected to one another. Here it is clear that Bern(p) is the same
distribution as Bin(1, p): the Bernoulli is a special case of the Binomial.

Using the story definition of the Binomial, let’s find its PMF.
Theorem 3.3.5 (Binomial PMF). If X ~ Bin(n,p), then the PMF of X is

Px =)= ()it -t

for k=0,1,...,n (and P(X = k) = 0 otherwise).

& 3.3.6. To save writing, it is often left implicit that a PMF is zero wherever it is
not specified to be nonzero, but in any case it is important to understand what the
support of a random variable is, and good practice to check that PMF's are valid. If
two discrete r.v.s have the same PMF, then they also must have the same support.
So we sometimes refer to the support of a discrete distribution; this is the support
of any r.v. with that distribution.

Proof. An experiment consisting of n independent Bernoulli trials produces a se-
quence of successes and failures. The probability of any specific sequence of k suc-
cesses and n — k failures is p*(1 — p)"~*. There are (Z) such sequences, since we
just need to select where the successes are. Therefore, letting X be the number of
successes,

P(X =k) = <Z>pk(1 —p)" "

for k=0,1,...,n, and P(X = k) = 0 otherwise. This is a valid PMF because it is
nonnegative and it sums to 1 by the binomial theorem. |

Figure 3.6 shows plots of the Binomial PMF for various values of n and p. Note
that the PMF of the Bin(10,1/2) distribution is symmetric about 5, but when the
success probability is not 1/2, the PMF is skewed. For a fixed number of trials n, X
tends to be larger when the success probability is high and lower when the success
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probability is low, as we would expect from the story of the Binomial distribution.
Also recall that in any PMF plot, the sum of the heights of the vertical bars must
be 1.

Bin(10, 1/2) Bin(10, 1/8)
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FIGURE 3.6

Some Binomial PMFs. In the lower left, we plot the Bin(100,0.03) PMF between 0
and 10 only, as the probability of more than 10 successes is close to 0.

We’ve used Story 3.3.4 to find the Bin(n, p) PMF. The story also gives us a straight-
forward proof of the fact that if X is Binomial, then n — X is also Binomial.

Theorem 3.3.7. Let X ~ Bin(n,p), and ¢ = 1 — p (we often use ¢ to denote the
failure probability of a Bernoulli trial). Then n — X ~ Bin(n, q).

Proof. Using the story of the Binomial, interpret X as the number of successes
in n independent Bernoulli trials. Then n — X is the number of failures in those
trials. Interchanging the roles of success and failure, we have n — X ~ Bin(n,q).
Alternatively, we can check that n — X has the Bin(n,q) PMF. Let Y = n— X. The
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PMF of Y is

for k=0,1,...,n. |

Corollary 3.3.8. Let X ~ Bin(n, p) with p = 1/2 and n even. Then the distribution
of X is symmetric about n/2, in the sense that P(X =n/2+j) = P(X =n/2 — j)
for all nonnegative integers j.

Proof. By Theorem 3.3.7, n — X is also Bin(n,1/2), so
P(X=k)=P(n—X=k)=P(X =n—k)

for all nonnegative integers k. Letting k = n/2 + j, the desired result follows. This
explains why the Bin(10,1/2) PMF is symmetric about 5 in Figure 3.6. |

Example 3.3.9 (Coin tosses continued). Going back to Example 3.1.2, we now
know that X ~ Bin(2,1/2), Y ~ Bin(2,1/2), and I ~ Bern(1/2). Consistent with
Theorem 3.3.7, X and Y = 2 — X have the same distribution, and consistent with
Corollary 3.3.8, the distribution of X (and of V') is symmetric about 1. O

3.4 Hypergeometric

If we have an urn filled with w white and b black balls, then drawing n balls out
of the urn with replacement yields a Bin(n,w/(w + b)) distribution for the number
of white balls obtained in n trials, since the draws are independent Bernoulli trials,
each with probability w/(w+b) of success. If we instead sample without replacement,
as illustrated in Figure 3.7, then the number of white balls follows a Hypergeometric
distribution.

FIGURE 3.7

Hypergeometric story. An urn contains w = 6 white balls and b = 4 black balls. We
sample n = 5 without replacement. The number X of white balls in the sample is
Hypergeometric; here we observe X = 3.
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Story 3.4.1 (Hypergeometric distribution). Consider an urn with w white balls
and b black balls. We draw n balls out of the urn at random without replacement,
such that all (w;b) samples are equally likely. Let X be the number of white balls in
the sample. Then X is said to have the Hypergeometric distribution with parameters

w, b, and n; we denote this by X ~ HGeom(w,b,n). O

As with the Binomial distribution, we can obtain the PMF of the Hypergeometric
distribution from the story.

Theorem 3.4.2 (Hypergeometric PMF). If X ~ HGeom(w,b,n), then the PMF
of X is )
w
(i) Gu2n)
("2
n

for integers k satisfying 0 < k <w and 0 < n—k < b, and P(X = k) = 0 otherwise.

P(X =k) =

Proof. To get P(X = k), we first count the number of possible ways to draw exactly
k white balls and n — k black balls from the urn (without distinguishing between
different orderings for getting the same set of balls). If k& > w or n — k > b, then

the draw is impossible. Otherwise, there are (l,g) (nfk) ways to draw k white and
n — k black balls by the multiplication rule, and there are (w;b) total ways to draw

n balls. Since all samples are equally likely, the naive definition of probability gives

b
() ()
(w+b)
n
for integers k satisfying 0 < k < w and 0 < n—k < b. This PMF is valid because the

numerator, summed over all k, equals (w:b) by Vandermonde’s identity (Example
1.5.3), so the PMF sums to 1. |

P(X =k) =

The Hypergeometric distribution comes up in many scenarios which, on the surface,
have little in common with white and black balls in an urn. The essential structure
of the Hypergeometric story is that items in a population are classified using two
sets of tags: in the urn story, each ball is either white or black (this is the first set of
tags), and each ball is either sampled or not sampled (this is the second set of tags).
Furthermore, at least one of these sets of tags is assigned completely at random
(in the urn story, the balls are sampled randomly, with all sets of the correct size
equally likely). Then X ~ HGeom(w,b,n) represents the number of twice-tagged
items: in the urn story, balls that are both white and sampled.

The next two examples show seemingly dissimilar scenarios that are nonetheless
isomorphic to the urn story.

Example 3.4.3 (Elk capture-recapture). A forest has N elk. Today, m of the elk are
captured, tagged, and released into the wild. At a later date, n elk are recaptured
at random. Assume that the recaptured elk are equally likely to be any set of n
of the elk, e.g., an elk that has been captured does not learn how to avoid being
captured again.
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By the story of the Hypergeometric, the number of tagged elk in the recaptured
sample has the HGeom(m, N — m,n) distribution. The m tagged elk in this story
correspond to the white balls and the N — m untagged elk correspond to the black
balls. Instead of sampling n balls from the urn, we recapture n elk from the forest.

O

Example 3.4.4 (Aces in a poker hand). In a five-card hand drawn at random from a
well-shuffled standard deck, the number of aces in the hand has the HGeom (4,48, 5)
distribution, which can be seen by thinking of the aces as white balls and the non-
aces as black balls.

Using the Hypergeometric PMF, the probability that the hand has exactly three
aces is

= 0.0017%.

g

The following table summarizes how the above examples can be thought of in terms
of two sets of tags. In each example, the r.v. of interest is the number of items
falling into both the second and the fourth columns: white and sampled, tagged
and recaptured, ace and in one’s hand.

Story First set of tags Second set of tags

urn white black sampled not sampled
elk  tagged untagged recaptured not recaptured
cards ace not ace in hand not in hand

The next theorem describes a symmetry between two Hypergeometric distributions
with different parameters; the proof follows from swapping the two sets of tags in
the Hypergeometric story.

Theorem 3.4.5. The HGeom(w, b,n) and HGeom(n,w + b — n,w) distributions
are identical. That is, if X ~ HGeom(w,b,n) and Y ~ HGeom(n,w + b — n,w),
then X and Y have the same distribution.

Proof. Using the story of the Hypergeometric, imagine an urn with w white
balls, b black balls, and a sample of size n made without replacement. Let X ~
HGeom(w, b,n) be the number of white balls in the sample, thinking of white/black
as the first set of tags and sampled/not sampled as the second set of tags. Let
Y ~ HGeom(n,w + b — n,w) be the number of sampled balls among the white
balls, thinking of sampled/not sampled as the first set of tags and white/black as
the second set of tags. Both X and Y count the number of white sampled balls, so
they have the same distribution.
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Alternatively, we can check algebraically that X and Y have the same PMF:

w w! b!
P(X = k) = (k) (nik) _ M=k m=Rb-ntk)! _ w!bln!(w + b — n)!
(“’:Lrb) n!(gzvibbz!n)! E(w —k)!(n —k)!I(b—n+ k)’
n\ (w+b—n n! (w+b—n)!
pv = k) = WLx) _ Mo iy wblnl(wLb—n)l
(w;rb) (%Tbl?)! Elw —k)l(n —E)!I(b—n+k)!
We prefer the story proof because it is less tedious and more memorable. |

& 3.4.6 (Binomial vs. Hypergeometric). The Binomial and Hypergeometric distri-
butions are often confused. Both are discrete distributions taking on integer values
between 0 and n for some n, and both can be interpreted as the number of successes
in n Bernoulli trials (for the Hypergeometric, each tagged elk in the recaptured sam-
ple can be considered a success and each untagged elk a failure). However, a crucial
part of the Binomial story is that the Bernoulli trials involved are independent. The
Bernoulli trials in the Hypergeometric story are dependent, since the sampling is
done without replacement: knowing that one elk in our sample is tagged decreases
the probability that the second elk will also be tagged.

3.5 Discrete Uniform

A very simple story, closely connected to the naive definition of probability, describes
picking a random number from some finite set of possibilities.

Story 3.5.1 (Discrete Uniform distribution). Let C' be a finite, nonempty set of
numbers. Choose one of these numbers uniformly at random (i.e., all values in C
are equally likely). Call the chosen number X. Then X is said to have the Discrete
Uniform distribution with parameter C'; we denote this by X ~ DUnif(C). O

The PMF of X ~ DUnif(C) is

for x € C (and 0 otherwise), since a PMF must sum to 1. As with questions
based on the naive definition of probability, questions based on a Discrete Uniform
distribution reduce to counting problems. Specifically, for X ~ DUnif(C') and any
A C C, we have

Al

P(X e A)=—.

C]
Example 3.5.2 (Random slips of paper). There are 100 slips of paper in a hat,
each of which has one of the numbers 1,2,...,100 written on it, with no number

appearing more than once. Five of the slips are drawn, one at a time.
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First consider random sampling with replacement (with equal probabilities).

(a) What is the distribution of how many of the drawn slips have a value of at least
80 written on them?

(b) What is the distribution of the value of the jth draw (for 1 < j <5)7
(c) What is the probability that the number 100 is drawn at least once?

Now consider random sampling without replacement (with all sets of five slips
equally likely to be chosen).

(d) What is the distribution of how many of the drawn slips have a value of at least
80 written on them?

(e) What is the distribution of the value of the jth draw (for 1 < j <5)7
(f) What is the probability that the number 100 is drawn at least once?
Solution:
(a) By the story of the Binomial, the distribution is Bin(5,0.21).
(b) Let X; be the value of the jth draw. By symmetry, X; ~ DUnif(1, 2, ...,100).
(c) Taking complements,

P(X; =100 for at least one j) =1 — P(X; # 100,..., X5 # 100).
By the naive definition of probability, this is

1 —(99/100)° ~ 0.049.

This solution just uses new notation for concepts from Chapter 1. It is useful to
have this new notation since it is compact and flexible. In the above calculation, it
is important to see why

P(X1 #100,..., X5 # 100) = P(X; # 100) ... P(X5 # 100).

This follows from the naive definition in this case, but a more general way to think
about such statements is through independence of r.v.s, a concept discussed in detail
in Section 3.8.

(d) By the story of the Hypergeometric, the distribution is HGeom(21, 79, 5).

(e) Let Y; be the value of the jth draw. By symmetry, ¥; ~ DUnif(1,2,...,100).
Here learning any Y; gives information about the other values (so Y3, ..., Y; are not
independent, as defined in Section 3.8), but symmetry still holds since, uncondi-
tionally, the jth slip drawn is equally likely to be any of the slips.
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(f) The events Y7 = 100,...,Y; = 100 are disjoint since we are now sampling
without replacement, so

P(Y; =100 for some j) = P(Y; = 100) + --- + P(Y5 = 100) = 0.05.

Sanity check: This answer makes sense intuitively since we can just as well think of
first choosing five random slips out of 100 blank slips and then randomly writing
the numbers from 1 to 100 on the slips, which gives a 5/100 chance that the number
100 is on one of the five chosen slips.

It would be bizarre if the answer to (c) were greater than or equal to the answer
to (f), since sampling without replacement makes it easier to find the number 100.
(For the same reason, when searching for a lost possession it makes more sense to
sample locations without replacement than with replacement.) But it makes sense
that the answer to (c) is only slightly less than the answer to (f), since it is unlikely
in (¢) that the same slip will be sampled more than once (though by the birthday
problem it’s less unlikely than many people would guess). 0

3.6 Cumulative distribution functions

Another function that describes the distribution of an r.v. is the cumulative distri-
bution function (CDF). Unlike the PMF, which only discrete r.v.s possess, the CDF
is defined for all r.v.s.

Definition 3.6.1. The cumulative distribution function (CDF) of an r.v. X is the
function F'x given by Fx(z) = P(X < x). When there is no risk of ambiguity, we
sometimes drop the subscript and just write F' (or some other letter) for a CDF.

The next example demonstrates that for discrete r.v.s, we can freely convert between

CDF and PMF.
Example 3.6.2. Let X ~ Bin(4, 1/2). Figure 3.8 shows the PMF and CDF of X.

e From PMF to CDF: To find P(X < 1.5), which is the CDF evaluated at 1.5, we
sum the PMF over all values of the support that are less than or equal to 1.5:

1\* 1\*
P(X<15)=PX=0+PX=1)= <2> —|—4<2> =—.
Similarly, the value of the CDF at an arbitrary point = is the sum of the heights
of the vertical bars of the PMF at values less than or equal to x.

o From CDF to PMF': The CDF of a discrete r.v. consists of jumps and flat regions.
The height of a jump in the CDF at z is equal to the value of the PMF at x. For
example, in Figure 3.8, the height of the jump in the CDF at 2 is the same as the
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Bin(4,1/2) PMF and CDF. The height of the vertical bar P(X = 2) in the PMF is
also the height of the jump in the CDF at 2.

height of the corresponding vertical bar in the PMF; this is indicated in the figure
with curly braces.

The flat regions of the CDF correspond to values outside the support of X, so the
PMF is equal to 0 in those regions.

O
Valid CDF's satisfy the following criteria.
Theorem 3.6.3 (Valid CDFs). Any CDF F has the following properties.
e Increasing: If x1 < x9, then F(z1) < F(z2).

e Right-continuous: As in Figure 3.8, the CDF is continuous except possibly for
having some jumps. Wherever there is a jump, the CDF is continuous from the
right. That is, for any a, we have

F(a) = lim F(z).

rz—at

e Convergence to 0 and 1 in the limits:

lim F(z)=0and lim F(x)=1.

T—r—00 T—r00
Proof. The above criteria are true for all CDFs, but for simplicity (and since this
chapter focuses on discrete r.v.s) we will only prove it for the case where F' is the
CDF of a discrete r.v. X whose possible values are 0,1,2,.... As an example of

how to visualize the criteria, consider Figure 3.8: the CDF shown there is increasing
(with some flat regions), continuous from the right (it is continuous except at jumps,
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and each jump has an open dot at the bottom and a closed dot at the top), and it
converges to 0 as x — —oo and to 1 as x — oo (in this example, it actually reaches 0
and 1; in some examples, one or both of these values may be approached but never
reached).

The first criterion is true since the event {X < x;} is a subset of the event {X < xs},
so P(X < x1) < P(X < x2) (this does not depend on X being discrete).

For the second criterion, note that
P(X <) = P(X < |a)),

where | x| is the greatest integer less than or equal to x. For example, P(X <4.9) =
P(X < 4) since X is integer-valued. So F'(a +b) = F(a) for any b > 0 that is small
enough so that a +b < |a]| + 1, e.g., for a = 4.9, this holds for 0 < b < 0.1. This
implies F(a) = lim,_,,+ F(x) (in fact, it’s much stronger since it says F'(x) equals
F(a) when z is close enough to a and on the right).

For the third criterion, we have F'(x) = 0 for x < 0, and

2 o0
wlggoF(z:) = xlgroloP(X <l|z])= CEILIEOZOP(X =n)= ZOP(X =n)=1.

The converse is true too: we will show in Chapter 5 that given any function F
meeting these criteria, we can construct a random variable whose CDF is F'.

To recap, we have now seen three equivalent ways of expressing the distribution of
a random variable. Two of these are the PMF and the CDF: we know these two
functions contain the same information, since we can always figure out the CDF
from the PMF and vice versa. Generally the PMF is easier to work with for discrete
r.v.s, since evaluating the CDF requires a summation.

A third way to describe a distribution is with a story that explains (in a precise
way) how the distribution can arise. We used the stories of the Binomial and Hyper-
geometric distributions to derive the corresponding PMFs. Thus the story and the
PMF also contain the same information, though we can often achieve more intuitive
proofs with the story than with PMF calculations.

3.7 Functions of random variables

In this section we will discuss what it means to take a function of a random variable,
and we will build understanding for why a function of a random variable is a random
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variable. That is, if X is a random variable, then X2, eX, and sin(X) are also random
variables, as is g(X) for any function g : R — R.

For example, imagine that two basketball teams (A and B) are playing a seven-
game match, and let X be the number of wins for team A (so X ~ Bin(7,1/2) if
the teams are evenly matched and the games are independent). Let g(z) = 7 — =z,
and let h(z) =1if v > 4 and h(z) =0 if x < 4. Then g(X) = 7 — X is the number
of wins for team B, and h(X) is the indicator of team A winning the majority of
the games. Since X is an r.v., both g(X) and h(X) are also r.v.s.

To see how to define functions of an r.v. formally, let’s rewind a bit. At the beginning
of this chapter, we considered a random variable X defined on a sample space with
6 elements. Figure 3.1 used arrows to illustrate how X maps each pebble in the
sample space to a real number, and the left half of Figure 3.2 showed how we can
equivalently imagine X writing a real number inside each pebble.

Now we can, if we want, apply the same function g to all the numbers inside the
pebbles. Instead of the numbers X (s1) through X (sg), we now have the numbers
g(X(s1)) through g(X(s¢)), which gives a new mapping from sample outcomes to
real numbers—we’ve created a new random variable, g(X).

Definition 3.7.1 (Function of an r.v.). For an experiment with sample space S,
an r.v. X, and a function g : R — R, ¢g(X) is the r.v. that maps s to g(X(s)) for all
seS.

Taking g(x) = /x for concreteness, Figure 3.9 shows that g(X) is the composition of
the functions X and g, saying “first apply X, then apply ¢”. Figure 3.10 represents
g(X) more succinctly by directly labeling the sample outcomes. Both figures show
us that g(X) is an r.v.; if X crystallizes to 4, then g(X) crystallizes to 2.

Given a discrete r.v. X with a known PMF, how can we find the PMF of Y = g(X)?
In the case where g is a one-to-one function, the answer is straightforward: the
support of Y is the set of all g(z) with 2 in the support of X, and

PY =g(z)) = P(9(X) = g(2)) = P(X = ).

The case where Y = ¢g(X) with g one-to-one is illustrated in the following tables;
the idea is that if the distinct possible values of X are z1,xo,... with probabilities
P1,D2,-.. (respectively), then the distinct possible values of Y are g(x1), g(x2),. ..,
with the same list p1,po, ... of probabilities.

T P(X =x) Yy PY =y
) P1 g(z1) P1
x2 D2 9(362) D2

x3 P3 g(x3) P3

PMF of X, in table form PMF of Y, in table form
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FIGURE 3.9
The r.v. X is defined on a sample space with 6 elements, and has possible values 0,

1, and 4. The function g is the square root function. Composing X and g gives the
random variable g(X) = /X, which has possible values 0, 1, and 2.

FIGURE 3.10
Since g(X) = v/ X labels each pebble with a number, it is an r.v.
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This suggests a strategy for finding the PMF of an r.v. with an unfamiliar distri-
bution: try to express the r.v. as a one-to-one function of an r.v. with a known
distribution. The next example illustrates this method.

Example 3.7.2 (Random walk). A particle moves n steps on a number line. The
particle starts at 0, and at each step it moves 1 unit to the right or to the left,
with equal probabilities. Assume all steps are independent. Let Y be the particle’s
position after n steps. Find the PMF of Y.

Solution:

Consider each step to be a Bernoulli trial, where right is considered a success and
left is comsidered a failure. Then the number of steps the particle takes to the
right is a Bin(n, 1/2) random variable, which we can name X. If X = j, then the
particle has taken j steps to the right and n — j steps to the left, giving a final
position of j — (n — j) = 2j — n. So we can express Y as a one-to-one function of
X, namely, Y = 2X — n. Since X takes values in {0,1,2,...,n}, Y takes values in
{-n,2—=n,4—n,...,n}.

The PMF of Y can then be found from the PMF of X:
1 n
P(Y=k)=P2X —n=k)=P(X = (n+k)/2) = <£k> <2> :
T2
if k£ is an integer between —n and n (inclusive) such that n+k is an even number. [

If g is not one-to-one, then for a given y, there may be multiple values of x such
that g(z) = y. To compute P(g(X) = y), we need to sum up the probabilities of X
taking on any of these candidate values of z.

Theorem 3.7.3 (PMF of g(X)). Let X be a discrete r.v. and g : R — R. Then
the support of g(X) is the set of all y such that g(x) = y for at least one x in the
support of X, and the PMF of g(X) is

P(gX)=y)= > PX=uz),
z9(@)=y

for all y in the support of g(X).

Example 3.7.4. Continuing as in the previous example, let D be the particle’s
distance from the origin after n steps. Assume that n is even. Find the PMF of D.

Solution:

We can write D = |Y'|; this is a function of Y, but it isn’t one-to-one. The event
D = 0 is the same as the event Y = 0. For k = 2,4,...,n, the event D = k is the
same as the event {Y =k} U{Y = —k}. So the PMF of D is
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for k = 2,4,...,n. In the final step, we used symmetry to see that P(Y = k) =
P(Y = —k). O

The same reasoning we have used to handle functions of one random variable can
be extended to deal with functions of multiple random variables. We have already
seen an example of this with the addition function (which maps two numbers z,y
to their sum z + y): in Example 3.2.5, we saw how to view T'= X + Y as an r.v. in
its own right, where X and Y are obtained by rolling dice.

Definition 3.7.5 (Function of two r.v.s). Given an experiment with sample space
S, if X and Y are r.v.s that map s € S to X(s) and Y (s) respectively, then g(X,Y)
is the r.v. that maps s to g(X(s), Y(s)).

One way to understand the mapping from S to R represented by the r.v. g(X,Y)
is with a table displaying the values of X, Y, and ¢(X,Y’) under various possible
outcomes. Interpreting X +Y as an r.v. is intuitive: if we observe X =z and Y =y,
then X +Y crystallizes to 2 +y. For a less familiar example like max(X,Y"), students
often are unsure how to interpret it as an r.v. But the idea is the same: if we observe
X =z and Y = gy, then max(X,Y") crystallizes to max(x,y).

Example 3.7.6 (Maximum of two die rolls). We roll two fair 6-sided dice. Let X
be the number on the first die and Y the number on the second die. The following
table gives the values of X, Y, and max(X,Y) under 7 of the 36 outcomes in the
sample space, analogously to the table in Example 3.2.5.

s X Y max(X,Y)

(1,2) 1 2 2
(1,6) 1 6 6
(2,5) 2 5 5
3,1) 3 1 3
(4,3) 4 3 4
(5,4) 5 4 5
(6,6) 6 6 6

So max(X,Y) does indeed assigns a numerical value to each sample outcome. The
PMF is

P(max(X,Y)=1)=1/36,
P(max(X,Y) =2) =3/36,
P(max(X,Y) = 3) = 5/36,
P(max(X,Y) = 4) = 7/36,
P(max(X,Y) = 5) = 9/36

P(max(X,Y) = 6) = 11/36

These values could be obtained just by listing out and counting possibilities, but it



Random variables and their distributions 115
is less tedious and more generalizable to calculate them by, for example, writing

P(max(X,Y) =5) = P(X =5,Y <4)+ P(X <4,Y =5)+ P(X =5,Y =5)
—2P(X =5,Y <4)+1/36
= 2(4/36) + 1/36 = 9/36.

O

& 3.7.7 (Category errors and sympathetic magic). Many common mistakes in
probability can be traced to confusing two of the following fundamental objects with
each other: distributions, random variables, events, and numbers. Such mistakes are
examples of category errors. In general, a category error is a mistake that doesn’t just
happen to be wrong, but in fact is necessarily wrong since it is based on the wrong
category of object. For example, answering the question “How many people live in
Boston?” with “—42” or “zx” or “pink elephants” would be a category error—we
may not know the population size of a city, but we do know that it is a nonnegative
integer at any point in time. To help avoid being categorically wrong, always think
about what category an answer should have.

An especially common category error is to confuse a random variable with its dis-
tribution. We call this error sympathetic magic; this term comes from anthropology,
where it is used for the belief that one can influence an object by manipulating a
representation of that object. The following saying sheds light on the distinction
between a random variable and its distribution:

The word is not the thing; the map is not the territory. — Alfred Korzybski

We can think of the distribution of a random variable as a map or blueprint de-
scribing the r.v. Just as different houses can share the same blueprint, different r.v.s
can have the same distribution, even if the experiments they summarize, and the
sample spaces they map from, are not the same.

Here are two examples of sympathetic magic:

e Given an r.v. X, trying to get the PMF of 2X by multiplying the PMF of X by
2. It does not make sense to multiply a PMF by 2, since the probabilities would
no longer sum to 1. As we saw above, if X takes on values x; with probabilities
pj, then 2X takes on values 2x; with probabilities p;. Therefore the PMF of 2X
is a horizontal stretch of the PMF of X: it is not a vertical stretch, as would
result from multiplying the PMF by 2. Figure 3.11 shows the PMF of a discrete
r.v. X with support {0,1,2,3,4}, along with the PMF of 2X, which has support
{0,2,4,6,8}. Note that X can take on odd values, but 2X is necessarily even.

e Claiming that because X and Y have the same distribution, X must always equal
Y, ie., P(X =Y) = 1. Just because two r.v.s have the same distribution does
not mean they are always equal, or ever equal. We saw this in Example 3.2.5.
As another example, consider flipping a fair coin once. Let X be the indicator of
Heads and Y = 1— X be the indicator of Tails. Both X and Y have the Bern(1/2)
distribution, but the event X =Y is impossible. The PMFs of X and Y are the
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FIGURE 3.11
PMF of X (above) and PMF of 2X (below).
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same function, but X and Y are different mappings from the sample space to the
real numbers.

If Z is the indicator of Heads in a second flip (independent of the first flip), then
Z is also Bern(1/2), but Z is not the same r.v. as X. Here

P(Z=X)=P(HH or TT) = 1/2.

3.8 Independence of r.v.s

Just as we had the notion of independence of events, we can define independence of
random variables. Intuitively, if two r.v.s X and Y are independent, then knowing
the value of X gives no information about the value of Y, and vice versa. The
definition formalizes this idea.

Definition 3.8.1 (Independence of two r.v.s). Random variables X and Y are said
to be independent if

P(X <z,Y <y)=PX <x)P(Y <y),
for all =,y € R. In the discrete case, this is equivalent to the condition
P(X ==Y =y)=P(X =z)P(Y =y),

for all z,y with x in the support of X and y in the support of Y.
The definition for more than two r.v.s is analogous.

Definition 3.8.2 (Independence of many r.v.s). Random variables X3, ..., X,, are
independent if

P(Xlgxb7Xn§xn):P(X1§xl)P(Xngxn)7

for all z1,...,x, € R. For infinitely many r.v.s, we say that they are independent if
every finite subset of the r.v.s is independent.

Comparing this to the criteria for independence of n events, it may seem strange that
the independence of Xi,..., X, requires just one equality, whereas for events we
needed to verify pairwise independence for all (g) pairs, three-way independence for
all (g) triplets, and so on. However, upon closer examination of the definition, we see
that independence of r.v.s requires the equality to hold for all possible z1, ..., z,—
infinitely many conditions! If we can find even a single list of values z1,...,x, for
which the above equality fails to hold, then X7, ..., X, are not independent.

% 3.8.3. If Xy,...,X,, are independent, then they are pairwise independent, i.e.,
X; is independent of X; for ¢ # j. The idea behind proving that X; and X; are
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independent is to let all the x;, other than x;,z; go to oo in the definition of inde-
pendence, since we already know X}, < oo is true (though it takes some work to give
a complete justification for the limit). But pairwise independence does not imply
independence in general, as we saw in Chapter 2 for events. A simple counterexam-
ple is to use the indicator r.v.s corresponding to the pairwise independent but not
independent events A, B, C in Example 2.5.5.

Example 3.8.4. In a roll of two fair dice, if X is the number on the first die and
Y is the number on the second die, then X + Y is not independent of X — Y. To
see why, note that

1 5

0=P(X+Y=12X-Y =D #PX+Y=12)P(X Y =1) = 5. .

Since we have found a pair of values (s, d) for which
PX+Y =5,X-Y=d)£P(X+Y = s)P(X - Y = d),

X+Y and X —Y are dependent. This also makes sense intuitively: knowing the sum
of the dice is 12 tells us their difference must be 0, so the r.v.s provide information
about each other. O

If X and Y are independent then it is also true, for example, that X? is independent
of Y3, since if X? provided information about Y3 then X would give information
about Y (using X2 and Y3 as intermediaries). In general, if X and Y are inde-
pendent then any function of X is independent of any function of Y; we will not
give a formal proof of this here, but it should make sense from the intuition about
information.

Definition 3.8.5 (i.i.d.). We will often work with random variables that are inde-
pendent and have the same distribution. We call such r.v.s independent and identi-
cally distributed, or i.i.d. for short.

% 3.8.6 (i. vs. i.d.). “Independent” and “identically distributed” are two often-
confused but completely different concepts. Random variables are independent if
they provide no information about each other; they are identically distributed if
they have the same PMF (or equivalently, the same CDF). Whether two r.v.s are
independent has nothing to do with whether or not they have the same distribution.
We can have r.v.s that are:

e Independent and identically distributed: Let X be the result of a die roll, and let
Y be the result of a second, independent die roll. Then X and Y are i.i.d.

e Independent and not identically distributed: Let X be the result of a die roll, and
let Y be the closing price of the Dow Jones (a stock market index) a month from
now. Then X and Y provide no information about each other (one would fervently
hope), and X and Y do not have the same distribution.

e Dependent and identically distributed: Let X be the number of Heads in n inde-
pendent fair coin tosses, and let Y be the number of Tails in those same n tosses.
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Then X and Y are both distributed Bin(n, 1/2), but they are highly dependent:
if we know X, then we know Y perfectly.

e Dependent and not identically distributed: Let X be the indicator of whether the
majority party retains control of the House of Representatives in the U.S. after the
next election, and let Y be the average favorability rating of the majority party
in polls taken within a month of the election. Then X and Y are dependent, and
X and Y do not have the same distribution.

By taking a sum of i.i.d. Bernoulli r.v.s, we can write down the story of the Binomial
distribution in an algebraic form.

Theorem 3.8.7. If X ~ Bin(n, p), viewed as the number of successes in n indepen-
dent Bernoulli trials with success probability p, then we can write X = X1 +---+ X,
where the X; are i.i.d. Bern(p).

Proof. Let X; =1 if the ith trial was a success, and 0 if the ith trial was a failure.
It’s as though we have a person assigned to each trial, and we ask each person to
raise their hand if their trial was a success. If we count the number of raised hands
(which is the same as adding up the X;), we get the total number of successes in
the n trials, which is X. |

An important fact about the Binomial distribution is that the sum of independent
Binomial r.v.s with the same success probability is another Binomial r.v. The previ-
ous theorem gives an easy proof, though we include two others for comparison.

Theorem 3.8.8. If X ~ Bin(n,p), Y ~ Bin(m,p), and X is independent of Y,
then X +Y ~ Bin(n + m, p).

Proof. We present three proofs, since each illustrates a useful technique.

1. LOTP: We can directly find the PMF of X 4+ Y by conditioning on X (or Y,
whichever we prefer) and using the law of total probability:

k
P(X+Y =k) =) P(X+Y =k|X = j)P(X =)
]:0
PY =k —j)P(X =)

0
(k— .>pk‘ iq k+J(‘)p7q J
=0 J J
i m n
_ .k _ntm—k
=pyq . .
;0(%—3) <J>

_ (TL _]: m) pkanrmfk'

Il
.
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In the second line, we used the independence of X and Y to justify dropping the
conditioning in

P(X+Y =KX =j) = P(Y =k —jIX = j) = P(Y =k — j),

and in the last line, we used the fact that

>0 -

by Vandermonde’s identity. The resulting expression is the Bin(n 4+ m,p) PMF, so
X +Y ~ Bin(n + m,p).

2. Representation: A much simpler proof is to represent both X and Y as the sum
of iid. Bern(p) rves: X = X1+ -+ X, and Y =Y; +--- + Y}, where the X; and
Y; are all i.i.d. Bern(p). Then X + Y is the sum of n 4+ m ii.d. Bern(p) r.v.s, so its
distribution, by the previous theorem, is Bin(n + m, p).

3. Story: By the Binomial story, X is the number of successes in n independent
trials and Y is the number of successes in m additional independent trials, all with
the same success probability, so X +Y is the total number of successes in the n+m
trials, which is the story of the Bin(n + m, p) distribution. |

Of course, if we have a definition for independence of r.v.s, we should have an
analogous definition for conditional independence of r.v.s.

Definition 3.8.9 (Conditional independence of r.v.s). Random variables X and Y
are conditionally independent given an r.v. Z if for all x,y € R and all z in the
support of Z,

PX <z, Y<ylZ=z2)=P(X <z|Z=2)PY <y|Z ==2).
For discrete r.v.s, an equivalent definition is to require

PX=z,Y=ylZ=2)=PX =z|Z=2)PY =y|Z ==2).

As we might expect from the name, this is the definition of independence, except
that we condition on Z = z everywhere, and require the equality to hold for all z
in the support of Z.

Definition 3.8.10 (Conditional PMF). For any discrete r.v.s X and Z, the function
P(X = z|Z = z), when considered as a function of z for fixed z, is called the
conditional PMF of X given Z = z.

Independence of r.v.s does not imply conditional independence, nor vice versa. First
let us show why independence does not imply conditional independence.
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Example 3.8.11 (Matching pennies). Consider the simple game called matching
pennies. Each of two players, A and B, has a fair penny. They flip their pennies
independently. If the pennies match, A wins; otherwise, B wins. Let X be 1 if A’s
penny lands Heads and —1 otherwise, and define Y similarly for B (the r.v.s X and
Y are called random signs).

Let Z = XY, which is 1 if A wins and —1 if B wins. Then X and Y are uncondi-
tionally independent, but given Z = 1, we know that X =Y (the pennies match).
So X and Y are conditionally dependent given Z. 0

Example 3.8.12 (Two causes for an alarm to go off). As another example, consider
a fire alarm where only two things can set it off: there being a fire, or someone
microwaving popcorn a bit too long. Suppose that the fire event is independent of
the popcorn event. Let X be the indicator of there being a fire, Y be the indicator
of someone microwaving popcorn a bit too long, and Z be the indicator of the fire
alarm going off. Mathematically, we can express Z = max(X,Y).

By assumption, X and Y are independent. But they are conditionally dependent
given Z since if we hear the fire alarm going off and know that no one was mi-
crowaving popcorn, then we know that there must be a fire. Note that this example
is isomorphic to the “I have only two friends who ever call me” scenario from Ex-
ample 2.5.10. 0

Next let’s see why conditional independence does not imply independence.

Example 3.8.13 (Mystery opponent). Suppose that you are going to play two
games of tennis against one of two identical twins. Against one of the twins, you are
evenly matched, and against the other you have a 3/4 chance of winning. Suppose
that you can’t tell which twin you are playing against until after the two games. Let
Z be the indicator of playing against the twin with whom you’re evenly matched, and
let X and Y be the indicators of victory in the first and second games, respectively.

Conditional on Z = 1, X and Y are i.i.d. Bern(1/2), and conditional on Z = 0,
X and Y are ii.d. Bern(3/4). So X and Y are conditionally independent given Z.
Unconditionally, X and Y are dependent because observing X = 1 makes it more
likely that we are playing the twin who is worse. That is, P(Y = 1|X =1) > P(Y =
1). Past games give us information which helps us infer who our opponent is, which
in turn helps us predict future games! Note that this example is isomorphic to the
“random coin” scenario from Example 2.3.7. 0

3.9 Connections between Binomial and Hypergeometric

The Binomial and Hypergeometric distributions are connected in two important
ways. As we will see in this section, we can get from the Binomial to the Hyperge-
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ometric by conditioning, and we can get from the Hypergeometric to the Binomial
by taking a limit. We'll start with a motivating example.

Example 3.9.1 (Fisher exact test). A scientist wishes to study whether women or
men are more likely to have a certain disease, or whether they are equally likely.
A random sample of n women and m men is gathered, and each person is tested
for the disease (assume for this problem that the test is completely accurate). The
numbers of women and men in the sample who have the disease are X and Y
respectively, with X ~ Bin(n,p;) and Y ~ Bin(m, p2), independently. Here p; and
pe2 are unknown, and we are interested in testing whether p; = py (this is known as
a null hypothesis in statistics).

Consider a 2 x 2 table with rows corresponding to disease status and columns
corresponding to gender. Each entry is the count of how many people have that
disease status and gender, so n + m is the sum of all 4 entries. Suppose that it is
observed that X +Y =r.

The Fisher exact test is based on conditioning on both the row and column sums,
so n,m,r are all treated as fixed, and then seeing if the observed value of X is
“extreme” compared to this conditional distribution. Assuming the null hypothesis,
find the conditional PMF of X given X +Y =r.

Solution:

First we’ll build the 2 x 2 table, treating n, m, and r as fixed.

Women Men | Total

Disease T r—x r
No disease n—x m—-r+z|n+m-—r

Total n m | n-+m

Next, let’s compute the conditional PMF P(X = z|X + Y = r). By Bayes’ rule,
P(X+Y =r|X =2)P(X =x)

PX=z|X+Y =r)=

P(X+Y=r)
_ PY =r—z)P(X =)
- P(X+Y=r)

The step P(X+Y =r|X =) = P(Y = r—ux) is justified by the independence of X
and Y. Assuming the null hypothesis and letting p = p; = p2, we have X ~ Bin(n, p)
and Y ~ Bin(m, p), independently, so X + Y ~ Bin(n + m, p). Thus,

(TT$)p7"—ac(1 . p)m—r+;v (Z)p:v(l - p)n—:c
(ntm)pr(l _ p)ner*T

NGIEa)

(")

T

PX=z|X+Y =r)=

So the conditional distribution of X is Hypergeometric with parameters n,m,r.
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To understand why the Hypergeometric appeared, seemingly out of nowhere, let’s
connect this problem to the elk story for the Hypergeometric. In the elk story, we are
interested in the distribution of the number of tagged elk in the recaptured sample.
By analogy, think of women as tagged elk and men as untagged elk. Instead of
recapturing r elk at random from the forest, we infect X + Y = r people with the
disease; under the null hypothesis, the set of diseased people is equally likely to be
any set of r people. Thus, conditional on X +Y = r, X represents the number of
women among the r diseased individuals. This is exactly analogous to the number
of tagged elk in the recaptured sample, which is distributed HGeom(n, m,r).

An interesting fact, which turns out to be useful in statistics, is that the conditional
distribution of X does not depend on p: unconditionally, X ~ Bin(n,p), but p
disappears from the parameters of the conditional distribution! This makes sense
upon reflection, since once we know X +Y = r, we can work directly with the fact
that we have a population with r diseased and n+m —r undiseased people, without
worrying about the value of p that originally generated the population. ]

This motivating example serves as a proof of the following theorem.

Theorem 3.9.2. If X ~ Bin(n,p), Y ~ Bin(m,p), and X is independent of Y,
then the conditional distribution of X given X +Y = r is HGeom(n, m, ).

In the other direction, the Binomial is a limiting case of the Hypergeometric.
Theorem 3.9.3. If X ~ HGeom(w,b,n) and N = w + b — oo such that p =
w/(w + b) remains fixed, then the PMF of X converges to the Bin(n, p) PMF.

Proof. We take the stated limit of the HGeom(w, b, n) PMF:
() ()
(w-i—b)

P(X =k) =

by Theorem 3.4.5

w—Fk!'(b—n+k) (w+0d)!

n)w(w1)...(wk+1)b(b1)...(bn+k+1)
(w+b)(w+b—1)...(w+b—n+1)

<n>p(p—}v)--'(p—’“Nl)Q(q—}v)---(q—’H’él)_

(-3 (=x) (=)

As N — oo, the denominator goes to 1, and the numerator goes to p¥q¢"*. Thus

(
_ <n>( w! B (w+b—n)
(

P =)= ()i,

which is the Bin(n, p) PMF. [
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The stories of the Binomial and Hypergeometric provide intuition for this result:
given an urn with w white balls and b black balls, the Binomial distribution arises
from sampling n balls from the urn with replacement, while the Hypergeometric
arises from sampling without replacement. As the number of balls in the urn grows
very large relative to the number of balls that are drawn, sampling with replacement
and sampling without replacement become essentially equivalent. In practical terms,
this theorem tells us that if N = w + b is large relative to n, we can approximate
the HGeom(w, b,n) PMF by the Bin(n,w/(w + b)) PMF.

The birthday problem implies that it is surprisingly likely that some ball will be
sampled more than once if sampling with replacement; for example, if 1,200 out of
1,000,000 balls are drawn randomly with replacement, then there is about a 51%
chance that some ball will be drawn more than once! But this becomes less and less
likely as N grows, and even if it is likely that there will be a few coincidences, the
approximation can still be reasonable if it is very likely that the vast majority of
balls in the sample are sampled only once each.

3.10 Recap

A random variable (r.v.) is a function assigning a real number to every possible
outcome of an experiment. The distribution of an r.v. X is a full specification of the
probabilities for the events associated with X, such as {X = 3} and {1 < X <5}.
The distribution of a discrete r.v. can be defined using a PMF, a CDF, or a story.
The PMF of X is the function P(X = z) for 2 € R. The CDF of X is the function
P(X < x) for x € R. A story for X describes an experiment that could give rise to
a random variable with the same distribution as X.

It is important to distinguish between a random variable and its distribution: the
distribution is a blueprint for building the r.v., but different r.v.s can have the same
distribution, just as different houses can be built from the same blueprint.

Four named discrete distributions are the Bernoulli, Binomial, Hypergeometric, and
Discrete Uniform. Each of these is actually a family of distributions, indexed by
parameters; to fully specify one of these distributions, we need to give both the
name and the parameter values.

e A Bern(p) r.v. is the indicator of success in a Bernoulli trial with probability of
success p.

e A Bin(n,p) r.v. is the number of successes in n independent Bernoulli trials, all
with the same probability p of success.

o A HGeom(w,b,n) r.v. is the number of white balls obtained in a sample of size n
drawn without replacement from an urn of w white and b black balls.
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e A DUnif(C) r.v. is obtained by randomly choosing an element of the finite set C,
with equal probabilities for each element.

A function of a random variable is still a random variable. If we know the PMF of
X, we can find P(g(X) = k), the PMF of g(X), by translating the event {g(X) = k}
into an equivalent event involving X, then using the PMF of X.

Two random variables are independent if knowing the value of one r.v. gives no
information about the value of the other. This is unrelated to whether the two r.v.s
are identically distributed. In Chapter 7, we will learn how to deal with dependent
random variables by considering them jointly rather than separately.

We have now seen four fundamental types of objects in probability: distributions,
random variables, events, and numbers. Figure 3.12 shows connections between
these four fundamental objects. A CDF can be used as a blueprint for generating
an r.v., and then there are various events describing the behavior of the r.v., such
as the events X < x for all . Knowing the probabilities of these events determines
the CDF, taking us full circle. For a discrete r.v. we can also use the PMF as a
blueprint, and go from distribution to r.v. to events and back again.

= tx ]

. What can oo

- happen? REss

(o] 1-1-]
j ———— g

distributions events numbers
generate X=<x P P(X < x) = F(x)

_a %
CDF F X=x P(X=x)

PMF

story

name, parameters

function of r.v.

8(X)

FIGURE 3.12

Four fundamental objects in probability: distributions (blueprints), random vari-
ables, events, and numbers. From a CDF F we can generate an r.v. X. From X, we
can generate many other r.v.s by taking functions of X. There are various events
describing the behavior of X. Most notably, for any constant x the events X < z
and X = x are of interest. Knowing the probabilities of these events for all x gives
us the CDF and (in the discrete case) the PMF, taking us full circle.
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3.11 R
Distributions in R

All of the named distributions that we’ll encounter in this book have been im-
plemented in R. In this section we’ll explain how to work with the Binomial
and Hypergeometric distributions in R. We will also explain in general how
to generate r.v.s from any discrete distribution with a finite support. Typing
help(distributions) gives a handy list of built-in distributions; many others are
available through R packages that can be loaded.

In general, for many named discrete distributions, three functions starting with d,
p, and r will give the PMF, CDF, and random generation, respectively. Note that
the function starting with p is not the PMF, but rather is the CDF.

Binomial distribution

The Binomial distribution is associated with the following three R functions:
dbinom, pbinom, and rbinom. For the Bernoulli distribution we can just use the
Binomial functions with n = 1.

e dbinom is the Binomial PMF. It takes three inputs: the first is the value of x
at which to evaluate the PMF, and the second and third are the parameters n
and p. For example, dbinom(3,5,0.2) returns the probability P(X = 3) where
X ~ Bin(5,0.2). In other words,

dbinom(3,5,0.2) = (2) (0.2)3(0.8)? = 0.0512.

e pbinom is the Binomial CDF. It takes three inputs: the first is the value of x
at which to evaluate the CDF, and the second and third are the parameters.
pbinom(3,5,0.2) is the probability P(X < 3) where X ~ Bin(5,0.2). So

3
5
pbinom(3,5,0.2) = » _ (k> (0.2)%(0.8)°F = 0.9933.
k=0

e rbinom is a function for generating Binomial random variables. For rbinom, the
first input is how many r.v.s we want to generate, and the second and third
inputs are still the parameters. Thus the command rbinom(7,5,0.2) produces
realizations of seven i.i.d. Bin(5,0.2) r.v.s. When we ran this command, we got

2100100

but you’ll probably get something different when you try it!
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We can also evaluate PMFs and CDFs at an entire vector of values. For exam-
ple, recall that 0:n is a quick way to list the integers from 0 to n. The command
dbinom(0:5,5,0.2) returns 6 numbers, P(X =0), P(X =1),..., P(X = 5), where
X ~ Bin(5,0.2).

Hypergeometric distribution

The Hypergeometric distribution also has three functions: dhyper, phyper, and
rhyper. As one might expect, dhyper is the Hypergeometric PMF, phyper is the
Hypergeometric CDF, and rhyper generates Hypergeometric r.v.s. Since the Hy-
pergeometric distribution has three parameters, each of these functions takes four
inputs. For dhyper and phyper, the first input is the value at which we wish to
evaluate the PMF or CDF, and the remaining inputs are the parameters of the
distribution.

Thus dhyper(k,w,b,n) returns the probability P(X = k) where X ~
HGeom(w,b,n), and phyper (k,w,b,n) returns P(X < k). For rhyper, the first
input is the number of r.v.s we want to generate, and the remaining inputs are the
parameters; rhyper (100,w,b,n) generates 100 i.i.d. HGeom(w, b, n) r.v.s.

Discrete distributions with finite support

We can generate r.v.s from any discrete distribution with finite support using the
sample command. When we first introduced the sample command, we said that it
can be used in the form sample(n,k) or sample(n,k,replace=TRUE) to sample k
times from the integers 1 through n, either without or with replacement. For exam-
ple, to generate 5 independent DUnif(1,2,...,100) r.v.s, we can use the command
sample (100,5,replace=TRUE).

It turns out that sample is far more versatile. If we want to sample from the values

x1i,...,T, with probabilities p1,...,p,, we simply create a vector x containing all
the x; and a vector p containing all the p;, then feed them into sample. For example,
suppose we are interested in generating realizations of i.i.d. r.v.s X1, ..., Xj00 whose
PMF is

P(X; =0)=0.25,

P(X; =1)=0.5,

P(X; =5)=0.1,

P(X; =10) = 0.15,

and P(X; = z) = 0 for all other values of z. First, we use the c function to create
vectors with the support of the distribution and the PMF probabilities.

x <- ¢(0,1,5,10)
p <- ¢(0.25,0.5,0.1,0.15)
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Next, we use the sample command. Here’s how to get 100 samples from the above
PMF:

sample(x,100, prob=p,replace=TRUE)

The inputs are the vector x to sample from, the number of samples to generate (100
in this case), the probabilities p of sampling the values in x (if this is omitted, the
probabilities are assumed equal), and whether to sample with replacement.

3.12 Exercises

PMFs and CDFs

1. People are arriving at a party one at a time. While waiting for more people to arrive
they entertain themselves by comparing their birthdays. Let X be the number of people
needed to obtain a birthday match, i.e., before person X arrives there are no two people
with the same birthday, but when person X arrives there is a match. Find the PMF of
X.

2. (a) Independent Bernoulli trials are performed, with probability 1/2 of success, until
there has been at least one success. Find the PMF of the number of trials performed.

(b) Independent Bernoulli trials are performed, with probability 1/2 of success, until
there has been at least one success and at least one failure. Find the PMF of the number
of trials performed.

3. Let X be an r.v. with CDF F, and Y = p+ 0 X, where p and o are real numbers with
o > 0. (Then Y is called a location-scale transformation of X; we will encounter this
concept many times in Chapter 5 and beyond.) Find the CDF of Y, in terms of F.

4. Let n be a positive integer and
lz]
F — A
(0)= L&

for 0 <z <n, F(z) =0 for x <0, and F(z) = 1 for x > n, where |z| is the greatest
integer less than or equal to z. Show that F' is a CDF, and find the PMF that it
corresponds to.

5. (a) Show that p(n) = (%)"le forn=0,1,2,... is a valid PMF for a discrete r.v.

(b) Find the CDF of a random variable with the PMF from (a).

6. (8 Benford’s law states that in a very large variety of real-life data sets, the first digit
approximately follows a particular distribution with about a 30% chance of a 1, an 18%
chance of a 2, and in general

41
P(D:j) =logy, (%), for j € {1,2,3,...,9},

where D is the first digit of a randomly chosen element. Check that this is a valid PMF
(using properties of logs, not with a calculator).

7. Bob is playing a video game that has 7 levels. He starts at level 1, and has probability
p1 of reaching level 2. In general, given that he reaches level j, he has probability p; of
reaching level j 4 1, for 1 < j < 6. Let X be the highest level that he reaches. Find the
PMF of X (in terms of p1,...,ps).

8.  There are 100 prizes, with one worth $1, one worth $2, ..., and one worth $100. There
are 100 boxes, each of which contains one of the prizes. You get 5 prizes by picking



Random wvariables and their distributions 129

random boxes one at a time, without replacement. Find the PMF of how much your
most valuable prize is worth (as a simple expression in terms of binomial coefficients).

9. Let Fy and F> be CDFs, 0 < p < 1, and F(z) = pFi(x) + (1 — p)F>(z) for all .

(a) Show directly that F' has the properties of a valid CDF (see Theorem 3.6.3). The
distribution defined by F' is called a mizture of the distributions defined by Fy and F5.

(b) Consider creating an r.v. in the following way. Flip a coin with probability p of
Heads. If the coin lands Heads, generate an r.v. according to F7; if the coin lands Tails,
generate an r.v. according to F>. Show that the r.v. obtained in this way has CDF F.

10. (a) Is there a discrete distribution with support 1,2,3,..., such that the value of the
PMF at n is proportional to 1/n?

Hint: See the math appendix for a review of some facts about series.

(b) Is there a discrete distribution with support 1,2,3,..., such that the value of the
PMF at n is proportional to 1/n??

11.  ® Let X be an r.v. whose possible values are 0, 1,2, ..., with CDF F'. In some countries,
rather than using a CDF, the convention is to use the function G defined by G(z) =
P(X < z) to specify a distribution. Find a way to convert from F to G, i.e., if F'is a
known function, show how to obtain G(z) for all real x.

12.  (a) Give an example of r.v.s X and Y such that Fx(z) < Fy(z) for all =, where the
inequality is strict for some x. Here Fx is the CDF of X and Fy is the CDF of Y. For
the example you gave, sketch the CDF's of both X and Y on the same axes. Then sketch
their PMFs on a second set of axes.

(b) In Part (a), you found an example of two different CDFs where the first is less than
or equal to the second everywhere. Is it possible to find two different PMFs where the
first is less than or equal to the second everywhere? In other words, find discrete r.v.s
X and Y such that P(X = z) < P(Y = z) for all z, where the inequality is strict for
some x, or show that it is impossible to find such r.v.s.

13. Let X,Y, Z be discrete r.v.s such that X and Y have the same conditional distribution
given Z, i.e., for all a and z we have

P(X=a|Z=2)=PY =a|Z =2).

Show that X and Y have the same distribution (unconditionally, not just when given
Z).

14. Let X be the number of purchases that Fred will make on the online site for a certain
company (in some specified time period). Suppose that the PMF of X is P(X = k) =
efA)\’“/k! for k = 0,1,2,.... This distribution is called the Poisson distribution with
parameter A, and it will be studied extensively in later chapters.

(a) Find P(X > 1) and P(X > 2) without summing infinite series.

(b) Suppose that the company only knows about people who have made at least one
purchase on their site (a user sets up an account to make a purchase, but someone
who has never made a purchase there doesn’t appear in the customer database). If the
company computes the number of purchases for everyone in their database, then these
data are draws from the conditional distribution of the number of purchases, given that
at least one purchase is made. Find the conditional PMF of X given X > 1. (This
conditional distribution is called a truncated Poisson distribution.)

Named distributions

15. Find the CDF of an r.v. X ~ DUnif(1,2,...,n).
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16. Let X ~ DUnif(C), and B be a nonempty subset of C. Find the conditional distribution
of X, given that X is in B.

17.  An airline overbooks a flight, selling more tickets for the flight than there are seats on
the plane (figuring that it’s likely that some people won’t show up). The plane has 100
seats, and 110 people have booked the flight. Each person will show up for the flight
with probability 0.9, independently. Find the probability that there will be enough seats
for everyone who shows up for the flight.

18.  (® (a) In the World Series of baseball, two teams (call them A and B) play a sequence
of games against each other, and the first team to win four games wins the series. Let
p be the probability that A wins an individual game, and assume that the games are
independent. What is the probability that team A wins the series?

(b) Give a clear intuitive explanation of whether the answer to (a) depends on whether
the teams always play 7 games (and whoever wins the majority wins the series), or the
teams stop playing more games as soon as one team has won 4 games (as is actually
the case in practice: once the match is decided, the two teams do not keep playing more
games).

19. In a chess tournament, n games are being played, independently. Each game ends in a
win for one player with probability 0.4 and ends in a draw (tie) with probability 0.6.
Find the PMFs of the number of games ending in a draw, and of the number of players
whose games end in draws.

20. Suppose that a lottery ticket has probability p of being a winning ticket, independently
of other tickets. A gambler buys 3 tickets, hoping this will triple the chance of having
at least one winning ticket.

(a) What is the distribution of how many of the 3 tickets are winning tickets?

(b) Show that the probability that at least 1 of the 3 tickets is winning is 3p — 3p> + p®,
in two different ways: by using inclusion-exclusion, and by taking the complement of
the desired event and then using the PMF of a certain named distribution.

(¢) Show that the gambler’s chances of having at least one winning ticket do not quite
triple (compared with buying only one ticket), but that they do approzimately triple if
p is small.

21. ® Let X ~ Bin(n,p) and Y ~ Bin(m,p), independent of X. Show that X — Y is not
Binomial.

22.  There are two coins, one with probability p1 of Heads and the other with probability
p2 of Heads. One of the coins is randomly chosen (with equal probabilities for the two
coins). It is then flipped n > 2 times. Let X be the number of times it lands Heads.

(a) Find the PMF of X.
(b) What is the distribution of X if p1 = p2?

(c) Give an intuitive explanation of why X is not Binomial for p; # p2 (its distribution is
called a mizture of two Binomials). You can assume that n is large for your explanation,
so that the frequentist interpretation of probability can be applied.

23. There are n people eligible to vote in a certain election. Voting requires registration.
Decisions are made independently. Each of the n people will register with probability p;.
Given that a person registers, he or she will vote with probability p2. Given that a person
votes, he or she will vote for Kodos (who is one of the candidates) with probability ps.
What is the distribution of the number of votes for Kodos (give the PMF, fully simplified,
or the name of the distribution, including its parameters)?

24. Let X be the number of Heads in 10 fair coin tosses.

(a) Find the conditional PMF of X, given that the first two tosses both land Heads.

(b) Find the conditional PMF of X, given that at least two tosses land Heads.
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25. () Alice flips a fair coin n times and Bob flips another fair coin n + 1 times, resulting

in independent X ~ Bin(n, 3) and Y ~ Bin(n + 1, 3).

(a) Show that P(X <Y)=Pn—X <n+1-Y).

(b) Compute P(X <Y).

Hint: Use (a) and the fact that X and Y are integer-valued.

26. If X ~ HGeom(w,b,n), what is the distribution of n — X7 Give a short proof.

27. Recall de Montmort’s matching problem from Chapter 1: in a deck of n cards labeled 1
through n, a match occurs when the number on the card matches the card’s position in
the deck. Let X be the number of matching cards. Is X Binomial? Is X Hypergeometric?

28. (® There are n eggs, each of which hatches a chick with probability p (independently).
Each of these chicks survives with probability r, independently. What is the distribution
of the number of chicks that hatch? What is the distribution of the number of chicks that
survive? (Give the PMFs; also give the names of the distributions and their parameters,
if applicable.)

29. (® A sequence of n independent experiments is performed. Each experiment is a success
with probability p and a failure with probability ¢ = 1 — p. Show that conditional on
the number of successes, all valid possibilities for the list of outcomes of the experiment
are equally likely.

30. A company with n women and m men as employees is deciding which employees to
promote.

(a) Suppose for this part that the company decides to promote ¢ employees, where
1 <t < n+m, by choosing ¢t random employees (with equal probabilities for each set
of ¢ employees). What is the distribution of the number of women who get promoted?

(b) Now suppose that instead of having a predetermined number of promotions to
give, the company decides independently for each employee, promoting the employee
with probability p. Find the distributions of the number of women who are promoted,
the number of women who are not promoted, and the number of employees who are
promoted.

(¢) In the set-up from (b), find the conditional distribution of the number of women
who are promoted, given that exactly ¢t employees are promoted.

31. Once upon a time, a famous statistician offered tea to a lady. The lady claimed that
she could tell whether milk had been added to the cup before or after the tea. The
statistician decided to run some experiments to test her claim.

(a) The lady is given 6 cups of tea, where it is known in advance that 3 will be milk-
first and 3 will be tea-first, in a completely random order. The lady gets to taste each
and then guess which 3 were milk-first. Assume for this part that she has no ability
whatsoever to distinguish milk-first from tea-first cups of tea. Find the probability that
at least 2 of her 3 guesses are correct.

(b) Now the lady is given one cup of tea, with probability 1/2 of it being milk-first.
She needs to say whether she thinks it was milk-first. Let p; be the lady’s probability
of being correct given that it was milk-first, and p2 be her probability of being correct
given that it was tea-first. She claims that the cup was milk-first. Find the posterior
odds that the cup is milk-first, given this information.

32. In Evan’s history class, 10 out of 100 key terms will be randomly selected to appear
on the final exam; Evan must then choose 7 of those 10 to define. Since he knows the
format of the exam in advance, Evan is trying to decide how many key terms he should
study.

(a) Suppose that Evan decides to study s key terms, where s is an integer between 0
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and 100. Let X be the number of key terms appearing on the exam that he has studied.
What is the distribution of X? Give the name and parameters, in terms of s.

(b) Using R or other software, calculate the probability that Evan knows at least 7 of
the 10 key terms that appear on the exam, assuming that he studies s = 75 key terms.
33. A book has n typos. Two proofreaders, Prue and Frida, independently read the book.
Prue catches each typo with probability pi1 and misses it with probability ¢1 = 1 — p1,
independently, and likewise for Frida, who has probabilities ps of catching and g2 = 1—p2
of missing each typo. Let X7 be the number of typos caught by Prue, X5 be the number
caught by Frida, and X be the number caught by at least one of the two proofreaders.

(a) Find the distribution of X.

(b) For this part only, assume that p1 = p2. Find the conditional distribution of X;
given that X; + X2 =t.

34. There are n students at a certain school, of whom X ~ Bin(n,p) are Statistics majors.
A simple random sample of size m is drawn (“simple random sample” means sampling
without replacement, with all subsets of the given size equally likely).

(a) Find the PMF of the number of Statistics majors in the sample, using the law of total
probability (don’t forget to say what the support is). You can leave your answer as a
sum (though with some algebra it can be simplified, by writing the binomial coefficients
in terms of factorials and using the binomial theorem).

(b) Give a story proof derivation of the distribution of the number of Statistics majors
in the sample; simplify fully.

Hint: Does it matter whether the students declare their majors before or after the
random sample is drawn?

35. (® Players A and B take turns in answering trivia questions, starting with player A
answering the first question. Each time A answers a question, she has probability p1 of
getting it right. Each time B plays, he has probability p» of getting it right.

(a) If A answers m questions, what is the PMF of the number of questions she gets
right?

(b) If A answers m times and B answers n times, what is the PMF of the total number
of questions they get right (you can leave your answer as a sum)? Describe exactly
when/whether this is a Binomial distribution.

(¢) Suppose that the first player to answer correctly wins the game (with no predeter-
mined maximum number of questions that can be asked). Find the probability that A
wins the game.

36. There are n voters in an upcoming election in a certain country, where n is a large, even
number. There are two candidates: Candidate A (from the Unite Party) and Candidate
B (from the Untie Party). Let X be the number of people who vote for Candidate A.
Suppose that each voter chooses randomly whom to vote for, independently and with
equal probabilities.

(a) Find an exact expression for the probability of a tie in the election (so the candidates
end up with the same number of votes).

(b) Use Stirling’s approximation, which approximates the factorial function as
n
n! ~ V2mn (E) ,
e

to find a simple approximation to the probability of a tie. Your answer should be of the
form 1/4/cn, with ¢ a constant (which you should specify).
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37.

38.

39.

40.

41.

42.

43.

(® A message is sent over a noisy channel. The message is a sequence x1,x2,..., %, of
n bits (x; € {0,1}). Since the channel is noisy, there is a chance that any bit might be
corrupted, resulting in an error (a 0 becomes a 1 or vice versa). Assume that the error
events are independent. Let p be the probability that an individual bit has an error
(0 < p<1/2). Let y1,y2,...,yn be the received message (so y; = z; if there is no error
in that bit, but y; = 1 — x; if there is an error there).

To help detect errors, the nth bit is reserved for a parity check: x,, is defined to be 0 if
1 +T2+ -+ xn_1iseven, and 1 if x1 +x2 4+ -+ + x,—1 is odd. When the message is
received, the recipient checks whether y,, has the same parity as y1 +y2 + -+ 4+ yn—1. If
the parity is wrong, the recipient knows that at least one error occurred; otherwise, the
recipient assumes that there were no errors.

(a) For n = 5,p = 0.1, what is the probability that the received message has errors
which go undetected?

(b) For general n and p, write down an expression (as a sum) for the probability that
the received message has errors which go undetected.

(c) Give a simplified expression, not involving a sum of a large number of terms, for the
probability that the received message has errors which go undetected.

Hint for (c): Letting

= Z (Z)pk(l - p)n—k and b= Z <Z>pk(1 _ p)nfk,

k even, k>0 k odd, kE>1

the binomial theorem makes it possible to find simple expressions for a + b and a — b,
which then makes it possible to obtain a and b.

Independence of r.v.s
(a) Give an example of dependent r.v.s X and Y such that P(X <Y) =1.

(b) Give an example of independent r.v.s X and Y such that P(X <Y) = 1.

Give an example of two discrete random variables X and Y on the same sample space
such that X and Y have the same distribution, with support {1,2,...,10}, but the
event X =Y never occurs. If X and Y are independent, is it still possible to construct
such an example?

Suppose X and Y are discrete r.v.s such that P(X =Y) = 1. This means that X and
Y always take on the same value.

(a) Do X and Y have the same PMF?

(b) Is it possible for X and Y to be independent?

If X,Y,Z are r.v.s such that X and Y are independent and Y and Z are independent,
does it follow that X and Z are independent?

Hint: Think about simple and extreme examples.
® Let X be a random day of the week, coded so that Monday is 1, Tuesday is 2, etc. (so
X takes values 1,2,...,7, with equal probabilities). Let Y be the next day after X (again
represented as an integer between 1 and 7). Do X and Y have the same distribution?
What is P(X <Y)?
(a) Is it possible to have two r.v.s X and Y such that X and Y have the same distribution
but P(X <Y) > p, where:

e p=0.97

e p=10.99?
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e p = 0.99999999999997
ep=17
For each, give an example showing it is possible, or prove it is impossible.

Hint: Do the previous question first.

(b) Consider the same question as in Part (a), but now assume that X and Y are
independent. Do your answers change?

44. For z and y binary digits (0 or 1), let z @y be 0 if z = y and 1 if  # y (this operation
is called ezclusive or (often abbreviated to XOR), or addition mod 2).

(a) Let X ~ Bern(p) and Y ~ Bern(1/2), independently. What is the distribution of
XoY?

(b) With notation as in (a), is X @Y independent of X? Is X ® Y independent of Y'?
Be sure to consider both the case p = 1/2 and the case p # 1/2.

(c) Let X1,..., X, beii.d. Bern(1/2) r.v.s. For each nonempty subset J of {1,2,...,n},

let
Yy =PX;,
jeJ

where the notation means to “add” in the @ sense all the elements of J; the order in
which this is done doesn’t matter since t @y = y®x and (DY) Dz =z D (y ® 2).
Show that Y; ~ Bern(1/2) and that these 2" — 1 r.v.s are pairwise independent, but
not independent. For example, we can use this to simulate 1023 pairwise independent
fair coin tosses using only 10 independent fair coin tosses.

Hint: Apply the previous parts with p = 1/2. Show that if J and K are two different
nonempty subsets of {1,2,...,n}, then we can write Yy = A+ B, Yx = A+ C, where A
consists of the X; with ¢ € JNK, B consists of the X; with i € JN K¢, and C consists of
the X; with ¢ € J°N K. Then A, B, C are independent since they are based on disjoint
sets of X;. Also, at most one of these sets of X; can be empty. If J N K = (), then
Y; = B,Yx = C. Otherwise, compute P(Y; = y,Yx = z) by conditioning on whether
A=1.

Mixed practice

45.  (® A new treatment for a disease is being tested, to see whether it is better than the
standard treatment. The existing treatment is effective on 50% of patients. It is believed
initially that there is a 2/3 chance that the new treatment is effective on 60% of patients,
and a 1/3 chance that the new treatment is effective on 50% of patients. In a pilot study,
the new treatment is given to 20 random patients, and is effective for 15 of them.

(a) Given this information, what is the probability that the new treatment is better
than the standard treatment?

(b) A second study is done later, giving the new treatment to 20 new random patients.
Given the results of the first study, what is the PMF for how many of the new patients
the new treatment is effective on? (Letting p be the answer to (a), your answer can be
left in terms of p.)

46. Independent Bernoulli trials are performed, with success probability 1/2 for each trial.
An important question that often comes up in such settings is how many trials to
perform. Many controversies have arisen in statistics over the issue of how to analyze
data coming from an experiment where the number of trials can depend on the data
collected so far.

For example, if we can follow the rule “keep performing trials until there are more than
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twice as many failures as successes, and then stop”, then naively looking at the ratio
of failures to successes (if and when the process stops) will give more than 2:1 rather
than the true theoretical 1:1 ratio; this could be a very misleading result! However, it
might never happen that there are more than twice as many failures as successes; in
this problem, you will find the probability of that happening.

(a) Two gamblers, A and B, make a series of bets, where each has probability 1/2 of
winning a bet, but A gets $2 for each win and loses $1 for each loss (a very favorable
game for A!). Assume that the gamblers are allowed to borrow money, so they can and
do gamble forever. Let px be the probability that A, starting with $k, will ever reach
$0, for each k£ > 0. Explain how this story relates to the original problem, and how the
original problem can be solved if we can find py.

(b) Find pg.

Hint: As in the gambler’s ruin, set up and solve a difference equation for p,. We have
pr — 0 as k — oo (you don’t need to prove this, but it should make sense since the
game is so favorable to A, which will result in A’s fortune going to oco; a formal proof,
not required here, could be done using the law of large numbers, an important theorem
from Chapter 10). The solution can be written neatly in terms of the golden ratio.

(c¢) Find the probability of ever having more than twice as many failures as successes
with independent Bern(1/2) trials, as originally desired.

47. A copy machine is used to make n pages of copies per day. The machine has two trays
in which paper gets loaded, and each page used is taken randomly and independently
from one of the trays. At the beginning of the day, the trays are refilled so that they
each have m pages.

(a) Let pbinom(z,n,p) be the CDF of the Bin(n,p) distribution, evaluated at z. In
terms of pbinom, find a simple expression for the probability that both trays have
enough paper on any particular day, when this probability is strictly between 0 and 1
(also specify the values of m for which the probability is 0 and the values for which it
is 1).

Hint: Be careful about whether inequalities are strict, since the Binomial is discrete.

(b) Using a computer, find the smallest value of m for which there is at least a 95% chance
that both trays have enough paper on a particular day, for n = 10,7 = 100, n = 1000,
and n = 10000.

Hint: If you use R, you may find the following commands useful:

g <- function(m,n) [your answer from (a)] defines a function g such that g(m,n)
is your answer from (a), g(1:100,100) gives the vector (g(1,100),...,g¢(100,100)),
which(v>0.95) gives the indices of the components of vector v that exceed 0.95, and
min(w) gives the minimum of a vector w.
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Expectation

4.1 Definition of expectation

In the previous chapter, we introduced the distribution of a random variable, which
gives us full information about the probability that the r.v. will fall into any partic-
ular set. For example, we can say how likely it is that the r.v. will exceed 1000, that
it will equal 5, and that it will be in the interval [0, 7]. It can be unwieldy to manage
so many probabilities though, so often we want just one number summarizing the
“average” value of the r.v.

There are several senses in which the word “average” is used, but by far the most
commonly used is the mean of an r.v., also known as its expected value. In addition,
much of statistics is about understanding wvariability in the world, so it is often
important to know how “spread out” the distribution is; we will formalize this with
the concepts of variance and standard deviation. As we’ll see, variance and standard
deviation are defined in terms of expected values, so the uses of expected values go
far beyond just computing averages.

Given a list of numbers z1,xo, ..., z,, the familiar way to average them is to add
them up and divide by n. This is called the arithmetic mean, and is defined by

1 n
I== 3
w2
7j=1
More generally, we can define a weighted mean of x1,...,x, as
n
weighted-mean(x) = Z zip;,
j=1
where the weights p1,...,p, are pre-specified nonnegative numbers that add up to

1 (so the unweighted mean Z is obtained when p; = 1/n for all j).

The definition of expectation for a discrete r.v. is inspired by the weighted mean of
a list of numbers, with weights given by probabilities.

Definition 4.1.1 (Expectation of a discrete r.v.). The expected value (also called
the expectation or mean) of a discrete r.v. X whose distinct possible values are

137
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r1,Z2,... is defined by

E(X)=> x;P(X = ;).
j=1

If the support is finite, then this is replaced by a finite sum. We can also write

E(X)=> =z P(X=u)
~——
* value PMF at
where the sum is over the support of X (in any case, xP(X = z) is 0 for any = not
in the support). The expectation is undefined if 322, || P(X = x;) diverges, since
then the series for E(X) diverges or its value depends on the order in which the z;
are listed.

In words, the expected value of X is a weighted average of the possible values that
X can take on, weighted by their probabilities. Let’s check that the definition makes
sense in two simple examples:

1. Let X be the result of rolling a fair 6-sided die, so X takes on the values
1,2,3,4,5,6, with equal probabilities. Intuitively, we should be able to
get the average by adding up these values and dividing by 6. Using the
definition, the expected value is

1
E(X)= 6(1+2+'--+6) = 3.5,
as we expected. Note though that X never equals its mean in this exam-
ple. This is similar to the fact that the average number of children per
household in some country could be 1.8, but that doesn’t mean that a
typical household has 1.8 children!

2. Let X ~ Bern(p) and ¢ =1 — p. Then
E(X) =1p+0q =p,

which makes sense intuitively since it is between the two possible values
of X, compromising between 0 and 1 based on how likely each is. This is
illustrated in Figure 4.1 for a case with p < 1/2: two pebbles are being
balanced on a seesaw. For the seesaw to balance, the fulcrum (shown as a
triangle) must be at p, which in physics terms is the center of mass.

The frequentist interpretation would be to consider a large number of
independent Bernoulli trials, each with probability p of success. Writing 1
for “success” and 0 for “failure”, in the long run we would expect to have
data consisting of a list of numbers where the proportion of 1’s is very
close to p. The average of a list of 0’s and 1’s is the proportion of 1’s.

Note that E(X) depends only on the distribution of X. This follows directly from
the definition, but is worth recording since it is fundamental.
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FIGURE 4.1
Center of mass of two pebbles, depicting that E(X) = p for X ~ Bern(p). Here ¢
and p denote the masses of the two pebbles.

Proposition 4.1.2. If X and Y are discrete r.v.s with the same distribution, then
E(X) = E(Y) (if either side exists).

Proof. In the definition of F(X), we only need to know the PMF of X. |

The converse of the above proposition is false since the expected value is just a
one-number summary, not nearly enough to specify the entire distribution; it’s a
measure of where the “center” is but does not determine, for example, how spread
out the distribution is or how likely the r.v. is to be positive. Figure 4.2 shows an
example of two different PMF's that both have a balancing point or expected value
of 2.

1.0
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|
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e
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1

0.0
0.0

FIGURE 4.2
The expected value does not determine the distribution: different PMFs can have
the same balancing point.

% 4.1.3 (Replacing an r.v. by its expectation). For any discrete r.v. X, the expected
value F(X) is a number (if it exists). A common mistake is to replace an r.v. by
its expectation without justification, which is wrong both mathematically (X is
a function, F(X) is a constant) and statistically (it ignores the variability of X),
except in the degenerate case where X is a constant.
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Notation 4.1.4. We often abbreviate F(X) to EX. Similarly, we often abbreviate
E(X?) to EX?. Thus EX? is the expectation of the random variable X2, not the
square of the number EFX. In general, unless the parentheses explicitly indicate
otherwise, the expectation is to be taken at the very end. For example, E(X —3)? is
E ((X —3)?), not (E(X —3))%. As we will see, the order of operations here is very
important!

4.2 Linearity of expectation

The most important property of expectation is linearity: the expected value of a
sum of r.v.s is the sum of the individual expected values.

Theorem 4.2.1 (Linearity of expectation). For any r.v.s X,Y and any constant c,

E(X +Y) = E(X) + E(Y),
E(cX) = cE(X).

The second equation says that we can take out constant factors from an expectation;
this is both intuitively reasonable and easily verified from the definition. The first
equation, E(X +Y) = E(X) + E(Y), also seems reasonable when X and Y are
independent. What may be surprising is that it holds even if X and Y are dependent!
To build intuition for this, consider the extreme case where X always equals Y. Then
X +Y =2X, and both sides of E(X +Y) = E(X) + E(Y) are equal to 2E(X), so
linearity still holds even in the most extreme case of dependence.

Linearity is true for all r.v.s, not just discrete r.v.s, but in this chapter we will prove
it only for discrete r.v.s. Before proving linearity, it is worthwhile to recall some
basic facts about averages. If we have a list of numbers, say (1,1,1,1,1,3,3,5), we
can calculate their mean by adding all the values and dividing by the length of the
list, so that each element of the list gets a weight of %:

1
§(1+1+1+1+1+3—|—3+5):2.

But another way to calculate the mean is to group together all the 1’s, all the 3’s,
and all the 5’s, and then take a weighted average, giving appropriate weights to 1’s,
3’s, and 5’s:

§'1+g~3+1-5:2

8 8 8 ’
This insight—that averages can be calculated in two ways, ungrouped or grouped—
is all that is needed to prove linearity! Recall that X is a function which assigns
a real number to every outcome s in the sample space. The r.v. X may assign
the same value to multiple sample outcomes. When this happens, our definition of
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expectation groups all these outcomes together into a super-pebble whose weight,
P(X = x), is the total weight of the constituent pebbles. This grouping process
is illustrated in Figure 4.3 for a hypothetical r.v. taking values in {0,1,2}. So our
definition of expectation corresponds to the grouped way of taking averages.

@@ O
® O
O L@ ©

©
©
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FIGURE 4.3

Left: X assigns a number to each pebble in the sample space. Right: Grouping the
pebbles by the value that X assigns to them, the 9 pebbles become 3 super-pebbles.
The weight of a super-pebble is the sum of the weights of the constituent pebbles.

The advantage of this definition is that it allows us to work with the distribution of
X directly, without returning to the sample space. The disadvantage comes when we
have to prove theorems like this one, for if we have another r.v. Y on the same sample
space, the super-pebbles created by Y are different from those created from X, with
different weights P(Y = y); this makes it difficult to combine ) 2P(X = z) and

>y yP(Y =y).

Fortunately, we know there’s another equally valid way to calculate an average: we
can take a weighted average of the values of individual pebbles. In other words, if
X (s) is the value that X assigns to pebble s, we can take the weighted average

ZX P({s}),

where P({s}) is the weight of pebble s. This corresponds to the ungrouped way of
taking averages. The advantage of this definition is that it breaks down the sample
space into the smallest possible units, so we are now using the same weights P({s})
for every random variable defined on this sample space. If Y is another random

variable, then
Z Y(s)P({s})-

Now we can combine ) . X (s)P({s}) and > Y (s)P({s}), which gives E(X +Y)
as desired:

E(X)+E(Y)=>_ X(s)P({s}) +ZY P({s}) =) (X+Y)(s)P({s}) = E(X+Y).

S

Another intuition for linearity of expectation is via the concept of simulation. If
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we simulate many, many times from the distribution of X, the histogram of the
simulated values will look very much like the true PMF of X. In particular, the
arithmetic mean of the simulated values will be very close to the true value of E(X)
(the precise nature of this convergence is described by the law of large numbers, an
important theorem that we will discuss in detail in Chapter 10).

Let X and Y be r.v.s summarizing a certain experiment. Suppose we perform the
experiment n times, where n is a very large number, and we write down the values
realized by X and Y each time. For each repetition of the experiment, we obtain
an X value, a Y value, and (by adding them) an X + Y value. In Figure 4.4, each
row represents a repetition of the experiment. The left column contains the draws
of X, the middle column contains the draws of Y, and the right column contains
the draws of X 4+ Y.

X Y X+Y
3 4 7
2 2 4
6 8 14
10 23 33
1 -3 -2
1 0 1
5 9 14
4 1 5
1 n 1 n n
52%‘ + ﬁzyi = *Z(%‘eri)
i=1 i=1 i=1
E(X) + EY) = E(X+Y)

FIGURE 4.4

Intuitive view of linearity of expectation. Each row represents a repetition of the
experiment; the three columns are the realized values of X, Y, and X + Y, respec-
tively. Adding all the numbers in the last column is equivalent to summing the first
column and the second column separately, then adding the two column sums. So
the mean of the last column is the sum of the first and second column means; this
is linearity of expectation.

There are two ways to calculate the sum of all the numbers in the last column. The
straightforward way is just to add all the numbers in that column. But an equally
valid way is to add all the numbers in the first column, add all the numbers in the
second column, and then add the two column sums.

Dividing by n everywhere, what we’ve argued is that the following procedures are
equivalent:
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e Taking the arithmetic mean of all the numbers in the last column. By the law of
large numbers, this is very close to E(X +Y).

e Taking the arithmetic mean of the first column and the arithmetic mean of the
second column, then adding the two column means. By the law of large numbers,
this is very close to E(X) + E(Y).

Linearity of expectation thus emerges as a simple fact about arithmetic (we're just
adding numbers in two different orders)! Notice that nowhere in our argument did
we rely on whether X and Y were independent. In fact, in Figure 4.4, X and Y
appear to be dependent: Y tends to be large when X is large, and Y tends to be
small when X is small (in the language of Chapter 7, we say that X and Y are
positively correlated). But this dependence is irrelevant: shuffling the draws of Y
could completely alter the pattern of dependence between X and Y, but would
have no effect on the column sums.

Linearity is an extremely handy tool for calculating expected values, often allowing
us to bypass the definition of expected value altogether. Let’s use linearity to find
the expectations of the Binomial and Hypergeometric distributions.

Example 4.2.2 (Binomial expectation). For X ~ Bin(n, p), let’s find E(X) in two
ways. By definition of expectation,

- k n—k _ —~ (n—1 k n—k
S )kt =n > (1) )it
k=0 k=0
=1\ o
3 (2 e
k=1
n—1
n—1 o1
=np ( . >p7q 1=
j=0 J
= np.

The sum in the penultimate line equals 1 because it is the sum of the Bin(n — 1, p)
PMF (or by the binomial theorem). Therefore, E(X) = np.

This proof required us to remember combinatorial identities and manipulate bino-
mial coefficients. Using linearity of expectation, we obtain a much shorter path to
the same result. Let’s write X as the sum of n independent Bern(p) r.v.s:

X:I1++ITL7
where each I; has expectation E(I;) = 1p + 0¢ = p. By linearity,
E(X)=E()+---+ E(I,) = np.
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Example 4.2.3 (Hypergeometric expectation). Let X ~ HGeom(w,b,n), inter-
preted as the number of white balls in a sample of size n drawn without replacement
from an urn with w white and b black balls. As in the Binomial case, we can write
X as a sum of Bernoulli random variables,

X:I1++Ina

where I; equals 1 if the jth ball in the sample is white and 0 otherwise. By symmetry,
I; ~ Bin(p) with p = w/(w +b), since unconditionally the jth ball drawn is equally
likely to be any of the balls.

Unlike in the Binomial case, the I; are not independent, since the sampling is
without replacement: given that a ball in the sample is white, there is a lower
chance that another ball in the sample is white. However, linearity still holds for
dependent random variables! Thus,

E(X)=nw/(w+0b).

O

As another example of the power of linearity, we can give a quick proof of the
intuitive idea that “bigger r.v.s have bigger expectations”.

Proposition 4.2.4 (Monotonicity of expectation). Let X and Y be r.v.s such that
X > Y with probability 1. Then E(X) > E(Y'), with equality holding if and only
if X =Y with probability 1.

Proof. This result holds for all r.v.s, but we will prove it only for discrete r.v.s since
this chapter focuses on discrete r.vs. The r.v. Z = X — Y is nonnegative (with
probability 1), so E(Z) > 0 since E(Z) is defined as a sum of nonnegative terms.
By linearity,

EX)-EY)=EX-Y)>0,

as desired. If E(X) = E(Y'), then by linearity we also have E(Z) = 0, which implies
that P(X =Y) = P(Z = 0) = 1 since if even one term in the sum defining E(Z) is
positive, then the whole sum is positive. |

4.3 Geometric and Negative Binomial

We now introduce two more famous discrete distributions, the Geometric and Neg-
ative Binomial, and calculate their expected values.
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Story 4.3.1 (Geometric distribution). Consider a sequence of independent
Bernoulli trials, each with the same success probability p € (0,1), with trials per-
formed until a success occurs. Let X be the number of failures before the first
successful trial. Then X has the Geometric distribution with parameter p; we de-
note this by X ~ Geom(p). O

For example, if we flip a fair coin until it lands Heads for the first time, then the num-
ber of Tails before the first occurrence of Heads is distributed as Geom(1/2).

To get the Geometric PMF from the story, imagine the Bernoulli trials as a string
of 0’s (failures) ending in a single 1 (success). Each 0 has probability ¢ = 1 — p and
the final 1 has probability p, so a string of k failures followed by one success has
probability ¢*p.

Theorem 4.3.2 (Geometric PMF). If X ~ Geom(p), then the PMF of X is
P(X =k)=q"p

for k=0,1,2,..., where g =1 — p.

This is a valid PMF because

o o 1
D dr=p) d"=p =1
k=0 k=0 — 4

Just as the binomial theorem shows that the Binomial PMF is valid, a geometric
series shows that the Geometric PMF is valid!

Figure 4.3 displays the Geom(0.5) PMF and CDF from k& = 0 to k = 6. All Geo-
metric PMF's have a similar shape; the greater the success probability p, the more
quickly the PMF decays to 0.
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FIGURE 4.5

Geom(0.5) PMF and CDF.
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% 4.3.3 (Conventions for the Geometric). There are differing conventions for the
definition of the Geometric distribution; some sources define the Geometric as the
total number of trials, including the success. In this book, the Geometric distribution
excludes the success, and the First Success distribution includes the success.

Definition 4.3.4 (First Success distribution). In a sequence of independent
Bernoulli trials with success probability p, let Y be the number of trials until the
first successful trial, including the success. Then Y has the First Success distribution
with parameter p; we denote this by Y ~ FS(p).

It is easy to convert back and forth between the two but important to be careful
about which convention is being used. By definition, if Y ~ FS(p) then ¥ — 1 ~
Geom(p), and we can convert between the PMFs of Y and Y — 1 by writing P(Y =
k) = P(Y — 1=k —1). Conversely, if X ~ Geom(p), then X +1 ~ FS(p).

Example 4.3.5 (Geometric expectation). Let X ~ Geom(p). By definition,
o0
E(X) = kq"p,
k=0

where ¢ = 1 — p. This sum looks unpleasant; it’s not a geometric series because of
the extra k& multiplying each term. But we notice that each term looks similar to
kqF~1, the derivative of ¢* (with respect to ¢), so let’s start there:

D

e
k=0

=1
1—q
This geometric series converges since 0 < ¢ < 1. Differentiating both sides with

respect to g, we get
= 1
qu_l = .
kzzo (1—q)?

Finally, if we multiply both sides by pq, we recover the original sum we wanted to
find:

oo [e.e]

- 1 q

B(X)=Y ki*p=pq) kq" " =pg— =

pard — (1-q?* p
In Chapter 9, Example 9.1.8, we will give a story proof of the same result, based on
first-step analysis: condition on the result of the first trial in the story interpretation
of X. If the first trial is a success, we know X = 0 and if it’s a failure, we have one
wasted trial and then are back where we started. O

Example 4.3.6 (First Success expectation). Since we can write Y ~ FS(p) as

Y = X + 1 where X ~ Geom(p), we have

1
EY)=BE(X+1)=%4+1="1.
P p
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The Negative Binomial distribution generalizes the Geometric distribution: instead
of waiting for just one success, we can wait for any predetermined number r of
successes.

Story 4.3.7 (Negative Binomial distribution). In a sequence of independent
Bernoulli trials with success probability p, if X is the number of failures before
the rth success, then X is said to have the Negative Binomial distribution with
parameters r and p, denoted X ~ NBin(r, p). O

Both the Binomial and the Negative Binomial distributions are based on indepen-
dent Bernoulli trials; they differ in the stopping rule and in what they are counting:
the Binomial counts the number of successes in a fixed number of trials, while
the Negative Binomial counts the number of failures until a fixed number of suc-
cesses.

In light of these similarities, it comes as no surprise that the derivation of the
Negative Binomial PMF bears a resemblance to the corresponding derivation for
the Binomial.

Theorem 4.3.8 (Negative Binomial PMF). If X ~ NBin(r,p), then the PMF of

X is )
n+r—
P(X =n) = "q"
(X =n) <T_1 >pq

forn=0,1,2..., where g =1 —p.

Proof. Imagine a string of 0’s and 1’s, with 1’s representing successes. The proba-
bility of any specific string of n 0’s and r 1’s is p"¢". How many such strings are
there? Because we stop as soon as we hit the rth success, the string must terminate
in a 1. Among the other n+r — 1 positions, we choose r — 1 places for the remaining
1’s to go. So the overall probability of exactly n failures before the rth success is

—1
P(X =n)= (nj:il >qu”, n=20,1,2,...

Just as a Binomial r.v. can be represented as a sum of i.i.d. Bernoullis, a Negative
Binomial r.v. can be represented as a sum of i.i.d. Geometrics.

Theorem 4.3.9. Let X ~ NBin(r,p), viewed as the number of failures before the
rth success in a sequence of independent Bernoulli trials with success probability p.
Then we can write X = X; + --- + X, where the X; are i.i.d. Geom(p).

Proof. Let X7 be the number of failures until the first success, Xo be the number
of failures between the first success and the second success, and in general, X; be
the number of failures between the (i — 1)st success and the ith success.

Then X; ~ Geom(p) by the story of the Geometric distribution. After the first
success, the number of additional failures until the next success is still Geometric!
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So Xy ~ Geom(p), and similarly for all the X;. Furthermore, the X; are independent
because the trials are all independent of each other. Adding the X;, we get the total
number of failures before the rth success, which is X. |

Using linearity, the expectation of the Negative Binomial now follows without any
additional calculations.

Example 4.3.10 (Negative Binomial expectation). Let X ~ NBin(r,p). By the
previous theorem, we can write X = X +- -+ X, where the X; are i.i.d. Geom(p).
By linearity,

E(X) = E(X))+ -+ E(X,) :7«-%.

O

The next example is a famous problem in probability and an instructive appli-
cation of the Geometric and First Success distributions. It is usually stated as a
problem about collecting coupons, hence its name, but we’ll use toys instead of
coupons.

Example 4.3.11 (Coupon collector). Suppose there are n types of toys, which you
are collecting one by one, with the goal of getting a complete set. When collecting
toys, the toy types are random (as is sometimes the case, for example, with toys
included in cereal boxes or included with kids’ meals from a fast food restaurant).
Assume that each time you collect a toy, it is equally likely to be any of the n types.
What is the expected number of toys needed until you have a complete set?

Solution:

Let N be the number of toys needed; we want to find F(N). Our strategy will be
to break up N into a sum of simpler r.v.s so that we can apply linearity. So write

N =N;+ Ng+ -+ Ny,

where Nj is the number of toys until the first toy type you haven’t seen before
(which is always 1, as the first toy is always a new type), Ny is the additional
number of toys until the second toy type you haven’t seen before, and so forth.
Figure 4.6 illustrates these definitions with n = 3 toy types.

By the story of the F'S distribution, Ny ~ FS((n—1)/n): after collecting the first toy
type, there’s a 1/n chance of getting the same toy you already had (failure) and an
(n — 1)/n chance you'll get something new (success). Similarly, N3, the additional
number of toys until the third new toy type, is distributed FS((n—2)/n). In general,

N;j ~FS((n—j+1)/n).
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Nl N2 N3

FIGURE 4.6

Coupon collector, n = 3. Here Nj is the time (number of toys collected) until the
first new toy type, Ny is the additional time until the second new type, and N3 is the
additional time until the third new type. The total number of toys for a complete
set is N1 + No + Ns.

By linearity,

E(N)=E(N1)+ E(N3) + E(N3) +---+ E(Ny)
et n

For large n, this is very close to n(logn 4+ 0.577).

Before we leave this example, let’s take a moment to connect it to our proof of
Theorem 4.3.9, the representation of the Negative Binomial as a sum of i.i.d. Geo-
metrics. In both problems, we are waiting for a specified number of successes, and
we approach the problem by considering the intervals between successes. There are
two major differences:

e In Theorem 4.3.9, we exclude the successes themselves, so the number of failures
between two successes is Geometric. In the coupon collector problem, we include
the successes because we want to count the total number of toys, so we have First
Success r.v.s instead.

e In Theorem 4.3.9, the probability of success in each trial never changes, so the
total number of failures is a sum of 4.i.d. Geometrics. In the coupon collector
problem, the probability of success decreases after each success, since it becomes
harder and harder to find a new toy type you haven’t seen before; so the N; are
not identically distributed, though they are independent.

O

% 4.3.12 (Expectation of a nonlinear function of an r.v.). Expectation is linear,
but in general we do not have E(g(X)) = g(F(X)) for arbitrary functions g. We
must be careful not to move the E around when g is not linear. The next example
shows a situation in which E(g(X)) is very different from g(E(X)).

Example 4.3.13 (St. Petersburg paradox). Suppose a wealthy stranger offers to
play the following game with you. You will flip a fair coin until it lands Heads for
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the first time, and you will receive $2 if the game lasts for 1 round, $4 if the game
lasts for 2 rounds, $8 if the game lasts for 3 rounds, and in general, $2" if the game
lasts for n rounds. What is the fair value of this game (the expected payoff)? How
much would you be willing to pay to play this game once?

Solution:

Let X be your winnings from playing the game. By definition, X = 2V where N
is the number of rounds that the game lasts. Then X is 2 with probability 1/2, 4
with probability 1/4, 8 with probability 1/8, and so on, so

The expected winnings are infinite! On the other hand, the number of rounds N
that the game lasts is the number of tosses until the first heads, so N ~ FS(1/2)
and F(N) = 2. Thus E(2") = oo while 26(") = 4, Infinity certainly does not equal
4, illustrating the danger of confusing F(g(X)) with g(F (X)) when ¢ is not linear.

This problem is often considered a paradox because although the game’s expected
payoff is infinite, most people would not be willing to pay very much to play the
game (even if they could afford to lose the money). One explanation is to note that
the amount of money in the real world is finite. Suppose that if the game lasts longer
than 40 rounds, the wealthy stranger flees the country and you get nothing. Since
240 ~ 1.1 x 10'2, this still gives you the potential to earn over a trillion dollars, and
anyway it’s incredibly unlikely that the game will last longer than 40 rounds. But
in this setting, your expected value is

40 1 o) 1
E(X) = 27'2"+227'0:40-
n=1 n=41

Is this drastic reduction because the wealthy stranger may flee the country? Let’s
suppose instead that the wealthy stranger caps your winnings at 249, so if the
game lasts more than 40 rounds you will get this amount rather than walking away
empty-handed. Now your expected value is

40 1 0o 1
_ 40 _ _
BX)=Y 5o 2"+ 520 =d0+1=41,
n=1 n=41

an increase of only $1 from the previous scenario. The oo in the St. Petersburg
paradox is driven by an infinite “tail” of extremely rare events where you get ex-
tremely large payoffs. Cutting off this tail at some point, which makes sense in the
real world, dramatically reduces the expected value of the game. ]
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4.4 Indicator r.v.s and the fundamental bridge

This section is devoted to indicator random variables, which we already encountered
in the previous chapter but will treat in much greater detail here. In particular, we
will show that indicator r.v.s are an extremely useful tool for calculating expected
values.

Recall from the previous chapter that the indicator r.v. I4 (or I(A)) for an event A
is defined to be 1 if A occurs and 0 otherwise. So 14 is a Bernoulli random variable,
where success is defined as “A occurs” and failure is defined as “A does not occur”.
Some useful properties of indicator r.v.s are summarized below.

Theorem 4.4.1 (Indicator r.v. properties). Let A and B be events. Then the
following properties hold.

1. (I4)* = I for any positive integer k.

2. Tge =1 —14.

3. Lung = Ialp.

4. Taup =14+ Ip — Ialp.
Proof. Property 1 holds since 0¥ = 0 and 1*¥ = 1 for any positive integer k. Property

2 holds since 1 — I4 is 1 if A does not occur and 0 if A occurs. Property 3 holds
since I4lp is 1 if both I4 and Ip are 1, and 0 otherwise. Property 4 holds since

Iyop=1—Igeppe=1—Igelpe=1—(1—14)(1—Ip) =14+ Ip— I4lp.

Indicator r.v.s provide a link between probability and expectation; we call this fact
the fundamental bridge.

Theorem 4.4.2 (Fundamental bridge between probability and expectation). There
is a one-to-one correspondence between events and indicator r.v.s, and the proba-
bility of an event A is the expected value of its indicator r.v. I4:

P(A) = E(1).

Proof. For any event A, we have an indicator r.v. I4. This is a one-to-one corre-
spondence since A uniquely determines I4 and vice versa (to get from I4 back to
A, we can use the fact that A = {s € S : I4(s) = 1}). Since I4 ~ Bern(p) with
p = P(A), we have E(I4) = P(A). [
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The fundamental bridge connects events to their indicator r.v.s, and allows us to
express any probability as an expectation. As an example, we give a short proof of
inclusion-exclusion and a related inequality known as Boole’s inequality or Bonfer-
roni’s inequality using indicator r.v.s.

Example 4.4.3 (Boole, Bonferroni, and inclusion-exclusion). Let Aj, As, ..., A,
be events. Note that

I(A U~ UA,) < I(A) + -+ 1(A),

since if the left-hand side is 0 this is immediate, and if the left-hand side is 1 then
at least one term on the right-hand side must be 1. Taking the expectation of both
sides and using linearity and the fundamental bridge, we have

P(A1U---UA,) < P(A1) + -+ P(An),

which is called Boole’s inequality or Bonferroni’s inequality. To prove inclusion-
exclusion for n = 2, we can take the expectation of both sides in Property 4 of
Theorem 4.4.1. For general n, we can use properties of indicator r.v.s as follows:

1—I(A U---UA,) = I(ASN--- N AS)
=(1-1(A1))--- (1 = I(An))

=1=3 I(A)+ Y I(ANI(Aj) — -+ (=1)"I(A1) - I(Ay).

i<j

Taking the expectation of both sides, by the fundamental bridge we have inclusion-
exclusion. O

Conversely, the fundamental bridge is also extremely useful in many expected value
problems. We can often express a complicated discrete r.v. whose distribution we
don’t know as a sum of indicator r.v.s, which are extremely simple. The fundamental
bridge lets us find the expectation of the indicators; then, using linearity, we obtain
the expectation of our original r.v. This strategy is extremely useful and versatile—
in fact, we already used it when deriving the expectations of the Binomial and
Hypergeometric distributions earlier in this chapter!

Recognizing problems that are amenable to this strategy and then defining the
indicator r.v.s takes practice, so it is important to study a lot of examples and solve
a lot of problems. In applying the strategy to a random variable that counts the
number of [noun]s, we should have an indicator for each potential [noun]. This [noun]
could be a person, place, or thing; we will see examples of all three types.

We’ll start by revisiting two problems from Chapter 1, de Montmort’s matching
problem and the birthday problem.

Example 4.4.4 (Matching continued). We have a well-shuffled deck of n cards,
labeled 1 through n. A card is a match if the card’s position in the deck matches
the card’s label. Let X be the number of matches; find E(X).
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Solution:

First let’s check whether X could have any of the named distributions we have
studied. The Binomial and Hypergeometric are the only two candidates since the
value of X must be an integer between 0 and n. But neither of these distributions
has the right support because X can’t take on the value n — 1: if n — 1 cards are
matches, then the nth card must be a match as well. So X does not follow a named
distribution we have studied, but we can readily find its mean using indicator r.v.s:
let’s write X =11 + Ix + - -+ + I, where

[ 1 if the jth card in the deck is a match,
771 0 otherwise.

In other words, I; is the indicator for A;, the event that the jth card in the deck is
a match. We can imagine that each I; “raises its hand” to be counted if its card is
a match; adding up the raised hands, we get the total number of matches, X.

By the fundamental bridge,

for all j. So by linearity,

E(X):E(Il)+---+E(In):n-%:1.

The expected number of matched cards is 1, regardless of n. Even though the I; are
dependent in a complicated way that makes the distribution of X neither Binomial
nor Hypergeometric, linearity still holds. O

Example 4.4.5 (Distinct birthdays, birthday matches). In a group of n people, un-
der the usual assumptions about birthdays, what is the expected number of distinct
birthdays among the n people, i.e., the expected number of days on which at least
one of the people was born? What is the expected number of birthday matches, i.e.,
pairs of people with the same birthday?

Solution:
Let X be the number of distinct birthdays, and write X = I + - - - + I3¢5, where

[ 1 if the jth day is represented,
771 0 otherwise.

We create an indicator for each day of the year because X counts the number of

days of the year that are represented. By the fundamental bridge,

4 n
E(I;) = P(jth day is represented) = 1 — P(no one born on day j) =1 — <§25>

for all j. Then by linearity,

E(X) = 365 <1 - (22;1)”) .
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Now let Y be the number of birthday matches. Label the people as 1,2,...,n,
and order the (g) pairs of people in some definite way. Then we can write ¥ =
J+-+ J(n), where J; is the indicator of the ith pair of people having the same

birthday. Wezcreate an indicator for each pair of people since Y counts the number
of pairs of people with the same birthday. The probability of any two people having
the same birthday is 1/365, so again by the fundamental bridge and linearity,

O

In addition to the fundamental bridge and linearity, the last two examples used
a basic form of symmetry to simplify the calculations greatly: within each sum of
indicator r.v.s, each indicator had the same expected value. For example, in the
matching problem the probability of the jth card being a match does not depend
on j, so we can just take n times the expected value of the first indicator r.v.

Other forms of symmetry can also be extremely helpful when available. The next
two examples showcase a form of symmetry that stems from having equally likely
permutations. Note how symmetry, linearity, and the fundamental bridge are used
in tandem to make seemingly very hard problems manageable.

Example 4.4.6 (Putnam problem). A permutation aj,as,...,a, of 1,2,...,n has
a local mazimum at j if a;j > aj—1 and a; > aj4q (for 2 < j < n-—1; for j = 1,
a local maximum at j means a; > ag while for j = n, it means a, > a,_1). For
example, 4,2,5,3,6,1 has 3 local maxima, at positions 1, 3, and 5. The Putnam
exam (a famous, hard math competition, on which the median score is often a 0)
from 2006 posed the following question: for n > 2, what is the average number
of local maxima of a random permutation of 1,2,...,n, with all n! permutations
equally likely?

Solution:

This problem can be solved quickly using indicator r.v.s, symmetry, and the fun-
damental bridge. Let I,..., I, be indicator r.v.s, where I; is 1 if there is a local
maximum at position j, and 0 otherwise. We are interested in the expected value of
Z?Zl I;. For 1 < j <n, EI; = 1/3 since having a local maximum at j is equivalent
to a; being the largest of a;_1,a;,aj4+1, which has probability 1/3 since all orders
are equally likely. For j = 1 or j = n, we have EI; = 1/2 since then there is only
one neighbor. Thus, by linearity,

n
1 1 n+1
E(> L =25+ (n-2) 3 ="—5—
j=1

g

The next example introduces the Negative Hypergeometric distribution, which com-
pletes the following table. The table shows the distributions for four sampling
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schemes: the sampling can be done with or without replacement, and the stopping
rule can require a fixed number of draws or a fixed number of successes.

With replacement Without replacement

Fixed number of trials Binomial Hypergeometric
Fixed number of successes Negative Binomial Negative Hypergeometric

Example 4.4.7 (Negative Hypergeometric). An urn contains w white balls and b
black balls, which are randomly drawn one by one without replacement. The number
of black balls drawn before drawing any white balls has a Negative Hypergeometric
distribution. For example, if we shuffle a deck of cards and deal them one at a time,
the number of cards dealt before uncovering the first ace is Negative Hypergeometric
with w = 4,b = 48. Finding the expected value of a Negative Hypergeometric
r.v. directly from the definition results in very complicated sums of products. But
the answer is very simple-looking: b/(w + 1).

Let us prove this using indicator r.v.s. Label the black balls as 1,2,...,b, and let
I; be the indicator of black ball j being drawn before any white balls have been
drawn. Then P(I; = 1) = 1/(w + 1) since, listing out the order in which black ball
j and the white balls are drawn (ignoring the other balls), all orders are equally
likely by symmetry, and I; = 1 is equivalent to black ball j being first in this list.
So by linearity,

b

b
E(> 5| =) E)=0b/(w+1).
j=1 j=1

Sanity check: This answer makes sense since it is increasing in b, decreasing in w,
and correct in the extreme cases b = 0 (when no black balls will be drawn) and
w = 0 (when all the black balls will be exhausted before drawing a nonexistent
white ball). O

Closely related to indicator r.v.s is an alternative expression for the expectation of
a nonnegative integer-valued r.v. X. Rather than summing up values of X times
values of the PMF of X, we can sum up probabilities of the form P(X > n) (known
as tail probabilities), over nonnegative integers n.

Theorem 4.4.8 (Expectation via survival function). Let X be a nonnegative
integer-valued r.v. Let F' be the CDF of X, and G(x) =1— F(x) = P(X > x). The
function G is called the survival function of X. Then

E(X)=> G(n).
n=0

That is, we can obtain the expectation of X by summing up the survival function
(or, stated otherwise, summing up tail probabilities of the distribution).
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Proof. For simplicity, we will prove the result only for the case that X is bounded,
i.e., there is a nonnegative integer b such that X is always at most b. We can represent
X as a sum of indicator r.v.s: X = I + Iy + --- + I, where I, = I(X > n). For
example, if X = 7 occurs, then I; through I7 equal 1 while the other indicators
equal 0.

By linearity and the fundamental bridge, and the fact that {X > k} is the same
event as {X >k — 1},

b b [e'¢)
E(X)=> E(Ly)=)» P(X>k) = ZPX>n > G(n)
k=1 k=1 n=0

|
As a quick example, we use the above result to give another derivation of the mean

of a Geometric r.v.

Example 4.4.9 (Geometric expectation redux). Let X ~ Geom(p), and ¢ = 1 —p.
Using the Geometric story, {X > n} is the event that the first n + 1 trials are all
failures. So by Theorem 4.4.8,

:ZP(X>n):Zq"+1:7:i
n=0 n=0 l=q¢ p

confirming what we already knew about the mean of a Geometric. g

4.5 Law of the unconscious statistician (LOTUS)

As we saw in the St. Petersburg paradox, F(g(X)) does not equal g(E(X)) in
general if ¢ is not linear. So how do we correctly calculate E(g(X))? Since g(X) is
an r.v., one way is to first find the distribution of g(X) and then use the definition
of expectation. Perhaps surprisingly, it turns out that it is possible to find E(g(X))
directly using the distribution of X, without first having to find the distribution of
g(X). This is done using the law of the unconscious statistician (LOTUS).

Theorem 4.5.1 (LOTUS). If X is a discrete r.v. and ¢ is a function from R to R,
then
=) 9(@)P(X =),
x

where the sum is taken over all possible values of X.

This means that we can get the expected value of g(X) knowing only P(X = ),
the PMF of X; we don’t need to know the PMF of ¢g(X). The name comes from
the fact that in going from F(X) to E(g(X)) it is tempting just to change x to
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g(z) in the definition, which can be done very easily and mechanically, perhaps in
a state of unconsciousness. On second thought, it may sound too good to be true
that finding the distribution of g(X) is not needed for this calculation, but LOTUS
says it is true.

Before proving LOTUS in general, let’s see why it is true in some special cases. Let X
have support 0, 1,2, ... with probabilities pg, p1,p2, ..., so the PMF is P(X =n) =
pn. Then X3 has support 03,13, 23, ... with probabilities pg, p1,p2, ..., so

[e9)
= § NPn,
n=0
9]
§ : 3
n=0

As claimed by LOTUS, to edit the expression for £(X) into an expression for F(X?3),
we can just change the n in front of the p, to an n3; the p, is unchanged, and we
can still use the PMF of X. This was an easy example since the function g(z) = 23
is one-to-one. But LOTUS holds much more generally. The key insight needed for
the proof of LOTUS for general g is the same as the one we used for the proof of
linearity: the expectation of g(X ) can be written in ungrouped form as

Zg P({s}),

where the sum is over all the pebbles in the sample space, but we can also group the
pebbles into super-pebbles according to the value that X assigns to them. Within
the super-pebble X = z, g(X ) always takes on the value g(z). Therefore,

Zg P({s})
= Z > 9 P({s})

T s:X(s)=z

=> g(2) >, P{sh

s: X (s)=zx
= Zg(m)P(X =x).

In the last step, we used the fact that >~ v(,)—, P({s}) is the weight of the super-
pebble X = x.

4.6 Variance

One important application of LOTUS is for finding the variance of a random vari-
able. Like expected value, variance is a single-number summary of the distribution
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of a random variable. While the expected value tells us the center of mass of a
distribution, the variance tells us how spread out the distribution is.

Definition 4.6.1 (Variance and standard deviation). The variance of an r.v. X is
Var(X) = BE(X — EX)2
The square root of the variance is called the standard deviation (SD):

SD(X) = /Var(X).

Recall that when we write E(X — EX)?, we mean the expectation of the random
variable (X — EX)?, not (E(X — EX))? (which is 0 by linearity).

The variance of X measures how far X is from its mean on average, but instead
of simply taking the average difference between X and its mean F X, we take the
average squared difference. To see why, note that the average deviation from the
mean, E(X — EX), always equals 0 by linearity; positive and negative deviations
cancel each other out. By squaring the deviations, we ensure that both positive and
negative deviations contribute to the overall variability. However, because variance
is an average squared distance, it has the wrong units: if X is in dollars, Var(X) is
in squared dollars. To get back to our original units, we take the square root; this
gives us the standard deviation.

One might wonder why variance isn’t defined as E|X — EX|, which would achieve
the goal of counting both positive and negative deviations while maintaining the
same units as X. This measure of variability isn’t nearly as popular as E(X — EX)?,
for a variety of reasons. The absolute value function isn’t differentiable at 0, so it
doesn’t have as nice properties as the squaring function. Squared distances are
also connected to geometry via the distance formula and the Pythagorean theorem,
which turn out to have corresponding statistical interpretations.

An equivalent expression for variance is Var(X) = E(X?) — (EX)2. This formula is
often easier to work with when doing actual calculations. Since this is the variance
formula we will use over and over again, we state it as its own theorem.

Theorem 4.6.2. For any r.v. X,
Var(X) = B(X?) — (EX)2
Proof. Let p = EX. Expand (X — p)? and use linearity:
Var(X) = B(X — p)? = B(X? —2uX + p?) = BE(X?) - 2uEX + i = BE(X?) — 1%
|

Variance has the following properties. The first two are easily verified from the
definition, the third will be addressed in a later chapter, and the last one is proven
just after stating it.
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e Var(X + ¢) = Var(X) for any constant c. Intuitively, if we shift a distribution to
the left or right, that should affect the center of mass of the distribution but not
its spread.

e Var(cX) = c¢*Var(X) for any constant c.

e If X and Y are independent, then Var(X 4+ Y) = Var(X) + Var(Y). We prove
this and discuss it more in Chapter 7. This is not true in general if X and Y are
dependent. For example, in the extreme case where X always equals Y, we have

Var(X +Y) = Var(2X) = 4Var(X) > 2Var(X) = Var(X) + Var(Y)
if Var(X) > 0 (which will be true unless X is a constant, as the next property
shows).

e Var(X) > 0, with equality if and only if P(X = a) = 1 for some constant a.
In other words, the only random variables that have zero variance are constants
(which can be thought of as degenerate r.v.s); all other r.v.s have positive variance.

To prove the last property, note that Var(X) is the expectation of the nonnegative
r.v. (X — EX)?, so Var(X) > 0. If P(X = a) = 1 for some constant a, then
E(X) =a and E(X?) = a?, so Var(X) = 0. Conversely, suppose that Var(X) = 0.
Then E(X — EX)? = 0, which shows that (X — EX)? = 0 has probability 1, which
in turn shows that X equals its mean with probability 1.

% 4.6.3 (Variance is not linear). Unlike expectation, variance is not linear. The
constant comes out squared in Var(cX) = ¢2Var(X), and the variance of the sum
of r.v.s may or may not be the sum of their variances.

Example 4.6.4 (Geometric and Negative Binomial variance). In this example we’ll
use LOTUS to compute the variance of the Geometric distribution.

Let X ~ Geom(p). We already know E(X) = ¢/p. By LOTUS,
E(X?) = Z EP(X =k) = Z k2pgt = Z k2pq.
k=0 k=0 k=1

We’ll find this using a similar tactic to how we found the expectation, starting from

the geometric series
oo
"
Z T = 1—¢q
k=0

and taking derivatives. After differentiating once with respect to ¢, we have

oo

_ 1
2=

k=1

We start the sum from k& = 1 since the k = 0 term is 0 anyway. If we differentiate
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again, we’ll get k(k — 1) instead of k? as we want, so let’s replenish our supply of
q’s by multiplying both sides by g. This gives

> q
> kgt = ——.
— (1—q)

Now we are ready to take another derivative:

o0

3 kgt = l+gq
— (1-¢q)?
SO
- l+q _q(l+q)
E(X?*) = kpd" =pq = :
) kzl (1-q)? p?
Finally,

> o _al+q) (a)_ q
Var(X) = E(X*) = (EX) = —5—~— (=] = 5.
p p p
This is also the variance of the First Success distribution, since shifting by a constant
does not affect the variance.

Since an NBin(r,p) r.v. can be represented as a sum of r i.i.d. Geom(p) r.v.s by
Theorem 4.3.9, and since variance is additive for independent random variables, it

follows that the variance of the NBin(r, p) distribution is r - 1%. O

LOTUS is an all-purpose tool for computing E(g(X)) for any g, but as it usually
leads to complicated sums, it should be used as a last resort. For variance calcu-
lations, our trusty indicator r.v.s can sometimes be used in place of LOTUS, as in
the next example.

Example 4.6.5 (Binomial variance). Let’s find the variance of X ~ Bin(n, p) using
indicator r.v.s to avoid tedious sums. Represent X = Iy + Io + --- + I,,, where I is
the indicator of the jth trial being a success. Each I; has variance

Var(Ij) = E(I7) — (E(I;))* = p — p* = p(1 = p).
(Recall that I7 = I;, so E(I7) = E(I;) = p.)

Since the I; are independent, we can add their variances to get the variance of their
sum:

Var(X) = Var(ly) + - -- + Var(l,) = np(1 — p).

Alternatively, we can find F(X?) by first finding E ()2() The latter sounds more
complicated, but actually it is simpler since ()2( ) is the number of pairs of successful
trials. Creating an indicator r.v. for each pair of trials, we have

2(5) = (5)7
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Thus,
n(n - 1p? = B(X(X - 1)) = B(X?) - E(X) = E(X?) — np,

which again gives
Var(X) = BE(X?) — (EX)? = (n(n — 1)p* + np) — (np)* = np(1 - p).

FExercise 44 uses this strategy to find the variance of the Hypergeometric. O

4.7 Poisson

The last discrete distribution that we’ll introduce in this chapter is the Poisson,
which is an extremely popular distribution for modeling discrete data. We’ll intro-
duce its PMF, mean, and variance, and then discuss its story in more detail.

Definition 4.7.1 (Poisson distribution). An r.v. X has the Poisson distribution
with parameter X if the PMF of X is
e AN

P(X=k)=—— k=012

We write this as X ~ Pois(\).
This is a valid PMF because of the Taylor series > ;- ?\T}: = e

Example 4.7.2 (Poisson expectation and variance). Let X ~ Pois()\). We will
show that the mean and variance are both equal to A. For the mean, we have

e, AR
E(X)=e™)" ko
k=0
-\
k=1
> )\k‘—l
A
= )e ; = 1)1
=X et =\

First we dropped the k = 0 term because it was 0. Then we took a A out of the sum
so that what was left inside was just the Taylor series for e*.

To get the variance, we first find E(X?). By LOTUS,

2\ 2 _ _=A 2
E(X)_kZOkP(X_k)_e ;)kk'
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From here, the derivation is very similar to that of the variance of the Geometric.
Differentiate the familiar series

k!
k=0

with respect to A and replenish (start the sum at k£ = 1 since the & = 0 term would
be 0):

o )\kfl N
Zk B¢
k=1

A\F \
Zkﬁ = et
k=1

Rinse and repeat:

o0 A1
ZkQT =M+ At =M1+ ),
k=1 ’
2N
>k T = M),
k=1 ’
Finally,
e o AF _
B(X?) =) k:?ﬁ =e M1+ N) = A1+ N),
k=0
SO
Var(X) = E(X?) — (EX)2 = A1+ )\ = X2 =\
Thus, the mean and variance of a Pois(\) r.v. are both equal to \. u

Figure 4.7 shows the PMF and CDF of the Pois(2) and Pois(5) distributions from
k = 0 to k = 10. It appears that the mean of the Pois(2) is around 2 and the
mean of the Pois(5) is around 5, consistent with our findings above. The PMF of
the Pois(2) is highly skewed, but as A grows larger, the skewness is reduced and the
PMF becomes more bell-shaped.

The Poisson distribution is often used in situations where we are counting the
number of successes in a particular region or interval of time, and there are a large
number of trials, each with a small probability of success. For example, the following
random variables could follow a distribution that is approximately Poisson.

e The number of emails you receive in an hour. There are a lot of people who could
potentially email you in that hour, but it is unlikely that any specific person will
actually email you in that hour. Alternatively, imagine subdividing the hour into
milliseconds. There are 3.6 x 10% seconds in an hour, but in any specific millisecond
it is unlikely that you will get an email.
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FIGURE 4.7
Top: Pois(2) PMF and CDF. Bottom: Pois(5) PMF and CDF.
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e The number of chips in a chocolate chip cookie. Imagine subdividing the cookie
into small cubes; the probability of getting a chocolate chip in a single cube is
small, but the number of cubes is large.

e The number of earthquakes in a year in some region of the world. At any given
time and location, the probability of an earthquake is small, but there are a large
number of possible times and locations for earthquakes to occur over the course
of the year.

The parameter \ is interpreted as the rate of occurrence of these rare events; in
the examples above, A could be 20 (emails per hour), 10 (chips per cookie), and 2
(earthquakes per year). The Poisson paradigm says that in applications similar to
the ones above, we can approximate the distribution of the number of events that
occur by a Poisson distribution.

Approximation 4.7.3 (Poisson paradigm). Let Ay, A, ..., A, be events with p; =
P(Aj), where n is large, the p; are small, and the A; are independent or weakly
dependent. Let

X =>"I(4))
j=1

count how many of the A; occur. Then X is approximately Pois(\), with A =
2 j—1Pj-

Proving that the above approximation is good is difficult, and would require first
giving precise definitions of weak dependence (there are various ways to measure
dependence of r.v.s) and of good approximations (there are various ways to measure
how good an approximation is). A remarkable theorem is that, in the above notation,
if the A; are independent, N ~ Pois(\), and B is any set of nonnegative integers,
then

1\ v
|P(X € B) — P(N € B)| < min <1, A) >
j=1

This provides an upper bound on how much error is incurred from using a Poisson
approximation, not only for approximating the PMF of X, but also for approximat-
ing the probability that X is any set. Also, it makes more precise how small the p;
should be: we want Z?Zl pJQ- to be very small, or at least very small compared to
A. The result can be shown using an advanced technique known as the Stein-Chein
method.

The Poisson paradigm is also called the law of rare events. The interpretation of
“rare” is that the p; are small, not that A is small. For example, in the email example,
the low probability of getting an email from a specific person in a particular hour is
offset by the large number of people who could send you an email in that hour.

In the examples we gave above, the number of events that occur isn’t ezactly Pois-
son because a Poisson random variable has no upper bound, whereas how many of
Ajq, ..., A, occur is at most n, and there is a limit to how many chocolate chips
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can be crammed into a cookie. But the Poisson distribution often gives good ap-
proximations. Note that the conditions for the Poisson paradigm to hold are fairly
flexible: the n trials can have different success probabilities, and the trials don’t
have to be independent, though they should not be very dependent. So there are a
wide variety of situations that can be cast in terms of the Poisson paradigm. This
makes the Poisson a popular model, or at least a starting point, for data whose
values are nonnegative integers (called count data in statistics).

The Poisson approximation greatly simplifies obtaining a good approximate solution
to the birthday problem discussed in Chapter 1, and makes it possible to obtain
good approximations to various variations which would be very difficult to solve
exactly.

Example 4.7.4 (Birthday problem continued). If we have m people and make
the usual assumptions about birthdays, then each pair of people has probability
p = 1/365 of having the same birthday, and there are (7;) pairs. By the Poisson
paradigm the distribution of the number X of birthday matches is approximately
Pois()), where A = (') st=. Then the probability of at least one match is

PX>1)=1-P(X=0)~1-e"

For m = 23, A = 253/365 and 1—e~ & 0.500002, which agrees with our finding from
Chapter 1 that we need 23 people to have a 50-50 chance of a matching birthday.

Note that even though m = 23 is fairly small, the relevant quantity in this problem
is actually (7;), which is the total number of “trials” for a successful birthday match,
so the Poisson approximation still performs well. ]

Example 4.7.5 (Near-birthday problem). What if we want to find the number of
people required in order to have a 50-50 chance that two people would have birthdays
within one day of each other (i.e., on the same day or one day apart)? Unlike the
original birthday problem, this is difficult to obtain an exact answer for, but the
Poisson paradigm still applies. The probability that any two people have birthdays
within one day of each other is 3/365 (choose a birthday for the first person, and
then the second person needs to be born on that day, the day before, or the day
after). Again there are (g”) possible pairs, so the number of within-one-day matches

is approximately Pois(\) where \ = (7;) %. Then a calculation similar to the one

above tells us that we need m = 14 or more. This was a quick approximation, but
it turns out that m = 14 is the exact answer! O
|

4.8 Connections between Poisson and Binomial

The Poisson and Binomial distributions are closely connected, and their relationship
is exactly parallel to the relationship between the Binomial and Hypergeometric
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distributions that we examined in the previous chapter: we can get from the Poisson
to the Binomial by conditioning, and we can get from the Binomial to the Poisson
by taking a limit.

Our results will rely on the fact that the sum of independent Poissons is Poisson,
just as the sum of independent Binomials is Binomial. We’ll prove this result using
the law of total probability for now; in Chapter 6 we’ll learn a faster method that
uses a tool called the moment generating function. Chapter 13 gives further insight
into these results.

Theorem 4.8.1 (Sum of independent Poissons). If X ~ Pois(A1), Y ~ Pois(A2),
and X is independent of Y, then X + Y ~ Pois(A; + A2).

Proof. To get the PMF of X+Y, condition on X and use the law of total probability:

P(X+Y =k =Y P(X+Y =k|X =j)P(X =)

M-

<
I
<)

PY =k —j)P(X =)

I

<
I
=)

GRS

I

<
I
<)

e~ M) SR Lk
- Z(j>A1A2
=0
el () + )t
k! ’

—

The last step used the binomial theorem. Since we’ve arrived at the Pois(A; + A2)
PMF, we have X +Y ~ Pois(\; + A2).

The story of the Poisson distribution provides intuition for this result. If there are
two different types of events occurring at rates A1 and A, independently, then the
overall event rate is A1 + Ag. |

Theorem 4.8.2 (Poisson given a sum of Poissons). If X ~ Pois(A1), Y ~ Pois(A2),
and X is independent of Y, then the conditional distribution of X given X +Y =n
is Bin (1, A\1/(A1 + A2)).

Proof. Exactly as in the corresponding proof for the Binomial and Hypergeometric,
we use Bayes’ rule to compute the conditional PMF P(X = k| X +Y =n):

P(X+Y =n|X =k)P(X =k)
P(X+Y =n)

_ P(Y=n-k)P(X =k)

N P(X+Y =n) '

P(X =KX +Y =n)=
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Now we plug in the PMFs of X, Y, and X + Y; the last of these is distributed
Pois(A; + A2) by the previous theorem. This gives

e M An Tk e MK
(n—k)! k!
e~ (MtA2) (A 4 \p)"
n!

_ (”) Mg *
o k ()\1 + )\2)"

-G G
\k AL+ Ao AL+ Ao ’

which is the Bin(n, A\1/(A1 + A2)) PMF, as desired. [ |

P(X =klX +Y =n)

Conversely, if we take the limit of the Bin(n,p) distribution as n — oo and p — 0
with np fixed, we arrive at a Poisson distribution. This provides the basis for the
Poisson approximation to the Binomial distribution.

Theorem 4.8.3 (Poisson approximation to Binomial). If X ~ Bin(n,p) and we let
n — oo and p — 0 such that A = np remains fixed, then the PMF of X converges to
the Pois(A) PMF. More generally, the same conclusion holds if n — oo and p — 0
in such a way that np converges to a constant A.

This is a special case of the Poisson paradigm, where the A; are independent with the
same probabilities, so that » 7, I(A;) has a Binomial distribution. In this special

case, we can prove that the Poisson approximation makes sense just by taking a
limit of the Binomial PMF.

Proof. We will prove this for the case that A = np is fixed while n — oo and p — 0,
by showing that the Bin(n,p) PMF converges to the Pois(A\) PMF. For 0 < k < n,

n

PCX‘—k)—-<k>pkU-—ka

:nUV—DHQn—k+4)<2>k<1_2>n<1_2>%
:)::n(n—l)..ﬁlgn—k—i—l) (1_A>” <1_>\>k‘

Letting n — oo with k fixed,

nn—1)...(n—k+1)
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n
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where the e comes from the compound interest formula from the math appendix.
So
e Mk
k'
which is the Pois(\) PMF. [

P(X =k)—

This theorem implies that if n is large, p is small, and np is moderate, we can
approximate the Bin(n, p) PMF by the Pois(np) PMF. The main thing that matters
here is that p should be small; in fact, the result mentioned after the statement of
the Poisson paradigm says in this case that the error in approximating P(X € B) ~
P(N € B) for X ~ Bin(n,p), N ~ Pois(np) is at most min(p, np?).

Example 4.8.4 (Visitors to a website). The owner of a certain website is studying
the distribution of the number of visitors to the site. Every day, a million people
independently decide whether to visit the site, with probability p = 2 x 1076 of
visiting. Give a good approximation for the probability of getting at least three
visitors on a particular day.

Solution:

Let X ~ Bin(n,p) be the number of visitors, where n = 10°. It is easy to run
into computational difficulties or numerical errors in exact calculations with this
distribution since n is so large and p is so small. But since n is large, p is small, and
np = 2 is moderate, Pois(2) is a good approximation. This gives
22
P(X23):1—P(X<3)%1—e*2—e*2-2—e*2~§:1—5672%0.3233,

which turns out to be extremely accurate. 0

4.9 *Using probability and expectation to prove existence

An amazing and beautiful fact is that we can use probability and expectation to
prove the existence of objects with properties we care about. This technique is called
the probabilistic method, and it is based on two simple but surprisingly powerful
ideas. Suppose I want to show that there exists an object in a collection with a
certain property. This desire seems at first to have nothing to do with probability;
I could simply examine each object in the collection one by one until finding an
object with the desired property.

The probabilistic method rejects such painstaking inspection in favor of random
selection: our strategy is to pick an object at random from the collection and show
that there is a positive probability of the random object having the desired property.
Note that we are not required to compute the exact probability, but merely to show
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it is greater than 0. If we can show that the probability of the property holding is
positive, then we know that there must exist an object with the property—even if
we don’t know how to explicitly construct such an object.

Similarly, suppose each object has a score, and I want to show that there exists an
object with a “good” score—that is, a score exceeding a particular threshold. Again,
we proceed by choosing a random object and considering its score, X. We know there
is an object in the collection whose score is at least E(X)—it’s impossible for every
object to be below average! If F(X) is already a good score, then there must also be
an object in the collection with a good score. Thus we can show the existence of an
object with a good score by showing that the average score is already good.

Let’s state the two key ideas formally.

e The possibility principle: Let A be the event that a randomly chosen object in a
collection has a certain property. If P(A) > 0, then there exists an object with
the property.

e The good score principle: Let X be the score of a randomly chosen object. If
E(X) > ¢, then there is an object with a score of at least c.

To see why the possibility principle is true, consider its contrapositive: if there is no
object with the desired property, then the probability of a randomly chosen object
having the property is 0. Similarly, the contrapositive of the good score principle is
“if all objects have a score below ¢, then the average score is below ¢”, which is true
since a weighted average of numbers less than ¢ is a number less than c.

The probabilistic method doesn’t tell us how to find an object with the desired
property; it only assures us that one exists.

Example 4.9.1. A group of 100 people are assigned to 15 committees of size 20,
such that each person serves on 3 committees. Show that there exist 2 committees
that have at least 3 people in common.

Solution:

A direct approach is inadvisable here: one would have to list all possible committee
assignments and compute, for each one, the number of people in common in every
pair of committees. The probabilistic method lets us bypass brute-force calculations.
To prove the existence of two committees with an overlap of at least three people,
we’ll calculate the average overlap of two randomly chosen committees in an arbi-
trary committee assignment. So choose two committees at random, and let X be
the number of people on both committees. We can represent X = I + I+ - -+ I1g0,
where I; = 1 if the jth person is on both committees and 0 otherwise. By symmetry,
all of the indicators have the same expected value, so E(X) = 100E(I;), and we
just need to find E(I).

By the fundamental bridge, E(I;) is the probability that person 1 (whom we’ll
name Bob) is on both committees (which we’ll call A and B). There are a variety
of ways to calculate this probability; one way is to think of Bob’s committees as
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3 tagged elk in a population of 15. Then A and B are a sample of 2 elk, made
without replacement. Using the HGeom(3,12,2) PMF, the probability that both
of these elk are tagged (i.e., the probability that both committees contain Bob) is
(‘;) (102)/(125) = 1/35. Therefore,

E(X) = 100/35 = 20/7,

which is just shy of the desired “good score” of 3. But hope is not lost! The good
score principle says there exist two committees with an overlap of at least 20/7, but
since the overlap between two committees must be an integer, an overlap of at least
20/7 implies an overlap of at least 3. Thus, there exist two committees with at least
3 people in common. O

4.9.1 *Communicating over a noisy channel

Another major application of the probabilistic method is in information theory, the
subject which studies (among other things) how to achieve reliable communication
across a noisy channel. Consider the problem of trying to send a message when there
is noise. This problem is encountered by millions of people every day, such as when
talking on the phone (you may be misheard). Suppose that the message you want
to send is represented as a binary vector z € {0, 1}”“7 and that you want to use a
code to improve the chance that your message will get through successfully.

Definition 4.9.2 (Codes and rates). Given positive integers k and n, a code is a
function ¢ that assigns to each input message x € {0, 1}* a codeword c(z) € {0,1}".
The rate of this code is k/n (the number of input bits per output bit). After ¢(z)
is sent, a decoder takes the received message, which may be a corrupted version of
¢(x), and attempts to recover the correct x.

For example, an obvious code would be to repeat yourself a bunch of times, sending
2 a bunch of times in a row, say m (with m odd); this is called a repetition code. The
receiver could then decode by going with the majority, e.g., decoding the first bit of
x as a 1 if that bit was received more times as a 1 than as a 0. But this code may be
very inefficient; to get the probability of failure very small, you may need to repeat
yourself many times, resulting in a very low rate 1/m of communication.

Claude Shannon, the founder of information theory, showed something amazing:
even in a very noisy channel, there is a code allowing for very reliable communication
at a rate that does not go to 0 as we require the probability of failure to be lower and
lower. His proof was even more amazing: he studied the performance of a completely
random code. Richard Hamming, who worked with Shannon at Bell Labs, described
Shannon’s approach as follows.

Courage is another attribute of those who do great things. Shannon is a good
example. For some time he would come to work at about 10:00 am, play chess
until about 2:00 pm and go home.

The important point is how he played chess. When attacked he seldom, if
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ever, defended his position, rather he attacked back. Such a method of playing
soon produces a very interrelated board. He would then pause a bit, think and
advance his queen saying, “I ain’t ascaird of nothin’.” It took me a while to
realize that of course that is why he was able to prove the existence of good
coding methods. Who but Shannon would think to average over all random
codes and expect to find that the average was close to ideal? I learned from
him to say the same to myself when stuck, and on some occasions his approach
enabled me to get significant results. [16]

We will prove a version of Shannon’s result, for the case of a channel where each
transmitted bit gets flipped (from 0 to 1 or from 1 to 0) with probability p, inde-
pendently. First we need two definitions. A natural measure of distance between
binary vectors, named after Hamming, is as follows.

Definition 4.9.3 (Hamming distance). For two binary vectors v and w of the same
length, the Hamming distance d(v,w) is the number of positions in which they differ.
We can write this as

d(v,w) = Z |vi — w;).

The following function arises very frequently in information theory.

Definition 4.9.4 (Binary entropy function). For 0 < p < 1, the binary entropy
function H is given by

H(p) = —plogzp — (1 — p)logs(1 — p).
We also define H(0) = H(1) = 0.

The interpretation of H(p) in information theory is that it is a measure of how
much information we get from observing a Bern(p) r.v.; H(1/2) = 1 says that a fair
coin flip provides 1 bit of information, while H(1) = 0 says that with a coin that
always lands Heads, there’s no information gained from being told the result of the
flip, since we already know the result.

Now consider a channel where each transmitted bit gets flipped with probability
p, independently. Intuitively, it may seem that smaller p is always better, but note
that p = 1/2 is actually the worst-case scenario. In that case, technically known as
a useless channel, it is impossible to send information over the channel: the output
will be independent of the input! Analogously, in deciding whether to watch a movie,
would you rather hear a review from someone you always disagree with or someone
you agree with half the time? We now prove that for 0 < p < 1/2, it is possible to
communicate very reliably with rate very close to 1 — H(p).

Theorem 4.9.5 (Shannon). Consider a channel where each transmitted bit gets
flipped with probability p, independently. Let 0 < p < 1/2 and € > 0. There exists
a code with rate at least 1 — H(p) — € that can be decoded with probability of error
less than e.
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Proof. We can assume that 1 — H(p) — € > 0, since otherwise there is no constraint
on the rate. Let n be a large positive integer (chosen according to conditions given
below), and

k=[n(1—H(p)—e]+1.

The ceiling function is there since k£ must be an integer. Choose p’ € (p,1/2) such
that |H(p') — H(p)| < €/2 (this can be done since H is continuous). We will now
study the performance of a random code C. To generate a random code C', we need
to generate a random encoded message C(z) for all possible input messages .

For each z € {0,1}*, choose C(z) to be a uniformly random vector in {0,1}"
(making these choices independently). So we can think of C'(z) as a vector consisting
of n i.i.d. Bern(1/2) r.v.s. The rate k/n exceeds 1 — H(p) — € by definition, but let’s
see how well we can decode the received message!

Let 2 € {0, 1}* be the input message, C(x) be the encoded message, and Y € {0,1}"
be the received message. For now, treat = as deterministic. But C'(x) is random since
the codewords are chosen randomly, and Y is random since C(x) is random and due
to the random noise in the channel. Intuitively, we hope that C(z) will be close to
Y (in Hamming distance) and C'(z) will be far from Y for all z # x, in which case it
will be clear how to decode Y and the decoding will succeed. To make this precise,
decode Y as follows:

If there exists a unique z € {0,1}* such that d(C(z),Y) < np', decode Y to that z;
otherwise, declare decoder failure.

We will show that for n large enough, the probability of the decoder failing to
recover the correct x is less than e. There are two things that could go wrong:

(a) d(C(x),Y) > np', or

(b) There could be some impostor z # x with d(C(z),Y) < np'.
Note that d(C(x),Y) is an r.v., so d(C(z),Y) > np’ is an event. To handle (a),

represent
d(C(x),Y)= By + -+ B, ~ Bin(n,p),

where B; is the indicator of the ith bit being flipped. The law of large numbers (see
Chapter 10) says that as n grows, the r.v. d(C(z),Y)/n will get very close to p (its
expected value), and so will be very unlikely to exceed p':

B1+"'+Bn
n

P(d(C(z),Y) >np) :P< >p'> — 0 as n — 0.

So by choosing n large enough, we can make

P(d(C(x),Y) > np') < e/4.

To handle (b), note that d(C(z),Y) ~ Bin(n,1/2) for z # z, since the n bits in
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C(z) are i.i.d. Bern(1/2), independent of Y (to show this in more detail, condition
on Y using LOTP). Let B ~ Bin(n,1/2). By Boole’s inequality,

P(d(C(2),Y) < np/ for some z # x) < (2F — 1)P(B < np).

To simplify notation, suppose that np’ is an integer. A crude way to upper bound a
sum of m terms is to use m times the largest term, and a crude way to upper bound
a binomial coefficient (?) is to use 77 (1 — r)~("=9) for any r € (0,1). Combining
these two crudities,

12 /n np +1/ n N
P(B<mf)=53 (j) < (np,> < (np' + 1207,
§=0

using the fact that (p/)~" (¢')~"¢ = 2"H®) for ¢/ =1 — p/. Thus,
QkP(B < np/) < (np/ + 1)2n(1—H(p)—e)+2+n(H(P)+e/2)—n _ 4(71]?’ + 1)2—715/2 N 07

so we can choose n to make P(d(C(2),Y) < np' for some 2z # z) < ¢/4.

Assume that k and n have been chosen in accordance with the above, and let F(c, x)
be the event of failure when code ¢ is used with input message z. Putting together
the above results, we have shown that for a random C and any fized x,

P(F(C,z)) < ¢/2.

It follows that for each x, there is a code ¢ with P(F(c,z)) < €/2, but this is not
good enough: we want one code that works well for all x! Let X be a uniformly
random input message in {0, 1}*, independent of C. By LOTP, we have

P(F(C,X)) =) P(F(C,z))P(X =) < ¢/2.

Again using LOTP, but this time conditioning on C, we have

Y P(F(c¢,X))P(C = c) = P(F(C, X)) < ¢/2.

Therefore, there exists a code ¢ such that P(F(c, X)) < €/2, i.e., a code ¢ such that
the probability of failure for a random input message X is less than €/2. Lastly, we
will improve ¢, obtaining a code that works well for all z, not just a random z. We do
this by expurgating the worst 50% of the x’s. That is, remove as legal input messages
the 2~1 values of x with the highest failure probabilities for code ¢. For all remaining
x, we have P(F(c,z)) < ¢, since otherwise more than half of the = € {0, 1}* would
have more than double the average failure probability (see Markov’s inequality in
Chapter 10 for more about this kind of argument). By relabeling the remaining
x using vectors in {0,1}*~1, we obtain a code ¢ : {0,1}*~1 — {0,1}" with rate
(k—1)/n > 1— H(p) — € and probability less than € of failure for all input messages
in {0, 1}*-L. u
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There is also a converse to the above theorem, showing that if we require the rate
to be at least 1 — H(p) + €, it is impossible to find codes that make the probability
of error arbitrarily small. This is why 1 — H(p) is called the capacity of the channel.
Shannon also obtained analogous results for much more general channels. These
results give theoretical bounds on what can be achieved, without saying explicitly
which codes to use. Decades of subsequent work have been devoted to developing
specific codes that work well in practice, by coming close to the Shannon bound
and allowing for efficient encoding and decoding.

4.10 Recap

The expectation of a discrete r.v. X is
E(X)=> zP(X =),
X
An equivalent “ungrouped” way of calculating expectation is

E(X) =) X(s)P({s}),

where the sum is taken over pebbles in the sample space. Expectation is a single
number summarizing the center of mass of a distribution. A single-number summary
of the spread of a distribution is the variance, defined by

Var(X) = B(X — EX)? = B(X?) — (EX)2
The square root of the variance is called the standard deviation.

Expectation is linear:
E(cX)=cE(X)and E(X+Y)=EX)+E(Y),
regardless of whether X and Y are independent or not. Variance is not linear:
Var(cX) = ¢®Var(X),

and

Var(X +Y) # Var(X) + Var(Y)
in general (an important exception is when X and Y are independent).

A very important strategy for calculating the expectation of a discrete r.v. X is to
express it as a sum of indicator r.v.s, and then apply linearity and the fundamen-
tal bridge. This technique is especially powerful because the indicator r.v.s need
not be independent; linearity holds even for dependent r.v.s. The strategy can be
summarized in the following three steps.
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1. Represent the r.v. X as a sum of indicator r.v.s. To decide how to define
the indicators, think about what X is counting. For example, if X is the
number of local maxima, as in the Putnam problem, then we should create
an indicator for each local maximum that could occur.

2. Use the fundamental bridge to calculate the expected value of each indi-
cator. When applicable, symmetry may be very helpful at this stage.

3. By linearity of expectation, F(X) can be obtained by adding up the ex-
pectations of the indicators.

Another tool for computing expectations is LOTUS, which says we can calculate the
expectation of g(X) using only the PMF of X, via E(g(X)) = >, g9(z)P(X = x).
If g is not a linear function, it is a grave mistake to attempt to calculate F(g(X))
by swapping £ and g.

Three new discrete distributions to add to our list are the Geometric, Negative
Binomial, and Poisson distributions. A Geom(p) r.v. is the number of failures before
the first success in a sequence of independent Bernoulli trials with probability p of
success, and an NBin(r, p) r.v. is the number of failures before r successes. (We also
introduced the First Success distribution, which is just a Geometric shifted so that
the success is included.)

A Poisson r.v. is often used as an approximation for the number of successes that
occur when there are many independent or weakly dependent trials, where each
trial has a small probability of success. In the Binomial story, all the trials have the
same probability p of success, but in the Poisson approximation, different trials can
have different (but small) probabilities p; of success.

The Poisson, Binomial, and Hypergeometric distributions are mutually connected
via the operations of conditioning and taking limits, as illustrated in Figure 4.8. In
the rest of this book, we’ll continue to introduce new named distributions and add
them to this family tree, until everything is connected!

Figure 4.9 expands upon the corresponding figure from the previous chapter, further
exploring the connections between the four fundamental objects we have considered:
distributions, random variables, events, and numbers.

4.11 R
Geometric, Negative Binomial, and Poisson

The three functions for the Geometric distribution in R are dgeom, pgeom, and
rgeom, corresponding to the PMF, CDF, and random number generation. For dgeom
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Four fundamental objects in probability: distributions, random variables, events,
and numbers. From an r.v. X, we can generate many other r.v.s by taking functions
of X, and we can use LOTUS to find their expected values. The mean, variance,
and standard deviation of X express the average and spread of the distribution of
X (in particular, they only depend on F', not directly on X itself).
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and pgeom, we need to supply the following as inputs: (1) the value at which to
evaluate the PMF or CDF, and (2) the parameter p. For rgeom, we need to input
(1) the number of random variables to generate and (2) the parameter p.

For example, to calculate P(X = 3) and P(X < 3) where X ~ Geom(0.5), we use
dgeom(3,0.5) and pgeom(3,0.5), respectively. To generate 100 i.i.d. Geom(0.8)
r.v.s, we use rgeom(100,0.8). If instead we want 100 i.i.d. FS(0.8) r.v.s, we just
need to add 1 to include the success: rgeom(100,0.8)+1.

For the Negative Binomial distribution, we have dnbinom, pnbinom, and rnbinom.
These take three inputs. For example, to calculate the NBin(5,0.5) PMF at 3, we
type dnbinom(3,5,0.5).

Finally, for the Poisson distribution, the three functions are dpois, ppois, and
rpois. These take two inputs. For example, to find the Pois(10) CDF at 2, we type
ppois(2,10).

Matching simulation

Continuing with Example 4.4.4, let’s use simulation to calculate the expected num-
ber of matches in a deck of cards. As in Chapter 1, we let n be the number of cards
in the deck and perform the experiment 10* times using replicate.

n <- 100
r <- replicate(1074,sum(sample(n)==(1:n)))

Now r contains the number of matches from each of the 10% simulations. But instead
of looking at the probability of at least one match, as in Chapter 1, we now want
to find the expected number of matches. We can approximate this by the average
of all the simulation results, that is, the arithmetic mean of the elements of r. This
is accomplished with the mean function:

mean (r)

The command mean(r) is equivalent to sum(r)/length(r). The result we get is
very close to 1, confirming the calculation we did in Example 4.4.4 using indicator
r.v.s. You can verify that no matter what value of n you choose, mean(r) will be
very close to 1.

Distinct birthdays simulation

Let’s calculate the expected number of distinct birthdays in a group of k& people by
simulation. We’'ll let k¥ = 20, but you can choose whatever value of k£ you like.

k <- 20
r <- replicate(10°4,{bdays <- sample(365,k,replace=TRUE);
length(unique(bdays))})
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In the second line, replicate repeats the expression in the curly braces 10* times, so
we just need to understand what is inside the curly braces. First, we sample k times
with replacement from the numbers 1 through 365 and call these the birthdays of
the k people, bdays. Then, unique (bdays) removes duplicates in the vector bdays,
and length(unique(bdays)) calculates the length of the vector after duplicates
have been removed. The two commands need to be separated by a semicolon.

Now r contains the number of distinct birthdays that we observed in each of the 10%
simulations. The average number of distinct birthdays across the 10* simulations
is mean(r). We can compare the simulated value to the theoretical value that we
found in Example 4.4.5 using indicator r.v.s:

mean (r)
365%(1-(364/365) “k)

When we ran the code, both the simulated and theoretical values gave us approxi-
mately 19.5.

4.12 Exercises

Expectations and variances

1. Bobo, the amoeba from Chapter 2, currently lives alone in a pond. After one minute
Bobo will either die, split into two amoebas, or stay the same, with equal probability.
Find the expectation and variance for the number of amoebas in the pond after one
minute.

2. In the Gregorian calendar, each year has either 365 days (a normal year) or 366 days
(a leap year). A year is randomly chosen, with probability 3/4 of being a normal year
and 1/4 of being a leap year. Find the mean and variance of the number of days in the
chosen year.

3. (a) A fair die is rolled. Find the expected value of the roll.

(b) Four fair dice are rolled. Find the expected total of the rolls.

4. A fair die is rolled some number of times. You can choose whether to stop after 1,2, or
3 rolls, and your decision can be based on the values that have appeared so far. You
receive the value shown on the last roll of the die, in dollars. What is your optimal
strategy (to maximize your expected winnings)? Find the expected winnings for this
strategy.

Hint: Start by considering a simpler version of this problem, where there are at most 2
rolls. For what values of the first roll should you continue for a second roll?
5.  Find the mean and variance of a Discrete Uniform r.v. on 1,2,... n.

Hint: See the math appendix for some useful facts about sums.

6. Two teams are going to play a best-of-7 match (the match will end as soon as either
team has won 4 games). Each game ends in a win for one team and a loss for the other
team. Assume that each team is equally likely to win each game, and that the games
played are independent. Find the mean and variance of the number of games played.

7. A certain small town, whose population consists of 100 families, has 30 families with 1
child, 50 families with 2 children, and 20 families with 3 children. The birth rank of one
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of these children is 1 if the child is the firstborn, 2 if the child is the secondborn, and 3
if the child is the thirdborn.

(a) A random family is chosen (with equal probabilities), and then a random child within
that family is chosen (with equal probabilities). Find the PMF, mean, and variance of
the child’s birth rank.

(b) A random child is chosen in the town (with equal probabilities). Find the PMF,
mean, and variance of the child’s birth rank.

8. A certain country has four regions: North, East, South, and West. The populations of
these regions are 3 million, 4 million, 5 million, and 8 million, respectively. There are 4
cities in the North, 3 in the East, 2 in the South, and there is only 1 city in the West.
Each person in the country lives in exactly one of these cities.

(a) What is the average size of a city in the country? (This is the arithmetic mean of
the populations of the cities, and is also the expected value of the population of a city
chosen uniformly at random.)

Hint: Give the cities names (labels).

(b) Show that without further information it is impossible to find the variance of the
population of a city chosen uniformly at random. That is, the variance depends on how
the people within each region are allocated between the cities in that region.

(¢) A region of the country is chosen uniformly at random, and then a city within that
region is chosen uniformly at random. What is the expected population size of this
randomly chosen city?

Hint: To help organize the calculation, start by finding the PMF of the population size
of the city.

(d) Explain intuitively why the answer to (c) is larger than the answer to (a).

9. Consider the following simplified scenario based on Who Wants to Be a Millionaire?,
a game show in which the contestant answers multiple-choice questions that have 4
choices per question. The contestant (Fred) has answered 9 questions correctly already,
and is now being shown the 10th question. He has no idea what the right answers are
to the 10th or 11th questions are. He has one “lifeline” available, which he can apply
on any question, and which narrows the number of choices from 4 down to 2. Fred has
the following options available.

(a) Walk away with $16,000.

(b) Apply his lifeline to the 10th question, and then answer it. If he gets it wrong, he
will leave with $1,000. If he gets it right, he moves on to the 11th question. He then
leaves with $32,000 if he gets the 11th question wrong, and $64,000 if he gets the
11th question right.

(c) Same as the previous option, except not using his lifeline on the 10th question, and
instead applying it to the 11th question (if he gets the 10th question right).

Find the expected value of each of these options. Which option has the highest expected

value? Which option has the lowest variance?

10. Consider the St. Petersburg paradox (Example 4.3.13), except that you receive $n rather
than $2" if the game lasts for n rounds. What is the fair value of this game? What if
the payoff is $n??

11. Martin has just heard about the following exciting gambling strategy: bet $1 that a
fair coin will land Heads. If it does, stop. If it lands Tails, double the bet for the next
toss, now betting $2 on Heads. If it does, stop. Otherwise, double the bet for the next
toss to $4. Continue in this way, doubling the bet each time and then stopping right
after winning a bet. Assume that each individual bet is fair, i.e., has an expected net
winnings of 0. The idea is that

14+2+22 428 4. pon =9mt _q
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so the gambler will be $1 ahead after winning a bet, and then can walk away with a
profit.

Martin decides to try out this strategy. However, he only has $31, so he may end up
walking away bankrupt rather than continuing to double his bet. On average, how much
money will Martin win?

12. Let X be a discrete r.v. with support —n,—n +1,...,0,...,n — 1,n for some positive
integer n. Suppose that the PMF of X satisfies the symmetry property P(X = —k) =
P(X = k) for all integers k. Find E(X).

13.  (® Are there discrete random variables X and Y such that E(X) > 100E(Y) but Y is
greater than X with probability at least 0.997

14. Let X have PMF
P(X=k) =cp"/kfor k=1,2,...,

where p is a parameter with 0 < p < 1 and ¢ is a normalizing constant. We have
¢ = —1/log(1l — p), as seen from the Taylor series

2 3

p . p
“log(l—p)=p+ 2 4+ 2 o .
og(1l —p) Pt +5+

This distribution is called the Logarithmic distribution (because of the log in the above
Taylor series), and has often been used in ecology. Find the mean and variance of X.

15.  Player A chooses a random integer between 1 and 100, with probability p; of choosing
j (for j =1,2,...,100). Player B guesses the number that player A picked, and receives
that amount in dollars if the guess is correct (and 0 otherwise).

(a) Suppose for this part that player B knows the values of p;. What is player B’s
optimal strategy (to maximize expected earnings)?

(b) Show that if both players choose their numbers so that the probability of picking j is
proportional to 1/7, then neither player has an incentive to change strategies, assuming
the opponent’s strategy is fixed. (In game theory terminology, this says that we have
found a Nash equilibrium.)

(¢) Find the expected earnings of player B when following the strategy from (b). Express
your answer both as a sum of simple terms and as a numerical approximation. Does the
value depend on what strategy player A uses?

16. The dean of Blotchville University boasts that the average class size there is 20. But
the reality experienced by the majority of students there is quite different: they find
themselves in huge courses, held in huge lecture halls, with hardly enough seats or
Haribo gummi bears for everyone. The purpose of this problem is to shed light on the
situation. For simplicity, suppose that every student at Blotchville University takes only
one course per semester.

(a) Suppose that there are 16 seminar courses, which have 10 students each, and 2 large
lecture courses, which have 100 students each. Find the dean’s-eye-view average class
size (the simple average of the class sizes) and the student’s-eye-view average class size
(the average class size experienced by students, as it would be reflected by surveying
students and asking them how big their classes are). Explain the discrepancy intuitively.

(b) Give a short proof that for any set of class sizes (not just those given above), the
dean’s-eye-view average class size will be strictly less than the student’s-eye-view average
class size, unless all classes have exactly the same size.

Hint: Relate this to the fact that variances are nonnegative.
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Named distributions

17.  (® A couple decides to keep having children until they have at least one boy and at least
one girl, and then stop. Assume they never have twins, that the “trials” are independent
with probability 1/2 of a boy, and that they are fertile enough to keep producing children
indefinitely. What is the expected number of children?

18. (® A coin is tossed repeatedly until it lands Heads for the first time. Let X be the
number of tosses that are required (including the toss that landed Heads), and let p
be the probability of Heads, so that X ~ FS(p). Find the CDF of X, and for p = 1/2
sketch its graph.

19. Let X ~ Bin(100,0.9). For each of the following parts, construct an example showing
that it is possible, or explain clearly why it is impossible. In this problem, Y is a random
variable on the same probability space as X; note that X and Y are not necessarily
independent.

(a) Is it possible to have Y ~ Pois(0.01) with P(X >Y) =17
(b) Is it possible to have Y ~ Bin(100,0.5) with P(X >Y) = 17

(c) Is it possible to have Y ~ Bin(100,0.5) with P(X <Y) =17
20. (® Alice flips a fair coin n times and Bob flips another fair coin n + 1 times, resulting
in independent X ~ Bin(n, %) and Y ~ Bin(n + 1, %)

(a) Let V = min(X,Y) be the smaller of X and Y, and let W = max(X,Y’) be the
larger of X and Y. (f X =Y, then V=W =X =Y.) Find E(V) + E(W).

(b) Show that P(X <Y)=Pn—-X<n+1-Y).

(c) Compute P(X <Y). Hint: Use (b) and the fact that X and Y are integer-valued.

21. (8 Raindrops are falling at an average rate of 20 drops per square inch per minute. What
would be a reasonable distribution to use for the number of raindrops hitting a particular
region measuring 5 inches? in ¢ minutes? Why? Using your chosen distribution, compute
the probability that the region has no rain drops in a given 3-second time interval.

22.  (® Alice and Bob have just met, and wonder whether they have a mutual friend. Each
has 50 friends, out of 1000 other people who live in their town. They think that it’s
unlikely that they have a friend in common, saying “each of us is only friends with 5%
of the people here, so it would be very unlikely that our two 5%’s overlap.”

Assume that Alice’s 50 friends are a random sample of the 1000 people (equally likely
to be any 50 of the 1000), and similarly for Bob. Also assume that knowing who Alice’s
friends are gives no information about who Bob’s friends are.

(a) Compute the expected number of mutual friends Alice and Bob have.
(b) Let X be the number of mutual friends they have. Find the PMF of X.

(c) Is the distribution of X one of the important distributions we have looked at? If so,
which?

23. Let X ~ Bin(n,p) and Y ~ NBin(r, p). Using a story about a sequence of Bernoulli
trials, prove that P(X <r)=P(Y >n—r).

24. (® Calvin and Hobbes play a match consisting of a series of games, where Calvin has
probability p of winning each game (independently). They play with a “win by two”
rule: the first player to win two games more than his opponent wins the match. Find
the expected number of games played.

Hint: Consider the first two games as a pair, then the next two as a pair, etc.
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25. Nick and Penny are independently performing independent Bernoulli trials. For con-
creteness, assume that Nick is flipping a nickel with probability p: of Heads and Penny
is flipping a penny with probability ps of Heads. Let X1, X2,... be Nick’s results and
Y1,Ya,... be Penny’s results, with X; ~ Bern(p1) and Y; ~ Bern(ps).

(a) Find the distribution and expected value of the first time at which they are simul-
taneously successful, i.e., the smallest n such that X,, =Y, = 1.

Hint: Define a new sequence of Bernoulli trials and use the story of the Geometric.

(b) Find the expected time until at least one has a success (including the success).

Hint: Define a new sequence of Bernoulli trials and use the story of the Geometric.

(¢) For p1 = p2, find the probability that their first successes are simultaneous, and use
this to find the probability that Nick’s first success precedes Penny’s.

26. (® Let X and Y be Pois(\) r.v.s, and T = X + Y. Suppose that X and Y are not
independent, and in fact X =Y. Prove or disprove the claim that 7" ~ Pois(2)) in this
scenario.

27. (a) Use LOTUS to show that for X ~ Pois(\) and any function g,

E(Xg(X)) = AE(g(X +1)).
This is called the Stein-Chen identity for the Poisson.

(b) Find the third moment E(X3) for X ~ Pois()\) by using the identity from (a) and a
bit of algebra to reduce the calculation to the fact that X has mean A and variance .
28. In many problems about modeling count data, it is found that values of zero in the data
are far more common than can be explained well using a Poisson model (we can make
P(X = 0) large for X ~ Pois(A) by making A small, but that also constrains the mean
and variance of X to be small since both are \). The Zero-Inflated Poisson distribution
is a modification of the Poisson to address this issue, making it easier to handle frequent
zero values gracefully.
A Zero-Inflated Poisson r.v. X with parameters p and A can be generated as follows.
First flip a coin with probability of p of Heads. Given that the coin lands Heads, X = 0.
Given that the coin lands Tails, X is distributed Pois(A). Note that if X = 0 occurs,
there are two possible explanations: the coin could have landed Heads (in which case
the zero is called a structural zero), or the coin could have landed Tails but the Poisson
r.v. turned out to be zero anyway.
For example, if X is the number of chicken sandwiches consumed by a random person
in a week, then X = 0 for vegetarians (this is a structural zero), but a chicken-eater
could still have X = 0 occur by chance (since they might not happen to eat any chicken
sandwiches that week).

(a) Find the PMF of a Zero-Inflated Poisson r.v. X.
(b) Explain why X has the same distribution as (1 — I)Y, where I ~ Bern(p) is inde-

pendent of Y ~ Pois(\).

(¢) Find the mean of X in two different ways: directly using the PMF of X, and using
the representation from (b). For the latter, you can use the fact (which we prove in
Chapter 7) that if r.v.s Z and W are independent, then E(ZW) = E(Z)E(W).

(d) Find the variance X.
29. (® A discrete distribution has the memoryless property if for X a random variable with
that distribution, P(X > j + k|X > j) = P(X > k) for all nonnegative integers j, k.

(a) If X has a memoryless distribution with CDF F' and PMF p; = P(X = i), find an
expression for P(X > j + k) in terms of F(j), F(k),pj, pk.

(b) Name a discrete distribution which has the memoryless property. Justify your answer
with a clear interpretation in words or with a computation.
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Indicator r.v.s

30. (8 Randomly, k£ distinguishable balls are placed into n distinguishable boxes, with all
possibilities equally likely. Find the expected number of empty boxes.

31. (® A group of 50 people are comparing their birthdays (as usual, assume their birthdays
are independent, are not February 29, etc.). Find the expected number of pairs of people
with the same birthday, and the expected number of days in the year on which at least
two of these people were born.

32. (® A group of n > 4 people are comparing their birthdays (as usual, assume their
birthdays are independent, are not February 29, etc.). Let I;; be the indicator r.v. of ¢
and j having the same birthday (for ¢ < j). Is I12 independent of 347 Is I12 independent
of I137 Are the I;; independent?

33.  (® A total of 20 bags of Haribo gummi bears are randomly distributed to 20 students.
Each bag is obtained by a random student, and the outcomes of who gets which bag
are independent. Find the average number of bags of gummi bears that the first three
students get in total, and find the average number of students who get at least one bag.

34. Each of n > 2 people puts his or her name on a slip of paper (no two have the same
name). The slips of paper are shuffled in a hat, and then each person draws one (uni-
formly at random at each stage, without replacement). Find the average number of
people who draw their own names.

35. Two researchers independently select simple random samples from a population of size
N, with sample sizes m and n (for each researcher, the sampling is done without re-
placement, with all samples of the prescribed size equally likely). Find the expected size
of the overlap of the two samples.

36. In a sequence of n independent fair coin tosses, what is the expected number of occur-
rences of the pattern HT H (consecutively)? Note that overlap is allowed, e.g., HTHT H
contains two overlapping occurrences of the pattern.

37. You have a well-shuffled 52-card deck. On average, how many pairs of adjacent cards
are there such that both cards are red?

38. Suppose there are n types of toys, which you are collecting one by one. Each time you
collect a toy, it is equally likely to be any of the n types. What is the expected number
of distinct toy types that you have after you have collected t toys? (Assume that you
will definitely collect ¢ toys, whether or not you obtain a complete set before then.)

39. A building has n floors, labeled 1,2, ..., n. At the first floor, k people enter the elevator,
which is going up and is empty before they enter. Independently, each decides which of
floors 2,3,...,n to go to and presses that button (unless someone has already pressed
it).

(a) Assume for this part only that the probabilities for floors 2,3, ..., n are equal. Find
the expected number of stops the elevator makes on floors 2,3,... n.

(b) Generalize (a) to the case that floors 2,3,...,n have probabilities p2,...,p, (re-
spectively); you can leave your answer as a finite sum.

40. (® There are 100 shoelaces in a box. At each stage, you pick two random ends and
tie them together. Either this results in a longer shoelace (if the two ends came from
different pieces), or it results in a loop (if the two ends came from the same piece).
What are the expected number of steps until everything is in loops, and the expected
number of loops after everything is in loops? (This is a famous interview problem; leave
the latter answer as a sum.)

Hint: For each step, create an indicator r.v. for whether a loop was created then, and
note that the number of free ends goes down by 2 after each step.

41. Show that for any events A1, ..., A,,

P(A1NAs---NAx) > P(A)) —n+1.
j=1
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Hint: First prove a similar-looking statement about indicator r.v.s, by interpreting what
the events I(A1 N Az---NAy)=1and I(A1NAz---NA,) =0 mean.

42.  You have a well-shuffled 52-card deck. You turn the cards face up one by one, without
replacement. What is the expected number of non-aces that appear before the first ace?
What is the expected number between the first ace and the second ace?

43.  You are being tested for psychic powers. Suppose that you do not have psychic powers.
A standard deck of cards is shuffled, and the cards are dealt face down one by one. Just
after each card is dealt, you name any card (as your prediction). Let X be the number
of cards you predict correctly. (See Diaconis [6] for much more about the statistics of
testing for psychic powers.)

(a) Suppose that you get no feedback about your predictions. Show that no matter what
strategy you follow, the expected value of X stays the same; find this value. (On the
other hand, the wvariance may be very different for different strategies. For example,
saying “Ace of Spades” every time gives variance 0.)

Hint: Indicator r.v.s.

(b) Now suppose that you get partial feedback: after each prediction, you are told
immediately whether or not it is right (but without the card being revealed). Suppose
you use the following strategy: keep saying a specific card’s name (e.g., “Ace of Spades”)
until you hear that you are correct. Then keep saying a different card’s name (e.g., “Two
of Spades”) until you hear that you are correct (if ever). Continue in this way, naming
the same card over and over again until you are correct and then switching to a new
card, until the deck runs out. Find the expected value of X, and show that it is very
close to e — 1.

Hint: Indicator r.v.s.

(¢) Now suppose that you get complete feedback: just after each prediction, the card is
revealed. Call a strategy “stupid” if it allows, e.g., saying “Ace of Spades” as a guess
after the Ace of Spades has already been revealed. Show that any non-stupid strategy
gives the same expected value for X; find this value.

Hint: Indicator r.v.s.

44. (® Let X be Hypergeometric with parameters w, b, n.
(a) Find E ()2() by thinking, without any complicated calculations.

(b) Use (a) to find the variance of X. You should get

n
npq,

Var(X) = N1

where N =w+b,p=w/N,qg=1—p.
45. There are n prizes, with values $1, $2, ..., $n. You get to choose k random prizes,
without replacement. What is the expected total value of the prizes you get?

Hint: Express the total value in the form a1Ii + - - - 4+ anln, where the a; are constants
and the I; are indicator r.v.s.

46. Ten random chords of a circle are chosen, independently. To generate each of these
chords, two independent uniformly random points are chosen on the circle (intuitively,
“uniformly” means that the choice is completely random, with no favoritism toward
certain angles; formally, it means that the probability of any arc is proportional to the
length of that arc). On average, how many pairs of chords intersect?

Hint: Consider two random chords. An equivalent way to generate them is to pick four
independent uniformly random points on the circle, and then pair them up randomly.
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47.  (® A hash table is being used to store the phone numbers of k£ people, storing each
person’s phone number in a uniformly random location, represented by an integer be-
tween 1 and n (see Exercise 25 from Chapter 1 for a description of hash tables). Find
the expected number of locations with no phone numbers stored, the expected number
with exactly one phone number, and the expected number with more than one phone
number (should these quantities add up to n?).

48. A coin with probability p of Heads is flipped n times. The sequence of outcomes can
be divided into runs (blocks of H’s or blocks of T7s), e.g., HHHTTHTTTH becomes

|HHH|TT|H|TTTT|H

, which has 5 runs. Find the expected number of runs.

Hint: Start by finding the expected number of tosses (other than the first) where the
outcome is different from the previous one.

49. A population has N people, with ID numbers from 1 to N. Let y; be the value of some
numerical variable for person j, and

1 N
Y= NZ%‘
j=1

be the population average of the quantity. For example, if y; is the height of person j
then g is the average height in the population, and if y; is 1 if person j holds a certain
belief and 0 otherwise, then § is the proportion of people in the population who hold that
belief. In this problem, y1,y2,...,yn are thought of as constants rather than random
variables.

A researcher is interested in learning about g, but it is not feasible to measure y; for
all j. Instead, the researcher gathers a random sample of size n, by choosing people
one at a time, with equal probabilities at each stage and without replacement. Let W
be the value of the numerical variable (e.g., height) for the jth person in the sample.

Even though y1,...,yn are constants, W; is a random variable because of the random
sampling. A natural way to estimate the unknown quantity 7 is using
1 n
W==3 W,

Show that E(W) = g in two different ways:
(a) by directly evaluating E(W;) using symmetry;

(b) by showing that T can be expressed as a sum over the population by writing

1 N
w :7§ Tus
njzl Jyj7

where [; is the indicator of person j being included in the sample, and then using
linearity and the fundamental bridge.

50. (® Consider the following algorithm, known as bubble sort, for sorting a list of n distinct
numbers into increasing order. Initially they are in a random order, with all orders
equally likely. The algorithm compares the numbers in positions 1 and 2, and swaps
them if needed, then it compares the new numbers in positions 2 and 3, and swaps
them if needed, etc., until it has gone through the whole list. Call this one “sweep”
through the list. After the first sweep, the largest number is at the end, so the second
sweep (if needed) only needs to work with the first n — 1 positions. Similarly, the third
sweep (if needed) only needs to work with the first n — 2 positions, etc. Sweeps are
performed until n — 1 sweeps have been completed or there is a swapless sweep.

For example, if the initial list is 53241 (omitting commas), then the following 4 sweeps
are performed to sort the list, with a total of 10 comparisons:

53241 — 35241 — 32541 — 32451 — 32415.
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32415 — 23415 — 23415 — 23145.
23145 — 23145 — 21345.
21345 — 12345.

(a) An tnversion is a pair of numbers that are out of order (e.g., 12345 has no inversions,
while 53241 has 8 inversions). Find the expected number of inversions in the original
list.

1

(b) Show that the expected number of comparisons is between £ (3) and (5).

Hint: For one bound, think about how many comparisons are made if n — 1 sweeps are
done; for the other bound, use Part (a).

51. A certain basketball player practices shooting free throws over and over again. The shots
are independent, with probability p of success.

(a) In n shots, what is the expected number of streaks of 7 consecutive successful shots?
(Note that, for example, 9 in a row counts as 3 streaks.)

(b) Now suppose that the player keeps shooting until making 7 shots in a row for the
first time. Let X be the number of shots taken. Show that E(X) < 7/p".

Hint: Consider the first 7 trials as a block, then the next 7 as a block, etc.

52.  (® An urn contains red, green, and blue balls. Balls are chosen randomly with replace-
ment (each time, the color is noted and then the ball is put back). Let r,g,b be the
probabilities of drawing a red, green, blue ball, respectively (r + g+ b = 1).

(a) Find the expected number of balls chosen before obtaining the first red ball, not
including the red ball itself.

(b) Find the expected number of different colors of balls obtained before getting the
first red ball.

(c¢) Find the probability that at least 2 of n balls drawn are red, given that at least 1 is
red.

53. (® Job candidates C,Cs, ... are interviewed one by one, and the interviewer compares
them and keeps an updated list of rankings (if n candidates have been interviewed so
far, this is a list of the n candidates, from best to worst). Assume that there is no limit
on the number of candidates available, that for any n the candidates C, Cs,...,C, are
equally likely to arrive in any order, and that there are no ties in the rankings given by
the interview.

Let X be the index of the first candidate to come along who ranks as better than the
very first candidate C1 (so Cx is better than C7, but the candidates after 1 but prior
to X (if any) are worse than Ci. For example, if C> and C3 are worse than Cy but Cy
is better than C7, then X = 4. All 4! orderings of the first 4 candidates are equally
likely, so it could have happened that the first candidate was the best out of the first 4
candidates, in which case X > 4.

What is E(X) (which is a measure of how long, on average, the interviewer needs to
wait to find someone better than the very first candidate)?

Hint: Find P(X > n) by interpreting what X > n says about how Ci compares with
other candidates, and then apply the result of Theorem 4.4.8.

54. People are arriving at a party one at a time. While waiting for more people to arrive
they entertain themselves by comparing their birthdays. Let X be the number of people
needed to obtain a birthday match, i.e., before person X arrives there are no two people
with the same birthday, but when person X arrives there is a match.

Assume for this problem that there are 365 days in a year, all equally likely. By the
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result of the birthday problem from Chapter 1, for 23 people there is a 50.7% chance of
a birthday match (and for 22 people there is a less than 50% chance). But this has to
do with the median of X (defined below); we also want to know the mean of X, and in
this problem we will find it, and see how it compares with 23.

(a) A median of an r.v. Y is a value m for which P(Y < m) > 1/2 and P(Y >
m) > 1/2 (this is also called a median of the distribution of Y; note that the notion
is completely determined by the CDF of Y'). Every distribution has a median, but for
some distributions it is not unique. Show that 23 is the unique median of X.

(b) Show that X = I + Io+- - - + I366, where I; is the indicator r.v. for the event X > j.
Then find F(X) in terms of p;’s defined by p1 = p2 = 1 and for 3 < j < 366,

pi=(1--L ) (1-2). (1-1=2).
: 365 365 365

(¢) Compute F(X) numerically. In R, the pithy command cumprod(1-(0:364)/365)
produces the vector (p2, ..., P3s6)-

(d) Find the variance of X, both in terms of the p;’s and numerically.
Hint: What is I?, and what is I;I; for 4 < j? Use this to simplify the expansion

366 j—1

X2:I12+"'+I§66+QZZL'IJ'.

j=2i=1

Note: In addition to being an entertaining game for parties, the birthday problem has
many applications in computer science, such as in a method called the birthday attack
in cryptography. It can be shown that if there are n days in a year and n is large, then
E(X) = y/mn/2. In Volume 1 of his masterpiece The Art of Computer Programming,
Don Knuth shows that an even better approximation is

m™m 2 s
E(X) ~ \/7+§+ \/ 288n

55. Elk dwell in a certain forest. There are N elk, of which a simple random sample of size
n is captured and tagged (so all (]7\17 ) sets of n elk are equally likely). The captured elk
are returned to the population, and then a new sample is drawn. This is an important
method that is widely used in ecology, known as capture-recapture. If the new sample
is also a simple random sample, with some fixed size, then the number of tagged elk in
the new sample is Hypergeometric.

For this problem, assume that instead of having a fixed sample size, elk are sampled
one by one without replacement until m tagged elk have been recaptured, where m is
specified in advance (of course, assume that 1 < m < n < N). An advantage of this
sampling method is that it can be used to avoid ending up with a very small number
of tagged elk (maybe even zero), which would be problematic in many applications of
capture-recapture. A disadvantage is not knowing how large the sample will be.

(a) Find the PMFs of the number of untagged elk in the new sample (call this X) and
of the total number of elk in the new sample (call this Y).

(b) Find the expected sample size EY using symmetry, linearity, and indicator r.v.s.

Hint: We can assume that even after getting m tagged elk, they continue to be captured
until all N of them have been obtained; briefly explain why this can be assumed. Express
X =X+ -+ X,,, where X; is the number of untagged elk before the first tagged
elk, X7 is the number between the first and second tagged elk, etc. Then find EX; by
creating the relevant indicator r.v. for each untagged elk in the population.
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(c¢) Suppose that m,n, N are such that EY is an integer. If the sampling is done with
a fixed sample size equal to EY rather than sampling until exactly m tagged elk are
obtained, find the expected number of tagged elk in the sample. Is it less than m, equal
to m, or greater than m (for n < N)?

LOTUS

56. (® For X ~ Pois(\), find E(X!) (the average factorial of X), if it is finite.

57. For X ~ Pois()\), find E(2%), if it is finite.

58.  For X ~ Geom(p), find E(2%) (if it is finite) and E(27%) (if it is finite). For each, make
sure to clearly state what the values of p are for which it is finite.

59. (® Let X ~ Geom(p) and let ¢t be a constant. Find E(e'*), as a function of ¢ (this is
known as the moment generating function; we will see in Chapter 6 how this function
is useful).

60. (® The number of fish in a certain lake is a Pois()\) random variable. Worried that there
might be no fish at all, a statistician adds one fish to the lake. Let Y be the resulting
number of fish (so Y is 1 plus a Pois(A) random variable).

(a) Find E(Y?).

(b) Find E(1/Y).

61. ® Let X be a Pois()\) random variable, where ) is fixed but unknown. Let § = e™3*,
and suppose that we are interested in estimating 6 based on the data. Since X is what
we observe, our estimator is a function of X, call it g(X). The bias of the estimator g(X)
is defined to be E(g(X)) — 0, i.e., how far off the estimate is on average; the estimator
is unbiased if its bias is 0.
(a) For estimating A, the r.v. X itself is an unbiased estimator. Compute the bias of the
estimator T' = e~3% . Is it unbiased for estimating 67

(b) Show that g(X) = (—=2)* is an unbiased estimator for 8. (In fact, it turns out to be
the only unbiased estimator for 6.)

(¢) Explain intuitively why g(X) is a silly choice for estimating 0, despite (b), and show
how to improve it by finding an estimator h(X) for 6 that is always at least as good as
g(X) and sometimes strictly better than g(X). That is,

[h(X) = 0] < |g(X) — 0],

with the inequality sometimes strict.

Poisson approximation

62. (® Law school courses often have assigned seating to facilitate the Socratic method.
Suppose that there are 100 first-year law students, and each takes the same two courses:
Torts and Contracts. Both are held in the same lecture hall (which has 100 seats), and
the seating is uniformly random and independent for the two courses.

(a) Find the probability that no one has the same seat for both courses (exactly; you
should leave your answer as a sum).

(b) Find a simple but accurate approximation to the probability that no one has the
same seat for both courses.

(¢) Find a simple but accurate approximation to the probability that at least two stu-
dents have the same seat for both courses.
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63. (® A group of n people play “Secret Santa” as follows: each puts his or her name on a
slip of paper in a hat, picks a name randomly from the hat (without replacement), and
then buys a gift for that person. Unfortunately, they overlook the possibility of drawing
one’s own name, so some may have to buy gifts for themselves (on the bright side, some
may like self-selected gifts better). Assume n > 2.

(a) Find the expected number of people who pick their own names.

(b) Find the expected number of pairs of people, A and B, such that A picks B’s name
and B picks A’s name (where A # B and order doesn’t matter).

(c) What is the approzimate distribution of X if n is large (specify the parameter value
or values)? What does P(X = 0) converge to as n — co?

64. A survey is being conducted in a city with a million (106) people. A sample of size
1000 is collected by choosing people in the city at random, with replacement and with
equal probabilities for everyone in the city. Find a simple, accurate approximation to
the probability that at least one person will get chosen more than once (in contrast,
Exercise 24 from Chapter 1 asks for an exact answer).

Hint: Indicator r.v.s are useful here, but creating 1 indicator for each of the million
people is not recommended since it leads to a messy calculation. Feel free to use the
fact that 999 ~ 1000.

65. (® Ten million people enter a certain lottery. For each person, the chance of winning is
one in ten million, independently.

(a) Find a simple, good approximation for the PMF of the number of people who win
the lottery.

(b) Congratulations! You won the lottery. However, there may be other winners. Assume
now that the number of winners other than you is W ~ Pois(1), and that if there is
more than one winner, then the prize is awarded to one randomly chosen winner. Given
this information, find the probability that you win the prize (simplify).

66. Use Poisson approximations to investigate the following types of coincidences. The usual
assumptions of the birthday problem apply, such as that there are 365 days in a year,
with all days equally likely.

(a) How many people are needed to have a 50% chance that at least one of them has
the same birthday as you?

(b) How many people are needed to have a 50% chance that there are two people who
not only were born on the same day, but also were born at the same hour (e.g., two
people born between 2 pm and 3 pm are considered to have been born at the same
hour).

(¢) Considering that only 1/24 of pairs of people born on the same day were born at the
same hour, why isn’t the answer to (b) approximately 24 - 23?7 Explain this intuitively,
and give a simple approximation for the factor by which the number of people needed
to obtain probability p of a birthday match needs to be scaled up to obtain probability
p of a birthday-birthhour match.

(d) With 100 people, there is a 64% chance that there are 3 with the same birthday
(according to R, using pbirthday(100,classes=365,coincident=3) to compute it).
Provide two different Poisson approximations for this value, one based on creating an
indicator r.v. for each triplet of people, and the other based on creating an indicator
r.v. for each day of the year. Which is more accurate?

67. A chess tournament has 100 players. In the first round, they are randomly paired to
determine who plays whom (so 50 games are played). In the second round, they are
again randomly paired, independently of the first round. In both rounds, all possible
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pairings are equally likely. Let X be the number of people who play against the same
opponent twice.

(a) Find the expected value of X.
(b) Explain why X is not approximately Poisson.

(¢) Find good approximations to P(X = 0) and P(X = 2), by thinking about games in
the second round such that the same pair played each other in the first round.

*Existence
68. (® Each of 111 people names his or her 5 favorite movies out of a list of 11 movies.

(a) Alice and Bob are 2 of the 111 people. Assume for this part only that Alice’s 5
favorite movies out of the 11 are random, with all sets of 5 equally likely, and likewise
for Bob, independently. Find the expected number of movies in common to Alice’s and
Bob’s lists of favorite movies.

(b) Show that there are 2 movies such that at least 21 of the people name both of these
movies as favorites.

69. (® The circumference of a circle is colored with red and blue ink such that 2/3 of the
circumference is red and 1/3 is blue. Prove that no matter how complicated the coloring
scheme is, there is a way to inscribe a square in the circle such that at least three of the
four corners of the square touch red ink.

70. (® A hundred students have taken an exam consisting of 8 problems, and for each
problem at least 65 of the students got the right answer. Show that there exist two
students who collectively got everything right, in the sense that for each problem, at
least one of the two got it right.

71. (® Ten points in the plane are designated. You have ten circular coins (of the same
radius). Show that you can position the coins in the plane (without stacking them) so
that all ten points are covered.

Hint: Consider a honeycomb tiling of the plane (this is a way to divide the plane into
hexagons). You can use the fact from geometry that if a circle is inscribed in a hexagon

then the ratio of the area of the circle to the area of the hexagon is 33 > 0.9.

72. (® Let S be a set of binary strings ai ...an of length n (where juxtaposition means
concatenation). We call S k-complete if for any indices 1 < i1 < -+ < i < n and any
binary string b1 ... bk of length k, there is a string s1 ... s, in S such that s;, s, ... 55, =
biba ... bg. For example, for n = 3, the set S = {001,010,011, 100, 101, 110} is 2-complete
since all 4 patterns of 0’s and 1’s of length 2 can be found in any 2 positions. Show that
if (7) 2%(1 —27F)™ < 1, then there exists a k-complete set of size at most m.

Mixed practice

73. A hacker is trying to break into a password-protected website by randomly trying to
guess the password. Let m be the number of possible passwords.

(a) Suppose for this part that the hacker makes random guesses (with equal probability),
with replacement. Find the average number of guesses it will take until the hacker guesses
the correct password (including the successful guess).

(b) Now suppose that the hacker guesses randomly, without replacement. Find the aver-
age number of guesses it will take until the hacker guesses the correct password (including
the successful guess).

Hint: Use symmetry to find the PMF of the number of guesses.
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(c) Show that the answer to (a) is greater than the answer to (b) (except in the degen-
erate case m = 1), and explain why this makes sense intuitively.

(d) Now suppose that the website locks out any user after n incorrect password attempts,
so the hacker can guess at most n times. Find the PMF of the number of guesses that
the hacker makes, both for the case of sampling with replacement and for the case of
sampling without replacement.

74. A fair 20-sided die is rolled repeatedly, until a gambler decides to stop. The gambler
receives the amount shown on the die when the gambler stops. The gambler decides in
advance to roll the die until a value of m or greater is obtained, and then stop (where
m is a fixed integer with 1 < m < 20).

(a) What is the expected number of rolls (simplify)?

(b) What is the expected square root of the number of rolls (as a sum)?

75.  (® A group of 360 people is going to be split into 120 teams of 3 (where the order of
teams and the order within a team don’t matter).

(a) How many ways are there to do this?

(b) The group consists of 180 married couples. A random split into teams of 3 is chosen,
with all possible splits equally likely. Find the expected number of teams containing
married couples.

76. () The gambler de Méré asked Pascal whether it is more likely to get at least one six in
4 rolls of a die, or to get at least one double-six in 24 rolls of a pair of dice. Continuing
this pattern, suppose that a group of n fair dice is rolled 4 - 6™~ times.

(a) Find the expected number of times that “all sixes” is achieved (i.e., how often among
the 4 - 6™~! rolls it happens that all n dice land 6 simultaneously).

(b) Give a simple but accurate approximation of the probability of having at least one
occurrence of “all sixes”, for n large (in terms of e but not n).

(c) de Méré finds it tedious to re-roll so many dice. So after one normal roll of the n
dice, in going from one roll to the next, with probability 6/7 he leaves the dice in the
same configuration and with probability 1/7 he re-rolls. For example, if n = 3 and the
Tth roll is (3,1,4), then 6/7 of the time the 8th roll remains (3,1,4) and 1/7 of the
time the 8th roll is a new random outcome. Does the expected number of times that
“all sixes” is achieved stay the same, increase, or decrease (compared with (a))? Give a
short but clear explanation.

77. (® Five people have just won a $100 prize, and are deciding how to divide the $100 up
between them. Assume that whole dollars are used, not cents. Also, for example, giving
$50 to the first person and $10 to the second is different from vice versa.

(a) How many ways are there to divide up the $100, such that each gets at least $107

(b) Assume that the $100 is randomly divided up, with all of the possible allocations
counted in (a) equally likely. Find the expected amount of money that the first person
receives.

(c) Let A; be the event that the jth person receives more than the first person (for
2 < j < 5), when the $100 is randomly allocated as in (b). Are A2 and A3 independent?

78. (® Joe’s iPod has 500 different songs, consisting of 50 albums of 10 songs each. He listens
to 11 random songs on his iPod, with all songs equally likely and chosen independently
(so repetitions may occur).

(a) What is the PMF of how many of the 11 songs are from his favorite album?

(b) What is the probability that there are 2 (or more) songs from the same album among
the 11 songs he listens to?
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(c) A pair of songs is a match if they are from the same album. If, say, the 1st, 3rd, and
7th songs are all from the same album, this counts as 3 matches. Among the 11 songs
he listens to, how many matches are there on average?

79. (® In each day that the Mass Cash lottery is run in Massachusetts, 5 of the integers
from 1 to 35 are chosen (randomly and without replacement).

(a) When playing this lottery, find the probability of guessing exactly 3 numbers right,
given that you guess at least 1 of the numbers right.

(b) Find an exact expression for the expected number of days needed so that all of the
(355) possible lottery outcomes will have occurred.

(¢) Approximate the probability that after 50 days of the lottery, every number from 1
to 35 has been picked at least once.

80. The U.S. Senate consists of 100 senators, with 2 from each of the 50 states. There are d
Democrats in the Senate. A committee of size ¢ is formed, by picking a random set of
senators such that all sets of size ¢ are equally likely.

(a) Find the expected number of Democrats on the committee.

(b) Find the expected number of states represented on the committee (by at least one
senator).

(c) Find the expected number of states such that both of the state’s senators are on the
committee.

81. A certain college has g good courses and b bad courses, where g and b are positive
integers. Alice, who is hoping to find a good course, randomly shops courses one at a
time (without replacement) until she finds a good course.

(a) Find the expected number of bad courses that Alice shops before finding a good
course (as a simple expression in terms of g and b).

(b) Should the answer to (a) be less than, equal to, or greater than b/g? Explain this
using properties of the Geometric distribution.

82. The Wilcoxon rank sum test is a widely used procedure for assessing whether two groups
of observations come from the same distribution. Let group 1 consist of i.i.d. X1,..., X,
with CDF F' and group 2 consist of i.i.d. Y1,...,Y,, with CDF G, with all of these r.v.s
independent. Assume that the probability of 2 of the observations being equal is 0 (this
will be true if the distributions are continuous).

After the m 4+ n observations are obtained, they are listed in increasing order, and each
is assigned a rank between 1 and m + n: the smallest has rank 1, the second smallest
has rank 2, etc. Let R; be the rank of X; among all the observations for 1 < j < m,
and let R = 37", R; be the sum of the ranks for group 1.

Intuitively, the Wilcoxon rank sum test is based on the idea that a very large value of
R is evidence that observations from group 1 are usually larger than observations from
group 2 (and vice versa if R is very small). But how large is “very large” and how small
is “very small”? Answering this precisely requires studying the distribution of the test
statistic R.

(a) The null hypothesis in this setting is that F' = G. Show that if the null hypothesis
is true, then E(R) = m(m+n+1)/2.

(b) The power of a test is an important measure of how good the test is about saying
to reject the null hypothesis if the null hypothesis is false. To study the power of the
Wilcoxon rank sum stest, we need to study the distribution of R in general. So for this
part, we do not assume F = G. Let p = P(X; > Y1). Find E(R) in terms of m,n, p.

Hint: Write R; in terms of indicator r.v.s for X; being greater than various other r.v.s.
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83. The legendary Caltech physicist Richard Feynman and two editors of The Feynman
Lectures on Physics (Michael Gottlieb and Ralph Leighton) posed the following problem
about how to decide what to order at a restaurant. You plan to eat m meals at a certain
restaurant, where you have never eaten before. Each time, you will order one dish.
The restaurant has n dishes on the menu, with n > m. Assume that if you had tried
all the dishes, you would have a definite ranking of them from 1 (your least favorite) to
n (your favorite). If you knew which your favorite was, you would be happy to order it
always (you never get tired of it).

Before you’ve eaten at the restaurant, this ranking is completely unknown to you. After
you've tried some dishes, you can rank those dishes amongst themselves, but don’t know
how they compare with the dishes you haven’t yet tried. There is thus an exploration-
exploitation tradeoff : should you try new dishes, or should you order your favorite among
the dishes you have tried before?

A natural strategy is to have two phases in your series of visits to the restaurant: an
exploration phase, where you try different dishes each time, and an exploitation phase,
where you always order the best dish you obtained in the exploration phase. Let k be
the length of the exploration phase (so m — k is the length of the exploitation phase).
Your goal is to maximize the expected sum of the ranks of the dishes you eat there (the
rank of a dish is the “true” rank from 1 to n that you would give that dish if you could
try all the dishes). Show that the optimal choice is

E=+v2(m+1) -1,
or this rounded up or down to an integer if needed. Do this in the following steps:

(a) Let X be the rank of the best dish that you find in the exploration phase. Find the
expected sum of the ranks of the dishes you eat, in terms of E(X).

(b) Find the PMF of X, as a simple expression in terms of binomial coefficients.

(c) Show that
k(n+1)

BE(X) ==

Hint: Use Example 1.5.2 (about the team captain) and Exercise 18 from Chapter 1
(about the hockey stick identity).

(d) Use calculus to find the optimal value of k.
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Continuous random variables

So far we have been working with discrete random variables, whose possible values
can be written down as a list. In this chapter we will discuss continuous r.v.s, which
can take on any real value in an interval (possibly of infinite length, such as (0, c0)
or the entire real line). First we’ll look at properties of continuous r.v.s in general.
Then we’ll introduce three famous continuous distributions—the Uniform, Normal,
and Exponential—which, in addition to having important stories in their own right,
serve as building blocks for many other useful continuous distributions.

5.1 Probability density functions
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FIGURE 5.1

Discrete vs. continuous r.v.s. Left: The CDF of a discrete r.v. has jumps at each
point in the support. Right: The CDF of a continuous r.v. increases smoothly.

Recall that for a discrete r.v., the CDF jumps at every point in the support, and is
flat everywhere else. In contrast, for a continuous r.v. the CDF increases smoothly;
see Figure 5.1 for a comparison of discrete vs. continuous CDFs.

Definition 5.1.1 (Continuous r.v.). An r.v. has a continuous distribution if its
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CDF is differentiable. We also allow there to be endpoints (or finitely many points)
where the CDF is continuous but not differentiable, as long as the CDF is differen-
tiable everywhere else. A continuous random variable is a random variable with a
continuous distribution.

For discrete r.v.s, the CDF is awkward to work with because of its jumpiness, and
its derivative is almost useless since it’s undefined at the jumps and 0 everywhere
else. But for continuous r.v.s, the CDF is often convenient to work with, and its
derivative is a very useful function, called the probability density function.

Definition 5.1.2 (Probability density function). For a continuous r.v. X with CDF
F, the probability density function (PDF) of X is the derivative f of the CDF, given
by f(z) = F'(x). The support of X, and of its distribution, is the set of all 2 where

f(x) >0.

An important way in which continuous r.v.s differ from discrete r.v.s is that for a
continuous r.v. X, P(X = z) = 0 for all 2. This is because P(X = z) is the height
of a jump in the CDF at x, but the CDF of X has no jumps! Since the PMF of a
continuous r.v. would just be 0 everywhere, we work with a PDF instead.

The PDF is analogous to the PMF in many ways, but there is a key difference: for
a PDF f, the quantity f(x) is not a probability, and in fact it is possible to have
f(z) > 1 for some values of z. To obtain a probability, we need to integrate the
PDF. The fundamental theorem of calculus tells us how to get from the PDF back
to the CDF.

Proposition 5.1.3 (PDF to CDF). Let X be a continuous r.v. with PDF f. Then
the CDF of X is given by

Pla) = / e,

Proof. By the definition of PDF, F' is an antiderivative of f. So by the fundamental
theorem of calculus,

/_x f(t)dt = F(z) — F(—o0) = F(x).
]

The above result is analogous to how we obtained the value of a discrete CDF at
x by summing the PMF over all values less than or equal to x; here we integrate
the PDF over all values up to z, so the CDF is the accumulated area under the
PDF. Since we can freely convert between the PDF and the CDF using the inverse
operations of integration and differentiation, both the PDF and CDF carry complete
information about the distribution of a continuous r.v.

Since the PDF determines the distribution, we should be able to use it to find
the probability of X falling into an interval (a,b). A handy fact is that we can
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include or exclude the endpoints as we wish without altering the probability, since
the endpoints have probability 0:

Pla<X <b)=Pla<X<b)=Pla<X<b)=Pla<X<hbh).

% 5.1.4 (Including or excluding endpoints). We can be carefree about including
or excluding endpoints as above for continuous r.v.s, but we must not be careless
about this for discrete r.v.s.

By the definition of CDF and the fundamental theorem of calculus,

b
Pla< X <b)=F(b) — Fl(a) :/ f(z)dx.

Therefore, to find the probability of X falling in the interval (a,b] (or (a,b), [a,b),
or [a,b]) using the PDF, we simply integrate the PDF from a to b. In general, for
an arbitrary region A C R,

P(XeA)= /Af(x)dx.

In summary:
To get a desired probability, integrate the PDF over the appropriate range.

Just as a valid PMF must be nonnegative and sum to 1, a valid PDF must be
nonnegative and integrate to 1.

Theorem 5.1.5 (Valid PDFs). The PDF f of a continuous r.v. must satisfy the
following two criteria:

e Nonnegative: f(z) > 0;
e Integrates to 1: [*_ f(z)dx = 1.

Proof. The first criterion is true because probability is nonnegative; if f(xg) were
negative, then we could integrate over a tiny region around zg and get a negative
probability. Alternatively, note that the PDF at z is the slope of the CDF at g, so
f(xg) < 0 would imply that the CDF is decreasing at g, which is not allowed. The
second criterion is true since ffooo f(x)dx is the probability of X falling somewhere
on the real line, which is 1. |

Conversely, any such function f is the PDF of some r.v. This is because if f satisfies
these properties, we can integrate it as in Proposition 5.1.3 to get a function F
satisfying the properties of a CDF. Then a version of Universality of the Uniform,
the main concept in Section 5.3, can be used to create an r.v. with CDF F.

Now let’s look at some specific examples of PDFs. The two distributions in the
following examples are named the Logistic and Rayleigh distributions, but we won’t
discuss their stories here; their appearance is intended mainly as a way of getting
comfortable with PDFs.
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Example 5.1.6 (Logistic). The Logistic distribution has CDF

6CE

:m, ZUER

F(x)

To get the PDF, we differentiate the CDF, which gives

el’

Let X ~ Logistic. To find P(—2 < X < 2), we need to integrate the PDF from —2

to 2.
2 T

P(—2<X<2):/ ¢

3 mdw = F(2) — F(~2) ~ 0.76.

The integral was easy to evaluate since we already knew that F’ was an antiderivative
for f, and we had a nice expression for F'. Otherwise, we could have made the
substitution v = 1 + €%, so du = e*dz, giving

2 e® 1+e? 1 1 14e2
o (1 +e7) lie—2 U u) Nte

Figure 5.2 shows the Logistic PDF (left) and CDF (right). On the PDF, P(-2 <
X < 2) is represented by the shaded area; on the CDF, it is represented by the
height of the curly brace. You can check that the properties of a valid PDF and
CDF are satisfied.

= o
o' ~—
] © | ,\
o 1
& |
& © | X
L w © !
=) 4 (=) ! -
o Oq:_ |
o o |
S | :
[aV] 1
i o ')
________ 1
1
8 o : '
o- T T T T T O T T T T T
-4 -2 0 2 4 -4 -2 0 2 4
FIGURE 5.2

Logistic PDF and CDF. The probability P(—2 < X < 2) is indicated by the shaded
area under the PDF and the height of the curly brace on the CDF.
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Example 5.1.7 (Rayleigh). The Rayleigh distribution has CDF
Flz)=1-¢%/2 z>0.
To get the PDF, we differentiate the CDF, which gives
flz)=ze ™2 2 >0.
For x < 0, both the CDF and PDF are equal to 0.

Let X ~ Rayleigh. To find P(X > 2), we need to integrate the PDF from 2 to co.
We can do that by making the substitution u = —2/2, but since we already have
the CDF in a nice form we know the integral is F'(oc0) — F(2) =1 — F(2):

HX>@=/ ze™Pdx =1 - F(2) ~ 0.14.
2

The Rayleigh PDF and CDF are plotted in Figure 5.3. Again, probability is repre-

sented by a shaded area on the PDF and a vertical height on the CDF. g
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FIGURE 5.3

Rayleigh PDF and CDF. The probability P(X > 2) is indicated by the shaded area
under the PDF and the height of the curly brace on the CDF.

Although the height of a PDF at x does not represent a probability, it is closely
related to the probability of falling into a tiny interval around x, as the following
intuition explains.

Intuition 5.1.8. Let F' be the CDF and f be the PDF of a continuous r.v. X. As

mentioned earlier, f(x) is not a probability; for example, we could have f(3) > 1,

and we know P(X = 3) = 0. But thinking about the probability of X being very

close to 3 gives us a way to interpret f(3). Specifically, the probability of X being

in a tiny interval of length €, centered at 3, will essentially be f(3)e. This is because
3+€/2

PB—¢€¢/2< X <3+¢/2) :/3 P f(z)dz ~ f(3)e,
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if the interval is so tiny that f is approximately the constant f(3) on that interval.
In general, we can think of f(z)dx as the probability of X being in an infinitesimally
small interval containing x, of length dz.

In practice, X often has units in some system of measurement, such as units of
distance, time, area, or mass. Thinking about the units is not only important in
applied problems, but also it often helps in checking that answers make sense.
Suppose for concreteness that X is a length, measured in centimeters (cm). Then
f(x) = dF(x)/dz is the probability per cm at z, which explains why f(x) is a prob-
ability density. Probability is a dimensionless quantity (a number without physical
units), so the units of f(x) are cm~!. Therefore, to be able to get a probability again,
we need to multiply f(x) by a length. When we do an integral such as f05 f(z)dx,
this is achieved by the often-forgotten dzx. O

The definition of expectation for continuous r.v.s is similar to the definition for
discrete r.v.s; we just replace the sum with an integral and the PMF with the
PDF.

Definition 5.1.9 (Expectation of a continuous r.v.). The ezpected value (also called
the expectation or mean) of a continuous r.v. X with PDF f is

B(X) = /OO o f ()da.

—0oQ
As in the discrete case, the expectation of a continuous r.v. may or may not exist.
When discussing expectations, it would be very tedious to have to add “(if it exists)”
after every mention of an expectation not yet shown to exist, so we will often leave
this implicit.

The integral is taken over the entire real line, but if the support of X is not the
entire real line we can just integrate over the support. The units in this definition
make sense: if X is measured in cm, then so is E(X), since zf(x)dx has units of

cm-cm~ ! em = cem.

With this definition, the expected value retains its interpretation as a center of
mass. As shown in Figure 5.4, using the Rayleigh PDF for illustrative purposes, the
expected value is the balancing point of the PDF, just as it was the balancing point
of the PMF in the discrete case.

Linearity of expectation holds for continuous r.v.s, as it did for discrete r.v.s (we will
show this later in Example 7.2.4). LOTUS also holds for continuous r.v.s, replacing
the sum with an integral and the PMF with the PDF:

Theorem 5.1.10 (LOTUS, continuous). If X is a continuous r.v. with PDF f and
g is a function from R to R, then

EGX) = [ g f(@)da.

—0o0

We now have all the tools we need to tackle the named distributions of this chapter,
starting with the Uniform distribution.
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FIGURE 5.4
The expected value of a continuous r.v. is the balancing point of the PDF.

5.2 Uniform

Intuitively, a Uniform r.v. on the interval (a,b) is a completely random number
between a and b. We formalize the notion of “completely random” on an interval
by specifying that the PDF should be constant over the interval.

Definition 5.2.1 (Uniform distribution). A continuous r.v. U is said to have the
Uniform distribution on the interval (a,b) if its PDF is

ifa<ax<b,

)= =

We denote this by U ~ Unif(a, b).

otherwise.

This is a valid PDF because the area under the curve is just the area of a rectangle
with width b — a and height 1/(b— a). The CDF is the accumulated area under the
PDF:

0 if r <a,
F(r)=4 =% ifa<z <,
1 if z > b.

The Uniform distribution that we will most frequently use is the Unif(0, 1) distribu-
tion, also called the standard Uniform. The Unif(0, 1) PDF and CDF are particularly
simple: f(z) =1 and F(z) =z for 0 < x < 1. Figure 5.5 shows the Unif(0,1) PDF
and CDF side by side.
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Unif(0, 1) PDF and CDF.

For a general Unif(a, b) distribution, the PDF is constant on (a,b), and the CDF is
ramp-shaped, increasing linearly from 0 to 1 as x ranges from a to b.

For Uniform distributions, probability is proportional to length.

Proposition 5.2.2. Let U ~ Unif(a, b), and let (¢,d) be a subinterval of (a,b), of
length | (so I = d — ¢). Then the probability of U being in (c,d) is proportional
to [. For example, a subinterval that is twice as long has twice the probability of
containing U, and a subinterval of the same length has the same probability.

Proof. Since the PDF of U is the constant ﬁ on (a,b), the area under the PDF
from c to d is ﬁ, which is a constant times [. |

The above proposition is a very special property of the Uniform; for any other
distribution, there are intervals of the same length that have different probabilities.
Even after conditioning on a Uniform r.v. being in a certain subinterval, we still
have a Uniform distribution and thus still have probability proportional to length
(within that subinterval); we show this below.

Proposition 5.2.3. Let U ~ Unif(a,b), and let (c,d) be a subinterval of (a,b).
Then the conditional distribution of U given U € (¢, d) is Unif(c, d).

Proof. For u in (¢, d), the conditional CDF at u is

_ PU<u,c<U<d) PUEec(cu]) u-—c
PUsuUe(ed)=—F0Gcia)  ~PUcd) d-c

The conditional CDF is 0 for u < ¢ and 1 for © > d. So the conditional distribution
of U is as claimed. [ |
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Example 5.2.4. Let’s illustrate the above propositions for U ~ Unif(0,1). In this
special case, the support has length 1, so probability is length: the probability of U
falling into the interval (0,0.3) is 0.3, as is the probability of falling into (0.3,0.6),
(0.4,0.7), or any other interval of length 0.3 within (0, 1).

Now suppose that we learn that U € (0.4,0.7). Given this information, the con-
ditional distribution of U is Unif(0.4,0.7). Then the conditional probability of
U € (0.4,0.6) is 2/3, since (0.4,0.6) provides 2/3 of the length of (0.4,0.7). The
conditional probability of U € (0,0.6) is also 2/3, since we discard the points to the
left of 0.4 when conditioning on U € (0.4,0.7). O

Next, let’s derive the mean and variance of U ~ Unif(a,b). The expectation is
extremely intuitive: the PDF is constant, so its balancing point should be the mid-
point of (a,b). This is exactly what we find by using the definition of expectation
for continuous r.v.s:

b 2 2
1 1 b a a+b
E — . — _— — = .
@) /a:” b—a™ b—a<2 2> 2

For the variance, we first find E(U?) using the continuous version of LOTUS:

b 3 3
1 1 b —a
E(UQ)—/ be_adng- T

Then

1 B¥—d® [a+b\>
Var(U) = E(U?) — (EU)? = = - — —< 5 ) :

3
which reduces, after factoring b —a® = (b—a)(a®+ab+b?) and simplifying, to

(b= a)?
12

Var(U) =

The above derivation isn’t terribly painful, but there is an easier path, using a
technique that is often useful for continuous distributions. The technique is called
location-scale transformation, and it relies on the observation that shifting and scal-
ing a Uniform r.v. produces another Uniform r.v. Shifting is considered a change of
location and scaling is a change of scale, hence the term location-scale. For example,
if X is Uniform on the interval (1,2), then X + 5 is Uniform on the interval (6, 7),
2X is Uniform on the interval (2,4), and 2X + 5 is Uniform on (7,9).

Definition 5.2.5 (Location-scale transformation). Let X be anr.v.and Y = 0 X +
u, where o and p are constants with ¢ > 0. Then we say that Y has been obtained
as a location-scale transformation of X. Here u controls how the location is changed
and o controls how the scale is changed.

# 5.2.6. In a location-scale transformation, starting with X ~ Unif(a, b) and trans-
forming it to Y = ¢X + d where ¢ and d are constants with ¢ > 0, Y is a linear
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function of X and Uniformity is preserved: Y ~ Unif(ca + d,cb + d). But if Y is
defined as a nonlinear transformation of X, then Y will not be linear in general. For
example, for X ~ Unif(a,b) with 0 < a < b, the transformed r.v. Y = X? has sup-
port (a2, b?) but is not Uniform on that interval. Chapter 8 explores transformations
of r.v.s in detail.

In studying Uniform distributions, a useful strategy is to start with an r.v. that has
the simplest Uniform distribution, figure things out in the friendly simple case, and
then use a location-scale transformation to handle the general case.

Let’s see how this works for finding the expectation and variance of the Unif(a, b)
distribution. The location-scale strategy says to start with U ~ Unif(0, 1). Since the
PDF of U is just 1 on the interval (0,1), it is easy to see that

! 1
EU) :/0 xdr = 2
1

1
EU = [ 22%dz= 3

Var(U) =

=
—
[\]

Now that we know the answers for U, transforming U into a general Unif(a,b)
r.v. takes just two steps. First we change the support from an interval of length 1
to an interval of length b — a, so we multiply U by the scaling factor b — a to obtain
a Unif(0,b — a) r.v. Then we shift everything until the left endpoint of the support
is at a. Thus, if U ~ Unif(0, 1), the random variable

U=a+(b—a)U
is distributed Unif(a,b). Now the mean and variance of U follow directly from
properties of expectation and variance. By linearity of expectation,

E(ﬁ):E(a—i-(b—a)U):a+(b—a)E(U):a+b;a: a—2kb'

By the fact that additive constants don’t affect the variance while multiplicative

constants come out squared,

—a)?
Var(U) = Var(a + (b — a)U) = Var((b — a)U) = (b — a)*Var(U) = u

12

These agree with our previous answers.

The technique of location-scale transformation will work for any family of distribu-
tions such that shifting and scaling an r.v. whose distribution in the family produces
another r.v. whose distribution is in the family. This technique does not apply to
families of discrete distributions (with a fixed support) since, for example, shifting
or scaling X ~ Bin(n, p) changes the support and produces an r.v. that is no longer
Binomial. A Binomial r.v. must be able to take on all integer values between 0 and
some upper bound, but X + 4 can’t take on any value in {0, 1,2,3} and 2X can
only take even values, so neither of these r.v.s has a Binomial distribution.
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% 5.2.7 (Beware of sympathetic magic). When using location-scale transforma-
tions, the shifting and scaling should be applied to the random variables them-
selves, not to their PDFs. To confuse these two would be an instance of sympa-
thetic magic (see # 3.7.7), and would result in invalid PDFs. For example, let
U ~ Unif(0,1), so the PDF f has f(z) = 1 on (0,1) (and f(x) = 0 elsewhere).
Then 3U + 1 ~ Unif(1,4), but 3f + 1 is the function that equals 4 on (0,1) and 1
elsewhere, which is not a valid PDF since it does not integrate to 1.

5.3 Universality of the Uniform

In this section, we will discuss a remarkable property of the Uniform distribution:
given a Unif(0, 1) r.v., we can construct an r.v. with any continuous distribution we
want. Conversely, given an r.v. with an arbitrary continuous distribution, we can
create a Unif(0, 1) r.v. We call this the universality of the Uniform, because it tells us
the Uniform is a universal starting point for building r.v.s with other distributions.
Universality of the Uniform also goes by many other names, such as the probability
integral transform, inverse transform sampling, the quantile transformation, and
even the fundamental theorem of simulation.

To keep the proofs simple, we will state the universality of the Uniform for a case
where we know that the inverse of the desired CDF exists. More generally, similar
ideas can be used to simulate a random draw from any desired CDF (which can be
any function satisfying the properties listed in Theorem 3.6.3), as a function of a
Unif(0, 1) r.v.

Theorem 5.3.1 (Universality of the Uniform). Let F' be a CDF which is a continu-
ous function and strictly increasing on the support of the distribution. This ensures
that the inverse function F~! exists, as a function from (0,1) to R. We then have
the following results.

1. Let U ~ Unif(0,1) and X = F~1(U). Then X is an r.v. with CDF F.
2. Let X be an r.v. with CDF F. Then F(X) ~ Unif(0, 1).

Let’s make sure we understand what each part of the theorem is saying. The first
part of the theorem says that if we start with U ~ Unif(0, 1) and a CDF F', then we
can create an r.v. whose CDF is F by plugging U into the inverse CDF F~!. Since
F~!is a function (known as the quantile function), U is a random variable, and a
function of a random variable is a random variable, F~!(U) is a random variable;
universality of the Uniform says its CDF is F.

The second part of the theorem goes in the reverse direction, starting from an r.v. X
whose CDF is F' and then creating a Unif(0,1) r.v. Again, F' is a function, X is a
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random variable, and a function of a random variable is a random variable, so F'(X)
is a random variable. Since any CDF is between 0 and 1 everywhere, F'(X) must
take values between 0 and 1. Universality of the Uniform says that the distribution
of F(X) is Uniform on (0,1).

& 5.3.2. The second part of universality of the Uniform involves plugging a random
variable X into its own CDF F. This may seem strangely self-referential, but it
makes sense because F' is just a function (that satisfies the properties of a valid
CDF), and we have already discussed in Chapter 3 what it means to take a function
of a random variable. There is a potential notational confusion, however: F(x) =
P(X < z) by definition, but it would be incorrect to say “F(X) = P(X < X) =1".
Rather, we should first find an expression for the CDF as a function of z, then
replace x with X to obtain a random variable. For example, if the CDF of X is
F(x)=1—e®for z >0, then F(X)=1-—¢e¥.

Understanding the statement of the theorem is the difficult part; the proof is just a
couple of lines for each direction.

Proof.
1. Let U ~ Unif(0,1) and X = F~1(U). For all real ,

P(X <x)=P(FY(U)<2)=PU < F(z)) = F(x),

so the CDF of X is F, as claimed. For the last equality, we used the fact that
P(U <wu) =wu for ue(0,1).

2. Let X have CDF F, and find the CDF of Y = F(X). Since Y takes values in
(0,1), P(Y < y) equals 0 for y < 0 and equals 1 for y > 1. For y € (0,1),

PY <y =PFX)<y) =PX<F '(y)=FF '(y) =y

Thus Y has the Unif(0,1) CDF. [

To gain more insight into what the quantile function F~! and universality of the
Uniform mean, let’s consider an example that is familiar to millions of students:
percentiles on an exam.

Example 5.3.3 (Percentiles). A large number of students take a certain exam,
graded on a scale from 0 to 100. Let X be the score of a random student. Con-
tinuous distributions are easier to deal with here, so let’s approximate the discrete
distribution of scores using a continuous distribution. Suppose that X is continuous,
with a CDF F that is strictly increasing on (0, 100). In reality, there are only finitely
many students and only finitely many possible scores, but a continuous distribution
may be a good approximation.

Suppose that the median score on the exam is 60, i.e., half of the students score
above 60 and the other half score below 60 (a convenient aspect of assuming a
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continuous distribution is that we don’t need to worry about how many students
had scores equal to 60). That is, F(60) = 1/2, or, equivalently, F~1(1/2) = 60.

If Fred scores a 72 on the exam, then his percentile is the fraction of students who
score below a 72. This is F(72), which is some number in (1/2,1) since 72 is above
the median. In general, a student with score x has percentile F'(x). Going the other
way, if we start with a percentile, say 0.95, then F~1(0.95) is the score that has
that percentile. A percentile is also called a quantile, which is why F~! is called
the quantile function. The function F' converts scores to quantiles, and the function
F~1 converts quantiles to scores.

The strange operation of plugging X into its own CDF now has a natural interpre-
tation: F'(X) is the percentile attained by a random student. It often happens that
the distribution of scores on an exam looks very non-Uniform. For example, there
is no reason to think that 10% of the scores are between 70 and 80, even though
(70,80) covers 10% of the range of possible scores.

On the other hand, the distribution of percentiles of the students is Uniform: the
universality property says that F'(X) ~ Unif(0, 1). For example, 50% of the students
have a percentile of at least 0.5. Universality of the Uniform is expressing the fact
that 10% of the students have a percentile between 0 and 0.1, 10% have a percentile
between 0.1 and 0.2, 10% have a percentile between 0.2 and 0.3, and so on—a fact
that is clear from the definition of percentile. O

To illustrate universality of the Uniform, we will apply it to the two distributions
we encountered in the previous section, the Logistic and Rayleigh.

Example 5.3.4 (Universality with Logistic). The Logistic CDF is

eCE

F(x)

Suppose we have U ~ Unif(0, 1) and wish to generate a Logistic r.v. Part 1 of the
universality property says that F~1(U) ~ Logistic, so we first invert the CDF to

get F1:
F~1(u) =log <1ﬁu> :

Then we plug in U for u:

F7LU) =log <1(_]U> :

Therefore log (%) ~ Logistic.

We can verify directly that log (%) has the required CDF': start from the defini-

tion of CDF, do some algebra to isolate U on one side of the inequality, and then use
the CDF of the Uniform distribution. Let’s work through these calculations once
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for practice:

which is indeed the Logistic CDF.

We can also use simulation to visualize how universality of the Uniform works. To
this end, we generated 1 million Unif(0, 1) random variables. We then transformed
each of these values u into log (ﬁ), if the universality of the Uniform is correct,
the transformed numbers should follow a Logistic distribution.

Histogram of u Unif(0,1) PDF
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Histogram of log(u/(1-u)) Logistic PDF
-15 -10 -5 0 5 10 15 -15 -10 -5 0 5 10 15

FIGURE 5.6
Top: Histogram of 10 draws of U ~ Unif(0, 1), with Unif(0, 1) PDF for comparison.

Bottom: Histogram of 10% draws of log (%), with Logistic PDF for comparison.

Figure 5.6 displays a histogram of the realizations of U alongside the Unif(0,1)

U
-U

Logistic PDF. As we can see, the second histogram looks very much like the Logistic

PDF; below that, we have a histogram of the realizations of log next to the
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PDF. Thus, by applying F~!, we were able to transform our Uniform draws into
Logistic draws, exactly as claimed by the universality of the Uniform.
Conversely, Part 2 of the universality property states that if X ~ Logistic, then

X

F(X) = 1+eX

~ Unif(0,1).

Example 5.3.5 (Universality with Rayleigh). The Rayleigh CDF is
Flz)=1-¢%/2 z>0.

The quantile function (the inverse of the CDF) is
F~Y(u) = /~2log(1 — u),

so if U ~ Unif(0,1), then F~1(U) = \/—2log(1 — U) ~ Rayleigh.

Histogram of u Unif(0,1) PDF
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1 1
1 1
1 1
1 1
1 1
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1 1
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0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Histogram of sqrt(-2*log(1-u)) Rayleigh PDF

2 3 4 5 8 0 1 2 3 4 5
FIGURE 5.7

Top: Histogram of 1 million draws from U ~ Unif(0, 1), with Unif(0, 1) PDF for com-
parison. Bottom: Histogram of 1 million draws from /—21log(1 — U), with Rayleigh
PDF for comparison.

We again generated 1 million realizations of U ~ Unif(0, 1) and transformed them
to produce 1 million realizations of \/—2log(1 — U). As Figure 5.7 shows, the real-

izations of \/—2log(1 — U) look very similar to the Rayleigh PDF, as predicted by
the universality of the Uniform.
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Conversely, if X ~ Rayleigh, then F(X) =1 — e X"/2 ~ Unif(0, 1). O

Next, let us consider the extent to which universality of the Uniform holds for
discrete random variables. The CDF F of a discrete r.v. has jumps and flat regions,
so F~1 does not exist (in the usual sense). But Part 1 still holds in the sense
that given a Uniform random variable, we can construct an r.v. with any discrete
distribution we want. The difference is that instead of working with the CDF, which
is not invertible, it is more straightforward to work with the PMF.

Our approach is best illustrated with a picture. Suppose we want to use U ~
Unif(0,1) to construct a discrete r.v. X with PMF p; = P(X = j) for j =
0,1,2,...,n. As illustrated in Figure 5.8, we can chop up the interval (0,1) into
pieces of lengths po, p1,...,pn- By the properties of a valid PMF, the sum of the
pj’s is 1, so this perfectly divides up the interval, without overshooting or under-
shooting.

0 1 2 n-1 n
| | | | | | |
[ [ [ [ [ [ |
N I
pO pl p2 pn—l pn

FIGURE 5.8
Given a PMF, chop up the interval (0, 1) into pieces, with lengths given by the PMF
values.

Now define X to be the r.v. which equals 0 if U falls into the pg interval, 1 if U falls
into the p; interval, 2 if U falls into the ps interval, and so on. Then X is a discrete
r.v. taking on values 0 through n. The probability that X = j is the probability
that U falls into the interval of length p;. But for a Unif(0,1) r.v., probability is
length, so P(X = j) is precisely p;, as desired!

The same trick will work for a discrete r.v. that can take on infinitely many values,
such as a Poisson; we’ll need to chop (0, 1) into infinitely many pieces, but the total
length of the pieces is still 1.

We now know how to take an arbitrary PMF and create an r.v. with that PMF.
This fulfills our promise from Chapter 3 that any function with the properties given
in Theorem 3.2.7 is the PMF of some r.v.

Part 2 of universality of the Uniform, on the other hand, fails for discrete r.v.s.
A function of a discrete r.v. is still discrete, so if X is discrete, then F(X) is still
discrete. So F'(X) doesn’t have a Uniform distribution. For example, if X ~ Bern(p),
then F'(X) has only two possible values: F/(0) =1 —p and F(1) = 1.

The takeaway from this section is that we can use a Uniform r.v. U generate r.v.s
from both continuous and discrete distributions: in the continuous case, we can plug
U into the inverse CDF, and in the discrete case, we can chop up the unit interval
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according to the desired PMF. Universality of the Uniform is often useful in practice
when running simulations (since the software being used may know how to generate
Uniform r.v.s but not know how to generate r.v.s with the distribution of interest),
though the extent to which it is useful depends partly on how tractable it is to
compute the inverse CDF.

Using our analogy of distributions as blueprints and r.v.s as houses, the beauty of
the universality property is that the Uniform distribution is a very simple blueprint,
and it’s easy to create a house from that blueprint; universality of the Uniform then
gives us a simple rule for remodeling the Uniform house into a house with any other
blueprint, no matter how complicated!

5.4 Normal

The Normal distribution is a famous continuous distribution with a bell-shaped
PDF. It is extremely widely used in statistics because of a theorem, the central limit
theorem, which says that under very weak assumptions, the sum of a large number of
i.i.d. random variables has an approximately Normal distribution, regardless of the
distribution of the individual r.v.s. This means we can start with independent r.v.s
from almost any distribution, discrete or continuous, but once we add up a bunch of
them, the distribution of the resulting r.v. looks like a Normal distribution.

The central limit theorem is a topic for Chapter 10, but in the meantime, we’ll
introduce the properties of the Normal PDF and CDF and derive the expectation
and variance of the Normal distribution. To do this, we will again use the strategy
of location-scale transformation by starting with the simplest Normal distribution,
the standard Normal, which is centered at 0 and has variance 1. After deriving the
properties of the standard Normal, we’ll be able to get to any Normal distribution
we want by shifting and scaling.

Definition 5.4.1 (Standard Normal distribution). A continuous r.v. Z is said to
have the standard Normal distribution if its PDF ¢ is given by

—o0 < 2z < 00.

We write this as Z ~ N(0, 1) since, as we will show, Z has mean 0 and variance 1.

The constant \/%7 in front of the PDF may look surprising (why is something with
7 needed in front of something with e, when there are no circles in sight?), but it’s
exactly what is needed to make the PDF integrate to 1. Such constants are called
normalizing constants because they normalize the total area under the PDF to 1.
We'll verify soon that this is a valid PDF.
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The standard Normal CDF @ is the accumulated area under the PDF:

@(z):/_; go(t)dt:/_; \/%e—t"’ﬂdt.

Some people, upon seeing the function ® for the first time, express dismay that it
is left in terms of an integral. Unfortunately, we have little choice in the matter:
it turns out to be mathematically impossible to find a closed-form expression for
the antiderivative of ¢, meaning that we cannot express ® as a finite sum of more
familiar functions like polynomials or exponentials. But closed-form or no, it’s still
a well-defined function: if we give ® an input z, it returns the accumulated area
under the PDF from —oo up to z.

Notation 5.4.2. We can tell the Normal distribution must be special because the
standard Normal PDF and CDF get their own Greek letters. By convention, we use
@ for the standard Normal PDF and & for the CDF. We will often use Z to denote
a standard Normal random variable.

The standard Normal PDF and CDF are plotted in Figure 5.9. The PDF is bell-
shaped and symmetric about 0, and the CDF is S-shaped. These have the same
general shape as the Logistic PDF and CDF that we saw in a couple of previous
examples, but the Normal PDF decays to 0 much more quickly: notice that nearly
all of the area under ¢ is between —3 and 3, whereas we had to go out to —5 and
5 for the Logistic PDF.
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FIGURE 5.9

Standard Normal PDF ¢ (left) and CDF @ (right).

There are several important symmetry properties that can be deduced from the
standard Normal PDF and CDF.

1. Symmetry of PDF': ¢ satisfies ¢(z) = p(—2), i.e., ¢ is an even function.
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2. Symmetry of tail areas: The area under the PDF curve to the left of —2,
which is P(Z < —2) = ®(—2) by definition, equals the area to the right
of 2, which is P(Z > 2) =1 — ®(2). In general, we have

O(z) =1—-P(—2)

for all z. This can be seen visually by looking at the PDF curve, and
mathematically by substituting v = —t below and using the fact that
PDF's integrate to 1:

@(z):/zgo(t)dt:/zoogo(u)du: / o(w)du =1 — B(2).

— 00 —0o0

3. Symmetry of Z and —Z: If Z ~ N(0,1), then —Z ~ N(0,1) as well. To
see this, note that the CDF of —Z is

P(—Z<2)=P(Z>-2)=1—-9(—2),
but that is ®(z), according to what we just argued. So —Z has CDF &.

We need to prove three key facts about the standard Normal, and then we’ll be
ready to handle general Normal distributions: we need to show that ¢ is a valid
PDF, that E(Z) = 0, and that Var(Z) = 1.

To verify the validity of ¢, well show that the total area under e=%"/2 is /27.
However, we can’t find the antiderivative of e=#"/2 directly, again because of the an-
noying fact that the antiderivative isn’t expressible in closed form. But this doesn’t
mean we can’t do definite integrals, with some ingenuity.

An amazing trick saves the day here: write down the integral twice. Usually, writing
down the same problem repeatedly is more a sign of frustration than a problem-
solving strategy. But in this case, it allows a neat conversion to polar coordi-

nates:
</ e_zz/2dz> </ e_ZQ/de) = (/ e_m2/2d:c> (/ 6_y2/2dy>
:/ / e*w%yz dxdy
_27r _oo ,
:/ / e " 2rdrde.
0 0

In the first step, we used the fact that z is just a dummy variable in each integral,
so we are allowed to give it a different name (or two different names, one for each
integral). The extra r that appears in the final step comes from the Jacobian of
the transformation to polar coordinates, as explained in Section A.7.2 of the math
appendix. That r is also what saves us from the impossibility of the original integral,
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since we can now use the substitution u = r%/2, du = rdr. This gives

21 o) 21 o)
/ / e " 2rdrdo —/ </ e“du) do
0 0 0 0
27
= / 1d0 = 2x.
0

/ e %124z = /2n,

Therefore,

as we wanted to show.

The expectation of the standard Normal has to be 0, by the symmetry of the PDF;
no other balancing point would make sense. We can also see this symmetry by
looking at the definition of F(Z):

1 o 2
E(Z)= \/ﬁ/ ze #1124z,

and since g(z) = ze is an odd function (see Section A.2.3 of the math appendix
for more on even and odd functions), the area under g from —oo to 0 cancels the
area under g from 0 to co. Therefore E(Z) = 0. In fact, the same argument shows
that F(Z") = 0 for any odd positive number n.!

—2%/2

Getting the mean was easy (one might even say it was EZ), but the variance
calculation is a bit more involved. By LOTUS,

Var(Z) = E(Z%) — (EZ)* = E(Z?)

.2
22e %2y

1 o
B v27T/oo

2 o0 2 _2/2
- 2/2g

Tﬂ'/{) z% z

The last step uses the fact that z2e=2"/2 is an even function. Now we use integration
by parts with w = z and dv = ze %"/2dz, so du = dz and v = —e~ % /2
2 ey
Var(Z) = — | —ze

+ / ezz/de>
\/ﬂ 0 0

)

=1

The first term of the integration by parts equals 0 because e2"/2 decays much

LA subtlety is that co — co is undefined, so we also want to check that the area under the curve
2 2
2"e* /2 from 0 to oo is finite. But this is true since e=* /2 goes to 0 extremely quickly (faster

than exponential decay), more than offsetting the growth of the polynomial 2™.
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faster than z grows, and the second term is v/27/2 because it’s half of the total area
under e=%"/2, which we’ve already proved is v/27. So indeed, the standard Normal
distribution has mean 0 and variance 1.

The general Normal distribution has two parameters, denoted p and o2, which
correspond to the mean and variance (so the standard Normal is the special case
where 1 = 0 and 02 = 1). Starting with a standard Normal r.v. Z ~ A/(0,1), we can
get a Normal r.v. with any mean and variance by a location-scale transformation
(shifting and scaling).

Definition 5.4.3 (Normal distribution). If Z ~ N(0,1), then
X=pu+oz

is said to have the Normal distribution with mean p and variance o2. We denote
this by X ~ N (i, 0?).

It’s clear by properties of expectation and variance that X does in fact have mean

u and variance o

E(p+o0Z)=E(u) +0E(Z) = p,
Var(u + 0Z) = Var(cZ) = 0*Var(Z) = o°.

Note that we multiply Z by the standard deviation o, not o?; else the units would

be wrong and X would have variance o?.

Of course, if we can get from Z to X, then we can get from X back to Z. The process
of getting a standard Normal from a non-standard Normal is called, appropriately
enough, standardization. For X ~ N(u,0?), the standardized version of X is

X —p
g

~ N(0,1).

We can use standardization to find the CDF and PDF of X in terms of the standard
Normal CDF and PDF.

Theorem 5.4.4 (Normal CDF and PDF). Let X ~ A (i, 0?). Then the CDF of X

) F(x)z@(x;M>,

fl@)=¢ (a’;u) %

Proof. For the CDF, we start from the definition F(x) = P(X < z), standardize,
and use the CDF of the standard Normal:

F(a;):P(ng):P(X_“<x_“> :@(x_").

and the PDF of X is

g g
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Then we differentiate to get the PDF, remembering to apply the chain rule:

fa) = <"’“°;”>

Finally, three important benchmarks for the Normal distribution are the probabil-
ities of falling within one, two, and three standard deviations of the mean. The
68-95-99.7% rule tells us that these probabilities are what the name suggests.

Theorem 5.4.5 (68-95-99.7% rule). If X ~ N (u,0?), then

P(|X —pu|l <o) =068
P(|X —p| <20)~0.95
P(|X — p| < 30) = 0.997.

We can use this rule to get quick approximations of Normal probabilities.? Often it
is easier to apply the rule after standardizing, in which case we have

P(|Z] < 1) ~ 0.68

P(|Z] < 2) ~ 0.95

P(|Z] < 3) ~ 0.997.
Example 5.4.6. Let X ~ N (—1,4). What is P(|X| < 3), exactly (in terms of ®)
and approximately?
Solution:

The event |X| < 3 is the same as the event —3 < X < 3. We use standardization
to express this event in terms of the standard Normal r.v. Z = (X — (—1))/2, then
apply the 68-95-99.7% rule to get an approximation. The exact answer is

3 (-1) X -—(-1)
2 < 2

P(—3<X<3):P< <3_§_1)>:P(—1<Z<2),

2The 68-95-99.7% rule says that 95% of the time, a Normal random variable will fall within +2
standard deviations of its mean. An even more accurate approximation says that 95% of the time,
a Normal r.v. is within +1.96 SDs of its mean. This explains why the number 1.96 comes up very
often in statistics in the context of 95% confidence intervals, which are often created by taking an
estimate and putting a buffer zone of 1.96 SDs on either side.
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which is ®(2) — ®(—1). The 68-95-99.7% rule tells us that P(—1 < Z < 1) = 0.68
and P(—2 < Z < 2) =~ 0.95. In other words, going from +1 standard deviation to
+2 standard deviations adds approximately 0.95 — 0.68 = 0.27 to the area under

the curve. By symmetry, this is evenly divided between the areas P(—2 < Z < —1)
and P(1 < Z < 2). Therefore,

0.27
P(-1<Z<2)=P(-1<Z<1)+P(l<Z<?2) w0.68+7 = 0.815.

This is close to the correct value, ®(2) — ®(—1) ~ 0.8186. O

5.5 Exponential

The Exponential distribution is the continuous counterpart to the Geometric dis-
tribution. Recall that a Geometric random variable counts the number of failures
before the first success in a sequence of Bernoulli trials. The story of the Exponen-
tial distribution is analogous, but we are now waiting for a success in continuous
time, where successes arrive at a rate of A successes per unit of time. The average
number of successes in a time interval of length ¢ is At, though the actual number of
successes varies randomly. An Exponential random variable represents the waiting
time until the first arrival of a success.

Definition 5.5.1 (Exponential distribution). A continuous r.v. X is said to have
the Exzponential distribution with parameter X if its PDF is

f(z) =X z>0.

We denote this by X ~ Expo(A).

The corresponding CDF is

Flr)=1-¢* >0,

The Expo(1) PDF and CDF are plotted in Figure 5.10. Note the resemblance to
the Geometric PMF and CDF pictured in Chapter 4. Exercise 45 explores the
sense in which the Geometric converges to the Exponential, in the limit where the
Bernoulli trials are performed faster and faster but with smaller and smaller success
probabilities.

We’ve seen how all Uniform and Normal distributions are related to one another
via location-scale transformations, and we might wonder whether the Exponential
distribution allows this too. Exponential r.v.s are defined to have support (0, 00),
and shifting would change the left endpoint. But scale transformations work nicely,
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Expo(1) PDF and CDF.

and we can use scaling to get from the simple Expo(1) to the general Expo(\): if
X ~ Expo(1), then

X
Y = — ~ Expo(A),
A
since X
P(Yéy)=P</\§y> =P(X <) =1-e™ y>0.
Conversely, if Y ~ Expo(A), then \Y ~ Expo(1).

This means that just as we did for the Uniform and the Normal, we can get the mean
and variance of the Exponential distribution by starting with X ~ Expo(1). Both
E(X) and Var(X) are obtained using standard integration by parts calculations.
This gives

E(X)= /00 xe fdx =1,
0
BE(X?) = /00 zle%dx = 2,
0
Var(X) = E(X?) — (EX)* = 1.

In the next chapter we’ll introduce a new tool called the moment generating func-
tion, which will let us get these results without integration.

For Y = X/\ ~ Expo(\) we then have

1 1
EY)=—-EX)=—
)= 1Ex) = 1.

1 1

Var(Y) = FVar(X) =2
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so the mean and variance of the Expo()) distribution are 1/ and 1/A?, respectively.
As we’d expect intuitively, the faster the rate of arrivals A, the shorter the average
waiting time.

The Exponential distribution has a very special property called the memoryless
property, which says that even if you’ve waited for hours or days without success,
the success isn’t any more likely to arrive soon. In fact, you might as well have just
started waiting 10 seconds ago. The definition formalizes this idea.

Definition 5.5.2 (Memoryless property). A distribution is said to have the mem-
oryless property if a random variable X from that distribution satisfies

P(X>s+tX >s)=P(X >t)
for all s,¢ > 0.

Here s represents the time you've already spent waiting; the definition says that
after you’ve waited s minutes, the probability you’ll have to wait another ¢ minutes
is exactly the same as the probability of having to wait ¢ minutes with no previous
waiting time under your belt. Another way to state the memoryless property is that
conditional on X > s, the additional waiting time X — s is still distributed Expo(\).
In particular, this implies

1
E(X]XZS)::H—E(X):s—i-X.

(Conditional expectation is explained in detail in Chapter 9, but the meaning should
already be clear: for any r.v. X and event A, E(X|A) is the expected value of X
given A; this can be defined by replacing the unconditional PMF or PDF of X in
the definition of E(X) by the conditional PMF or PDF of X given A.)

Using the definition of conditional probability, we can directly verify that the Ex-
ponential distribution has the memoryless property. Let X ~ Expo(A). Then
P(X >s41t) e Mst)

P(X23+t|XZS): P<X> ) = —As :e_)\t:P(th)'
> s e

What are the implications of the memoryless property? If you're waiting at a bus
stop and the time until the bus arrives has an Exponential distribution, then con-
ditional on your having waited 30 minutes, the bus isn’t due to arrive soon. The
distribution simply forgets that you've been waiting for half an hour, and your re-
maining wait time is the same as if you had just shown up to the bus stop. If the
lifetime of a machine has an Exponential distribution, then no matter how long the
machine has been functional, conditional on having lived that long, the machine
is as good as new: there is no wear-and-tear effect that makes the machine more
likely to break down soon. If human lifetimes were Exponential, then conditional
on having survived to the age of 80, your remaining lifetime would have the same
distribution as that of a newborn baby!

Clearly, the memoryless property is not an appropriate description for human or
machine lifetimes. Why then do we care about the Exponential distribution?
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1. Some physical phenomena, such as radioactive decay, truly do exhibit the
memoryless property, so the Exponential is an important model in its own
right.

2. The Exponential distribution is well-connected to other named distribu-
tions. In the next section, we’ll see how the Exponential and Poisson dis-
tributions can be united by a shared story, and we’ll discover many more
connections in later chapters.

3. The Exponential serves as a building block for more flexible distributions,
such as the Weibull distribution (see Exercise 25 of Chapter 6), that allow
for a wear-and-tear effect (where older units are due to break down) or
a survival-of-the-fittest effect (where the longer you've lived, the stronger
you get). To understand these distributions, we first have to understand
the Exponential.

The memoryless property is a very special property of the Exponential distribu-
tion: no other continuous distribution on (0,00) is memoryless! Let’s prove this
now.

Theorem 5.5.3. If X is a positive continuous random variable with the memoryless
property, then X has an Exponential distribution.

Proof. Suppose X is a positive continuous r.v. with the memoryless property. Let
F be the CDF of X, and let G(z) = P(X > z) = 1 — F(z); G is known as the
survival function. We're going to show that G(x) = e~** for some A. The memoryless
property says

G(s+1t) =G(s)G(t)

for all s,¢ > 0. Differentiating with respect to s (which we can do because X is a
continuous r.v., so G is differentiable), we require

G'(s+1) = /()G (1)
for all s,¢ > 0. In particular, when s = 0,
G'(t) = G'(0)G(t).

Let G'(0) = ¢, since it’s just a number, and let y = G(t). Then what we have is a
separable differential equation (see Section A.5 of the math appendix),

dy

E:Cy’

which has general solution y = G(t) = Ke and particular solution G(t) = e

after using the initial condition G(0) = P(X > 0) = 1. Letting A = —¢, this is
exactly the form we wanted for G(¢); A is indeed positive because G is a decreasing
function (since F' is an increasing function), so ¢ = G’(0) < 0. Therefore X has an
Exponential distribution. |
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In view of the analogy between the Geometric and Exponential stories, you might
guess that the Geometric distribution also has the memoryless property. If so, you
would be correct! If we're waiting for the first Heads in a sequence of fair coin tosses,
and in a streak of bad luck we happen to get ten Tails in a row, this has no impact on
how many additional tosses we’ll need: the coin isn’t due for a Heads, nor conspiring
against us to perpetually land Tails. The coin is memoryless. The Geometric is the
only memoryless discrete distribution (with support 0,1,...), and the Exponential
is the only memoryless continuous distribution (with support (0, 00)).

As practice with the memoryless property, the following example chronicles the ad-
ventures of Fred, who experiences firsthand the frustrations of the memoryless prop-
erty after moving to a town with a memoryless public transportation system.

Example 5.5.4 (Blissville and Blotchville). Fred lives in Blissville, where buses
always arrive exactly on time, with the time between successive buses fixed at 10
minutes. Having lost his watch, he arrives at the bus stop at a uniformly random
time on a certain day (assume that buses run 24 hours a day, every day, and that
the time that Fred arrives is independent of the bus arrival process).

(a) What is the distribution of how long Fred has to wait for the next bus? What
is the average time that Fred has to wait?

(b) Given that the bus has not yet arrived after 6 minutes, what is the probability
that Fred will have to wait at least 3 more minutes?

(c¢) Fred moves to Blotchville, a city with inferior urban planning and where buses
are much more erratic. Now, when any bus arrives, the time until the next bus
arrives is an Exponential random variable with mean 10 minutes. Fred arrives at
the bus stop at a random time, not knowing how long ago the previous bus came.
What is the distribution of Fred’s waiting time for the next bus? What is the average
time that Fred has to wait?

(d) When Fred complains to a friend how much worse transportation is in
Blotchville, the friend says: “Stop whining so much! You arrive at a uniform in-
stant between the previous bus arrival and the next bus arrival. The average length
of that interval between buses is 10 minutes, but since you are equally likely to
arrive at any time in that interval, your average waiting time is only 5 minutes.”

Fred disagrees, both from experience and from solving Part (c¢) while waiting for
the bus. Explain what is wrong with the friend’s reasoning.

Solution:
(a) The distribution is Uniform on (0, 10), so the mean is 5 minutes.
(b) Let T be the waiting time. Then

P(T>9,T>6) P(T=>9) 1/10 1
P(T > 6+3|T > 6) = = = =z,
(T'26+3/T>6) P(T > 6) P(T>6) 4/10 4

In particular, Fred’s waiting time in Blissville is not memoryless; conditional on
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having waited 6 minutes already, there’s only a 1/4 chance that he’ll have to wait
another 3 minutes, whereas if he had just showed up, there would be a P(T' > 3) =
7/10 chance of having to wait at least 3 minutes.

(c) By the memoryless property, the distribution is Exponential with parameter
1/10 (and mean 10 minutes) regardless of when Fred arrives; how much longer the
next bus will take to arrive is independent of how long ago the previous bus arrived.
The average time that Fred has to wait is 10 minutes.

(d) Fred’s friend is making the mistake, explained in # 4.1.3, of replacing a random
variable (the time between buses) by its expectation (10 minutes), thereby ignoring
the variability in interarrival times. The average length of a time interval between
two buses is 10 minutes, but Fred is not equally likely to arrive at any of these
intervals: Fred is more likely to arrive during a long interval between buses than to
arrive during a short interval between buses. For example, if one interval between
buses is 50 minutes and another interval is 5 minutes, then Fred is 10 times more
likely to arrive during the 50-minute interval.

This phenomenon is known as length-biasing, and it comes up in many real-life
situations. For example, asking randomly chosen mothers how many children they
have yields a different distribution from asking randomly chosen people how many
siblings they have, including themselves. Asking students the sizes of their classes
and averaging those results may give a much higher value than taking a list of classes
and averaging the sizes of each (this is called the class size parador).

Fred’s adventures in Blissville and Blotchville continue in the exercises. See also
MacKay [18] for more of Fred’s adventures. O

5.6 Poisson processes

The Exponential distribution is closely connected to the Poisson distribution, as
suggested by our use of A for the parameters of both distributions. In this section
we will see that the Exponential and Poisson are linked by a common story, which
is the story of the Poisson process. A Poisson process is a sequence of arrivals
occurring at different points on a timeline, such that the number of arrivals in a
particular interval of time has a Poisson distribution. Poisson processes are discussed
in much greater detail in Chapter 13, but we already have the tools to understand
the definition and basic properties.

Definition 5.6.1 (Poisson process). A process of arrivals in continuous time is

called a Poisson process with rate A if the following two conditions hold.

1. The number of arrivals that occur in an interval of length ¢ is a Pois(At)
random variable.
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2. The numbers of arrivals that occur in disjoint intervals are indepen-
dent of each other. For example, the numbers of arrivals in the intervals
(0,10),[10,12), and [15, c0) are independent.

A sketch of a Poisson process is pictured in Figure 5.11. Each X marks the spot of
an arrival.

| X ¥—X X—X—>
0 T T T T T

FIGURE 5.11
Poisson process.

For concreteness, suppose the arrivals are emails landing in an inbox according to
a Poisson process with rate A. There are several things we might want to know
about this process. One question we could ask is: in one hour, how many emails
will arrive? The answer comes directly from the definition, which tells us that the
number of emails in an hour follows a Pois(\) distribution. Notice that the number
of emails is a nonnegative integer, so a discrete distribution is appropriate.

But we could also flip the question around and ask: how long does it take until the
first email arrives (measured relative to some fixed starting point)? The waiting time
for the first email is a positive real number, so a continuous distribution on (0, 00) is
appropriate. Let T be the time until the first email arrives. To find the distribution
of T1, we just need to understand one crucial fact: saying that the waiting time for
the first email is greater than ¢ is the same as saying that no emails have arrived
between 0 and t¢. In other words, if V; is the number of emails that arrive at or
before time ¢, then
Ty >t is the same event as N; = 0.

We call this the count-time duality because it connects a discrete r.v., Ny, which
counts the number of arrivals, with a continuous r.v., 77, which marks the time of
the first arrival.

If two events are the same, they have the same probability. Since N; ~ Pois(\t) by

the definition of Poisson process,
-\t )\t 0
P(Ty >t)=P(N;=0) = S 0(' ) =e M,

Therefore P(Ty <t) = 1—e * so T} ~ Expo(\)! The time until the first arrival in
a Poisson process of rate A has an Exponential distribution with parameter .

What about T5 — 717, the time between the first and second arrivals? Since disjoint
intervals in a Poisson process are independent by definition, the past is irrelevant
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once the first arrival occurs. Thus 75 — T3 is independent of the time until the
first arrival, and by the same argument as before, 75 — 17 also has an Exponential
distribution with rate A.

Similarly, T3 — T5 ~ Expo()) independently of 77 and T — T;. Continuing in this
way, we deduce that all the interarrival times are i.i.d. Expo(\) random variables.
To summarize what we’ve learned: in a Poisson process of rate A,

e the number of arrivals in an interval of length 1 is Pois()), and
e the times between arrivals are i.i.d. Expo()).

Thus, Poisson processes tie together two important distributions, one discrete and
one continuous, and the use of a common symbol A for both the Poisson and Expo-
nential parameters is felicitous notation, for A is the arrival rate in the process that
unites the two distributions.

& 5.6.2. The total time until the second arrival, T5, is the sum of two independent
Expo(A) r.v.s, Ty and T, — Ty. This is not an Exponential distribution, but rather
a Gamma distribution, which is introduced in Chapter 8.

The story of the Poisson process provides intuition for the fact that the minimum
of independent Exponential r.v.s is another Exponential r.v.

Example 5.6.3 (Minimum of independent Expos). Let X1, ..., X,, be independent,
with X; ~ Expo(};). Let L = min(Xy, ..., X,). Show that L ~ Expo(A1+---+Ay),
and interpret this intuitively.

Solution:

We can find the distribution of L by considering its survival function P(L > t),
since the survival function is 1 minus the CDF.

P(L>t)=Pmin(Xq,...,X,) >t) = P(X1 >t,..., X, > 1)
=P(X1>1) - P(X, > 1) =e Mgl = gm it

The second equality holds since saying that the minimum of the X is greater than
t is the same as saying that all of the X; are greater than ¢. The third equality holds
by independence of the X;. Thus, L has the survival function (and the CDF) of an
Exponential distribution with parameter Ay + --- + A,.

Intuitively, we can interpret the A; as the rates of n independent Poisson processes.
We can imagine, for example, X; as the waiting time for a green car to pass by, Xs
as the waiting time for a blue car to pass by, and so on, assigning a color to each
Xj. Then L is the waiting time for a car with any of these colors to pass by, so it
makes sense that L has a combined rate of \; + -+ + A\,. ]
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5.7 Symmetry of i.i.d. continuous r.v.s

Continuous r.v.s that are independent and identically distributed have an important
symmetry property: all possible rankings are equally likely.

Proposition 5.7.1. Let X1,..., X, beii.d. from a continuous distribution. Then
P(X,, <---< Xg,) =1/n! for any permutation aq,...,a, of 1,...,n.

Proof. Let F' be the CDF of X;. By symmetry, all orderings of Xi,...,X,, are
equally likely. For example, P(X3 < X2 < X;) = P(X; < X2 < X3) since both
sides have exactly the same structure: they are both of the form P(A < B < C)
where A, B,C are i.i.d. draws from F. For any i and j with i # j, the probability
of the tie X; = Xj is 0 since X; and X, are independent continuous r.v.s. So the
probability of there being at least one tie among X1, ..., X, is also 0, since

PlUxi=X}) <) P(Xi=X;)=0.
i#j i#j

Thus, X1, ..., X, are distinct with probability 1, and the probability of any partic-
ular ordering is 1/n!. [

& 5.7.2. The proposition may fail if the r.v.s are dependent. Let n = 2, and
consider the extreme case where X; and X5 are so dependent that they are always
equal, i.e., X7 = Xy with probability 1. Then P(X; < X2) = P(X2 < X1) = 0. For
dependent X7, Xs we can also make P(X; < X3) # P(X3 < X1). For an example,
see Exercise 42 from Chapter 3.

For example, if X and Y are i.i.d. continuous r.v.s, then P(X <Y)=P(Y < X) =
1/2 by symmetry and since the probability of a tie is 0: P(X =Y) = 0. If X and
Y are ii.d. discrete r.v.s, it is still true that P(X <Y) = P(Y < X) by symmetry,
but this number is less than 1/2 because of the possibility of a tie.

The ranks of a list of distinct numbers are defined by giving the smallest number
a rank of 1, the second smallest a rank of 2, and so on. For example, the ranks for
3.14,2.72,1.41,1.62 are 4,3,1,2. The proposition says that the ranks of i.i.d. con-
tinuous Xi,...,X,, are a uniformly random permutation of the numbers 1,...,n.
The next example shows how we can use this symmetry property in conjunction
with indicator r.v.s in problems involving records, such as the record level of rainfall
or the record performance on a high jump.

Example 5.7.3 (Records). Athletes compete one at a time at the high jump. Let
X be how high the jth jumper jumped, with X;, X»,... ii.d. with a continuous
distribution. We say that the jth jumper sets a record if X; is greater than all of
Xjfl, co, X
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(a) Is the event “the 110th jumper sets a record” independent of the event “the
111th jumper sets a record”?

(b) Find the mean number of records among the first n jumpers. What happens to
the mean as n — oco?

(¢) A double record occurs at time j if both the jth and (j—1)st jumpers set records.
Find the mean number of double records among the first n jumpers. What happens
to the mean as n — oo?

Solution:

(a) Let I; be the indicator r.v. for the jth jumper setting a record. By symmetry,
P(I; = 1) = 1/j (as any of the first j jumps is equally likely to be the highest of
those jumps). Also,

~ 109! 1

-~ 1101117

since in order for both the 110th and 111th jumps to be records, we need the highest

of the first 111 jumps to be in position 111 and the second highest to be in position
110, and the remaining 109 can be in any order. So

P(lLiio=1,111=1)

P(liio=1,I111 =1) = P(l110 = 1)P(L111 = 1),

which shows that the 110th jumper setting a record is independent of the 111th
jumper setting a record. Intuitively, this makes sense since learning that the 111th
jumper sets a record gives us no information about the “internal” matter of how
the first 110 jumps are arranged amongst themselves.

(b) By linearity, the expected number of records among the first n jumpers is

Z?zl %, which goes to co as n — oo since the harmonic series diverges.

(c) Let J; be the indicator r.v. for a double record occurring at time j, for 2 < j < n.
Then P(J; =1) = ﬁ, following the logic of part (a). So the expected number
of double records is

S| = 1 1 1
Zm=2 o1 ) T
j=2 Jj=2
since all the other terms cancel out. Thus, the expected number of records goes to
o0 as n — 00, but the expected number of double records goes to 1. ]

5.8 Recap

A continuous r.v. can take on any value in an interval, although the probability
that it equals any particular value is exactly 0. The CDF of a continuous r.v. is
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differentiable, and the derivative is called the probability density function (PDF).
Probability is represented by area under the PDF curve, not by the value of the
PDF at a point. We must integrate the PDF to get a probability. The table below
summarizes and compares some important concepts in the discrete case and the
continuous case.

Discrete r.v. Continuous r.v.
CDF F(z)=P(X <x) F(z) = P(X <x)
PMF /PDF P(X = z) is height of jump of F at x flz) = %f)
e PMF is nonnegative and sums to 1: e PDF is nonnegative and integrates to 1:
S P(X=z)=1 S fla)da = 1.
e To get probability of X being in some set, sum ® To get probability of X being in some region, in-
PMF over that set. tegrate PDF over that region.
Expectation E(X)= ZQSP(X =zx) E(X)= / xf(x)dx
@ —oo
LOTUS E(g(X)) =Y g(z)P(X =) E(g(X)) = / 9(@) f(x)dx
xT —00

Three important continuous distributions are the Uniform, Normal, and Exponen-
tial. A Unif(a,d) r.v. is a “completely random” number in the interval (a,b), and it
has the property that probability is proportional to length. The universality of the
Uniform tells us how we can use a Unif(0, 1) r.v. to construct r.v.s from other dis-
tributions we may be interested in; it also says that if we plug a continuous r.v. into
its own CDF, the resulting r.v. has a Unif(0, 1) distribution.

A N (p,0?) r.v. has a symmetric bell-shaped PDF centered at u, with o controlling
how spread out the curve is. The mean is p and standard deviation is o. The 68-95-
99.7% rule gives important benchmarks for the probability of a Normal r.v. falling
within 1, 2, and 3 standard deviations of its mean.

An Expo(\) r.v. represents the waiting time for the first success in continuous time,
analogous to how a Geometric r.v. represents the number of failures before the first
success in discrete time; the parameter A can be interpreted as the rate at which
successes arrive. The Exponential distribution has the memoryless property, which
says that conditional on our having waited a certain amount of time without success,
the distribution of the remaining wait time is exactly the same as if we hadn’t waited
at all. In fact, the Exponential is the only positive continuous distribution with the
memoryless property.

A Poisson process is a sequence of arrivals in continuous time such that the number
of arrivals in an interval of fixed length follows a Poisson distribution, with disjoint
intervals independent of each other. The interarrival times in a Poisson process of
rate A are i.i.d. Expo()) r.v.s.

A new strategy that we learned for continuous distributions is location-scale trans-
formation, which says that if shifting and scaling will not take us outside the family
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of distributions we’re studying, then we can start with the simplest member of the
family, find the answer for the simple case, then use shifting and scaling to arrive
at the general case. For the three main distributions of this chapter, this works as
follows.

e Uniform: If U ~ Unif(0, 1), then U = a + (b — a)U ~ Unif(a, b).
e Normal: If Z ~ N(0,1), then X = u+ oZ ~ N (1, ?).

e Exponential: If X ~ Expo(1l), then Y = X/\ ~ Expo(A). We do not consider
shifts here since a nonzero shift would prevent the support from being (0, c0).

We can now add the Exponential and Geometric distributions to our diagram of
connections between distributions: the Exponential is a continuous limit of the Geo-
metric, and the Poisson and Exponential are connected by Poisson processes.

HGeom

Conditioning

Bin
(Bern)

Conditioning

Pois

Poisson process

Expo | Geom

Limit

In our map of the four fundamental objects in probability, we add the PDF as
another blueprint for continuous random variables, alongside the PMF for discrete
random variables (see Figure 5.12).

59 R

In this section we will introduce continuous distributions in R, learn how to make
basic plots, demonstrate the universality of the Uniform by simulation, and simulate
arrival times in a Poisson process.
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FIGURE 5.12

Four fundamental objects in probability: distributions, random variables, events,
and numbers. For a continuous r.v. X, P(X = z) = 0, so we use the PDF as a
blueprint in place of the PMF.

Uniform, Normal, and Exponential distributions

For continuous distributions, the function that starts with d is the PDF instead of
the PMF. Thus, we have the following functions:

e dunif, punif, runif. To evaluate the Unif(a,b) PDF at x, we use dunif (x,a,b).
For the CDF, we use punif (x,a,b). To generate n realizations from the Unif(a, b)
distribution, we use runif(n,a,b).

e dnorm, pnorm, rnorm. To evaluate the AN(u,0?) PDF at =z, we use
dnorm(x,mu,sigma), where mu is the mean p and sigma is the standard devi-
ation (not variance) o. For the CDF, we use pnorm(x,mu,sigma). To generate n
realizations from the N (u,0?) distribution, we use rnorm(n,mu,sigma).

# 5.9.1 (Normal parameters in R). Note that we have to input the standard
deviation, not the variance! For example, to get the N'(10,3) CDF at 12, we use
pnorm(12,10,sqrt(3)). Ignoring this is a common, disastrous coding error.

e dexp, pexp, rexp. To evaluate the Expo(\) PDF at z, we use dexp (x,lambda). For
the CDF, we use pexp(x,lambda). To generate n realizations from the Expo(\)
distribution, we use rexp(n,lambda).

Due to the importance of location-scale transformations for continuous distribu-
tions, R has default parameter settings for each of these three families. The default
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for the Uniform is Unif(0, 1), the default for the Normal is A/(0, 1), and the default
for the Exponential is Expo(1). For example, dunif (0.5), with no additional in-
puts, evaluates the Unif(0, 1) PDF at 0.5, and rnorm(10), with no additional inputs,
generates 10 realizations from the A(0,1) distribution. This means there are two
ways to generate a N (i, 0?) random variable in R. After choosing our values of
and o,

mu <- 1
sigma <- 2

we can do either of the following:

rnorm(1l,mu,sigma)
mu + sigmaxrnorm(1)

Either way, we end up generating a draw from the A'(u, 0?) distribution.

Plots in R

A simple way to plot a function in R is with the curve command. For example,
curve (dnorm, from=-3, to=3, n=1000)

creates a plot of the standard Normal PDF from —3 to 3. What is actually happening
is that R evaluates the function at a finite number of closely spaced points and
connects the points with very short lines to create the illusion of a curve. The input
n=1000 tells R to evaluate at 1000 points so that the curve looks very smooth; if we
were to choose n=20, the piecewise linearity would become very apparent.

Another command that creates plots is called, fittingly, plot. This command has
many, many possible inputs to customize what the plot looks like; for the sake of
demonstration, we’ll plot the standard Normal PDF once again, using plot instead
of curve.

The most important inputs to plot are a vector of « values and a vector of y values
to plot. A useful command for this purpose is seq. As introduced in Chapter 1,
seq(a,b,d) creates the vector of values ranging from a to b, with successive entries
spaced apart by d.

x <- seq(-3,3,0.01)
y <- dnorm(x)

So x consists of all numbers from —3 to 3, spaced 0.01 apart, and y contains
the values of the Normal PDF at each of the points in x. Now we simply plot
the two with plot(x,y). The default is a scatterplot. For a line plot, we use
plot(x,y,type="1"). We can also set the axis labels and plot title with xlab,
ylab, and main.

plot(x,y,type="1",xlab="x",ylab="dnorm(x)",main="Standard Normal PDF")
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The axis limits can be set manually with x1im and ylim. If, for example, you wanted
the vertical axis to range from 0 to 1, you would add ylim=c(0,1) inside the plot
command.

Finally, to change the color of the plot, add col="orange" or col="green", or
whatever your favorite color is!

Universality with Logistic

We proved in Example 5.3.4 that for U ~ Unif(0, 1), the r.v. log(U/(1 —U)) follows
a Logistic distribution. In R, we can simply generate a large number of Unif(0, 1)
realizations and transform them.

u <- runif(10°4)
x <= log(u/(1-u))

Now x contains 10* realizations from the distribution of log(U/(1—U)). We can visu-
alize them with a histogram, using the command hist (x). The histogram resembles
a Logistic PDF, which is reassuring. To control how fine-grained the histogram is,
we can set the number of breaks in the histogram: hist (x,breaks=100) produces
a finer histogram, while hist (x,breaks=10) produces a coarser histogram.

Poisson process simulation
To simulate n arrivals in a Poisson process with rate A, we first generate the inter-
arrival times as i.i.d. Exponentials and store them in a vector:

n <- 50
lambda <- 10
x <- rexp(n,lambda)

Then we convert the interarrival times into arrival times using the cumsum function,
which stands for “cumulative sum”.

t <- cumsum(x)

The vector t now contains all the simulated arrival times.

5.10 Exercises

PDFs and CDFs

1. The Rayleigh distribution from Example 5.1.7 has PDF

2

fl@)=ze ™% z>0.
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Let X have the Rayleigh distribution.
(a) Find P(1 < X < 3).

(b) Find the first quartile, median, and third quartile of X; these are defined to be the
values q1, 2, g3 (respectively) such that P(X < ¢;) =j/4 for j =1,2,3.

(a) Make up a PDF f, with an application for which that PDF would be plausible,
where f(z) > 1 for all = in a certain interval.

(b) Show that if a PDF f has f(z) > 1 for all  in a certain interval, then that interval
must have length less than 1.

Let F be the CDF of a continuous r.v., and f = F’ be the PDF.
(a) Show that g defined by g(z) = 2F(x) f(x) is also a valid PDF.

(b) Show that h defined by h(z) = 3 f(—z) + 5 f() is also a valid PDF.
Let X be a continuous r.v. with CDF F and PDF f.

(a) Find the conditional CDF of X given X > a (where a is a constant with P(X >
a) # 0). That is, find P(X < z|X > a) for all @, in terms of F.

(b) Find the conditional PDF of X given X > a (this is the derivative of the conditional
CDF).

(c¢) Check that the conditional PDF from (b) is a valid PDF, by showing directly that
it is nonnegative and integrates to 1.

A circle with a random radius R ~ Unif(0, 1) is generated. Let A be its area.
(a) Find the mean and variance of A, without first finding the CDF or PDF of A.

(b) Find the CDF and PDF of A.

The 68-95-99.7% rule gives approximate probabilities of a Normal r.v. being within
1,2, and 3 standard deviations of its mean. Derive analogous rules for the following
distributions.

(a) Unif(0, 1).
(b) Expo(1).

(¢) Expo(1/2). Discuss whether there is one such rule that applies to all Exponential
distributions, just as the 68-95-99.7% rule applies to all Normal distributions, not just
to the standard Normal.

Let

F(x):%sinf1 (\/5), for0<z <1,

and let F'(z) =0 for t <0 and F(z) =1 for z > 1.

(a) Check that F' is a valid CDF, and find the corresponding PDF f. This distribution
is called the Arcsine distribution, though it also goes by the name Beta(1/2,1/2) (we
will explore the Beta distribution in depth in Chapter 8).

(b) Explain how it is possible for f to be a valid PDF even though f(z) goes to oo as
x approaches 0 and as = approaches 1.

The Beta distribution with parameters a = 3,b = 2 has PDF
fz) =122°(1 —z), for 0 <z < 1.

(We will discuss the Beta distribution in detail in Chapter 8.) Let X have this distribu-
tion.

(a) Find the CDF of X.
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10.

11.

12.

13.

14.

15.
16.

17.

(b) Find P(0 < X < 1/2).

(¢) Find the mean and variance of X (without quoting results about the Beta distribu-
tion).
The Cauchy distribution has PDF

1

for all z. (We will introduce the Cauchy from another point of view in Chapter 7.) Find
the CDF of a random variable with the Cauchy PDF.
Hint: Recall that the derivative of the inverse tangent function tan™'(z) is

1
1+4z2°

Uniform and universality of the Uniform
Let U ~ Unif(0, 8).
(a) Find P(U € (0,2) U (3,7)) without using calculus.

(b) Find the conditional distribution of U given U € (3,7).

® Let U be a Uniform r.v. on the interval (—1,1) (be careful about minus signs).
(a) Compute E(U), Var(U), and E(U*).

(b) Find the CDF and PDF of U?. Is the distribution of U? Uniform on (0,1)?

(® A stick is broken into two pieces, at a uniformly random break point. Find the CDF
and average of the length of the longer piece.

A stick of length 1 is broken at a uniformly random point, yielding two pieces. Let X
and Y be the lengths of the shorter and longer pieces, respectively, and let R = X/Y
be the ratio of the lengths X and Y.

(a) Find the CDF and PDF of R.
(b) Find the expected value of R (if it exists).

(c) Find the expected value of 1/R (if it exists).

Let Ui,...,U, be iid. Unif(0,1), and X = max(Uy,...,U,). What is the PDF of X?
What is EX?

Hint: Find the CDF of X first, by translating the event X < x into an event involving
Ui,...,Un.

Let U ~ Unif(0, 1). Using U, construct X ~ Expo(\).
® Let U ~ Unif(0, 1), and
U

Then X has the Logistic distribution, as defined in Example 5.1.6.
(a) Write down (but do not compute) an integral giving F(X?).
(b) Find E(X) without using calculus.

Hint: A useful symmetry property here is that 1 — U has the same distribution as U.

Let U ~ Unif(0,1). As a function of U, create an r.v. X with CDF F(z) =1— e’ for
z > 0.
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18.

19.

20.

21.

22.
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The Pareto distribution with parameter a > 0 has PDF f(z) = a/x*™* for z > 1 (and
0 otherwise). This distribution is often used in statistical modeling.

(a) Find the CDF of a Pareto r.v. with parameter a; check that it is a valid CDF.

(b) Suppose that for a simulation you want to run, you need to generate i.i.d. Pareto(a)
r.v.s. You have a computer that knows how to generate i.i.d. Unif(0,1) r.v.s but does
not know how to generate Pareto r.v.s. Show how to do this.

(® Let F be a CDF which is continuous and strictly increasing. Let p be the mean of
the distribution. The quantile function, F~!, has many applications in statistics and
econometrics. Show that the area under the curve of the quantile function from 0 to 1

is p.
Hint: Use LOTUS and universality of the Uniform.

Let X be a nonnegative r.v. with a continuous, strictly increasing CDF F, and let
u = E(X). The previous problem asks for a proof that

/01 F~ ' (w)du = p.

In this problem, you can assume this result. The goal is to understand the following
identity:

E(X) :/ P(X > z)dz.
0
This result is the continuous analog of Theorem 4.4.8.

(a) Give a visual explanation of the identity for £(X) by drawing a picture of a CDF
and interpreting a certain area in two different ways.

(b) Explain why we can write
X :/ I(X > t)dt,
0

where in general if Y; is an r.v. for each ¢t > 0, we define f0°° Y:dt to be the r.v. whose
value is fooo Y:(s)dt when the outcome of the experiment is s. Assuming that swapping
an E and an integral is allowed (which can be done using results from real analysis),
derive the identity for E(X).

Normal

Let Z ~ N(0,1). Create an r.v. Y ~ N(1,4), as a simple-looking function of Z. Make
sure to check that your Y has the correct mean and variance.

Engineers sometimes work with the “error function”

2 22
erf(z) = —/ e ¥ dz,
VT o
instead of working with the standard Normal CDF ®.

(a) Show that the following conversion between ® and erf holds for all z:

B(z) = % + %erf (%) .

(b) Show that erf is an odd function, i.e., erf(—z) = —erf(z).
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23. (a) Find the points of inflection of the N'(0,1) PDF ¢, i.e., the points where the curve
switches from convex (second derivative positive) to concave (second derivative negative)
or vice versa.

(b) Use the result of (a) and a location-scale transformation to find the points of inflec-
tion of the A'(u,0?) PDF.

24. The distance between two points needs to be measured, in meters. The true distance
between the points is 10 meters, but due to measurement error we can’t measure the
distance exactly. Instead, we will observe a value of 10+¢, where the error € is distributed
N(0,0.04). Find the probability that the observed distance is within 0.4 meters of the
true distance (10 meters). Give both an exact answer in terms of ® and an approximate
numerical answer.

25.  Alice is trying to transmit to Bob the answer to a yes-no question, using a noisy channel.
She encodes “yes” as 1 and “no” as 0, and sends the appropriate value. However, the
channel adds noise; specifically, Bob receives what Alice sends plus a A(0,0?) noise
term (the noise is independent of what Alice sends). If Bob receives a value greater than
1/2 he interprets it as “yes”; otherwise, he interprets it as “no”.

(a) Find the probability that Bob understands Alice correctly.

(b) What happens to the result from (a) if o is very small? What about if o is very
large? Explain intuitively why the results in these extreme cases make sense.

26. A woman is pregnant, with a due date of January 10, 2014. Of course, the actual date on
which she will give birth is not necessarily the due date. On a timeline, define time 0 to
be the instant when January 10, 2014 begins. Suppose that the time T when the woman
gives birth has a Normal distribution, centered at 0 and with standard deviation 8 days.
What is the probability that she gives birth on her due date? (Your answer should be
in terms of ®, and simplified.)

27. We will show in the next chapter that if X; and X are independent with X; ~
/\/'(,ui,af), then X1 + X2 ~ N(u1 + pz2,0% + 03). Use this result to find P(X < Y)
for X ~ N(a,b),Y ~ N(c,d) with X and Y independent.

Hint: Write P(X <Y) = P(X —Y < 0) and then standardize X — Y. Check that your
answer makes sense in the special case where X and Y are i.i.d.

28.  Walter and Carl both often need to travel from Location A to Location B. Walter walks,

and his travel time is Normal with mean w minutes and standard deviation o minutes
(travel time can’t be negative without using a tachyon beam, but assume that w is so
much larger than o that the chance of a negative travel time is negligible).
Carl drives his car, and his travel time is Normal with mean ¢ minutes and standard
deviation 20 minutes (the standard deviation is larger for Carl due to variability in traffic
conditions). Walter’s travel time is independent of Carl’s. On a certain day, Walter and
Carl leave from Location A to Location B at the same time.

(a) Find the probability that Carl arrives first (in terms of ® and the parameters). For
this you can use the important fact, proven in the next chapter, that if X; and X2 are
independent with X; ~ A (i, 0?), then X1 4+ Xo ~ N (1 + pz, o5 + 03).

(b) Give a fully simplified criterion (not in terms of ®), such that Carl has more than
a 50% chance of arriving first if and only if the criterion is satisfied.

(c) Walter and Carl want to make it to a meeting at Location B that is scheduled to
begin w+ 10 minutes after they depart from Location A. Give a fully simplified criterion
(not in terms of ®) such that Carl is more likely than Walter to make it on time for the
meeting if and only if the criterion is satisfied.

29. Let Z ~ N(0,1). We know from the 68-95-99.7% rule that there is a 68% chance of Z
being in the interval (—1,1). Give a visual explanation of whether or not there is an
interval (a,b) that is shorter than the interval (—1,1), yet which has at least as large a
chance as (—1, 1) of containing Z.
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30. Let Y ~ N(u,1). Use the fact that P(|Y — u| < 1.960) = 0.95 to construct a random
interval (a(Y),b(Y)) (that is, an interval whose endpoints are r.v.s), such that the
probability that p is in the interval is approximately 0.95. This interval is called a
confidence interval for p; such intervals are often desired in statistics when estimating
unknown parameters based on data.

31. Let Y = |X|, with X ~ A (u,0?). This is a well-defined continuous r.v., even though
the absolute value function is not differentiable at 0 (due to the sharp corner).

(a) Find the CDF of Y in terms of ®. Be sure to specify the CDF everywhere.
(b) Find the PDF of Y.

(c) Is the PDF of Y continuous at 07 If not, is this a problem as far as using the PDF
to find probabilities?

32. (® Let Z ~ N(0,1) and let S be a random sign independent of Z, i.e., S is 1 with
probability 1/2 and —1 with probability 1/2. Show that SZ ~ N(0, 1).

33. ® Let Z ~N(0,1). Find E (®(Z)) without using LOTUS, where ® is the CDF of Z.

34. ® Let Z ~ N(0,1) and X = Z2. Then the distribution of X is called Chi-Square with
1 degree of freedom. This distribution appears in many statistical methods.

(a) Find a good numerical approximation to P(1 < X < 4) using facts about the Normal
distribution, without querying a calculator/computer/table about values of the Normal
CDF.

(b) Let ® and ¢ be the CDF and PDF of Z, respectively. Show that for any ¢ > 0,
I(Z > t) < (Z/t)I(Z > t). Using this and LOTUS, show that ®(t) > 1 — ¢(t)/t.
35. Let Z ~ N(0,1), with CDF ®. The PDF of Z? is the function g given by g(w) =

\/lewe_“’/Q for w > 0 and g(w) =0 for w < 0.

(a) Find expressions for F(Z*) as integrals in two different ways, one based on the PDF
of Z and the other based on the PDF of Z2.

(b) Find E(Z? + Z + ®(2)).

(c) Find the CDF of Z? in terms of ®; do this directly, not using the PDF g.

36. (® Let Z ~ N(0,1). A measuring device is used to observe Z, but the device can only
handle positive values, and gives a reading of 0 if Z < 0; this is an example of censored
data. So assume that X = ZIz~¢ is observed rather than Z, where Iz~¢ is the indicator
of Z > 0. Find E(X) and Var(X).

37. Let Z ~ N(0,1), and c be a nonnegative constant. Find E(max(Z — ¢,0)), in terms of
the standard Normal CDF ® and PDF ¢. (This kind of calculation often comes up in
quantitative finance.)

Hint: Use LOTUS, and handle the max symbol by adjusting the limits of integration
appropriately. As a check, make sure that your answer reduces to 1/ V27 when ¢ = 0;
this must be the case since we show in Chapter 7 that E|Z| = \/2/m, and we have
|Z| = max(Z,0) + max(—Z,0) so by symmetry

E|Z| = E(max(Z,0)) + E(max(—2,0)) = 2E(max(Z,0)).

Exponential

38. (® A post office has 2 clerks. Alice enters the post office while 2 other customers, Bob
and Claire, are being served by the 2 clerks. She is next in line. Assume that the time
a clerk spends serving a customer has the Exponential(\) distribution.

(a) What is the probability that Alice is the last of the 3 customers to be done being
served?
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Hint: No integrals are needed.

(b) What is the expected total time that Alice needs to spend at the post office?

39. Three students are working independently on their probability homework. All 3 start
at 1 pm on a certain day, and each takes an Exponential time with mean 6 hours
to complete the homework. What is the earliest time when all 3 students will have
completed the homework, on average? (That is, at this time all 3 students need to be
done with the homework.)

40. Let T be the time until a radioactive particle decays, and suppose (as is often done in
physics and chemistry) that 7' ~ Expo(A).

(a) The half-life of the particle is the time at which there is a 50% chance that the
particle has decayed (in statistical terminology, this is the median of the distribution of
T). Find the half-life of the particle.

(b) Show that for € a small, positive constant, the probability that the particle decays
in the time interval [t, ¢+ €], given that it has survived until time ¢, does not depend on
t and is approximately proportional to e.

Hint: e =~ 1+ z if x = 0.

(¢) Now consider n radioactive particles, with i.i.d. times until decay Ti,...,T, ~
Expo(A). Let L be the first time at which one of the particles decays. Find the CDF of
L. Also, find F(L) and Var(L).

(d) Continuing (c), find the mean and variance of M = max(T1,...,Ty,), the last time
at which one of the particles decays, without using calculus.

Hint: Draw a timeline, apply (c), and remember the memoryless property.

41. (® Fred wants to sell his car, after moving back to Blissville (where he is happy with
the bus system). He decides to sell it to the first person to offer at least $15,000 for
it. Assume that the offers are independent Exponential random variables with mean
$10,000.

(a) Find the expected number of offers Fred will have.

(b) Find the expected amount of money that Fred will get for the car.

42. (a) Fred visits Blotchville again. He finds that the city has installed an electronic display
at the bus stop, showing the time when the previous bus arrived. The times between
arrivals of buses are still independent Exponentials with mean 10 minutes. Fred waits
for the next bus, and then records the time between that bus and the previous bus. On
average, what length of time between buses does he see?

(b) Fred then visits Blunderville, where the times between buses are also 10 minutes on
average, and independent. Yet to his dismay, he finds that on average he has to wait more
than 1 hour for the next bus when he arrives at the bus stop! How is it possible that the
average Fred-to-bus time is greater than the average bus-to-bus time even though Fred
arrives at some time between two bus arrivals? Explain this intuitively, and construct a
specific discrete distribution for the times between buses showing that this is possible.

43. Fred and Gretchen are waiting at a bus stop in Blotchville. Two bus routes, Route 1
and Route 2, have buses that stop at this bus stop. For Route 4, buses arrive according
to a Poisson process with rate A; buses/minute. The Route 1 process is independent of
the Route 2 process. Fred is waiting for a Route 1 bus, and Gretchen is waiting for a
Route 2 bus.

(a) Given that Fred has already waited for 20 minutes, on average how much longer will
he have to wait for his bus?

(b) Find the probability that at least n Route 1 buses will pass by before the first Route
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2 bus arrives. The following result from Chapter 7 may be useful here: for independent
random variables X1 ~ Expo(A1), X2 ~ Expo(Az2), we have P(X1 < X2) = A1 /(A1+A2).

(c¢) For this part only, assume that A1 = A2 = A. Find the expected time it will take
until both Fred and Gretchen have caught their buses.

44. (® Joe is waiting in continuous time for a book called The Winds of Winter to be

released. Suppose that the waiting time 7' until news of the book’s release is posted,
measured in years relative to some starting point, has an Exponential distribution with
A=1/5.
Joe is not so obsessive as to check multiple times a day; instead, he checks the website
once at the end of each day. Therefore, he observes the day on which the news was
posted, rather than the exact time 7T'. Let X be this measurement, where X = 0 means
that the news was posted within the first day (after the starting point), X = 1 means
it was posted on the second day, etc. (assume that there are 365 days in a year). Find
the PMF of X. Is this a named distribution that we have studied?

45. The Exponential is the analog of the Geometric in continuous time. This problem ex-

plores the connection between Exponential and Geometric in more detail, asking what
happens to a Geometric in a limit where the Bernoulli trials are performed faster and
faster but with smaller and smaller success probabilities.
Suppose that Bernoulli trials are being performed in continuous time; rather than only
thinking about first trial, second trial, etc., imagine that the trials take place at points
on a timeline. Assume that the trials are at regularly spaced times 0, At, 2At, ..., where
At is a small positive number. Let the probability of success of each trial be AAt, where
A is a positive constant. Let G be the number of failures before the first success (in
discrete time), and T be the time of the first success (in continuous time).

(a) Find a simple equation relating G to T'.

Hint: Draw a timeline and try out a simple example.

(b) Find the CDF of T.
Hint: First find P(T > t).

(c¢) Show that as At — 0, the CDF of T converges to the Expo(A) CDF, evaluating all
the CDFs at a fixed ¢t > 0.

Hint: Use the compound interest limit (see the math appendix).
46. The Laplace distribution has PDF

L el

f(w):§€

for all real x. The Laplace distribution is also called a symmetrized Fxponential distri-
bution. Explain this in the following two ways.

(a) Plot the PDFs and explain how they relate.

(b) Let X ~ Expo(1) and S be a random sign (1 or —1, with equal probabilities), with
S and X independent. Find the PDF of SX (by first finding the CDF), and compare
the PDF of SX and the Laplace PDF.

47. Emails arrive in an inbox according to a Poisson process with rate 20 emails per hour.
Let T be the time at which the 3rd email arrives, measured in hours after a certain fixed
starting time. Find P(T > 0.1) without using calculus.

Hint: Apply the count-time duality.

48. Let T be the lifetime of a certain person (how long that person lives), and let T have
CDF F and PDF f. The hazard function of T is defined by

__f@®
h = T ray
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49.

50.

51.

52.

53.

54.

(a) Explain why h is called the hazard function and in particular, why h(t) is the
probability density for death at time ¢, given that the person survived up until then.

(b) Show that an Exponential r.v. has constant hazard function and conversely, if the
hazard function of T is a constant then 7" must be Expo()) for some .

Let T be the lifetime of a person (or animal or gadget), with CDF F' and PDF f. Let
h be the hazard function, defined as in the previous problem. If we know F' then we
can calculate f, and then in turn we can calculate h. In this problem, we consider the
reverse problem: how to recover F' and f from knowing h.

(a) Show that the CDF and hazard function are related by
t

F(t)=1—exp <—/ h(s)ds) ,
0

Hint: Let G(t) = 1—F(t) be the survival function, and consider the derivative of log G(t).

for all ¢ > 0.

(b) Show that the PDF and hazard function are related by

0 =nyeo (- [ t e )

for all ¢t > 0.

Hint: Apply the result of (a).
® Find E(X?) for X ~ Expo()), using LOTUS and the fact that E(X) = 1/\ and

Var(X) = 1/)?, and integration by parts at most once. In the next chapter, we’ll learn
how to find E(X™) for all n.

(® The Gumbel distribution is the distribution of —log X with X ~ Expo(1).
(a) Find the CDF of the Gumbel distribution.

(b) Let X1, X2,... beiid. Expo(1) and let M,, = max(Xi,...,X»). Show that M,, —
log n converges in distribution to the Gumbel distribution, i.e., as n — oo the CDF of
M,, —logn converges to the Gumbel CDF.

Mixed practice

Explain intuitively why P(X <Y) = P(Y < X) if X and Y are i.i.d., but equality may
not hold if X and Y are not independent or not identically distributed.
Let X be an r.v. (discrete or continuous) such that 0 < X < 1 always holds. Let
uw= E(X).
(a) Show that

Var(X) < p—p’ <

B~

Hint: With probability 1, we have X2 < X.

(b) Show that there is only one possible distribution for X for which Var(X) = 1/4.
What is the name of this distribution?

The Rayleigh distribution from Example 5.1.7 has PDF
flz) = xe_gcQ/Q, z > 0.

Let X have the Rayleigh distribution.
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(a) Find E(X) without using much calculus, by interpreting the integral in terms of
known results about the Normal distribution.

(b) Find E(X?).

Hint: A nice approach is to use LOTUS and the substitution v = 2% /2, and then interpret
the resulting integral in terms of known results about the Exponential distribution.
55. (® Consider an experiment where we observe the value of a random variable X, and
estimate the value of an unknown constant 6 using some random variable T' = g(X) that
is a function of X. The r.v. T is called an estimator. Think of X as the data observed
in the experiment, and 6 as an unknown parameter related to the distribution of X.

For example, consider the experiment of flipping a coin n times, where the coin has an
unknown probability 6 of Heads. After the experiment is performed, we have observed
the value of X ~ Bin(n,#). The most natural estimator for 6 is then X/n.

(a) The bias of an estimator T for 0 is defined as b(T) = E(T) — 6. The mean squared
error is the average squared error when using 7'(X) to estimate 6:

MSE(T) = E(T — ).

Show that
MSE(T) = Var(T) + (b(T))?.
This implies that for fixed MSE, lower bias can only be attained at the cost of higher
variance and vice versa; this is a form of the bias-variance tradeoff, a phenomenon which
arises throughout statistics.
56. (® (a) Suppose that we have a list of the populations of every country in the world.

Guess, without looking at data yet, what percentage of the populations have the digit
1 as their first digit (e.g., a country with a population of 1,234,567 has first digit 1 and
a country with population 89,012,345 does not).

(b) After having done (a), look through a list of populations and count how many start
with a 1. What percentage of countries is this? Benford’s law states that in a very large
variety of real-life data sets, the first digit approximately follows a particular distribution
with about a 30% chance of a 1, an 18% chance of a 2, and in general

P(D = j) = logy, (‘7%1) for j € {1,2,3,...,9},

where D is the first digit of a randomly chosen element. (Exercise 6 from Chapter 3
asks for a proof that this is a valid PMF.) How closely does the percentage found in the
data agree with that predicted by Benford’s law?

(c) Suppose that we write the random value in some problem (e.g., the population of
a random country) in scientific notation as X x 10V, where N is a nonnegative integer
and 1 < X < 10. Assume that X is a continuous r.v. with PDF

flx) =c¢/zx, for 1 <z <10,

and 0 otherwise, with ¢ a constant. What is the value of ¢ (be careful with the bases
of logs)? Intuitively, we might hope that the distribution of X does not depend on the
choice of units in which X is measured. To see whether this holds, let Y = aX with
a > 0. What is the PDF of Y (specifying where it is nonzero)?

(d) Show that if we have a random number X x 10~ (written in scientific notation) and
X has the PDF f from (c), then the first digit (which is also the first digit of X) has
Benford’s law as PMF.

Hint: What does D = j correspond to in terms of the values of X7
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57. ® (a) Let X1, X2,... be independent N'(0,4) r.v.s., and let J be the smallest value of j
such that X; > 4 (i.e., the index of the first X; exceeding 4). In terms of ®, find E(J).

(b) Let f and g be PDFs with f(z) > 0 and g(z) > 0 for all . Let X be a random
variable with PDF f. Find the expected value of the ratio

0]

X))
Such ratios come up very often in statistics, when working with a quantity known
as a likelihood ratio and when using a computational technique known as importance
sampling.

(c) Define
Flz)=e ¢ "

This is a CDF and is a continuous, strictly increasing function. Let X have CDF F', and
define W = F(X). What are the mean and variance of W7

58.  The unit circle {(z,y) : 2 +y* = 1} is divided into three arcs by choosing three random
points A, B, C on the circle (independently and uniformly), forming arcs between A and
B, between A and C, and between B and C. Let L be the length of the arc containing
the point (1,0). What is E(L)? Study this by working through the following steps.

(a) Explain what is wrong with the following argument: “The total length of the arcs is
27, the circumference of the circle. So by symmetry and linearity, each arc has length
27 /3 on average. Referring to the arc containing (1,0) is just a way to specify one of
the arcs (it wouldn’t matter if (1,0) were replaced by (0, —1) or any other specific point
on the circle in the statement of the problem). So the expected value of L is 27/3.”

(b) Let the arc containing (1,0) be divided into two pieces: the piece extending counter-
clockwise from (1,0) and the piece extending clockwise from (1,0). Write L = L1 + Lo,
where L, and Ly are the lengths of the counterclockwise and clockwise pieces, respec-
tively. Find the CDF, PDF, and expected value of L.

(c¢) Use (b) to find E(L).

59. (® As in Example 5.7.3, athletes compete one at a time at the high jump. Let X, be
how high the jth jumper jumped, with X, X2, ... i.i.d. with a continuous distribution.
We say that the jth jumper is “best in recent memory” if he or she jumps higher than
the previous 2 jumpers (for j > 3; the first 2 jumpers don’t qualify).

(a) Find the expected number of best in recent memory jumpers among the 3rd through
nth jumpers.

(b) Let A; be the event that the jth jumper is the best in recent memory. Find P(AsN
As), P(As), and P(A4). Are A3 and A4 independent?

60. Tyrion, Cersei, and n other guests arrive at a party at i.i.d. times drawn from a con-
tinuous distribution with support [0,1], and stay until the end (time 0 is the party’s
start time and time 1 is the end time). The party will be boring at times when neither
Tyrion nor Cersei is there, fun when exactly one of them is there, and awkward when
both Tyrion and Cersei are there.

(a) On average, how many of the n other guests will arrive at times when the party is
fun?

(b) Jaime and Robert are two of the other guests. By computing both sides in the
definition of independence, determine whether the event “Jaime arrives at a fun time”
is independent of the event “Robert arrives at a fun time”.

(c) Give a clear intuitive explanation of whether the two events from (b) are independent,
and whether they are conditionally independent given the arrival times of everyone else,
i.e., everyone except Jaime and Robert.
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61. Let X1, Xo,... be the annual rainfalls in Boston (measured in inches) in the years 2101,
2102, ..., respectively. Assume that annual rainfalls are i.i.d. draws from a continuous
distribution. A rainfall value is a record high if it is greater than those in all previous
years (starting with 2101), and a record low if it is lower than those in all previous years.

(a) In the 22nd century (the years 2101 through 2200, inclusive), find the expected
number of years that have either a record low or a record high rainfall.

(b) On average, in how many years in the 22nd century is there a record low followed
in the next year by a record high?

(¢) By definition, the year 2101 is a record high (and record low). Let N be the number
of years required to get a new record high. Find P(N > n) for all positive integers n,
and use this to find the PMF of N.
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Moments

The nth moment of an r.v. X is E(X™). In this chapter, we explore how the moments
of an r.v. shed light on its distribution. We have already seen that the first two
moments are useful since they provide the mean E(X) and variance E(X?)—(EX)?,
which are important summaries of the average value of X and how spread out its
distribution is. But there is much more to a distribution than its mean and variance.
We’ll see that the third and fourth moments tell us about the asymmetry of a
distribution and the behavior of the tails or extreme values, two properties that are
not captured by the mean and variance. After introducing moments, we’ll discuss
the moment generating function (MGF), which not only helps us compute moments
but also provides a useful alternative way to specify a distribution.

6.1 Summaries of a distribution

The mean is called a measure of central tendency because it tells us something
about the center of a distribution, specifically its center of mass. Other measures
of central tendency that are commonly used in statistics are the median and the
mode, which we now define.

Definition 6.1.1 (Median). We say that ¢ is a median of an r.v. X if P(X <¢) >
1/2 and P(X > ¢) > 1/2. (The simplest way this can happen is if the CDF of X
hits 1/2 exactly at ¢, but we know that some CDFs have jumps.)

Definition 6.1.2 (Mode). For a discrete r.v. X, we say that c is a mode of X if it
maximizes the PMF: P(X = ¢) > P(X = x) for all . For a continuous r.v. X with
PDF f, we say that ¢ is a mode if it maximizes the PDF: f(c) > f(x) for all .

As with the mean, the median and mode of an r.v. depend only on its distribution,
so we can talk about the mean, median, or mode of a distribution without referring
to any particular r.v. that has that distribution. For example, if Z ~ A(0,1) then
the median of Z is 0 (since ®(0) = 1/2 by symmetry), and we also say that the
standard Normal distribution has median 0.

Intuitively, the median is a value ¢ such that half the mass of the distribution falls
on either side of ¢ (or as close to half as possible, for discrete r.v.s), and the mode
is a value that has the greatest mass or density out of all values in the support of
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X. If the CDF F is a continuous, strictly increasing function, then F~1(1/2) is the
median (and is unique).

Note that a distribution can have multiple medians and multiple modes. Medians
have to occur side by side; modes can occur all over the distribution. In Figure
6.1, we show a distribution supported on [—5,—1] U [1, 5] that has two modes and
infinitely many medians. The PDF is 0 between —1 and 1, so all values between —1
and 1 are medians of the distribution because half of the mass falls on either side.
The two modes are at —3 and 3.

0.3

PDF
02

0.1

0.0

-4 -2 0 2 4

FIGURE 6.1
A distribution with two modes (—3 and 3) and infinitely many medians (all z in
the interval [—1, 1]).

Example 6.1.3 (Mean, median, and mode for salaries). A certain company has
100 employees. Let s1, $2, ..., 8100 be their salaries, sorted in increasing order (we
can still do this even if some salaries appear more than once). Let X be the salary
of a randomly selected employee (chosen uniformly). The mean, median, and mode
for the data set s1, so,. .., s100 are defined to be the corresponding quantities for X.

What is a typical salary? What is the most useful one-number summary of the salary
data? The answer, as is often the case, is it depends on the goal. Different summaries
reveal different characteristics of the data, so it may be hard to choose just one
number—and it is often unnecessary to do so, since usually we can provide several
summaries (and plot the data too). Here we briefly compare the mean, median, and
mode, though often it makes sense to report all three (and other summaries t00).

If the salaries are all different, the mode doesn’t give a useful one-number summary
since there are 100 modes. If there are only a few possible salaries in the company,
the mode becomes more useful. But even then it could happen that, for example,
34 people receive salary a, 33 receive salary b, and 33 receive salary c. Then a is
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the unique mode, but if we only report a we are ignoring b and ¢, which just barely
missed being modes and which together account for almost 2/3 of the data.

Next, let’s consider the median. There are two numbers “in the middle”, s59 and
s51. In fact, any number m with s59 < m < s51 is a median, since there is at least a
50% chance that the random employee’s salary is in {s1,..., S50} (in which case it
is at most m) and at least a 50% chance that it is in {s51,...,$100} (in which case
it is at least m). The usual convention is to choose m = (s50 + $51)/2, the mean
of the two numbers in the middle. If the number of employees had been odd, this
issue would not have come up; in that case, there is a unique median, the number
in the middle when all the salaries are listed in increasing order.

Compared with the mean, the median is much less sensitive to extreme values. For
example, if the CEQ’s salary is changed from being slightly more than anyone else’s
to vastly more than anyone else’s, that could have a large impact on the mean but
it has no impact on the median. This robustness is a reason that the median could
be a more sensible summary than the mean of what the typical salary is. On the
other hand, suppose that we want to know the total cost the company is paying for
its employees’ salaries. If we only know a mode or a median, we can’t extract this
information, but if we know the mean we can just multiply it by 100. O

Suppose that we are trying to guess what a not-yet-observed r.v. X will be, by
making a prediction c¢. The mean and the median both seem like natural guesses
for ¢, but which is better? That depends on how “better” is defined. Two natural
ways to judge how good c is are the mean squared error E(X — c¢)? and the mean
absolute error E|X — c|. The following result says what the best guesses are in both
cases.

Theorem 6.1.4. Let X be an r.v. with mean pu, and let m be a median of X.

2

e The value of ¢ that minimizes the mean squared error E(X — ¢)° is ¢ = p.

e A value of ¢ that minimizes the mean absolute error E|X — ¢| is ¢ = m.

Proof. We will first prove a useful identity:
E(X —¢)* = Var(X) + (u — ¢)*.

This can be checked by expanding everything out, but a faster way is to use the
fact that adding a constant doesn’t affect the variance:

Var(X) =Var(X —¢) = E(X —¢)? = (E(X —¢))? = B(X —¢)®> = (u— )%

It follows that ¢ = u is the unique choice that minimizes F(X — ¢)?, since that
choice makes (1 — ¢)? = 0 and any other choice makes (1 — ¢)? > 0.

Now let’s consider mean absolute error. Let a # m. We need to show E|X —m| <
E|X — a|, which is equivalent to E(|X — a] — |X —m]) > 0. Assume that m < a
(the case m > a can be handled similarly). If X < m then

X —a|—|X—m|l=a—X—-(m—-X)=a—m,
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and if X > m then
X —a|-|X—-—m|>X—-a—(X—m)=m—a.

Let
Y=|X—-al—|X—m)|.

We can split the definition of E(Y') into 2 parts based on whether X < m occurs,
using indicator r.v.s. Let I be the indicator r.v. for X < m, so 1 — I is the indicator
r.v. for X > m. Then

EY)=EYI)+EY((1-1))

>(a—m)E(I)+ (m—a)E(1 1)
=(a—m)P(X <m)+ (m—a)P(X >m)
=(a—m)P(X <m)—(a—m)(l - P(X <m))
= (a—m)

a—m)(2P(X <m)—1).

By definition of median, we have 2P(X < m) —1 > 0. Thus, E(Y) > 0, which

implies E(|X —m|) < E(|X — al). |
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FIGURE 6.2

Two PDF's with mean 2 and variance 12. The light curve is Normal and symmetric;
the dark curve is Log-Normal and right-skewed.

Regardless of which measure of central tendency we use in a particular application,
it is usually important also to know about the spread of the distribution as measured
by, for example, the variance. However, there are also major features of a distribution
that are not captured by the mean and variance. For example, the two PDFs in
Figure 6.2 both have mean 2 and variance 12. The light curve is the N'(2,12) PDF
and the dark curve belongs to the Log-Normal family of distributions (the Log-
Normal is defined later in this chapter). The Normal curve is symmetric about 2, so
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its mean, median, and mode are all 2. In contrast, the Log-Normal is heavily skewed
to the right; this means its right tail is very long compared to its left tail. It has
mean 2, but median 1 and mode 0.25. From the mean and variance alone, we would
not be able to capture the difference between the asymmetry of the Log-Normal
and the symmetry of the Normal.

Now consider Figure 6.3, which shows the PMF of a Bin(10,0.9) r.v. on the left
and the PMF of 8 plus a Bin(10,0.1) r.v. on the right. Both of these distributions
have mean, median, and mode equal to 9 and variance equal to 0.9, but they look
drastically different. We say that the PMF on the left is left-skewed and the PMF
on the right is right-skewed. In this chapter we’ll learn that a standard measure of
the asymmetry of a distribution is based on the third moment.

< <
o ® o [ ]
[ ] ®
0 | 0 |
o o
Lo Lo
CLO CLO
5 A 5 A
o x (=} T
Sile e eeee? ! || S T*teeeece
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FIGURE 6.3

Left: Bin(10,0.9) is left-skewed. Right: Bin(10,0.1), shifted to the right by 8, is
right-skewed but has the same mean, median, mode, and variance as Bin(10,0.9).

The previous two examples considered asymmetric distributions, but symmetric
distributions with the same mean and variance can also look very different. The left
plot in Figure 6.4 shows two symmetric PDFs with mean 0 and variance 1. The
light curve is the A'(0,1) PDF and the dark curve is the t3 PDF, scaling it to have
variance 1 (we’ll define the ¢3 distribution in Chapter 10). The dark curve has a
sharper peak and heavier tails than the light curve. The tail behavior is magnified
in the right plot, where it is easy to see that the dark curve decays to 0 much more
gradually, making outcomes far out in the tail much more likely than for the light
curve. As we’ll learn in this chapter, a standard measure of the peakedness of a
distribution and the heaviness of its tails is based on the fourth moment.

In the next section, we will go into further detail of how to interpret moments,
especially the first four moments.
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Left: A (0,1) PDF (light) and a scaled t3 PDF (dark). Both have mean 0 and
variance 1, but the latter has a sharper peak and heavier tails. Right: magnified
version of right tail behavior.

6.2 Interpreting moments

Definition 6.2.1 (Kinds of moments). Let X be an r.v. with mean p and variance
o2. For any positive integer n, the nth moment of X is E(X™), the nth central mo-

n
ment is E((X —u)™), and the nth standardized moment is E( (%) ). Throughout

the previous sentence, “if it exists” is left implicit.

In particular, the mean is the first moment and the variance is the second central
moment. The term moment is borrowed from physics. Let X be a discrete r.v. with
distinct possible values x1, . .., z,, and imagine a pebble with mass m; = P(X = x;)
positioned at z; on a number line, for each j (as illustrated in Figure 6.5). In
physics,

n
E(X) = Z mjxj
J=1

is called the center of mass of the system, and
n
Var(X) =Y mj(z; — B(X))?
j=1

is called the moment of inertia about the center of mass.

We’ll now define skewness, a single-number summary of asymmetry which, as al-
luded to earlier, is based on the third moment. In fact, skewness is defined to be
the third standardized moment.
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SIONCICO

E(X)

FIGURE 6.5

Physics interpretation of moments. The mean (first moment) of an r.v. corresponds
to the center of mass of a collection of pebbles, and the variance (second central
moment) corresponds to moment of inertia about the center of mass.

Definition 6.2.2 (Skewness). The skewness of an r.v. X with mean p and variance
o2 is the third standardized moment of X:

Skew(X) = E (X _“)3.

g

By standardizing first, we make the definition of Skew(X) not depend on the loca-
tion or the scale of X, which is reasonable since we already have p and ¢ to provide
information about location and scale. Also, standardizing first gives the nice prop-
erty that the units in which X is measured (e.g., inches vs. meters) will not affect
the skewness.

To understand how skewness measures asymmetry, we first need to discuss what it
means for an r.v. to be symmetric.

Definition 6.2.3 (Symmetry of an r.v.). We say that an r.v. X has a symmetric
distribution about p if X — 1 has the same distribution as p — X. We also say that
X is symmetric or that the distribution of X is symmetric; these all have the same
meaning.

The number p in the above definition must be E(X) if the mean exists, since
E(X)—p=EX—p)=Ep—-X)=p-EX)

simplifies to E(X) = u. Because of this, it is common to say “X is symmetric” as
shorthand for “X is symmetric about its mean” (if the mean exists). The number
u is also a median of the distribution, since if X — p has the same distribution as
u— X, then

SO

which implies that
P(X <p)=1-P(X >p) > 1-P(X > p) = 1- P(X < ),
showing that P(X < pu) >1/2 and P(X > pu) > 1/2.
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& 6.2.4. Sometimes people say “X is symmetric” to mean “X is symmetric about
0”. Note that if X is symmetric about p, then X —p is symmetric about 0. Symmetry
about 0 is especially convenient since then —X and X have the same distribution,
and the PDF of X (if X is continuous) is an even function, as shown below.

Intuitively, symmetry means that the PDF of X to the left of y is the mirror image
of the PDF of X to the right of p (for X continuous, and the same holds for the
PMF if X is discrete). For example, we have seen before that X ~ A(u,o?) is
symmetric; in terms of the definition, this is because X — p and u — X are both
N(0,0?). We have also seen from Corollary 3.3.8 that X ~ Bin(n,p) is symmetric
when p =1/2.

We can also give an algebraic description of what the PDF of a symmetric continuous
r.v. looks like.

Proposition 6.2.5 (Symmetry in terms of the PDF). Let X be a continuous
r.v. with PDF f. Then X is symmetric about y if and only if f(z) = f(2u — ) for
all x.

Proof. Let F be the CDF of X. If symmetry holds, we have
Flx)=P(X —p<z—p)=Pp—-X<z—p)=PX>2u—2)=1-FQ2u—ux).

Taking the derivative of both sides yields f(xz) = f(2u — x). Conversely, suppose
that f(z) = f(2u — x) holds for all z. Integrating both sides, we have

pt s oo
PX—p<t)= (z)dx = f(2,u—:z)dx:/ tf(w)dw:P(u—th).
00 —

—00 —

Odd central moments give some information about symmetry.

Proposition 6.2.6 (Odd central moments of a symmetric distribution). Let X be
symmetric about its mean u. Then for any odd number m, the mth central moment
E(X — p)™ is 0 if it exists.

Proof. Since X — p has the same distribution as p — X, they have the same mth
moment (if it exists):
E(X —p)" =E(p—X)"

Let Y = (X —p)™. Then (u— X)" = (—(X —p))™ = (—1)™Y = —Y, so the above
equation just says E(Y) = —E(Y). So E(Y) =0. [ |

This leads us to consider using an odd standardized moment as a measure of the
skew of a distribution. The first standardized moment is always 0, so the third
standardized moment is taken as the definition of skewness. Positive skewness is
indicative of having a long right tail relative to the left tail, and negative skewness
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is indicative of the reverse. (The converse of the above proposition is false, though:
there exist asymmetric distributions whose odd central moments are all 0.)

Why not use, say, the fifth standardized moment instead of the third? One reason
is that the third standardized moment is usually easier to calculate. Another reason
is that we may want to estimate skewness from a data set. It is usually easier to
estimate lower moments than higher moments in a stable way since, for example, a
large, noisy observation will have a very large, very noisy fifth power. Nevertheless,
just as the mean isn’t the only useful notion of average and the variance isn’t the
only useful notion of spread, the third standardized moment isn’t the only useful
notion of skew.

Another important descriptive feature of a distribution is how heavy (or long) its
tails are. For a given variance, is the variability explained more by a few rare (ex-
treme) events or by a moderate number of moderate deviations from the mean?
This is an important consideration for risk management in finance: for many fi-
nancial assets, the distribution of returns has a heavy left tail caused by rare but
severe crisis events, and failure to account for these rare events can have disastrous
consequences, as demonstrated by the 2008 financial crisis.

As with measuring skew, no single measure can perfectly capture the tail behavior,
but there is a widely used summary based on the fourth standardized moment.

Definition 6.2.7 (Kurtosis). The kurtosis of an r.v. X with mean p and variance

o2 is a shifted version of the fourth standardized moment of X:

Kurt(X) = E <X_“>4—3.

g

& 6.2.8. The reason for subtracting 3 is that this makes any Normal distribution
have kurtosis 0 (as shown in Section 6.5). This provides a convenient basis for
comparison. However, some sources define the kurtosis without the 3, in which case
they call our version “excess kurtosis”.

Roughly speaking, let us call the regions within 1 standard deviation of the mean,
between 1 and 2 standard deviations of the mean, and more than 2 standard devi-
ations from the mean the center, shoulders, and tails of a distribution, respectively.
Then a prototypical distribution with large kurtosis has a PDF with a sharp peak
in the center, low shoulders, and heavy tails. For example, the PDF shown in dark
in Figure 6.4 fits this description.

Figure 6.6 shows three named distributions and lists the skewness and kurtosis of
each. The Expo(1) and Pois(4) distributions (left and middle) both have positive
skewness and positive kurtosis, indicating that they are right-skewed and their tails
are heavier than those of a Normal distribution. The Unif(0, 1) distribution (right)
has zero skewness and negative kurtosis: zero skewness because the distribution is
symmetric about its mean, and negative kurtosis because it has no tails!
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FIGURE 6.6

Skewness and kurtosis of some named distributions. Left: Expo(1) PDF, skewness =
2, kurtosis = 6. Middle: Pois(4) PMF, skewness = 0.5, kurtosis = 0.25. Right:
Unif(0, 1) PDF, skewness = 0, kurtosis = —1.2.

6.3 Sample moments

In statistical inference, a central problem is how to use data to estimate unknown
parameters of a distribution, or functions of unknown parameters. It is especially
common to want to estimate the mean and variance of a distribution. If the data
are i.i.d. random variables X7, ..., X,, where the mean F(Xj;) is unknown, then the
most obvious way to estimate the mean is simply to average the X;, taking the
arithmetic mean.

For example, if the observed data are 3,1, 1, 5, then a simple, natural way to estimate
the mean of the distribution that generated the data is to use (3+1+1+5)/4 = 2.5.
This is called the sample mean. Similarly, if we want to estimate the second moment
of the distribution that generated the data 3,1, 1,5, then a simple, natural way is to
use (32 +12 412 +5%)/4 = 9. This is called the sample second moment. In general,
sample moments are defined as follows.

Definition 6.3.1 (Sample moments). Let Xi,..., X, be ii.d. random variables.
The kth sample moment is the r.v.

1 n

_ k

M= 5 2 X5
Jj=1

The sample mean X, is the first sample moment:
1 n

X_ = — X ..

n n jg_l j

In contrast, the population mean or true mean is E(X;), the mean of the distribution
from which the X; were drawn.
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The law of large numbers, which we prove in Chapter 10, shows that the kth sample
moment of i.i.d. random variables Xi,..., X,, converges to the kth moment F(X})
as n — oo. Also, the expected value of the kth sample moment is the kth moment.
In statistical terms, we say that the kth sample moment is unbiased for estimating
the kth moment. It is easy to check this by linearity:

E(=-) XF|= % <E(Xf”) + --~+E(X,’§)) = B(XP).

The mean and variance of the sample mean are often needed, and have nice expres-
sions that are often needed in statistics.

Theorem 6.3.2 (Mean and variance of sample mean). Let Xi,..., X,, beiid.r.v.s
with mean g and variance 0. Then the sample mean X, is unbiased for estimating
. That is,

E(X,) = p.
The variance of X, is given by
2
- o
Var(Xn) = Z

Proof. We have E(X,) = p since we showed above that the kth sample moment
is unbiased for estimating the kth moment. For the variance, we will use the fact
(shown in the next chapter) that the variance of the sum of independent r.v.s is the
sum of the variances:

0_2

— 1
Var(X,) = ﬁVar(Xl + 4+ Xp) = %Var(Xl) =

For estimating the variance of the distribution of i.i.d. r.v.s Xi,..., X,, a natural
approach building on the above concepts is to mimic the formula Var(X) = E(X?)—
(EX)? by taking the second sample moment and subtracting the square of the
sample mean. There are advantages to this method, but a more common method is
as follows.

Definition 6.3.3 (Sample variance and sample standard deviation). Let
Xi,...,X, be ii.d. random variables. The sample variance is the r.v.

1 _
= X - X
j=1

The sample standard deviation is the square root of the sample variance.
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The idea of the above definition is to mimic the formula Var(X) = E(X — E(X))? by
averaging the squared distances of the X; from the sample mean, except with n —1
rather than n in the denominator. The motivation for the n — 1 is that this makes
S2 unbiased for estimating o2, i.e., it is correct on average. (However, the sample
standard deviation S,, is nmot unbiased for estimating o; we will see in Chapter
10 which way the inequality goes. In any case, unbiasedness is only one of several
criteria by which to judge an estimation procedure. For example, in some problems
we can get a lower mean squared error in return for allowing a little bit of bias, and
this tradeoff may be worthwhile.)

Theorem 6.3.4 (Unbiasedness of sample variance). Let Xi,..., X, be iid. r.v.s

with mean p and variance 0. Then the sample variance S? is unbiased for estimating

o2, ie.,

E(S?) = o2

Proof. The key to the proof is the handy identity

n

Z(Xj —c)? = zn:(Xj — X5)? 4 n(Xp — )%,

j=1 j=1

which holds for all ¢. To verify the identity, add and subtract X,, in the left-hand
sum:

ST -0 = (X — Xn) + (Xn — )
7=1 Jj=1
:zn:(xj_x +2ZX - X,) —c+§n: n—c)?

For the last line, we used the fact that X,, — ¢ does not depend on j and the fact

that
n n n
>0~ X =YX~ 3 K=y -, =0
j=1 Jj=1 J=1

Now let us apply the identity, choosing ¢ = u. Taking the expectation of both sides,

n
nE(X1—p)? =E ) (X; - X0)* | +nE(Xn — ).
j=1

By definition of variance, E(X; — u)? = Var(X1) = o2, E(X,, — u)? = Var(X,,)

o2 /n. Plugging these results in above and simplifying, we have F(S2%) = o2,
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Similarly, we can define the sample skewness to be

% Z?:l(Xj - Xn)g
S3 ’

and the sample kurtosis to be

Beyond the fourth moment, it rapidly gets harder to interpret moments graphically
and harder to estimate them well from data if they are unknown. However, in the
rest of this chapter we will see that it can still be useful to know all the moments of
a distribution. We will also study a way of computing moments that is often easier
than LOTUS. Both the usefulness and the computation of moments are closely
connected to a blueprint called the moment generating function, to which we devote
most of the rest of this chapter.

6.4 Moment generating functions

A generating function is a clothesline on which we hang up a sequence of
numbers for display. — Herbert Wilf [31]

Generating functions are a powerful tool in combinatorics and probability, bridging
between sequences of numbers and the world of calculus. In probability, they are
useful for studying both discrete and continuous distributions. The general idea
behind a generating function is as follows: starting with a sequence of numbers,
create a continuous function—the generating function—that encodes the sequence.
We then have all the tools of calculus at our disposal for manipulating the generating
function.

A moment generating function, as its name suggests, is a generating function that
encodes the moments of a distribution. Here is the definition, followed by a few
examples.

Definition 6.4.1 (Moment generating function). The moment generating function
(MGF) of an r.v. X is M(t) = E(e!X), as a function of ¢, if this is finite on some
open interval (—a,a) containing 0. Otherwise we say the MGF of X does not exist.

A natural question at this point is “What is the interpretation of ¢?” The answer
is that ¢ has no interpretation in particular; it’s just a bookkeeping device that we
introduce in order to be able to use calculus instead of working with a discrete
sequence of moments.

Note that M (0) = 1 for any valid MGF M; whenever you compute an MGF, plug
in 0 and see if you get 1, as a quick check!
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Example 6.4.2 (Bernoulli MGF). For X ~ Bern(p), e/X takes on the value e’ with
probability p and the value 1 with probability ¢, so M (t) = E(e!X) = pe’ + ¢. Since
this is finite for all values of ¢, the MGF is defined on the entire real line. O

Example 6.4.3 (Geometric MGF). For X ~ Geom(p),

o0 o0
p
M(t) = B(e™) =Y e™g'p=p) (ae") = 1= o
k=0 k=0

for ge! < 1, i.e., for t in (—oo,log(1/q)), which is an open interval containing 0. [J

Example 6.4.4 (Uniform MGF). Let U ~ Unif(a,b). Then the MGF of U is
1 b tb _ _ta
M(t) = E(e'V) = / S T ——
b—a J,
for t # 0, and M(0) = 1. O
The next three theorems give three reasons why the MGF is important. First, the
MGF encodes the moments of an r.v. Second, the MGF of an r.v. determines its

distribution, like the CDF and PMF /PDF. Third, MGFs make it easy to find the
distribution of a sum of independent r.v.s. Let’s take these one by one.

Theorem 6.4.5 (Moments via derivatives of the MGF). Given the MGF of X, we
can get the nth moment of X by evaluating the nth derivative of the MGF at 0:
E(X™) = M™)(0).

Proof. This can be seen by noting that the Taylor expansion of M (t) about 0 is
S o)
— n _
n=0

while on the other hand, we also have

(e o]

M(t)=E(E™*)=E (Z X”Z) .

n=0

We are allowed to interchange the expectation and the infinite sum because certain
technical conditions are satisfied (this is where we invoke the condition that F(e'X)
is finite in an interval around 0), so

oo . tn
M(t)=> BE(X )
n=0
Matching the coefficients of the two expansions, we get E(X™) = M ™) (0). [

The above theorem is surprising in that for a continuous r.v. X, to compute mo-
ments would seemingly require doing integrals with LOTUS, but with the MGF it
is possible to find moments by taking derivatives rather than doing integrals!
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Theorem 6.4.6 (MGF determines the distribution). The MGF of a random vari-
able determines its distribution: if two r.v.s have the same MGF, they must have
the same distribution. In fact, if there is even a tiny interval (—a,a) containing 0
on which the MGF's are equal, then the r.v.s must have the same distribution.

The above theorem is a difficult result in analysis, so we will not prove it here.

Theorem 6.4.7 (MGF of a sum of independent r.v.s). If X and Y are independent,
then the MGF of X 4+ Y is the product of the individual MGFs:

Mx 1y (t) = Mx(t)My(t).

This is true because if X and Y are independent, then E(e!X+Y)) = E(!X)E(e!Y)
(this follows from results discussed in Chapter 7). Using this fact, we can get the
MGPFs of the Binomial and Negative Binomial, which are sums of independent
Bernoullis and Geometrics, respectively.

Example 6.4.8 (Binomial MGF). The MGF of a Bern(p) r.v. is pe! + ¢, so the
MGF of a Bin(n,p) r.v. is
M(t) = (pe' + q)".

MGF
2

-1.0 -0.5 0.0 0.5 1.0

FIGURE 6.7

Bin(2,1/2) MGF, M(t) = (3¢’ + %)2 The slope of the MGF at ¢t = 0 is 1, so the
mean of the distribution is 1. The concavity or second derivative of the MGF at
t =0 is 3/2, so the second moment of the distribution is 3/2.

Figure 6.7 plots the MGF of the Bin(2,1/2) distribution, M(t) = (Lef + 1) be-
tween t = —1 and t = 1. As with all MGF's, the value of the MGF is 1 at ¢t = 0.
Furthermore, the first and second moments of the distribution are the first and
second derivatives of the MGF, evaluated at ¢ = 0; these correspond to the slope
and concavity of the plotted curve at ¢ = 0. These two derivatives are 1 and 3/2
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respectively, corresponding to the fact that the Bin(2,1/2) distribution has mean 1
and variance 3/2 — 12 = 1/2. O

Example 6.4.9 (Negative Binomial MGF). We know the MGF of a Geom(p) r.v. is
P for ge! < 1, so the MGF of X ~ NBin(r,p) is

1—qe?
p T
M =
) (1 - qet)

for ge! < 1. O

% 6.4.10. Not all r.v.s have an MGF. Some r.v.s X don’t even have F(X) exist,
or don’t have E(X™) exist for some n > 1, in which case the MGF clearly will not
exist. But even if all the moments of X exist, the MGF may not exist if the moments
grow too quickly. Luckily, there is a way to fix this: inserting an imaginary number!
The function ¥(t) = E(e®X) with i = /=1 is called the characteristic function
by statisticians and the Fourier transform by everyone else. It turns out that the
characteristic function always exists. In this book we will focus on the MGF rather
than the characteristic function, to avoid having to handle imaginary numbers.

As we saw in the previous chapter, location and scale transformations are a fun-
damental way to build a family of distributions from an initial distribution. For
example, starting with Z ~ N(0,1), we can scale by ¢ and shift by p to obtain
X = pu+oZ ~ N(u,0?). In general, if we have an r.v. X with mean p and stan-
dard deviation o > 0, we can create the standardized version (X — p)/o, and vice
versa. Conveniently, it is easy to relate the MGFs of two r.v.s connected by such a
transformation.

Proposition 6.4.11 (MGF of location-scale transformation). If X has MGF M (),
then the MGF of a 4 bX is

E(et(a+bx)) _ eatE(eth) — eatM(bt).

For example, let’s use this proposition to help obtain the MGFs of the Normal and
Exponential distributions.

Example 6.4.12 (Normal MGF). The MGF of a standard Normal r.v. Z is

oo
1 2
My (t) = E(et? :/ et ——e % /2y,
Ay =B = [ e
After completing the square, we have

o
2 1 2 2
Mo () — ot /2/ e S C )
z(t) -
using the fact that the N'(¢,1) PDF integrates to 1. Thus, the MGF of X = u+oZ ~
N(p,0%) is

2t2

Mx(t) = e" My(ot) = etel@)/2 = ehittio
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Example 6.4.13 (Exponential MGF). The MGF of X ~ Expo(1) is
oo oo 1
M(t) = E(e'X) = / ee  dy = / e 0dr = —— fort < 1.
So the MGF of Y = X/ ~ Expo(]) is

My(t):MX <> :715 for t < A.

6.5 Generating moments with MGF's

We now give some examples of where the MGF got its name from. Theorem 6.4.5
shows that we can get moments by differentiating the MGF and evaluating at 0,
rather than doing a complicated sum or integral by LOTUS. Better yet, in some
cases we can simultaneously find all the moments of a distribution via a Taylor
expansion, rather than differentiating over and over again.

Example 6.5.1 (Exponential moments). In this example we will show how to
use the Exponential MGF to get all the moments of the Exponential distribution
simultaneously! Let X ~ Expo(1). The MGF of X is M(¢) =1/(1 —t) for t < 1.

As shown in Theorem 6.4.5, we could obtain the moments by taking derivatives
of the MGF and evaluating at 0. In this case, though, we recognize 1/(1 — t) as a
geometric series, valid in an interval around 0. For [¢| < 1,

1 [o.¢] o0 tn

— — n _ -

M(t) = +— = Eot = Eon.n!.
n= n=

On the other hand, we know that E(X™) is the coefficient of the term involving ¢"
in the Taylor expansion of M (t):

tTL

M(t)=> B(X")—.
n=0

n!

Thus we can match coefficients to conclude that E(X™) = n! for all n. We not only
did not have to do a LOTUS integral, but also we did not, for example, have to
take 10 derivatives to get the 10th moment—we got the moments all at once.

To find the moments of Y ~ Expo()), use a scale transformation: we can express

Y = X/X\ where X ~ Expo(1). Therefore Y = X" /A" and

n n!
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In particular, we have found the mean and variance of Y, making good on our
promise from Chapter 5:

o2 1 _ 1

Var(Y) = E(Y?) — (EY) sviRbvinbVE

O

Example 6.5.2 (Standard Normal moments). In this example we will find all the
moments of the standard Normal distribution. Let Z ~ A(0,1). We can use the
same trick of matching the coefficients of the Taylor expansion.

e (8220 Xt X (2n)! 2
M(t) = e /222( :L!) :Z2nmzz(2nn)! 2n)!"

n=0 n=0 n=0

Therefore |
2n)!
E(Z2n> — ( 7’L) ,
2
and the odd moments of Z are equal to 0, which must be true due to the symmetry
of the standard N?rmal. From the story proof about partnerships in Example 1.5.4,
we know that 2! is also equal to the skip factorial (2n — 1)!!, so we have E(Z2) =

27

1,E(Z*) =1-3,E(Z% =135, etc.

This result also shows that the kurtosis of the Normal distribution is 0. Let X ~
N (u,0?); then

X —p
g

Kurt(X)zE( )4—3:E(Z4)—3:3—3:O.

g

Example 6.5.3 (Log-Normal moments). Now let’s consider the Log-Normal dis-
tribution. We say that Y is Log-Normal with parameters p and o2, denoted by
Y ~ LN (,02),if Y = eX where X ~ N (i, 02).

% 6.5.4. Log-Normal does not mean “log of a Normal”, since a Normal can be
negative. Rather, Log-Normal means “log ¢s Normal”. It is important to distinguish
between the mean and variance of the Log-Normal and the mean and variance of
the underlying Normal. Here we are defining y and o to be the mean and variance
of the underlying Normal, which is the most common convention.

Interestingly, the Log-Normal MGF does not exist, since F(e") is infinite for all
t > 0. Consider the case where Y = eZ for Z ~ N(0,1); by LOTUS,

2 s 1 2 < 1 a2
E(Y) = E(e') :/ el ——e 24z = 2,
o V27 —co V2

For any t > 0, te* — 2% /2 goes to infinity as z grows, so the above integral diverges.
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Since E(e'Y) is not finite on an open interval around 0, the MGF of Y does not
exist. The same reasoning holds for a general Log-Normal distribution.

However, even though the Log-Normal MGF does not exist, we can still obtain all
the moments of the Log-Normal, using the MGF of the Normal. For Y = eX with
X ~N(p,0%),

E(Y™) = E(e"¥) = Mx(n) = e™+37°7",

In other words, the nth moment of the Log-Normal is the MGF of the Normal
evaluated at t = n. Letting

m=EY)= PasTa
we have after some algebra

Var(Y) = B(Y?) — m? = m?(e”

All Log-Normal distributions are right-skewed. For example, Figure 6.2 shows a
Log-Normal PDF in dark, with mean 2 and variance 12. This is the distribution
of eX for X ~ N(0,2log?2), and it is clearly right-skewed. To quantify this, let us
compute the skewness of the Log-Normal r.v. Y = X for X ~ N(0,0?). Letting

2

m=FEY)= €27, we have E(Y"™) =m"™ and Var(Y) = m?(m? — 1), and the third
central moment is

E(Y —m)® = E(Y? - 3mY? 4 3m?Y —m?)
= E(Y?) - 3mE(Y?) + 2m?
=m? — 3m® 4+ 2m3.

Thus, the skewness is

E(Y —m)®>  m?—3m’®+2m?

Skew(Y) = = (m?+2)vVm? — 1,

SD3(Y)  m3(m2—1)3/2
where in the last step we factored mb — 3m? + 2 = (m? + 2)(m — 1)%(m + 1)?. The
skewness is positive since m > 1, and it increases very quickly as o grows. O
|

6.6 Sums of independent r.v.s via MGF's

Since the MGF of a sum of independent r.v.s is just the product of the individ-
ual MGFs, we now have a new strategy for finding the distribution of a sum of
independent r.v.s: multiply the individual MGFs together and see if the product
is recognizable as the MGF of a named distribution. The next two examples illus-
trate.
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Example 6.6.1 (Sum of independent Poissons). Using MGFs, we can easily show
that the sum of independent Poissons is Poisson. First let’s find the MGF of X ~
Pois(\):

e —)\)\k o0 et k . .
E(etX) = Zetke = e—AZ( Z') — e rhet — A1)
k=0 ' k=0 '

Now let Y ~ Pois(u) be independent of X. The MGF of X + Y is
E(etX)E(etY) _ 6)\(e‘fl)e,u(e‘fl) — e()\ﬁu)(etfl)7

which is the Pois(A+ ) MGF. Since the MGF determines the distribution, we have
proven that X +Y ~ Pois(A + p). Contrast this with the proof from Chapter 4
(Theorem 4.8.1), which required using the law of total probability and summing
over all possible values of X. The proof using MGFs is far less tedious. O

# 6.6.2. It is important that X and Y be independent in the above example. To see
why, consider an extreme form of dependence: X =Y. In that case, X +Y = 2X,
which can’t possibly be Poisson since its value is always an even number!

Example 6.6.3 (Sum of independent Normals). If we have X; ~ N(u1,07) and
Xy ~ N (p2,02) independently, then the MGF of X + Xo is

My, +x,(t) = Mx, () My, (t) = ett+30it . ghalt 3038 — pQuntpa)its (ot +od)i
which is the N'(u1 + p2,0? + 03) MGF. Again, because the MGF determines the

distribution, it must be the case that X1 + Xo ~ N (u1 + 2, 0% +032). Thus the sum
of independent Normals is Normal, and the means and variances simply add. O

Example 6.6.4 (Sum is Normal). A converse to the previous example also holds: if
X1 and X5 are independent and X+ X5 is Normal, then X; and X5 must be Normal!
This is known as Cramér’s theorem. Proving this in full generality is difficult, but
it becomes much easier if X; and Xy are i.i.d. with MGF M(¢). Without loss of
generality, we can assume X7 + Xy ~ AN (0,1), and then its MGF is

12 = B D) = B Be) = (M(1))?,
so M(t) = et®/4 which is the N(0, 1/2) MGF. Thus, X1, Xo ~ N(0,1/2). O
In Chapter 8 we’ll discuss a more general technique for finding the distribution of
a sum of r.v.s when the individual MGFs don’t exist, or when the product of the

individual MGFs is not recognizable and we would like to obtain the PMF/PDF
instead.

|
6.7 *Probability generating functions

In this section we discuss probability generating functions, which are similar to MGF's
but are guaranteed to exist for nonnegative integer-valued r.v.s. First we’ll use PGFs
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to conquer a seemingly intractable counting problem. Then we’ll prove that the PGF
of a nonnegative integer-valued r.v. determines its distribution, which we omitted
in the more general MGF setting.

Definition 6.7.1 (Probability generating function). The probability generating
function (PGF) of a nonnegative integer-valued r.v. X with PMF p, = P(X = k)
is the generating function of the PMF. By LOTUS, this is

(o ¢]
BtY) = pit".
k=0

The PGF converges to a value in [—1,1] for all ¢ in [—1,1] since > o2 pr = 1 and
[pit*] < pi for [t] < 1.

The MGF is closely related to the PGF, when both exist: for ¢ > 0,
E(tX) _ E((BX logt)

is the MGF evaluated at logt.

Example 6.7.2 (Generating dice probabilities). Frederick Mosteller, the founder
of the Harvard Statistics Department, once recounted the following life-changing
moment:

A key moment in my life occurred in one of those classes during my sophomore
year. We had the question: When three dice are rolled what is the chance that
the sum of the faces will be 10?7 The students in this course were very good, but
we all got the answer largely by counting on our fingers. When we came to class,
I said to the teacher, “That’s all very well—we got the answer—but if we had
been asked about six dice and the probability of getting 18, we would still be
home counting. How do you do problems like that?” He said, “I don’t know, but
I know a man who probably does and I'll ask him.”

One day I was in the library and Professor Edwin G. Olds of the Mathematics
Department came in. He shouted at me, “I hear you’re interested in the three
dice problem.” He had a huge voice, and you know how libraries are. I was
embarrassed. “Well, come and see me,” he said, “and I’ll show you about it.”
“Sure,” I said. But I was saying to myself, “I’ll never go.” Then he said, “What
are you doing?” I showed him. “That’s nothing important,” he said. “Let’s go
now.”

So we went to his office, and he showed me a generating function. It was
the most marvelous thing I had ever seen in mathematics. It used mathematics
that, up to that time, in my heart of hearts, I had thought was something that
mathematicians just did to create homework problems for innocent students in
high school and college. I don’t know where I had got ideas like that about
various parts of mathematics. Anyway, I was stunned when I saw how Olds used
this mathematics that I hadn’t believed in. He used it in such an unusually
outrageous way. It was a total retranslation of the meaning of the numbers. [1]
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Let X be the total from rolling 6 fair dice, and let Xy,..., Xg be the individual
rolls. What is P(X = 18)? It turns out that there are 3431 ways to obtain a sum of
18, so the probability is 3431/6% ~ 0.0735. Listing out all possibilities is extremely
tedious, and the tedium would be compounded with the worry of having somehow

missed a case. And what if we laboriously listed out all 3431 cases, and then were
asked to find P(X = 19)?

The PGF of X will allow us to count the cases in a systematic way. The PGF of
Xl is
1
E(tY) = 6(t+t2 4o 19).
Since the X; are i.i.d., the PGF of X is

46
EX)=EB@{Y -t =Bt E(t%) = 6—6(1+t+---+t5)6.
By definition, the coefficient of t'* in the PGF is P(X = 18). So the number of
ways to get a sum of 18 is the coefficient of #*® in t6(1 + ¢+ --- +¢°)5, which is the
coefficient of t'2 in (1 +t + --- + ¢°)5. Multiplying this out by hand is tedious, but
it is vastly easier than listing out 3431 cases, and it can also be done easily on a
computer without having to write a special program.

Better yet, we can use the fact that 1 +¢ 4 --- 4+ ¢° is a geometric series to write

6 _ (119

LN
(Assume that |t| < 1, which we can do since, as with the MGF, we just need to
know how the PGF behaves in an open interval containing 0.) The above equation

is just algebra since we have the bookkeeping device ¢, but would have been hard
to fathom if everything were still in sequence notation. By the binomial theorem,

the numerator is 6
6 o
1=t => ()@Q%W

=0 M

(I+t+--+1t°)

For the denominator, write

[e.e]
T Y
k=0

Here ay, is the number of ways to choose one term from each of the six (1+t+t2+...)
factors, such that the degrees add up to k. For example, for £ = 20 one possibility
is to choose the t3,1,¢2,t'%,1,¢° terms, respectively, since these choices contribute
one t?2° term when the product is expanded out. So ay, is the number of solutions to
Y1 +y2 + - +ye = k, with the y; nonnegative integers. We saw how to count this

number of solutions in Chapter 1: a; is the Bose-Einstein value (6+271) = (k?) So

fEn :ic?)tk'
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For 0 < ¢ < 1, another way to see why this equation holds is to write it as

i<k§5)<1—t>6t’“=1,

k=0

which we already knew to be true since the NBin(6, 1 —¢) PMF must sum to 1. (The
identity for (1 — )76 is an example of a generalization of the binomial theorem to
allow for negative integer powers; this helps explain where the Negative Binomial
gets its name from, considering that a Negative Binomial is neither negative nor
Binomial!)

Putting together the above results, we just need the coefficient of ¢'2 in
2 12
6 6 k+5
> <‘>(—1)9t6J (Z ( —g >tk) :
= M k=0

where we summed only up to 7 = 2 and k = 12 in the two factors since any further
terms will not contribute to the coefficient of ¢t'2. This lets us reduce the 3431 cases
down to just three cases: (j, k) is (0,12),(1,6), or (2,0). The coefficient of 12 is

17 11 6
—6 = 3431
(5) =o(5) = (o) oo
since, for example, when j = 1 and &£ = 6 we get the term

e (el

3431

Thus,

g

Since the PGF is just a handy bookkeeping device for the PMF, it fully determines
the distribution (for any nonnegative integer-valued r.v.). The theorem below shows
how to pluck the PMF values down from the “clothesline” of the PGF.

Theorem 6.7.3. Let X and Y be nonnegative integer-valued r.v.s, with PGFs
gx and gy respectively. Suppose that gx(t) = gy(t) for all ¢ in (—a,a), where
0 < a < 1. Then X and Y have the same distribution, and their PMF can be
recovered by taking derivatives of gx:

Proof. Write
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Then gx (0) = pg, so P(X = 0) has been recovered—from knowing the function gx,
we can extract the value of P(X = 0). The derivative is

o
g (t) = kpet*T,
k=1

so ¢’ (0) = p1 (swapping the derivative and the infinite sum is justified by results
in real analysis). Then P(X = 1) has been recovered. Continuing in this way, we
can recover the entire PMF by taking derivatives. |

Example 6.7.4. Let X ~ Bin(n,p). The PGF of a Bern(p) r.v. is pt + ¢ (with
g =1—p), so the PGF of X is ¢g(t) = (pt + q)™. The above theorem says that any
r.v. with this PGF must in fact be Binomial. Furthermore, we can recover the PMF
by computing
_ n _
9(0) = ¢", ¢'(0) = npg"~*,4"(0)/2! = <2>p2q” %

and so on. We can avoid having to take derivatives by using the binomial theorem

gty =(t+q" = (Z)pkq”kt’“7

k=0

to write

from which we can directly read off the Binomial PMF.

While we’re working with the Binomial PGF, let’s see how it can be used to get the
moments of a Binomial. Letting py, = P(X = k), we have

n
g () =nplpt+q)" " = kppt*!,
k=1

SO

gd(1)=np=> kpy = E(X).
k=1

Taking the derivative again,

g"(t) =n(n—1)p*(pt+q)" 2 =Y k(k — 1)ppt*2,
k=2

B(X(X —1))=4¢"(1) =n(n — 1)p*.

Rearranging these results gives another proof that Var(X) = npq. Continuing in
this way, we have computed what are called the factorial moments of the Binomial:

B(X(X-1)...(X —k+1)) = k!(Z)pk.

Dividing by k! on both sides, this implies E()k() = (Z)pk, which can also be seen
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with a story proof: ()k( ) is the number of ways to choose k out of the X successful
Bernoulli trials, which is the number of ways to choose k out of the n original trials
such that all k£ are successes. Creating an indicator r.v. for each of the (Z) subsets
of size k and using linearity, the result follows. O

6.8 Recap

A useful way to study a distribution is via its moments. The first 4 moments are
widely used as a basis for quantitatively describing what the distribution looks like,
though many other descriptions are also possible. In particular, the first moment
is the mean, the second central moment is the variance, the third standardized
moment measures skew (asymmetry), and the fourth standardized moment minus 3
measures how sharp the peak is and how heavy the tails are, roughly speaking.

Moments are useful for far more than studying the location and shape of a dis-
tribution, especially when the moment generating function (MGF) exists (which is
stronger than saying that all the moments exist). MGFs are useful for three main
reasons: for computing moments (as an alternative to LOTUS), for studying sums
of independent r.v.s, and since they fully determine the distribution and thus serve
as an additional blueprint for a distribution.

Figure 6.8 augments our map of the connections between fundamental objects in
probability. If the MGF of X exists, the sequence E(X), F(X?), E(X?),... of mo-
ments provides enough information (at least in principle) to determine the distri-
bution of X.

6.9 R
Functions

The MGF of an r.v. is a function. As an example of defining and working with
functions in R, let’s use the N(0,1) MGF, which is given by M(t) = e'’/2. The
code

M <- function(t) {exp(t~2/2)%}

defines M to be this function. The function(t) says that we're defining a function
of one variable ¢ (called the argument of the function). Then, for example, M(0)
evaluates the function at 0, M(1:10) evaluates the function at 1,2,...,10, and
curve (M, from=-3,to=3) plots the graph of M from —3 to 3. Writing
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What can ocoo
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For an r.v. X, we can study its moments E(X), E(X?),.... These can be computed
using LOTUS or by the MGF (if it exists). If the MGF exists, it determines the
distribution, taking us full circle and adding to our list of blueprints.

M <- function(x) {exp(x~2/2)}

would define the same function M, except that now the argument is named z.
Giving the arguments names is helpful for functions of more than one variable,
since R then saves us from having to remember the order in which to write the
arguments, and allows us to assign default values. For example, the N'(u, 0?) MGF
is given by g(t) = exp(ut + 0%t?/2), which depends on t, i, and o. We can define
this in R by

g <- function(t,mean=0,sd=1) {exp(meanxt + sd"2*t~2/2)}

What is g(1,2,3)? It’s the AV'(2,3%) MGF evaluated at 1, but it may be hard
to remember which argument is which, especially when working with many func-
tions with many arguments over the course of many months. So we can also write
g(t=1,mean=2,sd=3) or g(mean=2,sd=3,t=1) or any of the other 4 permutations
to mean the same thing.

Also, when defining g we specified default values of 0 for the mean and 1 for
the standard deviation, so if we want the N(0,5%) MGF evaluated at 3, we
can use g(t=3,sd=5) as shorthand. It would be bad here to write g(3,5), since
that is ambiguous about which argument is omitted; in fact, R interprets this as
g(t=3,mean=5).
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Moments

LOTUS makes it easy to write down any moment of a continuous r.v. as an integral,
and then R can help us do the integral numerically, using the integrate command.
For example, let’s approximate the 6th moment of a N'(0,1) r.v. The code

g <- function(x) x"6*dnorm(x)
integrate(g, lower = -Inf, upper = Inf)

asks R to compute [ g(z)dz, where g(x) = 2%¢(z) with ¢ the N'(0,1) PDF. When
we ran this, R reported 15 (the correct answer, as we know from this chapter!) and
that the absolute error was less than 7.9 x 107°. Similarly, to check that the 2nd
moment (and variance) of a Unif(—1,1) r.v. is 1/3, we can use

h <- function(x) x"2*dunif(x,-1,1)
integrate(h, lower = -1, upper = 1)

& 6.9.1. Numerical integration runs into difficulties for some functions; as usual,
checking answers in multiple ways is a good idea. Using upper = Inf is preferred to
using a large number as the upper limit when integrating up to co (and likewise for
a lower limit of —oo). For example, on many systems integrate(dnorm,0,1076)
reports 0 while integrate (dnorm,0,Inf) reports the correct answer, 0.5.

For moments of a discrete r.v., we can use LOTUS and the sum command. For
example, to find the 2nd moment of X ~ Pois(7), we can use

g <- function(k) k~2xdpois(k,7)
sum(g(0:100))

Here we summed up to 100 since it’s clear after getting a sense of the terms that
the total contribution of all the terms after k& = 100 is negligible (choosing an
upper limit in this way is in contrast to how to use the integrate command in
the continuous case). The result is extremely close to 56, which is comforting since
E(X?) = Var(X) + (EX)? = 7 + 49 = 56.

A sample moment can be found in one line in R. If x is a vector of data, then mean (x)
gives its sample mean and, more generally, mean(x"n) gives the nth sample mean
for any positive integer n. For example,

x <- rnorm(100)
mean(x~6)

gives the 6th sample moment of 100 ii.d. N(0,1) r.v.s. How close is it to the
true 6th moment? How close are other sample moments to the corresponding true
moments?

The sample variance can also be found in one line in R. If x is a vector of data, then
var (x) gives its sample variance. This returns NA (not available) if x has length 1,
since the n — 1 in the denominator is 0 in this case. It makes sense not to return a
numerical value in this case, not only because of the definition but also because it
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would be insane to try to estimate the variability of a population if we only have
one observation!

For a simple demonstration of using the sample mean and sample variance to es-
timate the true mean and true variance of a distribution, we generate 1000 times
from a N (0, 1) distribution and store the values in z. We then compute the sample
mean and sample variance with mean and var.

z <- rnorm(1000)
mean(z)
var(z)

We find that mean(z) is close to 0 and var(z) is close to 1. You can try this out
for a N'(u,0?) distribution (or other distribution) of your choosing; just remember
that rnorm takes ¢ and not o2 as an input!

The sample standard deviation of x can be found using sd(x). This gives the same
result as sqrt (var(x)).

R does not come with built-in functions for sample skewness or sample kurtosis,
but we can define our own functions as follows.

skew <- function(x) {
centralmoment <- mean((x-mean(x))"~3)
centralmoment/ (sd(x) ~3)

¥

kurt <- function(x) {
centralmoment <- mean((x-mean(x))"4)
centralmoment/(sd(x)~4) - 3

Medians and modes

To find the median of a continuous r.v. with CDF F', we need to solve the equation
F(xz) = 1/2 for x, which is equivalent to finding the root (zero) of the function g
given by ¢g(z) = F(x) — 1/2. This can be done using uniroot in R. For example,
let’s find the median of the Expo(1) distribution. The code

g <- function(x) pexp(x) - 1/2
uniroot (g, lower=0,upper=1)

asks R to find a root of the desired function between 0 and 1. This returns an answer
very close to the true answer of log(2) ~ 0.693. Of course, in this case we can solve
1 —e™® =1/2 directly without having to use numerical methods.

& 6.9.2. The uniroot command is useful but it only attempts to find one root (as
the name suggests), and there is no guarantee that it will find a root.
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An easier way to find the median of the Expo(1) in R is to use qexp(1/2). The
function gexp is the quantile function of the Expo(1) distribution, which means that
qexp (p) is the value of z such that P(X < z) = p for X ~ Expo(1).

For finding the mode of a continuous distribution, we can use the optimize function
in R. For example, let’s find the mode of the Gamma(6, 1) distribution, which is
an important distribution that we will introduce in the next chapter. Its PDF is
proportional to 2°e~*. Using calculus, we can find that the mode is at « = 5. Using
R, we can find that the mode is very close to z = 5 as follows.

h <- function(x) x"5*exp(-x)
optimize(h,lower=0,upper=20,maximum=TRUE)

If we had wanted to minimize instead of maximize, we could have put
maximum=FALSE.

Next, let’s do a discrete example of median and mode. An interesting fact about
the Bin(n, p) distribution is that if the mean np is an integer, then the median and
mode are also np (even if the distribution is very skewed). To check this fact about
the median for the Bin(50,0.2) distribution, we can use the following code.

n <- 50; p <- 0.2
which.max (pbinom(0:n,n,p)>=0.5)

The which.max function finds the location of the maximum of a vector, giving the
index of the first occurrence of a maximum. Since TRUE is encoded as 1 and FALSE
is encoded as 0, the first maximum in pbinom(0:n,n,p)>=0.5 is at the first value
for which the CDF is at least 0.5. The output of the above code is 11, but we must be
careful to avoid an off-by-one error: the index 11 corresponds to the median being 10,
since we started evaluating the CDF at 0. Similarly, which.max(dbinom(0:n,n,p))
returns 11, showing that the mode is at 10.

The sample median of a vector x of data can be found using median(x). But
mode (x) does not give the sample mode of x (rather, it gives information about
what type of object x is). To find the sample mode (or sample modes, in case there
are ties), we can use the following function.

datamode <- function(x) {
t <- table(x)
m <- max(t)
as.numeric(names (t[t==m]))

Dice simulation

In the starred Section 6.7, we showed that in rolling 6 fair dice, the probability
of a total of 18 is 3431/6%. But the proof was complicated. If we only need an
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approximate answer, simulation is a much easier approach. And we already know
how to do it! Here is the code for a million repetitions:

r <- replicate(1076,sum(sample(6,6,replace=TRUE)))
sum(r==18)/10"6

In our simulation this yielded 0.07346, which is very close to 3431/65 =~
0.07354.

6.10 Exercises

Means, medians, modes, and moments

1. Let U ~ Unif(a,b). Find the median and mode of U.
Let X ~ Expo()). Find the median and mode of X.

Let X have the Pareto distribution with parameter a > 0; this means that X has PDF
f(z) = a/z*"! for z > 1 (and 0 otherwise). Find the median and mode of X.

4. Let X ~ Bin(n,p).

(a) For n =5, p = 1/3, find all medians and all modes of X. How do they compare to
the mean?

(b) For n = 6, p = 1/3, find all medians and all modes of X. How do they compare to
the mean?

5. Let X be Discrete Uniform on 1,2,...,n. Find all medians and all modes of X (your
answer can depend on whether n is even or odd).

6. Suppose that we have data giving the amount of rainfall in a city each day in a certain
year. We want useful, informative summaries of how rainy the city was that year. On
the majority of days in that year, it did not rain at all in the city. Discuss and compare
the following six summaries: the mean, median, and mode of the rainfall on a randomly
chosen day from that year, and the mean, median, and mode of the rainfall on a randomly
chosen rainy day from that year (where by “rainy day” we mean that it did rain that
day in the city).

7. Let a and b be positive constants. The Beta distribution with parameters a and b,
which we introduce in detail in Chapter 8, has PDF proportional to z% (1 — x)b_l for
0 < 2 < 1 (and the PDF is 0 outside of this range). Show that for a > 1,0 > 1, the
mode of the distribution is (a — 1)/(a 4+ b — 2).

Hint: Take the log of the PDF first (note that this does not affect where the maximum
is achieved).

8. Find the median of the Beta distribution with parameters a = 3 and b = 1 (see the
previous problem for information about the Beta distribution).

9. Let Y be Log-Normal with parameters g and 2. So Y = ¥ with X ~ N(g,0o2).
Evaluate and explain whether or not each of the following arguments is correct.

(a) Student A: “The median of Y is e because the median of X is y and the exponential
function is continuous and strictly increasing, so the event Y < e* is the same as the
event X < p.”

(b) Student B: “The mode of Y is e because the mode of X is y, which corresponds

to e for Y since Y = eX.”



Moments 273

10.

11.

12.

(c) Student C: “The mode of Y is u because the mode of X is p and the exponential
function is continuous and strictly increasing, so maximizing the PDF of X is equivalent

to maximizing the PDF of Y = e*.”

A distribution is called symmetric unimodal if it is symmetric (about some point) and
has a unique mode. For example, any Normal distribution is symmetric unimodal. Let
X have a continuous symmetric unimodal distribution for which the mean exists. Show
that the mean, median, and mode of X are all equal.

Let Xi,...,X, be iid. r.v.s with mean p, variance o2, and skewness 7.
(a) Standardize the X; by letting

X —

Let X, and Z, be the sample means of the X; and Zj, respectively. Show that Z; has
the same skewness as X;, and Z, has the same skewness as X,,.

(b) Show that the skewness of the sample mean X, is v/v/n.

Hint: By (a), we can assume u = 0 and 0% = 1 without loss of generality; if the X, are
not standardized initially, then we can standardize them. If (X7 + X2 4+ --- 4+ X,,)% is
expanded out, there are 3 types of terms: terms such as X7, terms such as 3X? X5, and
terms such as 6.X1 X2X3.

(c) What does the result of (b) say about the distribution of X,, when n is large?

Let ¢ be the speed of light in a vacuum. Suppose that ¢ is unknown, and scientists wish
to estimate it. But even more so than that, they wish to estimate ¢?, for use in the

famous equation E = mc?.

Through careful experiments, the scientists obtain n i.i.d. measurements X1, Xa,..., X, ~
N(c,0?). Using these data, there are various possible ways to estimate ¢?. Two natural
ways are: (1) estimate ¢ using the average of the X;’s and then square the estimated c,
and (2) average the X;’s. So let

and consider the two estimators
1 n
) 2
Ty = X, and T> = o E lXj.
=

Note that 73 is the square of the first sample moment and 75 is the second sample
moment.

(a) Find P(T1 < Tz).

P : 1 n 2 1 n 2
Hint: Start by comparing (- =1 x;)° and — Zj:1 x5 when x1,...,T, are numbers,
by considering a discrete r.v. whose possible values are x1, ..., ;.

(b) When an r.v. T is used to estimate an unknown parameter 6, the bias of the estimator
T is defined to be E(T") — 6. Find the bias of 71 and the bias of T5.

Hint: First find the distribution of X,,. In general, for finding E(Y?) for an r.v. Y, it is
often useful to write it as E(Y?) = Var(Y) + (EY)>.
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Moment generating functions

13.  (® A fair die is rolled twice, with outcomes X for the first roll and Y for the second
roll. Find the moment generating function Mx 4y (t) of X +Y (your answer should be
a function of ¢ and can contain unsimplified finite sums).

14. @ Let Ul, UQ, ey UGO be lld Umf((), 1) and X = U1 + UQ —+ -+ UGO. Flnd the MGF
of X.

15. Let W = X?+Y? with X,Y i.i.d. N(0,1). The MGF of X? turns out to be (1—2t)~1/2
for t < 1/2 (you can assume this).

(a) Find the MGF of W.

(b) What famous distribution that we have studied so far does W follow (be sure to
state the parameters in addition to the name)? In fact, the distribution of W is also a
special case of two more famous distributions that we will study in later chapters!

16. Let X ~ Expo(A). Find the skewness of X, and explain why it is positive and why it
does not depend on A.

Hint: One way to find the third central moment of X is to find and use the MGF of
X — E(X).
17. Let Xi,...,X, be iid. with mean p, variance o2, and MGF M. Let

an\/?t(?).

(a) Show that Z, is a standardized quantity, i.e., it has mean 0 and variance 1.

(b) Find the MGF of Z,, in terms of M, the MGF of each Xj.
18.  Use the MGF of the Geom(p) distribution to give another proof that the mean of this
distribution is ¢/p and the variance is ¢/p?, with ¢ = 1 — p.
19. Use MGFs to determine whether X + 2Y is Poisson if X and Y are i.i.d. Pois(}\).
20. ® Let X ~ Pois()), and let M(t) be the MGF of X. The cumulant generating function
is defined to be g(t) = log M (t). Expanding ¢(t) as a Taylor series
NGy
g(t) = Z ﬁt
j=1
(the sum starts at j = 1 because g(0) = 0), the coefficient ¢; is called the jth cumulant
of X. Find the jth cumulant of X, for all j > 1.
21. ® Let X, ~ Bin(n,pn) for all n > 1, where np, is a constant A > 0 for all n (so
pn = A/n). Let X ~ Pois(\). Show that the MGF of X,, converges to the MGF of X
(this gives another way to see that the Bin(n,p) distribution can be well-approximated
by the Pois(\) when n is large, p is small, and A\ = np is moderate).
22. Consider a setting where a Poisson approximation should work well: let A;,..., A,
be independent, rare events, with n large and p; = P(A;) small for all j. Let X =
I(A1) + -+ I(An) count how many of the rare events occur, and let A = E(X).

(a) Find the MGF of X.

(b) If the approximation 1+ x &~ e¢® (this is a good approximation when z is very close
to 0 but terrible when x is not close to 0) is used to write each factor in the MGF of
X as e to a power, what happens to the MGF? Explain why the result makes sense
intuitively.

23. Let Uy, Uz be i.id. Unif(0,1). Example 8.2.5 in Chapter 8 shows that Ui + Uz has a
Triangle distribution, with PDF given by

t for 0 <t <1,

ft) =
2—t forl<t<2.
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24.

25.

The method in Example 8.2.5 is useful but it often leads to difficult integrals, so having
alternative methods is important. Show that U; + Uz has a Triangle distribution by
showing that they have the same MGF.

Let X and Y be i.i.d. Expo(1), and L = X — Y. The Laplace distribution has PDF

1

f@) = 567“‘

for all real z. Use MGFs to show that the distribution of L is Laplace.

Let Y = X? with X ~ Expo(1) and 8 > 0. The distribution of Y is called the
Weibull distribution with parameter 8. This generalizes the Exponential, allowing for
non-constant hazard functions. Weibull distributions are widely used in statistics, engi-
neering, and survival analysis; there is even an 800-page book devoted to this distribu-
tion: The Weibull Distribution: A Handbook by Horst Rinne [23].

For this problem, let 5 = 3.
(a) Find P(Y > s+ t|Y > s) for s,t > 0. Does Y have the memoryless property?
(b) Find the mean and variance of Y, and the nth moment E(Y™") forn =1,2,....

(¢) Determine whether or not the MGF of Y exists.
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Joint distributions

When we first introduced random variables and their distributions in Chapter 3, we
noted that the individual distributions of two r.v.s do not tell us anything about
whether the r.v.s are independent or dependent. For example, two Bern(1/2) r.v.s
X and Y could be independent if they indicate Heads on two different coin flips,
or dependent if they indicate Heads and Tails respectively on the same coin flip.
Thus, although the PMF of X is a complete blueprint for X and the PMF of Y is a
complete blueprint for Y, these individual PMFs are missing important information
about how the two r.v.s are related.

Of course, in real life, we usually care about the relationship between multiple r.v.s
in the same experiment. To give just a few examples:

e Medicine: To evaluate the effectiveness of a treatment, we may take multiple mea-
surements per patient; an ensemble of blood pressure, heart rate, and cholesterol
readings can be more informative than any of these measurements considered sep-
arately.

e Genetics: To study the relationships between various genetic markers and a partic-
ular disease, if we only looked separately at distributions for each genetic marker,
we could fail to learn about whether an interaction between markers is related to
the disease.

e Time series: To study how something evolves over time, we can often make a
series of measurements over time, and then study the series jointly. There are
many applications of such series, such as global temperatures, stock prices, or
national unemployment rates. The series of measurements considered jointly can
help us deduce trends for the purpose of forecasting future measurements.

This chapter considers joint distributions, also called multivariate distributions,
which capture the previously missing information about how multiple r.v.s interact.
We introduce multivariate analogs of the CDF, PMF, and PDF in order to provide a
complete specification of the relationship between multiple r.v.s. After this ground-
work is in place, we’ll study a couple of famous named multivariate distributions,
generalizing the Binomial and Normal distributions to higher dimensions.

277
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7.1 Joint, marginal, and conditional

The three key concepts for this section are joint, marginal, and conditional distribu-
tions. Recall that the distribution of a single r.v. X provides complete information
about the probability of X falling into any subset of the real line. Analogously, the
joint distribution of two r.v.s X and Y provides complete information about the
probability of the vector (X,Y") falling into any subset of the plane. The marginal
distribution of X is the individual distribution of X, ignoring the value of Y, and
the conditional distribution of X given Y = y is the updated distribution for X
after observing Y = y. We'll look at these concepts in the discrete case first, then
extend them to the continuous case.

7.1.1 Discrete

The most general description of the joint distribution of two r.v.s is the joint CDF,
which applies to discrete and continuous r.v.s alike.

Definition 7.1.1 (Joint CDF). The joint CDF of r.v.s X and Y is the function
Fxy given by
Fxy(z,y) =P(X <z,Y <y).

The joint CDF of n r.v.s is defined analogously.

Unfortunately, the joint CDF of discrete r.v.s is not a well-behaved function; as
in the univariate case, it consists of jumps and flat regions. For this reason, with
discrete r.v.s we usually work with the joint PMF, which also determines the joint
distribution and is much easier to visualize.

Definition 7.1.2 (Joint PMF). The joint PMF of discrete r.v.s X and Y is the
function pxy given by

pxy(z,y) =P(X =2,Y =y).
The joint PMF of n discrete r.v.s is defined analogously.

Just as univariate PMFs must be nonnegative and sum to 1, we require valid joint
PMFs to be nonnegative and sum to 1, where the sum is taken over all possible

values of X and Y:
Y)Y PX=zY=y) =L
z oy

The joint PMF determines the distribution because we can use it to find the prob-
ability of the event (X,Y) € A for any set A in the plane. All we have to do is sum
the joint PMF over A:

P(X,Y)eA) =) > P(X=aY =y).

(z,y)EA
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Figure 7.1 shows a sketch of what the joint PMF of two discrete r.v.s could look like.
The height of a vertical bar at (z,y) represents the probability P(X = z,Y = y).
For the joint PMF to be valid, the total height of the vertical bars must be 1.

PX=x,Y=y) I '

FIGURE 7.1
Joint PMF of discrete r.v.s X and Y.

From the joint distribution of X and Y, we can get the distribution of X alone by
summing over the possible values of Y. This gives us the familiar PMF of X that
we have seen in previous chapters. In the context of joint distributions, we will call
it the marginal or unconditional distribution of X, to make it clear that we are
referring to the distribution of X alone, without regard for the value of Y.

Definition 7.1.3 (Marginal PMF). For discrete r.v.s X and Y, the marginal PMF
of X is

PX=z)=) P(X=aY=y).

The marginal PMF of X is the PMF of X, viewing X individually rather than
jointly with Y. The above equation follows from the axioms of probability (we are
summing over disjoint cases). The operation of summing over the possible values
of Y in order to convert the joint PMF into the marginal PMF of X is known as
marginalizing out Y.

The process of obtaining the marginal PMF from the joint PMF is illustrated in
Figure 7.2. Here we take a bird’s-eye view of the joint PMF for a clearer perspective;
each column of the joint PMF corresponds to a fixed  and each row corresponds
to a fixed y. For any x, the probability P(X = x) is the total height of the bars in
the corresponding column of the joint PMF: we can imagine taking all the bars in
that column and stacking them on top of each other to get the marginal probability.
Repeating this for all x, we arrive at the marginal PMF, depicted in bold.
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P(X=x)

FIGURE 7.2

Bird’s-eye view of the joint PMF from Figure 7.1. The marginal PMF P(X = x)
is obtained by summing over the joint PMF in the y-direction, as indicated by the
arrow.

Similarly, the marginal PMF of Y is obtained by summing over all possible values
of X. So given the joint PMF, we can marginalize out Y to get the PMF of X, or
marginalize out X to get the PMF of Y. But if we only know the marginal PMF's
of X and Y, there is no way to recover the joint PMF without further assumptions.
It is clear how to stack the bars in Figure 7.2, but very unclear how to unstack the
bars after they have been stacked!

Another way to go from joint to marginal distributions is via the joint CDF. In that
case, we take a limit rather than a sum: the marginal CDF of X is

Fx(x)=P(X <z)=lim P(X <z,Y <y)= yan;oFX’y(x,y).

Y—00
However, as mentioned above it is usually easier to work with joint PMFs.

Now suppose that we observe the value of X and want to update our distribution
of Y to reflect this information. Instead of using the marginal PMF P(Y = y),
which does not take into account any information about X, we should use a PMF
that conditions on the event X = x, where x is the value we observed for X. This
naturally leads us to consider conditional PMFs.

Definition 7.1.4 (Conditional PMF). For discrete r.v.s X and Y, the conditional
PMF of Y given X = x is
P X =2zY =y)

P(X =x)

PY =y|X =) =
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This is viewed as a function of y for fixed x.

Note that the conditional PMF (for fixed x) is a valid PMF. So we can define the
conditional expectation of Y given X = X, denoted by E(Y|X = x), in the same
way that we defined F(Y') except that we replace the PMF of Y with the conditional
PMF of Y. Chapter 9 is devoted to conditional expectation.

Figure 7.3 illustrates the definition of conditional PMF. To condition on the event
X =z, we first take the joint PMF and focus in on the vertical bars where X takes
on the value x; in the figure, these are shown in bold. All of the other vertical bars are
irrelevant because they are inconsistent with the knowledge that X = z occurred.
Since the total height of the bold bars is the marginal probability P(X = x),
we then renormalize the conditional PMF by dividing by P(X = z); this ensures
that the conditional PMF will sum to 1. Therefore conditional PMFs are PMFs,
just as conditional probabilities are probabilities. Notice that there is a different
conditional PMF of Y for every possible value of X; Figure 7.3 highlights just one
of these conditional PMFs.

FIGURE 7.3
Conditional PMF of Y given X = z. The conditional PMF P(Y = y|X = x) is
obtained by renormalizing the column of the joint PMF that is compatible with the
event X = z.

We can also relate the conditional distribution of Y given X = x to that of X given
Y =y, using Bayes’ rule:
P(X =z]Y =y)P(Y =y)
P(X =) '
And using the law of total probability, we have another way of getting the marginal

PMF: the marginal PMF of X is a weighted average of conditional PMFs P(X =
z|Y =y), where the weights are the probabilities P(Y = y):

PY =ylX=x)=

P(X =z)=)Y P(X =z|Y =y)P(Y =y).
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Let’s work through a numerical example to complement the graphs we’ve been
looking at.

Example 7.1.5 (2x2 table). The simplest example of a discrete joint distribution is
the case where X and Y are both Bernoulli r.v.s. In this case, the joint PMF is fully
specified by the four values P(X =1,Y =1), P(X =0,Y =1), P(X =1,Y =0),
and P(X =0,Y = 0), so we can represent the joint PMF of X and Y using a 2 x 2
table.

This very simple scenario actually has an important place in statistics, as these so-
called contingency tables are often used to study whether a treatment is associated
with a particular outcome. In such scenarios, X may be the indicator of receiving
the treatment, and Y may be the indicator of the outcome of interest.

For example, suppose we randomly sample an adult male from the United States
population. Let X be the indicator of the sampled individual being a current smoker,
and let Y be the indicator of his developing lung cancer at some point in his life.
Then the following table could represent the joint PMF of X and Y.

Y=1Y=0
— 5 20
— 3 72
X=0 15 106

To get the marginal probability P(Y = 1), we add the probabilities in the two cells
of the table where Y = 1. We do the same for P(Y =0), P(X = 1), and P(X = 0)
and write these probabilities in the margins of the table (making “marginal” an
appropriate name!).

Yy =1 Y:O‘Total

_ 5 20 | 25
X =1 100 100 100
_ 3 | 1
X = 0 100 100 100
8 92 100

Total 5 100 ‘ 00

This shows that the marginal distribution of X is Bern(0.25) and the marginal
distribution of Y is Bern(0.08). In words, the unconditional probability that the
individual is a current smoker is 0.25, and the unconditional probability of his
developing lung cancer is 0.08.

Now suppose we observe X = 1; the individual is a current smoker. We can then
update our beliefs about his risk for lung cancer.
P(X=1Y=1) 5/100
PY=1X=1)= = =0.2,
( | ) P(X =1) 25/100
so the conditional distribution of Y given X =1 is Bern(0.2). By a similar calcula-
tion, the conditional distribution of Y given X = 0 is Bern(0.04). This tells us that
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the probability of developing lung cancer is 0.2 for current smokers but only 0.04
for non-smokers. g

& 7.1.6. The word “marginal” has opposite meanings in economics and statistics.
In economics it refers to a derivative, e.g., marginal revenue is the derivative of
revenue with respect to quantity sold. In statistics it refers to an integral or sum,
which can be thought of intuitively by writing totals in the margins of a table, as
in the above example.

Armed with an understanding of joint, marginal, and conditional distributions, we
can revisit the definition of independence that we introduced in Chapter 3.

Definition 7.1.7 (Independence of discrete r.v.s). Random variables X and Y are
independent if for all z and y,

Fxy(z,y) = Fx(2)Fy(y)-
If X and Y are discrete, this is equivalent to the condition
PX=z,Y=y)=PX=2)P(Y =y)
for all z and y, and it is also equivalent to the condition
PY =y|X =2) = P(Y =vy)

for all y and all x such that P(X = x) > 0.

Using the terminology from this chapter, the definition says that for independent
r.v.s, the joint CDF factors into the product of the marginal CDF's, or that the joint
PMF factors into the product of the marginal PMFs. Remember that in general,
the marginal distributions do not determine the joint distribution: this is the entire
reason why we wanted to study joint distributions in the first place! But in the
special case of independence, the marginal distributions are all we need in order to
specify the joint distribution; we can get the joint PMF by multiplying the marginal
PMFs.

Another way of looking at independence is that all the conditional PMFs are the
same as the marginal PMF. In other words, starting with the marginal PMF of Y,
no updating is necessary when we condition on X = =z, regardless of what x is.
There is no event purely involving X that influences our distribution of Y, and vice
versa.

Example 7.1.8 (Independence in the 2 x 2 table). Returning to the table from the
previous example, we can use these two views of independence to see why X and Y
are not independent.
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Y=1 Y =0| Total

_ 5 20 | =25
X =1 100 100 100
_ 3 | 1
X - 0 100 100 100
8 92 100

Total 5 160 ‘ 00

First, the joint PMF is not the product of the marginal PMFs. For example,
PX=1LY=1)#PX=1)PY =1).

Finding even one pair of values x and y such that P(X = z,Y = y) # P(X =
x)P(Y = y) is enough to rule out independence.

Second, we found that the marginal distribution of Y is Bern(0.08), whereas the
conditional distribution of ¥ given X = 1 is Bern(0.2) and the conditional distri-
bution of Y given X = 0 is Bern(0.04). Since conditioning on the value of X alters
the distribution of Y, X and Y are not independent: learning whether or not the
sampled individual is a current smoker gives us information about the probability
that he will develop lung cancer.

This example comes with an obligatory disclaimer. Although we have found that X
and Y are dependent, we cannot make conclusions about whether smoking causes
lung cancer based on this association alone. As we learned from Simpson’s paradox in
Chapter 2, misleading associations can arise when we fail to account for confounding
variables. O

We’ll do one more example of a discrete joint distribution to round out this section.
We’ve named it the chicken-egg problem; in it, we use wishful thinking to find a
joint PMF, and our efforts land us a surprising independence result.

Example 7.1.9 (Chicken-egg). Suppose a chicken lays a random number of eggs,
N, where N ~ Pois()\). Each egg independently hatches with probability p and fails
to hatch with probability ¢ = 1 — p. Let X be the number of eggs that hatch and Y
the number that do not hatch, so X +Y = N. What is the joint PMF of X and Y?

Solution:

We seek the joint PMF P(X = i,Y = j) for nonnegative integers ¢ and j. Con-
ditional on the total number of eggs N, the eggs are independent Bernoulli trials
with probability of success p, so by the story of the Binomial, the conditional dis-
tributions of X and Y are X|N = n ~ Bin(n,p) and Y|N = n ~ Bin(n, q). Since
our lives would be easier if only we knew the total number of eggs, let’s use wishful
thinking: condition on N and apply the law of total probability. This gives

P(X=iY=j)=Y P(X=iY =j|N=n)P(N =n).
n=0

The sum is over all possible values of n, holding ¢ and j fixed. But unless n =i+ j,
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it is impossible for X to equal 7 and Y to equal j. For example, the only way there
can be 5 hatched eggs and 6 unhatched eggs is if there are 11 eggs in total. So

P(X=iY=4j|N=n)=0
unless n = 7 4 j, which means all other terms in the sum can be dropped:
PX=4,Y=j)=P(X=4,Y=j|[N=i+j)P(N=i+j).

Conditional on N =i + j, the events X =i and Y = j are exactly the same event,
so keeping both is redundant. We’ll keep X = ¢; the rest is a matter of plugging
in the Binomial PMF to get P(X = i|N = i + j) and the Poisson PMF to get
P(N =i+ j). Thus,

P(X=i,Y =j)=P(X =ilN =i+ j)P(N =i+})
(Z +]> i g eiAAi+‘j
= . PqQ
i (i47)!
e (p)’ e M(\g)
T T

The joint PMF factors into the product of the Pois(Ap) PMF (as a function of 7)
and the Pois(Aq) PMF (as a function of 7). This tells us two elegant facts: (1) X and

Y are independent, since their joint PMF is the product of their marginal PMFs,
and (2) X ~ Pois(A\p) and Y ~ Pois(Aq).

At first it may seem deeply counterintuitive that X is independent of Y. Doesn’t
knowing that a lot of eggs hatched mean that there are probably not so many that
didn’t hatch? For a fixzed number of eggs, this independence would be impossible:
knowing the number of hatched eggs would perfectly determine the number of un-
hatched eggs. But in this example, the number of eggs is random, following a Poisson
distribution, and this happens to be the right kind of randomness to make X and
Y unconditionally independent (this is a special property of the Poisson). 0

The chicken-egg story supplements the following result from Chapter 4:

Theorem 7.1.10. If X ~ Pois(Ap), Y ~ Pois(\g), and X and Y are independent,
then N = X +Y ~ Pois(\) and X|N = n ~ Bin(n, p).

By the chicken-egg problem, we now have the converse to this theorem.

Theorem 7.1.11. If N ~ Pois(\) and X|N = n ~ Bin(n,p), then X ~ Pois(Ap),
Y = N — X ~ Pois(\q), and X and Y are independent.

7.1.2 Continuous

Once we have a handle on discrete joint distributions, it isn’t much harder to con-
sider continuous joint distributions. We simply make the now-familiar substitutions
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of integrals for sums and PDFs for PMFs, remembering that the probability of any
individual point is now 0.

Formally, in order for X and Y to have a continuous joint distribution, we require
that the joint CDF
Fxy(z,y) =P(X <z,Y <y)

be differentiable with respect to x and y. The partial derivative with respect to z
and y is called the joint PDF. The joint PDF determines the joint distribution, as
does the joint CDF.

Definition 7.1.12 (Joint PDF). If X and Y are continuous with joint CDF Fx y,
their joint PDF is the derivative of the joint CDF with respect to x and y:

2
fX,Y(x7y) = 8x8yFX,Y($7y)

We require valid joint PDFs to be nonnegative and integrate to 1:

Ixy(z,y) >0, and / / I[xy(z,y)dzdy = 1.

In the univariate case, the PDF was the function we integrated to get the probability
of an interval. Similarly, the joint PDF of two r.v.s is the function we integrate to
get the probability of a two-dimensional region. For example,

4 3
P(X <3, 1<Y <4)= / / fxy(z,y)dzdy.
1 —00
For a general set A C R?,

PXY) € ) = [[ fry (o pdudy,
A

Figure 7.4 shows a sketch of what a joint PDF of two r.v.s could look like. As
usual with continuous r.v.s, we need to keep in mind that the height of the surface
fxy(z,y) at a single point does not represent a probability. The probability of any
specific point in the plane is 0; furthermore, now that we’ve gone up a dimension,
the probability of any line or curve in the plane is also 0. The only way we can
get nonzero probability is by integrating over a region of positive area in the xy-
plane.

When we integrate the joint PDF over an area A, what we are calculating is the
volume under the surface of the joint PDF and above A. Thus, probability is repre-
sented by wvolume under the joint PDF. The total volume under a valid joint PDF
is 1.

In the discrete case, we get the marginal PMF of X by summing over all possible
values of Y in the joint PMF. In the continuous case, we get the marginal PDF of
X by integrating over all possible values of Y in the joint PDF.
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FIGURE 7.4
Joint PDF of continuous r.v.s X and Y.

Definition 7.1.13 (Marginal PDF). [Marginal PDF]For continuous r.v.s X and Y
with joint PDF fx y, the marginal PDF of X is

fx(z) = / " fxy (@ y)dy.

This ¢s the PDF of X, viewing X individually rather than jointly with Y.

To simplify notation, we have mainly been looking at the joint distribution of two
r.v.s rather than n r.v.s, but marginalization works analogously with any number
of variables. For example, if we have the joint PDF of X, Y, Z, W but want the joint
PDF of X, W, we just have to integrate over all possible values of Y and Z:

fX,W(xaw):/ / Ixy.zw(x,y,z,w)dydz.

Conceptually this is very easy—just integrate over the unwanted variables to get
the joint PDF of the wanted variables—but computing the integral may or may not
be difficult.

Returning to the case of the joint distribution of two r.v.s X and Y, let’s consider
how to update our distribution for Y after observing the value of X, using the
conditional PDF.

Definition 7.1.14 (Conditional PDF). For continuous r.v.s X and Y with joint
PDF fxy, the conditional PDF of Y given X =z is

fyix(ylz) = fo;((;y) :

This is considered as a function of y for fixed x.

Notation 7.1.15. The subscripts that we place on all the f’s are just to remind
us that we have three different functions on our plate. We could just as well write
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g(ylx) = f(z,y)/h(x), where f is the joint PDF, h is the marginal PDF of X, and
g is the conditional PDF of Y given X = x, but that makes it more difficult to
remember which letter stands for which function.

Figure 7.5 illustrates the definition of conditional PDF. We take a vertical slice of
the joint PDF corresponding to the observed value of X; since the total area under
this slice is fx(z), we then divide by fx(z) to ensure that the conditional PDF
will have an area of 1. Therefore conditional PDFs satisfy the properties of a valid
PDF.

FIGURE 7.5
Conditional PDF of Y given X = z. The conditional PDF fy|x(y|z) is obtained by
renormalizing the slice of the joint PDF at the fixed value z.

& 7.1.16. How can we speak of conditioning on X = x for X a continuous r.v.,
considering that this event has probability 07 Rigorously speaking, we are actually
conditioning on the event that X falls within a small interval of x, say X € (x—e, z+
€), and then taking a limit as e approaches 0. We will not fuss over this technicality;
fortunately, many important results such as Bayes’ rule work in the continuous case
exactly as one would hope.

Note that we can recover the joint PDF fx y if we have the conditional PDF fyx
and the corresponding marginal fyx:

Ixy(x,y) = fyix(ylz) fx ().

Similarly, we can recover the joint PDF if we have fx|y and fy:

fxy(z,y) = fxyy(@|y) fr (v).
This allows us to develop continuous analogs of Bayes’ rule

P(X =z|Y =y)P(Y =y)
P(X =x)

PY=yX=2)=

and LOTP
P(X =z)=)Y P(X =z|Y =y)P(Y =y).
Y
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These formulas still hold in the continuous case, replacing probabilities with prob-
ability density functions.

Theorem 7.1.17 (Continuous form of Bayes’ rule and LOTP). For continuous r.v.s
X andY,

fyix(ylz) = fX'Y;f('?(Ji{Y(y)7

fx(@) = / " fx (el) iy () dy.

Proof. By definition of conditional PDF's, we have

fyix(ylz) fx(z) = fxy(z,9) = fxiy(@ly) fr (y).

The continuous version of Bayes’ rule follows immediately from dividing by fx ().
The continuous version of LOTP follows immediately from integrating with respect
to y:

fx(z) = /OO Ixy(z,y)dy = /OO Ixiy (@ly) fv (y)dy.
[ |

Out of curiosity, let’s see what would have happened if we had plugged in the other
expression for fxy(z,y) instead in the proof of LOTP:

@) = | " fay (e y)dy = / " hyix o) fx (@)dy = Fx () / " fyix(yle)dy.

So this just says that
oo
/ fyix(ylz)dy =1,
—0o0
confirming the fact that conditional PDFs must integrate to 1.

We now have versions of Bayes’ rule and LOTP for two discrete r.v.s and for two con-
tinuous r.v.s. Better yet, there are also versions when we have one discrete r.v. and
one continuous r.v. After understanding of the discrete versions, it is easy to re-
member and use the other versions since they are analogous, replacing probabilities
by PDFs when appropriate. Here are the four versions of Bayes’ rule, summarized
in a table.

Y discrete Y continuous
X discrete P = y|X =) = SESEEBEEE (41X = o) = FESAEph
X continuous P(Y =y|X =2z) = —fX(x“;j’(ll))(Y:y) fyix(ylz) = 7““’;?2{”7’)

And here are the four versions of LOTP, summarized in a table.
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Y discrete Y continuous

X discrete P(X=z)=YP(X=z|Y =y)P(Y =y) PX=x)= [ PX=2z|Y =y)fr(y)dy

X continuous Ix(@) =2 fx (@Y =y)P(Y =y) Ix (@)= [T fxy (zly) fy (y)dy

Finally, let’s discuss the definition of independence for continuous r.v.s; then we’ll
turn to concrete examples. As in the discrete case, we can view independence of
continuous r.v.s in two ways. One is that the joint CDF factors into the product
of the marginal CDFs, or the joint PDF factors into the product of the marginal
PDFs. The other is that the conditional PDF of Y given X = x is the same as the
marginal PDF of Y, so conditioning on X provides no information about Y.

Definition 7.1.18 (Independence of continuous r.v.s). Random variables X and
Y are independent if for all z and y,

Fxy(x,y) = Fx(z)Fy(y).

If X and Y are continuous with joint PDF fx y, this is equivalent to the condition

fxy(x,y) = fx () fy(y)

for all z and y, and it is also equivalent to the condition

fyix(lz) = fv(v)

for all y and all x such that fx(x) > 0.

& 7.1.19. The marginal PDF of Y, fy(y), is a function of y only; it cannot depend
on z in any way. The conditional PDF fyx(y|z) can depend on z in general. Only
in the special case of independence is fy|x(y|z) free of =.

Sometimes we have a joint PDF for X and Y that factors as a function of z
times a function of y, without knowing in advance whether these functions are the
marginal PDFs, or even whether they are valid PDFs. The next result addresses
this case.

Proposition 7.1.20. Suppose that the joint PDF fxy of X and Y factors as

Ifxy(z,y) = g(x)h(y)

for all  and y, where g and h are nonnegative functions. Then X and Y are
independent. Also, if either g or h is a valid PDF, then the other one is a valid PDF
too and g and h are the marginal PDFs of X and Y, respectively. (The analogous
result in the discrete case also holds.)
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Proof. Let ¢ = [ h(y)dy. Multiplying and dividing by ¢, we can write

h(y) .

fxy(@y) =cgla) —

(The point of this is that h(y)/c is a valid PDF.) Then the marginal PDF of X is

@)= [ pxrtedy = coto) [ M) gy = cq(a).

c
—0oQ
It follows that [ cg(z)da =1 since a marginal PDF is a valid PDF (knowing the
integral of h gave us the integral of g for free!). Then the marginal PDF of YV is

h(cy) /OO cg(z)dr = h(cy)

—0o0

fr(y) = /_ " ey (ey)de =

Thus, X and Y are independent with PDFs cg(x) and h(y)/c, respectively. If g or
h is already a valid PDF, then ¢ = 1, so the other one is also a valid PDF. |

& 7.1.21. In the above proposition, we need the joint PDF to factor as a function
of = times a function of y for all (z,y) in the plane R?, not just for (z,y) with
fxy(z,y) > 0. The reason for this is illustrated in the next example.

A simple case of a continuous joint distribution is when the joint PDF is constant
over some region in the plane. In the following example, we’ll compare a joint PDF
that is constant on a square to a joint PDF that is constant on a disk.

Example 7.1.22 (Uniform on a region in the plane). Let (X,Y) be a completely
random point in the square {(z,y) : z,y € [0,1]}, in the sense that the joint PDF
of X and Y is constant over the square and 0 outside of it:

1 ifz,yel0,1],
fX,Y($7y) =
0 otherwise.

The constant 1 is chosen so that the joint PDF will integrate to 1. This distribution
is called the Uniform distribution on the square.

Intuitively, it makes sense that X and Y should be Unif(0, 1) marginally. We can
check this by computing

1 1
Ix(z) :/0 Ixy (@, y)dy :/0 ldy =1,

and similarly for fy. Furthermore, X and Y are independent, since the joint PDF
factors into the product of the marginal PDFs (this just reduces to 1 = 1-1, but
it’s important to note that the value of X does not constrain the possible values of
Y'). So the conditional distribution of Y given X = x is Unif(0, 1), regardless of x.
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Now let (X,Y) be a completely random point in the unit disk {(z,y) : 22 +y? < 1},
with joint PDF

3 |

if 22 +9% <1,
fX,Y('CC7 y) =
0 otherwise.

Again, the constant 1/7 is chosen to make the joint PDF integrate to 1; the value
follows from the fact that the integral of 1 over some region in the plane is the area
of that region.

Note that X and Y are not independent, since in general, knowing the value of X
constrains the possible values of Y: larger values of | X| restrict Y to be in a smaller
range. It would fall into # 7.1.21 disastrously to conclude independence from the
fact that fxy(z,y) = g(z)h(y) for all (z,y) in the disk, where g(z) = 1/m and
h(y) = 1 are constant functions. To see from the definition that X and Y are not
independent, note that, for example, fxy(0.9,0.9) = 0 since (0.9,0.9) is not in the
unit disk, but fx(0.9)fy(0.9) # 0 since 0.9 is in the supports of both X and Y.

The marginal distribution of X is now
vi=a? g 2
fX(ac):/ —dy=-vV1—-22, —-1<z<l1.
_\/1=22 T T

By symmetry, fy(y) = %\/ 1 — 2. Note that the marginal distributions of X and
Y are not Uniform on [—1,1]; rather, X and Y are more likely to fall near 0 than
near *1.

A
H(xV/1T-x)
:(x,—\/l—xz)
2

FIGURE 7.6
Bird’s-eye view of the Uniform joint PDF on the unit disk. Conditional on X = z,
Y is restricted to the interval [—v/1 — 22,1 — 22].

Suppose we observe X = x. As illustrated in Figure 7.6, this constrains Y to lie
in the interval [—v/1 — 22,+/1 — x2]. Specifically, the conditional distribution of Y’
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given X =z is

1
fY|X(y|$) = fX(x> = % /71_332 = 9 /71_1‘2

for —v1— 22 <y < /1 — 22, and 0 otherwise. This conditional PDF is constant
as a function of y, which tells us that the conditional distribution of Y is Uniform
on the interval [—\/1 — x2, V1-— 1:2]. The fact that the conditional PDF is not free
of x confirms the fact that X and Y are not independent.

~
Ia
~
—~
8
<
~—
3=

In general, for a region R in the plane, the Uniform distribution on R is defined to
have joint PDF that is constant inside R and 0 outside R. As above, the constant is
the reciprocal of the area of R. If R is the rectangle {(z,y) :a <z <b,c <y <d},
then X and Y will be independent; unlike for a disk, the vertical slices of a rectangle
all look the same. A way to generate a random (X,Y) would then be to draw
X ~ Unif(a,b) and Y ~ Unif(c,d) independently. But for any region where the
value of X constrains the possible values of Y or vice versa, X and Y will not be
independent. U

As another example of working with joint PDF's, let’s consider a question that comes
up often when dealing with Exponentials of different rates.

Example 7.1.23 (Comparing Exponentials of different rates). Let 71 ~ Expo(A1)
and Ty ~ Expo(Az2) be independent. Find P(T1 < T3). For example, T could be
the lifetime of a refrigerator and T5 could be the lifetime of a stove (if we are
willing to assume Exponential distributions for these), and then P(T} < T3) is the
probability that the refrigerator fails before the stove. We know from Chapter 5 that
min(7,T2) ~ Expo(A1 + A2), which tells us about when the first appliance failure
will occur, but we also may want to know about which appliance will fail first.

Solution:

We just need to integrate the joint PDF of T} and T5 over the appropriate region,
which is all (¢1,t2) with ¢; > 0,t > 0, and t; < to. This yields

o0 to
P(Ty < Ty) = / / e Mt \ge A2t it diy
0 0

oo tz
= / </ )\1€_>‘1t1dt1> )\26_/\2t2dt2
0 0

00
— / (1 — 67)‘1&))\267/\2&0%2
0

=1- / )\26_(A1+)\2)t2dt2
0

A1+ A2
YRR
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To get from the first line to the second, we took out Age~*2*2 from the inner integral

since it is treated as a constant when integrating with respect to ¢;.

This result makes sense intuitively if we interpret A\; and Ao as rates. For example,
if refrigerators have twice the failure rate of stoves, then it says that the odds are 2
to 1 in favor of the refrigerator failing first. As a simple check, note that the answer
reduces to 1/2 when A\; = A9 (in that case, we already knew P(T; < Ty) = 1/2 by
symmetry).

An alternative method of getting the same result is to use LOTP to condition on
T} (or condition on T%). A third approach is in Chapter 13, which relates this result
to Poisson processes and proves it using the bank—post office story. O

Our last example in this section demonstrates how we can use the joint distribution
of X and Y to derive the distribution of a function of X and Y.

Example 7.1.24 (Cauchy PDF). Let X and Y be i.i.d. N(0,1), and let T'= X/Y.
The distribution of T is a famous named distribution called the Cauchy distribution,
and we will encounter it again in Chapter 10. Meanwhile, find the PDF of T

Solution:

WEe'll find the CDF of T first and differentiate to get the PDF. We can write

FT(t):P(Tgt):P();gt>:P<|§/{| <t)

since the r.v.s § X and = [y] are identically distributed by the symmetry of the standard

Normal distribution. Now |Y'| is nonnegative, so we can multiply by it on both sides
without reversing the direction of the inequality. Thus, we are interested in finding

Fr(t) = P(X <t|Y)).
We calculate this probability by integrating the joint PDF of X and Y over the

region where X < ¢|Y| holds. The joint PDF of X and Y is just the product of the
marginal PDFs, by independence. So

Fr(t) = P(X <t|Y])

tyl 4 1
—z2/2 —y2/2d d
e xdy.
/ / V2 V2T Y

Note that the inner limits of integration (the limits for ) depend on y, whereas
the outer limits of integration (the limits for y) can’t depend on z (see the math
appendix for more about limits of integration with multiple integrals). With some
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manipulations, we can get the double integral down to a single integral:

Fr(t) = /OO ! e V)2 " L63*3”2/20&: dy
—0o0 27T —00 \/ 27T
* 1 2
= eV 2o (t|y|)d
| =ty
= 2 / eny/Q(I)(ty)dy.
T Jo

Alternatively, we can get the same result without doing a double integral by using
one of the versions of LOTP. Letting I be the indicator r.v. for the event X < ¢|Y],
we again have

P =1)= [ PU=1Y =) fr )y
= /o; \/12?ey2/2®(t]y\)dy.

At this point we seem to be stuck with an integral we don’t know how to do.
Fortunately, we were asked to find the PDF, not the CDF, so instead of evaluating
the integral, we can just differentiate it with respect to t (not with respect to y, which
is a dummy variable). We are permitted to interchange the order of integration and
differentiation under mild technical conditions, which are met here. This gives

R0 =Fh0 =2 [ 4 (e
= \/E/OO ye ¥ Pop(ty)dy
o

1 (1+12)y2
= / ye 1+2 dy
m™Jo

b

(1 +t2)’

using the substitution u = (1 + t2?)y?/2, du = (1 + t?)ydy for the final step. So the
PDF of T is

1
fr(t) = A+ 2) teR.

Since

* 1
/_OO mdt = tan"!(00) — tan"!(—o0) = T,

we have obtained a valid PDF. And if we do want the CDF, we can find that by
integrating the PDF over the appropriate interval.

As we mentioned, the distribution of T is called the Cauchy distribution. The
Cauchy PDF is similar in shape to the Normal bell curve, but with tails that decay
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FIGURE 7.7

Cauchy PDF (dark) and A/(0,1) PDF (light).

less quickly to 0. Figure 7.7 superimposes the Cauchy and standard Normal PDFs;
the fatter tails of the Cauchy PDF are evident.

An interesting fact about the Cauchy distribution is that although the PDF is
symmetric about 0, its expected value does not exist, since the integral ffooo Mdt
does not converge (note that for large ¢, 2 =~ §, and [{° $dt = 00). The variance
and higher moments of the Cauchy also do not exist, for the same reason. It would
be a blunder to write “E(5) = E(X)E(+) = 0E(3) = 07 since it turns out that
E(+) does not exist. O

In the recap at the end of this chapter, we have included a table that summarizes
joint, marginal, and conditional distributions for discrete and continuous r.v.s.

7.1.3 Hybrid

It is also possible that we could be interested in the joint distribution of a discrete
r.v. and a continuous r.v. This case was mentioned when discussing the four forms of
Bayes’ rule and LOTP. Conceptually it is analogous to the other cases, but since the
notation can be tricky, we’ll work through an example that sheds light on it.

Example 7.1.25 (Which company made the lightbulb?). A lightbulb was man-
ufactured by one of two companies. Bulbs that are made by Company 0 last an
Expo(Ap) amount of time, and bulbs made by Company 1 last an Expo(A;) amount
of time, with A9 < A;. The bulb of interest here was made by Company 0 with
probability pp and by Company 1 with probability p; = 1 — pg, but from inspecting
the bulb we don’t know which company made it.
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Let T be how long the bulb lasts, and I be the indicator of it having been made by
Company 1.

(a) Find the CDF and PDF of T.
(b) Does T have the memoryless property?

(c) Find the conditional distribution of I given 7' = ¢t. What happens to this as
t — 0o0?

Solution:

Since T is a continuous r.v. and I is discrete, the joint distribution of T" and I is a
hybrid, as illustrated in Figure 7.8. In a joint PDF of two continuous r.v.s, there are
infinitely many vertical slices of the joint PDF that we can take, each corresponding
to a different conditional PDF. Here there are only two conditional PDFs of T', one
for I = 0 and one for I = 1. As stated in the problem, the conditional distribution of
T given I = 0 is Expo()g) and given I =1 is Expo(A1). The marginal distribution
of I is Bern(p).

FIGURE 7.8
Hybrid joint distribution of 1" and I.

Thus, we are given the joint distribution of 7" and I in terms of (1) the marginal
distribution of I and (2) the conditional distribution of 7" given I. The problem
then asks us to flip it around and find (1) the marginal distribution of 7" and (2)
the conditional distribution of I given 7T'. Phrased in this way, it becomes clear that
LOTP and Bayes’ rule will be our friends.

(a) In this part we are asked to derive the marginal distribution of 7'. For the CDF,
we use the law of total probability, conditioning on I:

Fr(t)=P(T <t)=P(T <tlI=0)py+ P(T <tI=1)p
= (1—e g+ (1 — e M)py

)\0 >\1t

=1—poe " —pre”
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for ¢ > 0. The marginal PDF is the derivative of the CDF:
fT(t) = po)\0€_>\0t + p1>\1€_)\1t, for t > 0.

We could also have gotten this directly from the “X continuous, Y discrete” version
of LOTP, but we did not write out a proof of that version of LOTP, and working
through this example helps show why that version of LOTP works.

(b) Since A\g # A1, the above expression for the PDF does not reduce to the form
Xe ™. So the distribution of T' is not Exponential, which implies that it does not
have the memoryless property. (The distribution of 7' is called a mizture of two
Exponentials.)

(c) Using a hybrid form of Bayes’ rule, which is the “X continuous, Y discrete”
version in the table of versions of Bayes’ rule, we have

frtll=1)P(I =1)
fr(t) ’

where fp(t|I = 1) is the conditional PDF of T given I = 1, evaluated at t. Using
the fact that T|] =1 ~ Expo(A1) and the marginal PDF derived in (a),

PUI=1T=t)=

it
piAre” M P11
PI=1|T =1t) = _ '
( | ) poroe Mt +praje Mt podgeMi Aot py Ay

Thus the conditional distribution of I given T' = t is Bernoulli with this probability
of success. This probability goes to 0 as ¢ — oo, which makes sense intuitively: the
longer the bulb lasts, the more confident we will be that it was made by Company
0, as their bulbs have a lower failure rate A and a higher life expectancy % O

7.2 2D LOTUS

The two-dimensional version of LOTUS lets us calculate the expectation of a ran-
dom variable that is a function of two random variables X and Y, using the joint
distribution of X and Y.

Theorem 7.2.1 (2D LOTUS). Let g be a function from R? to R. If X and Y are
discrete, then

E(g(X,Y) =Y gla,y)P(X =z,Y =y).

If X and Y are continuous with joint PDF fx y, then

E(g9(X,Y)) Z/_OO /_OO 9(x,y) fxy(z,y)drdy.
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Like its 1D counterpart, 2D LOTUS saves us from having to find the distribution
of g(X,Y) in order to calculate its expectation. Instead, having the joint PMF or
joint PDF of X and Y is enough.

One use of 2D LOTUS is to find the expected distance between two random vari-
ables. For example, we can find the expected distance between two i.i.d. Uniform
r.v.s or two i.i.d. standard Normal r.v.s.

Example 7.2.2 (Expected distance between two Uniforms). For X,Y L
Unif(0,1), find E(|X —Y).

Solution:

Since the joint PDF equals 1 on the unit square {(z,y) : =,y € [0,1]}, 2D LOTUS

gives
B(IX - V) / / 2 — yldudy

= (3: —y)dzdy + 1 y(y — x)dxdy
0 Y 0 0
_ 2/01 /yl@c — y)dady = 1/3.

First we broke up the integral into two parts so we could eliminate the absolute
value; then we used symmetry.

Incidentally, by solving this problem, we have also figured out the expected value
of M = max(X,Y) and L = min(X,Y"). Since M + L is the same r.v. as X +Y and
M — L is the same r.v. as | X — Y,

EM+L)=EBEX+Y)=1,
E(M-L)=E(X-Y|)=1/3.

This is a system of two equations and two unknowns, which we can solve to get
E(M) =2/3 and E(L) = 1/3. As a check, E(M) exceeds E(L), as it should, and
E(M) and E(L) are equidistant from 1/2, as should be the case due to symmetry.

0

Example 7.2.3 (Expected distance between two Normals). For X, Y N N(0,1),
find E(|X - Y]).
Solution:

We could again use 2D LOTUS, giving

2 1 2
E(|X —-Y)) // —yli —wﬂﬁe—y/?da:dy,
Y

but an easier solution uses the fact that the sum or difference of independent Nor-
mals is Normal, as we proved using MGFs in Chapter 6. Then X —Y ~ N(0,2), so
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we can write X —Y = v/2Z where Z ~ N(0,1), and E(|X — Y|) = V2E|Z|. Now
we’ve reduced a 2D LOTUS to a 1D LOTUS:

E|Z| = /OO ’Z‘Le_zzﬂdz = 2/Oozle_z2/2dz — /2
0o V2 0 \ 2T n’

- 2

so E(|X -Y|) = 7=
We can also use 2D LOTUS to give another proof of linearity of expectation.

Example 7.2.4 (Linearity via 2D LOTUS). Let X and Y be continuous r.v.s (the
analogous method also works in the discrete case). By 2D LOTUS,

E(X+Y)= /OO /OO (x +y)fxy(z,y)dxdy

:/_Z /: fo7y(:v,y)dwdy+/_(: /_Z yfxy(x,y)drdy.
=E(X)+E(Y).

This is a short proof of linearity of expectation. For the last step, we used 2D LOTUS
and the fact that X is a function of X and Y (that happens to be degenerate in the
sense that it doesn’t involve X)), and similarly for Y. Another way to get the last
step is to write

/Z /Z yfxy(x,y)dedy = /Zy/z fxy(z,y)drdy = /Z yfy(y)dy = E(Y),

where we took y out from the inner integral (since y is held constant when integrat-
ing with respect to ) and then recognized the marginal PDF of Y. For the E(X)
term we can first swap the order of integration, from dxdy to dydx, and then the
same argument that we used for the E(Y') term can be applied. O

7.3 Covariance and correlation

Just as the mean and variance provided single-number summaries of the distribution
of a single r.v., covariance is a single-number summary of the joint distribution of
two r.v.s. Roughly speaking, covariance measures a tendency of two r.v.s to go up
or down together, relative to their expected values: positive covariance between
X and Y indicates that when X goes up, Y also tends to go up, and negative
covariance indicates that when X goes up, Y tends to go down. Here is the precise
definition.

Definition 7.3.1 (Covariance). The covariance between r.v.s X and Y is

Cov(X,Y) = E((X — EX)(Y — EY)).
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Multiplying this out and using linearity, we have an equivalent expression:

Cov(X,Y) = E(XY) — E(X)E(Y).

Let’s think about the definition intuitively. If X and Y tend to move in the same
direction, then X — EX and Y — EY will tend to be either both positive or both
negative, so (X — EX)(Y — EY) will be positive on average, giving a positive
covariance. If X and Y tend to move in opposite directions, then X — FX and
Y — EY will tend to have opposite signs, giving a negative covariance.

If X and Y are independent, then their covariance is zero. We say that r.v.s with
zero covariance are uncorrelated.

Theorem 7.3.2. If X and Y are independent, then they are uncorrelated.
Proof. We’ll show this in the case where X and Y are continuous, with PDFs fx

and fy. Since X and Y are independent, their joint PDF is the product of the
marginal PDFs. By 2D LOTUS,

E(XY) = /_ h /_ " eyt (@) fy (y)dedy

~ [ v ( /- xfx<w>dx> dy

- /OO o fx (z)dz /Oo yfy (y)dy

—0o0 —0o0
= E(X)E(Y).
The proof in the discrete case is the same, with PMFs instead of PDFs. |

The converse of this theorem is false: just because X and Y are uncorrelated does
not mean they are independent. For example, let X ~ N(0,1), and let Y = X2,
Then E(XY) = E(X®) = 0 because the odd moments of the standard Normal
distribution are equal to 0 by symmetry. Thus X and Y are uncorrelated,

Cov(X,Y) = B(XY) - E(X)E(Y)=0-0=0,

but they are certainly not independent: Y is a function of X, so knowing X gives us
perfect information about Y. Covariance is a measure of linear association, so r.v.s
can be dependent in nonlinear ways and still have zero covariance, as this example
demonstrates. The bottom right plot of Figure 7.9 shows draws from the joint
distribution of X and Y in this example. The other three plots illustrate positive
correlation, negative correlation, and independence.

Covariance has the following key properties.

1. Cov(X,X) = Var(X).
2. Cov(X,Y)=Cov(Y, X).
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Positive correlation
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FIGURE 7.9
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Negative correlation

Dependent but uncorrelated

Draws from the joint distribution of (X,Y) under various dependence structures.
Top left: X and Y are positively correlated. Top right: X and Y are negatively
correlated. Bottom left: X and Y are independent, hence uncorrelated. Bottom
right: Y is a deterministic function of X, but X and Y are uncorrelated.
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v(X,c) =0 for any constant c.

Cov(
Cov(aX,Y) = aCov(X,Y) for any constant a.
Cov(X +Y,Z) =Cov(X, Z)+ Cov(Y, Z).

Cov(

v(X+Y,Z+W) = Cov(X, Z)+ Cov(X,W)+ Cov(Y, Z) + Cov(Y, W).

N o e W

Var(X +Y) = Var(X) + Var(Y) + 2Cov(X,Y). For n rv.s Xi,..., X,

Var(Xy + -+ + Xp) = Var(X1) + - + Var(X,) + 2> Cov(X;, Xj).

1<j

The first five properties follow readily from the definition and basic properties of
expectation. Property 6 follows from Property 2 and Property 5, by expanding

Cov( X +Y,Z+W)=Cov(X,Z+ W)+ Cov(Y,Z+ W)
= Cov(Z + W, X)+ Cov(Z +W,Y)
= Cov/(

(

Z,X)+ Cov(W, X))+ Cov(Z,Y) 4+ Cov(W,Y)
= Cov(X, Z) + Cov(X,W) + Cov(Y, Z) + Cov(Y, W).

Property 7 follows from writing the variance of an r.v. as its covariance with itself
(by Property 1) and then using Property 6 repeatedly. We have now fulfilled our
promise from Chapter 4 that for independent r.v.s, the variance of the sum is the
sum of the variances. By Theorem 7.3.2, independent r.v.s are uncorrelated, so in
that case all the covariance terms drop out of the expression in Property 7.

& 7.3.3. If X and Y are independent, then the properties of covariance give
Var(X —Y) = Var(X) + Var(—Y) = Var(X) + Var(Y).

It is a common mistake to claim “Var(X —Y) = Var(X)—Var(Y)”; this is a category
error since Var(X) — Var(Y') could be negative. For general X and Y, we have

Var(X —Y) = Var(X) + Var(Y) — 2Cov(X,Y).

Since covariance depends on the units in which X and Y are measured—if we de-
cide to measure X in centimeters rather than meters, the covariance is multiplied
a hundredfold—it is easier to interpret a unitless version of covariance called corre-
lation.

Definition 7.3.4 (Correlation). The correlation between r.v.s X and Y is

, ~ Cov(X,Y)
Corr(3, 1) = Var(X)Var(Y)

(This is undefined in the degenerate cases Var(X) =0 or Var(Y) = 0.)
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Notice that shifting and scaling X and Y has no effect on their correlation. Shifting
does not affect Cov(X,Y), Var(X), or Var(Y), so the correlation is unchanged. As
for scaling, the fact that we divide by the standard deviations of X and Y ensures
that the scale factor cancels out:

Cov(cX,Y) cCov(X,Y)

Corr(eX,¥) = /Var(cX)Var(Y) - V/c2Var(X)Var(Y) = Corr(X, Y).

Correlation is convenient to interpret because it does not depend on the units of
measurement and is always between —1 and 1.

Theorem 7.3.5 (Correlation bounds). For any r.v.s X and Y,
—1 < Corr(X,Y) < 1.

Proof. Without loss of generality we can assume X and Y have variance 1, since
scaling does not change the correlation. Let p = Corr(X,Y) = Cov(X,Y). Using
the fact that variance is nonnegative, along with Property 7 of covariance, we have

Var(X +Y) = Var(X) + Var(Y) + 2Cov(X,Y) =2+ 2p > 0,

Var(X —Y) = Var(X) + Var(Y) — 2Cov(X,Y) =2 —-2p > 0.
Thus, -1 < p < 1. [ |

Here is an example of how to calculate correlation from the definition.

Example 7.3.6 (Exponential max and min). Let X and Y be i.i.d. Expo(1) r.v.s.
Find the correlation between max(X,Y’) and min(X,Y).

Solution:

Let M = max(X,Y) and L = min(X,Y). By the memoryless property and results
from Chapter 5, we know that L ~ Expo(2), M — L ~ Expo(l), and M — L is
independent of L. To explain this in more detail, imagine that two students are
independently trying to solve a problem, and each takes an Expo(1) amount of
time to solve the problem (the Exponential distribution would not make sense if
the problem is just busy-work or where steady progress can be made, but could be a
reasonable approximation if it is a hard problem that requires creative thinking). At
time L, one of the two students solves the problem. Now condition on L, and see how
much longer it will take the other student to solve the problem. By the memoryless
property, the additional time M — L is a fresh Expo(1) r.v., independent of L.

We now have
1
Cov(M,L) = Cov(M — L+ L,L) = Cov(M — L,L) 4+ Cov(L,L) =0+ Var(L) = T

1
Var(M) = Var(M — L+ L) = Var(M — L)+ Var(L) =1+ 1= Z,
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and
Cov(M, L) 1

1
o _ 4
~ /Var(M)Var(L) 5.1 VG

It makes sense that the correlation is positive because M is constrained to be at
least as large as L. O

Corr(M, L)

Covariance properties can also be a helpful tool for finding variances, especially when
the r.v. of interest is a sum of dependent random variables. The next example uses
properties of covariance to derive the variance of the Hypergeometric distribution.
If you did Exercise 44 from Chapter 4, you can compare the two derivations.

Example 7.3.7 (Hypergeometric variance). Let X ~ HGeom(w,b,n). Find
Var(X).

Solution:

Interpret X as the number of white balls in a sample of size n from an urn with
w white and b black balls. We can represent X as the sum of indicator r.v.s, X =
I 4 --- + I,, where I is the indicator of the jth ball in the sample being white.
Each I; has mean p = w/(w + b) and variance p(1 — p), but because the I; are
dependent, we cannot simply add their variances. Instead, we apply properties of
covariance:

Var(X) = Var Elj
j=1

= Var(Iy) + - -+ + Var(I,,) + 22 Cov(1;, I;)
1<j

= np(l —p) +2 <;‘> Cov(I1, I).

In the last step, we used the fact that all (g) pairs of indicators have the same
covariance by symmetry. Now we just need to find Cov(Iy, I3). By the fundamental
bridge,

COV(Il,IQ) == E(Illg) - E(Il)E(IQ)
= P(1st and 2nd balls both white) — P(1st ball white) P(2nd ball white)
w w—1 9
w+b wHb—1 T

Plugging this into the above formula and simplifying, we eventually obtain

N —n

Var(X) = N1

np(l - p)a

where N = w + b. This differs from the Binomial variance of np(1 — p) by a factor

of %i’f, which is known as the finite population correction. The discrepancy arises

from the fact that in the Binomial story, we sample with replacement, so the same
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ball can be drawn multiple times; in the Hypergeometric story, we sample without
replacement, so each ball appears in the sample at most once. If we consider N to be
the “population size” of the urn, then as N grows very large relative to the sample
size n, it becomes extremely unlikely that in sampling with replacement, we would
draw the same ball more than once. Thus sampling with replacement and sampling
without replacement become equivalent in the limit as N — oo with n fixed, and
the finite population correction approaches 1.

The other case where sampling with and without replacement are equivalent is
the simple case where we only draw one ball from the urn, and indeed, the finite
population correction also equals 1 when n = 1. O

The last two sections in this chapter introduce the Multinomial and the Multivariate
Normal distributions. The Multinomial is the most famous discrete multivariate dis-
tribution, and the Multivariate Normal is the most famous continuous multivariate
distribution.

7.4 Multinomial

The Multinomial distribution is a generalization of the Binomial. Whereas the Bi-
nomial distribution counts the successes in a fixed number of trials that can only be
categorized as success or failure, the Multinomial distribution keeps track of trials
whose outcomes can fall into multiple categories, such as excellent, adequate, poor;
or red, yellow, green, blue.

Story 7.4.1 (Multinomial distribution). Each of n objects is independently placed
into one of k categories. An object is placed into category j with probability p;,
where the p; are nonnegative and Z?:l p; = 1. Let X1 be the number of objects in
category 1, X5 the number of objects in category 2, etc., so that Xy +---+ X = n.
Then X = (X1, ..., X}y) is said to have the Multinomial distribution with parameters
n and p = (p1,...,pr). We write this as X ~ Multg(n, p). O

We call X a random wvector because it is a vector of random variables. The joint
PMF of X can be derived from the story.

Theorem 7.4.2 (Multinomial joint PMF). If X ~ Multg(n, p), then the joint PMF

of X is |
n.

PXlznl...Xk:nk = . pMp2 .. p*

( ’ ’ ) nl'ng‘nk' P1 P2 pk’

for ny,...,ng satisfying ny +--- +ng = n.

Proof. If ny,...,n; don’t add up to n, then the event {X; = ny,..., Xy = ng} is
impossible: every object has to go somewhere, and new objects can’t appear out of
nowhere. If ny, ..., n; do add up to n, then any particular way of putting n, objects
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into category 1, ny objects into category 2, etc., has probability p}'p5?...p*, and
there are
n!

nl!TlQ! .. nk'

ways to do this, as discussed in Example 1.4.16 in the context of rearranging the
letters in STATISTICS. So the joint PMF is as claimed. |

Since we’ve specified the joint distribution of X, we have enough information to
determine the marginal and conditional distributions, as well as the covariance
between any two components of X.

Let’s take these one by one, starting with the marginal distribution of Xj;, which is
the jth component of X. Were we to blindly apply the definition, we would have
to sum the joint PMF over all components of X other than X;. The prospect of
k — 1 summations is an unpleasant one, to say the least. Fortunately, we can avoid
tedious calculations if we instead use the story of the Multinomial distribution: X
is the number of objects in category j, where each of the n objects independently
belongs to category j with probability p;. Define success as landing in category j.
Then we just have n independent Bernoulli trials, so the marginal distribution of
X is Bin(n, pj).

Theorem 7.4.3 (Multinomial marginals). If X ~ Multg(n,p), then X; ~
Bin(n, p;).

More generally, whenever we merge multiple categories together in a Multinomial
random vector, we get another Multinomial random vector. For example, suppose
we randomly sample n people in a country with 5 political parties. (If the sampling
is done without replacement, the n trials are not independent, but independence
is a good approximation as long as the population is large relative to the sample,
as we discussed in Theorem 3.9.3 and Example 7.3.7.) Let X = (Xy,...,X5) ~
Mults(n, (p1,--.,ps)) represent the political party affiliations of the sample, i.e., let
X be the number of people in the sample who support party j.

Suppose that parties 1 and 2 are the dominant parties, while parties 3 through 5
are minor third parties. If we decide that instead of keeping track of all 5 parties,
we only want to count the number of people in party 1, party 2, or “other”, then
we can define a new random vector Y = (X1, X9, X3 + X4 + X5), which lumps
all the third parties into a single category. By the story of the Multinomial, Y ~
Mults(n, (p1, p2, p3 + p4 + p5)), which means X3 + X4 + X5 ~ Bin(n, ps + ps + ps).
The marginal distribution of X; is an extreme case of lumping where the original &
categories are collapsed into just two: “in category 7”7 and “not in category j”.

This establishes another property of the Multinomial distribution:

Theorem 7.4.4 (Multinomial lumping). If X ~ Multg(n, p), then for any distinct
i and j, X; + X; ~ Bin(n,p; + p;j). The random vector of counts obtained from
merging categories ¢ and j is still Multinomial. For example, merging categories 1
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Lumping categories in a Multinomial random vector produces another Multinomial
random vector.
and 2 gives

(X1 + X2, X3,..., Xg) ~ Multy_1(n, (p1 + 2,03, .-, Pn))-

Now for the conditional distributions. Suppose we get to observe X, the number of
objects in category 1, and we wish to update our distribution for the other categories
(X2,...,X)). One way to do this is with the definition of conditional PMF:

P(X1 :nl,Xg :ng,...,Xk :nk)

P(Xy =mng,..., X =np| X1 =m) = P(Xy=m)

The numerator is the joint PMF of the Multinomial, and the denominator is the
marginal PMF of X;, both of which we have already derived. However, we prefer
to use the Multinomial story to deduce the conditional distribution of (Xa,..., X)
without algebra. Given that there are nq objects in category 1, the remaining n —ny
objects fall into categories 2 through k, independently of one another. By Bayes’
rule, the conditional probability of falling into category j is

P(in category j) D)

P(in category j|not in category 1) = Plnot in category 1)~ pa b T’

for j = 2,...,k. This makes intuitive sense: the updated probabilities are pro-
portional to the original probabilities (p2,...,pr), but these must be renormalized
to yield a valid probability vector. Putting it all together, we have the following
result.

Theorem 7.4.5 (Multinomial conditioning). If X ~ Multg(n, p), then
(Xo,... ,Xk)‘Xl =ny ~ Multg_1(n —ny, (ph,...,0k)),

where p; = p;/(p2 + - + ).
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Finally, we know that components within a Multinomial random vector are de-
pendent since they are constrained by X; + --- 4+ X = n. To find the covariance
between X; and X;, we can use the marginal and lumping properties we have just
discussed.

Theorem 7.4.6 (Covariance in a Multinomial). Let (Xi,..., X%) ~ Multg(n,p),
where p = (p1,...,pk). For i # j, Cov(X;, X;) = —npp;.

Proof. For concreteness, let ¢ = 1 and j = 2. Using the lumping property and
the marginal distributions of a Multinomial, we know X; + X5 ~ Bin(n,p; + p2),
X1 ~ Bin(n, p1), X2 ~ Bin(n, p2). Therefore

Var(X1 + XQ) = Var(Xl) + Val‘(Xg) + 2COV(X1, X2>
becomes

n(p1 + p2)(1 — (p1 +p2)) = np1(1 — p1) + np2(1 — p2) + 2Cov(X1, X2).

Solving for Cov(X7, X2) gives Cov(X1, X2) = —npi1p2. By the same logic, for i # j,
we have Cov(X;, X;) = —np;p;.

The components are negatively correlated, as we would expect: if we know there
are a lot of objects in category ¢, then there aren’t as many objects left over that
could possibly be in category j. Exercise 64 asks for a different proof of this result,
using indicators. |

& 7.4.7 (Independent trials but dependent components). The k components of
a Multinomial are dependent, but the n objects in the story of the Multinomial
are independently categorized. In the extreme case k = 2, a Multg(n,p) ran-
dom vector looks like (X,n — X) with X ~ Bin(n,p;), which we can think of as
(number of successes, number of failures), where “success” is defined as getting cat-
egory 1. The number of successes is perfectly negatively correlated with the number
of failures, even though the trials are independent.

7.5 Multivariate Normal

The Multivariate Normal is a continuous multivariate distribution that generalizes
the Normal distribution into higher dimensions. We will not work with the rather
unwieldy joint PDF of the Multivariate Normal. Instead we define the Multivariate
Normal by its relationship to the ordinary Normal.

Definition 7.5.1 (Multivariate Normal distribution). A random vector X =
(X1,..., X)) is said to have a Multivariate Normal (MVN) distribution if every
linear combination of the X; has a Normal distribution. That is, we require

01 X1+ + e Xg
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to have a Normal distribution for any choice of constants ty,...,tg. If t1 X7 +--- +
tp Xk is a constant (such as when all ¢; = 0), we consider it to have a Normal
distribution, albeit a degenerate Normal with variance 0. An important special case
is k = 2; this distribution is called the Bivariate Normal (BVN).

If (X1,..., Xg) is MVN, then the marginal distribution of X is Normal, since we can
take t1 to be 1 and all other ¢; to be 0. Similarly, the marginal distribution of each X
is Normal. However, the converse is false: it is possible to have Normally distributed
r.v.s Xi,..., X, such that (Xy,..., Xx) is not Multivariate Normal.

Example 7.5.2 (Non-example of MVN). Here is an example of two r.v.s whose
marginal distributions are Normal but whose joint distribution is not Bivariate
Normal. Let X ~ N(0,1), and let

S 1 with probability 1/2

—1 with probability 1/2

be a random sign independent of X. Then Y = SX is a standard Normal r.v., due to
the symmetry of the Normal distribution (see Exercise 32 from Chapter 5). However,
(X,Y) is not Bivariate Normal because P(X +Y =0) = P(S = —1) = 1/2, which
implies that X + Y can’t be Normal (or, for that matter, have any continuous
distribution). Since X +Y is a linear combination of X and Y that is not Normally
distributed, (X,Y") is not Bivariate Normal. O

Example 7.5.3 (Actual MVN). For Z, W N N(0,1), (Z,W) is Bivariate Normal
because the sum of independent Normals is Normal. Also, (Z + 2W,3Z + 5W) is
Bivariate Normal, since an arbitrary linear combination

t1(Z 4+ 2W) + t2(3Z + 5W)
can also be written as a linear combination of Z and W,
(t1 + 3t2)Z + (2t1 + 5t2)W,

which is Normal. O

The above example showed that if we start with a Multivariate Normal and take
linear combinations of the components, we form a new Multivariate Normal. The
next two theorems state that we can also produce new MVNs from old MVNs with
the operations of subsetting and concatenation.

Theorem 7.5.4. If (X, X2, X3) is Multivariate Normal, then so is the subvector
(X1, X2).

Proof. Any linear combination t; X;+t2 X2 can be thought of as a linear combination
of X1, X5, X3 where the coefficient of X3 is 0. So t1 X1 +t2 X5 is Normal for all ¢, to,
which shows that (X7, X2) is MVN. [
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Theorem 7.5.5. If X = (X1,...,X,) and Y = (Y1,...,Y,,) are MVN vec-
tors with X independent of Y, then the concatenated random vector W =
(Xq,...,X,,Y1,...,Y,,) is Multivariate Normal.

Proof. Any linear combination s1 X1+ -+8, X, +t1Y1+- - -+t Ys, is Normal since
$1X1+ -+ s, X, and 1Y + -+ + ¢, Y}, are Normal (by definition of MVN) and
are independent, so their sum is Normal (as shown in Chapter 6 using MGFs). W

A Multivariate Normal distribution is fully specified by knowing the mean of each
component, the variance of each component, and the covariance or correlation be-
tween any two components. Another way to say this is that the parameters of an
MVN random vector (X1,...,Xx) are as follows:

e the mean vector (p, ..., i), where E(X;) = pj;

e the covariance matriz, which is the k x k matrix of covariances between compo-
nents, arranged so that the row 7, column j entry is Cov(X;, Xj).

For example, in order to fully specify a Bivariate Normal distribution for (X,Y),
we need to know five parameters:

e the means F(X), E(Y);
e the variances Var(X), Var(Y);
e the correlation Corr(X,Y).

We will show in Example 8.1.8 that the joint PDF of a Bivariate Normal (X,Y)
with A/(0,1) marginal distributions and correlation p € (—1,1) is

fxy(z,y) = % exp <2i2(:c2 +y - 2pxy)>7
with 7 = /1 — p2. Figure 7.11 plots the joint PDFs corresponding to two different
Bivariate Normal distributions with A/(0,1) marginals. On the left, X and Y are
uncorrelated, so the contours of the joint PDF are shaped like circles. On the right,
X and Y have a correlation of 0.75, so the level curves are ellipsoidal, reflecting the
fact that X tends to be large when Y is large and vice versa.

Just as the distribution of an r.v. is determined by its CDF, PMF/PDF, or MGF,
the joint distribution of a random vector is determined by its joint CDF, joint
PMF /PDF, or joint MGF, which we now define.

Definition 7.5.6 (Joint MGF). The joint MGF of a random vector X =
(X1,...,Xy) is the function which takes a vector of constants t = (¢1,...,tx) and
returns

M(t) _ E(et’X) — B (ethlJr---thka) )

We require this expectation to be finite in a box around the origin in R¥; otherwise
we say the joint MGF does not exist.
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FIGURE 7.11
Joint PDFs of two Bivariate Normal distributions. On the left, X and Y are

marginally N (0, 1) and have zero correlation. On the right, X and Y are marginally
N(0,1) and have correlation 0.75.
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For a Multivariate Normal random vector, the joint MGF is particularly nice because
the term in the exponent, t1 X1 + - -+ 4+ £ Xk, is a Normal r.v. by definition. This
means we can use what we know about the univariate Normal MGF to find the
Multivariate Normal joint MGF! Recall that for any Normal r.v. W,

E(€W) _ eE(W)-i—%Var(W).
Therefore the joint MGF of a Multivariate Normal (X1, ..., X}) is
1
E(eh Xt theXe) — exp <t1E(X1) + -+ 8 E(XE) + §Var(t1X1 +e thk)> .

The variance term can be expanded using properties of covariance.

We know that in general, independence is a stronger condition than zero correlation;
r.v.s can be uncorrelated but not independent. A special property of the Multivariate
Normal distribution is that for r.v.s whose joint distribution is MVN, independence
and zero correlation are equivalent conditions.

Theorem 7.5.7. Within an MVN random vector, uncorrelated implies indepen-
dent. That is, if X ~ MVN can be written as X = (X, X3), where X; and X3 are
subvectors, and every component of X; is uncorrelated with every component of
X, then X; and X, are independent.!

In particular, if (X,Y") is Bivariate Normal and Corr(X,Y) =0, then X and Y are
independent.

Proof. We will prove this theorem in the case of a Bivariate Normal; the proof in
higher dimensions is analogous. Let (X,Y’) be Bivariate Normal with F(X) = puq,
E(Y) = pg, Var(X) = o2, Var(Y) = 02, and Corr(X,Y) = p. The joint MGF is

1
My (5:) = BE) = exp (s 4t + 3Van(sX + 7))
1 2 2 2 2
=exp | sp1 + tua + 5(3 o] +t°o5 + 2storo9p) | .

If p = 0, the joint MGF reduces to

1
Mx y(s,t) = exp <8M1 +lp2 + 5(520% + 7520%)) :

But this is also the joint MGF of (Z, W) where Z ~ N (u1,03) and W ~ N (u2, 03)
and Z is independent of W. Since the joint MGF determines the joint distribution,
it must be that (X,Y’) has the same joint distribution as (Z, W). Therefore X and
Y are independent. |

ndependence of random vectors is defined analogously to independence of random variables.
In particular, if X; has joint PDF fx,, then it says that fx (x1,x2) = fx, (x1)fx, (x2) for all x1,Xa.
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This theorem does not apply to Example 7.5.2. In that example, as you can verify,
X and Y are uncorrelated and not independent, but this does not contradict the
theorem because (X,Y") is not BVN. The next two examples show situations where

the theorem does apply.
Example 7.5.8 (Independence of sum and difference). Let X, Y EYs (0,1). Find
the joint distribution of (X +Y, X —Y).

Solution:

Since (X +Y, X —Y) is Bivariate Normal and
Cov( X +Y,X —Y) = Var(X) — Cov(X,Y) + Cov(Y, X) — Var(Y) = 0,

X 4 Y is independent of X — Y. Furthermore, they are i.i.d. N'(0,2). By the same
method, we have that if X ~ N(u1,02) and Y ~ N (p2,0?) are independent (with
the same variance), then X + Y is independent of X — Y.

It can be shown that the independence of the sum and difference is a unique char-
acteristic of the Normal! That is, if X and Y are i.i.d. and X 4+ Y is independent of
X — Y, then X and Y must have Normal distributions.

In Exercise 71, you'll extend this example to the case where X and Y are Bivariate
Normal with general correlation p. U

Example 7.5.9 (Independence of sample mean and sample variance). Let
X1,..., X, be iid. N(u,0?), with n > 2. Define

S
Xn:g(Xl_i_..._i_Xn),
2 1 - v \2
Sn—n_lzl(Xj—Xn) .
J:

As shown in Chapter 6, the sample mean X,, has expectation p (the true mean)
and the sample variance S2 has expectation o2 (the true variance). Show that X,
and S? are independent by applying MVN ideas and results to the vector (X,,, X1 —
X, ooy Xn — Xn).

Solution:

The vector (X,, X1 — Xp,..., Xy — X,,) is MVN since any linear combination of
its components can be written as a linear combination of X7, ..., X,,. Furthermore,
E(X; — X,) = 0 by linearity. Now we compute the covariance of X,, with X; — X,,:

Cov(Xp, Xj — Xp) = Cov(Xn, X;) — Cov(Xy, Xp).

For Cov(X,, X;), we can expand out X,, and most of the terms cancel due to
independence:

0_2

— 1 1 1 1
COV(Xn,Xj) = Cov <X1 —+ -+ Xn,Xj) = Cov <Xj,Xj> = *V&I‘(Xj) = —.
n n n n

n
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For Cov(X,,, X,,), we use properties of variance:

J2

Cov(X,, X)) = Var(X,) = % (Var(Xy) + - - + Var(X,)) = -

Therefore Cov(Xn, Xj— Xn) = 0, which means X, is uncorrelated with every com-
ponent of (X1 —X,, ..., X,—X,). Since uncorrelated implies independent within an
MVN vector, we have that X, is independent of the vector (X1 —X,, ..., X, — X,).
But S2 is a function of the vector (X;—X,, ..., X, —X,), so X,, is also independent
of S2.

It can be shown that the independence of the sample mean and variance is another
unique characteristic of the Normal! If the X; followed any other distribution, then
X, and S? would be dependent. O

Example 7.5.10 (Bivariate Normal generation). Suppose that we have access to
iid. r.v.s XY ~ N(0,1), but want to generate a Bivariate Normal (Z, W) with
Corr(Z,W) = p and Z, W marginally N/ (0,1), for the purpose of running a simula-
tion. How can we construct Z and W from linear combinations of X and Y?

Solution:
By definition of Multivariate Normal, any (Z, W) of the form

Z =aX +bY
W =cX +dY

will be Bivariate Normal. So let’s try to find suitable a, b, ¢, d. The means are already
0. Setting the variances equal to 1 gives

A+ =1,2+d=1.
Setting the covariance of Z and W equal to p gives
ac + bd = p.

There are more unknowns than equations here, and we just need one solution. To
simplify, let’s look for a solution with b = 0. Then a? = 1, so let’s take a = 1. Now
ac + bd = p reduces to ¢ = p, and then we can use ¢ + d?> = 1 to find a suitable d.
Putting everything together, we can generate (Z, W) as

Z=X
W =pX ++1-p*Y.

Note that in the extreme case p = 1 (known as perfect positive correlation) this says
tolet W = Z ~ N(0,1), in the extreme case p = —1 (known as perfect negative
correlation) it says to let W = —Z with Z ~ N(0, 1), and in the simple case p =0
it says to just let (Z, W) = (X,Y). O
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7.6 Recap

Introduction to Probability

Joint distributions allow us to describe the behavior of multiple random variables
that arise from the same experiment. Important functions associated with a joint
distribution are the joint CDF, joint PMF /PDF, marginal PMF/PDF, and condi-
tional PMF/PDF. The table below summarizes these definitions for two discrete
r.v.s and two continuous r.v.s. Joint distributions can also be a hybrid of discrete
and continuous, in which case we mix and match PMFs and PDFs.

Two discrete r.v.s

Two continuous r.v.s

Joint CDF

Joint
PMF /PDF

Marginal
PMF /PDF

Conditional
PMF /PDF

Independence

LOTUS

Fxy(z,y)=P(X <z,Y <y)

P(X=zY =y)
e Joint PMF is nonnegative and sums to 1:
> ZyP(X =z,Y=y)=1

P(X=x)=) P(X==2,Y =y)
=Y P(X =z|Y =y)P(Y =y)
PX=2Y=y)

P(X =)
_PX =alY =y)PY =y)

PY=ylX=2)=

P(X =z)
PX <a,Y <y)=P(X <z)P(Y <y)
PX=zY=y)=PX=x)PY =y)

for all z and y.

PY =yl X =2) = P(Y =y)
for all z and y, P(X =) > 0.

E(g(X,Y)) =YY gl y)P(X =2,V =y)

Fxy(z,y) =P(X <z,Y <y)
62
Ixy(z,y) = mFX,Y(%y)
e Joint PDF is nonnegative and integrates to 1:
75 oy (@, y)dady = 1.

e To get probability, integrate joint PDF over region

of interest.

few = [ v (@ y)dy

= /jo Ixpy (zly) fr (y)dy
Frix(yle) = ﬁ(fyxi((‘;)y)
_ Ixiy @y fr(y)
Ix(z)

P(X<z,Y <y =PX <2)P(Y <y)
Ixy(zy) = fx (@) fr(y)

for all z and y.

frix(ylz) = fr ()
for all z and y, fx(z) > 0.

B )= [ [ gtwa ey @iy
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Covariance is a single-number summary of the tendency of two r.v.s to move in the
same direction. If two r.v.s are independent, then they are uncorrelated, but the
converse does not hold. Correlation is a unitless, standardized version of covariance
that is always between —1 and 1.

Two important named multivariate distributions are the Multinomial and Multi-
variate Normal. The Multinomial distribution is a generalization of the Binomial;
a Multg(n, p) random vector counts the number of objects, out of n, that fall into
each of k categories, where p is the vector of probabilities for the k categories.

The Multivariate Normal distribution is a generalization of the Normal; a random
vector is defined to be MVN if any linear combination of its components has a
Normal distribution. A key property of the MVN distribution is that within an
MVN random vector, uncorrelated implies independent.

ERE
What can aa
? ooon
happen? Ras
o8en
——V)
joint distributions random vectors events numbers
joint CDF F(x,y) generate N X<xY<y P | px<xv=y=Fxy
joint PMF P(X =x,Y =) &n X+Y<3 PX+Y<3)

joint PDF f{x,y)
joint MGF M(s,1)

E(X), Var(X), P(X < x)
E(Y), Var(Y), P(Y < y)
(marginal quantities)

sum joint PMF or Cov(X,Y), Corr(X,Y)

integrate joint PDF (joint quantities)
over all y to get

marginal dist. of X

I0]J09A WOpURI JO uonduny

PY=ylX=x)=PX=x,Y=y)/PX=1x)
EY1X=x)
(quantities based on the conditional
distribution of Y | X = x)

Y
X+Y 2D LOTUS i e v
Xy > EXY) = Cov(X.Y) + EQE(Y)
gX.Y) E(g(X,Y))

FIGURE 7.12

Fundamental objects of probability for multivariate distributions. A joint distribu-
tion is determined by a joint CDF, joint PMF /PDF, or joint MGF. A random vector
(X,Y) gives rise to many useful joint, marginal, and conditional quantities. Using
2D LOTUS, we can find the expected value of a function of X and Y. Summing the
joint PMF or integrating the joint PDF over all y gives the marginal distribution
of X, bringing us back to the case of a one-dimensional distribution.

Figure 7.12 extends our diagram of the fundamental objects of probability to the
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multivariate setting (taken as bivariate to simplify notation). A joint distribution
can be used to generate random vectors (X,Y’). Various joint, marginal, and con-
ditional quantities can then be studied. Summing the joint PMF or integrating the
joint PDF over all y gives the marginal distribution of X, bringing us back to the
one-dimensional realm.

77 R
Multinomial

The functions for the Multinomial distribution are dmultinom (which is the joint
PMF of the Multinomial distribution) and rmultinom (which generates realizations
of Multinomial random vectors). The joint CDF of the Multinomial is a pain to
work with, so it is not built into R.

To use dmultinom, we have to input the value at which to evaluate the joint PMF,
as well as the parameters of the distribution. For example,

x <- ¢(2,0,3)
n <-5
p <- ¢(1/3,1/3,1/3)
dmultinom(x,n,p)
returns the probability P(X; = 2, Xy = 0, X3 = 3), where
X = (Xl,XQ,Xg) ~ Mult3(5, (1/3, 1/3, 1/3))

Of course, n has to equal sum(x); if we attempted to do dmultinom(x,7,p), R
would report an error.

For rmultinom, the first input is the number of Multinomial random vectors to
generate, and the other inputs are the same. When we typed rmultinom(10,n,p)
with n and p as above, R gave us the following matrix:

0 2 1 3 2 3 1 2 3 4
2 2 2 2 3 0 1 2 0 0
3 1 2 0 0 2 3 1 2 1

Each column of the matrix corresponds to a draw from the Mults(5, (1/3,1/3,1/3))
distribution. In particular, the sum of each column is 5.

Multivariate Normal

Functions for the Multivariate Normal distribution are located in the package
mvtnorm. Online resources can teach you how to install packages in R for your sys-
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tem, but for many systems an easy way is to use the install.packages command,
e.g., by typing install.packages("mvtnorm") to install the mvtnorm package. Af-
ter installing, load the package with 1ibrary(mvtnorm). Then dmvnorm can be used
for calculating the joint PDF, and rmvnorm can be used for generating random vec-
tors. For example, suppose that we want to generate 1000 independent Bivariate
Normal pairs (Z, W), with correlation p = 0.7 and A (0,1) marginals. To do this,
we can enter the following:

meanvector <- c(0,0)

rho <- 0.7

covmatrix <- matrix(c(1,rho,rho,1), nrow = 2, ncol = 2)

r <- rmvnorm(n = 1073, mean = meanvector, sigma = covmatrix)

The covariance matrix here is

because

e Cov(Z,Z)=Var(Z) =1 (this is the upper left entry)

o Cov(W,W) = Var(W) =1 (this is the lower right entry)

e Cov(Z,W) = Corr(Z,W)SD(Z)SD(W) = p (this is the other two entries).

Now r is a 1000 x 2 matrix, with each row a BVN random vector. To see these
as points in the plane, we can use plot(r) to make a scatter plot, from which the
strong positive correlation should be clear. To estimate the covariance of Z and W,
we can use cov (r), which the true covariance matrix.

Example 7.5.10 gives another approach to the BVN generation problem:

rho <- 0.7

tau <- sqrt(l-rho~2)

x <- rnorm(1073)

y <= rnorm(1073)

z <- X

w <- rho*x + tauxy

This gives the Z-coordinates in a vector z and the W-coordinates in a vector w.

If we want to put them into one 1000 x 2 matrix as we had above, we can type
cbind(z,w) to bind the vectors together as columns.

Cauchy

We can work with the Cauchy distribution introduced in Example 7.1.24 using
the three functions dcauchy, pcauchy, and rcauchy. Only one input is needed; for
example, dcauchy(0) is the Cauchy PDF evaluated at 0.
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For an amusing demonstration of the very heavy tails of the Cauchy distribution,
try creating a histogram of 1000 simulated values of the Cauchy distribution:

hist (rcauchy(1000))

Due to extreme values in the tails of the distribution, this histogram looks nothing
like the PDF of the distribution from which it was generated.

7.8 Exercises

Joint, marginal, and conditional distributions

1. Alice and Bob arrange to meet for lunch on a certain day at noon. However, neither is
known for punctuality. They both arrive independently at uniformly distributed times
between noon and 1 pm on that day. Each is willing to wait up to 15 minutes for the
other to show up. What is the probability they will meet for lunch that day?

2. Alice, Bob, and Carl arrange to meet for lunch on a certain day. They arrive indepen-
dently at uniformly distributed times between 1 pm and 1:30 pm on that day.

(a) What is the probability that Carl arrives first?

For the rest of this problem, assume that Carl arrives first at 1:10 pm, and condition on
this fact.

(b) What is the probability that Carl will have to wait more than 10 minutes for one of
the others to show up? (So consider Carl’s waiting time until at least one of the others
has arrived.)

(c) What is the probability that Carl will have to wait more than 10 minutes for both
of the others to show up? (So consider Carl’s waiting time until both of the others has
arrived.)

(d) What is the probability that the person who arrives second will have to wait more
than 5 minutes for the third person to show up?

3. One of two doctors, Dr. Hibbert and Dr. Nick, is called upon to perform a series of
n surgeries. Let H be the indicator r.v. for Dr. Hibbert performing the surgeries, and
suppose that E(H) = p. Given that Dr. Hibbert is performing the surgeries, each surgery
is successful with probability a, independently. Given that Dr. Nick is performing the
surgeries, each surgery is successful with probability b, independently. Let X be the
number of successful surgeries.

(a) Find the joint PMF of H and X.
(b) Find the marginal PMF of X.

(¢) Find the conditional PMF of H given X = k.

4. A fair coin is flipped twice. Let X be the number of Heads in the two tosses, and Y be
the indicator r.v for the tosses landing the same way.

(a) Find the joint PMF of X and Y.

(b) Find the marginal PMFs of X and Y.

(¢) Are X and Y independent?

(d) Find the conditional PMFs of Y given X = x and of X given Y = y.
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5. A fair die is rolled, and then a coin with probability p of Heads is flipped as many times
as the die roll says, e.g., if the result of the die roll is a 3, then the coin is flipped 3
times. Let X be the result of the die roll and Y be the number of times the coin lands
Heads.

(a) Find the joint PMF of X and Y. Are they independent?
(b) Find the marginal PMFs of X and Y.

(¢) Find the conditional PMFs of Y given X = z and of Y given X = z.

6. A committee of size k is chosen from a group of n women and m men. All possible
committees of size k are equally likely. Let X and Y be the numbers of women and men
on the committee, respectively.

(a) Find the joint PMF of X and Y. Be sure to specify the support.

(b) Find the marginal PMF of X in two different ways: by doing a computation using
the joint PMF, and using a story.

(¢) Find the conditional PMF of Y given that X = x.

7. A stick of length L (a positive constant) is broken at a uniformly random point X.
Given that X = z, another breakpoint Y is chosen uniformly on the interval [0, z].

(a) Find the joint PDF of X and Y. Be sure to specify the support.

(b) We already know that the marginal distribution of X is Unif(0, L). Check that
marginalizing out Y from the joint PDF agrees that this is the marginal distribution of
X.

(c) We already know that the conditional distribution of Y given X = z is Unif(0, z).
Check that using the definition of conditional PDFs (in terms of joint and marginal
PDFs) agrees that this is the conditional distribution of Y given X = z.

(d) Find the marginal PDF of Y.

(e) Find the conditional PDF of X given Y = y.

8. (a) Five cards are randomly chosen from a standard deck, one at a time with replacement.
Let X, Y, Z be the numbers of chosen queens, kings, and other cards. Find the joint PMF
of X,Y, Z.

(b) Find the joint PMF of X and Y.

Hint: In summing the joint PMF of X, Y, Z over the possible values of Z, note that most
terms are 0 because of the constraint that the number of chosen cards is five.

(c) Now assume instead that the sampling is without replacement (all 5-card hands are
equally likely). Find the joint PMF of X,Y, Z.

Hint: Use the naive definition of probability.
9. Let X and Y be i.i.d. Geom(p), and N = X +Y.

(a) Find the joint PMF of X,Y, N.
(b) Find the joint PMF of X and N.

(c) Find the conditional PMF of X given N = n, and give a simple description in words
of what the result says.
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10. Let X and Y be iid. Expo(A),and T =X 4+ Y.
(a) Find the conditional CDF of T given X = z. Be sure to specify where it is zero.
(b) Find the conditional PDF fr|x (t|x), and verify that it is a valid PDF.

(c) Find the conditional PDF fx|r(x|t), and verify that it is a valid PDF.

Hint: This can be done using Bayes’ rule without having to know the marginal PDF of
T, by recognizing what the conditional PDF is up to a normalizing constant—then the
normalizing constant must be whatever is needed to make the conditional PDF valid.

(d) In Example 8.2.4, we will show that the marginal PDF of T is fr(t) = Ate™>*, for
t > 0. Give a short alternative proof of this fact, based on the previous parts and Bayes’
rule.

11. Let X,Y,Z be r.v.s such that X ~ N(0,1) and conditional on X = z, Y and Z are
Lid. N(z,1).

(a) Find the joint PDF of XY, Z.

(b) By definition, Y and Z are conditionally independent given X. Discuss intuitively
whether or not Y and Z are also unconditionally independent.

(¢) Find the joint PDF of Y and Z. You can leave your answer as an integral, though
the integral can be done with some algebra (such as completing the square) and facts
about the Normal distribution.

12. Let X ~ Expo(}), and let ¢ be a positive constant.

(a) If you remember the memoryless property, you already know that the conditional
distribution of X given X > c is the same as the distribution of ¢+ X (think of waiting
¢ minutes for a “success” and then having a fresh Expo()) additional waiting time).
Derive this in another way, by finding the conditional CDF of X given X > ¢ and the
conditional PDF of X given X > c.

(b) Find the conditional CDF of X given X < c¢ and the conditional PDF of X given
X <ec

13. Let X and Y be i.i.d. Expo()\). Find the conditional distribution of X given X <Y in
two different ways:

(a) by using calculus to find the conditional PDF.

(b) without using calculus, by arguing that the conditional distribution of X given
X <Y is the same distribution as the unconditional distribution of min(X,Y"), and
then applying an earlier result about the minimum of independent Exponentials.

14. ® (a) A stick is broken into three pieces by picking two points independently and
uniformly along the stick, and breaking the stick at those two points. What is the
probability that the three pieces can be assembled into a triangle?

Hint: A triangle can be formed from 3 line segments of lengths a,b,c if and only if
a,b,c € (0,1/2). The probability can be interpreted geometrically as proportional to
an area in the plane, avoiding all calculus, but make sure for that approach that the
distribution of the random point in the plane is Uniform over some region.

(b) Three legs are positioned uniformly and independently on the perimeter of a round
table. What is the probability that the table will stand?

15. Let X and Y be continuous r.v.s., with joint CDF F(z,y). Show that the probability
that (X,Y) falls into the rectangle [a1,az] X [b1,b2] is

F(ag,bz) — F(al,bz) + F(al,b1) — F(az,bl).
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16.

17.

18.

19.

20.

21.

22.

23.

Let X and Y have joint PDF

fxy(@,y)=z+y, for0<z<land0<y<l1.

a) Check that this is a valid joint PDF.
b) Are X and Y independent?

¢) Find the marginal PDFs of X and Y.

(
(
(
(d) Find the conditional PDF of Y given X = z.

Let X and Y have joint PDF

fxy(z,y) =cry, for0 <z <y<1

a) Find ¢ to make this a valid joint PDF.
b) Are X and Y independent?

(
(
(¢) Find the marginal PDFs of X and Y.

(d) Find the conditional PDF of Y given X = z.

® Let (X,Y) be a uniformly random point in the triangle in the plane with vertices
(0,0),(0,1),(1,0). Find the joint PDF of X and Y, the marginal PDF of X, and the
conditional PDF of X given Y.

® A random point (X, Y, Z) is chosen uniformly in the ball B = {(z,y, 2) : °+3*>+2% <
1}.

(a) Find the joint PDF of XY, Z.

(b) Find the joint PDF of X,Y.

(¢) Find an expression for the marginal PDF of X, as an integral.
® Let U1, Uz, Us be i.i.d. Unif(0, 1), and let L = min(U, U2, Us), M = max(U1,Us, Us).

(a) Find the marginal CDF and marginal PDF of M, and the joint CDF and joint PDF
of L, M.

Hint: For the latter, start by considering P(L > I, M < m).

(b) Find the conditional PDF of M given L.

Find the probability that the quadratic polynomial Az? + Bz + 1, where the coefficients
A and B are determined by drawing i.i.d. Unif(0,1) random variables, has at least one
real root.

Hint: By the quadratic formula, the polynomial az? + bz + ¢ has a real root if and only
if b — 4ac > 0.

Let X and Y each have support (0,00) marginally, and suppose that the joint PDF
fx,y of X and Y is positive for 0 < x < y and 0 otherwise.

(a) What is the support of the conditional PDF of Y given X = z?

(b) Show that X and Y can’t be independent.

The volume of a region in n-dimensional Euclidean space R" is the integral of 1 over
that region. The unit ball in R™ is {(z1,...,2n) : 23 + --- + 22 < 1}, the ball of radius
1 centered at 0. As mentioned in Section A.7 of the math appendix, the volume of the

unit ball in n dimensions is

n/2
T
Uy =

T Tnj2+1)
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where I' is the gamma function, a very famous function which is defined by

F(a)z/ xae_$@
0

T

for all a > 0, and which will play an important role in the next chapter. A few useful
facts about the gamma function (which you can assume) are that I'(a + 1) = al'(a)
for any a > 0, and that I'(1) = 1 and I'(3) = /7. Using these facts, it follows that
I'(n) = (n — 1)! for n a positive integer, and we can also find I'(n + %) when n is a
nonnegative integer. For practice, please verify that vo = 7 (the area of the unit disk in
2 dimensions) and vs = 37 (the volume of the unit ball in 3 dimensions).

Let U1, Us,...,Un ~ Unif(—1,1) be i.i.d.
(a) Find the probability that (Ui, Us,...,U,) is in the unit ball in R".

(b) Evaluate the result from (a) numerically for n = 1,2,...,10, and plot the results
(using a computer unless you are extremely good at making hand-drawn graphs). The
facts above about the gamma function are sufficient so that you can do this without
doing any integrals, but you can also use the command gamma in R to compute the
gamma function.

(c) Let ¢ be a constant with 0 < ¢ < 1, and let X,, count how many of the U; satisfy
|U;| > c¢. What is the distribution of X,,?

(d) For ¢ = 1/4/2, use the result of Part (c) to give a simple, short derivation of what
happens to the probability from (a) as n — oco.

24. (® Two students, A and B, are working independently on homework (not necessarily for
the same class). Student A takes Y1 ~ Expo(A1) hours to finish his or her homework,
while B takes Y2 ~ Expo(A2) hours.

(a) Find the CDF and PDF of Y1/Y3, the ratio of their problem-solving times.

(b) Find the probability that A finishes his or her homework before B does.

25. Two companies, Company 1 and Company 2, have just been founded. Stock market
crashes occur according to a Poisson process with rate \g. Such a crash would put both
companies out of business. For j € {1,2}, there may be an adverse event “of type j,”
which puts Company j out of business (if it is not already out of business) but does not
affect the other company; such events occur according to a Poisson process with rate A;.
If there has not been a stock market crash or an adverse event of type 7, then company
j remains in business. The three Poisson processes are independent of each other. Let
X1 and X3 be how long Company 1 and Company 2 stay in business, respectively.

(a) Find the marginal distributions of X; and Xo.

(b) Find P(X1 > x1, X2 > 22), and use this to find the joint CDF of X; and Xo.

26. (® The bus company from Blissville decides to start service in Blotchville, sensing a
promising business opportunity. Meanwhile, Fred has moved back to Blotchville. Now
when Fred arrives at the bus stop, either of two independent bus lines may come by
(both of which take him home). The Blissville company’s bus arrival times are exactly
10 minutes apart, whereas the time from one Blotchville company bus to the next is
Expo(%). Fred arrives at a uniformly random time on a certain day.

(a) What is the probability that the Blotchville company bus arrives first?

Hint: One good way is to use the continuous law of total probability.

(b) What is the CDF of Fred’s waiting time for a bus?
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27. A longevity study is being conducted on n married hobbit couples. Let p be the proba-
bility that an individual hobbit lives at least until his or her eleventy-first birthday, and
assume that the lifespans of different hobbits are independent. Let No, N1, N2 be the
number of couples in which neither hobbit reaches age eleventy-one, one hobbit does
but not the other, and both hobbits reach eleventy-one, respectively.

(a) Find the joint PMF of Ng, N1, N».

(b) Using (a) and the definition of conditional probability, find the conditional PMF of
N given this information, up to a normalizing constant (that is, you do not need to
find the normalizing constant in this part, but just to give a simplified expression that
is proportional to the conditional PMF). For simplicity, you can and should ignore mul-
tiplicative constants in this part; this includes multiplicative factors that are functions
of h, since h is now being treated as a known constant.

(¢) Now obtain the conditional PMF of N; using a direct counting argument, now
including any needed normalizing constants so that you are providing a valid conditional
PMF.

(d) Discuss intuitively whether or not p should appear in the answer to (c).

(e) What is the conditional expectation of Na, given the above information (simplify
fully)? This can be done without doing any messy sums, and without having done (b)
or (c).

28. There are n stores in a shopping center, labeled from 1 to n. Let X; be the number
of customers who visit store ¢ in a particular month, and suppose that X1, Xo,..., X,
are i.i.d. with PMF p(z) = P(X; = z). Let I ~ DUnif(1,2,...,n) be the label of a
randomly chosen store, so X7 is the number of customers at a randomly chosen store.

(a) For i # j, find P(X; = X;) in terms of a sum involving the PMF p(z).
(b) Find the joint PMF of I and X;. Are they independent?

(¢) Does X;, the number of customers for a random store, have the same marginal
distribution as X7, the number of customers for store 17

(d) Let J ~ DUnif(1,2,...,n) also be the label of a randomly chosen store, with I and
J independent. Find P(X; = X ) in terms of a sum involving the PMF p(z). How does
P(X1 = X) compare to P(X; = X;) for fixed i,7 with i # 57

29. Let X and Y be i.i.d. Geom(p), L = min(X,Y), and M = max(X,Y).

(a) Find the joint PMF of L and M. Are they independent?

(b) Find the marginal distribution of L in two ways: using the joint PMF, and using a
story.

(c) Find EM.
Hint: A quick way is to use (b) and the fact that L+ M = X 4+ Y.

(d) Find the joint PMF of L and M — L. Are they independent?
30. Let X,Y have the joint CDF

Flz,y)=1—e¢"—e ¥+ (;<904r144r93«‘11)7

for z > 0,y > 0 (and F(x,y) = 0 otherwise), where the parameter 6 is a constant in
[0, 1].

(a) Find the joint PDF of X,Y. For which values of 0 (if any) are they independent?

(b) Explain why we require 6 to be in [0, 1].
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31.

32.

33.

34.

35.

36.

37.

Introduction to Probability

(¢) Find the marginal PDFs of X and Y by working directly from the joint PDF from
(a). When integrating, do not use integration by parts or computer assistance; rather,
pattern match to facts we know about moments of famous distributions.

(d) Find the marginal CDFs of X and Y by working directly from the joint CDF.

2D LOTUS

® Let X and Y be i.i.d. Unif(0, 1). Find the standard deviation of the distance between
X and Y.

® Let X, Y beii.d. Expo()). Find E|X —Y| in two different ways: (a) using 2D LOTUS
and (b) using the memoryless property without any calculus.

Alice walks into a post office with 2 clerks. Both clerks are in the midst of serving
customers, but Alice is next in line. The clerk on the left takes an Expo(A1) time to
serve a customer, and the clerk on the right takes an Expo(A2) time to serve a customer.
Let T be the amount of time Alice has to wait until it is her turn.

(a) Write down expressions for the mean and variance of T', in terms of double integrals
(which you do not need to evaluate).

(b) Find the distribution, mean, and variance of T', without using calculus.

Let (X,Y) be a uniformly random point in the triangle in the plane with vertices
(0,0),(0,1),(1,0). Find Cov(X,Y). (Exercise 18 is about joint, marginal, and condi-
tional PDFs in this setting.)

A random point is chosen uniformly in the unit disk {(z,%) : 2* +3® < 1}. Let R be its
distance from the origin.

(a) Find E(R) using 2D LOTUS.

Hint: To do the integral, convert to polar coordinates (see the math appendix).

(b) Find the CDFs of R? and of R without using calculus, using the fact that for a
Uniform distribution on a region, probability within that region is proportional to area.
Then get the PDFs of R? and of R, and find E(R) in two more ways: using the definition
of expectation, and using a 1D LOTUS by thinking of R as a function of R2.

Let X and Y be discrete r.v.s.

(a) Use 2D LOTUS (without assuming linearity) to show that E(X+Y) = E(X)+E(Y).
(b) Now suppose that X and Y are independent. Use 2D LOTUS to show that E(XY) =
E(X)E(Y).

Let X and Y be i.i.d. continuous random variables with PDF f, mean u, and variance

o%. We know that the expected squared distance of X from its mean is o2, and likewise
for Y; this problem is about the expected squared distance of X from Y.

(a) Use 2D LOTUS to express F(X —Y)? as a double integral.

(b) By expanding (z — y)? = x? — 22y + 4> and evaluating the double integral from (a),
show that
E(X —Y)? =20°

(c) Give an alternative proof of the result from (b), based on the trick of adding and
subtracting pu:

(X =Y =X —pt+p—-Y) = (X —p)?*=2(X —p)(Y —p) + (Y — p)”.
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Covariance

38. (® Let X and Y be r.v.s. Is it correct to say “max(X,Y) +min(X,Y) =X +Y"?Is it
correct to say “Cov(max(X,Y), min(X,Y)) = Cov(X,Y) since either the max is X and
the min is Y or vice versa, and covariance is symmetric”? Explain.

39. (® Two fair six-sided dice are rolled (one green and one orange), with outcomes X and
Y respectively for the green and the orange.

(a) Compute the covariance of X +Y and X — Y.

(b) Are X +Y and X — Y independent?
40. Let X and Y be iid. Unif(0,1).

(a) Compute the covariance of X +Y and X — Y.

(b) Are X +Y and X — Y independent?

41. ® Let X and Y be standardized r.v.s (i.e., marginally they each have mean 0 and
variance 1) with correlation p € (—1,1). Find a,b,¢,d (in terms of p) such that Z =
aX +bY and W = cX + dY are uncorrelated but still standardized.

42.  (® Let X be the number of distinct birthdays in a group of 110 people (i.e., the number
of days in a year such that at least one person in the group has that birthday). Under
the usual assumptions (no February 29, all the other 365 days of the year are equally
likely, and the day when one person is born is independent of the days when the other
people are born), find the mean and variance of X.

43. (a) Let X and Y be Bernoulli r.v.s, possibly with different parameters. Show that if X
and Y are uncorrelated, then they are independent.

(b) Give an example of three Bernoulli r.v.s such that each pair of them is uncorrelated,
yet the three r.v.s are dependent.

44. Find the variance of the number of toys needed until you have a complete set in Exam-
ple 4.3.11 (the coupon collector problem).

45. A random triangle is formed in some way, such that the angles are identically distributed.
What is the correlation between two of the angles (assuming that the variance of the
angles is nonzero)?

46. Each of n > 2 people puts his or her name on a slip of paper (no two have the same
name). The slips of paper are shuffled in a hat, and then each person draws one (uni-
formly at random at each stage, without replacement). Find the standard deviation of
the number of people who draw their own names.

47. (® Athletes compete one at a time at the high jump. Let X; be how high the jth
jumper jumped, with X, X»2,... i.i.d. with a continuous distribution. We say that the
jth jumper sets a record if X is greater than all of X;_1,..., X1.

Find the variance of the number of records among the first n jumpers (as a sum). What
happens to the variance as n — co?

48. (® A chicken lays a Pois(\) number N of eggs. Each egg hatches a chick with probability
p, independently. Let X be the number which hatch, so X|N = n ~ Bin(n, p).
Find the correlation between N (the number of eggs) and X (the number of eggs which
hatch). Simplify; your final answer should work out to a simple function of p (the A
should cancel out).

49. Let X1,..., X, be random variables such that Corr(X;, X;) = p for all i # j. Show that
p > ——1-. This is a bound on how negatively correlated a collection of r.v.s can all be

n—1"
with each other.

Hint: Assume Var(X;) = 1 for all ¢; this can be done without loss of generality, since
rescaling two r.v.s does not affect the correlation between them. Then use the fact that
Var(X; +---+ X,) > 0.
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50. Let X and Y be independent r.v.s. Show that
Var(XY) = Var(X)Var(Y) + (EX)*Var(Y) + (EY)*Var(X).

Hint: Tt is often useful when working with a second moment E(T?) to write it as Var(T')+
(ET)*.

51. Stat 110 shirts come in 3 sizes: small, medium, and large. There are n shirts of each
size (where n > 2). There are 3n students. For each size, n of the students have that
size as the best fit. This seems ideal. But suppose that instead of giving each student
the right size shirt, each student is given a shirt completely randomly (all allocations of
the shirts to the students, with one shirt per student, are equally likely). Let X be the
number of students who get their right size shirt.

(a) Find E(X).

(b) Give each student an ID number from 1 to 3n, such that the right size shirt is small
for students 1 through n, medium for students n + 1 through 2n, and large for students
2n + 1 through 3n. Let A; be the event that student j gets their right size shirt. Find
]:)(1417 AQ) and P(A417 An+1).

(¢) Find Var(X).

52.  (® A drunken man wanders around randomly in a large space. At each step, he moves
one unit of distance North, South, Fast, or West, with equal probabilities. Choose
coordinates such that his initial position is (0,0) and if he is at (z,y) at some time, then
one step later he is at (z,y + 1), (z,y — 1), (x + 1,y), or (z — 1,y). Let (X,,Y,) and R,
be his position and distance from the origin after n steps, respectively.

General hint: Note that X, is a sum of r.v.s with possible values —1,0, 1, and likewise
for Y,,, but be careful throughout the problem about independence.

(a) Determine whether or not X, is independent of Y.
(b) Find Cov(Xn, Yy).
(c) Find E(R2).
53.  (® A scientist makes two measurements, considered to be independent standard Normal
r.v.s. Find the correlation between the larger and smaller of the values.
Hint: Note that max(z,y) + min(z,y) = = + y and max(z,y) — min(z,y) = |z — y|.
54. Let U ~ Unif(—1,1) and V = 2|U| — 1.

(a) Find the distribution of V' (give the PDF and, if it is a named distribution we have
studied, its name and parameters).

Hint: Find the support of V, and then find the CDF of V' by reducing P(V < v) to
probability calculations about U.

(b) Show that U and V are uncorrelated, but not independent. This is also another
example illustrating the fact that knowing the marginal distributions of two r.v.s does
not determine the joint distribution.

55.  (® Consider the following method for creating a bivariate Poisson (a joint distribution
for two r.v.s such that both marginals are Poissons). Let X =V + WY =V + Z where
V,W, Z are i.i.d. Pois(\) (the idea is to have something borrowed and something new
but not something old or something blue).

(a) Find Cov(X,Y).
(b) Are X and Y independent? Are they conditionally independent given V7

(c) Find the joint PMF of X,Y (as a sum).
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56. You are playing an exciting game of Battleship. Your opponent secretly positions ships
on a 10 by 10 grid and you try to guess where the ships are. Each of your guesses is a
hit if there is a ship there and a miss otherwise.

The game has just started and your opponent has 3 ships: a battleship (length 4), a
submarine (length 3), and a destroyer (length 2). (Usually there are 5 ships to start, but
to simplify the calculations we are considering 3 here.) You are playing a variation in
which you unleash a salvo, making 5 simultaneous guesses. Assume that your 5 guesses
are a simple random sample drawn from the 100 grid positions.

Find the mean and variance of the number of distinct ships you will hit in your salvo.
(Give exact answers in terms of binomial coefficients or factorials, and also numerical
values computed using a computer.)

Hint: First work in terms of the number of ships missed, expressing this as a sum of
indicator r.v.s. Then use the fundamental bridge and naive definition of probability,
which can be applied since all sets of 5 grid positions are equally likely.

57. This problem explores a visual interpretation of covariance. Data are collected for n >
2 individuals, where for each individual two variables are measured (e.g., height and
weight). Assume independence across individuals (e.g., person 1’s variables gives no
information about the other people), but not within individuals (e.g., a person’s height
and weight may be correlated).

Let (z1,41),---, (Zn,yn) be the n data points. The data are considered here as fixed,
known numbers—they are the observed values after performing an experiment. Imagine
plotting all the points (z;,y;) in the plane, and drawing the rectangle determined by
each pair of points. For example, the points (1,3) and (4,6) determine the rectangle
with vertices (1, 3), (1, 6), (4,6), (4,3).

The signed area contributed by (x;,y;) and (z;,y;) is the area of the rectangle they
determine if the slope of the line between them is positive, and is the negative of the
area of the rectangle they determine if the slope of the line between them is negative.
(Define the signed area to be 0 if z; = z; or y; = y;, since then the rectangle is
degenerate.) So the signed area is positive if a higher x value goes with a higher y value
for the pair of points, and negative otherwise. Assume that the x; are all distinct and
the y; are all distinct.

(a) The sample covariance of the data is defined to be

where
1< 1 —
T = — z; and § = — i

are the sample means. (There are differing conventions about whether to divide by
n — 1 or n in the definition of sample covariance, but that need not concern us for this
problem.)

Let (X,Y) be one of the (z;,y;) pairs, chosen uniformly at random. Determine precisely
how Cov(X,Y) is related to the sample covariance.

(b) Let (X,Y) be as in (a), and (X,Y) be an independent draw from the same distribu-
tion. That is, (X,Y") and (X', }N/) are randomly chosen from the n points, independently
(so it is possible for the same point to be chosen twice).

Express the total signed area of the rectangles as a constant times E((X — X)(Y —Y)).
Then show that the sample covariance of the data is a constant times the total signed
area of the rectangles.

Hint: Consider E((X —X)(Y —Y)) in two ways: as the average signed area of the random
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rectangle formed by (X,Y) and (X,Y), and using properties of expectation to relate
it to Cov(X,Y). For the former, consider the n? possibilities for which point (X,Y) is
and which point (X,Y"); note that n such choices result in degenerate rectangles.

(c) Based on the interpretation from (b), give intuitive explanations of why for any r.v.s

Wi, Wa, W3 and constants a1, a2, covariance has the following properties:

(i) COV(W1, Wz) = COV(VVQ7 W1);

(ii) COV(CL1W1, aQWQ) = alaQCOV(Wl, Wz);

(iii) COV(W1 +a;, Wa + az) = COV(Wl, Wz);

) COV(VV17 Ws + Wg) = COV(W1, WQ) =+ COV(VV17 Wg).

58. A statistician is trying to estimate an unknown parameter 6 based on some data. She

has available two independent estimators él and ég (an estimator is a function of the
data, used to estimate a parameter). For example, 61 could be the sample mean of a
subset of the data and 6 could be the sample mean of another subset of the data,
disjoint from the subset used to calculate él. Assume that both of these estimators are
unbiased, i.e., E(6;) = 0.
Rather than having a bunch of separate estimators, the statistician wants one combined
estimator. It may not make sense to give equal weights to 6, and 0, since one could be
much more reliable than the other, so she decides to consider combined estimators of
the form

(iv

0= w0, + wzéz,
a weighted combination of the two estimators. The weights w; and w2 are nonnegative
and satisfy w1 + wa = 1.

(a) Check that 6 is also unbiased, i.e., E(6) = 6.

(b) Determine the optimal weights w1, w2, in terms of minimizing the mean squared
error E(6—0)?. Express your answer in terms of the variances of 6; and . The optimal
weights are known as Fisher weights.

Hint: As discussed in Exercise 55 from Chapter 5, mean squared error is variance plus
squared bias, so in this case the mean squared error of 0 is Var(f). Note that there is
no need for multivariable calculus here, since w2 =1 — w;.

(c) Give a simple description of what the estimator found in (b) amounts to if the data
are i.i.d. random variables Xi,..., Xn,Y1,..., Y, 01 is the sample mean of Xi,..., Xn,
and 62 is the sample mean of Yi,...,Y,,.

Chicken-egg

59.  (® A Pois(A) number of people vote in a certain election. Each voter votes for candidate
A with probability p and for candidate B with probability ¢ = 1 — p, independently of
all the other voters. Let V' be the difference in votes, defined as the number of votes for
A minus the number for B.

(a) Find E(V).
(b) Find Var(V).

60. A traveler gets lost N ~ Pois()\) times on a long journey. When lost, the traveler asks
someone for directions with probability p. Let X be the number of times that the traveler

is lost and asks for directions, and Y be the number of times that the traveler is lost
and does not ask for directions.

(a) Find the joint PMF of N, X,Y. Are they independent?
(b) Find the joint PMF of N, X. Are they independent?
(¢) Find the joint PMF of X,Y. Are they independent?
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61. The number of people who visit the Leftorium store in a day is Pois(100). Suppose that
10% of customers are sinister (left-handed), and 90% are dexterous (right-handed). Half
of the sinister customers make purchases, but only a third of the dexterous customers
make purchases. The characteristics and behavior of people are independent, with prob-
abilities as described in the previous two sentences. On a certain day, there are 42 people
who arrive at the store but leave without making a purchase. Given this information,
what is the conditional PMF of the number of customers on that day who make a
purchase?

62. A chicken lays n eggs. Each egg independently does or doesn’t hatch, with probability p
of hatching. For each egg that hatches, the chick does or doesn’t survive (independently
of the other eggs), with probability s of survival. Let N ~ Bin(n,p) be the number of
eggs which hatch, X be the number of chicks which survive, and Y be the number of
chicks which hatch but don’t survive (so X +Y = N). Find the marginal PMF of X,
and the joint PMF of X and Y. Are X and Y independent?

63. There will be X ~ Pois(\) courses offered at a certain school next year.

(a) Find the expected number of choices of 4 courses (in terms of A, fully simplified),
assuming that simultaneous enrollment is allowed if there are time conflicts.

(b) Now suppose that simultaneous enrollment is not allowed. Suppose that most faculty
only want to teach on Tuesdays and Thursdays, and most students only want to take
courses that start at 10 am or later, and as a result there are only four possible time
slots: 10 am, 11:30 am, 1 pm, 2:30 pm (each course meets Tuesday-Thursday for an hour
and a half, starting at one of these times). Rather than trying to avoid major conflicts,
the school schedules the courses completely randomly: after the list of courses for next
year is determined, they randomly get assigned to time slots, independently and with
probability 1/4 for each time slot.

Let Xam and Xpm be the number of morning and afternoon courses for next year,
respectively (where “morning” means starting before noon). Find the joint PMF of
Xam and Xpm, i.e., find P(Xam = a, Xpm = b) for all a,b.

(c¢) Continuing as in (b), let X1, X2, X3, X4 be the number of 10 am, 11:30 am, 1 pm, 2:30
pm courses for next year, respectively. What is the joint distribution of X1, Xo, X3, X4?
(The result is completely analogous to that of Xam, Xpm; you can derive it by thinking
conditionally, but for this part you are also allowed to just use the fact that the result
is analogous to that of (b).) Use this to find the expected number of choices of 4 non-
conflicting courses (in terms of A, fully simplified). What is the ratio of the expected
value from (a) to this expected value?

Multinomial

64. ® Let (X1,...,Xx) be Multinomial with parameters n and (p1,...,px). Use indicator
r.v.s to show that Cov(X;, X;) = —npsp; for i # j.

65. (& Consider the birthdays of 100 people. Assume people’s birthdays are independent,
and the 365 days of the year (exclude the possibility of February 29) are equally likely.
Find the covariance and correlation between how many of the people were born on
January 1 and how many were born on January 2.

66. A certain course has a freshmen, b sophomores, ¢ juniors, and d seniors. Let X be the
number of freshmen and sophomores (total), Y be the number of juniors, and Z be the
number of seniors in a random sample of size n, where for Part (a) the sampling is with
replacement and for Part (b) the sampling is without replacement (for both parts, at
each stage the allowed choices have equal probabilities).

(a) Find the joint PMF of X,Y, Z, for sampling with replacement.
(b) Find the joint PMF of X, Y, Z, for sampling without replacement.
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67. ( A group of n > 2 people decide to play an exciting game of Rock-Paper-Scissors.
As you may recall, Rock smashes Scissors, Scissors cuts Paper, and Paper covers Rock
(despite Bart Simpson saying “Good old rock, nothing beats that!”).

Usually this game is played with 2 players, but it can be extended to more players as
follows. If exactly 2 of the 3 choices appear when everyone reveals their choice, say
a,b € {Rock, Paper, Scissors} where a beats b, the game is decisive: the players who
chose a win, and the players who chose b lose. Otherwise, the game is indecisive and the
players play again.

For example, with 5 players, if one player picks Rock, two pick Scissors, and two pick
Paper, the round is indecisive and they play again. But if 3 pick Rock and 2 pick Scissors,
then the Rock players win and the Scissors players lose the game.

Assume that the n players independently and randomly choose between Rock, Scissors,
and Paper, with equal probabilities. Let X,Y,Z be the number of players who pick
Rock, Scissors, Paper, respectively in one game.

(a) Find the joint PMF of X,Y, Z.
(b) Find the probability that the game is decisive. Simplify your answer.

(c) What is the probability that the game is decisive for n = 57 What is the limiting
probability that a game is decisive as n — oco? Explain briefly why your answer makes
sense.

68. (® Emails arrive in an inbox according to a Poisson process with rate A (so the number
of emails in a time interval of length ¢ is distributed as Pois(At), and the numbers of
emails arriving in disjoint time intervals are independent). Let X, Y, Z be the numbers of
emails that arrive from 9 am to noon, noon to 6 pm, and 6 pm to midnight (respectively)
on a certain day.

(a) Find the joint PMF of XY, Z.
(b) Find the conditional joint PMF of XY, Z given that X +Y + Z = 36.

(¢) Find the conditional PMF of X +Y given that X+Y +Z = 36, and find E(X+Y| X+
Y +Z =36) and Var(X +Y|X +Y + Z = 36) (conditional expectation and conditional
variance given an event are defined in the same way as expectation and variance, using
the conditional distribution given the event in place of the unconditional distribution).

69. Let X be the number of statistics majors in a certain college in the Class of 2030,
viewed as an r.v. Each statistics major chooses between two tracks: a general track in
statistical principles and methods, and a track in quantitative finance. Suppose that each
statistics major chooses randomly which of these two tracks to follow, independently,
with probability p of choosing the general track. Let Y be the number of statistics
majors who choose the general track, and Z be the number of statistics majors who
choose the quantitative finance track.

(a) Suppose that X ~ Pois(A). (This isn’t the exact distribution in reality since a
Poisson is unbounded, but it may be a very good approximation.) Find the correlation
between X and Y.

(b) Let n be the size of the Class of 2030, where n is a known constant. For this
part and the next, instead of assuming that X is Poisson, assume that each of the n
students chooses to be a statistics major with probability r, independently. Find the
joint distribution of Y, Z, and the number of non-statistics majors, and their marginal
distributions.

(¢) Continuing as in (b), find the correlation between X and Y.
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70. In humans (and many other organisms), genes come in pairs. Consider a gene of interest,
which comes in two types (alleles): type a and type A. The genotype of a person for that
gene is the types of the two genes in the pair: AA, Aa, or aa (aA is equivalent to Aa).
According to the Hardy-Weinberg law, for a population in equilibrium the frequencies of
AA, Aa, aa will be p?, 2p(1—p), (1 —p)? respectively, for some p with 0 < p < 1. Suppose
that the Hardy-Weinberg law holds, and that n people are drawn randomly from the
population, independently. Let X1, X2, X3 be the number of people in the sample with
genotypes AA, Aa, aa, respectively.

a) What is the joint PMF of X1, X2, X37
b) What is the distribution of the number of people in the sample who have an A?

¢) What is the distribution of how many of the 2n genes among the people are A’s?

(
(
(
(d) Now suppose that p is unknown, and must be estimated using the observed data

X1, X2, X3. The mazimum likelihood estimator (MLE) of p is the value of p for which
the observed data are as likely as possible. Find the MLE of p.

(e) Now suppose that p is unknown, and that our observations can’t distinguish between
AA and Aa. So for each person in the sample, we just know whether or not that person
is an aa (in genetics terms, AA and Aa have the same phenotype, and we only get to
observe the phenotypes, not the genotypes). Find the MLE of p.

Multivariate Normal

71. ® Let (X,Y) be Bivariate Normal, with X and Y marginally N(0,1) and with corre-
lation p between X and Y.

(a) Show that (X +Y,X —Y) is also Bivariate Normal.

(b) Find the joint PDF of X +Y and X — Y (without using calculus), assuming —1 <
p <1

72. Let the joint PDF of X and Y be

22 4P
fxy(z,y) =cexp (*5 - 3) for all z and y,

where c is a constant.
(a) Find c¢ to make this a valid joint PDF.
(b) What are the marginal distributions of X and Y'? Are X and Y independent?

() Is (X, Y) Bivariate Normal?
73. Let the joint PDF of X and Y be

2?2

2
Ixy(z,y) = cexp (77 — %) for zy > 0,

where ¢ is a constant (the joint PDF is 0 for zy < 0).
(a) Find c¢ to make this a valid joint PDF.
(b) What are the marginal distributions of X and Y? Are X and Y independent?

() Is (X,Y) Bivariate Normal?
74. Let X,Y,Z be i.i.d. N(0,1). Find the joint MGF of (X + 2Y,3X +4Z,5Y + 6Z2).
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75. Let X and Y be i.i.d. N(0,1), and let S be a random sign (1 or —1, with equal proba-
bilities) independent of (X,Y).

(a) Determine whether or not (X,Y, X +Y') is Multivariate Normal.
(b) Determine whether or not (X,Y,SX + SY) is Multivariate Normal.

(¢) Determine whether or not (SX,SY') is Multivariate Normal.
76. Let (X,Y) be Bivariate Normal with X ~ N(0,01) and Y ~ A(0,03) marginally and
with Corr(X,Y) = p. Find a constant ¢ such that ¥ — ¢X is independent of X.

Hint: First find ¢ (in terms of p, o1, 02) such that Y — ¢X and X are uncorrelated.

77. A mother and a father have 6 children. The 8 heights in the family (in inches) are
N(p,0%) r.v.s (with the same distribution, but not necessarily independent).

(a) Assume for this part that the heights are all independent. On average, how many of
the children are taller than both parents?

(b) Let X1 be the height of the mother, X> be the height of the father, and Yi,...,Ys
be the heights of the children. Suppose that (X1, X2, Y1, ..., Ys) is Multivariate Normal,
with A'(u, %) marginals and Corr(X1,Y;) = p for 1 < j < 6, with p < 1. On average,
how many of the children are more than 1 inch taller than their mother?

Mixed practice

78. Cars pass by a certain point on a road according to a Poisson process with rate A
cars/minute. Let Ny ~ Pois(At) be the number of cars that pass by that point in the
time interval [0, ¢], with ¢ measured in minutes.

(a) A certain device is able to count cars as they pass by, but it does not record the
arrival times. At time 0, the counter on the device is reset to 0. At time 3 minutes,
the device is observed and it is found that exactly 1 car had passed by. Given this
information, find the conditional CDF of when that car arrived. Also describe in words
what the result says.

(b) In the late afternoon, you are counting blue cars. Each car that passes by is blue
with probability b, independently of all other cars. Find the joint PMF and marginal
PMFs of the number of blue cars and number of non-blue cars that pass by the point
in 10 minutes.

79. 1In a U.S. election, there will be V' ~ Pois(\) registered voters. Suppose each registered
voter is a registered Democrat with probability p and a registered Republican with
probability 1 — p, independent of other voters. Also, each registered voter shows up to
the polls with probability s and stays home with probability 1 — s, independent of other
voters and independent of their own party affiliation. In this problem, we are interested
in X, the number of registered Democrats who actually vote.

(a) What is the distribution of X, before we know anything about the number of regis-
tered voters?

(b) Suppose we learn that V' = v; that is, v people registered to vote. What is the
conditional distribution of X given this information?

(¢) Suppose we learn there were d registered Democrats and r registered Republicans
(where d + r = v). What is the conditional distribution of X given this information?

(d) Finally, we learn in addition to all of the above information that n people showed
up at the polls on election day. What is the conditional distribution of X given this
information?
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80. A certain college has m freshmen, m sophomores, m juniors, and m seniors. A certain
class there is a simple random sample of size n students, i.e., all sets of n of the 4m
students are equally likely. Let X1,..., X4 be the numbers of freshmen, ..., seniors in
the class.

(a) Find the joint PMF of X17X2,X3,X4.

(b) Give both an intuitive explanation and a mathematical justification for whether or
not the distribution from (a) is Multinomial.

(¢) Find Cov(X1, X3), fully simplified.

Hint: Take the variance of both sides of X1 + X5 + X3 + X4 = n.

81. Let X ~ Expo(A) and let Y be a random variable, discrete or continuous, whose MGF
M is finite everywhere. Show that P(Y < X) = M(c) for a certain value of ¢, which
you should specify.

82. To test for a certain disease, the level of a certain substance in the blood is measured.
Let T be this measurement, considered as a continuous r.v. The patient tests positive
(i-e., is declared to have the disease) if T > to and tests negative if T' < ¢, where to
is a threshold decided upon in advance. Let D be the indicator of having the disease.
As discussed in Example 2.3.9, the sensitivity of the test is the probability of testing
positive given that the patient has the disease, and the specificity of the test is the
probability of testing negative given that the patient does not have the disease.

(a) The ROC (receiver operator characteristic) curve of the test is the plot of sensitivity
vs. 1 minus specificity, where sensitivity (the vertical axis) and 1 minus specificity (the
horizontal axis) are viewed as functions of the threshold to. ROC curves are widely
used in medicine and engineering as a way to study the performance of procedures for
classifying individuals into two groups (in this case, the two groups are “diseased people”
and “non-diseased people”).

Given that D = 1, T has CDF G and PDF g; given that D = 0, T has CDF H and
PDF h. Here g and h are positive on an interval [a, b] and 0 outside this interval. Show
that the area under the ROC curve is the probability that a randomly selected diseased
person has a higher T" value than a randomly selected non-diseased person.

(b) Explain why the result of (a) makes sense in two extreme cases: when g = h, and
when there is a threshold ¢¢ such that P(T > to|D = 1) and P(T < to|D = 0) are very
close to 1.

83. Let J be Discrete Uniform on {1,2,...,n}.

(a) Find E(J) and Var(J), fully simplified, using results from Section A.8 of the math
appendix.

(b) Discuss intuitively whether the results in (a) should be approximately the same as
the mean and variance (respectively) of a Uniform distribution on a certain interval.

(c) Let Xq,...,Xn beiid. N(0,1) r.v.s, and let Ry,..., R, be their ranks (the smallest
X, has rank 1, the next has rank 2, ..., and the largest has rank n). Explain why

n—1
R,=1+)Y_1I;,
j=1

where I; = I(X, > Xj). Then use this to find E(R,) and Var(R,) directly using
symmetry, linearity, the fundamental bridge, and properties of covariance.

(d) Explain how the results of (a) and (c) relate. Then prove the identities
< n(n+1) "N o nn+1)(2n+1)
= d = -
;J 5 an ;J 5 ,

using probability (rather than induction).
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84. (8 A network consists of n nodes, each pair of which may or may not have an edge
joining them. For example, a social network can be modeled as a group of n nodes
(representing people), where an edge between ¢ and j means they know each other.
Assume the network is undirected and does not have edges from a node to itself (for a
social network, this says that if ¢ knows j, then j knows ¢ and that, contrary to Socrates’
advice, a person does not know himself or herself). A clique of size k is a set of k nodes
where every node has an edge to every other node (i.e., within the clique, everyone
knows everyone). An anticlique of size k is a set of k nodes where there are no edges
between them (i.e., within the anticlique, no one knows anyone else). For example, the
picture below shows a network with nodes labeled 1,2,...,7, where {1, 2, 3,4} is a clique
of size 4, and {3,5, 7} is an anticlique of size 3.

iy
T -0

(a) Form a random network with n nodes by independently flipping fair coins to decide
for each pair {z,y} whether there is an edge joining them. Find the expected number
of cliques of size k (in terms of n and k).

(b) A triangle is a clique of size 3. For a random network as in (a), find the variance of
the number of triangles (in terms of n).

Hint: Find the covariances of the indicator random variables for each possible clique.

There are (g) such indicator r.v.s, some pairs of which are dependent.

k
*(c) Suppose that (Z) < 2(5)=1. Show that there is a network with n nodes containing
no cliques of size k or anticliques of size k.

Hint: Explain why it is enough to show that for a random network with n nodes, the
probability of the desired property is positive; then consider the complement.

85. (® Shakespeare wrote a total of 884647 words in his known works. Of course, many
words are used more than once, and the number of distinct words in Shakespeare’s
known writings is 31534 (according to one computation). This puts a lower bound on
the size of Shakespeare’s vocabulary, but it is likely that Shakespeare knew words which
he did not use in these known writings.

More specifically, suppose that a new poem of Shakespeare were uncovered, and consider
the following (seemingly impossible) problem: give a good prediction of the number of
words in the new poem that do not appear anywhere in Shakespeare’s previously known
works.

Ronald Thisted and Bradley Efron studied this problem in the papers [9] and [10],
developing theory and methods and then applying the methods to try to determine
whether Shakespeare was the author of a poem discovered by a Shakespearean scholar
in 1985. A simplified version of their method is developed in the problem below. The
method was originally invented by Alan Turing (the founder of computer science) and
1.J. Good as part of the effort to break the German Enigma code during World War II.

Let N be the number of distinct words that Shakespeare knew, and assume these words
are numbered from 1 to N. Suppose for simplicity that Shakespeare wrote only two
plays, A and B. The plays are reasonably long and they are of the same length. Let X
be the number of times that word j appears in play A, and Y; be the number of times
it appears in play B, for 1 < j < N.
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(a) Explain why it is reasonable to model X; as being Poisson, and Y; as being Poisson
with the same parameter as Xj.

(b) Let the numbers of occurrences of the word “eyeball” (which was coined by
Shakespare) in the two plays be independent Pois(A) r.v.s. Show that the probability
that “eyeball” is used in play B but not in play A is

e M= NZ/20 4 NP3 — At a 4 ).

(¢) Now assume that A from (b) is unknown and is itself taken to be a random variable
to reflect this uncertainty. So let A have a PDF fy. Let X be the number of times the
word “eyeball” appears in play A and Y be the corresponding value for play B. Assume
that the conditional distribution of X,Y given X is that they are independent Pois(\)
r.v.s. Show that the probability that “eyeball” is used in play B but not in play A is
the alternating series

P(X=1)—P(X=2)+P(X=3)—P(X =4) +....
Hint: Condition on A and use (b).

(d) Assume that every word’s numbers of occurrences in A and B are distributed as in
(c), where A may be different for different words but fy is fixed. Let W; be the number of
words that appear exactly j times in play A. Show that the expected number of distinct
words appearing in play B but not in play A is

E(W1) — E(Ws) + E(Ws) — E(Wa) + ...

(This shows that Wy — Wo + W3 — Wy + ... is an unbiased predictor of the number of
distinct words appearing in play B but not in play A: on average it is correct. Moreover,
it can be computed just from having seen play A, without needing to know fo or any of
the A;. This method can be extended in various ways to give predictions for unobserved
plays based on observed plays.)






8

Transformations

The topic for this chapter is transformations of random variables and random vec-
tors. After applying a function to a random variable X or random vector X, the goal
is to find the distribution of the transformed random variable or joint distribution
of the random vector.

Transformations of random variables appear all over the place in statistics. Here are
a few examples, to preview the kinds of transformations we’ll be looking at in this
chapter.

o Unit conversion: In one dimension, we've already seen how standardization and
location-scale transformations can be useful tools for learning about an entire
family of distributions. A location-scale change is linear, converting an r.v. X to
the r.v. Y = aX + b where a and b are constants (with a > 0).

There are also many situations in which we may be interested in nonlinear trans-
formations, e.g., converting from the dollar-yen exchange rate to the yen-dollar
exchange rate, or converting information like “Janet’s waking hours yesterday
consisted of 8 hours of work, 4 hours visiting friends, and 4 hours surfing the web”
to the format “Janet was awake for 16 hours yesterday; she spent % of that time
working, i of that time visiting friends, and i of that time surfing the web”. The
change of variables formula, which is the first result in this chapter, shows what
happens to the distribution when a random vector is transformed.

e Sums and averages as summaries: It is common in statistics to summarize n
observations by their sum or average. Turning X1, ..., X, into the sum 7" = X7 +
-+ 4+ X, or the sample mean X,, = T'/n is a transformation from R" to R.

The term for a sum of independent random variables is convolution. We have
already encountered stories and MGF's as two techniques for dealing with convo-
lutions. In this chapter, convolution sums and integrals, which are based on the
law of total probability, will give us another way of obtaining the distribution of
a sum of r.v.s.

e FExtreme values: In many contexts, we may be interested in the distribution of
the most extreme observations. For disaster preparedness, government agencies
may be concerned about the most extreme flood or earthquake in a 100-year
period; in finance, a portfolio manager with an eye toward risk management will
want to know the worst 1% or 5% of portfolio returns. In these applications,
we are concerned with the maximum or minimum of a set of observations. The

339
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transformation that sorts observations, turning X, ..., X, into the order statistics
min(Xy,..., Xy),...,max(X1,...,X,), is a transformation from R™ to R" that is
not invertible. Order statistics are addressed in the last section in this chapter.

Furthermore, it is especially important to us to understand transformations because
of the approach we’ve taken to learning about the named distributions. Starting
from a few basic distributions, we have defined other distributions as transforma-
tions of these elementary building blocks, in order to understand how the named
distributions are related to one another. We’ll continue in that spirit here as we in-
troduce two new distributions, the Beta and Gamma, which generalize the Uniform
and Exponential.

We already have quite a few tools in our toolbox for dealing with transformations,
so let’s review those briefly. First, if we are only looking for the expectation of
g(X), LOTUS shows us the way: it tells us that the PMF or PDF of X is enough
for calculating E(g(X)). LOTUS also applies to functions of several r.v.s, as we
learned in the previous chapter.

If we need the full distribution of g(X), not just its expectation, our approach
depends on whether X is discrete or continuous.

e In the discrete case, we get the PMF of ¢g(X) by translating the event g(X) =y
into an equivalent event involving X. To do so, we look for all values x such that
g(x) = y; as long as X equals any of these z’s, the event g(X) = y will occur. This
gives the formula

Pg(X)=y)= Y PX=a).

zig(z)=y

For a one-to-one g, the situation is particularly simple, because there is only one
value of = such that g(z) = y, namely g~'(y). Then we can use

to convert between the PMFs of g(X) and g(X), as also discussed in Section 3.7.
For example, it is extremely easy to convert between the Geometric and First
Success distributions.

e In the continuous case, a universal approach is to start from the CDF of g(X), and
translate the event g(X) < y into an equivalent event involving X . For general g,
we may have to think carefully about how to express g(X) < y in terms of X, and
there is no easy formula we can plug into. But when g is continuous and strictly
increasing, the translation is easy: g(X) < y is the same as X < g~!(y), so

Fyoy(y) =P(g(X) <y)=P(X < g7 '(y)) = Fx(g7' ()

We can then differentiate with respect to y to get the PDF of g(X). This gives a
one-dimensional version of the change of variables formula, which generalizes to
invertible transformations in multiple dimensions.
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8.1 Change of variables

Theorem 8.1.1 (Change of variables in one dimension). Let X be a continuous
r.v. with PDF fx, and let Y = g(X), where g is differentiable and strictly increasing
(or strictly decreasing). Then the PDF of Y is given by

dx

fy(y) = fx(z) i

Y

where x = g~!(y). The support of Y is all g(x) with = in the support of X.

Proof. Let g be strictly increasing. The CDF of Y is
Fy(y) = P(Y <y) = P(9(X) <y) = P(X < g7'(y)) = Fx(9~'(y)) = Fx(),
so by the chain rule, the PDF of Y is
dx

= T)—.
fr(y) = fx(z) &y
The proof for g strictly decreasing is analogous. In that case the PDF ends up as
—f X(x)g—z, which is nonnegative since % < 0 if g is strictly decreasing. Using ‘%”
as in the statement of the theorem, covers both cases.

When applying the change of variables formula, we can choose whether to compute

Zl% or to compute % and then take the reciprocal. By the chain rule, these give
the same result, so we can do whichever is easier. Either way, in the end we should

express the PDF of Y as a function of y.

The change of variables formula (in the strictly increasing g case) is easy to remem-
ber when written in the form

fy(y)dy = fx(x)dz,

which has an aesthetically pleasing symmetry to it. This formula also makes sense if
we think about units. For example, let X be a measurement in inches and ¥ = 2.54X
be the conversion into centimeters (cm). Then the units of fx(z) are inches™*
and the units of fy(y) are cm™!, so it would be absurd to say something like
“fy(y) = fx(z)”. But dz is measured in inches and dy is measured in cm, so fy (y)dy
and fx(x)dz are unitless quantities, and it makes sense to equate them. Better yet,
fx(z)dz and fy(y)dy have probability interpretations (recall from Chapter 5 that
fx(z)dz is essentially the probability that X is in a tiny interval of length dz,
centered at x), which makes it easier to think intuitively about what the change of
variables formula is saying.

The next two examples derive the PDFs of two r.v.s that are defined as transforma-
tions of a standard Normal r.v. In the first example the change of variables formula
applies; in the second example it does not.
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Example 8.1.2 (Log-Normal PDF). Let X ~ AN(0,1), Y = e*. In Chapter 6
we named the distribution of Y the Log-Normal, and we found all of its moments
using the MGF of the Normal distribution. Now we can use the change of variables
formula to find the PDF of Y, since g(x) = €” is strictly increasing. Let y = €*, so
x =logy and dy/dx = e*. Then

dx

fr(y) = fx(x) a y > 0.

1 1
= — = (1 -
pla) = = ¢(log y)y,

Note that after applying the change of variables formula, we write everything on
the right-hand side in terms of y, and we specify the support of the distribution. To
determine the support, we just observe that as x ranges from —oo to oo, e* ranges
from 0 to co.

We can get the same result by working from the definition of the CDF, translating
the event Y < y into an equivalent event involving X. For y > 0,

Fy(y) = P(Y <y)=P(e* <y)=P(X <logy) = ®(logy),

so the PDF is again

d 1
fy(y) = —®(logy) = ¢(logy)—, y>0.
v (y) dy( ) =( )y

O

Example 8.1.3 (Chi-Square PDF). Let X ~ N(0,1), Y = X2. The distribution
of Y is an example of a Chi-Square distribution, which is formally introduced in
Chapter 10. To find the PDF of Y, we can no longer apply the change of variables
formula because g(x) = 22 is not one-to-one; instead we start from the CDF. By
drawing the graph of y = g(x) = 2%, we can see that the event X2 < y is equivalent
to the event —/y < X < ,/y. Then

Fy(y) = P(X* <y) = P(-Vy < X <) = (V) — (—/y) = 20(Vy) — 1,

fr (W) =20(/y) - 5@/’1/2 =o(vy)y 2, y>o.

O

We can also use the change of variables formula to find the PDF of a location-scale
transformation.

Example 8.1.4 (PDF of a location-scale transformation). Let X have PDF fx,
and let Y = a + bX, with b # 0. Let y = a + bx, to mirror the relationship between
Y and X. Then % = b, so the PDF of Y is

dx y—a) 1
- (5

fy(y) = fx(z) a
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The change of variables formula generalizes to n dimensions, where it tells us how
to use the joint PDF of a random vector X to get the joint PDF of the transformed
random vector Y = g(X). The formula is analogous to the one-dimensional version,
but it involves a multivariate generalization of the derivative called a Jacobian
matriz; see sections A.6 and A.7 of the math appendix for more details.

Theorem 8.1.5 (Change of variables). Let X = (Xi,...,X,) be a continuous
random vector with joint PDF X, and let Y = ¢(X) where g is an invertible
function from R™ to R™. (The domain of g does not actually have to be all of R™,
but it does need to be large enough to contain the support of X, else g(X) could
be undefined!)

Let y = g(x), and suppose that all the partial derivatives g;? exist and are contin-

. . J
uous, so we can form the Jacobian matriz

Oz, Omy 0z,
Oyr Oy "' Oyn
ox
oy
Oz, Ozy Ozy
oy Oy ' Oyn

Also assume that the determinant of the Jacobian matrix is never 0. Then the joint

PDF of Y is
ox

Ix(y) = fx(x) dy

)

where the vertical bars say “take the absolute value of the determinant of 0x/dy”.

As in the 1D case,
-1

ox
oy

_|%
o ox

)

so we can compute whichever of the two is easier, and then at the end express the
joint PDF of Y as a function of y.

We will not prove the change of variables formula here, but the idea is to apply the
change of variables formula from multivariable calculus and the fact that if A is a
region in the support of X and B = {g(x) : x € A} is the corresponding region in
the support of Y, then X € A is equivalent to Y € B—they are the same event. So
P(X € A) = P(Y € B), which shows that

! fxc () = ! fy(y)dy.

The change of variables formula from multivariable calculus (which is reviewed
in the math appendix) can then be applied to the integral on the left, with the
substitution x = g~ 1(y).
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& 8.1.6. A crucial conceptual difference between transformations of discrete r.v.s
and transformations of continuous r.v.s is that with discrete r.v.s we don’t need a
Jacobian, while with continuous r.v.s we do need a Jacobian. For example, let X be
a positive r.v. and Y = X3. If X is discrete, then

P(Y =y) = P(X =y'/%)

converts between the PMFs. But if X is continuous, we need a Jacobian (which in
one dimension is just a derivative) to convert between the PDF's:

fy(w) = fx(x)- = fX(yl/3)?,;2/3'

Exercise 24 is a cautionary tale about someone who failed to use a Jacobian when
it was needed.
The next two examples apply the 2D change of variables formula.

Example 8.1.7 (Box-Muller). Let U ~ Unif(0, 27), and let 7' ~ Expo(1) be inde-
pendent of U. Define X = v/2T cosU and Y = v/2T'sinU. Find the joint PDF of
(X,Y). Are they independent? What are their marginal distributions?

Solution:

The joint PDF of U and T is

1
for(u,t) = 7€ 3

for u € (0,27) and ¢ > 0. Viewing (X,Y) as a point in the plane,
X2+ Y% =2T(cos* U +sin’U) = 2T

is the squared distance from the origin and U is the angle; that is, (v/2T, U) expresses
(X,Y) in polar coordinates.

Since we can recover (T, U) from (X,Y), the transformation is invertible, and the
change of variables formula applies. First, the Jacobian matrix

a(z,y) —V/2tsinu ﬁcosu

V2t cosu ﬁ sin u

has absolute determinant | — sin?u — cos?u| = 1. Then letting z = +/2tcosu,
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y = v/2tsinu to mirror the transformation from (U, T) to (X,Y), we have

for all real z and y. Once again, after applying the change of variables formula,
we write the right-hand side in terms of z and y, not ¢t and u, and we specify the
support of the joint distribution.

The joint PDF fx y factors into a function of x times a function of y, so X and Y
are independent. Furthermore, we recognize the joint PDF as the product of two
standard Normal PDFs, so X and Y are i.i.d. N(0,1)! This result is called the
Boz-Muller method for generating Normal r.v.s. O

Example 8.1.8 (Bivariate Normal joint PDF). In Chapter 7, we saw some prop-
erties of the Bivariate Normal distribution and found its joint MGF. Now let’s find
its joint PDF.

Let (Z,W) be BVN with A/(0,1) marginals and Corr(Z,W) = p. (If we want the
joint PDF when the marginals are not standard Normal, we can standardize both
components separately and use the result below.) Assume that —1 < p < 1 since
otherwise the distribution is degenerate (with Z and W perfectly correlated).

As shown in Example 7.5.10, we can construct (Z, W) as

Z=X
W =pX + 7Y,

with 7 = /1 — p? and X,Y ii.d. N(0,1). We also need the inverse transformation.
Solving Z = X for X, we have X = Z. Plugging this into W = pX +7Y and solving
for Y, we have

X=7Z

1
y=-Lz+-w
T T

The Jacobian is

S| =
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which has absolute determinant 1/7. So by the change of variables formula,

O(z,y) ‘
(z, w)

(W) = Fry (@) ‘

1
——(2+ (L2 + w)2)>
T T
1 1
= 5 exp (—272(22 +w? — 2pzw)>,

where in the last step we multiplied things out and used the fact that p?+72 = 1. O

8.2 Convolutions

A convolution is a sum of independent random variables. As we mentioned earlier, we
often add independent r.v.s because the sum is a useful summary of an experiment
(in n Bernoulli trials, we may only care about the total number of successes), and
because sums lead to averages, which are also useful (in n Bernoulli trials, the
proportion of successes).

The main task in this section is to determine the distribution of 7' = X + Y,
where X and Y are independent r.v.s whose distributions are known. In previous
chapters, we’ve already seen how stories and MGFs can help us accomplish this
task. For example, we used stories to show that the sum of independent Binomials
with the same success probability is Binomial, and that the sum of i.i.d. Geometrics
is Negative Binomial. We used MGFs to show that a sum of independent Normals
is Normal.

A third method for obtaining the distribution of 7" is by using a convolution sum or
integral. The formulas are given in the following theorem. As we’ll see, a convolution
sum is nothing more than the law of total probability, conditioning on the value of
either X or Y; a convolution integral is analogous.

Theorem 8.2.1 (Convolution sums and integrals). If X and Y are independent
discrete r.v.s, then the PMF of their sum T'= X + Y is

P(T=t)=)» P(Y =t—z)P(X =)
=Y P(X =t—y)P(Y =y).

If X and Y are independent continuous r.v.s, then the PDF of their sum T'= X +Y
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is
fr) = [ (e - o) fx(ado
- [ - wnwa

Proof. For the discrete case, we use LOTP, conditioning on X:
P(T=t)=) P(X+Y =X =2)P(X =)
=Y P(Y =t—z|X =2)P(X =)

=Y P(Y =t—z)P(X =x).

Conditioning on Y instead, we obtain the second formula for the PMF of T'.

® 8.2.2. We use the assumption that X and Y are independent in order to get
from P(Y =t —z|X = z) to P(Y =t — x) in the last step. We are only justified
in dropping the condition X = z if the conditional distribution of Y given X = z
is the same as the marginal distribution of Y, i.e., X and Y are independent. A
common mistake is to assume that after plugging in =z for X, we’ve “already used
the information” that X = x, when in fact we need an independence assumption to
drop the condition. Otherwise we destroy information without justification.

In the continuous case, since the value of a PDF at a point is not a probability, we
first calculate the CDF of T, using the continuous version of LOTP:

Pﬂw—ﬂX+Y§ﬁ_/wP@+Y§ﬂX—mh@Mn

— 00

= /oo PY <t—2x)fx(xz)dx

—00

= /OO Fy(t —z)fx(x)dz.

— 00

Again, we need independence to drop the condition X = z. To get the PDF, we
then differentiate with respect to t, interchanging the order of integration and dif-
ferentiation. Therefore

frin = [ T vl — @) fx ().

Conditioning on Y instead, we get the second formula for fr.

An alternative derivation uses the change of variables formula in two dimensions.
The only snag is that the change of variables formula requires an invertible trans-
formation from R? to R?, but (X,Y) ~ X +Y maps R? to R and is not invertible.
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We can get around this by adding a redundant component to the transformation, in
order to make it invertible. Accordingly, we consider the invertible transformation
(X,)Y) = (X +Y,X) (using (X,Y) — (X +Y,Y) would be equally valid). Once we
have the joint PDF of X +Y and X, we integrate out X to get the marginal PDF
of X +Y.

Let T=X4Y, W =X, and let t = z 4+ y, w = x. It may seem redundant to
give X the new name “W”, but doing this makes it easier to distinguish between
pre-transformation variables and post-transformation variables: we are transforming

(X,Y) — (T,W). Then

has absolute determinant equal to 1, so ‘ggfig‘ is also 1. Thus, the joint PDF of T
and W is

frw(t,w) = fxy(r,y) = fx(@)fy(y) = fx(w)fy(t —w),

and the marginal PDF of T is

fr(t) = / " frw (b w)dw = / " px (@) vt - 2)da,

in agreement with our result above. |

& 8.2.3. It is not hard to remember the convolution integral formula by reasoning
by analogy from
P(T=t)=)» PY =t-z)P(X =)
x

to

fr(t) = /OO fy (t — ) fx(x)de.

But care is still needed. For example, Exercise 24 shows that an analogous-looking
formula for the PDF of the product of two independent continuous r.v.s is wrong:
a Jacobian is needed (for convolutions, the absolute Jacobian determinant is 1 so it
isn’t noticeable in the convolution integral formula).

Since convolution sums are just the law of total probability, we have already used
them in previous chapters without mentioning the word convolution; see, for ex-
ample, the first and most tedious proof of Theorem 3.8.8 (sum of independent
Binomials), as well as the proof of Theorem 4.8.1 (sum of independent Poissons).
In the following examples, we find the distribution of a sum of Exponentials and a
sum of Uniforms using a convolution integral.

Example 8.2.4 (Exponential convolution). Let X,Y B Expo(A). Find the dis-
tribution of T'= X + Y.
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Solution:
For ¢t > 0, the convolution formula gives
0 ¢
o 0

where we restricted the integral to be from 0 to ¢ since we need t —x > 0 and z > 0
for the PDF's inside the integral to be nonzero. Simplifying, we have

t
fr(t) = A2 / e Mdx = N2te™™, for t > 0.
0

This is known as the Gamma(2, \) distribution. We will introduce the Gamma
distribution in detail in Section 8.4. g

Example 8.2.5 (Uniform convolution). Let X,Y big Unif(0, 1). Find the distri-
bution of T'= X +Y.

Solution:

The PDF of X (and of V) is

1, z€(0,1),
0, otherwise.

The convolution formula gives

o0

fr(t) = /OO Jy(t—z)fx(z)de = / g(t —x)g(z)dx.

—0o0
The integrand is 1 if and only if 0 < t—z < 1 and 0 < x < 1; this is a parallelogram-

shaped constraint. Equivalently, the constraint is max(0,¢ — 1) < < min(¢,1).

From Figure 8.1, we see that for 0 < ¢ < 1, x is constrained to be in (0,¢), and for
1 <t < 2, xis constrained to be in (t —1, 1). Therefore, the PDF of T" is a piecewise
linear function:

t
/da::t for0 <t <1,
0
- 1

fr(t)
/ dr=2—-t forl<t<?2.
t—1

Figure 8.2 plots the PDF of T'. It is shaped like a triangle with vertices at 0, 1, and
2, so it is called the Triangle(0, 1, 2) distribution.

Heuristically, it makes sense that T' is more likely to take on values near the mid-
dle than near the extremes: a value near 1 can be obtained if both X and Y are
moderate, if X is large but Y is small, or if Y is large but X is small. In contrast, a
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FIGURE 8.1
Region in the (¢, z)-plane where g(t — z)g(x) is 1.
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FIGURE 8.2
PDF of T'= X 4+ Y, where X and Y are i.i.d. Unif(0, 1).
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value near 2 is only possible if both X and Y are large. Thinking back to Example
3.2.5, the PMF of the sum of two die rolls was also shaped like a triangle. A single
die roll has a Discrete Uniform distribution on the integers 1 through 6, so in that
problem we were looking at a convolution of two Discrete Uniforms. So it makes
sense that the PDF we obtained here is similar in shape. O

8.3 Beta

In this section and the next, we will introduce two continuous distributions, the
Beta and Gamma, which are related to several named distributions we have already
studied and are also related to each other via a shared story. This is an interlude
from the subject of transformations, but we’ll eventually need to use a change of
variables to tie the Beta and Gamma distributions together.

The Beta distribution is a continuous distribution on the interval (0,1). It is a
generalization of the Unif(0, 1) distribution, allowing the PDF to be non-constant
on (0,1).

Definition 8.3.1 (Beta distribution). Anr.v. X is said to have the Beta distribution
with parameters a and b, a > 0 and b > 0, if its PDF is

1
f(z) =
= B
where the constant ((a, b) is chosen to make the PDF integrate to 1. We write this
as X ~ Beta(a,b).

Taking a = b = 1, the Beta(1,1) PDF is constant on (0,1), so the Beta(1,1) and
Unif(0, 1) distributions are the same. By varying the values of a and b, we get PDFs
with a variety of shapes; Figure 8.3 shows four examples. Here are a couple of general
patterns:

1 -2 o<z <,

e If a <1 and b < 1, the PDF is U-shaped and opens upward. If a > 1 and b > 1,
the PDF opens down.

e If a = b, the PDF is symmetric about 1/2. If a > b, the PDF favors values larger
than 1/2; if @ < b, the PDF favors values smaller than 1/2.

By definition, the constant S(a,b) satisfies

B(a,b) = /1 @11 — z)" .
0

An integral of this form is called a beta integral, and we will need to do some calculus
to derive a general formula for $(a,b). But in the special case where a and b are
positive integers, Thomas Bayes figured out how to do the integral using a story
proof rather than calculus!
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FIGURE 8.3
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Beta PDF's for various values of a and b.

Beta(2,1), Beta(5,5), Beta(2, 8).
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Story 8.3.2 (Bayes’ billiards). Show without using calculus that for any integers k

and n with 0 < k < n,
1
n\ n—k 1
1-— dx = .
/0 <k>:1:( x) x e

By telling two stories, we will show that the left-hand and right-hand sides are both
equal to P(X = k), where X is an r.v. that we will construct.

Solution:

Story 1: Start with n+1 balls, n white and 1 gray. Randomly throw each ball onto
the unit interval [0, 1], such that the positions of the balls are i.i.d. Unif(0, 1). Let
X be the number of white balls to the left of the gray ball; X is a discrete r.v. with
possible values 0, 1,...,n. Figure 8.4 illustrates the setup of our experiment.

To get the probability of the event X = k, we use LOTP, conditioning on the
position of the gray ball, which we’ll call B. Conditional on B = p, the number
of white balls landing to the left of p has a Bin(n,p) distribution, since we can
consider each of the white balls to be an independent Bernoulli trial, where
success is defined as landing to the left of p. Let f be the PDF of B; f(p) =
since B ~ Unif(0, 1). So

0= [ pex =z =piti= [ (7)r0-prtap

—O0—00—C0O0——C0CO—C0O0-

0 1

FIGURE 8.4
Bayes’ billiards. Here we throw n = 6 white balls and one gray ball onto the unit
interval, and we observe X = 2 balls to the left of the gray ball.

Story 2: Start with n + 1 balls, all white. Randomly throw each ball onto the
unit interval; then choose one ball at random and paint it gray. Again, let X be
the number of white balls to the left of the gray ball. By symmetry, any one of
the n 4 1 balls is equally likely to be painted gray, so

1
P(X:k):TH-l

fork=0,1,...,n

Here’s the crux: X has the same distribution in the two stories! It does not matter
whether we paint the gray ball first and then throw, or whether we throw first and
then paint the gray ball. So P(X = k) is the same in Story 1 and Story 2, and

L\ 4 1
1— nfkd - =
/0 (k:)p( ) p n+1
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for K =0,1,...,n. Despite the k’s in the integrand, the value of the integral doesn’t
depend on k. Substituting a — 1 for £ and b— 1 for n— k, this shows that for positive
integer values of a and b,

1 (a—1D)!(b—1)!
/B(a’ b) = — =
(a+b—-1)("73)  (a+b-1)!
Later in this chapter, we’ll learn what $(a,b) is for general a and b. O

The Beta is a flexible family of distributions on (0, 1), and has many stories. One of
these stories is that a Beta r.v. is often used to represent an unknown probability.
That is, we can use the Beta to put probabilities on unknown probabilities!

Story 8.3.3 (Beta-Binomial conjugacy). We have a coin that lands Heads with
probability p, but we don’t know what p is. Our goal is to infer the value of p
after observing the outcomes of n tosses of the coin. The larger that n is, the more
accurately we should be able to estimate p.

There are several ways to go about doing this. One major approach is Bayesian
inference, which treats all unknown quantities as random variables. In the Bayesian
approach, we would treat the unknown probability p as a random variable and give
p a distribution. This is called a prior distribution, and it reflects our uncertainty
about the true value of p before observing the coin tosses. After the experiment is
performed and the data are gathered, the prior distribution is updated using Bayes’
rule; this yields the posterior distribution, which reflects our new beliefs about p.

Let’s see what happens if the prior distribution on p is a Beta distribution. Let
p ~ Beta(a, b) for known constants a and b, and let X be the number of heads in
n tosses of the coin. Conditional on knowing the true value of p, the tosses would
just be independent Bernoulli trials with probability p of success, so

X|p ~ Bin(n, ).

Note that X is mot marginally Binomial; it is conditionally Binomial, given p. The
marginal distribution of X is called the Beta-Binomial distribution. To get the
posterior distribution of p, we use Bayes’ rule (in a hybrid form, since X is discrete
and p is continuous). Letting f(p) be the prior distribution and f(p|X = k) be the
posterior distribution after observing & Heads,

P(X =k|p)f(p)
P(X = k)

n e 1 o _
N T
PX=F) '

The denominator, which is the marginal PMF of X, is given by

1 1
Pix =)= [ PO =tpsn= [ ()0 ot rwar

fplX =k) =
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For a = b =1 (which gives a Unif(0, 1) prior on p), we showed in the Bayes’ billiards
story that P(X = k) =1/(n+ 1), i.e., X is Discrete Uniform on {0,1,...,n}. But
it does not seem easy to find P(X = k) in general and, relatedly, we still have not
evaluated ((a,b) in general. Are we stuck?

Actually, the calculation is much easier than it appears at first. The conditional
PDF f(p|X = k) is a function of p, which means everything that doesn’t depend
on p is just a constant. We can drop all these constants and find the PDF up to a
multiplicative constant (and then the normalizing constant is whatever it needs to
be to make the PDF integrate to 1). This gives

f|X = k) o ptTR=1(1 — p)brnh=t

which is the Beta(a + k,b+n — k) PDF, up to a multiplicative constant. Therefore,
the posterior distribution of p is

p|X =k ~ Beta(a + k,b+n — k).

The posterior distribution of p after observing X = k is still a Beta distribution!
This is a special relationship between the Beta and Binomial distributions called
conjugacy: if we have a Beta prior distribution on p and data that are conditionally
Binomial given p, then when going from prior to posterior, we don’t leave the family
of Beta distributions. We say that the Beta is the conjugate prior of the Binomial.

Furthermore, notice the very simple formula for updating the distribution of p. We
just add the number of observed successes, k, to the first parameter of the Beta
distribution, and the number of observed failures, n — k, to the second parameter.
So a and b have a concrete interpretation in this context: think of a as the number
of prior successes and b as the number of prior failures in earlier experiments.

As in Section 2.6, we can sequentially update our beliefs as we get more and more
evidence: we start with a prior distribution and update it to get a posterior distri-
bution, which becomes the new prior distribution, which we update to get a new
posterior distribution, etc. The beauty here is that all of this can be done within the
Beta family of distributions, with easy updates to the parameters based on tallying
the observed successes and failures.

For concreteness, Figure 8.5 shows the case where the prior is Beta(1,1) (equivalent
to Unif(0, 1), as noted earlier), and we observe n = 5 coin tosses, all of which happen
to land Heads. Then the posterior is Beta(6, 1), which is plotted on the right half
of Figure 8.5. Notice how the posterior distribution incorporates the evidence from
the coin tosses: larger values of p have higher density, consistent with the fact that
we observed all Heads.

This model is a continuous analog of Example 2.3.7, our very first example of Bayes’
rule. In that example, we also had a coin whose probability of Heads p was unknown,
but our prior information led us to believe that p could only take on one of two
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FIGURE 8.5

Beta is conjugate prior of Binomial. (a) Prior is Unif(0,1). (b) After observing 5
Heads in 5 tosses, posterior is Beta(6, 1).

possible values, 1/2 or 3/4. For this reason, our prior distribution on p—though we
didn’t call it that at the time!-—was discrete. In particular, our prior PMF was

P(p=1/2) = 1/2,
P(p=3/4) = 1/2.

After observing three Heads in a row, we updated this PMF to obtain the posterior
PMF, which assigned a probability of 0.23 to p = 1/2 and a probability of 0.77
to p = 3/4. The same logic applies to the example in this chapter, except that we
now give p a continuous prior distribution, which is appropriate if we believe that
p could possibly take on any value between 0 and 1. g

8.4 Gamma

The Gamma distribution is a continuous distribution on the positive real line; it is a
generalization of the Exponential distribution. While an Exponential r.v. represents
the waiting time for the first success under conditions of memorylessness, we shall
see that a Gamma r.v. represents the total waiting time for multiple successes.

Before writing down the PDF, we first introduce the gamma function, a very famous
function in mathematics that extends the factorial function beyond the realm of
nonnegative integers.
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Definition 8.4.1 (Gamma function). The gamma function T is defined by

F(a):/ xae_‘td—x,
0

T
for real numbers a > 0.

We could also cancel an  and write the integrand as % 'e~%, but it turns out to be
convenient having the df since it is common to make a transformation of the form
u = cx, and then we have the handy fact that %“ = d%. Here are two important
properties of the gamma function.

e I'(a+1) =al'(a) for all a > 0. This follows from integration by parts:

o0

oo
MNa+1)= / x%e *dr = —z% "
0

+ a/ e dx = 0 + al'(a).
0 0

e I'(n) = (n—1)!if n is a positive integer. This can be proved by induction, starting
with n = 1 and using the recursive relation I'(a + 1) = al'(a). Thus, if we evaluate
the gamma function at positive integer values, we recover the factorial function
(albeit shifted by 1).

Now let’s suppose that on a whim, we decide to divide both sides of the above
definition by I'(a). We have

(o]
1
1:/ :cae_x—dw,
o I(a) r

so the function under the integral is a valid PDF supported on (0,00). This is the
definition of the PDF of the Gamma distribution. Specifically, we say that X has
the Gamma distribution with parameters a and 1, denoted X ~ Gamma(a, 1), if its
PDF is

From the Gamma(a,1) distribution, we obtain the general Gamma distribution
by a scale transformation: if X ~ Gamma(a, 1) and A > 0, then the distribution of
Y = X/\is called the Gamma(a, \) distribution. By the change of variables formula
with z = Ay and dz/dy = A, the PDF of Y is

dx

1 1
= Ay)le ™ —\ =
i (Ay)“e

1
(/\y)ae_)\ygu y > 0.

This is summarized in the following definition.

Definition 8.4.2 (Gamma distribution). An r.v. Y is said to have the Gamma
distribution with parameters ¢ and A\, a > 0 and A > 0, if its PDF is

1

fly) = T(a) (Ay)“exy;, y > 0.

We write Y ~ Gamma(a, \).
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Taking a = 1, the Gamma(1, \) PDF is f(y) = Ae™ for y > 0, so the Gamma(1, \)
and Expo(A) distributions are the same. The extra parameter a allows Gamma
PDF's to have a greater variety of shapes. Figure 8.6 shows four Gamma PDF's. For
small values of a, the PDF is skewed, but as a increases, the PDF starts to look
more symmetrical and bell-shaped; we will learn the reason for this in Chapter 10.
Increasing A compresses the PDF toward smaller values, as we can see by comparing
the Gamma(3,1) and Gamma(3,0.5) PDFs.
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FIGURE 8.6
Gamma PDF's for various values of a and A. Clockwise from top left: Gamma(3, 1),
Gamma(3,0.5), Gamma(5,0.5), Gamma(10, 1).

Let’s find the mean, variance, and other moments of the Gamma distribution, start-
ing with X ~ Gamma(a, 1). We’ll use properties of the gamma function as well as
the technique of doing integrals by pattern recognition. For the mean, we write down



Transformations 359

the definition of F(X),

<1
E(X) = / —xaﬂe_md—x,
o T'(a) z

but instead of attempting a gruesome integration by parts, we recognize that after
taking out 1/I'(a), what’s left is precisely the gamma function evaluated at a + 1.
Therefore I D I(a)
a—+ al'(a
Y= MW T Tw

Similarly, for the variance, LOTUS gives us an integral expression for the second
moment,
oo
B = [ et
o I'(a) x

and we recognize the gamma function evaluated at a + 2. Therefore

and
Var(X) = (a + 1)a — a® = a.

So for X ~ Gamma(a, 1), F(X) = Var(X) = a.

The cth moment is no harder than the second moment; we just use LOTUS and
recognize the definition of I'(a + ¢). This gives

B(X°) = / T 1 ke, adr _Tlato)
o T'(a) x I'(a)
for ¢ such that the integral converges, i.e., for ¢ > —a.

With the results for X in hand, we can transform to ¥ = X/A ~ Gamma(a, \) to
get

B(Y) = {B(X) =5,
Var(Y) = %Var(X) = %7
B(Y*) = %E(XC) - Ai - F(;‘(Z)C) ¢> —a.

Looking back at the Gamma PDF plots, they are consistent with our finding that
the mean and variance are increasing in ¢ and decreasing in \.

So far, we’ve been learning about the Gamma distribution using the PDF, which
allowed us to discern general patterns from PDF plots and to derive the mean
and variance. But the PDF doesn’t provide much insight about why we’d ever use
the Gamma distribution, and it doesn’t give us much of an interpretation for the
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parameters a and A. For this, we need to connect the Gamma to other named
distributions through stories. The rest of this section is devoted to stories for the
Gamma distribution.

In the special case where a is an integer, we can represent a Gamma(a, \) r.v. as
a sum of i.i.d. Expo(A) r.v.s (a convolution, in the fancy language of this chap-
ter).

Theorem 8.4.3. Let Xi,..., X, beii.d. Expo()A). Then

X1+ -+ X, ~ Gamma(n, \).

Proof. The MGF of an Expo(\) r.v. is ﬁ for t < A, so the MGF of X; +---+ X,

for t < A. Let Y ~ Gamma(n, \); we’ll show that the MGF of Y is the same as that
of X1 +---+ X,. By LOTUS,

o 1 dy
E(eY) = / e (Ay)"e MW=L,
0 I'(n) Y
Again, we’ll use the trick of integration by pattern recognition. We just need to
do algebraic manipulations until what is left inside the integral is a recognizable
Gamma PDF:

00 1 B dy
E etY :/ ety )\ ne Ay
@)= [ oure

AT 1 (D) B n@
‘<A—t>n/0 Twy® (At

We pulled A" out of the integral, then multiplied by (A—%)" on the inside while divid-
ing by it on the outside. Now the expression inside the integral is the Gamma(n, A\—t)
PDF, assuming t < A. Since PDF's integrate to 1, we have

for t < A; if t > A the integral fails to converge.

We have shown that X; + -+ + X,, and Y ~ Gamma(n, \) have the same MGF.
Since the MGF determines the distribution, X; + - - - + X, ~ Gamma(n, \). |

Thus, if Y ~ Gamma(a, ) with a an integer, we can represent Y as a sum of
i.i.d. Expo(\) r.v.s, Xj +- -+ X4, and get the mean and variance right away:

a

EY)=EXi+ -+ X,) =aE(Xy) = v

Var(Y) = Var(X; + --- 4+ X,) = aVar(Xy) = %,
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in agreement with the results we derived earlier for general a.

Theorem 8.4.3 also allows us to connect the Gamma distribution to the story of the
Poisson process. We showed in Chapter 5 that in a Poisson process of rate A, the
interarrival times are i.i.d. Expo()) r.v.s. But the total waiting time 7}, for the nth
arrival is the sum of the first n interarrival times; for instance, Figure 8.7 illustrates
how T3 is the sum of the 3 interarrival times X1, Xo, X3. Therefore, by the theorem,
T,, ~ Gamma(n, A). The interarrival times in a Poisson process are Exponential
r.v.s, while the raw arrival times are Gamma r.v.s.

| ¥ H—X X—X—>
T

0 T, T, T, T,
) |
X, X, X
FIGURE 8.7

Poisson process. The interarrival times X; are i.i.d. Expo(\), while the raw arrival
times T are Gamma(j, \).

% 8.4.4. Unlike the X, the T} are not independent, since they are constrained to
be increasing; nor are they identically distributed.

At last, we have an interpretation for the parameters of the Gamma(a, \) distribu-
tion. In the Poisson process story, a is the number of successes we are waiting for,
and A is the rate at which successes arrive; Y ~ Gammal(a, \) is the total waiting
time for the ath arrival in a Poisson process of rate A.

A consequence of this story is that a convolution of Gammas with the same \ is
still Gamma. Exercise 30 explores this fact from several perspectives.

When we introduced the Exponential distribution, we viewed it as the continuous
analog of the Geometric distribution: the Geometric waits for the first success in
discrete time, and the Exponential waits for the first success in continuous time.
Likewise, we can now say that the Gamma distribution is the continuous analog of
the Negative Binomial distribution: the Negative Binomial is a sum of Geometric
waiting times, and the Gamma is a sum of Exponential waiting times. In Exercise
54 you will use MGFs to show that the Gamma distribution can be obtained as a
continuous limit of the Negative Binomial distribution.

A final story about the Gamma is that it shares the same special relationship with
the Poisson that the Beta shares with the Binomial: the Gamma is the conjugate
prior of the Poisson. Earlier we saw that the Beta distribution can represent an un-
known probability of success because its support is (0, 1). The Gamma distribution,
on the other hand, can represent an unknown rate in a Poisson process because its
support is (0, 00).
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To investigate, we’ll return to Blotchville, where buses arrive in a Poisson process of
rate A. Previously it was assumed that A = 1/10, so that the times between buses
were i.i.d. Exponentials with mean 10 minutes, but now we’ll assume Fred doesn’t
know the rate A\ at which buses arrive and needs to figure it out. Fred will follow
the Bayesian approach and treat the unknown rate as a random variable.

Story 8.4.5 (Gamma-Poisson conjugacy). In Blotchville, buses arrive at a certain
bus stop according to a Poisson process with rate A buses per hour, where A is
unknown. Based on his very memorable adventures in Blotchville, Fred quantifies
his uncertainty about A using the prior A\ ~ Gamma(rg, by), where rg and by are
known, positive constants with ry an integer.

To better understand the bus system, Fred wants to learn more about A. He is a
very patient person, and decides that he will sit at the bus stop for ¢ hours and
count how many buses arrive in this time interval. Let Y be the number of buses in
this time interval, and suppose Fred observes that Y = y.

(a) Find Fred’s hybrid joint distribution for Y and A.
(b) Find Fred’s marginal distribution for Y.

(c¢) Find Fred’s posterior distribution for A, i.e., his conditional distribution of A
given the data y.

(d) Find Fred’s posterior mean E(A|Y = y) and posterior variance Var(A|Y = y).
Solution:

Notice the similarities between the structure of this problem and that of Example
7.1.25, the hybrid joint distribution from Chapter 7. We know A ~ Gamma(ro, bo)
marginally, and by the definition of Poisson process, conditional on knowing the
true rate A, the number of buses in an interval of length ¢ is distributed Pois(At).
In other words, what we’re given is

A ~ Gamma(ro, bo)
Y|\ ~ Pois(At).

Then we are asked to flip it around: find the marginal distribution of Y and the
conditional distribution of A given Y = y, which is the posterior distribution. This
is characteristic of Bayesian inference: we have a prior distribution for the unknown
parameters (in this case, a Gamma distribution for A\) and a model for the data
conditional on the unknown parameters (in this case, a Poisson distribution for Y
given \), and we use Bayes’ rule to get the distribution of the unknowns conditional
on the observed data. So let’s get started.

(a) Let fo be the prior PDF of A. The hybrid joint distribution of Y and A is

e M) (boA)ToeboA

f(y,\) = P(Y = y|N) fo(N) = m o)
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fory=0,1,2,... and A > 0. The hybrid joint distribution is plotted in Figure 8.8;
there is a conditional PMF of Y for every value of A and a conditional PDF of A
for every value of Y.

FIGURE 8.8

Hybrid joint distribution of Y and A. (a) Conditioning on a particular value of A,
the relative heights form a Poisson PMF. (b) In the other direction, conditioning
on Y =y gives the posterior distribution of A; this is what we’re after.

(b) To get the marginal PMF of Y, we integrate out A from the hybrid joint distri-
bution; this is also a form of LOTP. This gives

PY = y) = /0 TP = g\ fo(A)dA

B /oo e—)\t()\t)y (b())\)roe_bo/\@
—Jo y! L(ro) A

Let’s do the integral by pattern recognition, focusing in on the terms involving
. We spot A and e~ (o)A Jurking in the integrand, which suggests pattern-
matching to a Gamma(rg +y, bg +t) PDF. Pull out all the terms that don’t depend
on A, then multiply by whatever it takes to get the desired PDF inside the integral,
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remembering to multiply by the reciprocal on the outside:

b’ ° d/\
¥=1)= y'T(ro) /

Plro+y) by / o~ (b)) +y A
= 0 b N0ty
lF(’l"o) bo —I—t rot+y 1"0 + y (( o+ ) ) A

_ (ro+y—1)! t Y "o
 (ro—Dly! \ b+t b0+t '
In the last step, we used the property I'(n) = (n — 1)!, applicable because ry is an

integer. This is the NBin(rg, by/(bo +t)) PMF, so the marginal distribution of Y is
Negative Binomial with parameters ro and by/(by + t).

(c) By Bayes’ rule, the posterior PDF of A is given by

PLY = yNfoN)

We found P(Y = y) in the previous part, but since it does not depend on A, we
can just treat it as part of the normalizing constant. Absorbing this and other
multiplicative factors that don’t depend on A into the normalizing constant, we

have

1 1
fl()\|y) X e—At)\y)\’l‘oe—bo)\X — e—(bO"rt)/\)\ro—f—yX’

which shows that the posterior distribution of A is Gamma(rg + y, by + t).

When going from prior to posterior, the distribution of A stays in the Gamma family,
so the Gamma is indeed the conjugate prior for the Poisson.

(d) Since conditional PDFs are PDFs, it is perfectly fine to calculate the expectation
and variance of A with respect to the posterior distribution. The mean and variance
of the Gammal(ry + y, by + t) distribution give us

E\Y =y) = 22:::‘7; and Var(\[Y =vy) =

o+ Y
(bo—i—t)Q.

This example gives another interpretation for the parameters in a Gamma distri-
bution when it is being used as a conjugate prior. Fred’s Gamma(rg, by) prior got
updated to a Gamma(rg + y, bg + t) posterior after observing y arrivals in ¢ hours.
We can imagine that in the past, Fred observed ry buses arrive in by hours; then
after the new data, he has observed rg+ y buses in by +t hours. So we can interpret
ro as the number of prior arrivals and by as the total time required for those prior
arrivals. ]
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8.5 Beta-Gamma connections

In this section, we will unite the Beta and Gamma distributions with a common
story. As an added bonus, the story will give us an expression for the normalizing
constant of the Beta(a, b) PDF in terms of gamma functions, and it will allow us to
easily find the expectation of the Beta(a, b) distribution.

Story 8.5.1 (Bank—post office). While running errands, you need to go to the
bank, then to the post office. Let X ~ Gamma(a, \) be your waiting time in line
at the bank, and let Y ~ Gamma(b, A) be your waiting time in line at the post
office (with the same A for both). Assume X and Y are independent. What is the
joint distribution of T'= X + Y (your total wait at the bank and post office) and
W = XLJFY (the fraction of your waiting time spent at the bank)?

Solution:

WEe’ll do a change of variables in two dimensions to get the joint PDF of T" and W.

Lett:x—f—y,w:ﬁ_y.Thenx:tw,y:t(l—w),and

oz, y) wo ot

1—w —t

which has an absolute determinant of ¢. Therefore

_ O(z,y)
fT,W(taw) _fX,Y(:Cay) ‘8(t, U})'
= fx(@)fy(y) -t
1 a1l 1 b —awl
= x)%e = —(Ay)’e” V=t
@ Ty
1 1 1 1
T M) e g Ty M —w))e (1 — w)
Let’s group all the terms involving w together, and all the terms involving ¢ together:
1 a—1 b—1(ypyatb At
t = —— 1-— At —
Fla+b) , 4 b—1 1 b—atl
= —0———=w* (1 - —(\)*" t_
(I‘(a)I‘(b)w (1-w) Tt e )

for 0 < w < 1 and t > 0. The form of the joint PDF, together with Proposi-
tion 7.1.20, tells us several things:

1. Since the joint PDF factors into a function of ¢ times a function of w, we have
that T and W are independent: the total waiting time is independent of the fraction
of time spent at the bank.
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2. We recognize the marginal PDF of T and deduce that T~ Gamma(a + b, ).
3. The PDF of W is

I'(a+0)

a—1 1— b—1 1
11(@)F(b)w (1-—w)’, O0<w<l,

fw(w) =
by Proposition 7.1.20 or just by integrating out T from the joint PDF of T and
W. This PDF is proportional to the Beta(a,b) PDF, so it is the Beta(a,b) PDF!
Note that as a byproduct of the calculation we have just done, we have found the
normalizing constant of the Beta distribution:

1 T(a+b)
Bla,b)  T(a)l'(b)
is the constant that goes in front of the Beta(a,b) PDF. O

To summarize, the bank—post office story tells us that when we add independent
Gamma r.v.s X and Y with the same rate A, the total X +Y has a Gamma distribu-
tion, the fraction X/(X +Y') has a Beta distribution, and the total is independent
of the fraction.

We can use this result to find the mean of W ~ Beta(a,b) without the slightest
trace of calculus. Since T" and W are independent, they are uncorrelated: E(TW) =
E(T)E(W). Writing this in terms of X and Y, we have

) e ()

E@j—ﬂx+yw<

E(X) > X
E(X+Y) “\X+4+Y)’
Ordinarily, the last equality would be a horrendous blunder: faced with an expec-
tation like E(X/(X 4+Y)), we are not generally permitted to move the E into the
numerator and denominator as we please. In this case, however, the bank—post office

story justifies the move, so finding the expectation of W happily reduces to finding
the expectations of X and X +Y:

B X _ BEX) a/A _a
E(W)_E<X+Y>_E(X+Y)_a//\+b/,\_a+b'

E((X+Y)-

X+Y)’

Another approach is to proceed from the definition of expectation:

1 a
E(W):/O mw“(l—w)bldw,

and by pattern recognition, the integrand is a Beta(a+1,b) PDF, up to a normalizing
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constant. After obtaining an exact match for the PDF, we apply properties of the
gamma function:

EW) = w(1 — w)?tdw

T(a+b) T(a+1) /1 L(a+b+1)
I'(a) T(a+b+1) )y T(a+1)I'(d)

~ I'(a+0b) al'(a)

~ T(a) (a+bT(a+b)

a+b

In Exercise 31, you will use this approach to find the variance and the other moments
of the Beta distribution.

8.6 Order statistics

The final transformation we will consider in this chapter is the transformation
that takes n random variables Xi,..., X, and sorts them in order, producing the
transformed r.v.s min(Xy, ..., Xy),...,max(Xy,...,X,). The transformed r.v.s are
called the order statistics', and they are often useful when we are concerned with
the distribution of extreme values, as we alluded to at the beginning of the chap-
ter.

Furthermore, like the sample mean X,,, the order statistics serve as useful summaries
of an experiment, since we can use them to determine the cutoffs for the worst 5%
of observations, the worst 25%, the best 25%, and so forth (these cutoffs are called
quantiles).

Definition 8.6.1 (Order statistics). For r.v.s X1, Xo,..., X, the order statistics
are the random variables X(y), ..., X(,), where

X(l) = min(Xl, “-- ,Xn),

X(2) is the second-smallest of X, ..., Xy,

X(n-1) is the second-largest of X1,..., Xy,
Xny = max(Xy, ..., Xy).

Note that X1y < Xg) < ... < X(,,) by definition. We call X(;) the jth order
statistic. If n is odd, X((n41)/2) is called the sample median of X, ..., Xy.

!This term sometimes causes confusion. In statistics (the field of study), any function of the
data is called a statistic. If X1,..., X, are the data, then min(Xy,...,X,) is a statistic, and so
is max(X1,...,Xn). They are called order statistics because we get them by sorting the data in
order.
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® 8.6.2. The order statistics X(j),...,X(,) are random variables, and each X;
is a function of Xi,...,X,,. Even if the original r.v.s are independent, the order
statistics are dependent: if we know that X ;) = 100, then X, is forced to be at
least 100.

We will focus our attention on the case where X, ..., X,, are i.i.d. continuous r.v.s.
The reason is that with discrete r.v.s, there is a positive probability of tied values;
with continuous r.v.s, the probability of a tie is exactly 0, which makes matters much
easier. Thus, for the rest of this section, assume X1, ..., X, arei.i.d. and continuous,
with CDF F and PDF f. We will derive the marginal CDF and PDF of each
individual order statistic X(;y, as well as the joint PDF of (X(y),..., X(»))-

A complication we run into right away is that the transformation to order statistics
is not invertible: starting with min(X,Y) = 3 and max(X,Y) = 5, we can’t tell
whether the original values of X and Y were 3 and 5, respectively, or 5 and 3.
Therefore the change of variables formula from R™ to R™ does not apply. Instead
we will take a direct approach, using pictures to guide us when necessary.

Let’s start with the CDF of X(,) = max(Xy,...X,). Since X(,) is less than = if
and only if all of the X; are less than z, the CDF of X, is
FX(W,)(‘,E) = P(maX(Xb s 7X7’L) < .CL')
=PX)<uz....X, <)
=P(X;<z)...P(X, <x)
= (F(x))",
where F' is the CDF of the individual X;. Similarly, X(;) = min(Xj, ..., X,) exceeds
z if and only if all of the X; exceed z, so the CDF of X(y) is
Fx. (z) =1— P(min(Xy,...,X,) > )
=1-PX;>z,...,X, >2x)
=1—(1—-F(x))".

The same logic lets us find the CDF of X(;). For the event X ;) < x to occur, we
need at least j of the X to fall to the left of . This is illustrated in Figure 8.9.

Since it appears that the number of X; to the left of x will be important to us,
let’s define a new random variable, N, to keep track of just that: define N to
be the number of X; that land to the left of x. Each X, lands to the left of =
with probability F(x), independently. If we define success as landing to the left
of z, we have n independent Bernoulli trials with probability F'(x) of success, so
N ~ Bin(n, F(z)). Then, by the Binomial PMF,

P(X(j) < x) = P(at least j of the X; are to the left of x)
= P(N > j)

zn:. <Z>F(x)k(1 — F(z))"*.

k=j
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at least j to the left of x

—

— -
_/ |
X X x 7 x
1 @) G+1 G+2)

FIGURE 8.9
The event X ;) < z is equivalent to the event “at least j of the X; fall to the left of

7

T .

We thus have the following result for the CDF of X;).

Theorem 8.6.3 (CDF of order statistic). Let X;,..., X, be ii.d. continuous r.v.s
with CDF F. Then the CDF of the jth order statistic X; is

n
P <0 =Y (1) Pt - Fa)
k=j
To get the PDF of X(;), we can differentiate the CDF with respect to z, but the
resulting expression is ugly (though it can be simplified). Instead we will take a more
direct approach. Consider fx, (z)dx, the probability that the jth order statistic falls
into an infinitesimal interval of length dx around x. The only way this can happen
is illustrated in Figure 8.10. We need one of the X; to fall into the infinitesimal
interval around x, and we need exactly j — 1 of the X; to fall to the left of x, leaving
the remaining n — j to fall to the right of x.

1 in a tiny interval around x

j—1to the left of x n —j to the right of x

- A

~— — — —

!
—O-O—0-0—+0—0-0-0—

FIGURE 8.10
In order for X(;) to fall within a small interval of x, we require that one of the X;
fall within the small interval and that exactly j — 1 fall to the left of x.

What is the probability of this extremely specific event? Let’s break up the experi-
ment into stages.

e First, we choose which one of the X; will fall into the infinitesimal interval around
x. There are n such choices, each of which occurs with probability f(z)dz, where
f is the PDF of the X;.
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e Next, we choose exactly j — 1 out of the remaining n — 1 to fall to the left of x.
There are (@:11) such choices, each with probability F(z)/~!(1 — F(z))"~7 by the
Bin(n, F(z)) PMF.

We multiply the probabilities of the two stages to get

@it =nfyts( 7 )P0 P,

Dropping the dz’s from both sides gives us the PDF we desire.

Theorem 8.6.4 (PDF of order statistic). Let X1,..., X, be ii.d. continuous r.v.s
with CDF F and PDF f. Then the marginal PDF of the jth order statistic X ;) is

n—1

Fx (@) = n< )f(w)F(fv)“(l P,

=1

In general, the order statistics of X1,...,X,, will not follow a named distribution,
but the order statistics of the standard Uniform distribution are an exception.

Example 8.6.5 (Order statistics of Uniforms). Let Uy, ..., U, be ii.d. Unif(0,1).
Then for 0 <z <1, f(r) =1 and F(z) = x, so the PDF of U; is

n—1

fu, () = n( >xj—1(1 gy,

j—1
This is the Beta(j,n —j 4 1) PDF! So Uy ~ Beta(j,n —j +1), and E(Uj)) = n%rl
The simple case n = 2 is consistent with Example 7.2.2, where we used 2D LOTUS to
show that for i.i.d. Uy, Uz ~ Unif(0,1), E(max(U;, Usz)) = 2/3 and E(min(U;, Us)) =
1/3. Now that we know max(Uj, Uz) and min(Uy, Us) follow Beta distributions, the
expectation of the Beta distribution confirms our earlier findings. n

8.7 Recap

In this chapter we discussed three broad classes of transformations:

e smooth, invertible transformations of continuous r.v.s, which can be handled with
the change of variables formula;

e convolutions, for which we can determine the distribution using (in decreasing
order of preference) stories, MGF's, or convolution sums/integrals;

e the transformation of i.i.d. continuous r.v.s to their order statistics.
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What can e p——
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FIGURE 8.11

Let (Z,W) = g(X,Y) be a smooth, one-to-one transformation. The change of vari-
ables formula lets us go back and forth between the joint PDFs of (X,Y) and
(Z,W). Let A be a region in the (z,y)-plane, and B = {g(z,y) : (z,y) € A} be
the corresponding region in the (z,w)-plane. Then (X,Y) € A is the same event as
(Z,W) € B. To find the probability of this event, we can either integrate the joint
PDF of (X,Y) over A or integrate the joint PDF of (Z, W) over B.

Figure 8.11 illustrates connections between the original random vector (X,Y’) and
the transformed random vector (Z, W) = g(X,Y), where g is a smooth, invertible
transformation. The change of variables formula uses Jacobians to take us back and
forth between the joint PDF of (X,Y’) and that of (Z, ). Let A be a region in
the (z,y)-plane, and B = {g(z,y) : (z,y) € A} be the corresponding region in the
(z,w)-plane. Then (X,Y) € A is the same event as (Z,W) € B, so

P((X,Y) € A) = P((Z,W) € B).

To find this probability, we can either integrate the joint PDF of (X,Y’) over A or
integrate the joint PDF of (Z, W) over B.

In this chapter, we made extensive use of Bayes’ rule and LOTP, often in continuous
or hybrid forms, as well as the strategy of integration by pattern recognition.

The two new distributions we introduced are the Beta and Gamma, which are laden
with stories and connections to other distributions. The Beta is a generalization of
the Unif(0, 1) distribution, and it has the following stories.
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e Order statistics of the Uniform: The jth order statistic of n i.i.d. Unif(0,1) r.v.s

is distributed Beta(j,n —j + 1).

e Unknown probability, conjugate prior of the Binomial: If p ~ Beta(a, b) and X|p ~
Bin(n,p), then p|X = k ~ Beta(a + k,b + n — k). The posterior distribution of
p stays within the Beta family of distributions after updating based on Binomial
data, a property known as conjugacy. The parameters a and b can be interpreted

Introduction to Probability

as the prior number of successes and failures, respectively.

The Gamma is a generalization of the Exponential distribution, and it has the

following stories.

e Poisson process: In a Poisson process of rate A, the total waiting time for n arrivals
is distributed Gamma(n, A). Thus the Gamma is the continuous analog of the

Negative Binomial distribution.

e Unknown rate, conjugate prior of the Poisson: If A\ ~ Gamma(rg,bp) and Y|\ ~
Pois(At), then A\|Y =y ~ Gamma(rg + y, by + t). The posterior distribution of A
stays within the Gamma family of distributions after updating based on Poisson
data. The parameters ry and by can be interpreted as the prior number of observed
successes and the total waiting time for those successes, respectively.

The Beta and Gamma distributions are related by the bank—post office story, which
says that if X ~ Gamma(a,\), Y ~ Gamma(b,\), and X and Y are independent,

then X +Y ~ Gamma(a + b, )),

independent.

The diagram of connections, which we last saw in Chapter 5, is hereby updated to
include the Beta and Gamma distributions. Distributions listed in parentheses are

» X4Y

~ Beta(a,b), and X + Y and XLJFY are

special cases of the ones not in parentheses.

Bin
(Bern)

Conditioning

Pois

Conjugacy

Poisson process

Conjugacy

Beta
(Unif)

Bank - Post Office

Gamma
(Expo)

D

Limit

NBin
(Geom)

HGeom

Conditioning
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8.8 R
Beta and Gamma distributions

The Beta and Gamma distributions are programmed into R.

e dbeta, pbeta, rbeta: To evaluate the Beta(a,b) PDF or CDF at z, we use
dbeta(x,a,b) and pbeta(x,a,b). To generate n realizations from the Beta(a, b)
distribution, we use rbeta(n,a,b).

e dgamma, pgamma, rgamma: To evaluate the Gamma(a, A\) PDF or CDF at z, we use
dgamma (x,a,lambda) or pgamma(x,a,lambda). To generate n realizations from
the Gamma(a, lambda) distribution, we use rgamma(n,a,lambda).

For example, we can check that the Gamma(3,2) distribution has mean 3/2 and
variance 3/4. To do this, we generate a large number of Gamma(3,2) random vari-
ables using rgamma, then compute their mean and var:

y <- rgamma(1075,3,2)
mean (y)
var (y)

Did you get values that were close to 1.5 and 0.75, respectively?

Convolution of Uniforms

Using R, we can quickly verify that for X,Y i Unif(0, 1), the distribution of
T = X +Y is triangular in shape:

x <= runif (1075)

y <- runif (10~5)

hist (x+y)

The histogram looks like an ascending and then descending staircase, a discrete
approximation to a triangle.

Bayes’ billiards

In the Bayes’ billiards story, we have n white balls and 1 gray ball, throw them onto
the unit interval completely at random, and count the number of white balls to the
left of the gray ball. Letting p be the position of the gray ball and X be the number
of white balls to the left of the gray ball, we have

p ~ Unif(0, 1)
Xlp ~ Bin(n, p).
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By performing this experiment a large number of times, we can verify the results
we derived in this chapter about the marginal PMF of X and the posterior PDF of
p given X = x. We’ll let the number of simulations be called nsim, to avoid a name
conflict with the number of white balls, n, which we set equal to 10:

nsim <- 1075
n <- 10

We simulate 10° values of p, then simulate 10° values from the conditional distri-
bution of X given p:

p <~ runif(nsim)
X <- rbinom(nsim,n,p)

Notice that we feed the entire vector p into rbinom. This means that the first element
of x is generated using the first element of p, the second element of x is generated
using the second element of p, and so forth. Thus, conditional on a particular
element of p, the corresponding element of x is Binomial, but the elements of p are
themselves Uniform, exactly as the model specifies.

According to the Bayes’ billiards argument, the marginal distribution of X should
be Discrete Uniform on the integers 0 through n. Is this in fact the case? We can
make a histogram of x to check! Because the distribution of X is discrete, we tell
R to make the histogram breaks at —0.5,0.5,1.5,... so that each bar is centered at
an integer value:

hist(x,breaks=seq(-0.5,n+0.5,1))

Indeed, all the histogram bars are approximately equal in height, consistent with a
Discrete Uniform distribution.

Now for the posterior distribution of p given X = z. Conditioning is very simple
in R. To consider only the simulated values of p where the value of X was 3, we
use square brackets, like this: p[x==3]. In particular, we can create a histogram of
these values to see what the posterior distribution of p given X = 3 looks like; try
hist(p[x==3]).

According to the Beta-Binomial conjugacy result, the true posterior distribution
is p|X = 3 ~ Beta(4,8). We can plot the histogram of p[x==3] next to a his-
togram of simulated values from the Beta(4,8) distribution to confirm that they
look similar:

par (mfrow=c(1,2))
hist (p[x==3])
hist(rbeta(1074,4,8))

The first line tells R we want two side-by-side plots, and the second and third lines
create the histograms.
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Simulating order statistics

Simulating order statistics in R is easy: we simply simulate i.i.d. r.v.s and use sort
to sort them in order. For example,

sort (rnorm(10))

produces one realization of X(),..., X(g), where Xi,..., Xjo are i.id. N(0,1).
If we want to plot a histogram of realizations of, say, X(g), we’ll need to use
replicate:

order_stats <- replicate(1074, sort(rnorm(10)))

This creates a matrix, order_stats, with 10 rows. The ith row of the matrix con-
tains 10* realizations of X(i)- Now we can create a histogram of X(g), simply by
selecting row 9 of the matrix:

x9 <- order_stats[9,]
hist(x9)

We can also compute summaries like mean (x9) and var(x9).

8.9 Exercises

Change of variables

Find the PDF of e~ for X ~ Expo(1).

Find the PDF of X7 for X ~ Expo(}\).

Find the PDF of Z3 for Z ~ N (0,1).

® Find the PDF of Z* for Z ~ N(0,1).

Find the PDF of |Z| for Z ~ N(0,1).

® Let U ~ Unif(0,1). Find the PDFs of U? and v/U.
Let U ~ Unif(0, 7). Find the PDF of sin(U).

Let U ~ Unif(—Z, 2). Find the PDF of tan(U).

272

(a) Find the distribution of X? for X ~ DUnif(0,1,...,n).

© 0N T WD

(b) Find the distribution of X2 for X ~ DUnif(—n, —n +1,...,0,1,...,n).

10. Let X ~ Bern(1/2) and let a and b be constants with a < b. Find a simple transformation
of X that yields an r.v. that equals a with probability 1 —p and equals b with probability
p.

11. Let X ~ Pois(\) and Y be the indicator of X being odd. Find the PMF of Y.
Hint: Find P(Y = 0) — P(Y = 1) by writing P(Y = 0) and P(Y = 1) as series and then
using the fact that (—1)" is 1 if k is even and —1 if k is odd.

12.  Three students are working independently on their probability homework. They start at

the same time. The times that they take to finish it are i.i.d. random variables T4, T3, T3
with le/ P Expo(\), where 8 and X are known positive constants.

(a) Find the PDF of T;.
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13.

14.
15.

16.

17.

18.

19.

20.
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(b) Find expressions for E(T{) as integrals in two different ways, one based on the PDF
of T, and the other based on the Expo(A) PDF (do not simplify).

Let T be the ratio X/Y of two i.i.d. N(0,1) r.v.s. X, Y. This is the Cauchy distribution
and, as shown in Example 7.1.24, it has PDF

1
fr(t) = m

(a) Show that 1/T has the same distribution as T" using calculus, after first finding the
CDF of 1/T. (Note that the one-dimensional change of variables formula does not apply
directly, since the function g(t) = 1/t, even though it has ¢'(t) < 0 for all ¢ # 0, is
undefined at ¢ = 0 and is not a strictly decreasing function on its domain.)

(b) Show that 1/T has the same distribution as T without using calculus, in 140 char-
acters or fewer.
Let X and Y be i.i.d. Expo(A), and T' = log(X/Y"). Find the CDF and PDF of T.

Let X and Y have joint PDF fx y(z,y), and transform (X,Y) — (7, W) linearly by
letting
T=aX+bY and W = cX + dY,

where a, b, ¢, d are constants such that ad — bc # 0.

(a) Find the joint PDF frw(t,w) (in terms of fx y, though your answer should be
written as a function of ¢ and w).

(b) For the case where T'= X +Y,W = X — Y, show that

1 t+w t—w
frw(tw) =S fxy < 5 ) :
® Let X,Y be continuous r.v.s with a spherically symmetric joint distribution, which
means that the joint PDF is of the form f(x,y) = g(z® + y*) for some function g. Let
(R, 0) be the polar coordinates of (X,Y), so R> = X? 4+ Y? is the squared distance from
the origin and 6 is the angle (in [0, 27)), with X = Rcos6,Y = Rsin6.

(a) Explain intuitively why R and 0 are independent. Then prove this by finding the
joint PDF of (R, 6).

(b) What is the joint PDF of (R,0) when (X,Y) is Uniform in the unit disk {(z,y) :
o 4 y? < 1})7

(c) What is the joint PDF of (R, 6) when X and Y are i.i.d. N'(0,1)?

Let X and Y be iid. N(0,1) rvis, T = X +Y, and W = X — Y. We know from
Example 7.5.8 that T and W are independent A (0, 2) r.v.s (note that (T, W) is Multi-

variate Normal with Cov(7T, W) = 0). Give another proof of this fact, using the change
of variables theorem.

Let X and Y be i.i.d. N(0,1) r.v.s, and (R, 0) be the polar coordinates for the point
(X,Y),s0 X = Rcosf and Y = Rsinf with R > 0 and 6 € [0, 27). Find the joint PDF
of R? and 0. Also find the marginal distributions of R? and 6, giving their names (and
parameters) if they are distributions we have studied before.

Let X and Y be independent positive r.v.s, with PDFs fx and fy respectively. Let T’
be the ratio X/Y.

(a) Find the joint PDF of T' and X, using a Jacobian.

(b) Find the marginal PDF of T, as a single integral.
Let X and Y be i.i.d. Expo(\), and transform them to T = X +Y,W = X/Y.

(a) Find the joint PDF of T and W. Are they independent?
(b) Find the marginal PDFs of T and W.
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Convolutions

21. Let U ~ Unif(0,1) and X ~ Expo(1), independently. Find the PDF of U + X.

22. Let X and Y be ii.d. Expo()). Use a convolution integral to show that the PDF of
L=X-Yis f(t) = %e*‘t‘ for all real ¢; this is known as the Laplace distribution.

23.  Use a convolution integral to show that if X ~ AN(u1,0%) and Y ~ N(ua,0?) are
independent, then T = X + Y ~ N(u1 + p2,20?) (to simplify the calculation, we are
assuming that the variances are equal). You can use a standardization (location-scale)
idea to reduce to the standard Normal case before setting up the integral.

Hint: Complete the square.

24. (® Let X and Y be independent positive r.v.s, with PDFs fx and fy respectively, and
consider the product 7' = XY. When asked to find the PDF of T, Jacobno argues
that “it’s like a convolution, with a product instead of a sum. To have T' = t we need
X =2z and Y = t/x for some x; that has probability fx(z)fy(t/x), so summing up
these possibilities we get that the PDF of T'is [ fx () fy (t/x)dxz.” Evaluate Jacobno’s
argument, while getting the PDF of T' (as an integral) in 2 ways:

(a) using the continuous version of the law of total probability to get the CDF, and
then taking the derivative (you can assume that swapping the derivative and integral is
valid);

(b) by taking the log of both sides of T = XY and doing a convolution (and then
converting back to get the PDF of T).

25. Let X and Y be ii.d. Discrete Uniform r.v.s on {0,1,...,n}, where n is a positive
integer. Find the PMF of T = X + Y.

26. Let X and Y be i.i.d. Unif(0,1), and let W =X — Y.
(a) Find the mean and variance of W, without yet deriving the PDF.

(b) Show that the distribution of W is symmetric about 0, without yet deriving the
PDF.

(¢) Find the PDF of W.
(d) Use the PDF of W to verify your results from (a) and (b).

(e) How does the distribution of W relate to the distribution of X + Y, the Triangle
distribution derived in Example 8.2.57 Give a precise description, e.g., using the concepts
of location and scale.

27. Let X and Y be i.id. Unif(0,1), and T' = X + Y. We derived the distribution of T’
(a Triangle distribution) in Example 8.2.5, using a convolution integral. Since (X,Y")
is Uniform in the unit square {(z,y) : 0 < z < 1,0 < y < 1}, we can also interpret
P((X,Y) € A) as the area of A, for any region A within the unit square. Use this idea
to find the CDF of T, by interpreting the CDF (evaluated at some point) as an area.

28. Let X,Y,Z be i.i.d. Unif(0,1), and W = X + Y + Z. Find the PDF of W.

Hint: We already know the PDF of X + Y. Be careful about limits of integration in the
convolution integral; there are 3 cases that should be considered separately.

Hint: In finding P(T = k), it helps to consider the cases 0 <k <mandn+1<k <2n
separately. Be careful about the range of summation in the convolution sum.

Beta and Gamma

29. (® Let B ~ Beta(a,b). Find the distribution of 1 — B in two ways: (a) using a change of
variables and (b) using a story proof. Also explain why the result makes sense in terms
of Beta being the conjugate prior for the Binomial.
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30.

31.

32.

33.

34.

35.

36.

37.

38.
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® Let X ~ Gamma(a, A) and Y ~ Gamma(b, \) be independent, with a and b integers.
Show that X +Y ~ Gamma(a+ b, A) in three ways: (a) with a convolution integral; (b)
with MGFs; (c) with a story proof.
Let B ~ Beta(a,b). Use integration by pattern recognition to find E(B*) for positive
integers k. In particular, show that

ab

Var(B) = a1 0 £ 1)

® Fred waits X ~ Gamma(a, ) minutes for the bus to work, and then waits ¥ ~
Gamma(b, \) for the bus going home, with X and Y independent. Is the ratio X/Y
independent of the total wait time X + Y7

(® The F-test is a very widely used statistical test based on the F(m,n) distribution,
which is the distribution of X/m with X ~ Gammay( Y ~ Gamma(%, 1). Find the
distribution of mV/(n + mV) for V ~ F(m,n).

(® Customers arrive at the Leftorium store according to a Poisson process with rate A
customers per hour. The true value of X is unknown, so we treat it as a random variable.
Suppose that our prior beliefs about A can be expressed as A ~ Expo(3). Let X be the
number of customers who arrive at the Leftorium between 1 pm and 3 pm tomorrow.
Given that X = 2 is observed, find the posterior PDF of A.

® Let X and Y be independent, positive r.v.s. with finite expected values.

272) g’

(a) Give an example where E(X+Y) #+ E(T?Y)v computing both sides exactly.

Hint: Start by thinking about the simplest examples you can think of!

)= E(X)

(b) If X and Y are i.i.d., then is it necessarily true that E(XXT = Ex)

(¢) Now let X ~ Gamma(a, \) and Y ~ Gamma(b, \). Show without using calculus that

= (whvr) ~mixes

X+v) ) E(X+Y))

for every real ¢ > 0.

Alice walks into a post office with 2 clerks. Both clerks are in the midst of serving
customers, but Alice is next in line. The clerk on the left takes an Expo(A1) time to
serve a customer, and the clerk on the right takes an Expo(Az2) time to serve a customer.
Let T3 be the time until the clerk on the left is done serving his or her current customer,
and define 7> likewise for the clerk on the right.

(a) If Ay = Ao, is 11 /7> independent of T1 + T57
Hint: Tl/TQ = (Tl/(T1 + TQ))/(TQ/(T1 —|— TQ))

(b) Find P(T1 < T:) (do not assume A; = Az here or in the next part, but do check
that your answers make sense in that special case).

(¢) Find the expected total amount of time that Alice spends in the post office (assuming
that she leaves immediately after she is done being served).

Let X ~ Pois(At) and Y ~ Gamma(j, A), where j is a positive integer. Show using a
story about a Poisson process that

P(X =2j)=P(Y <t).

Visitors arrive at a certain scenic park according to a Poisson process with rate A
visitors per hour. Fred has just arrived (independent of anyone else), and will stay for
an Expo(A2) number of hours. Find the distribution of the number of other visitors who
arrive at the park while Fred is there.
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39. (a) Let p ~ Beta(a,b), where a and b are positive real numbers. Find E(p*(1 — p)?),
fully simplified (I" should not appear in your final answer).

Two teams, A and B, have an upcoming match. They will play five games and the
winner will be declared to be the team that wins the majority of games. Given p, the
outcomes of games are independent, with probability p of team A winning and 1 — p
of team B winning. But you don’t know p, so you decide to model it as an r.v., with
p ~ Unif(0, 1) a priori (before you have observed any data).

To learn more about p, you look through the historical records of previous games between
these two teams, and find that the previous outcomes were, in chronological order,
AAABBAABAB. (Assume that the true value of p has not been changing over time
and will be the same for the match, though your beliefs about p may change over time.)

(b) Does your posterior distribution for p, given the historical record of games between
A and B, depend on the specific order of outcomes or only on the fact that A won
exactly 6 of the 10 games on record? Explain.

(¢) Find the posterior distribution for p, given the historical data.

The posterior distribution for p from (c) becomes your new prior distribution, and the
match is about to begin!

(d) Conditional on p, is the indicator of A winning the first game of the match positively
correlated with, uncorrelated with, or negatively correlated of the indicator of A winning
the second game of the match? What about if we only condition on the historical data?

(e) Given the historical data, what is the expected value for the probability that the
match is not yet decided when going into the fifth game (viewing this probability as an
r.v. rather than a number, to reflect our uncertainty about it)?

40. An engineer is studying the reliability of a product by performing a sequence of n

trials. Reliability is defined as the probability of success. In each trial, the product
succeeds with probability p and fails with probability 1 — p. The trials are conditionally
independent given p. Here p is unknown (else the study would be unnecessary!). The
engineer takes a Bayesian approach, with p ~ Unif(0, 1) as prior.
Let r be a desired reliability level and ¢ be the corresponding confidence level, in the
sense that, given the data, the probability is ¢ that the true reliability p is at least r. For
example, if » = 0.9,¢ = 0.95, we can be 95% sure, given the data, that the product is
at least 90% reliable. Suppose that it is observed that the product succeeds all n times.
Find a simple equation for ¢ as a function of r.

Order statistics

41. ® Let X ~ Bin(n,p) and B ~ Beta(j,n — j + 1), where n is a positive integer and j is
a positive integer with j < n. Show using a story about order statistics that

P(X >j)=P(B <p).

This shows that the CDF of the continuous r.v. B is closely related to the CDF of the
discrete r.v. X, and is another connection between the Beta and Binomial.

42.  Show that for i.i.d. continuous r.v.s X, Y, Z,
P(X <min(Y,2)) + P(Y < min(X, Z)) + P(Z < min(X,Y)) = 1.
43.  Show that
* n! i1 n—j = n k n—k
— (1=t dt = ' (1—z)" 7,
| 5= 2

without using calculus, for all € [0,1] and j, n positive integers with j < n.
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44. Let Xi,...,X, be ii.d. continuous r.v.s with PDF f and a strictly increasing CDF
F. Suppose that we know that the jth order statistic of n i.i.d. Unif(0,1) r.v.s is a
Beta(j,n — 7+ 1), but we have forgotten the formula and derivation for the distribution
of the jth order statistic of Xi,..., X,. Show how we can recover the PDF of X
quickly using a change of variables.

45.  (® Let X and Y be independent Expo()) r.v.s and M = max(X,Y). Show that M has
the same distribution as X+ 1Y, in two ways: (a) using calculus and (b) by remembering
the memoryless property and other properties of the Exponential.

46. ® (a) If X and Y are i.i.d. continuous r.v.s with CDF F(z) and PDF f(xz), then
M = max(X,Y) has PDF 2F(z)f(z). Now let X and Y be discrete and i.i.d., with
CDF F(z) and PMF f(z). Explain in words why the PMF of M is not 2F (z) f(z).

(b) Let X and Y be independent Bern(1/2) r.v.s, and let M = max(X,Y), L =
min(X,Y). Find the joint PMF of M and L, i.e., P(M = a,L = b), and the marginal
PMFs of M and L.

47. Let X1, Xs,... be iid. r.v.s with CDF F, and let M, = max(X1, X, ..., X,). Find
the joint distribution of M,, and M, 1, for each n > 1.

48. (® Let X1, Xo,..., X, be iid. r.v.s with CDF F and PDF f. Find the joint PDF of
the order statistics X(;) and X(;y for 1 < i < j < n, by drawing and thinking about a
picture.

49. (® Two women are pregnant, both with the same due date. On a timeline, define time
0 to be the instant when the due date begins. Suppose that the time when the woman
gives birth has a Normal distribution, centered at 0 and with standard deviation 8 days.
Assume that the two birth times are i.i.d. Let T" be the time of the first of the two births
(in days).

(a) Show that
E(T)=—.
==
Hint: For any two random variables X and Y, we have max(X,Y)+min(X,Y) = X+Y
and max(X,Y) —min(X,Y) = |X — Y|. Example 7.2.3 derives the expected distance
between two i.i.d. N'(0,1) r.v.s. Find the mean and variance of Ty, in terms of integrals.

(b) Find Var(T), in terms of integrals. You can leave your answers unsimplified for this
problem, but it can be shown that the answer works out to

Var(T) = 64 (1 - %) .

50. We are about to observe random variables Y1, Ya,...,Y,, ii.d. from a continuous dis-
tribution. We will need to predict an independent future observation Yjew, which will
also have the same distribution. The distribution is unknown, so we will construct our
prediction using Y1, Y2, ..., Y, rather than the distribution of Y,ew. In forming a predic-
tion, we do not want to report only a single number; rather, we want to give a predictive
interval with “high confidence” of containing Yiew. One approach to this is via order
statistics.

(a) For fixed j and k with 1 < j < k < n, find P(Yaew € [Y(5), Y(i)])-
Hint: By symmetry, all orderings of Yi,..., Yy, Yiew are equally likely.

(b) Let n = 99. Construct a predictive interval, as a function of Yi,...,Y,, such that
the probability of the interval containing Yiew is 0.95.
51. Let Xi,...,X, be ii.d. continuous r.v.s with n odd. Show that the median of the

distribution of the sample median of the X;’s is the median of the distribution of the
st.
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Hint: Start by reading the problem carefully; it is crucial to distinguish between the
median of a distribution (as defined in Chapter 6) and the sample median of a collection
of r.v.s (as defined in this chapter). Of course they are closely related: the sample median
of i.i.d. r.v.s is a very natural way to estimate the true median of the distribution that
the r.v.s are drawn from. T'wo approaches to evaluating a sum that might come up are
(i) use the first story proof example and the first story proof exercise from Chapter
1, or (ii) use the fact that, by the story of the Binomial, Y ~ Bin(n,1/2) implies
n—Y ~ Bin(n,1/2).

Mixed practice
52. Let Uy, Us,...,Uy, beiid. Unif(0,1), and let X; = —log(U;) for all j.
(a) Find the distribution of X;. What is its name?

(b) Find the distribution of the product U1Us ... Us,.

Hint: First take the log.

53. (® A DNA sequence can be represented as a sequence of letters, where the “alphabet”
has 4 letters: A,C,T,G. Suppose such a sequence is generated randomly, where the letters
are independent and the probabilities of A,C,T,G are p1, p2, ps, pa respectively.

(a) In a DNA sequence of length 115, what is the expected number of occurrences of
the expression “CATCAT” (in terms of the p;)? (Note that, for example, the expression
“CATCATCAT” counts as 2 occurrences.)
(b) What is the probability that the first A appears earlier than the first C appears, as
letters are generated one by one (in terms of the p;)?
(c) For this part, assume that the p; are unknown. Suppose we treat ps as a Unif(0, 1)
r.v. before observing any data, and that then the first 3 letters observed are “CAT”.
Given this information, what is the probability that the next letter is C?

54. (8 Consider independent Bernoulli trials with probability p of success for each. Let X
be the number of failures incurred before getting a total of r successes.

(a) Determine what happens to the distribution of ﬁX as p — 0, using MGF's; what
is the PDF of the limiting distribution, and its name and parameters if it is one we have
studied?

Hint: Start by finding the Geom(p) MGF. Then find the MGF of ﬁﬁX’ and use the
fact that if the MGF's of r.v.s Y,, converge to the MGF of an r.v. Y, then the CDF's of
the Y, converge to the CDF of Y.

(b) Explain intuitively why the result of (a) makes sense.
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Conditional expectation

Given that you've read the earlier chapters, you already know what conditional
expectation is: expectation, but using conditional probabilities. This is an essential
concept, for reasons analogous to why we need conditional probability:

e Conditional expectation is a powerful tool for calculating expectations. Using
strategies such as conditioning on what we wish we knew and first-step analysis,
we can often decompose complicated expectation problems into simpler pieces.

e Conditional expectation is a relevant quantity in its own right, allowing us to
predict or estimate unknowns based on whatever evidence is currently available.
For example, in statistics we often want to predict a response variable (such as
test scores or earnings) based on explanatory variables (such as number of practice
problems solved or enrollment in a job training program).

There are two different but closely linked notions of conditional expectation:

e Conditional expectation E(Y|A) given an event: let Y be an r.v., and A be an
event. If we learn that A occurred, our updated expectation for Y is denoted by
E(Y|A) and is computed analogously to E(Y'), except using conditional probabil-
ities given A.

o Conditional expectation E(Y|X) given a random variable: a more subtle question
is how to define E(Y|X), where X and Y are both r.v.s. Intuitively, E(Y|X) is
the r.v. that best predicts Y using only the information available from X.

In this chapter, we explore the definitions, properties, intuitions, and applications
of both forms of conditional expectation.

9.1 Conditional expectation given an event

Recall that the expectation E(Y) of a discrete r.v. Y is a weighted average of its
possible values, where the weights are the PMF values P(Y = y). After learning
that an event A occurred, we want to use weights that have been updated to reflect
this new information. The definition of FE(Y|A) simply replaces the probability
P(Y = y) with the conditional probability P(Y = y|A).

383
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Similarly, if Y is continuous, E(Y) is still a weighted average of the possible values
of Y, with an integral in place of a sum and the PDF value f(y) in place of a PMF
value. If we learn that A occurred, we update the expectation for Y by replacing
f(y) with the conditional PDF f(y|A).

Definition 9.1.1 (Conditional expectation given an event). Let A be an event
with positive probability. If Y is a discrete r.v., then the conditional expectation of
Y given A is

E(Y|A) = Z yP(Y =y|A),
where the sum is over the support of Y. If Y is a continuous r.v. with PDF f, then

E(VA) = [ sl
— 00
where the conditional PDF f(y|A) is defined as the derivative of the conditional
CDF F(y|A) = P(Y < y|A), and can also be computed by a hybrid version of
Bayes’ rule:
PAYY =y)f(y)
P(A)

flylA) =

Intuition 9.1.2. To gain intuition for E(Y|A), let’s consider approximating it
via simulation (or via the frequentist perspective, based on repeating the same
experiment many times). Imagine generating a large number n of replications of the
experiment for which Y is a numerical summary. We then have Y-values y1, ..., yn,

and we can approximate
n
5%
~ — Yj-
n < J
J=1

To approximate E(Y|A), we restrict to the replications where A occurred, and
average only those Y-values. This can be written as

> i1 Yyl
Z?:l I ’

where I; is the indicator of A occurring in the jth replication. This is undefined
if A never occurred in the simulation, which makes sense since then there is no
simulation data about what the “A occurred” scenario is like. We would like to
have n large enough so that there are many occurrences of A (if A is a rare event,
more sophisticated techniques for approximating F(Y|A) may be needed).

E(Y|A) ~

The principle is simple though: E(Y|A) is approximately the average of Y in a large
number of simulation runs in which A occurred. O

& 9.1.3. Confusing conditional expectation and unconditional expectation is a
dangerous mistake. More generally, not keeping careful track of what you should be
conditioning on and what you are conditioning on is a recipe for disaster.
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For a life-or-death example of the previous biohazard, consider life expectancy.

Example 9.1.4 (Life expectancy). Fred is 30 years old, and he hears that the
average life expectancy in his country is 80 years. Should he conclude that, on
average, he has 50 years of life left? No, there is a crucial piece of information that
he must condition on: the fact that he has lived to age 30 already. Letting T" be
Fred’s lifespan, we have the cheerful news that

E(T) < E(T|T > 30).

The left-hand side is Fred’s life expectancy at birth (it implicitly conditions on the
fact that he is born), and the right-hand side is Fred’s life expectancy given that he
reaches age 30.

A harder question is how to decide on an appropriate estimate to use for E(T). Is
it just 80, the overall average for his country? In almost every country, women have
a longer average life expectancy than men, so it makes sense to condition on Fred
being a man. But should we also condition on what city he was born in? Should we
condition on racial and financial information about his parents, or the time of day
when he was born? Intuitively, we would like estimates that are both accurate and
relevant for Fred, but there is a tradeoff since if we condition on more characteristics
of Fred, then there are fewer people who match those characteristics to use as data
for estimating the life expectancy.

Now consider some specific numbers for the United States. A Social Security Admin-
istration study estimated that between 1900 and 2000, the average life expectancy
at birth in the U.S. for men increased from 46 to 74, and for women increased from
49 to 79. Tremendous gains! But most of the gains are due to decreases in child
mortality. For a 30-year-old person in 1900, the average number of years remaining
was 35 for a man and 36 for a woman (bringing their conditional life expectancies
to 65 and 66); in 2000, the corresponding numbers are 46 for a man and 50 for a
woman.

There are some subtle statistical issues in obtaining these estimates. For example,
how were estimates for life expectancy for someone born in 2000 obtained without
waiting at least until the year 21007 Estimating distributions for survival is a very
important topic in biostatistics and actuarial science. U

The law of total probability allows us to get unconditional probabilities by slicing
up the sample space and computing conditional probabilities in each slice. The same
idea works for computing unconditional expectations.

Theorem 9.1.5 (Law of total expectation). Let Aj,..., A, be a partition of a
sample space, with P(A;) > 0 for all 4, and let Y be a random variable on this
sample space. Then

E(Y) =Y E(Y]|A)P(A,).
i=1
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In fact, since all probabilities are expectations by the fundamental bridge, the law
of total probability is a special case of the law of total expectation. To see this, let
Y = Ip for an event B; then the above theorem says

P(B) = E(Ip) =Y _ E(Ig|A;)P(A;) =Y P(B|A)P(4;),
=1 =1

which is exactly LOTP. The law of total expectation is, in turn, a special case of a
major result called Adam’s law (Theorem 9.3.7), so we will not prove it yet.

There are many interesting examples of using wishful thinking to break up an un-
conditional expectation into conditional expectations. We begin with two cautionary
tales about the importance of conditioning carefully and not destroying information
without justification.

Example 9.1.6 (Two-envelope paradox). A stranger presents you with two
identical-looking, sealed envelopes, each of which contains a check for some pos-
itive amount of money. You are informed that one of the envelopes contains exactly
twice as much money as the other. You can choose either envelope. Which do you
prefer: the one on the left or the one on the right? (Assume that the expected
amount of money in each envelope is finite—certainly a good assumption in the real
world!)

FIGURE 9.1
Two envelopes, where one contains twice as much money as the other. Either Y =
2X or Y = X/2, with equal probabilities. Which would you prefer?

Solution:

Let X and Y be the amounts in the left and right envelopes, respectively. By
symmetry, there is no reason to prefer one envelope over the other (we are assuming
there is no prior information that the stranger is left-handed and left-handed people
prefer putting more money on the left). Concluding by symmetry that E(X) =
E(Y), it seems that you should not care which envelope you get.

But as you daydream about what’s inside the envelopes, another argument occurs
to you: suppose that the left envelope has $100. Then the right envelope either has
$50 or $200. The average of $50 and $200 is $125, so it seems then that the right
envelope is better. But there was nothing special about $100 here; for any value x
for the left envelope, the average of 2x and x/2 is greater than z, suggesting that
the right envelope is better. This is bizarre though, since not only does it contradict
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the symmetry argument, but also the same reasoning could be applied starting with
the right envelope, leading to switching back and forth forever!

Let us try to formalize this argument to see what’s going on. We have Y = 2X or
Y = X/2, with equal probabilities. By Theorem 9.1.5,

E(Y)=E{Y|Y =2X)- % +E(Y]Y = X/2) -

N |

One might then think that this is
E(2X) L + E(X/2) L §E(X)
2 2 4 ’

suggesting a 25% gain from switching from the left to the right envelope. But there
is a blunder in that calculation: E(Y|Y = 2X) = E(2X|Y = 2X), but there is no
justification for dropping the Y = 2.X condition after plugging in 2X for Y.

To put it another way, let I be the indicator of the event Y = 2X, so that E(Y|Y =
2X) = E(2X|I =1). If we know that X is independent of I, then we can drop the
condition I = 1. But in fact we have just proven that X and I can’t be independent:
if they were, we’d have a paradox! Surprisingly, observing X gives information about
whether X is the bigger value or the smaller value. If we learn that X is very large,
we might guess that X is larger than Y, but what is considered very large? Is 1012
very large, even though it is tiny compared with 1019°? The two-envelope paradox
says that no matter what the distribution of X is, there are reasonable ways to
define “very large” relative to that distribution.

In Exercise 7 you will look at a related problem, in which the amounts of money
in the two envelopes are i.i.d. random variables. You’ll show that if you are allowed
to look inside one of the envelopes and then decide whether to switch, there is a
strategy that allows you to get the better envelope more than 50% of the time! [

The next example vividly illustrates the importance of conditioning on all the in-
formation. The phenomenon revealed here arises in many real-life decisions about
what to buy and what investments to make.

Example 9.1.7 (Mystery prize). You are approached by another stranger, who
gives you an opportunity to bid on a mystery box containing a mystery prize! The
value of the prize is completely unknown, except that it is worth at least nothing,
and at most a million dollars. So the true value V of the prize is considered to be
Uniform on [0,1] (measured in millions of dollars).

You can choose to bid any amount b (in millions of dollars). You have the chance to
get the prize for considerably less than it is worth, but you could also lose money
if you bid too much. Specifically, if b < 2V//3, then the bid is rejected and nothing
is gained or lost. If b > 2V//3, then the bid is accepted and your net payoff is V' — b
(since you pay b to get a prize worth V). What is your optimal bid b, to maximize
the expected payoff?
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Bid $250,000? If it's rejected, I
lose nothing. If it's accepted, 1
get a prize worth $500,000 on
average!

mystery box

FIGURE 9.2
When bidding on an unknown asset, beware the winner’s curse, and condition on
the relevant information.

Solution:

Your bid b > 0 must be a predetermined constant (not based on V, since V is
unknown!). To find the expected payoff W, condition on whether the bid is accepted.
The payoff is V' — b if the bid is accepted and 0 if the bid is rejected. So

E(W)=E(WI|b>2V/3)P(b>2V/3)+ E(W|b<2V/3)P(b < 2V/3)
=E(V —=bb>2V/3)P(b>2V/3)+0

= (BE(V|V <3b/2) —b) P(V < 3b/2).

For b > 2/3, the event V' < 3b/2 has probability 1, so the right-hand side is 1/2—b <
0, i.e., you lose money on average. Now assume b < 2/3. Then V < 3b/2 has
probability 3b/2. Given that V' < 3b/2, the conditional distribution of V' is Uniform
on [0,3b/2]. Therefore,

E(W) = (E(V|V < 3b/2) — b) P(V < 3b/2) = (3b/4 — b) (3b/2) = —3b%/8.

The above expression is negative except at b = 0, so the optimal bid is 0: you
shouldn’t play this game!

Alternatively, we can condition on which of the following events occurs: A = {V <
b/2}, B={b/2 <V <3b/2}, or C ={V > 3b/2}. We have

E(W|A) = E(V — b|A) < E(b/2 — b|A) = —b/2 < 0,

E(W|B) = E <b/2+23b/2 _ b\B) 0,

E(WI|C) =0,
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so we should just set b = 0 and walk away.

The moral of this story is to condition on all the information. It is crucial in the
above calculation to use E(V|V < 3b/2) rather than E(V) = 1/2; knowing that the
bid was accepted gives information about how much the mystery prize is worth, so
we shouldn’t destroy that information. This problem is related to the so-called win-
ner’s curse, which says that the winner in an auction with incomplete information
tends to profit less than they expect (unless they understand probability!). This is
because in many settings, the expected value of the item that they bid on given
that they won the bid is less than the unconditional expected value they originally
had in mind. For b > 2/3, conditioning on V' < 3b/2 does nothing since we know
in advance that V' < 1, but such a bid is ludicrously high. For any b < 2/3, finding
out that your bid is accepted lowers your expectation:

E(V|V < 3b/2) < E(V).

O

The remaining examples use first-step analysis to calculate unconditional expecta-
tions. First, as promised in Chapter 4, we derive the expectation of the Geometric
distribution using first-step analysis.

Example 9.1.8 (Geometric expectation redux). Let X ~ Geom(p). Interpret X as
the number of Tails before the first Heads in a sequence of coin flips with probability
p of Heads. To get E(X), we condition on the outcome of the first toss: if it lands
Heads, then X is 0 and we’re done; if it lands Tails, then we’ve wasted one toss and
are back to where we started, by memorylessness. Therefore,

E(X) = E(X|first toss H) - p+ E(X|first toss T') - g
=0-p+(1+EX))-q,

which gives E(X) = q/p. O

The next example derives expected waiting times for some more complicated pat-
terns, using two steps of conditioning.

Example 9.1.9 (Time until HH vs. HT). You toss a fair coin repeatedly. What
is the expected number of tosses until the pattern HT appears for the first time?
What about the expected number of tosses until HH appears for the first time?

Solution:

Let Wy be the number of tosses until HT appears. As we can see from Figure
9.3, Wgr is the waiting time for the first Heads, which we’ll call Wy, plus the
additional waiting time for the first Tails after the first Heads, which we’ll call Wj.
By the story of the First Success distribution, W7 and Wy are ii.d. FS(1/2), so
E(Wl) = E(Wg) =2 and E(WHT) =4,

Finding the expected waiting time for HH, E(W ), is more complicated. We can’t
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TTTHHH HT...

W W,

FIGURE 9.3
Waiting time for HT is the waiting time for the first Heads, W7, plus the additional
waiting time for the next Tails, W5. Durable partial progress is possible!

apply the same logic as for E(Wgr): as shown in Figure 9.4, if the first Heads is
immediately followed by Tails, our progress is destroyed and we must start from
scratch. But this is progress for us in solving the problem, since the fact that the
system can get reset suggests the strategy of first-step analysis. Let’s condition on
the outcome of the first toss:

1 1
E(Wyp) = E(Wgg|first toss H)§ + E(Wpglfirst toss T)§

FIGURE 94
When waiting for HH, partial progress can easily be destroyed.

For the second term, E(Wgglfirst toss T) = 1 + E(Wgp) by memorylessness. For
the first term, we compute E(Wpp|lst toss H) by further conditioning on the out-
come of the second toss. If the second toss is Heads, we have obtained HH in two
tosses. If the second toss is Tails, we’ve wasted two tosses and have to start all over!
This gives

1 1
E(Wgplfirst toss H) =2 - 3+ 24+ EWgn)) - 5

Therefore,

! +(1+ E(WHH))%.

EWgn) = (2 : % + 2+ EWnyn)) - 1) 5

2

Solving for E(Wgm), we get E(Wgp) = 6.

It might seem surprising at first that the expected waiting time for HH is greater
than the expected waiting time for HT. How do we reconcile this with the fact that
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in two tosses of the coin, HH and HT both have a 1/4 chance of appearing? Why
aren’t the average waiting times the same by symmetry?

As we solved this problem, we in fact noticed an important asymmetry. When
waiting for HT, once we get the first Heads, we’ve achieved partial progress that
cannot be destroyed: if the Heads is followed by another Heads, we’re in the same
position as before, and if the Heads is followed by a Tails, we're done. By contrast,
when waiting for HH, even after getting the first Heads, we could be sent back to
square one if the Heads is followed by a Tails. This suggests the average waiting
time for HH should be longer. Symmetry implies that the average waiting time for
HH is the same as that for T'T, and that for HT is the same as that for TH, but it
does not imply that the average waiting times for HH and HT are the same.

More intuition into what’s going on can be obtained by considering a long string
of coin flips, as in Figure 9.5. We notice right away that appearances of HH can
overlap, while appearances of HT must be disjoint. Since there are the same average
number of HHs and HT's, but HHs clump together while HT's do not, the spacing
between successive strings of HHs must be greater to compensate.

HHTHHTTHHAHTHTHTTHTT
HHTHATTHHHHTHTT
FIGURE 9.5

Clumping. (a) Appearances of HH can overlap. (b) Appearances of HT must be
disjoint.

Related problems occur in information theory when compressing a message, and in
genetics when looking for recurring patterns (called motifs) in DNA sequences. [

Our final example in this section uses wishful thinking for both probabilities and
expectations to study a question about a random walk.

Example 9.1.10 (Random walk on the integers). An immortal drunk man wanders
around randomly on the integers. He starts at the origin, and at each step he moves
1 unit to the right or 1 unit to the left, with equal probabilities, independently of all
his previous steps. Let b be a googolplex (this is 109, where g = 1019 is a googol).

(a) Find a simple expression for the probability that the immortal drunk visits b
before returning to the origin for the first time.

(b) Find the expected number of times that the immortal drunk visits b before
returning to the origin for the first time.

Solution:

(a) Let B be the event that the drunk man visits b before returning to the origin
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for the first time and let L be the event that his first move is to the left. Then
P(B|L) = 0 since any path from —1 to b must pass through 0. For P(B|L¢), we are
exactly in the setting of the gambler’s ruin problem, where player A starts with $1,
player B starts with $(b— 1), and the rounds are fair. Applying that result, we have
1 1 1
P(B) = P(B|L)P(L)+ P(B|L°)P(L) = 3 3=
(b) Let N be the number of visits to b before returning to the origin for the first
time, and let p = 1/(2b) be the probability found in (a). Then

E(N) = E(N|N =0)P(N =0) + E(N|N > 1)P(N > 1) = pE(N|N > 1).

The conditional distribution of N given N > 1 is FS(p): given that the man reaches
b, by symmetry there is probability p of returning to the origin before visiting b again
(call this “success”) and probability 1 — p of returning to b again before returning
to the origin (call this “failure”). Note that the trials are independent since the
situation is the same each time he is at b, independent of the past history. Thus
E(NIN >1)=1/p, and

1
E(N)=pE(NIN>1)=p--=1.
p

Surprisingly, the result doesn’t depend on the value of b, and our proof didn’t require
knowing the value of p. O

|
9.2 Conditional expectation given an r.v.

In this section we introduce conditional expectation given a random variable. That
is, we want to understand what it means to write E(Y|X) for an r.v. X. We will see
that E(Y|X) is a random variable that is, in a certain sense, our best prediction of
Y, assuming we get to know X.

The key to understanding E (Y| X) is first to understand E(Y|X = z). Since X = x
is an event, E(Y|X = z) is just the conditional expectation of Y given this event,
and it can be computed using the conditional distribution of Y given X = z.

If Y is discrete, we use the conditional PMF P(Y = y|X = z) in place of the
unconditional PMF P(Y = y):

EY|X =2) = ZyP =yl X =2x).

Analogously, if Y is continuous, we use the conditional PDF fy|x(y|z) in place of
the unconditional PDF:

BV =2) = [ " yhyix o)y
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Notice that because we sum or integrate over y, E(Y|X = x) is a function of x
only. We can give this function a name, like g: let g(x) = E(Y|X = z). We define
E(Y|X) as the random variable obtained by finding the form of the function g(z),
then plugging in X for x.

Definition 9.2.1 (Conditional expectation given an r.v.). Let g(z) = E(Y|X = z).
Then the conditional expectation of Y given X, denoted E(Y|X), is defined to be the
random variable g(X). In other words, if after doing the experiment X crystallizes
into z, then E(Y|X) crystallizes into g(z).

® 9.2.2. The notation in this definition sometimes causes confusion. It does not
say “g(x) = E(Y|X = ), so g(X) = E(Y|X = X), which equals E(Y') because
X = X is always true”. Rather, we should first compute the function g(x), then
plug in X for x. For example, if g(x) = 22, then g(X) = X?2. A similar biohazard is
® 5.3.2, about the meaning of F'(X) in the Universality of the Uniform.

# 9.2.3. By definition, E(Y|X) is a function of X, so it is a random variable.
Thus it makes sense to compute quantities like F(E(Y|X)) and Var(E(Y|X)), the
mean and variance of the r.v. E(Y|X). It is easy to be ensnared by category errors
when working with conditional expectation, so we should always keep in mind that
conditional expectations of the form E(Y|A) are numbers, while those of the form
E(Y|X) are random variables.

Here are some quick examples of how to calculate conditional expectation. In both
examples, we don’t need to do a sum or integral to get E(Y|X = z) because a more
direct approach is available.

Example 9.2.4. Suppose we have a stick of length 1 and break the stick at a
point X chosen uniformly at random. Given that X = x, we then choose another
breakpoint Y uniformly on the interval [0,z]. Find E(Y|X), and its mean and
variance.

Solution:

From the description of the experiment, X ~ Unif(0,1) and Y'|X = x ~ Unif(0, z).
Then E(Y|X = z) = x/2, so by plugging in X for x, we have

EY|X)=X/2.
The expected value of E(Y|X) is
E(E(Y|X))=E(X/2)=1/4.
(We will show in the next section that a general property of conditional expectation
is that F(E(Y|X)) = E(Y), so it also follows that E(Y) = 1/4.) The variance of

BE(Y|X) is
Var(E(Y]X)) = Var(X/2) = 1/48.
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Example 9.2.5. For X,Y Lid Expo()), find E(max(X,Y)| min(X,Y)).

Solution:

Let M = max(X,Y) and L = min(X,Y). By the memoryless property, M — L is
independent of L, and M — L ~ Expo(A) (see Example 7.3.6). Therefore

1
B(M|L=1)=E(LIL=1)+B(M~L|L=1) =1+ E(M - L) =1+ 1,

and E(M|L) =L + . O

|
9.3 Properties of conditional expectation

Conditional expectation has some very useful properties, that often allow us to solve
problems without having to go all the way back to the definition.

e Dropping what’s independent: If X and Y are independent, then E(Y|X) = E(Y).

e Taking out what’s known: For any function h, E(h(X)Y|X) = h(X)E(Y|X).

e Linearity: E(Y] + Y2|X) = E(Y1|X) + E(Y2]|X), and E(cY|X) = cE(Y|X) for c a
constant (the latter is a special case of taking out what’s known).

e Adam’s law: E(E(Y|X)) = E(Y).

e Projection interpretation: The r.v. Y — E(Y|X), which is called the residual from
using X to predict Y, is uncorrelated with h(X) for any function h.

Let’s discuss each property individually.

Theorem 9.3.1 (Dropping what’s independent). If X and Y are independent, then
EY|X)=E().

This is true because independence implies F(Y|X = z) = E(Y) for all z, hence
E(Y|X) = E(Y). Intuitively, if X provides no information about Y, then our best
guess for Y, even if we get to know X, is still the unconditional mean E(Y"). However,
the converse is false: a counterexample is given in Example 9.3.3 below.

Theorem 9.3.2 (Taking out what’s known). For any function h,

E(WX)Y|X) = h(X)E(Y]X).

Intuitively, when we take expectations given X, we are treating X as if it has
crystallized into a known constant. Then any function of X, say h(X), also acts like
a known constant while we are conditioning on X. Taking out what’s known is the
conditional version of the unconditional fact that E(cY) = cE(Y). The difference is
that E(cY) = cE(Y) asserts that two numbers are equal, while taking out what’s
known asserts that two random wvariables are equal.
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Example 9.3.3. Let Z ~ N (0,1) and Y = Z2. Find E(Y|Z) and E(Z|Y).
Solution:

Since Y is a function of Z, E(Y|Z) = E(Z?*Z) = Z? by taking out what’s known.
To get E(Z|Y), notice that conditional on Y =y, Z equals ,/y or —,/y with equal
probabilities by the symmetry of the standard Normal, so E(Z]Y = y) = 0 and
E(Z|Y) = 0.

In this case, although Y provides a lot of information about Z, narrowing down the
possible values of Z to just two values, Y only tells us about the magnitude of Z
and not its sign. For this reason, E(Z|Y) = E(Z) despite the dependence between
Z and Y. This example illustrates that the converse of Theorem 9.3.1 is false. [J

Theorem 9.3.4 (Linearity). E(Y1 + Y2|X) = E(Y1|X) + E(Y2]X).

This result is the conditional version of the unconditional fact that E(Y; + Ya) =
E(Y1) + E(Y2), and is true since conditional probabilities are probabilities.

£ 9.3.5. It is incorrect to write “E(Y| X1 + X2) = E(Y|X1) + E(Y|X2)”; linearity
applies on the left side of the conditioning bar, not on the right side!

Example 9.3.6. Let X1,..., X, beiid., and S, = X3 +---+ X,,. Find E(X1|S,).
Solution:

By symmetry,
E(X1|Sp) = E(X2|Sy) = -+ = E(X,|Sn),

and by linearity,
E(X1]Sn) + -+ + E(Xy|Sn) = E(Sn|Sn) = Sh.

Therefore,
E(X1|Sn) = Sn/n = Xna

the sample mean of the X;’s. This is an intuitive result: if we have 2i.i.d. r.v.s X7, X»
and learn that X; + X9 = 10, it makes sense to guess that X; is 5 (accounting for
half of the total). Similarly, if we have n i.i.d. r.v.s and get to know their sum, our
best guess for any one of them is the sample mean. O

The next theorem connects conditional expectation to unconditional expectation.
It goes by many names, including the law of total expectation, the law of iterated
expectation (which has a terrible acronym for something glowing with truth), and
the tower property. We call it Adam’s law because it is used so frequently that it
deserves a pithy name, and since it is often used in conjunction with another law
we’ll encounter soon, which has a complementary name.

Theorem 9.3.7 (Adam’s law). For any r.v.s X and Y,

E(E(Y|X)) = E(Y).
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Proof. We present the proof in the case where X and Y are both discrete (the
proofs for other cases are analogous). Let E(Y|X) = g(X). We proceed by applying
LOTUS, expanding the definition of g(z) to get a double sum, and then swapping
the order of summation:

E(9(X)) =) g(2)P(X = z)

- Z (zyP(Y:y|X=$)> P(X =z)
=Y > yP(X =x)P(Y =y|X =)

=D u) PX=2Y=y)

=S yP(Y = y) = E(Y).
Yy
[ |

Adam’s law is a more compact, more general version of the law of total expectation
(Theorem 9.1.5). For X discrete, the statements

E(Y)=) E(|X =z)P(X =)

and
E(Y) = E(E(Y|X))

mean the same thing, since if we let E(Y|X = x) = g(x), then
E(E(Y|X)) = E(9(X)) = Y _g(2)P(X =2) = Y E(Y|X =2)P(X =2).

But the Adam’s law expression is shorter and applies just as well in the continuous
case.

Armed with Adam’s law, we have a powerful strategy for finding an expectation
E(Y), by conditioning on an r.v. X that we wish we knew. First obtain F(Y|X) by
treating X as known, and then take the expectation of E(Y|X). We will see various
examples of this later in the chapter.

Just as there are forms of Bayes’ rule and LOTP with extra conditioning, as dis-
cussed in Chapter 2, there is a version of Adam’s law with extra conditioning.

Theorem 9.3.8 (Adam’s law with extra conditioning). For any r.v.s XY, Z, we
have

E(E(Y|X, Z2)|Z) = E(Y|Z).
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The above equation is Adam’s law, except with extra conditioning on Z inserted
everywhere. It is true because conditional probabilities are probabilities. So we
are free to use Adam’s law to help us find both unconditional expectations and
conditional expectations.

Using Adam’s law, we can also prove the last item on our list of properties of
conditional expectation.

Theorem 9.3.9 (Projection interpretation). For any function h, the r.v. Y —
E(Y|X) is uncorrelated with h(X). Equivalently,

B((Y — E(Y|X))h(X)) = 0.
(This is equivalent since E(Y — E(Y|X)) = 0, by linearity and Adam’s law.)
Proof. We have

E((Y - E(Y|X))h(X)) = E(h(X)Y) — E(h(X)E(Y|X))
— E(h(X)Y) - E(E(h(X)Y|X))

by Theorem 9.3.2 (here we're “putting back what’s known” into the inner expecta-
tion). By Adam’s law, the second term is equal to E(h(X)Y). [

Yo

)

rY—E(Y1X)

)

T
EY1X)

FIGURE 9.6

The conditional expectation E(Y|X) is the projection of Y onto the space of all
functions of X, shown here as a plane. The residual Y — E(Y|X) is orthogonal to
the plane: it’s perpendicular to (uncorrelated with) any function of X.

From a geometric perspective, we can visualize Theorem 9.3.9 as in Figure 9.6. In a
certain sense (described below), E(Y'|X) is the function of X that is closest to Y;
we say that F(Y|X) is the projection of Y into the space of all functions of X. The
“line” from Y to E(Y|X) in the figure is orthogonal (perpendicular) to the “plane”,
since any other route from Y to F(Y|X) would be longer. This orthogonality turns
out to be the geometric interpretation of Theorem 9.3.9.

The details of this perspective are given in the next section, which is starred since
it requires knowledge of linear algebra. But even without delving into the linear
algebra, the projection picture gives some useful intuition. As mentioned earlier, we
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can think of E(Y'|X) as a prediction for Y based on X. This is an extremely com-
mon problem in statistics: predict or estimate the future observations or unknown
parameters based on data. The projection interpretation of conditional expectation
implies that E(Y|X) is the best predictor of Y based on X, in the sense that it is
the function of X with the lowest mean squared error (expected squared difference
between Y and the prediction of V).

Example 9.3.10 (Linear regression). An extremely widely used method for data
analysis in statistics is linear regression. In its most basic form, the linear regression
model uses a single explanatory variable X to predict a response variable Y, and it
assumes that the conditional expectation of Y is linear in X:

E(Y|X) =a+bX.

(a) Show that an equivalent way to express this is to write
Y =a+bX +e¢,
where € is an r.v. (called the error) with E(e|X) = 0.

(b) Solve for the constants a and b in terms of E(X), E(Y), Cov(X,Y), and Var(X).
Solution:

(a) Let Y = a+ bX + ¢, with E(¢/X) = 0. Then by linearity,
EY|X)=FE(|X)+ EbX|X)+ E(e|X) = a+ bX.
Conversely, suppose that E(Y|X) = a + bX, and define
e=Y — (a+bX).
Then Y = a + bX + €, with

E(e|X) = E(Y|X) — E(a+bX|X) = E(Y|X) — (a + bX) = 0.

(b) First, by Adam’s law, taking the expectation of both sides gives
EY)=a+bE(X).
Note that € has mean 0 and X and € are uncorrelated, since
B(e) = B(E(e]X)) = E(0) = 0

and
E(eX)=E(E(eX|X)) = E(XE(eX)) = E(0) =0.

Taking the covariance with X of both sides in Y = a + bX + ¢, we have

Cov(X,Y) = Cov(X,a) + bCov(X, X) + Cov(X,e€) = bVar(X).
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Thus,
~ Cov(X,Y)
~ Var(X)
a=EY)-bE(X)=EY) - (W - B(X).

9.4 *Geometric interpretation of conditional expectation

This section explains in more detail the geometric perspective shown in Figure 9.6,
using some concepts from linear algebra. Consider the vector space consisting of all
random variables on a certain probability space, such that the random variables each
have zero mean and finite variance. (To apply the concepts of this section to r.v.s
that don’t have zero mean, we can center them first by subtracting their means.)
Each vector or point in the space is a random variable (here we are using “vector”
in the linear algebra sense, not in the sense of a random vector from Chapter 7).
Define the inner product of two r.v.s U and V to be

(U, V) = Cov(U,V) = E(UV).

(For this definition to satisfy the axioms for an inner product, we need the convention
that two r.v.s are considered the same if they are equal with probability 1.)

With this definition, two r.v.s are uncorrelated if and only if they have an inner
product of 0, which means they are orthogonal in the vector space. The squared
length of an r.v. X is

IX|]?> = (X, X) = Var(X) = EX?,

so the length of an r.v. is its standard deviation. The squared distance between
two 1.v.s U and V is E(U — V)2, and the cosine of the angle between them is the
correlation between them.

The random variables that can be expressed as functions of X form a subspace of
the vector space. In Figure 9.6, the subspace of random variables of the form h(X)
is represented by a plane. To get E(Y|X), we project Y onto the plane. Then the
residual Y — E(Y|X) is orthogonal to h(X) for all functions h, and E(Y|X) is the
function of X that best predicts Y, where “best” here means that the mean squared
error E(Y — g(X))? is minimized by choosing g(X) = E(Y|X).

The projection interpretation is a helpful way to think about many of the properties
of conditional expectation. For example, if Y = h(X) is a function of X, then Y itself
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is already in the “plane”, so it is its own projection; this explains why E(h(X)|X) =
h(X). Also, we can think of unconditional expectation as a projection too: E(Y) =

E(Y]0) is the projection of Y onto the space of all constants (and indeed, E(Y) is
the constant ¢ that minimizes E(Y — ¢)?, as we proved in Theorem 6.1.4).

We can now also give a geometric interpretation for Adam’s law: E(Y) says to
project Y in one step to the space of all constants; E(E(Y|X)) says to do it in two
steps, by first projecting onto the “plane” and then projecting E(Y'|X) onto the
space of all constants, which is a line within that “plane”. Adam’s law says that the
one-step and two-step methods yield the same result.

9.5 Conditional variance

Once we’ve defined conditional expectation given an r.v., we have a natural way to
define conditional variance given an r.v.: replace all instances of E(-) in the definition
of unconditional variance with E(-|X).

Definition 9.5.1 (Conditional variance). The conditional variance of Y given X
is
Var(Y|X) = E((Y — E(Y|X))?X).

This is equivalent to
Var(Y|X) = BE(Y?|X) - (B(Y]X))?

£ 9.5.2. Like E(Y|X), Var(Y|X) is a random variable, and it is a function of X.

Since conditional variance is defined in terms of conditional expectations, we can
use results about conditional expectation to help us calculate conditional variance.
Here’s an example.

Example 9.5.3. Let Z ~ A(0,1) and Y = Z2. Find Var(Y|Z) and Var(Z|Y).

Solution:

Without any calculations we can see that Var(Y'|Z) = 0: conditional on Z, Y is
a known constant, and the variance of a constant is 0. By the same reasoning,
Var(h(Z)|Z) = 0 for any function h.

To get Var(Z|Y), apply the definition:
Var(Z|Z?) = E(Z%Z%) — (E(Z|Z?))>.

The first term equals Z2. The second term equals 0 by symmetry, as we found in
Example 9.3.3. Thus Var(Z|Z?) = Z?%, which we can write as Var(Z|Y) =Y. O
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We learned in the previous section that Adam’s law relates conditional expectation
to unconditional expectation. A companion result for Adam’s law is Eve’s law, which
relates conditional variance to unconditional variance.

Theorem 9.5.4 (Eve’s law). For any r.v.s X and Y,

Var(Y') = E(Var(Y|X)) + Var(E(Y|X)).

The ordering of E’s and Var’s on the right-hand side spells EVVE, whence the
name Eve’s law. Eve’s law is also known as the law of total variance or the variance
decomposition formula.

Proof. Let g(X) = E(Y|X). By Adam’s law, E(g(X)) = E(Y). Then
E(Var(Y|X)) = B(E(Y?|X) — g(X)*) = E(Y?) - B(9(X)?),

Var(B(Y]X)) = B(9(X)?) - (Eg(X))* = E(9(X)?) — (BY)*.

Adding these equations, we have Eve’s law. |

To visualize Eve’s law, imagine a population where each person has a value of X
and a value of Y. We can divide this population into subpopulations, one for each
possible value of X. For example, if X represents age and Y represents height, we
can group people based on age. Then there are two sources contributing to the
variation in people’s heights in the overall population. First, within each age group,
people have different heights. The average amount of variation in height within each
age group is the within-group variation, E(Var(Y|X)). Second, across age groups,
the average heights are different. The variance of average heights across age groups
is the between-group variation, Var(E(Y'|X)). Eve’s law says that to get the total
variance of Y, we simply add these two sources of variation.

Figure 9.7 illustrates Eve’s law in the simple case where we have three age groups.
The average amount of scatter within each of the groups X = 1, X = 2, and
X = 3 is the within-group variation, E(Var(Y|X)). The variance of the group
means E(Y|X =1), E(Y|X = 2), and E(Y|X = 3) is the between-group variation,
Var(E(Y]X)).

FIGURE 9.7
Eve’s law says that total variance is the sum of within-group and between-group
variation.
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Another way to think about Eve’s law is in terms of prediction. If we wanted to
predict someone’s height based on their age alone, the ideal scenario would be if ev-
eryone within an age group had exactly the same height, while different age groups
had different heights. Then, given someone’s age, we would be able to predict their
height perfectly. In other words, the ideal scenario for prediction is no within-group
variation in height, since the within-group variation cannot be explained by age dif-
ferences. For this reason, within-group variation is also called unezxplained variation,
and between-group variation is also called explained variation. Eve’s law says that
the total variance of Y is the sum of unexplained and explained variation.

% 9.5.5. Let Y be an r.v. and A be an event. It is wrong to say “Var(Y) =
Var(Y|A)P(A) + Var(Y|A°)P(A°)”, even though this looks analogous to the law
of total expectation. Rather, we should use Eve’s law if we want to condition on
whether or not A occurred: letting I be the indicator of A,

Var(Y') = E(Var(Y|I)) + Var(E(Y|I)).
To see how this expression relates to the “wrong expression”, let
p=P(A), g=P(A°), a=E(Y|A), b= E(Y|A®), v=Var(Y|A), w = Var(Y|A°).

Then E(Y|I) is a with probability p and b with probability ¢, and Var(Y|I) is v
with probability p and w with probability ¢g. So

E(Var(Y|I)) = vp + wq = Var(Y |A) P(A) + Var(Y|A°) P(A°),

“wrong expression”, and Var(Y) consists of this plus the term

which is exactly the
Var(E(Y|I)) = a®p + b*q — (ap + bg)*.

It is crucial to account for both within-group and between-group variation.

9.6 Adam and Eve examples

We conclude this chapter with several examples showing how Adam’s law and Eve’s
law allow us to find the mean and variance of complicated r.v.s, especially in situ-
ations that involve multiple levels of randomness.

In our first example, the r.v. of interest is the sum of a random number of random
variables. There are thus two levels of randomness: first, each term in the sum
is a random variable; second, the number of terms in the sum is also a random
variable.

Example 9.6.1 (Random sum). A store receives N customers in a day, where N
is an r.v. with finite mean and variance. Let X; be the amount spent by the jth
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customer at the store. Assume that each X; has mean ;i and variance o2, and that
N and all the X; are independent of one another. Find the mean and variance of
the random sum X = Zj\le X, which is the store’s total revenue in a day, in terms

of 1, 02, E(N), and Var(N).

Solution:

Since X is a sum, our first impulse might be to claim “E(X) = Npu by linearity”.
Alas, this would be a category error, since E(X) is a number and Ny is a random
variable. The key is that X is not merely a sum, but a random sum; the number of
terms we are adding up is itself random, whereas linearity applies to sums with a
fixzed number of terms.

Yet this category error actually suggests the correct strategy: if only we were allowed
to treat N as a constant, then linearity would apply. So let’s condition on N! By
linearity of conditional expectation,

N

N
E(X|N) = ZX IN) =) E(X;|N) =) E(X;) =N
— j=1 7j=1

We used the independence of the X; and N to assert E(X;|N) = E(X;) for all
j. Note that the statement “E(X|N) = Nu” is not a category error because both
sides of the equality are r.v.s that are functions of N. Finally, by Adam’s law,

E(X) = E(E(X|N)) = E(Np) = pE(N).

This is a pleasing result: the average total revenue is the average amount spent per
customer, multiplied by the average number of customers.

For Var(X), we again condition on N to get Var(X|N):

N N N
Var(X|N) = Var() _ X;|N) =Y Var(X;|N) =D Var(X
j=1 j=1 j=

Eve’s law then tells us how to obtain the unconditional variance of X:
Var(X) = E(Var(X|N)) 4+ Var(E(X|N))
= E(No?) + Var(Np)
0?E(N) + p?Var(N).
O

In the next example, two levels of randomness arise because our experiment takes
place in two stages. We sample a city from a group of cities, then sample citizens
within the city. This is an example of a multilevel model.
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Example 9.6.2 (Random sample from a random city). To study the prevalence
of a disease in several cities of interest within a certain county, we pick a city at
random, then pick a random sample of n people from that city. This is a form of a
widely used survey technique known as cluster sampling.

Let @@ be the proportion of diseased people in the chosen city, and let X be the
number of diseased people in the sample. As illustrated in Figure 9.8 (where white
dots represent healthy individuals and black dots represent diseased individuals),
different cities may have very different prevalences. Since each city has its own
disease prevalence, () is a random variable. Suppose that @@ ~ Unif(0,1). Also
assume that conditional on @), each individual in the sample independently has
probability @ of having the disease; this is true if we sample with replacement from
the chosen city, and is approximately true if we sample without replacement but
the population size is large. Find E(X) and Var(X).

FIGURE 9.8

A certain oval-shaped county has 4 cities. Each city has healthy people (represented
as white dots) and diseased people (represented as black dots). A random city is
chosen, and then a random sample of n people is chosen from within that city.
There are two components to the variability in the number of diseased people in
the sample: variation due to different cities having different disease prevalence, and
variation due to the randomness of the sample within the chosen city.

Solution:

With our assumptions, X|Q ~ Bin(n,Q); this notation says that conditional on
knowing the disease prevalence in the chosen city, we can treat () as a constant,
and each sampled individual is an independent Bernoulli trial with probability @ of
success. Using the mean and variance of the Binomial distribution, E(X|Q) = n@
and Var(X|Q) = nQ(l — Q). Furthermore, using the moments of the standard
Uniform distribution, £(Q) = 1/2, E(Q?) = 1/3, and Var(Q) = 1/12. Now we can
apply Adam’s law and Eve’s law to get the unconditional mean and variance of X:

E(X) = E(E(X|Q)) = E(nQ) = 3,
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Var(X) = E(Var(X|Q)) + Var(E(X|Q))

(nQ(1 - Q)) + Var(nQ)

= nE(Q) — nE(Q?) + n*Var(Q)
n  n?

BERETE

E
E

Note that the structure of this problem is identical to that in the story of Bayes’
billiards. Therefore, we actually know the distribution of X, not just its mean and
variance: X is Discrete Uniform on {0, 1,2, ...,n}. But the Adam-and-Eve approach
can be applied when () has a more complicated distribution, or with more levels in
the multilevel model, whether or not it is feasible to work out the distribution of
X. For example, we could have people within cities within counties within states
within countries. O

Last but not least, we revisit Story 8.4.5, the Gamma-Poisson problem from the
previous chapter.

Example 9.6.3 (Gamma-Poisson revisited). Recall that Fred decided to find out
about the rate of Blotchville’s Poisson process of buses by waiting at the bus stop
for ¢t hours and counting the number of buses Y. He then used the data to update
his prior distribution A ~ Gamma(rg, by). Thus, Fred was using the two-level model

A ~ Gammal(r, by)
Y|\ ~ Pois(\t).

We found that under Fred’s model, the marginal distribution of Y is Negative
Binomial with parameters r = ro and p = by/(bp + t). By the mean and variance of
the Negative Binomial distribution, we have

rq rot
EY)=—=—,
(Y) P
rq  rot(bo +t)
Var(Y) = — = —————.

Let’s independently verify this with Adam’s law and Eve’s law. Using results
about the Poisson distribution, the conditional mean and variance of Y given A
are E(Y|\) = Var(Y|\) = At. Using results about the Gamma distribution, the
marginal mean and variance of A are E(\) = /by and Var()\) = ro/b3. For Adam
and Eve, this is all that is required:
’l"()t
E(Y) = E(E(Y|N) = E(\) = - =,
0
Var(Y) = E(Var(Y|\)) + Var(E(Y|\))
= E(At) + Var(At)

rot  rot?  rot(bo +t)

T -
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which is consistent with our earlier answers. The difference is that when using Adam
and Eve, we don’t need to know that Y is Negative Binomial! If we had been too
lazy to derive the marginal distribution of Y, or if we weren’t so lucky as to have a
named distribution for Y, Adam and Eve would still deliver the mean and variance
of Y (though not the PMF).

Lastly, let’s compare the mean and variance of Y under the two-level model to
the mean and variance we would get if Fred were absolutely sure of the true value
of A. In other words, suppose we replaced A by its mean, E(\) = ry/bg, making
A a constant instead of an r.v. Then the marginal distribution of the number of
buses (which we’ll call ¥ under the new assumptions) would just be Poisson with
parameter rot/by. Then we would have

~ ’I“ot

E( ) = E7

Var(Y) = ;—Ot.
0

Notice that E(Y) = E(Y), but Var(Y) < Var(Y): the extra term rot?/b2 from Eve’s
law is missing. Intuitively, when we fix A at its mean, we are eliminating a level of
uncertainty in the model, and this causes a reduction in the unconditional variance.

Figure 9.9 overlays the plots of two PMFs, that of Y ~ NBin(rq, bo/(bg +t)) in gray
and that of Y ~ Pois(rot/by) in black. The values of the parameters are arbitrarily
chosen to be rg = 5, by = 1, t = 2. These two PMF's have the same center of mass,
but the PMF of Y is noticeably more dispersed.

0.20

PMF
0.10
-
—eo
— e
— e
—
—e

0.05
2 d

0.00

FIGURE 9.9 i
PMF of Y ~ NBin(rg,bo/(bo + t)) in gray and Y ~ Pois(rgt/bp) in black, where
ro=5,bp=1,1t=2.
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9.7 Recap

To calculate an unconditional expectation, we can divide up the sample space and
use the law of total expectation

E(Y) = Z E(Y|4;)P(4;),
=1

but we must be careful not to destroy information in subsequent steps (such as by
forgetting in the midst of a long calculation to condition on something that needs to
be conditioned on). In problems with a recursive structure, we can also use first-step
analysis for expectations.

The conditional expectation E(Y|X) and conditional variance Var(Y|X) are ran-
dom variables that are functions of X; they are obtained by treating X as if it
were a known constant. If X and Y are independent, then E(Y|X) = E(Y) and
Var(Y|X) = Var(Y). Conditional expectation has the properties

E(h(X)Y|X) = h(X)E(Y|X)
E(Yi + Ya|X) = B(Y1|X) + E(Ya|X),

analogous to the properties E(cY) = cE(Y) and E(Y; + Ys) = E(Y1) + E(Y3) for
unconditional expectation. The conditional expectation E(Y|X) is also the random
variable that makes the residual Y — E(Y|X) uncorrelated with any function of X,
which means we can interpret it geometrically as a projection.

Finally, Adam’s law and Eve’s law,

E(Y) = E(E(Y|X))
Var(Y) = E(Var(Y|X)) + Var(E(Y | X)),

often help us calculate E(Y') and Var(Y) in problems that feature multiple forms
or levels of randomness.

Figure 9.10 illustrates how the number E(Y|X = x) connects with the r.v. E(Y|X),
whose expectation is E(Y) by Adam’s law. Additionally, it shows how the ingredi-
ents in Eve’s law are formed and come together to give a useful decomposition of
Var(Y) in terms of quantities that condition on X.
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FIGURE 9.10

We often observe an r.v. X and want to predict another r.v. Y based on the infor-
mation about X. If we observe that X = x, then we can condition on that event
and use F(Y|X = x) as our prediction. The conditional expectation E(Y|X) is the
r.v. that takes the value E(Y|X = z) when X = z. Adam’s law lets us compute
the unconditional expectation E(Y) by starting with the conditional expectation
E(Y|X). Similarly, Eve’s law lets us compute Var(Y') in terms of quantities that
condition on X.

9.8 R
Mystery prize simulation

We can use simulation to show that in Example 9.1.7, the example of bidding on a
mystery prize with unknown value, any bid will lead to a negative payout on average.
First choose a bid b (we chose 0.6); then simulate a large number of hypothetical
mystery prizes and store them in v:

b <- 0.6
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nsim <- 1075
v <- runif(nsim)

The bid is accepted if b > (2/3)*v. To get the average profit conditional on an
accepted bid, we use square brackets to keep only those values of v satisfying the
condition:

mean(v[b > (2/3)*v]) - b

This value is negative regardless of b, as you can check by experimenting with
different values of b.

Time until HH vs. HT

To verify the results of Example 9.1.9, we can start by generating a long sequence
of fair coin tosses. This is done with the sample command. We use paste with the
collapse="" argument to turn these tosses into a single string of H’s and 71”s:

paste(sample(c("H","T"),100,replace=TRUE) ,collapse="")

A sequence of length 100 is enough to virtually guarantee that both HH and HT
will have appeared at least once.

To determine how many tosses are required on average to see HH and HT, we
need to generate many sequences of coin tosses. For this, we use our familiar friend
replicate:

r <- replicate(10~3,paste(sample(c("H","T"),100,replace=T),collapse=""))

Now r contains a thousand sequences of coin tosses, each of length 100. To find the
first appearance of HH in each of these sequences, it is easiest to use the str_locate
command, located in the stringr package. After you’ve installed and loaded the
package,

t <- str_locate(r,"HH")

creates a two-column table t, whose columns contain the starting and ending posi-
tions of the first appearance of HH in each sequence of coin tosses. (Use head (t) to
display the first few rows of the table and get an idea of what your results look like.)
What we want are the ending positions, given by the second column. In particular,
we want the average value of the second column, which is an approximation of the
average waiting time for HH:

mean(t[,2])

Is your answer around 67 Trying again with "HT" instead of "HH", is your answer
around 47
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Linear regression

In Example 9.3.10, we derived formulas for the slope and intercept of a linear regres-
sion model, which can be used to predict a response variable using an explanatory
variable. Let’s try to apply these formulas to a simulated dataset:

x <- rnorm(100)
y <= 3 + b*x + rnorm(100)

The vector x contains 100 realizations of the random variable X ~ A(0, 1), and the
vector y contains 100 realizations of the random variable Y = a + bX + ¢ where
e ~N(0,1). As we can see, the true values of a and b for this dataset are 3 and 5,
respectively. We can visualize the data as a scatterplot with plot(x,y).

Now let’s see if we can get good estimates of the true a and b, using the formulas
in Example 9.3.10:

b <= cov(x,y) / var(x)
a <- mean(y) - b*mean(x)

Here cov(x,y), var(x), and mean(x) provide the sample covariance, sample vari-
ance, and sample mean, estimating the quantities Cov(X,Y’), Var(X), and E(X),
respectively. (We have discussed sample mean and sample variance in detail in ear-
lier chapters. Sample covariance is defined analogously, and is a natural way to
estimate the true covariance.)

You should find that b is close to 5 and a is close to 3. These estimated values define
the line of best fit. The abline command lets us plot the line of best fit on top of
our scatterplot:

plot(x,y)
abline(a=a,b=b)

The first argument to abline is the intercept of the line, and the second argument
is the slope.

9.9 Exercises

Conditional expectation given an event

1. Fred wants to travel from Blotchville to Blissville, and is deciding between 3 options
(involving different routes or different forms of transportation). The jth option would
take an average of p; hours, with a standard deviation of o; hours. Fred randomly
chooses between the 3 options, with equal probabilities. Let T" be how long it takes for
him to get from Blotchville to Blissville.

(a) Find E(T). Is it simply (p1 + p2 + p3)/3, the average of the expectations?

(b) Find Var(T). Is it simply (o5 + 03 + 03)/3, the average of the variances?
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2. While Fred is sleeping one night, X legitimate emails and Y spam emails are sent to
him. Suppose that X and Y are independent, with X ~ Pois(10) and Y ~ Pois(40).
When he wakes up, he observes that he has 30 new emails in his inbox. Given this
information, what is the expected value of how many new legitimate emails he has?

3. A group of 21 women and 14 men are enrolled in a medical study. Each of them has a
certain disease with probability p, independently. It is then found (through extremely
reliable testing) that exactly 5 of the people have the disease. Given this information,
what is the expected number of women who have the disease? Again given this infor-
mation, what is the expected number of women who have the disease?

4. A researcher studying crime is interested in how often people have gotten arrested. Let

X ~ Pois(A\) be the number of times that a random person got arrested in the last 10
years. However, data from police records are being used for the researcher’s study, and
people who were never arrested in the last 10 years do not appear in the records. In
other words, the police records have a selection bias: they only contain information on
people who have been arrested in the last 10 years.
So averaging the numbers of arrests for people in the police records does not directly es-
timate E'(X); it makes more sense to think of the police records as giving us information
about the conditional distribution of how many times a person was arrest, given that
the person was arrested at least once in the last 10 years. The conditional distribution
of X, given that X > 1, is called a truncated Poisson distribution (see Exercise 14 for
another example of this distribution).

(a) Find E(X|X >1)

(b) Find Var(X|X > 1).

5. A fair 20-sided die is rolled repeatedly, until a gambler decides to stop. The gambler
pays $1 per roll, and receives the amount shown on the die when the gambler stops
(e.g., if the die is rolled 7 times and the gambler decides to stop then, with an 18 as the
value of the last roll, then the net payoff is $18 — $7 = $11). Suppose the gambler uses
the following strategy: keep rolling until a value of m or greater is obtained, and then
stop (where m is a fixed integer between 1 and 20).

(a) What is the expected net payoff?

Hint: The average of consecutive integers a,a + 1,...,a + n is the same as the average
of the first and last of these. See the math appendix for more information about series.

(b) Use R or other software to find the optimal value of m.
6. Let X ~ Expo(A). Find E(X|X < 1) in two different ways:

(a) by calculus, working with the conditional PDF of X given X < 1.

(b) without calculus, by expanding E(X) using the law of total expectation.

7. ® You get to choose between two envelopes, each of which contains a check for some

positive amount of money. Unlike in the two-envelope paradox, it is not given that one
envelope contains twice as much money as the other envelope. Instead, assume that the
two values were generated independently from some distribution on the positive real
numbers, with no information given about what that distribution is.
After picking an envelope, you can open it and see how much money is inside (call this
value z), and then you have the option of switching. As no information has been given
about the distribution, it may seem impossible to have better than a 50% chance of
picking the better envelope. Intuitively, we may want to switch if z is “small” and not
switch if x is “large”, but how do we define “small” and “large” in the grand scheme of
all possible distributions? [The last sentence was a rhetorical question.]

Consider the following strategy for deciding whether to switch. Generate a threshold
T ~ Expo(1), and switch envelopes if and only if the observed value z is less than the
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value of T. Show that this strategy succeeds in picking the envelope with more money
with probability strictly greater than 1/2.

Hint: Let ¢ be the value of T' (generated by a random draw from the Expo(1) distribu-
tion). First explain why the strategy works very well if ¢ happens to be in between the
two envelope values, and does no harm in any case (i.e., there is no case in which the
strategy succeeds with probability strictly less than 1/2).

8. There are two envelopes, each of which has a check for a Unif(0,1) amount of money,
measured in thousands of dollars. The amounts in the two envelopes are independent.
You get to choose an envelope and open it, and then you can either keep that amount
or switch to the other envelope and get whatever amount is in that envelope.

Suppose that you use the following strategy: choose an envelope and open it. If you
observe U, then stick with that envelope with probability U, and switch to the other
envelope with probability 1 — U.

(a) Find the probability that you get the larger of the two amounts.

(b) Find the expected value of what you will receive.

9. Suppose n people are bidding on a mystery prize that is up for auction. The bids are to
be submitted in secret, and the individual who submits the highest bid wins the prize.
Each bidder receives an i.i.d. signal X;, ¢ = 1,...,n. The value of the prize, V, is defined
to be the sum of the individual bidders’ signals:

V=X14++X,

This is known in economics as the wallet game: we can imagine that the n people are
bidding on the total amount of money in their wallets, and each person’s signal is the
amount of money in his or her own wallet. Of course, the wallet is a metaphor; the
game can also be used to model company takeovers, where each of two companies bids
to take over the other, and a company knows its own value but not the value of the
other company.

For this problem, assume the X; are i.i.d. Unif(0, 1).

(a) Before receiving her signal, what is bidder 1’s unconditional expectation for V'?
(b) Conditional on receiving the signal X; = x1, what is bidder 1’s expectation for V'?

(c¢) Suppose each bidder submits a bid equal to his or her conditional expectation for
V, i.e., bidder i bids E(V|X; = x;). Conditional on receiving the signal X; = z; and
winning the auction, what is bidder 1’s expectation for V7 Explain intuitively why this
quantity is always less than the quantity calculated in (b).

10. (® A coin with probability p of Heads is flipped repeatedly. For (a) and (b), suppose
that p is a known constant, with 0 < p < 1.
(a) What is the expected number of flips until the pattern HT is observed?
(b) What is the expected number of flips until the pattern HH is observed?

(¢) Now suppose that p is unknown, and that we use a Beta(a, b) prior to reflect our
uncertainty about p (where a and b are known constants and are greater than 2). In
terms of a and b, find the corresponding answers to (a) and (b) in this setting.

11. A fair 6-sided die is rolled once. Find the expected number of additional rolls needed to
obtain a value at least as large as that of the first roll.

12. A fair 6-sided die is rolled repeatedly.

(a) Find the expected number of rolls needed to get a 1 followed right away by a 2.
Hint: Start by conditioning on whether or not the first roll is a 1.
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(b) Find the expected number of rolls needed to get two consecutive 1’s.

(¢) Let an be the expected number of rolls needed to get the same value n times in a
row (i.e., to obtain a streak of n consecutive j’s for some not-specified-in-advance value
of 7). Find a recursive formula for an+1 in terms of an,.

Hint: Divide the time until there are n + 1 consecutive appearances of the same value
into two pieces: the time until there are n consecutive appearances, and the rest.
(d) Find a simple, explicit formula for a, for all n > 1. What is ar (numerically)?

Conditional expectation given a random variable

13.  ® Let X1, X5 beiid., and let X = (X1 + X2) be the sample mean. In many statistics
problems, it is useful or important to obtain a conditional expectation given X. As an
example of this, find E(wi X +w2Xz\X), where w1, ws are constants with w; +ws = 1.

14. Let X1, Xo,... be ii.d. r.v.s with mean 0, and let S,, = X; + --- + X,,. As shown in
Example 9.3.6, the expected value of the first term given the sum of the first n terms is

Sh
E(X1|Sh) = —.

(X1[8) =

Generalize this result by finding E(Sk|S») for all positive integers k and n.

15.  (® Consider a group of n roommate pairs at a college (so there are 2n students). Each
of these 2n students independently decides randomly whether to take a certain course,
with probability p of success (where “success” is defined as taking the course).

Let N be the number of students among these 2n who take the course, and let X be
the number of roommate pairs where both roommates in the pair take the course. Find
E(X) and E(X|N).

16.  ® Show that E((Y — E(Y|X))?|X) = E(Y?|X) — (E(Y|X))?, so these two expressions
for Var(Y|X) agree.

17.  Let (Z,W) be Bivariate Normal, constructed as in Example 7.5.10, so

Z =X
W =pX + /1 — p?Y,
with X,Y ii.d. M(0,1). Find E(W|Z) and Var(W|Z).

Hint for the variance: Adding a constant (or something acting as a constant) does not
affect variance.

18. Let X be the height of a randomly chosen adult man, and Y be his father’s height, where
X and Y have been standardized to have mean 0 and standard deviation 1. Suppose
that (X,Y) is Bivariate Normal, with X,Y ~ A(0,1) and Corr(X,Y) = p.

(a) Let y = axz + b be the equation of the best line for predicting Y from X (in the
sense of minimizing the mean squared error), e.g., if we were to observe X = 1.3 then
we would predict that Y is 1.3a + b. Now suppose that we want to use Y to predict
X, rather than using X to predict Y. Give and explain an intuitive guess for what the
slope is of the best line for predicting X from Y.

(b) Find a constant ¢ (in terms of p) and an r.v. V such that Y = ¢X 4+ V, with V
independent of X.

Hint: Start by finding ¢ such that Cov(X,Y — ¢X) = 0.

(¢) Find a constant d (in terms of p) and an r.v. W such that X = dY + W, with W
independent of Y.

(d) Find E(Y|X) and E(X|Y).

(e) Reconcile (a) and (d), giving a clear and correct intuitive explanation.
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19. Let X ~ Mults(n, p).
(a) Flnd E(X1‘X2) and Var(X1|X2).

(b) Find E(X:1| X5 + X3).

20. Let Y be a discrete r.v., A be an event with 0 < P(A) < 1, and I4 be the indicator
r.v. for A.

(a) Explain precisely how the r.v. E(Y|I4) relates to the numbers E(Y|A) and E(Y|A°).

(b) Show that E(Y|A) = E(YIa)/P(A), directly from the definitions of expectation
and conditional expectation.

Hint: First find the PMF of Y14 in terms of P(A) and the conditional PMF of Y given
A.

(c) Use (b) to give a short proof of the fact that E(Y) = E(Y|A)P(A)+ E(Y|A®)P(A°).
21. Show that the following version of LOTP follows from Adam’s law: for any event A and
continuous r.v. X with PDF fx,

P(A) = /_00 P(A|X = z)fx(x)dx.

22.  (® Let X and Y be random variables with finite variances, and let W =Y — E(Y|X).
This is a residual: the difference between the true value of Y and the predicted value of
Y based on X.

(a) Compute E(W) and E(W|X).

(b) Compute Var(W), for the case that W|X ~ A(0, X?) with X ~ A(0,1).

23.  (® One of two identical-looking coins is picked from a hat randomly, where one coin has
probability p1 of Heads and the other has probability p2 of Heads. Let X be the number
of Heads after flipping the chosen coin n times. Find the mean and variance of X.

24. Kelly makes a series of n bets, each of which she has probability p of winning, indepen-
dently. Initially, she has z¢ dollars. Let X; be the amount she has immediately after her
jth bet is settled. Let f be a constant in (0, 1), called the betting fraction. On each bet,
Kelly wagers a fraction f of her wealth, and then she either wins or loses that amount.
For example, if her current wealth is $100 and f = 0.25, then she bets $25 and either
gains or loses that amount. (A famous choice when p > 1/2 is f = 2p — 1, which is
known as the Kelly criterion.) Find E(X,) (in terms of n, p, f, o).

Hint: First find E(Xj+1‘Xj).

25. Let N ~ Pois(\1) be the number of movies that will be released next year. Suppose that
for each movie the number of tickets sold is Pois(Az2), independently. Find the mean and
variance of the number of movie tickets that will be sold next year.

26. A party is being held from 8:00 pm to midnight on a certain night, and N ~ Pois())
people are going to show up. They will all arrive at uniformly random times while the
party is going on, independently of each other and of N.

(a) Find the expected time at which the first person arrives, given that at least one
person shows up. Give both an exact answer in terms of A, measured in minutes after
8:00 pm, and an answer rounded to the nearest minute for A = 20, expressed in time
notation (e.g., 8:20 pm).

(b) Find the expected time at which the last person arrives, given that at least one
person shows up. As in (a), give both an exact answer and an answer rounded to the
nearest minute for A = 20.
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27. (8 We wish to estimate an unknown parameter 6, based on an r.v. X we will get to
observe. As in the Bayesian perspective, assume that X and 0 have a joint distribution.
Let 6 be the estimator (which is a function of X). Then 0 is said to be unbiased if
E(6]0) = 6, and 0 is said to be the Bayes procedure if E(6]X) = 0.

(a) Let 6 be unbiased. Find E(f — 6)? (the average squared difference between the
estimator and the true value of ), in terms of marginal moments of 6 and 6.

Hint: Condition on 6.

(b) Repeat (a), except in this part suppose that 6 is the Bayes procedure rather than
assuming that it is unbiased.

Hint: Condition on X.

(c¢) Show that it is impossible for 6 to be both the Bayes procedure and unbiased, except
in silly problems where we get to know 6 perfectly by observing X.

Hint: If Y is a nonnegative r.v. with mean 0, then P(Y =0) = 1.
28.  Show that if E(Y|X) = c is a constant, then X and Y are uncorrelated.

Hint: Use Adam’s law to find E(Y') and E(XY).

29. Show by example that it is possible to have uncorrelated X and Y such that E(Y|X)
is not a constant.

Hint: Consider a standard Normal and its square.

30. (® Emails arrive one at a time in an inbox. Let T}, be the time at which the nth email
arrives (measured on a continuous scale from some starting point in time). Suppose that
the waiting times between emails are i.i.d. Expo()), i.e., Th,To —T1, T3 —Ts, ... are i.i.d.
Expo(]).
Each email is non-spam with probability p, and spam with probability ¢ = 1 — p (in-
dependently of the other emails and of the waiting times). Let X be the time at which
the first non-spam email arrives (so X is a continuous r.v., with X = 77 if the 1st email
is non-spam, X = T if the 1st email is spam but the 2nd one isn’t, etc.).

(a) Find the mean and variance of X.

(b) Find the MGF of X. What famous distribution does this imply that X has (be sure
to state its parameter values)?

Hint for both parts: Let N be the number of emails until the first non-spam (including
that one), and write X as a sum of N terms; then condition on N.

31. Customers arrive at a store according to a Poisson process of rate A customers per hour.
Each makes a purchase with probability p, independently. Given that a customer makes
a purchase, the amount spent has mean 4 (in dollars) and variance o®.

(a) Find the mean and variance of how much a random customer spends (note that the
customer may spend nothing).

(b) Find the mean and variance of the revenue the store obtains in an 8-hour time
interval, using (a) and results from this chapter.

(¢) Find the mean and variance of the revenue the store obtains in an 8-hour time
interval, using the chicken-egg story and results from this chapter.

32. Fred’s beloved computer will last an Expo(A) amount of time until it has a malfunction.
When that happens, Fred will try to get it fixed. With probability p, he will be able to
get it fixed. If he is able to get it fixed, the computer is good as new again and will last
an additional, independent Expo()) amount of time until the next malfunction (when
again he is able to get it fixed with probability p, and so on). If after any malfunction
Fred is unable to get it fixed, he will buy a new computer. Find the expected amount
of time until Fred buys a new computer. (Assume that the time spent on computer
diagnosis, repair, and shopping is negligible.)
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33.  (® Judit plays in a total of N ~ Geom(s) chess tournaments in her career. Suppose that
in each tournament she has probability p of winning the tournament, independently.
Let T be the number of tournaments she wins in her career.

(a) Find the mean and variance of T'.

(b) Find the MGF of T. What is the name of this distribution (with its parameters)?
34. Let X1,...,Xn beiid.r.v.s with mean p and variance o2, and n > 2. A bootstrap sample

of Xi,...,X, is a sample of n r.v.s X7,..., X, formed from the X; by sampling with

replacement with equal probabilities. Let X* denote the sample mean of the bootstrap

sample:
X :%(Xl*+m+X,*L).

(a) Calculate E(X7) and Var(X;) for each j.

(b) Calculate E(X*|X1,...,X,) and Var(X*|X1,..., X»).

Hint: Conditional on X1, ..., X, the X are independent, with a PMF that puts proba-
bility 1/n at each of the points X1,..., X,. As a check, your answers should be random
variables that are functions of Xi,...,X,.

(c) Calculate E(X*) and Var(X™).

(d) Explain intuitively why Var(X) < Var(X™).

35.  An insurance company covers disasters in two neighboring regions, R1 and R2. Let I;
and Iz be the indicator r.v.s for whether R; and Rp are hit by the insured disaster,
respectively. The indicators I1 may be I are dependent. Let p; = E(I;) for j = 1,2,
and P12 = E(Ilfg).

The company reimburses a total cost of
C=5L"Ti+L T

to these regions, where 7T; has mean j; and variance 0]2. Assume that 77 and 75 are
independent of each other and independent of I, I».

(a) Find E(C).

(b) Find Var(C).

36. (® A certain stock has low volatility on some days and high volatility on other days.
Suppose that the probability of a low volatility day is p and of a high volatility day
is ¢ = 1 — p, and that on low volatility days the percent change in the stock price is
N(0,0%), while on high volatility days the percent change is N'(0,03), with o1 < 0.

Let X be the percent change of the stock on a certain day. The distribution is said to
be a mizture of two Normal distributions, and a convenient way to represent X is as
X = I X1 + 12 X2 where I is the indicator r.v. of having a low volatility day, Io = 1—1,
X; ~N(0,0%), and I1, X1, X» are independent.

(a) Find Var(X) in two ways: using Eve’s law, and by calculating Cov(l1 X: +
I: X5, 1 X1 + I, X>3) directly.

(b) Recall from Chapter 6 that the kurtosis of an r.v. Y with mean g and standard
deviation o is defined by
BY —p)'

Kurt(Y) = 1 3.

o
Find the kurtosis of X (in terms of p, ¢, o3, o2, fully simplified). The result will show that
even though the kurtosis of any Normal distribution is 0, the kurtosis of X is positive
and in fact can be very large depending on the parameter values.
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37. Show that for any r.v.s X and Y,
E(Y|E(Y|X)) = E(Y|X).

This has a nice intuitive interpretation if we think of E(Y|X) as the prediction we would
make for Y based on X: given the prediction we would use for predicting Y from X,
we no longer need to know X to predict Y—we can just use the prediction we have!
For example, letting E(Y|X) = g(X), if we observe g(X) = 7, then we may or may
not know what X is (since g may not be one-to-one). But even without knowing X, we
know that the prediction for Y based on X is 7.

Hint: Use Adam’s law with extra conditioning.

38. A researcher wishes to know whether a new treatment for the disease conditionitis is
more effective than the standard treatment. It is unfortunately not feasible to do a
randomized experiment, but the researcher does have the medical records of patients
who received the new treatment and those who received the standard treatment. She
is worried, though, that doctors tend to give the new treatment to younger, healthier
patients. If this is the case, then naively comparing the outcomes of patients in the two
groups would be like comparing apples and oranges.

Suppose each patient has background variables X, which might be age, height and
weight, and measurements relating to previous health status. Let Z be the indicator of
receiving the new treatment. The researcher fears that Z is dependent on X, i.e., that
the distribution of X given Z =1 is different from the distribution of X given Z = 0.
In order to compare apples to apples, the researcher wants to match every patient who
received the new treatment to a patient with similar background variables who received
the standard treatment. But X could be a high-dimensional random vector, which often
makes it very difficult to find a match with a similar value of X.

The propensity score reduces the possibly high-dimensional vector of background vari-
ables down to a single number (then it is much easier to match someone to a person
with a similar propensity score than to match someone to a person with a similar value
of X). The propensity score of a person with background characteristics X is defined as

S = E(Z|X).

By the fundamental bridge, a person’s propensity score is their probability of receiving
the treatment, given their background characteristics. Show that conditional on S, the
treatment indicator Z is independent of the background variables X.

Hint: It helps to first solve the previous problem. Then show that P(Z = 1]5,X) =
P(Z = 1|5). By the fundamental bridge, this is equivalent to showing E(Z|S,X) =
E(Z|S).

Mixed practice

39. A group of n friends often go out for dinner together. At their dinners, they play “credit
card roulette” to decide who pays the bill. This means that at each dinner, one person
is chosen uniformly at random to pay the entire bill (independently of what happens at
the other dinners).

(a) Find the probability that in k dinners, no one will have to pay the bill more than
once (do not simplify for the case k < n, but do simplify fully for the case k > n).

(b) Find the expected number of dinners it takes in order for everyone to have paid at
least once (you can leave your answer as a finite sum of simple-looking terms).

(c) Alice and Bob are two of the friends. Find the covariance between how many times
Alice pays and how many times Bob pays in k dinners (simplify fully).
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40. As in the previous problem, a group of n friends play “credit card roulette” at their
dinners. In this problem, let the number of dinners be a Pois(A) r.v.

(a) Alice is one of the friends. Find the correlation between how many dinners Alice
pays for and how many free dinners Alice gets (simplify fully).

(b) The costs of the dinners are i.i.d. Gamma(a, b) r.v.s, independent of the number of
dinners. Find the mean and variance of the total cost (simplify fully).

41. Paul and n other runners compete in a marathon. Their times are independent contin-
uous r.v.s with CDF F.

(a) For 5 =1,2,...,n, let A; be the event that anonymous runner j completes the race
faster than Paul. Explain whether the events A; are independent, and whether they are
conditionally independent given Paul’s time to finish the race.

(b) For the rest of this problem, let N be the number of runners who finish faster than
Paul. Find E(N).

(¢) Find the conditional distribution of N, given that Paul’s time to finish the marathon
is t.

(d) Find Var(N).

Hint: (1) Let T be Paul’s time; condition on T and use Eve’s law. (2) Or use indicator
I.V.S.

42.  An actuary wishes to estimate various quantities related to the number of insurance
claims and the dollar amounts of those claims for someone named Fred. Suppose that
Fred will make N claims next year, where N|A ~ Pois(A). But A is unknown, so the ac-
tuary, taking a Bayesian approach, gives X a prior distribution based on past experience.
Specifically, the prior is A ~ Expo(1). The dollar amount of a claim is Log-Normal with
parameters g and o2 (here p and o? are the mean and variance of the underlying Nor-
mal), with 4 and o known. The dollar amounts of the claims are i.i.d. and independent
of N.

(a) Find E(N) and Var(NN) using properties of conditional expectation (your answers
should not depend on A, since A is unknown and being treated as an r.v.!).

(b) Find the mean and variance of the total dollar amount of all the claims.

(¢) Find the distribution of N. If it is a named distribution we have studied, give its
name and parameters.

(d) Find the posterior distribution of X, given that it is observed that Fred makes
N = n claims next year. If it is a named distribution we have studied, give its name
and parameters.

43.  (® Empirically, it is known that 49% of children born in the U.S. are girls (and 51% are
boys). Let N be the number of children who will be born in the U.S. in March of next
year, and assume that N is a Pois(\) random variable, where X is known. Assume that
births are independent (e.g., don’t worry about identical twins).

Let X be the number of girls who will be born in the U.S. in March of next year, and
let Y be the number of boys who will be born then.

(a) Find the joint distribution of X and Y. (Give the joint PMF.)
(b) Find E(N|X) and E(N?|X).

44.  (® Let X1, X2, X3 be independent with X; ~ Expo(A;) (so with possibly different rates).
Recall from Chapter 7 that

A1
P(Xl < X2) = m
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(a) Find E(Xl + X5 +X3|X1 >1,X2 > 2, X35 > 3) in terms of )\1,)\2,)\3.

(b) Find P (X7 = min(X1, X2, X3)), the probability that the first of the three Exponen-
tials is the smallest.

Hint: Restate this in terms of X; and min(X2, X3).

(c) For the case A1 = A2 = A3 = 1, find the PDF of max (X1, X2, X3). Is this one of the
important distributions we have studied?

45. (® A task is randomly assigned to one of two people (with probability 1/2 for each
person). If assigned to the first person, the task takes an Expo(A1) length of time
to complete (measured in hours), while if assigned to the second person it takes an
Expo(A2) length of time to complete (independent of how long the first person would
have taken). Let T be the time taken to complete the task.

(a) Find the mean and variance of T'.

(b) Suppose instead that the task is assigned to both people, and let X be the time
taken to complete it (by whoever completes it first, with the two people working in-
dependently). It is observed that after 24 hours, the task has not yet been completed.
Conditional on this information, what is the expected value of X7

46. Suppose for this problem that “true 1Q” is a meaningful concept rather than a reified
social construct. Suppose that in the U.S. population, the distribution of true IQs is
Normal with mean 100 and SD 15. A person is chosen at random from this population
to take an IQ test. The test is a noisy measure of true ability: it’s correct on average
but has a Normal measurement error with SD 5.
Let p be the person’s true 1Q, viewed as a random variable, and let Y be her score on
the 1Q test. Then we have

Y~ N(p,5)
w~ N(100,15%).
(a) Find the unconditional mean and variance of Y.
(b) Find the marginal distribution of Y. One way is via the MGF.

(¢) Find Cov(p,Y).

47.  (® A certain genetic characteristic is of interest. It can be measured numerically. Let X
and X be the values of the genetic characteristic for two twin boys. If they are identical
twins, then X7 = X3 and X; has mean 0 and variance 02; if they are fraternal twins,
then X; and X» have mean 0, variance o2, and correlation p. The probability that the
twins are identical is 1/2. Find Cov(X1, X2) in terms of p, o°.

48.  (® The Mass Cash lottery randomly chooses 5 of the numbers from 1,2, ..., 35 each day
(without repetitions within the choice of 5 numbers). Suppose that we want to know
how long it will take until all numbers have been chosen. Let a; be the average number
of additional days needed if we are missing j numbers (so ap = 0 and ass is the average
number of days needed to collect all 35 numbers). Find a recursive formula for the a;.

49. Two chess players, Vishy and Magnus, play a series of games. Given p, the game results
are i.i.d. with probability p of Vishy winning, and probability ¢ = 1 — p of Magnus
winning (assume that each game ends in a win for one of the two players). But p is
unknown, so we will treat it as an r.v. To reflect our uncertainty about p, we use the
prior p ~ Beta(a, b), where a and b are known positive integers and a > 2.

(a) Find the expected number of games needed in order for Vishy to win a game (in-
cluding the win). Simplify fully; your final answer should not use factorials or I.

(b) Explain in terms of independence vs. conditional independence the direction of the
inequality between the answer to (a) and 1+ E(G) for G ~ Geom(;53).

(¢) Find the conditional distribution of p given that Vishy wins exactly 7 out of the first
10 games.
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50. Laplace’s law of succession says that if Xy, Xs,...,X,41 are conditionally indepen-
dent Bern(p) r.v.s given p, but p is given a Unif(0, 1) prior to reflect ignorance about its
value, then

k+1

n+2

As an example, Laplace discussed the problem of predicting whether the sun will rise

tomorrow, given that the sun did rise every time for all n days of recorded history; the

above formula then gives (n + 1)/(n + 2) as the probability of the sun rising tomorrow

(of course, assuming independent trials with p unchanging over time may be a very

unreasonable model for the sunrise problem).

PXpnt1=1X1+ - +Xn=k)=

(a) Find the posterior distribution of p given X1 = z1, X2 = x2,..., X», = @y, and show
that it only depends on the sum of the z; (so we only need the one-dimensional quantity
r1 + x2 + - + x, to obtain the posterior distribution, rather than needing all n data
points).

(b) Prove Laplace’s law of succession, using a form of LOTP to find P(X,41 = 1|X1 +
-+-+ X, = k) by conditioning on p. (The next exercise, which is closely related, involves
an equivalent Adam’s law proof.)

51.  Two basketball teams, A and B, play an n game match. Let X; be the indicator of team
A winning the jth game. Given p, the r.v.s Xi,..., X, are i.i.d. with X;|p ~ Bern(p).
But p is unknown, so we will treat it as an r.v. Let the prior distribution be p ~ Unif(0, 1),
and let X be the number of wins for team A.

(a) Find F(X) and Var(X).

(b) Use Adam’s law to find the probability that team A will win game j + 1, given that
they win exactly a of the first j games. (The previous exercise, which is closely related,
involves an equivalent LOTP proof.)

Hint: letting C' be the event that team A wins exactly a of the first j games,

P(Xj+1 =1|C) = E(X;+1|C) = E(E(X;+1|C,p)|C) = E(p|C).

(¢) Find the PMF of X. (There are various ways to do this, including a very fast way
to see it based on results from earlier chapters.)

52.  An election is being held. There are two candidates, A and B, and there are n voters.
The probability of voting for Candidate A varies by city. There are m cities, labeled
1,2,...,m. The jth city has n; voters, so n1 +nz+:--+n, = n. Let X; be the number
of people in the jth city who vote for Candidate A, with X;|p; ~ Bin(n;, p;). To reflect

our uncertainty about the probability of voting in each city, we treat p1,...,pm asr.v.s,
with prior distribution asserting that they are i.i.d. Unif(0, 1). Assume that X1,..., Xm
are independent, both unconditionally and conditional on p1, ..., pm.

(a) Find the marginal distribution of X; and the posterior distribution of p1| X1 = k1.

(b) Find E(X) and Var(X) in terms of n and s, where s = n} +n3 +--- +n2,.
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Inequalities and limit theorems

“What should I do if I can’t calculate a probability or expectation exactly?” Almost
everyone who uses probability has to deal with this sometimes. Don’t panic. There
are powerful strategies available: simulate it, bound it, or approrimate it.

o Simulations using Monte Carlo: We have already seen many examples of simula-
tions in this book; the R sections give numerous examples where a few lines of
code and a few seconds on a computer suffice to get good approximate answers.
“Monte Carlo” just means that the simulations use random numbers (the term
originated from the Monte Carlo Casino in Monaco).

Monte Carlo simulation is an extremely powerful technique, and there are many
problems where it is the only reasonable approach currently available. So why not
always just do a simulation? Here are a few reasons:

1. The simulation may need to run for an extremely long time, even on a
fast computer. A major extension known as Markov chain Monte Carlo,
introduced in Chapter 12, greatly increases the range of problems for
which Monte Carlo simulation is feasible. But even then, the simulation
may need to run for a vast, unknown amount of time to get decent
answers.

2. We may hope to get a good answer for all values of the parameters of the
problem. For example, in the coupon collector problem (Example 4.3.11)
we saw that with n toy types, it takes about nlogn toys on average to
get a complete set. This is a simple, memorable answer. It would be easy
to simulate this for any specific n, e.g., we could run a coupon collector
process for n = 20 and get an answer of around 60. But this would not
make it easy to see the general nlogn result.

3. A simulation result is easy to criticize: how do you know you ran it long
enough? How do you know your result is close to the truth? How close
is “close”? We may want provable guarantees instead.

e Bounds using inequalities: A bound on a probability gives a provable guarantee
that the probability is in a certain range. In the first part of this chapter, we’ll
introduce several important inequalities in probability. These inequalities will often
allow us to narrow down the range of possible values for the exact answer, that
is, to determine an upper bound and/or lower bound. A bound may not provide a

421



422 Introduction to Probability

good approximation—if we have bounds of [0.2,0.6] for a probability we're trying
to find, the exact answer could be anywhere within that range—but at least we
know the exact answer is guaranteed to be inside the bounds.

e Approximations using limit theorems: Later in the chapter, we will discuss the two
most famous theorems in probability: the law of large numbers and the central limit
theorem. Both tell us what happens to the sample mean as we obtain more and
more data. Limit theorems let us make approximations which are likely to work
well when we have a large number of data points. We conclude the chapter by using
limit theorems to study a couple of important named distributions in statistics.

10.1 Inequalities
10.1.1 Cauchy-Schwarz: a marginal bound on a joint expectation

The Cauchy-Schwarz inequality is one of the most famous inequalities in all of
mathematics. In probability, it takes the following form.

Theorem 10.1.1 (Cauchy-Schwarz). For any r.v.s X and Y with finite variances,
|[E(XY)| < \E(X?)E(Y?).

Proof. For any t,
0< E(YY —tX)? = E(Y?) —20E(XY) 4+ t2E(X?).

Where did ¢ come from? The idea is to introduce t so that we have infinitely many
inequalities, one for each value of ¢, and then we can use calculus to find the value of
t that gives us the best inequality. Differentiating the right-hand side with respect
to t and setting it equal to 0, we get that t = E(XY)/E(X?) minimizes the right-
hand side, resulting in the tightest bound. Plugging in this value of ¢, we have the
Cauchy-Schwarz inequality. |

If X and Y are uncorrelated, then E(XY) = E(X)FE(Y), which depends only on the
marginal expectations E(X) and E(Y). But in general, calculating F(XY') exactly
requires knowing the joint distribution of X and Y (and being able to work with
it). The Cauchy-Schwarz inequality lets us bound E(XY') in terms of the marginal
second moments E(X?) and E(Y?).

If X and Y have mean 0, then Cauchy-Schwarz already has a very familiar statistical
interpretation: it says that their correlation is between —1 and 1.

Example 10.1.2. Let E(X) = E(Y) = 0. Then

E(XY) = Cov(X,Y), E(X?) = Var(X), E(Y?) = Var(Y),
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so Cauchy-Schwarz reduces to the statement |Corr(X,Y')| < 1. Of course, we already
knew this from Theorem 7.3.5. Now let’s see what happens if we drop the assumption
that the means are 0. Applying Cauchy-Schwarz to the centered r.v.s X — E(X)
and Y — E(Y), we again have that |Corr(X,Y)| < 1. O

Cauchy-Schwarz can often be applied in creative ways. For example, writing X =
X -1 gives |[E(X - 1)| € v/E(X?2)E(12), which reduces to E(X?) > (EX)?2. This
gives a quick new proof that variances are nonnegative. As another example, we will
obtain a bound on the probability of a nonnegative r.v. equalling 0.

Example 10.1.3 (Second moment method). Let X be a nonnegative r.v., and
suppose that we want an upper bound on P(X = 0). For example, X could be
the number of questions that Fred gets wrong on an exam (then P(X = 0) is the
probability of Fred getting a perfect score), or X could be the number of pairs of
people at a party with the same birthday (then P(X = 0) is the probability of no
birthday matches). Note that

X = XI(X >0),

where I(X > 0) is the indicator of X > 0. This is true since if X = 0 then both
sides are 0, while if X > 0 then both sides are X. By Cauchy-Schwarz,

E(X)=E(XI(X >0)) < VE(X2)E(I(X > 0)).

Rearranging this and using the fundamental bridge, we have

(EX)?
P(X >0)> B(X2)’
or equivalently,
Var(X)
P(X=0)< B(X?)

Applying this bound is sometimes called the second moment method. For example,
let’s apply the bound in the case that

X:I1++In7

where the I; are uncorrelated indicator r.v.s. Let p; = E(I;). Then

n

Var(X) =Y Var(l;) = (pj—p}) =D _pj— > pj=pn—c
=1 j=1 j=1

=1

where = E(X),c=Y"_, pj. Also, E(X?) = Var(X) + (EX)* = pi* + 1 — ¢. So

Var(X) p—c . 1

P(X =0) < = :
( )< E(X?) p@Hp—c” pu+1

where the last inequality is easily checked by cross-multiplying. In general, it is
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wrong to say “if X has a high mean, then it has a small chance of being 07, since it
could be that X is usually 0 but has a small chance of being extremely large. But
in our current setting, we have a simple, quantitative way to say that X having a
high mean does mean that X is unlikely to be 0.

For example, suppose there are 14 people in a room. How likely is it that there are
two people with the same birthday or birthdays one day apart? This is much harder
to solve exactly than the birthday problem, so in Example 4.7.5 we used a Poisson
approximation. But we may want a guarantee from a bound rather than worrying
about whether the Poisson approximation is good enough. Let X be the number of

“near birthday” pairs. Using indicator r.v.s, we have E(X) = (124)3—25. So

1
P(X=0)<——<0.573.
K=0<gm71 <
The true answer for P(X = 0) turns out to be 0.46 (to two decimal places), which
is consistent with the bound. O

The Cauchy-Schwarz inequality also allows us to deduce the existence of a joint
MGF from the existence of marginal MGF's; this is another example of the ben-
efit of being able to bound a joint distribution quantity by marginal distribution
quantities.

Example 10.1.4 (Existence of joint MGF). Let X; and X2 be jointly distributed
r.v.s, not necessarily independent or identically distributed. Show that if X; and X5
both have MGFs marginally, then the random vector (X7, Xs) has a joint MGF.

Solution:

Recall from Chapter 7 that the joint MGF is defined as M (s,t) = E(e*X1+X2) and
exists if the expectation is finite in a box around the origin. The marginal MGF's are
E(e**1) and E(e'X2); each is required to be finite in an interval around the origin.

Suppose the MGF's of X; and X5 are finite on (—a,a). Fix s and ¢ in (—a/2,a/2).
By Cauchy-Schwarz,

E(68X1+tX2) < \/E(€28X1)E(€2tX2)

The right-hand side is finite by assumption, so E(e**T*X2) is finite in the box
{(s,t) : s,t € (—a/2,a/2)}. Hence the joint MGF of (X, X2) exists. O

10.1.2 Jensen: an inequality for convexity

In ® 4.3.12, we discussed that for nonlinear functions g, F(g(X)) may be very
different from g(F(X)). If g is either a convex function or a concave function,
Jensen’s inequality tells us exactly which of F(g(X)) and g(E(X)) is greater. See
the math appendix for information about convex and concave functions. Often we
can take the second derivative to test for convexity or concavity: assuming that g”
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exists, g being convex is equivalent to ¢”(z) > 0 everywhere in the domain, and g
being concave is equivalent to ¢”(x) < 0 everywhere in the domain.

Theorem 10.1.5 (Jensen). Let X be a random variable. If g is a convex function,
then F(g(X)) > g(E(X)). If g is a concave function, then E(g(X)) < g(E(X)). In
both cases, the only way that equality can hold is if there are constants a and b
such that g(X) = a + bX with probability 1.

Proof. If g is convex, then all lines that are tangent to g lie below g (see Figure 10.1).
In particular, let u = E(X), and consider the tangent line at the point (u, g(u)).
Denoting this tangent line by a + bx, we have g(z) > a + bz for all x by convexity,
so0 g(X) > a + bX. Taking the expectation of both sides,

E(g(X)) = B(a+bX) = a+bE(X) = a+bu = g(u) = g(E(X)),
as desired. If g is concave, then h = —g is convex, so we can apply what we just
proved to h to see that the inequality for g is reversed from the convex case.

Lastly, assume that equality holds in the convex case. Let Y = g(X) — a — bX.
Then Y is a nonnegative r.v. with E(Y) =0, so P(Y = 0) = 1 (even a tiny nonzero
chance of Y > 0 occurring would make E(Y') > 0). So equality holds if and only if
P(g(X) =a+ bX) = 1. For the concave case, we can use the same argument with
Y =a+bX —g(X). [

y=g)

(u.8(w))

y=a+bx

FIGURE 10.1
Since g is convex, the tangent lines lie below the curve. In particular, the tangent
line at the point (u, g(u)) lies below the curve.

Let’s check Jensen’s inequality in a couple of simple known cases.

e Since g(x) = 22 is convex (its second derivative is 2), Jensen’s inequality says

E(X?) > (EX)?, which we already knew to be true since variances are nonnegative
(or by Cauchy-Schwarz).

e In the St. Petersburg paradox from Chapter 4, we found that F(2V) > 28N,
where N ~ FS(1/2). Jensen’s inequality concurs since g(x) = 2% is convex (to find
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g"(z), write 2% = ¢*1°862), Moreover, it tells us that the direction of the inequality

would be the same no matter what distribution N has! The inequality will be
strict unless N is constant (with probability 1).

If we ever forget the direction of Jensen’s inequality, these simple cases make it easy
to recover the correct direction. Here are a few more quick examples of Jensen’s
inequality:

e E|X|>|EX]|,
e E(1/X) > 1/(EX), for positive r.v.s X,
o E(log(X)) <log(EX), for positive r.v.s X.

As another example, we can use Jensen’s inequality to see the direction of the bias
if we estimate an unknown standard deviation using the sample standard deviation
of a data set.

Example 10.1.6 (Bias of sample standard deviation). Let X3, ..., X, bei.i.d. ran-
dom variables with variance o2. Recall from Theorem 6.3.3 that the sample variance
S2 is unbiased for estimating 0. That is, £(S2) = 0. However, we are often more
interested in estimating the standard deviation o. A natural estimator for o is the
sample standard deviation, 5.

Jensen’s inequality shows us that S, is biased for estimating o. Moreover, it tells
us which way the inequality goes:

E(Sy) = BE(\/S2) < VE(S2) = o,

so the sample standard deviation tends to underestimate the true standard devi-
ation. How biased it is depends on the distribution (so there is no universal way
to fix the bias, in contrast to the fact that defining sample variance with n — 1 in
the denominator makes it unbiased for all distributions). Fortunately, the bias is
typically minor if the sample size is reasonably large. U

One area in which Jensen’s inequality is important is in information theory, the
study of how to quantify information. The principles of information theory have be-
come essential for communication and compression (e.g., for MP3s and cell phones).
The following three examples are applications of Jensen’s inequality in information
theory.

Example 10.1.7 (Entropy). The surprise of learning that an event with probability
p happened is defined as logy(1/p), measured in a unit called bits. Low-probability
events have high surprise, while an event with probability 1 has zero surprise. The
log is there so that if we observe two independent events A and B, the total surprise
is the same as the surprise from observing AN B. The log is base 2 so that if we learn
that an event with probability 1/2 happened, the surprise is 1, which corresponds
to having received 1 bit of information.

Let X be a discrete r.v. whose distinct possible values are a1, as, ..., a,, with prob-
abilities p1,ps ..., py respectively (so p1 + ps + -+ + p, = 1). The entropy of X is
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defined to be the average surprise of learning the value of X:
n
H(X) = pjlogs(1/p;)-
j=1

Note that the entropy of X depends only on the probabilities p;, not on the values a;.
So for example, H(X?3) = H(X), since X? has distinct possible values a3, a3, ..., a3

s Wny
with probabilities p1,pa,...,p,—the same list of p;’s as for X.

Using Jensen’s inequality, show that the maximum possible entropy for X is when
its distribution is uniform over aq,as, ..., an, ie., pj = 1/n for all j. (This makes
sense intuitively, since learning the value of X conveys the most information on
average when X is equally likely to take any of its values, and the least possible
information if X is a constant.)

Solution:

Let X ~ DUnif(ay,...,a,), so that

n

H(X) = 3"~ logy(n) = logy(n).
j=1

Let Y be an r.v. that takes on values 1/p1,...,1/p, with probabilities pi, ..., pn,
respectively (with the natural modification if the 1/p; have some repeated values,
e.g., if 1/p1 = 1/py but none of the others are this value, then it gets p; + p2 = 2p;
as its probability). Then H(Y) = E(log,(Y)) by LOTUS, and E(Y) = n. So by
Jensen’s inequality,

H(Y) = E(logy(Y)) < logy(E(Y)) = logy(n) = H(X).

Since the entropy of an r.v. depends only on the probabilities p; and not on the
specific values that the r.v. takes on, the entropy of Y is unchanged if we alter

the support from 1/p;,...,1/p, to a,...,a,. Therefore X, which is uniform on
ai,...,ay, has entropy at least as large as that of any other r.v. with support
at, ..., 0Qn. O

Example 10.1.8 (Kullback-Leibler divergence). Let p = (pi1,...,pn) and r =
(r1,...,r,) be two probability vectors (so each is nonnegative and sums to 1).
Think of each as a possible PMF for a random variable whose support consists of
n distinct values. The Kullback-Leibler divergence between p and r is defined as

D(p,r) = pjlogy(1/r;) = pjlogs(1/p;).

Jj=1 Jj=1

This is the difference between the average surprise we will experience when the
actual probabilities are p but we are instead working with r (for example, if p is
unknown and r is our current guess for p), and our average surprise when we work
with p. Show that the Kullback-Leibler divergence is nonnegative.
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Solution:

Using properties of logs, we have

D(p,r) = — ij log, <]> .
=1 P

Let Y be an r.v. that takes on values r;/p; with probabilities p;, so that D(p,r) =
—E(log,(Y')) by LOTUS. By Jensen’s inequality, E(logy(Y)) < logs(E(Y)), so

D(p,r) = —E(logy(Y)) = —logy(E(Y)) = —logy(1) = 0,

with equality if and only if p = r. This result tells us that we’re more surprised on
average when we work with the wrong probabilities than when we work with the
correct probabilities. O]

Example 10.1.9 (Log probability scoring). Imagine that on a multiple-choice
exam, instead of circling just one of the answer choices, you are asked to assign
a probability of correctness to each choice. Your score on a particular question is
the log of the probability that you assign to the correct answer. The maximum score
for a particular question is 0, and the minimum score is —oo, attained if you assign
zero probability to the correct answer.!

Suppose your personal probabilities of correctness for each of the n answer choices
are pi, ..., Pn, where the p; are positive and sum to 1. Show that your expected score
on a question is maximized if you report your true probabilities p;, not any other
probabilities. In other words, under log probability scoring, you have no incentive
to lie about your beliefs and pretend to be more or less confident than you really
are (assuming that your goal is to maximize your expected score).

Solution:

This example is isomorphic to the previous one! Your expected score on a question is
> j—1pjlog pj if you report your true probabilities p, and 3 7, p; log r; if you report
false probabilities r. The difference between these two is precisely the Kullback-
Leibler divergence between p and r. This is always nonnegative, as we proved in
the previous example. Therefore your expected score is maximized when you report
your true probabilities. O

10.1.3 Markov, Chebyshev, Chernoff: bounds on tail probabilities

The inequalities in this section provide bounds on the probability of an r.v. taking
on an “extreme” value in the right or left tail of a distribution.

1Joe’s philosophy professor as an undergraduate at Caltech, Alan H4jek, used precisely this
system. He warned the class never to put a probability of zero, since a score of —co would not
only give a —oo on that exam, but also it would spill through and result in a —oo for the whole
semester, since a weighted average with even a tiny positive weight on a —oo yields —oo. Despite
this warning, some students did put probability zero on the correct answers.
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Theorem 10.1.10 (Markov). For any r.v. X and constant a > 0,
ElX
P(|X|>a) < M
a

Proof. Let Y = L. We need to show that P(Y > 1) < E(Y). Note that

X,
(Y >1)<Y,

since if I(Y > 1) = 0 then Y > 0, and if I(Y > 1) = 1 then Y > 1 (because
the indicator says so). Taking the expectation of both sides, we have Markov’s
inequality. |

For an intuitive interpretation, let X be the income of a randomly selected in-
dividual from a population. Taking a = 2F(X), Markov’s inequality says that
P(X > 2E(X)) < 1/2, i.e., it is impossible for more than half the population
to make at least twice the average income. This is clearly true, since if over half
the population were earning at least twice the average income, the average income
would be higher! Similarly, P(X > 3E(X)) < 1/3: you can’t have more than 1/3 of
the population making at least three times the average income, since those people
would already drive the average above what it is.

Markov’s inequality is a very crude bound because it requires absolutely no assump-
tions about X . The right-hand side of the inequality could be greater than 1, or even
infinite; this is not very helpful when trying to bound a number that we already
know to be between 0 and 1. Surprisingly, the following two inequalities, which can
be derived from Markov’s inequality with almost no additional work, can often give
us bounds that are much better than Markov’s.

Theorem 10.1.11 (Chebyshev). Let X have mean p and variance 2. Then for
any a > 0,

0_2

P(X —pl > a) < 7.

Proof. By Markov’s inequality,

2 g2
P(X — > a) = P((X — p? 2 a?) < DX _ O

Substituting co for a, for ¢ > 0, we have the following equivalent form of Chebyshev’s
inequality: .
P(X ~ | > 0) < 5.

This gives us an upper bound on the probability of an r.v. being more than ¢
standard deviations away from its mean, e.g., there can’t be more than a 25%

chance of being 2 or more standard deviations from the mean.
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The idea for proving Chebyshev from Markov was to square | X — u| and then
apply Markov. Similarly, it is often fruitful to perform other transformations before
applying Markov. Chernoff’s bound, which is widely used in engineering, uses this
idea with an exponential function.

Theorem 10.1.12 (Chernoff). For any r.v. X and constants ¢ > 0 and ¢ > 0,

E(etX)
eta :

P(X >a) <

tx

Proof. The transformation g with g(z) = e'* is invertible and strictly increasing.

So by Markov’s inequality, we have

E(etX)

eta

P(X >a) = P(e" > ') <
|

At first it may not be clear what Chernoff’s bound has to offer that Markov’s
inequality doesn’t, but it has two very nice features:

1. The right-hand side can be optimized over ¢ to give the tightest upper
bound, as in the proof of Cauchy-Schwarz.

2. If the MGF of X exists, then the numerator in the bound is the MGF,
and some of the useful properties of MGFs can come into play.

Let’s now compare the three bounds just discussed by applying them to a simple
example where the true probability is known.

Example 10.1.13 (Bounds on a Normal tail probability). Let Z ~ AN(0,1). By the
68-95-99.7% rule, we know that P(|Z] > 3) is approximately 0.003; the exact value
is 2- ®(—3). Let’s see what upper bounds are obtained from Markov’s, Chebyshev’s,
and Chernoff’s inequalities.

e Markov: In Chapter 5, we found that F|Z| = y/2/7. Then

ElZ 1 [2
Pz >3) < =2 = .\ /2 ~0.2T.
(121> 3) < == =31/

e Chebyshev:

P(|Z] > 3) < = ~0.11.

O =

e Chernoff (after using symmetry of the Normal):
P(|Z| > 3) =2P(Z > 3) < 2e 3 E(e!?) = 273 . /2,

using the MGF of the standard Normal distribution.
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The right-hand side is minimized at ¢ = 3, as found by setting the derivative equal
to 0, possibly after taking the log first (which is a good idea since it doesn’t affect
where the minimum occurs and it means we just have to minimize a quadratic
polynomial). Plugging in ¢ = 3, we have

P(|Z] > 3) < 2792 =~ 0.022.

All of these upper bounds are correct, but Chernoff’s is the best by far. This example
also illustrates the distinction between a bound and an approximation, as we ex-
plained in the introduction to this chapter. Markov’s inequality tells us P(|Z] > 3)
is at most 0.27, but it would be a blunder to say P(|Z| > 3) is approzimately
0.27—we’d be off by a factor of about 100. O

10.2 Law of large numbers

We turn next to two theorems, the law of large numbers and the central limit theo-
rem, which describe the behavior of the sample mean of i.i.d. r.v.s as the sample size
grows. Throughout this section and the next, assume we have i.i.d. X1, X5, X3, ...
with finite mean p and finite variance 2. For all positive integers n, let

_ Xy 4ot X

Xn _ 1+ + Xn

n

be the sample mean of X through X,,. The sample mean is itself an r.v., with mean
p and variance o2 /n:

B(Xa) = ~B(X1 4+ Xn) = H(B(X1) + -+ B(X,) =

J2

_ 1 1
Var(X,,) = EVar(Xl +-+ X, = E(Var(Xl) + -+ Var(X,)) = pt

The law of large numbers (LLN) says that as n grows, the sample mean X,, converges
to the true mean p (in a sense that is explained below). LLN comes in two versions,
which use slightly different definitions of what it means for a sequence of random
variables to converge to a number. We will state both versions, and prove the second
using Chebyshev’s inequality.

Theorem 10.2.1 (Strong law of large numbers). The sample mean X,, converges
to the true mean p pointwise as n — oo, with probability 1. In other words, the
event X,, — u has probability 1.

Theorem 10.2.2 (Weak law of large numbers). For all € > 0, P(|X,, — | > €) — 0
as n — o0o. (This form of convergence is called convergence in probability).
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Proof. Fix € > 0. By Chebyshev’s inequality,

— 0'2
P(|Xn —p| > €) < 3
As n — o0, the right-hand side goes to 0, and so must the left-hand side. |

The law of large numbers is essential for simulations, statistics, and science. Con-
sider generating “data” from a large number of independent replications of an ex-
periment, performed either by computer simulation or in the real world. Every time
we use the proportion of times that something happened as an approximation to
its probability, we are implicitly appealing to LLN. Every time we use the average
value in the replications of some quantity to approximate its theoretical average,
we are implicitly appealing to LLN.

Example 10.2.3 (Running proportion of Heads). Let X3, X5, ... bei.i.d. Bern(1/2).
Interpreting the X; as indicators of Heads in a string of fair coin tosses, X,, is the
proportion of Heads after n tosses. SLLN says that with probability 1, when the se-
quence of r.v.s X1, Xo, X3, ... crystallizes into a sequence of numbers, the sequence
of numbers will converge to 1/2. Mathematically, there are bizarre outcomes such
as HHHHHH...and HHTHHTHHTHHT. .., but collectively they have zero prob-
ability of occurring. WLLN says that for any € > 0, the probability of X,, being
more than e away from 1/2 can be made as small as we like by letting n grow.

As an illustration, we simulated six sequences of fair coin tosses and, for each se-
quence, computed X, as a function of n. Of course, in real life we cannot simulate
infinitely many coin tosses, so we stopped after 300 tosses. Figure 10.2 plots X,, as
a function of n for each sequence.

running proportion of Heads

0.0

0 50 100 150 200 250 300
number of tosses

FIGURE 10.2

Running proportion of Heads in 6 sequences of fair coin tosses. Dashed lines at 0.6
and 0.4 are plotted for reference. As the number of tosses increases, the proportion
of Heads approaches 1/2.
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At the beginning, we can see that there is quite a bit of fluctuation in the running

proportion of Heads. As the number of coin tosses increases, however, Var(X,,) gets
smaller and smaller, and X,, approaches 1/2. O

& 10.2.4 (LLN does not contradict the memoryless property). In the above exam-
ple, the law of large numbers states that the proportion of Heads converges to 1/2,
but this does not imply that after a long string of Heads, the coin is due’ for a Tails
to balance things out. Rather, the convergence takes place through swamping: past
tosses are swamped by the infinitely many tosses that are yet to come.

A sequence of i.i.d. Bernoullis is the simplest possible example of LLN, but this sim-
ple case forms the basis for extremely useful methods in statistics, as the following
examples illustrate.

Example 10.2.5 (Monte Carlo integration). Let f be a complicated function whose
integral fab f(z)dz we want to approximate. Assume that 0 < f(z) < ¢ so that we
know the integral is finite. On the surface, this problem doesn’t involve probability,
as f; f(z)dz is just a number. But where there is no randomness, we can create
our own! The technique of Monte Carlo integration uses random samples to obtain
approximations of definite integrals when exact integration methods are unavailable.

Let A be the rectangle in the (x,y)-plane given by a < z < band 0 < y < c. Let
B be the region under the curve y = f(x) (and above the z-axis) for a < x < b,
so the desired integral is the area of region B. Our strategy will be to take random
samples from A, then calculate the proportion of the samples that also fall into the
area B. This is depicted in Figure 10.3: points in B are in black, and points not in
B are in white.

J)

FIGURE 10.3

Monte Carlo integration. To approximate the area under f(z) from z = a to x = b,
generate random points in the rectangle [a,b] x [0,¢], and approximate the area
under f(x) by the proportion of points falling underneath the curve, multiplied by
the total area of the rectangle.



434 Introduction to Probability

To see why this works, suppose we pick i.i.d. points (X1, Y1), (X2, Y2),...,(Xp, Ys)
uniformly in the rectangle A. Define indicator r.v.s Iy,..., I, by letting I; = 1 if
(X;,Y;) is in B and I; = 0 otherwise. Then the I; are Bernoulli r.v.s whose success
probability is precisely the ratio of the area of B to the area of A. Letting p = E(I;),

b
x)dx
p= E(Ij) = P(Ij = 1) = fZ(Z(—)a) .

We can estimate p using % 2?21 I, and then estimate the desired integral by

b n
/ f(:v)dx%c(bfa)%z.fj.
a j=1

Since the I; are i.i.d. with mean p, it follows from the law of large numbers that
with probability 1, the estimate converges to the true value of the integral as the
number of points approaches infinity. O

Example 10.2.6 (Convergence of empirical CDF). Let X1,..., X, be i.i.d. random
variables with CDF F'. For every number z, let R,,(z) count how many of X, ..., X,
are less than or equal to x; that is,

n

Rp(z) = > I(X; < ).

j=1

Since the indicators I(X; < x) are i.i.d. with probability of success F(z), we know
R, (z) is Binomial with parameters n and F'(x).

The empirical CDF of X4,...,X,, is defined as

A R, (x
Fo(a) = )
n
considered as a function of z. Before we observe Xi,...,X,, Fn(as) is a random
variable for each . After we observe X1,..., Xy, F,,(x) crystallizes into a particular

value at each z, so F), crystallizes into a particular CDF, which can be used to
estimate the true CDF F' if the latter is unknown.

For example, suppose n = 4 and we observe X; = z1, Xo = x9, X3 = x3, X4 = 4.
Then the graph of R4ix) starts at 0 and then jumps by 1/4 every time one of the z;’s
is reached. In other words, R‘Z(I) is the CDF of a discrete random variable taking

on values x1, ..., x4, each with probability 1/4. This is illustrated in Figure 10.4.

Now we can ask, what happens to F, as n — oo? This is a natural question if we are
using F), as an estimate of the true F; does the approximation fare well in the limit?
The law of large numbers provides the answer: for every =, R,(x) is the sum of n
i.i.d. Bern(p) r.v.s, where p = F(z). So by SLLN, F,(z) — F(z) with probability 1
as n — oo.
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FIGURE 10.4
Empirical CDF after observing X1 = x1, Xo = x9, X3 = x3, X4 = x4. The graph
jumps by 1/4 every time one of the z;’s is reached.

The empirical CDF is commonly used in nonparametric statistics, a branch of
statistics that tries to understand a random sample without making strong as-
sumptions about the family of distributions from which it originated. For example,
instead of assuming X1,..., X, ~ N(u,0?), a nonparametric method would allow
X1,..., X, ~ F for an arbitrary CDF F, then use the empirical CDF as an approx-
imation for F'. The law of large numbers is what assures us that this approximation
is valid in the limit as we collect more and more samples: at every value of z, the
empirical CDF converges to the true CDF. 0

10.3 Central limit theorem

As in the previous section, let X, X, X3,... be i.i.d. with mean p and variance
o2. The law of large numbers says that as n — oo, X,, converges to the constant
w (with probability 1). But what is its distribution along the way to becoming a
constant? This is addressed by the central limit theorem (CLT), which, as its name
suggests, is a limit theorem of central importance in statistics.

The CLT states that for large n, the distribution of X,, after standardization ap-
proaches a standard Normal distribution. By standardization, we mean that we
subtract u, the expected value of X,,, and divide by o/y/n, the standard deviation
of X,,.
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Theorem 10.3.1 (Central limit theorem). As n — oo,

X, —p

Vvn ( ) — N(0,1) in distribution.

In words, the CDF of the left-hand side approaches ®, the CDF of the standard
Normal distribution.

Proof. We will prove the CLT assuming that the MGF of the X; exists, though the
theorem holds under much weaker conditions. Let M(t) = E(e!*4), and without
loss of generality let 1 = 0, 0> = 1 (since we end up standardizing X,, for the
theorem, we might as well standardize the X in the first place). Then M (0) = 1,
M'(0) = p =0, and M"(0) = 0% = 1.

We wish to show that the MGF of /nX,, = (X1 + --- + X,,)/y/n converges to the
MGF of the N(0,1) distribution, which is e*’/2. By properties of MGFs,

E(e' XXV = p(etX VM Bt XV LBtV
t n
=|M|— :
(%))
Letting n — oo, we get the indeterminate form 1°°, so instead we should take the
limit of the logarithm, nlog M (ﬁ), and then exponentiate at the end.

. t\ . logM(yt) B
nh_)n(r)lonlogM <\/ﬁ) = g}li% — 7 where y = 1/v/n
tM' (yt
= lim & by L’Hopital’s rule
y—0 QyM(yt)
t M’ (yt
= — lim () since M (yt) — 1
2y—=0 y
2
= — lim M"(yt) by L’Hépital’s rule
2 y—0
2
)
Therefore (M (ﬁ))”, the MGF of \/nX,,, approaches ¢’/ as desired. Since the
MGF determines the distribution, the CDF of y/nX,, also approaches the CDF of
the standard Normal distribution. |

The CLT is an asymptotic result, telling us about the limiting distribution of X,
as n — 00, but it also suggests an approximation for the distribution of X,, when n
is a finite large number.

Approximation 10.3.2 (Central limit theorem, approximation form). For large
n, the distribution of X, is approximately N (i, a?/n).
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Proof. Change the arrow in the CLT to ~, an approximate distribution sign:

g

Xn_u

) ~ N(0,1)
Then, by a location-scale transformation,
Xy, ~ N (p, 0% /n).
|

Of course, we already knew from properties of expectation and variance that X,
has mean u and variance o2/n; the central limit theorem gives us the additional
information that X, is approximately Normal with said mean and variance.

Let’s take a moment to admire the generality of this result. The distribution of the
individual X; can be anything in the world, as long as the mean and variance are
finite. We could have a discrete distribution like the Binomial, a bounded distri-
bution like the Beta, or a distribution with multiple peaks and valleys. No matter
what, the act of averaging will cause Normality to emerge. In Figure 10.5 we show
histograms of the distribution of X,, for four different starting distributions and for
n = 1,5,30,100. We can see that as n increases, the distribution of X,, starts to
look Normal, regardless of the distribution of the X;.

This does not mean that the distribution of the X; is irrelevant, however. If the X;
have a highly skewed or multimodal distribution, we may need n to be very large
before the Normal approximation becomes accurate; at the other extreme, if the
X, are already i.i.d. Normals, the distribution of X,, is exactly N(u,0?/n) for all
n. Since there are no infinite datasets in the real world, the quality of the Normal
approximation for finite n is an important consideration.

Example 10.3.3 (Running proportion of Heads, revisited). As in Example 10.2.3,
let X1, Xo,... be iid. Bern(1/2). Before, we used the law of large numbers to
conclude that X,, — 1/2 as n — oco. Now, using the central limit theorem, we can
say more: E(X,) = 1/2 and Var(X,,) = 1/(4n), so for large n,

- 11
Xp ~ - — .
n N <2’ 4n>
This additional information allows us to quantify what kind of deviation from the
mean is typical for a given n. For example, when n = 100, SD(X,,) = 1/20 = 0.05,

so if the N ormal approximation is valid, then by the 68-95-99.7% Rule there’s a 95%
chance that X, will be in the interval [0.40, 0.60]. O

The CLT says that the sample mean X,, is approximately Normal, but since the
sum W,, = X1 +---+X,, = nX,, is just a scaled version of X,,, the CLT also implies
Wy, is approximately Normal. If the X; have mean y and variance o2, W, has mean
np and variance no?. The CLT then states that for large n,

W, ~ N (np, no?).
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FIGURE 10.5

Central limit theorem. Histograms of the distribution of X,, for different starting
distributions of the X; (indicated by the rows) and increasing values of n (indicated
by the columns). Each histogram is based on 10,000 simulated values of X,,. Re-
gardless of the starting distribution of the X, the distribution of X,, approaches a
Normal distribution as n grows.
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This is completely equivalent to the approximation for X,,, but it can be useful to
state it in this form because many of the named distributions we have studied can
be considered as a sum of i.i.d. r.v.s. Here are three quick examples.

Example 10.3.4 (Poisson convergence to Normal). Let Y ~ Pois(n). By Theorem
4.8.1, we can consider Y to be a sum of n i.i.d. Pois(1) r.v.s. Therefore, for large n,

Y ~ N(n,n).

O

Example 10.3.5 (Gamma convergence to Normal). Let Y ~ Gamma(n,\). By
Theorem 8.4.3, we can consider Y to be a sum of n i.i.d. Expo(\) r.v.s. Therefore,

for large n,
P ()

g

Example 10.3.6 (Binomial convergence to Normal). Let Y ~ Bin(n,p). By The-
orem 3.8.7, we can consider Y to be a sum of n i.i.d. Bern(p) r.v.s. Therefore, for
large n,

Y ~ N (np,np(1 - p)).

This is probably the most widely used Normal approximation in statistics. To ac-
count for the discreteness of Y, we write the probability P(Y = k) (which would be
exactly 0 under the Normal approximation) as P(k —1/2 <Y < k+ 1/2) (so that
it becomes an interval of non-zero width) and apply the Normal approximation to
the latter. This is known as the continuity correction, and it yields the following
approximation for the PMF of Y:

P(Y=k)=Pk—-1/2<Y <k+1/2)~® (’”1/2_”1’> 5 ("3—1/2—”1’> '
np(1l — p) np(1 — p)

The Normal approximation to the Binomial distribution is complementary to the
Poisson approximation discussed in Chapter 4. The Poisson approximation works
best when n is large and p is small, while the Normal approximation works best
when n is large and p is around 1/2, so that the distribution of Y is symmetric or
nearly so. O

We’ll conclude with an example that uses both the LLN and the CLT.

Example 10.3.7 (Volatile stock). Each day, a very volatile stock rises 70% or drops
50% in price, with equal probabilities and with different days independent. Let Y,
be the stock price after n days, starting from an initial value of Yy = 100.

(a) Explain why log Y}, is approximately Normal for n large, and state its parameters.
(b) What happens to E(Y,,) as n — co?

(c) Use the law of large numbers to find out what happens to Y, as n — oo.
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Solution:

(a) We can write Y;, = Y(0.5)"U»(1.7)V where U, ~ Bin(n, §) is the number of
times the stock rises in the first n days. This gives

logY, =logYy —nlog2+ U,log3.4,

which is a location-scale transformation of U,,. By the CLT, U, is approximately
N (5, %) for large n, so logY;, is approximately Normal with mean

E(logY;,) = log 100 — nlog 2 + (log 3.4) E(U,,) ~ log 100 — 0.081n

and variance

Var(log Y,,) = (log3.4)% - Var(U,,) =~ 0.374n.
(b) We have E(Y1) = (170 + 50)/2 = 110. Similarly,

1 1
E(Yu|Ya) = 5(L7%) + 5(05Y,) = 11V,

SO

E(Ypt1) = E(E(Yp4+1|Ya)) = L1E(Y,).
Thus E(Y,,) = 1.1"E(Yy), which goes to co as n — oo.

(c) As in (a), let U, ~ Bin(n, 1) be the number of times the stock rises in the first
n days. Note that even though E(Y),) — oo, if the stock goes up 70% one day and
then drops 50% the next day, then overall it has dropped 15% since 1.7-0.5 = 0.85.
So after many days, Y, will be very small if about half the time the stock rose
70% and about half the time the stock dropped 50%—and the law of large numbers
ensures that this will be the case! Writing Y,, in terms of U, /n in order to apply
LLN, we have .
U,/n
Y, = Yp(0.5)" U (1.7)V = Y, ((34)2/> .

Since U, /n — 0.5 with probability 1, (3.4)Ur/" — /3.4 < 2 with probability 1, so
Y, — 0 with probability 1.

Paradoxically, E(Y,) — oo but Y;, — 0 with probability 1. To gain some intuition
on this result, consider the extreme example where a gambler starts with $100
and each day either quadruples his or her money or loses the entire fortune, with
equal probabilities. Then on average the gambler’s wealth doubles each day, which
sounds good until one notices that eventually there will be a day when the gambler
goes broke. The gambler’s actual fortune goes to 0 with probability 1, whereas the
expected value goes to infinity due to tiny probabilities of getting extremely large
amounts of money, as in the St. Petersburg paradox. g

# 10.3.8 (The evil Cauchy). The central limit theorem requires that the mean and
variance of the X; be finite, and our proof of WLLN relied on the same conditions.
The Cauchy distribution introduced in Example 7.1.24 has no mean or variance,
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so the Cauchy distribution obeys neither the law of large numbers nor the central
limit theorem. It can be shown that the sample mean of n Cauchys is still Cauchy,
no matter how large n gets. So the sample mean never approaches a Normal distri-
bution, contrary to the behavior seen in the CLT. There is also no true mean for
X, to converge to, so LLN does not apply either.

10.4 Chi-Square and Student-t

We’ll round out the chapter by introducing the last two continuous distributions in
this book, both of which are closely related to the Normal distribution.

Definition 10.4.1 (Chi-Square distribution). Let V. = Z? + ... + Z2 where
Z1,Zo, ..., Zy are i.i.d. N(0,1). Then V is said to have the Chi-Square distribu-
tion with n degrees of freedom. We write this as V ~ 2.

As it turns out, the 2 distribution is a special case of the Gamma distribu-
tion.

Theorem 10.4.2. The x?2 distribution is the Gamma(%, 1) distribution.

Proof. First, we verify that the PDF of Z? ~ x? equals the PDF of the

Gamma(3, 3): for z > 0,

F(z) = P(Z} <a) = P(~Vz < Z1 < Vx) = 2(VT) — (—Va) = 20 (Vx) — 1,

S0)
d 1 1
- _F —9 S22 —x/2
£() = L F(@) = 20(VE) 30 = e,
which is indeed the Gamma(3, ) PDF. Then, because V = Z7 + - + Z2 ~ X2 is
the sum of n independent Gamma(3, 3) r.v.s, we have V ~ Gamma(%, 3). [

From our knowledge of the mean and variance of a Gamma distribution, we have
E(V) =n and Var(V) = 2n. We can also obtain the mean and variance using the
fact that V is the sum of i.i.d. squared Normals, along with the Normal moments
derived in Chapter 6:
E(V) =nB(Z}) = n,
Var(V) = nVar(Z}) = n (B(Z1) — (EZ})?) =n(3 — 1) = 2n.

To get the MGF of the Chi-Square distribution, just plug n/2 and 1/2 into the

a
more general Gamma(a, \) MGF, which we found in Theorem 8.4.3 to be (ﬁ)
for t < A. This gives

1

My (t) = <1_2t>n/2, t<1/2.
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The Chi-Square distribution is important in statistics because it is related to the
distribution of the sample variance, which can be used to estimate the true variance
of a distribution. When our random variables are i.i.d. Normals, the distribution of
the sample variance after appropriate scaling is Chi-Square.

Example 10.4.3 (Distribution of sample variance). For iid. Xi,..., X, ~
N (i, 0?), the sample variance is the r.v.

n—1
7=1
Show that
(n — 1)5721 - X2 )
o2 ey
Solution:

First let’s show that Z?:1(Zj —Zn)% ~ x%_, for standard Normal 1.v.s Z1, ..., Zn;
this is consistent with the more general result we are asked to prove and also serves
as a useful stepping stone. Let’s start with the following useful identity, which is a
special case of the identity from the proof of Theorem 6.3.3:

n

n
Y72 =) (2 - Zn)* +nZ;.
j=1

J=1

Now take the MGF of both sides. By Example 7.5.9, 3°7_(Z; — Zy)? and nZ?2 are
independent, so the MGF of their sum is the product of the individual MGFs. Now

n
X:Z]2 ~ X2 and nZ2 ~ 2,
j=1

SO
1 n/2 n . 1 1/2
(1_%) = [ MGF of jZI(Zj —Zn)" | - (1_215> :

This implies

n o 1\ (D2
MGF of ;(zj—zn) :(1_%> ,

which is the x2_; MGF. Since the MGF determines the distribution, we have
n

Z(Zj - Zn)2 ~ X?z—l-

J=1

For general X1,...,X,, use a location-scale transformation to write X; = u + 0Z;
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and X,, = pu + 0Z,. When we express Z?Zl(Xj — X,,)? in terms of the Z;, the u
cancels and the ¢ comes out squared:

ST - X2 =Y (nt0Z — (u+0Z0) =02 > (2 — Zn)*
j=1 j=1 7=1
All in all,
(n—1)82 1 & _ 1 - >
O LS = S 2
j=1 Jj=1

which is what we wanted. This also implies that E(S2) = o2, which agrees with
what we showed in Theorem 6.3.3: the sample variance is unbiased for estimating
the true variance. g

The Student-t distribution is defined by representing it in terms of a standard
Normal r.v. and a x2 r.v.

Definition 10.4.4 (Student-t distribution). Let
zZ
VV/n

where Z ~ N(0,1), V ~ x2, and Z is independent of V. Then T is said to have
the Student-t distribution with n degrees of freedom. We write this as T ~ t,,. Often
“Student-t distribution” is abbreviated to “t distribution”.

The Student-t distribution was introduced in 1908 by William Gosset, a Master
Brewer at Guinness, while working on quality control for beer. He was required by
the company to publish his work under a pseudonym, and he chose the name Stu-
dent. The t-distribution forms the basis for hypothesis testing procedures known as
t-tests, which are extremely widely used in practice (we do not introduce the details
of t-tests here since they are better left for a course on statistical inference).

The PDF of the Student-t distribution with n degrees of freedom looks similar to
that of a standard Normal, except with heavier tails (much heavier if n is small,
and not much heavier if n is large). The formula for the PDF is
oty = D) (g 4 g2 -t
Vil (n/2)

though we will not prove this since the derivation is messy and anyway many of the
most important properties of the Student-t distribution are easier to understand by
thinking about how we defined it in terms of a Normal and a x2 r.v., rather than by
doing tedious calculations with the PDF. Listed below are some of these important
properties.

Theorem 10.4.5 (Student-t properties). The Student-¢ distribution has the fol-
lowing properties.
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1. Symmetry: If T' ~ ¢,,, then =T ~ t,, as well.

2. Cauchy as special case: The ¢; distribution is the same as the Cauchy
distribution, introduced in Example 7.1.24.

3. Convergence to Normal: As n — oo, the ¢, distribution approaches the
standard Normal distribution.

Proof. In the proof of each property, we appeal to Definition 10.4.4.

1. Express
Z

VVin'

where Z ~ N(0,1), V ~ x2, and Z is independent of V. Then

—7Z

VVin'

T =

where —Z ~ N(0,1), so =T ~ t,,.

2. Recall that the Cauchy distribution is defined as the distribution of X/Y where
X and Y are i.i.d. N(0,1). By definition, T' ~ t; can be expressed as T = Z/\/V,
where V' = \/Z? = |Z)| with Z; independent of Z. But by symmetry, Z/|Z,]
has the same distribution as Z/Z;, and Z/Z; is Cauchy. Thus the ¢; and Cauchy
distributions are the same.

3. This follows from the law of large numbers. Consider a sequence of i.i.d. standard
Normal r.v.s Z1, Zs, ..., and let

Vo=2¢4+. + 272

By SLLN, V,,/n — E(Z?) = 1 with probability 1. Now let Z ~ N/(0,1) be indepen-
dent of all the Z;, and let
VA

V' Va/n

for all n. Then T, ~ t, by definition, and since the denominator converges to 1,
we have T,, = Z ~ N(0,1). Therefore, the distribution of the T,, approaches the
distribution of Z. [ ]

T, =

Figure 10.6 plots the Student-t PDF for various values of n, demonstrating all
three properties of the above theorem: the PDFs are all symmetric around 0, the
PDF for n = 1 looks like that of the Cauchy distribution in Chapter 7, and as
n — oo the heavy tails become lighter, and the PDF approaches the standard
Normal PDF.
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PDF

FIGURE 10.6

PDFs of Student-t distribution with (light to dark) n = 1,2,3,5,10 degrees of
freedom, as well as the standard Normal PDF (black). As n — oo, the Student-t
PDF's approach the standard Normal PDF.

10.5 Recap

Inequalities and limit theorems are two different ways to handle expectations and
probabilities that we don’t wish to calculate exactly. Inequalities allow us to obtain
lower and/or upper bounds on the unknown value: Cauchy-Schwarz and Jensen give
us bounds on expectations, while Markov, Chebyshev, and Chernoff give us bounds
on tail probabilities.

Two limit theorems, the law of large numbers and the central limit theorem, de-
scribe the behavior of the sample mean X,, of i.i.d. X1, X»,... with mean u and
variance o2. The law of large numbers says that as n — oo, the sample mean X,
converges to the true mean p with probability 1. The central limit theorem says
that the distribution of X,,, after standardization, converges to the standard Normal

distribution: B
Xn—p

a

This can be translated into an approximation for the distribution of X,,:

>—>N(0,1).

X, ~ N(u,0%/n).

Equivalently, we can say that the distribution of the sum S,, = X;+---4+X,, = nX,,,
after standardization, converges to the standard Normal distribution:

Sn —np
Tovn — N(0,1),
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and this, too, gives rise to an approximation, namely

Sy ~ N (nu,no?).

Figure 10.7 illustrates the progression from a distribution to i.i.d. random variables
with that distribution, from which a sample mean can be formed and studied as
an r.v. in its own right. Chebyshev’s inequality, the law of large numbers, and
the central limit theorem all give important information about the behavior of the
sample mean.
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2
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PDF (continuous) 1< (Chebyshev)
S X":EZX’ \ P(|Xn — | >€) = 0asn— oo
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name, parameters (law of large numbers)
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for large n

(central limit theorem)

FIGURE 10.7

The sample mean X, of i.i.d. random variables X1, ..., X, is an important quantity
in many problems. Chebyshev’s inequality bounds the probability of the sample
mean being far from the true mean. The weak law of large numbers, which follows
from Chebyshev’s inequality, says that for n large, the probability is very high that
the sample mean will be very close to the true mean. The central limit theorem says
that for n large the distribution of the sample mean will be approximately Normal.

The Chi-Square and Student-¢ distributions are two important named distributions
in statistics. The Chi-Square is a special case of the Gamma. The Student-t has a
bell-shaped PDF with heavier tails than the Normal, and converges to the standard
Normal as the degrees of freedom increase.

Here, one last time, is the diagram of relationships between the named distributions,
updated to include the Chi-Square distribution (as a special case of the Gamma)
and Student-t distribution (with the Cauchy as a special case). We have also added
arrows to show the convergence of the Poisson, Gamma, and Student-¢ distributions
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to Normality; the first two are a consequence of the central limit theorem, and the
third is a consequence of the law of large numbers.

HGeom

Conditioning

Bin
(Bern)
Limit
Conjugacy
Conditioning
. Beta
Pois ]
(Unif)
Limit
Poisson process Bank - Post Office
Conjugacy
Gamma NBin
Normal € Exoo. Chi < a
Limit (Expo, Chi-Square) Limit (Geom)
Limit
Student-¢
(Cauchy)

Now we see that all the named distributions are in fact connected to one another!
As for the blank spaces in the right column and at the bottom of the diagram, there
are other named distributions waiting to take their rightful places, but that will
have to wait for another book on probability.

10.6 R
Jensen’s inequality

R makes it easy to compare the expectations of X and ¢g(X) for a given choice of g,
and this allows us to verify some special cases of Jensen’s inequality. For example,
suppose we simulate 10* times from the Expo(1) distribution:

x <- rexp(1074)
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According to Jensen’s inequality, E(log X) < log EX. The former can be approxi-
mated by mean(log(x)) and the latter can be approximated by log(mean(x)), so
compute both:

mean (log(x))
log(mean(x))

For the Expo(1) distribution, we find that mean(log(x)) is approximately —0.6
(the true value is around —0.577), while log(mean(x)) is approximately 0 (the
true value is 0). This indeed suggests E(log X) < log EX. We could also compare
mean(x~3) to mean(x) "3, or mean(sqrt(x)) to sqrt(mean(x))—the possibilities
are endless.

Visualization of the law of large numbers

To plot the running proportion of Heads in a sequence of independent fair coin
tosses, we first generate the coin tosses themselves:

nsim <- 300

p <- 1/2

X <- rbinom(nsim,1,p)

Then we compute X,, for each value of n and store the results in xbar:

xbar <- cumsum(x)/(1:nsim)

The above line of code performs elementwise division of the two vectors cumsum(x)
and 1:nsim. Finally, we plot xbar against the number of coin tosses:

plot(l:nsim,xbar,type="1",ylim=c(0,1))

You should see that the values of xbar approach p, by the law of large num-
bers.

Monte Carlo estimate of 7

A famous example of Monte Carlo integration is the Monte Carlo estimate of .
The unit disk {(z,y) : 22 +y? < 1} is inscribed in the square [—1,1] x [~1, 1], which
has area 4. If we generate a large number of points that are Uniform on the square,
the proportion of points falling inside the disk is approximately equal to the ratio
of the disk’s area to the square’s area, which is 7w/4. Thus, to estimate © we can
take the proportion of points inside the circle and multiply by 4.

In R, to generate Uniform points on the 2D square, we can independently gener-
ate the z-coordinate and the y-coordinate as Unif(—1,1) r.v.s, using the results of
Example 7.1.22:

nsim <- 1076
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FIGURE 10.8

Monte Carlo estimate of m: Generate points that are Uniform on the 2D square
[—1,1] x [—1, 1], which has area 4. The proportion of points falling in the unit disk
is approximately /4.

x <- runif(nsim,-1,1)
y <- runif(nsim,-1,1)

To count the number of points in the disk, we type sum(x~2+y~2<1). The vector
x"2+y~2<1 is an indicator vector whose ith element is 1 if the ith point falls inside
the disk and 0 otherwise, so the sum of the elements is the number of points in the
disk. To get our estimate of m, we convert the sum into a proportion and multiply
by 4. Altogether, we have

4xsum(x"2+y~2<1)/nsim

How close was your estimate to the actual value of 7?7

Visualizations of the central limit theorem

One way to visualize the central limit theorem for a distribution of interest is to
plot the distribution of X,, for various values of n, as in Figure 10.5. To do this,
we first have to generate i.i.d. X1,..., X, a bunch of times from our distribution
of interest. For example, suppose that our distribution of interest is Unif(0, 1), and
we are interested in the distribution of Xis, i.e., we set n = 12. In the following
code, we create a matrix of i.i.d. standard Uniforms. The matrix has 12 columns,
corresponding to X; through Xi5. Each row of the matrix is a different realization
of X1 through X12.

nsim <- 1074
n <- 12
x <- matrix(runif (n*nsim), nrow=nsim, ncol=n)
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Now, to obtain realizations of Xio, we simply take the average of each row of the
matrix x; we can do this with the rowMeans function:

xbar <- rowMeans(x)
Finally, we create a histogram:
hist (xbar)

You should see a histogram that looks Normal. Because the Unif(0, 1) distribution
is symmetric, the CLT kicks in quickly and the Normal approximation for X,, works
quite well, even for n = 12. Changing runif to rexp, we see that for X; generated
from the Expo(1) distribution, the distribution of X,, remains skewed when n = 12,
so a larger value of n is required before the Normal approximation is adequate.

Another neat visualization of the CLT can be found in the animation package.
This package has a built-in animation of a quincunz or bean machine, invented by
the statistician and geneticist Francis Galton to illustrate the Normal distribution.
After installing the package, try:

library(animation)
ani.options(interval = 0.03, nmax = 213)
quincunx ()

Can you use the central limit theorem to explain why the distribution of particles
at the bottom is approximately Normal?

Chi-Square and Student-t distributions

Although the Chi-Square is just a special case of the Gamma, it still has its own
functions dchisq, pchisq, and rchisq in R: dchisq(x,n) and pchisq(x,n) return
the values of the 2 PDF and CDF at z, and rchisq(nsim,n) generates nsim x?2
r.v.S.

The Student-t distribution has functions dt, pt, and rt. To evaluate the PDF or
CDF of the t,, distribution at x, we use dt (x,n) or pt(x,n). To generate nsim r.v.s
from the t,, distribution, we use rt(nsim,n). Of course, dt(x,1) is the same as
dcauchy (x).

10.7 Exercises

Inequalities

1. (® In a national survey, a random sample of people are chosen and asked whether they
support a certain policy. Assume that everyone in the population is equally likely to
be surveyed at each step, and that the sampling is with replacement (sampling without
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replacement is typically more realistic, but with replacement will be a good approxima-
tion if the sample size is small compared to the population size). Let n be the sample
size, and let p and p be the proportion of people who support the policy in the sample
and in the entire population, respectively. Show that for every ¢ > 0,

1
P(lp—p|>c) < —.
(p=pl>c) < =5
2. ® Foriid.r.v.s X1,..., X, with mean p and variance o2, give a value of n (as a specific
number) that will ensure that there is at least a 99% chance that the sample mean will
be within 2 standard deviations of the true mean pu.
3.  (® Show that for any two positive r.v.s X and Y with neither a constant multiple of the

other,
EX/Y)E(Y/X) > 1.
4.  (® The famous arithmetic mean-geometric mean inequality says that for any positive

numbers a1, az, ..., an,

ar+az+---+an
n

> (araz -~ an)'/™.

Show that this inequality follows from Jensen’s inequality, by considering F log(X) for
an r.v. X whose possible values are a1, ..., an (you should specify the PMF of X; if you
want, you can assume that the a; are distinct (no repetitions), but be sure to say so if
you assume this).

5. () Let X be a discrete r.v. whose distinct possible values are zo,x1, ..., and let py =
P(X = x). The entropy of X is H(X) =7  prlog,(1/pk).

(a) Find H(X) for X ~ Geom(p).
Hint: Use properties of logs, and interpret part of the sum as an expected value.

(b) Let X and Y be i.i.d. discrete r.v.s. Show that P(X =Y) > 27 #(),

Hint: Consider E(log,(W)), where W is an r.v. taking value p, with probability p.
6. Let X be a random variable with mean p and variance 0. Show that

E(X —p)* >0,

and use this to show that the kurtosis of X is at least —2.

Fill-in-the-blank inequalities

7. (® Let X and Y be i.i.d. positive r.v.s, and let ¢ > 0. For each part below, fill in the
appropriate equality or inequality symbol: write = if the two sides are always equal,
< if the left-hand side is less than or equal to the right-hand side (but they are not
necessarily equal), and similarly for >. If no relation holds in general, write ?.

(a) E(In(X)) ___ In(E(X))

(b) B(X) ___ VE(X?)

(c) E(sin®*(X)) + E(cos*(X)) ___ 1
(d) BE(|X]) ___ VE(X?)

(€) P(X >¢) __ EOD
f)P(X<Y)___ P(X>Y)

() E(XY) _ VE(X?)E(Y?)
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(h) P(X +Y > 10) P(X>50rY >5)
(i) E(min(X,Y)) min(EX, EY)
G) E(X/Y) &
(k) E(X*(X*+1)) ___ E(X*(Y?+1))

3 3
W E (5 ) _ B(sds)
8. (® Write the most appropriate of <, >, =, or 7 in the blank for each part (where “?”

means that no relation holds in general).

In (c) through (f), X and Y are ii.d. (independent identically distributed) positive
random variables. Assume that the various expected values exist.

(a) (probability that a roll of 2 fair dice totals 9) (probability that a roll of 2 fair
dice totals 10)

(b) (probability that at least 65% of 20 children born are girls) (probability that
at least 65% of 2000 children born are girls)

() EWX) ___ VE(X)
(d) E(sinX) ____ sin(EX)
(e) P(X+Y >4)__ P(X >2)P(Y >2)

) E((X+Y)?) 2E(X?) +2(EX)?
9. Let X and Y be i.i.d. continuous r.v.s. Assume that the various expressions below exist.

Write the most appropriate of <, >, =, or ? in the blank for each part (where “?” means
that no relation holds in general).

(a) e P B(e™)

(b) P(X >Y +3) ___ P(Y > X +3)
() P(X>Y+3)___ P(X>Y —3)
(d) B(x") __ (BE(XY))

(e) Var(Y) ___ E(Var(Y|X))

) P(IX+Y|>3) ___ E|X]|

10. ® Let X and Y be positive random variables, not necessarily independent. Assume that
the various expected values below exist. Write the most appropriate of <, >, = or 7 in
the blank for each part (where “?” means that no relation holds in general).

(a) (B(XY))” _ BE(X*)E(Y?)

(b) P(IX +Y|>2) SE(X +Y)*)
(c) E(n(X +3)) ___ In(E(X +3))

(d) B(X?e™) __ BE(X*)E(eY)

() P(X+Y=2)__ P(X=1)P(Y =1)

() P(X+Y =2 PUX>21}U{Y >1})
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11.

12.

13.

14.

(® Let X and Y be positive random variables, not necessarily independent. Assume that
the various expected values below exist. Write the most appropriate of <, >, = or 7 in
the blank for each part (where “?” means that no relation holds in general).

(a) B(X?) __ VE(X?)E(XY)

(b) P(IX +Y]|>2) EE(X +Y)")

() BWX¥3) __ /E(X+3)

(d) E(sin®*(X)) + E(cos*(X)) ___ 1

(e) E(Y|X+3)___ E(Y|X)

(f) B(B(Y?|X)) (EY)?

(® Let X and Y be positive random variables, not necessarily independent. Assume that

the various expressions below exist. Write the most appropriate of <, >, =, or 7 in the
blank for each part (where “?” means that no relation holds in general).

(a) P(X+Y >2) EXAEY

(b) P(X+Y >3) _ P(X>3)
(c) E(cos(X)) __ cos(EX)

@) BE(X'?) ___(BEX)'?

(e) B(XY) _ (BX)"

) E(EX|Y)+EY|X)) _  EX+EY

® Let X and Y be i.i.d. positive random variables. Assume that the various expressions
below exist. Write the most appropriate of <, >, =, or ? in the blank for each part (where
“?” means that no relation holds in general).

(a) B(eXTY) 2P0

(b) B(X?e™) __ /E(XT)E(e*X)
(c) E(X|3X) ___ E(X|2X)

(d) B(XTY) _ E(X"E(Y|X))
(© BE(3+ %) 2

() PIX —Y]>2) Yo

® Let X and Y be i.i.d. Gamma(3, 3), and let Z ~ N(0,1) (note that X and Z may be
dependent, and Y and Z may be dependent). For (a),(b),(c), write the most appropriate
of <, >, =, or 7 in each blank; for (d),(e),(f), write the most appropriate of <, >, =,
or 7 in each blank.

(a) PIX<Y)__1/2
by P(X=2%__ 1

(¢) P(Z > sapyrags)

(@) B(x7)B(X +Y)%) ___ B(X?) + (B(X))?
(e) B(X?Z%) _ /E(XH)E(X?)

(f) B(Xx +2v)") 3
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15.

16.

17.

18.

19.

20.

21.

Introduction to Probability

Let X,Y,Z be i.i.d. N(0,1) r.v.s. Write the most appropriate of <, >, =, or ? in each
blank (where “?” means that no relation holds in general).

() P(X?+Y?*+2°>6) ___ 1/2

(b)y P(X?*<1)__2/3

(©) B (e ) 1/4

(d) Var(®(X) + (V) +®(2)) ___ 1/4

(e) B(e™) _ E(e™)

(f) B(X]e™) E(e2X)

Let X,Y,Z, W be iid. positive r.v.s with CDF F and E(X) = 1. Write the most
appropriate of <, >, =, or ? in each blank (where “?” means that no relation holds in
general).

(a) F(3) __2/3

(b) (F(3))) __ P(X+Y+4+Z<9)

(©) B (svdimwe) 14
(d) E(XYZW) ___ E(XY)
(e) Var(E(Y|X)) ___ Var(Y)

f) Cov(X+Y,X-Y)_ 0

LLN and CLT

® Let X1, Xa,... be i.i.d. positive random variables with mean 2. Let Yi,Ys,... be
i.i.d. positive random variables with mean 3. Show that

Xi+Xo+- -+ Xp 2

%
Yi+Yo+--- 4+ Y, 3

with probability 1. Does it matter whether the X; are independent of the Y;?
@ Let []17 U27 .. .,Ugo be lld Ul’llf(o,l) and X = U1 —|— U2 + e —|— Ugo.

(a) Which important distribution is the distribution of X very close to? Specify what
the parameters are, and state which theorem justifies your choice.

(b) Give a simple but accurate approximation for P(X > 17). Justify briefly.
® Let Vi, ~ x2 and T, ~ t,, for all positive integers n.

(a) Find numbers a, and b, such that a,(V, — b,) converges in distribution to A(0, 1).

(b) Show that T2 /(n + T2) has a Beta distribution (without using calculus).

® Let T1,T>, ... beii.d. Student-t r.v.s with m > 3 degrees of freedom. Find constants
an and b, (in terms of m and n) such that an(Th + T2+ -+ + T, — bn) converges to
N(0,1) in distribution as n — oco.

® (a) Let Y = ¥, with X ~ Expo(3). Find the mean and variance of Y.

(b) For Y1,...,Y, iid. with the same distribution as Y from (a), what is the approxi-
mate distribution of the sample mean Y,, = * Z?;l Y; when n is large?



Inequalities and limit theorems 455

22.  (® (a) Explain why the Pois(n) distribution is approximately Normal if n is a large
positive integer (specifying what the parameters of the Normal are).

(b) Stirling’s formula is an amazingly accurate approximation for factorials:

n n
n! ~ V2mn (7) ,
e

where in fact the ratio of the two sides goes to 1 as n — oo. Use (a) to give a
quick heuristic derivation of Stirling’s formula by using a Normal approximation to
the probability that a Pois(n) r.v. is n, with the continuity correction: first write
P(N =n)=P(n—3 <N <n+ 1), where N ~ Pois(n).

23.  ® (a) Consider i.i.d. Pois(\) r.v.s X1, Xa,. ... The MGF of X, is M(t) = )"~ Find
the MGF M, (t) of the sample mean X, = 1 > X

(b) Find the limit of M, (¢) as n — oco. (You can do this with almost no calculation
using a relevant theorem; or you can use (a) and the fact that e® ~ 1+ x if = is very
small.)

24. Let X, ~ Pois(n) for all positive integers n. Use MGFs to show that the distribution of
the standardized version of X,, converges to a Normal distribution as n — oo, without
invoking the CLT.

25.  An important concept in frequentist statistics is that of a confidence interval (CI).
Suppose we observe data X from a distribution with parameter 6. Unlike in Bayesian
statistics, 0 is treated as a fixed but unknown constant; it is not given a prior distribution.
A 95% confidence interval consists of a lower bound L(X) and upper bound U(X) such
that

P(L(X) <6< U(X))=0.95
for all possible values of 0. Note that in the above statement, L(X) and U(X) are
random variables, as they are functions of the r.v. X, whereas 0 is a constant. The
definition says that the random interval (L(X),U(X)) has a 95% chance of containing
the true value of 6.
Imagine an army of frequentists all over the world, independently generating 95% Cls.
The jth frequentist observes data X; and makes a confidence interval for the parameter
0;. Show that if there are n of these frequentists, then the fraction of their intervals
which contain the corresponding parameter approaches 0.95 as n — oo.
Hint: Consider the indicator r.v.s I; = I(L(X;) < 0; < U(X})).

26. This problem extends Example 10.3.7 to a more general setting. Again, suppose a very
volatile stock rises 70% or drops 50% in price, with equal probabilities and with different
days independent.

(a) Suppose a hedge fund manager always invests half of her current fortune into the
stock each day. Let Y,, be her fortune after n days, starting from an initial fortune of
Yo = 100. What happens to Y, as n — oo?

(b) More generally, suppose the hedge fund manager always invests a fraction « of her
current fortune into the stock each day (in Part (a), we took a = 1/2). With Yp and Y,
defined as in Part (a), find the function g(a) such that

g(a)

with probability 1 as n — oo, and prove that g(«) is maximized when o = 3/8.

log Yy, .
n

Mixed practice

27.  Asin Exercise 36 from Chapter 3, there are n voters in an upcoming election in a certain
country, where n is a large, even number. There are two candidates, A and B. Each voter
chooses randomly whom to vote for, independently and with equal probabilities.
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(a) Use a Normal approximation (with continuity correction) to get an approximation
for the probability of a tie, in terms of ®.

(b) Use a first-order Taylor expansion (linear approximation) to the approximation
from Part (a) to show that the probability of a tie is approximately 1/+/cn, where c is
a constant (which you should specify).

28. A handy rule of thumb in statistics and life is as follows:
Conditioning often makes things better.

This problem explores how the above rule of thumb applies to estimating unknown
parameters. Let 0 be an unknown parameter that we wish to estimate based on data
X1,X2,...,X, (these are r.v.s before being observed, and then after the experiment
they “crystallize” into data). In this problem, 6 is viewed as an unknown constant, and
is not treated as an r.v. as in the Bayesian approach. Let 71 be an estimator for 6 (this
means that 77 is a function of Xi,..., X, which is being used to estimate 6).

A strategy for improving T3 (in some problems) is as follows. Suppose that we have an
r.v. R such that 75 = E(Ti|R) is a function of X1,..., X, (in general, E(T1|R) might
involve unknowns such as 6 but then it couldn’t be used as an estimator). Also suppose
that P(Ty = Tz) < 1, and that E(T%) is finite.

(a) Use Jensen’s inequality to show that T% is better than 77 in the sense that the mean
squared error is less, i.e.,

E(T» —0)* < E(Th — )%
Hint: Use Adam’s law on the right-hand side.

(b) The bias of an estimator 1" for @ is defined to be b(T) = E(T') — 6. An important
identity in statistics, a form of the bias-variance tradeoff, is that mean squared error is
variance plus squared bias:

E(T — 6)* = Var(T) + (b(T))>.
Use this identity and Eve’s law to give an alternative proof of the result from (a).

(¢) Now suppose that X1, Xs,... are i.i.d. with mean 6, and consider the special case
Ty =X1, R= Z?:l X;. Find T in simplified form, and check that it has lower mean
squared error than 77 for n > 2. Also, say what happens to 77 and 75 as n — co.

29. Each page of an n-page book has a Pois(A\) number of typos, where A is unknown (but
is not treated as an r.v.). Typos on different pages are independent. Thus we have
iid. Xi,..., X, ~ Pois()\), where X is the number of typos on page j. Suppose we are
interested in estimating the probability 6 that a page has no typos:

(a) Let X,y = (X1 + -+ X,). Show that T,, = e~ Xn is biased for 6. (In other words,
E(T)—-6+#0.)

(b) Show that as n — oo, T, — @ with probability 1.

(c) Show that W = L(I(X; = 0) 4 --- + I(X, = 0)) is unbiased for #. Using the
fact that X1|(X1 + --- + X, = s) ~ Bin(s,1/n), find E(W|X1 4+ --- + X,,). Is W =
E(W|X1 + -+ X,,) also unbiased for 67

(d) Using Eve’s law or otherwise, show that W has lower variance than W, and relate
this to the previous question.
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30. A binary sequence is being generated through some process (random or deterministic).

You need to sequentially predict each new number, i.e, you predict whether the next
number will be 0 or 1, then observe it, then predict the next number, etc. Each of your
predictions can be based on the entire past history of the sequence.
(a) Suppose for this part that the binary sequence consists of i.i.d. Bern(p) r.v.s, with
p known. What is your optimal strategy (for each prediction, your goal is to maximize
the probability of being correct)? What is the probability that you will guess the nth
value correctly with this strategy?

(b) Now suppose that the binary sequence consists of i.i.d. Bern(p) r.v.s, with p unknown.
Consider the following strategy: say 1 as your first prediction; after that, say “1” if the
proportion of 1’s so far is at least 1/2, and say “0” otherwise. Find the limit as n — oo
of the probability of guessing the nth value correctly (in terms of p).

(¢) Now suppose that you follow the strategy from (b), but that the binary sequence
is generated by a nefarious entity who knows your strategy. What can the entity do to
make your guesses be wrong as often as possible?

31. ® Let X and Y be independent standard Normal r.v.s and let R? = X2 4+ Y? (where
R > 0 is the distance from (X,Y’) to the origin).

(a) The distribution of R? is an example of three of the important distributions we
have seen. State which three of these distributions R? is an instance of, specifying the
parameter values.

(b) Find the PDF of R.
Hint: Start with the PDF fuw (w) of W = R?.
(¢) Find P(X > 2Y + 3) in terms of the standard Normal CDF ®.

(d) Compute Cov(R?, X). Are R? and X independent?

32. ® Let Zu,...,Zn ~N(0,1) be i.id.
(a) As a function of Zi, create an Expo(1) r.v. X (your answer can also involve the
standard Normal CDF ®).

(b) Let Y = e, where R = \/Z? + --- + Z2. Write down (but do not evaluate) an
integral for E(Y).

(c) Let X1 = 371 — 275 and X = 4Z; + 6Z. Determine whether X; and X, are
independent (be sure to mention which results you’re using).

33. (® Let X1, Xs,... beii.d. positive r.v.s. with mean p, and let W,, = ﬁ
(a) Find E(Wy).

s . X1 Xo oot Xn
Hint: Consider ORI on + T + + S R gl

(b) What random variable does nW,, converge to (with probability 1) as n — oo?

(¢) For the case that X; ~ Expo()), find the distribution of Wi, preferably without
using calculus. (If it is one of the named distributions, state its name and specify the
parameters; otherwise, give the PDF.)

34. Let Xi1,X2,... beiid. Expo(1).

(a) Let N = min{n : X, > 1} be the index of the first X, to exceed 1. Find the
distribution of N — 1 (give the name and parameters), and hence find E(N).

(b) Let M = min{n : X1 + X5+ -+ X, > 10} be the number of X;’s we observe until

their sum exceeds 10 for the first time. Find the distribution of M — 1 (give the name
and parameters), and hence find E(M).

Hint: Consider a Poisson process.
(c) Let X, = (X1 +---+ X,,)/n. Find the exact distribution of X,, (give the name and

parameters), as well as the approximate distribution of X,, for n large (give the name
and parameters).
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Markov chains

Markov chains were first introduced in 1906 by Andrey Markov (of Markov’s in-
equality), with the goal of showing that the law of large numbers can apply to
random variables that are not independent. To see where the Markov model comes
from, start by considering an i.i.d. sequence of random variables Xg, X1,...,X,,...
where we think of n as time. This is the setting we worked in throughout Chapter
10, but for modeling real-world phenomena, independence can be an excessively re-
strictive assumption; it means that the X, provide absolutely no information about
each other. At the other extreme, allowing arbitrary interactions between the X,
makes it very difficult to compute even basic things. A Markov chain is a sequence
of r.v.s that exhibits one-step dependence, in a precise sense that we shall soon
define. Thus Markov chains are a happy medium between complete independence
and complete dependence.

Since their invention, Markov chains have become extremely important in a huge
number of fields such as biology, game theory, finance, machine learning, and statisti-
cal physics. They are also very widely used for simulations of complex distributions,
via algorithms known as Markov chain Monte Carlo (MCMC). In this chapter we
will introduce Markov chains and their properties, and in the next chapter we’ll
look at some examples of MCMC techniques.

11.1 Markov property and transition matrix

Markov chains “live” in both space and time: the set of possible values of the X, is
called the state space, and the index n represents the evolution of the process over
time. The state space of a Markov chain can be either discrete or continuous, and
time can also be either discrete or continuous (in the continuous-time setting, we
would imagine a process X; defined for all real ¢ > 0). In this chapter we will focus
exclusively on discrete-state, discrete-time Markov chains, with a finite state space.
Specifically, we will assume that the X, take values in a finite set, which we usually
take to be {1,2,..., M} or {0,1,...,M}.

Definition 11.1.1 (Markov chain). A sequence of random variables Xy, X1, Xo, ...
taking values in the state space {1,2,..., M} is called a Markov chain if for all n > 0,

P(Xn+1 = ]|Xn = Z'vanfl = Z.nfla cee 7X0 = ZO) = P(XnJrl = ]|Xn = Z)

459
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The quantity P(X,+1 = j|X, = i) is called the transition probability from state
i to state j. In this book, when referring to a Markov chain we will implicitly
assume that it is time-homogeneous, which means that the transition probability
P(Xp+1 = j|X, = i) is the same for all times n. But care is needed, since the
literature is not consistent about whether to say “time-homogeneous Markov chain”
or just “Markov chain”.

The above condition is called the Markov property, and it says that given the en-
tire past history Xg, X1, Xo,..., X}, only the most recent term, X,,, matters for
predicting X,,+1. If we think of time n as the present, times before n as the past,
and times after n as the future, the Markov property says that given the present,
the past and future are conditionally independent. The Markov property greatly
simplifies computations of conditional probability: instead of having to condition
on the entire past, we only need to condition on the most recent value.

To describe the dynamics of a Markov chain, we need to know the probabilities
of moving from any state to any other state, that is, the probabilities P(X, 1 =
j1 X, = i) on the right-hand side of the Markov property. This information can be
encoded in a matrix, called the transition matriz, whose (i, j) entry is the probability
of going from state 7 to state j in one step of the chain.

Definition 11.1.2 (Transition matrix). Let X, X, Xs,... be a Markov chain
with state space {1,2,..., M}, and let ¢;; = P(X,41 = j|X,, = i) be the transition
probability from state ¢ to state j. The M x M matrix Q = (g;;) is called the
transition matriz of the chain.

Note that ) is a nonnegative matrix in which each row sums to 1. This is because,
starting from any state ¢, the events “move to 1”7, “move to 27, ..., “move to
M?” are disjoint, and their union has probability 1 because the chain has to go
somewhere.

Example 11.1.3 (Rainy-sunny Markov chain). Suppose that on any given day,
the weather can either be rainy or sunny. If today is rainy, then tomorrow will be
rainy with probability 1/3 and sunny with probability 2/3. If today is sunny, then
tomorrow will be rainy with probability 1/2 and sunny with probability 1/2. Letting
X,, be the weather on day n, Xo, X1, X2,... is a Markov chain on the state space
{R, S}, where R stands for rainy and S for sunny. We know that the Markov prop-
erty is satisfied because, from the description of the process, only today’s weather
matters for predicting tomorrow’s.

The transition matrix of the chain is

R S
R(1/3 2/3
S\1/2 1/2 )
The first row says that starting from state R, we transition back to state R with
probability 1/3 and transition to state S with probability 2/3. The second row says
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that starting from state S, we have a 1/2 chance of moving to state R and a 1/2
chance of staying in state S. We could just as well have used

S R
a2 1)

as our transition matrix instead. In general, if there isn’t an obvious ordering of
the states of a Markov chain (as with the states R and S), we just need to fix an
ordering of the states and use it consistently.

The transition probabilities of a Markov chain can also be represented with a di-
agram. Each state is represented by a circle, and the arrows indicate the possible
one-step transitions; we can imagine a particle wandering around from state to
state, randomly choosing which arrow to follow. Next to the arrows we write the
corresponding transition probabilities.

2/3

1/3 172
172

What if the weather tomorrow depended on the weather today and the weather
yesterday? For example, suppose that the weather behaves as above, except that
if there have been two consecutive days of rain, then tomorrow will definitely be
sunny, and if there have been two consecutive days of sun, then tomorrow will
definitely be rainy. Under these new weather dynamics, the X, no longer form a
Markov chain, as the Markov property is violated: conditional on today’s weather,
yesterday’s weather can still provide useful information for predicting tomorrow’s
weather.

However, by enlarging the state space, we can create a new Markov chain: let
Y, = (Xn—1,X,) for n > 1. Then Y7, Ys,... is a Markov chain on the state space
{(R,R),(R,S),(S,R),(S,95)}. You can verify that the transition matrix of this chain

1S

(R,R) (R,S) (S,R) (S,9)

(R,R) [ 0 1 0 0
(R,S)| o0 0 /2 1/2
(S,R) | 1/3  2/3 0 0
(S, 5) 0 0 1 0

and that its corresponding graphical representation is given in the following figure.
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Similarly, we could handle third-order or fourth-order dependencies in the weather
by further enlarging the state space to make the Markov property hold. O

172

1/3

Once we have the transition matrix ) of a Markov chain, we can work out the
transition probabilities for longer timescales.

Definition 11.1.4 (n-step transition probability). The n-step transition probabil-

ity from ¢ to j is the probability of being at j exactly n steps after being at i. We
(n),

denote this by ¢;;

0\ = P(X, = j|Xo = ).

Note that

2
Q§j) = E Qik Ak
k

since to get from i to j in two steps, the chain must go from ¢ to some intermediary
state k, and then from k to j; these transitions are independent because of the
Markov property. Since the right-hand side is the (i, j) entry of Q2 by the definition
of matrix multiplication, we conclude that the matrix Q? gives the two-step tran-
sition probabilities. By induction, the nth power of the transition matrix gives the
n-step transition probabilities:

qu) is the (4, ) entry of Q™.

Example 11.1.5 (Transition matrix of 4-state Markov chain). Consider the 4-state
Markov chain depicted in Figure 11.1. When no probabilities are written over the
arrows, as in this case, it means all arrows originating from a given state are equally
likely. For example, there are 3 arrows originating from state 1, so the transitions
1—3,1— 2, and 1 — 1 all have probability 1/3. Therefore the transition matrix
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SPAEDS

FIGURE 11.1
A 4-state Markov chain.

of the chain is
1/3 1/3 1/3 0
0 0 1/2 1/2

0 1 0 0

1/2 0 0 1/2

To compute the probability that the chain is in state 3 after 5 steps, starting at
state 1, we would look at the (1,3) entry of Q°. Here (using a computer to find Q°),

853/3888 509/1944 52/243 395/1296
173/864  85/432  31/108 91/288

37/144  29/72 1/9 11/48

499/2592 395/1296 T1/324  245/864
s0 qfy = 52/243. 0

Using the language of Chapter 7, the transition matrix @ encodes the conditional
distributions of Xy given the initial state of the chain. Specifically, the ith row of
Q is the conditional PMF of X; given Xy = 4, displayed as a row vector. Similarly,
the ith row of Q" is the conditional PMF of X,, given Xy = 1.

To get the marginal distributions of Xy, X1,..., we need to specify not just the
transition matrix, but also the initial conditions of the chain. This can be done by
setting the initial state Xy to be a particular state, or by randomly choosing X
according to some distribution. Let (t1,t2,...,tyrr) be the PMF of X displayed as
a vector, that is, t; = P(Xo = ). Then the marginal distribution of the chain at
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any time can be computed from the transition matrix, averaging over all the states
using LOTP.

Proposition 11.1.6 (Marginal distribution of X,,). Define t = (¢1,to,...,trr) by
t; = P(Xo =1), and view t as a row vector. Then the marginal distribution of X,
is given by the vector tQ". That is, the jth component of tQ" is P(X,, = j).

Proof. By the law of total probability, conditioning on X, the probability that the
chain is in state j after n steps is

M
P(X, =j) =Y P(Xo=1i)P(X, = j|Xo=1)
=1

M
-3 )
1=1

which is the jth component of tQ™ by definition of matrix multiplication. |

Example 11.1.7 (Marginal distributions of 4-state Markov chain). Again consider
the 4-state Markov chain in Figure 11.1. Suppose the initial conditions are t =
(1/4,1/4,1/4,1/4), meaning that the chain has equal probability of starting in each
of the four states. Let X, be the position of the chain at time n. Then the marginal
distribution of X7 is

1/3 1/3 1/3 0

0 0 1/2 1/2

tQ = < 1/4 1/4 1/4 1/4 ) Do o o

1/2 0 0 1/2

= ( 5/24 1/3 5/24 1/4 >
The marginal distribution of X3 is
853/3888 509/1944 52/243 395/1296
173/864  85/432  31/108 91/288

tQ° = < 1/4 1/4 1/4 1/4 )
37/144  29/72  1/9  11/48

499/2592 395/1296 71/324 245/864

= ( 3379/15552 2267/7776 101/486 1469/5184 ) :

We used a computer to perform the matrix multiplication. O
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11.2 Classification of states

In this section we introduce terminology for describing the various characteristics
of a Markov chain. The states of a Markov chain can be classified as recurrent or
transient, depending on whether they are visited over and over again in the long
run or are eventually abandoned. States can also be classified according to their
period, which is a positive integer summarizing the amount of time that can elapse
between successive visits to a state. These characteristics are important because
they determine the long-run behavior of the Markov chain, which we will study in
Section 11.3.

The concepts of recurrence and transience are best illustrated with a concrete ex-
ample. In the Markov chain shown on the left of Figure 11.2 (previously featured
in Example 11.1.5), a particle moving around between states will continue to spend
time in all 4 states in the long run, since it is possible to get from any state to any
other state. In contrast, consider the chain on the right of Figure 11.2, and let the
particle start at state 1. For a while, the chain may linger in the triangle formed by
states 1, 2, and 3, but eventually it will reach state 4, and from there it can never
return to states 1, 2, or 3. It will then wander around between states 4, 5, and 6
forever. States 1, 2, and 3 are transient and states 4, 5, and 6 are recurrent.

()
D 0‘@,

SPAEDS

FIGURE 11.2
Left: 4-state Markov chain with all states recurrent. Right: 6-state Markov chain
with states 1, 2, and 3 transient.

In general, these concepts are defined as follows.

Definition 11.2.1 (Recurrent and transient states). State 7 of a Markov chain is
recurrent if starting from ¢, the probability is 1 that the chain will eventually return
to . Otherwise, the state is transient, which means that if the chain starts from ¢,
there is a positive probability of never returning to .
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In fact, although the definition of a transient state only requires that there be a
positive probability of never returning to the state, we can say something stronger:
as long as there is a positive probability of leaving i forever, the chain eventually
will leave i forever. In the long run, anything that can happen, will happen (with a
finite state space). We can make this statement precise with the following proposi-
tion.

Proposition 11.2.2 (Number of returns to transient state is Geometric). Let i be
a transient state of a Markov chain. Suppose the probability of never returning to
i, starting from ¢, is a positive number p > 0. Then, starting from ¢, the number of
times that the chain returns to ¢ before leaving forever is distributed Geom(p).

The proof is by the story of the Geometric distribution: each time that the chain
is at ¢, we have a Bernoulli trial which results in “failure” if the chain eventually
returns to ¢ and “success” if the chain leaves i forever; these trials are independent
by the Markov property. The number of returns to state 7 is simply the number of
failures before the first success, which is the story of the Geometric distribution.
In particular, since a Geometric random variable always takes finite values, this
proposition tells us that after a finite number of visits, the chain will leave state ¢
forever.

If the number of states is not too large, one way to classify states as recurrent
or transient is to draw a diagram of the Markov chain and use the same kind of
reasoning that we used when analyzing the chains in Figure 11.2. A special case
where we can immediately conclude all states are recurrent is when the chain is
irreducible, meaning that it is possible to get from any state to any other state.

Definition 11.2.3 (Irreducible and reducible chain). A Markov chain with transi-
tion matrix @ is irreducible if for any two states ¢ and j, it is possible to go from ¢
to 7 in a finite number of steps (with positive probability). That is, for any states
i,7 there is some positive integer n such that the (i,j) entry of Q™ is positive. A
Markov chain that is not irreducible is called reducible.

Proposition 11.2.4 (Irreducible implies all states recurrent). In an irreducible
Markov chain with a finite state space, all states are recurrent.

Proof. 1t is clear that at least one state must be recurrent; if all states were transient,
the chain would eventually leave all states forever and have nowhere to go! So assume
without loss of generality that state 1 is recurrent, and consider any other state 1.
We know that qg?) is positive for some n, by the definition of irreducibility. Thus,
every time the chain is at state 1, it has a positive probability of going to state
1 in n steps. Since the chain visits state 1 infinitely often, we know the chain will
eventually reach state ¢ from state 1; think of each visit to state 1 as starting a trial,
where “success” is defined as reaching state 7 in at most n steps. From state i, the
chain will return to state 1 because state 1 is recurrent, and by the same logic, it
will eventually reach state ¢ again. By induction, the chain will visit state ¢ infinitely
often. Since i was arbitrary, we conclude that all states are recurrent. |
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The converse of the proposition is false; it is possible to have a reducible Markov
chain whose states are all recurrent. An example is given by the Markov chain below,
which consists of two “islands” of states.

kA

& 11.2.5. Note that recurrence or transience is a property of the states in a Markov
chain, while irreducibility or reducibility is a property of the chain as a whole.

Here are two familiar problems from earlier chapters, viewed through the lens of
Markov chains. For each, we’ll identify the recurrent and transient states.

Example 11.2.6 (Gambler’s ruin as a Markov chain). In the gambler’s ruin prob-
lem, two gamblers, A and B, start with ¢ and N — ¢ dollars respectively, making a
sequence of bets for $1. In each round, player A has probability p of winning and
probability ¢ = 1 — p of losing. Let X,, be the wealth of gambler A at time n. Then
Xo, X1,... is a Markov chain on the state space {0,1,..., N}. By design, Xy = 1.

)4 p )4 P 1
CCO TG~ 2o XeD
1 q q q q

Once the Markov chain reaches 0 or N, signifying bankruptcy for player A or player
B, the Markov chain stays in that state forever. We proved in Chapter 2 that the
probability that either A or B goes bankrupt is 1, so for any starting state ¢ other
than 0 or IV, the Markov chain will eventually be absorbed into state 0 or NV, never
returning to i. Therefore, for this Markov chain, states 0 and N are recurrent, and
all other states are transient. The chain is reducible because from state 0 it is only
possible to go to state 0, and from state N it is only possible to go to state N. [J

Example 11.2.7 (Coupon collector as a Markov chain). In the coupon collector
problem, there are C' types of coupons, which we collect one by one, sampling with
replacement from the C' coupon types each time. Let X,, be the number of distinct
coupon types in our collection after n attempts. Then Xy, X1,... is a Markov chain
on the state space {0,1,...,C}. By design, Xy = 0.

(€-niC (C 2)/IC

S

(c-1n/ic
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In this Markov chain, with the exception of state C', we can never return to a state
after leaving it; the number of coupon types in the collection can only increase with
time, never decrease. Thus all states are transient except for C', which is recurrent.
The chain is reducible because it is not possible to go from state 2 back to state 1,
for example. O

Another way to classify states is according to their periods. The period of a state
summarizes how much time can elapse between successive visits to the state.

Definition 11.2.8 (Period of a state, periodic and aperiodic chain). The period of
a state ¢ in a Markov chain is the greatest common divisor (ged) of the possible
numbers of steps it can take to return to ¢ when starting at ¢. That is, the period
of 7 is the greatest common divisor of numbers n such that the (i,4) entry of Q"
is positive. (The period of i is undefined if it’s impossible ever to return to i after
starting at i.) A state is called aperiodic if its period equals 1, and periodic other-
wise. The chain itself is called aperiodic if all its states are aperiodic, and periodic
otherwise.

()
(D 0‘@,

SPAEDS

FIGURE 11.3
Left: an aperiodic Markov chain. Right: a periodic Markov chain in which states 1,
2, and 3 have period 3.

For example, let’s consider again the two Markov chains from Figure 11.2, shown
again in Figure 11.3. We first consider the 6-state chain on the right. Starting from
state 1, it is possible to be back at state 1 after 3 steps, 6 steps, 9 steps, etc., but it
is not possible to be back at state 1 after any number of steps that is not a multiple
of 3. Therefore, state 1 has period 3. Similarly, states 2 and 3 also have period 3.
On the other hand, states 4, 5, and 6 have period 1, but the chain is periodic since
at least one state does not have period 1. By contrast, in the chain on the left all
states are aperiodic, so that chain is aperiodic.

In the gambler’s ruin chain, each state has period 2 except for 0 and NV, which have
period 1. In the coupon collector chain, each state has period 1 except for state 0,
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which has period oo because it’s impossible to return to state 0. So neither of these
chains is aperiodic.

11.3 Stationary distribution

The concepts of recurrence and transience are important for understanding the long-
run behavior of a Markov chain. At first, the chain may spend time in transient
states. Eventually though, the chain will spend all its time in recurrent states. But
what fraction of the time will it spend in each of the recurrent states? This question
is answered by the stationary distribution of the chain, also known as the steady-
state distribution. We will learn in this section that for irreducible and aperiodic
Markov chains, the stationary distribution describes the long-run behavior of the
chain, regardless of its initial conditions.

Definition 11.3.1 (Stationary distribution). A row vector s = (s1,...,sp) such
that s; > 0 and ) ,s; = 1 is a stationary distribution for a Markov chain with

transition matrix @ if
E 8iQij = Sj

i
for all j, or equivalently,

s@ =s.

Recall that if s is the distribution of Xp, then s@ is the marginal distribution of
X1. Thus the equation s) = s means that if Xy has distribution s, then X; also
has distribution s. But then X5 also has distribution s, as does X3, etc. That is, a
Markov chain whose initial distribution is the stationary distribution s will stay in
the stationary distribution forever.

One way to visualize the stationary distribution of a Markov chain is to imagine
a large number of particles, each independently bouncing from state to state ac-
cording to the transition probabilities. After a while, the system of particles will
approach an equilibrium where, at each time period, the number of particles leav-
ing a state will be counterbalanced by the number of particles entering that state,
and this will be true for all states. As a result, the system as a whole will appear
to be stationary, and the proportion of particles in each state will be given by the
stationary distribution.

# 11.3.2 (Stationary distribution is marginal, not conditional). When a Markov
chain is at the stationary distribution, the unconditional PMF of X,, equals s for
all n, but the conditional PMF of X, given X,,_1 = i is still encoded by the ith row
of the transition matrix Q.

If a Markov chain starts at the stationary distribution, then all of the X, are iden-
tically distributed (since they have the same marginal distribution s), but they are
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not necessarily independent, since the conditional distribution of X,, given X,,_1 =14
is, in general, different from the marginal distribution of X,.

& 11.3.3 (Sympathetic magic). If a Markov chain starts at the stationary distri-
bution, then the marginal distributions of the X,, are all equal. This is not the same
as saying that the X, themselves are all equal; confusing the random variables X,,
with their distributions is an example of sympathetic magic.

For very small Markov chains, we may solve for the stationary distribution by hand,
using the definition. The next example illustrates this for a two-state chain.

Example 11.3.4 (Stationary distribution for a two-state chain). Let

1/3 2/3

1/2 1/2

The stationary distribution is of the form s = (s,1 — s), and we must solve for s in

the system
1/3 2/3
(s 1——5) = (s 1-—S>a
1/2 1/2

which is equivalent to

1 1
§s+§(1—s):s,

2o a—g =1
3515 s) = s.
The only solution is s = 3/7, so (3/7,4/7) is the unique stationary distribution of
the Markov chain. g

In terms of linear algebra, the equation s@) = s says that s is a left eigenvector of
Q@ with eigenvalue 1 (see Section A.3 of the math appendix for more details). To
get the usual kind of eigenvector (a right eigenvector), take transposes: Q's’ = ¢/,
where the ’ symbol denotes taking the transpose.

11.3.1 Existence and uniqueness

Does a stationary distribution always exist, and is it unique? It turns out that for a
finite state space, a stationary distribution always exists. Furthermore, in irreducible
Markov chains, the stationary distribution is unique.

Theorem 11.3.5 (Existence and uniqueness of stationary distribution). Any ir-
reducible Markov chain has a unique stationary distribution. In this distribution,
every state has positive probability.
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The theorem is a consequence of a result from linear algebra called the Perron-
Frobenius theorem, which is stated in Section A.3 of the math appendix.

The 4-state chain on the left of Figure 11.3 is irreducible: in terms of the picture, it
is possible to go from anywhere to anywhere following the arrows; in terms of the
transition matrix, all the entries of Q® are positive. Therefore, by Theorem 11.3.5,
the chain has a unique stationary distribution. On the other hand, the gambler’s ruin
chain is reducible, so the theorem does not apply. It turns out that the gambler’s ruin
chain does not have a unique stationary distribution: in the long run, the chain can
either converge to a degenerate distribution at state 0, or a degenerate distribution
at state N.

11.3.2 Convergence

We have already informally stated that the stationary distribution describes the
long-run behavior of the chain, in the sense that if we run the chain for a long time,
the marginal distribution of X, converges to the stationary distribution s. The next
theorem states that this is true as long as the chain is both irreducible and aperiodic.
Then, regardless of the chain’s initial conditions, the PMF of X, will converge to
the stationary distribution as n — oo. This relates the concept of stationarity to
the long-run behavior of a Markov chain. The proof is omitted.

Theorem 11.3.6 (Convergence to stationary distribution). Let Xo, Xi,... be a
Markov chain with stationary distribution s and transition matrix (), such that
some power Q™ is positive in all entries. (These assumptions are equivalent to
assuming that the chain is irreducible and aperiodic.) Then P(X,, = i) converges to
s; as n — 0o. In terms of the transition matrix, Q™ converges to a matrix in which
each row is s.

Therefore, after a large number of steps, the probability that the chain is in state 4
is close to the stationary probability s;, regardless of the chain’s initial conditions.
Intuitively, the extra condition of aperiodicity is needed in order to rule out chains
that just go around in circles, such as the chain in the following example.

Example 11.3.7 (Periodic chain). Figure 11.4 shows a periodic Markov chain

where each state has period 5.

O

FIGURE 11.4
A periodic chain.
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The transition matrix of the chain is

0 0001

100 00

It can be verified without much difficulty that s = (1/5,1/5,1/5,1/5,1/5) is a
stationary distribution of this chain, and by Theorem 11.3.5, s is unique. However,
suppose the chain starts at Xo = 1. Then the PMF of X, assigns probability 1
to the state (n mod 5) + 1 and 0 to all other states, so it does not converge to s
as n — oo. Nor does Q™ converge to a matrix in which each row is s: the chain’s
transitions are deterministic, so Q™ always consists of 0’s and 1’s. 0

Lastly, the stationary distribution tells us the average time between visits to a
state.

Theorem 11.3.8 (Expected time to return). Let X, X1,... be an irreducible
Markov chain with stationary distribution s. Let r; be the expected time it takes
the chain to return to 4, given that it starts at ¢. Then s; = 1/r;.

Here is how the theorems apply to the two-state chain from Example 11.3.4.

Example 11.3.9 (Long-run behavior of a two-state chain). In the long run, the
chain in Example 11.3.4 will spend 3/7 of its time in state 1 and 4/7 of its time in
state 2. Starting at state 1, it will take an average of 7/3 steps to return to state
1. The powers of the transition matrix converge to a matrix where each row is the
stationary distribution:
n
1/3 2/3 3/7 4/7
— as n — oo.
1/2 1/2 3/7 A7

11.3.3 Google PageRank

We next consider a vastly larger example of a stationary distribution, for a Markov
chain on a state space with billions of interconnected nodes: the World Wide Web.
The next example explains how the founders of Google modeled web-surfing as a
Markov chain, and then used its stationary distribution to rank the relevance of
webpages. For years Google described the resulting method, known as PageRank,
as “the heart of our software”.
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Suppose you are interested in a certain topic, say chess, so you use a search engine
to look for useful webpages with information about chess. There are millions of
webpages that mention the word “chess”, so a key issue a search engine needs to
deal with is what order to show the search results in. It would be a disaster to have
to wade through thousands of garbage pages that mention “chess” before finding
informative content.

In the early days of the web, various approaches to this ranking problem were
used. For example, some search engines employed people to manually decide which
pages were most useful, like a museum curator. But aside from being subjective
and expensive, this quickly became infeasible as the web grew. Others focused on
the number of times the search term was mentioned on the site. But a page that
mentions “chess” over and over again could easily be less useful than a concise
reference page or a page about chess that doesn’t repeatedly mention the word.
Furthermore, this method is very open to abuse: a spam page could boost its ranking
just by including a long list of words repeated over and over again.

Both of the above methods ignore the structure of the web: which pages link to which
other pages? Taking the link structure into account led to dramatic improvements
in search engines. As a first attempt, one could rank a page based on how many
other pages link to it. That is, if Page A links to Page B, we consider it a “vote”
for B, and we rank pages based on how many votes they have.

But this is again very open to abuse: a spam page could boost its ranking by creating
thousands of other spam pages linking to it. And though it may seem democratic
for each page to have equal voting power, an incoming link from a reliable page is
more meaningful than a link from an uninformative page. Google PageRank, which
was introduced in 1998 by Sergey Brin and the aptly named Larry Page, ranks
the importance of a page not only by how many pages link to it, but also by the
importance of those pages.

Consider the web as a directed network—which is what it is. Each page on the
web is a node, and links between nodes represent links between pages. For exam-
ple, suppose for simplicity that the web only has 4 pages, connected as shown in
Figure 11.5.

<>
FIGURE 11.5

It’s a small web after all.

Imagine someone randomly surfing the web, starting at some page and then ran-
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domly clicking links to go from one page to the next (with equal probabilities for
all links on the current page). The idea of PageRank is to measure the importance
of a page by the long-run fraction of time spent at that page.

Of course, some pages may have no outgoing links at all, such as page 4 above. When
the web surfer encounters such a page, rather than despairing he or she opens up a
new browser window and visits a uniformly random page. Thus a page with no links
is converted to a page that links to every page, including itself. For the example
above, the resulting transition matrix is

0 1/2 0 1/2
/2 0 1/2 0

0 0 0 1

1/4 1/4 1/4 1/4

In general, let M be the number of pages on the web, let () be the M by M tran-
sition matrix of the chain described above, and let s be the stationary distribution
(assuming it exists and is unique). Think of s; as a measure of how important Page
7 is. Intuitively, the equation
S5 = Z 8iqij
(2

says that the score of Page j should be based not only on how many other pages link
to it, but on their scores. Furthermore, the “voting power” of a page gets diluted if
it has a lot of outgoing links: it counts for more if page i’s only link is to page j (so
that ¢;; = 1) than if page 7 has thousands of links, one of which happens to be to

page j.

It is not clear that a unique stationary distribution exists for this chain, since it may
not be irreducible and aperiodic. Even if it is irreducible and aperiodic, convergence
to the stationary distribution could be very slow since the web is so immense. To
address these issues, suppose that before each move, the web surfer flips a coin
with probability a of Heads. If Heads, the web surfer clicks a random link from the
current page; if Tails, the web surfer teleports to a uniformly random page. The
resulting chain has the Google transition matriz

J
G—aQ-i-(l—oz)M,
where J is the M by M matrix of all 1’s. Note that the row sums of G are 1 and
that all entries are positive, so G is a valid transition matrix for an irreducible,
aperiodic Markov chain. This means there is a unique stationary distribution s,
called PageRank, and the chain will converge to it! The choice of « is an important
consideration; choosing « close to 1 makes sense to respect the structure of the
web as much as possible, but there is a tradeoff since it turns out that smaller
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values of @ make the chain converge much faster. As a compromise, the original
recommendation of Brin and Page was a = 0.85.

PageRank is conceptually nice, but computing it sounds extremely difficult, consid-
ering that sG' = s could be a system of 100 billion equations in 100 billion unknowns.
Instead of thinking of this as a massive algebra problem, we can use the Markov
chain interpretation: for any starting distribution t, tG"™ — s as n — co. And tG is
easier to compute than it might seem at first:

G = a(tQ) + %(u),

where computing the first term isn’t too hard since @ is very sparse (mostly 0’s) and
computing the second term is easy since tJ is a vector of all 1’s. Then tG becomes
the new t, and we can compute tG? = (tG)G, etc., until the sequence appears to
have converged (though it is hard to know that it has converged). This gives an
approximation to PageRank, and has an intuitive interpretation as the distribution
of where the web surfer is after a large number of steps.

11.4 Reversibility

We have seen that the stationary distribution of a Markov chain is extremely useful
for understanding its long-run behavior. Unfortunately, in general it may be compu-
tationally difficult to find the stationary distribution when the state space is large.
This section addresses an important special case where working with eigenvalue
equations for large matrices can be avoided.

Definition 11.4.1 (Reversibility). Let @ = (gi;) be the transition matrix of a
Markov chain. Suppose there is s = (s1,...,sp) with s; > 0,) . s; = 1, such that

8iQij = S54ji
for all states 7 and j. This equation is called the reversibility or detailed balance
condition, and we say that the chain is reversible with respect to s if it holds.

Given a transition matrix, if we can find a nonnegative vector s whose components
sum to 1 and which satisfies the reversibility condition, then s is automatically a
stationary distribution.

Proposition 11.4.2 (Reversible implies stationary). Suppose that Q = (g;;) is
a transition matrix of a Markov chain that is reversible with respect to a nonneg-
ative vector s = (s1,...,$y) whose components sum to 1. Then s is a stationary
distribution of the chain.

Proof. We have

Z 8iQij = Z Sjdji = 5 Z dji = Sj»

K3 K3 (2
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where the last equality is because each row sum of ) is 1. So s is stationary. |

This is a powerful result because it is often easier to verify the reversibility condition
than it is to solve the entire system of equations s¢) = s. However, in general we
may not know in advance whether it is possible to find s satisfying the reversibility
condition, and even when it is possible, it may take a lot of effort to find an s that
works. In the remainder of this section, we look at three types of Markov chains
where it is possible to find an s that satisfies the reversibility condition. Such Markov
chains are called reversible.

First, if @ is a symmetric matrix, then the stationary distribution is uniform over
the state space: s = (1/M,1/M,...,1/M). It is easy to see that if ¢;; = g;;, then the
reversibility condition s;q;; = s;jq;; is satisfied when s; = s; for all 4 and j.

This is a special case of a more general fact, stated in the next proposition: if the
columns of ) sum to 1, then the stationary distribution is uniform over the state
space.

Proposition 11.4.3. If each column of the transition matrix ) sums to 1, then
the uniform distribution over all states, (1/M,1/M,...,1/M), is a stationary dis-
tribution. (A nonnegative matrix such that the row sums and the column sums are
all equal to 1 is called a doubly stochastic matriz.)

Proof. Assuming each column sums to 1, the row vector v = (1,1,...,1) satisfies
vQ = v. It follows that (1/M,1/M,...,1/M) is stationary. [

Second, if the Markov chain is a random walk on an undirected network, then there
is a simple formula for the stationary distribution.

Example 11.4.4 (Random walk on an undirected network). A network is a collec-
tion of nodes joined by edges; the network is undirected if edges can be traversed
in either direction, meaning there are no one-way streets. Suppose a wanderer ran-
domly traverses the edges of an undirected network. From a node 4, the wanderer
randomly picks any of the edges at i, with equal probabilities, and then traverses the
chosen edge. For example, in the network shown below, from node 3 the wanderer
goes to node 1 or node 2, with probability 1/2 each.

(2)
%

The degree of a node is the number of edges attached to it, and the degree sequence
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of a network with nodes 1,2,...,n is the vector (di,...,d,) listing all the degrees,
where d; is the degree of node j. An edge from a node to itself is allowed (such an
edge is called a self-loop), and counts 1 toward the degree of that node.

For example, the network above has degree sequence d = (4, 3,2, 3,2). Note that
digi; = d;qji

for all 4, j, since ¢;; is 1/d; if {,j} is an edge and 0 otherwise, for ¢ # j. Therefore,
by Proposition 11.4.2; the stationary distribution is proportional to the degree se-
quence. Intuitively, the nodes with the highest degrees are the most well-connected,
so it makes sense that the chain spends the most time in these states in the long
run. In the example above, this says that s = (&, 2, 2, 2 2) is the stationary

T4> 14> 14> 14> 14
distribution for the random walk.

Exercise 16 explores random walk on a weighted undirected network; each edge
has a weight assigned to it, and the wanderer chooses where to go from ¢ with
probabilities proportional to the weights on the available edges. It turns out that
this is a reversible Markov chain. More surprisingly, every reversible Markov chain
can be represented as random walk on a weighted undirected network! O

Here is a concrete example of a random walk on an undirected network.

Example 11.4.5 (Knight on a chessboard). Consider a knight randomly moving
around on a 4 X 4 chessboard.

The 16 squares are labeled in a grid, e.g., the knight is currently at the square B3,
and the upper left square is A4. Each move of the knight is an L-shaped jump:
the knight moves two squares horizontally followed by one square vertically, or vice
versa. For example, from B3 the knight can move to A1, C1, D2, or D4; from A4 it
can move to B2 or C3. Note that from a light square, the knight always moves to a
dark square and vice versa.

Suppose that at each step, the knight moves randomly, with each possibility equally
likely. This creates a Markov chain where the states are the 16 squares. Compute
the stationary distribution of the chain.
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Solution:

There are only three types of squares on the board: 4 center squares, 4 corner
squares (such as A4), and 8 edge squares (such as B4; exclude corner squares from
being considered edge squares). We can consider the board to be an undirected
network where two squares are connected by an edge if they are accessible via a
single knight’s move. Then a center square has degree 4, a corner square has degree
2, and an edge square has degree 3, so their stationary probabilities are 4a, 2a, 3a
respectively for some a. To find a, count the number of squares of each type to get
4a-4+2a-4+3a-8 =1, giving a = 1/48. Thus, each center square has stationary
probability 4/48 = 1/12, each corner square has stationary probability 2/48 = 1/24,
and each edge square has stationary probability 3/48 = 1/16. ]

Third and finally, if in each time period a Markov chain can only move one step to
the left, one step to the right, or stay in place, then it is called a birth-death chain.
All birth-death chains are reversible.

Example 11.4.6 (Birth-death chain). A birth-death chain on states {1,2,..., M}
is a Markov chain with transition matrix @ = (¢;;) such that ¢;; > 0if |i — j| =1
and ¢;; = 0 if |¢ — j| > 2. This says it’s possible to go one step to the left and
possible to go one step to the right (except at boundaries) but impossible to jump
further in one step. The name stems from applications to the growth or decline of
a population, where a step to the right is thought of as a birth and a step to the
left is thought of as a death in the population.

For example, the chain shown below is a birth-death chain if the labeled transitions
have positive probabilities, except for the loops from a state to itself, which are
allowed to have 0 probability.

We will now show that any birth-death chain is reversible, and construct the sta-
tionary distribution. Let s; be a positive number, to be specified later. Since we
want s1g12 = S2¢21, let so = s1¢12/g21. Then since we want Saqa3 = S3q32, let
53 = S2q23/q32 = 51¢12G23/(g32¢21). Continuing in this way, let

51412923 - - - ¢j—1,5

J = )
q5,5-195-1,5—-2 - - - 421

for all states j with 2 < j < M. Choose s1 so that the s; sum to 1. Then the chain
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is reversible with respect to s, since ¢;; = ¢j; = 0 if |i — j| > 2 and by construction
5iqij = s;jqji if |i — j| = 1. Thus, s is the stationary distribution. O

The Ehrenfest chain is a birth-death chain that can be used as a simple model
for the diffusion of gas molecules. The stationary distribution turns out to be a
Binomial distribution.

Example 11.4.7 (Ehrenfest). There are two containers with a total of M distin-
guishable particles. Transitions are made by choosing a random particle and moving
it from its current container into the other container. Initially, all of the particles are
in the second container. Let X,, be the number of particles in the first container at
time n, so Xo = 0 and the transition from X, to X,+1 is done as described above.
This is a Markov chain with state space {0,1,..., M}.

S20] | O

X M-X
n n
We will use the reversibility condition to show that s = (s, s1,...,$y) with s; =
(Af )(3)M is the stationary distribution.

Let s; = (Af)(%)M, and check that s;q;; = s;q;;. If j =i+ 1 (for i < M), then

= (1) ()5 - i () - () ()

By a similar calculation, if j =i — 1 (for ¢ > 0), then s;¢;; = s;gj;. For all other
values of 7 and j, g;; = ¢;j; = 0. Therefore, s is stationary.

It makes sense that the stationary distribution is Binomial because after running
the Markov chain for a long time, each particle is about equally likely to be in either
container, approximately independently. ]
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11.5 Recap

A Markov chain is a sequence of r.v.s Xg, X1, Xo,... satisfying the Markov prop-
erty, which states that given the present, the past and future are conditionally
independent:

P(Xn—l-l :]‘Xn = 2‘a)(n—l = Z'n—la ce 7X0 = 20) = P(Xn—l—l = ]’Xn = Z) = qij-

The transition matrix @ = (g;;) gives the probabilities of moving from any state to
any other state in one step. The ith row of the transition matrix is the conditional
PMF of X, 41 given X,, = i. The nth power of the transition matrix gives the n-
step transition probabilities. If we specify initial conditions s; = P(Xy = i) and let
s =(s1,...,5m), then the marginal PMF of X, is sQ™.

States of a Markov chain can be classified as recurrent or transient: recurrent if the
chain will return to the state over and over, and transient if it will eventually leave
forever. States can also be classified according to their periods; the period of state
1 is the greatest common divisor of the numbers of steps it can take to return to ¢,
starting from ¢. A chain is irreducible if it is possible to get from any state to any
state in a finite number of steps, and aperiodic if each state has period 1.

A stationary distribution for a finite Markov chain is a PMF s such that sQ = s.
Under various conditions, the stationary distribution of a finite Markov chain exists
and is unique, and the PMF of X,, converges to s as n — oo. If state ¢ has stationary
probability s;, then the expected time for the chain to return to ¢, starting from ¢,
isr; =1/s;.

If a PMF s satisfies the reversibility condition s;q;; = s;gj for all ¢ and j, it
guarantees that s is a stationary distribution of the Markov chain with transition
matrix @ = (gi;). Markov chains for which there exists s satisfying the reversibility
condition are called reversible. We discussed three types of reversible chains:

1. If the transition matrix is symmetric, then the stationary distribution is
uniform over all states.

2. If the chain is a random walk on an undirected network, then the stationary
distribution is proportional to the degree sequence, i.e.,

_dy
_Zidi.

Sj

3. If the chain is a birth-death chain, then the stationary distribution satisfies

o 514912923 - - - Gj—-1,4
;=
q5,5-195—-1,5-2 - - - 421

for j > 1, where s is solved for at the end to make s1 +--- 4+ spy = 1.
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FIGURE 11.6

Given a transition matrix @ and a distribution t over the states, we can generate
a Markov chain X, X;,... by choosing Xy according to t and then running the
chain according to the transition probabilities. An important event is X,, = i, the
event that the chain is visiting state ¢ at time n. We can then find the PMF of X,
in terms of () and t, and (under conditions discussed in the chapter) the PMF will
converge to the stationary distribution s. If instead we start the chain out according
to s, then the chain will stay stationary forever.

Figure 11.6 compares two ways to run a Markov chain with transition matrix Q:
choosing the initial state according to an arbitrary distribution t over the states, or
choosing the initial state according to the stationary distribution s. In the former
case, the exact PMF after n steps can be found in terms of @ and t, and the PMF
converges to s (under some very general conditions discussed in this chapter). In
the latter case, the chain is stationary forever.

11.6 R
Matrix calculations
Let’s do some calculations for the 4-state Markov chain in Example 11.1.5, as an

example of working with transition matrices in R. First, we need to specify the
transition matrix Q. This is done with the matrix command: we type in the entries
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of the matrix, row by row, as a long vector, and then we tell R the number of rows
and columns in the matrix (nrow and ncol), as well as the fact that we typed in
the entries by row (byrow=TRUE):

Q <- matrix(c(1/3,1/3,1/3,0,
0,0,1/2,1/2,
0,1,0,0,
1/2,0,0,1/2) ,nrow=4,ncol=4,byrow=TRUE)

To obtain higher order transition probabilities, we can multiply @ by itself repeat-
edly. The matrix multiplication command in R is %*7 (not just *). So

Q2 <- Q %% Q
Q3 <- Q2 %*% Q
Q4 <- Q2 %*% Q2
Q5 <- Q3 %*% Q2

produces Q? through @Q°. If we want to know the probability of going from state 3
to state 4 in exactly 5 steps, we can extract the (3,4) entry of Q°:

Q5[3,4]
This gives 0.229, agreeing with the value 11/48 shown in Example 11.1.5.

To compute a power Q™ without directly doing repeated matrix multiplications, we
can use the command Q %°% n after installing and loading the expm package. For
example, Q %~% 42 yields Q*2. By exploring the behavior of Q™ as n grows, we can
see Theorem 11.3.6 in action (and get a sense of how long it takes for the chain to
get very close to its stationary distribution).

In particular, for n large each row of Q™ is approximately (0.214,0.286,0.214,0.286),
so this is approximately the stationary distribution. Another way to obtain the
stationary distribution numerically is to use

eigen(t(Q))

to compute the eigenvalues and eigenvectors of the transpose of Q); then the eigen-
vector corresponding to the eigenvalue 1 can be selected and normalized so that the
components sum to 1.

Gambler’s ruin

To simulate from the gambler’s ruin chain, we start by deciding the total amount
of money N between the two gamblers, the probability p of gambler A winning a
given round, and the number of time periods nsim that we wish to simulate.

N <- 10
p <- 1/2
nsim <- 80
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Next, we allocate a vector of length nsim called x, which will store the values of the
Markov chain. For the initial condition, we set the first entry of x equal to 5; this
gives both gamblers $5 to start with.

x <- rep(0,nsim)
x[1] <- 5

Now we are ready to simulate the subsequent values of the Markov chain. This is
achieved with the following block of code, which we will explain step by step.

for (i in 2:nsim){
if (x[i-1]1==0 || x[i-1]==N){
x[i] <- x[i-1]

}
elseq

x[i] <- x[i-1] + sample(c(1,-1), 1, prob=c(p,1-p))
}

¥

The first line and the outer set of braces constitute a for loop: for (i in 2:nsim)
means that all the code inside the for loop will be executed over and over, with the
value of i set to 2, then set to 3, then set to 4, all the way until i reaches the value
nsim. Each pass through the loop represents one step of the Markov chain.

Inside the for loop, we first check to see whether the chain is already at one of the
endpoints, 0 or N; we do this with an if statement. If the chain is already at 0 or N,
then we set its new value equal to its previous value, since the chain is not allowed
to escape 0 or N. Otherwise, if the chain is not at 0 or N, it is free to move left or
right. We use the sample command to move to the right 1 unit or to the left 1 unit,
with probabilities p and 1-p, respectively.

To see what path was taken by the Markov chain during our simulation, we can
plot the values of x as a function of time:

plot(x,type=‘1’,ylim=c(0,N))

You should see a path that starts at 5 and bounces up and down before being
absorbed into state 0 or state N.

Simulating from a finite-state Markov chain

With a few modifications, we can simulate from an arbitrary Markov chain on a
finite state space. For concreteness, we will illustrate how to simulate from the
4-state Markov chain in Example 11.1.5.

As above, we can type

Q <- matrix(c(1/3,1/3,1/3,0,
0,0,1/2,1/2,
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1/2,0,0,1/2) ,nrow=4,ncol=4,byrow=TRUE)

to specify the transition matrix Q).

Next, we choose the number of states and the number of time periods to simulate,
we allocate space for the results of the simulation, and we choose initial conditions
for the chain. In this example, x[1] <- sample(1:M,1) says the initial distribution
of the chain is uniform over all states.

M <- nrow(Q)

nsim <- 1074

x <- rep(0,nsim)

x[1] <- sample(1:M,1)

For the simulation itself, we again use sample to choose a number from 1 to M.
At time i, the chain was previously at state x[1-1], so we must use row x[i-1]
of the transition matrix to determine the probabilities of sampling 1,2,...,M. The
notation Q[x[i-1],] denotes row x[i-1] of the matrix Q.

for (i in 2:nsim){
x[i] <- sample(M, 1, prob=Q[x[i-1],1)
}

Since we set nsim to a large number, it may be reasonable to believe that the
chain is close to stationarity during the latter portion of the simulation. To check
this, we eliminate the first half of the simulations to give the chain time to reach
stationarity:

x <- x[-(1:(nsim/2))]

We then use the table command to calculate the number of times the chain visited
each state; dividing by length(x) converts the counts into proportions. The result
is an approximation to the stationary distribution.

table(x)/length(x)

For comparison, the true stationary distribution of the chain is (3/14,2/7,3/14,2/7) ~
(0.214,0.286,0.214,0.286). Is this close to what you obtained empirically?

11.7 Exercises

Markov property

1. ® Let Xo, X1, Xa2,... be aMarkov chain. Show that X, X2, X4, X, ... is also a Markov
chain, and explain why this makes sense intuitively.

2. ® Let Xo,X1,X2,... be an irreducible Markov chain with state space {1,2,..., M},
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M > 3, transition matrix Q = (g¢sj), and stationary distribution s = (s1,...,snm). Let
the initial state Xo follow the stationary distribution, i.e., P(Xo = 1) = s;.

(a) On average, how many of Xo, X1,..., X9 equal 3?7 (In terms of s; simplify.)

(b) Let Y,, = (X —1)(X» —2). For M = 3, find an example of @ (the transition matrix
for the original chain Xo, X1,...) where Yo, Y1,... is Markov, and another example of
Q where Yy, Y1, ... is not Markov. In your examples, make ¢;; > 0 for at least one i and
make sure it is possible to get from any state to any other state eventually.

3. A Markov chain has two states, A and B, with transitions as follows:

0.5

Suppose we do not get to observe this Markov chain, which we’ll call Xo, X1, Xo,....
Instead, whenever the chain transitions from A back to A, we observe a 0, and whenever
it changes states, we observe a 1. Let the sequence of 0’s and 1’s be called Yp, Y1, Ya,. ...

For example, if the X chain starts out as
A, A, B,A,B,AA,...

then the Y chain starts out as
0,1,1,1,1,0,...

(a) Show that Yo, Y1, Y2, ... is not a Markov chain.

(b) In Example 11.1.3, we dealt with a violation of the Markov property by enlarging
the state space to incorporate second-order dependence. Show that such a trick will not
work for Yo, Y1, Y2.... That is, no matter how large m is,

Z, = {the (n — m + 1)st to nth terms of the Y chain}

is still not a Markov chain.

Stationary distribution

4. (® Consider the Markov chain shown below, where 0 < p < 1 and the labels on the
arrows indicate transition probabilities.

(a) Write down the transition matrix @ for this chain.
(b) Find the stationary distribution of the chain.

(c) What is the limit of @™ as n — 0o?
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5. (® Consider the Markov chain shown below, with state space {1,2, 3,4} and the labels
on the arrows indicate transition probabilities.

(a) Write down the transition matrix @ for this chain.
(b) Which states (if any) are recurrent? Which states (if any) are transient?

(¢) Find two different stationary distributions for the chain.

6. () Daenerys has three dragons: Drogon, Rhaegal, and Viserion. Each dragon indepen-
dently explores the world in search of tasty morsels. Let X,,,Y,, Z, be the locations at
time n of Drogon, Rhaegal, Viserion respectively, where time is assumed to be discrete
and the number of possible locations is a finite number M. Their paths Xo, X1, Xo,...;
Yo,Y1,Ys,...;and Zo, Z1, Za2, . .. are independent Markov chains with the same station-
ary distribution s. Each dragon starts out at a random location generated according to
the stationary distribution.

(a) Let state 0 be home (so s is the stationary probability of the home state). Find
the expected number of times that Drogon is at home, up to time 24, i.e., the expected
number of how many of Xo, X1,..., X24 are state 0 (in terms of s¢).

(b) If we want to track all 3 dragons simultaneously, we need to consider the vector
of positions, (Xn,Yn, Zn). There are M? possible values for this vector; assume that
each is assigned a number from 1 to M3, e.g., if M = 2 we could encode the states
(0,0,0),(0,0,1),(0,1,0),...,(1,1,1) as 1,2,3,...,8 respectively. Let W,, be the num-
ber between 1 and M? representing (Xn,Yn, Zn). Determine whether Wy, Wi, ... is a
Markov chain.

(c) Given that all 3 dragons start at home at time 0, find the expected time it will take
for all 3 to be at home again at the same time.

Reversibility

7. (® A Markov chain Xo, X1,... with state space {—3,—2,—1,0,1,2,3} proceeds as fol-
lows. The chain starts at Xo = 0. If X,, is not an endpoint (—3 or 3), then X, 41 is
Xn—1or X, + 1, each with probability 1/2. Otherwise, the chain gets reflected off the
endpoint, i.e., from 3 it always goes to 2 and from —3 it always goes to —2. A diagram
of the chain is shown below.

(a) Is | Xol, | X1|,|X2], ... also a Markov chain? Explain.

Hint: For both (a) and (b), think about whether the past and future are conditionally
independent given the present; don’t do calculations with a 7 by 7 transition matrix!
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(b) Let sgn be the sign function: sgn(z) = 1 if z > 0, sgn(z) = —1 if z < 0, and
sgn(0) = 0. Is sgn(Xo), sgn(X1),sgn(X2),... a Markov chain? Explain.

(¢) Find the stationary distribution of the chain Xo, X1, Xo,. ...

(d) Find a simple way to modify some of the transition probabilities g;; for ¢ € {—3,3}
to make the stationary distribution of the modified chain uniform over the states.

8.  (® Let G be an undirected network with nodes labeled 1,2,..., M (edges from a node
to itself are not allowed), where M > 2 and random walk on this network is irreducible.
Let d; be the degree of node j for each j. Create a Markov chain on the state space
1,2,..., M, with transitions as follows. From state i, generate a proposal j by choosing
a uniformly random j such that there is an edge between ¢ and j in G; then go to j
with probability min(d;/d;, 1), and stay at i otherwise.

(a) Find the transition probability ¢;; from ¢ to j for this chain, for all states i, j.

(b) Find the stationary distribution of this chain.

9. (® (a) Consider a Markov chain on the state space {1,2,...,7} with the states arranged
in a “circle” as shown below, and transitions given by moving one step clockwise or
counterclockwise with equal probabilities. For example, from state 6, the chain moves
to state 7 or state 5 with probability 1/2 each; from state 7, the chain moves to state 1
or state 6 with probability 1/2 each. The chain starts at state 1.

Find the stationary distribution of this chain.

(b) Consider a new chain obtained by “unfolding the circle.” Now the states are arranged
as shown below. From state 1 the chain always goes to state 2, and from state 7 the
chain always goes to state 6. Find the new stationary distribution.

O—"C0—"C0—0—"C0—"C00—~0

10. (® Let X, be the price of a certain stock at the start of the nth day, and assume that
Xo, X1, Xs,... follows a Markov chain with transition matrix Q. (Assume for simplicity
that the stock price can never go below 0 or above a certain upper bound, and that it
is always rounded to the nearest dollar.)

® (a) A lazy investor only looks at the stock once a year, observing the values on days
0,365,2-365,3-365,.... So the investor observes Yo, Y1, ..., where Y, is the price after
n years (which is 365n days; you can ignore leap years). Is Yp,Y3,... also a Markov
chain? Explain why or why not; if so, what is its transition matrix?

(b) The stock price is always an integer between $0 and $28. From each day to the next,
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the stock goes up or down by $1 or $2, all with equal probabilities (except for days when
the stock is at or near a boundary, i.e., at $0, $1, $27, or $28).
If the stock is at $0, it goes up to $1 or $2 on the next day (after receiving government
bailout money). If the stock is at $28, it goes down to $27 or $26 the next day. If the
stock is at $1, it either goes up to $2 or $3, or down to $0 (with equal probabilities);
similarly, if the stock is at $27 it either goes up to $28, or down to $26 or $25. Find the
stationary distribution of the chain.

11.  ® In chess, the king can move one square at a time in any direction (horizontally,
vertically, or diagonally).

For example, in the diagram, from the current position the king can move to any of 8
possible squares. A king is wandering around on an otherwise empty 8 x 8 chessboard,
where for each move all possibilities are equally likely. Find the stationary distribution
of this chain (of course, don’t list out a vector of length 64 explicitly! Classify the 64
squares into types and say what the stationary probability is for a square of each type).

12. A chess piece is wandering around on an otherwise vacant 8 x 8 chessboard. At each
move, the piece (a king, queen, rook, bishop, or knight) chooses uniformly at random
where to go, among the legal choices (according to the rules of chess, which you should
look up if you are unfamiliar with them).

(a) For each of these cases, determine whether the Markov chain is irreducible, and
whether it is aperiodic.

Hint for the knight: Note that a knight’s move always goes from a light square to a dark
square or vice versa. A knight’s tour is a sequence of knight moves on a chessboard such
that the knight visits each square exactly once. Many knight’s tours exist.

(b) Suppose for this part that the piece is a rook, with initial position chosen uniformly
at random. Find the distribution of where the rook is after n moves.

(¢) Now suppose that the piece is a king, with initial position chosen deterministically
to be the upper left corner square. Determine the expected number of moves it takes
him to return to that square, fully simplified, preferably in at most 140 characters.

(d) The stationary distribution for the random walk of the king from the previous part
is not uniform over the 64 squares of the chessboard. A recipe for modifying the chain to
obtain a uniform stationary distribution is as follows. Label the squares as 1,2,...,64,
and let d; be the number of legal moves from square i. Suppose the king is currently at
square i. The next move of the chain is determined as follows:

Step 1: Generate a proposal square j by picking uniformly at random among the legal
moves from 1.
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13.

14.

15.

Step 2: Flip a coin with probability min(d;/d;, 1) of Heads. If the coin lands Heads, go
to j. Otherwise, stay at 3.

Show that this modified chain has a stationary distribution that is uniform over the 64
squares.

(® Find the stationary distribution of the Markov chain shown below, without using
matrices. The number above each arrow is the corresponding transition probability.

5/12 712 7/8

There are two urns with a total of 2V distinguishable balls. Initially, the first urn has
N white balls and the second urn has N black balls. At each stage, we pick a ball at
random from each urn and interchange them. Let X, be the number of black balls in
the first urn at time n. This is a Markov chain on the state space {0,1,..., N}.

(a) Give the transition probabilities of the chain.

(b) Show that (so, s1,-..,sn) where

(D) (%)
(%)

is the stationary distribution, by verifying the reversibility condition.

S; =

Nausicaa Distribution sells distribution plushies on Etsy. They have two different photos
of the Evil Cauchy plushie but do not know which is more effective in getting a customer
to purchase an Evil Cauchy plushie. Each visitor to their website is shown one of the
two photos (call them Photo A and Photo B), and then the visitor either does buy an
Evil Cauchy (“success”) or does not buy one (“failure”).

Let a and b be the probabilities of success when Photo A is shown and when Photo B is
shown, respectively. Even though the Evil Cauchy is irresistible, suppose that 0 < a < 1
and 0 < b < 1. Suppose that the following strategy is followed (note that the strategy
can be followed without knowing a and b). Show the first visitor Photo A. If that visitor
buys an Evil Cauchy, continue with Photo A for the next visitor; otherwise, switch to
Photo B. Similarly, if the nth visitor is a “success” then show the (n + 1)st visitor the
same photo, and otherwise switch to the other photo.

(a) Show how to represent the resulting process as a Markov chain, drawing a diagram
and giving the transition matrix. The states are A1, B1, A0, BO (use this order for the
transition matrix and stationary distribution), where, for example, being at state Al
means that the current visitor was shown Photo A and was a success.

(b) Determine whether this chain is reversible.

Hint: First think about which transition probabilities are zero and which are nonzero.
. . . . . . b

(c) Show that the stationary distribution is proportional to (ﬁ, =5 L 1), and find

the stationary distribution.

(d) Show that for a # b, the stationary probability of success for each visitor is strictly
better than the success probability that would be obtained by independently, randomly
choosing (with equal probabilities) which photo to show to each visitor.
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16. This exercises considers random walk on a weighted undirected network. Suppose that

an undirected network is given, where each edge (4,j) has a nonnegative weight w;;
assigned to it (we allow ¢ = j as a possibility). We assume that w;; = wj; since the edge
from i to j is considered the same as the edge from j to i. To simplify notation, define
wi; = 0 whenever (i, j) is not an edge.
When at node i, the next step is determined by choosing an edge attached to ¢ with
probabilities proportional to the weights. For example, if the walk is at node 1 and there
are 3 possible edges coming out from node 1, with weights 7, 1, 4, then the first of these 3
edges is traversed with probability 7/12, the second is traversed with probability 1/12,
and the third is traversed with probability 4/12. If all the weights equal 1, then the
process reduces to the kind of random walk on a network that we studied earlier.

(a) Let v; = 3, w;; for all nodes i. Show that the stationary distribution of node i is
proportional to v;.

(b) Show that every reversible Markov chain can be represented as a random walk on a
weighted undirected network.

Hint: Let w;; = s;qij, where s is the stationary distribution and g;; is the transition
probability from i to j.

Mixed practice

17.  (® A cat and a mouse move independently back and forth between two rooms. At each
time step, the cat moves from the current room to the other room with probability 0.8.
Starting from room 1, the mouse moves to Room 2 with probability 0.3 (and remains
otherwise). Starting from room 2, the mouse moves to room 1 with probability 0.6 (and
remains otherwise).

(a) Find the stationary distributions of the cat chain and of the mouse chain.

(b) Note that there are 4 possible (cat, mouse) states: both in room 1, cat in room
1 and mouse in room 2, cat in room 2 and mouse in room 1, and both in room 2.
Number these cases 1,2, 3,4, respectively, and let Z,, be the number representing the
(cat, mouse) state at time n. Is Zo, Z1, Z2, ... a Markov chain?

(¢) Now suppose that the cat will eat the mouse if they are in the same room. We wish
to know the expected time (number of steps taken) until the cat eats the mouse for two
initial configurations: when the cat starts in room 1 and the mouse starts in room 2,
and vice versa. Set up a system of two linear equations in two unknowns whose solution
is the desired values.

18. Let {X,} be a Markov chain on states {0,1,2} with transition matrix

0.8 02 0
0 08 02
0 0 1

The chain starts at Xg = 0. Let T' be the time it takes to reach state 2:
T = min{n : X, = 2}.

By drawing the Markov chain and telling a story, find E(7T) and Var(T).
19. Consider the following Markov chain on the state space {1,2,3,4,5,6}.
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20.

(a) Suppose the chain starts at state 1. Find the distribution of the number of times
that the chain returns to state 1.

(b) In the long run, what fraction of the time does the chain spend in state 3?7 Explain
briefly.

Let @ be the transition matrix of a Markov chain on the state space {1,2,..., M}, such
that state M is an absorbing state, i.e., from state M the chain can never leave. Suppose
that from any other state, it is possible to reach M (in some number of steps).

(a) Which states are recurrent, and which are transient? Explain.
(b) What is the limit of Q™ as n — co?

(¢) For i,5 € {1,2,..., M — 1}, find the probability that the chain is at state j at time
n, given that the chain is at state ¢ at time 0 (your answer should be in terms of Q).

(d) For 4,5 € {1,2,...,M — 1}, find the expected number of times that the chain is at
state 7 up to (and including) time n, given that the chain is at state ¢ at time 0 (in
terms of Q).

(e) Let R be the (M —1) x (M —1) matrix obtained from @ by deleting the last row and
the last column of Q. Show that the (i, 5) entry of (I — R)™' is the expected number of
times that the chain is at state j before absorption, given that it starts out at state i.

Hint: We have I + R+ R>+ ... = - R)fl, analogously to a geometric series. Also, if
we partition @ as
R | B
Q=
011

where B is a (M — 1) x 1 matrix and 0 is the 1 x (M — 1) zero matrix, then

o RF | By
0| 1

for some (M — 1) x 1 matrix Bk.
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21.

Introduction to Probability

In the game called Chutes and Ladders, players try to be first to reach a certain desti-
nation on a board. The board is a grid of squares, numbered from 1 to the number of
squares. The board has some “chutes” and some “ladders”, each of which connects a
pair of squares. Here we will consider the one player version of the game (this can be ex-
tended to the multi-player version without too much trouble, since with more than one
player, the players simply take turns independently until one reaches the destination).

On each turn, the player rolls a fair die, which determines how many squares forward to
move on the grid, e.g., if the player is at square 5 and rolls a 3, then he or she advances
to square 8. If the resulting square is the base of a ladder, the player gets to climb the
ladder, instantly arriving at a more advanced square. If the resulting square is the top
of a chute, the player instantly slides down to the bottom of the chute.

This game can be viewed naturally as a Markov chain: given where the player currently
is on the board, the past history does not matter for computing, for example, the
probability of winning within the next 3 moves.

Consider a simplified version of Chutes and Ladders, played on the 3 x 3 board shown
below. The player starts out at square 1, and wants to get to square 9. On each move, a
fair coin is flipped, and the player gets to advance 1 square if the coin lands Heads and 2
squares if the coin lands Tails. However, there are 2 ladders (shown as upward-pointing
arrows) and 2 chutes (shown as downward-pointing arrows) on the board.

(a) Explain why, despite the fact that there are 9 squares, we can represent the game
using the 5 x 5 transition matrix

0 05 05 0 0

0 0 05 05 0

(b) Find the mean and variance for the number of times the player will visit square 7,
without using matrices or any messy calculations.

The remaining parts of this problem require matrix calculations that are best done on
a computer. You can use whatever computing environment you want, but here is some
information for how to do it in R. In any case, you should state what environment
you used and include your code. To create the transition matrix in R, you can use the
following commands:
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a <- 0.5
Q <- matrix(c(0,0,a,a,0,a,0,0,0,0,a2,a2,0,0,0,0,a,a,0,0,0,0,0,a,1),nrow=5)

Some useful R commands for matrices are in Appendix B.2. In particular, diag(n) gives
the n xn identity matrix, solve (A) gives the inverse A~!, and A %*% B gives the product
AB (note that A*B does not do ordinary matrix multiplication). Matrix powers are not
built into R, but you can compute A using A %°% k after installing and loading the
expm package.

(¢) Find the median duration of the game (defining duration as the number of coin
flips).

Hint: Relate the CDF of the duration to powers of Q.

(d) Find the mean duration of the game (with duration defined as above).

Hint: Relate the duration to the total amount of time spent in transient states, and
apply Part (e) of the previous problem.
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Markov chain Monte Carlo

We have seen throughout this book that simulation is a powerful technique in
probability. If you can’t convince your friend that it is a good idea to switch doors
in the Monty Hall problem, in one second you can simulate playing the game a
few thousand times and your friend will just see that switching succeeds about 2/3
of the time. If you're unsure how to calculate the mean and variance of an r.v. X
but you know how to generate i.i.d. draws X1, Xo,..., X, from that distribution,
you can approximate the true mean and true variance using the sample mean and
sample variance of the simulated draws:

EX)~ ~(X1+ -+ X,) = X,,

1
Var(X) ~ 1 Z(Xj—)_(n)Q.

n—14%
Jj=1

The law of large numbers tells us that these approximations will be good if n
is large. We can get better and better approximations by increasing n, just by
running the computer for a longer time (rather than having to struggle with a
possibly intractable sum or integral). As discussed in Chapter 10, this simulation
approach, where we generate random values to approximate a quantity, is called a
Monte Carlo method.

A major limitation of the Monte Carlo idea above is that we need to know how
to generate X1, Xo,..., X, (hopefully efficiently, since we want to be able to make
n large). For example, suppose that we want to simulate random draws from the
continuous distribution with PDF f given by

f(x) x .%'3'1(1 . .%')4'2

for 0 < x < 1 (and 0 otherwise). Staring at a density function does not immediately
suggest how to get a random variable with that density. In this case we recognize
the PDF of the Beta(4.1, 5.2) distribution, so assuming we had access to a Unif(0, 1)
r.v., we could theoretically use universality of the Uniform. Unfortunately, finding
the CDF of a Beta distribution is difficult, let alone the inverse of the CDF. See
FExample 12.1.4 for more about the Beta simulation problem.

Of course, the distributions that arise in real-world applications are often much
more complicated than the Beta. For the Beta distribution, we know an expression
for the normalizing constant in terms of the gamma function. But for many other
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distributions that are of scientific interest, the normalizing constant in the PDF
or PMF is unknown, beyond the reach of the fastest available computers and the
fanciest available mathematical techniques.

This chapter introduces Markov chain Monte Carlo (MCMC), a powerful collec-
tion of algorithms that enable us to simulate from complicated distributions using
Markov chains. The development of MCMC has revolutionized statistics and scien-
tific computation by vastly expanding the range of possible distributions that we
can simulate from, including joint distributions in high dimensions. The basic idea is
to build your own Markov chain so that the distribution of interest is the stationary
distribution of the chain.

In the previous chapter, we looked at Markov chains whose transition matrix @
was specified, and we tried to find the stationary distribution s of the chain. In this
chapter we do the reverse: starting with a distribution s that we want to simulate,
we will engineer a Markov chain whose stationary distribution is s. If we then run
this engineered Markov chain for a very long time, the distribution of the chain will
approach our desired s.

But is it possible to create a transition matrix ) with the stationary distribution
we desire? Even if it is possible, is solving this problem any easier than the origi-
nal problem of how to simulate random draws from that distribution? In amazing
generality, MCMC shows that it is possible to create a Markov chain with the de-
sired stationary distribution in an easy-to-describe way, without having to know the
normalizing constant for the distribution!

MCMC is now being applied to a large number of problems in the biological, natural,
and physical sciences, and many different MCMC algorithms have been developed.
Here we will introduce two of the most important and most widely used MCMC
algorithms: the Metropolis-Hastings algorithm and Gibbs sampling. MCMC is an
enormous and growing area of statistical computing; see Brooks, Gelman, Jones,
and Meng [2] for much more about its theory, methods, and applications.

12.1 Metropolis-Hastings

The Metropolis-Hastings algorithm is a general recipe that lets us start with any
irreducible Markov chain on the state space of interest and then modify it into a
new Markov chain that has the desired stationary distribution. This modification
consists of introducing some selectiveness in the original chain: moves are proposed
according to the original chain, but the proposal may or may not be accepted. For
example, suppose the original chain is at a state called “Boston” and is about to
transition to “San Francisco”. Then for the new chain, we either accept the proposal
and go to San Francisco, or we turn down the proposal and remain in Boston as
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the next step. With a careful choice of the probability of accepting the proposal,
this simple modification guarantees that the new chain has the desired stationary
distribution.

Algorithm 12.1.1 (Metropolis-Hastings). Let s = (s1,...,sa:) be a desired sta-
tionary distribution on state space {1,..., M}. Assume that s; > 0 for all 7 (if not,
just delete any states ¢ with s; = 0 from the state space). Suppose that P = (p;;)
is the transition matrix for a Markov chain on state space {1,..., M}. Intuitively,
P is a Markov chain that we know how to run but that doesn’t have the desired
stationary distribution.

Our goal is to modify P to construct a Markov chain Xy, Xy,... with stationary
distribution s. We will give a Metropolis-Hastings algorithm for this. Start at any
state X (chosen randomly or deterministically), and suppose that the new chain is
currently at X,,. To make one move of the new chain, do the following.

1. If X,, = ¢, propose a new state j using the transition probabilities in
the ith row of the original transition matrix P.

2. Compute the acceptance probability

. [ SiPji
a;j = min ST,
SiPij

3. Flip a coin that lands Heads with probability a;;.

4. If the coin lands Heads, accept the proposal (i.e., go to j), setting
Xp+1 = j. Otherwise, reject the proposal (i.e., stay at i), setting X,,+1 = 1.

That is, the Metropolis-Hastings chain uses the original transition probabilities p;;
to propose where to go next, then accepts the proposal with probability a;;, staying
in its current state in the event of a rejection. An especially nice aspect of this
algorithm is that the normalizing constant for s does not need to be known, since it
cancels out in s;j/s; anyway. For example, in some problems we may want the sta-
tionary distribution to be uniform over all states (i.e., s = (1/M,1/M,...,1/M)),
but the number of states M is large and unknown, and it would be a very hard
counting problem to find M. Fortunately, s;/s; = 1 regardless of M, so we can sim-
ply say s o< (1,1,...,1), and we can calculate a;; without having to know M.

The p;; in the denominator in a;; will never be 0 when the algorithm is run, since if
pi; = 0 then the original chain will never propose going from i to j. Also, if p; > 0 it
is possible that the proposal j will equal the current state ¢; in that case, the chain
stays at i regardless of whether the proposal is accepted. (Rejecting the proposal of
staying at ¢ but staying there anyway is like a child who just got grounded saying
“yes, I will stay in my room, but not because you told me to!”)

We will now show that the Metropolis-Hastings chain is reversible with stationary
distribution s.
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Proof. Let QQ be the transition matrix of the Metropolis-Hastings chain. We just
need to check the reversibility condition s;q;; = s;q;; for all © and j. This is clear
for i = j, so assume i # j. If g;; > 0, then p;; > 0 (the chain can’t get from 7 to
Jj if it can’t even propose going from i to j) and pj; > 0 (otherwise the acceptance
probability would be 0). Conversely, if p;; > 0 and p;; > 0, then ¢;; > 0. So ¢;; and
qji are either both zero or both nonzero. We can assume they are both nonzero.
Then

qij = DijQij
since, starting at i, the only way to get to j is first to propose doing so and then to
accept the proposal. First consider the case s;jp;; < s;p;;. We have

S:ipii
JPji
ayj = ; aji =1,
SiPij
SO
— — SjPji _ — —
Sidij = SiPijdij = Sz‘pz‘jW = SjPji = SjPjiqj; = S59ji-
1171)

Symmetrically, if s;pj; > s;p;;, we again have s;q;; = s;jq;;, by switching the roles
of 4 and j in the preceding calculation. Since the reversibility condition holds, s is
the stationary distribution of the chain with transition matrix Q). |

& 12.1.2. The Metropolis-Hastings algorithm is an extremely general way to con-
struct a Markov chain with a desired stationary distribution. In the above formula-
tion, both s and P were very general, and nothing was stipulated about their being
related (aside from being on the same state space). In practice, however, the choice
of the proposal distribution is extremely important since it can make an enormous
difference in how fast the chain converges to its stationary distribution.

How to choose a good proposal distribution is a complicated topic and will not
be discussed in detail here. Intuitively, a proposal distribution with a very low
acceptance rate will be slow to converge (since the chain will rarely move anywhere).
But a high acceptance rate may not be ideal either, since it may indicate that the
chain tends to make small, timid proposals. In a large state space, such a chain will
take a very long time to explore the entire space.

Here are a couple examples of how the Metropolis-Hastings algorithm can be used
to simulate from distributions.

Example 12.1.3 (Zipf distribution simulation). Let M > 2 be an integer. An
r.v. X has the Zipf distribution with parameter a > 0 if its PMF is

1/ka
S/

for k=1,2,..., M (and 0 otherwise). This distribution is widely used in linguistics
for studying frequencies of words.

P(X =k) =

Create a Markov chain Xy, X1,... whose stationary distribution is the Zipf distri-
bution, and such that |X,,+1 — X,,| < 1 for all n. Your answer should provide a



Markov chain Monte Carlo 499

simple, precise description of how each move of the chain is obtained, i.e., how to
transition from X, to X, for each n.

Solution:

We can use the Metropolis-Hastings algorithm, after coming up with a proposal
distribution. There are many possible proposal distributions, but one simple choice
is the following random walk on {1,2,...,M}. From state ¢ with ¢ # 1,49 # M,
move to state i — 1 or ¢ + 1, with probability 1/2 each. From state 1, stay there or
move to state 2, with probability 1/2 each. From state M, stay there or move to
state M — 1, with probability 1/2 each.

FIGURE 12.1
Proposal chain for Zipf distribution simulation.

Let P be the transition matrix of this chain. The stationary distribution for P is
uniform because P is a symmetric matrix, so Proposition 11.4.3 applies. Metropolis-
Hastings lets us transmogrify P into a chain whose stationary distribution is Zipf’s
distribution.

Let Xo be any starting state, and generate a chain Xg, X1,... as follows. If the
chain is currently at state 7, then:

1. Generate a proposal state j according to the proposal chain P.

2. Accept the proposal with probability min (i*/j%,1). If the proposal is
accepted, go to j; otherwise, stay at .

This chain is easy to implement and a move requires very little computation; note
that the normalizing constant Zj]\/il(l /3%) is not needed to run the chain. O

Example 12.1.4 (Beta simulation). Let us now return to the Beta simulation prob-
lem introduced at the beginning of the chapter. Suppose that we want to generate
W ~ Beta(a,b), but we don’t know about the rbeta command in R. Instead, what
we have available are i.i.d. Unif(0,1) r.v.s.

(a) How can we generate W exzactly if a and b are positive integers, using a story
and universality of the Uniform?

(b) How can we generate W which is approzimately Beta(a,b) if a and b are any
positive real numbers, with the help of a Markov chain on the continuous state
space (0,1)?

Solution:

(a) Applying universality of the Uniform directly for the Beta is hard, so let’s first
use the bank—post office story, which says that if X ~ Gamma(a,1) and ¥ ~
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Gamma(b, 1) are independent, then X/(X +Y') ~ Beta(a,b). So if we can simulate
the Gamma distribution, then we can simulate the Beta distribution!

To simulate X ~ Gamma(a,1), we can use X; + Xo + --- + X, with the X;
iid. Expo(1l); similarly, we can simulate ¥ ~ Gamma(b,1) as the sum of b
i.i.d. Expo(1) r.v.s. Lastly, by taking the inverse of the Expo(1) CDF and applying
universality of the Uniform,

—log(1 —U) ~ Expo(1)
for U ~ Unif(0, 1), so we can easily construct as many Expo(1) r.v.s as we want.

(b) Let’s use the Metropolis-Hastings algorithm. We have only introduced
Metropolis-Hastings for finite state spaces, but the ideas are analogous for an un-
countable state space. A simple proposal chain we have available consists of indepen-
dent Unif(0, 1) r.v.s (note that an i.i.d. sequence does satisfy the Markov property).
That is, the proposed state on the interval (0,1) is always a fresh Unif(0, 1), inde-
pendent of the current state. The resulting Metropolis-Hastings chain is called an
independence sampler.

Let Wy be any starting state, and generate a chain Wy, Wi,... as follows. If the
chain is currently at state w (a real number in (0, 1)), then:

1. Generate a proposal u by drawing a Unif(0, 1) r.v.
2. Accept the proposal with probability min (%, 1). If the pro-

posal is accepted, go to u; otherwise, stay at w.

Again, the normalizing constant was not needed in order to run the chain. In ob-
taining the acceptance probability, the Beta(a,b) PDF plays the role of s since it’s
the desired stationary distribution, and the Unif(0, 1) PDF plays the role of p;; (and
pji) since the proposals are Unif(0, 1) r.v.s, independent of the current state.

Running the Markov chain, we have that W,, Wy,11, Wy49,... are approximately
Beta(a, b) for n large. Note that these are correlated r.v.s., not i.i.d. draws. U

& 12.1.5 (MCMC produces correlated samples). A major question in running a
Markov chain Xg, X1,... for a Monte Carlo computation is how long to run it. In
part, this is because it is usually hard to know how close the chain’s distribution
at time n will be to the stationary distribution. Another issue is that Xg, X1, ...
are correlated in general. Some chains tend to get stuck in certain regions of the
state space, rather than exploring the whole space. If a chain can get stuck easily,
then X, may be highly positively correlated with X, 1. The autocorrelation at lag
k is the correlation between X,, and the value k steps later, X, 1, in the limit as
n grows. It is desirable for the autocorrelation at lag k to approach 0 rapidly as
k increases. High autocorrelation generally means high variances for Monte Carlo
approximations.

Analysis of how long to run a chain and finding diagnostics for whether the chain
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has been run long enough are active research areas. Some general advice is to run
your chains for a very large number of steps and to try chains from diverse starting
points to see how stable the results are.

Metropolis-Hastings is often useful even for immense state spaces. It can even be
useful for problems that may not sound at first like they have anything to do with
simulating a distribution, such as code-breaking.

Example 12.1.6 (Code-breaking). Markov chains have recently been applied to
code-breaking; this example will introduce one way in which this can be done.
(For further information about such applications, see Diaconis [7] and Chen and
Rosenthal [4].) A substitution cipher is a permutation g of the letters from a to z,
where a message is enciphered by replacing each letter a by g(a). For example, if g
is the permutation given by

abcdefghijklmnopqrstuvwxyz
zyxwvutsrqponmlkjihgfedcba

where the second row lists the values g(a), g(b),...,g(z), then we would encipher
the word “statistics” as “hgzgrhgrxh”. (We could also include capital letters, spaces,
and punctuation marks if desired.) The state space is all 26! ~ 4 -10%¢ permutations
of the letters a through z. This is an extremely large space: if we had to try de-
coding a text using each of these permutations, and could handle one permutation
per nanosecond, it would still take over 12 billion years to work through all the
permutations. So a brute-force investigation that goes through each permutation
one by one is infeasible; instead, we will look at random permutations.

(a) Consider the Markov chain that picks two different random coordinates between
1 and 26 and swaps those entries of the 2nd row, e.g., if we pick 7 and 20, then
abcdefghijklmnopqrstuvwxyz
zyxwvutsrqponmlkjihgfedcba

becomes

abcdefghijklmnopqrstuvwxyz
zyxwvugsrqponmlkjihtfedcba

Find the probability of going from a permutation g to a permutation h in one step
(for all g,h), and find the stationary distribution of this chain.

(b) Suppose we have a system that assigns a positive “score” s(g) to each permu-
tation g. Intuitively, this could be a measure of how likely it would be to get the
observed enciphered text, given that g was the cipher used. Use the Metropolis-
Hastings algorithm to construct a Markov chain whose stationary distribution is
proportional to the list of all scores s(g).

Solution:

(a) The probability of going from g to h in one step is 0 unless h can be obtained
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from g by swapping 2 entries of the second row. Assuming that h can be obtained
in this way, the probability is (?16), since there are (226) such swaps, all equally likely.
This Markov chain is irreducible, since by performing enough swaps we can get
from any permutation to any other permutation. (Imagine rearranging a deck of
cards by swapping cards two at a time; it is possible to reorder the cards in any
desired configuration by doing this enough times.) Note that p(g, h) = p(h, g), where
p(g, h) is the transition probability of going from ¢ to h. Since the transition matrix
is symmetric, the stationary distribution is uniform over all 26! permutations of the
letters a through z.

(b) For our proposal chain, we’ll use the chain from (a). Starting from any state
g, generate a proposal h using the chain from (a). Flip a coin with probability
min(s(h)/s(g),1) of Heads. If Heads, go to h; if Tails, stay at g.

To prove this has the desired stationary distribution, we can appeal to our general
proof of Algorithm 12.1.1 or check the reversibility condition directly. For practice,
we’'ll do the latter: we need s(g)q(g, h) = s(h)q(h,g) for all g and h, where ¢(g, h) is
the transition probability from g to h in the modified chain. If g = h or ¢(g,h) =0,
then the equation clearly holds, so assume g # h and ¢(g, h) # 0. Let p(g, h) be the
transition probability from (a) (which is the probability of proposing h when at g).
First consider the case that s(g) < s(h). Then ¢(g,h) = p(g,h) and
s(9) s(9)

a(h.9) = p(h.9) 113 = pla h)fjgii — il )2

s0 s(9)q(g,h) = s(h)q(h, g). Now consider the case that s(h) < s(g). By a symmetric
argument (reversing the roles of g and h), we again have s(g)q(g, h) = s(h)q(h, g).
Thus, the stationary probability of g is proportional to its score s(g).

In other words, using the Metropolis-Hastings algorithm, we started with a Markov
chain that was equally likely to visit all of the ciphers in the long run and created
a Markov chain whose stationary distribution sorts the ciphers according to their
scores, visiting the most promising ciphers the most often in the long run. O

Here is another MCMC example with an immense state space and which at first
sight might not seem to have much connection with simulating a distribution. This
example points to the fact that MCMC can be used not only for sampling but also
for optimization.

Example 12.1.7 (Knapsack problem). Bilbo the Burglar finds m treasures in
Smaug’s Lair. Bilbo is deciding which treasures to steal (or justly reclaim, depend-
ing on one’s point of view); he can’t take everything all at once, since the maximum
weight he can carry is w pounds. Label the treasures from 1 to m, and suppose
that the jth treasure is worth g; gold pieces and weighs w; pounds. So Bilbo must
choose a vector = (x1,...,%y,), where x; is 1 if he steals the jth treasure and 0
otherwise, such that the total weight of the treasures j with z; = 1 is at most w. Let
C be the space of all such vectors, so C' consists of all binary vectors (z1,...,Zn)
with D700 2jw; < w.
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Bilbo wishes to maximize the total worth of the treasure he takes. Finding an
optimal solution is an extremely difficult problem, known as the knapsack problem,
which has a long history in computer science. A brute force solution would be
completely infeasible in general. Bilbo decides instead to explore the space C' using
MCMC—Iluckily, he has a laptop running R with him.

(a) Consider the following Markov chain. Start at (0,0,...,0). One move of the
chain is as follows. Suppose the current state is z = (z1,. .., Z,). Choose a uniformly
random J in {1,2,...,m}, and obtain y from x by replacing x; with 1 — z; (i.e.,
toggle whether that treasure will be taken). If y is not in C, stay at z; if y is in C,
move to y. Show that the uniform distribution over C' is stationary for this chain.

(b) Show that the chain from (a) is irreducible, and that it may or may not be
aperiodic (depending on w, w1, ..., wy).

(c¢) The chain from (a) is a useful way to get approximately uniform solutions, but
Bilbo is more interested in finding solutions where the value (in gold pieces) is high.
In this part, the goal is to construct a Markov chain with a stationary distribution
that puts much higher probability on any particular high-value solution than on any
particular low-value solution. Specifically, suppose that we want to simulate from
the distribution

s(z) oc PV @),

where V(z) = " | 2;g; is the value of z in gold pieces and 3 is a positive constant.
The idea behind this distribution is to give exponentially more probability to each
high-value solution than to each low-value solution. Create a Markov chain whose
stationary distribution is as desired.

Solution:

(a) The transition matrix is symmetric since for x # y, the transition probabilities
from x to y and from y to = are either both 0 or both 1/m. So the stationary
distribution is uniform over C.

(b) We can go from any = € C to (0,0,...,0) by dropping treasures one at a time.
We can go from (0,0,...,0) to any y € C by picking up treasures one at a time.
Combining these, we can go from anywhere to anywhere, so the chain is irreducible.

To study periodicity, let’s look at some simple cases. First consider the simple case
where wy + -+ + wy, < w, i.e., Bilbo can carry all the treasure at the same time.
Then all binary vectors of length m are allowed. So the period of (0,0,...,0) is 2
since, starting at that state, Bilbo needs to pick up and then put down a treasure
in order to get back to that state. In fact, if Bilbo starts at (0,0,...,0), after any
odd number of moves he will be carrying an odd number of treasures.

Now consider the case where w; > w, i.e., the first treasure is too heavy for Bilbo.
From any x € C, there is a 1/m chance that the chain will try to pick up the first
treasure, and if that happens, the chain will stay at x. So the period of each state
is 1.
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(c) We can apply Metropolis-Hastings using the chain from (a) to make proposals.
Start at (0,0,...,0). Suppose the current state is x = (x1,..., %y ). Then:

1. Choose a uniformly random J in {1,2,...,m}, and obtain y from x
by replacing z; with 1 — x ;.

2. If y is not in C, stay at z. If y is in C, flip a coin that lands Heads
with probability min (1,66(‘/(3”)_‘/(1))). If the coin lands Heads, go to y;
otherwise, stay at x.

This chain will converge to the desired stationary distribution. But how should 3
be chosen? If 3 is very large, then the best solutions are given very high probability,
but the chain may be very slow to converge to the stationary distribution since it
can easily get stuck in local modes: the chain may find itself in a state which, while
not globally optimal, is still better than the other states that can be reached in one
step, and then the probability of rejecting proposals to go elsewhere may be very
high. On the other hand, if 5 is close to 0, then it’s easy for the chain to explore the
space, but there isn’t as much incentive for the chain to uncover good solutions.

An optimization technique called simulated annealing avoids having to choose one
value of . Instead, one specifies a sequence of § values, such that § gradually
increases over time. At first, § is small and the space C can be explored broadly.
As [ gets larger and larger, the stationary distribution becomes more and more
concentrated on the best solution or solutions. The name “simulated annealing”
comes from an analogy with the annealing of metals, a process in which a metal
is heated to a high temperature and then gradually cooled until it reaches a very
strong, stable state; 5 corresponds to the reciprocal of temperature. ]

As mentioned in Example 12.1.4, the Metropolis-Hastings algorithm can also be
applied in a continuous state space, using PDFs instead of PMFs. This is extremely
useful in Bayesian inference, where we often want to study the posterior distribution
of an unknown parameter. This posterior distribution may be very complicated to
work with analytically, and may have an unknown normalizing constant.

The MCMC approach is to obtain a large number of draws from a Markov chain
whose stationary distribution is the posterior distribution. We can then use these
draws to approximate the true posterior distribution. For example, we can esti-
mate the posterior mean using the sample mean of these draws. Gelman et al. [11]
provides an extensive introduction to Bayesian data analysis, with a wide range of
applications and an emphasis on simulation and MCMC.

Example 12.1.8 (Normal-Normal conjugacy). Let Y |0 ~ N(6,0?), where o2 is
known but 6 is unknown. Using the Bayesian framework, we treat 6 as a random
variable, with prior given by 6 ~ A (y,72) for some known constants x and 72. That
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is, we have the two-level model

g NN(N77—2)
Y0 ~ N(p,0%).

Describe how to use the Metropolis-Hastings algorithm to find the posterior mean
and variance of 8 after observing the value of Y.

Solution:

After observing Y = y, we can update our prior uncertainty for 8 using Bayes’ rule.
Because we are interested in the posterior distribution of §, any terms not depending
on 6 can be treated as part of the normalizing constant. Thus,

1

Jory (Oly) o< fy1o(y10) fo(8) ox e W0 ez (O,

Since we have a quadratic function of 8 in the exponent, we recognize the posterior
PDF of 6 as a Normal PDF. The posterior distribution stays in the Normal family,
which tells us that the Normal is the conjugate prior of the Normal. In fact, by
completing the square (a rather tedious calculation which we shall omit), we can
obtain an explicit formula for the posterior distribution of 8:

1 1
o2 T2 1
)Yy =y ~N Ty + T , )
| <1+1 T LI T

0-2 T2 0-2

Let’s try to make sense of this formula.

e It says that the posterior mean of 0, E(8]Y = y), is a weighted average of the
prior mean p and the observed data y. The weights are determined by how certain
we are about 0 before getting the data and how precisely the data are measured.
If we are already very sure about 6 even before getting the data, then 72 will be
small and 1/72 will be large, which will give a lot of weight to the prior mean .
On the other hand, if the data are very precise, then o2 will be small and 1/0?
will be large, which will give a lot of weight to the data y.

e For the posterior variance, if we define precision to be the reciprocal of variance,
then the result simply says that the posterior precision of 8 is the sum of the prior
precision 1/72 and the data precision 1/02.

This is all well and good, but let’s suppose we didn’t know how to complete the
square, or that we wanted to check our calculations for specific values of y, o2, L,
and 72. We can do this by simulating from the posterior distribution of 6, using
the Metropolis-Hastings algorithm to construct a Markov chain whose stationary
distribution is fyy (0|y). The same method can also be applied to a wide variety of
distributions that are far more complicated than the Normal to work with analyti-
cally. A Metropolis-Hastings algorithm for generating 6y, 01, ... is as follows.



506 Introduction to Probability

1. If ,, = x, propose a new state 2’ according to some transition rule. One
way to do this in a continuous state space is to generate a Normal r.v. €,
with mean 0 and add it onto the current state to get the proposed state:
in other words, we generate ¢, ~ N(0,d?) for some constant d, and then
set ' = x + €,. This is the analog of a transition matrix for a continuous
state space. The only additional detail is deciding d; in practice, we try to
choose a moderate value that is neither too large nor too small.

2. The acceptance probability is
/ /
a(z,z’) = min s(@)p(@', x) 1),
s(z)p(z, ')
where s is the desired stationary PDF (this was a PMF in the discrete
case) and p(x,x’) is the probability density of proposing ' from z (this
was p;; in the discrete case).

In this problem, we want the stationary PDF to be fyy, so we’ll use that
for s. As for p(x, 2'), proposing 2’ from z is the same as having ¢, = 2/ —z,
so we evaluate the PDF of ¢, at ' — x to get

pla,a') = —o—e ),

N V2rd

However, since p(2’,x) = p(x, z'), these terms cancel from the acceptance
probability, leaving us with

a(z,2’) = min <

fopy (2'[y)
Ty (zly)’ 1> '

Once again, the normalizing constant cancels in the numerator and de-
nominator of the acceptance probability.

3. Flip a coin that lands Heads with probability a(x,z’), independently
of the Markov chain.

4. If the coin lands Heads, accept the proposal and set 6,11 = 2’. Other-
wise, stay in place and set 6,11 = x.

We ran the algorithm for 10% iterations with the settings Y = 3, u = 0, 02 = 1,
72 =4, and d = 1. Figure 12.2 shows a histogram of the resulting draws from the
posterior distribution of #. The posterior distribution indeed looks like a Normal
curve. We can estimate the posterior mean and variance using the sample mean and
sample variance. For the draws we obtained, the sample mean is 2.4 and the sample
variance is 0.8. These are in close agreement with the theoretical values:
> = L i
BOY=3=1"1v+ 7 LHT 1 144

o2 T2 o

+

1
Var(0|Y = 3) = =

1
=0.8.
L+L 1+41%
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The posterior mean is closer to the observed data than to the prior mean, which
makes sense because 72 is larger than o2, corresponding to a relatively high level of
prior uncertainty. Using the code provided in the R section of this chapter, you can
see how the posterior distribution changes for different values of y, u, o2, and 72.

1500 2000

frequency
1000
1

500
|

FIGURE 12.2

Histogram of 10* draws from the posterior distribution of # given Y = 3, obtained
using Metropolis-Hastings with = 0, 02 = 1, and 72 = 4. The sample mean is 2.4
and the sample variance is 0.8, in agreement with the theoretical values.
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FIGURE 12.3

Trace plots of 6, as a function of the iteration number n, for d = 100, 1, 0.01.

To help diagnose whether our Markov chain is adequately exploring the state space,
we can make a trace plot, which is a plot of the samples 6,, as a function of n.
Figure 12.3 shows three trace plots corresponding to three different choices for the
standard deviation d of the proposals, namely d = 100, d = 1, and d = 0.01. The
trace plot for d = 100 has numerous flat regions where the chain is staying in place.
This indicates that d is too large, so the proposals are often rejected. On the other
hand, d = 0.01 is too small; we can see from the trace plot that the chain takes tiny
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steps and is unable to venture very far from its starting point. The trace plot for
d =1 is just right, exhibiting neither the low acceptance rate of the d = 100 chain,
nor the restricted mobility of the d = 0.01 chain.

In this example, the posterior distribution of 6 is available analytically, so we used
MCMC for illustrative purposes, to show that the results obtained by MCMC agree
with their theoretical counterparts. But the same technique also applies in problems
where the prior isn’t conjugate and the posterior isn’t a named distribution. 0

12.2 Gibbs sampling

Gibbs sampling is an MCMC algorithm for obtaining approximate draws from a
joint distribution, based on sampling from conditional distributions one at a time: at
each stage, one variable is updated (keeping all the other variables fixed) by drawing
from the conditional distribution of that variable given all the other variables. This
approach is especially useful in problems where these conditional distributions are
pleasant to work with.

First we will run through how the Gibbs sampler works in the bivariate case, where
the desired stationary distribution is the joint PMF of discrete r.v.s X and Y. There
are several forms of Gibbs samplers, depending on the order in which updates are
done. We will introduce two major kinds of Gibbs sampler: systematic scan, in which
the updates sweep through the components in a deterministic order, and random
scan, in which a randomly chosen component is updated at each stage.

Algorithm 12.2.1 (Systematic scan Gibbs sampler). Let X and Y be discrete
r.v.s with joint PMF pxy(z,y) = P(X = z,Y = y). We wish to construct a
two-dimensional Markov chain (X,,,Y;,) whose stationary distribution is pxy. The
systematic scan Gibbs sampler proceeds by updating the X-component and the
Y-component in alternation. If the current state is (X,,Y,) = (zn,yn), then we
update the X-component while holding the Y-component fixed, and then update
the Y-component while holding the X-component fixed:

1. Draw a value x, 41 from the conditional distribution of X given Y = y,,
and set X, 11 = Tpy1.
2. Draw a value yp,+1 from the conditional distribution of Y given X =
Tn+1, and set Y11 = Ynt1-
Repeating steps 1 and 2 over and over, the stationary distribution of the chain
(X0, Y0), (X1, Y1), (X2,Y2),... is pxy.

Algorithm 12.2.2 (Random scan Gibbs sampler). As above, let X and Y be
discrete r.v.s with joint PMF py y(x,y). We wish to construct a two-dimensional
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Markov chain (X,Y,) whose stationary distribution is pxy. Each move of the
random scan Gibbs sampler picks a uniformly random component and updates it,
according to the conditional distribution given the other component:

1. Choose which component to update, with equal probabilities.

2. If the X-component was chosen, draw a value z,,1 from the condi-
tional distribution of X given Y = y,, and set X,+1 = Tp+t1, Yn+1 = Un.
Similarly, if the Y-component was chosen, draw a value y,,+1 from the con-
ditional distribution of Y given X = z,, and set X,,11 = Ty, Y41 = Ynt1-

Repeating steps 1 and 2 over and over, the stationary distribution of the chain
(Xo,Y0), (X1, Y1), (X2, Y2),... is px,v.

Gibbs sampling generalizes naturally to higher dimensions. If we want to sample
from a d-dimensional joint distribution, the Markov chain we construct will be a
sequence of d-dimensional random vectors. At each stage, we choose one component
of the vector to update, and we draw from the conditional distribution of that
component given the most recent values of the other components. We can either
cycle through the components of the vector in a systematic order, or choose a
random component to update each time.

The Gibbs sampler is less flexible than the Metropolis-Hastings algorithm in the
sense that we don’t get to choose a proposal distribution; this also makes it simpler in
the sense that we don’t have to choose a proposal distribution. The flavors of Gibbs
and Metropolis-Hastings are rather different, in that Gibbs emphasizes conditional
distributions while Metropolis-Hastings emphasizes acceptance probabilities. But
the algorithms are closely connected, as we show below.

Theorem 12.2.3 (Random scan Gibbs as Metropolis-Hastings). The random scan
Gibbs sampler is a special case of the Metropolis-Hastings algorithm, in which the
proposal is always accepted. In particular, it follows that the stationary distribution
of the random scan Gibbs sampler is as desired.

Proof. We will show this in two dimensions, but the proof is similar in any di-
mension. Let X and Y be discrete r.v.s whose joint PMF is the desired stationary
distribution. Let’s work out what the Metropolis-Hastings algorithm says to do, us-
ing the following proposal distribution: from (z, y), randomly update one coordinate
by running one move of the random scan Gibbs sampler.

To simplify notation, write
P(X =2,Y =y) =p(z,y), P(Y = y|X = z) = p(ylz), P(X = 2|Y = y) = p(z[y).

More formally, we should write py|x(y|z) instead of p(y|r), to avoid issues like
wondering what p(5|3) means. But writing p(y|z) is more compact and does not
create ambiguity in this proof.

Let’s compute the Metropolis-Hastings acceptance probability for going from (z,y)
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o (¢/,y'). The states (z,y) and (2/,y’) must be equal in at least one component,
since the proposal says to update only one component. Suppose that z = 2’ (the
case y = ¢y’ can be handled symmetrically). Then the acceptance probability is

_ p(x)p(y'|z)p(ylz)

p(x)p(ylz)p(y'|x)

p(z,y")p(y|w)
p(z, y)p(Y'|z)

1
2
1
2

Thus, this Metropolis-Hastings algorithm always accepts the proposal! So it’s just
running the random scan Gibbs sampler without modifying it. |

Let’s study some concrete examples of Gibbs samplers.

Example 12.2.4 (Graph coloring). Let G be a network (also called a graph):
there are n nodes, and for each pair of distinct nodes, there either is or isn’t an
edge joining them. We have a set of k colors, e.g., if k = 7, the color set may be
{red, orange, yellow, green, blue, indigo, violet}. A k-coloring of the network is an
assignment of a color to each node, such that two nodes joined by an edge can’t
be the same color. Graph coloring is an important topic in computer science, with
wide-ranging applications such as task scheduling and the game of Sudoku.

FIGURE 12.4
A 3-coloring of a network.

Suppose that it is possible to k-color GG. Form a Markov chain on the space of all
k-colorings of GG, with transitions as follows: starting with a k-coloring of G, pick a
uniformly random node, figure out what the legal colors are for that node, and then
repaint that node with a uniformly random legal color (note that this random color
may be the same as the current color). Show that this Markov chain is reversible,
and find its stationary distribution.

Solution:

Let C be the set of all k-colorings of G, and let g;; be the transition probability
of going from ¢ to j for any k-colorings ¢ and j in C. We will show that ¢;; = g;;,
which implies that the stationary distribution is uniform on C.

For any k-coloring ¢ and node v, let L(4,v) be the number of legal colorings for node
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v, keeping the colors of all other nodes the same as they are in 4. If k-colorings ¢ and
j differ at more than one node, then ¢;; = 0 = ¢;;. If i = j, then obviously ¢;; = ¢;;.
If ¢ and j differ at exactly one node v, then L(i,v) = L(j,v), so

U S SR S S
BT WL T nLl(e) 9"

So the transition matrix is symmetric, which shows that the stationary distribution
is uniform over the state space.

How is this an example of Gibbs sampling? Think of each node in the graph as a
discrete r.v. that can take on k possible values. These nodes have a joint distribution,
and the constraint that connected nodes cannot have the same color imposes a
complicated dependence structure between nodes.

We would like to sample a random k-coloring of the entire graph; that is, we want
to draw from the joint distribution of all the nodes. Since this is difficult, we instead
condition on all but one node. If the joint distribution is to be uniform over all legal
graphs, then the conditional distribution of one node given all the others is uniform
over its legal colors. Thus, at each stage of the algorithm, we are drawing from the
conditional distribution of one node given all the others: we’re running a random
scan Gibbs sampler! a

Example 12.2.5 (Darwin’s finches). When Charles Darwin visited the Galapagos
Islands, he kept a record of the finch species he observed on each island. Table
12.1 summarizes Darwin’s data, with each row corresponding to a species and each
column to an island. The presence of a 1 in entry (i,7) of the table indicates that
species ¢ was observed on island j.

Given these data, we might be interested in knowing whether the pattern of 0’s
and 1’s observed in the table is anomalous in some way. For example, does there
appear to be dependence between the rows and columns? Do some pairs of species
frequently occur together on the same islands, more often than one would expect
by chance? These patterns may shed light on the dynamics of inter-species coop-
eration or competition. One way to test for such patterns is by looking at a lot of
random tables with the same row and column sums as the observed table, to see
how the observed table compares to the random ones. This is a common technique
in statistics known as a goodness-of-fit test.

But how do we generate random tables with the same row and column sums as Table
12.17 The number of tables satisfying these constraints is impossible to enumerate.
MCMC comes to the rescue: we’ll create a Markov chain on the space of all tables
with these row and column sums, whose stationary distribution is uniform over all
such tables.

To construct the Markov chain, we need a way to transition from one table to
another without changing the row or column sums. Starting from the observed table,
randomly select two rows and two columns. If the four entries at their intersection
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Island

Species 1 2 3 4 5 6 7 8 9 0 11 12 13 14 15 16 17 | Total

1 0 0 1 1 1 1 1 1 1 1 0 1 1 1 1 1 1 14
2 1 1 1 1 1 1 1 1 1 1 0 1 0 1 1 0 0 13
3 1 1 1 1 1 1 1 1 1 1 1 1 0 1 1 0 0 14
4 0 0 1 1 1 0 0 1 0 1 0 1 1 0 1 1 1 10
5 1 1 1 0 1 1 1 1 1 1 0 1 0 1 1 0 0 12
6 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 2
7 0 0 1 1 1 1 1 1 1 0 0 1 0 1 1 0 0 10
8 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1
9 0 0 1 1 1 1 1 1 1 1 0 1 0 0 1 0 0 10
10 0 0 1 1 1 1 1 1 1 1 0 1 0 1 1 0 0 11
11 0 0 1 1 1 0 1 1 0 1 0 0 0 0 0 0 0 6
12 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 2
13 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 17

Total 4 4 11 10 10 8 9 10 8 9 3 10 4 7 9 3 3 ‘ 122

TABLE 12.1
Presence of 13 finch species (rows) on 17 islands (columns). A value of 1 in entry
(7, 7) indicates that species i was observed on island j. Data are from Sanderson [24].
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have one of the following two patterns:

01 10
or

10 01

then switch to the opposite pattern with probability 1/2; otherwise stay in place.
For example, if we selected rows 1 and 3 and columns 1 and 17, we would switch
the four entries at their intersection from 9§ to § 9 with probability 1/2. This is a
symmetric transition rule (for all tables ¢ and ¢/, the transition probability from ¢ to
t' equals the transition probability from ¢’ to t), the transitions never alter the row
or column sums, and it can be shown that the Markov chain defined in this way is
irreducible. Therefore the stationary distribution is uniform over all tables with the
given row and column sums, as desired.

To interpret this procedure as a Gibbs sampler, consider conditioning on all entries
in the table besides the four entries at the intersection of rows 1 and 3 and columns
1 and 17. If the stationary distribution is to be uniform over all tables with the given
row and column sums, then the conditional distribution of these four entries must be
uniform over all configurations that don’t change the row and column sums, namely

04 and | 9. Thus, at each stage, we are drawing from the conditional distribution
of four entries given all the rest. O

As with Metropolis-Hastings, Gibbs sampling also applies to continuous distribu-
tions, replacing conditional PMF's with conditional PDFs.

Example 12.2.6 (Chicken-egg with unknown parameters). A chicken lays N eggs,
where N ~ Pois()\). Each egg hatches with probability p, where p is unknown; we
let p ~ Beta(a, b). The constants A, a, b are known.

Here’s the catch: we don’t get to observe N. Instead, we only observe the number
of eggs that hatch, X. Describe how to use Gibbs sampling to find E(p|X = z), the
posterior mean of p after observing x hatched eggs.

Solution:

By the chicken-egg story, the distribution of X given p is Pois(Ap). The posterior
PDF of p is proportional to

f(p|X =) o< P(X = a|p) f(p) oc e P (Ap)*p* """,
where we have dropped all terms not depending on p.

This isn’t a named distribution, so it might appear as though we’re stuck, but we
can get ourselves out of this rut by thinking conditionally. What do we wish we
knew? The total number of eggs! Conditional on observing N = n and knowing the
true value of p, the distribution of X would be Bin(n,p). By conditioning on the
total number of eggs, we recover Beta-Binomial conjugacy between p and X. This
allows us to write down the posterior distribution right away using Story 8.3.3:

p|X =x,N =n ~ Beta(x + a,n — z +b).
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The fact that conditioning on N makes matters so much nicer inspires us to use
Gibbs sampling to tackle the problem. We alternate between sampling from p condi-
tional on N and sampling from N conditional on p, as described below. Throughout,
we must also condition on X = z, since we seek to learn about the posterior distri-
butions of the parameters conditional on the evidence.

We make an initial guess for p and N, then iterate the following steps:

1. Conditional on N = n and X = z, draw a new guess for p from the
Beta(z + a,n — x + b) distribution.

2. Conditional on p and X = xz, the number of unhatched eggs is
Y ~ Pois(A(1 — p)) by the chicken-egg story, so we can draw Y from the
Pois(A(1 — p)) distribution and set the new guess for N to be N =x + Y.

After many iterations, we have draws for both p and N. If we want, we can ignore
the draws of N, since N was merely a device to help us sample p. But for fun, we’ll
plot both: Figure 12.5 shows histograms of the posterior draws of p and N when
A =10, a = b =1 (corresponding to a Unif(0, 1) prior on p), and we observe X =7
hatched eggs. The histograms indicate that after we’ve updated our prior with our
observed data, p is most likely to be around 0.7, and it is unlikely to be below 0.2.
The total number of eggs N is at least 7 (because we observed 7 hatched eggs), and
it is most likely to be around 9.
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FIGURE 12.5

Histograms of 10* draws from the posterior distributions of p and N, where A = 10,
a=1,b=1, and we observe X = 7.

As for the posterior mean F(p|X = z) originally asked for in the problem, we can
take the sample mean of the draws of p to get a good approximation. In this case,
the sample mean is 0.68. Using the code provided in the R section of this chapter,
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you can try changing the values of A, a, b, and x to see how the histograms and the
posterior mean are affected.

The key strategy for this problem was to add the unobserved number of eggs N to
the model, so that we would have pleasant conditional distributions and could use
Gibbs sampling conveniently. O

12.3 Recap

MCMC allows us to sample from complicated distributions using Markov chains.
The main idea behind all MCMC algorithms is to construct a Markov chain whose
stationary distribution is the distribution we wish to sample from. After running
the Markov chain for a long time, the values that the Markov chain takes on can
serve as draws from the desired distribution.

The two MCMC algorithms discussed in this chapter are Metropolis-Hastings and
Gibbs sampling. The Metropolis-Hastings algorithm uses any irreducible Markov
chain on the state space to generate proposals, then accepts or rejects those pro-
posals so as to produce a modified Markov chain with the correct stationary distri-
bution. Gibbs sampling is a method for drawing from a d-dimensional joint distri-
bution by updating the components of a d-dimensional Markov chain one at a time,
conditional on all other components. This can be done through a systematic scan
(deterministically cycling through the components in a fixed order) or a random
scan (randomly choosing which component to update at each stage).

124 R
Metropolis-Hastings

Here’s how to implement the Metropolis-Hastings algorithm for Example 12.1.8,
the Normal-Normal model. First, we choose our observed value of Y and decide on
values for the constants o, u, and 7:

y <- 3
sigma <- 1
mu <- O
tau <- 2

We also need to choose the standard deviation of the proposals for step 1 of the
algorithm, as explained in Example 12.1.8; for this problem, we let d = 1. We set
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the number of iterations to run, and we allocate a vector theta of length 10* which
we will fill with our simulated draws:

d <-1
niter <- 1074
theta <- rep(O,niter)

Now for the main loop. We initialize 6 to the observed value y, then run the algo-
rithm described in Example 12.1.8:

thetal[1l] <- y
for (i in 2:niter){
theta.p <- thetali-1] + rnorm(1,0,d)
r <- dnorm(y,theta.p,sigma) * dnorm(theta.p,mu,tau) /
(dnorm(y,thetali-1],sigma) * dnorm(thetali-1],mu,tau))
flip <- rbinom(1,1,min(r,1))
theta[i] <- if(flip==1) theta.p else thetal[i-1]
}

Let’s step through each line inside the loop. The proposed value of  is theta.p,
which equals the previous value of 6 plus a Normal random variable with mean 0
and standard deviation d (recall that rnorm takes the standard deviation and not
the variance as input). The ratio r is

foy (@'ly) ez 0oV emgm @0

f9|Y($|y) B e_ﬁ(y—m)ze—#(m_#)z )

where theta.p is playing the role of 2/ and theta[i-1] is playing the role of x.
The coin flip to determine whether to accept or reject the proposal is £1ip, which
is a coin flip with probability min(r,1) of Heads (encoding Heads as 1 and Tails
as 0). Finally, we set theta[i] equal to the proposed value if the coin flip lands
Heads, and keep it at the previous value otherwise.

The vector theta now contains all of our simulation draws. We typically discard
some of the initial draws to give the chain some time to approach the stationary
distribution. The following line of code discards the first half of the draws:

theta <- theta[-(1:(niter/2))]

To see what the remaining draws look like, we can create a histogram using
hist(theta). We can also compute summary statistics such as mean(theta) and
var (theta), which give us the sample mean and sample variance.

Gibbs

Now let’s implement Gibbs sampling for Example 12.2.6, the chicken-egg problem
with unknown hatching probability and invisible unhatched eggs. The first step is
to decide on our observed value of X, as well as the constants A, a, b:
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x <=7
lambda <- 10
a <-1
b <-1

Next we decide how many iterations to run, and we allocate space for our results,
creating two vectors p and N of length 10* which we will fill with our simulated
draws:

niter <- 1074
p <- rep(0,niter)
N <- rep(0,niter)

Finally, we’re ready to run the Gibbs sampler. We initialize p and N to the values
0.5 and 2z, respectively, and then we run the algorithm as explained in Example
12.2.6:

pl1] <- 0.5
N[1] <- 2%x
for (i in 2:niter){
pli] <- rbeta(l,x+a,N[i-1]-x+b)
N[i] <- x + rpois(1,lambda*(1-p[i-1]))
}

Again, we discard the initial draws:

p <- p[-(1:(niter/2))]
N <- N[-1:(niter/2))]

To see what the remaining draws look like, we can make histograms using hist (p)
and hist (N), which is how we created Figure 12.5. We can also compute summary
statistics such as mean(p) or median(p).

12.5 Exercises

1. Let p(z,y) be the joint PMF of two discrete r.v.s X and Y. Using shorthand notation as
we used with the Gibbs sampler, let p(z) and p(y) be the marginal PMFs of X and Y,
and p(z|y) and p(y|z) be the conditional PMFs of X given Y and Y given X. Suppose
the support of Y is the same as the support of the conditional distribution of Y| X.

(a) Use the identity p(z)p(y|z) = p(y)p(z|y) to find an expression for the marginal PMF
p(y) in terms of the conditional PMFs p(z|y) and p(y|z).

Hint: Rewrite the identity as p(z)/p(y) = p(z|y)/p(y|z) and take a sum.

(b) Explain why the two conditional distributions p(z|y) and p(y|z) determine the joint
distribution p(z|y), and how this fact relates to the Gibbs sampler.

2.  We have a network G with n nodes and some edges. Each node of G can either be
vacant or occupied. We want to place particles on the nodes of GG in such a way that
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the particles are not too crowded. Thus, define a feasible configuration as a placement
of particles such that each node is occupied by at most one particle, and no neighbor of
an occupied node is occupied.

Construct a Markov chain whose stationary distribution is uniform over all feasible
configurations. Clearly specify the transition rule of your Markov chain, and explain
why its stationary distribution is uniform.

3. This problem considers an application of MCMC techniques to image analysis. Imagine
a 2D image consisting of an L x L grid of black-or-white pixels. Let Y; be the indicator
of the jth pixel being white, for j = 1,..., L?. Viewing the pixels as nodes in a network,
the neighbors of a pixel are the pixels immediately above, below, to the left, and to the
right (except for boundary cases).

Let i ~ j stand for “/ and j are neighbors”. A commonly used model for the joint PMF
of Y =(Y1,...,Y;2) is

P(Y=y)xexp|B > I(yi=y;)

(3,3)rinvg

If B is positive, this says that neighboring pixels prefer to have the same color. The
normalizing constant of this joint PMF is a sum over all oL? possible configurations, so
it may be very computationally difficult to obtain. This motivates the use of MCMC to
simulate from the model.

(a) Suppose that we wish to simulate random draws from the joint PMF of Y, for a
particular known value of 8. Explain how we can do this using Gibbs sampling, cycling
through the pixels one by one in a fixed order.

(b) Now provide a Metropolis-Hastings algorithm for this problem, based on a proposal
of picking a uniformly random site and toggling its value.
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Poisson processes

Poisson processes serve as a simple model for events occurring in time or space: in
one dimension, cars passing by a highway checkpoint; in two dimensions, flowers in
a meadow; in three dimensions, stars in a region of the galaxy. Poisson processes are
a primary building block for more complicated processes in time and space, which
are the focus of a branch of statistics called spatial statistics.

Poisson processes are also useful in probability, as they tie together many of the
named distributions and provide us with insightful story proofs for results that
might otherwise be tedious to show. This leads to a new problem-solving strategy,
which we will demonstrate: even when a problem makes no mention of Poisson
processes, there are sometimes ways to pretend the r.v.s are coming from a Poisson
process so that we can use convenient Poisson process properties.

In this chapter, we’ll review the already familiar definition of the 1D Poisson process,
derive and discuss three important properties of the 1D Poisson process, and then
extend these properties to Poisson processes in higher dimensions.

13.1 Poisson processes in one dimension

In Section 5.6, we defined a one-dimensional Poisson process and showed that the
interarrival times are i.i.d. Exponentials. In Chapter 8 we showed that the time of
the jth arrival (relative to some fixed starting time) is Gamma. Let’s review these
results, with notation that will help us generalize to higher dimensions.

Definition 13.1.1 (1D Poisson process). A sequence of arrivals in continuous time
is a Poisson process with rate A if

1. the number of arrivals in an interval of length ¢ is distributed Pois(\t);

2. the numbers of arrivals in disjoint time intervals are independent.
Usually we will assume that the timeline starts at ¢ = 0, in which case we have a

Poisson process on (0,00), but we can use the same conditions to define a Poisson
process on (—o00,00) if we want the timeline to be infinite in both directions.

519
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Consider a Poisson process on (0, 00). Departing slightly from our notation in pre-
vious chapters, let N(¢) be the number of arrivals in (0,¢]. Then the number of
arrivals in (t1,t2] is N(t2) — N(t1), for 0 < t1 < ta. Let T} be the time of the jth
arrival. Since T} > ¢ is the same event as N(t) = 0 (this is the count-time duality,
as discussed in Section 5.6), we have

P(Ty >t) = P(N(t) = 0) = e,

so Ty ~ Expo(A). Next let’s condition on the first arrival time 77 and look at the
additional time T — 77 until the second arrival. We have Ty — T1|T1 ~ Expo()\) by
the same argument as above, since we have a fresh Poisson process starting at 77.
Since the conditional distribution of 75 — T3 |T} does not depend on 717, we have that
T, — T is independent of 77, and so Ty — 17 ~ Expo(A) unconditionally too.

Continuing in this way, all the interarrival times T; — Tj_; are i.i.d. Expo(}) r.v.s.
So a Poisson process can be described dually as a process in which arrival counts
are Poissons, or a process in which interarrival times are Exponentials. Since 77 is
the sum of j i.i.d. Expo(\) r.v.s, we have Tj ~ Gamma(j, \).

This connection with the Exponential tells us how we can generate n arrivals from
a Poisson process.

Story 13.1.2 (Generative story for 1D Poisson process). To generate n arrivals
from a Poisson process on (0, 00) with rate A:

1. Generate n i.i.d. Expo(\) r.v.s Xy, ..., Xp.
2.Forj=1,...,n,set Tj = X5 +--- + Xj.

Then we can take 17,...,T), to be the arrival times. O

SR |
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FIGURE 13.1
Simulated Poisson process in one dimension, for A = 1,2, 5.

Figure 13.1 depicts three realizations of Poisson processes with rates 1, 2, and 5,
respectively, plotted up to time 10. In all three cases, we can see that despite the in-
terarrival times being i.i.d., the arrivals are not evenly spaced. Rather, there is a lot
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of variability in the interarrival times, which produces clumps of arrivals. This phe-
nomenon is known as Poisson clumping. It might seem like an amazing coincidence
to observe a cluster of several arrivals that are close together in time, but Poisson
clumping says that having such clusters is common with Poisson processes.

13.2 Conditioning, superposition, thinning

The three most important properties to understand about the Poisson process are
conditioning, superposition, and thinning. These correspond to properties we’ve al-
ready seen about the Poisson distribution, so they should already be plausible.

13.2.1 Conditioning

What happens when we take a Poisson process and condition on the total number
of events in an interval? Our first result is that conditional on the total number of
events in an interval, the number of events in a fixed subinterval is Binomial. This
follows from Theorem 4.8.2, where we showed that we can get from the Poisson to
the Binomial by conditioning.

Theorem 13.2.1 (Conditional counts). Let {N(t),t > 0} be a Poisson process with
rate A, and let ¢; < t2. Then the conditional distribution of N (1) given N(t2) =n
is

N(t1) | N(ts) = n ~ Bin <n 2) |

N(t) N(z) - N(t))

FIGURE 13.2
Conditioning. Given that n arrivals occurred in (0, 2], the conditional distribution
of the number of arrivals in (0,¢;] is Binomial with parameters n and ¢;/ts.

Proof. Figure 13.2 illustrates the setup. The claim is that conditional on having n
total arrivals in (0, 2], each arrival becomes an independent Bernoulli trial, landing
to the left of ¢; with probability ¢1/te; thus N(¢1) is Binomial.

For the proof, we use the independence of disjoint intervals. Since the intervals
(0,t1] and (t1,t2] are disjoint, N(¢1) is independent of N(t2) — N(t1). The first is
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distributed Pois(At1), the second is distributed Pois(A(t2 — ¢1)), and their sum is
the total number of arrivals in (0, 2], namely N(¢2). By Theorem 4.8.2,

Aty
N(t1) | N(tz) = n ~ Bi
(1) [ N{tz) = n ~ Bin <n X1+ At —t1)> ’

which is precisely what we want to show. |

Our proof would hold equally well for any subinterval of length ¢;. This tells us that
the probability of an arrival falling into a subinterval of length ¢; is proportional
to t1, regardless of where the subinterval is located. Carrying this one step further,
for all x < t9, the probability of an arrival falling into a subinterval of length
x is proportional to x. But probability proportional to length is the story of the
Uniform distribution! Therefore, conditional on N (t3) = n, it is as though we placed
n arrivals uniformly at random on the interval (0, t3]. The jth arrival time is simply
the jth order statistic of these randomly placed arrivals.

Theorem 13.2.2 (Conditional times). In a Poisson process of rate A, conditional
on N(t) = n, the arrival times 71, ..., T, are distributed as the order statistics of n
ii.d. Unif(0,t) r.v.s.

From Chapter 8, we know that the order statistics of Unif(0,1) r.v.s are Betas, so
the conditional distribution of the T} are scaled Betas; to get Beta distributions, we
can just divide the T} by ¢ so that their support is between 0 and 1:

t1T; | N(t) = n ~ Beta(j,n — j + 1).

We now have another way to generate arrivals from a Poisson process, this time for
a specific interval instead of a specific number of arrivals.

Story 13.2.3 (Generative story for Poisson process, take 2). To generate arrivals
from a Poisson process with rate A in an interval (0, t]:

1. Generate the total number of events in the interval, N(t) ~ Pois(\t).

2. Given N(t) = n, generate n i.i.d. Unif(0,¢) r.v.s Uy,..., U,.

3. Forj=1,...,n,set Tj = U

g

This is actually the generative story we used to create Figure 13.1, since we knew
we wanted to simulate in the interval (0, 10].

Example 13.2.4 (Users on a website). Users visit a certain website according to
a Poisson process with rate A\; users per minute, where an “arrival” at a certain
time means that at that time someone starts browsing the site. After arriving at the
site, each user browses the site for an Expo(A2) amount of time (and then leaves),
independently of other users.



Poisson processes 523

Suppose that at time 0, no one is using the site. Let Ny be the number of users
who arrive in the interval (0, ¢], and let C; be the number of users who are currently
browsing the site at time ¢.

(a) Let X be the time of arrival and Y be the time of departure for a user who
arrives at a Uniform time point in [0, ¢] (viewed as points on the timeline). Find the
joint PDF of X and Y.

(b) Let p; be the probability that a user who arrives at a Uniform time point in
0, t] is still browsing the site at time ¢. Find p;.

(
(c) Find the distribution of C; in terms of A1, A2, and ¢.
(

d) Little’s law is a very general result, which says the following:

The long-run average number of customers in a stable system is the long-term av-
erage arrival rate multiplied by the average time a customer spends in the system.

Explain what happens to E(C}) for ¢ large, and how this can be interpreted in terms
of Little’s law.

Solution:

(a) We have X ~ Unif(0,¢). Given X = z, Y is an Expo(\2) shifted to start at x,
ie, (Y —2)[(X = x) ~ Expo(A2). So the joint PDF of X and Y is

A2y
fa,y) = fx(@)fyix(yle) = Te207),
for0 <x <tand z <y.

(b) With notation as in (a), we want to find p, = P(Y > t). This can be done by
integrating the joint PDF over all (z,y) with y > t:

t [e§)
PY >t)= 1/0 /t Aoe 202 dydy

I Aoz - —=A
t Jo ¢

oMot pt
= My
t Jo

— Aot
- - <6A2t B 1)
Aot

1 — e Mt
Aot

Alternatively, we can view Y as a convolution of a Unif(0,1) r.v. and an Expo(Az)
r.v., and use facts about convolutions to get the distribution of Y.

(c) By Theorem 13.2.2, given N; = n we have that the n arrival times in (0, ¢] are
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i.i.d. and uniform in that interval. Therefore, C}| Ny ~ Bin(Ny, p;), with p; as above,
and Ny ~ Pois(A1t). So by the chicken-egg story (Example 7.1.9),

Ct ~ POiS()\lptt) .

That is,

= Aat
C; ~ Pois <)‘1(1€)> )
A2

(d) As t — oo, E(Cy) — A1/X2. This agrees exactly with Little’s law since it says
that the long-run average number of users “in the system” (currently browsing the

site) is the rate at which users arrive (A1) times the average time a user browses in
a session (1/\g). O

13.2.2 Superposition

The second property of Poisson processes is superposition: if we take two inde-
pendent Poisson processes and overlay them, we get another Poisson process. This
follows from the fact that the sum of independent Poissons is Poisson.

Theorem 13.2.5 (Superposition). Let {Ni(¢),¢ > 0} and {N2(¢),t > 0} be inde-
pendent Poisson processes with rates A\; and Ao, respectively. Then the combined
process N (t) = Ni(t) + Na(t) is a Poisson process with rate A\; + Aa.

Proof. Let’s verify the two properties in the definition of Poisson process.

1. For all t > 0, N1(t) ~ Pois(A1t) and Na(t) ~ Pois(Ast), independently, so N(t) ~
Pois((A1 + A2)t) by Theorem 4.8.1. The same argument applies for any interval of
length ¢, not just intervals of the form (0, ¢].

2. Arrivals in disjoint intervals are independent in the combined process because
they are independent in the two individual processes, and the individual processes
are independent of each other. |

In particular, the interarrival times in the combined Poisson process are
i.i.d. Expo(A1 + A2).

The most transparent way to generate from the superposition of two Poisson pro-
cesses is exactly as one would expect: generate from the individual Poisson processes,
then superpose them.

Story 13.2.6 (Generative story for superposed Poisson process). To generate from

the superposition of two Poisson processes with rates A\; and Az in the interval [0, ):

1. Generate arrivals from the Poisson process with rate A\; using Story
13.2.3.
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2. Generate arrivals from the Poisson process with rate Ay using Story
13.2.3.

3. Superpose the results of steps 1 and 2.

O
2,=05 | > > |
A e . ,
A+2,=1 | L . . ) I

0 10
FIGURE 13.3

Superposition. The superposition of independent Poisson processes is a Poisson
process, and the rates add. The top two timelines are independent Poisson processes,
each with rate 0.5. The bottom timeline is the superposition of the top two Poisson
processes and is itself a Poisson process with rate 1.

Figure 13.3 depicts a superposed Poisson process consisting of x’s and ¢’s. Let’s
call the x’s “type-1 events” and the ¢’s “type-2 events”. A natural question to ask
is: what is the probability of observing a type-1 event before a type-2 event?

Theorem 13.2.7 (Probability of type-1 event before type-2 event). If independent
Poisson processes of rates A1 and Ao are superposed, the probability of a type-1
event before a type-2 event in the combined Poisson process is A; /(A1 + A2).

Proof. Let T be the time until the first type-1 event and let V' be the time until the
first type-2 event. We seek P(T' < V'). We could do this with 2D LOTUS, integrating
the joint PDF of T and V over the region of interest in the 2D plane. But it turns
out we can avoid calculus altogether. We know 7' ~ Expo(A1) and V' ~ Expo()2),
so by applying scale transformations, T = MT and V = AV are iid. Expo(1).
Letting U = T/(T + V), we have
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Since T and V are both Expo(1) or Gamma(1,1), the bank post office story tells
us that U ~ Beta(1,1). In other words, U is standard Uniform! (One might have
guessed this from our choice of notation.) Therefore

A1 A1
PT<V)=P (U< = .
( - ) ( _)\1+)\2> A+ A

When A\; = Ay, this reduces to 1/2, as it should by symmetry. |

The above result applies to the first arrival in the combined Poisson process. After
the first arrival, however, the same reasoning applies to the second arrival: by the
memoryless property, the time to the next type-1 event is Expo(A;) and the time
to the next type-2 event is Expo(A2), independent of the past. Therefore the second
arrival is a type-1 arrival with probability A1/(A1 + A2), independent of the first
arrival. Similarly, all of the arrival types can be viewed as i.i.d. coin tosses with
probability A;/(A1 + A2) of landing Heads.

This yields an alternative generative story for the superposition of two Poisson
processes: we can first generate an Expo(A; + A2) r.v. to decide when the next
arrival occurs, and then independently flip a coin with probability A1/(A + A2) of
Heads to decide what kind of arrival it is.

Story 13.2.8 (Generative story for superposed Poisson process, take 2). To gen-
erate n arrivals from the superposition of two Poisson processes with rates A1 and
At

1. Generate n i.i.d. Expo(A1 + A2) r.v.s Xq,..., X, and set Ty = X1+
et X

2. Generate n Bern(A1 /(A1 + A2)) r.v.s I1,..., I, which are independent
of each other and of the X;. Let the jth arrival be type-1if I; = 1 and
type-2 otherwise.

g

This story provides us with a quick proof of a result known as the competing risks
theorem, which seems like a surprising independence result when stated on its own
but becomes very intuitive when viewed in the context of Poisson processes.

Example 13.2.9 (Competing risks). The lifetime of Fred’s refrigerator is Y; ~
Expo(A1), and the lifetime of Fred’s dishwasher is Y5 ~ Expo()\2), independent of
Y7. Show that min(Y7,Y3), the time of the first appliance failure, is independent of
I(Y1 < Y3), the indicator that the refrigerator failed first.

Solution:

Here we encounter our first instance of the embedding strategy: this problem doesn’t
mention Poisson processes anywhere, but we will embed the r.v.s Y7 and Y5 into a
Poisson process that we ourselves invent, in order to take advantage of the properties
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of Poisson processes. So let’s pretend there is an entire Poisson process of refrigerator
failures with rate A\; and a Poisson process of dishwasher failures with rate A\o. Then
we can interpret Y7 as the waiting time for the first arrival in the refrigerator process
and Y5 as the waiting time for the first arrival in the dishwasher process.

Furthermore, min(Y7, Y3) is the waiting time for the first arrival in the superposition
of the two Poisson processes, and I(Y; < Y3) is the indicator of this arrival being a
type-1 event. But as we know from the above generative story, the waiting times and
event types in a superposed Poisson process are generated completely independently!
Therefore min(Y7, Y2) and (Y7 < Y2) are independent. This says that knowing the
refrigerator was the first appliance to fail does not provide any information about
the time of the first appliance failure. O

A direct consequence of the generative story is that if we project a superposed
Poisson process into discrete time, keeping the sequence of type-1 and type-2 arrivals
but not the arrival times themselves, we are left with i.i.d. Bern(A1/(A1 + A2))
r.v.s I, Io,..., where I; is the indicator of the jth arrival being type-1. Figure
13.4 illustrates what it means to remove the continuous-time information from the
Poisson process, and Theorem 13.2.10 states the result formally.

FIGURE 13.4

Projection into discrete time. Stripping out the continuous-time information from a
superposed Poisson process produces a sequence of i.i.d. indicators of type-1 versus
type-2 events. Here x represents type-1 events and ¢ represents type-2 events.

Theorem 13.2.10 (Projection of superposition into discrete time). Let {N(¢),t >
0} be the superposition of two independent Poisson processes with rates A\; and As.
For j = 1,2,..., let I; be the indicator of the jth event being from the Poisson
process with rate A\;. Then the I; are i.i.d. Bern(Ai /(A1 + A2)).

Using this result, we can prove with a story that a Gamma mixture of Poissons is
Negative Binomial, which we learned from Fred in Blotchville (Story 8.4.5). In that
example we found the marginal distribution by integration, but now we can do it
without any manipulation of PDFs. We’ll consider a special case first.

Theorem 13.2.11 (Exponential mixture of Poissons is Geometric). Let X ~
Expo()A) and Y|X = z ~ Pois(x). Then Y ~ Geom(A/(A + 1)).

Proof. As with the competing risks theorem, we embed X and Y into Poisson
processes. Consider two independent Poisson processes, a process of failures arriving
at rate 1 and another of successes arriving at rate A. Let X be the time of the first



528 Introduction to Probability

success; then X ~ Expo(A). Let Y be the number of failures before the time of the
first success. By the definition of a Poisson process with rate 1, Y| X = x ~ Pois(z).
Therefore X and Y satisfy the conditions of the theorem.

To get the marginal distribution of Y, strip out the continuous-time information!
In discrete time we have i.i.d. Bernoulli trials with success probability A/(\ + 1),
and Y is defined as the number of failures before the first success, so by the story
of the Geometric distribution, ¥ ~ Geom(\/(A + 1)). |

The reasoning for the general case is analogous.

Theorem 13.2.12 (Gamma mixture of Poissons is Negative Binomial). Let X ~
Gamma(r,\) and Y |X = = ~ Pois(x). Then Y ~ NBin(r, A\/(A + 1)).

Proof. Consider two independent Poisson processes, a process of failures arriving
at rate 1 and another of successes arriving at rate A. Let X be the time of the rth
success, so X ~ Gamma(r, ). Let Y be the number of failures before the time of the
rth success. Then Y| X = x ~ Pois(z) by the definition of Poisson process. We have
that Y is the number of failures before the rth success in a sequence of i.i.d. Bernoulli
trials with success probability A/(A+ 1), so Y ~ NBin(r, A/(A + 1)). |

13.2.3 Thinning

The third property of Poisson processes is thinning: if we take a Poisson process
and, for each arrival, independently flip a coin to decide whether it is a type-1
event or type-2 event, we end up with two independent Poisson processes. This is
the converse of superposition, and it follows from the chicken-egg story, which we
introduced in Chapter 7.

Theorem 13.2.13 (Thinning). Let {N(¢),t > 0} be a Poisson process with rate
A, and classify each arrival in the process as a type-1 event with probability p and
a type-2 event with probability 1 — p, independently. Then the type-1 events form
a Poisson process with rate Ap, the type-2 events form a Poisson process with rate
A(1 — p), and these two processes are independent.

Proof. Let’s verify that the type-1 process, which we’ll denote by {Ni(t),t > 0},
satisfies the two properties in the definition of Poisson process.

1. Let’s show that the number of arrivals for the type-1 process in an interval of
length ¢ is distributed Pois(Apt). For all t > 0, N(t) ~ Pois(At) by definition, and
Ni(t)|N(t) = n ~ Bin(n,p) by the story of the Binomial distribution. Then by the
chicken-egg story (Example 7.1.9), Ni(t) ~ Pois(Apt). The same reasoning applies
for any interval of length ¢, not just intervals of the form (0, ¢].

2. Arrivals in disjoint intervals are independent in the type-1 process because they
are a subset of the arrivals in the full process, and we know the full process satisfies
independence of disjoint intervals.
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Therefore, {N1(t),t > 0} is a Poisson process with rate A\p. The same reasoning
applies for showing that the type-2 process, {Na2(t),t > 0}, is a Poisson process
with rate A(1 — p). The two processes are independent because for all ¢t > 0, Ny(t)
is independent of Nj(¢) by the chicken-egg story. |

Thus we can superpose independent Poisson processes to get a combined Poisson
process, or we can split a single Poisson process into independent Poisson processes.
Figure 13.5 is an illustration of thinning. We simply flipped Figure 13.3 upside-down,
but this is appropriate because thinning is the flip side of superposition!

A= | |

A1-p)=05 | ] ] |
=05 | * * * |
0 10
FIGURE 13.5

Thinning. Starting with a single Poisson process, if we let each arrival be type-1
with probability p and type-2 with probability 1 — p, we obtain two independent
Poisson processes with rates Ap and A(1 — p). Here X represents type-1 events and
o represents type-2 events, and we take p = 0.5.

Example 13.2.14 (First Success sum of Exponentials). Let Xj, Xs,... be
i.i.d. Expo(A), and let N ~ FS(p), independent of the X;. What is the distribution
of Y =Y, X;?

Solution:

We’ll solve this problem twice, first with tools from Chapter 9 and then with a
Poisson process story that uses thinning. For the first method, we recognize Y as
the sum of a random number of random variables, so we can find the MGF of Y
using Adam’s Law, conditioning on N. Recalling that the MGF of the Expo(\)
distribution is A/(A —t) for t < A, we have
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Now we can use LOTUS with the FS(p) PMF,

P(N=k)=¢" pfork=1,2,...

()£ o

which simplifies to Ap/(Ap — t) after a bit of algebra. This is the Expo(Ap) MGF,
so Y ~ Expo(\p).

The LOTUS sum is

Now let’s see how Poisson processes can spare us from algebra while also providing
insight into why Y is Exponential. Using the embedding strategy, since the X;
are i.i.d. Expo(\), we are free to interpret the X; as interarrival times in a Poisson
process with rate A. So let’s imagine such a Poisson process, and let’s further imagine
that each of the arrivals is a special arrival with probability p, independently. Then
we can interpret N as the number of arrivals until the first special arrival and Y
as the waiting time for the first special arrival. But by the thinning property, the
special arrivals form a Poisson process with rate Ap. The waiting time for the first
special arrival is thus distributed Expo(Ap). O

The next example shows how thinning can help us decompose a complicated Poisson
process into more manageable components.

Example 13.2.15 (Cars on a highway). Suppose cars enter a one-way highway
from a common entrance, following a Poisson process with rate A. The ith car has
velocity V; and travels at this velocity forever; no time is lost when one car overtakes
another car. Assume the V; are i.i.d. discrete r.v.s whose support is a finite set of
positive values. The process starts at time 0, and we’ll consider the highway entrance
to be at location 0.

For fixed locations a and b on the highway with 0 < a < b, let Z; be the number of
cars located in the interval [a, b] at time ¢. (For instance, on an interstate highway
running west to east through the midwestern United States, a could be Kansas
City and b could be St. Louis; then Z; would be the number of cars on the highway
that are in the state of Missouri at time ¢.) Figure 13.6 illustrates the setup of the
problem and the definition of Z;.

Assume t is large enough that ¢ > b/V; for all possible values of V;. Show that Z;
has a Poisson distribution with mean (b — a)E(V,71).

()

Solution:

Since the V; are discrete with finite support, we can enumerate the set of possible
velocities vy, . . ., v;, and their probabilities p1, ..., pm,. After doing so, we realize that
the cars entering the highway represent m types of arrivals, each corresponding to a
different velocity. This suggests breaking up our overall Poisson process into simpler
ones. Let’s thin the Poisson process m ways according to the velocity of the cars,
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FIGURE 13.6

Cars enter a highway. Their entrance times form a Poisson process and are indicated
by Xx’s on the time axis. The ith car has velocity V;, represented by the slope of
the line emanating from the ith x symbol. We are interested in Z;, the number of
cars located in the interval [a, b] at time ¢. Here we observe Z; = 3, depicted by the
three stars.

resulting in a Poisson process with rate Ap; for cars of velocity vy, a Poisson process
with rate Aps for cars of velocity vo, and so forth.

For each of these thinned Poisson processes, we can ask: within what time interval
do cars from this process have to enter the highway in order to be in [a,b] at time
t? This is a matter of physics, not statistics:

distance = velocity - time,

so a car that enters the highway at time s with velocity v will be at position (¢t — s)v
at time ¢. Thus, in order for the car’s position to be between a and b, we require
its arrival time to be between ¢t — b/v and ¢t — a/v. (By our assumption that ¢ is
sufficiently large, we don’t need to worry about ¢ — b/v being negative.) If the car
arrives prior to time ¢ —b/v, it will already have passed b by time ¢; if the car arrives
after time t — a/v, it won’t have reached a by time t.

We now have the answer for each thinned Poisson process considered on its own.
Within the process where cars have velocity v;, the number of cars arriving between
t—b/v;j and t—a/v;, which we’ll call Zy;, is distributed Pois(Ap;(b—a)/v;): the rate of
the process is Ap;, and the length of the interval [t —b/v;j, t—a/v;] is (b—a)/v;. Since
the thinned processes are independent, Z;; through Z;,, are independent Poisson
r.v.s. Thus
m .
Zi=Zy 4+ Zim ~Pois [ Ab—a)S 22| |

0
j=1 7
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and 2721 pj/vj is the expectation of Vi_1 by LOTUS. This is what we wanted. [

To wrap up this section, here is a table describing the correspondences between the
properties of conditioning, superposition, and thinning for Poisson processes on one
hand, and properties of the Poisson distribution on the other hand. In the second
column, Y7 ~ Pois(A;) and Y5 ~ Pois(\z) are independent.

Poisson process Poisson distribution
conditioning Y1|Y1 + Yo = n ~ Bin(n, A1 /(A1 + A2))
superposition Y1 + Ya ~ Pois(A1 + A2)
thinning chicken-egg story

13.3 Poisson processes in multiple dimensions

Poisson processes in multiple dimensions are defined analogously to the 1D Poisson
process: we just replace the notion of length with the notion of area or volume. For
concreteness, we will now define 2D Poisson processes, after which it should also be
clear how to define Poisson processes in higher dimensions.

Definition 13.3.1 (2D Poisson process). Events in the 2D plane are considered a
2D Poisson process with intensity A if

1. the number of events in a region A is distributed Pois(\ - area(A));

2. the numbers of events in disjoint regions are independent of each other.

As one might guess, conditioning, superposition, and thinning properties apply to
2D Poisson processes. Let N(A) be the number of events in a region A, and let
B C A. Given N(A) = n, the conditional distribution of N(B) is Binomial:

N(B)|N(A) = n ~ Bin <n m> .

Conditional on the total number of events in the larger region A, the probability of
an event falling into a subregion is proportional to the area of the subregion; thus the
locations of the events are conditionally Uniform, and we can generate a 2D Poisson
process in A by first generating the number of events N(A) ~ Pois(A-area(A4)) and
then placing the events uniformly at random in A. Figure 13.7 shows simulated 2D
Poisson processes in the square [0, 5] x [0, 5] for intensities A = 1,2, 5.
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FIGURE 13.7

Simulated 2D Poisson process in the square [0, 5] x [0, 5], for A = 1,2, 5.

As in the 1D case, the superposition of independent 2D Poisson processes is a 2D
Poisson process, and the intensities add. We can also thin a 2D Poisson process to
get independent 2D Poisson processes.

The only property of 1D Poisson processes for which we haven’t asserted a higher-
dimensional analog is count-time duality. The next example, the last in this chapter,
will lead us to a count-distance duality.

Example 13.3.2 (Nearest star). Stars in a certain universe are distributed accord-
ing to a 3D Poisson process with intensity A. If you live in this universe, what is
the distribution of the distance from you to the nearest star?

Solution:

In a 3D Poisson process with intensity A, the number of events in a region of space
V' is Poisson with mean X - volume(V). Let R be the distance from you to the
nearest star. The key observation is that in order for the event R > r to occur,
there must be no stars within a sphere of radius r around you; in fact, these two

events are equivalent. Let N, be the number of events within radius r of you, so
N, ~ Pois(A - 7). Then

R > r is the same event as N, = 0,

SO
3

P(R>71)=P(N, =0) = e 3",
This specifies the CDF and hence the distribution of R. The distribution of R is an
example of a Weibull distribution, which generalizes the Exponential. O

Poisson processes have numerous generalizations, some of which are explored in the
exercises. We can allow A to vary as a function of time or space instead of remaining
constant; a Poisson process with varying A is called inhomogeneous. We can also
allow A to be a random variable; this is called a Cox process. Finally, we can allow
A to grow with each successive arrival; this is called a Yule process.
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13.4 Recap

A Poisson process in one dimension is a sequence of arrivals such that the number
of arrivals in any interval is Poisson and disjoint intervals are independent. Some
operations that we can perform with Poisson processes are conditioning, superposi-
tion, and thinning. Conditioning on the total number of arrivals in an interval allows
us to view the arrivals as independent Uniforms on the interval. Superposition and
thinning are complementary, and they allow us to split and merge Poisson processes
when convenient. All of these properties have analogs for higher dimensions.

Poisson processes tie together many of the named distributions we have studied in
this book:

e Poisson for the arrival counts,

e Exponential and Gamma for the interarrival times and arrival times,

e Binomial for the conditional counts,

e Uniform and (scaled) Beta for the conditional arrival times,

e Geometric and Negative Binomial for the discrete waiting times for special arrivals.

Poisson processes are also especially amenable to story proofs. A problem-solving
strategy we used several times in this chapter is to embed r.v.s into a Poisson process
in the hopes of discovering a story proof, even when the original problem appears
to be unrelated to Poisson processes.

Poisson processes unite two of the important themes of this book, named distribu-
tions and stories, in a natural way. We think it is fitting to end with a topic that
weaves together the story threads from throughout the book.

13.5 R
1D Poisson process

In Chapter 5, we discussed how to simulate a specified number of arrivals from a
one-dimensional Poisson process by using the fact that the interarrival times are
i.i.d. Exponentials. In this chapter, Story 13.2.3 tells us how to simulate a Poisson
process within a specified interval (0, L]. We first generate the number of arrivals
N(L), which is distributed Pois(AL). Conditional on N(L) = n, the arrival times
are distributed as the order statistics of n i.i.d. Unif(0, L) r.v.s. The following code
simulates arrivals from a Poisson process with rate 10 in the interval (0, 5]:
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L <-5

lambda <- 10

n <- rpois(1,lambdaxL)
t <- sort(runif(n,0,L))

To visualize the Poisson process we have generated, we can plot the cumulative
number of arrivals N(¢) as a function of ¢:

plOt (t’ 1 :n’type=llsn)

This produces a staircase plot as in Figure 13.8.

50

40

10

FIGURE 13.8
Number of arrivals in a Poisson process with rate 10 in the interval (0, 5].

Thinning

The following code starts with a vector of arrival times t and the corresponding
number of arrivals n, generated according to the previous section. For each arrival,
we flip a coin with probability p of Heads; these coin tosses are stored in the vector
y. Finally, the arrivals for which the coin landed Heads are labeled as type-1; the rest
are labeled as type-2. The resulting vectors of arrival times t; and to are realizations
of independent Poisson processes, by Theorem 13.2.13. To perform this in R with
p = 0.3, we can type

p <- 0.3

y <- rbinom(n,1,p)
t1 <- t[y==1]

t2 <= t[y==0]

As before, we can plot the number of arrivals in each Poisson process, Ni(t) and
Ns(t), as a function of ¢.
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Number of arrivals in each of two independent Poisson processes with rates 3 and
7 in the interval (0, 5].

2D Poisson process

Simulating a 2D Poisson process is nearly as straightforward as simulating a 1D
Poisson process. In the square (0, L] x (0, L], the number of arrivals is distributed
Pois(AL?). Conditional on the number of arrivals, the locations of the arrivals are
Uniform over the square, so by Example 7.1.22, their horizontal and vertical coor-
dinates can be generated independently:

L <=5

lambda <- 10

n <- rpois(1,lambda*L"2)
x <- runif(n,0,L)

y <= runif(n,0,L)

We can then easily plot the locations of the arrivals as in Figure 13.7:

plot(x,y,pch=4)

13.6 Exercises

1. Passengers arrive at a bus stop according to a Poisson process with rate A. The arrivals
of buses are exactly ¢t minutes apart. Show that on average, the sum of the waiting times
of the riders on one of the buses is %)\tQ.

2. Earthquakes occur over time according to a Poisson process with rate A. The jth earth-
quake has intensity Z;, where the Z; are i.i.d. with mean u and variance o2. Find the
mean and variance of the cumulative intensity of all the earthquakes up to time t.
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3. Alice receives phone calls according to a Poisson process with rate A. Unfortunately she
has lost her cell phone charger. The battery’s remaining life is a random variable T with
mean  and variance 0. Let N(T) be the number of phone calls she receives before the
battery dies; find E(N(T)), Var(N(T)), and Cov(T, N(T)).

4. Emails arrive in Bob’s inbox according to a Poisson process with rate A, measured
in emails per hour; each email is work-related with probability p and personal with
probability 1 — p. The amount of time it takes to answer a work-related email is a
random variable with mean pw and variance o3, the amount of time it takes to answer
a personal email has mean pup and variance o%, and the response times for different
emails are independent.

What is the average amount of time Bob has to spend answering all the emails that
arrive in a t-hour interval? What about the variance?

5. In an endless soccer match, goals are scored according to a Poisson process with rate A.
Each goal is made by team A with probability p and team B with probability 1 — p. For
j > 1, we say that the jth goal is a turnaround if it is made by a different team than
the (5 — 1)st goal; for example, in the sequence AABBA. .., the 3rd and 5th goals are
turnarounds.

(a) In n goals, what is the expected number of turnarounds?

(b) What is the expected time between turnarounds, in continuous time?

6. Let N; be the number of arrivals up until time ¢ in a Poisson process of rate A, and let
T, be the time of the nth arrival. Consider statements of the form

P(Nesin)=P(Th s21),

where <; and <2 are replaced by symbols from the list <, <,>,>. Which of these
statements are true?

7. Claims against an insurance company follow a Poisson process with rate A > 0. A total
of N claims were received over two periods of combined length ¢t = ¢; + t2, with ¢; and
t2 being the lengths of the separate periods.

(a) Given this information, derive the (conditional) probability distribution of Ni, the
number of claims made in the 1st period, given N.

(b) The amount paid for the ith claim is X;, with X1, X5,... ii.d. and independent
of the claims process. Let E(X;) = p, Var(X;) = o2, for i = 1,...,N. Given N, find
the mean and variance of the total claims paid in period 1. That is, find these two
conditional moments of the quantity

Ny
Wl = Z Xiy
=1

where (by convention) W7, =0 if N; = 0.

8. On a certain question-and-answer website, N ~ Pois(\1) questions will be posted to-
morrow, with A1 measured in questions/day. Given N, the post times are i.i.d. and
uniformly distributed over the day (a day begins and ends at midnight). When a ques-
tion is posted, it takes an Expo(A2) amount of time (in days) for an answer to be posted,
independently of what happens with other questions.

(a) Find the probability that a question posted at a uniformly random time tomorrow
will not yet have been answered by the end of that day.

(b) Find the joint distribution of how many answered and unanswered questions posted
tomorrow there will be at the end of that day.

9. An inhomogeneous Poisson process in one dimension is a Poisson process whose rate,
instead of being constant, is a nonnegative function \(¢) of time. Formally, we require
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that the number of arrivals in the interval [t1,t2) be Poisson-distributed with mean
fttf A(t)dt and that disjoint intervals be independent. When A(t) is constant, this reduces
to the definition of the ordinary or homogeneous Poisson process.

(a) Show that we can generate arrivals from an inhomogeneous Poisson process in the

interval [t1,t2) using the following procedure.

1. Let Amax be the maximum value of A(t) in the interval [t1,t2). Create a 2D rectangle
[t1,t2) X [0, Amax], and plot the function A(t) in the rectangle.

2. Generate N ~ Pois(Amax(t2 — t1)), and place N points uniformly at random in the
rectangle.

3. For each of the N points: if the point falls below the curve A(t), accept it as an
arrival in the process, and take its horizontal coordinate to be its arrival time. If the
point falls above the curve A(t), reject it.

Hint: Verify that the two conditions in the definition are satisfied.

(b) Suppose we have an inhomogeneous Poisson process with rate function A(t). Let N (¢)
be the number of arrivals up to time ¢ and 7} the time of the jth arrival. Explain why
the hybrid joint PDF of N(t) and T1,...,Tn(), which constitute all the data observed
up to time t, is given by

e Mot N ) - Altn)

| n
n Atotal

f(nste, .o tn) = = e Mol (1) .. A\ (En)

for 0 < t1 < t2 < --- < t, and nonnegative integer n, where Aiota1 = fot Alu)du.
10. A Coz process is a generalization of a Poisson process, where the rate A is a random

variable. That is, A is generated according to some distribution on (0,00) and then,
given that value of A\, a Poisson process with that rate is generated.

(a) Explain intuitively why disjoint intervals in a 1D Cox process are not independent.

(b) In a 1D Cox process where A ~ Gamma(cq,3), find the covariance between the
number of arrivals in [0,¢) and the number of arrivals in [t,¢ + s).

Hint: Condition on A.
11. 1In a Yule process with rate X\, the rate of arrivals increases after each new arrival, so

that the time between the (j — 1)st arrival and the jth arrival is distributed Expo(jA)
for j = 1,2,.... That is, interarrival times are independent but not i.i.d.

(a) Show that the superposition of two independent Yule processes with the same rate
is a Yule process with rate 2\.

(b) Show that if we project the process from Part (a) into discrete time, the resulting
sequence of type-1 and type-2 arrivals is equivalent to the following discrete-time process:

1. Start with two balls in an urn, labeled 1 and 2.

2. Draw a ball out of the urn at random, note its number, and replace it along with
another ball with the same number.

3. Repeat step 2 over and over.

12.  Consider the coupon collector problem: n toy types, collected one by one, sampling with
replacement from the set of toy types each time. We solved this problem in Chapter 4,
assuming that all toy types were equally likely to be collected. Now suppose that at each
stage, the jth toy type is collected with probability p;, where the p; are not necessarily
equal. Let N be the number of toys needed until we have a full set; we wish to find
E(N). This problem outlines an embedding method for calculating E(N).

(a) Suppose that the toys arrive according to a Poisson process with rate 1, so that the
interarrival times between toys are i.i.d. X; ~ Expo(1). For j = 1,...,n, let Y; be the
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waiting time until the first toy of type j. What are the distributions of the Y;? Are the
Y; independent?

(b) Explain why 7' = max (Y1, ..., Ys), the waiting time until all toy types are collected,
can also be written as X1 + - - - + Xn, where the X; are defined as in Part (a). Use this
to show that E(T) = E(N).

(c) Show that E(T"), and hence E(N), can be found by computing the integral

/Ooo (1 — f[l(l - e‘pﬂ“)> dt.

You can use the fact that E(T) = [° P(T > t)dt, which is explored in Exercise 20 from
Chapter 5 and which also follows from writing

/OOOP(T>t)dt:/OOO/tOO f(u)dudt:/ooo £(u) (/Oudt) du:/ooouf(u)du,

where f is the PDF of T'.






Math

A.1 Sets

A set is a Many that allows itself to be thought of as a One.
— Georg Cantor

Amazon should put their cloud in a cloud, so the cloud will have the redundancy
of the cloud.
— @dowens

A set is a collection of objects. The objects can be anything: numbers, people,
cats, courses, even other sets! The language of sets allows us to talk precisely about
events. If S is a set, then the notation x € S indicates that x is an element or
member of the set S (and = ¢ S indicates that = is not in S). We can think of the
set as a club, with precisely defined criteria for membership. For example:

1. {1,3,5,7,...} is the set of all odd numbers;
2. {Worf, Jack, Tobey} is the set of Joe’s cats;

3. [3,7] is the closed interval consisting of all real numbers between 3 and 7;

4. {HH,HT, TH,TT} is the set of all possible outcomes if a coin is flipped
twice (where, for example, HT means the first flip lands Heads and the
second lands Tails).

To describe a set (when it’s tedious or impossible to list out its elements), we can
give a rule that says whether each possible object is or isn’t in the set. For example,
{(z,y) : x and y are real numbers and x?+y? < 1} is the disk in the plane of radius
1, centered at the origin.

A.1.1 The empty set

Bu Fu to Chi Po: “No, no! You have merely painted what is! Anyone can paint
what is; the real secret is to paint what isn’t.”

Chi Po: “But what is there that isn’t?”

— Oscar Mandel [19]

041
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The smallest set, which is both subtle and important, is the empty set, which is the
set that has no elements whatsoever. It is denoted by () or by {}. Make sure not to
confuse () with {#}! The former has no elements, while the latter has one element.
If we visualize the empty set as an empty paper bag, then we can visualize {0} as
a paper bag inside of a paper bag.

A.1.2 Subsets

If A and B are sets, then we say A is a subset of B (and write A C B) if every
element of A is also an element of B. For example, the set of all integers is a subset
of the set of all real numbers. It is always true that () and A itself are subsets of A;
these are the extreme cases for subsets. A general strategy for showing that A C B
is to let  be an arbitrary element of A, and then show that x must also be an
element of B. A general strategy for showing that A = B for two sets A and B is
to show that each is a subset of the other.

A.1.3 Unions, intersections, and complements

The union of two sets A and B, written as A U B, is the set of all objects that are
in A or B (or both). The intersection of A and B, written as AN B, is the set of all
objects that are in both A and B. We say that A and B are disjoint if AN B = (.
For n sets Aq,..., A,, the union A1 UAsU---U A, is the set of all objects that are
in at least one of the A;’s, while the intersection A1 N Ay N ---N A, is the set of all
objects that are in all of the A;’s.

In many applications, all the sets we're working with are subsets of some set S (in
probability, this may be the set of all possible outcomes of some experiment). When
S'is clear from the context, we define the complement of a set A to be the set of all
objects in S that are not in A; this is denoted by A°.

Unions, intersections, and complements can be visualized easily using Venn dia-
grams, such as the one below. The union is the entire shaded region, while the
intersection is the football-shaped region of points that are in both A and B. The
complement of A is all points in the rectangle that are outside of A.

Note that the area of the region A U B is the area of A plus the area of B, minus
the area of AN B (this is a basic form of what is called the inclusion-exclusion
principle).

De Morgan’s laws give an elegant, useful duality between unions and intersec-
tions:
(AJUAsU---UA,) =ATNASN---NAS

(A1NAsn---NA,)=ATUASU---UAS

It is much more important to understand De Morgan’s laws than to memorize them!
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FIGURE A.1
A Venn diagram.

The first law says that not being in at least one of the A; is the same thing as not
being in Ay, nor being in Az, nor being in Az, etc. For example, let A; be the set of
people who like the jth Star Wars prequel (for j € {1,2,3}). Then (A; U Ag U A3)°
is the set of people for whom it is not the case that they like at least one of the
prequels, but that’s the same as A{ N AN AS, the set of people who don’t like The
Phantom Menace, don’t like Attack of the Clones, and don’t like Revenge of the
Sith.

The second law says that not being in all of the A; is the same thing as being
outside at least one of the A;. For example, let the A; be defined as in the previous
paragraph. If it is not the case that you like all of the Star Wars prequels (making
you a member of the set (A1NA2MA3)¢), then there must be at least one prequel that
you don’t like (making you a member of the set AU ASU A§), and vice versa.

Proving the following facts about sets (not just drawing Venn diagrams, though
they are very helpful for building intuition) is good practice:

1. AN B and AN B¢ are disjoint, with (AN B)U (AN B¢) = A.
2. AnB=Aifand onlyif A C B.

3. AC B if and only if B¢ C A°.

A.1.4 Partitions

A collection of subsets A1,..., A, of a set S is a partition of S'if AyU---UA, =S8
and A; N A; =0 for all i # j. In words, a partition is a collection of disjoint subsets
whose union is the entire set. For example, the set of even numbers {0,2,4,...}
and the set of odd numbers {1,3,5,...} form a partition of the set of nonnegative
integers.
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A.1.5 Cardinality

A set may be finite or infinite. If A is a finite set, we write |A| for the number of
elements in A, which is called its size or cardinality. For example, [{2,4,6,8,10}| =5
since there are 5 elements in this set. A very useful fact is that A and B are finite
sets, then

|AUB| = |A|+ |B|] —|AN B|.

This is a form of the inclusion-exclusion result from Chapter 1. It says that to count
how many elements are in the union of A and B, we can add the separate counts
for each, and then adjust for the fact that we have double-counted the elements (if
any) that are in both A and B.

Two sets A and B are said to have the same size or same cardinality if they can be
put into one-to-one correspondence, i.e., if each element of A can be paired up with
exactly one element of B, with no unpaired elements in either set. We say that A is
smaller than B if there is not a one-to-one correspondence between A and B, but
there is a one-to-one correspondence between A and a subset of B.

For example, suppose that we want to count the number of people in a movie theater
with 100 seats. Assume that no one in the theater is standing, and no seat has more
than one person in it. The obvious thing to do is to go around counting people
one by one (though it’s surprisingly easy to miss someone or accidentally count
someone twice). But if every seat is occupied, then a much easier method is to note
that there must be 100 people, since there are 100 seats and there is a one-to-one
correspondence between people and seats. If some seats are empty, then there must
be fewer than 100 people there.

This idea of looking at one-to-one correspondences makes sense both for finite and
for infinite sets. Consider the perfect squares 12, 22,32, .... Galileo pointed out the
paradoxical result that on the one hand it seems like there are fewer perfect squares
than positive integers (since every perfect square is a positive integer, but lots of
positive integers aren’t perfect squares), but on the other hand it seems like these
two sets have the same size since they can be put into one-to-one correspondence:
pair 12 with 1, pair 22 with 2, pair 3% with 3, etc.

The resolution of Galileo’s paradox is to realize that intuitions about finite sets don’t
necessarily carry over to infinite sets. By definition, the set of all perfect squares and
the set of all positive integers do have the same size. Another famous example of
this is Hilbert’s hotel. For any hotel in the real world the number of rooms is finite.
If every room is occupied, there is no way to accommodate more guests, other than
by cramming more people into already occupied rooms.

Now consider an imaginary hotel with an infinite sequence of rooms, numbered
1,2,3,.... Assume that all the rooms are occupied, and that a weary traveler arrives,
looking for a room. Can the hotel give the traveler a room, without leaving any of
the current guests without a room? Yes, one way is to have the guest in room n
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move to room n+ 1, for all n = 1,2, 3,.... This frees up room 1, so the traveler can
stay there.

What if infinitely many travelers arrive at the same time, such that their cardinality
is the same as that of the positive integers (so we can label the travelers as traveler
1, traveler 2, ...)7 The hotel could fit them in one by one by repeating the above
procedure over and over again, but it would take forever (infinitely many moves) to
accommodate everyone, and it would be bad for business to make the current guests
keep moving over and over again. Can the room assignments be updated just once
so that everyone has a room? Yes, one way is to have the guest in room n move to
room to 2n for all n =1,2,3, ..., and then have traveler n move into room 2n — 1.
In this way, the current guests occupy all the even-numbered rooms, and the new
guests occupy all the odd-numbered rooms.

An infinite set is called countably infinite if it has the same cardinality as the set
of all positive integers. A set is called countable if it is finite or countably infinite,
and uncountable otherwise. The mathematician Cantor showed that not all infinite
sets are the same size. In particular, the set of all real numbers is uncountable, as
is any interval in the real line of positive length.

A.1.6 Cartesian product
The Cartesian product of two sets A and B is the set
Ax B={(a,b):a€ Abec B}.

For example, [0,1] x [0,1] is the square {(z,y) : 2,y € [0,1]}, and R x R = R? is
two-dimensional Euclidean space.

A.2 Functions

Let A and B be sets. A function from A to B is a deterministic rule that, given an
element of A as input, provides an element of B as an output. That is, a function
from A to B is a machine that takes an x in A and “maps” it to some y in B. Different
2’s can map to the same y, but each x only maps to one y. Here A is called the
domain and B is called the target. The notation f : A — B says that f is a function
mapping A into B. The range of f is {y € B : f(z) =y for some x € A}.

Of course, we have many familiar examples, such as the function f given by f(x)

22, for all real . It is important to distinguish between f (the function) and f(x
(the value of the function when evaluated at x). That is, f is a rule, while f(x) is
a number for each number x. The function g given by g(z) = e */2 is exactly the
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same as the function g given by g(t) = e ’/2; what matters is the rule, not the
name we use for the input.

A function f from the real line to the real line is continuous if f(x) — f(a) as x — a,
for any value of a. It is called right-continuous if this is true when approaching from
the right, i.e., f(x) = f(a) as * — a while ranging over values with = > a.

In general though, A needn’t consist of numbers, and f needn’t be given by an
explicit formula. For example, let A be the set of all positive-valued, continuous
functions on [0, 1], and f be the rule that takes a function in A as input, and gives
the area under its curve (from 0 to 1) as output.

In probability, it is extremely useful to consider functions whose domains are the set
of all possible outcomes of some experiment. It may be difficult to write down a for-
mula for the function, but it’s still valid as long as it’s defined unambiguously.

A.2.1 One-to-one functions

Let f be a function from A to B. Then f is a one-to-one function if f(z) # f(y)
whenever x # y. That is, any two distinct inputs in A get mapped to two distinct
outputs in B; for each y in B, there can be at most one z in A that maps to it.

Let f be a one-to-one function from A to B, and let C be the range of f (so C is the
subset of B consisting of the elements of B that do get mapped to by an element
of A). Then there is an inverse function f~': C — A, defined by letting f~!(y) be
the unique element = € A such that f(z) = y.

For example, let f(z) = 2 for all real . This is not a one-to-one function since,
for example, f(3) = f(—3). But now assume instead that the domain of f is chosen
to be [0,00), so we are defining f as a function from [0,00) to [0,00). Then f is
one-to-one, and its inverse function is given by f~!(y) = Vy forally € [0,00).

A.2.2 Increasing and decreasing functions

Let f: A — R, where A is a set of real numbers. Then f is an increasing function
if x < y implies f(z) < f(y) (for all x,y € A). Note that these definition allows
there to be regions where f is flat, e.g., the constant function that is equal to 42
everywhere is an increasing function. We say that f is strictly increasing if x <y
implies f(z) < f(y). For example, f : R — R with f(z) = 22 is a strictly increasing
function.

# A.2.1. Some references say “nondecreasing” or “weakly increasing” where we
say “increasing”, and “increasing” where we say “strictly increasing”.

Similarly, f is a decreasing function if z < y implies f(z) > f(y), and is a strictly
decreasing function if x < y implies f(z) > f(y). For example, f : (0,00) — (0, 00)
with f(x) = 1/x is a strictly decreasing function.
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A monotone function is a function that is either increasing or decreasing. A strictly
monotone function is a function that is either strictly increasing or strictly increas-
ing. Note that any strictly monotone function is one-to-one.

A.2.3 Even and odd functions

Let f be a function from R to R. We say f is an even function if f(z) = f(—=x) for
all z, and we say f is an odd function if —f(x) = f(—=x) for all z. If neither of these
conditions is satisfied, then f is neither even nor odd. Figure A.2 shows the graphs
of two even functions and two odd functions.
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Even and odd functions. The graphs on the left are even functions: f(x) = 22 on the
top and f(x) = e*"/2 on the bottom. The graphs on the right are odd functions:
f(z) = 2% on the top and f(z) = ze~"/? on the bottom.

Even and odd functions have nice symmetry properties. The graph of an even func-
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tion remains the same if you reflect it about the vertical axis, and the graph of an
odd function remains the same if you rotate it 180 degrees around the origin.

Even functions have the property that for any a,

e =2 [ fa)de.

assuming the integral exists. This is because the area under the function from —a
to 0 is equal to the area under the function from 0 to a. Odd functions have the
property that for any a,

a

f(z)dz =0,

—a
again assuming the integral exists. This is because the area under the function from
—a to 0 cancels the area under the function from 0 to a.

A.2.4 Convex and concave functions

A function g whose domain is an interval I is convex if

g(pz1 + (1 —p)xa) < pg(z1) + (1 — p)g(x2)

for all 1,29 € I and p € (0,1). Geometrically, this says that if we draw a line
segment connecting two points on the graph of g, then the line segment lies above
the graph of g. If the derivative ¢’ exists, then an equivalent definition is that every
tangent line to the graph of g lies below the graph. If ¢” exists, then an equivalent
definition is that ¢”(z) > 0 for all x € I. An example is shown in Figure A.3. A
simple example is g(x) = 22, whose second derivative is ¢"(z) = 2 > 0.

y = gx)

Y

A

FIGURE A.3
Graph of a convex function g. We have ¢”(z) > 0. Any line segment connecting two
points on the curve lies above the curve. Any tangent line lies below the curve.



Math 549

A function g is concave if —g is convex. If ¢” exists, then g is concave if and only
if ¢"(z) < 0 for all z in the domain. For example, g(x) = log(z) defines a concave
function on (0, c0) since g”(z) = —1/2? < 0 for all x € (0, 0).

A.2.5 Exponential and logarithmic functions

Exponential functions are functions of the form f(z) = a” for some number a > 0.
If @ > 1, the function is increasing, and if 0 < a < 1, the function is decreasing. The
most common exponential function we’ll work with is f(x) = e*, and a very useful
limit result to know is that o
(1 + f) — e’
n

as n — oo, for any real number x. This has an interpretation in terms of a bank
paying compound interest on a deposit: as compounding occurs more and more
times per year, the growth rate approaches exponential growth.

Here are some properties of exponential functions:

1. a®a¥ = a®tv.

2. a®b* = (ab)”.

3. (a®)¥ =a".
The inverse of an exponential function is a logarithmic function: for positive y, log, ¥
is defined to be the number x such that a® = y. Throughout this book, when we

write logy without explicitly specifying the base, we are referring to the natural
logarithm (base e).

Here are some properties of logarithms:

1. log,z +log,y = log, zy.

2. log,x" =nlog, .

log z
loga-

3. log,x =

A.2.6 Floor function and ceiling function

The floor function is defined by letting |x] be the greatest integer less than or
equal to z. That is, it says to round down to an integer. For example, [3.14] = 3,
|—1.3] = —2, and |5] = 5. (Some books denote the floor function by [z] but this
is bad notation since it does not suggest a corresponding notation for the ceiling
function, and since square brackets are also used for other purposes.)

The ceiling function is defined by letting [2] be the smallest integer greater than
or equal to z. For example, [3.14] =4, [-1.3] = —1, and [5]| = 5.
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A.2.7 Factorial function and gamma function

The factorial function takes a positive integer n and returns the product of the
integers from 1 to n, denoted n! and read “n factorial”:

nl=1-2-3...n.

Also, we define 0! = 1. This convention makes sense since if we think of n! as the
number of ways in which n people can line up, there is 1 way for n = 0 (this just
means there is no one there, so the line is empty). It is also very helpful since, for
example, we can then say that n!/(n — 1)! = n for all positive integers n without
running into trouble when n = 1.

The factorial function grows extremely quickly as n grows. A famous, useful ap-
proximation for factorials is Stirling’s formula,

n n
n! =~ VvV2mn (—) .
e

The ratio of the two sides converges to 1 as n — oco. For example, direct calculation
gives 52! ~ 8.066 x 1057, while Stirling’s formula says 52! ~ 8.053 x 1067,

The gamma function I' generalizes the factorial function to positive real numbers;
it is defined by

o0 d
I'(a) = / xaeij, a >0,
0

and has the property that
I'(n)=(n-1)!
for all positive integers n. Also, I'(1/2) = /7.

An important property of the gamma function, which generalizes the fact that
n!l =n-(n— 1)}, is that
I'(a+1) =al'(a)

for all @ > 0. See Chapter 8 for more about the gamma function.

A.3 DMatrices

Neo: What is the Matrix?

Trinity: The answer is out there, Neo, and it’s looking for you, and it will find
you if you want it to.

— The Matriz (film from 1999)
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3 1/e 110
A matrix is a rectangular array of numbers, such as or

2r 1 1 2 3

We say that the dimensions of a matrix are m by n (also written m x n) if it has
m rows and n columns (so the former example is 2 by 2, while the latter is 2 by 3).
The matrix is called square if m = n. If m = 1, we have a row vector; if n = 1, we
have a column vector.

A.3.1 Matrix addition and multiplication

To add two matrices A and B with the same dimensions, just add the corresponding
entries, e.g.,

When we multiply an m by n matrix A by an n by r matrix B, we obtain an
m by r matrix AB; note that matrix multiplication is only well-defined when the
number of columns of A equals the number of rows of B. The row 4, column j entry
of AB is Y _; aikbyj, where a;; and b;; are the row i, column j entries of A and
B, respectively. For example, here is how to multiply a 2 x 3 matrix by a 3 x 1
vector:

7

1 2 3 1-74+2-843-9 50
8 = =

4 5 6 4-74+5-846-9 122
9

Note that AB may not equal BA, even if both are defined. To multiply a matrix A
by a scalar, just multiply each entry by that scalar.

The transpose of a matrix A is the matrix whose row ¢, column j entry is the row j,
column ¢ entry of A. It is denoted by A’ and read as “A transpose” or “A prime”.
The rows of A are the columns of A’, and the columns of A are the rows of A". If A
and B are matrices such that the product AB is defined, then (AB) = B'A’.

a b
The determinant of a 2 by 2 matrix is defined to be ad — bc. Determi-

c d

nants can also be defined for n by n matrices, in a recursive manner not reviewed
here.
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A.3.2 Eigenvalues and eigenvectors

An eigenvalue of an n X n matrix A is a number A such that
Av = Av

for some n x 1 column vector v, where the elements of v are not all zero. The vector
v is called an eigenvector of A, or sometimes a right eigenvector. (A left eigenvector
of A would be a row vector w satisfying wA = Aw for some \.) This definition says
that when A and v are multiplied, v just gets stretched by the constant A.

Some matrices have no real eigenvalues, but the Perron-Frobenius theorem tells us
that in a special case that is of particular interest to us in Chapter 11, eigenvalues
exist and have nice properties. Let A be a square matrix whose entries are nonnega-
tive and whose rows sum to 1. Further assume that for all 4 and j, there exists k& > 1
such that the row i, column j entry of A* is positive. Then the Perron-Frobenius
theorem says that 1 is an eigenvalue of A, 1 is in fact the largest eigenvalue of A,
and there is a corresponding eigenvector whose entries are all positive.

A.4 Difference equations

A difference equation describes a sequence of numbers in a way that involves the
differences between successive numbers in the sequence. For example, the difference
equation

Pit1 — Pi = r(Pi — Di—1)

describes a sequence of numbers p; whose differences a; = p; — p;—1 form a geometric
sequence with common ratio r. In fact, there are many such sequences, so this
difference equation actually describes an entire collection of sequences.

In this section we will describe how to solve equations of the form

Di =D Di+1 +q - Di—1

for some constants p and ¢; the previous equation was a special case of this form.
The first step is to guess a solution of the form p; = z. Plugging this into the above,
we have
o =p- 2t 4 g il

which reduces to x = paz? + q or pz? — x + ¢ = 0. This is called the characteristic
equation, and the solution to the difference equation depends on whether the char-
acteristic equation has one or two distinct roots. If there are two distinct roots 1
and r9, then the solution is of the form

p; = ari + bré
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for some constants a and b. If there is only one distinct root r, then the solution is
of the form

pi = art + bir'.

In our case, the characteristic equation has roots 1 and ¢/p, which are distinct if
p # q and are both equal to 1 if p = q. So we have

a+b<q> , PFQ,
- P

a+ bi, p=q.

Dbi

This is called the general solution of the difference equation, since we have not yet
specified the constants a and b. To get a specific solution, we need to know two
points in the sequence in order to solve for a and b.

A.5 Differential equations

Differential equations are the continuous version of difference equations. A differen-
tial equation uses derivatives to describe a function or collection of functions. For
example, the differential equation

dy _

dzx 3y

describes a collection of functions that have the following property: the instanta-
neous rate of change of the function at any point (x,y) is equal to cy. This is an
example of a separable differential equation because we can separate the x’s and
y’s, putting them on opposite sides of the equation:

d
Y _ 3dr.
)

Now we can integrate both sides, giving logy = 3x + ¢, or equivalently,
y = Ce’,

where C' is any constant. This is called the general solution of the differential equa-
tion, and it tells us that all functions satisfying the differential equation are of the
form y = Ce3* for some C. To get a specific solution, we need to specify one point
on the graph, which allows us to solve for C.

Separable differential equations are a special case. In general, it may not be possible
to rearrange the x’s and y’s to be on opposite sides, so there are additional methods
for solving non-separable differential equations, which we will not review here.
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A.6 Partial derivatives

If you can do ordinary derivatives, you can do partial derivatives: just hold all the
other input variables constant except for the one you’re differentiating with respect
to. For example, let f(z,y) = ysin(x?+y3). Then the partial derivative with respect

to x is 0. y)
z,y 2 3
Il 9
o xycos(z” + y°),
and the partial derivative with respect to y is
of(x, )
f(ayy) — sin(a? + ¢*) + 3y° cos(a? + yP).

The Jacobian of a function which maps (z1,...,z,) to (y1,...,yn) is the n by n
matrix of all possible partial derivatives, given by

8y1 8y1 8:1]1
81‘1 8302 e 8xn
oy
ox
Oyn  Oyn O
(92?1 8$2 e (()I”

A.7 Multiple integrals

If you can do single integrals, you can do multiple integrals: just do more than one
integral, holding variables other than the current variable of integration constant.

For example,
1 Yy 1 Y
/ / (z —y)dady = / / (2% — 2zy + y*)dxdy
o Jo 0o Jo
1

Y
=/ (23/3 — 2y + 2y?)| dy
0

0

1
= /0 (v3/3 — y* + y*)dy
1
12

A.7.1 Change of order of integration

We can also integrate in the other order, dydz rather than dzdy, as long as we are
careful about the limits of integration. Since we’re integrating over all (z,y) with x
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and y between 0 and 1 such that x < y, to integrate the other way we write

1,1 1,1
//(ac—y)Qdydx:/ / (2% — 2zy + y?)dydx
0 T 0 Jx

1

1
= / (a%y — 2y* +4°/3)

dx
0

x
1
:/ (22 —x+1/3— 23+ 2% —23/3)dx
0

1

<m3/3 —2?/242/3 - ﬁ)
1

12°

0

A.7.2 Change of variables

In making a change of variables with multiple integrals, a Jacobian is needed. Let’s
state the two-dimensional version, for concreteness. Suppose we make a change of
variables (transformation) from (z,y) to (u,v), say with z = g(u,v),y = h(u,v).

Then
[ [ stos = [ [ stataorntuon 520

over the appropriate limits of integration, where ‘ggzg; ‘ is the absolute value of the

dudv,

determinant of the Jacobian. We assume that the partial derivatives exist and are
continuous, and that the determinant is nonzero.

For example, let’s find the area of a circle of radius 1. To find the area of a region,
we just need to integrate 1 over that region (so any difficulty comes from the limits
of integration; the function we're integrating is just the constant 1). So the area

is
1 IS 1

// ldxdy :/ / ldxdy = 2/ V1 —1y2dy.
1 )yi=p 1

x24y2<1

Note that the limits for the inner variable (x) of the double integral can depend on
the outer variable (y), while the outer limits are constants. The last integral can be
done with a trigonometric substitution, but instead let’s simplify the problem by
transforming to polar coordinates: let

xr=rcosf,y=rsinb,

where 7 is the distance from (z,y) to the origin and 6 € [0,27) is the angle. The
Jacobian matrix of this transformation is
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d(z,y) cosf —rsind

sinf rcosf,

so the absolute value of the determinant is r(cos? @ + sin?@) = r. That is, dzdy
becomes rdrdf. So the area of the circle is

27 1 27 1
/ / rdrdf = / —df = .
0 0 0
2

For a circle of radius r, it follows immediately that the area is 7r® since we can
imagine converting our units of measurement to the unit for which the radius is
1.

This may seem like a lot of work just to get such a familiar result, but it served as
illustration and with similar methods, we can get the volume of a ball in any number
of dimensions! It turns out that the volume of a ball of radius 1 in n dimensions is

%, where T' is the gamma function (see Section A.2.7).

A.8 Sums

“So you’ve got to the end of our race-course?” said the Tortoise. “Even though it
does consist of an infinite series of distances? I thought some wiseacre or another
had proved that the thing couldn’t be done?”

“It can be done,” said Achilles; “It has been done! Solvitur ambulando. You see,
the distances were constantly diminishing.”

— Lewis Carroll [3]

There are several kinds of sums that come up frequently in probability.

A.8.1 Geometric series

A series of the form ) 7 ;2" is called a geometric series. For |x| < 1, we have

o
E " =
n=0

The series diverges if |z| > 1. A series of the same form except with finitely many
terms is called a finite geometric series. For x # 1 the sum is

1 — gt
Zaz 0
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A.8.2 Taylor series for e”

The Taylor series for e* is

oo :L‘n

g — =¢%, for all x.
n!

n=0

A.8.3 Harmonic series and other sums with a fixed exponent

It is also useful to know that >~ 1/n¢ converges for ¢ > 1 and diverges for ¢ < 1.
For ¢ = 1, this is called the harmonic series. The sum of the first n terms of the
harmonic series can be approximated using

n

1
EE ~ log(n) +

k=1

for n large, where v ~ 0.577.

The sum of the first n positive integers is
n
Y k=n(n+1)/2.
k=1
For squares of integers, we have

n
> kK =n(n+1)(2n+1)/6.
k=1
For cubes of integers, amazingly, the sum is the square of the sum of the first n
positive integers! That is,

i k3 = (n(n+1)/2)2
k=1

A.8.4 Binomial theorem

The binomial theorem states that

n
n __ n k n—k
@iy =3 (1),
k=0
where (Z) is a binomial coefficient, defined as the number of ways to choose k objects

out of n, with order not mattering. An explicit formula for (Z) in terms of factorials

IS ()=

A proof of the binomial theorem is given in Example 1.4.17.
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A.9 Pattern recognition

Much of math and statistics is really about pattern recognition: seeing the essential
structure of a problem, recognizing when one problem is essentially the same as
another problem (just in a different guise), noticing symmetry, and so on. We will
see many examples of this kind of thinking in this book. For example, suppose we
have the series )7, eFe= \F /K1, with A a positive constant. The e~ can be taken
out from the sum, and then the structure of the series exactly matches up with the
structure of the Taylor series for e®. Therefore

k=0

— t_
A )\e :e)\(e 1)’

valid for all real ¢.

Similarly, suppose we want the Taylor series for 1/(1—2?) about = = 0. It would be
tedious to start taking derivatives of this function. Instead, note that this function
is reminiscent of the result of summing a geometric series. Therefore

1—:63 ngn

valid for |#3| < 1 (which is equivalent to |z| < 1). What matters is the structure,
not what names we use for variables!

A.10 Common sense and checking answers

It is very easy to make mistakes in probability, so checking answers is especially
important. Some useful strategies for checking answers are (a) seeing whether the
answer makes sense intuitively (though as we have often seen in this book, probabil-
ity has many results that seem counterintuitive at first), (b) making sure the answer
isn’t a category error or a case of a biohazard, (c) trying out simple examples, (d)
trying out extreme examples, and (e) looking for alternative methods to solve the
problem (including methods that might only give a bound or approximation, such
as using an inequality from Chapter 10 or running a simulation).

For example, here are some wrong arguments where the claim defies common sense.
These illustrate the importance of doing sanity checks.

1.
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This makes no sense intuitively, since 1/22 is a positive quantity; it would
be a miracle if its integral were negative!

2. “Let us find [ %dw using integration by parts. Let u = 1/z, dv = dx. Then

1 1
/dzzuv—/vdu:1+/€d:p:1+/d:m
x x x

which implies 0 = 1 since we can cancel out f %dm from both sides.”

3. What is wrong with the following “proof” that all horses are the same
color? (This example is due to George Pdlya.) “Let n be the number of
horses, and use induction on n to “prove” that in every group of n horses,
all the horses have the same color. For the base case n = 1, there is only
one horse, which clearly must be its own color. Now assume the claim is
true for n = k, and show that it is true for n = k + 1. Consider a group of
k + 1 horses. Excluding the oldest horse, we have k horses, which by the
inductive hypothesis must all be the same color. Excluding the youngest
horse, we have k horses, which again by the inductive hypothesis must
have the same color. Thus, all the horses have the same color.”

4. “There are 19 integers between 12 and 31 (inclusive) since 31 — 12 = 19.
More generally, there are m —n numbers in the list n,n+1,...,m if n and
m are integers with m > n.” Such off-by-one errors are very common in
math and programming, but they can easily be avoided by checking simple
and extreme cases, e.g., there are 10 integers from 1 to 10 (inclusive) even
though 10 — 1 =9.






B.1 Vectors

Command

What it does

c(1,1,0,2.7,3.1)

1:100
(1:100)"3
rep(0,50)

seq(0,99,3)
v[5]
v[-5]
v[c(3,1,4)]
v [v>2]
which(v>2)
which(v==7)
min(v)
max (v)
which.max(v)
sum(v)
cumsum (v)
prod(v)
rank(v)
length(v)
sort (v)
unique (v)
tabulate(v)
table(v)
c(v,w)
union(v,w)
intersect(v,w)
VW

VW

creates the vector (1,1,0,2.7,3.1)
creates the vector (1,2,...,100)
creates the vector (1%,23,...,100%)
creates the vector (0,0,...,0) of length 50
creates the vector (0,3,6,9,...,99)
5th entry of vector v (index starts at 1)
all but the 5th entry of v
3rd, 1st, 4th entries of vector v
entries of v that exceed 2
indices of v such that entry exceeds 2
indices of v such that entry equals 7
minimum of v
maximum of v
indices where max(v) is achieved
sum of the entries in v
cumulative sums of the entries in v
product of the entries in v
ranks of the entries in v
length of vector v
sorts vector v (in increasing order)
lists each element of v once, without duplicates
tallies how many times each element of v occurs
same as tabulate(v), except in table format
concatenates vectors v and w
union of v and w as sets
intersection of v and w as sets
adds v and w entrywise (recycling if needed)

multiplies v and w entrywise (recycling if needed)
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B.2 Matrices

Command What it does
matrix(c(1,3,5,7), nrow=2, ncol=2) creates the matrix (; i)
dim(A) gives the dimensions of matrix A
diag(A) extracts the diagonal of matrix A
diag(c(1,7)) creates the diagonal matrix (é (7)>
rbind (u,v,w) binds vectors u, v, w into a matrix, as rows
cbind (u,v,w) binds vectors u, v, w into a matrix, as columns
t(4) transpose of matrix A
A[2,3] row 2, column 3 entry of matrix A
Al2,] row 2 of matrix A (as a vector)
AL,3] column 3 of matrix A (as a vector)
Alc(1,3),c(2,4)] submatrix of A, keeping rows 1,3 and columns 2,4
rowSums (A) row sums of matrix A
rowMeans (A) row averages of matrix A
colSums (A) column averages of matrix A
colMeans(A) column means of matrix A
eigen(A) eigenvalues and eigenvectors of matrix A
solve(4) A1
solve(A,b) solves Ax = b for x (where b is a column vector)
A *% B matrix multiplication AB

AYh k matrix power A" (using expm package)
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B.3 Math
Command What it does
abs (x) ||
exp(x) e’
log(x) log(n)
log(x,b) log, (n)
sqrt (x) VT
floor(x) Ed
ceiling(x) ]—x-\
factorial(n) n!
1lfactorial(n) log(n!) (helps prevent overflow)
gamma (a) I'(a)
lgamma(a) log(I'(a)) (helps prevent overflow)
choose(n,k) binomial coefficient (Z)
pbirthday (k) solves birthday problem for k£ people

if (x>0) x"2 else x73
f <- function(x) exp(-x)
integrate(f, lower=0, upper=Inf)
optimize (f,lower=0,upper=5,maximum=TRUE)

uniroot(f, lower=0, upper=5)

z? if £ > 0, 2% otherwise (piecewise)
defines the function f by f(z) =e™°
finds [ f(x)de numerically
maximizes f numerically on [0, 5]

searches numerically for a zero of f in [0, 5]

B.4 Sampling and simulation

Command What it does
sample(7) random permutation of 1,2,...,7
sample (52,5) picks 5 times from 1,2,...,52 (don’t replace)
sample(letters,5) picks 5 random letters of the alphabet (don’t replace)

sample(3,5,replace=TRUE, prob=p)

replicate (1074, experiment)

picks 5 times from 1, 2,3 with probabilities p (replace)

simulates 10* runs of experiment
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B.5 Plotting

Command What it does
curve(f, from=a, to=b) graphs the function f from a to b
plot(x,y) creates scatter plot of the points (x;,y;)
plot(x,y,type="1") creates line plot of the points (xs,y:)
points(x,y) adds the points (z;,y;) to the plot
lines(x,y) adds line segments through the (z;,y;) to the plot
abline(a,b) adds the line with intercept a, slope b to the plot
hist(x, breaks=b, col="blue") blue histogram of the values in x, with b bins suggested
par (new=TRUE) tells R not to clear the palette when we make our next plot
par (mfrow=c(1,2)) tells R we want 2 side-by-side plots (a 1 by 2 array of plots)

B.6 Programming

Command What it does
x <- pi sets x equal to 7
x>3 && x<5 Is x > 3 and z < 57 (TRUE/FALSE)
x>3 || x<5 Is > 3 or x < 57 (TRUE/FALSE)
if (n>3) x <- x+1 adds 1 to z if n > 3
if (n==0) x <- x+1 else x <- x+2 adds 1 to z if n = 0, else adds 2

v<-rep(0,50); for (k in 1:50) v[k]l<-pbirthday(k) solves birthday problem up to 50 people

B.7 Summary statistics

Command What it does
mean (v) sample mean of vector v
var (v) sample variance of vector v
sd(v) sample standard deviation of vector v
median(v) sample median of vector v
summary (v) min, 1st quartile, median, mean, 3rd quartile, max of v
quantile(v,p) pth sample quantile of vector v
cov(v,w) sample covariance of vectors v and w

cor(v,w) sample correlation of vectors v and w
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B.8 Distributions

Command

What it does

help(distributions)
dbinom(k,n,p)
pbinom(x,n,p)
gbinom(a,n,p)
rbinom(r,n,p)
dgeom(k,p)
dhyper (k,w,b,n)
dnbinom(k,r,p)
dpois(k,r)
dbeta(x,a,b)
dcauchy (x)
dchisq(x,n)
dexp(x,b)
dgamma (x,a,r)
dlnorm(x,m,s)
dnorm(x,m,s)
dt(x,n)
dunif (x,a,b)

shows documentation on distributions
PMF P(X =k) for X ~ Bin(n,p)
CDF P(X < z) for X ~ Bin(n,p)
quantile min{z : P(X < z) > a} for X ~ Bin(n,p)
vector of r i.i.d. Bin(n,p) r.v.s
PMF P(X = k) for X ~ Geom(p)
PMF P(X = k) for X ~ HGeom(w, b,n)
PMF P(X = k) for X ~ NBin(r,p)
PMF P(X = k) for X ~ Pois(r)
PDF f(x) for X ~ Beta(a,b)
PDF f(x) for X ~ Cauchy
PDF f(z) for X ~ x2
PDF f(xz) for X ~ Expo(b)
PDF f(x) for X ~ Gamma(a,r)
PDF f(z) for X ~ LN (m,s?)
PDF f(x) for X ~ N(m,s?)
PDF f(z) for X ~ t,
PDF f(x) for X ~ Unif(a,b)

There are commands that are completely analogous to pbinom, gbinom, and rbinom
for the other distributions appearing in the above table. For example, pnorm, qnorm,
and rnorm can be used to get the CDF, the quantiles, and random generation for
the Normal (note that the mean and standard deviation need to be provided as the
parameters, rather than the mean and variance).

For the Multinomial, dmultinom can be used for calculating the joint PMF and
rmultinom can be used for generating random vectors. For the Multivariate Normal,
after installing and loading the mvtnorm package dmvnorm can be used for calculating
the joint PDF and rmvnorm can be used for generating random vectors.






C

Table of distributions

Name Param. PMF or PDF Mean Variance
Bernoulli P P(X=1)=p,P(X=0)=g¢q P Pq
Binomial n,p (D)pEqnk, for k € {0,1,...,n} np npq

FS P pgt~t, for ke {1,2,...} 1/p q/p?
Geom D pq*, for k€{0,1,2,...} q/p q/p?
NBinom r,p (Ttﬁzl)prq”, ne{0,1,2,...} rq/p rq/p?
HGeom w,b,n (1’:()155%’“), for k € {0,1,...,n} n= 2 (Z}ig:’f)n%(l )
Poisson A e}:f‘k, for k € {0,1,2,...} A A
Uniform a<b 7, for z € (a,b) ath (bz;)z
Normal w0 ﬁe_(w_“)rz/(%rz) I o?
Log-Normal  p,0? ﬁe—(logr—u)Q/(202)7 x>0 g = erto’/2 02(e”” — 1)
Expo A e for x>0 1/A 1/A2
Gamma a, A (a)~'(\z)%e 2L, for z >0 a/A a/\?
Beta a,b %x‘kl(l —z)hfor0<z<1l  p= % Z(il;f‘l)
Chi-Square n mx"m_leﬂ”ﬂ, for z >0 n 2n
Student-¢ n %(1 + 22 /)~ (n+1)/2 0ifn>1 “Loifn > 2
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