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Preface

This book was written at the Department of Mathematics, Humboldt-
University of Berlin, Unter den Linden 6, D-10099 Berlin, Germany.

In this monograph, we discuss iterative splitting methods for evolution
equations. The evolution equations we consider are systems of parabolic
and hyperbolic equations. We focus on convection-diffusion-reaction equa-
tions, heat equations, and wave equations, which are used in the modelling of
transport-reaction, heat transfer, and elastic wave propagation.

Iterative splitting methods can be classified as decomposition methods in
time and space. Here, we propose efficient iterative splitting methods, with re-
spect to the time and space scales of the discretized operators in the equation.
The main advantage of our methods is the efficient usage of computational
and memory resources because of the simplification that results from decou-
pling the equations. We also propose higher-order splitting methods, such that
the splitting error is negligible compared to the time and space discretization
errors. Real-life applications benefit from the iterative splitting methods pre-
sented in this book, because the physics is preserved and all operators appear
in the decoupled equations, such that each substep presents the solution of
the full coupled system.

In the theoretical part of the book (Chapter 2), the main theorems and
main results of the stability and consistency analysis are discussed for ordi-
nary differential equations. The extensions (Chapter 3) of the iterative split-
ting methods to partial differential equations are discussed and enlarged for
the theoretical ideas to spatial- and time-dependent differential equations. In
the practical part of the book (Chapter 4), the application of the methods
to artificial and real-life problems is presented, together with the benefits of
equation decomposition. Finally, conclusions and underlying software pack-
ages are discussed (Chapter 5, 6).

This work has been accomplished with and supported by many colleagues
and co-workers and I would like to thank them all.

First, I am grateful to my colleagues and co-workers at the Humboldt-
University of Berlin for their fruitful discussions and ideas. In particular, I
wish to thank Prof. C. Carstensen, Prof. T. Friedrich, Prof. A. Griewank
and Prof. A. Mielke, PhD student M. Arab and student assistants F. Krien,
T. Zacher, and R. Rohle for their support and ideas. I would like to thank
L. Noack for programming FIDOS software and J. Gedicke for programming
OPERA-Splitt software and their help in the numerical experiments. Fur-
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ther, I would like to thank Prof. G. Tanoglu, Department of Mathematics,
IYTE Campus, Urla, Izmir, Turkey and Dr. R. Steijl, School of Engineer-
ing, University of Liverpool, UK for their discussions and help in numerical
experiments.

Furthermore, I would like to thank the Federal Ministry of Education and
Research (BMBF), which support and fund my works.

My special thanks go to my wife Andrea and my daughter Lilli, who have
always supported and encouraged me.

Berlin, December 2010 Jirgen Geiser
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Introduction

In this book, we describe the theoretical and practical aspects of iterative
splitting methods, used as decomposition methods in time and space for evo-
lution equations. The decomposition methods are discussed with respect to
their effectiveness, simplicity, stability, and consistency, and their capability
of solving problems in real-life applications.

Theoretical aspects, such as the consistency of the methods in analyzing
the local splitting error, are presented as well as techniques used in the under-
lying proof. The possibility of applying splitting methods to stiff and nonlinear
differential equations are discussed as extensions. Often such problems occur
in multiphysics or multiscale problems, where different equations or different
time scales have to be handled simultaneously.

Some multiphysics problems are presented in their practical aspects. Here
different physical behaviors are represented by simpler decoupled models. The
models are related to real-life problems and are motivated by original projects
studied in the past.

The decomposition is described in relation to the question of how to de-
couple the problems efficiently without losing their physical correctness. The
aim is to solve the simpler parts with respect to their temporal and spatial
behaviors, so that the implementation is easier based on the underlying solver
methods.

We put forward the following propositions as contributions made in our
present work.

e Counsistency and stability results for linear operators (given in ordinary
differential or spatially discretized partial differential equations),

e Acceleration of solver processes by decoupling of the full equation into
simpler equations,

e Effectiveness of decomposed methods with respect to computational
time and memory,

e Theory that is based on standard splitting analysis and can be simply
extended to more general cases, e.g., time dependent and spatial depen-
dent,

e Embedding of higher-order time discretization methods in decoupled
equations,
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e Applications in computational sciences, e.g., flow problems, elastic wave
propagation, and heat transfer,

e Splitting method can also be used to couple equations, for example
partial and ordinary differential equations or continuum and discrete
model equations.

The work presented in the next chapters focuses first on the types of mul-
tiphysics problems in which our methods are used. We then discuss in detail
our decomposition method, followed by an analysis of the stability and consis-
tency of the proposed decomposition methods. Finally, we end with numerical
results from our model problems.

Two of our main contributions to decomposition methods are the attain-
ment of higher-order accuracy and the incorporation of coupling techniques
in solving real-life problems.

First, we present the modeling of selected multiphysics problems. We
describe the underlying characteristics of the various parts of the equations
and their spatio-temporal behavior. This knowledge allows us to design special
decoupling methods and to respect the underlying conservation of physical
properties, see also applications in [124].

In subsequent chapters, we describe the decomposition methods used to
decouple equations, which can be analyzed separately. We assume semi-
discretization of the evolution equations to give bounded operators. An ex-
tension to unbounded operators is also discussed.

As a benefit of analyzing each equation separately, the time and space
decomposition methods can be adapted to obtain the best discretization and
solver method for each individual decomposed problem. Large problems are
reduced to simpler and efficiently solvable partial problems either in space and
time.

For the application of decomposition methods, an intensive study of
various fields of application is presented. Here, we discuss time and space
discretizations as well as the foundation of splitting methods in time, e.g.,
operator splitting methods, or in space, e.g., Schwarz decomposition methods.

We use the fact that decomposition methods give benefits in decoupling
the appropriate operators with respect to their physical and mathematical
behavior, see [69], [106]. For the decomposition, we discuss the scales of each
operator and collocate the operators with respect to these scales.

By decoupling the equations, the underlying splitting error can be reduced
by higher-order splitting methods, see [96]. Furthermore the discretization
methods in time and space influence the order of convergence of the underlying
schemes and therefore a higher-order method is necessary for decomposition
methods and also discretization methods.

Based on this assumption, we propose for time discretizations higher-order
Runge-Kutta methods or BDF methods, and for spatial discretizations higher-
order finite volume or finite difference methods, as well as mixed discretization
methods with embedded local analytical or semi analytical solutions.
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To reveal the advantages over classical time-splitting methods, we explain
our new proposed iterative operator splitting method, in terms of accuracy and
simplicity of implementation in realistic problems. The improvement of such
methods as higher-order methods is discussed in the form of the underlying
analysis of the iterative operator splitting method.

In the next step, the extension to partial differential equations is discussed
as a further application of iterative operator splitting methods. Due to their
spatially discretized nature, in looking at ordinary differential equations and
assume to obtain boundable operators, we can consider their stability and
consistency analysis to be embedded in the theory of the splitting methods of
bounded operators.

Therefore, a closed error analysis of iterative operator splitting methods
can be presented for the evolution equation with respect to its stiffness, spatial
behavior, and nonlinearity. Overall, the new iterative operator splitting meth-
ods are excellent decomposition methods for obtaining higher-order methods
and can also be extended to nonlinear and spatial splitting methods, see [87],
[114] and, [168].

The content of this book is divided into six chapters and covers a wide
range of theoretical and practical issues arising from multiphysics and multi-
scale problems.

Chapter 1 introduces the basic concepts of this book.

In Chapter 2, we discuss the decomposition and discretization methods.
Here we present the main theorems of the analysis to the splitting meth-
ods. We start from standard sequential splitting methods to iterative splitting
methods and present their underlying consistency and stability results. The
derivation to achieve higher-order splitting methods with respect to the un-
derlying splitting steps is presented. We extend the decomposition concepts
based on underlying time integration and time discretization methods to apply
the iterative schemes to numerical methods. Examples with Runge-Kutta and
BDF methods are motivated. As a main goal we embed the iterative split-
ting method to multistep methods and apply them to systems of ordinary
differential equations.

In Chapter 3, we describe the extension of decomposition methods to spa-
tially discretized partial differential equations. The operator splitting methods
are discussed with respect to the underlying operators and their restrictions to
boundedness. Recent results on the contributions of these methods to stabil-
ity and consistency analysis are taken into account. Moreover, the theory of
iterative operator splitting methods is described and the connection to other
splitting methods, such as sequential splitting methods, is presented. Here, we
present the flexibility of iterative splitting methods to other classes of prob-
lems. The analysis can also be extended to such problems, see for example
[92], [93], [105].

In Chapter 4, we present the application of our methods for numerical
problems. In the first part of the chapter, we discuss the verification and
benchmarks of decomposition methods. Here we discuss all algorithms of the
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splitting methods presented with their underlying discretization and solver
methods. We present step-by-step benchmark problems for ordinary and par-
tial differential equations to see the benefit of the splitting idea. The discussion
is held with respect to standard splitting schemes and computational benefits.
Extensions to time-dependent and nonlinear problems are given and allow the
application of iterative splitting schemes to be widened.

In the second part of the chapter, we present real-life problems in physical
and engineering applications. The first real-life problems involve transport-
reaction processes in a radioactive waste disposal scenario. The simulations
show results on the contamination of the underlying rock. A second problem
is given as an elastic wave propagation model, where our schemes are applied
to hyperbolic problems. In such a model, we simulate simple earthquakes and
obtain results on the strength of the ground forces, see [37] and [38]. In a
third application, we deal with a transport and reaction model that simulates
the deposition processes in a CVD (chemical vapor deposition) apparatus.
Here, we optimize the homogeneous deposition rates on targets, [101]. Our
last application deals with coupled Navier-Stokes and Molecular Dynamics. In
such applications, we use the iterative splitting scheme as a coupling method.
We present the benefits of computations with molecular dynamics extensions
of Navier-Stokes equations.

Our results are computed with various software tools including
MATLAB®, R3T (a software product developed at the University of Hei-
delberg, Germany), and FIDOS (a software tool based on MATLABY  devel-
oped at the Humboldt-University of Berlin, Germany) and a special software
code based on coupling MD and Navier-Stokes equations (a software product
developed by Dr. Rene Steijl, School of Engineering, University of Liverpool,
UK).

In Chapter 5 we summarize the results of the book and propose some
future work.

In Chapter 6 we discuss the underlying Software Tools.

The Appendix lists some notation with our abbreviations, a bibliography,
and an index.
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Outline of the Book

The book is organized in two parts: a theoretical section and an applica-
tion section. It can be read starting with the theoretical part (Chapter 2) or
the application part (Chapter 4). The introductory chapter (Chapter 1) is
necessary for an understanding of the basic models and concepts. The exten-
sion part (Chapter 3) can be read as a supplement to get an overview of other
fields of application. In Figure 1, the outline of the chapters is illustrated
graphically.
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Chapter 1

Model Problems

In this chapter, we introduce related model problems that can be solved with
the splitting methods proposed in our thesis.

In various applications in materials physics, geosciences, and chemical en-
gineering, the simulations of multiphysics problems are very important for
predicting quantitative and qualitative behavior and can reduce the number
of expensive real-life experiments, see [6] and [162].

For multiphysics problems, we discuss models that are based on different
physical processes, e.g., flow, reaction and, retardation processes, which occur
over various temporal and spatial scales.

Because of the complicated physical processes and large systems of equa-
tions, an enormous increase in the performance of simulation programs is
necessary and highly complex algorithms are needed for fast computations.

The mathematical models of multiphysics problems usually consist of cou-
pled differential equations. Furthermore, we deal with ordinary differential
equations if we concentrate only on the time variable, e.g., chemical pro-
cesses, or we extend to partial differential equations if we consider time and
spatial variables, e.g., transport processes. At the very least, we describe the
underlying physical behavior of the processes with simplified models given in
the literature, e.g., [5], [18], and [162]. The most relevant problems cannot be
solved analytically and so numerical solutions are necessary.

Based on the physical behavior, the numerical methods can be developed
in such a manner that the physical laws are conserved.

We will concentrate on multiphysics problems based on linear and nonlin-
ear systems of coupled parabolic or hyperbolic equations. We assume that if
we mix both types (parabolic and hyperbolic) in coupled systems of equations,
the systems have characteristics that are at least parabolic.

The questions we address in this thesis about the model problems are:

e How can we decouple the systems of equations into simpler equations
while conserving the physical behavior and minimizing the decoupling

error ?

e How can we accelerate the solver process for solving the simpler equa-
tions 7

e How can we obtain higher accuracy with the splitting methods.
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e How can we couple different physical processes while respecting their
underlying physical properties, e.g., continuous and discrete problems 7

In the next sections, we discuss some multiphysics problems.

1.1 Related Models for Decomposition

We will concentrate on a family of multiphysics problems related to flow
and reaction phenomena. On the one hand, the flow problems can be decou-
pled into convection, diffusion, and wave-propagation problems, see [17], [18],
[27], [41], [46] and [51], while on the other hand, the reaction problems are
often ordinary differential equations that can be solved efliciently by explicit
or analytical methods, see [122] and [106].

For such relations, we assume at the beginning that we can explicitly
consider terms that correspond to flow or reaction processes, see [133] and
[149].

Mathematically, we consider a system of equations with operators related
to flow or reaction processes. Such a classification helps to produce a decou-
pled system.

The same idea of finding adequate operators in the model equations is
applied when we deal with applications to transport reaction, heat, and flow
processes in geophysics, material sciences, and other fields.

The discussion is more abstract if we start with a semi discretized system
and end with one operator that contains all the behavior of the equations.
Here, we refer to the solver methods, that describe the behavior of eigenvalues,
simplified decompositions based on matrices (outer-diagonal and diagonal),
see [8], [119], [188], and [146]. Such ideas can help decompose the operators
into simpler matrices before applying our proposed splitting methods.

Furthermore, the problem can be discussed for weakly and strongly coupled
equations. We assume that strongly coupled equations are systems that can
only be solved by increasing the order of the system of equations, otherwise
iterative schemes are very slow and decoupling into simpler parts can only be
done subject to restrictions, see [24]. Meanwhile weakly coupled equations
can be solved and decoupled into simpler equations, see the ideas in [24].
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1.2 Examples in Real-Life Applications

The next problems are selected so as to apply our decomposition methods
and to illustrate the effect of our equation splitting ideas, see [69], [71], [94],
[105], [106], [101], [108], and [109].

In general, the motivation comes from predicting the effect of physical
parameters in a model that corresponds to a real-life experiment.

The following points are discussed in the experiments:

e Obtaining parameters of the models used in order to reduce the number
of real-life experiments.

e The given model can be solved more simply by using splitting methods.

e Multiphysics problems can be decomposed into simpler physical
problems.

The models proposed next are discussed in the literature and numerical
results are discussed in Chapter 6.

1.2.1 Waste Disposal

In the first model, we simulate the waste disposal of radioactive waste in
a salt dome.

The motivation arose from predicting the possible contamination in a given
waste scenario in the surface layer near the disposal area.

Therefore, the following conditions must be fulfilled:

e A model problem must be realistic but solvable as a decomposition prob-
lem.

e Results of delicate geometries should be obtained within a week.

e Many simulations with various parameters of diffusion, sorption, etc.,
should be performed.

Because of real-life experiments and associated laboratory tests being ex-
pensive, some geoscientists proposed a simulatable model, which is discussed
as follows.

The salt dome is surrounded by a large, heterogeneous overlaying rock
layer.
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Figure 1.1 presents the physical circumstances of waste disposal as given
in the task.

biosphere

//
e
e

Y W‘Ir
Sa > 7 |

overburden rock

300m

salt dome

e

storage location

FIGURE 1.1: Schematic overview of waste disposal, cf. [21].

One potential scenario involves pooled groundwater being located in the
possible extraction pathway for waste disposal and in contact with the ra-
dioactive waste.

The overlaying rock causes high pressure and motion of the salt dome,
which in turn expels contaminated water from the salt dome. The contami-
nated water is then used as a time-dependent source of radionucleides in the
groundwater flow.

The radionucleides are transported via groundwater and we neglect the
mass of expelled water compared with the water flowing in the groundwater.
For reactive processes, we incorporate radioactive decay, which accounts for
the transfer of a radionucleide in the corresponding product nucleide, and
adsorption, which accounts for exchange in several abidance areas with mobile
or immobile phases, see [68].

The modeling for this case is done in [18], [32], [59] and, [150]. Based on
the physical model, we derive the mathematical models.

For the sake of simplicity, we describe a model of equilibrium sorption.
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This model is studied in various directions and we explain the model in [68].
The phases of the contaminants are presented in the mobile, immobile, sorp-
tion, and immobile sorption phases, cf. [68].

The model equations are given by:

¢ at Rl U; + V- (vui — DVul) = —¢ Ri )\lul (11)
+ Z ¢ Ry Apup + Q;, in Q x [0,T7,
k=k()
1—¢
Ue(s) = Zui, R, =1+ ( p )P K (ues)),

with i=1,..., M,

where u; is the i-th concentration, R; is the i-th retardation factor, A; is the
i-th decay constant, and v is the velocity field, which is computed by another
program package, e.g., D3F program package, see [58], or is given a priori.
Qi is the i-th source term, ¢ is the porosity, c.;) is the sum of all isotope
concentrations of the element e, and K is a function of the isotherms, see [68].
M is the number of radioactive contaminants, the domain is given as Q C R?,
d=2,3and T € R" is the end time. Boundary conditions are Neumann and
outflow boundary conditions; more details are discussed in Section 6.5 and
[68].

Remark 1.1. For this model, we propose the decomposition of flow and
reaction processes, which are given on different time scales, and we are free
to accelerate the solving process.

1.2.2 Elastic Wave Propagation

In the second model, we simulate the propagation of elastic waves produced
by earthquakes.

Here, the motivation arises from predicting possible earthquake formation
in a given scenario of earthquakes about the center.

Therefore, the following conditions must be fulfilled:

e A realistic model problem has to consider a singular forcing term.

o Geometries should be in 2D and 3D in order to consider the anisotropic
behavior of the earth layers.

e Numerical experiments can be done with physical parameters.

Earthquake simulations motivate the study of elastic wave propagation.
Realistic earthquake sources and a complex 3D earth structure are immensely
important for understanding earthquake formation. A fundamental model
of ground motion in urban sedimentary basins is studied and 3D software
packages are developed, see [37] and [38]. Numerical simulations of wave
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propagation can be performed in two and three dimensions to give models
sufficient realism (e.g., three-dimensional geology, propagating sources, and
frequencies approaching 1 Hz) to be of engineering interest. Before numerical
simulations can be applied in the context of engineering studies or a seismic
hazard analysis, the numerical methods and models associated with them
must be thoroughly validated.

Here, splitting methods are of enormous interest in order to reduce the
computational time and to decouple the problem into simpler and solvable
problems.

For such a real-life application, we will consider higher-order splitting
methods and perform 3D simulations of simpler earthquake models to test
the accuracy of the equation splitting methods as well as the conservation of
physical quantities — see the results in Chapter 6.

In the following, we describe the model, which includes the physical pa-
rameters of the underlying domains in which the earthquake is formed.

We present the model problem as an elastic wave equation with constant
coefficients in the following notation.

pOuU = pNV2U+ A+ )V(V-U)+f, inQx[0,7T], (1.2)
U(z,0) = go(z), onQ, (1.3)
U (xz,0) = gi(x), on (1.4)
U(z,t) = h(z,t),on o x [0,T], (1.5)

where U is equal to (u,v)” or (u,v,w)” in two and three dimensions and f
is a forcing function. The initial functions are given as go(x), g1(z) : Q@ — R?
and the boundary functions are given as h(z,t) : 9Q x [0,T] — R The
domain 2 C R?, with d = 2,3, is sufficiently smooth, see [50]. The material
parameters \, 4 € R reflect the elastic behavior of urban sedimentary basins.

In seismology, it is common practice to use spatially singular forcing terms,
which can take the form

f=Fé(x)g(t), (1.6)

where F' is a constant direction vector. A numerical method for solving Equa-
tion (1.2) needs to approximate the Dirac function d(x) correctly in order to
achieve full convergence.

Remark 1.2. Our contributions to this model include the initial process,
which is a singular function (Dirac function), and the large time steps in the
computation to simulate the necessary time periods. We propose a decompo-
sition with respect to the dimensions (dimensional splitting). Based on the
anisotropic parameters of the wave equation, we can accelerate the solving
process by using simpler equations and save memory resources for implicit
solver methods.
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1.2.3 Deposition Models: CVD (Chemical Vapor Deposi-
tion) Processes

In this real-life problem, the motivation arose out of developing a new
deposition process onto metallic bipolar plates to reduce the process costs
and the volume of plates. To realize new deposition processes, Maxphase
materials are used, see [12].

The deposition methods are PE-CVD (plasma enhanced chemical vapor
deposition) processes, see [162], and [179], for the growth of thin films.

Therefore, the following conditions must be fulfilled:

e Homogenization of deposition layer.
e Deposition onto delicate geometries.

The model is given as follows:
We develop a multiphase model in the following steps, see also [101], [113],
[162] and [190]:

e Standard transport model (near field, far field).
e Flow model (flow field of plasma medium).

e Multiphase model with mobile and immobile zones (retardation, adsorp-
tion, transport, and reaction processes).

In each part of the model, we can refine the processes of transport of the
gaseous deposition or reaction species to reflect the effect of flow field, plasma
zones, and precursor gases.
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A schematic test geometry of the CVD reactor is given in Figure 1.2.

Point sources
| (Reaction or deposition gases)
entering reactor)

00
00T Flow field
= | (interacting plasma media)

“Wafer surface

FIGURE 1.2: Vertically impinging CVD reactor.

1.2.3.1 Standard Transport Model

In the following, the models are discussed in terms of far-field and near-
field problems, which take into account the different scales of the models.
Two different types of model can be discussed:

1. Convection-diffusion-reaction equations [115] (far-field problem).
2. Boltzmann-Lattice equations [190] (near-field problem).

The modeling is governed by the Knudsen Number, which is a dimensionless
number defined as the ratio of molecular mean free path length to represen-
tative physical length scale.

Kn= T (1.7)
where A is the mean free path and L is the representative physical length scale.
This latter length scale could be, for example, the radius of a body in a fluid.
Here we deal with small Knudsen Numbers Kn =~ 0.01 — 1.0 for a convection-
diffusion-reaction equation and a constant velocity field, whereas for large
Knudsen Numbers Kn > 1.0, we deal with a Boltzmann equation [179]. By
modeling the gaseous transport of the deposition species, we consider a pure
far-field model and assume a continuum flow field, see [113].

Such assumptions lead to transport equations that can be treated by a
convection-diffusion-reaction equation with constant velocity field:

ou+V-F—R, = gq(z,t), inQx][0,T], (1.8)
F = vu— DVu,

u(z,t) = do(x), in Q, (1.9)

u(z,t) = ai(z,t), on 9 x 0,77, (1.10)

where u is the molar concentration of the reaction gases (called species) and
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F is the flux of the species. v is the flux velocity through the chamber and
porous substrate [185]. D is the diffusion matrix and Ry is the reaction term.
The initial value is given as %y and we assume a Dirichlet boundary with a
sufficiently smooth function @;(x,t). ¢(z,t) is a source function, depending
on time and space, and represents the inflow of the species. T is the end time
and Q C R%, d = 2,3 is the domain.

The parameters of the equation are derived as follows. Diffusion in the
modified CVD process is given by Knudsen diffusion [25]. We consider the
overall pressure in the reactor to be 200 Pa and the substrate temperature
(or wafer surface temperature) to be about 600 — 900 [K] (Kelvin). The pore
size in the homogeneous substrate is assumed to be 80 [nm] (nanometer).
The homogeneous substrate can be either a porous medium, e.g., a ceramic
material, see [25], or a dense plasma, assumed to be very dense and stationary,
see [162]. For such media we can simulate the diffusion by Knudsen diffusion.
The diffusion is described by:

2eppvr

D= 1.11
SET (1.11)

where € is the porosity, pux is the shape factor of Knudsen diffusion, r is
the average pore radius, R and T are the gas constant and temperature,
respectively, and v is the mean molecular speed, given by:

8RT
W’

= (1.12)
where W is the molar mass of the diffusive gas.

For homogeneous reactions, we assume during the CVD process a constant
reaction of Si, T, and C' species given as:

3Ti + Si + 20 — Ti3SiCs, (1.13)

where T'i35iC5 is a MAX-phase material, see [12], which is deposited on the
wafer surface. For simplicity, we do not consider the intermediate reaction
with precursor gases [162] and assume we are dealing with a compound gas
3Ti+ Si+ 2C, see [42]. Therefore, we can concentrate on the transport of
one species.

The rate of reaction is then given by:

[3S4)M [T )N [2C]°
[SisTiCy]E

A=k, (1.14)

where k,. is the apparent reaction constant and L, M, N,O are the reaction
orders of the reactants.
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A schematic overview of the one-phase model is presented in Figure 1.3.
Here the gas chamber of the CVD apparatus is shown, which is modeled by a
homogeneous medium.

gas stream o
(single gas)Y T1, 81, C

8 —— porous media
QO e.g., ceramic membran,
C?OOO or gas catalyst (Argon)

gas stream | TizSiC
(mixture)

FIGURE 1.3: Gas chamber of CVD apparatus.

1.2.3.2 Flow Field

The flow field for which the velocity is derived is used for the transport of
species. The velocity in the homogeneous substrate is modeled by a porous
medium [17, 141]. We assume a stationary or low reactivity medium, e.g., non-
ionized or low-ionized plasma or less reactive precursor gas. Furthermore, the
pressure can be assumed to follow the Maxwell distribution as [162]:

p = pbT, (1.15)

where p is the density, b is the Boltzmann constant, and 7" is the temperature.

The model equations are based on mass and momentum conservation and
we assume energy is conserved. Because of the low temperature and low
pressure environment, we assume the gaseous flow has a nearly liquid behavior.
Therefore, the velocity is given by Darcy’s law:

v= —%(vp—pg>, (1.16)

where v is the velocity of the fluid, k£ is the permeability tensor, u is the
dynamic viscosity, p is the pressure, g is the vector of gravity, and p is the
density of the fluid.



MODEL PROBLEMS 17

We use the continuum equation of particle density and obtain the equation
of the system, which is given as a flow equation:

O(dp) +V - (pv) =Q, (1.17)

where p is the unknown particle density, ¢ is the effective porosity, and @ is
the source term of the fluid.
We assume a stationary fluid and consider only divergence-free velocity fields,
ie.,

V-v(z)=0, ze€Q. (1.18)

The boundary conditions for the flow equation are given as:

p = p(t,y), t>0, 7€09Q, (1.19)
n-v = mg(t,y), t>0, €0, (1.20)

where n is the normal unit vector with respect to €2, where we assume that
the pressure p, and flow concentration my¢ are prescribed by Dirichlet bound-
ary conditions [141].

From the nearly stationary fluids, we assume that the conservation of
momentum for velocity v is given [114, 141]. Therefore, we can neglect the
computation of momentum in the velocity.

Remark 1.3. For flow through a gas chamber, for which we assume a homo-
geneous medium and non-reactive plasma, we have considered a constant flow
[129]. A further simplification is given by the very small porous substrate,
for which we assume the underlying velocity in a first approximation to be
constant [179].

Remark 1.4. For a non-stationary medium and reactive or ionized plasma,
we have to take into account the behavior of the electrons in thermal equilib-
rium. Such a spatial variation can be considered by modeling electron drift.
Such a simulation of the ionized plasma is done using Boltzmanns relation,
[162].
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1.2.3.3 Multiphase Model: Mobile and Immobile Zones

More complicated processes such as the retardation, adsorption and dis-
sipation processes of the gaseous species are modeled with multiphase equa-
tions. We take into account the feature that the concentrations of species can
be given in mobile and immobile versions, depending on their different reac-
tive states, see [184]. From these behaviors, we have to model the transport
and adsorbed states of species, see also Figure 1.4.

Here, the mobile and immobile phases of the gas concentration are shown
on the macroscopic scale of the porous medium.

e mobile phase
O Qoo
O ©?°QO@§) - immobile phase

O & o O ©® -— Exchange

@) O@éOO (mobile immobile)

FIGURE 1.4: Mobile and immobile phases.

The model equations are given as combinations of transport and reaction
equations (coupled partial and ordinary differential equations) by:

POl +V - (vuF — DOvul) = g(—uF + u;’ Lom) — Aiiduk (1.21)
+ Z )\z,k¢uk + Qi7 in 2 x [O7T]7
k—k(i)
¢8tu1L,lm = g(uL - ’u’iLnn,) - )‘i,i(buil,lim,
+ Z )\i,kgbuél,im
k—k(i)

+Qiim, i Q% [0,T], (1.22)
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o effective porosity [—],
uf : concentration of i-th gaseous species in plasma chamber
uflm : concentration of i-th gaseous species in immobile zones
of plasma chamber
phase [mol /mm?],
v: velocity in plasma chamber [mm/nsec],
Dew) element-specific diffusion-dispersion tensor [mm?/nsec],
iyt decay constant of i-th species [1/nsec],
Qi : source term of i-th species in mobile zones
of plasma chamber [mol /(mm>nsec)],
Qmm : source term of i-th species in immobile zones
of plasma chamber [mol/(mm>nsec)),
g: exchange rate between mobile and
immobile concentrations [1/nsec],
where ¢ = 1,..., M and M denotes the number of components. Further,

1[mm] = 1073[m] means the millimeter scale.

The parameters in Equation (1.21) are further described, see also [68]. The
effective porosity is denoted by ¢ and describes the portion of the porosity of
the aquifer that is filled with plasma, and we assume a nearly fluid phase. The
transport term is indicated by the Darcy velocity v, which presents the flow
direction and absolute value of plasma flux. The velocity field is divergence-
free. The decay constant of the i-th species is denoted by \;. k(i) therefore
denotes the indices of the other species. The boundary conditions are given
as Neumann and Outflow boundary conditions, see [104] and [108].

Remark 1.5. The concentrations in the mobile zones are modeled by
convection-diffusion-reaction equations, see also Section 6.5, whereas the con-
centrations in the immobile zones are modeled by reaction equations. These
two phases represent the mobilities of gaseous species through the homoge-
neous media, where the concentrations in the immobile zones account at least
for the lost amount of depositable gases.
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1.2.4 Navier-Stokes Molecular Dynamics: Coupling Contin-
uous and Discrete Problems

In the last model, we widen our focus by applying splitting methods to
coupling problems.

In recent years, many applications are based on multiscale problems, when
single-scale models, e.g., a continuous model, cannot contain all the informa-
tion about the problem [6].

Here, we consider multiscale problems in a fluid exhibiting different behav-
ior on macro- and microscales, the model and the underlying computations
are discussed in the preprint Geiser/Steijl, see [94].

Such problems arise in micro-electro-mechanical systems (MEMS), which
involve flow in micrometer- and nanometer-scale channels [176].

Therefore, the following conditions must be fulfilled:

e The model problem should be computable in the micro model.
e The coupling procedure should be simple to implement.

e Many experiments with various parameters of molecular viscosity should
be performed.

In the following, we discuss the solution of time-dependent fluid flows with
complex flow phenomena.

In such a computational domain, the Navier-Stokes equations become in-
valid, e.g., a more detailed computation at the molecular level is needed.

This means that, locally, the flow needs to be modeled in a more detailed
physical model.

Here, the Navier-Stokes equations are coupled to a molecular-level simu-
lation based on the methods of Molecular Dynamics.

The Newtonian shear stresses in the Navier-Stokes equations are replaced
with the results of Molecular Dynamics simulations.

The Molecular Dynamics method is described in detail in [3], [19], and
[197].

For such scale-dependent applications, we apply different spatial meshes
for the discretization schemes.
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The approach is sketched in Figure 1.5, where the Navier-Stokes equations
are discretized on a structured cell-centered finite-volume mesh and the solid
blocks in the centers of the cell faces close to the upper and lower boundaries
denote microscale problems, which are used to evaluate the shear stresses
using Molecular Dynamics.
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FIGURE 1.5: Cell-centered finite-volume mesh used in channel-flow simula-
tions. A stretched mesh is used in the z-direction (crossflow), while the mesh
in the z- and y-directions is uniform. The squares denote the cell faces at
which the microscale viscous fluxes are evaluated.

The coupling of the molecular-level simulation to the discretized continuum
system is discussed in [193] for steady flows.

The focus of the present work is on time-dependent flows. Hence, the dis-
parity between the underlying timescales in the continuum flow and molecular-
level microscale problems forms the main challenge. In the last few years, the
solution of multiscale problems has become a major topic. Of particular im-
portance are the solver methods used to couple large scales, see [156] for lattice
Boltzmann models.

1.2.4.1 Mathematical Model

Our model equations come from fluid dynamics. The macroscopic equation
is given by the Navier-Stokes equation for incompressible continuum flow:
pou + p(u - Viu — pAu+ Vp = f,in Q x (0,T), (1.23)
V-u=0,inQx (0,7), (1.24)
u(z,0) = uo(z),on Q,
u(z,t) = 0,0n 90 x (0,7,

The unknown flow vector u = u(x,t) is considered in Q x (0,7). In the above
equations, p and p represent the fluid density and pressure, respectively. Here,
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v represents the dynamic viscosity of the fluid and is a positive constant.
Further 0 is the zero vector and wg(x) is the initial vectorial function. In
the momentum equation, Equation (1.23), the term f on the right-hand side
represents a volume source term. Equation (1.24) imposes a divergence-free
constraint on the velocity field, which is consistent with the assumption of
incompressible flow.

The microscopic equation is given by Newton’s equation of motion for each
individual molecule i in a sample of N molecules,

miatta:i ZFi,Z'Z 1,...,N, (125)

Here, z; is the position vector of atom i, and the force F; acting on each
molecule is the result of the intermolecular interaction of a molecule ¢ with
the neighboring molecules within a finite range of interaction. In the present
work, we assume that the interparticle forces are based on the well-known
Lennard-Jones interaction potential [159], i.e., we assume that the microscopic
flow corresponds to a Lennard-Jones fluid, the details of which are given in a
later section.

The coupling between the macroscopic Equation (1.23) and microscopic
Equation (6.250) is assumed to take place through the exchange of viscous
stresses in the momentum Equation (1.23). The underlying idea is to replace
the viscous stresses based on the continuum Newtonian Equation (1.23) with
a viscous stress evaluated by Molecular Dynamics simulations of the fluid
on the microscale with a velocity gradient on the macroscale imposed on the
microscale fluid, via Lees-Edwards boundary conditions [157]. The molecular-
level viscosity is evaluated using the Irving-Kirkwood relation [135].

The viscous stress contribution pAw in Equation (1.23) can be generalized
to the non-Newtonian flow as do;;/0x;, using Einstein’s summation. In the
present work, this non-Newtonian viscous stress contribution is reformulated
in the following form:

anj/axj = Napparentagui/ax? (126)

where, the "apparent” viscosity can be a general function of the imposed
velocity gradients in each spatial direction, i.e., this expression can repre-
sent general noncontinuum and non-Newtonian flow conditions. The viscous
stresses in Equation (1.23) can now be replaced by molecular-level viscous
stresses by introducing a constant approximate viscosity papproz and by tak-
ing into account the deviation of the molecular-level viscous stresses from this
approximate viscosity through a volumetric source term.
Thus, finally, we obtain the coupled multiscale equations:

PO+ p(u - VU — papprosAu+ Vp = f, in Q x (0,T), (1.27)
fi = aal]/axj |molecular - Mapproa:Aui7

where Einstein’s summation is used for the volumetric source term f, which ac-
counts for the deviation of the viscous stresses evaluated at the molecular level
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from the approximate Newtonian relation papproz Au. The molecular-level vis-
cous stresses can be further reformulated using the "apparent” viscosity, as
demonstrated in Equation (6.251).






Chapter 2

Iterative Decomposition of Ordinary
Differential Equations

In this chapter, we concentrate on the decomposition methods used for ordi-
nary differential equations.

Here, we have the benefit of dealing with bounded operators and can apply
the ideas from a large body of literature on general decomposition methods in
time and in space, while concentrating on time-decomposition methods. Basic
research work was first done on the application to Lie- and Strang splitting
methods, see [194] and [201]. Later, various applications to ordinary and
also partial differential equations followed, thereby specializing the splitting
methods, see [20], [53], [198], etc.

We discuss the ideas of iterative splitting methods. Some background is
given on waveform relaxation methods, which have been developed for the
iterative solution of differential equations, see [64], [140], and [199]. While the
theory goes back to Picard-Lindeldf iterations, see [173], [174], and [175], we
give an introduction to iterative splitting methods.

A more applied direction of iterative splitting methods is related to engi-
neering problems. Their origin goes back to a more heuristic concept of the
solution of iteratively coupled operators in reducing complicated problems,
see the ideas in [86], [147], and [149].

2.1 Historical Overview

The history of iterative time decomposition methods is related to that of
iterative solver methods.
We have found two origins of the derivation of splitting schemes:

o Picard-Lindeldf iterations [163, 164], where waveform relaxation meth-
ods have their origins [199].

e Iterative split-operator approaches [147], where a two-step method
is derived to solve nonlinear reactive transport equations (heuristic
approach).

25
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The first origin is more theoretically motivated by solving iterative differ-
ential equations [163]. Here the motivation came from applying the algorithms
of time and space decomposition methods, see [64], [199].

Here especially waveform relaxation methods are used to solve ordinary
and partial differential equations, see [139], [199]. The methods can be accel-
erated by parallel algorithms and save computational time, e.g., Parareal, see
[65].

On the one hand, they help simplify the solver process, while saving time
for computing the simple parts of matrices, e.g., diagonal matrices, see [199].
On the other hand, the methods can accelerate the solver process with paral-
lelized algorithms, see [65].

The second origin is motivated more by solving transport reaction prob-
lems. Here, the algorithms are focused on solving each part separately to
save on computational time, see [147]. Such methods are developed to achieve
implementable algorithms and embed standard discretization and solver meth-
ods, e.g., concept of sparse matrices, see [87].

From a theoretical point of view, the iterative split-operator algorithm
removes the splitting error through iteration and increases the order of con-
vergence with more iteration steps under some assumptions, e.g., bounded
operators, see the following sections.

To see the benefit of the second introduction of iterative splitting methods,
we concentrate on bounded operators, which are easier to start with than un-
bounded operators. So we first deal with ordinary differential equations and,
in Chapter 5, we extend to partial differential equations, which are semidis-
cretized. We assume that their underlying spatial discretized operators, which
are more or less matrices, can be bound in a Banach space norm, see [86, 107].

From the point of notation, we speak about operator splitting method,
if we concentrate on applications to partial differential equations. In a more
general case we speak about splitting methods, if we apply to differential
equations, means partial differential equations (PDEs), and also ordinary dif-
ferential equations (ODEs).

In this chapter, we briefly introduce the underlying ideas of the decom-
position analysis for bounded operators that are used in ordinary differential
equations. Some extensions are done to spatial discretized partial differential
equations, which can be studied for our time decomposition methods.

2.2 Decomposition Ideas

In this section, we discuss decomposition ideas used on evolution equations
to obtain separate underlying equations.

We assume our discussion is focused on following partial differential equa-
tions, with time and space variables. We talk about semidiscretization, when
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we spatially discretize the differential equation and obtain for simplification
ordinary differential equations. In this notation, the operators are matrices,
for which we assume a range of bounded operators are derived, see [180].

In our introduction to splitting methods, we concentrate on two ideas for
decomposing evolution equations, nevertheless other decompositions can also
be found.

The two decomposition ideas are:

e Physical decomposition (related to the underlying processes).

e Mathematical decomposition (related to abstract matrices found in the
differential equations after spatial discretization).

Both ideas decouple a given evolution equation into simpler problems with
respect to the temporal, spatial, and physical scales of the original equations.

2.2.1 Physical Decomposition

In the physical decomposition, the motivation is to decouple each physical
process, which results in a simpler evolution equation.

The more information we have at the beginning of the solver process,
the more we can also use the information from the underlying discretization
methods. Therefore, we can a priori decouple the evolution equations from
the underlying methods we used.

Here, the physical decomposition can apply the information on time-scale
in different processes. For example, the spatial and time discretizations of
convection-diffusion-reaction equations have to be balanced by the Courant-
Friedrichs-Levy (CFL) condition, see [71], to achieve accurate results.

In the following, we discuss

e Direct decoupling method;
e Decoupling method based on numerical methods (indirect decoupling);

in our physical decomposition.

2.2.1.1 Direct Decoupling Method

Often, the values of the physical parameters are so obvious, that we can
determine the operators of the splitting methods.

The criteria for the direct decoupling method are strong anisotropy in
the space dimensions, obvious timescales, e.g., fast reaction process and slow
transport process, or different physical scales, e.g., growth and decay pro-
cesses.

For these obvious problems, we can directly choose the form of the opera-
tors, e.g., flow operator and reaction operator.
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In an example of the direct decoupling method, we focus on the parabolic
differential equation:

ou 0 ou
E = %Dl(%y)%
0 ou
+8_yD2(x7y)8_y’ (x,y) €, te[0,T], (2.1)
u(z,y,0) = wuo(z,y), (v,y) €, (2.2)
u(z,y,t) = g(z,y,t), (z,y) €0, tel0,T],

where the anisotropy of the heat operator is apparent:

max Di(z,y) << min Ds(z,y), 2.4
(max 1(z,y) Juin 2(2,9) (24)

and D+, D, € C(ﬁ)
Therefore, decoupling in the spatial dimensions is possible, see [126] and
[204].

2.2.1.2 Decoupling Method Based on Numerical Methods

The next decoupling possibility we discuss comes after the discretizations
in time and space. Based on our discretization methods, stability conditions
are necessary to obtain stable solutions, see [182].

Due to this restriction, the influence of physical parameters is important
for stability criteria.

One such condition is the so-called Courant-Friedrichs-Levy (CFL)
condition, see [34], in which no explicit, unconditionally stable, consistent
finite difference schemes for hyperbolic initial value problems exist.

So the CFL condition gives the relation between spatial and time dis-
cretization with respect to the physical parameters, for which we have uncon-
ditionally stable results.

This condition can be used to decouple the equations into different oper-
ators, when they present different timescales.

In the example for the decoupling method based on numerical methods,
we examine the transport-reaction equation:

ou

pril v-Vu+du, ze€Q, tel0,T], (2.5)

u(z,0) = wup(z), =€, (2.6)

u(z,t) = g(a,t), ze€oQ, tel0,T], (2.7)

where the velocity parameter is given as v = (v1,...,v4)7 € R*T, the reaction
parameter is given as A € R* and the spatial variables are x = (z1,...,24)7 €

Q Cc R,
After space and time discretizations with first-order finite difference meth-
ods in time and space, we can derive the following CFL conditions for d = 2:
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OFLﬂow,zl == |1Zla::| S 17

CFLﬂow,zz == |1Zi;| S 17

CFLreact - |A 7-| S 17
where 7 is the time step, Az; and Az, are the spatial steps.

Here we have the relation between the spatial and the time step of each
operator are given as:

Ty %:117 2.8

oy <32, (2.9)

™ <1 (2.10)
A

where 7,,,7z,, and 7y are the time steps of the flow operators and reaction
operator.

If we assume for example the following timescales:
Trl ~ Treact >> ng- (211)

We solve the operator A, which consists of the x1-direction of the flow and the
reaction term, with the time step 7,,. Further the operator B, which consists
of the zo-direction of the flow, is solved with the time step 7,,, see also the
splitting schemes in [153] and [183].

Remark 2.1. Due to the discretization methods and their underlying stabil-
ity criteria, there are further conditions for special evolution equations, such as
the Neumann number for the diffusion equation and the Prandtl or Reynolds
number to characterize the Navier-Stokes equation. These conditions present
the physical behavior in terms of stability and can be used as a decoupling
criterion, see [150], [183].

2.2.2 Mathematical Decomposition

In the mathematical decomposition, we consider ordinary differential equa-
tion, which are given directly, or spatially discretized partial differential equa-
tions, e.g., discretized by methods of lines, see [117].

Here, we assume that we decouple with respect to the spatial dimensions
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the following convection-diffusion equation in two dimensions:

g—? = Ayu+Ayu, (z,y)€Q, tel0,T], (2.12)
u(r,y,0) = wuo(w,y), (v,y) €,
u(z,y,t) = gz,y,t), (x,y) €0, tel0,T],
ou 0 ou
ou 0 ou

where A, is the operator in the z-direction and A, is the operator in the
y-direction. The parameters are given as v, vy, Dy, D, € RT.

Here the underlying idea is to decouple into different spatial directions,
where each direction can be discretized separately into a one-dimensional
method.

Remark 2.2. The operator splitting method can be seen as a locally one-
dimensional method, e.g., see LOD (locally one dimensional) [40], [45], and
[167]. We assume we have one direction, e.g., the z-direction, which is stiff
and the y-direction, which is not stiff. For such a relation, the separation
into two different schemes makes sense. Based on the separation, we can
approximate each direction with the optimal timestep, that is given with the
CFL condition, see Equations (2.8)-(2.10). Such ideas are implied to higher-
order implicit-explicit Runge-Kutta schemes, while small timescale operators
are solved with the implicit part and large timescale operators are solved with
the explicit part, see also [91] and [192].

2.3 Introduction to Classical Splitting Methods

The natural way of decoupling a linear ordinary differential equation with
constant coefficients into simpler parts is the following way,

du(t)

at = A u(t) , t e (O,T) R (2.15)
du(t
% = (A+B)u(t), te(0,T), (2.16)
where Aga1, A, B : R™ — R™ are matrices, u = (ug,...,un)? is the solution

vector, and m is a given positive number. The initial conditions are given as
u(t = 0) = wo, while ug is a given constant vector. The operator Ag, can be
decoupled into the operators A and B, cf. the introduction in [192].

Based on these linear operators (which are matrices), equation (2.15) can
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be solved exactly. The solution is given as
w(t"™) = exp(TApan) u(t™) , (2.17)

where the time step is 7 = t"+1 —¢7,

The simplest splitting methods are the sequential splitting methods that
are decoupled into two or more equations.

For linear and bounded operators, we can analyze the splitting error by
performing a Taylor expansion, see [20].

Remark 2.3. This introduction to ordinary differential equations can be
extended to the abstract Cauchy problem of a parabolic equation and the
possibility of defining an operator Ay as a Friedrichs extension, see [2] and
[11]. Therefore, weak solutions are possible and we can also apply the notation
to exp-formulations, see [11].

We now deal with the following classical formulation of splitting methods.

2.3.1 Classical Formulation of Splitting Methods

In the following, we describe the traditional splitting methods that are
widely used for the solution of real-life problems. We focus our attention on
the case of two linear operators, i.e., we consider the following Cauchy problem

Ch:i—(:) = Au(t) + Bu(t), t€(0,T), u(0)= uo, (2.18)
whereby the initial function ug is given, and A and B are assumed to be
bounded linear operators in the Banach space X with A, B : X — X. We also
have a norm || - ||x corresponding to the space X, e.g., the Euclidean norm if
A and B are matrices. In realistic applications, the operators are unbounded
and correspond to physical operators, e.g., convection or diffusion operator,
the proofs based on the Taylor expansion are no longer possible and we have
to change the techniques of the proof to analytic semigroups, see [120], [121],
and [136].

2.3.2 Sequential Splitting Method

First, we describe the simplest operator splitting, called the sequential
splitting method. The sequential splitting method solves two subproblems
sequentially on subintervals [t",#"*1], where n = 0,1,...,N — 1, t = 0 and
tV = T. The different subproblems are connected by the initial conditions.
This means that we replace the original problem (2.18) with the subproblems
at subintervals

= Bu™(t), te (", t""), withu*™*(t") = u*(t""),(2.20)

ot
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forn=0,1,...,N—1, where ugp = ug is given from (2.18). The approximate
split solution at the point ¢ = ¢"*! is defined as ul;" = w**(t"*1).

Clearly, converting the original problems to subproblems usually results
in some error, called the local splitting error. The local splitting error of the

sequential operator splitting method can be derived as

ermiocal(Tn) = (exp(Tn(A + B)) — exp(7, B) exp(1,4)) ug,
1 n
= 572||[A,B] ull| + O(17), (2.21)
errglobal(Tn) = (n + 1)an

n

1 n n
- 51& i ll[A, Bl ul, || + O(77), (2.22)

where the operators A and B are assumed to be bounded operators. The
splitting time step is defined as 7,, = "1 —¢". We define [A, B] := AB— BA
as the commutator of A and B. Consequently, the splitting error is O(7,)
(first order in time), when the operators A and B do not commute. When the
operators commute, then the method is exact. Hence, by definition, sequential
operator splitting is called a first-order splitting method.

Remark 2.4. A characteristic of traditional splitting methods is the relation
between the commutator and the consistency of the method, see references
[20], and [56].

We assume the simple sequential splitting method given in (2.19) and
(2.20), where A and B are bounded operators in a Banach space X.

So we obtain the local splitting error of a simple sequential splitting method
with respect to the commutator formulation:

|lerTiocal (7)]] ||(exp(7 (A + B)) — exp(7, B) exp(, A)) ung

1 n

where [A, B] # 0 (0 is the zero matrix) if the operators do not commute.

Based on the commutator [A4, B], we have a large constant in the local
splitting error of O(72) and therefore we have to use unrealistically small
time steps, [82].

The same can also be derived for higher-order classical splitting methods,
as presented in the next section.

Remark 2.5. The main issue with splitting problems is the reduction of order
for applications with stiff and nonstiff operators. We reduce one order if one
operator is stiff compared to the other operator. So we reduce the consistency
error; such problems are known and discussed in [151], [152], and [198].
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Example 2.6. We consider a constant linear system of ODEs:

Ccll_? = Au+ Bu, t €[0,T], (2.24)
u(0) = wup,

where A is supposed to be stiff and B nonstiff.

By stiffness, we mean that TA has a huge norm over the range of step sizes
Tn, See also [39] and [123].

We assume:

|4l >> 1, ||mnB|| = O(m).

This means that the stiff operator A has large eigenvalues and requires
smaller time steps to obtain accurate results, while the operator B has small
etgenvalues and can accommodate larger time steps to the same accuracy, see
[152, 198].

Such problems require at least a higher-order time discretization method,
e.g., Runge-Kutta (RK) method of higher order.

2.3.3 Symmetrical Weighted Sequential Splitting Methods

For noncommuting operators, sequential operator splitting is not symmet-
ric with respect to the operators A and B and it has first-order accuracy.
However, in many practical cases, we require splittings of higher-order accu-
racy. We can achieve this with the following modified splitting method, called
the symmetrical weighted sequential splitting method, which is already sym-
metrical with respect to the operators.

For the algorithm, we consider again the Cauchy problem (2.18) and define
the splitting of the operator on the time interval [t",t" 1] (where "1 =
t" +7,) as

au;t(t) = Au'(t), te (" "), withu'(t") = uf, (2.25)
au;’;(t) — Butt(b), te (t","Y),  with ut (1) = wt (1),

and
av(;t(t) = Bu'(t), te ("), with 0" (") = ull, (2.36)
811*81@) — Av(t), te (7, 07Y),  with o™ (#7) = o (7)),

where ug, is known.
The approximation at the next time level " is defined as
nil u**(tn+l) _|_,U**(tn+l)

= 5 . (2.27)
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The splitting error of this splitting method is derived as follows:
erTiocal (Tn) = | (exp(Tn(A +B)) — (2.28)

SR ) exp(r ) + exp(rd) explr 3] )

where || - || is a Banach norm (e.g., here the Euclidean norm for A, B are
matrices).

An easy computation shows that in the general case of bounded operators
we have

errglobal(Tn) = 0(7-»2), (229)

i.e., the method is of second-order accuracy. We note that in the case of
commuting operators A and B the method is exact, i.e., the splitting error
vanishes.

Remark 2.7. For unbounded operators, the proof is shown in [56]. The sym-
metrically weighted sequential splitting method is an additive splitting method
and can be locally decoupled into two separate equations. This method is sim-
ple to parallelize; see for example applications in large-scale computation, e.g.,
[204].

2.3.4 Strang-Marchuk Splitting Method

One of the most popular and widely used operator splittings is the so-
called Strang splitting (or Strang-Marchuk splitting), see [194], which takes
the following form

ou*(t)

5 = Aut(h), with 1" <1 < T2 and w* (t") = ul, (2.30)
ou**(t
uat( ) Bu**(t), with t" <t < "' and u**(t") = u* (t"T1/?),
8u***(t) $okok . +1/2 +1 $okok +1/2 sk +1
o = Au***(t), with t" <t <t"and (T E) =W,
1
where t" T2 =" 4 3™ and the approximation on the next time level ¢**1

is defined as u;’pﬂ = ("),

The splitting error of Strang splitting is

OTlocal (Tn) = in‘?ll([ﬂ B, A]] - 2[4, [A, B]]) uf || + O(ry), (2.31)
erTgiobal(Tn) = i "t 22|((B, [B, A]] — 2[A, [A, B])) ul |
+O(3), (2.32)

see e.g., [194]. We see that this operator splitting is also of second order. We
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note that under some special conditions for the operators A and B, the Strang
splitting has third-order accuracy and can even be exact, see [194].

In the next section, we present some other types of operator splitting
methods, that are based on a combination of operator splitting and iterative
methods.

2.3.5 Higher-Order Splitting Methods

The higher-order splitting methods are used for more accurate computa-
tions, but also to have more computational steps. These methods are of-
ten performed in quantum dynamics to approximate the evolution operator
exp(7, (A + B)), see [29)].

An analytical construction of higher-order splitting methods can be per-
formed with the help of the Baker-Campbell-Hausdorff (BCH) formula, see
[124], [202].

The reconstruction process is based on the following product of exponential
functions,

exp(m(A+ B)) = III“; exp(c;mnA) exp(d;7,, B) + O(T;”H) (2.33)
= S(m),

where A, B are noncommutative operators, 7,, is an equidistant time step, and
(c1,¢2,...), (di,dz,...) are real numbers. S(7,) is a group that is generated
by the operator (A + B). The product of exponential functions is called the
integrator.

Thus, for the construction of a first-order method, we have the trivial
solution:

clzdlzlandmzl.
For a fourth-order method, see [171], we have the following coeflicients:

_51/3
01=C4=m 70220322(12,27/3)7
1/3
dy = d3 = 55175, d2 = — 325175, da = 0.
We can improve this direct method by using symmetric integrators and
obtain orders of 4, 6, 8, ..., see [202]. For this construction, exact reversibility

in time is important, i.e. S(7,)S(—7,) = S(—7.)S (7).
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Remark 2.8. The construction of higher-order methods is based on forward
and backward time steps, due to the assumption of time reversibility. Negative
time steps are also possible. A visualization of the splitting steps is presented
in Figure 2.1.

C(tn+l)

o(t*
(e
B
c(t“), A c(t") A2
A-B splitting ~ A-B-A splitting Higher—order splitting

(Strang Splitting (1968)) (McLachlan (1995))

FIGURE 2.1: Graphical visualization of noniterative splitting methods.

Remark 2.9. The construction of higher-order methods can also be made
with symplectic operators, e.g., conservation of the symplectic two-form dp A
dg, see [202]. Based on this symplectic behavior, the total energy is
guaranteed.

Remark 2.10. Physical restrictions, such as the status of temporal irre-
versibility, e.g., the quantum statistical trace or imaginary temporal Schroder
equation, will also require positive coefficients in higher-order methods. Based
on these restrictions, backward time steps are not allowed. Theorems such as
special higher-order methods have been developed, see [28], [30], [97], and
[105]. The general idea is to force some coefficients, and thus their underlying
commutators, to be zero.

Remark 2.11. The main problem of such a single product splitting method
is that beyond second-order accuracy, one requires an exponentially growing
number of operators with unavoidable negative coefficients, see [191, 195].
Such methods cannot be applied to time-irreversible or semigroup problems.
Even for time-reversible systems where negative time steps do not pose a
problem, the exponential growth in the number of force evaluations renders
high-order symplectic integrators difficult to derive and expensive to use. Such
drawbacks can be overcome with iterative splitting methods, which are dis-
cussed extensively in the next section.
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2.4 Iterative Splitting Method

Iterative splitting method underlie the iterative methods used to solve cou-
pled operators by using a fixed-point iteration. These algorithms integrate
each underlying equation with respect to the last iterated solution. There-
fore, the starting solution in each iterative equation is important in order to
guarantee fast convergence or a higher-order method. The last iterative solu-
tion should at least have a local error of O() (i-th order in time), where i
is the number of iteration steps, to obtain the next higher order.

We deal with at least two equations, therefore two operators, but the re-
sults can be generalized to n operators (see for example the ideas of waveform-
relaxation methods [199]).

In our next analysis, we deal with the following problem:

dz—iﬂ — Au(t) + Bu(t), for 0 <t <T, (2.34)
u(0) = wup,

where A, B are bounded linear operators. For such a problem, we can derive
the analytical solution, given as

u(t) = exp((A + B)t) ug, for 0 <t < T. (2.35)

We propose the iterative splitting method as a decomposition method, which
is an effective solver for large systems of partial differential equations.

The iterative splitting method belongs to a second group of iterative meth-
ods for solving coupled equations. We can combine the traditional splitting
method (decoupling the time interval into smaller parts according to the split-
ting time step) with the iterative splitting method (on each split time inter-
val, we use one-step iterative methods). At the very least, iterative splitting
method serves as a predictor-corrector method, so in the first equation the
solution is predicted, whereas in the second equation the solution is corrected,
see [144].

We use the iterative splitting method, while standard splitting methods
have, in addition to its benefits, several drawbacks:

e For noncommuting operators, there may be a very large constant local
splitting error, requiring the use of an unrealistically small splitting time
step. In other words, the stability and commutativity are connected by
the norm of the commutator, see Remark 2.13.

e Within a full splitting step in one subinterval, the inner values are not
an approximation to the solution of the original problem.
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e Splitting the original problem into different subproblems with one op-

erator (i.e., neglecting the other components) is physically correct, see
for example Strang splitting. But the method is physically questionable
when we aim to get consistent approximations after each inner step,
because we lose the exact starting conditions.

Beyond second-order accuracy, an exponentially growing number of op-
erators with negative coefficients are necessary. To obtain higher-order
splitting methods is a delicate problem, examples are complex coeffi-
cients, see [120, 121], or multiproduct expansion methods (extrapolation
methods), see [30] and [97].

Efficient and fast Multistep methods are delicate to implement for such
splitting schemes, while subintervals are not an approximation of the
original problem.

Thus, for the iterative splitting method, we state the following theses.

For noncommuting operators, we may reduce the local splitting error,
by using more iteration steps to obtain higher-order accuracy.

We must solve the original problem within a full splitting step, while
keeping all operators in the equations.

Splitting the original problem into different subproblems, including all
operators of the problem, is physically the best. We obtain consistent
approximations after each inner step, because of the exact or approxi-
mate starting conditions of the previous solution in the iteration.

Higher-order schemes can be achieved with additional iteration steps.

Depending on the splitting scheme, we have to deal with explicit or
implicit operators. The first type of operator is cheap to compute (ex-
plicit), while the other operator can be computed with a known implicit
method.

Efficient and fast Multistep methods, e.g., BDF (Backward Differentia-
tion Formula) or SBDF (Stiff Backward Differentiation Formula) meth-
ods, are simple to implement and accelerate the solver process, see [98].

Remark 2.12. One of the main differences between the standard splitting
methods, is in the solution of an inhomogeneous differential equation as op-
posed to a homogeneous differential equation. So a certain amount of compu-
tation is involved in dealing with the inhomogeneous part using the explicit
operator given. Here, the idea of overcoming such a problem is to use fast
explicit solvers that are not time-intensive at solving the inhomogeneous part,
see an application to the reaction parts that can be solved fast [106].
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Remark 2.13. The commutator is related to the consistency of the method.
We assume a sequential splitting method:

du1 (t)

o = Aui(t), ui(t") =u", (2.36)
dus(t
u;t( : Bua(t), ua(t") = us (t"*1), (2.37)
where A, B are bounded operators in a Banach space X with Banach norm
[|-|lx = - || The time step is 7 = t"*1 — ", with t € [t",#"*1]. The result

for the splitting method is given as u(#" 1) & ug(t" 1) = ug, (t"F1).
Then, we obtain the local error:
[lermiocar(7)[| = |[(exp((A + B)7) — exp(A7) exp(B7))uoll, (2.38)
114, Bl 0(2) [fuoll, (2.39)

IN

where erriocal(7) = u(t" ) — ugp (8711) is defined and, for stability, the com-
mutator in the matrix norm || - ||x = || - ||, e.g., the maximum norm, must be
bounded, e.g., ||[4, B]|| < C, where C' € R" is a constant.

2.4.0.1 Tterative Splitting Method (Algorithm)

In order to avoid the problems mentioned above, we can use iterative
splitting on the interval [0, T], cf. [144]. In the following discussion, we suggest
a modification of this method by introducing a splitting time discretization.
We suggest an algorithm based on the iteration of a fixed sequential splitting
discretization with step size 7,,. On the time interval [t",#""1], we solve the
following subproblems consecutively for ¢ =1,3,5,...2m + 1.

dud;t(t) = Ay, (t) + Bui_l(t), (240)
te (" "), with w(t") = ull,
dzli;;itl(ﬂ Aui(t) + B’U@Jrl(t), (241)

te (" "), with wi (1") = ul,,

where ug(t) is any fixed function for each iteration. The initial solution can
be given as:

o u(t) = 0 (we initialize with zero),
o ug(t) = u(t"™) (we initialize with the old solution at time t™),

where we achieve one order more with the second version and can accelerate
the solver process, see [55] and [99]. While the initial condition to the next
iteration process is important and reflected in the error term, we have taken
into account more accurate initial conditions. For a more accurate initial-
ization process, we can modify the iterative scheme to a weighted iterative
scheme, which is discussed in [81] and [75].
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(Here, as before, ug, denotes the known split approximation at time level
t = t"). The split approximation at time level t = #"*! is defined as
’U,g;rl = U2m+2 (thrl).

The algorithm (2.40)—(2.41) is an iterative method, which at each step
consists of both operators A and B. Hence, in these equations, there is no
real separation of the different physical processes. However, we note that
subdividing the time interval into subintervals distinguishes this process from
the simple fixed-point iteration and turns it into a more efficient numerical
method.

We also observe that the algorithm (2.40)—(2.41) is a real operator splitting
method, because Equation (2.40) requires a problem with operator A solved,
and (2.41) requires a problem with operator B solved. Hence, as in sequential
operator splitting, the two operators are separated.

Assumption 2.14. In the next subsections, we assume that the problem in-
volves solving differential Equations (2.40) and (2.41) exactly or at least with
the same or higher order as the underlying order of the splitting method. Based
on this assumption, we can concentrate on the error of the splitting method,
while the error of the underlying numerical method used to solve the differen-
tial equation is less than the error of the splitting method under consideration,

see [144].

2.5 Consistency Analysis of Iterative Splitting
Method

In this subsection, we analyze the consistency and order of the iterative
splitting method. First, in Section 2.5.1 we consider the original algorithm
(2.40)—(2.41), prove its consistency, and define the order of the local splitting
error.

The algorithm (2.40)—(2.41) requires a knowledge of the functions ¢;_;(t)
and ¢;(t) over the whole interval [t" ¢""1], which is typically not known, be-
cause generally their values are only known at several points of the split in-
terval. Hence, typically we can only define interpolations of these functions.
In Section 2.5.2, we prove the consistency of such a modified algorithm.

2.5.1 Local Error Analysis

Here we will analyze the consistency and order of the local splitting error
of method (2.40)—(2.41) for linear bounded operators A, B : X — X, where X
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is a Banach space. In the following, we use the notation X? for the product
space X x X supplied with the norm || (u, v)T||oc = max{|u|,||v||} (u,v € X).
We have the following order of consistency for our iterative splitting method.

Theorem 2.15. Let A,B € L(X) be given linear bounded operators. We
consider the abstract Cauchy problem:

Ow(t) = Au(t)+ Bu(t), 0<t<T, (2.42)
u(0) = wpg. (2.43)
Then problem (2.42) has a unique solution. The iteration (2.40)—(2.41) for
i=1,3,...,2m+ 1 is consistent with an order of consistency O(r2m+1).

Proof. Because A + B € L£(X), therefore it is a generator of a uniformly
continuous semigroup; hence, problem (2.42) has a unique solution wu(t) =
exp((A + B)t)ug.

Let us consider the iteration (2.40)—(2.41) on the subinterval [t", ¢"T1]. For
the local error function e;(t) = u(t) — u;(t), we have the following relations:

Orei(t) = Aei(t) + Bei_1(t), te (™", (2.44)
€i(tn) = 0,

and
Oreir1(t) = Aei(t) + Beia(t), te (t"t"), (2.45)
eir1(t") = 0,

for i = 1,3,5,..., with e1(0) = 0 and eg(t) = wu(t). The elements &;(t),
Fi(t) € X? and the linear operator A : X2 — X2 are defined as follows:

0 = [ ] m0= [543 2Jew

Then, using the notations (2.46), the relations (2.44)—(2.45) can be written in
the form

RE(t) = A&®)+Fi(t), te (™", (2.47)
(") = 0.

Because of our assumptions, A is a generator of the one-parameter Cy semi-
group (exp At)t>o. Hence, by using variations of the constants formula, the
solution of the abstract Cauchy problem (2.47) with homogeneous initial con-
ditions can be written as:

t

Ei(t) = /t exp(A(t — 8))Fi(s)ds, te[t",t"T1]. (2.48)

n
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Then, using the notation
[€illoo = supsein -y € ()], (2.49)

we have

&M@ < IIEHoo/tn lexp(A(t — s))[|ds (2.50)

t
1Bllles— / lexp(A(t — s)llds, ¢ € [t 1],

Because (A(t))¢>0 is a semigroup, therefore the so-called growth estimation,
|| exp(At)|| < K exp(wt); t >0, (2.51)
holds with some numbers K > 0 and w € R.

o Assume that (A(%))+>0 is a bounded or exponentially stable semigroup,
i.e., (2.51) holds for some w < 0. Then, obviously, the estimate

|exp(At)|| < K, t>0, (2.52)
holds, and hence, according to (2.50), we have the relation

IEiI(t) < K| Bllmallei-all, t € [, t"]. (2.53)

o Assume that (exp.At);>o has an exponential growth with some w > 0.
Using (2.51) we have

/t llexp(A(t — 5))||ds < K, (t), te[t", ", (2.54)
where
K
Ko(t) = — (exp(w(t — ") = 1), te "], (2.55)
Hence
K,(t) < g (exp(wry) — 1) = K7, + O(72). (2.56)

The estimations (2.53) and (5.61) result in
|€illoe < K| Blmnlei-all + O(73). (2.57)

Taking into account the definition of &; and the maximum norm || - o, we
obtain
leill < K[ Bllmalleim1]l + O(7), (2.58)
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and consequently,

t
leill < KHB||||61'||/t | exp(A(t — s5))l|ds, (2.59)
< K||B|| 7 (K||Bllallei-1]| + O(7)),
< Korilleiall +O(7)).

We apply a recursive argument that proves our statement. O

Remark 2.16. When A and B are matrices (i.e., when (2.40)—(2.41) is a sys-
tem of ordinary differential equations), we can use the concept of logarithmic
norm for estimation of growth (2.51). Hence, for many important classes of
matrices, we can prove the validity of (2.51) with w < 0.

Remark 2.17. We note that a huge class of important differential opera-
tors generate a contractive semigroup. This means that for such problems,
assuming the exact solvability of the split subproblems, the iterative splitting
method converges on the exact solution to the second order.

Remark 2.18. We note that the assumption A € £(X) can be formulated
more weakly as it is enough to assume that the operator A is the generator
of a Cy semigroup.

Remark 2.19. When T is a sufficiently small number, then we do not need
to partition the interval [0, 7] into subintervals. In this case, the convergence
of the iteration (2.40)—(2.41) to the solution of the problem (2.42) follows
immediately from Theorem 2.15, and the rate of convergence is equal to the
order of the local splitting error.

Remark 2.20. Estimate (2.60) shows that, after the final iteration step (i =
2m + 1), we have the estimation

lezm-1ll < Kmlleoll 2™ + O(r3m ™). (2.60)

This relation shows that the constant in the leading term strongly depends on
the choice of initial guess ug(t). When the choice is ug(t) = 0 (see [144]), then
lleoll = u(t) (where u(t) is the exact solution of the original problem) and hence
the error might be very significant. Such a problem can be circumvented, if
we start with an improved solution. For example, we achieve one order more,
when the choice of the initial guess is ug(t) = u(¢t™). This means we start with
the previous solution on time ¢, see [55]. Higher-order improvements can be
done with additional prestepping schemes, which are approximations to the
exact solution, see [98].

Remark 2.21. In realistic applications, the final iteration steps 2m + 1 and
the time step 7, are chosen in optimal relation to one another, such that the
time step 7, is chosen to be maximal and with at least 3 or 5 iteration steps,
see Section 2.5.1. In addition, a final stop criterion as an error bound, e.g.
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|u; — u;_1| < err with for example err = 10, helps to restrict the number
of steps. A graphical illustration of the iterative splitting method is given in
Figure 2.2.

ug ("
u(e™) Qe
A+/_B//// 2 . : u2 (t l'1+1)

B | (convergence)

ety A Um (€M) ~u(t") g (") ~u(e ™l

Sequential Iterative Splitting with sufficient
Splitting iterations (e.g., m—iterative steps)

FIGURE 2.2: Graphical visualization of noniterative and iterative splitting
methods.

2.5.2 Increasing the Order of Accuracy with Improved Initial
Functions and Consistency Analysis

We can increase the order of accuracy by improving our choice of initial
iteration function, see [54].

Based on our previous assumption about the initial solutions, we start
with an exact solution or interpolated split solution and present our theory
for the exactness of the method.

Exact Solution of the Split Subproblem

We derive the exact solution of Equations (2.40) and (2.41) by solving the
first split problem,

oo o0 k
() = exp(Aty + 50 S %Ak*S*lBugﬂ(t”L (2.61)
5=0 k=s+1

and the second split problem,

o0 o0 tk s
wip (") = exp(Btyu" + > Y yBk‘s‘lAuf. (™), (2.62)
s=0 k=s+1 ’

where 7, = t"T1 — " is the equidistant time step and u™ = u (") is the exact
solution at time t" or at least approximately of local order O(77**2). n is the

number of time steps (n € {0,..., N}, N € NT ) and m > 0 is the number of
iteration steps.
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Theorem 2.22. Assume that for functions u;_1(t"*') and u;(t"*1) the con-
ditions

u;_4(t") = (A+B)°u", s=0,1,...,m+1, (2.63)

W) = (A+B)Pu", s=0,1,...,m+2, (2.64)

are satisfied. After m + 2 iterations, the method has a local splitting error
O(7I"2) and therefore the global error errgional is O(T/m1).

Proof. We show that
exp(Tn (A 4+ B))u" — tpyq (1" = O(r 1), (2.65)
exp(Tn (A4 B))u" — t o (t" 1) = O(7F2). (2.66)

Based on the assumption and using the exact solutions (2.61) and (2.62), we
must prove the relations:

m+1

S Lrr(as By (2.67)
=0 P

m—+1 m m-+1
—Z—Tp p+zz nAkslB

5s=0 k=s+1 k!
and

m+2 1
> =Th(A+ By (2.68)
=0

m—+2 1 m+1 m+2 Tﬁ R
=> HTf;(B)P +>0 B A.

p=0 s=0 k=s+1

For the proof, we can use mathematical induction, see [54].

So, for each further iteration step, we conserve the order O(77*1) of Equa-
tion (2.67) or O(1™*2) of Equation (2.68).

We assume all local errors to be of order O(7+2).

Based on this assumption, we obtain for the global error

€IT]ocal (Tn) (

erTglobal (") =(n+1)ermpea(m) = (n+1) 7 ~
n

— o),

2.69)

where we assume equidistant time steps, a time t"*! = (n + 1) 7,,, and the
same local error for all n + 1 time steps, see also [153].
O

Remark 2.23. The exact solution of the split subproblem can also be ex-
tended to singular perturbed problems and unbounded operators. In these
cases, the formal solution with respect to the asymptotic convergence of a
power series, which is close to the exact solution, can be sought, see [9], [10].
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Consistency Analysis of Iterative Splitting Method with Inter-
polated Split Solutions

The algorithm (2.40)—(2.41) requires the knowledge of the functions w;_1 ()
and w;(t) over the whole interval [t",¢t"!]. However, when we solve the split
subproblems, we usually apply some numerical methods that allow us to know
the values of the above functions only at some points on the interval. Hence,
typically we can define only some interpolations of the exact functions.

In the following, we consider and analyze the modified iterative process

a@gt(t) = Au(t) + Bu™ (t), with u(t") = ul}, (2.70)
‘9“%;“) = Au() + Buipa(t), with uip (%) =l (2.71)

where ul"(¢) (for k =i —1,4) denotes an approximation of the function wy/(t)
on the interval [t", " 1] with accuracy O(7?). (For simplicity, we assume the
same order of accuracy as the order p on each subinterval.)

Then, we lead to the following theorem:

Theorem 2.24. Let A,B € L(X) be given linear bounded operators and
consider the abstract Cauchy problem (2.42). Then for any interpolation of
order p > 1, the iteration (2.70)—(2.71) for i = 1,3,...2m + 1 is consistent
with the order of consistency o where o = min{2m — 1,p} .

Proof. The iteration (2.70)—(2.71) for the error function &;(t) recalls relation
(2.46) with a modified right side, namely

_ Bei_l(t) + Bhi_l(t)

Fi(t) = Ahi(t) ; (2.72)
where hg(t) = ug(t) — u(t) = O(7P) for k =i — 1,i. Hence,
[ Filloo < max{[|B]|[lei—1|l + [hi—xll; | Al [|7:ll}, (2.73)
which results in the estimation
[Filloe < Bl llei-all + C 3. (2.74)

Consequently, based on these assumptions, estimation (2.58) turns into the
following:
leill < K(I|Bllmallei-1ll + C ™) + O(77). (2.75)

Therefore, based on these assumptions, estimation (2.60) takes the modified
form

leir1|| < Kaim2|eimi| + KCTE2 + KOTEH! + O(72), (2.76)

where K, K; € Rt are constants and are not depending on the time step 7.
So we obtain the order of consistency avmin 2m — 1, p, while p is the order
of the interpolation and 2m — 1 are the iterative steps. O
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Remark 2.25. Theorem 2.24 shows that the number of iterations should be
chosen according to the order of the interpolation formula. For more itera-
tions, we expect a more accurate solution.

Remark 2.26. As a result, we can use a piecewise constant approximation
of the function wuy(t), namely ui™(t) = uy(t") = const, which is known from
the split solution. In this instance, it is enough to perform only two iterations
in the case of a sufficiently small discretization step size.

Remark 2.27. The above analysis was performed on the local error. The
analysis of global error is the same as usual and leads to a-order convergence.

In the next section, we deal with the stability of time integration and time
discretization methods.

2.6 Stability Analysis of Iterative Splitting Method for
Bounded Operators

For the time integration methods, the stability is defined by the bound-
edness of the operators. Here, we have assumed that the exact underlying
differential equations are to be solved.

The more realistic case in most applications is to use time integration or
time discretization methods to solve the differential Equations (2.40)—(2.41).

Such methods are also time-consuming, if we assume that the solution is to
be found with an accuracy at least as good as the underlying splitting scheme.

One of the benefits of dealing with implicit and explicit parts in the scheme
(2.40)—(2.41) is to solve the explicit or fixed part directly and the implicit part
with a given scheme.

So at least the more stiff operator is solved implicitly, while the nonstiff
operator is solved explicitly. This means that we solve only the stiff part,
while the nonstiff part can be solved directly or in less computational time.

For the time discretization methods, the stability has to be discussed in
connection with the underlying discretization schemes and taking into account
the different amounts of computational time needed by operators A and B.

We discuss the following schemes:

e Time integration schemes
e Time discretization schemes

Remark 2.28. In the first case, we assume we can directly integrate the ordi-
nary differential equations and deal with exp-functions. In the other case we
assume we wish to avoid exp-functions and apply time discretization methods.

For both cases, we discuss examples of their underlying methods, which
are used later in the experiments, see Chapter 6.
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2.6.1 Time Integration Methods

We concentrate on an approximation to the solution of the linear evolution
equation

Oy w=Lu= (A4 B)u, u(t") =u", (2.77)

where L, A, B € R™*™ are bounded operators and m is a positive integer
(rank of matrix).

2.6.1.1 Case 1: Alternating A and B

In this case, we assume we must solve alternating the initial value problem
for A and B and can easily compute exp(At) and exp(Bt), while exp((A+ B)t)
is expensive.

As numerical method, we will imply a two-stage iterative splitting scheme:

exp(At)u™ + /tn exp(As)Bu;—1(s) ds, (2.78)
uit1(t) = eXp(Bt)u"—l—/ exp(Bs)Au,(s) ds, (2.79)

tn

Uj (t)

where i = 1,3,5,... and ug(t) = 0 or ug(t) = u(t™).
Based on the order of the iterative splitting scheme, we must take into
account the same order of the time-integration schemes.

Evaluation with Trapezoidal Rule (Two Iteration Steps)

‘We must evaluate:
us(t) = exp(Bt)u(t") (2.80)

+ /t exp(B(t — 8))Auy(s)ds, t € (1", 1",

n

where uq(t) = exp(At)u(t™) is the previous solution.
We apply the Trapezoidal rule and obtain:

us(t) = exp(B7, )u(t™) + 375 (Aui (t) 4 exp(Bry) Auy (1)), (2.81)

where 7, =t — t".

Based on the bounded operators and the boundedness of the underlying
exp-functions, the conditions for the stability of the method are given, see
[117] and [124]. We obtain a second-order scheme given by two iterative steps
and the Trapezoidal rule, which is a second-order scheme.
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Evaluation with Simpson Rule (Three Iteration Steps)
We must evaluate:
us(t) = exp(Ar,)u(t™) (2.82)
+ /t exp(A(t — s))Bua(s)ds, te€ (t",t""1],
4n

where uq(t) is given by the previous two-step method.
We apply the Simpson rule and obtain:

us(t) = exp(Am,)u(t") (2.83)
1 n
57 (Bua(t) + 4 exp(AT) Bus((t +1")/2) + exp(Ara) Bus (") )
where 7, =t — t".
Based on the bounded operators and the boundedness of the underlying
exp-functions, the conditions for the stability of the method are given, see

[117] and [124]. We obtain a third-order scheme given by three iteration steps
and the Simpson rule, which is a third-order scheme.

Remark 2.29. The same result can also be derived by applying BDF3 (Back-
ward Difference Formula of Third Order).

Evaluation with Bode Rule (Four Iteration Steps).

We must evaluate:
ug(t) = exp(Br,)u(t") (2.84)

+ /t exp(B(t — s))Aus(s)ds, t € (t", 1",

n

where ug(t) has to be evaluated with a third-order method.
We apply the Bode rule and obtain:

ug(t) = exp(Br,)u(t™) (2.85)
1 Tn 3t+t"
+ 90 <7AU3 (t) + 32 exp(B Z)A’U,g( 1 )

t 4 3t"
4

t4t"

n 3 n
+ 12exp(B%)AU3( )+32€xp(B%)Au3( )

+ 7exp(BTn)AU3(t")),
where 7, = t — t" and us(¢) is evaluated with the Simpson rule or another

third-order method.
Based on the bounded operators and the boundedness of the underlying
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exp-functions, the conditions for the stability of the method are given, see
[117] and [124]. We obtain a fourth order scheme given by four iteration steps
and the Bode rule, which is a third-order scheme.

Remark 2.30. The same result can also be derived by applying the fourth
order Gauss Runge-Kutta method. We can generalize the schemes by using
more iteration steps and higher-order time integration schemes.

2.6.1.2 Case 2: A is Stiff and B is Nonstiff

In this case, we assume we must solve the initial value problem only over
A and B is explicit. We assume we must compute only exp(At), while B is
only a perturbation.

As a numerical method, we imply a one-stage iterative splitting scheme:

t
u;(t) = exp(At)u” +/ exp(As)Bu;—1 ds, (2.86)

tn

where i =1,2,3, ... and ug(t) = 0 or up(t) = u(t™).
Based on the order of the one-stage iterative splitting scheme, we have to
take into account the same order in the time integration schemes.

Evaluation with Trapezoidal Rule (Two Iteration Steps)

We must evaluate:
us(t) = exp(At)u(t™) + fttn exp(A(t — s))Bui(s)ds, te (tm,t"H], (2.87)

where uq(t) = exp(At)u(t™) is the previous solution.
We apply the Trapezoidal rule and obtain:

uz(t) = exp(A7n)u(t") + 17, (Bui(t) 4 exp(Ar,)Buy (")), (2.88)
where 7, =t — t".
Based on the bounded operators, the method is stable, see also the ar-

guments in Case 1. We obtain a second-order scheme given by two iteration
steps and the Trapezoidal rule, which is a second-order scheme.

Evaluation with Simpson Rule (Three Iteration Steps)

‘We must evaluate:
us(t) = exp(Ar,)u(t™) (2.89)

+ /t exp(A(t — s))Bug(s)ds, t € (t", 1",

n

where uq(t) is given by the previous two-step method.
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We apply the Simpson rule and obtain:
uz(t) = exp(Ar,)u(t") (2.90)

+ éTn<BuQ(t)+4exp(A%l)BuQ((t—|—t”)/2)
+ exp(ATn)BuQ(t")),

where 7, =t — t".

Based on the bounded operators, the method is stable, see also the ar-
guments in Case 1. We obtain a third-order scheme given by three iteration
steps and the Simpson rule, which is a third-order scheme.

Remark 2.31. The same result can also be derived by applying BDF3 (Back-
ward Difference Formula of Third Order).

Evaluation with Bode Rule (Four Iteration Steps)

We must evaluate:
ua(t) = exp(Amy)u(t") (2.91)

+ /t exp(A(t — s))Bug(s)ds, te€ (t",t""1],

n

where ug(t) has to be evaluated with a third-order method.
We apply the Bode rule and obtain:

ug(t) = exp(Ar,)u(t™) (2.92)

Tn 3t 4+ t"
™) Bug(~)

1
+ 9™ (7Bu3(t) +32exp(4

t+t"
2

+ 7€XP(ATn)Bu3(tn))7

t+3t”)
4

+ 12 exp(A%L)Bug,( )+ 32 exp(A%)Bm(

where 7, = t — t" and us(¢) is evaluated with the Simpson rule or another
third-order method.

Based on the bounded operators, the method is stable, see also the ar-
guments in Case 1. We obtain a fourth-order scheme given by four iteration
steps and the Bode rule, which is a third-order scheme.

Remark 2.32. The same result can also be derived by applying the fourth-
order Gauss Runge-Kutta method. We can generalize the schemes by using
more iteration steps and higher-order time integration schemes.
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Remark 2.33. We can generalize our results to higher-order time integration
methods for bounded operators. Based on the assumptions, that all operators
and their underlying integrals in the schemes (2.78)—(2.79) and (2.86) are
bounded in a Banach norm, the underlying time integration methods are at
least stable; see the ideas of a proof in [86] and [106].

2.6.2 Time Discretization Methods

We deal with time discretization methods used for discretizing the iterative
splitting scheme. The methods and proof ideas are discussed in the preprint
of Geiser/Tanoglu [98].

For the application to numerical experiments, we assume that the iterative
splitting method (2.40)—(2.41) will be applied to linear evolution systems, e.g.,
diffusion-reaction systems.

We assume we will apply semidiscretization to the spatially dependent
operators, e.g., diffusion and convection operator is discretized with finite
difference methods, see [118], and obtain the matrices A and B. Further, we
assume that we can estimate the resulting matrices in a Banach norm.

Based on this ordinary differential equation, we apply time discretization.

We make the following assumptions:

Assumption 2.34. The time discretization methods are applied to the iter-
ative splitting method (2.40)-(2.41). We consider some suitable vector norm
[|-1] on R™ and the corresponding induced matriz norm || - || on RM*M  The
matriz exponential of Z € RM*M s denoted by exp(Z).

e A and B are matrices, they can be the result of a finite difference dis-
cretization or of the ordinary differential equations given.

e Both A and B have only real negative eigenvalues.
e For operators with real negative eigenvalues, we obtain:

[lexp(m,A)|| < 1,||exp(r B)|| < 1,V7, > 0. (2.93)

e If A and B are discretized spatial derivative operators, then Aug and
Bug will be bounded if the initial solution ug is smooth and satisfies the
appropriate boundary condition for t = 0.

o The implicit FEuler and Crank-Nicolson method is unconditionally
stable:

1Ren (2)]] = (I = 1/22)7 (I +1/22)|| < 1, (2.94)

| Rimpt.2a(2)|| = I(I = 2)7Y| < 1, (2.95)

where Z = 1, A or Z = 1, B and Rcn, Rimpl.Eu are the transfer func-
tions for the A-stable scheme.
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For time discretization, we propose the Runge-Kutta and BDF methods.
Even for real eigenvalues, the instabilities that are often observed can be
overcome with some assumptions about the operators.

In this way, we can stabilize the iterative splitting scheme with Runge-
Kutta and BDF methods.

Remark 2.35. In the following, we discuss the two-stage iterative splitting
method, which is assumed to give some benefit when decoupling the operators
A and B.

2.6.2.1 Runge-Kutta Methods

We discuss the stabilization of the iterative splitting method with Runge-
Kutta methods of first and second orders. Here we deal with explicit and im-
plicit components of the splitting scheme. The implicit discretization method
is used for the operators that have been solved with an implicit method, while
the explicit discretization method is used for all the operators that can be done
with the previous iterative solution. Here the balance of these discretization
schemes stabilize the iterative splitting scheme.

Theorem 2.36. Let A and B be linear and bounded operators in a Banach
space X = RM according to Assumption 2.3/.
We apply implicit and explicit Fuler and Crank-Nicolson methods to obtain
stable time discretizations of the iterative splitting scheme (2.40)—(2.41).
Then the amplification matriz of iterative splitting fulfills unconditional
stability:

IR(Z1, Z2)]| < 1,970 >0, (2.96)

where Z1 = 1, A and Zy = 17,B and R is the transfer function of the dis-
cretization scheme.

Proof. In the discrete case, we can balance the implicit and explicit schemes,
such that we obtain stabile methods. We assume two stages for the iterative
method and discretize with a f-method:

aptt = (- 00)(A(uyy) + B(ul))
+1ab1 (A@) + Bui ™) (2.97)
u?j’ll =upyy + (1 — 02)(A(uiyy) + Bluiyy))
+7202(A@HT) + Bulh) (2.98)

where uf* = u’,; = u" and the initialization is with uf ™t = un

For the linear system, we denote Z; = 7,4 and Zy = 7,,B and we set
01 = 6.
We get the following stability equation, see [134], and for § = 1/2, we
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compute the first iteration with ¢ =1 and get the equation

ut Tt = (T4 (I —1/222)7 I —1/221) "2y + Zo)u™ , (2.99)
= (I =1/2Z5) (I = 1/2Z2) + (I = 1/22:)"(Z1 + Za))u
= (I—1/2Zy)" "I —=1/220)" (I +1/22Z1)(I + 1/2Z2)u"
Setting 4" = (I — 1/2Z2)u™, we obtain:
a"tt = (I-1/22)" Y1 +1/22y) (2.100)
(I +1/2Z2)(I — 1/2Zy) " "
= Reon(1/2Z0)Ron(1)2Z5)0™

where, according to the inner product norm and Assumption 2.34, it follows
that the stability functions of Ron are all bounded by 1.
Hence, we have:

[|la | < Jlaml, (2.101)

and
n 1
[lu™ ] < 1I(T = 5Z2)uol|, ¥n = 0. (2.102)

This gives stability results with respect to ||Zaug|| < Clluo]]-
This is fulfilled by our Assumption 2.34, that Bug is bounded.
O

Remark 2.37. Here we have the benefit in decoupling into two equations
and could deal with different timesteps. So we can reduce the computational
time and increase the timestep in the less stiff part.

2.6.2.2 BDF Methods

In this section, we derive the stability of backward difference formulae
(BDFk), where k denotes the order of the method, in each subequation of the
iterative splitting scheme (2.40)—(2.41).

Introduction to the BDFk Methods

In the literature, the BDF is given by the equation,

k+1
z:ozrun_ﬂ'2 = 1.06f(u"h). (2.103)
r=1

where the coefficients «, and 8 are obtained from a Taylor expansion and the
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difference operator. We apply the BDF method of order f for the operators
A and B and obtain:

k+1
Z au " = 1, AU + 7, BBu T, (2.104)
r=1

and the following conditions must be satisfied:
1. k < 7, otherwise the method is not zero stable,
2. Zk:i o, = 0, otherwise the method is not consistent.

T

The construction of the BDFk methods are given in [123].
Stability Proofs

For the following theorems, we consider some suitable vector norm || || on
R™ together with a suitable indexed operator norm.

The matrix exponential of Z € R x R will be denoted by exp(Z) and we
assume that we have dissipative operators A, B with

[|exp(mA)|| < 1, || exp(mnB)|| < 1, for all 7, > 0. (2.105)

This means that the operators are themselves stable.
We have the following assumptions:

Assumption 2.38. The time discretization methods are applied to the it-
erative operator-splitting method (2.40)—(2.41). We consider some suitable
vector norm || - || on RM. The matriz exponential of Z € RM*M s denoted
by exp(Z).

e A and B are matrices, for example given by spatial dicretized operators
and they define the ordinary differential equations.

e Both A and B have real nonpositive eigenvalues
o We assume:

[lexp(m,A)|| < 1,||exp(r. B)|| < 1,V71, >0, (2.106)

e If A and B are discretized spatial derivative operators, then Aug and
Bug will be bounded if the initial solution ug is smooth and satisfies the
appropriate boundary condition for t = 0.

o The implicit Euler and Crank-Nicolson method is unconditionally
stable:

|[Ren (2)|| = [|(I —1/22)" (I + 1/22)]| <1, (2.107)

Rimpt.2u(Z)]| = (I = 2)71| <1, (2.108)
where Z = 1, A or Z = 1, B.
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o We assume that the initial solution is sufficiently smooth:
fori=1:||Bu"|| < Cyllu”]|
for i =2:||[ABu™|| < Caf|u™||.

Then we can generalize the stability function according to the following
theorem:

Theorem 2.39. We apply BDF methods to the iterative splitting method
given in Equations (2.40)—-(2.41), then for the linear system with Z4 = 1, A
and Zy = 1, B we obtain stable functions R;(Z1, Zs) under Assumption 2.38,
that are given as

||RZ(Zl,ZQ)|| <1, fO’f‘ all Z1,7Z5 € X x X, (2109)

where X is a Banach-space, || - || is the matriz norm and i = 1,2 and R; is
the i-th transfer function of the splitting scheme.

Such that the iterative splitting methods are stable with the underlying BDF
methods as time discretization methods.

Proof. Discretization of Equations (2.40)—(2.41) by BDFk methods gives:

k41
(nI — Brp At = — Z apul "2 Br, Bul ! (2.110)

r=2

k+1
(oI — 5TnB)u;f11 = - Z "2 4 Br, Aul (2.111)

r=2

where i =1,3,5,....

For the linear system, we denote Z; = 7,4 and Zy = 7,B and we set
Ui = ujly = u?il = u?—;ll =...= u?7k+l = u?;f“ = u" and initialize with

n+l _
U =1U

We get the following stability equation by following the same approach
given in reference [133].
We compute the first iteration with ¢ = 1 and get the following equation

n

k+1
(o = BZ)upt = = o™ + BZxc”, (2.112)
r=2
= mu" + 825",
= (aal + BZ)u",
uttt = (I —arZy) I+ anZa)u™, (2.113)
U?Jrl = Rl(Zl,Zg)u",
where a; = o%
Setting

" = (I —axZa)u™, (2.114)
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we obtain:

"t = (I —arZo)(I — apZ1) " (I + arZo)(I — arpZz) '@ (2.115)
= (I = axZ2)Rim gu.(arZ1)Ro(ar Z2)u"

where, with the inner product norm and Assumption 2.38, it follows that the
stability functions of R, g.. and Ry are all bounded by 1.
We obtain:

l|la"| < ||(I - apZ2)"@||,¥n > 0. (2.116)
Further, we reset the setting of 2.114
llu]| < ||(I—apZz)" " ||, ¥n >0, (2.117)

and assume ||Bu"|| < C|[u"||,¥n > 0, such that we have stable results.

This also gives stability to the spatial derivative operators, if the initial
solution is smooth and satisfies the appropriate boundary conditions.

For the next iteration i = 2, we get the same stability function as before

k+1
(nI = BZo)us™ = =3 o™+ BZyuy™ ", (2.118)
i=2
= au" + BZ1Ri(Zy, Zo)u",
= (ol + BZ1Ri(Z1, Z2))u",
ust™t = (I —apZo) (I +awRy(Z1,22)Z1)c",  (2.119)
ub ™l = (I —apZy) NI — anZ2) NI + a2 Z1 Zo) ",
Ro(Zy, Zo)u™

SO we obtain,
ub™ = Rimpu (01 Z2) Rim.pu(anZ0)(I + ai Z1 Zo)u™,  (2.120)
We derive the stability as
gl < 11(+ a}Z1Z2) a0, Vn = 0, (2.121)

and assume ||ABu"™|| < C||u™||,Vn > 0 and have stable results.
O

Remark 2.40. A generalization for ¢ > 2 is also possible. The underlying idea
of the proof is to derive an induction with boundable stability functions of the
previous iterative step, see [98]. The main assumption is to have sufficiently
smooth initial solutions to bound the operators. For example, for i = 3, we
have to bound BABug with sufficient smoothness of the initial condition and
satisfy the appropriate boundary condition.
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Remark 2.41. The flexibility in choosing the iterative steps over operator A
or B obtains a scheme that takes into account the best choice of the smallest
norms of A or B. This means we iterate over A if the norm of B is smaller or
vice versa. Here the benefit of balancing implicit and explicit parts are given,
while the operator with the larger norm is computed implicit and the operator
with the smaller norm is computed explicit; see also numerical Benchmarks
in Chapter 6.



Chapter 3

Decomposition Methods for Partial
Differential Equations

In this chapter we concentrate on decoupling differential equations with un-
bounded operators.
We consider the abstract Cauchy problem in a Banach space X

Oc(x,t) = Ac(x,t) + Be(z,t), 0<t<T,
(3.1)

¢(0) = co,

where A :dom(A) — X, B :dom(B) — X and dom(A) C X,dom(B) C X are

given linear operators that are generators of the analytical semigroups and

co € X is a given element. We assume an operator norm to the Banach space

given as || - ||

We extend our theory to unbounded operators, because also semidis-
cretized spatial depending operators are at least unbounded, see [180].

Instead of the bounded operators, we have to extend to analytical semi-
groups, see [181], to estimate the integral formulations in a related operator
norm || - /.

We concentrate on initial value problems, meaning Cauchy problems, where
the problem can result of an ODE system or we assume to have discretized
partial differential equations in space with finite difference methods and the
boundary values are included. We assume that these problems lead to an
initial value problem with linear unbounded operators, see [180].

We have the following cases:

e Both operators have the same domains dom(A) = dom(B), meaning we
concentrate on operators that only differ to some constants.

e We assume to different operators, dom(A) C dom(B) and we denote:
B= A" (3.2)
where o € (0,1).
e Extension can be done for:
B = f(4), (3.3)

where f: R — R is a polynomial function.

59



60 DECOMP. METHODS FOR PARTIAL DIFF. EQUATIONS

e For the noncommutative case, we can also extend to:
B < f(4), (3.4)
where f : R — R is a polynomial function.

We concentrate on the cases for the commuting operators and B = A'~2,

The extension can be treated in a similar way; see ideas for application to
parabolic initial boundary value problems [181].

The idea of the proof techniques are given in the following Figure 3.1.

From bounded to unbounded operators

Bounded Operator
Application in ODEs or

spatially discretised PDEs

(Proofs done with differentiable semigroups)

Unbounded Operator
Application in PDEs

(Proofs done with Cor analytical semigroups)

FIGURE 3.1: Proof techniques for unbounded operators.

3.1 [Iterative Schemes for Unbounded Operators

We discuss the following based on the different assumptions to the opera-
tors two iterative schemes.
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While one operator is at least less bounded that the other operator, we
reduce the order or leave the same order if we are iterative over the less
bounded operator.

3.1.1 [Iterative Splitting Schemes

In the following we deal with the following scheme:
1. One-stage iterative splitting method

u;(t) = exp(At)ug + /0 exp(A(t — s))Bui—1(s) ds, (3.5)
ui(0) = u(0), (3.6)

where i = 1,2,3,... and ug(t) = 0.
2. Two-stage iterative splitting method

wilt) = exp(Atyug + /0 Cexp(Alt — ) Buiy(s) ds.  (37)
ws(0) = u(0), (3.8)
s (£) = exp(Bt)uy + /0 Cexp(B(t — ) Aus(s) ds,  (3.9)
i1 (0) = u(0), (3.10)

where i = 1,3,5,... and ug(t) = 0.
We deal with the following assumptions:

Assumption 3.1. The linear operators A+ B, A, B generate Cy semigroups
on X, and the operators A, B satisfy in addition the bounds:

|| exp(AT)|| < exp(wlt]) and || exp(BT7)|| < exp(wlt|) (3.11)
for some w >0 and all t € R.

The following theorem is given the convergence of an iterative operator
splitting scheme for one-sided iterations and we assume that exists B = A'~*:

Assumption 3.2. For the consistency proofs we have to assume the following:
The linear operators A+ B, A, B generate analytical semigroups on X, and
the operators A, B satisfy in addition the bounds:

||B* exp(B7,)|| < k17, . (3.12)
|Bexp((A+ B)7,)|| < ror,, ', (3.13)
|lexp(Ary) B[ < kary, 1+, (3.14)
||A? exp(Ar,)|| < ka7 (3.15)
[[A" exp((A+ B)m)|| < w57, 7, (3.16)
where a, 3,y € (0,1), 7, = ("1 —t") and K; fori=1,...,5 are constants,

see [180].
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Remark 3.3. For the one-stage iterative scheme it is sufficient to have the
assumptions: (3.13)—(3.16), where for the two-stage iterative scheme we need
all assumptions as for the one-stage schemes and additionally assumption
(3.12).

That means that we assume that operator A and B generates an analytical
semigroup with exp(At) and exp(Bt).

3.1.2 One-Stage Iterative Splitting Method for A-bounded
Operators

In the following we present the convergence of the one-stage iterative split-
ting method.

Theorem 3.4. For the numerical solution of (2.40), consider an iterative
operator splitting scheme on operator A with i-th iterative steps.
If the Assumptions 3.1 and 3.2 are valid, then
||S? — exp((A + B)n7)|| < CT71, nr < T, (3.17)

where the constant C' can be chosen uniformly on bounded-time intervals and
in particular, independent of n and T.

Proof. By applying the telescopic identity we obtain
(S7 — exp((A+ B)nt)ug (3.18)

n—1
=3 SIS —exp((A+ B)r)) exp(vr(A + B))uo,
v=0

if we assume the stability bound:
|[S:]] < exp(ewT), (3.19)

with a constant ¢ only depends on the estimation of the method.
Furthermore, if we assume the consistency bound:

I5i* — exp((A + B)nT)]|

< exp(cwT) i: [|(S — exp(T(A+ B)))exp(vr(A+ B))|| (3.20)
v=0
<Crl nr <T. (3.21)

The desired consistency and stability bound is given in the next
subsubsections.
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3.1.2.1 Consistency Analysis

We present the results of the consistency of our iterative method. We
assume for the system of operator the generator of an analytical semigroup
based on their underlying norms for the Banach space X and induced operator
norm denoted by || - ||.

In the following we discuss the consistency of the to-stage iterative method,
taken into account to iterate over both operators.

Theorem 3.5. Let us consider the abstract Cauchy problem in a Banach
space X given in Equation (3.46). With the operators A,B : X — X are
linear operators that are generators of the analytical semigroups. We assume
dom(B) C dom(A), so we are restricted to balance the operators. We assume

B=A"" (3.22)

is the infinitesimal generator of an analytical semigroup for all a € (0,1), see
[180].

The consistency error is given as O(T%), where 1, = t"Tt —t" and we
have equidistant time steps, with n =1,..., N. Further i is the iterative step
with operator A.

Then the iteration process (3.5) for i = 1,2,3,... is consistent with the
order of the consistency O(1&%), where 0 < a < 1.

Proof. Let us consider the iteration (3.5) on the subinterval [t", "],
For the first iteration we have:

Orer(t) = Aci(t), te (7t (3.23)
and for the second iteration we have:
Orea(t) = Aca(t) + Bea(t), te (tn,t"F, (3.24)

In general we have:
fori=1,2,3,...

Oici(t) = Aci(t) + Bei_1(t), te€ (1, "1, (3.25)

where for ¢y(t) = 0.
The solutions for the first two iterative steps are given by the variation of
constants:

c1(t) = exp(A(t — t"))e(t™), te (t™, ", (3.26)
co(t) = exp(A(t —t"))e(t") (3.27)

+/ exp(A(t" T — 5))Bey(s)ds, te€ (¢, "
tn
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For the recursive iterations we have the solutions for i =1,2,3,...:

ci(t) = exp(A(t — t))e(t™) + [1 exp((t — 5)A)Bei—i(s) ds, t € (17,1,

(3.28)
The consistency is given in the following steps:
For e; we have:
c1(t"TY) = exp(Ar,)c(t™), (3.29)
c(t") = exp((A + B)1)c(t") = exp(Ary,)e(t™) (3.30)
tntt
+ exp(A(t" T — 5))Bexp((s — t")(A + B))c(t™) ds.

tﬂ.
We obtain:

lleal] = [le = el < [lexp((A + B)mn)e(t") — exp(Ama)e(t™)]| - (3.31)
<[l /tn exp(A(t" ™ — s))Bexp((s — t")(A + B))e(t") ds||
<l /tn exp(A(t" T — 5)) AT exp((s — t")(A + B))c(t") ds||

< / s ds|e(t™)|
t’L
< Cr et

where o € (0,1), 7 = (t"*1 —¢") and C is a constant depends only on 5 and
w.
For es; we have:

co(t") = exp(AT, )c(t™) (3.32)
+ . exp(A(t" T — 5))Bexp((s — t")A)c(t™) ds,

c(t™) = exp(Ar, )c(t™) (3.33)
+ . exp(A(t" — s))Bexp((s — t")A)c(t") ds

+/ exp(A(t"T — 5))B

tn

/t " exp(A(s — p)Bexp((p— ") (A + B))e(t") dp ds.

n
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We obtain:

leal] < [l exp((A + Byra)e(t) — esl] (3.34)
|l / exp(A(t"*! — 5))B

tn

/t " exp(A(s — p)Bexp((p— (")(A + B))e(t") dp ds]|

n

tn+1
lexp(A(E™+ — )|
/ lexp(A(s — p)) A2 exp((p — t")(A + B))e(t™) dpl|ds
tn+1
- / c / P2 2dpds||e(t™)|
< Cr2e ||c t" ||

where o € (0,1), 7 = t"*! —¢" and C is a constant only depending on x5 and
w.

For the general iterative steps, the recursive proof is given in the following.
We shift " — 0 and ¢"*! — 7, for simpler calculations, see [136]. The initial
conditions are given with ¢(0) = c(t").

For the iterative steps i = 1,2, 3, ..., we obtain for ¢; and c:
Ci (Tn) = eXp(ATn)C(O) (335)
—|—/ exp(As)B exp((r, — s)B)c(0) ds
0
Tn Tn —S1
—|—/ exp(Asl)B/ exp(saB)Aexp((rn, — s1 — s2)A)c(0) dsa dsy
0 0
+o+
Tn Tn —S1 Tn—S1—82
+ exp(Asl)B/ exp(SQA)B/ exp(s3A)B
0 0 0
Tn— Z;;i

J

i—1
exp(As;)B exp(( Z 55)A)c(0) ds; ... ds1,
j=1
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c(1y) = exp(ATy)c(0) (3.36)

+ /Tn exp(As)Bexp((t, — s)B)c(0) ds
0

—|—/ exp(Asl)B/ exp(se B)Aexp((T, — s1 — s2)A)c(0) dsg ds;
0 0
+...+
—|—/ exp(Asl)B/ exp(szA)B/ exp(ssA)B...
0 0 0
i—1

Th—32321 85
/ exp(As;)Bexp((m, — » s5)A)c(0) ds; . ..ds1
0

j=1

+/ exp(Asl)B/ exp(szA)B/ exp(ssA)B...

0 0 0
Tn_z;'=1 Sj i

/ exp(Asit1)Bexp((tn — ) 8;)(A+ B))c(0) dsiqr ... dsy.
0 =

By shifting 0 — ¢" and 7,, — "1, we obtain our result:

lleill < [l exp((A + B)7a)e(t") - cill (3.37)
< O le(t)]],

where 0 < o; < 1 and ¢ is the number of iteration steps over the operator A,
C is a constant and depending only on k5 and w.
O

In the next subsubsection we describe the stability analysis.

3.1.2.2 Stability Analysis

For stability bound we have the following theorem:

Theorem 3.6. Let us consider the abstract Cauchy problem in a Banach
space X

|[Si]] < exp(cwTs), (3.38)
where ¢ depends only on the coefficients of the method and w is a bound for
the operators, see (3.13)-(3.16). S; is given as in Equation (3.5) and 1, is
the time-step size.

Proof. We apply the assumption:

B= A" (3.39)
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Based on the definition of S; we have:

S; = exp(ATy) (3.40)
—|—/ ' exp(As)Bexp((1, — s)A) ds

—|—/ exp(As1) B/ exp(se A)Bexp((1, — s1 — s2)A) dsa dsy

Tn —S1 Tn—S81—82
—|—/ exp(As1) B/ exp(se A)B / exp(ssA)B
0

Z 1 i—1
/ ” exp(As Bexp((m, ZSJ ) dsi...ds.
0
j=1

_|_

After application of B = A'~% we have:
151 < [l exp(Ar,)] (3.41)

—|—||/ exp(As) A" exp((,, — s)A) ds|
0
+||/ exp(As ) A=

0

/ exp(soA) A exp((1, — 51 — 52)A) dsy ds1||
0
+...+
H| [ exp(dsy)ate
0

/ exp(sgA) AL / exp(sgA) AT L.
0 0

Tan;i Sj
/ exp(As;) A" exp(( Z sj)A) ds; .. .ds1]|,
0
<exp(wr) + Y _ Cjt™ < exp(@r) (3.42)
j=1

where for all w,C; <0 forall j=1,...,5and a € (0,1), we find © < 0.
Therefore, ||.5;|| < exp(©7) is bounded.
O

3.1.3 Two-Stage Iterative Schemes for Operators Generating
an Analytical Semigroup

In the following we discuss the consistency of the two-stage iterative method,
taken into account to iterate over both operators. For such schemes we assume
that both operators can generate an analytical semigroup.
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Theorem 3.7. For the numerical solution of (2.40), we consider the iterative
operator splitting scheme given with Equations (3.7) and (3.9), meaning we
iterate on operator A with m + 1 iterative steps and on operator B with m
iterative steps.

If the Assumptions 3.1 and 3.2 are valid, then

[|S] — exp((A + B)nr)|| < C’T(m+1)°‘_1, nt <T, (3.43)

where i = 2m + 1 are the iterative steps over A and B, the constant C' can be
chosen uniformly on bounded time intervals and in particular, independent of
n and 7. « € (0,1) with the assumption B = A'~.

Proof. By applying the telescopic identity we obtain
(ST — exp((A + B)nt)ug (3.44)

=3 575 — expl((A + B)r)) exp(vr(A + B)uo,
v=0

if we assume the stability bound:
|1S:]] < exp(ewT), (3.45)

with a constant ¢ only depends on the estimation of the method.
Furthermore, if we assume the consistency bound:

[|S7 — exp((A + B)n1)|]| (3.46)
< expleT) 3 I(S — exp(r(A + B))) exp(ur(A + B))|
v=0

< ortmte=l pr <

The desired consistency and stability bound is given in the next
subsubsections.

3.1.3.1 Consistency analysis

We present the results of the consistency of our iterative method. We
assume for the operator system that the generators of an analytical semigroup
are based on their underlying norms for the Banach space X and that the
induced operator norms are denoted by || - ||-

In the following we discuss the consistency of the two-stage iterative method,
taken into account to iterate over both operators.

Theorem 3.8. Let us consider the abstract Cauchy problem in a Banach
space X is given in Equation (3.46). With the operators A, B : X — X are
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linear operators that are generators of the analytical semigroups. We assume
dom(B) C dom(A), so we are restricted to balance the operators. We assume

B=A"" (3.47)

is the infinitesimal generator of an analytical semigroup for all a € (0,1), see
[180].

The consistency error is given as O(ﬂ(lmﬂ)a), where 7, = "1 — " and
we have equidistant time steps, with n = 1,...,N. Further, m + 1 are the
iterative steps with operator A.

Then the iteration process (3.5) for i =2m+1 for m =0,1,2,..., where
we assume m + 1 iterative steps with operator A and m iterative steps with
operator B, is consistent with the order of the consistency O(rﬁf(m*”)
0<ax<.

, where

Proof. Let us consider the iterations (3.7) and (3.9) on the subinterval [t", t"1].
For the first iterations we have:

Opcr(t) = Acy(t), te (¢t ¢+, (3.48)
and for the second iteration we have:
Opca(t) = Aci(t) + Bea(t), te (", ¢+, (3.49)

In general we have:
For the odd iterations for ¢ =1,3,5,...,2m+ 1 for m =0,1,2,...

Orci(t) = Aci(t) + Bei—1(t), te (¢t (3.50)
where for ¢y(t) = 0.
and for the even iterations for ¢ = 2,4,6,...,2m form =1,2,...
Oici(t) = Aci(t) + Bei—1(t), te (1, "1, (3.51)

where for ¢y(t) = 0.
This means we iterate at least m + 1 times over A and m times over B.
The solutions for the first two iterative steps are given by the variation of
constants:

ci(t) = exp(A(t —t")c(t™), te (", ", (3.52)
co(t) = exp(B(t—t"))c(t") (3.53)
+/t exp(B(t" ! — 5))Acy(s)ds, te (t™, 1"

For the odd iterations i = 2m + 1 for m = 0,1,2,... we obtain the

ci(t) S (t)e(t™) (3.54)
= exp(A(t — t"))e(t™)

+ /75 exp((t — s)A)Bc;_1(s) ds, te (t™,t"].

n
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For the even iterations i = 2m for m = 1,2, ... we obtain the

alt) = Si(t)e(t™) (3.55)
= exp(B(t —1t"))c(t")

t
—|—/ exp((t — s)B)Ac;_1(s) ds, te (t",t" 1.
tn

The consistency is given as in the following steps:

For e; we have the result of the previous one-stage iterative operator
method:

lleal] < O [le(t™)]] (3.56)

where o € (0,1), 7 = (t"*1 —¢") and C is a constant depends only on 5 and
w.
For e we have to apply the even steps:

co(t") = exp(Bry,)c(t™)
+/ exp(B(t" ! — s))Aexp((s — t")B)c(t™) ds, (3.57)

tn

c(t") = exp(BT,)c(t™)
+ /tn exp(B(t" ! — s))Aexp((s — t™)B)c(t") ds
+/t exp(B(t"T! —5))A (3.58)

/ “exp(B(s — p)Aexpl(p — 1")(A+ B)e(t) dp ds
‘We obtain:

llez|| < [lexp((A + B)7p)e(t") — cal| (3.59)
= ||/tn exp(B(t" ! —s))A (3.60)

/t " exp(B(s — p) Aexp((p — ")(A + B))e(t") dp ds|

n

tn+1

= [ llessert =) (3.61)
/ lexp(B(s — ) A% expl(p — 17)(A + B))e(t") dpllds
-/ ¢ ;<s—p>a-2dpds||c<t">|| (3.62)

< C7% le(t")]]
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where a € (0,1), 7 = t"*1 — " and C is a constant only depending on ks, k5
and w.

For the general iterative steps, the recursive proof is given in the following.
We shift " — 0 and ¢"*1 — 7, for simpler calculations, see [136]. The initial
conditions are given with ¢(0) = ¢(").

For the odd iterative steps ¢ = 2m + 1 with m = 0,1,2,..., we have the
result of the previous one-stage iterative operator method:

llesl| < Cr™ D eI,

where 0 < a; < 1 and m+1 are the number of iteration steps over the operator
A, C is a constant and depending only on kg, K5, and w.

For the even iterative steps ¢+ = 2m + 1 with m = 1,2,..., we have m
iterative steps with A and m iterative steps with B. We obtain for ¢; and ¢:

Ci (Tn) = eXp(BTn)C(O) (363)
—|—/ exp(Bs)Aexp((t, — s)A)c(0) ds
0
+/ exp(le)A/ exp(s2A)B exp((mn, — s1 — $2)B)c(0) dsz2 ds1
0 0
TR
+/ eXp(le)A/ exp(SQA)B/ exp(ssB)A...
0 0
Twz*Z;:% Sj izl
/ exp(Bs;)Aexp((r Z 55)A)c(0) ds; .. .dsq,
0 =
(1) = exp(B1,,)c(0) (3.64)

+ /Tn exp(Bs)Aexp((t, — s)A)c(0) ds
0

+/ exp(le)A/ exp(s2A) B exp((1y, — s1 — s2)B)c(0) dsa dsy
0 0
+..+

Tn Tn—S1 Tn—S51—82
+/ exp(le)A/ exp(szA)B/ exp(ssB)A...
0 0
T Sy i—1
/ = exp(le YA exp((T, ZSJ 0) ds; ...ds;
0 =
Tn Tn—S1 Tn—S51—82
+/ eXp(Asl)B/ exp(SQA)B/ exp(s3A)B
0 0 0

Tn Z] 157
/ exp(As;11)B exp((T, Z 5;)(A+ B))c(0) dsiy1 ... dsy.
0
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By shifting 0 — ™ and 7,, — t"*!, we obtain our result:

lleil| < [l exp((A + B)7a)e(t”) — cill (3.65)
< Crle(@)I],

where 0 < o; < 1 and i is the number of iteration steps over the operator A,
C is a constant and depending only on ko, k5, and w.
O

In the next subsubsection we describe the stability analysis.

3.1.3.2 Stability Analysis

For stability bound we have the following theorem:

Theorem 3.9. Let us consider the abstract Cauchy problem in a Banach
space X

1S3l < exp(ewTs), (3.66)
where ¢ depends only on the coefficients of the method and w is a bound for the
operators, see Assumptions (3.13)-(3.16). S; is given as in Equation (3.54)
and T, 1s the time-step size.

Proof. We apply the assumption:
B= A" (3.67)
Based on the definition of S; we have: For the even iterative steps ¢ = 2m +1

with m = 1,2,..., we have m iterative steps with A and m iterative steps
with B. We obtain for ¢; and c:

exp(Bt,) (3.68)

S
+ exp(Bs)Aexp((r, — s)A) ds

Tn

+
ho

exp(le)A/ exp(seA)B exp((rn, — $1 — s2)B) dsa ds;
0
o

—|—/ exp(le)A/ exp(SQA)B/ exp(ssB)A...
0 0

Tn*z;;i j

S—

i—1
exp(Bs;)Aexp((r Z sj)A) ds; .. .dsq,
j=1



DECOMP. METHODS FOR PARTIAL DIFF. EQUATIONS 73

After application of B we have:
[1Sil] = [| exp(B7)| (3.69)

+| /0 " exp(Bs) Aexp((r — 5)A) ds]|

Tn Tn—S1
+||/ exp(le)A/ exp(saA)B exp((1, — 81 — s2)B) dsa dsi|]
0 0

+...+
Tn Tn—S1 Tn—S81—S82
+|| / exp(le)A/ exp(szA)B/ exp(s3B)A...
0 0
TH—Z?;I i—1
/ = exp(Bs;)Aexp((r, ZSJ ) ds;...ds1],
0 =
i—1 ‘
< exp(wt) + Z Cit™ < exp(@T) (3.70)
j=1

where for all w,C; <0 forall j=1,...,5—1and a € (0,1), we find @ <O0.
Therefore, ||.5;|| < exp(&7) is bounded.

The same can be done for the odd iterations.
O

3.1.4 Some Examples for One-Stage and Two-Stage Iterative
Operator Splitting Schemes

In the following, we describe some examples for one-stage and two-stage
iterative operator splitting schemes.

3.1.4.1 Omne-Stage Iterative Scheme

1. Example convection-diffusion equation
We assume:

A=VDV, and
B =-—v-V, where D € Rt and v € R™ with m is the dimension.

We assume o = % and apply two iterative steps over operator A and have
the following local errors:

lleall = Cm (3.71)
and hence,
llea]| = C’Tn7 (3.72)

where C,C are constants independent of 7,,.
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2. Example diffusion-reaction equation
We assume:
Au = VDVu and

B = —)\u, where D € RT and \ € R is the reaction part.
We assume o = 0 and apply two iterative steps over operator A and have
the following local errors:

les|| = C, (3.73)
and hence,
llea|| = Crz, (3.74)

where C, C are constants independent of 7,.

Remark 3.10. Here we have the full convergence order of the method, while
the B operator is unconditionally smooth.

3. Example diffusion-reaction equation with spatial dependent terms:
The differential equation

dc

i Opztt — 22U + /1 + 224, (3.75)
% = Au + Bu, (3.76)

We assume: A: D(A) - X, X € Ly(R), B: X — X.

Au = 0., and
B=ViTa,

where D(A) = {u € H*(R)|z%u(z) € L2(R)}.
We can bound:

1Bul| = C([[A%ul| + [|ul])

and a =1/2.

We apply two iterative steps over operator A and have the following local
€rTors:

lle1]| = Cr1/? (3.77)
and hence,
llea|| = C7}, (3.78)

where C,C are constants independent of 7,,.
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Remark 3.11. Here we have the full convergence order of the method, while
the B operator is unconditionally smooth with respect to the spatial deriva-
tion.

3.1.4.2 Two-Stage Iterative Scheme

1. Example biharmonic equation
The differential equation

Oc 9
i —A*u + uAu, (3.79)
Oc

We assume:
Au = —A?,
B = (—A4)x.

We have o = % and apply two-stages of iterative steps over operator A
and one over operator B. We have the following local errors:

1
2

||€1|| = éTn (381)
and hence

1
|le|| = Cmit, (3.82)

where C,C are constants independent of 7,,.

Remark 3.12. Here we have at least only an improvement, when we iterate
over operator A. By the way, in the numerical experiments, we also claim for
such two-stage schemes higher-order results.

2.) Example Heat-equation
The differential equation

oc

5 =~V -DiVu—V-DyVu, (3.83)
Jc
5 u + Bu, (3.84)

where D1, Dy € R™*™ and m is the dimension.
We assume:

A=_-V.-DV,

B=-V. D)V,
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We have a = 0 and apply two-stages of iterative steps over operator A and
one over operator B. We have the following local errors:

lle1]| = CT° (3.85)
and hen(ie
llea]| = C72, (3.86)

where C, C are constants independent of 7,.

Remark 3.13. Here we have the worst case. We cannot regain some smooth-
ness of the other operator and we have lost at least the convergence order. By
the way, experiments show that we also have higher-order results, meaning
that one operator is at least smoother, e.g., D1 >> Ds, so Dy smooths the
scheme.



Chapter 4

Computation of the Iterative Splitting
Methods: Algorithmic Part

In the following, we discuss standard schemes based on Runge-Kutta (RK)
methods to compute iterative schemes and novel methods based on matrix ex-
ponentials to compute iterative schemes in a fast way. We have also discussed
the ideas and theoretical results more detailed in [112].

4.1 Exponential Runge-Kutta Methods to Compute It-
erative Splitting Schemes

In the following, we concentrate on applying a exponential Runge-Kutta
method to iterative splitting schemes.

Here, the idea is to take into account the exponential behavior of the
equations with a right-hand side. Such specific Runge-Kutta methods are
developed in such a direction to apply inhomogeneous exponential-dependent
functions.

We discuss an exponential Runge-Kutta method that is given in [132].

The underlying ODE system is given as:

d
o= Avti, telor) (41)
y(0) = o, (4.2)
where y : R — R" is the solution function and the initial condition yo € R™ is

given.

Based on the equation and with the variation of constants, we obtain the
exponential function.

A simple exponential Runge-Kutta method is given as:

0
C2

a1 = b2¢1,2 (4 3)

‘ bi=(1-5)p ba=2a

7
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where for by = % and

do(AT) = exp(AT),

sr(ar) = ZRED 2T
_ ¢1 (A’T) -1
$2(AT) = ———\

and
bij = ¢ij(AT) = di(c;AT), 2 < j < s,

and s is the stage of the RK method.
The ¢-function is given as

po(x) = e,

bpi(r) = ——E >0

(4.4)
(4.5)

(4.6)

(4.7)

(4.8)

We start to derive the iterative scheme with respect to the application of

the exponential Runge-Kutta method.

o

Z—=A B
ot Y1 + DYo,
0y

22 =A B
ot Y1 + Dy2,

where yo(t) = exp(At) exp(Bt)y(t").
The iterated scheme is given as:
t
() = exp(An)y(") + [ explA(t — 5))Bun(s) ds,
0
and we obtain in the s = 2 Runge-Kutta stage notation:
Y1 (t) = QSo(At)y(tn) +tb (At)B yo(tn) +1 bQ(At)B yo(tn + Cgt),
and we have for y»(t):
t
wlt) = on(BOE") + [ exp(Blt - 9)Aun(s) ds
0

and we obtain in the s = 3 Runge-Kutta stage notation:

(4.12)

(4.13)

(4.14)

y2(t) = @o(Bt)y(t") +t bi(Bt)A yi(t") +t ba(Bt)A yo(t" + cat)

+ 1 bg(Bt)B yo(tn + Cgt).

(4.15)
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Remark 4.1. The iterative schemes can be computed by the exponential
Runge-Kutta schemes. By the way, higher Runge-Kutta schemes are necessary
for higher-order iterative schemes, e.g., i = 2 needs a third-order exponential
Runge-Kutta scheme. For practical application, we are restricted to second-
and third-order schemes. We also have to compute the intermediate time
steps that are time-consuming.

4.2 Matrix Exponentials to Compute Iterative Splitting
Schemes

The theoretical ideas can be discussed in the following formulation:
DA(B, ) = exp(tB), (4.16)

t
Da(B, ) = k/ exp((t — s)B) A DA(B, s)F=1ds
0

and the matrix formulation of our two-step scheme is given as:

A 0

the computation of the exp-Matrix can be expressed as:

exp(At) 0
D4 (B) exp(Bt) 0 e
exp(At) .= | Ds(AE/20 Dp(A)M/11 exp(At) o] as)
Do /m . DA/ exp(A)

Here we have to compute the right-hand side as a time-dependent term,
which means we evaluate exp(At) and exp(Bt) as a Taylor expansion. Then
the integral formulation can be done with polynomials and we could derive
¢-functions.

In the following, we reduce to an approximation of the fixed right-hand
side (meaning we assume D4 (B, s)F~1 ~ D4 (B, 0)F=01]),

Later we also follow with more extended schemes.
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Computing ¢-functions:

po(r) = e, (4.19)
_ 1
Pry1(z) = %, k> 0.

So the matrix formulation of our scheme is given as

y(t) = exp(At)y(0) . (4.20)
where ¥ is a solution function in R and A is given as,
A 0
A B 0 ...
A= 0 A B ... : (4.21)
0 .. B A

the computation of the exp-Matrix can be expressed in a first-order scheme
and with the assumption of commutations is given as:

(4.22)
exp(At) 0 .
o1(Bt)At exp(Bt) 0
exp(At) = P2(At)B(B+ A) t2  ¢1(At)Bt  exp(At)

qbi(At)B(A'-i— B)i=1 ¢ P (At')B t ' exp(At)

where we assume u;(s) = u(¢t"), meaning we approximate the right-hand side
term.
For higher orders we should also include the full derivations of ¢y, ca, .. ..

4.2.1 Derivation of the Formula

Consider the equation
= Au+a, u(0) =0, (4.23)
the solution of this equation in terms of the ¢,k = 0, 1, is given as
u=td¢(tA)a. (4.24)
Similarly the equation
4= Au+bt, u(0)=0, (4.25)
has a solution of the form

u = 1% go(tA)b. (4.26)



COMPUT. OF THE ITER. SPLITT. METHODS: ALGOR. PART 81

In general, the solution of the equation

2

u:Au+a+bt+c%+...., u(0) =0, (4.27)
admits the form
u=t¢1(tA)a + 12 po(tA)b + 1> p3(tA)c+ .. .. (4.28)

In this section, we use the formula (4.42) for iterative schemes given as

Ul = Aul, (429)
Uy = Auy + Busg, (430)
Uz = Auz+ Bus, (431)
Uy = (4.32)
The solution of the first iteration is given by
u = ettug, (4.33)

Inserting this into Equation (5.24) and expanding e4* up to the first order,
we have second order approximation of the exact solution that has a form

uy = ePlug 4 ¢y (tA)A tug. (4.34)

Similarly, inserting (4.34) into the Equation (4.50) and expanding ¢ (tA), we
have a third-order approximation of the exact solution

us = eBlug+ ¢1(tB)B tug + ¢2(tB)B(B + A) t2uy. (4.35)

In general for i = 0,2,4, ..., we have the p = i 4+ 1-th order approximation of
the exact solution in terms of the ¢; function as follows

w; = eMug+ ¢1(tA)A tug 4 ¢a(tA)A + (B + A) t2ug
4 Gi(tA)A(A + B) . (4.36)
For ¢ =1,3,5, ..., we have
u; = ePug+ ¢1(tB)B tug + ¢2(tB)B + (B + A) t2uq
.+ ¢i(tB)B(B + A)'! tlug. (4.37)

4.3 Algorithms

The algorithmic ideas of the two- and one-side iterative schemes are dis-
cussed in the following subsections.
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4.3.1 Two-Side Scheme

For the implementation of the integral formulation, we have to deal with
parallel ideas, meaning we select independent parts of the formulation.

e Step 1: Determine the order of the method by fixed iteration number.

e Step 2: Consider the time interval [to, T, divide it into N subintervals
so that the time step is h = (T — ty)/N.

e Step 3: On each subinterval, [t,,t,+h],n =0,1,..., N, use the algorithm
by considering initial conditions for each step as u(to) = wo, u;(tn) =
Ui—1(tn) = u(tn),

uz(tn +h) = (do(Bt) + ¢1(Bt)At) u(tn) (4.38)
uz(tn +h) = (do(At) + ¢1(A)Bt
+¢2(At)B(B + A) ) u(ty) (4.39)
wﬁﬁ%ﬁ:(%@ﬂ%ﬂ&ﬂﬂ- (4.40)
oot P21 (BYA(A+ B ) ugiq (tn)

UQiJrl(tn + h) ((]50 (At) + ¢1 (At)B t+ (441)

o+ G2 (AD)B(B + A)* ) ug;(tn)

o Step 4: u;(t, + h) — u(t, + h)

e Step 5: Repeat this procedure for the next interval until the desired
time T is reached.

4.3.2 One-Side Scheme (Alternative Notation with Commu-
tators)

For the one-side scheme, we taken into account of the following commuta-
tor relation

Definition 4.2. The following relation is given:
exp(—tA)Bexp(tA) = [B,exp(tA)] (4.42)

where [-,-] is the matriz commutator.
The integration is given as:

/0 exp(—sA)Bexp(sA)ds = [B, ¢1(tA)] (4.43)

the representation is given in [165].
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Further, we have the recursive integration:

[B, ¢i(tA)t] = /0 (B, ¢i_1(sA)] ds (4.44)

where ¢; is given as:

bo(AL) = exp(At), (4.45)
6s(At) = /0 i 1(As) ds, (4.46)
i (AL) = ¢i_1(At)A_ ! (t‘—” (4.47)
The iterative scheme with the equations:
Wi = Aw, (4.48)
i = Aus+ Bui, (4.49)
s = Aus+ Bus, (4.50)
iy = (4.51)
is solved as:

a(t) = exp(Abe(t™), (4.52)

o) = al)+a) /0 (B exp(sA)]ds |
) = ) +a) (B, éi(tA), (4.53)
alt) = ealt) +elt) /0 (BLexp(sA)[B. b (sA)ds . (4.54)
) = ealt) +er(t) ([B,exp(tA)][B,ngQ(tA)] (4.55)

+[B,Aexp<tA>MB,¢3<tA>1) o).

The recursion is given as:

C; (t) = Ci_l(t) (456)

+er(t) [ [Besp(sa)
~/0 [B,exp(slA)]/O /0 [B,exp(si—14)]dsi_1 ...dsydt.

Remark 4.3. For the novel notation, we have embedded the commutator to
the computational scheme. For such a scheme we could save to compute the
additional commutators.






Chapter 5

Extensions of Iterative Splitting
Schemes

Iterative splitting schemes can be extended to different applications and there-
fore various schemes exist that respect the underlying operators A and B,
which can be time dependent, spatially discretized, or nonlinear; see the ex-
tensions in the works [86], [91], [92], and [93]. There exists no general scheme
and all iterative splitting schemes have to be discussed with reference to the
special underlying differential equation, e.g., the reaction-diffusion equation
[128] and the convection-diffusion equation [95]. In all the extensions that
follow, we assume that we have bounded operators, which can be given by
spatial discretization or by an underlying real-valued matrix.

Figure 5.1 presents the research directions that are followed in the numer-
ical experiments, see also Chapter 6.

Some extensions to iterative splitting methods

Iterative Splitting Method
(applied for bounded
and linear operators)

time—dependent operators

Successive Approximation

Splitting Method (domain splitting) for Time—Dependent Problems

Dimensional Domain Decomposition

FIGURE 5.1: Some extensions to the iterative splitting schemes.
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5.1 Embedded Spatial Discretization Methods to Itera-
tive Splitting Methods

In this section, we discuss the spatial discretization schemes that we apply
in splitting methods to semidiscretized convection-diffusion equations. The
methods are based on finite difference schemes, see [161].

‘We propose spatial discretization schemes, which can be modified to higher-
order schemes and are embedded to the iterative schemes in Chapter 6.

One important point is that the order of the spatial schemes have to be
the same or even a higher-order scheme then the underlying iterative splitting
scheme. So it is necessary to have second-order or higher-order spatial schemes
to obtain at least with two or more iterative steps a second order scheme for
all involved schemes.

Further the spatial and time discretization schemes have to be balanced,
such that the resulting order of the splitting scheme is not reduced by a lower
discretization order, e.g., an order reduction based on a stiff operator (see
[151]).

An important aspect of spatial and time discretization schemes is the bal-
ance between the time and spatial schemes, which is discussed in the next
subsection.

5.1.1 Balancing of Time and Spatial Discretization

Splitting methods are important for partial differential equations, because
they reduce the computational time needed to solve the differential equations
and they accelerate the solver process, see [93].

Here, additional balancing is taken into account, because of the spatial
step. We assume that the operators are bounded operators, because of the
semidiscretization of our differential equations.

The following theorem addresses the delicate situation involving time and
spatial steps and the way that the order of the scheme is reduced theoretically.

Remark 5.1. We solve the initial value problem by applying iterative oper-
ator splitting schemes to Equations (2.40)—(2.41). We assume bounded and
constant operators A, B (e.g., derived by a spatial discretization method, the
Method of Lines). When iterating in i-time with A and in j-time with B, the
theoretical order is given as O(7:77).

We obtain a reduction in the order of the iterative scheme to O(77), if the
norm of B is equal to or larger than O(%) The same reduction can also be
obtained with operator A.

So the balancing of time and space is important, see [192].

Remark 5.2. By using an explicit method for the time discretization, we
are restricted, for example, by the CFL condition to applying our scheme to
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the convection-diffusion equation. We have coupled the temporal and spatial
scales, see [192], and in the experiments we see that we obtain more accurate
results.

On the other hand, by using an implicit method for the time discretization,
we do not couple the temporal and spatial scales by a CFL condition and so
the scheme remains independent of the reduction but less accurate results are
obtained, see Subsection 6.3.2.

In the following section, we discuss such balancing ideas.

5.1.2 Spatial Discretization Schemes with Dimensional Split-
ting

In the following, we apply our splitting method to partial differential equa-
tions, which are spatially discretized. To apply our method to partial differen-
tial equations, we have to consider higher-order spatial discretization schemes.

A very promising method is based on Lax-Wendroff schemes for which
we achieve second-order results. One of the main problems is to balance
time and spatial discretization methods between the advection and diffusion
operator. For both we can derive stable schemes, taking into account the
stability conditions of each operator; see also [161].

In the following, we discuss an efficient scheme based on the Lax-Wendroff
scheme.

5.1.2.1 The Lax-Wendroff Scheme in One Dimension

The advection-diffusion equation in one dimension is:

O = —v0yu+ 0;D0yu, (x,t) € Qx[0,T],
U(Z‘,to) = 110(33), HAES Qv
u(z,t) = 1, (z,t) € 00 x1[0,T],

where v, D € Rt and Q C R, T € RT, 4 : @ — RT is the initial function and
i1 € RT is a constant.

The second order Lax-Wendroff scheme for the 1D advection-diffusion
equation is:

up (t") = ug'(t")+%(Uﬂl(t")—%‘—l(t"))
- %(Uﬂl(t")—2Uj(t")+ug'—1(t"))» (5-1)

where u; = u(z;) is the solution at grid point z; = jAz with j € {0,1,...,J},
J € Nt and Az > 0 is the spatial step size. The time interval [0, 7] is given
with the time points ¢,, = nAt, where At is the equidistant time step. Further,

v = 8L g the Courant-Friedrich-Levy number and

2D
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Since the Lax-Wendroff scheme is suitable for hyperbolic partial differential
equations (hyperbolic PDEs) only, we have to examine the stability closely
and carry out a von-Neumann stability analysis.

In the following we sketch the extension ideas with respect to the CFL
condition. A more detailed analysis is discussed in Chapter 8.3 in the book
[160].

We encounter the following stability condition for the Fourier coefficients
of u;(t"):

2

CnJrl
k = (14 2v?cos(y) — 2v?)% + v2sin? () < 1 (5.3)

Cr

V(= 2v2)2 4+ (22v2 —1)(22 — 22 — 1) + 2v2 — 1

4
z2v2 — 1 (5-4)

= cos(0) <

Obviously, this statement is always true for right-hand sides > 1, so it is
sufficient to estimate the solutions of

=22y —2v? < (1 —2v2)2 4+ (22v2 - 1)(22 — 22 - 1). (5.5)
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In Figure 5.2, we see the pairs (v, z) for which the statement holds. Of
course, only the region {(v, z),v > 0,z > 1} is of practical interest. The figure
suggests that, for all v > 0 (means CFL conditions), there are z > 1 leading
to a stable scheme. For small D for which this is true, we may say that the
problem is convection dominated and for large diffusion, the CFL condition
is nearly zero to stabilize the scheme.

FIGURE 5.2: Stability condition of the Lax-Wendroff scheme: (v, z) inside
the blue area satisfy the stability condition. The region of interest is also

shown in detail, where the z-axis is v (CFL-condition) and the y-axis is D
(diffusion).

In the next subsection, we discuss the generalization to two dimensions.


http://www.crcnetbase.com/action/showImage?doi=10.1201/b10947-6&iName=master.img-051.jpg&w=169&h=313
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5.1.2.2 Generalization to Two Dimensions

The advection-diffusion equation in two dimensions is:

ou = —v-Vu+V-DVu, (x,t) € Q2 x[0,T]
ou ou 0%u 0%u
u(x,tg) = ao(x), x €Q,
u(x,t) = 41, (x,t) €900 x[0,T],

where v. € RZT, D € Rt and Q ¢ R%2, T € Rt , dg : @ — RT is the
initial function and %; € RT is a constant. The coordinates are given as
x = (z,y)T €R.

Application of the Lax-Wendroff scheme yields a formula accurate to the
second order:

U(tn+1) ~ u(tn) =+ At Umazru(tn) - Uyayu(tn))

2

At
t) Dunu(t) + At (D + ) 8, u(t")

+ AP0, 00,u(th). (5.7)

(—
vZA

+ At<D+

We use central differences to obtain a second-order scheme. This is similar to
the 1D scheme (5.1) except for the new cross term incorporating 0, u:

wg (") = ug(t7) — V?w(ui+1j (t") = ui-1;(t")) — %y(uml(t") — ui—1(t"))
Z. V2
+ 5 (wa (17) = 2ug5(87) + wi (7))
I (g (1) — 2u5() + g (1)
+ Vavy(ug () + tim1—1 (") — wi-1; (") — uij—1 (")), (5.8)

where u;; = u(z;,y;) is the solution at grid point (z; = iAx,y; = jAy) with
i€{0,1,...,1},5 €{0,1,...,J}, I,J € N" and Az, Ay > 0 are the spatial
step sizes in  and y directions. The time interval [0, T is given with the time
points ¢, = nAt, where At is the equidistant time step.

We introduce the Courant-Friedrich-Levy numbers and the constants z,
zy given as

v At ERCAY
Ve = Az’ Vy = Ay ) (59)

2D 2D
() () e

This finite difference scheme is now brought into a conservation form and we
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have suppressed the dependencies u;;(t") on the right-hand side. The scheme
is given as:

u; (") = wyy — ve(Fisy — Fy) — vy(Gijy1 — Gij), (5.11)
1
Fl“ = Uj-1j + §¢(92)(1 — Zwvaj)(uij — ui,lj) (512)
1
_§Vy(ui71j — Uim1j—1),
1
Gij = uij—1+ 50051 = 2vy) (uij — uij-1) (5.13)
1

_§Vz(uij—1 - Ui—lj—1)~

At this point, we introduce the flux limiter ¢(6;), which is used to handle

steep gradients of u(z,y,t) where the Lax-Wendroff scheme adds spurious
oscillations (see also [57]). 6; = “—7=2 is a measure of the slope of u and is

estimated in the z and y directions, respectively. For our purposes, we choose

the van Leer limiter:
0+ 10]

90) =T

(5.14)

Remark 5.3. The limitation is important so as to have monotonous non-
oscillatory schemes for high-resolution methods, see [125]. The flux and also
slope limiters are discussed in [160]. In our application, we propose flux limi-
tations.

5.1.2.3 Dimensional Splitting

In the numerical experiments, we will compare the Lax-Wendroff scheme
discussed above to dimensional splitting:

ou

Fril Agu+ Ayu, (x,t) € Q x (0,77, (5.15)
u(x,t) = do(x), x €, (5.16)
u(x,t) = a1, (x,t) € 0Q x [0,T],

where the operators are given by:

0 02
0 0?

where vy, vy, D € R, @ : Q@ — RT is the initial function and @; € RT is a
constant.
This can also be translated into a second-order finite difference scheme,

. . . . 2A .
filtering out the numerical viscosity Dy,,,,, = “*5%. The notations are used
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as in Equation (5.8). In this case, we use an implicit BDF2 method to give a
second-order dependence on time, yielding:

Sus(t™) = 2u(t") = Juiy(e )
+ La[ui ("] + Ly[ug (1"7H)], (5.19)

with spatial discretization

Lyuij(t")] = —va (uij (") — i1, (")) (5.20)
Vg D n n n
+— = 1) (w1 (") = 2ui5(t") + uim1; (")),
where D¥  is the numerical diffusion.

5.1.2.4 Advection-Diffusion Splitting

Another way of splitting the advection-diffusion equation is the following:

ou

il Au + Bu, (x,t) € Qx[0,T], (5.21)
u(x,t) = dp(x), x € Q, (5.22)
u(x,t) = a1, (x,t) € 02 x [0,T7,

where we assume Dirichlet boundary conditions (41 € R*) and sufficiently
smooth initial conditions (4o : @ — R*), see [145].
The operators are given by:

A = —v-V,
B = V.-DV,

with constant parameters: v € R+, D € Rt.

The implementation of the operators is very similar to the above finite
difference schemes. However, the numerical aspects demand the use of an
explicit method, namely the Adams-Bashforth method or an explicit Runge-
Kutta method, see [122] and [123].

Remark 5.4. Such splitting ideas can also be applied to numerical experi-
ments, while we concentrate on each operator and its discretization method.
The discretization of each operator can be done more accurately with ade-
quate finite difference schemes, see [118]. In combination with explicit and
implicit discretization schemes, see [133]. We achieve an optimal balance
of the time and spatial scales. In our numerical aspects dealing with Lax-
Wendroff schemes, we demand the use of explicit methods, especially the
Adams-Bashforth method. For further discussions on the practicability of fi-
nite difference schemes in conjunction with iterative splitting, see [86], [91],
and [102].
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5.2 Domain Decomposition Methods Based on Iterative
Operator Splitting Methods

In the following, we discuss an extension of the iterative splitting scheme
to the spatial dimension. Such an extension generalizes the application of the
iterative scheme to time and also spatial-dependent differential equations, see
[91].

We concentrate on the following algorithm to iteration with fixed splitting
discretization step size 7, = t"*1 —¢". On the time interval [t", " 1], we
solve the following subproblems consecutively for i = 1,3,...2m 4+ 1; m is a
given positive integer.

% = Aui(z,t) + Buj—1(z,t), with u;(t") =", (5.23)
up(z, t") = u", up(x,t) =0, and
ui(z,t) = wuj—1(x,t) =141, on 9N x (0,T),
M%t(x’t) = Aui(x,t) + Buit1(x,t), with wip1(z,t") = u",(5.24)
ui(z,t) = wi—i(z,t) =41, on 9Q x (0,7,

where u™ is the known split approximation at time level ¢ = t" (see [55]) and
i1 € RT is a given Dirichlet boundary condition.

Remark 5.5. We can generalize the iterative splitting method to a multi-
iterative splitting method by introducing new splitting operators, e.g., spatial
operators. Then we obtain multiple indices to control the splitting process
and each iterative splitting method can be solved independently while con-
necting with further steps in multisplitting methods. In the following, we
introduce the multi-iterative splitting method for a combined time-space split-
ting method.

5.2.1 Combined Time-Space Iterative
Splitting Method

Notation. For the sake of simplicity and economy of space, from now on
we will cease writing the dependence of the functions on the variable z. It
is however important to leave the dependence on t for obvious reasons. The
symbol Ry A denotes the restriction of the operator A to the domain €y, where
k is the index of the domains, and the same notation is used for the operator
B.

The following algorithm iterates with fixed splitting discretization step
size 7. On the time interval [t",¢"*1] we solve the following subproblems
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consecutively for i = 1,3,...2m+1 and j = 1,3,...2¢ + 1, m, p are positive
integers. In this notation, 7 represents the iteration index for the time splitting
and j represents the iteration index for the spatial splitting.

Qui;(t)
ot

Quitr,;(t)
ot

Oui j11(t)
ot

uit1,541(t)
ot B

RlAum(t) + RQAUi}jf]_(t)

+RlBui,17]‘(t) + RQBUZ‘,l’j,l(t),

with u,; ;(t") = u", (5.25)
RlAum(t) + RQAUi}jf]_(t)

+ RlBui+1}j(t) + RgBui,Lj,l(t),

with Uit1,5 (tn) = Un, (526)
RlAum(t) + RQAUi}j+1(t)

—+ RlBuiH,j(t) + RQBUi_Lj_l(t),

with ui,j+1(t") = Un, (527)
RlAUi’j(t) + RQAui,j_g_l(t)

+ RlBuiH,j(t) + RQBU1‘+1’j+1(t),
with ui+1}j+1(tn) = ’U,n7 (528)

where ¢™ is the known split approximation at time level ¢t = ¢™, cf. [55].

The idea of the different overlaps is presented in Figure 5.3.

Nonoverlapping Overlapping

Qz QZ

Q

Q,

FIGURE 5.3: Graphical visualization of the overlaps.

Remark 5.6. We extend the splitting method relative to the underlying
spatially discretized operators. For each subdomain, we redefine the corre-
sponding operators in the subdomain.
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5.2.2 Nonoverlapping Time-Space Iterative Splitting Method

We introduce a semidiscretization in space, where xj, are the vertices with
indexing k € (0,...,p) and p is the number of points. We obtain the discrete
Qp = {zo,...,xp}, where we assume a uniform triangulation with grid step
h. Specifically, assuming p is even, the discrete subdomains £y, and € p,
consisting of the points x, which are associated with £k = 0,...,p/2 and
k=p/2+41,...,p, respectively. So, Q1 , N, = 0 and we have the following
algorithm

W = RipA(uij)i(t) + RopnA(uij—1)k(t)
+ RipB(ui—1,5)k(t) + RonB(ui—1,j-1)x(t),
with (e )k(t") = (™), (5.29)
w = RipA(uij)i(t) + RopnA(uij—1)k(t)
+ RipnB(uit1,)k(t) + RenB(ui-1,j-1)k(t),
with (wis1)k(E%) = (™), (5.30)
W Ry nA(uij)k(t) + RonA(uiji1)k(t)
+ RipnB(uit1,)k(t) + RenB(ui-1,-1)k(t),
with (ws_j410)e(t™) = (™), (5.31)
w = RipA(uij)k(t) + RonA(uij1)k(t)

+ Ry nB(wit1,)k(t) + RonB(uiv1j+1)k(t),
with (wiy1,4+1)k(t") = ("), (5.32)

where 4™ is the known split approximation at time level ¢t = ¢™.
The operators in the above equations are given as

Au; j(xp)  for ke {0,...,p/2}

B n Aluig )i = { 0 fork e {p/2+1,....pp + 33
N 0 for k€ {0,...,p/2}
R nAlui g) = { Au; j(x) forke{p/2,...,p} ~ (5.34)
The assignments for operator B are similar and given as
\ _ [ Bujj(x) forke€{0,...,p/2}
By nBuig ) = { 0 fork € {p/2+1,...,p} ’ (5.35)
N 0 for k € {0,...,p/2}
RQ,hB(ul,])k - { BU@J (xk;) fOr k e {p/27 o 7p} . (536)
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5.2.3 Overlapping Time-Space Iterative Splitting Method

We introduce a semi-discretization in space with vertices zj, which are
used as before. Now we consider the overlapping case, so we assume 5 j N
Qo # 0. We have the following sets Q5,\Q2,1, Q1,5 N Q2 1, and Qp\Q4p, con-
sisting of the points z, which are associated with values of k {0,...,p1}, {p1+
1,...,p2} and {p2 + 1,...,p}, respectively. We assume p; < p2 < p and in-
troduce the following overlapping algorithm

8 WUj 4 t
% = Rl’hA(ui’j)k(t) + Rl,g,hA(ui,j,ui,j,l)k(t) (5.37)
+ R27hA(ui7j_1)k(t) + Rl’hB(ui_l,j)k(t)
+ RionB(ui—1,j,%i—1,j-1)k(t) + RopB(ui—1,-1)k(t),
with (u;;)e(t™) = (u")x
O(wir1.4)k(t
% = RinA(uwig)k(t) + RionA(uj,wij—1)k(t)
+  RopA(uij—1)k(t) + RipB(uit1,;)(t)
+ RionB(uiy1,j,wi—1,j-1)k(t) + RonB(ui—1-1)k(t),
with (uiss k() = (™) (5.38)
8 g 4 t
% = RipA(uij)i(t) + RionA(i 1, ui5)6(t)
+  RonA(uij1)k(t) + RinB(uitr,;)k(t)
+ RionB(Uit1,5,%i—1,j-1)k(t) + RopB(ui—1-1)k(t),
with (s se1)k(t") = (™) (5.39)
O(wit1.4 t
w RipA(uij)i(t) + RignA(uiji1,uig)k(t)

+  RonA(uij+1)k(t) + RinB(uiv1j)k(t)
Ri2nB(wit1,5, wit1,5+1)k(t) + RonB(wit1,j+1)k(t),
with (wit1,j41)k(t") = (u" )k (5.40)

_|_

where u™ is the known split approximation at time level ¢ = ¢™.
The assignments for operator A are given as:

(5.41)

(5.42)

v Auig) (k) forke{0,...,p1}
Ry nA(ui )k = { 0 forke{p1+1,...,p} ’
0 for k € {0,...,p1}
Ry o n A(wi g, wijy1)r = A(M) fork €{p1+1,....p2}
0 fork e {p2+1,...,p}
L 0 for k € {0,...,p2}
RonAlui )k = { A(u; j(zy)) forke{ps+1,...,p}

(5.43)
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The assignments for operator B are similar and given as:

(5.44)

(5.45)

. _J Bluj(xx)) forke{0,...,p1}
RynB(ui;)k = { 0 forke{pi+1,...,p} ’
0 for k€ {0,...,p1}
Ry n B, wi 1)k = B(w) forke{pi+1,....,p2}
0 forke{p2+1,...,p}
N 0 fork €{0,...,p2}
R2,hB(Uz,])k - { B(um(xk)) for k € {p2 + 1, A ,p}
The discretization of the operators is given as
Aluij)e = D/(A2)* (= (ui )1 + 2(wig)k — (uij)e-1)
—v/Ax((uij)r — (Wij)r—1), (5.47)
and
B(ui,j)k = )\(ui,j)k . (5.48)

5.2.4 Error Analysis and Convergence of Combined Method

In this section, we discuss the error analysis of our contributed combined
method. We concentrate on four operators and prove the convergence with
the help of generators of one-parameter Cy-semigroups (see Chapter 2 and a
general introduction is given in [49]).

Theorem 5.7. Let us consider the nonlinear operator-equation in a Banach
space X

Ou(t) = Aju(t)+ Asu(t) + Bru(t) + Bau(t), 0<t<T, (549)
w(0) = o, (5.50)

where A1, As, B1,Ba, Ay + As + B1 + By : X — X are given linear opera-
tors that are generators of the Cy-semigroup and uy € X is a given element
(initial condition). For example, we can use the operators Ay = R1A, Ay =
R2A, By = R1B, By = RyB, as defined in Section 5.2.1. Then the iteration
process (5.25)—(5.28) is convergent and the convergence order is one. We ob-
tain the iterative result : |e; j()|| < K7nllei—1,j—1(t)||, where 7, = t"+1 —¢".

Proof. Let us consider the iterations (5.25)—(5.28) on the subinterval [t", ¢"1].

We examine the case of exact initial conditions given as w;;(t") = o, a

(5.46)
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generalization is also possible. The error function e; ;(t) = u(t) — w; ;(t)
satisfies the relations

(9,561',]' (t) = A €i,j (t) + Ay €¢7j_1(t) + B4 €i—1,j (t) + By 61‘_1,j_1(t),

ei,j(t") = 0 s (551)
8t€1'+1,j (t) = A €i,j (t) + Ay €;,5—1 (t) + By €it1,j (t) + By 61‘_1,j_1(t),
6i+17j(tn) = 0 y (552)
Oeeijr1(t) = Areij(t) + Azeiji(t) + Breiyr;(t) + Baeio1j-1(t),
eij+1(t") = 0, (5.53)
deij(t) = Avei;(t)+ Azejii(t) + Breip,;(t) + Baeipr,j(t),

€4, (tn) =0 s (554)

for t € [tn,tn+1], 1,7 = 0,2,4,..., with 6171(0) =0 and 6071(t) = el,o(t) =
eo,0(t) = u(t).

In the following, we use the notation X* for the product space xlex
equipped with the norm ||(u1, u2, ug, us)t|| = max;—1,_a{||lwil|} (u; € X, i =
1,...,4). We define the elements & ;(t), F; j(t) € X* and the linear operator
A: X% — X4 by:

€i,j5 (t) Al 0 0 0
2 j t) Al B1 0 0
& i(t)= € +1’J( , A= ,
’]( ) 67;7j+1(t) A1 B1 A2 0
€it+1,j+1 (t) Al Bl A2 BQ

Biei_1,(t)+ Azeij_1(t) + Baei—1,-1(t)
AQ €i5—1 (t) + B2 61'_17j_1(t)
Bye;—1,-1(t)

0

Fij(t) = (5.55)

Using notations (5.55), relations (5.51)—(5.54) can be written in the form

8t€i,j (t) = .Agi,j (t) + .7:1‘,]' (t), te [tn,tn+l]7

(5.56)
Ei’j (t")=0.
Using the variations of constants formula, the solution of the abstract
Cauchy problem (5.56) with a homogeneous initial condition can be written
as

&)= /t75 exp(A(t — s))Fi(s)ds, te [t e ).

n
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(See, e.g. [49]). Hence, using the notation
151
and taking into account Lemma 5.8 (given after this proof), which gives an

estimation for F; ;(t), we have:
t
150 / lexp(A(t - 8))]|ds
t
C llerr1 ()] / lexp(A(t — s))llds,  (5.57)
tll

for t € [t ¢"T1].

oo — Supte[t”,t”+1] ||fl7j(t)|| )

IN

1€:,5 (@)1l

IN

Owing to the linearity assumptions for the operators, A is a generator of
the one-parameter Cy-semigroup (A(t))¢>0. Since (A(%)):>0 is a semigroup,

the so-called growth estimation

| exp(At)|| < K exp(wt); (5.58)

t>0,

holds for some numbers K > 0 and w € R, see [49].

o Assume that (A(t)):>0 is a bounded or exponentially stable semigroup,

i.e., (5.58) holds for some w < 0. Then, obviously the estimate

lexp(Af)|| < K5 t=0,

holds, and considering (5.57), we have
1€ < Krnlleim1—1 (@), ¢ € [t7, 7. (5.59)

o Assume that (A(t))¢>0 has an exponential growth for some w > 0. In-

tegrating (5.58) yields

/t: llexp(A(t — s))|lds < Ko (t), tet" "], (5.60)
where
Ku(t) = § (exp(w(t —t")) —1), tet", "],
and hence,
K, (t) < % (exp(wmyn) — 1) = K7 + O(72) , (5.61)

where 7, = t"t1 —¢7.
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The estimations (5.59), (5.60), and (5.61) result in
1€ < Krnllei—1,;-1 ()],

where K = K - C in both cases.
Taking into account the definition of & ;(t) and the norm || - ||, we obtain

llei ;N < Krnllei-1,j-1(0)],

which proves our statement.

O

Lemma 5.8. For F; ;(t) given by Equation (5.55), the following holds

[|[Fii ()] < Cllei—1,j—1@)]] -
Proof. We have the following norm
[[Fi; (O] = max{[|F; ;1 O], [ Fi 2@ [ Fi 53O [[Fig,a @11}
Each term can be estimated as:
1Figa®Il = l[A2€ij-1(t) + Brei—1;(t) + Baei—1j—1(8)]| < Chllei—1,j—-1(8)]];
[[Fij2Ol = [lA2e;j-1(t) + Bz2ei—1,;-1(D)]] < Callei—1,;-1(#)ll,
[ Fijs®Il = [B2ei1,j-1(D)l < Csllei—1,j-1#)]]-

From the theorem of Fubini, see [31], for decouplable operators, we obtain:
lez 3011 < llestj-1l for i = {i — 1,3} and j = {j — L,j}.
Hence,

|7 DI < Cllei—1,-1 ()],

where C' is the maximum value of Cy, Cs, and Cs.
O

Remark 5.9. The results can be generalized to M decomposed domains,
where M is a given positive integer. We obtain a similar result for the gener-
alization A : XM — XM see [91].

Remark 5.10. Double the number of iterations are required owing to the
two partitions (i.e., ¢ for time, j for space). Also, for higher-order accuracy,
more work is needed, e.g., 2(2m + 1) iterations for O(72"+1) accuracy.

Remark 5.11. We can generalize our results to the multidimensional case.
The overlapping case is a set of the overlapping domain, which couples the
multidimensional domains, see [183].
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5.3 Successive Approximation for Time-Dependent Op-
erators

The next extensions of the iterative splitting method are known as suc-
cessive approximation schemes. They can be applied to time-dependent op-
erators, we discuss the idea of the algorithm in the next paragraph, the full
discussion and methods are done in the conference proceeding Geiser/Tanoglu
[100].

To solve explicit time-dependent problems, the successive approximation
method can be applied, which is well known, see [201].

The initial value problem is given by:

o _
ot
where A(t) is a bounded time-dependent operator A(t) € RM*M for all t €

[a,b] and M is a given positive integer. Further, we have a < b and a,b € R™.
We rewrite:

At)u(t), a <t < b,u(0) = ug, (5.62)

% = A(a)u(t) + (A(t) — A(a))u(t). (5.63)

The abstract integral is given by the so-called Duhamel Principle:

u(t) = exp((t —a)A(a))ug +/ exp((t —s)A(a))(A(s) — A(a))u(s) ds. (5.64)
By successive approximation, we obtain:

ui(t) = exp((t —a)A(a))uo, (5.65)

unt1(t) = exp((t —a)A(a))uo
+/ exp((t — s)A(a))(A(s) — A(a))un(s) ds, (5.66)

and, formally, we have:
t

u(t) = exp((t—a)A(a))ug + / exp((t — s)A(a))R(s, a)ug ds, (5.67)

a

with
R(t,s) = iRm(t,s), (5.68)
Ri(t) = ﬂ{l_(lA(t)—A(s))exop((t—s)A(a)) ds i; (5.69)
Rn(t) = / tRl(t,a)Rm,l(m) do, (5.70)
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where we assume to compute the recursive functions R, with quadrature
rules, see also [201], and m is the number of recursions.

5.3.1 Algorithm for Successive Approximation

In this section, we construct a new numerical algorithm in order to use
successive approximation as a computational tool. To illustrate how this task
can be accomplished, a solution is defined for one time step, h, on the interval
[tn, tn + B

u(ty +h) = eMeu(t,) (5.71)

tn+h
+ / etnTh=914a(A(s) — A, )u(s) ds,
t

n

where a < ¢, <t <t,+h <band A, = A(a) is an M x M matrix with
constant elements. Successive approximation steps can then be read as

ui(tn +h) = eMeu(ty,), (5.72)
us(ty +h) = eMeu(ty) (5.73)

tn+h
+ / e(tnth=9)Aa(A(s) — Ag)uy(s)ds,
t

n

up(tn +h) = .ehA“u(tn) (5.74)

tnt+h
- / eltnth=s)4a(A(s) — Ag)up_1(s) ds.
t

n

After approximating the integrals in each iteration by quadrature formulae,
we re-write the solutions as

ugp(ty, +h) = eMau(t,) + ijF(c;f), k=2 ..m, (5.75)
j=1

where F(s) = etnth=s)4a w; are weights, ¢} € [tn,t, + h] are nodes of the
quadrature rule and m is the number of the iterative steps.

We simply use the trapezoidal rule for approximating the integrals, we
then obtain the following iterative solving scheme,

wrltn + 1) = oMo (I+ E<A<tn>—Aa>y<tn>)

2
h
+§(A(tn +h) — Ag)ug—1(tn + h), (5.76)
for k = 2,...m. Here u(tg) = wo (initial condition), u(t,) = ug(tn—1 + h),n =
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1,..N and N = b’Ta. The algorithm will continue until the following condition
is fulfilled,

lug — ug—1| < err, (5.77)

where err € R™ is a given error tolerance.
It can be easily seen from Equation (5.76) that the scheme involves only
one approximation of the exponential of a constant matrix.

Remark 5.12. The error analysis can be done with the standard error schemes,
discussed in Chapter 2. The idea is to assume a locally non-time-dependent
scheme, while dealing with small time steps; see the ideas and error analysis
[110].

Numerical results obtained with this algorithm are presented in the next
section.






Chapter 6

Numerical Experiments

6.1 Introduction

In the numerical experiments, we discuss test examples for differential
equations, a comparison to standard splitting methods, examples of extensions
of the iterative splitting methods and, some real-life applications.

In the test examples, we discuss the field of application of iterative splitting
schemes. First, we present scalar examples, where we discuss the important
choice of how to iterate over the operators. Then, we present the field of appli-
cation to vectorial examples and applications to partial differential equations.
The spatial discretization is done with finite difference schemes of higher or-
der, see [118], in such a way that we do not conflict with the order of the
splitting schemes, see [82].

The results present the solutions of moderate equations with at least 2-4
iterative steps with a reduction in the size of numerical errors. Such bal-
ancing in iterative steps and time steps are discussed to reduce additional
computational time.

In the comparison example, we present benchmark problems and compare
them to standard Lie-Trotter, Strang splitting, and ADI (Alternating Direc-
tion Implicit) methods. We present the computational time of each scheme
and its accuracy. Here are revealed the benefits of iterative schemes, which
are higher-order accuracy and lower computational costs.

The extension examples show the diverse fields of application of splitting
methods such as domain decomposition methods, time-dependent methods,
and also nonlinear methods. Here we propose the flexibility of the iterative
method, which can be modified to various applications in modern real-life
problems.

We present some real-life problems, where we concentrate on two directions
of the splitting schemes:

e Decoupling of a complicated real-life problem into simpler subproblems,

e Coupling of simpler subproblems with underlying software code, e.g.,
retardation and transport processes for complicated transport problems,

e Coupling underlying software code with special applications, e.g., reac-
tion and transport processes for deposition and flow problems.

105
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The first strand, which involves decoupling a problem into simpler prob-
lems, leads to the simpler equations being solved with less computational
effort. Thus, embedding analytical and semianalytical solutions into simpler
equations helps to accelerate the solver process.

The second strand involves coupling simpler problems and well-understood
problems to more complicated problems, e.g., retardation-reaction processes
with transport processes. Thus, coupling standard solver schemes with itera-
tive splitting methods solves more complicate problems.

For both problems the main idea is a balance between a more accurate
splitting method, obtained in more iterative steps after longer computational
time and sufficiently accurate results with only 1-3 iterative steps. Such bal-
ancing is important and discussed. Further, larger time steps and sufficient
iterative steps can be attractive to save computational time, while larger time
scales are computably faster.

Iterative splitting schemes are simple to implement as a coupling method
for different subproblems, even when different solver methods are used, e.g.,
coupling a convection-diffusion equation with a reaction equation. Here, we as-
sume that the reaction part is solved analytically and the convection-diffusion
part is solved numerically.

While the theoretical results are often restricted to Cauchy problems and
coupled operators so that convergent results are obtained, practical applica-
tions of splitting schemes are more optimistic.

In practice, we can obtain higher-order results with additional iterative
steps; for some examples we obtain one extra order with one extra iterative
step.

Therefore, in the practical part we consider the applicability of the iterative
splitting scheme as:

e Solver, for example as a flexible scheme of successive approximation
methods,

e Coupling method: to couple differential equations, e.g., coupling two
transport equations or continuous and discrete equations,

e Decomposition method: to separate large systems of differential equa-
tions into simpler systems or to extend it to domain decomposition meth-
ods, e.g., decomposition of large scale matrices, see [87] and [183],

e Embedded method: prestep method before a standard solver (e.g., as a
predictor-corrector method), e.g., an improved initialization method to
the iterative schemes, see [74] and [99],

e Generalizing standard methods, e.g., waveform relaxation methods for
alternating operators.

By the way, complex models are often described with more or less un-
derstanding of the complexity of particular systems. Therefore, systematic
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schemes with a physically correct decomposition are important for decoupling
problems into more simple, understandable models and to allow them to be
coupled into more complex models in the next step. Here, the iterative split-
ting scheme has the advantage of leaving all operators in the equation and
solving them simultaneously by implicit or explicit methods.

In this way, an understanding of partsystems is possible and the complex
model is made at least partially understandable.

In this chapter, we introduce benchmark and real-life models in multi-
physics problems with their physical background. We discuss the benefit of
iterative splitting schemes in solving physical problems in various situations.
We present different examples and discuss the results in the remarks of each
subsection.

Figure 6.1 presents the numerical examples we discuss in the next sections.

Benchmark and Real-Life Problems

Examples of the Iterative
Splitting Schemes

Benchmark Benchmark Benchmark Real-Life
Problems 1: Problems 2: Problems 3: Applications
Introductions Comparisons Extensions (Multiphysics Problems)

FIGURE 6.1: Numerical examples: Benchmark and real-life problems.
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6.2 Benchmark Problems 1: Introduction

For the qualitative characterization of time decomposition methods, we
introduce some benchmark problems.

We have chosen model problems in which the exact solutions are known,
so that we can directly analyze the exact sizes of errors. Further, it is simple
to compute and compare the convergence rates of the underlying schemes.

In our examples, we first consider a simple scalar equation as an ordi-
nary differential equation (ODE) and then we consider systems of ODEs and
parabolic equations. We present the flexibility and advantage of the iterative
splitting method. In the schemes of various operator splitting methods, we
also use the analytical method of such reduced ODEs and parabolic differ-
ential equations. We can verify the number of iteration steps relative to the
order of approximation of the functions.

6.2.1 Introduction Problem 1: Starting Conditions

In the first test problem, we concentrate on the problem of the starting
conditions. Here it is important which operator is dominant and taken into
account as the implicit part of the iteration.

We solve an analytical benchmark problem to test the optimum iterative
splitting scheme:

Ccii_;t = Alu, (6.1)
uw(0) = 1. (6.2)

The split operators are given as A = Ay, B = A2 where A = A\; + Ay. The
exact solution is given as u(t) = exp(A t).

We assume that we have extreme difference operators, e.g., \; << Aq.
The following splitting schemes are proposed:

1. Tteration with respect to A\; only (scheme 1)

du; :
CZ = Mu; + Au;_q1, fori=1,2,...,1, (63)
ui(0) = u(0),

where ug(t) = exp(A2 t)u(0). Further, I is a fixed integer or a stopping crite-
rion, e.g., I = 5.
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2. Tteration with respect to Ag only (scheme 2)

du; .
CZ = Muj—1 + Aoug,fori=1,2,....1, (6.4)
ui(0) = u(0),

where uo(t) = exp(A2 t)u(0). Further, I is a fixed integer or a stopping crite-
rion, e.g., I = 5.

3. Alternating iteration with respect to A; and A\ (scheme 3)

dui
a = AMu; + Aou;_1, (65)
ui(0) = u(0),
% = \u; + )\2U¢+1, (66)
ui+1(0) = u(0),
for 1=1,3,...,1,

where ug(t) = 1 is the starting condition.

For all iterative schemes, we assume a defined number of iterative steps,
e.g., I = 5,6, as a stopping criteria for the algorithm, or we assume an error
condition:

[Juirr — uil| < err, (6.7)

where err € R* is the error tolerance and we stop the iteration after reaching
the tolerance.

In the next example, we assume to iterate only with respect to operator
A1, meaning we apply scheme 1. Here we present a badly weighted situation.

Badly Weighted Situation for )\;
In a situation starting with small A1, the iteration is badly weighted. Such

problems are known as stiff problems and are also discussed in [103] and [152].

To show the blow-ups in the equations, we have the following expansion
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of iterated functions:

w, = 100em™0! — 99 eT0 le~ 0 ¢ (6.8
us = —9800e100 ! + 99100 4 + 9801 eTo0 fe~ 100 ¢
1
us = 970300e100 ! — 9702100 1t 4 % o100 {42
—970299 700 te 100 ¢, (6.10)
48024 234
gy = —96059600eT0 " + 960597 eT00 it — % o100 142 %eﬁtﬁ
196059601 e o~ 00 ¢ (6.11)
95099103
us = 9509900500 100 ! — 95099004 e 00 ¢ + T o100 £42
15848217 1 , ., 32019867 . ,,
—————eT00 ¢ — @100 ¢
10000 8000000
—9509900499 eT05 fe 100 ¢ (6.12)
235370034
ug = —941480149400 700 ¢ 4+ 9414801495 eTo0 ' — w o100 142
3138270399 . ,, 1568973483 . ,, 3169966833 1 , .
—_— @100 Y — —————————— 700 "¢ —————————— @100 '{
20000 4000000 4000000000
1941480149401 100 te~ 100 ¢, (6.13)

The Taylor expansion of the scheme (6.3) indicates large coefficients in the
equation, meaning we have oscillatory and stability problems, as presented in
Equations (6.8)—(6.13).
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In Figure 6.2, we have computed the errors of the iteration and the exact
solution. Here we obtain superlinear results with scheme 2 (6.4), that implied
the iteration over the larger operator Ay. In Figure 6.2 the underlying picks
presents such superlinear convergence, which shows enormous improvement
of the accuracy.

log(error)
EN
!

log(error)

log(error)
log(error)
S

FIGURE 6.2: Experiments with different weighted parameters for the it-
erative schemes ([line 1]: ¢ = 3, [line 2]: ¢ = 6): upper left (scheme
1): A = 1/100,X2 = 99/100, upper right (scheme 3): A\ = Ay = 1/2,
lower left (scheme 3): A; = 1/100, A2 = 99/100, lower right (scheme 2):
M = 1/100, Ay = 99/100, (log(error) = log, (2Bl - 100)).

u(t
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Figure 6.3 zooms in on the analytical solution (¢t ~ 5.607316185) at the
sixth iteration of scheme 3 (6.5)—(6.6) with A\; = 1/100 and Ao = 99/100.
Here we have some superlinear results, while we achieve the exact solution
in the iterative scheme. Such ideas can also accelerate the iterative splitting
method, see [86].

t
5,60370 5,60371 5,60372 5,60373 5,6037¢
! ! ! ! J

log(error)
]

FIGURE 6.3: Zoom into the analytical solution of scheme 3 at the sixth
iteration with A = 1/100, A2 = 99/100, (log(error) = log,(“t:l. 100)).

Remark 6.1. The numerical experiments show the important multistage sit-
uation. Starting with the badly weighted situation of a small eigenvalue, the
iterative scheme shows oscillations and has weak convergence, see also [169].
Optimum balancing of the operators depends on their eigenvalues, so starting
the iteration with a large eigenvalue benefits convergence, see [92].

In the following we present the next benchmark problem, which respects
the stiffness of the matrices.

6.2.2 Introduction Problem 2: Stiffness of Matrices

In the following, we extend to a system of ODEs to take into account the
splitting error of the scheme, while we deal with noncommuting operators; see
[55].

The iterative scheme is applied to a 2 X 2 matrix:

d
—;tl = —Au1 + Aug, (6.14)
d
—;;2 )\1U1 - )\QUQ, (615)

u1(0) = 1, ug(0) = 1. (6.16)
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The operators are given as:

(=xa 0
(3 0), o)

B:<8 AOQ ) (6.18)

We concentrate on the following iterative schemes and apply different it-
erative ideas, see also [199].

la. Gauss-Seidel Scheme (iterations with respect to A1)

duy;

% = =AU + AaU2i—1, (6.19)

dua;

% = )\1’LL17Z‘ - )\2@62,7;, (620)
fori=1,2,...,1, (6.21)
u;(0) = u(0),

where u2,9 = 0.

1b. Gauss-Seidel Scheme (iterations with respect to Az)

dus;
;L; = —XoUg; + AUi—1, (6.22)
duq;
Z;; = )\2”271; - Alul,i, (623)
fori=1,2,...,1, (6.24)
u;(0) = u(0),

where u1,0 = 0.

2. Jacobian Scheme (iterations with respect to alternating A; and \p):

duy ;
adad 5 = —XMuyi;+ Aug i1, (625)
dt ’ k)
du i
d—? = )\1U1’i — /\2’(1,271‘, (626)
dug ;
ﬂ = )\1U1 i /\2’(1,2 i+1y (627)
dt ’ ’
duy ;
% = —MUir1 + A2U2 541, (6.28)
fori=1,3,...,1, (6.29)
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where ug,9 = 0.

We assume to stop after fixed iterative steps, e.g., I = 5,6, as a stopping
criteria for the algorithm or we assume an error condition:

[Jwiv: — wi|] < err, (6.30)

where err € RT is the error tolerance and we stop the iteration after reaching
the tolerance.

We can derive the analytical solutions for the systems of such ODEs, see
[47] and [48].

The solutions of the first iteration of the scheme la. are given as:

U1 = exp(—)\lt), (631)
AL
= — Aot .32
u21 /\1 — )\2 exp( 2 ) (6 3 )
A1

— exp(—Ai1t) + exp(—Aat).
N (M) exp(=Aat)

We apply stiff cases, e.g., Ay = 0.01, and A2 = 0.99. In Figure 6.4, we have
computed the errors in the Gauss-Seidel iteration scheme la. with the quoted
parameters. With such Gauss-Seidel schemes, we achieve one convergence
order more of accuracy, than with the given Jacobian scheme, see [199].

log(error)
log(error)

FIGURE 6.4: log;, error of the first (left) and second component (right)
(i=4), (log(error) = loglo(luj(i);%w -100), j =1,2).

Remark 6.2. Here, we have the benefit of starting with the optimum oper-
ators from the beginning. In our case, the scheme la. is more optimal, when
A1 > Ao, while scheme 1b. is more optimal, when Ay > A\;. The errors can
be reduced by solving the stiff part implicitly and the nonstiff part explicitly.
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An optimal scheme is given with at least i« = 4 and implicit iterations over the
stiffer part. A compromise or mixture of both schemes are scheme 2., while
respecting A; in the first part and Ay in the second part, see [90].

6.2.3 Introduction Problem 3: Nonsplitting and Splitting

In the following, we introduce the application of splitting methods to a
simple scalar equation, which can be decoupled and solved exactly as the
nonsplitting version.

Here our motivation is based on the amount of computational time, which
is necessary to apply the splitting scheme. Because of the iterative method,
we have to investigate more computational time for this solver method.

So an improvement of iterative splitting methods is based on the following
items:

e Higher accuracy with more iterative steps and larger time steps (mean-
ing reduction of time partitions).

e Balancing of time partitions and iterative steps with respect to the com-
putational time.

e A proposed error, e.g., err = 1073, helps to optimize the number of
partitions and the number of iterative steps.

We must take this into account by decomposing a simple standard example.
We consider the following Cauchy problem for the scalar equation:

WO xdoult), e 0.7 (6.3
u(0) = o, (6.34)

which has the exact solution
u(t) = exp(—(A1 + A2))t)uo. (6.35)

For problem (6.33), we split the right-hand side into the sum of two scalar
operators A + B, where Au = —A\ju and Bu = —MXyu. According to the
iterative splitting method, (see Chapter 2), we apply the following algorithm,

dui(t) o . ]
dt = —x\lul(ﬂ — )\QUl_l(t), (636)
d”lgitl(t) = —Auit) — Aouipr (t), (6.37)

on the interval t € [0,T], where u;(0) = u;4+1(0) = ug, uo(t) =0, Vt € [0, 77,
and ¢ = 1,3,5,...,2m + 1 is the number of iterations, with m a positive
integer.
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For the two Equations (6.36) and (6.37), we can derive the analytical
solutions as

ui(t) = exp(—)\lt) ’Uq(O) + i—iuapprox,i,l(t) (exp(—)\lt) — 1), (638)
i (t) = i—u(t) (exp(~Aat) — 1) + exp(—Aat) ui+1(0), (6.39)

where the initial conditions are w;+1(0) = uop and u;(0) = uo with index
i=1,3,5,...,2m + 1. The time interval is t € [0,T]. The starting solutions
are fixed as uo(t) = 0. Furthermore, tapprox,i—1 are the approximated solutions
for the last iterative solution u;_1, which has an accuracy of at least O(72™ 1)
(with 7 as the time step).

Based on these solutions, we compare the results of the iterative splitting
method with the analytical solution of the complex equation, see also [82].

We perform the time discretization based on the trapezoidal rule, which
is a second-order method.

The combination of handling both the iteration steps and time partitions
is therefore important. We assume a time interval [0, 7] and divide it into n
intervals of length 7, = % We could improve the results by using smaller
time steps and more iteration steps. The optimal relation is an adequately
large time step with fewer iteration steps. Because of the approximation of
our initial function, we can conclude that 2-4 iteration steps are sufficient, cf.
Theorem 2.15.

For our example, we choose Ay = 0.25 , Ao = 0.5, and T = 1.0, such that
we obtain our exact solution with uexact = exp(—0.75) ~ 0.4723665.

For the simulation, we use MATLAB® 7.0 on a single CPU (2.1 GHz).
In Table 6.1, we have errors at time T' = 1.0 between the analytical and
numerical results, and the computational time in [sec|, for the nonsplitting
method. In Table 6.2 we have errors at time 7" = 1.0 and the computational
time in [sec], for the splitting method.

TABLE 6.1: Numerical results for the first
example with a nonsplitting method and second-order
trapezoidal rule.

Number of eIT = |Uexact — Unum| | Comput.
time partitions n time [sec]
100 1.5568e-12 1.82¢-02

1000 1.0547e-15 1.41e-01

For the splitting method, we obtain the best results with fewer time parti-
tions and more iteration steps, see n = 1 and ¢ = 100, but we have to handle
a long computational time. We suggest optimizing with respect to computa-
tional time, and compared to the nonsplitting method, we propose more time
partitions and fewer iterations, for example ¢ = 2 and n = 10. Comparing
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TABLE 6.2: Numerical results for the first example with a
splitting method and second-order trapezoidal rule.

Number of Number of | err = |tuexact — Unum| | Comput.
time partitions n | iterations 4 time [sec]
1 2 3.8106e-02 2.83e-01

1 4 4.1633e-04 5.41e-01

1 10 9.5929e-12 1.24e4-00

1 100 9.4369e-16 1.22e4-01

5 2 6.1761e-03 2.80e-01

5 4 2.6127e-06 5.48e-01

5 10 1.0547e-15 1.32e4-00

10 2 3.0185e-03 3.01e-01

10 4 3.1691e-07 5.85e-01

10 10 1.0547e-15 1.42e4-00

100 2 2.9588e-04 6.77e-01
100 4 3.0845e-10 1.31e+00
100 10 6.6613e-16 3.21e+00

our theoretical convergence results, we obtain an order of convergence of 1
more for each iteration step, so more iteration steps result in more accurate
solutions.

Remark 6.3. In this example, we show the additional work needed for the
iterative method. By the way, the iterative splitting method is as accurate
as the nonsplitting method. So with an optimal choice of time partitions and
iterations, we can perform the splitting method and reduce computational
time. For a fixed-error bound, e.g., err = 1073, the optimal relation is 2
iterative steps and 10 partitions or 4 iterative steps and only 1 partition.
The acceleration of the scheme can also be achieved with parallel computing,
in terms of more iterations. Therefore, the splitting method is as attractive
as nonsplitting methods for such examples, if we restrict on a proposed and
fixed-error bound.

6.2.4 Introduction Problem 4: System of ODEs with Stiff
and Nonstiff Cases

Let us consider a more complicated example of these computations, where
the motivation is a reversible chemical reaction between two species. We
could apply this example to chemical reaction models and bio-remediation
of complex processes, cf. [67]. For such problems, the time discretization
schemes are important to reach higher-order results. For nonstiff problems,
fast explicit Runge-Kutta methods are standard, see [122]. We concentrate
on the additional computational time of the splitting scheme and its benefit
of balancing time and iterative steps. Such motivations see an application
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field, e.g., while dealing with stiff problems and more complicate problems.
Standard schemes are more or less more delicate to implement and more time
consuming to solve such problems, e.g., implicit Runge-Kutta methods or
IMEX (implicit-explicit) methods, see [82].

Such model problems are necessary and see the benefit of the iterative
schemes.

The iterative scheme especially reduces the higher accuracy to a balance
of time partitions and iterative steps.

6.2.4.1 First Experiment: Linear ODE with Nonstiff Parameters

In the first example, we deal with the following linear ordinary differential
equation:

agit) - (}All _A§2 )U(t)»tE[&T], (6.40)
w0 = uo, (6.41)

where the initial condition ug = (1,1)7 is given on the interval [0, 7.
The analytical solution is given by:

( e1 = czexp (—(A + A2)t) ) , (6.42)

t) =
U= Xy 4 ey exp (= + o))

where
2 1- 3
g =—+, C=—=52. 6.43
1+ 4% 1432 (6.43)

We split our linear operator into two operators by setting

out) (=X 0 0 Ao
We choose A; = 0.25 and A2 = 0.5 on the interval [0, 1], i.e., with T' = 1.

We therefore have the operators:

—-0.25 0 0 05
A_< 0.25 O)’ B_<O —0.5>' (6.45)
For our time integration method, we assume a time interval [0, T] and divide
it into n intervals of length 7,, = % We can improve our results by using
smaller time steps and more iteration steps.

For the initialization of our iterative method, for i = 1, we use ug(0) =
(0,0)T.
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From the examples, we can see that the order increases with each iteration
step.

In the following, we compare the results of different discretization methods
for a linear ordinary differential equation. For the time discretization, we ap-
ply the second-order trapezoidal rule, the third-order backward differentiation
formula (BDF3), see [122], and a Gauss-Runge-Kutta method (Gauss-RK) of
at least fourth order, see [22], [23], and [122]. Thus, we obtain a maximal
fourth-order method with our iterative splitting method.

Remark 6.4. So the amount of iterative steps needs higher-order time dis-
cretization schemes. But a benefit is that one can apply standard higher-order
schemes, which are cheap in computational time and in implementation. For
a more delicate problem, e.g., stiff operators, there is no need to concentrate
on mixed time discretization schemes, e.g., IMEX methods, see [7]. Here the
idea of the iterative splitting scheme is to decouple the operators with respect
to their underlying timescales.

For the simulation, we use MATLAB® 7.0 on a single Linux PC with
2.1 GHz clock.

In Table 6.3, we show the errors between the analytical and numerical
results, and the computational time in [sec], for the nonsplitting method.

Our numerical results for the splitting method are presented in Tables 6.4,
6.5, and 6.6. Additionally, we present in Table 6.4 the numerical results and
computational time in [sec] for the nonsplitting method.

To compare the results, we choose the same number of iteration steps and
time partitions for the splitting methods. The error between the analytical
and numerical solutions is given as the maximum norm, i.e., erry = ||uk, exact —
Uk num|| With k& =1,2.

TABLE 6.3: Numerical results for the second example
with a nonsplitting method and second-order trapezoidal rule.

Number of erry erry Comput.
splitting partitions n time [sec]
100 5.1847e-13 [ 5.1903e-13 | 2.27e-02

1000 2.2204e-15 | 3.3307e-16 | 1.92e-01
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iterative splitting method and second-order trapezoidal rule.

Numerical results for the second example with an

Iteration Number of erry erroy Comput.
steps ¢ | splitting partitions n time [sec]
2 1 4.5321e-002 | 4.5321e-002 | 3.51e-01

2 10 3.9664e-003 | 3.9664e-003 | 3.93e-01

2 100 3.9204e-004 | 3.9204e-004 | 7.83e-01

3 1 7.6766e-003 | 7.6766e-003 | 5.15e-01

3 10 6.6383e-005 | 6.6383e-005 | 5.76e-01

3 100 6.5139e-007 | 6.5139e-007 | 1.15e+00

4 1 4.6126e-004 | 4.6126e-004 | 6.85e-01

4 10 4.1321e-07 | 4.1321e-07 | 7.63e-01

4 100 4.0839e-10 | 4.0839e-10 | 1.52e4-00

5 1 4.6828e-005 | 4.6828e-005 | 8.51e-01

5 10 4.1382e-09 | 4.1382e-09 | 9.47e-01

5 100 4.0878e-13 | 4.0856e-13 | 1.89e+4-00

6 1 1.9096e-006 | 1.9096e-006 | 1.02e+00

6 10 1.7200e-11 | 1.7200e-11 | 1.13e4-00

6 100 2.4425e-15 | 1.1102e-16 | 2.25e+00

A higher-order time discretization allows improved results with more it-
eration steps. Based on the theoretical results, we can improve the order of
the results with each iteration step. Thus, for a fourth-order time discretiza-
tion, we obtain the highest order in our iterative method. Compared to the
nonsplitting method, by only applying time discretization methods, we can
reach the same accuracy but at the expense of extra computational time. An
optimal choice of fewer iterations and sufficient time partitions can save re-
sources and we propose this as a competitive method. For large time scale
computations, which are important for such problems, we have the benefit
of achieving accurate results with sufficiently large time steps and sufficient
iterations.

The convergence results for the three methods are given in Figure 6.5.

Remark 6.5. For the nonstiff case, we obtain improved results for the it-
erative splitting method by increasing the number of iteration steps. Due
to improved time discretization methods, the splitting error can be reduced
with higher-order Runge-Kutta methods. Furthermore, the optimal choice
of number of iterations and sufficient time partitions can make the splitting
method more attractive than standard problems. By the way, the application
of such iterative splitting methods becomes more attractive for complicated
equations, while saving memory and computational time in the appropriate
decomposition. Larger equation systems reduce the memory and computa-
tions, while decoupling into simpler systems and balancing between time and
spatial methods.
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TABLE 6.5:

Numerical results for the second example

with an iterative splitting method and BDF3 method.

Iteration Number of erry erry
steps ¢ | splitting partitions n
2 1 4.5321e-002 | 4.5321e-002
2 10 3.9664e-003 | 3.9664e-003
2 100 3.9204e-004 | 3.9204e-004
3 1 7.6766e-003 | 7.6766e-003
3 10 6.6385e-005 | 6.6385e-005
3 100 6.5312e-007 | 6.5312e-007
4 1 4.6126e-004 | 4.6126e-004
4 10 4.1334e-007 | 4.1334e-007
4 100 1.7864e-009 | 1.7863e-009
) 1 4.6833e-005 | 4.6833e-005
5 10 4.0122e-009 | 4.0122¢-009
) 100 1.3737e-009 | 1.3737e-009
6 1 1.9040e-006 | 1.9040e-006
6 10 1.4350e-010 | 1.4336e-010
6 100 1.3742e-009 | 1.3741e-014
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6.2.4.2 Second Experiment: Linear ODE with Stiff Parameters

In the next example, we present the benefit of the iterative splitting scheme
to more delicate ODE’s. Here we can decouple stiff and nonstiff parts and
apply individual standard time discretization schemes.

We deal with the same equation as in the first example, now choosing

A1 =1 and Ay = 10* on the interval [0,1].

We therefore have the operators:

-1 0
()

:<8

10%

—104

)

The discretization of the linear ordinary differential equation is done using

the BDF3 method. Our numerical results are presented in Table 6.7. For the
stiff problem, we choose more iteration steps and time partitions and show the
error between the analytical and numerical solutions as the maximum norm,
i.e., erry = ||Uk,exact — Uk,num|| With k =1, 2.

In Table 6.7, we see that we must double the number of iteration steps to
obtain the same results for the nonstiff case.

Remark 6.6. For the stiff case, we obtain improved results with more than
5 iteration steps. Because of the inexact starting function, the accuracy must
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TABLE 6.6:

NUMERICAL EXPERIMENTS

Numerical results for the second example

with an iterative splitting method and fourth-order Gauss-RK

method.
Iteration Number of erry erry
steps ¢ | splitting partitions n
2 1 4.5321e-002 | 4.5321e-002
2 10 3.9664e-003 | 3.9664e-003
2 100 3.9204e-004 | 3.9204e-004
3 1 7.6766e-003 | 7.6766e-003
3 10 6.6385e-005 | 6.6385e-005
3 100 6.5369e-007 | 6.5369e-007
4 1 4.6126e-004 | 4.6126e-004
4 10 4.1321e-007 | 4.1321e-007
4 100 4.0839¢-010 | 4.0839e-010
5 1 4.6833e-005 | 4.6833e-005
5 10 4.1382¢-009 | 4.1382e-009
5 100 4.0878e-013 | 4.0856e-013
6 1 1.9040e-006 | 1.9040e-006
6 10 1.7200e-011 | 1.7200e-011
6 100 2.4425e-015 | 1.1102e-016

be improved by more iteration steps. Higher-order time discretization meth-
ods, such as the BDF3 method and iterative splitting method, accelerate the
solving process.

6.2.5 Introduction Problem 5: Linear Partial Differential
Equation

For the application to PDEs we have taken into account the spatial dis-
cretization. We apply finite difference schemes of second order or higher-order
to have at least no an influence on the orders of the time and splitting schemes.

Here we have to balance spatial steps, time steps, and the iterative steps
to obtain an optimal scheme with sufficient accuracy.

We consider the one-dimensional convection-diffusion-reaction equation
given by

ROyu 4+ v0yu — DOggu =  —Au, in X [to, tend), (6.46)
u(z, to) Uexact (T, to) , in Q, (6.47)
u(07 t) = Uexact (07 t) 5 U(L, t) = uexact(L7 t) (648)

We choose x € [0,L] = Q with L = 30 and t € [to, tena) = [10%,2 - 10%].
Furthermore, we have constant parameters A = 107°, v = 0.001, D = 0.0001,
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FIGURE 6.5: Convergence rates from two up to six iterations (starting
with ¢ = 2 at the top of the figure (lowest order) and following to i = 6 at the
bottom of the figure (highest order)).

and R = 1.0. The analytical solution is given by

(v — vt)?

Uexact (IE, t) = m eXP(_TDt) exp(_)‘t)' (649)

To begin away from the singular point of the exact solution, we start from the
time point ¢y = 10%.
Our split operators are

D 1
For the spatial discretization, we use finite differences with a spatial grid width
_ 1 _ 1
of Az = 75 and Az = 355.
The discretization of the linear ordinary differential equation is accom-
plished using the BDF3 method, so we are dealing with a third-order method.
Our numerical results are presented in Table 6.8. We choose different itera-
tion steps and time partitions, and show the error between the analytical and
numerical solutions as the maximum norm.
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TABLE 6.7: Numerical results for the stiff example with
an iterative splitting method and BDF3 method.

Iteration Number of erry erry
steps ¢ | splitting partitions n
5 1 3.4434e-001 | 3.4434e-001
5 10 3.0907e-004 | 3.0907e-004
10 1 2.2600e-006 | 2.2600e-006
10 10 1.5397e-011 | 1.5397e-011
15 1 9.3025e-005 | 9.3025e-005
15 10 5.3002e-013 | 5.4205e-013
20 1 1.2262e-010 | 1.2260e-010
20 10 2.2204e-014 | 2.2768e-018

TABLE 6.8:

splitting method and BDF3 method with Az = 1072,

Numerical results for the third example with an iterative

Iteration Number of err err err
steps ¢ | splitting partitions n | at x = 18 at x =20 at x =22
1 10 9.8993e-002 | 1.6331e-001 | 9.9054e-002
2 10 9.5011e-003 | 1.6800e-002 | 8.0857e-003
3 10 9.6209e-004 | 1.9782e-002 | 2.2922e-004
4 10 8.7208e-004 | 1.7100e-002 | 1.5168e-005

Figure 6.6 shows the initial solution at ¢, = 10* followed by the analytical
and numerical solutions at tenq = 2 - 104, of the convection-diffusion-reaction
equation.

One result that is seen is that we can reduce the error between the analyt-
ical and the numerical solutions by using more iteration steps. If we restrict
ourselves to an error of 107%, we obtain an effective computation with 3 iter-
ation steps and 10 time partitions.

Remark 6.7. For partial differential equations, we have taken into account
the spatial discretization. We applied a fine grid step in the spatial discretiza-
tion, such that the error of the time discretization method was dominant.
We could also apply more coarser grids, if we also enlarge the time steps to
balance the order of each scheme. We obtain optimal efficiency in terms of
iteration steps and time partitions, if we use 10 iteration steps and 2 time
partitions.

6.2.6 Introduction Problem 6: Nonlinear Ordinary Differen-
tial Equation

As a flexible method, we can also apply the iterative splitting scheme
to nonlinear problems. Here we have the problem of balancing between time
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LR

LU

FIGURE 6.6: Initial and computed results for third example with an iter-
ative splitting method and BDF3 method. The initial solution is plotted as
the first line, the iterative solution is plotted as the second line and the exact
solution is plotted as the third line.

partitions and iterative steps. Because of the linearization within the iterative
scheme, a locally linear problem is solved with sufficient small time steps, see
[146]. Additional iterative steps smooth the solution and obtain obtain the
fixed-point solution of the iterative scheme, see [173].

As a nonlinear differential example, we choose the Bernoulli equation:

aZ—ff’ = Au(t) + Ao (u(t))?, t € [0,T], (6.51)
w0 =1L (6.52)
with the solution
ult) = |1+ 2 esp(-rt —p) 23| withp A0 (659)
1 1

We choose p =2, A\ = —1, Aa = —100, and Az = 10~2. We divide the time
interval [0, T], with T = 1, into n intervals of length 7, = %

We apply the iterative splitting method with the nonlinear operators
A(u) = Mu(t), Blu) = Ao (u(t))?. (6.54)

The discretization of the nonlinear ordinary differential equation is performed
with higher-order Runge-Kutta methods, to the third order at least, see also
[72]. Our numerical results are presented in Table 6.9. We choose different
iteration steps and time partitions. The error between the analytical and
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TABLE 6.9: Numerical results for the
Bernoulli equation with an iterative splitting
method and BDF3 method.

Iteration Number of err
steps ¢ | splitting partitions n
2 1 7.3724e-001
2 2 2.7910e-002
2 5 2.1306e-003
10 1 1.0578e-001
10 2 3.9777e-004
20 1 1.2081e-004
20 2 3.9782e-005

numerical solutions is shown as the maximum norm at time 7" = 1.0. The
experiments have reduced errors for more iteration steps and more time par-
titions. Because of the time discretization method used for ODEs, we restrict
the number of iteration steps to a maximum of 5 iteration steps. If we restrict
the error bound to 1073, 2 iteration steps and 5 time partitions give the most
effective combination.

Remark 6.8. For nonlinear ordinary differential equations, the exact starting
function is an issue and important. Therefore, the initialization process is
delicate and we can decrease the splitting error by using more iteration steps.
Due to the linearization, we gain almost linear convergence rates. This can be
improved by a higher-order linearization, see [13], [168], or a combination with
Newton’s method, see [147]. An overview article with an iterative splitting
scheme with an embedded Newton’s method is given in [105].

6.2.7 Introduction Problem 7: Coupling Convection-Diffusion
and Reaction Equations with Separate Codes

The motivation in this example is code coupling. We start with two differ-
ent codes, each code is solving a simpler part of a larger evolution equation.
We assume to add both codes, via a splitting interface, while saving time to
reprogram a full code with all equation parts. Such ideas are important to
extend complicated program codes, while only single parts of the previous
underlying model equation are changing, see [106].

In this example, we simulate a general species reaction transport equation,
which can be written as

us+ V- (vu—D Vu) R(u) + f(x,t), in Q2 x (0,7, (6.55)
u(z,t) 0, on 092 x (0,7, (6.56)
u(z,0) = wg(x), onQ, (6.57)
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where [0,7] is a time interval, z = (z1,...,74)7 € Q is the space variable,
and € is a domain in R4(d = 1,2,0r,3). u(x,t) is the unknown population
density or concentration of the species, v € R%* is a divergence-free velocity
field, D € R%* x R4+ is a diffusion tensor (it is assumed that elementwise
|D; ;| << |vi| Vi,j € {1,...,d}), R(u) is a nonlinear reaction term, and uo(x)
is an initial condition.

For the reaction term, we are concerned with:
e Radioactive decay with R(u) = —au, as a linear reaction term

e Biodegradation model with R(u) = au/(u + b), as a nonlinear reaction
term.

The models and detailed discussions on biodegradation can be found in
[26].

Based on the discretization methods and underlying timescales, we propose
that the convection-reaction part of the equation serves as the basis for one
operator and the diffusion part and right-hand side serve as the basis for a
second operator. Because of the splitting, the two equations can be handled
separately with the most effective discretization methods in each case. We
propose for the convection-reaction part characteristic methods and a finite
element method for the diffusion part.

The transport Equation (6.55) can be rewritten as an abstract operator
equation:

us = A(u) + B(u), (6.58)
with

A(u) = —v-Vu+ R(u), (6.59)

B(u) =V - (DVu) + f(z,t). (6.60)

Let N be a positive integer, 7, := T/N is the time step, and let ¢,, = n7, (n =

0,1,---,N) be a uniform partition of the time period [0, T]. We split Equation
(6.55) into two equations on each small time period [t,, tny1):

u+v-Vu = R(u), (6.61)
u = V-(DVu)+ f(z,t). (6.62)

For any z € 2, the characteristic y(s; z, t,+1) passing through (z,t,11) is
determined by

dy
ds
y(tn+1§$,tn+1) =x.

= U(y73)7 s € (t’n7tn+1)7 (6 63)
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Let (z*,t,) be the image of exact backtracking of (x,t,+1). If the char-
acteristic reaches the boundary, then we use (x*,t}), where * € 99, t, <
tr < tn+1. Notice that exact tracking of characteristics is usually unavailable
in practice and we have to resort to numerical means. All commonly used
numerical methods for solving ODEs, e.g., Euler and Runge-Kutta methods,
can be applied to problem (6.63).

Along with characteristics, the convection-reaction equation becomes a
nonlinear ODE

du®
dt
u(l)(x*,t;';) :u(g)(x*f:l),

= Ru®M), te(th th1),

(6.64)

where u(?) is the solution of the parabolic problem and will be explained
later. When n = 0 or z* € 99, we should replace u® (2*,t*) by ug(x*) or
the boundary condition.

Problem (6.64) can be solved numerically by e.g., Euler or Runge-Kutta
methods. With a numerical solution, the nonlinearity in the reaction term
can be well resolved if R(u) is Lipschitz continuous with respect to w, which
is true for biodegradation models and logistic models, see [71].

The other part of the equation to solve is an initial boundary value problem
for a typical parabolic equation

u§2) =V - (DVu®) + f(z,t), €Q tE€ (tn,tns1),
u(2)|89 —o, (6.65)
u® (2,t,) =uM (2, t541).

This problem is conventional and can be solved by finite difference, finite
element, or finite volume methods.

Let Az be the spatial mesh size in the numerical scheme (finite difference,
finite element, or finite volume) for solving the parabolic part (6.65) and
let 7 be the temporal step size. Because |D| << 1, the stability condition
|D|7/A2? < 1/2 is readily satisfied.

6.2.7.1 First Experiment: Linear Reaction

To examine our method, we first consider a two-dimensional problem with
a linear reaction term, to which we can find the exact solution. This enables
us to compare the numerical and exact solutions. In particular, we have a
rotating velocity v = (—4y,4x)t, a constant scalar diffusion D > 0, a linear
reaction R(u) = Ku with K a constant, and a zero source/sink, i.e., f =
0. Assume the substance is initially normally distributed, i.e., the initial
condition is specified as a Gaussian hill

(33_336)2 +( - 0)2
2U2y y ),

o, ) = exp (—
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where (z.,y.) is the center and o > 0 is the standard deviation. Then the
exact solution is given by
202

= 202 4 4Dt

u(z,y,t)

exp (Kt (@ —a) (- yc)2)> 7

202 + 4Dt
where (z*,y*,0) is the backtracking foot of the characteristic from (z,y,t),
that is,

x* = (cos4dt)x + (sindt)y,
y* = —(sindt)z + (cos 4t)y.

For simplicity, we use a uniform triangular mesh. The second-order Runge-
Kutta (or Heun) method is used for characteristic tracking even though exact
tracking is available. The finite element solver for the parabolic part can be
implemented as a dynamic link library (DLL) , which is derived from the
source code in an object finite element library (OFELI), see [177]. Therefore,
the implementation is only a recoding and application of established Finite
Element Method (FEM) libraries and can be programmed very quickly.

For numerical runs, we choose T = 7/2, Q = [-1,1] x [-1,1], D = 107%,
K = 0.1, (2. 9.) = (—0.5,-0.5), and 02 = 0.01. For the parabolic solver,
we use 20 microsteps within each global time step [t,, tp4+1]. Accordingly, we
set the maximum number of time steps in the characteristic tracking to 20.
Table 6.10 lists some results for the numerical solution at the final time. We
still obtain very good numerical solutions even with large global time steps.

TABLE 6.10: Numerical results of the example with a
linear reaction and 7 = 7/8.

Mesh size Ax eITy, T, . eITy, 1., €Ty, I,
1/20 1.266 x1072 | 1.247 x10~% [ 3.138 x10~%
1/40 1.031 x1072 | 5.061 x107° | 2.085 x10~4
1/50 9.984 x1073 | 4.153 x107° | 1.923 x10~*
1/60 9.796 x1073 | 3.613 x107° | 1.825 x10~*

6.2.7.2 Second Experiment: Nonlinear Reaction

The second example is a simplified model for single species biodegradation:
R(u) = au/(u+b). We consider a two-dimensional problem with a constant
velocity field v = (v1,v2)?, a scalar diffusion D > 0, and no source/sink. The
initial condition is a normal distribution (Gaussian hill). Again, we use the
parabolic solver (DLL) compiled from OFELI.

For numerical runs, we choose T =1, Q = [—1,1] x[-1, 1], (v1,v2) = (1, 1),
D=10"% a=0b=1, (xy:) = (=0.5,—0.5), and 0> = 0.01. Table 6.11 lists
some results of the numerical solution at the final time.

No exact solution is known for this problem. However, from Table 6.11,
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TABLE 6.11: Numerical results for the
example with a nonlinear reaction.

Time step 7 | Mesh size Az | Umin | Umaz
0.25 1/20 0.0 | 1.5159
0.25 1/40 0.0 | 1.5176
0.25 1/60 0.0 | 1.5179
0.125 1/40 0.0 | 1.5251
0.10 1/20 0.0 | 1.5248
0.10 1/50 0.0 | 1.5268

we observe that the operator splitting method is stable and retains a positive
solution.

Remark 6.9. We apply an operator splitting method for transport equations
with nonlinear reactions. In the implementation of the proposed method, we
incorporate some existing commercial and free software components. By in-
tegrating the functionalities of existing software components, application de-
velopers are not obliged to create everything from scratch.

In the numerical results, we see that the method works very well and
produces efficient computations. A simple extension of the proposed operator
splitting method can also be made to coupled systems, see [79].

6.3 Benchmark Problems 2: Comparison with
Standard Splitting Methods

In the following section, we make a comparison with standard splitting
methods, such as A-B splitting, Strang splitting, and ADI methods, see [85],
[133], [154], and [182]. Such benchmarks help to see the benefit of each method
with respect to the underlying application. We can also position the iterative
scheme in the standard methods.

When comparing the accuracy of the methods, we also compare the com-
putational time of each method.

Such comparisons help to classify the iterative splitting methods relative
to standard methods and to identify their benefits, see [98].

6.3.1 Comparison Problem 1: Iterative Splitting Method
with Improved Time Discretization Methods

In the following, we compare the benefit of the iterative splitting method
to standard splitting methods, such as ADI (Alternating Direction Implicit)
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methods. We present the benefits of higher accuracy obtained by embedding
higher-order IMEX (implicit-explicit) methods and also quantify the compu-
tational burden of this improved method, see also more details in the preprint
of Geiser/Tanoglu [98].

6.3.1.1 First Experiment: Heat Equation

In this section, we apply the proposed methods to the following two-
dimensional problems.

We consider the following heat equation as the first test problem with
initial and boundary conditions:

ou 0 ou 0 _ Ou
= - D+ =D, in Qx(0,T), .
7 p + oy v oy in Qx(0,7) (6.66)
U(%yao) = uanaly(x,y,o), in Qv (667)
t
% = 0, on Qx(0,T), (6.68)
where u(z,y) is a scalar function, Q = [0,1] x [0,1]. D,, D, are positive

constants. The analytical solution of the problem is given by
Uanaly(2,y,t) = exp(—(Dy + D,)n?t) cos(rz) cos(ry). (6.69)

As an approximation error, we choose Lo, and L, which are given by

m m

erri o (80) = b Cuis(fu(i, 3, 1") — tanaty (31,5, (6.70)
errr, (At) = ZAxAy|u(xi,yj7t")—uanaly(xi,yj,t”ﬂ, (6.71)
ij=1

and the numerical convergence rate is given as:

_ log(errp, (aty))/€rrrL, (ats))
PLy log(Atl/AtQ)

(6.72)

same also for puo.

Our numerical results, obtained by ADI, SBDFk (Stiff Backward Differ-
entiation Formula of k-th order), k=1,2,3, where k stands for the order of
the SBDF (Stiff Backward Differentiation Formula) method, are presented in
Tables 6.12, 6.13, and 6.14 for various diffusion coefficients.

First, we fixed the diffusion coefficients at D, = D, = 1 with time step
dt = 0.0005. A comparison of Ly, L1 at T=0.5 and of CPU time is made in
Table (6.12) for various spatial step sizes.

In the second experiment, the diffusion coefficients are fixed at D, = D, =
0.001 for the same time step. A comparison of errors Lo, L1 at T = 0.5 and
of CPU time is made in Table 6.13 for various spatial steps, Az and Ay.

In the third experiment, the diffusion coeflicients are fixed at D, = D, =
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TABLE 6.12:  Comparison of errors at T'= 0.5 with various Ax
and Ay when D, = D, =1 and dt = 0.0005 (Standard scheme is
ADI, iterative scheme is done with SBDF2-4).

Ax=Ay erry,, errr, pr, | CPU times
ADI 1/2 2.8374e-004 | 2.8374e-004 0.787350
1/4 3.3299¢-005 | 2.4260e-005 | 3.54 | 2.074755
1/16 1.6631e-006 | 8.0813e-007 | 2.45 | 22.227760
SBDEF2 1/2 2.811e-004 | 2.811e-004 0.167132
1/4 3.2519e-005 | 2.3692¢-005 | 3.568 | 0.339014
1/16 1.1500e-006 | 5.5882e-007 | 2.702 | 2.907924
SBDF3 1/2 2.7841e-004 | 2.7841e-004 0.312774
1/4 3.1721e-005 | 2.3111e-005 | 3.59 0.460088
1/16 6.2388e-007 | 3.0315e-007 | 3.126 | 4.217704
SBDF4 1/2 2.7578e-004 | 2.7578e-004 0.400968
1/4 3.0943e-005 | 2.2544e-005 | 3.611 | 0.718028
1/16 1.1155e-007 | 5.4203e-008 | 4.348 | 5.550207
TABLE 6.13:  Comparison of errors at T = 0.5 with
various Az and Ay for D, = D, = 0.001 and dt = 0.0005.

Ax=Ay erry. errr, CPU times

ADI 1/2 0.0019 0.0019 0.786549

1/4 4.9226e-004 | 3.5864e-004 | 2.090480

1/16 3.1357e-005 | 1.5237e-005 | 22.219374

SBDF2 1/2 0.0018 0.0018 0.167021

1/4 4.8298e-004 | 3.5187e-004 | 0.341781

1/16 2.1616e-005 | 1.0503e-005 | 2.868618

SBDF3 1/2 0.0018 0.0018 0.215563

1/4 4.7369e-004 | 3.4511e-004 | 0.461214

1/16 1.1874e-005 | 5.7699e-006 | 4.236695

SBDF4 1/2 0.0018 0.0018 0.274806

1/4 4.6441e-004 | 3.3835e-004 | 0.717014

1/16 2.1330e-006 | 1.0365e-006 | 5.517444
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Comparison of errors at T' = 0.5 with
various Az and Ay for D, = D, = 0.00001 and dt = 0.0005.

Az=Ay erry_. errr, CPU times
ADI 1/2 1.8694e-005 | 1.8694e-005 | 0.783630
1/4 4.9697e-006 | 3.6207e-006 | 2.096761

1/16 | 3.1665e-007 | 1.5386e-007 | 22.184733
SBDEF2 1/2 1.8614e-005 | 1.8614e-005 | 0.167349
1/4 4.8760e-006 | 3.5524e-006 | 0.342751
1/16 | 2.1828e-007 | 1.0606e-007 | 2.864787
SBDF3 1/2 1.8534e-005 | 1.8534e-005 | 0.216137
1/4 4.7823e-006 | 3.4842e-006 | 0.465666
1/16 | 1.1991e-007 | 5.8265e-008 | 4.256818
SBDF4 1/2 1.8454e-005 | 1.8454e-005 | 0.399424
1/4 4.688e-006 | 3.4159e-006 | 0.714709
1/16 | 2.1539e-008 | 1.0466e-008 [ 5.501323
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0.00001 for the same time step. A comparison of errors Lo, L1 at T' = 0.5
and of CPU time is made in Table 6.14 for various spatial steps, Az and Ay.

In the fourth experiment, the diffusion coefficients are given as D, = 1,
D, = 0.00001 for the same time step. A comparison of errors L., Li at
T = 0.5 and of CPU time is made in Table 6.15 for various spatial steps, Ax
and Ay.

The Figure 6.7 presents the computations with the SBDF method, while
the Figure 6.8 presents the computations with the ADI method.

Remark 6.10. In the numerical results we obtain more accurate results with
the iterative schemes. By the embedded higher-order discretization schemes,
we can achieve at least fourth-order iterative schemes. Also, the implementa-
tion has benefits in reducing computational time, while splitting into a cheaper
explicit and more expensive implicit part.

6.3.1.2 Second Experiment: Anisotropic Equation with
Time-Dependent Reaction

In a next example, we motivate with reaction processes, which are time
dependent. Such processes are important to chemical reactors with different
time scales for the reactive species, see [137], and [179].

It is obvious to separate into two different operators and apply dimensional
splitting to the diffusion, see the motivation in [45], and [183].

The different scales of the reactive and diffusion part can be taken into
account in the iterative scheme. Such splitting ideas respect the underlying
time-dependent scales.
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Numerical solt. of 2D-Heat Eqn. by SBDF at T = 0.5 Exact solt. of 2D-Heat Egn. at T = 0.5
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FIGURE 6.7: Comparison of errors at T' = 0.5 with various Ax
and Ay for D, = D, = 0.01 and dt = 0.0005.
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Numerical solt. of 2D-Heat Eqn. by ADl at T = 0.5 Exact solt. of 2D-Heat Eqn. at T = 0.5
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FIGURE 6.8: Comparison of errors at T' = 0.5 with various Ax
and Ay for D, = D, = 0.01 and dt = 0.0005.
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TABLE 6.15: Comparison of errors at T = 0.5 with
various Az and Ay when D, =1, D, = 0.001 and

dt = 0.0005.
Az=Ay erry.. erry, CPU times
ADI 1/2 0.0111 0.0111 0.787006
1/4 0.0020 0.0015 2.029179
1/16 | 1.1426e-004 | 5.5520e-005 | 21.959890
SBDF?2 1/2 0.0109 0.0109 0.210848
1/4 0.0019 0.0014 0.385742
1/16 | 2.5995e-005 | 1.2631e-005 | 2.913781
SBDF3 1/2 0.0108 0.0108 0.316777
1/4 0.0018 0.0013 0.454392
1/16 | 4.4834e-005 | 2.1785¢-005 | 4.227773
SBDF4 1/2 0.0106 0.0106 0.395751
1/4 0.0017 0.0013 0.709488
1/16 | 1.1445e-004 | 5.5613e-005 | 5.562917

We deal with the following time-dependent partial differential equation:

Owu(z,y,t) = U+ Uyy
—(1+ € + 432 + 20)e ™Y inQ x (0,T), (6.73)
u(z,y,0) ="t i Q, (6.74)
u(z,y,t) = e te"V on, 90 x (0,7), (6.75)
where Q = [-1,1] x [-1,1], T = 0.5, and € € R+ is a constant number.

We have the exact solution
u(z,y,t) = efte””“yg, in Q x (0,7). (6.76)

The operators are split with respect to the € scale and are as follows:

Au = { Uz — (14 €2 + 4%y + 26)6’%””61/2 for (z,y,t) € 2 x (0,7,
and

Bu = { Uyy  for (z,y,t) € @ x (0,T).

A comparison of the errors for Az = 2/5 for various At and e values with
the SBDF3 method are given in Table 6.16:

In Table 6.17, we compare the numerical solution of our second model
problem implemented according to the iterative splitting method and solved
by the trapezoidal rule, SBDF2, and SBDF3.
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TABLE 6.16:

Numerical results for the second
problem with an iterative splitting method and SBDF3

with Az = 2.
€ At erry.. erry, CPU times

0.1 2/5 0.0542 0.0675 0.422000
2/25 0.0039 0.0051 0.547000

2/125 | 5.6742e-005 | 5.9181e-005 | 0.657000

0.001 [ 2/5 |7.6601e-004 | 8.6339e-004 | 0.610000
2/25 | 4.3602¢-005 | 5.4434e-005 | 0.625000

2/125 | 8.0380e-006 | 1.0071e-005 | 0.703000

TABLE 6.17: Numerical results for the second
problem with an iterative operator splitting method
Trapezoidal rule, SBDF2, and SBDF3 with Az = 2.

e| At |errp | erry, | CPU times
Trapezoidal [ 1 | 2/25 | 0.9202 | 1.6876 [ 0.141600
2/125 | 0.8874 | 1.6156 | 0.298121
SBDEF2 11 2/25 [0.0473 | 0.0917 | 0.131938
2/125 ] 0.0504 | 0.0971 | 0.204764
SBDF3 1] 2/25 [0.0447]0.0878 | 0.149792
2/125 | 0.0501 [ 0.0964 | 0.537987

The exact solution, the approximate solution obtained by iterative splitting
and SBDF3 and error are shown in Figure 6.9.

Remark 6.11. In the numerical example, we apply standard splitting meth-
ods and iterative splitting methods. The benefit of the iterative splitting
methods is that they give more accurate solutions in less CPU time. The
application of SBDF methods as standard time discretization schemes accel-
erates the solver process with more or less than 2 or 3 iterative steps. Thus,
stiff problems can be solved by an efficient combination of the iterative split-
ting scheme and SBDF methods with more accuracy than the SBDF method
without splitting.
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FIGURE 6.9: Exact solution, numerical solution, and error at

T = 0.5 with various Az and Ay for Az = % and At = 3¢.

6.3.2 Comparison Problem 2: Iterative Splitting Method
Compared to Standard Splitting Methods

In the following, we compare iterative splitting methods to standard meth-
ods, such as A-B splitting (Lie-Trotter) and Strang splitting methods.

Here, we see the benefits of iterative splitting methods as simple coding
methods.

e Multistep methods can be simply applied to iterative splitting methods,
while standard methods fail (because of the intermediate steps).

e Spatial discretization methods can be implemented in an iterative scheme
as a locally one-dimensional method in each operator.

e In higher-order time discretization schemes, the iterative splitting method
can achieve higher-order accuracy.
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6.3.2.1 First Experiment: Convection-Diffusion Equation Split into
its Spatial Dimensions

We deal with the two-dimensional advection-diffusion equation and peri-
odic boundary conditions

Owu = —v-Vu+V-DVu, in Q x[0,T], (6.77)

ou ou 0%u 0%u

= 2,y pZ Y po Y

Ve e Ay * ox? + oy?
u(z,to) = Uanaiy(x,0), in Q, (6.78)
u(z,t) = Ugnay(z,t), on 00 x [0,T], (6.79)

where Q = [—1,1] x [-1,1], T = 0.6, z = (z1,22)T € Q, v = (v, v,)T € R>T
is the velocity and we have the following constant positive parameters

Up = vy =1,
D = 0.01,
to = 0.25.

This advection-diffusion problem has an analytical solution

—(a:—vt)2>’

1
Uanaly (xy t) = ? €xp 4Dt

which we will use as a convenient initial function:
u(x7t0) = uanaly(x7t0)»

We apply dimensional splitting to our problem

ou
T Azu+ Ayu,

where

ou 8%u
Am = —’Ura—x + D@

We use a first-order upwind scheme for % and a second-order central differ-
2 . . . . . .

ence scheme for %. By introducing the artificial diffusion constant D, =

D - %, we obtain a second-order finite difference scheme

u(x) — u(x — Ax)

Ax
u(z + Azx) + u(z) + u(z — Ar)
Az?

Lyu(z) = —wv,

+ Dw
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because the new diffusion constant eliminates the first-order error (i.e., nu-
merical viscosity) from the Taylor expansion of the upwind scheme. Lyu is
derived in the same way.

We apply a BDF5 method to gain fifth-order accuracy in time and for
simplicity we suppressed the dependencies of u(x,t) as u(t). The fifth order
si given as:

Lou(t) = é (%u(t + A) — 5u(t) + Su(t — At)

—13—%(75 oAl + Zu(t 31 - éu(t _ 4At)> . (6.80)

Our aim is to compare the iterative splitting method to AB-splitting. Since
[Az, Ay] = 0, there is no splitting error for AB-splitting and therefore we can-
not expect to achieve better results by iterative splitting in terms of general
numerical accuracy. Instead, we will show that iterative splitting outcompetes
AB-splitting in terms of computational effort and round-off error. But first,
some remarks should be made concerning the special behavior of both meth-
ods when combined with high-order Runge-Kutta and BDF methods.

Splitting and schemes of higher order in time

In the following we discuss splitting schemes of higher order in time. We
start with the principle of a lower order splitting scheme and later we discuss
a higher-order scheme based on an iterative splitting idea.

Concerning AB-splitting: The principle of AB-splitting is well known
and simple. The equation ¢ = Ay 4 Bu is broken down to

dt
du7;+1/2 Aun+1/2
t

which are connected via u"**(t) = u™t1/2(t + At). This is pointed out in
Figure 6.10.

AB-splitting works very well for any given one-step method like the Crank-
Nicholson scheme. Not taking into account the splitting error (which is an
error in time), it is also compatible with high-order schemes such as explicit-
implicit Runge-Kutta schemes.

A different perspective is found if one tries to use a multistep method like
the implicit BDF or the explicit Adams method with AB-splitting. These
cannot be properly applied as shown by the following example:
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FIGURE 6.10: Principle of AB-splitting.

Choose for instance a BDF2 method, which in the case of du/dt = f(u),
has the scheme

gu(t + At) — 2u(t) + %u(t — At) = At f(u(t + At)).
So, the first step of AB-splitting looks like:
1
gu"“/?(t + At) — 20" T2(1) + §U"+1/2(t — At) = AtAu(t + At).

Here we have the problem of A-B splitting to deal with the solutions of in-
termediate time steps. For u™t1/2(t) = u"(t) we have the solution, but we
did not have the solution of u"*t1/2(t — At). This is also shown in Figure
6.10 and it is obvious that we will have no knowledge of u"*1/2(t — At) un-
less we compute it separately, which means additional computational effort.
This overhead increases dramatically when we move to a multistep method of
higher order.

The problems mentioned with AB-splitting will not occur with a higher-
order Runge-Kutta method since this only requires knowledge of u™(¢).

Remarks about iterative splitting: The BDF methods apply very well
to iterative splitting. Let us recall at this point that this method, although
being a real splitting scheme, always remains a combination of the operators
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A and B, so no steps have to be performed in one direction only. We also
have a discussion, so that we will see, there is an exception to this.

In particular, we make a subdivision of our given time discretization ¢; =
to + jAt into I parts. So we have subintervals ¢;,;, =t; +iAt/I, 0 <i < I on
which we solve the following equations iteratively:

dut/! ) )
TZZt = Au'/T 4 Bul=Y/1 (6.81)

du D/ ) )
UT = Aul/l + BU(%H')/I (682)

u~ Y1 is either 0 (initialization of the first iterative solution) or a reasonable
approximation while u® = u(t;) and u' = u(t; + At). In fact, the order of the
approximation is not of much importance if we fulfill a sufficient number of
iterations. In the case u~/1 = 0, we have the exception that a step in the A
direction is taken while B is left out. The error of this step vanishes certainly
after a few iterations, but mostly after just one iteration.

The crucial point here is that we only know our approximations at par-
ticular times, which happen not to be the times at which the Runge-Kutta
method needs to know them. Therefore, in the case of a RK method, the val-
ues of the approximations have to be interpolated with at least the accuracy
one wishes to attain with splitting and this means a lot of additional compu-
tational effort. We may summarize our results now in Table 6.18 that shows
which methods are practicable for each kind of splitting scheme. In favor of
the iterative splitting scheme, it should be noted that AB-splitting may be
used along with the higher-order methods mentioned above but cannot main-
tain the order if [4, B] # 0 while iterative splitting reestablishes the maximum
order of the scheme when a sufficient number of iterations are completed.

TABLE 6.18: Practicability of single-step and multistep
methods (single-step methods (s.s.m.), multistep methods

(m.s.m.)).
low order s.s.m. | high order s.s.m. | m.s.m.
AB-splitting X X -
Iterative splitting X - X

Numerical Results

After resolving the technical aspects, we can now proceed to actual com-
putations. A question that arises is which splitting method involves the least
computational effort since we can expect them to solve the problem with more
or less the same accuracy if we use practicable methods of equal order because
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[A, B] = 0 (where 0 is the zero matrix). We tested the dimensional splitting of
the 2D advection-diffusion equation with AB-splitting combined with a fifth
order RK method after Dormand and Prince, see [43], and with iterative split-
ting in conjunction with a BDF5 scheme. We used 40 x 40 and 80 x 80 grids
and completed n; time steps with each subdivided into 10 smaller steps until
we reached time te,q = 0.6, which is sufficient to see the main effects. The
iterative splitting was performed in two iterations that was already sufficient
to attain the desired order. In Tables 6.19 and 6.20, the errors at time tq,q
and the computation times are shown.

TABLE 6.19: Errors and computation times of AB-splitting
and iterative splitting for a 40 x 40 grid.

Number | AB error | It. spl. error AB It. spl.
of steps computation | computation
time time
5 0.1133 0.1154 0.203 s 0.141 s
10 0.1114 0.1081 0.500 s 0.312 s
30 0.1074 0.1072 1.391 s 0.907 s
50 0.1075 0.1074 2.719 s 1.594 s

TABLE 6.20:

and iterative splitting for an 80 x 80 grid.

Errors and computation times of AB-splitting

Number | Error AB | Error It.spl. AB It. spl.
of steps computation | computation
time time
5 0.0288 0.0621 0.812 s 0.500 s
10 0.0276 0.0285 2.031 s 1.266 s
30 0.0268 0.0267 6.109 s 4.000 s
50 0.0265 0.0265 12.703 s 7.688 s

As we can see, the error with iterative splitting reaches the AB-splitting
error after a certain number of time steps and remains below it for all ad-
ditional steps. Of course, the error cannot sink below a certain value that
is governed by the spatial discretization. It is to be noticed that while the
computation time used for iterative splitting is always about 20-40% less than
that for AB-splitting, the accuracy is, after a sufficient number of time steps,
slightly better than that for AB-splitting. This is due to the round-off error,
which is higher for the Runge-Kutta method because of the larger number of
basic operations needed to compute the RK steps. The code for both methods
is kept in the simplest form.

A future task will be to introduce noncommuting operators in order to
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show the superiority of iterative splitting over AB-splitting when the order in
time is reduced due to the splitting error.

6.3.2.2 Second Experiment: Convection-Diffusion Equation Split
into Operators
In the second experiment we consider the linear and nonlinear advection-
diffusion equation in two dimensions.

Two-dimensional Advection-Diffusion Equation

We deal with the two-dimensional advection-diffusion Equation (6.77) with
the parameters

Vp = vy =1,
D = 0.01,
to = 0.25.

A convenient initial function is the exact solution

—(z — vt)Q)

1
Uanaly (xv t) = ? €xp 4Dt

at initial time to, z = (z1,22)7 € Q and v = (vg,v,)T € R*T.
We use the Lax-Wendroff scheme from Equation (5.8) with and without a
flux limiter. The results are shown in Table 6.21. The values 0.0066 and 0.04

TABLE 6.21: Errors for different diffusion
constants on an 80 x 80 grid.

D Ordinary LW Err. | Flux Limiter Err.
0.003 0.0230 0.0238
0.005 0.0603 0.1268
0.0066 0.0659 0.1543

0.01 unstable 0.2186
0.02 unstable 0.7331
0.04 unstable 1.3732
0.04 unstable unstable

are rough estimates for the maximum diffusion for which the Lax-Wendroff
scheme is stable, depending on the use of a flux limiter. We see that the flux
limiter enhances the stability of the scheme while it leads to larger errors in
regions where the ordinary scheme is stable.

Dimensional Splitting of the Two-Dimensional Advection-Diffusion
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Equation

Here, the dimensional splitting from (5.19) is used in conjunction with an
iterative splitting scheme. Results are shown in Table 6.22.

TABLE 6.22: Errors for different diffusion
constants on an 80 x 80 grid.

Substeps | Iterations | D = 0.005 | D = 0.01

1 0.1760 0.0816
3 2 0.0773 0.0275
4 0.0774 0.0275
1 0.1733 0.0803
10 2 0.0749 0.0267
4 0.0750 0.0267

One- and two-step iterative schemes for advection-diffusion equations
We use the splitting of (5.21) and apply one- and two-step iterative split-
ting.
The one-step iterative splitting algorithm is given as:

8U1(t)
ot

= Au; + Bu;_1, (683)

and the two-step iterative splitting algorithm is given as:

a%t(t) = Aui + Bui,l, (684)
81%8;2&1@) = Au; + Bujyq, (685)

respectively.

Results are shown in Tables 6.23 and 6.24. We see in the case of the one-
step method that the choice of A and B makes a difference for one iteration.
This is due to the dominance of the advection part. In general there is no
improvement with higher iteration numbers.

In Table 6.25, we see in the case of the two-step method, that the alterna-
tion of A and B improves the result for the first iterations, but for more itera-
tive steps, we can only improve the order with higher-order time-discretization
schemes, see [72].

One- and two-step iterative schemes for the 2D Burgers equation

In our last experiment, we apply iterative splitting to the 2D Burgers equa-
tion:
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TABLE 6.23:

Errors for different

diffusion constants on a 40 x 40 grid with

one-step iterative splitting with A = —v -V

and B=V-DV.

Substeps | Iterations | D =0.1| D =0.2
1 0.0362 | 0.0128

5 2 0.0374 | 0.0134

4 0.0374 0.0134

1 0.0361 | 0.0132

10 2 0.0375 | 0.0134

4 0.0375 0.0134

TABLE 6.24: Errors for different

diffusion constants on a 40 x 40 grid with

one-step iterative splitting with A =V - DV

and B=—-v-V.

Substeps | Iterations | D =0.1| D =0.2
1 0.1357 0.0631
5 2 0.0375 | 0.0134
4 0.0374 | 0.0134
1 0.1557 0.0712
10 2 0.0376 | 0.0135
4 0.0375 | 0.0134

TABLE 6.25: Errors for different

diffusion constants on a 40 x 40 grid with

two-step iterative splitting with A =V - DV

and B=—v-V.
Substeps | Iterations | D = 0.1 | D = 0.02
1 0.0246 0.0049
5 2 0.0374 0.0134
4 0.0374 0.0134
1 0.0128 0.0050
10 2 0.0134 0.0134
4 0.0134 0.0134

1 1
—§8mu2 - §ayu2 + D0yyut + DOyyuin Q x [0, 7], (6.86)

Uanaly(x,0) in Q,
uanaly(xg t) on 00 x [0, T],

(6.87)
(6.88)
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where Ugnaly(X,t) is the analytical solution given in [105], Q@ = [0,1] x [0, 1]
and T = 30.
In this case the operators are defined as follows:

A:
B:

—uj—10y + Darr;
—ui,lay + Daw,

(6.89)
(6.90)

u;—1 denotes the (i — 1)th iteration. This takes care of the coupling between
iteration steps. We use a finite difference scheme of third order in space (cen-
tral differences) and time (explicit Adams-Bashforth) and compare the results
with a scheme of only second order. We also compare the iterative scheme
with a standard Strang-Marchuk splitting of the second order. Numerical
results are shown in Table 6.26 and 6.27.

TABLE 6.26: Burgers equation on a 40 x 40 grid with two-step
iterative splitting and schemes of second and third order (o = 0.25,
T = 30).

Second order Third order
Sub- | TIter- D=2 D=4 D=2 D=4
steps | ations
1 2.4188e-002 | 6.3023e-003 | 2.6636e-002 | 8.0688e-003
5 2 6.3253e-003 | 1.2224e-003 | 7.3006e-004 | 4.6906e-005
3 6.3257e-003 | 1.2224e-003 | 7.2989e-004 | 4.6906e-005
1 2.6467e-002 | 7.1241e-003 | 2.9618e-002 | 9.3597e-003
10 2 6.3420e-003 | 1.2264e-003 | 7.3038e-004 | 6.1562e-005
3 6.3428e-003 | 1.2264e-003 | 7.2997e-004 | 4.6923e-005

TABLE 6.27: Burgers equation on a 40 x 40
grid with two-step iterative splitting and schemes of
second and third order (to = 0.25, T' = 30).

Strang-Splitting
Substeps | Iterations D=2 D=4

1 4.0475e-002 | 3.3462e-002

5 2 - -

3 - -
1 2.7678e-002 | 1.7381e-002

10 2 - -

3 - -

Remark 6.12. In the second experiment, we can improve iterative splitting
methods by applying embedded spatial discretization methods. Higher-order
schemes such as Lax-Wendroff schemes are embedded as dimensional splitting
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schemes within our iterative splitting method. Nonlinear equations can also
be embedded. To compute the iterative scheme, we only have to deal with
spatial discretization schemes on each dimension. At least fewer iterative
steps are needed to achieve higher-order results. The splitting error can be
controlled and we have advantages in implementing fast time discretization
schemes, while we do not consider intermediate time steps.
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6.4 Benchmark Problems 3: Extensions to Iterative Split-
ting Methods

In this section, we present the different extensions of iterative splitting
methods:

e Iterative splitting methods for time-space decomposition problems.
e Iterative splitting methods for hyperbolic equations.

e Iterative splitting methods for nonlinear equations.

e Iterative splitting methods for coupled problems.

For spatial decomposition methods, the idea is to decompose into n subdo-
mains, where each domain is corresponding to an operator. Then we reduce
exponentially the amount of computational work with operators of subdo-
mains, see [183]. The computations can be accelerated.

For hyperbolic equations, the idea is to split into subequations and reduce
the complexity of the original problem, see [92]. While each subequation can
be solved faster with more adapted schemes, the amount of computation is
reduced.

For nonlinear problems, we apply decomposition methods with respect to
linearize the equation systems. Here splitting and linearization helps to reduce
the amount of computational work, see [105].

At least for coupled problems, e.g., mobile and immobile transport regimes,
we apply decomposition methods with respect to couple the equation systems.
Here splitting and matrix exponential schemes help to reduce the amount of
computational work.

The underlying ideas are discussed in the next examples.

6.4.1 Extension Problem 1: Spatial Decomposition Methods
(Classical and Iterative Splitting Schemes)

In this section, we will present the benchmark problems for the spa-
tial decomposition method. While classical methods like Schwarz waveform-
relaxation methods embed standard splitting schemes like A-B splitting, we
have considered in Section 5.2 an idea to apply an iterative splitting scheme
that combines relaxation and splitting method, see also [87].

The considered subdomains are Q7 = [0,60] and Q2 = [30, 150], as well
as Q1 = [0,100] and Qo = [30,150], see Figure 6.11. We apply the maxi-
mum norm, L,-norm, as an error norm for the error between the exact and
numerical solution.

In the following section, we discuss the classical method, that includes
an A-B splitting to decompose the transport equations, while the iterative
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FIGURE 6.11: Overlapping situations for the numerical example.

scheme itself has a decomposition idea based on the operators A and B. So
we can include a decomposition and a relaxation method into one iterative
scheme, see also Section 5.2.

6.4.1.1 First Experiment: One-Dimensional Convection-Diffusion-
Reaction Equation

We consider the one-dimensional convection-diffusion-reaction equation

O+ v0;u — 0, D0zu = —Au, in Q x (Tp,Ty), (6.91)
u(r,0) = uex(,0), (6.92)
u(z,t) = Uex(z,t) ,0n 00 x (To,T) , (6.93)

where Q x [Ty, Ty] = [0,150] x [100, 10°].
The exact solution is given as

ug (z — vt)z)
———exp | —————=—— | exp(—A?) . 6.94
e (- Y esa-n (6.94)
The initial condition and the Dirichlet boundary conditions are defined by

means of the exact solution (6.94) at starting time Ty = 100 and with ug = 1.0.
We have A = 107°, v = 0.001, and D = 0.0001.

Ueg (T, 1) =

Introduction and Solution using classical methods

In order to solve the model problem using the overlapping Schwarz wave-
form relaxation method, we divide the domain €2 into two overlapping subdo-
mains Qy = [0, Lo] and Q9 = [L1, L], where Ly < Lo, and Q1 () Qa = [L1, L2]
is the overlapping region for ; and €.

To start the waveform relaxation algorithm we consider first the solution
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of the model problem (6.91) over Q; and Q5 as follows

vy = Dvgy — v, — Avover Qy , t € [Ty, Ty,
U(O,t) = fl(t) , t€ [TQ,Tf], (6 95)
U(Lg,t) = ’LU(LQ,t) , t€ [TQ,Tf], ’
v(x,To) =wuog =€ Q,
and
Wy = Dwyy — vwy — Aw over Qo , t € [Tp, Ty],
’LU(Ll,t) :U(Ll,t) , t€ [To,Tf], (6 96)
’LU(L,t) = fQ(t) , t € [Tg,Tf], )
w(z,Ty) =up z € o,
where v(z,t) = u(z, t)|q, and w(z,t) = u(z,t)|q,-
Then the Schwarz waveform relaxation is given by
optt = Dokl — okt — 2Rt over O, t € [To, Ty,
Uk+1(07t) = fl(t) , te [T07Tf]7 (6 97)
Uk+1(L2,t) = wk(Lg,t) , t€ [T()7Tf], ’
VP (2, Ty) =ug € Q,
and
whtl = Dwhl — vwktl — Mwbtl over Qo , t € [To, Ty,
wht (Lo, t) =R (Ly,t), t e [To, Ty, (6.98)

wrtH(L,t) = fot), te€ [To, Tyl
wht (2, Ty) =uo x € Q.

For the solution of (6.97) and (6.98) we will apply the sequential operator
splitting method (A-B splitting). For this purpose we divide each of these

two equations in terms of the operators A = Da‘% — Va% and B = —\. The
splitting scheme for each of them is given in the following form:

ou*(z,t)

ot = Duy, — vu,, withu"(z,t")=muo, (6.99)
a Kok ¢
% = —Au(t), with ™ (z,t") = U*(a:,tn+1) . (6.100)

where u*(z,t) = u**(z,t) = u; , on 9Q x (0,T"), are the Dirichlet boundary
conditions for the equations. The solution is given as u(x, " 1) = u**(z, t"*+1).
We obtain an exact method because of commuting operators.

For the discretization of equation (6.130) we apply the finite-difference
method for spatial discretization and the implicit Euler method for time dis-
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cretization. The discretization is given as

1
tn—i—l —tn

1 * n * n * n
=D ﬁ(—u (Tig1,t +1)+2U (4,1 +1) —u (i1, +1))

(u* (s, ") — (23, 87)) (6.101)

1
Vo (u* (zs, ") —u*(zi_q, t"Y))

with u*(z1,t") = u*(22,t") = ug, u*(x0,t") = u*(Xm,t") =0,
and u** (x,t) = exp(=A(t — t") u*(z, t" ), (6.102)

where h; = x;4+1 — x; and we assume a partition with p-nodes.

We are interested in specifying the error between the solution obtained
with the above-described algorithm and the exact solution. We provide a
variety of results for several sizes of space- and timepartitions, and also for
various overlap sizes. The time and space steps are systematically refined in
order to visualize the accuracy and error reduction through the simulation
over the time interval for refined time and space steps.

To be precise, we treat the cases h = 1, 0.5, 0.25 as spatial step-sizes,
and At = 5, 10, 20 as time steps. The considered subdomains are Q; =
[0,60], 22 = [30,150] and 2y = [0,100], Q2 = [30,150], with overlap sizes
30 and 70, respectively. Both the approximated and the exact solutions are
evaluated at the end time T} = 105. The errors given in Table 6.28 are the
maximum errors that occurred over the whole space domain, i.e., they are
calculated by means of the maximum norm for vectors.

The approximation error is computed by the maximum error and given as
max; ; ||Uezact(T; = th, y; = jh,T) — Uappros (th, jh, T)||.

We observe that the overlapping Schwarz waveform relaxation produces
a second-order error reduction with respect to space. There is also error
reduction with respect to time, but not very significant (see Table 6.28).

TABLE 6.28: Error for the scalar convection-diffusion-reaction equation
using the classical method for two different sizes of overlapping, 30 and 70.

space step h=1 h=0.5 h=0.25
overlap 30 70 30 70 30 70
time step err err err err err err

At=20 | 28le—3 |273e—3 ] 522e—4|514e—4 | 5.66e —4 | 4.88¢ — 4
At =10 | 2.6le —3 | 2.56e —3 | 3.02e —4 | 3.0le —4 | 4.34e — 5 | 4.29e — 5
At =5 2.24e —3 | 1.28e —3 | 2.21le —4 | 2.20e —4 [ 1.99¢e — 5 | 1.97e — 5

Solution Using the Proposed Method in Section 5.2

For the solution of (6.91)-(6.93) with the combined time-space iterative
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splitting method we divide the equation again in terms of the operators A =
Daa—; - v% and B = —\. We utilize the proposed scheme (5.38)—(5.48).

The index k£ = 0,1,...p is associated with the subdomains, i.e., for k =
0,...,p/2 we are working on Q7 and for k = p/2+1,...,pon Q. For the first
set of values for k we have actually only the effect of the restrictions of the
operators A and B on ;. Similarly, the second set of values for k indicates
the action of the restrictions of both operators on €2s. The outline of the
method in Section 5.2.3, which is also adopted here, is given without loss of
generality for a subdomain-determining value k = p/2, just for an overview.
This crucial value is determined appropriately according to the three cases of
the overlapping subdomains, which we examine in our experiments.

The indices ¢ and j are related to the time and space discretization, re-
spectively. For every k = 0,...,p/2 and for every interval of the space-
discretization we solve the appropriate problems on €2y, for every interval
of the time discretization. Similarly, for k =p/2+1,...,p on Qs.

From a software development point of view, the above-described numerical
scheme can be realized with three “for” loops. The first, outer loop is for all
values of k. After this loop there is a control for k, which distinguishes two
cases for k < p/2 and for k > p/2 + 1, and sets up the data of the algorithm
appropriately for €3 or €5, respectively. The second, middle loop is running
for all values of ¢ and the third, inner loop is for all values of j.

By a closer examination of the scheme (5.38)—(5.40), taking into account
the definitions (5.41)—(5.46), we observe that the problems to be solved in
the innermost loop are of the form d;¢c = Ac + Bc, c(x,t™) = ¢", where ¢
appears with appropriate indices ¢ and j. These problems are solved with
suitable modification and implementation of the iterative splitting scheme
(5.23)—(5.24). The notion of the iterative process takes place in both time-
and space-dimensions.

We are interested again in specifying the error between the solution ob-
tained with the above-described algorithm and the exact solution. We provide
the same variety of results as in the previous subsection, so that a comparison
between the proposed and classical methods can be established. Both the
approximated and the exact solutions are evaluated at the end-time ¢ = 10°.
Again, the errors given in Table 6.29 are the maximum errors that occurred
over the whole space domain, i.e., they are calculated with the maximum norm
for vectors.

Examining the results in Table 6.29, we notice again an error reduction
for coarse space and time steps. The method attains maximum accuracy with
the finest space and time refinement, and especially with the bigger size of
the overlap. Comparing these results with the corresponding results presented
in Table 6.28 we notice an improvement in the accuracy of the solution. It
is interesting to mention that the overlapping Schwarz waveform relaxation
performs slightly better than the proposed method for coarse space and time
steps. After a refinement of space and time, however, the combined method
is superior.
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TABLE 6.29: Error for the scalar convection-diffusion-reaction
equation using the proposed method for two different sizes of overlapping, 30
and 70 (with two iterative steps for time and two iterative steps for space).

space step h=1 h=0.5 h=0.25
overlap 30 70 30 70 30 70
time step err err err err err err

At =20 | 439 —2|120e—2 | 52le—4|453e—4 | 542e —4 | 3.2le —4
At =10 | 2.26e —2 | 7.46e —3 | 2.22¢ —4 | 2.15e — 4 | 3.47e — 5 | 3.37e — 5
At=5 1.47¢ —2 | 3.49e —3 | 2.13e —4 | 1.54e — 4 || 6.49e — 6 | 8.29e — 6

6.4.1.2 Second Experiment: Two-Dimensional Convection-Diffusion-

Reaction Equation

We consider the two-dimensional convection-diffusion-reaction equation

Ou = —v0yu+ 9;D10,u+ OyDa0yu — Au (6.103)

in Q x (o, T}) ,
u(r,y,0) = ue(z,y,0), inQ, (6.104)
uw(z,y,t) = Ue(x,y,t),0on00 x (To,Ty), (6.105)

where Q x [Ty, Ty] = [0, 150] x [0, 150] x [100, 10°].
The exact solution is given as

( N U (v — vt)?
Uex\ T, Y, = = & T 2
4 AyDintyDart P\ 4Dyt
y2
4 Dot

-exp(— ) exp(—At) . (6.106)
The initial condition and the Dirichlet boundary conditions are defined by
means of the exact solution (6.106) at starting time Ty = 100 and with ug =
1.0. We have A = 1075, v = 0.001 and D; = 0.0001, D5 = 0.0005. Both the
approximated and the exact solution are evaluated at the end time 77 = 10°.

In order to develop the computer algorithms for this second example, we
work in exactly the same way as in the first example. We generalize the
adopted scheme for one spatial dimension of the first example to a new scheme
with two spatial dimensions for the second example. The actual difference is
that in this case we decompose both domains of 2, Q, = [0,150] and €, =
[0,150], in two overlapping subdomains Qg1 = [0, Lo] and Q; 9 = [L1, L],
where Ly < Lo, and Q4.1 () Qa2 = [L1, Lo] is the overlapping region for Q1
and €2, 2. We work similarly for €2, ; and €, . In order to test the algorithms,
we select the same overlap sizes in both spatial dimensions x and y, which
is the number that appears in the row “overlap” of the following two tables.
Again, we demonstrate a comparison between the classical method combining
A-B splitting with overlapping Schwarz waveform relaxation (Table 6.30) and
our new proposed combined time-space iterative splitting method (Table 6.31).
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The study of these tables suggests again the error reduction achieved by the
two methods, and precisely the superiority of the proposed combined method
over the Schwarz overlapping waveform relaxation. In contrast with the first
numerical example, in this example the combined method always performs
better than the classical method, even for coarse step sizes.

TABLE 6.30: Error for the second example using the classical method
for two different sizes of overlapping, 30 and 70.

space step h=1 h=0.5 h=0.25
overlap 30 70 30 70 30 70
time step err err err err err err
At =10 [ 2.45e—3 | 2.18e —3 [ 4.77¢e —4 | 4.86e —4 | 5.39¢ — 4 | 4.27e — 4
At=5 2.32e —3 | 2.10e —3 || 2.76e —4 | 2.82¢ —4 [ 3.98¢ — 5 | 3.84e — 5
At=25 [ 1.67e—3 | 1.13e —3 [ 1.95e —4 [ 1.84e —4 [ 1.13¢ — 5 | 1.21le — 5

TABLE 6.31:

Error for the second example using the proposed method
for two different sizes of overlapping, 30 and 70 (with two iterative steps for

time and two iterative steps for space).

space step h=1 h=0.5 h=0.25
overlap 30 70 30 70 30 70
time step err err err err err err
At =10 | 2.31le—3|2.02¢e —3 | 4.59e —4 | 4.62¢ —4 | 5.17e —4 | 4.08e — 4
At=5 2.19¢e —3 | 1.83e —3 [ 2.5de —4 | 2.38¢ —4 [ 3.74e — 5 | 3.52¢ — 5
At =25 [[143e—3 | 1.02e —3 || 1.7Tde —4 [ 1.32e — 4 || 1.0le — 5 | 8.22¢e — 6

6.4.1.3 Third Experiment: Three-Dimensional Convection-Diffusion-
Reaction Equation

We consider the three-dimensional convection-diffusion-reaction equation

Ou + v0,u — 0, D10 u

—0yD20yu — 0.D30.u = —Au, inQ x (To,Ty) , (6.107)
u(z,y,2,0) Uer (T, Y,2,0) , in Q, (6.108)
u(z,y,2,t) = Uer(x,y,2,t) ,0n 00 x (To,Tyf) , (6.109)

where Q x [Ty, Ty] = [0,150] x [0, 150] x [0, 150] x [100, 10°].
The exact solution is given as

— ug exp [ — (—vt)®\ |
- 8v/D1D>Ds (7Tt)3/2 P 4D1t

2 2
exp(—15,7) exp(—1p57) exp(—At) .

uew(xv:% Z7t)

(6.110)

The initial condition and the Dirichlet boundary conditions are defined with
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the exact solution (6.110) at starting time Ty = 100 and with up = 1.0. We
have A = 107°, v = 0.001 and D; = 0.0001, Dy = 0.0005, D3 = 0.0008.
Both the approximated and the exact solutions are evaluated at the end time
Ty = 105.

The design of the computer algorithms for this third example is done in
just the same way as in the first two examples. We generalize the adopted
scheme for one spatial dimension of the first example to a new scheme with
three spatial dimensions for the third example. The actual difference is that
in this case we decompose all three domains of Q, Q, = [0, 150], Q, = [0, 150]
and Q, = [0,150], in two overlapping subdomains Q1 = [0, Lo] and Q2 =
[Ly, L], where Ly < Lo, and Qg4 1()Q%,2 = [L1, L2] is the overlapping region
for €2, 1 and Q2. We work similarly for €, ; and £y 2, as for Q. ; and Q. 5.
In order to test the algorithms, we select for the sake of simplicity the same
overlap sizes in all the spatial dimensions x, y, and z, which is the number
that appears in the row “overlap” of the following two tables. Again, we
demonstrate a comparison between the classical method combining A-B split-
ting with overlapping Schwarz waveform relaxation (Table 6.32) and our new
proposed combined time-space iterative splitting method (Table 6.33). These
tables reveal the same convergence and accuracy properties as Tables 6.30 and
6.31.

TABLE 6.32: Error for the third example using the classical method
for two different sizes of overlapping 30 and 70.

space step h=1 h=0.5 h=0.25
overlap 30 70 30 70 30 70
time step err err err err err err
At =20 | 3.5le—3 | 3.47e —3 | 3.45e —3 | 3.42¢e —4 | 3.2le —3 | 2.99¢ — 4
At=10 | 3.40e —3 | 3.3le —3 | 3.24e —3 | 3.2le—3 [ 3.19¢ — 3 | 2.93¢ — 4
At=5 3.39e — 3 | 3.26e — 3 [ 3.22¢ — 3 | 3.16e — 3 | 3.08¢ — 3 | 2.90e — 4

TABLE 6.33:

Error for the third example using the proposed method

for two different sizes of overlapping, 30 and 70 (with two iterative steps for
time and two iterative steps for space).

space step h=1 h=0.5 h=0.25
overlap 30 70 30 70 30 70
time step err err err err err err
At =20 | 3.50e —3 | 3.45e¢ — 3 || 3.22¢ —3 | 3.10e — 3 || 2.20e — 3 | 2.03e — 3
At=10 | 3.25¢ —3 | 3.3le—3 | 3.0le —3 | 2.92e — 4 | 2.79¢ — 4 | 2.53e — 4
At=5 3.0le —3 | 2.76e —4 [ 2.32¢ —4 | 2.06e —4 [ 1.88e —5 | 1.52¢ — 5
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6.4.1.4 Fourth Experiment: Time-Dependent Diffusion Equation

In the fourth example we deal with the following time-dependent partial
differential equation in two dimensions (see also [4]),

Owu(z,y,t) = Upy + Uyy —4(1 + y2)e_tex+y2, in Q x [0,7], (6.111)
u(@,y,0) = " inQ, (6.112)
wz,y,t) = e e on 00 x (0,7, (6.113)

with exact solution
u(z,y,t) = e e* in Q x [0, 7). (6.114)

The domain is given as Q = [—1,1] x [—1, 1] and the time interval is [0,T] =
[0,1] and again use higher-order finite difference schemes in time and space.
The operators used for the splitting methods are

Ay — 4wz + Uy — 41 + y2)e’te””+-“27 for (z,y) €
0, for (z,y) € Qg ’
and
0, for (z,y) € N
B’U, = 2\ . —t _x+ 2 5
Ugz + Uyy — (1 +y?)e PV for (z,y) € Qo
with O = [-1,1] x [-1,0] and Q9 = [-1,1] x [0, 1].
The approximation error is computed by the maximum error and given as
maxi,j ||uewact(xi = Zh» yj = ]h7 T) - uappr0$ (Zhajhv T)' |
Again, we discuss a comparison between the classical method combining
A-B splitting with overlapping Schwarz waveform relaxation (Table 6.34) and
our new proposed combined time-space iterative splitting method (Table 6.35).

These tables reveal the same convergence and accuracy properties as Tables
6.32 and 6.33.

TABLE 6.34: Error for the fourth example using the classical method
for two different sizes of overlapping, 30 and 70.

space step h=1 h=0.5 h=0.25
overlap 30 70 30 70 30 70
time step err err err err err err

At =20 || 2.56e —3 | 4.14de —4 | 2.19e —4 | 9.91e — 5 | 9.67e — 5 | 9.46e — 6
At=10 | 244e—3 | 7.6de —4 | 5.28¢—4|9.72¢e —5 | 9.50e — 5 | 9.30e — 6
At=5 1.54e —3 | 1.45e —4 | 9.64e —5 | 1.32e — 5 || 9.88e — 6 | 3.57e — 6

We observe an error reduction for each time and space refinement, which
leads finally to a very satisfying accuracy. Furthermore, in comparison with
previous tables, we see in Table 6.35 that the overlap plays a more important
role in the error reduction.
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TABLE 6.35: Error for the fourth example using the proposed method
for two different sizes of overlapping, 30 and 70 (with two iterative steps for
time and two iterative steps for space).

space step h=1 h=0.5 h=0.25
overlap 30 70 30 70 30 70
time step err err err err err err

At=20 | 14le—3|9.12¢e —4 | 89le—4|9.72e —5 | 9.56e —5 | 9.23e — 6
At=10 | 1.32e —3 | 5.06e —4 | 4.85e —4 | 9.6le — 5 | 9.44e — 5 | 9.19¢ — 6
At=5 1.12e —3 | 1.18e —4 | 9.21e — 5 | 8.95e — 6 || 8.59e — 6 | 8.97e — 7

Remark 6.13. We observed in the four experiments an error reduction for
time and spatial refinement. The proposed iterative method can improve the
accuracy of the results by increasing the overlapping area. The effectiveness
of our method can be achieved by optimizing the number of iterative steps
and the number of time steps. The control of the overlap leads to a robust
and attractive method, while reducing the error with each iteration step (see
(66]).

Remark 6.14. The efficient results are taken with the spatial and time de-
composition methods. While in the standard method, the spatial scale is
splitted by a Schwarz waveform relaxation scheme and additional timescale
with an A-B or Strang splitting method, the iterative splitting scheme includes
both time and spatial decomposition methods. The numerical methods show
the extension of the iterative scheme with improved and more accurate so-
lutions. We can balance time and spatial scales in the scheme with optimal
amounts of iterative steps. Such ideas consider an extended iterative scheme,
such that we achieve a simple implementation of the scheme and reduce the
computational time overall.
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6.4.2 Extension Problem 2: Decomposition Methods for
Hyperbolic Equations

In this section, we present benchmark problems of time decomposition
methods for hyperbolic equations.

Based on the motivation of simulating wave equations, which are hyper-
bolic equations, we contribute iterative splitting methods as accurate solver
methods with respect to decoupled complicated differential equations.

The splitting methods deal with simpler differential equations, with re-
specting time and space scales of the physical operators, and we are motivated
to save memory and computational resources.

While using multisteps or more iterations, the additional amount of work
for the operator-splitting methods can be reduced by optimizing the balance
between time partitions and number of iteration steps.

In our case, the classical splitting methods for hyperbolic equations are
the alternating direction implicit (ADI) methods [52], [155], as well as the
locally one-dimensional (LOD) methods [40], [148]. The methods are based
on locally reduced equations, e.g., explicitly parts, and sweep implicitly over
all equation parts. These methods are often not stable and accurate enough,
while neglecting the physical coupling of each operator, and delicate for de-
signing higher-order methods, see [52].

In a first step, we achieve the improvements with a fourth-order LOD
method and in a next step, we consider an iterative splitting scheme as a
method to solve wave propagation problems. We achieve stability and consider
higher-order results, while the iterative splitting method is based on fixed-
point iterations, which also can be considered for wave equations. We gain
higher-order results and the scheme can be easily implemented, see [55], [78],
and [80].

We stability and consistency of the methods with the transformation on
an abstract first-order Cauchy problem is done in [80].

We are interested in the spatially dependent wave equation

2
ZTS = %Bl(aj)g—;+...+%f)d(az)%,ian[O,T],
u(z,0) = wup(z), inQ, (6.115)
Ou(z,0) = wui(x), in Q,
u(z,t) = wa(z,t), on 00p x [0,T],
Onpu(z,t) = 0, on QN x [0,T],
where # = (z1,...,24)T € Q, the initial functions are given as ug,u; :  —

R™, and the function for the Dirichlet boundary is ug :  x [0,T] — R*. The
domain Q C R? is Lipschitz continuous and convex and the time interval is
[0,7] € R*. The boundary is given as 9Q = 9Qp U dQy. For the spatially
dependent functions D1 (z),...,Dg(z) : R — R*T, we assume polynomial
functions that map onto the positive real axis.



160 NUMERICAL EXPERIMENTS

For constant wave parameters, i.e., D1,...,Dq € Rt we can derive the

analytical solution given by
( ) = sin(——rm1) - .. - sin(—m=r) - cos(Vrt). (6.116)
w(x1,...,xq4,t) =sin(—=nx1) - ... sin(—=mxq) - cos(Vdnrt). .
v D1 VDa

We compute a reference solution for the nonconstant wave parameters with
sufficiently fine grids and small time steps, see [182].

‘We now discuss noniterative and iterative splitting methods for two-dimensional
and three-dimensional wave equations.

6.4.2.1 First Experiment: Elastic Wave Propagation with Nonit-
erative Splitting Methods

In the following, we present simulations of test examples of the wave equa-
tion solved by noniterative splitting methods.
The noniterative splitting method in time discretized form is given by

o — 2u"4u"?
0% o*un Oyt
= T72LD1 (’I]w + (1 — 2’!7) 02 +77 02 ) (6117)
0%un
2
+ 7—,,.L.D28—y27
un+1 _ 2un +’U,n71
0% o*un Oyt
= T7.2LD1 (’I]w + (1 — 2’!7) 02 +77 02 ) (6118)

aQun—i-l 82un aQun—l

2

D —_— 1-2

+ 2(n 97 +(1—2n) 92 +n 0 )

where 7, = t"T1 — t" is the time step and the time discretization is of the
second order.

First Test Example: Wave Equation with Constant Coefficients

The application of different boundary conditions are important for the
splitting method used in the test example.

Dirichlet Boundary Condition
Our example is two dimensional and we can derive an analytical solution.

Onwu = D10rpu~+ Do0yyu, in Q x [0,T], (6.119)
w(z,y,0) = Uexact(z,y,0), in Q,
Ou(z,y,0) = 0, onQ,
u(z,y,t) = Uexact(x,y,t), on IQ x (0,T), (6.120)

where Q = [0,1] x [0,1], D; =1, Dy = 0.5.



NUMERICAL EXPERIMENTS 161

The analytical solution is given by

my) cos(V2 wt).  (6.121)

(¥, ) = sin(——mz) sin(—=
Uexact (T, Y, t) = sin(—=nx) sin
Y Non VD,

The discretization is given by an implicit time discretization and a finite
difference method for the space discretization.
Thus, we have for the second-order discretization in space

Au(t) = D10zu(t)
U(LC + A.’E7y,t) — 2u(x,y7t) + U(IE - A{E,y7t)

D . , (6.122)
Bu(t) = D20yyu(t)
D, u(z,y + Ay, t) — 2u(z, y,t) + u(z,y — Ay, t>7 (6.123)

Ay?
where D1, Dy are positive constants and the second-order time discretization

"+ 1) — 2u(t™) + u(t™ — 1)

(i) ~ U . (6.124)

The implicit discretization is

(™) = 2u(t") +u(t") (6.125)
= r2(A+ B)(qu(t™) + (1 = 2m)ut") + nu(t*™)).

For the approximation error, we choose the Li-norm; the Lo- and L.,-norms
are also possible.

The error in the Li-norm is given by

errp, = Z Vi [w(@s, Y5, ") — Uexact (@i, Y5, )], (6.126)

i,j=1,....m

where u(x;,y;,t") is the numerical solution and exact(i, y;,t") is the ana-
lytical solution. V; ; = Az Ay is the mass, with Az and Ay equidistant grid
steps in the z and y dimensions. m is the number of grid nodes in the = and
y dimensions.

In our test example, we choose D; = Dy = 1 (a Dirichlet boundary) and
set our model domain to be a rectangle Q = [0, 1] x [0, 1].

We discretize with Az = 1/16, Ay = 1/16 and 7, = 1/32, and choose our
parameter 77 between 0 < n < 0.5.

The experimental results from finite differences, the classical operator split-
ting method, and the LOD method are shown in the following Tables 6.36,
6.37, 6.38, and Figure 6.12.
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TABLE 6.36: Numerical

results for the finite difference
method (second-order finite
differences in time and space) and
a Dirichlet boundary.

Ui erry,, Uexact Unum
0.0 | 0.0014 | -0.2663 | -0.2697
0.1 | 0.0030 | -0.2663 | -0.2738
0.3 | 0.0063 | -0.2663 | -0.2820
0.5 | 0.0096 | -0.2663 | -0.2901

TABLE 6.37: Numerical
results for the classical operator
splitting method (second-order
ADI method) and Dirichlet
boundary.

n errLl Uexact Unum
0.0 | 0.0014 | -0.2663 | -0.2697
0.1 | 0.0030 | -0.2663 | -0.2738
0.3 | 0.0063 | -0.2663 | -0.2820
0.5 | 0.0096 | -0.2663 | -0.2901

TABLE 6.38:
Numerical results for
the LOD method and
Dirichlet boundary.

n erry,, erry,
0.0 | 0.0014 | 0.0034
0.1 | 0.0031 | 0.0077
0.3 | 0.0065 | 0.0161
0.5 | 0.0099 | 0.0245

Remark 6.15. In these experiments, we compare three different methods
based on the ADI method. The splitting methods have the same quality of
error reduction, while the most accurate method is the LOD method, which
is a fourth-order method for n = % The splitting methods are more effective
methods.

Neumann Boundary Condition
Our next example is two dimensional, as we saw in the first example, but
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numeric solution dx=1/32 dy=1/32 dt=1/64 eta=0.5

i\ ANNN
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s

FIGURE 6.12: Numerical resolution of the wave equation: numerical ap-
proximation (top figure) and error functions (bottom figure) for the Dirichlet
boundary (Axz = Ay =1/32, 7, = 1/64, D1 =1, D3 = 1, coupled version).

relative to Neumann boundary conditions.

Ouu = D10yzu+ DaOyyu, in Q x (0,T), (6.127)
u(z,y,0) = Uexact(z,y,0), in Q,
ou(z,y,0) = 0, in Q,
ou(zx,y,t) OUexact (T, Y, 1)
= Q T 12
o o , on I x (0,7), (6.128)

where Q = [0,1] x [0,1], D; = 1, Dy = 0.5 and we have equidistant time steps
Tn.
The analytical solution is given by

1 1
Uexact (T, Y, 1) = sin(—==mx) sin(—==my) cos V2 7). 6.129

The experimental results of the finite difference method and classical oper-
ator splitting method are shown in the following Tables 6.39, 6.40, and Figure
6.13.
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TABLE 6.39: Numerical

results for the finite difference
method (finite differences in time
and space of second order) and a
Neumann boundary.

Ui erry,, Uexact Unum
0.0 | 0.0014 | -0.2663 | -0.2697
0.1 | 0.0030 | -0.2663 | -0.2738
0.3 | 0.0063 | -0.2663 | -0.2820
0.5 | 0.0096 | -0.2663 | -0.2901
0.7 | 0.0128 | -0.2663 | -0.2981
0.9 | 0.0160 | -0.2663 | -0.3060
1.0 | 0.0176 | -0.2663 | -0.3100

TABLE 6.40: Numerical
results for the classical operator
splitting method (ADI method of
second order) and a Neumann
boundary.

Ui erry,, Uexact Unum
0.0 | 0.0014 | -0.2663 | -0.2697
0.1 | 0.0030 | -0.2663 | -0.2738
0.3 | 0.0063 | -0.2663 | -0.2820
0.5 | 0.0096 | -0.2663 | -0.2901

Remark 6.16. The Neumann boundary conditions are more delicate because
of the underlying boundary conditions. Thus, we need additional work to split
the boundary conditions into the spatial dimensions, which are applied in the
ADI and LOD methods. The LOD method can be improved to a fourth-order

method for n = %

Second Test Example: Spatially Dependent Test Example
In this experiment, we apply our method to a spatially dependent problem.

For simplification and application of the numerical scheme, we consider
only a nonconservative form of our wave equation.

We can also deal with conservative forms by adding convection terms, see
the discretization schemes of conservative wave equations [44].



NUMERICAL EXPERIMENTS 165

numeric solution dx=1/32 dy=1/32 dt=1/64 eta=0

1 0.8 0.6 0.4 0.2 o ©

FIGURE 6.13: Numerical resolution of the wave equation: numerical ap-
proximation (top figure) and error functions (bottom figure) for Neumann
boundary (right) (Az = Ay = 1/32, 7, = 1/64, D1 = 1, D2 = 0.5, coupled

version).

The underlying equation is given by

Opu = Di(2,y)0zzu+ Da(x,y)0yyu, in Q x (0,7), (6.130)
u(z,y,0) = wuo(z,y), inQ,
Ou(z,y,0) = wui(z,y), inQ,
u(z,y,t) = wus(z,y,t), on 9Q x (0,7T),

where D (z,y) = 0.1z + 0.01y + 0.01, Do(x,y) = 0.01z + 0.1y 4 0.1.

To compare the numerical results, we cannot use an analytical solution,
which is why we compute a reference solution in an initial step. The reference
solution is obtained with a finite difference scheme, with fine time and space
steps.

When choosing the time steps, it is important to consider the CFL condi-
tion, which in this case is based on the spatial coefficients.
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Remark 6.17. We have assumed the following CFL condition:

min(Az, Ay)

Tn < 0.5 ,
man;7yeQ(D1(x7y),DQ({E7y))

(6.131)

where Az and Ay are equidistant spatial steps in the x and y dimensions.

For the test example, we define our model domain as a rectangle Q2 =
[0,1] x [0, 1].

The reference solution is obtained by executing the finite difference method
and setting Az = 1/256, Ay = 1/256 and a time step 7, = 1/256 < 0.390625.

The model domain is given by a rectangle with Az = 1/16 and Ay = 1/32.
The time steps are given by 7,, = 1/16 and 0 < n < 0.5.

The numerical results for Dirichlet boundary conditions are given in the
following Tables 6.41, 6.42, 6.43, and Figure 6.14.

The results show the second-order accuracy and how similar results are
obtained with the nonsplitting method (see Table 6.41) and classical splitting
method (see Table 6.42). Therefore, the splitting method did not influence the
numerical results and preserved the second-order character. The results can
be improved by the LOD method (see Table 6.43) and it reaches fourth-order
accuracy with the parameter n = 11—2
TABLE 6.41: Numerical
results obtained by the finite
difference method with spatially
dependent parameters and
Dirichlet boundary (error of
reference solution).

Ui erry,, Uexact Unum
0.0 | 0.0032 | -0.7251 | -0.7154
0.1 | 0.0034 | -0.7251 | -0.7149
0.3 | 0.0037 | -0.7251 | -0.7139
0.5 | 0.0040 | -0.7251 | -0.7129

The numerical results for Neumann boundary conditions are given in the
following Tables 6.44, 6.45, and Figure 6.15. We obtain the same results as
shown in the Dirichlet case. The second-order accuracy of the classical split-
ting method (see 6.45) did not influence the second-order numerical results.
The same improvement for the Neumann case to reach a higher order can be
obtained with the LOD method, see [78].
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TABLE 6.42: Numerical
results obtained by the classical
operator splitting method with
spatially dependent parameters
and Dirichlet boundary (error of
reference solution).

n eI‘I'Ll Uexact Unum

0.0 | 0.0032 | -0.7251 | -0.7154
0.1 | 0.0034 | -0.7251 | -0.7149
0.3 | 0.0037 | -0.7251 | -0.7139
0.5 | 0.0040 | -0.7251 | -0.7129

TABLE 6.43: Numerical results
obtained by the LOD method with
spatially dependent parameters and
Dirichlet boundary (error of reference
solution).

n erry, Uexact Unum
0.00 0.0032 -0.7251 | -0.7154
0.1 | 0.7809e-003 | -0.7251 | -0.7226
0.122 || 0.6793e-003 | -0.7251 | -0.7242
0.3 0.0047 -0.7251 | -0.7369
0.5 0.0100 -0.7251 | -0.7512

TABLE 6.44: Numerical
results obtained by the finite
difference method with spatially
dependent parameters and
Neumann boundary (error of
reference solution).

U CeITy Uexact Unum
0.0 | 0.0180 | -0.7484 | -0.7545
0.1 | 0.0182 | -0.7484 | -0.7532
0.3 | 0.0185 | -0.7484 | -0.7504
0.5 | 0.0190 | -0.7484 | -0.7477
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numeric solution dx=1/32 dy=1/32 dt=1/64 eta=1

FIGURE 6.14: Dirichlet boundary condition: numerical solution (top fig-
ure) and error function (bottom figure) for the spatially dependent test ex-

ample.

TABLE 6.45:

Numerical
results obtained by the classical
operator splitting method with
spatially dependent parameters
and Neumann boundary (error of
reference solution).

n erry, Uexact Unum
0.0 | 0.0180 | -0.7484 | -0.7545
0.1 | 0.0182 | -0.7484 | -0.7532
0.3 | 0.0185 | -0.7484 | -0.7504
0.5 | 0.0190 | -0.7484 | -0.7477




NUMERICAL EXPERIMENTS 169

numeric solution (dx=1/32 dy=1/32 dt=1/32 eta=0.5)

FIGURE 6.15: Neumann boundary condition: numerical solution (top fig-
ure) and error function (bottom figure) for the spatially dependent test ex-
ample.

Remark 6.18. In our experiments, we have analyzed both the classical op-
erator splitting and LOD methods and have shown that the LOD method
yields more accurate values. At least the LOD method can be improved to a
fourth-order method for n = ;.

Remark 6.19. We have presented different time splitting methods for the
spatially dependent case of the wave equation. The contributions of this
chapter concern the boundary splitting and stiff operator treatment. For the
boundary splitting method, we have discussed the theoretical background and
the experiments show that the method is also stable for the stiff case. We have
presented stable results even for the spatially dependent wave equation. The
computational process benefits from decoupling the stiff and nonstiff operators
into different equations, due to the different scales of the operators. The LOD
method as a fourth-order method has the advantage of higher accuracy and
can be used for such decoupling.
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6.4.2.2 Second Experiment: Elastic Wave Propagation with Iter-
ative Splitting Methods

In this section, we can improve the results with an iterative scheme that is
embedded to the previously discussed LOD method. We discuss the benefits
of the iterative modifications of the schemes and the balance between time
steps and iterative steps.

We now consider iterative splitting methods to our two- and three-
dimensional wave equations. The time discretization is of second order and
our splitting method is given for 2D equations as

w (") = 2um !
= 72Dy (n% +(1-2n) a;;; + n82;;21)(6.132)
+ 72D, (n% +(1—2) a;“; + nan;2_1> ,
w2
= 72Dy (n% +(1—2n) 882;12” + naQ;;l)(&lSS)
+ 72D (niawgy(; ") - a;:: + 7732;;2_1) 7

where i = 1,3,...2m + 1 and the previous solutions are given as u"~! and
u™, the starting solution u!~*(¢"*1) is given as

o%un o%un

— + Do——).

gz T2 y? )

where for 7 € [0, 0.5] we have a second-order time discretization scheme, which

is unconditionally stable for n € (0.25,0.5), see [85], and [148].
The error is calculated as

w Y — 2um 4w =72 (D

p
erry, = ZAazl oo Axg |u(@ g, T4, 1) — Uexact (T -5 Tais t) |
=1

(6.134)
where p is the number of grid points, texact is the analytical solution, and u
is the numerical solution; Ax1,..., Az are equidistant spatial steps in each
dimension.
In the following, we present simulations of test examples of the wave equa-
tion with iterative splitting methods.

First Test Example: Wave Equation with Constant Coefficients
in Two Dimensions

In the first example, we compare the classical splitting method (ADI
method) and iterative splitting methods for a nonstiff case and a stiff case.
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We compare the nonstiff case for operators A and B

We begin with Dy =1, Dy =
[0,1]2, t € [0,3 - (1/v/2)].

We discretize with the temporal and spatial derivatives using second-order

step, and Q) =

finite difference methods.

The results are given in Table 6.46 for the classical method (ADI method)

1 AJ:—

15, Ay =

and in Table 6.47 for the iterative splitting method.

TABLE 6.46:

method; D1 = 1, D2 =
Q= i07 1i27 te i073 : (1/\/§)i

n

erry,

16’

erry,

32’

Ay =

2 iterations per time

Classical operator splitting
i, Az =

32 , and

erry,,

tsteps

44

45

46

0
0.0100
0.0800
0.0833
0.1000
0.2000

0.0235
2.0405e-004
4.1689e-005
4.5958e-005
7.0404e-005
3.2520e-004

2.3944e-004
5.3070e-007
4.1885e-005
4.5970e-005
6.9235e-005
3.0765e-004

4.8803e-007
7.9358e-008
4.2068e-005
4.5982e-005
6.8149e-005
2.9168e-004

TABLE 6.47:
Di=1,Dy=

1 _
1 Az = 167

Ay - 327

Iterative splitting method;
two iterations

per time step, starting solution with an explicit

time step, and 2 =

(0,12, t € [0,3 - (1/v2)].

n

erry,

erry,

erry,

tsteps

44

45

46

0
0.0100
0.0800
0.0833
0.1000
0.2000

0.0230
1.4329e-004
4.1602e-005
4.5858e-005
7.0228e-005
3.2375e-004

2.3977e-004
1.2758e-006
4.1805e-005
4.5879e-005
6.9074e-005
3.0636e-004

4.9793e-007
7.9315e-008
4.1994e-005
4.5898e-005
6.8003e-005
2.9052e-004

In the next computations, we compare the stiff case for operators A and

B.
We deal with D, =

finite difference methods.

The results are given in Table 6.48 for the classical method (ADI method)

1
1 py=
i)

(1/4/2)]. We discretize with the time and space derivatives using Second—order

Ax

L
100°

:167

Ay =

and in Table 6.49 for the iterative splitting method.

Remark 6.20. The iterative splitting method is in both cases more accurate

327

and Q = [0,
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TABLE 6.48: Classical operator splitting method; Dy = ﬁ7
Dy =15, Az =4, Ay=2,and Q=[0,1]2,t € [0,3- (1/v2)].
n eIry,, erry,, eIry,, erry,, eIry,, erry,,
tsteps 3 5 6 7 15 100
0.0 | 41.0072 | 0.1205 | 9.2092¢-004 | 0.0122 | 0.1131 | 0.1475
0.01 | 29.0629 [ 0.0626 | 5.5714e-004 | 0.0212 | 0.1171 | 0.1476
0.05 | 6.9535 | 0.0100 0.0491 0.0764 | 0.1336 | 0.1479
0.08 | 0.9550 [ 0.0984 0.1226 0.1331 | 0.1465 | 0.1482
0.09 | 0.1081 [ 0.1409 0.1515 0.1539 | 0.1508 | 0.1483
0.1 0.3441 | 0.1869 0.1819 0.1755 | 0.1552 [ 0.1484
0.2 0.7180 | 0.6259 0.4960 0.4052 | 0.2005 [ 0.1494
0.3 0.2758 [ 0.7949 0.7126 0.6027 | 0.2479 | 0.1504
0.4 0.0491 | 0.7443 0.7948 0.7316 | 0.2963 | 0.1513
0.5 0.0124 | 0.6005 0.7754 0.7905 | 0.3448 | 0.1523
TABLE 6.49: TIterative splitting method; D; = ﬁ, Dy = ﬁ,
Ax = %7 Ay = 3%7 starting solution with an explicit time step, and
n erry,, erry,, erry,, erry,, erry,, erry,,
tsteps 3 5 6 7 15 100
# iter 4 8 10 12 28 198
0.0 11.5666 | 0.0732 | 6.1405e-004 | 0.0088 | 0.0982 | 0.1446
0.01 9.0126 | 0.0379 | 3.6395e-004 | 0.0151 | 0.1017 | 0.1447
0.05 | 3.3371 | 0.0047 0.0315 0.0540 | 0.1161 | 0.1450
0.08 1.4134 | 0.0520 0.0785 0.0935 | 0.1272 | 0.1453
0.09 | 0.9923 | 0.0756 0.0970 0.1081 | 0.1310 | 0.1454
0.1 0.6465 | 0.1019 0.1166 0.1231 | 0.1348 | 0.1455
0.2 0.7139 | 0.4086 0.3352 0.2877 | 0.1737 | 0.1465
0.3 0.7919 | 0.6541 0.5332 0.4466 | 0.2141 | 0.1474
0.4 0.6591 | 0.7963 0.6792 0.5787 | 0.2552 | 0.1484
0.5 0.5231 | 0.8573 0.7734 0.6791 | 0.2961 | 0.1493

and the best results are given for the discretization parameter n =~ 0.01. Two
iteration steps are sufficient for obtaining second-order results. For the stiff
case, more iteration steps are important so as to obtain the same results as

for the nonstiff case.

Second Test Example:

cients in Three Dimensions

In the second example, we compare the iterative splitting methods for

different starting solutions u’=!(t"*1).

We consider the explicit method first with the starting solution u

Wave Equation with Constant Coeffi-

i—1,n+1
b
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where

9?u™ O?u™

i—1l,n+1 n n—1_ _2
U —2u" +u =71.(D1 92 + Do 52 ).

n

According to the second method, we calculate u*~1'"*! by applying the
classical operator splitting method (ADI method), described in Section 6.4.2.1.

For our model equation, we apply the 3D wave equation:

0%u 0%u 0%u 0%u
—=D1—+Ds— + D3— 6.135
o~ 'oxE T 2oy T (6.135)
where we have the exact initial and boundary conditions given by equation
(6.116).

We use Dy =1, Dy = 15 and D3 = 1§35, Az = Ay = Az = £, 3 iterations

per time step and Q = [0,1], t € [0, 6 - (1/v/3)].

We discretize with time and space derivatives by applying second-order
finite difference methods.

The results are given in Table 6.50 for the classical method (ADI method)
and in Table 6.51 for the iterative splitting method.

TABLE 6.50: TIterative splitting method; D; = 1,
DQZ% and D3 = ﬁ,szAy:Az:%,three
iterations per time step, starting solution with an

explicit time step, and Q = [0,1]3,t € [0, 6- (1/v/3)].

n erry,, erry, | errp, | errp, | errp,
tsteps 8 9 10 11 12

0 169.4361 | 8.4256 | 0.5055 | 0.2807 | 0.3530
0.2000 | 0.0875 | 0.1315 | 0.1750 | 0.2232 | 0.2631
0.3000 || 0.1151 | 0.0431 | 0.0473 | 0.0745 | 0.1084
0.4000 || 0.3501 | 0.2055 | 0.0988 | 0.0438 | 0.0454
0.4500 || 0.4308 | 0.3002 | 0.1719 | 0.0844 | 0.0402
0.5000 | 0.4758 | 0.3792 | 0.2510 | 0.1402 | 0.0704

Remark 6.21. The starting solution prestep combined with the ADI method
is more accurate and gives the best results for the discretization parameter
1 ~ 0.01. In the three-dimensional case, one more iteration step is needed than
for the two-dimensional case. In comparison to the standard LOD schemes,
we have an additional parameter of choosing the iterative steps. Such a new
parameter balances between the time- and iterative steps and we can achieve
larger time steps.
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TABLE 6.51: Iterative splitting method; D; = 1,
Dgz% and D3 = ﬁ,szAy:Az:%,three
iterations per time step, starting solution with the
classical splitting method (ADI) and © = [0, 1]3,

telo, 5-(1/v3)].

n erry,, erry,, erry,, erry,, erry,,
tsteps 6 7 8 9 10

0 79.0827 | 10.1338 | 0.2707 | 0.1981 | 0.2791
0.2000 | 0.1692 | 0.2658 | 0.3374 | 0.3861 | 0.4181
0.3000 | 0.0311 | 0.0589 | 0.1182 | 0.1983 | 0.2692
0.4000 | 0.1503 | 0.0400 | 0.0389 | 0.0793 | 0.1322
0.4500 | 0.2340 | 0.0832 | 0.0316 | 0.0502 | 0.0930
0.5000 | 0.3101 | 0.1401 | 0.0441 | 0.0349 | 0.0645

6.4.3 Extension Problem 3: Nonlinear Partial Differential
Equations

In this section, we discuss the application to nonlinear partial differential
equations. The iterative splitting scheme is applied as a linearization scheme
and we obtain linear partial differential equations. These linear equation
systems can be solved with standard discretization methods, see [83].

The benefit of the iterative splitting scheme is to embed a linearization
scheme and operate additionally as a decomposition scheme. Such multifunc-
tional schemes reduce the computational time, see [146].

6.4.3.1 First Experiment: Burgers Equation

We deal with a 2D example for which we can derive an analytical solution.

O = —ulpu — ulyu + (0gzu + Oyyu) + f(x,y,t), (6.136)

in Q x [0, 77,
w(z,y,0) = Uanay(x,y,0), in Q, (6.137)
w(z,y,t) = Uanay(x,y,t) on 9Q x [0,T7], (6.138)

where Q = [0,1] x [0,1], T'=1.25, and p € R" is the constant viscosity.
The analytical solution is given by

Uanaly (2, Y, 1) = (1 + exp(%?i_t))’l7 (6.139)
where f(z,y,t) =0.

The operators are given by:
Alwu = —udyu— udyu, hence (6.140)
A(u) = —ud, —udy (nonlinear operator),
Bu = p(0zgu+ Oyyu) + f(z,y,t) (linear operator). (6.141)
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We apply the iterative scheme with Equation (6.136) to the first part and
obtain

A(ui_l)ui = —ui_iazui — ul_layul s and (6142)
B’U,i,1 = /J(ag;g; + 8yy)ui,1 + f, (6143)

and we obtain linear operators because u;_1 is known from the previous time
step.

Furthermore, we apply the iterative scheme based on Equation (6.136) to the
second part and obtain:

A(ui_l)ui = —ui_iazui — ul_layul s and (6144)
Buiyr = (Opx + Oyy)uiy1 + f, (6.145)

and we also have linear operators.

For the spatial discretization, we apply finite difference methods of second
order. Furthermore, for the time discretization, we apply the Crank-Nicholson
method as a second-order method in time. So we obtain an algebraic system,
which we can solve directly using our MATLAB® software tool.

We apply two iterations for the iterative scheme. The end rule is given by:

Jui —ui—1]] <€ (6.146)
withi=1,2,..., (6.147)

where € = 0.001.
The maximal error at end time ¢t =T is given by

p
CITmax — |unum - Ufana| - malx |unum(xi7 t) - uana(xiy t)|a
1=
and the numerical convergence rate is given by

p = log(erry, /5 /erry)/ log(0.5).

We have the following results, see Tables 6.52 and 6.53, for different steps in
time and space and for different viscosities.
Figure 6.40 presents the profile of the 2D nonlinear Burgers equation.

Remark 6.22. In the examples, we have two different cases of p, which
smoothen our equation. In the first test, we use a very small y = 0.05, so that
we have a dominant hyperbolic behavior, and as a result we have a loss in
regularity and a sharp front. The iterative splitting method loses one order. In
the second test, we have increased the smoothness, so we get a more parabolic
behavior. We can demonstrate improved results with higher accuracy.
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TABLE 6.52: Numerical results for Burgers
equation with viscosity p = 0.05, initial condition
uo(t) = un, and two iterations per time step.

Az = Ay At CIry, €ITmax PLy Pmax
1/10 1/10 | 0.0549 | 0.1867
1/20 1/10 | 0.0468 | 0.1599 | 0.2303 | 0.2234
1/40 1/10 | 0.0418 | 0.1431 | 0.1630 | 0.1608
1/10 1/20 | 0.0447 | 0.1626
1/20 1/20 | 0.0331 | 0.1215 | 0.4353 | 0.4210
1/40 1/20 | 0.0262 | 0.0943 | 0.3352 | 0.3645
1/10 1/40 | 0.0405 | 0.1551
1/20 1/40 | 0.0265 | 0.1040 | 0.6108 | 0.5768
1/40 1/40 | 0.0181 | 0.0695 | 0.5517 | 0.5804

TABLE 6.53: Numerical results for Burgers equation with
viscosity p = 5, initial condition ug(t) = w,, and two iterations per
time step.

Ax=Ay | At erry, €ITmax PL, Pmax
1/10 1/10 | 1.1168-10"7 | 2.4390- 107
1/20 1/10 | 8.2098-107% | 1.7163-10~7 | 0.4439 | 0.5070
1/40 1/10 | 6.4506- 108 | 1.3360 - 10~ 7 | 0.3479 | 0.3614
1/10 1/20 | 3.8260-107% [ 9.0093 - 10~%
1/20 1/20 | 2.5713-1078 | 5.6943 - 1078 | 0.5733 | 0.6619
1/40 1/20 | 1.8738-107% | 4.0020-10~% | 0.4565 | 0.5088
1/10 1/40 | 1.9609-107% | 4.9688 - 10~°
1/20 1/40 | 1.1863- 1078 | 2.8510- 1078 | 0.7250 | 0.8014
1/40 1/40 | 7.8625-107% | 1.8191- 1078 | 0.5934 | 0.6482

Remark 6.23. In the examples, we have chosen the nonlinear operator to be
A and the linear operator to be B. Based on the error analysis, this makes
sense because the error is dominated by the operator B, while operator A
is assumed to be solved exactly in the differential equations. Operator B
is important in the initialization process and should be estimated carefully.
More importantly, if we deal with two nonlinear operators A and B, such an
operator should be B, which is more bounded ||B(u)u|| < ||A(u)u|| for v € U,
U is the solution space.

Often such an estimation of the operators can be seen at the beginning,
e.g., operator B is A-bounded like in the case of a convection operator B and
a diffusion operator A, see also [49].
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numeric solution wave equation
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FIGURE 6.16: Burgers equation at initial time ¢ = 0.0 (top figure) and end
time ¢ = 1.25 (bottom figure) for viscosity pu = 0.05.

6.4.3.2 Second Experiment: Mixed Convection-Diffusion and Burg-
ers Equation

We deal with a 2D example that is a mixture of convection-diffusion and
the Burgers equation. We can derive an analytical solution.

Ou = —1/2ud,u —1/2udyu — 1/20,u — 1/20,yu
+(Ozpu + Oyyu) + f(z,y,t),in @ x [0,7]  (6.148)
w(z,y,0) = Uagym(x,y,0), in Q (6.149)
w(z,y,t) = Uasym(®,y,t) on 00 x [0,T7], (6.150)

where Q = [0,1] x [0,1], T = 1.25, and p is the viscosity.
The analytical solution is given by

r+y—t, _ rt+y—t
Uasym (2, y,1) = (1 + exp(T)) Ly exp(T)7 (6.151)

where we compute f(z,y,t) accordingly.
We split the convection-diffusion and Burgers equations. The operators



178 NUMERICAL EXPERIMENTS
are given by:

Alwu = —1/2udyu —1/2udyu + 1/2p(0zzu + Oyyu), hence(6.152)
A(u) = 1/2(—u0y — udy + p(Ozz + Oyy)), (6.153)

(Burgers term), and
Bu = —1/20,u — 1/20,u + 1/211(0zzu + Oyyu) + f(x,y,1), (6.154)
(convection-diffusion term).

We apply the iterative scheme with Equation (6.148) to the first part and
obtain:

A(ui,l)ui = —1/2’11,@‘,18@114‘ - 1/2ui,18yui (6155)
+1/20(0pptti + Oyyuss),
Bui_y = 1/2(=8% — 8y + p(Oze + Oyy))tti_1, (6.156)

and we obtain linear operators, because u;_1 is known from the previous time
step.

Furthermore, we apply the iterative scheme with Equation (6.148) to the sec-
ond part and obtain:

A(ui_l)ui = —1/2ui_18zui — 1/2’(1,1'_1(93/114 (6157)
+1/20(Opztts + Oyyuss),
Buiyy = 1/2(=0y — 8y + p(Oes + Oyy))uiis1, (6.158)

and we have linear operators.

For spatial discretization, we apply finite difference methods of the second
order. Furthermore, for time discretization, we apply the Crank-Nicholson
method as a second-order method in time. In this way, we obtain an algebraic
system which we can solve directly using our MATLAB® software tool.

We apply two iterations to the iterative scheme. The end rule, see Equation
(6.167), is given with € = 0.001.

We deal with different viscosities v as well as different step sizes in time
and space. We have the following results, see Tables 6.54 and 6.55.

Figure 6.17 presents the profile of the 2D linear and nonlinear convection-
diffusion equation.

Remark 6.24. In the examples, we deal with more iteration steps to obtain
higher-order convergence results. In the first test, we have four iterative steps
but a smaller viscosity (u = 0.5), such that we can reach at least a second-
order method. In the second test, we use a high viscosity of about y =5 and
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TABLE 6.54: Numerical results for mixed convection-diffusion
and Burgers equation with viscosity p = 0.5, initial condition
uo(t) = up, and four iterations per time step.

Az = Ay At CIrr, €ITmax PLy Pmax

1/5 1/20 0.0137 0.0354

1/10 1/20 0.0055 0.0139 1.3264 | 1.3499
1/20 1/20 0.0017 0.0043 1.6868 | 1.6900
1/40 1/20 | 8.8839-107° | 3.8893- 10~ | 4.2588 | 3.4663
1/5 [1/40| 0.0146 0.0377

1/10 1/40 0.0064 0.0160 1.1984 | 1.2315
1/20 1/40 0.0026 0.0063 1.3004 | 1.3375
1/40 1/40 | 8.2653-10~* 0.0021 1.6478 | 1.6236

TABLE 6.55: Numerical results for mixed convection-diffusion
and Burgers equation with viscosity p = 5, initial condition
uo(t) = up, and two iterations per time step.

Az = Ay At CIrr, €ITmax PLy Pmax
1/5 1/20 | 1.3166-10° | 2.9819-10°
1/10 | 1/20 | 5.6944-1076 | 1.3541- 1075 | 1.2092 | 1.1389
1/20 1/20 | 1.6986- 1076 | 4.5816- 1076 | 1.7452 | 1.5634
1/40 | 1/20 | 7.8145-10~7 | 2.0413-10~° | 1.1201 | 1.1663
1/5 1/40 [ 1.4425-107° | 3.2036 - 10~°
1/10 | 1/40 | 7.2343-107% | 1.5762- 107> | 0.9957 | 1.0233
1/20 | 1/40 || 3.0776-1075 | 6.7999 - 10~ | 1.2330 | 1.2129
1/40 | 1/40 | 9.8650-10~7 | 2.3352-10~° | 1.6414 | 1.5420

get a second-order result with two iteration steps. Here, we observe the loss
of differentiability.To obtain the same results, we have to increase the number
of iteration steps. So we were able to show an improvement in convergence
order with respect to iteration steps.

6.4.3.3 Third Experiment: Momentum Equation (Molecular Flow)

We deal with the example of a momentum equation, which is used to model
the viscous flow of fluid.

du = —u-Vu+2uV(D(u)+1/3Vu)+f(z,y,t),
in Q x [0, 7], (6.159)
u(z,y,0) = gi(z,y), in Q, (6.160)
u(z,y,t) = ga(z,y,t) on 02 x [0,T] (enclosed flow), (6.161)

where u = (u1,u2)? is the solution and Q = [0,1] x [0,1], T = 1.25, u = 5,
v = (0.001,0.001)* are the parameters and I is the unit matrix.
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numeric solution wave equation

numeric solution wave equation

FIGURE 6.17: Mixed convection-diffusion and Burgers equation at initial
time ¢t = 0.0 (top figure) and end time ¢t = 1.25 (bottom figure) for viscosity
w=0.5.

The nonlinear function D(u) = u-u+ v - u is the viscous flow and v is a
constant velocity.

We can derive the analytical solution with respect to the first two test
examples with the functions:

r+y—=t. 4 r+y—t
t)y=(»1 —_— _— 6.162
ua(2,,8) = (1 exp(—5 =)~ +exp(—5 =), (6162)
rt+y—t. 4 rt+y—t
t)y=1(»1 _— —_—). .1
us(, y,t) = (1 4 exp( % )"+ exp( o ). (6.163)

For the splitting method our operators are given by:

A(u)u = —uVu + 2uVD(u) (nonlinear operator), and
Bu = 2/3uAu (linear operator).
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We first deal with the one-dimensional case,

Ou = —u-0zu—+2u0,(D(u) 4+ 1/30,u) (6.164)
+f(z,t), in Q x [0,T],

u(z,0) = g¢i(x),in Q, (6.165)

u(z,t) = go(x,t) on 9N x [0,T] (enclosed flow), (6.166)

where u is the solution and Q = [0,1], T' = 1.25, u = 5, and v = 0.001 are the
parameters.

Then the operators are given by:

A(uw)u = —udyu + 2u0, D(u) (nonlinear operator), and
Bu = 2/310,,u (linear operator).

For the spatial discretization, we apply finite difference methods of the sec-
ond order. Furthermore, for time discretization, we apply the Crank-Nicholson
method as a second-order method in time. In this way, we obtain an algebraic
system that we can solve directly using our MATLAB® software tool.

For iterative splitting, we apply two iterations and the end rule, see Equa-
tion (6.167), is given with € = 0.001.

For iterative splitting used as a fixed-point scheme, we obtain the results
displayed in Tables 6.56 to 6.58.

TABLE 6.56: Numerical results for 1D
momentum equation with =5, v = 0.001,
initial condition ug(t) = u,, and two iterations
per time step.

Az | At | errp, |errmax | pr, Pmax
1710 | 1/20 | 0.0213 | 0.0495
1/20 | 1/20 | 0.0203 | 0.0470 | 0.0689 | 0.0746
1/40 | 1/20 || 0.0198 | 0.0457 | 0.0401 [ 0.0402
1/80 | 1/20 | 0.0195 | 0.0450 | 0.0216 | 0.0209
1/10 | 1/40 | 0.0134 | 0.0312
1/20 | 1/40 | 0.0117 | 0.0271 | 0.1957 | 0.2009
1/40 | 1/40 | 0.0108 | 0.0249 | 0.1213 | 0.1211
1/80 | 1/40 | 0.0103 | 0.0238 | 0.0682 | 0.0674
1/10 [ 1/80 | 0.0094 | 0.0217
1/20 | 1/80 || 0.0073 [ 0.0169 | 0.3591 | 0.3641
1/40 | 1/80 | 0.0062 | 0.0143 | 0.2451 | 0.2448
1/80 | 1/80 | 0.0056 | 0.0129 | 0.1478 | 0.1469

Figure 6.18 presents the profile of the 1D momentum equation. We have the
following results for the 2D case, see Tables 6.59, 6.60, 6.61, and 6.62.
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TABLE 6.57: Numerical results for 1D
momentum equation with ¢ =5, v = 0.001, initial
condition ug(t) = wu,, two iterations per time step,
and K = 1 using the Newton iterative method.

Az At errr, | errmax PL, Pmax
1/10 [ 1/20 | 0.0180 | 0.0435
1/20 | 1/20 | 0.0120 | 0.0276 | 0.5867 | 0.6550
1/40 | 1/20 | 0.0095 | 0.0227 | 0.3311 | 0.2870
1/80 | 1/20 || 0.0085 [ 0.0208 | 0.1706 | 0.1231
1/10 | 1/40 | 0.0172 | 0.0459
1/20 | 1/40 | 0.0125 | 0.0305 | 0.4652 | 0.5884
1/40 | 1/40 | 0.0108 | 0.0253 | 0.2366 | 0.2698
1/80 | 1/40 | 0.0097 | 0.0235 | 0.1191 | 0.1111
1/10 | 1/80 | 0.0166 | 0.0475
1/20 | 1/80 | 0.0132 | 0.0338 | 0.3327 | 0.4917
1/40 | 1/80 | 0.0119 | 0.0280 | 0.1640 | 0.2734
1/80 | 1/80 | 0.0112 | 0.0265 | 0.0802 | 0.0779

TABLE 6.58: Numerical results for 1D momentum
equation with p = 50, v = 0.1, initial condition ug(t) = up,
and two iterations per time step.

Az At erry,, €ITmax PL, Prmax
1/10 | 1/20 | 2.7352- 107%[6.4129-10°°
1/20 | 1/20 | 2.3320- 1079 | 5.4284-1076 | 0.2301 | 0.2404
1/40 | 1/20 | 2.1144 - 106 | 4.9247-1076 | 0.1413 | 0.1405
1/80 | 1/20 || 2.0021- 1075 | 4.6614 - 1075 || 0.0787 | 0.0793
1/10 | 1/40 | 2.1711 - 107% [ 5.2875-10°°
1/20 | 1/40 | 1.7001 - 106 | 4.1202- 106 | 0.3528 | 0.3567
1/40 | 1/40 | 1.4388- 1076 | 3.4979-10% | 0.2408 | 0.2394
1/80 | 1/40 | 1.3023- 1079 | 3.1694 - 1076 | 0.1438 | 0.1423
1/10 | 1/80 | 1.6788 - 107%]4.1163-10°°
1/20 | 1/80 || 1.1870- 1076 | 2.9138 - 1075 || 0.5001 | 0.4984
1/40 | 1/80 | 9.1123- 10~7 | 2.2535-10% | 0.3814 | 0.3707
1/80 | 1/80 || 7.6585- 107 | 1.9025- 1076 || 0.2507 | 0.2443

Figure 6.19 presents the profile of the 2D momentum equation.

For Newton’s method, we apply two iterations for the outer iterative
scheme and three iterations for the inner iterative scheme, i.e., for Newton’s
method.
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FIGURE 6.18: 1D momentum equation at initial time ¢ = 0.0 (top figure)
and end time ¢t = 1.25 (bottom figure) for =5 and v = 0.001.

TABLE 6.59:

Numerical results for 2D
momentum equation with p = 2, v = (1,1)%, initial

condition ug(t) = uy,, and two iterations per time
step (first component).

Az

At

erry,
1st c.

€ITmax
1st c.

PLy
1st c.

Pmax

1st c.

175
1/10
1/20

1720
1/20
1/20

0.0027
0.0016
0.0007

0.0112
0.0039
0.0022

0.7425
1.2712

1.5230
0.8597

175
1/10
1/20

1740
1/40
1/40

0.0045
0.0032
0.0014

0.0148
0.0088
0.0034

0.5124
1.1693

0.7497
1.3764

175
1/10
1/20

1/80
1/80
1/80

0.0136
0.0080
0.0039

0.0425
0.0241
0.0113

0.7679
1.0166

0.8197
1.0872

The end rule is given by:

[lu1,: — w1 i—1]] < e,

[|lug,i — ug,i—1]| < €2,

withi=1,2,...,

(6.167)
(6.168)
(6.169)
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TABLE 6.60: Numerical results for 2D
momentum equation with p =2, v = (1,1)%, initial
condition uo(t) = uy,, and two iterations per time
step (second component).

Az At errr, | errmax PL, Pmax
= Ay 2nd c. | 2nd c. || 2nd c. | 2nd c.
1/5 | 1/20 | 0.0145 | 0.0321
1/10 | 1/20 | 0.0033 | 0.0072 | 2.1526 | 2.1519
1/20 | 1/20 | 0.0021 | 0.0042 | 0.6391 | 0.7967
1/5 | 1/40 | 0.0288 | 0.0601
1/10 | 1/40 | 0.0125 | 0.0239 | 1.2012 | 1.3341
1/20 | 1/40 | 0.0029 | 0.0054 | 2.1263 | 2.1325
1/5 | 1/80 | 0.0493 | 0.1111
1/10 | 1/80 | 0.0278 | 0.0572 | 0.8285 | 0.9579
1/20 | 1/80 | 0.0115 | 0.0231 | 1.2746 | 1.3058

TABLE 6.61: Numerical results for 2D momentum
equation for first component with = 50, v = (100, 0.01)?,
initial condition wuo(t) = u,, and two iterations per time step.

Az At erry,, eITmax PL, Pmax
= Ay 1st c. 1st c. Ist c. | 1stc.
1/5 [1/20 | 1.5438-107° | 3.4309-10~°
1/10 | 1/20 | 4.9141-1076 | 1.0522-10~° | 1.6515 | 1.7052
1/20 | 1/20 | 1.5506 - 1076 | 2.9160- 10~° | 1.6641 | 1.8513
1/5 [1/40 | 2.8839-107° | 5.5444 - 10>
1/10 | 1/40 | 1.3790- 1075 | 2.3806 - 10~5 | 1.0645 | 1.2197
1/20 | 1/40 | 3.8495-1076 | 6.8075- 1076 | 1.8408 | 1.8061
1/5 [1/80 ] 3.1295-10~° | 5.5073-10~°
1/10 | 1/80 | 1.7722-107° | 2.6822-10~° | 0.8204 | 1.0379
1/20 | 1/80 | 7.6640- 1075 | 1.1356 - 1075 | 1.2094 | 1.2400

where €; = 0.0001 and €5 = 0.001.

For the Newton operator splitting method, we obtain the following func-
tional matrices for the one-dimensional case,

DF(u) = (4p — 1)0yu, (6.170)
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TABLE 6.62: Numerical results for 2D momentum
equation for second component with z = 50, v = (100,0.01)?,
initial condition uo(t) = uy,, and two iterations per time step.

Az At erry,, eITmax PL, Pmax
= Ay 2nd c. 2nd c. 2nd c. | 2nd c.
1/5 [1/20 [ 4.3543-107° | 1.4944 - 107
1/10 | 1/20 | 3.3673-107° | 7.9483 - 107" | 0.3708 | 0.9109
1/20 | 1/20 | 2.6026 - 10~° | 5.8697 - 10> | 0.3717 | 0.4374
1/5 [1/40 ] 3.4961-107> [ 2.2384-1072
1/10 | 1/40 | 1.7944-10° | 8.9509 - 10~° | 0.9622 | 1.3224
1/20 | 1/40 | 1.5956 - 10~° | 3.6902- 10> | 0.1695 | 1.2783
1/5 [1/80 ] 9.9887-107" [ 3.3905- 10~2
1/10 | 1/80 | 3.5572-107° | 1.3625- 104 | 1.4896 | 1.3153
1/20 | 1/80 | 1.0557-107° | 4.4096 - 10~ | 1.7525 | 1.6275

and
8u Fl(u) (9u Fl(u)
D(F = — . 2 6.171
(F(w) (i Dl (6.171)
_ —0zuy + 4pdzuy  —0zug + 40 us
- —0yur + 4pdyur  —0yus + 4pdyus
= (4p—1)Vu
for the two-dimensional case using
A(wju = —uVu+2uVD(u), (6.172)
L U1 0zU1 + U0y us
o ulayul + UQay’LLQ
2u1 0,11 + 2u00,us + V10U + V20, Uz
+2 ( 2u10yu1 + 2u20yus + v10yu1 + V20, us ) (6.173)

Here, we do not need the linearization and apply the standard iterative
splitting method.

We only linearize the first split step and therefore we can relax this step
with the second linear split step. Therefore, we obtain stable methods, see
[146].

Remark 6.25. In the more realistic examples of 1D and 2D momentum equa-
tions, we can also observe the stiffness problem, which we obtain with a more
hyperbolic behavior. In 1D experiments, we deal with a more hyperbolic be-
havior and were able to obtain at least first-order convergence in two iterative
steps. In 2D experiments, we obtain nearly second-order convergence results
with two iterative steps, if we increase the parabolic behavior, e.g., larger p
and v values. For such methods, we have to balance the use of iterative steps,
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refinement in time and space with respect to the hyperbolicity of the equa-
tions. In the very least, we can obtain a second-order method in more than
two iterative steps. So the stiffness influences the number of iterative steps.

6.4.4 Extension Problem 4: Coupled Equations

In this section, we discuss the application to coupled differential equations.
The iterative splitting scheme is applied as a coupling scheme, but takes into
account a fast computation of the matrix exponentials.

The benefit of the iterative splitting scheme is to embed a coupling and
computational method, such that we can save additional CPU time.

6.4.5 First Example: Matrix Problem

We deal in the first experiment with an ODE and separate the complex
operator in two simpler operators and consider the following matrix equation,

d(t) = [ 5 ]u uw(0) = up = ( ; ) (6.174)
the exact solution is
u(t) = 2(e¥ —e2h) /5. (6.175)

We split the matrix as,

1 2 1 1 0 1
{3 0] = [1 0}+[2 0} (6.176)
Figure 6.20 presents the numerical errors between the exact and the nu-
merical solution.

Figure 6.21 presents the CPU time of the standard and the iterative split-
ting schemes.

6.4.6 Second Experiment: 10 x 10 Matrix
We deal in the second experiment with the 10 x 10 ODE system:

8tul = —)\171’LL1 + )\2’11112 + -+ )\10’1U107 (6177)

8tuz = )\1)2U1 — )\2,2 (t)UQ + -4 )\1072u10 s (6178)

: (6.179)

duto = Ai10ur + A210(H)uz + - — Aio,1010 (6.180)

(V51 (O) = U1,0y---, U10 (0) = U10,0 (lnltlal conditions) s (6181)

where \i(t) € RT and \y(t) € RT are the decay factors and u1 g, ..., u10,0 €

R*. We have the time interval ¢ € [0, 7.
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We rewrite the Equation (6.177) in operator notation, concentrating on
the following equations:

Ou = AQt)u+ B(t)u, (6.182)

where u1(0) = u1p = 1.0 ,u3(0) = ugy = 1.0 are the initial conditions, and
where we have \;(t) =t and \o(t) = t2.
The operators are splitted in the following way
—0.01 0.01 0
0.01 —-0.01 0

0.01 0.01 —-0.02 0 e
A= 0.01 0.01 0.01 -0.03 O

0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 -0.08 0

001 001 001 001 001 00l 00l 001 0  —0.08

(6.183)
—0.08 0 001 001 001 001 001 001 001 0.01
0 —008 001 001 001 00l 001 0.0l 001 0.01

B— :

0 0 o 0 0 0 0 —002 001 001
0 0 o 0 0 0 0 0 —0.01 0.01
0 0 o 0 0 0 0 0 001 -0.01

(6.184)

Figure 6.22 presents the numerical errors between the exact and the nu-
merical solution.

Figure 6.23 presents the CPU time of the standard and the iterative split-
ting schemes.

Remark 6.26. The computational results show the benefit of the iterative
schemes. We save computational time and achieve higher-order accuracy.
The one-side and two-side schemes have the same results.

6.4.7 Third Example: Commutator Problem

We assume to have a large norm of the commutator [A, B] and deal with
the matrix equation,

/ _ 10 1 (1
In the following, we discuss different splitting ideas.

Version 1:
We split the matrix as,

{110 110} = [??]“L[(l){” (6.186)




188 NUMERICAL EXPERIMENTS
while |[[A, Bl|| > max{[[Al[, || B[|}-

Figure 6.24 presents the numerical errors between the exact and the nu-
merical solution.

Figure 6.25 presents the CPU time of the standard and the iterative split-
ting schemes.

Further for the one-side scheme, we obtain more improved results for the
following splitting.

Version 2:

{110 110} _ [?8]+[3H (6.187)

The Figure 6.26 present the numerical errors between the exact and the
numerical solution.

A more delicate problem is given for the stiff matrices.

Version 3:

10t 1 10t-1 0 11
[1 104} - [ 1 104—1}+{0 1] (6.188)

Figure 6.27 presents the numerical errors between the exact and the nu-
merical solution.

Figure 6.28 presents the CPU time of the standard and the iterative split-
ting schemes.

Remark 6.27. The iterative schemes with fast computations of the exponen-
tial matrices have a speedup. The constant CPU time of the iterative schemes
shows its benefits instead of the expensive standard schemes. Also for stiff
problems with multi-iterative steps, we reach the same results for the standard
A-B or Strang-Splitting schemes.
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6.4.8 Two-Phase Example

The equation is given as:

Ore1 + V- Fer = g(—c1 + ¢1,im) — Aicr, in Q x [0,¢], (6.189)
Orca + V- Feg = g(—ca + c2,im) + A1c1 — Aaca, (6.190)
in Q x [0, 1],

F=v—-DV, 6.191

(6.191)
0cCiim = g(€1 — C1,im) — A1€1,im, In Q X [0, 1], ( )
01C2.im = g(C2 — C2,4m) + AM1€1,im — A2C2.im, i1 Q x [0,¢], ( )
c1(x,1) = c1,0(x), c2(x,t) = ¢2,0(x), on Q, (6.194)
c(x,t) = c11(x,t), ca(x,t) = c2,1(x,t), on 92 x [0,¢],  ( )
c1,im(%,t) =0, c2,im(x,t) =0, on Q, ( )
1,im(x,t) = 0, coim(x,t) = 0, on O x [0, ], ( )

In the following equations, we deal with the semidiscretized equation given
with the matrices:

We assume two species m = 2 and have the following two operators for
the splitting method:

—2 1
D 1 -2 1
A = m '.' '.' '.. (6.198)
1 -2 1
1 -2
1
-1 1
+ &- e RI*T (6.199)
-1 1
-1 1
where [ is the number of spatial points.
A0
0 A O
A = € R (6.200)
0 A O

0 M
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A2 0
0 X 0
Ay = e RIXI (6.201)
0 X O
0 X
g 0
0 g O
G = e RIX! (6.202)
0 g O
0 g
We obtain the two matrices:
A 0 0 O
_ 0 A 00 4T x AT
A = 0 0 0 0 e R (6.203)
0 0 0O
—Aq 0 0 0
s A Ay O 0 ATXAT
Ay = 0 0 e 0 € R (6.204)
0 0 Ay —As
-G 0 G 0
i 0 -G 0 G 4T x4l
Az = G 0 -G 0 e R (6.205)

For the operator A; and A; = A + A we apply the splitting method.
Figure 6.29 presents the numerical errors between the exact and the nu-
merical solution.

Remark 6.28. For all iterative schemes, we can reach faster results for the
iterative schemes with fast computations of the exponential matrices standard
schemes. With four to five iterative steps we obtain more accurate results than
we did for the expensive standard schemes. With one-side iterative schemes
we reach the best convergence results.
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=0

Figure a: Numeric solution wave equation, first component, t

Figure b: Numeric solution wave equation, first component, t=1.25

=0

Figure c: Numeric solution wave equation, second component, t:

Figure d: Numeric solution wave equation, second component, t=1.25

0.0 (figure a,c)

(1,1)* for the first and

FIGURE 6.19: 2D momentum equation at initial time ¢

and end time t = 1.25 (figure b,d) for g = 0.5 and v
second components of the numerical solution.
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AB, Strang, one side
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FIGURE 6.20: Numerical errors of the standard splitting scheme and the
iterative schemes with 1, ..., 6 iterative steps (top: comparison to the one side
scheme, bottom: comparision to the two side scheme).
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AB, Strang, one side
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FIGURE 6.21: CPU time of the standard splitting scheme and the iterative
schemes with 1, ..., 6 iterative steps (top: comparison to the one side scheme,
bottom: comparsion to the two side scheme).



194

NUMERICAL EXPERIMENTS

AB, Strang, one side
T

err,

AB

Strang —

¢l c2 c3 c4 ¢5 c6

.
107" 10
At

AB, Strang, two side
T

err,

AB _—

Slrang'///

€162 ¢3 ¢4 o5 ¢

FIGURE 6.22: Numerical errors of the standard splitting scheme and the
iterative schemes with 1, ..., 6 iterative steps (top: comparison to the one side

.
107" 10°
At

scheme, bottom: comparison to the two side scheme).



NUMERICAL EXPERIMENTS 195

AB, Strang, one side
T

Strang ~.
~~
- AB ~_
\\\\\
~—
o T~
E
E . 6
4 10 ci
c
% [ |

.
107" 10
At

AB, Strang, two side
T

CPU-Time

107" 10

FIGURE 6.23: CPU time of the standard splitting scheme and the iterative
schemes with 1, ..., 6 iterative steps (top: comparison to the one side scheme,
bottom: comparison to the two side scheme).
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FIGURE 6.24: Numerical errors of the standard splitting scheme and the
iterative schemes with 1, ..., 6 iterative steps (top: comparison to the one side

scheme, bottom: comparison to the two side scheme).
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FIGURE 6.25: CPU time of the standard splitting scheme and the iterative
schemes with 1, ..., 6 iterative steps (top: comparison to the one side scheme,
bottom: comparison to the two side scheme).
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iterative schemes based on one side to operator A or B and two side scheme
(top: comparison to the one side with A scheme, middle: comparison to the
one side with B scheme, bottom: comparison to the two side scheme).
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FIGURE 6.27: Numerical errors of the standard splitting scheme and the
iterative schemes with 1, ..., 6 iterative steps (top: comparison to the one side
with A scheme, middle: comparison to the one side with B scheme, bottom:
comparison to the two side scheme).
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FIGURE 6.29: Numerical errors of the standard splitting scheme and the
iterative schemes with 1, ..., 6 iterative steps (top: comparison to the one side
with A scheme, middle: comparison to the one side with B scheme, bottom:
comparison to the two side scheme).
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6.5 Real-Life Applications

In this section we deal with the real-life applications that were briefly in-
troduced in Chapter 1. We discuss the efficiency and accuracy of our proposed
splitting methods with respect to underlying discretization and solver meth-
ods for more realistic problems. While the time and spatial discretization
schemes are more delicate and time consuming, we only consider second
order approaches. For such schemes, it is sufficient to deal with lower-order
splitting schemes, e.g., we propose two iterative steps in the iterative splitting
method or AB-splitting schemes. For wave propagation problems, we consider
LOD schemes of maximal fourth-order accuracy, such that we could improve
this scheme with embedded iterative splitting schemes.

We have the following thesis:

e Reduction of computational time with more efficient schemes.
e Higher-order accuracy, while separating to simpler solvable parts.

e Simple implementation and a simpler extension of model equations with
the coupling idea.

More or less we deal with multiphysics problems, which contain different
physical processes, see also [111]. Especially, we discuss:

e Waste disposal (transport processes).
e Elastics wave propagation (wave processes).
e CVD apparatus (transport and retardation processes)

e Complex flow phenomena (flow processes)

6.5.1 Waste Disposal: Transport and Reaction of Radioac-
tive Contaminants

In the next subsections, we describe the 2D and 3D simulations of waste
disposal. Here the underlying ideas are to simulate complicated transport
regions in permeable and nonpermeable layers. The interest is to see the con-
tamination at the surface of the overlying domain. The splitting idea is to
decompose the transport and reaction part of the equations. We solve the
transport equation with second-order time discretization (BDF2 or Crank-
Nicolson) and the spatial discretization with second order finite volume meth-
ods, see [88]. For iterative splitting schemes, it was sufficient to apply two
iterative steps, because of the barrier of the second-order schemes in the time
discretization.
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6.5.1.1 Two-Dimensional Model of Waste Disposal

We calculate some waste disposal scenarios that help us to get new con-
clusions about waste disposal in salt domes.

We consider a model based on a salt dome with a layer of overlying rock,
with a permanent source of groundwater flow that becomes contaminated
with radioactive waste. Based on our model, we calculate the transport and
the reaction of these contaminants coupled with decay chains, see [63]. The
simulation time is 10000[a] and we calculate the concentration of waste in the
water that flows to the top of the overlying rock. With these dates we can
determine if the waste disposal is safe. We present a two-dimensional test case
with the data of our last project partner GRS in Braunschweig (Germany),
cf. [60] and [61].

We have a model domain with the size of 6000[m] x 150[m] consisting of
four different layers with different permeabilities, see [60]. We compute the
26 components, where the retardation and reaction parameters are given in
[60]. The parameters for the diffusion and dispersion tensor are given by:

D =1-10"%m?/s] , ar = 4.0 [m] , ar = 0.4 [m], |v|mez = 6 - 107%[m/s],
p=2-10%, Di, = ar|v| and Dy = ar|v|, where the longitudinal dispersion
length is ten times bigger than the transversal dispersion.

Groundwater is pooled in the domain from the right to the left boundary.
The groundwater flows faster through the permeable layer than through the
impermeable layers. Therefore, the groundwater flows from the right bound-
ary to the middle half of the domain. It flows through the permeable layer
down to the bottom of the domain and pools at the top left of the domain to
an outflow at the left boundary. The flow field with its velocity is calculated
with the program package D3F (Distributed-Density-Driven-Flow software
toolbox, see [58]), and is presented in Figure 6.30.

(RS —

e B S e
3 B s
= W/ SR i

FIGURE 6.30: Flow field for a two-dimensional calculation.

In the middle of the bottom of the domain, the contaminants flow as
if from a permanent source. With a stationary velocity field, the contami-
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nants are computed with the software package R®*T (Radioactive-Reaction-
Retardation-Transport software toolbox, see [59]). The flow field transports
the radioactive contaminants up to the top of the domain. The decay chain
is presented with 28 components as follows,

Pu—244 — Pu—240 — U —236 — Th—232 — Ra—228
Cm—244 — Pu—240

U—-232

Pu—241 — Am—241 — Np—237 — U —233 — Th—229
Cm—246 — Pu—242 — U—238 — U—234 — Th—230 —
Ra—226 — Pb—210

Am—242 — Pu—238 — U—234

Am—243 — Pu—239 — U—235 — Pa—231 — Ac—227.

The retardation and decay factors are extremely varying over multiple dec-
imal powers, see for example the neptunium sequence.

The decay chain is denoted by:
Am-241 — Np-237 — U-233 — Th-229.
The retardation factors are:
Ram =200.2, Ryp =2.2, Ry = 1.6, Ry = 2000.2.
The porosity is:
¢ =0.5.
The half-life periods are:
T1/2,am = 1.3639 1010 [s], Ty /2, np = 6.7659 10%3 [s],
T/, = 15.0239 1012 [s], Ty/o,1n = 2.4867 10 [s].

Here, we have to solve as accurately as possible the reaction equations,
which are ODEs to reduce the splitting error of the A-B of iterative splitting
schemes.

Further, we present the important concentration in this decay chain and
applied embedded analytical solver methods to reduce computational time,
see [70]. In Figure 6.31, the contaminant uranium isotope U-236 is presented
after 100[a]. The movement of this isotope is less retarded by adsorption than
other nuclides and has a very long half-life period. The concentration of U-236
in the model domain is illustrated in Figure 6.31 at two different time points in
the modeling. The diffusion process spreads the contaminant throughout the
left side of the domain. The impermeable layer is also contaminated. After a
time period of 10000[a], the contaminant flows up to the top of the domain.

The calculations are performed on uniform grids. The convergence of
these grids are confirmed with adaptive grid calculations, which confirmed the
results of finer and smaller time steps, cf. Table 6.63. The calculations begin
with explicit methods until the character of the equation is more diffusive; at
this point we switch to the implicit methods and use large time steps. With
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FIGURE 6.31: Concentration of U-236 at the time point ¢ = 100[a] and

t = 10000[a).
this procedure, we can remain within the limits of a mandatory maximum

calculation time of one day.

TABLE 6.63: Computing the two-dimensional case.
Processors | Refinement | Number of | Number of Time for total
elements | time steps | one time step | time
30 uniform 75000 3800 5 sec. 5.5 h.

64 adaptive 350000 3800 14 sec. 14.5 h.

6.5.1.2 Three-Dimensional Model of Waste Disposal
In this example, we consider a three-dimensional model, because of the

interest in the three-dimensional effects of contaminants in the flow of ground-
We simulate approximately 10000[a] and focus on the important
We assume an

water.
contaminants flowing furthest with a high concentration.
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anisotropy domain of 6000[m] x 2000[m] x 1500[m] with different permeable
layers. We have calculated 28 components as presented in the two-dimensional
case. The parameters for the diffusion and dispersion tensor are given by:

D =1-10"m?/s] , ar = 4.0 [m] , ar = 0.4 [m], |v|mez = 6 - 107%[m/s],
p=2-10% Di = ar|v| and Dy = ar|v|, where the longitudinal dispersion
length is ten times bigger than the transversal dispersion. The source is sit-
uated at the point (4250.0,2000.0,1040.0) and the contaminants flow with a
constant rate. The underlying velocity fields are calculated with D3F, and
we added two sinks at the surface with the coordinates (2000, 2100, 2073) and
(2500, 2000, 2073).

We simulate the transport and the reaction of the contaminants with our
software package R3T. As a result, we can simulate the pumping rate of
the sinks needed to pump out all of the contaminated groundwater. We
present the velocity field in Figure 6.32. The groundwater flows from the
right boundary to the middle of the domain. Due to the impermeable layers,
the groundwater flows downward and pools in the middle part of the domain.
Because of the influence of the salt dome, salt wells up with the groundwater
and becomes incorporated into the lower middle part of the domain curls.
These parts are interesting for 3D calculations, and because of the curls, the
groundwater pools.

FIGURE 6.32: Flow field for a three-dimensional calculation.

We concentrate on the important component U — 236. This component
is less retarded and is drawn into the sinks. In the top images of Figures
6.33, we show the initial concentration at time point ¢ = 100 [a]. We present
the data in vertical cut planes. In the next picture, we present a cut plane
through the source term. In the bottom of Figures 6.33, the concentration is
presented at the end time point ¢ = 10000 [a]. The concentration has welled
from the bottom up over the impermeable layer and into the sinks at the top
of the domain.
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At the beginning of the calculation, we use explicit discretization meth-
ods with respect to the convection-dominant case. After the initializing pro-
cess, the contaminants are spread out with the diffusion process. We use the
implicit methods with larger time steps and could also calculate within the
mandatory time period even using a higher-order discretization method.

The computations are performed on a Linux PC-Cluster with 1.6 GHz
Athlon processor.

In Table 6.64, we report the results of the computations. We begin with
convergence results on uniform refined meshes. We confirm these results with
adaptive refined meshes and obtain the same results with smaller time steps.
We accomplished these calculations within the one-day mandatory computa-
tional time limit.

TABLE 6.64:

damage event.

Three-dimensional calculations of a realistic potential

Processors | Refinement | Number of | Number of Time for Total
elements | time steps | one time step | time

16 uniform 531264 3600 13.0 sec. 13.0 h

72 adaptive 580000 3600 18.5 sec. 18.5 h

Remark 6.29. Here the performance is obvious, based on the decoupling of
the equation into convection-reaction and diffusion parts. We could accelerate
the solution process with the most adapted discretization and solution meth-
ods. The resources are saved with direct ODE solvers for the reaction part and
the possibility of large time steps for the implicit discretized diffusion part.
For such problems a decoupling makes sense with regard to the parallelization
of the underlying solution methods.
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FIGURE 6.33: Concentration of U-236 at the time points ¢ = 100[a] and
t = 10000]a].
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6.5.2 Elastic Wave Propagation

In these sections, we focus on decoupling the wave equations motivated by
a realistic problem involving seismic sources and waves. The complicated wave
propagation process is decomposed into simpler processes with respect to the
directions of the propagation. We discretize and solve the simpler equations
by more accurate higher-order methods, see [76].

We verify, with test examples, these decomposition methods for linear
acoustic wave equations. Moreover, the delicate initialization of the right-
hand side, while using a Dirac function, is presented with respect to the de-
composition method. The benefit of spatial splitting methods, applied to
multidimensional operators, is discussed in several examples.

6.5.2.1 Real-Life Application of Elastic Wave Propagation

In this application, we refer to our underlying model equations presented
in Section 1.2.2. Based on these equations, we discuss their discretization and
decomposition.

We focus on a LOD method, which can be improved to a higher-order split-
ting method. Such ideas are discussed in Subsection 6.4.2. The higher-order
scheme for the real-life application problem has involved the approximations
of time and space; we also focus on how the Dirac function is approximated.
Based on the barrier of the fourth-order splitting scheme, we can improve such
LOD methods with higher-order time discretization schemes, see also [33].
Further improvement to the splitting scheme can be done with an embedded
iterative splitting scheme, such that we can balance the time discretization
and splitting errors, which is discussed in Subsection 6.4.2.

During numerical testing we have observed a need to reduce the allowable
time step in the case where the ratio of A to pu becomes too large. This is
likely to be due to the influence of the explicitly treated mixed derivative. For
really high ratios ( > 20), a reduction of 35% was necessary to avoid numerical
instabilities. Here we discuss elastic wave propagation given as a system of
linear wave equations, as introduced in Chapter 1.

6.5.2.2 Basic Numerical Methods

The standard explicit difference scheme with central differences was intro-
duced in [5]. To save space, we first give an example in two dimensions.

We discretize uniformly in space and time on the unit square. We then
get a grid €, with grid points x; = jh,yr = kh, where h > 0 is the spatial
grid size, and a time interval [0, T] with the time points t,, = n7,, where 7,
is the equidistant time step. The indices are denoted as j € {0,1,...,J},
ke {0,1,...,K},and n € {0,1,..., N}, with J, K, N € N*. If we define the
grid function by U}, = U(zj, yk, tn) with U = (u,v)T or U = (u,v,w), the
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basic explicit scheme is given by

n+1 n n—1
Uie =205 + Uy,

p — MU+ ) (6.206)

where M is a difference operator:

2 2 050,,.
Mo = (2 i ) 200
and we use the standard difference operator notation:
0 vjp = %(Uﬂ—l,k —vjk)s Oy vik =0 vi1e, O = % (0F +97),
and

02 =050, .
M approximates uV2I + (A + u)V(V-) to the second order, where I is the

identity matrix. This explicit scheme is stable for time steps satisfying

W< —— . 2
™ < (6.208)

Replacing My by My, we have a fourth-order difference operator given by
(A +20) (1 - 4502) 02 + (1 - B02) 02
(A p) (1-202) 00 (1- Ba2) of
) (1-Eaz)on (1- 2oz o)
(A + 240) (1 . ’;—285) 02+ (1 . %ag) 82

My =

. (6.209)

and using the modified equation approach [33], we obtain the explicit fourth-
order scheme

urtt —oun, + UM
p ik 3.k gk = MUN A+ [ (6.210)

2
Tn

|3w

-
+1 (MQU;,L]C + szz’lj + 8ttfﬁj),

[\

where My is a second-order approximation to the (uV2I + (A + M)V(V-))2

operator, i.e., the right-hand side operator squared. As M5 only needs to be
accurate to the second order, it has the same extent in space as My, and no
more grid points are used. The extra terms on the right-hand side are used to
eliminate the second-order error in the approximation of the time derivative,
and we obtain a fully fourth-order scheme.
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n [148], the following implicit scheme for the scalar wave equation was
introduced:
n+1 n n—1
pU it-2un + Ul o

2
Tn

= My (U + (1= 20)U7, + 007 ) (6.211)
HOFE 4 (L= 20)f7 + 0F

When 6 = 1/12, the error of this scheme is the fourth order in time and space.
For this 6 value it is, however, only conditionally stable.

In order to make it competitive with the explicit scheme (6.210), we will
provide operator split versions of the implicit scheme (6.211). The presence of
the mixed derivative terms, that couple different coordinate directions, makes
the creation of split versions complicated.

6.5.2.3 Fourth-Order Splitting Method

Here, we present a fourth-order splitting method based on the basic scheme
(6.211). We split the operator My into three parts: Mgy, My,, and Mgy,
where we have

[ G2 (1 - ’ﬁag) 82 0
Moo 0 w(1-goros)o: )
(eeEmaE
My = ;)2 ' (/\+2M)( —Ea;‘)a ’
My, = My — Myg — My,

Our proposed splitting method has the following steps:

Ur, —20m, + Ut
p .k J,2k gk = MU, (6.212)

HOLTE (1= 20)f7 + 057,

L ;22U}5k = 0M,, (U7 — 207+ U751) (6.213)
+gM” (U7 - 207+ U

3. p@ = 0Mo, (U =207, + U7 (6214)
+§Mm, (Ugi - 20p + U

Here the first step is explicit, while the second and third steps treat the deriva-
tives along the coordinate axes implicitly and the mixed derivatives explicitly.
This is similar to how the mixed case is handled for parabolic problems, see
[16].
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6.5.2.4 Initial Values and Boundary Conditions

In order to start the time stepping scheme, we need to know the values
at two earlier time levels. Starting at time ¢ = 0, we know the value at level
n =0 as U’ = go. The value at level n = —1 can be obtained by the Taylor
expansion as follows:

U’l—UO—78U0+ﬁ8 Uo—ia U0+ia U°+0(r%), (6.215)
= t 5 tt 6 ttt 2 tttt T ) .

where we use

WU = g1 (6.216)
attUjO,k ~ % (M490j,k) + fj,k) ) (6.217)
Uy =~ % (Magrji) +0:f51) (6.218)
D% =~ % (M3goj1) + Maf% p +0uf% k), (6.219)

and also for (6.218) and (6.219).
The approximation of our right-hand side is given as

1. _ -1
oy ~ Ttk (6.:220)
: T
L L
Ouf’in ~ T in fﬂj T ik, (6.221)
: po

We are not considering the boundary value problem and thus we will not
be concerned with constructing proper difference stencils at grid points near
the boundaries of the computational domain. We have simply added a two-
point-thick layer of extra grid points at the boundaries of the domain and
assigned the correct analytical solution at all points in the layer for every
time step.

Remark 6.30. For the Dirichlet boundary conditions, the splitting method,
see (6.212)—(6.214), also conserves the conditions. For the three equations,
i.e., for U*, U**, and U™t!, we can use the same conditions.

For the Neumann boundary conditions and other boundary conditions of
higher order, we also have to split the boundary conditions with respect to
the split operators, see [166].

6.5.2.5 Test Example of the 2D Wave Equation

The first test example is a two-dimensional example. The splitting method
is presented in Subsection 6.5.2.3 as well as the model equations.
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We apply to the first test case a forcing function given as

f= (sin(t — z)sin(y) — 2usin(t — z) sin(y)
— (A + p)(cos(z) cos(t — y) + sin(t — x) sin(y)),
sin(t — y) sin(z) — 2V s?sin(z) sin(t — y)

—(A+ p)(cos(t — x) cos(y) + sin(y) sin(t —y)))",  (6.222)
giving the analytical solution
U = (sin(z — t)sin(y), sin(y —t) sin(a:))T. (6.223)

Using the splitting method, we solved Equation (1.2) on a domain =
[—1,1] x [-1,1] and time interval ¢ € [0,2]. We used two sets of material
parameters; for the first case p, A, and p were all equal to one, for the sec-
ond case p and p were one, and A was set to 14. Solving on four different
grids with a refinement factor of two in each direction between the successive
grids, we obtained the results shown in Table 6.65. For all test examples,
the equidistant time step is given as 7 = 0.0063. The errors are measured in
the Loo-norm defined as ||U; x|| = max (max; k |u; x|, max;  |v; k|). As can be

TABLE 6.65: Errors in max-norm for decreasing h and
smooth analytical solution U'. Convergence rate indicates
fourth-order convergence for the split scheme.

Grid step | Time t =2, ey, = ety = ||U" — Erue||
h case 1 log, () case 2 log, ()
0.05 1.7683e-07 2.5403e-07

0.025 1.2220e-08 3.855 2.1104e-08 3.589
0.0125 | 7.9018e-10 3.951 1.4376e-09 3.876
0.00625 | 5.0013e-11 3.982 9.2727e-11 3.955

seen, we get the expected fourth-order convergence for problems with smooth
solutions.

To check the influence of the splitting error Ny ¢ on the error, we solved the
same problems using the nonsplit scheme (6.211). The results are shown in
Table 6.66. The errors are only marginally smaller than for the split scheme.

6.5.2.6 Singular Forcing Terms

In seismology and acoustics, it is common to use spatial singular forcing
terms that can look like

f=Fo(x)g(t), (6.224)

where F is a constant direction vector. A numeric method for Equation (1.2),
see Chapter 1, needs to approximate the Dirac function correctly in order
to achieve full convergence. Obviously, we cannot expect convergence close
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TABLE 6.66: Errors in max-norm for
decreasing h and smooth analytical solution
Ut and using the nonsplit scheme.
Comparing with Table 6.65 we see that the
splitting error is very small for this case.

Time t = 2,
Grid step | e, = erry ., = ||[U" — U™ ||
h case 1 case 2
0.05 1.6878e-07 2.4593e-07
0.025 1.1561e-08 2.0682e-08
0.0125 7.4757e-10 1.4205e-09
0.00625 | 4.8112e-11 9.2573e-11

to the source as the solution will be singular for two- and three-dimensional
domains.

The analyses in [196] and [200] demonstrate that it is possible to derive
regularized approximations of the Dirac function, that result in pointwise
convergence of the solution away from the sources. Based on these analyses, we
define one second- (dy,2) and one fourth- (§;4) order regularized approximation
of the one-dimensional Dirac function,

L[ 1+3 —h<E<o,
Op2(z)=—-4¢ 1—12, 0< 2 <h, (6.225)
h
0, elsewhere,
1+ 43 %:zuégz?’, —2h < & < —h,
] 1+%9~c—~—%~7 ~h <% <0,
Opa(Z) = 7 1-— %:E — 324 5~37 0<% <h, (6.226)
1~ ~ ~ ~
1— 5@ +i? - 3a°, h <& < 2h,
0, elsewhere,

where £ = z/h. The two- and three-dimensional Dirac functions are then
approximated as dp,2,4(Z)0p,2,4(7) and dp,2,4(%) 52,4 (§)Op2.4(2). The chosen time
dependence was a smooth function given by

S i L I S

which is C*°. Using this forcing function, we can compute the analytical
solution by integrating the Green’s function given in [46]. The integration
was done using numerical quadrature routines from MATLABY. Figures
6.34 and 6.35 show examples of what the errors look like on a radius passing
through the singular source at time ¢ = 0.8 for different grid sizes h and the
two approximations dp2 and §p,4.
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We see that the error is smooth and converges a small distance away from
the source. However, using d;2 limits the convergence to the second order,
while using §,,4 gives the full fourth-order convergence away from the singular
source.

5 i

—10F 4

2-logarithm of lerrorl
&
o
T

-40
-1 ) ) ) -02 0 ) ) ) . 1

distance from source

FIGURE 6.34: The 2-logarithm of the error along a line going through
the source point for a point force located at z = 0,y = 0, and ap-
proximated in space by (6.226). Note that the error decays as O(h%)
away from the source, but not near it. The grid sizes were h =
0.05 (—-), 0.025 (), 0.0125 (—), 0.00625 (*). The numerical quadrature had an
absolute error of approximately 101! ~ 2736, 50 the error cannot be resolved
beneath that limit.

When t > 1, the forcing goes to zero and the solution will be smooth
everywhere. Table 6.67 shows the convergence behavior at time ¢ = 1.1 for
four different grids. Note that full convergence is achieved even if the lower
order §y,2 is used as an approximation for the Dirac function.

The convergence rate approaches 4 as we refine the grids, even though the
solution was singular up to time ¢ = 1.

We implemented the 2D case in MATLAB® on a single CPU. Further
computations were also done on multiple CPUs with optimal speed.

The spatial grid steps are given as
h = Az = Ay = Ay € {0.05,0.025,0.0125,0.00625,0.003125} and the time
step is given as 7 = 0.0063. The material parameters for the elastic wave
propagation equations are A =1, y =1, and p = 1. The total number of grid
points is about 26000.
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FIGURE 6.35: The 2-logarithm of the error along a line going through the
source point for a point force located at x = 0,y = 0, and approximated in
space by (6.225). Note that the error only decays as O(h?) away from the
source. The grid sizes were h = 0.05 (—-), 0.025 (-), 0.0125 (—), 0.00625 ().

TABLE 6.67:

Errors in max-norm for

decreasing h and analytical solution U*'ue,
Convergence rate approaches fourth-order
after the singular forcing term goes to zero of
the two-dimensional split scheme.

Time t = 1.1,
Grid step | e, = erry ., = ||[U" — U™ ||
h case 1 log, ()

0.05 | 1.1788¢-01

0.025 | 1.4146¢-05 3.0588

0.0125 | 1.3554e-06 3.3836
0.00625 | 1.0718e-07 3.6606
0.003125 | 7.1890e-09 3.8981
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A visualization of this elastic wave propagation is given in Figures 6.36
and 6.37.

To visualize the influence of the singular point force for the 2D computa-
tion, we use the x-component of the solution at time ¢ = 1 over the normed
domain [—1,1] x [—1,1].

FIGURE 6.36: The z-component of the solution for a singular point force
at time ¢ = 1 and spatial grid step h = 0.0125.

6.5.2.7 Computational Cost of the Splitting Method

For a two-dimensional problem, the fourth-order explicit method (6.210)
can be implemented using approximately 160 floating point operations (flops)
per grid point.

The splitting method requires approximately 120 flops (first step) plus 2-
times 68 flops (second and third step) for a total of 256 flops. This increase of
about 60% in the number of flops is somewhat offset by the larger time steps
allowed by the splitting method, especially for “nice” material properties,
making the two methods roughly comparable in computational cost.

6.5.2.8 A Three-Dimensional Splitting Method

As for the splitting method discussed for two dimensions in Section 6.5.2.5,
we extend the splitting method to three dimensions in the applications. There-
fore, a first discussion of the discretization and decomposition of the operator


http://www.crcnetbase.com/action/showImage?doi=10.1201/b10947-7&iName=master.img-7038.jpg&w=321&h=241
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is important. In three dimensions, a fourth-order difference approximation of
the operator becomes

(/\ + 2,&) <1 — %DmQ) l)m2 —+ i (1 — %DQQD?JQ +1-— %DZQ) DzQ
(A+p) (1-%D"*) D§ (1- % D**) DY
(A +p) (1 - 2D*?) D (1 - % D*?) D;

My

(A+p) (1= %2D°2) D (1- % Dv?) DY
7.2 2 xT x 742 r4 r4
(A +20) (1= 5Dv2) D2 + 4 (1= 5072) D*2 4 (1 - 15D72) D=2
2 2
(\+p) (1-£D2) D5 (1~ &Dv?) DY

(A +p) (1 -2 p*2) Dg (1 - 2 D*?) Dg

(A +p) (1 -2 D¥?) DY (1 - 22 D?) Dg
()\+2M) (1_ %D’Z?Dﬂ—l—u(l— %Dm2> Dr2+1_ %D92> Dy2
(6.228)
where D*2, D¥% D*? are central difference approximations of the second deriva-
tives 02,02,02, and Dg, DY, D§ are central difference approximations of the

x) Yy Yz

first derivatives 0z, 0y, 0.

The operator (6.228) is applied to grid functions U}, ; defined at grid
points x;, yx, 21, t, similarly to the two-dimensional case.

We can split My into six parts; Myg, My, M., containing the three
second-order directional difference operators, and My, M, ., M. containing
the mixed difference operators.

We could split this scheme in a number of different ways depending on
how we treat the mixed derivative terms. We have chosen to implement the
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following split scheme in three dimensions:

* n n—1
pUj,k,l —2U5% 0+ Ujra

1. % = MUY, (6.229)
0L+ (U= 20)f70, + 0F]500),

N f,z,zT—sz,k,l — M., ( = 2UT U ll) (6.230)
—1—% (Mgy + My2) ( e — 22U + U 11>

. pU;ZTz;U;Z,l —OM,, ( =20 + U }) (6.231)
+g(sz+Myz) ( Tra — 2U; kl+UJnkl1>

4. pL%Um = O0Myy (an;jll U5k + ank_ll) (6.232)

9 ok ok n n—
+§ (Mg + M,y2) ( Gkt — 205 + Uj,le) .

Properties such as the splitting error, accuracy, stability, etc., for the three-
dimensional case are similar to those of the two-dimensional case treated in
the earlier sections.

6.5.2.9 Test Example of the 3D Wave Equation

We have performed some numerical experiments with the three-dimensional
scheme in order to test its convergence and stability. We apply our splitting
scheme, presented in Subsubsection 6.5.2.8, and use a forcing

f = (= (=14 X+4p)sin(t — z)sin(y) sin(z) —
(A + p) cos(x)(2sin(t) sin(y) sin(z) + cos(t) sin(y + 2)),
—(=14 A+ 4p)sin(z) sin(t — y) sin(z) —
(A + p) cos(y)(2sin(t) sin(z) sin(z) + cos(t) sin(x + z)),

—(A+ p) cos(t — y) cos(z) sin(z) — sin(y) (A + u) cos(t — z) cos(z) +
(=14 X+ 4p) sin(z) sin(t — z)))T, (6.233)
giving the analytical solution
Utte = (sin(z —t)sin(y) sin(z),
sin(y — t) sin(x) sin(z),
sin(z — t) sin(x) sm(y))T. (6.234)

As in the earlier examples, we tested this for a number of different grid sizes.
Using the same two sets of material parameters as for the two-dimensional
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TABLE 6.68: Errors in max-norm for decreasing h
and smooth analytical solution U'™"¢. The convergence
rate indicates fourth-order convergence of the
three-dimensional split scheme.

t=2 e, =errpr,. = ||U" — U™
h case 1 logy (%) case 2 log,y (22)
0.1 4.2986e-07 1.8542¢-06

0.65 3.5215e-08 3.61 1.3605e-07 3.77
0.025 | 3.0489e-09 3.53 8.0969e-09 4.07
0.0125 | 2.0428e-10 3.90 4.7053e-10 4.10

case, we computed up to t = 2 and checked the maximum error for all com-
ponents of the solution. The results are given in Table 6.68.

We implemented the 3D case in MATLAB® on a single CPU. Further
computations were also done on multiple CPUs with optimal speed.

The spatial grid steps are given as:
h=Ax = Ay = Ay € {0.1,0.05,0.025,0.0125}.

Further, the time step is given as 7 = 7 = 0.0046. The parameters for this
elastic wave propagation are A = 14, p = 1, and p = 1. We obtain a total
number of grid points of about 1 10°.

The initial solution is given as U = 0.

In Figure 6.37, we visualize the influence of the singular point force for the
3D computation using the y-component on a plane. The solution is given at
the time ¢ = 1 and at the normed domain [—1,1] x [-1,1] x [—1, 1]. Further-
more, the isosurfaces for the solution U are also visualized to show the wave
fronts.

Remark 6.31. Our splitting scheme has been shown to work well in practice
for different types of material properties. It is comparable to the fully explicit
fourth-order scheme (6.210) in terms of computational cost, but should be
easier to implement, as no difference approximations of higher-order operators
are needed. To improve the accuracy and reduce the time splitting error, we
have also applied an embedded iterative splitting scheme, see also [85] and [92].
Here, a further problem is to reduce the spatial discretization error with fine
spatial grids or more accurate schemes, before reducing the time discretization
error, see [77].

A vital component of a model in seismology is the stable higher-order
approximation of the boundary conditions. Such implementation can also be
done in a more general setting; some cases are discussed in [85].
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FIGURE 6.37: Contour plot of the y-component on a plane for the 3D case
with a singular force. The isosurface for ||U]| is also included.

6.5.3 CVD Apparatus: Optimization of a Deposition
Problem

We base our study on controlling the growth of a thin film that can be
done by CVD (chemical vapor deposition) processes [162, 170, 179]. In recent
years, the production of thin films by low temperature and pressure deposi-
tion has increased enormously. The low temperature and low pressure allow
one to deposit a new class of so-called MAX-phase material [12], which has
high electrical conductivity and heat conductivity characteristics on cheap and
well-known metallic materials, e.g., steel. Such critical processes have to be
simulated with knowledge of the underlying transport models to control the
positions and forms of the sources, e.g., point, fractal, or line sources.

We apply such models as are related to mesoscopic scale modeling, [115],
with respect to flows close to the wafer surface. Such a wafer surface can be
modeled as a porous substrate, [185]. A further model is done by considering
the connection between the CVD process and porous media, while dealing
with porous ceramic membranes and/or gas catalysts (Argon, Xenon), which
are porous medias. These membranes and gas catalysts are inlets in the
chamber of the CVD apparatus and the gas stream has to go through these
porous media, [25]. For membrane applications, proper modeling in pore size
(distribution) is essential. We concentrate on modeling the gas chamber with
a porous medium inlet and consider the target substrate as a further porous
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medium. We assume a stationary homogeneous and nonionized plasma that
does not interact with the gaseous species, [162]. For such a homogenous
plasma we have applied our expertise in modeling transport through a porous
medium. The first model is based on the gas mixture velocity that can be
simulated by the flow through the chamber (homogeneous porous medium)
and the flow into the porous substrate (target). These techniques are the
initial stage of the electrochemical vapor deposition (EVD) introduced by
Westinghouse Electric Corporation and discussed in [203] for the deposition of
a thin dense layer on the top of a porous substrate. To improve the modeling of
the gaseous flow to the gas chamber, we deal with the so-called far-field model
based on a porous media. Here the plasma can be modeled as a continuous
flow [115]. We assume a near vacuum and a diffusion-dominated process,
derived from the Knudsen diffusion, [25]. In such viscous flow regimes, we
deal with small Knudsen Numbers and a pressure of nearly zero.

In Figure 6.38, the gas chamber of the CVD apparatus is shown, which is
done with a porous media.

gas stream o
(single gas)Y T1, Si, C

~— porous media

OO0 00030 O e.g., ceramic membran,

OOQOOOOO 00 OOO or gas catalyst (Argon)

gas stream Tiz S1 G
(mixture)

FIGURE 6.38: Gas chamber of the CVD apparatus.

To solve the model, we concentrate on discretization methods that take
into account the individual time and spatial scale of each part of the equation.
The reaction and source terms can be treated with fast Runge-Kutta (RK)
methods, where the convection-diffusion parts are solved with splitting semi-
implicit finite volume methods and characteristic methods, [73].

The numerical results treat the applications in the production of so-called
metallic bipolar plates. Next we discuss mathematical model.
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6.5.3.1 Mathematical Model

In the following, the models are discussed in terms of far-field and near-
field problems:

1. Reaction-diffusion equations [115] (far-field problem);
2. Boltzmann-lattice equations [190] (near-field problem).

The modeling is characterized by a Knudsen Number, which is the ratio of the
mean free path A to the typical domain size L. For small Knudsen Numbers
Kn =~ 0.01 — 1.0 we deal with a Navier-Stokes equation, whereas for large
Knudsen numbers Kn > 1.0 we deal with a Boltzmann equation [179].

We concentrate on a far-field model and assume a continuum flow, and
that the fluid equations can be treated with a Navier-Stokes equation. For
simplification we deal with a constant velocity field. The transport of the
species in the gas chamber is modeled with a convection-diffusion-reaction
equation, see:

du+V-F—R, = 0,inQx[0,4, (6.235)
F = vu— DVu,

u(z,t) = wo(x), on L, (6.236)

u(z,t) = wi(x,t), on N x [0,¢], (6.237)

where w is the molar concentration and F' is the flux of the species. v is
the flux velocity through the chamber and porous substrate [185]. D is the
diffusion matrix and R, is the reaction term. The initial value is given as
up and we assume a Dirichlet boundary condition with the function wui(z,t)
sufficiently smooth.

The diffusion in the modified CVD process is given by the Knudsen diffu-
sion, [25]. We consider the overall pressure in the reactor to be 200 Pa and
the substrate temperature to be about 600 — 900 K. The pore size in the
porous substrate is 80 nm (nanometer).

The diffusion is described by:

2epgvr

D= 2
SRT (6.238)

where € is the porosity, ux is the shape factor of the Knudsen diffusion, r
is the average pore radius, R and 7T are the gas constant and temperature,
respectively, and v is the mean molecular speed, given by:

8RT
W’
where W is the molar mass of the diffusive gas.

For the homogeneous reactions, during the CVD process we take a constant
reaction of Si, T, and C' given by:

38i + Ti + 2C — SisTiCs, (6.240)

v =

(6.239)
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where Si3TiCy is the MAX-phase material that deposits at the target.

For simplicity, we do not consider the intermediate reaction with the pre-
cursor gases, [162].

The reaction rate is then given by:

(354 M [T N [2C]°
[SisTiCy]t

where k,. is the apparent reaction constant, and L, M, N,O are the reaction
orders of the reactants.

The velocity in the homogeneous substrate is modeled by a porous medium
[17, 141]. We have assumed a stationary medium, e.g., nonionized plasma or
nonreactive precursor gas. Furthermore, the pressure can be assumed with
the Maxwell distribution as [162]:

A=k,

(6.241)

p = pbT, (6.242)

where b is Boltzmann constant and 7T is the temperature.

We have modeled the velocity by partial differential equations. Here we
assume the gaseous flow is a nearly liquid flow through the porous medium.
We can therefore derive by Darcy’s law:

k
v = —;(Vp - 09), (6.243)

where v is the velocity of the fluid, k is the permeability tensor, p is the
dynamic viscosity, p is the pressure, g is the vector of the gravity, and p is the
density of the fluid.

We use the continuum equation of the particle density and obtain the
equation of the system, which is taken as our flow equation:

O(dp) +V - (pv) = Q, (6.244)

where p is the unknown particle density, ¢ is the effective porosity, and @ is
the source term of the fluid. We assume a stationary fluid and consider only
divergence-free velocity fields, i.e.,

V-v(z)=0, z€Q. (6.245)

The boundary conditions for the flow equation are given by:
p = p(t,y), t>0, €09, (6.246)
n-v = mg(ty), t>0, €0, (6.247)

where n is the normal unit vector with respect to 92 and we assume that the
pressure p, and flow concentration my are prescribed by Dirichlet boundary
conditions [141].

From the stationary fluid, we assume that conservation of momentum for
velocity v holds [114, 141]. So we can neglect the computation of the momen-
tum for the velocity.
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Remark 6.32. For the flow through the gas chamber, for which we assume a
homogeneous medium and nonreactive plasma, we have considered a constant
flow [129]. A further simplification is given by the very small porous substrate,
for which we can assume the underlying velocity in a first approximation as
being constant [179].

Remark 6.33. For a nonstationary medium and reactive or ionized plasma,
we have to take into account the relations of the electrons in the thermal
equilibrium. Such spatial variation can be considered by modeling the electron
drift. Such modeling of the ionized plasma is done with Boltzmann relation,
[162].

6.5.3.2 Parameters of the Two-Dimensional Simulations

In the following we assume the transport and reaction of a single species,
where A is the silicon species and B is the end product Ti35iCy (Max-phase
species). The parameters of the evolution equation, see Section 1.2.3, are
given in Table 6.69.

TABLE 6.69: Model parameters for the two-dimensional

simulations.
Density p=1.0
Mobile porosity ¢ =0.333
Immobile porosity ®im = 0.0
Diffusion D =0.0
Longitudinal dispersion ar =0.0
Transversal dispersion ar =95.0
Retardation factor R =10.0 10~* (Henry rate)
Velocity field v = (0.0,—4.0 10~8)*
Decay rate of species of first species Aop =210"8
Geometry (2D domain) Q) =10,100] x [0, 100]
Boundary Neumann boundary on
top, left, and right boundaries
Outflow boundary
on the bottom boundary

For the discretization methods of the coupled transport-reaction equation,
we use, for the spatial discretization, a finite volume method for unstructured
grids. For the time discretization, we apply Crank-Nicolson or fractional step
methods.

The finite volume method of the second order has the following parameters,
described in Table 6.70.

The time discretization methods of the second order (Crank-Nicolson) has
the following parameters, described in Table 6.71.

For the solution method, which is a combination of CG (conjugate gradi-
ent) and the multigrid method, see [8] and [119], we have also embedded a
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TABLE 6.70: Spatial discretization parameters for the
two-dimensional simulations.

Spatial step size AZpin = 1.56, AZpnee = 2.21
Refined levels 6
Limiter Slope limiter
Test functions Linear test function
Reconstructed with neighbor gradients

TABLE 6.71: Time discretization parameters for the
two-dimensional simulations.

Initial time step Atinie = 5 107
Controlled time step | Atez = 1.298 107, Atynin = 1.158 107
Number of time steps 100, 80, 30, 25
Time-step control Time steps are controlled with
the Courant number CFL,,q, = 1

splitting method to decouple the problem into a transport part and a reac-
tion part. Here the transport part is solved after spatial discretization with
iterative solution schemes, while the reaction part is an ordinary differential
equation and can be solved analytically or with fast ODE solvers.

The solver parameters are given in Table 6.72.

TABLE 6.72: Solution methods and their parameters for
the two-dimensional simulations.

Solver BiCGstab (biconjugate gradient method)

Preconditioner Geometric multigrid method

Smoother Gauss-Seidel method as smoother for

multigrid method

Basic level 0

Initial grid Uniform grid with two elements
Maximum level six

Finest grid Uniform grid with 8192 elements

Remark 6.34. We also applied a more refined grid and obtained at least the
same needed accuracy. The splitting method is embedded and we solve the
reaction part analytically, whereas the transport part is solved numerically.
For the iterative scheme we choose two iterative steps, because of the under-
lying second-order time and spatial discretization scheme.

Such an order barrier can be improved by higher-order time and spatial dis-
cretization schemes, such that it makes sense to improve additional the itera-
tive steps, see the discussion in [82].
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In the following section we describe the optimization of a deposition method.

6.5.3.3 Experiments with the Plasma Reactor (Two-Dimensional)

In the following we discuss the projects of the plasma reactor.

We discuss the optimization of layer growth and the optimal growth rate
of a single species, and we propose in our simulation that C' carbon dominates
the process for the Max-phase materials [12].

Optimization of layer growth

In this project, we optimize the underlying layer growth with respect to
the sources of the deposition material. We have just one source to deposit on
the target and to simulate the dominant species, i.e., carbon. Our intention
is to get a homogeneous layer at the target. An industrial partner is needed
to replace gold or silver, which can be controlled to provide a homogeneous
layer at the target [189]. Financial constraints impose the requirement of a
cheap material, e.g., Max-phase material [12].

In our contribution we present ideas for obtaining the homogeneous layer.

In Figure 6.39, we show the optimal deposition rates to obtain a homoge-
neous layer.

optimal deposition

deposition rate /

interval

not optimal deposition

time

FIGURE 6.39: Amount of optimal deposition rates with respect to the
deposition time.

We contribute the following ideas:
Idea 1

We propose to optimize the source of the deposition material with respect
to a time-dependent source that moves up and down in the y-direction. So
we obtain a deposition along the length of the target layer.

Here we simulate two experiments, in each of which the time steps are
equal to 200.
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In the first experiment, we take the moving distance steps to be equal to
five, and in the second experiment we take the moving distance step to be
equal to ten.

In Figure 6.40, we present the experiment of a single source with moving
distance steps equal to five.

In Figure 6.41, we present the deposition rates of the experiment of a single
source with moving distance steps equal to five.

In Figure 6.42, we present the deposition rates of the second experiment
of the single source with larger moving steps.

Remark 6.35. The two experiments yield different deposition rates. Smaller
moving steps yield an improved deposition, so we can see the more homoge-
neous rates in the first experiment. The comparison between Figures 6.41 and
6.42 shows that Figure 6.41 gives us a better result in the deposition rates
than Figure 6.42. It is nearly stable and has no peaks.

In the future we will test other moving distance steps to obtain the best
result.

Idea 2

We propose to take many small sources, so called point sources, in the
y-direction.

Here, we obtain over the whole target layer the influence of the deposition
material, but for the whole time period.

We performed many experiments, in all of which the time steps are equal
to At = 200. The concentration of each source alternates from 1 to 0 and from
0 to 1 during a small time interval. In the following we will see the results
of just two experiments, the parameters of the source positions are given in
Table 6.73.

TABLE 6.73: Experiments with the second deposition idea for the two-
dimensional simulations.

No. of No. of Source Distance of
Experiment | Sources Positions Sources
1 3 (50.50), (50.40), (50.60) 10
2 5 (50.40)(50.45)(50.50)(50, 55)(50.60) 5

In Figure 6.43, we present the deposition rate of the first experiment with
the second idea when it involves three single sources.

In Figure 6.44, we present the deposition rate produced by the second idea
when it involves five point sources and different positions of the sources.

Remark 6.36. The amount of sources plays an important role in enlarging
the deposition time and improving the layering. Here, with five sources, we



NUMERICAL EXPERIMENTS 229

obtain a more homogeneous profile of the deposition. The comparison between
Figures 6.43 and 6.44 shows that both figures have nearly the same results.
The deposition rates are not stable and we obtain many peaks. Incidentally,
Figure 6.44 has higher deposition rates that are embedded in the optimal rates
(see Figure 6.39).

In the future we will use a greater number of point sources to obtain the
best homogeneous layer at the target.

Idea 3

In the next experiments we propose an area source in the z-y plane.

The variations occur in the areas of the sources and the different distances
from the target layer.

We did two experiments with far-field sources and time steps equal to 200,
and two experiments with near-field sources and time steps equal to 250. The
parameters of the area sources are given in Table 6.74.

TABLE 6.74: Experiments with the third idea of an
area source for the two-dimensional simulations.

No. of Type of Area of Time steps
Experiment | Sources Sources At
1 Fare | (50,55) x (30,70) 200
2 Fare | (50,55) x (40, 60) 200
3 Near | (75,80) x (20, 80) 250
4 Near | (75,80) x (40, 60) 250

In the first experiment, we take a value of x between 50 and 55, and a
value of y between 30 and 70.

In Figure 6.45, we present the large area source when the value of x ranges
from 50 to 55, and the value of y ranges from 30 to 70 with time steps equal
to 200.

In Figure 6.46, we present the deposition rate of the large area source when
the value of x ranges from 50 to 55, and the value of y ranges from 30 to 70
with time steps equal to 200.

In the next experiments, we take a value of x from 75 to 80 and a value of
y from 20 to 80.

In Figure 6.47, we present the deposition rate of a large area source.

In the last experiment, we take a value of x from 75 to 80, and a value of
y from 40 to 60.

In Figure 6.48, we present a small area source when the value of x is from
75 to 80, and the value of y is from 40 to 60 with time steps equal to 250.

In Figure 6.49, we present the deposition rate of the small area source.

Remark 6.37. In the last experiment, we obtained the benefit of an area
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source that can be controlled to deposit a homogeneous layer of the new
material. The controlling of the deposition rate can be done more simply
with area sources that cover the deposition area, than with moving sources
or multiple point sources. The deposition rates are covered in the constraint
interval.

Incidentally, we may compare Figures 6.41, 6.44, and 6.47 and we see that
the best result is from Figure 6.47, which is very stable and has a homogeneous
layer.
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time (in ns) : 2.472E+07

time (in ns) :6.618E+08

time (ns) : 1.291E+9

FIGURE 6.40: Source is moving in the y-direction with moving distance
step Ay = 5.
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FIGURE 6.41: Deposition rates for the case of a source moving in the
y-direction with moving distance step 5.
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FIGURE 6.42: Deposition rates for the case of a source moving in the
y-direction with step dy = 10.
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FIGURE 6.43: Deposition rates in the case of three point sources in the
y-direction with moving distance step dy = 10 and x = 50.
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FIGURE 6.44: Deposition rates in the case of five point sources in the
y-direction with moving distance step dy = 10, = 50.
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time (in ns) : 2.472E+07

time (in ns) : 6.618E+08

time (in ns) : 1.292E+09

FIGURE 6.45: Line source, x between 50 and 55, y between 30 and 70.
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FIGURE 6.46: Deposition rates in the case of a line source,  between 50
and 55, y between 30 and 70.
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FIGURE 6.48: Line source, x between 75 and 80, y between 40 and 60.
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FIGURE 6.49: Deposition rates in the case of a line source,  between 75

and 80 y, between 40 and 60.
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FIGURE 6.50: Comparison of the various sources.

Remark 6.38. Figure 6.50 compares the deposition rates resulting from the
three ideas: we can see that the best result is achieved with the third idea —a
line source— but it is more expensive than the other ideas; in the future we will
try a combination of the point sources and the line sources, or a combination
of all three ideas. That means we can take many point sources and let these
sources move in time.

Conclusions

We present a continuous and kinetic model involving the far-field effect.
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The connection between transport through a gas chamber and a porous sub-
strate is shown by the use of plasma as a gaseous substrate. We explain the
different scale models and can predict the flow of the reacting chemicals on
the scale of the chemical reactor. For the mesoscopic scale model we demon-
strate the multiscale discretization and solver methods. Numerical examples
are presented to discuss the influence of the near-continuum regime at the
thin film. The modeling of various inflow sources can describe the growth of
the thin film at the wafer. As a result, a combination of multiple point and
line sources can control the delicate growth process and yield a homogeneous
layer at the target.

6.5.3.4 Parameters of the Three-Dimensional Simulations

In the following we assume the transport and reaction of a single species,
where A is the silicon species and B is the end product T'i35iC> (Max-phase
species).

For computational reasons, we scale all the parameters to the velocity
(v, vy, v:)" = (0,—1,0)". For our main goal, of verification, we need only
qualitative results, but we can also shift the results to the two-dimensional
parameters.

The parameters of the transport-reaction equations, discussed in Section
1.2.3, are given in Table 6.75.

TABLE 6.75: Model parameters for the three-dimensional
simulations.

Density p=1.0
Mobile porosity ¢ =0.333
Immobile porosity 0.0
Diffusion D=1.010"3
Longitudinal dispersion ar =1.0
Transversal dispersion ar =1.0
Retardation factor R =1.0 (Henry rate)
Velocity field v = (0.0,—1.0,0.0)*
Decay rate of species of first species Mg =210"8
Geometry (3D domain) Q =10,100] x [0,100] x [0, 100]
Boundary Neumann boundary on
top, left, and right boundaries
Outflow boundary
on the bottom boundary

We apply finite volume methods to achieve the spatial discretization and
the Crank-Nicolson method for the time discretization.

The parameters of the finite volume method of the second order are given
in Table 6.76.
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TABLE 6.76: Spatial discretization parameters for the
three-dimensional simulations.

Spatial step size
Refined levels
Limiter
Test functions

Axpin = 1.56, Ayee = 43.3
6
Slope limiter
Linear test function
Reconstructed with neighbor gradients

For the time discretization method, we apply the Crank-Nicolson method
(second order): the parameters are given in Table 6.77.

TABLE 6.77: Time discretization parameters for the
three-dimensional simulations.

Initial time step Atinit = 0.1
Controlled time step Atpmaz = 0.1, Atyyin = 1.0
Number of time steps 200

Time-step control Time steps are controlled with
The Courant-number CFL,,,, = 1

For the solution method, it is important to decouple the problem into a
PDE part and an ODE part. While the PDE part (the transport equation) is
solved after spatial discretization with time-consuming iterative solvers, the
ODE part (the reaction equation) is solved analytically, and therefore cheaply.

The solver parameters are given in Table 6.78.

TABLE 6.78: Solver methods and their parameters for the
three-dimensional simulations.

Solver BiCGstab (Biconjugate gradient method)

Preconditioner Geometric multigrid method

Smoother Gauss-Seidel method as smoother for

Multigrid method

Basic level 0

Initial grid Uniform grid with 40 elements
Maximum level six

Finest grid Adaptively refined grid with 164034 elements

Remark 6.39. We applied an error indicator for convection and diffusion
equations based on flux differences. We use the method of local mesh refine-
ment, which is controlled by the numerical solution itself on the basis of

a posteriori error estimates. They can measure the difference between the
exact and the numerical solution in terms of the numerical solution that is
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known, see [62]. A grid element is refined while the difference between the
numerical solution between the neighboring elements is large in comparison
to the defined error bound [178].

Remark 6.40. We consider as in the two-dimensional case, that the splitting
method is embedded and we solve the reaction part analytically or semi-
analytically, whereas the transport part is solved numerically. For the iterative
scheme we choose maximal two iterative steps, because of the underlying
second-order time and spatial discretization scheme.

6.5.3.5 Experiments with the Plasma Reactor (Three-Dimensional)

In the following we extend the discussion to the simulation of a plasma
reactor in three dimensions.

We assume that because of symmetry and the lesser influence of anisotropy
effects, we can save on computational time and reduce all experiments to two
dimensions.

Here we have the following benefits, which can be extended to the influence
of the transport and reaction process in the gas phase:

e Verification of the two-dimensional results (e.g., Are the assumptions of
the models correct?)

e Additional effects in the third dimension (Should we consider any
anisotropy that would make the third dimension important?)

e Additional tests of all two-dimensional problems, that the methods should
work well also in three-dimensional problems (Can we obtain similar
three-dimensional effects?)

In the next experiments, we compare deposition of the species with the
underlying deposition rates. Such experiments help us to see homogeneous
depositions, see Figure 6.39.

Experiment (Source Points)

The underlying experiment deals with point sources and computes the
deposition rates that result. We add additional point sources to improve the
homogeneity of the deposition process.

We concentrate on a single species that reacts to the target material. Fur-
thermore, we assume we have a homogeneous medium and that the gas flux
is constant in the small deposition area.

With these assumptions, the interest is only focused on the diffusive flux
and the consequences for a homogeneous deposition with point sources.

While in two-dimensional experiments, we need a huge number of point
sources to obtain a good deposition result. Nevertheless, here we consider a
simplified experiment with three point sources.

In Figure 6.51, we present the deposition rate of three point sources.
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FIGURE 6.51: Point sources: (40,50, 50), (50, 50,50), and (60, 50, 50) (left
figures: start configuration after 10 time steps, right figures: end configuration
after 200 time steps).

Remark 6.41. In our three-dimensional experiments, we can verify the re-
sults that we obtained in the two-dimensional experiments. The point sources
have the same problems as in the two-dimensional experiments. One could
only control in a small area (diffusion cone) a homogeneous layer of the de-
position. The controlling of the deposition rate can be extended, while using
moving point sources, as shown in the two-dimensional experiments, see Sec-
tion 6.5.3.3.

The decomposition rates are given in Figure 6.52.

Remark 6.42. Figure 6.52 shows us the qualitative comparability of the de-
position rates in the previous two-dimensional simulations: we can see that it
is more delicate to obtain a homogeneous layer over the whole deposition area.
Here it is necessary to combine a point source with a line source. Experiments
in three dimensions are more expensive to compute; we have nearly five times
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FIGURE 6.52: Decomposition rates in the case of the point sources
(40,50, 50), (50, 50, 50), and (60, 50, 50).

more to do to compute the results.

Experiment (Area Source)

In this experiment, we deal with an area source and compute the deposition
rates to a layer that is located at the bottom of the computational domain.

We concentrate on a single species that reacts to the target material. Fur-
thermore, we assume we have a homogeneous medium and that the gas flux
is constant in the small deposition area.

With these assumptions, the interest is only focused on the diffusive flux
and the consequences for a homogeneous deposition.

Although in the two-dimensional experiments we obtained the best results
with line sources, we consider an area source for the three-dimensional case.

To be sharper, the main deposition should be nearly the same area as the
given area of the source. So that a loss is only given by the diffusion of the
transport process which can be minimized by lower temperatures, see [162].

In Figure 6.53, we present the deposition rate of the small area source.

Remark 6.43. In the three-dimensional experiments, we verify our results
that we obtain in the two-dimensional experiments. The area source has
the same advantages as the line source in the two-dimensional experiments:
one has more control over the deposition of a homogeneous layer of the new
material. The controlling of the deposition rate can be done more simply with
area sources, because the influence of the diffusion is more negligible than with
simple point sources.

The decomposition rates are given in Figure 6.54.

Remark 6.44. Figure 6.54 compares the deposition rates in the previous
three ideas of the two-dimensional simulations: We can see that the best
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FIGURE 6.53: Area source, x between 40.0 and 60.0, y between 40.0 and
60.0, and z between 40.0 and 60.0 (left figures: start configuration after 10
time steps, right figures: end configuration after 200 time steps).

result is achieved with the third idea —a line source (when two dimensions) or
area source (when three dimensions)— but it is more expensive than the other
ideas. In the future it will be sufficient to combine point sources and line
sources. Experiments in three dimensions are more expensive to compute, we
have nearly five times more to do to compute the results.

We perform two- and three-dimensional experiments with at least 200 time
steps.

Conclusions

We additionally work with three-dimensional experiments, in order to ver-
ify the results of the two-dimensional experiments. For an isotropic diffusion
process, the results of the two and three dimensional computations are the
same. The splitting method can also applied to three-dimensional problems
to decouple the transport and reaction part. Our main result is that the
use of line or area sources can produce homogenous layers. The comparison
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E)

FIGURE 6.54: Decomposition rates in the case of the area source x between
40.0,60.0, y between 40.0, 60.0, and z between 40.0, 60.0.

TABLE 6.79: Amount of computational
time for 2D and 3D experiments at one
processor (2,26 GHz, Intel Core 2 Duo

Processor).
Experiment | Number of Time for
elements | one time step
2D (uniform) 131072 0.45 sec.
3D (adaptive) 164016 7.05 sec.

with physical experiments show that multipoint or area sources reduce the
inhomogeneity in the growth of thin layers.
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6.5.4 Complex Flow Phenomena: Navier-Stokes and Molec-
ular Dynamics

Here the underlying ideas are to couple continuous and discrete problems,
which are related to the Navier-Stokes equations and molecular dynamics
equations. The methods and experiments are presented in a more detailed
way in the preprint Geiser/Steijl [94].

We are motivated by the task of solving for time-dependent fluid flows with
complex flow phenomena. In such a computational domain, the Navier-Stokes
equations become invalid, e.g., a more detailed computation at the molecular
level is needed.

This means that locally, the flow needs to be modeled with a more detailed
physical model.

Here the coupling of the Navier-Stokes equations to molecular-level mod-
eling is based on the methods of molecular dynamics.

The Newtonian shear stresses in the Navier-Stokes equations are replaced
with the results of molecular dynamics simulations.

The method of molecular dynamics is described in detail in [3], [19], and
[197].

This approach is sketched in Figure 1.5, where the Navier-Stokes equations
are discretized on a structured cell-centered finite-volume mesh and the solid
blocks in the cell face centers close to the upper and lower boundaries denote
the microscale problems that are used to evaluate the shear stresses using the
molecular dynamics. The coupling of the molecular-level modeling with the
discretized continuum system was discussed in [193] for steady flows.

The focus of the present work is on time-dependent flows. Hence, the
disparity of the underlying timescales of the continuum flow and molecular-
level microscale problems forms the main challenge. In recent years, the topic
of multiscale problems has become very large. Solution methods to couple
large scales have become important, see [156] for lattice Boltzmann models.

6.5.4.1 Mathematical Model

Our model equations come from fluid dynamics. The macroscale equation
is given by the Navier-Stokes equation for an incompressible continuum flow:

poru + p(u - V)u — pAu+ Vp = f,in Q x (0,T), (6.248)
Vu=0,inQ x (0,7), (6.249)
u(0) = up, on Q,

u=0,0on 90 x (0,T).

The unknown three-dimensional flow vector

u = u(z,t) = (ui(z,t),us(z, t),us(x,t))t is considered in Q x (0,T) with
x = (21,22, 23)t. In the above equations, p and p are positive constants and
represent the fluid density and pressure, respectively. Here, u € R* is a
constant and represents the dynamic viscosity of the fluid. In the momentum
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equation, i.e., Equation (6.248), the term f on the right-hand side represents a
volume source term. Equation (6.249) imposes the divergence-free constraint
on the velocity field, which is consistent with the assumption of incompressible
flow.

The microscopic equation is given by Newton’s equation of motion for each
individual molecule i for a sample of N molecules,

miatta:i = Fl,l = 1, sy N, (6250)

here, z; is the position vector of atom i, and the force F; acting on each
molecule is the result of the intermolecular interaction of a molecule ¢ with the
neighboring molecules within a finite interaction range. In the present work,
we assume that the interparticle forces are based on the well-known Lennard-
Jones interaction potential [159], i.e., we are assuming the microscopic flow is
that of a Lennard-Jones fluid, details of which are given in a later section.

The coupling between the macroscale equation (6.248) and microscale
equation (6.250) is assumed to take place through the exchange of the vis-
cous stresses in the momentum equation (6.248). The underlying idea is to
replace the viscous stresses based on the Newtonian continuum in Equation
(6.248) with a viscous stress evaluated by molecular dynamics simulations of
the microscale fluid with the velocity gradient at macroscale level imposed on
the microscale fluid, through the use of Lees-Edwards boundary conditions
[157]. The molecular-level viscosity is evaluated using the Irving-Kirkwood
relation [135].

The viscous stress contribution pAw in Equation (6.248) can be generalized
for a non-Newtonian flow as Jo;;/0x;, using Einstein summation. In the
present work, this non-Newtonian viscous stress contribution is reformulated
in the following form:

0045 /0x5 = prapparent®ui/0xF, withi =1,2,3, (6.251)
where, the “apparent” viscosity can be a general function of the imposed
velocity gradients in each spatial direction, i.e., this expression can repre-
sent general noncontinuum and non-Newtonian flow conditions. The viscous
stresses in Equation (6.248) can now be replaced by molecular level viscous
stresses by introducing a constant approximate viscosity ftappros and taking
into account the deviation of the molecular-level viscous stresses from this
approximate viscosity through a volumetric source term.

So, finally, we obtain the coupled multiscale equations:

pOu + p(u - VU — fapprocAu+ Vp = f,inQ x (0,T), (6.252)
fi = 8Uij/axj|molecular - ,Uappr0$Auia with ¢ = 17 27 37

where the Einstein summation convention is used for the volumetric source
term f, which accounts for the deviation of the viscous stresses evaluated
at the molecular-level from the approximate Newtonian relation papprozAv.
The molecular level viscous stresses can be further reformulated using the
“apparent” viscosity, as demonstrated in Equation (6.251).
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6.5.4.2 Implicit Dual-Time Stepping Method for Time-Dependent
Flows

This section introduces the spatial discretization of the equations governing
the flow at the macroscopic scale and at the molecular-level, as well as the
coupling method used here. The implicit dual-time stepping method, which
forms the basis for the present work, is described in this section. In the
next sections, the iterative coupled schemes based on this dual-time stepping
method are introduced.

6.5.4.3 Spatial Discretization of Equations for Micro- and Macroscales

The Navier-Stokes equations written in integral form for a domain fixed
in time read
d

T wav+ / (F(w)— Fy(w))ndS = S.  (6.253)
dt Jyv @ oV (t)

The above forms a system of conservation laws for any fixed control volume
V' with boundary 9V and outward unit normal n. The vector of conserved
variables is denoted by w = [p, pu, pv, pw, pE]T, where p is the density, u, v, w
are the Cartesian velocity components, and F is the total internal energy per
unit mass. F and F, are the inviscid and viscous flux, respectively. In the
absence of volume forces and in an inertial frame of reference the source term
S =0.

Assuming that the z-direction is the homogeneous direction, the y-direction
is the cross-flow direction, as well as, that the flow is incompressible with van-
ishing velocity components in the y- and z-directions, the governing equation
can then be written as

pOU) Ot — [appror0*u/0z* + Op/Oz = f, (6.254)
f=00gy,/0x — uappro$82u/8z27

using the multiscale equation (6.252).

Equations (6.253) are discretized using a cell-centered finite volume ap-
proach on structured multiblock grids, which leads to a set of ordinary differ-
ential equations of the form

%(Wi,j,k‘/i,j,k) = —Ri,j7k(wi7j,k), (6255)
where w and R are the vectors of cell variables and residuals, respectively.
Here, 4, j, k are the cell indices in each block and V; ; . is the cell volume.

In the present work, the flow problems considered lead to a reduction of
the full Navier-Stokes equations to a set of equations for the velocity field
components. Hence, the vector w in this work only involves the Cartesian
velocity components, while R represents the residuals of the three moment
equations.
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Boundary conditions are imposed by using two layers of halo cells around
each grid subdomain. Zero-slip conditions at solid walls are imposed by ex-
trapolating halo cell values in such a way that the velocity at the wall vanishes.

6.5.4.4 Dual-Time Stepping Method

For time-accurate simulations, temporal integration is performed using an
implicit dual-time stepping method. Following the pseudotime formulation
[138], the updated mean flow solution is calculated by solving the steady state
problems

n—1

Wik R (wi'th) = 0.(6.256)

3W’I’L+l

* _ - i,5,k
i,k T Vm,k

n
AWt W

2A¢

Equation (6.256) represents a nonlinear system of equations for the full set of
Navier-Stokes equations. However, for the reduced system of equations result-
ing from the homogeneity and periodicity assumptions, presented in Equation
(6.254), the system of equations is actually linear. This system is solved by
introducing an iteration through pseudotime 7 to the steady state, as given
by

n+1,m+1 n+1l,m n+1lm n n—1 o n+1lm
Wigk —Wigk 3Wi " =AWl Wi Ragr(win") 0
n+1 !
AT 2At Vi’j}k
(6.257)

where the m-th pseudotime iterate at real time step nm + 1 is denoted by
w"t 1™ and the cell volumes are constant during the pseudotime iteration.
The unknown w?ﬁ is obtained when the first term in Equation (6.256) con-
verges to a specified tolerance. An implicit scheme is used for the pseudotime

integration. The flux residual Rid’k(wﬁr_i) is linearized as follows:

ORy ;4 (W
Rk (w"‘“) = Rk (W?Jk) + WAIE + O(A#?)
R o
~ Ry (W) + awinj: (Wlﬁ - Wi,ch)' (6.258)
Z)j7

Using this linearization in pseudotime, Equation (6.257) becomes a sparse
system of linear equations. For the solution of this system, the conjugate
gradient method with a simple Jacobi preconditioner is used.

6.5.4.5 Time-Dependent Channel Flow Simulation

In this section, the flow in a square channel is considered. The mean
flow direction is the z-direction, while the channel lower and upper walls are
placed at z = 0o and z = 400, respectively. The flow is assumed constant
in the y-direction. The considered domain is 400 long in all three coordinate
directions. Although the flow is two-dimensional, a three-dimensional solution
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method is used here, hence the use of the constant y-direction. A finite-volume
discretization method is used with a uniform mesh with nine cells in both z-
and y-directions, while a stretched mesh with eighteen cells is used in the 2z-
direction. The time-dependent problem starts from a steady flow established
by a constant pressure gradient dp/dx = —0.005. From time ¢ = 100 to t = 500
this pressure gradient is then linearly increased to dp/dax = —0.010. The time
step used in the finite-volume method is dt = 2 (macroscale time units). The
molecular dynamics method is used in this example to evaluate the viscous
stresses on the first four faces of each cell near both domain walls, i.e., the cell
face on the solid wall and the first three faces away from the wall. Due to the
homogeneity and periodicity of the flow, these four microscale solutions are
similarly used for the whole z-y planes for the near-wall cell layers. Due to
the symmetry of the problem, these “microscale” viscous are reused for both
lower and upper domain walls. The remaining cell faces use a Newtonian fluid
assumption for the viscous flux formulation, with the viscosity of the medium
being assumed constant at p = 2.0.

For the idealized case in which all cell faces use Newtonian viscous stresses,
the solution of this flow problem is shown as the solid black line in Figure
6.55(a), where the velocity in the center of the domain is plotted versus time.

For the Lennard-Jones fluid considered in the molecular dynamics method,
the density is assumed to be 0.800 3, while the temperature is 7 = 1.50. Un-
der these conditions, the Lennard-Jones fluid has a viscosity of around 2.03,
i.e., very close to the assumed constant value in the Newtonian fluid part of the
computational domain. As discussed previously, the viscous stresses as func-
tions of the imposed velocity gradients are computed using the Lees-Edwards
boundary conditions. In the molecular dynamics simulations, ensemble as well
as temporal averaging is employed. Typically, four or eight independent real-
izations for each shear rate are constructed, which are then sampled through
a sampling duration of typically 100 Lennard-Jones time units. For the MD
time step here, i.e., 0.0017, this involves 100,000 MD (Molecular Dynamics)
time steps.

6.5.4.6 Numerical Experiments: Splitting Methods for Coupled
Micro-Macro System of Equations

In this section, we propose a time-integration method derived from the im-
plicit dual-time stepping method and evaluated for the time-dependent chan-
nel flow example problem.

Fixed-Interval Microscale Evaluations

In this example, the coupling with the molecular dynamics method takes
place by introducing a correction to the Newtonian shear stresses for the cell
faces with an associated microscale MD shear stress evaluation, as presented
in Equation (6.254). In this method, the following steps are used:
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e For time step <= 100, the solution is marched forward in time using the
Newtonian shear stresses evaluation employed throughout the domain.

e At time steps 20, 40, 60, 80, and 100, a microscale MD problems are
constructed for the four cell faces nearest to the domain walls. For each
cell face, four independent realizations are created, while the viscous
stresses are sampled over 1007 after an initial equilibration stage of 507.

e For time steps > 100, the viscous fluxes in the four cell faces nearest to
the domain walls are corrected using an apparent viscosity derived from
averaging over the last five MD evaluations for each cell face.

e Every 20 time steps, another set of microscale MD problems are con-
structed based on the current cell face velocity gradient, and following
a new set of MD viscous stress evaluations, the “averaged apparent”
viscosity is updated.

The above method is a simple method to take into account the shear-rate
dependence of the apparent viscosity, while greatly reducing the computa-
tional overhead compared to a full set of MD shear stress evaluations com-
puted for each macroscale time step. However, for rapidly changing macroscale
velocity gradient, using the “running” average of the latest MD predictions
with a number of previous evaluations, introduced a potential time lag in
incorporating the shear-rate dependence of the apparent viscosity.

The method can be summarized as follows:

Algorithm 6.45. On a uniform time grid with t" = tqg+nAt, n=0,..., N,
(where N is given), the discretized coupled macro- and microscale equations
are integrated in time from time level n to n + 1 using the following scheme:

1) initialize the averaged apparent viscosity fave = Happroz = 2.0

2) if n < 100 and n is multiple of Nintervai go to 3) else go to 4), (here,
Ninterval = 20)

3) dual-time step update based on fized paye

1) for the cell faces with microscale fluzes, compute the velocity
gradients

it) construct the viscous flux corrections f; using updated apparent
viscosity

i11) perform dual-time step update using nyewton relazation steps
(here, nNewton = 25)

4) dual-time step update based on updated pigye

1) for the cell faces with microscale fluzes, compute the velocity gradients
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i) initialize the molecular-dynamics microscale problems with the imposed
velocity gradients from the finite-volume cell faces and integrate these
through the initial equilibration phase (e.g., tequi = 50T)

iii) integrate microscale problems in time through tsemple Microscale time
and average apparent viscosity in time and ensemble average 0VET Nensemble
independent realizations

i) compute the new pave as the average over the last Nuyindow (including
present) molecular dynamics solutions (here nyindow = 5)

v) construct the viscous flux corrections f; using updated apparent viscosity

vi) perform dual-time step updale using nyewton relazation steps
ifn<N gotol)

Figure 6.55 presents the results for the velocity predicted with the above
method from two independent realizations. Compared to the idealized case
with Newtonian fluxes throughout the domain, the use of MD microscale
fluxes leads to a small reduction in the cell center velocity, since the apparent
viscosity predicted by the MD simulations is slightly higher than the constant
viscosity used in the remainder of the domain. Also, using the averaging over
five evaluations, the statistical scatter in the MD microscale fluxes only leads
to modest fluctuations in the macroscale velocity field compared to the fully
Newtonian case.

The predicted apparent viscosity and the resulting “running averages”
are presented in Figure 6.56, clearly showing the significant reduction of the
statistical scatter in the MD data when such an averaging is used in addition
to the already used temporal and ensemble averaging.

The present dual-time stepping method solves a “quasi-steady” problem
at each time step. For each of these “quasi-steady” problems, an implicit
solution method is used based on an underrelaxed Newtonian relaxation pro-
cess. The convergence of this implicit system for a number of time steps is
presented in Figure 6.57. In the examples shown, twenty-five “pseudosteps”
are used, leading to a reduction of the maximum norm of the residual (which
now includes the “unsteady” flow contribution) of at least six orders of mag-
nitude. When this residual norm is reduced to machine precision, the only
discretization errors due to the time discretization are those due to the trun-
cation errors in the employed implicit three-point stencil. With a reduction
of the residual norm of six or seven orders of magnitude, it can be expected
that the additional contributions are much smaller than the truncation errors
in the implicit three-point stencil.

Remark 6.46. The iterative splitting method is used as a coupling scheme to
embed a small scale problem (molecular dynamics equation) to a large scale
problem (Navier-Stokes equation). To obtain a computable method, we em-
ploy different ideas to reduce the computational time, e.g., fixed microscale
evaluation. More time-consuming algorithms are discussed in [94].
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FIGURE 6.55: Velocity in channel center (figure (a)), velocity gradients
near walls (figure (b)). Dual-time stepping method with averaging of appar-
ent viscosity. Finite-volume discretization method with molecular dynamics
viscous fluxes on first four cells near lower and upper walls. Lennard-Jones
fluid at 0.800~2 and T = 1.50. MD data averaged over four realizations,
Tsample = 100.
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FIGURE 6.56: Apparent viscosity (figure (a)), averaged apparent viscosity
(figure (b)). Dual-time stepping method with averaging of apparent viscosity.
Finite-volume discretization method with molecular dynamics viscous fluxes
on first four cells near lower and upper walls. Lennard-Jones fluid at 0.800 3
and T' = 1.50. MD data averaged over four realizations, Tsgmpie = 100.
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FIGURE 6.57: Realization 1 (figure (a)), realization 2 (figure (b)). Channel
flow with time-dependent pressure gradient. Dual-time stepping method with
averaging of apparent viscosity. Convergence of “inner-loop” in dual-time
step method. Channel flow with time-dependent pressure gradient. Lennard-
Jones fluid at 0.800 72 and T' = 1.50. MD data averaged over four realizations,
Tsample = 100.
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6.6

Conclusion to Numerical Experiments: Discussion
of Some Delicate Problems

In some real-life applications, we have implemented the splitting methods
as solver schemes and discussed the results.

In the following, we point out that the following advantages and disadvan-
tages of the iterative splitting scheme can occur to such delicate problems:

Iterative splitting schemes can be implemented with standard codes, for
example, Unstructured Grid (UG), see [15], and MATLAB® codes, e.g.,
Finite Difference and Operator Splitting Methods (FIDOS). Such imple-
mentations to standard codes improve the accuracy of the underlying
splitting schemes.

We achieve higher-order results with more iterative steps also for com-
plicated equations, e.g., multiscale or stiff problems.

We can strike a balance between iterative steps and time steps, so
that we can reduce the computational time and yet achieve sufficient
accuracy.

In the implementation, we can combine stiff and nonstiff operators:
while the stiff operators are solved implicitly, the nonstiff operators are
solved explicitly.

Standard implementations can be made more flexible by iterative
schemes, while the choice of implicit and explicit operator can be done
with different stages.

One of the delicate problems is the computation of exp(At) (e.g., if we
deal with a time integration method) and the integrals of such terms.
To solve such problems, we can use the ideas of the so-called ¢-functions
and Krylov-subspaces, see [131], [130], and [187], to derive simpler and
computable operators.

We can also combine splitting methods with spatial discretization meth-
ods and adaptive local discretization in space in [87].

Remark 6.47. Nevertheless, the benefits of the iterative splitting methods are
its flexibility and in the future such iterative schemes can be applied as code
coupling methods. The benefits can be present in the following points:

Reduction of the computational time by decomposing into simpler and
more easily solved parts.

Adequate scale-dependent discretizations reduce the stiffness in the
equations.



NUMERICAL EXPERIMENTS 257

e Implicit and explicit operators reduce computational time, while the ex-
plicit operators are cheap to compute.

e Higher-order results can be achieved with more iteration steps or smaller
time steps. Balancing such steps, we can obtain the optimal results.






Chapter 7

Summary and Perspectives

This book discusses the numerical analysis and applications of iterative oper-
ator splitting methods for differential equations, based on different time and
space scales.

While the numerical analysis of iterative splitting methods is considered
for bounded operators, we could also extend the methods to nonlinear, stiff,
and spatio-temporal problems in the applications. We discuss applications to
real-life problems that are based on parabolic and hyperbolic equations.

The following problems are solved:

The generalization of consistency and stability results to nonlinear, stiff,
and spatially decomposed splitting problems.

The acceleration of computation by decoupling into simpler problems.
The efficiency of the decomposed methods.

This theory is based on semigroup analysis, which is well understood
and applicable to the splitting methods.

Applications to several computational methods, including flow problems,
elastic wave propagation, and heat transfer.

Based on iterative splitting methods, there is an important fixed-point
problem with respect to the initial solutions or starting solutions.

The following items are discussed in several papers by the author in order
to extend iterative splitting methods in different directions:

Improved starting solution for the first iteration step by solving the
fixed-point problem accurately, e.g., using an embedded Newton solver,
see [105].

Parallelization of the iterative methods on the operator level, i.e., a first
idea is called the windowing (e.g., decomposition in time domains) and
is discussed in [91].

Decoupling algorithms with respect to the spectrum of the operators
and automation of the decomposition process, see [93].

Simulation of real-life problems with improved parallel splitting meth-
ods, see first ideas [96].

259
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Perspectives for these decomposition methods include their combining the
efficiency of decoupling with a generalization to nonlinear and boundary
problems.

In the future, decomposition methods will be adaptive methods that re-
spect the physical constraints of the equation and accelerate the solution pro-
cess for a complicated system of coupled evolution equations.

Even numerical experiments can point at more solutions, and ones ade-
quate for multiphysics applications, and hence such results can be useful even
without analytically exact solutions of the complicated equations involved.

Our solutions offer the possibility of mathematically exact proofs of exis-
tence and uniqueness of solutions of parabolic differential equations, whereas
the older proofs of greater complexity lack these convergence and existence
results. So we would like to investigate more to see the application of the
iterative splitting methods proposed in this book.

We have deferred to mathematical correctness when there is a chance to
fulfill this in the simpler equations, but we have also described very complex
models and show their solvability without proofs of existence and uniqueness.
To find a balance between simple provable equations and complex calculable
equations, we present iterative splitting methods for decoupling complex equa-
tions into provable equations. We consider the underlying theory to systems
of ordinary differential equations and could simplify the theoretical aspects to
boundable operators, such that we could extend the theory with respect to
boundable spatial discretized partial differential equations, see [111].



Chapter 8

Software Tools

8.1 Software Package Unstructured Grids (UG) (P. Bas-
tian et.al. [15])

In this section we introduce the software package r3t. The real-life prob-
lems of waste disposal scenarios are integrated in this package and all numer-
ical calculations were performed with it.

This software package was developed for the task of a project to simulate
transport and reaction of radioactive pollutants in groundwater. The speci-
fications for the software package were flexible inputs and outputs as well as
the use of large time steps and coarse grids to achieve the claimed long time
calculations.

The concept of the Unstructured Grids (UG) software toolbox and the
different software packages UG, d3f, r3t, and GRAphics Programming En-
vironment (GRAPE) are to the fore.

For satisfying these tasks, we built on the preliminary UG software tool-
box that was developed at the institute. We use the name software toolboz to
indicate that the software tools can be provided for other software packages.
The software shall not be conclusive in the sense of a software package, but
be extendable. The development consisted of compiling a flexible input in-
terface. Furthermore, a coupling concept was developed that uses data from
other software packages. More particularly, the implementation of efficient
discretizations and error estimators was able to achieve the claimed large
time steps and coarse grids for the numerical calculations.

The main topics of this chapter consist of the rough structuring of the
software packages, the description of the UG software toolbox, the description
of the d3f software package, the description of the r3t software package, as
well as their concepts.

8.1.1 Rough Structuring of the Software Packages

Software Toolbox UG: The UG software toolbox manages unstructured, lo-
cally refined multigrid hierarchies for 2D and 3D geometries. The soft-
ware toolbox provides the software structures for the further modules.
It has a variety of usable libraries for discretizations and solutions of

261
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systems of partial differential equations, as well as interactive graphics
to display the results of simulations. Therefore, it serves as a basic mod-
ule for the development and programming of the r3t and d3f software
packages.

Software Package d3f: This package was developed to solve densely floated
fluxes of groundwater. It treats systems that consist of a flux equation
and a transport equation, which are nonlinear and coupled. The sim-
ulation calculations can treat steady as well as unsteady fluxes. The
software package has a flexible input setting and yields velocity data for
the transport calculations of the r3t software package.

Software Package r2t: This software package was developed for solving
transport-reaction equations of various species in groundwater flowing
through porous media. For the solutions of convection-dominant equa-
tions, an improvement of the discretization was developed. The goal
was to be able to use large time steps and coarse grids, so as to be
able to accomplish the calculations within a reasonable and specifiable
time frame, and yet be able to make predictions over a long model time
period. The error estimators and solvers were adapted to these finite
volume discretizations. The flexible input of parameters for the model
equation as well as the output of the data of solution and grid are further
tasks, that the software has to fulfill.

Software Package GRAPE: This software package is a wide-ranging visual-
ization software, that is particularly suited for visualizations of solutions
on unstructured grids with various presentation methods. The results
of the r3t module are visualized using this package. These wide-ranging
visualization capacities of GRAPE, see [116], could be used to gain an
improved comprehension of the simulation results.

8.1.2 UG Software Toolbox

The basis of all subsequently described software packages is the UG soft-
ware toolbox. It is derived from the words “UnstructedGrids” and is a soft-
ware toolbox for the solving system of linear or nonlinear partial differential
equations.

The concept of the UG software toolbox is the management of an unstruc-
tured, locally refined multigrid hierarchy for 2D and 3D grids.

This software package was developed in the beginning of the 1990s, see
[15], using the adaptivity of grids, multigrid methods, and parallelization of
methods to solve systems of partial differential equations. Because of its
effective and parallel algorithms, the software package has the capacity to
solve wide-ranging model problems.

Several works accrued in the fields of numerical modeling and numerical
simulation of linear and nonlinear partial differential equations: the mechanics
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of elasticity, densely floated fluxes, transport of pollutants through porous
media, and the mechanics of fluxes. Some examples can be found in [14], [15],
[141], and [142].

Subsequently, we introduce some applications of the UG software toolbox.

For the application of the software toolbox UG in a software package,
e.g., r3t, we distinguish between two modules when structuring the emerging
software package.

ug: This module is the part of the software package that is independent of
the application. It contains software tools such as the interpreter, the event
handler, the graphics, the numerics, the local grid hierarchy, the description
of areas, the device connection, as well as the storage management. The
lowest level contains the parallelization of the program using a graph-based
parallelization concept. These tools can be applied to further parts of the
application-oriented area.

r3t: In this module the model problem with its appropriate equation is
prepared for the application. For its implementation, the problem class library
and the application were developed. The module depends on the application
in contrast to the ug module, that is independent of the application.
The following classification was constituted: Discretizations depending on the
problem as well as the according error indicators, the sources and sinks, and
the analytical solutions, that were developed especially for these systems of
differential equations, are implemented in the program class library.

For the discretization, the finite volume method of higher order was used,
see [68] and [88]. As error indicators for the convection-diffusion-dispersion
equation, the a posteriori error indicators were used, see [178].

The applications contain the initial and boundary conditions as well as the
coefficient functions for the equation. Further implemented are the flexible
input of equation parameters and several time-independent source terms. In
addition, script files are included in the application, these are loaded by the
UG command interpreter and control the sequence of calculations. Especially,
the scanner and parser module were programmed and implemented into the
application. The number of equations, phases (with transport and reaction
parameters), sources, the boundary conditions, the area parameter, and the
hydro-geological parameters, are set at the cue of the program. All files that
are used for the input of velocity and geometry data, as well as the output of
solution and grid data, can be found in the application.

8.1.3 UG Concept

Essentially, two concepts of the UG software toolbox were also used for
the software package r3t. One concept is the unstructured grid concept, that
allows the managing of relatively complex geometries with adaptive opera-
tions to make the hierarchic methods applicable.
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A further concept is that of sparse matrices. It allows the block-by-block
savings of wide-ranging systems of partial differential equations to achieve an
effective storage and velocity.

These two concepts are decisive for achieving the required efficiency of the
r3t software package and are described subsequently.

We first describe the concept of unstructured grids.

The basis for the UG software toolbox consists of the creation and modi-
fication of unstructured grids. Using unstructured grids, complex geometries
can be approximated.

An efficient structure of the grid data is necessary to produce grids and per-
form local refinements as well as coarsenings. The geometrical data structure
administers geometrical objects, as for example elements, edges, and nodes.
The algebraic data structure administers matrices and vectors.

The grids consist of triangles and quadrangles in 2D, or tetrahedrons, pyra-
mids, hexahedrons, and prisms. The structure of the grid data is constructed
hierarchic and the elements can be locally refined and coarsed.

The application of multigrid methods with varying smoothing processes is
possible because of the locally refineable areas.

The solutions on higher grid levels are only considered on the refined el-
ements. Hence, local grids are treated with all refined elements and some
copied elements. One obtains a high efficiency in processing.

A further important concept for the efficiency of the calculations with the
r3t software package is the saving of the sparse matrices that are used in the
UG software toolbox.

Sparse matrices occur when grids are saved. Based on the local discretiza-
tions, only the neighbors are used for the calculations, hence only some entries
appear outside of the diagonals. Sparse matrices also occur in the application
of weakly coupled systems of partial differential equations. The connections
between the individual equations are saved as entries outside of the diagonal.
Due to the weak coupling only a few entries appear.

The sparse matrix storage method [172], was developed in order to avoid an
ineffective saving of fully populated matrices. It was chosen for this software
since it is an efficient storage concept. The idea of this method is based on the
saving of sparse matrices in a block-matrix graph, in which blocks are indicated
as local arrays over a set of compact row-orientated patterns, see [172]. This
combines the flexibility of graph structures with the higher efficiency based
on higher data densities. The compact inner pattern allows the identification
of entries, and with that, further advantages of saving and calculation times
can be obtained. The compact storage technique is row- or column-oriented;
preliminary individual matrix entries can be replaced by block entries that
represent a system of partial differential equations. The entry in the diagonal
of the block matrix is the coupling within the equations, the entry outside the
diagonal of the block matrix is the coupling between neighboring nodes, if a
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space term is used. The saving as vector-matrix graph is considered in Figure
8.1.

— Matrix Objects
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° ° )
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FIGURE 8.1: Vector-matrix graph for efficient saving.

Hence, the claimed conditions to solve wide-ranging systems of partial
differential equations on complex geometries were satisfied.

8.1.4 Software Package d3f

The previous project about the r3t software package was posed by the
Society for Plant Safety and Reactor Safety (Gesellschaft fiir Anlagen- und
Reaktorsicherheit mbH, GRS) in Braunschweig. It was developed to simulate
densely floated fluxes of groundwater. It contains an implementation of the
catalogues for problem classes and applications. In the problem class, error
estimators, solvers, and discretizations for the equations were implemented.
The catalogue for applications contains several applications. Particularly im-
plemented are special boundary and initial conditions, special prefactors for
the equations, as well as sources and sinks. The initialization of the equation
parameters, as well as the boundary and the initial conditions, and the pa-
rameters for sources and sinks are read in from files at start time. Therefore,
flexible calculations can be made in 2D and 3D model examples.

8.1.5 Equations in d3f

Two coupled nonlinear time-dependent partial differential equations were
implemented in the software package d3f. These equations are subsequently
considered.

The equation for the flux is given as:

F(dp) +V - (pv) =Q, (8.1)

where p denotes the density of the fluid, v calculates the velocity using Darcy’s
law, ¢ is the effective porosity, and @ stands for the source term.
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We use Darcy’s law to derive the velocity of the fluid through the porous
media. Darcy’s law is a linear relationship between the discharge rate through
a porous medium, the viscosity of the fluid, and the pressure drop over a given
distance:

—KkA Pb — Pa

C= I

(8.2)
The total discharge, @ (units of volume per time), is equal to the product of
the permeability (x units of area) of the medium, the cross-sectional area A
of flow, and the pressure drop P, — P,, all divided by the dynamic viscosity
1, and the length L of the pressure drop. Dividing both sides of the equation
by the area, we obtain the general notation:

¢= VP, (8.3)
1

where ¢ is the flux and VP is the pressure gradient vector. This value of flux
is often called the Darcy flux.

The pore velocity v is related to the Darcy flux g by the porosity ¢ and is
given as:

v=—. (8.4)

The pore velocity is used as the velocity of a conservative tracer and as our
velocity for the simulations given by physical experiments.
The transport equation is given as:

9 (ppc) +V - (pve - pDVe) = Q' (8.5)

where ¢ is the concentration of the solute, D denotes the diffusion-dispersion
tensor, and @’ is the source term.

The first Equation (8.1) calculates the flux through a porous media us-
ing Darcy’s law as a continuity equation and gives the density of the fluid.
The second equation is a transport equation for water in dissolved salt. It
is a time-dependent convection-diffusion-dispersion equation, where the con-
vective factor is calculated using Darcy’s law. Depending on the variation in
the density, vortical fluxes can occur. Based on the small diffusions in water
one obtains a convection-dominated equation, for this equation adapted solver
and discretization methods were developed, see [141] and [142].

8.1.6 Structure of d3f

For inputting equation and control parameters, a preprocessor was de-
veloped. The preprocessor reads the wide-ranging input parameters before
the calculations start. The essential module and centerpiece is the processor,
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which was developed on the basis of UG and adapted with further problem-
specific classes for the intended equations. Applications that contain the pa-
rameter files and control files for program runs are filed in a further library.
For data to be circulated, a postprocessor was developed, which presents an
interface and saves the data of the solutions in files. As a result other pro-
grams, especially the visualization software GRAPE, can read the data and
reprocess them.

8.2 Software Package r3t

In this section we present, in a more or less rough fashion, the software
package r3t: the name is derived from “Radionuclide, Reaction, Retardation
and Transport” (r3t). This software package discretizes and solves systems of
convection-diffusion-dispersion-reaction equations with equilibrium sorption
and kinetic sorption.

8.2.1 Equation in r3t

The equation for equilibrium-sorption is given by:

¢ 0 Ric;+V - (vci — DVCZ') (8.6)
=—¢ R hici + Y, ¢ Ry Mer + Qi

k=Fk(3)
Ce(i) = Z Ci,

)}

with i=1,..., M,

where ¢; denotes the i-th concentration, R; the i-th retardation factor, \; the
i-th decay factor, and v is the velocity, which is either calculated in the d3f
software package or preset. ); denotes the i-th source term, ¢ the porosity,
Ce(i) the sum of all isotope concentrations referring to element e, and K is the
function of the isotherms, see [69].

8.2.2 Task of r3t

The software package was commissioned by the GRS for prognoses in the
area of radioactive repositories in salt deposits.

The following properties were specified for the development of the software
package r3t:
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e Independence of the transport equation, that has to be solved, shall be
achieved. This can be obtained by applying a 2D or 3D version based
on the flexible concept.

e A simple adaptability on the shell level shall be possible. A script file
with preferences for the parameters of discretization and the solver, as
well as a graphical visualization shall be used. A suitable definition of
interfaces for the output of data for reprocessing by a graphic software
as, e.g., GRAPE, cf. [116], shall be done.

e The programming of self-contained modules shall be developed, the
modules shall be structured with accurately defined interfaces. There-
fore, several programmers can be involved in the development.

e The differential equations shall be applied as scalars and also as systems.
The coupling of at least four phases shall be possible.

e All procedures shall be possible for a simultaneous computer to allow
wide-ranging calculations.

The structure of the software package r2t is based on the preliminary work
of the developed software toolbox UG, see Section 8.1.2, and was advanced in
this context. The presented tasks were realized using the following concepts.

8.2.3 Conception of r3t

The software conception of r3t is given with the following approaches.

While developing our software package r3t, the philosophy and conception
of the UG development was further evolved. User-independent numerical al-
gorithms were programmed and provided for special applications. During the
development of the software package r3t, further numerical algorithms con-
cerning discretizations, solvers, and error indicators were implemented. The
used application-independent structures, the so-called numerical procedures,
were continued, confer [142].

The essential renewals of this development phase consisted of connecting
the existing software packages and combining the corresponding tasks of the
respective programs. Thus, the software package d3f, which is used to calcu-
late the flux of the transport equation, [58] and [141], was coupled with the
software package r3t. A coordinate-oriented and grid-independent storage of
the velocity data was developed. A further connection to the visualization
software GRAPE, cf. [186], could be used to visualize the results.

A flexible input was developed for the wide-ranging parameters that are
available in the form of input files. Hence, wide-ranging test calculations are
possible, as is necessary to meet the specifications. This further flexibility is
adequate for the concept of modular programming. Individual parts of the
program, such as the preprocessor and the corresponding discretization and
solution methods, can be developed independently. A further flexibility is
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obtained from the data concept, which enables the input and output of files
using interfaces, such that the individual software packages were coupled.

The application of the software package r3t with its connections to other
software packages is described next.

8.2.4 Application of r3t
The application of r3t is outlined in Figure 8.2.

it
(Software Package)

Parser and Scanner
for Parameter Files

Velocity and Input Routine for

Density Data Grid Independent Data
Discretization and
Solution Method

Preparation of Output -
for Data in So}utlon and
Particular Formats Grid Data

FIGURE 8.2: Application of r3t.

The approach of software package r3t illustrated in Figure 8.2 is now
explained.

The preparations up to the point where the model problems are calculated
consist of the input of equation parameters and control files. In particular, the
number of equations and phases as well as the parameters for the convection-
diffusion-dispersion-reaction equations can be ascertained. These are read in
during the start of the initialization phase, as, e.g., the data of geometry and
velocity, that are grid-independently stored in files by the software package
d3f.

The actual calculation phase of the software package proceeds after the
initialization. Problem-specific discretization as well as the solvers for linear
equation systems, are used. Error indicators are used for adaptivity to re-
alize effective calculations in time of equations with local grid refinements.
Especially velocity and density data are used for adaptive calculations. The
individual subequations, that were treated using various discretizations, see
[69], are coupled afterwards with operator-splitting methods.

The results of the calculation steps are read out into a particular file for-
mat in the output phase, and are processed afterwards by the postprocessor
GRAPE. During the preparations, the total concentration is calculated by
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using the explicit correlation of mobile and adsorbed concentration, see Equa-
tion (1.1), for the case of equilibrium-sorption. The associated grid data
belong to the output data of solutions and describe the geometric proportions
of the data.

Hence, the application of the r3t software package was integrated within
the ambit of further software packages that realize preprocessing or postpro-
cessing.

We next describe a coupling concept that achieves a flexible interchange
of files between the software packages involved.

8.2.5 Coupling Concept of r3t

The concept of coupling between individual software packages is now devel-
oped based on interchanges of files at predefined interfaces. This connection
is sufficient for parameters that are only insignificantly changed during the
time-dependent course and have no backcoupling on other programs.

The problem-dependent parameters, that are constant during the calcula-
tion time, can be read in at the beginning, e.g., the geology of rocks in the area,
the exchange parameters of radioactive species, as well as the determination
of sources and sinks.

Further inputs can vary in the course of the simulation time, e.g., velocity
or density data. These are read in during the operation, at their specific time
points. The data are coupled single-sided to the r3t software package, i.e.,
the results of r3t are not used for the calculation. The reason is the modeling,
where the radioactive contaminates have no backcoupling on the flow field.
The backcoupling on software packages d3f therefore can be omitted.

Completed calculations are saved in files and for further utilization read
in from the postprocessor.

A strong coupling between the two programs was not pursued any further.
This is only advisable for a coupling between flux and contaminants, then
transport and flux equation are solved together.

Using the software package r3t, the subsequent model examples can be
realized and evaluated.

8.3 Solving Partial Differential Equations Using FIDOS
(authors: J. Geiser, L. Noack)

This section describes the PDEs treated, the methods used, and the usage
of the program package FIDOS 1.0 (Finite Difference and Operator Splitting
Methods).
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The first version, FIDOS 1.0, covers only computations, that already have
been published and used in this monograph. In the following subsections we
discuss the treatment of the methods, the assembling, and the programming
structure.

8.3.1 PDEs Treated
The PDEs treated in this paper have the form

Diu = D(u)u, (8.7)
where the derivative in time is of the first or second order,
Dtu = 8tu or Dt’U, = (9ttu,

and the spatial operator D(u) can possess derivatives in from one to three
spatial dimensions, depending on the PDE:

D(u)u = Dy(u)u + Dy(u)u + D, (u)u.
The spatial operators can consist of linear terms, e.g.,
D, (u) = Adyu or Dy(u) = Adyyu,
and can contain nonlinear terms, as well,
D, (u) = Audyu,
where A (or B, C, respectively) is a constant.

The types of PDEs that can be examined using FIDOS therefore varies
from simple wave and heat equations to nonlinear momentum equations. The
package can easily be extended to other kinds of PDEs and more methods.
The PDEs of the first version of the program package are listed below.

8.3.1.1 Wave Equation

The wave equation for three dimensions is given by

8ttu = A(‘?mu + B(‘?yyu + Cazzu, with (88)

. 1 . 1 ) 1
u(z,y,2,0) = sin (ﬁﬂx) sin <ﬁ7ry) sin (sz) ,  (8.9)
Owu(z,y,2,0) = 0. (8.10)

The analytical solution in = [0,1]3 is given by

u(x,y, z,t) = sin (ﬁmg) sin (\/%ﬁy) sin (\/—%wz) cos (\/gwt) )
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The one- and two-dimensional case follow analogously, whereby the constant
v/3 = V/d has to be changed according to the dimension d.

The wave equation can be treated for a nonstiff case, e.g., A=B=C=1,
as well as for stiff PDEs, e.g., A = 0.01, B =1,C = 100. See [78, 77] for further

explanations.

8.3.1.2 Viscous Burgers Equation
The viscous Burgers equation is given as
0w = —u0zu — udyu + p(Opztt + Oyyut), (8.11)
where the first two terms of the right-hand side together are the nonlinear
operator A(u)u, whereas the last term can be regarded as a linear operator

Bu.

The analytical solution of this PDE is
-1
U({E, Y, t) = (1 =+ e(aj+y*t)/2p> )

8.3.1.3 Mixed Convection-Diffusion and Burgers Equation

The mixed convection-diffusion and Burgers equation is
1
Opu = —§(u3mu + udyu + Opu + Oyut) + 1(Ozzu + Oyyu) + f(x,y,t), (8.12)
here the analytical solution is chosen to be
u(z,y,t) = (1 + e(w+y*t)/2u> - + elzty=t)/2u

The function f is calculated accordingly. The equation is again split into a
nonlinear and a linear part to obtain the operators A(u)u and Bu.

8.3.1.4 Momentum Equation

The momentum equation is given as
du=—-u-Vu+2uV(u-u+u-v+1/3Vu)+f(z,y,t), (8.13)
with analytical solution u = (uy, us)” and
-1
wa(@,y,8) = ua(@,y, ) = (14 elTvm0/2) 1y elerumo/2

The function f is again calculated accordingly. The one-dimensional for-
mulation follows analogously, see [83].
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8.3.1.5 Diffusion Equation

Being a diffusion equation, the two-dimensional heat equation is treated
as an example. These methods can easily be applied to any other diffusion
equations.

Oy = AOzeu + BOyyu, (8.14)

with analytical solution

u(z,y,t) = (AT sin(mx) sin(7y).

8.3.2 Methods

In general, all methods used, independently of their explicit or implicit
character and independently of the number of needed substeps, satisfy

w2,y 2,t) = METHOD(u" (,y, 2,t),u" " (2, y, 2,1)) (8.15)
with given initial condition
ul(z,y, z) for t = 0, (8.16)

and if needed
ul(z,y,2) for t =0, (8.17)

if the space consists of three dimensions, analogous formulations hold for less
dimensions. In the following, the number of dimensions is always set to be
two, if not mentioned otherwise. All methods can be applied to one or three
spatial dimensions, too.

8.3.2.1 ADI Method

The ADI method is given next, for two-dimensional equations with first-
order derivatives in time.

The Crank-Nicolson method,
At n+1
L1L2 + 7 (LQA@II + LlBayy) u
At "

with operators L1, Lo split into two substeps, yielding the ADI method,

(L1 + At)2 ADpp)u™ ™t = (L1 — At/2 Adyy)(La — At/2B dy,)u™, (8.19)
(Lo + At/2 BOy,)u"™t = u"thh (8.20)
Depending on the operators Ly, Lo, the ADI method is a second- or fourth-

order method. The first case is obtained with Ly = Lo = 1, the second one
with L1 = 14 Az?/12 0,, and Ly = 1 + Ay?/12 9,,,.
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8.3.2.2 LOD Method

The LOD method is derived for partial differential equations with two
spatial dimensions, linear operators D u, Dyu, and first- and second-order
derivatives in time,

O = (Dg+ Dy)u,
Opu = (Dg+ Dy)u.
Using the finite difference schemes
n+l _ ., n
o~ % and (8.21)
un—i—l — U™ + un—l
opu” =~ 8.22
ttU A72 ) ( )
the LOD method is derived from the explicit Euler method,
u"tt — " = At(D, + D,)u",
u"tt =2y +u"t = A(D, + Dy)u™.

The LOD method for PDEs with first-order derivatives in time is now given
by

unJrl,O —y" = At(Da; 4 Dy)un7
un+1,1 _ un+1,0 — Atan(un—Q—l,l _ un)7
un+1 _ un+1,1 _ AtnDy(un+1 _ un)7

while the LOD method for second-order derivatives is
T TR T At*(Dy + Dy)u™,
un+1,1 _ un+1,0 — AtQ,r]Dr(un—Q—l,l _ 2un 4 un—l)

"t — = APpD, (T = 20 Y.

8.3.3 Iterative Operator Splitting Methods

Iterative methods repeat the solving steps until a given break criterion is
achieved. Such a criterion can be the number of iteration steps (as is used
in FIDOS) or an error tolerance. Then the general scheme for an iterative
method is

u"t = METHODu" ™ 1), i=1...m (8.23)
u"tt = b (8.24)
There are different possibilities to choose the initial value u"+%9; all are inte-

grated in FIDOS:

(1) w0 =z, y, t ),
(2) wth =0, (8.25)
(3) urth0 =qyn,
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If two initial values are needed, they are set to be equal,

un+171 _ unJrl,O'

8.3.3.1 Standard IOS Method

The standard iterative operator-splitting method is given with the follow-
ing scheme, where the partial derivatives are exchanged by using Equation
(8.21).

The IOS method for equations with first-order derivatives in time is given
as

Dum = Dy () 4 D (il (8.26)
Bum it = D (un iyl D (i)t i+l (g 97)

fori=1,3,...,2m + 1.

8.3.3.2 Coupled 7-I0OS Method

For the wave equation, the second-order derivatives in time are replaced
using the finite difference scheme (8.22). This method is explicit, but the
coupling of the current time step t"*! with the two previous time steps using
the n-method is much more effective. The n-method uses the approximation

u™ ~nu™t 4 (1= 2n)u™ 4 pu Tt
for n € [0,1/2]. Equality holds for n = 0.

Then the scheme of the coupled 7-10S method is given by

w2y Tt = AP AT 4+ (1 = 2n)u™ 4+ put) (8.28)
+ ALBmu TN 4 (1 = 2p)u™ 4 pu Y,

w2 oy = AP AT (1 - 2n)u™ + qu ) (8.29)
+ AtQB(,r]un+l,i+1 + (1 _ 2n)un + ,r]unfl)’

for constants A, B.

8.3.4 Eigenvalue Methods

Eigenvalue methods use the same steps as the standard methods. The dif-
ference consists in first determining the stiff and nonstiff operator of the PDE.
In the difference schemes the stiff operator is then treated implicitly in the
first step, and explicitly in the second step. See [84] for further explanations.
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8.3.5 Numerical Examples

When starting the program by typing
>> startFIDOS;

the user is asked to type in the number(s) of the problem as well as of the
solver(s). Some problems or solvers can be started together. Then the number
of time steps, or a vector of numbers, as well as the number of space steps, or
a vector as well, have to be specified.

When solving a problem for different numbers of time and space steps, it
is interesting to know the numerical rate of convergence,

In(erry, (Aty) — errp, (Ats))
ln(Atl — Atg)

FIDOS calculates this rate automatically, if desired, and gives the whole
L 4TgX-table to be included in a paper with all results and convergence rates
as well as label and caption. One program run is given as an example, where
Table 8.1 and Figure 8.3 is created automatically and includes the results.

>> startFIDOS;
FIDOS - solving PDEs with FInite Difference schemes and
Operator-Splitting methods

Problem types:

[1] wave equation

[2] viscous Burgers equation

[3] mixed convection-diffusion Burgers equation

[4] momentum equation
For more information about the problems, type help,
problem and number of the problem, e.g., >> help probleml

ATTENTION, some methods and/or problems cannot be started together!

[1] ADI for problem 1
[2] LOD for problems 1
[3] I0S for problems 2,3,4
[4] EVIOS for problem 2
[6] etaI0S for problem 1

[6] etaEVIOS for problem 2
For more information about the solvers, type help and name of the method,
e.g., >> help ADI
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Now the specifications of the problem, solver, time steps, space steps,
L ATpX-table, and plots follow:

Get problems, solvers and problem-dependent values

Problem number(s): 1
Solver number(s): 5

Number(s) of temporal steps on [0,T], e.g., 16 or [4,8]: [4,8,16]
Number(s) of spatial steps on [0,1]°d, e.g., 4 or [4,8]: [4,8,16]

Type 1 to see the tex-tables, otherwise 0: 1
Type 1 to see the plots, otherwise 0: 1

The output follows immediately:

etalOS, wave, dx=0.25, dy=0.25, dt=0.3125

Errors at time T: Ll-error = 0.048967, max. error = 0.13442
etalO0S, wave, dx=0.125, dy=0.125, dt=0.3125

Errors at time T: Ll-error = 0.021581, max. error = 0.054647
etal0S, wave, dx=0.0625, dy=0.0625, dt=0.3125

Errors at time T: Ll-error = 0.014382, max. error = 0.035715
etalOS, wave, dx=0.25, dy=0.25, dt=0.15625

Errors at time T: Ll-error = 0.042097, max. error = 0.11556
etalOS, wave, dx=0.125, dy=0.125, dt=0.15625

Errors at time T: Ll-error = 0.014849, max. error = 0.037601

etalOS, wave, dx=0.0625, dy=0.0625, dt=0.15625
Errors at time T: Ll-error = 0.0077193, max. error = 0.01917

etalOS, wave, dx=0.25, dy=0.25, dt=0.078125
Errors at time T: Ll-error = 0.038395, max. error = 0.1054

etalOS, wave, dx=0.125, dy=0.125, dt=0.078125
Errors at time T: Ll-error = 0.011013, max. error

0.027888
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etalOS, wave, dx=0.0625, dy=0.0625, dt=0.078125
Errors at time T: Ll-error = 0.0038664, max. error = 0.0096016

L ATgX-code for the table and the plots is also possible.

TABLE 8.1: Numerical results for the wave equation with
coefficients (D1, D2) = (1,1) using the etalOS method, initial
condition U,410(t) = Uy, and two iterations per time step.

Az = Ay At erry, €ITmax Ly Pmax
0.25 0.3125 0.048967 0.13442
0.125 0.3125 0.021581 | 0.054647 | 1.1821 | 1.2985

0.0625 0.3125 0.014382 | 0.035715 | 0.58548 | 0.61361
0.25 0.15625 | 0.042097 0.11556
0.125 0.15625 | 0.014849 | 0.037601 | 1.5034 | 1.6199

0.0625 0.15625 | 0.0077193 | 0.01917 | 0.94382 | 0.97195
0.25 0.078125 | 0.038395 0.1054
0.125 0.078125 | 0.011013 | 0.027888 | 1.8017 | 1.9182

0.0625 | 0.078125 [ 0.0038664 | 0.0096016 | 1.5102 | 1.5383
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Error for wave equation for t[0,1.25] with A x=0.25
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FIGURE 8.3: Two of the figures, which are automatically created by
FIDOS.






Appendix

List of Abbreviations

ADI: Alternating direction implicit methods

CFL condition: Courant-Friedrichs-Levy condition
COM: Component object model

CVD: Chemical vapor deposition

DD: Domain decomposition methods

D3F: Distributed-density-driven flow software toolbox, done with the
software package UG (unstructured grids)

DLL: Dynamic link library

GRAPE: Visualization software, see [116]
ILU: Incomplete LU method

IOS: Tterative operator splitting method

LOD: Locally one-dimensional methods, e.g., locally one-dimensional
splitting methods

MAX-phase: Special material with metallic and ceramic behavior, see
(12]

MD: Molecular dynamics

ODE: Ordinary differential equation

OFELI: Object finite element library

OPERA-SPLITT: Software package including splitting methods
PDE: Partial differential equation

PVD: Physical vapor deposition

281
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o R3T: Radioactive-reaction-retardation-transport software toolbox, done
with the software package UG (unstructured grids)

e SiC: Silicon carbide

o Ti35iCy: Special material used for thin-layer deposition, see [12]

Symbols

e A - in the following A is a matrix in R™ x R™ m € NT is the rank
e )\; - i-th eigenvalue of A

e p(A) - spectral radius of A

e ¢; - i-th eigenvector of matrix A

e o(A) - spectrum of A

e Re();) - i-th real eigenvalue of A

o U= %—7; - first-order partial time derivative of ¢

2 . . . .
o Uy = %Té‘ - second-order partial time derivative of ¢
3 . . . . .
o Uiy = %Téf - third-order partial time derivative of u
4 . . . .
® Uy = %Tfj - fourth-order partial time derivative of u

oy = ‘(li—q; - first-order time derivative of u

2 . . .
oy = ‘;T;‘ - second-order time derivative of u
o T =1, =t"T — 1" - time step

e 1" - approximated solution of u at time ¢™

ntl_n o L
o 0fu= “——"— - forward finite difference of u in time
"
— n__ n—1 . . . .
e 0, u= “—"— - backward finite difference of u in time
n
0 S S . . . .
o JJu = > - central finite difference of u in time
"

o 0?u = 0;'0; u - second-order finite difference of v in time



APPENDIX 283

Vu - gradient of u

Au(z,t) - Laplace operator of u

V - u - divergence of u (where u is a vector function)

Ny, - outer normal vector to £,

9w - forward finite difference of u in space dimension x

0, u - backward finite difference of u in space dimension z
% - central finite difference of u in space dimension x

02u - second-order finite difference of u in space dimension x
8; u - forward finite difference of u in space dimension y

0, u - backward finite difference of u in space dimension y

82u - central finite difference of u in space dimension y

8Zu - second-order finite difference of u in space dimension y

e;(t) := u(t) — u;(t) - local error function with approximated solution
ui(t)

errocal - local splitting error

€TTglobal - global splitting error

arg(z) - argument of z € C (angle between it and the real axis)

[A,B] = AB — BA - commutator of operator A and B
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APPENDIX

General Notations

D(B)

X, X g

X" =

I, X,
wmr(Q)

Domain of B

Banach spaces

Product space of X

Sobolev space consisting of all locally
summable functions u : 2 — R such that for
each multi-index o with |a| < m,

O u exists in the weak sense and belongs
to LP(Q)

Boundary of €

Operator space of X, e.g., a Banach space
Discretized domain €2 with the underlying
grid step h

Sobolev space W™?2

The closure of C$°(Q2) in the

Sobolev space W12,

LP-norm

H™-norm

Maximum norm, if not defined otherwise
Norm with respect to Banach space X
Maximum norm on interval I

Scalar product of z and y in a Hilbert space,
see Chapter 2

Landau symbol, e.g., first order in time
with time step 7

Vectorial solutions with two components,
see Chapter 2

Vectorial solutions in three components,
see Chapter 2

Vectorial notation, see Chapter 2 and 6
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