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Foreword

The knowledge of the physics of electrical discharges and of the electric field 
distribution are essential design criteria for apparatus applied in physics, 
medicine and high-voltage engineering. Intensive research work was done 
particularly in the past, as the support by computers was available. This 
research work is the subject of numerous articles in scientific journals. For 
engineers, physicists or students, it is of value that this variety of information 
is compiled in books by competent scientists experienced in this research 
field. Dr. Sivaji Chakravorti, professor of electrical engineering at Jadavpur 
University, Kolkata, India, presents his book Electric Field Analysis giving a 
deep insight into the subject.

The first part of the book (Chapters 1 through 3) introduces the physical 
and mathematical fundamentals of electrical fields, with explanations to 
Gauss’s law and orthogonal coordinate systems. Chapter 4 considers simple 
single-dielectric configurations, where an analytical mathematical treatment 
is possible. The subject of Chapter 5 is dielectric polarization. Electrostatic 
boundary conditions, multi-dielectric configurations and electrostatic pres-
sures on boundary surfaces are treated in Chapters 6 through 8. These more 
general subjects are concluded by the description of the classical methods 
of field determination: method of images (Chapter 9) supplemented by the 
application to the field calculation of a sphere or a cylinder in uniform exter-
nal fields (Chapter 10), conformal mapping (Chapter 11) and graphical field 
plotting (Chapter 12).

The subject of the main part of this book is the numerical computation of 
electrical fields, after an introduction into these techniques (Chapter 13). The 
finite difference method (Chapter 14), the finite element method (Chapter 15), 
the charge simulation method (Chapter 16) and the numerical computation 
by the surface charge simulation method including the indirect boundary 
element method (Chapter 17) are described and explained. The possibilities 
of every method are shown by examples taken from engineering practise 
and suited as benchmark models for validation. In addition, interesting case 
studies based on own research works are presented (Chapter 18): electrical 
field distribution in a cable termination, around a post insulator, in a con-
denser bushing and around a Gas Insulated Substation (GIS) spacer.

The subject matter of the last chapter (Chapter 19) deals with consider-
ations on the application of numerical field calculation for the electric field 
optimization, limited to a review of published works; the demonstration of 
contour correction techniques and the application of artificial neural net-
works for the optimization of electrode and insulator contours.

The author is a fellow of the Indian National Academy of Engineering, a fel-
low of the National Academy of Sciences India and is a senior member of the 
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IEEE (United States). Recently, he was elected as an honorary  ambassador of 
the Technical University of Munich (Germany). He has published numerous 
papers in refereed international and Indian scientific journals. His research 
fields are numerical field computation, condition monitoring of transform-
ers, partial discharge analysis, computer-aided design and optimization of 
insulation systems, application of artificial intelligence in high-voltage sys-
tems and lifelong learning techniques.

This book is a valuable tool for engineers and physicists engaged in the 
design work of high-voltage insulation systems. It opens a view into the 
research work done in the past and also into the present state of the art. It is 
a result of the long-time research work of the author in this field.

Hans Steinbigler
Technical University of Munich
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Preface

Since my days as an undergraduate engineering student, I was used to 
 hearing comments from students that field theory is one of the most difficult 
subjects in the undergraduate curriculum. Later on, as a teacher, I have expe-
rienced the fact that not many teachers volunteer to teach field theory for 
reasons known to them. Moreover, over two decades, I have been told by my 
students that field theory is taught mostly from a mathematical viewpoint, 
and the physical understanding of issues related to field theory is normally 
not discussed in the classes. In this context, my own view is that it is true that 
nobody has seen electric field. But it exists and many physical phenomena 
are dependent on the nature of the electric field distribution. Therefore, it is 
very important to have a physical understanding of the field theory topics, 
so that one can correlate field theory and the associated physical phenomena. 
But at the same time, I am not stating that one should not learn the math-
ematical foundations of field theory, because field-related problem-solving 
requires a sound knowledge of mathematical aspects of field analysis.

I did my doctoral as well as post-doctoral works on numerical analysis of 
electric fields and later took up teaching electric field theory for more than 
one and half decades both at the undergraduate and postgraduate levels at 
Jadavpur University, Kolkata, India. Over the years, I have had brilliant stu-
dents at both the undergraduate and postgraduate levels who have asked 
thought-provoking questions regarding electric field analysis. Quite a few 
PhD scholars have carried out outstanding works on numerical electric field 
analysis and electric field optimization under my supervision. They have 
constantly poked me to write a book on electric field analysis, emphasiz-
ing the physical understanding of field theory. Finally, in 2013, I decided 
to accede to the demands of my students and took up writing of this book 
on electric field analysis, which would not only present the mathematical 
aspects but also would strongly deal with the physical understanding of the 
basic issues of electric field theory.

This book is written with an eye on power engineering, and most of the exam-
ples that bring forth the real-life issues related to electric field analysis are from 
power-engineering applications in general and dielectric engineering in par-
ticular. It is to be made clear here that this book is not intended to be a book that 
helps in solving problems related to electric field, nor is it a book that intends to 
look everything from a detailed mathematical viewpoint. All the theories have 
been discussed in such a way that the reader gets an idea of how these theories 
are useful in real life. The problems given in this book are mainly intended to 
make the understanding of the theories clear. Wherever possible, I have tried to 
give objective type questions, which could be used to test whether a student has 
understood the finer yet practical points of electric field analysis.



xviii Preface

This book is clearly divided into two parts. The first part, comprising 
Chapters 1 through 12, deals with the conventional aspects of electric field 
theory. These topics are not new and several other books discussing these 
issues are available. But I have tried to present these fundamental aspects 
in a way which is easily accepted by my students over the years. The second 
part of the book, comprising Chapters 13 through 19, concentrates on the 
numerical analysis and optimization of electric field. Here also, I have tried 
not to burden the readers with too many theoretical issues of numerical anal-
ysis. My target here is to help readers to develop their own codes after going 
through the chapters. Whether I have succeeded or not is left to the readers.

I thought that I should incorporate some practical case studies of numeri-
cal analysis of electric field to give readers a clear idea of how to carry out 
electric field analysis in a real-life case. All the examples are taken from 
power-engineering applications, which the students will be able to connect 
with their acquired knowledge. In the recent past, the optimization of engi-
neering system has been a major area of research and the optimization of 
high-voltage system is no exception. Therefore, in the end, I have included a 
chapter on high-voltage field optimization. In this chapter, the aim is not to 
present optimization techniques, but the goal is to discuss how high-voltage 
field optimization studies are carried out by researchers. To highlight the 
evolution of such optimization studies, classical as well as soft computing-
based optimization studies have been presented in the concerned chapter.

Over the years, I have developed a software package called TWIN, which 
is based on surface charge simulation method for electric field analysis and 
is copyrighted in my name. TWIN does not have a user-friendly graphical 
user interface, but is very easy to use in conjunction with simple help files 
that are written by me. I proposed to the publisher that this software pack-
age may be given to the purchasers of this book as a downloadable code. The 
publisher agreed to this request and hence I am offering TWIN© in tandem 
with this book.

I would like to emphasize here that this book is neither intended for the 
only few who are at the very top of any group, which studies electric field 
theory, nor is it intended to be a made easy book. I have tried to write in such 
a way that this book is useful for a majority of students.

I am thankful to many who have helped me to prepare this manuscript in 
different ways. I cannot name them all, as I will definitely miss some of them. 
But I will be failing in my duties if I do not mention Dr. Biswendu Chatterjee, 
because without his support this book could not have been completed. I would 
also like to mention Dr. Kesab Bhattacharya, Dr. Abhijit Lahiri, Mr. Sandip 
Saha Chowdhury and Mr. Arijit Baral for their valuable inputs and help.

I am indebted to Prof. Hans Steinbigler of Technical University of Munich 
in so many ways starting from my post-doctoral days in the university at 
Munich in the mid-1990s. I thought it to be an honour to request him to write 
the foreword of this book and express my heartfelt thanks to him for agree-
ing to write the foreword.
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Finally, I would like to express my gratitude to my family members, 
 particularly my wife and daughters who beared with me, when I neglected 
my family duties to prepare this manuscript. It was also a pleasure to work 
with the publishing team of Taylor & Francis and I express my sincere thanks 
to all members of this publishing team.

I am sure that this book is not free from mistakes in spite of my best 
efforts. The readers are most welcome to send their constructive suggestions 
to me either on the content of the book or on TWIN. Please write to me at 
s_chakrav@yahoo.com.

Additional material is available from the CRC Press website: http://www 
.crcpress .com/product/isbn/9781482233360.

Sivaji Chakravorti
Jadavpur University
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Fundamentals of Electric Field

ABSTRACT Leaving aside nuclear interactions, there are two non-contact 
forces that act at a distance, namely, gravitational and electric forces. Grav -
itational force is dominant at large distances whereas electric forces are 
dominant at shorter distances. The root cause of electric forces is electric 
charge. The effect of electric charge is spread over the entire space around it, 
but it falls rapidly with distance. The presence of an electric field is detected 
by observing the force on a charged body located within the field region. 
Electric field intensity is obtained by dividing the electric force by the 
magnitude of the test charge. To have an electric field parameter, which is 
independent of the charge of the test body, electric potential is introduced in 
the analysis, such that electric field intensity, which is a vector quantity, is the 
spatial derivative of electric potential, which is a scalar quantity. For a given 
material, electric field intensity depends on the electric flux density, which 
in turn depends on the amount of source charges present in the field region. 
For the purpose of electric field analysis, several types of charge configura-
tions are considered, such as point, line, ring and disc charges.

1.1 Introduction

When I was a student of third semester in engineering degree course, I had 
an unassuming yet a man of profound knowledge as our teacher who taught 
us electric field theory. In the very first class, he asked us a simple question: 
‘Could you name just one thing which is the cause of electric field?’ Then he 
went on to explain the answer to that question, which is ‘Electric Charge’. 
It struck a chord somewhere within me, and I explored further on the effects 
of electric charge. From that day onwards, I was hooked to electric charge.

To quote the legendary physicist, Richard Feynman, ‘Observation, reason, 
and experiment make up what we call the scientific method’. This is pre-
cisely true for electric field theory. Students often ask me how I discussed so 
many things about electric field when nobody has seen electric field. Yes, it is 
true that electric field cannot be directly seen. But observations on physical 
occurrences and related reasoning give theoretical understanding and when 
such understanding is validated by experimentation, then it establishes the 
existence of electric field.
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1.2 Electric Charge

Even in the seventeenth century, it was known that matters exert force on 
each other, which varies inversely as the square of the distance between 
them. It is the so-called long-range interaction, commonly known as gravi-
tation. But what is the nature of interaction between two things when the 
distance between them is very small? Is it gravitation? The answer is no. 
Gravitation is very weak at that dimension. Then it must be some other force. 
Observation shows that it is analogous to gravitational force in the sense that 
it also varies inversely as the square of the distance between the two things. 
But it is also observed that there is a big difference between gravity and this 
short-range force. In gravitation, any one matter attracts another matter. But 
this is not the case in this short-range force. Here, dissimilar things attract 
and similar things repel each other. In other words, there are two different 
types of things involved in short-range interactions. This thing, which causes 
the short-range interaction, has been named as ‘electric charge’. It has been 
found that electric charge is a basic property of matter carried by elementary 
particles. Typically, electric charges are of two types: positive and negative 
charges. When the atomic structure was properly understood, it was found 
that the positive charges (primarily protons) are located at the centre of the 
atom, that is, nucleus, and the negative charges (electrons) revolve around 
the nucleus.

Experimental evidence shows that all electrons have the same amount of 
negative charge, which is also equal to the amount of positive charge of each 
proton. Consequently, it follows that charge exists in quantized unit equal 
to the charge of an electron or a proton (e), which is a fundamental physical 
constant. Thus electric charge of anything comes in integer multiples of the 
elementary charge, e, except for particles called quarks, which have charges 
that are integer multiples of e/3. The unit of electric charge in the SI system 
is coulomb (C). One C consists of 6.241509324 × 1018 natural units of electric 
charge, such as charge of individual electrons or protons. Conversely, one 
electron has a negative charge of 1.60217657 × 10–19 C and one proton has a 
positive charge of 1.60217657 × 10–19 C. Other particles (e.g. positrons) also 
carry charge in multiples of the electronic charge magnitude. However, these 
are not going to be discussed for the sake of simplicity.

Electric charge is also conserved; that is, in any isolated system or in any 
chemical or nuclear reaction, the net electric charge is constant. The alge-
braic sum of the elementary charges remains the same. In physical terms, it 
implies that if a given amount of negative charge appears in one part of an 
isolated system, then it is always accompanied by the appearance of an equal 
amount of positive charge in another part of the system. In modern atomic 
theory, it has been proved that although fundamental particles of matter con-
tinually and spontaneously appear, disappear and change into one another, 
they always obey the constraint that the net quantity of charge is preserved.
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1.3 Electric Fieldlines

From logical reasoning, it can be stated that if a charge is present in space, 
then another charge will experience a force when brought into that space. In 
other words, the effect of the first charge, which may also be called the source 
charge, extends into the space around it. This is known as the electric field 
caused by the source charge. If there is no charge in space, then there will be 
no electric field. If the source charge is of positive polarity and the test charge 
is of negative polarity, then the test charge will experience an attractive force. 
On the other hand, if the test charge is also of positive polarity, then it will 
experience a repulsive force. If the test charge is free to move, then it will move 
in accordance with the direction of the force. The loci of the movement of the 
test charge within the electric field are known as electric lines of force or electric 
fieldlines.

Behaviour of an electric field is conventionally analyzed considering the 
test charge to be a unit positive charge. Hence, the test charge will expe-
rience repulsive force from a positive source charge and attractive force 
from a negative source charge. Therefore, the test charge will move away 
from the positive source charge and move towards the negative source 
charge. Accordingly, the directions of electric fieldlines are such that they 
originate from a positive charge and terminate on a negative charge, as 
shown in Figure 1.1. Figure 1.1a shows the electric fieldlines originating 
from a positive source charge whose magnitude is integer (N) multiple 
of +e, whereas Figure 1.1b shows the electric fieldlines terminating on a 
negative source charge of the same magnitude. The electric fieldlines are 
the directions of the force experienced by a unit positive charge +e, as 
shown in Figure 1.1.

(a) (b)

+e

−Q =
N × −e

+Q =
N × +e

+e

FIGURE 1.1
Electric fieldlines due to (a) positive source charge and (b) negative source charge.
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Figure 1.2 depicts the electric fieldlines due to a pair of positive and nega-
tive charges, showing the fieldlines to be originating from the positive charge 
and terminating on the negative charge.

According to SI unit system, one C of source charge gives rise to one C of 
electric fieldlines.

1.4 Coulomb’s Law

It is the law that describes the electrostatic interaction between electrically 
charged particles. It was published by the French physicist Charles Augustin 
de Coulomb in 1785. He determined the magnitude of the electric force 
between two point charges using a torsion balance to study the attraction 
and repulsion forces of charged particles. The interaction between charged 
particles is a non-contact force that acts over some distance of separation. 
There are always two charges and a separation distance between them as the 
three critical variables that influence the strength of the electrostatic interac-
tion. The unit of the electrostatic force, like all forces, is Newton. Being a 
force, the strength of the electrostatic interaction is a vector quantity that has 
both magnitude and direction.

According to the statement of Coulomb’s law (1) the magnitude of the 
electrostatic force of interaction between two point charges is directly 

+Q =
N × +e

−Q =
N × −e

FIGURE 1.2
Electric fieldlines due to a pair of positive and negative charges.
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proportional to the scalar multiplication of the magnitudes of point charges 
and inversely proportional to the square of the separation distance between 
the point charges and (2) the electrostatic force of interaction acts along the 
straight line joining the two point charges. If the two point charges are of 
same polarity, the electrostatic force between them is repulsive; if they are of 
opposite polarity, the force between them is attractive.

It should be noted here that two conditions are to be fulfilled for the valid-
ity of Coulomb’s law: (1) the charges involved must be point charges and 
(2) the charges should be stationary with respect to each other.

Mathematically, the force between two point charges, as shown in 
Figure 1.3, could be written as follows:

 F
Q Q

F
Q Q

r r
��

� � ��
� �21

2 1

0 21
2 21 12

1 2

0 12
2 12

4 4
= ± =

±⋅ ⋅

πε πεr
u

r
uand sothhat  F

�� ��
21 12= −F  (1.1)

where:
ε0 is permittivity of free space (≈8.854187 × 10–12 F/m)
ˆ /u r rr21 21 21=

 

 and ˆ /u r rr12 12 12=
 

 are the unit vectors
r r r
  

21 2 1= −  and r r r
  

12 1 2= −  are the distance vectors where r


1 and r


2 are the 
position vectors of the location of the point charges Q1 and Q2, respec-
tively, with respect to a defined origin

When the scalar product of Q1 and ±Q2 is positive, the force is repulsive, and 
when the product is negative, the force is attractive.

1.4.1 Coulomb’s Constant

The constant of proportionality k that appears in Coulomb’s law is often 
called Coulomb’s constant. In the SI unit system,

+Q1 ε0

ûr12 ûr21

F12 −Q2

r12 = −r21

+Q1 +Q2ε0

ûr21ûr12 r12 = −r21

→

F12
→

F21
→

F21
→

FIGURE 1.3
Electrostatic forces of interaction between two point charges.
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The product of Coulomb’s constant and the square of the electron charge 
(k·e2) is often convenient in describing the electric forces in atoms and nuclei, 
because that product appears in electric potential energy and electric force 
expressions.

1.4.2 Comparison between Electrostatic and Gravitational Forces

The expression for electrostatic force, as obtained from Coulomb’s law, 
bears a strong resemblance to the expression for gravitational force given by 
Newton’s law for universal gravitation.

 F k
Q Q

r
F G

m m
r

�� ��
electrostatic gravitationaland= =· ·1 2

2
1 2

2  (1.3)

where:
k ≈ 9 × 109 N⋅m2/C2

G ≈ 6.67 × 10–11 N⋅m2/kg2

Both the expressions show that the force is (1) inversely proportional to 
the square of the separation distance and (2) directly proportional to the 
scalar product of the quantity that causes the force, that is, electric charge 
in the case of electrostatic force and mass in the case of gravitational 
force. But, there are major differences between these two forces. First, 
gravitational forces are only attractive, whereas electrical forces can be 
either attractive or repulsive. Second, a comparison of the proportionality 
constants reveals that the Coulomb’s constant (k) is significantly greater 
than Newton’s universal gravitational constant (G). Consequently, the 
electrostatic force between two electric charges of unit magnitude is sig-
nificantly higher than the gravitational force between two masses of unit 
magnitude.

From Equation 1.3, it is seen that the electrostatic force between two elec-
tric charges of magnitude 1 C separated by a distance of 1 m will be a colos-
sal 9 × 109 N! On the other hand, the gravitational force between two masses 
of magnitude 1 kg separated by a distance of 1 m will be a meagre 6.67 × 10–11 
N! These values clearly show the enormous difference between magnitudes 
of electrostatic and gravitational forces.

The comparison can also be made between the electrostatic and gravitation 
forces between two electrons separated by a given distance. Considering the 
charge of an electron as e (1.60217657 × 10–19 C) and the mass of the electron 
as me (9.10938291 × 10–31 kg), the ratio of electrostatic to gravitational forces 
between two electrons is given by
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The above equation shows how strong electrostatic forces are compared to 
gravitational forces! If this reasoning is applied to the motion of particles in 
the universe, one may expect the universe to be governed entirely by elec-
trostatic forces. However, this is not the case. The electrostatic force is enor-
mously stronger than the gravitational force, but is usually hidden inside 
neutral atoms. On astronomical length scales, gravity is the dominant force 
and electrostatic forces are not relevant. The key to understanding this par-
adox is that electric charges could be of either positive or negative polar-
ity, whereas the masses that cause gravitational forces are only positive, as 
there is nothing called negative mass. This means that gravitational forces are 
always cumulative, whereas electrical forces can cancel each other. For the 
sake of an argument, consider that the universe starts out with randomly 
distributed electric charges. Initially, electrostatic forces are expected to com-
pletely dominate gravity. Because of the dominant electrostatic forces, every 
positive charge tries to get as far away as possible from the other positive 
charges, and to get as close as possible to the other negative charges. After 
some time, the positive and negative charges come near enough (≈10–10 m) to 
form close pairs. Exactly how close the charges would come is determined 
by quantum mechanics. The electrostatic forces due to the charges in each 
pair effectively cancel one another out on length scales that are much larger 
than the mutual spacing of the charge pair. If the number of positive charges 
in the universe is almost equal to the number of negative charges, then only 
the gravity becomes the dominant long-range force. For effective cancella-
tion of long-range electrostatic forces, the relative difference in the number 
of positive and negative charges in the universe must be extremely small. In 
fact, cancellation of the effect of positive and negative charges has to be of 
such accuracy that most physicists believe that the net charge of the universe 
is exactly zero. In other words, electric charge is a conserved quantity; that is, 
the net charge of the universe can neither increase nor decrease. As of today, 
no elementary particle reaction has been discovered that creates or destroys 
electric charge.

1.4.3 Effect of Departure from Electrical Neutrality

The fine balance of electrostatic forces due to positive and negative electric 
charges starts to break down on atomic scales. In fact, interatomic and inter-
molecular forces are all electrical in nature. But, this is electric field on the 
atomic scale, usually termed as quantum electromagnetism. This book is about 
classical electromagnetism, which is electromagnetism on length scales much 
larger than the atomic scale. Classical electromagnetism generally describes 
phenomena in which some sort of disturbance is caused to matter, so that the 
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close pairing of positive and negative charges is disrupted. Such disruption 
allows electrical forces to manifest themselves on macroscopic length scales. 
Of course, very little disruption is necessary before gigantic forces are gener-
ated, which may be explained with the help of the following example.

Figure 1.4 shows two copper spheres of volume 1 cubic centimetre (cc) lying 
on one another. Copper is a good electrical conductor and has one valence 
electron in the outermost shell of its atom, and that electron is fairly free to 
move about in the volume of solid copper material. The density of metal-
lic copper is approximately 9 g/cc and one mole of copper is 63.55 g. Thus 
1 cc of copper contains approximately 8 5 10 9 63 55 6 022 1022 23. [( / . ) . ]× × ×  copper 
atoms. With one valence electron per atom, and with the electron charge of 
1.6 × 10–19 C, there are about 13,600 C of potentially mobile charge within a 
volume of 1 cc of copper. How much electron charge needs to be removed 
from two spheres of copper, so that there is enough net positive charge on 
them to suspend the top sphere over the bottom? The force required to lift 
the top sphere of copper against gravity would be its weight, that is, 0.0883 
(≈9 × 10–3 × 0.807)N. It is fair to assume that the net charge resides at the points 
of the spheres most distant from each other because of the charge repulsion. 
The radius of a sphere of volume 1 cc is 0.62 cm. Therefore, the repulsive force 
to be considered should be that between two point charges 2.48 cm apart, 
that is, twice the sphere diameter apart. From Coulomb’s law

 0 0883
1

4 0 0248
7 75 10

0

2

2
8.

.
.= × ≈ × −

πε
Q

Qor C  (1.5)

Compared to the total valence charge of approximately 13,600  C, this 
7.75 × 10–8 C amounts to removing just one valence electron out of every 175 
billion copper atoms from each sphere. In summary, the removal of just one 
out of every 175 billion free electrons from each copper sphere would cause 
enough electrostatic repulsive force on the top sphere to lift it, overcoming 
the gravitational pull of the entire Earth!

Fgravity = 0.0883NFelectrostatic

r = 0.62 cm

Copper
spheres of

volume 1 cc

Lift due to the
removal of one valence

electron out of
every 175 billion in

each sphere

+

+

FIGURE 1.4
Lifting of a copper sphere due to electrostatic force against gravity.
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1.4.4 Force due to a System of Discrete Charges

Consider N charges, Q1 through QN, which are located at position vectors r


1 
through rN



, as shown in Figure 1.5. Because the electrostatic forces obey the 
principle of superposition, the electrostatic force acting on a test charge q at 
position vector r



 is simply the vector sum of all of the forces from each of the 
N charges taken in isolation. Thus, the total force acting on the test charge 
q is given by

 F r q
q r r

r r

i i

ii

N�� � �

� �( ) = −

−=
∑ 4 0

3
1

πε
 (1.6)

where:
the distance vector R r ri i

�� � �
= −  is directed from the ith charge Qi to q

1.4.5 Force due to Continuous Charge Distribution

Instead of having discrete charges, consider a continuous distribution of 
charge represented by a charge density, which could be linear, surface or vol-
ume charge density, depending on the distribution of charge. For a continuous 
charge distribution, an integral over the entire region containing the charge is 
equivalent to a summation for infinite number of discrete charges, where each 
infinitesimal element of space is treated as a discrete point charge dq.

For linear charge distribution, for example, charge in a wire, considering 
linear charge density as λ( )′r  and the infinitesimal line element dl′ at the 
position r′,

Q1

Q2

Qi
QN

Ref origin

q

→r

→rN

→→ri

→r2

→r1

Ri
→

FIGURE 1.5
Force due to a system of discrete charges.
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 dq dl= ′ ′λ( )r

For surface charge distribution, for example, charge on a plate or disc, con-
sidering surface charge density as σ( )′r  and the infinitesimal area element 
dA′ at the position r′,

 dq dA= ′ ′σ( )r

For volume charge distribution, for example, charge in the volume of a bulk 
material, considering volume charge density as ρ( )′r  and the infinitesimal 
volume element dV′ at the position r′,

 dq dV= ′ ′ρ( )r

The force on a test charge q at position r in free space is given by the integral 
over the entire continuous distribution of charge as follows:

 F r q
r r

r r

�� � ��

� ��( ) = − ′

− ′∫ dq
4 0

3πε
 (1.7)

In the above equation the integration is line, surface or volume integral 
according to the nature of charge distribution. The integral is over all space, 
or, at least, over all space for which the charge density is non-zero.

1.5 Electric Field Intensity

At this juncture, it is useful to define a vector field E r
��

( ), called the electric field 
intensity, which is the force exerted on a unit test charge of positive polarity 
located at position vector 



r . Then, the force on a test charge could be written 
as follows:

 F r qE r
�� ��

( ) ( )=  (1.8)

The electric field intensity could be written from Equation 1.6 as follows:

 E r
q r r

r r

i i

ii

N�� � �

� �( ) = −

−=
∑ 4 0

3
1

πε
 (1.9)

or, from Equation 1.7 as follows:

 E r
r r

r r

�� � ��

� ��( ) = − ′

− ′∫ dq
4 0

3πε
 (1.10)
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The electric fieldlines from a single charge Q located at a given position are 
purely radial and are directed outwards if the charge is positive or inwards 
if it is negative, as shown in Figure 1.1. Therefore, the electric field intensity 
at any point located at a radial distance r from the source charge Q will be 
the force experience by a unit test charge of positive polarity at that point 
and is given by

 E r
Q

r
u

��
�( ) =

4 0
2πε

r  (1.11)

The unit of electric field intensity as per the above definition is N/C. However, 
the practical unit of electric field intensity is a different one and will be dis-
cussed in Section 1.7.

1.6 Electric Flux and Electric Flux Density

Consider the case of air coming in through a window. The amount of air that 
comes through the window depends on the speed of the air, the direction of 
the air and the area of the window. The air that comes through the window 
may be called the air flux.

Similarly, the amount of electric fieldlines that pass through an area 
is the electric flux through that area. Consider the case of a source point 
charge of positive polarity, as shown in Figure 1.1a. If the source charge 
magnitude is Q C, then the total amount of electric fieldlines coming 
out of the source charge will be also Q C. Now, if a fictitious sphere of 
radius r is considered such that the source charge is located at the centre 
of the sphere, then the electric flux through the surface of the sphere 
will be Q C, as the surface of the sphere completely encloses the source 
charge, and all the electric fieldlines coming out radially from the source 
point charge passes through the spherical surface. Electric flux is typi-
cally denoted by ψ.

Electric flux density is then defined as the electric flux per unit area 
normal to the direction of electric flux. In the case of a point charge the 
electric fieldlines are directed radially from the source charge and hence 
the electric fieldlines are always normal to the surface of the sphere hav-
ing the point charge at its center. Hence, for a point source charge of mag-
nitude Q C, the electric flux that passes through the spherical surface 
area of magnitude 4π r2 is Q. Then the electric flux density (D

��
) at a radial 

distance r from the point charge is given by

 D r
Q
r

u
��

�( ) =
4 2π

r  (1.12)
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From Equations 1.11 and 1.12, it may be written that

 D r E r
�� ��

( ) ( )= ε0 , when the medium is free space or,

 D Er r
�� ��

( ) ( ),= ε ε0 r for any particular medium of relative permittivvity rε  
(1.13)

Electric flux density is a vector quantity because it has a direction along 
the electric fieldlines at the position where electric flux density is being 
computed.

Equation 1.13 is known as one of the basic equations of electric field theory.
However, it is not necessary that electric flux will always be normal to the 

area under consideration. In such cases, the component of the area that is nor-
mal to electric flux has to be taken for computing electric flux density. Figure 1.6 
shows such a case, where an electric flux of magnitude ψ passes through an 
area of magnitude A, which is not normal to the direction of electric flux.

With reference to Figure  1.6, electric flux and electric flux density are 
related as follows:

 ψ θ= D A
��

cos  (1.14)

Again, as depicted in Figure 1.6, ˆ ˆ cos .u ur n· = θ
Therefore, from Equation 1.14

 ψ = = =D Au u D u Au D A
�� �� �� ��

ˆ ˆ ˆ ˆr n r n· · ·  (1.15)

Equation 1.15 presents an important idea of introducing an area vector, which 
is a vector of magnitude equal to the scalar magnitude of the area under 

Area A

Normal

vector (û n)

θ

θ

ûr

Electric flux
(ψ)

Electric flux
density

= ψ/A cos θ

FIGURE 1.6
Pertaining to the area related to electric flux density.
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consideration, but it has a direction normal to the area under  consideration. 
In the case of closed surfaces, area vector is conventionally taken in the 
 direction of the outward normal. For an open surface, any one normal direc-
tion can be taken as positive, whereas the opposite normal direction is to be 
taken as negative.

1.7 Electric Potential

Consider that a test charge of magnitude q is located at a given position 
within an electric field produced by a system of charges. The test charge will 
experience a force due to the source charges. If the test charge moves in the 
direction of the field forces, then the work is done by the field forces in mov-
ing the test charge from position 1 to position 2. In other words, energy is 
spent by the electric field. Hence, the potential energy of test charge at posi-
tion 2 will be lower than that at position 1. On the other hand, if the charge 
is moved against the field forces by an external agent, then the work done 
by the external agent will be stored as potential energy of the test charge. 
Hence, the potential energy of the test charge at position 2 will be higher 
than that at position 1. Here, it is to be noted that the force experienced by 
the test charge within an electric field is dependent on the magnitude of 
the test charge. Hence, the potential energy of the charge at any position is 
dependent on its magnitude and the distance by which it moves within the 
electric field.

The concept of electric potential is introduced to make it a property, 
which is purely dependent on the location within an electric field and is 
independent of the test charge. In other words, it is a property of the elec-
tric field itself and not related to the test particle. Hence, electric potential 
(ϕ) at any point within an electric field is defined as potential energy per 
unit charge at that point and hence it is a scalar quantity. The unit of elec-
tric potential is volt (V), which is equivalent to joules per coulomb (J/C). 
It is interesting to note that electric field intensity is defined as force per 
unit charge and electric potential is defined as potential energy per unit 
charge.

However, it is also practically important to note that absolute values of 
electric potentials are not physically measurable; only difference in potential 
energy between two points within an electric field can be physically mea-
sured; that is, only the potential difference between two points within an 
electric field is measurable. The work done in moving a unit positive charge 
from one point to the other within an electric field is equal to the difference 
in potential energies and hence difference in electric potentials at the two 
points.
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As shown in Figure 1.7a, consider that a unit positive charge is moved 
from point 1 to point 2 by a small distance dl. The force experienced by 
the unit positive charge at point 1 is the electric field intensity E

��
. Then 

the potential difference between the ending point 2 and starting point 1 is 
given by

 φ φ2 1− = −E
�� ���

·dl  (1.16)

In the above equation E
�� ���

·dl is the work done by the field forces in moving a 
unit positive charge from point 1 to point 2. In this case, the potential energy 
of point 2 will be lower than that of point 1 and hence the potential difference 
( )φ φ12 −  will be negative. For this purpose, the minus sign is introduced on 
the right-hand side (RHS) of Equation 1.16.

As shown in Figure  1.7b, if the unit positive charge moves through a 
certain distance l within an electric field from point 1 to point 2, then the 
magnitude as well as direction of E

��
 may not be same at every location along 

the path traversed by the unit positive charge. Hence, in such a case, the 
potential difference between point 2 and point 1 is evaluated by integrating 
the RHS of Equation 1.16 over the line l from point 1 to point 2 as given in 
Equation 1.17.

 φ φ2 1

1

2

− = −∫E
�� ���

·dl  (1.17)

Equation 1.17 is known as the integral form of relationship between electric 
field intensity (E

��
) and electric potential (ϕ).

If point 1 is chosen at an infinite distance with respect to the source charges 
causing the electric field, then the potential energy at point 1 due to the 
source charges will be zero and hence ϕ1 will be zero. Then Equation 1.17 can 
be rewritten as follows:

2

l1

l2
+1

+1

+1

1

2

1

dl

E

(a) (b)

FIGURE 1.7
Pertaining to the definition of electric potential.
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 φ2

2

= −
∞
∫E
�� ���

·dl  (1.18)

Equation 1.18 shows that the electric potential at a point in an electric field 
can be defined as the work done in moving a unit positive charge from infin-
ity to that point. Because work done is independent of the path traversed 
between the two end points, the electric potential is a conservative field. It is 
important to note here that the reference point is arbitrary and is fixed as per 
nature and convenience of the problem. For most of the problems, taking the 
reference point at infinity is a sound choice. However, for many others (e.g. 
a long-charged wire), a different choice may prove to be more useful. From 
Equation 1.18, the practical unit of electric field intensity is obtained as volt 
per unit length (e.g. V/m).

It is also evident from Equation 1.18 that the work done in moving a unit 
positive charge from infinity to a given point within an electric field could be 
same for several points within that electric field depending upon the distri-
bution of electric field intensity vectors within the field region. Hence, elec-
tric potential of all such points will be same. If all these points are joined 
together then one may get a line or a surface on which every point has the 
same electric potential. Such a line or surface is called an equipotential.

Figure 1.8 shows typical examples of equipotentials in two-dimensional 
systems, where these will be lines. Figure 1.8a shows equipotential lines and 
electric fieldlines for an electric field for which E

��
 is constant everywhere, 

which is called uniform field. Figure 1.8b shows equipotentials and electric 
fieldlines for a positive polarity point charge. In this case, E

��
 varies with posi-

tion and is called non-uniform field. In the case of three-dimensional systems, 
such equipotentials will be surfaces.

Electric fieldlines

Electric fieldlines

Eq
ui

po
te

nt
ia

l l
in

es

Eq
ui

po
te

nt
ia

l
lin

es

(a) (b)

FIGURE 1.8
Examples of equipotentials: (a) uniform field and (b) non-uniform field.



16 Electric Field Analysis

1.7.1 Equipotential vis-à-vis Electric Fieldline

Consider an equipotential of any electric field, as shown in Figure 1.9. At any 
point P on this equipotential, consider that the electric fieldline makes an 
angle θ with the tangent to the equipotential at that point. If an elementary 
length dl is considered along the equipotential at P, then the potential dif-
ference between the two extremities of dl will be given by E

��
dl cosθ. But if 

dl lies on the equipotential, then there should not be any potential difference 
across dl. Again, the magnitude of electric field intensity is not zero at P and 
dl is also a non-zero quantity. Hence, the potential difference across dl could 
only be zero if cos θ is zero (i.e. if θ is 90°).

Thus, a basic constraint of electric field distribution is that the electric field-
lines are always normal to the equipotential surface. A practical example of 
this constraint is that the electric fieldlines will always leave or enter con-
ductor surfaces at 90°. This criterion is often used to check the accuracy of 
electric field computation by numerical techniques. The other properties of 
equipotential are (1) the tangential component of the electric field along the 
equipotential is zero and (2) no work is required to move a charged particle 
along an equipotential.

1.7.2 Electric Potential of the Earth Surface

The electric potential of the Earth surface could be determined with the help 
of the discussion in Section 1.7.1. Consider that a system of source charges has 
created an electric field over a region located in New York. Now, if one con-
siders a test point on the Earth surface located in New Delhi, India, then the 
distance of this test point with respect to the source charges is infinite. Hence, 
electric potential of the test point on the Earth surface in India will be zero due 
to the stated source charges at New York. Now, Earth is an excellent electrical 
conductor and in the absence of any conductive current, the Earth surface is 
an equipotential. Therefore, if the test point on the Earth surface located in 
India is at zero potential, then all the points on the Earth surface will be at zero 
potential. Extending the above-mentioned logic, one may see that for any set 
of source charges located anywhere within this world, there will always be a 
point on the Earth surface that will be at infinite distance with respect to the 

Electric
fieldline

P θ

Equipotential

dl

E
→

FIGURE 1.9
Equipotential vis-à-vis electric fieldline.
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source charges. Hence, the Earth surface potential will always be zero due to 
any set of source charges.

1.7.3 Electric Potential Gradient

It is defined as the positive rate of change of electric potential with respect 
to distance in the direction of greatest change. At any point in a field region, 
it will be very difficult to comprehend the direction of greatest change. To 
understand it conveniently, consider that the equipotentials are known within 
the field region. Figure 1.10 shows three such equipotentials 1, 2 and 3. Then 
from the point P on the equipotential 2 having an electric potential of ϕ, if one 
moves to any point on the equipotential having an electric potential ϕ + Δϕ, the 
potential difference is +Δϕ. But the minimum distance between the equipoten-
tials 1 and 2 is the normal distance Δn. Hence, the greatest rate of change will 
be along the normal to the equipotential. Moreover, there are two directions 
of the normal to the equipotential 2 at P. Electric potential gradient is defined 
to be the greatest rate of change of potential in the positive sense. Hence, with 
reference to Figure 1.10, the electric potential gradient at P will be given by

 Electric potential gradient grad /( ) ( )φ φ= ∆ ∆n  (1.19)

where:
Δϕ is the potential difference
Δn is the normal distance between the two equipotentials 1 and 2 of 

Figure 1.10

Because electric potential gradient has magnitude along with a specific direc-
tion, it is a vector quantity and is a spatial derivative of electric potential.

1.7.4 Electric Potential Gradient and Electric Field Intensity

As discussed in Section 1.7.1, electric fieldline or E
��

 will be directed along the 
normal to the equipotential. But as there are two normal directions to the 
equipotential, the question is in which direction will E

��
 be. In this context, 

Normal

1

2

3

P
E

grad ϕ

ϕ

ϕ + Δϕ

ϕ − Δϕ

Δn

→

FIGURE 1.10
Electric potential gradient and electric field intensity.
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recall that if one moves along the direction of electric field, then the poten-
tial energy decreases and hence the electric potential also decreases in the 
direction of electric field or E

��
. Therefore, with reference to Figure 1.10, E

��
 will 

act from equipotential 2 to equipotential 3 at the point P; that is, E
��

 will act 
along the direction of the decreasing potential. Again, when one moves from 
equipotential 1 to equipotential 2 along the normal distance Δn, as shown 
in Figure 1.10, then the potential drop is Δϕ and the work done by the field 
forces is given by E n

��
∆ . Hence,

 ∆φ ∆ ∆φ
∆

= =E n E
n

�� ��
or  (1.20)

Therefore, from Equations 1.19 and 1.20, it is seen that the magnitudes of 
E
��

 and grad ϕ at P are the same. But, grad ϕ acts along the direction of the 
increasing potential and E

��
 acts along the direction of the decreasing poten-

tial and both grad ϕ and E
��

 act along the normal to the equipotential at P. 
Therefore, it could be concluded that

 E
��
= −grad φ  (1.21)

As shown in Figure 1.11, the potential difference (ϕ1 – ϕ2) between two points 1 
and 2 within a field region is given by

 ∆φ ∆ ∆φ ∆= − = −E l E l
�� ��� �� ���

· or cosθ  (1.22)

where:
∆l
���

 is the distance vector from point 1 to point 2
E
��

cosθ is the component of E
��

 along ∆l
���

1

2
θ

Δl

E
→

FIGURE 1.11
Pertaining to the relationship of electric potential gradient and electric field intensity.
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Now, if ∆l
���

 lies along the direction of x-axis, then Equation 1.22 can be 
 rewritten in terms of the component of E

��
 along the x-direction, that is, Ex, 

and the distance Δx, as follows:

 E
x

x = −
∆φ
∆

 (1.23)

Instead of discrete variation, for continuous variation of electric potential in 
x-direction, Equation 1.23 could be written in partial derivative form as follows:

 E
x

x = −
∂
∂
φ

 (1.24)

Similarly, in the y- and z-directions, E yy = − ∂ ∂( / )φ and E zz = − ∂ ∂( / ).φ
Thus, the electric field intensity vector in terms of the three components 

could then be written as follows:

 E E i E j E k
x

i
y

j
z

k
x

i
y

j
z

��
= + + = − ∂

∂
− ∂
∂

− ∂
∂

= − ∂
∂

+ ∂
∂

+ ∂
∂

x y z
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆφ φ φ

kk








φ  (1.25)

On the RHS of Equation 1.25, the vector operator within the parenthesis is 
the del operator, ∇

��
. Thus, from Equation 1.25

 E
�� ��
= −∇φ  (1.26)

The∇
��

operator is an interesting operator. When it acts on a scalar quantity, 
the result is a vector quantity, and physically it results into the spatial deriva-
tive of the scalar quantity, that is, gradient of the scalar quantity. In this case, 
when∇

��
acts on scalar electric potential, it results into the vector quantity 

electric potential gradient.

PROBLEM 1.1
The potential field in a medium having relative permittivity of 3.5 is given by 
ϕ = 4x3y – 5y3z + 3xz3 V. Find the electric field intensity at the point (0.1,0.5,0.2)m.

Solution:

 
E

x
x y zx = −

∂
∂

= − −φ
12 32 3

Hence,

 Ex V/m
( . , . , . )

. . . .
0 1 0 5 0 2

2 312 0 1 0 5 3 0 2 0 084= − × × − × = −

 
E

y
x y zy = −

∂
∂

= − +φ
4 153 2
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Hence,

 Ey V/m
( . , . , . )

. . . .
0 1 0 5 0 2

3 24 0 1 15 0 5 0 2 0 746= − × + × × =

 E
z

y xzz = −
∂
∂

= −φ
5 93 2

Hence,

 Ez V/m
( . , . , . )

. . . .
0 1 0 5 0 2

3 25 0 5 9 0 1 0 2 0 589= × − × × =

Therefore,

 E i j k
�� � � �

( . , . , . )
. . .

0 1 0 5 0 2
0 084 0 746 0 589= − + + V/m

Hence,

 E
��

( . , . , . )
.

0 1 0 5 0 2
0 954= V/m

PROBLEM 1.2
The potential field at any point in a space containing a dielectric medium 
of εr = 5 is given by ϕ = 7x2y – 3y2z – 4z2x V, where x, y and z are in metres. 
Calculate the y-component of electric flux density at the point (1,4,2)m.

Solution:

 E
y

x yzy = −
∂
∂

= − +φ
7 62

Hence,

 Ey V/m
( , , )1 4 2

27 1 6 4 2 41= − × + × × =

Therefore,

 Dy
2nC/m

( , , )
. .

1 4 2
1241 5 8 854 10 1 815= × × × =−

PROBLEM 1.3
The potential field in a space containing a dielectric medium of εr1 is given 
by ϕ1 = 7xy – 3yz – 4zx V, and another potential field in a space containing a 
dielectric medium of εr2 is given by ϕ2 = – 2x – 7yz + 5zx V, where x, y and z 
are in metres. If the x-component of electric flux density at the point (1,2,2)m 
is same in both the fields, then find the ratio of εr1 and εr2.
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Solution:

 E
x

y zx1
1 7 4= − ∂

∂
= − +φ

Hence,

 Ex V/m1 1 2 2
7 2 4 2 6

( , , )
= − × + × = −

 E
x

zx2
2 2 5= − ∂

∂
= −φ

Hence,

 Ex V/m2 1 2 2
2 5 2 8

( , , )
= − × = −

 Now, C/mx
2D Ex1 1 0 1 1 06= × × = −ε ε ε εr r

 and C/mx
2D Ex2 2 0 2 2 08= × × = −ε ε ε εr r

 As per the problem statement, or,x x r rD D1 2 1 0 2 06 8= − = −, ε ε ε ε

Hence,

 
ε
ε

r

r

1

2
1 333= .

1.8 Field due to Point Charge

As shown in Figure 1.12, due to a point charge +Qi, the electric field intensity 
at any point P at a distance r from the charge is given by

 E
Q

r
u

��
r r= i

4 0
2πε

ˆ

If P is moved from point A to point B, as shown in Figure 1.12, then the poten-
tial difference will be as follows:

 φ φ ⋅B A r
B A

A

B

− = − = −







∫ Q

r
u

Q
r r

r

r

i idl
4 4

1 1

0
2

0πε πε
ˆ
���

 (1.27)

If A is located at infinity, then the potential of B will be

 φB
B

= Q
r

i

4 0πε
 (1.28)
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If +Qi is located at (xi,yi,zi) and B is located at (x,y,z), then

 r x x i y y j z z kB

�� � � �= − + − + −( ) ( ) ( )i i i  (1.29)

 such that r x x y y z z u
r
r

�
�

�
�B B

B

B

and= − + − + − =( ) ( ) ( )i i i
2 2 2

r

The electric field intensity at B will then be given by

E
Q

x x y y z z
x x i y y j z z

B =
− + − + − 

− + − + −i

i i i

i i

4 0
2 2 2πε ( ) ( ) ( )

( ) ( ) ( 

ii

i i i

)

( ) ( ) ( )

k

x x y y z z



− + − + −





2 2 2

 

(1.30)

Hence, the three components of electric field intensity at B are (dropping the 
suffix B for the sake of generalization) as follows:

 

E
x x Q

x x y y z z

E
y y Q

x

y

= −

− + − + −





=
−( )

( )

( ) ( ) ( )

i i

i i i

i i

4

4

0
2 2 2

3

πε

πεε

πε

0
2 2 2

3

0
24

( ) ( ) ( )

( ) (

x x y y z z

E
z z Q

x x y

− + − + −





=
−( )

− +

i i i

i i

i

z

−− + −





y z zi i) ( )2 2
3

 
(1.31)

B
(x,y,z)

+Qi
(xi,yi,zi)

A

P
θ

ûr

r
rA

rB

dl
→

FIGURE 1.12
Field due to a point charge.
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In the presence of multiple point charges, at any point electric potential will 
be the scalar sum of electric potentials and electric field intensity will be the 
vector sum of electric field intensities at that point due to all the charges. In 
other words, the effect of all the charges will be superimposed at any point 
within the field region.

PROBLEM 1.4
A point charge Q1 = +1.0 μC is located at (3,1,1)m and another point charge 
Q2 = –0.5 μC is located at (0.5,2,1.5)m. Find the magnitude and polarity of the 
point charge located at (1,2,2)m for which the z-component of electric field 
intensity will be zero at the origin. Medium is air.

Solution:
For the point charge 1:

Distance vector to the origin is

 r i j k i j k
� � � � � � �

O m1 0 3 0 1 0 1 3= − + − + − = − − −( ) ( ) ( ) ( )

Therefore,

 r


O m1 3 317= .

Electric field intensity at the origin:

 
E

i j k
A i jO1

6

0
3

10
4 1

3
3 317

0 0822 0 0274 0 02=
× ×

×
− − −

= − − −
−

π ε

  

 

.
( . . . 774k) V/m

where:
A = 10–6 / (4π × 1 × ε0)

For the point charge 2:
Distance vector to the origin is

 r
� � � �

O2 0 0 5 0 2 0 1 5= − + − + − =( . ) ( ) ( . )i j k ( . . )− − −0 5 2 1 5i j k   m

Therefore,

 r


O m2 2 549= .

Electric field intensity at the origin:

 
E

i j k
A iO2

6

0
3

0 5 10
4 1

0 5 2 1 5
2 549

0 015 0 06= − ×
× ×

×
− − −

= +
−. . .

.
( . .

π ε

  

 jj k + 0 045. )V/m

Therefore, the z-component of electric field intensity at the origin due to 
point charges 1 and 2 is as follows:

 ( ). . .− + =0 0274 0 045 0 0176A AV/m
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For the point charge 3, let the magnitude of the charge be Q3 μC.
Distance vector to the origin is

 r i j k i j k
� � � � � � �

O m3 0 1 0 2 0 2 2 2= − + − + − = − − −( ) ( ) ( ) ( )

Therefore,

 
r


O m3 3=

Electric field intensity at the origin:

 
E

Q i j k
A i j kO3

3
6

0
3

10
4 1

2 2
3

0 037 0 074 0 074= ×
× ×

×
− − −

= − − −
−

π ε

  

 ( . . . )Q3 V/m

If the resultant values of z-component of electric field intensity at the origin 
is to be zero due to the three point charges, then

 − + = =0 074 0 0176 0 0 2383 3. . , , .AQ A Qor Cµ

PROBLEM 1.5
A right isosceles triangle of side 1 m has charges +1, +2 and –1 nC arranged 
on its vertices, as shown in Figure 1.13. Find the magnitude and direction 

+2 nC

+1 nC

−1 nC

(1/√2)m

(1/√2)m

(1/
√2)m

x-axis1 m

18 V/m
repulsive

36 V/m

y-axis

18 V/m
attractive

Resultant field intensity1 m
P

A

C
B

FIGURE 1.13
Pertaining to Problem 1.5.
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of electric field intensity at the point P, which is midway between the line 
 connecting the +1 and –1 nC charges. Medium is air.

Solution:
Consider that a unit positive test charge is located at P.

The distance of this test charge from +1 nC is (1/√2)m.
Therefore, the electric field intensity at P due to +1 nC is 10–9/[4π × 8.854 × 

10 1 2 1812 2− =×( / ) ] V/m and it acts along the line AC shown in Figure 1.13, 
from P to C, as it is a repulsive force on the test charge located at P.

The distance of the test charge from –1 nC is also (1/√2)m.
Therefore, the electric field intensity at P due to –1 nC is also 18 V/m and it 

also acts along the line AC shown in Figure 1.13 from P to C, as it is an attrac-
tive force on the test charge located at P.

The distance of this test charge from +2 nC is also (1/√2)m.
Therefore, electric field intensity at P due to +2 nC is 2 × 10–9/[4π × 8.854 ×

10 1 2 3612 2− × =( / ) ] V/m and it acts along the line BP shown in Figure 1.13 
from B to P, as it is a repulsive force on the test charge located at P. BP is per-
pendicular to AC.

Hence, the electric field intensity acting along AC from P to C is 36 V/m 
and that acting along BP from B to P is also 36 V/m and these two are normal 
to each other.

Therefore, the resultant electric field intensity at P is 36 36 50 912 2+ = . V/m.
It will make an angle of 45° with respect to AC. In other words, it will act 

along the x-axis in the positive sense of the axis.

PROBLEM 1.6
An α-particle with a kinetic energy of 1.5 MeV is projected towards a station-
ary platinum nucleus, which has 78 protons. Determine the distance of clos-
est approach of the α-particle. Neglect the motion of the nucleus.

Solution:
The α-particle is positively charged. Hence, it experiences repulsive force 
from the nucleus and decelerates as it approaches the nucleus. At the closest 
approach point, it stops before being repulsed back. At this point of closest 
approach, all its kinetic energy is converted to potential energy.

Initial kinetic energy of the α-particle = 1.5 MeV = 1.5 × 106 × 1.602 × 10–19 
J = 2.403 × 10–13 J.

Let the distance of closest approach be d metres.
An α-particle has a charge of +3.204 × 10−19 C. The platinum nucleus has 

charge of (78 × 1.602 × 10–19)C = +124.956 × 10–19 C.
The electric potential at a distance of d from the platinum nucleus due to 

all the protons is as follows:
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Hence, the potential energy of the α-particle at a distance d from platinum 
nucleus will be as follows:

 
1 123 10
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3 598 107
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.
.× × × = ×−

−
−

d d
J J

Equating this potential energy to the initial kinetic energy of 2.403 × 10–13 J, 
d = 1.497 × 10–13 m.

1.9 Field due to a Uniformly Charged Line

Figure 1.14 shows a line charge of uniform charge density λ. As a practical 
example, it may be considered to be a non-conducting rod, which is uni-
formly charged. The length of the charge is L. For the sake of simplicity, the 
field is computed at a point P, which is located on the line perpendicular to 
the line charge and passing through the midpoint of the charge. The normal 
distance of P from the line charge is y. For the purpose of field computation, 
the origin is considered to be located at the midpoint of the line charge, as 
shown in Figure 1.14.

Consider an elementary length of charge dx located at distance x from the 
origin. Then the charge on this elementary length is dq = λdx and it may be 
considered as a point charge.

P

y

X

z-axis

x-axis

y-axis

−L/2 +L/2

dx

R

O

θ

λ

θ

dEP dEP

→
→

FIGURE 1.14
Field due to a uniformly charged line.
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Hence, the electric potential at P due the elementary charge dq is given by

 d
R x y

φP = =
+

dq dx
4 40 0

2 2πε
λ
πε ( )

Therefore, the potential at P due to the entire line charge will be as follows:
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As electric potential at P is dependent only on y, hence electric field intensity 
at P will have only the y-component, which will be given by
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The direction of electric field intensity at P along the y-axis can be explained 
with the help of Figure 1.14. For the elementary length of charge dx on the RHS 
of the origin O, another elementary length of charge can be assumed to be 
there at the same distance x from the origin on the left-hand side of the origin. 
Then the electric field intensity at P due to these two elementary charges will 
be same in magnitude, say dEp. But they will be directed along the distance 
vectors from the elementary charges to P, as shown in Figure 1.14. They will 
make the same angle θ with the y-axis. Hence, the x-components of these two 
field intensity vectors dEp at P will cancel each other and only the y component 
will be present, as the y-components of dEp vectors will be additive at P.

1.10 Field due to a Uniformly Charged Ring

Consider a uniformly charged ring of radius a, as shown in Figure 1.15. The 
uniform charge density is λ. As a practical example, it may be considered to 
be a non-conducting annular strip of very small width, which is uniformly 
charged. To determine the electric potential at P located on the axis of the 
ring at a height of z from the plane of the ring, consider an elementary arc 
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length adθ, as shown in Figure 1.15. Then this elementary arc length will 
have a charge dq = λadθ, and it may be considered as a point charge.

Hence, the electric potential at P due the elementary charge dq is given by

 d
dq adφP = =

+4 40 0
2 2πε

λ
πε

θ
R a z( )

Therefore, the potential at P due to the entire ring charge will be

 φP =
+∫λ

πε
θ

π

4 0
2 2

0

2
ad

( )a z
 (1.34)

In the integral of Equation 1.34, it may be seen that as θ is varied from 0 to 2π 
along the ring, the distance R to P from any point on the ring always remains 
the same, that is, ( )a z2 2+ . Hence, this integral is only over θ. Therefore,

 φP =
+

=
+

λ
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π λ

ε4
2

20
2 2

0
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a z
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 (1.35)
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FIGURE 1.15
Field due to a uniformly charged ring.
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Equation 1.35 shows that electric potential at P is dependent only on z; hence, 
electric field intensity at P will have only the z-component, which will be 
given by

 E
z

az
a z

zP
P= − ∂

∂
=

+
φ λ

ε2 0
2 2 3 2( ) /  (1.36)

With the help of Figure 1.15, it can be explained why the resultant electric 
field intensity at the point P is directed along the z-axis. Similar to the case of 
a uniformly charged line, for any elementary arc length adθ, another elemen-
tary arc length adθ can be assumed to be located diametrically opposite to the 
first elementary arc length. Then the electric field intensity at P due to these 
two elementary arc lengths will be same in magnitude, say dEp. But these 
two field intensity vectors of magnitude dEp will act along the distance vec-
tors from the two elementary arc lengths to P, as shown in Figure 1.15. It is 
obvious that these two vectors will make the same angle with the three axes. 
Hence, considering the directions of these two vectors, it can be seen that the 
components of electric field intensity in x- and y-directions will cancel each 
other, whereas the z-components will be additive in nature. Therefore, the net 
electric field intensity at P due to the ring charge will have only z-component.

1.11 Field due to a Uniformly Charged Disc

Consider a uniformly charged disc of radius a having a surface charge den-
sity σ, as shown in Figure 1.16. As a practical example, it may be considered 
to be a non-conducting disc, which is uniformly charged. Point P is located 
on the axis of the disc at a height z from the plane of the disc. For computing 
the electric potential at P, consider an annular strip of radius dr at a radius r, 
as shown in Figure 1.16. Then take a small arc segment of angular width dθ of 
this annular strip. Then this elementary surface of area dA = rdθdr will have 
an elementary charge dq = σdA = σrdθdr. This elementary charge dq can be 
considered as a point charge.

Hence, the electric potential at P due the elementary charge dq is given by

 d
dq rd dr

φP = =
+4 40 0

2 2πε
σ
πε

θ
R r z( )

Therefore, the potential at P due to the entire annular strip of charge of 
radius r will be
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because, when θ varies from 0 to 2π along the annular strip of radius r, then 
the distance R to point P from any point on this strip remains the same, that 
is, ( )r z2 2+ , and the radial distance from the axis of the disc also remains the 
same, that is, r. Hence, the integration of Equation 1.37 is carried out over θ 
only. Therefore,
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+

=
+

φP
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π σ
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2
20

2 2
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r z

Thus, the potential at P due to the entire disc of radius a will be
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Equation 1.38 shows that electric potential at P is dependent only on z, hence 
electric field intensity at P will have only the z-component, which will be 
given by
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FIGURE 1.16
Field due to a uniformly charged disc.
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The charged disc comprises large number of annular strips, as shown in 
Figure 1.16. Each annular strip of very small radial width dr can be considered 
as a ring charge of uniform charge density. In Section 1.10, it has been discussed 
that the electric field intensity due a ring charge at any point located on the axis 
of the ring has only z-component. Hence, the electric field intensity at point P of 
Figure 1.16 due to large number of co-axial ring charges representing the annu-
lar strips of charges will also have only z-component as given by Equation 1.39.

From Equation 1.38, it may be seen that the electric potential at the centre 
of the disc is finite. Putting z = 0 in Equation 1.38, φO a= σ ε/( ).2 0

The total charge on the entire disc is Q = πa2σ. Hence,

 φO = =Qa
a

Q
a2

2
42

0 0π ε πε
 (1.40)

Equation 1.40 shows that the electric potential at the centre of the disc is 
equivalent to twice the work done to bring a unit positive charge from infin-
ity to the circumference of the disc (r = a) when the entire charge of the disc 
is assumed to be concentrated as a point charge at the centre.

When z is very large compared to a, then
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Then from Equation 1.38,
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When P is located at a very large distance from the disc of finite radius a, then 
the disc could be considered to be a point charge of magnitude Q. Equation 
1.41 is the expression for potential at a point located at distance z from a point 
charge of magnitude Q.

The significance of the above discussion is that the accuracy of field com-
putation for any given charge distribution can be checked by choosing a 
point P, which is located sufficiently far away from the charge distribution 
under consideration. If the charge distribution is of finite extent, then the 
electric field should behave as if the charge distribution is like point charge, 
and decreases with the square of the distance.

PROBLEM 1.7
A circular disc of charge of radius 1  m having a uniform charge density 
σ = +1 nC/m2 lies in the z = 0 plane, with centre at the origin. There is also 
a point charge of –0.4 nC at the origin. Find the magnitude and polarity of 
uniform charge density of a circular ring of charge of radius 1 m lying in the 
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z = 0 plane, with centre at the origin, which would produce the same electric 
field intensity at the point (0,0,6)m as that due to the combined effect of the 
disc and point charges. Medium is air.

Solution:
As stated, the point P is located at (0,0,6)m. According to the problem state-
ment, P lies on the axis of the disc as well as on the axis of the ring.

Hence, for the disc charge located in the x–y plane having centre at the origin:

 σ = + = =1 nC/m m and m2, a z1 6  
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Again, for the point charge located at origin: Q = –0.4 nC, r = 6 m
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Let the uniform charge density of the ring charge be λ C/m.
Then, for the ring charge located in x–y plane having centre at the origin, 

a = 1 m and z = 6 m.
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As per the statement of the problem, EP-ring = EP-disc + EP-point

 or, 1 505 10 0 768 0 314 0 4549. . . .× × = − =λ

Therefore, λ = 0.302 nC/m of positive polarity.

PROBLEM 1.8
Consider a ring charge of radius 10 cm and uniform charge density of λ C/m 
and also a disc charge of radius 15 cm and uniform charge density σ C/m2. 
Both the two charges are placed in the x–y plane with their centre at the origin. 
If the electric field intensity at a point of height 20 cm lying on the z-axis is 
same due to the ring and disc charges individually, then find the ratio of λ and σ. 
Relative permittivity of the medium is 2.1.

Solution:
The point P is located at (0,0,0.2)m. Hence, it is located on the axis of both the 
ring and disc charges.

For the ring charge, a = 0.1 m and z = 0.2 m.
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For the disc charge, a = 0.15 m and z = 0.2 m.
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But as per the problem, EP-ring = EP-disc
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Objective Type Questions

 1. Electric field intensity is defined as
 a. Force per unit charge
 b. Charge per unit force
 c. Potential energy per unit charge
 d. Charge per unit potential energy
 2. Electric potential is quantified as
 a Force per unit charge
 b. Charge per unit force
 c. Potential energy per unit charge
 d. Charge per unit potential energy
 3. Electric potential of a point may be defined as
 a. Work done in moving a unit positive charge from that point to 

infinity
 b. Work done in moving a unit positive charge from infinity to that 

point
 c. Work done in moving a unit positive charge from the source 

charge to that point
 d. Work done in moving a unit positive charge from that point to 

the source charge
 4. The angle between the equipotential and electric fieldline is always
 a. 0°
 b. 90°
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 c. 180°
 d. 270°
 5. The conditions to be fulfilled for the validity of Coulomb’s law are:
 a. The charges involved must be point charges
 b. The charges should be stationary with respect to each other
 c. Both (a) and (b)
 d. None of the above
 6. When the scalar product of two point charges is positive, then the 

Coulomb’s force between the charges is
 a. Zero
 b. Infinite
 c. Repulsive
 d. Attractive
 7. The electrostatic force between two electric charges of magnitude 

1 C separated by a distance of 1 m will be
 a. ≈9 × 109 N
 b. ≈9 × 10–9 N
 c. ≈(1/9) × 109 N
 d. ≈(1/9) × 10–9 N
 8. The ratio of electrostatic to gravitational forces between two elec-

trons separated by a given distance is approximately
 a. ≈4 × 1024

 b. ≈(1/4) × 1024

 c. ≈(1/4) × 1042

 d. ≈4 × 1042

 9. If the source charge magnitude is Q coulombs, then the total amount 
of electric fieldlines coming out of the source charge will be

 a. Q coulombs
 b. (1/Q) coulombs
 c. Q2 coulombs
 d. 1/Q2 coulombs
 10. For a given value of electric field intensity, if the permittivity of the 

medium is doubled, then the electric flux density is
 a. Unchanged
 b. Halved
 c. Doubled
 d. Squared
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 11. In the case of closed surfaces, area vector is conventionally taken in 
the direction of

 a. The inward normal
 b. The outward normal
 c. Along the area in clockwise sense
 d. Along the area in anti-clockwise sense
 12. The unit of electric field intensity is
 a. J/C
 b. N/C
 c. V/m
 d. Both (b) and (c)
 13. Which of the following is true as the properties of an equipotential?
 a. The normal component of the electric field along the equipoten-

tial is zero
 b. The tangential component of the electric field along the equipo-

tential is zero
 c. No work is required to move a particle along an equipotential
 d. Both (b) and (c)
 14. Which of the following quantity is zero on an equipotential?
 a. Resultant electric field
 b. Normal component of the electric field
 c. Tangential component of the electric field
 d. Electric potential
 15. The angle between E

��
 and grad ϕ is

 a. 0°
 b. 90°
 c. 180°
 d. 270°
 16. When ∇

��
 acts on a scalar quantity, it results into a

 a. Scalar quantity that is the spatial derivative of the scalar quantity
 b. Vector quantity that is the spatial derivative of the scalar quantity
 c. Scalar quantity that is the time derivative of the scalar quantity
 d. Vector quantity that is the time derivative of the scalar quantity
 17. In the presence of multiple point charges, electric potential and elec-

tric field intensity at any point due to all the charges will be
 a. The scalar sum of electric potentials and the vector sum of 

 electric field intensities, respectively
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 b. The scalar sum of electric potentials and the scalar sum of  electric 
field intensities, respectively

 c. The vector sum of electric potentials and the scalar sum of 
 electric field intensities, respectively

 d. The vector sum of electric potentials and the vector sum of 
 electric field intensities, respectively

 18. For a uniformly charged ring of positive polarity lying on the x–y 
plane with its axis passing through the origin, the electric field 
intensity at any point located on the axis is directed along

 a. x-axis in the positive sense
 b. y-axis in the positive sense
 c. z-axis in the positive sense
 d. z-axis in the negative sense
 19. If the charge distribution is of finite extent, then the electric field 

at a point that is located sufficiently far away from the charge 
 distribution under consideration should behave as if the charge 
 distribution is like

 a. Point charge
 b. Disc charge
 c. Line charge
 d. Ring charge
 20. The electric potential at the centre of a uniformly charged non- 

conducting disc is
 a. Zero
 b. Finite
 c. Infinite
 d. Undefined
 21. A force F

��
 is conservative if the line integral of the force around a 

closed path is
 a. Positive
 b. Negative
 c. Zero
 d. Infinite
 22. A uniform electric field is parallel to the z-axis. In what direction can 

a charge be displaced in this field without any external work being 
done on the charge?

 a. z-axis
 b. y-axis
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 c. x-axis
 d. both (b) and (c)
 23. Inside a hollow, uniformly charged conducting sphere
 a. Both electric potential and electric field intensity are zero
 b. Both electric potential and electric field intensity are non-zero
 c. Electric potential is zero but electric field intensity is non-zero
 d. Electric potential is non-zero but electric field intensity is zero

Answers:  1) a; 2) c; 3) b; 4) b; 5) c; 6) c; 7) a; 8) d; 9) a; 10) c; 11) b; 12) d; 13) d; 
14) c; 15) c; 16) b; 17) a; 18) c; 19) a; 20) b; 21) c; 22) d; 23) d
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2
Gauss’s Law and Related Topics

ABSTRACT Gauss’s law constitutes one of the fundamental laws of 
 electromagnetism. Gauss’s law provides an easy means of finding electric 
field intensity or electric flux density for symmetrical charge distributions 
such as a point charge, an infinite line charge, an infinite cylindrical surface 
charge and so forth. The procedure for applying Gauss’s law to calculate the 
electric field involves the introduction of Gaussian surfaces, which are closed 
surfaces on which electric field is either constant or zero. In most of the cases, 
electric field is either normal or tangential to the Gaussian surfaces. There 
are two different ways of stating Gauss’s law, namely, integral form and dif-
ferential form, which are employed to solve field problems depending on 
suitability. These two forms of Gauss’s law in combination lead to divergence 
theorem. The divergence relationship between electric flux density and vol-
ume charge density as obtained from Gauss’s law and the gradient relation-
ship between electric field intensity and electric potential could be combined 
in the form of an elliptic partial differential equation known as Poisson’s 
equation. In charge-free field region, Poisson’s equation reduces to Laplace’s 
equation. Both Poisson’s and Laplace’s equations could be solved for field 
quantities imposing suitable boundary conditions.

2.1 Introduction

German mathematician and physicist Karl Friedrich Gauss published his 
famous flux theorem in 1867, which is now well known in physics as Gauss’s 
law. It is one of the basic laws of classical field theory. Gauss’s law is a general 
law that can be applied to any closed surface. With the help of Gauss’s law, the 
amount of enclosed charge could be assessed by mapping the field on a surface 
outside the charge distribution. By the application of Gauss’s law, the electric 
field in many practical arrangements could be evaluated by forming a sym-
metric surface, commonly known as Gaussian surface, surrounding a charge 
distribution and then determining the electric flux through that surface.

In electric field theory, distinction is made between free charge and bound 
charge. Free charge implies a charge that is free to move over distances 
large as compared to atomic scale lengths. Free charge typically comes from 
 electrons, for example, in the case of metals, or ions, or in the case of aqueous 
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solutions. Bound charge implies charges of equal magnitude but opposite 
signs that are held close to each other and are free to move only through 
atomic scale lengths. Bound charges arise in the context of polarizable dielec-
tric materials. Typical example of bound charge is the positive charge of an 
atomic nucleus and the negative charge of its associated electron cloud. The 
microscopic charge displacements in dielectric materials are not as dramatic 
as the rearrangement of charge in a conductor, but their  cumulative effects 
account for the characteristic behaviour of dielectric materials. Typically, 
the detailed effect of bound charge is represented through electrical per-
mittivity of dielectric materials, which will be discussed in Chapter 5. The 
Gauss’s law, as discussed in this chapter, is in terms of electric flux and the 
free charge only.

2.2 Useful Definitions and Integrals

2.2.1 Electric Flux through a Surface

Consider that the total electric flux through the surface S of an area A needs 
to be evaluated, as shown in Figure 2.1. The first important point to be noted 
here is that the electric flux density at different locations on S may not be the 
same. Therefore, the total flux through S has to be computed by subdividing 
the entire surface into a large number of smaller surfaces, such that over each 
small surface area, the electric flux density vector is uniform. As shown in 
Figure 2.1, for any small surface area dA, the area vector dA



 and the electric 
flux density vector 



D could be along different directions. Then the electric 
flux through dA is given by 

 

D dA⋅
Then the total flux through S is given by the summation 

� � � �
�D dA D dA1 1 2 2⋅ ⋅+ +

S
D1

dA1
→

dA2
→

D2
→

dA
→ D

→

→

FIGURE 2.1
Evaluation of the total electric flux through a surface.
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When the sizes of the individual areas become infinitesimally small, then 
the total flux through S is given by the integral

 

   

D dA D dA
S

⋅ ⋅∫ ∫∫=  (2.1)

2.2.2 Charge within a Closed Volume

Consider that the total charge within the volume V enclosed by the sur-
face S needs to be evaluated, as shown in Figure 2.2. Here also, it is to be 
kept in mind that the distributed charge distribution may not be uniform 
throughout V. Then the entire volume needs to be subdivided into a large 
number of small volumes such that within each small volume, charge den-
sity is constant. Then the total charge within V is given by the summation 
ρ ρ ρv v v1 1 2 2 3 3dV dV dV+ + +

When the sizes of the individual volumes become infinitesimally small, 
then the total charge within V is given by the integral ρ ρv vdV dV

V
= ∫∫∫∫ .

2.2.3 Solid Angle

The concept of solid angle is a natural extension of two-dimensional plane 
angle to three dimensions. The solid angle subtended by an area A at the 
point O is measured by the area Ω on the surface of the unit sphere centred 
at O, as shown in Figure 2.3. This is the area that would be cut out on the unit 
sphere surface by lines drawn from O to every point on the periphery of A. 
It is measured in terms of the unit called steradian, abbreviated as sr.

Consider an elementary area dA, as shown in Figure 2.4. If all the points 
on the periphery of dA are joined to the point O, then these lines cut out an 
area dΩ on the surface of the unit sphere. In other words, dA subtends a solid 
angle dΩ at O. Because the area is infinitesimally small, all points on dA 

S

dV3

dV2

dV1

ρV1

ρV2

ρV3

V

FIGURE 2.2
Evaluation of the total charge within a volume.
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could be considered to be equidistant from O. Let the distance of dA from 
O be r. The unit vector in the direction of the distance vector 



r is u r. Because 
dA is infinitesimally small, it may be taken as flat for practical purposes and 
hence un is defined as the unit vector in the direction normal to dA, as shown 
in Figure 2.4. The angle between u r and u n is ϕ. Then the projection of dA on 
the sphere of radius r will be dS  =   dA  cosϕ.

The areas dS and dΩ have the same general shape and are related to the 
respective radii of the spheres having the following proportionality:

 
d
dS r

d
dA

r
u dA

r
Ω Ω

φ ⋅
= = =12

2 2 2, ,
cos

or r�
�

 (2.2)

When an area completely encloses O, then Ω due to that area on the unit 
sphere will be 4π. Hence, the solid angle subtended at a point by an area that 
completely encloses the point is 4π sr, which happens to be maximum pos-
sible value of the solid angle.

Area = ΩO

Area = AUnit sphere
Ra

di
us

 =
 1

FIGURE 2.3
Solid angle subtended by an area at a point.

Radius = r

Radius = 1

O

dS

ϕ

dA

ûn

ûr

dΩ

FIGURE 2.4
Evaluation of the solid angle subtended by an elementary area.
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2.3 Integral Form of Gauss’s Law

Gauss’s law states that the net electric flux through any closed surface enclos-
ing a homogeneous volume of material is equal to the net electric charge 
enclosed by that closed surface. In other words, the surface integral of elec-
tric flux density vector over a closed surface is equal to the volume integral 
of charge densities within the volume enclosed by that surface.

In integral form,

 

 

D dA dV
A V

⋅∫ ∫= ρv  (2.3)

Gauss’s law is valid for any discrete set of point charges. Nevertheless, this 
law is also valid when an electric field is produced by charged objects with 
continuously distributed charges, because any continuously distributed 
charge may be viewed as a combination of discrete point charges.

Figure 2.5 shows a certain volume V of homogeneous material enclosed 
by a surface A. This volume is continuously charged by distributed charges. 
Consider these distributed charges to be represented by N number of  discrete 
point charges, as shown in Figure 2.5.

Take a point charge q1 located within V. Then consider an elementary area 
dA on A, as shown in Figure 2.5. The distance of dA from q1 is, say, r.

A

dA

q1

r

V

dΩ

ϕ

ûn

ûr

FIGURE 2.5
Pertaining to the integral form of Gauss’s law.
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Then at a distance r from q1,

 

�
�

�
�E

q
r

u D
q
r

u1
1

0
2 1

1
24 4

= =
πε π

r rand  (2.4)

Then, the total flux through A due to q1 could be obtained as follows:

 

� � �
�

�
�

D dA
q u dA

r
q

d
u dA

r
d

A A A

1
1

2
1

24 4∫ ∫ ∫= = =⋅
⋅

Ω
⋅

Ω
π π

r ras ,  (2.5)

Because A completely encloses q1, the solid angle subtended by A at the 
 location of q1 is 4π. Thus,

 

 

D dA
q

q
A

1
1

1
4

4⋅∫ = × =
π

π  (2.6)

Considering, N number of point charges within V, total electric flux density 
at the location of dA, as shown in Figure 2.5, will be as follows:

 
� � � �

�
�

D D D D DN= + + + +1 2 3  (2.7)

Therefore, the total flux through A will be as follows:

 

� � � � �
�

� �

� � � � �

D dA D D D D dA

D dA D dA D

A

N

A

A A

⋅ ⋅

⋅ ⋅

∫ ∫

∫ ∫

= + + + +( )
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1 2 3

1 2 3 ⋅⋅ ⋅dA D dA

q q q q

A

N

A

N

�
�

� �

�

+ +

= + + + +

∫ ∫
1 2 3

 (2.8)

The right-hand side (RHS) of Equation 2.8 is equal to the total electric charge 
enclosed within V. Considering continuously distributed charge within V,

The total charge within is

 V dV
V

= ∫ρv

where:
ρv is the volume charge density within V

Hence, Equation 2.8 can be rewritten as

 

 

D dA dV
A V

⋅∫ ∫= ρv

From a physical viewpoint, the above expression indicates that the sum of all 
sources (positive electric charges) and all sinks (negative electric charges) within 
a volume gives the net flux through the surface enclosing the same volume.
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Gauss’s law in integral form is only useful for exact solutions when the 
electric field has symmetry, for example, spherical, cylindrical or planar 
symmetry. The symmetry of the electric field follows from the symmetry 
of  the charge distribution that is given. Therefore, the electric field of a 
 symmetrically charged sphere will also have the spherical symmetry.

2.3.1 Gaussian Surface

A closed surface in a three-dimensional space through which the flux of a 
vector field is calculated is known as Gaussian surface. It is an arbitrary closed 
surface over which surface integral is performed to evaluate the total amount 
of enclosed source quantity, for example, electric charge. A Gaussian sur-
face could also be used for calculating the electric field due to a given charge 
distribution.

Gaussian surfaces are normally carefully chosen in order to exploit sym-
metries to simplify the evaluation of the surface integral. If the symmetry is 
such that a surface can be found on which the electric field is constant, then 
the evaluation of electric flux can be done by multiplying the value of the 
field with the area of the Gaussian surface.

Two commonly used Gaussian surfaces are as follows:

 1. The spherical Gaussian surface, which is chosen to be concentric 
with the charge distribution. It can be used to determine the electric 
field or electric flux due to a point charge or a spherical shell of uni-
form charge density or any other charge distribution with spherical 
symmetry, as shown in Figure 2.6.

 2. The cylindrical Gaussian surface, which is chosen to be co-axial 
with the charge distribution. It can be used to determine the electric 

Gaussian surface for a point charge Gaussian surface for a charged sphere

+Q +Q

E,D
→ → E,D

→ →

FIGURE 2.6
Spherical Gaussian surface.
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field or electric flux due to an infinitely long line of uniform charge 
density or an infinitely long cylinder of uniform charge density, as 
shown in Figure 2.7.

2.4 Differential Form of Gauss’s Law

If the electric field is known everywhere, then with the help of integral form 
of Gauss’s law, the charge in any given field region can be deduced by inte-
grating the electric field. However, in most of the practical cases, the electric 
field needs to be computed when the electric charge distribution is known. 
This is much more difficult because even if the total flux through a given 
surface is known, the information about the electric field may be unknown, 
as electric flux could go in and out of the surface in complex patterns. In this 
context, the differential form of Gauss’s law becomes useful.

Consider that Gauss’s law is to be applied for the infinitesimal  parallelepiped, 
as shown in Figure  2.8. The volume of the infinitesimal parallelepiped is 

Gaussian surface due to an
infinitely long line of uniform

charge density

Gaussian surface due to an
infinitely long cylinder of uniform

charge density

+q

+q

E,D
→ →

E,D
→ →

FIGURE 2.7
Cylindrical Gaussian surface.
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ΔV  =  ΔxΔyΔz. Let the component of electric flux density going normally 
into the surface ABCD be Dy and that coming out of the surface EFGH be 
Dy + ΔDy. Surfaces ABCD and EFGH are lying along the x–z plane. Then the 
net electric flux coming out in the y-direction, which is normal, to x–z plane 
is given by

 
( )D D x z D x z D x z
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Similarly, the net electric fluxes coming out in x- and z-directions are given 
by ( / )∂ ∂D x Vx ∆  and ( / ) ,∂ ∂D z Vz ∆  respectively. Hence, net electric flux  coming 
of the volume ∆V
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Let ρv be the volume charge density of the small volume ΔV. Then according 
to Gauss’s law, the above expression for the net flux coming out of ΔV is equal 
to the total charge within the volume, that is, ρv ΔV. Therefore,

 

∂
∂

+
∂
∂

+ ∂
∂









 =

∂
∂

+
∂
∂

+
∂
∂

=

D
x

D
y

D
z

V V

D
x

D
y

D
z

x y z
v

x y z
vor

∆ ∆ρ

ρ,

 (2.10)

z B
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D H

E

G

Dy + ΔDy

Δy
Δx

Δz

FIGURE 2.8
Application of Gauss’s law to a differential volume.
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Equation 2.10 is known as the differential form of Gauss’s law. It can be 
expanded as follows:

 

∂
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+ ∂
∂

+ ∂
∂









 + +( ) = ∇ =

x
i
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j

z
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x y z v vorρ ρ, , ⋅  (2.11)

In Section 1.7.4, it has been mentioned that when the ∇
��

 operator acts on a 
scalar quantity, it is denoted as gradient. As depicted in Equation 2.11, when 
the ∇
��

 operator acts on a vector quantity with a dot product, then it is denoted 
as divergence.

The physical meaning of divergence of a vector field can be explained from 
the left-hand side (LHS) of Equation 2.10. From the above discussion, it may 
be seen that the LHS of Equation 2.10 is the net flux coming out per unit vol-
ume at a given location. Consequently, the divergence of a vector field at any 
location is the net flux of that vector field coming out per unit volume at that 
given location. If the divergence of a vector field is positive at any location, 
then the flux coming out of unit volume is higher than the flux going into the 
unit volume at that location. On the other hand, if the divergence of a vector 
field is negative, then the flux going into the unit volume is higher than the 
flux coming out of the unit volume.

2.5 Divergence Theorem

Integral form of Gauss’s law is, 
 

D dA dV
VA

⋅ = ∫∫ ρv  and differential form of 
Gauss’s law is, 

 

∇ =⋅D ρv.
By substituting ρv on the RHS of the integral form by the LHS of the dif-

ferential form, the above two equations could be combined as follows:

 

 
 

D dA D dV
VA

⋅ ⋅= ∇∫∫ ( )  (2.12)

where:
The volume V is enclosed by the surface A

Equation 2.12 shows that the divergence theorem could be used to convert a 
volume integral over V to a surface integral over A enclosing V.

2.6 Poisson’s and Laplace’s Equations

A useful approach to the calculation of electric potentials is to relate electric 
potential to electric charge density, which causes electric potential. Because 
electric potential is a scalar quantity, this approach has advantages over 
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calculation of electric field intensity, which is a vector quantity. Once electric 
potential has been determined, the electric field intensity can be computed 
by taking the spatial gradient of electric potential.

The relationship between electric flux density and electric charge density 
is given by the differential form of Gauss’s law, that is, 

 

∇ =⋅D ρv.
For homogeneous medium having uniform dielectric permittivity through-

out the volume, the electric flux density and electric field intensity are related 
as 
 

D E= ε .
The above two equations could be combined as follows:

 

     

∇ = ∇ = ∇ =⋅ ⋅ ⋅( ) , , , ,ε ρ ε ρ ρ
ε

E E Ev v
vor or  (2.13)

Further, electric field intensity and electric potential are related as 
 

E = −∇φ. 
Hence, from Equation 2.13, it may be written that
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Equation 2.14 is a partial differential equation of elliptic form and is named 
after the French mathematician Siméon Denis Poisson. Thus, it is commonly 
known as Poisson’s equation.

In Equation 2.14, the mathematical operation, the divergence of gradient of 
a function ( )

  

∇ ∇ =∇⋅ 2 , is called the Laplacian, such that
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Therefore, Equation 2.14 can be written as follows:
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Expressing the Laplacian in different coordinate systems to take advantage 
of the symmetry of a charge distribution simplifies the solution for the elec-
tric potential in many cases.

In electrostatic field problems, the dielectric media may be considered to 
be ideal insulation. In such case, free charges reside only on the conductor 
boundaries. Hence, the volume charge density (ρv) within the field region is 
zero. Then Equation 2.14 reduces to
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Equation 2.17 is a second-order partial differential equation named after 
French mathematician Pierre-Simon Laplace and is commonly known as 



50 Electric Field Analysis

Laplace’s equation. There are an infinite number of functions that satisfy 
Laplace’s equation and the proper solution is found by specifying the appro-
priate boundary conditions, which will be discussed in Chapter 6.

In real-life problems, however, the dielectric media are never ideal 
 dielectrics. Hence, there could be volume leakage as well as surface-leakage 
currents. Moreover, there could be discharges occurring within a particular 
zone of the insulation or there may be space charges that have accumulated 
over time within the field region of interest. In all such cases, volume charge 
density will be non-zero and hence Poisson’s equation needs to be solved to 
get the correct results.

2.7 Field due to a Continuous Distribution of Charge

The electric potential at a point p due to a number of discrete charges could 
be obtained as simple algebraic superposition of the electric potentials pro-
duced at p by each of discrete charges acting in isolation. If q1,q2,q3,…,qn are 
discrete charges located at distances r1,r2,r3,…,rn, respectively, from p, then 
the electric potential at p is given by
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Now, if the charges are distributed continuously throughout the field region, 
instead of being located at discrete number of points, the field region can be 
divided into large number of small elements of volume ΔV, such that each 
element contains a charge ρvΔV, where ρv is the volume charge density of the 
small element ΔV. The potential at a point p will then be given by
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where:
ri is the distance of the ith volume element from p

As the size of volume element becomes very small, the summation becomes 
an integration, that is,
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The integration is performed over the volume where the volume charge 
 density has finite value. However, it must be noted here that it is not valid for 
charge distribution that extends to infinity.

Equation 2.20 is often written in the form

 
φ = ∫ρvGdV

V

 (2.21)

In Equation 2.21, the function G r= 1 4/ πε  is the potential due to a unit point 
charge and is often referred to as the electrostatic Green’s function for an 
unbounded homogeneous region.

2.8 Steps to Solve Problems Using Gauss’s Law

Typical steps that are often taken while solving electrostatic problems with 
the help of Gauss’s law are as follows:

•	 An appropriate Gaussian surface with symmetry is selected that 
matches the symmetry of the charge distribution.

•	 The Gaussian surface is so chosen that the electric field is either 
constant or zero at all points on the Gaussian surface.

•	 The direction of 


E on the Gaussian surface is determined using the 
symmetry of field.

•	 The surface integral of electric flux is computed over the selected 
Gaussian surface.

•	 The charge enclosed by the Gaussian surface is determined from the 
surface integral. Solution for 



E is found.

PROBLEM 2.1
The potential field at any point in a space containing a dielectric material of 
relative permittivity 3.6 is given by ϕ = (3x2y − 2y2z + 5xyz2)V, where x,y,z are 
in metres. Calculate the volume charge density at the point P(5,3,2)m.

Solution:
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Hence, at the point P(5,3,2),

 ρvP
3nC/m= − × × × = −−160 3 6 8 854 10 5 112. . .

PROBLEM 2.2
The electric flux density in free space is given by 

� � �D x i x jy= −−e (cos sin ) .C/m2  
Prove that the field region is charge free, that is, no free charge is present in 
the field region.

Solution:
It is required to be proved that ρv is zero in the field region. The given expres-
sion for electric flux density vector indicates that it is a case of  two-dimensional 
field.

As given,

 D x D xy y
x yand= = −− −e ecos sin

Hence,
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Thus, it is proved that no free charge is present in the field region.

PROBLEM 2.3
A sphere of radius R carries a volume charge density ρv( )r kr= , where r is 
the radial distance from the centre and k is a constant. Determine the electric 
field intensity inside and outside the sphere.

Solution:
Inside the sphere, at any radius ri, the amount of charge enclosed is given by
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Therefore, considering a spherical Gaussian surface of radius ri (<R) within 
the given sphere, the electric flux is normal to the Gaussian surface and elec-
tric field intensity Ei(ri) is constant over the Gaussian surface. Thus, applying 
Gauss’s law,
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Because the electric field is directed radially, its vector form is 
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Again, total charge within the sphere of radius R is ( )/4 155πkR .
Hence, considering a spherical Gaussian surface of radius ro(>R) outside 

the given sphere, the electric flux is again normal to the Gaussian surface 
and electric field intensity Eo(ro) is constant over the Gaussian surface. Thus, 
applying Gauss’s law,
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Because the electric field is directed radially, its vector form is

 

�
�E r

kR
r

uo o
o

r( ) =










5

0
215ε

PROBLEM 2.4
The electric flux density vector in a field region is given by � � � �D y z i xyj xk= + + +( )2 3 2 C/m2. Determine the total charge enclosed by the 
cube defined by 0 ≤ x ≤ 1, 0 ≤ y ≤ 1 and 0 ≤ z ≤ 1.

Solution:
According to Gauss’s law, the total charge enclosed by the cube will be equal 
to net flux through the cube (Figure 2.9).

For x = 0, the flux going into the cube through y–z plane, ( )2
0

1

0

1 y z dydz+∫∫ .
Again, for x  =  1, the flux coming out of the cube through y–z plane, 

( )2
0

1

0

1 y z dydz+∫∫ .
Because these two integrals are same, the net flux coming out of the cube 

in x-direction, that is, through y–z plane, is zero.
For y  =  0, the flux going into the cube through x–z plane, 

3 3 2 0
0

1

0

1

0
xydxdz y

y∫∫ = =
=

( / ) .
For y  =  1, the flux coming out of the cube through x–z plane, 

3 3 2 1 5
0

1

0

1

1
xydxdz y

y∫∫ = =
=

( / ) . C.
Therefore, the net flux coming out of the cube in y-direction, that is, through 

x–z plane is 1.5 C.
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For z = 0, the flux going into the cube through x–y plane, 2
0

1

0

1 x dxdy∫∫ .
Again, for z  =  1, the flux coming out of the cube through x–y plane, 

2
0

1

0

1 x dxdy∫∫ .
Because these two integrals are same, the net flux coming out of the cube 

in z-direction, that is, through x–y plane, is zero.
Therefore, considering all three directions, net flux coming out of the cube 

is 1.5 C.
Hence, the total charge enclosed by the given cube is also 1.5 C.

PROBLEM 2.5
A cylinder of unit volume is placed in a uniform field with its axis paral-
lel to the direction of field. Determine the total charge enclosed by the unit 
cylinder.

Solution:
On the curved surface of the cylinder, the direction of the area vector is 
radially outwards and hence is perpendicular to the electric field intensity, 
which is directed along the axis of the cylinder. Hence, on the curved surface 
ε0 0
 

E dA
A

⋅ =∫ , that is, net flux through the curved surface of the cylinder will 
be zero.

As shown in Figure 2.10, the two end surfaces of the cylinder S1 and S2 are 
normal to the direction of electric field intensity. Thus, the electric flux going 
into the cylinder through the surface S1 on the LHS will be ε0



E A, where A is 
the area of S1. Similarly, the electric flux coming out of the cylinder through the 
surface S2 on the RHS will also be ε0



E A, as the area of S2 is also A. Because 
the field is stated to be uniform, electric field intensity is same everywhere. 
Therefore, the net flux through the end surfaces of the cylinder is also zero.

(0,0,1) (0,1,1)

(0,1,0)
(1,1,1)(1,0,1)

(1,0,0)
(1,1,0)

x

y

z

(0,0,0)

→
D = (2y + z)î + 3xyĵ + 2xk

FIGURE 2.9
Pertaining to Problem 2.4.



55Gauss’s Law and Related Topics

Thus, the net flux through the cylinder considering all the surfaces of the 
cylinder is zero.

Hence, the total charge enclosed by the cylinder is zero.

Objective Type Questions

 1. The potential field in free space is given by ϕ = (3xy − 4yz + 5zx)V, 
where x,y,z are in metres. At the point P(1,1,1)m, which one of the 
 following is true?

 a. Electric potential is zero
 b. Electric field intensity is zero
 c. Electric flux density is zero
 d. Volume charge density is zero
 2. Net electric flux through a closed surface enclosing a volume is equal 

to the sum of
 a. Free charges and bound charges within the volume
 b. Free positive charges within the volume
 c. Free negative charges within the volume
 d. Free positive and negative charges within the volume
 3. On the Gaussian surface, electric field
 a. Is constant at all points
 b. Is zero at all points
 c. Both (a) and (b)
 d. Varies linearly

dA

E

S1
Axis

S2

→

→

FIGURE 2.10 Pertaining to Problem 2.5.
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 4. Solution for electric potential is commonly obtained by solving
 a. Integral form of Gauss’s law
 b. Differential form of Gauss’s law
 c. Poisson’s equation
 d. The equation derived from the divergence theorem
 5. If the divergence of electric flux density through a unit volume is 

zero, then
 a. The flux going into the volume is zero
 b. The flux coming out of the volume is zero
 c. Both the fluxes going in and coming out of the volume are zero
 d. The difference between the fluxes going in and coming out of the 

volume is zero
 6. Solution for electric potential in charge-free field region is obtained 

by solving
 a. Laplace’s equation
 b. Poisson’s equation
 c. Integral form of Gauss’s law
 d. Differential form of Gauss’s law
 7. A volume integral can be converted to a surface integral and vice 

versa with the help of
 a. Differential form of Gauss’s law
 b. Divergence theorem
 c. Poisson’s equation
 d. Laplace’s equation
 8. If the flux coming out of a closed surface enclosing a volume is 

higher than the flux going into the surface, then within the volume 
enclosed by the surface

 a. Free positive charges are greater than free negative charges
 b. Free positive charges are lesser than free negative charges
 c. Free positive charges are greater than bound negative charges
 d. Free positive charges are lesser than bound negative charges
 9. For a closed surface enclosing a certain volume, Gauss’s law 

relates to
 a. Free charge within the volume and electric potential on the 

surface
 b. Both free and bound charges within the volume and electric 

potential on the surface
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 c. Free charge within the volume and electric flux through the 
surface

 d. Both free and bound charges within the volume and electric flux 
through the surface

 10. Which one of the following statements is not true?
 a. Gauss’s law is valid for a set of discrete point charges
 b. Gauss’s law in not valid for continuously distributed charges
 c. Volume charge density is zero for charge-free field region
 d. Divergence theorem can be obtained from integral and differen-

tial forms of Gauss’s law

Answers: 1) d; 2) d; 3) c; 4) c; 5) d; 6) a; 7) b; 8) a; 9) c; 10) b
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3
Orthogonal Coordinate Systems

ABSTRACT The purpose of this chapter is to present coordinate systems 
in such a way that it improves the ability of readers to use them to describe 
the electric field in a better way. The goal is to put forward the coordinate 
system as a useful language for describing, visualizing and understanding 
the concepts that are central to electric field analysis. Many mathematical 
operators related to electric field analysis have simple forms in Cartesian 
coordinates and are easy to remember and evaluate. In fact, all the prob-
lems could be solved using the Cartesian coordinate system. However, the 
resulting expressions might be unnecessarily complex. While dealing with 
problems that have high degree of symmetry, it is helpful to use a coordinate 
system that exploits the symmetry. As a result, it is useful to have a gen-
eral method for expressing mathematical operators in non-Cartesian forms. 
Orthogonal curvilinear coordinate system is a useful approach by which the 
matching of the symmetry of a given physical configuration could be done 
and simplified mathematical models could be built to clarify the field con-
cepts clearly.

3.1 Basic Concepts

The concept that unifies the different coordinate systems is surfaces of con-
stant coordinates. It means that an equation of the form (coordinate = value) 
defines a surface. In order to specify a point uniquely in a three-dimensional 
space, three different types of surfaces are needed. The values associated 
with the three constant coordinate surfaces that intersect at a specific point 
are the three coordinates, which uniquely define that point.

Consider that three surfaces are defined by three functions f1, f2 and f3, 
respectively, in a three-dimensional space. The coordinate, that is, the value, 
that describes a surface could be defined by the equation fi = ui. Here, u is 
introduced to represent a generalized coordinate. In the stated equation, 
 ui  refers to one of the coordinates in a particular system. Thus, the three val-
ues (u1,u2,u3) define a point, where the three surfaces defined by Equation 3.1 
intersect. These three values (u1,u2,u3) are then called the coordinates of that 
particular point.

 f u f u f u1 1 2 2 3 3= = =, and  (3.1)
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The three functions, however, could not be chosen arbitrarily. The three 
functions are to be chosen in such a way that for any choice of the three coor-
dinates (u1,u2,u3), the three surfaces generated by Equation 3.1 will intersect 
only at one point. It will ensure that a given set of three coordinate values 
(u1,u2,u3) always specifies only one point in space. Moreover, the constant 
coordinate surfaces are always perpendicular to each other, that is, orthogo-
nal, at the point where they intersect. The intersection of any two constant 
coordinate surfaces defines a coordinate curve.

3.1.1 Unit Vector

An important concept associated with coordinate system is unit vector. It 
will be easy to understand the concept if it is explained with the help of 
a specific example involving the Cartesian coordinate system, as shown in 
Figure 3.1. Each value of z, for example, z1, z2 or z3, defines a plane normal 
to the z-axis. The unit vector k is defined in such a way that it is normal to 
all such z = constant planes and points in the direction of the planes with 
increasing values of z, as shown in Figure 3.1. The magnitude of the vector 
k  is taken as unity. The other two unit vectors in the Cartesian coordinate 
system could be visualized in the same manner.

In a generalized manner, the properties of the unit vector associated with 
a constant coordinate surface defined by the function fi are as follows: (1) it 
is perpendicular to the surface fi = ui at any point (u1,u2,u3); (2) it points in the 
direction of the surfaces with increasing value of ui and (3) it is one unit in 
magnitude. Orthogonality of the constant coordinate surfaces, as discussed 
earlier, demands that the dot product of any two different unit vectors will 
always be zero. Conversely, the dot product of two same unit vectors, for 
example, k∙k, will always be 1.

z

y

x

z3 > z2 > z1 z = z3

z = z2

z = z1

k

FIGURE 3.1
The unit vector k .
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3.1.2 Right-Handed Convention

Because three constant coordinate surfaces are involved in determining the 
coordinates of any point, the question that arises is in which order the three 
coordinates are to be mentioned while specifying a point. In this context, the 
choice of the first coordinate (u1) or surface ( f1) is arbitrary. Once f1 is chosen, 
then the order in which the other two constant coordinate surfaces f2 and f3 
is to be taken is determined by the right-handed system as governed by the 
definition of vector cross product. In other words, the cross product of the 
first and second unit vectors must be equal to the third unit vector.

This right-handed property of the coordinate system is an arbitrary con-
vention. But once that choice is made for one coordinate system, it has to be 
followed for all other coordinate systems to ensure that the expressions for 
the laws of electric field have the same form in all the coordinate systems.

3.1.3 Differential Distance and Metric Coefficient

The constant coordinate surfaces could be of many different types. The sim-
plest of them is constant distance surfaces for which the differential change 
dui in the coordinate ui is the same as the differential distance dli between the 
surfaces f ui i=  and f u dui i i= + . However, there are other types of surfaces 
such as constant angle surfaces, in which case the differential distance is 
related to differential coordinate (angle) change as

 dl h du h di i i i i= = θ  (3.2)

where:
The scale factor hi is the corresponding radius

The scale factors for each of the coordinate system are called the metric coefficients 
of the respective coordinate system. The three metric functions of any coor-
dinate system (h1,h2,h3) constitute a unique set and hence are often known as 
the signature of a coordinate system. Metric coefficients are also very important 
in writing the vector operators in the general orthogonal curvilinear coordi-
nate system, as will be explained in Section 3.5.

3.1.4 Choice of Origin

A basic element of any coordinate system is the choice of origin. If any object 
or any arrangement is given, then any point within the object or within the 
whole arrangement could be chosen as origin.

From the earlier discussions, it is clear that the same point will have 
very different coordinates when defined in different coordinate systems. 
Therefore, the question that needs to be answered is that whether there is 
any property of the position of the point that remains the same in different 
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coordinate systems. The answer to this question is that the distance of the 
point from the origin remains the same in all the coordinate systems if the 
origin is kept the same in all the cases. As a logical extension, it may be stated 
that the distance between any two points remains the same no matter how 
their coordinates are defined in any coordinate system.

3.2 Cartesian Coordinate System

The invention of Cartesian coordinates in the seventeenth century by the French 
mathematician René Descartes revolutionized mathematics by providing the 
first systematic link between Euclidean geometry and algebra. In this coordi-
nate system, the three constant coordinate surfaces are defined by Equation 3.3

 f x f y f z1 2 3= = =, ,  (3.3)

Figure 3.2 shows such constant coordinate surfaces, which are three planes. 
Cartesian coordinate system has the unique feature that all the three con-
stant coordinate surfaces are constant distance surfaces.

Each point P in space is then assigned a triplet of values (x,y,z), the so-called 
Cartesian coordinates of that point. The ranges of the values of three coor-
dinates are −∞ < x < ∞, −∞ < y < ∞ and −∞ < z < ∞. Coordinates can be 
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FIGURE 3.2
Constant coordinate surfaces in the Cartesian coordinate system.
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defined as the positions of the normal projections of the point onto three 
mutually perpendicular constant coordinate surfaces passing through the 
origin, expressed as signed distances from the origin.

In the Cartesian coordinate system, three mutually perpendicular axes are 
commonly defined as follows. The intersection of two mutually perpendicular 
planes y = constant and z = constant passing through the origin gives a coor-
dinate curve, which is a straight line. This line is then defined as the x-axis. 
Similarly, the intersections of other two pairs of mutually perpendicular con-
stant coordinate planes passing through origin define the y- and z-axes.

The unit vector i  is perpendicular to all the surfaces described by x = con-
stant and points in the direction of increasing value of x-coordinate. In the 
same manner, unit vectors j and k  are defined in y- and z-directions, respec-
tively. Another unique feature of the Cartesian coordinate system is that the 
directions of the three unit vectors remain the same irrespective of the loca-
tion of the point in space. The orthogonality of the Cartesian coordinate sys-
tem is defined by Equation 3.4

 i j j k k i     · · ·= = =0 0 0, ,  (3.4)

and the right handedness is defined by Equation 3.5

 i j k j k i k i j        × = × = × =, ,  (3.5)

As shown in Figure 3.3, the differential line element in the Cartesian coordi-
nate system is given by Equation 3.6

 dl dl i dl j dl k dxi dyj dzk
�

� � � � �
�

= + + = + +1 2 3  (3.6)

As shown in Figure 3.4, the differential area element corresponding to the 
surface of a differential cubical volume is given by Equation 3.7

z

x

O

P1

P2

y

dl1 = dxî

dl
→

dl2 = dyĵ

dl3 = dzk 
→

→

→

FIGURE 3.3
Differential line element in the Cartesian coordinate system.
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 dA dl dl k dxdykxy

�
� �= =1 2  (3.7)

As shown in Figure 3.4, the differential volume element is given by Equation 3.8

 dV dl dl dl dxdydz= =1 2 3  (3.8)

As depicted in Equation 3.6 the differential distance in x-direction is dl1 = dx = 
h1dx, that is, h1 = 1. Similarly, in y- and z-directions, h2 = h3 = 1. The metric coef-
ficients of the Cartesian coordinate system are, therefore, h1 = 1, h2 = 1 and h3 = 1.

3.3 Cylindrical Coordinate System

Cylindrical coordinates are an alternate way of describing points in a three-
dimensional space. In this coordinate system, one of the rectangular coordi-
nate planes, namely, the x–y plane, as described by the Cartesian coordinate 
system, is replaced by a polar plane. In the cylindrical coordinate system, 
everything is measured with respect to a fixed point called the pole and 
an axis called the polar axis. The pole is the equivalent to the origin in the 
Cartesian coordinate system and the polar axis corresponds to the positive 
direction of the x-axis. The cylindrical coordinates of a point are then the 
ordered triplet (r,θ,z), as defined in Figure 3.5.

As shown in Figure 3.5, r is the distance from the pole to the projection 
of the point P on the polar plane, that is, the x–y plane passing through the 
pole, θ is the azimuthal angle, that is, the angle from the polar axis spinning 
around the z-axis in counter-clockwise direction, and z is the vertical height 
from the polar plane. The ranges of the values of the three coordinates are 
0 ≤ r < ∞, 0 ≤ θ ≤ 2π and −∞ < z < ∞.

O

x

y

z

dV

dl1 = dx

dl2 = dy

dl3 = dz

d
→
Axy

FIGURE 3.4
Differential area and volume elements in the Cartesian coordinate system.
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In the cylindrical coordinate system, the three constant coordinate surfaces 
are defined by Equation 3.9

 f r f f z1 2 3= = =, ,θ  (3.9)

Figure  3.6 shows the three constant coordinate surfaces in the cylindrical 
coordinate system. Out of these three surfaces, the first and the third sur-
faces, namely, f r f z1 3= =and , are constant distance surfaces, whereas the 
second one, that is, f2 = θ, is a constant angle surface. As shown in Figure 3.6, 
the surfaces θ = constant and z = constant are planes, whereas the surface 
r = constant is a cylindrical surface.

In this coordinate system, two unit vectors are defined on the x–y plane. 
The unit vector u r points in the direction of increasing r, that is, radially out-
wards from the z-axis and the unit vector u θ points in the direction of increas-
ing θ, that is, it points in the direction of the tangent to the circle of radius r 
in the counter-clockwise sense. The third unit vector u z points in the direc-
tion of increasing z, that is, vertically upwards from the x–y plane. The unit 
vectors are shown in Figure 3.5. The orthogonality of cylindrical coordinate 
system is defined by Equation 3.10

 u u u u u u     r z z r· · ·θ θ= = =0 0 0, ,  (3.10)

and the right handedness is defined by Equation 3.11

 u u u u u u u u u        r z z r z r× = × = × =θ θ θ, ,  (3.11)

Polar axis

x

Pole
O
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y

z

P
ûr

ûz

ûθ

θ

FIGURE 3.5
Depiction of cylindrical coordinates of a point.
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Unlike the Cartesian system, in the cylindrical coordinate system, the direc-
tions of all the three unit vectors do not remain the same as one moves 
around the space. As shown in Figure 3.7, the directions of the unit vectors u r 
and u θ get changed at different points in space keeping u z unchanged.

As shown in Figure 3.8, the differential line element in the cylindrical coor-
dinate system is given by Equation 3.12

 dl dl u dl u dl u dru rd u dzu
�

� � � � � �= + + = + +1 2 3r z r zθ θ θ  (3.12)
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FIGURE 3.7
Unit vectors at different points in the cylindrical coordinate system.
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Constant coordinate surfaces in the cylindrical coordinate system.
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As shown in Figure 3.9, in the cylindrical coordinate system, the differential 
area element on the surface of a cylinder of radius r is given by Equation 3.13

 dA dl dl u rd dzu
�

� �θ θz r r= =2 3  (3.13)

and the differential area element on the surface of a disc in the x–y plane, as 
shown in Figure 3.10, is given by Equation 3.14

 dA dl dl u drrd ur z z

�
� �θ θ= =1 2  (3.14)

z

x

O y
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P1
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drûr

dz ûz

ûθ

dθ
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rdθ

θ

→

FIGURE 3.8
Differential line element in the cylindrical coordinate system.
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FIGURE 3.9
Differential area element on the cylinder surface in the cylindrical coordinate system.
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As shown in Figure 3.11, the differential volume element is given by Equation 3.15

 dV dl dl dl drrd dz= =1 2 3 θ  (3.15)

As depicted in Equation 3.12, the differential distance in r-direction is 
dl1 = dr = h1dr, that is, h1 = 1, in θ-direction, it is dl2 = rdθ = h2dθ, that is, 
h2 = r and in z-direction, it is dl3 = dz = h3dz, that is, h3 = 1. The metric coef-
ficients of cylindrical coordinate system are, therefore, h1 = 1, h2 = r and 
h3 = 1.
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x dr

dθ
O

r

dArθ

rdθ

θ

→

FIGURE 3.10
Differential area element on the disc surface in the cylindrical coordinate system.
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FIGURE 3.11
Differential volume element of a cylinder in the cylindrical coordinate system.
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3.4 Spherical Coordinate System

Spherical coordinates are particularly useful for analyzing fields having 
spherical symmetry. In the spherical coordinate system, the coordinates of 
any point in space are the ordered triplet (r,θ,ϕ), as shown in Figure 3.12. The 
coordinate r measures the radial distance from the origin to the point P. The 
coordinate θ is the angle that the r vector makes with the positive direction 
of the z-axis, whereas the coordinate ϕ is the azimuthal angle with respect 
to the positive direction of the x-axis spinning around the z-axis in counter-
clockwise sense. The angle ϕ is defined on the x–y plane. The ranges of the 
values of the three coordinates are 0 ≤ r < ∞, 0 ≤ θ ≤ π and 0 ≤ ϕ ≤ 2π.

In the spherical coordinate system, the three constant coordinate surfaces 
are defined by Equation 3.16

 f r f f1 2 3= = =, ,θ φ  (3.16)

Figure  3.13 shows the three constant coordinate surfaces in the spherical 
coordinate system. Out of these three surfaces, the first surface, namely, 
f r1 = , is a constant distance surface, whereas the other two surfaces, that 
is, f f2 3= =θ and φ, are constant angle surfaces. As shown in Figure  3.13, 
r  =  constant is a spherical surface, θ  =  constant is a conical surface and 
ϕ = constant is a plane.

In this coordinate system, the unit vector ur  points in the direction of 
increasing r, that is, radially outwards from the origin. The unit vector u θ 
points in the direction of increasing θ along the tangent to a circle of radius r 
in the plane containing the z-axis and the r vector. The unit vector u φ points 
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FIGURE 3.12
Depiction of spherical coordinates of a point.
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in the direction of increasing ϕ along the tangent to a circle in the x–y plane, 
which is centred on the z-axis. The unit vectors are shown in Figure 3.12. The 
orthogonality of the spherical coordinate system is defined by Equation 3.17

 u u u u u u     r r· · ·θ θ= = =0 0 0, ,φ φ  (3.17)

and the right handedness is defined by Equation 3.18

 u u u u u u u u u        r r r× = × = × =θ θ θφ φ φ, ,  (3.18)

Similar to the cylindrical coordinate system, in the spherical coordinate sys-
tem, the directions of all the three unit vectors do not remain the same as 
one move around the space. As shown in Figure 3.14, the directions of all 
the three unit vectors u r, u θ and u φ  get changed at different points in space.

As shown in Figure 3.15, the differential line element in the spherical coor-
dinate system is given by Equation 3.19

 dl dl u dl u dl u dru rd u r d u
�

� � � � � �= + + = + +1 2 3r rθ θθ θφ φφsin  (3.19)

As shown in Figure 3.16, in the spherical coordinate system, the differential 
area element on the surface of a sphere of radius r is given by Equation 3.20

 dA dl dl u rd r d u r d d u
�

� � �θ θ θ θ θφ φ φ= = =2 3
2

r r r( )( sin ) sin  (3.20)
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FIGURE 3.13
Constant coordinate surfaces in the spherical coordinate system.
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FIGURE 3.14
Unit vectors at different points in the spherical coordinate system.
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Differential line element in the spherical coordinate system.
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As shown in Figure  3.17, the differential volume element is given by 
Equation 3.21

 dV dl dl dl dr rd r d r drd d= = =1 2 3
2( )( )( sin ) sinθ θ θ θφ φ  (3.21)

As depicted in Equation 3.19, the differential distance in r-direction is 
dl1 = dr = h1dr, that is, h1 = 1, in θ-direction, it is dl2 = rdθ = h2dθ, that is, h2 = r and 
in ϕ-direction, it is dl3 = r sin θdϕ = h3dϕ, that is, h3 = r sin θ. Therefore, the metric 
coefficients of spherical coordinate system are h1 = 1, h2 = r and h3 = r sin θ.

3.5 Generalized Orthogonal Curvilinear Coordinate System

From the discussions of the previous sections, it may be seen that a major hin-
drance in treating the three commonly used orthogonal coordinate systems, 
namely, Cartesian, cylindrical and spherical coordinate systems, on an equal 
footing is that the unit vectors are not the best way to visualize these three coor-
dinate systems. In this context, a generalized orthogonal curvilinear coordinate 
system provides insight for useful linkage between such orthogonal coordinate 
systems. Generalized orthogonal curvilinear coordinate system emphasizes on 
the similarities between different orthogonal coordinate systems rather than 
highlighting their differences. Thus, the definition and utilization of generalized 

x

ϕ
dϕ

O y

dθ

r

z

r sin θdϕ

θ

dAθϕ
→

rdθ

FIGURE 3.16
Differential area element on the sphere surface in the spherical coordinate system.
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orthogonal curvilinear coordinate system is very important for the proper 
understanding of the formulation and solution of electric field problems.

Consider that f(x,y,z) = u is a function of three independent space vari-
ables x,y,z in the Cartesian coordinate system that specify a surface char-
acterized by the constant parameter u. Setting such function equal to three 
different constant parameters u1, u2 and u3 defines three different surfaces 
as follows:

 f x y z u f x y z u f x y z u1 1 2 2 3 3( , , ) , ( , , ) ( , , )= = =and  (3.22)

Considering that these three surfaces are orthogonal, they intersect in space 
only at one point. In other words, any point in space could be uniquely 
defined by a set of values of the three parameters (u1,u2,u3), which are then 
called the orthogonal curvilinear coordinates of the point being defined. The 
constant coordinate surfaces for a generalized orthogonal curvilinear coor-
dinate system are shown in Figure 3.18.

As shown in Figure 3.18, the unit vectors a a 1 2,  and a 3  are normal to the 
surfaces u1  =  constant, u2  =  constant and u3  =  constant, respectively, and 
point towards the increasing values of the coordinates u1, u2 and u3, respec-
tively. The orthogonality of the generalized curvilinear coordinate system is 
defined by Equation 3.23

 a a a a a a     1 2 2 3 3 10 0 0· · ·= = =, ,  (3.23)
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O

ϕ
dϕ

dθ

rdθ
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r

dr

r sin θdϕ

θ

FIGURE 3.17
Differential volume element of a sphere in the spherical coordinate system.
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and the right handedness is defined by Equation 3.24

 a a a a a a a a a        1 2 3 2 3 1 3 1 2× = × = × =, ,  (3.24)

As shown in Figure 3.19, the surfaces u = u1 and u = u1 + du1 are separated by 
a differential length element dl1, which is normal to the surface u = u1, where 
dl1 = h1(u1,u2,u3)du1. The scale factor or the metric coefficient h1 is a function of 
the three curvilinear coordinates (u1,u2,u3). The other two metric coefficients, 
that is, h2(u1,u2,u3) and h3(u1,u2,u3), are also similarly defined.

As shown in Figure 3.19, the differential line element in the generalized 
orthogonal curvilinear coordinate system is given by Equation 3.25

 dl dl a dl a dl a h du a h du a h du a
�

� � � � � �= + + = + +1 1 2 2 3 3 1 1 1 2 2 2 3 3 3  (3.25)

As shown in Figure 3.19, the differential area elements in the generalized 
orthogonal curvilinear coordinate system are given by Equation 3.26

 dA h du h du a h h du du a
�

� �12 1 1 2 2 3 1 2 1 2 3= =( )( )

 dA h du h du a h h du du a
�

� �23 2 2 3 3 1 2 3 2 3 1= =( )( )

 dA h du h du a h h du du a
�

� �31 3 3 1 1 2 3 1 3 1 2= =( )( )

 (3.26)

and the differential volume element in generalized orthogonal curvilinear 
coordinate system is given by Equation 3.27

x

y

z

âx = î

ây = ĵ
O

u2 = constant

u
3  = constant

â1
â2

â3

P

u
1  = 

constant

âz = k

FIGURE 3.18
Constant coordinate surfaces in the generalized orthogonal curvilinear coordinate system.
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 dV h du h du h du h h h du du du= =( )( )( )1 1 2 2 3 3 1 2 3 1 2 3  (3.27)

In the light of the generalized orthogonal curvilinear coordinate system, the 
three commonly used orthogonal coordinate systems could be summarized 
as in Table 3.1.

Recall that the metric coefficients were earlier stated to be functions of the 
coordinates (u1,u2,u3). Table 3.1 clearly shows such dependence of the metric 
coefficients on the respective coordinates in cylindrical and spherical coor-
dinate systems. Cartesian coordinate system is unique in the sense that its 
metric coefficients are constant.

u1

P1

h1du1â1 h3du3â3

h2du2â2
P2

u2
dl1  = h

1 du
1

dA23

dl3  = h
3 du

3

dl

dV

dA12
→

dA31

dl2 = h2du2u3

→

→

→

FIGURE 3.19
Differential line, area and volume elements in the generalized orthogonal curvilinear coordi-
nate system.

TABLE 3.1

Characterization of Orthogonal Coordinate Systems

Orthogonal 
Coordinate System Coordinates Unit Vectors

Metric 
Coefficients

Generalized (u1,u2,u3) ( , , )a a a  1 2 3 (h1,h2,h3)
Cartesian (x,y,z) ( , , )i j k   (1,1,1)
Cylindrical (r,θ,z) ( , , )u u ur z  θ (1,r,1)
Spherical (r,θ,ϕ) ( , , )u u ur  θ φ (1,r,r sinθ)
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3.6 Vector Operations

In field analysis, it is often required to perform vector operations to get vector 
and scalar derivatives of scalar and vector fields, which are scalar and vector 
functions of position, respectively. Most commonly used vector operations 
are gradient, divergence, curl and Laplacian. It is possible to get expressions 
for all these vector operations in the generalized orthogonal curvilinear 
coordinate system. In order to get such expressions, consider an arbitrary 
scalar field like electric potential or temperature as U u u u( , , )1 2 3  and an arbi-
trary vector field like electric flux density or force as

 
�

� � �S S u u u a S u u u a S u u u a= + +1 1 2 3 1 2 1 2 3 2 3 1 2 3 3( , , ) ( , , ) ( , , )  (3.28)

3.6.1 Gradient

In electric field analysis, a common application of gradient operation is to 
determine electric field intensity from the knowledge of electric potential. 
In order to understand this concept clearly, a change dU in the scalar func-
tion U is expressed in terms of the changes in differential distances dl1, 
dl2 and dl3 in the generalized orthogonal curvilinear coordinate system as 
follows:

 
dU

U
l

dl
U
l

dl
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l

dl= ∂
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+ ∂
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+ ∂
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1
2

2
3

3  (3.29)

Introducing the differential distance as dl dl a dl a dl a
�

� � �= + +1 1 2 2 3 3, the above 
equation could be rewritten as follows:
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3 1 1 2 2 3 3� � � � � �· == ∇
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U dl·  (3.30)

where:
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1 1
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2 2
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1 1 1 ∂∂
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u
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3

3�  (3.31)

Equation 3.30 indicates that the change dU in the scalar function U over the 
differential distance dl at any point in space is maximum when 



∇U and dl


 
are in the same direction. In other words, the magnitude of the vector 



∇U, 
which is the spatial derivative of the scalar function U and is called the gra-
dient of U, is equal to the maximum value of dU/dl and it is in the direction 
in which dU/dl is maximum.

With the help of the metric coefficients and other parameters mentioned in 
Table 3.1, the gradient function can be written in different orthogonal coor-
dinate systems as detailed below:
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Cartesian coordinate system:

 

� � � �∇ = ∂
∂

+ ∂
∂

+ ∂
∂

U
U
x

i
U
y

j
U
z

k  (3.32)

Cylindrical coordinate system:
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∂
+ ∂

∂
+ ∂
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U
U
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u
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U
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U
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ur z
1

θ
θ  (3.33)

Spherical coordinate system:
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r
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ur
1 1
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φ  (3.34)

3.6.2 Del Operator

Equation 3.30 introduces a vector differential operator 


∇ such that when 


∇ 
is applied on a scalar function, it results into a vector function. Such vector 
operation is called gradient.

From Equation 3.31
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(3.35)

It has been discussed in Chapter 2 that when 


∇ is applied on a vector func-
tion as scalar or dot product, then it results into a scalar function and such 
operation is called divergence. On the other hand, when 



∇ is operated on a 
vector function with vector or cross product, then it results into another vec-
tor function and this operation is called curl.

3.6.3 Divergence

In electric field analysis, divergence is used to relate electric field with the 
source, that is, the charges, as given by the differential form of Gauss’s law.

It has already been discussed in Chapter 2 that the divergence of a vector 
field 



S  could be evaluated by finding the net flux coming out per unit vol-
ume. In this context, consider the differential volume element dV = (dl1dl2dl3), 
as shown in Figure 3.20. Consider that the point O is located at the centre 
of the volume element dV and also that the vector 



S is known at the point O. 
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The points 1 and 2 are the midpoints of the surfaces ABCD and EFGH, respec-
tively, which are normal to u1 direction. Therefore, along the line 1-O-2 the 
derivatives of S1, which is the u1 component of 



S, with respect to u1, will be 
finite, whereas the derivative of S1 with respect to u2 and u3 will be zero, as S1 
is orthogonal to u2 and u3. Considering the differential distance dl1 between 
the two surfaces under reference, namely, ABCD and EFGH, S1 at the points 1 
and 2 can be evaluated from the knowledge of S1 at O with the help of Taylor 
series. Noting that the distances between O and both the points 1 and 2 are 
dl1/2, from the Taylor series expansion, it can be written neglecting higher 
order terms as follows:
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S1 stands for the value of S1 at O
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FIGURE 3.20
Divergence in the generalized orthogonal curvilinear coordinate system.
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The area of the surface ABCD is given by dl dl h h du du2 3 2 3 2 3= . Therefore, the 
flux of 



S going into the differential volume through the surface ABCD in the 
u1 direction is given by

 d S h h du du
S h h du du

u
du

S h h du du

ψABCD = ( ) − ∂( )
∂

= (

1 2 3 2 3
1 2 3 2 3

1

1

1 2 3 2 3

2

)) − ∂( )
∂
S h h

u
du du du1 2 3

1

1 2 3

2

as ( , , )h h h1 2 3  are functions of ( , , )u u u1 2 3 , the product h2h3 is kept within the 
partial derivative term.

Similarly, the flux of 


S coming out of the surface EFGH in the u1 direction 
is given by
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Hence, the net flux coming out of the differential volume in the u1 direction 
is given by

 
d d d
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Therefore, considering all the three directions, that is, u1, u2 and u3 direc-
tions, the net flux coming out of the volume dV is
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Therefore, the divergence of 


S, which is the net flux coming out per unit 
volume, is given by
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The divergence function can be written in different orthogonal coordinate 
systems as detailed below:

Cartesian coordinate system:
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Cylindrical coordinate system:
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Spherical coordinate system:
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3.6.4 Laplacian

 
Let
� �

� � � � �S U
h

U
u

a
h

U
u

a
h

U
u

a S a S a= ∇ = ∂
∂

+ ∂
∂

+ ∂
∂

= + +1 1 1

1 1
1

2 2
2

3 3
3 1 1 2 2 SS a3 3�

so that

 
S

h
U
u

S
h

U
u

S
h

U
u

1
1 1

2
2 2

3
3 3

1 1 1= ∂
∂

= ∂
∂

= ∂
∂

, and

Then,

 
   



∇ =∇∇ = ∇2U U S· ·

Therefore, from Equation 3.38

 

 


∇ = ∇ = ∂
∂

( ) + ∂
∂

( ) + ∂
∂

( )


2

1 2 3 1
2 3 1

2
3 1 2

3
1 2 3

1
U S

h h h u
h h S

u
h h S

u
h h S· 





= ∂
∂

∂
∂









 +

∂
∂

∂
∂









 +

∂1

1 2 3 1

2 3

1 1 2

3 1

2 2h h h u
h h
h

U
u u

h h
h

U
u ∂∂

∂
∂



















u

h h
h

U
u3

1 2

3 3

 (3.42)

Laplacian can be written in different orthogonal coordinate systems as 
detailed below:

Cartesian coordinate system:
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Cylindrical coordinate system:
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Spherical coordinate system:
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3.6.5 Curl

Curl is evaluated as a closed-line integral per unit area. The closed-line inte-
gral of a vector is also known as circulation. The circulation of a vector is 
obtained by multiplying the component of that vector parallel to the speci-
fied closed path at each point along it by the differential path length and 
summing the results of multiplication as the differential lengths approach 
zero. Because there are three planes that are normal to the three components 
of a vector, the circulation of a vector is to be computed separately for these 
three planes, each one of which will give one component of the curl. The curl 
of any vector thus results into another vector. Any component of the curl is 
given by the quotient of the closed-line integral of the vector about a small 
path and the area enclosed by that path, as the path shrinks to zero. The small 
path is to be chosen in a plane normal to the desired component of the curl.

With reference to Figure 3.21, consider that the values of three components 
of 


S, namely, S1, S2 and S3, are known at the midpoint O of the differential 
areas as shown.

Considering the differential path length AB, the value of S1 at the midpoint 
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 (3.46)

Again, considering the differential path length CD, the value of S1 at the mid-
point of CD is S S l dl1 1 2 2 2+ ∂ ∂ ( / )( / )
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Therefore,
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Similarly, considering the differential path length BC the value of S2 at the 
midpoint of BC is S S l dl2 2 1 1 2+ ∂ ∂ ( / )( / )

Therefore,
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Again, considering the differential path length DA the value of S2 at the mid-
point of DA is S S l dl2 2 1 1 2− ∂ ∂ ( / )( / )

Therefore,
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FIGURE 3.21
Curl in the generalized orthogonal curvilinear coordinate system.



83Orthogonal Coordinate Systems

From Equations 3.46 through 3.49
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Dividing the above equation by the area of the integration, that is, dl1dl2,
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Noting that the area enclosed by the path ABCDA is an area normal to u3 
direction, Equation 3.51 gives the u3 component of curl 



S.
Considering the closed path EFGHE normal to u1 direction, the u1 compo-

nent of curl 


S can be evaluated as follows:
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and considering the closed path JKLMJ normal to u2 direction, the u2 compo-
nent of curl 



S can be evaluated as follows:
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Here, it is to be mentioned that for evaluating the integral the closed paths 
have to be traversed in a manner that if a right-handed screw is rotated 
in that direction, then the screw will move in the positive direction of the 
coordinate to which the plane containing that path is perpendicular, that is 
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ABCDA for the u1 direction, EFGHE for the u2 direction and JKLMJ for the u3 
direction, with reference to Figure 3.21.

From Equations 3.51 through 3.53
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Equation 3.54 could be written in the following form:
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Curl can be written in different orthogonal coordinate systems as detailed 
below:

Cartesian coordinate system:
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Cylindrical coordinate system:
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Spherical coordinate system:
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3.6.5.1 Curl of Electric Field

With reference to the derivation of Section 3.6.5, consider that the vector 
quantity be electric field intensity 



E. Then the closed line integral 
� �
�E dl.∫  

along any of the three paths as shown in Figure  3.21, namely, ABCDA, 
EFGHE and JKLMJ, will be zero, as the work done over a closed path is zero. 
Hence, the results of the integrals as given by Equations 3.51, 3.52 and 3.53 
will be zero. In other words, all the three components of curl 



E will be zero. 
Consequently,

 curl
  

E E= ∇× = 0, (3.59)

which holds good at every point within an electric field. It shows that an 
electric field is path independent and irrotational.

Alternately, it can be proved by considering 
 

E U= −∇ , where U is electric 
potential, which is a scalar quantity. Then
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Equation 3.59 is commonly used to prove that a valid electric field is 
conservative.

PROBLEM 3.1
Determine whether 

� � � �E xi yj zk= + +  is a valid form of electric field or not.

Solution:
In order to find whether an electric field is valid or not, the curl of the given 
electric field needs to be evaluated. Therefore, for the given electric field
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Therefore, the given electric field is a valid one.

Objective Type Questions

 1. In Cartesian coordinate system
 a. Only one metric coefficient is constant
 b. Two metric coefficients are constant
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 c. All three metric coefficients are constant
 d. None of the metric coefficients is constant
 2. In cylindrical coordinate system
 a. Only one metric coefficient is constant
 b. Two metric coefficients are constant
 c. All three metric coefficients are constant
 d. None of the metric coefficients is constant

 3. In spherical coordinate system
 a. Only one metric coefficient is constant
 b. Two metric coefficients are constant
 c. All three metric coefficients are constant
 d. None of the metric coefficients is constant

 4. Three planes as constant coordinate surfaces define
 a. Cartesian coordinate system
 b. Cylindrical coordinate system
 c. Spherical coordinate system
 d. None of the above

 5. Two planes as constant coordinate surfaces along with one constant 
angle surface define

 a. Cartesian coordinate system
 b. Cylindrical coordinate system
 c. Spherical coordinate system
 d. None of the above

 6. Only one plane as constant coordinate surface belong to
 a. Cartesian coordinate system
 b. Cylindrical coordinate system
 c. Spherical coordinate system
 d. None of the above

 7. A conical surface as constant coordinate surface belong to
 a. Cartesian coordinate system
 b. Cylindrical coordinate system
 c. Spherical coordinate system
 d. None of the above

 8. The unit vector associated with a constant coordinate surface
 a. Is perpendicular to the surface coordinate = constant and points 

in the direction of increasing value of coordinate
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 b. Is perpendicular to the surface coordinate = constant and points 
in the direction of decreasing value of coordinate

 c. Is parallel to the surface coordinate = constant and points in the 
direction of increasing value of coordinate

 d. Is parallel to the surface coordinate = constant and points in the 
direction of decreasing value of coordinate

 9. The right-handed property of an orthogonal coordinate system is 
defined by

 a. The cross product of the first and second unit vectors equal to the 
third unit vector

 b. The cross product of the second and third unit vectors equal to 
the first unit vector

 c. The cross product of the third and first unit vectors equal to the 
second unit vector

 d. All the above
 10. Orthogonality of two constant coordinate surfaces in generalized 

curvilinear coordinate system is defined by
 a. a a 1 1 1· =
 b. a a 1 2 0· =
 c. a a 1 1 1× =
 d. a a 1 2 0× =
 11. The ranges of the values of the three coordinates in cylindrical coor-

dinate system are
 a. 0 ≤ r < ∞, 0 ≤ θ ≤ 2π and −∞ < z < ∞
 b. 0 ≤ r < ∞, 0 ≤ θ ≤ 2π and 0 < z < ∞
 c. −∞ ≤ r < ∞, 0 ≤ θ ≤ 2π and 0 < z < ∞
 d. −∞ ≤ r < ∞, 0 ≤ θ ≤ 2π and ∞ < z < ∞
 12. The ranges of the values of the three coordinates in spherical coordi-

nate system are
 a. 0 ≤ r < ∞, 0 ≤ θ ≤ 2π and 0 ≤ ϕ ≤ 2π
 b. 0 ≤ r < ∞, 0 ≤ θ ≤ π and 0 ≤ ϕ ≤ 2π
 c. −∞ ≤ r < ∞, 0 ≤ θ ≤ 2π and 0 ≤ ϕ ≤ 2π
 d. −∞ ≤ r < ∞, 0 ≤ θ ≤ π and 0 ≤ ϕ ≤ 2π
 13. In spherical coordinate system, the angle ϕ is defined on the
 a. x–y plane
 b. y–z plane
 c. z–x plane
 d. Plane containing the r-vector
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 14. Curl 


E = 0 indicates that
 a. Electric field is conservative
 b. Electric field is irrotational
 c. Electric potential is path independent
 d. All the above
 15. Conservative electric field is indicated by
 a. 

 

E = −∇φ
 b. 

 

∇ =·E 0
 c. 

 

∇× =E 0
 d. 

 

∇ =·D vρ

Answers:  1) c; 2) b; 3) a; 4) a; 5) b; 6) c; 7) c; 8) a; 9) d; 10) b; 11) a; 12) b; 13) a; 
14) d; 15) c
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4
Single-Dielectric Configurations

ABSTRACT Although most of the real-life configurations are multi-
dielectric in nature, it is required to study some of the single-dielectric 
arrangements, which are commonly used, for the proper understanding 
of the application of theory in determining electric field in practical cases. 
This chapter presents a physical explanation of displacement current and 
also discusses in details the energy stored in an electric field. Three single-
dielectric arrangements are analyzed and how such analysis can be used for 
most economical use of insulating materials has also been discussed with 
the help of state-of-the-art examples.

4.1 Introduction

Mother Nature has presented the humankind an insulation as a gift, which 
is available in abundance and is also free. This dielectric is nothing but the 
atmospheric air. It is not difficult to conceive that no electrical system would 
have worked had air been not an insulating medium. Because air is present 
everywhere, most of the real-life arrangements are multi-dielectric configu-
rations where the equipment insulation, whether it is solid, liquid or gaseous 
or a combination of two or more of these insulating media, is commonly sur-
rounded by atmospheric air. However, there are specific cases where the con-
figuration could be single-dielectric one, for example, a co-axial cable having 
only one dielectric medium. Analysis of single-dielectric arrangement is 
necessary to grasp the theoretical aspects of electric field in a meaningful 
way. Moreover, there are certain aspects such as displacement current and 
energy stored in an electric field, which need to be understood from a single-
dielectric viewpoint to start with.

4.2 Displacement Current

Consider a capacitor with a perfect dielectric or, say vacuum, in between its 
two plates. In such a case, no charge can move through the perfect dielec-
tric or vacuum. In other words, there could be no current flowing between 



90 Electric Field Analysis

the two plates within the capacitor. Now if a DC voltage is applied between 
its two plates, then a charging current flows from the source to supply the 
charges to the plates of the capacitor for a short duration of charging. When 
the capacitor is fully charged, the charging current ceases to flow. It is to 
be noted here that this charging current is measurable only in the circuit 
between the source and the capacitor. If one tries to measure the current 
between the plates within the capacitor, then the result of the current mea-
surement will be zero. It means that this charging current does not flow 
through the entire closed loop formed by the source and the capacitor. But 
why these charges are to be supplied by the source to the capacitor plates? 
The answer is that the capacitor with a perfect dielectric or vacuum is an 
open circuit and hence the potential difference between the capacitor plates 
will be equal to the source voltage. Accordingly, there will be an electric field 
established between the capacitor plates. In order to establish this electric 
field, charges have to be supplied from the source to the capacitor plates.

Depending on the area and separation distance between the plates, there 
is a finite capacitance of the capacitor. Hence, if an AC voltage is applied 
between the plates of the capacitor, a capacitive current will flow in the cir-
cuit, which will be a continuous current varying with time that could be 
measured by an ammeter placed in between the source and the capacitor. 
However, due to perfect dielectric or vacuum, as stated earlier, there could be 
no movement of charge between the plates within the capacitor. Hence, this 
continuous capacitive current is measurable only in the circuit between the 
AC source and the capacitor plates. Then the question is how this continuous 
capacitive current appears in a section of the circuit external to the capacitor 
plates and not through the whole circuit? The answer to this question lies 
in the fact that this current is not conduction current. It appears due to the 
displacement of charges between the source and the capacitor plates, even 
when there is no charge movement between the plates within the capacitor. 
Consequently, this current is termed as displacement current. The concept of 
displacement current may be explained as detailed below.

Take the example of a capacitor with vacuum between its plates, as 
shown in Figure 4.1. If the separation distance between the plates is much 
smaller than the plate length/diameter and if fringing of flux at the edges is 
neglected, then the electric field between the capacitor plates will be uniform. 
If the potential difference between its plates at any time instant is v and the 
separation distance between the plates is d, then the magnitude of electric 

θ = 0°

ε0 ε0 ε0 ε0 ε0

θ = 45°
V = 0

q = 0

(a) (b) (c) (d) (e)

V = Vm/√2
θ = 135°
V = Vm/√2

θ = 180°
V = 0

θ = 90°
V = Vm

q = qm/√2 q = qm/√2q = qm q = 0

FIGURE 4.1
Physical explanation of the displacement current of a capacitor.
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field intensity between the capacitor plates at that time instant will be (v/d). 
Thus, a unit positive charge placed in vacuum between the plates within the 
capacitor will experience this force on the unit change due to the charges 
present on the capacitor plates. Owing to the application of alternating volt-
age, the electric field intensity within the capacitor (= v/d) will vary in direct 
proportion to the potential difference between the plates. Consequently, for 
this variation in electric field intensity, the amount of charge on the capacitor 
plates will again have to vary in direct proportion to the potential difference 
between the plates. Let the amount of charge on the capacitor plates corre-
sponding to the peak value (Vm) of the sinusoidal applied voltage be qm.

At θ = 0°, the potential difference across the capacitor plates is zero and 
hence the charge on the plates is also zero, as shown in Figure 4.1a. Then the 
charge on the plates increases with time as the sinusoidal voltage magnitude 
increases with time from θ = 0° to θ = 90°, as shown in Figure 4.1a–c. These 
charges are supplied by the AC source to the capacitor plates and hence in 
the circuit between the source and the capacitor plates, there is a change in 
charge with time ( / )dq dt . Whenever there is such change in charge with time, 
there is a measurable current. Therefore, if an ammeter is placed in between 
the source and the capacitor, this current can be measured. The magnitude 
of this current will be determined by the rate of change of charge, which is 
the same as the rate of change of voltage with time, as explained earlier in 
this section. As shown in Figure 4.2, the rate of change of sinusoidal voltage 
is maximum at the zero crossing of the voltage waveform, that is, at θ = 0°, 
and is zero at the voltage peak, that is, at θ = 90°. In between this time span, 
this current will also have a sinusoidal variation with time.

From θ = 90° to θ = 180°, the negative slope of sinusoidal voltage waveform 
increases from zero to maximum at the voltage zero crossing at θ = 180°. The 
magnitude of voltage starts decreasing from θ = 90° and hence the charges 
on the capacitor plates also start decreasing from qm corresponding to θ = 90°. 
In other words, the charges start to move from the capacitor plate back to the 
source. Hence, the ammeter between the source and the capacitor will record 

ΔV3

Δt

Δt

Δt

ΔV2

ΔV1

FIGURE 4.2
Slope of sinusoidal voltage waveform.
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a current in the opposite direction, which will increase in magnitude from 
θ = 90° and will become maximum at θ = 180° in this opposite direction. The 
same sequential process will be repeated from θ = 180° to θ = 360° albeit the 
direction will be just the opposite of that between θ = 0° and θ = 90°.

Therefore, it could be seen that although there is no charge movement 
between the plates within the capacitor itself, there is a continuous displace-
ment of charges between the source and the capacitor plates in the external 
circuit. As a result, the displacement current flows in the external circuit. 
From the above discussion, it can be noted that (1) the current is positive 
maximum when dq dt/  and consequently dv dt/  is positive maximum at θ = 0°; 
(2) the current is zero when dq dt/  and consequently dv dt/  is zero when 
θ = 90°; (3) the current is at its negative maximum when dq dt/  and conse-
quently dv dt/  is at its negative maximum at θ = 180° and so on. Considering 
the facts from (1) to (3), it can be concluded that there is a phase difference of 
90° between the potential across the capacitor plates and the displacement 
current, and this displacement current leads the potential by 90°.

In real life, the dielectric between the capacitor plates is never a perfect one 
and hence a small amount of conduction current flows between the capaci-
tor plates. Consequently, the current through a real-life capacitor leads the 
potential by an angle slightly less than 90°.

4.3 Parallel Plate Capacitor

A capacitor is an arrangement of conductors along with dielectrics that is 
used primarily to store electric charge. A very simple capacitor is a system 
consisting of two parallel metallic plates with free space or any dielectric in 
between, as shown in Figure 4.3.

Surface charge
density (σ)

Plate area (A)

E = V/d

+σ

−σ

Free
 sp

ace
 or a

ny d
iele

ctr
ic

Potential (= V )

Potential (= 0)

d

FIGURE 4.3
Parallel plate capacitor arrangement.
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In order to understand the electric field within a parallel plate capacitor, it 
is necessary to know the electric field due to infinitely long-charged planar 
sheet having uniform surface charge density (σ). As an infinitely long plane 
possesses a planar symmetry and the charge is uniformly distributed on the 
planar surface, the electric field intensity acts in the direction of the normal 
to the plane. In other words, the magnitude of the electric field intensity is 
constant on all the planes that are parallel to the charged sheet.

To analyze the field due to such a charged sheet, the best choice for a 
Gaussian surface is a cylinder whose axis is perpendicular to the plane, 
as shown in Figure  4.4. As the surface charge density is assumed to be 
uniform, the charge enclosed by the Gaussian surface is given by (σA). 
As shown in Figure 4.4, the electric field intensity vector is parallel to the 
area vector at the two end surfaces and is normal to the area vector on 
the curved wall surfaces. Hence, applying Gauss’s law on the cylindrical 
Gaussian surface
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FIGURE 4.4
Field due to infinitely long-charged sheet.
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When two plates of equal and opposite charge density are placed near and 
parallel to each other with free space between them, the electric field intensi-
ties due to the two plates add between the plates while they cancel each other 
outside the plates, as shown in Figure 4.5. Thus, the electric field intensity 
between the two plates is given by E = σ ε/ 0.

When the separation distance between the two plates is small compared 
to the sides of the plate, then the electric field intensity between the plates is 
constant throughout the interior of the capacitor. The flux lines are parallel 
to each other near the centre of the capacitor, whereas the concentration of 
flux lines occurs at the edges, which is known as fringing of flux, as shown in 
Figure 4.6. Neglecting fringing of flux and considering the potential differ-
ence between the two plates to be V, the electric field intensity can also be 
written as E V d= / .

Noting that the charge on the plates Q = σA, it may be written as follows:
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where:
C is the capacitance of the parallel plate capacitor

+σ −σ

σ/2ε0 σ/2ε0
σ/2ε0

σ/2ε0σ/2ε0
σ/2ε0

Eext = 0 Eint = σ/ε0 Eext = 0

FIGURE 4.5
E-field within a parallel plate capacitor.
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Equation 4.2 shows that the capacitance of a parallel capacitor is independent 
of the charge on the plates or the potential difference across the capacitor 
plates.

If any dielectric medium of relative permittivity (εr) is inserted between 
the plates, then the electric field intensity within the capacitor remains 
unchanged ( / )= V d , but the capacitance (C) is changed to ( )/ε εr 0A d.

4.3.1 Energy Stored in a Parallel Plate Capacitor

Consider that a parallel plate capacitor has no charge at the beginning. Now, 
if a voltage source is connected across its plates, so that the potential dif-
ference between the two plates becomes V, then the capacitor gets charged 
and these charges are supplied by the source to the capacitor plates. In order 
to supply these charges to the capacitor plates, some work have to be done 
by the external source, which is then stored as electrostatic energy in the 
capacitor.

Let, at any instant, the charge on the capacitor plates be +q and −q, respec-
tively, and the potential difference between the plates is v. At this instant, 
consider that an additional amount of charge dq is supplied by the source to 
the plates. Then the energy spent by the source to deliver this charge is vdq 
and this energy is stored in the electric field of the capacitor.

Therefore, if the total charge on the plates are +Q and −Q, respectively, and 
the corresponding potential difference between the plates is V, then the total 
energy stored in the electric field is given by

 
W vdq
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C
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 (4.3)
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FIGURE 4.6
Flux lines in a parallel plate capacitor.
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Now, surface charge density on the plates (σ) = (Q/A) = D. Therefore,

 W
Q
C

D A
C

E A
A d

E Ad= = = =
2 2 2 2 2 2

2

2 2 2
1
2

ε
ε

ε
( / )

( )

(Ad) being the volume of the parallel plate capacitor, the total energy stored 
in electric field per unit volume, that is, energy density, is given by

 
W EE =

1
2

2ε  (4.4)

However, such a derivation for energy stored in electric field is only valid for 
a parallel plate capacitor. A more generalized way of obtaining the energy 
stored in the electric field is discussed in Section 4.4.

4.4 Energy Stored in Electric Field

Consider that an electric field is established by an assembly of charges. To 
obtain the energy stored in this electric field, the work done to assemble these 
charges need to be determined. Assume that all the charges are point charges, 
which are at infinity initially, and an external agent brings these charges one 
by one and places them at the respective positions, as shown in Figure 4.7. It 
is obvious that no work is to be done to bring the first charge q1 from infinity 
to its location at P1, as there is no existing electric field created by another 
charge. Then the second charge q2 is brought from infinity to P2 within the 

Surface S1

Volume V

P1q1

qN

q2

PN

P2
P3

q3

Surface S

∞

FIGURE 4.7
Assembling a set of charges.
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electric field created by q1. Therefore, the work done in bringing the charge 
q2 will be given by

 
W q q

q
r

2 2 21 2
1

0 214
= =φ

πε
 (4.5)

where:
ϕ21 is the potential at the location P2 due to the charge q1 located at P1

Then the third charge q3 is brought from infinity to P3 within the electric field 
created by q1 and q2. Therefore, the work done in bringing the charge q3 will 
be given by

 
W q q q
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Therefore, the total work done in bringing q1, q2 and q3 is as follows:
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Denoting the charge that is being brought in by the suffix i and the charges 
that created the field within which this ith charge is being brought in by the 
suffix j, the work done in assembling N number of charges q1, q2, …, qN can 
be written as follows:

 
W W

q q
r

i

i

N
i j

ijj

i

i

N

= =
= =

−
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1

2
πε

 (4.8)

Figure  4.8 gives a pictorial representation of the numbers over which the 
summation of Equation 4.8 is being carried out. This summation is clearly 
over the triangular region marked I in Figure 4.8. Because the quantity being 
summed is symmetric in i and j, the same energy W would be obtained by a 
summation over the triangular region marked II in Figure 4.8. The summa-
tion over the triangular regions I and II must then give 2W. Thus W may also 
be obtained as follows:

 
W

q q
r

i ji j

ijj

N

i

N

= ≠
==
∑∑1

8 0 11
πε

,  (4.9)

Instead of considering discrete point charges, if the charge distribution is 
taken as continuous throughout the volume V of Figure 4.7, then the poten-
tial at any point can be found by summing the contributions from individual 
 differential volume elements of charge. Thus, by writing ρ(r)dV in place of 
qi and ρ(r′)dV′ in place of qj, the summation may be replaced by integrations 
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over volume, which must be large enough to contain all the charges present. 
Thus, the work done to form a continuous charge distribution is given by

 W
r r
R

dV dV
rr

VV

=
′

′
′

′
∫∫1

8 0πε
ρ ρ( ) ( )

 (4.10)

where:

 R r rrr′ = − ′
 

The potential at the location r due to all the charges located at the respective 
positions r′ is given by
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( )
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dV
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V

=
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′
′
∫ ρ

πε4 0
 (4.11)

Substitution of Equation 4.11 in Equation 4.10 yields

 
W r r dV

V

= ∫1
2

ρ( ) ( )φ  (4.12)

Because Equation 4.12 deals with quantities related to only one location r, the 
parameter r is omitted hereafter. Noting that 

 

∇ =.D ρ, Equation 4.12 could be 
rewritten as follows:

 

W D dV
V

= ∇∫1
2

φ ⋅( )
 

 (4.13)
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FIGURE 4.8
Representation of summation to obtain energy stored.
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For any vector 


D and any scalar ϕ, the following vector identity could be 
written:

 
     

∇ = ∇ + ∇⋅ φ ⋅ φ φ ⋅( ) ( )D D D  (4.14)

 or, ( ) ( )φ ⋅ ⋅ φ ⋅ φ
     

∇ =∇ − ∇D D D

Therefore, from Equations 4.13 and 4.14,
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= ∇ − ∇∫∫1
2

1
2
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⋅ φ ⋅ φ( ) ( )  (4.15)

Applying divergence theorem to the first term on the right-hand side (RHS) 
of Equation 4.15,

 

W D dS D dV
S V

= − ∇∫ ∫1
2

1
2

φ ⋅ ⋅ φ
� � �� ��
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As 
 

E = −∇φ  and 
 

D E= ε0 , the above equation is rewritten as follows:

 
W D dS E E dV

S V

= +∫ ∫1
2

1
2

0φ ⋅ ⋅
� � � �
� ε ( )  (4.17)

In the first term on the RHS of Equation 4.17, ϕ varies as 1/r, whereas 


D var-
ies as 1 2/r  and surface term varies as r2. Therefore, as a whole the first term 
varies as 1/r. If the bounding surface of volume V, as shown in Figure 4.7, 
is expanded from S to S1, then the region between S and S1 does not con-
tribute to the energy integral, as there is no charge located in this region. 
However, although this region between S and S1 is charge free, the electric 
field intensity is not zero in this region. Hence, as the bounding surface is 
expanded, the second term of Equation 4.17 will increase. Then, in order to 
keep the energy integral unchanged, the first term should decrease. Thus, 
if the bounding surface is taken to be infinitely large, then the first term 
on the RHS of Equation 4.17 becomes zero, keeping the total energy same. 
Therefore, the total work done in forming the continuous charge distribu-
tion, that is, the total energy stored in the electric field, is given by

 
W E dV

V

= ∫1
2

0
2ε  (4.18)

Hence, energy stored per unit volume, that is, energy density, is given by

 
W EE =

1
2

0
2ε  (4.19)
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Considering the relative permittivity of the dielectric medium to be εr, energy 
density of an electric field is given by

 
W EE r= 1

2
0

2ε ε  (4.20)

Equation 4.20 is very useful in computing the energy stored in a complex 
dielectric arrangement where electric field intensity is non-uniform. In such 
cases, the electric field distribution is first determined using suitable method 
and then the entire volume under consideration is divided into smaller vol-
ume elements, so that each volume element contains only one dielectric 
medium and the electric field intensity remains constant within the volume 
element. As a result, the energy stored in each element can be computed 
using Equation 4.20. The energy stored in all the volume elements could 
then be summed up to get the total energy stored in any real-life dielectric 
arrangement having complex geometries and several dielectric media.

PROBLEM 4.1
Three point charges of magnitude −2, −3 and 1 nC are located in free space 
at (0,0,0)m, (0,2,0)m and (2,0,0)m, respectively. Find the energy stored in the 
system of charges.

Solution:
Denoting the charges as q1 = −2 nC, q2 = −3 nC and q3 = 1 nC, no work is done 
to bring in q1.

Electric potential at the location of q2 due to q1 is

 φ21

9

12
21

2 10
4 8 854 10

= − ×
× × × ×

−

−π . r

where:

 r21
20 2 0 2= + + = m

Hence,

 ϕ21 = –8.987 V

Therefore, work done to bring in q2
93 10 8 987 26 96= =− × ×−− . . .nJ

Again, electric potential at the location of q3 due to q1 is

 φ31

9

12
31

2 10
4 8 854 10

= − ×
× × × ×

−

−π . r

where:

 r31
20 0 2 2= + + = m
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Hence,

 ϕ31 = –8.987 V

and electric potential at the location of q3 due to q2 is

 φ32

9

12
32

3 10
4 8 854 10

= − ×
× × × ×

−

−π . r

where:

 r32
2 20 2 2 2 2= + + = m

Hence,

 ϕ32 = –6.354 V

Therefore, work done to bring in q3
91 10 8 987 6 354 15 34= = −× × − −− ( . . ) . .nJ

Hence, the total energy stored in the charge system = (26.96–15.34) = 11.62 nJ.

4.5 Two Concentric Spheres with Homogeneous Dielectric

A simple single-dielectric arrangement that have spherical symmetry is two 
concentric spheres with a homogeneous dielectric medium in between the 
two spheres, as shown in Figure 4.9. The inner sphere is charged to an elec-
tric potential +V, whereas the outer sphere is earthed.

Because this configuration has spherical symmetry, the best choice for a 
Gaussian surface is a concentric sphere of radius x, as shown in Figure 4.9.

Let +Q be total charge on the inner sphere. According to Gauss’s law, the 
total flux leaving the Gaussian surface of radius x is equal to the total charge 
enclosed, that is, the charge on the inner conductor surface +Q. As the flux 
lines are symmetrically distributed and are directed radially outwards, the 
electric flux density at a radial distance of x is given by

 D
Q
x

x =
+

4 2π

Hence, electric field intensity at a radial distance of x is E Q xx = + /( )4 2πε
Then the potential difference between the two spheres of radii r and R 

could be obtained as follows:
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r R
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102 Electric Field Analysis

Because electric potential is a readily measurable quantity, the charge on the 
inner sphere could be obtained from the knowledge of electric potential as 
follows:

 Q
V

r R
=

−
4

1 1
0πε εr

[ ]( / ) ( / )  (4.22)

The capacitance of the system could be obtained as follows:

 C
Q
V r R

= =
−

4
1 1

0πε εr
[ ]( / ) ( / )

 (4.23)

From a practical viewpoint, electric field intensity is a significant quantity 
that needs to be determined. Hence, electric field intensity at any radius x 
as expressed in terms of the potential difference between the two spheres is 
given by

 E
V

x r R
x

[ ]
=

−2 1 1( / ) ( / )
 (4.24)

Equation 4.24 shows that electric field intensity varies with radial distance 
in a non-linear way. Highest value of electric field intensity occurs at a radial 
distance r, which is given by

 E
V

r r R
max

( / ) ( / )
=

−2 1 1[ ]
 (4.25)
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FIGURE 4.9
Two concentric spheres with homogeneous dielectric.
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For the above-mentioned concentric spherical system, a value of r for a fixed 
outer radius R could be obtained that gives the lowest possible value of elec-
tric field intensity on the inner conductor. From Equation 4.25, it may be seen 
that for Emax to be minimum, the denominator has to be maximum for a 
given value of V, that is,

 
d
dr

r
r R
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 (4.26)

However, it may be noted here that concentric spherical system with a charged 
inner sphere completely enclosed by an earthed outer sphere is more of theo-
retical interest, as it is very difficult to realize such a system in practice.

4.6 Two Co-Axial Cylinders with Homogeneous Dielectric

A simple single-dielectric arrangement that has cylindrical symmetry is 
two co-axial cylinders with a homogeneous dielectric medium in between 
the two cylinders, as shown in Figure 4.10. The inner cylinder is charged 
to an electric potential +V, whereas the outer cylinder is earthed. In real 
life, a single-core cable having one dielectric medium is a typical example 
of such a system. In this case, electric field varies with location over the 
cross-sectional area of the cable. But electric field does not vary along the 
length of the cable. Hence, the configuration, as shown in Figure 4.10, is 
represented as a two-dimensional system in the Cartesian coordinates, 
where the cross-sectional area is taken on x–y plane. The field is then inde-
pendent of z-axis, where z-direction is along the length of the cylinder.

Because this configuration has cylindrical symmetry, the best choice for a 
Gaussian surface is a co-axial cylinder of radius x, as shown in Figure 4.10.

Let +q be total charge per unit length on the inner cylinder. According 
to Gauss’s law, the total flux leaving the Gaussian surface of radius x is 
equal to the total charge enclosed, that is, the charge on the inner conduc-
tor surface +q. As the flux lines are symmetrically distributed and are 
directed radially outwards, the electric flux density at a radial distance of 
x is given by

 D
q
x

x =
+

2 1π .

Hence, electric field intensity at a radial distance of x is E q xx = + /( )2πε .
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Then the potential difference between the two cylinders of radii r and R 
could be obtained as follows:

 V E dx
q
x

dx
q R

r
R

r

R

r

= − = −
+

=∫∫ x
r2 2 0πε πε ε

ln  (4.27)

The charge per unit length on the inner cylinder could be obtained from the 
knowledge of potential difference between the two cylinders as follows:

 q
V

R r
= 2 0πε εr

ln( / )
 (4.28)

The capacitance per unit length of the system could be obtained as follows:

 C
q
V R r

= = 2 0πε εr
ln( / )

 (4.29)

Electric field intensity at any radius x as expressed in terms of the potential 
difference between the two cylinders is given by

 E
V

x R r
x =

ln( / )
 (4.30)

From Equation 4.30, it becomes clear that highest value of electric field inten-
sity occurs at a radial distance r, which is given by

Gaussian surface

rεr

Inner cylinder+V

+q

Outer cylinder

R

x

FIGURE 4.10
Two co-axial cylinders with homogeneous dielectric.
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 E V
r R r

max
ln( / )

=  (4.31)

For the above-mentioned co-axial cylindrical system, a value of r for a fixed 
outer radius R could be obtained that gives the lowest possible value of elec-
tric field intensity on the inner conductor. From Equation 4.31, it may be seen 
that for Emax to be minimum, the denominator has to be maximum for a 
given value of V, that is

 d
dr

r R r r( ln ln )− = 0

 or or, ,,
R
r

e r
R
e

= =  (4.32)

Then from Equation 4.31, the highest electric field intensity on the inner cyl-
inder becomes

 E
V
r

max lowest =  (4.33)

A practical use of Equation 4.32 in real life is in the finalization of the dimen-
sions of the inner and outer conductors of gas-insulated transmission line 
(GIL). The typical configuration of a GIL, which is a co-axial cylindrical 
arrangement where the primary insulation is sulphur hexafluoride (SF6) gas or 
a mixture of SF6 and N2, is shown in Figure 4.11.

If for a given value of V, that is, the potential of the live conductor, values 
of R and r are chosen as per Equation 4.32 and the value of r is so chosen 

Grounded enclosure

Live conductor

Support
insulators

R

rGas
insulation

Pressure
≈ 6 bar

FIGURE 4.11
Typical gas-insulated transmission line configuration.
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that Emax lowest is equal to the dielectric strength of the gaseous insulation at 
the designed pressure, then the gaseous insulation is utilized in the most 
economical way. However, in a practical design, adequate safety margin is 
taken, so that unwanted breakdown does not take place.

PROBLEM 4.2
Find the most economical dimensions of a single-core metal sheathed cable 
for a working voltage of 76 kVrms, if the maximum electric field intensity that 
can be allowed within the cable insulation is 5 kVrms/mm.

Solution:
For the most economical design, r R e= / .

But, electric field intensity on the conductor surface should not exceed the 
maximum allowable limit, that is, 5 kVrms/mm.

Therefore, electric field intensity on the conductor surface V r/ = 5, where 
V = 76 kVrms.

Hence, the radius of inner conductor ( ) / .r = =76 5 15 2 mm.
Therefore, the radius of the outer conductor (R) = 15.2 × 2.718 = 41.3 mm.

4.7 Field Factor

For practical configurations, electric field factor ( f ) is defined as follows:

 f
E
E

= max

av
 (4.34)

where:
Emax is the maximum value of electric field intensity in the system

 E
V

d
av =

min
 (4.35)

where:
dmin is the minimum distance between the two conductors having a poten-

tial difference of V

For a parallel plate capacitor, as discussed in Section 4.3, Emax is V d/ , neglect-
ing fringing of flux at the edges, and the Eav is also V d/ . Hence, for parallel 
plate capacitor,

 f
E
E

= =max .
av

1 0  (4.36)
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For two concentric spheres with one dielectric medium, as discussed in 
Section 4.5,

 E
V

r r R
max

[( / ) ( / )]
=

−2 1 1

 and avE
V

R r
=

−

Hence, for two concentric spheres with single dielectric
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R
r
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For two co-axial cylinders with one dielectric medium, as discussed in 
Section 4.6,

 E
V

r R r
max

ln( / )
=

 and avE
V

R r
=

−

Hence, for two concentric spheres with single dielectric

 f
E
E

R r
R r

= =
−max ( / )

ln( / )av

1
 (4.38)

In fact, for any uniform field system, field factor is unity. The degree of 
non-uniformity of an electric field is represented by the value of field fac-
tor. The higher the field factor, the higher is the non-uniformity of the field 
distribution. In some references, field utilization factor (u) is also used, 
which is simply defined as the reciprocal of field factor ( f ), such that 
u f E E= =1/ / maxav

Objective Type Questions

 1. Displacement current due to a capacitor could be measured
 a. Between the source and the capacitor plate
 b. Between the capacitor plates
 c. Both (a) and (b)
 d. None of the above
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 2. The electric field within a parallel plate capacitor could be best ana-
lyzed with the help of the field due to

 a. Charged point
 b. Charged sheet
 c. Charged cylinder
 d. Charged sphere
 3. If the surface charge density on the plates of a parallel capacitor is σ, 

then the electric field intensity at the centre of the parallel plate 
capacitor is given by

 a. ε σ
 b. εσ2

 c. σ ε/
 d. σ ε2/
 4. To assemble a set of charge within a body, the energy spent in bring-

ing the first charge from infinity to this body is
 a. Positive
 b. Negative
 c. Infinity
 d. Zero
 5. Energy density of an electric field is given by
 a. ( )/CD2 2
 b. ( )/CE2 2
 c. ( )/εE2 2
 d. ( )/εD2 2
 6. For two concentric spheres with a single dielectric between them, 

the most economical use of the dielectric medium is made when
 a. r R= /2
 b. r R e= /
 c. r R=
 d. r R= 1/
 7. For two co-axial cylinders with a single dielectric between them, the 

most economical use of the dielectric medium is made when
 a. r R= /2
 b. r R e= /
 c. r R=
 d. r R= 1/
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 8. In the case of a single-core single-dielectric cable for a given value 
of the radius of outer sheath (R), the value of electric field intensity 
on the inner conductor of radius r for the most economical use of 
dielectric is given by

 a. V R/
 b. V r/
 c. ( / )r R V
 d. ( / )R r V
 9. In the case of a parallel plate capacitor, energy density of electric 

field within the capacitor is given by
 a. CV2 2/
 b. εE2 2/
 c. Both (a) and (b)
 d. None of the above
 10. For a uniform electric field, field factor
 a. Is equal to 0
 b. Is equal to 1
 c. Lies between 0 and 1
 d. Lies between 0 and +∞

Answers: 1) a; 2) b; 3) c; 4) d; 5) c; 6) a; 7) b; 8) b; 9) b; 10) b
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5
Dielectric Polarization

ABSTRACT Contrary to conductors in which the charges are free to move 
anywhere within the material, in dielectrics, all the charges are attached 
to specific atoms or molecules. However, these bound charges could be 
displaced by a small amount under the action of an external electric field. 
Many dielectric materials have permanent dipoles that get aligned in the 
direction of the external electric field more and more as the strength of the 
external electric field is increased. The cumulative effect of such displace-
ments of charges and/or alignments of dipoles determines the characteris-
tics of dielectric materials. This chapter discusses the mechanisms by which 
a dielectric material gets polarized, that is, a dielectric material acquires a 
net dipole moment when influenced by an external electric field. The prop-
erties of dielectric materials that are intricately related to polarization are 
also discussed. Although a lot of dielectric materials are linear, isotropic and 
homogeneous (LIH), not all dielectrics exhibit such characteristics. Hence, 
dielectric properties of anisotropic materials are dealt elaborately in this 
chapter. Frequency dependence of dielectric polarization is also touched on.

5.1 Introduction

Inside any material, the electric field varies rapidly with distance in a scale 
corresponding to the spacing between the atoms or molecules. The local elec-
tric field at the site of an atom is significantly different from the macroscopic 
electric field. It is because of the fact that the local electric field acting on an 
atom is strongly affected by the nearest atoms, while the macroscopic field 
is averaged over a large number of atoms or molecules. Therefore, the deter-
mination of electric field is extremely complicated, if not impossible, at every 
mathematical point in a given space. As a result, the average value of electric 
field over a finite volume is commonly determined, particularly in the case 
of power engineering. This finite volume should be such that it is practically 
small enough to be considered as a point, but large enough to accommodate 
enough numbers of atoms or molecules to give smoothly varying average 
value of electric field.

Although conductors have large numbers of free charges that can move 
in response to an external electric field, the materials known as dielectrics 
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do not have free charges inside them. Therefore, it may be argued that the 
dielectrics cannot have any effect of the electrostatic field. But this argument 
is incorrect, as the mechanism by which dielectric materials affect the elec-
trostatic field is quite different than the mechanism in the case of conductors. 
Moreover, in reality, there is no electrical equipment or device without con-
ductors as well as dielectrics. Hence, it is important from a practical view-
point to analyze the behaviour of dielectrics in electrostatic field.

Atoms of all dielectric materials consist of charged constituents such as 
electrons and nucleus, which could be displaced, albeit through a small dis-
tance, by an external electric field. In the process, an electric dipole will be 
induced by the external electric field in a symmetrical atom or molecule, 
which originally had zero dipole moment. On the other hand, there are large 
numbers of dielectric materials containing molecules having permanent 
dipole moment. In those cases, the permanent dipoles will be aligned by 
the external electric field in its direction. The degree of alignment of per-
manent dipoles is higher for stronger external field. The net dipole moment 
of a dielectric piece is typically zero, when not influenced by external elec-
tric field, because the atoms have zero dipole moment and the permanent 
dipoles are randomly oriented. But due to the induction or alignment of 
dipoles under the action of external electric field, a dielectric piece may be 
considered as arrays of oriented electric dipoles. As a result, a dielectric piece 
acquires a net dipole moment and the dielectric is said to be polarized. The 
process by which a dielectric material gets polarized is known as polarization.

5.2 Field due to an Electric Dipole and Polarization Vector

A polarized dielectric can be assumed to be a collection of oriented electric 
dipoles situated in vacuum. If the charges of the electric dipoles and the dis-
tances between them are known, then it is possible to determine the electric 
potential and electric field intensity at any external location due to the polar-
ized dielectric. But this is practically very difficult due to immensely large 
number of such dipoles in a polarized dielectric. Because of this reason, a 
kind of average dipole density is defined in the form of a vector quantity 
known as polarization vector for the ease of analysis.

5.2.1 Electric Dipole and Dipole Moment

When two point charges of equal magnitude but of opposite polarities are 
separated by a small distance, then the arrangement is known as an electric 
dipole, as shown in Figure 5.1. For field analysis, it is required that a single 
dipole be characterized by a vector quantity. As depicted in Figure 5.1, let 
the magnitudes of the charges be +Q and −Q, respectively, and the distance 
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between them is d. The distance vector 


d between the two point charges is 
considered to be directed from the negative charge to the positive charge. 
Then the dipole moment of the electric dipole is defined as a vector

 




p Qd=  (5.1)

The unit of dipole moment is C.m.

5.2.2 Field due to an Electric Dipole

The field due to a single electric dipole can be evaluated as the superposition 
of the field due to two point charges +Q and –Q, as shown in Figure 5.2. Then 
the electric potential at the point P due to the electric dipole is given by
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FIGURE 5.1
The dipole moment of an electric dipole.

+Q

P

p = Qd

r
ûθ

ûr

r2

r1

−Q

θ
d

Eθ

Er

E

→

→ →

→

→

→

→

FIGURE 5.2
Field due to an electric dipole.
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The distance d between the dipole charges is always much smaller than the 
distance of P from the two charges. Hence, the line segments r1 and r2 will be 
parallel for all practical purposes. Hence,

 
r r

d
r r

d
1 2

2 2
= − = +cos cosθ θand  (5.3)

where:
r = distance from the centre of the electric dipole to P
θ = the angle between the distance vectors 



d  and 


r

Thus, assuming r  >>  d, electric potential at a distance r from the electric 
dipole may be written as follows:
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From the above equation, it may be seen that the field due to an electric dipole 
is two dimensional in nature when represented in spherical coordinate sys-
tem, as the field depends on r and θ coordinates and not on ϕ coordinate.

Then electric field intensity at P can be expressed as follows:

 

� �
� � �E V

V
r

u
r

V
u

Qd
r

u
Qd

r
P P

P
r

P
r= −∇ = − ∂

∂
− ∂

∂
= +1

2 40
3

0θ
θ

πε
θ

πε
θ

cos sin
33 u� θ (5.5)

Thus, the r and θ components of electric field intensity are
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Equations 5.4 and 5.5 show that electric potential and electric field intensity 
due to an electric dipole depend on dipole moment of the electric dipole and 
not on the magnitude of the charges and their separation distance separately.

5.2.3 Polarization Vector

Consider a small volume Δv of a polarized dielectric. If there are N number 
of molecules per unit volume in Δv and 



p  is the average dipole moment per 
molecule, then as a measure of intensity of the polarization, the polarization 
vector, 



P, at a point inside Δv is defined as follows:

 







P
p

v
Npv= =∑∆

∆
 (5.7)

The above equation is valid for a rarefied medium, for example, a gas. The 
relationship needs to be written in a different way for a dense medium such 
as a liquid or a solid.
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In a generalized manner, the net dipole moment in the small volume Δv is 
given by

 
Q d Q d Q d Q dN N i i

i

N

1 1 2 2 1 1

1

1� �
�

� �
+ + + =

=
∑  (5.8)

where:
N1 = N × Δv

Then,

 





P
Q d

v

i i
i

N

= =∑ 1

1

∆
 (5.9)

The unit of dipole moment is C.m and hence the unit of polarization vector 
is C/m2, which is the same as that of surface charge density.

In other words, if 


P  is known at a point, then Δv, which encloses that point and 
contains large number of dipoles, can be replaced by a single dipole of moment

 




p P v= ∆  (5.10)

With the help of Equation 5.10, electric potential and electric field intensity 
due to a polarized dielectric can be evaluated by an integral.

5.3 Polarizability

The molecules of dielectric materials, which are the basic building blocks of 
the material, either have zero dipole moment or have some permanent dipole 
moments depending on their structure. When an external electric field is 
applied, then the opposite polarity charges are pulled apart and/or the per-
manent dipoles get aligned under the action of the external field. In this way, 
the dielectric material becomes polarized and this property of dielectric 
materials is known as polarizability.

5.3.1 Non-Polar and Polar Molecules

The molecules of a dielectric material are classified into two categories, 
namely, non-polar and polar. Symmetrical molecules such as CO2, as shown 
in Figure 5.3c, fall in this category. In non-polar molecules the centres of grav-
ity of positive and negative charge distribution usually coincide at one point 
and hence the molecules have zero dipole moment. On the other hand, a 
polar molecule such as H2O and CO, as shown in Figure 5.3a and b, respec-
tively, have permanent dipoles even in the absence of any external electric 
field. However, in the absence of any external field, a macroscopic piece 
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of polar dielectric is not polarized; that is, it does not contain any dipole 
moment, because the molecules are randomly oriented due to thermal agita-
tion. When the polar dielectric is subjected to an external electric field, then 
the individual permanent dipoles within the polar dielectric experiences 
torques, which tend to align these dipoles in the direction of the external 
field, and the dielectric gets polarized.

5.3.2 Electronic Polarizability of an Atom

A simplified model of an atom is a uniformly charged electron cloud, which 
is spherical in shape having radius R, surrounding the total positive charge 
located at the point nucleus. The centres of gravity of the total negative charge 
(–q) of the electron cloud and the total positive charge (+q) coincides at the 
same point, as shown in Figure 5.4, in the absence of any external electric field.

When an external electric field is applied, the electron cloud is displaced 
by a small distance d until the mutual attractive force between the negatively 
charged electron cloud and the positively charged point nucleus balances 
the force due to the external electric field.

The attractive force between the electron cloud and the point nucleus is 
given by

 
F q

d R q
d

int = ×
( )3 3

0
24πε

 (5.11)
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FIGURE 5.4
Electronic polarizability of an atom.
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FIGURE 5.3
Non-polar and polar molecules: (a) polar H2O; (b) polar CO and (c) non-polar CO2.
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The force due to the external electric field is given by

 F qEext =  (5.12)
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dq
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qEint , ,= =
2

0
34πε

 
or, d

R E
q

= 4 0
3πε

 (5.13)

Hence, the magnitude of dipole moment induced by the external electric field

 p qd R E E= = =4 0
3πε αe  (5.14)

where:
α πεe = 4 0

3R  = electronic polarizability of the atom

5.3.3 Types of Polarizability

The physical processes that give rise to polarizability can be subdivided into 
four categories: (1) electronic polarizability, (2) ionic polarizability, (3) orien-
tational or dipolar polarizability and (4) interfacial polarizability.

5.3.3.1 Electronic Polarizability

Electronic polarizability arises due to the displacement of negatively charged 
electron cloud with respect to the positively charged nucleus under the influ-
ence of external electric field, as discussed in Section 5.3.2. Electronic polar-
izability is present in all types of dielectric materials. It is an elastic process 
without any power loss and is an extremely fast process, which takes place 
within 10−16 to 10−13 s.

5.3.3.2 Ionic Polarizability

In the case of dielectric molecules that contain ionic bonds, the lengths of 
the bonds get stretched under the influence of the external electric field. 
Consider the case of NaCl, as shown in Figure 5.5. The external electric field 
displaces the positive Na+ ion towards right, whereas the negative Cl− ion 

E

Cl− Na+

FIGURE 5.5
Ionic polarization in NaCl.
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is displaced towards left. Thus, the forces due to external field stretch the 
length of the ionic bond between Na+ and Cl− ions. As a result of the change 
in the length of the bond, a net dipole moment appears in the unit cell of 
NaCl, which does not have any dipole moment in the absence of the exter-
nal electric field. Because the dipole moment in such cases arises due to the 
 displacement of oppositely charged ions, this process is known as ionic polar-
izability. Ionic polarizability exists in all dielectric materials that contain ionic 
bonds. Similar to electronic polarizability, ionic polarizability is also an elas-
tic property involving no power loss. But unlike electronic polarizability, 
ionic polarizability is slower as ions are heavier than electrons. However, it 
is still a very fast process and occurs within 10−13 to 10−9 s.

5.3.3.3 Orientational or Dipolar Polarizability

Although the individual molecules of a polar dielectric material have per-
manent dipoles, the net dipole moment becomes zero in a macroscopic piece 
of such dielectric material in the absence of external electric field because of 
random orientation of molecular dipole moments caused by thermal per-
turbations. Such random orientation of molecular dipoles results in near 
complete cancellation of dipole moment in any given direction in a macro-
scopic piece of polar dielectric material. But, when an external electric field 
is applied, then the molecular dipoles tend to align in the direction of the 
applied field, as shown in Figure 5.6. It is because of the fact that the energy 
of a dipole 



p  placed in a local electric field 






E W p Eloc locis = − ⋅ . This energy 
is minimum when the dipole is oriented parallel to the applied electric field. 
As a result of such alignment of molecular dipoles, the net dipole moment in a 
macroscopic piece of polar dielectric material gets a non-zero value. This mech-
anism through which a non-zero dipole moment arises in a polar dielectric 
is known as orientational or dipolar polarizability. Dipolar polarizability is much 
slower than electronic or ionic polarizability, as it involves rotation of molecular 
dipoles that causes molecular friction. It is an inelastic process associated with 
power loss due to molecular friction and occurs within 10−9 to 10−4 s.

Electronic polarizability is present in all dielectrics, but the presence of 
ionic and dipolar polarizabilities depend on the molecular structure of 
dielectric materials. The relative magnitudes of the three polarizabilities, as 
discussed in Sections 5.3.3.1 through 5.3.3.3, are such that in non-polar, ionic 

E = 0 E

FIGURE 5.6
Dipolar polarization in polar dielectric materials.
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dielectric materials, electronic polarizability is of the same order as ionic 
polarizability. On the other hand, in polar dielectric materials, the dipolar 
polarizability is much larger than both electronic and ionic polarizabilities.

5.3.3.4 Interfacial Polarizability

It occurs mainly in insulation system composed of different dielectric mate-
rials, for example, oil-impregnated paper/pressboard. Under the influence 
of an external electric field, small numbers of positive and negative charges, 
which are free to move within the bulk of the dielectric, get trapped at the 
interfaces of different materials, as shown in Figure 5.7, and thus produces 
separation of charges at the dielectric interfaces causing polarization. This 
mechanism known as interfacial polarizability is very slow and in general 
takes hours to complete.

5.4 Field due to a Polarized Dielectric

Consider a block of polarized dielectric material, as shown in Figure  5.8, 
containing a polarization vector 



P that varies with position. According to 
Equation 5.10, the small volume dV′ located at ′ ′ ′ ′r x y z( , , ) can be replaced by 
a single dipole moment 





p PdV= ′. Then the electric potential at any point P 
outside the volume of the dielectric and located at r(x,y,z) is given by
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where:
R x x y y z z= − ′ + − ′ + − ′( ) ( ) ( )2 2 2   is the distance between the small volume dV′ 

and the external field point P

E

Paper Oil

Dielectric
interface

FIGURE 5.7
Interfacial polarization at dielectric interface.
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In Equation 5.15,
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where:


′∇  is the gradient with respect to the primed quantities, that is, with respect 
to the position of the small volume dV′ within the dielectric volume

Therefore, the potential at P due to the entire volume V of the polarized dielectric
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Consider a scalar quantity a, a vector quantity 


A and the vector identity as 
follows:
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 
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Putting a R= 1/  and 
 

A P=  in the above equation, we get
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Therefore, from Equations 5.18 and 5.20

x

z

y

Vs

dV ′
(x′,y′,z′)

P
(x,y,z)

P

R

ûR

→

FIGURE 5.8
Field at an external point due to a polarized dielectric.
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Applying the divergence theorem to the first term of the above equation,
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where:
u'n is the outwards unit normal vector to the surface dS′ of the small volume 

dV′ of the dielectric

The two terms on the right-hand side of Equation 5.22 can be re-written as 
follows:
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where:

 σsb n( )′ =r P u
�
�⋅ '

 ρvb( )′ = − ′∇r P
 

⋅  
(5.24)

and r′ denotes the location within the polarized dielectric volume.
Then electric field intensity at P is given by
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5.4.1 Bound Charge Densities of Polarized Dielectric

Equations 5.23 and 5.25 show that the field at an external point due to a 
polarized dielectric is superposition of the field due a volume charge density 
and a surface charge density. In other words, a polarized dielectric can be 
replaced by an equivalent volume charge density ( )ρvb  and an equivalent 
surface charge density ( )σsb . Both volume and surface charge densities can 
be considered to be in vacuum, as rest of the dielectric does not produce 
any field at an external point. These charge densities are called bound volume 
charge density and bound surface charge density, respectively, as these charges 
appearing due to polarization are not free to move within the dielectric 
material. These charges are caused by displacement or rotation occurring 
in molecular scale during polarization. Such equivalent charge distribution 
is very useful because the problem of finding the field due to a polarized 
dielectric is converted to the problem of finding the field due to distribution 
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of charges in vacuum, which is easier to solve. If the polarization vector is 
known at all the points within the polarized dielectric, then both bound 
volume and surface charge densities could be found from the polarization 
vector. Hence, the problem comes down to the determination of polariza-
tion vector within the volume of the polarized dielectric, which nowadays is 
done with the help of numerical techniques.

5.4.1.1 Bound Volume Charge Density

From Equation 5.24, bound volume charge density is ρvb( )′ = − ′∇r P
 

⋅ , that is, 
if the divergence of polarization vector 



P is non-zero, then the bound volume 
charge density will exist within the volume of the polarized dielectric. For 
uniform polarization, divergence of 



P is zero and hence there could be no 
bound volume charge density. But for non-uniform polarization, there can 
be net increase or decrease of charge within a given volume. For inhomo-
geneous dielectrics, there will be some net volume charge, because all the 
molecular dipoles are not identical and hence, their effect does not cancel out 
on average. In such cases, the divergence of 



P will be non-zero and hence the 
bound volume charge density will be finite and non-zero. This fact can be 
understood from Figure 5.9a, where at the centre of the volume the negative 
ends of the dipoles are concentrated and hence there will be an excess of neg-
ative charges at that location giving rise to non-zero polarization vector 



P.

5.4.1.2 Bound Surface Charge Density

From Equation 5.24, bound surface charge density is σsb n( )′ =r P u
�
�⋅ ' . Such surface 

charge densities are present for both uniform and non-uniform polarization. 
As shown in Figure 5.9b, in the case of uniform polarization, for a macroscopic 
volume of the dielectric there will be equal amount of positive and negative 
charges and the net charge within the volume will be zero. But if a small vol-
ume is considered that includes the upper boundary perpendicular to the 
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FIGURE 5.9
Equivalent charge distribution of polarized dielectric: (a) volume charge density due to non-
uniform polarization, and (b) surface charge density due to uniform polarization.
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direction of polarization as shown in Figure 5.9b, there will be net positive 
charge within the volume, no matter how thin the volume is made. In the lim-
iting case, the thickness tends to zero, but there will still be excess positive 
charges on the surface. Therefore, bound charge density appears on the surface 
of the polarized dielectric due to uncompensated charges on the surface.

5.4.2 Macroscopic Field

The expressions for electric potential and electric field intensity due to polar-
ized dielectric only are given by Equations 5.23 and 5.25, respectively. But 
the effects of the external charge distribution that causes the polarization 
must be added to these to get the resultant field. The effects are simply addi-
tive because the bound surface and volume charge densities due to polariza-
tion are considered to be in vacuum. Therefore, the complete expressions for 
electric potential and electric field intensity at a point outside the polarized 
dielectric due to the external charge distribution and the equivalent bound 
charge distributions of the polarized dielectric are given by
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5.4.3 Field due to a Narrow Column of Uniformly Polarized Dielectric

Consider a narrow column of polarized dielectric of the cross-sectional area 
dS with a polarization vector of magnitude P directed along the axis of the 
column, as shown in Figure 5.10.

Electric potential at the external point A due to the small volume dSdz 
of the polarized column can be expressed according to Equation 5.15 as 
follows:
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Hence, the electric potential at A due to the entire column is
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For the area dS at z1, 
�
�P u⋅ n is positive and that at z2 is negative. Thus 

Equation 5.29 shows that the field due to the narrow column of polarized 
dielectric is the same as that due to positive charges (+PdS) on the surface 
dS at z1 and the negative charges (−PdS) on dS at z2. In other words, the 
bound charges due to polarization appear at the two surfaces as it is a case 
of uniform polarization.

5.4.4 Field within a Sphere Having Uniformly Polarized Dielectric

According to the discussions in Section 5.4, Equations 5.23 and 5.25 are 
valid if the field observation point is located outside the polarized dielectric. 
However, these two equations can also be applied when the field observation 
point is inside the polarized dielectric, provided that average electric field is 
determined.

Consider a sphere of radius R containing a dielectric medium of uniform 
polarization 



P. Such a uniformly polarized dielectric sphere could be equiv-
alently constructed by superimposing two uniformly charged spheres of 
opposite polarity with centres displaced by a small distance d, as shown in 
Figure 5.11.

Electric field intensity at a radial distance r within a charged sphere of 
radius R is given by
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FIGURE 5.10
Field due to a narrow column of uniformly polarized dielectric.
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where:


r points outwards from the centre of the sphere
q is the total charge within the sphere

In the case of two overlapping but slightly displaced spheres, as shown in 
Figure 5.11, for r < R
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Considering uniform polarization, net dipole moment within the dielectric 
sphere is 





p qd= .
Therefore, average polarization vector, 







P p R qd R= =( )/( ) ( )/( ).3 4 3 43 3π π
Therefore, from Equation 5.31,
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E
P= −

3 0ε
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Electric field intensity within the sphere is the average value determined 
by representing the sphere as a continuum medium with uniform polar-
ization 



P.
Outside the uniformly polarized sphere, electric field intensity is equiva-

lent to that due to two point charges of opposite polarity located at the cen-
tres of the two slightly displaced spheres.

5.4.5 Sphere Having Constant Radial Distribution of Polarization

Consider a sphere of radius R with constant radial distribution of polar-
ization, as shown in Figure 5.9a. Thus the magnitude of polarization (P) is 

Positively
charged sphere

O

Negatively charged
sphere

r2
→

r1
→

d
→

FIGURE 5.11
Field within a uniformly polarized dielectric sphere.
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constant but the direction changes with position within the sphere. Hence, 
the polarization vector within the sphere is given by 





P Pr= .
Polarization gives rise to bound charge density over the surface of the 

sphere, which is given by

 σsb n= =
�
�P u P⋅  (5.33)

Hence, total surface polarization charge is given by

 q R Psb = 4 2π  (5.34)

The volume charges due to polarization are distributed over the entire vol-
ume of the sphere and diverge at the centre of the sphere. The bound volume 
charge density can be found as follows:
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Total volume charge due to polarization is
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Hence, the total polarization charge, which is the sum of the bound volume 
charges ( )qvb  and bound surface charges ( )qsb , is zero.

PROBLEM 5.1

A thin dielectric rod of cross-sectional area S extends along the z-axis from 
z = 0 to z = H. The polarization of the dielectric rod is along the z-axis and 
is given by 

� �P a z a k= +( )1 2 . Calculate the bound surface charge density at each 
end, bound volume charge density and the total bound charge within the rod.

Solution:
For the surface at z = H, u k

n =  and for the surface at z = 0, u k
n = − .

Hence, the bound surface charge density at z = H,

 σsb z H z H z HP k a z a a H a= = == = + = +
� �⋅ ( )1 2 1 2

and the bound surface charge density at z = 0,

 σsb z z z
P k a z a a

= = =
= − = − + = −

0 0 1 2 0 2

� �⋅ ( )

Therefore, total bound surface charge q a H a S a S a HSsb = + − =( )1 2 2 1 .
The bound volume charge density ρvb = −∇ = −

 

⋅P a1.
Therefore, total bound volume charge q a HSvb = − 1 .
Therefore, total bound charge due to polarization = + =q qsb vb 0.
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PROBLEM 5.2

A dielectric cube of side 2 m and centre at origin has a radial polarization given 
by 




P r= 4 nC/m2 and 
� � � �r xi yj zk= + +2 2 2 m. Find bound surface charge density, 

bound volume charge density and the total bound charge due to polarization.

Solution:
Given nC/m.2,

� � � �P xi yj zk= + +8 8 8
For each of the six faces of the cube, there is a surface charge density σsb. 

For the face at x = 1 m,

 σsb
2nC/m= = =

= =

� �P i x
x x

⋅
1 1

8 8

The magnitude of σsb is same for all the six faces. Therefore, considering all 
the six faces of the cube, total bound surface charge

 qsb nC= × × =6 8 2 1922

The bound volume charge density is

 ρvb nC/m= −∇ = − + + = −
 

⋅P ( )8 8 8 24 3

Hence, total bound volume charge qvb nC= − × = −24 2 1923 .
Thus, total bound charge within the cube due to polarization = 192 – 192 = 0.

5.5 Electric Displacement Vector

According to Gauss’s law,

 
ε ε0 0

 
 

E dS EdV q
S V

⋅ ⋅∫ ∫= ∇ = t  (5.37)

where:
qt is the total charge enclosed by the volume V, which for dielectric materi-

als include free as well as bound volume charges

Thus, q dV
V

t f vb .= +∫( )ρ ρ  Hence, from Equation 5.37

 
ε ρ ρ0

 

∇ = +∫ ∫⋅EdV dV
V V

( )f vb

 
or f vb t,

( ) 

∇ =
+

=⋅E
ρ ρ
ε

ρ
ε0 0

 (5.38)

But, according to Equation 5.24,

 ρvb = −∇
 

⋅P
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Therefore,

 

   

∇ = −∇⋅ ⋅E P1
0ε
ρ( )f

 or f, ( )
  

∇ + =⋅ ε ρ0E P  (5.39)

Equation 5.39 is very important in the sense that the divergence of the vector 
( )ε0

 

E P+  through any volume is equal to the free charge density in that vol-
ume. This form of Gauss’s law is more convenient because the only charges 
that can be influenced externally are the free charges.

This vector ( )ε0

 

E P+  is called electric displacement vector ( )


D , so that

 
  

D E P= +ε0  (5.40)

and from Equation 5.39

 
 

∇ =.D ρf  (5.41)

The integral form Equation 5.41 is

 

 

E dS dV
S V

⋅∫ ∫= ρf  (5.42)

It should be noted here that both 
 

∇⋅D and 
 

E dS
S

⋅∫  are related to free charges 
only and are unaffected by bound charges due to polarization.

From Equation 5.38, it may be seen that both free and bound charges are 
sources of 



E, whereas Equation 5.41 shows that only free charges are sources 
of 


D. In other words, lines of 


D begin and end on free charges only, but the 
lines of 



E begin and end on either free or bound charges.
From Equation 5.40, it may be written that

 



 

E
D P= −
ε ε0 0

 (5.43)

It means that the E-field within a dielectric is resultant of two fields, namely, 
D-field and P-field. D-field is associated with free charges, whereas P-field is 
associated with bound charges due to polarization. Moreover, P-field acts in 
opposition to D-field. Thus, in the presence of P-field, that is, in the presence 
of bound charges due to polarization, the E-field within a dielectric becomes 
less than the D-field.

5.5.1 Electric Susceptibility

For linear dielectric materials, polarization vector 


P varies directly with 
applied electric field 



E. Hence, 


P and 


E are related as follows:

 
 

P E= ε χ0 e  (5.44)
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where:
χe is known as electric susceptibility of the dielectric

It is a dimensionless quantity and is a measure of how susceptible a dielec-
tric material is to applied electric field. In other words, it indicates the rela-
tive ease of polarization of the dielectric.

5.5.2 Dielectric Permittivity

From Equations 5.40 and 5.44, for linear dielectric materials

 
  

D E E= +( ) =ε χ ε ε0 01 e r  (5.45)

 or,
 

D E= ε  (5.46)

where:

 ε ε ε= 0 r  (5.47)

 
ε χ ε

ε
r e= + =1

0
 (5.48)

where:
ε is called the permittivity
εr is called the dielectric constant or relative permittivity of linear dielectric 

and is also a dimensionless quantity

For any material in which polarization vector is non-zero, electric susceptibil-
ity is greater than unity and hence relative permittivity is always greater than 
unity. For the majority of dielectric materials, εr varies with the frequency of 
the applied electric field. The value of εr that is relevant to electrostatics is the 
value in steady electric field or at low frequencies (<1000 Hz).

5.5.3  Relationship between Free Charge Density 
and Bound Volume Charge Density

As discussed above, for linear dielectric media, 

 
     

P D E D D E= − = − =ε ε ε ε0 01 1[ ( / )] ,r ras

Therefore,

 

     

∇ = −







∇ = −







 ∇ =⋅ ⋅ ⋅P D D1

1
1

1
ε ε

ρ ρ
r r

f fas,

 
or asvb

r
f vb, ,− = −







 = −∇ρ

ε
ρ ρ1

1  

⋅P

Hence, total charge density ρ ρ ρ ρ εt f vb f r= + = ( / ).
Thus for ε ρ ρr t f> <1, , because ρf and ρvb are of opposite polarities.
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PROBLEM 5.3

In a dielectric material Ey  =  10  V/m and polarization vector � � � �P i j k= + −( )400 300 200 2pC/m . Calculate (1) electric susceptibility ( )χe , (2) 


E 
and (3) 



D.

Solution:

 P Ey e y e eor or= × = × × × =− −ε χ χ χ0
12 12300 10 8 854 10 10 3 39, , , ,. .

 
E

P
x

x

e
V/m= = ×

× ×
=

−

−ε χ0

12

12

400 10
8 854 10 3 39

13 33
. .

.

 
and V/mz

z

e
E

P= = − ×
× ×

= −
−

−ε χ0

12

12

200 10
8 854 10 3 39

6 67
. .

.

Therefore,

 
� � � �E i j k= + −( . . )13 33 10 6 67 V/m

Now,

 
  

D E P= +ε0

Therefore,

 
� � � � � � �D i j k i j k= × + − + + −



×

−8 854 13 33 10 6 67 400 300 200 10. ( . . ) ( ) 112 C/m2

 or pC/m, ( . . . )
� � � �D i j k= + −518 02 388 54 259 05 2

5.6 Classification of Dielectrics

Equations 5.44 through 5.48 are not applicable to dielectric materials in gen-
eral. These equations are valid for a sub-class of dielectric materials known 
as LIH materials. LIH dielectrics exhibit the following properties:

 1. Linearity: A dielectric is said to be linear if 


D varies linearly with 


E. For 
such materials, permittivity is constant and independent of applied 
electric field. For non-linear dielectrics, 



D and 


E have non-linear 
relationship.

 2. Isotropy: A dielectric is said to be isotropic if 


D and 


E are in the 
same direction. Isotropic dielectrics have same permittivity in all 
directions. For anisotropic materials, 

  

D E P, and  are not parallel and 
hence permittivity varies with direction. Crystalline dielectrics are 
mostly anisotropic.
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 3. Homogeneity: Dielectric materials for which properties are same at 
all points within the volume of the material are called homogeneous. 
For inhomogeneous dielectrics, properties such as permittivity vary 
with space coordinates. A typical example of inhomogeneous dielec-
tric is atmosphere air, as the permittivity of air varies with altitude.

5.6.1 Molecular Polarizability of Linear Dielectric

Equation 5.44 relates polarization vector 


P and macroscopic electric field 


E 
through electric susceptibility (χ e) in the case of linear dielectrics. The elec-
tric field that causes polarization of a molecule of a dielectric is known as 
molecular field 



Emol. Molecular field 


Emol is different from the macroscopic 
field 



E because the polarization of neighbouring molecules gives rise to an 
internal field 



Eint.
Hence,

 
  

E E Emol = + int  (5.49)

As shown in Figure  5.12, consider an imaginary sphere that contains the 
neighbouring molecules. This sphere is much larger in dimension compared 
to the molecules, but is infinitesimally small in macroscopic scale. The dielec-
tric outside the sphere is replaced by the system of bound charges due to 
polarization (σsb). Then the internal field can be resolved into two components:

 
  

E E Eint = +near far  (5.50)

where:


Enear is the field due to neighbouring molecules, which are located close to 
the given molecule



Efar is the field due to all other molecules, which arises from the bound 
charge density (σsb) on the sphere surface
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FIGURE 5.12
Molecular and macroscopic fields.
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

Efar can be expressed in spherical coordinates as follows:

 



 

E
r

r
dS P

r
r

rd r d
S

far sb=
−

=∫ ∫1
4

1
40

3
0

3

00
πε

σ
πε

θ θ θ
π

( cos ) ( )( sin )φ
22π

∫  (5.51)

Considering the Cartesian coordinates, the x-component vanishes as it involves 
the integral cosφ φd0

2π
∫ , which evaluates to zero, and the y-component van-

ishes as it involves the integral sinφ φd0
2π
∫ , which is also zero. Therefore,

 

�
�

�
E Pu d d

P
zfar = =∫∫1

4 30

2

0
00

2

πε
θ θ θ

ε

ππ

cos sin φ  (5.52)

If the neighbouring molecules are randomly distributed in location, which is 
the case in most linear dielectrics, then 



Enear = 0.
Therefore,

 
 

E Pint /( )= 3 0ε

Then,

 

 



E E
P

mol = +
3 0ε

 (5.53)

Let N be the number of molecules per unit volume and 


pmol be the dipole 
moment of each molecule, then the polarization vector 



P is given by

 




P Np= mol  (5.54)

Molecular dipole moment and molecular field can be related with the help of 
molecular polarizability ( )αmol  as follows:

 




p Emol mol mol= ε α0  (5.55)

Hence, from Equations 5.53 through 5.55,

 

  



P N E N E
P= = +









ε α α ε0 0

3
mol mol mol  (5.56)

Putting in quationthe above e we gete

 

P E= ε χ0 ,

 
χ α

α
e

mol

mol
=

−
3

3
N
N

 (5.57)

Using in the above equation, we getr eε χ= +1

 
ε α

α
α ε

ε
r

mol

mol
mol

r

r
or= +

−
= −

+
1

3
3

3 1
2

N
N N

, ,
( )
( )  (5.58)

Equation 5.58 is known as Clausius–Mossotti relation.
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In this section, we discuss a simple molecular model used to understand 
the linear behaviour of dielectric, that is, characteristics of a large number of 
dielectric materials. A detailed treatment, however, will necessitate quantum 
mechanical consideration.

For a non-polar dielectric, dipole moment induced by the external field is 




p E= αe , where, αe = electronic polarizability of the atom. Then, polarization 
vector

 




P Np=

where:
N is the number of dipoles per unit volume

But

 
 

P E= ε χ0 e

Hence,

 
ε χ α χ α

ε
ε χ α

ε
0

0 0
1 1e e e

e
r e

eor or
 

E N E
N N= = = + = +, , , ,  (5.59)

5.6.2 Piezoelectric Materials

The term piezoelectricity refers to the fact that when a dielectric is mechani-
cally stressed, then an electric field is produced within the dielectric. As a 
result of this electric field, measurable quantity of electric potential differ-
ence appears across the dielectric sample, which can be measured to find 
the mechanical strain on the dielectric. This principle is commonly used 
in piezoelectric strain transducers. The inverse effect also exists, that is, 
mechanical strain is produced in a dielectric due to the application of electric 
field. Piezoelectric effect is mostly reversible.

Piezoelectric materials could be natural or synthetic. The most commonly 
used natural piezoelectric material is quartz (SiO2). But synthetic piezoelectric 
materials, for example, ceramics and polymers, are more efficient. The piezo-
electric materials used in practice are berlinite (AlPO4), gallium orthophosphate 
(GaPO4), barium titanate (BaTiO3), lead zirconate titanate (PZT: PbZr1−xTixO3), 
aluminium nitride (AlN) and polyvinylidene fluoride to name a few. In recent 
years, piezoceramics and piezopolymers are widely used in smart structures. 
Very recently, breakthrough in single crystal growth technique has enabled 
the development of high strain and high electric breakdown piezoceramics.

The nature of piezoelectric effect is strongly related to the large number 
of electric dipoles present in the piezoelectric materials. These dipoles can 
either be due to ions on crystal lattice sites with asymmetric charge distribu-
tion or due to certain molecular groups having asymmetric configurations. 
When a mechanical stress is applied on a piezoelectric material, the crys-
talline structure is disturbed and it changes the direction of the polariza-
tion vector due to the electric dipoles. If the dipole is due to the ions, then 



134 Electric Field Analysis

the change in polarization is caused by a re-configuration of ions within the 
crystalline structure. On the other hand, if the dipole is due to molecular 
groups, then re-orientation of molecular groups causes the change in the 
polarization. The electric field developed because of the change in net polar-
ization gives rise to piezoelectric effect.

5.6.3 Ferroelectric Materials

A ferroelectric material is a dielectric with at least two discrete stable or meta-
stable states of different non-zero electric polarization under zero applied 
electric field, referred to as spontaneous polarization. For a material to be con-
sidered ferroelectric, it must be possible to switch between these states by the 
application and removal of an applied electric field. In the case of conven-
tional ferroelectrics, the spontaneous polarization is produced by the atomic 
arrangement of ions in the crystal structure, depending on their positions, 
and in electronic ferroelectrics the spontaneous polarization is produced by 
charge ordering of multiple valences. A non-zero spontaneous polarization 
can be present only in a crystal with a polar space group. Numerical values 
of spontaneous polarization are customarily given in units of μC/m2. All fer-
roelectric materials are necessarily piezoelectric.

In the ferroelectric state the plot of polarization versus applied electric field 
shows a hysteresis loop, as shown in Figure  5.13, similar to ferromagnetic 
materials. A significant feature of ferroelectrics is that the spontaneous polar-
ization can be reversed by an appropriately strong electric field applied in the 
opposite direction. Dielectric permittivity, which is dependent on the slope of 
P–E curve, is therefore dependent on the applied field, in the ferroelectric state.

In most ferroelectrics, there is a phase transition from the ferroelectric state, 
to a non-polar paraelectric phase, with increasing temperature. The phase 

P

+PR

−Ec

−PR

E+Ec

FIGURE 5.13
Hysteresis loop in ferroelectric state.
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transition temperature is known as Curie point (TC) where the ferroelectric 
material changes from the low temperature polarized state to high tempera-
ture unpolarized state. The spontaneous polarization in most ferroelectric 
crystals is greatest at temperatures well below TC and decreases to zero at TC. 
Some ferroelectric materials have no Curie point as these materials melt 
before the phase transition temperature is reached. The range of phase tran-
sition temperature for different ferroelectric materials is very wide varying 
from very low (50 ∼ 100K) to very high (over 1000K) temperature.

While ferroelectricity was discovered in hydrogen-bonded material 
Rochelle salt (NaKC4H4O6,4H2O), dramatic change in the understanding 
of this phenomenon came through the discovery of ferroelectricity in the 
much simpler, non-hydrogen containing, perovskite oxide BaTiO3. BaTiO3 
is the typical example of the very large and extensively studied and used 
perovskite oxide family, which not only includes perovskite compounds but 
also includes ordered and disordered solid solutions.

Ferroelectrics are used in a variety of applications such as non- volatile 
memories, capacitors having tunable capacitance, varactors for radio 
 frequency/microwave circuits, electro-optic modulators, high permittivity 
applications, pyroelectric detectors and so on.

5.6.4 Electrets

Electrets are unique, man-made materials that can hold an electrical charge after 
being polarized in an electric field. It is a piece of dielectric material that has 
been specially prepared to possess an overall fixed dipolarity. It is the electrical 
analogy of a permanent magnet. Instead of opposite magnetic poles, the electret 
has two electrical poles of trapped opposite polarity charges. Therefore, a fixed 
static potential exists between the two opposite poles of the dipolar electret.

Electrets can be prepared from different dielectric materials depending 
on their structures and properties. The very first electrets were made of car-
nauba wax (Brazilian palm gum) and its mixtures with rosin, beeswax, eth-
ylcellulose and other components. When a polar dielectric is placed in an 
electric field, the applied field causes the dipoles to be oriented in such a 
way that the dipole moments are directed parallel to the applied field. The 
degree of alignment achieved depends on the freedom with which a dipole 
can turn around its axis. In the case of a material such as carnauba wax, this 
freedom is greater when the wax is in molten state, but is almost zero when 
the wax is in the solid state. Hence, it is possible to melt the wax, and keep 
it in an electric field so that the dipoles align themselves. Afterwards, while 
still under the influence of the electric field, the wax is allowed to cool and 
solidify. Then the molecular dipoles get set in the aligned position, and the 
wax piece becomes an electret. Electrets prepared in this way are known 
as thermoelectrets. It has been reported in published literature that effective 
surface charge density of the order of 4 ∼ 6 nC/m2 has been preserved prac-
tically unchanged in carnauba wax-based electrets for more than 35 years.
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However, there are several other methods of preparation of electrets: 
(1) photoelectrets are produced using light as heat source; (2) radioelectrets 
are prepared by exposing the dielectric to a beam of charged particles; (3) 
coronaelectret is produced by placing the dielectric in a corona discharge field 
and is nowadays preferred for industrial production of electrets and (4) mech-
anoelectrets are formed by the mechanical compression of dielectric between 
heated plates. Many modern electrets (such as teflon or polypropylene elec-
trets) have only space or surface charge but no dipole polarization.

Electret materials include ceramics, non-polar/polar semi-crystalline and 
amorphous synthetic polymers, biopolymers and ferroelectric ceramic/polymer 
composites. The most common applications of electret are microphones, electro-
acoustic devices, infrared detection and photocopying machines. Electrets are 
also being useful as novel devices in biomedical and high-energy charge storage 
applications.

5.7 Frequency Dependence of Polarizabilities

If the behaviour of dielectric polarizability is studied under alternating field, 
important distinctions between various polarizabilities emerge. Typical depen-
dence of polarizabilities on frequency is depicted in Figure 5.14 over a wide 
range starting from static field to frequencies above the ultraviolet region.

It may be seen that between f = 0 to f = fs, where fs is typically around 1 kHz, 
the polarizability gradually increases as frequency is decreased. Such increas-
ing polarizability at lower frequencies arises because of interfacial polarization 
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FIGURE 5.14
Frequency dependence of polarizabilities.
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mechanism. From f = fs to f = fd, polarizability remains more or less constant, 
where fd is typically in microwave region. In this frequency span, dipolar polar-
ization mechanism is predominant. For f > fd the polarizability decreases by a 
significant amount and the amount of decrease corresponds to the dipolar polar-
izability. The reason for disappearance of dipolar polarizability for f > fd is that 
the field at these frequencies oscillate at a rapid rate, which the dipoles are unable 
to follow, and hence the dipolar polarizability vanishes. Further, the polarizabil-
ity remains nearly constant in the frequency range f = fs to f = fi, where fi is in 
infrared region. The drop in polarizability for f > fi is due to the absence of ionic 
polarizability at such higher frequencies, because ions being heavy are unable 
to follow the very rapidly varying AC field for f > fi. As a result for f > fi only 
electronic polarizability is active, because electrons being lighter are still able to 
follow the oscillating field at these frequencies. At extremely high frequencies for 
f > fe, where fe is in ultraviolet region, even the electronic polarizability vanishes, 
as the electrons are also unable to follow such extremely rapid oscillating field.

Typically, the frequencies fe, fi, fd and fs characterize electronic, ionic, dipolar 
and interfacial polarizabilities, respectively. These frequencies depend on the 
dielectric materials and vary from dielectric to dielectric and also on the condi-
tion of the dielectric. Various polarizabilities can be determined by measuring 
dielectric properties at various frequencies of appropriate value. In fact this 
principle is the foundation of frequency domain spectroscopy, which is a major 
technique used for condition monitoring of high-voltage insulation system.

5.8 Mass-Spring Model of Fields in Dielectrics

When an electric field is applied to a dielectric material, the nucleus is not 
much accelerated as it is heavy. But the electrons move in accordance with 
the applied field. Such a system can be modelled by the classical mass-spring 
model of an atom, as shown in Figure 5.15, in which the electrons are bound 
to nucleus like masses on springs. Let the position of the electron be denoted 
by x(t) and the forcing field in this direction be 

�
�E u E j t= x m .e ω

Direction of electron movement

Fr = −kx

Nucleus

Electron

FIGURE 5.15
Mass-spring model of an atom.
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Then the force acting on the electron in relation to its forced movement 
will be given by

 F cx kx E j t= − − + me ω  (5.60)

where:
k = spring constant
c  =  damping coefficient. Spring constant and damping coefficient are 

dependent on material

From Newton’s law of motion,

 F m x= e  (5.61)

where:
me = mass of electron

From Equations 5.60 and 5.61 the equation of forced damped harmonic oscil-
lation can be written as follows:

 m x cx kx q E j t
e e m + + = e ω  (5.62)

where:
qe = charge of electron

Equation 5.62 can be rewritten as follows:

 
 x x x

q
m

E j t+ + =2 2δ ω ω
n

e

e
me  (5.63)

where:

 
δ ω= =c

m
k

m2
2

e
n

e
and

To obtain the steady-state solution to Equation 5.63, let x t x j t
p( ) .= 0e

ω  Then 
from Equation 5.63

 
− + +( ) =ω δω ω ω ω2 2

02j x
q
m
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n

e

e
me e  (5.64)

 
or e m

e n

, x
q E
m j

0 2 2

1
2

=
−( ) +ω ω δω

 (5.65)

5.8.1 Dielectric Permittivity from Mass-Spring Model

Permittivity of a linear dielectric material comprising many electrons can be 
derived from the mass-spring model. With respect to the rest position (xp = 0) 
of the electron, the dipole moment of each electron can be written as follows:

 
� �p t u q x t( ) ( )= x e p  (5.66)
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For many electrons undergoing similar motion, the polarization vector can 
be written as follows:

 
� � �P t Np t u Nq x t( ) ( ) ( )= = x e p  (5.67)

where:
N is the number of dipoles per unit volume

But, according to Equation 5.44,

 
 

P t E t( ) ( )= ε χ0 e  (5.68)

Then from Equations 5.67 and 5.68, u Nq x t E t�
�

x e p e( ) ( )= ε χ0

 
or x e

e m

e n

x e m, u Nq
q E
m j

u Ej t j t
 

1
22 2 0

ω ω δω
ε χω ω

−( ) + =e e

 
or e

e

e n

, χ
ε ω ω δω

=
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2

0
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 (5.69)

Because ε χr e= +1 , from Equation 5.69

 
ε

ε ω ω δω
r

e

e n

= +
−( ) +1

1
2

2

0
2 2

Nq
m j

 (5.70)

Although the above equation is obtained from a simple classical model, but it 
helps to understand several significant dielectric properties as follows:

 1. Power loss due to the imaginary part of εr

 2. Frequency dependence of permittivity
 3. Dependence of permittivity on applied electric field
 4. Anisotropy of dielectric materials. If the spring constants and damp-

ing coefficients are different in different directions, then permittiv-
ity will also be different in different directions.

5.9 Dielectric Anisotropy

In isotropic dielectric, D-field and E-field are in the same direction and 
hence 



D  and 


E  are related by scalar permittivity, that is, 
 

D E= ε . But there 
are dielectric materials for which the stiffness of the spring, as shown in 
Figure 5.15, is different in different directions. It happens because of the fact 
that the wells of the electrostatic potential in which the charges sit are not 
symmetric and therefore the response of the charges is not necessarily in 
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the direction of the forcing E-field. In other words, the charge distribution 
within the material responds differently to the three components of the forc-
ing field giving rise to different permittivities in different directions.

To explain this fact consider the material shown in Figure 5.16, which is 
made up of molecules that can be easily polarized by E-field acting in the 
y-direction but do not respond much to E-fields in the x- and z-directions. In 
such a material, 



D and 


E are not necessarily parallel to each other.

5.9.1 Tensor of Rank 2

If 


D and 


E are not parallel to each other, then multiplying 


E by a scalar will 
not yield 



D. This is because multiplying any vector by a scalar produces a 
new vector in the same direction having different magnitude. Multiplying 
any given vector by another vector with cross product will create a new vec-
tor but in a fixed direction orthogonal to both the vectors. If it is needed to 
change both the magnitude and direction of the given vector other than 90°, 
then scalar multiplication, vector products such as dot or cross products with 
another vector will not do. A different kind of mathematical entity has to be 
used for this purpose. In this case the inner product of the given vector with 
a dyad will be required as explained hereafter.

Consider, two vectors 
�

� � � � � � �A A i A j A k B B i B j B k= + + = + +1 2 3 1 2 3and . Then the 
dyad product of these two vectors is simply 

 

AB. It is neither a dot nor a cross 
product. It may be written as

 
� � �� �� �� �� �AB A B ii A B i j A B ik A B ji= + + + +1 1 1 2 1 3 2 1  (5.71)

where:
i j k  , and  are unit vectors in the usual sense
ii i j ik ji   , , ,  and so on are unit dyads

Note that by setting A B1 1 11= α , A B1 2 12= α  and so on, the dyad 
 

AB can be 
rewritten as

Dielectric very little polarizedz z

x x

E

yy

Positive charges Negative electron cloud

Dielectric strongly polarized
→

E
→

FIGURE 5.16
Polarization in anisotropic dielectric.
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� � �� �� �� �� �AB ii i j ik ji= + + + +α α α α11 12 13 21  (5.72)

and the scalar components αij can be arranged in the familiar configuration 
of a 3 × 3 matrix:

 

α α α

α α α

α α α

11 12 13

21 22 23

31 32 33



















 (5.73)

Inner product of the dyad 
 

AB and a vector 


E yields

 
       

AB E A B E A A⋅ ⋅= = =( ) λ λ  (5.74)

Equation 5.74 shows that the resultant vector magnitude is determined by the 
scalar λ and its direction is determined by 



A, which is not same as that of 


E.
In mathematical terminology, a dyad is known as tensor of rank 2. As 

shown by Equations 5.72 and 5.73, a tensor of rank 2 is defined as a system 
that has a magnitude and two directions ( , )

 

A B  associated with it. It has 
nine components. To generalize the matter more, a scalar is a tensor of rank 0 
(magnitude only and one component) and a vector is a tensor of rank 1 (mag-
nitude, one direction and three components).

5.9.2 Permittivity Tensor

Consider the polarization characteristics of an anisotropic dielectric, as 
shown in Figure  5.17. It shows that if a forcing E-field is applied in the 

z

x

y

D

E

Ez

Dz

Dy Dx

Ey

Ex

→

→

FIGURE 5.17
Polarization characteristics of an anisotropic dielectric.
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direction shown, then the D-field is produced in a different direction. It 
may be explained in the following manner. The forcing field 



E has three 
components Ex, Ey and Ez, respectively. Let the contribution to 



D from Ex 
be 


DEx. Then 


DEx can be written in terms of its three components as follows:

 
� � � �D D i D j D kEx xx xy xz= + +  (5.75)

where:
Dxx, Dxy and Dxz can be obtained by multiplying Ex with three different 

scalars

This is because of the fact that if an electric field Ex is applied in the x-direction, 
then χ εxz xz( )= −1  gives the component of the additional polarization vector 
in the z-direction according to the relationship 

 

P E= ε χ0 e  and similarly for the 
other components. Hence, Equation 5.75 can be rewritten as

 
� � � � � � �D D i D j D k E i E j E kEx xx xy xz xx x xy x xz x= + + = + +ε ε ε  (5.76)

Similarly, the contribution to 


D from Ey is 


DEy, which can be written as

 
� � � � � � �D D i D j D k E i E j E kEy yx yy yz yx y yy y yz y= + + = + +ε ε ε  (5.77)

and the contribution to 


D from Ez is 


DEz, which can be written as

 
� � � � � � �D D i D j D k E i E j E kEz zx zy zz zx z zy z zz z= + + = + +ε ε ε  (5.78)

Therefore, the net 


D due to 


E will be

 

� � � � � � �

�

D D D D D i D j D k

D D D i D D D

E E E= + + = + +

= + +( ) + + +

x y z x y z

xx xy xz yx yy yyz zx zy zz

xx x xy y xz z yx x yy y

( ) + + +( )

= + +( ) + + +

j D D D k

E E E i E E

� �

�ε ε ε ε ε εε

ε ε ε

yz z

zx x zy y zz z

E j

E E E k

( )

+ + +( )

�

�

 (5.79)

Equation 5.79 can be written in matrix form as follows:

 

D

D

D

x

y

z

xx xy xz

yx yy yz

zx zy zz



















=



















ε ε ε

ε ε ε

ε ε ε

EE

E

E

x

y

z



















 (5.80)

Referring to Equation 5.73 and introducing tensor notation, Equation 5.80 is 
written as

 
 

D E= ε  (5.81)
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where:
ε is a tensor of rank 2 and is known as permittivity tensor of anisotropic 

dielectric

From Equations 5.74 and 5.81, it can be seen that the product of the tensor ε 
and the vector 



E produces a new vector 


D whose direction is not the same as 
that of E.

For an anisotropic dielectric electric susceptibility is also a tensor. Hence, 
Equation 5.44 is modified for an anisotropic dielectric as

 
 

P E= ε χ0 e  (5.82)

In matrix form Equation 5.82 is written as

 

P
P
P

x

y

z

exx exy exz

eyx eyy eyz

ezx ezy ezz
















=





ε
χ χ χ
χ χ χ
χ χ χ

0 


























E
E
E

x

y

z

 (5.83)

For a lossless dielectric, the permittivity matrix, as given in Equation 5.80, is 
symmetric, that is, ε εij ji= . Then Equation 5.80 can be rewritten as

 

D
D
D

E
E

x

y

z

xx xy xz

xy yy yz

xz yz zz

x

y
















=
















ε ε ε
ε ε ε
ε ε ε EEz

















 (5.84)

Any symmetric matrix can be diagonalized by a suitable choice for the orien-
tation of the coordinate axes (x,y,z). The choice of coordinate axes that results 
in a diagonal permittivity matrix is called the principal axes of the material. 
In the principal axes system, Equation 5.84 can be written as

 

D

D

D

E

E

E

x

y

z

x

y

z

x

y

z



















=

































εε 0 0

0 0

0 0

ε

ε





 (5.85)

If the diagonal entries in Equation 5.85 are all different, that is, ε ε εx y z≠ ≠ , then 
the material is called biaxial. If any two are equal, for example, ε ε εx y z≠ = , 
then the dielectric medium is called uniaxial.

In power engineering applications, in most of the cases LIH dielectric mate-
rials are used. For such dielectric media, all formulae derived for free space 
can be applied simply by replacing ε0 with ε ε0 r. For example, Coulomb’s law 
of Equation 1.1 becomes

 F
Q Q

u
r

��
� �= 1 2

0
2

4πε εr

r  (5.86)
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Objective Type Questions

 1. At frequencies below 1 kHz, polarizability increases as frequency 
decreases. This is due to which polarization mechanism?

 a. Electronic
 b. Ionic
 c. Dipolar
 d. Interfacial
 2. In the frequency range from 1  kHz to microwave region, which 

polarization mechanism is predominant?
 a. Electronic
 b. Ionic
 c. Dipolar
 d. Interfacial
 3. Above infrared frequency range, which polarization mechanism 

remains active?
 a. Electronic
 b. Ionic
 c. Dipolar
 d. None of these
 4. Above ultraviolet frequency range, which polarization mechanism 

remains active?
 a. Electronic
 b. Ionic
 c. Dipolar
 d. None of these
 5. Which polarization mechanism involves power loss?
 a. Electronic
 b. Ionic
 c. Dipolar
 d. All of these
 6. Which polarization occurs due to dipoles induced by applied electric 

field?
 a. Dipolar
 b. Electronic
 c. Ionic
 d. Both (b) and (c)
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 7. Which polarization takes place in the case of a non-polar dielectric?
 a. Dipolar
 b. Electronic
 c. Ionic
 d. Both (b) and (c)
 8. Which polarization mechanism is slowest?
 a. Interfacial
 b. Dipolar
 c. Ionic
 d. Electronic
 9. For a polar dielectric, which type of polarizability contributes maxi-

mum to the net polarizability?
 a. Electronic
 b. Ionic
 c. Dipolar
 d. None of these
 10. Which type of polarization is present in any dielectric?
 a. Electronic
 b. Ionic
 c. Dipolar
 d. Interfacial
 11. Electric field due to a polarized dielectric is equivalent to the field due to
 a. Bound surface charge density
 b. Bound volume charge density
 c. Both (a) and (b)
 d. None of these
 12. A uniformly polarized dielectric sphere has divergent polarization 

directed radially outwards. Then which bound charge density will 
appear due to polarization?

 a. Bound volume charge density
 b. Bound surface charge density
 c. Both (a) and (b)
 d. None of these
 13. Bound volume charge density due to polarization ( )ρvb  and polar-

ization vector ( )


P  are related as
 a. ρvb P= ∇

 

⋅

 b. ρvb P= −∇
 

⋅
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 c. ρvb P=


 d. ρvb P= −


 14. For a linear, isotropic dielectric, relative permittivity ( )εr  and electric 
susceptibility ( )χe  are related as

 a. ε χr e= −1
 b. ε χr e= −1
 c. ε χr e= +1
 d. ε ε χr e= 0

 15. For a linear, isotropic dielectric, polarization vector ( )


P , electric sus-
ceptibility ( )χe  and applied electric field ( )



E  are related as
 a. 

 

P E= ε χ0 e

 b. 
 

P E= +1 0ε χe

 c. 
 

P E= −ε χ0 e

 d. 
 

P E= −1 0ε χe

 16. Bound surface charge density due to polarization ( )σsb  and polar-
ization vector ( )



P  are related as
 a. σsb = ∇

 

⋅P
 b. σsb = −∇

 

⋅P
 c. σsb n=





P u⋅
 d. σsb n= −





P u⋅
 17. Which one of the following is a dimensionless quantity?
 a. Permittivity of free space ( )ε0

 b. Electric susceptibility ( )χe

 c. Dielectric polarizability (α)
 d. All of these
 18. Permittivity is a scalar for which type of dielectric?
 a. Homogeneous
 b. Isotropic
 c. Anisotropic
 d. None of these
 19. For a linear, isotropic, homogeneous dielectric, which one of the fol-

lowing is true?
 a. εr varies linearly with 



E
 b. εr varies linearly with space coordinate
 c. εr varies with direction
 d. 



D varies linearly with 


E
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 20. For an isotropic dielectric, which one of the following is true?
 a. 

 

D E
 b. 

 

E P
 c. 

 

D P
 d. All of these
 21. The lines of D-field begin and end on
 a. Free charges
 b. Bound charges
 c. Both (a) and (b)
 d. None of these
 22. The lines of E-field begin and end on
 a. Free charges
 b. Bound charges
 c. Both (a) and (b)
 d. None of these
 23. For an anisotropic dielectric permittivity is a
 a. Scalar
 b. Vector
 c. Tensor of rank 2
 d. Tensor of rank 3
 24. Permittivity of an anisotropic dielectric has how many components?
 a. 1
 b. 3
 c. 6
 d. 9
 25. For which type of dielectric electric polarization takes place even 

without any applied field?
 a. Linear
 b. Anisotropic
 c. Ferroelectric
 d. All of these

Answers:  1) d; 2) c; 3) a; 4) d; 5) c; 6) d; 7) d; 8) a; 9) c; 10) a; 11) c; 12) c; 13) b; 
14) c; 15) a; 16) c; 17) b; 18) b; 19) d; 20) d; 21) a; 22) c; 23) c; 24) d; 25) c
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6
Electrostatic Boundary Conditions

ABSTRACT In electric field analysis, it is important to know the changes in 
field quantities as one crosses a boundary between a conductor and a dielec-
tric or between two different dielectric media. In practical configurations com-
prising multi-dielectric media, this is of paramount importance, as quantities 
defining the field on the two sides of the boundary between two dielectrics 
often undergo significant changes. Boundary conditions are fundamental 
equations involving electric field quantities, which describe the changes in 
electrostatic field specifically in relation to boundary surfaces. In electrostatic 
field, another major aspect is the presence of charges on the boundaries, either 
free charges, as in the case of conductor boundaries, or surface charges, as in 
the case of dielectric–dielectric boundaries. These charges play the most sig-
nificant role in the changes that the field quantities undergo at the boundary.

6.1 Introduction

In real life, any conductor is always surrounded by at least one dielectric. 
It should be kept in mind that air is also a dielectric, which is present almost 
everywhere. Therefore, even if there is no solid or liquid or any other gaseous 
dielectric around a conductor, it will in all probability be surrounded by air. 
Therefore, there will be boundaries between a conductor and a dielectric in 
practice. Moreover, except for very few cases like single-core cables having 
only one dielectric or transmission line conductors surrounded by air at mid-
span, dielectric materials are arranged either in series or in parallel between 
two conductors having a particular potential difference. For example, if one 
takes the case of an outdoor porcelain insulator, it may appear that there is 
only one dielectric, that is, porcelain, involved. But the porcelain insulator 
will be surrounded by air and hence it becomes a two dielectric configura-
tion. As a result there will be boundaries between two different dielectric 
media in practical configurations. Changes in some electric field quantities 
in direction and/or magnitude occur at such boundaries. The equations that 
describe such field behaviours by relating electric field quantities on two 
sides of a boundary surface are known as boundary conditions. The transition 
of electric field from one medium to another medium through a boundary 
surface is governed by the boundary conditions.
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6.2  Boundary Conditions between a Perfect 
Conductor and a Dielectric

A perfect conductor is defined as a material within which the charges are 
able to move freely. In electrostatics, it is considered that the charges have 
attained the equilibrium positions and are fixed in space. Theoretically, 
consider that the charges are initially distributed uniformly throughout 
the volume of a perfect conductor. Such distributed charges should be of 
same polarity within a conductor of one particular value of electric potential, 
because if there are charges of opposite polarity within the volume of the 
conductor, then such charges will immediately recombine with each other 
as they are free to move. Hence, the charges of same polarity that are pres-
ent in the volume of the conductor will exert repulsive forces on each other. 
Because the charges are able to move without any hindrance, the charges 
will disperse in such a direction, so that the distance between the charges 
will increase. In the process all the charges will arrive at the surface of the 
conductor. But the conductor being surrounded by a dielectric, the charges 
are unable to move further and the charges will be fixed in space on the sur-
face of the conductor. Consequently, any Gaussian surface within a perfect 
conductor will enclose zero charge and hence, electric field within a perfect 
conductor will be zero.

6.2.1  Boundary Condition for Normal Component 
of Electric Flux Density

Consider a coin-like closed volume of cylindrical shape, as shown in 
Figure 6.1. Such a volume is often termed as a Gaussian pillbox. The pillbox 
has a finite surface area ΔA and an infinitesimally small height δ, such that 
half of the pillbox is within the conductor and the other half is within the 

Perfect conductor

Surface charge
density (σ)

Area (ΔA)

Dielectric medium

Dn ûn

δ→0
δ/2
δ/2

FIGURE 6.1
Pertaining to boundary condition for electric flux density at conductor–dielectric boundary.
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dielectric medium as shown. The top and bottom surfaces of the pillbox are 
parallel to the conductor–dielectric interface.

Application of Gauss’s law to this pillbox yields

 




D ds⋅ =∫ Charge enclosed by the pillbox
Surface of pillbox

 (6.1)

For the right-hand side (RHS) of Equation 6.1 the following need to be con-
sidered: (1) the volume of the pillbox is infinitesimally small and (2) half of 
the volume of the pillbox within the perfect conductor does not contain any 
volume charge density, as the charges reside on the surface of the conductor 
and the other half of the volume of the pillbox within the dielectric also does 
not contain any volume charge density, if ideal dielectric is assumed. But the 
surface charge density on the conductor has a finite value and the area of the 
pillbox is also finite.

Hence, the RHS of Equation 6.1

 = σ∆A  (6.2)

where:
σ is the surface charge density on the conductor

The integral on the left-hand side (LHS) of Equation 6.1 could be expanded 
as follows:

 












D ds D ds D ds⋅ ⋅ ⋅= + +∫ ∫
Surface of pillbox Top surface Bottom surfface Wall surface

∫ ∫




D ds⋅  (6.3)

As the height of the pillbox is infinitesimally small, the integral over the wall 
surfaces is negligible. The integral over the bottom surface is also zero as 
the field within the perfect conductor is zero. Hence, Equation 6.3 could be 
rewritten as

 








D ds D ds D A⋅ ⋅= =∫ ∫
Surface of pillbox

n

Top surface

∆  (6.4)

where:
Dn is the normal component of electric flux density

Hence, from Equations 6.2 and 6.4,

 D A A Dn nor∆ ∆= =σ σ, ,  (6.5)

Bringing in the unit normal vector, Equation 6.5 could be written as

 u D�
�

n ⋅ = σ  (6.6)



152 Electric Field Analysis

6.2.2  Boundary Condition for Tangential Component 
of Electric Field Intensity

Consider an infinitesimally small closed rectangular loop abcda as shown in 
Figure 6.2, of which the length segments ab and cd are parallel to the conductor– 
dielectric boundary and the length segments bc and da are normal to the 
boundary. The length of the loop parallel to the boundary is Δl and is finite, but 
the length of the loop normal to the boundary is δ, which is negligibly small.

As E-field is conservative in nature, the integral of 



E dl⋅  over the loop con-
tour abcda will be zero, that is,

 

� � � � � � � � � �
� E dl E dl E dl E dl E dl
abcda a

b

b

c

c

d

d

a

⋅ ⋅ ⋅ ⋅ ⋅= + + + =∫ ∫ ∫ ∫ ∫ 0  (6.7)

As stated, the lengths bc and da are negligibly small. Hence, 

 






E dl E dl
b

c

d

a

⋅ ⋅= ≈∫ ∫ 0

Again, the field within the perfect conductor is zero. Hence, 

 



E dl
c

d

⋅ =∫ 0

Therefore, from Equation 6.7, 



E dl
a

b ⋅ =∫ 0
The length ab is Δl, which is small but finite. Then considering 



E to be con-
stant over the small length Δl, it may be written that

 E l Et tor∆ = =0 0, ,  (6.8)

Perfect conductor

Dielectric medium

En ûn

a

d

δ

δ→0
Δl

b

c

Et

FIGURE 6.2
Pertaining to boundary condition for electric field intensity at conductor–dielectric boundary.
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where:
Et is the component of electric field intensity along the length ab, which is 

the tangential component of electric field intensity

Bringing in the unit normal vector, Equation 6.8 could be written as

 u E�
�

n × = 0  (6.9)

6.2.3 Field Just off the Conductor Surface

From Equation 6.8, on the conductor surface Et = 0. In other words, the elec-
tric field acts in the direction normal to the conductor surface. Then, from 
Equation 6.5, the normal component of electric field intensity could be written as

 
En

r
= =σ
ε

σ
ε ε0

 (6.10)

As discussed in Section 6.2.1, the electric field intensity as given by 
Equation 6.10 is for the top surface of the pillbox. The height of the pillbox is 
infinitesimally small, but is not zero. Hence, the top surface of the pillbox, as 
shown in Figure 6.1, is not exactly on the conductor surface. As a result, the value 
of electric field intensity as obtained from Equation 6.10 is stated to be electric 
field intensity within the dielectric medium just off the conductor surface.

PROBLEM 6.1
A charged conductor is surrounded by air. Calculate the maximum charge den-
sity that the conductor can hold at standard temperature and pressure (STP).

Solution:
The conductor can hold the maximum charge density for which the elec-
tric field intensity just off the surface is equal to the breakdown strength 
of air at STP. This is due to the fact that any further increase in the value of 
charge density on the conductor surface will cause breakdown of air and the 
charges will be drained from the conductor.

Breakdown strength of air at STP = 30 kV/cm = 30 × 103 × 102 V/m = 
3 × 106 V/m.

Let the maximum charge density that the conductor can hold be σm.
Now, εr for air = 1
Therefore, σm/ε0 = 3 × 106

or, σm = 3 × 106 × 8.854 × 10−12 = 26.5 μC/m2.

6.3  Boundary Conditions between Two 
Different Dielectric Media

In the case of practical configurations comprising multiple homogeneous 
dielectric media, there could be many dielectric–dielectric boundaries. On 
such dielectric–dielectric boundaries, there could be charges depending on 



154 Electric Field Analysis

the dissimilarities of the dielectric media that are present on the two sides 
of the boundaries. These surface charges will serve as source of electric field 
acting in opposite directions on the two sides of the boundary. Consequently, 
electric field quantities get changed in direction as well as magnitude on the 
two sides of the boundary.

6.3.1  Boundary Condition for Normal Component 
of Electric Flux Density

For the boundary between two dielectric media having permittivities ε1 and ε2, 
consider a cylindrical coin-like Gaussian pillbox, as shown in Figure 6.3. The 
height of the pillbox is infinitesimally small. As in Equation 6.1 application 
of Gauss’s law to this pillbox yields

 





D ds⋅ =∫ Charge enclosed by the pillbox
Surface of pillbox

Subdividing the integral on the LHS into contributions from the top, bottom 
and wall surfaces of the pillbox and subdividing the wall surface into two 
halves, one in dielectric 1 and the other in dielectric 2,

 











D ds D ds D⋅ ⋅= +∫ ∫
Surface of pillbox Top surface dielectric 2

2 1 ⋅⋅

⋅

ds

D ds







Bottom surface dielectric 1

Wall surface dielectr

∫

+ 1

iic 1 Wall surface dielectric 2
∫ ∫+





D ds2 ⋅

ûn2

Area ΔA

ûn1

Dielectric 2 (ε2)

Dielectric 1 (ε1)

Surface charge
density (ρs)

δ→0
δ/2
δ/2

→
D2

→
D1

FIGURE 6.3
Pertaining to boundary condition for electric flux density at dielectric–dielectric boundary.
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As the height of the pillbox is vanishingly small, the contribution of the integral 
over the wall surfaces will be negligible. Thus

 











D ds D ds D⋅ ⋅= +∫ ∫
Surface of pillbox Top surface dielectric 2

2 1 ⋅⋅ds


Bottom surface dielectric 1
∫  (6.11)

As the top and bottom surfaces are small, 


D1 and 


D2 could be assumed to be 
constant over the bottom and top surfaces, respectively. Hence,

 

� � � � �
�D ds D A D u A2 2 2 2⋅ ⋅ ⋅= =∫ ∆ ∆( )n

Top surface dielectric 2

 (6.12)

 

and n

Top surface dielectric 1

� � � � �
�D ds D A D u A1 1 1 1⋅ ⋅ ⋅= =∫ ∆ ∆( )  (6.13)

Now considering the unit normal to be directed into dielectric 2, u u u  n n n= = −2 1

Therefore, from Equation 6.11,

 

� � �
�

�
�D ds D u D u A⋅ ⋅ ⋅= −( )∫

Surface of pillbox

n n2 1 ∆  (6.14)

Let the surface charge density on the boundary be ρs and the volume charge 
densities in the two halves of the pillbox be ρv1 and ρv2. Then the net charge 
enclosed by the pillbox is given by

 
Charge enclosed by the pillbox s v v= + +ρ ρ δ ρ δ∆ ∆ ∆A A A1 2

2 2
 (6.15)

As the height of the pillbox, δ, is vanishingly small, the contribution of the terms 
involving volume charge densities will be negligible. Hence, Equation 6.15 
becomes

 Charge enclosed by the pillbox s= ρ ∆A (6.16)

Therefore, from Equations 6.14 and 6.16, ( )
�
�

�
�D u D u2 1⋅ ⋅n n s− = ρ

 or n n s, D D2 1− = ρ  (6.17)

as, 
�
�D u D2 2⋅ n n=  and 

�
�D u D1 1⋅ n n= , which are normal components of electric flux 

density in dielectrics 2 and 1, respectively.
Equation 6.17 is valid in general. For example, consider that the medium 1 

is a perfect conductor. Then D1 is zero. Then D2n is equal to the surface charge 
density, which is in accordance with Equation 6.5.
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6.3.2  Boundary Condition for Tangential Component 
of Electric Field Intensity

Considering the infinitesimally small closed rectangular contour abcdefa, as 
shown in Figure 6.4 and applying the principle of conservative E-field along 
this closed contour

 
� � � � � � � � � �
� E dl E dl E dl E dl E dl

abcdefa a

b

b

c

c

d

d

e

⋅ ⋅ ⋅ ⋅ ⋅= + + +∫ ∫ ∫ ∫2 2 1 1∫∫ ∫ ∫+ + =
� � � �
E dl E dl

e

f

f

a

1 2 0⋅ ⋅  (6.18)

But the length of the segments bc, cd, ef and fa are negligibly small and hence 
the integrals over these length elements contribute insignificantly. Thus 
from Equation 6.18

 







E dl E dl
a

b

d

e

2 1 0⋅ ⋅+ =∫ ∫
Then considering 



E2 and 


E1 to be constant over the small lengths ab and de 
and noting that dl l dl

 

ab de= = −∆ , it may be written that

 







E dl E dl E l E l
a

b

d

e

2 1 2 1 0⋅ ⋅+ = − =∫ ∫ t t∆ ∆

 or t t, E E2 1=  (6.19)

where:
E2t and E1t are tangential components of E2 and E1, respectively, along the 

boundary
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f c
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δ→0 Dielectric 1 (ε1)

Dielectric 2 (ε2)
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FIGURE 6.4
Pertaining to boundary condition for electric field intensity at dielectric–dielectric boundary.
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Equation 6.19 is also valid in general. For example, if the medium 1 is considered 
to be a perfect conductor, then E1 is zero. Then E2t is also zero, which is in 
accordance with Equation 6.8.

PROBLEM 6.2
For a two-dielectric arrangement comprising transformer oil (εr1 = 2) as dielec-
tric 1 and mica (εr2 = 6) as dielectric 2, it is given that 

� � � �E i j k1 6 4 9= + + kV/cm. 
Find 



E2: (A) considering the boundary to be charge free and (B) considering a 
surface charge density of +70 pC/cm2 on the boundary. Given that x–y plane 
is the boundary between the two media.

Solution:
Because x–y plane is the boundary between transformer oil and mica, x- and 
y-components of 



E  are the tangential components along the boundary and 
are equal on both sides of the boundary. The z-component of 



D  is the nor-
mal component of electric flux density on the boundary.

Application of boundary condition for tangential component of electric 
field intensity yields

 E E E E1 2 1 26 4x x y ykV/cm and kV/cm= = = =

The z-component of 


E  need to be determined from the boundary condition 
of Dn separately for Case A and Case B.
Case A: Boundary is charge free.

 As ors n n r z r zρ ε ε ε ε= = =0 2 1 2 0 2 1 0 1, , ,D D E E

 As kV/cm kV/cmz zE E1 29
2
6

9 3= = × =,

Therefore,

 
� � � �E i j k2 6 4 3= + + kV/cm

Case B: Surface charge density (ρs) on the boundary is +70 pC/cm2.
From the boundary condition of D2n,

 ε ε ε ε ρr z r z s2 0 2 1 0 1E E− =

 
or z

r z s

r

r z

r

s

r
, E

E E
2

1 0 1

2 0

1 1

2 2 0

3 22 9 10 10
6

70= + = + = × × × + ×ε ε ρ
ε ε

ε
ε

ρ
ε ε

110 10
6 8 854 10

313 176 3 131

12 4

12

−

−
×

× ×

= =

.

, .V/m kV/cm
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Therefore,

 
� � � �E i j k2 6 4 3 131= + + . kV/cm

6.3.3  Boundary Condition for Charge-Free 
Dielectric–Dielectric Interface

Consider an interface between two different dielectric media having permit-
tivities ε1 and ε2, respectively, having no surface charge density on the bound-
ary, as shown in Figure 6.5. Typically, if the dielectric media are ideal in nature, 
so that there is no volume as well as surface conduction and also if there is no 
discharge taking place within the dielectric media or on the interface between 
the dielectric media, then the surface charge density on the interface is zero.

From Equation 6.17,
D D2 1 0n n− = , as ρs = 0

 or or orn n r n r n r r, , , , , cos cosD D E E E E2 1 2 0 2 1 0 1 2 2 2 1 1 1= = =ε ε ε ε ε θ ε θ  (6.20)

Again, from Equation 6.19,

 E E E E2 1 2 2 1 1t t or= =, , sin sinθ θ  (6.21)

From Equations 6.20 and 6.21,

 

tan
tan

θ
θ

ε
ε

2

1

2

1
= r

r
 (6.22)

Dielectric 1 (ε1)

Dielectric 2 (ε2)
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E2t

E2n

→
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→
E2, 

→ 
D2

→
D1

E1t

FIGURE 6.5
Pertaining to boundary condition for charge-free dielectric–dielectric boundary.
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PROBLEM 6.3
The flux lines of an electric field pass from air into glass, making an angle 30° 
with the normal to the plane surface separating air and glass at the air-side 
of the surface. The relative permittivity of glass is 5.0. The field intensity in 
air is 200 V/m. Calculate the electric flux density in glass and also the angle, 
which the flux lines make with the normal on the glass side.

Solution:
Given, εr1 = 1.0, εr2 = 5.0 and θ1 = 30°

 
Therefore or tanr

r
, , , .

tan
tan

tan
tan

θ
θ

θ ε
ε

θ2

1

2 2

1
2

30
5
1

2 887= = = =
°

or, θ2 = 70.9°.
Again, E1  = 200 V/m and E E1 1 2 2sin sinθ θ= , so that E2 70 9 200 30sin . sin° °= ×  

or, E2 = 105.8 V/m.

 Hence nC/mr
2, . . . .D E2 2 0 2

125 8 854 10 105 8 4 68= = × × × =−ε ε

Objective Type Questions

 1. On any conductor–dielectric boundary, the tangential and the nor-
mal components of electric field intensity are Et and En, respectively. 
Then

 a. Et = En/2
 b. Et = 2En

 c. Et = ∞
 d. Et = 0
 2. On any dielectric–dielectric boundary, the tangential and the nor-

mal components of electric field intensity are Et and En, respectively, 
where the suffixes 1 and 2 denote dielectrics 1 and 2, respectively. 
Then

 a. Dn = Dt

 b. Dt1 = Dt2

 c. Et = 0
 d. Et1 = Et2

 3. Surface charge density on a charged conductor is equal to
 a. Tangential component of electric flux density
 b. Normal component of electric flux density



160 Electric Field Analysis

 c. Resultant electric flux density
 d. Both (b) and (c)
 4. For any dielectric–dielectric boundary, which one of the following 

is a valid boundary condition, when the notations have their usual 
meanings

 a. ( )
�
�
�
�D u D u2 1⋅ ⋅n n s− = ρ

 b. ( )
�
�
�
�D u D u2 1× − × =n n sρ

 c. ( )
�
�
�
�E u E u2 1⋅ ⋅n n s− = ρ

 d. ( )
�
�
�
�E u E u2 1× − × =n n sρ

 5. For any dielectric–dielectric boundary, which one of the following 
is a valid boundary condition, when the notations have their usual 
meanings

 a. D2t = D1t

 b. E2t = E1t

 c. Dn = σ
 d. Et = 0
 6. For any charge-free dielectric–dielectric boundary, which one of the 

following is a valid boundary condition, when the notations have 
their usual meanings

 a. D2n − D1n = ρs

 b. E2t = E1t

 c. D2n = D1n

 d. Both (b) and (c)
 7. On any conductor–dielectric boundary, the tangential and the nor-

mal components of electric field intensity are Et and En, respectively, 
and surface charge density is σ. Then

 a. Dn = σ
 b. En = σ
 c. Dt = σ
 d. Et = σ

Answers: 1) d; 2) d; 3) d; 4) a; 5) b; 6) d; 7) a
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7
Multi-Dielectric Configurations

ABSTRACT In multi-dielectric arrangements, electric field distribution is 
dependent on permittivities of the dielectrics along with the physical dimen-
sions. Because dielectric strengths of the dielectric materials, which are the 
maximum electric field intensities that the dielectrics can withstand  without 
failure, could be different, it is practically important to analyze electric field 
distribution in multi-dielectric arrangements that are commonly used in 
practice to ensure fail-safe operation. Electric field distribution in widely 
used real-life equipment such as parallel plate capacitor, coaxial cable and 
high-voltage bushing, which comprise multiple dielectric media, are ana-
lyzed in this chapter.

7.1 Introduction

Although single-dielectric arrangements are employed in real life, the 
 number of such applications is small. In most of the cases, multiple dielec-
tric media are used in various combinations between the electrodes or con-
ductors. In such multi-dielectric arrangements, contrary to common belief, 
the location of maximum electric field intensity may not be just off the live 
conductor in all the cases. Thus, it becomes imperative that not only the 
magnitude but also the location of maximum electric field intensity should 
be determined accurately. This is to ensure that the maximum electric field 
intensity remains well below the dielectric strength of the material within 
which such maximum electric field intensity occurs. In the case of porous 
solid dielectric, the small pores are normally filled with air or another gas-
eous or liquid dielectric. Due to mismatch of the permittivity of the solid 
dielectric and the dielectric within the pores, electric field intensification 
may take place in the pores, which can also give rise to unwanted discharges 
within the equipment if appropriate measures are not taken to eliminate 
such field intensification. Thus, electric field analysis in multi-dielectric 
arrangements is not only important from the design viewpoint but also is 
significant from the viewpoint of life extension of equipment that has such 
multi-dielectric arrangement.
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7.2 Parallel Plate Capacitor

Multiple dielectrics within a parallel plate capacitor can be either in series 
or in parallel between the plates. Such series and parallel dielectric arrange-
ments need to be analyzed separately.

7.2.1 Dielectrics in Parallel between the Plates

A parallel plate capacitor with two dielectrics in parallel present between the 
plates is shown in Figure 7.1, such that the dielectric–dielectric boundary is 
perpendicular to the plates. If the separation distance between the plates is 
considered much smaller compared to the length and breadth of the plates, 
then the flux lines may be considered to be parallel to each other between the 
plates and also perpendicular to the plates within the dielectrics, neglecting 
the fringing of flux at the edges of the plates. Then along the paths of integra-
tion in both the dielectric media, as shown in Figure 7.1, the flux lines will be 
tangential. Hence, in dielectric 1, 

 
 

E l V E
V
l

1 1= =, ,or

and in dielectric 2,

 


E l V2 = , or, 
 

E V l E2 1= =/

where:
V is the potential difference between the plates of the capacitor

Applying Gauss’s law considering the Gaussian surface in dielectric 1, as 
shown in Figure 7.1,
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D A Q D
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1 1
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FIGURE 7.1
Two dielectrics in parallel within a parallel plate capacitor.
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Therefore, the capacitance between the plates comprising dielectric 1,

 
C

Q
V

A
l1

1 1 1= =
ε

 (7.2)

Again, applying Gauss’s law considering the Gaussian surface in dielectric 2, 
as shown in Figure 7.1,

 

  

D A Q D
Q
A

E
Q

A
V
l

Q
A

2 2 2 2
2

2
2

2

2 2

2

2 2
× = = = =, , , , , ,or or or

ε ε
 (7.3)

Therefore, the capacitance between the plates comprising dielectric 2

 
C

Q
V

A
l

2
2 2 2= =

ε
 (7.4)

Hence, the total capacitance of the parallel plate capacitor

 
C

Q
V

Q Q
V

Q
V

Q
V

C C
l

A A= = + = + = + = +1 2 1 2
1 2 1 1 2 2

1
( )ε ε  (7.5)

7.2.2 Dielectrics in Series between the Plates

A parallel plate capacitor with two dielectrics in series present between the 
plates is shown in Figure  7.2, such that the dielectric–dielectric boundary 
is parallel to the plates. As seen in Section 7.2.1, if the separation distance 
between the plates is considered much smaller compared to the length and 
breadth of the plates, then the flux lines may be considered to be parallel to 
each other between the plates and also perpendicular to the plates as well as 
the dielectric–dielectric boundary within the capacitor, neglecting the fring-
ing of flux at the edges of the plates.
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FIGURE 7.2
Two dielectrics in series within a parallel plate capacitor.
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Applying Gauss’s law considering the Gaussian surface, as shown in 
Figure 7.2,

 

 

D A Q D
Q
A

× = =, ,or
 

According to the boundary condition on the dielectric–dielectric bound-
ary of Figure  7.2, D D1 2n n= . Because the flux lines are perpendicular to 
the plates and hence to the dielectric–dielectric boundary, 



D D= n. In other 
words, electric flux density is the same in both the dielectric media.

Therefore, in dielectric 1, 


E Q A1 1= /( )ε  and in dielectric 2, 


E Q A2 2= /( ).ε
Again, along the path of integration through the two dielectric media, as 

shown in Figure 7.2, the flux lines will be tangential. 
Hence, in dielectric 1,

 

 

E l V E
V
l

Q
A

1 1 1 1
1

1 1
= = =, ,or

ε
 (7.6)

where:
V1 = potential difference across the dielectric 1

In dielectric 2,
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E l V E
V
l

Q
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2 2 2 2
2

2 2
= = =, ,or

ε
 (7.7)

where:
V2 = potential difference across the dielectric 2

If the potential difference between the plates of the capacitor is V, then

 
V V V E l E l

Ql
A

Ql
A

= + = + +=1 2 1 1 2 2
1

1 1

2

2 2

 

ε ε
 (7.8)

Let the capacitance of the parallel plate capacitor be C, the capacitance of the 
part comprising dielectric 1 be C1 and the capacitance of the part comprising 
dielectric 2 be C2.

Then from Equation 7.6,
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V

A
l

1
1

1

1
= = ε

and from Equation 7.7,
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Q
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A
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2
2
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2
= = ε

Hence, from Equation 7.8,
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1 1 11
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2 2 1 2C
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l
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= = + = +
ε ε

 (7.9)

Further, from Equations 7.6 and 7.7,

 





E

E

1

2

2

1
= ε
ε

r

r
 (7.10)

It may be seen from Equation 7.10 that if the dielectric within a capacitor is 
gas ( )εr1 1≈ , then partial filling of the capacitor by a solid or liquid dielectric 
is actually detrimental to the capacitor. Because in that case, the electric field 
intensity in the gaseous dielectric will increase by a factor of ε ε εr r r2 2 1( )>  and 
may even exceed the dielectric strength of the gaseous dielectric resulting in 
discharge within the capacitor.

7.2.3 Void in Insulation

Voids could be present in insulation in many different shapes and due to 
 several reasons. Voids could be in the form of a gas bubble in liquid insula-
tion such as transformer oil, a gas bubble in moulded epoxy resin or a small 
gap in solid insulation, for example, gap formed due to delamination of 
pressboard insulation as a result of aging. Such voids are typically filled with 
air at a pressure slightly less than atmospheric pressure. A void in an insula-
tion is schematically shown in Figure 7.3. Considering the void dimensions 
to be small in comparison to the insulation surrounding it, it may be reason-
ably argued that the presence or absence of the void will not alter electric 
flux density at the location of the void. Then according to the discussions of 
Section 7.2.2 and Equation 7.10,

 




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r-insulation r-insulation= >ε ε( )1  (7.11)
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FIGURE 7.3
Void in insulating medium.
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Thus, from Equation 7.11, it is evident that electric field intensity within the 
void will be higher than that in the insulating medium. On the other hand, 
the dielectric strength of air filling the void will be lower than that of the 
insulating medium. Consequently, there is every possibility that electric field 
intensity in the void may be in excess of the dielectric strength of air at the 
pressure and temperature within the void. This could result in discharge 
within the void. But there will be no discharge within the insulating medium 
around the void, as electric field intensity there is lower and the dielectric 
strength of the insulation is higher. Such localized discharge within the void 
is called partial discharge (PD) and is highly detrimental to high voltage equip-
ment as PD reduces the life of the equipment significantly.

7.2.4 Impregnation of Porous Solid Insulation

Solid insulations that are porous in nature, for example, paper or pressboard, 
are very commonly used in high-voltage equipment. In such cases, the solid 
insulation is mainly cellulose, whereas the gas in the pores is air. The relative 
permittivity of cellulose insulation is of the order of 3 ~ 4 and the dielectric 
strength of cellulose is about 16 kV/mm. On the other hand, relative permit-
tivity of air is ~1 and the dielectric strength of air is 3 kV/mm. In order that the 
solid insulation does not fail due to discharges within the pores, electric field 
intensity within the solid insulation has to be kept around 9 ~ 12 kV/mm, so 
that electric field intensity in the pores remains below 3 kV/mm. But in that case 
the capacity of the paper insulation is not utilized to the full extent. Therefore, 
in practice, such porous solid insulation is always impregnated with a suitable 
liquid dielectric. Due to impregnation, the pores in the solid insulation will be 
filled by the liquid insulation, which will have higher dielectric strength com-
pared to air. But here it is important to note that the relative permittivity of the 
liquid dielectric used for impregnation must be close to the relative permittiv-
ity of the solid insulation being impregnated. Otherwise, there will be again a 
 mismatch of the electric field intensity values within the liquid and solid dielec-
trics and the full benefit of impregnation could not be obtained.

7.3 Co-Axial Cylindrical Configurations

Co-axial multi-dielectric arrangements, which are commonly used in power 
engineering, are cables and bushings. A single-core cable having three dif-
ferent dielectrics in between the core and the earthed metallic screen is 
shown in Figure 7.4. Bushings are special components used in high- voltage 
system when a high-voltage conductor has to pass through an earthed 
barrier, for example, earthed tank of a transformer or a wall and so on. 
Figure 7.5 shows a solid-type oil-impregnated paper bushing used in trans-
formers typically for voltage ratings below 90 kV. If a  cross section is taken 
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at AA′, as shown in Figure 7.5, then the cross-sectional view will be same as 
that shown in Figure 7.4. Hence, the radial field distribution at the critical 
zone AA′, where the distance between the high-voltage conductor and the 
earthed metallic flange is minimum, could be determined with reasonable 
degree of accuracy using the same analysis as in the case of cables.

Electric field in the co-axial arrangement of Figure 7.4 is analyzed assum-
ing that electric field does not vary along the length of the cylinder normal to 
the plane of the paper. For cables this assumption is perfectly valid, whereas 
for bushings, it is not valid as such, but the nature of radial field distribution 
thus obtained gives a fair idea about the field concentration in the critical 
zone AA′ that may cause eventual failure of a bushing.

Let the charge per unit length on the inner conductor be q. Then for the 
Gaussian surface, as shown in Figure 7.4, electric flux density at a radial dis-
tance of x can be obtained from the surface area of a cylinder of radius x and 
axial length unity, that is,

 
D

q
x

x =
×2 1π

Hence, electric field intensity at any radius x is given by
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q
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x
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 (7.12)

where:
εx is the permittivity of the dielectric at the radial distance x

Then the potential difference V between the high-voltage conductor and the 
earthed enclosure could be obtained from the line integral of electric field 
intensity. Considering the path of integral from D to A,
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But the integral of Equation 7.13 needs to be evaluated section-wise where 
the permittivity remains constant. Thus,
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In Equation 7.14, it may be seen that the expression within the parenthesis 
on the right-hand side is a constant for a given multi-dielectric arrangement. 
Hence, the charge per unit length on the inner conductor can be expressed 
in terms of the potential difference and the computed constant of Equation 7.14 
as follows:
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The capacitance per unit length of the multi-dielectric arrangement is

 
C

q
V K

= = 2π
 (7.16)

Electric field intensity at any radius x is then given by
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From Equation 7.17, it is clear that electric field intensity varies inversely with 
radial distance within each section of the arrangement comprising one par-
ticular dielectric. Thus, the variation of electric field intensity can be plot-
ted with radial distance, as shown in Figure 7.6. From Figure 7.6, it may be 
seen that there is a discontinuity in electric field intensity at the boundary 
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FIGURE 7.6
Radial variation of electric field intensity in co-axial multi-dielectric arrangement.
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between two different dielectric media. The value of electric field intensity 
may increase or decrease at the boundary depending on the relative values of 
the permittivity of the two dielectric media at the boundary. Thus, for a multi-
dielectric arrangement, as shown in Figure 7.4, it cannot be stated that the 
maximum value of electric field intensity will occur just off the surface of the 
inner conductor in all the cases. On the contrary, it has to be ascertained case 
by case considering the physical dimensions and the dielectric arrangement.

PROBLEM 7.1
A single-core, lead sheathed cable joint has a conductor of 10 mm diameter 
and two layers of different insulating materials, each 10 mm thick. The rela-
tive permittivities are 3 and 2.5 for inner and outer dielectrics, respectively. 
Calculate the potential gradient just off the conductor surface, when the 
potential difference between the conductor and lead sheath is 33 kVrms.

Solution:
Given: εr1 =  3 and εr2 =  2.5, r1 =  (10/2) =  5 mm, r2 =  5 +  10 =  15 mm and 
r3 = 15 + 10 = 25 mm.

Therefore, according to Equation 7.15,
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Hence, potential gradient just off the conductor surface

 Er rmskV /mm1
0 0

33
0 57 3 5

3 85=
× × ×

=
( . / )

.
ε ε

PROBLEM 7.2
A transformer bushing for 36 kVrms consists of the following:

Component Outside Diameter εr

Copper rod 4 cm
Treated paper 5 cm 3
Transformer oil 10 cm 2.1
Porcelain 15 cm 5

Find the magnitudes and locations of maximum and minimum electric field 
intensities within the bushing.

Solution:
This problem is solved in accordance with Figure  7.4 and Equations 7.15 
and 7.17.



171Multi-Dielectric Configurations

Given: εr1 = 3 and εr2 = 2.1 and εr3 = 5, r1 = 2 cm, r2 = 2.5 cm, r3 = 5 cm and 
r4 = 7.5 cm.

Therefore, according to Equation 7.15,
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Therefore, according to Figure  7.4, within paper insulation just off the 
 conductor surface

 EA rmskV /cm=
× × ×

=36
0 4855 3 2

12 36
0 0( . / )

.
ε ε

At the paper–oil boundary, on the paper side

 EB paper rmskV /cm=
× × ×

=36
0 4855 3 2 5

9 88
0 0( . / ) .

.
ε ε

At the paper–oil boundary, on the oil side

 EB oil rmskV /cm=
× × ×

=36
0 4855 2 1 2 5

14 12
0 0( . / ) . .

.
ε ε

At the oil–porcelain boundary, on the oil side

 EC oil rmskV /cm=
× × ×

=36
0 4855 2 1 5

7 06
0 0( . / ) .

.
ε ε

At the oil–porcelain boundary, on porcelain side

 EC porcelain rmskV /cm=
× × ×

=36
0 4855 5 5

2 97
0 0( . / )

.
ε ε

Within porcelain just off the Earth surface

 ED rmskV /cm=
× × ×

=36
0 4855 5 7 5

1 98
0 0( . / ) .

.
ε ε

Therefore, the maximum electric field intensity is 14.12 kVrms/cm at the oil 
side of the oil–paper boundary, and the minimum electric field intensity is 
1.98 kVrms/cm within porcelain just off the Earth surface.

PROBLEM 7.3
A conductor 2.8 cm in diameter is passed centrally through a porcelain 
 bushing (εr  =  5) having internal and external diameters of 3 and 9  cm, 
 respectively. The potential difference between the conductor and the earthed 
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metallic flange around the porcelain is 12 kVrms. Determine whether or not 
partial discharges will be present in the airspace around the conductor. Also, 
find the electric stress just off the conductor surface, if the airspace is filled 
with transformer oil (εr = 2.1).

Solution:
The arrangement as per the statement of the problem is shown in Figure 7.7. 
With reference to Figure 7.7, the given quantities are as follows:

 εr cm cm and cm2 1 2 35 1 4 1 5 4 5= = = =, . , . .r r r

Case I: When the small space between the copper rod and porcelain cover is 
filled with air. Then εr1 = 1. Therefore, according to Equation 7.15, in this case
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Within this airspace, the maximum electric field intensity will occur just off 
the conductor surface and will be

 Econd air rmskV /cm=
× ×

=12
0 2887 1 4

29 69
0 0( . / ) .

.
ε ε
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FIGURE 7.7
Pertaining to Problem 7.3.
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Breakdown strength of air is 30  kVp/cm or 21.21  kVrms/cm at standard 
 temperature and pressure (STP). Therefore, partial discharges will be present 
in the airspace.

Case II: When the small space between the copper rod and porcelain cover is 
filled with transformer oil instead of air. Then εr1 = 2.1. Therefore, according 
to Equation 7.15, in this case
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Then the maximum electric field intensity just off the conductor surface is

 Econd oil rmskV /cm=
× × ×

=12
0 2525 2 1 1 4

16 16
0 0( . / ) . .

.
ε ε

It may be seen that filling up the small space by transformer oil brings down 
the electric field intensity considerably. Moreover, transformer oil has higher 
breakdown strength than air. Therefore, partial discharges will not occur in 
the small gap.

This problem brings out an important aspect of transformer bushing 
design. Because copper and porcelain are both solid, it is very difficult to get 
a perfect contact between them. Therefore, intentionally a small gap is kept 
between these two for easy operation. But if this small space is kept filled 
with air then partial discharge is inevitable, which is undesirable. Hence, 
the solid-type bushings are always so designed that this small space is filled 
with transformer oil instead of air.

Objective Type Questions

 1. An air-filled parallel plate capacitor is charged and then the voltage 
source is disconnected from the plates. Now half of the airspace is 
filled with transformer oil, so that the oil-filled half is in series with 
air-filled half. Then

 a. The potential difference between the plates will increase
 b. The potential difference between the plates will decrease
 c. The energy stored in the capacitor will increase
 d. The energy stored in the capacitor will decrease
 2. The potential difference between the plates of an air-filled parallel 

plate capacitor is kept constant by a DC voltage source. Now half of 
the airspace is filled with pressboard (εr), so that the pressboard-filled 



174 Electric Field Analysis

half is in series with air-filled half. Then the electric field intensity in 
air will be

 a. εr
2 times the electric field intensity in pressboard

 b. εr times the electric field intensity in pressboard
 c. 1/εr times the electric field intensity in pressboard
 d. 1 2/εr  times the electric field intensity in pressboard
 3. An air-filled parallel plate capacitor is charged and then the voltage 

source is disconnected from the plates. Now a solid dielectric slab 
(εr  =  4) of thickness equal to the separation distance between the 
plates is inserted half way into the capacitor such that the air-filled 
part is in parallel with the solid-filled part. Then

 a. The potential difference between the plates will increase
 b. The potential difference between the plates will decrease
 c. The energy stored in the capacitor will increase
 d. The energy stored in the capacitor will decrease
 4. If a small void is present in a solid insulation, then the electric field 

intensity within void is
 a. Higher than that in the solid insulation
 b. Lower than that in the solid insulation
 c. Equal to that in the solid insulation
 d. Zero
 5. If a small void is present in a solid insulation, then there is very high 

probability that
 a. Complete breakdown of the insulation system will take place
 b. Breakdown of solid insulation will take place around the void
 c. Breakdown of gaseous insulation will take place within the void
 d. No breakdown will take place
 6. Impregnation of porous solid insulation is done using a liquid 

dielectric for which
 a. Dielectric strength should be same as that of the solid insulation
 b. Volume resistivity should be same as that of the solid insulation
 c. Dielectric dissipation factor should be same as that of the solid 

insulation
 d. Permittivity should be same as that of the solid insulation
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 7. For a single-core screened cable with three layers of different 
 dielectric materials arranged in co-axial form, electric field intensity 
within the second layer of dielectric is maximum

 a. At the boundary between dielectric 1 and dielectric 2
 b. At the boundary between dielectric 2 and dielectric 3
 c. In the middle of dielectric 2
 d. None of the above

Answers: 1) b; 2) b; 3) b; 4) a; 5) c; 6) d; 7) a
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8
Electrostatic Pressures on Boundary Surfaces

ABSTRACT In electrostatic field, due to the presence of surface charges 
on the boundary, there is always a mechanical pressure that acts on any 
boundary. However, the magnitude of such mechanical pressure due to elec-
trostatic field is usually small compared to the other types of mechanical 
pressure that one encounters in everyday life. But the mechanical pressures 
due to the electrostatic field have many interesting engineering applications. 
Thus, it is important to derive the general expressions for mechanical pres-
sure acting on the boundary between a perfect conductor and a dielectric as 
well as the boundary between two different dielectric media.

8.1 Introduction

There could be two different approaches towards the calculation of electro-
static force acting on any boundary. In the first approach, the macroscopic 
resultant force may be calculated by summing up the elementary electro-
static forces as obtained from Coulomb’s law. On the one hand, this approach 
should always give correct result, but on the other hand, in most of the prac-
tical cases, it is very difficult, if not impossible, to perform such calculation 
as the actual distributions of charges are mostly unknown.

The second approach is based on the principle of energy conservation and 
the electrostatic forces are derived indirectly from energy relationship. This 
approach is advantageous in the sense that the forces can be calculated conve-
niently even by analytical methods. But the accuracy of the results obtained 
from this approach depends on the validity of the principle of energy conser-
vation for the specific case under consideration. Some argue that this condi-
tion is not always satisfied and consequently this method can lead to wrong 
results in some cases. Although majority of the scientific community firmly 
believe that the principle of energy conservation has a general validity, and 
therefore this approach should always provide correct results. On the whole, 
it is better to suggest that one should use it with due circumspection and 
reservation by always verifying the results.
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8.2 Mechanical Pressure on a Conductor–Dielectric Boundary

As discussed in Section 6.2, only same polarity charges reside on the boundary 
between a perfect conductor and a dielectric medium. These same polarity 
charges, residing on the surface of the conductor, exert repulsive forces on 
each other. These forces will be of such nature that the distance between the 
charges should increase. In other words, the surface area of the  conductor–
dielectric boundary will try to increase under the influence of these repulsive 
forces. Hence, the electrostatic force on the conductor–dielectric boundary 
always acts along the normal to the boundary directed from the conductor 
to the dielectric.

The force on a conductor–dielectric boundary could be calculated using 
the expression for energy density. If an elemental area ΔA on a conductor–
dielectric boundary is depressed by a distance Δl, the increase in stored 
energy (ΔW) is equal to the work done against the electrostatic force act-
ing on the conductor–dielectric boundary trying to swell the surface. Hence, 
considering the energy density of electric field within the dielectric to be WE,

 ∆ ∆ ∆W W A l= E

Here, it has been assumed that the charge on the conductor surface remain 
unchanged even when the geometry is changed slightly. This assumption 
is valid when the conductor is an isolated one, that is, it is not connected 
to a source that could alter its charge, for example, a voltage source. Hence, 
the work done in depressing the boundary could be related directly to the 
energy content of electric field according to the law of conservation of energy.

If the electrostatic force acting against the depression of the surface is 
given by F, then the work done against this force is

 F l W A l F W A∆ ∆ ∆ ∆= =E Eor, ,  (8.1)

Electrostatic force per unit area is the mechanical pressure due to electro-
static field acting on the conductor–dielectric boundary, which is, therefore, 
given by
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Wmech cond E= =
∆

 (8.2)

Considering the surface charge density of the conductor–dielectric bound-
ary to be σ,
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 (8.3)

as D = Dn = σ, because Dt = εEt is zero on the conductor surface, as Et = 0.
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8.2.1 Electric Field Intensity Exactly on the Conductor Surface

Dimensionally, the mechanical pressure acting on the charged conductor 
surface is equal to the product of surface charge density (σ) and the elec-
tric field intensity exactly on the conductor surface (Esurface), that is, from 
Equation 8.3

 
P E Emech cond surface surface

r
or= = = =σ σ

ε
σ
ε

σ
ε ε

2

02 2 2
, ,  (8.4)

From Equations 6.8 and 6.10,

 
Ejust off the surface

r
= =σ
ε

σ
ε ε0

 (8.5)

Therefore,

 E Ejust off the surface surface= ×2  (8.6)

PROBLEM 8.1
A metallic sphere of 20 cm radius is charged with 1 µC, spread uniformly 
over the surface and is surrounded by a dielectric medium having a relative 
permittivity of 5. Find the electric field intensity just off the sphere and also 
on the sphere. Find also the mechanical pressure acting on the sphere.

Solution:
Sphere radius = 20 cm = 0.2 m

Sphere surface area = 4π × (0.2)2 = 0.5026 m2

Therefore, surface charge density (σ) = (1 × 10−6)/0.5026 = 1.989 × 10−6 C/m2.
Electric field intensity just off the sphere surface = (1.989 × 10−6)/(5 × 8.854 × 

10−12) = 44.94 × 103 V/m.
Electric field intensity exactly on the sphere surface = (44.94 × 103)/2 = 

22.47 × 103 V/m.
Therefore, mechanical pressure acting on the sphere surface = 1.989 × 10−6 × 

22.47 × 103 = 0.0447 N/m2.

8.2.2 Electrostatic Forces on the Plates of a Parallel Plate Capacitor

In order to get a simple analytical solution, consider that the distance between 
the plates (l) of the capacitor is much smaller than the area of the plates (A). 
In that case, it may be assumed that the E-field between the plates is homoge-
neous, and the effect of the inhomogeneity of E-field at the edges, commonly 
known as fringing, may be neglected. The charge may also be assumed to 
be distributed uniformly over the plates, that is, the charge density may be 
assumed to be known for the application of Coulomb’s law.
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Capacitance of the parallel plate capacitor (C) = εA l/ .
Let the potential difference between the two plates of the capacitor be V.
Therefore, the uniformly distributed charge on the plates of the capacitor 

(Qplate) = C × V = εAV l/  and the electric field intensity within the dielectric of 
the capacitor ( ) /E V l= .

As discussed in Section 8.2.1, electric field intensity exactly on the plate 
surface is given by
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 (8.7)

Therefore, from Coulomb’s law, the electrostatic force acting on the capacitor 
plates is given by
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Again, according to Equation 8.2 mechanical pressure acting on the plates
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Hence, the electrostatic force acting on the capacitor plates is
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which is the same as that of Equation 8.8.
Equation 8.8 is very useful because if the force could be measured when 

the voltage is unknown, then the voltage can be calculated from the above 
formula from the knowledge of the capacitor dimensions. In fact, the mea-
surement of voltage by electrostatic voltmeter is based on this principle.

PROBLEM 8.2
For an air-filled parallel plate capacitor, the area of the plates is 50 cm2 and 
the separation distance between the plates is 5 mm. What will be the maxi-
mum electrostatic force on the capacitor plates at standard temperature and 
pressure?

Solution:
Breakdown strength of air at standard temperature and pressure (STP) is 
30 kV/cm or 3 × 106 V/m. That will be the maximum possible electric field 
intensity within the parallel plate capacitor.
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Therefore, the maximum electrostatic pressure on the capacitor plates is

 
Pplate

2N/m
max

. ( ) .= × × × × =−1
2

8 854 10 3 10 39 8412 6 2

 
Fplate N.

max
. .= × × =−39 84 50 10 0 1994

8.3 Mechanical Pressure on a Dielectric–Dielectric Boundary

Mechanical pressure due to electrostatic field that act on a dielectric– 
dielectric boundary arise due to two reasons. The first one is the polar-
ization of atoms and/or dipoles in the volume of the dielectric media 
under the action of electric field, while the second one is the change in the 
polarization vector that takes place at the boundary between two different 
dielectric media. These two mechanical pressures need to be discussed 
separately.

8.3.1 Mechanical Pressure due to Dielectric Polarization

Consider a homogeneous isotropic dielectric piece of small volume placed in 
vacuum within an electric field. The atoms and/or dipoles within this dielec-
tric volume will be polarized under the action of the electric field. Because 
each atom and/or dipole consists of positive and negative charge, it may be 
considered that under the action of the electric field a uniformly distributed 
cloud of negative charges is shifted through a small distance from a uni-
formly distributed cloud of positive charges. The same polarity charges by 
mutual repulsion develop an outward force, which tends to swell the small 
dielectric volume into the surrounding vacuum.

The dielectric volume, being small enough, will not alter the electric field 
intensity due to the external field within which it is placed. But due to dielec-
tric polarization, the electric flux density within the dielectric volume will be 
higher due to higher permittivity of the dielectric compared to vacuum for 
the same electric field intensity.

In the absence of dielectric medium, energy density of electric field will be 
given by

 
W EE vacuum

= 1
2

0
2ε  (8.10)
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and in the presence of dielectric medium, energy density of electric field for 
the same electric field intensity within the same volume will be given by

 
W EE dielectric

= 1
2

2ε  (8.11)

Due to electrostatic repulsive force, if unit area of the surface of the small 
dielectric volume expands through a small distance dl in the normal direc-
tion, then the difference in stored energy is equal to the mechanical work done 
by the repulsive forces, if no heat energy is lost. Let the force on the dielectric 
boundary due to dielectric polarization be Fpol. Then the  mechanical work 
done by Fpol is given by

 
Work done pol= × = − × ×F dl E dl
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2( )ε ε

 
or pol, ( )
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2

0
2= −ε ε  (8.12)

This force per unit area, that is, mechanical pressure, acts normally on the 
boundary directed from the dielectric to vacuum.

When two different dielectric meet at a boundary, then the mechanical 
pressure by which each dielectric tends to push the boundary normally out-
wards could be computed using Equation 8.12. The difference in these two 
pressures is the net pressure acting on the dielectric–dielectric boundary 
due to dielectric polarization.

The mechanical pressure on the boundary due to dielectric 1 alone, that is, 
when dielectric 2 is replaced by vacuum, is given by

 
P Emech dielctric1-vacuum

= −1
2

1 0 1
2( )ε ε  (8.13)

This pressure given by Equation 8.13 acts normally from dielectric 1 to vac-
uum on the boundary.

Again, the mechanical pressure on the boundary due to dielectric 2 alone, 
that is, when dielectric 1 is replaced by vacuum, is given by

 
P Emech dielctric2-vacuum

= −1
2

2 0 2
2( )ε ε  (8.14)

This pressure given by Equation 8.14 acts normally from dielectric 2 to vac-
uum on the boundary.

The difference in these two pressures as given by Equations 8.13 and 8.14 
is the net pressure acting on the boundary due to dielectric polarization. 
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Considering the normal on the dielectric–dielectric boundary to be from 
dielectric 1 to dielectric 2,
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as andt t t n n nE E E D D D1 2 1 2= = = = .

8.3.2  Mechanical Pressure on Surface Film 
at the Dielectric–Dielectric Boundary

Consider a boundary between a homogeneous isotropic dielectric medium 
and vacuum, as shown in Figure 8.1. For a boundary having no free charge, 
the boundary conditions are E1t = E2t and D1n = D2n.

Within the dielectric medium D E E P1 1 1 0 1 1= = +ε ε , where P1 is the polariza-
tion vector in the dielectric medium. Hence, P D E1 1 0 1= − ε .

On the other hand, within vacuum D E2 0 2= ε  and hence, P2 = 0.
Thus, as one crosses the boundary the polarization vector drops from a 

finite value within the dielectric medium to zero in vacuum. But this change 

Boundary

P1n

Normal to
boundary

E1, D1, P1

P1 = D1 − ε0E1 P2 = 0

E2, D2

Dielectric (ε1) Vacuum (ε0)

FIGURE 8.1
Change of polarization vector at dielectric–vacuum boundary.
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in polarization vector cannot occur at one line of infinitesimal thickness 
 representing the boundary. On the contrary, such change in polarization 
vector occurs within a thin film of finite but very small thickness within the 
dielectric medium just off the boundary.

Consequently, this boundary film needs to be studied closely. Because only 
a normal displacement of the boundary film will expand the boundary, only 
the normal components of electric flux density and polarization vector are 
considered. The normal component of electric flux density remains constant 
inside the boundary film. But, the normal component of electric field intensity 
as well as the normal component of polarization vector vary gradually and 
finally assume the values equal to those just outside the film on the vacuum 
side of the boundary. Such variation is schematically shown in Figure 8.2.

Within the boundary film, the polarization vector is P D En n n= − ε0 .
Therefore, dP dEn n= −ε0  as Dn is constant within the film.
Now, consider a thin strip of thickness ds within the film such that the dis-

tance of the strip from the beginning of the film is S, as shown in Figure 8.2. Also 
consider that ds be the separation distance between the positive and negative 
charges of the atoms and/or dipoles within this strip. At a distance S, the nega-
tive charges of the atoms lie in a field of intensity En and at a distance S + ds, the 
positive charges lie in a field of E dEn n+ . Hence, each dipole charge is subjected 
to a force per unit of dEn towards right according to Figure 8.2. But the polariza-
tion vector being Pn, there are Pn charges per unit area. Thus, the force per unit 
area, that is, mechanical pressure, acting towards right on the thin strip is

 
d P P dE P dPmech film n n n n= = − 1

0ε

Film

D1n
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P2 = 0

O S ds

ε0E1n

Dielectric (ε1)

Dn

Bo
un

da
ry

Vacuum (ε0)

FIGURE 8.2
Variation of electric field quantities within the boundary film.
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Therefore, total mechanical pressure acting on the entire film is
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Thus, when two dielectric media meet at a boundary, the normal pressure 
that acts on the boundary film from dielectric 1 to dielectric 2 may be com-
puted following the same logic as in the case of Equations 8.13 through 8.15. 
Therefore,
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8.3.3 Total Mechanical Pressure on the Dielectric–Dielectric Boundary

Total mechanical pressure on the boundary between two dielectric media push-
ing the boundary from dielectric 1 to dielectric 2 is the sum of Equations 8.15 
and 8.18. Therefore,
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Equation 8.20 may also be written as
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 as andt t t n n nE E E D D D1 2 1 2= = = =

Equation 8.21 can be used to find the mechanical pressure acting on the 
 conductor–dielectric boundary, by considering ε1 = ∞ for the conductor and 
noting the boundary conditions on the conductor–dielectric boundary as 
Et = 0 and hence D = Dn. Then putting ε ε2 =  for the dielectric surrounding 
the conductor in Equation 8.21

 
P

D
mech cond
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2

2ε

which is the same as Equation 8.3.

PROBLEM 8.3
There is a paper-insulated transformer coil immersed in oil. εr for paper = 3 and εr 
for transformer oil = 2.1. There is a normal electric stress of 25 kV/cm and a tan-
gential electric stress of 10 kV/cm just within the paper at the paper–oil bound-
ary. Calculate the total mechanical pressure acting on the paper–oil boundary.

Solution:
Given: E1n = 25 kV/cm = 25 × 105 V/m and E1t = 10 kV/cm = 106 V/m 

Therefore,
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PROBLEM 8.4
A rectangular slab of porcelain (εr = 5) is placed in air within an electric field 
such that the surface of the porcelain slab is perpendicular to the electric 
fieldlines. Find the maximum possible mechanical pressure acting on the 
porcelain–air boundary at standard temperature and pressure.

Solution:
Because the boundary is perpendicular to the electric fieldlines in air, the 
air side of the boundary Et = 0. Again the maximum value of electric field 
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intensity in air is 30 kV/cm at standard temperature and pressure. Therefore, 
on the air side of the boundary En−max = 30 kV/cm or 3 × 106 V/m.

Therefore, the maximum possible mechanical pressure acting on the por-
celain–air boundary is
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8.4  Two Dielectric Media in Series between 
a Parallel Plate Capacitor

Consider a parallel plate capacitor having two dielectric media in series 
between the plates such that the boundary between the dielectric media is 
parallel to the plates, as shown in Figure 8.3. In this case, electric fieldlines 
will be perpendicular to the boundary. According to the boundary condition, 
normal component of electric flux density will be same in both the dielectric 
media, but the magnitude of electric field intensity will be different in the 
two dielectrics. Further, because the tangential component of electric field 
is zero, as the electric flux lines are perpendicular to the boundary, hence 
D = Dn.

Let the potential difference across the dielectric 1 (ε1) is V1 and that across 
the dielectric 2 (ε2) is V2. Then
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FIGURE 8.3
Two dielectric media in series between a parallel plate capacitor.
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Hence,
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Mechanical pressure acting on the plates will be equal to energy density of 
electric field just off the plates, that is, ( / )1 2 2εE . Considering the area of the 
plates to be A,

Mechanical force acting on the top plate
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where:
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Similarly, mechanical force acting on the bottom plate
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The force F1 acts on the top plate directed towards dielectric 1, whereas the 
force F2 acts on the bottom plate directed towards dielectric 2. Thus, F1 and F2 
are in opposite direction and F1 > F2 as ε1 < ε2.

Therefore, it appears that there is a resultant unidirectional reaction-less force 
acting on the capacitor. But this is not true, because the force acting on the bound-
ary surface between the two dielectric media has to be taken into account, too.

From Equation 8.21 the mechanical force on the dielectric–dielectric 
boundary is given by
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In Equation 8.21 the mechanical pressure is assumed to be acting from 
dielectric 1 to dielectric 2. As ε1 < ε2, F3 as per Equation 8.25 is negative indi-
cating that the force F3 acts towards the dielectric of smaller permittivity, that 
is, towards dielectric 1.

Thus, the net electrostatic force acting on the capacitor is
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8.5  Two Dielectric Media in Parallel between 
a Parallel Plate Capacitor

Consider a parallel plate capacitor having two dielectric media in parallel 
between the plates such that the boundary between the dielectric media is 
perpendicular to the plates, as shown in Figure 8.4. In this case, the electric 
fieldlines will be tangential to the boundary. According to the boundary con-
dition, tangential component of electric field intensity will be the same in 
both the dielectric media, but the magnitude of electric flux density will be 
different in the two dielectrics.

In this case,
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The mechanical force acting on the part of the plate in contact with dielectric 
1 is given by
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The forces acting on the two plates within the section of the capacitor 
 containing dielectric 1 will be equal to F1 but will act in opposite directions.

The mechanical force acting on the part of the plate in contact with dielec-
tric 2 is given by
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FIGURE 8.4
Two dielectric media in parallel between a parallel plate capacitor.
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The forces acting on the two plates within the section of the capacitor 
 containing dielectric 2 will be equal to F2 but will act in opposite directions. 
If A1 = A2, then F2 > F1 as ε2 > ε1. But the net force on the capacitor plates will 
always be zero due to the presence of equal and opposite forces on the plates.

But there will be mechanical force acting on the boundary between the 
two dielectric media, which according to Equation 8.21 is given by
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where:
Ab = area of the dielectric–dielectric boundary

As stated earlier, in Equation 8.21, the mechanical pressure is considered to 
be acting from dielectric 1 to dielectric 2. As ε1 < ε2, F3, as per Equation 8.28, 
is negative, which indicates that the force F3 acts towards the dielectric of 
smaller permittivity, that is, from dielectric 2 to dielectric 1.

8.5.1 Electrostatic Pump

The mechanical force acting on the dielectric–dielectric boundary, as dis-
cussed in Section 8.5, can be demonstrated practically with the help of the 
arrangement shown in Figure 8.5, which is also known as electrostatic pump.

If a charged parallel plate capacitor with air between the plates is partially 
submerged in a liquid dielectric, as shown in Figure 8.5, then the mechanical 
force on liquid–air boundary within the capacitor will act from the liquid 
dielectric to air, as the permittivity of air is smaller than the permittivity 
of liquid dielectric. Hence, this mechanical force will push the liquid up 
between the plates against the force of gravity. When the electrical force on 
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ε0
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 +
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FIGURE 8.5
Demonstration of electrostatic pump.
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the boundary and the weight of the liquid column between the  capacitor 
plates become equal, then the upward movement of the liquid dielectric 
between the plates stops, and the surface of the liquid dielectric between 
the capacitor plates remains at a higher level than the surface of the liquid 
dielectric in the container.

As per Equation 8.28, the mechanical force on the liquid–air boundary 
 acting towards air is
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where:
lw = width of the plates normal to the plane of the paper
l = separation distance between the capacitor plates
V = potential difference between the capacitor plates

The gravitational force on the liquid column between the capacitor plates is

 F hl lggravity w= ρ  (8.30)

where:
h = height of the liquid column between the capacitor plates
ρ = density of the liquid dielectric
g = acceleration due to gravity

At equilibrium Fgravity = Fdielectric boundary, that is,
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In the case of electrostatic pump, for a given liquid dielectric and for fixed 
dimensions of the capacitor, the height of the liquid column between the 
capacitor plates can be controlled by controlling the voltage applied across 
the plates.

PROBLEM 8.5
A parallel plate capacitor with air between the plates is submerged into trans-
former oil in a container in such a way that the top surface of transformer oil in 
the container is perpendicular to the capacitor plates. The potential difference 
between the capacitor plates is 15 kV and the separation distance between the 
plates is 6 mm. Density of transformer oil is 860 kg/m3. Calculate the height of 
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the transformer oil column between the capacitor plates if εr for transformer 
oil = 2.1. What will be the height of the liquid column if transformer oil is 
replaced by water for which density is 1000 kg/m3 and εr is 80?

Solution:
Given: ρoil  =  860  kg/m3, εr of oil  =  2.1, V  =  15  kV  =  15  ×  103  V and 
l = 6 mm = 6 × 10−3 m

Acceleration due to gravity (g) = 9.81 m/s2

Therefore,
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If transformer is replaced by water, then ρwater = 1000 kg/m3, εr of water = 80.
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Objective Type Questions

 1. Mechanical pressure acting on a charged conductor surface due to 
electrostatic field is equal to

 a. Energy density of electrostatic field
 b. Surface charge density on the conductor
 c. Square of the surface charge density on the conductor
 d. Square of electric flux density on the conductor
 2. Mechanical pressure acting on a charged conductor surface due to 

electrostatic field is proportional to
 a. Square of the electric potential of the conductor
 b. Square of the electric field intensity on the conductor
 c. Square of the surface charge density on the conductor
 d. Square of the permittivity of the dielectric surrounding the 

conductor
 3. Electric field intensity exactly on the conductor surface is equal to
 a. Electric field intensity just off the conductor surface
 b. Half of the electric field intensity just off the conductor surface
 c. Twice the electric field intensity just off the conductor surface
 d. Square of the electric field intensity just off the conductor surface
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 4. Mechanical pressure acting on the boundary between a dielectric 
and vacuum due to dielectric polarization is proportional to

 a. The electric field intensity within the dielectric
 b. The electric flux density within the dielectric
 c. Square of the electric field intensity within the dielectric
 d. Square of the electric flux density within the dielectric
 5. Mechanical pressure on the boundary between two dielectric media 

due to electrostatic field acts on the boundary
 a. Normally towards the dielectric having lower permittivity
 b. Normally towards the dielectric having higher permittivity
 c. Tangentially in the clockwise sense
 d. Tangentially in the anti-clockwise sense
 6. Within the surface film at the boundary between a dielectric and 

vacuum, the polarization vector
 a. Remains constant
 b. Varies linearly with distance
 c. Varies from the finite value within the dielectric just off the 

boundary to infinity on the vacuum side of the boundary
 d. Varies from the finite value within the dielectric just off the 

boundary to zero on the vacuum side of the boundary
 7. From the known values of the dimensions of a parallel plate capaci-

tor, the potential difference between the plates can be conveniently 
obtained from the measurement of

 a. Surface charge density on the capacitor plates
 b. Electric flux density between the capacitor plates
 c. Polarization vector between the capacitor plates
 d. Mechanical force acting on the capacitor plates
 8. For a parallel plate capacitor having two dielectric media in series 

between the plates, mechanical pressure due to electric field is 
highest

 a. On the plate having the dielectric of higher permittivity next to it
 b. On the plate having the dielectric of lesser permittivity next to it
 c. On the dielectric–dielectric boundary acting towards the dielec-

tric of higher permittivity
 d. On the dielectric–dielectric boundary acting towards the dielec-

tric of lesser permittivity
 9. A parallel plate capacitor with air between the plates is submerged 

into a liquid dielectric in a container in such a way that the top sur-
face of the liquid in the container is perpendicular to the  capacitor 



194 Electric Field Analysis

plates. Then the surface of the liquid dielectric column between the 
 capacitor plates will be

 a. At a higher level than the surface of the liquid within the 
container

 b. At a lower level than the surface of the liquid within the container
 c. At the same level as that of the surface of the liquid within the 

container
 d. Parallel to the capacitor plates

Answers: 1) a; 2) c; 3) b; 4) c; 5) a; 6) d; 7) d; 8) b; 9) a
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9
Method of Images

ABSTRACT There are many electric field problems involving one or 
more types of charges in the presence of conducting surfaces with specific 
boundary conditions, which are difficult to satisfy, if the governing field 
equation such as Poisson’s or Laplace’s equations is to be solved directly. 
Very often these problems do not exhibit any symmetry. However, some-
times the placement of additional fictitious charges of appropriate mag-
nitude at suitable locations does provide a solution to such problems 
depending on the geometry of the equipotential conducting surfaces. 
These fictitious charges are called image charges and the electric field dis-
tribution can then be determined in the region excluding that occupied 
by the image charges in a straightforward manner. Thus, without solving 
Poisson’s or Laplace’s equations, this method can give solutions to prob-
lems, which are otherwise difficult to obtain. This method of replacing the 
equipotential conducting surfaces by appropriate image charges in place 
of direct solution of Poisson’s or Laplace’s equations is called the method of 
images. It is possible to use this method when the boundary involves linear 
or curved surface.

9.1 Introduction

To explain the idea behind the method of images, consider two distinctly 
different electrostatic problems. The real problem is the one in which a 
charge density is given in a finite domain V bounded by its surface S with 
specific boundary conditions on S. The other is a fictitious problem in which 
the charge density within the finite domain V is the same as that for the real 
problem, but the boundary surfaces are replaced by suitable fictitious charge 
distribution located outside the domain V. If the fictitious charge distribution 
is so chosen that the solution to the fictitious problem satisfies the boundary 
conditions specified in the real problem, then the solution to the fictitious 
problem is also the solution to the real problem. The fictitious charge distri-
bution so determined is called the image of the true charge distribution for the 
real problem.
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In other words, the idea is to convert an electrostatic problem involving 
conducting objects, which are spatially extended, in such a way that con-
ducting surfaces having given boundary conditions are replaced by a finite 
 number of appropriately chosen and suitably placed discrete charges known 
as image charges. Image charges are always located outside the region where 
the field is to be determined. While doing this replacement of boundary sur-
faces by image charges, the original boundary conditions of the real prob-
lem are retained. Thus, the more complicated original problem could then be 
solved as a relatively simpler problem having known charge configuration.

9.2  Image of a Point Charge with Respect 
to an Infinitely Long Conducting Plane

Consider a point charge of positive polarity and magnitude Q located at a 
height z1 from an infinitely long conducting plane present at z = 0, as shown 
in Figure 9.1, such that the location of the point charge is given by (x1,y1,z1). 
As discussed in Section 1.7.2, an infinitely long conducting plane, which is 
also an equipotential surface, will have zero electric potential. The practical 
example of such a plane is the earth surface. In fact, in any electric field dis-
tribution the earth surface having zero potential plays a significant role and 
hence taking the image of a point charge with respect to an infinitely long 
conducting plane takes into account the effect of the grounded earth surface 
of zero potential in electric field calculation.

+Q

Infinitely long
conducting plane

(x1,y1,z1)

(x1,y1,−z1)

R2

R1
P

(x,y,z)

z = 0

−Q

FIGURE 9.1
Point charge near an infinitely long conducting plane.
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Considering the conducting plane to be the x–y plane, the problem is to find 
a solution for electric field in the region z > 0. This solution can be obtained 
by solving Laplace’s equation with the following conditions:

 1. The solution ϕ(x,y,z) will be valid at every point for z > 0 except the 
location of the point charge.

 2. The potential at all the points on the conducting plane is zero, that is, 
ϕ(x,y,0) = 0.

 3. The potential approaches zero as the distance from the charge 
approaches infinity.

It is not easy to find a solution to Laplace’s equation that satisfies all the above 
conditions.

The problem can also be viewed from another angle. The positive polar-
ity point charge at z  =  z1 will induce negative polarity charges on the 
surface of the conducting plane. Say, the induced surface charge density 
is −σs. Then the electric field at any point in the region z > 0 will be due 
to the point charge and the induced surface charges. But the difficulty is 
that σs needs to be determined using the boundary condition ϕ(x,y,0) = 0, 
before the solution to electric field in the region z > 0 could be obtained. 
Furthermore, the evaluation of the surface integral to obtain the field due 
to the induced charges is not an easy task. From all these considerations, 
taking the image of the point charge with respect to the infinitely long 
conducting plane to replace the plane by the image charge is an easy and 
practical methodology.

The electric potential at a distance r from a point charge is given by Q r/( ).4 0πε  
Considering the spherical symmetry of the field due to a point charge, it 
may be seen that the electric field due to a point charge is dependent only 
on r-coordinate in spherical coordinate system and is independent of θ and 
ϕ coordinates. Hence, this electric potential satisfies Laplace’s equation in 
spherical coordinates as follows:
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Consider that the infinitely long conducting plane is replaced by a fictitious 
discrete point charge of magnitude Q1 located at (x1,y1,−z2). Because the field 
due to a point charge satisfies Laplace’s equation, the field due to the real 
point charge and the image point charge will also satisfy Laplace’s equation 
at all points for z > 0 except at the location of the real point charge.

Therefore, the electric potential at any point P(x,y,z) will be given by

 
φP = +Q

R
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0 2πε πε
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where:
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From Equation 9.1, it is evident that the potential at a very large distance 
from the point charge Q will be zero.

Therefore, two of the above-mentioned three conditions are satisfied by 
Equation 9.1. In order to satisfy the third condition, ϕP at any point on the con-
ducting plane has to be zero. From Equation 9.1, it is obvious that the polarity 
of Q1 has to be negative to satisfy this condition. Furthermore, the following 
has to be satisfied at all the points on the conducting plane
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The best solution for Equation 9.2 is obtained when the magnitude of the 
image charge (Q1) is equal to the magnitude of the real charge (Q) and location 
of the image charge is such that the magnitudes of R1 and R2 are equal at all the 
points on the conducting plane. From the expressions of R1 and R2, it is clear 
that for z = 0, R1 will be equal to R2 if z1 = z2. Therefore, the third condition will 
also be satisfied if Q1 = −Q and the location of the image charge is at (x1,y1,−z1).

Thus, the combination of the real charge Q located at (x1,y1,z1) and the image 
charge −Q located at (x1,y1,−z1) satisfies all the three conditions stated above. 
Hence, the electric field in the region z > 0 due to the real point charge +Q 
and  the infinitely long conducting plane will be the same as that due to 
+Q and −Q located as mentioned above.

Therefore, the electric potential at any point P(x,y,z) for z > 0 will be given by
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where:
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In Cartesian coordinates, electric field intensity at any point P(x,y,z) for z > 0 
will be given by
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where:
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For any point very near to the conducting plane, that is, z → 0, R1 ≈ R2. Hence, 
ExP and EyP will be zero. Thus,
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 (9.5)

Equation 9.5 gives the negative surface charge density induced on the con-
ducting plane by the positive polarity real point charge.

This problem can also be viewed from a different perspective. The field 
due to the real point charge and the image point charge is the same as that 
due to a spatially extended electric dipole. Considering spherical coordinates 
and assuming that the electric dipole to be oriented along the axis of sym-
metry, as shown in Figure 9.2, electric potential and electric field intensity 
can be expressed in spherical coordinates.

With reference to Figure 9.2,
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Equations 9.7 and 9.8 are the expressions for the electric field due to an  electric 
dipole of dipole moment 

� �M Qhk= 2 , as shown in Figure 9.2.
However, it is to be noted here that the solution obtained with the help of 

image charge is valid only for the region z > 0 as for z < 0 the region is below 
an infinitely long conducting plane whose potential is zero and hence for 
z < 0, the electric field is zero. The image charge does not exist in reality as it 
is a fictitious charge.

9.2.1 Point Charge between Two Conducting Planes

Consider two conducting planes making an angle θ between them, as shown 
in Figure  9.3a, such that 2π is integer multiple of θ. Consider also that the 
potential of the conducting planes is zero and there is a point charge +Q in the 
wedge-shaped space between the two conducting planes. A direct solution of 
Laplace’s equation subject to boundary condition of zero electric potential on 
the conducting planes would be quite difficult. However, this problem could 
be solved by introducing image charges considering the conducting planes 
as mirrors. Then n number of image charges are introduced at each location 
where the conducting planes acting as mirrors would form images of the real 
point charge, where n =  (2π/θ) −  1. Such images are shown in Figure 9.3a, 
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OM = 2Qhk
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z = 0

k

FIGURE 9.2
Electric dipole formed by the real and image charges.
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where θ = 60°. The pair of charges +Q and −Q separated by 2h1, 2h2, 2h3, 2h4, 
2h5 and 2h6 will make the potential zero for Plane A, Plane B, Plane A, Plane 
B, Plane B and Plane A, respectively. The solution then will be unique as the 
boundary conditions are satisfied. But this solution will be valid only in the 
wedge-shaped space between the two conducting planes. Another case of 
two conducting planes making an angle θ = 90° is shown in Figure 9.3b.

9.3  Image of a Point Charge with Respect 
to a Grounded Conducting Sphere

Image of a charge is not necessarily to be taken with respect to infinitely 
long plane only. It can also be taken with respect to curved surfaces such as 
sphere, cylinder and so on. To elaborate this issue, consider a point charge +Q 
located at distance d from the centre (O) of the sphere of radius a (a < d), as 
shown in Figure 9.4. Consider also that the electric potential of the sphere is 
zero. The field due to the point charge and the grounded sphere in the region 
outside the sphere could be determined by replacing the grounded sphere by 
an image point charge. From the symmetry of the system, it is evident that 
the image charge q will be of negative polarity and will be located inside the 
sphere on the line joining the centre of the sphere and the point charge, as 
shown in Figure 9.4. However, in this case, the magnitude of q will not be 
equal to Q because such a pair of charges will not result into a zero-potential 
spherical surface of radius a as required by the boundary condition.
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FIGURE 9.3
Point charge between two conducting planes: (a) between two planes making an angle θ and 
(b) between two perpendicular planes.
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Consider that the image charge is located at a distance s from the cen-
tre of the sphere, as shown in Figure 9.4. Now the problem is to determine 
the magnitude as well as the location of the image charge that satisfies the 
zero-potential boundary condition for the spherical surface. With reference 
to Figure 9.4, the potential at the point P due to the point charge and its image 
is given by
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Imposition of the boundary condition φP = 0 leads to
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If α is kept constant, then r r2 1/ = constant is the equation of a sphere. Hence, 
the problem now is to find the constant α.

For the point 1, as shown in Figure 9.4, α = = − −r r a s d a2 1/ ( )/( ) and for the 
point 2, as shown in Figure 9.4, α = = + +r r a s d a2 1/ ( )/( ).
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Because the radius of the sphere and the location of the point charge are 
known, the constant α can be computed from the ratio of a and d, as given 
by Equation 9.11.
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FIGURE 9.4
Point charge near a grounded sphere.
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Therefore, the magnitude of the image charge is given by
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and the location of the image charge is given by
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Considering the line joining the point charge and its image passing through 
the centre of the sphere to be along the z-axis and the centre of the sphere to 
be the origin, as shown in Figure 9.4, and also taking into account the spheri-
cal symmetry of the configuration, the field can be expressed in spherical 
coordinates as follows.

With reference to the point P of Figure 9.4,
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Similarly, for any point in the field region for which r is the distance of the 
point from the origin, that is, the centre of the sphere, and θ is the angle 
between r and d
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Therefore, the electric potential at any point due to the point charge and its 
image is given by
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Therefore,
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Now, r-component of electric field intensity is the normal component on the 
sphere surface. Therefore, assuming the induced surface charge density on 
the sphere surface to be σs, the normal component of electric field intensity 
is equal to σ εs/ 0 just off the sphere surface. Equating this expression with 
the one given by Equation 9.15, the induced surface charge density on the 
grounded sphere surface is given by
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9.3.1 Method of Successive Images

Sphere-gap arrangements are very commonly used in high-voltage sys-
tem for voltage measurement. As shown in Figure 9.5, in this arrangement, 
two spheres of identical radius (a) are separated by a specific distance s, 
where one sphere is charged while the other is earthed. The field within 
the sphere gap due to the two spheres could be analyzed with the help 
of image charges, as described in Section 9.3. The live sphere of potential 
V is at first replaced by a charge of magnitude Q aVA = 4 0πε  located at 
the centre of the live sphere. Then to keep the potential of the grounded 
sphere at zero, −q1 is introduced within the grounded sphere, which is 
the image of QA, as shown in Figure 9.5. The magnitude and location of 
q1 are given by

 
q

a
d

Q s
a
d

1 1

2

= =A and  (9.17)

Live
sphere

ϕA = V

+QA +q2 A B
a

s

s3

s1

d

s2

s4

+q4 −q3 −q1

ϕB = 0

a

Grounded
sphere

FIGURE 9.5
Method of successive imaging as applied to sphere-gap arrangement.
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But the introduction of −q1 will make the potential of live sphere different 
from V. Therefore, to keep the potential of live sphere equal to V, +q2, which is 
the image of −q1, is introduced within the live sphere such that the potential 
of live sphere due to +q2 and −q1 will be zero. As a result, the potential of live 
sphere due to +QA, −q1 and +q2 will be again V. The magnitude and location 
of q2 are given by
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But the introduction of +q2 will make the potential of grounded sphere dif-
ferent from zero. Therefore, −q3 is introduced within the grounded sphere 
as the image of +q2 to make the potential of the grounded sphere equal to 
zero. Further, the introduction of −q3 warrants introduction of +q4 within the 
live sphere and so on. In this way, there will be an infinite series of charges 
within the two spheres: positive charges such as +QA, +q2 and +q4 within the 
live sphere and negative charges such as −q1 and −q3 within the grounded 
sphere. This method of taking successive image charges within the two 
spheres is known as the method of successive imaging. It may be seen from 
Equations 9.17 and 9.18 that each successive image charge is smaller in mag-
nitude and gradually shifts towards the surface of the sphere within which it 
is located. In all practicality, it is adequate to take the first few images within 
the two spheres to achieve reasonably good accuracy in the computation 
of electric field. In the sphere-gap arrangement, maximum value of electric 
field intensity occurs at the so-called sparking tips of the spheres, namely, 
points A and B, as shown in Figure 9.5. This maximum electric field intensity 
can be obtained as
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As discussed in Section 4.7, E V sav = /
Therefore, field factor ( f) for sphere-gap arrangement is as follows:
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Variation of field factor ( f) with gap distance (s) in the case of sphere-gap 
arrangement is presented in Table  9.1. It may be seen from Table  9.1 that 
the deviation from a uniform field ( f = 1) for s/a = 0.2 is 6.8%, whereas that 
for s/a = 1.0 is 36.6%. Accuracy of voltage measurement by the sphere gap 
depends significantly on the degree of field non-uniformity between the two 
spheres. Hence, it is recommended in practice that the gap distance should 
not be made more than the radius of the spheres.
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PROBLEM 9.1
Two spheres of 25 cm diameter have a gap distance of 2.5 cm between them. 
Determine the breakdown voltage of the sphere gap in air at standard tem-
perature and pressure (STP).

Solution:
Given s = 2.5 cm and a = (25/2) = 12.5 cm.

Therefore, s a/ . / . . .= =2 5 12 5 0 2  Correspondingly, field factor ( f) = 1.068.
Emax corresponding to breakdown of air at STP is 30 kVp/cm.

Therefore,
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9.3.2 Conducting Sphere in a Uniform Field

The problem of a conducting sphere placed in a uniform external field can be 
solved with the help of image charges, as discussed in Section 9.3. As shown 
in Figure 9.6, consider that the centre of the sphere is located at the origin O. 
The uniform external field is assumed to be created by two point charges −Q 
and +Q located at (0,0,d) and (0,0,−d), respectively. The field due to these two 
charges at the origin is given by

 E
Q

d
u0 z= 2

4 0
2πε


 (9.21)

If d is very large compared to the radius of the sphere a, then the field intensity 
will have approximately the value given by Equation 9.21 in the proximity of 
the sphere. The difference becomes negligibly small when (d/a) → ∞. Then the 
configuration is equivalent to a conducting sphere in a uniform external field.

TABLE 9.1

Variation of Field Factor with Gap Distance for Sphere Gap

s/a 0.2 0.4 0.6 0.8 1.0
f 1.068 1.139 1.212 1.288 1.366
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To solve this problem, two image charges +q and −q are placed at (0,0,+s) 
and (0,0,−s), respectively, where s = (a2/d). This will make the potential of the 
sphere to be zero. However, the sphere can also be considered as isolated, 
that is, electrically not connected to any other body, because the total image 
charge within the sphere is zero.

Then the potential at any point in the vicinity but outside the sphere can be 
written with the help of Equation 9.14 as follows:
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The potential in the limiting condition of d → ∞,
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In Equation 9.23, the first term − = −E r E z0 0cosθ  is the potential due to the uni-
form external field and the second term is the potential due to the induced 
charge density on the surface of the sphere.
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FIGURE 9.6
Conducting sphere in a uniform external field.
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9.4  Image of an Infinitely Long Line Charge with 
Respect to an Infinitely Long Conducting Plane

Consider an infinitely long line charge of positive polarity and uniform line 
charge density +λl is located parallel to an infinitely long conducting plane 
present at y = 0 and is at a height y1 from the plane, as shown in Figure 9.7, 
such that the location of the line charge is given by (x1,y1). The configuration as 
shown in Figure 9.7 depicts the view on the cross-sectional plane perpendicu-
lar to the length of the charge and the plane. As discussed in Section 9.2, the 
practical example of such a plane is the earth surface having zero potential. 
The problem is, therefore, a two-dimensional one in Cartesian coordinates, 
where the field varies only on the x–y plane, that is, the cross-sectional plane.

Therefore, the problem is to find a solution for electric field in the region 
y > 0. As discussed in Section 9.2, this solution can be obtained by solving 
Laplace’s equation with the following conditions:

 1. The solution ϕ(x,y) will be valid at every point for y > 0 except the 
location of the line charge.

 2. The potential at all the points on the conducting plane is zero, that is, 
ϕ(x,0) = 0.

 3. The potential approaches zero as the distance from the charge 
approaches infinity.

The electric potential at a distance r from an infinitely long line charge is given 
by Q R r/( )ln( / )2 0πε , where R → ∞. Considering the cylindrical symmetry of 
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FIGURE 9.7
Infinitely long line charge near an infinitely long conducting plane.
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the field due to an infinitely long line charge, it may be seen that the electric 
field due to an infinitely long line charge is dependent only on r-coordinate 
in cylindrical coordinate system and is independent of θ and z coordinates. 
Hence, this electric potential satisfies Laplace’s equation in cylindrical coor-
dinates as follows:
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Similar to the discussion of Section 9.2, the infinitely long conducting plane 
is replaced by a fictitious line charge of the uniform line charge density −λl 
located at (x1,−y1), which is the image of the real line charge. Because the 
field due to an infinitely long line charge satisfies Laplace’s equation, the 
field due to the real line charge and the image line charge will also satisfy 
Laplace’s equation at all points for y > 0 except at the location of the real 
line charge.

Therefore, the electric potential at any point P(x,y) will be given by
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where:
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From Equation 9.25, it is evident that the potential at a very large distance 
from the line charge will be zero and also that the potential at all the points 
on the conducting plane at y = 0 will be zero, because at every point on the 
plane R1 = R2.

In Cartesian coordinates for a two-dimensional system, the electric field 
intensity at any point P(x,y) for y > 0 will be given by
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For any point very near to the conducting plane, that is, y → 0, R1 ≈ R2. Hence, 
ExP will be zero. Thus
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Equation 9.27 gives the negative surface charge density induced on the con-
ducting plane by the positive polarity real line charge.

From Equation 9.25, an expression for the equipotential surface can be 
obtained as follows:
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Equation 9.28 shows that the equipotentials are circles of radius ( )/( )2 11
2α αy −  

having centre at x y1
2 2

11 1, ( )/( )α α+ −  on the cross-sectional plane. For the 
infinite conducting plane of zero potential α = 1. For equipotentials above 
the infinite conducting plane α > 1 and those below the infinite conducting 
plane α < 1. In physical terms, the equipotentials are circular cylinders with 
axes parallel to the two line charges, as shown in Figure 9.8. As α increases 
the radius of the cylinder increases and the axis of the cylinder shifts further 
away from the line charge.

The equipotentials below the conducting planes do not have any physi-
cal meaning as the electric field is zero below the infinitely long conducting 
plane. But the equipotentials, as shown in Figure 9.8, give an important idea 
that two parallel cylinders having electric potentials +V and −V could be 
replaced by two infinitely long line charges. However, the line charges will 
not be located at the axes of the cylinders.
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9.5 Two Infinitely Long Parallel Cylinders

Electric field due to two parallel cylindrical transmission line conductors is 
the same as the field due to two infinitely long parallel cylinders. The cross-
sectional view of the arrangement is shown in Figure 9.9. Electric field for 
this arrangement is two dimensional in Cartesian coordinates, because the 
field does not vary along the z-axis, which is along the length of the cylin-
ders. Electric field varies only on the cross-sectional plane, which is taken as 
the x–y plane. As discussed in Section 9.4, these two parallel cylinders hav-
ing potential +V and −V could be replaced by two infinitely long line charges 
of the uniform line charge density +λl and −λl located within the respective 
cylinders, as shown in Figure 9.9. These two line charges together will cre-
ate two cylindrical equipotential surfaces of radius a having the specified 
potentials +V and −V. The charges will be located at a distance s from the 
axis of the respective cylinders. Therefore, the problem is to find the location 
of these charges.

Infinitely long
conducting plane

r3
r2

r1

r2

r3

r1

ϕ = 0

+ϕ3

+ϕ2

+λl

−λl

−ϕ1

−ϕ2

−ϕ3

+ϕ1

y = 0

FIGURE 9.8
Equipotentials for an infinitely long charge and its image with respect to an infinitely long 
conducting plane.
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With reference to Figure 9.9, the potential of the point P on the surface of 
the cylinder is

 
φP

l= λ
πε2 0

2

1
ln

R
R

For the cylinder surface to be equipotential the ratio of R2 to R1 must be constant.
Considering the point 1 on the cylinder surface, as shown in Figure 9.9,
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and for the point 2 on the cylinder surface, as shown in Figure 9.9,
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But, ϕ1  =  ϕ2. Hence, ( )/( ) ( )/( ) ( )/ /d a s a s d a s a s d s a a s+ − + = − − − = − =  (by 
componendo–dividendo)
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In the solution of s as given by Equation 9.31, the additive expression has to 
be neglected, because in that case the image charge will be located outside 
the cylinder. Therefore,
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ϕ = +V ϕ = −V

+λl −λl

y

s

a

O1 2

R1

d

a
R2

X
x

s

P

FIGURE 9.9
Two infinitely long parallel cylinders replaced by two infinitely long line charges.
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For transmission lines, d >> a and hence s ≈ 0, that is, the line charges are 
placed on the axes of the two cylinders.

Now, the potential at the point 2 on the cylinder surface, as shown in 
Figure 9.9, is +V. Hence,
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Equation 9.33 gives the magnitude of the uniform line charge density.
In the arrangement shown in Figure 9.9, maximum electric field intensity 

(Emax) occurs at the point 2, which is given by
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Right-hand side (RHS) of Equation 9.34 is in terms of the physical dimen-
sions of the arrangement and the electric potential of the cylinders and hence 
can be computed in a straightforward manner.

Again, for the physical arrangement of Figure 9.9, E V d aav = −2 2/( ).
Therefore, field factor
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Putting the value of s from Equation 9.32 in Equation 9.35 and simplifying it 
may be written that
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For transmission lines, Equation 9.36 is often modified by putting d = X + 2a, 
which yields
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Equation 9.37 represents the field factor as a function of the ratio of the gap 
distance between the two transmission line conductors (X) and the radius of 
the conductors (a).
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For high-voltage transmission lines, d >> a. As a result the field factor as 
given by Equation 9.36 reduces to
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Capacitance per unit length between the two parallel cylinders can be obtained 
from Equations 9.32 and 9.33 as follows:
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Because ln( ) cosx x x+ − = −2 11 h , for x  >  1 Equation 9.40 can be written as 
follows:

 C
d a

= −

πε0
1 2cos ( / )h

 (9.41)

PROBLEM 9.2
A long conductor of negligible radius is at a height 5 m from the earth surface 
and is parallel to it. It has a uniform line charge density of +1 nC/m. Find the 
electric potential and field intensity at a point 3 m below the line.

Solution:
The arrangement of the problem is shown in Figure 9.10. Because the con-
ductor is considered to have negligible radius, the line charge is located on 
the axis of the conductor.

With reference to Equation 9.25, λl = 1 nC/m, R1 = 3 m and R2 = 7 m.
Therefore,
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Electric field intensity components at the point P are obtained from Equation 9.26 
as follows:
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PROBLEM 9.3
Determine the breakdown voltage in air at standard temperature and pres-
sure (STP) of a 20  cm diameter cylindrical electrode placed horizontally 
with its axis 20 cm above the earth surface.

Solution:
The arrangement of the problem is shown in Figure 9.11.

With reference to Equation 9.36 d = 40 cm and a = 10 cm. Hence, (d/2a) = 2.
Therefore,
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2 2 1
1 315

2

2ln
.

5 m
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5 m
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R1 = 3 m

2 m

P

FIGURE 9.10
Pertaining to Problem 9.2.

ϕ = V

ϕ = −V

d 
= 

40
m

a = 10m

a = 10m

FIGURE 9.11
Pertaining to Problem 9.3.
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Emax corresponding to breakdown of air at STP is 30 kVp/cm.
Therefore,
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But,

 E V d aav = −( )/( )2 2

Hence,

 2 20 22 81 228 1V V/ . , , .= =or kVp

9.6 Salient Features of Method of Images

 1. Image charges are always located outside the region where the field 
is to be determined.

 2. Depending on the type of problem, the magnitude of image charge 
may or may not be the same as that of the physical charge.

 3. Depending on the type of problem, image charges may or may not 
be of polarity opposite to that of the physical charge.

 4. In the image charge system, electric field is finite on both sides of the 
imaging surface. But in the physical system, electric field is non-zero 
and finite only on one side of the imaging surface. Because energy 
in electric field is proportional to volume integral of E2, the electro-
static energy in the physical charge system is half of the electrostatic 
energy of the image charge system.

Objective Type Questions

 1. Image charge should always be placed
 a. At a finite distance within the region where field is to be computed
 b. At a finite distance outside the region where field is to be 

computed
 c. On the imaging surface
 d. At infinity
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 2. Image of a charge can be taken with respect to

 a. A finitely long conducting plane

 b. An infinitely long conducting plane

 c. A curved surface such as cylinder or sphere

 d. Both (b) and (c)

 3. Electrostatic energy in the physical charge system only is

 a. Square of the electrostatic energy of the image charge system

 b. Double the electrostatic energy of the image charge system

 c. Equal to the electrostatic energy of the image charge system

 d. Half of the electrostatic energy of the image charge system

 4. A point charge is placed in the wedge-shaped space between two 
grounded conducting planes making an angle 60° between them. 
Then the number of image charges will be

 a. 2

 b. 4

 c. 5

 d. 6

 5. A point charge is placed in the space between two perpendicular 
conducting planes. Then

 a. All the three image charges will be of negative polarity

 b. Two image charges will be of negative polarity

 c. One image charge will be of negative polarity

 d. None of the image charges will be of negative polarity

 6. Two long parallel cylinders of same radius with a specific separation 
distance can be replaced by two infinite line charges where

 a. Both the charges are located at the axes of the cylinders

 b. One charge is located at the axis of one cylinder, whereas the 
other is located away from the axis of the other cylinder

 c. Both the charges are located away from the axes of the cylinders

 d. Both the charges are located on the surface of the cylinders

 7. Two identical spheres with a specific gap distance can be replaced by

 a. Two point charges located at the centres of the two spheres

 b. Two point charges located away from the centres of the two 
spheres

 c. Two point charges located on the surface of the two spheres
 d. Infinite number of point charges located within the two spheres
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 8. Method of successive images is used in the case of
 a. Two identical spheres
 b. A point charge near a grounded sphere
 c. Two long parallel cylinders
 d. A line charge near a long parallel grounded cylinder
 9. Equipotentials due to two infinitely long parallel line charges will be
 a. Infinitely long cylinders of circular cross section
 b. Finite length cylinders of circular cross section
 c. Infinitely long cylinders of elliptical cross section
 d. Finite length cylinders of elliptical cross section
 10. A point charge of magnitude Q is placed at a distance d from the 

centre of a grounded sphere of radius a (a < d). Then the magnitude 
of the image charge to replace the grounded sphere will be

 a. ( / )a d Q
 b. ( / )a d Q2

 c. ( / )a d Q2

 d. ( / )a d Q2 2

Answers: 1) b; 2) d; 3) d; 4) c; 5) b; 6) c; 7) d; 8) a; 9) a; 10) a
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10
Sphere or Cylinder in Uniform 
External Field

ABSTRACT If a conducting or dielectric object is present within the 
 electric field caused by external sources, then the induced charges on such 
an object adds to the existing external field. If the size of the conducting 
or dielectric object is small compared to the external field region, then the 
electric field is modified only in the vicinity of such an object. In order to get 
the complete solution of the electric field in such configuration, the bound-
ary conditions imposed by the conducting or dielectric object must also be 
satisfied. If the object is of well-defined geometric shape such as cylinder or 
sphere, and if the external field is considered to be uniform in space, then the 
complete solution for the electric field could be obtained analytically with 
the help of method of separation of variables. These analytical solutions are 
often used to validate numerical methodology and could also be used to esti-
mate field modification due to small conducting or dielectric pieces present 
in large high-voltage insulation arrangement.

10.1 Introduction

Conducting and dielectric components are integral parts of any electrical equip-
ment. If the size of the conducting or dielectric object is very small compared 
to dimensions of the field region where the object is located, then the object 
contributes to the field only in the domain near the object. In many cases, such 
objects are present as stray bodies in high-voltage insulation arrangement. As 
practical examples, one may cite a small piece of conductor or dielectric float-
ing in liquid insulation of large volume in transformers, metallic dust particles 
floating in gaseous insulation within gas-insulated system (GIS) and so on. It is 
important to understand how the presence of a conducting or dielectric object 
modifies the external field in the vicinity of the object, because any enhance-
ment of the electric field intensity due to the conducting or dielectric object may 
lead to unwanted discharge or in the worst case failure of the insulation system.

If it is assumed that the source charges (in practical arrangement, the 
electrodes or conductors with specific potentials) that produce the external 
field is located far away from the object under consideration, then they are 
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unaffected by the presence of the object. Consequently, the field due to the 
source charges may be considered to be uniform at the location of the object. 
If the object is such that its shape is defined by well-known mathematical 
functions, for example, cylinders or spheres, then the complete solution for 
the electric field due to the source charges located at far away positions and 
the induced charges on the surface of the object could be obtained by solving 
Laplace’s equation considering the field region to be free from any volume 
charge. However, in order to get the complete solution appropriate boundary 
conditions on the surface of the object, whether it is conducting or dielectric, 
need to be satisfied. One of the common methods of getting the analytical 
solution for a cylinder or sphere in a uniform external field is the method of 
separation of variables as described in this chapter.

10.2 Sphere in Uniform External Field

Consider a spherical object of radius a within uniform external field, as 
shown in Figure 10.1. Because the boundary is a sphere of r = constant, hence 
the system is best described in spherical coordinates, as shown in Figure 10.1. 
The uniform external field is given by 



E E u0 0= − ˆz and the potential at any 
point due to the external field is given by E r E z0 0cosθ =  with respect to the 
centre of the sphere. In order to get the complete solution for the electric 
field in this system, Laplace’s equation in spherical coordinates, as given in 
Equation 10.1, needs to be solved.

E0

z

r

y

P

a

ϕ

θ

x

FIGURE 10.1
Sphere in uniform external field.
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The field system has azimuthal symmetry with respect to the z-axis, that is, the 
field system does not change with the rotation around the z-axis. Therefore, 
z-axis is made the polar axis in the spherical coordinate system. Then the field 
is independent of coordinate φ and Laplace’s equation reduces to
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 (10.2)

In order to separate the terms of the left-hand side (LHS) of Equation 10.2 
into functions of only one variable, Equation 10.2 may be rewritten by mul-
tiplying r2 as
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Then LHS of Equation 10.3 is the sum of two terms, which are functions of 
only one variable each, that is, the first term is function of r only, whereas 
the second term is function of θ only. The solution to Equation 10.3 can be 
obtained as the product of two functions of which one is dependent only on 
r and the other is dependent only on θ.

Let the assumed solution be

 V r M r N( ) ( ) ( ),θ θ=  (10.4)

The assumed solution is convenient as the boundary lies at r = constant.
Combining Equations 10.3 and 10.4
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Dividing by M(r)N(θ),
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The partial derivatives become total derivatives in Equation 10.5, as each 
term is dependent on only one coordinate.

The sum of two terms of the LHS of Equation 10.5 could be zero only when 
the two terms are separately equal to opposite and equal constant terms as 
given in Equation 10.6.
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Equal and opposite separation constant solution:
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where:
p is a positive constant

Another solution is obtained when the separation constant is zero.
Hence, the zero separation constant solution
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Each of the above-mentioned two solutions is to be obtained separately.

Determination of the zero separation constant solution:
The first term of Equation 10.7 is
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Integrating and incorporating constants of integration
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Next the second term of Equation 10.7 is
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Integrating and incorporating constant of integration
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Equation 10.9 becomes undefined for θ = π. But this is not feasible in the given 
system as potential must be a continuous function. Therefore, A10 should be 
zero in Equation 10.9. Therefore,

 N A( )θ = 20  (10.10)

Then from Equations 10.4, 10.8 and 10.10, the zero separation constant solu-
tion can be obtained as
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where:
C1 = A20C10 and C2 = A20C20

Determination of the equal and opposite separation constant solution:
The first term of Equation 10.6 is
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Putting M r Crn( ) =  in Equation 10.12, we get
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The second term of Equation 10.6 is
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Putting N(θ)  =  Bcosθ in Equation 10.14,

 
d
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θ θ θ−( ) = − =sin cos sin , , .2 2or

Hence, from Equation 10.13 n = +1, −2.
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From Equations 10.4 and 10.15,
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where:
C C B C C B3 4= ′ = ′′and

The complete solution for potential function is uniquely given as a linear 
combination of the two solutions given by Equations 10.11 and 10.16.
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where:
The constants are determined by satisfying the boundary conditions

It is evident from Equation 10.17 that the first term corresponds to a net 
charge on the sphere and the second term to a finite potential.

10.2.1 Conducting Sphere in Uniform Field

Consider that the sphere is a conducting one and is isolated and uncharged. 
Further, consider that the potential at the location of the centre of the sphere 
due to the external field is V0.

Because the perturbing action of the sphere is negligible at a large distance 
from the sphere, the potential at a large distance from the sphere (r >> a) is 
given by

 V r V E r( , ) cosθ θ= +0 0  (10.18)

If the sphere is charged with a finite amount of charge Q, then

 
V r

Q
r

V E r( , ) cosθ
πε

θ= + +
4 0

0 0  (10.19)

In practical systems, floating metallic particles are usually not charged and 
hence Equation 10.18 is taken here for further discussion.
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Comparing Equations 10.17 and 10.18 for r → ∞, C V C E2 0 3 0= =and . C1 will 
be zero for uncharged sphere.

Therefore, Equation 10.17 can be rewritten as
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On the conductor surface, that is, for r = a,

 
V a V E a

C
a

( , ) cosθ θ= + +





0 0

4
2  (10.21)

But the conducting sphere surface is an equipotential and hence electric 
potential is independent of θ on the conductor surface.

Therefore, from Equation 10.21,

 C E a4 0
3= −

Hence, the complete solution for an electric potential in the domain r > a is 
given by
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The r and θ components of the electric field intensity could be obtained as 
follows:
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On the conducting sphere surface, tangential component of the electric field 
intensity must be zero as it is an equipotential surface. Equation 10.24 shows 
that for r = a, Eθ is zero, which in turn validates the solution obtained.

Again, on the conducting sphere surface, Er is the normal component of 
the electric field intensity, which is given by E E

r ar =
= − 3 0 cosθ. Thus, the 

maximum value of the electric field intensity on the surface of the conduct-
ing sphere is 3E0, that is, three times the strength of the uniform external 
field.

This is the reason why metallic dust particles should be avoided at all 
costs for GISs. Because the presence of metallic dust particles will increase 
the local electric field intensity three times, which will result into partial dis-
charge within the GIS, that is very detrimental for the GIS operation.
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Induced surface charge density on the surface of the conducting sphere 
may be obtained as follows:
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θ σ ε θs
r sor

0
0 0 03 3= = − = −

=

E E E
r a

cos cos, ,  (10.25)

As stated earlier, the sphere may be charged with an additional charge Q, 
which is distributed uniformly on the sphere surface and its effect on the 
field could be found by superposition.

10.2.2 Dielectric Sphere in Uniform Field

In the case of dielectric sphere present in uniform external field, there will be 
two solutions to potential function, Vi valid for the region within the sphere 
having dielectric of permittivity εi and Ve valid for the region outside the 
sphere having dielectric of permittivity εe. Therefore, from Equation 10.17
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and
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The potential at large distance r (r >> a) from the sphere

 V r V E r( , ) cosθ θ= +0 0  (10.28)

where:
V0 is the potential at the location of the centre of the sphere due to the 

external field

Comparing Equations 10.27 and 10.28 for r → ∞, C V C E2 0 3 0e e= =and . C1e will 
be zero as a dielectric sphere is not considered to have any free charge.

Hence, Equation 10.27 can be rewritten as
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Inside the dielectric sphere electric potential must be finite at all the points. 
Hence, from Equation 10.26 C C C V1 4 2 00i i i= = =, . Hence, Equation 10.26 can 
be rewritten as

 V r V C ri i( , ) cosθ θ= +0 3  (10.30)

At r  =  a, both Equations 10.29 and 10.30 should yield the same electric 
 potential. Therefore,
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On the dielectric–dielectric boundary, the normal component of the  electric 
field intensity should be same on both sides of the boundary. For the  spherical 
boundary, r-component of the electric field intensity is the normal compo-
nent on the boundary. Hence,
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From Equations 10.31 and 10.32
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Therefore, the complete solutions for potential functions inside and outside 
the dielectric sphere are given by
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and
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Noting that rcos θ = z, potential function inside the dielectric sphere can be 
written as

 
V x y z V E zi

e

e i
( , , ) = +

+
0 0

3
2

ε
ε ε

 (10.35)

Hence, the electric potential within the dielectric sphere varies in only z-direction, 
that is, the direction of the external field. Electric field intensity within the dielec-
tric sphere will, therefore, have only the z-component, which is given by
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Equation 10.36 shows that the magnitude of the electric field intensity within 
the dielectric sphere is constant. Typical field distribution in and around a 
dielectric sphere within uniform external field is shown in Figure 10.2.

Equation 10.36 also shows that if εi < εe, then E Ezi > 0. Consider the case of 
a spherical air bubble trapped within a moulded solid insulation of relative 
permittivity 4. If the magnitude of the electric field intensity in solid insula-
tion at the location of the air bubble is E0, then the magnitude of the electric 
field intensity within the air bubble will be 1.33E0. The operating electric field 
intensity within solid insulation is usually kept at a higher value as the solid 
insulation has a higher dielectric strength and hence such increase in field 
intensity within the air bubble often causes partial discharge within the air 
bubble as the dielectric strength of air is much lower than solid insulation.

10.3 Cylinder in Uniform External Field

Consider a long cylindrical object of radius a within uniform external field, 
as shown in Figure 10.3. Because the boundary is a circle of r = constant on 
the x–y plane, the system is best described in cylindrical coordinates, as 
shown in Figure 10.3. The uniform external field is given by 



E E i0 0= − ˆ and 
the potential at any point due to the external field is given by E r E x0 0cosθ =  
with respect to the axis of the cylinder. In order to get the complete solution 
for the electric field in this system, Laplace’s equation in cylindrical coordi-
nates as given in Equation 10.37 needs to be solved.

E0

E0

εi εe

Ezi

FIGURE 10.2
Electric field in and around dielectric sphere in uniform field.
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For this arrangement, the electric field distribution does not vary along the 
length of the cylinder, that is, along z-coordinate. Hence, Laplace’s equation 
reduces to
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Separating the terms of the LHS into functions of only one variable by mul-
tiplying r2 with Equation 10.38, it may be written that
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The two terms on the LHS of Equation 10.39 are functions of only one vari-
able each, that is, the first term is function of r only, whereas the second term 
is function of θ only. The solution to Equation 10.39 can be obtained as the 
product of two functions of which one is dependent only on r and the other 
is dependent only on θ.

Let the assumed solution be

 V r M r N( ) ( ) ( ),θ θ=  (10.40)

The assumed solution is convenient as the boundary lies at r = constant.
Combining Equations 10.39 and 10.40,

E0

z

r

y

P

a
θ

x

FIGURE 10.3
Cylinder in uniform external field.
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Dividing by M(r)N(θ),
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The partial derivatives become total derivatives in Equation 10.41 as each 
term is dependent on only one coordinate.

As in the case of sphere in uniform field, zero separation constant solu-
tion and equal and opposite separation constant solution are to be obtained 
separately in this case, too.

Determination of the zero separation constant solution:
The first term of Equation 10.41 is
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Integrating and incorporating constants of integration

 M r C r C( ) ln= +10 20  (10.42)

Next the second term of Equation 10.41 is
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where:
N(θ) is non-zero

Therefore,

 N A A( )θ θ= +10 20  (10.43)

But, from Equations 10.42 and 10.43, it can be seen that there is disconti-
nuity of po  t en tial at r  =  0 and θ  =  ∞, which are not feasible in the given 
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arrangement as pot en tial must be a continuous function. Hence, C A10 10 0= =  
in Equations 10.42 and 10.43.

Therefore,

 V r C A C( , )θ = =20 20 1  (10.44)

Determination of the equal and opposite separation constant solution:
The first term of Equation 10.41 is
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Substituting M r Crn( ) =  in Equation 10.45, it may be obtained that

 n n n p n p( ) , ,− + = = ±1 or

Hence,
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Again, the second term of Equation 10.41 is
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Substituting N ea( )θ θ=  in Equation 10.47, it may be obtained that

 a e pe a i pa a2 θ θ= − = ±, ,or

Hence,
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Equations 10.46 and 10.48 lead to
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where:
C C B C C B2 3= ′ = ′′and

From Equations 10.44 and 10.49, the complete solution for potential function 
at all values of r and θ can be obtained as
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The potential at large distance r (r >> a) from the cylinder is given by

 V r V E r( , ) cosθ θ= +0 0  (10.51)

Matching Equations 10.50 and 10.51, p = 1 and α = 0.
Hence, the complete solution as given by Equation 10.50 reduces to
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10.3.1 Conducting Cylinder in Uniform Field

Comparing Equations 10.51 and 10.52, C1 = V0 and C3 = E0.
Therfore,

 
V r V

C
r

E r( , ) cosθ θ= + +





0

2
0

On the conductor surface, that is, for r = a,
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But the conducting cylinder surface is an equipotential and hence electric 
potential is independent of θ on the conductor surface.

Therefore, from Equation 10.53,

 C E a2 0
2= −

Hence, the complete solution for electric potential in the domain r > a is given by
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The r and θ components of the electric field intensity could be obtained as follows:
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Equation 10.56 shows that for r = a, Eθ is zero, that is, the tangential compo-
nent of the electric field intensity is zero on the cylindrical conductor surface 
as it is an equipotential surface.
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Again, on the conducting cylinder surface, Er is the normal component 
of the electric field intensity, which is given by E E

r ar =
= −2 0 cosθ. Thus, the 

maximum value of the electric field intensity on the surface of the conduct-
ing cylinder is 2E0, that is, twice the magnitude of the uniform external field. 
Comparing this maximum electric field intensity with the value obtained for 
conducting sphere in uniform field, it may be seen that the enhancement of 
field intensity is more if the conducting object is spherical is shape.

Induced surface charge density on the surface of the conducting cylinder 
may be obtained as follows:
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10.3.2 Dielectric Cylinder in Uniform Field

Potential function valid for the region within the cylinder having dielectric 
of permittivity εi is
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and the potential function valid for the region outside the cylinder having 
dielectric of permittivity εe is
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The potential at large distance r (r >> a) from the cylinder

 V r V E r( , ) cosθ θ= +0 0  (10.60)

where:
V0 is the potential at the location of the axis of the cylinder due to the  external 

field

Comparing Equations 10.59 and 10.60 for r → ∞, C V C Ee e1 0 3 0= =and .
Hence, Equation 10.59 can be rewritten as
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Inside the dielectric cylinder electric potential must be finite at all the points. 
Hence, from Equation 10.58, C V C1 0 2 0i iand= = . Hence, Equation 10.58 can be 
rewritten as

 V r V C ri i( , ) cosθ θ= +0 3  (10.62)
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At any point on the dielectric cylinder surface, that is, for r  =  a, electric 
potential as may be obtained from Equations 10.61 and 10.62 must be unique. 
Hence,
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From the boundary condition of normal component of electric flux density 
at r = a,
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From Equations 10.63 and 10.64
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Therefore, the complete solutions for potential functions inside and outside 
the dielectric cylinder are given by
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As rcos θ = x, potential function inside the dielectric cylinder can be written as

 
V x y V E xi

e

e i
( , ) = +

+
0 0

2ε
ε ε

 (10.67)

Hence, the electric potential within the dielectric cylinder varies in only x-direc-
tion, that is, the direction of the external field. Electric field intensity within 
the dielectric cylinder will, therefore, have only the x-component, which 
is given by
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Similar to the case of dielectric sphere in the uniform field, Equation 10.68 
shows that the magnitude of the electric field intensity within the dielec-
tric cylinder is constant. Typical field distribution on the x–y plane in and 
around a dielectric cylinder within uniform external field will be the same 
as that shown in Figure 10.2.

As in the case of dielectric sphere in uniform field, for dielectric cylinder 
in uniform field also E Ezi > 0 if εi < εe. If a cylindrical air bubble is trapped 
within a moulded solid insulation of relative permittivity 4, then the magni-
tude of the electric field intensity within the air bubble will be 1.6E0, where E0 

is the magnitude of the electric field intensity in solid insulation at the loca-
tion of the air bubble. Comparing this result with the corresponding value in 
the case of dielectric sphere, it may be seen that field enhancement is more if 
the gas cavity in liquid or solid insulation is cylindrical in shape.

Objective Type Questions

 1. A conducting sphere is placed within an external field of the  uniform 
field intensity E0. Then the maximum value of field intensity on the 
surface of the conducting sphere will be

 a. 0
 b. E0

 c. 2E0

 d. 3E0

 2. A conducting cylinder is placed within an external field of the 
 uniform field intensity E0. Then the maximum value of field inten-
sity on the surface of the conducting cylinder will be

 a. 0
 b. E0

 c. 2E0

 d. 3E0

 3. A dielectric sphere is placed within an external field of the uniform 
field intensity E0. The external field intensity acts in the direction of 
the x-axis. Then the field intensity within the dielectric sphere will 
be in the direction of

 a. x-axis
 b. y-axis
 c. z-axis
 d. None of the above
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 4. A dielectric cylinder is placed within an external field of the uniform 
field intensity E0. The external field intensity acts in the direction of 
y-axis. Then the field intensity within the dielectric cylinder will be 
in the direction of

 a. x-axis
 b. y-axis
 c. z-axis
 d. None of the above
 5. A dielectric sphere is placed within an external field of the uniform 

field intensity E0. Then the field intensity within the dielectric sphere 
will be

 a. Zero
 b. Equal to E0

 c. Constant but not equal to E0

 d. None of the above
 6. A dielectric cylinder is placed within an external field of the uniform 

field intensity E0. Then the field intensity within the dielectric cylin-
der will be

 a. Zero
 b. Equal to E0

 c. Constant but not equal to E0

 d. None of the above
 7. A gas cavity is present in large volume of solid insulation. Then the 

ratio of field intensity within the gas cavity for spherical to that for 
cylindrical cavity will be

 a. Zero
 b. <1
 c. 1
 d. >1
 8. A conducting object is present in an external field of uniform field 

intensity. Then the ratio of maximum field intensity on the surface 
of the conducting object for spherical to that for cylindrical object 
will be

 a. Zero
 b. <1
 c. 1
 d. >1

Answers: 1) d; 2) c; 3) a; 4) b; 5) c; 6) c; 7) b; 8) d
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11
Conformal Mapping

ABSTRACT Conformal mapping is a useful technique in the area of  complex 
analysis and has many applications in different practical configurations. There 
are several problems in engineering that can be expressed in terms of functions 
of a complex variable, which involve complicated geometries. In such cases, by 
choosing an appropriate mapping function, the problem having inconvenient 
geometry can be transformed into a problem having much more convenient 
geometry. Conformal mapping is a technique that allows one to take hard 
problems, map them onto a coordinate system, where they are convenient to 
solve, find the solution and then map the solution back to the original system. 
This chapter gives a brief discussion on conformal mapping and some of its 
applications in solving practical problems in electrostatics.

11.1 Introduction

Analytical solutions to many field problems, particularly Dirichlet problems, 
can be obtained using methods such as Fourier series and integral trans-
forms. These methods are applicable only for simple regions and the solu-
tions are either infinite series or improper integrals, which are difficult to 
evaluate. Closed-form solutions to many Dirichlet problems can be obtained 
using conformal mapping, which is a similarity transformation. If a func-
tion is harmonic, that is, it satisfies Laplace’s equation 



∇ =2 0f , then the 
transformation of such a function via conformal mapping is also harmonic. 
Hence, equations in relation to any field that can be represented by a poten-
tial function can be solved with the help of conformal mapping. However, 
conformal mapping can only be employed in two-dimensional fields. If the 
solution for potential field is required in three-dimensional cases, then con-
formal mapping is applicable to only those configurations where the poten-
tial field is translationally invariant along any one of the three axes. The 
two-dimensional potential fields that can be solved by conformal mapping 
are static electric fields, static magnetic fields, static electric flow fields, sta-
tionary thermal flow fields, stationary hydrodynamic flow fields to name a 
few. According to Riemann mapping theorem any two regions with same 
connectivity may be conformally mapped to one another. But in practical 
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applications, conformal mapping is used only in those cases where the maps 
take simpler, explicit forms, so that one may carry out actual calculations 
with those maps.

As the application of conformal mapping is limited to variables, which 
solve the Laplace’s equation for two-dimensional fields, one such variable of 
practical interest is the electrostatic potential in a region of space that is free 
of charges. This chapter, therefore, focuses on application of conformal map-
ping to determine electrostatic potential field by solving two-dimensional 
Laplace’s equation.

11.2 Basic Theory of Conformal Mapping

Conformal transformation is based on the properties of analytic functions. 
Let z = x + iy be a complex variable such that the real and imaginary parts 
x and y are real-valued variables, and f(z) =  u(z)  + i v(z)  =  u(x,y) +  i v(x,y) be a 
complex-valued function such that the real and imaginary parts u and v are 
real- and single-valued functions of real-valued variables x and y.

If the derivative of f(z) exists at a point z, then the partial derivatives of 
u and v exist at that point and obey the Cauchy–Riemann equations as 
follows.
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A function f(z) is analytic at a point z0 if its derivative ′f z( ) exists not only at 
z0, but at every point in the neighbourhood of z0. It can also be shown that 
if f(z) is analytic, the partial derivatives of u and v of all orders exist and are 
continuous functions of x and y. Therefore,
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In the same way, one may get,
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Equations 11.2 and 11.3 show that both the functions u(x,y) and v(x,y) satisfy 
Laplace’s equation.
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Any function that has continuous second-order partial derivatives and 
satisfies Laplace’s equation is called a harmonic function. Thus, both the 
real part, u(x,y), and imaginary part, v(x,y), of the complex function f(z) are 
harmonic functions. If the function f(z)  =  u(x,y)  +  iv(x,y) is analytic, then 
u(x,y) and v(x,y) are conjugate harmonic functions. If one of two harmonic 
functions is known, then the other can be found using Cauchy–Riemann 
equations.

Thus, both the conjugate harmonic functions u(x,y) and v(x,y) can be used 
to find the potential as they satisfy Laplace’s equation.

11.2.1 Mapping of Shapes

From a different viewpoint, the complex function f(z) can be considered as 
a tool for change of variables, that is, a transformation from the complex 
z-plane to the complex w-plane, as shown in Figure 11.1, where

 z x iy w u iv= + = +and

It can also be shown that if the function f is analytic at a point z  =  z0 on 
the z-plane, where the first-order derivative ′f z( )0  is non-zero, there exists a 
neighbourhood of the point w0 in the w-plane, in which the function w = f(z) 
has a unique inverse z = F(w). The functions f(z) and F(w), therefore, define 
a change of variables from (x,y) to (u,v) and from (u,v) to (x,y), respectively.

On the z-plane, dz  =  dx  + i dy and on the w-plane dw  =  du  + i dv.
Therefore,

 dz dx dy2 2 2= +  (11.4)

 and dw du dv2 2 2= +  (11.5)

Then, on the z-plane, square of the length element can be written as

 dl dx dy dz2 2 2 2= + =  (11.6)

y v
z-plane or,
x–y plane

w-plane or,
u–v plane

z0

w0

x u

FIGURE 11.1
Mapping between z-plane and w-plane.
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and, on the w-plane, square of the length element can be written as

 dL du dv dw2 2 2 2= + =  (11.7)

Therefore, from Equations 11.6 and 11.7, it may be written that

 

dL
dl

dw
dz

=  (11.8)

Thus, in the neighbourhood of each point in z-plane, if w(z) is analytic 
and have a non-zero derivative, that is, finite slope at that point, then the 
ratio of length elements in two planes remains constant. The net result 
of this transformation is to change the dimensions in equal proportions 
and rotate each infinitesimal area in the neighbourhood of that point. In 
general, a linear transformation w =  f(z) =  a z  + b, where a and b are com-
plex numbers, rotates by arg(a) in the anti-clockwise direction, dilates or 
compresses by a  and translates by b. Thus, the ratio of linear dimensions, 
which may also be represented as the angle, is preserved. As a result, con-
formal mapping is isogonic because it preserves angles. Hence, all curves 
in the z-plane that intersect each other at particular angles are mapped 
into curves in the w-plane that intersect each other at exactly the same 
angles. This property is most useful for electric field analysis as the equi-
potentials and the fieldlines, which are normal to each other in z-plane, 
are mapped to corresponding curves in w-plane, which are also mutually 
orthogonal.

Furthermore, ′ ′ = =f z F w dw dz dz dw( ) ( ) / / 1, which means that the inverse 
mapping is also conformal. Because of this uniqueness and conformal prop-
erty of inverse mapping, solution obtained in the w-plane can be mapped 
back to z-plane.

When infinitesimally small region is considered, every shape in the 
z-plane is transformed into a similar shape in the w-plane, for example, 
a rectangle in the z-plane remains a rectangle in w-plane. However, shape 
will not be preserved in general, particularly in a large scale as the value 
of dw dz/  may vary considerably at different points in the z-plane. As a 
result rotation and scaling will vary from one point in the z-plane to its 
neighbouring point and hence the similarity of shape is not achieved for 
large regions.

At this juncture, it is pertinent to mention that conformal mapping does 
not provide a solution to any arbitrary problem. Another question that 
arises is why one should use conformal mapping instead of numerical 
methods. The answer to this question is two-fold: first, analytical solutions 
to field problems provides insight, and second, it provides useful approxi-
mations to difficult problems, which in many cases is valuable to practicing 
engineers.
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11.2.2 Preservation of Angles in Conformal Mapping

As shown in Figure 11.2, two curves A and B intersect each other at an angle 
α at the point zi in the z-plane. With the help of the tangent vectors to the 
curves, the angle between the curves could be computed. Let, tzA and tzB be 
the tangent vectors to the curves A and B, respectively. Then from the law of 
cosines it may be written that
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The corresponding transformed curves A’ and B’ intersect at an angle β in 
the w-plane. Let ′twA and ′twB be the tangent vectors to the curves A‘ and B’, 
respectively. Then β can be obtained as
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Let a curve is parameterized in z-plane by z = z(p) and the complex analytic 
function w = f [z(p)] defines the mapped curve in the w-plane. Then the appli-
cation of chain rule to w = f [z(p)] gives ′ = ′t f z p t pw z[ ( )] ( ). Because the curves 
intersect in z-plane at z  =  zi, then ′ = ′t f z twA i zA( )  and ′ = ′t f z twB i zB( ) . Because 
′ ≠f z( )i 0, Equation 11.10 can be rewritten as
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In Equation 11.11, the absolute value ′f z( )i
2
 cancels from the numerator and 

denominator and Equation 11.11 gets reduced to

y v
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FIGURE 11.2
Preservation of angles in conformal mapping.
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From Equations 11.9 and 11.12, α = β, which proves that angles are preserved 
in conformal mapping.

PROBLEM 11.1

For the point z = 1 + i in the z-plane, find the mapped point in the w-plane 
under the linear transformation w = (1 + i)z + (2 + 2i).

Solution:
The given transformation function w = f(z) = (1 + i)z  +  (2  +  2i) = 

2 4e zi( / )π + (2 + 2i).
Hence, the transformation of the point (1 + i) in the z-plane to the corre-

sponding point in the w-plane can be obtained in three steps, as shown in 
Figure 11.3.

Step 1: The length OP z( ) is multiplied by 1 2+ =i  to get the length 
AB, as shown in Figure 11.3b.

Step 2: The length AB is rotated by an angle (π/4) in the anti-clockwise 
direction to get the length AC, as shown in Figure 11.3c.

Step 3: The point C is then translated by (2 + 2i) to get the point P’(2 + 4i) 
in the w-plane, which is the conformally mapped point correspond-
ing to the point P in the z-plane.

y

P (1 + i)

P′ (2 + 4i)

O x A A

v

wO′

B
C

Multiplication
by √2

Rotation
by π/4

π/4
π/4 π/4

Translation
by 2 + 2i

(a) (b) (c) (d)

FIGURE 11.3
Pertaining to Problem 11.1.
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PROBLEM 11.2

Let Ω be the rectangular region in the z-plane bounded by x = 1, y = 1, x = 3 
and y = 2. Find the mapped region Ω’ in the w-plane under the linear trans-
formation w = (1 + i)z + (2 + 2i).

Solution:
Given, w = f(z) = (1 + i)z + (2 + 2i) = (1 + i)(x + iy) + (2 + 2i) = (x − y + 2) + i 
(x + y + 2).

Hence, u = x − y + 2 and v = x + y + 2.
Therefore, for x = 1, u = − y + 3 and v = y + 3 or, u + v = 6, that is, the 

line x = 1 in the z-plane is mapped to the straight line u + v = 6 in the 
w-plane.

Similarly, for y = 1, u = x + 1 and v = x + 3 or, u − v = −2.
For x = 3, u = − y + 5 and v = y + 5 or, u + v = 10.
For y = 2, u = x and v = x + 4 or, u − v = −4.
Therefore, the four straight lines in the z-plane defined by x = 1, y = 1, x = 3 

and y = 2 are mapped to four straight lines defined by u + v = 6, u − v = −2, 
u + v = 10 and u − v = −4, respectively, in the w-plane. The mapping is shown 
in Figure 11.4. Under the linear transformation w = az + b, where a = 1 + i 
and b = 2 + 2i, it may be seen that the rectangular region Ω in the z-plane is 
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FIGURE 11.4
Pertaining to Problem 11.2.
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translated by b( = 2 + 2i), rotated by an angle 45° [ = arg(a) = arg(1 + i)] in the 
anti-clockwise direction and dilated by √2( =  a i= +1 ) to another rectangular 
region Ω’ in the w-plane.

11.3 Concept of Complex Potential

Let, ϕ(x,y) be a harmonic function in a domain Ω. It is possible to define a har-
monic conjugate function, ψ(x,y), uniquely by Cauchy–Riemann equations in 
the same domain. Thus, an analytic function of z  =  x + iy in the domain Ω 
can be written as

 F z x y i x y( ) ( ) ( ), ,= +φ ψ  (11.13)

Consequently, F(z) conformally maps the curves in the z-plane onto the cor-
responding curves in the w-plane and vice versa preserving the angles dur-
ing mapping.

Because both the real and imaginary parts of F(z), namely, ϕ(x,y) and 
ψ(x,y), are harmonic functions, they satisfy Laplace’s equation and hence 
either one of these two could be used to find potential. Thus, the complex 
analytic function F(z) is known as complex potential. Laplace’s equation is 
one of the most important partial differential equations in engineering and 
physics. The theory of solutions of Laplace’s equation is known as potential 
theory. The concept of complex potential relates potential theory closely to 
complex analysis.

If ϕ(x,y) is considered to be real potential, then ϕ(x,y) = const  represents equi-
potential lines in the z-plane. Because ϕ(x,y) and ψ(x,y) are orthogonal, 
ψ(x,y)  =  const represents electric fieldlines in the z-plane. For example, 
consider the complex potential function as F(z)  =   Az + B  =   Ax + B + iAy. 
Then the equipotential lines corresponding to ϕ(x,y) = Ax + B =   const are 
straight lines parallel to y-axis and the electric fieldlines corresponding to 
ψ(x,y) = Ay  =  const are straight lines parallel to x-axis.

Introduction of the concept of complex potential is advantageous in the 
following ways: (1) it is possible to handle equipotential and electric field-
lines simultaneously and (2) Dirichlet problems with difficult geometry of 
boundaries could be solved by conformal mapping by finding an analytic 
function F(z), which maps a complicated domain Ω in the z-plane onto a sim-
pler domain Ω’ in the w-plane. The complex potential ′F w( ) is solved in the 
w-plane by satisfying Laplace’s equation along with the boundary condi-
tions. Then the complex potential in the z-plane can be obtained by inverse 
transform from which the real potential is obtained as ϕ(x,y)   =   Re[F(z)]. 
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This is a practicable way of solution as harmonic functions remain harmonic 
under conformal mapping.

11.4  Procedural Steps in Solving Problems 
Using Conformal Mapping

 1. Find an analytic function w = F(z) to map the original region Ω in 
the z-plane to the transformed region Ω’ in the w-plane. The region 
Ω’ should be a region for which explicit solutions to the problem at 
hand are known.

 2. Transfer the boundary conditions from the boundaries of the region 
Ω in the z-plane to the boundaries of the transformed region Ω’ in 
the w-plane.

 3. Solve the problem and find the complex potential ′F w( ) for the trans-
formed region Ω’ in the w-plane.

 4. Map the solution ′F w( ) for the region Ω’ in the w-plane back to the 
complex potential F(z) for the region Ω in the z-plane through inverse 
mapping.

The steps are schematically shown in Figure 11.5. The most important step 
is to find an appropriate mapping function w = F(z), which fits the problem 
at hand. Once the right mapping function has been found, the problem is as 
good as solved.

Solved complex potential
F ′(w) = ϕ′(u,v) + i ψ′(u,v)

w = F(z)

x

vy

w

z = x + iy
w = u + iv

Mapped back complex potential
F(z) = ϕ(x,y) + i ψ(x,y)

Boundary condition:
ϕ(x,y) = constant Boundary condition:

ϕ′(u,v) = constant

Ω

Ω′

FIGURE 11.5
Schematic representation of solution of potential problem by conformal mapping.
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11.5  Applications of Conformal Mapping 
in Electrostatic Potential Problems

Conformal mapping is a powerful method for solving boundary value prob-
lems in a two-dimensional potential theory through the transformation of a 
complicated region into a simpler region. Electric potential satisfies Laplace’s 
equation in charge-free region. Therefore, electrostatic field that satisfies 
Laplace’s equation in a two-dimensional region in x–y plane, will also sat-
isfy Laplace’s equation in any plane to which the region may be transformed 
by an analytic complex potential function F(z). For each value of complex 
z  =  x + iy, there is a corresponding value of complex w = F(z). In other words, 
for every point in the z-plane, there is a corresponding point in the w-plane. 
As a result, the locus of any point in the z-plane will trace another path in 
w-plane. Let the locus in the z-plane maps onto a path ′ =φ ( , )u v const in the 
w-plane, which corresponds to an equipotential and may also be the surface 
of a conductor. Then the problem can be solved in the w-plane incorporat-
ing the appropriate boundary condition, that is, the value of the conductor 
potential, and the results can be mapped back to z-plane to get the real poten-
tial and then the electric fieldlines can be obtained from the conjugate har-
monic function. This section discusses some of the applications of conformal 
mapping in solving two-dimensional electrostatic potential problems.

11.5.1 Conformal Mapping of Co-Axial Cylinders

The cross-sectional view of a single-core cable is shown in Figure 11.6, where 
the co-axial cylindrical conductors are of infinite length in the direction 
normal to the plane of the paper. Hence, the field varies only in the cross-
sectional plane and is translationally invariant in the direction of the length 
of the cable. Let the cross-sectional plane of the cable be the x–y plane or the 
z-plane. Then the field in the region between the two cylindrical conductors 
can be found by conformal mapping. Let the radii of the inner and the outer 
conductors be r1 and r2, respectively, and the potential of the inner and the 
outer conductors be V and zero, respectively.

Consider the complex analytical function for conformal mapping be

 w u iv C z C= + = +1 2ln( )  (11.14)

where, z = x + iy = reiθ such that r x y= +2 2  and θ = −tan ( / )1 y x
Therefore,

 u iv C C C r C iCi+ = + = + +1 2 1 2 1ln( ) lnre θ θ

 or and, ln( )u C r C v C= + =1 2 1θ (11.15)

For the inner conductor, x y r2 2
1
2+ =  and hence it maps to a straight line 

u1 = constant parallel to v-axis in the w-plane. Similarly, the outer conductor 
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for which x y r2 2
2
2+ =  maps to another straight line u2 = constant paral-

lel to v-axis in the w-plane, as shown in Figure 11.6. In other words, the 
field within the two cylindrical conductors in the z-plane is conformally 
mapped to field between two infinitely long parallel plates, that is, the 
field within a parallel plate capacitor, in the w-plane. From Figure 11.6 it 
may be seen that the orthogonality of the equipotentials in the form of 
circles and electric fieldlines in the form of radial lines in the z-plane are 
maintained in the w-plane, where the equipotentials are straight lines 
parallel to v-axis and the electric fieldlines are straight lines parallel to 
u-axis.

From the boundary conditions on the conductor surfaces

 C r C V1 1 2ln + =  (11.16)

 and C r C1 2 2 0ln + =  (11.17)

From Equations 11.16 and 11.17,
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The potential at any radius r is given by u C r C= +1 2ln . Correspondingly, in 
the z-plane
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FIGURE 11.6
Conformal mapping of co-axial cylinders.
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Then,

 E x y
r

V
r r r

r( , )
ln( / )

= − ∂
∂

=φ
2 1

 (11.20)

Equation 11.20 gives the value of electric field intensity at any radius r, which 
is the same as the one given by Equation 4.30.

11.5.2 Conformal Mapping of Non-Co-Axial Cylinders

Figure  11.7 shows two non-co-axial cylinders in the z-plane, such that for 
the outer cylinder C2, z = 1. Radius of the inner cylinder C1 is (1/5) and its 
centre is located at a distance of (1/5) from the centre of the larger cylinder. 
In this case also the length of the two cylinders is taken to be infinite in 
the direction normal to the plane of the paper. Hence, the field in the space 
between the two cylinders does not vary in the direction of the length of the 
cylinders. Therefore, the cross-sectional plane is shown to be the z-plane in 
Figure 11.7. The inner cylinder is at a potential of V while the outer cylinder 
is earthed. Direct solution of the field between the two cylinders is difficult 
in the z-plane. However, it is possible to conformally map the non-co-axial 
cylinders in the z-plane onto two co-axial cylinders in the w-plane keeping 
the boundary conditions, that is, boundary potentials, same.

In this transformation, the unit radius outer circle C2 in the z-plane is 
mapped onto a unit radius circle ′C2 in the w-plane in such a way that the 
inner circle ′C1 becomes concentric with a radius ri, as shown in Figure 11.7. 
The mapping function for this linear fractional transformation is
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FIGURE 11.7
Conformal mapping of non-co-axial cylinders.
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As shown in Figure 11.7, the two points on the inner circle A(0,0) and B( / , )2 5 0  
in the z-plane are mapped onto two points A’(ri,0) and B’(−ri,0) on the inner 
circle in the w-plane.

Hence, from Equation 11.21 for the points A(0,0) and A’(ri,0) ri = (0 – k)/ 
( )0 1− = k and for the points B ( / , )2 5 0  and B’(−ri,0) –ri = [(2/5) – k]/[(2k/5) – 1] 
= ( )/( )2 5 2 5− −r ri i  or, r ri i

2 5 1 0− + = , or, ri = 4.79 and 0.208.
But, ri cannot be greater than 1 and hence, ri = 0.208. Therefore, k = ri = 0.208.
Thus, the mapping function for this problem is

 
w

z
z
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0 208
0 208 1

.
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 (11.22)

Writing the complex potential function in the w-plane as ′ = +F w a w b( ) ln , 
the real part of the complex potential can be written as

 ′ = ′ = +φ ( , ) Re[ ( )] lnu v F w a w b  (11.23)

Two conditions on boundary potentials in the w-plane are as follows: (1) ′ =φ 0 
for w = 1 and (2) ′ =φ V for w ri=

Application of first boundary condition on Equation 11.23 yields

 a b bln or1 0 0+ = =, ,

Similarly, applying the second boundary condition on Equation 11.23 one 
would get

 a r b V V ailn , ln . , , .+ = = = −or or0 208 0 6368 V

Thus, the desired solution for complex potential in the z-plane is
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The real potential within the two cylinders is then given by
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If the potentials are +V and –V instead of V and 0, then from the first bound-
ary condition

 a b V b Vln or1 + = − = −,

and from the second boundary condition a r b Vln i ,+ =  or, aln0.208 − V =  V 
or, a = −1.273 V.
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Hence, the desired solution for complex potential in the z-plane is
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The real potential within the two cylinders is then given by
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11.5.3 Conformal Mapping of Unequal Parallel Cylinders

Figure 11.8 shows two unequal parallel cylinders in the z-plane, such that 
for the larger cylinder C2, z = 1. Radius of the smaller cylinder C1 is (1/2) 
and its centre is located at a distance of (7/2) from the centre of the larger 
cylinder. In this case also the length of the two cylinders is taken to be infi-
nite in the direction normal to the plane of the paper. Hence, the field in the 
space between the two parallel cylinders does not vary in the direction of the 
length of the cylinders. Therefore, the cross-sectional plane is shown to be 
the z-plane in Figure 11.8. The smaller cylinder is at a potential of V whereas 
the larger cylinder is earthed. It is possible to map these two parallel cylin-
ders onto two co-axial cylinders in the w-plane as follows.

In this transformation, too, the unit radius larger circle C2 in the z-plane is 
mapped onto a unit radius circle ′C2  in the w-plane in such a way that the 
smaller circle ′C1  becomes concentric with a radius ri, as shown in Figure 11.8. 
The mapping function for this linear fractional transformation is also
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FIGURE 11.8
Conformal mapping of two unequal parallel cylinders.
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However, as shown in Figure 11.8, the two points on the smaller circle A(3,0) 
and B(4,0) in the z-plane are mapped onto two points A’(−ri,0) and B’(ri,0) on 
the inner circle in the w-plane.

Hence, from Equation 11.26 for the points A(3,0) and A’(−ri,0), −ri = (3−k)/
( )3 1k −  and for the points B(4,0) and B’(ri,0), r k k k ki = − − = − −( )/( ) ( )/( )4 4 1 3 3 1
or, 7 26 7 02k k− + = , or, k = 3.42 and 0.292.

For k = 3.42, ri = 0.046 and for k = 0.292, ri = 21.84.
But ri cannot be greater than 1 in the w-plane, so the solution is k = 3.42 and 

ri = 0.046.
Writing the same complex potential function in the w-plane as ′ = +F w a w b( ) ln , 

as in Section 11.5.2, and applying the same boundary conditions for potential, as 
shown in Figure 11.8,
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Thus, the desired solution for complex potential in the z-plane is
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The real potential between the two unequal parallel cylinders is then 
given by
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If the potentials are +V and –V instead of V and 0, then from the first bound-
ary condition

 a b V b Vln or1 + = − = −,  

and from the second boundary condition a r b Vln i ,+ =  or, a ln 0.046 − V = V 
or, a = −0.6494 V.

Hence, the desired solution for complex potential in the z-plane is
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The real potential between the two unequal parallel cylinders is then 
given by
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11.5.3.1 Conformal Mapping of Equal Parallel Cylinders

With reference to Figure 11.8, if the radius of the cylinder 1, that is, C1, is 
taken to be unity, then

 k r= =2 906 0 064. .and i

Hence, if the potentials of the two cylinders are V and 0, respectively, then 
the desired solution for complex potential in the z-plane is
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The real potential between the two equal parallel cylinders is then given by
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If the potentials of the two cylinders are +V and −V, respectively, then the 
desired solution for complex potential in the z-plane is
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The real potential between the two equal parallel cylinders is then given by
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Objective Type Questions

 1. Conformal mapping could be used in
 a. Two-dimensional system
 b. Axi-symmetric system
 c. Three-dimensional system
 d. All the above
 2. In conformal mapping, the angle between intersecting curves
 a. Increases by 90°
 b. Decreases by 90°
 c. Increases by 180°
 d. Remains the same
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 3. Both real and imaginary parts of the complex potential F(z) are 
 harmonic functions. If Re[F(z)] = constant represents equipotential 
lines, then Imag[F(z)] = constant represents

 a. Electric flux lines
 b. Equipotential lines
 c. Zero potential line
 d. None of the above
 4. In conformal mapping from z-plane to w-plane, which of the follow-

ing operations are commonly performed?
 a. Scaling
 b. Rotation
 c. Translation
 d. All the above
 5. By conformal mapping which of the following configurations in the 

z-plane could be mapped to co-axial cylinders in the w-plane?
 a. Non-co-axial cylinders
 b. Unequal parallel cylinders
 c. Equal parallel cylinders
 d. All the above
 6. With the help of the complex analytic function w  =  a ln z + b, which 

of the following configuration in the z-plane could be mapped to 
parallel plate capacitor in the w-plane?

 a. Co-axial cylinders
 b. Parallel cylinders
 c. Two equal spheres
 d. None of the above
 7. In conformal mapping, a real-life configuration is mapped from
 a. z-plane to s-plane
 b. s-plane to z-plane
 c. z-plane to w-plane
 d. s-plane to w-plane
 8. During conformal mapping from z-plane to w-plane
 a. Shape is preserved
 b. Angle of intersection is preserved
 c. Boundary conditions are preserved
 d. Both (b) and (c)
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 9. In conformal mapping of electrostatic field, complex potential is 
defined as F(z)  =  ϕ(x,y)  +  i ψ(x,y). If ϕ(x,y) is known, then ψ(x,y) can 
be found from

 a. Gauss’s law
 b. Cauchy–Riemann equations
 c. Divergence theorem
 d. Uniqueness theorem
 10. In conformal mapping of electrostatic field, complex potential is 

defined as F(z)  =  ϕ(x,y)  +  i ψ(x,y). Then Laplace’s equation is satisfied 
by

 a. F(z)
 b. ϕ(x,y)
 c. ψ(x,y)
 d. Both (b) and (c)
 11. In conformal mapping, equipotential and electric flux lines can be 

handled simultaneously by the introduction of the concept of
 a. Complex potential
 b. Complex electric field intensity
 c. Complex electric flux density
 d. None of the above
 12. In spite of having numerical techniques, conformal mapping is used 

for electrostatic field analysis because it
 a. Can provide quicker solution to difficult problems
 b. Can provide more accurate solutions to difficult problems
 c. Can provide benchmark solutions for some problems which can 

be used for validation of numerical results
 d. All the above

Answers: 1) a; 2) d; 3) a; 4) d; 5) d; 6) a; 7) c; 8) d; 9) b; 10) d; 11) a; 12) c
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12
Graphical Field Plotting

ABSTRACT For a clear understanding of the concept of electric field, some 
method for describing it, both qualitatively and quantitatively, is needed. 
Graphical field plotting is one such method that is dynamic in nature and 
illustrates the vector nature of the electric field. Graphical field maps are 
commonly drawn for practical configurations, which may be considered as 
two-dimensional or which are axi-symmetric in nature. Typically, in graphi-
cal field plotting, electric fieldlines are drawn to provide information about 
the field. The strength of the field is indicated by the density of the field 
lines. A high density of electric fieldlines indicates a strong field and vice 
versa. Complementary information can also be conveyed by simultaneously 
drawing the equipotential lines. Field maps could also be used for obtaining 
approximate values of system parameters such as capacitance.

12.1 Introduction

Most of the practical problems have such complicated geometry that no 
exact method of finding the electric field is possible or feasible and approxi-
mate techniques are the only ones that can be used. Out of the several 
 approximate techniques, numerical techniques are now extensively used to 
determine electric field distribution with high accuracy. Numerical tech-
niques, which are widely used, will be discussed in detail in  chapters 13 
through 18. In this chapter, experimental and graphical field mapping meth-
ods are discussed. Experimental field mapping involve special equipments 
such as an electrolytic tank, a device for fluid flow, a conducting paper and 
an associated measuring system. The other mapping method is a graphical 
one and needs only paper and pencil. In both these methods, the exact value 
of the field quantities could not be determined, but accuracy level which is 
sufficient for practical engineering applications could be achieved. Graphical 
field plotting is economical compared to experimental method and is also 
capable of providing good accuracy when used with skill. Accuracy of the 
order of 5%–10% in capacitance determination could be achieved even by a 
non-expert simply by following the rules.
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12.2 Experimental Field Mapping

Experimental method of field mapping is based on the analogy of stationary 
current field with static electric field, as presented in Table 12.1, rather than 
directly on measurement of electric field. If the medium between electrodes 
is isotropic, then volume conductivity and dielectric constant do not vary 
with position. Then current density (J) in the stationary current field and 
electric field intensity (E) and electric flux density (D) in the static electric 
field will be in the same direction. In other words, current density and elec-
tric fieldlines are the same. Thus, for a given electrode system, if a slightly 
conducting material, for example, a conducting paper or an electrolyte is 
placed instead of a dielectric material between the electrodes, then electric 
fieldlines and equipotential lines will remain the same.

It is well known that if one travels along a line through an electric field and 
measures electric scalar potential V as one goes, then the negative of the rate 
of change of V is equal to the component of electric field intensity E in the 
direction of travel. In other words,

 

�
�E

V
l

ul= − ∂
∂

 (12.1)

If − ∂ ∂( / )V l  is maximum, then it gives the value of E itself. If electric potential 
does not change with position, then the path of travel is at right angles to 
the electric field and is along an equipotential. Thus, electric field could be 
mapped by a voltmeter that will measure potential difference and two metal 
rods acting as probes. The probes are connected to the terminals of the volt-
meter and are placed in various positions in an electric field to monitor the 
potential differences between the positions of the two probes.

For the determination of equipotential lines one probe is kept still, while 
the other probe is moved. In whichever position of the moving probe the 
voltmeter registers a zero reading; the potential of the moving probe is same 
as that of the standstill probe. By marking each such position, equipotentials 
could be traced.

TABLE 12.1

Analogy between Static Electric Field and Stationary 
Current Field

Static Electric Field Stationary Current Field

Electric flux Electric current
 

D E= ε
 

J E= κ
Dielectric constant Volume conductivity
Q D ds

S
= ∫

� �� . I J ds
S

= ∫
� �� .
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For tracing electric fieldlines the two probes are kept at a constant 
 separation distance and one probe is rotated around the other. The position 
of the rotating probe where the voltmeter registers a maximum reading, the 
electric field is changing at its maximum rate. Hence, the electric field at that 
location of the rotating probe is parallel to the line joining the two probes. 
By repeating this measurement process at several positions, the electric field 
could be mapped.

Because a real-life voltmeter draws a current, however small it may be, the 
measurement of the potential differences using voltmeter could not be done 
with vacuum or air as the medium. In practice, measurement is carried out 
for the electric field that is set up in a medium, which is slightly conducting.

Commonly slightly conducting paper, for example, a paper impregnated 
with carbon, is used. Because the paper is slightly conducting, the electric 
field due to the charged electrodes is almost the same as the one that would 
be produced in air or vacuum with similar geometry. At the same time, the 
paper is sufficiently conducting to supply the small current needed by the 
voltmeter.

Alternately, electrolytic tank setup is used, which consists of a specially 
fabricated insulating tray. A large sheet of laminated graph paper is pasted 
on the base plate of the tray. The tray is then half-filled with an electrolyte 
and the height of the electrolyte is kept same throughout the tray. Metallic 
electrodes are placed in the electrolytic tank, which are shaped to conform to 
the boundaries of the problem, and appropriate potential difference between 
the electrodes is maintained.

12.3 Field Mapping Using Curvilinear Squares

Field mapping by curvilinear squares is a graphical method based on the 
orthogonal property of a pair of conjugate harmonic functions and also 
on the geometric considerations. This method is suitable for mapping only 
those fields in which there is no variation of field in the direction normal to 
the plane of the sketch, that is, the field is two dimensional in nature. Many 
practical electric field problems may be considered as two dimensional, for 
example, the co-axial cylindrical system or a pair of long parallel wires. In 
these cases, the field remains same in all cross-sectional planes. It is a fact 
that no real system is infinitely long, but the idealization is a useful one for 
electric field analysis and visualization.

In this method, the field region of interest is discretized into a network of 
 curvilinear squares formed by flux or fieldlines and equipotentials. Curvilinear 
square is a planar geometric figure that is different from a true square, as its 
sides are slightly curved and slightly unequal, but which approaches a true 
square as its dimensions become small. A typical curvilinear square is shown 



258 Electric Field Analysis

in Figure  12.1. The field map thus obtained is unique for a given  problem 
and helps in understanding the behaviour of electric field through visualiza-
tion. The method of curvilinear square is capable of handling problems with 
complicated boundaries. A curvilinear field map is also independent of field 
property coefficients and could be directly applied from one physical field to 
another if an analogy exists between the concerned fields.

Theoretically, curvilinear field mapping is based on Cauchy–Riemann 
relations, which ensures that Laplace’s equation is satisfied by a conjugate 
pair of harmonic functions in any orthogonal coordinate system. Hence, this 
method utilizes the fieldline coordinate representation of the electric field 
such that the electric field is always tangent to the fieldlines and depends 
only on the distribution of fieldlines and equipotentials.

12.3.1 Foundations of Field Mapping

Construction of field map using curvilinear squares is based on some signifi-
cant features of the electric field as described below:

 1. A conductor boundary is one of the equipotentials.
 2. Equipotential and electric field intensity (or electric flux density) are 

normal to each other. As a conductor boundary is an equipotential, 
the electric field intensity and electric flux density vectors are always 
perpendicular to the conductor boundaries.

 3. Electric flux lines (often termed as streamlines) originate and termi-
nate on charges. Hence, in the case of a homogeneous and charge-
free dielectric medium, electric flux lines originate and terminate on 
conductor boundaries.

Figure 12.2 shows two co-axial cylindrical conductor boundaries having a 
specified potential difference (V) and extending 1 m into the plane of the 
paper. A fieldline is considered to leave the boundary with more positive 
electric potential making an angle of 90° with the boundary at the point X. 
If the line is extended following the rule that it is always perpendicular to the 

ϕ + Δϕ

ϕ
Δl

Δl

Δψ

Δl

Δl

FIGURE 12.1
A typical curvilinear square.
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equipotentials and if the dielectric medium is considered to be homogeneous 
and charge free, then the fieldline will terminate normally on the boundary 
of the less positive conductor at the point X′, as shown in Figure 12.2. In a 
similar manner, another fieldline could be drawn in such a way that it starts 
from the point Y on the more positive conductor boundary and terminates 
on the point Y′ on the less positive conductor boundary. As the fieldlines are 
drawn perpendicular to the equipotentials everywhere, electric field inten-
sity and electric flux density will be tangent to a fieldline everywhere on it. 
Consequently, no electric flux can cross any fieldline thus drawn. Therefore, 
if there is a charge of ΔQ on the surface of the conductor between the points 
X and Y, then a flux of Δψ = ΔQ will originate in this region and must termi-
nate on the surface of the other conductor boundary between the points X′ 
and Y′. Such a pair of fieldlines is known as a flux tube as it seems to carry 
flux from one conductor to the other without losing any flux in between the 
two conductors. For the simplification of the interpretation of the field map, 
another flux tube YZ may be drawn in such a way that the same amount 
of flux is carried in the flux tubes XY and YZ. The method of determina-
tion of dimensions of the curvilinear square for drawing such flux tubes is 
described in the next section.

ϕ = 0

Fie
ldl

in
e

Fieldline

Fieldline

Equipotential

Equipotential

Flux
tube

Z′

Y ′

X′ϕ = V

Δψ

Δϕ

Δl

Δs

Z

X

Y
X1
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FIGURE 12.2
Field map between two co-axial cylinders.
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12.3.2 Sketching of Curvilinear Squares

Considering the length of the line joining the points X and Y to be Δs, the flux 
in the tube XY to be Δψ and the depth of the tube to be 1 m into the paper, the 
electric flux density at the midpoint of this line is then given by

 
D

s
= ∆
∆
ψ  (12.2)

Therefore, considering the permittivity of dielectric medium to be ε, the electric 
field intensity at the midpoint of the line XY is then given by

 
E

s
= 1
ε

ψ∆
∆

 (12.3)

Alternately, electric field intensity could also be determined from the poten-
tial difference between the points X and X1 lying on the same fieldline on 
two equipotentials, as shown in Figure 12.2.

Considering the length of the line joining the points X and X1 to be Δl and 
the potential difference between the two consecutive equipotentials to be Δϕ, 
the electric field intensity at the midpoint of the line X-X1 is then given by

 
E

l
= ∆
∆
φ  (12.4)

Considering Δs and Δl to be small, the two values of electric field intensity, as 
given by Equations 12.3 and 12.4, may be taken to be equal. Hence,
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ψ φ∆
∆

∆
∆s l

=

 
or,

∆
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∆
∆

l
s
= ε φ

ψ
 (12.5)

For sketching the field map, consider the following: (1) homogeneous dielec-
tric having a constant permittivity ε; (2) constant amount of electric flux per 
tube, that is, Δψ is constant and (3) constant potential difference between two 
consecutive equipotentials, that is, Δϕ is constant. Then from Equation 12.5, 
∆ ∆l s/ = constant. In other words, the ratio of the distance between fieldlines 
as measured along an equipotential and the distance between equipotentials 
as measured along a fieldline must be maintained constant and not the indi-
vidual lengths. The simplest ratio of lengths that can be maintained is unity, 
so that Δl  =  Δs. Then the field region is divided into curvilinear squares by 
the fieldlines and equipotentials.

The field map thus obtained is composed of curvilinear squares of the 
same kind such that each square has the same potential difference across it 
and also has the same amount of flux through it. For a given Δϕ and Δψ, the 
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sides of a curvilinear square are thus inversely proportional to electric field 
intensity. For a non-uniform field, electric field intensity varies with location 
and hence Δl and Δs vary with the strength of electric field. In the region of 
higher field strength, Δl and Δs are to be kept small, that is, the squares are 
to be made smaller in size where the magnitude of the field intensity is high. 
On the other hand, the squares are made larger in size in the field region 
where the field intensity is low.

It may be recalled that the product of electric charge and electric potential 
difference is the energy of electric field. Moreover, electric charge and electric 
flux has a one to one correspondence. Thus, for a field map, if Δϕ and Δψ are 
kept constant, then their product remains constant and hence, the energy of 
the electric field remains constant. Therefore, curvilinear squares having the 
same ratio, as given by Equation 12.5, have the same energy stored in electric 
field regardless of the size of the square. A curvilinear square can thus be 
scaled up or down keeping the energy stored in the curvilinear square unal-
tered as long as the ratio given by Equation 12.5 remains unaltered.

12.3.3 Construction of Curvilinear Square Field Map

The fieldlines and equipotentials are typically drawn on the original sketch, 
which shows the conductor boundaries. Arbitrarily, one fieldline is begun 
from a point on the surface of the more positive conductor with a suitable 
value of Δl and an equipotential is drawn perpendicular to the fieldline with 
a value of Δs  =  Δl. Then another fieldline is added to complete the curvilin-
ear square. The field map is then gradually extended throughout the field 
region of interest. As the field map is extended, the condition of orthogo-
nality of fieldline and equipotential should be kept paramount, even if this 
results in some squares with ratios other than unity. Construction of a sat-
isfactory field map using curvilinear squares is a trial-and-error process 
that involves continuous adjustment and refinement. Typically, field maps 
are started as a coarse map having large curvilinear squares. Then the field 
map is fine-tuned through successive subdivisions to form a dense field map 
having higher accuracy. In the process of subdivision, the lengths between 
consecutive fieldlines as well as equipotentials are kept equal. Before start-
ing the construction of a field map, it is a judicious practice to examine the 
geometry of the system and take advantage of any symmetry that may exist 
in the system under consideration. This is because of the fact the lines of 
symmetry serve as boundaries with no flux crossing and thereby separate 
regions of similar field maps.

12.3.4 Capacitance Calculation from Field Map

Once the field map is drawn, it is possible to determine the capacitance per 
unit length between the two conductors using the field map. It is well known 
that capacitance between two conductors having a potential difference of 
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V is given by C Q V= / , where Q is the charge on the conductor. Applying 
Gauss’s law on a Gaussian surface enclosing the conductor having more pos-
itive potential, Q  =  ψ, where ψ is the flux coming out of the conductor. Thus, 
C V= ψ/ .

To calculate the capacitance with the help of curvilinear rectangle, consider 
first an isolated curvilinear rectangle, as shown in Figure 12.3. Let the flux 
through it be Δψ and the potential difference across it be Δϕ. Considering the 
curvilinear rectangle to be small, the flux density may be assumed uniform 
within the curvilinear rectangle, so that

 ∆ ∆ψ ε= ×E s 1  (12.6)

where the depth is taken to be 1 m into the plane of the field map.
Electric field intensity (E) and the potential difference (Δϕ) are related as

 ∆ ∆φ = ×E l  (12.7)

Combining Equations 12.6 and 12.7
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Therefore, the capacitance of the small curvilinear rectangle, which may be 
taken as a small field cell, is given by

 
∆ ∆

∆
∆
∆

C
s
l

= =ψ
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The total amount of flux (ψ) emanating from one conductor and terminating 
on the other conductor may be obtained by adding all the small amounts of 
flux (Δψ) through each flux tube, so that

 
ψ ψ ψ

ψ

ψ= =∑∆ ∆
N

N  (12.9)

Δs Δψ
Δϕ
Δl

FIGURE 12.3
An isolated curvilinear rectangle.
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where:
Δψ is assumed to be same for each flux tube
Nψ is the number of flux tubes in parallel, that is, the number of curvilinear 

rectangles in parallel

The total potential difference between the two conductors (V) may be 
obtained by adding all the small amounts of potential differences (Δφ) 
between consecutive equipotentials starting from one conductor and finish-
ing at the other conductor, that is,

 V N
N

= =∑∆ ∆φ φ
φ

φ  (12.10)

where:
Δϕ is assumed to be same between any two consecutive equipotentials
Nφ is the number of equipotentials (including the two conductors) minus 

one, that is, the number of curvilinear rectangles in series between 
the two conductors

Thus, capacitance per unit length of the two conductors is given by
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where Δs  =  Δl, considering the ratio of the lengths to be unity, that is, consid-
ering curvilinear squares.

Hence, the determination of capacitance from the field map involves count-
ing of curvilinear squares in two directions, one in series between the two 
conductors and the other in parallel around either conductor.

12.4 Field Mapping in Multi-Dielectric Media

From Equation 12.5, it may be seen that for the same value of electric flux per 
tube and same potential difference between two consecutive equipotentials,

 
∆
∆

l
s
∝ ε  (12.12)

Thus, in the case of a two-dielectric configuration, as shown in Figure 12.4, 
the ratio of the sides of curvilinear element is to be made proportional to 
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the relative permittivity of the dielectric medium in which the field map is 
drawn. In other words, curvilinear rectangles are to be used.

Moreover, the deviation of the fieldlines takes place at the boundary 
between the two dielectric media, as shown in Figure 12.4, which is given for 
charge-free dielectric media by

 

tan
tan

θ
θ

ε
ε

1

2

1

2
=  (12.13)

For two-dimensional configurations comprising multi-dielectric media, the 
field map is first drawn in the field region where there is only one dielectric 
media. Then the directions of the fieldlines are changed at the boundary 
between the two dielectric media according to Equation 12.13. Subsequently, 
the ratio of the sides of the curvilinear rectangles is changed as per Equation 
12.12 and the field map is extended into the field region comprising a dif-
ferent dielectric medium. In this way, the field map could be obtained in 
configurations comprising several dielectric media.

12.5 Field Mapping in Axi-Symmetric Configuration

Consider a curvilinear rectangle in an axi-symmetric configuration, as 
shown in Figure 12.5. Let the radial distance of the centroid of the curvilin-
ear rectangle from the axis of rotational symmetry be r.
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FIGURE 12.4
Mapping in a two-dimensional configuration with multi-dielectric media.
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Considering the flux through the rectangle to be Δψ and assuming the 
square to be small, the electric flux density can be taken to be uniform within 
the rectangle and is given by
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r s
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or, E

r s
= ∆

∆
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πε2
 (12.14)

Alternately, the electric field intensity as obtained from the potential differ-
ence between two consecutive equipotentials, which are the two sides of the 
rectangle perpendicular to the fieldlines, is given by
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FIGURE 12.5
Field mapping in an axi-symmetric configuration.
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Considering a small curvilinear rectangle, these two values of the electric 
field intensity could be taken as same such that
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or,
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 (12.15)

Considering (1) homogeneous dielectric having a constant permittivity ε; 
(2) constant amount of electric flux per tube, that is, Δψ is constant and (3) con-
stant potential difference between two consecutive equipotentials, that is, 
Δϕ is constant,

 
∆
∆

l
s

r∝  (12.16)

Hence, to draw field maps in axi-symmetric configurations comprising a 
homogeneous dielectric, the ratio of the sides of the curvilinear rectangles is 
to be increased in direct proportion to the radial distance of the square from 
the axis of rotational symmetry.

For axi-symmetric configurations comprising multiple dielectric media, 
Equation 12.16 is to be rewritten in the light of Equation 12.15 as

 
∆
∆

l
s

r∝ ε  (12.17)

Therefore, for multi-dielectric media in axi-symmetric configurations, the 
ratio of the sides of the curvilinear rectangles is to be increased not only in 
direct proportion to the radial distance of the square from the axis of rota-
tional symmetry but also in direct proportion to the relative permittivity of 
the dielectric medium in which the field map is drawn. The directions of 
the fieldlines at the boundary between the two dielectric media are to be 
changed according to Equation 12.13.

Objective Type Questions

 1. Experimental method of field mapping is carried out using
 a. Highly conducting paper
 b. Slightly conducting paper
 c. Non-conducting paper
 d. None of the above
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 2. Graphical method of field mapping using curvilinear squares or 
rectangles is suitable for

 a. Two-dimensional and three-dimensional systems
 b. Two-dimensional and axi-symmetric systems
 c. Only two-dimensional system
 d. Only axi-symmetric system
 3. Which one of the following is most commonly used for graphical 

field mapping in a two-dimensional system with homogeneous 
dielectric medium?

 a. Rectilinear square
 b. Rectilinear rectangle
 c. Curvilinear square
 d. Curvilinear rectangle
 4. For field mapping in a two-dimensional system with homogeneous 

dielectric medium, the ratio of the distance between fieldlines as 
measured along an equipotential and the distance between equipo-
tentials as measured along a fieldline is to be

 a. Kept constant
 b. Made proportional to dielectric constant of the medium
 c. Made inversely proportional to the dielectric constant of the 

medium
 d. Chosen arbitrarily
 5. For field mapping in a two-dimensional system with multiple dielec-

tric media, the ratio of the distance between fieldlines as measured 
along an equipotential and the distance between equipotentials as 
measured along a fieldline is to be

 a. Kept constant
 b. Made proportional to dielectric constant of the medium
 c. Made inversely proportional to the dielectric constant of the medium
 d. Chosen arbitrarily
 6. For field mapping in an axi-symmetric system with homogeneous 

dielectric medium, the ratio of the distance between fieldlines as 
measured along an equipotential and the distance between equipo-
tentials as measured along a fieldline is to be

 a. Kept constant
 b. Made proportional to dielectric constant of the medium
 c. Made inversely proportional to the dielectric constant of the medium
 d. Made proportional to the radial distance from the axis of 

symmetry
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 7. For field mapping in an axi-symmetric system with multiple dielec-
tric media, the ratio of the distance between fieldlines as measured 
along an equipotential and the distance between equipotentials as 
measured along a fieldline is to be

 a. Kept constant
 b. Made proportional to dielectric constant of the medium
 c. Made proportional to the radial distance from the axis of 

symmetry
 d. Made proportional to the product of dielectric constant of the 

medium and the radial distance from the axis of symmetry
 8. Accuracy that could be achieved in capacitance determination by 

graphical field plotting is typically of the order of
 a. 0.5%–1%
 b. 1%–2%
 c. 5%–10%
 d. 10%–20%
 9. Which one of the following is most commonly used for graphical 

field mapping in a two-dimensional system with multiple dielectric 
media?

 a. Rectilinear square
 b. Rectilinear rectangle
 c. Curvilinear square
 d. Curvilinear rectangle
 10. Determination of capacitance from the field map involves counting 

of curvilinear squares or rectangles
 a. In series between the two conductors only
 b. In parallel around either conductor only
 c. In series between the two conductors and also in parallel around 

either conductor
 d. None of the above

Answers: 1) b; 2) b; 3) c; 4) a; 5) b; 6) d; 7) d; 8) c; 9) d; 10) c
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13
Numerical Computation of Electric Field

ABSTRACT In a high-voltage equipment, as a thumb rule, the cost of 
insulation increases with the cube of voltage rating. However, practical expe-
rience shows that insulation failure is the most frequent cause of major break-
down of electrical equipment. Hence, it is of paramount importance that the 
insulation in electrical equipment withstands the electric field stresses with 
adequate safety margin. For this purpose, it is necessary to determine the 
electric field distribution precisely. An inherent advantage of analytic solu-
tions is the exactness. However, analytic solutions for the electric field are 
available only for problems having simple configurations. When the com-
plexities of theoretical formulae make analytic solution extremely diffi-
cult, if not impossible, then one has to take resort to non-analytic methods. 
Graphical, experimental and analog methods are applicable to solve fewer 
problems, which have less complexity. With the advent of fast digital com-
puters, numerical methods came into prominence. Numerical methods make 
it possible to solve practical problems, which are very complex in nature, 
when appropriate procedural steps are followed. Numerical methods are 
commonly based on the solutions of partial differential equations or integral 
equations with some analytic simplification for easy implementation.

13.1 Introduction

The design of the insulation of high-voltage apparatus between phases and 
earth and also between the phases is based on the knowledge of electric field 
distribution and the dielectric properties of the combination of insulating 
materials used in the system. The principal aim is that the insulation should 
withstand the electric stresses with adequate reliability and at the same time 
the insulation should not be over dimensioned.

It is well known that the withstand voltage of the external insulation of 
apparatus designed with non-self restoring insulation is determined by 
the maximum value of electric field intensity within the insulation sys-
tem. Further, corona discharges are eliminated by proper design of high-
voltage shielding electrodes. Thus, a comprehensive study of the electric 
field distribution in and around high-voltage equipment is of great practical 
importance.
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High-voltage equipment, in practice, is, in most of the cases, subjected 
to AC field of frequency 50 or 60 Hz. These fields may be approximated as 
quasi-static as the wavelength is much longer compared to the dimension of 
the components involved. Because of this, the electrostatic field calculation is 
possible by the different methods in use.
Mathematically, an electric field calculation problem may be formulated as follows.

The purpose is to determine, at each point within the field region of inter-
est (ROI), the value of potential ϕ(x,y,z) and that of the electric field intensity 


E x y z( , , ) are to be determined, which are related as

 
 

E x y z( , , ) = −∇φ  (13.1)

In order to do that, either Laplace’s equation for systems without any source 
of charge in the field region,

 


∇ =2 0φ  (13.2)

or, Poisson’s equation for systems with sources of charge in the field region,

 



∇ = −2φ ρ
ε
v  (13.3)

are required to be solved.
The solutions of these equations are called boundary value problems, whereby 

the boundary conditions are specified by means of the given potential of 
electrode (Dirichlet’s problem) or by the given value of electric field intensity 
(Neumann’s problem).

13.2 Methods of Determination of Electric Field Distribution

The methods that are employed for determination of electric field are detailed 
in Figure 13.1.

The analytical methods can only be applied to the cases, where the elec-
trode or dielectric boundaries are of simple geometrical forms such as cylin-
ders, spheres and so on. In other words, in this method, the boundaries are 
required to be defined exclusively by known mathematical functions. The 
results obtained are very accurate. But, as it is obvious, this method can-
not be applied to complex problems. However, the results obtained by ana-
lytical methods for standard configurations are used still today to validate 
the results obtained by some other approximate methods such as numerical 
methods.

Earlier experimental as well as graphical methods were used to get a fair 
idea about the nature of field distribution in some practical cases. However, 
these methods are greatly limited in their areas of usage and the errors 
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involved are usually very high for any complex problem to be taken directly 
for design purposes.

Nowadays, in more and more engineering problems, it is found that it is 
necessary to obtain approximate numerical solutions rather than exact closed-
form solutions. The governing equations and boundary conditions for these 
problems could be written without too much effort, but it may be seen imme-
diately that no simple analytical solution can be found. The difficulty in these 
engineering problems lies in the fact that either the geometry or some other 
feature of the problem is irregular. Analytical solutions to this type of problems 
seldom exist; yet these are the kinds of problems that engineers need to solve.

Methods for determination of electric field distribution

Methods based on experimental techniques

Graphical methods

Analytical methods

Numerical methods

Differential equation techniques

Finite difference method

Finite element method

Monte Carlo techniques

Fixed random walk method

Floating random walk method

Integral equation techniques

Charge simulation method

Surface charge simulation method

Boundary element method

FIGURE 13.1
Different methods for the determination of the electric field distribution.
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There are several alternatives to overcome this dilemma. One possibility 
is to make simplifying assumptions ignoring the difficulties to reduce the 
problem to one that can be easily handled. Sometimes this approach works; 
but, more often than not, it leads to serious inaccuracies. With the availability 
of computers today, a more viable alternative is to retain the complexities of 
the problem and find an approximate numerical solution.

Several approximate numerical analysis methods have evolved over the 
years, as shown in Figure 13.1. For each practical field problem, depending 
on the dielectric properties, complexity of contours and boundary condi-
tions, one or the other numerical method is more suited.

13.3 Uniqueness Theorem

It states that once any method of solving Poisson’s or Laplace’s equations 
subject to given boundary conditions has been found, the problem has been 
solved once and for all. No other method can ever give a different solution.

Proof:
Consider a volume V bounded by a surface S. Also consider that there is a 

charge density ρv throughout V, and the value of the scalar electric potential 
on S is ϕs.

Assume that there are two solutions of Poisson’s equation, namely, ϕ1 and ϕ2. 
Then

 

 

∇ = − ∇ = −2
1

2
2φ φρ

ε
ρ
ε

v vand

Therefore,

 


∇ − =2
1 2 0( )φ φ  (13.4)

Now, each solution must also satisfy the boundary conditions. It is to be 
noted here that one particular point cannot have two different electric poten-
tials, as the work done to move a unit positive charge from infinity to that 
point is unique. Let the value of ϕ1 on the boundary is ϕ1s and the value of ϕ2 
on the boundary is ϕ2s and they must be identical to ϕs. Therefore,

 φ φ φ1 2s s s= =

 or s s, φ φ1 2 0− =

For any scalar ϕ and any vector 


D, the following vector identity can be written.

 
     

∇ ≡ ∇ +∇( ) ( )φ φ ⋅ φ⋅D D D  (13.5)
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Consider the scalar as (ϕ1− ϕ2) and the vector as 


∇ −( )φ φ1 2 . Then from Iden tity 13.5,

 

   



∇ − ∇ −  ≡ − ∇ ∇ − 

+∇ −

⋅ φ φ φ φ φ φ ⋅ φ φ

φ φ ⋅

( ) ( ) ( ) ( )

( )

1 2 1 2 1 2 1 2

1 2



∇ −( )φ φ1 2

 (13.6)

Now, integrating throughout V enclosed by S,

 

   



∇ − ∇ −  ≡ − ∇ ∇ − 

+ ∇

∫ ∫⋅ φ φ φ φ φ φ ⋅ φ φ( ) ( ) ( ) ( )1 2 1 2 1 2 1 2

V V

dv dv

(( ) ( )

( ) ( )

( )

φ φ ⋅ φ φ

φ φ φ φ

φ φ

1 2 1 2

1 2
2

1 2

1 2

− ∇ −

≡ − ∇ − 

+ ∇ −

∫

∫







dv

dv

V

V

 ∫
2
dv

V

 (13.7)

Applying divergence theorem to the left-hand side of Identity 13.7,

 

  

∇ − ∇ −  = − ∇ − =∫ ∫⋅ φ φ φ φ φ φ φ φ( ) ( ) ( ) ( )1 2 1 2 1 2 1 2 0
V S

dv dsS S  (13.8)

as ϕ1s = ϕ2s on the specified surface S.
On the right-hand side of Identity 13.7, 



∇ − =2
1 2 0( )φ φ  from Equation 13.4. 

Hence, Identity 13.7 reduces to

 



∇ −  =∫ ( )φ φ1 2

2

0
V

dv  (13.9)

Because 


∇ − ( )φ φ1 2

2
 cannot be negative, the integrand must be zero every-

where, so that the integral may be zero.
Hence,

 

 

∇ −  = ∇ − =( ) ( ),φ φ φ φ1 2

2

1 20 0or  (13.10)

Again, if the gradient of (ϕ1 − ϕ2) is zero everywhere, then

 φ φ1 2− = constant  (13.11)

This constant may be evaluated by considering a point on the boundary 
surface S, so that

 φ φ φ φ1 2 1 2 0− = − =s s  

 
or, φ φ1 2=

which means that the two solutions are identical.
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However, in practice, if the same problem is solved by using different 
numerical techniques, the results are not exactly the same. This is due to 
the fact that the errors in a particular numerical method are often problem 
dependent and hence the results are not exactly same in all the methods. 
Therefore, this is not a violation of the Uniqueness theorem.

13.4 Procedural Steps in Numerical Electric Field Computation

The following are the procedural steps that need to be followed for most of 
the numerical electric field computation methods.

At first, the ROI needs to be identified. ROI is the region where the solution 
for electric field is to be obtained. For example, normally the field solution is 
not needed within the electrode volume or below the earth surface. Hence, 
for an isolated electrode and the earth surface, the ROI will be a region 
between the electrode surface and the earth surface, as shown in Figure 13.2. 
Before the ROI is identified, the geometries of the components that comprise 
the field system need to be defined. This step is nowadays done with the help 
of computer-aided design (CAD) software.

The subsequent procedural step is to discretize the entire ROI or the 
boundaries to create the nodes where the solution of field will be obtained. 
Ideally, one should find the field solution at each and every point within the 
ROI. But it will result in immense computational burden and hence the field 
solution is obtained at discrete nodes. This step is called discretization and is 
often done with the help of mesh generators, which are software modules 

HV electrode

Region of interest

Earth

FIGURE 13.2
Depiction of the region of interest for electric field computation.
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that create the mesh within the entire ROI or on the boundaries. In order 
that the electric field solution can be obtained at any specific location within 
the ROI, a pre-defined variation of electric field between successive nodes is 
assumed. In fact, this assumption is a root cause of inaccuracy of the numeri-
cal method.

The next step is to create the system of equations based on the numerical 
method that is being employed. Subsequently, the system of equations is solved 
using a suitable solver. The solver needs to be chosen depending on the nature 
of the coefficient matrix that is being created by the specific numerical method. 
This solution gives the results for the unknown field quantities at the pre-
defined nodes. Finally, the results at any desired location is computed using 
the assumed variation of electric field between the nodes, which is termed as 
post-processing of results. The procedural steps are depicted in Figure 13.3.

Objective Type Questions

 1. Methods applicable to solve electric field problems having less com-
plexity are

 a. Graphical method
 b. Experimental method
 c. Analytical method
 d. All the above

Definition of geometries

Identification of ROI

Discretization of ROI

Creation of system of equations

Solution of system of equations

Post-processing of results

FIGURE 13.3
Procedural steps in numerical electric field computation.
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 2. Numerical methods for the computation of electric field are com-
monly based on the solution of

 a. Partial differential equation
 b. Integral equation
 c. Both (a) and (b)
 d. None of the above
 3. Design of the insulation of a high-voltage apparatus is based on the 

knowledge of
 a. Electric field distribution
 b. Magnetic field distribution
 c. Dielectric properties of insulating materials
 d. Both (a) and (c)
 4. Power frequency electric field in a high-voltage apparatus could be 

approximated as quasi-static because
 a. The wavelength is much longer compared to the dimension of 

the components involved
 b. The wavelength is slightly longer compared to the dimension of 

the components involved
 c. The wavelength is slightly shorter compared to the dimension of 

the components involved
 d. The wavelength is much shorter compared to the dimension of 

the components involved
 5. Boundary value problems where the boundary conditions are speci-

fied by means of the given value of electric potential are called
 a. Gauss’s problem
 b. Dirichlet’s problem
 c. Poisson’s problem
 d. Laplace’s problem
 6. Boundary value problems where the boundary conditions are speci-

fied by means of the given value of electric field intensity are called
 a. Gauss’s problem
 b. Neumann’s problem
 c. Poisson’s problem
 d. Laplace’s problem



279Numerical Computation of Electric Field

 7. Results of numerical methods are commonly validated using the 
results obtained from

 a. Experimental method
 b. Analytical method
 c. Graphical method
 d. All the above
 8. Accurate solutions of electric field problems having irregular geom-

etries are obtained by
 a. Making simplifying assumptions ignoring the difficulties to 

reduce the problem
 b. Finding an approximate numerical solution by retaining the 

complexities of the problem
 c. Both (a) and (b)
 d. None of the above
 9. According to uniqueness theorem, any electric field problem has 

been solved once and for all if particular equations subject to the 
given boundary conditions are solved, which are

 a. Gauss’s equation
 b. Laplace’s equation
 c. Poisson’s equation
 d. Both (b) and (c)
 10. In numerical computation of electric field, the discretization of field 

region is carried out to
 a. Obtain field solution at each and every point within the field 

region
 b. Obtain field solution at discrete nodes within the field region
 c. Reduce the computational burden
 d. Both (b) and (c)

Answers: 1) d; 2) c; 3) d; 4) a; 5) b; 6) b; 7) b; 8) b; 9) d; 10) d
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14
Numerical Computation of High-Voltage 
Field by Finite Difference Method

ABSTRACT Numerical methods for solving Laplace’s equation by 
 expressing it in finite-difference form have been attempted by researchers 
way back in the mid-1950s. However, it is only in the mid-1960s, with the 
advent of relatively high-speed computers, that this numerical method of 
solution became a  feasible proposition. Finite difference method (FDM), as 
it is commonly known, could be used to study electrostatic field distribution 
in two-dimensional (2D), axi-symmetric as well as in three-dimensional (3D) 
cases. This chapter presents detailed discussions on the FDM formulations as 
applied to all the above- mentioned cases. The system of FDM equations, the 
accuracy criteria as well as the technique to handle unbounded field region 
problems have been discussed thoroughly. Suitable application examples of 
2D and axi-symmetric case studies are also given that show typical FDM 
grids for easy comprehension of FDM methodology.

14.1 Introduction

The principle of finite difference method (FDM) is to discretize the entire 
region under study and solve for unknown potentials a set of coupled simul-
taneous linear equations, which approximate Laplace’s or Poisson’s equa-
tions. In fact, this is the objective of most of the numerical-field computation 
techniques that are being used at present.

In FDM, for a two-dimensional (2D) system, the entire region of interest (ROI) 
is discretized using either rectangles or squares. In a three-dimensional (3D) 
system, the discretization is done using either rectangular parallelepipeds or 
cubes. Most commonly, electric potential is assumed to vary linearly between 
two successive nodes. However, this is not mandatory. Any other type vari-
ation, for example, quadratic or polynomial, may also be assumed. But, a 
complex nature of potential variation increases the computational burden 
greatly and may not always give improved accuracy. If the electric potential 
is assumed to vary linearly, as it is commonly considered, then the nodes 
need to be closely spaced where the field varies significantly in space. This is 
generally the case near the electrodes or dielectric boundaries, particularly in 
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the cases of contours having sharp corners. On the other hand, in the region 
away from the electrodes or dielectric boundaries, where the field does not 
change rapidly in space, the nodes may be spaced relatively widely apart.

For multi-dielectric problems, care should be taken during discretiza-
tion to make sure that only one dielectric is present between two consec-
utive nodes. This is achieved by arranging one layer of nodes along the 
dielectric– dielectric interface. This aspect will be taken up in more details in 
a Sections 14.4 and 14.5 in this chapter.

14.2  FDM Equations in 3D System for 
Single-Dielectric Medium

As stated earlier, in a 3D system, discretization is done using either rectangu-
lar parallelepipeds or cubes. In such cases, one particular node is connected 
to six neighbouring nodes, as shown in Figure 14.1. As it is assumed that 
electric potential varies linearly between two successive nodes, it is obvi-
ous that the potential of that particular node will be related to potentials 
of the six connected nodes. FDM equation for any unknown node poten-
tial is developed in terms of potentials of the connected nodes by satisfying 
Laplace’s equation. FDM equation thus developed is a linear equation, that 
is an approximation of Laplace’s equation, which is a second-order partial 
differential equation.

Because the nodal distances in a practical system are unequal, the following 
approach is normally taken for the development of the FDM equations. After 
discretization, the largest nodal distance (h) is identified within the ROI. Then 
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FIGURE 14.1
Unequal nodal distances for FDM equation development in three-dimensional (3D) system.



283Numerical Computation of High-Voltage Field by Finite Difference Method

all the other nodal distances are represented as a fraction of that largest nodal 
distance as sxh, where sx < 1. This is done because the factor sx is a dimen-
sionless quantity and the FDM equation is developed in terms of potentials 
of the six connected nodes and the  dimensionless  factors sx. Therefore, the 
 developed FDM equation becomes a linear equation involving electric poten-
tial only.

As shown in Figure 14.1, the unknown potential of node 0 will be formu-
lated in terms of potentials of the six connected nodes 1 through 6. Electric 
potential being a continuous function within the ROI and the nodal dis-
tances being not large, the Taylor series can be applied for the determination 
of the potential of any one connected node from the potential of node 0. 
Taylor series in 3D system is expressed as follows:
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Applying the Taylor series expansion between nodes 1 and 0 considering 
the potential of node 0 (V0) as f(x,y,z) and the node potential of node 1 (V1) 
as f(x + a,y + b,z + c), so that a = s1h, b = c = 0 and neglecting higher order 
terms,
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Similarly, applying the Taylor series expansion between nodes 0 and 3, such 
that a = −s3h, b = c = 0.
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Eliminating ∂ ∂V x/  from Equations 14.2 and 14.3,
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Similarly, between nodes 2 and 4 in the y-direction,
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and between nodes 5 and 6 in the z-direction,
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Now, Laplace’s equation in the Cartesian coordinates at node 0,
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Therefore, from Equations 14.4 through 14.7, eliminating h, the FDM equa-
tion for the unknown node potential V0 is obtained as
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For equal nodal distances in a 3D system, s1  =  s2  =  s3  =  s4  =  s5  =  s6  =  1. 
Therefore, Equation 14.8 reduces to
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For a 2D system, as shown in Figure 14.2, with unequal nodal distances, the 
FDM Equation 14.8 reduces to
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FIGURE 14.2
Unequal nodal distances for FDM equation development in 2D system.
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For equal nodal distances in a 2D system, the FDM Equation 14.10 reduces to

 
V V V V V0 1 2 3 4

1
4

= + + +( )  (14.11)

PROBLEM 14.1
Consider the 3D arrangement with single dielectric having six given planes 
a, b, c, d, e and f, as shown in Figure 14.3. Write the FDM equations for the 
unknown node potentials V01 and V02. Given h2 = 0.6 h1.

Solution:
In this case, for both the nodes 01 and 02, s1 = s2 = s3 = s4 = 1 and s5 = s6 = 
(h2/ h1) = 0.6.
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FIGURE 14.3
3D arrangement with two nodes having unknown potentials.
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PROBLEM 14.2
For the 2D system with single dielectric, as shown in Figure 14.4, write the 
FDM equations for the unknown node potentials. Boundary node potentials 
are given in the figure.

Solution:
From Figure  14.4, it may be seen that for nodes 1, 2, 4 and 5, the nodal 
distances are equal, that is, h = r/2. For node 3, s1 = s3 = s4 = 1 and s2 can 
be computed trigonometrically as 0.268, as s h r r h r2 = − =( cos ) sin ( ).θ θand  
Moreover, for nodes 1 and 2, symmetry with respect to the central plane is 
to be considered, such that for node 1 another node on the left-hand side 
has to be considered whose potential will be equal to V4 and similarly for 
node 2.
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2D arrangement with nodes having unknown potentials.
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14.3  FDM Equations in Axi-Symmetric System 
for Single-Dielectric Medium

When the field is expressed in cylindrical coordinates (r,θ,z) and the field 
distribution is independent of ‘θ’, then the field distribution is said to be axi-
symmetric or rotationally symmetric, for example, insulators, bushings and 
so on. A typical diagram of an axi-symmetric object is shown in Figure 14.5.

To determine the electric field distribution in an axi-symmetric system, 
Laplace’s equation in cylindrical coordinates, as given below, needs to be 
solved.
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In an axi-symmetric system, V is independent of θ, so that Equation 14.15 
reduces to
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14.3.1 FDM Equation for a Node Lying Away from the Axis of Symmetry

In FDM, for an axi-symmetric system, the ROI is discretized using either rect-
angles or squares. In such cases, one particular node is connected to four 
neighbouring nodes, as shown in Figure 14.6. As it is assumed that electric 
potential varies linearly between two successive nodes, it is obvious that the 
potential of that particular node will be related to potentials of the four con-
nected nodes. FDM equation for any unknown node potential is developed 
in terms of potentials of the connected nodes by satisfying Laplace’s equation 
in cylindrical coordinates. Figure 14.6 shows node 0 with unknown potential 
lying at a certain distance away from the axis of symmetry. In such a case, the 
radial distance of node 0 from the axis of symmetry is also taken as multiple 
(sh) of the largest nodal distance h.

From the Taylor series expansion between nodes 1 and 0 in the r-direction, 
neglecting higher order terms,
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Similarly, from the Taylor series expansion between nodes 0 and 3 in the 
r-direction,

 
V V s h

V
r

s h V
r

3 0 3
0

3
2 2

2
0

2
= − ∂

∂
+ ∂

∂
( )

 (14.18)

z

2

0

r

3

A
xi

s o
f s

ym
m

et
ry

4

1
s3h s1h

sh

s 4
h

s 2
h

FIGURE 14.6
Unequal nodal distances for FDM equation development in axi-symmetric system for a node 
lying away from the axis of symmetry.
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Eliminating ∂ ∂V r/  from Equations 14.17 and 14.18,
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Eliminating ∂ ∂2 2V r/  from Equations 14.17 and 14.18,
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Considering the fact that the radial distance of node 0 from the axis of sym-
metry is r = sh,
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Similarly, between nodes 2 and 4 in the z-direction,
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Putting the relevant expressions from Equations 14.19, 14.21 and 14.22 in 
Laplace’s Equation (14.16), the FDM equation for the unknown node potential 
V0 can be obtained as
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For an axi-symmetric arrangement with equal nodal distances, that is, 
s1 = s2 = s3 = s4 = 1, Equation 14.23 reduces to
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It may be seen from the above equation that for a node lying on the axis 
of symmetry, that is, for s = 0, Equation 14.24 is not valid. Hence, the FDM 
equation for a node lying on the axis of symmetry needs to be developed 
separately.
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14.3.2 FDM Equation for a Node Lying on the Axis of Symmetry

Figure 14.7 shows an axi-symmetric nodal arrangement with unequal nodal 
distances where node 0 having unknown node potential is lying on the axis 
of symmetry.

For an axi-symmetric system along the axis of symmetry, the electric flux 
lines are tangent to the axis. In other words, as r V r→ ∂ ∂ →0 0, / .

Therefore, applying L’Hospital’s rule,
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Hence, for a node lying on the axis of symmetry, Laplace’s Equation 14.16 is 
modified to
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From the Taylor series expansion between the nodes 1 and 0 in the r-direction, 
neglecting higher order terms,
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But, as r V r→ ∂ ∂ →0 0, / . Therefore, from Equation 14.26
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FIGURE 14.7
Axi-symmetric system with unequal nodal distances with a node lying on the axis of symmetry.
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Following Equation 14.22 applying Taylor series between the nodes 2, 0 and 
4 in the z-direction,
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Then satisfying Laplace’s Equation 14.25 with the help of Equations 14.27 
and 14.28, the FDM equation for a node lying on the axis of symmetry can be 
obtained as follows:
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For equal nodal distances, that is, for s1 = s2 = s4 = 1, Equation 14.29 reduces to
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PROBLEM 14.3
For the axi-symmetric arrangement with equal nodal distances, as shown in 
Figure 14.8, write the FDM equations for the unknown node potentials.

Solution:
It may be noted from Figure 14.8 that nodes 1 and 2 lie on the axis of symme-
try, whereas nodes 3, 4, 5 and 6 lie away from the axis of symmetry.
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FIGURE 14.8
Nodal arrangement pertaining to Problem 14.3.
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PROBLEM 14.4
For the axi-symmetric system with single dielectric, as shown in Figure 14.9, 
write the FDM equations for the unknown node potentials. Boundary node 
potentials are given in the figure.

Solution:
It may be noted from Figure 14.9 that for nodes 1, 2, 4 and 5 the nodal distances 
are equal, out of which nodes 1 and 2 lie on the axis of symmetry. Nodes 3, 
4 and 5 lie away from the axis of symmetry, out of which the nodal distances 
for node 3 are unequal such that s1 = s3 = s4 = 1 and s2 = 0.268.
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FIGURE 14.9
Nodal arrangement pertaining to Problem 14.4.
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14.4  FDM Equations in 3D System 
for Multi-Dielectric Media

Because the commonly used assumption in FDM is linear variation of elec-
tric potential between two successive nodes, it is imperative that there should 
not be two different dielectric media between two successive nodes. In other 
words, during discretization, it should be ensured that one set of nodes will 
always be on the dielectric interface. Figure 14.10 shows one such nodal dis-
tribution with unequal nodal distances. The y–z plane is considered to be 
the dielectric interface and one set of nodes is on the dielectric interface. For 
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FIGURE 14.10
Nodal arrangement for FDM equation development in 3D system with multi-dielectric media.
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all the nodes that lie within either medium 1 or medium 2 there will be 
only that dielectric between any two successive nodes and hence the FDM 
equations for a single-dielectric medium could be used for such nodes. But 
for the nodes lying on the dielectric interface it is not the case. As shown in 
Figure 14.10, between nodes 0 and 1 there is medium 1, and between nodes 
0 and 3 there is medium 2. Therefore, FDM equation needs to be developed 
for the nodes that lie on the dielectric interface applying suitable boundary 
conditions.

For Laplacian field, that is, considering that the dielectric boundary does 
not have any free charge present on it, the necessary boundary condition 
is that the normal component of flux density remains constant on both 
the sides of the dielectric interface. For the nodal arrangement shown in 
Figure 14.10, the x-component of electric flux density is the normal compo-
nent on the dielectric interface as the y–z plane is the dielectric interface. 
Hence,
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(14.31)

where:

 
K =

ε
ε

1

2

Here, it is to be noted that two potential functions need to be considered 
on the two sides of the dielectric interface as shown in Equation 14.31. The 
potential function V is valid for medium 1 and V′ is valid for medium 2.

Accordingly, two Laplace’s equations, one with V and the other with V′, 
need to be satisfied in this case, as given in Equations 14.32a and 14.32b. 
Equation 14.32a is valid for medium 1, and Equation 14.32b is valid for 
medium 2.
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Now, from the Taylor series expansion between the pair of nodes, the follow-
ing expressions are obtained:
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It is to be mentioned here that nodes 0, 2, 4, 5 and 6 lie on the dielectric inter-
face. According to the boundary conditions on dielectric–dielectric interface, 
electric potential and tangential component of electric field remain constant 
on the dielectric interface.

From Equation 14.33a
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and from Equation 14.33b

 ∂ ′
∂

=
− + ∂ ′ ∂

=
− + ∂ ∂2

2
0

3 0 3 0

3
2 2

3 0 3 0

3
2 22

V
x

V V s h V x

s h

V V s hK V x

s h

( / )

/

( / )

//2
 (14.35)

From Equations 14.33c and 14.33d along the y-direction on the y–z plane,
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and from Equations 14.33e and 14.33f along the z-direction on the y–z plane,
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From Equation 14.32a, that is, Laplace’s equation that is valid for medium 1,
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and from Equation 14.32b, that is, Laplace’s equation that is valid for medium 2,
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Eliminating ∂ ∂V x/
0
 from Equations 14.38 and 14.39,
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Equation 14.40 is the FDM equation for the unknown potential of a node lying 
on the dielectric interface in the 3D system with unequal nodal distances.

For equal nodal distances in the 3D multi-dielectric system, that is, when 
s1 = s2 = s3 = s4 = s5 = s6 = 1, Equation 14.40 reduces to
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For a 2D multi-dielectric system with unequal nodal distances, the FDM 
equation for the unknown potential of a node lying on the dielectric interface 
will be as follows, where the dielectric interface is considered to be along the 
y-axis, as shown in Figure 14.11.
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For equal nodal distances in the 2D multi-dielectric system, that is, when 
s1 = s2 = s3 = s4 = 1, Equation 14.42 reduces to
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PROBLEM 14.5
For the 3D arrangement with two different dielectric media, as shown in 
Figure  14.12, write the FDM equations for nodes 1, 2 and 3. The known 
node potentials are as follows: V13 = V23 = V33 = 100 V, V14 = V24 = V34 = 0 V, 
V11 = V21 = V31 = 50 V, V12 = V22 = V32 = 60 V and V15 = V35 = 55 V. Given that 
ε1 = 4 and ε2 = 1.

Solution:
In this problem, the largest nodal distance is h.
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FIGURE 14.11
Nodal arrangement for FDM equation development in 2D system with multi-dielectric media.
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FIGURE 14.12
(See colour insert.) Nodal arrangement pertaining to Problem 14.5.
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For node 1: s1 = 0.5, s3 = 1, s2 = s4 = 0.333, s5 = 0.5 and s6 = 0.75. Therefore, as 
per Equation 14.8
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Similarly for node 3: s1 = 0.5, s3 = 1, s2 = s4 = 0.333, s5 = 0.5 and s6 = 0.75. 
Therefore, as per Equation 14.8
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For node 2, as per Equation 14.40, V1 = V3, V3 = V1, V2 = V23 = 100 V, V4 = V24 = 0 V, 
V5  = V21  = 50 V and V6 = V22 = 60 V and s1 = s3 = 0.333, s2 = 0.5, s4 = 0.75, 
s5 = 0.5, s6 = 1 and K = (ε1/ε2) = 4.
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PROBLEM 14.6
For the 2D multi-dielectric configuration with series dielectric arrangement, 
as shown in Figure  14.13, write the FDM equations for the nodes having 
unknown potentials.

Solution:
For nodes 1, 2 and 3, symmetry of the configuration has to be considered with 
respect to the central plane. The nodal distances are equal for these three nodes.
For node 1:
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For node 2: As per Equation 14.43, V1  =  V1, V2  =  V6, V3  =  V3, V4  =  V6 and 
K = (1/3).
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For node 3:
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For node 4: The nodal distances are unequal such that s1 = (1/3), s2 = 0.882 and 
s3 = s4 = 1 because the largest nodal distance is (3r/4). Then as per Equation 14.10
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For node 5: The nodal distances are unequal such that s1 = (1/3), s2 = 1 and 
s3 = s4 = 1. Then as per Equation 14.10
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For node 6: As per Equation 14.42, V1  =  V5, V2  =  V2, V3  =  V7, V4  =  20 and 
K = (1/3). Nodal distance factors are s1 = s2 = s3 = 1 and s4 = (1/3).
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For node 7: The nodal distances are unequal such that s1  =  (1/3) and 
s2 = s3 = s4 = 1. Then as per Equation 14.10

 
V

V V
7

3 61 0 333 1 8 0 333 1 1 1 1 1
=

+  +  + +  +/( . ) ( / . ) ( / ) /( ) ( / ) (00 1
1 0 333 1 1 1 1

/ )
/( . ) /( )

 
×  + × 

100 kV r

68 kV

εr1 = 1

εr2 = 3

42 kV

20 kV

8 kV
7

6

3

2

1
5

4

r/43r/4

3r
/4

3r
/4

3r
/4

3r
/4

FIGURE 14.13
Nodal arrangement pertaining to Problem 14.6.
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PROBLEM 14.7
For the 2D multi-dielectric configuration with parallel dielectric arrange-
ment, as shown in Figure  14.14, write the FDM equations for the nodes 
 having unknown potentials.

Solution:
The largest nodal distance for this arrangement is h.

Therefore, for node 1: s1  =  1, s2  =  s4  =  0.333 and s3  =  0.5. Then as per 
Equation 14.10
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For node 2: s1 = 1, s2 = s4 = 0.333 and s3 = 0.5. Then as per Equation 14.10
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For node 3: As per Equation 14.42, V1 = V1, V2 = 100, V3 = V5, V4 = V4 and 
K = (1/4). Nodal distance factors are s1 = s3 = 0.5 and s2 = s4 = 0.333.
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For node 4: As per Equation 14.42, V1 = V2, V2 = V3, V3 = V6, V4 = 0 and K = (1/4). 
Nodal distance factors are s1 = s3 = 0.5 and s2 = s4 = 0.333.
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FIGURE 14.14
Nodal arrangement pertaining to Problem 14.7.
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For node 5: s1 = 0.5, s2 = s4 = 0.333 and s3 = 1. Then as per Equation 14.10
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For node 6: s1 = 0.5, s2 = s4 = 0.333 and s3 = 1. Then as per Equation 14.10

 
V

V V
6

4 51 0 5 1 0 5 33 1 1 0 333 0 333
=

+  +  + × /( . ) ( / . ) ( / ) /( . . ) ( // . ) ( / . )
/( . ) /( . . )

0 333 0 0 333
1 0 5 1 1 0 333 0 333

+ 
+  + × 

14.5  FDM Equations in Axi-Symmetric System 
for Multi-Dielectric Media

14.5.1 For Series Dielectric Media

In this case, the dielectric interface is considered to be normal to the axis 
of symmetry. FDM equations need to be developed for a node lying on the 
dielectric interface. This node could be away from the axis of symmetry and 
could also be on the axis of symmetry.

14.5.1.1  For the Node on the Dielectric Interface Lying 
Away from the Axis of Symmetry

For the nodal arrangement shown in Figure 14.15, the z-component of electric 
flux density is the normal component on the dielectric interface that is paral-
lel to the r-axis.
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where:

 
 K = ε

ε
1

2

Here, it is to be noted again that the potential function V is valid for medium 
1 and V′ is valid for medium 2.
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Accordingly, two Laplace’s equations, one with V and the other with V′, need 
to be satisfied in this case, as given in Equations 14.45a and 14.45b. Equation 
14.45a is valid for medium 1, and Equation 14.45b is valid for medium 2.
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Now, from the Taylor series expansion between the pair of nodes, the  following 
expressions are obtained
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FIGURE 14.15
Nodal arrangement for FDM equation development in axi-symmetric system with multi-
dielectric media in series dielectric arrangement when the node is lying away from the axis of 
symmetry.
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It is to be noted here that nodes 1, 0 and 3 lie on the dielectric interface. 
According to the boundary conditions on dielectric–dielectric interface, elec-
tric potential and tangential component of electric field remain constant on 
the dielectric interface.

From Equations 14.46a and 14.46b along the r-direction on the dielectric 
interface,
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From Equations 14.46a and 14.46b considering the radial distance of the node 
0 from the axis of symmetry to be sh, that is, r = sh,
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From Equation 14.46c

 
∂
∂

=
− − ∂ ∂2

2
0

2 0 2 0

2
2 2 2

V
z

V V s h V

s h

( / )

/

z
 (14.49)

and from Equation 14.46d
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From Equations 14.45a, 14.47, 14.48 and 14.49,
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and from Equations 14.45b, 14.47, 14.48 and 14.50,
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Eliminating ∂ ∂V z/
0

 from Equations 14.51 and 14.52,
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Equation 14.53 is the FDM equation for the unknown potential of a node 
lying on the dielectric interface, where the node is away from the axis of 
symmetry, in an axi-symmetric system with unequal nodal distances having 
series dielectric arrangement (Figure 14.15).

For equal nodal distances, that is, for s1 = s2 = s3 = s4 = 1, Equation 14.53 
reduces to
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and for single-dielectric system, that is, for K = 1, with equal nodal distances 
Equation 14.54 reduces to
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14.5.1.2  For the Node on the Dielectric Interface 
Lying on the Axis of Symmetry

Laplace’s equation in medium 1:
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Laplace’s equation in medium 2:
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As per Equation 14.44
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Now, from the Taylor series expansion between the pair of nodes as shown in 
Figure 14.16, the  following expressions are obtained:
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In Equation 14.58a,
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From Equation 14.58b,
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FIGURE 14.16
Nodal arrangement for FDM equation development in axi-symmetric system with multi-dielectric 
media in series dielectric arrangement when the node is lying on the axis of symmetry.
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From Equation 14.58c,
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Therefore, from Laplace’s equation in medium 1, that is, Equation 14.56,
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and from Laplace’s equation in medium 2, that is, Equation 14.57,
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Eliminating ∂ ∂V z/
0
 from Equations 14.60 and 14.61,
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Equation 14.62 is the FDM equation for the unknown potential of a node 
lying on the dielectric interface, where the node is on the axis of symme-
try, in an axi-symmetric system with unequal nodal distances having series 
dielectric arrangement (Figure 14.16).

For equal nodal distances, that is, for s1 = s2 = s4 = 1, Equation 14.62 reduces to
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and for a single-dielectric system, that is, for K = 1, with equal nodal dis-
tances Equation 14.63 reduces to
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14.5.2 For Parallel Dielectric Media

In this case, the dielectric interface is considered to be parallel to the axis 
of symmetry. FDM equations need to be developed for a node lying on the 
dielectric interface. This node is away from the axis of symmetry, as in this 
case the dielectric interface cannot be on the axis of symmetry.

For the nodal arrangement shown in Figure 14.17, the r-component of elec-
tric flux density is the normal component on the dielectric interface that is 
parallel to the z-axis.
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where:
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Now, from the Taylor series expansion between the pair of nodes, the expres-
sions that may be obtained are as follows:
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FIGURE 14.17
Nodal arrangement for FDM equation development in axi-symmetric system with multi-
dielectric media in parallel dielectric arrangement when the node is lying away from the axis 
of symmetry.
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From Equation 14.65a
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and from Equation 14.65b
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Again, from Equation 14.65a
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and from Equation 14.65b
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From Equations 14.65c and 14.65d along the z-direction on the dielectric 
interface,
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Satisfying Laplace’s equation in medium 1:
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Similarly, satisfying Laplace’s equation in medium 2:
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Eliminating ∂ ∂V r/
0
 from Equations 14.71 and 14.72,
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(14.73)

Equation 14.73 is the FDM equation for unknown potential of a node lying 
on the dielectric interface, where the node is away from the axis of sym-
metry, in an axi-symmetric system with unequal nodal distances having a 
parallel dielectric arrangement.

For equal nodal distances, that is, when s1 = s2 = s3 = s4 = 1, Equation 14.73 
reduces to
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and for a single-dielectric system, that is, K = 1, with equal nodal distances 
Equation 14.74 reduces to
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PROBLEM 14.8
For the axi-symmetric multi-dielectric configuration with series dielectric 
arrangement, as shown in Figure  14.18, write the FDM equations for the 
nodes having unknown potentials.

Solution:
In this configuration, the largest nodal distance is (2r/3). Therefore, the respec-
tive nodal distance factors are calculated based on this largest nodal distance.

For node 1: As per Equation 14.29, V1 = V5, V2 = 100, V4 = V2, s1 = 0.5 and 
s2 = s4 = 1.
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For node 2: As per Equation 14.62, V1 = V6, V2 = V1, V4 = V3, s1 = 0.5, s2 = s4 = 1 
and K = (1/4).
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For node 3: As per Equation 14.29, V1 = V7, V2 = V2, V4 = 0, s1 = 0.5 and s2 = s4 = 1.



310 Electric Field Analysis

 
V

V V
3

7
2

2

2

2 0 5 1 1 1 1 0 1

2 0 5 1
=

×  + +  + 
+

( )/ . /( ) ( / ) ( / )

( / . ) /(11 1× )

For node 4: The nodal distances are unequal such that s1  =  1, s2  =  0.086, 
s3 = 0.5, s4 = 1 and s = 0.5; V1 = 65, V2 = 100, V3 = 100 and V4 = V5. Then as per 
Equation 14.23
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For node 5: The nodal distances are unequal such that s1  =  s2  =  s4  =  1, 
s3  =  0.5 and s  =  0.5; V1  =  32, V2  =  V4, V3  =  V1 and V4  =  V6. Then as per 
Equation 14.23

V

V

5

11 1 0 5 2 0 5 0 5 1 32 2 0 5 1 0 5

=

+  × +  + × − { }
+

/( . ) ( . . )/ ( . )/ .

(( . )/( ) ( / ) ( / )

( . . )

2 0 5 1 1 1 1

2 0 5 0 5 1
4 6× +  + 















× + −

V V

//( . ) ( . )/( )1 0 5 2 0 5 1 1×  + × × 

For node 6: As per Equation 14.53, V1  =  15, V2  =  V5, V3  =  V2, V4  =  V7, 
s1 = s2 = s4 = 1, s3 = 0.5, s = 0.5 and K = (1/4).
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FIGURE 14.18
Nodal arrangement pertaining to Problem 14.8.
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For node 7: The nodal distances are unequal such that s1 = s2 = s4 = 1, s3 = 0.5 
and s = 0.5; V1 = 5, V2 = V6, V3 = V3 and V4 = 0. Then as per Equation 14.23
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PROBLEM 14.9
For the axi-symmetric multi-dielectric configuration with parallel dielec-
tric arrangement, as shown in Figure 14.19, write the FDM equations for the 
nodes having unknown potentials.

Solution:
In this configuration the largest nodal distance is h. Therefore, the respective 
nodal distance factors are calculated based on this largest nodal distance.

For node 1: The nodal distances are unequal such that s1 = s2 = s4 = 1, s3 = 0.5 
and s = 1.833; V1 = 60, V2 = 100, V3 = V3 and V4 = V2. Then as per Equation 14.23
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FIGURE 14.19
Nodal arrangement pertaining to Problem 14.9.
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For node 2: The nodal distances are unequal such that s1 = s2 = s4 = 1, s3 = 0.5 
and s = 1.833; V1 = 25, V2 = V1, V3 = V4 and V4 = 0. Then as per Equation 14.23
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For node 3: The nodal distances are unequal such that s1 = 0.5, s2 = s4 = 1, 
s3 = 0.333 and s = 1.333; V1 = V1, V2 = 100, V3 = V5, V4 = V4 and K = (1/2). Then 
as per Equation 14.73
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For node 4: The nodal distances are unequal such that s1 = 0.5, s2 = s4 = 1, 
s3 = 0.333 and s = 1.333; V1 = V2, V2 = V3, V3 = V6, V4 = 0 and K = (1/2). Then 
as per Equation 14.73
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For node 5: The nodal distances are unequal such that s2 = s3 = s4 = 1, s1 = 0.333 
and s = 1; V1 = V3, V2 = 100, V3 = 66 and V4 = V6. Then as per Equation 14.23
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For node 6: The nodal distances are unequal such that s2 = s3 = s4 = 1, s1 = 0.333 
and s = 1; V1 = V4, V2 = V5, V3 = 33 and V4 = 0. Then as per Equation 14.23
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14.6 Simulation Details

14.6.1 Discretization

In FDM, for the 2D system, the entire ROI, that is, the region where the 
field distribution is required to be calculated, is discretized using either 
rectangles or squares. In the 3D system, discretization is done using either 
rectangular parallelepipeds or cubes. Because the potential is commonly 
assumed to vary linearly between two successive nodes, the nodes need 
to be closely spaced where the field varies significantly in space. This is 
generally the case near the electrodes or dielectric boundaries, particu-
larly in the cases of contours having sharp corners. On the other hand, in 
the region away from the electrodes or dielectric boundaries, where the 
field does not change rapidly in space, the nodes may be spaced relatively 
widely apart.

For multi-dielectric problems, care should be taken during discretization 
to make sure that only one dielectric is present between two consecutive 
nodes. This is achieved by arranging one layer of nodes along the dielectric–
dielectric interface.

The finite difference model of a problem gives a point-wise approximation 
to the governing equations, for example, Laplace’s equation. This model is 
formed by writing difference equations for an array of grid points called 
nodes, which is improved as more nodes are used in the simulation. With the 
help of FDM, one can treat some fairly difficult problems; but for problems 
having irregular geometries or an unusual specification of boundary condi-
tions, the FDM becomes hard to use.

As an example of how FDM might be used to represent a complex geo-
metrical shape, consider the high-voltage insulator cross section shown in 
Figure 14.20. A finite difference mesh would reasonably cover the insulator 
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volume, but the boundaries must be approximated by a series of horizontal 
and vertical lines or stair steps. This results in poor approximation of the 
curved insulator boundary.

14.6.2 Simulation of an Unbounded Field Region

FDM is well suited for simulating bounded field regions, that is, field regions 
having well-defined boundaries. For unbounded field regions, a major dif-
ficulty in the implementation of FDM is the placement of nodes in the space, 
which is far away from the components that affect the field distribution. 
This difficulty is surmounted by placing a fictitious boundary, as shown in 
Figure 14.21, at a location relatively distant from the components influencing 
the field. This fictitious boundary is placed with the assumption that the pair 
of nodes on both sides of this boundary has same potential, for example, the 
potential of the nodes 1, 3, 5 and 7 are assumed to be same as that of the nodes 
2, 4, 6 and 8, respectively. If this fictitious boundary is placed in a region where 
the field does not vary rapidly in space, then the imposition of this fictitious 
boundary does not incorporate any significant error in the field computation.

14.6.3 Accuracy Criteria

The accuracy of simulation is dependent on the nature of discretization of 
the field region and hence it is important to determine the simulation accu-
racy using certain well-accepted criteria as detailed below.

The potential error on the electrode boundaries can be determined at a num-
ber of checkpoints on the electrode surface between two consecutive nodes. 
Such check points are often called control points. This potential error is defined 

FIGURE 14.20
Discretization of insulator geometry by FDM mesh.
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as the difference between the known potential of the electrode and the com-
puted potential at the control point. From such calculations one can determine 
the average or the maximum or the mean squared value of the potential error.

The error in the electric field intensity is usually higher than the potential 
error. Hence, compared to the potential error the deviation angle on the electrode 
surface is a more sensitive indicator of the simulation accuracy. The deviation 
angle is defined as the angular deviation of the electric stress vector at the con-
trol point on the electrode surface from the direction of the normal to its surface.

In multi-dielectric systems, the discrepancy in the tangential electric stress 
at the control points on the dielectric interface can be computed. Another 
criterion for checking the simulation accuracy is to compute the discrepancy 
in the normal flux density at the control point on the dielectric interface. For 
a good simulation, such discrepancies should be small.

14.6.4 System of FDM Equation

In FDM, the potential of any node is related to either four connected nodes 
in the 2D system or six connected nodes in the 3D system. Hence, if a field 
region is discretized using N (N  >>  1) number of nodes, then the system 
of FDM equation will be an N × N matrix. But in each row of this matrix, 
there will be non-zero value in only five or seven elements depending on 
the dimension of the simulated system and all the other elements out of N 
elements of each row of the matrix will be zero. Hence, it is obvious that the 
system of FDM equations generates a highly sparse matrix.

Hence, it is advisable to solve the system of FDM equations by an iterative 
technique such as Gauss–Seidel method rather than using a direct method 
such as Gaussian elimination. In the iterative methods, suitable technique is 
to be employed to achieve accelerated convergence.
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FIGURE 14.21
Simulation of unbounded field region.
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14.7  FDM Examples

14.7.1 Transmission Line Parallel Conductors

Length of the transmission line conductors can be considered to be very large 
compared to the diameter of the conductors as well as the conductor spac-
ings. Hence, the field due to three-phase transmission line conductors could 
be computed as a 2D case, as the field is assumed to be not varying along the 
length of the conductors. Figure 14.22 shows a typical arrangement of three-
phase transmission line conductors, where the line conductors are arranged 
in an equilateral triangle formation. The length of the line conductor is taken 
in the direction perpendicular to the plane of the paper. The field is assumed 
to be computed at the mid-span, so that the earth surface and the transmis-
sion towers are considered to be far away from the conductors. This is an 
example of unbounded field region problem and hence fictitious boundaries, 
as discussed in Section 14.6.2, need to be introduced, as shown in Figure 14.22. 
FDM grid, as shown in Figure 14.22, depicts smaller nodal distances where the 
field is expected to be higher, whereas the nodal  distances are higher elsewhere. 
This example involves only one dielectric as the conductors are surrounded by 
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FIGURE 14.22
FDM grid for three-phase transmission line conductors.
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air. It should be stressed here that all the FDM grids shown in section 14.7 are 
suggestive only. Users may use other grids using their discretion.

14.7.2 Post-Type Insulator

Figure 14.23 shows the FDM grid for a simple post-type insulator stressed 
between two electrodes. It is an axi-symmetric system with two dielec-
tric media. It is also an example of unbounded field region problem and 
hence a fictitious boundary on the right has been introduced, as shown 
in Figure 14.23. There should be two more fictitious boundaries that need 
to be introduced, one at the top and one at the bottom. But it is left to the 
imagination of the reader. Coarse and finer meshes are taken depending 
on the nature of field concentration. Typically finer mesh size is to be taken 
near the boundaries and as one goes away from the boundary relatively 
higher mesh size could be taken without compromising accuracy.
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FIGURE 14.23
FDM grid for a simple post-type insulator.
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14.7.3 Disc-Type Insulator

Disc-type insulators are widely used for supporting high-voltage transmis-
sion line conductors from the tower cross-arm. A realistic disc-type insulator 
and the associated FDM grid are shown in Figure 14.24. It is an axi- symmetric 
case study with two dielectric media, typically porcelain (εr1) as solid insulat-
ing material surrounded by air (εr2). As it is an unbounded field region prob-
lem, three fictitious boundaries have been introduced for field computation, 
as shown in Figure 14.24. As stated in the earlier examples, the nodal dis-
tances are to be suitably chosen in relation to field distribution, so that high 
accuracy is achieved. Contrary to post-type insulators, the high-voltage end 
of the disc-type insulator is at the bottom (the pin, as shown in Figure 14.24) 
and the earthed end is at the top (the cap, as shown in Figure 14.24).
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FDM grid for a disc-type insulator.
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Objective Type Questions

 1. Finite difference method is based on
 a. Differential equation technique
 b. Integral equation technique
 c. Monte Carlo technique
 d. Experimental technique
 2. FDM equations may be derived from
 a. Logarithmic series expansion
 b. Binomial series expansion
 c. Taylor series expansion
 d. Fourier series expansion
 3. FDM is best suited to solve numerically
 a. Laplace’s equation
 b. Poisson’s equation
 c. Gauss’s law in differential form
 d. Both (a) and (b)
 4. For equally spaced nodes in a 2D system, FDM equation is given by
 a. V0 = (V1 + V2 + V3 + V4 + V0)/5
 b. V0 = (V1 + V2 + V3 + V4 + V0)/4
 c. V0 = (2V1 + V2 + V3 + V4)/4
 d. V0 = (V1 + V2 + V3 + V4)/4
 5. Between any two connected nodes in FDM, electric field intensity is 

commonly assumed to be
 a. Linearly varying
 b. Constant
 c. Inversely varying
 d. Exponentially varying
 6. FDM equations are most commonly solved by
 a. Iterative technique
 b. Gaussian elimination
 c. LU decomposition
 d. Both (b) and (c)
 7. For equally spaced nodes in a 3D system, FDM equation is given by
 a. V0 = (V1 + V2 + V3 + V4)/4
 b. V0 = (V1 + V2 + V3 + V4 + V5 + V6)/6
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 c. V0 = (V1 + V2 + V3 + V4 + V5 + V6)/4
 d. V0 = (V1 + V2 + V3 + V4)/6
 8. Matrix representation of the system of equations to be solved in 

FDM gives
 a. Diagonal matrix
 b. Unit matrix
 c. Sparse matrix
 d. Nearly full matrix
 9. The FDM equation V0 =  (V1 + V2 + V3 + V4)/4 + (V1 − V3)/8s is 

valid for
 a. 2D system with equal nodal distances
 b. 2D system with unequal nodal distances
 c. Axi-symmetric system with equal nodal distances
 d. Axi-symmetric system with unequal nodal distances
 10. Simulation of unbounded configurations extended up to infinity 

gives rise to difficulties in
 a. Finite difference method
 b. Finite element method
 c. Charge simulation method
 d. Both (a) and (b)
 11. The nodal FDM equation V0 = (4V1 + V2 + V4)/6 for equally spaced 

nodes is valid for a node
 a. In a 2D system
 b. In a 3D system
 c. On the axis in an axi-symmetric system
 d. On dielectric boundary in a 2D system
 12. For a given configuration in FDM, if the number of nodes is increased, 

then accuracy
 a. Remains unchanged
 b. Decreases
 c. Increases
 d. Oscillates
 13. In simulation of multi-dielectric problem by FDM, two successive 

nodes are placed in such a way that
 a. Both lie in the same dielectric
 b. Each one lies in different dielectric
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 c. One on the boundary and other one in a dielectric

 d. Both (a) and (c)

 14. On the conductor boundary, simulation accuracy is checked by 
calculating

 a. Potential error

 b. Continuity of normal component of electric flux density

 c. Deviation angle

 d. Both (a) and (c)

 15. For a given 2D configuration in FDM, if the inter-node spacing of 
equally spaced nodes is increased, then the results

 a. Get better

 b. Get worse

 c. Remain unchanged

 d. Oscillate

 16. On the dielectric–dielectric interface, simulation accuracy is checked 
by calculating

 a. Potential error

 b. Continuity of normal component of electric flux density

 c. Deviation angle

 d. Both (a) and (c)

 17. To achieve higher simulation accuracy as well as faster computation, 
discretization of the field region should be done in such a way that

 a. The nodes are closely spaced everywhere

 b. The nodes are sparsely spaced everywhere

 c. The nodes are closely spaced where the field varies sharply and 
are sparsely spaced elsewhere

 d. The nodes are sparsely spaced where the field varies sharply and 
are closely spaced elsewhere

 18. In general, the nodes need to be spaced unequally

 a. Near the electrode boundaries

 b. Near the dielectric–dielectric boundaries

 c. Far away from the boundaries

 d. Both (a) and (b)

Answers:  1) a; 2) c; 3) a; 4) d; 5) b; 6) a; 7) b; 8) c; 9) c; 10) d; 11) c; 12) c; 
13) d; 14) d; 15) b; 16) b; 17) c; 18) d
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15
Numerical Computation of High-Voltage 
Field by Finite Element Method

ABSTRACT Finite element method (FEM) is a general procedure that may 
be adapted to approximate the solution to various partial differential equations. 
Two such equations in electric field analysis are Laplace’s and Poisson’s equa-
tions. Over the course of last five decades, FEM has been proved to be very 
efficient in electric field analysis in two-dimensional (2D), axi-symmetric and 
three-dimensional (3D) systems having multiple dielectric media. Basic FEM 
formulations in all these systems have been discussed in this chapter. The 
variational approach of minimizing the functional, namely, potential energy of 
electric field, has been taken as the basis of FEM formulation. Details of finite 
elements that are mostly used in 2D and 3D systems have been presented. The 
chapter also highlights the procedural steps in FEM along with the nuances of 
its implementations such as system of FEM equations and its solution, refine-
ment and acceptability of FEM mesh and sources of error in FEM. Use of FEM 
in design cycle has been also discussed from a practical viewpoint.

15.1 Introduction

Finite element method (FEM) is a numerical analysis technique to obtain solu-
tions to the differential equations that describe, or approximately describe, a 
wide variety of physical problems ranging from solid, fluid and soil mechanics, 
to electromagnetism or dynamics. The underlying premise of the FEM is that 
a complicated region of interest can be subdivided into a series of smaller sub-
regions in which the differential equations are approximately solved. By assem-
bling the set of equations for each sub-region, the behaviour over the entire 
region of interest is determined.

It is difficult to state the exact origin of the FEM, because the basic concepts 
have evolved over a period of 100 or more years. The term finite element was 
first coined by Clough in 1960. In the early 1960s, FEM was used for approxi-
mate solution of problems in stress analysis, fluid flow, heat transfer and 
some other areas. In the late 1960s and early 1970s, the application of FEM 
was extended to a much wider variety of engineering problems. Significant 
advances in mathematical treatments, including the development of new 
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elements, and convergence studies were made in 1970s. Most of the commer-
cial FEM software packages originated in the 1970s and 1980s. FEM is one 
of the most important developments in computational methods to occur in 
the twentieth century. The method has evolved from one with applications in 
structural engineering at the beginning to a widely utilized and richly varied 
computational approach for many scientific and technological areas at present.

15.2 Basics of FEM

Using the FEM, the region of interest is discretized into smaller sub-regions 
called elements, as shown in Figure 15.1, and the solution is determined in 
terms of discrete values of some primary field variables, for example, electric 
potential, at the nodes. The governing equation, for example, Laplace’s or 
Poisson’s equations, is now applied to the domain of a single element. At the 
element level, the solution to the governing equation is replaced by a con-
tinuous function approximating the distribution of the field variable ϕ over 
the element domain, expressed in terms of the unknown nodal values ϕ1, ϕ2 
and ϕ3 of the solution ϕ. A system of equations in terms of ϕ1, ϕ2 and ϕ3 can 
then be formulated for the element. Once the element equations have been 
determined, the elements are assembled to form the entire region of interest. 
Assembly is accomplished using the basic rule that the value of the field vari-
able at a node must be the same for each element that shares that node. The 
solution ϕ to the problem becomes a piecewise approximation, expressed in 

Region of interest
(Area = A)

Element
boundary

y

x

ϕ3

ϕ2

ϕ1

Element domain
(Area = dA)

Node

FIGURE 15.1
Depiction of region of interest, element and nodes for FEM formulation.
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terms of the nodal values of ϕ. The assembly procedure results in a system of 
linear algebraic equations.

Several approaches can be used to transform the physical formulation 
of the problem to its finite element discrete analogue. If the physical for-
mulation of the problem is known as a differential equation, for example, 
Laplace’s or Poisson’s equations, then the most popular method of its finite 
element formulation is the Galerkin method. If the physical problem can be 
formulated as minimization of a functional, then the variational formulation 
of the finite element equations is usually used. For problems in high-voltage 
fields, the functional turns out to be the energy stored in the electric field.

A third and even more versatile approach to derive element properties is 
known as the weighted residuals approach. The weighted residuals approach 
begins with the governing equations of the problem and proceeds without 
relying on a variational statement. This approach is advantageous because 
it makes it possible to extend the FEM to problems where no functional is 
available.

15.3 Procedural Steps in FEM

In general terms, the main steps of the finite element solution procedure are 
as follows.

 1. At the beginning the region of interest is discretized into finite 
elements.

 2. Suitable functions are considered to interpolate the field variables 
over the element.

 3. The matrix equation for the finite element is formed relating the 
nodal values of the unknown field variables to other physical 
parameters.

 4. Global equation system is formed for the entire region of interest 
by assembling all the element equations. Element connectivities are 
used for the assembly process. Boundary conditions, which are not 
accounted in element equations, are imposed before the solution of 
equations.

 5. The finite element global equation system is solved to get the nodal 
values of the sought field variables.

 6. In many cases, additional parameters need to be calculated after the 
solution of global equation system. For example, in high-voltage field 
problems, electric field intensity, electric flux density and charges 
are of interest in addition to electric potential, which are obtained 
after solution of the global equation system.
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15.4 Variational Approach towards FEM Formulation

For high-voltage field problems, the principle of minimum potential energy 
is used in this approach. The principle of minimum potential energy can 
be stated as: Out of all possible potential functions, ϕ(x,y,z), the one which 
 minimizes the total potential energy is the potential solution that will sat-
isfy equilibrium, and will be the actual potential due to the applied field 
forces.

Thus, a potential function that will minimize the functional, that is, 
potential energy, is desired. Minimization of functionals falls within the 
field of variational calculus. In most cases, an exact function is impossible 
to determine, necessitating the use of approximate numerical methods. 
Minimization of potential energy in a finite element formulation is carried 
out using the energy approach. FEM develops the equations from simple ele-
ment shapes, in which the unknowns of the solution are the potentials at the 
nodes. The calculus of variations enables the energy equation to be reduced 
to a set of simultaneous equations with the nodal potentials as the unknown 
quantities.

15.4.1 FEM Formulation in a 2D System with Single-Dielectric Medium

The potential energy in a two-dimensional (2D) electric field is given by

 U E l dA
A

total r= ∫∫ 1
2

2
ε ε0



⋅ ⋅  (15.1)

 or total 0 r, U l dA
A

= −∇∫∫ 1
2

2
ε ε φ



⋅ ⋅  (15.2)

where:
E = electric field intensity
ϕ = electric potential
l = length normal to the area A (usually considered as unity for 2D field)
ε0 = permittivity of free space
εr = relative permittivity of dielectric

The integration of Equation 15.1 must be carried out over the area A, which 
is identical to the field region under consideration, as shown in Figure 15.1. 
Because this area must be finite, FEM cannot be applied to the problems with 
open fields without modifications.

To apply FEM, the region of interest is to be discretized by so-called finite 
elements, as shown in Figure 15.1. If a region of interest is divided into ele-
ments such that the continuity of electric potential between elements is 
enforced, then the total potential energy is equal to the sum of the individual 



329Numerical Computation of High-Voltage Field by Finite Element Method

energies of each element. For N number of elements, the total potential 
energy can then be stated as follows:

 U U e
e

N

total =
=
∑ ( )

1

 (15.3)

To minimize the total potential energy, U, of the entire region of interest, U(e) 
must be minimized for each element. Seeking a set of nodal potentials for 
each element will minimize U(e). Observe that the functional U(e) is a func-
tion only of the nodal potentials. Using calculus of variations, an extremiza-
tion of U(e) occurs when the vector of the first partial derivatives with respect 
to ϕ is zero.

The simplest 2D element is the linear triangular element, as shown in 
Figure 15.2. For this element, there are three nodes at the vertices of the tri-
angle, which are numbered around the element in the anti-clockwise direc-
tion. Electric potential ϕ is assumed to be varying linearly within the element 
such that

 φ α α α= + +1 2 3x y  (15.4)

Hence,

 E
x

E
y

x yand= − ∂
∂

= − = − ∂
∂

= −φ α φ α2 3  (15.5)

Thus, for this element, the electric field intensity components are constant 
throughout the element. As a result, this type of element is also known con-
stant stress element (CST).

Now, considering a triangular element, as shown in Figure 15.2

y

x

(x3,y3)

ϕ3

ϕ2

ϕ1
(x2,y2)

3

2

(x1,y1)
1

FIGURE 15.2
Linear triangular element.
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Therefore, from Equation 15.6
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Similarly,
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The magnitude of the electric field intensity within an element T,
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Hence, the electric potential energy in an element T

 U E A l A lT T= = +( )1
2

1
2

2

2
2

3
2ε ε ε ε α α0 r 0 r



⋅ ⋅ ⋅  (15.11)

For electric potential energy in an element to be minimum,
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Equation 15.12 is to be applied to every node where the unknown potential 
is to be determined. It may be noted here that the node under consideration 
may belong to more than one element. Then Equation 15.12 is to be applied 
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for all such elements considering the node under consideration as node 1 
and the other two nodes of the element being node 2 and node 3 taken in the 
anti-clockwise direction.

Now,
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Hence, from Equations 15.7, 15.9 and 15.13
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where:
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(15.16)

where:
Subscript T denotes the element number
DT is twice the area of the element, as given by Equation 15.8
εrT is the permittivity of the dielectric within the element

Discretization using triangular elements is usually done is such a way that 
one particular node is connected to either six other nodes in hexagonal 
 connectivity, as shown in Figure 15.3a, or to eight other nodes in octagonal 
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connectivity, as shown in Figure 15.3b. For hexagonal connectivity, an equa-
tion may be formed involving potentials of all the six nodes surrounding 
the node ‘0’ applying Equation 15.15. In such case, for every element, node 0 
of Figure 15.3 is considered to be node 1 of Equation 15.15 and the other two 
nodes are considered to be node 2 and node 3 in the anti-clockwise direction. 
Application of Equation 15.15 thus results in six simultaneous linear equa-
tions, the summation of which may be represented as follows.

 F F F F F F F1 1 2 2 3 3 4 4 5 5 6 6 0 0 0φ φ φ φ φ φ φ+ + + + + + =  (15.17)
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Application of Equation 15.17 to all the nodes having unknown potential will 
generate the FEM system of simultaneous linear equations, which needs to be 
solved for determining the node potentials. Equations 15.17 and 15.18 could be 
suitably modified for octagonal nodal connectivity. Here, it may also be noted 
that FEM formulation as described above automatically takes into account 
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FIGURE 15.3
Nodal connectivity – (a) 6 elements (hexagonal) and (b) 8 elements (octagonal).
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the unequal elemental sizes as the coefficients as in Equation 15.18 are all 
computed in terms of nodal coordinates that may have any numerical value.

15.4.2 FEM Formulation in 2D System with Multi-Dielectric Media

For computing electric field in multi-dielectric media, triangular elements 
are so positioned that any given triangular element comprises only one 
dielectric medium. In other words, a set of nodal points are to be placed on 
the interface between two dielectrics, as shown in Figure  15.4. Hence, the 
coefficients K1T, K2T and K3T for any node are to be calculated depending on its 
nodal position (i.e., 1, 2 or 3) in an element considering the proper value of εr.

While applying Equation 15.17 for the nodal connectivity shown in 
Figure 15.4, the following modifications need to be made for F2, F5 and F0 
keeping the others unchanged.
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FIGURE 15.4
Elemental discretization for multi-dielectric media.



334 Electric Field Analysis

For the computation of F0, K1T is to be calculated considering εr1 for the elements 1, 
5 and 6 and considering εr2 for the elements 2, 3 and 4, using Equation 15.16. For 
example, for elements T3 and T6, respectively, the expressions for K1T will be as 
follows:

 K
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1 3
2

3
4 3

2
3 4

2
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6 1
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ε

Here, it may be noted that no separate formulation is required for multi-
dielectric media in FEM in contrast to FDM.

15.4.3 FEM Formulation in Axi-Symmetric System

As already discussed, the electric potential energy in a triangular element is

 U E A le 0 r= 1
2

2
ε ε



⋅ ⋅  (15.19)

where:
(A·l) is the volume of the element

For an axi-symmetric system, this volume is created due to the rotation of a 
triangular element around the axis of symmetry (Figure 15.5). The area of 
the triangle being A, l should then be the mean length of rotation, that is, 2π 
times the radial distance of the centroid of the triangle.
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FIGURE 15.5
Triangular element for an axi-symmetric formulation.
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Therefore,

 l r r r= + +
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 (15.20)

Putting this expression for l in Equation 15.14b
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Therefore, from the above equation in an axi-symmetric system,
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 and R r r r= + +( )1 2 3

For the axi-symmetric system with multi-dielectric media, the modifications 
to be brought in are the same as those described for a 2D formulation dis-
cussed in Section 15.4.2.

15.4.4 Shape Function, Global and Natural Coordinates

Solution of FEM equations gives the field variables at the nodes, but the field 
variables at different points inside the element are also needed. For this pur-
pose, shape functions are used to interpolate the nodal values of field variables 
to compute the corresponding values at arbitrary points inside the elements.

Consider that one vertex of the triangle is moved holding the other two 
fixed. Then both the deformed and non-deformed triangles can be drawn on 
top of one another, as shown in Figure 15.6a.

Assuming the deformation to be linear, the areas of the deformed triangles 
can be calculated from the base and height of the triangle. As the base remains 
constant, the area is a linear function of the height, that is, the displacement 
of the node within the triangle. As all the three nodes could be displaced, so 
three linear functions need to be written to describe the displacement of an 
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interior point due to the displacement of each of the nodes. The displacement 
of the interior point will be computed by summing the displacement due to 
each of the three nodes of the triangle.

As shown in Figure 15.6b, the interior point divides the triangle into three 
sub-triangles. All three nodes may move and hence the motion of the interior 
point is some combination of their displacements. Let A1, A2 and A3 be the 
area of each of sub-triangles and A be the total area of the triangular element. 
Then A = A1 + A2 + A3.

Therefore, the shape functions are defined as follows:

 L
A
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L
A
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L
A
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1 2 3
1 2 3= = =, and  (15.23)

In terms of the nodal coordinates, the shape functions are given by
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(15.24)

The same shape functions can be used to compute the coordinates of a point 
interior to the triangle:

 

x L x L x L x
y L y L y L y
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1 1 2 2 3 3
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 (15.25)
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A3
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FIGURE 15.6
(a) Triangle in non-deformed and deformed states and (b) interpolation at an interior point.
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From Equation 15.25, it is obvious that the values of the shape functions for 
node 1 are (1,0,0), for node 2 are (0,1,0) and for node 3 are (0,0,1). The shape 
functions are not independent of one another because L1 + L2 + L3 = 1. Hence, 
if two shape functions are known, then it is possible to compute the third. 
Introducing the natural coordinates within the triangle (ξ,η) such that

 L L1 2= =ξ η,  

(15.26)Then

 L3 1= − −ξ η

The representation of natural coordinates is shown in Figure 15.7.
A local coordinate system that relies on the element geometry for its defini -

tion and whose coordinates range between zero and unity within the element 
is known as the natural coordinate system. Natural coordinate systems have the 
property that one particular coordinate has unit value at one node of the ele-
ment and zero value at the other nodes. Use of natural coordinates is advan-
tageous in deriving interpolation functions and also in the development of 
curved-sided elements.

Substituting ξ and η in Equation 15.25, the relationship between the global 
co ordinates (x,y) and the natural coordinates (ξ,η) can be obtained as given below:

 
x x x x x x
y y y y y y
= − + − +
= − + − +

( ) ( )
( ) ( )

1 3 2 3 3

1 3 2 3 3

ξ η
ξ η  (15.27a)

The above equation can be used to compute the natural coordinates. If any point 
within the triangle is given, then the coordinates of the vertices (x1,y1), (x2,y2) and 
(x3,y3) are known along with the coordinate of the given point (x,y). Therefore, 
Equation 15.27 can be solved for ξ and η. Subsequently, if the field variable, say 

1

3

2
(a,b)

ξ = 1

ξ = a

ξ = 0 η = 0

η = b

η = 1

FIGURE 15.7
Representation of natural coordinates.
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electric potential, is known at the nodes, then the natural coordinates can be 
used to compute the field variable for the point at (x,y). For example,

 φ φ φ ξ φ φ η φ( , ) ( ) ( )x y = − + − +1 3 2 3 3  (15.27b)

15.4.5 Derivation of Field Variables Using Natural Coordinates

The potential within the element can therefore be viewed as a function of 
(x,y) or (ξ,η). Therefore, using the chain rule of derivatives,
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where:
J is the Jacobian matrix of the transformation

From Equation 15.27a, the Jacobian can be obtained as
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where:
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(15.30)

From Equations 15.28 and 15.29,
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From Equations 15.27b and 15.31,
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where:
D = 2A
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From Equation 15.32
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Equations 15.33a and 15.33b thus give 
 

E Ex yand= − = −α α2 3, which are same 
as those obtained in Equations 15.5, 15.7 and 15.9.

PROBLEM 15.1
The nodal coordinates of a linear triangular element are (1,1), (3,2) and (2,3) 
mm, respectively. The potentials at the three nodes are as follows: node 1, 
100 V; node 2, 150 V and node 3, 200 V. Calculate the potential and the elec-
tric field intensity components at the point P(2,2) mm within the triangular 
element.

Solution:
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Therefore,
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It is to be noted here that the nodes 1(1,1), 2(3,2) and 3(2,3) are taken in the 
anti-clockwise direction. If these three nodes are taken in the clockwise 
direction, for example, nodes 1(1,1), 2(2,3) and 3(3,2), then the area of the tri-
angle becomes negative. This is why the nodes of a triangular element have 
to be taken always in the anti-clockwise direction.

15.4.6 Other Types of Elements for 2D and Axi-Symmetric Systems

15.4.6.1 Quadratic Triangular Element

There are six nodes on this element, as shown in Figure 15.8. Three nodes are 
at the three vertices and three nodes are at the middle of the three sides of 
the triangle.

Electric potential is assumed to be a quadratic function of global coordi-
nates (x,y) within the element such that

 φ α α α α α α= + + + + +1 2 3 4
2

5 6
2x y x xy y  (15.34)

Thus, the electric field intensity components are as follows:

 E
x

x y E
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α α α
φ

α α α( ) ( )2 4 5 3 6 52 2  (15.35)

Thus, the electric field intensity varies linearly within the triangular ele-
ment. Hence, this type of element is known linear stress triangle, which gives 
better results than the CST.
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In terms of the natural coordinates, the six shape functions for this element 
are as follows:

 L L L
L L L

1 2 3

4 5 6

2 1 2 1 2 1
4 4 4

= − = − = −
= = =
ξ ξ η η ζ ζ
ξη ηζ ζξ
( ); ( ); ( );
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Where:

 ζ ξ η= − −1

Electric potential function within the element is written as

 φ φ φ φ φ φ φ= + + + + +L L L L L L1 1 2 2 3 3 4 4 5 5 6 6  (15.37)

15.4.6.2 Linear Quadrilateral Element

In this element, there are four nodes at the four corners of a quadrilateral, as 
shown in Figure 15.9. In the natural coordinate system (ξ,η), the four shape 
functions are given as follows.
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At any point inside the element, L1 + L2 + L3 + L4 = 0.
In a generalized way, the shape function can be written as
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FIGURE 15.8
Quadratic triangular element.
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The electric potential within the element varies as

 φ φ φ φ φ= + + +L L L L1 1 2 2 3 3 4 4 (15.39)

15.4.6.3 Quadratic Quadrilateral Element

There are eight nodes in this element, four nodes at the four corners of the 
quadrilateral and four nodes at the middle of the four sides, as shown in 
Figure 15.10.
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FIGURE 15.9
Linear quadrilateral element.
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FIGURE 15.10
Quadratic quadrilateral element.
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The eight shape functions can be represented in natural coordinates as 
follows:
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(15.40)

At any point inside the element, Lii =∑ = 01
8 .

The electric potential function within the element is given by φ φ= ∑ = Li ii 1
8 .

For an axi-symmetric system, all the elements resemble a ring having its 
axis same as the axis of symmetry of the system, whose cross section will be 
as per the figures shown in the respective subsections hereabove.

PROBLEM 15.2
For the 2D configuration having a single-dielectric medium, as shown in 
Figure 15.11, write the FEM equations for the nodes having unknown node 
potentials. Consider the finite elements to be linear triangular elements.

Solution:
Out of the 12 nodes shown in Figure 15.11, the potential of only two nodes 
are unknown, namely, nodes 6 and 7. Both these nodes belong to six elements 
in the mesh, as shown in Figure 15.11. Assuming the coordinate of node 9 to 
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FIGURE 15.11
Pertaining to Problem 15.2.
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be (0,0) and considering h = 1, the coordinates of the other nodes are deter-
mined accordingly.
For node 6:

 F F F F F F F1 1 2 5 3 10 4 11 5 7 6 2 0 6 0φ φ φ φ φ φ φ+ + + + + + =
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For node 7:
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From the above two equations ϕ6 and ϕ7 can be solved. The coefficients are to 
be computed using the expressions given in Equation 15.16. In this problem, 
the value of εr is not specified and hence it may be taken as 1 for all the ele-
ments as there is only one dielectric medium to be considered.

PROBLEM 15.3
For the 2D configuration having two dielectric media, as shown in 
Figure 15.12, write the FEM equations for the nodes having unknown node 
potentials. Consider the finite elements to be linear triangular elements.

Solution:
The same equations for nodes 6 and 7, as given in Problem 15.2, are to be 
solved here for determining the values of ϕ6 and ϕ7. However, the values of εr 
are to be chosen in the following manner for different elements:
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εr1  =  1 for the elements (T-6-1-5), (T-6-2-1), (T-7-2-6), (T-7-3-2) and 
(T-7-8-3) and

εr2 = 4 for the elements (T-6-5-10), (T-6-10-11), (T-7-6-11), (T-7-11-12) and 
(T-7-12-8)

15.4.7 FEM Formulation in 3D System

The potential energy in a 3D electric field is given by

 U E dV
V

total 0 r= ∫∫∫ 1
2

2
ε ε



 (15.41)

 or total 0 r, U dV
V

= −∇∫∫∫ 1
2

2ε ε φ  (15.42)

To apply FEM, the region of interest is to be discretized by solid finite ele-
ments. For N number of solid elements, the total potential energy can then 
be stated as follows:

 U U e
e

N

total =
=
∑ ( )

1

To minimize the total potential energy, U, of the entire region of interest, U(e) 
must be minimized for each solid element.

The simplest three-dimensional (3D) solid element is the linear tetrahedron 
element, as shown in Figure 15.13. For this element, there are four nodes at the 
four corners of the tetrahedron, which are numbered in such a way that the 
first three nodes are arranged in the anti-clockwise direction when viewed 
from node 4, for example, 1, 2 and 3 nodes of Figure 15.13 are arranged in the 
anti-clockwise direction when viewed from node 4.
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FIGURE 15.12
Pertaining to Problem 15.3.
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Electric potential ϕ is assumed to be varying linearly within the element 
such that

 φ α α α α= + + +1 2 3 4x y z  (15.43)

Hence,
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Electric field intensity components are constant within a linear tetrahedral 
element. Hence, it is called a CST in high-voltage (HV) field computation.

Again, the potentials at the four corners of the element are given by
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Hence,
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FIGURE 15.13
Linear tetrahedral element.
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where:
Δ = six times the volume of the element and
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where:
1yz∆ , 2yz∆ , 3yz∆  and 4yz∆  are two times the area of triangles opposite to the 

nodes 1, 2, 3 and 4, respectively, when these triangles are projected 
to the y–z plane

Therefore,
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Similarly,

 

3
1 1 2 2 3 3 4 4

4
1 1 2 2 3 3

α
φ φ φ φ

α
φ φ φ

=
− + −

=
− + −

zx zx zx zx

xy xy xy

∆ ∆ ∆ ∆
∆

∆ ∆ ∆

and

++ 4 4φ xy∆
∆

 

(15.49)

where:
1zx∆ , 2zx∆ , 3zx∆  and 4zx∆  are two times the area of triangles opposite to the 

nodes 1, 2, 3 and 4, respectively, when these triangles are projected to 
the z–x plane 

1xy∆ , 2xy∆ , 3xy∆  and 4xy∆  are two times the area of triangles opposite to the 
nodes 1, 2, 3 and 4, respectively, when these triangles are projected 
to the x–y plane

Now, electric potential energy in a tetrahedral element is given by
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For electric potential energy in an element to be minimum,
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In Equation 15.52
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Therefore, from Equations 15.48, 15.49, 15.52 and 15.53
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or,
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Equation 15.55 can be represented as
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where:
subscript e denotes the element number and
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15.4.7.1 Natural Coordinates of Linear Tetrahedral Element

The natural coordinates and the shape functions of a linear tetrahedral ele-
ment are described in terms of the volumes, as shown in Figure 15.14. Any 
point P within the tetrahedral element (1-2-3-4) subdivides it into four sub-
tetrahedra as shown. Then the shape functions are given by Equation 15.58, 
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where:
V denotes volume such that L1 + L2 + L3 + L4 = 1
Denoting, L1 = ξ, L2 = η, L3 = ζ, L4 = 1 − ξ − η − ζ

Then the natural coordinates (ξ,η,ζ) of the four corner nodes are as follows: 
node 1 (0,0,0), node 2 (0,0,1), node 3 (0,1,0) and node 4 (1,0,0), as shown in 
Figure 3.14.

Coordinate transformation within the element is done using the following 
expressions:
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FIGURE 15.14
Natural coordinates of linear tetrahedral element.



350 Electric Field Analysis

The same shape functions are also used to describe potential function within 
the tetrahedral element, such that

 φ φ φ φ φ= + + +L L L L1 1 2 2 3 3 4 4  (15.60)

Equation 15.59 can be solved to give
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where:
Δ is six times the volume of the tetrahedron defined by the nodes 1-2-3-4 

and is given in Equation 15.46

Jacobian matrix:
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 Hence,
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PROBLEM 15.4
For the linear tetrahedral element shown in Figure 15.15, find the potential 
of the point P.
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Solution:
As per Equation 15.61 the four shape functions are
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Consequently, the potential of the point
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It is to be noted here that the value of Δ in this case is 18, that is, the volume 
of the tetrahedron is three units. If the position of nodes 2 and 3 are inter-
changed, so that nodes 1, 2 and 3 are arranged in the clockwise direction 
when viewed from node 4, then the volume becomes −3, that is, it becomes 
negative.

15.4.7.2 Linear Hexahedral Element

The generalization of a 2D quadrilateral in a 3D system is a hexahedron. In 
finite element literature, it is also known as brick. A hexahedron is topologi-
cally equivalent to a cube. It has eight corners, twelve edges and six faces. 
Elements having this geometry are extensively used in modelling 3D solids 
in FEM.

The eight corners of a hexahedron element are locally numbered 1, 2,…, 8, 
as shown in Figure 15.16. In order to guarantee a positive volume, or, more 
precisely, a positive Jacobian determinant at every point, the rules for node 
numbering of the hexahedral element are as follows:

z

x

y

4 (ϕ4 = 200 V)
(3,3,4)

2
(4,4,1)

(ϕ3 = 120 V) 3
(2,2,1)

1 (ϕ1 = 100 V) (ϕ2 = 140 V)
(4,1,1)

P (2,3,3)

FIGURE 15.15
Pertaining to Problem 15.4.
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 1. Consider one corner, say node 1, and one face pertaining to that cor-
ner, say 1-2-3-4. Note that for a given corner, there are three possible 
faces meeting at that corner.

 2. Number the other three corners as 2,3,4 traversing the face 1-2-3-4 in 
the counterclockwise direction while one looks at that face from the 
opposite one, that is, face 5-6-7-8.

 3. Number the corners of the face directly opposite to 1-2-3-4 as 5,6,7,8, 
respectively, traversing the face 5-6-7-8 in counterclockwise direc-
tion while one looks at that face from the opposite one, that is, face 
1-2-3-4.

The natural coordinates for this geometry are called ξ, η and ζ, and are also 
called isoparametric hexahedral coordinates. The natural coordinates vary from 
−1 on one face to +1 on the opposite face, taking the value zero on the median 
face. As in the case of other type of elements, this particular choice of limits 
is made to facilitate the use of the standard Gauss integration formulae. The 
natural coordinates (ξ,η,ζ) of the eight nodes are as follows: node 1(1,−1,−1), 
node 2(1,−1,1), node 3(1,1,1), node 4(1,1,−1), node 5(−1,−1,−1), node 6(−1,1,−1), 
node 7(−1,1,1) and node 8(−1,−1,1).

The shape functions are given as follows:

 L ii i i i= + + + =1
8

1 1 1 1 8( )( )( ), , ,ξξ ηη ζζ   (15.63)

where:
(ξi,ηi,ζi) are the natural coordinates of the ith node, as given above
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FIGURE 15.16
Linear hexahedral element.
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The following relationship holds good for the shape functions: Lii ( , , ) .ξ η ζ =∑ = 11
8

Coordinate mapping is done using the following equations:

 x L x y L y z L zi i

i

i i

i

i i

i

= = =
= = =
∑ ∑ ∑

1

8

1

8

1

8

, and  (15.64)

Electric potential at any point within the element is given by φ φ= ∑ = Li ii 1
8 .

15.4.7.3 Isoparametric Element

All the types of elements discussed in this chapter are known as isopara-
metric element. The term isoparametric arises from the fact that the para-
metric description used to describe the variation of the unknown field 
parameter within an element is exactly the same as that used to map 
the geometry of the element from the global coordinates to the natural 
coordinates. The main advantage of isoparametric formulation is that the 
element equations need only be evaluated in natural coordinate system. 
Thus, for each element in the mesh the integrals can be evaluated by a 
standard procedure.

However, it is not necessary to use shape functions of the same order for 
describing the geometry and the field variable in an element. If the geom-
etry is described by a lower order model than the field variable, then the 
element is called sub-parametric element. On the other hand, if the geometry 
is described by a higher order shape function, then the element is called a 
super-parametric element.

15.4.8 Mapping of Finite Elements

Mapping between natural and global coordinates is an important issue in 
FEM, as all calculations are performed in natural coordinates. Such mapping 
results in geometric transformation of the elements.

Figure 15.17 shows the mapping of a triangle of arbitrary side length into 
an isosceles triangle.

Figure  15.18 shows how a quadrilateral of arbitrary side length can be 
mapped to unit square using linear quadrilateral element.

Figure 15.19 shows how a curved quadrilateral can be mapped to a unit 
square using quadratic quadrilateral element.

Figure 15.20 shows the mapping of a hexahedron of arbitrary side length 
into a unit cube using a quadratic hexahedral element.
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15.5 Features of Discretization in FEM

In FEM the continuous domain is replaced by a series of simple, intercon-
nected elements whose field variable characteristics are comparatively easy to 
compute. In true sense, these elements are connected to each other along their 
boundaries but the assumption that the elements are connected only at their 
nodes is made in order to perform a theoretical approximation. A wide variety 
of element types in two and three dimensions are now available. It is a duty 
of the person doing the analysis to determine not only the appropriate type of 
elements for the problem at hand, but also the density required to sufficiently 
approximate the solution. It is essential to apply engineering judgement.
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FIGURE 15.18
Mapping of linear quadrilateral element.
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FIGURE 15.17
Mapping of linear triangular element.
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15.5.1 Refinement of FEM Mesh

In FEM mesh, every element has a size (h) and an order (p). Either reducing 
the element size (h) or increasing the element order (p) reduces the error in 
FEM. Consequently, there are three basic approaches towards mesh refine-
ment in FEM: the h, p and the h–p methods.

 1. In the h method, the element order (p) is kept constant and the mesh 
is refined by making the size (h) smaller.

 2. On the other hand, in the p method, the element size (h) is kept con-
stant and the element order p is increased for mesh refinement.
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FIGURE 15.19
Mapping of curved quadrilateral element.
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FIGURE 15.20
Mapping of a hexahedral element.
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 3. In the h–p method, simultaneously the size (h) is made smaller and 
the order (p) is increased to create higher order small-sized elements 
in the mesh refinement process.

It is often claimed that higher order elements, which require more nodes per 
element, results in less computational time using a smaller number of large-
sized elements. But in real life, geometries defining the practical objects are 
complex, which anyway require a fine mesh to accurately discretize the 
geometry. In such cases, the mesh size is usually small and hence the error 
does not exceed what is required for engineering accuracy. Therefore, the 
use of higher order h elements offers no benefit over the use of lower order h 
elements in most of the cases. Thus, the h method accompanied by a robust 
quadrilateral or hex generator is most often the best solution for practical 
design jobs.

15.5.2 Acceptability of Element after Discretization

Traditionally, the discretization of irregular-shaped regions has been per-
formed manually. Nowadays, state-of-the-art software packages automate 
the mesh generation process. However, with any mesh-generation package, 
the user’s judgement and experience are still very important. Once a finite ele-
ment mesh has been created, it must be checked to ensure that each element 
satisfies certain criteria for acceptability, for example, distortion, which may 
produce spurious results. For all types of elements in FEM, the best results 
are obtained if the elements have reasonable shape. Distorted elements lead 
to major inaccuracies, as in the case of isoparametric elements distortions 
very often lead to non-unique mapping between the global and natural coor-
dinates. Experience shows that good results are normally obtained if the 
internal angles of the elements are within 30° and 150°. Another criterion is 
the ratio between the longest and shortest sides of the element. Preferably 
this ratio should be smaller than 5:1.

Figure 15.21 shows a few elements having very bad shape that need to be 
avoided in FEM mesh.

15.6 Solution of System of Equations in FEM

Applications of the FEM to practical systems lead to large systems of simulta-
neous linear algebraic equations, which are symmetric, positive definite and 
sparse. Many solution methods make use of these properties to provide fast 
and efficient computation algorithms, which are now implemented in nearly 
all finite element packages. Only half of the matrix including diagonal entries 
needs to be stored because of the symmetry. Positive definite matrices are 
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characterized by large positive entries on the main diagonal. As a result, solu-
tion can be carried out without pivoting. Storage and computations could be 
economized using sparsity. Solution methods for simultaneous linear equa-
tion systems can be broadly divided into two groups: direct methods and 
iterative methods. Direct solution methods are usually used for problems of 
moderate size. For large problems, iterative methods are preferable as they 
require less computing time. The choice of solution method is very much 
dependent on the size of the problem as well as the type of analysis.

15.6.1 Sources of Error in FEM

There are three main sources of error in a typical FEM solution, namely, dis-
cretization error, formulation error and numerical error.

Discretization error results from transforming the continuous physical 
region of interest into a finite element model, and can be related to model-
ling the boundary shape, the boundary conditions and so on. In many 
problems, poor geometry representation causes serious discretization error. 
Discretization error can be effectively reduced by the refinement of FEM mesh.

Formulation error results from the use of elements that do not precisely 
describe the behaviour of the physical problem. For example, a particular 
finite element might be formulated on the assumption that electric potential 
varies in a linear manner over the domain. Such an element will produce no 
formulation error when it is used to model a linearly varying electric poten-
tial, but would create a significant formulation error if it is used to represent 
a quadratic or cubic varying electric potential. The magnitude of this error 
depends on the size of the elements relative to the nature of variation of field 
variables. Formulation error in most physical problems reduces as the ele-
ment size decreases.

Numerical error occurs as a result of numerical calculation procedures, 
and includes truncation errors and round off errors. This is a function of the 

FIGURE 15.21
Elements having distorted shape.
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computer accuracy, the computer algorithm, the number of equations and 
the element subdivision. Both truncation and round off error sources are 
reduced with good modelling practices.

15.7 Advantages of FEM

Early work on numerical solution of boundary-valued problems can be 
traced to the use of finite difference method (FDM). Use of such method was 
reported by Southwell in his book published long back in the mid-1940s. The 
FDM is generally restricted to simple geometries in which an orthogonal 
grid is possible to construct. For irregular geometries, a global transforma-
tion of the governing equations (e.g. Poisson’s equation in HV fields) must be 
made to create an orthogonal computational domain. Moreover, the imple-
mentation of boundary conditions in FDM is often cumbersome.

The beginning of the FEM actually stems from the difficulties associated 
with using FDM for solving difficult, geometrically irregular problems. 
Unlike FDM, which envisions the solution region as an array of grid points, 
the FEM envisions the solution region as made up of many small, intercon-
nected sub-regions or elements. A finite element model of a problem gives a 
piecewise approximation to the governing equations. The basic premise of 
the FEM is that a solution region can be analytically modelled or approxi-
mated by replacing it with an assemblage of discrete elements. Because these 
elements can be put together in a variety of ways, they can be used to repre-
sent exceedingly complex shapes.

For the high-voltage insulator problem, the finite element model gives 
a good approximation of the region of interest using the simplest 2D ele-
ment, that is, the linear triangular element, as shown in Figure 15.22. In 
FEM, a better approximation of the boundary shape is obtained because 
the curved boundary is represented by straight lines of any inclination. 
However, it is not intended here to suggest that finite element models are 
decidedly better for all problems. The only purpose of the example is to 
demonstrate that the FEM is particularly well suited for problems with 
complex geometries.

15.7.1 Using FEM in the Design Cycle

Using FEM analysis in the design cycle of a product is advantageous. FEM 
can be used to determine the real-life behaviour of a new design concept 
under various practical conditions, and therefore to make possible refine-
ment prior to the creation of drawings in computer-aided design (CAD), 
when changes are inexpensive. Once a detailed CAD model has been devel-
oped, FEM can be used to analyze the design in detail, which saves time and 
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money by reducing the number of prototypes required. Further an existing 
product, which is experiencing a field problem or is being improved, can be 
analyzed to speed up the change in engineering design and reduce its cost. 
In addition, FEM analysis can now be performed on increasingly affordable 
personal computers. However, FEM analysis can reduce product testing, but 
cannot totally replace it. It is important to note here that an inexperienced 
user of FEM can deliver incorrect answers, on which significant and expen-
sive decisions will be based. FEM is a demanding tool, in that the analyst 
must be proficient not only in subject being solved, but also in mathematics, 
computer applications and especially the FEM itself.

15.8 FEM Examples

15.8.1 Circuit Breaker Contacts

Figure 15.23 shows the typical contact arrangement of a high-voltage circuit 
breaker. In order to study the arcing in the contact arrangement, it is neces-
sary to know the electric field distribution for such arrangement. It is an 
axi-symmetric system. Figure  15.23a shows a triangular mesh comprising 
relatively larger triangular elements that could be used for FEM analysis. 
If the mesh size does not provide acceptable accuracy, then the discretiza-
tion could be refined, as shown in Figure 15.23b. Typically, the triangles are 
smaller in the region where the field is expected to be high and the variation 
of field is non-uniform. On the other hand, in those regions where the field 
intensity magnitude as well as non-uniformity is lower, triangular elements 
of larger size are used. As a thumb rule, the element size is smaller near the 
boundaries and the element size becomes progressively larger as the dis-
tance from the boundary increases.

FIGURE 15.22
Modelling of HV insulator using triangular element.
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15.8.2 Cylindrical Insulator

A vertical cylindrical insulator with end electrodes is shown in Figure 15.24. 
These end electrodes also act as corona shields for high-voltage applica-
tions. This system is an axi-symmetric unbounded field region problem. In 
such cases, a fictitious boundary has to be considered for FEM analysis. In 
this example, a spherical boundary is assumed as shown. The basic rule of 
assuming the fictitious boundary is that the boundary should be considered 
at a location where the field variation is very small in space.

15.8.3 Porcelain Bushing of Transformer

Bushings are used in those cases where a live conductor has to pass through 
an earthed body or through a body of a different potential. In the case of 
transformers, the windings are normally within the tank which is earthed. 
Hence, the live conductor has to pass through the earthed tank for making 
connection to the winding. Hence, bushings are necessary for transformers. 
Figure 15.25 shows a typical porcelain bushing used in transformers. It is an 
axi-symmetric arrangement with unbounded region outside the porcelain 
outer cover. The central conductor has a solid insulation layer over it. The 
space between this solid insulation and the outer porcelain cover is filled with 
transformer oil. Typically, failure of bushings occurs in two different ways: 
(1) by means of puncture of insulation between the live conductor and the 

(a) (b)

FIGURE 15.23
Modelling of circuit breaker contact using (a) coarse triangular mesh and (b) fine triangular 
mesh.
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earthed tank where the radial distance between them is minimum and (2) by 
means of flashover that occurs along the surface of the porcelain outer cover. 
But in both the cases such a failure results in a terminal short circuit of the 
transformer, which is a major fault in any power system and is catastrophic 
from the viewpoint of the transformer health. Therefore, it is very impor-
tant to know the electric field distribution in and around bushings, so that 
unwanted field concentration does not take place that may lead to failure. 
Typical FEM discretization of a transformer porcelain bushing is shown in 
Figure 15.25, which need to be refined depending on the accuracy required.

FIGURE 15.24
Modelling of vertical cylindrical insulator incorporating fictitious boundary.



362 Electric Field Analysis

Objective Type Questions

 1. Finite element method is based on
 a. Taylor series expansion
 b. Fourier transform
 c. Integral equation solution
 d. Differential equation solution
 2. In principle, finite element method is closer to
 a. Charge simulation method
 b. Finite difference method
 c. Monte Carlo method
 d. Fourier transform
 3. In 2D FEM formulation, which one of the following elements is most 

commonly used?
 a. Straight-line element
 b. Ring element
 c. Triangular element
 d. Tetrahedral element

FIGURE 15.25
Modelling of porcelain bushing of transformer.
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 4. In finite element method, which one of the following is true?
 a. Only conductor boundaries are discretized
 b. Only dielectric boundaries are discretized
 c. Both (a) and (b)
 d. Entire field region is discretized
 5. In FEM, if number of elements is increased, then error
 a. Decreases
 b. Increases
 c. Remains unchanged
 d. Oscillates
 6. Poisson’s equation can be solved conveniently by
 a. Finite element method
 b. Finite difference method
 c. Charge simulation method
 d. Surface charge simulation method
 7. In FEM formulation, within each element which one of the following 

parameters is considered to vary linearly, in general?
 a. Electric potential
 b. Electric field intensity
 c. Electric flux density
 d. Both (a) and (b)
 8. In FEM, electric field intensity is determined by
 a. Numerical integration
 b. Numerical differentiation
 c. Series expansion
 d. Analytical expression
 9. Which one of the following is the basis of variational approach in 

FEM formulation?
 a. Energy within the field region is maximum
 b. Field intensity within the field region is maximum
 c. Energy within the field region is minimum
 d. Field intensity within the field region is minimum
 10. In FEM, higher number of elements are needed to simulate the 

region where field intensity
 a. Varies sharply
 b. Remains constant
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 c. Varies slowly
 d. Is zero
 11. FEM formulations give rise to a coefficient matrix that by property is a
 a. Sparse matrix
 b. Nearly full matrix
 c. Diagonal matrix
 d. Unit matrix
 12. Which one of the following is a linear element?
 a. 3-node triangular element
 b. 6-node triangular element
 c. 8-node quadrilateral element
 d. 20-node hexahedral element
 13. Which one of the following is a quadratic element?
 a. 3-node triangular element
 b. 6-node triangular element
 c. 4-node quadrilateral element
 d. 8-node hexahedral element
 14. The system of simultaneous linear algebraic equations as obtained 

by the application of FEM in large practical problem is
 a. Symmetric
 b. Sparse
 c. Positive definite
 d. All of the above
 15. Errors that arise in a typical FEM solution are
 a. Discretization error
 b. Formulation error
 c. Numerical error
 d. All of the above
 16. To obtain good results in FEM analysis, the ratio between the longest 

and shortest sides of the element should preferably be
 a. Less than 20:1
 b. Less than 15:1
 c. Less than 10:1
 d. Less than 5:1
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 17. For refinement of FEM mesh, most commonly used technique is
 a. To make the size of the element smaller keeping the element 

order constant
 b. To increase the element order keeping the size of the element 

same
 c. To decrease the size of the element along with the increase in ele-

ment order
 d. To re-arrange the nodes without altering the size and order of the 

element
 18. As the size of the element decreases
 a. Discretization error increases
 b. Discretization error decreases
 c. Formulation error decreases
 d. Both (b) and (c)
 19. In FEM analysis, a curved quadrilateral can be mapped to a unit 

square element by the use of
 a. Quadratic triangular element
 b. Linear quadrilateral element
 c. Quadratic quadrilateral element
 d. Quadratic hexahedral element
 20. In FEM analysis, a hexahedron of arbitrary side length can be 

mapped to a unit cube element by the use of
 a. Linear tetrahedral element
 b. Quadratic tetrahedral element
 c. Linear hexahedral element
 d. Quadratic hexahedral element
 21. For a finite element, if the shape function defining the geometry is of 

the same order as that used for defining the field variable, then the 
element is known as

 a. Super-parametric
 b. Iso-parametric
 c. Sub-parametric
 d. None of the above
 22. In terms of the shape function used for defining the geometry as 

well as field variable in a finite element, the element could be
 a. Super-parametric
 b. Iso-parametric
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 c. Sub-parametric
 d. All of the above
 23. For a linear hexahedral element, if three shape functions are denoted 

as L1 = ξ, L2 = η and L3 = ζ, then the fourth shape function L4 is given 
by

 a. ξ − η − ζ
 b. ξ + η + ζ
 c. 1 − ξ − η − ζ
 d. 1 + ξ + η + ζ
 24. For a linear triangular element, if the three shape functions are 

denoted as L1, L2 and L3, then
 a. L1 + L2 + L3 = 1
 b. L1 + L2 + L3 = 0
 c. L1 + L2 + L3 = − 1
 d. L1 = L2 + L3

 25. For a linear triangular element, if two shape functions are denoted 
as L1 = ξ and L2 = η, then the third shape function L3 is given by

 a. ξ − η
 b. ξ + η
 c. 1 − ξ − η
 d. 1 + ξ + η
 26. In FEM analysis, the approach using the minimization of potential 

energy is known as
 a. Galerkin’s formulation
 b. Variational formulation
 c. Weighted residual formulation
 d. None of the above
 27. In high-voltage field analysis, the solution of global system of FEM 

equations usually gives the nodal values of
 a. Electric potential
 b. Electric field intensity
 c. Electric flux density
 d. Electric charge

Answers:  1) d; 2) b; 3) c; 4) d; 5) a; 6) a; 7) a; 8) b; 9) c; 10) a; 11) a; 12) a; 
13) b; 14) d; 15) d; 16) d; 17) a; 18) d; 19) c; 20) d; 21) b; 22) d; 
23) c; 24) a; 25) c; 26) b; 27) a
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16
Numerical Computation of High-Voltage 
Field by Charge Simulation Method

ABSTRACT An alternative approach towards solving Laplace’s or 
Poisson’s equations by differential equation techniques is to take integrals 
of these equations using discrete charges or by subdividing the interfaces 
into subsections of charges. Conventional charge simulation method (CSM) 
is based on the usage of discrete charges. This chapter discusses in detail 
the simulation of single-dielectric as well as multi-dielectric arrangements 
using CSM for both symmetric and asymmetric systems. Different types 
of charge configurations, accuracy criteria and the factors affecting simu-
lation accuracy have been presented at length. Formulations incorporat-
ing complex charges for computing field in systems having potentials with 
time-phase differences or for computing capacitive-resistive fields including 
volume, as well as surface, conductions has been thoroughly discussed. As 
the insulation in high-voltage equipment is often stressed by transient excita-
tions, such cases have also been critically examined. Developments that have 
taken place over the years to improve the performance of CSM have also 
been included in this chapter. Two-dimensional, axi-symmetric as well as 
three-dimensional case studies of practical significance have been explained 
for the proper understanding of the simulation technique.

16.1 Introduction

The principle of finite difference method (FDM) and finite element method 
(FEM) is to provide the entire region of interest (ROI) into a large number of 
sub-regions, and solve for unknown potentials a set of coupled simultane-
ous linear equations, which approximate Laplace’s or Poisson’s equations. 
Compared to these two methods, only boundary surfaces, that is, electrode 
surfaces and dielectric interfaces, are subdivided and charges are taken as 
unknowns in charge simulation method (CSM). First, it follows that the 
amount of human time and effort needed for subdivision is greatly reduced 
in CSM. Second, the electric field strength can be given explicitly in CSM 
without any numerical differentiation of the potential, which results in 
significant reduction in error. The   second characteristic is very important 
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because the field strength is usually more important for the design of an 
insulating system than electric potential.

The earlier attempts for numerical field solutions employing CSM were 
reported by Loeb et al. in 1950 and then by Abou-Seada and Nasser [1]. 
Subsequently, in a comprehensive paper Singer, Steinbigler and Weiss pre-
sented the details of CSM [2]. Since then, many refinements to the original 
method have been proposed and CSM has evolved into a very powerful and 
efficient tool for computing electric fields in HV equipment. CSM is very 
simple and is applicable to systems having more than one dielectric medium. 
This method is also suitable for three-dimensional (3D) fields with or with-
out symmetry.

16.2 CSM Formulation for Single-Dielectric Medium

The basic principle of conventional CSM is very simple. For the calculation 
of electric fields, the distributed charges on the surface of the electrode are 
replaced by N number of fictitious charges placed inside the electrode, as 
shown in Figure 16.1. The fictitious charges are placed inside the electrode to 
avoid singularity problem. In general, the fictitious charges are to be always 
placed outside the ROI, as the field is ideally required to be determined at 
all the points within the ROI. If the fictitious charges are placed within the 
ROI, then at the location of the fictitious charges singularity arises because 
at these points, the distance between the charge and the point at which the 
field solution is required becomes zero.

The types and positions of these fictitious charges are predetermined, that 
is, user defined, but their magnitudes are unknown. In order to determine 

ϕ

x

Fictitious charges: j = 1, . . . , N

Contour points: i = 1, . . . , N

FIGURE 16.1
Fictitious charges and contour points for CSM formulation in single-dielectric medium.
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their magnitude, some collocation points, which are called contour points, are 
selected on the surface of electrode. In the conventional CSM, the number of 
contour points is chosen to be equal to the number of fictitious charges. Then 
it is required that at any one of these contour points the potential resulting 
from superposition of effects of all the fictitious charges is equal to the known 
electrode potential. Let Qj be the jth fictitious charge and ϕ be the known 
potential of the electrode. Then according to the superposition principle,
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where:
Pij is the potential coefficient, that is, the potential at the point i due to a 

unit charge at the location j, which can be evaluated analytically for 
different types of fictitious charges by satisfying Laplace’s equation

When Equation 16.1 is applied to N number of contour points, it leads to the 
following system of N linear equations for N unknown fictitious charges:
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In matrix form, Equation 16.2 can be written as
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where:
[P] = potential coefficient matrix
[ϕ] = column vector of known potential of contour points
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Equation 16.3 is solved for the unknown fictitious charges. As soon as the 
required fictitious charge system is determined, the potential and the field 
intensity at any point within the ROI can be calculated. Although the poten-
tial is found by Equation 16.1, the electric field intensities are calculated 
by superposition of all the stress vector components. For example, in the 
Cartesian co-ordinate system, the three superimposed field components at 
any point i are given as follows.
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where:
Fx,ij, Fy,ij and Fz,ij are the electric field intensity coefficients in the x, y and 

z directions, respectively, that is, the components in the x, y and z 
directions, respectively, of electric field intensity at the point i for a 
unit charge at the location j

In many cases, the effect of the ground plane is to be considered for electric 
field calculation. This plane can be taken into account by the introduction of 
image charge.

16.2.1 Formulation for Floating Potential Electrodes

Floating potential conductors are often present in high-voltage system, the 
most common example being condenser bushings. If floating electrodes are 
present, whose potentials are constant but unknown, then the boundary 
condition that is imposed for field computation is given below.

 φ φi i i N+ − = = −1 0 1 1, , ,for   (16.7)

Moreover, a supplementary condition is included such that the sum of ficti-
tious charges for each floating electrode is zero.
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Then the system of equation that is obtained will be as follows:
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If the floating electrode has a net charge, then the supplementary condition is 
included such that the sum of its fictitious charges is equal to the known net 
charge value (QE). In Equation 16.8 the first row is then modified as follows

 Q Q Q Q Qj N1 2+ + + + + =  E  (16.9)

16.3 CSM Formulation for Multi-Dielectric Media

The field computation for multi-dielectric system is somewhat complicated 
due to the fact that the dipoles are realigned in dielectric media under the 
influence of the applied voltage. Such realignment of dipoles produces a net 
surface charge on the dielectric interface. Thus, in addition to the electrodes, 
each dielectric interface needs to be simulated by fictitious charges. Here, it 
is important to note that the dielectric boundary does not correspond to an 
equipotential surface. Moreover, it must be possible to calculate the electric 
field on both sides of the dielectric boundary.

It has been mentioned earlier that the fictitious charges should be out-
side the ROI. In the case of electrodes this has been achieved by placing the 
charges within the electrodes. But, for the dielectric–dielectric interface, both 
the sides are within the ROI. Hence, any fictitious charge placed on either 
side of the interface would cause singularity problem. This issue is solved by 
placing two charges for every contour point on the dielectric–dielectric inter-
face. For solving the field within the dielectric A, the set of charges placed 
within dielectric B are considered and vice versa.

In the simple example shown in Figure 16.2, there are N1 number of charges 
and contour points to simulate the electrode, of which NA are on the side of 
dielectric A and (N1 − NA) are on the side of dielectric B. These N1 charges are 
valid for field calculation in both the dielectrics. At the dielectric interface, 
there are N2 contour points sequentially numbered from (N1 + 1, . . .,N1 + N2), 
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with N2 charges (N1 + 1,. . .,N1 + N2) in dielectric A valid for dielectric B and 
N2 charges (N1 + N2 +  1,. . .,N1 +  2N2) in dielectric B valid for dielectric A. 
Altogether there are (N1  +  N2) number of contour points and (N1  +  2N2) 
 number of fictitious charges.

In order to determine the fictitious charges, a system of equations is formu-
lated by imposing the following boundary conditions.

 1. At each contour point on the electrode surface, the potential must be 
equal to the known electrode potential. This condition is also known 
as Dirichlet’s condition on the electrode surface.

 2. At each contour point on the dielectric interface, the potential and 
the normal component of flux density must be same when computed 
from either side of the boundary.

Thus, the application of the first boundary condition to contour points 1 to N1 
yields the following equations.
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Again, the application of the second boundary condition for potential and 
normal flux density to contour points N1  +  1 to N1  +  N2 on the dielectric 
interface results in the following equations.

1
NA NA + 1

j = N1 + 1 j = N1 + N2 + 1

Dielectric B (εB)Dielectric A (εA)

i = N1 + 1

i = N1 + N2

j = N1 + 2N2j = N1 + N2

N1

ϕ = V

FIGURE 16.2
Arrangement of fictitious charges for multi-dielectric media.
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From potential continuity condition:
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From continuity condition of normal flux density Dn:

 D i D i i N N NnA nB( ) ( ) ,− = = + +0 11 1 2  (16.13)

Equation 16.13 can be expanded as follows.

 
( ) , , ,ε ε ε εA B− − + = =

= +

+

=

∑∑F Q F Q F Q i Nn ij j B ij j

j N

N N

j

N

A ij jn n

1

1 21

11

0 11 1 2

1

2

1
1 2

1 2

+ +
= + +

+

∑ , N N
j N N

N N

 (16.14)

where:
Fn,ij is the field coefficient in the direction normal to the dielectric boundary 

at the respective contour point
εA and εB are the permittivities of dielectrics A and B, respectively 

Equations 16.10 through 16.14 are solved to determine the unknown ficti-
tious charges. These equations can be presented in matrix form, as shown in 
Matrix 16.M.1

1
1 N1

Pij Pij0

0

0

0

Pij Pij

Pij −Pij

1 1N1 + N2 N1 + 2N2

NA

Qj

V

N1 N1
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(εA − εB)
Fn,ij

−εB
Fn,ij

εA
Fn,ij

Matrix 16.M.1 System of equations for CSM in multi-dielectric media.

16.4 Types of Fictitious Charges

The successful application of the CSM requires a proper choice of the types of 
fictitious charges. Point and line charges of infinite and semi-infinite lengths 
were used in the initial works on this method. Singer et al. [2] introduced ring 
charges and finite length line charges. Subsequently, a large variety of differ-
ent charge configurations have been proposed. These other types of charge 
configurations include elliptic cylindrical charge, axi- spheroidal charge, 
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plane-sheet charge, disk charge, ring-segment charge, volume charges, shell 
and annular plate charges as well as variable density line charge.

In general, the choice of type of fictitious charge to be used depends on the 
complexity of the physical system and the available computational facilities. 
The potential and field coefficients for point and line charges are given by 
simple expressions and require very small computation time. For complex 
charge configuration, such coefficients may have to be computed numeri-
cally. On the other hand, a smaller number of charges may be used if com-
plex charge configurations are employed, which reduces the overall memory 
requirement and computation time. In practice, most of the HV systems can 
be successfully simulated by using point, line and ring charges or a suitable 
combination of these charges.

16.4.1 Point Charge

Point charge is the simplest of all types of fictitious charges. It can be used in 
two-dimensional (2D) as well as 3D configurations. Figure 16.3 shows the point 
charge Qj along with its image with respect to the x–y plane in 3D system.

Then, the potential at the point i due to the point charge Qj and its image 
is given by
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FIGURE 16.3
Point charge configuration along with its image.
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Putting Qj = 1 in Equation 16.15, the expression for potential coefficient is 
given by
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Expressions for the electric field intensity coefficients are as follows:
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16.4.2 Infinite Length Line Charge

Infinite length line charges are used in 2D configurations, particularly for 
simulating long conductors in the case of transmission lines, cables and so on. 
Figure 16.4 shows the infinite length line charge Qj along with its image with 
respect to the x–z plane. In this configuration, electric field is considered to be 
independent of z-axis, that is, the length of the long conductors, while the field 
varies in the x–y plane, which is normal to the length of the long conductors.

In a 2D system, all computations are performed for unit length of the 
 system under consideration. Hence, Qj is the charge per unit length for the 
infinite length line charge.

y

z

x

Qj (xj,yj)

−Qj (xj,−yj)

i (xi,yi)r1

r2

FIGURE 16.4
Infinite length line charge configuration along with its image.
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The expression for potential coefficient is then given by
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Expressions for the electric field intensity coefficients are as follows:
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16.4.3 Finite Length Line Charge

Finite length line charges of uniform charge density are used in  axi-symmetric 
configurations, particularly for simulating cylindrical geometries in the case 
of bushings, circuit breakers and so on. Figure 16.5 shows the finite length 
line charge along with its image. Finite length line charges of uniform 
charge density are commonly placed on the z-axis, that is, the axis of sym-
metry. Let the magnitude of the finite length line charge be Qj and the length 
of the charge be (zj2 − zj1), as shown in Figure 16.5. Then considering uni-
form charge density, charge per unit length is [Qj/(zj2 − zj1)]. The expressions 
for potential and electric field intensity coefficients were first developed by 
Steinbigler et al. [2] and are given below.

Axis of symmetry
z

r

zj2

Qj

−Qj

zj1

−zj1

i (ri,zi)

−zj2

FIGURE 16.5
Finite length line charge along with its image.
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The expression for potential coefficient is given by
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The expressions for the electric field intensity coefficients are as follows:
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16.4.4 Ring Charge

Ring charges of uniform charge density are used in axi-symmetric configu-
rations, particularly for simulating spherical- and cylindrical-shaped geom-
etries. Figure 16.6 shows the ring charge along with its image. Ring charges 
of uniform charge density are commonly placed with their axes on the z-axis, 
that is, the axis of symmetry. Let the magnitude of the ring charge be Qj and 
the radius of the ring charge be rj, as shown in Figure 16.6. Then considering 

Axis of symmetry

r

z

Qj

−Qj

(rj,zj)

i (ri,zi)

(rj,−zj)

FIGURE 16.6
Ring charge of uniform charge density along with its image.
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uniform charge density, charge per unit length is [Qj/(2πrj)]. The expressions 
for potential and electric field intensity coefficients were first developed by 
Singer et al. [2] and are given below.

The expression for potential coefficient is given by
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The expressions for the electric field intensity coefficients are as follows:
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where:
E(k1) and E(k2) are elliptic integrals of second kind such that
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16.4.5 Arbitrary Line Segment Charge

Arbitrary line segment charge having uniform charge density is used to 
simulate 3D geometries. Figure 16.7 shows an arbitrary line segment charge 
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along with its image. Let the magnitude of the line segment charge be Qj 
and the length of the line segment charge be l, as shown in Figure 16.7. The 
expressions for potential and electric field intensity coefficients were first 
developed by Utmischi [3] and are given below.

The expression for potential coefficient is given by
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In the development of this expression, the following coordinate transforma-
tions are carried out: (1) displacement of the origin to the points (xj, yj, zj) and 
(xj, yj, −zj); (2) rotation of Qj by α and −Qj by −α in the x–z plane and (3) rota-
tion of Qj and −Qj by an angle β in the x–y plane. Thus,
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and
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FIGURE 16.7
Arbitrary line segment charge along with its image.
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The expressions for the electric field intensity coefficients are as follows:
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Differentiation of Pij in the coordinate systems (x1, y1, z1) and (x2, y2, z2) gives 
the electric field intensity coefficient components (Fx1,ij, Fy1,ij, Fz1,ij) and (Fx2,ij, 
Fy2,ij, Fz2,ij), respectively.

16.4.6 Arbitrary Ring Segment Charge

Arbitrary ring segment charge having uniform charge density is used to 
simulate 3D geometries. Figure 16.8 shows an arbitrary ring segment charge 
along with its image. Let the magnitude of the line segment charge be Qj 
and the radius of the ring segment charge be r0, as shown in Figure 16.8. 
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y
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FIGURE 16.8
Arbitrary ring segment charge configuration for a 3D field computation: (a) ring segment 
charge along with its image and (b) ring segment charge after coordinate transformation.
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The  expressions for potential and electric field intensity coefficients were 
first developed by Utmischi [3] and are given below.

In the development of the expressions for potential and electric field coeffi-
cients, the following coordinate transformations are carried out: (1) displace-
ment of the origin to the points (xj, yj, zj) and (xj, yj, −zj); (2) rotation of Qj by 
α and −Qj by −α in the x–z plane and (3) rotation of Qj and −Qj by an angle 
β in the x–y plane. Thus, the coordinate systems (x1, y1, z1) and (x2, y2, z2) are 
assigned to the ring segment charge Qj and its image −Qj, which are to be 
derived as per Equations 16.30 and 16.31, respectively.

The expression for the potential coefficient is given as
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where:
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2
2

2
2

0
2

2 0 2 0
1 22 2= + + + − −( cos sin ) /ϕ ϕ

The electric field intensity components are determined as per Equation 16.32
where:
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(Fx2,ij, Fy2,ij, Fz2,ij) are determined in the same way for the image charge. 
Integrations are generally carried out numerically.

16.5 CSM with Complex Fictitious Charges

In order to calculate the field for a sinusoidal applied voltage, the calcula-
tions can be performed as a DC field in so far as the applied voltage does not 
change so fast that electromagnetic treatment is required. Then the instanta-
neous field strength is merely dependent on the applied voltage at that time 
instant. Thus, the conventional CSM with real fictitious charges can be used 
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to compute AC fields for three-phase systems. It has been shown that the 
field distribution for sinusoidal applied voltage can be calculated in an effi-
cient way by the use of complex fictitious charges. This is permitted because 
the fictitious charges also change sinusoidally with an angular frequency 
same as that of the applied voltage. Hence, by the use of complex fictitious 
charges, Equation 16.1 is modified as follows.

 
P Qij

j

N

j

=
∑ =

1

φ  (16.34)

where a bar on a variable represents a complex quantity. Application of 
Equation 16.34 to N number of contour points consists of a set of simultane-
ous linear equations for complex unknown charges Qj with real coefficients 
as given below in matrix form.

 [ ] [ ] [ ]P QN N N N× = φ  (16.35)

Equation 16.35 is solved to find complex solutions for the fictitious charges.
To explain the above technique in a detailed manner, consider the case of 

Figure 16.9, which shows four conductors of which three are energized from 
a three-phase AC source, while the fourth one is grounded. Let Vph be the 
phase voltage of the three-phase source. Again, let there be N number of 
complex fictitious charges and contour points, respectively, for each conduc-
tor. The charges and the contour points are numbered as follows, 1,…,N for 
conductor A; N + 1,…,2N for conductor B; 2N + 1,…,3N for conductor C and 
3N + 1,…,4N for conductor G. Then the application of Equation 16.34 to all 
these contour points gives the following equations.

A B C

G

ϕ = Vph
0°

ϕ = Vph

ϕ = 0

1, . . . , N N + 1, . . . , 2N 2N + 1, . . . , 3N

3N + 1, . . . , 4N

o – Contour point x – Fictitious charge

−120° ϕ = Vph
−240°

FIGURE 16.9
Application of CSM with complex fictitious charge for AC field calculation.
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For conductor A:

 
P Q V i Nij

j

N

j
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∑ = ∠ =

1

4

0 1ph for°, , ,  (16.36)

For conductor B:

 
P Q V i N Nij

j

N

j
=
∑ = ∠− = +

1

4

120 1 2ph for°, , ,  (16.37)

For conductor C:

 
P Q V i N Nij

j

N

j
=
∑ = ∠− = +

1

4

240 2 1 3ph for°, , ,  (16.38)

For conductor G:

 
P Q i N Nij

j

N

j
=
∑ = = +

1

4

0 3 1 4, , ,for   (16.39)

Equations 16.36 through 16.39 can be expressed in matrix form, as shown in 
Matrix 16.M.2:

1
1

1 1
4N

Qj

Pij

Pij

Pij

Pij

N N

2N 2N

3N

4N

3N

4N 4N
0

Vph ∠ 0°

Vph ∠−120°

Vph ∠−240°

Matrix 16.M.2 System of equations for CSM application in three-phase conductor 
arrangement using complex fictitious charges.

Matrix 16.M.2 is solved for the unknown complex fictitious charges Qj.

16.6 Capacitive-Resistive Field Computation by CSM

Normally high-voltage equipment is insulated with materials of such a high 
resistivity that it can be treated as infinite for field calculation. In such cases, 
the field distribution is purely capacitive. But for lower values of volume 
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or surface resistivity, the field distribution is capacitive-resistive or even 
 resistive depending on the value of resistivity. In the case of capacitive field 
distribution, the instantaneous field is independent of waveform of applied 
voltage. But a very distinctive feature of capacitive-resistive fields is their time 
dependency and dependency on the waveform of applied voltage. Hence, 
capacitive-resistive field calculation including volume or surface resistivity 
is very important in studying DC and low frequency fields, impulse fields, 
contaminated insulators, voltage dividers, cables and so on.

Bachmann [4] first proposed a technique based on CSM for capacitive- 
resistive field calculation. In his method, as the first step, the capacitive field 
distribution is calculated by CSM assuming resistivity to be infinite. Then the 
electrode–electrode and dielectric interface–electrode capacitances are calcu-
lated from this capacitive field distribution. After this, as the second step, an 
equivalent R-C network is constructed, which comprises these capacitances 
and surface resistances. Finally, the voltage distribution for the capacitive-
resistive field is calculated from the R-C network. This method has two major 
drawbacks. First, the capacitances between the dielectric interface and elec-
trode are dependent on the field distribution and hence, are not identical in 
capacitive and capacitive-resistive fields. Second, the calculation of field inten-
sities from the R-C network is very laborious and results in significant errors.

Takuma et al. [5] first proposed a method for direct simulation of the 
instantaneous capacitive-resistive field distribution with fictitious charges. 
Their method based on CSM and employing complex fictitious charges is 
generally extended, so that any capacitive-resistive field including volume 
resistance or surface resistance can be calculated, when the field distribu-
tion is Laplacian in the region except on the boundaries. Use of complex 
fictitious charges as well as appropriate boundary conditions permits the 
simulation of non-linear and transient problems also. Singer [6] has used 
complex charges and Fourier integrals to calculate the impulse stresses of 
conductive dielectrics. Use of discrete as well as area complex charges have 
been reported for capacitive-resistive field calculation.

16.6.1  Capacitive-Resistive Field Computation 
Including Volume Resistance

For capacitive-resistive field calculation including volume resistance, the 
principle of the method is that the field effect of the true charges produced 
by volume resistance is incorporated by means of complex fictitious charges 
in the CSM.

If the volume charge density is σv, then

 


∇ =.( )ε σE v  (16.40)

where:
E is the electric field intensity
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Again, if the current density through the volume of the dielectric is J , then

 

 

∇⋅ = ∇⋅








 = −

∂
∂

J
E

tρ
σ

v

v  (16.41)

where:
ρv is the volume resistivity and is constant, that is, independent of E

Now, if ε is independent of time t and E, then Equation 16.40 can be modified 
as follows:
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Equations 16.41 and 16.42 lead to
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For, AC fields of angular frequency ω, E = Emsinωt. Hence,

 
∂
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j Eω

Thus, Equation 16.43 can be rewritten as
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(16.44)

Equation 16.44 shows that the fields including volume resistivity ρv can be 
computed by replacing the permittivity ε in purely capacitive field with the 
complex permittivity ε such that,

 


∇⋅ ⋅ =( )ε E 0  (16.45)

where:

ε ε
ωρ

= +










1
j v

Again, if ε is constant in the region of field calculation, then Equation 16.45 
becomes Laplace’s equation as given below.

 


∇⋅ =E 0
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Equation 16.45 permits the use of CSM for capacitive-resistive field calcu-
lation including volume resistance. However, from the above discussion, it 
becomes clear that in fields containing volume resistance, CSM cannot be 
applied to problems where ε or ρv is dependent on the electric field. This is 
because in such cases the field distribution cannot be expressed by super-
posing solutions of Laplace’s equation.

The above method can be explained explicitly as described below. Consider 
a two-dielectric arrangement, as shown in Figure 16.10. In Figure 16.10, the 
two-dielectric media are assumed to have volume resistivities of ρvA and ρvB, 
respectively. The charges and the contour points are numbered in the same 
way as that given in Section 16.3. However, in Section 16.3, only real fictitious 
charges were taken for capacitive field calculation. But, for capacitive- resistive 
field calculation including volume resistance, complex fictitious charges are 
employed in place of real fictitious charges. The system of equations to be 
solved for unknown charges is derived by imposing the boundary conditions 
on the electrode surfaces and on the dielectric interfaces. The resulting equa-
tions with complex treatment are as follows.

 1. Dirichlet’s condition on the electrode surface:

 φ( )i V=  (16.46)

 Equation 16.46 can be expanded for all the contour points on the 
electrode surface in the following way.

 
P Q P Q V i Nij

j

N

j ij

j N N

N N

j

= = + +

+

∑ ∑+ = =
1 1

21

1 2

1 2

1 , , A  (16.47)

1
NA

N1

ϕ = V

NA + 1

j = N1 + 1 j = N1 + N2 + 1

Dielectric A
(εA,ρvA)

Dielectric B
(εB,ρvB)

j = N1 + N2

i = N1 + N2

j = N1 + 2N2

i = N1 + 1

FIGURE 16.10
Multi-dielectric arrangement with volume resistivities.
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N N
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1

1

1

1 2
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 2. Potential continuity condition on the dielectric interface:

 φ φA B( ) ( )i i=  (16.49)

where:
The subscripts A and B denote dielectrics A and B, respectively

 Equation 16.49 can be detailed explicitly as follows
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 3. Continuity condition of Dn on the dielectric interface:

 D i D i inA nB( ) ( ) ( )− = σ  (16.51)

where:
Dn and σ represent normal component of electric flux density 

and surface charge density, respectively

 Equation 16.51 can also be written as

 ε ε σA nA B nBE i E i i( ) ( ) ( )− =  (16.52)

Now, the surface current density J i( ) at any point i on the dielectric interface 
due to volume resistance can be obtained as follows from Equation 16.53. For 
the case shown in Figure 16.11, J i( ) is given by

 
J i

E i E i
( )

( ) ( )= −nB

vB

nA

vAρ ρ
 (16.53)

Interface

Dielectric A
(εA,ρvA)

Dielectric B
(εB,ρvB)

i

EnB

EnA

J(i)

FIGURE 16.11
Determination of surface current density due to volume resistivities.
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The surface charge density σ( )i  at any point i on the dielectric interface is 
given by

 
σ i J i dt( ) = ( )∫

Hence,
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Now, for AC fields of angular frequency ω,
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Thus, Equations 16.52 and 16.55 lead to
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 or A nA B nB, ( ) ( )ε εE i E i− = 0  (16.57)
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Equation 16.57 is given below in details

 

ε εA BF Q F Q Fn ij

j

N

j n ij

j N N

N N

j n ij

j

, , ,

= = + +

+

=
∑ ∑+













−

1 1

2

1

1

1 2

1 2 NN

j n ij

j N

N N

jQ F Q
1

1

1 2

1

0∑ ∑+













=

= +

+

,  (16.58)

Equations 16.47, 16.48, 16.50 and 16.58 can be represented in matrix form as 
given below.
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1
1 1 1

NA

N1 N1 (16.59)

N1

Pij Pij

Pij Pij

Pij −Pij0

0

0

0

N1 + N2 N1 + 2N2

N1 + N2

N1 + 2N2 N1 + 2N2 N1 + 2N2

(εA − εB)
Fn,ij

−εB
Fn,ij

εA
Fn,ij

V

Qj

Matrix 16.M.3 System of equations for capacitive-resistive field computation by 
CSM including volume resistance.

It follows from Matrix 16.M.3, which is represented as Equation 16.59, that 
these are same as those for capacitive field, if the real values of the fictitious 
charges, permittivity, potential and field strength are replaced by their com-
plex values.

16.6.2  Capacitive-Resistive Field Computation 
Including Surface Resistance

In fields including only surface resistance, true charges exist only on the 
boundary, that is, electrode and dielectric surfaces, and not inside the dielec-
tric medium. As a result, the field distribution is always Laplacian inside each 
medium. This permits the application of CSM to capacitive-resistive field 
calculation, including surface resistance. The field distribution is obtained 
by superposing the effects of complex fictitious charges properly arranged 
inside the electrode and on both sides of the dielectric interface. The effect of 
true surface charges has to be incorporated into that of the complex fictitious 
charges.

The method can be better explained by considering the two-dielectric 
arrangement shown in Figure 16.12. The difference is that, in this case, the 
volume resistivities of the two dielectrics are considered to be infinite and a 
uniform surface resistivities ρs is considered along the dielectric interface. 
The boundary conditions (1) and (2) as given by Equations 16.46 and 16.49, 
respectively, as well as the Equations 16.47, 16.48 and 16.50, in the case of 
volume resistance as given in sub-section 16.6.1, are also valid in the case 
of surface resistance. However, the expression of surface charge density σ in 
continuity condition of Dn, as given by Equation 16.51 in sub-section 16.6.1, 
has to be modified as follows.

In fields including surface resistance, the true surface charge density σ(i) is 
expressed as given below.
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 σ( )
( )

( )i
S i

I i dt
t

= ∫1

0

 (16.60)

where:
I(i) is the net surface current flowing into the ith contour point
S(i) is a small surface area corresponding to that contour point

For 2D or axi–symmetric cases, where the surface current I(i) flows in a 
 predetermined direction, σ(i) can be expressed in terms of neighbouring 
potentials and resistances, as shown in Figure 16.13.
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φ φ φ φ
  (16.61)

where:
R(i) and R(i + 1) are surface resistances corresponding to ith and (i + 1)th 

contour points, respectively, as shown in Figure 16.13

The expressions for R(i) and S(i) are detailed below.

 1. For 2D system (per unit length)

 
R i dl

i

i

( ) =
−
∫ ρs

1

 (16.62)

1
NA

Dielectric A
(εA)

Dielectric B
(εB)

ρs

j = N1 + 1

i = N1 + 1

j = N1 + N2 + 1

i = N1 + N2

j = N1 + 2N2j = N1 + N2

ϕ = V

N1NA + 1

FIGURE 16.12
Multi-dielectric arrangement with surface resistivity.
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 2. For axi-symmetric system
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 where:
r′ is the r-coordinate of dl

dl is a small length along the dielectric interface

For AC fields of angular frequency ω, Equation 16.61 is modified as 
follows.
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Hence, from Equations 16.52 and 16.66, it follows that
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Interface

R(i) S(i)

R(i + 1)

i − 1

i

i + 1

Dielectric A
(εA)

ρs

Dielectric B
(εB)

EnB

EnA

FIGURE 16.13
Determination of surface current density due to surface resistivity.
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Equation 16.67 can be expressed explicitly as follows for the system of 
Figure 16.12.
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Now, the system of equations to be solved for unknown complex charges Qj, 
as given by Equations 16.47, 16.48, 16.50 and 16.68, can be expressed in matrix 
form, as shown in Matrix 16.M.4, which is represented as Equation 16.69.

1
1 1 1

NA

N1 N1 (16.69)

N1

Pij Pij

Pij Pij

Pij −Pij0
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0

0

N1 + N2 N1 + 2N2

N1 + N2

N1 + 2N2 N1 + 2N2 N1 + 2N2

C1 C2
εA

Fn,ij

V

Qj

Matrix 16.M.4 System of equations for capacitive-resistive field computation by 
CSM including surface resistance.

where:
C1 and C2 are two complex coefficients as given below:
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From the matrix given in the sub-section 16.6.2 as well as the matrix given in 
sub-section 16.6.1, it is important to note that the equations contain not only 
complex charges but also complex coefficients.

16.7 Field Computation by CSM under Transient Voltage

Transient problems, where the applied voltage has an arbitrary waveform, 
are difficult to solve directly by CSM. For computing transient fields, there 
are two techniques. In the technique proposed by Singer [6], the transient 
voltages are decomposed into sinusoidal components by means of Fourier 
analysis or Fourier transformation. Field distribution due to individual 
sinusoidal components is calculated by CSM using complex fictitious 
charges. The complex AC responses for the needed frequencies are then 
weighted and summed up in order to get the time-dependent capacitive-
resistive field distribution. In general, it is not necessary to calculate the 
field distribution for all the frequencies and it is sufficient to calculate 
the field distribution for some fixed reference frequencies. The results for 
the intermediate frequencies are then interpolated from the results for the 
reference frequencies.

In the other technique proposed by Takuma et al. [5] for transient field 
calculation, the integral of Equation 16.54 or 16.61 are approximated with 
a summation over a succession of sufficiently short time intervals to 
obtain the field distribution in relation to time discretely by CSM. Only 
real fictitious charges are used in this case for computation of transient 
capacitive-resistive field. This technique can be better explained in the 
following way.

In transient fields, where the voltage applied is ϕ = V(t), the field distribu-
tion is calculated by dividing the entire time span into short intervals Δt and 
by converting the integral form of Equation 16.54 or 16.61 to the iterative 
summation. In this case, as the real fictitious charges are used, the Equations 
16.47, 16.48 and 16.50 are also valid without the complex treatment, for the 
arrangement shown in Figure 16.10. However, the continuity condition of Dn 
has to be modified. The necessary modifications and the resulting equations 
for the transient field calculation including volume resistance or  surface 
resistance are discussed below.

16.7.1 Transient Field Computation Including Volume Resistance

At the time instant t1 = Δt1, Equation 16.52 without the complex treatment 
can be written as

 ε ε σA nA B nBE i E i i( ) ( ) ( )1 1 1− =  (16.72)
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where, the integral form of surface charge density, as given by Equation 16.54, 
is modified as follows:
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 (16.73)

where:
The subscript 1 denotes time instant t1 = Δt1

Hence, Equation 16.72 can be written as follows:
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Then the real fictitious charges can be determined for the time instant t1 = Δt1 
by solving a set of simultaneous linear equations constructed from Equation 16.74 
along with Equations 16.47, 16.48 and 16.50 without the complex treatment.

Then at the time instant t2 = Δt1 + Δt2

 ε ε σA nA B nBE i E i i( ) ( ) ( )2 2 2− =  (16.75)

where:
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 (16.76)

Because σ(i)1 is known for the time instant t1 = Δt1, the real fictitious charges 
and the field distribution for the time instant t2 = Δt1 + Δt2 can be obtained 
from Equations 16.75 and 16.76 along with Equations 16.47, 16.48 and 16.50 
without the complex treatment. Thus, this iterative sequence gives the field 
distribution for ϕ = V(t) at any time instant.

The equations to be solved for real fictitious charges at the nth time instant, 
tn = Δt1 + Δt2 + … + Δtn can be given in matrix form, as shown in Matrix 16.M.5, 
which is represented as Equation 16.77.

1
1 1 1

NA

N1 N1

N1 + N2 (16.77)

N1

Pij Pij

Pij Pij

Pij −Pij0 0

0

0

N1 + N2 N1 + 2N2

N1 + N2

N1 + 2N2 N1 + 2N2 N1 + 2N2

K1
Fn,ij

K2
Fn,ij

K3
Fn,ij

σn−1

Vn

Qjn

Matrix 16.M.5 System of equations for transient field computation by CSM includ-
ing volume resistance.
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where:
The subscripts n and n − 1 denote nth and (n − 1)th time instants, respec-

tively, and K1, K2 and K3 are three real constants as detailed below
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16.7.2 Transient Field Computation Including Surface Resistance

At the time instant t1 = Δt1, in the continuity condition of Dn the expression 
for the surface charge density σ(i)1 can be written as follows:
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Equation 16.78 is a modified equation derived from the integral form, as 
given by Equation 16.61.

Thus, the continuity condition of Dn can be written as follows:
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Hence, the real fictitious charges can be determined for the time instant 
t1 = Δt1 from Equation 16.79 along with Equations 16.47, 16.48 and 16.50 with-
out the complex treatment.

Then at the time instant t2 = Δt1 + Δt2

 ε ε σA nA B nBE i E i i( ) ( ) ( )2 2 2− =

where:
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Using σ(i)1 as obtained for the time instant t1 = Δt1 the real fictitious charges 
for the time instant t2 = Δt1 + Δt2 can be obtained from Equation 16.80 along 
with Equations 16.47, 16.48 and 16.50 without the complex treatment. Hence, 
this iterative sequence gives the field distribution for ϕ = V(t) at any time 
instant.

The equations to be solved for real fictitious charges at the nth time instant, 
tn = Δt1 + Δt2 + … + Δtn can be given in matrix form, as shown in Matrix 16.M.6, 
which is represented as Equation 16.81.
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1
1 1 1

NA

N1 N1

N1 + N2 (16.81)
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A1 A2
εA

Fn,ij
σn−1

Vn

Qjn

Matrix 16.M.6 System of equations for transient field computation by CSM includ-
ing surface resistance.

where:
A1 and A2 are two real coefficients as detailed below
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In general, the time interval Δt for various time steps can have different val-
ues. However, they may be made equal for all the time steps for simplicity.

16.8 Accuracy Criteria

If the fictitious charges completely satisfy the boundary conditions, then 
these charges give the correct field distribution not only on the boundary 
but also everywhere outside it. But in the CSM, the fictitious charges are 
required to satisfy the boundary conditions only at a selected number of 
contour points. Again, the number of contour points is kept small in order to 
reduce the computer memory and computation time. Hence, it is essential to 
ensure that the simulation is accurate. To determine the simulation accuracy, 
the following criteria can be used.

 1. The potential error on the electrode can be computed at a number of 
control points on the electrode surface between two contour points. 
Potential error is defined as the difference between the known poten-
tial of the electrode and the computed potential at the control point.

 2. Compared to the potential error the deviation angle on the electrode 
surface is a more sensitive indicator of the simulation accuracy. 
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Deviation angle is defined as the angular deviation of the electric 
field intensity vector at the control point on the electrode surface 
from the direction of the normal to its surface.

  Another very severe accuracy criterion is to check that the deriva-
tive of the potential gradient perpendicular to the electrode surface 
at the control point divided by the gradient itself is equal to the cur-
vature at this point or not. This is especially applicable for the simu-
lation of areas of the electrode with a small radius of curvature.

 3. In multi-dielectric systems the potential discrepancy can be computed 
at a number of control points for each dielectric interface. Potential 
discrepancy is defined as the difference in the value of potential at 
the control point when computed from both the sides of the dielec-
tric interface. Alternatively, the discrepancy in the tangential elec-
tric stress at the control points on the dielectric interface can also be 
computed. Another criterion for checking the simulation accuracy is 
to compute the discrepancy in the normal flux density at the control 
point on the dielectric interface.

For a good simulation all the above discrepancies should be small.

16.8.1 Factors Affecting Simulation Accuracy

The simulation accuracy in the CSM depends on the types and number of 
fictitious charges as well as locations of fictitious charges and contour points. 
In general, the simulation error can be reduced by increasing the number of 
charges. However, it has been found that increasing the number of fictitious 
charges beyond a certain limit does not necessarily improve the simulation 
accuracy. Generally, the assignment factor (λ) defined as the ratio of the distance 
between a contour point and the corresponding charge (a2) to the distance 
between two successive contour points (a1), as shown in Figure 16.14, consider-
ably affects the simulation accuracy. Singer et al. [2] suggested that this factor 
should be between 1.0 and 2.0. Several others suggest a range of 0.7 < λ < 1.5.

In a good simulation, potential error values as low as 0.001% are possible. 
However, for sharp corners and thin electrodes, such low values are difficult 

– Fictitious charge

– Contour point
a2

a1

λ = a2/a1

FIGURE 16.14
Definition of assignment factor.
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to achieve. Because the electric field intensity error is an order of magni-
tude higher than the potential error, potential error values of about 0.1% 
are  considered reasonable. For multi-dielectric systems, if the dielectric 
 boundary has a complex shape, comparatively large potential discrepancy 
values of the order of 1% are usually acceptable.

Manufacturing tolerances of the conductors define the practical limit for 
the accuracy of the simulation of electrodes. In the same way, the accuracy 
of the determination of dielectric constants of the involved media puts the 
practical limit on the accuracy of the simulation of dielectrics.

16.8.2 Solution of System of Equations in CSM

Application of CSM for numerical field calculation involves solutions of  linear 
systems of equations as explained in earlier sections. In the conventional 
CSM, for a single-dielectric case, the matrix of the linear system of equations 
to be solved is in general asymmetrical without a zero term, as detailed in 
Section 16.2. In such cases, the equations could be solved using the Gaussian 
elimination technique with or without partial or complete pivoting.

In multi-dielectric systems, the matrix of systems of equations to be solved is 
rather heterogeneous and is not symmetrical, as detailed in Section 16.3. Due 
to bad conditioning of the matrix, it is preferable to solve it by using a direct 
method, for example, Gaussian elimination technique, to avoid non-convergence 
problem, which may arise in the case of iterative methods. However, for compli-
cated problems the size of the matrix becomes too large. In such cases, iterative 
methods such as Gauss–Seidel method or the successive over relaxation method 
with varying values of acceleration factor have also been found to be successful.

16.9 Other Development in CSM

16.9.1 Least Square Error CSM

In this method, compared to conventional CSM, boundary conditions are 
satisfied at a larger number of contour points than the number of charges, as 
shown in Figure 16.15.

Hence, in the case of least square error CSM (LSECSM), the matrix of  system 
of equation is a rectangular one having M rows and N columns (M > N).

j = 1, . . . ,N

i = 1, . . . ,M
ϕ = V

FIGURE 16.15
Fictitious charges and contour points for LSECSM.
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This equation is solved in the following way:
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(16.85)

Equation 16.85 can be solved to find out the unknown fictitious charges. Anis 
et al. [7] most comprehensively presented this method. This method is expected 
to be more accurate than conventional CSM, but at the expense of more compu-
tation time. Again, the accuracy depends on the fitting ratio, that is, the ratio of 
number of contour points to the number of charges. This ratio should be kept 
between 1 and 2. This method is applicable to multi-dielectric systems too.

16.9.2 Optimized CSM

In conventional CSM and also in LSECSM, the positions of the charges are 
specified and their magnitudes are solved. In optimized CSM (OCSM), both 
 magnitudes and locations of charges are determined by minimizing certain 
objective functions. Various versions of OCSM discussed in the literature dif-
fer in the choice of objective function and the optimization algorithm. Most 
authors have used the least square potential error as the objective function. 
Regarding the optimization techniques, constrained as well as unconstrained 
optimization has been used. Different algorithms such as the Fletcher method, 
Rosenbrock method and Pattern Search method can be used. OCSM are appli-
cable to multi-dielectric systems also. Yalizis et al. [8] proposed OCSM in details.

For a fixed number of simulation charges, the optimized methods will 
produce more accurate results. However, such an increased accuracy will 
be obtained at the expense of more computation time as well as computer 
memory and will require more complex programming. Hence, it is recom-
mended to be used in those problems where conventional CSM or LSECSM 
methods fail to produce adequate accuracy.

16.9.3 Region-Oriented CSM

Conventional CSM is also called surface-oriented CSM as discrete charges are 
used to simulate the electrode and dielectric surfaces. Conventional CSM 
suffers from difficulties associated with positioning the charges for com-
plex geometries and thin electrodes. Region-oriented CSM (ROCSM) aims 
at removing these drawbacks and making CSM applicable for a wide variety 
of 2D and 3D problems in HV engineering. Blaszczyk et al. [9] proposed the 
ROCSM originally.

The basic concept of ROCSM is shown in Figure 16.16. A two-dielectric 
arrangement is divided into four regions. Each region is homogeneous with 
regard to its material properties, and consists of one linear dielectric (R1, 
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(a)

(b)

ε1

ε2
ε1

ε1

ε1

ϕ = V2

ϕ = V1

Region 1

FIGURE 16.16
Concept of arrangement of charges in region-oriented CSM (ROCSM): (a) complete charge 
arrangement for ROCSM; (b) charge placement for Region 1; (c) charge placement for Region 2; 
(d) charge placement for Region 3 and (e) charge placement for Region 4.
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(c)

(d)

Region 2
ε1

Region 3
ε1

FIGURE 16.16
(Continued)
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R2 and R3 contain ε1 and R4 contains ε2). As shown in Figure 16.16, a set 
of charges encloses each region separately and the field and the  potential 
inside each region are calculated from the superposition of the surrounding 
charges. Interestingly, only a relatively small number of charges are neces-
sary to calculate the fields in each region. Charges assigned to a region are 
not placed inside the region, but always at a certain distance away from its 
boundary. In this way, singularity problem can be avoided. Passing through 
an interface requires changing the set of charges used for field calculation.

An important advantage of the ROCSM is its ability to solve problems 
with thin conducting foils and thin dielectric layers. The conventional CSM 
requires that charges be placed within thin electrodes or dielectrics (R4 of 
Figure 16.16), which results in a large number of charges or is even impos-
sible when the thickness of the electrode is very small.

In ROCSM, charges can be placed far away from surfaces of such elec-
trodes and dielectrics provided that different regions have been defined on 
their two sides. In Figure 16.16, the large region between the two electrodes 
has been divided in some smaller parts by introducing fictitious boundar-
ies. In this way, four regions have been created, although there are only two 
dielectric media in this example. Charges can then be placed easily for even 
smaller regions, as shown for Region 4 in Figure 16.16e.

(e)

Region 4
ε2

FIGURE 16.16
(Continued)
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16.10 Comparison of CSM with FEM

Both the FEM and CSM are extensively used for numerical calculation of 
electric field in high-voltage engineering.

In FEM, the entire ROI is subdivided into a large number of sub-regions 
and a set of coupled simultaneous linear equations, which minimize the 
electrostatic energy in the field region, are solved for unknown node poten-
tials. On the other hand, in CSM, only the boundary surface, that is, the elec-
trode surface and dielectric interface, is subdivided with fictitious charges, 
which are taken as unknowns. Therefore, it follows that the amount of time 
and effort needed for subdivision is greatly reduced in CSM. Moreover, the 
system of equations thus obtained by discretization is of smaller dimension 
in CSM.

FEM is useful for 2D and also 3D systems with or without symmetry and 
is advantageous for the calculation of fields where the boundaries have 
complicated shapes. However, for computing field distribution at a large 
distance from the HV electrodes by FEM, a large number of nodes and 
excessive computation time and computer memory space are required. 
Thus, FEM is more suited for problems where the space is bounded. On 
the contrary, the application of CSM is easy with high precision for field 
problems having infinitly extended unbounded region and for relatively 
simple boundary geometries but not so for fields with complex electrode 
configurations.

In FEM, exact field intensity at any point cannot be obtained. Instead aver-
age field intensity between two nodes is to be calculated from the known val-
ues of node potentials or numerical differentiation of the potential has to be 
done. But, in CSM, the electric field intensity can be obtained explicitly with 
the fictitious charges without resorting to numerical differentiation of the 
potential, which results in significant reduction in error. With proper posi-
tioning of the fictitious charges and the contour points and with the optimum 
number of fictitious charges, the potential and stress errors can be made less 
than 0.01% and 0.1%, respectively, in CSM. Though FEM is more suited for 
multiple dielectric problems, CSM can also be effectively employed for fields 
with many dielectrics.

A major disadvantage of CSM was that the electric field is difficult to 
calculate in systems having very thin electrodes because fictitious charges 
have to be placed within the electrodes. However, this disadvantage is 
obviated by the application of ROCSM in recent years. Further, CSM is 
usually, more accurate and less troublesome in computing Laplacian fields 
than FEM, but is difficult to use for non-Laplacian fields, for example, 
Poissonian fields. However, CSM with complex fictitious charges has been 
developed for calculating Poissonian field including volume and surface 



408 Electric Field Analysis

resistance providing very accurate results. Again, CSM is not suited for 
specific fields containing space charges where FEM can be employed very 
effectively. But, nowadays, suitable boundary conditions have been postu-
lated for use in connection with CSM for computing spacer surface fields 
in compact gas-insulated substation (GIS) as modified by the charges accu-
mulated on the spacer surface.

16.11 Hybrid Method Involving CSM and FEM

The most promising of the hybrid methods involving FEM and CSM is the 
so-called combination method, which has been independently proposed by 
Steinbigler [10] and Okubo et al. [11]. In general, it may be observed that CSM 
has more or less the opposite properties of FEM. Thus, attempts have been 
made to combine these two methods in a general-purpose high-precision 
method that takes the superior properties and excludes the inferior proper-
ties of these two methods. Higher precision in numerical field computation 
can be obtained if the field ROI is divided into parts to be analyzed by suit-
able methods. A field problem that could hardly be analyzed or that was 
analyzed approximately by only one method, may be analyzed with very 
good accuracy by applying an appropriate combination of different meth-
ods, for example, FEM and CSM.

In the FEM–CSM hybrid method, the entire space is divided into 
regions, which are to be analyzed separately by the CSM (C-domain) and 
by the FEM (F-domain). The boundary between the two regions is called 
the combined surface. Due to the properties of each method, the CSM is 
mainly used for open areas with infinite boundary and the FEM is used 
for finite enclosed space usually containing dielectric interfaces, conduc-
tive dielectrics, space charges and so on. It is to be noted that though CSM 
and FEM are two different methods, they result into similar linear system 
of equations. The coupling between C-domain and F-domain is based on 
the fact that the potential and the normal flux density must be continuous 
at the combined surface. Figure  16.17a and b show how the entire field 
region is divided into CSM-region and FEM-region in the application of 
hybrid method in a two-dielectric media and in space-charge-modified 
field computation, respectively.

Studies on combination method indicate that it offers advantages over the 
conventional CSM in 2D and 3D fields with axial symmetry for situation 
where space charges or conductive regions are present. Also, for the compu-
tation of 3D fields without axial symmetry, the advantages of combination 
method are significant.
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HV electrode

CSM region
εr1 = 1

CSM region εr = 1

Combined surface

HV electrode

Space charge
accumulation

FEM region

(a)

(b)

FEM region
εr2 = 4

FIGURE 16.17
Separation of the field region into CSM region and FEM region in hybrid method: (a) applica-
tion in a two-dielectric media and (b) application in space-charge modified field.
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16.12 CSM Examples

16.12.1 Three-Core Belted Cable

This section discusses the modelling of three-core belted cable by conven-
tional charge simulation method. Because the electric field does not vary 
with location in the direction of the length of the cable, the field calcula-
tion is carried out as a 2D case study. For the purpose of simulation, infinite 
length line charges are used, as shown in Figure 16.18, where the length of 
the charges is along the normal to the plane of the paper. Moreover, the three 
phases of the cable have potentials with 120° time phase  difference. As a 
result, complex fictitious charges are required for the simulation in this case. 

Core insulation

Sheath

Filler insulation

Infinite length line charge Contour point

Belt insulation

B
phase

R
phase

Y
phase

FIGURE 16.18
(See colour insert.) Simulation of a three-core belted cable by CSM using complex fictitious 
charges.
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Although stranded conductors are used for cable core, the  conductor  surfaces 
are taken as smooth due to the presence of the conductive shield over the 
conductor strands. The insulating medium throughout the cross section of 
the cable may be taken as uniform, because the core, belt and filler insula-
tions are made of either impregnated paper or impregnated jute fibre having 
similar relative permittivities between 3 and 4.

The sheath, which is at zero potential, could be handled in two different 
ways: (1) using fictitious charges placed beyond the sheath with appropriate 
contour points on the sheath surface, as shown in Figure 16.18. Because the gen-
eral earth surface does not play any role in determining the field within the 
cable, the image charge with respect to the general earth surface, as discussed 
in Section 16.4.2, is not applicable in this case. Only the expression for the ficti-
tious charge is to be taken into computation and (2) the sheath can also be incor-
porated in the simulation by taking the image of every fictitious charge in the 
manner discussed in Section 9.2.2. In such case, the number of fictitious charges 
required for simulation is less as no additional charge is needed for simulating 
the sheath surface and the obtained computational accuracy is also better.

16.12.2 Sphere Gap

Sphere-gap arrangements are extensively used in high-voltage systems for 
measurement as well as for switching purposes. Typically, a sphere-gap 
arrangement consists of two spheres with cylindrical shanks, as shown in 
Figure 16.19. Electric field computation in such arrangement is carried out 
as an axi-symmetric case study. Each cylindrical shank is simulated by one 
set of finite length line charges placed on the axis of symmetry. It is to be 
mentioned here that finite length line charges in an axi-symmetric arrange-
ment should only be placed on the axis of symmetry. Because if a finite length 
line charge is placed in any place other than the axis of symmetry in an axi-
symmetric system, then it no longer remains a line charge but becomes a 
cylinder / conical charge due to axial symmetry. Each sphere is simulated by 
one set of ring charges, although the tip of the sphere is simulated by one 
point charge, as shown in Figure 16.19. Considering air to be the dielectric 
between the two spheres, it is a case of electric field computation with only 
one dielectric medium.

16.12.3 Single-Core Cable Termination with Stress Cone

Insulated cables are used extensively for transmission and distribution of elec-
trical power. Termination is the way in which the end of a cable is finished, so 
that the cable matches a power supply or another device/equipment. Such cable 
terminations are subjected to considerable electrical stresses during operation. 
A proper design of cable termination is essential in reducing the electric field 
distribution in and around cable termination. Figure 16.20 shows the conven-
tional CSM simulation of a traditional  single-core  fluid-filled outdoor cable 
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termination. Contrary to electric field computation within a cable, cable ter-
mination being of finite length needs to be analyzed as an axi-symmetric case 
study. Typically, such a cable termination comprises cylindrical cable core at 
live potential, earthed unit known as the deflector with semi-conducting cover-
ing, cable core insulation (e.g. cross-linked polyethylene or XLPE), insulating 
stress cone (e.g. silicone rubber) and the outer insulating cover (e.g. porcelain). 
The space within the outer insulating cover is filled with an insulating fluid. 
In Figure 16.20, the outer porcelain covering is taken to be cylindrical in shape 
for simplicity. It may be noted here that the shape of the outer covering plays 
insignificant role in determining the field stresses at the critical zones within 
the cable termination.

As shown in Figure 16.20, the cable core is simulated by one set of finite length 
line charges placed on the axis of symmetry and the earthed deflector is simu-
lated by one set of ring charges. There are five dielectric–dielectric boundar-
ies in this case, namely, XLPE–rubber, XLPE–oil, rubber–oil, oil–porcelain and 
porcelain–air boundaries. Each one of these five dielectric–dielectric boundar-
ies is simulated by two sets of ring charges, such that the charges placed in a 

Finite length
line charges

Point charge

Ring charge
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Finite length
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FIGURE 16.19
Simulation of a sphere-gap arrangement by CSM.
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particular dielectric is not to be considered for field computation within that 
dielectric. For example, charges have been placed within oil around XLPE–oil, 
rubber–oil and oil–porcelain boundaries. But all these charges, which have 
been placed in oil, will not be considered for field computation within oil.

16.12.4 Post-Type Insulator

In high-voltage systems, post-type insulators serve as supports or spacers of 
electrodes with respect to grounded frames or grounded planes. Such insula-
tors are used in both indoor and outdoor applications. Simulation of a typical 
post-type insulator by conventional CSM is shown in Figure 16.21 as an axi-
symmetric case study. The solid insulating material is normally surrounded 
by a gaseous medium, most commonly air. Hence, this is an example of two-
dielectric arrangement. The top and bottom electrodes are simulated by one set 
of ring charges along with two point charges located on the axis of  symmetry 
for each electrode, as shown in Figure 16.21. The solid–gas dielectric interface is 
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FIGURE 16.21
Simulation of a post-type insulator by conventional CSM.
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simulated by two sets of ring charges, one set each for solid and gaseous media. 
The effect of volume as well as surface  resistivities could be easily incorporated 
in the field computation, as discussed in Sections 16.6.1 and 16.6.2.

16.12.5 Asymmetric Sphere Gaps

Section 16.12.2 discussed symmetric sphere-gap arrangement, as shown 
in Figure  16.19. But if a third sphere along with its shank is introduced 
into the system, as shown in Figure 16.22, then it becomes an asymmetric 
 configuration. Simulation of such a system is not possible with ring charges 
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Ring segment charge

Contour point
Point charge

Air Point
charges

FIGURE 16.22
(See colour insert.) Simulation of an asymmetric sphere-gap arrangement by CSM.
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as the charge density will not be uniform along the length of the ring charge. 
Consequently, such an arrangement needs to be computed as a 3D case 
study. As shown in Figure 16.22, ring segment charges are used for simu-
lating the asymmetric sphere-gap arrangement. Only the tip of the three 
spheres is simulated by one point charge each. The expressions, as discussed 
in Section 16.4.6, are to be used in this case study.

Objective Type Questions

 1. Charge simulation method (CSM) is based on
 a. Integral equation technique
 b. Differential equation technique
 c. Monte Carlo technique
 d. Linear algebra technique
 2. In CSM, image charges are considered to take into account
 a. Negative polarity electrode
 b. Positive polarity electrode
 c. Earth surface
 d. Both (a) and (c)
 3. To simulate the conductor boundary in conventional CSM, for every 

fictitious charge how many contour points are taken?
 a. 1
 b. 2
 c. 3
 d. 0
 4. For a point charge, electric field intensity at a distance r from the 

charge varies
 a. Linearly with r
 b. Inversely with r
 c. With r2

 d. With 1/r2

 5. In CSM, simulation accuracy is checked at
 a. Control point
 b. Charge point
 c. Contour point
 d. None of the above
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 6. For the formation of coefficient matrix in CSM, fictitious charge
 a. Magnitudes are known but locations are unknown
 b. Magnitudes are unknown but locations are known
 c. Both magnitudes and locations are known
 d. Both magnitudes and locations are unknown
 7. In CSM, control points are placed in between
 a. Two successive charge points
 b. A charge point and a contour point
 c. Two successive contour points
 d. None of the above
 8. CSM is suitable for solving
 a. 2D Laplacian field
 b. 2D Poissonian field
 c. 3D Laplacian field
 d. Both (a) and (c)
 9. CSM is suitable for simulating configurations
 a. Having thin electrodes
 b. Field including space charges
 c. Field including non-linear resistivity
 d. Field including isotropic media
 10. In CSM, which one of the following is true?
 a. Entire field region is discretized
 b. Only conductor boundaries are discretized
 c. Only dielectric boundaries are discretized
 d. Both (b) and (c)
 11. In CSM, singularity problem arises at the
 a. Control point
 b. Charge point
 c. Contour point
 d. Image charge point
 12. Matrix representation of the system of equation in CSM gives 

rise to
 a. Sparse matrix
 b. Nearly full matrix
 c. Diagonal matrix
 d. Unit matrix
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 13. In CSM, if the number of charges is increased, then accuracy
 a. Initially increases then decreases
 b. Initially decreases then increases
 c. Initially increases then remains constant
 d. Initially decreases then remains constant
 14. In CSM, fictitious charges are placed
 a. Within the field region of interest
 b. Outside the field region of interest
 c. On the boundaries
 d. Both (a) and (c)
 15. For better simulation accuracy, the assignment factor in placing the 

fictitious charges should preferably lie between
 a. 1 and 2
 b. 0 and 1
 c. −1 and +1
 d. None of the above
 16. On the conductor boundary, simulation accuracy is checked by 

calculating
 a. Potential error
 b. Potential discrepancy
 c. Deviation angle
 d. Both (a) and (c)
 17. Use of fictitious charges having complex shapes results in
 a. Higher computation time and higher memory requirement
 b. Lower computation time and lower memory requirement
 c. Higher computation time and lower memory requirement
 d. Lower computation time and higher memory requirement
 18. Ring charges of uniform charge density are suitable for simulating
 a. 2D configuration
 b. Axi-symmetric configuration
 c. 3D configuration
 d. Both (a) and (b)
 19. In least square error CSM, the number of fictitious charges is
 a. Zero
 b. Equal to the number of contour points
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 c. Less than the number of contour points
 d. More than the number of contour points
 20. Optimized CSM results in
 a. Higher computation time and better accuracy
 b. Higher computation time and poor accuracy
 c. Lower computation time and better accuracy
 d. Lower computation time and poor accuracy
 21. In conventional CSM, for every contour point on the dielectric–

dielectric interface how many fictitious charges are taken?
 a. None
 b. 1
 c. 2
 d. 3
 22. To eliminate the problems of charge placement within thin elec-

trodes, which one of the following methods is most suited?
 a. Least square error CSM
 b. Region-oriented CSM
 c. Optimized CSM
 d. Conventional CSM
 23. For electric field calculation in a three-phase system with one dielec-

tric medium, which one of the following is employed?
 a. Real fictitious charges and real permittivity
 b. Real fictitious charges and complex permittivity
 c. Complex fictitious charges and real permittivity
 d. Complex fictitious charges and complex permittivity
 24. For resistive-capacitive field calculation by CSM, it is necessary that 

true charges
 a. Exist all over the field region
 b. Exist on boundaries only
 c. Exist on selected boundaries only
 d. Do not exist
 25. For field calculation with volume resistance by CSM, which one of 

the following is employed?
 a. Real fictitious charges and real permittivity
 b. Real fictitious charges and complex permittivity
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 c. Complex fictitious charges and real permittivity
 d. Complex fictitious charges and complex permittivity
 26. For field calculation with surface resistance by CSM, which one of 

the following is employed?
 a. Real fictitious charges and real permittivity
 b. Real fictitious charges and complex permittivity
 c. Complex fictitious charges and real permittivity
 d. Complex fictitious charges and complex permittivity
 27. Field calculation by CSM under transient voltage is carried out with 

the help of
 a. Fourier series
 b. Fourier transform
 c. Time-step discretization
 d. Both (a) and (c)
 28. Field calculation by CSM under transient voltage with volume 

resistance with the help of time-step discretization is carried out 
employing

 a. Real fictitious charges
 b. Complex fictitious charges
 c. Complex permittivity
 d. None of the above
 29. Field calculation by CSM under transient voltage with volume 

resistance with the help of Fourier series expansion is carried out 
employing

 a. Real fictitious charges
 b. Complex fictitious charges
 c. Complex permittivity
 d. Both (b) and (c)
 30. Field calculation by CSM under transient voltage with surface resis-

tance with the help of time-step discretization is carried out employing
 a. Real fictitious charges and real permittivity
 b. Real fictitious charges and complex permittivity
 c. Complex fictitious charges and real permittivity
 d. Complex fictitious charges and complex permittivity

Answers:  1) a; 2) c; 3) a; 4) d; 5) a; 6) b; 7) c; 8) d; 9) d; 10) d; 11) b; 12) b; 13) c; 
14) b; 15) a; 16) d; 17) c; 18) b; 19) c; 20) a; 21) c; 22) b; 23) c; 24) b; 
25) d; 26) c; 27) d; 28) a; 29) d; 30) a
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17
Numerical Computation of High-Voltage 
Field by Surface Charge Simulation Method

ABSTRACT Surface charge simulation method (SCSM) is aimed to 
improve the CSM technique, dealing with surface distributed charges 
instead of discrete ones, as adopted in the classical formulation. As it is very 
important in electric field analysis to simulate the boundaries accurately, the 
aim of SCSM is to divide the electrode and dielectric surfaces into suitable 
number of boundary elements having specific charge distribution. Over the 
last two and half decades, SCSM, which is also known as indirect boundary ele-
ment method, has evolved into a powerful tool for electric field analysis in 2D, 
axi-symmetric as well as 3D systems with multiple dielectric media. SCSM 
fundamentals in such systems have been presented in details. Theoretical 
basis of implementing SCSM in systems having volume and surface resis-
tances have now been firmly established and have also been discussed in 
this chapter.

17.1 Introduction

In charge simulation method (CSM), the discrete fictitious charges are so 
placed and their magnitudes are so determined that one of the equipo-
tential will become identical to the electrode boundary of given potential 
and at the same time no singularity appears in the solution methodology. 
CSM is particularly attractive because of its simplicity and good accuracy 
in general, but suffers from large errors in the case of thin electrodes, which 
are often used to control and grade electric field near the HV terminals of 
power equipment, in condenser bushings and so on, where determination 
of electric field intensity is of paramount practical importance. It goes with-
out saying that the true charges are distributed over the entire electrode 
boundary in a continuous manner. Therefore, the electric field could always 
be better computed if the charges are assumed to be continuously distrib-
uted over the boundary. With this in view, in SCSM, electric field is com-
puted by assuming the charges to be present continuously on the boundary 
itself. As in the case of CSM, in SCSM, too, the potential and field functions 
are directly obtained from Coulomb’s law and therefore fulfil Laplace’s 
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equation without any principal error. SCSM is an integral method wherein 
Fredholm’s integral equations are used, in which the kernel function is the 
potential and field coefficients and the weight function is the charge den-
sity. Boundary conditions are given as follows: (1) Dirichlet formulation on 
electrode–dielectric boundary and (2) Neumann formulation on dielectric–
dielectric boundary. The difficulties of numerical treatment of singularities 
and of numerical evaluation of complex integrals are overcome using suit-
able techniques in SCSM.

17.2 SCSM Formulation for Single-Dielectric Medium

For the calculation of electric fields, the distributed charges on the surface of 
the electrode are replaced by surface charge elements placed on the electrode 
boundary, as shown in Figure 17.1 for 2D or axi-symmetric configurations. 
For a closed-type boundary, as shown in Figure 17.1a, there are N number 
of nodes or collocation points and for open-type boundary, as shown in 
Figure 17.1b, there are N + 1 number of nodes on the electrode boundary cor-
responding to N number of surface charge elements.

Similar to CSM, SCSM also requires that at any one of these surface nodes, 
the potential resulting from superposition of effects all the surface charge ele-
ments is equal to the known electrode potential. The potential at any surface 
node due to a surface charge element is computed by integrating over the 
surface element considering a predetermined distribution of charge density 
along the surface element. Different types of charge density distribution may 

Surface nodes: i = 1, … , N + 1

Surface charge elements: j = 1, … , N

Surface nodes: i = 1, … , N

Surface charge elements: j = 1, … , N

i = 1

j = 1 i = 2

j = 2

j = N
i = N

i = N + 1

V

(a) (b)

V

i = N
j = N

i = 1

j = 1
i = 2 j = 2

FIGURE 17.1
Surface charge elements and nodes on electrode boundary: (a) for closed-type boundary and 
(b) for open-type boundary.
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be considered. However, practical experience shows that linear charge density 
distribution gives accurate results for most of the practical cases. As a result, 
in this chapter, all subsequent discussions are based on linear distribution of 
charge density over a surface charge element. In SCSM, charge densities are 
considered at the surface nodes, the magnitudes of which are unknown and 
are to be solved. At any point on the jth surface charge element, the charge den-
sity σ(pelm) could be obtained from the charge densities of the nodes defining 
the surface element using linear charge density distribution. Then, at any sur-
face node i, the potential due to the jth surface charge element will be given by

 
φ σij ij

elmj

P d= ∫ (pelm) (pelm)  (17.1)

where:
Pij is the potential coefficient which depends on the type of surface charge 

element
d(pelm) depends on the system configuration

For 2D or axi-symmetric systems, d(pelm) is length and the integration is 
carried out over a line element and for 3D configurations d(pelm) is area and 
the integration is carried out over an area element. Similar to CSM, potential 
coefficients are evaluated analytically for different types of surface charge 
elements by solving Laplace’s equation.

Electric field intensity components are obtained by differentiating 
Equation 17.1 as follows:

 

E
P
x

dx ij
ij

elmj

, (pelm) (pelm)= −
∂
∂∫ σ  (17.2a)

 

E
P
y

dy ij
ij

elmj

, (pelm) (pelm)= −
∂
∂∫ σ  (17.2b)

 

E
P
z

dz ij
ij

elmj

, (pelm) (pelm)= −
∂
∂∫ σ  (17.2c)

When Equation 17.1 is applied at ith node for all the N number of surface 
charge elements, it gives the potential of node i, which according to Dirichlet’s 
condition should be equal to the known electrode potential, that is,

 
φ φi ij

j

j N

V= =
=

=

∑
1

 (17.3)

When Equation 17.3 is applied to N number of surface nodes, it leads to the 
following system of N linear equations for N unknown surface charge densi-
ties. In matrix form, it may be written as
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As in the case of CSM, in many cases, the effect of the ground plane is to be 
considered for electric field calculation. This plane can be taken into account 
by introducing the image of surface charge elements.

17.3  Surface Charge Elements in 2D 
and Axi- Symmetric Configurations

For the calculation of 2D and axi-symmetric fields, straight line and elliptical arc 
elements are most commonly used and are discussed here. A linear basis func-
tion is assumed for the description of charge density distribution along the ele-
ment between the two nodes, which are the extremities of any given element.

In both the types of elements, as shown in Figure 17.2, a local coordinate 
ξ is introduced for the purpose of integration over the element, the value of 
which varies from −1 at node i to +1 at node i + 1.

17.3.1 Straight Line Element

With reference to Figure 17.2a, the location of any point lying on the element 
between node i and node i + 1 is given by

For 2D system:

 
x x xi i( )ξ ξ ξ= + + −

+1
1

2
1

2

 y y yi i( )ξ ξ ξ= + + −
+1

1
2

1
2

 

(17.5)

y or z

x or r x or r

y or z

ξ = −1

ξ = +1
Node i

(x,y) for 2D system
(r,z) for axi-symmetric system

(x,y) for 2D system
(r,z) for axi-symmetric system

Centre

Node i + 1

θi+1

θi

ξ = +1

ξ = −1
Node i

Node i + 1

(a) (b)

FIGURE 17.2
Surface charge elements in 2D and axi-symmetric configurations: (a) straight line element and 
(b) elliptic arc element.
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For axi-symmetric system:

 
r r ri i( )ξ ξ ξ= + + −

+1
1

2
1

2

 
z z zi i( )ξ ξ ξ= + + −

+1
1

2
1

2
 

(17.6)

The charge density at any point on the element between node i and node 
i + 1 is given by

 
σ ξ σ ξ σ ξ

( ) = + + −
+i i1

1
2

1
2

 (17.7)

For 2D system, the field is independent of the direction normal to the plane 
of the paper and hence the charge at any point on the element is equivalent 
to an infinitely long line charge, extending up to infinity in a direction nor-
mal to the plane of the paper. As a result, for computing the potential coeffi-
cient, the expression for infinitely long line charge given by Equation 16.20 in 
Chapter 16 could be used in SCSM. Electric field intensity coefficients could 
be computed using the Equations 16.21 and 16.22 given in Chapter 16.

For an axi-symmetric system, the z-axis is the axis of symmetry and hence 
the charge at any point on the element is equivalent to a ring charge, when 
the element is not lying on the z-axis. As a result, for computing the potential 
coefficient, the expression for ring charge given by Equation 16.26 in Chapter 
16 could be used in SCSM. Electric field intensity coefficients could be com-
puted using Equations 16.27 and 16.28 given in Chapter 16. When the ele-
ment lies on the z-axis, then the elemental charge length is equivalent to 
a finite length line charge. In such cases, for computing the potential coef-
ficient, the expression for finite length line charge given by Equation 16.23 in 
Chapter 16 could be used in SCSM. Electric field intensity coefficients could 
be computed using Equations 16.24 and 16.25 given in Chapter 16.

Here, it is to be noted that the expressions given in Chapter 16 incorpo-
rates the effect of the image charge. Hence, if the image charge is not to be 
taken into account, then the part of the expression that represents the effect 
of image charge need not be taken into computation.

17.3.2 Elliptic Arc Element

For the description of the elliptic arc, parametric representation of an ellipse 
is commonly used. Angle θ is the parameter that varies linearly from node i 
and node i + 1 along the elliptic arc length.

With reference to Figure 17.2b, the parameter at any point on the element 
between node i and node i + 1 is given by

 
θ ξ θ ξ θ ξ
( ) = + + −

+i i1
1

2
1

2
 (17.8)



432 Electric Field Analysis

and the location of any point lying on the element between node i and node 
i + 1 is given by

For 2D system:

 x x A( ) cos ( )ξ θ ξ= +0

 y y B( ) sin ( )ξ θ ξ= +0  
(17.9)

For axi-symmetric system:

 r r A( ) cos ( )ξ θ ξ= +0

 z z B( ) sin ( )ξ θ ξ= +0  
(17.10)

where:
(x0,y0) or (r0,z0) are the coordinates of the centre
A, B are the semi-major and semi-minor axes of the elliptic arc element, 

respectively

The charge density at any point on the elliptic arc element between node i 
and node i + 1 is also given by Equation 17.7. For both straight line and ellip-
tic arc elements, the unit of charge density is Coulombs/m (C/m).

17.3.3 Contribution of Nodal Charge Densities to Coefficient Matrix

Consider four consecutive nodes defining three elements on any electrode 
boundary, as shown in Figure 17.3.

As per Equation 17.1, the potential of node M due to element M−1 is 
given by

 

φ σ ξ ξ
ξ

ξ

M M M MP dl, , ( ) ( )− −

=−

=+

= ∫1 1

1

1

 (17.11)

y or z
Node M + 2

Element M + 1

Element M

Element M − 1

(x,y) for 2D system
(r,z) for axi-symmetric system

x or r

Node M + 1

Node M − 1

Node M

FIGURE 17.3
Pertaining to contribution of nodal charge densities to coefficient matrix.
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where:
ξ = −1 at node M−1 
ξ = +1 at node M for element M−1

Using Equation 17.7, Equation 17.11 can be modified as follows:
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Similarly, the potential of node M due to element M will be given by
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Therefore, it may be seen that every nodal charge density will contribute 
twice towards the potential and also for electric field intensity of any node or 
point within the region of interest. This is because of the fact that every node 
belongs to two surface charge elements. In one element a given node will be 
the ending node, whereas in the next element, it will be the starting node. In 
Equations 17.12 and 17.13, the contribution of a nodal charge density is shown 
as CS when it is the starting node of an element and as CE when it is the end-
ing node of another element. However, this is not valid for the starting node 
of the very first element and the ending node of the very last element of an 
open-type boundary, as shown in Figure 17.1b.

In light of Equations 17.12 and 17.13, the matrix of Equation 17.4 could be 
rewritten as follows for the closed-type boundary, as shown in Figure 17.1a.
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For open-type boundary, as shown in Figure  17.1b, Equation 17.14 will be 
modified as follows:
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The difference between the matrices of Equations 17.14 and 17.15 is that in 
Equation 17.15 the first and the last columns have only one term, either the 
starting or the ending term, in the matrix elements. This is due to the fact 
that for an open-type boundary the starting node of the very first element 
belongs to only one element as the starting node and the ending node of 
the very last element belongs also to only one element as the ending node. 
One more point to be noted is that for an open-type boundary, if there are N 
number of nodes, then there will be N − 1 number of elements instead of N. 
Accordingly the matrix elements of Equation 17.15 are different from those 
of Equation 17.14.

17.3.4 Method of Integration over a Surface Charge Element

In order to achieve good accuracy in SCSM, it is imperative that the 
integrations are carried out with high accuracy. It has been noted by the 
researchers that numerical integration by Gauss–Legendre Quadrature 
rule provides excellent accuracy. Hence, this integration rule is briefly dis-
cussed here.

Gauss–Legendre Quadrature rule approximates an integral as the sum of 
a finite number (n) of terms in the following way, by picking approximate 
values for n, wi and ξi

 −

+

=
∫ ∑≅

1

1

1

f d w f
i

n

i i( ) ( )ξ ξ ξ  (17.16)

where:
ξi is known as Gauss point or abscissa
The values of ξi are zeroes of the nth degree Legendre polynomial
wi is the weight of the function value at ith Gauss point or abscissa

Although this rule is originally defined for the interval (−1,1), this is actually a 
universal function, because the limits of integration could be converted from 
any interval (a,b) to the Gauss–Legendre interval (−1,1) in the following manner
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In SCSM, 16-point or even 13-point Gauss–Legendre Quadrature rule gives 
excellent accuracy. Hence, abscissae and weights of 16-point Gauss–Legendre 
Quadrature rule are given in Table 17.1.

17.3.5 Electric Field Intensity Exactly on the Electrode Surface

It has already been discussed in Section 8.2.1 that the highest value of electric 
field intensity does not occur on the electrode surface, but occurs just off the 
electrode surface within the dielectric medium. Still it is relevant to compute 
the electric field intensity exactly on the surface. Here, it is to be noted that 
the electric field intensity is always directed along the normal to the surface 
at any point lying exactly on the electrode surface.

As in the case of electric potential given by Equation 17.12, the normal 
 component of electric field intensity at node M due to element M−1 can be 
computed as follows:
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where:
FN is normal field intensity coefficient

TABLE 17.1

High-Precision Abscissae and Weights of 16-Point Gauss–Legendre 
Quadrature Rule

Abscissae (ξi) Weights (wi)

±0.0950125098376374401853193 0.1894506104550684962853967
±0.2816035507792589132304605 0.1826034150449235888667637
±0.4580167776572273863424194 0.1691565193950025381893121
±0.6178762444026437484466718 0.1495959888165767320815017
±0.7554044083550030338951012 0.1246289712555338720524763
±0.8656312023878317438804679 0.0951585116824927848099251
±0.9445750230732325760779884 0.0622535239386478928628438
±0.9894009349916499325961542 0.0271524594117540948517806
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Similarly, the normal component of electric field intensity at node M due to 
element M is given by
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For any node i the normal component of electric field intensity due to all the 
elements on the electrode boundary could be obtained from Equations 17.14, 
17.18 and 17.19 for closed-type boundary as follows:

 
E A A A A A ANi Si Ei N Si Ei Si i Ei i i= + + + + + +
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−( ) ( ) ( ), , , , , ,1 1 2 1 2 1σ σ σ

 (( ), ,A ASi N Ei N+ 1 σ
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and from Equations 17.15, 17.18 and 17.19 for open-type boundary as follows:

 E A A A A A ANi Si Si Ei Si i Ei i i Ei N= + + + + + + +− −, , , , , ,( ) ( )1 1 2 1 2 1 1σ σ σ σ  NN  (17.21)

Because node i has a charge density σi, there will be problem of singularity in 
evaluating the coefficient terms associated to σi. Therefore, the coefficients asso-
ciated to σi are computed leaving aside a small part around node i. However, 
it may be mentioned here that in Gauss–Legendre Quadrature rule, the inte-
grand is approximated at the selected abscissae, which do not coincide with the 
nodes lying at the extremities of the element. Hence, the integrand is not com-
puted at the nodes and so singularity does not appear. But, to be precise and 
correct in computation, it is necessary to assume that the values obtained from 
Equations 17.20 and 17.21 are without the small part around the node under 
consideration. Then the charge on the small part left aside around node i is 
considered as a point charge of magnitude σi and the field intensity, which is 
normal to the electrode surface, due to this point charge is given by [ ]./( )σ ε εi r2 0  
This additional normal electric field intensity has to be added to the value 
obtained either from Equation 17.20 or 17.21 to get the value exactly on the node.

17.4 SCSM Formulation for Multi-Dielectric Media

In the case of multi-dielectric configuration, free charges are present on the 
electrode boundaries and bound charges are present on the dielectric–dielectric 
boundaries, which appear due to dielectric polarization. In ideal condition, there 
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should not be any free charge present on a dielectric– dielectric  boundary. But in 
many practical cases, due to volume as well as surface conduction, partial 
discharge and so on, there could be free charges present on  dielectric–dielectric 
boundary. In the case of Laplacian field, the free charge density on dielectric 
boundary is zero, while for Poissonian field the effect of the free charges pres-
ent on the dielectric boundary needs to be taken into consideration.

In SCSM, Neumann condition for normal component of electric flux den-
sity is satisfied on dielectric–dielectric boundary as mentioned below:

 ε ε σ1 1 2 2E En n s− =  (17.22)

where:
σs is free charge density on dielectric–dielectric boundary, which is finite 

for Poissonian field and is zero for Laplacian field

Consider a multi-electrode and multi-dielectric arrangement, as shown in 
Figure 17.4. For this arrangement, all the boundaries are discretized into suitable 
number of surface charge elements and the field at any point within the region 
of interest is due to the superimposed effect of all such surface charge elements.

Let there be ELB number of electrode boundaries and DLB number of 
dielectric–dielectric boundaries. At any node i on the dielectric boundary, 
the normal component of electric field intensity is computed as

V1

ELB1

ELB2 V2 V3

ELB3

DLB1

(a) (b)

(c)

(d) (e)

ε1

ε2

ε3

DLB2

FIGURE 17.4
Schematic diagram of a multi-electrode and multi-dielectric arrangement. (a) ELB1, electrode 
boundary 1; (b) ELB2, electrode boundary 2; (c) ELB3, electrode boundary 3; (d) DLB1, dielectric 
boundary 1; (e) DLB2, dielectric boundary 2.
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where:
e and d denote electrode and dielectric boundaries, respectively
DLBi is the dielectric boundary on which the node i is located
AB is a small part around node i

The left-hand side of Equation 17.23 is denoted as En i,
−  because the small part 

AB around node i is not considered for the computation. The terms on the 
right-hand side of Equation 17.23 are computed using either Equation 17.20 
or 17.21.

Normal electric field intensity in free space due to the small part AB around 
node i can be written as follows, with orientation to side 1 of the dielectric–
dielectric boundary:
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Thus, the normal component of electric field intensity at the node i on both 
sides of the dielectric–dielectric boundary can be written as
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and
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Combining Equations 17.22, 17.25 and 17.26, the boundary condition can thus 
be written as
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17.5 SCSM Formulation in 3D System

In contrast to finite element method (FEM), in SCSM only the boundary 
surfaces are approximated by finite number of boundary elements. The 
boundary elements are mainly of two types: (1) triangles and (2) rectangles. 
Depending on how precisely these boundary elements need to be defined, 
shape functions of different orders are used. In most of the practical cases, 
boundary elements are either of first order or of second order, which can 
be defined analytically by natural coordinate system. Thus, the problem of 
solving integral equations can be looked upon as defining a set of functions 
of equivalent surface charge densities defined on each boundary element.

Figure  17.5a and b show typical discretization of a multi-electrode multi-
dielectric arrangement used in a gas-insulated system. The discretization is done 
by triangular elements. One of the main reasons for using triangular elements 
is that any irregular polygon can be looked upon as a union of several triangles. 
The simplicity of the approximating functions used with triangular elements 
lies in its two basic properties, namely, (1) these functions always ensure the 
continuity of the desired potential along all the boundaries between triangles 
provided only that continuity is imposed at the vertices of the triangle and (2) 
the approximations are independent of the global coordinates of the triangles.

In order to obtain the numerical solution of integral equations, it is required 
to introduce basis functions of suitable order for approximating the surface 
charge density (σ) on each surface. Similar to the case of FEM, it is convenient 
to express the basis function in local coordinate system. In most of the cases, 
the boundary elements are approximated by first order polynomials, that is, 
using linear approximation. It follows that the number of nodes on each of 
the triangular boundary elements will be three. In other words, the surface 
charge densities are assumed at the vertices of each triangular boundary 

ϕ = Vϕ = 0

εr2 = 5

εr1 = 1

(a)

ϕ = V

ϕ = 0

εr2 = 5 εr1 = 1

(b)

FIGURE 17.5
(See colour insert.) Discretization of a practical multi-electrode multi-dielectric arrangement 
using triangular elements: (a) view 1 and (b) view 2.
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element. Thus, the surface charge density function over a boundary element 
can be written in terms of the shape functions as

 σ σ σ σele = + +L L L1 1 2 2 3 3  (17.28)

where:
L L L1 2 3 0+ + =

The shape functions and natural coordinates for linear triangular elements 
have been discussed in detail in Sections 15.4.4 and 15.4.5. Other types of sur-
face elements have also been discussed in Section 15.4.6. The relationships 
described in the above-mentioned sections of Chapter 15 can be used here.

With reference to Figure 17.6, the contribution of a particular linear bound-
ary element M to the potential at any arbitrary point G is given by
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where:
J(L1,L2) is the Jacobian matrix of the transformation for shape functions

When expressed in natural (ξ − η) coordinates, Equation 17.29 is modified to
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where:
J(ξ,η) is the Jacobian matrix of the transformation for natural coordinates 

and is given in Section 15.4.5
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FIGURE 17.6
Linear triangular boundary element.
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Equation 17.30 shows that potential coefficient has three terms as given below.
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Electric field intensity coefficients could be obtained in a similar manner.

17.6 Capacitive-Resistive Field Computation by SCSM

SCSM can be employed to compute capacitive-resistive field accurately in 2D, 
axi-symmetric and 3D systems including volume and surface resistances. 
The methodology for 2D and axi-symmetric systems are similar and are 
described in the next sub-section, whereas the 3D formulations are given in 
the subsequent sub-section.

17.6.1  Capacitive-Resistive Field Computation in 
2D and Axi-Symmetric Systems

For capacitive-resistive field computation Dirichlet’s condition on the elec-
trode boundary remains unaltered, but σs of Equation 17.22 need to be 
determined from the general condition of current density vector at node i to 
include volume and surface resistances in the following manner.
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With reference to Figure  15.11 of Chapter 15 and for isotropic media, 
Equation 17.32 can be rewritten as
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where:
ρvx is volume resistivity of dielectric x, x = 1,2
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For sinusoidal fields, incorporating complex notations Equation 17.33 can be 
written as
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With reference to Figure 15.13, surface current density term in Equation 17.34 
can be written as
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where:
R(i) and R(i + 1) are surface resistances corresponding to ith and (i + 1)th 

boundary node, respectively
S(i) is a small surface area corresponding to ith boundary node

The expressions for R(i) and S(i) are given for a 2D system in Equations 15.62 
and 15.63, respectively, and for an axi-symmetric system in Equations 15.64 
and 15.65, respectively, in Chapter 15.

Finally, Equations 17.27, 17.34 and 17.35 can be combined together in the 
following form.
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where:
ε ε ε ωρx rx vxj= − [ /( )]0 , x = 1,2 and En i,  are given in details in Equation 17.23 

without complex notations

17.6.2 Capacitive-Resistive Field Computation in 3D System

Incorporating volume resistivity into a 3D capacitive-resistive field computa-
tion is similar to a 2D or an axi-symmetric system, because the current density 
due to volume resistance is caused by the normal component of the electric 
field intensity at a surface node, as given in Equation 17.33. Hence, volume 
resistivity could be incorporated by considering the permittivity of the dielec-
tric medium as a complex quantity and expressing it as ε ε ε ωρx rx vxj= −[ /( )],0  
where, εx is the permittivity of medium x and ρvx is its volume resistivity.

However, incorporation of surface resistance into 3D capacitive-resistive 
field computation requires special treatment as discussed below. In this treat-
ment, hexagonal discretization using triangular elements has been consid-
ered. As shown in Figure 17.7, the target node 0 is connected to six other 
nodes, namely, 1, 2, 3, 4, 5 and 6. The potentials of these nodes are V0, V1, 
V2, V3, V4, V5 and V6, respectively, as shown in Figure 17.7. R1, R2, R3, R4, R5 
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and R6 are the resistances of the branches 01, 02, 03, 04, 05 and 06, respec-
tively. Surface currents flowing through the branches 01, 02, 03, 04, 05 and 06 
are I1, I2, I3, I4, I5 and I6, respectively. The directions of all these currents are 
assumed to be from node 0 to node k, k = 1, 6.

Then, application of Kirchhoff’s current law at node 0 gives
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For AC field, charge could be computed in the following way.
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Removing t and bringing in complex notation and combining Equations 17.37 
and 17.38, surface charge can be written as
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Then, the surface charge density around node 0 over the surface can be 
obtained as follows:
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FIGURE 17.7
Incorporation of surface resistance into SCSM 3D formulation.
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where:
S0 is a surface area around the node 0

As depicted in Figure 17.7, A, B, C, D, E and F are the mid points of 01, 02, 03, 
04, 05 and 06, respectively. S0 is the summation of the areas of the triangles 
0AB, 0BC, 0CD, 0DE, 0EF and 0FA such that
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1
4

= + + + + +( )∆ ∆ ∆ ∆ ∆ ∆AB BC CD DE EF FA  (17.41)

where:
Δ is the area of the triangle denoted by the suffix

Surface resistance between two nodes is obtained in the following way. 
Figure 17.8 shows two adjacent triangular elements 056 and 061 of Figure 17.7. 
Consider that the surface resistance R6 between the nodes 0 and 6 is to be com-
puted, between which surface current I6 is flowing, as shown in Figure 17.7. 
Now the side 06 belongs to both the triangular elements 056 and 061. As 
shown in Figure 17.8, OG and OH are the medians of triangular elements 056 
and 061, respectively. Thus,

 ∆ ∆ ∆ ∆0 6 056 06 061
1
2

1
2

G H= =and  (17.42)

Let the length of 06 be L06 and the equivalent lengths that are normal to the 
direction of flow of I6 are as shown by the hatched lines in the triangles 0G6 
and 06H in Figure 17.8. Let the height of the triangles 0G6 and 06H be Lh1 and 
Lh2, respectively. Considering L06 as the base of the triangles 0G6 and 06H, Lh1 
and Lh2 can be obtained as
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FIGURE 17.8
Computation of surface resistance on the boundary.
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Combining Equations 17.42 and 17.43,

 
L

L L
L

L L
h h1

0 6

06

056

06
2

06

06

061

06
2 2= = = =∆ ∆ ∆ ∆G and H  (17.44)

Because the surface resistance associated to the side 06 is R6,
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Combining Equations 17.44 and 17.45
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where:
ρs,06 is the surface resistivity associated to side 06

In the same way, the surface resistance associated to all the sides, as shown 
in Figure 17.7 can be written as follows:
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From Equations 17.46 and 17.47 it is obvious that only half the area of the 
triangles to which the resistance path belongs should be considered while 
approximating the equivalent length perpendicular to the current path. 
Otherwise, every triangular element would have been considered twice 
while computing the resistance of the adjacent sides.

Then the Neumann condition at node 0 on dielectric–dielectric boundary 
is satisfied as follows:

 ε ε σ1 1 0 2 2 0 0E En n, , ,− = s  (17.48)

where:
σs,0 is obtained from Equation 17.40 and is given below in expanded form
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where:
Vk  is the potential of the kth node
Rk is the resistance of the side connecting node 0 and the kth node. Rk is 

given by Equation 17.46 or 17.47 
S0 is the area associated with node 0 as given by Equation 17.41

In order to compute capacitive-resistive fields incorporating both volume 
and surface resistances, Equation 17.48 is modified by bringing in complex 
permittivity.

 ε ε σ1 1 0 2 2 0 0E En n, , ,− = s  (17.50)

where:
ε ε ε ωρx rx xj= − [ /( )]0 v , x = 1,2 and ρvx is volume resistivity of medium x
σs,0 is computed according to Equation 17.49

17.7 SCSM Examples

17.7.1 Cylinder Supported on Wedge

In many practical cases, electrodes are supported by insulating wedges. 
Figure 17.9 shows a metallic cylindrical electrode supported by solid insu-
lating wedge. The point where the electrode touches the solid insulating 
material is called triple junction, as electrode, solid insulating material and 
gaseous dielectric (air in this case) meet at this point. The dimension of 
air gap between the electrode and the solid insulation depends on the 
angle α. Ideally the angle α should be made 90°. But it is not always possi-
ble to make it so. Hence, it is important to study the effect of the angle α on 
the field distribution particularly around the triple junction, where field 
concentration takes place. In this example, the metallic electrode bound-
ary and the solid–air dielectric interfaces on both the sides of the electrode 
are discretized by line and arc elements as this is a 2D case study. The ele-
ments are located between two successive nodes as marked on Figure 17.9. 
The sizes of the elements need to be adjusted according to the field con-
centration. The element lengths are small near the triple junction while 
such lengths could be higher on those sections of the solid–air dielectric 
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interface which are away from the electrode or triple junction. The effect 
of the earth surface is taken into account by considering images of surface 
charge elements.

17.7.2 Conical Insulator in Gas-Insulated System

Conical spacers are used in gas insulated substation (GIS) for providing 
insulating support to the live central conductor. The shape of the conduc-
tor at the junction of the electrode and solid spacer at both live and earth 
ends are suitably designed to reduce field concentration at these critical 
locations. Consequently, such electrode spacer configuration needs to 
be analyzed carefully from electrical field distribution viewpoint as the 
dimensions of GIS are relatively small and hence the margin of error is also 
small. Figure 17.10 shows a typical conical spacer with central and outer 
conductor arrangement used in GIS. It is an axi-symmetric configuration 
and is simulated by line and arc elements lying between two successive 
nodes as marked on Figure 17.10. There are four boundaries in this case 
that need to be discretized by boundary elements, for example, live con-
ductor boundary, earthed conductor boundary and two solid insulation-
SF6 gas interfaces. The element lengths are to be adjusted according to the 
nature of field distribution. The elements near the spacer are smaller in size, 
while the elements on the sections of the electrodes away from the spacer 
are relatively larger. To avoid any edge effect affecting the results near the 
spacer, the electrode boundaries at the top and bottom of Figure 17.10 are to 

Earth surface

Wedge insulator
(εr2)

ϕ = V
Air

(εr1 = 1)

Boundary node

α < 90°

FIGURE 17.9
SCSM simulation of cylindrical electrode supported by solid insulating wedge.
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be considered extended up to a considerable distance from the spacer. But 
for simplicity it is not shown in Figure 17.10. In high-voltage DC (HVDC) 
GIS, conical spacers are often coated with a lossy dielectric for reducing 
problems due to charge accumulation. Such cases could also be studied by 
considering suitable surface resistivity along the two surfaces of the spacer.
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FIGURE 17.10
SCSM simulation of conical insulator used in GIS.
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17.7.3 Metal Oxide Surge Arrester

For high-voltage–high-energy cases, the assembly of multiple units of metal 
oxide surge arresters are commonly used in power system. As shown in 
Figure 17.11, the metal oxide elements are held together by a central insu-
lating rod and are placed within an insulating shell. Then this arrange-
ment is housed in a protective outer cover very often made of porcelain. 
Nowadays, polymeric insulation is also used for outer covering. To pro-
vide an inert atmosphere within the insulator housing, N2 gas is put instead 
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FIGURE 17.11
(See colour insert.) SCSM simulation of multiple unit assembly of metal oxide surge arrester.
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of air. To linearize field distribution as much as possible field grading rings 
are used at the top live flange in all the applications. Sometimes grading 
rings are also used at the intermediate connecting flanges, as shown in 
Figure 17.11. The intermediate metallic flanges and the associated grading 
rings are floating potential electrodes and need to be simulated accord-
ingly. The grading rings are closed-type boundaries while the other 
boundaries are open-type boundaries in this axi-symmetric example. The 
metal oxide elements have a dielectric constant of around 800 and very 
high resistivity before the start of conduction. The following are conductor 
boundaries that need to be simulated by boundary elements: (1) live flange 
boundary; (2) earthed flange boundary; (3) intermediate flange boundar-
ies (two numbers), which are floating potential boundaries; (4) live poten-
tial grading rings (three numbers) and (5) floating potential grading rings 
(two numbers). There are several dielectric–dielectric boundaries in this 
example that are also to be simulated by boundary elements: (1) insulating 
rod–metal oxide boundary; (2) metal oxide–N2 boundary; (3) N2– insulating 
shell boundaries (two numbers); (4) N2–insulator housing boundary and 
(5) insulator housing–air boundary. Line and arc elements are used for 
simulation. Change of resistance of metal oxide elements could be incor-
porated in field computation by considering appropriate value of volume 
resistivity of metal oxide elements.

17.7.4 Condenser Bushing of Transformer

Condenser bushings are very often used in high-voltage transformers 
(Figure 17.12). In this type of bushings floating potential grading electrodes 
are embedded in solid insulation (typically paper) to get a better field dis-
tribution. Consequently, it is practically important to study the electric field 
distribution in such bushing configuration. It is an axi-symmetric case with 
multiple electrode as well as dielectric boundaries. There are three types of 
electrode boundaries: (1) live central conductor boundary, (2) earthed metal-
lic tank boundary and (3) floating potential grading electrode boundaries. It 
is to be noted here that these grading electrodes are very thin in dimension 
and SCSM is particularly useful in simulating such thin electrodes. There 
are following dielectric–dielectric boundaries, which are to be simulated by 
boundary elements: (1) paper–transformer oil boundary; (2) paper–porcelain 
boundary and (3) porcelain–air boundary. When the paper becomes aged 
with service, then conduction through paper insulation increases, which 
can be incorporated in field computation by assuming a suitable value of 
volume resistivity of paper insulation. Similarly, the volume conduction in 
transformer oil could also be duly considered in field computation by choos-
ing the required value of volume resistivity of transformer oil. The surface 
pollution of porcelain outer cover could be taken into account by considering 
appropriate value of surface resistivity along porcelain–air boundary.
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FIGURE 17.12
SCSM simulation of condenser bushing used in high-voltage transformers.
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Objective Type Questions

 1. Indirect boundary element method is also known as
 a. Charge simulation method
 b. Volume charge simulation method
 c. Surface charge simulation method
 d. Region-oriented charge simulation method
 2. In surface charge simulation method, which of the following func-

tions are taken as unknown functions along the discrete boundary 
elements?

 a. Surface charge density
 b. Electric potential
 c. Electric field intensity
 d. Both (b) and (c)
 3. In surface charge simulation method, Fredholm’s integral equations 

are used, in which
 a. The kernel function is the potential and field coefficients and the 

weight function is the charge
 b. The kernel function is the potential and field coefficients and the 

weight function is the charge density
 c. The kernel function is the charge density and the weight func-

tion is the potential and field coefficients
 d. The kernel function is the charge and the weight function is the 

potential and field coefficients
 4. In surface charge simulation method, which of the following are 

discretized?
 a. Entire volume of the regions of interest
 b. All the boundaries of the regions of interest
 c. Only the electrode boundaries
 d. Only the dielectric–dielectric boundaries
 5. If σ(i) is the equivalent surface charge density at any point i on the 

boundary, then the electric field intensity due to a small area around 
that point is given by

 a. σ εi 0

 b. σ εi/ 0

 c. σ εi 2 0

 d. σ εi/( )2 0
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 6. For the calculation of 2D and axi-symmetric fields using surface 
charge simulation method, most commonly used elements are

 a. Straight line and triangular elements
 b. Elliptic arc and triangular elements
 c. Straight line and elliptic arc elements
 d. Straight line and circular arc elements
 7. For the calculation of 3D fields using surface charge simulation 

method, most commonly used element is
 a. Curvilinear triangle
 b. Curvilinear rectangle
 c. Curvilinear square
 d. Irregular polygon
 8. In surface charge simulation method, for an open-type boundary 

if the number of surface charge elements is N, then the number of 
surface nodes is

 a. N − 2
 b. N − 1
 c. N

 d. N + 1
 9. In surface charge simulation method, for a closed-type boundary 

if the number of surface charge elements is N, then the number of 
surface nodes is

 a. N − 2
 b. N − 1
 c. N

 d. N + 1
 10. In surface charge simulation method, for the computation of electric 

potential in a 2D or an axi-symmetric system, the integration is car-
ried out over a

 a. Line
 b. Triangle
 c. Quadrilateral
 d. Volume
 11. For a 2D field computation by surface charge simulation method, 

which one of the following charge configurations could be used?
 a. Point charge
 b. Infinite length line charge
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 c. Finite length line charge
 d. Ring charge
 12. For an axi-symmetric field computation by surface charge simula-

tion method, which one of the following charge configurations could 
be used?

 a. Point charge
 b. Finite length line charge
 c. Ring charge
 d. All of the above
 13. For 2D and axi-symmetric field computation by surface charge simu-

lation method using linear basis function, charge density of unknown 
magnitude is considered on the discrete boundary elements

 a. At the mid-point of the element
 b. At the extremities of the element
 c. Near but not at the mid-point of the element
 d. Near but not at the extremities of the element
 14. In surface charge simulation method, which one of the following 

integration rules gives excellent accuracy?
 a. Trapezoidal rule
 b. Simpson’s rule
 c. Romberg’s rule
 d. Gauss–Legendre Quadrature rule
 15. In surface charge simulation method, the simplicity of the approxi-

mating functions used with triangular elements lies in which of the 
following basic properties

 a. These functions always ensure the continuity of the desired 
potential along all the boundaries between triangles provided 
only that continuity is imposed at the vertices of the triangle

 b. The approximations are independent of the global coordinates of 
the triangles

 c. The approximations are independent of the local coordinates of 
the triangles

 d. Both (a) and (b)
 16. Surface charge simulation method formulations give rise to a coef-

ficient matrix that by property is a
 a. Sparse matrix
 b. Nearly full matrix
 c. Diagonal matrix
 d. Unit matrix
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 17. At any node i on the dielectric boundary, let the normal component 
of electric field intensity be E in,

− , when the small area AB around node 
i is not considered in the computation. Then which one of the fol-
lowing is incorporated to compute the normal component of electric 
field intensity at node i

 a. /( )σ εi 2 0

 b. σ εi 2 0

 c. σ εi/ 0

 d. σ εi 0

 18. The basic formulations of surface charge simulation method for 
capacitive field can be used for capacitive-resistive field, when

 a. Only real quantities are used
 b. Complex potentials are used
 c. Complex charge densities are used
 d. Both (b) and (c)
 19. In surface charge simulation method, volume resistivity could be incor-

porated by expressing the permittivity of the dielectric medium as
 a. ε ωρ ε εx x rxj= − [ /( )]v 0

 b. ε ωρ ε εx x rxj= −v 0

 c. ε ε ε ωρx x xj= −[ /( )]0 r v

 d. ε ε ε ωρx x xj= −0 r v

 20. By considering the general condition of current density vector at any 
node which one of the following could be included in field computa-
tion by surface charge simulation method?

 a. Volume resistance
 b. Surface resistance
 c. Both (a) and (b)
 d. Space charges

Answers:  1) c; 2) a; 3) b; 4) b; 5) d; 6) c; 7) a; 8) d; 9) c; 10) a; 11) b; 12) d; 13) b; 
14) d; 15) d; 16) b; 17) a; 18) d; 19) c; 20) c
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18
Numerical Computation of Electric Field 
in High-Voltage System – Case Studies

ABSTRACT Several components, which are widely used in high-voltage 
systems, are critical in nature from the viewpoint of failure due to electrical 
discharges. Two common examples of such components are bushings and 
cable terminations. Insulators that are used in large numbers in all high-
voltage systems are prone to failure due to surface pollution or surface wet-
ting. These unwanted failures could be prevented by appropriate design 
only if the electric field distribution is estimated accurately through numeri-
cal field computations. However, results of numerical field computations 
need to be validated using benchmark models for which analytical solu-
tions are available. This chapter presents a few such benchmark models and 
reports results of electric field analysis in bushings, cable terminations as 
well as insulators under various operating conditions.

18.1 Introduction

Numerical computation of electric field for high-voltage system components 
and devices are carried out to determine the adequacy of insulation to 
reliably withstand electric stresses that may arise in the system. Some of 
these components are critical to the system. For example, if the bushing of 
a transformer fails, then it leads to terminal short circuit and causes very 
high fault levels. Again bushings are of different types depending on the 
system voltage level. Thus, field distribution within bushings is to be deter-
mined accurately, so that proper insulation could be provided to prevent any 
unwanted failure. Similarly, cable terminations, where the cable is connected 
to another equipment, are critical components that are prone to failure due to 
excessive field concentration. Stress diverters of suitable design are used in 
such cable terminations, the shapes of which are normally finalized through 
extensive electric field computations. Insulators that are able to withstand 
electric stresses satisfactorily under dry condition may not be able to with-
stand electric stresses under wet or polluted conditions due to change in the 
field distribution. In order to ensure safe operation of insulators under all 
environmental conditions, it is necessary to find electric field distribution 
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in and around insulators in all such conditions. However, there is a need 
for  validating the results obtained from numerical field analysis. This is 
typically done by considering benchmark models for which analytical solu-
tions are available. Taking the analytical results as reference, the accuracy 
of numerical results is determined through comparison of analytical and 
numerical results.

18.2 Benchmark Models for Validation

Two benchmark models are commonly used for validation of numeri-
cal codes for purely capacitive field analysis as detailed below: (1) for 
two-dimensional system – cylinder in uniform external field and (2) for 
axi-symmetric  system – sphere in uniform external field. For capacitive-
resistive field in axi-symmetric system, a dielectric sphere in uniform 
external field is used as a benchmark model.

18.2.1 Cylinder in Uniform External Field

Analytical solutions for capacitive field distribution in the case of a cylin-
der in uniform external field have been discussed in detail in Section 10.3. 
For validation of numerical output, results for a conducting cylinder as well 
as a dielectric cylinder in uniform external field are used. In the case of a 
conducting cylinder in uniform field, numerical results for electric potential 
could be compared to that obtained from Equation 10.54, while numerically 
computed values of electric field intensity components could be compared 
to the corresponding values obtained from Equations 10.55 and 10.56. For a 
dielectric cylinder in uniform external field, Equations 10.65 and 10.66 are 
used for validating results for electric potential and the results for electric 
field intensity components are validated using the partial derivatives of 
Equations 10.65 and 10.66.

18.2.2 Sphere in Uniform External Field

Electric field in and around a sphere in uniform external field has been solved 
analytically in Section 10.2 in the absence of resistivity of dielectric material, 
that is, in the case of purely capacitive field. These analytical solutions are 
useful for validating numerical field computation results in axi-symmetric 
systems. For a conducting sphere in uniform external field, Equations 10.22 
through 10.24 are used for validating results for electric potential and elec-
tric field intensity components, respectively. For a dielectric sphere in uni-
form external field, Equations 10.33 and 10.34 are used for validating results 
for electric potential within and outside the dielectric sphere, respectively. 
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Results for electric field intensity components within and outside the dielec-
tric sphere could be validated using the partial derivatives of Equations 10.33 
and 10.34, respectively.

18.2.3  Dielectric Sphere Coated with a Thin Conducting 
Layer in Uniform External Field

Results for capacitive-resistive field in axi-symmetric system could be val-
idated using the benchmark model comprising a dielectric sphere coated 
with a thin conducting layer in uniform sinusoidal external field [1]. The 
configuration is schematically shown in Figure 18.1. Uniform sinusoidal 
field is represented as e E tu um= sinω . In this configuration, for the dielectric 
sphere as well as the surrounding dielectric medium conductivity is zero, 
that is, σ σ1 3 0= = . For the thin conducting layer on the dielectric sphere, 
relative permittivity is unity and conductivity (σ2) is variable. Radius of 
the dielectric sphere is r and the thickness of conducting layer is t.

Analytical solution for maximum electric field intensity at the point P, as 
shown in Figure 18.1, is given by
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FIGURE 18.1
Dielectric sphere coated with a thin conducting layer in uniform sinusoidal external field.
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18.3 Electric Field Distribution in the Cable Termination

Terminations are required in the case of connecting the cable to another 
line or a busbar or to equipments such as a transformer or a switchgear. 
A high-voltage cable termination typically provides (1) adequate electric 
stress control for the cable insulation shield terminus; (2) comprehensive 
external leakage insulation between the high-voltage conductor(s) and 
grounded ends and (3) proper sealing to prevent the entry of the external 
environmental elements, for example, moisture and corrosive chemicals, 
into the cable and also to maintain the pressure, if any, within the cable 
system. The requirements of an AC cable termination are detailed in IEEE 
Std 48-1975.

In a co-axial shielded cable, the electric field does not vary along the 
cable axis and there is variation in electric field only in the radial direc-
tion. In terminating a shielded cable, it is necessary to remove the cable 
insulation shield up to a certain distance from the exposed conductor, 
depending on the voltage level of the cable and properties of dielectric 
media in use. The removal of the insulation shield results in a discon-
tinuity in the axial geometry of the cable. As a result the electric field is 
no longer invariant along the cable axis, but exhibits variations along all 
three Cartesian axes, which can be suitably modelled by axi-symmetric 
representation.

Electric flux lines emanating from the conductor converge in the vicinity of 
the shield discontinuity at the end of the shield causing high electric stresses 
in this area. Such high stresses may cause premature failure of the cable. But 
more importantly partial discharges will occur continuously at the site of high-
field concentration, which will shorten the life of the cable significantly. Hence, 
cable terminations must provide stress control to reduce the stresses occurring 
near the end of the shield. Two commonly used methods for stress control in 
cable terminations are (1) geometric stress control, in which a stress cone is 
used, which optimizes the geometry at the terminating discontinuity in order 
to reduce the stresses at that location. The stress cones use the geometrical 
solution by controlling the capacitance in the area of the insulation shield ter-
minus and (2) capacitive stress control, in which a material of high dielectric 
permittivity of the order of 30 is applied on the cable dielectric at the termina-
tion. Located near the end of the shield discontinuity, the material changes the 
electric field distribution in a controlled manner along the entire area where 
the shielding has been removed.

The problem of the cable-termination design would have been simple had 
there been no constraint on spacing between the conductors. But for many 
installations, space requirements put a limit on the practical distance that 
can be maintained between conductors. Consequently, the determination of 
electric field distribution in and around the cable termination is of practical 
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importance. This section presents the results of electric field analysis of a 
typical cable termination used in 220 kV system.

The cable termination for a single-core cable with a porcelain outer cover, as 
shown in Figure 18.2, is modelled as an axi-symmetric system, where the radial 
distances are taken from the axis of symmetry. Relative dielectric permittivities 
that are considered in modelling the cable termination are as follows: (1) cross-
linked polyethylene (XLPE) – 2.3, (2) insulation grade rubber – 2.8, (3) oil – 2.2 
and (4) porcelain – 6.0.

The various boundaries that are considered in this study are shown in 
Figure  18.2. Following are the abbreviations that are used in this case: 
 (1)  high-voltage (HV) conductor surface – boundary A, (2) earthed semi-
conducting surface – boundary B, (3) XLPE–rubber interface – boundary C, 
(4) rubber–oil interface – boundary D, (5) XLPE–oil interface – boundary E, 
(6) oil–porcelain interface  – boundary F and (7) porcelain–air interface – 
boundary G. For simplicity, the outer surface of the porcelain cover is taken 
as cylindrical.

Figure 18.3 shows the plot of normal, tangential and the resultant stresses 
along the HV conductor boundary. Electric stresses are plotted from A1 to 
A6 with reference to Figure 18.2. As it is a conductor boundary, the tangential 
stresses are negligible and hence the normal and resultant stresses are same. 
The maximum stress occurs between A1 to A3 where the semi-conducting 
surface is co-axial with the XLPE insulation.

Figure 18.4 shows the plot of normal, tangential and the resultant stresses 
along the earthed semi-conducting surface. Electric stresses are plotted from 
B1 to B8 with reference to Figure 18.2. Maximum electric stress occurs between 
B8 to B1 where the semi-conducting boundary is co-axial with the XLPE insu-
lation. Tangential stresses are negligible except at B8 where very acute angle 
is formed with XLPE–rubber boundary. Theoretically, such tangential stresses 
should not occur near B8 as it is a conducting boundary. These stresses arise 
due to error in numerical simulation of boundary involving very acute angle.
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(See colour insert.) Geometry and boundaries of cable termination under study.
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Figure 18.5 depicts the plot of normal, tangential and the resultant stresses 
on the rubber side along the XLPE–rubber interface. Electric stresses are plot-
ted from C1 to C3 with reference to Figure 18.2. Maximum resultant stresses 
occur at the zone near C1, where the rubber insulation meets the semicon-
ducting surface making very acute angle. Tangential stresses are significant 
around location C2.

B2
0

1000

2000

El
ec

tr
ic

 st
re

ss
 (k

V
/m

)

3000

4000

5000

B3 B4 B5
Points along earthed semi-conducting surface

B6 B7 B8

Tangential

Resultant
Normal

B1

FIGURE 18.4
(See colour insert.) Electric stresses along the semi-conducting surface.

A1
0

2000

4000

El
ec

tr
ic

 st
re

ss
 (k

V
/m

)

6000

8000

10000

A2 A3 A4

Tangential
Normal

Resultant

Points along HV conductor surface
A6A5

FIGURE 18.3
(See colour insert.) Electric stresses along the high-voltage conductor surface.



465Numerical Computation of Electric Field in HV System – Case Studies

The plot of normal, tangential and resultant stresses along the rubber–oil 
interface is presented in Figure 18.6. Electric stresses are plotted from D1 to 
D7 with reference to Figure 18.2. Maximum stresses occur at the zone near 
D4 where the rubber starts converging towards the XLPE surface.

Figure 18.7 shows the equipotential lines for the cable termination shown 
in Figure 18.2.
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18.4 Electric Field Distribution around a Post-Type Insulator

Post-type insulators usually act as support or spacer of high-voltage electrode with 
respect to earthed frame or plane. Typically, post-type insulators are surrounded 
by gaseous dielectric such as air or sulphur hexafluoride (SF6). Knowledge of the 
electric field distribution around an insulator is necessary to assure reliability 
in operation of high-voltage system. Chakravorti and Mukherjee [2] reported a 
detailed study on electric field distribution around a post-type insulator without 
as well as with surface pollution under power frequency as well as impulse volt-
ages. In this section, results of a similar study have been presented.

The post-type insulator considered for electric field computation is shown 
in Figure 18.8. The insulator made of porcelain is stressed between two elec-
trodes and is surrounded by air. The electrode–insulator assembly is an axi-
symmetric configuration, having two dielectric media, namely, porcelain 
(εr = 6) and air. Electric field computations have been carried out for uniform 
surface pollution for which a constant value of surface resistivity is considered 
along the entire surface of the insulator. For field computation with partial 
surface pollution different values of surface resistivity have been considered 
at different locations on the insulator surface. The severity of surface pollution 
depends on the type of pollution, for example, marine pollution, industrial 
pollution, and dryness of the pollution. Surface resistivity of pollution layer 
decreases drastically as the pollution layer is wetted. As a result field com-
putations are carried out over a wide range of surface resistivity from 1015 to 
104 Ω in order to simulate varying degrees of surface pollution severity.

18.4.1 Effect of Uniform Surface Pollution

Results of field computations under power frequency (50 Hz) voltage show 
that the field distribution is capacitive in nature for ρs  ≥  1011  Ω and it is 
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resistive in nature for ρs ≤ 108 Ω. In between the field is capacitive-resistive 
in nature. Figure 18.9 presents the potential distribution along the insulator 
surface showing the change in field nature from capacitive to resistive with 
the change in surface resistivity. Figure 18.10 shows the variation of resultant 
stress along the insulator surface for capacitive as well as resistive fields. 
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The stresses are reported for air side of the porcelain–air interface from the 
viewpoint of the surface flashover, which occurs in air. It may be seen that 
the highest resultant stress in the case of resistive field is nearly two times 
higher than that in the case of capacitive field and occurs near the tip of the 
topmost shed of the insulator.

Charges that may be present around the insulator surface are drawn on 
the insulator surface by the normal component of electric stress, whereas 
the movement of charges on the insulator surface is caused by the tangential 
component of electric stress. Further charges are generated around the insu-
lator surface due to high resultant stress. Thus, higher resultant stresses in 
resistive field will generate more charges around the insulator. More charges 
will then be drawn on the insulator surface by the normal component of 
electric stress, which under the influence of the tangential component will 
move along the insulator surface. As a result, the surface leakage current will 
increase in the case of resistive field compared to capacitive field. It is known 
that the onset of surface flashover is related to a critical surface leakage cur-
rent. Hence, higher surface leakage current for resistive field will increase 
the possibility of surface flashover of the insulator.

18.4.2 Effect of Partial Surface Pollution

Figures 18.11 and 18.12 present the potential and resultant stress distribu-
tion, respectively, along the insulator surface for uniform as well as partial 
surface pollution. In the case of partial surface pollution, the section of the 
insulator surface from a to h, as shown in Figure 18.8, is considered to be 
polluted and hence the surface resistivity in this section is taken to be 108 Ω 
corresponding to resistive field, whereas the rest of the insulator surface is 
considered to be pollution free for which surface resistivity is taken to be 
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1011 Ω, corresponding to capacitive field. This case of partial surface pollu-
tion is found to be most onerous, as tangential stress is more than twice and 
the resultant and normal stresses are about 1.6 times higher than the corre-
sponding values for resistive field. These results clearly indicate the danger 
posed by partial surface pollution.

18.4.3 Effect of Dry Band

Researchers have recognized that failure of insulators very often is caused by 
dry bands in the pollution layer on the insulator surface. The dry band can 
be simulated by a zone of high resistivity in the uniformly polluted surface 
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having a low surface resistivity. The width of the dry band can be varied by 
varying the length of the zone having high resistivity.

Figures 18.13 and 18.14 present the potential and resultant stress distribution, 
respectively, along the insulator surface for dry band as well as uniform surface 
pollution. As a thumb rule, many researchers assume that the entire potential 
difference between the electrodes appears across the dry band. But from the 
results of field computation it is possible to determine exactly how much 
potential appears across the dry band and what will be the stresses due to the 
dry band. These results are very helpful in the studies related to growth of dry 
band on the insulator surface and it may be stated that the growth of dry band 
depends on the width as well as the location of the dry band on the insulator 
surface, as the potential across the dry band depends on these two factors.
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Figures 18.13 and 18.14 also show the effect of two simultaneously  occurring 
dry bands on potential and resultant stresses, respectively. It may be seen 
that if multiple dry bands occur at the same time on the insulator surface, 
then the resultant stresses are reduced as compared to the occurrence of a 
single dry band.

18.4.4 Impulse Field Distribution

Electric field computations could be extended to study the field distribu-
tion under both lightning and switching impulses. The standard waveshape 
of lightning impulse voltage is 1.2/50 μs and that for switching impulse is 
250/2500  μs. Because the effective frequency of impulse voltage is much 
higher than power frequency, the value of surface resistivity for which the 
field will be capacitive or resistive under impulse voltage will be much lower 
than that for power frequency. Further, the effective frequency of lightning 
impulse is higher than that for switching impulse and hence the transition of 
field from capacitive to resistive occurs at lower values of surface resistivity 
for lightning impulse compared to those for switching impulse.

Results of electric field computations show that for switching impulse the 
field is capacitive for ρs ≥ 109 Ω and resistive for ρs ≤ 106 Ω, while for lightning 
impulse the field is capacitive for ρs ≥ 107 Ω and resistive for ρs ≤ 104 Ω.

18.5 Electric Field Distribution in a Condenser Bushing

Bushings are used when a high-voltage conductor is to pass through a barrier 
having a different potential, for example, an earthed metal tank or an earthed 
wall. As a result bushings are integral parts of high-voltage equipment such 
as transformers and shunt reactors. For high-voltage equipment, condenser 
bushings fitted with cylindrical floating potential electrodes are preferred in 
practice, as the field nature in a condenser bushing is much less non-linear 
than the traditional porcelain bushing. The critical region of a bushing from 
the viewpoint of electrical stress is the zone where the distance between 
the high-voltage conductor and the barrier is minimum. If the electric field 
intensity in the critical zone exceeds the breakdown strength of the dielectric 
used, then discharge will start in this zone. Such discharges may grow and 
lead to complete breakdown of the bushing. Electric field distribution in and 
around an outdoor bushing is governed by bushing geometry, permittivity 
and volume as well as surface resistivities of dielectric media. Out of these 
factors, surface resisitivity of the outer cover of the bushing plays a major 
role in determining the field distribution, as it is the most variable param-
eter affected by atmospheric conditions. Researchers have identified that the 
deposition of pollution on the outer cover and wetting of pollution layer by 
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fog or condensation are major causes of outdoor bushing failure. Breakdown 
of bushing is equivalent to terminal short circuit of the equipment such as 
transformer and results in very high fault levels causing severe damage to 
the equipment in particular and the system is general. Considering all these 
practical aspects, Chakravorti and Steinbigler [3] reported detailed results 
of capacitive-resistive field computation in and around a condenser bushing 
considering volume and surface resistivities. Results of a similar study are 
presented in this section.

Figure 18.15 shows the condenser bushing configuration for which capacitive-
resistive field computations have been carried out. It comprises a central 
conductor that is cylindrical in shape, three cylindrical floating  potential 
electrodes embedded in paper, a porcelain outer cover and an earthed 
metal tank filled with transformer oil. Thus, the configuration under study is 
taken to be an axi-symmetric one having four dielectric media, namely, paper 
(εr = 5), transformer oil (εr = 2.2), porcelain (εr = 6) and air (εr = 1). The potential 
of the central conductor is considered to be sinusoidal of frequency 50 Hz. 
For the bushing shown in Figure 18.15 there are three dielectric– dielectric 
boundaries: (1) paper–oil interface – boundary  A, (2) paper–porcelain 
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interface – boundary B and (3) porcelain–air  interface – boundary C. Surface 
resistivity of three boundaries are considered as follows: (1) for boundary A, 
ρsA is taken to be always uniform; (2) for boundary B, ρsB is taken to be always 
infinite and (3) for boundary C, ρsC is taken to be both uniform as well as 
non-uniform to take into account uneven surface pollution. Considering 
aging-related degradation of paper and oil, volume resistivities of paper (ρvp) 
and oil (ρvo) have been taken to be high for new condition and low for aged 
condition, whereas the volume resistivity of porcelain is taken to be always 
infinite considering very little degradation.

Results of field computations for the following seven cases have been noted 
to be significant and are presented below: (1) Case 1 – purely capacitive field 
with infinite surface and volume resistivities; (2) Case 2 – uniform ρsC = 107 Ω 
and ρsA = ρvp = ρvo = ∞; (3) Case 3 – ρvp = 106 Ω.m and ρsA = ρsC = ρvo = ∞; 
(4) Case 4 – ρvp = ρvo = 106 Ω.m, uniform ρsA = 106 Ω and ρsC = ∞; (5) Case 5 – 
ρsC = 107 Ω between A and E while ρsC = ∞ on rest of boundary C, as shown in 
Figure 18.15, and ρsA = ρvp = ρvo = ∞; (6) Case 6 – as in Case 5 with ρvp = 106 Ω.m 
and ρsA = ρvo = ∞ and (7) Case 7 – ρvo = 106 Ω.m and ρsA = ρsC = ρvp = ∞.

Figure 18.16 shows the variation of resultant field intensity along the line 
1-2-3-4-5 depicted in Figure 18.15, where 2, 3 and 4 correspond to the loca-
tions of the three floating potential electrodes from left to right. This zone is 
the critical region within the bushing. From Figure 18.16 it may be seen that 
electric stress near HV conductor and earthed tank are highest for Case 6 
and Case 3, respectively, and are lowest for Case 3 and Case 6, respectively. 
Figure 18.16 also shows that partial pollution of boundary C along with a 
lower volume resistivity of paper insulation (Case 6) causes highest electric 
stresses in the critical zone.

Figure 18.17 shows electric stress distribution along the paper–oil bound-
ary (boundary A) for different cases, where the stresses are determined for 
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the oil side of the interface. It may be noted that in all the cases where the vol-
ume resistivities of paper and oil have been taken to be low electric stresses 
are higher. Moreover, when the volume resistivities are taken to be low, then 
a lower value of ρsA does not affect electric stresses much. For a low value of 
ρvp (Case 3), the maximum stress occurs at location c on paper–oil boundary, 
while the maximum stress occurs at location e when volume resistivity of oil 
(ρvo) is taken to be low (Case 7).

Electric stresses on the paper side of the paper–porcelain boundary (bound-
ary B) are shown in Figure 18.18. It shows that for purely capacitive field 
(Case 1) electric stresses near the point V on boundary B are high, although 
the highest stress occurs at the point Y. However, for the other cases the 
stresses at the location Y are relatively lower. From Figure 18.18 it is also clear 

a
0

10

N
or

m
al

iz
ed

 re
su

lta
nt

 st
re

ss
 (V

/m
)

20

30

40

50

b c

Case 7

Case 4

Case 1

Case 3

Along the paper–oil boundary
d

Stresses on oil side

e

FIGURE 18.17
Electric stress distribution along the paper–oil boundary.

U
0

10

N
or

m
al

iz
ed

 re
su

lta
nt

 st
re

ss
 (V

/m
)

20

30
Stresses on paper side

V W

Case 1

Along the paper–porcelain boundary
X Y

Case 3

Case 5

FIGURE 18.18
Electric stress distribution along the paper–porcelain boundary.



475Numerical Computation of Electric Field in HV System – Case Studies

that partial pollution of boundary C (Case 5) increases the stresses near the 
location V significantly. Results of computations show that the stresses along 
boundary B are affected much more by a lower value of ρvp than uniform or 
non-uniform ρsC.

Electric stresses as computed on the air side of porcelain–air boundary 
(boundary C) are shown in Figure 18.19. It may be seen that for purely capaci-
tive field (Case 1) electric stresses are comparatively lower. The difference 
between the maximum and minimum stresses on boundary C is higher for 
uniform surface pollution (Case 2) than capacitive field. For uniform sur-
face pollution the maximum stress occurs at location E on boundary C. This 
result is similar to that obtained for uniform surface pollution of porcelain 
post insulator, as shown in Figure 18.10. Partial surface pollution increases 
the stresses to a great extent and for Case 6, the maximum stress is quite high 
at location E. Detailed results of computations revealed that a lower value of 
ρvp increases the stresses on boundary C to some extent even when the outer 
surface is uniformly or partially polluted.

18.6  Electric Field Distribution around a 
Gas- Insulated Substation Spacer

Fully encapsulated and compact SF6 gas-insulated substation (GIS) is 
 considered an integral part of modern-day power installations. Major 
advantages of GIS are high reliability and compactness achieved by com-
pressed SF6 gas insulation. At the same time, the downsizing of GIS leads to 
high electric field intensities. Basic insulation components of GIS are SF6 gas 
and solid spacers. In this respect, it has been recognized that the breakdown 
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strength of GIS is mainly influenced by the solid spacers. Both  experimental 
and numerical studies demonstrate that electric field distribution and 
insulation behaviour at SF6/spacer interface contribute most towards the 
failure of spacers. In order to improve the dielectric performance of epoxy 
spacers by properly shaping the gas–dielectric interfaces, detailed studies 
on the electric field distribution and optimization along the profile of the 
gas–dielectric interface in GIS have been reported in the literature [4,5]. In 
this section, the results of electric field computations for a GIS comprising 
four components, namely, a central HV conductor, epoxy spacer, SF6 gas and 
metallic enclosure, are presented. As suggested in the literature, computa-
tions have been carried out considering uncoated as well as coated spacer. 
The coating of the spacer is considered to have a surface resistivity of the 
order of 107 Ω.

Figure 18.20 shows the axi-symmetric configuration of the GIS for which 
electric field computations have been carried out. The dimensions of the GIS 
are commensurate to voltage rating of 110 kV. Relative permittivity of epoxy 
spacer has been taken to be 5 and that of SF6 as 1.005. The HV conductor is 
inserted into the solid spacer from the viewpoint of field reduction at the 
conductor–spacer–gas triple junction. The condition of solid spacer touching 
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the conductor at right angle has also been maintained. All results are pre-
sented in a normalized format.

For uncoated spacer, resultant electric field intensity as well as the two com-
ponents, namely, normal and tangential, along the spacer surface on side 1 
has been presented in Figure 18.21. For this case, surface resistivity of the 
epoxy spacer is assumed to be infinite, which corresponds to capacitive field 
distribution. Similar distribution of electric field intensities along the spacer 
surface on side 2 have been presented in Figure 18.22. Both Figures 18.21 and 
18.22 show that the stresses have been reduced near the HV conductor due to 
metal insert electrode design. On the other hand, such electrode design has 
shifted the maximum stresses to occur somewhere in the mid region of the 
spacer surface on both side 1 and side 2.

For coated spacer, resultant, normal and tangential field intensities along 
the spacer surface on side 1 have been presented in Figure 18.23. For this 
case, surface resistivity of the epoxy spacer is assumed to be 107 Ω, which 
corresponds to resistive field distribution. Similar distribution of electric 
field intensities along the spacer surface on side 2 have been presented in 
Figure 18.24. Figure 18.23 shows that a resistive coating on side 1 of the spacer 
has unfavourable effects on electric stresses. It increases the field stresses 
near the HV conductor compared to the case of capacitive field. Although 
the values of maximum field intensities for resistive field are higher than 
capacitive field, the increment in the maximum value is not much. The field 
stresses near the grounded enclosure are lower for resistive field compared 
to capacitive field.
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Figure  18.24, on the other hand, shows that a resistive coating has 
favourable effect on field intensities on side 2 of the spacer as the maxi-
mum field stresses are reduced and the field stresses near the HV conduc-
tor are lower compared to the stresses in the mid-region of spacer surface 
on side 2.

Thus studies have also been carried out to determine the effects of resistive 
coating on any one side of the spacer. Figure 18.25 presents a comparison of 
resultant field intensity along the spacer surface on side 1 for three different 
cases: (1) uncoated spacer (capacitive field), (2) spacer coated on both sides by 
resistive layer of 107 Ω (resistive field) and (3) spacer coated on side 2 by resis-
tive layer of 107 Ω. It may be seen from Figure 18.25 that coating only side 2 
with a resistive layer increases the field intensity on side 1 compared to both 
capacitive and resistive fields. It should also be mentioned here that if only 
side 1 is coated with a resistive layer and side 2 is left uncoated, then the field 
intensities on side 1 of spacer surface are similar to the case when both sides 
are coated.

Comparison of resultant field intensity along the spacer surface on side 2 
has been depicted in Figure  18.26 for three different cases: (1) uncoated 
spacer (capacitive field), (2) spacer coated on both sides by resistive layer of 
107 Ω (resistive field) and (3) spacer coated on side 1 by resistive layer of 107 Ω. 
Figure 18.26 shows that field stresses for coating of side 1 only are almost the 
same as capacitive field. Hence, from Figures 18.25 and 18.26, it may be stated 
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that if a resistive coating is to be used for field reduction, then both sides of 
the spacer should be coated with resistive layer.

In the case of high-voltage DC (HVDC) GIS, an additional problem arises in 
the form surface charging of spacer surface with time. The normal compo-
nent of field intensity brings charges from gas insulation on to the spacer 
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surface, which will get trapped on the surface if the surface  resistivity is 
very high. Accumulation of surface charges reduces the normal compo-
nent of field intensity, so that less and less charges are drawn to the sur-
face. With passage of time, when the normal component of field intensity 
becomes nearly zero, then no more charges are drawn to the spacer surface 
and the surface may be stated to be fully charged in the absence of any 
surface resistivity [6]. Such accumulated surface charges change the field 
distribution around the spacer. In such cases, a resistive coating on the 
spacer surface is useful, as it helps in draining out the charges from the 
spacer surface [7,8].

Field computation for fully charged surface could be carried out with 
the boundary condition that Enor  = 0 on the spacer surface [9], where 
Enor is the normal component of electric field intensity. Such field com-
putation has been carried out for the spacer configuration under study. 
Figure  18.27 shows the comparison of resultant stresses on side 1 of 
spacer surface for three different cases: (1) capacitive field, (2) resistive 
field and (3) fully charged side-1 of surface. Figure 18.27 shows that the 
field distribution for fully charged surface is quite different from capaci-
tive field, as the maximum field intensity is shifted close to the grounded 
enclosure. However, the maximum stress is not increased compared to 
capacitive field. The maximum stress is highest for resistive field, as 
shown in Figure 18.27.
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FIGURE 18.27
Comparison of resultant field intensity along spacer surface on side 1 for fully charged surface 
with capacitive and resistive fields.
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Results of a similar study for side 2 of the spacer are shown in Figure 18.28. 
Figure 18.28 shows that full charging of side-2 of surface not only shifts the 
maximum stress near the HV conductor but also increases the value of 
the maxi mum stress significantly. The stresses for resistive field in the case 
of side 2 are comparatively lower for resistive field, as shown in Figure 18.28.

Objective Type Questions

 1. Benchmark model commonly used for the validation of numerical 
codes for purely capacitive field analysis in two-dimensional system is

 a. Cylinder in uniform field
 b. Sphere in uniform field
 c. Coated dielectric sphere in uniform field
 d. Both (a) and (b)
 2. Benchmark model commonly used for the validation of numerical 

codes for purely capacitive field analysis in axi-symmetric system is
 a. Cylinder in uniform field
 b. Sphere in uniform field
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Comparison of resultant field intensity along the spacer surface on side 2 for fully charged 
surface with capacitive and resistive fields.
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 c. Coated dielectric sphere in uniform field
 d. Both (b) and (c)
 3. Benchmark model commonly used for the validation of numeri-

cal codes for capacitive-resistive field analysis in axi-symmetric 
system is

 a. Cylinder in uniform field
 b. Sphere in uniform field
 c. Coated dielectric sphere in uniform field
 d. Both (b) and (c)
 4. A high-voltage cable termination typically provides
 a. Adequate electric stress control
 b. Comprehensive external leakage insulation
 c. Proper sealing
 d. All the above
 5. Electric field distribution within a high-voltage cable termination is 

typically
 a. Two-dimensional in nature
 b. Three-dimensional in nature
 c. Axi-symmetric in nature
 d. None of the above
 6. Commonly used method for stress control in a high-voltage cable 

termination is
 a. Geometric stress control
 b. Guard ring stress control
 c. Capacitive stress control
 d. Both (a) and (c)
 7. Error in the numerical simulation of boundary occurs when a dielec-

tric boundary meets a conductor boundary at
 a. Very acute angle
 b. An angle nearly equal to 90˚
 c. 90˚
 d. None of the above
 8. For a numerical field computation, a post-type insulator is an example of
 a. Two-dimensional case study
 b. Three-dimensional case study
 c. Axi-symmetric case study
 d. None of the above
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 9. In the case of a post-type insulator, if the surface resistivity increases 
from a low value to a high value, then the power–frequency field 
distribution changes from

 a. Resistive to capacitive–resistive to capacitive
 b. Resistive to capacitive to capacitive–resistive
 c. Capacitive to capacitive–resistive to resistive
 d. Capacitive to resistive to capacitive–resistive
 10. Free charges that are present around an insulator surface are drawn 

on the insulator surface by the
 a. Resultant surface field intensity
 b. Normal component of surface field intensity
 c. Tangential component of surface field intensity
 d. All the above
 11. Movement of free charges on an insulator surface is caused by the
 a. Resultant surface field intensity
 b. Normal component of surface field intensity
 c. Tangential component of surface field intensity
 d. All the above
 12. In the case of an outdoor porcelain insulator, which one of the fol-

lowing gives rise to highest field intensity on the outer surface?
 a. No surface pollution
 b. Uniform surface pollution
 c. Partial surface pollution over a large area
 d. Formation of dry band on the outer surface
 13. The range of surface resistivity over the field distribution for an out-

door porcelain insulator changes from capacitive to resistive is low-
est for

 a. DC field
 b. Power frequency field
 c. Lightning impulse field
 d. Switching impulse field
 14. If a high-voltage conductor is to pass through an earthed barrier, 

then which one of the following is used?
 a. Bushing
 b. Pin-type insulator
 c. Post-type insulator
 d. Disc-type insulator
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 15. Accumulation of charges on the surface of an insulator
 a. Increases normal component of surface field intensity
 b. Decreases normal component of surface field intensity
 c. Increases tangential component of surface field intensity
 d. Decreases tangential component of surface field intensity
 16. In the case of a high-voltage DC gas-insulated substation, if the surface of 

a spacer is fully charged, then which one of the following becomes zero?
 a. Resultant component of surface field intensity
 b. Normal component of surface field intensity
 c. Tangential component of surface field intensity
 d. All the above

Answers:  1) a; 2) b; 3) c; 4) d; 5) c; 6) d; 7) a; 8) c; 9) a; 10) b; 11) c; 12) d; 13) c; 
14) a; 15) b; 16) b

Bibliography

 1. A. Blaszczyk, ‘Computation of Quasi-static electric fields with region-oriented 
charge simulation’, IEEE Transactions on Magnetics, Vol. 32, No. 3, pp. 828–831, 1996.

 2. S. Chakravorti and P.K. Mukherjee, ‘Power frequency and impulse field calcu-
lation around a HV insulator with uniform or non-uniform surface pollution’, 
IEEE Transactions on Electrical Insulation, Vol. 28, No. 1, pp. 43–53, 1993.

 3. S. Chakravorti and H. Steinbigler, ‘Capacitive-resistive field calculation in 
and around HV bushings by boundary element method’, IEEE Transactions on 
Dielectrics & Electrical Insulation, Vol. 5, No. 2, pp. 237–244, 1998.

 4. N.G. Trinh, F.A.M. Rizk and C. Vincent, ‘Electrostatic field optimization of the 
profile of epoxy spacers for compressed SF6 insulated cable’, IEEE Transactions 
on Power Apparatus and Systems, Vol. 99, pp. 2164–2174, 1980.

 5. K. Itaka, T. Hara, T. Misaki and H. Tsuboi, ‘Improved structure avoiding local 
field intensification on spacers in SF6 gas’, IEEE Transactions on Power Apparatus 
and Systems, Vol. 102, pp. 250–255, 1983.

 6. T. Nitta and K. Nakanishi, ‘Charge accumulation on insulating spacers for 
HVDC GIS’, IEEE Transactions on Electrical Insulation, Vol. 26, pp. 418–427, 1991.

 7. F. Messerer, W. Boeck, H. Steinbigler and S. Chakravorti, Enhanced Field 
Calculation for HVDC GIS, Gaseous Dielectrics IX, Springer, New York/London, 
pp. 473–483, 2001.

 8. F. Messerer and W. Boeck, ‘High resistance surface coating of solid insulating 
components for HDVC metal enclosed equipment’, Proceedings of the 11th ISH, 
London, Vol. 4, pp. 63–66, August 23–27, IEE (UK) Publication, 1999.

 9. S. Chakravorti, ‘Modified E-field analysis around spacers in SF6 GIS under DC 
voltages’, Proceedings of the 11th ISH, London, Vol. 2, pp. 91–94, August 23–27, 
IEE (UK) Publication, 1999.





487

19
Electric Field Optimization

ABSTRACT The electricity supply system nowadays is characterized by two 
aspects: (1) high voltages at both transmission and distribution levels and (2) 
distribution of electric power in densely populated areas. Electric field distribu-
tion and the design of insulation system is affected by both these aspects. The 
higher voltage levels cause higher stresses in the insulation  system, whereas 
the supply of power to populated regions demands compactness of the power 
equipment, which in turn increases the stresses within the insulation system 
of the equipment. Critical domains of high-voltage arrangement, which will 
have high field concentrations, cannot be designed by simple bodies such as 
spheres, rings or cylinders, which are easier to manufacture. Optimization 
methods are applied to high-voltage system so as to design  electrodes as 
well as insulator contours in such a way that prescribed field distributions on 
defined surfaces in the critical domain are obtained. Consequently, such meth-
odologies help to use the field space optimally within high-voltage system. 
This chapter presents a review of the works done in the area of optimization 
of high-voltage field and then discusses a few specific application examples 
that involve classical optimization techniques as well as techniques based on 
artificial neural network (ANN) and evolutionary algorithms.

19.1 Introduction

An important objective in insulating system design is to obtain electrodes 
and insulator contours, which will withstand all the electrical stresses that 
may appear during normal operation as well as during occasional transient 
events. For safe and reliable operation of any high-voltage equipment, the 
maximum values of electric field stresses in the insulating system must be 
lower, or at the most equal, to the allowable values. From this viewpoint, 
the optimal insulating system element contours are those on which the uni-
formly distributed field stresses or the desired distribution of field stresses 
remain within the allowable limit.

In the classical approach to insulating system design, system elements with 
simple geometrical forms such as sphere, ring, cylinder and so on were used 
and electric field strength was controlled by varying the distances between 
the system elements. This approach although works in practice but results in 
non- uniform electric field distribution, leading to suboptimal utilization of the 
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capability of insulation system. The present-day need for better space utiliza-
tion in the case of high-voltage supply system demands application of electrode 
and insulator contour optimization in insulating system design. The contours 
obtained through optimization processes have either uniformly distributed 
field intensity or a desired distribution of field intensity, which is achievable 
because of their not so simple geometric shapes. From another viewpoint, 
an efficient approach to electrode and insulator design is to have optimized 
profile(s) of electrode and/or insulator such that the dimensions are mini-
mum for a given voltage rating, thus minimizing the space needed for and 
also the cost of installation.

The criterion most commonly used for the optimization of electrode con-
tour is the minimization of the normal component of the electric field inten-
sity on the surface of the electrodes, as it increases the discharge initiation 
voltage. On the other hand, the minimization of the tangential component 
of the electric field intensity along the surface is the preferred criterion 
for insulator contour optimization, as it increases the onset voltage of 
surface flashover. However, the minimization of the resultant field inten-
sity on the insulator surface is also used as criterion for insulator contour 
optimization.

19.2 Review of Published Works

From a mathematical viewpoint, as early as in 1915, it was reported by 
Spielrein [1] that the change in the field on the surface of a given electrode 
can be obtained by a change in the curvature of the contour as given below:
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where:
κ is the total curvature of the electrode surface at any arbitrary point

Equation 19.1 shows the relationship between the electric field intensity, 
decrease in electric field intensity due to a displacement normal to the con-
tour and the total curvature of the contour at any arbitrary point on the con-
tour. Thus, the change of curvature necessary to achieve the desired change 
in field can be deduced from Equation 19.1. This change in curvature (Δκ) at 
every contour point, in accordance with the deviation of electric field inten-
sity (ΔE) from the desired field strength, can be calculated as follows:

 ∆ ∆κ ≈
∂ ∂( / )E n

E
E2  (19.2)
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In order to maintain the proportional relationship between the deviation of 
electric field intensity and the required change in curvature, small differ-
ences are to be assumed. The optimization procedure for electrodes must 
alter the contour in such a way that at any contour point the electric field 
intensity equals the desired value of field intensity, which is below the value 
required for discharge initiation with a safety margin.

Determination of the right shape for the boundary part of a plane sparking 
gap based on the theory of conformal mapping was reported by Rogowski [2] 
in 1923. Later in 1950, Félici [3] reported the use of conformal mapping for 
designing capacitor plate to have an electric field of constant strength.

19.2.1  Conventional Contour Correction Techniques 
for Electrode and Insulator Optimization

In 1975, Singer and Grafoner [4] published a methodology for optimizing elec-
trodes and insulators designed for practical use. In their method, domains 
with constant field intensity were obtained for axi-symmetric arrangements 
by displacing contour points successively. Some more conventional methods 
of electric field optimization were reported in References [5–7].

In 1982, Misaki et al. [8] reported a method to get the optimum design of 
epoxy pole spacers used in sulphur hexafluoride (SF6) gas-insulated cables. 
In their method an improved surface charge method using curved surface 
elements was employed for the computation of three-dimensional (3D) elec-
tric field distribution and the results of electric field computation were used 
for the optimization of insulator design. The optimum insulator design was 
performed automatically by correcting the insulator contour using a simple 
vector computation. In this method, the insulator contour was corrected in 
such a way that both tangential field intensity and normal field intensity 
became uniform along the new contour. If the insulator contour moves in the 
direction of the normal vector, then the tangential field intensity decreases, 
and if the insulator contour moves in the direction opposite to that of the nor-
mal vector, then the normal field intensity decreases on the insulator surface. 
Therefore, the direction in which correction of the insulator contour had to 
be carried out was decided by taking note of the normal stress on the insula-
tor surface. The insulator contour was corrected in proportion to the normal 
Maxwell’s stress, which was obtained from both tangential and normal field 
intensities. A method for 3D electrode contour optimization was reported by 
Misaki et al. [9] in 1983, in which the electric field intensity and force on the 
electrode surface were computed, and then the electrode contour was moved 
in the opposite direction of the force and the contour displacement was done 
in proportion to the magnitude of the force.

In 1983, Grönewald [10] described an algorithm based on the computer-
aided design (CAD) concept for optimizing electrode contour to obtain 
a given field distribution on the surface. They proposed a two-step proce-
dure that strictly separated electric field calculation and geometrical contour 
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corrections. At any point on the contour, the changes in curvature  depending 
on the desired field were described with the help of relationships developed 
between field quantity and geometry. The new contour was found by a 
simultaneous displacement of all discretizing points on the contour.

Stih [11] in his paper described an iterative procedure for designing opti-
mally stressed insulating system. The described procedure combined the 
approach of varying the distances between system elements and optimiz-
ing their contours. Axially symmetric electric fields were computed by an 
integral equation technique introducing cubic spline expansion for charge 
density distribution function. In an extension of the contour correction tech-
niques reported in References [4,8,9], an additional step was introduced in 
this work in the form of smooth approximation of the corrected contour by 
circular arcs, which enabled relatively simple geometrical description of the 
optimal contours.

Abdel-Salam and Stanek [12,13] reported a method for optimizing the 
field stress on high-voltage insulators through the modification of their 
profile to obtain a uniform distribution of the tangential field along the 
insulator surface. An algorithm based on a modified charge simulation 
technique was developed for calculating the tangential field component 
along the insulator surface. After computation of the tangential field dis-
tribution for the non-optimized profile, the insulator profile was enlarged 
or reduced on going up or down along its axis. If the field distribution 
increased, when moving along the axis of the insulator, the profile radius 
was increased in that direction and if the field distribution decreased, then 
the profile radius was decreased. Exponential mathematical expressions, 
which defined a smooth enlargement/reduction of the profile radius, were 
used in this work.

Mosch et al. [14] published a method of optimization of large electrodes of 
ultra high voltage (UHV) testing equipment designed on the basis of incep-
tion of streamer and leader discharges. The stochastic nature of these two 
discharge processes leads to the well-known area effects, and also to time 
effects. Hence, the proposed model was related to the volume–time concept. 
The design procedure started with choosing the principle of field control and 
the main geometric parameters of the electrode. Then the electric field was 
calculated numerically and from the results of electric field computation the 
inception voltages ViS, for streamer discharge, and ViL, for leader discharge, 
were determined. The calculated values were compared to the maximum 
output voltage. If the calculated values were less, then the geometry of the 
electrode was improved and the cycle of computation was repeated till an 
optimum design was achieved. A similar study was reported by Kato et al. 
in Reference [15]. In this paper, they described a technique for the optimiza-
tion of high-voltage electrode contour to make the electrical insulation per-
formance highest by introducing the volume–time characteristics into the 
optimization procedure. Optimization technique was also investigated from 
the viewpoints of computation efficiency and accuracy.
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The basic principle of electrode optimization method suggested by Liu and 
Sheng [16] was that the electrode was divided into two parts: the fixed part 
and the part to be optimized. The fixed part was simulated by the simula-
tion charges and the second part by the optimization charges, in which the 
magnitudes and coordinates were assigned first. Normally, the magnitudes 
of the optimization charges were taken as optimization variables. In this 
method, the coordinates instead of the magnitudes of optimization charges 
were taken as the optimization variables. The reported results of optimi-
zation examples indicated that the use of the proposed method yielded 
good results. Liu et al. [17] also described an automatic procedure for the 
optimization of axi-symmetric electrodes using boundary element method. 
The criterion employed for the optimization of the shape of the electrodes 
was the minimization of the maximum field intensity on the surface of the 
electrodes. The proposed method was applicable in 3D fields too. Judge and 
Lopez-Roldan in Reference [18] discussed an approach to design components 
for high- voltage engineering based on the boundary element method in two 
and three dimensions. Optimization of the components was performed using 
an iterative method of refining a design and re-analyzing without having to 
resort to repeated prototype building and testing. Studies on the optimization 
of electrode contours using circular contour elements [19] and  optimization of 
multi-electrode system [20] have also been reported in the literature.

Däumling and Singer [21] described a new algorithm based on the CAD 
concept for the optimization of insulator contours to get a given field dis-
tribution along the surface. Three optimization procedures with different 
targets were investigated: (1) uniform tangential field strength, (2) uniform 
resultant field strength and (3) uniform electrostatic pressure along the insu-
lator contour. It was found that achieving a low tangential field strength 
component was not sufficient, and it was necessary to reduce the maximum 
value of the resultant field strength as far as possible, especially in the case 
of high air humidity.

Caminhas et al. [22] determined the optimum profile and location of 
shielding electrode used in high-voltage equipment with the aim to obtain 
a linear voltage distribution along the axis of symmetry. It was shown that 
the combined usage of the charge simulation method and the Broyden–
Fletcher–Goldfarb–Shannon optimization technique was both efficient and 
simple. Very good attempt was made to review various optimization meth-
ods applicable to the specific case.

19.2.2 Optimization of High-Voltage System Elements

Optimization of field stresses in high-voltage bushings have been reported 
in References [23,24] and special techniques for electrode and insulator con-
tour optimization, which were claimed to be efficient, have been reported 
in References [25–27]. Efficient techniques for electric field optimization 
using personal computers were reported in References [28,29]. Studies on 
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3D electric field optimization in high-voltage equipment was reported by 
Trinitis [30,31]. In Reference [31] optimal electric field strength distribu-
tion for 3D problems was achieved by utilizing a parametric CAD model-
ling system coupled to a 3D electric field calculation program. These two 
components were then linked to a numerical optimization algorithm. The 
package comprising the above-mentioned three components was then able 
to automatically optimize arbitrary 3D field problems in high-voltage engi-
neering. Optimization of high-voltage insulators in 3D field configurations 
was reported in Reference [32].

High gradient insulators (HGI) consist of a periodic array of insulator and 
metal rings, which have been found to be more resilient to vacuum surface 
breakdown than homogeneous insulators of the same length. Studies based 
on calculations and experiments were reported by Leopold et al. [33] to 
understand the effect of geometry on the performance of well conditioned, 
flat surface HGI assemblies.

19.2.3  Soft-Computing Techniques for Electrode 
and Insulator Optimization

With the advent of artificial intelligence, it was realized that instead of itera-
tive calculation of electric field and contour modification, electric field optimi-
zation could be done based on artificial neural network (ANN). Once the ANN 
is trained, optimum solution satisfying desired specification can be found 
without iterative calculation, resulting in high-speed method. ANN with 
supervised learning by error back-propagation method as used for high- voltage 
electrode optimization was reported by Chakravorti and Mukherjee  [34]. It 
was found that the trained ANN can give results with mean absolute error 
(MAE) of about 1% in comparison with analytically obtained results. For 
electrode contour optimization, the results of electric field calculations for 
some pre-determined contours of an axi-symmetric electrode arrangement 
were used for training the ANN. Then the trained ANN was used to give the 
optimized electrode contour to obtain a desired field strength distribution on 
the electrode surface. Similar study on application of ANN in the design of 
toroidal electrodes was reported by Bhattacharya et al. [35]. Optimization of 
HV electrode systems by ANN with resilient propagation was carried out by 
Mukherjee et al. [36]. Two axi-symmetric examples were optimized: (1) the first 
one was the termination of a single-phase gas-insulated substation (GIS) bus 
and (2) the second one was a shield ring in a three-phase transformer. Charge 
simulation method was used for preparation of the training sets as well as for 
checking the test outputs from the ANN. The procedure of the electric field 
optimization method based on ANN as reported by Okubo et al. [37] com-
prised two ANNs. As the electric field strength on a  high-voltage electrode 
surface has empirical relationship with the curvature and the gap length, 
one ANN, called ‘NN1’, was trained to learn this relationship. Another ANN, 
called ‘NN2’, was trained to learn the relationship between a set of curvature, 
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gap length and electrode contour. Once the learning of the two ANNs were 
completed, the curvature, gap length and electrode contour for the optimized 
electrode configuration were obtained as output by giving the target electric 
field distribution as input into the trained ANN system.

In Reference [38], ANN-based studies have been presented for the optimi-
zation of insulator contour in multiple dielectric systems, where the degree of 
field nonlinearity is more than that for single-dielectric configurations. ANN-
aided contour optimization of axi-symmetric insulators in multi-dielectric 
arrangements had been carried out to obtain not only a uniform but also a 
complex electric stress distribution along the insulator surface. Multilayer 
feed-forward networks with error-back propagation as well as resilient prop-
agation learning algorithms were employed.

As each ANN application requires a certain amount of training to achieve 
the desired accuracy, Chatterjee et al. [39] in their paper discussed the devel-
opment of a self-organizing fuzzy inference system for designing optimized 
electrode contours. The process of optimization was accelerated using a 
fuzzy inference system that eliminated training time. Reliability of the pro-
posed methodology was further improved by implementing an algorithm 
for automatic generation of the fuzzy rule base from input–output data sets.

Alotto et al. [40] gave an overview of several stochastic optimization strat-
egies, namely, evolution strategies, genetic algorithms (GA) and simulated 
annealing (SA), as applied to electromagnetic optimization problems. The 
application of evolution strategy for optimal design of high-voltage bushing 
electrode in transformer was investigated in Reference [41]. Several regular 
circular arcs and straight lines were used to get the optimal shape of electrode. 
The aim of optimization was to obtain lower maximum field intensity and 
well-distributed electric stresses on the surface of electrode, greater reliability 
during operation and easy manufacturability in large-scale production.

Lahiri and Chakravorti [42] carried out the optimization of contours of 3D 
electrode–spacer arrangements used in gas-insulated transmission line (GIL) 
by ANN-aided GA. Input–output data set used for training the ANN was 
prepared by means of electric field calculations using surface charge sim-
ulation method varying several design parameters of each of the two 3D 
arrangements considered in their work. The trained ANN was coupled to 
a GA loop. At each exploratory move of the GA loop a new set of values 
of the design parameters were set and the corresponding maximum resul-
tant field intensity along the insulator surface was obtained from the trained 
ANN instead of running a comprehensive field computation routine. This 
maximum resultant field intensity was returned to the GA loop as the value 
of the cost function to decide on the fact whether the loop has converged 
or not. In this way, a time-saving optimization technique had been devel-
oped to obtain an optimized field distribution along the insulator surfaces. 
In another paper, Lahiri and Chakravorti [43] used ANN-aided SA algorithm 
for the optimization of stress distribution on and around 3D electrode–
spacer arrangements. By coupling the trained neural net with the annealing 
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algorithm, the execution speed of the optimization routine was significantly 
increased to evaluate the optimum values for the design parameters of the 
electrode–spacer arrangements, because there is no need for the cost function 
calculation via the entire process for electric field calculation at every move of 
the optimization algorithm, which makes the optimization routine very fast.

Banerjee et al. [44] in their paper used support vector machine (SVM) for 
the optimization of electric field along the support insulators used in high-
voltage systems. The SVM designed for insulator contour optimization was 
first trained with the results obtained from electric field computations for 
some predetermined contours of the arrangements. Then the trained SVM 
was used to provide the optimized insulator contour in such a way that the 
desired stress distribution was obtained on the insulator surface.

19.2.4 Optimization of Switchgear Elements

Kitak et al. [45] described an algorithm for the design of medium-voltage 
switchgear insulation elements using numerical calculations on the basis of 
finite element method in connection with evolutionary optimization meth-
ods. Differential evolution and evolution strategy algorithms were used for 
optimization. The task of both optimization algorithms was to find an ade-
quate capacitance of the voltage divider and the optimal distribution of electric 
field strength. The highlight of the work was simultaneous use of parametric 
representation in geometry, a novel mesh generator, numerical computation 
with finite element method (FEM) and a genetic optimization algorithm. The 
proposed methodology thus represented a generalized method of optimiza-
tion for various objective functions of switchgear elements.

For accurate insulation design of the vacuum interrupter, an optimiza-
tion technique was developed by Kato et al. [46] to improve the electrical 
insulation performance. Several design variables necessary for optimizing 
the electrode contour of the main contactor and centre shield in vacuum 
interrupter were evaluated. The electrode area effect on vacuum breakdown 
process as well as the electric field distribution was considered in the optimi-
zation process. Electrode contour optimization of arc quenching chamber of 
extra-high-voltage SF6 circuit breaker had been carried out by Liu et al. [47] 
to obtain not only a uniform field but also a dynamic distribution of electric 
field strength along different contact surfaces. The variable interval GA was 
used to perform multivariable global optimization of the electrode contour 
of a single-break 550 kV SF6 arc-quenching chamber.

Functionally graded material (FGM) spacer, the permittivity of which 
changes gradually, exhibits considerable reduction in the maximum electric 
field when compared to a conventional spacer with uniform permittivity. 
However, it is difficult to realize a gradual permittivity variation in the FGM 
spacer in real-life product processing due to its complicated shape. Thus, 
optimization processes were used by Ju et al. [48,49] to modify the shape 
of both the electrode and the FGM spacer on a commercial gas-insulated 
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switchgear configuration to increase the possibility of real FGM insulator 
manufacturing. Modification of the spacer configuration was performed with 
the design of experiments. For a reliable and effective design process, the 
full factorial design method and the response surface methodology were 
employed in the development of an effective computational approach.

19.2.5 Optimization of Bushing Elements

Although it is entirely possible that the use of uniform field profile electrodes 
could achieve the goal of reducing the electric field in critical areas, the man-
ufacturers of bushings often deemed that this was not an economically fea-
sible solution. Hence, Monga et al. [50] used a basic bushing configuration 
as the starting point and the goal of the work was to design optimum grad-
ing hardware for the larger bushings. In this paper, the authors illustrated 
the use of electric field computation based on boundary element method to 
optimize the design of gas filled high-voltage composite bushings. The opti-
mized design used both internal and external elements for electric stress 
grading at critical parts of the bushing.

Hesamzadeh et al. [51] proposed a methodology for finding the optimum 
electrical design of high-voltage condenser bushings using an improved GA. 
In this paper, the authors determined the optimal values of bushing design 
parameters to achieve well-distributed electric stress with the lowest possible 
maximum value and also a constant voltage drop between different layers of 
concentric conductive foils, which are isolated from each other, subject to prac-
tical and technological constraints. The proposed method was applied for opti-
mal design of a 145 kV oil impregnated paper bushing and the performance of 
optimally designed bushing were satisfactorily verified under IEC 60137 tests.

19.2.6 User-Friendly Optimization Environment

Precise simulation and geometric optimization of the electric field distribution 
on electrodes and insulators are key aspects in the design and optimization 
process of high-voltage apparatus. Because these simulations and optimiza-
tions are computation intensive, an engineer working in industry demands a 
user-friendly working environment requiring as little knowledge as possible 
with regard to the computer specific aspects. From the user’s viewpoint, a 
user-friendly design and optimization environment should (1) require mini-
mum interaction and knowledge about the simulation system and (2) provide 
a solution as quickly as possible. Trinitis [52] achieved the first requirement 
by a distributed design and optimization system based on a model-driven 
architecture and the second requirement was achieved by both parallelization 
of the simulation process and acceleration of the simulation process on each 
of the parallel computing nodes. By optimizing the simulation software with 
regard to the hardware it was running on, computation time for an overall 
optimization run was kept at an acceptable level.
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19.3 Field Optimization Using Contour Correction Techniques

Conventionally, the profile of electrodes or insulators were optimized using 
contour correction techniques to obtain pre-determined field values along 
the optimized contour. Two such examples are discussed in the following 
sub-sections.

19.3.1 Insulator Contour Optimization by Simultaneous Displacement

Considering two successive contour points on the surface of the insulator the 
tangential field intensity may be given by

 
E

l l
t = − ≈ −∆

∆ ∆
φ φ φ1 2  (19.3)

where:
ϕ1 and ϕ2 are the potentials of the two successive contour points 1 and 2, 

respectively
Δl is the distance between the contour points 1 and 2

If the actual value of the tangential field intensity does not match with the 
desired value, then either the potential difference between the points or the 
distance between the points need to be altered. Accordingly, there are two 
methods of displacement of contour points: (1) displacement keeping Δϕ con-
stant and (2) displacement keeping Δl constant.

19.3.1.1 Contour Correction Keeping Potential Difference Constant

Singer and Grafoner [4] presented a technique for contour correction by dis-
placing the contour points keeping Δϕ constant. As shown in Figure 19.1, the 
contour point 2 is moved along the equipotential corresponding to ϕ2 either 
to the right or to the left of the insulator boundary. In this way, Δl is either 
lengthened or shortened to modify the tangential field intensity. If the actual 
value of tangential field intensity (Eta) is higher than the desired value (Etd), 
then point 2 is moved towards right, otherwise it is moved towards left. Then 
the actual value of distance between the contour points (Δla) and the desired 
value (Δld) are related as follows:

 
∆ ∆l

E
E

ld
ta

td
a=  (19.4)

From Equation 19.4 the displacement Δs of point 2 can be obtained. The side 
of the insulator contour to which point 2 is to be displaced is determined by 
the value of Eta with respect to that of Etd.
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Based on the above-mentioned procedure, a method of simultaneous 
displacement of contour points was proposed by Grönewald [10]. In this 
proposed methodology, the distance between the contour points after dis-
placement (Δld) was calculated as a function of the actual distance (Δla) and 
the displacement Δs such that

 ∆ ∆ ∆l l k sd a≈ +  (19.5)

where:
k is a proportionality constant

For simultaneous displacement of all the contour points, using linearized 
matrix notation, Equation 19.5 can be written as

 ∆ ∆ ∆L L K Sd a[ ] = [ ]+ [ ][ ]  (19.6)

Combining Equations 19.4 with 19.6, it may be written that

 
K S L

E
E

T[ ][ ] = [ ] −
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


∆ ∆ a

ta

td
1  (19.7)

where:
∆L T

a[ ]  is the transposed vector of ∆La[ ]

However, Grönewald reported that the algorithm based on the displacement 
of contour points along the corresponding equipotential lines is not appli-
cable in general, because of many geometric restrictions.

Insulator boundary

ε1 ε2

Δs

ΔldΔla

ϕ1 = constant

ϕ2 = constant

1

2

FIGURE 19.1
Displacement of contour points keeping Δϕ constant.
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19.3.1.2 Contour Correction Keeping Distance Constant

Grönewald [10] developed another optimization algorithm based on 
Equation 19.3, in which the distance between the contour points was kept 
constant and the potential difference is varied to obtain the desired electric 
field intensity. This algorithm is geometrically presented in Figure 19.2. From 
Equation 19.3 the potential difference between the contour points 1 and 2 can 
be expressed as

 ∆ ∆φ φ φ= − =1 2 E lta  (19.8)

As shown in Figure 19.2, if the contour point 2 is displaced by Δs keeping the 
distance Δl constant, then the potential difference may be written as

 ∆ ∆′ = − ′ =φ φ φ1 2 E ltd  (19.9)

If the point 1 is kept fixed, then the potential difference is given by

 ∆φ φ φ2 2 2= ′ −  (19.10)

Then the potential of the displaced point 2′ may be expressed with the help 
of Equations 19.8 through 19.10 as follows:

 ′ = + = − = − +φ φ φ φ φ φ2 2 2 1 1 2∆ ∆ ∆ ∆E l E ltd ta  (19.11)

Insulator boundary
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FIGURE 19.2
Displacement of contour points keeping Δl constant.
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From Equation 19.11, it is evident that

 ∆ ∆φ2 = −( )E E lta td  (19.12)

If the field in the vicinity of the contour point 2 is considered to be uniform, 
then the potential of the displaced point 2′ can be written as follows:

 ′ = −φ φ2 2 E s∆  (19.13)

Combining Equations 19.12 with 19.13, the expression for Δs can be obtained 
as follows:

 
∆ ∆s

E E
E

l= −td ta  (19.14)

Considering Δs to be small compared to Δl and the length Δn to be normal 
to the contour,

 ∆ ∆ ∆n
s E E

E
l≈ = −

sin
( )

sinδ δ
td ta  (19.15)

The direction of the displacement of the contour point, that is, towards right 
or left of the point 2, with reference to Figure 19.2, is defined by the sign of 
the term (Etd − Eta).

The contour optimization algorithm begins with a starting configuration 
for which electric field computation is carried out, commonly with the help 
of numerical method. The contour correction is carried out in the second 
step. Thus, the entire optimization routine is an iterative process in which 
successive numerical field computation and contour correction were carried 
out till the desired field distribution is obtained.

Grönewald [10] reported a study on contour optimization of a disc-shaped 
insulator, which is schematically shown in Figure 19.3. The contour was rep-
resented by a specified number of contour points. The displacements of the 
contour points Δni were taken to be normal to the insulator contour as shown 
in Figure 19.2. Then for all the contour points, in matrix form it may be writ-
ten that

 K N E E[ ][ ]+ −[ ] = [ ]∆ ta td 0  (19.16)

where:
K is the matrix of displacement coefficients

The optimized contour was obtained by solving Equation 19.16 for the val-
ues of Δni. For this reason this method was called method of simultaneous 
displacement

Figure 19.4 shows the optimized contour for one constant value of tangen-
tial field intensity along the insulator surface and Figure 19.5 depicts the tan-
gential field distribution along the starting contour vis-à-vis the tangential 
field distribution along the optimized contour [10].
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19.3.2  Electrode and Insulator Contour Correction with 
Approximation of Corrected Contour

Stih [11] proposed a procedure for optimization of electrode and insulation 
system combining the approach of varying the distances between contour 
points and then approximating the corrected contour by circular arcs. The 
procedure was applied for optimizing axi-symmetric configurations. In the 
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FIGURE 19.4
Optimized contour for a constant tangential field intensity along insulator surface.
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FIGURE 19.3
Schematic representation of the disc insulator considered for optimization study. (Data from 
Grönewald, H., IEEE Proc. C, 130, 4, 201–205, 1983.)
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proposed approach, the target was to attain uniform distribution of normal 
field intensity on the electrode surface and uniform distribution of tangential 
field intensity on the insulator surface. The contour correction principle, as 
presented in Reference [11] is described below.

As shown in Figure 19.6a if the point 1 moves to 1′ in the normal direction 
while the potential VA of the electrode is kept constant, then the normal field 
intensity EA will increase to EA′ , such that
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12 1 2
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′
 (19.17)

where:
EA′ > EA as l1′ 2 < l12

On the other hand, if the point P on the insulator surface moves to the P′, 
as shown in Figure  19.6b, along the equipotential line, that is, normal to 
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FIGURE 19.5
Tangential field intensity distribution along the starting and optimized insulator contours.
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FIGURE 19.6
Principle of contour correction: (a) for electrode and (b) for insulator.
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the electric field intensity, then the tangential field intensity decreases from 
EtP to EtP’ such that
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 (19.18)

where:
EOP’ < EOP as lOP’ > lOP

The quantum of displacement of contour points was controlled by moving the 
contour points in proportion to the difference between the actual and desired 
values of field intensity. Let 



l iA be the vector that defines the ith contour 
point on the actual contour, while 



l ic be the vector that defines the ith contour 
point on the corrected contour. Then these two vectors were related as
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where:
u i n  is the unit vector normal to the electrode or to the electric field intensity 

at the ith contour point on the surface of electrode or insulator, as the 
case may be

In Equation 19.19,
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(19.20)

where:

 
∆E E E i Nmx ...= −{ } =max , ,d Ai i 1

where: 
Edi is the desired value of electric field intensity 
EAi is the value of electric field intensity on the actual contour at the ith 

contour point 
N is the number of contour points for which correction is carried out 
f1 is a factor that limits the quantum of displacement of the contour points, 

as Equations 19.17 and 19.18 are valid only for small displacements.
Typically the value of f1 was chosen as 0.1

In the next step of the optimization procedure [11], smooth approximation of the 
corrected contour was done by circular arcs in the following way. For smooth 
approximation of a particular set of points H P x y i Ni i i=   =( , ) , , ,1  by a cir-
cular arc, the conditions that are to be satisfied are as follows: (1) the centre of 
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the circle should be on a given line y m x c= +h h, (2) the circle passes through 
the given point Pj(xj,yj) and (3) the circle is the best approximation of the 
given set of points. With reference to Figure 19.7, it may be written that

 y m x c0 h 0 h= +  (19.21)

 and j 0 j 0( ) ( )x x y y r− + − =2 2 2  (19.22)

where:
r is the radius
(x0,y0) are the coordinates of the centre of the circular arc

Considering the conditions given by Equations 19.21 and 19.22, for best approxi-
mation the minimum is to be found of the function G, which is given below

 
G x x y y ri i
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 (19.23)

For this purpose, the minimum of the function F is to be determined, where 
F is given as follows:

 
F G y m x c x x y y r= + − − + − + − − α β( ) ( ) ( )0 h 0 h j 0 0

2 2 2
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The conditions to be satisfied for minimum F are
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From these conditions a system of equations for the unknown variables x0, y0, 
r, α and β was obtained, which in turn was reduced to a non-linear equation 
for x0 that was solved numerically.

Further, the smooth approximation of complex electrode and insulator 
contours by several circular arcs is based on the fact that two circular arcs are 
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FIGURE 19.7
Approximation of a set of points by circular arc.
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joined smoothly at a point J1 or J2 if the centres of the two circles lie on the 
line passing through the point J1 or J2, as shown in Figure 19.8.

The optimization process was started by choosing an initial contour from 
not only electrical considerations but also considering mechanical, thermal 
and other technical constraints. The electric field distribution was computed 
numerically using integral equation technique. The distances between the 
contour points were changed using the following rule: if the maximum field 
intensity is lower than the allowable value then the distances are decreased 
and vice versa. The stopping criteria of the optimizations steps were
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where:
Emax, Emin and Eallow are maximum, minimum and allowable values of electric 

field intensities, respectively
fu is the field uniformity factor
fe is the chosen limit of maximum field intensity with respect to allowable 

field intensity. Typical range of values of fu and fe were 1 < fu < 1.1 and 
0.9 < fe < 1, respectively

Stih [11] applied the methodology for optimization of the shielding electrode 
of a transformer winding. The initial geometry of the system is shown in 
Figure 19.9, where the shielding electrode is chosen as semicircle. The opti-
mized final geometry of the shielding electrode is shown in Figure  19.10, 
which was obtained for fu = 1.06 and fe = 0.99 [11].

19.3.3 Parametric Optimization of Insulator Profile

Abdel-Salam and Stanek [12] described a method to obtain uniform tangential 
field intensity along high-voltage insulator surface by modifying the profile. 
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FIGURE 19.8
Smooth joining of circular arcs.
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In this algorithm actual value of tangential field intensity was used to cor-
rect the mathematical expression of the insulator contour to achieve the final 
optimized profile. In order to search for a profile for which tangential field 
intensity is uniform along the profile, the following procedure was adopted:

 1. Tangential field intensity values were computed along the non-
optimized profile numerically. If the tangential field intensity increases 
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while moving along the axis of the insulator, then the profile radius 
needs to be increased in that direction.

 2. In order to get a smooth change in the profile radius, pre-defined 
mathematical expression for the profile was used in this work. While 
formulating the profile expression, care was taken, so that the con-
tact angle at the insulator–electrode junction remained 90°. In other 
words, the profile expression must satisfy the right angle contact cri-
terion for the insulator with electrodes. This is necessary to avoid 
excessive field concentration at the contact points.

As shown in Figure 19.11, the profile radius was proposed to have an expo-
nential variation as given below.
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where:
x% of the height h was kept vertical to maintain the right angle contact 

criterion at both the live and ground electrode ends
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x% of h
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rϕ = 0
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ϕ = U kV

FIGURE 19.11
Profile optimization by exponential variation of profile radius.
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Typically x was chosen to be 5%. DR was the largest value of enlargement in 
profile radius through exponential increase along the z-direction from the 
ground end to live end. As a result, the radius of the insulator at the ground 
end was R0 and that at the live end was R0 + DR.

N number of contour points were chosen along the insulator profile and 
the tangential field intensities were computed at these points by numeri-
cal field computation. Then the value of DR was changed iteratively to the 
final value DRF to achieve an acceptable degree of uniformity in tangential 
field intensity along the optimized insulator profile, which is depicted in 
Figure 19.11. Figure 19.12 shows the tangential field distribution for non-
optimized as well as for the optimized profiles [12].

19.4  ANN-Based Optimization of Electrode 
and Insulator Contours

ANNs offer a completely different approach to problem solving. An ANN 
is a behavioural model built through learning from a number of examples 
of the behaviour. It transforms the given data pertaining to a problem into a 
model or predictor, and then applies this model to the present data to obtain 
an estimate. ANN has two fundamental features: (1) the ability to represent 
any function, linear or not, simple or complicated. ANNs are what mathema-
ticians call universal approximators and (2) the ability to learn from representa-
tive examples so that model building is automatic. The advantages of ANNs 
are (1) one goes directly from factual data to the model without any manual 
work, without tainting the result with oversimplification or pre-conceived 
ideas and (2) there is no need to postulate a model or to amend it.
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Neural networks, with their remarkable ability to derive relationship from 
complicated or imprecise data, can be used to estimate functions that are too 
complex to be noticed by either humans or other computerized techniques. 
A trained neural network can then be used to provide projections in new 
situations of interest and answer what if questions. For example, if an ANN is 
trained with the geometric dimensions as input and the electric field intensi-
ties at different points as output patterns, then the trained ANN can estimate 
the electric field intensity for any given dimension without going into com-
plicated process of field computation.

19.4.1 ANN-Based Optimization of Electrode Contour

Chakravorti and Mukherjee [34] applied the inverse logic in optimizing the 
electrode shape to obtain a uniform normal field intensity along the end 
profile of a parallel disc electrode arrangement. In this approach, the ANN 
was trained with the electric field intensities as input patterns and the geo-
metric dimensions as the output patterns. Then the trained ANN was used 
to predict the geometric dimensions of the electrode to get a uniform field 
intensity along the electrode end profile. Chakravorti and Mukherjee [34] 
optimized the end profile of an axi-symmetric electrode arrangement in 
the form of parallel discs using the above-mentioned inverse logic. For the 
purpose of training the ANN, input–output patterns need to be generated. 
These training patterns were generated by numerical field computations car-
ried out for pre-defined electrode shapes for which the end profile was taken 
to be circular, as shown in Figure 19.13.

For the purpose of generating the training data, radius of parallel discs 
and the separation distance between the discs were kept constant at rd and 
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FIGURE 19.13
Parallel disc electrode configuration with circular end profile.
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30% of rd, respectively. NC numbers of different contours were obtained by 
varying the radius of end profile (re) in steps. For each of these NC contours, 
electric field intensities were calculated at (NP + 2) number of points on the 
electrode surface, out of which two were on the parallel surface and the rest 
NP were on the end profile. The electric field intensities at the (NP + 2) points 
in each contour were then given as input pattern vector to the ANN, while 
the coordinates of the NP points on the end profile were given as output pat-
tern vector. The NP points on the end profile were taken at fixed z-coordinates 
for all the circular end profiles having pre-defined radii. Hence, only the 
r-coordinates of the NP points were given as output pattern vector. The ANN 
is thus made up of (NP + 2) and NP neurons in the input and output layers, 
respectively, and there were NC number of input–output patterns. For pre-
paring the training set, electric field computations were carried out consider-
ing the potential of the live electrode as 0.1 kV, where 100 V represented the 
percent potential difference between the two electrodes.

For electrode contour optimization, for every set of input pattern the output 
pattern was known. Hence, for this problem, ANN with supervised learning 
was implemented involving multilayer feed-forward network with error-back 
propagation [34]. After completion of the training process, an optimized end 
profile was determined as a test case with the desired field intensity value of 
390 V/m in the critical domain between B and C on the end profile, as shown 
in Figure 19.13. For this optimized end profile, as shown in Figure 19.14, elec-
tric field computations were carried out to determine the electric field intensi-
ties along the end profile to find out the deviation of the test results from the 
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FIGURE 19.14
Optimized end profiles for two values of desired uniform field intensities in the critical domain.
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desired value of 390 V/m. MAE in field results along profiles obtained from 
ANN as output with respect to the desired values was found to be ≈3% [34]. 
The variation of actual electric field intensity distribution for a desired uni-
form field intensity of 390 V/m is shown in Figure 19.15 [34].

19.4.2 ANN-Based Optimization of Insulator Contour

Using an approach similar to that discussed in Section 19.4.1, Bhattacharya 
et al. [38] reported ANN-based contour optimization of axi-symmetric insu-
lators in multi-dielectric arrangements to obtain not only uniform but also 
complex electric field intensity distributions along the insulator surface. For the 
purpose of generating the training data, electric field computations were 
carried for conical support insulators having linear contour, as shown in 
Figure 19.16.

In electric field computations h, h1 and h2 were kept constant. Typically 
h1 and h2 were taken as 10% of h. NR numbers of different values of R2 were 
taken when R1 was kept constant. Similarly, NR numbers of different values 
of R1 were taken when R2 was kept constant. Therefore, there were 2NR num-
bers of contours for generating the training data. Tangential stresses were 
calculated at NP numbers of points on all the 2NR numbers of pre-defined 
insulator surfaces. For each of the NP points, the z-coordinate was kept fixed 
on all the pre-defined contours. For every one of these 2NR contours, NP tan-
gential field intensities were given to the ANN as input pattern vector and 
the corresponding r-coordinates of the NP points were given as output pat-
tern vector during training. Therefore, the ANN had NP neurons each for 
input and output layers and 2NR numbers of input–output training patterns. 
Multi-layer feed-forward network with error-back propagation as well as 
resilient propagation were employed for supervised learning of ANN.
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After completion of successful training, a normalized uniform  tangential 
field intensity of 0.1 V/cm was desired along the insulator surface, as shown 
in Figure  19.17. NP values of uniform tangential field intensities at the NP 
specified points were fed to the trained ANN as inputs and the correspond-
ing r-coordinates of the NP points were obtained as outputs from the trained 
ANN. These r-coordinates, as obtained from the trained ANN as outputs, 
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along with their respective z-coordinates were then  plotted to get the 
 optimized insulator profile, which is shown in Figure 19.18 [38]. Subsequently, 
with the help of numerical field computation the actual values of tangential 
field intensities at these NP points on the optimized insulator contour were 
determined. MAE between the actual and desired tangential field intensities 
was found to be ≈2% [38]. The actual and desired tangential field intensity 
distributions along the optimized insulator profile of Figure 19.18 are shown 
in Figure 19.17.

19.5  ANN-Aided Optimization of 3D 
Electrode–Insulator Assembly

A simplified flow chart, as shown in Figure 19.19, explains the iterative struc-
ture of conventional procedure for the optimization of electrode or insula-
tor contours. It is a two-step procedure, in which, electric field distributions 
are computed by any particular method and design parameters are changed 
using any optimization algorithm. This two-step procedure strictly sepa-
rates electric field computation and design parameter modifications. The 
modification of the design parameters does not require absolute electric field 
values, but only the error between the actual and desired electric field values 
in each iterative step. That is why the parameter updation algorithm could be 
completely separated from electric field computation.

The function estimation ability of ANN was used by Lahiri and 
Chakravorti [42,43] to modify the flowchart of optimization process shown 
in Figure 19.19. It has been mentioned in Section 19.4 that if an ANN is trained 
with the geometric dimensions as input and the electric field intensities 
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as output patterns, then the trained ANN can estimate the electric field 
 intensity for any set of given dimensions without going into detailed electric 
field  computation. Because of decoupling of electric field computation and 
parameter updation routines in the optimization process, it was possible to 
replace the electric field computation routine by a trained ANN to get an 
estimate of the electric field distribution for the values of design parameters 
in each iterative step. The modified flowchart is shown in Figure 19.20.

Major saving in computation time was achieved in References [42,43] 
by coupling a trained ANN in the optimization loop. At each move of the 
optimization loop, the evaluation of the cost function through electric field 
computation routine would require, say, T units of time. Now supposing 
the optimization algorithm requires N number of moves to converge to the 
 optimum value of the cost function, the total time required for the entire opti-
mization process would be N*(T + t) units of time, where t is the execution 
time of each step of the optimization algorithm. Typically, for any numerical 
field computation method, the value of T will be of the order of several min-
utes for real-life 3D configurations. But if the cost function is estimated by 
a trained ANN, then it requires only a fraction of a second to do so, instead 
of T minutes. However, in this proposed method, the time consuming part 
is the training of ANN plus the time required for electric field computation 
routine to generate the desired number of training sets, which requires sev-
eral minutes. But, it is to be noted here that the training set is required to be 
generated only once and the ANN is required to be trained once, too. Hence, 

Start

Initialize design parameters

Calculate cost function by electric
field computation Modify design parameters

using optimization algorithm

Optimum
reached?

Optimized design parameters

End

No

Yes

FIGURE 19.19
Flowchart of conventional optimization process.
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any optimization algorithm coupled to a trained ANN offers considerable 
saving in time for 3D electric field optimization. Another major advantage 
of the proposed method was that the upper and lower bounds of the design 
parameters could be easily modified by varying the range of training data 
for the ANN.

Lahiri and Chakravorti [42] optimized the 3D electrode–support insu-
lator assembly shown in Figure  19.21 using the above-mentioned meth-
odology employing GA. This configuration is often used in gas-insulated 
 transmission lines (GIL). In this arrangement, the most critical parts of the 
profiles were (1)  the shape of the hole in the electrode through which the 
support insulator was to be inserted as shown in Figure 19.21b, and (2) the 
curved profile of the insulator in the middle, as shown in Figure 19.21c. As 
a result the design parameters chosen for optimization were related to the 
shape of these critical parts.

In another work, Lahiri and Chakravorti [43] optimized 3D electrode-disc 
insulator assembly used in GIL shown in Figure 19.22 employing SA for opti-
mization. In this arrangement, the most critical parts of the profiles were the 
curvatures of the live electrode as well as the disc-type insulator as shown in 
Figure 19.22b. Consequently, the design parameters chosen for optimization 
were related to these critical curvatures.

For both these optimization problems, sensitivity studies were carried 
out first to determine which design parameters of the electrode–insulator 
assembly are to be modified to get a minimum value of field intensity within 

Start

Initialize design parameters

Optimum
reached?

Optimized design parameters

End

Yes

No

Estimate cost function using trained
ANN Modify design parameters

using optimization algorithm

FIGURE 19.20
Flowchart of ANN-aided optimization process.
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the GIL. The most sensitive design parameters were initialized and then 
modified using the flowchart given in Figure  19.20. The cost function for 
optimization was maximum value of the electric field intensity, which was 
minimized through optimization routines such as GA or SA.

(a)

(b) (c)

FIGURE 19.21
(See colour insert.) 3D electrode–support insulator assembly for optimization: (a) electrode–
insulator assembly; (b) live electrode and (c) support insulator.

(a) (b)

FIGURE 19.22
(See colour insert.) 3D electrode–disc insulator assembly for optimization: (a) disc-type insula-
tor with live and ground electrodes and (b) live electrode with sectional view of disc insulator.
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Objective Type Questions

 1. Optimal contours in an insulating system are those that provide
 a. A uniform field distribution
 b. A desired field distribution
 c. Both (a) and (b)
 d. None of the above
 2. The criterion commonly used for the optimization of electrode con-

tour is the minimization of
 a. Radius of curvature
 b. Normal component of electric field intensity
 c. Tangential component of electric field intensity
 d. Both (a) and (b)
 3. Optimized profiles of electrodes and insulators are such that
 a. Dimensions are minimized for a given voltage rating
 b. Usage of space is maximized within the given constraint
 c. Cost of installation is minimized
 d. All the above
 4. If the insulator contour is moved in the direction of the vector nor-

mal to the surface, then
 a. Tangential field intensity decreases
 b. Tangential field intensity increases
 c. Normal field intensity decreases
 d. Normal field intensity increases
 5. Target for insulator contour optimization is achieving
 a. Uniform tangential field intensity on the insulator surface
 b. Uniform resultant field intensity on the insulator surface
 c. Uniform electrostatic pressure on the insulator surface
 d. Both (a) and (b)
 6. In the case of contour correction technique, insulator contour opti-

mization is done by keeping
 a. Potential difference between two successive contour points constant
 b. Field intensity difference between two successive contour points 

constant
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 c. Distance between two successive contour points constant
 d. Both (a) and (c)
 7. In the case of contour correction technique, the quantum of dis-

placement of contour points is controlled by moving the contour 
points in proportion to the difference between the actual and 
desired values of

 a. Electric potential
 b. Electric field intensity
 c. Electric flux density
 d. Both (a) and (b)
 8. In the field optimization algorithms, the modification of the design 

parameters requires
 a. Absolute values of electric potential
 b. Absolute values of electric field intensity
 c. Error between the actual and desired values of electric potential
 d. Error between the actual and desired values of the electric field 

intensity
 9. In ANN-aided electric field optimization, it is possible to replace the 

electric field computation routine by a trained ANN to get an esti-
mate of the electric field distribution because of

 a. Decoupling of electric field computation and parameter updation 
routines

 b. Coupling of electric field computation and parameter updation 
routines

 c. Decoupling parameter initialization and parameter updation 
routines

 d. Both (b) and (c)
 10. In ANN-aided electric field optimization, the upper and lower 

bounds of the design parameters could be easily modified by vary-
ing the range of

 a. Training data of the ANN
 b. Testing data of the ANN
 c. Both (a) and (b)
 d. None of the above

Answers:  1) c; 2) b; 3) d; 4) a; 5) d; 6) d; 7) b; 8) d; 9) a; 10) a
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FIGURE 19.21
3D electrode–support insulator assembly for optimization: (a) electrode–insulator assembly; 
(b) live electrode and (c) support insulator.
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FIGURE 19.22
3D electrode–disc insulator assembly for optimization: (a) disc-type insulator with live and 
ground electrodes and (b) live electrode with sectional view of disc insulator.
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