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FOREWORD

his book is intended for the second semester of a

two semester calculus-based physics curriculum.

As such, I assume that students using this book are
comfortable with simple differentiation and integration
presented in the first textbook in this series and are now
ready for more advanced applications of integration;
these will be reviewed in Chapter 1.

This textbook is divided into three sections. In the first
section (Chapter 2 through Chapter 4) the concepts of po-
tential and field are used to understand the gravitational,
electric, and magnetic interactions. The second section
(Chapter 5 through Chapter 7) contains a discussion of
how the electric and magnetic interactions influence
each other, and the electric and magnetic properties of
material. The focus of the final section (Chapter 8 through
Chapter 12) is on applications of the electric and magnetic
interactions to electric circuits and optics.

XV
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This textbook has four appendices. Appendix A contains information about SI units
and physical constants, and a review of basic and applied mathematics, including trigo-
nometry. Vectors, coordinate systems, and elementary vector calculus are reviewed in
Appendix B. The derivations of several equations and alternative solutions to example
problems are collected together in Appendix C. Finally, a review of complex exponen-
tials and their application to electric circuits is given in Appendix D. Please consult these
appendices continually as you progress through the textbook.

[ would like to thank all of the people who contributed to this book and/or supported
me as [ wrote it. Thanks to Professor Antonik for the suggestion of using the Bohr model
of the hydrogen atom as a continuing example problem throughout the book. I would
also like to thank my department chair, Professor Hume Feldman, for fostering a creative
and supportive environment in the department.

Finally,  would like to thank my family for their support, especially my wife and daughters.
[ love all of you!
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CHAPTER

Introduction

1-1  Introduction

In this textbook, we will learn the laws of electricity and
magnetism, and the applications of these laws to electri-
cal circuits and optics. It is worth emphasizing, however,
that studying these laws has a much wider benefit than
simply understanding how electronic devices function or
how a camera forms an image. Indeed, the laws of elec-
tricity and magnetism also explain fundamental interac-
tions between the molecules and atoms all around us. For
example, it is differences in the magnitude and range of
these interactions that distinguish solids from liquids.
Furthermore, as with our study of classical mechanics,
a major focus of this textbook is the continued practice
and development of our applied mathematics skills. This
will be useful not only in this and other physics classes
but also for general critical thinking and problem solving
strategies.
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THE ENERGY OF PHYSICS, PART II: ELECTRICITY AND MAGNETISM

1-2 Energy and Forces

When learning the new material in this textbook, we will frequently refer back to and
build upon our knowledge of classical mechanics, especially the concepts of energy
and force. In classical mechanics, we classified a force as either conservative or non-
conservative based upon whether it was associated with a potential energy. We further
defined conservative forces as the gradient of their associated potential energies using
Equation 1-1.

F=-VU (-1)

In Equation 1-1, the symbol “V” denotes the gradient operator (see Section B-8).
According to Equation 1-1 conservative forces are always directed/oriented so as to
minimize the potential energy of the object upon which they act. This is consistent with
the principle of minimum potential energy.

Systems will always arrange themselves in order to minimize their total potential
energy.

In this course, however, we will take this discussion of energy and force one step fur-
ther to understand how long-range forces (such as the gravitational force, the electric
force, and the magnetic force) work. Specifically, how does one object “sense” the
presence of another object when the two objects are not in contact with each other?
Over the next three chapters, we will introduce the concepts of potential and field to
answer this question. While these concepts are to some extent simple abstractions
of energy and force, they also represent something more profound and fundamental.
Furthermore, although our motivation for introducing potential and field is to help
us understand long-range interactions, the contact forces we studied in classical
mechanics (such as the normal force or friction forces) are ultimately explained in
terms of electric and magnetic interactions and thus are also best understood in terms
of potential and field.

Finally, it is important to note that we are not replacing the conservation laws that
formed the basis of most of our analysis in classical mechanics; we will take full advan-
tage of energy and momentum conservation in discussions and problem solving in this
textbook. As we shall see, however, the fact that the electric and magnetic interactions
influence each other requires us to be careful when describing our systems and deter-
mining whether or not they are isolated.
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CHAPTER 1: INTRODUCTION

1-3  Applied Integration y

The divide between understanding the
principles of physics qualitatively and
solving an associated problem quanti-
tatively is often bridged by calculus. In
classical mechanics, the acceleration
of a system is determined by differen-
tiating the equation for the energy of
that system. Similarly, the macroscopic
thermodynamic parameters describing dy
a system (temperature, pressure, etc.)
are determined through differentiation y

of the equation for the entropy of the y = 0

system. In this textbook, we turn our
attention to applications of integration.  figURE 1.1: Determining the area of a triangle.
It is therefore worth reviewing a few
examples of applied integration.
Let’s begin by calculating the area of
a triangle; the height and maximum width (i.e., base) of the triangle will be denoted by
the variables h and b, respectively. As shown in Figure 1.1, we can determine the area of
the triangle by modeling the triangle as a collection of infinitesimally small rectangles.
In Figure 1.1, we have defined a reference frame for this system with an x-axis paral-
lel to the base of the triangle and a y-axis perpendicular to the x-axis; the origin of the
y-axis is at the base of the triangle. As shown in Figure 1.1, we will use the variable x to
denote the width of a rectangle, the variable y to denote its position above the base, and
the variable dy to denote its height. The infinitesimal area of each rectangle, denoted by
dA, is thus

dA = xdy

The area of the triangle is the summation of the infinitesimal areas of each of the rectangles
constituting the triangle. In the limit that these rectangles become truly infinitesimally
small (ie., in the limit that dy approaches zero), this summation becomes an integral.

A=IdA - A=dey
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THE ENERGY OF PHYSICS, PART II: ELECTRICITY AND MAGNETISM

Although all of the rectangles in our integration have the same height (dy), they have
different widths (x) depending upon their distance from the bottom of the triangle. In
other words, the variable x in our integration is a function of the variable y. Thus, the
next step in our calculation is to relate the variables x and y. We know from the shape
of the triangle (i.e., that the sides of the triangle are straight lines) that x will be a linear
function of y. We also know from the definition of the reference frame in Figure 1.1 that
x = 0 wheny = h, and x = b when y = 0. Therefore,

b
=|-——|y+b
()

Substitution of this expression gives us

2
A= b h—+bh A=—%+bh
h)?2 2
4=t
2
The area of the triangle is one-half the product of the R
base and height of triangle, as expected. >

Now let’s calculate the area of a disk with a radius R. As
shown in Figure 1.2, we can model the disk as a collection
of infinitesimally small thin rings of radius r and width dr.

The area of the disk is the sum of the infinitesimal
areas of each of these rings. Each of these infinitesimal
areas is the product of the circumference and width of
the associated ring.

dA =27y dr dr

FIGURE 1.2: Determining the area of
a disk.
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CHAPTER 1: INTRODUCTION

In the limit that these infinitesimal areas become truly infinitesimally small (i.e., in the
limit that dr approaches zero), their summation becomes an integral.

A:jdA N A:jzmdr

Integration over the entire radius of the disk then yields.

2
- Azzn(R——O)
2

R

R 2
Azznjrdr N A:27r(%)
0

0
A=rR?

The area of the disk is the product of © and the square of the radius of the disk, as
expected.

Example 1-1:

Problem: Where is the center of mass of a uniformly dense rigid rod of length
L and mass M?

Solution: In this calculation, we can model the rigid rod as consisting of many in-
finitesimal “bits” of mass; each of these bits of mass is so small that it can be treated
as a point particle. We recall from classical mechanics that the center of mass for a
system of point particles can be determined using the following equation:

n
mr
11

= i=1

rCM = n
S
i
i=1

In this equation, 7, is the position of the i point particle, m, is the mass of the
i point particle, and 7., is the position of the center of mass for the system. In
the limit that these bits of mass are truly infinitesimally small, this summation
becomes an integral.

www.EngineeringBooksPDF.com



THE ENERGY OF PHYSICS, PART II: ELECTRICITY AND MAGNETISM

- f?dm
o fdm

The denominator in this equation is simply the total mass of the rod.

fam=m — fCszFAjm

In Figure 1.3, we have defined a reference frame for this system with a
1-dimenstional x-axis parallel to the rod and an origin at one end of the
rod; the variable x denotes the distance of an infinitesimal bit of mass from
the origin. The equation for the center of mass of the rod in this reference
frame is

d
Xem = j)jwm

We can then express the infinitesimal bit of mass in this equation in terms of
the linear mass density of the rod, denoted by A, and an infinitesimal distance
along the rod (or infinitesimal length of the rod), denoted by dx.

dm = Adx
dm
! || |
r &
Adx
{ || }
X Ul
Xx=0 X=L

FIGURE 1.3: Determining the center of mass of a rigid rod.
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CHAPTER 1: INTRODUCTION

The units of 4 are kg/m. With these definitions, the integral with respect to
mass can be written as an integral with respect to the length of the rod.

L
Jx/l dx
0

J.xdmzzx/ldx - X, = v

Since the rod is uniformly dense, A is a constant.

L
A\ A\ x?
X =(ﬂ)jxdx — Xy :(ﬂ)(?)
0 0

The final step in our solution is to express our answer in terms of the mass of

AL

XCM—W

the rod. This requires us to determine the relationship between A and M, which
we obtain by integration.

M L M
dm=Adx — J.dmzj-ﬂ,dx - Idmzljdx - M=AL — ﬂ.:T
0 0

Substitution then gives us

M) I? L
oS\ T e T T

As expected, the center of mass is at the geometric center of the rod.

Finally, let's determine the moment of inertia of a uniformly dense rigid rod rotated
around one end; the variables M and L will denote the mass and length of the rod,
respectively. In this calculation, we can model the rigid rod as consisting of many infini-
tesimal “bits” of mass; each of these bits of mass is so small that it can be treated as a
point particle. The infinitesimal moment of inertia from each of these infinitesimal bits
of mass is therefore

www.EngineeringBooksPDF.com



THE ENERGY OF PHYSICS, PART II: ELECTRICITY AND MAGNETISM

dl = r’dm

In this equation, the variable r denotes the distance between the bit of mass and the axis
of rotation. The moment of inertia for the rod is the sum of each of these infinitesimal
moments of inertia. In the limit that these bits of mass are truly infinitesimally small,
this summation becomes an integral.

I:J'dl N lzjrzdm

As discussed in Example 1-1, we can express the infinitesimal amount of mass
in this equation in terms of the linear mass density of the rod, denoted by A, and
an infinitesimal distance along the rod (or infinitesimal length of the rod), denoted
by dx.

dm = Adx

Let’s again use the reference frame shown in Figure 1.3, which has an x-axis parallel
to the rod and an origin at one end of the rod; the variable x denotes the distance of
an infinitesimal bit of mass from the origin. With these definitions, the integral with
respect to mass can be written as an integral with respect to the length of the rod.

I= szﬂ,dx
0

Since the rod is uniformly dense, A is a constant.

L 3
Iz/lszdx - Izl(x?)
0

0

The final step in our solution is to express our answer in terms of the mass of the
rod. As shown in Example 1-1, the relationship between A and M is found through
integration.

M L M
dm=Adx — jdmzjldx — Jdm:/ljdx — M=AL - /1=T
0 0

www.EngineeringBooksPDF.com



CHAPTER 1: INTRODUCTION 9

Substitution then gives us
(M 1
1:—(—) - I:EML2

As expected, this is identical to the expression we learned in classical mechanics.

Example 1-2

Problem: The area mass density! of a thin, solid disk decreases linearly with
distance from the normal axis through the center of the disk according to the
following equation:

oc=0,-7r

The variable r in this equation . .
is the radial distance from the AXis of rotation
normal axis through the center [

of the disk, the variable o, is
the area mass density when r = 0,
and the variable y is the rate of
change of the area mass density
with respect to radial distance
from the normal axis through
the center of the disk. What
is the moment of inertia for
rotations of this disk around the

normal axis through the center I

of the disk? The total mass and |

radius of the disk are M and R, FIGURE 1.4: Determining the moment of inertia of a spinning disk.
respectively.

Solution: We can model the disk as a collection of infinitesimally small, thin
rings of radius r and width dr as shown in Figure 1.4.

1 The units of area mass density are kg/m?.
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10 THE ENERGY OF PHYSICS, PART II: ELECTRICITY AND MAGNETISM

The infinitesimal area of each of those rings is

dA=2nrdr

The infinitesimal mass of each of those rings is the product of their area and
the area mass density.

dm=0cdA — dm:(GO—yr)(27trdr) - dm=27r(60r—)/r2)dr

dm= 27r(0'0r - yrz)dr

The moment of inertia for the disk is the sum of the infinitesimal moments
of inertia from each of these infinitesimal bits of mass. In this calculation
the variable r also denotes the distance from each bit of mass to the axis of
rotation.

I:Jdl - I=Jr2dm — I=jr22ﬂ(00r—yr2)dr
= 27[}(0‘01”3 - j/r4)dr
0

R

oR" yR R’
- 1:2n(°——y J - 1:”10 (50, -47R)

PR N Tl
4 5 4 5

The total mass of the disk is determined by integrating the infinitesimal bits of
mass that constitute the disk.

0

R

M=(d M2 2)d M= 2| Y
_jm - —£ ﬂ(oor—yr)r - =) = -

0

R2 3 2
M=27r(G°T—y§] - M=TC§ (30'0—27/R) - 0. = M +27/—R
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CHAPTER 1: INTRODUCTION

Substitution then gives us

4 4 _
;TR (5( M +2yR)_4yR) L, _7R (SM_I_IO}/R 127/R}

10 TR 3 10 \ zR? 3
1 TR’
I=—MR -y
2 15

Note that when the area mass density of the disk is constant (i.e., when y = 0),
we have

y=0 — 1:%}\4}32

As expected.

1-4 Units

In this textbook, we will use the International System of Units (also known as the metric
system) just as we did in classical mechanics. Recall that this system of units is typically
referred to by the acronym “SI” derived from its French name, Systéme International
d’unités. A list of the seven basic SI units and several additional derived units is shown
in Section A-1. As shown in Section A-1, our list of derived units has expanded consider-
ably from what we used in classical mechanics. Also, please note that many of these
derived units can be expressed in many ways. While these many varied expressions and
relationships are necessary for the correct unit conversion in the problems we that will
encounter, we should not be overwhelmed by them. Indeed, the beauty of the metric
system is that our final answer will always have the correct units as long as we always
work in only SI units during our calculations.

www.EngineeringBooksPDF.com
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1-5 Looking Ahead

The concepts of potential and field complement the energy-based approach to me-
chanics learned in classical mechanics, and together with all the conservation laws
of classical mechanics provide the fundamental way to think about physics. Not only
do they have immediate application to circuits, optics, and advanced topics in physics
(such as quantum mechanics and relativity), but they are also an important part of the
mathematical abstraction that is inherent in more advanced science and engineering
courses.
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CHAPTER 1: INTRODUCTION

Summary

Isolated system: a system that cannot exchange energy nor interact via forces
with the outside environment. The total energy of an isolated system is therefore
constant.

Energy conservation: energy can neither be created nor destroyed, but can be
converted from one type to another or transferred between objects. This is often
referred to as the 15" law of thermodynamics.

The Principle of Minimum Potential Energy: all systems will arrange them-
selves in order to minimize their total potential energy. This follows from the 2"
law of thermodynamics.

Conservative forces are associated with potential energy functions.
F=-VU

The work done by a conservative force acting on an object is equal to the negative
of the change in the associated potential energy of the object.

=—-AU

conservative

Thus, the work done by a conservative force acting on an object is independent of
the path of the object’s displacement.

www.EngineeringBooksPDF.com

13



14

THE ENERGY OF PHYSICS, PART II: ELECTRICITY AND MAGNETISM

Problems

The linear mass density of a rigid rod increases linearly with respect to the dis-
tance from the one end of the rod (denoted as x = 0) according to the following
equation:

A=A, +yX

In this equation, A, is the linear mass density at one end of the rod and y is the rate
of change of the linear mass density of the rod with respect to position from this end
of the rod. The total length and mass of the rod are L and M, respectively. Where is
the center of mass of the rod?

The base and height of a uniformly dense triangle are denoted by b and h, respec-
tively. How far above the base is the center of mass of this triangle?

What is the moment of inertia of a uniformly dense, thin rod of length L and total
mass M rotated around its center of mass?

A uniformly dense, thin rigid rod with a length L and total mass M forms a cantilever,
as shown in the figure. Show that the net gravitational torque acting on the rod can
be modeled as through the gravitational force acting on the rod acted on the only
center of mass of the rod. The equation for torque is

T=FxF

ty

hinge
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CHAPTER 1: INTRODUCTION

Assume that the force of gravity acts perpendicular to the length of the rod at all
locations along the rod.

5. Thelinear mass density of a rigid rod decreases linearly with respect to the distance
from the center (denoted as x = 0) of the rod according to the following equation:

A, —7x x=0
A, +yx x<0

In this equation, 2 is the linear mass density at the center of the rod and y is the
rate of change of the linear mass density of the rod with respect to position from the
center of the rod. What is the moment of inertia for rotation of this rod around its
center of mass? The total mass and length of the rod are M and L, respectively.

6. Thelinear mass density of a rigid rod decreases linearly with respect to the distance
from the center (denoted as x = 0) of the rod according to the following equation:

e A, —7Xx x=0
A, +yx x<0

In this equation, A is the linear mass density at the center of the rod and y is the rate
of change of the linear mass density of the rod with respect to position from the center
of the rod. What is the moment of inertia for rotation of this rod around one end of the
rod? The total mass and length of the rod are M and L, respectively.
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CHAPTER

Gravitational
Interaction

2-1 Introduction

A block released from rest above the ground will fall
down to ground. We can explain why this occurs using
our knowledge of energy and forces. For example, we
could argue that the block will fall down to the ground
since by doing so the gravitational potential energy of
the block will be minimized®. Similarly, we could argue
that the block falls down to the Earth because the force of
gravity exerted by the Earth on the block “pulls” the block
down. While these explanations are valid, they neverthe-
less leave unresolved an important question: how do the
block and the Earth sense the presence of one another
when they are not in contact with each other? In other
words, how is the long-distance interaction between the

1 Recall that it is the gravitational potential energy of the system
consisting of the Earth and the block together that is minimized.
Indeed, the Earth is moving “up” toward the block as the block falls
down toward the Earth.

17
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Earth and the block, expressed either in terms of the gravitational potential energy or
the gravitational force between these objects, propagated or communicated between
these objects? In physics, the ability of an object to exert a long-range influence on
another object is described using the concepts of potential and field.

2-2 Gravitational Potential

The gravitational interaction between objects gives rise to a potential energy that
depends upon the masses of the objects and the distances between them. The equation
for the gravitational potential energy of two point* particles, A and B, with masses m,
and m, separated by a distance r, is given in Equation 2-1.

U,=-G—-- (2-1)

In Equation 2-1, the variable G is the gravitational constant of the universe.

G=667x10" 1M
kg

In order to explain the origin of this gravitational potential energy (i.e., in order to
explain how the two objects sense each other’s presence), we say that every bit of mass
alters the space around it. This alteration (or distortion) of space can then be detected
by other bits of mass which, in turn, gives rise to the gravitational interaction between
two objects (Equation 2-1). We refer to this alteration as the gravitational potential
surrounding the object.

Gravitational potential: an intrinsic property of mass that describes the altera-
tion of space associated with mass. The detection of the gravitational potential
surrounding one object by another object is the origin of the gravitational
interaction (potential energy and force) between the two objects. Gravitational
potential is a scalar quantity.

2 Recall that in the point particle approximation we treat objects as though they were points without any
physical size. In this approximation, the location of the point corresponding to an object is at the center of
mass of the object.
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The gravitational potential surrounding a point particle, denoted by V,is defined in
Equation 2-23.

m
V,=-G— (2-2)

8 r

In Equation 2-2, the variable m is the mass of the point particle and r is the distance
from the point particle to the position where the gravitational potential is measured.
The units of gravitational potential are energy divided by mass (J/kg). Therefore, we
can think of the gravitational potential as the gravitational potential energy per unit
mass, as we will discuss further in Section 2-4.

Example 2-1

Problem: What is the gravitational potential of a 2 kg point particle at a
distance of 5 m from the particle?

Solution: According to Equation 2-2 the gravitational potential is

nIm | 2kg
V =—]6.67x107" — || ===
¢ ( kgz)(ﬁn)

14 =—2.67><10—”i

g kg

We see from Equation 2-2 that the gravitational potential surrounding a point particle is
spherically symmetric around the point particle. In other words, all locations the same
distance from the point particle, in all directions, have the exact same gravitational
potential. We refer to a collection of locations with the same gravitational potential as
an equipotential surface for the gravitational potential.

Equipotential surface: a region in space where every location has the same
potential. An equipotential surface for the gravitational potential refers to a

3  We will discuss the origin of this Equation in Section 2-5.
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g region in space where every location has the same
. gravitational potential.

N . A few equipotential surfaces for a point particle are
A S shown (in cross-section) in Figure 2.1. Although the dif-

o Vi , : ference in the gravitational potential between each set of
S adjacent equipotential surfaces has the same magnitude

g in Figure 2.1, the separation distance between adjacent

equipotential surfaces increases with increasing distance

_ _ from the point particle due to the “1/r” dependence of

FIGURE 2.1: Equipotential surfaces (dashed .

lines) for the gravitational potential surround- Equation 2-2.

ing a point particle. The difference in gravita- The gravitational potential of a system of point

tional potential between each set of adjacent  particles is the summation of the gravitational potential

equipotential surfaces has the same magni- . .
tude, AV, in this figure. from each of the point particles.

Example 2-2

Problem: A system consists of two identical point particles, A and B, separated
by a distance d as shown in Figure 2.2. What is the gravitational potential of
this system at the position P?

A B P Solution: The net gravitational potential
Q———>Q =< >0 of this system at the position P is the sum
2d of the gravitational potential of each of the

FIGURE 2.2: A system of two point particles. point particles at that location.

The variables (Vé )A'P, (Vé )B'P, and (Vé) in this equation denote the grav-

net,P

itational potential of particle A at position P, the gravitational potential of particle B
and position P, and the net gravitational potential at position P. Let’s define the
mass of each point particle to be m. Then, according to Equation 2-2, we have
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") :(_G m H_Gﬁ) S () :_@(m]
net.P d+2d 2d & /net,p d\3 2

Example 2-3

Problem: A system consists of two point particles,
A and B, separated by a distance of 10 m as shown
in Figure 2.3. The mass of particle A is 2 kg and the
mass particle B is 3 kg. What is the gravitational
potential of this system at the position P?

>0 U

Solution: The net gravitational potential of this 12 m
system at the position P is the sum of the gravita-
tional potential of each of the point particles at that
location.

AO< v >O B
(Vg)m,p a (V;’)A,P +(Vg)B,P 10 m

FIGURE 2.3: The system of two point particles in

Let’s define the masses of the two point particles to
Example 2-3.

be m, and m,, and the distances between the point
particles and the position P to be r, and r,. Then,
according to Equation 2-2, we have
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[ Jav]

The distances r, and r, can be found using trigonometry, as

shown in Figure 2.4.
e . 13 m ~\13m
Substitution then gives us ;’
A e— B
Im ) 2kg 3k © ——0
(v,) =-{667x10M 2 || =24 228 5mis5m
& /net.P kg \13m 13m
FIGURE 2.4: The distanc-
(V ) =-257x107" i es between the point par-
&/ net,P kg ticles and the observation
point for the system in
Example 2-3.

More formally, we refer to the gravitational potential as a scalar field.

Scalar field: a mathematical function or operation that assigns a scalar value to
every point in a region of space.

In addition to the gravitational potential, another example of a scalar field is the tem-
perature at each point in a room.

2-3  Gravitational Potential for Continuous Distributions
of Mass

As shown in Section 1-3, the moment of inertia of a rod or a disk can be determining
by summing the moments of inertia of the infinitesimal bits of mass, represented by
rectangles or rings, respectively, which constitute these objects. Similarly, the gravita-
tional potential for a system consisting of a continuous distribution of mass, such as a
book or a table, is determined from the gravitational potential of each infinitesimal bit
of mass that constitutes the system. Each infinitesimal bit of mass can be modeled as a
point particle whose gravitational potential is calculated using Equation 2-2. Specifically,
if the infinitesimal mass of one of these “bits” is dm, then the gravitational potential
associated with this bit is

dv, __gdn

r
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In this equation, the variable ris the distance between dm (i.e., the location of the infini-
tesimal bit of mass) and the location where the gravitational potential is measured.
The total gravitational potential from the distribution of mass is determined by sum-
ming the gravitational potential of each infinitesimal bit of mass; since these bits of
mass are so small, this summation is an integral.

The integral in Equation 2-3 is typically simplified by relating dm to an infinitesimal
measure of distance, area, or volume using the appropriate mass density (Table 2-1)*

TABLE 2-1. Variable substitutions for integrals involving differential mass

Type of integral Density used Relation to dm Units
linear integral A (linear mass density) dm= A edx kg/m
area integral o (area mass density) dm=0 dA kg/m?
volume integral p (volume mass density) dm=p edV kg/m?

FIGURE 2.5: Determining the gravitational potential from a rigid rod.

Consider, for example, the system shown in Figure 2.5 consisting of a thin and uniformly
dense rod of length L and mass M. We can determine the gravitational potential of the
rod at a distance d from one end (i.e., at the position P in Figure 2.5) using Equation 2-3.

Since the rod is uniformly dense, the linear mass density of the rod (A) is constant
throughout the rod®.

P
L

4 Recall that this is also how calculations of the moment of inertia and the center of mass are performed
(see Section 1-3).
5 See Example 1-1.
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This allows us to express the infinitesimal amount of mass in Equation 2-3 in terms
of the linear mass density of the rod and an infinitesimal distance along the rod, dx, as
shown in Figure 2.6°.

>
x=0 +X x =L+d
| |
| |
dm = Adx
! . : of
L X r = L+d-x i

FIGURE 2.6: Determining the gravitational potential from an infinitesimal bit of mass consti-
tuting the rod in Figure 2.5.

In Figure 2.6 we have defined an x-axis to be parallel to the length of the rod, with an origin
at one end of the rod and a positive direction pointing from the rod to the position P. With
these definitions, the integral with respect to mass in Equation 2-3 can be written as an
integral with respect to the length of the rod.

L L
V:_do_m — V:_Gjﬂ N V=—Gl_|'¢
£ r g o L+d—x & o L+d—x
Performing the integration gives us
L d
V =Gl(ln(L+d—x)| ) - V =Gﬂ,ln( ]
& 0 g L+d

We then arrive at the final answer by substituting for the linear mass density.

V :G—Mln d
g L L+d

6 See Example 1-1.
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Example 2-4

Problem: A system consists of a thin and
uniformly dense rod of length L and mass M,
as shown in Figure 2.7.

What is the gravitational potential of this
system at the position P that lies on the per-
pendicular bisector of the rod?

Solution: As shown previously, the integral
with respect to mass in Equation 2-3 can
be changed into an integral with respect to
the length of the rod using the linear mass
density of the rod (A). Let’s define a refer-
ence frame for our system (Figure 2.8) with
an x-axis parallel to the rod, an origin at the
center of the rod, and a positive direction
pointing to the right in Figure 2.7. Similarly,
we will define a y-axis to be perpendicular
to the x-axis, with an origin also at the center
of the rod and a positive direction pointing
from the rod to the position P. The variable x
in this reference frame will denote the posi-
tion of an infinitesimal bit of mass as shown
in Figure 2.8.

The distance between each infinitesimal bit
of mass and the position P (the variable r in
Equation 2-3) can be related to the variables
x and y using trigonometry as shown in
Figure 2.8.

Vg:—doTm - Vg=—GJ‘i

1

()

>0 T

L

FIGURE 2.7: The rigid rod in Example
2-4.

P
[ J +y
N
o~ y
&
X =-L/2 X =L/2
—
T
Adx Xx=0
y=0

FIGURE 2.8: Determining the gravitational poten-
tial for the system in Example 2-4.

V;,:_GAIL

1

()
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L
V:—G&j L.
_g(xzﬂ,z)a

Performing the integration gives us

L I? 2
z 4| S+ y?
2 2 (4 y]
— Vg——Glln

V,= -GA ln(x+(x2 +y2)%]

A similar approach is used when the distribution of mass is not uniformly dense. For
example, let’s calculate the gravitational potential for the system in Example 2-4 when

the linear mass density of the rod decreases linearly with respect to the distance from
the center (x = 0) of the rod in Figure 2.8.

1 A, —7x x20

A, +yx x<0

7 See Section C-1.
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In this equation, A is the linear mass density at the center of the rod, and v is the rate of
change of the linear mass density of the rod with respect to position from the center of
the rod. Substitution of this linear mass density yields

1

0 (/10+yx)dx+-§[(lo—yx)dx
0 (x2+y2)5

After completing the integration and simplifying the result, we are left with

1

V,=-G|2yy-y(L+4y’) +24 In

g

2y

(2+4y’ ) -L

This expression does not depend explicitly on the mass of the rod. In order to rewrite
our result in terms of this mass, let’s determine an expression for A in terms of y and
the total mass of the rod (M) using integration®.

L
Jdmzj).dx - ]{dmzj(lo+yx)dx+j(ﬂ,o—yx)dx
0 0

L

2

I’ I’+4M
M:/IOL—Y— N /10:7’7
4 4L

Substitution gives us

1

1 2
V.=-G 27/)’_7(L2+4y2)2+(YL2+L4M]ln 2y
(2+4y’ -1

8 See Section 1-3.
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1

L+4y’ P -L

4 L 1

v ——g| 2M 2y +y 2y—(L2+4y2);+(£Jln 2y
(2+4y’)-L (

As expected, this expression is identical to the result of Example 2-4 when y = 0.

2-4 The Relationship Between Gravitational Potential
and Gravitational Potential Energy

The gravitational interaction between two point particles can be considered to arise
from each particle sensing (or reacting to) the gravitational potential of the other par-
ticle. The gravitational potential energy of this interaction between point particles is
simply the product of the mass of one particle and the gravitational potential of the
other particle at that location.

U = ng (2-4)

It is important to emphasize that Equation 2-4 is valid only when the gravitational
potential is constant over the entire size of the object, as in the case of the interac-
tion between two point particles. Otherwise, the gravitational potential energy would
involve integration over the distributions of mass of the objects and variations in the
gravitational potentials of the objects.

It follows from Equation 2-4 that the gravitational potential energy between two
point particles, A and B, with masses m, and m,, respectively, separated by a distance r
can be thought to arise from the interaction of object A with the gravitational potential
of object B or from the interaction of object B with the gravitational potential of object A.

This result is, as expected, exactly the same as Equation 2-1. Furthermore, as stated
before, we see from Equation 2-4 that the gravitational potential can be considered to
be the gravitational potential energy per unit mass, consistent with its units (J/kg).
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Example 2-5

Problem: What is the gravitational potential energy of a system 2 kg
shown in Figure 2.9 consisting of a 2 kg point particle and a o
uniformly dense 4 kg rod? The 2 kg point particle is located

along the perpendicular bisector of the rod. om

Solution: The gravitational potential of the rod along its per-  4kg
pendicular bisector was calculated in Example 2-4 to be

3m

FIGURE 2.9: The system in

Example 2-5.
2GM 2y

(Vg )rod - L “In !

rod (Liod +4y2 )E ~L

od

Substitution gives us

2

(Vg)md " 3m - In

Wl
2(6.67><10 ”k—m)(4kg) 2(2m)

((3m)2 +4(2m)2); ~3m

(Vg)md —_1.23x10™" kig

Thus, from Equation 2-4, we have that the gravitational potential energy of this
system is

o d
Uy =iV} = Vo= (Zkg)(—l.zs x 107 Q)

U,=-2.46 x 1077

As shown in Section C-2, the same answer is obtained using the mass of the rod
and the potential of the point particle.
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Now let’s imagine that the point particle in Example 2-5 moves from being 2 m away
from the rod to being 1 m away from the rod, as shown in Figure 2.10, while the rod
remains fixed in place. What is the change in the gravitational potential energy of the
system?

2 kg

[ ]

A 2 kg
[ ]

2m
Im

4 kg A 4 kg
3m 3m

FIGURE 2.10: Determining the change in gravitational potential energy associated
with the reconfiguration of the objects in a system.

It follows from Equation 2-4 that the change in the gravitational potential energy of this
system is equal to the product of the mass of the point particle and the change in the
gravitational potential experienced by that point particle.

AU =mAV (2-5)
g g

The change in the gravitational potential experienced by this point particle is the differ-
ence between the final and initial values® of the gravitational potential experienced by
this point particle.

) =), ),

(V )md,,- —_1.23x 10-1°ki

¢ g

9 We will use the subscripts fand i to denote final and initial values of variables.
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) —213x 10701
& /rod, f kg

Hence,

A(Vg)md - 9x 10-“kig

Therefore, according to Equation 2-5, the change in the gravitational potential energy
for the system for this movement of the point particle is

AU, =(2kg)| -9x10°" ~| - AL, = -18x107% F

J
&

Of course, we would have obtained the same result had we considered the point particle
to remain fixed and the rigid rod to be moving.

2-5 Gravitational Field
An expression for the gravitational force is found by substituting Equation 2-1 into

Equation 1-1; because the gravitational potential is spherically symmetric we will use
Equation B-7 for the gradient.

- - oU 10U ). 1 dU. ).
£ ¢ £ or r 096 rsin® 0@

_ 0 m m 10 m m A 1 o m . m
F - —— _G A B " - —G A°B 9 _ v _G 4" A
€ ( ar( r J]r ( r 80( r ]] +( rsin@ a(p( r ]}D
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Fg :(—G L B]f (2-6)
r

The unit vector f in Equation 2-6 points along an
axis extending through the two point particles and
for each point particle away from the other point
particle (see Figure 2.11). Therefore, the negative

sign in Equation 2-6 indicates that the gravitational  FIGURE 2.11: Definition for the unit vector in

force will always pull objects toward each another. Equation 2-6.

We see from Equation 2-4 that the gravitational
force acting on a point particle can also be expressed in terms of the gravitational po-
tential experienced by the point particle.

F=-VU = F:—v(mv) = F =—mVV (2-7)
g b4 g 8 g g

Specifically, the gravitational force is proportional to the gradient of the gravitational
potential. The negative sign in Equation 2-7 indicates that the direction of the gravi-
tational force acting on the point particle will always cause the point particle to move
toward lower gravitational potential. This is consistent with the principle of minimum
potential energy'® which states that systems will always arrange themselves in order to
minimize their total potential energy**.

Example 2-6

Problem: What is the gravitational force experienced by the 2 kg point particle
in Figure 2.9?

Solution: The gravitational potential of the rod was determined to be

(1), === =l —=

SR (R

od

10 This is a restatement of the 2nd law of thermodynamics.
11 Recall from Equation 2-4 that gravitational potential is directly proportional to gravitational potential
energy.
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From Equation 2-7, we have

F=-m _ V(V )

g particle &/ rod
The gravitational potential depends upon only the distance y separating the
point particle from the rod; all of the other variables in the equation, such as the
length of the rod, are constants. Since the gravitational potential is expressed
in terms of rectangular coordinates we will use Equation B-5 to determine the
gravitational force acting on the point particle.

] 2 - (2 5af 2 :
om0 (G ()

2 2
AU (AL

. d 2GM 2 .
F1g = _mparticlea_ - L ol ln Y 1 Y
y rod (L2 + 4y2 )5 _ L
rod rod
Fvg —| _ ZGmparticle mdl j}
y(LiOd + 4y2)5

Substitution gives us

2(6.67 x 107" i“j)(zkg)@kg)
F=|- g P

g (2m)((3m) + 4(2m))

—

F =-(1.07 x 107"°N) 3

N[ =
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The negative sign in our solution indicates that the direction of the gravitational
force is directed toward the rod*2.

The gradient of the gravitational potential in Equation 2-7 is referred to as the gravita-
tional field.

Gravitational field: an intrinsic property of mass that describes the alteration of
space associated with mass. The gravitational field is a vector quantity obtained
from the gradient of the gravitational potential.

The gravitational field, denoted by §, can be expressed as
§=-vv, (2-8)

For example, the gravitational field surrounding a point particle can be found through
the substitution of Equation 2-2 into Equation 2-8 using Equation B-7.

Lol laler el o

g= (—Gﬂz)f (2-9)

As shown in Equation 2-9, the magnitude of the gravitational field surrounding a point
particle is inversely proportional to the square of the distance away from the particle;
the units of the magnitude of the gravitational field are typically expressed as N/kg.
Thus, the magnitude of the gravitational field is measure of the gravitational force per
unit mass. Furthermore, since the unit vector I in Equation 2-9 points away from the
point particle, the direction of the gravitational field is always towards the particle. This
makes sense since the gravitational force will always cause two objects to move toward
each other.

The gravitational field surrounding a point particle is shown in Figure 2.12. In this
representation, the direction of the gravitational field at several positions is indicated

12 See the definition of the reference frame for the system in Figure 2.8.
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..........
---------

““““

. ‘.

by the direction of an arrow and the magnitude g
of the gravitational field by the length of the ar- I ....... _
row. As shown in Figure 2.12, and as follows from e e ‘p
Equation 2-8, the direction of the gravitational \ /
field at any position is always perpendicular to N i Lou R
the equipotential surface for the gravitational po- . . :f \: ®
tential associated with that position and always \“/ HE
points towards lower gravitational potential. N
In a certain sense, objects are sensitive to " / \
the gravitational fields around them since these e &
fields indicate both the magnitude and the I ..... :

direction of the object’s response to the gravi-
tational potential at its location. In other words,
they indicate how the object will move so as  FIGURE 2.12: The gravitational field at various locations
to minimize its gravitational potential energy. (black circles) around a point particle. All locations on
Indeed, we see from Equation 2-7 and Equation Lhoieiz:ir;e dashed line are at the same gravitational
2-8 that the force of gravity acting on a point :

particle is equal to the product of the particle’s

mass and the gravitational field experienced by the particle.

F = mg (2-10)

g

It follows from Equation 2-10 that the gravitational field at any location is the accelera-
tion due to gravity that a point particle would experience at that location. If the only force
acting on the point particle was the force of gravity, then from Newton’s 2nd law we have

F,=ma — mg=ma — g=a

This result is also consistent with the units of the magnitude of the gravitational field.

Thus, in addition to being a measure of the gravitational force per unit mass at a given
location, the gravitational field is also a measure of the acceleration due to gravity at
that location.
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Just as the gravitational potential of a system of point particles is the summation of
the gravitational potential from each of the point particles, the gravitational field of a
system of point particles is the summation of the gravitational field of each of the point
particles.

Example 2-7

Problem: Three point particles, A, B, and C, with masses m, = 3 kg, m, = 9 kg,
and m_ = 6 kg, are arranged as shown in Figure 2.13. What is the gravitational
field at the position P due to these particles?

y (m) Solution: The gravitational field at the posi-
| | tion P is the sum of the gravitational fields
o4+ AG AL from each of the point particles at that loca-

tion. Furthermore, from Equation 2-9, we
know that the gravitational field for each

14+ Q ,,,,,,,,,,,,,,,, Q ,,,,,,,,,,,, point particle is directed toward the point
B C particle. Thus, for the reference frame shown
: in Figure 2.13 we have
I I x (m)
1 2 -
ndm g
— 11 A
FIGURE 2.13: The system of three point particles in gA,p :(6-67X10 F) P (_x)
Example 2-7. g (lm)

The variable g, , in this equation is the gravitational field at P caused by par-
ticle A. Simplifying this equation gives us

- 2o N
g.p= (—2.0 x 10 “’E)x

Similarly,

- nJ 9k o) A . o\ ~
2,0 2(6.67 < 107" k;] (lm)z -ljlm)z (—(cos45 )x—(Sln45 )y)
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Eup= (—212 x 107" £)£+(—2.12 x 1070 E)ﬁ
7 kg kg

- —11J_m 6kg o
gC’P_(6.67><10 kg2] (im) (-5)

_ 0 N ).
8cp =(—4.0 x 10 mk_g]y

The net gravitational field at point P is thus

gnet,P = gA,P +gB,P +gC,P

N N
g ., :(—2.0 X 1010—);24{—2.12 X 10“’—))2
kg kg

212x100 X P+ 40x10 N P
k k

£ g
Gr= 412x10 N i 4 .12 x 100 X |
net, kg kg

The net gravitational field and the indi-
vidual gravitational fields from the point
particles are shown in Figure 2.14.

Example 2-8

Problem: Three point particles, A, B, : : x (m)

and C, with masses m, = 3 kg, m, = 9 kg,
and m, = 6 kg, are arranged as shown in  FIGURE 2.14: The net gravitational field at the
Figure 2.13. What is the gravitational field position P is the summation of the gravitational

experienced by particle A? What is the fleld's at 'Fhe position P from each of the point
particles in the system.
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gravitational force acting on particle A? What is the gravitational potential
experienced by particle A?

Solution: The gravitational field experienced by particle A is the summation

of the gravitational field from particle B and the gravitational field from par-
ticle C.

—

gnet,A = gB,A +gC,A

§3A2(6.67><10‘“J—n:) ke 1.5) > gBA=(—6.0><10-1°£)9
’ kg (lm) ’

~ o 6k f (o .
8c =(6.67 x 107" k:;) (1m)2 -jlm)z ((cos45°)x—(sm45°)y)

e 2(1-4 X 10_1°£]i+(—1.4 X 10‘1°£))7
j kg kg
Thus,
g =-60x10" 50| 1ax10m X ief crax 10 N5
- kg kg kg

g :(1.4 x 107" E}H(—M X 1o-l°£)y
kg kg

The gravitational force experienced by particle A is found using Equation 2-10.

B} ) ) ) oy
(Fg)m,A I (Fg)net,A = (3kg)((1'4 <10 101<_z‘%)x+(_7.4 x 107" —)yJ

kg
(Fg)w =(42x10™""N)i+(-22x 10°N)p
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The gravitational potential experienced by particle A is the sum of the
gravitational potential from particle B and the gravitational potential from
particle C.

() =—(6.67><10“an) Oke | bke 1
net,A kg Im 5 2\,
((m) +(1m) )

(Vg) _ g83x 10701

net, A kg

Since the gravitational field is determined from the gradient of the gravitational potential,
many gravitational potentials can be associated with the same gravitational field. For
example, the gravitational potential surrounding a point particle could be written as
Equation 2-2 plus any constant scalar, denoted as C.

’

v/ =v,+C - g=-V(V,+C) - g=-V¥,-VC

g

Since the gradient of a constant is zero, the gravitational field associated with this defi-
nition of the gravitational potential is the same as Equation 2-9.

VC=0 — g=-VV, - g:—i(—c;ﬁ)f - g:(—Gﬁzjf

or r

www.EngineeringBooksPDF.com



40

THE ENERGY OF PHYSICS, PART II: ELECTRICITY AND MAGNETISM

This makes sense to us since we remember from classical mechanics that it is only a
change in energy, and not the absolute value of the energy, that is important for kine-
matics. For example, the acceleration of a system was found through differentiation of
the equation for the energy of that system. Furthermore, since changes in energy are
independent of the zero-point of the energy, the associated forces responsible for the
acceleration of the system (through Newton’s 2nd law) must also be independent of the
zero-point of the energy.

Therefore, it is most accurate to say that our definition of the gravitation field in
Equation 2-9 represents the fundamental and measurable quantity (through its associ-
ated force in Equation 2-10), and the gravitational potential defined in Equation 2-2
represents only one possible gravitational potential. By writing the gravitational po-
tential using Equation 2-2, we have specifically chosen to define the zero-point for the
gravitational potential to occur infinitely far away from the point particle. Only with
this additional specification can we write down a unique equation for the gravitational
potential®®,

Indeed, we can also express the relationship between gravitational field and gravita-
tional potential in Equation 2-8 as Equation 2-11%,

AV, = _Jg. 45 (2-11)

The differential vector dsin Equation 2-11 is a small displacement through the
gravitational field. Writing the relationship between field and potential this way
best conveys the concept that the gravitational field or a change in gravitational
potential are the physically relevant quantities for describing the gravitational
interaction.

We can use Equation 2-11 to define the gravitational potential surrounding a point
particle. Specifically, we define the gravitational potential surrounding a point particle
to be zero when measured infinitely far away from the point particle.
Jgeds=b, () (=) - ~[z-ds=v,(r)-0

oo

4, (r)=[-as

13 We will return to this discussion again when we learn about the fields and potentials associated with
the electric and magnetic interactions.
14 See Section C-3 for the derivation of Equation 2-11.
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Substitution of Equation 2-9 into this expression gives us'®

7

Vg(r):—I[(—Gﬂz)f]-[(dr)f+(rd9)é+(rsin9d(p)q”)] 5 Vg(r):(gm)ﬂd_j)

-V, (r)=—G%

As anticipated, this result is identical to Equation 2-2.

Example 2-9
_ _ o -100J/kg  -200 J/kg
Problem: What is the average magnitude of the gravitational
field between the two equipotential surfaces of the gravita-
tional potential in Figure 2.15?
Solution: Although the magnitude of the gravitational field at all 4m
positions in-between the two equipotential surfaces of the gravi-
tational potential cannot be determined from the information
given in the problem, we can nevertheless determine an average  FIGURE 2.15: The two equipoten-
. e . . . tial surfaces in Example 2-9.
magnitude for the gravitational field across the entire separation
distance between the two surfaces using Equation 2-11.

AL

AV, =—[gedi - AV, =—(g, )([&5) > av,=—(g,,)(a5)

Let’s define the origin of the s-axis in this reference frame to be at the —100 J/kg
equipotential surface. The positive direction for the s-axis will point toward
the —200 J/kg equipotential surface. Let’s further assume that the direction of
the gravitational field is the same as the direction of the s-axis. Then,

AV

()= o g,

15 Since Equation 2-9 is spherically symmetric we will use spherical coordinates to define the differential
displacement (Section B-5).
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Substitution gives us

—200J—(—100J)
kg kg

4m-0m

N
— g =25—
avg kg

gavg ==

The positive direction in our result indicates that the direction of the gravi-
tational field is indeed the same as the direction of the s-axis. Therefore, the
gravitational field points from high gravitational potential to low gravitational
potential, as expected®®.

Finally, we note that the gravitational field is called a vector field.

Vector field: a mathematical function or operation that assigns a vector value to
every point in a region of space.

In addition to the gravitational field, another example of a vector field is the wind veloc-
ity in different towns and cities in a state.

2-6 The Gravitational Field for Continuous
Distributions of Mass

The gravitational field for a system consisting of a continuous distribution of mass is
determined from the gravitational field of each infinitesimal bit of mass that constitutes
the system. Each infinitesimal bit of mass can be modeled as a point particle whose gravi-
tational field is calculated using Equation 2-9. Specifically, if the infinitesimal mass of one
of these “bits” is dm, then the gravitational field associated with this bit is

dg:(_cd_T)f
r

16 Notice that —200 J/kg is a lower gravitational potential than —100 J/kg.
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In this equation the variable r is the distance between dm and the location where the
gravitational field is measured. The total gravitational field from the distribution of
mass is determined by summing the gravitational field of each infinitesimal bit of mass;
since these bits of mass are so small, this summation is an integral.

_ _ ~ dm , ;
g=Jdg — g:—G( r—zr) (2-12)

Let’s revisit the system shown in Figure 2.5 consisting of a thin, rigid, and uniformly
dense rod of length L and mass M. We can now use Equation 2-12 to determine the
gravitational field at the position P. As shown in Figure 2.16, the gravitational field is the
sum of the gravitational field from each “bit” of mass that constitutes the rod.

>

x=0 +X X =L+d
| |

! dm = Adx dg 1p
i N ' €<
X r = L+d-x Y

FIGURE 2.16: The net gravitational field at the position P is the sum of the gravitational field at point P from each
bit of mass constituting the rod.

Let’s define a reference frame for this system with an x-axis parallel to the length of the
rod, with an origin at one end of the rod and a positive direction pointing from the rod to
the position P. With these definitions, the infinitesimal gravitational field at the position
P associated with an infinitesimal bit of mass dm located at position x is

dg:(c;d—m)(—)e) S odg=-|G—E i

r’ (L +d- x)2
The net gravitational field at the position P is
L L
_ _ - Ad. . - d. .
gz_[dg - g= J. ¢—22 1z > g= —Glj—xz X

0 (L+d—x)2
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L
L
BRI () PO _Gz(_] ;
. d(L+d)

GM |.

)

It is worth noting that this result gives a reasonable prediction in the limit of large
values of d.

d>L — gz(—(?}e
In other words, when viewed from large distances the rod appears to be a point particle,
as expected.

We also could have obtained this solution from the gravitational potential deter-
mined in Section 2-3. In order to apply Equation 2-8, let’s first rewrite that expression
for the gravitational potential using a variable “x” for the separation between the rod
and the observation point rather than the fixed distance “d". This allows us to express
the gravitational potential for an arbitrary separation distance as

V =GAln| —=
g L+x

Since this gravitational potential is expressed in terms of rectangular coordinates we

will use Equation B-5 to determine the associated gravitational field using Equation 2-8.

v, I
Y Fy . 4o —G/I(L”] B S N |
dy 0z X (L+x) L+x
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This is the equation for the gravitational field of the rod as a function of the separation
distance from the rod. The gravitational field when x = d is

- GM -
x=d - g=|-—F——=|x
d(L+d)
This is the same solution derived previously, as expected.

Example 2-10

Problem: A uniformly dense, thin rod with a total
mass M is bent into a semicircular arc with radius
R as shown in Figure 2.17.
The position P in Figure 2.17 is equidistant from
all points on the arc. What is the gravitational po-
tential at the position P? What is the gravitational Pe < >
field at the position P? R

] o . FIGURE 2.17: A uniformly dense semicircular arc.
Solution: The gravitational potential can be de-

termined using Equation 2-3. For this calculation,
let’s define a reference frame for the system with
an origin at the position P, as shown in Figure 2.18.

v,=[av, - ng—doTm - Vg:—%jdm

The integral in this equation is simply the total
mass of the arc.

M FIGURE 2.18: The location of an infinitesimal bit
Jdm =M = V =-G= of mass that constitutes a uniformly dense semi-
g R circular arc.
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This expression for the gravitational potential makes sense since all of the mass
constituting the rod is at the same distance (the radius R) from the position P.

The gravitational field of the arc at the position P can be calculated using Equation
2-12. We can express the integral with respect to mass in this equation as an in-
tegral with respect to the circumference of the rod. We can further simplify this
calculation by independently determining the x-axis and y-axis components of the
gravitational field.

As shown in Figure 2.19, we can relate the magnitude of the x-axis component
of the gravitational field to the magnitude of the gravitational field using
trigonometry.

COSQ:(iIg;x - (dg)xzdgcose - (g)xzjdgcose

(0= ][0 )eoso > () =][(622 oo

0

(). =2 Jeosodo (s), = Z(sinel}) — (s),=0

Of course, we could have anticipated that the x-axis component of the gravita-
tional field at the position P is zero, since this point lies along a line of symmetry
of the arc. In other words, there is just as much mass in the rod to the left of
position P as there is to the right of positon P.

dm =Ads = ARd6O

a9,
L, o
+X +X

FIGURE 2.19: Determining the gravitational field for each bit of mass constituting the arc in Example 2-10.
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We can use a similar approach to determine the y-axis component of the gravi-
tational field.

dg
sin@z(dg)y — (dg) =dgsind — (g) = Jdgsin6

Y dm) . * CARdO .
(g)yz!(GR—T)sme - (g)y:_([(G e Jsm@

GA . GA "
(g)y:?‘o"smed@ - (g)y:?(—cose‘o) - (g)y:T

Substitution of the linear mass density of the rod gives us

1= () =2G(ﬂ£R)

Hence, the gravitational field at the position P is
_ [2GM) .,
TR )

As anticipated, the gravitational field points in the positive y-axis direction (i.e.,
toward the rod, as shown in Figure 2.19).

Finally, let’s calculate the gravitational field of the Earth close to the surface of the
Earth. Recall from classical mechanics that the gravitational potential energy of a point
particle of mass m at a height y above the surface of the Earth was approximated by the
following equation:
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In this equation, the variables M, and R, are the mass and radius of the Earth, respec-
tively. Thus, near the surface of the Earth the gravitational potential and gravitational
field of the Earth are approximately

E
g 2 y

Ug ME M
V=—ft - V =-G—L+G
m

Since this gravitational potential is expressed in terms of rectangular coordinates we
will use Equation B-5 to determine the associated gravitational field using Equation 2-8.

. v . M. ). )
I - R B e e
Jdx Oz R,

In this equation, the variable g is commonly referred to as the acceleration of gravity.

m
=G—L=98—
& Rz s

We see that near the surface of the Earth the gravitational field of Earth has a constant
magnitude and always points down toward the surface of the Earth. Under this approxi-
mation we say that the Earth’s gravitational field is uniform.

Uniform field: a field that is constant over a region of space. For a scalar field,
the value of the scalar is constant. For a vector field, the magnitude and direc-
tion of the vector are constant.

2-7  The Bohr Model for the Hydrogen Atom, Part I

One of the earliest physical models for the atom, referred to as the Bohr model,
consists of the electrons!’ in the atom orbiting the nucleus of the atom in the same
way the planets in the solar system orbit the Sun'®. For the hydrogen atom, there is

17 We will talk more about these particles in Chapter 3.
18 Of course we know from classical mechanics that all the objects in the system are actually orbiting the
center of mass of the system.
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only one electron and the nucleus consists of only one proton. Since the mass of the
proton (1.67 X 10-%7 kg) is so much larger than the mass of the electron is (9.11 X
1073 kg), we can consider the proton to remain effectively stationary as the electron
orbits it.

Anet force must act on the electron to give rise to the centripetal acceleration required
for the electron to orbit the proton. If this net force is the force of gravity acting between
the two particles, we have

2 m m 2
— electron electron " proton _ electron
gelectron melectron - G 2 = electron
orbit orbit orbit
mprot()n 2 mproton ?
G R — Velectron - Velectron - G R
orbit orbit

Let’s assume the radius of the orbit of the electron (R, in this expression) is 50 pm*’.
The speed of the electron would then be

[6.67 x 107" 1?2](1.67 x 107kg]
o = g - v, =+47x10™ o
electron 50 % 10—12m electron S

The (£) sign in our solution reminds us that the electron can orbit the proton clockwise
or counterclockwise. We could equivalently determine the angular speed of the electron
to be

_94x 10~

electron
S

Therefore, the period of the orbit (the time required for the electron to complete one
orbit of the proton) is

19 At this point, we don’t have any basis to make predictions/assumptions about the radius of an atom.
We will introduce some experimental justification and associated theories for the radius of an atom in
subsequent chapters.
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2
=T, T —67x10%

electron electron
electron

According to this calculation it would take the electron almost two hours to orbit the
proton. Somehow, intuitively, that seems a bit slow. We will therefore add modifications
to the Bohr model in subsequent chapters in order to obtain a more “realistic” descrip-
tion of the motion of the electron in an atom.
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Summary

« Gravitational potential energy: energy associated with the gravitational inter-
action between two objects. For two point particles, A and B, this energy is
mAmB

U =-G

8 7

The gravitational potential energy of objects near the surface of the Earth is
U,= (Ug )o + mgy

e Scalar field: a mathematical function or operation that assigns a scalar value to
every point in a region of space.

¢ Vector field: a mathematical function or operation that assigns a vector value (i.e.,
magnitude and direction) to every point in a region of space.

¢ Gravitational potential: an intrinsic property of mass that describes the
alteration of space associated with mass. The detection of the gravitational
potential of one object by another object is the origin of the gravitational in-
teraction (potential energy and force) between the two objects. Gravitational
potential is a scalar field and can be considered to be the gravitational potential
energy per unit mass. The gravitational potential surrounding a point particle
with mass m is

v =-¢Z

8 r

The gravitational potential for a continuous distribution of mass is given by

v, :—doT’"

* The gravitational potential energy associated with the gravitational interaction
between two point particles is equal to the product of the mass of one of the par-
ticles and the gravitational potential of the other particle at that location.

U =mV
g

g
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e The gravitational force acting on a point particle is equal to the product of the

mass of the particle and the gradient of the gravitational potential experienced by
the particle.

F =-mVV
g g

¢ Gravitational field: an intrinsic property of mass that describes the alteration of

space associated with mass. The gravitational field is a vector field obtained from
the gradient of the gravitational potential.

§=-v,

The gravitational field surrounding a point particle is

The force of gravity acting on a point particle is equal to the product of the par-
ticle’s mass and the gravitational field experienced by the particle.

F =mg

The gravitational field can thus be thought of as the gravitational force per unit mass.

e The gravitational potential and gravitational field of a system of point particles is

the summation of the gravitational potential and gravitational field, respectively,
of each of the point particles in the system.
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¢ Uniform field: a field whose magnitude and direction and constant over a given
region of space.

Problems

What is the gravitational potential of the Sun (1.99 X 10%° kg) measured at a dis-
tance corresponding to the orbit of the Earth? The distance between the Sun and
Earth is 1.5 X 10! m. You can assume that the Sun is effectively a point particle
when viewed from this distance.

What is the gravitational potential energy of the interaction between the Sun
(1.99 X 10%° kg) and the Earth (5.97 X 10?* kg)? The distance between the Sun and
Earth is 1.5 X 10''m. You can assume that both the Sun and the Earth are effectively
point particles for this interaction.

P
A system consists of two point particles, A and B, sepa- by
rated by a distance of 3 m as shown in the figure. The
mass of particle A is 8 kg and the mass particle Bis 10 am
kg. What is the gravitational potential of this system at
the position P?

AQ<———0B

A system consists of three identical point particles, 3m
A, B, and C, as shown in the figure. The mass of each
particle is 30 kg. What is the gravitational potential of c
this system at the position P? @

3m

e p
3m
AQe——r—>QB
8m
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[ Jav]

A system consists of a thin and uniformly dense rod of length
L and mass M, as shown in the figure. What is the gravitational
potential of this system at the position P that is a distance y
“above” one end of the rod?

What is the gravitational potential at the center of a uni-
formly dense, thin ring of radius R and total mass M, as
shown in the figure?

What is the gravitational potential at the position P, a P
distance z away from the center of a uniformly dense e
ring along the central axis of the ring, as shown in the
figure? The total mass and radius of the ring are M
and R, respectively.

f'—'—&H"
| ;U\|/ ..:::‘:
4 .j_}.
) j

DH‘\'—.n -
A system consists of two thin and uniformly L -
dense parallel rods of length L and mass M, as | 1
shown in the figure. What is the gravitational
potential energy of this system? y
| 1
L
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9. The gravitational potential a distance z away from a distribution of mass has the

10.

11.

following equation:

What is the gravitational field associated with this distribution of mass?

Two identical 10 kg point particles are  ym)
located as shown in the figure. What is
the gravitational field at the position P? 2
Express your answer in terms of the x-axis

1

and y-axis components of the gravitational
field using the reference frame shown in

o

>f\

O
o

the figure.

What is the gravitational field at a point P that
lies on the perpendicular bisector between two
identical point particles, as shown in the figure?
The mass of each point particle is M. Express
your answer in terms of the x-axis and y-axis
components of the gravitational field using the
reference frame shown in the figure.

B
x (m)
1 3
P
°
ty
+X
AQ—r— 0B

2d

www.EngineeringBooksPDF.com

55



56

12.

13.

14.

THE ENERGY OF PHYSICS, PART II: ELECTRICITY AND MAGNETISM

A system consists of a thin and uniformly dense
rod of length L and mass M, as shown in the figure.
What is the gravitational field of this system at the
point P that is a distance y “above” one end of the
rod? Express your answer in terms of the x-axis
and y-axis components of the gravitational field
using the reference frame shown in the figure.

What s the gravitational field at the center of a uni-
formly dense thin ring of radius R and total mass
M? Express your answer in terms of the x-axis and
y-axis components of the gravitational field using
the reference frame shown in the figure.

A system consists of two identical
point particles, each with a mass of
10 kg, separated by a distance of 2
cm, as shown in the figure. These 1cm

P
®

A

ty

+X

1cm

two particles are fixed in place. A

A

third point particle, with a mass of
2 kg, is oscillating along the per-
pendicular bisector between the
two fixed point particles. When the
amplitude of these oscillations is

> @

small, this oscillation will be simple
harmonic. What is the correspond-
ing frequency?
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CHAPTER

Electric
Interaction

3-1 Introduction

In this chapter we will introduce a new interaction, the
electric interaction, which has an associated potential,
potential energy, field, and force. While the gravita-
tional interaction between two objects is a function of the
masses of those objects, the electric interaction between
two objects depends upon the electric charges of those
objects.

3-2 Electric Charge

Electric charge, like mass, is an intrinsic property of mat-
ter; the SI unit for electric charge is the coulomb, denoted
by C. Unlike mass, however, electric charge has two vari-
eties: positive and negative. Furthermore, electric charge

57
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is quantized, meaning that it occurs only in integer multiples of a small unit, typically
referred to as the fundamental electric charge, denoted by e.

e=16xX10""C

The electron has an electric charge of —e and the proton® has an electric charge of
+e. The net electric charge of an object is the sum of the positive and negative electric
charges possessed by the object. Negatively electrically charged objects have a net nega-
tive electric charge, positively electrically charged objects have a net positive electric
charge, and neutral objects have no net electric charge.

Example 3-1

Problem: What is the net electric charge of an object that has 3 protons and
4 electrons?

Solution: The net electric charge is the sum of the electric charges possessed
by the object.

3(e)+4(-e)=—e

The object has a net electric charge of —e.

As demonstrated by the calculation in Example 3-1, we must always carefully distin-
guish between the electric charges possessed by an object and the net electric charge
of that object. An object like the Earth might have as many as 10°° protons, but still be
electrically neutral if it contains an equal number of electrons.

Furthermore, the terminology “positively electrically charged” or “negatively electri-
cally charged” can be cumbersome. Instead, we will often simply refer to an object with a
net electric charge as being “charged”. Thus, an object with a net positive electric charge
will be referred to as a positively charged object, and an object with a net negative electric
charge (such as the object in Example 3-1) will be referred to as a negatively charged object.

1 It is worth noting that protons, as well as many other subatomic particles, are composed of smaller
particles called quarks that possess electric charges that are a fraction of e.
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Another fundamental property of electric charge is that it can neither be created nor
destroyed. This is referred to as the conservation of electric charge.

Conservation of electric charge: electric charge can neither be created nor de-
stroyed. Thus, the total electric charge for an isolated system is constant.

It is important to remember that electric charge is not a substance itself, but rather a
property of matter. And although we do not know exactly what electric charge is, we can
nevertheless explain how it behaves.

3-3 Electric Potential

In the same way that we say every bit of mass is associated with a gravitational potential
that permeates the space around it, we say that every electric charge is associated with
an electric potential that permeates the space around it.

Electric potential: an intrinsic property of electric charge that describes the
alteration of space associated with electric charge. The detection of the elec-
tric potential of one charged object by another charged object is the origin of
the electric interaction (potential energy and force) between the two objects.
Electric potential is a scalar field.

The electric potential surrounding a charged point particle, denoted by V, is defined in
Equation 3-12.

y =4 (3-1)
¢ Adrmeyr

In equation 3-1, g denotes the net electric charge of the point particle, r is the distance
from the point particle, and the constant g is the permittivity of free space (also called
the vacuum permittivity), which is

2
12C

g, =885x107
m

2 We will discuss the origin of this equation in Section 3-6.
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The units of electric potential are energy divided by charge (]J/C), which is also called a
volt, denoted by V.

vo1lo Mm
c C

The electric potential can be considered to be a measure of the electric potential energy
per unit charge similar to how the gravitational potential is the gravitational potential
energy per unit mass.

Example 3-2

Problem: What is the electric potential of a point particle with a net electric
charge of —2 nC at a distance of 5 m from the particle?

Solution: According to Equation 3-1 the electric potential is

-9
- 2x107C
e C2
47{8.85 x 107" )(Sm)
Jm
V =-3.6V

e

Electric potential is different from gravitational potential in that while there is only one
type of mass, there are two types of electric charge (positive and negative). Thus, while
the gravitational potential is always negative, the electric potential can be positive or
negative. Furthermore, as with gravitational potential, the electric potential of a sys-
tem of point particles is the summation of the electric potential from each of the point
particles.

Example 3-3

Problem: Two charged point particles, A and B, are separated by a distance of
30 cm as shown in Figure 3.1.
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The net electric charge of particle A is +2 nC
and the net electric charge of particle B is —4 A 30 cm B
nC. At what position in-between the two point O < > O
particles is the electric potential of this system

+2 nC -4 nC

SOlu.tmn: The net electric p.()tentlal (?fthls Y™ FIGURE3.1:The system of two charged point particles
tem is the sum of the electric potential of each  in Example 3-3.

of the point particles. Thus, from Equation 3-1

we have

_ q, n qp
47t80rA 471'80rB

). =), +n), = V),

The variables r, and r, in this equation denote the dis-
tances from particle A and particle B, respectively, to A
the position where the electric potential is observed O

30cm

B
o

or measured. As shown in Figure 3.2, for all positions & 7' >
in-between the two particles the distances r, and r, r A rB

are related by the total separation of the two particles.

FIGURE 3.2: Determining the electric poten-
tial for a position (black circle) in-between
the two charged particles constituting the
system in Example 3-3.

v, =30cm — vy =3Ocm—rA

Substitution of this relationship then gives us

__ 4 s
(Ve)ner - 4”80”/1 * 477,'80 (3001’1’1—7"A)

We can now solve for the value of r, corresponding to a net electric potential

of zero.
(V) 0 — 0=—Ta_ 95 > da__ 95
¢/ net dne r, 47:80(300m—rA) r, 30cm—r,
2x107°C
rA:—(3Ocm)( 94 } - rA:—(30CH1)( _;< > J
q9,—4, —4x107C-2x10"C
r,=10cm
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The system will have a net electric potential of zero in-between the two par-
ticles at a distance of 10 cm from particle A.

According to Equation 3-1, an electrically neutral object will have an electric potential
of zero. This occurs because the electric potentials of all of the positive and negative
electric charges constituting the object cancel each other out. This is similar to the
calculation in Example 3-3 in which an electric potential of zero existed at a specific po-
sition in-between the two charged point particles. For neutral objects, this cancellation
occurs at all locations so the net electric potential is zero everywhere. This is also why
it is only the net electric charge of an object that is used for calculating the net electric
potential surrounding that object.

3-4  Electric Potential for Continuous Distributions of
Electric Charge

The electric potential for a system consisting of a continuous distribution of net electric
charge is determined from the electric potential of each infinitesimal bit of net electric
charge that constitute the system. Each infinitesimal bit of net electric charge can be mod-
eled as a charged point particle whose electric potential is calculated using Equation 3-1.
Specifically, if the net electric charge of one of these infinitesimal “bits” is dg, then the
electric potential associated with this bit is

av. =%
¢ Ameyr

The variable r in this equation is the distance between dq and the location where the
electric potential is measured. The total electric potential from the distribution of net
electric charge is thus determined by summing the electric potential of each infinitesi-
mal bit of net electric charge; since these bits of net electric charge are so small, this
summation is an integral.

d 1 d
I A el RN 2

far, > = (e

47r£0r
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TABLE 3-1. Variable substitutions for integrals involving differential electric charge

Type of integral Density used Relation to dgq Units
linear integral A (linear net electric charge density) dg=Aedx C/m
area integral o (area net electric charge density) dqg=0+dA C/m?
volume integral p (volume net electric charge density) dg=pedV C/m?

The integral in Equation 3-2 is typically simplified by relating dq to an infinitesimal
measure of distance, area, or volume using the appropriate net electric charge density

(Table 3-1)3.

Example 3-4

Problem: The system shownin Figure 3.3
consists of a thin and uniformly charged
rod of length L and net electric charge Q.
What is the electric potential of the rod
at a distance d from one end (ie., at the
position P in Figure 3.3)?

&
[ 1 €

63

FIGURE 3.3: Determining the electric potential from a uni-

formly charged rod.

Solution: Since the rod is uniformly charged, the net electric charge density
of the rod is constant throughout the rod. This allows us to express the infini-
tesimal amount of net electric charge in Equation 3-2 in terms of the linear net

electric charge density of the rod and an infinitesimal distance along the rod,

dx, as shown in Figure 3.4.

In Figure 3.4, we have defined an
x-axis to be parallel to the length of the
rod, with an origin at one end of the rod
and a positive direction pointing from
the rod to the position P. With these
definitions, the integral with respect to
net electric charge in Equation 3-2 can
be written as an integral with respect
to the length of the rod.

dq = Adx

X =L+d
1

! X r =L+d-x

. AP

FIGURE 3.4: Determining the electric potential from each bit of

net electric charge constituting the rod in Figure 3.3.

3 This is exactly how the integral in Equation 2-3 was simplified.
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V =—-
¢ dme,” r 4me

Performing the integration gives us

~2 L
Vv, :Fgo(ln(L+d—x)‘o)

I (dq lj-/ldx A
0

We then arrive at the final answer by substituting for the net electric charge density.

129 5 v Q@ (9 L v Qe
L el |\ L+d 4re,L d

)

The solution to Example 3-4 demonstrates that calculations of the electric potential
for uniformly charged objects are basically identical to calculations of the gravitational
potential for uniformly dense objects. This is a consequence, of course, of the similarity
between Equation 2-3 and Equation 3-2. Indeed, we can convert back and forth between
solutions for these calculations by replacing the total mass of the distribution with the

: o : 1
net electric charge of the distribution and the constant -G with e 4,
TE
0

Example 3-5

Problem: A system consists of a thin and uniformly charged
rod of length L and net electric charge —Q, as shown in
Figure 3.5.

What is the electric potential of this system at the
position P that lies on the perpendicular bisector of
the rod?

4 You might wonder why the constant
4ne,

T

L

FIGURE 3.5: The uni-
formly charged rod in
Example 3-5.

for the electric interaction isn’t written more simply, as the

constant “—G” is written for the gravitational interaction. In addition to historical considerations, the main
reason why this is done is to simplify other formulas, some of which we will encounter later in this book.
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Solution: From comparison to the solution to Example 2-4 we know that the
answer is

Example 3-6

Problem: A system consists of a thin and uniformly

charged circular ring of radius R and net electric charge P

Q, as shown in Figure 3.6. °
What is the electric potential at the position P, a

distance z away from the center of the ring along the z

normal axis through the center of the ring?

65

o 2
o :
Solution: Since the ring is uniformly charged, we can \

divide the ring into infinitesimal bits of net electric

charge, dq, and determine the total electric potential R /

of the ring from the sum of the electric potential e e

from each of these bits of net electric charge using
Equation 3-2. This calculation is further simplified

. e e . . . . in Example 3-6.
since each infinitesimal bit of net electric charge is
the same distance from the position P, as shown in
Figure 3.7.
1 d 1
el Bl A [ da
dre, ” r , a0\
47r£0(R +z )2

The integral in this equation is simply the net electric charge of the ring.

[dg=0 — v = 2 ,

4re, (R2 +z* )5
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This result gives a reasonable prediction in the limit of large values
of z.

Q

z>>R - V=——T7F o V = O
me, (2] 4 4

In other words, when viewed from large distances, the ring
appears to be a point particle with net electric charge Q, as
expected.

FIGURE 3.7: Determining the
electric potential from the sys-
tem in Figure 3.6.

3-5 Electric Potential and Electric Potential Energy

The electric interaction between two charged point particles can be considered to arise
from each particle sensing (or reacting to) the electric potential of the other particle.
The electric potential energy of this interaction between two charged point particles is
simply the product of the electric charge of one particle and the electric potential of the
other particle.

U,=qV, (3-3)

Thus, the electric potential energy for a system of two charged point particles, A and B,
with net electric charges g, and g, is

U = 4495 (3-4)
e
dne r
It is important to emphasize that Equation 3-4 is valid only when the electric potential
is constant over the entire sizes of the objects, as in the case of the interaction between
two charged point particles®.

5 The same caution applies to Equation 2-4 for gravitational potential and gravitational potential energy.
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Example 3-7

Problem: What is the electric potential energy of the system of charged point
particles in Figure 3.1?

Solution: From Equation 3-4 we have

" (2><10*9c)(—4><10*"c) U —raxio)

e 47r(8.85 x 107" C—Z)(300m) e

Jm

Let’s consider a system consisting of two charged point particles, A and B, initially held
in place a distance r away from each other before being released. The electric potential
energy of this system is given by Equation 3-4. Differentiating this equation with respect
to the variable r gives us

W 48, gy = Ul g,

dr 4717801’2 ¢ 472?801”2

When released from rest the two charged particles will move in order to minimize
their total potential energy®. For decreases in the electric potential energy, we have

—qA—qidr<0 - qA—q%dr>O

dUu,<0 —
¢ dre,r dre r

Therefore, if the net electric charges of the two particles have the same (=) sign,
dr > 0 and the separation between the particles must increase for the electric potential
energy of the system to decrease. If the net electric charges of the two particles have
opposite (£) signs, dr < 0 and the separation between the particles must decrease for
the electric potential energy of the system to decrease. Hence, like electric charges repel
each other, and opposite electric charges attract each other.

6 This follows from the principle of minimum potential energy.
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Example 3-8

Problem: Two identical 20 g charged point
particles have the same net electric charge and
are suspended from the same point by massless
ropes of the equal length L as shown in Figure 3.8.
The entire system is in static equilibrium. What
is the net electric charge on each particle if
L=10cmand 8 = 30°?

Solution: At equilibrium, the total potential FIGURE 3.8: The systemin Example 3-8.
energy of the system must be a minimum. The
total potential energy of the system is

2
q

u =U+U — U =
¢ o 47r.90r

total total ~

+2mgy

The variable g in this equation denotes the net electric charge on each par-
ticle and the variable m denotes the mass of each particle. The horizontal
separation (r) and vertical position () of the particles can be expressed in
terms of the 0 and L using trigonometry. Let’s define the zero point of the
gravitational potential energy of the system to be at the horizontal surface
to which the strings are attached. Then, the total energy of the system can be
written as

2

S S 2mg(—Lcos 9)

el = 4ge, 2 LsinO

We can then find the minimum of this function through differentiation

2
total :O _q COSO

o 2 Y g g(Lsing)=0
d6 dme2Lsint0 C (£sind)

Solving for g gives us

1
167, mgL* sin’ 9}2

cos@

g’ cos@
dre 2L sin* @

= 2mg(Lsin9) - q =[

www.EngineeringBooksPDF.com



CHAPTER 3: ELECTRIC INTERACTION 69

Substitution then yields

2

167:(8.85 x 107" JC;J(O.OZkg)(QZ%I?)(O.lm)Z sin®(30°)
S

q:

cos30°

q=+354nC

We cannot determine whether the net electric charge on each particle is posi-
tive or negative.

If the two charged point particles in Figure 3.1 were released from rest, they would
move toward each other because their net electric charges have opposite (*) sign. What
is the change in the electric potential energy of this system associated with a change in
the separation distance of the charged point particles from 30 cm to 10 cm? We can
determine the answer using Equation 3-4.

AU =[qu19)($_1] L v - (2x10°C)(-4x107C) ( ) . ]

¢ dre r. r 2 IOCm_30cm
0 s 477:[8.85>< 107" C)

Jm

AU =-48x107J

e

The electric potential has decreased, as expected, since the net electric charges of the
two point particles have opposite sign and, thus, attract each other.

The equation for the change in the electric potential energy of this system can also
be written as

q q
AU, = i 4| — AU,=gq,(AV
e qB{“'ﬂgorf 477:807’}) e qB( e)A
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Or, equivalently, as

q q
AU = B _ L — AU = AV
e =4 dme,r, Amer, e~ ( )B

Therefore, the change in the electric potential energy of this system can be expressed in
terms of charged point particle B moving through the electric potential of particle A, or
in terms of charged point particle A moving through the electric potential of particle B.

AU, =qAV, (3-5)

Of course, this change in the electric potential energy refers to a change in the electric
potential energy of the entire system consisting of both the point particle and the net
electric charge(s) that is/are the source of the electric potential.

It follows from Equation 3-5 that positively charged particles will always move
toward regions of lower electric potential so as to minimize their electric potential en-
ergy®. Similarly, negatively charged particles will always move toward regions of higher
electric potential so as to minimize their electric potential energy.

3-6 Electric Fields

The electric force’ between two charged point particles, Aand B, with net electric charges
q,and q, is found using Equation 1-1; because electric potential energy (Equation 3-4)
is spherically symmetric we will use Equation B-7 for the gradient.

F=-VU — F-= _9U, P+ _19Y, 0+| - 1 o, )
¢ ¢ ¢ or r 90 rsin@ dg

o SCCH 7 S A P N S /g |
¢ or\ 4mer r 00\ 4rme,r rsin@ dp\ 4me r

7 Thanks to Galilean transformations, we cannot say which point particle is moving, or if both are mov-
ing. The mathematical description is equivalent, which is another reason why the change in the electric
potential energy of the system can be written in terms of either description.

8 This is the principle of minimum potential energy.

9 This force is also known as the Coulomb force.
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F = 9495 7 (3-6)
¢ dmeg?

The unit vector f in Equation 3-6 points along an axis extending through the two par-

ticles and for each particle away from the other particle (see Figure 3.9). Therefore,

if the two point particles have the same (*) signs for

their net electric charges, the electric force will push the 7 7
particles apart; but if they have opposite (£) signs for =~ —O---0—-
their net electric charges, the electric force will pull the A B

particles together. o _ )
FIGURE 3.9: Definition for the unit vector in

Equation 3-6.

Example 3-9

Problem: Determine the solution to Example 3-8 using a description of the
forces acting on the particles.

y y

Solution: Let’s define the x-axis of _—_>

. A
the reference frame for this system T Tcos6
to be parallel to the horizontal F / -
surface from which the particles «— X e —>— X
are hanging in Figure 3.8. We can Tsing
then define the y-axis to be perpen- J Fq Fq y
dicular to the x-axis with a positive

direction pointing up from the
horizontal surface. In the free body
diagram for each particle, we will
denote the magnitude of the elec-
tric force as F_, the magnitude of the tension as T, and the magnitude of the force
of gravity as E, With these definitions, the free body diagram for the particle on
the left side of Figure 3.8 is shown in Figure 3.10.

Applying Newton’s 2" law to each of the coordinate axes in this free body
diagram yields the following equations:

FIGURE 3.10: The free body diagram for the ball on the left side of
Figure 3.8.

2

q
4re,r’

(Fm)xzmax - Tsin@—FezmaX — T'sinf@— = ma

(Ft) =ma, — TcosO@—F =ma — Tcos@—mg=ma
net / y g y y
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Since the ball is in static equilibrium, the components of its acceleration along
the x and y axes will both be zero. Substitution of a, = 0 and a, = 0 into the
equations above yields

2

q
4re

a=0 — Tsinf =

a,=0 — Tcosf=mg

We can now algebraically eliminate T from these equations.

2

q
Tsin@ 4mer’ 2
Y tang=—T -
Tcosd mg 4me,mgr
Hence,
1
’ 167e, [*mgsin® 0 |?
r=2Lsin0 — tanf= q — - g= o Mg S
4ne,mg4L sin” 0 cos@

As expected, this result is identical to the solution derived before.

The electric force in Equation 3-6 can also be written in terms of the electric potential.

F==VU, - F=-V(qV) > F==4VV, 37

The variable g in Equation 3-7 is the net electric charge of the particle that is the object
of the electric force (i.e., the particle that experiences the electric potential). The gradi-
ent of the electric potential in Equation 3-7 is referred to as the electric field.

Electric field: an intrinsic property of electric charge that describes the altera-
tion of space associated with electric charge. The electric field is a vector field
obtained from the gradient of the electric potential.
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The electric field, denoted by E, can be expressed!? as
E=-VV, (3-8)

For example, the electric field surrounding a point particle with a net electric charge g can
be found through the substitution of Equation 3-1 into Equation 3-8; because electric po-
tential (Equation 3-1) is spherically symmetric we will use Equation B-7 for the gradient.

E=-VV — E= _. P+ _1o, 0+| - 1 7, )
) or r 06 rsinf 0@
a q - 1 a q A 1 a q .
_9 19 ol )
( al”[47tgor])r+[ r89(4ﬂ801"}) +[ rsin@ 8@[47:30,,]}/3

E=|—4 |7 (3-9)
4re 1?

As shown in Equation 3-9, the magnitude of the electric field for a charged point particle
is inversely proportional to the square of the distance away from the particle; the units of
the magnitude of the electric field are typically expressed as N/C! or V/m. Furthermore,
since the unit vector ' in Equation 3-9 points away from the point particle, the electric
field always points away from positive elec-
tric charges and toward negative electric
charges.

The electric fields for two charged point
particles are shown in Figure 3.11. In this
representation the direction of the electric
field at several positions is indicated by the
direction of an arrow and the magnitude
of the electric field by the length of the FIGURE 3.11: The electric field at various positions (black cir-
arrow. As shown in Figure 3.11, and as cles) around a positively charged point particle (left) and a
follows from Equation 3-8, the direction of negatively chgrged point particle (right.). All pos_itions on the
the electric field at any position is always same dashed line are at the same electric potential.

E

10 We will learn a modified equation for the electric field in Chapter 6 that is more universally valid.
11 Thus, the magnitude of the electric field is measure of the electric force per unit charge.
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perpendicular to the equipotential surface associated with that position and points
from high electric potential to low electric potential. It follows that the electric field
always points toward objects with net negative electric charge and away from objects
with net positive electric charge.

Since the electric field is determined from the gradient of the electric potential, many
electric potentials can be associated with the same electric field. Indeed, any constant
scalar field can be added to or subtracted from the electric potential without changing
the associated electric field'?. Therefore, our definition of the electric potential defined
in Equation 3-1 represents only one possible electric potential.

To explore this further, let’s rewrite the relationship between electric field and elec-
tric potential in Equation 3-8 as Equation 3-10%3,

AV =-jE.d§ (3-10)

We can now use Equation 3-10 to define the electric potential of a point particle.
Specifically, we define the electric potential of a point particle to be zero when measured
infinitely far away from the point particle.

S ACRAC I LA

oo

E-ds

e

V(r)z—

3

Substitution of Equation 3-9 into this expression gives us!*

Ve(r):_:[( 1 ]ﬁ -I:(dr)f+(rd0)é+(rsin0d(p)q3]—>Ve(r)z—(i)l(ﬂJ

4re 1’ 4me, )I\ ¥’
5 V(r):[ ¢ )
. ¢ dme,r

-z

As anticipated, this result is identical to Equation 3-1.

12 See Section 2-5 for the similar discussion with gravitational potential and gravitational field.

13 The derivation of Equation 3-10 is similar to the derivation of Equation 2-11.

14 Since Equation 3-9 is spherically symmetric we will use spherical coordinates to define the differential
displacement (Section B-5).
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Example 3-10

Problem: What is the average magnitude of the electric field between the two
equipotential surfaces of the electric potential in Figure 3.127

Solution: Although the magnitude of the electricfield atall positions in-between
the two equipotential surfaces of the electric potential cannot be determined
from the information given in the problem, we can nevertheless determine an
average magnitude for the electric field across the entire separation distance
between the two surfaces using Equation 3-10.

AV, ==[E-ds — AV,=—(E,)+([&5) > av,=—(E,,)+(a5)

Let's define the origin of the s-axis to be at the 200 V
equipotential surface. The positive direction for the

200 V 100 V

. . . . . 1 1
s-axis will point toward the 100 V equipotential surface. Let's I I
further assume that the direction of the electric field is the : :
same as the direction of the s-axis. Then, | & > |
] ]
- - AV 1 2m
(E,,)(a5)=E, A8 —» E, =——= | I
avg avg avg AS 1 1
| |
| |
Substitution gives us
FIGURE 3.12: The electric field
between two equipotential
- _ 100V -200V 5 E = SOX surfaces in Example 3-10.
avg 2 m avg m

The positive direction in our result indicates that the direction of the electric
field is indeed the same as the direction of the s-axis. Therefore, the electric
field points from high electric potential to low electric potential, as expected.

The electric force acting on a point particle is equal to the product of the particle’s net
electric charge and the electric field experienced by the particle.

F =qE (3-11)

e
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Example 3-11

y (m)
+2nC:
R
,,,,,,,,,,,,,,,, B
1 4 nC? O3 nC
| i X (m)
1 2
FIGURE 3.13: The system of three charged point

particl

es in Example 3-11.

Problem: Three charged point particles, A, B, and
C, with net electric charges +2 nC, —4 nC, and
—3 nC, respectively, are arranged as shown in
Figure 3.13. What is the electric field experienced
by point particle C? What is the electric force act-
ing on this particle?

Solution: The net electric field experienced by the
point particle C is the sum of the electric fields from
each of the other point particles at that position.
Furthermore, from Equation 3-9 we know that the
electric field for a negatively charged point particle

points toward the point particle, and the electric field for a positively charged
point particle points away from the point particle. Thus, for the reference frame
shown in Figure 3.13, the electric field experience by point particle C is

—

= EA,C + EB,C

net,C

In this equation, EA‘C is fhe electric field from point particle A at the
position of point particle C, EB’C is the electric field from point particle B at the
position of point particle C, and EMVC is the net electric field at the position of
point particle C. Using Equation 3-9 gives us

EA,C = 2% 120_9(: ((005450))2 - (sin45°))7)
47{8.85 x 107" C—J((lm)2 +(1m)2)
Jm
E,. = (6.36%)£+ —6.36%))7
E, . - —4 10_95 : 2 > E,.= (—35.97%}2
47r(8.85 X 10_'2)(1m)
Jm
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Thus, the net electric field experienced by point particle C is

E .= 636 | 4] ~6362 P+ 35970 |
C C C
E, .= (—29.61%}2 + (—6.36%) b

The electric force acting on point particle C can then be determined using Equation 3-11.
i . | i o T | Nyl
F =|-3=10 'l.'_]l 29.61 X+ i 636— |y
'\.‘:. C ; I C I =

F,=(8.38 x 10" N} £+(1.81x 107N} 3

3-7 The Electric Field for Continuous Distributions
of Charge

The electric field for a system consisting of a continuous distribution of net electric
charge is determined from the electric field of each infinitesimal bit of net electric
charge that constitutes the system. Each infinitesimal bit of net electric charge can be
modeled as a charged point particle whose electric field is calculated using Equation 3-9.
Specifically, if the net electric charge of one of these infinitesimal “bits” is dg, then the
electric field associated with this bit is

The variable rin this equation is the distance between dq and the location where the elec-
tric field is measured. The total electric field from the distribution of net electric charge
is thus determined by summing the electric field of each infinitesimal bit of net electric
charge; since these bits of net electric charge are so small, this summation is an integral.

E=[dE - E:[L]jd—gf (3-12)

7

www.EngineeringBooksPDF.com



18
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Y Let’'s revisit the system shown in

dg=ads=aRdp  Figure 3.6 that consists of a thin and
R uniformly charged circular ring of
50

x radius R and net electric charge Q. We
f; can now use Equation 3-12 to deter-

mine the electric field at the position P,
a distance z away from the center of the
ring along the normal axis through the
center of the ring. Since the ring is uni-
formly charged, we can divide the ring
into infinitesimal bits of net electric

(1

% dqg = Ads = ARde

ring. The electric field will be directed along the z-axis only. charge, dq, and determine the ring’s

total electric field from the sum of the
electric field from each bit of net electric charge using Equation 3-12. Furthermore, as
shown in Figure 3.14, we can express these infinitesimal bits of net electric charge in
terms of the linear net electric charge density of the ring (Table 3-1) and an infinitesi-
mal distance (i.e., an infinitesimal arc length) along the ring. To simplify our calculation,
let’s use cylindrical coordinates'® as a reference frame for this system. In this reference
frame, the infinitesimal arc length can be expressed in terms of an infinitesimal change
in the angle ¢ (Figure 3.14). The electric field vector can be decomposed into its r-axis
and z-axis components (in terms of R and z) using trigonometry.

N>

E—( 1 J ARd¢ R |, z
N 4z . TPt 1
SNRZN | (Re2)p ] |(R42)

E[ 1 )J (W‘”a(<—R>ﬁ+(z>f)

47[80 R2 +22 )E

As noted in Section B-5, f) points out from the origin of the reference frame. Thus, the
location of the position P along the p-axis is “~R” with respect to each infinitesimal arc
length. The integral in this equation is with respect to ¢. Since the direction of p
changes as ¢ changes?®, it is best to rewrite this integral in terms of its x-axis and
y-axis components (Figure 3.14).

15 See Section B-5.
16 See Section B-5.
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p= (cosqo))€+(sing0)f/

E=[4;£0) | ( ARID_((=R)((cos)-+(sing) 7)+(2)2)

R? +22)2

Let’s determine the integral for the component of the electric field along each coordi-
nate axis separately. For the x-axis component, we have

1 R R’ b
E =- A cosﬁgdgo - E =- A 5 _[cosq)dgo
4re, (R2+ 2)5 4 ( 2, 2)2 0
z e\ R +z )
2
E =- AR 3 (sin(p‘zn) - E =0
x 3 0 x
47tz—:0(R2 +22)2
Similarly,
AR’ 7
E =- 3 jsmqoa?p - E =0

4re, (R2 +z* )5 0

This result makes sense intuitively from the symmetry of the ring. The x-axis and y-axis
components of the electric field from any bit of net electric charge will always be exactly
cancelled by the x-axis and y-axis components of the electric field from a diametrically
opposite bit of net electric charge. Thus, the net electric field for the entire ring will have
only a component directed perpendicular to the plane of ring (i.e., parallel to the z-axis).

1 *f  AzR

E= do |2 E= do |z
472780 ;!‘(R2+ZZ); o 47T£0(R2+22);'([ Y
E= AzR 3(27r)2 N E:L32
4re, (R +2° ) 26, (R*+2°)
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Substituting for the linear net electric charge density gives us

A 2QR E= S
72: =
4re, (R2 + 22)2

Of course, we could have also arrived at this result from the electric potential of the ring
that we derived earlier. Since the electric potential of the ring is expressed in terms of rect-
angular coordinates (Example 3-6) we will use Equation B-5 to determine the electric field.

- . d ~ (0 ~ (90 A
E=-VV E=-|| =V =V —V
A O RCDat0y

Cr=ly=0 - F?=[ 2 _2 _[(r+22)2-J|||2

: 3 |
E-::llr'-. .:J_.E"::_H L I, I.I

Example 3-12

Problem: What are the electric potential and electric field for a uniformly
charged disk of radius R and net electric charge Q at a position P, a distance z
away from the center of the disk along the perpendicular bisector of the disk?

Solution: As shown in Figure 3.15, we can divide the disk into a series of infini-
tesimal narrow rings'’. The electric potential of the disk is then the sum of the
electric potential from each of these rings.

From Example 3-6 we have

dq

v.=[ar, -» v, =]
472?80 (r2 +zz)E

The variable r in this equation is the radius of an infinitesimal ring, as shown in
Figure 3.15, and dq is the infinitesimal net electric charge associated with this

17 See Section 1-3.
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ring. This charge can be related with the infinitesimal area of o
the ring (dA) using the area net electric charge density of the
ring (Table 3-1).

dg=cdA — dg=c(2nrdr) /"
R \

In this equation, the variable dr is the width of the ring, as '-_x . d
shown in Figure 3.15. " far
R FIGURE 3.15: The uniformly
v :J' 0'(2717rdr) V= o J' rdr charged disk in Example 3-12.
e 1 e 1
2 2¢& -
4re, (r2 +22)2 00 (rz +22)2
1 R
(o) 5 (o) 5
Vez—(r2+zz)2 -V =— (R2+22)2 —|Z‘
2g, . 2¢g,

Substitution then gives us

0 0 5
o= TR? = V.= 27, R’ ((Rz +22)2 _|Z‘)

The electric field at the position P can then be determined using Equation 3-8.
Since the electric potential is expressed in terms of rectangular coordinates we
will use Equation B-5 to determine the electric field®®.

- . d ~ [ d ~ [0 A
E=-VV E=-|| =V =V -V
R CARCOECR

s - a L "y
'FFF, IFEI?'_ B E |—ﬁ{ @ _i[R"+z"]3—|E|"|2"
i & oe dmE R -':;:_-
E=—2 _fi-—2 _|:
2me, R (R2 N 22)2

18 The same result can also be obtained assuming cylindrical symmetry and using Equation B-6.
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The same expression for the electric field can also be derived using
Equation 3-12.

If the net electric charge density is not uniform it must be included in the integrals
in Equation 3-2 and Equation 3-12. For example, let’s calculate the electric potential
for the system in Example 3-12 when the area net electric charge density of the disk
decreases linearly with distance from the center of the ring according to the following
equation??:

oc=0,—Yr

The variable r in this equation is the radial distance from the center of the disk, the
variable o,is the area net electric charge density when r = 0, and the variable y is the
rate of change of the area net electric charge density with respect to radial distance
from the center of the disk. Following the solution of Example 3-12 and Example 1-2
we have

dq

v.=fav, > v,=] ;
4re, (r2 + 22)2

dg=0dA — dq= (60 - yr)(2n’rdr> — dq= 277:(0'0r - yrz)dr

[ 6228
dre, (r2 +zz)2

v _I27t(0'0r—yr2)dr LT(G r—yr )dr
e 00 (V +z )2

R

v, = 2—20((00 —%](1’2 +22); +%y22 ln(r+(r2 +zz);J)0

19 See Example 1-2.
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1
Ve_ 1 (O‘O—ﬁ)(RZ-FZz)%—GO‘Z|+%'}/2211'1 R+(R2+zz)2

_E 2 z

This expression does not depend explicitly on the total net electric charge of the rod. In
order to rewrite our result in terms of this net electric charge, let’s determine an expres-
sion for o in terms of y and the total net electric charge of the rod, Q using integration®’.

R

R 2 3
~ ~ s ~ o, yr
Q—qu - Q—!Zﬂ(cor—yr )dr - Q0=2r (—2 3 )0
o,R> yR TR’ O 2yR
Y Ly =% (36 -2yR - £ R
Q”{z 3]%Q (Boy=27R) = 0=+ 3

Substitution then gives us

1

2 21\2
y L (%ﬁ_ﬁ)(w)i_(%+M)|z\+1mn Re{R+2)
° 2¢, [\ 7R 3 2 TR 3 2 z

: ((R2+22)%_|Z‘]+L lZzln 4R+(R2+22)2 _g(R2+zz)%_2TR|Z‘

" 2me R 2¢,| 2 z

0

Note thatwhen the areanetelectric charge density of the diskis constant (i.e.,, wheny = 0)
we have

y=0 - v =-"2 ((R2+zz)%—|z‘)

2me R

As expected.

20 See Section 1-3 and Section 2-3.
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3-8 Electric Dipoles

p A system consisting of two net electric charges of opposite
(%) sign separated by a small distance is called an electric
dipole; the prefix di in dipole refers to the fact that this sys-
tem has two objects?! with different net electric charges®2

dl8 Electric dipole: two net electric charges of opposite
(*) sign separated by a small distance.

Q® Consider the electric dipole shown in Figure 3.16 that
consists of two charged point particles, A and B, sepa-
rated by a distance 2d, and centered around the origin of
a spherical coordinate system.

The net electric charge of particle A is +Q, and the net
electric charge of particle B is -Q. The electric potential of
this system at the position P in Figure 3.16 is

FIGURE 3.16: An electric dipole.

4, &b oy 1[4, 9%

= —+ =
e
47[80r ’ 471780rB 47&5‘0 r,o T

e

In this equation r, and r, are the distances from the point particles A and B, respectively,
to the position P, as shown in Figure 3.17.
Substitution of the net electric charge of the point particles gives us

1 - 1 1
y= 112, 7¢ 5 -2l 1
¢ dme \r, 1, ¢ dne \r, 1,

Our next step is to relate the variables r, and r, to the variable r, which denotes the
location of the position P relative to the origin of the reference frame in Figure 3.16. The
associated trigonometry? is shown in Figure 3.17.

21 For our calculation, we will assume that the objects are point particles, but similar results would be
obtained with larger objects as long as the electric potential and electric field of the dipole are measured at
a distance much larger than the distance separating the objects. See Section 3-10 for expressions for these
quantitates in different limits.

22 This is something new. There is no gravitational dipole since there is only one type (or variety) of mass.
23 The law of cosines
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FIGURE 3.17: Determining the electric potential from the electric dipole in Figure 3.16.

1
ri=r’+d’=2rdcos® — r, :(r2 +d* —2m’cos(9)2

1
2 2
r,= r[1+(i) — 2(1}:%0]
r r
1

r;:r2+d2—2rdcos(7r—0) - rB:(r2+a’2+2m’cose)5

1
2 2
r, = r[l+[£) + 2(5}:%0}
r r

Similarly

Substitution then gives us

] ()

1 1
,_0
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When r is much larger than d (i.e., when the distance to the position where the electric
potential is measured is much larger than the separation distance of the two charges)
we can use the binomial expansion? to simplify this expression.

1

2 ) 2
r>d — 1+(£) —2(g)cos9 zl—l (é) —2[g)cos0
r r 21\~ r

2 B 2
1+(ﬁ) +2(4Jcose zl—l (ﬁ) +2(d)cost9
r r ARWA r
Hence, in this limit

2 2
VzL 1_1 d -2 d cosO |- 1—l d +2 d cos6
¢ dmeyr 2\\ r r 2\\r r

2 2
V = Q 1—l d + d (:ost9—l+l d + d cosf
¢ 4mer 2\ r r 2\ r r

Vezi(2£]0059 - Vez<Q—d)2(20059)
drer\ r dne r

r>d —

It is common to define the electric dipole moment for an electric dipole as a vector
whose magnitude is equal to the product of the separation distance between the two
net electric charges in the electric dipole and the magnitude of net electric charges, and
whose direction points from the net negative electric charge to the net positive electric
charge. For the electric dipole in Figure 3.16, the electric dipole moment, denoted®

by i, is

(3-13)

f.=(Q(29))z

24 See Section A-3.
25 Most textbooks use the variable P for the electric dipole moment. I chose a different variable to avoid
confusion with the variable for linear momentum.
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With this definition we can also express the electric potential of the electric dipole as

v = et (3-14)
° Armer?

Example 3-13

Problem: What is the electric field for the electric dipole in Figure 3.16 at the
position P?

Solution: The electric field can be found from the electric potential of the
electric dipole using Equation 3-8; because the electric potential is spherically
symmetric we will use Equation B-7 for the gradient.

o N DL P3N DR T R L ¢
: or r 00 rsinf 0@

v af (cd) [ 1o (od) ;
20 - E= _5[47&9 r2(2cos@)J 7+ _;E[ (20059)] 0

0

The electric field is symmetric around the z-axis since it does not depend upon ¢.

When an electric dipole is placed in a uniform electric field, the resulting electric forces
exerted on the net positive and net negative electric charges of the electric dipole will
pull on the electric dipole in opposite directions. As shown in Figure 3.18, this will
result in a net torque acting on the electric dipole that will cause the electric dipole to
rotate around its center of mass, which, for simplicity, we will assume is exactly half-
way between the two net electric charges.
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T into page r
N

2r—-0 E

A\ 4
A 4
A 4

e
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rd rd
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FIGURE 3.18: A uniform electric field exerts a torque on an electric dipole®.

Let’s define the angle 6 for this system to be the angle between s and E . The net torque
acting on the electric dipole would then be

T, =1F sin(27r—0)+rFe sin(27r—9) — 1, =-2rF ssinf

!

net

T =—2(%)(QE)sin9 — 1, =—(0d)Esin@ — 1, =-u Esing

We can write this expression as

7, =AxE (3-15)
This net torque can be associated with a potential energy, which we can denoteasU_, .
edipole
_ dUe,dipole _
T =——" 5 U, =-—uFEcosO
net de e,dipole e

This expression for U, ., can be written in vector form as

=—[i +F (3-16)

e,dipole —

As expected, this potential energy is a minimum when z_ is parallel to E.

26 You can review vector notation in Section B-3.
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In contrast, when an electric dipole is placed in a non-uniform electric field, the dif-
ference between the magnitudes of the electric forces acting on the two net electric
charges will result in a net electric force acting on the electric dipole.

Example 3-14

Problem: What is the net electric force acting r

on the electric dipole in Figure 3.19? -Q € > -Q
The distance rin Figure 3.19 is the distance @ @—0—@

from the external negatively charged point +tQ €<

particle to the center of the electric dipole. d

The three charged particles in Figure 3.19 all
lie along the same line.

FIGURE 3.19: The system in Example 3-14.

Solution: The electric force acting on each net electric charge in the electric
dipole can be found using Equation 3-6?". Let’s denote as the x-axis the line
connecting all three charged particles in this system; the origin of the x-axis
will be at the external negatively charged particle, and the positive direction
for the x-axis will point from this origin toward the electric dipole. With these
definitions, the net electric force on the electric dipole is

2 2
4re, r_ﬁ drme, r+g
2 2

= o_ (o)) . (99 .

e,net

B, 0 1 1 ) B, 0 32rd A
F;,net = 4 - 2 + 2 X - F:z,net = 4 - 2 X
TE, d d TE, (dz _ 41,2)
Vyr—— r+—
2 2
= 8rQ°d .
o me, (a’2 - 4r2)2

27 Or using Equation 3-9 and Equation 3-10
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He
&

© &0

FIGURE 3.20: In a non-uniform electric field, the dif-
ference in the magnitude of the electric force acting
on the two net electric charges of an electric dipole
results in a net force electric force acting on the

The net electric force acting on the electric
dipole is directed toward the external nega-
tively charged particle, as shown in Figure 3.20.
In the limit that r >> d this force becomes

2
r>>d — F —(—w)x

e.net ne, 16

electric dipole. gd
I:e,net il Q 3 X
2me,r

We could also express the net electric force acting on the electric dipole as

F;,dlpole = _VUe,dipo/e - F:z,dipole = _V(_‘Ele * E)

F o .=V(i-E) (3-17)

e,dipole

The electric field in Equation 3-17 is the electric field experienced by the electric dipole
(i.e., the electric field produced by electric charges not part of the electric dipole). For
the system shown in Figure 3.20, the electric field in Equation 3-17 is produced by the
negatively charged particle to the left in the figure.

We can confirm that Equation 3-17 recapitulates the result of Example 3-14 within
the dipole approximation limit (i.e., for r >> d) using Equation 3-9 and Equation 3-13.
Since the direction of the electric dipole moment is parallel to the direction of the elec-
tric field from the external negatively charged particle, the dot product in Equation 3-17
is simply the product of the magnitudes of the electric dipole moment and the electric
field.

‘[le.E:‘LLeE - Fe,dipozezv[(gd)[ ¢ ]J - ﬁ;,dipalezv( o'd ]

4re,r’ 4re

We will use Equation B-7 for the gradient because the electric field is spherically sym-
metric around the external negatively charged point particle.

2 2 2
Fd- o i de F+ li de é+ 1 i QdZ (ﬁ
e,dipole al" 47(7807” 7 ae 47'[80;/' rsin@ a(p 47'[807"
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- 20°d ). = d ).
F; dipole =1~ Q 3 ro—= F> dipole il Q 3 r
. dre,r o 2rer

This result is identical to what we derived earlier (N.B., X =7 for this comparison).

3-9 The Bohr Model for the Hydrogen Atom, Part II

We can now modify the Bohr model of the hydrogen atom introduced in Section 2-7 to
include the electric force between the electron and the proton.

2
electron

g.electron + e,electron melectrun
orbit
2 2
G me/ecrronmpmton e =m electron
2 2 electron
Rorbit 47[80 Rorbit Rorbit

1 e’
Vezlectmn = Gm roton +
R P 4me m

orbit 0" “electron

V2 = —1
electron 50 % 10—12 m

(L6x10C)

«| [ 6.67x10 1M (1.67x107kg) +
kg’ A (
T

2
8.85% 1072 JCJ(9.1 1x10'kg)
m

secron = % 111107710 45 53102 10
electron 50x10""m kg kg

We see that the contribution of the electric force to the net force acting on the electron
is 39 orders of magnitude larger that the contribution of the gravitational force acting

on the electron. Solving this equation give us

2
Vo =505x10° T o v, =+225x10°0

electron electron
S S
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Now the angular frequency and period of the electron orbiting the proton are

=4.5%10' rad T =1.4x%x107"%s

electron S electron

This much shorter period seems more “realistic”.

Furthermore, now that we have established that the magnitude of the gravitational
interaction between the electron and proton in the Bohr atom is insignificant, we can
omit it from our calculations. This will enable us, for example, to determine the radius
of the electron’s orbit in the Bohr atom. We begin this calculation by noting that the
amount of energy required to remove the electron from a hydrogen atom is experimen-
tally determined to be

E=217x10"J

This energy is commonly referred to as the ionization energy of the atom. The ionization
energy is the energy required to remove the electron from its orbit around the proton.
Thus, it is the sum of the kinetic and potential energies of the electron.

E=K+U, — E=tm e(-e)

2 electron ~ electron 471'80 R A
orbit

2
E= l m v S —
- electron = electron
2 4ne R .
orbit

As before, we can determine the speed of the electron from the centripetal acceleration
of the electron (only now we can leave out the gravitational force).

2 2 2
electron e 2

e
2 melectron = melectron velectron
4me R R 4re, R

0~ “orbit orbit orbit

Substitution gives us

1 e’ e’ 1 e’
=— - - F _—
dne R . 4me R 2\ 4re R

2 0~ “orbit 0~ “orbit

www.EngineeringBooksPDF.com



CHAPTER 3: ELECTRIC INTERACTION 93

The negative sign in this equation indicates that energy must be added to the system
to remove the electron. Substitution of the ionization energy as the magnitude of this
added energy allows us to determine the radius of the electron’s orbit in the Bohr atom.

(16 % 10*1"c)2
> R, =53x10""m

2.17><10‘18J:% : -
47r(8.85>< 1012(:—}1@
Jm

orbit

The corresponding speed of the electron is therefore

1
e’ 2
velectmn =
4me R .. m

07 “orbit™ " “electron

(16 % 10*1°c)2

electron 472,'(8.85 %1072 JC—;}(SSX 10711m)(9.1 1 ><10731kg)

v =+2.18x100 2

electron
S

3-10 Applications of Legendre Polynomials (Optional)

The expression for the electric potential of an electric dipole derived in Section 3-7 is
valid only when the electric potential is measured at a distance from the electric dipole
that is much larger than the separation distance between the net electric charges in the
electric dipole. We could have obtained a more generally valid expression, of course,
by retaining more terms in the binomial expansion of the r, and r, variables in our
derivation, but a more mathematically elegant and simple approach is to use Legendre
polynomials?®, which are the coefficients of the Taylor series expansion of the expres-
sions for r, and r,. Indeed, the distances r, and r, in Figure 3.17 can be expressed in
terms of the variables r, d, and 0 in Figure 3.17 as

28 See Section A-4.
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r 1 r =(d\
ey e
1+(—) —2(—)0050
r r
r 1 =(dY)

" () o “Joste-o

The electric potential of the electric dipole in Figure 3.17 is therefore

= B[] o) 3[4 2 eot-o)

n=0 n=0

= 5[] (7 cos0)-r (cosln-0)

dre r| o\ r

And since cos(n’ — 9) = —cos(@) we have

/= s i(i)n(f’n(wse)‘P"(‘“’S(e)))

n=0 r

n

We arrive at our final expression through the identity P (—x) = (—1)” P (x)

= 32 nleoso)-))

n=0 r

This expression for the electric potential of the electric dipole in Figure 3.17 is valid for
all values of r and d, as well as all values of 6. We see immediately that all terms in the
summation corresponding to even values of n are zero. Indeed, the fact that the leading
term in the summation is zero (i.e., the n = 0 term is zero) indicates that the electric

dipole has no net electric charge. Hence,
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r r r

Ve=47tQ80r 2(1]R(cos9)+2(ﬂ) P3(c0s9)+2(£) fg(cose)+...

The first term in this series (with n = 1) is the dipole term that we have derived
previously

e,dipole

20 (QJPI(COSQ) = Vo= Q(2d2)cos9
drer\ r W Amer

This is the term that dominates when r >> d since the remaining terms in the series
decrease in magnitude much more quickly as r increases.

The use of Legendre polynomials provides a convenient shortcut notation to simplify
the series expansions associated with calculations of the electric potential for more
complicated systems of charged particles.

Example 3-15
Problem: The system of charged point particles in Figure 3.21 is referred to as
alinear electric quadrupole. What is the electric potential for this system at the

position P in Figure 3.21?

Solution: The electric potential is the sum of the

electric potentials from each of the charged particles ° P
in the system. z
— qA + qB + qC +Q (,la\) r
dmeyr, A4meyr, AmeEr, dl e
1 -2 >
N Vez_(QJF_QJFQJ 2Q@
dre, \ 7, r r, q
«Q©
drerr, r.

As shown in Figure 3.22, r, and r, can be related to r, ~ FIGURE 3.21: The linear electric quadrupole
. . in Example 3-15.
d, and 6 using Legendre polynomials.

www.EngineeringBooksPDF.com



96 THE ENERGY OF PHYSICS, PART II: ELECTRICITY AND MAGNETISM

P P
® [ ]
zZ Z
0o P
d d
2Q @ 2Q @ }
d d
+«Q© Q€

FIGURE 3.22: Determining the electric potential from the linear electric quadrupole in
Figure 3.21.

rc [H(f)z”(f)mg(ﬂ_e)}; -

The electric potential for the system is therefore

v, =2 —2+i(i

dne pry

J(mfemolrfeose-a)

Following the same simplification that we used for the electric dipole gives us

/= [‘hi(gn%(0089>(”(_1)n)]
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For this expression, both the n = 0 and n =1 terms are equal to zero. Furthermore, all
higher order terms in the series where n is odd are also zero.

y =2 2(d)2Pz(cose)+2(g]4ﬂ(cos@)+2(i)6fz(cos9)+...

47t80r r r r

The first term in this series (with n = 2) is referred to as the quadrupole term.

2
Ve.quadmpole = g 2(4} P, (COSQ)

dme r r

2
Ve = 0 2 ﬂ l(3(cos(9)2—1)
e.quadrupole 477:80}" 2 2

This is also the dominate term in the series when r >> d.

V = 0d’ (3((:059)2—1)

¢ Ame

The electric potential for any system of charged particles can be expressed as an infinite
series using Legendre polynomials; the first term in this series (n = 0 in the summa-
tion) reflects the net electric charge of the system?’, the second term in this series
(n = 1 in the summation) is the dipole term, the third term in this series (n = 2 in the
summation) is the quadrupole term, and the remaining terms represent higher order
poles of the electric potential. This is the basis for the multipole expansion of the electric
potential (and by extension the electric field) a system of charged point particles.

V=V

e e,monopole + Ve,dipole + Ve,quadrupule

29 This is also referred to as the monopole term.
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Example 3-16

p  Problem: What is the electric potential for this system of

i ¢ charged point particles at the position P in Figure 3.23?
+Q é\) r Solution: The electric potential is the sum of the electric
d potentials from each of the charged particles in the sys-
0 . .
CB'\ tem. Following the solution to Example 3-15, we have
Q
d
po b 9,
1Q© dmer, Ameyr, 4mer,
1 -
S oy _(g = g)
FIGURE 3.23: The system of charged 47th T r T
point particles in Example 3-16.
r r
drer\ r, v

As shown in Figure 3.22 and Example 3-15, r, and r, can be related to r, d, and
6 using Legendre polynomials.

y =2 i(ﬂ)"pn(cose) 14 i(i]"pn(cos(n_e))

n=0 r

v, =2 —1+i(i)"(e(cos9)+ﬂ(cos(n—@)))

drer \r
oo 5() i)
Ve_47t£0r 1+n§(r] P (cos6)(1+(-1)

Let’s examine the first few terms in this series.

2
Vv = 0 —1+2+0+2[£) cosfO+...
¢ Ameyr r

0 ., od

V= + 5 cosO+...
47r£0r 27r80r
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The mono-pole, dipole, and quadrupole terms of the electric potential of this

system are
= 0 (the net electric charge of the system is +Q)
e,monopole 4 TE ¥
0
Ve’dl.po[e =0 (there is no separation of net opposite charge)

od
e,quadrupole = 27(78 7"3 COSO
0

A similar multipole expansion is possible for the gravitational potential, but since there
is only one type (or variety) of mass, there cannot be a gravitational dipole. It is pos-
sible, however, to have a gravitational quadrupole as well as higher order poles.

Example 3-17

Problem: What is the gravitational potential of the system of z p
identical point particles at position P in Figure 3.24? °
Solution: The gravitational potential is the sum of the gravi- @ r
tational potentials from each of the particles in the system. d 0
m m
V,=-G—-G— d
r r
L ®
o 22)
rA rB

Gm|( r " r FIGURE 3.24: The system of point
particles in Example 3-17.

The variable m in this equation is the mass of each point particle. The variables
r, and r, in this equation are the distances between position P and particle A
and particle B, respectively.
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I 1 - L i[ﬂ]nf’n(cos@)

r —
4 2 2 ry =0\ T
[1+(d) —Z(d)coseJ
r r

The gravitational potential is therefore

=2 5(2) oo 52 nloote-a)|

n=0 r

Vg=—G””[i(d)"(a<cose>+P,,<cos<n—e>))]

Since cos(n’ —9) = —cos(@) and P (—x) = (—1)” P (x)we have

=252 niomoliot)
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2G
__zom (the net mass of the system is 2m)
r

g,monopole

¢ dipole = 0 (gravitational dipoles are impossible)

_ 2Gmd?

quadrupole 3
8,9 P! 7

cosf
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Summary

Electric charge: an intrinsic property of matter. The SI unit for electric charge
is the coulomb (C). Electric charges can be positive or negative and occur only in
integer multiples of the fundamental electric charge, denoted by e.

e=16X10%C

Conservation of electric charge: electric charge can neither be created nor
destroyed. Thus, the total electric charge for an isolated system is constant.

Electric potential: an intrinsic property of an electric charge that describes the
alteration of space associated with that electric charge. The detection of the elec-
tric potential of one charged object by another charged object is the origin of the
electric interaction (potential energy and force) between the two objects. Electric
potential is a scalar field and can be considered to be the electric potential energy
per unit charge. The electric potential surrounding a charged point particle with
net electric charge q is

y =1
¢ drmeyr

The electric potential of a distribution of net electric charge is

oL dq
¢ 477:.5‘0 r

The electric potential energy associated with the electric interaction between two
charged point particles is equal to the product of the net electric charge of one of
the particles and the electric potential of the other particle at that location.

U,=qV,

e

The electric force acting on a charged point particle is equal to the product of the
net electric charge of the particle and the gradient of the electric potential experi-
enced by the particle.

F =—4VV,
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 Electric field: an intrinsic property of an electric charge that describes the altera-
tion of space associated with that electric charge. The electric field is a vector field
obtained from the gradient of the electric potential.

E=-VV,

The electric field surrounding a point particle is

E=| 21— |r
47r80r

The electric field from a continuous distribution of net electric charge is

- 1 dq
E=|—— J—zqr
dme, )Y r
The electric force acting on a charged point particle is equal to the product of the
particle’s net electric charge and the electric field experienced by the particle.

F =qE

e

The electric field can thus be thought of as the electric force per unit charge.

» Electric dipole: two net electric charges of opposite (*) sign separated by a small
distance.

¢ Electric dipole moment: a vector whose magnitude is equal to the product of the
separation distance between the two electric charges in the electric dipole and the
magnitude of the electric charge of the point particles in the dipole (both charges
are assumed to have the same magnitude of electric charge), and whose direction
points from the negative electric charge to the positive electric charge (defined to
be the z-axis in the equation below).

A,=(0d)z
When observed from a large distance the electric potential of the electric dipole is

a7
4re,r’

e,dipole -

www.EngineeringBooksPDF.com



104

THE ENERGY OF PHYSICS, PART II: ELECTRICITY AND MAGNETISM

The electric potential energy of an electric dipole in a uniform electric field is

Ue,dipole = _‘Zie ¢ E

Problems

What is the electric potential of a 3 kg point particle with a net electric charge of 5
nC at a distance of 4 m from the particle?

An isolated system consists of two identical charged point particles that each have a
mass of 2 g and a net electric charge of 2 nC. The particles are initially held in place
a distance of 1 cm and then released. After they are released, the particles move
away from each other. What will be the speed of each particle when their separation
distance is 10 cm?

A system consists of two charged point particles, A and B, separated by a distance of
3 m as shown in the figure. The net electric charge of particle A is 4 nC, and the net
electric charge of particle B is -4 nC. What is the electric potential of this system at

the position P?
P
[ ]
4m ‘
(@

3m

A system consists of three point particles, A, B, and C, as shown in the figure. The
net electric charge of particle A is -3 nC, the net electric charge of particle B is +4
nC, and the net electric charge of particle C is -5 nC. What is the electric potential of
this system at the position P?
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]

>
@)
w
© 3 .
3 o
[v9]

What is the electric potential at the center of a uniformly charged thin ring of radius
R and net electric charge —Q?

A system consists of a thin and uniformly charged rod of length L and net charge
+Q, as shown in the figure. What is the electric potential of this system at the posi-
tion P that is a distance y “above” one end of the rod?

P
[
A

<
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A 5 g point particle with a net electric charge of +4 pC is suspended by a massless
rope, as shown in the figure. A uniform electric field with a magnitude of 1.2 X 10*

N/C s also acts on the particle causing it to hang from the ceiling at an angle 6. What
is the angle 67

8. A system consists of two charged point particles, A and B, arranged as shown in the

9.

figure. The net electric charge of particle A is —5 nC, and the net electric charge of
particle B is +4 nC. What is the electric field at position P? Express your answer in
terms of the x-axis and y-axis components of the electric field using the reference
frame shown in the figure.

y (m)
: P ;
y L EE— i B
14+ © [
i i : X (m)
1 2 3

A system consists of a thin and uniformly charged circular ring of radius R and net
electric charge +Q. The electric field along the perpendicular bisector of the ring
always points directly away from the ring and parallel to the perpendicular bisector
of the ring. At what distance from the center of the ring is the magnitude of this
electric field a maximum? Express your answer in terms of the radius R.
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10. What is the electric field from a uniformly charged annulus, with an inner radius
a and outer radius b, a distance z away from the center of the annulus along
the perpendicular bisector of the annulus (i.e., at the position P in the figure)?
The net electric charge on the annulus is —Q. Express your answer in terms of
the z-axis component of the electric field using the reference frame shown in the

figure.
P
°
AN
+z
z
P “"?b a.. ) b
\J/
I )
"'-\H e o al -..___,.-'

11. A system consists of a thin and uniformly charged rod of length L and net electric
charge —Q. What is the electric field of this system at the position P that is a distance
y “above” one end of the rod? Express your answer in terms of the x-axis and y-axis
components of the electric field using the reference frame shown in the figure.

P

[
A

ty

+X

12. Two oppositely charged point particles are connected by a massless rod of length
2 cm to form an electric dipole; the magnitude of the electric charge on each point
particle is 5 nC. This electric dipole is then placed in a uniform electric field of
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magnitude 20 N/C, as shown in the figure. What is the electric potential energy
of the electric dipole? What is the magnitude of the torque exerted on the electric
dipole by the electric field?

> > >

> _—
E

> > >

13. What is the electric field of the linear electric quadrupole when measured at dis-

tances much larger than the separation distances of the net electric charges in the
quadrupole?

14. What is the electric potential for the electric quadrupole shown in the figure at
the position P? The magnitude of the electric charge on each point particle in the
quadrupole is Q.
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Magnetic
Interaction

41 Introduction

Gravitational fields produce a gravitational force on ob-
jects that have mass and electric fields produce an elec-
tric force on charged objects. In this chapter, we begin
our discussion of magnetic fields, which are produced
by moving charged objects and also produce a magnetic
force on moving charged objects. We are also familiar
with the magnetic properties of permanent magnets,
such as those we stick on refrigerators, or a compass
needle reacting to the magnetic field of the Earth.
Permanent magnets result from the intrinsic magnetic
properties of the matter that constitute them, as we will
discuss near the end of this chapter. A more thorough
discussion of the electric and magnetic properties of
matter will resume in Chapter 7.

109
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4-2 Magnetic Field Produced by a Moving
Charged Particle

The magnetic field', denoted by B, is a vector field produced by a charged object with
net electric charge ¢ moving with velocityV. The magnetic field of a charged point
particle moving through a vacuum is given by Equation 4-12.

E;(%ﬁ)ﬁf? (4-1)
r

Equation 4-1 is commonly known as the Law of Biot and Savart®. In Equation 4-1, the
vector I points from the point particle to the location where the magnetic field is mea-
sured. The constant ., in Equation 4-1 is called the vacuum permeability* and is

kgm
CZ

U, =47 x 107
The SI unit for the magnitude of the magnetic field is the tesla, denoted by T, which is
defined as

o X8 _(Ns _, Vs
Cs Cm m’

Another common, but not SI, unit for the magnetic field is the gauss, denoted by G.
1IG=10"T

A magnetic field with a magnitude (or strength) of 1 T is a strong magnetic field. The
magnitude of the Earth’s magnetic field® varies with latitude, but is approximately 0.5 G
or 50 wT. The magnitude of the magnetic field associated with a refrigerator magnet is
around 5 pT, and the magnitude of the strongest magnetic fields routinely produced in
a laboratory are less than 100 T.

1 This field is also called the magnetic flux density, the magnetic induction, or the B-field.

2 Strictly speaking, Equation 4-1 is valid only when the speed of the object is much less than the speed of
light. You should feel inspired to take more advanced physics courses to learn how this equation changes
when objects are moving close to the speed of light.

3 These French names rhyme with “leo” and “bazaar”

4 This constant is also called the permeability of free space or the magnetic constant.

5 Magnetic fields not in vacuum will be discussed in Chapter 7.

6 This limit is for a sustained magnetic field; transient magnetic fields of larger strength have been pro-
duced (sometimes by accident).
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Example 4-1
Problem: A point particle with a net electric charge of +10 nC is moving with
velocity v = [5 E))E What is the magnetic field of this point particle at a dis-
s

tance 7 = (0.2 m)j/ away from the particle?

Solution: From Equation 4-1 we have

(47: x 107%—?)(10 x 10°C) [(S?Jx] x [(02m)3]

B= 3
4 (0.2m)

B:(1.3x10‘13lé—g]()2><)3) — B=(13x10"T)z
S

It follows from the cross product in Equation 4-1 that the direction of the magnetic
field associated with a moving charged particle is perpendicular to the direction of the
velocity of the charged particle and depends

11

upon the (*) sign of the net electric charge B into page
of the particle (see Figure 4.1). The direction

of the magnetic field associated with a mov- & outof page TV VT/

ing charged particle can also be found using a “'\er\ P '
right-hand rule. For a positively charged mov- ' ® ®

ing object, point the thumb of your right hand

in the direction of the object’s velocity and the _

fingers of your right hand will curl in the direc- 7 paae v v B out of page
tion of the magnetic field created by the object. wj T,\e/7.

The direction of the magnetic field is opposite if r (6] (@) r

the net electric charge is negative’. Indeed, the
magnetic field created by a positively charge

. . .. . . a moving particle with a net electric charge.
moving object is identical to the magnetic field gp g

7 You can obtain this result by using your left hand.
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created by a negatively charged object moving in the opposite direction with the same
speed.

; [ ] [ ]
\ / L P ] H,—-’. p ] l"‘:-;.. LI ""l,-'n. i L . ]
X S ¥ ' L .
P I— L 1 o i F
* s
.......... DI L.
v into page

FIGURE 4.2: The magnetic field (green) created by a moving charged particle is circularly symmetric around
the direction of the object’s velocity. The direction of the magnetic field at several positions is indicated by
the direction of an arrow and the magnitude of the magnetic field by the length of the arrow.

As shown in Figure 4.2, the magnetic field created by the moving charged object
is circularly symmetric around the direction of the object’s velocity. This cylindrical
symmetry of the magnetic field motivates us to use cylindrical coordinates® as the refer-
ence frame for the calculation in Equation 4-1. For example, if we define the velocity of
the point particle to be along the positive z-axis in a reference frame using cylindrical
coordinates, then the magnetic field of the point particle is

ixi=(p)p - E:(/:(’z:f p
P=pirz? - B=| tIP D
47[(/)2 +22)E

8 See Section B-5 for review.
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This expression for the magnetic field is convenient since its description of the direction
of the magnetic field does not require us to use the right-hand rule.

Since the magnetic field forms “closed loops” around the particle’s velocity there is
neither an origin (source) nor a termination (sink) for the magnetic field. This is different
from the electric field associated with a stationary charged point particle (Section 3-4);
the electric field points away from positively charged particles and toward negatively
charged particles. We will discuss this difference between electricity and magnetism
further in Section 4-7.

Finally, the magnetic field from a system of moving charged point particles is the sum
of the magnetic field from each of the point particles.

Example 4-2

Problem: A system consists of two identical charged
point particles, each with net electric charge g, con-
nected by a massless rigid rod of length 2d. This sys-
tem is rotating at angular speed w around an axis that
passes through its center of mass and is perpendicular
totherigidrod,asshowninFigure 4.3. Whatisthe mag-
netic field of these two charged particles at distance 7
z along the axis of rotation (i.e., at the position P in
Figure 4.3)?

The magnetic field at the position P from each - -
of the point particles can be determined using ( O O)
Equation 4-1; the velocity in this equation can be e
written in terms of the angular speed of the particles >
using cylindrical coordinates. The origin of the ref- d
erence frame for this system will be at the center
of mass of the system and the positive direction for  FIGURE 4.3: The moving charged particles
the z-axis will be toward the position P. With these inExample 4-2.
definitions, we have

i=(0d)p — B:(“oq]((“’d)r?)” R g:(‘lo;’r_“r‘f’)(@xf)

o

> 0
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The variable d in this equation is the radius of the circular motion of each
particle, as shown in Figure 4.3. The position vector I for each particle in this
equation can also be written in cylindrical coordinates as’

F=(-d)p+(z)z

(B2 o (-appe(e)z]) > 3= 2 (-aoxp) (o))

e NE I CC (DR
4mr 4rr
[t is not practical to use this expression for the magnetic field for this system,
however, since the unit vector p will point in a different direction for each of
the point particles and will also constantly change
X direction as the system rotates'®. We can simplify
our calculation by rewriting this expression in terms
of the x-axis and y-axis components of the magnetic
field (i.e., the x-axis and y-axis positions of the par-
ticles), as shown in Figure 4.4.

B

S

4mr’

)[(d)é + (z)((COS(p))ﬁ + (sin(p)f/):l

Let’s label the two charged point particles A and B.
The magnetic field from particle A is

FIGURE 4.4: The x-axis and y-axis positions of BA = (M)[(z cos (0))2 + (Z sin(p)j/ + (d)f]

the particles in Example 4-2.

4rr?

9 As noted in Section B-5, /3 points out from the origin of the reference frame. Thus, the component of
the position P along the p-axis is “-d” with respect to each point particle.

10
The

We encountered a similar situation when calculating the electric field for the uniformly charged ring.
solution presented here for calculating the magnetic field for the system in Figure 4.3 follows the

approach discussed in Section 3-7 for determining the electric field of the ring of net electric charge in
Figure 3.14.
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Since particle B is on the other side of the circle from particle A (see Figure 4.4),
the magnetic field from particle B is

B, - (“jjt‘:’f ][(zcos((pm)))e+(zsm(<p+n)) 5+ ()z]

B, - (”thff J[(_Zcow)m (~zsing) 5+ (d)2]

The net magnetic field of the system is the sum of the magnetic fields from the
two point particles.

B=B,+B,

B= (uiqw3d)[(zcosgo—zcos¢))€+(zsinq)—zsin(p)j/+(d+ d)f]
r

B[ Haod ),
2’

Fr = et " E-Lwrr

| 2x(d*+ 2 |

Of course, we could have anticipated from the symmetry of the system that the
magnetic field would have a component along only the z-axis.

Magnetic Force on a Moving Charged Object

Recall from Chapter 2 and Chapter 3 that the gravitational and electric fields are mea-
sures of gravitational force per unit mass and electric force per unit charge, respectively;
the unit of the magnitude of the gravitational field is N/kg and the unit of the magnitude
of the electric field is N/C. The unit of the magnitude of the magnetic field can be written

ch
s
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m
particles (i.e., on something which has the unit C— and is thus described by the prod-
s

uct of electric charge and velocity). This magnetic force is defined in Equation 4-2.

F =q(vxB) (4-2)

m

In Equation 4-2, q is the net electric charge of the object, V is the object’s velocity, and
B is the magnetic field experienced by the object.

Example 4-3
Problem: A point particle with a net electric charge of -5 nC is moving with a
velocity of y = (52)92 through a region where there is a uniform magnetic
S

field of B = (2 T)é. What is the magnetic force that acts on the particle?

Solution: From Equation 4-2 we have

F,=(-5x 10‘9C)[(5?}2:|x[(2T)2] — F,=(-5x 10‘9c)(52)(2§—;](£xz‘)

S

F,=(-5x10"N)(-5) —> F, =(5x10"N)$

It follows from Equation 4-2 that the power supplied by the magnetic field to a moving
charged object is zero.

P=F«v — P=(q(vxB))-v — P=¢(vxB):s - P=0

Since the power supplied by the magnetic force is zero, the magnetic field does no work
on the object.

A magnetic field cannot do work on a moving charged object.

Furthermore, since the magnetic force exists only when the charged object is moving
(Equation 4-2), we can refine this statement to be
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A magnetic field cannot do work on a charged
object.

Indeed, since the direction of the magnetic
force acting on a moving charged object is per-
pendicular to the velocity of the object, the
acceleration associated with the magnetic force
can change the direction of the object’s velocity,
but not its speed. Imagine a point particle with
a net electric charge +q moving with speed
v in the presence of a uniform magnetic field
with magnitude B. Let’s further assume that the
direction of the magnetic field and the direction
of particle’s velocity are perpendicular, as shown
in Figure 4.5.

If the net force! acting on the point par-
ticle is the magnetic force, then we can relate
the magnitude of this net force to the magnitude
of the object’s acceleration using Newton’s
2" Jaw.

F =F — F

net net

117
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FIGURE 4.5: A point particle with a net positive electric
charge moving in the presence of a magnetic field. The
direction of the magnetic field is into the page.

:‘q‘vB - ma=|q‘vB

As shown in Figure 4.5, this net force will cause the point particle to move in a circle
and, therefore, the acceleration associated with this net force will be the centripetal

acceleration.

2
v

a=—
7

The period of this circular motion is therefore

=2 po 2
12 r|q|B
m

- T

- mﬁz‘q|vB
r

_2nm
4B

11 We will ignore other forces, such as gravity and air resistance.
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The period is independent of the speed of the point particle. Fast-moving particles move
in large circles and slow-moving particles move in small circles.

Of course, if an electric field is also present then the moving charged object will
experience both an electric force (Equation 3-11) and a magnetic force (Equation 4-2).

F=q(E+VxB) (4-3)

This combination of forces in Equation 4-3 is commonly referred to as the Lorentz force.

Example 4-4

Problem: A point particle with a net electric charge of +Q is moving with
speed v. The particle then enters a region of space with perpendicular electric
and magnetic fields, as shown in Figure 4.6.

: B ! What speed must the particle have to avoid
Vv i X X X i any deflection from either field?
@ : X X X i
i | Solution: If the particle is not deflected, its
y X X X Ei velocity must be constant. This requires that
i :
1

the acceleration of the particle must be zero
which from Newton'’s 2™ law requires that the
FIGURE 4.6: A moving charged point particle interact- net force acting on the particle must be zero.
ing with crossed electric and magnetic fields. Substitution of F =0into Equation 4-3 gives
us

F=0 — gq(E+VxB)=0 — E+¥xB=0

We see from Figure 4.6 that the direction of v X B is opposite the direction of
E. Thus, the magnitudes of these two terms must be equal for the net force to
be zero. Since V is perpendicular to Bwe have

E
E=vB — v=—
B

Only particles whose speed matches this condition will not be deflected by
the crossed fields in Figure 4.6. Interestingly, this result is independent of the

www.EngineeringBooksPDF.com



CHAPTER 4: MAGNETIC INTERACTION

magnitude and the (%) sign of the net electric charge of the particle, as well as
the particle’s mass.

4-4 Electric Current

An electric current is as a flow of charged objects. More specifically, electric current is
defined to be a net flow of electric charge through a surface!?. We can define current
mathematically using Equation 4-4.

dgq
I=— 4-4

o (4-4)
The units of electric current is electric charge per time (C/s), which we define as an
ampere®? (A).

lAzlg
s

It follows from Equation 4-4 that a positive current is associated with the flow of net
positive electric charge through a surface, and a negative current is associated with the
flow of net negative electric charge through a surface.

A very dramatic example of current is lightning, in which case the charged objects
are flowing through the air. Although many other types of current exist, we are most
familiar with the current flowing through wires. In this case, it is the negatively charged
electrons that are moving in response to the electric field (or difference in electric
potential) that exists in the wire. However, we nevertheless define the current in the wire
as though the moving charged objects were positively charged. Thus, the direction of the
current in a wire is opposite the direction of motion of the electrons (i.e., is opposite
the direction of the moving charged objects) that constitute the current. This annoying
phenomenon is due to Benjamin Franklin’s assignment of the negative charge (rather
than the positive charge) to the electron. However, we forgive him this inconvenience
for all his help with the founding of our country.

12 We will discuss this further in Chapter 7.
13 The abbreviation “amp” is commonly used for ampere.
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4-5 Magnetic Field Produced by an Electric Current

Since an electric current is a flow of charged objects, we know from Section 4-3 that
electric currents will produce magnetic fields. The equation for the magnetic field cre-
ated by an electric current can be derived from Equation 4-1. Let’s assume that the
current consists of infinitesimal bits of net electric charge, dq, moving at a velocity V.
The magnetic field from each of these bits of net electric charge would be

dE:(ﬂJM

4 r

The velocity of this bit of net electric charge can be expressed in terms of the distance it
travels. Let’s define the axis for this motion to be the s-axis.

(dq)fzz(dq)% - (dq)v:(%)dg — (dq)v = Ids

Thus, the magnetic field created by each bit of the current is

dB:(&); (5 x7) (+-5)

4 P

The total magnetic field produced by the current is found by integrating Equation 4-5
with respect to the path of the current (e.g., the length of a wire).

Example 4-5

Problem: A wire of length L carries a current

P I, as shown in Figure 4.7. What is the magnetic

® field produced by this current at the position

P that lies along the perpendicular bisector of

y the wire?
I . . . .

I ; —>  Solution: Let’s define an s-axis for this system
< > that is parallel to the wire with an origin at
L the wire’s perpendicular bisector. The posi-

FIGURE 4.7: The system in Example 4-5.

tive direction for the s-axis will be the same
as the direction of the current, as shown in

www.EngineeringBooksPDF.com



CHAPTER 4: MAGNETIC INTERACTION 121

Figure 4.8. We will also define a y-axis for this system with an origin also at
the wire’s perpendicular bisector. The positive direction for the y-axis will
point from the wire to the position P.

P P
[} /\S‘g [ ]
XJ, r
YI 97@ y 0
I
[ ] —> [ -K::\
:Tds - ITTTEETTTrrr
s=0 ds
y=0

FIGURE 4.8: Determining the magnetic field from a segment of the wire in Figure 4.7.

We can divide the wire in Figure 4.7 into a series of infinitesimally small segments
of length ds, and determine the magnetic field from each of these segments using
Equation 4-5'. Let’s first determine the magnitude of the magnetic field.

- Ids xr I(d
i oL IxF) e () e (Bl s
4r r r ar ) r?

The angle 0 in this equation is the angle between ds and F, as shown in
Figure 4.8.

r 4w

sing=2 dB:(
p

Ty ]ds

We can then use the Pythagorean theorem to related r and y to the variable s,
which denotes the distance of the infinitesimally small segment from the origin
(Figure 4.8).

3

r=s"+y" — dB= IHyy ds
4w 5 5
(s+57)

14 Thisis the same approach we have used previously to determine the gravitational field from a continu-
ous distribution of mass and the electric field from a continuous distribution of net electric charge.
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The total magnitude of the magnetic field from the current is found by integrat-
ing this expression with respect to s over the entire length of the wire.

L
L 2
B=[dB — B:(If;’tyﬁ s - o B:(I:i(’ty] -
_é(sz +y2)2 yz (y2+S2)2 P
2
Bz(luoyJ 2L L, e I L 1
4n y2(4yz+L2)E 27ry(4yz+L2)E

The direction of the magnetic field can be found from the cross-product in
Equation 4-5 using the right-hand rule. The direction of the magnetic field is
out of the page at the position P for each segment ds of the wire. Thus, the net
magnetic field at the position P is also directed out of the page.

We can also solve for the direction of the magnetic field using an extension of the
right-hand rule introduced in Section 4-2. Point the thumb of your right hand in the
direction of the current and the fingers of your right hand will curl in the direction of
the magnetic field, as shown in Figure 4.9.

B out of page
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FIGURE 4.9: The direction of the magnetic field around a current carrying wire.
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The cylindrical symmetry of the magnetic field

P
from a current carrying wire shown in Figure 4.9 re- * 4
sults from the fact that the current in the wire consists “x
. . - 09

of moving charged particles whose magnetic fields p 7%
are cylindrically symmetric. To explore this further, . =

, - ——>dz
let’s recalculate the magnetic field of the current- ,=0 °
carrying wire using a reference frame with cylindrical p=0

coordinates, as shown in Figure 4.10. In this reference

frame, the z-axis is aligned parallel to the direction of ~ FIGURE 4.10: Determining the magnetic

field from a segment of the wire in Figure

the current in the wire, and the p-axis is perpendicu- 45 using cylindrical coordinates.

lar to the z-axis; the origin of both of these axes is at
the perpendicular bisector of the wire.

The infinitesimal bit of length ds in Equation 4-5 can then be written as an infini-
tesimal bit of length dZ along the z-axis.

ds=dz =(dz)2 — dB:(f—;]—I(((dz)f)XF) > d*z[ﬁjﬁ(fx?)

The length of the position vector can be related to p and z using trigonometry, as shown
in Figure 4.10.

1
(2. ) e h) Ipdz
r=(2+p")p - (47[ 7(22+p2)2¢

We now have an expression for the infinitesimal bit of magnetic field (magnitude and
direction) from each infinitesimal bit of length of wire through which the current is
flowing. The total magnetic field from the wire is found by summing (i.e., integrating) all
of these infinitesimal bits of magnetic field along the entire length of the wire.

L
B=[dB — B- (’:"’)J =
T —%(ZZ'FPZ)E

www.EngineeringBooksPDF.com



124 THE ENERGY OF PHYSICS, PART II: ELECTRICITY AND MAGNETISM

- | (I 1 F, - . = [T ) 2L R
B='| 'u':ll}i ; i o —= b= I :l:ﬁll T (¢
1N e Y || T piapt )

- Iu L .

B= A T (@
272:p(4p2 + Lz)2

The magnitude of the magnetic field derived here is the same as that obtained in the
solution of Example 4-5. The advantage of this approach, however, is that we have
simultaneously also calculated the direction of the magnetic field without having to
separately use the right-hand rule.

The magnetic field of a system of currents is the summation of the magnetic field
from each of the currents.

Example 4-6

Problem: Two parallel current carrying wires of length L are separated by a
distance d as shown in Figure 4.11. The magnitude of the current in each wire
is the same and equal to /, but the directions of the currents are opposite.

What is the magnetic field produced by this current at the position P that
lies halfway between the wires along the perpendicular bisectors of the
wires?

Solution: The magnitude of the magnetic field from each current will be identi-

cal at the position P, since that point is at the same distance from each wire. The

direction of the magnetic field from each

I I current can be found using the right-hand
«—  «— rule or through direct calculation in cylin-
drical coordinates, as discussed previously.
Through either calculation, we see that the

d oP direction of the magnetic field at the posi-
I | tion P from the top wire in Figure 4.11 will
—>1 I—>  point out of the page, and the direction of

the magnetic field at the position P from

FIGURE 4.11: The system of two wires in Example 4-6. the bottom wire in Figure 4.11 will also
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point out of the page. Therefore, the magnetic field at the position P is directed out
of the page with a magnitude of

In L In L
B=2 at -| = B= o 1
2 2 2 2\2
d md\d + L
2rcd 4() + I ( )
2
Example 4-7
Problem: The wire in Figure 4.12
consists of two straight segments
and one segment in the shape of a | R |
semicircular arc with radius R. — o —
The wire carries a current [ P

What is the magnetic field of the
wire at the position P in Figure 4.12
that lies at the center of the semi-
circular arc?

FIGURE 4.12: The wire in Example 4-7.

Solution: It is easiest to determine the magnetic field by dividing the wire into
three segments, labeled A, B, and C in Figure 4.13.

The magnetic field at position P
from the current in wire segments A B
and Cis zero since the angles between
ds and T for those segments are
0° and 180°, respectively; in other |
words, the cross product in Equation
4-5 for the current in those segments
is zero. For the current in segment

B, ds is always perpendicular to F.  pguURE 4.13: Wire segments for calculating the magnetic field in
Example 4-7.

°
I I P I 1
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Thus, the magnitude of the magnetic field at the position P from the current in
segment B is

I(ds)r 1d Ji
i (O  c 3

The integral in this equation is simply the circumference of the arc.

1
st:n’R — B= ‘LLO (77;R) RN Bz‘uL
4z ) R® 4R
The direction of the magnetic field can be found from the right-hand rule. In
this case, the magnetic field is directed into the page.

4-6 Magnetic Force Acting on a Current Carrying Wire

The unit of the magnitude of the magnetic field can also be written as

IT=1- 5 T=1— . iT=1 v
m (C) Am
C— — |m
S S

Therefore, we would expect by analogy to the gravitational fields and electric fields that
the magnetic field will exert a magnetic force on a length of wire carrying current (i.e.,
on something which has the unit Am and is thus described by the product of current
and length).

Indeed, a current-carrying wire in a magnetic field will experience a magnetic force,
because each of the moving charged particles that constitute the current will experience
a magnetic force from the magnetic field. If we consider the current to be composed
of effectively infinitesimal bits of net electric charge (i.e., infinitesimally small charged
point particles), we can determine the net magnetic force on the Wirel Fm, from the sum
of the individual magnetic forces exerted on these point particles, dF). In the limit that
these individual magnetic forces are infinitesimally small, we can replace the summa-
tion with an integral.
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F, = |dF,

dF, = dq(v x B)

dt

dFm:dq(ng] - dﬁmzﬂ(ﬁxé)

dﬁm=l(d§><l§)

Example 4-8

Problem: An infinitely long wire carries
a current I. A segment of that wire, with
a length L, is in the presence of a uniform
magnetic field of magnitude B as shown in
Figure 4.14.

What is the magnetic force exerted on
the segment of the wire by the magnetic
field?

Solution: The magnitude of the force can
be determined using Equation 4-6. Since
the direction of the current is perpendicu-
lar to the direction of the magnetic field,
we have

We can use Equation 4-2 to determine the infinitesimal magnetic force associated
with an infinitesimally small charged point particle with net electric charge dq moving
through a magnetic field.

We can then use the same substitutions that we used in Section 4-5 to express this force
in terms of the current in the wire.

(4-6)

127

1I—> 1

FIGURE 4.14: The wire in Example 4-8.

dF,=1(ds)B — F,=[I(ds)B — F,=IB[ds
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B The integral in this equation is simply the length of the
X X X Tpm X X x wire segment.

I—>I 1—> [

[ds=L — F, =IBL

The direction of the force can be found using the
L right-hand rule. For the system shown in Figure
4.14, the direction of the magnetic field is upwards,
as shown in Figure 4.15.

FIGURE 4.15: The magnetic force exerted
on the wire in Example 4-8.

Example 4-9

Problem: Spacecraft and satellites in orbit around the Earth
can use electric currents in tethers to change their orbits
(ie., their distance from the Earth). Let’s imagine that a
spacecraft generates a current of 2 Ain a 15 m tether aligned
perpendicular to the Earth’s magnetic field, as shown in
o w x Figure 4.16.

The magnitude of the magnetic field of the Earth at the
FIGURE 4.16: Using a current car-  Position of the satellite’s orbit is 20 pT. What is the magni-
rying tether to change orbits. tude of the magnetic force acting on the tether/satellite?

Earth

Solution: The magnetic force is determined using Equation 4-6. Since the
direction of the current is perpendicular to the direction of the magnetic field,
we have

dF,=1(ds)B — F,=[I(ds)B — F,=IB[ds
The integral in this equation is simply the length of the wire.

[ds=L — F =IBL — F,=(2A)(20x10°T)(15m)

F =0.6mN

m
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Now let’s re-examine the situation shown in 82 Fm

Example 4-6, in which two parallel wires carry I, :".";";" ";".'"."i I,
current. The current in each wire will create  e— = ) —
a magnetic field that will then exert a force 1 i e 0o 0 e o0 i

on the current in the other wire. From the d CTTTTTTT T }
application of the right-hand rule to the vector I pmmmmmmmmmmmmes——emee I
cross-product in Equation 4-6, we see that the _2>| vie & o SECICN, |_2>
direction of the magnetic forces exerted by the [ ]

wires on each othergwill cause the wires to r};ove :-t".-“.“' “.-“.“?-"

apart, as shown in Figure 4.17. B, Fo

Similarly, if the wires were carrying current

in the same direction the magnetic forces would  FIGURE 4.17: The magnetic forces exerted on parallel
cause the wires to be attracted to each other. wires carrying current in opposite direction cause the

These results are interesting from a ther-

wires to repel each other. The magnetic field B, is gener-
ated by the current |, and acts on the current I, The

modynamics point of view. Specifically, we  magnetic field B, is generated by the current |, and acts

know from the 2" law of thermodynamics ©nthecurrentl.

that systems will always arrange themselves

in order to minimize their total potential energy. Therefore, the current in the wires
appears to generate some kind of potential energy that exists between the two wires,
and, furthermore, this magnetic potential energy depends upon the relative directions
of the currents in the wires.

Finally, it is clear from the examples in this section that the magnetic force exerted
by a magnetic field on a current carrying wire can cause displacement of the wire and
therefore appears to do work on the current in the wire. In order to reconcile this obser-
vation with the previous statement that “a magnetic field cannot do work on a moving
charged object” we recognize that the motions of the charged objects constituting the
currentin a wire are constrained by the wire itself. Indeed, some of these charged objects
are unable to undergo the circular motion illustrated in Figure 4.5 because of collisions
with the boundaries of the wire. The impulse associated with the momentum transfer
of these collisions contributes to the magnetic force acting on the wire and hence to
the work done on the wire (and by extension on the current in the wire). In this way,
we argue that the work reflects a transfer of kinetic energy from the charged objects
in the current to the wire. Therefore, the ultimate source of the energy responsible for
the work done on these systems can be considered to be the electric field (or electric
potential) that drives the current in the wire and thereby provides the charged objects
in the current with their kinetic energy*®.

15 We will return to this discussion again in Section 6-6.
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4-7  Magnetic Dipoles

The unit of the fundamental source of the magnetic field is the product of current and
length. We can model this fundamental source of magnetism as a closed loop of cur-
rent. Such an idealized loop of current is shown in Figure 4.18. We can determine the
magnetic field along a perpendicular bisector of the loop (the z-axis in Figure 4.18)
using Equation 4-5.

I / ds= Rde

20

FIGURE 4.18: The magnetic field from a circular loop of current.

Let’s model our solution to this problem on the calculation of the electric field of a
uniformly charged ring (Section 3-7), since the two problems are so similar?®.

16 Asnoted in the solution to Example 4-2, ,5 points out from the origin of the reference frame. Thus, the
p-axis component of the location of the perpendicular bisector along is “~R” with respect to each infinitesi-
mal bit of current in the loop.
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The integral in this equation is with respect to ¢. Since the direction of /3 changes as ¢
changes, it is best to rewrite this integral in terms of its x-axis and y-axis components
(Figure 4.18).

,uOIZJ’f (R2)2+(Rz)((cosg0))2+(singo))7)
4

B= 3
%o (R2+22)5

de

As shown previously (Section 3-7), the x-axis and y-axis components of this integral
will be zero. As in the case of the uniformly charged ring, we argue here that the x-axis
and y-axis components of the magnetic field from any bit of electric current will always
be exactly cancelled by the x-axis and y-axis components of the magnetic field from a
diametrically opposite bit of electric current. Thus, the net magnetic field for the entire
loop will have a component along only the z-axis.

. IR> . IR*21
B IR fupls o po| AR
471,'(R2+zz)E 0 47r(R2+22)5
Fo| MR |

3
2(R2+22)2
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In the limit of z >> R (i.e., when the magnetic field of the current loop is measured at a
distance much larger than the radius of the loop), the magnitude of the magnetic field is
- IR’
lim B =| £ |2

z>>R 223

In this limit, the magnitude of the magnetic field is inversely proportional to the cube
of the distance away from the current loop. This is the same dependence on separation
distance that we previously derived for an electric dipole!” (Section 3-8). Indeed, we can
rewrite our expression for this magnetic field as

R nIR® .
lim B = w(7IR’) 5 limB:(M)é

z>>R 27[23 z>>R 27[23

By analogy to Equation 3-14, the magnetic dipole moment of the current loop, denoted
by u ,is

i, =(nRI)z

It follows from this comparison that the fundamental source of the magnetic field is a
magnetic dipole, either created by a moving electric charge or, equivalently, by current
flowing in a wire. However, whereas the magnitude of the electric dipole moment is
the product of charge and distance (Section 3-8), the magnitude of the magnetic dipole
moment is the product of current and area, specifically the area enclosed by the current
“loop” generating the magnetic dipole?®.

u =14 (4-7)

We might have anticipated this, of course, since we know that the magnitude of the
magnetic field can be written as the product of current and length. Thus, by analogy to
the electric dipole, the unit of the magnetic dipole must be the product of current and
length and length, or current and area. The direction of the magnetic dipole moment
associated with a closed loop of current can be determined using a right-hand rule.
If you curl the fingers of your right hand in the direction of the current, the thumb

17 The magnetic field for this system can be written as a multipole expansion similar to the multipole
expansion for the electric field (Section 3-10). See Section C-4 for more details.

18 This equation is valid for all closed paths of current, whether they are circular, square, or any other
shape.

www.EngineeringBooksPDF.com



CHAPTER 4: MAGNETIC INTERACTION

of your right hand will point in the e

direction of the magnetic dipole
moment.

Now let’s imagine a square “loop” of
current placed in a uniform magnetic
field, as shown in Figure 4.19. The
magnetic force exerted on each seg-
ment of the current- carrying wire in
this system can be determined using
Equation 4-6.

The magnetic force is zero for
the wire segments that are parallel
or anti-parallel to the direction of

the magnetic field (ie, on the top =========—m—mmmmm e

and bottom horizontal segments in

133

FIGURE 4.19: A square loop of currentin a uniform magnetic field. The

Figure 4.19). The magnetic forces net magnetic force acting on the current carrying wires generates a

acting on the remaining two wire seg-  nettorque.

ments have the same magnitude, but

point in opposite directions, and thus

generate a net torque on the current loop. Using the result of Example 4-8, we see that
the magnitude of this net torque is

L L
Tt:Z(—F] - 1 =2(—ynn)-a t, =ICB
nei 2 m net 2 net
This expression can also be written in terms of the area of the current loop

’'=4 — t,=I4B
We recognize immediately that the quantity IA in this expression is the magnetic dipole
moment of the current loop (Equation 4-7).

T.,=M B
From Newton’s 2™ law we know that this net torque will cause the current loop to
rotate. As it starts to rotate, the angle between the direction of the current and the
direction of the magnetic field (i.e., the angle between ds and Bin Equation 4-6)
will change, and the associated torque will also change. This can be easily viewed
as a change in the angle between i _and B. Indeed, by analogy to our discussion of
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electric dipoles in Section 3-8 we know that the torque acting on a magnetic dipole in
a uniform magnetic field is

T=0 xB (4-8)

And the magnetic potential energy of a magnetic dipole in a magnetic field is*’

=—[ +B (4-9)

m,dipole

Example 4-10

Problem: A circular loop of wire with a radius of 4 cm carries a current of 2 mA
in the presence of a uniform magnetic field with a magnitude of 0.5 T. Initially
the direction of magnetic dipole moment of the loop is parallel to the direction
of the magnetic field. How much work would be required to rotate the current
loop so that the direction of its magnetic dipole moment is anti-parallel to the
direction of the magnetic field?

Solution: The work required is equal to the change in the magnetic potential
energy of the current loop (i.e., the change in the magnetic potential energy of
the magnetic dipole associated with the current loop). This change in potential
energy can be determined using Equation 4-9.

m,dipole = _‘am ° B - Um,dipole = _ﬁumBCOSO
AUm,dip()le = (_umBCOS ef)_ (_#mB COS 91)
AUm,dipole = _,LLmB(COS 0}, — COS 0[)
AU, i =—[7(0.04m ) (0.002 A)){0.5 T){ cos(180>)—cos(0°))
AU on =10u] —» W =10yl

19 The ultimate source of this potential energy is the electric field or electric potential that drives the
current in the loop. This is analogous to the electric field or electric potential being the source of the energy
associated with the work done by a magnetic field on a current carrying wire.
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When placed in a uniform magnetic field, a magnetic dipole will align itself so that the
direction of its magnetic dipole moment is the same as the direction of the magnetic
field. This is the same behavior seen when an electric dipole is placed in a uniform
electric field (Section 3-8). In both of this instances, this alignment of the dipole cor-
responds to the minimum potential energy of the system.

When a magnetic dipole is placed in a non-uniform magnetic field, the dipole will
also experience a net magnetic force; similarly, an electric dipole will experience a net
electric force when placed in a non-uniform electric field (Section 3-8). This net mag-
netic force can be determined from the magnetic potential energy of the dipole.

Fm,dipale = _VUm,dipole - Fm,dipole = _V(_'am ¢ E)

F e = V(,+ B) (4-10) y a

Thus, as shown in Figure 4.20, if the / a7 / P

magnetic dipole is aligned with a non- P P
uniform external magnetic field, it will F/> — E
experience a net magnetic force in the ~<—— —
direction of increasing magnetic field —TT—— —

intensity. Similarly, if the magnetic di- s ~ s N
pole is aligned opposite the direction \ \

of a non-uniform magnetic field, it will \ \
experience a net magnetic force in the N N

direction of decreasing magnetic field
intensity. FIGURE 4.20: Directions of the net magnetic force acting on a mag-
The net magnetic force acting on netic dipole in a non-uniform magnetic field.

a magnetic dipole in a non-uniform

magnetic field can also be understood by analogy to electric forces. Rather than posi-

tive and negative charges, we refer to north and south poles?® of a magnetic dipole. As
shown in Figure 4.21, outside of magnetic dipole the magnetic field always points away

from the north pole and toward the south pole. Inside of the magnetic dipole, however,

the magnetic field points from the south pole to the north pole. Similarly, the magnetic

dipole moment always points from the south pole to the north pole. As discussed be-

fore, the magnetic field is continuous, forming closed “loops”, and is therefore different

20 This terminology reminds us of the multipole expansion for distribution of charged objects in Section
3-10.
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from the electric field which “originates” at positive electric charges and “terminates’
at negative electric charges.

x <_x North ’_. *
tl =® b
. L south e L

FIGURE 4.21: The north and south poles of a closed loop of current. The direction of the
currentis indicated by the blue arrow and the direction of the magnetic dipole mnmant hv
the orange arrow. y

Nevertheless, an analogy between the /7
magnetic field and the electric field is helpful 7
in understanding the magnetic force associ- 7
ated with the magnetic field. For example, >
opposite magnetic poles attract each other and
like magnetic poles repel each other, just as Fm Fm
opposite electric charges attract each other and
like electric charges repel each other (Section E
3-5). As shown in Figure 4.22, this property can B ~
help us to understand the net magnetic force N
acting on a magnetic dipole in a non-uniform \
magnetic field. The two poles of the magnetic
dipole will each experience a magnetic force in \
the presence of an external magnetic field, and N
these forces will pull on the dipole in opposite
directions. If the external magnetic field is uni- ~ FIGURE 4.22: In a non-uniform magnetic field,
form, these two forces will have the same mag- Eheii:'::ﬁgin:sﬁ:?gt:s t?:%\r/]vl:)usgleosf ;?2 2:3
nitude, and the net magnetic force will be zero.  netic dipole results in a net force magnetic
However, if the magnetic field is non-uniform, force acting on the magnetic dipole.
the magnetic force will have a larger magnitude
where the magnitude of the magnetic field is
larger. This will result in a net force acting on the
magnetic dipole. If the dipole moment is aligned
with the magnetic field, this net magnetic force
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will pull the magnetic dipole toward the region where the magnitude of the magnetic
field is larger.

Finally, we can use the formulism of magnetic poles to determine the net magnetic
force acting between current loops. If you curl the fingers of your right hand in the direc-
tion of the current, the thumb of your right hand will be the north pole of the magnetic
dipole moment associated with the current. Thus, as shown in Figure 4.23, if the direction
of the current is the same in the two loops, the two loops will be attracted to each other.
In contrast, if the current in the two loops are in opposite directions, the two loops will
repel each other.

1 1
— _(__ e Fm — __>_ R Fm
C ) ¢ )
m __/) Fn __(/
1 1
1 1
Frn —_— | =
C p ( )
B Fo 1 " |F
1 1

FIGURE 4.23: Net magnetic force acting between two current loops can be understood from the
interactions between the associated magnetic dipoles.

This is, of course, exactly the same conclusion that that we derived from the forces
acting between two current carrying wires.

4-8 The Bohr Model for the Atom, Part III

In the Bohr model of the hydrogen atom, the electron is orbiting the proton. Since the
electron is moving, it will generate a magnetic field. In Section 3-9 we determined the
speed of the electron to be

—225x10° 2
S

v

electron
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The magnitude of the magnetic field of the electron at the center of its orbit (i.e, at the
position of the proton) can then be calculated using Equation 4-1. If the orbit of the
electron is perfectly circular, we have

pxill=v - B{ij_: L po e
A ) r Aty

Substitution then gives us

(47r x 107 kgzn)(m X 10‘19C)(2.18 x 10° m]
B C S

4m(5.3x 10-”m)2

B=124T

The direction of the magnetic field depends upon the direction (clockwise vs. counter-
clockwise) of the orbit of the electron around the proton. A magnetic field that results
from the movement of the electrons in atoms is said to result from the orbital magnetic
dipole moment of these electrons.

We can determine the magnitude of the orbital magnetic dipole moment by compar-
ing our expression for the magnetic field of the electron at the center of its orbit to the
expression for the magnetic field of a closed loop at the center of the loop (Section 4-7).
If we denote the radius of the orbit and loop to be R, we have

Hoqv _ ol oo v

AZR’ 2R T 7R
qv 2 qvR
4 > u=2L(zr?) > u =24
o =g ) > =

Substitution gives us

(1.6 x 10“9C)(2.18x 10° r:](ssx 10—”m)

U = - U4 =924x10""Am’

2
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The magnetic potential energy of a magnetic dipole in a uniform magnetic field depends
uponthedirections of the magneticdipole momentand the magneticfield (Equation 4-9).
Therefore, hydrogen atoms with electrons orbiting in different directions will have dif-
ferent magnetic potential energies when placed in a uniform magnetic field.

4-9 Permanent Magnets

The magnetic properties of permanent magnets, such as refrigerator magnets, arise
from the intrinsic magnetic properties of the subatomic particles that constitute these
materials. Both the proton and the electron have a magnetic dipole moment, called a
spin magnetic dipole moment?!, which, along with charge and mass, is an intrinsic prop-
erty of these particles. The net magnetic dipole moment of an atom is the sum of the
spin magnetic dipole moments of the protons and electrons, together with the magnetic
dipole moments associated with the movements of the electrons within the atom??; the
latter quantities include the orbital magnetic dipole moments of the electrons discussed
in Section 4-8. If the sum of these magnetic dipole moments produces a net magnetic
dipole moment, then the material is magnetic. There are three types of magnetism: fer-
romagnetism, paramagnetism, and diamagnetism. The basic properties of these types
of magnetism are summarized here, and we will return to a more thorough discussion
of them in Chapter 7.

Ferromagnetism is a property of materials containing iron, nickel, and certain other
elements. The net magnetic dipole moments of groups of atoms in these materials align
with one another so that regions (called domains) of the material have a strong magnetic
dipole moment. These domains are typically randomly aligned, but when an external
magnetic field is then applied, all of the magnetic dipole moments of these domains
will align with this magnetic field. When this magnetic field is then removed, this align-
ment remains, and the material has a strong permanent magnetic dipole. Refrigerator
magnetics are made from ferromagnetic material.

Paramagnetism is a property typically exhibited by materials containing actinide
elements, rare earth elements, and transition elements. The atoms of these materials
contain a permanent dipole moment, but unlike ferromagnetic materials, these dipoles
are all randomly aligned; i.e., there are no domains of strong magnetic dipole moment

21 The term spin evokes the idea that the movement of charge (in this case spinning of the particle)
causes a magnetic dipole moment. Unfortunately, this is not a realistic picture of how these particles behave
or what gives rise to their intrinsic magnetic dipole moments.

22 Asdiscussed in Section 2-7, the motion of the protons within the atom is insignificant compared to the
motions of the electrons.
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as in a ferromagnetic material. When placed in an external magnetic field, the magnetic
dipole moments of these atoms will align with the field to create a net magnetic dipole
moment inside the material. However, this alignment and the associated net magnetic
dipole moment disappear once the material is removed from the magnetic field.

Diamagnetism is a very weak magnetic property exhibited by all materials. When
placed in an external magnetic field, a diamagnetic material will develop a net magnetic
dipole moment that is aligned opposite the direction of the external magnetic field. As
with paramagnetism, this alignment is temporary and disappears once the material is
removed from the external magnetic field.

Finally, the fact that the magnetic properties of elec-
trons are the ultimate source of magnetism in matter N
explains another interesting property of magnets. Namely,
that you are not able to isolate a north pole or south pole >
by breaking a magnet in half. Indeed, if you break a magnet

nw Zn 2

in half you will produce two magnets, each with its own S

north and south pole (Figure 4.24). Since you can’t break
he electron in nsti r n’t break

}1p the e e.ct o. to const tl.lte parts, you can’t break up FIGURE 4.24: Breaking a magnet

its magnetic dipole moment into separate north and south  oits in two new magnets, each

poles. with a north and south pole.

This fact is typically expressed as: magnetic monopoles
do not exist.

4-10 Magnetic Potential

Based upon analogy to gravitational fields and electric fields, we would correctly
assume that the magnetic field would also be associated with a potential. However,
the differences between magnetic fields, electric fields, and gravitational fields suggest
that the equation for this magnetic potential will be different from the equations for
the gravitational or electric potentials. Gravitational fields always point toward objects
with mass and terminate on these objects. Electric fields always point from positive
electric charges, where they originate, to negative electric charges, where they termi-
nate. Because of these properties, it is possible to define the relationship between these
fields and their associated potentials through the gradient operations in Equation 2-7
and Equation 3-8%. However since the magnetic field forms closed loops, its potential

23 If this reasoning is not clear to you from your vector calculus class, you should feel inspired to take
additional math and physics classes to understand why it is true.

www.EngineeringBooksPDF.com



CHAPTER 4: MAGNETIC INTERACTION

cannot be described using the gradient?*. Rather, the relationship between the magnetic
field and the magnetic potential is given by Equation 4-11.

B=VxV (4-11)

m

The magnetic potential, denoted by I7m in Equation 4-112° is also commonly referred to
as the vector potential, since it is a potential function that is also a vector?. The magnetic
potential is thus a vector field, in contrast to the gravitational and electric potentials
which are scalar fields. An equation for the magnetic potential?’ is

% :(ﬂjj@ (4-12)

" 4w r

Example 4-11

Problem: A wire of length L carries a current /, as shown in Figure 4.7. What is
the magnetic potential produced by this current at the position P that lies along
the perpendicular bisector of the wire segment?

Solution: As discussed in Section 4-5, the best reference frame for describ-
ing the magnetic field of a current-carrying wire uses cylindrical coordinates.
Therefore, let’s use cylindrical coordinates (Figure 4.8) for the integration in
Equation 4-12 and define the positive direction for the z-axis to be the same as
the direction of the current.

S
Il
N
Il
&
N>
\2
=i
|
/N
F
N~
N——
—
-
[\PY

24 This is the equivalent of saying that magnetic monopoles do not exist. -

25 The magnetic potential is frequently represented by the variable 4. I have chosen to use V,, for the
magnetic potential and A for the area vector, which we will encounter in the following chapters.

26 Similarly, the electric potential is commonly referred to as the scalar potential.

27 See Section C-5 for derivation.
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L L
J = ‘uol)j dz ;> Vo= (‘u—ol)ln[z+(zz+p2)5)2 z
m (47[ —%(zz+p2); " ar ‘%

N>

B, I
V = ('ZO )ln 2p 1
d (2+4p”) -1L

The direction of the magnetic potential
for the wire is thus parallel to the direc-
tion of the current in the wire, and has a
magnitude that decreases with increasing
distance away from the wire.

—> Vm

I

I s

I

I

H > | As shown in Figure 4.25 the magnitude
1

i
—>
I 5

I

—>

] =3  of the magnetic potential decreases with
increasing distance from the wire. Since the
magnitude of this vector field is decreasing
with respect to a direction perpendicular
to the direction of the vector field (ie., the
magnitude of the vector field along the z-axis

FIGURE 4.25: The magnetic potential for a straight current is decreasing as the distance from the wire

carrying wire. along the p-axis increases), we know that the

curl of the vector field is non-zero®.

We can examine the validity of our solution in Example 4-11 by calculating the associ-
ated magnetic field using Equation 4-11. We begin by recognizing that the magnetic
potential for the wire has a component along the z-axis only.

=) > ()= ol 22
" (prapr)-L

B=VxV — B:Vx((Vm) 2)

28 See Section B-9.
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Applying Equation B-11 gives us

<

X
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Il
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X

QU
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|
2

Q)
R s‘:
;N/

ASH

Hence,

¢ — B= |9
p(L2+4p2)2 27rp( +4p)

| —

5 [uol) 2L 3 1, IL .

This result is identical to the expression derived previously.

Example 4-12

Problem: What is the magnetic potential of a charged point particle, with net elec-
tric charge g, moving with velocity V, measured a distance r away from the particle?

Solution: We can determine the solution through manipulation of Equation 4-12.

72 = | ECCRRN A ) RN ') U
"\ dr r " o \dr ) r " \dr)dt r

a7 =| Ho|dads 5 [ K |dd;
” Az | r dt ” a | r
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Thus, for a point particle with net charge g,
A P - N e
’” ” " 4 ) r " 4rr
" 4rr

Although the magnetic field can be uniquely determined through experimental mea-
surements, using Equation 4-1, using Equation 4-5, etc., the magnetic potential is not
uniquely defined by a distribution of currents or other moving charges. Indeed, there
are multiple solutions for I7m in Equation 4-10 that generate the same value of B;all
of these possible I7m are equally valid. Consider the two magnetic potentials (I7m )1 and
(I7m )2 defined as

(7,),=(7,),+Vx

In this expression, X is an arbitrary scalar field. We see from Equation 4-10 that the
magnetic fields associated with these two magnetic potentials are identical.

Vx(P,),=Vx((7) +Vx) = Vx(F,),=Vx(7,) +VxVy

VxVy=0 — Vx(V ) =Vx(V) - B=5
This result is reminiscent of our discussion of the ambiguity in the scalar fields for the
gravitational potential (Section 2-5) and the electric potential (Section 3-6). Recall that
we overcame this ambiguity by defining the gravitational potential (Equation 2-2) and
the electric potential (Equation 3-1) to be zero infinitely far away from their source.
Similarly, in the limit of large values of p, the previously derived equation for the mag-
netic potential for a current carrying wire (using Equation 4-12) is also zero.

(il (1 _
tim?, = 25 [ 222 5 tim7 <[ 2 |(n(1))z > 1imP =0
p>>L M 47 2p p>>L M 47 p>>L M

The ambiguity in the definition of the magnetic potential for the wire is actually visible,
however, in the limit of long lengths of wire.
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_ 1 - 1 _
limV = at In L+L z - limV = B (ln(oo))f - limV =eo
Lo ™ 4r L-L Lo ™ 4r Lo M

We typically circumvent this problem by defining a different zero point for the magnetic
potential®’; let’s denote this zero point as p,. With this definition, the magnetic potential
for the infinite current carrying wire is

(I
V :[‘i) h{ﬂj E
" 2r p

The fact that the vector and scalar potentials are not uniquely defined, but the mag-
netic, electric, and gravitational fields are uniquely defined (because we can measure
the effects of the associated forces), motivates us to consider the fields, rather than the
potentials, to be the physically real quantities.

Finally, the magnetic potential of a system of currents (or moving charged particles)
is the sum of the magnetic potentials of each current (or moving charged particle).

Example 4-13
Problem: What is the magnetic potential at position P in Figure 4.11?

Solution: The magnetic potential at position P is the sum of the magnetic
potentials from each of the wires at that point. Since the current in the wires is
flowing in opposite directions, the directions of the magnetic potentials of each
wire at the position P will also be opposite. The magnitude of the magnetic
potentials from the wires will be the same at position P, since that position is
equidistant from each wire. Therefore, the net magnetic potential at position P
will be zero.

29 Recall from classical mechanics that the zero point of the potential energy did not affect the associated
force or the kinematics of the system, since it is only changes in energy that affect kinematics. Similarly, it
is only changes in potential that are significant since the associated fields are defined in terms of changes
in potential.
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4-11  Magnetic Potential Energy

The magnetic potential energy of a charged particle moving in a magnetic potential is
U, =V, +(qv) (4-13)

Similarly, the component of the magnetic potential energy of an infinitesimal bit of
electric current is

dU =V «lds (4-14)

The total magnetic potential energy of the system is thus found by integrating Equation
4-14 with respect to the path of the current (e.g., the length of a wire).

Example 4-14

Problem: A charged point particle Vv
with net electric charge +Q is mov- @ —_—
ing at speed v a distance p away
from a current carrying wire of
length L, as shown in Figure 4.26. p
The direction of the velocity of I
the point particle is the same as [ | —>
the direction of the current. What € >
is the magnetic potential energy of L
the interaction of the point particle
and wire?

FIGURE 4.26: The system in Example 4-14.

Solution: The magnetic potential energy can be found using Equation 4-13
or Equation 4-14. Let’s calculate the magnetic potential energy by from the
point of view of the current in the wire interacting with the magnetic potential
of the moving point particle. We will use cylindrical coordinates and define
the direction of the velocity of the charged point particle and the current to
be along the positive z-axis (Figure 4.27). The magnetic potential of a moving
charged point particle was determined in Example 4-12.
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\%

e A
N N - v . <
7 a8 N A R LS %,
" 4rr " a2\ 2.
7T(p +z )2 <
[ : ] —>
> dz
z=0
We can determine the total magnetic potential energy by p=0
integrating Equation 4-14 with respect to the length of the _ .
wire FIGURE 4.27: The variables for the inte-

gralin Example 4-14.

di=(d): - U =] BT W ()2
dz(p’+2’ ) |

ol 3 d | | s s |
v, Lo -l' £ - U, & nl 2 J-r”r_l' = F° ]"
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We would naturally assume that we can use the magnetic potential energy determined

in Example 4-14 to determine the magnetic force acting between the point particle and
the wire with Equation 1-1.

F =-VU_
The magnetic potential energy for this system is expressed in cylindrical coordinates
and depends upon only the distance p separating the point particle from the wire; all of
the other variables in the equation, such as the length of the rod, are constants. Hence,
we can use Equation B-6 to determine the gradient.
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sU. &L & | ot 2p 1],
q"‘q=r’-=0_FF"_€_'“F n : L
i d | ix . [
v | | (107 + ¥ -L ]|
J':-'.., = ."r:;qli L : 3 . F'.., =| Lis gul |
| P ! plag*+Lf 1) ._3-'-'11'{41'?: +L) |
However, this result is not identical to what we obtain using Equation 4-33°.
- - - I L R
Fm:q(va) - szq[(v)é]x at [0
271'/)(4/)2 +I )5
- qlu Lv A — qlu Ly .
F = 0 T (zxq)) - F = 0 ; (_p)
27z:p(4p2 +L2)2 27z:p(4p2 +L2)2

Why is there a difference in these predictions? The answer has to do with the fundamen-
tal interactions between magnetic and electric fields. As we will discuss in Chapter 6,
moving the wire and the charged particle away from each other will change the current
in the wire. Therefore, additional work (i.e., additional energy) will be required if, as in
this problem, we wish to maintain a constant current in the wire (and constant velocity
for the charged particle). It is our neglecting of this additional energy that has given rise
to the discrepancy here. We will return to this problem, and a more general discussion of
the relationship between magnetic force and magnetic potential energy, in Section 6-8.

30 The magnetic field for the wire was determined in Section 4-5.
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Summary

¢ The magnetic field produced by a charged object with net electric charge g moving
through a vacuum with velocity V is

B Hoq VXF
4 r

The constant u,, is called the vacuum permeability.

kgm
CZ

U, =4m x 107

The SI unit of the magnitude of the magnetic field is the tesla, denoted by T, which
is defined as

jTo1ke_ Ns | Vs
Cs Cm m’

The magnetic field is a vector field and can be considered to be the magnetic force
per amp-meter.

e Lorentz Force: the combined electric and magnetic force acting on a charged
object with net electric charge g moving with velocity V in the presence of both
an electric and a magnetic field is

F:q(E+\7><1§)

From the Lorentz force we also derive the equation for the magnetic force acting
on a current-carrying wire in the presence of a magnetic field

F = J[d§ x B
¢ A magnetic field cannot do work on a charged object.

¢ Electric current: a net flow of electric charge through a surface.

j_da
dt
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The unit of electric current is charge per time (C/s), which we define as an ampere

(A).

1A=19
S

The magnetic field created by a current I is

dg:(&JM

4 P

Magnetic dipole: a closed loop of current or a pair of magnetic poles in a perma-
nent magnet.

Magnetic dipole moment: for a closed loop of current, the magnitude of the mag-
netic dipole moment is product of the current in the loop and the cross-sectional
area of the loop

u, =14

The direction of the magnetic dipole moment is determined using a right-hand
rule. If you curl the fingers of your right hand in the direction of the current, the
thumb of your right hand will point in the direction of the magnetic dipole mo-
ment. The magnetic potential energy of a magnetic dipole in a uniform magnetic
field is

Um,dipole = _‘um B

The net magnetic force acting on a magnetic dipole moment in a non-uniform
magnetic field is

Fm,dipale = V(ﬁm * B))

Ferromagnetism: a ferromagnetic material will develop a net magnetic dipole
moment in the presence of an external magnetic field, and will retain that net
magnetic dipole moment when the external magnetic field is removed.
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e Paramagnetism: a paramagnetic material will develop a net magnetic dipole
moment in the presence of an external magnetic field, but that net magnetic dipole
moment will not be retained when the external magnetic field is removed.

« Diamagnetism: a very weak magnetic property exhibited by all materials. When
placed in an external magnetic field, a diamagnetic material will develop a net
magnetic dipole moment that is aligned opposite the direction of the external
magnetic field. This net magnetic dipole moment will not be retained when the

external magnetic field is removed.

e Magnetic Potential: The potential associated with the magnetic field; it is also
frequently referred to as the vector potential.

B=VxV,

The magnetic potential for a current distribution can be found using

7| Ids
"o \4r r
The magnetic potential is a vector field and can be considered to be the magnetic

potential energy per amp-meter.

+ Magnetic Potential Energy: the magnetic potential energy of a charged particle
moving in a magnetic potential is

U, =V, gV

Similarly, the component of the magnetic potential energy of an infinitesimal bit of
electric current in a magnetic potential is

dU_ =V lds
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Problems

What is the magnetic dipole moment of the system in Example 4-2? What is the
effective current for this system?

A thin and uniformly positively charged ring of radius
R and net electric charge Q is lying in the x-y plane.
The z-axis is perpendicular to the plane of the ring
and passes through the center of the ring. If the ring is - S,
stationary, the magnetic field at position P is zero, but .-’/ N
if the ring is rotating around the z-axis, the magnetic ':'-. <—>,]
field at position P is not zero. What is the magnetic % R &
field at position P if the ring is rotating around the
z-axis with angular frequency w? What is the magnetic
dipole moment of this system?

A point particle with a net electric charge of +4 nC is moving with a velocity of

A

V= (2 EJ 4 through aregion where there is auniform magnetic field of B = (2 T)(p .
s

What is the magnetic force that acts on the particle?

A charged point particle is moving with a velocity v = (4E)2 through a region of
S

space containing a uniform electric field £ = (2 %))2 and a uniform magnetic field

B= (3T) ¥ . Due to its interactions with these fields, the particle experiences an

L m |, . : . .
acceleration g = (5—)x. What is the ratio of the net electric charge of the point
S
particle to the mass of the point particle? /I
Calculate the magnitude and direction of the magnetic field for 0’6

the current-carrying wire shown in the figure at the position P.
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The wire consists of two straight portions and a semicircular arc of radius R, sub-
tends an angle 8 (measured in radians), and is centered on the position P.

Calculate the magnitude and direction of the magnetic field at the
center of a circular wire of radius R carrying a current [ (i.e., at
the position P shown in the figure). I l, T I

A long wire carries a current I. A right angle bend is made in the —>
middle of the wire, forming a semicircle with radius R. What is
the magnitude of the magnetic field at the position P? You should
consider the two straight segments of the wire to be infinitely long.

A wire has a linear mass density of 0.5 kg/m and carriesa . 1_5”3 ______ .

. . . e I i :
current of 2 A. What is the magnitude of the magnetic field —<«—= L 'f <I_
that is required to levitate the wire (see figure)? L:_f__f_i_:_:__'_j

Fg
A wire of length L carries current I, as shown in the figure. '?
What is the magnetic field at the position P that is a distance p
“above” one end of the rod? p
1 1
— —>
z=0 z=L
p=0
P
An annulus, with an inner radius a and outer radius b, carries a cur-
rent [ that is uniformly distributed throughout the annulus. What +Z]
z
is the magnetic field from the annulus a distance z away from the
center of the annulus along the perpendicular bisector of the an- 1
nulus? What is the magnetic dipole moment for the annulus? b 2 )
'\'\..\. —I> r
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—

A magnetic dipole is placed a distance p away from Hm
an infinitely long current-carrying wire. If the di-
rection of the current is along the positive z-axis p

A

and the magnetic dipole moment is fi = (um)p,

what is the magnetic torque acting on the magnetic

dipole?

A magnetic dipole is placed a distance p away Lolm

from an infinitely long current carrying wire.

If the direction of the current is along the P

positive z-axis and the magnetic dipole mo- I
ment is ﬁm =(‘um)gb, what is the magnetic I ] —>

force acting on the magnetic dipole?

A thin and uniformly positively charged rigid rod is rotating around an axis through
its center at angular frequency w. The net electric charge and length of the rod are
Q and L, respectively. What is the magnitude of the magnetic field a distance z away
from the rod along the axis of rotation of the rod?

A uniformly positively charged disk of radius R is rotating with angular velocity w
around an axis that is perpendicular to the plane of the disk and passes through the
center of the disk. The net electric charge of the disk is Q. What is the magnitude of
the magnetic dipole moment of the disk?

Confirm that Vm = — B x 7 is a possible magnetic potential for a uniform magnetic

field.

N | —
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Symmetry Laws

5-1 Introduction

We argued in the solution to Example 2-10 that we could
have guessed the x-axis component of the gravitational
field for that system would be zero based on the fact that
there were equal amounts of mass to the left and right
of the position P along the x-axis (see Figure 2.17). In
other words, the geometry of the distribution of mass
should be reflected in the geometry of the gravitational
field. Furthermore, since the direction of the gravitational
field of a distribution of mass is related to the shape of
the equipotential surfaces of the gravitational potential
of the distribution of mass?, it follows that the geometry
of the distribution of mass should be reflected in the

1 We know from Equation 2-7 that the gravitational field is always
perpendicular to the equipotential surfaces of the gravitational
potential. Similarly, we know from Equation 3-8 that the electric field
is always perpendicular to the equipotential surfaces of the electric
potential.
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geometry of the gravitational potential. Similarly, the geometry of the distribution of net
electric charge and electric current should be reflected in the geometry of the electric
and magnetic potentials, respectively. In this chapter, we will learn about several differ-
ent fundamental laws that relate gravitational fields, electric fields, and magnetic fields
to the distributions of mass, electric charge, and current that create them. Under certain
circumstances, these laws allow us to more easily calculate these fields. More generally,
however, these laws set the stage for the discussion of the deeper relationship between
these fields in the next chapter.

52 Symmetry

Let’s consider, for example, the gravitational potential of a uniformly dense, thin
cylindrical rod. The gravitational potential for such a system was calculated in
Example 2-4.

2
V,=-2GAIn -
(2 +4y’ ) -L
In this equation, the variable y denotes the distance from the rod along the perpendicu-

lar bisector of the rod. We can calculate the gravitational field from this gravitational
potential using Equation 2-8.

2 . _ 2GAL .
§:2Gﬂ,%ln - yoo g —= 5

(L2+4y2)5—L y(L2+4y2)2

In the limit that the rod is infinitely long, we have

o [2(}1}
limg=|——1|y
L—o y

As expected, the gravitational field has a component along the y-axis only and always
points toward the rod? (see Figure 5.1).

2 The gravitational field always points toward the distribution of mass (Section 2-6).
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_____ Llddd ot SR
A.i.1.4.4.1.1.1.

FIGURE 5.1: Gravitational field around an infinitely long and uniformly dense rigid
rod. All locations on the same dashed line are at the same gravitational potential.
The left panel is a view of the system from the side of the rod, and the right panel is
a view of the system “head-on” from one end of the rod.

As shown in Figure 5.1, the equipotential surfaces of the gravitational potential associ-
ated with the rod share the symmetry of the rod. Specifically, they are all infinitely long
cylindrical shells. Furthermore, since the gravitational field always points perpendicular
to the equipotential surfaces of the gravitational potential, the gravitational field of the
rod cannot have any component parallel to the surface of the rod, but must instead al-
ways point directly toward the rod. Similarly, as shown in Section 2-2, the equipotential
surfaces of the gravitational potential around a point particle are concentric spherical
shells, reflecting the spherical symmetry of the point particle.

Example 5-1:

Problem: Describe the gravitational field and the equipotential surfaces of the
gravitational potential associated with an infinitely large and uniformly dense
square slab.

Solution: The equipotential surfaces of the gravitational potential must have
the same symmetry as the square slab and thus must be infinitely long square
planes. The gravitational field must be perpendicular to the equipotential sur-
faces and must point directly toward the slab.
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The electric potential of a charged point particle reflects the spherical symmetry of the
point particle (Section 3-3), and the magnetic potential of a current reflects the cylindri-
cal symmetry of the current (Section 4-10). Recognizing and subsequently exploiting
the symmetry of distributions of mass, electric charge, and current in calculating the
associated gravitational, electric, and magnetic fields will be the foundation of the re-
maining sections of this chapter.

5-3  Flux

Just as one can infer information about the gravitational potential and gravitational field
of a distribution of mass from the symmetries of the distribution of mass, so too can one
infer information about a distribution of mass from its gravitational potential and/or
gravitational field. For example, we could infer that a spherically or cylindrically symmetric
gravitational potential results from a spherically or cylindrically symmetric distribution of
mass, respectively. Since the gravitational field is determined from the gravitational poten-
tial (Equation 2-8), it follows that a determination of the gravitational field (magnitude and
direction) can tell us about the distribution of mass generating that field.

We can quantify measurements of the magnitude and direction of a vector field through
its associated flux. The gravitational flux is a measure of the component of the gravitational
field perpendicular to a given surface. Consider the situation shown in Figure 5.2, in which
there is a uniform gravitational field. The gravitational flux through the square surface
in Figure 5.2 depends upon the relative orientation of the surface and the gravitational
field. The gravitational flux is largest when the direction of the gravitational field is per-
pendicular to the surface and zero when the direction of the gravitational field is parallel
to the surface. We can use vector calculus to quantify this further. We can define a surface
area vector (or simply an area vector), denoted as A4 in Figure 5.2, to be perpendicular to
the surface. The magnitude of the area vector is equal to the associated surface area. With
this definition, we see that the gravitational flux through a surface is maximum when the
gravitational field and the area vector are parallel. Similarly, the gravitational flux is zero
when the gravitational field and area vector are perpendicular and negative when the
gravitational field and area vector are anti-parallel.

Gravitational flux, denoted by CDg, is defined using Equation 5-1.

® = [ gedd (5-1)

surface
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— — ___-——_; <
/ > > < /
Maximum flux No flux through Negative flux
through surface surface through surface

FIGURE 5.2. The gravitational flux through a surface is maximum when the direction of the gravitational field is
perpendicular to the surface (i.e., when it is parallel to the area vector for the surface). The gravitational flux
through a surface is zero when the direction of the gravitational field is parallel to the surface (i.e., when it is
perpendicular to the area vector for the surface). The gravitational flux is negative when the gravitational field
and the area vector are antiparallel.

The vector dA is a differential (i.e., infinitesimally small) area vector; it has a magni-
tude equal to an infinitesimal area of, and a direction perpendicular to, the surface with
respect to which the integration is performed. For a uniform gravitational field, the
gravitational flux is therefore simply the dot product of the gravitational field and the
area vector.

(I)g =g A (uniform gravitational field)

Z_Jm

ke kg

Gravitational flux is thus a scalar quantity with the unit

Example 5-2

Problem: The gravitational field in a particular region of space can be described
by the following equation:

What is the flux of this gravitational field through the rectangular surface from
x=0mtox=2m,andy=0mtoy =4 m?
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Solution: From Equation 5-1, we have

. N N N
o = J gedd — @, = J [(4E+(3kg—m)y]2:|-dfl

surface surface

The differential area in Equation 5-1 must point perpendicular to the surface
over which the gravitational field is integrated. Since this surface lies in the x-y
plane, the direction of dA must be parallel to the z-axis. For this calculation,
we are free to choose the direction of dA4 tobe +2 or —Z ; in later calculations
we will introduce a rule for determining the direction of dA and similar dif-
ferential area vectors.

For our calculation, let’s assume that d4 is pointed in the +Z direction.
We can further model these infinitesimally small bits of area as infinitesimally
small rectangles (see Section 1-3). If the lengths of the sides of these rectangles
are dx and dy, the magnitude of the area of each of these infinitesimally small
rectangles (i.e., the magnitude of d;l) is the product of dx and dy.

dA = (dxdy)z

Hence,
N .
(I)g :su’Lce[[4—g+(3l<g—mJy) :|°|:(dXdy)Z:|
4m2m N
d)g = Omom[4k—g+(3k—)dex dy
o =T(4£+(3l}yjdyzfdx - @ :4f(4£+(3l)yJ(2m)dy
* o\ ke kgm om R < kgm

4m

S 2 A e X
(e

2
O =g _golm
‘ kg kg

Om
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The positive sign for the gravitational flux indicates that the net direction of
the gravitational flux through the surface (i.e, in the locations defined by the
surface) is in the same direction as dA (i.e., in the +Z direction).

5-4 Gauss’'s Law for the Gravitational Field

Gauss’s law? for the gravitational field states that the total gravitational flux through a
closed surface is proportional to the total mass enclosed by that surface. We can express
Gauss’s law for the gravitational field mathematically using Equation 5-2.

$ gdd=-azGM

enclosed

(5-2)

surface

The vector dA in Equation 5-2 is directed away from the interior of the surface®. Itis im-
portant to note that while Equation 5-2 is true for all surfaces, the integral in Equation
5-2 is simplest when the surface used for the integral matches the equipotential surfaces
of the gravitational potential of the distribution of mass that generates the gravitational
field. This is true since the direction of the gravitational field is always perpendicular to
these surfaces®, and the magnitude of the gravitational field is constant at all positions
along these surfaces. The variable M, , . in Equation 5-2 denotes the mass contained
within the Gaussian surface.

Example 5-3

Problem: What is the magnitude of the gravitational field for an infinitely long,
uniformly dense rod?

Solution: The equipotential surfaces of this system will reflect the sym-
metry of the distribution of mass and thus will be cylindrically symmetric.
For this reason, it is best to choose the Gaussian surface for our application

3 Named for Johann Carl Friedrich Gauss.

4 The surfaces used in Equation 5-2 are frequently referred to as Gaussian surfaces.

5 Recall from Equation 2-8 that the gravitational field is always perpendicular to the equipotential
surface.
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of Equation 5-2 to be a cylinder, as
shown in Figure 5.3. The radius and
length of this cylinder are denoted
by the variables y and L, respectively,
as shown in Figure 5.3.

This Gaussian surface has two
surface areas: the area around the
cylinder, denoted as A, in Figure
A, 5.3, and the areas of the top and
bottom of the cylinder, denoted as
A, in Figure 5.3. The vectors A, and

FIGURE 5.3. Determining the gravitational field for an infinitely A, in Figure 5.3 point perpendicular

long, uniformly dense rod. The Gaussian surface for this problem to their associated surfaces. and out
is a cylinder, shown in in yellow. The direction of the vectors as- ’

sociated with the surface areas and the gravitational field are in- from the inside of the cylinder. The
dicated by the arrows. direction of the gravitational field is

toward the rigid rod (Section 2-6).
Since the direction of the gravita-
tional field is perpendicular to the direction of the surface area A,, there is no
gravitational flux through this surface. Furthermore, since the surface A, is an
equipotential surface, the magnitude of the gravitational field is constant at all
locations along that surface. Therefore,

A 4

qsé-d?1=gA1cos(1800) — Elsg'dA=—gfL

surface surface

A =2myL - ¢ gedi=-g(2myL)

surface

Hence, from Equation 5-2 we have

_ 47GM 2GM

_ 2 T L — _4 n.GM N — enclosed RN — enclosed
g ( y ) enclosed g 27Ty L g y L
We can simplify this result by expressing M, in terms of the linear mass

density of the rod.

2GAL 2GA
Menclased - - g =
yL y
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As expected, this expression of the magnitude of the gravitational field is
identical to the expression derived in Section 5-2. The direction of gravita-
tional field is indicated by the directions of the associated arrow in Figure 5.3.
Incidentally, had we drawn Figure 5.3 with the arrow for the gravitational
field pointing in the opposite direction (i.e., in the same direction as 4,), the
resulting magnitude for the gravitational field would have been negative.
Obtaining a negative magnitude thus indicates that the relative orientation of
the gravitational field and area vectors in our calculation is incorrect.

Example 5-4

Problem: What is the gravitational field a distance r away from the center of a
uniformly dense, solid sphere of mass M and radius R?

Solution: The equipotential surfaces of the gravitational potential of this system
will reflect the symmetry of the distribution of mass and thus will be spherically
symmetric. For this reason, it is best to choose the Gaussian surface for our ap-
plication of Equation 5-2 to be a spherical shell, as shown in Figure 5.4.

The magnitude of the gravitational field is constant at all points along
this Gaussian surface since it is an equipotential surface for the gravitational
potential. We don’t necessarily know the direction of the gravitational field
since we are interested in determining the gravitational field both inside and
outside of the sphere. However, we recall from the solution to Example 5-3
that an incorrect guess for the direction of the gravitational field will result
in a negative sign in our calculation of the magnitude of the gravitational
field using Equation 5-2. Should this occur in our calculation, we will know
that our guess for the direction of the gravitational field was incorrect. Thus,
we assume that the gravitational field is always directed toward the center
of the sphere, as shown in Figure 5.4.

Cﬁg-d;lngcos(BOo) - Sﬁg.dj:_gémrz

surface surface
- 2 _
¢ g d - _4ﬂ’-GMenclosed - - g47rr - 47IGME”CZUS€‘1
surface
G
g= r_Z Menc/osed
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FIGURE 5.4. Determining the gravitational field for a uniformly
dense solid sphere. The Gaussian surface for this problemis a
spherical shell, shown in cross-section in yellow. The direc-
tion of the vectors associated with the area of this surface
and the gravitational field are indicated by the arrows.

M= p(%ﬂﬁ) - p=

3IM
AnR®

THE ENERGY OF PHYSICS, PART II: ELECTRICITY AND MAGNETISM

Since the magnitude of the gravitational
field is positive (ie., all of the variables
on the right hand side of this expression
are positive), our choice for the direction
of the gravitational field in Figure 5.4 is
correct for all values of the variable r.
The next step in our calculation is to
determine M First, we’ll consider

enclosed"
the case where r < R. In this case, M

enclosed
is determined from the radius of the
Gaussian surface and the volume mass

density of the sphere (Table 2-1).

4
- Menclosed = (5 7[1/-3 ) p

The mass density can, similarly, be
determined from the radius and total
mass of the sphere.

4 M
- Menclosed = (gnr3j( 43 R3 ]
T

enclosed = p I/enclased

3
7
Menclosed = M( FJ

Substitution gives us

The magnitude of the gravitational field increases linearly with increasing

distance away from the center of the sphere.
If the radius of the Gaussian surface is larger than the radius of the sphere,

then M

enclosed

enclosed

is simply the total mass of the sphere.

GM

2
r
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It is interesting to note that this expression for the magnitude of the gravita-
tional field is identical to the magnitude of the gravitational field for a point
particle (Equation 2-9). Therefore, when viewed from the outside, it is impos-
sible to distinguish between a point particle and a uniformly dense solid sphere,
regardless of how close you may be to the surface of the sphere. Finally, it is
also worth noting that the two expressions for the gravitational field (inside
and outside the sphere) agree at the surface of the sphere (i.e., the two expres-
sions are identical when r = R).

Of course, for more complicated (non-symmetric, e.g.) distributions of mass, the inte-
gral in Equation 5-2 cannot be as readily simplified as we have done in Example 5-3
and Example 5-4. Nevertheless, the resulting more complicated integral would still have
equaled —4nGM

enclosed"

Example 5-5

Problem: A spherical Gaussian surface contains 3 point particles with masses
3 kg, 5 kg, and 7 kg. What is the gravitational flux through this surface?

Solution: The gravitational flux through the surface is found using Equation 5-2.

g enclosed g

® =-47GM - @ =—47t(6.67><10’“%)(3kg+5kg+7kg)
g

O =_126x10% 0

g~ ke

5-5 Gauss'’s Law for the Electric Field
Expressions similar to Equation 5-1 and Equation 5-2 exist for electric fields.

®,= [ E.dd (5-3)

surface
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$ Eedi= Denctosed. (5-4)
SO

surface
The variable q, , . in Equation 5-4 denotes the net electric charge contained within
the Gaussian surface®. Consider, for example a system that contains two charge point
particles with net electric charges of equal magnitude, but opposite sign’. The total
electric flux through a Gaussian surface containing these particles would be zero since
the net electric charge contained within the surface. More specifically, the electric
flux associated with the positively charged particle would be positive and the electric
flux associated with the negatively charged particle would be negative, and these two
electric fluxes have the same magnitude. Thus, the summation of these electric fluxes
(ie., the total or net flux) is zero.

Example 5-6

Problem: A cylindrically symmetric electric field has a magnitude given by the

following equation:
- N
E= — z

What is the total electric flux through a circular cross-sectional area of radius
3 m lying in the x-y plane (i.e., perpendicular to the z-axis)?

Solution: Since the electric field is cylindrically symmetric, the differential
area for the integration in Equation 5-4 is a thin ring of circumference 27p and

width dp (see Section 1-3).

dA = [2n'p dp]é

Thus,
= | N -._: N Jem i - .1: :
" ruL'k.tEa.-'F HUAeda) 2% :Jm-fl"cm_.ip dp

6 Upon comparing Equations 2-9, 3-9, 5-2, and 5-4 we see how 4~ either appears in the equation for the
vector field (electric field) or the equation for Gauss’s law (gravitational field). In either case, its ultimate
origin is an integration over a surface area (i.e., over a solid angle). You should definitely take some more
advanced physics and math courses to understand exactly how and why this occurs.

7 An example of such a system is the electric dipole in Figure 3.16.
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) et

Example 5-7

Problem: A solid sphere of radius R and net electric charge +Q has the follow-
ing volumetric net electric charge density:

[ 39 ).
p_(4n’R5)r

The variable r in this equation is the distance from the center of the sphere.
What is the magnitude of the electric field as a function of r?

Solution: The electric potential and field will both be spherically symmetric,
so we should choose a spherical shell as the area of integration in Equation 5-4
(see Example 5-4). The sphere has a net positive electric charge density, so the
direction of the electric field will be the same as the direction as the area vector
for this surface, and the magnitude of the electric field will be constant at all
locations along this surface. Thus,

I

surface

For all values of r < R the net electric charge enclosed by this surface can be
found through the summation (i.e., integration) of the infinitesimal bits of net
electric charge that constitute the sphere using the volume net electric charge
density.

dg = pdV

enclosed
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The differential volume in this equation is the differential volume of a spherical
shell (Section B-5).

D onciosed = jdqendosed = Goretosed = J. PAV = 4, s = J p(47z:r2)dr

o= (22 o1 > (2]

0
50 \r° Q s
qenclased = (E}E - qenclosed = Fr

Hence,

3
E=| L |[£r] & =2
Are,r R 4re, R

For all values of r > R the net electric charge enclosed by this surface is equal to
the net electric charge of the sphere.

Q

4me 1’

:Q_>E:

qenclused

As expected, these two expressions agree when r = R. Furthermore, it is worth
noting that this expression for the magnitude of the electric field is identical to the
magnitude of the electric field for a point particle (Equation 3-9). Therefore, when
viewed from the outside it is impossible to distinguish between a point particle
and a solid sphere, regardless of how close you may be to the surface of the sphere®.

Example 5-8

Problem: What is the electric field produced by an infinite plane with uniform
positive net electric charge density?

8 A similar result was obtained in Example 5-4.
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Solution: The equipotential
surfaces of the electric poten-
tial of this system will reflect
the symmetry of the net electric
charge distribution and thus
will be infinite planes. The
electric field, which is always
perpendicular to the equipo-
tential surfaces of the electric

potential, will everywhere be
aligned perpendicular to the

FIGURE 5.5. Determining the electric field for an infinite plane with uni-
charged plane; furthermore, fom net positive electric charge density. The Gaussian surface for this
since the plane is positively problem is a cylinder. The direction of the vectors associated with the
area of this surface and the electric field are indicated by the arrows.

charged, the electric field will
point away from the plane.
Finally, the magnitude of the electric field will be constant everywhere on the
equipotential surface of the electric potential.

We are not limited in our choice of a Gaussian surface for this net electric
charge distribution as long as it has a surface that is parallel to the charged
plane. For simplicity, let’s choose a cylinder, as shown in Figure 5.5.

This Gaussian surface has two surface areas: the area around the cylinder,
denoted as A, in Figure 5.5, and the areas of the top and bottom of the cylinder,
denoted as A, in Figure 5.5°. The vectors A, and A, in Figure 5.5 point perpen-
dicular to their associated surfaces, and out from the inside of the cylinder.

Since the magnitude of the electric field is constant at all points along the
surface area A, and is perpendicular to the surface area A, we have

$ E-dd=2(Ed cos(0°)) — ¢ E-dd=2EA4,

surface surface

— qenclosed — qenclosed
2EA, = - - E= P
0 270
The next step in our calculation is to determine g, .. We can express this
quantity in terms of the surface net electric charge density, o, and the area A,.

oA

qenclused = 2

9 These are identical to definitions in Example 5-3.
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Substitution gives us

Let’s build upon the solution to Example 5-8 by considering a system that consists of
two infinitely large planes with opposite uniform net electric charge density; we can
denote the surface charge densities of the two planes as + o and —-o. The two planes are
parallel to each other and separated by a distance d, as shown in Figure 5.6.

to -0 to -0
E; E,
< . >| | —> —>
—_— N —> || «— +T>'
X >| | —> —
—_— N —> || «— | — |
X >| | —> _—
—_— [ — || — H — |
X >| | —> —
—>+—>-<E— H — |
|| €—>| | 2 | le—>|_
d d

FIGURE 5.6. The electric field of two infinite parallel planes of uniform, but opposite, net electric charge
density, is uniform between the two planes and zero everywhere else.

As shown in Figure 5.6, the electric fields of the two planes point in the same direction
in-between the two planes, and in opposite directions elsewhere. Since the magnitudes
of these two electric fields are the same, we see that the electric fields of the two planes
will cancel everywhere except in-between the two planes. The electric field in-between
the two planes points from the positively charged plane to the negatively charged plane,
as shown in Figure 5.6, and has a magnitude that is simply the sum of the magnitudes of
the electric field from each plane (Example 5-8).
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Although this result was determined from a system consisting of infinite planes, it
is nevertheless still a good approximation of the result for non-infinite planes under
the condition that the separation distance between the two planes (the distance d in
Figure 5.6) is much smaller than the length and width of the plane.

Now let’s consider a system consisting of two parallel planes of uniform, but opposite,
charge density separated by a distance d. Each plane is a square with surface area A.
Under the condition that d << A2 the magnitude of the electric field between the two
planes is

E=-1 (5-5)

The variable q in Equation 5-5 denotes the net electric charge on the planes; one plane
has a net electric charge of +q, and the other plane has a net electric charge of -q. The
separation of charges in this system results not only in an electric field in-between the
two planes butalso in a difference in electric potential between the two planes. This elec-
tric potential difference can be determined from the electric field using Equation 3-10.

AV,=—[E-ds

Let’s define the origin for the s-axis to be the positively charged plane in Figure 5.6 and
the positive direction for the s-axis to point from the positively charged plane to the
negatively charged plane (i.e., in the same direction as the electric field). With these
definitions we have

d
AV, =——L[ds - av,=-—Lu
¢ Ag ¢ Ae,

We can now define a new quantity called the capacitance, denoted by C.

_ASO
d

C (5-6)

The capacitance of a system is a measure of how much net electric charge must be sepa-
rated to produce a certain difference in electric potential between the separated electric
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4

AV, =-q/C

FIGURE 5.7: The electric field
and electric potential of a par-

allel plate capacitor.

charges; the larger the capacitance, the more net electric charge that

is required. For the system of two parallel planes, the capacitance

depends upon only the surface area of the planes and the distance

between them. For other systems, the capacitance is similarly de-

fined by geometric parameters (length, width, etc.) associated with

the system. The unit of capacitance is the farad, denoted by F.
At xe

1F=1 5
kgm Vv

The electric potential difference between two separated net electric
charges (or electric charge distributions) can be expressed in terms
of the associated capacitance as

(5-7)

Furthermore, this system of uniform distributions of net electric
charge density of the same magnitude but opposite (*) sign
separated by a distance can also be referred to as a capacitor®®. The
particular capacitor shown in Figure 5.6 and Figure 5.7 is a parallel
plate capacitor.

The separation of charges in the parallel plate capacitor in Figure 5.7 results in an
electric potential energy for that system (Section 3-5). We can determine the total
electric potential energy associated with this system by calculating the energy required
to move an infinitesimal charge dq from the negatively charged plate to the positively
charged plate against the electric field existing between the two plates. From Equation
3-5, we see that this change in energy would be

dU, =(dq)AV, — dUe:(dq)[%)

So the total energy required to form the charge separation'! in Figure 5.7 would be

AU, =[dU, - AUE:_q[%dq - AU =| L
0

2 q

q
2C

0

10 We will discuss capacitors in more detail in later chapters.

11 See Section C-6.
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AU, =L (5-8)

Of course, since the energy of the system is a state function, Equation 5-8 is
valid regardless of how the charged plates came to be separated. In other words,
Equation 5-8 is valid regardless of how the charge separation was created.
Furthermore, we see from Equation 5-6, Equation 5-7, and Equation 5-8 that a system
with infinite capacitance would be a system for which d = 0, AV_ = 0, and AU, = 0.
In other words, there is no charge separation for a system with infinite capacitance.

Example 5-9

Problem: The spherical capacitor in Figure 5.8
consists of a spherical shell of radius r, and uni- ‘
form net positive electric charge density with net
electric charge +Q, surrounded by a spherical shell
of radius r, with uniform negative electric charge
density and net electric charge -Q. -Q
What is the capacitance of this capacitor?

FIGURE 5.8: The spherical capacitor
Solution: The first step is to determine the electric  in Example 5-9.
field in-between the two shells of this capacitor. The
equipotential surfaces of the electric potential of
this system will reflect the symmetry of the electric
charge distribution and thus will be spherically
symmetric. For this reason, it is best to choose the
Gaussian surface for our application of Equation
5-4 to be a spherical shell, as shown in Figure
5.9. Furthermore, as discussed in Section 3-6,
the electric field will point from the high electric
potential surface (the positively charged surface)
to the low electric potential surface (the negatively
charged surface). FIGURE 5.9: The Gaussian surface for

Building upon the solution to Example 5-4 we  determining the electric field inside
the spherical capacitor in Example 5-9

have is a spherical shell, shown in cross-
o 2 section in yellow. The direction of the

95 E-dA=Ednr vectors associated with the area of

surface this surface and the electric field are

indicated by the arrows.
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The charge enclosed by the Gaussian surface is the total charge on the positively
charged sphere in the capacitor.

0

4mr’e,

qenc/asea’

=0 - 15(4;:#):8g — E

0

The electric potential between the two spheres in the capacitor can be found
using Equation 3-10.

AV, ==[E+ds

Let’s define the origin for the s-axis in this integration to be the positively
charged spherical shell in Figure 5.9 and the positive direction for the s-axis
to point from the positively charged spherical shell to the negatively charged
spherical shell (i.e,, in the same direction as the electric field). This definition
for the s-axis is the same as the definition for the r-axis.

2

Eeds=E«di — E-d7=( g )(dr)cos(OO) o E-dfz[ g )dr

dnrie, dnrie,
n 163 1 63

AV, =~ 4ﬂQZ dr > v =—2 " L sy 2|1
rl r'e, 4rme, s r dme, | 7,

AV:L l_l - AV :L ﬁ
© dme \r, ¢ dre, \ 11

1

The capacitance can then be found from Equation 5-7.
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The net electric force between the two plates of a capacitor is determined using
Equation 1-1 and Equation 5-8. For this calculation let’s define the perpendicular axis
between the two plates of the capacitor to be the x-axis.

dU 2 2
Fo-fe o opo oL 40 g4 4
¢ dx ¢ 2C? dx ¢ 2C? ) dx

Thus, for a parallel plate capacitor whose plates are separated by a distance x we have

Ae 2 Ae Ae,q°
C=—" —» F= qz -—| = F=- ng
X ¢ 2C X ¢ 2C"x
The negative sign for this force indicates that this force will pull the two plates together,
as expected.

5-6 Ampeére’'s Law and Gauss’s Law for the
Magnetic Field

Ampére’s law?!?, shown in Equation 5-9, is the expression for magnetic fields that can
be considered to be somewhat equivalent to Equation 5-2 for gravitational fields and
Equation 5-4 for electric fields.

Cﬁ B * d§ = ‘LLOIE}’ICIOSEd (5-9)

line

The integral in Equation 5-9 is a line integral that is performed around the boundary of
a surface through which the enclosed current passes; this boundary/line is frequently
referred to as an Amperian loop. Furthermore, we define the direction for the vector
associated with the area of this surface (the equivalent of the dA vector in Equation
5-2 and Equation 5-4) using a right-hand rule. Curl the fingers of your right hand in
the direction of the integration around the Ampérian loop and the thumb of your right
hand points in the direction of the area vector, denoted as A. As shown in Figure 5.10,

12 Named for André-Marie Ampeére.
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FIGURE 5.10: Applying Ampeére’s
currents using the same Amperi
red line indicates the direction of

law to two different
an loop. The dashed
integration. The cor-

responding A for the enclosed surface is directed out
of the page. Thus, the current in the left panel is posi-
tive and the current in the right panel is negative.
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FIGURE 5.11: Three currents
passing through a surface
enclosed by an Ampérian loop.

Example 5-10

THE ENERGY OF PHYSICS, PART II: ELECTRICITY AND MAGNETISM

any current in the same direction as Aisa positive
current in Equation 5-9, and any current in the
opposite direction of Aisa negative current.

Let's now consider the system shown in
Figure 5.11, in which three currents are passing
through the surface enclosed by the Ampérian
loop.

From the right-hand rule, we know that A for
the enclosed area associated with the Ampérian
loop points out of the page. Therefore, applying
Equation 5-9 gives us

kgm

Cﬁé-d&':(47r><10‘7 = )(2uA+4uA—3uA)

line

(ﬁE-a@:(lzﬂ:xlO’”Tm)

line

The magnitude of the magnetic field will, of course, not be constant
at each point along the Ampérian loop because of the lack of sym-
metry between the distribution of currents and the Ampérian loop.
Therefore, we cannot directly calculate the magnitude of the mag-
netic field at each position along the loop through this calculation.

Indeed, as with Gauss’s law for gravitational and electric fields,
Ampeére’s law is most useful when calculating the magnetic field
associated with symmetric distributions of current.

Problem: What is the magnetic field around an infinitely long wire carrying

current I?

Solution: The symmetry of the magnetic field will be reflected in the sym-
metry of the current distribution that generates it. In this case, the magnetic
field should exhibit the cylindrical symmetry of the wire carrying the current;
this is, indeed, what we have previously calculated (Section 4-5). Therefore, as
shown in Figure 5.12, let’s choose an Amperian loop that is a circle centered on

the wire/curr

ent.
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By symmetry we know that the magnetic field is constant ,’ \\
everywhere along the Ampérian loop (i.e, along the path of inte- I, 1
gration). If we further assume that the direction of the magnetic ‘ r ‘|
field is the same as the direction of the path of integration, we have 1 f

e /
gSé-dL;:B-(ngg) WOA /
: . ~ -7
line line ~ = -

95 Beds = B(27tr)cos(0°)

line

FIGURE 5.12: The Ampérian
loop for determining the mag-

gﬁ Beds = B(Z?‘L’r) netic field in Example 5-10.

line

In this equation the variable r is the radius of the circle corresponding to the
Ampeérian loop, as shown in Figure 5.12. From the right-hand rule we know
that the direction of A for the surface enclosed by the Ampérian loop is out of
the page. Since this is the same direction as the direction of the current we have

a1

Cﬁé.dgzuolenclosed - B(27tr)=,u01 - B:27rr

line

The positive sign in our result indicates that the direction of the magnetic field
is the same as the direction of the path of integration for the Ampérian loop?3,
consistent with the right-hand rule introduced in Section 4-5. Furthermore, the
expression for the magnitude of the magnetic field agrees with the equation
derived in Example 4-5 in the limit that the length of the wire is infinite.

A solenoid consists of a long, tightly wound helical coil of wire. We can model a solenoid
as a series of tightly packed loops of current, each of which will generate a magnetic
field (Section 4-7). As shown in Figure 5.13, the magnetic field from each of these coils
will reinforce each other inside the solenoid and nearly completely cancel each other
immediately outside the solenoid.

The more closely packed the loops of wire the more uniform and intense the
magnetic field inside the solenoid and the smaller the intensity of the magnetic field
immediately outside of the solenoid. As shown in Figure 5.14, a solenoid closely
resembles a permanent magnet with a north pole and a south pole, whose position (at

13 See discussion in Example 5-3 and Example 5-4.
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\ T/

W,

S
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! (0) —)I | 1(x)
7 1A

FIGURE 5.13: Determining the electric field for a solenoid from the contributions of each loop of current.

FIGURE 5.14: A solenoid is a simple example of
an electromagnet.

either end of the solenoid) depends upon the direction
of the current flowing through the solenoid. For this
reason a solenoid is also referred to as an electromagnet
(i.e., a magnet whose magnetic field is generated by an
electric current).

For a perfect solenoid, we assume that the magnetic
field inside is completely uniform with a constant mag-
nitude, and the magnetic field immediately outside
is exactly zero. We can calculate the magnitude of the
magnetic field inside the solenoid using Ampére’s law.
As shown in Figure 5.15, let’s use a rectangle as the
Ampeérian loop for this calculation; in Figure 5.15 the
vertices of this rectangle are numbered 1 through 4.

From the right-hand rule we know that the direction
of A is into the page, and thus all of the enclosed cur-

rents are positive in Equation 5-9. If the current in the wire is I and N loops of wire pass
through this enclosed surface area, then

‘LLOIenclosed = ‘LLONI

Theline integral of the magnetic field can be calculated for each segment of the Amperian

loop.

line

jé-ds‘+j1§-d§+jé-d§+jé-d§
1 2 3 4

www.EngineeringBooksPDF.com



CHAPTER 5: SYMMETRY LAWS

D
&

FIGURE 5.15: Determining the magnetic field inside a perfect solenoid using Ampere’s law.

Since the magnetic field inside the perfect solenoid is uniform we have

Beds = Bl

N Sy

The first and third integrals in the expression for 95 B« d5 are zero because B+ ds =0
line
for those paths. The final integral in the expression for ié- ds are zero because the
line

magnetic field is zero immediately outside of the perfect solenoid. Therefore, from

Equation 5-9 we have

u,NI

Bl=u,NI — B=

It is common to express the magnitude of the magnetic field inside the perfect solenoid
in terms of the number of loops of wire per unit length of the perfect solenoid; let’s use
the variable n to denote this density of loops.

n:% - B=u.mnl (5-10)
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Example 5-11

Problem: A perfect solenoid with a length of 0.5 m contains 400 loops of wire.
What is the magnitude of the magnetic field at the center of this solenoid if the
wire is carrying a current of 4 A?

Solution: The magnitude of the magnetic field would be

-7 kgm
N . (47z><10 ’ = )(400)(4A)

— B=4mT
! (0.5m)

B=

This magnetic field is several orders of magnitude more intense than the
Earth’s magnetic field.

In analogy to Equation 5-1 and Equation 5-3 we can define the magnetic flux through a
surface using Equation 5-11.

O = j BedA (5-11)

B
surface

The unit of magnetic flux is the weber (Wb).
IWb=1Tm’
Other common expressions for this unit are

IWb=1Vs= 1i
A

Example 5-12

Problem: What is the magnetic flux through the rectangular area near a cur-
rent carrying wire in Figure 5.16? Assume that the wire is infinitely long.
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Solution: The magnetic flux is found using

1 1
1 1
1 > ]
Equation 5-11. Let’s define A for this sur- i Hpiuiai i | :
I ojeo @ @ 010 !
face to point out of the page (Flgure 5.17). ! I ! h!
I 1 ;
As shown in Figure 5.17, A and Bwill then S i eo o0 ole i
point in the same direction. e - I
1
Let’s define a y-axis to point perpen- 1 i ® 060 00 .1 ri |
dicular to the wire as shown in Figure =—>I . = —>
1
5.18. With this definition we can write our :L X X X X X X 1
equation for the magnetic flux!* as
FIGURE 5.16: The system in Example 5-12
1 dA
p=tl g o [ [&S
21y wface\ 2T ) Y m=mmmmmmmmmmmmmmmoes
o o0 0 000 i
1
It's clear from this equation that the i .:ﬁ".".'; | i
magnetic field has the same magnitude i : e A 1 | h! 3
(and direction) along any horizontal line i o o o o :0 i
)
parallel to the wire. Therefore, the mag- : i
netic field will be the same for all locations 1 i 2 1
—_ = ] —>
H 1
. 1

within the red rectangle in Figure 5.18. We
can thus use the area of this rectangle as

the differential area in our integration. FIGURE 5.17: Defining the direction for the surface area
vector for calculating the magnetic flux in Example 5-12.

dA = Ldy
o [#0 ]Ldy i“o_“o_“o_l__;“;“o_““i
5= 2 I mm—m—— i
7 i o:<o e o0 :
r+h :d : hl
b = 'uO_IL J.ﬂ i Y oAe © o'e i
s 2 )y B A AR Ul O
r 1 y
I i o ojo 0 0 @ S|
IL =S '
@, =(“2°ﬂ )(myj”’)

FIGURE 5.18: Defining the differential area for the integral
o = ,UOIL I r+h of the magnetic flux.
B~ 2 n
T r

14 The equation for the magnetic field of an infinite wire was determined in Example 5-10.
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Gauss’s law for gravitational fields (Equation 5-2) and electric fields (5-4) related
the fluxes of these fields through a closed surface to the mass or net charge contained
within that surface. Since it is impossible to isolate individual north and south poles
of a magnet (Section 4-9), the equivalent expression of Gauss’'s law for magnetic
fields is

95 Bedd=0 (5-12)

surface

In other words, magnetic monopoles (i.e., individual magnetic poles) do not exist.

5-7  Revisiting the Vector Potential

Substituting Equation 4-11 into Equation 5-11 gives us another equation for the vector
potential.

surface

This equation can then be simplified using Stoke’s theorem (Equation B-15).

D, = gﬁﬁm o ds (5-13)

line

The magnetic flux through a surface is therefore equal to the line integral of the vector
potential along the boundary of that surface.
Let’s use Equation 5-13 to determine the solu-

) L 1 tion to Example 5-12. The magnetic potential for an
oE-—x——~ +z infinite wire was determined in Section 4-10.
R,
> [h ! >

- 1
R T OO Vi Vm:(’i In| 2o | |2
>1r > 2r P
—_— ] ——>
I I In this equation the z-axis is parallel to the direction
FIGURE 5.19: Defining the path for the integral of of the Cu_rre?t in the wire, as Show_n mn Flgu.re 5.19.
the magnetic potential to determine the magnetic The line integral of the magnetic potential can be

flux.

calculated for each segment of the boundary of the
surface in Figure 5.19.
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m

@Vm.ﬁ:jﬁm.dg+jﬁ o ds +
1 2

W ) I

1
V, eds+ [V «ds
4

line

The first integral in this expression is

frea=(2) {2

The negative sign indicates that the direction of Vm is opposite the direction of ds for
this integral, as shown in Figure 5.19. The second and fourth integrals in the expres-

line
expression for f V edsis

line

<

sion for fﬁ I7m o ds are zero because I7m « ds = 0 for those paths. The final integral in the
1
4

1
" 2r r
Putting it all together gives us

4”7 ods = Il | 2o | |- H 1L In| Lo

e 2r r 2r r+h
§7 .dgz(,uolLJln(r+hJ N (DB:(,LLOIL)In(r+h]
A 2r r 2r r

The result is identical to that obtained in Example 5-12.

Example 5-13

Problem: What is the magnetic potential of the magnetic field of a perfect
solenoid with a radius R, a density of loops n, carrying a current I?

Solution: We begin by defining a reference frame for this system using cylindri-
cal coordinates and a z-axis parallel to the longitudinal axis of the solenoid. The
positive direction of the z-axis will be the same as the direction of the solenoid’s
magnetic field. From the symmetry of the solenoid and the orientation of the
current carrying wires in the solenoid we know that the magnetic potential will
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have a component along only the ¢-axis and that this component will depend
upon p, but not upon z or ¢.

The magnetic flux through a single loop of the solenoid can be calculated using
Equation 5-13. The path of integration in this expression is around a single
loop of the solenoid, which we will define using cylindrical coordinates.

Cﬁ%mwﬁ-ﬁ<%=¢mﬂkﬁ}ﬂmwm]—>¢f4nhp¢w>

line line

@,=(1,),p(27) ~ (),=52

Since the magnetic field inside the solenoid is uniform, the magnetic potential
inside the solenoid (p < R) is

B
o =8(mw) > (1), =) o (1), =%

Outside of the solenoid (p > R) we have

2
‘%=Bﬁﬁ)-+(%L=£g§)-9(nk=@§

<

f T 1 A Substitution of Equation 5-10 gives us

:._.-'.. ‘:" -.,.‘.L
Jev B Ao

(VL=N€M p<R

FIGURE 5.20: The magnetic potential for a uOnIR2
perfect solenoid. The uniform magnetic field (Vm )(P = > p>R
in the interior of the solenoid is shown in p

green. The magnetic potential for a perfect solenoid is

illustrated in Figure 5.20.
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Summary

Flux: a quantitative measurement of the magnitude and direction of a vector
field with respect to a surface. The gravitational, electric, and magnetic fluxes are
defined to be

®,= | ge.dd ®,= | E-dd ®,= [ B.dd

surface surface surface

The magnetic flux can also be determined from the magnetic potential.

®, =V +ds

line

Gauss’s Law for gravitational fields: the total gravitational flux through a closed
surface is proportional to the total mass enclosed by that surface

$ g-di=-4nGM

enclosed
surface

Gauss’s Law for electric fields: the total electric flux through a closed surface is
proportional to the net electric charge enclosed by that surface

7o 74 = denciosed
$ E-di= st

surface 0
Gauss’s Law for magnetic fields: the total magnetic flux through a closed surface

is zero.

cji Bedd=0
surface

This is equivalent to the statement that no magnetic monopoles exist.

Ampeére’s Law: a mathematical relationship between a magnetic field and the
distribution of currents that created it.

95 Beds = Mol otpsea

line
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e Capacitance: a measure of how much net electric charge must be separated
to produce a certain difference in electric between the separated net electric
charges. The capacitance is defined by geometric parameters (length, width, etc.)
associated with the system. The capacitance of a parallel plate capacitor is

Ae,

C=—+
d

The capacitance also determines the energy store in a capacitor.

Problems

1. Imagine that a tunnel existed from one end of the moon to the other, directly
through the center of the moon. In other words, the tunnel is along a line of sym-
metry through the moon. In this case, an object released from rest at the opening of
one end of the tunnel would undergo simple harmonic motion through the center
of the moon. What is the period of this oscillation? The mass and radius of the moon
are 7.35 X 10?2 kg and 1.74 X 10° m, respectively.

2. Whatis the magnitude of the net electric force between the positively and negatively
charged surfaces of the spherical capacitor in Figure 5.8

3. Two objects have net electric charges of +50 pC and —50 pC, which resultsina 20 V
electric potential difference between them. What is the capacitance of this system?

4. Three infinite planes with uniform net electric charge densities are separated as shown
in the figure. The net electric charge densities are: o, = 6 uC/m? o, = -3 pC/m? and
0, = -2 uC/m? What is the magnitude of the electric field at position P ifd = 5 cm?
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G, G O3
— 2d 4d _°
€| >
+ - -
+ S -l d
<> P

+ - -

+ - -

5. The infinitely long cylindrical capacitor in the figure consists of a cylindrical shell
of radius r; and uniform net positive electric charge density (¢) surrounded by a
cylindrical shell of radius r, with uniform negative electric charge density (—o).
What is the capacitance per unit length of this capacitor?

g

-0
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6. What is the value of 953- ds for the path and enclosed distribution of currents
shown in the figure? iine

/"—’--N\\
e 5 uA N
/ = \
ll ‘\
A
I Ty
‘ .'
[ ®
\\ 4 uA ,I
\ AL S
S ~ A v 4

N-_‘—’

7. Asolenoid with a length of 0.2 m and a radius of 0.02 m contains 1000 circular loops
of wire. What is the magnitude of the magnetic field at the center of the solenoid if
the wire is carrying a current of 2 A? What is the magnitude of the magnetic flux
through the solenoid?

8. A closed loop of wire of radius R carries a current I. What is the magnitude of the
magnetic flux through a smaller cross-sectional circular area of radius p within the
loop? You can determine this from the relationship between the magnetic potential
and the magnetic flux.
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CHAPTER

Maxwell’s
Equations

6-1 Introduction

Recall that the (gravitational, electric, and magnetic)
fields, rather than the associated potentials, can be
considered to be the physically real entities since they
give rise to forces, and through Newton’s 2" law to ac-
celerations, that can be measured’. Indeed, we can detect
and measure these fields based upon the forces associ-
ated with them. Furthermore, since Newton’s laws are
the same in all inertial reference frames, it must be the
case that fields can be associated with forces measured
(through the accelerations they cause, e.g.) in all inertial
reference frames. However, since a magnetic field exerts a
force on only a moving charge, the perception of whether
a magnetic field or an electric field is causing an accel-
eration will depend upon the reference frame applied to

1 This also follows from the fact that the gravitational, electric, and
magnetic potentials are not uniquely defined.
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the system. This perception-based distinction between electric and magnetic fields is
the first step into a deeper understanding of the relationships between electric and
magnetic fields, which will be the focus of this chapter.

6-2 Galilean Transformations of Electric

and Magnetic Fields

Consider a particle with a net positive charge moving in a uniform magnetic field,
as shown in Figure 6.1. When viewed from a reference frame that is stationary with
respect to the magnetic field (reference frame 1 in Figure 6.1) this particle will
experience a magnetic force (Equation 4-2) directed along the positive z-axis. Let’s
denote this magnetic force as Fm and the associated magnetic field as Ls:l; the subscript
for the magnetic field denotes the reference frame in which the field is measured.
However, when viewed from a reference frame that is moving with the particle (refer-

V4 Z V2,l
R—
y Yy
X X
Frame 1 Frame 2
Fm
i X Tx X i i X Fo A x ]
1 V. 1 : :
i X @ X Vo1 X i i E2 T X i
i X X X E i X ® X E
1 1 1 1
X X X | tox Jv=0] x !
1 1 1 1
1 1 1 1
{ X B b i x  xBpx |
Frame 1 Frame 2

FIGURE 6.1: An electric field appears when a magnetic field is
viewed from a moving reference frame.

ence frame 2 in Figure 6.1) there cannot be
a magnetic force, since the particle is not
moving (Equation 4-2); there is still a mag-
netic field in reference frame 2, denoted as
L3>2, and we will see shortly that Bl * |_3>2. The
velocity of reference frame 2 is denoted as
V, , to indicate that it is the velocity of refer-
ence frame 2 relative to reference frame
1; \7271 is therefore also the velocity of the
particle as measured in reference frame 1.

The particle still feels a force in reference
frame 2. Since this cannot be a magnetic
force, we attribute it to an electric force?.

The electric force associated with this
electric field is

2 Ifnecessary, we could conduct additional experiments with particles of different net electric charges to
convince us that it is an electric force rather than a gravitational force or some other force.
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And since measurements of the force must be the same regardless of the reference
frame we have

F=F > q2(§2,1x1§1):q2]§2 — E, =V, xB,

So whether you think an electric field or a magnetic field is present depends upon the
motion of your reference frame relative to the reference frame of the source of the field. It
follows that if an electric field were already present in reference frame 1, denoted as El,
then the total electric field measured in reference frame 2 would be

E,=E+v, xB, (6-1)

Now let’s consider the situation shown in Figure 6.2, in which a particle with a net
positive charge is at rest in reference frame 1. The particle is moving, however, when
viewed from reference frame 2 and therefore must produce a magnetic field in refer-
ence frame 2. Let’s denote this magnetic field as |_3,2. We can determine this magnetic
field using Equation 4-1.

Z vy, Vo1
I I —_— —_—
X X X
Frame 1 Frame 2 Frame 1 Frame 2
Fm
Ry S SR "
1 1 '
i X T X . X i i X e X i I'__,J"'t 82
1 X X 2’1 X 1 1 1 Vl,2 ! |
ety &[] i ® e do!--
r
i X X X E i X @ | x E V=0 ty ;
X X X iox V= 0] x i et
1 1 1 1 -
i y X B, X i i y X B, X i Frame 1 ¥
e : L : Frame 2
Frame 1 Frame 2

FIGURE 6.2: A charged particle appears to create a magnetic
field when viewed from a moving reference frame.
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We recognize the second term in parenthesis as the electric field of the particle
(Equation 3-9).

B, = (‘uogo)vl,z X E,
This is fairly profound. The magnetic field of a moving point charge is the electric field of

a stationary point charge transformed into a moving reference frame. Furthermore, since
there is no magnetic field in reference frame 1, we know from Equation 6-1 that

Therefore,
Vv _ =-v L B, = —(uoeo)vz’l X E,

Finally, if there is an additional magnetic field present in reference frame 1, then

B, =B —(u,&,)v,, X E (6-2)

Example 6-1

Problem: The following electric and magnetic fields exist in a laboratory:

E= (4000X]y B=(0.1T)%
m

A positively charged point particle is fired through these fields. What must be
the velocity of the particle so that no electric field is perceived in the particle’s
reference frame? What is the magnetic field in the particle’s reference frame?
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Solution: We start with Equation 6-1.

E,=E+7, xB — 0:(4000%)y+9x[(0.n)£]

px[(0.1T)%]= —(4000%)9

The direction of the velocity must be in the negative z-axis direction. The speed is

()2 [0y~ 000X |5~ v=axi0

S

We can then determine the magnetic field using Equation 6-2.

B =B —(/,Loso)vz,l xE,

2 1

2
B,=(0.1T) 5| amx107 522 |l g 855102 S || —ax 102 |2 x| { 2000 |5
C Jm S m

B,=(0.1T)%-(1.8x10°T)# — B, =(0.1T)%

The magnetic field is nearly identical in the two reference frames.

We can conclude from Equation 6-1 and Equation 6-2 that it is not possible to distin-
guish between electric and magnetic fields®. Indeed, we instead argue that there is only
a single electromagnetic field, and that our perception or measurement of it depends
upon which reference frame we use for the measurement.

3 It is worth noting that Equation 6-1 and Equation 6-2 are valid only when v, << . For more

information, see Section C-7. H€,
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6-3 A Changing Magnetic Field Creates
an Electric Field, Part 1

Since electric and magnetic fields can be considered to be different manifestations of a
single electromagnetic field, it is not surprising that we can associate a change in one
field (electric or magnetic) with a corresponding change in the other field. For example,
a changing magnetic field is said to create (or induce) an electric field. This phenomenon
is commonly expressed mathematically as

Eeds=——2% (6-3)

Equation 6-3 is called Faraday’s law of induction, after Michael Faraday who empiri-
cally determined it. Equation 6-3 relates a change in magnetic flux through a surface to
the electric field that is created (or induced) around the boundary of that surface; the
integral in Equation 6-3 is performed along a path around the surface through which
the magnetic flux is calculated. This is identical to how the surface and boundary were
defined for the integral in Ampeére’s law (Section 5-6).

Consider the system shown in Figure 6.3 which consists of a uniform magnetic field
contained within a cylindrical volume with radius R.

T T ST 7 S

/’ \\ < l’ ) < < \

/ AN I3 R

! i ® \ € — € <€ !

1 ) P 2 '

lo °! < B< <€ |

\ ! 1 ] 1

\Be g\e / €S € <€ ]

V3 \

\\‘\ () /’, < \\ :' < < ,l’

¥ o /
Top View Side View

FIGURE 6.3: A uniform magnetic field contained in a cylindrical volume with radius R.

If the magnitude of the magnetic field is changing, then the magnetic flux through the
cylinder is changing. This changing magnetic flux will then create an electric field. To
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SO I determine th itude of this electric field let
R SN etermine the magnitude of this electric field let’s

I' 0.~ o \\ define the path for the integration in Equation 6-3
II e \\ \‘ to be a circle of radius r centered on the longitu-
| ‘ lI dinal axis of the cylinder, as shown in Figure 6.4.
|| vV A 1 It is the change in the magnetic flux through the
\‘ ,' surface area bounded by this path which will cre-

ate the electric field along the path. The direction
of the area vector for this surface is determined
from the path of integration using the right-hand
rule (Section 5-6).

FIGURE 6.4: A uniform magnetic field con- Since the magnetic field is uniform and parallel

tained in a cylindrical volume with radius R. to the surface area vector. we have
The dashed red line indicates the path of ’

integration for determining the electric field

associated with a change in magnetic flux.
For this path, the surface area vector points dq)B — i(BTL'rz) SN dCDB = 7172 @
out of the page. dt dt dt dt

Furthermore, because the magnetic field is
uniform and symmetric about the longitudinal axis of the cylinder, we can argue from
symmetry that the electric field will have a constant magnitude for all locations along
the path of integration. Thus,

CﬁE-d§=E(27rr)

line
Substitution of these results into Equation 6-3 gives us

E(Zn'r):—n:rzﬁ - Ez—lﬁ
dt 2 dt

If the magnitude of the magnetic field is increasing (ie., if £>0 ), then E < 0. This
result indicates that if the magnitude of the magnetic field is increasing, the direction of
the induced electric field is opposite the direction of the integration (i.e., the direction
of the induced electric field is clockwise in Figure 64). Similarly, if the magnitude of the
magnetic field is decreasing (i.e., if — <0 ), then E > 0 and the direction of the induced
electric field is the same as the direction of the integration (i.e., the direction of the
induced electric field is counter-clockwise in Figure 64)*.

4 See discussion in Example 5-10.
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As shown in Figure 6.5, the electric

m———— e

T e N P Ny field induced by a changing magnetic flux
R ,\ . . ’ N . . . .
v &\ ;e ey, \ s different from the electric fields we
i i L i £ E . ' encountered in Chapter 3 since it forms
l® ‘ e E jo! lo: ° o | )
\ B i VL B !‘ ;  closed loops. We might have expected
\ \
L 0)' s LN “( / this, of course, since the electric in Figure
So - AN B M— /

e, O T - . © LS 6.5 is induced by a changing magnetic
flux, and is not associated with a net elec-

Magnetic Field ic Fi
g Magnetic Field tric charge.

Intensity Decreasing Intensity Increasing An electric field will also be induced at
n electric field will also be induced a

FIGURE 6.5: Orientation of the electric field induced by a chang-  |gcations outside of the cylinder in Figure
i tic flux. B
g magnete fux 6.3. As shown in Figure 6.6, for these loca-

e~ tions the magnetic flux is calculated using
P Ol h fthe cylind
e N the area of the cylinder.
do d o dB
L==(BrR?) —» —L=mR*=>
dt dt dt dt

Since the path for the integration of the electric field is still
centered on the longitudinal axis of the cylinder, the electric
field will be constant at all points along the path.

S

y j $E+ds = E(2nr)
FIGURE 6.6: Determining the magnetic
field for locations outside of the

change in magnetic flux. Thus,
- dd dB R® dB
98E°d§=— £ - E(27rr):—7rR2— - E=———
dt dt 2r dt

It is interesting to note that the magnitude of this electric field decreases propor-
tional to 1/r, rather than 1/r? as seen for electric fields created by a net electric charge
(Equation 3-9).

If charged particles are present, an induced electric field will give rise to an induced
current (Figure 6.7) that will be in the same direction as the induced electric field
(Section 4-4).

www.EngineeringBooksPDF.com



CHAPTER 6: MAXWELL'S EQUATIONS
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FIGURE 6.7: Lenz's law. The current induced by a changing magnetic flux will
generate an induced magnetic field that opposes the change in that magnetic
flux.

Any induced current associated with the induced electric field will itself give rise to
a magnetic field (Section 4-5 and Section 4-7). Furthermore, as shown in Figure 6.7,
the direction of this induced magnetic field always counteracts the change in magnetic
flux that induced the current (or electric field). Thus, if the magnitude of the magnetic
flux through a surface is decreasing, the induced magnetic field will be aligned with the
direction of the original magnetic field. In contrast, if the magnitude of the magnetic
flux through a surface is increasing, the induced magnetic field will be aligned oppo-
site the direction of the original magnetic field. This phenomenon (which is succinctly
expressed as the negative sign in Equation 6-3) is known as Lenz’s law.

Lenz’s law: The induced current in a loop is in the direction that creates a mag-
netic field that opposes the change in magnetic flux through the area enclosed
by the loop. Hence, systems always attempt to maintain a constant magnetic

flux.
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Lenz’s law is also reminiscent of Le Chdtelier’s principle.

Le Chdtelier’s principle: If a system is in stable equilibrium, then any spontane-
ous charge of its parameters must bring about processes which tend to restore
the system to equilibrium.

In other words, the system will adjust itself to maintain the same magnetic flux through
the surface.

Example 6-2

Problem: Let’s revisit the cylindrically symmetric system shown in Figure 6.3,
but now with a non-uniform magnetic field whose magnitude is given by the
following equation:

B(p)=m(1—e”“)

In this equation B, k, and n are constants, and the variable p is the distance
from the longitudinal axis of the cylinder in cylindrical coordinates. What is the
magnitude of the induced electric field a distance r from the longitudinal axis
of the cylinder?

Solution: Let’s define a path of integration and enclosed surface area as shown
in Figure 6.4; in other words, the direction of the area vector for the enclosed
surface is the same as the direction of the magnetic field. Since the magnetic
field is cylindrically symmetric, we can use a thin ring® as the differential area
in the integration of the magnetic flux in Equation 5-11.

dA:(Zﬂp)dp — CDB:j.ﬁ(l—e‘k’)@ﬂp)dp
0
@B:(2ﬂBO)(1—ek’)£ﬁdp N d)B:(ZﬂBO)(l—e’k’) _2(n+/)2)
0

5 See Example 1-2, Example 3-12, and Example 5-6.
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bl < el

() B 2
d B _ Db, r . (keikt)
dt n N\n+r

Since the path for the integration of the electric field is still centered on the
longitudinal axis of the cylinder and the magnitude field is cylindrically sym-
metric, we know that the electric field will be constant at all points along the
path.

$E+ds = E(2nr)

Putting everything together we have

E(27r)= _(%B())[n frz )(kek’)

B rke
277(77 + rz)

E=-

The negative sign in our result indicates that the direction of the induced
electric field is opposite the direction of the path of integration; specifically,
the direction of the induced electric field is clockwise in Figure 6.4. This is in
agreement with Lenz’s law (Figure 6.5) since the magnitude of the magnetic
field is increasing in this example.
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Example 6-3

Problem: The electric current in a perfect solenoid (Section 5-6) is changing.
What is the induced electric field in the wires of the solenoid?

Solution: Let’s define the path for the integration in Equation 6-3 to be a circle
centered on the longitudinal axis of the solenoid; the direction of the path will
be the same as the direction of the current so that Ais in the same direction as
B. The radius of this circle will be equal to the radius of the solenoid, which we
can denote as R; this path corresponds to the location of the wires. Since the
magnitude of the magnetic field is constant throughout the solenoid, we have

9, =i(BnR2) -
dt  dt

do, R daB
dt dt

Substitution of the magnitude of this magnetic field (Equation 5-10) gives us

dl
=R U n—
Hott dt

B=unl — £

0

From symmetry, we know that the magnitude of the induced electric field will
be the same for all locations along this path of integration.

$E+ds = E(2nR)

Putting everything together, we have

R

As shown in Figure 6.8, the direction of the electric field induced by the chang-
ing current will be opposite the direction of the change in the current. In
other words, a change in the electric current will induce a new electric current

that will oppose this change. This is yet another example of Lenz’s law (or Le
Chatelier’s principle).
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FIGURE 6.8: The electric field induced in a solenoid when the current in
the solenoid is changing.

Theinduced electricfield (or equivalently, the induced current) resulting from the change
in the electric current in a solenoid will cause the charged particles (e.g., the electrons)
in the wires of the solenoid to move. These charged particles will continue to move until
their separation builds up a potential difference that counteracts the induced electric
field (Figure 6.9); this is analogous to the electric potential created by the separation of
electric charges in a capacitor (Section 5-5). At this point, the system will once again be
at equilibrium and no additional induced current will exist.

Ex Ex

A
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> Induced Electric Field <€

Induced Charge
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Il TI Il Tl

Current Increasing Current Decreasing

FIGURE 6.9: The electric potential induced in a solenoid when the current in the
solenoid is changing.
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Let’s denote the electric field associated with this electric potential difference as E
(see Figure 6.9). The magnitude of E must be equal to the magnitude of the 1nduced
electric field but point in the opp051te direction. Furthermore, let’s assume that both
of these electric fields are constant throughout the solenoid. Then, from Equation 3-10
and Example 6-3 we have

R R
E,=—E — E, = Ry \dl - E = R\l
2 Jar 2 Jar

R R
AV =—EAs — AV =—|| B Ay o[ R\
‘ ‘ 2> Jdr : > Ma

The length As is the entire length of wire in the solenoid. If the solenoid has N turns of
wire, then

R
As=27RN - AV, =-| 2 N orrn) L AV =—aR N L
=2 di 6 dr

Let’s define the length of the solenoid to be I. Then,

N dil dil
n=— — AV =—gRun(nl)— — AV =—(rR’l\un"—
/ e el 5 =Ry
The term in parenthesis in this expression is the volume of the solenoid.
dl
V=rRl — AV =-unV—
¢ dt
This equation is typically written as
dl
AV =—L— (6-4)
¢ dt

The variable L in this expression is the inductance of the solenoid.
L= ,uonzV

The inductance of a solenoid depends upon the geometry of the solenoid (i.e., on the vol-
ume and the density of winding of the wire). The SI unit of inductance is the henry (H).
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1H=1E
A

More generally, the inductance of loop of wire is the ratio of the magnetic flux passing
through the surface enclosed by the loop to the current in the wire. Thus, the inductance
for a combination of N stacked loops of wire (such as the loops of wire in a solenoid)
would be

(<)
L=NZ2 (6-5)

Example 6-4

Problem: A coaxial cable can be modeled as a
thin cylindrical shell of radius r, surrounding
a solid cylinder of radius r, (Figure 6.10). The
cylinder and shell carry current of the same
magnitude, but in opposite directions.

What is the inductance of a coaxial cable of
length I?

Solution: From Ampeére’s law, we know that
the magnetic field inside the coaxial cable is
due to the current flowing through the cylin-
der only. Furthermore, from Example 5-12, we
know that the magnetic flux inside a coaxial
cable of length I would be

<I>:‘u°—lllnr—2
5 2 r

Thus, from Equation 6-5 we have

FIGURE 6.10: The coaxial cable in Example 6-4.

o)
T
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Now let’s imagine that we have two loops of wire very close together, as shown in Figure
6.11. A change in the current in loop 1 will change the magnetic flux through loop 2 and
thus induce and electric field and current in loop 2.

Current Increasing

Loop 2 o D\
2 ¥
Magnitude of Magnetic
F|e|d Increasing _ B
o
D @roo:

Induced Electric Field
and Current

Current Decreasing

Loop 2 )
L &)
Magnitude of Magnetic
F|e|d Decreasing _ B
)
&./ @ Loop 1

Induced Electric Field
and Current

FIGURE 6.11: The mutual inductance of two loops of wire.

In analogy to Equation 6-5, we can define a mutual inductance (M,,) of loop 2 with
respect to loop 1 as

M. = ((DB )21 (6-6)

In Equation 6-6, [, is the current in loop 1 and (q>B)21 is the flux through loop 2 of the
magnetic field from loop 1. Mutual inductance is reciprocal so that M, =M.
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Example 6-5

Problem: A coil of wire containing N, loops of wire (each with a radius R) is
wrapped around a solenoid (with radius R, and loop density n,) that is car-
rying current [,. What is the mutual inductance of the coil with respect to the
solenoid? What is the magnitude of the electric field in the coil if the current in
the solenoid is changing?

Solution: Let’s denote the coil with subscript 2 and the solenoid with subs-
cript 1. Then the mutual inductance of the coil with respect to the solenoid would be

The flux through the coil is contained completely within the area of the solenoid.

s N,BnR’
(c1>B)21 =BrR — M, = T
1
Substitution of Equation 5-10 gives us
N,unlnR’ ,
B =umnl, — M,= 2 0[1 — - M, = N,unnR,

1

When the current in the solenoid is changing the flux through the coil changes
and an electric field is induced in the coil. From Equation 6-3 and Equation 6-6,
we have

dt\ N

2

((DB)21:]1M21 - iEz'dk?:—i(MJ

line
- M, \dl
§ E,eds=—| 2 |=L
line N2 dt

From symmetry, we can assume that the induced electric field has the same
magnitude at all points in the coil.

E,+ds =E,(2nR,) — E,(21R,)= _[%J%
2

line
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M, \dl

E =— 21 “
>~ | 2zRN, | dr

N,u,n7R? ) dl,

M, =NunnR — E =- -
21 2‘“01 1 2 ( 27Z'R2N2 df

E —_ ‘uoanl2 %
2 2R, ) dt

When we compare the derivations of the inductance of a solenoid and the mutual in-
ductance of two loops of wire (Example 6-5), we see that the inductance of the solenoid
in Equation 6-4 is more accurately the self-inductance of the solenoid, since it is based
upon the mutual inductance of the loops of wire within the solenoid.

For very simple systems, such as those discussed above, the self-inductance or mu-
tual inductance can be calculated directly from the geometry of the loops in the system.
However, it is often the case that these calculations cannot be done (or, at least cannot
be done analytically). In those situations, the self-inductance or mutual inductance can
be directly calculated by measuring the changing current and associated induced cur-
rent in the system.

Finally, we see that substitution of Equation 5-13 into Equation 6-5 (with N =1)
allows us to express the inductance of a single loop of wire in terms of the magnetic
potential associated with the current flowing in the wire.

$7, - ds ;
L:”"ef - L= [;’Jcﬁ (6-7)

We can use Equation 6-7 together with the results of Example 5-13 to calculate the
self-inductance of a solenoid. Let’s begin by determining the self-inductance for a single
loop of the solenoid. In that case, the path of integration is around one of the loops of
wire in the solenoid, which we will define using cylindrical coordinates.

u,niR

2
s =(pdp)p — L, =¢ % ¢ |+[(Rdp)p] — szﬁ(%Jgﬁdfp

line line
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The integral in this expression is simply the total enclosed angle of a circle.

(JS dp=2r — L, =UnR'%

line

The self-inductance of the entire solenoid is thus

L=NL

loop

— L=NunRm — L=(nl)‘ll0nR27'E

L=up’(nR) - L=pn'V

As expected, this result is identical to that obtained previously.

6-4
Electric Field, Part 2

A Changing Magnetic Field Creates an

In the examples of Section 6-3, a change in the magnitude of a magnetic field caused
a change in magnetic flux which induced an electric field. Of course, the magnetic flux

through a surface will also change if the
size of the surface changes. Consider, for
example, the system shown in Figure 6.12, in
which a rectangular loop of wire is pulled at
a constant speed v out of a region where a
uniform magnetic field exists.

If the area of the loop in the magnetic
field is changing, then the magnetic flux
through the loop is changing. This changing
magnetic flux will create an electric field.
To determine the magnitude of this electric
field, let’s define the path for the integration
in Equation 6-3 to be counter-clockwise
around the loop, as shown in Figure 6.13.

The magnetic flux through the loop is

1
X X X X |
i ) ':‘ .
1
i X X X X1
! \Y
: i
: L d| |—
1 1
I X X X X |
: i
: pa : A
Ix X X X
1

FIGURE 6.12: Changing the magnetic flux through a loop of
wire by changing the area of the loop in contact with the
magnetic field. The total length of the loop is L and the length
of the loop outside the magnetic field is x.

B

®,= [ Bedd —» ®,=B(L-x)dcos(180°) — &, =-B(L-x)d

surface
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This magnetic flux is changing as the loop is pulled out of the magnetic field.

do

£ - —(B(x-L)d|] — £
dt dt( ( ) ) dt
fx  x x. x|
B L-x | X
€—D>E————>
| frmm=os T
| X x | x x ! [
] I I : \Y
i il ea i d| |[m—m>
I
i X X : X X i 1
: : | i
: —————— i— ————— [ 3]
1
i X X X X 1
1

FIGURE 6.13: Determining the magnetic flux through the
loop of wire in Figure 6.11. The length xincreases as the rod
is pulled.

X X / X E \
Fi X X Vv
< BindX
X X X X X X I
———

FIGURE 6.14: Induced current, magnetic force, and mag-
netic field for the movement of the loop in Figure 6.11.

d

=Bd—(x-L) — dq)B:Bd(@—ﬂ)

dt dt dt dt

The length of the loop is constant, and the
length x increases as the loop is pulled to the
right in Figure 6.12.

do
%=0 - £ = Bd o
dt dt dt

dd
ax _ v - £ = Bdv
dt dt

The induced electric field associated with this

changing magnetic flux can then be found us-
ing Equation 6-3.

§ E+ds =—(Bdv) — §Eds=-Bdv
line line

The induced electric field is thus in a direc-
tion opposite the path of integration in Figure
6.13. As shown in Figure 6.14, this induced
electric field will then give rise to a current,
which will circulate through the loop in the
same direction as the electric field, and which
can then interact with the magnetic field to
create magnetic forces acting on the loop
(Section 4-6). These forces all act to increase
the area of the loop that is within the mag-
netic field so as to increase the magnetic flux
through the loop, in agreement with Lenz’s
law. If the loop is rigid, so that its area cannot

change, the vertically oriented forces in Figure 6.14 will cancel each other out, leaving
only the magnetic force directed opposite to the direction of the loop’s velocity. This net
magnetic force acts to pull the loop back into the magnetic field, and thus acts so as to
maintain the magnetic flux through the loop.
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Similarly, the direction of the induced magnetic field associated with the induced
current is also in agreement with Lenz’s law. As shown in Figure 6.14, the direction of
the induced magnetic field is in the same direction as the original magnetic field, and
thus acts to maintain the same magnetic flux passing through the loop.

Example 6-6

Problem: A circular loop of wire is located in a region of
uniform magnetic field as shown in Figure 6.15.

The radius of the loop of wire now begins to decrease
at a speed v. What is the magnitude of the electric field
induced in the wire? What is the direction of the induced
current associated with this induced electric field? What is
the direction of the induced magnetic field associated with
the induced current?

Solution: If the area of the loop in the magnetic field is
changing then the magnetic flux through the loop is chang-
ing. This changing magnetic flux will create an electric field.
To determine the magnitude of this electric field, let’s define

X X X X X
1 1
I B i
[ |
X xi
! i
1 1
! i

1
1 X X1
! ]
1 1
! i
. ]
1 X X1
! i
1 1
1 ]
[ |
I X X X X b
[ 1

FIGURE 6.15: The circular loop of
wire in Example 6-6.

the path for the integration in Equation 6-3 to be counter-clockwise around the

loop, as shown in Figure 6.16.
The magnetic flux through the loop is therefore

®,= [ Bedd — ®,=Bmr’cos(180°) — &, =-Brr’
surface
In this equation, the variable r denotes the radius of the loop
at any instant. This magnetic flux changes as the area of the
loop changes.

dd dd
B = i(—Bﬂrz) - B = —272:Brﬂ
dt dt dt dt

The radius of the loop is decreasing with speed v. Thus,

dod dd
@ =y = B — —27rBr(—v) - £ =21 Brv
dt dt dt
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From the symmetry of the magnetic field and the loop, we know that the mag-
nitude of the induced electric field will be the same for all locations along the
path of its integration.

CﬁE-cﬁ = E(277:r)
Substitution into Equation 6-3 gives us
E(Zﬂr) = —(ZﬂBrv) — E=-Bv

The negative sign in the solution indicates that the
direction of the induced electric field is opposite the di-
rection of the path of integration in Figure 6.16. Namely,
the induced electric field and associated induced cur-
rent are directed clockwise, as shown in Figure 6.17.
As shown in Figure 6.17, the direction of the induced
magnetic field is the same as the direction of the origi-
nal magnetic field. As the size of the loop decreases,
this induced magnetic field acts to maintain the same
magnetic flux passing through the loop, in agreement

FIGURE 6.17: The induced electric field, with Lenz’s law.
current, and magnetic field in Example 6-6.

Finally, we can always determine the direction of the magnetic force acting on the in-
duced electric current in terms of how this force would affect the area of the loop of wire
containing the current; specifically, the area of the loop of wire exposed to the magnetic
field. Let’s assume that we have a loop of wire enclosing an area 4 in the presence of a
uniform magnetic field of magnitude B. The derivative of the magnetic flux through the
loop with respect to time is

dd, dB 4
®,=BA — s 9B 4, gl
dt~ dr dt

According to Lenz’s law, a system will always adjust itself to try to maintain a constant
magnetic flux.

do
dt dt dt dt B dt
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Thus, in order to maintain a constant magnetic flux, the area of the loop exposed to the
magnetic field must change when the magnitude of the magnetic field passing through
the loop changes. If the magnitude of the magnetic field is increasing, the area of the
loop exposed to the magnetic field will decrease.

§>O - %<0
dt dt

Similarly, if the magnitude of the magnetic field passing through the loop is decreasing,
the area of the loop exposed to the magnetic field will increase.

4B <0 — a4 >0

dt dt
Consider the system shown in Figure 6.14. As the loop is pulled out of the region of mag-
netic field, the magnitude of the magnetic field passing through the loop is decreasing
(i.e., less of the enclosed area of the loop is exposed to the magnetic field). The magnetic
force acting on the induced currents in the loop seeks to increase the area of the loop
exposed to the magnetic field by pulling the loop back into the region of magnetic field.

6-5 Electric Potential Difference vs.
Electromotive Force

The electricfield driving (or causing) a current can result either from an electric potential
difference (Section 3-6) or a changing magnetic field (Section 6-3 and Section 6-4). For
simplicity, the term electromotive force (EMF), denoted by the symbol &, is often used
to describe the “source” driving any current, regardless of is origin. This terminology,
while historical, is nevertheless unfortunate, however, since the word “force” doesn’t
mean a mechanical force, but rather an effective electric potential; thus, the unit of EMF
is a volt and not a newton.

Electromotive force (EMF): the effective electric potential for a current devel-
oped by any source of electrical energy. The unit of EMF is a volt.

Mathematically, we can define an EMF as the work per unit charge that would be done
on a charged point particle as it travels along a path.
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E= (6-8)

w
q
In this equation, q is the net electric charge on the point particle. From classical me-

chanics we know that this work is simply the integral of the electric force acting on the
particle over the path through which the particle moves.

F «ds F
nge_ - e:j( "]-dE
q q
The EMF can then be expressed in terms of the associated electric field using
Equation 3-11.

£=[E-ds (6-9)

Thus, for the electric field associated with an electric potential difference (Equation
3-10),

E=-AV (6-10)

and for an induced electric field resulting from a changing magnetic field (Equation
6-3),

do
E=- dtB (6-11)

Equation 6-11 is also the most commonly used expression of Faraday’s law of induction.
The unifying concept behind the common definition of EMF for describing current is
that a current requires an input of energy. Consider, for example, the constant electric
potential between the two plates of a parallel plate capacitor (Figure 5.7). If electric
charges were able to flow between the two plates as a current®, then the total electric
charge on each plate, and the associated electric field and electric potential between
the plates, would change. In order to maintain a constant EMF for this current (i.e., in
order to maintain a constant electric potential to drive the current), the original electric
charge separation on the plates would have to be maintained through the constant
removal or addition of the electric charges of the current interacting with the plates.

6 For example, the capacitor could be submerged in a solution of salt water and the salt ions could flow
between the plates as a current.
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This would require the input of energy (Equation 5-8). Similarly, the EMF associated
with a changing magnetic flux (Section 6-3 and Section 6-4) also requires the input of
energy. This energy could, for example, be the work required for the movement of a
permanent magnet resulting in a changing magnetic field (Figure 6.7) or the movement
of a loop of wire with respect to a constant magnetic field (Figure 6.13). Indeed, the
induced electric field can be directly related to a change in magnetic potential (and by
extension to a change in the magnetic potential energy of the system).

- df =
$Eeds=—=| 7 ods
line dt line

If we assume that the path of integration does not change with time, we have

gﬁE-ﬁ:—(gS%im -dﬁ} N 95(E+a;mj-d§:o

line line

E=——m (6-12)

We can use Equation 6-12 to determine the electric field induced within the wires of a
solenoid; the vector potential for a perfect solenoid was determined in Example 5-13.
Substitution of the value of that expression at the location of the wires in the solenoid
(i.e., when p = R) gives us

u,niR ~ o|[ u,niR ) . - u,nR di | .
V = EF=—— _ E=-
( m>w 7 all 2?7 2 ar )?

This result is identical to that obtained in Example 6-3.

6-6 Eddy Currents and Motional EMF

If some of the electrons in a material are free to move throughout the material (i.e., are
not bound to individual atoms), the material is referred to as an electrical conductor, or
simply a conductor. If none of the electrons in a material are able to move throughout
the material (i.e., they are all bound to individual atoms), the material is referred to as an
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electrical insulator, or simply an insulator’. We will discuss the electrical and magnetic
properties of conductors and insulators more thoroughly in Chapter 7 and for now will
focus on just one aspect of the magnetic properties of conductors that is related to the
induction of magnetic and electric fields within them.

If an electrical conductor moves through a uniform magnetic field, the free elec-
trons in the conductor (which are obviously moving along with the conductor) will
experience a magnetic force (Equation 4-2). As shown in Figure 6.18, the direction
of the magnetic force is initially perpendicular to the direction of the velocity of the
conductor (which follows from the cross product in Equation 4-2). As a result of this
magnetic force, and the acceleration associated with it, the free electrons will gain
a component of velocity in the same direction as the magnetic force. Of course, this
component of velocity will, in turn, give rise to a magnetic force that is directed per-
pendicular to it. This process will continue until the electrons are moving in circular
paths (Section 4-3). The currents associated with these moving electrons are referred
to as eddy currents.
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FIGURE 6.18: The magnetic force acting on free electrons in a conductor moving through a magnetic field
(left panel) generates eddy currents within the conductor (right panel).

Of course, the free electrons in the conductor respond not only to the magnetic field
through which they are passing but also to the changing electric fields associated with
the movements of the other electrons in the conductor. In other words, it’s best to think
of eddy currents in terms of a bulk flow of free electrons, rather than the movement

7 Semiconductors are a third class of materials whose electrical properties are somewhere between
those of conductors and insulators.
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of individual electrons®. Furthermore, because it is not possible for the free electrons
to leave the conductor, the shape and strength of the eddy currents will be affected
by the boundaries of the conductor. In addition, the electrons will always have some
component of their velocity parallel with the velocity of the conductor itself. Over time,
these constraints on the bulk motion of the electrons will give rise to a net flow of current
and associated charge separation within the conductor (Figure 6.19). This net current
within the conductor will, of course, interact with the magnetic field to cause a force to
act on the conductor (Figure 6.19). The direction of this magnetic force acting on the
conductor will be in a direction opposite the direction of the velocity of the conductor,
in agreement with Lenz’s law.

As shown in Figure 6.19, the net current in the conductor causes a separation of
charge within the conductor, which in turn creates an electric field inside the conductor;
this is similar to the electric field created by the separation of charges in an inductor
(Section 6-3). The bulk flow of electrons in the conductor will continue until the mag-
nitude of the electric force on the free electrons associated with this induced electric
field is identical to the magnitude of the magnetic force acting on the free electrons
(Figure 6.19). At this point, there will be no net force acting on the free electrons and
therefore no current (i.e., no net bulk movement of the electrons within the conductor).
In other words, the free electrons will be in steady-state equilibrium.

X X X X X X X X X X X X
F+++

X X X X X X X X X X
A Fe

X g X X X X X X T X X X

: m \ E : \% i
e— | Lt | |[—> ;|:>; E|I© | ;

X X X X X

Fm
X X X X X X xv X X X
X X X X X X X X X X X X
S S S S

FIGURE 6.19: The net current associated with a conductor moving through a uniform magnetic field results in a
charge separation and associate electric field within the conductor.

8 This is true for all currents, as we will discuss in Chapter 7.
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We can solve for this steady-state

induced electric field from the fact that the net force

acting on the free electrons must be zero when the system is in equilibrium.

F=F — gE=qvB — E=vB

This electric potential associated with this induced electric field is historically referred
to as motional electromotive force (or motional EMF), as it results from the motion of
the conductor through the magnetic field. Not surprisingly, this result is also reminis-

cent of Equation 6-1.

Example 6-6
I
[ |é
S —
+z
 I—

FIGURE 6.20: The system in Example 6-6.

Problem: A thin, linear conductor of length
L is moving with constant speed in a direction
perpendicular to a long, straight wire carrying
current I, as shown in Figure 6.20. What is the
magnitude of the motional EMF induced in the
conductor?

Solution: Let’s define a reference frame for this
system that uses cylindrical coordinates with the
positive direction for the z-axis to be the same as
the direction of current, as shown in Figure 6.20.
The magnetic field from an infinitely long wire
was determined in Example 5-10°.

B= (M)qﬂ,
2np

The magnetic force acting on the electrons in the conductor is found using

se()p - q[(v),ax(uof)@}

Equation 4-2.

9 See also Example 4-5.

T
[

2mp

)[ﬁxq”)] - Fm:(u‘)—cﬂva

2mp
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The direction of the magnetic force is thus parallel to the length of the rod, and
electrons!® in the rod will be pushed in the direction opposite the direction
of the current in the wire'!. The movement of electrons in the rod will create
an electric potential and electric field that will oppose the magnetic force; the
direction of this induced electric field will be the same as the direction of the
current in the wire. At equilibrium, the magnitude of the magnetic force and
electric force from this electric field will be equal.

Wl _ g gt
2mp 2mp

F =F

m e

This explanation of the origin of the motional EMF is unsatisfying, however,
since it relies upon a magnetic force to drive the current in the rod; we recall
from Section 4-3 that magnetic fields can do no work on a charged particle.
Perhaps a better explanation is that an electric field is induced in the rod as
the rod moves through the changing magnetic potential of the rod (Equation
6-12), and that this induced electric field that creates the EMF in the rod that
drives the current. The magnetic potential of an infinite wire was determined
in Section 4-10; in this derivation, the direction of the current in the wire was
defined to be the z-axis of the reference frame.

) - L)

dp dp
Fo| AL\ 2 ) Lo (| o po| (ML) ||
2 N\ p, p 2r P
@:v - E='u°—lvé
dt 2np

As expected, this induced electric field will produce a force on the electrons in
the rod that is identical to the magnetic force derived earlier. The induced EMF
can then be determined using Equation 6-9 and integrating with respect to the

10 Recall that g is negative for an electron.
11 This is another example of Lenz’s law.
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length of the rod. Since the electric field is constant throughout the rod this
integration yields

ds=(dk)z - g:j[(“o_“)é],[(dz)é] . 5=Lu°[v]IdZ el ML

2mp 2mp 2mp

Example 6-7

Problem: A thin conducting rod with length L is rotating around an axis at one
end of the rod at angular frequency w in the presence of a uniform magnetic
field of magnitude B, as shown in Figure 6.21. What is the magnitude of the
motional EMF across the length of the rod?

Solution: The magnitude of the magnetic force acting on an electron in the
conductor can be determined using Equation 4-2. Since the magnetic field is
perpendicular to the linear velocity of the electron, we have

X X X X X | F =qvB
I
1
E The linear velocity of the electrons will depend
X ) X X X | upon their position from the axis of rotation.
1
| We can therefore rewrite our expression for
L | the magnitude of the magnetic force in terms
1
X X X X X1 of the angular speed of the rotation of the rod
i and the distance of the electron from the axis
! of rotation, which we will denote by r.
X X X X X!
1
E v=wr — F =qorB
1
1
2 . = 2 X1 This magnetic force must be balanced by the
i electric force from the induced electric field.
1
X X X X X i

____________________________ F =F — qwrB=qE — E=wrB

FIGURE 6.21: The rotating rod in Example 6-7.
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The magnitude of the induced electric field is therefore not constant, but var-
ies linearly with the distance from the axis of rotation'?. The induced EMF can
be found by integrating this electric field with respect to the length of the rod
(Equation 6-9).

Ezja)rBdr - £=Ba)jrdr
0 0

_Bol’
2

&

Once the steady-state electric field in Figure 6.19 is created and the system (ie., the
free electrons in the conductor) are in equilibrium, there will be no net current flowing
through the conductor and thus no net magnetic force acting on the conductor. However,
if the conductor were to leave the area where the magnetic field is present, this steady-
state equilibrium of the free electrons would be perturbed. Indeed, while in the process
of leaving the magnetic field, the difference in the strength of the magnetic and electric
forces acting on the free electrons in different parts of the conductor would give rise to
a net bulk flow of electrons (i.e., a current) and an associated magnetic force acting on
the conductor. This magnetic force would act opposite the direction of the conductor’s
velocity and thus act to pull the conductor back into the magnetic field and maintain the
steady-state equilibrium of the system, in agreement with Lenz’s law and Le Chatelier’s
principle.

Consider the physical pendulum shown in Figure 6.22 that consists of a conductor
swinging back and forth through a region of space containing a uniform magnetic field.
Upon entering or exiting the region of magnetic field, a net magnetic force acts on the
conductor, and the direction of this magnetic force is opposite the direction of the ve-
locity of the conductor. This magnetic force thus acts to damp the oscillations of the
pendulum.

12 Practice your calculus skills by calculating this electric field using Equation 6-12.
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FIGURE 6.22: The magnetic force acting on a conductor swinging as a
physical pendulum through a magnetic field will always oppose the motion
of the pendulum.

The damping of the oscillations of the pendulum in Figure 6.22 is the basis of elec-
tromagnetic braking, such as that used by trains. In this case, however, we can think
of the conductor (the rails) as being stationary and the magnetic field (generated by
electromagnets on the train) as moving. As this magnetic field is moved past the con-
ducting rails, eddy currents are generated in the rails. These eddy currents then interact
with the magnetic field to generate a magnetic force that opposes the motion of the
electromagnet. From Newton’s third law we know that this force will act on both the
conductor (the rails) and the electromagnet (the train), and thus will cause the train
to slow. This system of braking has two main benefits. First, it avoids relying upon the
friction of two surfaces rubbing against each other (such as the brakes in a car). Second,
it transfers the kinetic energy of the train to the kinetic energy of the free electrons in
the rail. As we will discuss in Chapter 8, this energy raises the temperature of the rails
and is then eventually dissipated into the environment as heat. This is arguably safer
than raising the temperature of components of the train itself.
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Example 6-8

Problem: In addition to using tethers to change their orbits (Example 4-9),
spacecraft and satellites can also use tethers to generate an EMF. What is the
magnitude of the EMF induced in a 3 km long tether attached to a spacecraft
moving at 4 km/s where the magnitude of the Earth’s magnetic field is 20 mT?
Assume that the orientation of the tether and the spacecraft’s velocity are
perpendicular to the Earth’s magnetic field.

Solution: The magnitude of the induced electric field is
E=vB

The induced EMF can then be determined using Equation 6-9. Since this elec-
tric field is constant, we have®?

£=Ejds — E=FAs — E=FEL — &E=vBL

Substitution gives us

E= (4>< 103%J(20x 10‘6T)(3>< 103m) 5 E£=240V

Finally, the concept of motional EMF can also be used to explain the induced current in
Figure 6.14. As shown in Figure 6.23, as the loop of wire is pulled through the magnetic
field, a magnetic force will be exerted on the free electrons in the wire. This magnetic
force will cause a bulk movement of the free electrons in the wire; as discussed before,
the electrons will move not only because of the magnetic force acting on them but also
because of the changing electric field they experience caused by the motion of the other
electrons. In some cases, such as in the vertical segment of the loop in Figure 6.23, these
magnetic and electric forces will act in concert to move the electrons, whereas in other
segments, these forces will be perpendicular to each other. Regardless, the combined
effect will be a net flow of electrons through the wire, even in regions where there is
no magnetic field present, since in these regions the free electrons will nevertheless

13 We have also chosen our path of integration to be in the same direction as the induced electric field.
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move in response to the movement of the free electrons in parts of the wire where the
magnetic field is present.

FIGURE 6.23: Motional EMF explanation of the induced current as a loop of wire
is pulled out of a magnetic field. Remember that the direction of the current is
opposite the direction of the electron’s velocity.

Of course, the explanation that electrons obtain the energy required for the induced
current from the magnetic field is ultimately unsatisfactory since we know that a
magnetic field can do no work on an electric charge (Section 4-3). We can therefore
refine our explanation for the current by considering the system from a reference frame
moving with the wire. In this reference frame, the free electrons are stationary and the
magnetic field is moving. This moving (or changing) magnetic field is observed by the
free electrons to be an electric field in their (moving) reference frame (Section 6-2).
From Equation 6-1 we see that the magnitude of this electric field is

E=vB
Not surprisingly, this expression is in agreement with our previous derivation. Thus,

although there is no electric field in the stationary reference frame (i.e., the reference
frame of the magnetic field), there is an electric field in the reference frame of the
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moving loop of wire, and it is this electric field that does the necessary amount of work
on the free electrons moving as the induced current. Indeed, it is this electric field that
is the ultimate origin of the motional EMFs that are generated whenever loops of wire
are moved with respect to magnetic fields!*. Indeed, we could have also used Equation
6-12 to determine the electric field induced in the loop of wire when it moves through
the magnetic potential of the magnetic field. It is this electric field that is driving the
current in this system.

6-7 A Changing Electric Field Creates a Magnetic Field

Ampere’s law (Equation 5-9) can be expanded to include the magnetic field induced by
a changing electric field.

- dd
¢ B * ds: = ‘uo ([enclosed + 80 th ) (6-13)

line

do

E

The quantity &, is commonly referred to as a displacement current, although this
is a poorly chosen name since nothing is actually being displaced and there is no current.

In Section 5-5 we introduced the concept of capacitance and determined the capaci-
tance of a parallel plate capacitor. We can now accurately define a capacitor as two sepa-
rated conductors. These two conductors can be uncharged (i.e., each conductor contains
no net electric charge) or charged, in which case net electric charge of one conductor is
equal in magnitude but opposite in () sign to the
net electric charge of the other conductor.

Let’s now consider the magnetic fields induced a e d
during the charging of a parallel plate capacitor; | — |
the term charging refers to the process of creating — —_—> E—
the separation of charge in the capacitor. The two >
plates of the capacitor are attached to different _—>
wires, both of which are carrying current I, as —_—

shown in Figure 6.24.
In Figure 6.24, the current is “depositing” posi-
tive charges on the left plate of the capacitor and

FIGURE 6.24: Charging a parallel plate capacitor with a
current.

14 This is similar to our argument in Section 4-6 that the EMF is the ultimate source of energy for the
work done on a current-carrying wire in a magnetic field.
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-———

“removing” positive charges from the right plate; recall that
current is defined as the flow of positive charge (Section
4-4). As the charge separation is created on the plates of
the capacitor (i.e., as the capacitor is charged), the magni-
tude of the electric field between the plates of the capacitor
is increasing and, as a result, a magnetic field is induced.
For simplicity, let’'s assume that the plates of the ca-
pacitor are circular disks with a radius of R and that we
can ignore any non-uniformity of the electric field between
the plates at the edges of the plates. In other words, we will

FIGURE 6.25: Determining the induced assume that the electric field between the plates is uniform
magnetic field while charging a parallel  and constant with a magnitude given by Equation 5-5'%, and

plate capacitor. The dashed red line indi-
cates the path of integration for determin-

zero everywhere outside of the plates. We can then define

ing the electric field associated with a  a path for the integration in Equation 6-13 to be a circle of
change in magnetic flux. For this path, the  radius r centered on the longitudinal axis of the capacitor,

surface area vector points out of the page.

as shown in Figure 6.25.
Let’s first determine the induced magnetic within the
capacitor (i.e.,, when r < R). Since the electric field is uniform we have

do do
L =1(E7rr2) — £ =ﬂr2@
dt dt dt dt

Furthermore, since the electric field is uniform through this surface, we can also argue
from symmetry that the induced magnetic field will have a constant magnitude for all
locations along the path of integration. Thus,

§ B+ ds = B(2nr)

Substitution of these results into Equation 6-13 gives us

B e do dE
enclosed = O - ijeB. dS = ‘LlOEO 7E - B(Zﬂ:”) = ;u“()g() (ﬂ:]"z E)
p=Hb dE
2 dt

15 This is a reasonable assumption if the radius of the plates is much larger than the separation distance
between the plates.

www.EngineeringBooksPDF.com



CHAPTER 6: MAXWELL'S EQUATIONS 225

If the magnitude of the electric field is increas- /-.""‘_ AN { _"“'.\
dE lo] B o 1. 50?3 . r
ing (i.e., if — > 0), then B > 0. This means that / Ly X
dt e Y \Re o

A ad N a4

if the magnitude of the electric field is increas- ™ : S
ing, the induced magnetic field is in the same Mag'm|t;?e of Electric Magnitude of Electric
direction as the path of integration (ie., the di- eid inereasing Field Decreasing
rection of the induced magnetic field is counter-  FIGURE 6.26: Orientation of the magnetic field induced
clockwise in Figure 6.26). Similarly, if the magni- by a changing electric flux.

tude of the electric field is decreasing (ie., if

E
daE <0), then B < 0 and the induced magnetic

dt

field is directed clockwise in Figure 6.26.
The magnitude ofthe electricfield for a parallel plate capacitoris givenin Equation 5-5;
for a capacitor with plates that are disks of radius R, the area of the plates is TR?.

E=-21 _ p=-14 - dE—( ! )@

Ae, nR’e, dr nR’e, ) dt
Thus,
er 1 d ro)d
; Pl RS L RN J (i
2 \rnRg, )dt 2R ) dt
The induced magnetic field also exists outside the capaci- ’,—'."*~~\
tor (ie., when r > R). As shown in Figure 6.27, for these ,/' 2 \\\
locations the magnetic flux is calculated using the area of ,’ /«"—-;-"\\ \
the cylinder.
dod d dd dE
£ =—(E7rR2) — E—gR*—
dt dt dt dt
Since the path for the integration of the electric field is
still centered on the longitudinal axis of the cylinder, the ‘\~ ,,’
electric field will be constant at all points along the path. “~-»__—*’
@E ods = B(Zil’l”) FIGURE 6.27: Determining the induced elec-
tric field for locations outside of the
capacitor.
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Thus,

pMER( 1 da o, ( # \dg
2r \ wR’e, ) dt 27r ) dt

Although not surprising, it is nevertheless interesting to note that the magnitude of
the magnetic field outside of the capacitor created by the increasing electric flux inside
the capacitor is identical to the magnitude of the magnetic field created by the current
in the wires connected to the charging capacitor (Example 5-10 and Equation 4-4), as
shown in Figure 6.28.

. - - a
P ., =
« Z
/J”‘A’\\f » :‘. f_;;',,' ﬂ_» 4
BY_ e 3 I R CCER Y
\. ~_~._.”___:__-‘~ R :"i.—_"-'—"y | 4
& ¥ o
Magnitude of Electric Magnitude of Electric
Field Increasing Field Decreasing

FIGURE 6.28: Induced magnetic fields associated with the charging and discharging of a
capacitor.

Similarly, when the capacitor is discharging, the magnitude of the magnetic field outside
of the capacitor created by the decreasing electric flux inside the capacitor is identical
to the magnitude of the magnetic field created by the current in the wires connected to
the capacitor (Figure 6.28).
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6-8 Magnetic Energy and Force

The magnetic potential energy of a system of currents can be calculated using Equa-
tion 6-141°.

1
U = EZII_(CDB)I_ (6-14)

The variable (Q)B ) in Equation 6-14 is the total flux through loop i from all sources of
magnetic field, inclluding itself.

Example 6-9

Problem: What is the magnetic potential energy of a perfect solenoid with self-
inductance L carrying a current I?

Solution: The magnetic potential energy can be determined using Equation
6-14. Since the magnitude of the magnetic field inside the solenoid is constant,
the magnetic flux through a single loop is equal to the product of the magnitude
of the magnetic field and the cross-sectional area of the solenoid, denoted by A.
Furthermore, because the current in each loop is constant we have

U,==>1(®,) - Um:%ilBA - U :%NIBA
i=1

m

Substitution of Equation 5-10 then gives us

m

1 1
U =EN1(/,L0nI)A = U, =ZundNI’

The number of loops can be written in terms of the density of loops, n, and the
length of the solenoid, / (Equation 5-10).

1 1 1
N=nl = U,=—ppdnll® - U,=- uy’ (ANF - U, = MV

16 See Section C-8 for derivation of Equation 6-14.
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The variable V denotes the volume of the solenoid. This expression can then be
rewritten in terms of the self-inductance of the solenoid (Section 6-3).

1
L=unV — U, = 5LI2 (6-15)

Now let’s consider the situation in which two current-carrying loops of wire, such as
those depicted in Figure C.4, are brought together by an external force, denoted by F.
The total work done by this force must be equal to the change in the total potential
energy of the system. The infinitesimal work (i.e., infinitesimal change in the total po-
tential energy) associated with this force acting over an infinitesimal displacement of
the loops would be

AW =Fedi — dU  =Fe«dF

total
For very small displacements, the system will remain effectively in equilibrium and the
net force acting on the system will be zero. Under these conditions, we have

F=-F — d F «di — F =-VU

total — total

We could have anticipated this result, of course, from classical mechanics. However,
we would like to relate the magnetic force to the magnetic potential energy of the
system, rather than simply to the total potential energy of the system. To do this,
we first recognize that the total potential energy of the system consists of the mag-
netic potential energy and the potential energy associated with the original EMFs
in the loops (i.e., the sources of the electric potential energy driving the current).

U

total

=U,,+tU,6 — dU

total

=dU,,,.+dU,
Let’s consider two possible scenarios. First, let's assume that the loops are brought

together under conditions of constant current in both loops. The magnetic potential
energy of the system can be determined from Equation 6-14.
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If the currents are constant then

1
av,, == (1,(d®,) +1,(d,),

As discussed previously, the changing magnetic fluxes associated with bringing the
two loops together will result in induced currents in each loop. In order to maintain
a constant current, each original EMF must do extra work to overcome these induced
currents. The expression for this work'” is

aw =1,(d®,) +1,(d®,),

Since the work done by the original EMFs is equal to a decrease in their potential energy,
we have

Uy, =-aW = dU,, =-(1,(d®,) +1,(d®,)) - dU,, =-2(dU,)

EMF —

Substitution then gives us

du,,, ==-2(du,)+dU, — d

total —

dU_

total

Therefore,
F = (VUm), (6-16)

The subscript I in Equation 6-16 reminds us that all currents are held constant while
calculating the gradient. It follows from Equation 6-16 that loops of wire with constant
currents will always spontaneously arrange themselves so as to maximize their total mag-
netic potential energy. In other words, these loops of wire will arrange themselves so as to
maximize the total enclosed magnetic flux.

We can now return to the discussion at the end of Section 4-11. If the current in the
wire and the velocity of the charged particle are both held constant, then Equation 6-16
can be used to determine the force between the particle and the wire.

# q 1
Fevu o Fo| 2Ry 2P p
op| 2«

m m m

(4p2+L2);—L

17 See Section C-8.
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q 1 2L . B Lugvl |,
PR lp 5 F—- |

’ 4n p(4p2 + L)E 27:,0(4;)2 + L);

As expected, this result is identical to what we obtain using Equation 4-3.

Now let’s imagine the scenario in which the loops are brought together under condi-
tions where the magnetic flux through the loops is held constant. If the magnetic flux is
constant, there are no induced EMFs, and the original EMFs do no additional work and
experience no change in their potential energy.

du, =0 — dU

total —

dU_

F =-(VU,). (6-17)

B

The subscript @, in Equation 6-17 reminds us that all magnetic fluxes are held constant
while calculating the gradient.

6-9 Maxwell's Equations

Taken together, Equations 5-4, 5-12, 6-3, and 6-13 are referred to as Maxwell’s equa-
tions, after James Clerk Maxwell who published an early form of them.

¢ E‘. d;i — qenc/osed (5_4)
surface 80
$ Bedi=0 (5-12)
surface
= do
Eds=-—2 (63)
line dt
7 dd
¢ B ° ds: = ‘LLO Iencloced + 80 £ (6'13)
line ; dt
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Equation 3-8 and Equation 6-12 can also be combined to give a more complete equation
for the electric field.

- dv
E=-VV ——=n (6-18)
¢ gt

These equations, together with the Lorentz force law (Equation 4-3)
F=q(E+VxB) (4-3)

provide a good summary of electromagnetic interactions.

www.EngineeringBooksPDF.com



232

THE ENERGY OF PHYSICS, PART II: ELECTRICITY AND MAGNETISM

Summary

The electric and magnetic fields in reference frame 1 are related to the electric and
magnetic fields in reference frame 2 moving at constant velocity with respect to
reference frame 1 by the following equations:

b

5 =E1+\/2,1><B1

B,= El _(“080)‘_}2,1 X El

2

A changing magnetic flux induces an electric field.

Thus, a general expression for the electric field is

- oV
E=-VV ——=
¢ ot

A changing electric flux induces a magnetic field. Thus, Ampere’s law can be
written as

o do
@B- ds = .uo(lenclosed +£0 th)

line

Inductance: the ratio of the magnetic flux through a closed surface to the current
generating the magnetic field associated with the flux.
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The inductance can also be calculated from the magnetic potential associated with
the magnetic field.
] . dA—S:

The inductance can also be expressed in terms of the induced electric potential
associated with a changing current.

L:@(?

line

AV
L=-——c¢
dI

dr

The inductance is a scalar quantity defined by the geometry of the magnetic flux.
The inductance of a perfect solenoid is

L= ,uonzV

Mutual inductance: the ratio of the magnetic flux through a closed surface to the
current generating the magnetic field associated with the flux.

Since mutual inductance is reciprocal M, =M.

Electromotive force (EMF): the effective electric potential for a current. The unit
of EMF is a volt. Mathematically, we can define an EMF as the work per unit charge
that would be done on a point particle with net electric charge as it travels along
a path.

E=—
q

The EMF can then be expressed in terms of the associated electric field

£=JEwﬁ
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Thus, for the electric field associated with an electric potential difference
€=—AK

and for an induced electric field resulting from a changing magnetic field
do,
dt

The magnetic potential energy of a system can be calculated using the following
equation:

1 ;
[ m _EZI{I':I:H ||"

The magnetic force between two loops of wire carrying constant currents is
F,=(VU,)
m m)r

The magnetic force between two loops of wire maintaining constant magnetic
fluxes is

E :—(VUm)(D

e The magnetic potential energy of a solenoid is

U -Lir

=2

Problems

1. The following parallel electric and magnetic fields exist in a laboratory:

E= (SOOOX))% B=(02T)%
m

A positively charged point particle is fired through these fields with the following
velocity:

v:(zmoS?)y
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What are the electric and magnetic fields in the particle’s reference frame?

A closed loop of wire of radius R = 0.2 m is in the presence of a uniform magnetic
field, as shown in the figure. The magnitude of the magnetic field is changing
according to the following equation:

B iy ix X X X xi
B=B,(1+e™) { B i
1
)
EX X i
i i
1 )
1 ]
[ i
- x|
1 ]
1 )
1 1
[ i
i X x !
i i
1 1
1 )
! i
I X X X X X1
)

What is the magnitude of the induced electric field? What is its direction?

A cylindrical symmetric but non-uniform magnetic field has a magnitude given by
the following equation:

In this equation B, and 7 are constants. A circular loop of wire is centered on the
longitudinal axis of symmetry of the magnetic field as shown in the figure. What is
the magnitude of the induced EMF in the loop? What is the direction of the associ-
ated current?
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4. A rectangular loop of wire is pushed at a constant speed v into a region where a
uniform magnetic field exists. What is the magnitude of the induced EMF in the
loop? What is the direction of the associated current?

1
I'x X X X1
\'B ;
: :
1
1
1 X X X X1
1
1 1
1
1 1
I'x X X X\
! i
1
! > ! >
i < L >
I'x X X xi
1

5. Two parallel closed loops of wire are centered on the same longitudinal axis and
separated by a distance z as shown in the figure. The bottom loop has a radius R and
carries a current I. The radius of the top loop, r, is so small that the magnetic field
from the current in the bottom loop can be considered to be constant throughout
the top loop (and equal to the magnetic field at the center of the top loop). If the
current in the bottom loop is changing, how must the separation distance between
the loops change so that no electric field is induced in the top loop? In other words,
what is the equation relating / and z that ensures no induced electric field?

>
r

/|
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6. A square loop of wire is next to an infinitely long, straight wire, as shown in the fig-
ure. The current in the infinitely long wire is changing according to the following

equation:
. I
I=1, sm(a)t) I | —
N
d
What is the magnitude of the induced A \2
EMF in the loop?
L
\ 4
L

7. A square loop of wire is next to an infinitely long, straight wire, as shown in the
figure; the distance between the loop and the wire is initially d . The current in the
infinitely long wire is constant, but the loop is moving directly away from the wire
at speed v. In other words, the distance, d, between the loop and the wire can be
written as

_ I
d=d +vt : |
A
What is the magnitude of the induced d
EMF in the loop? -
L L
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8. A thin, uniformly dense, and rigid rod of length L is rotating around its center of
mass at angular velocity o in the presence of a uniform magnetic field, as shown in
the figure. What is the induced motional EMF between the center of the rod and one
end of the rod?

X X X X X X
B
X X XX, X X
X X X X X X
L L
%

X X X X X X
v i
I X X x =% X X1
1
: !
L 1
L 1
L 1
1 X X X X X x 1

9. What is the mutual inductance of the two loops of wire shown in the figure? Both
loops are rectangles, but the lengths of the vertical components of loop 2 are infinite
compared to the size of loop 1.

Loop 2

2d

N
\ 4

4d

Loop 1
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10. The induced electric potential in a solenoid of inductance L is given by the following
equation:

av,=(ar), (1-¢*)

In this equation the variable k is a constant. What is the current in the solenoid
as a function of time? Assume that the current is zero at t = 0.
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CHAPTER

Electric and
Magnetic
Properties of
Materials

7-1 Introduction

Up to this point, we have focused on magnetic and electric
interactions occurring in vacuum. In this chapter, we turn
our attention to how these interactions change when
they occur in other environments and, by extension, to
the electric and magnetic properties of materials. This
sets the stage for discussions in later chapters about
the application of electric and magnetic interactions to
circuits and optics.

7-2  Electric Properties of Conducting
Materials

In Section 6-6 we defined a conductor as a material con-
taining free electrons that could move in response to an
external magnetic field.

24
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Conductor: a material containing free electrons that are free to move through-
out the material.

If we wait long enough, these free electrons will continue to move until the magnitude of
the net electric field they experience is zero (i.e., they will move around until the electric
field generated from the free electrons exactly cancels the external electric field at every
point inside the conductor)®. When this has occurred, we say that the conductor is in
electrostatic equilibrium.

In electrostatic equilibrium, the electric field is zero everywhere inside the con-
ductor; if it weren’t, the free electrons would still be moving and the conductor would
not be in a static equilibrium. If the electric field is zero inside the conductor, then
the electric potential inside the conductor must be constant (Equation 3-8). In addi-
tion, we recognize from Gauss’s law (Equation 5-4) that if the electric field is zero
everywhere inside a conductor, the free electrons must reside entirely on the surface
of the conductor. Furthermore, since the conductor is in electrostatic equilibrium (i.e.,
since the free electrons are not moving), the electric field just outside the surface
of the conductor must be perpendicular to the surface of the conductor; if a compo-
nent of the electric field were parallel to the surface, then the free electrons on the
surface would move, and the conductor would not be in a static equilibrium. It follows
that the electric potential is constant at all positions on the surface of the conductor
(Equation 3-10).

In summary, when a conductor is in electrostatic equilibrium:

e The electric potential is constant everywhere inside the conductor.

¢ The electric field is zero everywhere inside the conductor.

¢ The free electrons reside entirely on the surface of the conductor.

e The electric potential is constant at all positions on the surface of the conductor.

e The electric field just outside the surface of the conductor is perpendicular to that

surface.

Example 7-1

Problem: Two spherical conductors, A and B, with radii r, and r,, respectively, are
connected by a conducting wire and separated by a distance much larger than r,
or r,. The two conductors carry uniformly distributed net electric charges @, and
Q,, respectively, and the entire system is in electrostatic equilibrium. What is the
ratio of the magnitudes of the electric fields at the surfaces of the two conductors?

1 This is similar to the process causing a motional EMF.
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Solution: The electric field near the surface of each conductor can be found
using Gauss’s law (Equation 5-4). Indeed, from the solution of Example 5-7
we know that the magnitudes of the electric fields near the surface of the two
conductors will be

E, = Q/; Ey= Qg
dnr €, dnr €,
9,

B, _4nie, | E,_07

Ey O E, Oy,
Amrie,

To proceed further we need an equation that relates the net charges to the
radii of the conductors. We can derive this equation from the equations for the
electric potentials of the conductors. These electric potentials can be found
using Equation 3-102

()= (1), =

Arer €, dnr.e,

Since the entire system is in static equilibrium and the two conductors are
connected by a conducting wire, the electric potential must be the same on the
surfaces of both conductors.

QA _ QB T4

dnre, 4nryE,

Thus,

2 We could have also obtained this equation for the electric potential by modeling each conductor as a
point particle with a net charge.
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r
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Therefore, the magnitude of the electric field is largest for the sphere with the
smallest radius.

FIGURE 7.1: A conductor that con-  FIGURE 7.2: A conductor inside of
tains a cavity. The net electric field  another conductor will be shielded
inside the cavity is zero. The dashed  from any external electric fields.
line is the boundary of a Gaussian

surface inside the conductor.

It follows from the solution to Example 7-1 that for an irregularly shaped conductor in
electrostatic equilibrium, the magnitude of the surface charge density and correspond-
ing electric field is largest at points where the radius of curvature is the smallest (e.g., at
corners and sharp points).

Now consider the conductor shown in Figure 7.1 that contains a cavity. We know
that under electrostatic equilibrium the electric field inside the conductor must be zero.
Therefore, the net electric flux through a Gaussian surface contained inside the conductor
must be zero. It follows from Gauss’s law (Equation 5-4) that the enclosed net electric
charge is zero. Thus, there can be no electric charge on the interior surface of a conductor
with a cavity; all of the conductor’s net electric charge must reside on the exterior surface
of the conductor.

This conclusion is still valid, of course, even if there is another conductor within the
cavity, as shown in Figure 7.2. As long as the inner conductor is uncharged, there will be no
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FIGURE 7.3: The distribution of
charges on a conductor containing
a charge in its cavity. The dashed
line is the boundary of a Gaussian
surface inside the conductor, where
the electric field is zero.

electric field within the inner conductor or the surround-
ing cavity. We say that the inner conductor is completely
shielded or screened from any external electric fields.

Finally, since the electric field inside a conductor must
be zero, if a net electric charge exists inside the cavity of
a conductor, the interior surface of the conductor must
obtain a net charge of equal magnitude but opposite sign
(Figure 7.3). In this way, the net electric charge contained
by a Gaussian surface through the conductor will enclosed
no net charge, and therefore the electric field inside the
conductor will be zero, as required by the conditions of
electrostatic equilibrium. (new sentence) To compensate
for this net negative charge on the interior surface of the
conductor a net positive charge must exist on the exterior
surface of the conductor, as shown in Figure 7.3.

Thus a net electric charge inside the cavity of the
conductor would make its presence known to someone

outside the conductor by means of the induced charge on the exterior surface of the
conductor and the electric field associated with it.

Example 7-2

245

Problem: A spherical conductor with a radius
of 12 cm contains a spherical cavity with a radius
of 2 cm. A point particle with a net electric charge
of —5 nC is located within the cavity. This entire
system is in electrostatic equilibrium. What is
the magnitude of the electric potential just out-
side the exterior surface of the conductor?

Solution: Since the conductor is in electrostatic
equilibrium, the electric potential will be constant
at all locations on the surface of the conductor.
Thus, the equipotential surfaces of the electric po-
tential outside the conductor will be spherically
symmetric. Because of this, let’s choose a spheri-
cal shell as the Gaussian surface for determining
the electric field using Equation 5-4 (Figure 7.4).
This calculation is further simplified by the fact

FIGURE 7.4: Determining the magnitude of the
electric field outside the conductor in Example 7-2.
The Gaussian surface for this problem is a spheri-
cal shell, shown in cross-section in black. The di-
rection of the vectors associated with the area of
this surface and the gravitational field are indicat-
ed by the arrows.
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that the electric field is perpendicular to the surface of the conductor and thus
to the Gaussian surface as well.

§ Eedd=Edcos(0°) — § E+di=Ed

surface surface

E(4n.r2) — qenclased - FE= qenclosed
g, 4me 1’

As expected, the electric field outside the conductor is identical to the electric
field of a point particle with a net charge located at the center of the conductor.
Of course, since the electric field outside the conductor is created by the surface
electric charge density on the conductor, it will be the same regardless of where
the point particle with net electric charge is located inside the cavity. The elec-
tric potential associated with this electric field is found using Equation 3-103.

0+ )

Just outside the surface of the conductor, the electric potential would be

—_ 107°
v = > X OC2C — ¥, =-375V
47:(8.85 x 1077 )(O.IZm)
Jm

Electric Properties of Insulating Materials

We can define a molecule (or an atom) to be neutral when its net electric charge is
zero (Section 3-2). The negative electric charge (from the free and bound electrons) of
a neutral molecule is distributed symmetrically around the positively charged nuclei,

3 Naturally, since the electric field is the same as the electric field of a charged point particle, the electric
potential is the same as the electric potential of a charged point particle.
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and thus the electric dipole moment of a neutral molecule is also zero. When a neutral
molecule is placed in an external electric field, there will be “external” electric forces
exerted on the electrons and nuclei, which will separate the electrons and nuclei from
each other. If the material is a conductor, these forces will cause the free electrons to
move to the surface of the conductor (Section 7-2). In an insulator, however, these forces
will cause a small physical separation of the bound electrons from their nuclei within
each atom of the insulator. Eventually, the “internal” forces of the molecule (such as the
electric forces between the electrons and the nuclei) will balance the “external” electric
forces, and the molecule will be in an equilibrium state with a net physical separation
of positive and negative electric charge, and thus a non-zero electric dipole moment
(Section 3-8). We then say that the molecule has an induced electric dipole moment and
that it (and the entire insulator) has become polarized; this process is referred to as
charge polarization.

Charge polarization: a small separation of the positive and negative charges in
a neutral object.

Furthermore, the direction of the induced electric dipole moment will be the same as
the direction of the external electric field.

Some molecules, such as water, have a permanent non-zero electric dipole moment
even in the absence of an external electric field; such molecules are frequently referred
to as polar molecules.

Polar molecule: a molecule that has a permanent non-zero electric dipole
moment.

In the absence of an external electric field these permanent electric dipole moments
will generally be randomly oriented so that the total electric dipole moment of a large
collection of these molecules will be zero*. In the presence of an external electric field,
however, there will be a tendency for the molecules to rotate so as to align their perma-
nent electric dipole moments with the external electric field (Section 3-8). Of course,
at equilibrium the molecules (and their permanent dipole moments) will retain some
random orientation owing to collisions between molecules, thermal fluctuations, etc.
Nevertheless, there will be a net electric dipole moment (from the sum of the electric
dipole moments of all of the molecules) aligned with the external electric field.

A dielectric material (or simply a dielectric) is an electrical insulator that can be
polarized by an applied electric field.

4 This follows from the 2" law of thermodynamics.
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Dielectric: an electrical insulator that can be polarized by an applied electric
field.

Insulator: a material containing no free electrons. All of the electrons in the
material are bound to individual atoms and unable to move throughout the
material.

There are also some materials called electrets which have a permanent electric dipole
moment (i.e, thatare polarized) even in the absence of an external electric field. However,
these materials are quite rare, and do not have the same technical or commercial applica-
tions as materials with permanent magnetic dipole moments (Section 7-4). Of course, it
is also possible for material to have higher-order electric multipoles, such as quadrupole
moments (Section 3-10), but, as we have seen, the contributions of these moments to the
electric potential and electric field decrease in magnitude more rapidly with distance
from the molecule than contributions from the electric dipole moment. Thus, we will
assume in our macroscopic description of the electrical properties of dielectrics that the
dominant features are associated with the electric dipole moments; in other words, we
will assume that neutral matter is equivalent to a collection of electric dipoles.

ext
> > > > >
> > > >

f

FIGURE 7.5: The induced or permanent electric dipole moments that constitute a
dielectric will align themselves with an external electric field.

Let’s now consider the situation in which an external electric field, denoted by Ew

is applied to a dielectric. As shown in Figure 7.5, the induced or permanent electric di-
pole moments within a dielectric will align themselves with the external electric field.
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Consequently, as shown in Figure 7.6, the contributions of the positive and negative electric
charges of these dipoles will cancel each other in the interior of the dielectric, leading to ef-
fectively zero net electric charge there, but cause net negative and positive electric charges
to form on the edges of the dielectric. These electric charges are commonly referred to
as polarization charges. This net separation of polarization charges creates an induced
electric field (denoted as Emd in Figure 7.6) within the dielectric®. The direction of this
induced electric field is opposite the direction of the external electric field.

Net negative charge Net positive charge

r---- | ----- l - - - .-

[ T s 1

iy ! Boa 4 1] : !

1 1 |

¥ N L —— e —
1

f } - :

1! |= ' |

1 ' |:>: € Eing € '

I Iy , I

¥ 1 :

1! 1 |

X ! ! —> E —> :

[ 11 I 1

1 11 1

L | | '

(Bt Rl it e sttt e !

Net zero charge

FIGURE 7.6: An external electric field causes a separation of bound electric charges within a dielectric. This sepa-
ration of charges creates an induced electric field within the dielectric. The net electric field inside the dielectric
is the sum of the external and induced electric fields.

Since the induced electric field results from the alignment of the dielectric’s induced or
permanent dipole moments with the external electric field, it is possible to express the
induced electric field in terms of the external electric field. For simplicity, we will limit
our consideration of linear isotropic dielectrics®, in which the directions of the induced
and external electric fields are opposite’. For these systems, the magnitude of the induced
electric field is related to the magnitude of the external electric field using Equation 7-1.

1
Eind: 1__ Eext (7-1)

K

e

5 This induced electric field is often referred to as the polarization field, albeit with a slightly different
definition.

6 The term “linear” denotes a linear relationship between the external and induced electric fields. The
term “isotropic” means that the linear relationship is valid for all directions of the external electric field.

7 You should feel inspired to take more advanced physics classes to study non-isotropic linear dielectrics
and non-linear dielectrics. These materials have many interesting applications, such as components in lasers.
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The scalar quantity x, in Equation 7-1 is the dielectric constant®. For all known sub-
stances K, 21; for vacuum® x, =1. It follows from Equation 7-1 that the magnitude of
the induced electric field is always less than the magnitude of the external electric field.

The net electric field inside the dielectric is the summation of the external electric
field and the induced electric field. In other words, the electric field inside the dielectric
results from the electric charges associated with the external electric field (commonly
referred to as free electric charges) and the bound electric charges of the dielectric itself.
Since external and induced electric fields are in opposite directions the magnitude of
the electric field inside the conductor is

1 E
E=E_-E  — E:Em—(l——}Em - E=—e2 (7-2)
) K K

e e

The magnitude of the electric field inside the dielectric is therefore less than the mag-
nitude of the external electric field applied to the dielectric. We can understand this
from the point of view of energy conservation. The electric potential energy of this
system is directly proportional to the electric potential difference across the dielectric
(Equation 3-5), and this electric potential difference is determined from the electric
field inside the dielectric (Equation 3-10). Since energy is required to polarize and align
the dipoles within the dielectric, it must be the case that the electric potential difference
across the dielectric is less than it would be if the molecules constituting the dielectric
could not be polarized (or if there were no dielectric at all). It follows that the magnitude
of the electric field inside the dielectric must also be less than the external electric field
applied to the dielectric.

Using Equation 7-2, we can rewrite Equation 5-4 to be true for all electric fields,
including those in the presence of dielectrics.

¢ E . d;i — qenc/()sea’ (7_3)
Kego

surface
The variable g, , . in Equation 7-3 is the net free electric charge contained within the
closed surface of integration. We account for the contributions of the bound electric
charges through the inclusion of the dielectric constant. Please remember that Equation
7-3 is valid for linear isotropic dielectrics only. Finally, the quantity k€, in Equation 7-3
is called the permittivity (or absolute permittivity) and is commonly denoted by ¢.

8 The dielectric constant is also referred to as the relative permittivity.
9 N.B, people often say “free-space” rather than vacuum.
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Example 7-3

Problem: A charged point particle with net electric charge q is embedded in a
linear isotropic dielectric with dielectric constant k . The dielectric is infinitely
large. What is the electric field associated with this point particle?

Solution: Since the dielectric is infinitely large, we can ignore any contribu-
tions from bound electric charges on the outer surface of the dielectric, and we
can assume that the electric field will all be spherically symmetric. Let’s there-
fore use a spherical shell (with radius r centered on the point particle) as our
Gaussian surface for the integration in Equation 7-3; the net free electric charge
contained within this surface is the net electric charge of the point particle.

Now let’s consider the system shown in Figure 7.7 that consists of a parallel plate capaci-
tor with a linear isotropic dielectric completely filling the space between the plates; the
distance between the plates is d. The electric field in-between the plates of the capacitor
can be determined using Equation 7-3; the only free electric charges in this system are
the charges on the plates of the capacitor. Let’s choose a Gaussian surface that contains
only the free positive charges, as shown in Figure 7.7.

A

E=0 Gaussian Surface
BT e e s
AVIE d

Y vV Vv
-qlfl

FIGURE 7.7: Determining the electric field for a parallel plate capacitor
containing a dielectric.
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We will assume that the electric field is uniform everywhere between the plates of the
capacitor and zero elsewhere.

= = e o
CﬁE-dAzK‘fg - CJSEdAcos(O)zL

surface e 0 surface e 0

E¢CM=JL-—>EA=JL - g=-1
K €& K‘eAEO

surface e 0 e 0

As before (Section 5-5), the electric potential difference between the plates of the
capacitor can be determined from this electric field using Equation 3-10, and further
simplified using the definition of the capacitance of the capacitor (Section 5-5).

AV =——1 g 5 Ay =--L
¢ Ak €, ¢ K C

e

Since K, 21, the magnitude of the electric potential in-between the plates of a capaci-
tor is always less in the presence of a dielectric. As discussed before, this makes sense
because some of the electric potential energy associated with the separation of the free
charges on the plates of the capacitor has been used to align the electric dipole moments
(and create the associated separation of bound charges) within the dielectric.

Example 7-4

L+ + N + + J+q Problem: A parallel plate capacitor with a separation
d'_W distance d between its plates contains a dielectric,
v 2 with dielectric constant k,, not completely filling the
. . . . space in-between the plates, as shown in Figure 7.8.
W The dielectric is centered between the two plates.
+ + + + What is the potential difference between the two
d-w plates of the capacitor? What is the capacitance of

I B the capacitor?

- - - - |_q

Solution: We can determine the electric field

FIGURE 7.8: The parallel plate capacitor in  jp-between the two plates using Equation 7-3. As

Example 7-4.

shown in Figure 7.9, we will denote the magnitude
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of the electric field between the plates and the dielectric as E,, the magnitude
of the electric field inside the dielectric as E,, and the magnitude of the electric
field to be zero everywhere else. To determine the values of E, and E,, we will
use the two Gaussian surfaces shown in Figure 7.9, and follow the derivation of
the electric field for a parallel plate capacitor in Example 5-8.

A

T E=0 Gaussian Surface |
B —— 7
i | + + e + | +q :
L o o e e s e e el e e e e e -

FIGURE 7.9: The Gaussian surfaces for determining the
electric field for the capacitor in Example 7-4.

For Gaussian Surface I, we have

K=1 — =L CﬁEdAcos(O°) el

surface 0 surface

Let’s assume that the electric field is uniform everywhere between the plates of
the capacitor and zero elsewhere.

Evl ¢ dA:i — EIA:_ - EI:_
surface 80 80 AgO
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In this expression, the variable A is the surface area of each plate of the capacitor.

Applying similar assumptions to Gaussian Surface II gives us

$ E, dAcos(lSOo):%
e 0

surface

-E, § aa=—L —» pga=-1 - p=_1
K & K € Alcego

surface e 0 e 0

The electric potential difference between the plates can be found using
Equation 3-10. Since the magnitude of the electric field is constant, the electric
potential difference is simply the product of the electric field and the distance
over which the field acts.

AV, =-[Eedi — AV,=-E+([ds) > AV, =-E-As

Let’s define the origin of the s-axis for our calculation to be at the plate with net
positive electric charge, and the positive direction for the s-axis to point toward
the plate with net negative electric charge. Then,

o= [£22-0)  [£22 A=) 4 220)

s =(emr =) > o =[G L -]

The capacitance of the capacitor can be determined using Equation 5-7.

AV =94  c-_ 91
‘T C AV
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Based upon the solution to Example 7-4, we see that the capacitance of a capacitor will
increase when a dielectric is placed between the plates. When the dielectric completely
fills the space between the plates of the capacitor, the capacitance of the capacitor is

A
C=k, (%) - C=x,C, (7-4)

The variable C in Equation 7-4 denotes the capacitance of the capacitor in the absence
of the dielectric (Equation 5-6). It follows from Equation 7-4 and Equation 5-8 that the
electric potential energy stored within a capacitor will be reduced in the presence of
the capacitor. The reduction of electric potential energy reflects the fact that some of the
electric potential energy associated with the separation of charges on the plates of the
capacitor is “used” to polarize the dielectric between the plates.

The electric potential energy of any distribution of particles with net electric charge
is affected by the presence of any dielectric in-between the particles. The electric
potential energy for a system of two point particles with net electric charges q, and g,
separated by a distance r would be

U =—1%_ (7-5)
¢ ArnkEr

More generally, as shown in Example 7-3, the magnitude of the electric potential and
electric field of a point particle with a net electric charge is also affected by any dielec-
tric surrounding the particle.

y=—9 (7-6)
¢ 47nce£0r
E=|—L | (7-7)
Ak g r
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Example 7-5

Problem: Two point particles, A and B, with net charges +2 nC and —4 nC, are
separated by a distance of 10 cm in a polar fluid with a dielectric constant of
40. What is the magnitude of the electric field experienced by particle B? What
is the electric potential energy of this system?

Solution: The magnitude of the electric field experienced by particle B can be
determined using Equation 7-7. This electric field originates from particle A.

2x107°
e“0'a.B 47r(40)(8.85>< 10_12](0.1m)
Jm

N \%
EA,B = 4562455

The electric potential energy of this system can be found using Equation 7-5.

- (2><10-9c)(—4><10-9c) U lsx10)

e 2 e

47[(40)(8.85 x 107" JC—mJ(O.lm)

.

\

—> +X

FIGURE 7.10: A dielectric partially inside a capacitor.

When a dielectric is polarized, the resul-
tant net bound electric charges and net
free electric charges will all exert electric
forces on each other. These forces can be
quite difficult to calculate directly using
Equation 3-6, but the average force can
be determined using an energy-based
approach. Let’s consider a parallel plate
capacitor with square plates; the length
of each side of each plate is denoted by
L. For simplicity, we will assume that
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the electric field is the same as when the plates are infinitely large. A side view of this
system in shown in Figure 7.10.

The electric potential energy of the capacitor is determined using Equation 5-8 and
Equation 7-4.

The difference in the electric potential energy of the capacitor with and without the
dielectric is therefore!®

2 2 2
AU:Q__(]_ - AU -1 i—l
¢ 2k, C, 2C ° 2C

0

Since k', 21, the electric potential energy of the capacitor is smaller in the presence of
the dielectric. Thus, in order for the system to minimize its potential energy, the dielec-
tric will be pulled into the capacitor. The average force acting on the dielectric as it is
pulled into the capacitor can be determined using Equation 1-1.

AU q2 1 q2 K —1
F =- e 5 F =l | —_ - F =" |Ze _
e L e ZCOL K, e ZCOL K,

Similarly, since the presence of a dielectric reduces the electric potential energy of a ca-
pacitor, the presence of a dielectric reduces the net electric force between the positively
and negatively charged surfaces of the capacitor (Section 5-5).

If a dielectric is not rigid, the electric forces between the free and bound electric
charges will cause the dielectric to deform. This phenomenon is called electrostriction.
Furthermore, if the magnitude of the external electric field applied to a dielectric is
too large, the bound electrons can be stripped from their associated nuclei and flow
as a current; in other words, the dielectric becomes a conductor. This process is called
dielectric breakdown (or electrical breakdown).

Dielectric breakdown: The rapid conversion of an insulating dielectric to a
conductor in the presence of an electric field.

10 Recall that the dielectric constant is 1 for vacuum.

www.EngineeringBooksPDF.com

257



258

THE ENERGY OF PHYSICS, PART II: ELECTRICITY AND MAGNETISM

The magnitude of the electric field required for dielectric breakdown, commonly re-
ferred to as the dielectric strength, depends upon the substance. For air, the dielectric
strength is around 3 X 10°V/m, and the corresponding dielectric breakdown is visible
as lightning. The dielectric strengths of some other common materials are: 7 X 107 V/m
(water); 1 X 10’ V/m to 1 X 10® V/m (plastic); and 2 X 10° V/m (diamond).

Returning to Section 7-2 we see that dielectric breakdown is most likely to occur
at corners and sharp points since the magnitude of the electric field is largest at those
locations. Hence, if you want to charge an object to high electric potential and not have it
discharge in the air through sparks, you should make sure that the surface of the object
is as smooth and regular as possible.

7-4 Magnetic Properties of Materials

In Section 7-3 we assumed that the atoms and molecules in neutral matter were
composed of positive and negative electric charges, and were, on the whole, electri-
cally neutral. Let’s extend this model by assuming that at least some of these electric
charges are not at rest, but are moving around inside the material. It is reasonable to
presume that some of these electric charges are moving in closed paths and thus giving
rise to internal magnetic dipole moments (Section 4-7). These permanently circulating
currents are referred to as Ampérian currents, after André-Marie Ampére who first
proposed their existence.

Ampeérian currents: permanently circulating currents in neutral matter.

In the absence of an external magnetic field, it is possible that the internal magnetic
dipole moments of these Amperian currents—together with the spin and orbital mag-
netic dipole moments of the electrons themselves (Section 4-9)—combine to give no
net magnetic dipole moment for the material. When an external magnetic field is pres-
ent, however, a torque will be exerted on these internal magnetic dipoles that will cause
them to align in the direction of the external magnetic field, thus creating a non-zero
internal magnetic dipole moment for the material. We describe this process by saying
that a magnetic dipole moment has been induced in the material, and that the material
has been magnetized. More specifically, this process is referred to as paramagnetism
(Section 4-9).

Even if the material contains permanent magnetic dipole moments in the absence
of an external magnetic field, it is still possible that these magnetic dipole moments are
randomly oriented so that the total magnetic dipole moment is zero. In the presence of
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an external magnetic field, these magnetic dipole moments will feel a torque aligning
them with the external magnetic field and thus magnetizing the material. Some ma-
terials have the property that, even in the absence of an external magnetic field, the
permanent magnetic dipoles are at least partially aligned, and the material is said to
be permanently magnetized or to be a permanent magnet. This is an example of fer-
romagnetism (Section 4-9).

All materials will also exhibit some degree of diamagnetism (Section 4-9), although
this effect is typically very small. In the absence of the external magnetic field, the
spin and orbital magnetic dipole moments of the electrons combine to produce no net
magnetic dipole moment. However, in the presence of an external magnetic field, the
electrons experience a Lorentz force (Equation 4-2) that simultaneously changes both
their orbital motion and the magnitude of their orbital magnetic dipole moments. The
resulting imbalance between the spin and orbital magnetic dipole moments gives rise to
a net magnetic dipole moment oriented opposite the direction of the external magnetic
field. All conductors also experience an effective diamagnetism through the induction
of eddy currents by the external magnetic field (Section 6-6); the induced magnetic
dipole moments associated with these currents are oriented opposite the direction of
the external magnetic field.

As with the case of the electrical properties of material (Section 7-3), we can expect
that molecules can also have higher-order multipole magnetic moments!!. However, as
before, the magnitude of the contributions of these higher-order magnetic moments
decrease in magnitude more rapidly with distance from the molecule than contributions
from the magnetic dipole moment. Thus, we will assume in our macroscopic description
of the magnetic properties of material that the dominate features are associated with
the magnetic dipole moments; in other words, we will assume that matter is equivalent
to a collection of magnetic dipoles.

We will consider only the simplest case—linear isotropic magnetic materials for
which the direction of any induced magnetic fields and the external magnetic field are
the same’. For paramagnetic and ferromagnetic material, the direction of the induced
magnetic field is the same as the direction of the external magnetic field, whereas for
diamagnetic material, the direction of the induced magnetic field is opposite the direc-
tion of the external magnetic field. For linear isotropic magnetic materials, Equation 5-9
can be written as

11 See Section C-4.
12 You should feel inspired to take more advanced physics classes to study non-isotropic and non-linear
magnetic materials.
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¢ E * ds: = Kmuolenclosed (7-8)

line

The variable Kk in Equation 7-8 is the relative permeability, and is the ratio of the
absolute permeability (¢) to the vacuum permeability.

K =— (7-9)

For ferromagnetic and paramagnetic materials, kK, >1, and for diamagnetic materials
K <1. For nearly all linear isotropic magnetic paramagnetic and diamagnetic mate-
rials, |Km‘ =1, but for ferromagnetic materials, K, can be much larger than 1 (even
larger than 1000). A special type of material, called a superconductor, has a relative
permeability of zero. The magnetic dipoles inside the superconductor align themselves
exactly antiparallel with the external magnetic field so that B=0 everywhere inside a
superconductor?3,

Example 7-6

Problem: An electromagnet (i.e., a solenoid) of length [ is created by wrapping
wire around a linear isotropic magnetic material with relative permeability x_ .
What is the magnetic field inside the solenoid? What is the self-inductance of
the solenoid? Consider the solenoid to be perfect.

Solution: The magnetic field inside a perfect solenoid containing no magnetic
material was determined in Section 5-6 using Equation 5-9. Following a similar
derivation, but using Equation 7-8, we see that the magnitude of the magnetic
field is

B=x u,nl

As shown in Figure 7.11, the magnetic field always has the same direction as
the external magnetic field. For paramagnetic and ferromagnetic material, the
magnitude of the magnetic field is larger than the magnitude of the external

13 This is known as the Meissner effect.
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magnetic field. For diamagnetic materials, the magnitude of the magnetic field
is smaller than the magnitude of the external magnetic field.
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paramagnetic material

Diamagnetic material

FIGURE 7.11: The magnetic field inside the solenoid is the sum of the external magnetic field and the induced
magnetic field.

The self-inductance of the solenoid is determined using Equation 6-5. Since the
magnetic field inside a perfect solenoid is constant, we have

K 1A
®, =B84 — L:N% N L:Nm“ff’”

N=nl — L=k un’ld — L=x unV

L=K‘mL

0

We should be careful here to note that most ferromagnetic materials are not linear
isotropic magnetic materials, and thus the exact relationship between the magnetic
field and current is more complicated than Equation 7-8 implies. Nevertheless, it is
true that the strength of an electromagnet can be increased many fold by including a
ferromagnetic core.

Finally, since the induced magnetic dipole associated with diamagnetism is oriented
opposite the external magnetic field, it will experience a magnetic force pushing it away
from the source of the external magnetic field (Figure 4.20). Since all objects display
some amount of diamagnetism, this phenomenon can be used for levitation. However,
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because the diamagnetic dipole moment is typically very small, large magnetic fields
are required to levitate even small objects.

7-5 Electric Current and Ohm'’s Law

As discussed briefly in Section 4-4, an electric current is as a flow of charged objects
(i.e.,, as moving charged objects) and has units of amperes (A). Current was defined
mathematically using Equation 4-4.

-4
dt

We will now define a new variable, called the current density, which is the current per
cross-sectional area in the conductor. The current and the current density are related
through Equation 7-10.

[=[J.di (7-10)

Example 7-7

Problem: A cylindrical wire with radius R carries a current with non-uniform
current density. The magnitude of the current density increases with increasing
radial distance from the center of the wire according to the following equation:

J(r):a+,3r

In this equation, ¢ and f are constants. What is the total current in the wire?
What is the magnitude of the magnetic field from the current as a function of
the radial distance r from the center of wire? Assume that the relative perme-
ability is 1 for this system.
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Solution: Let’s choose the direction for the differential area vector in
Equation 7-10 to be the same as the direction of the current density. Then
Equation 7-10 becomes

1=jJ¢4

The differential area for the integration is a thin ring of circumference 27r and
width dr'*.

I=JJ(27rr)dr - I=27errdr - I:ZEI(a+ﬁr)rdr

I = Zﬂ(]‘i(xr+ Br’ dr)

0

R
0

I:Zn(ar2+ﬁr3‘) - 1:2727(05R2+,BR3)

The magnitude of the magnetic field is found using Equation 7-8. The sym-
metry of the magnetic field will be reflected in the symmetry of the current
distribution that generates it. In this case, the magnetic field should exhibit
the cylindrical symmetry of the wire carrying the current. We should therefore
choose an Amperian loop that is a circle centered on the wire/current. By sym-
metry, we also know that the magnetic field is constant everywhere along the
surface of the Ampérian loop. Thus,

§ B+ds = B(2mr)
line

From the previous solution, we know that the current passing through this
Ampeérian loop when r is less than the radius of the wire is

enclosed

= 27r(05r2+ ﬂr3)

14 See Example 1-2, Example 3-12, Example 5-6, and Example 6-2.
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Substitution into Equation 7-8 then gives us
B(27rr) = MOZE(OCF2+ ﬁr3) — B= uo(ar+ ﬁrz)
When ris greater than the radius of the wire, we have

=2r(aR*+BR) — B(2mr)=u,2n(aR*+BRY)

enclosed

5o U, (ocR2+ ﬁR3)

r

As expected, these two equations for the magnetic field are identical when r = R.

When an external electric field is applied to an isolated conductor, the free electrons
in the conductor will move until a surface charge density is created on the conductor that
reduces the total electric field within the conductor to zero (Section 7-2). If, however,
the conductor is not isolated and the external electric field (or, equivalently, the external
EMF) is maintained, an electric current will continue to flow through the conductor.

We define direct current (DC) to be the unidirectional flow of electric charge. In
alternating current (AC), the movement of the electric charge periodically reverses
direction.

Direct current (DC): the unidirectional flow of electric charge.

Alternating current (AC): a flow of electric charge in which the direction of
movement periodically reverses.

As discussed in Section 6-5, creating and maintaining either kind of current requires an
input of energy from the source of the EMF that drives the current (i.e., that does the
work associated with moving the charges). The instantaneous power associated with
this input of energy is equal to the rate of change of the electric potential energy of the
electrons, which can be related to the effective electric potential difference of the EMF
by using a modified version of Equation 3-3.

15 Equation 7-11 can also be derived from Equation 6-8.
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du
P=—¢ - P:i(qAV) S p=| %)y
dt dev' e dr ) ¢

P=1IE (7-11)

What happens to the energy supplied by the electric potential to the current? The ex-
act description of the flow of current in conductors involves physics that is above the
level of this course!®. Very simply, as the free electrons move through the conductor,
they convert their electric potential energy into kinetic energy, while simultaneously
reacting with each other and with the atoms (the bound electrons and their associated
nuclei). Through these interactions, energy and momentum from the free electrons are
transferred to the atoms, where it subsequently results in an increase in the vibrational
motion of the atoms around their equilibrium positions and, through the equipartition
theorem, is manifest as an increase in the temperature of the conductor. Eventually, the
energy is then dissipated from the conductor as heat'’. For the rest of our consideration
of current, however, we will assume a steady-state condition in which the free electrons
are, on average, flowing uniformly through the conductor at a constant average speed.
We call this speed the drift speed and will discuss it further in Section 7-6. Furthermore,
we will model the instantaneous power output associated with these processes of en-
ergy dissipation'® as the product of the current and a potential energy change.

P= J(AVe) (7-12)

In this model, the energy supplied by the EMF is dissipated from the conductor as
heat?.

Ultimately, it is the electric field associated with the EMF that drives the current. In
other words, it is an electric field that supplies the force (Equation 3-11) necessary to
move the electrons. The relationship between the electric field applied to a conductor
and the current density in the conductor is called Ohm’s law.

16 You should feel inspired to take advanced courses in quantum mechanics and solid state physics to
understand how conductors carry current.

17 As discussed in Section 4-6, the energy and momentum of the electrons can also be exchanged with
the walls of a conductor to produce the work required to move the conductor.

18 In Chapter 8, we will discuss the specific power dissipation of different electronic elements interacting
with a current.

19 Since the speed of the free electrons is not changing, the kinetic energy of the electrons is constant.
Thus, the change in the electric potential energy of the free electrons as they move through the difference
in electric potential is transferred into heat, not into a change in kinetic energy.
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j=oF (7-13)

The variable ¢ in Equation 7-13 is the conductivity of the conductor and depends upon
the physical properties of the conductor. Strictly speaking, Equation 7-13 is valid for
only linear isotropic conductors, since for these systems o is a scalar®. The units of
conductivity are

S
Nm?s Vm

More typically, the units of conductivity are siemens per meter (S/m); 1 S is equal to
1 A/V. Conductors will have conductivities in the range of 10¢ S/m to 107 S/m, whereas
insulators will have conductivities smaller than 107¢ S/m.

We can now relate the current to the electric field through the integration of
Equation 7-13.

J]-d;lz_[c(l:?-dﬁ) — I:_[O'(E-dil)

For simplicity let’s assume that the electric field is constant across the surface of inte-
gration and is directed perfectly perpendicular to the surface (and therefore parallel to
the surface area vector).

]:O'E-(Jd;l) — I=0EA

Since the electric field is constant, we can relate its magnitude to an electric potential
difference using Equation 3-10. Let’s define the positive direction for the integration in
this equation to be the same as the direction of the electric field (ie., the same as the
direction of the current).

AV =-EL
The variable L in this equation is the length over which the electric potential difference

is measured (i.e, it is the length over which the electric field is acting). Substitution into
the equation derived from Ohm’s law gives us

20 Youreally should take upper level physics courses to discover all the fun that happens when non-linear
effects are included in physics.
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e

_AV _AV
E=_"" 1:(;( Le]A N 1=—(%]AV

Finally, we can define a new variable, called the resistance, in terms of the variables L,
A, and o.

L
R=— -
py (7-14)
The units of resistance are ohms (Q2).
1Q = 1l = 1X
S A
Thus,
I= av, 7-15
= (7-15)

Equation 7-15 is the macroscopic equivalent of Ohm’s law. The minus sign in
Equation 7-15 indicates that the direction of the current is always towards lower elec-
tric potential, consistent with the definition of current as the flow of positive charge
(Section 4-4).

Example 7-8
Problem: A cylindrical wire has a radius of 2 mm, a length of 10 cm, and a
conductivity of 107 S/m. What is the current flowing through the wire if the

electric potential difference across the length of the wire is 24 V?

Solution: The resistance of the wire is determined from Equation 7-14.

R= 0.Im > R=8x10"Q

(107 S)(ﬂ(0.002m)2)

m
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The current can then be found using Ohm'’s law (Equation 7-15).

A SN A R
8§ x 1070

8><104‘X
A

The equivalent expression for Ohm'’s law (Equation 7-15) for AC circuits is

[== (7-16)

The variable Z in Equation 7-16 is called the impedance. We will discuss impedance in
more detail in Chapter 9, but for now it can be thought of as the AC equivalent of resistance.

7-6  Forces and Current

Microscopically, we can determine the movement of the free electrons from their response
to the forces acting on them. Each free electron will experience an electric force because of
the electric field at its location. Let’s consider only linear isotropic conductors for which
Equation 3-11 is valid.

F =eFE

e

We can model the average loss of energy and momentum from the free electron to the
atoms in the conductor as an effective damping force acting on the free electron. For
simplicity, we will assume that the magnitude of this damping force is proportional to
the speed of the free electron?..

F,o=nv,

21 We can motivate this expression by arguing a faster speed would correspond to a shorter time between
interactions with the atoms, and thus larger damping (i.e, more frequent loss of energy and momentum).
This simple equation for damping is also what we used for the damping of a simple harmonic oscillator.
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In this expression F, is the magnitude of the effective damping force, # is the associ-
ated damping constant, and v, is the magnitude of the drift velocity of the free electron
(i.e., the drift speed). Under a steady-state approximation, where the drift velocity is
constant, the magnitude of the net force acting on the free electron must be zero.
Since the electric and damping forces act in opposite directions on the free electron,
we have

F =0 — F=F — eE=1nv,

net

We can also define the magnitude of the current density in a conductor macroscopi-
cally as the product of the electron’s electric charge, the density of free electrons in the
conductor (p), and the magnitude of the drift velocity of the free electrons.

J=epv,

Substitution of this expression into our previous equation gives us

J=epv, — vdzé - eEzn(é)

By comparing this result to Equation 7-13, we see that the quantity in the parenthesis is
the conductivity of the conductor.

2
s P
n

An expression relating the electric field to the drift velocity can be found through addi-
tional substitution using Equation 7-13.
oF
J=epv, — oE=epv, —> v, =—
ep
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The magnitude of the electric field in this expression can then be related to the corre-
sponding electric potential difference, AV, driving the movement of the free electrons
and the length, L, of the conductor through which the free electrons are moving. If we
assume that the electric field is constant in magnitude over this distance, we have??

AV, oAV,
= — vd =
L epL

E

For simplicity, let’s assume that there is one free electron for each atom in the conduc-
tor. This corresponds to a density of approximately 10% free electrons/m?3. If we then
assume a conductivity of 107 S/m, a length of 1 m, and a potential difference of 120V,
the magnitude of the drift velocity (i.e., the drift speed) is

(10&)(120\/)

v, = S v, =07570

¢ 1 S
(1.6 % 10—19(:)(1029 3)(1m)

m

This is a very, very small speed. Thus, it is incorrect to associate electric current with a
large distance movement of free electrons in the conductor. Of course, a steady-state cur-
rent does not require that a single free electron traverse the entire length of the conductor.
Once the electric potential difference is applied to the conductor, all of the free electrons
begin to move, including the free electrons adjacent to the ends of the conductor. This
explains why the effects of current, such as a lamp turning on when the corresponding
light switch is flipped, occur seemingly instantaneously.

In the presence of a magnetic field, the force acting on a free electron in a conductor
is given by Equation 4-3.

F=e(E+7,%B)

Under a steady-state approximation, where the drift velocity is constant, the magnitude
of the net force acting on the free electron must be zero.

22 We ignore the minus sign in Equation 3-10 that indicates the direction of the electric field and the di-
rection of the change in electric potential (ie, the electric potential difference AV) since we are concerned
with only the magnitudes of these quantities.
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The quantity in parenthesis in this equation is called the electron mobility?3, which
depends upon the conductor and is denoted by .

e € o
pH== = p=—— - p=—
n e’p ep

O

The electron mobility is a measure of how fast the free electrons in the current move.
Returning to our derivation, we have

v,=—t—(E+uEx B+ (E-B)B) (7-17)

Example 7-9

Problem: The electron mobility of the free electrons in a particular material is
0.2 m?/Vs. The external electric and magnetic fields applied to the material are

E=[sN]e  B=(3T)2+(47)5
()¢ = fom)eefan)s

What is the drift velocity of these free electrons?

23 More generally, this variable is defined to be the carrier mobility. This accounts for the situation where
the electric charges in the current are not electrons.
24 See Section C-10 for the derivation of Equation 7-17.
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Solution: The drift velocity is determined using Equation 7-17. To simplify our
calculations, let’s rewire the equation for the magnetic field? as

Vs - Vs . Vs | .

Let’s examine each term in Equation 7-17 separately,

2

m
02— 2
£ __ Vs BN

1+(uB) 1+[(0.2$—:)[5§)]Z I+(uB) VS

Putting everything together gives us

sl beele))
e ((OREORE)

25 See Section 4-2.
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NS B iicl (| SRR P EPLR N LA P
C Ns C C C
vd=(1.49}2+(1.2EJ9+(0.49)2
S S S

Finally, let’s consider the case in which current is flowing through a conductor that
is placed in the presence of a magnetic field. As shown in Figure 7.12, the magnetic field
will exert a magnetic force on the electric charge in the current, which will lead to a
separation of electric charge within the conductor; this is similar to the creation of the
motional EMF (Section 6-6). This separation of charge creates an induced electric field
(Figure 7.12) that exerts an electric force on the electric charges in the current.

A1

hi Vi €E—O® —>I A

Fe
4
eg e o o o o o+o o+|o+o
B
Wlle eovie—@ —1 |:> ° ovd<—@lEindo AV,
e o o | o o o _ o o_l o o
Ve, Ve,

FIGURE 7.12: The deflection of moving charges when a current passes through a magnetic field
creates a potential difference called the Hall voltage.

Eventually, a steady-state condition is obtained in which the magnitude of the magnetic
force equals the magnitude of the electric force and the electric charges move through
the conductor without deflection.

Fe:Fm — eEind:evdB - EmdzvdB
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If we assume that the induced electric field is constant throughout the conductor, we can
relate the magnitude of induced electric field to the magnitude of the induced change in
electric potential (AV, in Figure 7.12) and the width of the conductor (w in Figure 7.12)
using Equation 3-10%.

The induced electric potential, AV, is referred to as the Hall voltage, named after the
graduate student who first observed it. The process of creating the induced electric
potential is also known as the Hall effect. Since measurement of B, AV,, and w are all
straightforward, the Hall effect provides a convenient experimental approach for deter-
mining the drift speed of charges in a current. Similarly, the Hall effect also allows for an
experimental approach to determine the density of free electrons in a conductor.

1 1
) AV, 4 IwB
vd:i > vd:A — S d e s
ep ep wB  ep eAAV,
A=wh — p:ﬂ - p= B
ewhAV, ehAV

The variable h in this equation is the thickness of the conductor, as shown in
Figure 7.12.

Example 7-10

Problem: A 2 mm thick conductor carries a current of 2 A. When placed in the
presence of a 0.5 T magnetic field, the measured Hall voltage is 2.5 mV. What is
the density of free electrons in the conductor?

26 We ignore the minus sign in Equation 3-10 that indicates the direction of the electric field and the
direction of the change in electric potential, as shown in Figure 7.12, since we are concerned with only the
magnitudes of these quantities.
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Solution: Substitution into the previously derived equation gives us

(2A)(0.5T)

1
p=125%x10*—

7-7  Batteries and Generators

p= (1.6 x10™°C)(2x 10°m)(2.5x 107V

3
m

The source of the EMF and free electrons required for maintaining direct current in a
conductor is often a battery. A battery converts chemical potential energy into electric
potential energy through chemical (typically redox) reactions. A common type of bat-
tery is an electrochemical cell, an example of which is shown in Figure 7.13.

Electron Flow

—_—
Zinc —— Copper
(Anode) Current (Cathode)

ZnSO, CuSoO,

2-

SO 2-
Zn2+ 4 SO4 Cu?t
2-
SO >
Soi— 4 SO4
Zn2* Cuzr

t

Membrane permeable to Soi’ ions,
but not Zn?* or Cu?*

FIGURE 7.13: An electrochemical cell functioning as a battery.
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The copper-zinc battery shown in Figure 7.13 consists of two different compartments
separated by a semi-permeable membrane and connected by a wire; one compartment
contains a zinc electrode immersed in ZnSO,, and the other compartment contains a
copper electrode immersed in CuSO,.

Electrode: an electrical conductor used to make contact with a nonmetallic part
of a battery or a circuit?.

Both the zinc and copper electrodes will dissolve in their respective solutions, generat-
ing zinc, copper, and sulfate ions. The zinc electrode dissolves more readily than the
copper electrode, however, which results in more free electrons in the zinc electrode
than the copper electrode. This imbalance in the population of free electrons in the two
electrodes results in a net flow of free electrons from the zinc electrode to the copper
electrode through the connecting wire. Once in the copper electrode, these free electrons
will interact with the copper ions in solution to form copper metal on copper electrode
(i.e., to solidify the copper from the solution). To maintain the new equilibrium of copper
and zinc ions in solution, sulfate ions flow from one compartment to another through a
semi-permeable membrane; this membrane is permeable to sulfate ions, but not metal
ions. These sulfate ions will then bind with the zinc ions in solution, which decreases the
concentration of zinc ions in solution. This, in turn, causes more zinc to dissolve in the
solution, which generates more free electrons in the circuit.

For this chemical reaction, the zinc electrode is referred to as the anode, since it
is the electrode at which the electrons leave the battery, and the copper electrode is
referred to as the cathode, since it is the electrode where the electrons enter the battery.

Anode: the electrode at which electrons leave the battery. The anode is also
where the oxidation reaction occurs.

Cathode: the electrode at which electrons enter the battery. The electrode is
also where the reduction reaction occurs.

As mentioned, current flows in the battery shown in Figure 7.13, since the zinc electrode
dissolves more readily than the copper electrode in the associated sulfate solution. More
technically, we say that the energy obtained from the oxidation of the zinc electrode is
larger than the energy required to reduce the copper electrode. The difference in these
energies is the total energy produced by the battery, which is typically expressed in terms
of an electric potential difference between the anode and the cathode (Equation 3-5).

27 We'll define and discuss circuits in Chapter 8.
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2717

Of course, batteries don’t maintain a voltage dif-
ference between their anodes and cathodes forever
(i.e., they can’'t convert chemical potential energy
into electric potential energy forever). Eventually, a
uniform chemical potential is established through-
out the battery, and there is no more net movement S
of electrons from the anode to the cathode.

The source of the electromotive force for alter-
nating current is an AC generator (often simply
referred to as a generator). A simple AC generator
is shown schematically in Figure 7.14.

N

g |11

As the loop of wire rotates, the magnetic flux
through the area enclosed by the loop changes, and ®
an electric field is induced in the loop (Equation
6-3). If we assume that the magnetic field is uni-

form across the enclosed area of the loop, then the  ¢1¢1pE 7.12: A simple AC generator.
magnetic flux through the loop can be determined
using Equation 5-11.

D, = J Bedd — @, = BAcos0

surface

In this equation, the angle 6 between the vectors B and dA is related to the angular
velocity of the loop’s rotation. For simplicity, let’s assume that the loop is rotating at a
constant angular velocity.

0 =wt+¢,

The variable ¢, denotes the angle at ¢ = 0; this is the equivalent of the phase constant
for harmonic motion. The rate of change of the magnetic flux is thus

d®,
di

:%(BAcos(a)t+¢o)) N dj;g:BAwsin(ngbo)

The induced EMF associated with this change in magnetic flux is found using Equation 6-11.

E= —BAwsin(a)l+¢)0)
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Of course, the definition of ¢, (i.e., the t = 0 orientation of the loop with respect to the
magnetic field) is arbitrary, so we could have equally accurately written this equation
for the EMF without the negative sign, or with a cosine rather than a sine. We can take
advantage of this fact, and make our lives simpler later on, if we use a different notation
for the EMF of an AC generator. Let’s write this EMF as

E=Ee” (7-18)

The EMF in Equation 7-18 also oscillates at angular frequency o, butis a complex number?2,
The motivation for and utility of Equation 7-18 will become clear in Chapter 9.

28 See Appendix D.
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Summary

Conductor: a material containing free electrons that are able to move throughout
the material.

Insulator: a material containing no free electrons. All of the electrons in the mate-
rial are bound to individual atoms and unable to move throughout the material.

When a conductor is in electrostatic equilibrium:

- The electric potential is constant everywhere inside the conductor.

- The electric field is zero everywhere inside the conductor.

- The free electrons reside entirely on the surface of the conductor.

- The electric potential is constant at all positions on the surface of the
conductor.

- The electric field just outside the surface of the conductor is perpendicular
to that surface.

Charge polarization: a small separation of the positive and negative charges in a
neutral object.

Polar molecule: a molecule that has a permanent non-zero electric dipole moment.

Dielectric: an electrical insulator that can be polarized by an applied electric
field.

Dielectric breakdown: the rapid conversion of an insulating dielectric to a con-
ductor in the presence of an electric field.

Gauss’s law for electric fields in linear isotropic dielectrics is

Fedd=-9_

In this expression, Kk is the dielectric constant.

The magnitude of the induced electric field in a linear isotropic dielectric is related
to the magnitude of the external electric field using the dielectric constant.
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1
Eind = [1_ K._CJEext

It follows that the magnitude of the electric field inside the dielectric is therefore
less than the magnitude of the external electric field applied to the dielectric.

When a dielectric completely fills the space between the plates of the capacitor,
the capacitance of the capacitor is

0

Ae,
C=x|—| —» C=x,_C
d
The variable C, in this equation denotes the capacitance of the capacitor in the
absence of the dielectric.
Amperian currents: permanently circulating currents in neutral matter.

Ampere’s law for magnetic fields in linear isotropic magnetic materials is

Cﬁ Beds=x uyl,.

line
In this expression, K is the relative permeability.

Ohm’s law: the current density is the product of the conductivity and the electric field.

J=0oF

The current is the integral of the current density over a surface.

1=jj-d21
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¢ The drift velocity of an electron in an electric and magnetic field is

v =— M  (E+uExB+u*(E-B)B
g e B (£-8)

The variable u is the electron mobility and is a measure of how fast free electrons
move as part of a current. The electron mobility is a function of the conductivity,
the density of free electrons, and the electric charge of the electron.

H=5

¢ The power supplied by an EMF to a current is the product of the EMF and the
current.

P=1I&E

¢ Ohm’s law: the current flowing through a conductor is proportional to the potential
difference driving the current and the resistance in the conductor.

AV,
R

I =

For AC currents, the current is proportional to the potential difference and the
impedance of the conductor.

¢ An alternating EMF can be written in terms of a complex exponential.

E= Eoei“"

In this equation, o is the angular frequency of the oscillation of the current.
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Problems

A solid insulating sphere carries a net
positive electric charge Q distributed uni-
formly throughout its volume. A conduct-
ing spherical shell of inner radius r, and
outer radius r, is centered on the solid
sphere and carries a net negative electric
charge —2Q. What is the electric field ﬂ
inside the spherical shell (at some dis-
tance from the center of the shell between
r,and r,)? What is the electric field out-
side of the shell (at some distance greater

than r,)? Assume this system is in electro-
static equilibrium.

A parallel plate capacitor K, id
has cross-sectional area A 2d
and separation 2d. One of K id

the plates has a net elec-
tric charge of +Q and the
other plate has a net electric charge of —Q. Two dielectrics, with dielectric constants
k, and k,, are placed in series in-between the plates of the capacitor, as shown in the
figure. What is the capacitance of this capacitor? What is the potential energy of this
capacitor?

Two point particles, A and B, with net charges +2 nC and —4 n(, are separated
by a distance of 10 cm in a polar fluid with a dielectric constant of 40. What is the
magnitude of the electric force exerted by particle A on particle B?

A cylindrical wire with a radius of 2 mm carries a current with non-uniform cur-
rent density. The current density increases with increasing radial distance from the
center of the wire according to the following equation:
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J(r):(3><106£3)r

m

What is the total current in the wire? What is the magnitude of the magnetic field
from the current at a radial distance of 4 mm from the center of wire? Assume that
the relative permeability is 1 for this system.

The electron mobility of the free electrons in a particular conductor is 0.2 m?/Vs.
The external electric and magnetic fields applied to the conductor are

E:(SE];G B:(_s"—j}e
C m

What is the drift velocity of these free electrons?

A cylindrical wire has a radius of 4 mm, a length of 20 cm, and a conductivity of
107 S/m. What is the current flowing through the wire if the electric potential dif-
ference across the length of the wire is 120 V?

A 0.25 mm thick and 5 mm wide conductor carries a current of 1.8 A. When placed
in the presence of a 0.75 T magnetic field, the measured Hall voltage is 3.6 uV. What
is the drift velocity of the electrons in the conductor?
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CHAPTER

Direct Current
Circuits

g8-1 Introduction

In the preceding chapters of this book, we calculated sev-
eral electric and magnetic fields, determined how these
fields interact with each other, and showed how these
interactions are affected by the properties of the material
in which they exist. In the remainder of this book, we turn
our attention to several applications of these concepts
and equations. The first application will be the design and
function of electric circuits. In this chapter, we will discuss
direct current circuits, and in Chapter 9 we will discuss
alternating current circuits.

8-2 Components of Circuits

An electric circuit is a path through which charged particles
can flow.

285
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Electric circuit: a path through which charged particles can flow.

For DC circuits, a battery or equivalent source of energy provides the EMF necessary to
drive the current and provides the source (and sink) of the free electrons constituting
the current. For AC circuits, an AC generator provides the EMF necessary to drive the
current.

The part of the circuit to which the battery or AC generator is connected is referred
to as the electric circuit’s load.

Electrical load: the portion of an electric circuit that dissipates or stores electri-
cal energy.

We have already introduced three different circuit components that can constitute an
electric circuit’s load: resistors, capacitors, and inductors. The symbols used for repre-
senting these circuit components in circuit diagrams are shown in Table 8.1.

TABLE 8.1: Components of circuits

Name Symbol

Battery!

AC Generator

Resistor

S
VW
X

Light Bulb

Capacitor

Switch i s

Alight bulb is included as a separate circuit component in Table 8.1, but will be treated
as a resistor which dissipates energy as both light and heat.

1 The longer bar in the symbol for the battery denotes the location of the higher electric potential. In
other words, the current gains electric potential energy as it moves from the smaller bar to the longer bar.
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A circuit is said to be closed if it contains a continuous path through which the elec-
trons can flow between the high and low potential terminals of the EMF source. Circuits
that are not closed are referred to as open circuits.

Closed electric circuit: an electric circuit that contains a continuous path through
which current flows between the high and low potential terminals of the EMF
source.

Open electric circuit: an electric circuit that is not closed.

Although transient direct currents can flow in either open or closed circuits, steady-
state direct currents can flow only in closed circuits.

Transient current: a current whose magnitude and/or direction varies non-
periodically with time. Transient currents typically have an exponential depen-

dence upon time.

Steady-state current: a current whose direction and magnitude are constant or
vary periodically.

Alternating currents can flow in open or closed circuits, and can include both transient
(i.e., exponentially dependent) and steady-state (i.e., periodically varying) components.

8-3 Kirchhoff's Laws

Consider the simple DC electric circuit shown
in Figure 8.1. I
This circuit is a closed circuit since there Be1 l C
is a continuous path connecting the high and
Load lAVe <0

low potential terminals of the battery (i.e., the
EMF source). Furthermore, since the source

of EMF is a battery, the current flowing in the l D
circuit will be direct current.
Let’s evaluate what happens to the electric Ne—

potential energy of the current flowing in the
FIGURE 8.1: A simple DC electric circuit.
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circuit?, Starting at point A, the current gains electric potential energy from the EMF of
the battery as it flows to point B; since the current is the flow of particles with positive
electric charge, moving from the lower electric potential to the higher electric potential
through this path would result in an increase in the electric potential energy of the
current (Equation 3-5). As the current moves from point B to point C, some electric
potential energy will be loss (dissipated) due to the resistance in the wire (Section
7-5). More electric potential energy is lost as the current moves from point C to point
D, since energy is used to power the load (e.g., power a light bulb). Finally, additional
electric potential energy is lost as the current flows from point D to point A, due to the
resistance in the wire (Section 7-5).

However, since electric potential energy is a state function, the electric potential en-
ergy of the current at point A must be the same for all charged particles in the current,
whether they have traversed the entire electric circuit or always remained at point A.
Thus, the net change in electric potential energy for any closed loop in an electric circuit
must be zero. This is the equivalent of stating that the net change in electric potential
for any closed loop in an electric circuit must be zero (Equation 3-5). This application of
energy conservation to an electric circuit is one of Kirchhoff’s rules.

Kirchhoff’s loop rule: The sum of the electric potential differences across all
components around any closed loop in an electric circuit must be zero.

The definition of the change in electric potential across a component in an electric circuit
depends upon the direction of the current across/through the componentand the direction
of the “loop” or path around which Kirchhoff’s
loop rule is being applied. A summary of the
changes in electric potential for the components
we will encounter is shown in Table 8.2

— — — We will also make the simplifying assump-

FIGURE 8.2: Current flows through a capacitor in the form
of the displacement current.

tion that there is no change in electric potential

> across any of the wires in our electric circuits.
— In other words, all wires have effectively zero
E resistance.

It is important to note that current does
not actually flow through a capacitor; there
is no conductor between the two plates of

2 We recognize that the current actually consists of negatively electrically charged electrons moving in
the opposite direction, but for simplicity we will discuss the changes in electric potential energy as though
positively electrically charged particles constituted the current.

3 Named for Gustav Kirchhoff.
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a capacitor. Rather, it is more accurate to say that current flows into one plate of the
capacitor and out of the other plate of the capacitor, as shown in Figure 8.2.

TABLE 8.2: Changes in electric potential for Kirchhoff’s loop rule

Circuit Component and Direction of Path
Current Direction AtoB Bto A
AV, =& AV ==&
B ﬁ H =] e e
| _ .
e ———— AV, =& AV, ==& "
A St B
L-—
1
—_—
AV, =-4 AV, =4
hw» | I Y= c c
I
B — AV, =—RI AV, =RI

—

N/ Ny

A—rm\—a S =
|

_— AVE=—R] AV8=R]

In this way, we can consider the current to deposit a net positive electric charge on
one plate of the capacitor and leave behind a net negative electric charge on the other
plate of the capacitor. In-between the two plates, the displacement current flows (Section
6-7) and, as we have seen, the magnetic field associated with the displacement current
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is identical to the magnetic field of the current; thus the displacement current can be
roughly considered to be the continuation of the current in the electric circuit in-between
the plates of the capacitor. Therefore, for simplicity, we will assume that current flows
through capacitors when applying Kirchhoff’s rules.

Example 8-1

Problem: Use Kirchhoff’s loop rule to determine the magnitude of the current
in the electric circuit shown in Figure 8.3.

FIGURE 8.3: The electric circuitin Example 8-1.

Solution: The magnitude of the current can be determined using Kirchhoff’s
loop rule. Let’s consider aloop that starts at point A, and then proceeds through
points B, C, and D, before returning back to point A; for simplicity, we will refer
to this loop as ABCDA. Applying Kirchhoff’s loop rule to this loop gives us

E-RI=0 —» E=RI - I:%

Next, let’s consider the loop ADCBA (i.e.,, the same loop as before, but traversed
in the opposite direction). Applying Kirchhoff’s loop rule to this loop gives us

RI-E=0 —» &E=RI — 1:%

The result is the same regardless of the path chosen for the loop.
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What would be the solution to Example 8-1 if a different direction for the current
had been specified? Consider the definition of the current shown in Figure 8.4. Applying
Kirchhoff’s loop rule to the loop ABCDA now gives us

E+RI=0 —» &E=-RI — I:—%

Similarly, applying Kirchhoff’s loop rule to the loop ADCBA gives us

—-&-RI=0 - &E=-RI — ]:—E

The negative sign in our solution* indicates that the
true direction of the current is opposite the direc-
tion specified in Figure 8.4; the true direction of the
current is as indicated in Figure 8.3.

The second of Kirchhoff’s rules is derived from
the conservation of electric charge (Section 3-2).
Since electric charge can neither be created nor
destroyed, the total electric charge flowing as cur-
rent into any given point in an electric circuit must

be equal to the total electric charge flowing as cur-
rent out of that point. Consider the situation shown
in Figure 8.5, in which the current entering a junc-
tion (or node) in a circuitis divided into two separate

FIGURE 8.4: The electric circuit in Example 8-1 with
a different direction of current.

currents. I
This conservation of electric current requires 2

that I, = I, + I,. This application of the conserva- Il

tion of electric charge/current is referred to as >

Kirchhoff’s junction rule.

Kirchhoff’s junction rule: The sum of the \
currents entering any junction must be Il - 12 + 13 I

equal to the sum of the currents leaving that 3
junction. FIGURE 8.5: The conservation of electric charge

requires that the total current entering a junction
equals the total current leaving that junction.

4 Negative signs have a similar meaning in solutions obtained with Gauss’ Law (Section 5-4 and Section
5-5) and Ampére’s Law (Section 5-6).
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Example 8-2

Problem: Use Kirchhoff’s rules to determine the magnitude of the currents in
the electric circuit shown in Figure 8.6.

FIGURE 8.6: The electric circuit in Example 8-2.

Solution: The best first step in solving electric circuit problems is to label the
currents flowing through each component of the electric circuit. As shown in
Figure 8.6, the EMF supplies a current I thatdividesinto I, and I, at point C. Current
1, flows through the resistor with resistance R, and current /, flows through the
resistor with resistance R,. These two currents recombine at point F to reform
current I, which flows back to the battery. The next step in the solution is to apply
Kirchhoff’s loop rule to the electric circuit. For the loop ABCDEFA, we have

&
£—R212=0 - £=R212 - 1223
2
For the loop ABCFA, we have

E-RI =0 — &E=RI — I =

x|

Finally, for the loop CDEFC, we have

~RL,+RI,=0 — RJI,=RI
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This final equation indicates that the change in electric potential across each
resistor is the same. We will discuss this result further in Section 8-5.
Applying Kirchhoff’s junction rule to point C gives us

I=1+1, — 28,8 oLl
R R R R

1 2 1 2

All of the currents are positive, and thus the directions of the currents shown
in Figure 8.6 are correct.

Example 8-3

Problem: What is the magnitude of the current flowing through the 4 Q resis-
tor in the electric circuit shown in Figure 8.7 when the switch is open? What is
the current flowing through the 4 Q resistor when the switch is closed?

2Q

oo

12V =g

_/\N\_

4Q

FIGURE 8.7: The electric circuit in Example 8-3.

Solution: As shown in Figure 8.8, the EMF supplies a current / that divides into
I, and I, at point B. Current I, flows through the switch and current I, flows
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through the 2 Q resistor. These two currents recombine at point E to reform
current I, which flows through the 4 Q resistor and then back to the 12 V battery.

2Q

4 Q

FIGURE 8.8: Designation of the currents flowing in the electric
circuit in Example 8-3.

When the switch is open, the current I, is equal to zero and from Kirchhoff’s

junction rule we have

Applying Kirchhoff’s loop rule to the loop ABCDEFA in Figure 8.8 gives us
12V-(2Q)1-(4Q)1=0 —» 12V=(6Q)I — 1=2A

When the switch is closed, the current I, is not zero. Applying Kirchhoff’s loop
rule to the loop BCDEB in Figure 8.8 gives us®

2

-(2Q)1,+(0Q)1,=0 - (2Q)I,=0 — 1,=0

5 Recall that we will assume that wires have no resistance.
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When the switch is closed, no current flows through the 2 Q resistor. We can
then apply Kirchhoff’s loop rule to the loop ABEFA in Figure 8.8 to determine
the current flowing through the 4 Q resistor when the switch is closed.

12V-(4Q)I=0 - 12V=(4Q)I — 1=3A

Finally, it is worth noting that all real batteries have an internal resistance, since they
are made of material which will have some intrinsic resistance (Figure 8.9).

Battery
& r

FIGURE 8.9: A real battery contains internal resistance.

Applying Kirchhoff’s loop rule to the loop ABCDA of the electric circuit in Figure 8.9
gives us

E—r[-RI=0 — E=rl+RI — £:(r+R)I - =
r+ R
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8-4 Power in Electric Circuits

In Section 7-5, we stated that the power supplied to any component in an electric circuit
was equal to the product of the change in electric potential across the component and
the electric current flowing through the component (Equation 7-12)

P=1(av)

Thus, for a resistor

P.=I(RI) - PR:IZR:(AZE) (8-1)

As discussed in Section 7-5, the power supplied to a resistor (or, more generally, to
resistance in a conductor) is eventually dissipated to the environment.

Example 8-4
Problem: What is the power supplied by the EMF in the electric circuit in
Figure 8.67 What is the power dissipated by the each of the resistors in the

electric circuit in Figure 8.67

Solution: The power supplied by the EMF is the product of the EMF and the
current provided by the EMF (Equation 7-11).

11 11
P..=1& — PM:(‘E[?JFFD'S - PM=£2(E+?]

1 2 1 2
p g R +R,
EMF R1R2

The power dissipated by the resistors is determined using Equation 8-1. For
the resistor with resistance R,, we have
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2
& &
PR1:]12R1 — PRIZ(E} R — FB=—

1

For the resistor with resistance R, we have

2
13 &
2
PR2=12R2 RN PRZZ[_R]R sy P =

2

As expected, the power supplied to the electric circuit by the EMF equals the
power dissipated by the circuit by the resistors.

& & 1 1 R +R
P +P =—+— — g+g=£{—+—J — &+g=£11 2)
1 2 Rl R2 1 2 R] R2 1 2 Rl R2
Py =P +P,

In other words, energy is conserved within the electric circuit.

Example 8-5
Problem: The power supplied by the EMF in the electric circuit in Figure 8.9

will be dissipated by the internal resistance of the battery and the load resis-

tance. For which load resistance is the maximum power dissipated by the load
resistance?

Solution: The power dissipated by the load resistance is
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Substitution of the current from our previous solution gives us

2 2
I= ¢ - PR:( € )R - PR:€_R2
r+R (r+R)

The resistance associated with maximum power is therefore

dpP :
dR dR| (1 + R)

(r+R) € —2&*R(r+R)
(r+R)4

=0 — (r+R) =2R(r+R) — r+R=2R
R=r

The maximum power is supplied to the load resistance when the load resis-
tance equals the internal resistance.

The power supplied to capacitors and inductors is (typically) not dissipated to the
environment®, but rather is stored within these components. The electric potential
energy stored in a capacitor is given by Equation 5-8.

U=

The power supplied to an inductor is

P= I(Lﬂ] —  Pdt=(LI)dI
dt

6 We'll discuss this further in Chapter 9.
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The integral of this power with respect to time is the total change in the electric poten-
tial energy of the inductor.

p=d Pdt=dU, — [Pdi=[dU, — AU, =|Pdt
d

If we assume that the current in the circuit is zero at time t = 0, we have

dez=j(L1)d[ - det:luz - AUe=lle
) ) 2 2

0

Not surprisingly, this is equal to the magnetic potential energy of the solenoid
(Equation 6-15). In other words, the energy supplied by the EMF to the inductor is
stored as magnetic potential energy in the inductor.

8-5 Series and Parallel Electric
Circuits

Electric circuit components that are connected along a
single path, so that the same current flows through each
of the components, are said to be connected in series.

Series electric circuit components: electric circuit
components that have the same current.

The resistors in the electric circuit shown in Figure 8.10  FIGURE 8.10: An electric circuit with two resis-
are connected in series as the same current flows torsinseries.
through each of these resistors.

Applying Kirchhoff’s loop rule to the path ABCDA in Figure 8.10 gives us’

E-RI-RI=0 — E=RI+RI — &E=(R+R)I

7 We will assume from now on that all batteries are ideal and have no internal resistance.
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B oC =&
> Rl + R2
Vg b
& I 1 The battery in the electric circuit supplies the
O / EMF and the electrons to drive a current with
this magnitude. A similar current would result in
A D the electric circuit shown in F igure 8.11.
_ Applying Kirchhoff’s loop rule to the path
Req - Rl + R2 ABCDA in Figure 8.11 gives us
FIGURE 8.11: The equivalent electric circuit to the electric € €
circuit shown in Figure 8.10. E_RI=0 — =S5 _ =
“ eq Rl + RZ

We say that the electric circuit in Figure 8.11 is equivalent to the electric circuit in Figure
8.10 because the EMF supplies the same current for both circuits. Therefore, resistors con-
nected in series can be modeled as a single equivalent resistor whose resistance is equal to
the sum of the resistances of the individual resistors.

R =R+R +.. (8-2)

eq

Electric circuit components connected in parallel are connected so that the same
change in electric potential occurs across each of the components.

Parallel electric circuit components: electric circuit components that have the
same difference in electric potential.

The resistors in the electric circuit shown in Figure 8.6 are connected in parallel, so
that the change in electric potential across each of these resistors is the same; recall
that I R, = IR, for this electric circuit. The current supplied by the EMF in this electric

circuit was determined to be
1 1
I1=E€ ( —+ —)
Rl R2

The equivalent resistance for this group of resistors is
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Hence, resistors connected in parallel can also be modeled as a single equivalent resis-
tor. The inverse of the resistance of this equivalent resistor is equal to the sum of the
inverses of the resistances of the individual resistors.

=t (8-3)

Example 8-6

Problem: What is the equivalent resistance of the resistors in the electric
circuit shown in Figure 8.12?7 What is the current supplied by the EMF in this
circuit?

FIGURE 8.12: The electric circuit in Example 8-6.

Solution: We begin by labeling the currents flowing through each component
of the electric circuit. As shown in Figure 8.13, the EMF supplies a current /
that divides into /, and I, at point C. Current I, flows through the resistor with
resistance R, and current [, flows through the resistor with resistance R,. These
two currents recombine at point F to reform current /, which flows through the
resistor with resistance R, and then back to the EMF.
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B C D
.
r [ N N
3 | L l R, l R,
A Z Z
X
A F E
R3
FIGURE 8.13: Designation of the currents flowing in the electric circuit
in Example 8-6.

Applying Kirchhoff’s loop rule to the loop CDEFC in Figure 8.13 gives us

-RL+RI,=0 — RI,=RI — (AV,) =(AV)

R Ry

Since the change in electric potential across these two resistors is the same,
these resistors are connected in parallel. The equivalent resistance of these two
resistors is thus

RR
Lt A
R, R R “ R +R,

We can now redraw the electric circuit in Figure 8.13 using this equivalent
resistance to replace the two parallel resistors. This equivalent electric circuit
is shown in Figure 8.14.

FIGURE 8.14: The equivalent electric circuit of the electric
circuitin Figure 8.13.
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Applying Kirchhoff’s loop rule to the loop ABCDA in Figure 8.14 gives us

RIRZ RIRZ
E—| —=— I-RI=0 — E= ———+R |
&+& &+&

The equivalent resistance of the electric circuit is therefore

RR,+R(R +R,))
R +R,

RIRZ
E=RI1I —- R =——+R — R =
“ “ R+R “

We also could have arrived at this expression by realizing that since the same
current flows through both resistors in the electric circuit in Figure 8.14, those
two resistors are in series. The equivalent resistance of these two resistors
is thus

— Rle +R3 - R :R1R2+R3(R1+R2)
“ R+R “ R +R,

The current supplied by the EMF is

& €(R1+R2)
= - [ =
RR,+R,(R+R,) RR,+R(R +R,))
R +R,

These rules for determining the equivalent resistance for resistors connected in
series and parallel can also be applied to determine the equivalent capacitance of series
and parallel combinations of capacitors and inductors. The only difference is that for ca-
pacitors the variable is the inverse of the capacitance, rather than the capacitance itself.
This occurs since the difference in electric potential across the plates of a capacitor is
proportional to the inverse® of the capacitance (Equation 5-7), whereas the difference

8 Thisis another historical whoops, similar to giving the electron a negative charge. However, this whoops
cannot be blamed on Ben Franklin.
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in electric potential across a resistor (Equation 7-15) or an inductor (Equation 6-4) is
directly proportional to the resistance or inductance, respectively, as shown in Table 8.2.

Inductors in series: L, =L + L, +... (8-4)
eq

_ 1 I 1
Inductors in parallel: —=—+—+... (8-5)

L L L

eq 1 2

Lo b1 1,

Capacitors in series: Ceq ¢ c (8-6)
Capacitors in parallel: C,_ =C +C, +... (8-7)

Example 8-7

Problem: What is the equivalent capacitance of the capacitors
1 in the electric circuit shown in Figure 8.15?

C C,
I I I I Solution: We begin by labeling the currents flowing through
C

3 each component of the electric circuit. As shown in Figure 8.16,

the EMF supplies a current  that divides into I, and I, at point B.
_I I_ Current I, flows through the capacitor with capacitance C,, and
current /, flows through the capacitor with capacitance C, and
the capacitor with capacitance C,. These two currents recom-

bine at point E to reform current I, which flows back to the EMF.
4 _
&

The capacitor with capacitance C, and the capacitor with
capacitance C, are in series, since the same current flows
FIGURE 8.15: The electric circuit  through both capacitors. The equivalent capacitance of these
in Example 8-7. . . . .
capacitors is found using Equation 8-6.
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1 1 1 _CC, c

eq 1 2

We can now redraw the electric circuit in Figure 8.16 using
this equivalent capacitance to replace the two series capaci-

C =
“ C1+C2 Vol

tors. This equivalent electric circuit is shown in Figure 8.17. L | J
A I ® F
Applying Kirchhoff’s loop rule to the loop BCDEB in Figure &
8.17 gives us FIGURE 8.16: Designation of the cur-
rents flowing in the electric circuit in
Example 8-7.
—(AV,) e, +(AV,), =0 - (AV,)ce, =(AV,), C,C,
C+C, ° C+C, ° ————
C,+C,
Since the change in electric potential across these two I I D
4
capacitors is the same, these capacitors are connected in
parallel. The equivalent capacitance of these two capacitors el I, N
can be determined using Equation 8.7. I I C3 |
B ® E
I,
ccC, CC,+C(C+C,)
w=A ~TC > C = 1 J
C +C, C +C, A I | ®
This is the equivalent capacitance of the capacitors in the ¢
electric circuit. FIGURE 8.17: The equivalent elec-
tric circuit of the electric circuit in
Figure 8.16.

As shown in Figure 8.18, since the same current flows through capacitors in series,
the magnitude of electric charge on these capacitors must be the same.

+q  -q +q  -q
I I I
e  —— —_—

FIGURE 8.18: Capacitors in series contain the same
magnitude of electric charge

This leads to two additional statements about equivalent capacitors.
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Capacitors connected in series can be replaced by a single equivalent capacitor
that has the same electric charge as the actual capacitors.

Capacitors in series: 9,=49,=..-=4,

Capacitors connected in parallel can be replaced by a single equivalent capaci-
tor that has the same total electric charge as the actual capacitors.

Capacitors in parallel: ¢, +¢, +...= 4.,

Example 8-8

Problem: Four capacitors are connected to a 20 V battery, as shown in

2 uF

H—

3 uF

L —H

20V
FIGURE 8.19: The
electric circuit in
Example 8-8.

Figure 8.19. What is the equivalent capacitance of the entire electric
circuit? What is the net electric charge on each capacitor?

Solution: Since the 12 pF and 6 pF capacitors are in series with each
other, the equivalent capacitance of these two capacitors is therefore

1 1 1 1 3
%

C, 12uF

=——+ — C =4uF
C, OuF 12uF “

We can therefore redraw this electric circuit as shown in Figure 8.20.

:IMI—F :> |:(1HF
H— Z(HJ
—H—F

20V I:: I—

FIGURE 8.20: The equivalent electric circuits for the
electric circuit in Figure 8.19.
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As shown in Figure 8.20, we can then continue this process of writing equiva-
lent electric circuits. The 2 uF and 4 pF capacitors in Figure 8.20 are in parallel
with each other. The equivalent capacitance of these two capacitors is

1
C—=2uF+4/,LF - Ceq=6uF

eq

Finally, the 3 uF and 6 uF capacitors in Figure 8.20 are in series with each other.
The equivalent capacitance of these two capacitors is

C 3uF  6uF C 6 uF “

eq eq

Hence, the final equivalent circuit contains only a single 2 puF capacitor. The
electric charge on this single equivalent capacitor is found using Kirchhoft’s
loop rule.

307

20V—i=0 - Q=40uC

2uF
To determine the electric charge 80/3 pC 40 uC
on the capacitors, let’s work back- —I I— |
wards through the equivalent !
electric circuits in Figure 8.20. 40/3 uC <:| 40 uC
As shown in Figure 8.21, the 3 pF | |—|
and 6 pF capacitors in Figure 8.20 '

. . . 40 uC 20V

are in series with each other and
therefore must have the same I-—-I I— @
electric charge, and this electric 20V 40 pC
charge must be equal the 40 puC I_
on the equivalent 2 uF capacitor.
The 2 pF and 4 uF capacitors in —
Figure 8.20 are in parallel with 20V

each other, and thus the sum of

the electric charge on each capaci- FIGURE 8.21: Determining the electric charge on each capacitor in

the electric circuitin Figure 8.19.
tor must equal 40 uC. To deter- g

mine how this electric charge is
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distributed, we recall that since these two capacitors are in parallel they must
have the same electric potential difference.

AVe,zuF = AI/eA,uF - 2 uF = 4uF e2uF Qe,4,uF

Thus,

Qour T Qe =00C = 0, +20,,,=40uC — 30, ,=40uC

40 80

Qe,ZpF = ?‘LLC - Qe,4,uF = ?‘UC

Finally, since the 12 pF and 6 pF capacitors in the electric circuit in Figure
8.19 are in series with each other, they must have the same electric charge.
Specifically, they must have the same 80/3 puC electric charge possessed by the
4 uF equivalent capacitor in Figure 8.21.

80/3 uC 80/3 uC 40/9V 209V

AHH  HHF
_40|/3 uC :> _2c|)/3 Y

40 uC 40/3 V

H—H 4 eE

20V 20V

FIGURE 8.22: The electric charge and associated electric potential differ-
ence for each of the capacitors in the electric circuitin Figure 8.19.

The electric charges and associated electric potential differences for each capaci-
tor in the electric circuit in Figure 8.19 are shown in Figure 8.22. The sum of the
differences in the electric potential across any closed path in this circuit is zero,
in agreement with Kirchhoff’s loop rule.
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We can also apply our thinking about parallel and series circuit components more
broadly to solve a wider variety of problems.

Example 8-9

Problem: The parallel plate capacitor in Figure 8.23 contains two different
dielectrics, with dielectric constants «, and «,, which each cover one-half of the
total surface area of the plates.

A/2 A/2

d K Kj

FIGURE 8.23: The capacitor in Example 8-9.

What is the capacitance of this capacitor? Express the answer in terms of the C,
the capacitor of the capacitor in the absence of any dielectric.

Solution: We can model this capacitor as consisting of two capacitors in
parallel, each of which contains a different dielectric. The equation for the
equivalent capacitance of these two capacitors is found using Equation 7-4
and Equation 8-7.

Ceq =k,C +x,C,

In this equation the variables C, and C, denote the capacitance of the two
capacitors that are in parallel. These capacitances can be determined using
Equation 5-6.
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A A
2 2% 2%
Ceq =K, 7 +K, 7 — Ceq = 7 (K‘l +K‘2)

Example 8-10

Problem: The system shown in Figure 8.24 consists of a solenoid partially
wrapped around a rod of magnetic material with relative permeability k.
The solenoid has cross-sectional area 4 and density of loops n. Initially, there is
no current flowing in the solenoid, and the rod extends out from the solenoid.
What is the magnetic force exerted on the rod when the solenoid carries cur-
rent I? Assume that the solenoid is perfect.

FIGURE 8.24: The solenoid in Example 8-10.

Solution: Let's define an x-axis to be parallel to the longitudinal axis of the
solenoid with a positive direction pointing from the rod into the solenoid, as
shown in Figure 8.25.
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A\ 4

()
()
Q)
Q.

NV 2 W )
0000000

—> +x

FIGURE 8.25: Defining the reference frame for the system in Figure 8.24.

(®)

Let’s denote the length of the solenoid as L and the length of the rod that
is inside the solenoid as x. We can then model this system as two sole-
noids connected in series; one solenoid contains the rod and the other
does not. The equivalent inductance of these two solenoids is found using
Equation 8-4.°

L= di x+pun’A(L-x) — L=pun4(L+(x,~1)x)
The magnetic potential energy of the solenoid is determined using Equation 6-15.

U = %,uonzA(L+(Km ~1)x) 1

Since the current in the solenoid is held constant in this example, the magnetic
force is determined using Equation 6-16.

F=(VUu,) - ﬁm:[%uonzA(Km—l)lz]ﬁ

9 The inductance of a solenoid with a magnetic core was determined in Example 7-6.
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Thus, if k¥ >1 (ie., if the rod is made of paramagnetic or ferromagnetic mate-
rial), the rod will be drawn into the solenoid. Alternatively, if k¥ <1 (ie, if
the rod is made of diamagnetic material), the rod will be expelled from the
solenoid. This result is a simplified demonstration of diamagnetic levitation
discussed in Section 7-4; the magnetic force will push the diamagnetic material
away from the source of the magnetic field.

It is interesting to note the difference between the result of Example 8-10 and the
result of the analogous problem involving a capacitor and a dielectric (Figure 7.10).
This difference reflects the fact that while all relative permittivities are greater than
one (so the capacitor is always pulled into the capacitor), relative permeabilities can be
greater than or less than one.

8-6 Transient and Steady-State Behavior in DC Circuits

The electric circuit shown in Figure 8.26 consists of a battery, a resistor, and a switch.
When the switch is open (left panel in Figure 8.26), no current will flow in the electric
circuit, since there is no conducting path connecting the high and low potential termi-
nals of the battery.

FIGURE 8.26: A DC circuit with only resistance.

When the switch is closed, however, a current can flow in the electric circuit (right panel
in Figure 8.26). We can determine the magnitude of this current by applying Kirchhoff’s
loop rule to the electric circuit. For the loop ABCDA, we have
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E-RI=0 - &=RI — I:%

Of course, since the electric circuit forms a closed “loop” of wire, there must be some
self-inductance in the electric circuit (Section 6-3). We can model this self-inductance
by including an inductor in series with the resistor in the electric circuit, as shown in
Figure 8.27.

R R
AN -
£ —— LIZ>€ 3 I /l L

o X -

FIGURE 8.27: A DC circuit with resistance and inductance.

As before, no current will flow in the electric circuit shown in Figure 8.27 when the
switch is open (left panel), but current will flow when the switch is closed (right panel).
Applying Kirchhoff’s loop rule to loop ABCDA in Figure 8.27 gives us

S—R]—Lﬂzo - £=Lﬂ+RI
dt dt

You can verify that a solution to this equation, assuming that the current is zero imme-
diately after the switch is closed, is given by

When the switch in this electric circuit is closed, a current will start to flow in the electric
circuit. This sudden change in the magnitude of the current in the electric circuit will
induce an EMF in the inductor that will oppose the direction of this current (Section 6-3).
The magnitude of this induced EMF will be directly proportional to the magnitude of the
rate of current change (Table 8-2) and will asymptotically approach zero as the current
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in the electric circuit asymptotically approaches its steady-state'® value. Once the current
in the electric circuit is no longer changing (i.e.,, when the current is at its steady-state
value), there is no induced EMF in the inductor, and the electric circuit in Figure 8.27
becomes equivalent to the electric circuit in Figure 8.26. Indeed, you can verify that the
limit of the current for the electric circuit in Figure 8.27 as time approaches infinity is the
same as the current in electric circuit in Figure 8.26.

liml(t):%

t—>o0

Let’s now consider the power supplied/dissipated by the components of the electric
circuit in Figure 8.27. The power supplied by the battery is

E — & —
Pbattery = 18 - Pbatrery = E 1_ € 8 - Bmttery = ? 1_ €
The power supplied to the resistor is
2
& X
=R > P__ :—2(1—e L’J R
resistor resistor R

&? _R, 2R,
Previvtor = 1 - 2e t te t
'SLS R

The power supplied to the inductor is

7 _R R -2
p.o=n L op g || ER T
inductor dt inductor R R L

2 R R
& ——t —2—t
Pinductor = } € b= € t

10 The term “steady-state” denotes the situation when the parameters are no longer changing with
time (Section 8-2). In this case, it refers to the situation when the current flowing in the electric circuit is
constant.

www.EngineeringBooksPDF.com



CHAPTER 8: DIRECT CURRENT CIRCUITS

As expected, the power supplied by the battery is equal to the sum of the power supplied
to the resistor and the power supplied to the inductor.

&? _R, 2R, & -% o,
P +P  =—|1-2ef 4+e L |[+—]et —e ¢
resistor inductor R R

2 R
-t
P +P =—]|l-et - P +P =P
resistor inductor R resistor inductor battery

The power (i.e., the energy) supplied to the resistor is eventually dissipated from the
system as heat (Section 7-5). The power supplied to the inductor is stored in the mag-
netic potential energy of the circuit’s self-inductance (Equation 6-15).

1 er( &Y
U =1L — U = (l—eL)

m m 2

Once the current in the electric circuit has achieved its steady-state value, the total
magnetic potential energy of the electric circuit is

The time courses for the current in the circuit, the power supplied by the battery, and
the power supplied to the resistor and the inductor are shown in Figure 8.28.
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Battery
Resistor
Inductor
01 02 03 04 05
Time (ms)

FIGURE 8.28: (Left panel) The current in the electric circuit in Figure 8.27. The initial chang-
ing (i.e., transient current) exponentially approaches a constant steady-state value. (Right
panel) The power supplied by the battery to the resistor and inductor in the electric circuit
in Figure 8.27. The area under the curve of power supplied to the inductor versus time is the
total energy stored in the inductor. For both panels, R=2Q, L =100 H, and £ =50 V.

Now let’s look at the electric circuit shown in Figure 8.29. When the switch is in the
orientation shown in the left panel, the battery is connected to the rest of the electric
circuit, and the electric circuit is identical to the electric circuit in Figure 8.27.

R

w)

LE>€

;

000)

L,

FIGURE 8.29: The energy store in an inductor can power a circuit.

After the current in this circuit has achieved its steady-state value, the switch is then
moved to the orientation shown in the right panel of Figure 8.29, with the battery now
disconnected from the rest of electric circuit. Applying Kirchhoff’s loop rule to the por-
tion of the electric circuit containing only the resistor and the inductor gives us

L£+RI:O
dt

You can verify that the solution for this equation with an initial current equal to the

steady-state current from before is
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In this electric circuit, the energy stored in the inductor supplies the EMF for the circuit.
Indeed, we see that the total energy dissipated by the resistor is equal to the magnetic
potential energy initially stored in the inductor. Recall from classical mechanics that a
change in energy is related to power through integration.

p:‘;_f — [dE=[Pdt — AE=[Pdr

Substitution gives us

2 2R © 02 2R 2R
— 2 e( L\
Pow=—e’ — AE=[Teld —> AE==|-—|e"
resistor R 0 R R 2R
2 2
L L
aE=L [ L (-1) a=tL_y
R 2R 2R

Next let’s consider the electric circuit shown in Figure 8.30 that consists of a battery
and a capacitor. When the switch is open (left panel in Figure 8.30), no current will flow
in the electric circuit, since there is no conducting path connecting the high and low
potential terminals of the battery.

B C
r N
 S— — C |::> E"m 1 — C
o /
[—<f o— A[-—-o--o——-

FIGURE 8.30: A DC circuit with only capacitance.

When the switch is closed, however, a current can flow in the electric circuit (right panel
in Figure 8.30). We can determine the magnitude of this current by applying Kirchhoff’s
loop rule to the electric circuit. For the loop ABCDA in Figure 8.30 we have

e-L-0 > g¢=ce¢
C
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It follows from this result that no current flows in the electric circuit.

[:ﬂ — =0
dt

Of course, the idealized electric circuit in Figure 8.30 can never be created since the
wires or the battery itself will always have some resistance. We can model this resistance
by including a resistor in series with the capacitor and battery, as shown in Figure 8.31.

,\R’H\ B R c

i i |:> r N
E™ o/ — G & 3 I = C
oO— A D

FIGURE 8.31: A DC circuit with resistance and capacitance.

Applying Kirchhoff’s loop rule to the loop ABCDA in Figure 8.31 gives us

e—ri-94-0 _ e_g[l%|_2_g
C dt ) C

You can verify that a solution to this equation (including the condition that the capacitor
is initially uncharged) is

q(t) = SC(l— e_’;C] - ](t) = %e_’;c

When the switch in this electric circuit is closed, a current will start to flow in the
electric circuit. As the current flows, electric charge will build up on the plates of the
capacitor, and consequently the electric potential difference across the plates of the
capacitor will increase. The capacitor will operate in the circuit as an effective battery
whose EMF is opposite in orientation to the actual battery. The net EMF in the electric
circuit will therefore decrease over time, and, as a result, the current in the circuit
will also decrease over time. Eventually, the potential difference across the plates of
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the capacitor exactly equals the EMF of the battery, at which point there is no longer
current in the electric circuit. In other words, the steady-state current in the electric
circuit is zero as predicted from the analysis of the electric circuit in Figure 8.30. Indeed,
the equations for the current and capacitor charge in the electric circuit in Figure 8.31
recapitulate the results obtained from the electric circuit in Figure 8.30 in the limit as
time approaches infinity.

Let’s now consider the power supplied/dissipated by the components of the electric
circuit in Figure 8.31. The power supplied by the battery is

L 2 _t
p =1 — P —[EeRC]S - P —g—eRC

battery battery ~ R battery ~ R

The power supplied to the resistor is

& L &2 !
])resistor = IZR - Presistor = (Ee RC) R — P =——¢ RC

resistor R

The power supplied to the capacitor is

t
. 80(1— e RC)
P 1) P O
capacitor C capacitor
2
P 28—(6_];6‘—6_2];]
capacitor R

As expected, the power supplied by the battery is equal to the sum of the power sup-
plied to the resistor and the power supplied to the capacitor.

& Lt o Lt
resistor + I)capacitor = R e ke + R e ke € ke
2t
\ o =—ek 5 P +P =P
resistor capacitor R resistor capacitor battery
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The power (i.e, the energy) supplied to the resistor is eventually dissipated from the
system as heat (Section 7-5). The power supplied to the capacitor is stored in the elec-
tric potential energy of the capacitor (Equation 5-8).

2 2

2 1 _t 2 _t

v-L o uy-Lecli—er|| 5 v =5 1_cr
Ye Ye )

The time courses for the current in the circuit, the power supplied by the battery, and
the power supplied to the resistor and the capacitor are shown in Figure 8.32.

30

12}
251 Battery

N
o

< g _
= Translent 5 0.8 {| Resistor
& 15|\ Current 5

= 2

>

o g

0.4

Steady-State Capacitor

Currlent

0 1 1 1
0 01 02 03 04 05 0 01 02 03 04 05

Time (ms) Time (ms)

FIGURE 8.32: (Left panel) The current in the electric circuit in Figure 8.31. The initial chang-
ing (i.e., transient current) exponentially approaches a constant steady-state value of
zero. (Right panel) The power supplied by the battery to the resistor and capacitor in the
electric circuit in Figure 8.31. The area under the curve of power supplied to the capacitor
versus time is the total energy stored in the capacitor. For both panels, R=2Q, C = 10 pF,
and E=50V.

Of course, as discussed previously, there is always some self-inductance in an electric
circuit. We can model this self-inductance by including an inductor in series with the
resistor, capacitor, and battery, as shown in Figure 8.33. This configuration is referred
to as a series RLC DC circuit.
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&= =
7

FIGURE 8.33: A series RLC DC circuit.

Applying Kirchhoff’s loop rule to the loop ABCDA in Figure 8.33 gives us

2
e-ri-L_p Mg L e_p|%)|_d_ [de|
C dt dt) C dr’

This looks exactly like the differential equation for a damped harmonic oscillator. You
can verify that a solution of this equation (including the condition that the capacitor is
initially uncharged) is

where the constants 8, and 3, are

_ CR+NC’R*—4LC CR-NC?R*-4LC

2CL b, = 2CL

B

We can also confirm that this solution recapitulates our previous solution in the
appropriate limits. For example, if there were no capacitor in the circuit (i.e., if C = oo?)
then

11 Recall from Table 8.2 that AV = % Therefore, C must be infinite for there to be no change in electric

potential across the capacitor (i.e., for there to be no capacitor).
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: R .- -
hmﬁ1zz lime? =¢ &

C—eo C—oo
limB,=0  lime ™ =1
C—eo C—eo

Therefore, when no capacitor is present

limQ(1)=0  lim/(r)= %[1_6-%]

C—oo

This expression for the current is identical to that derived for the electric circuit in
Figure 8.27.

Example 8-11

Problem: The electric circuit in Figure 8.34 is in steady-state with the switch in the
position shown in the left panel. The switch is then moved to the position shown
in the right panel of Figure 8.34. What is the equation for the electric charge on the
capacitor in this new configuration? What happens to the energy in the circuit?

[ [
&5 l L ':> &5 L

Lo

FIGURE 8.34: The electric circuit in Example 8-11. Initially the circuit is a series LC circuit (left panel), but after
the switch is closed, the EMF is removed from the circuit (right panel).

Solution: Applying Kirchhoff’s loop rule to the electric circuit in the right panel
of Figure 8.34 gives us

2 2
B S ) (' M (A L
C dt C dt dt LC
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This is an equation for simple harmonic oscillation. The electric charge in the
system oscillates between being stored on the plates of the capacitor and flow-
ing in the circuit as current. The angular frequency of this oscillation is

1)
0=|—
LC

We can determine the equation for the electric charge using the initial con-
ditions of the problem. Since the system was initially in a steady-state with
no current flowing in the electric circuit, the capacitor would have been fully
charged with a potential difference equal to € The equations for the electric
charge stored on the capacitor and the current in the electric circuit are

q= Cé’cos(a)t)

=% - —cen sin(awr)
dt

In these equations, we have defined t = 0 to be the time when the switch was
moved. The positive and negative signs in these equations simply denote the
orientation of electric charge on the plates of the capacitor and the direction of
the current, as shown in Figure 8.35.

The oscillations of the location of the electric charge in this electric circuit will
result in oscillations of the location of the potential energy in the electric cir-
cuit. The potential energy in the electric circuit oscillates between being stored
as electric potential energy in the capacitor and as magnetic potential energy
in the inductor. The electric potential energy of the capacitor is found using
Equation 5-8.

(Cﬁc;s(ga)t))z IR Ue=€2C

qg= Cc"",cos(a)t) - U, = cos’ (a)t)

The equation for the magnetic potential energy of the inductor is found using
Equation 6-15.
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I:% - I:—Cé'a)sin(a)t) - Umzﬂsinz(a)t)

1
0= (L)Z - U = ezch(L)sinz(a)t) - U = &c sin’ (a)t)
LC " 2 LC " 2

As expected, the sum of the electric potential energy of the capacitor and the
magnetic potential energy of the inductor is a constant.

U +U :g—ccosz(wt)+£2—csin2(a)t) - U +U :{;Z_C
¢ " 2 2 ¢ ” 2

The oscillations of the electric charge and the potential energy of this system
are shown in Figure 8.35.

E=0 B#0

Simple Harmonic
Oscillations of Energy @

and Electric Charge

| =Céw

FIGURE 8.35: The cycle of simple harmonic oscillations in a series LC
circuit.
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8-7 DC Circuits with Alternative EMFs

changes, an EMF will be induced in the electric circuit
(Equation 6-11). If the cross-sectional area of the elec-

|
As we learned in Chapter 6, a DC EMF can also be cre- | X X X X
ated without a battery. Consider the electric circuit |
shown in Figure 8.36, which is in the presence of a | X X
uniform magnetic field. ‘
If the magnetic flux through the electric circuit i
X X
I
I
tric circuit in Figure 8.36 is constant and equal to 4, the X B
magnitude of this EMF will be Ly Sy
d dB FIGURE 8.36: A DC circuit whose EMF results
&= _E(BA) - |£| = AE from a changing magnetic flux.

We can determine the magnitude of the electric current flowing in this circuit by exam-
ining what happens to the energy in this system. The energy supplied to the circuit by
the EMF is dissipated by the resistor. Thus, the power supplied by the EMF must equal
the power supplied to the resistor.

P =P - 1\6\:121% N |£|=IR N A(ﬁ]:lR

EMF resistor dt
7= A 9B
R\ dt

The direction of the current in the electric circuit can be determined using Lenz’s law
(Section 6-3).

Example 8-12

Problem: The system in Figure 8.37 consists of a U-shaped wire upon which a
conducting rod can freely move. The rod maintains electrical contact with the
wire so that current can flow through this system as an electric circuit. This
electric circuit contains a single resistor, and the entire system is in the pres-
ence of a uniform magnetic field.
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A
T
—

FIGURE 8.37: The system in Example 8-12.

What is the power dissipated by the resistor as the conducting rod is moved to
the right in Figure 8.37?

Solution: As the rod is moved to the right, the magnetic flux through the elec-
tric circuit changes. This will induce an electric field, an associated EMF, and an
associated current in the electric circuit. To determine the EMF let’s define the
direction of the surface area vector to be opposite the direction of the magnetic
field, as shown in Figure 8.38.

FIGURE 8.38: The area used for calculating the magnetic flux
through the electric circuit. The corresponding “path of integration”
is shown as dashed arrows.
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Let’s define the variable x to denote the distance between the left end of the
electric circuit and the conducting bar, as shown in Figure 8.38. Then, since the
magnitude of the magnetic field is constant, we have

®, = Bdcos(180°) — ®,=-BA — &, =-Blx
The induced EMF can be determined using Equation 6-11.

d®
E=——2L €=—i(—BLx) NV ad
dt dt dt

The derivative in this expression is the speed of the conducting rod.

ﬁ=v — E=BLv
dt

The positive sign in this solution indicates that the direction of the EMF (ie.,
the direction of the induced current) is the same as the direction of the cor-
responding “path of integration” that defines the area (i.e., counter-clockwise,
as shown in Figure 8.39).

FIGURE 8.39: The direction of the induced current in the electric circuit
in Figure 8.37.
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Hence, the power dissipated by the resistor is

~I’R = P :(—BLVJZR L p BLV
resistor R

resistor

resistor R

This power comes from the EMF, which in turn comes from the work done by
the force pulling the rod. For simplicity, let's assume that the rod is moving at
constant speed. In that case, the magnitude of the external force F in Figure 8.39
must equal the magnitude of the magnetic force acting on the rod (Section 4-6).

272
F=F — F=ILB — F:(%)LB - F=BI§V

The power supplied by this force is thus

B[22
R

P,=F+«y - PB=Fv - P =

As expected, the power supplied by the external force is equal to the power
dissipated by the resistor.
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Summary

Electric circuit: a path through which charge can flow. A closed electric circuit
is a continuous path between the high and low potential terminals of an EMF. An
open electric circuit is a discontinuous path between the high and low potential
terminals of an EMF.

Electrical load: the portion of an electric circuit that dissipates or stores electrical
energy.

Transient current: a current whose magnitude and/or direction varies non-
periodically with time. Transient currents typically have an exponential dependence

upon time.

Steady-state current: a current whose direction and magnitude are constant or
vary periodically.

Kirchhoff’s loop rule: The sum of the electric potential differences across all
components around any closed loop in an electric circuit must be zero.

Kirchhoff’s junction rule: The sum of the currents entering any junction must be
equal to the sum of the currents leaving that junction.

Circuit components connected in series are connected so that the same current
flows through each of the components.

Circuit components connected in parallel are connected so that the same change
in electric potential occurs across each of the components.

The equivalent resistance of resistors connected in series or in parallel are

Resistors in series: Req = R1 + R2 +...

1 1

Resistors in parallel: L =—+ F +...

eq 1 2
The equivalent inductance of inductors connected in series or in parallel are

Inductors in series: Leq = L1 + L2 +...

www.EngineeringBooksPDF.com

329



330 THE ENERGY OF PHYSICS, PART II: ELECTRICITY AND MAGNETISM

Inductors in parallel: L = Li+ i +...

L

eq 1 2
» The equivalent capacitance of capacitors connected in series or in parallel are

1

Capacitors in series: — = —+—+. .,

c C

eq 1 2
Capacitors in parallel: Ceq =C+C,+...

e Capacitors connected in series can be replaced by a single equivalent capacitor
that has the same electric charge as the actual capacitors.

Capacitors in series: ¢, = ¢, =...= 4,

Capacitors connected in parallel can be replaced by a single equivalent capacitor
that has the same total electric charge as the actual capacitors.

Capacitors in parallel: ¢, +¢, +...= g,

Problems
1. What is the current in each resistor in the electric 2Q
circuit shown in the figure? ij
3Q
122V T
4Q
2. What is the current in the electric circuit I\N\
shown in the figure? 30 l
12V — 6V

e
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3. What is the current in each resistor in the
electric circuit shown in the figure?

4. What is the equivalent resistance of the elec-
tric circuit shown in the figure? What is the
current supplied by the battery to the electric
circuit?

5. What is the equivalent resistance of the elec-
tric circuit shown in the figure? What is the
current supplied by the battery to the electric
circuit?

6. What is the equivalent resistance of the elec-
tric circuit shown in the figure? What is the
current supplied by the battery to the electric
circuit?

2Q

0 ]

12V .l. — 6V
4Q
|
45 Q 45Q 20Q A
l
2Q 2Q
12v—.|.— 20
2Q 2Q
90 Q
10Q
10V 45 Q
40 Q
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7.

8.

10.
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What is the equivalent resistance of the
electric circuit shown in the figure when the
switch is open? What is the equivalent resis-
tance of the electric circuit when the switch
is closed? What is the current supplied by the
battery to the electric circuit in these configu-
rations of the electric circuit?

What is the equivalent inductance of the elec-
tric circuit shown in the figure?

What is the equivalent inductance of the elec-

tric circuit shown in the figure?

Four capacitors are connected to a 12 V bat-
tery, as shown in the figure. What is the equiva-
lent capacitance of the entire electric circuit?
What is the net electric charge on each

capacitor?
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11.

12

13.

14.
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After the switch is closed in the electric
circuit shown in the figure, current will
start flow and the capacitor will charge.

charge on the capacitor to reach 50% of
its final value? How much energy will be
dissipated by each resistor during this
time interval?

How long will it take for the electric 24V .|.

. After the switch is closed in the electric circuit

shown in the figure, current will start flow and
the capacitor will charge. How long will it take
for the current to reach 75% of its steady-state
value? How much energy will be dissipated by
each resistor during this time interval?

The electric circuit shown in the figure has a
cross-sectional area of 100 cm? The resistance
of the resistor in the electric circuitis 5 Q. The
capacitor in the electric circuit has a capaci-
tance of 2 pF and is initially uncharged. The
magnitude of the magnetic field is increasing
at a constant rate of 0.2 T/s. How long will it
take for the capacitor to obtain a charge of 2
nC?

A square electric circuit contains a single
resistor with resistance R. The length of each
side of the square is w. The electric circuit is
initially a distance d away from an infinitely
long wire carrying current I, as shown in the

333

2Q 3Q
—t— p— T o
o/c
60
30
12V _T_ 6 mH 3mH
(o,
fx  x ox  ox x|
1 B !
i X X X X X i
i X X X x__x i
i X X X X X i
1
I |é
d I
VWA—
R
w
=z W ~ )
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figure. The current in the wire then begins to increase in magnitude according to
the following equation:

I(t)=1,(2-¢")

What is the current in the circuit as a function of time? What is the power dissipated
by the resistor as a function of time?
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CHAPTER

Alternating
Current Circuits

9-1 Introduction

In this chapter, we turn our attention to AC circuits. We
will largely ignore any transient currents in these circuits,
such as those discussed in Section 8-6, and instead focus
on steady-state AC currents.

In Equation 7-18, we introduced the following com-
plex notation for an alternating EMF:

8 — 8 eia)t (9-1)

0

The motivation for using this notation is that it simplifies
our calculations for the current in an AC circuit and for
the differences in electric potential across the compo-
nents of an AC circuit. We see from Equation D-5 that an
equivalent expression for the alternating EMF would be

&E=¢, [cos(a)t) + isin(a)t)]
335
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We can therefore consider the EMF to be the real part of Equation 9-1.
E=¢§ cos(a)t)

Similarly, the current in an AC circuit is the real part of the complex current that we
determine. The motivation for keeping the complex notation is that it will allow us to
determine more easily not only the currents in AC circuits but also the differences in
the phases of oscillations of these currents and the AC EME. If you are inexperienced
with this use of complex numbers, it is strongly recommended that you read Appendix
D before continuing with this chapter.

9-2 Impedance and Ohm's Law

As discussed in Section 7-5, the equivalent expression for Ohm'’s law in AC circuits is

I= (9-2)

N |

The variable Z in Equation 9-2 is called the impedance.
Impedance: the effective resistance of an electric circuit or component to alter-
nating current. Impedance is a complex number and is denoted by the variable

Z. The unit of impedance is the ohm (Q2).

The impedance of a resistor is

Z,=R (9-3)

The impedance of an inductor is
Z, =ioL (9-4)

The impedance of a capacitor is
Z, = -w_"c (9-5)
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The variable w in Equation 9-4 and Equation 9-5 is the angular frequency of oscillation
of the AC EMF in the circuit. Using Equation D-6, we can write the impedance in terms
of a complex exponential.

=

Z=|7e* - Z:[(Re(Z))2+(Im(Z))2] e (9-6)

In Equation 9-6, Re(Z) denotes the real part of the impedance and Im(Z) denotes the
imaginary part of the impedance. The angle ¢ in Equation 9-6 is determined from the
imaginary and real parts of the impedance using Equation 9-7%.

Im(Z) (9-7)
Re(Z)

Ohm’s law in AC circuits (Equation 9-2) can therefore be written as

tan¢ =

[N L [ (9-8)
z |Z]e”

It follows from Equation 9-8 that the oscillations of the current and the oscillations of
the EMF will be out of phase if the corresponding impedance has an imaginary compo-
nent; ¢ # 0 if the impedance has an imaginary component. If the impedance has only a
real component, then the oscillations of the current are in-phase with the oscillations of
the EMF; ¢ = 0 if the impedance has only a real component. The variable /, in Equation
9-8 is the amplitude of the oscillations of the current.

=% (9-9)
" |4
Let’s use Ohm’s law to determine the current in the electric circuit shown in Figure 9.1
The impedance of this circuit is simply the impedance of the resistor. Hence, from
Equation 9-3 and Equation 9-7 we have

Z=R — tangb:% — ¢0=0

1 Equation 9-7 is the equivalent of Equation D-3.
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8 Substitution into Equation 9-8 and Equation 9-9 gives us
r\ gives us
U/
& E .
Z=R - |Z|=R - == > =2
R R

The current is thus oscillating in phase with the EMF.

A ’\ £~eiwz ]~ei“”

R The real parts of the EMF and the current are

FIGURE 9.1: An AC circuit with only
resistance.

&E=¢ cos(a)t) 1= %cos(a)t)

As expected, when the angular frequency of the oscillation of the EMF is zero,
the current in this electric circuit matches the current of the DC electric circuit in
Example 8-1.

Example 9-1

Problem: What is the difference in phase between
the oscillations of the EMF and the oscillations of the
current in Figure 9.2?7 What is the equation for the

8 L current in this electric circuit? What is the equation
for the change in electric potential across the inductor
in this electric circuit?

FIGURE 9.2: The AC circuit in Example 9-1. Solution: The impedance of this circuit is simply the
impedance of the inductor. Thus, from Equation 9-4
and Equation 9-7, we have

L
Z=iol - tan¢:%—> tang = oo — ¢=§

Substitution into Equation 9-8 and Equation 9-9 gives us gives us
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Z=iol — |Z=0l - 10=% N 1:%5(“’2)

The oscillations of the current are thus n/2 radians out of phase with the oscil-
lations of the EMF.

The change in the electric potential across the inductor is determined using
Equation 6-4.

AV =L o A Z_L(iw)(i]ei[wt_z] - AV, =—i€Oe{M_§)
‘ dt ¢ ol e

Applying Equation D-5 then gives us

AV, =—i& [cos(a)t— §)+ isin(a)t—g)} — AV, =-i§; [sin(a)t)— icos(a)t)]

AV, ==&, [cos(wt) + isin(a)t)]
The potential difference across the inductor is the real part of this expression.
AV, ==& cos(a)t)

Thus, the oscillations of the electric potential across the inductor are in phase
with the oscillations of the EMF.

€~ cos(a)t) AV, ~ cos(a)t)

This is consistent with Kirchhoff’s loop rule.
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Example 9-2

Problem: What is the difference in the phase of
the oscillations of the EMF and the oscillations of
the AC current in Figure 9.3? What is the equa-
6 C tion for the current in this electric circuit? What
is the equation for the change in electric potential
across the capacitor in this electric circuit?

Solution: The impedance of this circuit is sim-
FIGURE 9.3: The AC circuit in Example 9-2. ply the impedance of the capacitor. Thus, from
Equation 9-5 and Equation 9-7, we have

1

zZ=--"_ 5 tan¢:%c - tang=-o — q):—%

The current in the electric circuit is found using Equation 9-8.

7 = _L N ‘Z‘ _ L = 80 ei(wH%) o= (((:Oa)C)ei(wHZ)
oC oC L
oC

The oscillations of the current are /2 radians out of phase with the oscilla-
tions of the EMF.

&~ I~ ei[%%]

The electric charge on the capacitor is then found through integration using
Equation 4-4.

1:% — fdg=[1at — q=]1dt

110))

y= J(gowc)e{“’”;] g g :('Sowc)e"[“’”z) S g (EO_CJei(wHZ]
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We can rewrite this expression in terms of trigonometric functions using
Equation D-5.

q= [%TCJ[cos(a)t+§)+ isin[a)t+§):| - g= ((S‘)TC)[—sin(wt)+ icos(wr

q= SOC[isin(a)t) + cos(a)t)]
The actual electric charge on the capacitor is the real part of this expression.
q=C¢, cos(a)z)

The change in the electric potential across the capacitor is determined using
Equation 5-7.

C¢, cos(a)t)
- AV =—"
C
Thus, the oscillations of the electric potential across the inductor are in phase
with the oscillations of the EMF.

AV = — AV =& cos(a)t)

e

Q=

&~ cos(a)t) AV ~ cos(a)t)

This is consistent with Kirchhoff’s loop rule.

9-3 Series and Parallel AC Circuits

The equivalent impedance of a group of circuit components connected in series is

Z =Z+Z+.. (9-10)

eq

The equivalent impedance of a group of circuit components connected in parallel is

L (9-11)
V4

eq 1 2
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L

Let’s consider the electric circuit shown in Figure 9.4 that
contains an inductor and a resistor in series with each
other.

The impedance of this circuit is found using Equation
& 9-3, Equation 9-4, and Equation 9-10.

Z =R+inl

eq

Thus, from Equation 9-7, we have
FIGURE 9.4: An AC circuit with resistance
and inductance.

Z=R+iol — tng=27 ¢:tan1(?)

We see that for this electric circuit, the oscillations of the current are not in-phase
with the oscillations of the EMFE. This occurs because the impedance of the circuit
has an imaginary component. The current in the electric circuit is determined using
Equation 9-8.

Z=R+iol — |Z|=(R2+w2L2)% S oI=|— el
(R +o’L)
10:—80 :
(R +0’)?

We see that the amplitude of the current in this electric circuit decreases as the angu-
lar frequency of oscillation of the EMF increases. Thus, the electric circuit shown in
Figure 9.4 is commonly referred to as a high-frequency filter?, since it attenuates the
magnitude of currents oscillating at high angular frequency.

2 This circuit is also called a low-pass filter since it has a small impedance for low frequency oscillations.
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Example 9-3
Problem: What is the electric current in the circuit shown C
in Figure 9.57 | |
|
Solution: The impedance of this circuit is found using
Equation 9-3, Equation 9-5, and Equation 9-10. £
i i
Z =R+|-——| » Z =R-——
“ wC “ oC R
FIGURE 9.5: The electric circuit in
Thus, from Equation 9-7, we have Example 9-3.
1 1

Z=R-—— = tan(b:LC — ¢=tan” —oC | ¢=—tan™' L
oC R R wCR

We see that for this electric circuit, the oscillations of the current are not in-
phase with the oscillations of the EMF. This occurs because the impedance of
the circuit has an imaginary component. The current in the electric circuit is
determined using Equation 9-8.

1
; 2 < .
Z:R—% - \Z\:(RH%CZ) - I= o)
w w (Rz—i_ 1 )2
w’C?
& 4 &wC
1= A T L=
e L) R@*C*+1) (Ro’C*+1)
602C2 chZ

We see that the amplitude of the current in this circuit decreases as the angular
frequency of oscillation of the EMF decreases. Thus, the electric circuit shown
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in Figure 9.5 is commonly referred to as a low-frequency filter?, since it attenu-
ates the magnitude of currents oscillating at low angular frequency.

Therefore, placing a capacitor into an AC circuit attenuates the amplitude of currents oscil-
lating at low angular frequency, and placing an inductor into an AC circuit attenuates the
amplitude of currents oscillating at high angular frequency. This makes sense from our
calculations of DC circuits in Chapter 8. A capacitor is an open circuit and therefore will
not carry steady-state DC current (i.e., a capacitor has an infinite “effective resistance” to
current with @ = 0). In contrast, there will be no induced EMF in an inductor carrying
steady current (i.e., an inductor has zero “effective resistance” to current with w = 0).

Example 9-4

Problem: What is the impedance of

the electric circuit shown in Figure 9.6?

What is the amplitude of the current & R L
supplied by the EMF in this circuit?

Solution: The resistor and inductor are
in parallel with each other. The equiva-
lentimpedance of these two components
is determined using Equation 9-11.

FIGURE 9.6: The electric circuit in Example 9-4.

1_1 1 1 R+ioL __ioLR
Z, R oL Z, ioLR “ " R+iolL

eq

We can rewrite this impedance as

LR \( R-ioL 1
e 22 5z, = [0’ LR+ i(0LR?)]
“ \R+ioL )\ R-ioL “ \R+o'L

. ((w2L2R22+(j)§R2)2) ()
“ R+w°L

0=

3 Thiscircuitis also called a high-pass filter since it has a small impedance for high frequency oscillations.

www.EngineeringBooksPDF.com



CHAPTER 9: ALTERNATING CURRENT CIRCUITS 345

The amplitude of the current supplied by the EMF is determined using
Equation 9-9.

o e g

0o 1 0o 1

((w2L2R)2 + (wLR2)2)2 ((cozLZR)2 + (wLR2)2)2
R* + @*I?

The electric circuit shown in Figure 9.7 is typically referred to as a parallel LC circuit.

& CJ- L
T

FIGURE 9.7: A parallel LC circuit.

The impedance of this electric circuit is

1 1 1 1. i 1 iw*LC—i
—= —t— > —=iwC-—— > —=—

w L ioL Zeq ol Zeq ol

oC
B oL _ —ioL
“ z(a)zLC—l) “ @’LC—1
.
el .'.".’._ME-'.
8 ool [ N i gl ) IT
2= — e - o Z ]| — e ?
* \&ro-1) * \ae-1)

The amplitude of the current supplied by the EMF in this circuit is determined using
Equation 9-9.
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£ & (o’ LC-1
ly=r—— = 10=—°( L )
(0] (0]
(szC—l)

This amplitude depends upon the angular frequency of oscillation of the EMF and is

L)z. Thus, the parallel LC circuit will “filter out” an exact

LC

angular frequency of oscillation of electric current.

exactly zero when , _ (

Example 9-5

Problem: What is the difference in
phase between the oscillations of J_

the current and the oscillations of € R C L
the EMF for the parallel RLC circuit T

shown in Figure 9.8? What is the
amplitude of the current supplied  FIGURE 9.8: A parallel RLC circuit.
by the EMF in this circuit?

Solution: The resistor, capacitor, and inductor are all in parallel with each
other. The equivalent impedance of these components is

11 1 1 | R A 1  wL-iR+iw*CRL
—=—+—+— 5> —=———+i0C — —=
Z, R ioL ~—i Z, R oL Z, RoL

oC
Z = R(:)L - Z = RoL 2(a)L—i(a)ZCRL—R))
! a)L+i(a)CRL—R) ! w2L2+(a)2CRL—R)

The difference in phase between the oscillations of the current and the oscilla-
tions of the EMF is determined using Equation 9-7.

—~(w’CRL-R) ( @*CRL- R
- ¢=—tan| ————
ol ol

tang =
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The amplitude of the current supplied by the EMF is found using Equation 9-9.

RoL 80

(a) L’ +(w’CRL- R) ) (w2L2+(a)2CRL—R)2)

N | —

80(((0L)2 +(wCRL- R)z)

1,=
RoL

The current supplied by the EMF in this electric circuit is a minimum when

1
©’CRL-R=0 —» 0=—-—

(e

So far, we have determined the impedance and current in an electric circuit for any
angular frequency of oscillation of the EMF; in other words, our algebraic solutions for
these quantities have included the angular frequency () as a variable. Carrying along
the variable o through all of the algebra of these calculations can be tedious, as we have
seen. Therefore, when the angular frequency of the EMF is known, we should simplify
our calculations by expressing all impedances in terms of their values at that specific
angular frequency.

Example 9-6

Problem: The EMF in the electric circuit shown in Figure 9.9 is described by
the following equation:
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12.5 mF 14 Q
1 |
I |
& 20 € 2Q
100 mH i2Q
11 ] 1
|| 11
25 mF -2 Q
FIGURE 9.9: The electric circuit in Example 9-6. FIGURE 9.10: The impedances of the components of
the electric circuit in Example 9-6 when
w = 20 rad/s.

What is the difference in phase between the oscillations of the current and the
oscillations of the EMF for this circuit? What is the amplitude of the current
supplied by the EMF in this circuit?

Solution: We can redraw the circuit in terms of the specific impedances of the
components at w = 20 rad/s using Equation 9-3, Equation 9-4, and Equation
9-5. This redrawn electric circuit is shown in Figure 9.10.
The inductor and the resistor are in parallel with each other. The equivalent
impedance of these two components is
1 1 1 1 i+1 7 - @

- =— -
Z 2Q  i2Q Zeq i2Q) i+l

eq

This equivalent impedance is in series with the two capacitors. Thus, the
equivalent impedance of the entire electric circuit is

i20Q)
=—+

WS T (-2Q)+(-i4Q) - Z ="—-i6Q

2Q-i6Q+6Q 6Q—i4Q
= - oz =

“ i+1 “ i+1
7 6Q—-i4Q \ —i+1 s :29—1109 o 7 —10-50
“ i+1 —i+1 “ 2 “

The difference in phase between the oscillations of the current and the oscilla-
tions of the EMF is determined using Equation 9-7.
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eq

—5Q
Z =1Q-i5Q — tan¢=15—Q - ¢=—tan'(5) - ¢=-1.37

The amplitude of the current supplied by the EMF is found using Equation 9-9.

Z, =10-i5Q - \zeq\:((m)%(sg)z)% > |z,|=510

eq

&
0 N [0:60—V
5.1Q

I,=11.8A

9-4 Power in AC Circuits

We can substitute Equation 9-8 into Equation 7-11 to determine the instantaneous
power supplied by the EMF in an AC circuit. The real part of the instantaneous power
supplied is

Py =1€ — Py, =(I,cos(wr+0))(& cos(wr))

We can simplify the first cosine term using a trigonometric identity (Equation A-1).
P,y = 1€ (cos(@r ) cos(¢) - sin(er)sin(9) ) cos (er)
Pa = 1, 05" (r)cos(g)-sin{ar)cos{r)sin)

Rather than the instantaneous power, which varies in time, the average power is the

more interesting/meaningful quantity for an AC circuit. The average power supplied by
the EMF is given in Equation 9-12*

(Pae).. = 1€ c0s(0) (9-12)

EMF 200

4 See Section C-11 for the derivation of Equation 9-12.
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The variable I in Equation 9-12 is the amplitude of the current supplied by the EMF
(Equation 9-9). The cosine function in Equation 9-12 can also be written in terms of the
impedance using Equation D-4.

1 . Re(2)

(gWL%=5%0 Z (9-13)

Similarly, the instantaneous power dissipated by a resistor in an AC circuit can be deter-
mined using Equation 8-1.

P=PR — P.=(Icos(wr+9)) R — P =IReos’*(or+9)

The average power dissipated by the resistor is

(%L%:%KR (9-14)

The variable [ in Equation 9-14 is the amplitude of the current flowing through the
resistor.
Example 9-7

Problem: What is the average power supplied by the EMF in the electric circuit
shown in Figure 9.27

Solution: The average power supplied by the EMF is determined using
Equation 9-12; the phase angle ¢ for this circuit was determined previously to
be /2.

1 /4
o= - }Zlvg:zloﬁocos(aj - FP,=0

(SN

So what happens to the energy in the electric circuit shown in Figure 9.27 The energy
supplied by the EMF to the electric circuit is “stored” as magnetic potential energy in the
inductor. This stored energy is then “given back” to the EMF when the direction of the
currentreverses. Therefore, the energy in the electric circuit is oscillating between being
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stored in the EMF and being stored in the inductor, and no energy is dissipated from
the electric circuit. Since the energy of the system is not changing, the average power
supplied by the EMF must be zero. Similarly, the average power supplied to the electric
circuit shown in Figure 9.3 is also zero. In this case, the energy oscillates between being
stored in the EMF and being stored in the electric potential energy of the capacitor.

Example 9-8
Problem: The EMF in the electric circuit shown
in Fi 9.11 is described by the followi
ler;u;tgil(l)l;le: Is described by the Iollowing £¢ 3 Q% % 200 mH
£=(60 V)e"(zorid)’ FIGURE 9.11: The electric circuit in Example 9-8.

What is the average power supplied by the

EMF in this electric circuit?
Solution: The equivalent electric circuit at the € 3Q 14.Q
angular frequency of the EMF oscillation is

shown in Figure 9.12.

FIGURE 9.12: The electric circuit in Example 9-8.

Since the inductor and resistor are in paral- \nen 0 = 20 radss.

lel with each other, the equivalent impedance
of the electric circuit is

- = - =
Z 3 i4Q Zeq i12Q “ 344

eq
112Q —4i 48Q +i36€ 4
z =|" S N L I oY I (L
“ 3+4i \ 3—-4i “ 3 +4 “ 25 25
The amplitude of the current supplied by the EMF is

48 \ (36 Y
==l +| =20 > |z,|=240

25 25 “

60V
°724Q

111 1 4i+3 , 120

N | —

eq

| I, =25A
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The average power supplied by the EMF is determined using Equation 9-13.

48
1 Rel(Z 1 —Q
() =315 () =Ly 2

(P ), =600W

EMF

In order to determine the average power dissipated by the resistor in the electric circuit
in Figure 9.12, we need to determine the current flowing through the resistor. We can
determine this current using Kirchhoff’s rules®. As shown in Figure 9.13, the EMF sup-
plies a current I that divides into I, and I, at point C. Current I, flows through the resistor
and current /, flows through the inductor. These two currents recombine at point F to
reform current /, which flows back to the battery. Applying Kirchhoff’s loop rule to the
loop CDEF in Figure 9.13 gives us

(4Q)1,-(3Q)1,=0 — 4il, =31, — 12=—i%11

Then, by applying Kirchhoff’s junction rule to point C or point F we obtain

| +1, =1
B C D
I \' "N
@ 1/Ss0 L|Fiao
A < Z 7/
.
A F E

FIGURE 9.13: The electric circuit in Example 9-8 when w = 20 rad/s. The instantaneous
currents at one instant of time are also shown.

5 You should feel inspired to take more physics and math courses to learn the limitations of applying
Kirchhoff’s rules to AC circuits. For now, we will just ignore them.
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Hence,

4
4-3i

1

3 :
I, +(—zzll)= I > (4-3i)1,=41 — I =
The presence of a complex number in this expression tells us that the current flow-

ing through the resistor is not in phase with the current supplied by the EMF¢. We can
rewrite the equation relating I, and I using Equation D-6.

I = 4 I > I :femnfl[ﬂl

1 1

(42 +3° )5 eitanﬁ](?) 3

The current I supplied by the EMF is determined from the equivalent impedance of the
circuit.

g

Z = ﬁQ +1i EQ - tangZ):L — ¢=tan” 3
“ 25 25 ﬁg 4

25

1=(254) L)

Thus,

itan![ 3 i(wt—tan" 3 ) )
I =%e 9 (254)e 8 > I,=(20A)e”
It is interesting to note that the oscillation of the current flowing through the resistor
is in phase with the oscillation of the EMF (but out of phase with the current supplied
by the EMF); this is consistent with energy being conserved in the electric circuit. The
average power dissipated by the resistor is

(P )wg=%(20A)2(3Q) - (B),, =600W

6 This is similar to how the presence of an imaginary component in the impedance tells us that the
oscillations of the current are out of phase with the oscillations of the EMF.
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As expected, the average power dissipated by the resistor is exactly equal to the average
power supplied by the EMF.

All of the power supplied by the EMFs in an AC circuit is dissipated by the resistors
in the circuit.

In other words,

The real part of the impedance is associated with energy dissipation. An AC circuit
will dissipate energy only when the real part of its impedance is not zero.

The imaginary part of the impedance is associated with energy storage.
For a sinusoidally oscillating EMEF, such as those we have discussed so far, it is common

to describe the EMF and current in terms of their root-mean-square’ (or rms) values
rather than the amplitudes of their oscillations.

2 _8_02 2 _1_5
rms - 2 rms - 2
RelZ
(Pre),, = Lo TZ(| ) (9-15)
(P),, =I5.R (9-16)

There is no real benefit to using Equations 9-15 and 9-16 rather than Equation 9-13 and
9-14 for a sinusoidally oscillating EMFE. However, Equation 9-15 and Equation 9-16 are
universally valid for any EMF (and current), regardless of whether it is sinusoidal.

Example 9-9

Problem: The EMF in the electric circuit shown in Figure 9.14 is described by
the following equation:

£=(40 V)e{mr‘a‘d]’

7 We previously saw the root mean square operation in thermodynamics when we applied the equiparti-
tion theorem to determine the speed of molecules of an ideal gas.
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2Q 20
E 50 mH & i5Q
12.5 mF -i0.8 O
FIGURE 9.14: The electric circuit in Example 9-9. FIGURE 9.15: The electric circuit in Example 9-9 when
o = 100 rad/s.

What is the rms current in the circuit? What is the average power dissipated by
the resistor in the circuit?

Solution: The equivalent electric circuitat w = 100 rad/s is shown in Figure 9.15.

The impedance of the electric circuit is

2,=2Q+i5Q+(-i08Q) — Z, =2Q+i4.2Q

1

z =((2Q)2+(4.2Q)2)2 - |z,|=470

eq

The amplitude of the current supplied by the EMF is
& 40V
- [ =—

[, =— I =8.5A
0 Zeq " 47Q 0
The rms current supplied by the EMF is
, I . (85A) X X
I = 70 - I = — - ' =36.1A" — I =6.0A

The average power dissipated by the resistor?® is

(R),, =L,k = (B), =(3614%)(2Q) - (B),  =722W

R R R

8 The current supplied by the EMF is the same as the current flowing through the resistor since all com-
ponents of this electric circuit are in series.
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9-5 Additional Applications of AC Circuits

The power supplied by an EMF to generate a current is equal to the product of the
current and the potential difference of the EMF (Equation 7-11). Therefore, the same
energy can be delivered in the form of electricity using a large current and a small EMF
or using a small current and a large EMF. Since energy dissipation will be larger for
the former approach (Equation 9-16), the latter approach is preferred for transporting
energy over long distances through power lines. The EMF used for long distance power
transmission is typically greater than 100 kV; we refer to the wires carrying this power
as high-voltage transmission lines.

Of course, it is not necessarily useful or safe to have such a large EMF in your house.
Indeed, we would prefer to have no more than a few hundred volts of EMF there. A
device called a transformer (Figure 9.16) is used to change the EMF between two dif-
ferent electric circuits.

uzoo

FIGURE 9.16: An ideal transformer.

As shown in Figure 9.16, a transformer consists of two coils of wire wrapped around a
magnetic material (in this case, we have assumed that the relative permeability® of the
magnetic material is infinite). The coil on the left consists of N, turns of wire, and the
coil on the right consists of N, turns of wire. When a current passes through the coils
on the left, a magnetic field is created. This magnetic field magnetizes the magnetic

9 See Section 7-4.
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material, and since the relative permeability is infinite, the same magnetic field in the
coils on the left passes through the coils on the right. In other words, the magnetic flux
through each coil on the left is equal to the magnetic flux through each coil on the right.
If the total magnetic flux through the right and left coils are denoted by ((I)B )R and
((I)B )L, respectively, we have

Taking the derivative of both sides of this equation with respect to time and subse-
quently applying Equation 6-11 yields

M(N_JM 5 gkz[&Jg

dt N dt N )*

L L

Therefore, we can use a transformer to convert a high EMF into a low EMF and a low
EMF into a high EMF. However, although transformers can change the electric potential
in transient direct currents, they do not work for steady-state direct currents; there is
no change in the magnetic flux for steady-state direct currents. Thus, the only steady-
state currents applicable for transformers are alternating currents. It is for this reason
that long distance power transmission typically uses alternating current.

Example 9-10

Problem: What ratio of turns of wire in a transformer would be required to
transform 120 kV to 120 V?

Solution: Substitution into the previously derived equation gives us

120kV = M (120V) N Nl20kV:120kV
120V N 120V

120V

N120kV — 1000

120V

Of course, the EMF is usually changed through a series of transformers, rather
than a single transformer.
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The basic model for high voltage AC (HVAC) power transmission begins with an AC EMF
between 10 kV and 40 kV generated at the power plant. This EMF is then “stepped-up”
using a transformer to more than 100 kV for transmission, before being “stepped-down”
using a transformer to a few hundred volts for use in a home. Unfortunately, when alter-
nating current moves through a conductor, the current density*’ becomes non-uniform
and is largest near the surface of the conductor. This phenomenon, known as the skin
effect, causes the effective resistance of the conductor to be higher than expected from
its conductivity and physical dimensions (Equation 7-14). The skin effect increases in
magnitude with increasing frequency of oscillation of the current. In other words, as
the oscillation frequency increases, the current becomes more concentrated near the
surface, and the effective resistance of the conductor increases. This problem can be
mitigated using specially woven wires, but often it is avoided completely by transmit-
ting power through high voltage direct current (HVDC).

Another useful application of an AC circuit is a metal detector. A metal detector con-

sists of two coils: a transmitter coil and a receiver coil. When an alternating current is
passed through the transmitter coil, an oscillating magnetic field is generated. As shown
in Figure 9.17, this oscillating magnetic field will induce oscillating eddy currents in
metal'’.

FIGURE 9.17: A metal detector detects the magnetic field associated with induced eddy currents. The inner coil is
the transmitter coil, and the outer coil is the receiver coil.

These eddy currents will give rise to an additional magnetic field that can be detected
by the receiver coil. Furthermore, since different metals will have different magnetic

10 Section 7-5.
11 Section 6-6.
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properties, the phase difference between the oscillations of the EMF in the transmitting
coil and the oscillations of the magnetic field associated with the eddy currents in the
metal will be vary among metals. Careful measurements of this phase difference can
thus enable metal detectors to differentiate different metals.

A similar phenomenon is exploited by magnetic resonance imaging (MRI). In this
case, different tissue types and structures respond differently to an oscillating magnetic
field applied to them. The differences in these responses enable doctors to differentiate
the tissue types and detect abnormalities in the tissue, such as cancer.

A more commonplace, and perhaps more practical, application of AC circuits is in-
duction cooking. In induction cooking, an alternating AC current (flowing in an electric
circuit in the cooktop) creates an alternating magnetic field and associated alternating
magnetic flux in a metal pot/pan on the cooktop. This alternating magnetic flux induces
alternating eddy currents in the pot/pan, which then dissipate energy (because of the
resistance of the pot/pan) in the form of heat!2.

A more entertaining application of a simple AC circuit is found in an electric guitar.
A permanent magnet placed near each metal string will magnetize a portion of the
string. When the string vibrates, the flux from this magnetized portion through a
pickup coil will change. The pickup coil is usually wrapped around the permanent
magnet as shown in Figure 9.18. The oscillating EMF in the pickup coil associated with
the vibrations of the string will create an AC current that can be amplified and sent to
loudspeakers.

Magnetized Portion

/

Guitar String

N
| 1 1 ]
S
N
—
\
- \
Plck_up
\
S

FIGURE 9.18: The pickup coil in an electric guitar.

12 This is similar to how the use of magnetic braking systems on trains heats the rails, rather than the
train (Section 6-6).
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Finally, wireless battery chargers also rely upon alternating current and the associated
oscillating magnetic fields to transmit energy. The mutual induction between the AC
circuit in the charger and the circuit containing the battery allows for power to be trans-
ferred from the charger to the battery “wirelessly” through a magnetic field. Specifically,
the magnetic field generated by the charger induces current in the circuit containing the
battery, which then charges the battery (a simple example of this process was discussed
in Section 8-7).

Example 9-11

Problem: The two electric circuits in

Figure 9.19 have a mutual inductance M.

What is the power dissipated by the
& L L R  resistor in electric circuit 2?

Solution: As shown in Equation 6-6,
Circuit 1 Circuit 2 the mutual inductance relates the
current in electric circuit 1 to the
magnetic flux through electric circuit
2 (caused by the magnetic field of the

FIGURE 9.19: The two electric circuits in Example 9-11.

current electric circuit 1).

Similarly, since mutual inductance is reciprocal (Section 6-3), the same
mutual inductance relates the current in electric circuit 2 to the magnetic
flux through electric circuit 1 (caused by the magnetic field of current elec-
tric circuit 2).

2

M=

The induced EMF in electric circuit 2 can then be calculated using Equation 6-11.
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dl,
di

do, . ‘82‘:d<(b3)21 N |£2‘:M
dt dt

Similarly, the induced EMF in electric circuit 1 is

€=

dl,
d

Applying Kirchhoff’s loop rule to electric circuit 1 then gives us??

|81‘ =M

dl. dl
E-L—L-M—2=0
dt dt

Applying Kirchhoff’s loop rule to circuit 2 then gives us

di, I
~[LR-L—2+M=—1=0
di di

The induced EMF through the mutual inductance is positive in this equation,
since it drives the current in this circuit. Let’s solve these two equations by
guessing the following solutions for the two currents:

Substitution gives us

0 0

eeiwt —L(] )] eiwtiw_ M([0)2 eiwtiw —
(50—1'6014(10)1—ia)M(IO)Z)e"‘”’:o N £O—z‘a)L(10)l—ia)M(10)2=O

~(1,),e” R—-L(1,), "0+ M(I,) i =0

(—(10)2 R-ioL(1,) + ia)M(IO)l)ei“” =0 — —(I,),R-ioL(1,) +ioM(1,) =0

0

13 Note that according to Lenz’s law the direction of induced EMF in electric circuit 1, resulting from the
mutual inductance of the two electric circuits, must be opposite the direction of the original EMF in electric
circuit 1.
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Solving for the current in electric circuit 1 gives us

(1), = Bk (),

Substituting this expression then yields

& - iwL(R+ iwL)(IO)Z —ioM(1,),=0

ioM
. R+ioL) . ME
£0=(za)L(7iwlM )+sz](IO)2 - (1,),= RLH(wLZinz)
The current flowing through the resistor is
()= oo a1
"2 RL+i(ol + M)
(10 )2 — Mao eiwt

1 _{wL2+wM2]
5 itan | ——

((RL)2 oL +a)M2)2) e =

ME i[wt—tan’{%})
1) = 0 e

((RL)2 +(or +wM2)2)

N | —

Thus, the average power dissipated by the resistor is

(PR) -2 e R
C ((RL)2+(a)L2+a)M2)2)2
_ M’ER
(7)o = 2((RL)2 +(or? +a)M2)2)
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Let’s check this solution in a few limits. If there is no resistor in circuit 2 or no
mutual inductance between the two circuits, then no power is dissipated, as
expected.

lim(7,) =0 lm(7) =0

R0\ R M—0\ R

9-6 Retarded Time and Non-Resistive Energy
Dissipation

We introduced the concept of fields and potentials to explain how one object can “sense”
another through a long-range interaction, such as the gravitational interaction. We
claimed that the presence of an object affects the space around it and that this alteration
of space can then be detected by other objects. We never stated how that alteration of
space propagated from the object, however. In other words, how long does it take for
the field/potential to be established? Or how long does it take the field/potential to
adjust if an object changes its position?

For example, the alternating current flowing in the wire in Figure 9.20 will create an
alternating magnetic field. Let's use the
variable ¢ to denote the speed at which
the magnetic field (i.e., the alternation of
space associated with the magnetic field)
propagates from the wire. The informa-
tion about current will then require a time r
r/c to propagate from the wire to the posi- I
tion P in Figure 9.20. We could therefore ; —>
include this time or propagation into our
equation for the current to determine the  FIGURE 9.20: A current-carrying wire.

® U

“effective” current seen at the positon P.

I=1 eia{'f] (9-17)

The term in parenthesis in Equation 9-17 is referred to as the retarded time and the
current in Equation 9-17 as the retarded current, since they are delayed (or retarded)
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by the propagation time of the magnetic field. The magnetic potential corresponding to
this retarded current is found using Equation 4-12.

m

v, = (&]J I—Oelw(t_CJdg (9-18)

4rx r

Equation 9-18 and Equation 6-7 can be used to determine the self-inductance of a cir-
cular loop of wire. This self-inductance and therefore the circular loop’s impedance has
both real and imaginary components!*. Thus, even if there is no resistance in the loop
of wire, energy will nevertheless be dissipated'®. The real part of the impedance of a
circular loop of cross-sectional area 4 is

Ao’
Re(Z) =5

This is often also called the radiative resistance, and is denoted by R _ .

R - u, Ao’

rad 3

(9-19)
6rce

The average power radiated by a circular loop of wire is then found using Equation 8-1
and Equation 9-19.

(Pus) e = 1R (9-20)

The variable I in Equation 9-20 is the oscillating rms current responsible for the
radiation.
Example 9-12

Problem: What is average power radiated by a circular loop of wire with a
radius of 0.5 m carrying an rms current of 2 A oscillating at w = 60 rad/s?

14 See derivation in Section C-12.
15 Section 9-4.
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What is the average power when w = 6 X 10° rad/s? What is the average power
when w = 6 X 108 rad/s? Assume that the speed of propagation is 3 X 108 m/s.

Solution: Substitution of the variables into Equation 9-19 yields

- -k
| 410 :‘“" x(05m) ] a
Ry~ ' = - R =(1.52=10"05") "
B nm'—
| 5 )
rad 26
w=6022 R ,=1.97x107°Q
S

o=6x10"% 5 R ~197x10"Q
S

rad
0=6x10'— — R _=197Q
s
The average power associated with each of these angular frequencies of oscil-

lation is determined using Equation 9-20.

_60@ -

rad

P,).. =(2A) (197x10™Q) - (B,) =788x10"W

o=6x10°2d (P.),, =(A) (Lo7x10Q) > (B,), =7.88x10"°W

S rad

w=6x10

rad

rad
8"; > (B,).. =(2A) (197Q) - (P,,),, =788W

We can understand the origin of this dissipation of energy by considering the behavior
of a charged particle that constitutes the current. A stationary charged particle creates
an electric field, but no magnetic field. A charged particle moving at constant velocity
creates an electric field and a constant magnetic field. An accelerating charged particle,
however, creates a changing magnetic field, which will then induce a changing electric
field, which will then induce a changing magnetic field, and so on. The energy dissipated
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by the accelerating charged particle creates these changing fields, and these changing
fields then transmit this energy to other charged particles. This process will be the
subject of Chapter 10.

The acceleration responsible for the energy dissipation from a circular loop of cur-
rent is the acceleration associated with the oscillations of the alternating current (i.e.,
the charged particles are accelerating in an AC circuit since the direction of their motion
is continually changing). It is also generally true that an accelerating charged particle
will dissipate energy. Let's denote the speed of propagation of the information about
the electric and magnetic fields of the charged particle by the variable c’. If a charged
particle is moving at a speed much less than c the power associated with the dissipation
of energy for its acceleration is given in Equation 9-21.

2 2
q a

P= (9-21)

67&6‘003

The variables q and a in Equation 9-21 denote the net electric charge and acceleration
of the charged particle.

In our calculation of the energy dissipation of a circular loop of wire, we included
only the acceleration associated with the change in the direction of the alternating
current. According to Equation 9-21, however, any acceleration should cause a mov-
ing charged particle to dissipate energy, thus we should include a correction term for
the centripetal acceleration associated with the movement of the electrons (which
constitute the current) around the circular loop. However, since the magnitude of the
speed of the electrons is so small (Section 7-6), we can ignore this contribution. Indeed,
the magnitude of the centripetal acceleration associated with the drift velocity of the
electrons for circular loop of wire with a radius of 0.5 m is

2
(0.75>< 10-3m) ;
S

v =0.75x10° 2 > g = X > a =1.13x10° -
S om S

Substitution into Equation 9-21 then gives us?’

16 We will return to this speed of propagation in Section 10-3.
17 We’llassume in this calculation that ¢ = 3 X 10® m/s. Justification for this assumption will be provided
in Section 10-3.
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5 2
(1.6 10-‘9c)2(1.13>< 10-6m)
S
P= — P=726%x10"%W

2 3
67[[8.85 x 107" C—)(3x 10° E)
Jm S

This is an insignificant amount of power dissipation.

9-7 The Bohr Model for the Hydrogen Atom, Part IV

In the Bohr model for the atom, the electron is in a circular orbit around the proton.
Thus, the electron is accelerating (i.e., it is experiencing centripetal acceleration) and
must therefore be dissipating energy. We can determine the power associated with this
dissipation of energy using Equation 9-21.

2 2.4
\% qvVv

- P=——
6me,c' R

orbit

a=

orbit

Substitution of our previous derived parameters (Section 3-9) gives us'®

4
(1.6 10*“’0)2 (2.25>< 10° 3]

p= 5 5 P=519%10"W

2 3
67r(8.85x10‘12c)(3x108m) (5.3><10-“m)2
Jm S

As the electron dissipates energy, it will move closer to the proton, and eventually it will
collide with the proton and the atom will collapse. The total time required to dissipate all of
the electric potential energy and kinetic energy (i.e., the ionization energy) of the electron is

—-18
oo 217x107%

AE
At=— ==- -
P 5.19x10°W

At =41.8ps

Of course, the power will not be constant as the electron spirals in towards the proton.
Nevertheless, this calculation demonstrates that the Bohr model of the atom is unstable.

18 As before, we'll assume in this calculation that ¢ = 3 X 10® m/s. Justification for this assumption will
be provided in Section 10-3.
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Summary

Impedance: the effective resistance of an electric circuit or component to alter-
nating current. Impedance is a complex number, has the unit ohm, and is denoted
by the variable Z. The impedance can be written as

N[ —

Z=|7e* - Z=[(Re(2))2+(lm(z))2] ¢

The angle ¢ in this equation is determined using the following equation.

Im(Z)

0= Re(z)

This angle is the difference in phase between the oscillations of the EMF and the
oscillations of the current supplied by the EMF.

The impedance of a resistor is

Z,=R
The impedance of an inductor is
Z, =il
The impedance of a capacitor is
7 = i
¢ wC

The equivalent impedance of a group of circuit components connected in series is

Z =747, +...

eq

The equivalent impedance of a group of circuit components connected in parallel
is
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Ohm'’s law for steady-state AC circuits is written as

6 ((: eia)t {or
=% 5 1= 5 =1
z 2]
The amplitude of the current is
&
1, = —
17

The root-mean-square (rms) current is proportional to the amplitude of the oscil-
lating current.

The root-mean-square (rms) EMF is proportional to the amplitude of the oscillat-
ing EMFE

™

2
2 0

g ==
rms 2

The average power supplied by the EMF is

1 1E Re(Z
(PEMF )avg = 51080 cos(q)) - (PEMF )avg = %Zﬁ)

The variable [ in this equation is the amplitude of the oscillating current supplied
by the EMF to the electric circuit. This equation is frequently written in terms of
the rms EMF and current.

& Re(Z)

P ) _ _rms Trms
( EMF ) g

12

All of the power supplied by an AC EMF is dissipated by resistors in the electric
circuit. The average power dissipated by a resistor is

1
(), =5 1R
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The variable [ in this equation is the amplitude of the oscillating current flowing
in the resistor. This equation is frequently written in terms of the rms current.

(PR )avg =1,R

The real part of the impedance of an electric circuit is associated with energy dis-
sipation. If the real part of the impedance is zero, no energy will be dissipated by
the circuit.

The imaginary part of the impedance of an electric circuit is associated with en-
ergy storage. The average power supplied to a circuit will be zero if the impedance
of the circuit is purely imaginary. An imaginary impedance further indicates that
the oscillations of the EMF are not in phase with the oscillations of the current
supplied by the EMF.

The average power radiated by a current is proportional to the radiative resistance
of the current.

( Rad )avg = Irzms erad

The power radiated by an accelerating charged particle is

2 2
q a

P= 5
67t800

The variables g, a, and c in this equation are the net electric charge of the particle,
the acceleration of the particle, and the speed of propagation of the information
about the particle’s electric and magnetic fields.
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Problems

1. A differential equation for a damped harmonic oscillator is

d’x  dx
m—-+b—+kx=0
dt dt
Verify that the equation x = ¢ is a solution for this equation and determine the
value(s) of w that satisfy the equation. In other words, determine the solution for
the differential equation for a damped harmonic oscillator listed above.

2. Whatis the impedance of the electric circuit shown in the figure? What is the average
power supplied by the EMF when w = 20 rad/s and € = 20V? What is the rms cur-
rent in the inductor when w = 100 rad/s and £, = 20V? What is the average power
dissipated by the resistor when w = 60 rad/s and £ = 20V? What are the average
energies stored in the capacitor and inductor when w = 60 rad/s and €, = 20V?

2 0)
AN
£ 12.6mF ——

50 mH

3. What is the impedance of the electric circuit shown in the figure? What is the aver-
age power supplied by the EMF when w = 200 rad/s and £ = 40V? What is the
rms current in the capacitor when w = 20 rad/s and £, = 40V? What is the average
power dissipated by the resistor and the average energy stored in the capacitor
when w = 60 rad/s and € = 40V?
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200 mH

100 mH

4. What is the impedance of the electric circuit shown in the figure? What is the aver-
age power dissipated by the resistor when w = 20 rad/s and £, = 40V? What is the
average power dissipated by the resistor when w = 200 rad/s and £, = 40V? What
is the average power dissipated by the resistor and the average power stored in the
inductors when w = 60 rad/s and £ = 40V?

125 mF

100 mH

100 mH

5. Thetwo resistors in the electric circuit shown in the figure have the same resistance,
2 Q. What is the average power dissipated by each resistor when the EMF oscillates

at 10 rad/s? What is the average power dissipated by each resistor when the EMF
oscillates at 1000 rad/s?

40\/( % 10 mH
_l_

10 mF
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6. The two electric circuits shown in the figure have a mutual inductance M.

Circuit 1 Circuit 2

R,

At what angular frequency of oscillation is the maximum power dissipated by the
resistor R,?

7. A thin and uniformly positively charged ring of radius R and net electric charge Q is
lying in the x-y plane. The z-axis is perpendicular to the plane of the ring and passes
through the center of the ring. The ring is rotating around the z-axis with angular
frequency w. What is the average power dissipated by this system because of the
centripetal acceleration of the electric charges that constitute of the ring? What is
the radiative resistance of the ring?
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CHAPTER

Electromagnetic
Waves

10-1 Introduction

In Section 9-6 we introduced the concept of retarded time
to explain how the disturbances of space associated with
mass and electric charge are propagated away from these
sources. In this chapter, we begin our discussion about
the details of how these disturbances are propagated and
what form these disturbances take.

10-2 Derivation of Wave Equation

An alternating current will create an alternating magnetic
field. This alternating magnetic field will then induce an
alternating electric field, which can then create an alter-
nating current in a neighboring wire (i.e., an induced cur-
rent), as shown in Figure 10.1. Based upon the discussion
in Section 9-6, we could describe this process by saying

375
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that the energy dissipated by the alternating current (i.e., by the accelerating electrons)
is used to create the induced current. In this way, energy is transferred from the alter-

nating current to the induced current.

induced

induced

Current Increasing Current Decreasing

FIGURE 10.1: A current produces a magnetic potential and magnetic field. When this current changes, an

electric field is induced.

We argued in Section 9-6 that this transfer of energy
occurred through alternating magnetic and electric
fields. To further quantify this process, let’s define
the positive z-axis to point from the lower wire to the
upper wire in Figure 10.1. The z-axis is therefore also
the direction of propagation of energy between the
two wires in this system. From the right-hand rule we
conclude that the direction of the magnetic field from
the current in the lower wire in Figure 10.1 is out of
the page (Section 4-5); let’s define this direction to
be the positive y-axis, as shown in Figure 10.2. As this
magnetic field changes, an electric field will be induced
along the x-axis, which is parallel to the lower wire.
The magnitude of this induced electric field will change
as the magnitude of the magnetic field changes. This
will then induce a new magnetic field along the y-axis,
which itself will induce a new electric field along the

» X

> 7
%

FIGURE 10.2: Orientation of the mag-
netic field and electric field for energy
propagation in the systemin Figure 10.1
at one instant of time. The positive z-
axis is the direction of energy transfer.

x-axis. This process will repeat itself with the electric field oscillating along the x-axis
and the magnetic field oscillating on the y-axis until the energy is transferred to (i.e., the
electric field reaches) the second wire in Figure 10.1 and causes an induced current in

that wire.

www.EngineeringBooksPDF.com



CHAPTER 10: ELECTROMAGNETIC WAVES

From Faraday’s law of induction (Equation C-3') and Equation B-9, we have

JE. JE, o [9F. 9E.. JE, OE 2__3(3 )
dy oz oz ox )l ox oy )T a\ Y

Since the electric field oscillates along the x-axis, it will have only an x-axis component.

0E Y. (OE). oy, .
Ey:EZZO — (az Jy'i‘(—g)z——g(Byy)

In order for this equation to be valid

In other words, E_is a function of the variable z only. Hence,

0B 0B
(aaEx)j :[_ }y - .
z

ot 0z ot

Similarly, using Ampeére’s law (Equation C-5)2 we have3

. d /L.
Byy) = U,E, g(Exx)

9B | (9B, ), I
5, X+ 5 Z:‘UOSOE(E):X)

In order for this equation to be valid

—

V><l§=ll0€0%—f — Vx

1 See Section C-13 for the derivation of this form of Faraday’s law of induction.

2 See Section C-14 for the derivation of this form of Ampere’s law.

3  We assume here that the relative permittivity and relative permeability are both 1 for the material
in-between the two wires in Figure 10.1.
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aBy _o
ox

In other words, By must be a function of the variable z only. Hence,

9B, =l .E 9E, (10-2)
P Y

Taking the partial derivative of Equation 10-1 with respect to z yields

d(dE ) o 9B, 3E. 9°B,
=] = - = —
oz\ oz 0z ot 0z* 0tz

Taking the partial derivative of Equation 10-2 with respect to t yields

Q_aBy 2 8% R _asz_ gaZEX
ol "0z | ar| By, oz e

Combining these two expressions gives us

0’E, ’E,
02 &

We can make this equation more general by including the possibility that the material
in-between the two wires in Figure 10.1 has a relative permittivity and/or a relative
permeability different from one.

’E ’E
PR (10-3)
Similarly, Equation 10-1 and Equation 10-2 can be combined to yield
0’B J’B
= K MK = (10-4)
0z "l ot

Equation 10-3 and Equation 10-4 are referred to as one-dimensional wave equations.
In other words, the electric and magnetic fields oscillate and propagate as waves.
Furthermore, since these oscillations are coupled to each other (i.e., the changing elec-
tric field generates the magnetic field, and the changing magnetic field generates the
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electric field), we refer to the coupled propagating electric and magnetic waves as a
single electromagnetic wave.

10-3 Waves
A wave is a disturbance that propagates and carries energy.

Wave: a disturbance that propagates and transmits energy. This transfer of
energy occurs without an accompanying transfer of matter.

A familiar example of a wave is a water wave.

If a rock is dropped into a still body of water, t=2s t=4s

waves ripple out from the location where the -

rock entered the water. During the collision al n Propagation
with the water, some of the kinetic energy of Direction
the rock is transferred to the motion of the wa- 3 _—
ter molecules (i.e.,, some of the energy is used o

to displace the water and create the wave). 2

When the water waves encounter an object in

the water (a cork, e.g.), that object will oscillate 1

up and down as it “rides” the wave. In this way,

the kinetic energy of the wave is transferred to ':'n 5 10 15 20 25 30
the kinetic and potential energy of the oscillat- ’

ing object. This is an example of how a wave

transmits energy. FIGURE 10.3: A transverse pulse propagating in the

A mathematically and visually simple example positive x-axis direction.

of a wave is a pulse, as shown in Figure 10.3; the
equation for this pulse is

5

yot)=—s—
(x - 4t) +1

The pulse in Figure 10.3 is travelling in the positive x-axis direction; as time pro-
gresses, the center of the pulse moves in the positive x-axis direction. The magnitude
of the pulse along the y-axis is the magnitude of the disturbance (e.g., the magnitude of
the displacement) associated with the pulse. A rock dropped into water will create a
cylindrically symmetric pulse (or pulses).

www.EngineeringBooksPDF.com



380 THE ENERGY OF PHYSICS, PART Il

g

Propagation

Direction
vt —_—

Yava'eV
AN/

FIGURE 10.4: A sinusoidal travelling wave. The blue
curve represents the wave at one instant of time, and
the red curve represents the wave at a later instant of
time.

: ELECTRICITY AND MAGNETISM

The waves created by a single perturbation,
such as a rock colliding with water, will be pulses
that propagate away from the perturbation. In
contrast, a continuous perturbation, such as
someone continually splashing the water, will
create a travelling wave.

Travelling wave: a periodic continuous wave
that moves at constant speed.

A simple example of a travelling wave is a sinusoi-
dal wave, shown in Figure 10.4

The travelling wave is moving in the posi-
tive x-axis direction at speed v. A snapshot of a
sinusoidal travelling wave at one instant of time
is shown in Figure 10.5

3

FIGURE 10.5: Definition of the amplitude
ling wave.

(A), wavelength (1), and period (T) of a sinusoidal travel-

The wavelength of the wave, denoted by 4, is the minimum distance between any
two identical points on adjacent oscillations of the wave. Similarly, the period of the
wave, denoted by T, is the minimum time between any two identical points on adjacent
oscillations of the wave. Finally, the amplitude of the wave, denoted by 4, is a measure

of the magnitude of the disturbance.

The speed of a sinusoidal travelling wave is the product of the wave’s wavelength

and frequency.

Af=v (10-5)
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The frequency of the wave is the inverse of the period of the wave*.

1
r== (10-6)

The wavenumber of the wave is the defined in Equation 10-7.

== 10-7
k 2 (10-7)

The speed of the wave can thus be written in terms of the wavenumber and the angular
frequency of oscillation of the wave as

(0]
=— 10-8
’ k ( )

Example 10-1

Problem: A wave has a wavelength of 5 m and a speed of 10 m/s. What is the
period of this wave? What is the wavenumber of this wave?

Solution: The frequency of the wave is calculated using Equation 10-5.

100"

v s
=~ > f= — f=2H
/ A / 5m / z

The wavenumber of the wave is determined using Equation 10-7.

k=" > 13m"
Sm

4 Recall from classical mechanics that the unit of frequency is the hertz (Hz).
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In a transverse wave the disturbance is ori-
ented perpendicular to the direction of propa-
gation of the wave. In a longitudinal wave the
disturbance is oriented parallel to the direction

vt Propagation  of propagation of the wave.
,— Direction
—

Transverse wave: a wave in which the dis-
turbance is perpendicular to the direction
of propagation of the wave.

Longitudinal wave: a wave in which the

FIGURE 10.6: A Iongitudinal travelling wave. The blue disturbance is paralle] to the direction of

curve represents the wave at one instant of time, and the
red curve represents the wave at a later instant of time.

propagation of the wave.

Ripples on water and the vibrations of a string

are both examples of transverse waves. Sound
waves are the most common examples of longitudinal waves; the perturbations of a sound
wave are differences in air pressure. A longitudinal travelling wave is shown in Figure 10.6.
Earthquakes produce both transverse and longitudinal waves called seismic waves.

10-4 Electromagnetic Waves

As shown in Figure 10.3, Figure 10.4, and Figure 10.6 the perturbation associated with a
wave is a function of position and time. The relationship between the position and time
dependence of a wave is described by the linear wave equation (Equation 10-9).
2 2
a_f _ %a_zy (10-9)
ox~ v ot

In Equation 10-9, the variable y represents the magnitude (i.e, size) of the perturbation

associated with the wave as a function of the variables x (position) and t (time). A solu-
tion® to Equation 10-9 is

y =y, (10-10)

5 See Section C-15.
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Therefore, solutions to the wave equation for electricand magnetic waves (Equation 10-3
and Equation 10-4) are

E =F ei(kz—wz+¢0) B =B ei(kz—wr+¢0) (10_11)

x 0 y 0

The variables E; and B, in Equation 10-11 are the maximum magnitudes (ie., the
amplitudes) of the electric field and magnetic field, respectively. The term within the
parentheses is called the phase of the wave, and is usually denoted by ¢.

¢ =kz—wt+¢,

The variable ¢ in this equation is the phase constant® and depends upon the initial con-
ditions (position, e.g.) of the wave. By comparing Equation 10-4 with Equation 10-11,
we see that the speed of an electromagnetic wave is

1

V= 1

(1, 4.,

For electromagnetic waves propagating through vacuum, K, =1 and K, =1 The speed
of propagation for these waves is

1
V= - > v=3x 102

S
((1)(475 x 107 kgn)(l)(s.gs x 107" ch

This speed for the propagation of an electromagnetic wave in vacuum is denoted by the
variable c.

=
N————
[S]

c=3x100 2
S

Furthermore, substitution of Equation 10-11 into Equation 10-1 yields

a i( kz—t+¢, a i( kz—t+¢, .7 il kz—wt+¢, . i{ kz—wt+¢,
a—Z(Eoe( ! )):—E(Boe( )) - Eolke( ):Boza)e( )

6 Similar definitions of phase and phase constant were used in classical mechanics for describing simple
harmonic motion.
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I (10-12)
k B

0

Eok =Bow —

& |2

For electromagnetic waves propagating through vacuum we have

Lk, (10-13)

The ratio of the magnitude of the electric field to the magnitude of the magnetic field is
constant, at every instant, and is equal to the speed of the electromagnetic wave.

Example 10-2
Problem: An electromagnetic wave has a wavelength of 1 km and is propagat-
ing through vacuum. What are the wavenumber, frequency, and period of this
wave?

Solution: The wavenumber of the wave is determined using Equation 10-7.

21

= — 63x107°m™
1000 m

The frequency of the wave is calculated using Equation 10-5.

, 3x10° ™
f=x > fE s S f=3x10°Hz — f=300kHz
m

Finally, we can use Equation 10-6 to determine the period of the wave.

T:l—>T !

S pEwIT I — T=33x10°s — T=33us
X z

The electromagnetic wave is a transverse wave because the electric and magnetic fields
are oscillating perpendicular to the direction of propagation of the wave (See Figure
10.7). Since the electric and magnetic fields of the electromagnetic wave are oscillating
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in a plane (for the wave in Figure 10.7, this plane is the x-y plane) the electromagnetic
wave is also referred to as a plane wave.

.. II' s II' \

=

FIGURE 10.7: An electromagnetic wave propagating along the z-axis. The electric field
is oscillating along the x-axis and the magnetic is oscillating along the y-axis.

The electric and magnetic field components of the electromagnetic wave in

Figure 10.7 can be written as
F= [E ei(kz—am%) :I)e B= I:B ei(kz—wz+¢0) ]JA/
0 0

In Section 10-3, we described a wave as a disturbance that propagates and transmits
energy. But how exactly does an electromagnetic wave transmit energy between the two
wires in Figure 10.1?7 One way to think about is to assume that some of the energy sup-
plied to the lower wire to alternate the current’ is used to generate an electromagnetic
wave that then propagates from the lower wire to the upper wire. When this electro-
magnetic wave encounters the upper wire, the electric field of the electromagnetic wave
will generate a current in the upper wire. Since the electric field in the electromagnetic
wave is oscillating in time, the generated current will be an alternating current.

Another model for how the electromagnetic wave transmits energy is to say that the
electromagnetic wave itself stores energy. In Section 5-5, we argued that the separation
of net electric charge on the two plates of the capacitor resulted in the electric potential
energy of the capacitor. In other words, the work required to physically separate the

7 There must be an external EMF driving the AC current in this wire.
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electric charges (i.e., overcome the attractive force between them) resulted in the sys-
tem having electric potential energy®. We can equivalently express this energy in terms
of the electric field between the plates of the capacitor by combining Equation 5-5,
Equation 5-8, and Equation 7-4.

2
2 EAx € ke E*(Ad K e EV
©2C ¢ 5 Ak g, ¢ 2 ¢ 2
d

In this expression, the variable VVis the volume enclosed by the plates (i.e., the volume is
the product of the area and separation distance of the plates). Hence, the energy density
of the capacitor (the electric potential energy per unit volume) is

2 2

i: K& E o= K. E (10-14)

V 2 ¢ 2

We could therefore argue that the energy required to create the charge separation of
the capacitor is “stored” in the electric field that now exists between the two plates
of the capacitor. Indeed, we know that an electric field has the ability to do work on
objects with net electric charge. If such an object was put in between the plates of the
capacitor, it would feel an electric force (Equation 3-11) and experience an associated
acceleration. Hence, the object would gain kinetic energy from its interaction with

the electric field. This increase in the kinetic energy of the object would accompany a
decrease in the electric potential energy of the capacitor, since it would change the net
electric charge distribution of the system®. This decrease in the electric potential energy
of the system would result in a decrease in the magnitude of the electric field between
the plates of the capacitor. In this way, we could say that the electric field transferred
energy to the object.

Similarly, we can define a magnetic energy density for a solenoid/inductor using
Equation 5-10, Equation 6-15, and Equation 7-9.

2

1 1 1
U,==LI" - U, ==(xunV) > U = BV
"2 "2y K Un "o2K U,

— = ! B® > u = ! B’
Voo2x U, "2k U, (10-15)

8 Recall that we can directly relate work to potential energy for a conservative force.
9 The moving charge itself is part of the system, and by moving in-between the plates of the capacitor, the
distribution of the net electric charge for the entire system would change.
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The magnetic field can store magnetic potential energy through its associated magnetic
flux (Equation 6-14). This potential energy can be used to drive a current through the
creation of an induced EMF (Equation 6-4) if the associated magnetic flux changes.

Although Equation 10-14 and Equation 10-15 were derived for specific systems (a
capacitor and a solenoid/inductor), these equations are nevertheless universally valid
for all systems!’. Thus, we can describe the energy of an electromagnetic wave as being
stored in the oscillating electric and magnetic fields constituting the wave. The total
instantaneous energy density of the electromagnetic field is therefore

B K €,E* 1

total ~

BZ

u =u +u — u
total e m

+
2 ZKm'LLO

Substituting Equation 10-12 into this expression gives us

E ke E 1 (EY 1 1 ,
B=— —> u =4 — - U _5 Ke+——|E
\%

= + =
total total e 0 2
2 2K, 1, \ v K, MV
1 1 K UKE
VE—T—"7 — U =—|KE +m E2 — u =K8E2

1 total 2 e 0 K ‘lt total e 0

2 mi—0

(Km‘LLOKegO)

The instantaneous energy density of the electromagnetic wave is thus proportional to
the square of the electric field. We recall from classical mechanics that the energy of a
harmonic oscillator was proportional to the square of the amplitude of the oscillation. It
is therefore not surprising that the instantaneous energy density of an electromagnetic
wave, which consists of oscillating electric and magnetic fields, is proportional to the
square of the amplitude of these fields.

Since the electric field oscillates periodically, however, the average energy density is
a more useful quantity that the instantaneous energy density. Since the electric field is
oscillating sinusoidally, the average total energy density is'!

1
(M) = 5K EEs (10-16)

10 You should feel inspired to take advanced physics courses to learn why this is true.
11 Seethederivation of Equation 9-12 in Section C-11 to understand the origin of the one-halfin Equation
10-16.
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The variable E, in Equation 10-16 is the maximum magnitude of the electric field (see
Equation 10-11). In other words, E is the amplitude of the oscillation of the electric
field.

Example 10-3

Problem: The maximum magnitude of the electric field of an electromagnetic
wave propagating through vacuum is 600 N/C. What is the maximum magni-
tude of the magnetic field of this electromagnetic wave? What is the average
total energy density of this electromagnetic wave?

Solution: The maximum magnitude of the magnetic field is determined using
Equation 10-13.

600E
C

- BO—

3108 2
S

— B, =2x10°T — B, =2uT

The average total energy density is calculated using Equation 10-16.

2
(o) = %(1)(8-85 x 107" %J(mog) = (t,,),, =1.6%10° é

10-5 The Poynting Vector

The Poynting vector (Equation 10-17), named after John Henry Poynting, is the rate of
flow of electromagnetic energy per unit area for an electromagnetic wave'?. In other
words, it is a power flux and has the units W/m?.
- 1 - -
§=—'(ExB) (10-17)
Km‘LLO

12 See Section C-16 for the derivation of Equation 10-17.
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The direction of the Poynting vector is also the direction of propagation of the elec-
tromagnetic wave. It is important to note, however, that the Poynting vector is a valid
expression for energy flow for any distribution of electric and magnetic fields, not just
electromagnetic waves.

Example 10-4

Problem: An infinitely long wire of radius R carries a current I distributed uni-
formly throughout the wire. What is the Poynting vector at the surface of the wire?

Solution: Let’s define the z-axis to point in the direction of the current in the
wire. The magnetic field from such a wire was calculated in Section 4-5 and
Example 5-10. At the surface of the wire, this magnetic field is

Lo Iu ). - | 1R |, = (Ju,R).
B= s — B= 0 — B= 2
[m)q’ 2z | [ 2 )‘”

The electric field is determined from Ohm'’s law (Equation 7-13).

E:(é)

The Poynting vector can now be determined using Equation 10-17.

Ul - e

(5 )

The Poynting vector is thus perpendicular to the surface of the

wire and directed radially inward, as shown in Figure 10.8.
Hence, in order for the curren.t to remalrll constant, .there FIGURE 10.8: Direction of the

must be a steady flow of energy into the wire. The ultimate  gjectric field, magnetic field, and

source of this energy is an EMF, such as a battery. Poynting vector for an infinitely
long current-carrying wire.
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The average magnitude of the Poynting vector is called the wave intensity, denoted by I.
For a sinusoidally oscillating electromagnetic wave, we have

1( E,B 1 E 1
I=§ — I=—|—"22| - == 0 — I=—vk e E, (10-18)
e AR A 2\ k, U,y 2 ¢

Substituting Equation 10-14 into Equation 10-18 allows us to relate the wave intensity
to the average total energy density of the wave.

=S, =v(u,,) (10-19)

avg

The wave intensity is the product of the average total energy density and the speed of
the wave.

Example 10-5

Problem: The maximum magnitude of the electric field of an electromagnetic
wave propagating through vacuum is 600 N/C. What is the average intensity of
this electromagnetic wave?

Solution: The average intensity is determined using Equation 10-18.
1 1 m C? NY
I=—vkeE, — I=—|3x10"—=|(1)|8.85x10™"*— || 600—
2 ¢ 2 S Jm C

| =370-%
m

The integral of the Poynting vector over a surface is the power transmitted through that
surface by the electromagnetic wave.

P=[S-di (10-20)
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Example 10-6

Problem: The average intensity of the electromagnetic radiation from the Sun
on the surface of the Earth is 10° W/m? This radiation is incident upona 7 m X
14 m roof that is covered in solar panels. If the solar panels can convert 30%
of incident radiation into electric power, what is the average electric power
supplied by the solar cells while exposed to the sunlight?

Solution: The average power absorbed by the solar panels can be determined
using Equation 10-19 and Equation 10-20.

P=[Sedi —» P =S, [d4 > P =S 4 —> P =IA

avg avg avg

P = 10SE 7m)(14m) — P =98x10*'W
2 avg

avg m
The average electric power supplied by the solar cells is thus

(Prre),, =(98%10°W)(03) - (B,,.), =29%10'W

10-6 Polarization

The polarization of an electromagnetic wave is defined to be the direction of the oscil-
lation of the electric field of the wave.

Polarization: the direction of oscillations of a transverse wave. The polarization
of an electromagnetic wave is defined to be the direction of the oscillation of
the electric field of the wave.

For example, the polarization of the electromagnetic wave in Figure 10.7 is along the
x-axis. Furthermore, the electromagnetic wave in Figure 10.7 is said to be linearly
polarized (or plane polarized) since the polarization (i.e., the oscillations of the electric
field) are always along the same axis.

www.EngineeringBooksPDF.com



392

FIGURE 10.9: An electromagnetic wave with a

THE ENERGY OF PHYSICS, PART II: ELECTRICITY AND MAGNETISM

Linearly polarized: an electromagnetic wave is linearly polarized if the oscilla-
tions of the electric field are always along the same axis.

Most sources of electromagnetic waves found in nature are not polarized. This means
that the directions of electric field oscillations of the individual electromagnetic waves
produced by these sources are different from one another (but always perpendicular
to the direction of propagation of the associated wave). Such collections of electromag-
netic waves are commonly referred to as unpolarized electromagnetic waves*?.

A polarizer is a material that will absorb the energy of an electromagnetic wave if
the electric field has a specific polarization.

Polarizer: a material that absorbs the energy from an electromagnetic wave
with a specific polarization.

Polarizers are often constructed of long, linear chains of molecules aligned symmetri-
cally along a particular direction. If the electric field of the electromagnetic wave is
polarized (i.e, is oscillating) with the same orientation as these chains, then the electric
field can accelerate the electrons in these molecules to move along the chains. In this
way, some of the energy of the electromagnetic wave is transferred to the kinetic and
potential energies of the electrons in the polarizer.
If, however, the electric field of the electromagnetic
wave is not oriented in the direction of these chains,
little energy will be absorbed by the polarizer.
Since the polarizer works by absorbing energy
from the electromagnetic wave, the intensity of an
electromagnetic wave must be reduced by passing
through a polarizer (Equation 10-19). The absorp-
tion and transmission axes of a polarizer are the
axes along which the polarizer will have maximum
and minimum, respectively, absorption of incident
electric fields (see Figure 10.9); the polarization and
transmission axes are perpendicular to each other.
As shown in Figure 10.9, the component of the
incident electric field parallel to the absorption

polarization at an angle @ with the transmission axis XIS of the polarizer will be absorbed. The com-
of the polarizer. Only a component of the incident  ponent of the incident electric field parallel to the

electric field will pass through the polarizer.

transmission axis will pass through the polarizer

13 We'll learn in Chapter 11 that this is also called unpolarized light.
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unabsorbed. Thus, if the incident polarization of the electromagnetic wave is at an angle
0 with respect to the transmission axis of the polarizer, the component of the electric
field that passes through the polarizer unabsorbed (i.e., the component of the electric
field transmitted through the polarizer) is

=E,cos6 — E = E cos6

unabsorbed transmitted

Therefore, using Equation 10-18, we find that the intensity of the electromagnetic wave
passing through the polarizer (which is also referred to as the transmitted intensity) is

— 2 -
transmitted ]0 cos 0 (10 21)
The variable I in Equation 10-21 denotes the incident intensity of the electromagnetic
wave. Equation 10-21 is known as the law of Malus, named after Etienne-Louis Malus.

Example 10-7

Problem: A linearly polarized electromagnetic wave is incident on a polarizer
whose transmission axis is at 45° with respect to its polarization. The transmit-
ted light then passes through a second polarizer whose transmission axis is
at 45° with respect to the transmission axis of the first polarizer, as shown in
Figure 10.10.

Incident
Polarization

- ﬁ Intensity |,
. b Intensity |,
Intensity |,

~~—ao

<<F:;;ﬂ--'-i?>
-~

-
~~3

Transmitted
Polarization

FIGURE 10.10: The combination of polarizers in Example 10-6.
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What is the intensity of the electromagnetic wave transmitted through the
second polarizer?

Solution: The intensity of the transmitted electromagnetic wave through the
first polarizer, which we can denote as [, is determined using Equation 10-21.

I1=I0|:cos(45°):|2 - Izll

1 2 0

This intensity is then incident on the second polarizer. The polarization of this
electromagnetic wave is the same as the transmission axis of the first polarizer,
and thus is at 45° with respect to the transmission axis of the second polarizer.
The intensity of the transmitted electromagnetic wave through the second
polarizer, which we can denote as ,, is determined using Equation 10-21.

1,=1[cos(45°)] - L=l = =g,

25% of the intensity incident on the first polarizer. The polarization of this
transmitted light is rotated 90° from the polarization of the incident light.

10-7 Interference and Standing Waves

When two (or more) waves are simultaneously present at a single location, the resultant
wave is the sum of the two waves. This is known as the principle of superposition.

Principle of superposition: When two (or more) waves are simultaneously pres-
ent at a single location, the resultant wave is the sum of the two waves.

We call this process of combining waves interference and the waves are said to interfere.

Interference: the process of combining two or more waves to create a resultant
wave.
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Constructive interference: the interference of two or more waves which differ in
phase by an integer multiple of 2. The amplitude of the resultant wave is the
sum of the amplitudes of the individual waves (Figure 10.11).

Destructive interference: the interference of two or more waves which differ in
phase by an integer multiple of ;7. The amplitude of the resultant wave is zero
(Figure 10.11).

Wave 1
Wave 1

Wave 2

Resultant A A A Resultant
Wave

Constructive Interference Destructive Interference

Wave 2

FIGURE 10.11: Constructive and destructive interference of two waves.

Let’s consider the superposition of two electromagnetic waves with the same angular
frequency travelling in opposite directions. Let’s denote the electric and magnetic fields
of these waves using the subscripts 1 and 2. For further simplicity, let's assume that the
phase constant is zero.

The resultant wave, which we will denote using the subscript 3, is thus

E3 _ [( Eo)1 ei(kz—wt) + (Eo )2 ei(kz+a)t) ])2 Es _ [(Bo )1 ei(kz—a)t) + (Bo )2 ei(kz+wt) :I)A}

Let's now just consider the real part of these fields and use a trigonometric identity
(Equation A-1) to simplify our expression. After combining similar terms, we have

E3 = [cos(kz)cos(a)t)((Eo)1 +(E0)2)+ sin(kz)sin(a)t)((EO)2 —(Eo)l)])E
B3 = [cos(kz)cos(cot)((BO)1 + (Bo)Z)JF sin(/’cz)sin(a)t)((BO)2 - (BO)I)])?
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The resultant wave is no longer a travelling wave, since the kz and wt terms have now
been separated from each other. This wave is referred to as a standing wave.

Standing wave: a periodic continuous wave that is stationary. Each portion of a
standing wave oscillates with constant amplitude.

Let’s consider the specific case when the amplitudes of the electric and magnetic fields

of the two original waves are equal.

FIGURE 10.12: The electric field of a standing electromag-
netic wave as a function of position along the z-axis. The
different color traces refer to the magnitude of the x-axis
component of the electric field at different times.

E = [Z(EO )1 cos(kz)cos(wt)];?

B. = [2(80 )1 COS(kZ)COS(wt)]j’

A plot of x-axis component of this electric field,
at several time points, as a function of position
along the z-axis is shown in Figure 10.12.

As shown in Figure 10.12, there are posi-
tions along the z-axis for which the magnitude
of the electric field is always zero. These points
are called nodes.

Node: a position along a standing wave
where the wave has minimum amplitude.
This corresponds to a position of destruc-
tive interference.

There are also positions the z-axis for which
the magnitude of the electric field experiences
the largest fluctuations. These points are
called antinodes.

Antinode: a position along a standing wave where the wave has maximum
amplitude. This corresponds to a position of constructive interference.

The separation distance between adjacent nodes (or antinodes) is determined from the

wavenumber of the standing wave.

cos(kz)zO - k=1 >

2wz

A
=T - z=—
2
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Each node (or antinode) is thus separated by a distance equal to one-half the wave-
length of the standing wave.

Example 10-8

Problem: An electromagnetic standing wave in vacuum has a frequency of
100 MHz. What is the distance between adjacent antinodes of this standing wave?

Solution: The spacing between antinodes is determined by the wavelength of
the standing wave.

A ey | 3x10t 2
Ae== > NA=—|—| 5 A=—|—72—| 5> Az=15m
2 2| 100 x 10°Hz

Now let's calculate the superposition of two electromagnetic waves with the differ-
ent angular frequencies travelling in the same direction. Let’s denote the electric and
magnetic fields of these waves using the subscripts 1 and 2. As before, for the sake of
simplicity let’s assume that the phase constant is zero. We will further assume that the
magnitudes of the electric and magnetic fields of the two waves are the same.

Let’s now just consider the real part of these fields and use a trigonometric identity
(Equation A-5) to simplify our expression.
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(kl—kz)z—(a)l—a)z)t (k1+k2)z—(wl+a)2)t

=

E = 2(E0)cos

3

COoS

2 2

We can define the average wavenumber and average angular frequency to be

:k1+k2 _0+0o,

avg

(0]
2 o8 2

and the modulation wavenumber and modulation angular frequency to be

k

m

:kl_kz _0 -0,

(0]
2 " 2

With these definitions, the equation for the resultant electric field is

3

E = [2 (Eo)cos(kmz - wmt)cos (kavgz - a)avgt):l)?

This resultant wave can be regarded as a travelling wave of angular frequency O that
has a time-varying (or modulated) amplitude.

3

(E.).

AL

L}
L]

FIGURE 10.13: The electric field of the resultant
electromagnetic wave from the addition of two
electromagnetic waves with nearly equal angular
frequencies. The dashed red line indicates the
modulated amplitude of the oscillations of the resul-
tant electric field.

E = I:Acos(kavgz - wavgt):l)? A= 2(E0)cos(kmz - wmt)

When the angular frequencies are very close to each
other, Wy == O and the modulated amplitude
changes slowly, as shown in Figure 10.13.

The intensity of the resultant electromagnetic
wave is proportional to the amplitude of the wave
(Equation 10-18)“.

1+ cos(2kmz - 20)mt)
2

Izcosz(kmz—a)mt) > 1=

The intensity thus oscillates at an angular frequency
2w orw, — w,, which is known as the beat angular
frequency; the beat frequency is the difference in
the frequencies of oscillation of the two waves.

14 This expression is simplified using Equation A-4.
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Example 10-9

Problem: Two electromagnetic waves with angular frequencies of 1220 kHz
and 1200 kHz interfere with each other to form a modulated electromagnetic

wave. What is the beat frequency of this modulated wave?

Solution: The beat frequency is simply the difference in the two frequencies.

f,. =1220kHz—1200kHz — f, =20kHz

The rate at which the beats move is known as the group velocity, and is denoted by v,

@
v =—" — vy =
¢k, £ k-k

When the difference in the angular frequencies is small, the group velocity is approxi-

mately equal to

dw
v o=—
& dk
Therefore, from Equation 10-8, we have
d
v =yt ke
& dk

(10-22)

If the speed of the wave is independent of the wavenumber of the wave, then the group

velocity is equal to the wave speed.

Finally, let’s calculate the superposition of two linearly polarized electromagnetic
waves travelling in the same direction with the same angular frequency. The first elec-
tromagnetic wave is polarized along the x-axis, and the second electromagnetic wave is

polarized along the y-axis.
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The electric field of the resultant wave, which we will denote using the subscript 3, is

E = [(E0 ) (e"(’”‘“”“%)l) )x +(E,), (e"("z“"”("’“z) ) y]

Let’s rewrite this expression in terms of the difference in the phase constants of the two
waves.

Ap= (¢0 )z B (¢0 )1 — E3 - I:(Eo )1 X+ ((Eo )2 €iA¢)JA/j|ei(kz_wt+(¢°)‘)

The resultant electromagnetic wave is thus linearly polarized as long as A¢ is an integer
multiple of 7. However, if the two electromagnetic waves are out of phase by 7/2 (i.e,
when A¢ =7/2) the electric field of the resultant electromagnetic wave is

Bi= (8 3+{ (8,5 s o

The real part of this electric field is thus

B =[((5,) cos(ke—or+(g,) )£ ((E,), sin ke -1 +(4,),) 7]

The resultant wave is no longer linearly polarized since the electric field is rotating in
the x-y plane with an angular frequency w. We describe this electromagnetic wave as
being elliptically polarized.

Elliptically polarized: an electromagnetic wave is elliptically polarized if the
electric field vector rotates and changes in magnitude as the electromagnetic
wave propagates.

A special type of elliptical polarization called circular polarization occurs when the
magnitudes of the electric fields of the two combined electromagnetic waves are equal.

Circularly polarized: an electromagnetic wave is circularly polarized if the

electric field vector rotates, but maintains a constant magnitude as the electro-
magnetic wave propagates.
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In this case, the electric field of the resultant electromagnetic wave is

(EO)1 = (E0)2 =E, - E3 =E, [(cos(kz—wt+(¢0)1))ii(sin(kz—wt+(¢0)l))j/:|

The electric field corresponding to the positive sign in this equation is said to be right-
circularly polarized. Similarly, the electric field corresponding to the negative sign in
this equation is said to be left-circularly polarized. The rotation of the electric field in a
right-circularly polarized electromagnetic wave is shown in Figure 10.14.

FIGURE 10.14: A right-circularly polarized electromagnetic wave.

Several 3D movies rely upon circularly polarized light to produce stereoscopic images.
The 3D glasses contain a right-circularly polarized filter in one lens and a left-circularly
polarized filter in the other lens. An advantage of using circularly polarized light over
linearly polarized light is that audience members can tilt and turn their heads without
affecting the 3D effect.

10-8 Antennae and Radiation

In Section 9-6, we showed that a small loop of current will dissipate energy through a
non-resistive mechanism. Rather than dissipating energy as heat, as a resistor does, the
loop of current dissipates energy in the form of electromagnetic radiation. We refer to
the loop of wire carrying the current as an antenna.
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Antenna: an electrical device which can convert electric power into electro-
magnetic waves, and can convert electromagnetic waves into electric power.

In Example 9-12, we showed that the power dissipated was a function of the frequency
of the oscillations of the current. Thus, the ability of the loop antenna to generate an
electromagnetic wave (or convert an electromagnetic wave into electrical power)
depends upon the frequency or wavelength of electromagnetic wave. Indeed, substitu-
tion of Equation 10-7 and Equation 10-8 into Equation 9-19 gives us

4 2
27 u A (2rc ustic( A
w=— —> R =L—|—| -5 R _~—"—|—=
rad 67TC3 ( l ] rad 3 /12

(4;: X 10‘7kgm]8n3(3 x 108 2

C’ s) 4Y
Rmd = 3 ?

R, =(3.1x 1049)(1) (10-23)

Example 10-10

Problem: What is the value of R_, for a circular loop antenna with a circumfer-
ence equal to one-fourth the wavelength of the electromagnetic wave?

Solution: We can determine the area from the circumference. If we denote the
radius of the loop as R, we have

2 2
27rR=& - R:i - A=r i N A:’l_
4 87 87 6471

Substitution into Equation 10-23 gives us

2

2/2
=(31x10'Q)| &L - R =0770
ﬂ/ ra

rad
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Another common antenna is the short dipole antenna, shown in Figure 10.15.

AC
Circuit

+q
o

A

o 4
-0

FIGURE 10.15: A linear dipole antenna can be modeled as an electric dipole and an

alternating current.

As shown in Figure 10.15, we can model the short dipole antenna as an electric di-
pole with an alternating current flowing between the separated electric charges; the

magnitude (and sign) of the electric charges will also vary in time. Let's determine the

magnitude of the electric and magnetic fields at a posi-
tion P, as shown in Figure 10.16

We begin by recognizing that we must use retarded
time (Section 9-6) for all of our calculations. Thus, we
can express the electric charges in the electric dipole
in Figure 10.16 as

r I,
iw| t—4 iw| -2
_ c C

q9=4,¢ —q4="9°

We can also relate these electric charges to the electric
current in Figure 10.15 using Equation 4-4.

I= Ioeiw[t_zj —> gq= J‘]oeiw([_EJ dt — q= iI_;)eiw[t_g)

FIGURE 10.16: Determining the electric
and magnetic fields from a linear
dipole antenna.
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The electric potential for the electric dipole is thus®®

. IO ei(a}t—krA) ~ ei(a)t—krB)
¢ iwdre, r r

Under conditions that r >> [ and A >> [, we have'®

. Iolei(w—kr) cosf (l+ c 2)
47[800 r o ior

. ‘U.Ololei(wt_kr) ) ' .
vV, = T [(cos@)r—(sm@)@]

The real parts of the corresponding electric and magnetic fields are?’

+
cr? or’

r

277:80

£ [Olcose|:cos(a)t—kr) sin(a)t—kr)]

6
Czl” CI"2 C!)I"3

£ - 1,/sin6 [_ a)sin(cot— kr) N cos(a)t— kr) N sin(a)t— kr):l
4re,

B
¢ 4

7”2 cr

B uololsine{cos(wt— kr) a)sin(a)t— kr)]

15 We will assume that the dipole is radiating into vacuum.
16 See Section C-17.
17 See Section C-17.
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Let’s now examine these fields until two different limiting cases. First, when the dis-
tance ris small (but still greater than /), these fields are approximately

£ I,lcos6 Fsin(a)t—kr)—

3

" 2me, or

P 1,/sin@ —sin(a)t—kr)

° Are, wr’
5 - Holylsin® cos(wt — kr)
¢ 4r r

The Poynting vector for these fields is found using Equation 10-17.

2 . .
s:{;_l} sin(a)t—kr)cos(a)t—kr){[—smecose)(fxq”))+ sin’ 0 (éxqﬁ)}

T 3e,0r° 4e 1

<[ 24| snlor- o1 #2000 )6 2

5
3£Oa)r

We can now simplify this expression using trigonometric identities (Equation A-1,
Equation A-2, Equation A-3, and Equation A-5). After grouping the similar terms
together, we have

5= 4]l S ). 0 |

3e,0r° 4oe 1

The Poynting vector thus forms a standing wave (Section 10-7). As expected, the aver-
age Poynting vector is zero.
S =0
avg
No energy is radiated away from the dipole in the region close to the linear dipole
antenna. This region is referred to as the near field (Figure 10.17), and energy flow is
described as being reactive. In the near field, any energy placed into the electromag-
netic fields (ie, into the electromagnetic waves) by the current of the linear dipole

antenna is taken back by the antenna during the subsequent cycle of oscillation of the
current. Thus, when averaged over many cycles of oscillation, no energy is radiated in
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this region. This is similar to the behavior of an AC circuit containing no resistors. The
energy placed into a capacitor or an inductor in an AC circuit is always returned to the
EMF, resulting in no average power being supplied by the EMF to the circuit.

Mear Field Far Field

7y

P
AC - ,
Circuit
) —)
\ \\:H'"“‘H
Reactive Flow Radiative Flow

FIGURE 10.17: The flow of energy (red arrows) in the near-field and far-field of a linear
dipole antenna.

When the distance r is large, the real parts of the electric and magnetic fields of the
linear dipole antenna are

E ~0

r

o _ Lisin [_ wsin(or - kr):|

0 47t80 c’r

5 _ Ml lsin6( _@sin(or—kr)
° 4n cr

Thus, in this region, referred to as the far field, the Poynting vector is

S Iolsine[_wsin(i)t—kr)] Iolsine(_wsin(wt—kr)] [éxgb]
4ne, cr ar cr
. . 2 A~
5 Iolsmea)sm(a)t—kr) 7
dxre E,C
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Since the Poynting vector in the far field is a travelling wave, energy will be dissipated
by the linear dipole antenna in this region. The average Poynting vector in the far field is

272 2.2 2
S M 7 (10-24)
avg 328 71.2 2 3

In the far field, the pattern of radiated energy is symmetric with respect to the ¢-axis.
The intensity of this radiation is maximum when 6 = 90° (perpendicular to the longitu-
dinal axis of the antenna), minimum when 8 = 0° or 180° (parallel to the longitudinal
axis of the antenna).

Example 10-11
Problem: What is the radiative resistance of a linear dipole antenna?

Solution: The average radiative power is determined using Equation 10-20.
The integral in this equation is over a spherical shell with radius r. In other
words, the radiative power is the integral of the Poynting vector over the sur-
face area of a spherical shell surrounding the antenna.

o - 2 P sin’ 00 |,
P =[S, +di > P = ”[ seare || sin0 do d¢
]2[2a)2 2n w 12 20)2 r
= stm 0dody — P —Oij‘sm 0do
T 32gmc 5y ™ 16g, e
f I’Pw? I* Pw?
Jshfedezi - P, =—"—% > P =-—
avg 128071-6' avg 6807'[6’

The radiative resistance can then be calculated using Equation 9-20.

P
P PR

6807rc3

rms
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The substitution of Equation 10-7 and Equation 10-8 into the solution for Example 10-10
gives us

27e P (2mcY o \( 1Y
w=—— — R = — - R _=—1 =
A o 6g,mc? ( A ) rad ( 3¢,c J( A )

2
RS e [
2 CJ(3x1ogm)

rad
3(8.85 x 107"
Jm

R, =(789 Q)(i) (10-25)

Example 10-12

Problem: What is the radiative resistance of a linear dipole antenna with a
length equal to 1/10 the wavelength of the emitted electromagnetic radiation?
What rms current would be required to radiate an average power of 103 W?

Solution: The radiative resistance is determined using Equation 10-25.

1

R, =(789Q) % — R_,=7.89Q

ra

The amplitude of the oscillating current required for this average power can be
determined using Equation 9-20.

I =113A

(P..) : [1ooow];
—= > [ =

7.89Q

rad
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An antenna can receive as well as transmit radiation. It is simplest to model a
receiving antenna as an equivalent surface area over which it extracts energy from a
passing electromagnetic wave. This absorbed energy creates an EMF in the antenna
that drives a current in the rest of the electric circuit attached to the antenna. For a
linear dipole antenna, this EMF results from the oscillations of the electric field of
the incident electromagnetic along the length of the antenna (Equation 6-9). For a
circular loop antenna, the EMF results from the change in magnetic flux through the
loop associated with the oscillating magnetic field of the incident electromagnetic
wave (Equation 6-11).

The effective surface area for the absorption of energy by an antenna can be
expressed using Equation 9-20 and Equation 10-20.

R
_ “rms” rad -
A, =i (10-26)

avg

The rms current in Equation 20-26 is generated from the energy absorbed by the
antenna. This current can also be expressed in terms of the effective EMF cre-
ated in the antenna by absorbing energy from the electromagnetic wave. The
impedance in this case would be the sum of the impedance of the antenna and
the impedance of the load of the rest of the electric circuit that is in series with the
antenna.

2
£eﬂ Rrad

A, 7
(Z +Z ) S
antenna load avg

By analogy to the solution to Example 8-5, we know that the maximum power will be
transferred to the load when the impedance of the load is equal to the impedance of
the antenna. In other words, the maximum power is transferred to the load when the
resistance of the load is equal to the radiative resistance. In this situation, the equation
for the maximum effective area becomes

ER. &
(AEﬂ )max =2( R +ﬂRra:)2 Savg ” (Aeﬁ )max i m (10-27)

rad
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Example 10-13

Problem: What is the maximum effective area for a short dipole antenna?
Assume that the dipole is in a vacuum.

Solution: The effective EMF is a maximum when the short dipole is aligned
parallel to the electric field of the incident electromagnetic wave. We can deter-
mine the magnitude of this EMF using Equation 3-10 and Equation 6-10.

Eeﬁ. =E/
In this equation, the variable / is the length of the dipole antenna and the variable

E, is the magnitude of the electric field of the incident electromagnetic wave. The
average Poynting vector is calculated using Equation 10-13 and Equation 10-1718,

1 1 E E2
S..=+(E,B S, =—| E,| = Spe ==
avg 2!“0( 0 0) - avg 2:”0( 0( C ]} - avg Z,UOC

Substitution into Equation 10-27 gives us

E | 4

Simplifying this expression using Equation 10-7 and Equation 10-8 then yields

(4,), =S () =2

2 2
4(7%)
A

We see from the solution to Example 10-13 that a linear dipole antenna can absorb
power over an effective surface area proportional to A2, regardless of the length of the
antenna.

18 Recall from Section 10-4 that E is perpendicular to B for an electromagnetic wave.
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CHAPTER 10: ELECTROMAGNETIC WAVES
Summary
Wave: a disturbance that propagates and transmits energy. This transfer of energy
occurs without an accompanying transfer of matter.

Travelling wave: a periodic continuous wave that moves at constant speed.

Standing wave: a periodic continuous wave that is stationary. Each portion of a
standing wave oscillates with constant amplitude.

Node: a position along a standing wave where the wave has minimum amplitude.

Antinode: a position along a standing wave where the wave has maximum
amplitude.

Transverse wave: a wave in which the disturbance is perpendicular to the direc-
tion of propagation of the wave.

Longitudinal wave: a wave in which the disturbance is parallel to the direction of
propagation of the wave.

Polarization: the direction of oscillations of a transverse wave. The polarization
of an electromagnetic wave is defined to be the direction of the oscillation of the
electric field of the wave.

Linearly polarized: an electromagnetic wave is linearly polarized if the oscilla-
tions of the electric field are always along the same axis.

Elliptically polarized: an electromagnetic wave is elliptically polarized if the
electric field vector rotates and changes in magnitude as the electromagnetic wave
propagates.

Circularly polarized: an electromagnetic wave is circularly polarized if the
electric field vector rotates, but maintains a constant magnitude, as the electro-

magnetic wave propagates.

Polarizer: a material that absorbs the energy from an electromagnetic wave with
a specific polarization.
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e The product of the wavelength and frequency of a wave is the speed of the wave.

Af=v

The frequency of the wave is the inverse of the period of the wave

1
/= T
The wavenumber of a wave is defined to be

_2r
p)

Thus, the speed of a wave can be written as

k

0]
y=—
k
e The one-dimensional wave equation is

Oy_109y

ox> v’ or
A common solution to this equation is

i(ke—at)

y=MXe

e The one-dimensional wave equations for the electric and magnetic fields of an
electromagnetic wave are

0’E, ’E.
aZZ = Km‘uOKeeo at2
d0*B d0’B

y:

0z’

Yy
Km“OKeEO 812
Common solutions to these equations are

Ex _E ei(kz—wt+¢o) B =B ei(szwt-*—q)o)

0 v 0
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The quantity in parentheses in these equations is the phase of the wave, denoted
by ¢, and the constant ¢, is the phase constant. The speed of an electromagnetic
wave is

1

V= I

(’('rrl‘l'lol(e((_“‘O)2
The speed of an electromagnetic wave in vacuum is denoted by the variable c.

1
c= 1
(e, )?

The average total energy density of an electromagnetic wave is

1 2
(”mm/ )avg = By K€L,

The Poynting vector is the rate of flow of electromagnetic energy per unit area for
an electromagnetic wave; it has the units W/m?2.

. 1 - -
S=—(ExB
,(muo(X)

The direction of the Poynting vector is the direction of propagation of the elec-
tromagnetic wave. The integral of the Poynting vector over a surface area is the
power transmitted through that surface by the electromagnetic wave.

szgwﬁ

Wave intensity: the average magnitude of the Poynting vector. The wave intensity
is denoted by the variable I, and for a sinusoidally oscillating electromagnetic is

I=S - [:lwceoEO2
avg 2 e

www.EngineeringBooksPDF.com

413



414

THE ENERGY OF PHYSICS, PART II: ELECTRICITY AND MAGNETISM

The wave intensity is also the product of the average total energy density and the
speed of the wave.
=S

avg =V (utotal )avg

The intensity of the electromagnetic wave passing through a linear polarizer is

_ 2
transmitted IO cos 9

This equation is also known as law of Malus.

Principle of superposition: when two (or more) waves are simultaneously pres-
ent at a single location, the resultant wave is the sum of the two waves.

Interference: the process of combining two or more waves to create a resultant
wave.

Constructive interference: the interference of two or more waves which differ in
phase by an integer multiple of 2. The amplitude of the resultant wave is the sum

of the amplitudes of the individual waves.

Destructive interference: the interference of two or more waves which differ in
phase by an integer multiple of ;7. The amplitude of the resultant wave is zero.

Antenna: an electrical device which can convert electric power into electromag-
netic waves, and can convert electromagnetic waves into electric power.

The radiative resistance of a circular loop antenna with cross-sectional area 4 is

R, z(3.1x1049)(%)2

The radiative resistance of a linear dipole antenna with length / is

Ro=(wa) 1]
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The effective area of an antenna for absorbing electromagnetic radiation is

2
rms”__rad

Ae_ff_ S

avg

The maximum effective area of an antenna for absorbing electromagnetic
radiation is

2

o) =12 5

rad ™~ avg

Problems

Show that the following equation is a solution to the linear wave equation:

5

What is the speed of this wave?

A wave has a wavelength of 5 m and a speed of 10 m/s. What is the period of this
wave? What is the wavenumber of this wave? What is the angular frequency of this
wave?

A wave has a frequency of 60 Hz and a speed of 240 m/s. What is the period of this
wave? What is the wavenumber of this wave? What is the wavelength of this wave?

What are the wavelength and wavenumber of an electromagnetic wave whose
frequency is 60 Hz?

The maximum magnitude of the magnetic field of an electromagnetic wave is 9 uT.
What is the maximum magnitude of the electric field of this electromagnetic wave?
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What is the average total energy density of this electromagnetic wave? What is the
wave intensity of this electromagnetic wave?

Alinearly polarized electromagnetic wave is incident on a polarizer whose transmis-
sion axis is at 30° with respect to its polarization. The transmitted light then passes
through a second polarizer whose transmission axis is at 30° with respect to the
transmission axis of the first polarizer. Finally, the transmitted light passes through
a third polarizer whose transmission axis is at 30° with respect to the transmis-
sion axis of the second polarizer. What is the intensity of the electromagnetic wave
transmitted through the third polarizer?

A linearly polarized electromagnetic wave is incident on a polarizer whose trans-
mission axis is at 18° with respect to its polarization. The transmitted light then
passes through 4 additional polarizers, each of which has a transmission axis at 18°
with respect to the preceding polarizer. What is the intensity of the light passing
through the final polarizer?

An electromagnetic standing wave has a frequency of 1200 kHz. What is the distance
between adjacent antinodes of this standing wave?

A 5 cm linear dipole antenna is absorbing power from electromagnetic radiation
with a frequency of 2 GHz. What incident radiation is required for an rms current of
1 mA to be generated in the electric circuit connected to the antenna? Assume that
the antenna is in vacuum and absorbing power with its maximum effective area.

What is the maximum effective area for a circular loop antenna? Assume that that
the antenna is in a vacuum. What is maximum effective area for an antenna consist-
ing of N circular loops of wire?
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CHAPTER

Geometric Optics

11-1 Introduction

In Chapter 10, welearned how to describe electromagnetic
waves, including how fast they move and how they
transmitenergy. We now turn our attention to interactions
of electromagnetic waves with material, especially the
simple interactions that constitute geometrical optics. In
geometrical optics, the wave nature of electromagnetic
waves is ignored for the sake of mathematical simplicity.
In Chapter 12, we will discuss how the wave nature
of electromagnetic waves manifests itself in other
interactions.

417
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11-2 The Electromagnetic Spectrum

The range of all possible wavelengths/frequencies for electromagnetic waves is called
the electromagnetic spectrum (Figure 11.1).

Electromagnetic spectrum: the range of all possible wavelengths/frequencies
for electromagnetic waves.

Some electromagnetic waves with relatively large wavelengths are used for commu-
nication (radio waves, TV waves, microwaves), whereas electromagnetic waves with
short wavelengths, such as x-rays, have applications in medicine.

100 102 104 106 108 10710 1012 1014
A (m s+ttt
0 ” %
I ) 1 1 [ T | 1 >
z 1 e % I g 11 % I o I 0 I §
SLE LSz oarEr g g e
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11
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VRN
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Red Green Blue Violet
700 nm 510 nm 475 nm 400 nm

Visible Light

FIGURE 11.1: The electromagnetic spectrum.

The electromagnetic spectrum also includes visible light (wavelengths between 400 nm
and 700 nm), which will be the focus of much of the discussion in Chapter 11 and
Chapter 12. While we are very familiar and comfortable with the concept of color, we
should remember that color itself is not an intrinsic property of visible light, but rather
a perception of the wavelength of light according to our eyes and brain. For example,
what we perceive as white light is a mixture of all colors of visible light together.
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In our discussion of geometric optics, we will use a ray model of electromagnetic
waves, in which we define a ray as a line in the direction of the Poynting vector of the
electromagnetic wave. The ray is thus perpendicular to the plane of polarization® of the
electromagnetic wave.

Ray model: an idealized model of electromagnetic waves in which each wave is
represented by a ray that points in the direction of energy flow for that wave.

Electromagnetic rays travel in straight lines within the same material (vacuum, glass,
etc.). A ray diagram is a pictorial representation of the propagation of electromagnetic

waves.

Ray diagram: a pictorial representation of the propagation of electromagnetic
waves. The process of making a ray diagram is called ray tracing.

For systems containing many electromagnetic waves, however, we will represent only a
subset of the waves as rays in the ray diagram.

11-3 Index of Refraction and Dispersion

The speed of an electromagnetic wave is determined by the permittivity and perme-
ability of the medium through which the wave travels as shown in Section 10-4.

V= ! 1
(1, .,
This equation can be rewritten as
1 c c
V= ; - VE——— D V== (11-1)
(e, ) (158, ) (e, ) !

The variable n in equation 11-1 is called the index of refraction of the medium and
depends upon the material properties of the medium.

n:(K Ke)5

1 See Section 10-6
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Since Kk, 21and ‘Km| =1, the index of refraction is always greater than or equal to one?.
n=zl —» v<ec

Furthermore, since ‘Km| =~ 1 ,the index of refraction can be approximately written exclu-
sively in terms of the dielectric constant.

2 (11-2)

The index of refraction also depends upon the wavelength/frequency of the electro-
magnetic wave. Specifically, the index of refraction increases as the frequency of the
electromagnetic wave decreases. Thus, the index of refraction increases as the wave-
length of the electromagnetic wave increases. This behavior is called dispersion.

Dispersion: the dependence of the index of refraction on the wavelength of the
electromagnetic wave.

When an electromagnetic wave moves between media with different indices of refrac-
tion, the speed of the wave changes (Equation 11-1). The frequency of the wave remains
the same due to continuity requirements of the electric field at the boundary between
the two media®. Therefore, we see from Equation 10-5 and Equation 10-7 that the
wavelength and wavenumber of an electromagnetic wave change as the wave moves
between media with different indices of refraction (Figure 11.2).

n,>n;

n | n

A

FIGURE 11.2: The wavelength of an electromagnetic wave depends upon the index of refraction of the medium
in which the wave propagates.

2 The index of refraction of vacuum is equal to 1.
3 You should feel inspired to take an advanced course in electricity and magnetism to learn more about
these requirements.
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Combining Equation 10-5 and Equation 11-1 gives us

c

=s

For the electromagnetic wave in Figure 11.3, we have

f=c - An =

C
nl 11 f

A

1

1r=5 An =S
Zf nz - 2n2 f

Because the frequency of the electromagnetic wave is the same in both media, we have

l] r]] = 2’2 n2

The wavelength (2 ) and wavenumber (k) of an electromagnetic wave in a medium
with index of refraction n are therefore

A
n " (11-3)

The variables A and k in Equation 11-3 are the wavelength and wavenumber, respec-
tively, of the electromagnetic wave in vacuum (n = 1). Since the index of refraction of
any medium is greater than or equal to 1, the wavelength of an electromagnetic wave is
always less than or equal to its value in vacuum.

11-4 Reflection and Refraction

When an electromagnetic wave encounters a change in index of refraction (when light
passes between vacuum and air, e.g.) some of the energy of the incident electromagnetic
wave will pass through the boundary (i.e., the wave will be transmitted through the
boundary, but at a lower intensity) and some of the energy of the incident electromag-
netic wave will reflect off the boundary (as a separate electromagnetic wave). Since
the index of refraction is different on the two sides of the boundary, the speeds of the
incident and transmitted wave will not be the same. This difference in speeds causes the
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422 THE ENERGY OF PHYSICS, PART II: ELECTRICITY AND MAGNETISM

electromagnetic wave to change direction as it crosses the boundary*. The changing of
the direction of an electromagnetic wave moving from one medium to another is called
refraction.

Refraction: the change in the direction of an electromagnetic wave as it moves
from a medium with one index of refraction to a medium with a different index
of refraction.

We can use the ray diagram in Figure 11.3 to demonstrate the change in the direction
of the electromagnetic wave following refraction. The dashed line in Figure 11.3 is
perpendicular to the boundary and is commonly referred to as the normal axis for the
boundary. The angle of incidence (6, in Figure 11.3) and the angle of refraction (6, in
Figure 11.3) are both measured with respect to the normal axis.

n,=>n, n,<n,
Incident Incident
Ray 1 Ray :
I
! I
04 9,1\:
f\: | )
n, .
I
[ n; I n,
! I
I I
|9 I 92
! Refracted ' RefFI;acted
Ray ay

FIGURE 11.3: The angle of refraction (6,) depends upon the angle of incidence (6,), as well as the
indices of refraction on both sides of the boundary. The dashed line is perpendicular to the bound-
ary, and is therefore called the normal axis.

These two angles are related by the indices of refraction n, and n,, according to Snell’s
law (Equation 11-4).

n sin@ =n, sin6, (11-4)

4 We'll discuss this in Section 12-2.
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When a ray is transmitted into a material with a higher index of refraction, it bends
toward the normal. In contrast, when a ray is transmitted into a material with a lower
index of refraction, it bends away from the normal.

Example 11-1

Problem: An electromagnetic wave travelling through

vacuum (n = 1) is incident upon a boundary with glass 304
(n = 1.5), as shown in Figure 11.4. The wave is refracted o Z10 ~N
upon passing into the glass, and then refracted again leaving i '
the glass. What is the angle 6 in Figure 11.4?
—15
Solution: The refracted angle when crossing over the first e
boundary is found using Equation 11-4. Let’s denote this
angle as 0., n, =10
. n,siné), _ (1.0)sin(30°) , |
sinf, = — sinf, =—————+ — sinf =- _
2 n, 2 (1.5) 2 3 FIGURE 11.4: The ray diagram

for Example 11-1.

The angle 6, is the incident angle for the second refraction
and thus can be related to the angle 6 in Figure 11.4 using Equation 11-4.

1
n, sinO (15)(5) 1
—2—2 5 sinf=——+ — sinf=— — 6=30°
n (1.0) 2

1

sin@ =

The final refracted angle is identical to the initial incident angle since the indi-
ces of refraction are identical on either side of the glass.

Since the index of refraction depends upon the frequency/wavelength of the elec-
tromagnetic wave (Section 11-3), the angle of refraction will also depend upon the
frequency/wavelength of the electromagnetic wave. This is the underlying principle
explaining how prisms work. As shown in Figure 11.5, white light incident on a prism
will be refracted on the other side of the prism into many different rays of light, each at
a separate color (i.e., a separate wavelength).
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White light

FIGURE 11.5: A prism separates white light into its
color components.

Ny >Ny
Incident Reflected
Ray : Ray
[
91 1 91
NN
I n,
I n,
[
I
I
19,
' Refracted
Ray

FIGURE 11.6: The angle of incidence is the same
as the angle of reflection.

The separation angles between the different colors
of light depend upon how the index of refraction of
the prism varies with the wavelengths of the light
(Section 11-3) and therefore depends upon the ma-
terial used to make the prism. It is through a similar
process that water droplets in the air refract sunlight
into a rainbow.

As mentioned previously, not all of the energy of
an electromagnetic wave will be refracted when the
wave encounters a change in the index of refraction.
Some of the energy is reflected from the boundary as
a separate electromagnetic wave. According to the
law of reflection, the angle of reflection is equal to the
angle of incidence, as shown in Figure 11.6.

When we see an object, we perceive light reflecting
off the surface of the object (obvious exceptions are
objects that produce their own light, such as the sun
or a light bulb). The light reflected from an object is
reflected from all positions along the surface of the
object and each of these reflections obeys the law
of reflection. However, since most surfaces are not
perfectly smooth (such as the flat boundary in Figure
11.6), incident light that is reflected off an object is
typically reflected in many different directions. This
is referred to as diffuse reflection.

Now let’s consider the situation shown in the right
panel of Figure 11.3, in which an electromagnetic
wave is incident on a boundary with a medium of
lower index of refraction. We can determine the angle
of refraction using Equation 11-4.

n sin6,

n,

sin 92 =

As the 6, increases, 6, must also increase. Once 6, = 90°, however, there will no longer
be any refracted ray. Under these conditions, all of the incident energy will be reflected

www.EngineeringBooksPDF.com



CHAPTER 11: GEOMETRIC OPTICS 425

from the boundary®. We refer to this phenomenon as total internal reflection. The cor-
responding angle of incidence, referred to as the critical angle (denoted by 6 ), is thus

6,=90° —» ———C=1 — @

Example 11-2

Problem: What is the critical angle for total internal reflection for light passing

from glass (n = 1.5) to air (n = 1)?

Solution: The critical angle is

1
OC:sinl(G) — 6,=41.8°

If the light incident on a surface is unpolarized, the
reflected light is partially polarized. The extent of this
polarization depends upon the angle of incidence and
the geometry of the surface. For example, sunlight
reflected from a horizontal surface (such as pavement
or water) will be partially linearly polarized parallel to
the surface. Polarized sunglasses contained polarizers
(Section 10-6) which specifically absorb this polariza-
tion of light and, consequently, specifically absorb
this reflected light. This is how these sunglasses can
reduce glare.

The angle of incidence at which the reflected light
is completely polarized is called the polarizing angle,

Reflected

Incident Ray

Ray :

Plane polarized
parallel to surface

Refracted
Ray
Partially polarized
perpendicular to
surface

FIGURE 11.7: When unpolarized lightis incident on
a surface at the polarization angle, the reflected
ray is plane polarized parallel to the surface.

5 Things are actually a bit more complicated than this. Please take an advanced course in electricity and

magnetism to learn more.

www.EngineeringBooksPDF.com



426 THE ENERGY OF PHYSICS, PART II: ELECTRICITY AND MAGNETISM

denoted by 6.,.. For this angle of incidence, the angle between the refracted and reflected
rays will be exactly 90° (Figure 11.7)°.
The polarizing angle can be determined using Equation 11-4.

n, sinQP =n, sin92 - n sinQP =n, sin(180°—9P - 90°)

) B ) o ) B
n151n9P—n251n(90 QP) - nlsmep—nzcosOP

n2
tanf, = —= (11-5)

n,

Equation 11-5 is called Brewster’s law, after David Brewster, and the polarizing angle 6,
is sometimes called Brewster’s angle.

Example 11-3

Problem: What is the polarization angle for sunlight reflecting off a boundary
between air (n ~ 1) and water (n ~ 1.3)?

Solution: The polarization angle is found using Equation 11-5.

1.3

tanf, === — 6, =tan" (13) - 6,=524°

11-5 Thin Lenses

A lens is an optical device that refracts an electromagnetic wave; most lenses rely upon
curved surfaces to impart further refraction of an incident electromagnetic wave. The
optical axis of alens is the axis passing through the center of the lens and perpendicular
to the surface of a lens.

6 You should feel inspired to take more advanced physics classes to learn why this is true.
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Lens: an optical device that refracts electromagnetic waves.

Optical axis: the axis passing through the center of a lens perpendicular to the
surface of the lens.

Incident electromagnetic waves parallel to the optical axis of a converging lens are
refracted toward a point. Incident electromagnetic waves parallel to the optical axis of
a diverging lens are refracted away from a point. For both lenses, this point is referred
to as the focal point of the lens.

Converging lens: a lens that refracts incident electromagnetic waves parallel to
its optical axis toward its focal point.

Diverging lens: a lens that refracts incident electromagnetic waves parallel to
its optical axis away from its focal point.

Ray diagrams of the interaction of electromagnetic rays with converging and diverging
lenses are shown in Figure 11.8 and Figure 11.9. The rules for ray tracing for a converg-
ing lens are:

1. Any ray initially parallel to the optical axis on one side of a lens will refract through
the focal point on the other side of the lens.

2. Any ray passing through the focal point on one side of the lens is refracted into a ray
parallel to the optical axis on the other side
of the lens. Focal length

3. Any ray directed at the center of the lens
passes through in a straight line.

b

Optical Axis
The rules for ray tracing for a diverging lens are: \ % ™S
Focal point

1. Any ray initially parallel to the optical axis

on one side of a lens will diverge along a line Focal length

through the focal point on the same side of —

the lens. W o
2. Any ray directed along a line toward the focal QpnzalAde

point on the other side of the lens will emerge FOCJW_R

from the lens parallel to the optical axis.

3. Any ray directed at the center of the lens

FIGURE 11.8: Ray tracing for a converging lens.
passes through in a straight line.
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Focal length

Seae P Optical Axis

Focal point

Focal point

Focal length

FIGURE 11.9: Ray tracing for a diverging lens.

An image is defined to be the source of a diverging group of rays. A real image is formed
when rays converge at a point and then diverge from that point. A virtual image is cre-
ated when rays appear to originate at a point (i.e., appear to diverge from a single point).

Image: the source of a diverging group of rays.

Real image: an image formed where refracted rays intersect. These rays then
diverge from this point.

Virtual image: an image formed where refracted rays do not intersect. The rays
only appear to come from a single point. All images formed by a diverging lens

are virtual images.

An example of a real image is shown in Figure 11.10. The rays from the object converge
at a single point on the far side of the lens.
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Focal point

Object T l

Observer

FIGURE 11.10: A real image is formed when the rays converge at a point.

Examples of virtual images are shown in Figure 11.11. The rays from the object in these
situations do not converge at a single point, but appear to originate from a single point
on the same side of the lens as the object.

Observer
NN
I~
\:\:~~~
™ Focal point
Image l
Object

Observer

FIGURE 11.11: Virtual images are formed when the rays do not intersect.
Rather, the rays appear to come from a point.
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The lens equation (Equation 11-6) allows us to determine the position of an image from
alens.

Sy == (11-6)

As shown in Figure 11.12, the variables s and s denote the positions of the object and
the image, respectively, relative to the lens. The object position is always a positive num-
ber. The image position is positive for real images and negative for virtual images. The
variable fis the focal length of the lens, which is the distance from the lens to the focal
point of the lens. The focal length of a converging lens is positive and the focal length of
a diverging lens is negative.

The magnification of the object is defined to be the negative of the ratio of image
size to object size, which can also be expressed in terms of the image and object posi-
tions using geometry. For the object and image in Figure 11.12, with heights h and n,
respectively, the magnification is

M=l (11-7)
h s
A positive value for the magnification indicates that the image is upright, and a negative
value for the magnification indicates that the image is inverted. Thus, all virtual images
are upright and all real images are inverted.

1€

FIGURE 11.12: The variables in the lens equation.
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Example 11-4
Problem: An object is located 12 cm away from a converging lens with a focal
length of 4 cm. Where is the image located, is it real or virtual, what is its

magnification, and is it upright or inverted?

Solution: Substitution into Equation 11-6 gives us

1 1 1 1 1 1 1 2
+—= - —= - - ==
12cm 87 4cm s’ 4cm 12cm s’ 12cm
s’=6cm

The image is located 6 cm from the lens on the other side of the lens from the
object. Since the image distance is positive, the image is real. The magnification
of the image is determined using Equation 11-7.

M = — 6cm M __1
12cm 2

The image is thus inverted and one-half the size of the object.

Example 11-5
Problem: An object is located 12 cm away from a diverging lens with a focal
length of -4 cm. Where is the image located, is it real or virtual, what is its

magnification, and is it upright or inverted?

Solution: Substitution into Equation 11-6 gives us

1 1 1 1 1 1 1 4
+—=- - —=- - - —=-
12cm ¢ 4cm s’ 4cm 12cm s’ 12cm
s’ =-3cm
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The image is located 3 cm from the lens on the same side of the lens as the
object. Since the image distance is negative, the image is virtual. The magnifica-
tion of the image is determined using Equation 11-7.

- 1
3cm M=

M=- -
12cm 4

The image is thus upright and one-fourth the size of the object.

As mentioned above, lenses form images through refraction of light. Refraction from a
flat surface can also form a virtual image, as shown in Figure 11.13. This image will be
closer to the surface or farther from the surface than the object depending upon the

change in the index of refraction across the surface.

FIGURE 11.13: Refraction from a flat surface can form a virtual image.

Finally, since the index of refraction depends upon the frequency of the light, the
focal length of a lens will also depend upon the frequency of the light. As shown in
Figure 11.14, the focal length of red light is larger than the focal length of violet light; the
other colors have focal lengths in-between these two. This inability of the lens to focus

all colors of light to the same point is called chromatic aberration.

Chromatic aberration: the failure of a lens to focus all colors of light to the same
point.
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Focal point
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FIGURE 11.14: Chromatic aberration for a converging lens.

11-6 Combinations of Lenses

A simple magnifier can be made using only a single converging lens. Combining Equation
11-6 and Equation 11-7 gives us

If the object distance is smaller than the focal length of the lens (i.e., if s < f), a virtual,
upright, and magnified image will be formed. More generally, however, magnifiers and
other optical instruments are constructed with multiple lenses. We can extend our
analysis of lenses in Section 11-5 to multiple lens systems by allowing the image of
one lens to be the object for another lens. Rays from the object in Figure 11.15 are
focused by the first converging lens (with focal length f)) to form a real image. This real
image is then the object for the second converging lens (with focal length f,). As shown in
Figure 11.15, the image created by the second converging lens is a virtual image that is
inverted and magnified. Since someone looking through this collection of lenses from
the right side of Figure 11.15 would see only this final magnified image, this orientation
of these lenses forms an optical magnifier.
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FIGURE 11.15: An optical magnifier with two converging lenses. The real image formed by the first lens is the
object for the second lens. The final image is virtual and magnified.

Example 11-6

Problem: The focal lengths for the converging lenses in the optical system
shown in Figure 11.15 are f, = 13 cm and f, = 19 cm. The two lenses are 31 cm
apart from each other. What is the magnification for the final virtual image
formed by this system if the object is 26 cm from the first converging lens?

Solution: We first solve for the location of the real image formed by the first
converging lens.

1 1 1 1 1 1 1 1
+—= - == - - ==
26cm S° 13cm s 13cm 26cm s’ 26cm
s’ =26cm

The magnification of the image is determined using Equation 11-7.

M :_26cm o M=—1
26cm
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This real image is then the object for the second converging lens. Since the two lenses
are 31 cm apart from each other and the image is 26 cm from the first converging lens,
the distance from the “object” to the second converging lens is 5 cm.

L1 1 11 1 1 14
S5cm 8 19cm s’ 19c¢cm 5Scm s’ 95cm
s’ =—-6.8cm

This is a virtual image, since the image distance is negative. The magnification of this
image is

M=_08m o4
S5cm

The overall magnification of the original object is simply the product of the two magni-
fications in the system.

M=(-1)(14) > M=-14

Therefore, when compared to the original object, the final virtual image is inverted and
larger.

Example 11-7

Problem: An optical system consists of a diverging lens with focal length
f = —120 mm and a converging lens with focal length f = 20 mm. The two
lenses are separated by 10 mm. Light from an object first passes through the
diverging lens and then the converging lens. What are the location, size, and
orientation of the image if the object is 360 mm away from the diverging lens?

Solution: We first solve for the location of the virtual image formed by the
diverging lens.
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S — —- — - -
360mm ¢ 120 mm S 120mm 360mm S 360mm

1 1 1 1 1 1 4

s’ =-90mm
The magnification of this image is

—-90mm

v M =
360 mm

1
4
This image is then the object for the converging lens. Since the two lenses are

separated by 10 mm, the object distance for the converging lens is 100 mm. The
image distance for the converging lens is therefore

+ = - = — -
100mm s 20mm s 20mm 100mm s 100mm

1 1 1 1 1 1 1 4

s’ =25mm

The image formed by the converging lens is therefore a real image. The magni-
fication of this image is

25mm 1

- -
100 mm 4

The overall magnification of the original object is simply the product of the two
magnifications in the system.

B8 IR

Therefore, when compared to the original object, the final image is inverted
and one-sixteenth the size.

Combinations of lenses made from different material can also be used to mitigate chro-
matic aberration (Section 11-5) in an optical system.
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11-7 Mirrors

The same ray-tracing approach used to determine the location and size of images
formed by lenses can be used to determine the location and size of images formed by
mirrors. Whereas lenses form images through refraction, mirrors form images through
reflection. Incident electromagnetic waves parallel to the optical axis of a concave
spherical mirror are reflected toward a point. Incident electromagnetic waves parallel
to the optical axis of a convex spherical mirror are reflected away from a point. For
both mirrors, this point is referred to as the focal point of the lens.

Concave spherical mirror: a mirror that reflects incident electromagnetic waves
parallel to its optical axis toward its focal point. Concave mirrors form real
images.

Convex spherical mirror: a mirror that reflects incident electromagnetic waves
parallel to its optical axis away from its focal point. Convex mirrors form virtual
images.

Pictorial representations of the interaction of electromagnetic rays with converging and
diverging lenses are shown in Figure 11.16.

|

Focal point ! !
| \\\ S N !

|

1

|

>

Optical Axis : Sso -
_______________________________ E’L t’_-
: Optical Axis Pad T Ss.
L | N el
1 L 1 [ -
| / : /\ Focal point
1 1
1 1
Concave Spherical Convex Spherical
Mirror Mirror

FIGURE 11.16: Concave and convex spherical mirrors. The focal length, £, of each mirror
is also indicated.

The optical axis of a mirror is the axis passing through the center of the mirror and
perpendicular to the surface of the mirror. The focal length of a mirror is the distance
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between surface of the mirror and the focal point as measured along the optical axis of
the mirror.

We can qualitatively determine the location and size of the images formed by mir-

rors using ray tracing. The rules for ray tracing for a concave mirror are:

Any ray initially parallel to the optical axis on one side of the mirror will reflect back
toward the focal point of the mirror.

Any ray initially passing through the focal point of the mirror will reflect back paral-
lel to the optical axis of the mirror.

Any ray intersecting the mirror where the optical axis intersects the mirror will be
reflected back at an equal angle on the opposite side of the optical axis.

The rules for ray tracing for a convex mirror are:

Any ray initially parallel to the optical axis on one side of the mirror will reflect back
away the focal point of the mirror.

Any ray initially directed toward the focal point of the mirror will reflect back paral-
lel to the optical axis of the mirror.

Any ray intersecting the mirror where the optical axis intersects the mirror will be
reflected back at an equal angle on the opposite side of the optical axis.

An example of a real image is shown in Figure 11.17. The rays from the object converge
at a single point on the same side of the mirror as the object.

Examples of virtual images are shown in Figure 11.18. The rays from the object

do not converge at a single point, but appear to originate from a single point on the
opposite side of the mirror as the object.

Focal point

FIGURE 11.17: A real image is formed when the rays converge at a point.

www.EngineeringBooksPDF.com



CHAPTER 11: GEOMETRIC OPTICS

Focal point

Focal point g -

FIGURE 11.18: A virtual image is formed where the rays do not intersect. Rather, the rays appear to come
from a point.

The mirror equation (Equation 11-8) relates the object and image locations to the focal
length of the mirror.

(11-8)

Concave mirrors have positive focal lengths, and convex mirrors have negative focal
lengths. It is worth noting that the mirror equation (Equation 11-8) is identical to
the lens equation (Equation 11-6)’. However, now our interpretation of the location
and real and virtual images have switched. Namely, an object and real image are on
opposite sides of a lens, but on the same side for a mirror (compare Figure 11.10 and
Figure 11.17). Similarly, an object and virtual image are on the same side of a lens, but
on opposite sides for a mirror (compare Figure 11.11 and Figure 11.18). Nevertheless,
it is still true that a positive image distance denotes a real image and a negative image
distance denotes a virtual image. Fortunately, the equation for the magnification of an
image formed by a mirror is the same as Equation 11-7.

7 That's one fewer equation to remember.
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Example 11-8
Problem: An object is located 4 cm away from a concave spherical mirror with
a focal length of 12 cm. Where is the image located, is it real or virtual, what is

its magnification, and is it upright or inverted?

Solution: Substitution into Equation 11-8 gives us

| 1 1 1 1 1 1 2
4ecm 8¢ 12cm s’ 12cm 4cm s’ 12cm
s’ =—-6cm

The image is located 4 cm from the mirror on the opposite side of the mirror
as the object. Since the image distance is negative, the image is virtual. The
magnification of the image is determined using Equation 11-7.

—-6cm 3
% J—

M =— M =
2

4cm

The image is thus upright and 1.5 times the size of the object.

Example 11-9
Problem: An object is located 12 cm away from a convex spherical mirror with
a focal length of —6 cm. Where is the image located, is it real or virtual, what is

its magnification, and is it upright or inverted?

Solution: Substitution into Equation 11-8 gives us

L SO it r . 1___3
12em S 6cm s  6cm 12cm s  12cm
s’=—4cm
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The image is located 4 cm from the mirror on the opposite side of the mirror
as the object. Since the image distance is negative, the image is virtual. The
magnification of the image is determined using Equation 11-7.

—4cm M :l

M=-— RN
12cm 3

The image is thus upright and one-third the size of the object.

The focal length of a spherical mirror is approximately equal to one-half of the radius
of curvature of the mirror. Therefore, a plane mirror, which has zero curvature, would
have a focal length of infinity. It follows from Equation 11-8 that all images formed by a
plane mirror must be virtual images.

Each incident ray on a plane mirror will reflect from the mirror at an equal angle on the
opposite side of the normal axis for the mirror at that point (see Figure 11.19).

The mirrors on the passenger side of
cars are convex mirrors, and consequently Plane
the images formed by these mirrors have Mirror
fractional magnification. In other words,
the image formed in the mirror is smaller
than the object. As a result, objects viewed
through the passenger side mirror are
smaller than they appear. The driver side
mirror is a flat plane mirror, and so the
images formed by that mirror are equal
in size to their corresponding objects
(i.e., the magnification for the mirror is
1). Convex mirrors were chosen for the
passenger side since they are more effec-

tive at minimizing blind spots than plane  figygg 11.19: A plane mirror always forms virtual images.
mirrors.
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Example 11-10

\ 4

A\ 4

\ 4

e

d

FIGURE 11.20: The optical system in Example 11-10.

Problem: The diverging lens and concave mirror in the optical system shown
in Figure 11.20 have focal lengths —10 cm and 10 cm, respectively, are sepa-
rated by a distance d = 20 cm, and have the same optical axis. Incident light is
parallel to this optical axis. Where are the incident rays focused (if at all)?

Solution: The source of the parallel incident rays must be infinitely far from
the diverging lens. Therefore, the position of the image formed by the diverging
lens is

1 1 1
—+—==- — §=-10cm
o g 10cm

This is a virtual image and also the object for the mirror. Since this virtual image is to
the left of the diverging lens, in Figure 11.30 the object distance of the mirrors is 30 cm.
The position of the image formed by the mirror is

1 1 1 1 1 1 1 2
- —= -
s’ 10cm 30cm

+ =
30cm §° 10cm

s’ B 30cm

s’=15cm

The image is thus in-between the lens and the mirror at a distance of 5 cm from the lens
(15 cm from the mirror).
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Summary
Electromagnetic spectrum: the range of all possible wavelengths/frequencies
for electromagnetic waves

Ray model: an idealized model of electromagnetic waves in which each wave is
represented by a ray that points in the direction of energy flow for that wave.

Ray diagram: a pictorial representation of the propagation of electromagnetic
waves. The process of making a ray diagram is called ray tracing.

Refraction: the change in the direction of an electromagnetic wave as it moves
from a medium with one index of refraction to a medium with a different index of
refraction.
The index of refraction is the ratio of the speed of light in vacuum to the speed of
light in another material; the index of refraction of vacuum is therefore one.

c c

n=— - v=—

v n

The index of refraction depends upon the relative permittivity and relative perme-

ability of the material and is also a function of the frequency (or wavelength) of
the light.

n=(x 5. )}
The index of refraction is always greater than or equal to one.
Snell’s law relates the angle of incidence to the angle of refraction.
n sin@, =n,sin6,
Law of reflection: the angle of reflection is equal to the angle of incidence.

Reflected light is partially linear polarized parallel to the surface from which it
reflects. When light is incident at the polarizing angle (or Brewster’s angle) the
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reflected light is completely polarized parallel to the surface. This angle is deter-
mined from the indices of refraction on either side of the surface.

n2
tanf, = —=

n,

The wavelength (A ) and wavenumber (k ) of an electromagnetic wave ina medium
with index of refraction n are

A=

n

i k =nk
n

The variables A and k in this equation are the wavelength and wavenumber,
respectively, of the electromagnetic wave in vacuum.

Lens: an optical device that refracts electromagnetic waves.

Optical axis: the axis passing through the center of a lens or mirror perpendicular
to the surface of the lens or mirror.

Converging lens: a lens that refracts incident electromagnetic waves parallel to its
optical axis toward its focal point. The focal length of a converging lens is positive.

Diverging lens: a lens that refracts incident electromagnetic waves parallel to
its optical axis away from its focal point. The focal length for a diverging lens is
negative.

The rules for ray tracing for a converging lens are:

1. Any ray initially parallel to the optical axis on one side of a lens will refract
through the focal point on the other side of the lens.

2. Any ray passing through the focal point on one side of the lens is refracted into
a ray parallel to the optical axis on the other side of the lens.

3. Anyray directed at the center of the lens passes through in a straight line.

The rules for ray tracing for a diverging lens are:
1. Any ray initially parallel to the optical axis on one side of a lens will diverge
along a line through the focal point on the same side of the lens.

2. Any ray directed along a line toward the focal point on the other side of the
lens will emerge from the lens parallel to the optical axis.
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3. Any ray directed at the center of the lens passes through in a straight line.
Image: the source of a diverging group of rays.

Real image: an image formed where refracted rays intersect. These rays then
diverge from this point.

Virtual image: an image formed where refracted rays do not intersect. The rays
only appear to come from a single point. All images formed by a diverging lens are
virtual images.

Chromatic aberration: the failure of a lens to focus all colors of light to the same
point.

Concave spherical mirror: a mirror that reflects incident electromagnetic waves
parallel to its optical axis toward its focal point. Concave mirrors have positive
focal lengths.

Convex spherical mirror: a mirror that reflects incident electromagnetic waves
parallel to its optical axis away from its focal point. Convex mirrors have negative
focal lengths.

The rules for ray tracing for a concave mirror are:

1. Anyray initially parallel to the optical axis on one side of the mirror will reflect
back toward the focal point of the mirror.

2. Any ray initially passing through the focal point of the mirror will reflect back
parallel to the optical axis of the mirror.

3. Any ray intersecting the mirror where the optical axis intersects the mirror
will be reflected back at an equal angle on the opposite side of the optical axis.

The rules for ray tracing for a convex mirror are:

1. Anyray initially parallel to the optical axis on one side of the mirror will reflect
back away the focal point of the mirror.

2. Any ray initially directed toward the focal point of the mirror will reflect back
parallel to the optical axis of the mirror.

3. Any ray intersecting the mirror where the optical axis intersects the mirror
will be reflected back at an equal angle on the opposite side of the optical axis.

The location of an image is determined using the following equation:
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The variable s and s’ denote the positions of the object and the image, respectively,
relative to the lens or mirror. The object position is always a positive number. The
image position is positive for real images and negative for virtual images. The vari-
able fis the focal length of the lens or mirror.

e The magnification of the object is defined to be the negative of the ratio of image

size to object size, which can also be expressed in terms of the image and object
positions using geometry.

Problems

An object is located 12 cm away from a converging lens with a focal length of 3 cm.
Where is the image located, is it real or virtual, what is its magnification, and is it
upright or inverted?

An object is located 4 cm away from a diverging lens with a focal length of —12 cm.
Where is the image located, is it real or virtual, what is its magnification, and is it
upright or inverted?

An object is located 4 cm away from a converging lens with a focal length of 6 cm.
Where is the image located, is it real or virtual, what is its magnification, and is it
upright or inverted?

An objectislocated 100 cm away from a diverging lens with a focal length of —25 cm.
Where is the image located, is it real or virtual, what is its magnification, and is it
upright or inverted?
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An object is located 3 cm away from a concave spherical mirror with a focal length
of 12 cm. Where is the image located, is it real or virtual, what is its magnification,
and is it upright or inverted?

An objectislocated 12 cm away from a concave spherical mirror with a focal length
of 3 cm. Where is the image located, is it real or virtual, what is its magnification,
and is it upright or inverted?

An object is located 6 cm away from a convex spherical mirror with a focal length
of -12 cm. Where is the image located, is it real or virtual, what is its magnification,
and is it upright or inverted?

An object is located 20 cm away from a convex spherical mirror with a focal length
of —5 cm. Where is the image located, is it real or virtual, what is its magnification,
and is it upright or inverted?

A 2 cm tall object is 20 cm to the left of a converging lens with a focal length of
10 cm. A second lens (a diverging lens) with a focal length of —5 cm is 30 cm to the
right of the first lens. What is the position and height of the image viewed through
the diverging lens?

What is the polarization angle for a boundary if the critical angle for total internal
reflection at that boundary is 30°?
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CHAPTER
Wave Optics

12-1 Introduction

In our discussion of geometrical optics in Chapter 11, we
largely ignored the wave nature of the electromagnetic
waves. In this chapter, we will discuss specific phenomena
which are dependent upon these wave characteristics.
However, we conclude this chapter with a discussion of
the photoelectric effect, which cannot be explained by
the wave properties of electromagnetic waves. Einstein’s
explanation for this phenomenon will lead us to a final
refinement of the Bohr model for the hydrogen atom
and, by extension, to the initial development of quantum
mechanics.

12-2 Huygens's principle

The laws of reflection and refraction, presented without
proof in Chapter 11, were derived through a geometric

449
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method by Christiaan Huygens. The main premise of his model for the propagation of
light is referred to as Huygens'’s Principle.

Huygens’s principle: each position on a wave front is the source of spherical
waves (called wavelets) that spread out at the wave speed. At a later time, the
shape of the wave front is the line tangent to all the wavelets.

Wave front: a surface over which the phase! of a wave is constant.

An example of Huygens’s principle is shown in Figure 12.1. In Figure 12.1, each posi-
tion on the wave front of a plane wave is the source of spherical wavelets which then
propagate away from those positions; for clarity, only five positions are indicated in
Figure 12.1. For an infinite plane wave, there will be an infinite number of these posi-
tions and associated wavelets. The wave front at a later time is the tangent to all of these
wavelets and will also correspond to a plane wave since the wavelets all move at the
same speed. The corresponding light ray (Section 11-2) is perpendicular to the wave
front and points in the direction of propagation of the wave.

7o,
TSR
I

I I l Wave Front

Later
Wave Front

Each point is a source of spherical wavelets

FIGURE 12.1: Huygens's principle.

Now let’s consider the case of plane wave reflection shown in Figure 12.2. The different
colors in Figure 12.2 and Figure 12.3 denote different time points at which the wave
and wavelets are shown; specifically, the waves and wavelets shown in green occur later
in time than those shown in blue, which occur later in time than those shown in red,
which occur later in time than those shown in purple. Since the speed of the wavelets
in the reflected wave is the same as the speed of the wavelets in the incident wave, the
incident and reflected waves obey the law of reflection (Section 11-4).

1 See Section 10-4.
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Reflected Wave

Incident Wave

FIGURE 12.2: Reflection of a plane wave. The angle of incidence equals the angle of reflection. The
direction of the incident and reflected light rays are shown as arrows.

In contrast, the speed of the wavelets in a refracted wave is different from the speed of
the wavelets in the incident wave. Thus, as shown in Figure 12.3, although the refracted
wave is also a plane wave, its propagation direction is different from the propagation
direction of the incident wave.

n, > n, )
Incident Wave

Refracted Wave

FIGURE 12.3: Refraction of a plane wave. The propagation direction of the refracted wave is
different from the propagation direction of the incident wave. The directions of the incident
and refracted light rays are shown as arrows.
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12-3 Diffraction

When waves pass by an object or move through an aperture, they may experience
diffraction.

Diffraction: the bending of waves as they pass by an object or move through an
aperture.

A simple example of diffraction is illustrated in Figure 12.4, which shows a plane wave
incident on an aperture, in this case a single linear slit. The wave on the other side of
the barrier can be considered to arise from an infinite number of spherical wavelets
emitted by an infinite number of sources within the slit.

v"'v

/ /A ‘/A‘ A\ N\
(AN

A A A

FIGURE 12.4: Diffraction of a plane wave through a single slit.

According to Huygens'’s principle (Section 12-1), the wave front of the transmitting wave
is tangent to the surfaces of these wavelets, as shown in Figure 12.4. The exact structure
of this transmitted wave depends upon the number of spherical wavelet “sources” within
the slit and thus ultimately on the size of the slit relative to the wavelength of the wave.
If a wave encounters a barrier in which there is a slit whose width is much larger than
the wavelength of the wave, the wave emerging from the opening continues to move in
a straight line, as shown in Figure 12.5. If the width of the slit is approximately equal to
the wavelength of the wave, the wave emerging from the slit will spread out from the
opening in all directions. If the width of the slit is much less than the wavelength of the
light, the emerging waves will be spherical and centered on the opening.
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I | I
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FIGURE 12.5: A plane wave incident upon a single slit. The diffraction depends upon the
relative size of the slit and the wavelength of the wave.

In addition to causing a bending of the wave front, the individual wavelets produced by
the diffraction of a wave through a slit will interfere with each other (Section 10-8). As
shown in Figure 12.6, a pattern of repeating constructive and destructive interference
will occur among the wavelets. This pattern of interference, typically referred to as a
diffraction pattern, also depends upon the distance between the slit and the point of
observation. We will limit our discussion here to diffraction patterns observed far from
the slit; this region is referred to as the far-field. The diffraction pattern observed in the
near-field (close to the slit) will not be discussed here?

Destructive

Constructive Interference Constructive
Interference ‘1' Interference

) N\ )
=5
“&"\

(AR

3 A A

FIGURE 12.6: Interference of wavelets following diffraction through
a single slit.

2 Youshould feel inspired to take an advanced course in optics to learn about what happens in the near-field.
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We can determine an equation for the far-field diffraction pattern using the geometric
model shown in Figure 12.7. In Figure 12.7, a plane wave diffracts through a single slit
of width a. We will model three equally spaced sources within this slit with a distance
of a/2 between adjacent sources; in reality the slit would contain an infinite number
of these sources but only three are shown for clarity. The interference of these three
waves will produce a single-slit diffraction pattern on a screen a distance L away from
the slit. This diffraction pattern will consist of a series of bright lines (or fringes) where
constructive interference occurs and dark lines (or fringes) where destructive inter-
ference occurs. In Figure 12.7, the position of a fringe is described by the distance y
separating it from the mid-point of the screen (directly opposite the mid-point of the
slit) or, equivalently, in terms of an angle 8 between the line connecting the mid-point of
the slit to the location of the fringe and a line connecting the mid-point of the slit with
the mid-point of the screen.

Viewing
Screen

FIGURE 12.7: Geometric model for determining the single-slit diffraction
pattern.

As shown in Figure 12.7, wavelets from the three difference sources will travel differ-
ent distances (or path lengths) to reach the same point on the screen. If we assume
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that the distance between the slits and the observation screen is large, then the paths
of all of the electromagnetic waves from the slits should be approximately parallel to
each other, as shown in Figure 12.73. Let’s denote the difference in distance between
any two adjacent sources as 9. The resultant wave at the position y in Figure 12.7 is
simply the sum of the waves from each of the sources in the slit, which we can denote
using the subscripts 1, 2, and 3. In the case of electromagnetic waves, the resultant
electric field at the position y would be*

E = El + E2 + E3 S E= (E )1 ei(kr—wr) " (E )2 ei(k(r+5)—an) + (E )3 ei(k(r‘+25)—wt)

0

In this expression, the distance r is the distance from source 1 (the blue source in
Figure 12.7) to position y. Since each of these sources originates from the same plane
wave (incident on the slit from the left in Figure 12.7), the electric field magnitude of
each source should be equal to each other and equal to one-third of the magnitude of the
electric field of the incident wave.

(), =(E,),=(E,). = % o E % Sliror) , lrayor) e,«(k(r+25)_m,))

The distance 0 can be related to the spacing between the slits and the angle 6 in Figure 12.7
using trigonometry.

5= %sin@ (12-1)

Now let’s imagine a more realistic situation in which there are N sources of wavelets
within the slit. We will retain our previous notation and denote the width of the slit as a
and the difference in path length between adjacent sources as 8. The resultant electric
field at a position y on the screen for N sources is

E=E+E+..+E,

3 These paths cannot be exactly parallel, of course, because the electromagnetic waves would never
converge (and interfere) if they were.
4 We will ignore the phase constant in our calculations for the sake of simplicity.
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The intensity of the resultant electromagnetic wave is given by Equation 12-2°.

sin masinf ’
A )

masinf

A

I1=1

max

(12-2)

Equation 12-2 is called the Fraunhofer diffraction intensity equation after Joseph
Fraunhofer, who first derived an expression for it. The variable I__ is the maximum
intensity in the interference pattern, which occurs when 6 = 0°. It follows from Equation
12-2 that dark lines (i.e., complete destructive interference) occur whenever

[TOJO S T e

. A
Complete destructive interference sin@ =m— m=x1,12,... (12-3)
a

A plot of the intensity of the light observed from diffraction through a single slit
(Equation 12-2) is shown in Figure 12.8; this plot is also referred to as the single-slit
diffraction pattern or the Fraunhofer diffraction pattern of a single-slit.

-

i 1B N
T

e i e LI

FIGURE 12.8: The diffraction pattern of a single-slit
(Equation 12-2).

5 See Section C-18 for derivation of Equation 12-2.
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v

nanosecond timescale), and these changes are not

correlated between the two light bulbs. Therefore,

the conditions for constructive and destructive  FIGURE 12.9: Double-slit diffraction.
interference are maintained at any location for

only a short time interval (also on the nanosecond

timescale) and since our eyes cannot follow such rapid changes, we do not see any inter-
ference pattern. In order for an interference pattern to be detected, the electromagnetic
waves from both slits must maintain a constant phase with respect to each other. This
condition is frequently stated as the two sources must be coherent. The lightbulbs, in
contrast, are incoherent sources.

Coherent sources: two sources of electromagnetic waves are coherent if the
waves they emit have a zero or constant phase difference.

The sources must also be monochromatic (i.e., they should be of a single wavelength) in
order for interference to be observed. If monochromatic plane electromagnetic waves
that originated from a single source diffract through the two slits in Figure 12.9, the two
slits will act like coherent sources and an interference pattern will be observed.

The spacing between the locations of constructive and destructive interference can
be determined using the simple geometrical model shown in Figure 12.10, which is sim-
ilar to the model in Figure 12.7. As before, if we assume that the difference between the
slits and the screen is large, the difference in path length required to reach a particular
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Now let’s consider the situation shown in Figure
12.9, in which plane waves from a single source
are incident on a barrier containing two identical
slits of equal width. This is referred to as double- >
slit diffraction.
In double-slit diffraction, we have two effective
sources of travelling waves (one from each slit) 1
and these travelling waves can interfere with each
other to form an interference pattern.
Interestingly, if light bulbs were placed at the
locations of the two slits, no interference pattern 2
would be observed. The reason why is because
there would be no constant phase relationship
between the electromagnetic waves emitted by
the two bulbs; there are continual changes in
the phase of the emitted electromagnetic waves
from a lightbulb (these changes occur on the
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position on the screen, denoted by J, can be related to the distance between the slits,
denoted by d, and the angle 0 using Equation 12-4.

§=dsin@ (12-4)

y
Slit 1
d v
: Viewing
Slit 2 &=dsin® Screen
L

FIGURE 12.10: Geometrical model of double-slit diffraction.

As before, the magnitude of the electric field of the resultant electromagnetic wave at
the position y is the sum of the electric fields of the electromagnetic waves from each

of the two slits. As shown in Figure 12.9 and Figure 12.10, we will denote the two slits
as 1land 2.

E = E1 + E2 N E= (Eo)l ei(kx—wt) n (E )2 ei(k(x+6)—wt)

0
We will assume the magnitudes of these two electric fields are the same.

(Eo )1 = (EO )2 =E, — E=E, (ef(k'x—wt) + ei(k(x+6)w,))
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Simplifying this expression® gives us
i kx+@7¢ut —i@ i@ I kx+@—wt k6
E:Ee[ 2 )(e 2+e2) — E:Ee( ? )(2005(7)]

The real part of this electric field is therefore

E=E, cos(kx+ ?— a)t)(Zcos(?D

The average intensity of the resultant electromagnetic wave is thus’

21 )
— |(dsin@
o[ k6 2 (ﬂ )( )
I=1 cos’|—| —- I=1 cos’|—F———
max 2 max 2

ﬂdsm@) (12-5)

=1 cosz(
max 2{

In the limit that the angle 6 in Equation 12-5 is small, Equation 12-5 can be written as
Equation 12-6.

ing~2 _ o 7d
sm9~L — [I=1_ cos (lLy) (12-6)

Under these conditions we have

LA
Constructive interference: y = m(7) m=0,£1,12,... (12-7)

6 Equation D-8.
7 Using Equation 12-4 and Equation 10-7.
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1\ LA
Destructive interference: y = [m + 5)(7) m=0,£1,12,... (12-8)
There is always a bright line (constructive interference) at the center of the screen
directly opposite the two slits (y = 0). The other bright and dark lines are denoted by
the corresponding integer m, referred to as the order of the diffraction.

Example 12-1

Problem: A viewing screen is separated from a barrier containing a double-slit
by 6 m. The distance between the two slits is 0.04 mm. Monochromatic light
incident on the double-slit forms a diffraction pattern on the screen. The first
order dark line on the screen occurs 4.5 cm from the center of the screen. What
is the wavelength of the light?

Solution: Since the distance between the slits and the screen is much larger
than the distance between the dark line and the center of the screen, we can
safely use the small angle approximation to determine positions in the interfer-
ence pattern. For the destructive interference associated with the first dark
line in the pattern, we have

y=(£)(0+l}l Loy /122(4><10—5m)(4.5><10-2m)
2 L 6m

Example 12-2

Problem: A viewing screen is separated from a barrier containing a double-
slit by 6 m. The distance between the two slits is 0.04 mm. Coherent light of
two different wavelengths, A, = 450 nm and A, = 550 nm, is incident on the
double-slit and forms a diffraction pattern on the screen. What is the separa-
tion distance between the second order bright lines of the two different colors
of light on the screen?
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Solution: Since the distance between the slits and the screen is much larger
than the distance between the dark line and the center of the screen, we can
safely use the small angle approximation to determine positions in the inter-
ference pattern. For the constructive interference associated with the second
bright spot in the pattern we have

y=(§)(2)z - y= 2%

The difference between the first bright spots for the two colors of light is

L 6m
Ay=22(1,-2) - Ay=2 —2 _ |(550x10°m-450x10"m
v=27(k-A) Y (4.5x10_2m)( )
Ay =26.7 um

Of course, the intensity of the wave from each of the slits at position y in Figure 12.10
is also a function of the angle 6, due to the diffraction from each slit itself. Thus, the true
expression for the intensity of the resultant wave is the product of Equation 12-2 and
Equation 12-5, and is given in Equation 12-9.

Sin(nasine) ’

mdsin@ A

I=1 2 12-9

max €05 ( A ) mTasinf ( )
A

In Equation 12-9, the variable d denotes the spacing between the two slits and the
variable a denotes the width of each slit. A plot of the intensity of the light observed
from double-slit diffraction (Equation 12-9) is shown in Figure 12.11; this plot is also
referred to as the double-slit diffraction pattern or the Fraunhofer diffraction pattern
of a double-slit.
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Intensity
i |
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FIGURE 12.11: The diffraction pattern of a double-slit (Equation 12-9). The
diffraction pattern of each slit forms an envelope around the interference

pattern of the two slits.

FIGURE 12.12: A diffraction grating.

Now let’s increase the number of slits to N. Each
of the N slits will act as a source for electromag-
netic waves, and the interference pattern will be
the superposition of the N electromagnetic waves
at any position. If we assume that the distance
between the slits and the observation screen is
large, then the paths of all of the electromagnetic
waves from the slits should be approximately
parallel to each other, as shown in Figure 12.12.
Under these assumptions, the difference in
path length for electromagnetic waves originating
from any two adjacent slits will be equal and given
by Equation 12-4. Furthermore, the conditions
for constructive and destructive interference
are given by Equation 12-7 and Equation 12-8. A
system such as this, consisting of multiple slits,
is referred to as a diffraction grating. Diffraction
gratings are typically described in terms of the
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density of slits then contain, with the word “lines” denoting the number of slits. Thus,
a diffraction grating with 1000 lines per mm would be a diffraction grating whose slits
are separated by 1 um.

Example 12-3
Problem: Monochromatic light of wavelength 500 nm illuminates a diffraction
grating. The second order bright line above the center is at angle 30°. How

many lines per mm does this grating have?

Solution: Combining Equation 12-6 and Equation 12.7 gives us

2(500x10°m

dsinf=214 — d:_z—)L - d= ( - )
sin@ sin30°

1 lines

d=2x10°m — d=2x10"mm — —=500
d mm

12-4 Other Sources of Interference Patterns

Interference patterns are also frequently observed in thin films, such as soap bubbles.
The different colors of light observed when white light is incident upon such films
results from the interference of the electromagnetic waves reflecting from the surfaces
of the film. The change in phase associated with the different distances traveled by the
electromagnetic waves contributes to the interference pattern, as we previously saw
with double-slit interference patterns, but in addition there can be a change in phase
associated with the process of reflection itself. An electromagnetic wave undergoes a
change in phase of m radians when reflected from a boundary leading to a material with
higher index of refraction. There is no change in phase when the electromagnetic wave
reflects from a boundary leading to a material with lower index of refraction®.

8 You should feel inspired to take an advanced course in electricity and magnetism to learn how to derive
these rules.
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Let’s consider the system shown in Figure 12.13, in which incident light interacts
with a thin film of thickness L. Incident light that initially reflected off the surface of the
film (such as ray 1 in Figure 12.13) will undergo a change in phase of & radians since
n, > n,.Incident light that refracted into the film and then reflected off the other surface
of the film (such as ray 2 in Figure 12.13) will experience a phase change associated
with the path it transverses through the film, but no phase change associated with the
reflection for this light since n, < n,. For small incident angles, the path taken by ray 2 is
approximately equal to twice the width of the film.

A
n,>n, % 6@
5.0,
n, |n: 6%,
%9
2 d\é
S %
0@ )
zf )
)
(]

L

FIGURE 12.13: Interference from thin films.

The changes in phase for the different rays are therefore®

(a9), ==
(A9), = k, (2z)

Ray 1 and ray 2 will constructively interfere with each other if these differences in phase
are equal to an integer multiple of 2z.

(A0),-(A¢) =22m — k (2L)-7=272m — i—” (2L)=7(2m+1)

m

For simplicity, let's assume that n, = 1. Then, substitution of Equation 11-3 gives us

9 The difference in phase depends upon the wavenumber of the wave in the material. Therefore, we need
to use k, (Equation 11-3), rather that the wavenumber for the wave in vacuum.
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o 1
Constructive interference 2Ln, = m+5 A m=0,£1,%2,...

Destructive interference 2Ln, = mA m=0,x1,£2,...

The wavelength A in these equations is the wavelength of the light in medium 1 (with
index of refraction n,), which we have assumed to be vacuum. This calculation was
performed for only two rays of light and is valid only when the angle of incidence is
small. The total interference pattern for the film comes from all of the rays of light that
reflect and refract, and is a function of the angle of incidence of the light. The associated
calculation, however, is beyond the scope of this textbook. Nevertheless, the simplified
explanation presented above demonstrates how interference patterns can be gener-
ated from a thin film.
Example 12-4

Problem: The reflected light and refracted light from a soap film constructively

interfere for green light (A = 510 nm). The index of refraction of the soap film

at this wavelength is 1.3. What is the minimum thickness of the soap film?

Solution: Constructive interference occurs when
1
2Ln, = m+5 A m=0,%+1,%2,...

The minimum thickness corresponds to m = 0. Substitution gives us

2L(1.3):(0+%)(510nm)

L=98nm

The system shown in Figure 12.14 consists of a single source of coherent light and a
plane mirror. Light from the source can reflect off the mirror and interfere with itself to
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form an interference pattern on the screen. We can use geometric optics to model the
interference pattern as resulting from two coherent sources of light (one real and one
virtual), as shown in Figure 12.14.

Real source
Real source
y y
4 a -
2 2 //’
- 0
Mirror ¢ Mirror ¢ 2
i ...‘.u‘ i .’.‘...
2| 2|
o Virtual source Viewing  Virtual source O L Viewing
Screen Screen

FIGURE 12.14: Forming an interference pattern through reflection from a mirror.

The magnitude of the electric field of the resultant electromagnetic wave at the position
yinFigure 12.14 is the sum of the electric fields of the electromagnetic waves from each
of the two sources. The magnitudes of these two electric fields are the same, so this
summation gives us

E=E, (ei(loc—a)t) + ei(k(x+5)wt+7r))

The additional phase change of n radians results from the reflection of that electromag-
netic wave off the mirror. Following the previous derivation for the two-slit interference
pattern gives us

ik‘er@—a) +Z
E:Eoe( 2 2J(2cos(?+%n

The real part of this electric field is therefore
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E=E, cos(kx+@—wt+£)(2cos(@+zn
2 2 2 2
E=E, sin(kx+%—w1](25in(%n

The average intensity of the resultant electromagnetic wave is thus'®

2 (%)(dsin@)

I1=1 sinzﬁ — =] sin
max 2 max 2

=1 s mdsinO
max A’

In the limit that the angle 0 in is small, this equation can be written as

wd
I=1_ sin’|=—
max (AL y)

Under these conditions we have

1) LA
Constructive interference: y = (m + 5)(7) m=0,£1,12,...

LA
Destructive interference: y = m(7] m=0,x1,+2,...

The pattern of bright and dark fringes is reversed from what is observed in the double-slit
experiment because of the change in phase associated with reflection from the mirror.
There is also no “diffraction envelope” in the equation for the intensity of the interfer-

ence pattern since there is no aperture.

10 Using Equation 12-4 and Equation 10-7.
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12-5 Resolution

The ability of optical systems to distinguish between closely spaced sources of light is
a direct result of the diffraction of the light from these sources. Consider the system
shown in Figure 12.15, in which two independent sources of light pass through a slit
and are then imaged on a screen. Since the two sources of light are independent they are
incoherent, and thus no interference pattern will occur. However, the light from each
source will diffract through the slit and produce a diffraction pattern on the screen. The
two sources of light can thus be resolved (i.e,, distinguished as two separate sources)
only if their corresponding diffraction patterns can be resolved/distinguished. This is
known as Rayleigh'’s criterion.

Rayleigh criterion: when the central maximum of the diffraction pattern of one
image falls on the first minimum of the diffraction pattern of another image,
the images are said to be just resolved.

Using Rayleigh'’s criterion, we can determine the minimum angular separation between
two sources of light for which the images of these sources are resolvable. According to
Equation 12-3 this angle is

sin Qmin =—
a

Source 1 Source 2
Source 1 Source 2

[}
[}

/N

Slit e ) —— Slit e | ——

Viewi Vi i
screen _A\/\ An/\ AL Soreen /A Ap

FIGURE 12.15: The light from two different sources makes two different diffraction patterns. If these
diffraction patterns are separated from each other (left panel), the two sources of light can be resolved.
If the diffraction patterns are not separated from each other (right panel), the two sources of light
cannot be resolved.
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In this equation, the variable a is the width of the slit. For most optical systems a << A
and sin Omm << 1. Under these conditions, the equation for resolution becomes

0. == (12-10)

For a circular “slit” of diameter D Equation 12-10 becomes

A
0 =122Z ]
in D (12-11)

Example 12-5

Problem: The ability of your eye to resolve different sources of light is limited
by the diffraction of light through your pupil. Let’s assume that the diameter of
your pupil is 2 mm and you are looking at two sources of monochromatic light
of wavelength 500 nm that are 50 cm away from you. What is the minimum
separation distance of the two objects for your eye to resolve them as two
separate objects?

Solution: Substitution into Equation 12-11 gives us

1 -9
MJ 6 =3.05x10"rad

6. =122
m 2x107m

The corresponding minimum distance between the sources of light is the prod-
uct of this angle, and the separation distance between the eye and the sources
(ie, it is the corresponding arc length subtended by this angle). Let’s denote
this distance as d__ .

d = (SOCm)O - d_ = (500m)(3.05>< 104‘rad)

min

d_ =152.5um

mi
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Diffraction will also occur when light passes through a lens (an effect we ignored in
Chapter 11). Thus, for any optical system, there will be a fundamental lower limit to
the ability of the system to resolve different sources of light. This fundamental limit is a
consequence of the diffraction of light which results from the wave nature of light. For
this reason, different wavelengths of light are used to observe different structures. For
example, x-rays are frequently used to resolve atomic structure since the wavelength of
x-rays is on the same order as the diameter of an atom.

12-6 Photoelectric Effect and Wave/Particle Duality

The electric circuit in Figure 12.16 consists of a battery connected to two conducting
plates separated from each other and enclosed in a vacuum chamber; the two con-
ducting plates are effectively forming a capacitor with a large separation distance.
Once all transient currents!' have stopped, no additional current will flow in the
circuit.

light

L
7

e.>

)

| —

FIGURE 12.16: The photoelectric effect.

Interestingly, if the plates are exposed to light, then current will flow in the circuit. This
occurs because the interaction of the light with the conducting plates ejects electrons
from the plates, which can then flow as a current in the circuit. This process is known
as the photoelectric effect.

At first, this observation was not considered especially interesting, since it was
already known that electromagnetic waves could carry energy (Equation 10-16).
Indeed, the current resulting from the photoelectric effect was directly proportional
to the intensity and thus the average energy of the light (Equation 10-19). However,

11 Section 8-6.
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additional characteristics of the photoelectric effect current
could not be so readily explained. For example, as
shown in Figure 12.17, it was observed that the pho-
toelectric effect would not occur unless the frequency
of the light was above some minimum frequency, f,.
No matter how intense the light, there was no pho- :
toelectric effect (i.e., no current in the circuit) unless ° frequency
the frequency of the light was above this minimum FIGURE 12.17: The photoelectric effect occurs
threshold frequency. Furthermore, this threshold only when the frequency of light is above a mini-
frequency depended upon the metal used in the mum threshold.
conducting plates, and thus is a characteristic of the
metal itself.

Albert Einstein’s explanation of the photoelectric effect was that light was not a wave,
but rather a collection of massless particles, called photons, which possess both kinetic
energy and momentum. He postulated that the energy of a photon was quantized and
proportional to the frequency of the light.

E=hf (12-12)

The constant h in Equation 12-12 is Planck’s constant, named for Max Planck.

h=6.63x10"*Js

Einstein argued that photons are emitted or absorbed in an “all-or-nothing” process. In
other words, the conducting plate in the photoelectric effect experiment must absorb
an integer number of photons. Once absorbed by the conducting plate, all of the energy
of each photon is transferred to a single electron.

If the energy of the photon is larger than the binding energy of the electron within
the conducting plate, the absorption of energy of a single photon will be sufficient to
“free” or “eject” the electron from the conducting plate and form a current. However,
if this energy is less than the binding energy of the electron, the electron remains
bound to the conducting plate. This is why there is a minimum frequency required
for the photoelectric effect. Similarly, since the binding energy of electrons varies
from metal to metal, this minimum frequency is characteristic of the material of the
conducting plates.

A more intense light corresponds to more photons. Thus, the number of photons
and ejected electrons should increase as the intensity of the light increases. It fol-
lows that the magnitude of the current should also be proportional to the intensity
of light.
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Although Einstein’s particle model for light agreed with the photoelectric effect, it
nevertheless seemed unsatisfactory since other phenomena involving light, such as
diffraction (Section 12-3) were explained well treating light as a wave. Louis-Victor de
Broglie reconciled these two competing models for light by postulating that everything
(light as well as matter) was simultaneously both a particle and a wave. In his formula-
tion, wavelength and linear momentum are related by

A=— (12-13)

The wavelength in Equation 12-13 is frequently referred to as the de Broglie wavelength.
The variable h in Equation 12-13 is Planck’s constant.
Example 12-6

Problem: What is the wavelength of a 0.145 kg baseball moving at 40 m/s
(about 90 mph)?

Solution: Substitution into Equation 12-13 gives us

34
A= 863x107Js 4% 10%m

(0.145kg)(40mJ

S

If everything is both a particle and a wave, then why don’t we notice the wave properties
of everyday objects? The answer to this question requires us to reconsider the topic of
resolution from Section 12-5. The ability to resolve different sources of light was found
to be proportional to the wavelength of the light (Equation 12-10 and Equation 12-11),
which was a direct result of the diffraction of the light. As shown in Figure 12.5, diffrac-
tion will occur only when the size of the slit used to diffract the wave is on the order
of the wavelength of the light. Thus, in order to resolve the wave nature of the baseball
in Example 12-6, we would need a diffraction slit on the order of 1 X 1073* m, which is
far too small for the baseball. Thus, although the baseball may actually be a wave, the
wavelength of that wave is too small to detect. In contrast, high energy (and therefore
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high momentum) photons can have wavelengths on the order of 100 pm and can be
used to resolve the structure of molecules.

If follows from Equation 12-13 that photons (i.e., light) must also possess momen-
tum!2 The energy of a photon can also be expressed in terms of its momentum using
Equation 12-141.

E = pc (12-14)

When a photon is absorbed by an object (or a surface), the momentum and energy of the
photon are transferred to that object (or surface). The change in momentum associated
with photon absorption by a surface can further be described in terms of a pressure
exerted by the photons on the surface using Newton’s 2nd and 3rd laws!#; this pressure
is commonly referred to as radiation pressure.

_Ap AE

= - F
“E At " cAt

The change in the energy of the object (or surface) is equal to the energy of the photon.
This energy can be expressed in terms of the intensity (i.e., the average Poynting vec-
tor?®) and the area of the surface.

_ TAAt 14

AE=14At — F = L, F -
avg CAt avg C

The radiation pressure on the surface is equal to the average force exerted on the sur-
face divided by the area of the surface.

(12-15)

12 This is interesting since photons have no mass. You should feel inspired take additional physics classes
to learn about this.

13 You should feel inspired to take additional physics classes to learn why Equation 12-14 is valid.

14 Asyourecall from thermodynamics, this is exactly how the pressure of a gas was determined from the
collisions of the gas molecules with the container containing them.

15 See Equation 10-19. This is also similar to how we calculated the average power absorbed by an
antenna in Equation 10-26.
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If the photon reflects off the surface, rather than being absorbed by the surface, the
radiation pressure would be

p="= )
: (12-16)

Example 12-7

Problem: The intensity of electromagnetic radiation from the sun near the
orbit of the Earth is approximately 1300 W/m? A 20,000 kg spacecraft will use
a solar sail to accelerate away from the Earth. The sail is designed to perfectly
reflect incident photons. What surface area must the sail have in order for the
spacecraft to obtain an acceleration of 0.05 m/s??

Solution: The pressure exerted by the electromagnetic radiation on the sail is
determined using Equation 12-16.

2(1300“2)
m N
P= — P=87x10"—
3x10° ™M m
S

The magnitude of the net force required for the spacecraft’s acceleration is
determined from Newton’s 2nd law.

net ne

=ma - Ft:(2><104kg)[0.05gz) > F_=Ix10°N
S

The area required for the solar sail is therefore

F 1x10°
A== - g=XAON 0t

8.7x10° 1
m

If the solar sail is square each side would be 10.7 km long.
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12-7 The Bohr Model for the Hydrogen Atom, Part V

According to Equation 12-13, the electron must also be both a wave and a particle.
Indeed, in his model for the hydrogen atom, Bohr argued that the electron should be
treated as a wave and that the only allowed “orbits” for the electron corresponded to
standing waves of the electron. This requires that the circumference of an orbit must be
an integer multiple of the wavelength of the electron.

2w R

orbit

=mA m=12,...

Substitution of Equation 12-13 then gives us

h h
ZﬂRarbil =m— — Rorbitp =m_—
p 2r

We recognize the product of the radius of the orbit and the linear momentum of the
electron as the angular momentum of the electron.

Lzmi m=12,...
21

The angular momentum of the electron is therefore quantized.
The accessible orbits of the electron can be calculated from the speed of the orbiting
electron determined in Section 3-9.

2
2 e

velectron = 47[8 R m

0 “orbit” " “electron

As derived previously,

orbit” " “electron

PO R _h _ h
orbitp - mﬂ - orbit melectmnvelectron - ME - velectron =m 2 T R m
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Combining these two equations for v gives us

electron

2 2
) h e
m =
2R m dwe R .m

orbit™ " “electron 07 “orbit™ " “electron

h’e
R, = m* (—02] m=12,...

electron

The corresponding accessible energies of the electron from Section 3-9 are thus

2 2 bis 2
E:-l(e—Z] - Ez_l( e J( néelectronze ]
2\ 4ne R 2\ 4re, hg,m
4
1
E=—| Sl | | =12,
8¢ h m

Substitution gives us

4
o (1.6x107C) (9.11x10 kg om
ezlect;on — P - %: 217)(10718]
8¢ h C? 2 8¢,
8 8.85x10™ | (6.63x107Js)
Jm

Thus, the energies of the electron orbits are

217 %107
E:—(7X—OJ) m=12.... (12-17)

2
m

The energies of the electron orbits decrease as the integer m increases. Based upon the
2" Jaw of thermodynamics, the largest population of atoms would have electrons in
the m = 1 orbit. We can define this to be the ground state (or lowest energy) state for
the hydrogen atom. The energy required to remove an electron from the ground state
is the ionization energy (see Section 3-9) and from Equation 12-17 is equal to

E=217x10"]
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This value for the ionization energy is exactly what is measured experimentally.
Thus, by treating an electron as a wave, we are not only able to accurately predict
the ionization energy of the hydrogen atom but are also able to avoid the problem of
having the centripetal acceleration of the electron radiate away all the energy of atom
(Section 9-7). Furthermore, this model of the hydrogen atom can also explain the light
absorption properties of the atom?.

Unfortunately, the Bohr model of the atom cannot be easily extended to more com-
plicated atoms containing multiple protons and electrons. Nevertheless, the concepts
of wave/particle duality, energy quantization, and momentum quantization did become
the basis for the development of an entirely new branch of physics called quantum
mechanics.

16 You should feel inspired to take additional physics courses to learn more about this.
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Summary
Wave front: a surface over which the phase of a wave is constant.

Huygens's principle: each position on a wave front is the source of spherical
waves (called wavelets) that spread out at the wave speed. At a later time, the
shape of the wave front is the line tangent to all the wavelets.

Diffraction: the bending of waves as they pass by an object or move through an
aperture.

Coherent sources: two sources of electromagnetic waves are coherent if the
waves they emit have a zero or constant phase difference.

The intensity of an electromagnetic wave with wavelength A diffracting through a
single slit with width a is

) (nasin@) ’
Sin T
=1 _

Tasinf

A

This equation is also known as the Fraunhofer diffraction intensity equation.

The intensity of the electromagnetic wave resulting from the diffraction of two
coherent electromagnetic waves with wavelength A through two slits with width a
separated by a distance d is

. [ masin@ ’
. sin| ———
I, Cosz(ﬂdsmﬂ) A

masin@

A

An electromagnetic wave undergoes a change in phase of m radians when reflected
from a boundary leading to a material with higher index of refraction. There is no
change in phase when the electromagnetic wave reflects from a boundary leading
to a material with lower index of refraction
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+ Rayleigh criterion: when the central maximum of one image falls on the first
minimum of another image, the images are said to be just resolved. The minimum
angular separation between two sources of light is

sin 6. =—
a

In this equation the variable a is the width of the slit. For most optical systems,
a<<)\andsin€ . <<1.Under these conditions the equation for resolution becomes

For a circular “slit” of diameter D Equation this equation is

0 :1.22i
; D

mii

+ de Broglie wavelength: The wavelength associated with the momentum of a particle.

A==
p

The variable h in this equation is Planck’s constant.

+ Photon: a massless particle of light carrying energy and momentum. The energy
of a photon is

E=hf E=pc

The variable h in this equation is Planck’s constant.
+ Radiation pressure: The pressure exerted on a surface by photons. If the photons

are absorbed by the surface, the pressure is

p=?
c
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If the photon reflects off the surface, the radiation pressure is

2

C

P

The variable I in these equations is the intensity of the electromagnetic wave
associated with the photons.

Problems

In a double-slit diffraction experiment, the separation between the slits is 4 times
the width of each slit. How many bright interference fringes will be in the central
peak of the diffraction envelope?

A diffraction grating has 2000 lines per mm. What is the second largest angle at
which an intensity maximum appears on a distant viewing screen?

What are the requirements for constructive and destructive interference for light
passing through a thin film with an index of refraction n? Assume that the index of
refraction outside of the film is 1.

An astronaut is in orbit 450 km above the surface of the Earth. If the diameter of the
astronaut’s pupil is 5 mm, can she resolve the width (10 m) of the Great Wall of China?
What is the minimum resolution of the astronaut’s eye on the surface of the Earth?
Assume that the wavelength of the light is 550 nm. Could a superhero using x-ray
vision (0.1 nm wavelength light) resolve the Great Wall of China from this altitude?

What is the wavelength of an electron moving at 1 X 10* m/s?

A 2 kg object is at rest. How many photons of light with wavelength 500 nm must
the object absorb to obtain a speed of 1 m/s? How many photons would be neces-
sary if the wavelength of the light was 0.5 nm?
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A-1  SI System of Units

All measurements in this book will use the International
System of Units (known by its French acronym SI); this
system is commonly referred to as the metric system.
There are seven base quantities that constitute the

ST units.
Quantity Unit Name | Unit Symbol

Length meter m
Time second s

Mass kilogram kg
Temperature kelvin K

Amount of Substance mole mol
Electric Current ampere A
Luminous Intensity candela cd
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There are several additional SI units that are derived from this basis set. A few of the
more common are shown in the table below.

Quantity Unit Name Unit Symbol Derivation
2
Energy joule J 17=1 kgm
2
s
2
Power watt W 1W=1 kgm
3
s
Force newton N IN=1 kgm
2
s
Frequency hertz Hz 1Hz = 11
s
Electric Charge coulomb C 1C=1As
2
Electric Potential volt \' 1V = lkgm — 1l
As’®
2 4
Capacitance farad F 1F=1 As = 1E
kgm®* V
tesla T ToiXg _ Ns_ Vs
Magnetic Field As® Cm m?
Intensity
gauss! G 1IG=10"*T
Magnetic Flux weber Wb 1Wb= le2 =1Vs= 1%
Resistance ohm Q 1Q= 1X _ 1J_52

1 Gauss is not an SI unit, but it is nevertheless commonly used.
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Quantity Unit Name Unit Symbol Derivation
Vs
Inductance henry H IH = lx
Pressure pascal Pa 1Pa = li
mZ

The following prefixes can be used when describing very large or very small quantities.

Prefix | Symbol | Factor
tera T 102
giga G 10°

mega M 106
kilo K 103
hecto H 102
deca da 10!
deci D 1071
centi C 1072
milli M 1073
micro n 10
nano N 107°
pico P 1012

Thus, 9.5ns =9.5%107°s and 2.6 MW =2.6x10°W .

A-2 Physical Constants

Quantity Variable Accepted Value

o dm
Gravitational Constant G 107" —

kg

Fundamental Electric Charge e 1.6x107C

CZ
Vacuum Permittivity e 8.85x 107" —
0 Jm
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Quantity Variable Accepted Value
o _ kgm
Vacuum Permeability U, 47 x10 7
. . g M
Speed of Light in Vacuum c 3x10°—
S
2 1
Avogadro Constant N, 6.02x10™" —
mol
) J
Universal Gas Constant R 8.314
mol
Boltzmann Constant k, 1.38x 107 —
Mass of the Earth M, 5.98 X 10* kg
Radius of the Earth R, 6.37 X 10°m
Mass of the Sun M 1.99 X 10%°kg

A-3  Useful Mathematics

Solution for a quadratic equation

—b+b* —4ac
ax*+bx+c=0 — x=
2a
Trigonometry
sinf = a sin(—@) =—sinf
c
C
b
cosf =— cos(—9)=cos(9
c
2]
b
‘[an9=2 tan(—@):—tane
b
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cos(@ + q)) = cos(@)cos (q)) T Sin(Q)Sin(‘P)
sin(@ + d)) = sin(@)cos((b) + cos(Q)Sin(¢)

sin260 = 2sinfcosB

c0s20 =cos*0—sin’0 — cos20=2cos’0—1

cos(e)+cos(¢):zcos[e%’)cos(@%)

Calculus

—x"=nx"" —e" = age™

dx dx

Esin(ax): acos(ax) Ecos(ax)z—asin(ax)
dy dy du

d __a dx  du dx

dx tan(ax) cosz(ax) . o

—ln(ax)=l —a =a'lna

dx X dx

{70l | L2t 21

1

e =1n(x+(xz+yz)z]

(o)

J dx X

(xz +y2)% yz (xz +y2)%

1

il ) =i (502 i ()
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Taylor series expansion

f@%éﬁ@+%tzF)Q_@+%{ifxa

£ _)@_af+
0 6 0
sm(9)=9—§ ;-;
cos(@): 1—9—2+9—4—0—6
21 41 6!

. xt X
e =l+x+—+—+
3!

Binomial expansion

(l+x)n =1+nx+ n(n—l)x2+n(n—l)(n—2)x3+m
2! 3!

(1+x)n =1+nx x<<1

Geometric series expansion

1 n+l
2 n __ —r
atar+ar +...+ar =a

—-r

A-4 Legendre Polynomials

The Legendre polynomials, P, (x) , are solutions of the Legendre differential equation.

d 2 d

A 0=af L 10) |l ()0
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Why this particular equation is useful or how the Legendre polynomials are determined
is beyond the scope of this book. What is relevant to this book, however, is that the
Legendre polynomials can be related to an expression that we encounter frequently.

%=i%(y)x"

(1—2xy+x2)2 =0 (A-6)

Consider the system shown in Figure A.1, in which the distance between a point particle
and a position P where a property of that particle (its gravitational potential, e.g.) is
measured is denoted by the variable R, the distance between the origin and the point
particle is denoted by the variable a, and the distance between the origin and the posi-
tion P is denoted by the variable r.

P

FIGURE A.1: Geometry for which Legendre
polynomials are helpful.

Using trigonometry, we can relate R to g, r, and the angle 6 as
R*=r+a’—2racosf

1 1 1

R T 7R T

(rz+az—2mcost9)2 aY _a 2
rl1+] — 1| —2—cos@

r r
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Upon comparison to Equation A-6, we see that

1-25(4) nfeose) > £-3(4] rieose)

r n=0 n=0

Legendre polynomials are thus the coefficients of a Taylor series expansion. A list of the
first few Legendre polynomials is shown in Table A-1.

TABLE A-1. Legendre Polynomials

N P”(x)
0 1
1 X

1
2 5(3)(2 —1)

1
3 E(Sx3 —3x)

1

4 §(35X4 -30x’ +3)

A few useful properties of Legendre polynomials are

£ (=v)=(-1) £ (¥) (a-7)

(n+1) P, ()= (2n+1) 8, ()= nE, () (a-8)
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B-1 1-Dimensional Vectors

When expressing a 1-dimensional vector, a positive (+) or
negative (—) sign is commonly used to denote the direction
of the vector with respect to the origin of the corresponding
coordinate axis (Figure B.1).

It is worth noting that the positive (+) sign is frequently
omitted when writing 1-dimensional vectors.

Positive Direction

>
x=-2m x=+1m

G+ ———+— ——>xm

€
Negative Direction

FIGURE B.1: Coordinate system for using describing the position of an
object using 1-dimensional vectors.
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B-2 General Descriptions of Vectors

Vector quantities are usually labeled with an arrow over their symbol, but this is some-
times neglected for 1-dimensional vectors. Using this notation, we can write the vector
Awith magnitude A and direction along a as

d=dd - a=4
A

In this example, & denotes a unit vector, which points in the direction of Aand has a
magnitude of one. Unit vectors are denoted by the * symbol and are commonly used to
express the components of a vector along the coordinate axis relevant to a particular
problem. This is mathematically permissible since they have a magnitude of 1; in other
words, they specify direction only.

B-3 Components and Decomposition

Working with vectors is made easier by expressing the vector in terms of its projec-
tions or components along a set of unit vectors (i.e, its components along the axes of
a coordinate system). We refer to this process as decomposing the vector. For example,
in a standard Cartesian coordinate system, the vector A can also be written (or decom-
posed) as

—

A=AX+Ay+Az

In this example, X, ¥, and 7 are the unit vectors pointing along the Cartesian x, y, and
z axes, respectively, and A, A, and A, are the components of the vector along those
directions. These components can be positive, negative, or zero depending upon the
orientation (ie., direction) of the vector with regards to the fixed Cartesian coordinates.

When written this way, the magnitude of the vector A, denoted by A or Hq , can be
expressed in terms of its components along the coordinate axes.
1
A=|d|=(42+ 42+ 42) (B-1)

It is worth noting that although the components of a vector can be either positive or
negative, but the magnitude of a vector is always positive (see Figure B.2).
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i Component  Direction
[=(=d )x
A .
s L
A=4 (=x)

Magnitude Direction

FIGURE B.2: The difference between describing a vector in terms of its components and
magnitudes.

The components of a vector can also be used to determine the angles between the vector
and the coordinate axes. Consider the simple case of the 2-dimensional vector shown
in Figure B.3.

The following trigonometric identities apply to the
vector shown in Figure B.3.

4 4 A
sinf=—+=—-= -

A Al Ja 4

|

A A A =
cosf=—+=—2= S X

4 || Ja+n

tan@ = —

FIGURE B.3: A 2-dimensional vector with its

o ) . ) components along both coordinate axes.
In addition to arrows, we will also use specific notation

(Figure B.4) to pictorially represent vectors orientated
perpendicular to the page.
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% vectorinto page B-4 Simple Vector Mathematics

pp—— ; Expressing a vector in terms of its components (i.e., decom-
@ vector out of page p g p
posing the vector) simplifies vector arithmetic and calculus

FIGURE B.4: Pictorial representation of g1, c6 4]] operations are carried out component by component.
the direction of vectors orientated per-

pendicular to the page.

Addition A+B=(4,+B)i+(4 +B)5+(4 +B):
Subtraction A-B=(4-B)i+(4 -B )3+(4-B)z
Multiplication by a scalar cA=(cA )3+ (cd,)p+(cd )z
Differentiation %Z = (%AX}E +(% Ay)jz+(%Az)2

B-5 Other Coordinate Systems

The differential displacement vector and differential 1
volume element in rectangular coordinates (i.e., the
Cartesian x, y, and z axes) are

dr = (dx)x+(dy)y+(dz)z
dv =(dx)(dy)(dz)

In addition to rectangular coordinates, we will also
occasionally use cylindrical and spherical coordinate
systems. In a cylindrical coordinate system, the loca-
tion of a point is specified by the quantities p, ¢, and
z, as shown in Figure B.5.

The cylindrical coordinates are related to the rect-
angular coordinates through the following equations:

FIGURE B.5: Cylindrical coordinates.

X = pcosQ y = psing z=z

1

_ _Y
p—(x2+y2)2 tang = .
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The cylindrical coordinate unit vectors are related to the rectangular coordinate unit
vectors by the following equations:

[):(cosqo)i+(sin(p)j/ @:(—sin(p))€+(cos(0))7
fcz(COS(p)ﬁ—(singo)q?) f/z(sin(p)f)+(cosqo)([)
It follows that the position vector expressed in cylindrical coordinates is

F=(p)p+(2)2

z A

P lp+| ——1z

(p2+zz)2 (p2+zz)2

~>
Il

The differential displacement vector and differential volume element in cylindrical
coordinates are

dr =(dp)p+(pde)p+(dz)z
dv = p(dp)(dep)(dz)

The differential volume of a cylindrical shell of radius p and length z is thus

2r

4, = [ p(dp)(do)(e)

0

o= olap)ae Jao) > ars=2mlan)a

In a spherical coordinate system, the location of a point is specified by the quantities r; 6,
and ¢, as shown in Figure B.6. The spherical coordinates are related to the rectangular
coordinates through the following equations:

X =rsinfcos@ y=rsin@sing z=rcos0
1
1 x4y )
r=(x2+yz+zz)2 tanezu tangozl
z X
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Z
i
N
“
h
"l."I
\l.
B
B
N s .’
I
; . J
b ircosd
Q \m\ it *..-"'
% i T
L1 i F
rsinﬂnﬁi ¥
e o M

FIGURE B.6: Spherical coordinates.

The spherical coordinate unit vectors are related to the rectangular coordinate unit
vectors by the following equations:
;= (sinBCOS(p))? + (sinBsinqo)j/+ (0089)2
é:(cosecosgo)x+(cosesmq0) (sin0)2
Q= ( s1n(p))2 + (cos<p))7

(sm@cosq))r + (cos@cosq))@ (singo)qﬁ
j/ = (sm@sm(p)r + (cosBsm(D)O + (COS(p)qB
= (cosG)f - (sin@)@

The differential displacement vector and differential volume element in spherical coor-
dinates are

dr = (dr)#+(rd6)0 +(rsinOde)@
av =r? sm9( )( )( )
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The differential volume of a spherical shell of radius r is thus

r?sin6(dr)(d6)(dp) — sthe,,=(r2dr)[2jfd(p](jsin9d9]
0 0
av, , = (rzdr)(27r)(—cos9‘;r)

av,, =(2nrdr)(-(-1-1)) - av,, =4nr’dr

shell

2

hell J.
0

O C——

B-6 The Dot Product

The dot product (also called scalar product or the inner product) of two vectors is the
related to the magnitude of the projection of one vector onto the other; the dot product
is thus a scalar quantity. The expression for the dot product of the two vectors Aand B
is

A+ B= ABcos6 (B-2)
The angle 0 in Equation B-2 is the angle between the two vectors. The dot product is
a commutative operation so A+ B= B+ A. Because the unit vectors of the standard
rectangular coordinate system are orthonormal, we have the following identities:
Xex=1 peyp=1 z.z=1
Xep=0 x.2=0 p.z=0
The dot product of a vector with itself is the square of the magnitude of that vector.
Aed=(AZ+45+42)+(A5+45+47)
S 2 A A 2({~ = A A A A A
AcA= A (ReR)+ A (PeP)+ A (202)+ A A (R7)+ A4 (%+2)+
A +AA(2e%)+A44(29)

—

Acd= A2+ £+ 42 = £
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Similarly,
A«B=AB +AB +AB (B-3)

For the unit vectors in cylindrical and spherical coordinates we have

pep=1 ¢.p=1 2.7=1
p-p=0 p-2=0 ¢-2=0
Fef=1 6.0=1 ¢.¢=1
FeB=0 fep=0 6.9=0

B-7 The Cross Product

The cross product (or vector product) of two vectors Aand B results in a new vector
whose magnitude is the area of a parallelogram with Aand B as its sides. The equation
for the magnitude of this vector is

H;lx EH: ABsin® (B-4)

The angle 6 in Equation B-4 is the angle between the two vectors Aand B. By conven-
tion the angle 6 is always drawn counterclockwise from A and B, as shown in Figure B.7.
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.

A B E
QR 2
- —
‘\ Ai B

FIGURE B.7: The definjtion_of the angle 6 between the vectors Aand |§ in the
vector cross product A X B.

v

The direction of the vector resulting from the cross product of Aand B is determined
using the right-hand rule. Point the figures of your right hand in the direction of the first
vector in the cross product (A) bend them to point in the direction of the second vector
in the cross product (B), and your thumb will then point in the direction of the resultant
vector (A X B) Two examples of vector cross product are shown in Figure B.8.

B

-

A
= -
BxA
FIGURE B.8: The direction of the vector cross product determined

using the right hand rule.

Alternatively, for 3-dimensional vectors, the cross product of Aand B can be calculated
using a simple determinant.
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-
AxB=| A A A
B, B, B
X y z

AxB=(4B -AB))i+(4B,—-4B)j+(4B,-4B8):

Incidentally, we define a right-handed coordinate system in terms of the cross product of
the associated unit vectors. For a right-handed rectangular system, we have

XXP=Z PXZ=X ZIXXx=Yp
xxx=0 pxp=0 zZxz=0

It's important to note that unlike the dot product, the cross product is not commutative
(see Figure B.8).

B-8 The Gradient of a Scalar Field

A scalar field is defined to be an assignment of a scalar to each point in a region of space.
Suppose we have a scalar field fthat is a function of position so that we can write

f=r(x272)
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The function f might be the temperature at a particular point in a room, for example.
The infinitesimal change in fassociated with an infinitesimal change in position is thus

of 9f 9f
d dx dy d.
(e 5o (50
We can write this expression as

&= [(aaf ] +(g_fy”]y (af ) ] [(a) -+ (ab) 5+ ()]

df =Vf «dr

In this equation, we have introduced the gradient of f as the quantity

I o (9 )5, 2L ); i
Vf = (ax] +(8y]y+(az]z (B-5)

The infinitesimal change in fis then simply equal to the dot product of the gradient
of fand the infinitesimal change in position (d7)*. The direction of the gradient is the
direction in which the scalar has its maximum rate of change and the magnitude of the
gradient is that maximum rate of change.

In cylindrical coordinates the gradient is

NP
ap p 0p 0z

In spherical coordinates the gradient is

f 1of 1 df). ]
Vi= (ar) +(r 80]9+(rsin98(p)(p (B-7)

1 See Section B-5.
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B-9 The Divergence and Curl

Avector field is defined to be an assignment of a vector to each point in a region of space.
For example, the wind speed in different towns and cities in a state form a vector field
of wind velocity for that state. The components of the vector in a vector field are often
functions of the position of the measurement of the vector in the region of space. An
example of such a two-dimensional vector field is

A= (2x))2+(3xy2))7

The x-axis and y-axis components of this vector field are functions of the position of the
measurement along the x-axis and y-axis. The divergence of a vector field is equal to

- 04
V-A:an+ y+8AZ
ox dy 0z

(B-8)

The divergence of a vector field is a measure of rate of change of a vector field. If the
magnitude of the vector field is constant along a line in the same direction as the di-
rection of the vector field, then the divergence of the vector field is zero. On the other
hand, if the magnitude of the vector field varies along a line in the same direction as the
direction of the vector field, then the divergence of the vector field is non-zero.

The curl of a 2-dimensional vector field is equal to

X y z
vxi=| 2 9 2
ox dy 0z
A A 4

- (04, 94, ). (04, 04 ). (94, 94 |.
VxA=| —=—-—= [x+ Lo —Z p+ L _ x|z (B-9)
dy 0z dz  0Jx ox dy

The curl of a vector field is a measure of the “rotation” of that vector field. If the mag-
nitude of the vector field is constant along a line perpendicular to the direction of the
vector field, then the curl of the vector field is zero. If the magnitude of the vector field
varies along a line perpendicular to the direction of the vector field, then the curl of the
vector field is non-zero. These properties of the divergence and the curl are demon-
strated pictorially in Figure B.9.
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— — * * B 3 .. -
— — > 3 B > — @ —= @ —»
— — = = : - - - -
—_— - E » + - -
—_— . E - — — e
—i B + - . - -
Divergence Is non-zero Divergence |s zero Divergence Is Zera
Curl i zerd Curl & 2&ro Curl |8 non-2&ra
Vel 20 Vol =0 Felr =0
VuF =0 Vel =0 VxF#0
FIGURE B.9: Pictorial representations of the divergence and the curl.
In cylindrical and spherical coordinates, the divergence and curl are
o1 104 94
V-A:—i( A )+——"’+—Z (B-10)
pdp\ P/ pdp oz
- (104 94,). (94, 94 ). (1 o 104
vxaz| 104 ) [0 9405 1O ) L% gy
pJdp Oz dz  dp padp' " p dp
- 19 d 1 94
Ved=——(r’4 )+ —(sin04, )+ —* B-12
r ar( ’) rsinf 80( 9) rsinf dp (B-12)

Vx A= i(sineA )—aAe Tt aAr—i(rA)Q
00 ¢/ d¢p )rsin@ \sin@ dp odr‘ ?/)r

0 04 &
()22 )2

S
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B-10 Additional Useful Vector Relationships
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Appendix C

c-1 Example 2-4

We begin with the following expression:

V=

oM (2 +4y2)%+L

g

(L2+4y2)%—L

Then multiply the numerator and denominator by the

denominator.
N (L2+4y2)%+L i (L2+4y2)%+L (L2+4y2)%—L
(2+4y’) -1 (2+ay?)-L |\ (2+4ay’ ) -1
N (L2+4y2)%+L o L2+4y2—L(L2+4y2)%+L(L2+4y2)%—L2

(L2+4y2)%—L (
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1

. (L2+4y2)j+L T 4y

(2 +4y’ ) -L ((L2+4y2)% _LJZ

Both the numerator and the denominator are now perfect squares

2

2

| (L2+4y2);+L | 2y
n =1n
(L2+4y2)%—L (L2+4y2)%—L
| (L2+4y2);+L 51 2y
n = n
(L2+4y2)%—L (L2+4y2)%—L
Thus,
ng—zGLMln 2yl

In this limit that L >> y this equation becomes

IimV = __2(2M ln(é)

L>>y g y
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c-2 Example 2-5

What is the gravitational potential energy of a system
shown in Figure C.1 consisting of a 2 kg point particle and a
uniformly dense 4 kg rod? The 2 kg point particle is located
on the bisector of the rod.

The gravitational potential energy of this system can be
determined by integrating, with respect to the length of the
rod, the product of the gravitational potential of the point
particle and each infinitesimal bit of mass that constitutes
the rod.

du, =(dm)V, — U, = ng dm

Substitution of the gravitational potential of the point par-
ticle (Equation 2-2) gives us

U, J' [ M particte } dm - U, = (_Gmpartic‘le) dm

APPENDIX C 505

4 kg

3m

FIGURE C.1: The system in Example 2-5.

r

Finally, as shown in Example 2-4, the integral with respect to the mass of the rod in this
expression can be changed into an integral with respect to the length of the rod using

the linear mass density of the rod (4).

U - (—Gm Adx

4

=~

d

2

particle ) % - Ug == G/lm particle J.
L

2

x
2GM_m_
Ug - _ rlold particle ln
o (Lroa' +4 y roa’

Substitution gives us

Jm
2(6 67x10” “kg )(4kg)(2kg)

2(2m)

U = — ln
& 3m

U, =246 x 107°)

This is the same result as obtained in Example 2-5.

1

((3m)2 +4(2m)2)2 ~3m
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c-3 Derivation of Equation 2-11

Consider the point particle moving along the trajec-
tory shown in Figure C.2.
The work done by the gravitational field on the >
/ g

Final Position @

particle can be calculating from the gravitational

force that the gravitational field exerts on the par- >
ticle (Equation 2-10). ds
_>Fg
W=[Feds — W=[mgeds — W=m[geds / >
>

The differential vector ds in this equation is a small
segment of the particle’s trajectory, as shown in ® |nitial Position
Figure C.2. Since the gravitational force is a con- FIGURE C2: A point particle moves
servative force we can relate the work done by the  through a gravitational field.
gravitational force on the particle to the change in

the particle’s gravitational potential energy.

W=-AU, - -AU =m[g-ds — t=—[geds
Substitution of Equation 2-5 then gives us

AV, =—[g-ds

c-4 Multipole Expansion of the Magnetic Field of a
Current-Carrying Loop

The expression for the magnetic field of the current carrying loop in Figure 4.18 can be
written as

3
- IR? . IR? . IR? R*)?
=t |12 = B= at |12 = B= ,ug 5 (1+—2 Z
2(R? +22) R z z
(B +2) 223[1+2]
z
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The term in parenthesis in this expression can be rewritten using the binomial series
expansion (Section A-3)

(HR_Z]L_%R_; (3)(31)(5]

+

3
R 3R> 15(RY
1+—2 :1———2+——2 +
z 2z &1l z

Substitution of this expansion then gives us

iR 3R> 15(R*Y
B=|2 3 l-——+—| |+ Z
2z 2z 8\ z
- ,uOIRZ 3/.LOIR4 15,uOIR6 R
= — -+ —+... |2
2z 4z 16z ]

This is an equation for the multipole expansion of the magnetic field of the current
carrying loop. The first term in this expansion is the dipole term, the second term is the
quadrupole term, and the remaining terms in the series are higher order multipoles.
Notice that there is no monopole term since magnetic monopoles do not exist®.

c-5 Derivation of Equation 4-12

We begin with the identity

Therefore

dgxr:cﬁx(L) - dgxr:—aﬁ?xV(l) - dgxr:V(l)xﬁ

I"3 }"3 r

1 You should feel inspired to take advanced physics courses to learn a more elegant way of using the
magnetic multipole expansion to show that magnetic monopoles do not exist.
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This expression can be simplified using Equation B-21.

V(l)xds’:w(ﬁj—l(wdg)

r r r

The last term in this expression is zero since ds is a constant with respect to the curl
operation.

Vxds=0 —» V(l)xdi‘:Vx(ﬁ) N ﬁx”:Vx(ﬁ)

r r 7”3

Substitution into Equation 4-5 then gives us

~ 1 - I -
ai=[ Bl |lyu | E) & gpovx|BLE) L povy ﬂj@
Ar 7 dc r A r

Comparison to Equation 4-11 then gives us

7 :[&JJ@
"o \4r r

c-6 Further Discussion of Equation 5-8

The substitution of Equation 5-7 into Equation 5-8 gives us

2

q

AV T 2
e S a
AV,

This result is different from what we would expect from Equation 3-5, however. This dif-
ference results from the fact that Equation 5-7 represents the internal energy associated
with constructing the charge separation shown in Figure 5.7, whereas Equation 3-52
represents the energy associated with the interaction of a charged point particle with
an external electric field.

1
— AU, ——g(qAVe)

2 More specifically, Equation 3-3.
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Let's consider two charged point particles with net electric charge ¢, and q,. The total
electric potential energy of this charge distribution is found using Equation 3-3 or
Equation 3-4.

9,49
)=

012
The variable r , in this equation is the distance between the two charged point par-
ticles. For a set of N charged point particles each pair of particles has a similar electric
potential energy. We can therefore express the total electric potential energy of the
system of particles as

1 94, 1
U=s2 = U=224(V),

i#j 47[80”,7 i#j

The summation in this equation is over all pairs of particles, excluding the interaction of
a particle with itself (i.e., the values of i and j in the summation cannot be the same) and
the factor of one-half accounts for the appearance of each pair twice in the summation.
This is the same reason why the factor of one-half appears in Equation 5-8 (in addition
to the obvious calculus reason).

For a continuous distribution of net electric charge, the summation in the above
expression can be written as an integral.

U.=3 JpF).(F)av )

c-7 Further Discussion of Validity of Equation 6-1
and Equation 6-2

Let’s consider the system shown in Figure C.3 that consists of two positively charged
point particles moving with the same velocity; the net electric charges of the two
particles are g, and q,. The electric and magnetic fields of each particle are shown in
Figure C.3

The electric and magnetic fields of the point particles in reference frame 1 (that is
stationary with respect to the motion of the particles) are found using Equation 3-9 and
Equation 4-1.
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z z oy
L =
y y =\ _ q, A =\ _ q, A
' " (El)l_(47t8 er(_Z) ( 2)1 _[47r£ rz}z
Frame 1 Frame 2 0 0
(B2 (Ea. - H,q,v n - H,q,v | .
.T. (B2) T (Bl )1 B ( 47[1"2 (_x) (BZ )1 B 471'1"2 *
o @+=>v a @
e r The final subscripts in these equations denote that these fields are
W @y 6, @ measured in reference frame 1; the initial subscript denotes the
ol b B, l particle that is the source of the field. The corresponding magnetic
l(El)l E, fields in reference frame 2 (that is moving at the same velocity as
Frame 1 Frame 2 the particles) are determined using Equation 6-2. For the particle

with net electric charge q,, we have
FIGURE C.3: Transformation of the

electric and magnetic fields of two

o el (B),=(B),~(me,)7x(),

RO () A I P

drr Ane r
(8), (420 ) (7)o

As expected, the magnetic field is zero in reference frame 2, since the particle is sta-
tionary in this reference frame. The electric fields in reference frame 2 are found using
Equation 6-1. For the particle with net electric charge q,, we have

(El)z :(El)l +‘7X(§1)1

B 47&6,‘01/2 Ay
P05 = (B), | gt ) ()| B
0
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Based upon Equation 3-9, we would have anticipated the field to be

e

So the transformation (Equation 6-1) has given us the wrong result. The Galilean trans-
formations used to derive Equation 6-1 and Equation 6-2 are “correct” only when the
additional term ,u080V2 is much less than 1. We can express this constraint mathemati-
cally as

1

1

M€, 2 \\2
4 x 107 K€M g g5 5 102 &
C Jm

ve<3x 1002
s

Hence, Equation 6-1 and Equation 6-2 are correct only when the speed of the particles

is much less than 3 X 10® m/s. You should feel encouraged to take additional physics
courses to learn the correct general transformation for electric and magnetic fields.

c-8 Derivation of Equation 6-14

Consider the system shown in Figure C.4 in which two loops Fm — = __ -~ | Fm
of current are brought together by externally applied forces. c j},
Each loop contains an EMF that maintains a current in the 1 ——_;_'_"' E
loop and these currents are in opposite directions. L, W

Since the currents in the loops are in opposite directions,
the magnetic force acting between the loops pushes the
loops apart (Figure 4.23). Thus, work must have been done E L F
on this system to bring the two loops together, and this work P o

resulted in an increase in the magnetic potential energy of o : n
the system. = -—[!' Fm

L 4

Rather than calculating the magnetic potential energy
of the system from the work required to push the loops  FIGURE C.4: Two parallel loops of current
together, let’s instead calculate it by the determining the held together by an external applied force.
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work required to increase the currents in the loops while the loops are held in place
a fixed distance away from each other3. We begin by assuming that the two loops are
initially close to each other, but carry no current. As the current in each loop starts to
increase, the associated magnetic field will change the magnetic flux through the other
loop. This changing magnetic flux will induce a new EMF and associated current in each
loop.

In order to maintain the same current in the loops, each original EMF must do ad-
ditional work to overcome the induced EMF. To accomplish this, the EMF must increase
in magnitude by gaining energy from a source external to the system. Let’s denote this
increase in the EMF as € , where the subscript reminds us that this source of energy
is external to our original system. For an infinitesimal change in magnetic flux (ie, an
infinitesimal induced EMF), we can express the associated infinitesimal work done by
€, using Equation 6-8.

aw = & dq
In this expression, dq denotes a small amount of electric charge that travels around the
loop. We can express this small amount of charge in terms of the current in the loop.

. d :
i==L 5 aw =¢_ide
dt
We are temporarily using the variable i to denote the current in a loop at some instant
while the current is being increased to its final value of I. As stated previously, this work

is equal to the change in the magnetic potential energy of the system.
du, =& idt

The externally supplied EMF must be equal in magnitude, but opposite in direction to
the induced EMF.

=€ - dU =-€ . idi

ext induced induced

Finally, the induced EMF can be expressed in terms of the change in magnetic flux using
Equation 6-11.

3 Since potential energy is a state function the path by which the system came to have the potential
energy is irrelevant.
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i@t =—d®, = dU, =i(d®,)

For the system shown in Figure C.4 the magnetic flux can be written in terms of the
mutual inductances and self-inductances of the circuits using Equation 6-5 and
Equation 6-6.

dUm = il (dCDB )1 + iz (dq)B)z
dU,, = i,( M, di, + Ldi)+i,( M, di, + L,di, )

The total magnetic potential energy of this system is then found by summing the infini-
tesimal changes in magnetic potential energy associated with increasing the currents
in the loops from zero to their final values. There are many ways that this process can
happen, but the final result must be independent of the process by which it occurred*. For
simplicity, let's assume that at any instant of time during this process each current is the
same fraction, f, of its final value.

Substitution then gives us
dU, = fl,(M,1,df + L 1,df)+ f,( M, 1.df + L,1df

dU, =(M,L1+LII+M,ILIL+L1LI)fdf
The total magnetic potential energy is then found by integrating this expression. In this
integration we will assume that the initial magnetic potential energy of the system is
Zero.

U,=|du, — U, =[(M,L1L+LI1+MIIL+LIL)fdf

127271 217172 27272

U, =(M,L1+ L1+ M, 11+ L1LL)|[ fdf

1272 2171

Since the variable f in this expression represents fraction of the final value of the
current, the limits of the integration are from 0 to 1.

4 Magnetic potential energy is a state function so the path is irrelevant.
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1
U, =(M,L1+LI1+M,II +L11)jfdf

127271 217172 27272

f2
(M LI+LI1+M,II +L11) S

127271 217172 27272 2
0

U,

1
U 2(M LI+LII+M,II +L11)

m 127271 217172 27272

We can then use Equation 6-6 again to rewrite this expression in terms of the magnetic
fluxes through the loops; this includes contributions to the fluxes from both currents.

U :l((ch) L+(®,) 1, +(®,), L+(®,), 1)

U, =5 1((@0),+(@,), )+ L (@), +(@,),.)]

We can generalize this result and write the equation for the magnetic potential energy
of a system as

1
U, :EZIi(®B)i

The variable (Q)B)' in this expression is the total flux through loop i from all sources of
magnetic field, including itself.

c-9 Further Discussion of Equation 6-14.

Substitution of Equation 5-13 into Equation 6-14 gives us

\l

15§,

i loopi

(C-2)
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In this expression, the variable Vm (171) is the total magnetic potential at the location 7,
of the current element /,ds, ofloop i. The integral in this expression gives the contribu-
tions to U_ from all current elements in loop i and the summation over i produces the
sum of the contributions to U _from all current elements in the whole system. The factor
of one-half accounts for any double-counting in the summation (See Section C-6). In this
way, Equation 6-14 can be derived directly from Equation 4-14 (or Equation 4-13) just
as Equation 5-8 can be derived directly from Equation 3-3.

Indeed, we can use Equation C-2 to derive Equation 6-15. The magnetic potential of
a solenoid was determined in Example 5-13. The value of the magnetic potential at the
location of the current in the solenoid (i.e., at the radius of the solenoid) is

_ u,niR |
V =———

Let’s choose a path of integration in Equation C-2 around a single loop of wire in the
solenoid. Since the current in each loop of the solenoid is constant we have

5 ~(rao)o > v, =15 § (Lo [ nap)o]

i Joopi

I un’R
U’"_zz' 2 Cﬁd‘p

loopi

The integral in this expression is simply the total angle in a single loop of wire in the
solenoid.

1 I’R? 1
§ dp=21 - Um:EZ%nT(M) > U= Xuplnk

loop i

The summation is simply the number of loops of wire in the solenoid. Thus,
1 2 2 1 2 2 1 2 2 2
U, =S tnPiRN > U, =—pal'nR(nl) — U, =—pn (zR?1)1

The term in parenthesis is the volume of the solenoid (Section 5-6).

1 1
U =-unvl> — U =—LI
"2 "2
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c-10 Derivation of Equation 7-17
We begin with the general equation for the drift velocity.
v, =uE+u(\7dx§)
Taking the cross product of both sides of this equation with B gives us
vde:[uE+,u(\7dxl§):|xl§ - del?:uf?xl?+u(\7dxl§)x§

We can simplify this equation using Equation B-20.

!
o

u(dx )xB:—u(Vd(B-E)—B(Vd-E))
u(¥, x B)x B=—uv, B>+ uB (v, B)

!
o

Thus,
deE:uExE—uvde+uE(§d-l§)

Now let’s substitute the equation for the drift velocity into the final term of this
expression.

¥ x B=uExB-uv,B +uz§((u(/§+vd><z§)).z§)
Simplifying gives us
5, % B+ i, B° = uE x B+ u’B(E+ B+ (v, x B)+ B)

—

dxé)oB:O - \7d><l§+u\7dez,LtExl§+u2§(E-E’)

—_
|

~E=V,xB — —d—E+u\7dBZ:uExl§+u2§(E-l§)
u

<

=

V,—UE+u’v,B :/fExE+u3B(E-§)
)
)B)

oo

ﬁd(1+u2B2)=uE+u2E><B’+u3§(E-

oo}

g =— M (FtuExB+u*(E-
K 1+(MB)2( HEx Bl
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c-1  Derivation of Equation 9-12.

We can determine the average power over a time interval T using the following equation:
T T
[par [par
P = 0 0

avg

— o B,=t
[t
0
The instantaneous power supplied by the EMF is
P=1¢, (cos2 (a)t)cos(¢) - sin((ot)cos(a)t)sin(q)))

We therefore have two integrals to consider.

T

j.cosz (a)t)dt: £+M - jcosz (a)t)dt:£+M
0 2 4o | d 2 4w
T 2 T T 2
jsin(a)t)cos(wt)dt = —L(wt) - fcos2 (a)t)dt - 1 _cos (a)T)
0 20| o 20 2w
The average power over the time interval T is thus
IE|| T sin(20T 1 cos’(wT ) \
P= %[[5*% o) g5 )]5“1(‘”)

1 sin(20T 1 cos’(@T))
Pavg—loeouf% cos(0)~| 307~ 2a()T )Jsm(q))

The true average power for the EMF is the limit of this expression for an infinite time
interval. In other words, when we talk about average power we mean the average power
over the entire time the current is flowing in the circuit.

Toeo & T &

lim P =1080(%c0s(¢)] - limP Z%IO(%COS((Z))
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c-12 Derivation of the Self-Inductance of a Circular Loop
of Current.

Let’'s use Equation 9-18 to determine the self-
inductance of the circular loop of current shown in
Figure C.5.

Let’s assume that this loop of wire has no resis-
tance so that the only impedance results from the
self-inductance. The magnetic potential for this cur-
rent loop is found by integrating Equation 9-18 over
the circumference of the loop.

(g

4w r

FIGURE C.5: Determining the self-induc-
This integration is carried out over wire segments ds’ tance of a circular loop of current.
that are a distance r away from an “origin” segment ds.

The magnetic flux through the loop can be determined

using Equation 5-13 and Equation 9-18 by integrating

over all segments ds or the wire.

I

)
e

line
The self-inductance of the loop is calculated from this magnetic flux using Equation 6-7.

)
u le ds
9 [4;;)36” - ds

line

L= : - L= Ho gﬁu ods
1 e 4 r

We can express the dot-product in this expression in terms of the angle 6 between ds’
and ds (Figure C.5)
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_,7

cosOds’ ds

el LA

line

Substitution using Equation D-5 yields

[ )gﬁ gSCOS(Gj) ism(aj) cosO ds’ ds

r

line

(cor) . ((or)
cos sin
L= 475 Cf)(ﬁ cosOds’ds |—i Cj)(ﬁ cosOds’ ds

line line

Let’s rewrite this equation as
L=L"—-il"

In this expression, the quantities L’ and L” are real and imaginary parts of the
self-inductance.

( )cﬁcﬁcos(a)r)cosedsds L”:( ]Sﬁgﬁsm(m)cosedsds

line line

The impedance associated with this self-inductance is

Z=iol — Z:ia)(L’—iL”) — Z=iol +wl”

This real part of this impedance will result in energy dissipation from the system as
though it were a resistor®. Thus, even though there is no resistance in the loop of wire
energy will nevertheless be dissipated. Indeed, the average power dissipated by the
self-inductance is

5 Recall from Section 9-4 that energy is dissipated because of the real part of the impedance, usually
resulting from resistance in the circuit. The imaginary part of the impedance, associated with inductance
and capacitance, causes energy storage.
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P =R - P =I'wl” - P =I Re(Z)

avg rms avg rms

We can estimate the magnitude of the real part of the impedance (ie., the effective
resistance of the loop) using a Taylor series expansion®.

(OI"

(Ol”
[ o +]
Re ( } 95 gD cosOds’ ds

r

line

Re ( )Cﬁ(ﬁ(cz C;)'Z .Jcos@ds’ds

line

Using a little trigonometry, we see from Figure C.5 that

r= 2asin(§) ds’ = adb

Re(Z ( )g&eﬂ;——(m sin (g))+...]cos9ad9 ds

Now let’s assume that the speed c is very large so that higher order terms of the expan-
sion can be neglected.

Re(Z ( Ji!(?——(w sin (g)JJCOSOadG ds

We now have two integrals to perform

2r
@jcosedez 0
C

4 3_.32m 4 3 .3
ac30 jsinz i cosOdo = ac3o _z
6c” 2 6¢ 2

Hence,

6 See Section A-3.
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_(4‘6’1‘;’[ Z])ds — Re(2) (“‘;ch }Cﬁds

line

ref2)-( 42 ¢

line

The integral in this expression is simply the circumference of the loop.

4 4 4
Re(Z)z(“(l)Zl? }(27&1) > Re(2)= B2

Finally, we can write this expression in terms of the area of the loop, denoted by A.

u Ao

Re(Z)= p—

c-13 Derivation of Differential Form of Faraday’s Law of

Induction
- dod - .
$Eeds=——2L - SBE-dgz—i [ Bedd
line dt line d surface

Applying Stoke’s theorem (Equation B-15) gives us

$Eeds= | (VxE)edd - | (VxE)-d*z—%{ | E-dﬂ]

line surface surface surface

We can then combine the two integrals into one integral.

. 9oB) -
edAd=0
I (wee )

In order for this integral to always be zero, the term in the parenthesis must be zero.

~ 0B B
VXE+— =0 VXE=—— C-3
( X E+ atJ - VX » (C-3)
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Substitution of Equation 4-11 then gives us

) . - v, .o
VxE:—g(Vme) - VxE:Vx[— at} - E=- 5

As derived previously (Equation 6-12). Of course, from Equation 3-8 we know that an
electric field can also result from a spatially varying electric potential. Combining these
two sources allows us to write a general expression for the electric field.

- k14
E=-VV ——= C-4
¢ ot (C-4)

c-14 Derivation of Differential Form of Ampere’s Law

<ﬁ1§-d§:uoeo% - <ﬁ1§-d§:u080%( j E-aﬁ}

line line surface

Applying Stoke’s theorem (Equation B-15) gives us

line surface surface surface

$Bedi= | (VxB)edd — | (VxE)-dZ:uosO%( | E-d*)
We can then combine the two integrals into one integral.

J (Vxé—uoeoaa—f)odﬁzo

surface
In order for this integral to always be zero, the term in the parenthesis must be zero.
- oE _ OF
VxB-ue,—=0 — VXB=pue — (C-5)
ot ot
Finally, if we include the presence of free currents we have

= = oE
VXB=uJ, + g, > (C-6)
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c-15 Derivation of Equation 10-10

Let’s assume that the solution to Equation 10-9 can be written as the product of two
functions, A and B. One of these functions will be a function of position (x) only and the
other function will be a function of time (t) only.

y= A(x)B(t)

Substitution of this expression into Equation 10-9 gives us

d*A(x) 1 d’B(t
() L)
Divide through both sides by y = A(x)B(t) :
1 dzA(x) 11 d’B(t)
A(x) P B(t) dr’

The left-hand side of this equation is a function of position only and the right-hand side
of this equation is a function of time only. We could therefore argue that one way for this
equation to be valid (i.e, for the two sides of the equation to be equal) is for each side of
the equation to be equal to a constant. Let’s denote this constant as -k>.

1 dzA(x):i 1 d°B(t)
A(x) dx’ v B(t) dt’

— i

Hence,

d* A , ,
deX) = —sz(x) - A(x) = Ale’lOr + Aze_'k’C
2

djz(t) =v'k*B(t) — B(t)=Be™ +B,e™

In these equations A, A,, B, and B, are constants determined by the initial conditions
of the wave (i.e, the initial magnitude and phase). Putting everything together gives us

y= (Aleikx 4 Aze—ikx)(Bleikvt n Bze—ikvt)
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y= AlBleik(x+vt)+A1Bzeik(x—vt)+AZBle—ik(x—vl)+Asze—ik(x+vt)

Each of these exponential terms represents a sinusoidal oscillating wave. Therefore, the
solution to the one-dimensional wave equation is a superposition of sinusoidal waves.
These waves are moving in different directions (in the positive x-axis direction or the
negative x-axis direction).

s . . . i _ lk(x—vt) —ik(x—vt)
Positive x-axis direction: y = 4 B,e + A,Be

. . . . . _ ik(x+vt) —ik(x+vt)
Negative x-axis direction: y = 4 Be + A4,B,e

We could also determine the direction of the motion from the (#) sign of the wave num-
ber (k). If k is negative, the directions of the waves listed above switch. If we thus ignore
the complex conjugate terms and use the wavenumber to determine the direction, we
can write the solution to the one-dimensional wave equation as

y — y eik(x—vt)
0

The constant y, in this equation is determined from the initial conditions of the wave.
We recognize the complex exponential in this solution as representing an oscillating
function (Equation D-5), as expected for a wave.

c-16 Derivation of Equation 10-17

If an external electric potential difference is supplied to a conductor, a current will flow
in the conductor. If left alone, current will eventually cease to exist and the conductor
will attain a state of electrostatic equilibrium (Section 7-2); in other words, the electric
charges carried by the current will eventually build up a distribution of electric charge
and associated electric potential difference that will cancel the external electric poten-
tial difference. Therefore, in order to maintain a constant current in the conductor a
constant electric potential, difference must be maintained. This requires a continuous
supply of energy to the conductor.

But in the case of a constant current, there must also not be an accumulation of elec-
tric potential energy in the system. As we discussed in Section 7-5, the excess electric
potential energy supplied to the system is dissipated by the resistance of the conductor
in the form of heat. The electric energy supplied can be calculated from the work done
on the electric charges constituting the current by the electric potential through which
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they move. The instantaneous infinitesimal work done by the electric field to move an
infinitesimal amount of charge through an electric potential difference is found using
Equation 3-57

W =-AU, — dW =—(dq)AV,

Therefore, the rate at which this work is done is

AV |4 Nar, 5 D par
dt dt ¢ dt ¢

Let’s assume that the conductor has a cross-sectional area A and length I. The rate of
work per volume of the conductor, defined by the variable w, would then be

aw

“ —IAV _IAV 1\(-aV,

ML = 5 = £ 5 w=| — £ - w=JE
V V Al A [

The variable J in this equation is the current density (Equation 7-13). Since the current
is parallel to the electric field, the current density is parallel to the electric field. Thus,
we can rewrite our expression for w as

w=JeFE

The direction for the current density vector is the same as the direction for the current
and the electric field. The work done by the electric field must be equal to the energy
dissipated by the conductor as heat. The total rate of energy dissipation (i.e., the total
power dissipated) by the conductor is therefore

P= [ (JeE)av
volume
In this expression, the integral can be taken with respect to the entire volume of the
conductor to determine the total power dissipated, or with respect to a smaller volume
to determine the power dissipated from that smaller volume alone.
Rearranging the differential form of Ampere’s Law (Equation C-6) gives us

7 Recall from classical mechanics that the work done by a conservative force is equal to the negative of
the change in the potential energy associated with that force.
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jf:Vx[EJ—eod—E - P= J. VX(EJ—gOdE .
uO dt volume #0 dt

P= I VX(E) .E dv + J. ((—SOdEJoE)dV
volume ‘Lt 0 volume dt

Applying Equation B-18 then yields

. B B . dE) -
p= [ [AB L) Lo ] ([0 %)-2)ar

Substitution of the differential form of Faraday’s Law (Equation C-3) then gives us

P= | [V-(Ex£]+ B-(—d—BDdV+ | ((—80 dE)-E)dV
volume ‘LL 0 ‘U 0 dt volume dt

Rearranging this expression then yields

P= [ |V Exﬁj av+ | (—eod J-E+[—id3]-é dv
volume ‘U 0 volume dt ‘u 0 dt

- B E.
P= j V-(Exﬁndrf—i[ j (80 +
volume ‘lLO dt 2 2“0

volume

esTl

]dV

by
oo ]!
ool
N7
Q
<
| S

Now since®

¢E*E BeB ¢E B g,EE B-
+ = + N + =u +u
2 2 o, e

E-E B+B _ B
AL AL VN [|v- Ex B ||avr-4 [ wppav
2 2/10 tota ‘Llo dt fota

volume volume

The second integral in this expression is the rate of change of the total energy of the
system.

8 Equation 10-14 and Equation 10-15.
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P= [ |V- Ex B ||ay - Wi
U, dt

volume

Finally, applying the divergence theorem (Equation B-14) to the remaining integral
gives us

. B dU
P= ¢ Ex 2 |edq- o
JIA dt

surface

The power, P, in this expression is the rate of energy dissipation in the form of heat.
From energy conservation we know that any energy that is not dissipated as heat must
pass out of the volume Vthrough the surface of this volume. Since the remaining integral
is an integral with respect to that surface we can interpret that

_ B du
i (EX J'dAZ( total)
surface ‘LL 0 dt through surface

We now define the Poynting vector to be

. . B - dU
S=Ex— > ¢ S-dA:(MJ
;LL 0 surface d through surface

The Poynting vector is the rate of flow of electromagnetic energy per unit area. In other
words, the Poynting vector is the energy current density or power flux. This is the valid
expression for energy flow for any distribution of electric and magnetic fields. The
direction of the Poynting vector is thus also the direction of propagation of an electro-
magnetic wave.

c-17 Derivation of Electric and Magnetic Fields for a
Linear Dipole Antenna

Let’s define the axis of the linear dipole antenna (Figure 10.15 and Figure 10.16) to be
the z-axis. The magnetic potential of the antenna can be determined from the retarded
alternating current using Equation 4-12.

, . I i{wr—kr) d - ] i(wt—kr)
=17 - 7 =H—u°)f—°e 12 - 7 =[[—“0J—°e [ |2
" 4r r " 4r r
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The integral in this expression is simply the length of the antenna, L

4y

i wt—kr
v, = [7“01016( )]2

In spherical coordinates we have

m

drr

The electric potential of the antenna shown in Figure 10.16 is

V _ 10 ei(wtfkrA) ~ ei(wtfkrB)
¢ iw4rne, r r

A B

The variables r, and r, can be determined using trigonometry.

2 2 2
r,=r| 1+ L -2 L cos@ r,=r| 1+ L +2 !
2r 2r 2r 2

Expanding these expressions in a series gives us
2
[ 1( !/ /
ro=r|l1—=| —[cosO@+—[ —| +... ry=r 1+ —
2r 2\ 2r 2r

/
r,=r——cosf r,=r+—cosf
2 2

Substitution into the expression for the electric potential gives us

i(a)t—k(r+icos‘.9]]
2

L[ ot

=t _<

i(wt—kr)
Vo= {‘u‘)lole][(cos 9)? - (sine)é]

¢ iwdne,

Simplifying this expression yields
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Under conditions that r >> I, we can approximate the values of r, and r, as
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i{or—hr) (r + écos@)e{%meJ - (r _ écos@ )e_i(%COSQJ

2

le

0
IW4re, r

e

Now assume A >> |

A>]1 > 27”»1 - 2x>k — lk<<l

Then from the small angle approximation we have

k<<l — cos(%cos@) =]

k<<l — sin(%cos@) = gcose

iﬂcose
r+£cos€ e(2 J: r+£cos€ 1+iﬁcose
2 2 2
—] ﬁcose
r—icose e (2 )z r—lcose l—iﬁcose
2 2 2

Putting everything back together again gives us

(or—kr) (r+lcose)(1+iklcos€)—(r—lcos@)(l—iklcosé?)
- le 2 2 2 2

im4me, P

Hence,

e

e 2 e

i\wt—kr . i wt—kr
V:IOIe( )cose(zkr+l) oy lole( )cose(l 1 )

iw4re, r 4ne, criwr
. Iole"(“”fkr) cos@(1 ¢ (C-8)
¢ 47reoc rooior?
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Substitution of Equation C-7 and Equation C-8 into Equation C-4° then gives us
. v ). (197, ), 1 o). | dv
E=- “lr+| == |0+ — o |-—=
or r 06 rsinf d¢ dt
v, (—ik) lolei(w’_kr) cos6

1 c Iolei(w’_k") cos@
e —_4 + _
or 47e,c roior’

i_ 2c
4me c o ior’
W, Iolei(wtfkr) sin@

1 c
— = —+
00 4re c (r ior? )

oV

e

o
dv, [ia)uololei(

=0

dt

ot-kr)
= } (cos@)f—(sin@)é]
Putting it all together gives us

il wt—kr
B [Ole( )

1 1 |. sin@| iw 1
———JcosO —+t— |+
272?80 cr

ior 27

1
Tt 3]0}
c’r crt ior
The magnetic field is found by substituting Equation C-7 into Equation 4-11 (using
Equation B-13).

o[k 2 2k e

06
W)y o A, _
o0 =0 o) =0
>4 a a(Vm)r (ﬁ
VXVm=[$(I"(Vm)9)— 20 ]:

9 Since we are in spherical coordinates, we will use Equation B-7 for the gradient.
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4 sin @

) ik I le'
g(r(V )9): N 4w

Av,)  w Il sin6
00 drtr

Putting it all together gives us

B=

cr I"2

,uololei(wt*kr) sin@ i 1 ).
4r o )

c-18 Derivation of Equation 12-2
The resultant electric field at a position y on the screen for N sources is
E=E+E+..+E,

The magnitude of the electric field of each source is equal to 1/N of the magnitude of the
electric field of the incident wave.

If we factor out a common exponential term in this summation, we have
E - ; k(N1
E=20,l w’)(1+e’k6+e’2k5+ + e )5)
N ...

The term in the parenthesis is a geometric series'’. The equivalent expression of this

series is'!
iNKS
g= Lo o[ 1€ i
N 1—e™*

10 Another example of why series expansions are useful and cool.
11 See Section A-3.
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Simplifying this expression gives us

_iNkﬁ iNk5 l,NkS
2 2 2
g B o) e 2 —e e
N w5 m | T
e 2 _ e 2 e 2

This difference in complex exponentials in the parenthesis can be written in terms of
the sine function (Equation D-7).

2i sin[ Nkd ]
— (NkS k6
7= Lo o) 2 e’(TT)
N . (ké)
2isin| —
2

Nké)

Ezﬂe{lm—wm?(N—l)] Sil’l(

N . (k6)
S| —
2

The real part of the electric field is therefore

. [ Nko
E ko - 2
E:—OCOS(IOC—Q)1+—(N—1)) Y ———
N 2 . (ks)
Sin 7

The intensity of the resultant electromagnetic wave'? is then found using Equation
10-18.

C(NkS)Y
1 E Y kS i
]:_CSO(_OJ COSZ(]OC—wt+7(N_1)) —_—

N . (k6)
Sin| —
2

The average intensity is thus

12 We will assume that the wave is propagating through vacuum.
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2
. [ Nké
2| sinf ——
1 E, 2
[ 0
4 . [ k6
sin| —
2

The variable d in this equation is

2
. | Nkasin@
| - ,| sin 72(]\]_1)
o= sin@ — Iavg:—cso(—oj

N-1 47°\N [ kasin® ]
sSsmMm| ——
2(N—1)

Substitution of Equation 10-7 into our expression for the average intensity of the resul-
tant wave gives us

2
. | Nmasin@
| sm| ———+
;o 1 (EOJ QL(N— 1)
' . | mwasin®
sin| ———~
A(N-1)
In the limit that N becomes large

masinf )
)<<1 - sm[

A(N-1

. | Nzasinf | . in6
vt o e sl S ()

sin masinf
A )

masinf

A(x-1)

N>>1

mwasin® |  masin®
AN-1) ) A(Nv-1)

2
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Simplifying this expression further'® gives us

. [ masin@ ’
sin
A )

) Sm(nasin@) ’
I 21080[5} (N-1) LGS N :lch(E )

“g 4 N masin@ “E4 0 masin@
A A
. 2
. [ masin@
sin
I=1 _
max masinO
A

13 Still assuming that N>>1so N~ (N—1)
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p-1 Definition of a Complex Number
A complex number is a number that can be written as
r=x+iy (D-1)
The variables x and y in this equation are real numbers and
i=-1

The variables x and y are frequently referred to as the real
and imaginary parts, respectively, of the complex number r.

x=Re(r) y= Im(r)
A complex number can be represented as a vector in a
two-dimensional reference frame, as shown in Figure D.1

The horizontal axis in Figure D.1 is the real axis, and the
component of the vector along the real axis is the real part

535
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imaginary
of the complex number (the variable x in Equation
D-1). Similarly, the vertical axis in Figure D.1 is the
imaginary axis, and the component of the vector
along the imaginary axis is the imaginary part of
the complex number (the variable y in Equation
D-1).
The components of the vector in Figure D.1
(ie., the real and imaginary parts of the complex
number) can also be written in terms of the angle

real

h h 1 axis (th le 01
between the vector and the real axis (the angle 6 in FIGURE D.1: Trigonometric representation

Figure D.1). of a complex number.
r= [(x2 +y? ); cos(@)] + i[(x2 +y? ); sin(@))
r= (x2 +y? ); [cos(@) + isin(@)] (D-2)

The angle 6 in Equation D-2 is given by the equation

tan@=2 = Im(r) (D-3)
X Re(r)
Similarly,
sinf = Irzn(r) cosf = Rze(r) (D-4)
[Re(r)] +[Im(r)] [Re(r)] +[Im(r)]
p-2 Exponential Notation for Complex Numbers
Euler’s formula for complex numbers is
e” = cos(6)+isin(6) (D-5)

Thus, Equation D-2 can be rewritten as

1 1

r= (x2 +y° )E e’ - r= [(Re(r))2 + (Im(r))2 ]2 e’ (D-6)
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It follows from Equation D-4 that the sine and cosine functions can be written in terms
of complex exponentials.

el@ _ e—i9
sin(@ )= ———— D-7
(05 7

i0 —i6

e’ +e
cos|0)=——— D-8
(6)=— (D-8)
Finally, we see that

e =(-1)";n=0,12,... (D-9)

Equation D-9 is just fun.

p-3 Use of Complex Exponentials for Solving
Differential Equations

Complex exponentials are especially useful in solving dif-
ferential equations. Consider the simple electric circuit
shown in Figure D.2.

Applying Kirchhoff’s loop rule to the loop ABCDA in this
electric circuit yields

e-14 g
dt

537

Let’s assume that the EMF is oscillating at an angular fre-
quency w according to the equation

inductor.
&E=¢§ cos(a)t)
Substitution then gives us
dl d & &
& cos(a)t)— L—=0 —» —= —Ocos(a)t) — dl = —Ocos(a)t)dt
dt d L L
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Integrating both sides then yields

/ t
_[dlz J‘icos(a)t)dt - I= &(sin(a)t)r) - I= isin(oot)
0 L Lo 0 Lo
We see that although the EMF is oscillating as cos(a)t), the current is oscillating as
sin(a)t) . In other words, the oscillation of the current is out of phase with the oscilla-
tion of the EMF; the difference in the phase is 77/2 radians.
Now let’s use a complex exponential to describe the oscillations of the EMF.

8 — eoeia)t
Substitution then gives us
; dl d & . &
" —L—=0 — —=-2e" — dl=-"e"dt
dt dt L L

Integrating both sides then yields

;) - 1=i(e"‘”—1)

iLow

1 t

& . E (.
Jd] = J—Oe"‘” da — I=—"- (e’“”
0 o L iLw

We can rewrite this expression using Equation D-5.

1= zfoa) (cos(a)t)+isin(a)t)—1) - I=f—;(Sin(aﬁ)‘”(l—COS(a”)))

The real part of the current is therefore

Re(l) = isin(cot)
Lo

This solution is identical to that derived previously.
It might seem at first glance, however, that it is more
difficult to use complex exponentials to solve this
problem, rather than using sine and cosine. While that
may be true for this particular problem, using complex
exponentials is easier than using sine and cosine for
more complicated electric circuits. For example, let’s
determine the current in the electric circuit shown in

Figure D.3. FIGURE D.3: An AC circuit with resis-
tance and inductance.
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Applying Kirchhoff’s loop rule to the loop ABCDA of this electric circuit gives us

E—Lﬂ—R[:O
dt

As before, let’s first assume that the EMF is oscillating at an angular frequency o
according to the equation

E=¢, cos(wt)
Substitution then gives us

£Ocos(a)t)—L%—RI=0

Itis clear that an equation of the form /=1 sin(a)t) is not a solution to this equation.
This suggests that the difference in the phase between the oscillation of the EMF and
the oscillation of the current is not /2, as for the electric circuit in Figure D.2. Let’s try
a solution with a current separated from the EMF by a phase difference ¢.

I=1, cos(a)t+¢)

Substitution then gives us
& cos(a)t) + LI,w sin(a)t + (b) —RI, cos(a)t + q)) =0

Our next step is to simply this expression using trigonometric identities (Equation A-1 and
Equation A-2). After substitution of these expressions and a bit of simplification, we have

[80 + LI sin((])) —RI, cos(¢)]cos(a)t) + |:RI0 sin(¢) + LI cos((b)]sin(a)t) =0

In order for this expression to always be true, each bracketed term must be separately
equal to zero.

RI, sin(¢)+ LI,® cos(d)) =0 — R sin(q)) =—LI 0 cos((/)) - tan(d)) = —%
_ oo oL _ | @l
(j)—tan( R)%q) tan(R)
It follows from trigonometry that
tan((b):—% — Sin(¢)=—a)—L1 - Cos(qj):L1
(R + Lo’} (R + Lo’}
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Thus,

&+ LI,wsin(¢) - Rl cos(¢)=0 — I [-Losin(¢)+ Reos(¢)|=¢

0

1| -Low —w—Ll +R #1 =& - I LJ“RZI =&
(R2 + L2co2)5 (R2 + L2w2)5 (R2 + L2w2)5
I (R2+L2a)2);:£ SN
0 0 0 1
(R2+L2a>2)5

Our final answer is therefore

& L
I= —Olcos[a)t —tan”’ (_a))]
R

(R2 +L2co2)5

Now let’s approach the problem using complex exponentials. Let’s assume that the EMF
and the current are oscillating as

E=E™ I1=1¢e"

0 0

Substitution gives us

&e” — LI e”io—RIe” =0 — (&—iwLl,— Rl )e” =0

0

In order for this expression to be zero the term in the parenthesis must be zero.

. , &
&—iwll - RI,=0 — I (R+ioL)=& — I =
We can rewrite this expression using Equation D-6.
80 80 —itan’l( L)
IO - 1 itan’l(w_LJ ]O - 1 €
(R+ L0’ e 'F (R*+ L0’
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Substitution then gives us

(=]
—_

(R2 + L2w2)5 (R2 +L2w2)E

The real part of the current is therefore

& L
] = —Olcos(a)t —tan™" (%)J
(R2 +L2w2)5

This is the same answer that we derived previously, but it was obtained more easily. The
benefit of using complex exponentials becomes even more pronounced as the complex-
ity of the electric circuits increases (through the addition of more components, etc.), as
demonstrated in Chapter 9.
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