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LIST OF SYMBOLS 

a, A = crosa-sectional area. 
a. = amplitude of support. 
a,, - Fourier coefficient of sin not. 
b,, .= Fourier coefficient of 00s not. 

c = damping constant, either linear (lb. in.-' sec.) or torsional (lb. in. rad.-l). 
C condenser capacity. 
co = critical damping constant, Eq. (2.16). 

CI, CI = constants. 
d, D = diameters. 

D = aerodynamic drag. 
e - eccentricity. 
e = amplitude of pendulum support (Sec. 8.4 only). 

E = modulus of elasticity. 
Eo = maximum voltage, Eo sin wl. 
f = trequency - w/2a. 

f. = natural frequency. 
f and g = numerical factors used in the same sense in one section only as follows: 

Sec. 3.3 as defined by Eq. (3.23), page 96. Sec. 4.3 as defined by Eq. 
(4.19), page 133. 

F = force in general or dry friction force in particular. 
F = fkquency function [Eq. (4.7), page 1251. 
g - acceleration of gravity. 
g - See f .  
o! = modulus of shear. 
h = height in general; metacentric height in particular (page 106). 
i = electric current. 
Z = moment of inertia. 
j = d=i =I imaginary unit. 

k, K = spring constants. 
Kin - kinetic energy. 
Ak = variation in spring constant (page 337). 

1 
1. = distance from nth crank to first crank (Sec. 5.3). 
L = inductance. 
L = aerodynamic lift. 

M = moment or torque. 
3n = angular momentum vector. 
3n = magnitude of angular momentum. 

length in general; length of connecting rod in Chap. 5. 

m, M - mass. 
- 

n = a number in general; a gear ratio in particular (page 29). 
p = real part of complcx frequency s (page 133). 
p - pressure. 

PI, p:  (in Sec. 8.3 only) defined by Eqs. (8.17) and (8.18), page 344. 
X 
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LIST OF SYMBOLS 

Po 3: maximum force, PO sin wt. 
Pot = potential energy. 

p = natural frequency of damped vibration (pages 39 and 133). 
q = load per unit length on beam (page 148). 
Q = condenser charge. 

R = electrical resistance. 
s = complex frequency = k p  f jq (page 133). 
a = (in Sec. 8.3 only) multiplication factor. 
t = time. 
T = period of vibration = l / j .  
TO = maximum torque To sin wt.  
T = tension in string. 

t, R = radius of circle. 

u, V = velocity. 
v, V = volume. 

W = work or work per cycle. 
W = weight. 

xo = maximum amplitude. 
2.1 = static deflection, usually = Po/k. 
y = yo sin wt = amplitude of relative motion. 

= lateral deflection of string or bar. 
Z = impedance. 

x = displacement. 

xi 

(Y = angle in general; angle of attack of airfoil. 
an = nth crank angle in reciprocating engine. 

Es = angular amplitude of vibration of nth crank (Chap. 5). 
Bn = vector representing pn. 

6 = small length or small quantity in general. 
6,< = static deflection. 
e - parameter defined in Eq. (8.35), page 364. 
X = a length. 
p = mass ratio m/M (Secs. 3.2 and 3.3). 

t. = longitudinal displacement of particle along beam (page 136). 
p = radius of gyration. 

a,,,,, = influence number, deflection a t  m caused by unit force st n. 

pi = mass per unit length of strings, bars, etc. 

q, 9 = phase angle or some other angle. 
qn = phase angle between vibration of nth crank and first crank (Chap. 5 ) .  
J.  = an angle. 
w = circular frequency = 2 6 .  
w = angular velocity. 

= large angular velocity. 
w,,, 0, = natural circular frequencies. 

- - -  
Vector quantities are letters with superposed bar, a, V ,  M, etc. 
Scalar quantities me letters without bar, a, T, T, M, etc. Note especially that bold- 

face type does not denote a vector, but is used merely for avoiding confusion. 
For example, V denotes volume and V velocity. 

Subscripts used are the following: a = absorber; c = critical, e - engine, f = friction, 
g = governor or gyroscope, k = variation in spring constant k, p = propeller, 
s = ship, st = statical, w = water. 
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PREFACE TO THE FOURTH EDITION 

This book grew from a course of lectures given to  students in the 
Design School of the Westinghouse Company in Pittsburgh, Pa., in the 
period from 1926 to 1932, when the subject had not yet been introduced 
into the curriculum of our technical schools. From 1932 until the 
beginning of the war, it became a regular course at the Harvard Engineer- 
ing School, and the book was written for the purpose of facilitating that 
course, being first published in 1934. In  its first edition, it was influenced 
entirely by the author’s industrial experience a t  Westinghouse; the later 
editions have brought modifications and additions suggested by actual 
problems published in the literature, by private consulting practice, and 
by service during the war in the Bureau of Ships of the U.S. Navy. 

The book aims to  be as simple as is compatible with a reasonably 
complete treatment of the subject. Mathematics has not beenavoided, 
but in all cases the mathematical approach used is the simplest one 
available. 

I n  the fourth edition the number of problems again has been increased 
substantially, rising from 81 in the first edition to 116 and 131 in the 
second and third, and to 230 in this present book. Changes in the text 
have been made in every chapter to bring the subject up t o  date; in order 
to keep the size of the volume within bounds these changes consisted of 
deletions as well as additions. 

During the life of this book, from 1934 on, the art  and science of 
engineering has grown at an  astonishing rate and the subject of vibration 
has expanded with it. While in 1934 it  could be said that the book 
covered more or less what was known and technically important, no 
such claim can be made for this fourth edition. I n  these twenty years 
our subject has become the parent of three vigorously growing children, 
each of which now stands on its own feet and is represented by a large 
body of literature. They are (1) electronic measuring instruments and 
the theory and practice of instrumentation, (2) servomechanisms and con- 
trol or systems engineering, (3) aircraft flutter theory or “aeroelasticity.” 

No attempt has been made to cover these three subjects, since even 
a superficial treatment would have made the book several times thicker. 
However, all three subjects are offshoots of the theory of vibration and 

V 
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vi PREFACE 

cannot be studied without a knowledge of that  theory. While in 1934 a 
mechanical engineer was considered well-educated without knowing any- 
thing about vibration, now such knowledge is an  important requirement. 
Thus, although in its first edition this book more or less presented the 
newest developments in mechanical engineering, it now has come to  
cover subject matter which is considered a necessary tool for almost every 
mechanical engineer. 

As in previous editions, the author gratefully remembers readers who 
have sent in comments and reported errors, and expresses the hope that 
those who work with the present edition will do likewise. He is in- 
debted to Prof. Alve J. Erickson for checking the problems and reading 
the proof. 

J. P. DEN HARTOQ 

PREFACE TO THE DOVER EDITION 

The first edition of J f e c h a n i c a l  I’ibrations,  published in 193-1 by 
JIcGraw-Hill, was followed by three other editions in English and by 
translations into eleven different languages. It has been out of print in 
English but has remained available in four of these translations. This 
Dover reprint. an unaltered republication of the  fourth edition, can be 
termed a half-century edition. Jlr. Hayward Cirker, President of Dover 
Publications, Inc.. paid me a very great and highly appreciated compli- 
nient by offering to reprint the book at this tinie. And now I say, “Thank 
you kindly. hlr. Dover.” 

C‘oncord. Massachusetts 
July,  1984 

JACOB P.DEN HARTOG
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CHAPTER 1 

KINEMATICS OF VIBRATION 

1.1 Dehitions. A vibration in its general sense is a periodic motion, 
Le., a motion which repeats itself in all its particulars after a certain 
interval of time, called the period of the vibration and usually designated 
by the symbol T. A plot of the displacement x against the time t may 
be a curve of considerable complication. As an example, Fig. l .la shows 
the motion curve observed on the 
bearing pedestal of a steam turbine. 

The simplest kind of periodic mo- 
tion is a harmonic motion; in it the 
relation between x and t may be 
expressed by 

x = x o  sin wt (1.1) 

as shown in Fig. l , l b ,  representing 
the small oscillations of a simple 
pendulum. The maximum value 
of the displacement is X O ,  called the 
amplitude of the vibration. 

The period T usually is measured 
in seconds; its reciprocal f = l / T  

FIG. 1.1. A periodic and a harmonic func- 
tion, showing the period T and the ampli- 
tude 20. 

is the frequency of the vibration, measured in cycles per second. In some 
publications this is abbreviated as cups  and pronounced as it is written. 
In the German literature cycles per second are generally called Hertz in 
honor of the first experimenter with radio waves (which are electric 
vibrations). 

In Eq. (1.1) there appears the symbol w, which is known as the circular 
frequency and is measured in radians per second. This rather unfor- 
tunate name has become familiar on account of the properties of the 
vector representation, which will be discussed in the next section. The 
relations between w ,  f, and T are as follows. From Eq. (1.1) and Fig. 
l . l b  it is clear that a full cycle of the vibration takes place when wt has 
passed through 360 deg. or 21r radians. Then the sine function resumes 
its previous values. Thus, when wt = 21r, the time interval t is equal to 

1 
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2 MECHANICAL VIBRATIONS 

the period T or 
2?r T = - sec. 
w 

Since f is the reciprocal of T, 

2r 
w f = - cycles per second 

For rotating machinery the frequency is often expressed in vibrations 
per minute, denoted as v.p.m. = 3 0 w / r .  

In  tl harmonic motion for which the displacement is given by x = zo 
sin wt, the velocity is found by differentiating the displacement with 
respect to time, 

(1.4) 
dx -& = 2 = xow . cos wt 

so that the velocity is also harmonic and has a maximum value wxo. 
The acceleration is 

(1.5) 
d2x 
- =  dt2 

f = -xow2 sin wt 

also harmonic and with the maximum value w 5 0 .  
Consider two vibrations given by the expressions x1 = a sin wt and 

2 2  = b sin (wt + 9) which are shown in Fig. 1.2, plotted against wt as 
abscissa. Owing to the presence of the quantity 9, the two vibrations 
do not attain their maximum displacements a t  the same time, but the 
one is 9 / w  sec. behind the other. The quantity 9 is known as the phase 
angle or phase digerenee between the two vibrations. It is seen that the 
two motions have the same w and consequently the same frequency f. 
A phase angle has meaning only for two motions of the same frequency: 
if the frequencies are different, phase angle is meaningless. 

Example: A body, suspended from a spring, vibrates vertically up and down between 
two poclitions 1 and 135 in. above the ground. During each second it reaches the top 
position (135 in. above ground) twenty times. What are T, f, w, and xo? 

FIG. 1.2. Two harmonic motions including the phase angle (p. 
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KINEMATICS OF VIBRATION 3 

Solution: $0 = >d in., T = %O sec, f = 20 cycles per second, and w = Zxj - 126 
rediane per second. ’ 

1.2. The Vector Method of Representing Vibrations. The motion of 
a vibrating particle can be conveniently represented by means of a rotat- 
ing vector. Let the vector d (Fig. 
1.3) rotate with uniform angular veloc- 
ity w in a counterclockwise direction. 
When time is reckoned from the hori- 
zontal position of the vector as a start- 
ing point, the horizontal projection of 
the vector can be written aa 

I 

\ 
\ 

I 

a co8 wt 

and the vertical projection as 
I 

Fro. 1.3. A harmonic vibration repre- 

rotating vector. 

a sin wt 

Either projection can be taken to rep- m t e d  by the horizontal projection of a 

resent a reciprocating motion; in 
the following discussion, however, we shall consider only the horizontal 
projection. 

This representation has given rise to the name circular frequency for 
w. The quantity w ,  being the angular 
speed of the vector, is measured in radi- 
ans per second; the frequency f in this 
case is measured in revolutions per second. 
Thus it can be seen immediately that 

w = ZTj. 

The velocity of the motion 2 = a cos wt 
is 

& = -aw sin wt 

and can be represented by (the horizontal 
projection of) a vector of length aw, rotat- 

and acceleration are perpendicular the displacement vector but situated 
always 90 deg. ahead of that vector. vectors. 

The acceleration is - a d  cos wt and is represented by (the horizontal pro- 
jection of) a vector of length aw2 rotating with the same angular speed w 
and 180 deg. ahead of the position or displacement vector or 90 deg. ahead 
of the velocity vector (Fig. 1.4). The truth of these statements can be 
easily verified by following the various vectors through one complete 
revolution. 

FIG. 1.4. Displacement, velocity, ing with the same velocity 0 as 
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4 MECHANICAL VIBRATIONS 

This vector method of visualizing reciprocating motions is very con- 
venient. For example, if a point is simultaneously subjected to two 
motions of the same frequency which differ by the phase angle p, namely, 
a cos wt and b cos (wt - p), the addition of these two expressions by the 
methods of trigonometry is wearisome. However, the two vectors are 
easily drawn up, and the total motion is represented by the geometric 
sum of the two vectors as shown in the upper part of Fig. 1.5. Again 

w 

ha. 1.5. Two vibrations are added by adding their vectors geometrically. 

the entire parallelogram dl 6 is considered to rotate in a counterclockwise 
direction with the uniform angular velocity w, and the horizontal projec- 
tions of the various vectors represent the displacements as a function of 
time. The line a-a represents 
the particular instant of time for which the vector diagram is drawn. It 
is readily seen that the displacement of the sum (dotted line) is actually 
the sum of the two ordinates for ii and 6. 

That this vector addition gives correct results is evident, because 
a cos wt is the horizontal projection of the &vector and b cos (wt - cp) is 
the horizontal projection of the &vector. The horizontal projection of 
the geometric sum of these two vectors is evidently equal to the sum of 

This is shown in the lower part of Fig. 1.5. 
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KINEMATICS OF VIBRATION 5 
the horizontal projections of the two component vectors, which is exactly 
what is wanted. 

Addition of two vectors is permissible only if the vibrations are of the 
same frequency. The motions a sin w t  and a sin 2wt  can be represented 
by two vectors, the first of which ro- 
tates with an  angular speed w and the 
second with twice this speed, i .e . ,  with 
20. The relative position of these 
two vectors in the diagram is chang- 
ing continuously, and consequently a 
geometric addition of them has no 

A special case of the vector addition 
of Fig. 1.5, which occurs rather often 

dition of a sine and a cosine wave of 
different amplitudes: a sin wt and b cos wt.  For this case the two vectors 
are perpendicular, so that from the diagram of Fig. 1.6 i t  is seen at once 
that 

a sin wt + b cos w t  = l/u2 + b 2  sin (wt  + (p) 61.6) 
where tan (p = b/a. 

,’h\ w 

;Q 
1 s  

I 
d 

wt 
meaning. I 

in the subsequent chapters, is the ad- FIO. 1.6. Addition of a sine and cosine 
wave of different amplitudes. 

Example: What is the maximum amplitude of the sum of the two motions 

and X I  = 5 sin 25t in. x2 = 10 sin (25t + 1) in.? 

Solution: The first motion is represented by a vector 5 in. long which may be drawn 
vertically and pointing downward. Since in this position the vector has no horizontal 
projection, it represents the first motion a t  the instant t - 0. At that instant the 
second motion is 5% = 10 sin 1, which is represented by a vector of 10 in. length turned 
1 radian (57 deg.) in a counter-clockwise direction with respect to  the first vector. 
The graphical vector addition shows the sum vector to be 13.4 in. long. 

If the displacement of a point moving back and forth 
along a straight line can be expressed as the sum of two terms, a sin wl t  
+ b sin wZt ,  where w1 # w2, the motion is said to  be the “superposition” 
of two vibrations of different frequencies. It is clear that  such a motion 
is not itself sinusoidal. An interesting special case occurs when the two 
frequencies w1 and w2 are nearly equal to each other. The first vibration 
can be represented by a vector c i  rotating a t  a speed w1, while the 6-vector 
rotates with w2. If w1 is nearly equal to w2, the two vectors will retain 
sensibly the same relative position during one revolution, i .e.,  the angle 
included between them will change only slightly. Thus the vectors can 
be added geometrically, and during one revolution of the two vectors 
the motion will be practically a sine wave of frequency w 1  = w2 and 
amplitude f (Fig. 1.7).  During a large number of cycles, however, the 

1.3. Beats. 
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6 MECHANICAL VIBRATIONS 

relative position of d and b varies, because w1 is not exactly equal to W Z ,  

so that the magnitude of the sum vector E changes. Therefore the result- 
ing motion can be described approximately as a sine wave with a fre- 

- 
0 

fj I I 

I 
I 
z 

I 
I 

I 
I 
I 

FIQ. 1.7. Vector diagrams 
illustrating the mechanism of 
beats. 

- -  
quency w1 and an amplitude varying slowly 
between (b  + a) and ( b  - a),  or, if b = a, 
between 2a and 0 (Figs. 1.7 and 1.8). 

The 
beat frequency is the number of times per 
second the amplitude passes from a minimum 
through a maximum to the next minimum ( A  
to B in Fig. 1.8). The period of one beat 
evidently corresponds to the time required for 
a full revolution of the &vector with respect 
to the &vector. Thus the beat frequency is 
seen to be WI - W Z .  

Example: A body describes simultaneously two 
vibrations, 21 3 sin 40t and 2 2  = 4 sin 41t, the 
units being inches and seconds. What is the maxi- 
mum and minimum amplitude of the combined motion 
and what is the beat freauencv? 

This phenomenon is known as beats. 

* -  

SoZution: The maximum amplitude is 3 + 4 = 7 in.; the minimum is 4 - 3 = I in. 
The circular frequency of the beats W b  = 41 - 40 = 1 radian per second. Thus 
fb = W b / 2 7 r  = 1 / 2 ~  cycles per second. The period T b  or duration of one full beat is 

The phenomenon can be observed in a great many cases (pages 84,332). 
Two tones of 

Tb = l / f b  6.28 8eC. 

For audio or sound vibrations it is especially notable. 

FIQ. 1.8. Beato. 

slightly different pitch and of approximately the same intensity cause 
fluctuations in the total intensity with a frequency equal to the difference 
of the frequencies of the two tones. For example, beats can be heard in 
electric power houses when a generator is started. An electric machine 
has a ((magnetic hum,” of which the main pitch is equal to twice the fre- 
quency of the current or voltage, usually 120 cycles per second. Just 
before a generator is connected to the line the electric frequency of the 
generator is slightly different from the line frequency. Thus the hum of 
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KINEMATICS O F  VIBRATION 7 
the generator and the hum of the line (other generators or transformers) 
are of different pitch, and beats can be heard. 

The existence of beats can be shown also by trigonometry. Let the two vibrations 
be a sin w1t and b sin wtt, where w1 and w2 are nearly equal and w2 - w1 = Aw. 

Then a sin w l t  + b sin wat 
= a sin u1.t + b(sin w l t  COB Awt + cos wlt  sin A d )  
= (a  + b 00s Awt) sin wlt  + b sin A d  cos w d  

Applying formula, 1.6 the resultant vibration is 

l / ( a  + b cos Awt)Z + b2 sina A d .  sin (w l t  + (p) 

where the phase angle (p can be calculated but is of no interest in this case. 
amplitude, given by the radical, can be written 

The 

l /ap + ba(cos* Awt + sin2 A d )  + 2ab cos Awt 
= l / a a  + b2 + 2ab cos Awt 

which expression is seen to vary between (a + b )  and (a  - b )  with a frequency Aw. 

1.4. A Case of Hydraulic-turbine Penstock Vibration. A direct appli- 
cation of the vector concept of vibration to the solution of an  actual 
problem is the following. 

I n  a water-power generating station the penstocks, i.e., the pipe lines 
conducting the water to the hydraulic turbines, were found to be vibrat- 
ing so violently that the safety of the brick building structure was ques- 
tioned, The frequency of the vibration was found to be 1133.5 cycles 
per second, coinciding with the product of the speed (400 r.pm.) and the 
number of buckets (17) in the rotating part of the (Francis) turbine. The 
penstocks emitted a loud hum which could be heard several miles away. 
Incidentally, when standing close to the electric transformers of the sta- 
tion, the 6% cyps. beat between the penstock and transformer hums could 
be plainly heard. The essential parts of the turbine are shown schemat- 
ically in Fig. 1.9, which is drawn in a horizontal plane, the turbine shaft 
being vertical. The water enters from the penstock I into the “spiral 
case” 11; there the main stream splits into 18 partial streams on account 
of the 18 stationary, non-rotating guide vanes. The water then enters 
the 17 buckets of the runner and finally turns through an angle of 90 
deg. to disappear into the vertical draft tube 111. 

Two of the 18 partial streams into which the main stream divides are 
shown in the figure. Fixing our attention on one of these, we see that 
for each revolution of the runner, 17 buckets pass by the stream, which 
thus is subjected to 17 impulses. I n  total, 113% buckets are passing 
per second, giving as many impulses per second, which are transmitted 
back through the water into the penstock. This happens not only in 
stream a but in each of the other partial streams as well, so that there 
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8 MECHANICAL VIBRATIONS 

arrive into the penstock 18 impulses of different origins, all having the 
same frequency of 11345 cycles per second. If all these impulses had the 
same phase, they would all add up arithmetically and give a very strong 
disturbance in the penstock. 

Assume that stream a experiences the maximum value of its impulse 
when the two vanes 1 and 1 line up. Then the maximum value of 
the impulse in stream b takes place somewhat earlier (to be exact, 1/(17 
x 18)th revolution earlier, a t  the instant that the two vanes 2 and 2 
are lined up). 

The impulse of stream a travels back into the penstock with the veloc- 
ity of sound in water (about 4,000 ft./sec.)t and the same is true for the 

FIQ. 1.9. Vibration in the penstock of a Francis hydraulic turbine. 

impulse of stream b. However, the path traveled by the impulse of b 
is somewhat longer than the path for a, the difference being approximately 
one-eighteenth part of the circumference of the spiral case. Because of 
this fact, the impulse b will arrive in the penstock later than the impulse a. 

In  the machine in question it happened that these two effects just 
canceled each other so that the two impulses a and b arrived a t  the cross 
section A A  of the penstock simultaneously, i.e., in the same phase. 
This of course is true not only for a and b but for all the 18 partial streams. 
In  the vector representation the impulses behave as shown in Fig. 1.10a, 
the total impulse a t  A A  being very large. 

In order to eliminate the trouble, the existing 17-bucket runner was 

t The general streaming velocity of the water is small in comparison to the velocity 
of sound, so that its effect can be neglected. 
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KINEMATICS OF VIBRATION 9 
removed from the turbine and replaced by a 16-bucket runner. This 
does not affect the time difference caused by the different lengths of the 
paths a, b, etc., but it does change the interval of time between the 
impulses of two adjacent guide vanes. In particular, the circumferential 
distance between the bucket 2 and guide vane 2 becomes twice as large 
after the change. In  fact, a t  the instant that rotating bucket 1 gives its 
impulse, bucket 9 also gives its impulse, whereas in the old construction 
bucket 9 was midway between two stationary vanes (Fig. 1.9). 

It was a fortunate coincidence that half the circumference of the spiral 
case was traversed by a sound wave in about M X 4113 sec., so that the 
two impulses due to buckets 1 and 9 arrived in the 
cross section A A  in phase opposition (Fig. 1.10b). 
The phase angle between the impulses a t  section A A 
of two adjacent partial streams is thus one-ninth of 
180 degrees, and the 18 partial impulses arrange 
themselves in a circular diagram with a zero 
resultant. 

The analysis asgiven would indicate that after 
the change in the runner had been made the vibra- 
tion would be totally absent. However, this is not 
to be expected, since the reasoning given is only 
approximate, and many effects have not been con- 
sidered (the spiral case has been replaced by a 
narrow channel, thus neglecting curvature of the 
wave front, reflection of the waves against the var- 
ious obstacles, and effect of damping). In the 
actual case the amplitude of the vibration on the 
penstock was reduced to one-third of its previous 
value, which constituted a satisfactory solution of 
the problem. 

1.6. Representation by Complex Numbers. It 
was shown in the previous sections that rotating 
vectors can represent harmonic motions, that the 
geometric addition of two vectors corresponds to the 
addition of two harmonic motions of the same frequency, and that a 
differentiation of such a motion with respect to time can be understood as 
a multiplication by w and a forward turning through 90 deg. of the repre- 
sentative vector. These vectors, after a little practice, afford a method 
of visualizing harmonic motions which is much simpler than the considera- 
tion of the sine waves themselves. 

For numerical calculations, however, the vector method is not well 
adapted. since it becomes necessary to resolve the vectors into their 
horizontal and vertical components. For instance, if two motions have 

FIG. 1.10. The 18 par- 
tial impulses at the sec- 
tion A A  of Fig. 1.9 
for a 17-bucket runner 
(a) and for a 16-bucket 
runner (a). 
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10 MECHANICAL VIBRATIONS 

to be added as in Fig. 1.5, we write 
E = c i : + b  

meaning geometric addition. 
tude of the sum motion, we write 

To calculate the length of E, Le., the amph- 

ci: = az + a, 

which means that 6 is the geometric sum of a, in the 2-direction and a, 
in the y-direction. Then 

c’ = a z  + a, + bz  + b, = ( a s  + bz)  + (a, + b,) 

and the length of E is consequently 

c = d ( a z  + 6,)’ + (a, + b J 2  

This method is rather lengthy and loses most of the advantage due to  the 
introduction of vectors. 

There exists, however, a simpler method of handling the vectors 
numerically, employing imaginary numbers. A complex number can 
be represented graphically by a point in a plane where the real numbers 
1, 2, 3, etc., are plotted horizontally and the imaginary numbers are 
plotted vertically. With the notation 

j = dq 
these imaginary numbers a re j ,  2 j ,  3 j ,  etc. 
point 3 + 2 j  is shown. 
plex number can be made to represent a vector. 

I n  Fig. 1.11, for example, the 
I n  joining that point with the origin, the com- 

If the angle of the 
vector with the horizontal axis is a and 
the length of the vector is a, it can be 
written as 

a(cos a + j sin a) 
Harmonic motions are represented by 

I rotating vectors. A substitution of 
-1 the variable angle wt for the fixed 

-i i 
- 

angle a! in the last equation leads to 
a(cos wt + j sin wt)  61.7) 

representing a rotating vector, the 
horizontal projection of which is a 

harmonic motion. But this horizontal projection is also the real part 
of (1.7). Thus if we say that a “vector represents a harmonic motion,” 
we mean that the horizontal projection of the rotating vector represents 
that motion. Similarly if we state that  a “complex number represents 

FIQ. 1.11. A vector represented by a 
point in the complex plane. 
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KINEMATICS OF VIBRATION I1 
a harmonic motion," we imply that the real part of such a number, written 
in the f o r m  (1.7) represents that motion. 

Ezarnple: Solve the example of page 5 by means of the complex method. 
Solution: The first vector is represented by -53' and the second one by - 1 O j  COB 57" 

The sum of the two is 8.4 - 10.4j, which represents a + 10 sin 57" = -5.4j + 8.4. 
vector of the length 4(8.4)1 + (10.4)' = 13.4 in. 

Differentiate (1.7), which gives the result 

a(  - w  sin wt + j w  cos wt) = j w  - a(cos wt + j sin w t )  

since by definition of j we have j 2  = - 1. It is thus seen that differentia- 
tion of the complex number (1.7) i s  equivalent b multiplication by j w .  

In  vector representation, differentiation multiplies the length Bf the 
vector by w and turns it ahead by 90 deg. Thus we are led to the con- 
clusion that multiplying a complex number by j is equivalent to moving 
it a quarter turn ahead without changing its absolute value. That this 
is so can be easily verified: 

j ( a  + j b )  = -b + j a  

which Fig. 1.12 actually shows in the required position. 

ordinary rules of algebra are followed. 
In  making extended calculations with these complex numbers the 

With every step we may remember that q-/ 
the motion is represented by only the ----- 
real part of what we are writing down. 
Usually, however, this is not done: the 
algebraic manipulations are performed 
without much recourse to their physical -* 0 

is interpreted by considering its real number by j amounts to turning its 
vector ahead through 90 deg. part. 

For simple problems it is hardly worth while to study the complex 
method, since the solution can be obtained just as easily without it. 
However, for more complicated problems, such as are treated in Sec. 3.3, 
for example, the labor-saving brought about by the use of the complex 
notation is substantial. 

1 i -oxis 

meaning and Only the answer FIG. 1.12. Multiplying a complex 

The expression (1.7) is sometimes written in a different form, 

a(cos wt + j sin w t )  aefol 

or, if for simplicity a = 1 and wt = a, 

eie = COB a + j sin LI (1.8) 

The right-hand side of this equation is an ordinary complex number, but the left-hand 
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12 MECHANICAL VIBRATIONS 

side needs to be interpreted, as follows. The Maclaurin series development of e5 is 

x= xa 
2! 3! ez = 1 + z + - + - + . . . 

Substituting x = j a  this becomes 

= (1 - a2 + ." - . . .) + j (. - 'y + 0" - . . 
2! 4! 3; 51 ,) 

The right-hand side is a complex number, which by definition is the meaning of eja. 

But we recognize the brackets to be the Maclaurin developments of cos a and sin a, 
so that formula (1.8) follows. 

A simple graphical representation of the result can be made in the complex plane of 
Fig. 1.11 or 1.12. Consider the circle with unit radius in this plane. Each point on 
the circle has a horizontal projection cos LY and a vertical projection sin a and thus 
represents the number, cos a + j sin a = eie .  Consequently the number eie is repre- 
sented by a point on the unit circle, a radians away from the point +l. If a is now 
made equal to wt, it  is seen that ejor represents tho rotating unit vector of which the 
horizontal projection is a harmonic vibration of unit amplitude and frequency w. 

On page 39 we shall have occasion to make use of Eq. (1.8). 

1.6. Work Done on Harmonic Motions. A concept of importance for 
many applications is that of the work done by a harmonically varying 
force upon a harmonic motion of the same frequency. 

Let the force P = Po sin (wt + p) be acting upon a body for which the 
motion is given by x = xo sin wt. The work done by the force during a 

d x  small displacement d x  is P d x ,  which can be written as P - dt. d t  

quently t varies from 0 to 2 r / w .  
During one cycle of the vibration, wt  varies from 0 to 2r and conse- 

The work done during one cycle is: 

sin (wt  + (o) cos wt d(wt )  

= Poxo r cos wt[sin wt  cos (o + cos w t  sin p ] d ( w t )  

sin ot cos wt  d ( w t )  + Poxo sin (o 

A table of integrals will show that the first integral is zero and that the 
second one is T, so that the work per cycle is 

W = ?rPoxo sin p (1.9) 
This result can also be obtained by a graphical method, which inter- 

The force and motion can be represented by the vectors Po and 3" 
prets the above calculations step by step, as follows. 
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KINEMATICS OF VIBRATION 13 

(Fig. 1.13). Now resolve the force into its components Po ws p in phase 
with the motion, and PO sin (p, 90 deg. ahead of the motion Zo. This is 
permissible for the same reason that geometric addition of vectors is 
allowed, as explained in See. 1.2. Thus the work done splits up into two 
parts, one part due to a force in phase with the motion 
and another part due to a force 90 deg. aheadof the 
motion. 

Consider the first part as shown in Fig. 1 . 1 4 ~ ~  in which 
the ordinates are the displacement x and the “in phase” 
component of the force. Between A and B the force is 
positive, say upward, and the body is moving in an up- 
ward direction also; positive work is done. Between B , 
and C, on the other hand, the body moves downward j 
toward the equilibrium point while the force is still posi- 
tive (upward, though of gradually diminishing intensity), 

FIG. 1.13. A force so that negative work is done. The work between A and a motion of 
and B cancels that between B and C, and over a whole the same fre- 
cycle the work done is zero. If a harmonic force acts on a quency’ 

body subjected to a harmonic motion of the same frequency, the component of 
the force in phase with the displacement does no work. 

It was shown in Sec. 1.2 that the velocity is represented by a vector 
90 deg. ahead of the displacement, so that the statement can also be 
worded as follows: 

A force does work only with that component which is  in phase with the 
velocity. 

?--- 

I 

FIG. 1.14. A force in phase with a displacement does no work over a full cycle; a force 90 
deg. out of phase with a displacement does a maximum amount of work. 

Next we consider the other component of the force, which is shown in 
Fig. 1.14b. During the interval A B  the displacement increases so that 
the motion is directed upward, the force is positive, and consequently 
upward also, so that positive work is done. In the interval BC the 
motion is directed downward, but the force points downward also, so 
that the work done is again positive. Since the whole diagram is sym- 
metrical about a vertical line through B,  it, is clear that t,he work done 
during A B  equals that done during BC. The work done during the 
whole cycle A D  is four times that done during AB. 
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14 MECHANICAL VIBRATIONS 

To calculate that amount it is necessary to turn to the definition of 
work : 

W = / P d x = / P $ d t = / P v . d t  

This shows that the work done during a cycle is the tirne integral of the 
product, of force and velocity. The force is (Fig. 1.14b) P = (Po sin cp) - 
cos wt and the velocity is v = zow cos wt, so that the work per cycle is 

lo’ PO sin cp cos wt 200 cos wt dt = Pox0 sin cp cos2 wt d(wt )  lo2“ 
The value of the definite integral on the right-hand side can be deduced 
from Fig. 1.15, in which curve I represents cos wt and curve I1 represents 
cos2 wt. The curve cos2 wt  is sinusoidal about the dotted line A A  as 

Fro. 1.15. IoZr cos2 a da = r .  

center line and has twice the frequency of cos wt, which can be easily 
verified by trigonometry : 

cos2 a = $$(1 + cos 2a) 

Consider the quadrangle 1-2-3-4 as cut in two pieces by the curve I1 and 
note that these two pieces have the same shape and the same area. The 
distance 1-4 is unity, while the distance 3-4 is s/2 radians or 90 deg. 
Thus the area of the entire quadrangle is s/2  and the area of the part 
under curve I1 is half of that. Consequently the value of our definite 
integral taken between the limits 0 and T/4 is s /4 ,  and taken between the 
limits 0 and T it is T.  

IY = nPoto sin (p (1.9) 

It will be seen in the next section that a periodic force as well as a 
periodic motion may be “impure,” i .e . ,  it may contain “higher har- 
monics” in addition to the t‘ fundamental harmonic.” In this connection 

Thus the work during a cycle is 
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KINEMATICS OF VIBRATION 15 
it is of importance to determine the work done by a harmonic force on a 
harmonic motion of a frequency different from that of the force. Let the 
force vary with a frequency which is an integer multiple of w ,  say nu, 
and let the frequency of the motion be another integer multiple of W ,  

say mw. It will now be proved that the work done by such a force on 
such a motion during a full cycle of w is zero. 

Fm. 1.16. /d” sin sin ma dp = 0. 

Let the force be P = Po sin nut and let the corresponding motion be 
Then the work per cycle is x = zo sin (mwt + cp). 

P dx = /OT P 2 dt = PO sin not * xomw cos (mwt + cp) dt /OT 
Since cos (mwt + cp) = cos mwt cos cp - sin mwt sin cp 

and since cp is independent of the time and can be brought in front of the 
integral sign, the integral splits up into two parts of the form 

loT sin nut sin mwt dt and 

Both these integrals are zero if n is different from m, which can be easily 
verified by transforming the integrands as follows: 

joT sin nut cos mut dt 

sin nut sin mwt = cos ( n  - m)wt - M cos (n + m)wt 
sin nut cos mwt = 36 sin ( n  + m)ut + 36 sin (n - m)ut 

Since the interval of integration is T = 2 r / w ,  the sine and cosine func- 
tions are integrated over multiples of 27, giving a zero result. I n  order 
t o  gain a physical understanding of this fact let us consider the first of 
the above two integrals with n = 4 and m = 5. This case is represented 
in Fig. 1.16, where the amplitudes of the two waves are drawn to  different 
vertical scales in order to distinguish them more easily. The time inter- 
val over which the integration extends is the interval AB. The ordinates 
of the two curves have to be multiplied together and then integrated. 
Consider two points, one somewhat to the right of A and another at the 
aame distance to the left of C. Near A both waves are positive; near C 
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16 MECHANICAL VIBRATIONS 

one is positive and the other is negative, but the absolute values of the 
ordinates are the same as near A .  Therefore the contribution to the 
integral of an element near A cancels the contribution of the correspond- 
ing element near C. This canceling holds true not only for elements 
very near to A and C but generally for two elements at  equal distances 
to the left from C and to the right from A .  Thus the integral over the 
region A D  cancels that over C D .  In the same way it can be shown that 
the integral over C B  is zero. 

It should be understood that the work is zero only over a whole cycle. 
Start,ing a t  A,  both waves (the force and the velocity) are positive, so 
that positive work is done. This work, however, is returned later on 
(so that in the meantime it must have been stored in the form of potential 
or kinetic energy). 

This graphical process can be repeated for any combination of integral 
values of m and n and also for integrals containing a cosine in the inte- 
grand. When m becomes equal to n, we have the case of equal fre- 
quencies as already considered. Even then there is no work done when 
the force and displacement are in phase. In  case m = n and the force 
and displacement are 90 deg. out of phase, the work per cycle of the nth 
harmonic is TPOXO as before, and since there are n of these cycles in one 
cycle of the fundamental frequency 0, the work per fundamental cycle 
is nrPOx0. 

The results thus obtained can be briefly summarized as follows: 
1. T h e  work done by a harmonic force acting u p o n  a harmonic displace- 

ment  or velocity of a digerent frequency f r o m  that of the force is  zero dur ing  
a t ime  interval comprising both an integer number of force cycles and  a 
(digerent) integer number of velocity cycles. 

2. T h e  work done by  a harmonic force 90 deg. out of phase wi th  a harmonic 
velocity of the same frequency i s  zero during a whole cycle. 

3. T h e  work done by a harmonic force of amplitude PO and frequency 
w ,  in phase wi th  a harmonic velocity vo = xow of the same frequency, i s  
~ P O V O / W  = ~ P O X O  over a whole cycle. 

Ezample: A force 10 sin 2r60t (units are pounds and seconds) is acting on a dis- 
placement of >.io sin [2r60t - 45"] (units are inches and seconds). What is the work 
done during the first second, and also during the first one-thousandth of a second? 

Solution: The force is 45 deg. out of phase with the displacement and can be resolved 
into two components, each of amplitude l O / a  Ib., being in phase and 90 deg. out of 
phase with the displacement. The component in phase with the displacement does 
no work. That 90 deg. out of phase with the displacement does per cycle rPm, = 

10 1 *.-.- l /z 1o = 2.22 in. lb. of work. During the first second there are 60 cycles so 

that the work performed is 60 X 2.22 = 133 in. lb. 

the vectors in the diagram turn through only 0.06 X 360 deg. = 21.B deg. 
During the first one-thousandth of a second there are 60/l,OOO = 0.06 cycle, so that 

Formula 
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KINEMATICS OF VIBRATION 17 

For part of a cycle the integration has to be per- (1.9) holde only for a full cycle. 
formed in full: 

V = / P dx = / PO sin wt . xw cos (wt - p) dt 

= 35 cos p sin' (ot) + sin &wt - f b  sin 2 4  
1 121 6 1 

= - COB 45" sina 21.6" + - - sin 45" - -sin 45' sin 43.2" 2 2 57.3 4 
1 121 6 1 

= 3 X 0.707 X 0.368' + 3 5+ X 0.707 - ;i X 0.707 X 0.685 
= 0.048 + 0.133 - 0.121 = +0.060 in. Ib. 

This is considerably less than one-thousandth part of the work performed in a whole 
second, because during this particular 1/1,000 sec. the force is very small, varying 
between 0 and 0.368p0. 

A "periodic" motion has the 
property of repeating itself in all 
details after a certain time interval, 
the "period" of the motion. All 
harmonic motions are periodic, but 
not every periodic motion is har- 
monic. For example, Fig. 1.17 rep- 
resents the motion 

a 
2 

1.7. Non-harmonic Periodic Motions. 

z L- a sin wt + -sin 2 4  

the superposition of two sine waves 
Of different frequency. 
odic but not harmonic. 

It is peri- 
The math- 

FIG. 1.17. The sum of two harmonic motions 
of different frequencies is not a harmonic 

ematical theory shows that any 
periodic curue f ( t )  of frequency w can be split up into a series of sine curves 
of frequencies w, 2w, 30, 4w, etc. Or 

motion' 

f(t) = AO + At sin (wt + CPI) + A Z  sin (2wt + CPZ) + A a  sin (3wt  + 98) + * * * (1.10) 
provided that f(t) repeats itself after each interval T = 2n/w. The 
amplitudes of the various waves A, ,  Az, . . . , and their phase angles 
cpl, p2, . . . , can be determined analytically when f(t) is given. The 
series (1.10) is known as a Fourier series. 

The second term is called the fundamental or first harmonic of f(t) 
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and in general the (n + 1)st term of frequency nw is known as the nth 
harmonic of f(t). Since 

sin (nwt + p,) = sin nut cos (P, + cos nwt sin (P, 

the series can also be written as 

f ( t )  = a1 sin wt  + a2 sin 2wt + - * - + a, sin nut + - * * + bo + bl cos wt + 62 cos 2wt + * . * + b, cos nwt + . (1.11) 

The constant term bo represents the “average ” height of the curve f(t) 
during a cycle. For a curve which is as much above the zero line during 
a cycle as it is below, the term bo is zero. The amplitudes al . . . a, . . . , bl . . . b, . . . can be determined by applying the three energy 
theorems of page 16. 

Consider for that purpose f(t) to be a force, and let this nonharmonic 
force act on a point having the harmonic velocity sin nwt. Now consider 
the forcef(t) as the sum of all the terms of its Fourier series and determine 
the work done by each harmonic term separately. All terms of the force 
except a, sin nut and b, cos nut are of a frequency different from that of 
the velocity sin nut, so that no work per cycle is done by them. More- 
over, b, cos nwt is 90 deg. out of phase with the velocity so that this term 
does not do any work either. Thus the total work done is that of the 
force a, sin nwt on the velocity sin nut; it is ___ per cycle of the 

nu-frequency. Per cycle of the fundamental frequency (which is n times 
as long), the work is na,/w. 

Thus the amplitude a, is found to be U/T times as large as the work 
done by the complete non-harmonic forcef(t) on a velocity sin nwt during 
one cycle of the force. 

7r.a, .1  
nw 

Or, mathematically 
2* - 

a, = 1 f ( t )  sin nwt dt (1.124 

By assuming a velocity cos nut instead of sin nut and repeating the 
argument, the meaning of b, is disclosed as 

b, = - /‘f(t) cos not dt (1.12b) 

The relations between a,, b, and the quantities A,, (P, of Eq. (1.10) are 
as shown in Eq. (1.6), page 5, so that 

a 0  

bn Af: = af: + 6: and tan (P, = -. 
a n  
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KINEMATICS OF VIBRATION 19 
Thus the work done by a non-harmonic force of frequency w upon a 

harmonic velocity of frequency nw is merely the work of the component 
of the nth harmonic of that  force in phase with the velocity; the work of 
all other harmonics of the force is zero when integrated over a complete 
force cycle. 

With the aid of the formulas (1.12) i t  is possible to find the a, and b, 
for any periodic curve which may he given. The branch of mathematics 
which is concerned with this problem is known as harmonic analysis. 

0 < wt < T and f(t)  = -Fo for r < wt < 2 ~ .  
from Eqs. (1.12) as follows: 

Example 1: Consider the periodic “square-top wave,” f ( t )  = FO = constant for 
The Fourier coefficients are found 

_ -  - F o  (- cos nr + cos o + cos 2nn - cos nu) 
n r  

For even orders n = 0, 2, 4, . . . , all angles are multiples of 360 deg. = 2r ,  and the 
four terms in the parentheses cancel each other. For odd orders n = 1 ,  3, 5,  . , . , 
we have cos nu = -1, while cos 0 = cos 2nu = +1, so that the value in the paren- 
theses is 4, and a, = 4FO/nu (n = odd). 

2n - 
b, = ( F o  lo‘ cos nwt dt - Fo cos nut ( i t )  

W 

T 2* 
4 -  

= 5 ( sin n u t  1; - sin nut 1;) 
nr 

- _  - F ~ ( O - O - O + O )  = o  
n r  

Hence the “square wave” of height FO is 

*> 

1 
3 5 j ( t )  = 5 (sin wt + 1 sin 3wt + -sin 5 w t  + * . 

Ezampk 2: The curve c of Fig. 8.17 (page 352) shows approximately the damping 
force caused by turbulent air on a body in harmonic motion. If the origin of coordi- 
nates of Fig. 8.17 is displaced one-quarter cycle to the left, the mathematical expres- 
sion for the curve is 

f ( w t )  = sin* wt 
f(wt) - - sin* wt 

for 0 < wt < r 
for r < wt < 2a 

Find the amplitudes of the various harmonics of this curve. 
Solution: The curve to be analyzed is an “antisymmetric” one, i.e., the valuea of 

f (d) are equal and opposite a t  two points * wt  a t  equal distances on both sides of the 
origin. An anti- Sine waves are antisymmetric and cosine waves are symmetric. 
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20 MECHANICAL VIBRATIONS 

symmetric curve cannot have cosine components. “him 
can be further verified by sketching the integrand of Eq. (1.12) in the manner of 
Fig. 1.16 and showing that the various contributions to the integral cancel each other. 
The constant term bo = 0, because the curve has no average height. For the sine com- 
ponents we find 

Hence, all b, are zero. 

22 

a,, = 5 l0”f(ut) sin nwt dt 

The integrands can be transformed by means of the last formula on page 15, 

sins wt sin nwt = ($6 - $4 cos 2 w t )  sin nwt 
= >4 sin nut - $4 sin ( n  + 2)wt - $i sin (n  - 2)wt 

The indefinite integral of this is 

cos (n + 2)wt  + ~ cos (n - 2 ) w t  F(wt)  = - cos not + ~ 

2n 4(n + 2)  

The harmonic a,, is l/r times the definite integrals. 
Since F(2r)  = F(O), we have 

-1 
4(n - 2)  

an = 1 [ F ( T )  - F ( 0 )  - F ( 2 r )  + F ( T ) ]  = [ F ( * )  - F ( O ) ]  

2 1 1 1 4 cos n* - 1 
= - (cos n* - 1 )  . - - [ 2n + + -1 = * n(n* - 4)  

For even values of n the a, thus is zero, while only for odd values of n the harmonic 
exists. In particular for n = 1, we have for the fundamental harmonic 

8 
3* = - = 0.85 

Thus the amplitude of the fundamental harmonic is 85 per cent of the maximum 
amplitude of the curve itself, and the Fourier series is 

1 1 sin 3wt - - sin 5wt - - sin 7wt - 35 63 
. 3 

The evaluation of the integrals (1.12) by calculation can be done only 
for a few simple shapes of f ( t ) .  If f(t) is a curve taken from an actual 
vibration record or from an indicator diagram, we do not even possess a 
mathematical expression for it. However, with the aid of the curve so 
obtained the integrals can be determined either graphically or numerically 
or by means of a machine, known as a harmonic analyzer. 

Such a harmonic analyzer operates on the same principle as Watt’s 
steam-engine indicator. The indicator traces a closed curve of which 
the ordinate is the steam pressure (or piston force) and the abscissa is the 
piston displacement. The area of this closed curve is the work done by 
the piston force per cycle. The formulas (1.12) state that the coeffi- 
cients a,, or b,, are w/u times the work done per cycle by the force f(t) on 
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KINEMATICS O F  VIBRATION 21 
a certain displacement of which the velocity is expressed by sin nut. 
To obtain complete correspondence between the two cases, we note that 

sin nut is the velocity of 5 cos nut, so that (1.12~) can be written in the 

modified form 
7Ew 

a, = - -1 /f(t)d(cos nut) = =_1$ P ds 
n1r n1r 

The symbol $ indicates that the integration extends over the closed 
curve described during one cycle of the force f(t). 

Its output is a pen 
point D which scribes a curve on a piece of paper fastened to the table 
E. To complete the analogy with Watt’s indicator the vertical motion 
of the pen D must follow the force f(t), while the horizontal motion of 

The machine is shown schematically in Fig. 1.18. 

FIQ. 1.18. The harmonic analyzer, an instrument operating on the same principle as Watt’s 
steam-engine indicator. 

the table E must follow the velocity cos nut. The vertical motion of the 
pen D is ensured by making it ride on a template A ,  representing one 
cycle of the curve f(t) which is to  be analyzed. The template A is fas- 
tened to  a rack and a pinion B, which is rotated by an electric motor. 
The arm C is guided so that it can move in its longitudinal direction only 
and is pressed lightly against the template by a spring. Thus the vertical 
motion of the pen D on the arm C is expressed by f(t). The table E 
moves horizontally and is driven by a scotch crank and gear which is 
connected by suitable intermediate gears to B so that E oscillates n 
times harmonically, while A moves through the length of the diagram. 
The machine has with it a box of spare gears so that any gear ratio n 
from 1 to 30 can be obtained by replacing one gear in the train by another. 

The horizontal motion of the table E is expressed by sin nut or by 
eosnwt, depending on the manner in which the gears are interlocked. 
The point D will thus trace a closed curve on the table, for which the area 
equals a, or b,  (multiplied by a constant l/n?r). Instead of actually 
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22 MECHANICAL VIBRATION8 

tracing this curve, the instrument usually carries a planimeter of which 
one point is attached to E and the other end to D, so that the area is given 
directly by the planimeter reading. 

An 
interesting optical method using the sound tracks of motion picture films 
was invented by Wente and constructed by Montgomery, both of the 
Bell Telephone Laboratoriea. 

Electrical harmonic analyzers giving an extremely rapid analysis of 
the total harmonics A ,  = d m t ( E q s .  (1.10) and (1.11)], without 
giving information on the phase angles pn [or the ratios an/bn, Eq. (l . lO)],  
are available on the market. They have been developed by the Western 
Electric Company for sound or noise analysis and require the original 
curve to be available in the form of an electric voltage, varying with the 
time, such as results from an electric vibration pickup (page 62) or a 
microphone. This voltage, after proper amplification, is fed into an 
electric network known as a “band-pass filter,” which suppresses all 
frequencies except those in a narrow band of a width equal to 5 cycles 
per second. This passing band of frequencies can be laid anywhere in 
the range from 10 to 10,000 cycles per second. When a periodic (steady- 
state) vibration or noise is to be Fourier-analyzed, a small motor auto- 
matically moves the pass band across the entire spectrum and the result- 
ing analysis is drawn graphically by a stylus on a strip of waxed paper, 
giving the harmonic amplitudes us. the frequency from 10 to 10,OOO cycles 
per second, all in a few minutes. The record is immediately readable. 

Another electrical analyzer, operating on about the same principle 
but without graphic recording, is marketed by the General Radio Com- 
pany, Cambridge, Mass. 

Harmonic analyzers have been built on other principles as well. 

Problems 1 to 11. 
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CHAPTER 2 

THE SINGLE-DEGREE-OF-FREEDOM SYSTEM 

2.1. Degrees of Freedom. A mechanical system is said to  have one 
degree of freedom if its geometrical position can be expressed at any 
instant by one number only. Take, for example, a piston moving in a 
cylinder; its position can be specified a t  any time by giving the distance 
from the cylinder end, and thus we have a system of one degree of free- 
dom. Here the 
position of the system is completely speci- 
fied by the angle between any one crank 
and the vertical plane. A weight sus- 
pended from a spring in such a manner 
that it is constrained in guides to move in 
the up-and-down direction only is the 
classical single-degree-of-freedom vibra- 
tional system (Fig. 2.3). 

Generally if it takes n numbers to spec- 
ify the position of a mechanical system, 
that system is said to have n degrees of 
freedom. A disk moving in its plane 
without restraint has three degrees of free- 
dom: the 2- and y-displacements of the Fie. 2.1. Two degreee of freedom. center of gravity and the angle of rotation 
about the center of gravity. A cylinder rolling down an inclined plane 
has one degree of freedom; if, on the other hand, it descends partly rolling 
and partly sliding, it has two degrees of freedom, the translation and 
the rotation. 

A rigid body moving freely through space has six degrees of freedom, 
three translations and three rotations. Consequently it takes six num- 
bers or “coordinates” to express its position. These coordinates are 
usually denoted as x, y, z, ‘p, #, x .  A system of two rigid bodies con- 
nected by springs or other ties in such a manner that each body can move 
only along a straight line and cannot rotate has two degrees of freedom 
(Fig. 2.1). The two quantities determining the position of such a system 
can be chosen rather arbitrarily. For instance, we may call the distance 

A crank shaft in rigid bearings is another example. 

0 
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from a fixed point 0 to the first body xl, and the distance from 0 to the 
second body 22. However, we 
might also choose the distance from 0 to the center of gravity of the two 
bodies for one of the coordinates and call that yl. For the other coor- 
dinate we might choose the distance between the two bodies, y2 = xz - XI. 
The pair of numbers XI, x 2  describes the position completely, but the pair 
yl, yz does it equally well. The latter choice has a certain practical 
advantage in this case, since usually we are not interested so much in the 
location of the system as a whole as in the stresses inside it. The stress 
in the spring of Fig. 2.1 is completely determined by y2, so that for its 
calculation a knowledge of y1 is not required. A suitable choice of the 
coordinates of a system of several degrees of freedom may simplify the 
calculations considerably. 

It should not be supposed that a system of a single degree of freedom 
is always very simple. For example, a 12-cylinder gas engine, with a 
rigid crank shaft and a rigidly mounted cylinder block, has only one 
degree of freedom with all its moving pistons, rods, valves, cam shaft, 
etc. This is so because a single number (for instance, the angle through 
which the crank shaft has turned) determines completely the location of 
every moving part of the engine. However, if the cylinder block is 
mounted on flexible springs so that it can freely move in every direction 
(as is the case in many modern automobiles), the system has seven degrees 
of freedom, namely the six pertaining to the block as a rigid body in free 
space and the crank angle as the seventh coordinate. 

A completely flexible system has an infinite number of degrees of free- 
dom. By a 

suitable loading it is possible to bend 
X this beam into a curve of any shape 

(Fig. 2.2). The description of this 
curve requires a function y = f(x), 
which is equivalent to an infinite num- 
ber of numbers. To each location 

x along the beam, any deflection y can be given independent of the posi- 
tion of the other particles of the beam (within the limits of strength of 
the beam) and thus complete determination of the position requires as 
many values of y as there are points along the beam. As was the case 
in Fig. 2.1, the y = f(x) is not the only set of numbers that can be taken 
to define the position. Another possible way of determining the deflec- 
tion curve is by specifying the values of all its Fourier coefficients a, and 
b, [Eq. ( l . l l) ,  page 181, which again are infinite in number. 

Consider a mass m 
suspended from a rigid ceiling by means of a spring, as shown in Fig. 2.3. 
The “stifhess” of the spring is denoted by its “spring constant” k ,  

Then x1 and x2 are the coordinates. 

Consider, for example, a flexible beam on two supports. 

Y 
FIG. 2.2. A beam has an infinite number 
of degrees of freedom. 

2.2. Derivation of the Differential Equation. 
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which by definition is the number of pounds tension necessary to extend the 
spring 1 in. Between the mass and the rigid wall there is also an  oil or 
air dashpot mechanism. This is not supposed to  transmit any force to 
the mass as long as it is a t  rest, but as soon as the mass moves, the “damp- 
ing force” of the dashpot is cx or cdxldt, i.e., pro- AUc 

portional to the velocity and directed opposite to 
it. The quantity c is known as the damping 
constant or more at length as the coeficient of viscous 
damping. 

The damping occurring in actual mechanical 
systems does not always follow a law so simple as 
this ci-relation; more complicated cases often arise. 
Then, however, the mathematical theory becomes 
very involved (see Chap. 8, pages 361 and 373), 
whereas with “viscous” damping the analysis is 

CL 

comparatively simple. FIQ. 2.3. The funda- 
Let an  external alternating force Po sin wt be mental single-degree-of- 

acting on the mass, produced by some mechanism 
which we need not specify in detail. For a mental picture assume that 
this force is brought about by somebody pushing and pulling on the 
mass by hand. 

The problem consists in calculating the motions of the mass m, due to 
this external force. Or, in other words, if x be the distance between any 
instantaneous position of the mass during its motion and the equilibrium 
position, we have to find x as a function of time. The “equation of 
motion,” which we are about to derive, is nothing but a mathematical 
expression of Newton’s second law, 

freedom system. 

Force = mass X acceleration 

All forces acting on the mass will be considered positive when acting 
downward and negative when acting upward. 

The spring force has the magnitude kx ,  since it is zero when there is no 
extension x. When x = 1 in., the spring force is k lb. by definition, and 
consequently the spring force for any other value of x (in inches) is k x  
(in pounds), because the spring follows Hooke’s law of proportionality 
between force and extension. 

The sign of the spring force is negative, because the spring pulls 
upward on the mass when the displacement is downward, or the spring 
force is negative when x is positive. Thus the spring force is expressed 

The damping force arting on the mass is also negative, being -ck, 
because, siuce it is directed against thc velocity .t, i t  acts iipward (nega- 
tive) while x is directed downward (positive). The three downward 

by -kx. 
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forces acting on the mass are 

-kx - cx + Po sin wt  
Newton’s law gives 

dZx m dt2 = m x  = -kx - cx + PO sin wt,  

or mx + cx + kx = Po sin wt (2.1) 

This very important equationt is known as the differential equation of 
The four terms in Eq. (2.1) 

are the inertia force, the damping force, the spring 
force, and the external force. 

Before proceeding to  a calculation of 2 from Eq. 
(2.1), i.e., t o  a solution of the differential equation, it 
is well to consider some other problems that will lead 
to the same equation. 
2.3. Other Cases. Figure 2.4 represents a disk of 

moment of inertia I attached to a shaft of torsional 
stiffness k, defined as the torque in inch-pounds necessary 
to produce 1 radian twist at the disk. Consider the 
twisting motion of the disk under the influence of an  
externally applied torque TO sin wt.  This again is a 
one-degree-of-freedom problem since the torsional dis- 
placement of the disk from its equilibrium position can 

Newton’s law for a rotat- 

motion of a single-degree-of-freedom system. 

sinwt 
FIG. 2.4. The tor- 
sional one-degree- 
of-freedom 

be expressed by a single quantity, the angle 9. 
ing body states that 

d =9 Torque = moment of inertia X angular acceleration = I -  = Ib; dt2 

As in the previous problem there are three torques acting on the disk: the 
spring torque, damping torque, and external torque. The spring torque 
is - kq, where q is measured in radians. The negative sign is evident 
for the same reason that the spring force in the previous case was - kz. 
The damping torque is -c+, caused by a dashpot mechanism not shown 
in the figure. The “damping constant’’ c in this problem is the torque 
o n  the disk caused by an angular speed of rotation of 1 radian per second. 

The amplitude x waa 
measured from the “equilibrium position,” i.e., from the position where the down- 
ward force n z g  is held in equilibrium by an upward spring force k6 (6 being the deflec- 
tion of the spring due to gravity). I t  ~vo111~1  have been possible to measure XI from 
the position of the unstressed spring, so that .rl = 1: + 6. In Eq. (2.1), then, z must 
be replaced by x I ,  and on the right-hand side a force nig must be added. This leads 
to the same result (2.1). 

t In the derivation, the effect of gravity has been omitted. 
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The external torque is To sin wt, so that Newton’s law leads to  the differ- 
ential equation 

I+ + c i  + kp = To sin wt (2.2) 

which has the same form as Eq. (2.1). 
As a third example, consider an electric circuit with an alternating- 

current generator, a condenser C, resistance R, and inductance L all in 
series. Instead of Newton’s law, use 
the relation that the instantaneous 
voltage of the generator e = Eo sin r e T  
wt is equal t o  the sum of the three 
voltages across C, R, and L. Let i 
be the instantaneous value of the 

tion indicated in Fig. 2.5. According 
to Ohm’s law, the voltage across the resistance is V 3  - Vd = Ri. The 

d i  voltage across the inductance is V Z  - V s  = L -. For the condenser, the dt 
relation Q = CV holds, where Q is the charge, C the capacitance, and 
V the voltage. The charge Q can be expressed in terms of i, as follows: 
If the current i flows during a time element dt, the quantity of electricity 
transported through the circuit is i d t .  This does not flow through the 
condenser but merely increases its charge so that 

2, E~ sin w t  

current in the circuit in the direc- FIG. 2.5. The electrical single-degree-of- 
freedom circuit. 

dQ = i d t t  

or Q = Ji dt i = - = &  dQ 
dt Hence 

T o  show that this electric circuit behaves in the same manner as the 
vibrating mass of Fig. 2.3 it is better to work with the charge Q rather 
than with the more familiar current i. The various voltage drops can 
be written 

Q 
v1- vz = - C 

d i  d2Q * *  

dt dt2 Vz - V )  = L -  = L -  = LQ 

As the sum of these three voltage drops must equal the generator voltage, 

To avoid confusion it is agreed that i shall 
mean the current itself and that for its differcntial coefficient the Leibnitz notation 
di/dt will be used. 

t The letter i unfortunately is dotted. 
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the differential equation is 

(2.3) 
1 LQ + RQ + Q = Eo sin wt 

which is of exactly the same form as Eq. (2.1). 
Therefore, the linear, torsional, and electrical cases thus far discussed 

all lead to the same differential equation. The translation from one case 
to  another follows directly from the table shown below. 

All the mechanical statements made have their electrical analogues 
and vice versa. For example, it was stated that “the voltage across the 

di inductance L is L -*” In mechanical language this would be expressed dt 

as “the force of the mass m is m --.” A mechanical statement would 

be “The energy stored in the mass is %mv2.” The electrical analogue 
is “The energy stored in the inductance is %Liz.” 

dv 
dt 

Linear I Torsional 1 Electrical 

Mass m 
Stiffness k 
Damping C 
Force P o  sin wt 
Displacement z 
Velocity X = v  

Moment of inertia I 
Torsional stiffness k 
Torsional damping c 
Torque To sin wt 
Angular]displacement ‘p 

Angular velocity + = w 

Inductance L 
l/Capacitance 1/C 
Resistance R 
Voltage EO sin wt 
Condenser charge Q 
Current Q - i  

Nor are these three cases the only ones that are determined by Eq. 
Any system with inertia, elasticity, and damping proportional 

to the velocity, for which the displace- 
ments can be described by a single quan- 
tity, belongs to this class. For example, 
consider two disks of moment of inertia 
I1 and Iz, joined by a shaft of torsional 
stiffness k in-lb./radian (Fig. 2.6). On 
the first disk the torque To sin wt is made 
to act, while there is a damping with 
constant c, proportional to the velocity 

FIQ. 2.6. Torsional vibrations of two What will be the 
motion? There are two disks, each of disks on an elastic shaft. 

which can assume an angular position independent of the other by twist- 
ing the shaft. Apparently, therefore, this is a ‘‘ two-degree-of-freedom ” 
system. However, the quantity in which the engineer is most interested 
is the angle of twist of the shaft, and it is possible to express the motion 
in terms of this quantity only. Let p1 and pz be the angular displace- 

(2.1). 

of twist in the shaft. 
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ments of the two disks, then p1 - pa is the shaft twist, k(cpl - pa) is the 
shaft torque, and c(+l - $2) is the damping torque. Apply Newtonla 
law to the first disk, 

TO sin wt  = 1161 + Wcpl - 9%) + ~ ( $ 1  - $2) 

and to the second disk, 

0 = IZGZ + k ( m  - cpl) + c(+z - $1) 

Divide the first equation by II, the second by 1 2 ,  and subtract the results 
from each other: 

Call the twist angle cp1 - c p ~  = J., and multiply the whole equation by 

giving again an equation of the form (2.1). Of course, this equation, 
when solved, tells us only about the twist in the shaft or about the 
relative motion of the two disks with respect to each other. No informa- 
tion can be gained from it as to the 
motions of the disks individually. 

A variant of Fig. 2.6 is shown in 
Fig, 2.7, in the shaft of which is in- 
serted a gear-and-pinion system. 
Let the disks again have the mo- 
ments of inertia 1 1  and Is,  and as- 
sume the gears G and P to be without 
any inertia whatsoever. Also as- 
sume the gear teeth to be stiff, so that 
the torsional flexibility is limited to 
the shafts kl and kz. The gear ratio 
is n. 

4 
FIG. 2.7. Geared system which can be 
reduced to the system of Fig. 2.6. 

The differential equation for Fig. 2.7 could be derived from Newton’s 
law directly, but suppose we reduce Fig. 2.7 to Fig. 2.6 by omitting the 
gears and replacing kz, Iz, and J. by other “equivalent quantities” so 
that the differential equation (2.4) can be applied. 

In Fig. 2.G the elasticity k can be determined experimentally by clamp- 
ing I 2  and applying a constant torque To to II. This causes I 1  to deflect 
through an angle cpo, so that k = To/(oo. Repeat this experiment with 
Fig. 2.7., i .e . ,  clamp I Z  and apply TO to I,. On account of the gears the 
torque in the shaft kz is Toln, and the angle of twist of kz is therefore 

www.EngineeringEBooksPdf.com



30 MECHANICAL VIBRATIONS 

To/nkl. Since I2 is clamped, this is the angle of rotation of the pinion P, 
The angle of the gear G is n times smaller or To/nzkz. Add to this the 
angle To/kl for the shaft kl  and we have the angular displacement of 
11. Thus the equivalent k is 

Now consider the inertia. The inertia I Z  in Fig. 2.6 could be deter- 
mined by the following hypothetical experiment. Give I1 (or the whole 
shaft k )  a constant angular acceleration a. Then the shaft a t  the section 
A would experience a torque To = aIa coming from the right. Thus, 
I Z  = TO/&. Repeat this experiment in Fig. 2.7. The acceleration CY 

in kl and G becomes na in kz This is 
also the torque a t  the pinion P. The gear G makes it n times larger, so 
that the torque a t  A is n2aIz and the equivalent of I Z  in the gearless sys- 
tem is n212. In general, therefore, a geared system (such as shown in 
Fig. 2.7) can be reduced to an equivalent non-geared system (Fig. 2.6) 
by the following rule: 

Divide the system into separate parts each of which has the same speed 
within itself. (In Fig. 2.7 there are two such parts but in general there 
may be several.) Choose one of these parts as the base and assign 
numbers n to each of the other parts so that n is the speed ratio with 
respect to the base. (n > 1 for speeds higher than the base speed; the 
n of the base is unity.) Then, remove all gears and multiply all spring 
constants k and all inertias I b y  the factors n2. The differential equation 
of the reduced gearless system is then the same as that of the original 
geared construction. 

The last example to be considered resembles the first one in many 
respects and yet is different. Instead of having the force Po sin wt acting 
on the mass of Fig. 2.3, the upper end or ceiling A of the spring is made to 
move up and down with an amplitude ao, the motion of A being deter- 
mined by a0 sin wt. It will be shown that this motion of the top of the 
spring is completely equivalent to a force on the suspended mass. 

Again let the downward displacement of the mass be x; then, since the 
top of the spring moves as a0 sin wt, the spring extension a t  any time will 
be x - a0 sin wt. The spring force is thus -k(z - a0 sin w t )  and the 
damping force is -c(2 - aow cos wt) .  

mx + k ( z  - a. sin wt)  + c(k - aow cos wt)  = 0 
or mx + ck + k x  = kao sin wt + caow cos wt 

By Eq. (1.6), page 5, the sum of a sine and a cosine wave of the same fre- 
quency is again a harmonic function, so that 

Hence, the torque in ka is nculz. 

Newton’s law gives 

mjE + ck + kx = d ( k a o ) 2  + (caow)z sin (wt + ‘p) (2.5) 
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Therefore, a motion of the top of the spring with amplitude a. is equiv- 

alent t o  a force on the mass with amplitude Z/(kao)2  + (caoo)2. The 
expressions kao and cwao in the radical are the maxima of the spring force 
and damping force, while the entire radical is the maximum value of the 
total force for the case where the mass is clamped, i.e., where the 
%-motion is prevented. 

E x a m p l e :  Find the differential equation of the relat ive  motion y between the mws 
and the ceiling of Fig. 2.3, in which PO = 0 and in which the ceiling is moved har- 
monically up and down. 

y = x - a0 sin wt 

Solution: We have by differentiation: 

z = y + uo sin wt 
3 = ?i + aow cos wt 
x = - aOwz sin wt 

Substitute these into Eq. (2.5) : 

mg - maOwz sin wt + qj + c a ~ w  cos wt + ky + kao sin w t  
= kao sin wt + cuow cos wt 

or mfj + c i  + k y  = maOua sin wt (2.6) 

Thus the relative motion between the mass and the moving ceiling acts in the 
same manner as the absolute motion of the mass with a ceiling a t  rest and with a 
force of amplitude maOwz acting on the mass. The right-hand side of (2.6) is the 
inertia force of the mass if it were moving a t  amplitude an; hence, it can be considered 
as the force that has to be exerted a t  the top of the spring if the spring is made stiff, 
i.e., if the y-motion is prevented. 

2.4. Free Vibrations without Damping. Before developing a solution 
of the general equation (2.1), it  is useful to consider first some important 
simplified cases. If there is no external or impressed force Po sin wt and 
no damping (c = 0), the expression (2.1) reduces to 

or 

mx + Icx = 0 

or, in words: T h e  deflection x i s  such a func t ion  of the t ime  that when i t  is 
digerentiated twice, the same func t ion  i s  again obtained, multiplied by  a 
negative constant. Even without a knowledge of differential equations, 
we may remember that such functions cxist, v i a ,  sines and cosines, and a 
trial reveals that sin t . \ /rm and cos t are actually solutions of 
(2.7). The most general form in which the solution of (2.7) can be 
written is 
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where C1 and CZ are arbitrary constants, That (2.8) is a solution of 
(2.7) can be verified easily by differentiating (2.8) twice and then sub- 
stituting in (2 .7);  that there are no solutions of (2.7) other than (2.8) 
need not be proved here; it is true and may be taken for granted. 

First, it is seen that the result 
as it stands is very indefinite; the constants C1 and Cz may have any 
value we care to assign to them. But the problem itself was never fully 
stated. The result (2.8) describes all the motions the system of mass and 
spring is capable of executing. One among others is the case for which 
C1 = Cz = 0, giving z = 0, which means that the mass remains per- 
manently a t  rest. 

Let us now interpret (2.8) physically. 

B'Io. 2.8. Undamped free vibration starting from an initial displacement. 

We now specify more definitely that the mass is pulled out of its 
equilibrium position to x = 20 and then released without initial velocity. 
Measuring the time from the instant of release, the two conditions are 

At t = 0, x = zo and j. = 0 
The first condition substituted into (2.8) gives 

xo = C1. 0 + CZ * 1 or CZ = zo 

For the second condition, Eq. (2.8) must be differentiated first and then 
we get 

or C 1 = O  

Substitution of these results in (2.8) leads to the specific solution 

2 = 20 cos t J; ( 2 . 8 ~ )  

This represents an undamped vibration, one cycle of which occurs when 
Denoting the t f l m  varies through 360 deg. or 2r radians (Fig. 2.8). 

time of a cycle or the period by T ,  we thus have 

(2.9) 
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It is customary to denote 4- by w,,, called the “natural circular fre- 
quency.” This value 2/fc;7-, = w,, is the angular velocity of the rotating 
vector which represents the vibrating motion (see page 3). 

The reciprocal of T or the natural frequency fn is 

(2.10) 

measured in cycles per second. Hence it follows that if m is replaced by 
a mass twice as heavy, the vibration will be l /z  times as slow as before. 
Also, if the spring is made twice as weak, other things being equal, the 
vibration will be l /z  times as slow. On account of the absence of the 
impressed force Po sin wt, this vibration is called a free vibration. 

If we start with the assumption that the motion is harmonic, the fre- 
quency can be calculated in a very simple manner from an  energy con- 
sideration. I n  the middle of a swing the mass has considerable kinetic 
energy, whereas in either extreme position i t  stands still for a moment 
and has no kinetic energy left. But then the spring is in a state of tension 
(or compression) and thus has elastic energy stored in it. At any posi- 
tion between the middle and the extreme, there is both elastic and kinetic 
energy, the sum of which is constant since external forces do no work on 
the system. Consequently, the kinetic energy in the middle of a stroke 
must be equal to the elastic energy in an extreme position. 

The spring force is kz, 
and the work done on increasing the displacement by d x  is k x  dx.  The 
potential or elastic energy in the spring when stretched over a distance 
x is lo2 k x  . dx  = x k x 2 .  The kinetic energy a t  any instant is %mu2. 

Assume the motion to be z = zo sin wt, then v = xow cos wt. The poten- 
tial energy in the extreme position is x k x ; ,  and the kinetic energy in the 
neutral position, where the velocity is maximum, is Wmvz,, = Mrnw2x$. 

We now proceed to calculate these energies. 

Theref ore, x k x ;  = fdrnwzx; 

from which w 2  = k/m, independent of the amplitude 20. This “energy 
method” of calculating the frequency is of importance. I n  Chaps. 4 
and 6, dealing with systems of greater complexity, it will be seen that a 
frequency determination from the differential equation often becomes so 
complicated as to be practically impossible. In  such cases a generalized 
energy method, known as the method of Rayleigh, will lead to a result 
(see pages 141 to 155). 

The formula w,, = d/lc/mmay be written in a somewhat different form. 
The weight of the mass m is rng, and the deflection of the spring caused 
by this weight is rnglk. or static It is called the static deflection 
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sag of the spring under the weight. 

Hence, 

or (2.11) 

If 6,( is expressed in inches, g = 386 in./sec.2, and the frequency is 

m 6  i 
fn = - J& = 3.14 cycles per second 2* 

f. = 188 - cycles per minute (2.11a) 4: 
This relationship, which is very useful for quickly estimating natural 

FIG. 2.9. Curve representing Eq. (2.110) 
for the natural frequency of an undamped, 
single-degree system. 

frequencies or critical speeds, is 
shown graphically in Fig. 2.9. It 
appears as a straight line on log-log 
paper. 

2.6. Examples. Consider some 
numerical examples of the applica- 
tion of the fundamental formula 
(2.10). 

1. A steel bar of 1 by M in. cross 
section is clamped solidly in a vise 
a t  one end and carries a weight of 
20 lb. a t  the other end (Fig. 2.10). 

(a) What is the frequency of the vibration if the distance between the 
weight and the vise is 30 in.? (b )  What percentage change is made in the 
frequency by shortening the rod >/4 in.? 

a. The weight of the bar itself is % by 1 by 30 cu. in. X 0.28 lb. per 
cubic inch or roughly 4 lb. The particles of the bar near the 20-lb. weight 
a t  its end vibrate with practically the same 
amplitude as that weight, whereas the par- 
ticles near the clamped end vibrate hardly 
at all. This is taken account of by adding 
a fraction of the weight of the bar to the 
weight at its end. On page 155 it is shown that approximately one- 
quarter of the weight of the bar has to be thus added. Therefore the 
mass m in Eq. (2.10) is 21/g = 2 > . $ ~ 6  lb. in.-’ seca2. 

A force P a t  the end of a cantilever gives a deflection 6 = P18/3EI. 
The spring constant by definition is 

FIQ. 2.10. 

k = P / b  = 3EI/ la  
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The moment of inertia of the section is I = >i2bhs = ?& (or $46,  
depending upon whether the vibrations take place in the stiff or in the 
!imber plane). The circular frequency is 

W n  = $ = y’” ze i:: iy = 50.4 radians per second 

The frequency f,, = on/% = 8.0 cycles per second. 

I = )&, and fn becomes one-half its former value, 4.0 
cycles per second. 

b. The question regarding the change in frequency 
due to a change in length can be answered as follows. 
The spring constant k is proportional to l/P, and the 
frequency consequently is proportional to dv = 1-95, 
Shortening the bar by 1 per cent will raise the fre- 
quency by 1% per cent. Thus the shortening of 4/e 
in. will increase fn by 1% per cent, 

2. As a second example consider a U-tube filled with 
water (Fig. 2.11). Let the total length of the water 
column be I ,  the tube cross section be A, and the mass 
of water per cubic inch be ml. If the water oscillates 
back and forth, the mass in motion is ml A * 1. In 
this problem there is no specific “spring,” but still the tions or a liquid 
force of gravity tends to  restore the water level to an ;;:- in a U- equilibrium position. Thus we have a “gravity 
spring,” of which the spring constant by definition is the force per unit 
deflection. Raise the level in one arm of the tube by 1 in., then it will fall 

in the other arm 1 in. This gives an 
unbalanced weight of 2 in. water 
column, causing a farce of (2mlA) * g, 

4 whiah is the spring constant. There- 
fore the frequency is 

In case the bar vibrates in the direction of the weak side of the section, 

(0) (6) (C) 

on = $=Jf 
3. Consider the systems shown in 

Fig. 2.12, where a mass m is suspended 
he. 2.12. Three clystems with corn- from two springs kl and kz in three 
pound springs, which are equivalent to 

have “parallel“ springs; (c) has i t s  the cases 2 . 1 2 ~  and 2.12b are dynam- 
apriage “in series.” ically identical, because a downward 
deflection of 1 in, creates an upward force of (kl + k t )  lb. in both cases. 

the system of Fig. 2.8, (a) and (b)  different ways* However, 
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Thus the natural frequency of such systems is 

For Fig. 2 . 1 2 ~  the situation is different. Let us pull downward on the 
This force will be transmitted through both 

Their respective elongations are l/kl and l / k z ,  

But, by definition, this 

Hence, 

mass with a force of 1 lb. 
springs in full strength. 

1 1  the t,otal elongation per pound being - + -. 
kl kz 

is 1 / k ,  the reciprocal of the combined spring constant. 

Rule: The combined spring constant of several l 1  parallel ” springs i s  
k = Bk,; for n springs “in series” the spring constant i s  found f r o m  

For example, if a given coil spring of stiffness k is cut in two equal parts, 
(I t  takes twice as much load to 

Put- 

l/k = Zl/k,. 

each piece will have the stiffness 2k. 
give to  half the spring the same deflection as to  the whole spring.) 

1 1 1  ting the two half springs in series, we find, indeed, - = - + -. k 2k 2k 
It is of interest to note that this rule for compounding spring constants 

is exactly the same as that for find- 
ing the total conductance of series 
and parallel circuits in electrical 
engineering. 

4. The last example to be discussed 
in this section is illustrated in Fig. 

ness k(a / l ) l  placed at the mass m. is hinged a t  one end and carries a 
mass m at the other end. At a distance a from the hinge there is a 
spring of stiffness k.  What is the natural frequency of vibration of this 
system? 

We shall consider the vibrations to be so small that  the mass moves 
sensibly up and down only. I n  deriving the equation of motion on page 
25, the spring force on the mass was equated to m x .  I n  this case also we 
have to ask: What force has to  be exerted on the mass in order to deflect 
it 1 in.? Then from static equilibrium the force in 

the spring is - .  F. Since the deflection a t  the mass is 1 in., it is a / l  in. 

-‘- 
FIG. 2.13. The spring k as shown is 
equivalent to a fictitious spring of stiff- 2.13. A massless, inflexible beam 

Let that  force be F .  
1 
a 
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a 
1 at the spring. This leads to a spring force - * k.  Hence 

37 

Therefore, the effective spring constant a t  the mass is k * (a/1)2. The 
effect of the stiffness of the spring is thus seen to diminish very fast when 
it is shifted to the left. 

The frequency is 

With the energy method of page 33 the calculation is as follows: Let 
the motion of the mass be x = xo sin w,t, where wn is as yet unknown. 
The amplitude of motion at the spring then is xoa/l and the potential 
energy in the spring is %/jks2 = >@(xoa/1)2. The kinetic energy of the 
mass is xmv2 = 3.irnw:z;. Equating these two, the amplitude xo drops 
out and 

w;=- -  k a2 
m l 2  

Some of the problems at the end of this chapter can be solved more 
easily with the energy method than by a direct application of the formula 
involving d/klm. 

It was seen that an 
undamped free vibration persists forever [Eq. (2.8) or (2.8a)I. Evidently 
this never occurs in nature; all free vibrations die down after a time. 
Therefore consider Eq. (2.1) with the damping term c2 included, viz.: 

mx + cx + kx = 0 (2.12) 

The term “viscous damping” is usually associated with the expression 
cx since it represents fairly well the conditions of damping due to the 
viscosity of the oil in a dashpot. Other types of damping exist and will 
be discussed later (page 3G1). The solution of (2.12) cannot be found as 
simply as that  of (2.7). However, if we consider the function 2 = eut, 
where t is the time and s an unknown constant, it  is seen that upon differ- 
entiation the same function results, but multiplied by a constant. This 
function, substituted in (2.12) permits us to divide by eat and leads to 
an algebraic equation instead of a differential equation, which is a great 
simplification. Thus we assume that the solution is eat. With this 
assumption, Eq. (2.12) becomes 

2.6. Free Vibrations with Viscous Damping. 

(ms2 + cs + k)eElt = 0 (2.13) 
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If (2.13) can be satisfied, our assumption 2 = e“ for the solution is 
Since Eq. (2.13) is a quadratic in s, there are two values s1 and correct, 

s2 that will make the left side of (2.13) equal to zero 

(2.14) 

so that e*lt and e*ar are both solutions of Eq. (2.12). 
solution is 

The most general 

(2.15)‘ 

where C1 and CZ are arbitrary constants. 
In discussing the physical significance of this equation two cases 

have to be distinguished, depending upon whether the expressions for 
s in Eq. (2.14) are real or complex. Clearly for ( ~ / 2 m ) ~  > k/m, the 
expression under the radical is positive so that both values for s are real. 
Moreover, they are both negative because the square root is smaller than 

the first term c/2m. Thus (2.15) 
describes a solution consisting of the 
sum of two decreasing exponential 
curves, as shown in Fig. 2.14. As a 
representative example, the case 
C1 = 1, CZ = -2 is drawn as a 
dashed line. 

Without analyzing any special 
cases by determining their values for 
C1 and CZ, the figure shows that the 
motion is no “vibration” but rather 
a creeping back to the equilibrium 
position. This is due to the fact that 
for ( ~ / 2 m ) ~  > k/m the damping c is 
extremely large. For Smaller Values 
of c, which pertain to more practical 

FIG. 2.14. Motions of a single-degree 
system with damping greater than the 
critical damping cc. 

cases, (2.14) gives complex values for s, and the solution (2.15), aswritten, 
becomes meaningless. The damping c a t  which this transition occurs is 
called the critical damping c,,: 

(2.16) 

In  case the damping is less than this, (2.14) can better be written as 

(2.17) 

where j = 1/--i. Though the radical is now a real number both values 

www.EngineeringEBooksPdf.com



THE SINQLE-DEGREE-OF-FREEDOM SYSTEM 39 
of s contain j and consequently the solution (2.15) contains terms of the 
form dot, which have to be interpreted by means of Eq. (1.8), page 11. 

With (2.17) and (1.8), the solution (2.15) becomes 

-- 
x = e l m t  [cl(cos qt + j sin qt) + ~ 2 ( c o s  qt - j sin qt)] 

-_ 
= e l m t  [(c, + ~ 2 )  cos pt + (jc, - jc2) sin pt] (2.18) 

Since C1 and C2 were arbitrary constants, (C, + C2) and (jC1 - jC2) 
are also arbitrary, so that for simplicity we may write them Ci and Ci. 
Thus 

( 2 . 1 9 ~ ~  b )  i -_ 
x = e ;mt (c: cos qt + C: sin qt)  _-_ 

where q = & - m  k c2 

This is the solution for a damping smaller than cc. It consists of two 
factors, the first a decreasing exponential (Fig. 2.14) and the second a 

FIG. 2.15. Free vibration of a system with damping less than the critical damping o! 
Eq. (2.16). 

sine wave. The combined result is a “damped sine wave,” lying in the 
space between the exponential curve and its mirrored image (Fig. 2.15). 
The smaller the damping constant c, the flatter will be the exponential 
curve and the more cycles it will take for the vibrations to die down. 

The rate of this dying down is of interest and can be calculated in a 
simple manner by considering any two consecutive maxima of the curve: 
A-B, B-C, etc. During the time interval between two such maxima, 
i .e.,  during 27r/q sec., the amplitude of the vibration (which a t  these max- 

ima practically coincides with e - 2 )  diminshes from e - z *  to e 
The latter of these two expressions is seen to be equal to the first one 

multiplied by the constant factor e - 6 ,  which factor naturally is smaller 
than unity. It is seen that this factor is the same for any two consecu- 
tive maxima, independent of the amplitude of vibration or of the time. 

c -L&-{T> 

T C  
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The rat,io between two consecutive maxima is constant; the amplitudes 
decrease in a geometric series. 

If z,, is the nth maximum amplitude during a vibration and z,+1 is the next maxi- 
mum, then we have seen that zntl - zne-*o/mq or also *log (zn/zntl) - sc/mq = 6. 
This quantity 8 is known as the logarithmic decrement. For small damping we have 

and also xn+t/xnpe-l  = 1 - 6, so that 

(2.20) 

The frequency of the vibration is seen to diminish with increasing damp- 
ing according to (2.19b), which if written in a dimensionless form with the 
aid of (2.16) becomes 

2. = Jl - (:)* 
W n  

This relation is plotted in Fig. 2.16, where the ordinate q/wn is the ratio 
of the damped to the undamped natural frequency, while the abscissa is 

the ratio of the actual to the critical damp- 
ing constant. The figure is a circle; natu- 
rally for critical damping (c = c,) the 
natural frequency q is zero. The diagram 
is drawn for negative values of c as well, 
the meaning of which will be explained 
later in Chap. 7 (page 283). On account of 
the horizontal tangent of the circle a t  c = 0, 
the natural frequency is practically con- 
stant and equal to z/ic7m for all technical 
values of the damping (c/c, < 0.2). 

The undamped free vibration, being a harmonic motion, can be rep- 
resented by a rotating vector, the end point of which describes a circle. 
With the present c a ~ e  of damped motion this graphical picture still holds, 
with the exception that the amplitude decreases with time. Thus, while 
revolving, the vector shrinks at a rate proportional to its length, giving a 
geometric series diminution. The end point of this vector describes a 
“logarithmic spiral” (Fig. 2.17). The amplitudes of a diagram like Fig. 
2.15 can be derived from Fig. 2.17 by taking the horizontal projection of 
the vector, of which the end point lies on the spiral and which rotates with 
the uniform angular velocity q [Eq. (2.19)]. 

A special case of the foregoing occurs when the mass or inertia of the 
system is negligibly small, so that there remain only a spring and a 

0.5 
C%C - 
i\. 

FIG. 2.16. The natural frequency 
of a damped single-degree-of-free- 
dom system as a function Of the 
damping; Eq. (2.19b). 
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We want to know the motion of the (massless) dashpot piston 
The differential equation 

dashpot. 
when it is released from an initial deflection 2 0 .  

is 
d x  c z  + kx = 0 

which can be solved directly by writing 

C - 5 (log x + const.) 
X 

At t = 0 the deflection x = XO, so that the constant is - log xo.  Hence 
L - -t 

1 = - & l o g -  c x  and x = xoe O 1  
2 0  

(2.21) 

a relation represented by one of the solid curves of Fig. 2.14. Evidently 
the exponent of the e-function is a dimensionless quantity, so that c / k  

FIQ. 2.17 Vector diagram of a damped free vibration. 

must have the dimension of a time, It is known as the relaxation time, 
which, by definition, is the time in which the deflection xo of the system 
“relaxes” to l/eth part of its original value. On page 366 we shall have 
occasion to use this concept. 

Ezamplc: In the system shown in Fig. 2.13, page 36, the mass weighs 1 ox.; the 
spring has a stiffness of 10 Ib. per inch; 1 = 4 in.; a - b = 2 in. Moreover, a daahpot 
mechanism is attached to the mid-point of the beam, i .e.,  to the same point where the 
spring is fastened to it. The dashpot producea a force of 0.001 lb. for a velocity of 
1 in. uer second. 
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a. What is the rate of decay of the free vibrations? 
b. What would be the critical damping in the dashpot? 
Solution: Let us first answer question ( b )  by means of Eq. (2.16). The undamped 

On page 37 we found that the equivalent spring 
Thus 

natural frequency is w,, = d k / m .  
constant of Fig. 2.13 is Icaa/12 or k/4 = 2.5 lb. per inch. 

w,, = d 2 . 5  X 16 X 386 = 124 radians per second 

The critical damping constant of the system (h., the critical damping of an imaginary 
dashpot at the mass) is, by Eq. (2.16) 

1 2 X m6 X 124 = 0.041 lb./in./sec. 

Since the dashpot is actually located a t  the mid-point of the beam, the dashpot must 
have a constant which is four times as great, for the same reason that the spring there 
must be taken four times as stiff as the “equivalent” spring (see page 37). Thus we 
find for the answer to question (b )  

cc = 0.164 lb./in./sec. 

a. The rate of decay is to be found from Eq. (2.20). 

c 0001 
cc 0.164 - 6 = 2n - = 27r - = 0.038 Ax _ -  

or ‘3’ = 1 - 0.038 = 0.962 
578 

2.7. Forced Vibrations without Damping. Another important partic- 
ular case of Eq. (2.1) is the one where the damping term ck is made zero, 
while everything else is retained : 

mx + kx = PO sin wt  

It is reasonable to suspect that a function z = xo sin wt  may satisfy 
this equation. Indeed, on substitution of this function Eq. (2.22) 
becomes 

-mw2xo sin wt  + kxo sin wt = Po sin wt 

(2.22) 

which can be divided throughout by sin wt,  so that 

xo(k - m d )  = Po 

or 

and x =  + sin wt (2.23) 1 - (w/wn) 

is a solution of (2.22). The expression Polk in the numerator has a 
simple physical significance : it is the static deflection of the spring under 
the (constant) load Po. We therefore write 

Po 
k - = xst 
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and with this the solution becomes 

Although it is true that this is “ a ”  solution of (2.22)) if, cannot be the 
most general solution, which must contain two integration constants. 
It can be easily verified, by substitution, that 

(2.25) 

satisfies (2.22). The first two terms are the undamped free vibration; 
the third term is the undamped forced vibration. This is a manifestation 
of a general mathematical property of differential equations of this type, 
as stated in the following theorem: 

Theorem: The general solution (2.25) of the complete differential 
equation (2.22) is the sum of the general solution (2.8) of the equation 
with zero right-hand member (2.7)) and a particular solution (2.23) of 
the complete equation (2.22). 

It is seen that the first two terms of (2.25) (the free vibration) form a 
sine wave having the free or natural frequency wn, whereas the forced 
vibration (the third term) is a wave having the forced frequency w. 
Since we are a t  liberty to make w what we please, it is clear that w and 
wn are entirely independent of each other. The solution (2.25)) being the 
sum of two sine waves of different frequencies, is itself not a harmonic 
motion (see Fig. 2 .25~)  page 54). 

It is of interest now to examine more closely the implications of 
the result (2.24). Evidently z/sat is a sine wave with an amplitude 
1/[1 - ( U / U ~ ) ~ ] ,  depending on the frequency ratio w/wn. Figure 2.18 
represents this relation. 

From formula (2.24) it follows immediately that for w/wn < 1 the 
amplitudes or ordinates are positive, while for w / w ,  > 1 they are negative. 
In order to understand the meaning of these negative amplitudes we 
return to Eq. (2.22) and the assumption 2 0  sin w t  for the solution made 
immediately thereafter. It appears that in the region w / o ,  > 1 the 
results for 20 are negative. But we can write 

-z0 sin wt = +zo sin (wt  + 180 deg.) 

which shows that a “negative amplitude” is equivalent to a positive 
amplitude of a wave which is merely 180 deg. out of phase with (in 
opposition to) the original wave. Physically this means that, while for 
w / w ,  < 1 force and motion are in phase, they are in opposition for 
w / w ,  > 1. Whereas for w / w n  < 1 the mass is below the equilibrium posi- 
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tion when the force pushes downward, we find that for w / u n  > 1 the mass 
is above the equilibrium position while the force is pushing downward. 

Usually this phase relation is considered as of slight interest, while 
the amplitude is vitally important; theref ore, the negative sign may be 
disregarded and the dashed line in Fig. 2.18 appears. 

There are three important points, A,  B ,  and C in Fig. 2.18 at  which it is 
possible to  deduce the value of the ordinate from purely physical reason- 

ing. First consider the point A ,  very close to w = 0; the force frequency 
is extremely slow, and the mass will be deflected by the force to the 
amonnt of its static deflection only. This is physically clear, and thus 
the amplitudes of the curve near the point A must be nearly equal to  
unity. On the other hand, for very high frequencies w/wn >> 1, the force 
moves up and down so fast that the mass simply has no time to  follow, 
and the amplitude is very small (point B).  

But the most interesting thing happens a t  point C, where the amplitude 
becomes infinitely large. This can also be understood physically. At 
w / w n  = 1, the forced frequency coincides exactly with the natural fre- 
quency. The force then can push the mass always a t  the right time in the 

FIG. 2.1.8. Resonance diagram for the absolute motion of a system of which the mass is 
subjected to a force of constant amplitude and variable frequency; Eq. (2.23). This dia- 
gram is different. from Fig. 2.20. 
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right direction, and the amplitude can increase indefinitely. It is the 
case of a pendulum which is pushed slightly in the direction of its motion 
every time it swings: a comparatively small force can make the amplitude 
very large. This important phenomenon is known as “resonance,” and 
the natural frequency is sometimes called alga the “resonant frequency.” 

Thus far the theory has dealt with an impressed force of which the 
amplitude PO is independent of the frequency W .  Another technically 
important case is where PO is proportional to u2. For example, Fig. 2.19 
represents a beam on two supports and carrying an unbalanced motor 
in the middle. While running, the motor axle experiences a rotating 
centrifugal force m1w2r, where ml is the mass of the unbalance and r its 
distance from the center of the shaft. This rotating force can be resolved 
into a vertical component mlw2r sin wt and a horizontal component 
m1w2r cos wt. Assume that the beam is very stiff against horizontal dis- 
placements but not so stiff against vertical ones. Then we have a single- 

FIG. 2.19. Unbalanced motor giving a force mw*m leading t o  the resonance diagram of 
Fig. 2.20. 

degree-of-freedom system with a mass m (the motor), and a spring 
k = 48EI/ la  (the beam), acted upon by a vertical disturbing force of 
amplitude mlo2r, which is dependent on the frequency. 

There it was 
seen that the “relative motion” y between the mass and the support of 
Fig. 2.3 (where the support moves as a. sin wt and the force Po is absent) 
acts as if a force muo& were acting on the mass. Incidentally, this case 
is of great importance since most vibration-recording instruments (vibro- 
graphs) are built on this principle (see page 57). 

The resonance curve for the two cases just mentioned can be found 
directly from Eq. (2.23) by substituting mu2uo for PO. 

Another example of this type was discussed on page 31. 

Then 

or 

It is to be remembered that a0 is the amplitude of motion a t  the top 
of the spring, while yo is the relative motion between the mass and the 
top of the spring, or the extension of the spring, which is the same thing. 
The ordinates of the three points A ,  B,  and C of Fig. 2.20, representing 
(2.26), can again be understood physically. At A the frequency w is 
nearly zero; the top of the spring is moved up and down a t  a very slow 
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rate; the mass follows this motion and the spring does not extend: yo = 0. 
At B the motion of the top of the spring is very rapid, so that the mass 
cannot follow and stands still in space. Then the relative motion is 
equal to the motion of the top and yo/aa = 1. At the point C there is 
resonance, as before, so that the extensions of the spring become theoret- 
ically infinitely large. 

4 
4 

%" 
FIG. 2.20. Resonance diagram of Eq. (2.26) showing (a) the relative motion of a system in 
which the end of the spring is subjected to an alternating motion of constant amplitude ao, 
and (a) the absolute motion of a system in which the mass experiences a force of variable 
amplitude mwlao. 

This last result is obviously not in agreement with actual observations, 
and it is necessary therefore to consider damping, which is done in Sec. 2.8. 

Ezample: A motor generator set consists of a 25-cycle induction motor coupled to  a 
direct-current generator. The connecting 
shaft has a diameter of 394.5 in. and a length of 14 in. The moment of inertia of t h e  
motor rotor is 150 lb. in. sec.1 and that  of the generator is 600 lb. in set.*. The driving 
torque of the induction motor is not  constant (see page 72) but  varies between zero 
and  twice the full-load torque TO a t  twice the  frequency of the  current, L e . ,  50 cycles 
per second, thus: 

TO + TO sin (2, . 50t) 

The set is rated a t  200 hp. and 725 r.p.m. 

while the counter torque of the direct-current generator is constant, in time. 
the maximum stress in the shaft a t  full load. 

Find 

Solution: First find the torsional spring constant of the shaft. 

G. 2 d' 1 2 .  10'; (39.i~)'  
= 10.20 X 108 in. lb./rad. k -torque - - 32 - 

angle 1 1 14 
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rhe  system is idealized in Fig. 2.6 (page 28), and its differential equation is (2.4). 
The natural circular frequency is 

wn = = 4- = 290 radians per second 

The forced frequency is 50 cycles per second, or 

w = 2rf = 314 radians per second 

Apparently the system is excited at  S 1 g 9 o  = 1.08 times resonance, so that by Fig. 
2.18 or Eq. (2.23) the effect of the torque is magnified by a factor 

From Eq. (2.4) we see that the torque in question is eo9$,0 T O ,  or four-fifths of the 
As stated, the torque con- 

The 
amplitude of the alternating component of the torque. 
sists of a steady part TO and an alternating part of the same amplitude TO. 
maximum torque in the shaft thus is 

To + 6.0 X $.jZ’o = 5.80To 

The steady torque To can be found from the speed and horse power thus: 

T o  = % = 20;2F:r = 1,450 ft. lb. = 17,400 in. lb. 

The shear stress in the shaft due to this steady torque is 

On account of the proximity to  rcsonanw, this stress is multiplied by 5.80, so that 
the total maximum shear stress is 14,500 lb./in.2. The “fatigue strength” of a steel, 
as listed, is derived from a tensile tcst, whcro the tensile stress is twice the shear stress. 
The fatigue limit of usual shaft steels is lower than 29,000 lb./in.2, so that the shaft 
is expected to fail. The design can be improved by reducing the shaft diameter to 
235 in. Then the natural frequency becomes 171 radians per second and the mag- 
nification factor 0.42. The new maximum tensile stress becomes 6,200 lb./in.a, 
which is safe. 

2.8. Forced Vibrations with Viscous Damping. 

mii + cj: + Icx: = P o  sin w t  

Finally, the complete 
Eq. (2.1):, 

(2.1) 

will be considered. It can be verified that the theorem of page 43 holds 
here also. According to that theorem, the complete solution of (2.1) 
corisists of the sum of the complete solution of the Eq. (2.12), which is 
(2.1) with the right-hand side zero, and a particular solution of the whole 
Eq. (2.1). But the solution of the equation with the zero right-hand side 
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has already been obtained (Eq. 2.19), so that 

_-  
x = e 2Emt(C1 sin pi + CZ cos pi) + particular solution (2.27) 

It is therefore necessary merely to find the particular solution. Anal- 
ogous to the case of Sec. 2.7, we might assume z = xo sin wl, but then the 
term c$ would give cos wt, so that this assumption is evidently incorrect. 
It is possible to assume 

x = A sin wt + B cos wt 

and to substitute this in (2.1). In this case, only terms with sin wt and 
cos wt occur, but there are two constants A and B at our disposal. By 
solving for A and B algebraically, a particular solution can be obtained. 
Here we shall derive the result in a somewhat different manner, in order 
to give a clearer physical understanding of the phenomenon. 

Let it be assumed that the solution is a sine wave with the forced fre- 
quency w. Then all the four forces of Eq. (2.1) are sine waves of this 

FIG. 2.21. Vector dia- 
gram from which Fig. 
2.22 can be deduced. 

frequency and can be represented by vectors. A 
differentiation is equivalent to a multiplication of 
the length of the vector with w and a forward rota- 
tion through 90 deg., as explained on page 3. 

Let the displacement be represented by 
x = zo sin (wt - cp) ,  

where xo and cp are as yet unknown, and draw this 
displacement as a vertical upward vector (dotted) 
in the diagram of Fig. 2.21. Thespring force -kx 
has an amplitude kxo and is directed downward 
in the diagram. The damping force -cL has an 
amplitude curo and is 90 deg. ahead of the spring 
force. The inertia force -mx is 90 deg. ahead of 
the damping force and has an amplitude mwfo. 
The external force Po sin wt is cp deg. ahead of the 
displacement zo sin (cot - cp). Thus the complete 
diagram in Fig. 2.21 is obtained ( 2 0  and cp being 
unknown). 

Newton’s law [or Eq. (2.1), which is the same 
thing] requires that the sum of the four forces be zero a t  all times. This 
means that the geometric sum of the four vectors in Fig. 2.21 must be zero, 
which again implies that the horizontal as well as the vertical component 
of this resultant must be zero. 

Vertical component:  SO - mwzxo - PO cos cp = 0 
Horizontal component: curO - Po sin cp = 0 

Expressed mathematically: 
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From these two equations the unknowns xo and ‘p are solved, with the 
result that 

Po 
k 
- 

(2.28~~) - - Pa 
Zo = 1 / ( c w ) 2  + ( k  - mu”2 

C W  2 - . -  - 
CW Co W n  tan ‘p = ___ = k - mu* 1 - (.”u:)’ 

(2.2%) 

With the aid of the mechanical-electrical glossary of page 28, this can be trans- 
lated into 

EO 
~ ( R o ) ’  + (i - Ld)’ Qo = 

or (2.29) 

Since i = dQ/dt ,  and Q = QO sin at, the current is i = &ow cos wt. The left-hand side 
of Eq. (2.29) is the maximum value of the current. The square root in the denomi- 
nator to the right is known as the “impedance,” a familiar element in electrical 
engineering. 

The expressions ( 2 . 2 8 ~ ~  b )  for the amplitude zo and for the phase angle 
‘p are in terms of “dimensionless quantities” or ratios only. There 
appear the frequency ratio W / W ,  and the damping ratio c/cc, where co 
is the “critical damping” of formula (2.16). Polk can be interpreted 
as the deflection of the spring under a load PO; i t  is sometimes called the 
“static deflection” xlt .  

These relations are plotted in Fig. 2 . 2 2 ~  and b. The amplitude 
diagram contains a family of curves, one for each value of the damping 
c. All curves lie below the one for zero damping, which is of course the 
same curve as that of Fig. 2.18. Thus we see that the amplitude of 
forced vibration is diminished by damping. Another interesting prop- 
erty of the figure is that  the maxima of the various curves do not occur 
any longer at W / W ,  = 1 but at a somewhat smaller frequency. I n  fact, 
in the case of damped vibrations three different frequencies have to be 
distinguished, all of which coincide for c = 0, uiz., 

(1) w,, = 4; = the “undamped natural frequency” 

(2) q = 4; - (k)’ = the “damped natural frequency” 

(3) The “frequency of maximum forced amplitude,” sometimes 
referred to  as the “resonant frequency.” 
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For small values of the damping these three frequencies are very close 
together . 

The phase-angle diagram Fig. 2.22b also is of considerable interest. For 
no damping, it was seen that below resonance the force and the displace- 
ment are in phase (cp = 0), while above resonance they are 180 deg. out 
of phase. The phase-angle curve therefore shows a discontinuous jump 
at the resonance point. This can also be seen from Eq. (2.28b) by imag- 
ining the damping c very small. Below resonance, the denominator is 
positive so that tan cp is a very small positive number. Above resonance, 
tan cp is a very small negative number. Thus the angle cp itself is either 
close to 0 deg. or slightly smaller than 180 deg. Make the damping 
equal to zero, and cp becomes exactly 0 deg. or exactly 180 deg. 

For dampings different from zero the other curves of Fig. 2.22b rep- 
resent the phase angle. It is seen that in general the damping tends to 
smooth out the sharpness of the undamped diagrams for the amplitude 
as well as for the phase. 

It is instructive to go back to the vector diagram of Fig. 2.21 and vis- 
ualize how the amplitude and phase angle vary with the frequency. For 
very slow vibrations (U = 0) the damping and inertia forces are neg- 
ligible and Po = k x o ,  with cp = 0. With increasing frequency the damp- 
ing vector grows, but the inertia force grows still faster. The phase angle 
cannot be zero any longer since Pa must have a horizontal component to 
the left to balance C U X O .  The inertia-force vector will grow till it  becomes 
as large as the spring force. Then cp must be 90 deg. and PO = C W X O .  

This happens a t  resonance, because m w 2 x o  = kxo or u2 = k/m. Thus at 
resonance the phase angle is 90 deg., independent of damping. Above 
this frequency mw2xo will grow larger than k x o ,  so that PO dips downward 
and cp is larger than 90 deg. For very high frequencies kxo is insignificant 
with respect to m d x o ,  so that Pa is used up to balance the inertia force 
and cp = 180 deg. 

At slow speeds the external force overcomes the spring force; at high 
speeds the external force overcomes inertia, while a t  resonance it bal- 
ances the damping force. 

The energy relations involved in this process also serve to  give a better 
physical understanding. For very slow motions cp = 0, and it was shown 
on page 12 that no work is done over a whole cycle. I n  other words, 
no mechanical energy is transformed into heat during a cycle. Starting 
from the equilibrium position, the external force moves through a certain 
distance before reaching the extreme position. It certainly does work 
then. But that work is merely converted into potential or elastic energy 
stored in the spring. During the next quarter cycle the motion goes 
against the external force and the spring gives up its stored energy. At 
slow speeds, therefore, the work of the external force is thrown into elastic 
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(a) 
FIQ. 2.22. (a) Amplitudes of forced vibration of any of Figs. 2.3 to 2.7 for various degrees of 
damping. (a) The phase angle between force and displacement aa a function of the fre- 
quency for various values of the damping. 
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energy and nothing is converted into heat. At the resonant frequency, 
cp = 90 deg., and the work dissipated per cycle is nPoxo (page 12). The 
external force is equal and opposite to the damping force in this case, so 
that the work is dissipated in damping. The spring force and the inertia 
force are equal and opposite, and also in phase with the displacement. 
Each of these forces individually does perform work during a quarter 
cycle, but stores the energy, which is returned during the next quarter 
cycle. The work is stored periodically as elastic energy in the spring and 
as kinetic energy of motion of the mass. 

Incidentally these energy relations can be used for calculating the 
{‘resonant amplitude.” The damping force has the amplitude ~ ( 3 ) ~ ~ ~  
= cwx0 and is 90 deg. out of phase with the displacement ZO. Con- 
sequently the work dissipated in damping per cycle is ncwz$. The work 

done per cycle by the external force is 
nPf lo  which must equal the dissipation 
of damping: 

0)  ” - 0 TPOZO = T C U Z ~  (2.30) 
This relation is illustrated by Fig. 2.23 
in which the work per cycle done by the 
force Po a t  resonance and also that by 
the damping force are plotted against 
the amplitude of motion. Where the 

0 A 6 c two curves intersect, we have energy 
equilibrium and this amplitude 20 is the FIQ. 2.23. Work per cycle performed 

by a harmonic force and by a viscous one that will establish itself. If a t  some 
damping force for various amplitudes. instant the amplitude were greater, the 
energy dissipation would be greater than the input, which would gradually 
diminish the kinetic energy of the system until the equilibrium ampli- 
tude is reached. 

b 
p. 
a. 

p W 

Amplitude xo 

Solving (2.30) for ZO, we obtain 
Po 

(ZO)reaon.n.e = - 
CW 

(2.31) 

Strictly speaking, this is the amplitude a t  the frequency where the phase 
angle is 90 deg., which is not exactly the frequency of maximum ampli- 
tude. However, these two frequencies are so close together that a very 
good approximation of the maximum amplitude can be obtained by equat- 
ing the work done by the external force to the work dissipated by damp- 
ing. For the single-degree-of-freedom system this method of calculating 
the resonant amplitude is of no great interest, but later we shall consider 
more complicated cases where an exact calculation is too laborious and 
where the approximate method of Eq. (2.30) and Fig. 2.23 gives accept- 
able results (page 202). 
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Equations ( 2 . 2 8 ~ )  and (2.2%) are the most important ones in t h k  book. 

It is of interest to see what becomes of Eq. (2.28a), the magnification factor, 
for the case of resonance w = o,,. The magnification factor then becomes 
very simply 1/2c/cc.  On page 40 [Eq. (2 .20)]  we saw that the percentage 
decay in amplitude of the free vibration per cycle is A x / x  = %c/cC. 
Putting the two together, we find 

Magnifier a t  resonance = 
l r  

percentage amplitude decay 

This relation is plotted in Fig. 2.24. 
Finally we return to the expression (2.27) on page 48 and remembex 

that everything stated in the previous pages pertains to the “particular - 
solution” or “forced vibration” 
only. The general solution con- 
sists of the damped free vibration 
superposed on the forced vibration. 
After a short time the damped free 
vibration disappears and the forced 
vibration alone persists. There- 
fore, the forced vibration is also 
called the “sustained vibration,” 
while the free vibration is known as 
the “transient.” The values of the 
constants C1 and Cs depend on the 
conditions at the start and can be 
calculated from these conditions by 
an analytical process similar to that 

FIQ. 2.24. Magnification factor at reso- 
nance as a function of percentage amplitude 
decay per cycle of free vibration. 

performed onpage  32. However, it is possible to  construct the whole 
motion by physical reasoning only. As an example, consider the following 
problem : 

A spring-suspended mass is acted on by an  external harmonic force 
having a frequency eight times as slow as the natural frequency of the 
system. The mass is held tight with a clamp, while the external force 
is acting. What is the ensuing motion 
if the damping in the system is such that the free vibration decreases by 
10 per cent for each cycle? 

In  solving this problem, it is first to be noted that its statement is 
ambiguous, since it was not mentioned at what instant during the force 
cycle the mass was released. To  make the problem definite, assume the 
release to occur at the moment that the forced vibration would just have 
its maximum amplitude. From the initial conditions of the problem it 
follows that at the instant of release the mass has no deflection and no 
velocity. We have prescribed the forced vibration to start with x = x o  

Suddenly the clamp is removed. 
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and x = 0. 
vibration with x = -20 Lina x = 0. 
will start a t  zero with zero velocity. 
tion, 2.25b the forced vibration, and 2 . 2 5 ~  the combined motion. 

These two conditions can be satisfied only by starting a,free 
Then the combined or total motion 
Figure 2 . 2 5 ~  shows the free vibra- 

Free motion 

0 

FIQ. 2.26. Starting transient. 

It is seen that the transient disappears quickly and that the maximum 
amplitude a t  the start is nearly twice as great as the sustained final 
amplitude. If the difference between the free and forced frequencies is 
small and if the damping is also small, the diagram shows (‘beats” 
between the two frequencies (see page 5).  Because of damping such 
beats will disappear after some time. In order to have sustained beats 
it is necessary to have two sustained or forced vibrations. 

Next Page
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CHAPTER 3 

TWO DEGREES OF FREEDOM 

3.1. Free Vibrations; Natural Modes. I n  the preceding chapter we 
discussed the theory of the vibrations of a system with a single degree of 
freedom with viscous damping. Though the exact idealized system with 
which the theory dealt occurs rarely, it was seen that a number of actual 
cases are sufficiently close to the ideal to permit conclusions of practical 
importance. The theory of the single-degree-of-freedom system enabled 
us to explain the resonance phenomenon in many machines, to cal- 
culate natural frequencies of a number of structures, 
to explain the action of most vibration-measuring 
instruments, and to discuss spring suspension and 
vibration isolation. 

This exhausts the possibilities of application pretty 
thoroughly, and in order to explain additional phe- 
nomena i t  is necessary to develop the theory of more 
complicated systems. As a first step consider two 
degrees of freedom, which will yield the explanation 
of most “vibration dampers,” of the action of a 
number of contrivances for stabilizing ships against 
rolling motions in a rough sea, and of the operation 
of automobile shock absorbers. 

The most general undamped two-degree-of-freedom 
system can be reduced to  that of Fig. 3.1 and consists 
of two masses ml and m2 suspended from springs k l  
and ks and tied together by a “coupling spring” 
ka. Assuming that the masses are guided so as t o  be capable of purely 
vertical motions only, there are evidently two degrees of freedom, since 
the two masses can move independently of each other. By specifying 
their vertical positions 2 1  and x2 the configuration is entirely determined. 

As in the single-degree-of-freedom case, there are a number of tor- 
sional, electrical, etc., two-degree-of-freedom systems which are com- 
pletely equivalent to Fig. 3.1. 

Proceeding now to a calculation of the free vibrations, we notice that 
there are two distinct forces acting on the mass ml, namely the force of 
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FIG. 3.1. Undamped 
two-degree-of-free- 
dom system w i t h  
spring coupling. 
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the main spring kl  and that of the coupling spring k3. The main force 
is -klzl acting downward (in the +xl-direction). The shortening of 
the coupling spring is x1 - z2, so that its compressive force is k3 (~1  - z2). 
A compressed coupling spring pushes ml upward, so that the force has 
to be taken with the negative sign. These two are the only tangible 
forces acting on ml, so that its equation of motion is 

or 

The equation of motion for the second mass can be derived in the same 
manner. But by turning Fig. 3.1 upside down and reversing the direc- 
tions of x1 and 2 2 ,  m2 and k2 assume the positions of ml and k l  find 

Assume now that the masses rnl and m2 execute harmonic motions with 
the same frequency w (as yet unknown) and different amplitudes al and 
a2 (also unknown). 

x1 = a1 sin wt 
x 2  = a2 sin w t  (3.3) 

This is a mere guess; we do not know whether such a motion is possible. 
By substituting in the differential equations we shall soon find out if it 
is possible. 

[-m1u1w2 + ( k l  + k3)al - Icaaz] sin w t  = 0 
[-m2u2w2 + (k2 + k3)aZ - kaal] sin wt  = 0 

These equations must be satisfied a t  any instant of time. They represent 
sine waves, so that in order to make them zero at all times thc amplitudes 
in the brackets have to be zero. 

(3.4a, b)  al(-mlw2 + kl + k3) - k3a2 = 0 

If the assumption (3.3) is correct, it is necessary that Eqs. (3.4) be 
satisfied. I n  general this is not true, but we must remember that in 
(3.3) nothing was specified about the amplitudes a1 and a2 or about the 
frequency w. It will be possible t o  choose a,/a, and w so that (3.4) is 
satisfied, and with these values of al/m and w Eq. (3.3) becomes a solu- 
tion. In  order to find the correct values we have only to d v e  them 
from (3.4). Thus from ( 3 . 4 ~ )  

1 -k3al + a2(-m2W2 + k l  + k3) = 0 

(3.5) 
% =  - k3 
a2 m d  - kl - ka 
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From (s.ib), also, the amplitude ratio can be solved: 

m2w2 - k2 - k 3  a‘= 
a2 -k3  

I n  order to have agreement, it  is necessary that 

- m2w2 - k~ - k3 - -k3 
m d  - kl - k3 - kir 

81 

(3.6) 

This equation, known as the “frequency equation,” leads to  two values 
for w2.  Each one of these, when substituted in either (3.5) or (3.6), 
gives a definite value for a,/a, This means that (3.3) can be a solution 
of the probiem and that there are two such solutiom. 

For readers familar with Mohr’s circle diagram in two-dimensional elasticity, the 
following construction is of interest. Let in Fig. 3.1 

The quantities w,, and W b  are the frequencies of the system in which one of the 
masses is held clamped, while 0 . 6  expresses 
the strengtli of the coupling. With this 
notation, Eq. (3.7) c m  be written as 

E- 
W4 - &I*((.: + w:, + (&: - W i b )  = 0 

Lay off in the diagram of Fig. 3.2 the follow- 
ing distances: 

O A  = OB w: BC .p wab 

Then draw a circle through c about the 
mid-point between A and B as center. The 

FIG. 3.2. Mohr’a circle for determining 
the natural frequencies of Fig. 3.1. 

new point8 D and E thus found determine the natural frequencies of the system: 

W: -OD and W: = OE 

which can be verified from the equation. In particular, when there is no coupling 
(BC = 0), the points D and E coincide with A and B,  so that then W. and wb are the 
natural frequencies. 

For further discussion, let us simplify the system somewhat by making 
it symmetrical. Let k l  = k2 = k and r n ~  = m2 = m. 

The frequency equation then reduces to 

w4 - 2w2 k - + k3 + k ( k  + 2ks)  - 0  rn m2 (3.8) 
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with the solutions 

or 

which are the two natural frequencies of the system. 
frequencies in (3.5) or (3.6), 

Substituting these 

The physical significance of these results is obvious. The fact that al/az 
= +1 means (Eq. 3.3) that the two masses move in the same direction 
through the same distance. The coupling spring is not stretched or 
compressed in this process. Naturally the frequency of this motion is 
w 2  = k/m, since the system reduces to two independent single-degree-of- 
freedom systems. The fact that  al/a2 = - 1 means that the two masses 
move through the same distance but in opposition to  each other. This 
motion is wholly symmetrical, so that the mid-point of the coupling spring 
k 3  does not move. If this mid-point were held clamped, no change in 
the motion would take place. Thus the system is again split up into two 
independent single-degree-of-freedom systems. This time, however, the 
mass is connected to ground by two springs, one of stiffness k and another 
of stiffness 2k3 (see page 36), so the frequency is w 2  = ( k  + 2lc3)/m. 

Thus there are two “natural modes of motion,” each with its correspond- 
ing natural frequency. The solution shows that if the system is given 
an initial disturbance of 21 = +1 and x2 = +1 (Fig. 3.1) and then 
released, the ensuing motion will be purely sinusoidal with the frequency 
LO? = k/m; it swings in the first natural mode. On the other hand, if the 
initial displacement is z1 = +1 and x2 = -1, again a purely sinusoidal 
motion follows with the frequency 

Assume next that the initial displacement is z1 = 1 and x2 = 0, from 
which position the system is released. As yet we have no solution for 
this case. But this initial displacement can be considered as the sum 
of two parts: first 21 = %, xz = % and second x1 = %, xz = -%, for 
each of which a solution is known. 

Assume now that the ensuing motion is the “superposition” of these 
two partial motions as follows: 

= ( k  + 2k3)/m, the second mode. 

(3.9) 

That this is the correct solution can be concluded from the fact that  on 
1 2 1  = % cos w1t + % cos w2t 

22 = p$ cos w1t - % cos wzt 
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substitution in (3.1) and (3 2)  the differential equations are satisfied. 
Moreover at I = 0, the initial conditions are satisfied. 

Equation (3.9) shows that the ensuing motion will be one in the first 
mode with amplitude % and frequency w1, superposed on a motion with 
amplitude % and frequency W Z .  As long as there is a coupling spring 
ka, it is seen that w1 and w z  are different. Thus the combined motion of 
either mass can not be sinusoidal but must be composed of two frequen- 
cies. Naturally “beats” will occur if the two frequencies are close 
together (Fig. 1.8). This happens if ks << k ,  or, in words, if the coupling 
spring is very soft in comparison to  the main springs. With an  initial 
displacement x1 = 1, 22 = 0, first ml will vibrate with amplitude 1 and 
mz will stand practically still. After a time, however, the difference in 
the two frequencies will have changed the phase between the two vibra- 
tions by 180 deg. (see Fig. 1.7). 

z1 = %, xz = % (first mode) 

we have 

21 = M, 2 2  = %(first mode) 

Then instead of 

and $1 = %, 22 = -% (second mode) 

and 
$1 = -W, 22 = +% (second mode) 

Thus the first mass stands still and the second one executes vibrations of 
amplitude 1. The phenomenon is periodic so that all motion travels 
from one mass to the other continuously. 

This very interesting experiment can be shown in a number of varia- 
tions, of which Fig. 3.3 gives five possibilities. The first case consists of 
two pendulums capable of swinging in the plane of the paper. The main 
springs have been replaced here by gravity, but the coupling spring exists 
in the form of a very soft coil spring. For “small” vibrations (say below 
30-deg. amplitude) a gravity pendulum behaves like the fundamental 
mass-spring system. The spring constant k ,  which is the restoring force 
for unit displacement, is mg/1, so that for a simple pendulum u2 = k /m 
= g / l .  I n  further reducing Fig. 3 . 3 ~  to Fig. 3.1, it is seen that the 
coupling-spring constant ks  in Fig. 3.1 is the force a t  the masses caused 
by the coupling spring if the masses are pulled one unit apart. Applying 
this experimental definition to Fig. 3.3a, we find that, in the absence of 

gravity, a force of k - a t  one of the masses pulls those masses 1 in. apart 

(see also page 37). 
The pen- 

dulums swing either with each other or against each other, the frequencies 

a2 

1 2  

Thus the equivalent of ka is ka2/Z2. 
The two natural modes of motion are easily recognized. 

r . -  
/c a’ being WI = 4; and w2 = ,/a + 2 - .  -. m 12 
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Pulling the left pendulum 1 in. to the left and keeping the right pen- 
dulum in its place is equivalent to the sum of the two displacements 
shown in Fig. 3.4b and 3 . 4 ~ .  Upon releasing the left pendulum, it will 
perform vibrations as indicated by Fig. 3.4a (the right-hand pendulum 

\ 
\ 
\ 

FIG. 3.3. Five experiments in which we can observe a periodic wandering of the energy from 
one part to another. 

stands still). This motion can be regarded as the sum of two others 
with frequencies w1 and w 2  as shown in the diagram. For the first few 
cycles this motion of one pendulum only will persist, because the two 
natural frequencies are sufficiently close together to keep in step for a 
short time. However, the second mode actually goes somewhat faster 

I 
\ 
\ 
\ 

\ 
\ 

FIQ. 3.4. Any motion can be broken up into the sum of two natural motions having the 
two different natural frequencies w1 and w1. 

than the first one and gains on it since w2 > w1. After a sufficient time 
interval (say 20 cycles), it will be 180 deg. in advance of the first mode, 
which is indicated in Fig. 3.4d and e. Performing the addition shown in 
the figure, it is seen that the left pendulum now stands stili, while the 
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right pendulum swings with the full amplitude. Then the phenomenon 
repeats itself; the amplitude wanders from one pendulum to the other 
continuously, until the inevitable damping brings everything to  rest. 

I n  Fig. 3.3b the pendulums swing perpendicular t o  the plane of the 
paper. Two natural motions are possible: (1) the pendulums swing 
together, or (2) they swing against each other, thereby twisting the very 
slender connecting shaft, which causes some increase in the frequency. 
Pulling out one of the pendulums while keeping the other in place (thereby 
slightly twisting the coupling rod) and then releasing leads to the same 
phenomenon of continuous transfer of all motion from one pendulum to  
the other. 

Figure 3 . 3 ~  shows a system resembling in some respects an  automobile 
chassis on its springs. Two natural motions of the mass are possible: 
(1) a bobbing up and down parallel to itself with the frequency w2 = 2L/m 
and (2)  a rocking about the center of gravity G in the plane of the drawing 
with a frequency w2 = Ll2/2I .  The derivation of these frequency for- 
mulas is left to the reader. Now suppose the left-hand end of the chassis 

Fro. 3.5. The energy transfer of the experiment of Fig. 3 . 3 ~ .  

is pulled up 1 in. while the right-hand end is kept in place. From this 
position the system is released. Again the motion is split up into two 
parts (Fig. 3 . 5 ~  reading from left to right). 

I f  the quantities m, I, k, and 1 are such that w1 and 0 2  are nearly the 
same, the motion of Fig. 3 . 5 ~  will keep on for the first few cycles without 
marked change. But after a larger number of cycles one of the motions 
(say the rocking one) gains 180 deg. on the other. Read now Fig. 3.5b 
from right to left and it is seen that the body vibrates with the left-hand 
end stationary. Of course, after an equal interval of time the first motion 
occurs again and so on until everything dies out on account of damping. 

While in Fig. 3 . 3 ~  and b the coupling spring could be easily seen as a 
separate part of the system, this is not the case in Fig. 3 . 3 ~ .  But the 
essential requirement for the experiment is that  the system have two 
degrees of freedom with slightly different natural frequencies, and it does 
not matter whether the ‘( coupling spring” can be recognized or not. 

A striking experiment is shown in Fig. 3.3d known as Wilberforce’s 
spring. A mass, suspended from a coil spring, has two protruding screws 
with adjustable nuts. The two degrees of freedom consist of an up-and- 
down motion and of a twisting motion. The “coupling ” exists due to 
the fact that  a coil spring when pulled out causes a slight torque and when 
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twisted gives a slight pull. By changing the position of the nuts the 
moment of inertia I is changed while the mass m remains constant. 
Thus by a proper adjustment of the nuts the two natural frequencies can 
be brought to nearly the same value. Then by pulling down and releas- 
ing, an up-and-down motion of the mass without twist is initiated. After 
a while only twisting occurs without vertical motion, and so on. 

The last case, illustrated in Fig. 3.3e, is the electrical analogue of this 
phenomenon (see pages 27, 28). Two equal masses (inductances) L 
connected to equal main springs (condensers) C are coupled with a weak 
coupling spring (large coupling condenser Ca since k is equivalent to 1/15‘). 
A current initiated in one mesh will after a time be completely transferred 
to the other mesh, and so on. Electrically minded readers may reason 
out how the currents flow in each of the two “natural modes” and what 
the frequencies are, and may also construct a figure similar to 3.4 or 3.5 
for this case. 

Ezample: A uniform bar of mass m and length 21 is supported by two springs, one 
on each end (Fig. 3 . 3 ~ ) .  The springs are not equally still, their constants being k 
(left) and 2k (right), respectively. Find the two natural frequencies and the shapes 
of the corresponding modes of vibration. 

Solution: Let z be the upward displacement of the center of the bar and (pits (clock- 
wise) angle of rotation. Then the displacement of the left end is x + I9 and that of 
the right end z - l(p. The spring forces are k ( z  + la) and 2k(z  - E ( p ) ,  respectively. 
Thus 

and 

are the differential equations. 

mZ + k(z + Z(p) + 2k(z  - Z(p) = 0 
(HzmZ9q + k l ( z  + 29) - 2kl(x - Zq) = 0 

With the assumption of Eq. (3.3) we obtain 

( -mup + 3k)zo - kZ(po = 0 
- k k o  + ( -$imw81z + 3kl3)(po = 0 

from which follows the frequency equation 

or 

with the solutions 

( - m u 8  + 3k)(->$mw*P + 3kP) - kB12 = 0 

0 4  - 12 - k d + 24 (;)z - = 0 m 

k k w: = 2.54;  and w: 9.46 - m 
The shapes of the motion corresponding to these frequenciea are found from the 

second differential equation, which can be written as 

Substituting the values for w4 just found, this becornea 

(z), = +2.16 (z), = -0.15 
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This means a rotary vibration of the bar about a point which lies at a distance of 2.161 
to the right of the center of the bar for the first natural frequency and about a point 
a t  0.151 to  the left of the center for the second natural frequency. 

3.2. The Undamped Dynamic Vibration Absorber. A machine or 
machine part on which a steady alternating force of constant frequency is 
acting may take up obnoxious vibrations, especially when it is close to 
resonance. In order to improve such a situation, we 
might first attempt to eliminate the force. Quite often 
this is not practical or even possible. Then we may 
change the mass or the spring constant of the system in 
an attempt to get away from the resonance condition, 
but in some cwes this also is impractical. A third pos- 
sibility lies in the application of the dynamic vibration 
absorber, invented by Frahm in 1909. 

In Fig. 3.6 let the combination K ,  M be the schematic 
representation of the machine under consideration, with 
the force Po sin wt  acting on it. The vibration absorber 
consists of a comparatively small vibratory system k ,  m 
attached to the main mass M .  The natural frequency 
4- of the attached absorber i s  chosen to be equal to the 
frequency w of the disturbing force. It will be shown that 

FIG. 3.6. The ad- 
dition of a small 
k-m system to a 
l a r g e  mach ine  
K-M prevents vi- 
bration of that 
machine in spite 
of the alternating 
force Po sin at. 

then the ma in  mass M does not vibrate at all, and that the small system k ,  m 
vibrates in such a way that its spring force is at  all instants equal and oppo- 
site to Po sin wt. Thus there is no net force acting on M and therefore 
that mass does not vibrate. 

This 
is a simple matter since Fig. 3.6 is a special case of Fig. 3.1 in which ka 
is made zero. Moreover, there is the external force PO sin wt on the first 
mass M .  

To prove this statement, write down the equations of motion. 

Equations (3.1) and (3.2) are thus modified to 

(3.10) I Mzl + (K + k)zl  - kzz = PO sin wt 
mxz + k(zz - XI) = 0 

The forced vibration of this system will be of the form 

I x1 = a1 sin wt 
xz = a2 sin wt (3.11) 

This is evident since (3.10) contains only XI, 21, and 22, 3 2 ,  but not the 
first derivatives X I  arid x2. A sine function remains a sine function after 
two differentiations, and consequently, with the assumption (3.1 l) ,  all 
terms in (3.10) will be proportional t o  sin wt. Division by sin wt trans- 
forms the differential equations into algebraic equations as was seen before 
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with Eqs. (3.1) to (3.4). The result is that 

(3.12) 
a1(-Mu2 + K + k )  - kaz = Pa 

-kal + az(-mua + k )  = 0 

For simplification we want to bring these into a dimensionless form and 
for that purpose we introduce the following symbols: 

xSt = Po/K = static deflection of main system 
u; = k /m = natural frequency of absorber 
Qg = K / M  = natural frequency of main system 
p = m/M = mass ratio = absorber mass/main mass 

Then Eq. (3.12) becomes 

or, solving for a1 and u2, 
W2 1 - -  

a1 - =  

(3.13) 

(3.14) 

From the first of these equations the truth of our contention can be 
seen immediately. The amplitude a1 of the main mass is zero when the 

W2 numerator 1 - - is zero, and this occurs when the frequency of the force 4 
is the same as the natural frequency of the absorber. 

Let us now examine the second equation (3.14) for the case that w = w0. 
The first factor of the denominator is then zero, so that this equation 
reduces to 

Po 
k 

a* = - K r x , t  = - - 

With the main mass standing still and the damper masa having a 
motion - Po/k - sin w t  the force in the damper spring varies as -Po sin wt, 
which is actually equal and opposite to the external force. 

These relations are true for any value of the ratio w/Q,, .  It was seen, 
however, that the addition of an absorber haa not much reason unless the 
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We therefore consider, original system is in resonance or at least near it. 
in what follows, the case for which 

k m  or - - k K  
to. = 51, or - = - m M  K - 2  

m 
The ratio r = j @  

then defines the size of the damper as compared to the size of the main 
system. For this special case, (3.14) becomes 

W 2  1 - -  
sin wt 21 - = -  

( 3 . 1 5 ~ ~  b)  
sin wt 1 

A striking peculiarity of this result and of Eq. (3.14) is that  the two 
denominators are equal. This is no coincidence but has a definite phys- 
ical reason. When multiplied out, it is seen that the denominator con- 
tains a term proportional t o  (u2/ut)2, a term proportional t o  (u2/uf)' 
and a term independent of this ratio. When equated to zero, the denom- 
inator is a quadratic equation in w ~ / w ~  which necessarily has two roots. 
Thus for two values of the external frequency w both denominators of 
(3.15) become zero, and consequently x1 as well as x2 becomes infinitely 
large. These two frequencies are the resonant or natural frequencies of 
the system. If the two denominators of (3.15) were not equal t o  each 
other, it could occur that one of them was zero at a certain w and the other 
one not zero. This would mean that x1 would be infinite and x 2  would 
not. But, if x1 is infinite, the extensions and compressions of the damper 
spring k become infinite and necessarily the force in that spring also. 
Thus we have the impossible case that the amplitude x2 of the damper 
mass m is finite while an infinite force k(xl - x2) is acting on it. Clearly, 
therefore, if one of the amplitudes becomes infinite, so must the other, 
and consequently the two denominators in (3.15) must be the same. 

The natural frequencies are determined by setting the denominatorg 
equal to zero: 

(1 - 5) (1 + r - $) - r = 0 

or 
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with the solutions 

(3.16) 

This relation is shown graphically in Fig. 3.7, from which we find, 
for example, that an absorber of one-tenth the mass of the main system 
causes two natural frequencies of the combined system a t  1.17 and 0.85 
times the natural frequency of the original system. 

The main result (3.15) is shown in Fig. 3 . 8 ~  and b for p = 36, i.e., 
for an absorber of one-fifth the mass of the main system. 

Follow the diagram 3 . 8 ~  for an increasing frequency ratio w / Q 2 ,  = w/w, .  
It is seen that xl/x.t = 1 for w = 0, while for values somewhat larger 
than zero x1 is necessarily positive, since both the numerator and the 

FIG. 3.7. The two natural or resonant frequencies of Fig. 3.6 a6 a function of the masa ratio 
m / M ,  expressed by Eq. 3.18. 

denominator of Eq. (3 .15~)  are positive. At the first resonance the 
denominator passes through zero from positive to negative, hence xl/xat 
becomes negative. Still later, at w = Q2, = wa, the numerator becomes 
negative and xl/xIIt becomes positive again, since both numerator and 
denominator are negative. At the second resonance the denominator 
changes sign once more with negative x1 as a result. 

The x2/x,( diagram passes through similar changes, only here the 
numerator remains positive throughout, so that changes in sign occur 
only at  the resonance points. It was seen in the discussion of Fig. 2.18 
that such changes in sign merely mean a change of 180 deg. in the phase 
angle, which is of no particular importance to us. Therefore we draw 
the dotted lines in Fig. 3.8~ and b and consider these lines as determining 
the amplitude, eliminating from further consideration the parts of the 
diagrams below the horizontal axes. 

The results obtained thus far may be interpreted in another manner, 
which is useful in certain applications. In Fig. 3.6 let the Frahm absorber 
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k ,  m be replaced by a mass maquiv attached solidly to  the main mass M ,  
and let this equivalent mass be so chosen that the motion z1 is the same 
as with the absorber. Since the absorber is more complicated than just 
a mass, it  is clear that mequiv cannot be constant but must be different for 
each disturbing frequency w. The downward force transmitted by the 
absorber t o  the main system M is the spring force k(z2 - zl), which, by 
Eq. (3.10), is equal to -mxz. If a mass msquiv were solidly attached to  
M ,  its downward reaction force on M would be the pure inertia force 

-mequi&, 
by Eq. (3.11) and the second Eq. (3.13), we have 

For equivalence these two reactions must be equal, so that, 

which is the well-known resonance relation, shown in Fig. 2.18, page 44. 
Thus it is seen that the Frahm dynamic-absorber system can be replaced 
by an equivalent mass attached to the main system, so that the equivalent 
mass is positive for slow disturbing frequencies, is infinitely large for 
excitation a t  the absorber resonant frequency, and is negative for high 
frequency excitation. This way of looking at the operation of the 
absorber will be found useful on page 220. 

various disturbing frequenies w. The absorber mass is one-fifth of the main mass.
Fro. 3 . 8 ~  and b. Amplitudes of the main mass 21 and of the absorber mass xz of Fig. 3.6 for 
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From an  inspection of Fig. 3.8a, which represents the vibrations of the 
main mass, it  is clear that the undamped dynamic absorber is useful only 
in cases where the frequency of the disturbing force is nearly constant. 
Then we can operate a t  w/w.  = w / Q ,  = 1 with a very small (zero) 
amplitude. This is the case with all machinery directly coupled to  
synchronous electric motors or generators. I n  variable-speed machines, 
however, such as internal-combustion engines for automotive or aero- 
nautical applications, the device is entirely useless, since we merely 
replace the original system of one resonant speed (at w / Q ,  = 1) by 
another system with two resonant speeds. But even then the absorber 
can be made to work to  advantage by the introduction:of a certain amount 
of damping in the absorber spring, as will be discussed in the next section. 

An interesting application of the absorber is made in an electric hair 
clipper which was recently put on the market. It is shown in Fig. 3.9 
and consists of a 60-cycle alternating-current magnet a which exerts a 

FICA 3.9. Electric hair clipper with vibration absorber: a, magnet: b ,  armature tongue: 
c, pivot: d, cutter: e, guide for cutter: f, vibration absorber. 

120-cycle alternating force on a vibrating system b. System b is tuned 
to  a frequency near 120 cycles but sufficiently far removed from it (20 
per cent) to insure an  amplitude of the cutter d, which is not dependent 
too much on damping. Thus the cutter blade d will vibrate at about the 
same amplitude independent of whether it is cutting much hair or no 
hair at all. 

The whole mechanism, being a free body in space without external 
forces, must have its center of gravity, as well as its principal axes of 
inertia, at rest. Since the parts b, d are in motion, the housing must 
move in the opposite direction to  satisfy these two conditions. The 
housing vibration is unpleasant for the barber’s hands and creates a new 
kind of resistance, known as sales resistance. This is overcome to  a great 
extent by the dynamic vibration absorber f,  tuned exactly to  120 cycles 
per second, since it prevents all motion of the housing a t  the location of 
the mass f. With stroboscopic illumination the masses d and f are 
clearly seen to vibrate in phase opposition. 

The device as sketched is not perfect, for the mass f is not located 
correctly. At a certain instant during the vibration, the cutter d will 
have a large inertia force upward, while the overhung end b will have a 
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small inertia force downward. The resultant of the inertia forces of the 
moving parts b, d therefore is an  alternating force located to the left of 
the cutter d in Fig. 3.9. 

The effect of the absorber is to completely eliminate 120-cycle motion of a point 
of the housing right under the absorber mass f, but it does not prevent the housing 
from rotating about that motionless point. Complete elimination of all 120-cycle 
motion of the housing can be accomplished by mounting two absorbers f in the device 
with a certain distance (perpendicular to the direction of the cutter motion) between 
their two masses. The two masses will then automatically assume such amplitudes 
as to cause two inertia forces which will counteract the force as well as the moment of 
the inertia action of the cutter assembly d, b, or in different words the two masses 
will enforce two motionless points of the housing. 

For a torsional system, such as the crank shaft of an  internal-combus- 
tion engine, the Frahm dynamic vibration absorber takes the shape of 
a flywheel A that  can rotate freely 
on the shaft on bearings B and is 
held to it by mechanical springs 
k only (Fig. 3 . 1 0 ~ ) .  Since the 
torsional impulses on such an  en- 
gine are harmonics of the firing 
frequency, i .e.,  have a frequency 
proportional t o  the engine speed, 

speed only, while there are two absorber (a) with mechanical springs and 
neighboring speeds a t  which the 
shaft goes to  resonance (Fig. 3 . 8 ~ ) .  I n  order t o  overcome this, the 
system is modified by replacing the mechanical springs of Fig. 3.10~ 
by the “centrifugal spring” of Fig. 3.10b. The pendulum in the cen- 
trifugal field of that  figure acts in the same manner as an ordinary gravity 
pendulum in which the field g is replaced by the centrifugal field rw2 .  
Since the frequency of a gravity pendulum is ml, the frequency of a 
centrifugal pendulum becomes w e l ,  that is, proportional t o  engine 
speed. Thus a centrifugal pendulum will act as a Frahm dynamic 
absorber that  is tuned correctly at all engine speeds. Further details of 
this device are discussed on page 219. 

3.3. The Damped Vibration Absorber. Consider the system of Fig. 3.6 
in which a dashpot is arranged parallel t o  the damper spring k ,  between 
the masses M and m. The main spring K remains without dashpot 
across itself. Newton’s law applied to the mass M gives 

MZI + Kzl + k(s1 - 22) + c(kl - $2) = PO sin wt (3.17) 

(a)  (61 the device work for One engine Fxo, 3.10, Torsional dynamic vibration 

(b) with centrifugal springs. 

and applied to  the small mass m 

mx, + k(zz - 21) + c ( k ~  - $1) = 0 (3.18) 
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The reader should derive these equations and be perfectly clear on the 
various algebraic signs. The argument followed is analogous to  that of 
page 25 and of page 80. The four terms on the left-hand side of (3.17) 
signify the “inertia force” of M I  the main-spring force, the damper- 
spring force, and the dashpot force. We are interested in a solution for 
the forced vibrations only and do not consider the transient free vibration. 
Then both x1 and x 2  are harmonic motions of the frequency w and can 
be represented by vectors. Any term in either (3.17) or (3.18) is rep- 
resentable by such a vector rotating with velocity W .  The easiest manner 
of solving these equations is by writing the vectors as complex numbers. 
The equations then are 

-Mu221 + KZl + k(r1 - 2 2 )  + j W C ( Z 1  - 2 2 )  = Po 
-mw2x2 + k(z2 - zl) + ~ W C ( S Z  - zl) = 0 

where z1 and x2 are (unknown) complex numbers, the other quantities 
being real. 

Bringing the terms with z1 and z2 together: 

] (3.19) 
[-MU’ + K + k + ~ W C ] X ~  - [k + ~ W C ] Z ,  = Po 

- [k + j ~ c ] x 1  + [ - mu2 + k + juc]zZ = 0 
These can be solved for z1 and 2 2 .  We are primarily interested in the 
motion of the main mass zl, and, in order to solve for it, we express 2 2  in 
terms of z1 by means of the second equation of (3.19) and then substitute 
in the first one. 
21 = 

This gives 

(3.20) 
For readers somewhat familiar with alternating electric currents this result will 

also be derived by means of the equivalent electric 
circuit shown in Fig. 3.11. The equivalence can be 
established by setting up the voltage equations and 
comparing them with (3.17) and (3.18) or directly 
by ity) inspection of the spring as follows. K, the displacement The extension (or (or velocity) veloc- 

of M ,  and the displacement (or velocity) of the 
force PO are all equal to 21 (or &). Consequently 
the corresponding electrical elements 1/C, L, and 
EO must carry the same current ( i ~ )  and thus must 
be connected in series. The velocities across k or 
across the dashpot - 5%)  are also equal among 

FrQ. 3.11. cir- themselves, so that l / c  and 7 electrically must be in 
cuit. The small I-c-r “wave 
trap,, corresponds to the absorber, series but must carry a different current from that 

in the main elements L, C, and Eo. The velocity of 
m is i.*, equal to the difference of the velocity of M ( z J  and the velocity across the 

- 
12 

C f  

i,-i2+ 

ity) of the spring K ,  the displacement (or velocity) 
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dsmper spring (31 - 32). Hence the current i, through I must be equal to the differ- 
ence of il and (& - &). The equivalence of the electrical circuit and the mechanical 
eystem is thus established. 

The impedance of a coil is j w L ,  that of a 
condenser is l/juC, that of a resistance simply R. Impedances in series, when 
expressed in complex, add directly, and impedances in parallel add reciprocally. 
Thus the impedance of the c, r branch is r + The 
two branches in parallel have an impedance 

We are interested in the main current il. 

1 and that of the 2 branch is jw2. 

1 

1 1 
r + l/jwc +a 

To this has to be added the impedance of the other elements in series, giving 

E 
3 w c  1 il 

=- -  1 1 Z = j w L + - +  

r + l/jwc + j ~  

By performing some algebra on this expression and translating back into mechanics, 
the result (3.20) follows. 

The complex expression (3.20) can be reduced to the form 
xi = Po(Ai + jBi) (3.21) 

where A 1  and B1 are real and do not contain j .  The meaning which 
has to be attached to (3.20) is then that in vector representation the dis- 
placement x1 consists of two components, one in phase with the force Po 
and another a quarter turn ahead of it (compare Fig. 2.21 on page 48). 
Adding these two vectors geometrically, the magnitude of x1 is expressed 
by 

21 = Po dqq-zq 
But (3.20) is not yet in the form (3.21); it is rather of the form 

which can be transformed as follows: 
( A  + jB ) (C  - j D )  = P o .  (AC + B B )  + j ( B C  - AD) 
(C + jD) (C - jo) C2 + D2 51 = Po ’ 

Hence the length of the x1 vector is 

AC + BD 
Po 

- 
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Applying this to (3.20), we may write 

.A = 
Pt 

[(-Mw' + K)(-w' + k )  - ~ ' k ] '  + ~'c'(-Mw' + K - w')' 
( k  - mw2)' + wzc* 

(3.22) 

It is instructive to verify this result for several particular cases and see 
The reader ie 

which is the amplitude of the motion of the main mass M .  

that it reduces to known results as previously obtained. 
advised to do this for some of the following cases: 

1 . k =  CQ 
2. k = 0;c = 0 
3 . c -  rn 
~ . C = O ; W = Q , = ~ ~ = ~ ~  
5 . m = O  

Thus we are in a position to calculate the amplitude in all cases. 
In Eq. (3.22) x1 is a function of seven variables: PO, w ,  c, K, k ,  M ,  and 
m. However, the number of variables can be reduced, as the following 
consideration shows. For example, if PO is doubled and everything else 
is kept the same, we should expect t o  see x1 doubled, and there are several 
relations of this same character. In order to reveal them, it is useful to 
write Eq. (3.22) in a dimensionless form, for which purpose the following 
symbols are introduced: 

p = m / M  = mass ratio = absorber mass/main mass 
W: = k / m  = natural frequency of absorber 
Qi = K / M  = natural frequency of main system 

f = w./Qn = frequency ratio (natural frequencies) 
g = w/Q, = forced frequency ratio 

xat = Po/K = static deflection of system 
cc = 2mQn = "critical" damping (see page 38) 

(3.23) 

After performing some algebra Eq. (3.22) is transformed into 

( 2 3 f ) '  + (g' - f')' 

(2: gf)' (g' - 1 + W2Y + [rf2g2 - (g2 - l)(g2 - f')l' 
3 =  (3.24) 
X l t  

This is the amplitude ratio xl/x,( of the main mass as a function of the 
four essential variables p ,  c/cc, f ,  and g. Figure 3.12 shows a plot of 
xl/x,t as a function of the frequency ratio g for the definite system: f = 1, 
p = XC,, and for various values of the damping c/cc. In other words, 
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the figure describes the behavior of a system in which the main mass is 
20 times as great as the damper mass, while the frequency of the damper 
is equal to the frequency of the main system (f = 1). 

For 
c = 0 we have the same case as Fig. 3.8a1 a known result. When the 
damping becomes infinite, the two masses are virtually clamped together 
and we have a single-degree-of-freedom system with a mass 2?&M. 
Two other curves are drawn in Fig. 3.12, for c / c ,  = 0.10 and 0.32. 

I n  adding the absorber t o  the system, the object is to bring the res- 
onant peak of the amplitude down to  its lowest possible value. With 
c = 0 the peak is infinite; with c = 01 it is again infinite. Somewhere 

It is interesting to follow what happens for increasing damping. 

Fro. 3.12. Amplitudes of the main ma88 of Fig. 3.6 for various values of absorber damping. 
The absorber is twenty times as small as the main machine and is tuned to the same frc 
quency. All curves pass through the fixed points P and 9. 

in between there must be a value of c for which the peak becomes a 
minimum. 

It was 
learned on page 52 that the amplitude at resonance of a single-degree-of- 
freedom system is limited by damping only. It was seen that damping 
energy is dissipated, i .e. ,  converted into heat. When the damping force 
does considerable work, the amplitude remains small a t  resonance. This 
is a relation that holds for more complicated systems also. The work 
done by the damping force is given by the force times the displacement 
through which it operates. In  our case the displacement is the relative 
motion between the two masses or also the extension of the damper spring. 
If c = 0, the damping force is zero, no work is done, and hence the res- 
onant amplitude is infinite. But when c = , the two masses are locked 
t o  each other so that their relative displacement is zero and again no 
work is done. there is a damping for 

This situation also can be understood physically as follows. 

Somewhere in between 0 and 
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which the product of damping force and displacement becomes a maxi- 
mum, and then the resonant amplitude will be small. 

Before proceeding to  a calculation of this “optimum damping,” we 
observe 8 remarkable peculiarity in Fig. 3.12, uiz., that  all four curves 
intersect a t  the two points P and Q. This, 
we shall presently prove, is no accident; all curves pass through these two 
points independent of the damping. If we can calculate their location, 
our problem is practically solved, because the most favorable curve i s  the 
one which passes with a horizontal tangent through the highest of the two 
$zed points P or Q. The best obtainable “resonant amplitude’’ (at 
optimum damping) is the ordinate of that  point. 

By changing the relative 
“tuning” f = w,,/Qn of the damper with respect to the main system, the 
two fixed points P and Q can be shifted up and down the curve for c = 0. 
By changing f ,  one point goes up and the other down. Clearly the most 
favorable case is such that Jirst by a proper choice off the two fixed points 
are adjusted to equal heights, and second by a proper choice of c/cc the 
curve is adjusted to pass with a horizontal tangent through one of them. 
It will be seen later (Fig. 3.13) that  it makes practically no difference 
which one of the two ( P  or Q) we choose. 

Now return to Eq. (3.24) to see if there are any values of g for which 
x l / x a t  becomes independent of c/cc. 

(See Fig. 2.41, p. 71.) 

Even this is not all that can be done. 

The formula is of the form 

This is independent of damping if A / C  = B / D ,  or written out fully, if 

We can obliterate the square sign on both sides but then have to add 
a f in front of the right-hand side. With the minus sign, after cross- 
multiplication, 

pf2g2 - (g2 - l)(g2 - f’) = -(g2 - f2)(g2 - 1 + pg’) (3.25) 

It is seen that the whole of the second term on the left-hand side cancels 
a part of the right-hand side, so that 

or f 2  = -gZ + f 2  so that g2 = 0 

This is a trivial (but true) result. 

pf2g’ = -pg2(g2 - f 2 )  

At g = 0 or w = 0 the amplitude is 
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zar, independent of the damping, simply because things move so slowly 
that there is no chance for a damping force to build up (damping is pro- 
portional to velocity). 

The other alternative is the plus sign before the right-hand side of 
(3.25). After a short calculation the equation then becomes 

1 + f 2  + pf2 2f2 + - = O  
2 + P  2 + P  

g‘ - 2g2 (3.26) 

This is a quadratic equation in g2, giving two values, the “fixed points” 
we are seeking. It is 
seen that gl  and g2 ( i e . ,  the horizontal coordinates of the fixed points P 
and Q) are still functions of p and f .  

Our next objective is t o  adjust the tuning f so that the ordinates x/xat 
of P and Q are equal. To  solve Eq. (3.26) for gl and gz, to substitute 
these values in (3.24), and then to equate the two expressions so obtained 
is very time consuming. In  the first 
place, we remember that at P and Q the value of z/xSt  is independent of 
the damping, so we may as well select such a value of c/co that (3.24) 
reduces to its simplest possible form. This happens for c = 00, when 
(3.24) becomes 

Let the two roots of this equation be g: and g$ 

Fortunately, it is not necessary. 

21 1 
2.1 
- =  

1 - g2(1 + P) 
Substituting gl and g2 in this equation gives 

(3.27) 

However, this is not quite correct for the following reason: Equation 
(3.27) is really not represented by the curve c = 00 of Fig. 3.12 but rather 
by a curve which is negative for values of g larger than l/d- (see 
also Fig. 2.18). Since P and Q lie on different sides of this value of g, 
the ordinate of P is positive and that of Q negative, so that Eq. (3.28) 
should be corrected by a minus sign on one side or the other. By simple 
algebra the equation, thus corrected, becomes 

(3.29) 

Now it is not even necessary to solve Eq. (3.26) for g, and gz, if we 
remember that the negative coefficient of the middle term in a quadratic 
equation is equal to the sum of the roots. In  Eq. (3.26) that sum is: 
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Substitute this in Eq. (3.29) with the result that  

(3.30) 

This very simple.formula gives the correct “tuning” for each absorber 
size. For a very small absorber ( p  = 0) the tuning f = 1, or the damper 
frequency should be the same as the main-system frequency. For a 
damper one-fifth as large as the main mass, f = 96 or the damper has to  
be made 17 per cent slower than the main system. 

Now we know how to tune, but we do not know yet what amplitude 
x/xat we shall finally, get. Figure 3.13 is a case of such tuning for p = >/4. 

4 t 
2 

OO 

~ ‘ 0 . 2 5  

$ 
I 
2 0.4 

w / a n  + 
FIQ. 3.13. Resonance curves for the motion of the main mass fitted with the most favorably 
tuned vibration-absorber system of one-fourth of the size of the main machine. 

Two curves are drawn. One passes horizontally through P and then is 
not horizontal a t  Q ;  the other is horizontal a t  Q and not a t  P. It is seen 
that practically no error is made by taking the amplitude of either point 
as the maximum amplitude of the curve. This amplitude is easily cal- 
culated. Merely substitute a root of (3.26) in the expression for n/z, t ,  
and since, at this point (P or Q), X ~ / X , ~  is independent of damping, take 
for it form (3.27). The result is 

(3.31) 

This represents the most favorable possibility, if the natural frequency 
of the damper differs from that of the main system in the manner pre- 
scribed by (3.30). 

It is interesting to compare the result (3.31) with some other c a m  
which are sometimes encountered in actual machines (Fig. 3.14). 
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FIG. 3.14. (a) Peak amplitudes of the main mass as a function of the ratio m / M  for various 
absorbers attached to the main mass. ( b )  Peak relative nmglitudes between the masses ikI 
and m for various absorbers. (c) Darnping constants required for most favorahlo operation 
of the absorber, i.e., for obtaining the results of (a )  and ( b ) .  

Curve 1 for the most favornbly tuned and damped absorber; curve 2 for the most favor- 
p.bly damped absorber tuned to the frequency of the main system; curve 3 for the most 
favorably damped viscous Lanchester damper; curve 4 for the most favorably damped 
Coulomb Lanchester damper. 

101 

(See Problem 92.) 
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First, consider the vibration absorber with constant tuning, f = 1, where 
the small damper is tuned to the same frequency as the main system, 
independent of the size of the damper. The equation for the two fixed 
points (3.26) becomes 

2 
2 + r  

g4 - 2g2 + - = 0 

or 

For the usual damper sizes, the peak for the smaller g is higher than for 
the larger g (see Fig. 3.12; also check the location of the fixed points 

with the formula). Thus we substitute gz = 1 - 
with the result that 

(3.32) 

Next, consider the apparatus 

wn, * 
FIQ. 3.15. Resonance curves of a simple 
system equipped with a Lanchester 
damper with viscous friction for zero 
damping, infinite damping and opti- 
mum damping. All curves pass through 
the fixed points P and &. 

known as the “Lanchester damper” 
(see page 210) with viscous friction, 
consisting of the system of Fig. 3.6, 
in which the damper spring has been 
replaced by a linear dashpot. Thus 
k = 0 and it is seen from Eq. (3.23) 
that wa. and f also are zero. The 
fixed-point equation (3.26) becomes 

so that one of the fixed points is per- 
manently at g p  = 0, and the other 
is given by 

= 2 (3.33) 

The undamped and the infinitely 
damped constructions are single- 

degree-of-freedom systems, because in the first case the damper mass is 
completely loose and in the second case it is rigidly coupled to the main 
mass. This is shown clearly in Fig. 3.15, from which we also can conclude 
that the most favorable resonant amplitude is that of the fixed point Q. 
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Substitute (3.33) in (3.27) and find, for the optimum amplitude, 

(3.34) 

I n  some constructions of the Lanchester damper the viscous friction is 
replaced by dry friction or “Coulomb” friction. The analysis for that case 
is quite complicated and will not be given here, but the result for the most 
favorable resonant amplitude with such a damper is approximately 

(3.35) 

The four cases already treated are shown in the curves of Fig. 3 . 1 4 ~ .  
A damper of p = x.io or 3.12 is a practical size. It is seen that the spring- 
less or Lanchester dampers are much less efficient than the spring dampers 
or “ damped dynamic absorbers.” However, the design of the correct 
spring in the dynamic absorber is often difficult, because the small 
amplitudes of the main mass are obtained at the expense of large deflec- 
tions and stresses in the damper spring. 

Before proceeding with the calculation of the stress in the damper spring, it is 
necessary to find the optimum damping: (c/c,),,~. The optimum amplitude was found 
merely by stating that there must be a value of c/c, for which the curve passes hori- 
zontally through either P or Q in Fig. 3.13. The damping a t  which this occurs has 
not been determined as yet, and now for the first time complications arise. 

Start from Eq. (3.24), and substitute Eq. (3.30) into it in order to make it apply to 
the case of “optimum tuning.” Differentiate the so-modified Eq. (3.24) with respect 
to g, thus finding the slope, and equate that slope to zero for the point P. From the 
equation thus obtained c/c, can be calculated. This is a long and tedious job, which 
leads to the result 

as shown by Br0ck.t On the other hand, if dx/dg is set equal to zero, not at point P, 
but rather at  point Q, and the resulting equation is solved for c/c,, we get 

* !43 -t (3 - - 8 0  + r)S 

A useful average value between the two gives the opt imum damping f o r  the case, Eq. 
(3.30), of optimum tuning, 

3w (3 = rn (3.36) 

The same procedure applied to the case of the constantly tuned absorber f = 1, for zero 
slope at  P, gives 

(3.37) 

t John E. Brock, A Note on the Damped Vibration Absorber, Trans.  A.S .M.E. ,  
1946, A284. 
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Similarly, for the Lanchester damper f = 0 (Fig. 3.15), zero damping a t  Q is attained 
for 

(3.38) 

These results are shown graphically in Fig. 3.14~. 
Now we are ready to find the relative motion between the two masses M and m, 

determining the stress in the damper spring. An exact calculation of this quantity 
would be very laborious, because it would be necessary to go back to the original 
differential equations. Therefore we are satisfied with an approximation and make 
use of the relation found on page 50, stating that near a maximum or resonant ampli- 
tude the phase angle between force and motion is 90 deg. 

Thus the work done per cycle by the force PO is [see Eq. (1.9), page 121 

W = TPO 21 sin 90" = TPO 21 

This is approximate, but the approximation is rather good because, even if cp differs 
considerably from 90 deg., sin cp does not differ much from unity. 

On the other hand, the work dissipated per cycle by damping is, by the same 
formula, x X damping force X relative amplitude xrel, since the damping force being 
in phase with the velocity has ezactly 90-deg. phase angle with the displacement 
amplitude. Thus 

Equating the two, 
Wdimipated = W(cW%rel )  ' &el = T c W &  

XPO X I  = XCWX 

or 

Written in a dimensionless form this becomes 

(3.39) 

This formula determines the relative motion and consequently the stress in the 
damper spring. Upon substitution of the proper values for p, g, etc., this formula is 
applicable to the viscous Lanchester damper, as well as to the two kinds of dynamic 
absorbers. 

It is 
seen that the relative motions or spring extensions are quite large, three 
or four times as large as the motion of the main system. If springs can be 
designed to  withstand such stresses in fatigue, all is well, but this quite 
often will prove to be very difficult, if not impossible, within the space 
available for the springs. This is the reason why the Lanchester damper, 
though very much less effective than the spring absorber, enjoys a wide 
practical use. 

The curves of Fig. 3.14b show the results of these calculations. 

Example: It is desired to design a damper for the system of Fig. 3.6, in which 
i l l g  = 10 lb.; mg = 1 lb.; PO = 1 lb., and K = 102 lb./in., which will operate for all 
frequencies of the disturbing force. If first the absorber spring is taken 88 k = 10.2 
Ib ./in, : 
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a. What is the best damping coefficient across the absorber? 
b. What is the maximum amplitude of the main mass? 
c. What is the maximum stress in the absorber spring? 

d. For what k is the best over-all effect obtained? 
e. Same question as a but now for the new value of k. 
f. Same question as b but now for the new value of k.  
g. Same question as c but now for the new value of k.  
Solution: The answers are all contained in Fig. 3.14 a, b, and c. 
a. From Fig. 3 . 1 4 ~  we find: c/2mQ, = 0.205 or 

Further, if we drop the requirement k / K  = m/M, 

c = 0.41mii,, = 0.41>$~6 20r = 0.067 lb./in./sec. 

b. Figure 3 . 1 4 ~  or Eq. (3.32) gives z/x,t = 7.2, 

2.1 = Po/K = > ~ o z ,  so that x = 7.2/102 = 0.071 in. 

105 

c. Figure 3.14b gives for the relative motion across the absorber spring xrei/xst = 
The force is krrel = 10.2 X 0.126 = 1.28 lb. 

d. The most favorable tuning follows from Eq. (3.30), E! = - =--,so that 

($)* = $. Since m, M ,  and K are the same now as in all previous questions, 
(w.JQ,,)* is proportional to k. 

k = 1 0 % z l  X 10.2 = 8.41b./in. 

12.8 so that xtSl = 12.8/102 = 0.126 in. 
10 

Q” 1 f P  11 

Thus the new absorber spring should be 

e. Figure 3 . 1 4 ~  gives c/2mQ, = 0.166. Since 2mQn is the same as in question a, 
we have 

0 166 c = o& X 0.067 = 0.054 lb. in.-’sec. 

j .  From Fig. 3 . 1 4 ~  or Eq. (3.31) we find x/xlt = 4.6. Since from b we have x,t = 
f i o z ,  the maximum amplitude is 

4 6  
102 z = - = 0.045 in. 

I. Figure 3.14b gives xmi/x,t = 19.5, so that Z ~ . I  = 19.5/102 = 0.191 in. With 
k = 8.4 lb,/in., this leads to a maximum force in the spring of 8.4 X 0.191 = 1.60 lb. 

The principal applications of dampers and absorbers of this type are 
in internal-combustion engines (page 210), in ship stabilization, which 
will be treated in the next section, and in electric transmission lines 
(page 306, Fig. 7.23). However, an “absorber” may be present in a 
construction without being very conspicuous. 

An example of this is found in gears which, in operation, may be ring- 
ing like bells if no precautions are taken. It has been found by experience 
that this noise can be eliminated to a great extent (the gears “deadened”) 
by shrinking two steel or cast-iron rings a, a (Fig. 3.16) on the inside of 
the rim. If the shrink fit is too loose, no deadening occurs; if it is shrunk 
very tight the effect is again very small, but for some intermediate shrink 
pressure the deadening effect is astonishingly complete. Two identical 
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gears, one with and the other without rings, may be placed upright 011 

the ground and their rims struck with a hammer. The first gear will 
sound like a piece of lead while the second one will ring for ten or more 

O 0 

0 0 

FIQ. 3.16. Gear 
w i t h  s o u n d -  
deadening rings 
inserted. These 
should be either 
shrunk or tack- 
welded in a few 
spots so as to 
allow some rela- 
tive rubbing dur- 
ing the vibra- 
tion. 

- 
seconds. The cast-iron inserts evidently act as Lan- 
Chester dampers. 

One of the most interesting 
applications of the rather lengthy theory of the preced. 
ing section is the prevention of the “rolling” of ships in a 
rough sea by means of certain devices installed on board. 

First consider the rolling of the ship itself without any 
damping device. Imagine the ship to be floating in still 
water (Fig. 3 . 1 7 ~ ) ~  the weight W and the buoyancy B 
being two equal and opposite forces both passing through 
the center of gravity G. Now hold the ship a t  a slightly 
inclined position by some external couple (Fig. 3.17b). 
The weight W still acts through the pointG, but the  
buoyancy force B is displaced slightly to the left. The 
line of action of this force intersects the center line of the 
ship in some point M ,  which is technically known as the 
metacenter. It is clear that  the location of this point is 
determined by the geometry of the hull of the ship. The 
distance h between M and C: is called the metacentric 
height. 

The determination of this quantity from a drawing of 

3.4. Ship Stabilization. 

the ship is an important task of the designer, since upon 
it the rolling stability depends. I n  Fig. 3.17b it is seen that the forces W 
and B form a couple tending to restore the ship to its vertical position. 
This is always the case when the metacenter is above the center of gravity 
or when the metacentric height h i s  positive. If h were negative, the W-B 
couple of Fig. 3.17b would tend to increase the inclination of the ship and 
the equilibrium would be unstable. 

Ezample: A ship has a rectangular cross section and the submerged part has a 
square section of which the sides have a length 2a. The center of gravity lies in the 
vertical line of symmetry at  a height z above the bottom of the ship. For small 
values of x the ship is stable, for large values of z it is statically unstable. Find the 
value of x where the equilibrium is just indifferent. 

Solution: Consider a submerged piece of the ship of dimensions 2a X 2a X 1 in. 
By taking such a slab of unit thickness we gain the advantage that the submerged 
volumes become numerically equal to the corresponding cross-sectional areas. By 
tilting through the angle p the submerged figure changes from a square to a square 
from which a small triangle has been subtracted on the right side and to which a 
similar triangle has been added at  the left side. The area of such a triangle is a / 2  X 
a p  = aZq/2. Since the center of gravity of these triangles is at  one-third of the 
height from the base, the shift of the triangle from right to left shifts the center of 
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gravity of an area a2a/2 through a distance of % .2a. The product of these quantities 
equals the total area of the square 4a2 multiplied by the horizontal shift y of the center 
of gravity of the whole figure. Thus 

a v  4a'y = %asp or y = -T; 

The center of gravity of the submerged figure is shifted to the left over this distance 
from the original vertical axis of symmetry. A vertical line through this new center 
of gravity intersects the symmetry axis at  a distance a/6  above the original location 
of the center of gravity. Since this intersection is the metacenter M, we find that M 

a 7  lies a t  a distance of a + - = - a  above the bottom of the ship. This is also the 6 6  
desired position of the center of gravity of the ship for indifferent equilibrium. 

(a) (b) 
FIG. 3.17. The buoyancy and weight forces acting on a ship. 
M has to  be located above the center of gravity G. 
height h. 

For stability the metacenter 
The distance MG is the metacentric 

The ship is a vibratory system because when it is displaced from its 
For small angles 

The restoring couple is - Wh 
By the action of this couple 

Let the moment 
New- 

equilibrium position it shows a tendency to come back. 
cp the location of M is independent of p. 
sin cp or -Whp for sufficiently small p. 
the ship will roll back about some longitudinal axis. 
of inertia about that axis be I ,  (the subscript s stands for ship). 
ton's law can be written 

Ia+ = -Whp 

(3.40) Wh 
+ + - p = O  I ,  or 

which we recognize as Eq. (2.7) of page 31 for the undamped single- 
degree-of-freedom system. Consequently the ship rolls with a natural 
frequency 

(3.41) 

Imagine the ship to be in a rough sea. Waves will strike it more or 
Though this action is leas periodically and exert a variable couple on it. 
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not very regular, it may be regarded approximately as a harmonic dis- 
turbing torque To sin wt to be written on the right-hand side of Eq. (3.40). 
In  case the wave frequency w is near to the natural frequency W ,  of the 
ship’s roll, the oscillations may become very large. I n  rough seas the 
angle cp has been observed to  reach 20 deg. Equations (3.40) and (3.41) 
tell us that, as far as vibrational properties go, the system of Fig. 3.17 is 
equivalent to Fig. 2.4 or to the upper part of Fig. 3.6. Therefore the 
addition of a damper of the type shown in Fig. 3.6 should help, This was 
done by Frahni, in 1902, who built into a ship a system of two tanks 
(Fig. 3.18) half filled with water, communicating through a water pipe 
below and through an air pipe with valve V above. The secondary or 
“absorber” system corresponds approximately to Fig. 2.1 1, page 35. 

I n  other constructions the lower connecting pipe between the tanks 
was omitted and replaced by the open ocean as indicated in Fig. 3.19. 
These “blisters” extended along two-thirds the length of the ship and 
were subdivided into three or more compartments by vertical partitions. 

------ --_----_ - - - - - - - - -  - - _  - - _  _ - - -  -- - - - - - - - - 
FIQ. 3.18. Frahm antirolling tanks, old type. FIQ. 3.19. Modern “blister” construction 

of Frahm’s antirolling tanks. 

Both these constructions are really more complicated than Fig. 3.10, 
though the older construction, Fig. 3.18, comes quite close to it. 

Frahm antirolling tanks were installed on the large German liners 
“Bremen” and “Europa.” 

Another method of reducing ship roll, which apparently is entirely 
different from Frahm’s tanks but really operates on much the same prin- 
ciple, is the gyroscope of Xchlick (Fig. 3.20). This device consists of a 
heavy gyroscope rotating a t  high speed about a vertical axis. The gyro- 
scope bearings A A  are mounted in a frame which is suspended in two 
bearings BB so that the frame is capable of rotation about an  axis across 
the ship. The axis BB lies above the center of gravity of the gyroscope 
and its frame. A brake drum C is attached to BB, so that the swinging 
motion of the gyroscope frame can be damped. The weight of the gyro- 
rotor is of the order of 1 per cent of the ship’s weight. It is driven elec- 
trically to the highest possible speed compatible with its bursting strength 
under centrifugal stress. 

For an understanding of the operation of this device, it is neaessary to 
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know the main property of a gyroscope, namely that the torque exerted 
on it is represented vectorially by the rate of change of the angular 
momentum vector. 

Let the direction of rotation of the rotor be counterclockwise when 
viewed from above, so that the momentum vector 577 points upward. 
When the ship is rolling clockwise (viewed from the rear) with the 
angular velocity ++ the rate of change of 577 is a vector of length 3Thj 
directed across the ship to the right. This vector represents the torque 
exerted on the rotor by its frame. The torque exerted by the rotor on its 
frame is directed opposite to this, so that the frame is accelerated in the 

m 

B - 

Ib )  Seen from r igh t  

(a) Seen from rea r  
FIG. 3.20. Scheme of Schlick’s anti-ship-rolling gyroscope. 
dissipation a t  the brake drum C. 

It operates by virtue of energy 

direction of increasing I) (so that the lower part of the frame tends to  go 
to the rear of the ship). 

On the other hand, if the rotor frame is swinging with a positive angular 
velocity 4, the momentum vector 33 increases by an  amount %b,b each 
second in a direction pointing toward the front of the ship. This vector 
is a torque tending to  rotate the rotor clockwise, and consequently the 
ship counterclockwise, when viewed from the rear. 

Thus the ship is “coupled” to the gyroscope in much the same sense 
as the ship is coupled to  the Frahm water tanks, though the mechanism 
is entirely different. 

Without damping in the swing motion of the rotor frame, the presence 
of the gyroscope merely changes the one natural rolling frequency of the 
ship into two other natural rolling frequencies. A resonance with sea 
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waves leads to infinite amplitudes rp of the ship. An infinite amount of 
damping clamps the rotor frame solidly in the ship. Then a roll of the 
ship merely creates a pitching torque on the ship’s frame and conversely 
the clamped gyroscope will convert a pitching motion of the ship into a 
rolling torque on it. At resonance of the sea waves with the one natural 
rolling frequency again an infinite rolling amplitude results, But at 
some intermediate damping the two resonant peaks can be materially 
decreased. 

The motion of the water in the Frehrn 
tank, as well as the precession of the Schlick gyroscope, is brought about 
by the rolling of the ship itself, and in both cases is impeded by a brake, 
This is not a perfect solution, since the best brake adjustment is different 
for different frequencies and other conditions. These systems are des- 
ignated as “passive” systems to  distinguish them from the more modern 
“active” systems, where the Frahm water is pumped from one tank to  
the other, and the Schlick gyro precession is forced. There is no longer a 
brake, but there is a governor or device which feels the roll of the ship 
and gives the proper signals controlling the Frahm pump or the Schlick 
precession drive, so that the phase of the counter torque is always correct. 

The first of these activated devices reaching practical perfection was 
the Sperry gyroscopic ship’s stabilizer, illustrated schematically in Fig. 
3.21. It consists of a main gyroscope, which differs from Schlick’s only 
in the fact that the axis BB passes through the center of gravity, and that 
the brake drum C is replaced by a gear segment meshing with a pinion 
on the shaft of a direct-current motor D. Besides the main gyroscope 
there is the pilot gyroscope (Fig. 3.21b, c )  which has an over-all dimension 
of some 5 in. and is nearly an exact replica of the main one. The only 
difference is that there is no gear C, but instead of that  there are two 
electrical contacts d l  and dz, one in front and one behind the rotor frame. 

When the ship has a clockwise rolling 
velocity (;? (looking from the rear) the top of the pilot rotor frame is accel- 
erated toward the front of the ship and closes the contact dz. This 
action sets certain electrical relays working which start the precession 
motor D so as to turn the main frame about the axis BB in the same direc- 
tion as the pilot frame. In other words, the top of the main frame 
moves to  the front of the ship. This necessitates a clockwise cp-torque 
on the main rotor, which has a counterclockwise reaction on the main- 
rotor frame and thus on the ship. Therefore the main gyroscope creates 
a torque on the ship which is in opposition to  the velocity of roll and in 
that manner most effectively counteracts the roll. As soon as the veloc- 
ity of roll of the ship becomes zero, the pilot torque disappears and the 
pilot rotor is pulled back to its neutral position by two springs e as shown 
in Fig. 3 . 2 1 ~ .  Only when the roll acquires a velocity in the opposite 

Activated S h i p  Stabilizers. 

The operation is as follows. 
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direct,ion does the pilot go out of its equilibrium position again closing 
the contact d l ,  which sets the precession motor going in the opposite 
direction. Thus there is always a torque acting on the ship in opposition 
to the instantaneous velocity of rolling. With the torque always against 
the angular velocity, a maximum amount of energy of the rolling motion 
is destroyed. (See the three rules on page 16.) 

A 

( a )  Seen from reor 

4 
Aft  I Id2Fore 

e e  

( b )  Seen from reor ( c )  Seen from right 
FIG. 3.21. Sperry’s gyroscope for diminishing ship roll. 
D,  which is controlled by a small pilot gyroscope shown in ( b )  and (c) 

The precession is forced by a motor 

The direction of the desired $-precession of the main gyro was seen 
to  be the same as that of the free pilot gyro, which means that the motor 
D turns the main gyro in the direction in which it would go by itself, if it 
were free to move in the bearings B. However, it can be easily verified 
that, if such freedom existed, the main gyro would precess extremely 
fast in an accelerated manner and would reach IJ = 90 deg. in a very short 
fraction of the roll period. At this position the roll would no longer affect 
the gyro. Therefore the motor D does not push the main gyro (except a t  
the very beginning of the precession) but really acts like a brake, holding 
the speed of precession down to a proper value. Schemes have been 
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proposed to do away altogether with the motor D, reverting to the old 
Schlick brake drum, with the difference, however, that the tightness of 
the brake would be controlled electrically by signals coming from the 
pilot gyro. 

In actual constructions the pilot gyroscope has its axis A A  horizontai 
and across the ship, while its frame axis BB is vertical. The line connect- 
ing the contacts d l  and dz remains parallel to the ship’s longitudinal axis 
as before. The reader should reason out for himself that with this 
arrangement the same action is obtained as with the one shown in 
Fig. 3.21. 

Sperry gyro stabilizers have been installed with success on many 
yachts. An application to the Italian liner “Conte di Savoia” showed 
that a large roll was very effectively damped down by the device. How- 
ever, in the roughest Atlantic storms single waves were found to tilt the 
ship 17 deg. ; and since the power of the gyros was sufficient only to swing 
the ship 2 deg. a t  one time, the greatest roll angles with and without 
stabilizer did not differ materially. A gyroscope that would hold the ship 
down even in the roughest weather would become prohibitively large, of 
the order of 5 per cent of the weight of the ship. The same objection 
attaches to the activated Frahin tanks, in which the water is pumped 
from side to side of the ship, the pump being controlled by a pilot gyro- 
scope. Experiments with this system on a destroyer showed that it 
had to be very large to be effective. 

A third antiroll device utilizes the principle of lift on airplane wings. 
Imagine an airplane of a wing span of say 20 ft., and swell the fuselage 
of that plane to the size’of an ocean liner, leaving the wing size unchanged. 
The wings are located below the water line. While the ship moves 
through the water, a lift will be developed on the wings. The wings can 
be rotated through a small angle about their longitudinal (athwartship) 
axis, and thus the angle of attack can be changed and consequently the 
hydrodynamic lift force from the water can be changed. For example, 
if the left (or port) hydrofoil has a large positive angle of attack and an 
upward lift, while the right (or starboard) hydrofoil has a negative angle 
and downward lift, there is a hydrodynamic rolling torque in a clockwise 
direction seen from behind. If now these angles of attack are contin- 
uously changed by a driving motor (controlled by a pilot gyroscope) so 
that the torque on the ship is opposite to that of its roll velocity, the 
rolling motion will be damped. This system was in operation on some 
British destroyers during the last war. Although its weight is small 
compared with that of the ship, it has the disadvantage that it increases 
Lhe resistance of the ship by a small precentage so that the cost of a por- 
tion of all the fuel used during the lifetime of the ship must be charged 
against it. This disadvantage has been overcome recently by inaking the 
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hydrofoils retractable, so that they are being used only during foul 
weather. It 
should be mentioned that the water-tank and gyroscope stabilizers will 
work when the ship stands still; this is not the case with the hydrofoil 
stabilizer, which depends for its operation 
on the speed of the ship. The “passive,” 
or inactivated, form of the hydrofoil sys- 
tem has been used for years in the form 
of “bilge keels,” which are crude forms 
of hydrofoil permanently attached to the over more than half the length of 
ship’s sides (Fig. 3.22). When the ship 
has forward speed, no lift force is generated on these keels, because the 
angle of attack is made zero. But when the ship rolls, its own rolling 
motion induces an apparent angle of attack which causes lift forces 
forming a torque opposite to the direction of the rolling velocity. Bilge 

keels are quite ineffective in stopping 
the roll when the ship lies still but be- 
come effective with an intensity roughly 
proportional to the square of the ship’s 
forward speed. 

3.6. Automobile Shock Absorbers. 
An automobile of conventional design 
on its springa and tires is a very compli- 
cated vibrational system. There are 
three distinct “masses”: the body, the 

distinct “springs”: the four sprinks 
proper and the four tires (Fig. 3.23). A solid body free in space has six 
degrees of freedom: it can bob up and down, sway back and forth, move 
forward and backward (the three translations) ; and, moreover, it can have 
three rotations, known under the technical names of: 

This, then, is at  present the best answer to the question. 

----- 

3.23, Idealired scheme of eon- 
ventional automobile with front and 
rear axles and shock absorbers. 

front axle, and the rear axle; and eight 

1. Rolling about a longitudinal axis. 
2. Pitching about a lateral axis. 
3. Yawing or nosing about a vertical axis. 

Since the automobile has three such bodies, it really has 18 degrees of 
freedom. However, a good many of these 18 are rather unimportant. 
The most important motions are: 

1. A bobbing up and down of the body with the axles practically 
steady. 

2. A pitching of the body with the axles nearly steady. 
3. A bobbing up and down of each axle on the tire elasticity with the 

4. A rolling of the axles with little motion of the body. 
chassis pract,ically undisturbed. 
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The first two motions were discussed on page 85. For an entirely 
symmetrical car (which naturally does not exist) the two natural modes 
are a pure vertical parallel motion and a pure pitching about the center 
of gravity, but in the actual unsymmetrical case each mode is a mixture 
of the two. I n  practice, the natural frequencies for the first two modes 
are close together, being somewhat slower than 1 cycle per second in 
modern cars. The motions 3 and 4 have frequencies roughly equal t o  
each other but much faster than the body motions. With older cars the 
axle natural frequency may be as high as 6 or 8 cycles per second; with 
modern cars having balloon tires and heavier axles on account of front 
wheel brakes, the frequency is lower. On account of the fact that  the 
body frequency and the axle frequency are so far apart, the one motion 
(1 or 2) can exist practically independent of the other (3 or 4). For 
when the body moves up and down a t  the rate of 1 cycle per second, the 
force variation in the main spring is six times as slow as the natural fre- 
quency of the axle mass on the tire spring and thus the axle ignores the 
alternating force. And similarly, while the axle vibrates a t  the rate of 
6 cycles per second, the main body springs experience an alternating 
force a t  that rate, which, however, is far too fast to make an appreciable 
impression on the car body (Fig. 2.18, page 44). 

Resonances with either frequency occur quite often and can be observed 
easily on any old-model car or also on a modern car when the shock 
absorbers (dampers) are removed. The pitching motion of the body 
gets in resonance at medium speeds when running over a road with 
unevennesses of long wave length. For example, at  some 30 m.p.h. on 
old concrete highways having joints spaced regularly at about 40 ft. 
apart, very violent pitching usually occurs in cars with insufficient shock 
absorbers. The other natural frequency often comes to  resonance at 
rather low speeds when running over cobblestones. The axles then may 
vibrate so that the tires leave the ground at each cycle. 

The worst of the evils just described have been eliminated by intro- 
ducing shock absorbers across the body springs, which introduce damping 
in the same fashion as a dashpot would. Before starting a discussion of 
their action, it is well t o  consider first the influence of the springs and tires 
themselves on the “riding quality,” or “riding comfort.” 

Assuming that the car is moving forward a t  a constant speed, what 
quantity should be considered to be a measure of comfort? It might 
be the vertical displacement of the chassis or any of its derivatives. It 
is not the displacement amplitude itself, for a ride over a mountain, being 
a “vibration” of amplitude 3,000 ft. at the rate of 1 cycle per hour, may 
be very comfortable. It is not the vertical velocity, for there are no 
objections to a fast ride up a steep slope. Nor is it the vertical accelera- 
tion, for a steady acceleration is felt as a steady force, which amounts 
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only to an apparent8 change in g that cannot he felt. Rut sudden shocks 
produce uncomfortable sensations. Therefore a criterion for comfort is 
the rate of change of acceleration day/d t3 ,  a quantity that has been called 
the “jerk.” 

The wheel 
runs over a road of which the surface is a 
sinusoid. If the car moves a t  a constant 
speed, the bottom of the tire experiences 
a motion a0 sin wt. Consider various 
wheels of the same mass m running with 
the same speed over the same road a0 sin 

elasticity k of their tire springs. The force 
F transmitted by the spring from the road to the wheel or axle is k times 
the relative displacement, which by Eq. (2.26) page 45, is 

Figure 3.24 represents a wheel or axle on its tire spring. 

wt but differing among each other in the FIG. 3.24. Automobile riding Over a 
wavy road. 

or in a dimensionless form, 

If the dimensionless 
dimensionless square 
(3.42) shows that the 

(3.42) 

force F/mu2ao  is plotted vertically against the 
root of the tire spring constant &/dG, Eq. 
diagram Fig. 2.20 (page 46) is obtained. 

We see that stiff springs (large Ic or steel-rimmed wheels) are repre- 
sented by points in the right-hand part of the diagram, which means con- 
siderable force transmission. Little force transmission occurs for weak 
springs (i.e., balloon tires) represented by points close to the origin of 
Fig. 2.20. 

This can be appreciated also from a somewhat different standpoint. 
Consider a given “sinusoidal” road or a smooth road with a single bump 

on it, and let the steel-tired wheel 
be completely rigid. The vertical 
accelerations of the wheel now in- 
crease wi th  the square of the speed, which 

Let the bump on the road be represented by 
For a car with speed v we have 2 = vt. Then 

Y 

t n  ------___ - x  
FIG. 3.25. A bump in the road. 

can be seen as follows. 
9 = f(x) as in Fig. 3.25. 
the vertical velocity is 
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and the vertical acceleration is 

Since d2y /dx2  is a property of the shape of the bump only, independent 
of the velocity, it is seen that the vertical acceleration increases with the 
square of the speed. If the wheel is rigid (no tire), the forces acting on 
the wheel as well as on the road are the product of the wheel mass and 
this acceleration. Thus the force on the road also increases with the 
square of the speed, making the rubber tire an absolute necessity even 
for moderate speeds, which is a matter of common observation. 

The tires are primarily there for a protection of the road and of the 
wheels, whereas the main springs take care of riding comfort. With a 
given axle movement UO, how do we have to design the main springs for 
maximum riding comfort, i.e., for minimum “jerk” d3y/dt3? From 
Eq. (2.26) we have 

so that by differentiation 

(3.43) 

Again Fig. 2.20 represents this relation, and the springs have to be made 
as soft as possible in the vertical direction. Then most road shocks will 
be faster than the natural frequency of the car and will not give it any 
appreciable acceleration. The introduction of damping is undesirable 
a t  these high road frequencies. But the case of resonance is not excluded, 
and from that standpoint damping is very desirable. 

There is still another viewpoint to the question. Figure 2.20 pertains 
to steady-state forced vibrations, i.e., to road shocks following each other 
with great regularity. Practically this does not occur very often as the 
bumps on actual roads are irregularly spaced. Thus the motion will con- 
sist of a combination of forced and free vibrations, and damping is desir- 
able to destroy the free vibrations quickly after the road is once again 
smooth. 

The shock absorbers on most automobiles are hydraulic and operate 
on the dashpot principle. Any relative motion between the axle and the 
car body results in a piston moving in a cylinder filled with oil. This oil 
has to leak through small openings, or it has to pass through a valve 
which has been set up by a spring so that it opens only when a certain 
pressure difference exists on the two sides of the piston. In this manner 
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a considerable force opposing the relative motion across the car body 
springs is created, and this force is roughly proportional to the velocity 
of the relative spring motion. 

The most desirable amount of damping in these shock absorbers 
depends on the road condition. When running over a smooth road with 
rolling hills and valleys which are taken at  the rate of approximately one 
hill per second, it is clear that  critical damping is wanted. On the other 
hand, if the road has short quick bumps, a small damping is desirable. 

Some shock absorbers have one-way valves in them, so that for a 
spreading apart of the axle and the body a different damping occurs than 
for their coming together. This is accomplished by forcing the oil 
through different sets of openings by means of check valves. Usually 
the arrangement is such that when the body and axle are spreading apart 
the damping is great, while when they are coming together a small force 
is applied by the shock absorbers. The theories and arguments given 
by the manufacturers as a justification of this practice do not seem to be 
quite rational. 

On page 69 we discussed 
the problem of protecting a foundation from the vibrations of an unbal- 
anced rotating machine placed on it and found that the insertion of a soft 
spring between the machine and the foundation was a proper remedy. 
The spring had to be designed so that the natural frequency of the 
machine on it would be several times, say three times, as slow as the fre- 
quency of the disturbing vibrations. In  deriving this result it  was 
assumed that the foundation was 

assumption for many cases where a 
machine is mounted on a foundation 
attached directly to the ground. 
However, when we deal with a large 
Diesel engine mounted in a ship’s 

gine mounted on the wing of an air- 
plane, the assumption is not at all 
justified, because the weight of the 
nearby parts of the “foundation” is considerably less than that of the 
engine itself, I n  order to make a first study of such cases, me assume the 
foundation to be a pure mass mz (Fig. 3.26), while the engine mass will 
be designated as ml. 

3.6. Isolation of Non-rigid Foundations. 

rigid, which is a reasonable enough h s i n  Disturbing force 

Foundation 

Or with a powerful aircraft en- 
:Ia. 3 26. Vibration isolation on a founda- 
tion which is not infinitely large, such 5s 
the case of an engine mounted in a ship’s 
hull. 

The differential equations are 

I mlZl + k(zl  - 2 2 )  = PO sin w t  
mzX2 + k(zz - 21) = 0 
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Assuming for the solution 
x1 = XI,,, sin ot 
x2 = 2 2 ,  sin wt 

and substituting, we find 

x1(-m102 + k )  + x l ( - k )  = PO 
x l ( - k )  + x p ( - r n 2 ~ *  + k )  = 0 

The engine itself is not in trouble, so that we do not care about xl, but 
we are interested in the motion of the foundation 2 2 .  From the second 
equation we get 

51 = x 2 ( l  - y) 
and, substituting into the first equation, 

Pok 
" = rnlm2w4 - k(ml + mp)02 

This expression can be written into other forms; a convenient one is 

where the natural frequency on of the system is 

k 
r n l r n d h  + md 

o; = (3.44) 

The force transmitted to the foundation can be found most easily by 
remarking that it must be the inertia force of the foundation itself or 
mlw2xz 

Comparing this result with Eq. (2.33) and Fig. 2.41 for the old theory of 
a rigid foundation, we see that the old theory (for zero damping) still 
holds; in other words, Eq. (3.45) is still represented by the simple res- 
onance diagram. The difference is, however, that the natural frequency 
w,, of the old theory was = k/m, whereas now it is given by Eq. (3.44). 
For any kind of foundation the protecting spring has to be so designed 
as to  make the natural frequency about one-third of the disturbing fre- 
quency. This correct statement sounds as if there is no difference 
between light and heavy foundations, which is misleading. Take the 

Transmitted Force
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Then Eq. (3.44) case of an engine 10 times as heavy as its foundation. 
becomes 

- k . m l + m 2 -  kl  1 0 + 1 - 1 1 -  k 
mlmn/(ml+ m2) ml m2 ml 1 m 

_ _  _____ . - -  k 
w; = 

The natural frequency squared is 11 times as high with the light founda- 
tion as it would be with a very heavy one, and hence to  get the same kind 
of protection we must make our protecting spring 11 times as flexible. 

Then 
for a solid foundation, a decent protecting spring would be one for a 
natural frequency of 400 v.p.m., which means a static sag of about $/4 in. 
(Fig. 2.9, page 34): a reasonable design. If this same engine is to be 
mounted in a ship with a light foundation m2/ml = 0.1, the static sag 
in the spring must be 11 times larger, or some 2.5 in. I n  the first place 
this is very difficult t o  do, and moreover such an engine in a rolling and 
pitching ship would be entirely impossible. This shows that the pro- 
tection of a ship’s hull from the vibrations of the machinery inside is a 
very difficult proposition. The vibrations of the hull radiate noise under 
water, which disturbs the peace of fish and sometimes is undesirable for 
other reasons as well. 

The idealization of the “foundation,” or hull, by a mass m2 is a crude 
one. The point of the hull to which the machinery is attached acts 
partly like a spring, partly like a mass, and partly even like a dashpot, 
because radiation of the vibration is a damping action. To try to deter- 
mine how much spring, mass, and dashpot there is from a blueprint 
drawing is a hopeless proposition, but once the ship or airplane is built 
we can find this out experimentally without too much trouble. We attach 
to the location in question a vibrator which applies to it a harmonic force 
of which we can vary the frequency gradually. Then we measure the 
force as well as the motion amplitude and phase angle for each frequency. 
The result can best be presented in the form of a ratio 2, the mechanical 
impedance, which is a function of the frequency W :  

Suppose the engine exciting frequency to  be about 1,200 v.p.m. 

force amplitude 
displacement amplitude Z ( w )  = (3.46) 

As an example consider a simple spring, attached to  the ground at its 
bottom, while the top end is actuated by the vibrator. If the top ampli- 
tude is a sin wt, then the force is ka sin wt, so that for a spring Z = k ,  
independent of frequency. As a second example take a mass by itself. 
If the vibrator is operating on it, the motion is a sin w t  and the force is 
-maw2 sin wt, so that  Z = -mw2. The third simple example is a dash- 
pot of which the cylinder is attached to ground, while the piston is actu- 
ated. If the piston motion is a sin w t ,  then the force is caw cos wt, out 
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of phase by 90 deg. with respect to the motion. In  complex notation we 
say that the motion is a and the force jcaw, so that 2 = jwc, an imaginary 
quantity. Other cases of relatively simple impedance calculations are 
Probs. 84 to 90. When we know the system, we can calculate the imped- 
ance, but we do not know the properties of a point of a ship’s hull. How- 
ever, we can measure the impedance a t  this point. 

Now we consider the system of a machine ml actuated by a force 
Po sin wt, attached through a spring k to a foundation of impedance 
Z(w), thus replacing in Fig. 3.26 the mass m2 by the more general founda- 
tion, characterized by Z(w), which usually is a complex quantity. The 
differential equations are 

1 

1 

mlx1 + k(x1 - XZ) = Po sin wt 
k(X1 - 2,) = 2 2 2  

Assuming harmonic motion of frequency w ,  the amplitudes xl and x2 
will be complex numbers if Z is a complex or imaginary quantity, 

--m1u2x1 + k(x1 - 22) = Po 
k(z1 - z2) = xzz  

%(--k) + z2(k + 2) = 0 

or, rearranged, 
z1(-niw2 + k )  + xz( -k )  Po 

Solve for x1 from the second equation, 

21 = 2 2  (1 + ;) 
and substitute into the first; then solve for XZ. 

(3.47) 

The force transmitted to the ground is 2x2, and the exciting force on the 
machine is Po so that the ratio between the two is 

Transmissibility = (3.48) 

This general formula contains all possible foundation characteristics. 
As a first example take Fig. 3.26, where 2 = -m2w2. Substituting this 
into (3.48) leads to the result previously found for that case. As a second 
example let the foundation consist of a nilre spring K ,  so that the engine 
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rests on the ground through k and K in series or through an equivalent 
spring k K / ( k  + K ) .  Substituting 2 = K into (3.48), 

K 
K - mlu2(1 + K / k )  

1 
m1(k + K )  1 - u 2  

Transmissibility = 

1 -= - - 
1 - ."u: 

kK 

as it should be from Eq. (2.33). 
For the case of a dashpot c across the protecting spring Ic (Fig. 3.27) 

t 2  
FIG. 3.27. Anengine mounted on a foundation Z through a spring and dashpot. 
missibility is given by Eq. (3.49). 

The trans- 

the analysis is similar and is left to the reader as Prob. 88. The result is 

Transmissibillty = (3.49) 
m1u2 z (1 - WJ - m1o2 

In an actual case where the foundation characteristic Z is known from 
experiment this formula must be used to see how the system behaves 
with different protecting elements lc and c, and the best compromise is 
to be chosen. 

Problems 64 b 98. 
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CHAPTER 4 

MANY DEGREES OF FREEDOM 

4.1. Free Vibrations without Damping. When the number of degrees 
of freedom becomes greater than two, no essential new aspects enter 
into the problem. We obtain as many natural frequencies and as many 
modes of motion as there are degrees of freedom. The general process of 
analysis will be discussed in the next few sections for a three-degree 
system; for four or more degrees of freedom the calculations are analogous. 

Consider for example Fig. 4.1, representing a weightless bar on two 
rigid supports, carrying three masses ml,  m2, and m3. If the upward 

deflections of these masses be de- 
noted by xl, ~2~ and x a J  the first of 
the equations of motion can be ob- 
tained by equating mix, t o  the elas- 

FIG. 4.1. A round shaft with three disks on tic force on the first mass. This 
stiff bearings is a system having three de- force is the difference between the 
grees of freedom in bending. 

lateral shear forces in the bar t o  the 
left and to  the right of ml,  a quantity depending on all three deflections xll 
2 2 ,  and Za, complicated and difficult to calculate. 

It is more in the nature of this particular problem to  describe its elas- 
ticity by the influence numbers. The definition of an influence number 
a 1 2  is “deflection of mass 1 caused by a force of 1 lb. a t  the location of 
mass 2.” We have three direct influence numbers, all, aPPj and aa3 where 
the unit force and the deflection are measured at the same location, and 
six cross influence numbers, a12, ( Y Z ~ ,  alS,  a31,  a 2 3 ,  and a32, where the two 
locations are different. By Maxwell’s theorem of reciprocity, 

or, in words: the deflection at one location caused by a unit load at 
another location equals the deflection a t  this second location caused by 
a unit load at the first location. These influence numbers can be cal- 
culated for any system by the principles of strength of materials. The 
equations of motion can be written with them as follows. I n  the posi- 

122 
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tion xl, z2,xa of maximum deflection of the bar (Fig. 4,1), the masses have 
accelerations xl, x 2 ,  28 and consequently experience forces mlxl, m2$2, 
r n a x a .  By the princi- 
ple of action and reaction, the masses exert the inertia forces -mlxl, 
-m2x2, -mmaxa on the bar. The deflection at the first mass caused by 
these three forces is 

These forces are exerted by the bar o n  the masses. 

(4.1) I x1 = --cullmlxl - a12m2X2 - alam323 

x2 = - azzmZxz - a23maX3 
xa = --cualml21 - a a z r n 2 x z  - orasmaxa 

and analogously for the second and third masses, 

Although these equations cannot be interpreted directly as the Newton 
equation for each mass, nevertheless the three together determine the 
three unknown motions xl, 2 2 ,  and xs. 

As before, on page 80, in order to reduce them from differential equa- 
tions to algebraic equations, we put 

x1 = a1 sin wt 
x2 = a2 sin wt 
xa = aa sin w t  

and substitute, with the result 

These equations are homogeneous in all a2, and aa, which can be seen 
better after rearranging and dividing by w 2 :  

If such homogeneous equations are divided by al, for example, we have 
three equations in two unknowns, az/al and aa/al. If we solve these 
unknowns from the first two equations of (4.4) and substitute the answers 
in the third one, W'B usually find that the result is not zero. Only if a 
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certain relation exists among the coefficients of al, as, and aa, can there 
be a solution. I n  the theory of determinants it is shown that this rela- 
tion is 

- 0  (4.5) 

The argument is analogous to that given on page 80 for the two-degree- 
of-freedom system. The determinant expanded is a cubic equation in 
terms of 1/w2, known as the “frequency equation,” which has three solu- 
tions and hence three natural frequencies. To  each of these solutions 

belongs a set of values for a,/al and 
~ 3 / ~ l ,  which determines a config- 
uration of vibration. Thus there 
are three natural modes of motion. 

We shall carry out these calcula- 
tions in detail for the simplest possi- 
ble example, obtained by making all 
masses equal ml = ma = ma - m 

FIG. 4.2. Showing calculation of influence 
numbers for a string with three masae8. and the bar by a string of 

tension T and length 41 (Fig. 4.2). 
If a load of 1 lb. is placed on location 1, the deformation will be as shown 
in Fig. 4.2b. The tension in the string is T and the vertical component of 
the tension in the part of the string to the left of ml is -T while to the 

right of ml it  is - T. The sum of these vertical componentsmust be 

3 1  equal t o  the load of 1 lb. so that 6 = - - This is the deflection at 1 4 T’ 

6 
1 

6 
31 

31 caused by 1 lb. at 1, or all = --. 4T 
The deflection at the masses 2 and 3 caused by the same load can also 

be found from Fig. 4.2b. 

2 3 1  1 1  
3 4 T - 2 T  a21 = - * - -  - - -  
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The other influence numbers can be found in a similar manner: 
125 

I 
and Maxwell’s reciprocity relations are seen to be true. The equations 
of motion are obtained by substituting these values for the influence 
numbers in Eq. (4.1). However, since nearly every term is proportional 
to ml/T, we divide by this quantity and introduce the abbreviation 

(4.7) 
T - = F (the frequency function) mlw2 

Then Eqs. (4.4) become 

(4.8) 
(% - F)ai + %a2 + 34a3 = 0 

?+zs = 0 
%a2 + (% - F)aa = 0 

$$a + (1 - F)az + 
f./4al + 

Dividing the first of these by al, the second by 2al, and subtracting them 
from each other leads to 

Substituting this in the first equation of (4.8) and solving for a3/al gives 
% =  - 7 + 4 F + F  2 
a1 

(4.10) 

Substituting both these ratios in the third equation of (4.8) gives the 
following equation for F (the frequency equation) : 

Fa - 4$F2 + $$F - f / 4  = 0 (4.11) 
This result could have been found also by working out the determinant 
(4.5). Evidently (4.11) has three roots for F. We note that none of 
t,hese can be negative since for a negative F all four terms on the left 
become negative and then their sum cannot be zero. Since by (4.7) a 
negative F corresponds to an imaginary w, we see that our three-degree- 
of-freedom system must have three real natural frequencies. This is 
true not only for the particular system under consideration. In general 
it can be shown that an n-degree-of-freedom vibrational system without 
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damping  has n real natural frequencies, i.e., the roots of a frequency 
equation such as (3.7), (4.5), or (4.11) are always real and positive. 

F = 0 makes 
the left-hand side -$i, while F = 2 makes it +9i;  evidently a t  least one 

The cubic (4.11) is solved by trial of some values for F. 

I-- 4 2 - 1  f i  AQ L A v / "  

u,2 10.59 r /ml  W22.2  T/nll w $ =  3.41 Vmimr 

FIG. 4.3. The three natural modes of a string with three equal and equidistant masses. 
(0)  (6) (C) 

root must be between 0 and 2. 
root, so that Eq. (4.11) can be written 

A few trials will show that F = is a 

(F - %)(F' - 2F + 3) = 0 

having the three roots 

Fz = % Fi,a = 1 f d R  
With the relations (4.7), (4.9), and (4.10) the complete result becomes 

Fi = 1.707 

FI = 0.500 

Fa = 0.293 

m 

w; = 
T 2 -  ml 
T 

U: = 3.41 - ml 

1.41 

0 

'' - -  - -1.41 
a1 

1 

f 

This gives the shapes of the vibration, or the "normal modes" as shown 
in Fig. 4.3. These are the only three configurations in which the system 

can be in eauilibrium under the in- 
fluence of forces which are propor- 
tional to the displacements x (as the 

(a) inertia forces are). The second 
mode is of particular interest be- 
cause the middle mass does not 
move a t  all. If that fact had been 
known in advance, the frequency 
could have been found very easily 
by considering the left half of the 
system 
Of freedom with the spring constant 
k = 2T/l (see Problem 28). 

4.2. Forced Vibrations without 
Damping. Suppose an alternating force PO sin w t  to be acting on the first 
mass of the previous example (Fig. 4 . 4 ~ ) .  The force Po sin wt by itsetf 

~ 2 1 1 1  ml 

m l  

FIG. 4.4. Forced vibrations of a string with 
three masses. There are two frequencies at 
which the disturbed mass does not move; 
these are the frequencies of the generalized- 
dynamic-vibration-absorber effect. 

one ,,f a single degree 
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would cause “static” deflections at 1,2, and 3 of allPo sin wt, azlPo sin wt,  
and cvrlP0 sin wt. The equations of forced motion are obtained from (4.1) 
by adding these terms to the right-hand sides. With the assumption (4.2) 
the equations then are reduced to the algebraic form 

With the influence numbers (4.6) and with the definition of F given in 
(4.7) , they become 

4 mu2 I 1 1 
-az + 2 za3  = (i - F) a1 + 

1 = - $ 1 (4.12) al + (1 - F) a2 + 2 
‘a2 + (i - F)a3 = - z a  1 Po 

i a l +  z 
These equations are no longer homogeneous in all a2, aa, as were the 
corresponding ones (4.8) for free.vibration. They are truly a set of three 
equations with three unknowns and can be solved by ordinary algebra. 
I n  the calculations, the cubic (4.11) appears in the denominators and is 
broken up into its three linear factors, with the result that  

(4.13) 

Po Y/4Fz - F + >/4 al = - 
mw2 (F - 1.707)(F - 0.500)(F - 0.293) 

mu2 (F - 1.707)(F - 0.500)(F - 0.293) a2 = 0 P >@YF - %) 

Po 4iF2 a3 = - muz (F - 1.707)(F - 0.500)(F - 0.293) 

The physical meaning of these expressions is best disclosed by plotting 
them as resonance diagrams corresponding to  Fig. 2.18 on page 44 or to  
Figs. 3.8a and b on page 91. For that purpose note that F, being pro- 
portional to 1/w2, is not a suitable variable. For the ordinate y of our 
diagrams we take the quantities 
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The denominator Pol/T would be the “static deflection” of the middle 
of the string if the (constant) load PO were placed there (a22 = Z/T), so 
that y is a “dimensionless amplitude.” For the abscissa x we take 

The denominator T/ml can be interpreted as the u2 of a mass m on a spring 
constant T/l, so that 6 is a “dimensionless frequency.” With these 
two new variables, Eqs. (4.13) are transformed into 

- 2 1  + 42 - 3 
(X - 0 . 5 9 ) ( ~  - 2 ) ( ~  - 3.41) 

(x - 2) 

Y1 = 

y2 = (x - 0.59)(2 - 2)(2 - 3.41) (4.14) 

- 1  
(X - 0 . 5 9 ) ( ~  - 2 ) ( ~  - 3.41) Y3 = 

plotted in Figs. 4.5, 4.6, and 4.7. The reader should satisfy himself 
that for the static case x = 0, all three expressions (4.14) give the proper 
static deflections. An interesting property of (4.14) is that the factor 
(x - 2) can be divided out in the expression for y2. This means phys- 
ically that the middle mass does not get infinite amplitudes a t  the second 
resonance, while both the first and third masses do go to infinity. A 
glance at the second normal mode of Fig. 4.3 shows that this should be so. 

While the numerators of y~ and y3 show no peculiarities, it is seen that 
the numerator of yl is a quadratic which necessarily becomes zero for two 
frequencies, viz., for x = 1 and x = 3 (Fig. 4.5). At these frequencies 
the first mass, on which the force is acting, does not move, whereas the 
two other masses do vibrate. We have before us a generalization of the 
dynamic vibration absorber of page 87. If the first mass does not move, 
we can consider it clamped and the system reduces to one of two degrees 
of freedom (Fig. 4.4). Such a system has two natural frequencies which 
can easily be calculated to be x = 1 and x = 3. The action can then be 
imagined as follows. At two resonant frequencies the two-dimensional 
system can be excited to finite amplitudes by an infinitely small excita- 
tion, in this case by an infinitely small alternating motion of maw 1. 
On mass 1 in Fig. 4.4b or c two alternating forces are acting, one being the 
vertical component of the string tension from the right and the other one 
being the external force PO sin wt. These two forces must be always 
equal and opposite, because ml does not move. 

Generalizing, wethus might be tempted tomakethefollowing statement: 
If an alternating force acts on a mass of an n-degree-of-freedom system, 
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there will be n - 1 frequencies at which that mass will stand still while 
the rest of the system vibrates. Care has to be exercised, however, in 
making such sweeping generalizations. For example, an exception to the 
rule can be pointed out immediately by exciting our system a t  the middle 
mass. On account of this mass being a node a t  the second resonance 

(lJ9. -+ 
FIQ. 6.5. FIQ. 4.6. 

FIQE. 4.5 to 4.7. Resonance diagrams for the 
motion of ma88 1 (Pig. 4.6), mass 2 (Fig. 4.6) 
and maea 3 (Fig. 4.7) of the  yete ern of Fig. 
4.4a, excited at the first mass. Only the 
first mass has two frequencies at which it 
does not move. The masses 2 or 3 move at 
all frequencies. 

(Fig. 4.3), the force can perform no work on it at  that frequency so that 
no infinite amplitudes can be built up. The “resonant frequency” and 
the “vibration absorber frequency” happen to coincide in this case. I n  
reasoning out the shape of the three resonance curves for excitation at 
the middle mass, it should be borne in mind that the system is completely 
symmetrical so that the y1 and the ys diagrams must be alike. Without 
carrying out the calculations in detail, we can conclude that the result 
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must have the general shape shown in Fig. 4.8. Below x = 2 all three 
masses are in phase, somewhat like Fig. 4.3a; above that frequency they 
are in opposite phase, somewhat like Fig. 4 .3~ .  At the second natural 

3 /  I A.I 

f 
w 9 ,  + 

Fro. 4.8. Resonance diagrams for the symmetrical string with thi + masses of which the 
middle mass is excited by an alternating force. 

frequency, however, the configuration must, for rea )ns of symmetry, 
be as shown in Fig. 4.9. The amplitude of motion of ,ne masses 1 and 3 
must be determined by the value of the exciting force, so that the sum of 

the vertical components of the tensions 
in the two pieces of string attached to  
m2 must be equal and opposite t o  the F4-B ml exciting force. 

FIO. 4.9. Vibration-absorber effect in 4*3* Free and Forced Vibrations 
string with three masses, of which the with Damping. If there is damping 

in a system of many degrees of free- middle one is excited. 

dom, we are practically interested in two questions: (a) in the rate of 
dccay of amplitude of the free vibration; (b )  in the amplitude a t  resonance 
of the forced vibration. The method of calculation employed in the exact 
classical theory will be shown in the 
evample of the string with three 
equal and equidistant masses. 

Let a damping force -cxz be act- 
ing on the middle mass pig. 4.10). 
This force causes deflections of 
-alzcX2, -azZcx2, and - c ~ ~ ~ c k ~  at the three masses. The differential 
equations (4.1) for the free vibration become 

'M 
FIG 4.10. Damping at  the central mass of 
the string. 

(4.15) 
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where the various influence numbers have the values expressed by (4.6). 
By algebraic manipulations these can be transformed into 

mxa + -j- T ( ~ 8  - $2) + y T xa 
= 0) 

The first equation of (4.16) is found by subtracting the second of (4.15) 
from twice the first of (4.15), i.e., by forming 2x1 - 22. The second equa- 
tion of (4.16) is obtained by calculating XI + xa - 2x2 
and the third one by forming x z  - 2x8. The physi- 
cal significance of Eqs. (4.16) is apparent. They are 
the Newtonian equations for the various masses, the 
first term being the inertia force, the second the verti- 
cal component of the string tension to the left of the 
mass, the third that same component to the right, 
and the fourth the damping force. 

In this case it would have been possible and easier 
to write the equations in the last form directly with- 
out using the influence numbers. However, for the 
example of the beam with which this chapter started 
(Fig. 4.1), influence numbers afford the simplest 
manner of approach. 

Before proceeding with the solution of (4.16), it 
may be well to point out that these equations may tudind vibrations of 
represent two other systems as well, shown in Figs. 

$~$~~q:i;;;e;;~; 4.11 and 4.12. In Fig. 4.11 the masses are restricted the vibration of either 
to vertical motion alone, and the spring constant k Fig. 4.10 or Fig. 4-12 

has to be made equal to T/Z to give complete analogy with Fig. 4.10. 
The second example, Fig. 4.12, is a torsional one. The reader will 

do well to interpret the results shown 
in Figs. 4.2 to 4.9 for these two 
cases. 

In solving Eqs. (4.16), we know 
from the last two chapters that an 
assumption of the form x = a sin wt,  
which is perfectly justifiable for the 

system of Fig. 4.10 or Fig. 4.11. undamped case, will not lead to a 
result if damping is present. The 

solution is rather expected to be of the form 2 = a - e-p!  sin qt, This is 

FIG. 4.12. Torsional equivalent of the 
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met by assuming 
z1 = a d t  
22 = azeat 
2 3  = a3eSl 

(4.17) 

where s is a complex number, s = p + iq. The value - p  gives the 
exponent of decay of amplitude and q is the natural frequency (see page 
38). Substituting (4.17) in (4.16), 

0 = o  
T 
- a 3  = 0 1 az- 

0 -  

This is a homogeneous set of equations in 
solution only if the determinant vanishes: 

T 
1 

- -  T 1 ms2 + 2 7 
~ -T. m s 2 + c s + 2 ~  T 

1 
T - _  i o  1 

or, written out, 

all s2, and a3 and can have a 

0 

= o  T 
1 

- -  

ms2 + 2 T  T I  

This equation of the sixth degree in s is known also as the “frequency 
equation,” though s in this case is not the frequency but a complex 
number expressing frequency and rate of decay combined. The quantity 
s is called the “complex frequency.” 

I n  this particular case the equation falls into two factors of which the 
first one leads to 

with a mlution of the form 

which can be transformed to [see Eq. 1.8), page 111 
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This solution therefore gives a frequency u2 = 2T/ml, while the rate 

of decay of amplitude is zero, since s does not contain any real part. The 
frequency coincides with that of Fig. 4.32, for the undamped case, in 
which the middle mass is a node. Therefore the damping force can do 
no work, which is the reason for the absence of a rate of decay in this 
second mode and also the reason for the fact that  the natural frequency 
is not affected at all by the damping. 

The other factor of (4.18), after multiplying out, becomes 

s 4 + 2 s 3 + 4 - s 2 + 2 - - s + 2  m ml T ml m (3‘ - = o  
having four roots for s, which we do expect t o  have real parts, since in 
the modes of Figs. 4 . 3 ~  and c the damping does pcrform work. The 
roots of s will be of the form 

s3 = -p1 + j q 1  
84 = -p1 - j q ,  
s6 = -pP + jq2 
86 = -pZ - jq2 

because the complex roots of algebraic equations always occur in con- 
jugate pairs. 

The numerical calculation of these roots from the numerical values of 
m, c,  T ,  and 1 is cumbersome even for the comparatively simple equation 
of the fourth degree.t Therefore this classical method is unsuited to a 
practical solution of the problem. It has been discussed here merely 
because in Chap. 7 we shall consider cases in which the real parts of s 
become positive, which means a decay function of the form e+pt, which 
is not decay but actually a building up of the vibration; the motion is 
then called “self-excited.” 

In  practical cases the damping is usually so small that the natural fre- 
quency and the mode of motion are very little affected by it (Fig. 2.16, 
page 40). Hence the rate of decay of the free vibration may be cal- 
culated by assuming the configuration and frequency which would occur 
if no damping existed, as follows. 

If the amplitude of the middle mass be a2 and the frequency be W ,  

Eq. (2.30), page 52, gives for the work dissipated per cycle by the damp- 
ing force C U ~ W :  

T’v = rcwu; 
‘The kinetic energy of the system when passing through its neutral posi- 
tion is 

xmu2(u?  + af + ui) = xmw2fai (4.19) 
t The mathematical method by which this can be done is discussed in “Mathe- 

matical Methods in Engineering” by Th. von K&rm&n and M. A. Biot, p. 246. 
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where the factor f depends on the configuration. 
ished by rcoa; each cycle, or 

This energy is dimin- 

d(xmwYai) = mwYazda2 = rcwai 

Hence, da2 uc 
a2 ntwf 
- x -  

If in a natural mode of motion one of the masses reduces its amplitude to 
one-half, all other masses do the same, so that 

In the first mode of motion, Fig. 4.3~2, the factor f, as defined by (4.19), ie 

seen to be 2, whereas w = w1 = 

per cycle is 

so that the percentage decay 

In the third mode of motion f is also 2, but wa = 

.- 3 = 0 . 8 5 c , / ~  1 
a1 

This method gives perfectly satisfactory results for the usual damping 
values. Of course, when the damping becomes an appreciable fraction 
of cc, the procedure ceases to be reliable. 

For forced vibrations with damping, the classical” method is even 
more complicated than for free vibrations. It becomes so cumbersome 
as to be entirely useless for practical numerical purposes. However, for 
technically important values of the damping the above energy method 
gives us a good approximation for the amplitude at  resonance in which 
we are most interested. 

As before, we assume that at  resonance the damping force and exciting 
force are so small with respect to the inertia and elastic forces (see Fig. 
2.21, page 48, for the single-degree case) that the mode of motion is 
practically undistorted. Then the damping dissipation per cycle can be 
calculated in the same manner as has just been done for the free vibration. 
In the steady-state case this dissipation must be equal to the work per 
cycle done on the system by the exciting force or forces. In general, 
there is some phase angle between the force and the motion. At “res- 
onance,” however, this phase angle becomes 90 deg., as explained on 
page 50, at which value of the phase angle the work input for a given 
force and motion becomes a maximum. 
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The work 
input of the force per cycle is T P O U ~ ,  and the resonant amplitude is cal- 
culated from 

As an example, take the combined Figs. 4.4~ and 4.10. 

Hence 
. .  

In  the first mode we have u2/ul = 1.41 and w = 

that  

For the two other natural frequencies we find 
(aJre8 = 00 (second mode) 

C 

The most important technical application of this method is in connection 
with torsional vibration in the crank shafts of Diesel engines, as discussed 
in Chap. 5. 

4.4. Strings and Organ Pipes ; Longitudinal and Torsional Vibrations 
of Uniform Bars. These four types of problem will be treated together 
because their mathematical and phys- 
ical interpretations are identical. 

I n  thelast few sectionsastring with 
three masses has been investigated. 
The “string” itself was supposed to  
have no weight; the masses were sup- 
posed to  be concentrated at a few 7%+73d’  

number of masses to  increase without T A T S  -- 
limit we arrive at the concept of a 
uniform string with distributed mass. 4.13. Vertical oomponents of the 

The equation of motion is derived tensions acting on an element dz of a 
stretched string. by writing Newton’s law for a small 

element dx of the string, of which again the tension T is assumed to be 
constant. Let the deflection curve during the vibration be y(x, t ) ,  where 
the ordinate varies both with the location along the string and with the 
time. The vertical component of the tension T pulling to the left a t  a 
certain point x of the string is (Fig. 4.13) 

p-7 
x tdx 

(0) 

distinct points. By imagining the 0- 
(6)  
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negative because it pulls downward, whereas y is positive upward. The 
differential coefficient is partial, because the string is considered at a 
certain instant, i.e., t is a constant in the differentiation. At the right- 
hand end of the element dx, the vertical component of the tension is 

a2Y 
ax2 This quantity is positive because it pulls upward. The factor - dx  

expresses the increase in slope along dx,  Since the two vertical forces on 
the element dx are not equal (Fig. 4.13b), there is an excess upward pull of 

which must accelerate the element in the upward direction. If we denote 
the mass per unit length of the string by pll the mass of dx is pldx and 
Newton’s law gives 

Dividing by dx we obtain the partial differential equation of the string: 

(4.20) 

The reader should compare the structure of this formula with the first of 
the equations (4.16) and determine the physical meaning of each term. 

The problem of longitudinal vibrations in a bar is quite similar to  that 
of the string and is a generalization of Fig. 4.11 (without damping) 

when we take more and smaller 
masses and more and shorter springs. 
Now the masses are not numbered 1, 
2, 3 as in Fig. 4.11 but designated 
by their position x along the bar 

placement of each point x be indi- 
cated by the Greek equivalent of x, 

Thus the state of motion of the bar is known if we know 

The cross section x goes to  x + 4, and the section x + dx goes t o  

FIQ. 4.14. Longitudinal vibrations of a pig .  4.14). ~~t thelongitudinaldis- 
bar: z determines the position of any 

vibration of each point 2. 
point, and 5 is the displacement during 

namely 5. 
E(x, t ) ,  again a function of two variables. 

(z + dx)  + ( 4  + dt) .  At some instant t the length dx becomes 
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Thus at:/ax is the unit elongation which causes a t  the section x of the 
bar a tensile stress of 

where E is the modulus of elasticity. If the bar were stretched with a 
at: 
ax constant stress, E - would be constant along 

the length of the bar, and the element dx would 
be pulled to  the left with the same force as to the 

at: right. But if the stress E - varies from point 

to  point, there will be an excess force on the 
element to  accelerate it longitudinally. 

In  Fig. 4.15 let the element d x  be represented 
with its two forces which are the stresses multiplied by the cross-sectional 

at a€ area A .  The force to the left is A E  z,  and that to the right is A E  - ax 

ax x x+dx 
FIQ. 4.16. Longitudinal elas- 
tic forces on an element of 
the beam of Fig. 4.14. 

plus the increment due to the increase d x  in the abscissa. This increment 

of force is 2 ( A E  2) dx. Hence the excess force to the right is ax 

a2t: A E  -2 dx ax 

Let the msss per unit length of the bar be pl, and Newton’s law becomes 

or (4.21) 

where A E  is the tension stiffness of the bar. This is the same differential 
equation aa (4.20). 

A variant of this case is the organ pipe ,  where an air column instead 
of a steel column executes longitudinal vibrations. Equation (4.21) 
evidently must be the same; p1 signifies the mass of air per unit length of 
pipe, and E is its modulus of elasticity. Instead of the stress in the above 
derivation, we have here the pressure and since the definition of E in 
elasticity is 

Stress elongation -= 
E original length 
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we have correspondingly for the E in gases 

or 

Increase in pressure decrease in volume 
E original volume 

As in elasticity, the quantity E in gases is measured in pounds per square 
inch. 

Finally, an  inspection of Figs. 4.10, 4.11, and 4.12 will make it clear 
that  the torsional vibration of a uniform shaft with distributed moment 
of inertia also leads to  the same differential equation. The variable in 
this case is the angle of twist p(z, t ) ,  and the differential equation is 

(4.22) 

where p 1  is the moment of inertia per inch length of shaft and GI,  is the 
torsional stiffness of the shaft. It is left as an  exercise to  the reader t o  
derive this result. 

Proceeding to a solution of (4.20), (4.21), or (4.22), we assume that the 
string vibrates harmonically a t  some natural frequency and in some nat- 
ural or normal configuration. It remains to be seen whether such an  
assumption is correct. I n  mathematical language this means that we 
assume 

(4.23) y ( x ,  t )  = y(z) sin wt 

Substitute this in (4.20), which then becomes 

(4.24) 

which is an  ordinary differential equation. Whereas in all previous prob- 
lems this sort of assumption simplified the ordinary differential equations 
to  algebraic ones, we have here the simplification of a partial differential 
equation to an ordinary differential equation. 

It is seen that (4.24) has the same mathematical form as Eq. (2.7), 
page 31, or in words: the amplitude of the string as a function of space 
acts in the same manner as the amplitude of a single-degree-of-freedom 
system as a function of time. 

Therefore the general solution of (4.24) is by Eq. (2.8) 

g(z) = CI sin z Jq + CZ cos z $$ (4.25) 

which determines the shape of the string at the instant of maximum 
deflection. The integration constants C1 and CZ can be determined from 
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the condition that at the ends of the string the amplitudes must be zero, or 

y = 0 for x = 0 andfor x = 1 

y(0) = 0 = c1.0 + c2 * 1 
Substituting x = 0 gives 

so that Cz = 0. With x = I ,  we get 

(4.26) 

This can be satisfied by making C1 = 0, which gives the correct but 
uninteresting solution of the string remaining a t  rest. However, (4.26) 

FIQ. 4.16. The firat three natural modes of 
motion of the lateral vibration of a uniform 
string or of the longitudinal or torsional 
vibration of a uniform bar built in a t  both 
ends. 

can also be satisfied by making the argument of the sine an integer mul, 
tiple of T or 180 deg. 

1 $$ - = o  , T, 2*, 3*, . . . (4.27) 

This determines the natural frequencies, while the corresponding normal 
modes can be found at once by substitution of Eq. (4.27) in Eq. (4.25). 
The results are illustrated in Fig. 4.16. 

There is an  infinite number of normal elastic curves and correspond- 
ingly an infinite number of natural frequencies. The motion in each 
one of these modes is such that the amplitude of every point of the string 
varies harmonically with the time, and consequently the normal curve 
remains similar t o  itself. Therefore, if a string is deflected in one of the 
shapes of Fig. 4.16 and then released, it will return to its original position 
in an interval of time determined by the natural period of the vibration. 
At that frequency and shape the inertia force and spring force of each 
element dx of the string are in equilibrium with each other a t  any instant. 

If the string is given an  initial displacement of a shape different from 
any of those of Fig. 4.16, e.g., a displacement such as is shown in Fig. 4.17, 

FIG. 4.17. Shape of a “plucked”.string with 
the first three Fourier components of that 
shape. 
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the shape can be considered to be composed of a (Fourier) series of the 
normal shapes (see page 17). Each Fourier component then will execute 
a motion conformal to itself, but each one will do this at its own particular 
frequency. Thus after one-eighth period of the fundamental mode, the 
amplitude of that fundamental component will have decreased to 0.707 
of its original value, the second component will have zero amplitude, 
while the fourth mode will have reversed its amplitude. Thus the com- 
pound shape of Fig. 4.17 is not preserved during the motion. However, 
after a full period of the fundamental motion the original shape recurs. 

The shapes of Fig. 4.16 pertain also to  the longitudinal (or torsional) 
vibrations of a bar with both ends built in or to the vibrations of an 
“organ pipe” with both ends closed. The ordinates then signify dis- 
placements along the bar. The frequencies are evidently the same, except 
for a substitution of the “tension stiffness” A E  instead of the tension T. 

For the longitudinal (or torsional) vibrations of B cantilever bar or of 
an  organ pipe with one open end, the general expression (4.25) for the 

FIG. 4.18. Longitudinal vibrations of a 
steel column or air column of which one 
end is fixed and one end free, 

shape still holds, but the end con- 
ditions for determining CI and CZ are 
different. 

At the closed end x = 0, we still 
have y = 0, because the air cannot 
penetrate the solid wall at the closed 
end of the pipe. At the open end, 
however, there can be displacement 
but no stress (in the bar) or no pres- 
sure excess (in the organ pipe). I n  
the derivation of the differential equa- 
tion this stress was seen to be propor- 
tional to a(/ax (or dy/dx in the string 
notation). The end conditions are 
therefore 

x = o  y = o  
x = 1 d y / d z  = 0 

The first of these makes CZ = 0 in 
(4.25), while the second one can be 

satisfied by equating the length of the bar to x, x, F i ,  etc., wave lengths, 
as shown in Fig. 4.18. 

I n  conclusion, a number of results previously obtained are assembled 
in Fig. 4.19. The first of these is half of Fig. 4.3b; the second one is Fig. 
4.4b; and the third one is Fig. 4 . 3 ~ .  The inscribed frequencies also have 
been taken from the same sources, except that  M now stands for all the 
masses combined and L for the total length of the string. 
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I n  the right half of Fig. 4.19 two masses have been added at the points 
of support. These masses do not affect the frequency since they do not 
move. However, they do affect the value of M ,  which is the total mass. 
By increasing the number of masses from 1 to  2, 3, etc., we must finally 
approach the fundamental frequency of the continuous string. In  the 
left half of the figure the frequency of the continuous string is approached 
from below, because the masses are concentrated too close to  the center 
where their inertia is very effective. Conversely, in the right half of the 
figure the mass is too close to  the supports where it contributes a very 
small amount of kinetic energy; hence the frequencies are too large. 

It is seen that the exact factor a2 = 9.87 is approached very slowly, 
and therefore that a quick approximate method for finding the natural 
frequency based on such shifting of masses is rather unsatisfactory. 

Fro. 4.19. By increasing the number of equidistant masses on the string the uniform mass 
distribution is approached gradually. The convergence is too slow to  have practical 
significance. 

4.6. Rayleigh’s Method. The string problem is the simplest one 
among all those having an infinite number of degrees of freedom. Though 
for this problem an  exact solution of the natural frequencies can be 
obtained, this is far from possible for the general problem of a system with 
distributed mass and distributed flexibility. Therefore it is of great 
importance to  have an approximate method for finding the lowest or 
fundamental frequency, a method which will always work. Such a pro- 
cedure has been developed by Rayleigh; it is a generalization of the 
energy method discussed on page 33. 

Briefly, a shape is assumed for the first normal elastic curve; with this 
assumption the (maximum) potential and kinetic energies are calculated 
and are equated. Of course, if the ezact shape had been taken as a basis 
for the calculation, the calculated frequency would be exactly correct also; 
for a shape differing somewhat from the exact curve a very useful and 
close approximation for the frequency is obtained. Since the exact solu- 
tion for the string is known, we choose it as an  example for the explana- 
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tion of Rayleigh's method, which will enable us to judge the error of the 
approximate result. 

For a calculation of the potential energy we observe that the deflected 
string has a greater length than the 
straight one. It is subjected to  a ten- 
sion T all the time, so that in going into 
the deflected shape an amount of work 

This is 
stored in the string in the form of poten- 

For a calculation of the increase in length AZ, we observe 

W T =  
dX X - +  

FIQ. 4.20. Calculation of the poten- 
tial energy of a string. 

tial energy. 
that  the length of an element d s  is (Fig. 4.20) 

TAZ has to  be performed on it. 

ds = l/(dz)' + (dy)* = d x  dl + @!)' = d x  [ 1 + ($)'I 
The increase in length of that  element is 

so that (4.28) 

This result can be derived somewhat differently as follows. In the derlvation of 

Eq. (4.20), page 136, it  was seen that the right-hand side T signifies the downward 

force per unit length of the string. Imagine the string to be brought into its deflected 
shape by a static loading q(x) which grows proportional to the deflection y(z). The 
work done on an element dx by q(z) in bringing it to the fully deflected position y(z) is 
>5q(x)y(x) dz, and the potential energy is 

aty 

Since q(s) = -T%, dx 

Pot = - f lo1 y . dz (4.29) 

By a process of partial integration this can be shown to be equal to (4.28): 

The first term is zero because y is zero a t  0 and 1. 
can be written 

The integral in the second term 

- /ol$$dx = - lo1 (2)"dx  

The total kinetic energy is the sum of the kinetic energies $.$mu2 = 
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S ( p 1  d x ) ( y ~ ) ~  of the various elements: 

- 
T 3.142 T 

w1 = 5 4- = 7 LLY (4.32) / 
4 1 Pl 

Y 

143 

Yo 

Of 

1 Kin = - 2 pcClwz y2 dx (4.30) 

As in the case of a single degree of freedom (page 33), the expressions 
(4.28) and (4.30) are the maximum energies; the maximum potential 
energy occurs in the most deflected position, and the maximum kinetic 
energy occurs in the undeformed position where the velocity is greatest. 
Equating the two energies we find for the frequency: 

(4.31) 

The value u2 obtained with this formula depends on the form y(x) which 
we assume. First consider the exact shape: 

RX y = yo sin - 1 

By Eq. (4.28) the potential energy is 

T I? 1 
Pot = f 61 (yo cos 7)' dx = 3 yi (see page 14) 

P l W 2  1 Similarly we find for the kinetic energy: Kin = - y8 27 so that the fre- 2 

FIQ. 4.21. A parabolic arc as the which is the exact value. 
approximate (Rayleigh) shape of a 

shape of the string. The equation of vibratingstring. 
a parabola in the xy system of Fig. 4.21 is y = px2.  The parabola can 
be made to pass through the two points y = yo and x = f1/2 by giving 

p the value 4yo/l2. The equation y = 4y0 describes the shaded ordi- 

nates of Fig. 4.21. The deflection of the string is yo minus the shaded 
ordinate : 

Next assume a parabolic arc for the 

2 2  

quency becomes
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Using this value for y in (4.28) and (4 .30))  we have after a simple inte- 
gration : 

and 

8 Y2 Pot = -T--O 3 1  
. 4  Kzn = -plw2Ey~ 15 

which is only 0.7 per cent greater than the exact value. The error is 
surprisingly small, since it can be seen physically that the parabola can- 
not be the true shape. The spring effect driving a particle dx of the 
string back to equilibrium lies in the curvature, or d2y/dx2,  of the string. 
At the ends the string particles do not move, so that there they have 

obviously neither inertia force nor spring 
force. Therefore the exact shape must 
have no curvature a t  the ends, which 

F ~ ~ .  4.22. Another lzayleigh approx- condition is violated by the parabola. 
imation for half a sine wave. To test the power of Rayleigh’s 
method we shall now apply it to a most improbable shape of deflection 
curve (Fig. 4.22):  

Y +- 
X+ 

X y = yo-I  for x = 1/2 
1/2 

We find successively, 

Pot = 2Tyi/E 
Kin = plw21y$/6 

and 

which is 10 per cent greater than the exact value (4 .32) .  
Rayleigh’s approximation always gives for  the lowest natural frequency 

a value which i s  somewhat too high. Among a number of approximate 
results found in this manner the smallest is always the best one. A proof 
for the statement will be given on page 161. 

Finally, we shall solve the combination problem of a heavy string of 
total mass M ,  in the middle of which is attached a single concentrated 
weight of the same mass M .  This problem is again equivalent to  that 
of the longitudinal (or torsional) vibrations of a bar clamped at  both ends 
and having a concentrated disk in the middle with a mass (or moment of 
inertia) equal to that of the bar itself. 

Regarding the elastic curve, it can be said that, if the central mass 
were absent, the curve would be sinusoidal, whereas if the string mass 
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were absent, it would be as shown in Fig. 4.22. The actual shape will 
iie between these two. Assuming first a sinusoid, we note that the 
potential energy is not affected by the presence of the central mass. The 
kinetic energy, however, is increased by >$Mw2y;, which is twice as great 
as the kinetic energy of the string itself, since M = plZ. Thus the total 
kinetic energy is three times as large as without the central mass and con- 
sequently the frequency is ds times as small: 

With the string deformed as shown in Fig. 4.22, again the potential 
energy is not affected, and the kinetic energy becomes Mw2y:/2 larger, 
i.e., (x + >g)/>Q = 4 times as great as before. Thus the frequency is 

Since this last value is smaller than the one found before, it is the better 
approximation. The exact solution for this problem is 

w1 = 1.721 ,/& - 
This exact solution, though somewhat complicated, can be found from the theory 

Equation (4.25) gives the general shape of a vibrating string, 
The condition that the left end is at 

developed on page 138. 
which we apply now to the left half of our string. 
rest gives Cz = 0 aa before, so that the 
shape of the left half of the string is de- 
termined by 

y = c sin 5 ++ - (4.33) 

where C and are unknown, The FIG. 4.23. Exact CalCUlatiOII O f  heavy 

tude C is of no particular importance, but string with 

the frequency ;determines the “wave length,’ of the sine curve. In Fig. 4.23 the 
shape is shown, with the right half of the string as a mirrored image of the left half. 
The central mass M experiences an inertia force Mdyo and an elastic force 2T tan a 
and, &s these two forces must be in equilibrium, 

2T tan a = Mw’ye (4.34) 

The value 210 and tan a are the ordinate and the slope of Eq. (4.33) a t  the point where 
z = 1/2, or 
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Since plZ = M a  substitution of these expressions in (4.34) gives 

Thus we have to find an angle of which the magnitude in radians equals the value of 
the cotangent. For zero degrees the angle is zero and the cotangent infinite; for 90 
deg. the angle is 1.6 radians and the cotangent is zero. Clearly the equality must 
occur somewhere between 0 and 90 deg. From a trigonometric table we find that it 
occurs a t  49.3 deg. = 0.8603 radian. Thus 

4T = 0.8603 

or wI = 1.721 

Since the smallest value obtained for the frequency is always the best 
one, Rayleigh sometimes writes down a formula for the shape which is 
not entirely determined but contains an arbitrary parameter. With this 
formula the frequency is calculated in the regular manner, giving a result 
which also contains the parameter. By giving the parameter various 
values, the frequency also assumes different values. The best value 
among these is the smallest one, i.e., the minimum frequency as a func- 
tion of the parameter. The approximation thus obtained is very much 
better than with the normal Rayleigh method. 

The 
Ritz method of finding natural frequencies is very accurate but unfor- 
tunately requires rather elaborate calculations. 

Example: A ship drive consists of an engine, a propeller shaft of 150 f t .  length and 
10 in. diameter, and a propeller of which the moment of inertia is the same as that of a 
solid steel disk of 4 in. thickness and 4 ft. diameter. The inertia of the engine may be 
considered infinitely great. 

Solution: On account of the great engine inertia the engine end of the shaft can be 
considered as built in, so that the system might be described as a “torsional canti- 
lever.” The shape of the deflection curve (i .e. ,  angle ‘p vs. distance x from engine) 
would be a quarter sine wave if there were no propeller, and it would be a straight line 
through the origin if the shaft inertia were negligible with respect to that of the 
propeller. 

Ritz has generalized this procedure to more than one parameter. 

Find the natural frequency of torsional vibration. 

We choose the latter straight line as our Rayleigh shape, thus: ‘p = Cz. 
From the strength of materials we take two results: 
1. The relation between torque M and angle of twist ‘p: 

2. The potential energy stored in a slice dx of the shaft: 

where GI, is the torsional stiffness of the shaft. 
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Since our assumed Rayleigh curve has a constant slope drp/dz = C, it  follows from 
the first of these equations that the torque M = CGI, is constant along the length 
of the shaft. The second equation can thus be integrated immediately: 

MY Pot = - 201,  

The kinetic energy of a shaft element ds is M(I ldz )@a,  where I1 ia the maas moment of 
inertia per unit length of the shaft. But @ = w v  = wCz = wMs/GI, .  

The kinetic energy of the shaft becomes 

The angular amplitude of the propeller (of which the inertia is I )  is rp, - C1 = Ml/GI, ,  
and its kinetic energy 

I M V  Kin - - u p -  '- 2 GlI: 

Equating the sum of the two kinetic energies to the potential energy and solving for 
d, we 6nd: 

= G I ,  
( I + ? )  

from which it is seen that one-third of the shaft inertia is to be thought of as concen- 
trated at  the propeller. 

With the numerical data of the problem we find: 

I = -mr2 1 = - ( ' 2 ~ 2 4 )  r2 = 1,610 in. lb. sec.8 2 
1.21 = 1,280 in. lb. sec.2 

GI,  =Err7' = - E ! ? L . E . 5  - - 6.55 lon in. lb. 

d = 1,510 + 427 = 3,380 rad.l/sec.a 
1 1 2  150 X 12 2 

6.55 lon 
80 that 

and = 9.3 cycles/sec. 1 
j = 3 = g 

An exact solution can be found by a process very similar to that discussed on pags 
The 145. 

frequency equation becomes 
In fact, Fig. 4.23 can be suitably interpreted for this propeller shaft. 

'1' - 17280 - 0.848 
= 1,510 a tan a 

where a is an abbreviation for 

By trial the solution of this transcendental equation is found to be 
a = 46.3 deg. = 0.809 radian 

d = (0.809)' -' = 3,350 rad.P/seo.a GI 
PI1 from which 

which is 1 per cent smaller than the Rayleigh result. 
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4.6. Bending Vibrations of Uniform Beams. I n  the various textbooks 
on strength of materials the differential equation of the static loading of 
a beam is usually given in the following form: 

or combined 

I d2M 
q = p  

q = P ( E I 2 ) )  dx2 

( 4 . 3 5 ~ ~  b, c) 

where q is the load per running inch and M is the bending moment. 

E I  does not depend on x and the equation simplifies t o  
If the cross section of the beam is constant along its length, the factor 

p = &‘I% 
ax4 (4.36) 

The various diagrams for a beam on two supports under two stretches of 
uniform loading are shown in Fig. 4.24, but Eqs. (4.35) and (4.36) are 
generally true and hold just as well for other manners of support, e.g., 
for cantilevers. 

If a beam is in a state of sustained vibration at a certain natural fre- 
quency, the “loading” acting on it is an alternating inertia load. I n  

Distributed 
0 lood 

q.E(Y(4) 

‘ Deflection 
y = f ( x )  

FIG. 4.24. Illustrating the differential 
equations of a beam in bending. 

order to get a physical conception of 
this statement, note that in the position 
of maximum downward deflection (Fig. 
4.24e) each particle of the beam is sub- 
jected to  a maximum upward accelera- 
tion. Multiplied by the mass of the 
particle, this gives an upward inertia 
force which the beam must exert on the  
particle. By the principle of action and 
reaction the particle in question must 
exert a downward force on the beam. 
All these downward forces of the various 
particles constituting the beam form a 
loading q which is responsible for the 
deflection and is related to it by (4.35) 
or (4.36). Naturally, while the beam 

is passing through its equilibrium position, the accelerations and therefore 
the loadings are zero, but then the deflections are also zero. 

Thus the differential equation of the vibrating bar of uniform cross 
section is 

(4.37) 
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Assuming a sustained where p l  is the mass of the beam per unit length. 
free vibration a t  B frequency w ,  we have, as on page 133, 

y ( x ,  t )  = y ( x )  sin wt (4.233 

which gives to (4.37) the form 

(4.33) 

The left side of this is the elastic expression for the loading [Eq. (4.36)], 
while the right side is the maximum value of the inertia load. From it 
we see that the physical characteristic of any “normal elastic curve” of 
the beam is that the q loading diagram must have the same shape as the 
dejection diagram. Any loading that can produce a deflection curve 
similar to the loading curve can be regarded as an inertia loading during 
a vibration; the natural frequency appears merely in the numerical factor 
plw2 connecting the two. 

The functions which satisfy (4.38) must have the property that, when 
differentiated four times, they return to their original form multiplied by 
a positive constant p l w 2 / E I .  We may remember four functions that 
will do this, viz.: 

ear, e--O= , sin ax, and cos az: 

where the coefficient a has to be so chosen that 
4 2  

a = 2% (4.39) 

Thus the general solution of (4.38) containing four integration constants 
can be written 

y(z) = Cleaz + C2e--OZ + Ca sin az: + Cd cos a x  (4.40) 

This expression determines the shape of the various “normal elastic 
curves.” The four integration constants C have to be calculated from 
the end conditions. For each end of the beam there are two such con- 
ditions, making the required four for the two ends. 

Simply supported end: y = 0, y” = 0 

Free end: y” = 0, y”’ = 0 

Clamped end: y =O,y’  = o  

They are for a 

(zero deflection and bending moment) 

(zero bending moment and shear force) 

(zero deflection and slope) 

which will be clear from a consideration of the physical meaning of the 
various derivatives as shown in Fig. 4.24. For any specific case the four 
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end conditions substituted in (4.40) give four homogeneous algebraic 
cquations in the four C's. The determinant of t,hat system equated to  
zero is an equation in a, which by (4.39) is the frequency equation. This 
process has been carried out for the various kinds of beams (beam on two 
supports, cantilever or '' clamped-free " beam, clamped-clamped beam, 
etc.), but we prefer here to  find approximate solutions by using Rayleigh's 
method. Only for the beam on two simple supports can the exact solu- 
tion be recognized from (4.40) in a simple manner. The end conditions 
are in this case 

x = 0, y = y" = 0 and 

We see immediately that a sine-wave shape satisfies these conditions, and 
that the cosine or e-functions violate them. Thus for a beam on two 
supports (4.40) simplifies to 

5 = 1, y = y" = 0 

y(x) = C sin ax 
so that the normal elastic curves of a uniform beam on two supports are 
the same as those of the string shown in Fig. 4.16, but the frequencies are 
different. They are found by making the argument of the sine equal 
t o  an  integer number times T or 

so that 
- 

n:2 (4.41) w 2 =  , O n = -  

Whereas the consecutive natural frequencies of the string increase as 
1, 2, 3, 4, etc. (page 139), for the beam on two supports they increase 
as 1, 4, 9, 16, etc. 

We have seen that in a natural shape of the uniform beam the inertia 
loading diagram is similar to the deflection diagram, because the inertia 
load at each point is pldxa2y, proportional to the deflection y. Thus to  
each natural shape there belongs a natural loading curve plw2y. This 
concept is useful for solving a group of problems, of which the following 
is a typical example: 

A beam on two supports is in a state of rest. A load P is suddenly 
applied to  the center and remains on it for t o  seconds. Then it is removed. 
What is the ensuing state of motion? 

The concentrated load, being not one of the natural loadings, will 
excite many of the natural motions. I n  order to see through the situa- 
tion, the applied loading is resolved into a series of natural loadings, in 
this case into a Fourier series. A concentrated load P is hard t o  work 
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with; we replace it by a distributed load of intensity q acting over a short 
length 6, such th:Lt q6 = P. Then, by Eq. (l.l2a), page 18, the various 
Fourier coefficients become 

where the + sign holds for n = 1, 5 ,  9 and the - sign for n = 3, 7, 11, 
. . . . Thus a concentrated force P at 
the center of a beam is equivalent to a 
series of sine loadings of the same inten- 
sity 2P/Z. The first few terms are illus- 
trated in Fig. 4.25. 

We investigate the influence on the 
motion of each of these natural loadings 

only the natural motion to which they 
belong, and under one of these loadings 
the system acts as one of a single degree of freedom, t o  which the solution 
of Problem 48 may be applied. 

individually. Any of them will influence 3 
FIQ. 4.25. Fourier components of a 
concentrated load. 

Thus for the first loading 

y = y,t[cos w1(t - t o )  - cos w d ]  

2P nrx 
1 1 The static deflection curve under a loading q = - sin - is found by 

integrating Eq. (4.36) four times: 

The entire motion is the superposition of the individual motions for each 
mode and can be written as 

where the values of wn are to be found from Eq. (4.41). 
Suppose the load is applied during a time t o  which is a multiple of a 

period of the first harmonic motion (and therefore a multiple of the period 
of any higher harmonic as well). Then cos wn(t - to)  = cos writ, and the 
whole solution y(x, t )  reduces to zero. No motion results after the load 
ceases to apply. 
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Next consider the case where the load stays on for 36 period of the first 
harmonic (and therefore for 95 period of the third harmonic, 2:,5 period 
of the fifth, etc.). Then cos wn(t  - t o )  = -COB w,t, and the square 
bracket becomes - 2  cos 4, so that 

L3.5 

All harmonics are present in the motion, but their amplitudes are pro- 
portional to l/n4. Thus, while the first harmonic has an amplitude of 
2Pla/n4EI a t  the center of the span, the third harmonic is only $61 times 
as large, the fifth $625, etc. 

In  applying Rayleigh's method, the expression (4.30) for the kinetic 
energy holds for the bar as well as for the string. But the expression 
(4.28) for the potential energy will be different since the spring effect in 
this case is due to the bending resistance E I  rather than to the tension T. 
From strength of materials we have the following formulas for the poten- 

tial or elastic energy stored in an element of length 
dx of the beam: 

d Pot = - a x  

d P o t = - - (  EI d2y ) 2 d x  

Consider an 
element dx under the influence of the bending moment M 
(Fig. 4.26). The element is originally straight and is bent 

4*26. en- through an angle da by the moment M. If the left-hand ergy of flexure in a 
beam element. end of the element be assumed to be clamped, the moment 

M a t  the right-hand end turns through the angle dp. The 
work done by M on the beam is $.iM dp, where the factor appears because both M 
and dp are increasing from zero together. This work is stored as potential energy in 
the beam element. 

If the slope at the left-hand end z be dy ldx ,  then the 
slope at the right-hand end is 2 + (3) - dz and the difference in slope d p  is 

M2 
2EZ 

2 d z Z  or 

These can be derived simply as follows. 

Now calculate the angle dp. 

so that d Pot = >$My"& 

With the differential equation of bending M = Ely", the two forms given above follow 
immediately. 

Thus the total potential energy in the beam is 

Pot = Jd ($$)' dx (4.42) 
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It is left as an exercise to the reader to derive the first natural frequency 
of a beam on two supports by substituting in the expressions (4.30) and 
(4.42) half a sine wave for the shape y. 

Let us now calculate the fundamental frequency of a cantilever or 
“clamped-free” beam. We have to  choose a curve (Fig. 4.27) which 
is horizontal at x = 0 and has no curva- 
ture or bending moment y” at the end 
1. A quarter cosine wave has these 
properties: 

3 
Ib 
-t 

y = yo (1 - cos s) (4.43) 

Since this expression cannot be forced 
into the form (4.40) by manipulating the 

~ ~ ; l $ ~ ~ ~ s ~ $ ~ ~ r  r,Sk:tic’:. as a 

four CIS, (4.43) is not the &act form of the normal curve. 
in (4.42) and (4.30)’ we find with the aid of the integral of page 14 

Substituted 

7r4 E I  Pot = -- 64 Is ” 
Kin = p1w*y’1 (3 3 2  - --) 

Equating these two expressions, the frequency beconics 

(4.44) . ,  
The exact solution contains the fac- 
tor 3.52, which is 4 per cent smaller 

FIG. H 2 = 2 2 , 0 m  4.28. The first two natural modes than 3.6G. Figure 4.28 gives the ex- 
of motion of a cantilever in bendinn. act shape together With that of the - 

second mode. 
The normal elastic curve of a beam which is built in at both ends (a 

“clamped-clamped” bar) must have a shape that is symmetrical and 

- - f 2 Y o - L  w, =22.4JEI4+L4 

FIG. 4.29. Normal elastic curvc of 8 clamped-clamped bar. 

horizontal at both ends (Fig. 4.29). 
by go is a simple curve fitt,ing these conditions: 

A full cosine wave displaced upward 

y = y o  [ 1 -  cosq 
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We find successively: 
EI 1 ~ ~ 4  I Pot = - yi - - 
2 I‘ 2 

Kin = 2 y&P1[1 + %] 

(4.45) 

whereas the exact solution is 22.4 or 1.3 per cent smaller than 22.7. 
Finally, we consider the “free-free” bar, i.e., a bar which is suspended 

freely from one or more strings or which is floating on a liquid. The 
simplest mode of vibration (Fig. 4.30) must have two nodes and no cur- 
vature y” at either end. Such a shape can be had conveniently in the 
form of half a sine wave displaced vertically through a short distance a :  

TX y = yo sin - - a 1 

The amount of vertical displacement a is important, since it determines 
the location of the two nodes. For a = 0 they are a t  the ends of the 
beam; for a = yo they are both at the center. The actual value of a 
between 0 and yo can be found from the fact that  since no external alter- 
nating force is acting on the beam, its total vertical momentum must be 
zero. While the beam is passing through its equilibrium position, the 
ends have downward velocities wy and the middle has an upward velocity 
wy. Since the beam is uniform, i.e., since all particles dx have the same 
mass, these values wy are proportional to the momentum as well. The 
total momentum is zero if the areas above and below the center line in 
Fig. 4.30 are equal or if 

a = -  2Yo 
* so tha t  

With that expression for the shapc of the vibration we find 
7r4 EIyg  Pot = - ~ 

4 l a  

T 2  (4.46) 

The exact result is the same as that of the clamped-clamped bar, namely 
22.4, which is 1 per cent smaller than 22.72. 
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Emmpk:  A cantilever beam EI, of length 1 and of mass M I  per unit length (total 
mam m = p l l )  carries a concentrated mass M at its end. Find the natural frequency 
by Rayleigh's method, and in particular find what fraction of m should be added to  
M in order to make the simple formula (2.10) applicable (page 33). 

Solution: The shape of the deflection curve has to satisfy the same requirements that 
were used in deriving Eq. (4.43)) so that we shall retain the expression employed there. 
The potential energy is not affected by the addition of a, mass M a t  the end of the bar, 
but since the amplitude of that end is yo, the kinetic energy ia increased by >$Mu*y:. 
With m = pJ,  the total kinetic energy can be written as 

With the expression of page 147 for the potential energy the frequency becomes 

3.03EI 
L8(M + 0.23m) 

= - 

Thus 23 per cent of the mass of the bar has to be added to the end mass. In case the 
bar is supposed weightless, m = 0 and the result for w'found here is 1 per cent greater 
than the exact value, where the coefficient is 3. 

FIQ. 4.30. Normal elastic curve of a free-free bar. 

4.7. Beams of Variable Cross Section. I n  many practical cases the 
cross section of the beam is not constant over its length. The most 
common example of a beam on two supports is a shaft in its bearings, the 
shaft usually having a greater cross section in its middle portion than 
near its ends. A steel ship in the water sometimes executes vibrations 
as a free-free bar, somewhat in the form of Fig. 4.30. These vibrations 
become of importance if the unbalanced forces of the propelling machin- 
ery have the same frequency as the natural frequency of the ship. But 
the bending stiffness of a ship is by no means constant over its entire 
length. 

The method of Rayleigh can be applied to  such non-uniform beams 
also, since it is always possible to  make some reasonable estimate regard- 
ing the shape of the deflection curve. The calculations are the same as 
those for the beam of constant section, with the evident exception that 
the expression (4.42) for the potential energy has to  be modified by 
bringing the now variable stiffness E I  under the integral sign. If the 
stiffness varies in a more or less complicated manner along the length z, 
the evaluation of the integral for the potential energy may become diffi- 
cult, but, even if the exact calculation is impossible, the integral can 
always be evaluated graphically. 

A somewhat different manner of finding the frequency has been devel- 
oped by Stodola, primarily for application to turbine rotors. His process 
is capable of being repeated a number of times and of giving a better 
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result after each repetition. Briefly it consists of drawing first some 
reasonable assumed deflection curve for the shaft in question. By mul- 
tiplying this curve with the mass and the square of the (unknown) fre- 
quency pl (x )w2 ,  it becomes an assumed inertia loading. Since w2 is not 
known, it is arbitrarily taken equal to unity to begin with. Then with 
the inertia loading y(z)pl(z) the deflection curve 2y(z) is constructed by 
the regular methods of graphical statics. Of course this second deflection 
curve 2y(z) coincides with the originally assumed one y(z) only if 

1. y(z) is exactly the normal elastic curve. 
2. The natural frequency w2 is exactly unity. 

The first of these conditions is fulfilled approximately, but the second is 
generally far from the facts. The deflection *y(z) has more or less the 
shape of the original assumption y(.), but its ordinates may be 10,000 
times smaller. If that is so, we could have obtained approximately equal 
ordinates for zy(z) and y(z) by assuming a frequency w2 = 10,000. In  
that case, the original inertia load would have been 10,000 times as large 
and the final deflection zy(z) also 10,000 times as large, i.e., approximately 
equal to the original assumption. Therefore, the ratio of the ordinates 
of y(z) and 2y(z) gives a first approximation for the frequency u2. 

With a fairly reasonable guess at a deflection curve, the accuracy 
obtained with this procedure is very good. If greater accuracy is desired, 
we can repeat the construction with 2y(z) as our original estimate, finding 
a third curve 3g(z). It will be proved on page 162 that the process for 
finding the fundamental mode of vibration is convergent, i.e., each suc- 
cessive curve is nearer t o  the true shape than the previous one. I n  fact, 
the convergence is so rapid that usually no difference can be detected 
between the shape of ay(x) and zy(z). 

For the second and higher modes of vibration the process is not con- 
vergent. Nevertheless Stodola’s method, properly modified, can be used 
for the higher modes, as explained on page 162. 

Section mass, 
Ib. in.-’ sec.1 

0.17 
0.38 
0.68 
0.68 
0.38 
0.17 

The details of the construction belong to the field of graphical statics rather than to 
vibration dynamics. As a practical example consider a shaft of 72 in. length, on two 
solid bearings, shown in Fig. 4.31, I. Dividing it into six sections of equal lengths, the 
masscs and bending stiffness EI of the various sections are shown in the table below, 
where the modulus of elasticity E has been taken as 30 X lod lb. per square inch: 

EI ,  
lb. in.2 
9.13 X 10s 
46.2 X 108 
146 X 108 
146 X 108 
46.2 X 108 
9.13 X 108 

Section 1 Mass aer inch. 
No. 1 lb. in:-2 mc.*’ 
1 0.0142 
2 ’ 0.0320 

0.0568 x 1 0.0568 
6 0.0320 
6 1 0.0142 
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A 
8 
C 

H =2. X l B  

FIG. 4.31. Stodola’a construction for determining the fundamental frequency of L rotor. 

www.EngineeringEBooksPdf.com



168 MECHANICAL VIBRATIONS 

The aasumed deflection curve is designated by 11. I t  has been made rather flat in 
In the center portion because that part is much stiffer than the rest of the structure. 

order to obtain the inertia load 
y w ~  = YPl. 1, 

the ordinates y have to be multiplied with the mass per running inch PI, i.e., with the 
second column of the table. This gives curve 111, which is drawn so that each ordi- 
nate “inch” represents 0.025 lb./in. All lengths are measured in actual shaft inches 
indicated by the scale above I. Thus one “inch” of the shaft is roughly x 5  in. in the 
printed figure. The ordinate of I1 in the center of the shaft is 15 in. and the middle 
ordinate of I11 is 0.852 lb./in. (15 X 0.0568). 

In order to find the deflection curve under this loading, four integrations have to  be 
performed, divided into two groups of two each. In  the first group we integrate twice 
and arrive a t  the bending moment M :  

d’M PI- 
d x z  (4.35b) 

The first integration is performed by evaluating the areas of the six sections of curve 
111. For instance, the area of the first section, being nearly triangular, is )S X 12 in. 
X 0.1381b./in. = 0.83 lb. This is the combined inertia force (for w = 1 rad./second) 
of the whole first section and thus is the change in the shear force between the left 
end and the right end of section 1. The six areas of curve I11 are set off vertically 
below each other in diagram IV, such that A B  is 0.83 lb.; BC = 4.40 lb. = the area of 
section 2 of curve 111. Thus the vertical line on the left of IV represents the shear 
forces S and is the result of the first integration. Now take an arbitrary horizontal 
distance HI, here taken equal to 22.5 lb. and connect its end 0 with A ,  B, C, etc. 
Then, in curve V, draw lines parallel to the rays of diagram IV, so that the line parallel 
to OB in I V  (which separates section 1 from section 2) runs between the vertical dotted 
lines through the centers of gravity of the areas 1 and 2 of curve 111. The diagram V 
represents the bending moments; the scale being 1 in. = H1 = 22.5 in.-lb. Thus, for 
example, the bending moment in the middle of the shaft is 396 in.-lb. 

In order to pass from the bending moment curve V to the deflection curve VIII, 
we have to perform two more integrations: 

This equation is built exactly like 4.35b; in fact, the deflection y can be considered 
to be the “bending moment curve of a beam with the loading M/EI .”  The values of 
E I  for the various sections are given in the last column of the table, and curve VI 
shows the M / E I  diagram. We can repeat the process that has led from I11 via IV 
to V, and find VIII from VI via VII. The ordinates of I11 were measured in lb./in. 
and those of VI in in.-l; so that the dimensions of VI, VII, VIII are found from their 
counterparts 111, IV, V by dividing through by pounds. In particular, the horizontal 
distance HX of VII has no dimension; it is a pure number. 

The deflection curve VIII haa more or less the appearance of the first guess 11; 
however, its middle ordinate is 

12.2 X 2.5 X lo-’ in. = 30.5 X IO-’in., 

whereas the same ordinate in diagram I1 was 15 in. 
for the natural frequency of the shaft is 

15 

Thus the first approximation 

(01 = d30.5 = 700 rad./sec. 
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For other graphical and numerical methods to  solve the problem of the 

natural frequencies of flexural vibration of a bar of variable stiffness and 
inertia, see page 229. 

4.8. Normal Functions and Their Applications. We now turn to  the 
proofs of Rayleigh’s minimum theorem and of the convergence of Stodola’s 
process. Though these proofs are not essential for an understanding of 
the subsequent parts of the book, they may give the reader a clearer 
insight into the nature of “normal modes of motion.” 

With the string and the beam on two supports, it  was seen that the 
various normal elastic curves are sine functions: 

. n x  . 2nx n r x  , y, = sin - 1 
In  these expressions the amplitudes of the motions have been arbitrarily 
assumed to be such that their maximum deflections are 1 inch. 

On the other hand, the normal elastic curves of a cantilever beam (page 
153) or of a beam with non-uniform cross section are curves of much 
greater complication. 

We know from page 17 that any arbitrary curve between O p d  1 can 
be developed into a trigonometric or Fourier series and that one of the 
most important properties of such a series is 

y1 = sin-) yz = sin -I 1 1 

m r x  nnx sin - sin - dx = 0, (m # n)  1 1  1 
as explained on page 15. 

Applied to  the special case of string vibration, this means that any 
elastic curve y(z) which may be given to  the string by an external loading 
can be split up into a series of “normal” components. This is true not 
only for the string with its sine functions, but generally for any elastic 
system. 

If the normal elastic curves of a system of length 1 are yl(z), y~(z), 
. . . , y,(x) . . . , then any arbitrary deflection curve y ( x )  of that sys- 
tem can be developed into a series: 

Y ( X )  = alyl(x)  + U Z Y Z ( X )  + * * * anyn(x) + * * * (4.47) 
Moreover, the relation 

pl(x)yn(x)ym(x) dx = 0 (n # m) (4.48) 

holds, so that any coefficient an in (4.47) can be found by exactly the same 
process as that employed on page 18: 

I0’ pl(x)Y(x)Yn(x) d~ 
a, = (4.49) 
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This gives us a wide generalization of the concept of Fourier series. 
To prove (4.48), consider an elastic system (beam) of length 1 of which the elastic 

properties are determined by the “influence functions” I(z, zl), with the following 
definition (Fig. 4.32): the deflection at a point 1’ of the beam caused by e load of 1 lb. 
at  a point 51 is Z(z, 21). In this expression both z and 21 are variables running from 

0 to 1 (see page 122). 
Maxwell’s reciprocity theorem on the strength of 

materials states that the deflection a t  point 1 due to a 
unit load at point 2 equals the deflection at 2 due to a 
unit load at 1. Thus the influence function satisfies 
the relation 

I(z, 21) = Z(21, X I  
FIQ. 4.32. Definition of in- 
fluence function I(m, 2). 

Let the beam be vibrating at one of its natural frequencies with the shape y.(z). The 
maximum inertia force acting on a section dzl of the beam with maas pl per unit 
length is 

ri(zi) dziw:Yn(zi) 

and the deflection caused by that load a t  a point z is 

&/,(zI)I(z, ZI)PI(ZI) dxl 

There are inertia loads of this kind on every section dzl between 0 and 1, so that  the 
actual deflection curve is the sum of all the partial deflection curves 

Z/n(z) = 4 Y”(Zl)I(Z, zl)P*(zI) dzl (4.50) 

This relation holds only when y+,(z) is a natural mode, because only then can the 
beam be in equilibrium with loads proportional to its own displacements. 

In order to prove (4.48), we multiply (4.50) by pl(z)y,(z) dz and integrate: 

/oi pl(z)ym(z)yn(z) dz = w: /or lo’ Y ~ ( ~ I ) Y ~ ( ~ I ( ~ ,  ~ I ) P I ( ~ I ) P I ( ~ )  dzl dz (4.51) 

Then we can Since (4.50) holds for any natural frequency, we may replace n by m. 
multiply by pl(z)yn(z) dz and integrate, with the result: 

In  this last double integral we may reverse the order of integration, i.e., reverse x and 
21: 

/01 P I ( Z ) Y ~ ( ~ ) Y ~ ( ~ )  dz = w: [ /d y,(z)y&i)I(zi, s ) p ~ ( z ) p ~ ( z ~ )  dz dzl 

This double integral is seen to be the same as that in (4.51) on account of Maxwell’s 
theorem that I(%, 21) = I(z, 2). Let the value of the double integral be A;  then, on 
subtracting the last result from (4.51), we obtain: 

0 = (a: - w$)A 

This means that for w, # wn, the double integral A is zero, which makes the left-hand 
side of (4.51) also zero, so that the proposition (4.48) is proved. 
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The approximate curve y(z) Bssumed in 
the Rayleigh procedure is not a normal elastic curve but can be expanded in a series 
of such curves: 

Proof of Rayleigh's Minimum Theorem. 

y(x) = Yl(4 + azy!J(z) + asys(z) + ' * * + any,(z) + - * * 

In order to express the fact that y(x) is an approximation of yl(z), its coefficient has 
been taken equal to unity, whereas the other coefficients a ~ ,  aa, etc., may be small 
numbers. A normal elastic curve y&) is a curve that can be caused by a static 
loading p~;y&).  

Thus the static loading p ( z )  which causes the assumed curve y(z) is 

p ( x )  = Pl[w:Yl(x) + azw:YZ(x) + * * * + anw:Yn(x)l 

The potential energy of an element dx is f.$y(x)p(z) dz, and the total potential energy 
is 

Pol = >5 /oz pl[yl(z) + a ~ y ~ ( x )  + + - * + any&) + * * . I [ .  - + a,,oiy.(x) + * * I  dx 

Since by (4.48) all integrals of products with nt # n are zero, this becomes 

The kinetic energy of an element dx vibrating through the neutral position with a 
velocity wy(x) is f5w*y*pl dx, and 

since again all terms with products ymyn drop out. 
It is seen that both the potential and kinetic energies consist of the sum of the 

various energies of the components yl, y ~ ,  etc. This is so only if y ~ ,  y* are normal 
modes; if this is not the case, the integrals of the products ynyn have to be considered 
also. 

By Rayleigh's procedure we equate the two energies and solve for d: 

w: [ply: dx + . . + azw,!, 1 ply; dz + 
[ ply: dz + . - . + a: /d ply; dz + 

. 
= 

. 

(4.52) 

where the symbols are abbreviations for (1) 
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Since w z  > WI snd w3 > W Z ,  etc., it is seen that in (4.52) the various entries in the 
numerator are larger than the ones just below them in the denominator. Thus the 
fraction in (4.52) is greater than 1, from which it follows that 

w > w1 

or the frequency w found by Rayleigh's procedure is greater than the first natural 
frequency WI, which was to be proved. 

Moreover, an inspection of (4.52) will show that this property holds only for the 
first, or lowest, frequency but not for the second or higher ones. 
Proof of the Convergence of Stodola's Process. Let the first assumption for the 

deflection curve be y(z), where 

Y(Z) = Yl(Z) + azyz(z) + a32/3(z) + . ' . + a.y,(z) + * * 

With a mass distribution PI@) and an arbitrary frequency w = 1 the inertia loading 
becomes 

BlY = Ply1 + aZPIY2 + a3PlY3 f ' ' ' + anPlZ/n + ' * * 

The deflection curve for the loading plw'y,, is y,; consequently the loading anply,, 
gives a deflection anyn/& so that the second deflection curve of the process becomes 

which differs from the first curve in that each term is divided by the square of its 
natural frequency. Proceeding in this manner we find for the (n + 1)st deflection 
curve 

Since w1 < OZ and w1 < w3, etc., it is seen that with increasing n the impurities y ~ ,  y3, 
* 

4.9. Stodola's Method for Higher Modes. The above proof shows 
that an  attempt to  construct the second normal elastic curve by Stodola's 
method will end in failure because any impurity of the fundamental 
elastic curve contained in the guess for the second curve will be magnified 
more than the second curve itself. After a large number of repetitions 
it will be found that the second mode disappears altogether and that 
only the fundamental mode is left. Still it is possible to find the second 
mode if before each operation the deflection curve is purified from its 
first-mode content. For this it is necessary first to know the shape of the 
first mode with sufficient accuracy. 

Let y(x) be the assumed shape for the second mode which unfor- 
tunately will contain some first harmonic impurity, say Ayl(x). Then 
we want to find 

which will be free from first harmonic contamination. 

decrease, and the first mode y~ appears more and more pure. 

- AYl(%) 

I n  order to find 
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A ,  Rubstitut,e the above expression in Eq. (4.48) 

/d P I : ~ ) [ Y ( ~ : )  - Ayi(z)] y i ( ~ )  da: = 0 

163 

or 

or 

The integrand in the numerator, apart from the factor pl(r), is the 
product of the known first harmonic deflection curve and the assumed 
approximation for the second harmonic deflection curve y(z). I n  the 
denominator the integrand is the product of the mass PI($) and the square 
of the first harmonic curve. Both integrals can be evaluated graphically; 
thus A is determined, and the assumed shape for the second mode can be 
purified from its first-mode contamination. Then the Stodola process is 
applied to this curve. 

For the third or higher modes the procedure is similar, but the assumed 
curve for the third harmonic has to  be purified from the first as well as 
from the second harmonic by Eq. (4.53). Thus the Stodola process 
cannot be applied to  a higher mode of vibration until after all lower modes 
have been determined with sufficient accuracy. 

The method is not necessarily restricted to  the graphical form of 
page 157. It is sometimes applied arithmetically, as will now be shown 
for the simple example of the string with three equal masses of Fig. 4.2. 
I n  the equations (4.3) the terms on the right are the deflections caused 
by the individual inertia forces. With the influence numbers of Eq. (4.6) , 
the elastic deflection equations (4.3) are rewritten (ml = mz = m3 = m).  

3 1 1 
----a1 = - a 1 + - a z + - a s  mwal 4 2 4 

1 1 
a2 = - a1 + a2 + - a3 mw21 2 2 

mw21 4 2 

T 

T - 

-as T = : - ~ i + - ~ z + ~ a s  1 1 3 

(4.54) 

With Stodola, we now assume a shape for the deformation in the first 
mode, and for the purpose of illustrating the convergence of the method 
we intentionally make a stupid choice: a1 = a2 = a3 = 1. Substitute 
that  into the right-hand sides of Eq. (4.54), and calculate their sums. 

C U l  = 1f.i; Caz = 2 Ca, = 148 
where C = T/mw21. By reducing the middle amplitude to unity (the 
same value as assumed first), we thus find for the second approximation 
of the thflection curve 

al = 9 i  a2 = 1 as = !,i 
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Put this into the right sides of Eq. (4.54), and find 

cat = 14/4, Ca2 = 198, Ca3 = 1% 

or again reduced to unity a t  the center, the third approximation becomes 

a1 3f, a2 = 1, a8 0 = 0.714 

Another substitution leads to the fourth approximation 

= 1 x 4 ;  uz = 1; a3 = 1x4 = 0.707 

The fifth approximation is 
= = 1; as = = 0.707 

which is identical with the previous one within slide rule accuracy. 
stituting this into the first of the equations (4.54), we have 

Sub- 

m m 

or wf = 0.586 ml 
as found before on page 126. 

the symmetry of the case. 
method we start with a very bad assumption: 

Proceeding to the second mode, its shape is obvious (page 126) from 
However, for the purpose of illustrating the 

= 1.000, a2 = 0.500, a3 = -0.750 (first) 
First this expression is to be purified from its fundamental harmonic 
content by means of Eq. (4.53). All masses are equal and divide out' 
from (4.53). The expression thus is 

1.000 X 0.707 + 0.500 X 1.000 - 0.750 X 0.707 - o.338 
0.707 X 0.707 + 1.000 X 1.000 + 0.707 X 0.707 - 

The first harmonic amount to be subtracted from the above assumption 
then is 

A =  

a1 = 0.338 X 0.707 = 0.240, aa = 0.338, a3 = 0.240 
which leads to  

= 0.760, ~2 = 0.162, a3 = -0.990 
or, multiplying by a constant so as to make a1 equal to unity, for purposes 
of comparison, 

al = 1,000, uz = 0.213, a3 = -1.302 (first, purified) 
Substituting this into Eq. (4.54) and multiplying by a constant so as to 
make al = 1.000 leads to 

aI = 1.000, a2 = 0.116, as = -1.181 (second) 
at = 1.000, a2 = 0.051, a3 = -1.125 (third) 
al = 1.000, az = -0.024, u3 = -1.148 (fourth) 
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By this time considerable first harmonic error has crept into the solution, 
so that it is necessary to purify again by means of Eq. (4.53). 

a1 = 1.000, a2 = +0.038, a3 = -1.058 (fourth, purified) 
Continuing 

a1 = 1.000, a2 = +0.018, a8 = -1.035 (fifth) 
al = 1.000, a2 = 0.000, as = -1.034 (sixth) 

Again it becomes necessary to throw out the first harmonic, which has 
crept in, 

al = 1.000, a2 = +0.012, as = -1.018 (sixth, purified) 
= 1.000, uz = +0.006, a3 = -1.012 (seventh) 

a1 = 1.000, a2 = 0.000, a3 = -1.012 (eighth) 
al = 1.000, a2 = +0.004, a3 = -1.006 (eighth, purified) 
a1 = 1.000, uz = +0.002, a3 = -1.004 (ninth) 

= 1.000, uz = 0.000, a3 = -1.004 (tenth) 

It is seen that the convergence is very slow, and that the first harmonic 
creeps in continually and has to  be thrown out about every other step. 

w = 2.60 w = 7.59 J E W  w = 14.55 
FIQ. 4.33. Normal modes of a ring bending in its own plane. 

4.10. Rings, Membranes, and Plates. The strings and beams thus 
far discussed suffice in many cases to give a tolerably accurate idealiza- 
tion of the actual constructions or machines with which we are dealing. 
Where this is no longer possible, an idealization in terms of rings (curved 
beams), membranes, or plates may be helpful. But the calculation of 
the natural frequencies of these elements is much more complicated than 
anything we have thus far considered. Therefore, in this section the 
results only will be given, while for the detailed derivations the reader is 
referred to the literature, especially to  the book of S. Timoshenko, 
“Vibration Problems in Engineering.” 

Of the many possible motions of a full ring, the bending 
vibrations are the most important. If the ring has uniform mass and 
stiffness, it can be shown that the exact shape of the mode of vibration 
consists of a curve which is a sinusoid on the developed circumference of 
the ring. In Fig. 4.33 these shapes are shown for the four, six, and eight 

Full Ring. 
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noded modes or for two, three, and four full waves along the circumference 
of the ring. 

The exact formula for the natural frequencies is 

(4.55) 

where n is the number of full waves, is the mass per unit length of 
the ring, EI the bending stiffness, and R the radius. 

One of the most important applications of this result is to the frames 
of electric machines. As these machines often carry salient poles, which 
act as concentrated masses (Fig. 6.37, page 266), the exact shapes of 
vibration are no longer developed sinusoids, although in the spirit of 
Rayleigh’s procedure the sinusoid may be considered as an approximate 
shape. The potential energy of deformation is not altered by the addi- 
tion of the poles, but the kinetic energy changes from Kin, t o  Kin, + 
Kin,, where the subscripts pertain to  the ring and poles, respectively. 
Therefore, the result (4.55) for the frequency has to  be corrected by the 
factor 

(4.56) 

I n  case the number of poles is 2n, i.e., equal t o  the number of half 
waves along the ring, and in case these poles are located in the antinodes 
so that they move parallel to themselves (Fig. 6.38b), the correction 
(4.56) becomes specifically 

(4.57) 3 

1+-- n2 + 1 M ,  

where M ,  is the mass of the complete ring and M ,  is the mass of all poles 
combined, so that M J M ,  is the ratio of one pole mass to the ring mass 
per pole. 

Another important case occurs when the 2n poles are located at the 
nodes of the radial vibration and there execute rocking motions about the 
node axis. The correction factor for this case (Fig. 6.38~) is 

(4.58) 1 j 1 + - * 1  n5 41 
n2 + 1 M,R2 

in which I ,  is the moment of inertia of a single pole for the axis about 
which it rotates during the vibration. The actual location of that  axis 
is somewhat doubtful (on account of the fact that  the “node” of the ring 
is a node only in the radial motion but moves back and forth tangen- 
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tially), but no great error is made by taking the axis on the center line 
of the ring at the node. 

Quite often the stators of electric motors or generators 
are bolted on a foundation in the 
manner shown in Fig. 4.34~. If the 
foundation or bedplate is very stiff, 

Purtinl Ring. 

/($) the stator may be regarded as a par- 
tial ring of angle cv built in (clamped) 

I 
\ 

at both ends. The fundamental 
mode of vibration of such a ring in 
its own plane will be approximately 
as sketched in Fig. 4.348. Its natu- 
ral period, calculated by the proce- 
dure of Rayleigh, leads to a result which dimensionally is the same as 
(4.55) but the numerical factor depends on the central angle a and has to 
be written f(a): 

(a)  ( b )  

in Its own plane of a partial ring, 
Fro. 4.34. The fundamental flexural mode 

(4.59) E I  ” = f(4 J;;?Ei 
The values of the constant f(a) for the various angles between a = 

180 deg. (half circle) and a = 360 deg. (full circle clamped at one point) 

5 

4 

t 3  
ti 
- 2  

1 

0 

- 

180 210 240 270 300 330 360 
& + 

FIG. 4.35. The coefficient f(a) in Eq. 
(4.59) for the frequency of Fig. 4.34. 

are shown in Fig. -4.35. 
In  case the stator carries salient 

poles, the correction (4.56) has to be 
applied. No greater error is com- 
mitted by distributing the pole 
masses uniformly along the ring, 
since the various pole-carrying 
points of Fig. 4.34b move through 
roughly the same amplitudes (which 
is totally different from some of the 
cases of Fig. 4.33). The natural 
frequency calculated from Eq. 
(4.59) and Fig. 4.35 is usually some- 

what (of the order of 10 per cent) high on account of the fact that the 
feet of the stator do not constitute a complete “clamping” but admit some 
angular motion. 

If the ring of Fig. 4.34 has a small dimension in the direction perpendic- 
ular to the paper (Le., in the direction of the axis of the cylinder), another 
motion has caused trouble in some cases. It is a vibration perpendicular 
to  the plane of the paper. If Fig. 4.34 were viewed from the side, it 
would be seen as a cantilever beam of height h. The lateral vibration 
would then appear in a form similar to that shown in Fig. 4.28~. In 
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this case the elastic resistance of the ring consists of a combination of 
bending and twist determined by the quantities 

El2 = bending stiffness (now in a plane perpendicular to the paper, 
90 deg. from the EI in Eqs. (4.55) and (4.59), and 

C = torsional stiffness, which has the form GI,  for a bar of circular 
cross section 

The frequency can be written in the form 

(4.60) 

where the numerical constant is shown in Fig. 4.36. This figure was 
found by a modified Rayleigh method and subsequently verified by 
laboratory tests, showing the results to be substantially correct. 

c T 

a d  
FIQ. 4.36. Coefficientsf(a,Eln/C) of Eq. (4.60) for the frequency of a partial ring vibrating 
perpendicularly to its own plane. 

A membrane is a skin which is stretched with a great tension and which 
has no bending stiffness whatever. It is therefore to be considered as a 
two-dimensional generalization of a string. A circular membrane or 
drumhead has an infinite number of natural modes of motion whereby 
the nodes appear as diameters and also as smaller concentric circles. 
However, we shall discuss here the fundamental mode only, having no 
nodes except the boundary. The shape of the vibration is practically 
that of a hill formed by the revolution of a sine curve (Fig. 4.37). The 
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frequency of this motion is 
- 

T T 
w = 2.40 Js = 4.26 Jz (4.~31) 

where T is the tension per running inch across any section of the mem- 
brane, pl  is the mass per unit area, and A is the total area r R Z .  

The formula in its second form is useful also when the membrane is 
no longer circular but has some other boundary which roughly resembles 
the circle (square, triangle, half or quarter circle, etc.). Even then (4.61) 
is approximately correct if the area A of the non-circular membrane is 
substituted. In  such a case the numerical factor is somewhat greater 
than 4.26. An idea of the error involved can be had from the fact that 
for a square membrane the factor 4.26 in Eq. (4.61) becomes 4.44, for a 
2 x 1 rectangular membrane 4.97, and for a 3 x 1 rectangle 5.74. 

Fro. 4.37. Fundamental mode of a drumhead with the frequency w = 2.40 d/T/alR2. 
Just as a membrane is ti two-dimensional string, so a plate may be 

considered as a two-dimensional “beam.” The theory of the vibrations 
of plates even in the approximate form of Rayleigh-Ritz is extremely 
complicated. The results are known for circular and rectangular plates 
with either free, clamped, or simply supported edges, and the reader 
who may have occasion to use these formulas should refer to the more 
elaborate books on the subject by Rayleigh, Prescott, or Timoshenko. 

Problems 99 to 138. 
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CHAPTER 5 

MULTICYLINDER ENGINES 

5.1. Troubles Peculiar to Reciprocating Engines. There are two 
groups of vibration phenomena of practical importance in reciprocating 
machines, namely : 

1. Vibrations transmitted to the foundation by the engine as a whole. 
2. Torsional oscillations in the crank shaft and in the shafting of the 

driven machinery. 
Each one of these two effects is caused by a combination of the periodic 

accelerations of the moving parts (pistons, rods, and cranks) and the 
periodic variations in cylinder steam or gas pressure. 

The piston executes an  
alternating motion, i.e., it  experiences alternating vertical accelerations. 
While the piston is accelerated downward there must be a downward 
force acting on it, and this force must have a reaction pushing upward 
against the stationary parts of the engine. Thus an  alternating accelera- 
tion of the piston is coupled with an  alternating force on the cylinder 
frame, which makes itself felt as a vibration in the engine and in its sup- 
ports. I n  the lateral direction, i.e., perpendicular t o  both the crank shaft 
and the piston rod, moving parts are also being accelerated, namely the 
crank pin and part of the connecting rod. The forces that cause these 
accelerations must have equal and opposite reactions on the frame of the 
engine. I n  the 
longitudinal direction, i e . ,  in the crank-shaft direction, no inertia forces 
appear, since all moving parts remain in planes perpendicular t o  the crank 
shaft. 

The mathematical relation describing these effects is Newton’s law, 
stating that in a mechanical system the rate of change of momentum 
equals the resultant P of all external forces: 

Consider a vertical single-cylinder engine. 

This last effect is known as “horizontal unbalance. 

d 
dt 
- (Zmfi) = P (5.1) 

This is a vector equation and is equivalent t o  three ordinary equations. 
Two of these equations are of importance, while the third (in the longitu- 
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dinal direction) is automatically satisfied because is always zero in that 
direction. 

First, consider 
the “mechanical system” as consisting of the whole engine, and assume 
it is mounted on extremely flexible springs so as to be floating freely in 
space. No external forces P are acting, and Eq. (5.1) states that, while 
the piston is accelerated downward (ie.,  acquires downward momentum), 
the cylinder must be accelerated upward. If the cylinder mass is 50 
times the piston mass, the cylinder acceleration must be 50 times as small 
as the piston acceleration. 

Next consider only the moving parts, i.e., piston, rod, and crank shaft, 
as the mechanical system. During rotation these parts have a definite 

acceleration, or - (mn), in the vertical and lateral directions. Equation 

(5.1) determines the value of the force P acting on these parts, and con- 
sequently the value of the reaction -P on the stationary parts. 

Equation (5.1) is sometimes written with the differentiation carried 
out: 

Equation (5.1) can be interpreted in a number of ways. 

d 
dt 

z ( m s )  = P (5.2) 

The expression -m  dD/dt is called the “inertia force,” and the theorem 
states that the external force acting on the system plus the sum of all the 
inertia forces of the moving parts equals zero. 

These various inertia forces can form moments. Consider a two- 
cylinder vertical engine with the two cranks set 180 deg. apart. While 
one piston is accelerated downward the other one is accelerated upward, 
and the two inertia forces form a couple tending to rock the engine about 
a lateral axis. Similarly, the horizontal or lateral inertia forces of the 
two cranks are equal and opposite forming a couple tending to  rock the 
engine about a vertical axis. 

A rocking about the crank-shaft axis can occur even in a single-cylinder 
engine. If the piston be accelerated downward by a pull in the connect- 
ing rod, it is clear that this pull exercises a torque about the crank-shaft 
axis. Since the piston acceleration is alternating, this inertia torque is 
also alternating. 

Newton’s law for moments states that in a mechanical system on which 
an  external torque or moment IK is acting 

d 
dt - (Zmva) = IZ (5.3) 

where a is the moment arm of the momentum m0. 
torque equals the rate of change of moment of momentum. 

In  words: the external 
With the 
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differentiation performed the relation reads 

(5.4) 

or the sum of the moments of the inertia forces of the various moving 
parts equals the external moment. 

As before, we can take for our mechanical system either the whole 
engine mounted on very weak springs, or we can take merely the moving 
parts. In  the first case the external torque is zero, and therefore any 
increase in the clockwise angular momentum of the moving parts must 
be neutralized by an increase in counterclockwise angular momentum of 
the stationary parts of the engine. I n  the second case the increase in 
clockwise angular momentum of the moving parts must be caused by a 
clockwise torque or moment on these parts, which has a counterclockwise 
reaction torque on the frame. If this frame is mounted solidly on its 
foundation, this countertorque is communicated to the foundation and 
may cause trouble. On the other hand, if the engine is mounted on soft 
springs, no reaction to the foundation can penetrate through these springs 
and the countertorque is absorbed as an inertia torque of the frame and 
cylinder block. Hence that block must vibrate, but no appreciable 
torque gets into the foundation: we have “floating power” (page 76). 

The formulas (5.1) and (5.3) suffice for a derivation of the inertia prop- 
erties of the engine which will be carried out in the next two sections. We 

(0) 
FIG. 6.1. Gas pressure forces on B single- 
cylinder engine. 

shall turn our attention now to the 
effect of alternating steam or gas 
pressure in the cylinders. 

I n  Fig. 5.1, let any inertia effect 
be excluded by assuming either that  
the moving parts have a negligible 
mass or that the engine is turning 
over very slowly a t  a constant speed 
W .  Let the pressure force on the 
piston be P,  which is variable with 
the time (or with the crank angle w t ) .  
The gas pressure not only pushes the 
piston downward, but it also presses 
upward against the cylinder head. 
The piston force P is transmitted 
through the piston rod (force 1) t o  
the crosshead. Neglecting friction, 

i t  is there held in equilibrium by the forces 2 and 3. The forces 1 ,  2, and 
3 of Fig. 5.lb are those acting on the crosshead; 3 is a compression in the 
connecting rod and 2 has a reaction pressure on the guide or frame to the 
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right and of magnitude P tan 9. The force 3 of magnitude P/cos rp is 
transmitted through the connecting rod to  the crank pin (force 4). By 
shifting this force parallel to itself to 0 we add a torque yP/cos ‘p, which 
is the driving torque of the gas pressure. The force 5 is taken up by the 
main bearings at 0 and can be resolved into a vertical component 6, and 
a horizontal component 7. From the similarity of the triangles 1, 2, 3 
and 5, 6, 7 it can be seen immediately that the magnitude of 6 is P and 
that of 7 is P tan 9. 

The forces transmitted to the stationary parts of the engine are: 

First, 
Second, P tan p t o  the right on the crosshead guide. 
Third, 
Fourth, P tan 9 to the left on the main bearings at 0. 

P upward on the cylinder head. 

P downward on the main bearings a t  0. 

The total resultant force on the frame is zero, but there is a resultant 
torque P x  tan 9. By Newton’s law of action and reaction this torque 
must be equal and opposite t o  the driving torque on the crank shaft, 
yP/cos 9. The truth of this statement can easily be verified because it 
can be seen in Fig. 5.lb that y = x sin 9. Thus the gas pressures in the 
cylinder do not cause any resultant forces on the engine frame but pro- 
duce only a torque about the longitudinal axis. 

summarizing, we note that no forces occur along the longitudinal axis 
of an engine, while in the lateral and vertical directions only inertia forces 
appear. About the vertical and lateral axes only inertia torques are 
found, whereas about a longitudinal axis both an inertia torque and a 
cylinder-pressure torque occur. 

If we assume the engine to be built up of rigid bodies, i.e., elastically 
non-deformable bodies, the problem is one of “balance” only. The frame 
or stationary parts usually fulfill this condition of rigidity, but as a rule 
the crank shaft can be twisted comparatively easily, which makes tor- 
sional vibrations possible. The subject is usually divided into three 
parts: 

a. Inertia Balance: By this is meant the balance of the engine against 
vertical and lateral forces and against moments about vertical and lateral 
axes. 

b. Torque Reaction: Under this heading we study the effect of the 
torque (due to inertia and cylinder-pressure effects) acting on the sta- 
tionary parts about the longitudinal axis (floating power). 

c. Torsional Vibrations of the Crank Shaft: Here we deal with the con- 
sequences of this same longitudinal torque on the moving parts of the 
engine. 

The effect c is of particular importance since many crank shafts have 
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necting rod has assumed a slanting position in the 
meantime. The distance DB, which is a first ap- 

FIQ. 6.2. Crank mecha- 
nism. r ( l  - cos w t )  

In  order to calculate z, exactly, we must add to this as a correction 
term the difference between AC and BC or 

l(1 - cos (0) 

The auxiliary angle ‘p can be expressed in terms of w t  by noting that 

A B  = 1 sin ‘p = r sin w t  

(5.5) 
r 
1 sin ‘p = - sin wt or 

and consequently 

cos ‘p = 1 - - sin2 w t  J ‘1: 

2, = r ( l  - cos w t )  + 1 ( 1 - J 1 - - 1: sin2 wt  ) 
Hence the exact expression for the piston displacement z p  in terms of 

the crank angle wt  is 

(5.6) 

On account of the square root this formula is not very convenient for 
further calculation. It can be simplified by noting that the second term 
under the square root is small in comparison to unity. I n  the usual 

I74 MECHANICAL VIBRATIONS 

been broken on account of it. Now that the theory is understood such 
failures are unnecessary. 

The first step in the discussion of the subject is the derivation of the 
expressions for the vertical and lateral inertia forces of a single-crank 

mechanism as well as a formula for its inertia torque. 
6.2. Dynamics of the Crank Mechanism. Let 

Fig. 5.2 represent a simple piston and crank, and 
let 

x, = downward displacement of piston from top. 
wt = crank angle from top dead center. 

T = crank radius. 
1 = length of connecting rod. 

Assume the crank shaft to be rotating a t  uniform 
speed, i.e., w is constant. Our first object is the cal- 
culation of the position of the piston in terms of the 
angle ~ t .  The distance xp would be equal to the 
length DB in the figure, were it not that  the con- 

proximation of x,  can be written 
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engine, r / l  differs little from >/4, so that the second term is lesa than x6. 
Therefore, the square root is of the form d n l  where 6 << 1. Expand- 
ing this into a power series and retaining only the first term gives the 
approximation 

d i x = l - 2  6 

With 6 = M61 the error made is less than one part in 2,000. 
(5.6) becomes 

Equation 

T2 

21 x, = r ( l  - cos w t )  + - sinZ wt 

+4 further simplification is obtained by converting the square of the sine 
into the cosine of the double angle by means of 

or 

cos 2wt = 1 - 2 sin2 wt 

sin2 wt = 
1 - COB 2wt 

2’ 

Thus the piston displacement is 

(5.7) 

The velocity and acceleration follow from the displacement by differentia- 
tion : 

T 

After multiplication by the mass of 
the piston, these expressions become 
the vertical momentum and the ver- 
tical inertia force. They are seen to 
consist of two terms, one varying with 
the same frequency as the rotation 
and known as the “primary” term, 
and the other varying a t  double fre- 

ary” term. If the connecting rod is 
infinitely long, the secondary term diappears and the piston executes a 
harmonic motion. With a short connecting rod the motion, and espe- 
cially the acceleration, deviates considerably from a sinusoid. As an 
example, Fig. 5.3 gives the piston acceleration (or inertia force) of an 
engine in which l / r  = 4. 

quency and known as the “second- FIG. 5.3. The piston acceleration as a 
function of the crank angle for r / l  = %. 
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Having found the dynamic properties of the piston, we proceed to the 
rotating parts of the crank. The problem is first simplified by concen- 
trating the entire rotating crank mass in its center of gravity. (The 
inertia force of this mass is the same as the resultant of all the small inertia 
forces on the various small parts of the crank.) Next the mass is shifted 
from the center of gravity to the crank pin A ,  but in this process it is 
diminished inversely proportional to the distance from the center of the 
shaft, so that the inertia force (which is here a centripetal force) remains 
unchanged. 

In this manner the whole crank structure is replaced by a single mass 
m, at the crank pin, and the vertical displacement can be found imme- 
diately from Fig. 5.2: 

2, = r(1 - cos w t )  (5.10) 

so that the vertical components of velocity and acceleration become 

I xc = rw sin wt 
2, = rw2 cos wt 

The horizontal components are 

I y, = -r sin wt 
9, = -rw cos wt 
ye = rwz sin w t  

(5.1 1) 

(5.12) 

The momentum (or inertia force) is obtained from the velocity (or 
acceleration) by multiplying by the rotating crank mass m,. 

Returning to Fig 5.2 we note that the inertia forces of the piston and 
the crank have been successfully put into formulas so that only the char- 
acteristics of the connecting rod remain to be determined. This seems to 
be the most difficult part of the problem, since the motion of the rod is 
rather complicated. The top point of the rod describes a straight line, 
while the bottom point moves on a circle. All other points describe 
ellipses, so that the determination and subsequent integration of the 
inertia forces of all these points require considerable algebra. Fortu- 
nately, however, this is not necessary. If the connecting rod is replaced 
by another structure, having the same mass and the same center of 
gravity, so that the path of the center of gravity is not changed, then the 
total inertia force of the rod is equal to that of the new structure. This 
follows directly from Newton’s law which states that the component of 
the inertia force of a body in a certain dircction equals the product of its 
mass and the acceleration of the center of gravity in that direction. 

With the aid of this relationship the problem can be easily solved by 
replacing the rod by two concentrated masses, one a t  each end, so that 
the center of gravity stays where it is and so that the sum of the two 
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concentrated masses equals the total mass of the original connecting 
rod. This division of mass is the same as the division of the weight into 

Piston end 
two parts by placing the rod hori- 
zontally on two scales as shown 
in Fig. 5.4.  

Crank end 

Although the division of the connect- 
ing rod into two distinct masses leaves - 
the center of gravity in its place and FIQ. 5.4. Division of the connecting rdj 
also leaves the total mass constapt, the weight into its reciprocating and rotating 
moment of inertia of the two distinct parts’ 

masses is different from the moment of inertia of the original connecting rod. There- 
fore the division of Fig. 5.4 is correct procedure for finding the inertia forces, but it is 
not exact for determining the moments of these forces, i .e. ,  the inertia couple. 

Having thus divided the connecting-rod mass into a part moving with 
the piston (reciprocating) and another part moving with the crank pin 
(rotating), we can denote the total reciprocating and rotating masses by 
mreo and mrot. In  other words, mroa is the sum of the mass of the piston 
and of a part of the connecting rod and mrot is the sum of the equivalent 
mass of the crank and the other part of the connecting rod. 

With this notation the total vertical inertia force X (for all moving 
parts) of one cylinder is 

X = mreaxP + mrode 

(5.13) T2 

1 = (mmc + mrot)rwz cos wt + mreC - w2 cos 2wt 

and the horizontal inertia force Y is 

Y = mrotyc = mrOtrw2 sin w t  (5.14) 

In  words: the vertical component of the inertia force consists of two 
parts, a “primary part” equal to the inertia action of the combined 
reciprocating and rotating masses as if they were moving up and down 
harmonically with crank-shaft frequency and amplitude r,  and a “sec- 

ondary part ” equal to the inertia action of a mass - mreo moving up and 

down with twice the crank-shaft frequency and with the same amplitude r .  
The horizontal or lateral component has a primary part only, viz., that  

due to  the rotating mass. 
Finally we have to  determine the torque of the inertia forces about 

the longitudinal axis 0. For the purpose of finding the vertical and hor- 
izontal inertia forces, the connecting rod was replaced by two masses at 
the piston and crank pin in the manner of Fig. 5.4,  and this procedure 
was shown t o  give exact results. For the inertia torque the result so 
obtained is nn longer exact, but it will be correct to an acceptable degree 

T 

41 
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of approximation. Thus again the complicated piston-rod-crank system 
is replaced by a mass mree, reciprocating according to (5.7), and a mass 
m,,, rotating uniformly around 0 so that it has no torque about 0. The 
inertia torque is caused wholly by the reciprocating mass mreo, and its 
magnitude can be deduced from Fig. 5.16, where it was seen that the 
torque equals the downward piston force multiplied by x tan cp. That 
the downward force in the present argument is an  inertia force expressed 
by -mrsoxp instead of being a gas-pressure force as assumed in Fig. 5.1 
does not make any difference. The distance x is 

x = 1 cos cp + r cos wt = (1 - 
sin rp 

di - sin2 cp 
Further, tan rp = 

r 

so that the torque becomes 

M = -mreoxn x tan cp 

1 r z  
41 

x ( ( I  - 2) + r cos wt + - cos 2wt 

Upon multiplying this out we disregard all terms proportional to the 
second or higher powers of r/Z. This involves an error of the same order 
as that committed in passing from (5.6) to (5.7). Thus 

M = -mrecw2r2 sin wt  

With the trigonometric relation 
sin wt  cos 2 w t  = sin 3wt - M sin wt 

the torque becomes finally 

wt - sin 2wt  - - 3r sin 3wt ) (5.15) 21 

This important formula for the inertia torque (acting on the shaft in the 
direction of its rotation, or also on the frame about 0 in the opposite 
direction) is quite accurate for the usual type of engine where the con- 
necting rod consists of two substantial bearings a t  the ends, joined by a 
relatively light stem. On the other hand, in a radial aircraft engine, the 
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*<master connecting rod” has a crank end carrying not only the crank-pin 
bearing, but n - 1 other bearings to which the other n - 1 connecting 
rods are attached. It does not seem reason- 
able to replace this structure by two concentrated 
masses at the ends, and for this case the exact 
connecting rod analysis, given below, is of 
interest. 

In Fig. 5.5 let the crank rotate in a counterclockwise 
direction at  the uniform speed w, and let it drag with it the 
connecting rod. The piston is supposed to be massless, 
since its inertia force is given by Eq. (5.9). The piston 
moreover is supposed to have no friction, so that the reac- 
tion force of the cylinder wall on the rod must be Fa. Let 
further F1 and F2 be the forces exerted by the crank pin on 
the rod, which moves in its prescribed manner under the 
influence of the three forces F .  This is a case of plane 
motion, governed by the three equations of Newton: 

In the x-direction, 

Moments about c.g., 

F 1  = mfo 
In the y-direction F2 +Fa  = mQo 

-Flu sin (p + Fta cos ‘p - F d  cos ‘p = 10ip 

d x  
FIG. 6.5. 

The geometry of the motion is prescribed; in particular the center of gravity moves 
thus: 

xo = x p  + (xc - xp)(b/l) = (x, ,a/l)  + (x ,b / l )  and YO = y&/l 

where the subscripts c and p denote crank pin and piston, while a and b are the dis- 
tances to the center of gravity Gas shown in Fig. 5.5. The accelerations f p ,  Zs, and gc 
are given by Eqs. (5.9), (5,11), and (5.12). The angle ‘p and its functions, including @, 
are determined by Eq. (5 .5 ) .  Thus the Newton equations can be solved for their 
three unknowns FL, Fz, and Fa. T t  is noted that the first Newton equation becomes 

F1 = (mx,a/l) + (mxcb/l) = mrecZp + mr0& 

which leads to the result Eq. (5.13), known before. Similarly the combination 
F1 + FI  was designated before as Y in Eq. (5.14). Thus, for the inertia forces it  is 
seen once more that the statement a t  the bottom of page 177 is correct. Now we wish 
to calculate the torque in the clockwise direction exerted on the shaft by the inertia 
of the rod. It is 

M = -Fir sin wt - F2r cos wf  

so that it  is necessary to find F2 separately by eliminating F, from between the last 
two Newton equations. This gives 

l~ ig  Flasifi  (p 

cos (p I cos c 
p s  = -mrot p rw2 sin wt - - + 

In working this out by means of Eq. (5.5) we neglect all terms containing powers of 
r/Z higher than 2. This leads to 

b I7 1 T  F, = -mrot - rw2 sin wt - - T W ~  sin wt + - mrw - rw2 sin 2wt 
1 11 2 1  

www.EngineeringEBooksPdf.com



180 MECHANICAL VIBRATIONS 

With this expression the inertia torque, after some trigonometry, becomes 

M~~~~~ = - 1 mrecwlrz [ & sin ut - (I + sin 2wt - 3r - sin 3wt]  (5.16) 2 21 

in which k is the radius of gyration of the rod, defined by mk* = l o .  This result is 
approximate only in the sense that higher powers of r/Z have been neglected; other- 
wise, it  is exact. It differs from (5.15) only in the double-frequency term, which now 
depends on the moment of inertia mkz. 

Equation (5.15) is the expression for the inertia torque on the shaft of a connecting 
rod consisting of two concentrated masses mall and mb/l at distances b and a from the 
center of gravity. Such a rod has a radius of gyration kz = ab, and it is seen that 
Eq. (5.16) reduces to Eq. (5.15) if this substitution is made. 

It is interesting to  consider two cases of rods that have no end concentrations in 
order to see how (5.16) differs numerically from (5.15). First take the uniform rod, 
a = b = 1/2 and k2 = l*/12. In  this case the double-frequency term of (5.16) is 
33 per cent greater than the term in the approximate formula (5.15). Next consider 
a rod with mrsc = 0, (b  = Z), having its center of gravity at  the crank pin and a certain 
dimension around it, which is a rough picture of the master rod of a radial aircraft 
engine. Assuming k2 = 12/10, we find a middle term in (5.16) which is the same as 
that  in (5.15) if only mraa is replaced by m/10. 

The aircraft master rod of actual practice is a combination of the two cases just 
discussed, and the increase in moment due to the “uniform rod effect” more or less 
balances the decrease in moment due to the large moment of inertia of the crank end. 
Thus, even for so unusual a rod as that of a radial aircraft engine, the approximate 
result (5.15) is fairly accurate. 

The torque acting on the fmme of the engine about the shaft center 0 (Fig. 5.5) is 
found by multiplying the force Fs by its moment arm. 

But, moreover, the sign is reversed. 

MrrSms = Fs(l cos ‘p + T cos w t )  

Solving for Fa from the Newton equation, substituting it into the above expression, 
and working it out, neglecting higher powers of r/Z, involves more algebra than it is 
expedient to reproduce here. The answer becomes 

Again, for the connecting rod with two concentrated ends (k’ = ab) this result reduces 
to Eq. (5.15). Thus for the general connecting rod the inertia torques on the shaft 
and the frame are not equal but differ by the moment of the inertia forces of the 
various rod points about 0. Only when the rod degenerates into two concentrated 
masses is this moment zero, since the two inertia forces are along the center line and 
along a radius, both passing through 0. 

6.3. Inertia Balance of Multicylinder Engines. The unbalance or 
inertia forces on a single-cylinder engine are given by Eqs. (5.13) and 
(5.14). In these formulas the reciprocating mass mreo is always positive, 
but the rotating mass mmt can be made zero or eveq negative by “counter- 
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balancing” the crank (Fig. 5.6). It is therefore possible to  reduce the 
horizontal inertia force Y to zero, but the vertical unbalance force X 
always exists.t Thus a single-cylinder engine is inherently unbalanced. 

Since the 
two cranks are opposed to each other, the two horizontal inertia forces 
are also in opposition and cancel each 
other (except for a moment about the 
vertical axis). Since the two pistons 
move against each other, the same is 
true for the primary vertical forces. 
However, the secondary vertical forces 
are in the same direction and add. To  
understand this, it is convenient t o  visualize the various forces as (the 
horizontal projections of) rotating vectors (page 3). We shall now 
explain this vector method for the general case of a multicylinder engine. 

I n  such an engine let the distance between the nth crank and the first 
crank be I, and the angle between the nth crank and the first crank be 
a+, (the nth crank angle). I n  Fig. 5.7 the first crank is shown in a vertical 

Consider a two-cylinder engine with 180-deg. crank angle. 

Fxo. 5.6. Counterbalanced crank. 

(0) ( b )  (C) 

FIG 5.7. Primary inertia forces on a four-cTlinder 2-cycle engine. 

position, corresponding to a maximum value of the primary vertical 
inertia force. The second crank is a2 radians ahead of the first one, and 
consequently its vertical primary inertia force has passed through its 
maximum value a ~ / w  sec. earlier. If the rotating vector representing the 
primary vertical force of the first cylinder is in its vertical position, the 
vector representing the second cylinder is in the position az, and generally 
the vector representing the nth cylinder is in the position an. The same 
statement is true for the primary horizontal inertia force. 

Therefore, the crank diagram of Fig. 5.7b, regarded as a vector diagram 
(Fig. 5 . 7 ~ ) ~  represents the primary force conditions in the engine. For 
example a four-cylinder engine of this type has balanced primary forces. 

t A patent has been issued on a scheme whereby the connecting rod is extended 
In this manner Mrea 

No such engine has ever been constructed on account of the 
beyond the crank pin so as to make Wp in Fig. 5.4 negative. 
may be made zero also. 
large crank ccue required. 
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The secondary force vectors, however, rotate twice as fast as the crank 
shaft. Referring again to  Fig. 5 . 7 ~ ~  if the secondary force of crank 1 
be a vertical vector, the vector of cranlc 2 was vertical at the time that 
crank 2 was vertical. Crank 2 has traveled a2 radians: from the vertical, 
and the vector of crank 2 consequently is 2az radians from the vertical. 
The secondary-force diagram therefore is a star with the angles 2aZ, 2 ~ ~ 3 ,  

. . . , 2a, between thevariousvectors. 
Figure 5 . 8 ~  shows this diagram for 
the engine of Fig. 5.7. 

A similar reasoning holds for the 
moments of these forces about a lateral 
axis. The moment of the nth inertia 
force about the center of the first 
crank shaft is that force multiplied 
by the moment arm 2 ,  (Fig. 5.70). 
The Dlane in which such a moment 

(c) 
1 (0)  Z-T-3 x 

4 
FIQ. 6.8. (a) Secondary forces, (b )  Pri- 
mary moments, and ( c )  secondary mo- 
ments for the four-cylinder engine of 

operates is defined by the direction of 
the force and the longitudinal center 

Fig. 5.7. line of the crank shaft. Therefore, 
the moment can be represented also by a vector in the same direction as 
the inertia force, its length being multiplied by the proper moment arm I,. 

The primary-moment diagram of the engine of Fig. 5 . 7 ~  is given in 
Fig. 5.8b, where 11 = 0, 12  = 1, la = 21 and 14 = 31. The secondary- 
moment diagram (Fig. 5 . 8 ~ )  follows in a similar manner. 

With the aid of such vector diagrams the reader should prove the 
following propositions: 

1. A four-cylinder engine of 0, 90, 270, 180 deg. crank shaft (two-cycle 
engine) has balanced primary and secondary forces and also has balanced 
secondary moments, but the primary moments are unbalanced. 

2. A four-cylinder engine of 0, 180, 180, 0 deg. crank shaft (four-cycle 
engine) has balanced primary forces and moments, while the secondary 
forces and moments are unbalanced. 

3. A six-cylinder four-cycle engine (0, 120, 240, 240, 120, 0 deg.) has 
all forces balanced and all moments balanced. 

4. An eight-cylinder in-line engine (0, 180, 90, 270, 270, 90, 180, 0 deg.) 
is completely balanced. 

I n  these examples it has been tacitly assumed that all pistons are alike 
and are spaced a t  equal distances, which is the case in modern internal- 
combustion engines. However, the method will work just as well for 
unequal piston masses and unequal spacings. I n  fact it was for the 
application to  large triple and quadruple expansion steam engines for 
ship propulsion that the theory was originally developed (Schlick’s theory 
of balancing, about 1900). 

www.EngineeringEBooksPdf.com



MULTICYLINDEH ENGINE5 183 

Example: A triple expansion steam engine has pistons of which the weights are to 
each other as 1 : )5 : 2. If it is desired to balance this engine for primary forces, how 
should the crank angles be made? 

Drawing 
t h r  vector of two units length vertically, as in Fig. 5.9, the equilibrium requires that 
the two other vectors be arranged so that their horizontal components balance and 
that the sum of their vertical components be two units. 
angles a and ,5 3f Fig. 5.9, we have 

Solution: The vectors in the diagram have lcngths in the required ratios. 

With the 

1 .sin a = 135 sin @ 
1 . cos a + 13.5 COB B = 2 

To solve these, calculate cos a from the first equation: 

cos a = 41 - sin2 a = 41 - 2j . i  sin' 

and substitute in the second one: 
-___ 

v'1 - 2 3 i  sin* p = 2 - 135 cos Fro. 6.9. 

Square and simplify: 

from which cos ,5 = 0.88 and = 28 deg 
6 cos j3 = 534 

Further, 00s a = 2 - X 0.88 = 0.68 and a = 47 deg. 

It is possible to  express the results of these vector diagrams in simple 
mathematical language. The requirement for balanced primary forces 
is that the geometrical sum of all the vectors of Fig. 5 . 7 ~  be zero. If this 
be so, the sum of their horizontal projections a5 well as the sum of their 
vertical projections must be zero or 

1 sin an = 0 and c cos an = 0 
n n 

Similarly, the conditions for balanced secondary forces are 

2 sin 2a, = 0 and 2 cos 2a, = 0 
n n 

For the primary moments 

2 1n sin an = 0 and 2 I ,  cos a, = 0 
n n 

(5.18) 

(5.19) 

(5.20) 

For the secondary moments 

2 I ,  sin 2an = 0 and 2 1% cos 2an = o (5.21) 
n n 

All these formulas are true only for equal piston masses. 
For the four-cylinder engine of Fig. 5.7 we have a1 = 0, a2 = 90, 
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= 270, a4 = 0 deg., and consequently Eqs. (5.18) become 

O + l - l + O = O  and 1 4 - O + O - 1 - 0  

so that the primary forces are balanced. 
But Eqs. (5.20) become 

0 ~ 0 + 1 * 1 - 2 ~ 1 + 3 ~ 0 = 1 - 2 # 0  
0 ~ 1 + 1 ~ 0 + 2 * 0 + 3 ~ 1 = 3 # 0  

so tha t  the primary moments are unbalanced. 
Thus we are able to test the inertia balance of any engine design by 

using either the formulas (5.18) to  (5.21) or the vector diagrams. 
It may be well to recall that  in this analysis the engine has been con- 

sidered to be a “rigid body.” This is usually the case in automobile and 
aircraft engines where all cylinders are cast in a single block, but in marine 
engines the cylinders sometimes are mounted separately. Then the 
forces or moments of two cylinders may be in opposition to each other 
and not move the engine as a whole, but they may move the two cylinders 
against each other elastically. 

I 

(a) (b) 
FIG. 5.10. The equivalent moment of 
inertia of a piston varies with its 
position. 

The problem becomes extremely com- 
plicated, and is not of sufficient practical 
importance to  merit much time for its 
solution. I n  this connection the reader 
is referred to  the analogous problem in 
rotating machinery discussed in Sec. 6.5. 

6.4. Natural Frequencies of Torsional 
Vibration. The shafting of an  internal- 
combustion engine with all its cranks, 
pistons, flywheel, and driven machinery 
is too complicated a structure to  attempt 
an exact determination of its torsional 
natural frequency. It is necessary first 
to simplify or “idealize” the machine to  
some extent by replacing the pistons, 
etc., by equivalent disks of the same 
moment of inertia and by replacing the 
crank throws by equivalent pieces of 
straight shaft of the same torsional flexi- 

bility. In  other words, the machine has to  be reduced to the shape of Fig. 
5.12a. This process is at best approximate. 

First consider the equivalent moment of inertia of each crank mech- 
anism. The moment of inertia I,dt of the purely rotating parts offers no 
difficulty, but it is not quite evident what should be done with the 
reciprocating weight. In  Fig. 5 . 1 0 ~  and b the piston is shown in two 
positions. Imagine the crank shaft t o  be non-rotating but t o  be execut- 
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ing small torsional oscillations. I n  Fig. 5 . 1 0 ~  this takes place without 
any motion of the piston, but in Fig. 5.10b the motion (and acceleration) 
of the piston practically equals that of the crank pin. The equivalent 
inertia in position a is zero whereas in position b it is mm0r2. Thus while 
the crank shaft is rotating, the total equivalent moment of inertia of the 
crank mechanism varies between Irot and IrOt + mreer2, with an  average 
value of I,,% + Mm,.,r2. The system with variable inertia (page 350) is 
now replaced by one of constant inertia I ,  where 

I = Irot + Mmreor2 (5.22) 

Next consider the idealization of a crank throw into a piece of ordinary 
shafting of the same torsional flexibility. This is physically quite per- 
missible, but the calculation of the flexibility is a very difficult matter. 
In  Fig. 5 . 1 1 ~  it is seen that, if the main 
shaft is subjected to twist, the crank 
webs W are subjected to  bending mo- 
ments and the crank pin P is in twist. 
It is possible to calculate the angle of 
twist produced by a certain torque by 
applying to the webs and pin the usual 
“beam” formulas for bending and 
twist. However, that will give very 
inaccurate results because these:formu- 
las are true only for long and slender 
beams and will lead to  serious errors if 
applied to short stubs of a width and 
thickness nearly as great as the 
length. Moreover, it can be seen that 

(6) 
FIG. 5.11. A crank of length 1 is replaced 
by a piece of uniform shaft of length 2. 
having the same torsional flexibility. 

.+ 

the torque in Fig. 5 . 1 1 ~  will cause not only a twisting rotation of the free 
end but also a sidewise displacement of it on account of the bending in the 
webs. In  an actual machine the sidewise motion is impeded by the main 
bearings and the torsional stiffness of the crank shaft is increased by these 
bearings, especially if their clearance is small. 

Experiments have been carried out on a number of crank shafts of 
large, slow-speed engines showing that the “equivalent length” 1, of 
Fig. 5.11b (i.e., the length of ordinary shaft having the same torsional 
stiffness) is nearly equal to the actual length 1. The variation is between 

0.951 < I, < 1.101 

the lower value being for small throws and stiff webs and the higher value 
for large throws and thin flexible webs. In  all tests the diameter of the 
main shaft was equal to that of the crank pin. 

In cases whew the crank pin has a different diameter (usually smaller) 
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from that of the main bearing journal, the throw is replaced by a straight 
shaft of two different diameters; the point where the diameter jumps from 
one value to the other being located at the center of the crank web. For 
high-speed, light-weight engines, particularly aircraft engines, where the 
webs are no longer rectangular blocks but have shaved-off corners to 
save weight, the equivalent stiffness is very much smaller than would 
follow from the above simple calculation. I n  extreme cases the stiffness 
may be as low as 50 per cent of the value so calculated. The best guide 
is then a comparison of calculation and experiment of a number of pre- 
vious crank shafts of similar characteristics. 

I n  case one part of the system is connected to the other part through 
gears, i t  is convenient to reduce everything to one speed. As was 

Fly wheel 

F I ~ .  5.12. The engine is replaced by a two- 
mass system for the purpose of an approxi- 
mate calculation of the lowest natural 
frequency. 

explained on page 30, this is accom- 
plished by eliminating the gears and 
multiplying the moments of inertia 
and the spring constants of the fast 
rotating parts by n2 where n > 1 is 
the gear ratio. 

Let Fig. 5.12a represent the ideal- 
ized machine, in this case a six- 
cylinder Diesel engine driving a fly- 
wheel and an electric generator. 
There are eight degrees of freedom. 
It is theoretically possible to find the 
eight natural frequencies by the 
method of Chap. 4, using a determi- 
nant with eight rows and eight col- 
umns and an eighth degree equation 

in w;. This is obviously undesirable from the -standpoint of time 
consumption. 

Instead, we use a method of successive approximations starting with a 
rough first guess a t  the frequency. Such a guess for the lowest natural 
frequency can be made by replacing Fig. 5.12a by Fig. 5.12b, where I ,  
is the inertia of all six cylinders combined and I b  that of the flywheel and 
generator rotor combined. The frequency of the latter system is [Eqs. 
(2.4) and (2.10)] 

and is an approximation to the lowest frequency of Fig. 5.12a. In  the 
reduction of Fig. 5.12a to 5.12b the judgment of the calculator enters. 
With some experience the frcquency can be estimaked i o  withiii 10 per 
cent. 
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The rough value Id1, thus obtained, serves as the basis for the following 
method of calculation due to Holzer. Assume the whole system to be in 
a torsional oscillation with the frequency wl. If w1 were a natural fre- 
quency this could occur without any external torque on the system (a 
free vibration). If w1 is not a natural frequency, this can occur only if a t  
some point of the system an external torque of frequency w1 is acting. 
We have then a forced vibration. Assume arbitrarily that the angular 
amplitude of the first disk in Fig. 5 . 1 2 ~  is 1 radian. The torque necessary 
to make that disk vibrate is 

Ilw: sin wlt 

This torque can come only from the shaft to the right of 1 1 .  If that shaft 
IlWl has a torsional spring constant kl, its angle of twist is __ sin wlt  with a 
k l  

maximum value % Since the amplitude of disk 11 is 1 radian and the 

shaft twists __ radians, disk I2 must vibrate with an amplitude of 

1 - radians. This requires a torque of amplitude 

k l  
I 1 4  
k l  

kl 

This torque is furnished by the difference in the shaft torques left and 
right, and, since the torque in lcl is known, the torque in kz can be cal- 
culated. From this we find the angle of twist of k ~ ,  the angle of 13, etc., 
finally arriving at the last disk Is. But there is no shaft to the right of 
Is to furnish the necessary torque. In  order to make the system vibrate 
as described, it is necessary to apply to  I S  an external torque Text of the 
value found by the calculation. Only when w1 happened to be a natural 
frequency would this Text be found equal t o  zero. The magnitude and 
sign of Text  therefore are a measure of how far w1 is removed from the 
natural frequency. A number of such calculations with different values 
of w1 must be made, until finally the remainder torque T,,, is practically 
zero. The advantage of this method is that it gives not only the natural 
frequency but also the complete shape of the natural mode of vibration, 
and this will be needed for the calculation of the work input by the non- 
uniformities of the cylinder torques (page 200). 

The actual course of the calculations can best be illustrated by a definite 
example, as follows. 

6.6. Numerical Example. We take as an example a recent light- 
weight, high-speed Diesel engine driving an electric generator (Fig. 5.13). 
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Some of the characteristic constants, other than those shown in Fig. 5.13, 
are : 

Engine: 4-cycle V-8 Diesel 
V-angle : 60 deg. 
Crank shaft: 0, 180, 180, 0 deg with firing order 1 3 4 2 
Rated power: 50 hp. per cylinder at 2,000 r.p.m. 

400 hp. for the engine 
Full-load torque: 1,580 in.-lb. per cylinder 
Generator: 250 kw; normal speed 2,000 r.p.m. 

The inertias and flexibilities of Fig. 5.13 were calculated from the draw- 
The only new thing here is the 

viscous damper, consisting of a hous- 
ing in which a loose flywheel can 
turn freely. The only coupling be- 
tween the damper flywheel and its 
surrounding housing is through the 
viscous friction of oil or silicone fluid 
filling the entire space inside the 
housing. This type of damper will 

where it will be shown that the equiv- 
alent inertia of the damper assembly 
is the sum of the entire housing iner- 

The value 7.94 lb. in. 
Each individual crank throw 

The 

ings in the manner described before. 

Generator 

be described in On page 211, 

tia plus half the inertia of the damper flywheel. 
secS2 shown in Fig. 5.13 was so determined. 
carries two connecting rods and two pistons in a V-type engine. 
value 1.48 lb. in. sec.2 of Fig. 5.13 is made up 
of the inertia of the crank throw proper with its 
attached counterweight, the rotating part of the 
weight of two connecting rods plus half the 
reciprocating weights of two rods and two pis- 105 

FIQ. 5.14. Reduction of Fig. 
5.13 to a three-mass system tons, all at crank radius. 

First we must guess at the first frequency of for an estiinatc of the first 
Fig. 5.13. Noticing that the crank masses are frequency' 

much smaller than the rest, we throw two cranks with the flywheel, two 
others with the damper, and lump the flexibilities of the crank shaft 
into one: 

- 1 1 1 1 1 1 7 1  - - + - + - + - + -- = - + - 1 
k - 54 27 27 27 36 54 30 = 0'158 = 6.35 - 

FIQ. 6.13. V-8 type, 4-cycle Diesel driving 
a generator. with a visoous Houde-type 
damper. All inertias are shown as Ib. in. 
sec.2; all fleribilities k are shown as mil- 
lions of in. Ib. per radian. 
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Applying the This leads to the system of Fig. 5.14 with three disks. 
appropriate formuIa of page 430, we find 

uj = 300,000 w f  = 1,120,000 

and we proceed to set up a Holzer table with the first value. 

I 

(1) 

7.94 
1.48 
1.48 
1.48 
1.48 
17.8 
105.0 

FIRST MODE, FIRST TRY, ug = 300,000 

Zd/lO' B 

(2) (3) 

2.38 1 ,000 
0.444 0.934 
0.444 0.830 
0.444 0.712 
0.444 0.583 
5.34 0.514 
31.5 -0.177 

- 
No. 

~ 

1 
2 
3 
4 
5 
6 
7 

k/106 

(6) 

36 
27 
27 
27 
54 
9.4 

E l k  
(7) 

0.066 
0.104 
0.118 
0.129 
0.069 
0.691 

-- 
Iw'p/lO' 

(4) 

2.38 
0.42 
0.37 
0.32 
0.26 
2.75 

-5.59 

2/108 

(5) 

2.38 
2.80 
3.17 
3.49 
3.75 
6.50 

f0.91 - 

The physical meaning of the various columns in this table is as follows: 
in column 2 is the inertia torque of each disk for an amplitude of 1 radian 
at the frequency shown at the head of the table; in column 3 is the angular 
amplitude B of each disk; in column 4 is the inertia torque of each disk 
at the amplitude 8; the fifth or 2-column gives the value of the shaft 
torque beyond the disk in question; the sixth shows the flexibilities; and 
column 7 is the windup angle in each shaft. 

We start by filling in all the numbers in the first two columns and 
in the sixth or k-column. Then we start on the first line and proceed t o  
the right. The shaft torque t o  the left of the first, or damper, disk is the 
damper torque itself, so that we just copy 2.38 in the 2-column. The 
windup angle is found by 2.38/36 = 0.066. Now we subtract 0.066 
from B = 1.000, finding fi  = 0.934 for disk 2, which is the first cylinder. 
Proceeding farther t o  the right in line 2, we have no trouble until we come 
to  the 2-column. There we add 0.42 to 2.38 t o  give 2.80 in the 2-column1 
or physically the shaft torque between disks 2 and 3 is the sum of the 
inertia torques of disks 1 and 2. The reader should now follow the cal- 
culations step by step in the entire table, never losing sight of the physical 
meaning of each number. The last value we find is in the 2-column, 
and 0.91 x lo8 is the sum of all the inertia torques of all seven disks, and 
i t  also is the torque in the (non-existing) shaft to the left of the flywheel, 
necessary to maintain a forced vibration at  w 2  = 300,000 and /31 = 1.000. 

With a remainder torque 0.91, and not equal to zero, we have not hit 

www.EngineeringEBooksPdf.com



190 MECHANICAL VIBXZATIONS 

on the natural frequency. Before blindly trying to construct another 
Holzer table with some other value of u2, we reason a bit and see whar 
would happen to  the Holzer table for a small value of u2, close to  zero. 
The values in the second column are small and positive. The figures 
in the first line become small, and hence pz will be almost 1.000, slightly 
below it. Reasoning on, we conclude that the remainder torque (the 

last Z-value) must be positive and 
small. Of course, for u2 = 0 all values 
in columns 2, 4, 5, and 7 are zero. 
Now we sketch Fig. 5.15, in which 
the remainder torque is plotted 

FIQ. 5.15. Behavior of the remainder against the frequency u2- All we know 
torque of column 5 of the Holzer about the figure is that the curve 
calculation. passes through the origin, that  i t  is 
positive for small w 2 ,  and that it should be zero for natural frequencies. 
But this scanty knowledge is enough to  be very useful. I n  this case we 
are aiming at the first, or lowest, natural frequency, and in our first t ry  
we ended up with a positive remainder torque. From Fig. 5.15 we con- 
clude that our guess for u2 was too small (if it had been too large, the 
torque would have been negative). So our second try is made somewhat 
larger than the first one. 

';-,-...y 

ZW"/lO' 

(4) 

2 .54 
0.44 
0 .39  
0 .33  
0 .26  
2.75 

-7 .75  

- 
No. 2/108 k/10' 

(5) (6) 

2 .54  36 
2 .98  27 
3.37 27 
3 .70  27 
3.96 64 
6 . 7 1  9 . 4  

-1 .04  - 

Z 

(1) 

7.94 
1 .48  
1.48 
1.48  
1 .48  

17.8 
105.0 

FIRST MODE, SECOND TRY, W* = 320,000 
~~~ 

ZW2/10' 

(2) 

2 .54 
0.473 
0.473 
0.473 
0.473 
5 .70  

33.6 

B 

(3) 

1,000 
0.929 
0.819 
0.694 
0.557 
0.484 

-0 .231 

Z l k  

(7) 

0.071 
0.110 
0.125 
0.137 
0.073 
0.716 

Now we come out with a negative remainder torque, and from Fig. 5.15 
we conclude that w2 is too large for the first natural frequency. We have 
two points on the curve, reasonably close together, and since any short 
piece of curve is nearly straight, we interpolate linearly and take for our 
third guess 

w 2  = 3OO,OOO + 0.91 O"' + 1.04 (320,000 - 300,000) = 310,000 

This time the remainder torque is insignificantly small, so that we call 
it good. 

1 
2 
3 
4 
5 
6 
7 
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P(LRST ikfODE, THIRD AND FINAL TRY, U2 = 310,000, w p 552, V.I'.M. 5,300 

I 

(1) 
No. 
-___ 

1 7.94 
2 1.48 
3 1.48 
4 1.48 
5 1.48 
6 17.8 
7 105.0 

IW'/106 P 

(2) (3 1 
2.46 1.000 
0.459 0.932 
0,459 0.826 
0.459 0.705 
0.459 0.572 
5.51 0.501 

32.6 -0.202 

I w 2 P / l O 6  

(4) 

2.46 
0.43 
0.38 
0.32 
0.26 
2.76 

-6.60 

No. 

1 
2 
3 
4 
5 
6 
7 

3.27 
3.59 
3.85 

I 

(1) 

7.04 
1.48 
1.48 
1.48 
1.48 

-~ 

17.8 
105.0 

W k  

(7) 

0.068 
0.106 
0.121 
0.133 
0.071 
0.703 

k l l O 6  Z / k  

(6) (7) 

36 0.246 
27 0.375 
27 0.399 
27 0.398 
54 0.188 

. _ _ _ ~  

9.4 -0.214 

Proceeding to the second mode, we start with the higher of the two 
frequencies of Fig. 5.14: 

SECOND MODE, FIRST TRY, ~2 = 1,120,000 

1.000 
0.754 
0.379 

-0.020 
-0.418 

19.9 -0.606 
117.0 1 -0.392 

I w a @ / l O e  

(4) 

8.90 
1.24 
0.63 

- 0.03 
- 0.69 
-12.05 
-44.6 

2/108 

(5) 

8.90 
10.14 
10.77 
10.74 
10.05 

-2.00 
-46.6 - 

er toroue is mite  larne and nenative. Lookinn at Fin. 5.15 a - - -  - -0- 
.. ..~. I ...... ~~ ~. ~~~~~~~~ 

and remembering that we are aiming at the second frequency, we con- 
clude that our choice for u2 was too small. Two more tries are made, 
with the following result: 

u2 = 1,200,000 . . . remainder torque -30.4 
u2 = 1,300,000 . . . remainder torque - 2.09 

These are still too small. Plotting the three points so far available, we 
see that they are not on a straight line. Passing a smooth curve through 
them and extrapolating it (a procedure much less satisfactory than inter- 
polating), we come to u2 = 1,310,000. 

Figure 5.16 shows the shapes of the first two natural modes of motion, 
where the ordinate indicates the angle of swing ,8 of each mass, It is 
seen that the nth mode of motion has n nodes. Another property of the 
curves, useful for checking or for rough visualization before calculat- 
h g ,  is that the total angular momentum of each curve must be zero or 
Z I B  = 0. In  Fig. 5.16 the flywheel is vary large; hence in the first 

2.46 
2.46 

2.46 

36 
27 
27 
27 
54 
9.4 

k l l O 6  

(6) 

2/108 

(5) 

8.90 
1.65 
1.65 
1.65 
1.65 
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SSCOND MODE, FOURTH AND FINAL TRY, w 2  = 1,310,000; w = 1,145; 
V.P.M. = 10,950 

No. 

1 
2 
3 
4 
5 
6 
7 

I 
(1) 

7.94 
1.48 
1.48 
1.48 
1.48 

-- 

17.8 
105.0 

Zw~/lO’ 

(2) 

10.40 
1.94 
1.94 
1.94 
1.94 
23.3 
138 

I W 2 8 / 1 0 ‘  

(4) 

10.40 
1.38 
0.54 

-0.35 
-1.21 
-19.10 
+8.85 

B 
(3) 

1.000 
0.712 
0.277 

-0.178 
-0.622 
-0.821 
+ O .  064 

2/10’ 

(5) 

10.40 
11.78 
12.32 
11.97 
10.76 
-8.34 
$0.51 - 

k/108 

(6) 

36 
27 
27 
27 
54 
9.4 

Z l k  
(7) 

0.288 
0.435 
0.455 
0.444 
0.199 

-0.885 

mode its inertia 105 times its amplitude 0.20 is equal and opposite to  the 
sum of the Z@ of all other masses. 

The Holzer method does not take advantage of the fact that the var- 
ious cylinders of the usual engine are identical. For our particular exam- 

ple of four cranks out of 7 masses 
total, it does not make too much dif- 
ference, but there are engines with 
eight cranks out of a total of 9 or 10 
masses, and then very considerable 
work can be saved by treating the 
engine as a whole, a method first used 
by F. M. Lewis. With this proced- 
ure the flexibilities and inertias of the 
various cranks are uniformly dis- 
tributed along the entire length of 
the engine, which then becomes a 
“shaft,” or “beam,” in torsional 

FIG. 5.16. The shapes or “modes” of the vibration, as discussed on page 138. 
two lowest natural frequencies of the SYS- The four cyclinder masses together 
tern in Fig. 5.13. 

are 4 X 1.48 = 5.92, and the flex- 
ibilities were combined in passing from Fig. 5.13 to Fig. 5.17 to give 
6.35 x loe in. lb./rad. This leads to the system shown in Fig. 5.17. 
The engine, or “shaft ” is governed by the differential equation (4.22) 
(page 138) and its solution [Eq. (4.25)], which can be written in the form 

p(z) = A cos (z d!$$ + a) 
where A is an amplitude constant and a! a phase angle. These two 
constants A and a! must be found for each individual case to fit the 
boundary conditions. With the notation Z = pJ for the total moment, 

- 
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of inertia of the entire engine and K = GIJl for the stiffness of the entire 
length of the engine, this last result can be written as 

- 
p(r) = A COB ( w  di + a) 

The combination 

(5.23) 

(5.24) 

can be recognized as the number of radians of cosine wave along theengine 
(from x = 0 to  x = l ) ,  and this quantity can be visualized and estimated 
before calculations are started. 

The torque at any point along the engine shaft is 

dB 
dx M = G I 9 - =  Aw1//IKsin (5.25) 

or in particular, at the two ends of the shaft, 

] (5 .251~~ b )  

'With the three formulas (5.23), (5.24), and (5.25) the calculation can be 

Beginning x = 0 
End x = 1 

M,o = Aw 1/m sin a 
MWI = Aw 1/m sin (0 + a) 

carried out. For example, t ake the  
first mode with w2 = 310,000 and 
w = 552. The engine starts at the 
left with a concentrated inertia, and 
we handle this as in the Holzer 
method. PI 1.000. The inertia 
torque 

Mi = Iw'P = 7.04 X 310,000 
X 1.000 = 2.46 X 10' 

FIG. 6.17. The system of Fig. 6.13 in 
which the engine masses are uniformly 
distributed along the engine length, for a 
frequency calculation by Lewis's method. 

This torque must be carried by the engine shaft; hence it is equal t o  
which we read, "M one-two a t  one." Now, by Eq. (5.23), 

(P12)i = A cos = 1.000 
and, by Eq. (5.25a), 

(M12)l = A w  1/m sin a = 2.46 X 10' 

Dividing the last two equations, 

(6.23a) 

2.46 X lo6 2.46 X 10' o,730 = -- = 
552 X 6,120 tan a = 

:.a = 36.1 deg. 
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Now, by Eq. (5.24), 
__ 

0 = w ,/; = 552 X 0.00096 = 0.530 radian = 30.4 deg. 

and 8 + a = 30.4 + 36.1 = 66.5 deg. This means that the @-curve 
along the engine is a cosine wave starting at 36.1 deg. and continuing 
till 66.6 deg. Now, from Eq. (5.23a), 

A = - = - -  1 000 1.000 - 1*24 
cos a 0.808 

which means that the maximum height of our cosine wave is 1.24 (to the  
right of mass 1 in Fig. 5.17), that  it has reduced to  1.24 cos CY = 1.000 at 
mass 1, and that it is at mass 2, by Eq. (5.23), 

p2 = A cos (e + = 1.24 cos 66.50 = 0.497 

The torque in the engine a t  the 2-end is 

(MI& = Aw C K  sin ((3 + CY)  = 1.24 X 552 X 6,120 X 0.917 
= 3.84 X 10' 

Now we are through with the engine; the rest of the calculation follows the 
Holzer pattern. Note that the last two numerical results check those in 
the Holzer table of page 191; &, at the flywheel there was 0.501, as com- 
pared with 0.497 just found here. The torque in the shaft just right of 
flywheel in the Holser table was 3.85, while here we just found 3.84. We 
continue (see Fig. 5.17). 

Mz = Iwz@ = 17.8 X 0.310 X 0.497 X 10' = 2.76 X lo6 
Mz3 = (Miz)z + Mz = 3.84 + 2.76 = 6.60 X lo8 

(323 = = 6.60/9.4 = 0.703 
kZ3 

83 = (32 - @z3 = 0.497 - 0.703 = -0.206 
Ms = Zw2@ = 105 X 0.310 X -0.206 X lo6 = -6.70 X 10' 
MEmai.d.. = M23 + Ma = -0.10 X lo6, small 

For the purpose of showing the method more clearly, the calculation 
for the second mode is now given, without running comment. The data 
are those of Fig. 5.17, and we use the three equations (5.23), (5.24), and 
(5.25). 

An advantage of the Lewis method is that  it often enables us to  make 
a quick and surprisingly close guess of the frequency. This is done by 
sketching in the curves of Fig. 5.16, before any calculation, just looking 
at the relative values of the flexibilities and bearing in mind that the 
angular moment must be balanced, ZI@ = 0. From the curves RO 
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sketched, we deduce the approximate value of 8, that is, the number of 
radians worth of cosine wave along the engine length, and from it, by Eq. 
(5.24), find the estimated frequency. 

LEWIS CALCULATION, SECOND MODE, d = 1.30 X lo6, w = 1,140 
61 = 1.000 Mi = 7.94 X 1.30 X 1.000 X 10' = 10.30 X 10' = (Miz), 

10.30 X 10' 
1.140 X 6.120 1*478 tan a: = a: = 55.9 deg. 

8 = 1,140 X 0.00096 = 1.093 = 62.6 deg. 
a: + 8 = 118.5 deg. = 90 + 28.5 deg. 

A = - - -  1 -  = 1.78 

p a  = 1.78 cos 118.5 = -1.78 sin 28.5 = -0.850 
cos 55.9 - 0.561 

(Mis)a = 1.78 X 1,140 X 6,120 X 0.879 = 10.92 X 10' 
M1 = 17.8 X 1.30 X 0.850 X 10' = -19.70 X 10' 
Msa = 10.92 - 19.70 = -8.78 X 10' 

B a a  = - = -0.935 ps = +0.085 
Ma = 105 X 1.30 X 0.085 X 10' = +l l .6  X 10' 
Mremalndar = -8.78 f 11.6 = 2.8 X lo', Emdl 

8 78 
9.4 

Still another method, due to  F. P. Porter, is used by several engine 
manufacturers and consists in replacing the entire engine by an "equiv- 
alent flywheel" I,,,,,. The torque exerted by the entire engine on the 
rest of the system is expressed by formula (5.25), above. If the engine 
mere to consist of a single flywheel 

9- 
I.,,,,, oscillating a t  the amplitude 
of the end of the engine, the torque 

IssuiVw*p(z) = Ieq","Wz cos 0 

8 
cu 

would be 

Equating this t o  the torque, Eq. 
(5.25), of the actual engine and con- 
sidering Eq. (5.24) we get 

(5.26) tan 0 Ieq"," = I - 0 

Thus the engine of actual inertia I 
with a flexible crank shaft acts as a 

of inertia I,,,,, at the assumed fre- 
quency determined by 0. The rest of the calculation follows essentially 
Holzer's pattern. 

The Holzer method can be applied conveniently to the calculation of 
the frequencies of branched systems, such as that in Fig. 5.18, which 
shows the main drive of a ship built in 1940 for the U.S. Maritime Com- 

5 
5.18. Ship drive consisting of high- 

solid flywheel (without flexibility) speed turbines 1 and 5,  double reduction- 
gear drives 2. 3, 4, and propeller 6. 
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mission. The disks 1 and 5 represent the inertia of a low-pressure and 
a high-pressure steam turbine, running at 7,980 r.p.m. The disks 2 and 
4 are intermediate gears running at 730 r.p.m., while 3 is the main gear, 
running at 85 r.p.m. and coupled to  the propeller 6. The inertias shown 
are in lb. in. sec.2 and are already multiplied with the squares of their 
speed ratios (page 30). The flexibilities shown must be mu1tiplied by 
lo9 to  measure in in. lb./radisn and likewise have been corrected for speed. 
To find the lowest natural frequency we notice that the engine shafting 
is stiff in comparison with t,he drive shaft. Thus for a first estimate all 
turbine masses are lumped at the main gear and 

k 0.071 X log = 170 
w2 7 = 416,000 

A Holzer trial has shown this value to  be low; and, with a final value 
w 2  = 176, the last calculation proceeds as follows: 

wa = 176, PI = 1.000, MI = Z1w281 = 1.275 X loQ 

M1 Ziw*Sz = 0.181, Mzs MI + Mz = 1.456 

8 2 3  = 2 = 0.279, 88 = 82 - 0.279 = 0.719 

Now we do  not know the amplitudes in the 3-4-5 branch, having once 
assumed f l 1  = 1.000. Nevertheless we start fresh with the assumption 
f l 5  = 1,000 and work back. 

ps = 1.000, Ma = 0.083, p45 = 0.000, 8, = 1.000 
M4 = 0.191, M3c = 0.274, pa4 = 0.053, 8s = 0.947 

It is clear that  f l 3  cannot at the same time have an amplitude of 0.719 and 
of 0.947. It is possible to make the last value come out equal to 0.719 
simply by multiplying all figures in the last two lines by the ratio 0.719/ 
0.947 = 0.760. Then these lines become 

ps = 0.760, MI = 0.063, ,945 = 0.000, 84 = 0.760 
M4 s= 0.145, Mac 0.205, /3s4 0.04, 81 = 0.719 

Proceeding with the main gear 3, it is seen that not only its own inertia 
torque M3 = 13w2f13 = 0.044 is acting on it, but the torques M23 and MS4 
from the two branches as well. Thus the torque entering the propeller 
shaft is 

Further, 
Mas = 0.044 -k 1.456 + 0.205 = 1.705 

836 = 24.01, = -23.29, Ms = -1.705 
Remainder, 0 

I n  a similar way the reader should find the second mode of motion of 

Next Page
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CHAPTER 6 

ROTATING MACHINERY 

6.1. Critical Speeds. Consider a disk of mass m on a shaft running at 
constant angular speed w in two bearings, as shown in Fig. 6.1. Let 
the center of gravity of the disk be at a radial distance e (= eccentricity) 
from the  center of the shaft. If the disk were revolving about the shaft 
center line, there would be a rotating centrifugal force mW2e acting on the 
disk. Such a rotating force can be resolved into its horizontal and 
vertical components and thus is seen 
to be equivalent t o  the sum of a 
vertical and a horizontal vibratory 
force of the same amplitude mde.  
Hence we expect the disk to  execute 
simultaneous vertical and horizontal 
vibrations, and in particular we ex- 
pect the disk to  vibrate violently when 
these impulses are in resonance with the natural frequency, i .e . ,  when the 
angular speed w of the shaft coincides with the natural frequency w,, of 
the non-rotating disk on its shaft elasticity. 

This conclusion is not restricted to a single disk symmetrically mounted 
on rigid bearings but holds for more compli- 
cated systems as well. The speeds at which 
such violent vibrations occur are known as 
“critical speeds.” I n  general the critical 
speeds w of any circular shaft with several disks 

w t  - running in two or more rigid bearings coincide 
with the natural frequencies of vibration of 

Cross section A A  Of the non-rotating shaft on its bearings. The Fig. 6.1 where B = bearing 
center, s = shaft center, and critical speeds can be calculated from the influ- 

ence numbers in the manner discussed in 0 = gravity center. 

Chap. 4, and the determination of the influence numbers is a problem in 
the strength of materials. 

The same result can be obtained also in a slightly different manner as 
follows. Figure 6.2 is drawn in the plane A A  of Fig. 6.1 perpendicular 
t o  the shaft. The origin of the x-y coordinate system is taken in the point 

Fro, 8,1. Unbalanced rotating disk. 

fp 
B 
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B which is the intersection with the plane A A  of the center line connec:.- 
ing the two bearings. In the whirling unbalanced shaft there are three 
points of importance: 

B = the center of the Bearings 
S = the center of the Shaft (at the disk) 
G = the center of Gravity (of the disk) 

In  Fig. 6.2 these three points have been drawn in a'straight line BSG, 
which is supposed to rotate about B with the angular velocity w of the 
disk. It will be seen that this apparently arbitrary assumption is the 
only one for which all forces are in equilibrium. 

Further let 

e = constant distance between 8 and G (eccentricity). 
r = BS = the deflection of the shaft at  the disk. 

If the effect of gravity be omitted, there are two'forces acting on the disk: 
first, the elastic pull of the shaft which tends to straighten the shaft or 

to pull 5' toward B, and, second, the 
centrifugal force on the center of 
gravity G, which point is traveling 
in a circle of radius ( r  + e). The 
first force depends on the bending 
stiffness of the shaft and is propor- 
tional to  its deflection; thus we write 
for it kr (toward the center). The 
centrifugal force is md(r  + e) directed 
from the center outward. For a 
steady whirling motion these two 
forces must be in equilibrium: 

4--- 

Wn W--c 

. .  
FI~. 6.3. The relative location of 5, G, 
and B for various speeds. kr = mwZr + mde (6.1) 

and solving for the shaft deflection T ,  

This formula coincides with Eq. (2.26) on page 45 for the case of a 
simple k-m system excited by a force proportional to the square of the 
frequency. Hence Eq. (6.2) may be represented also by the diagram of 
Fig. 2.20, which is shown again in Fig. 6.3. Taking the points X and G at 
the fixed distance e apart, the location of B with respect to these two 
points a t  each frequency is the projection of the ordinate of the curve on 
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the vertical axis. It is seen immediately that for very slow rotations 
(w = 0)  the radius of whirl BS is practically zero; a t  the critical speed, 
r = BS becomes infinite, while for very large frequencies B coincides with 
G. Thus a t  very high speeds the center of gravity remains a t  rest, which 
can be easily understood physically, since, if it were not so, the inertia 
force would become very (infinitely) great. 

Equation (6.1) shows that for a perfectly balanced shaft (e  = 0), the 
spring force kr and the centrifugal force mw2r are in equilibrium, Since 
both are proportional to the deflection, the shaft is in a state of indifferent 
equilibrium a t  resonance. It can rotate permanently with any arbitrary 
amount of bend in it. Whereas below the critical speed the shaft offered 
some elastic resistance to a sidewise force, this is no longer true at  the 
critical speed. The smallest possible sidewise force causes the deflection 
to increase indefinitely. 

Another interesting conclusion that can be drawn from Fig. 6.3 is that, 
for speeds below the critical, G lies farther away from the center B than 
S does, whereas, for speeds above the critical, S lies farther outside. The 
points S and G are on the same side of B at all speeds. Thus below the 
critical speed the “heavy side flies out,” whereas above the critical speed 
the “light side flies out.” 

The inertia force or centrifugal force is proportional to the eccentricity 
of G, which is r + e ;  and the elastic force is proportional to the eccen- 
tricity of S, which is r. The proportionality constants are mu2 and k ,  
respectively. For speeds below the critical, mw2 is smaller than k ,  so 
that r + e must be larger than r since the two forces are in equilibrium. 
At the critical speed, r + e is equal to r,  which necessitates that r be 
infinitely large. Above the critical speed, r + e is smaller than r ,  which 
makes r negative. 

It is difficult to understand why the-shaft, when it is accelerated grad- 
ually, should suddenly reverse the relative positions of the three points 
B, 8, and G a t  the critical speed. In fact the above analysis states merely 
that at  a given constant speed the configuration of the three points, as 
determined by Fig. 6.3, is the only one a t  which equilibrium exists 
between the two forces. Whether that equilibrium is stable or unstable, 
we do not know as yet. It can be shown that for certain types of friction 
the equilibrium is stable below as well as above the critical speed. 

The stability above the critical speed is due to the Coriolis acceleration which is 
set up as soon as the center of gravity of the disk moves radially away from the center 
B .  Then G is accelerated sidewise and ultimately driven to the other side of B, 
destroying the collinearity of B, S, and G during the process. If this sidewise escape 
is prevented, i.e., if the collinearity of the three points is enforced, the equilibrium 
above the critical speed is indeed unstable. 

The theory leading to Fig. 6.3 applies also to the system of Fig. 6.4 where the mass m 
is constrained to move without friction along a straight wire which in turn rotates 
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with speed W. When w - 0, the spring is not stretched and the equilibrium position 
of the mass is a t  a distance e from the vertical-shaft center. With increasing w the 
mass will move more and more toward P, and just below the critical speed it will rest 

I 

s 
FIQ. 6.4. Rotating wire PQ 
along which the mass m can 
slide. This system is unstable 
above the critical speed. 

against P. Above the critical speed the equilibrium 
position of the mass is on the other side (the &-side) 
of the vertical shaft, so that the centrifugal force 
toward Q is in equilibrium with the spring force 
toward P caused by the compression in the spring. 
This equilibrium, however, is unstable, as can be easily 
verified by displacing the mass by a small amount 
from the equilibrium position. Then the centrifugal 
force either increases or decreases at a faster rate than 
the spring force, with the result that  the mass flies 
either to Q or to P, depending on the direction of the 
small initial displacement. In  this experiment the 
collinearity of the three points B, S, and G is enforced 
by the wire, and sidewise escape is impossible. While 
the mass is moving along the wire, the Coriolis effect 
is felt only as a sidewise pressure on the wire and this 
does not influence the motion. In case the wire were 
absent, as in our original set-up of Fig. 6.1, a radial 

velocity of the mass would be associated with asidewise acceleration (&riolis) so tha t  
the above argument would be no longer valid. 

In order to prove the stability of the system of Fig. 6.1 we have to write Newton’s 

of inertia is sufficiently large. In  Fig. 6.5 the distance !p - - -X-- - - ’  Yi- 

equations for the disk in the general case, i .e. ,  dropping 
the assumption of collinearity. The only assumption 
we retain is that the disk rotates a t  a uniform speed w 
about its center S, which is permissible if its moment 

SG is constant and equal to el whereas BS is variable 
and is denoted by r. 

Let the coordinates of S be z and y, then the coordi- 
nates ZQ and YG of the center of gravity are x e COS w t  
and y + e sin wt. The only tangible force acting on 
the disk is the elastic force kr toward B and this force 
has the components - k x  and -ky along the axes. 
of gravity G are therefore 

or written out 

‘ +x  8 
FIG. 6.5. Proof of the stability 
of the system of Fig. 6.1 above 
the critical speed. 

Newton’s equations for the center 

ma0 = -kz and m@o = -ky 

(6.3) 

From Chap. 2 we know that the solution of these equations states that the motion 
of S in the zdirection as well as in the y-direction is made up of two parts, a free 
vibration of frequency w: = k /m and a forced vibration of frequency w .  The two 
forced vibrations in the z- and y-direction being 90 deg. out of phase in time as well as 
in space make up the steady rotation of Fig. 6.2 (see Problem 37, page 384). If the 
usual type of friction exists, the free vibrations will be damped out after a time, so 
that indeed the circular motion with amplitude (6.2) is reached ultimately. The “free 
vibration” which gradually dies down expresses the sidewise escape from collinearity 
m before discussed. However, there are types of friction for which the whirl above 
:he critical speed is unstable, as discussed on page 295. 

I m x  + kx = mwae * cos wt 
mg + ky = m w 2 e  . sin wt 
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Until now the bearings of the machine have been assumed rigid. By 
making them flexible the argument already given needs no change what- 
ever, provided the flexibility of the bearings is the same in all directions. 
The meaning of k ,  as before, is the number of pounds to be applied a t  the 
disk in order to deflect it 1 in. With flexible bearings, k is numerically 
smaller than with rigid bearings, but that makes no difference in the 
behavior of the shaft other than somewhat lowering its critical speed. 

This situation is slightly altered if the bearings have different flexibility 
in the horizontal and vertical directions. Usually with pedestal bearings 
the horizontal flexibility is greater ( k  is smaller) than the vertical flex- 
ibility. We merely split the centrifugal force mw2e into its horizontal and 
vertical components mw2e cos wt  and mu2e sin wt and then investigate the 
vertical and horizontal motions sepa- 
rately. In  Eqs. (6.3) this procedure 
introduces the difference that k in the 
x-equation is not the same as the k in 
the y-equation. At the frequency all 
the horizontal motion gets into reso- 
nance whereas the amplitude of the 
vertical motion is still small (Fig. 6.6). 
The path of the disk center S is an 
elongated horizontal ellipse. At a Speed 
greater speed w2, there is vertical reso- 
nance and the path is an elongated 
vertical ellipse. Thus there are two 
critical speeds and the shaft can hardly be said to “whirl” a t  either of 
them. Rather the shaft center vibrates almost in a straight line a t  either 
critical speed. 

The generalization of this theory to shafts with many disks on more 
than two bearings with different flexibilities in the two principal direc- 
tions is obvious. In general, there will be twice as many critical speeds 
as there are disks. 

The usual method 
for determining the natural frequencies or critical speeds of shafts or 
beams in bending is the “iteration” method of Stodola, either in its 
graphical form (page 157) or its numerical form (page 164). Recontly 
another manner of arriving at  the result was suggested by several authors; 
this method can be properly called an extension of the Holzer method, 
familiar in torsional calculations, to flexural vibration. The beam in 
question is first divided into a convenient number of sections 1, 2, 3, etc., 
just as in Fig. 4.31 (page 157). The mass of each section is calculated, 
divided into halves, and these halves concentrated at  the two ends of 
each section. Thus the beam is weightless between cuts and at  each cut 

f 

Wl WP 

FIG. 6.6. Resonance diagram for a shaft 
on bearings which are stiffer vertically 
than they ape horizontally. 

6.2. Holzer’s Method for Flexural Critical Speeds. 
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there is a concentrated mass equal t o  half the sum of the masses of the 
two adjacent sections. As in the Holzer method, we assume a frequency 
and proceed from section to  section along the beam. I n  the torsionai 
problem (governed by a second-order differential equation) there are two 
quantities of importance at each cut: the angle cp and the twisting 
moment, proportional to dcp/dx (page 138). I n  the flexural problem 
(governed by a fourth-order equation) there are four quantities of impor- 
tance at each cut: the deflection y ,  the slope 0 = y’ = dy/dx, the bending 
moment M = EIy“, and the shear force S = dM/dx = EIy”‘; and i t  is 
necessary to find the relations between these quantities from one cut to 

the next. Figure 6.7 shows the section be- 
tween the nth cut and then  + 1st cut, together 
with the various quantities. The sign of these 
quantities is defined as positive as shown in 
Fig. 6.7. It is noted that the cut is made at 
and immediately to the left of the concentrated 
mass. The  mass m, shown in the figure thus 
equals half the mass of the section between 

cut n - 1 and n plus half the mass of the section between n and  n + 1. 
Then we can write the following four equations for the section of length 1: 

FIG. 6.7. 

M l 2  Sn+lls Y,,+~ = yn + e,z + 3 - - 2EI 3EI 

of which (a) and (b )  are the equilibrium equations of the section, subject 
t o  the inertia force or centrifugal force mnu2yn a t  the chosen frequency u2. 
The equations ( c )  and (d) are the deformation equations of the section, 
considered to be a cantilever built in at the left at the proper angle en, 
and deformed by the force Sn+l and the moment Mnfl at its right-hand 
end. 

The equations (a) t o  (d) allow us to  calculate y ,  8, M, and S at the 
right-hand end of a section where they are known at the left-hand end. 
This can be done with a Holzer table, similar to the familiar one in tor- 
sional vibration, but much more elaborate, containing 17 columns instead 
of 7 .  

If we start from a simply supported end, where y = 0 and M = EIy” 
= 0, the slope 0 and the shear force S are unknown. I n  the torsional caee 
only the amplitude was unknown, which was arbitrarily assumed to bc 
1.000. Here we assume e = 1.000 and S = So. If we have a single 
span, by the Holzer table we find values for y ,  8, M, and S a t  the other 
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end bearing, all in terms of the symbol So and the assumed numerical 
value of u2 and the assumed slope 1.000. At the end bearing we must 
have y = 0, and from this condition SO is calculated numerically and 
substituted in. Then we find a definite numerical value for the bending 
moment M at the end bearing, which is the counterpart of Holzer’s 
“remainder torque” in the torsional case. Repeating the calculation a 
number of times for different values of u2 and plotting the end moment 
against u2 leads to a curve like Fig. 5.15 on page 190, and the natural 
frequencies are the zero points of that curve. 

The start is 
as usual, and upon arriving a t  the first intermediate bearing we set y = 0 
and solve for SO. But there is a new unknown reaction and consequently 
a new shear force S1 a t  the intermediate bearing. Thus, between the 
first and second intermediate bearings the calculation proceeds as before; 
only with the unknown symbol S, instead of SO in the previous span. 

Suppose the beam starts with an overhang instead of a bearing-sup- 
ported end. Then M = S = 0 a t  that end, while y and 9 are unknown. 
We start with y = 1.000 and 0 = 00 and the calculation is the same as 
before. For a built-in end y = e = 0, and we start with M = 1.000 
and S = So. 

Whereas the calculation for the torsional problem can be carried out 
with three decimal places on the slide rule, this is no longer feasible for 
the more complicated case of flexure. Eight or more decimal places are 
necessary to arrive a t  a final result accurate to three places, so that cal- 
culating machines become essential. In  fact the large digital computer 
has now become an accepted design tool in many large firms, and this 
iterative Holzer method of finding critical speeds is particularly adapted 
to computer operations. Longhand calculations by this method would 
take a month or more for an ordinary system, which is a prohibitive time. 
Before the day of computing machines the Holzer method was imprac- 
tical and the Rayleigh or Stodola methods (page 141 and page 155) were 
used, giving approximate results only. Now the Holzer method is 
extensively used and the computer yields the anawer in a few minutes. 
If the designer does not like the answer, he makes some appropriate 
changes in the design and feeds i t  back to the computer, until a satis- 
factory design has been evolved. In  this process many man-years of 
longhand calculations are performed by the computer without tiring the 
designer. 

The case of a multispan beam is essentially the same. 

The method can be extended to more complicated cases, for example, to a twisted 
turbine blade in which the principal axes of bending stiffness turn through an angle 
along the blade length. Then a vibration in one plane is no longer possible: the 
motion in the axial direction is coupled to that in the tangential direction. Let the 
axial direction be 2, the tangential direction be y, and the radial direction along the 
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blade be z. First calculate the mass per unit length PI, the bending stiffnesses I ,  and 
I, in the axial and tangential directions, and the product of inertia I,,, or stiffness 
coupling. Then cut the blade into B 
number of sections; take the average value of PI, I,, I,, and I,, of each section and 
consider these values constant along each section, aa in Fig. 6.7. The vibration takes 
place in the z and y coordinates simultaneously so that there will be eight equations 
instead of the four of page 230. Equations (a) and (a) still hold, but there is one of 
each for the x and for the y directions. Equations (c )  and (d) become more compli- 
cated since there is cross coupling on account of the product of inertia I,, term. The 
eight equations are given below without derivation. 

S..ntl - Sz,, + m , d x ,  
Su,ntl. = SUsn + mnw*y. 

All of these are variable with the length z. 

Mz,s+1 = Mz,n + Sz.n+ll 
Mu,n+1 = Mum + S u , n + J  

Now start at the built-in bottom of the blade, a t  station zero with x = y = x' = 
y' = 0. The bending moments and shear forces a t  the root are unknown. Take 
M, = 1.000, M, = M,o, S. 5 S.0, and S, = S,O a t  the root. Start the calculation 
with an assumed frequency U S  and proceed from station to station to the free end of the 
blade. All quantities in the calculation will carry the three unknown letters S,O, S,O, 
and M,o. At the free end we have M, = M, = S, = S, = 0, which are four equa- 
tions. From three out of these four solve for S.0, S,O, and M,o and substitute these 
values into the fourth one, which then will nol come out zero, as it should. Take, for 
example, M,, which will give Ml.sod instead of zero. Plot one point on the diagram 
Mz.snd = f(d). Repeat the process many times for other frequencies and plot the 
curve completely. This method 
is quite impossible without a computer: it  means months of tedious work. Once it is 
"programmed" for the computer, however, we receive the entire Mr.snd = f(d) curve 
in a matter of minutes. 

The zeros of this curve are the natural frequencies. 

6.3. Balancing of Solid Rotors. The disk of Fig. 6.1, of which the 
center of gravity lies a t  a distance of e in. from the shaft center, will 
vibrate and also will cause rotating forces to be transmitted to the bear- 
ings. The vibration and the bearing forces can be made to disappear 
by attaching a small weight to the "light side" of the disk so as t o  bring 
its center of gravity G in coincidence with the shaft center S. If the 
original eccentricity is e, the disk mass M ,  and the correction mass m, 
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applied at a radial distance r from S ,  then 
e 
r mr = eM or m =  -211 

233 

The “unbalance” mr of the:disk‘is usually measured in “inch ounces.” 
It is, of course, correct to double the balance weight for a given disk if 
the double weight is applied at half the original radius, since the centrif- 
ugal force is proportional to the product mr. 

The determination of the location of the correction is a problem of 
statics. The shaft can be placed on two parallel horizontal rails, for 
example, then the heavy spot will roll down, and a correction weight can 
be attached tentatively to  the top side of the disk. The amount of this 
weight is then varied until the disk is in indifferent equilibrium, i.e., 
shows no tendency to roll when placed in any position. I n  order t o  
minimize the errors of such a procedure (or as is sometimes said, in order 
to increase the sensitivity of the balancing machine), the rails must be 
made of hard steel and must be firmly embedded in heavy concrete, so 
that their deformation under the load is as small as possible. 

The set of horizontal rails is the simplest static balancing machine in 
existence. For machines in which the rotating mass is of disk form, 
i.e., has no great dimensions along the axis, static balance is the only bal- 
ance required to  insure quiet operation a t  all speeds. 

In case the rotor is an  elongated body, static balance alone is not 
sufficient. Figure 6.8 shows a rotor which is supposed to be “ideal,” 
i.e., of perfect rotational symmetry, except that two equal masses, ml 
and 7n2, are attached to two symmetrically opposite points. The rotor 
is evidently still in static balance, 
since the two masses do not remove the 
center of gravity from the shaft cen- 
ter line. When in rotation, the cen- 
trifugal forces on ml and m2 form a 
moment which causes rotating reac- 
tions R on the bearings as indicated. 
This rotor is said to be statically bal- FIQ. 6.8. A dynamically unbalanced 
anted but dynamically unbalanced, rotor causes equal and opposite rotating 

because this type of unbalance can 
be detected by a dynamic test only, while on a static balancing machine 
the rotor appears to be perfect. 

We shall now prove that any unbalance whatever in a rigid rotor 
(static, dynamic, or combined) can be corrected by placing appropriate 
correction weights in two planes, the end planes I and I1 of the rotor 
usually being chosen on account of their easy accessibility (Fig. 6.9). 
Let the existing unbalance mr consist of 4 in. oz. at one-quarter of the 

R 

m&r2 

reactions on its bearings. 

www.EngineeringEBooksPdf.com



234 MECHANTCAL VIBRATIONS 

length of the rotor and of 3 in. oz. in the middle between the planes I and 
I1 but turned 90 deg. with respect to the first unbalance. In  determining 
the corrective masses to be placed in the planes I and 11, we shall first 
find the corrections for the 4-unit unbalance, then find them for the 3-unit 
unbalance, and finally add the individual corrections together. The 
4-unit unbalance will cause a 4-unit rotating centrifugal force, which can 
be held in static equilibrium by a 3-unit force a t  I and by a one-unit force 
a t  11. Thus we have to place a 3-unit correction mass in plane I, 180 
deg. away from the original unbalance, and similarly a single-unit cor- 
rection mass in plane 11, also 180 deg. away from the original unbalance. 

I I II II 
I 

FIQ. 6.9. The most general unbalance in a rigid rotor can be corrected by placing one weight 
in each of two planes I and 11. 

The 3-unit unbalance is corrected by 1%;-unit masses in each of the two 
planes. Thus in total we have to place in plane I a 3-unit mass and a 
1%-unit mass, 90 deg apart. The two centrifugal forces due to  these 
can be added together by the parallelogram of forces so that instead of 
placing two correction masses in plane I we insert a single mass of 

4 ( 3 ) 2  + ( l x ) *  = 3.36 units a t  an  
angle CY = tan-' 0.5 from the diam- 
eter of the 4-unit unbalance. Sim- 
ilarly, the total correction in plane 
I1 consists of a correction mass of 
4 1  + (1%)~ = 1.80 units a t  an 
angle 0 = tan-' 1.5 from the same 

able fulcrums F1 and F z .  The process can be extended to 
a larger number of unbalanced masses, so that any unbalance in a rigid 
rotor can be corrected by a single mass in each of the two balancing planes. 

In any given rotor the size and location of the existing unbalance are 
unknown. They can be determined in a dynamic balancing machine. 
A type of construction of such a machine, used for small and medium- 
sized rotors, is shown in Fig. 6.10. The rotor is put in two bearings 
which are rigidly attached to a light table T. This table in turn is sup- 
ported on springs and can be made rotatable about either one of two 
fulcrum axes F 1  or F z ,  located in the two balancing planes I and 11. The 
rotor is driven either by a belt or by a flexible shaft, in which cases the 

FIG. 6.10. Balancing machine for small and 
medium sire rotors with two interchange- diameter. 
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driving motor is separate from the table TI or sometimes is driven by 
direct coupling to a small motor rigidly mounted on T.  The latter 
scheme increases the weight of the table, which is undesirable. The 
drive is not shown in the figure. 

Make F1 a fulcrum by releasing 
FP and run the rotor until it, together with the table, comes to  resonance 
on the springs. The maximum oscillating motion takes place at the 
right-hand end of TI and its amplitude is read on a dial indicator. By a 
series of operations to be described presently, the location and magnitude 
of the correction weight in the plane I1 are determined. With this weight 
inserted, the rotor and table do not vibrate a t  all. Any unbalance which 
still may exist in the rotor cannot have a moment about the fulcrum Fl, 
so that such unbalance must have a resultant located in plane I. 

Next, fulcrum F 1  is released and fulcrum Fz is tightened, and the 
correction weight in plane I is determined by the same process, to be 
described. After this correction has been applied, the moments of all 
centrifugal forces are zero about the axes through F1 and F2. But, then, 
by the rules of statics, there can be no moment about any other axis, and 
the rotor is balanced completely. 

Now we proceed to discuss how the correction weights can be deter- 

The balancing process is as follows. 

mined. Apparently the simplest method is by 
means of the phase-angle relation shown in Fig. 
2.22b, page 51. If a pencil or a piece of chalk 
is held very close to  the rotating and whirling 
shaft, it will “scribe the heavy spot” when the 
shaft runs below its critical speed; it will ‘(scribe 
the light spot ” when above resonance, while 
exactly at the critical speed it will scribe a t  a 
point which is 90 deg behind the heavy spot. 
Thus the location of the unbalance can be found 
by scribing, and the magnitude of the correction 
is then determined by a few trials. 

I n  practice this phase-angle method is very 
inaccurate, since near resonance the phase angle 
varies rapidly with small variations in speed, 
whereas at speeds markedly different from the 

D 

F I ~ .  6.11. Vector diagram 
for determinine the unbal- 
ance in a plane by three or 
f o u r  o b s e r v a t i o n a  of  
amplitude. 

critical the amplitudes of the vibration are so small that  no satisfactory 
scribing can be obtained. 

A more reliable method is based on observations of the amplitude only. 
It consists of conducting three test runs with the rotor in three different 
conditions: (1) without any additions to the rotor, (2) with a unit unbal- 
ance weight placed in an arbitrary hole of the rotor, and (3) with the same 
unbalance weight placed in the diametrically opposite hole. I n  Fig. 6.11 
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let O A  represent t o  a certain scale the original unbalance in the rotor and 
also, to anothei scale, the vibrational amplitude observed as a result of 
this unbalance a t  a certain speed. Similarly let OB represent vectorially 
the total unbalance of the rotor after the unit addition has been placed 
in the first hole. It is seen t,hat the vector OB may be considered as the 
sum of the vectors OA and AB, where AB now represents the extra 
unbalance introduced. If now this unbalance is removed and replaced 
in the diametrically opposite hole, necessarily the new additional unbal- 
ance is represented by the vector AC equal and opposite t o  AB, and con- 
sequently the vector OC, being the sum of the original unbalance OA and 
the addition AC, represents the complete unbalance in the third run. 

As a result of the amplitude observations in these three runs, we know 
the relative lengths of the vectors OB, OA, and OC, but me do not as yet 
know their absolute lengths or their angular relationships. However, 
we do know that OA must be the median of the triangle OBC and the 
problem therefore consists in constructing a triangle OBC, of which are 
known the ratios of two sides and a median. I ts  construction by Euclid’s 
geometry is carried out by doubling the length OA to OD and then 
observing that in the triangle ODC the side DC is equal t o  OB, so that 
in triangle OCD all three sides are known. Thus the triangle can be 
constructed, and as soon as this has been done we know the relative 
lengths of AB and OA. Since AB represents a known unbalance weight 
artificially introduced, we can deduce from it the magnitude of the orig- 
inal unknown unbalance OA. Also the angular location a of the original 
unbalance OA with respect t o  the known angular location AB is known. 

I n  finding the original 
triangle OCD, we might have obtained the triangle OC’D instead. Con- 
sequently we mould have obtained the direction C’B‘ instead of the direc- 
tion CB for our artificially introduced unbalances. This ambiguity can 
be removed by a fourth run which also will act as a check on the accuracy 
of the previous observations. It is noted that in the construction of 
Fig. 6.11 no assumptions have been made other than that the system is 
linear, i.e., that all vibration amplitudes are proportional to the unbalance 
masses. This relation is not entirely true for actual rotors but it is a 
good approximation to the truth. If after going through the motions 
shown in Fig. 6.11 and if after inserting the correction weight so found 
there still is vibration present in the machinery, that  vibration will be 
very much less than the original one and the process of Fig. 6.11 may be 
repeated once more. 

In  factories where great numbers of small- or moderate-sized motors 
have to  be balanced as a routine operation, the process of Fig. 6.11 
takes too much time. For such applications the movable fulcrum 
machine of Fig. 6.10 was developed into an  intricate precision apparatw 

There is one ambiguity in this construction. 

www.EngineeringEBooksPdf.com



ROTATING MACHINERY 237 

in which the balancing is done by means of a so-called L‘balancing head.” 
A balancing head is an apparatus which is solidly coupled to t,he rotor 

to be tested and which contains two arms with weights (Fig. 6.12). 
These arms rotate with the rotor and keep the same relative position with 
respect t o  it, a t  least as long as the operator does not interfere. The 
possibility of rotating these arms relative to the rotor exists in the form 
of an intricate system of gears, clutches, and magnets or motors. The 
power for its operation is introduced necessarily through slip rings, since 
the whole head is rotating. The operator has before 
him two buttons. If he presses the first one, the two 
arms rotate in the same direction; if he presses the sec- 
ond one, the arms rotate in opposite directions at the 
rate of about one revolution per 5 see. relative to the 
rotor in each case. 

Since the two arms form the only unbalance in the 
head, this makes it possible for the operator to change head with 
the magnitude as well as the direction of the added un- t w o  u n b a l a n c e d  

balance. By letting the two masses rotate in the same arms’ 

direction (button 1) and watching the vibration indicator, a maximum 
and a minimum amplitude appear every 5 sec. After taking his finger 
off button 1 at the minimum amplitude, the operator makes the two arms 
rotate against each other by pressing button 2. Since during this opera- 
tion the bisecting line of arms remains a t  rest with respect to the rotor, 
the direction of the additional unbalance does not change, but the mag- 
nitude varies from two masses (when the arms coincide) to zero (when 
they are 180 deg apart). After the vibration has been reduced to zero, 
the rotor is stopped and from the position of the arms in the head the 
desired correction is determined immediately. As before, the process 
has to be performed twice for different locations of the fulcrum. 

Another entirely different balancing head is the one invented by Thearle 
(1930). The machine is of the type of Fig. 6.10 with two fulcrums and 
with a head like Fig. 6.12 but with the important difference that the two 
arms are entirely free to rotate with respect to the rotor, except for the 
possibility of clamping them. There are no gears or magnets, merely a 
clutch which either clamps or releases the arms. I n  operation the arms 
are first clamped and the machine brought to above its critical speed. 
Upon releasing the arms, they will automatically seek the position of com- 
plete balance where all vibration ceases. They are clamped again in that 
position and the rotor is brought to rest. 

Suppose 
that the two arms are clamped in a 180-deg. position so that the head 
with the arms included ia in perfect balance. The only unbalance in the 
system is in the rotor. 

8 
FIG. 6.12. A bal- 

The theory of operation of this device is very interesting. 
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I n  Fig. 6.13, let B (center line of bearings), S (center of shaft, i.e., 
balancing head), and G (center of gravity) have the usual meanings. We 
know from Fig. 6.3 that these three points appear in different sequences 
for speeds below and above the critical speed. The whirl of the whole 
assembly is about the bearing center line B,  so that the centrifugal forces 
acting on the clamped arms must be directed away from B. 

If a t  some speed below the critical (Fig. 6.13a) the arms are released, 
then the centrifugal forces will turn them toward each other to the top 
of the figure. Having arrived there they find themselves on the side of 
G, i.e., on the heavy side. On the other hand, if they are released above 
the critical speed, Fig. 6.13b shows that the centrifugal forces tend to 
drive the arms again to the top of the figure, which is now the light side. 
I n  coming closer t,ogether, the arms bring the location of G up and, after 
they have gone a certain distance, G coincides with S (and also with B)  
and all vibration ceases. 

(a )  Below cri t ical (61 Above cri t ical 
FIQ. 6.13. Explains the Thearle balancing machine. 

I n  practice the two arms are replaced by two balls which can roll in a 
circular concentric track. It is interesting to note that an early invention 
(about 1900) by Leblanc called for such a concentric track or tube filled 
partially with mercury. This was supposed to ensure balance automat- 
ically, and the theory given was that of Thearle and Fig. 6.13 above. 
However, the two arms or balls will work, whereas mercury in the same 
track will not work. This can be recognized by remarking that, when 
self-balance is achieved, the track center coincides with point S and the 
centrifugal forces then are everywhere perpendicular to the circular track. 
Any one ball is then in indifferent equilibrium in any position along the 
track, but the mercury will distribute itself evenly all around. Whereas 
two balls or arms can furnish a counter unbalance with a track centric 
with 8, the mercury cannot do so. Hence Leblanc's invention was in 
error. 

Recently (1947) this principle was applied to a domestic washing 
machine (Thor washing machine, U.S. Patent 2,420,592). T'ne bowl of 
this machine, spinning at about 600 r.p.m. with a damp wad or clothes in 
it (centrifugal drying process), is fitted with two loose rings. They are 
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held centrally clamped at low speeds, and above the critical speed they 
are released and automatically assume positions counteracting the con- 
siderable unbalance of the clothes. 

With the modern developments in radio technique, it is now no longer 
necessary to run balancing machines a t  resonance. They can be operated 
at  speeds well removed from the resonant one, the very small vibrations 
at  the bearing being picked up by electronic devices, of which the output 
can be amplified to any desired degree. Machines utilizing such ampli- 
fiers are discussed in the next section. 

It is possible to sim- 
plify the methods of balancing described in the previous section if means 
are available to measure the phase angle between the location of the 
unbalance in the rotor and the “high spot” of the vibration. Let the 
rotor be supported in two bearings a and b which are flexible in, say, the 
horizontal direction and stiffly supported vertically. The balancing 
planes I and I1 do not coincide with the locations of the bearings aand b. 
Now imagine the rotor to be ideally balanced so that while it is rotating 
in the bearings no bearing vibration occurs. Then unbalance the ideal 
rotor by placing a unit weight in the angular location 0” of balancing 
plane I. This will cause a vibration in both bearings and these vibrations 
are denoted as (Y.~ and (YbI, where the first subscript denotes the bearing 
a t  which the vibration occurs and the second subscript denotes the bal- 
ancing plane in which the unit unbalance a t  zero angular location has 
been placed. When there is no damping in the system, these numbers 
(Y are real numbers, by which we mean that the maximum displacement 
in the horizontal direction of the bearings occurs a t  the same instant that 
the unbalance weight finds itself at  the end of a horizontal radius. If 
there is damping in the system, there mill be some phase angle between 
the unbalance radius and the horizontal a t  the moment that the bearing 
has its maximum displacement, and this condition can be taken care of 
by assigning complex values to the (Y numbers. 

I n  a similar manner the ideal rotor may be unbalanced with a unit 
weight in the zero angular location of plane 11, which then causes the bear- 
ing vibrations The four numbers (Y so found are known as 
the complex dynamic injuence numbers of the set-up. The rotor is run 
well above its critical speed so that the phase angles are 180 deg. and the 
influence numbers are real. These four influence numbers completely 
determine the elastic and inertia properties of the system for the r.p.m. 
a t  which they are determined, but they are entirely independent of the 
amount of unbalance present. 

Next suppose tha,t the unbalance in plane I is not a unit unbalance a t  
zero angular location but an  unbalance which numerically as well as 
angularly differs from the unit unbalance, and is represented by the com- 

6.4. Simultaneous Balancing in Two Planes. 

and (YbII. 
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plex number ol. Then this unbalance 01 will cause a vibration at  the 
bearing a, expressed by the product a a I o I .  

With.these notations, it is now possible to write the vibration vectors 
P at the two bearings in terms of a general unbalance oI and o 1 1  as 
follows : 

(6.4) 

It is possible to measure the vibration vectors pa and pb and calculate 
from them by means of the set (6.4) the unknown unbalance vectors 
0, and 8,,, with the following result: 

I P a  = a a 1 0 1  + a a I I i 7 1 1  

Ph = a b I o 1  + ( Y b I I 0 I I  

( 6 . 4 ~ )  

In these equations A = a . 1  . CYbII - a b I f f a I 1  is the determinant of the 
coefficients of Eq. (6.4). The set of equations ( 6 . 4 ~ )  enables us to cal- 
culate the unknown unbalance vectors if we can measure the vibration 
vectors at  the two bearings and if we know the four dynamic influence 
numbers. 

These 7-vectors can be measured in various ways. A very convenient 
method consists of inverted loud-speaker elements such as are described 
on page 62. These elements are attached to the two bearing shells a 
and b of the balancing machine, and their output is an electric alternating 
voltage which in magnitude and phase determines the vibration vector. 
The Gisholt-Westinghouse balancing machine uses such elements and also 
has an electric circuit by which Eqs. (6.4a) are automatically solved. 
In order to understand the operation of this circuit, shown in Fig. 6.14, 
we rewrite the first of Eqs. (6.4a) as follows: 

Tn this equation we notice that the ratio oC,II/abII is smaller than 1 because 
the numerator is the response of a bearing to a unit unbalance far away 
from it, while the denominator is the response to an unbalance close to it. 
In  all ordinary systems this ratio is smaller than unity. Thus we see 
from Eq. (6.5) that the unbalance in plane I is found by taking the vibra- 
tion vector of bearing a, subtracting from it a fraction of the vibration 
vector of bearing b, and multiplying the result by abII/A. The fraction 
of Pb in general is a complex fraction but it is made real by running the 
machine at  a speed far above its resonance. The subtraction of these 
two quantities is accomplished in Fig. 6.14 by connecting in series the 
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full output of the loud-speaker coil on bearing a with a fraction of the 
voltage output of loud-speaker coil Pb. This fraction is picked off by a 
potentiometer knob 1. I n  this way it is possible to adjust that  fraction 
t o  any real number smaller than one. The fact that  there is a minus 
sign on the right-hand side of Eq. (6.5) instead of a plus sign has no fur- 
ther importance than that the terminals of one of the coils have to be 
reversed. The voltage representing the right-hand side of Eq. (6.5) is 
then fed into an amplifier, and the amplified voltage is multiplied by the 
number abII/A, by picking off a fraction of it through the potentiometer 
knob 2. The output of the circuit is then read on a milliammeter and 
is simultaneously used to actuate a stroboscopic lamp which flashes once 
per revolution of the rotor. If it is only possible to  set knob 1 so as to 
represent the ratio a a I I / ~ ~ I I  and to  set knob 2 so as to represent the ratio 
abII/A, then the milliammeter t o  a certain scale will read directly the 
amount of the  unbalance, while the stroboscopic lamp will apparently 

+ I --- 
I I  I I  

I 

circuit I 

FIQ. 6.14. Circuit diagram of the Gisholt-Westinghouse balancing machine. (J .  G. Baker.) 

freeze the rotor at such an  angular position that a fixed needle points at 
the angular location of the unbalance. 

For the 
solution of the second equation (6.5) it is necessary to  combine the full 
output of v b  with a fraction of va and multiply the amplified output by 
a different number. This is done by a new circuit with knobs 3 and 4 
instead of 1 and 2 in a similar manner. 

The interesting feature of this circuit is that the proper setting of these 
knobs is not calculated but found by a series of very simple experiments. 
Suppose that a large number of identical rotors have t o  be balanced in a 
mass-production process. We start with balancing one rotor in any 
convenient manner until it is perfect and this may take us a considerable 
time. This perfect rotor placed in the two bearings a and b will cause no 
vibration in them, therefore no voltage Pa or Pb, and hence no reading 
in the milliammeter. Then a unit unbalance at zero angular location 
is deliberately placed in plane I. This ought t o  cause a unit reading on 
the milliammeter and a zero angular reading on the stroboscope in the 
case where the circuit of Fig. 6.14 with knobs 1, 2 is switched in, i.e., in 
the case where a left-right switch is set on the position I. If this switch 

The circuit thus described solves the first of Eqs. (6.5). 
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is set t o  the position 11, the other circuit with knobs 3 and 4 is in force 
and the milliammeter ought t o  give a zero reading. Naturally, these 
readings will not be as they should, because the four adjustments have 
not been made as yet. It follows from Eq. (6.5) that with the switch 
in the position I1 the zero reading on the milliammeter (due to unit 
unbalance in plane I) is not affected by the knob 4 but can be accom- 
plished entirely by 3. We therefore turn knob 3 until the milliammeter 
reading becomes zero. 

Now the unit unbalance in plane I is removed and brought to plane 
11, while the selector switch is thrown to  position I. Again the milliam- 
meter should read zero, which is accomplished quickly by adjusting 
knob 1. Now, leaving the unit unbalance in plane 11, the selector switch 
is thrown to  the position I1 and the knob 4 is adjusted until the milliam- 
meter reads a unit unbalance and the stroboscope a zero angular position. 
Finally, the unit unbalance is brought back to  plane I, the selector switch 
is set on plane I, and knob 2 adjusted to  get unit reading on the milliam- 
meter and zero angular reading on the stroboscope. This process of 
making the four adjustments takes only a few minutes for an experienced 
operator, and thereafter these adjustments are correct for every other 
rotor in the series to be balanced. The balancing process then consists 
of placing an unbalanced rotor in the bearings, starting the rotor by a 
foot-operated switch (belt drive), reading the milliammeter and the 
angular position, throwing the selector switch to the other side, and again 
reading the unbalance numerically as well as angularly. This process 
takes only a few seconds and is extremely accurate. 

I n  cases where a single rotor has to be balanced instead of a whole 
series in mass production, such as, for example, a turbine or a generator 
rotor in its own bearings in a powerhouse, the problem is to  produce one 
“ideal rotor.” The procedure outlined above does not solve the diffi- 
culty, but it is still possible to use the apparatus of Fig. 6.14 by a clever 
expedient, due to  J. G. Baker, which consists of fooling the circuit of 
Fig. 6.14 into believing that it deals with an ideal rotor, whereas in reality 
it deals with an ordinary unbalanced rotor. For this purpose two small 
alternating-current generators are made to be driven by the turbine to  
be balanced. These generators produce currents of a frequency equal t o  
that of the r.p.m., and their voltage output can be regulated in magnitude 
as well as in phase. Now the circuit of Fig. 6.14 is opened in two spots 
at the two coils V ,  and Vb. The output of the generators, suitably 
modified, is now fed into these openings and regulated so that the voltage 
induced by the vibration in each pickup coil is bucked by an equal and 
opposite voltage artificially introduced by the generators. With this 
set-up the circuit of Fig. 6.14 gets no impulses and therefore reacts as if 
a n  ideal rotor were run. Now with the bucking voltages in force the three 
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runs of the eristing rotor are made: (1) “as is,” (2) with a unit unbalance 
in plane I, and (3) with a unit unbalance in plane 11. In  this manner the 
adjustment on all four knobs is carried through as outlined above. After 
this, the artificially introduced bucking voltages are removed and now 
the circuit responds to the actual rotor with the existing unbalance in it. 

A still simpler method of balancing without fulcrums is suggested by 
Eqs. (6.4). It is clear that  the vibration readings can be made a t  such a 
position along the rotor that  the influence numbers and become 
zero. This means that the measurement va (or v b )  has to  be made a t  
a position along the rotor which will not experience any vibration if an 
unbalanced weight is placed in plane I1 (or I). This position is known 
as the “center of percussion,” belonging to the “center of shock’’ I1 
(or I). I n  that case each loud-speaker element or other type of electrical 
indicator reads only the vibration caused by one of the balancing planes 
alone and, instead of solving a set of four algebraic simultaneous equations 
(6.4) with four unknowns, the problem is reduced to  finding a solution to  
two sets of two unknowns each. This method has been used for some 
time in a machine developed by the General Motors Research Laboratory. 

I n  discussing the 
effects of unbalanced masses in the last two sections, we have assumed 
that the rotor was not deformed by them. When running a t  speeds far 
below the first critical, this assumption is perfectly justified, but for speeds 
higher than about half of the first critical the rotor assumes deformations 
which can no longer be neglected since they set up new centrifugal forces 
in addition to  the ones caused by the original unbalance. If, for example, 
a unit unbalance is located in the center of a symmetrical rigid rotor, the 
unit centrifugal force due to  this unbalance will have reactions of half a 
unit a t  each of the bearings. On the other hand, if the rotor is flexible, 
the unit centrifugal force will put a bend in the structure and bring its 
center line off the original position. Consequently, the bent center line 
whirls around and additional centrifugal forces are set up which will alter 
the bearing reactions. 

The machine can evidently be balanced by adding a corrective mass 
in the middle directly opposite the original unbalance. But we prefer 
t o  balance it in two definite planes near the ends. Assume that the rotor 
consists of a straight uniform shaft and that the balancing planes are at 
one-sixth of the total length from each end. Evidently the rigid rotor 
will be balanced by putting in corrections of magnitude in each plane 
(Fig. 6 .15~) .  

When the unbalanced rotor is running at its first critical speed, its 
deflection curve is a sinusoid (page 150) of which the amplitude is so 
large that the newly “induced” unbalance is far greater than the original 
unit unbalance. Thus the original unbalance does not influence the shape 

6.6. Balancing of Flexible Rotors; Field Balancing. 
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of the deflection curve, which at the balancing planes has half the ampli- 
tude of the middle. The proper corrections have to be of the same 
amount as the original unbalance. This can be understood by bending 
the shaft a little more. The centrifugal forces of the shape itself (exclu- 
sive of the original unbalance) are in equilibrium with the elastic forces 
at any position of the shaft, since there is resonance. When increasing 

I II 

FIG. 6.15. The proper correction weights 
to be inserted in the planes I and I1 
vary with the speed in a flexible rotor. 

the deflection a t  the center by 6, the 
work done by the unbalance is 6 X 1 and 
the work done by each of the two correc- 
tionweights x6 X 1. It isseen that the 
equilibrium remains indifferent (charac- 
teristic of a balanced rotor at a critical 
speed) when the correction weights are 
made a full unit each (Fig. 6.15b). 

At the second critical speed the cen- 
tral unbalance is not displaced in posi- 
tion so that no correction weights are 
necessary. At the third critical speed 
the correction weights have Lo be made 
half a unit on the side opposite t o  
where they were a t  slow speeds (Fig. 
6 . 1 5 ~ ~  d ) .  

We thus draw the conclusion that 
a flexible rotor can be balanced in two 

planes for a single speed only; as a rule the machine will become unbalanced 
again at any other speed. Large turbine spindles or turbogenerator- 
rotors in modern applications usually run between their first and second 
critical speeds. When such units are balanced a t  a rather low speed in 
the machine sketched in Fig. 6.10, they quite often become rough when 
run a t  full speed in their permanent bearings. This is one of the reasons 
why shop balancing is not sufficient, and why such machines have to be 
balanced again in the field under service conditions. I n  the field no 
movable fulcrums are available and the process of balancing takes a 
considertXe time. As a rule, the amplitude method discussed on page 
235 is applied, but in order to secure good balance it is necessary to repeat 
the operation a number of times, shuttling back and forth from one bal- 
ancing plane to the other. 

Since the year 1950 the rotors of large turbogenerators have become so 
long and slender that they run between the second and third critical 
speeds. Balancing in two planes is no longer sufficient and it is now 
practice in some of the larger firms to balance these spindles in the shop 
in three or more balancing planes. While, theoretically, two-plane 
balancing at one particular running speed is possible, in practice it hap- 
pens sometimes that the correction weights required become impossibly 
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large and then balancing in three or sometimes four planes is indicated. 
I n  principle we can generalize the procedure of page 234, where vibration 
measurements in two planes determine the necessary correction weight 
in two other planes by means of two simultaneous vector equations (6.4). 
Then when we make n measurements in n locations we can find n vector 
equations determining the necessary corrections in n planes. 

There are cases on record where even several weeks of systematic field 
balancing did not produce a smooth machine. I n  such cases the trouble 
is evidently caused by something other than unbalance. In  one partic- 
ular machine it was found that a careless workman had dropped a bal- 
ancing weight in the hollow interior of a turbine spindle and had failed 
to report the fact. Consequently a loose weight of 1 Ib. was flying around 
freely in that space, and it was impossible to balance the machine. 

A remarkable series of cases of steam-turbine vibration, observed off 
and on during the last fifteen years, has now been explained. The tur- 
bine would vibrate with the frequency of its rotation, obviously caused 
by unbalance, but the intensity of the vibration would vary periodically 
and extremely slowly. On some turbines the period of time between 
two consecutive maxima of vibration intensity was as low as 15 min.; on 
others this period was as much as 5 hr. The seriousness of the trouble 
consisted in the fact that  each maximum was worse than its predecessor, 
so that after half a dozen of these cycles the machine had to be shut down. 

Observations were made of the phase angle of the vibration, i.e., the 
angle between the vertical and the radial direction of a definite point of 
the rotor at the instant that, say, the horizontal 
vibrational displacement of a bearing was maxi- 
mum to the right. This angle was observed by 
watching the needle of a vibrometer placed on 
the bearing by a stroboscopic light, flashing once 
per revolution and operated by a contactor driven 
off the rotor. The phase angle was found to in- 
crease indefinitely, growing by 360 deg. each time 
the vibration reached a maximum. This was 
explained as a I '  rotating unbalance " which would 

~ ~ ; i ~ ; ~ ~ ~ ~ ; r ~ ~ ~ ; a ~ ; ;  
creep through the rotor and which would be addi- unbalance within the rotor 
tive to  the original steady unbalance when the z;;:g 2 c ~ ~ ~ ' m e t r i c a l  vibration was a maximum and in phase opposition 
to the steady unbalance at times of minimum vibration. A detailed 
explanation of how an  unbalance can creep so slowly through a rotor has 
been given by R. P. ICroon, as follows. 

Let Fig. G.16 represent a cross section of the rotor and let the vector 
05'be the static unbalance of the rotor: i .e . ,  0 is the geometric center of 
the rotor and S is its center of gravity when not rotating. For very slow 
rotation the ro+.or will hnw out under the influence of the centrifugal force 

www.EngineeringEBooksPdf.com



2413 MECHANICAL VIBRATIONS 

in the direction OS, but a t  higher speeds the “high spot” will no longer 
coincide with the “heavy spot l f  S.  The high spot will be given by the 
dynamic unbalance vector 07, where D is the location of the geometric 
center of the rotor while running. Since O T  is the L1force” and 0 3  the 
“displacement,” the result of Figs. 2.21 and 2.223 can be applied, from 
which it is seen that the high spot always trails behind the heavy spot by 
an  angle ‘p which is less than 90 deg. below resonance and between 90 and 
180 deg. above resonance. 

caused by the bowing out of the 
rotor may be the cause of ’local heating at D. This may be in the form 
of actual rubbing on the periphery at D or, in the case of a hollow rotor, 
may be the result of condensation. The water droplets from the condens- 
ing steam will be moved by centrifugal force to  D, thus causing further 
condensation and heating at that point. The heating a t  D in turn causes 
the rotor fibers t o  expand, thus producing an elastic bowing out of the 
rotor with a consequent shift in the location of the center of gravity. 
The point S therefore shifts t o  S’, the vector ss’ having the direction m. 
The new static unbalance is angularly displaced with respect to 0s; 
the angle rp remains the same, so that also shifts clockwise. I n  this 
manner we see a slow rotation of the unbalance in a direction opposite 
to that of rotation. Also ox’ is slightly greater than m, so that the result 
will be that the point S describes a spiral within the rotor. We have 
thus seen that for local heating at the high spot below resonant speed we 
get a retrograde and increasing spiral. In  a similar manner it is shown 
that above resonant speed (‘p > 90 deg.) the spiral is still retrograde but 
now decreasing. If there happens to be cooling a t  the high spot, instead 
of heating, the spiral is forward and decreasing below resonance, forward 
and increasing above that speed. 

For very flexible rotors, running well above their first critical speed 
and close to  the second critical, the phase angle ‘p becomes greater than 
180 deg and the analysis in terms of a single degree of freedom can no 
longer be applied. However, the general reasoning is the same; only the 
value of rp is different. 

I n  this connection it may be of interest t o  mention another temperature 
effect observed in steam turbines. After a turbine has stood still for 
some time, the temperature of the top fibers of the rotor is usually some- 
what higher than that of the bottom fibers, so that the rotor is “humped 
ap.” When rotating the unit, this evidently correspond,j: t o  a huge 
unbalance, since a bend of 0.001 in. in the center line of a 20-ton rotor 
means an unbalance of 40 in.-lb. Thus an attempt t o  bring the machine 
to  full speed at once would end in disaster. It is necessary to  rotate the 
spindle at a low speed for some time before the temperature diirerences 
are sufficiently neutralized and the machine can be put in operation. 

The unsymmetry in the direction 
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Besides the main or ordinary critical 
speed caused by the centrifugal forces of the unbalanced masses, some 
disturbance has been observed at half this critical speed, i.e., for the single 
disk of Fig. 6.1 a t  w = M m m .  

On vertical 
shafts it is absent, indicating that gravity must be one of the causes of it. 
There exist two types of this disturbance, caused by gravity in combina- 
tion with unbalance and by gravity in combination with a non-uniform 
bending stiffness of the shaft. 

These phenomena are known as “secondary critical speeds,” and, as 
the name indicates, their importance and severity are usually less than 
for the ordinary or “primary” critical speeds. The theory of the actual 
motion is very complicated, and its detailed discussion must be post- 
poned to  the last chapter, pages 335 to 350. Here, we propose to give 
merely a physical explanation of the phenomena and a calculation of the 
amplitude of the disturbing forces involved. 

To this end we imagine the simple shaft of Fig. 6.1 t o  be rotating with- 
out any vibration or whirl, and then we calculate which alternating forces 
are acting on the disk. For the ordinary critical speed of page 226 we 
have a rotating centrifugal force mde (m = mass of the entire disk, 
e = eccentricity of its center of gravity), and this force can be resolved 
into its horizontal and vertical components. Each of these is an alternat- 
ing force of frequency w and amplitude mu2e. 

Consider next the case of a perfectly balanced disk (e = 0) running on 
a shaft which is not equally stiff in all directions. Since a shaft cross 
section has two principal axes about 
which the moment of inertia is max- 
imum and minimum, it is seen that for 
each quarter revolution the stiffness of 
the shaft in the vertical direction passes FIG. 6.17. Shaft cross sections of non- 

uniform flexibility. from a maximum to  a minimum (Fig. 
6.17). For a full revolution of the shaft the stiffness is twice a maximum 
and twice a minimum, or for each revolution the stiffness variation passes 
through two full cycles. 

If the spring constant of the shaft varies between the minimum value 
k - Ak, and the maximum value k + Ak, with an average value of k ,  
then for uniform rotation w the stiffness can be expressed by 

k + Ak * sin 2wt  

6.6. Secondary Critical Speeds. 

This effect has been observed on horizontal shafts only. 

If the disk is not vibrating and its downward deflection during rotation 
is 6, there are two vertical forces acting on it, uiz.: 

The weight mg downward. 
The spring force ( k  + Ak * sin 2 4 6  upward. 
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Naturally the weight and the constant part of the spring force are in 
equilibrium, so that we have a vertical disturbing force of frequency 2w 
and of amplitude 

Ak 
= w‘x  A k a 6  = A k * x  mg 

If the shaft is running a t  haIf its critical speed, the impulses of this force 
occur at  the natural frequency so that we expect vibration. 

The next case, that of an unbalanced disk on a uniform shaft, is some- 
what more difficult to understand. Assuming no vibration, i .e. ,  the 
center S of the shaft being a t  rest and coinciding with B ,  and assuming 

an eccentricity el the center of gravity G describes a 
circular path of radius e (Fig. 6.18). The weight W 

the rotation when G is in the left half of Fig. 6.18 and 
The magni- 

tude of this torque is We sin wt.  If the moment of in- 

of gyration), the angular acceleration of the shaft 
caused by this torque is (We/mpz) sin wt.  The point G 
in its circular path has an acceleration of which the 
radial or centripetal component is of no interest to us 
in this case, since it will lead to the ordinary (pri- 

However, on account of the angular acceleration, 

the disk exerts a torque on the shaft which retards 
/ 
I 
\ 
\ 

ccelerates it when G is in the right half. 

of the disk about the shaft axis is mp2 (p = radius 

Fro. 6.18. Explains 
the secondary criti- 
cal speed caused by 
u n b a l a n c e  a n d  
gravity. 

mary) critical speed. 
G has a tangential component of acceleration of magnitude 

We2 mp2 sin wt 

This means that there must be a tangential force acting on G of value 
(We2/p2) sin wt.  The vertical component of this force is sin wt times as 
large, or 

We2 
2 P 2  

(7) sin2 wt  = const. - - cos 2wt 

The constant part of this force is taken up as a small additional constant 
deflection of the shaft and is of no interest. However, the variable part 
has the frequency 2 w  and the amplitude Wez/2p2. 

Summarizing, we have for amplitudes of the disturbing forces the 
following expressions : 

At the ordinary critical speed, mw2e 

At the “unbalance” secondary speed, 7 * 
At the “flat-shaft” secondary speed, W 5 
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I n  practice, the order of magnitude of e/p t o  be expected in a machine 
is about the same as that of A k / k ,  both being very small, say 0.001. It 
is seen that the disturbing force of the “unbalance” secondary critical 
speed is of a much smaller order than that of the “flat-shaft” critical 
speed, since e/p appears as a square. Therefore, in most cases where the 
secondary critical is observed, it is due to  non-uniformity of the shaft 
rather than to  unbalance. The nature of the trouble can be established 
by balancing the machine at its primary critical speed. If the amplitude 
of the secondary critical speed is not affectedby this procedure, that  speed 
is clearly due to  shaft flatness. 

A more detailed analysis of this problem is given on pages 335 t o  350. 
6.7. Critical Speeds of Helicopter Rotors. About the year 1940, hel- 

icopter rotors with the usual hinged-blade construction were observed 
to come to a violent critical condition at a 
speed very much lower than that calculated 
from the uZ = k/Mformula. This happens 
while the aircraft is standing still on the 
ground prior to take-off and consequently 
is called the “ground critical.” The phe- 
nomenon was explained by R. P. Coleman 

and 1943, and the simpler portion of his 
results are here reproduced for the great 
interest attached to them. 

The system is as shown in Fig. 6.19. 
The blades of a helicopter rotor are hinged 
at H ,  so that they can swing freely about 
H in the plane of rotation. The hub of the 
rotor coincides with the top T of a “pylon” 
OT, which a t  0 is supposed to  be built-in 
into the helicopter structure. If k be the 
stiffness of this pylon against a force a t  T in the plane of the rotor and if M 
be the total mass of the hub and all attached blades, then the observed 
critical speed w z  was very much smaller than k / M .  

Consider the three-bladed rotor of Fig. 6.20, where 0 is the bottom of 
the pylon seen from above and T is the top of the pylon, displaced to  the 
right through the distance OT = el the eccentricity. The pylon is sup- 
posed to be bent elastically through distance el and the entire figure as a 
solid body rotates or whirls at speed w about the vertical axis 0. The 
blades will turn about their hinge axes H through small angles el so that 
the blade lines up with the centrifugal field through the center of rotation 
0. During the whirling motion these angles e are constant and no rela- 
tive motion takes place across any of the hinges H .  We now calculate 

< --F-- 

\ of Langley Field in N.A.C.A. reports of 1942 \ 
\ 

\ 
A\ 

*-!I- 
FIQ. 6.19. 
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the centrifugal forces of all three blades and of the hub and set their sum 
equal t o  ke, the elastic homing force of the pylon. This will give the 

critical speed. 
I n  the triangle OTH the angle 

O T H  is 120 deg., the angle T H O  = E 
is considered “small,” the hinge 
radius T H  = a, and the eccentricity 
OT = e is again “small” with re- 
spect t o  a. From the geometry of 

rive as follows: 

@ 

\ this triangle the reader should de- @ ! y 

sine = e = -.- d 3 e  O H = a + !  2 a  2 

Thus the centrifugal force of blade 
2, Fig. 6.20 is r n b d  ( a + b + e/2), 

This force is now resolved into components parallel 
The component parallel to OT (to the right) is 

Fro. 6.20. 

directed along GH, 
and perpendicular t o  OT. 

msw2 ( a  + b + i) cos (60” - a)  

= mbu2 (a + b + i) (cos 60” + E sin 60’) 

For blade 3 the result is the same for reasons of symmetry, while the 
components of centrifugal force perpendicular to OT for blades 2 and 3 
cancel each other. The centrifugal force of blade 1 in the direction OT 
(to the left) is 

mbu2((a + b - e) (6.8) 

rnhUbo2e (6.9) 

The centrifugal force of the hub itself (to the right) is 

Thus the total centrifugal force to the right is twice Eq. (6.7) less Eq. 
(6.8) plus Eq. (6.9): 

Let m h u b  < 3rnb = M ,  the total miss 
3rnb and I.( = M ,  ratio of hinged mass to  total mass 
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Then the tot.al centrifugal force can be written: 

251 

M w 2 e  (1 + 2) 
Equate this to the elastic force ke,  and the crit,ical frequency comes out: 

(6.10) 

It is seen that for the case of no hinged mass, p = 0, the natural fre- 
quency is k / M :  the presence of the hinged mass diminishes this frequency. 

1 .o 

0.0 

f 0.6 
* 
0.4 

2 
a 

0.2 

OO 3 1 2 3 4 5 

p&/0 + 

FIG. 6.21. 

The relation is shown graphically by the fully drawn curve of Fig. 6.21. 
Although the above analysis was carried out for a three-blade rotor, the 
result is good also for a rotor with more than three blades, 
which is shown in small type on page 252. 

I n  the case of a two-bladed rotor, however, the result 
comes out differently. Figure 6.22 shows the equivalent 
of Fig. 6.20, this time for two blades. Before repeating 

/ / E  the analysis for this case, we notice that in Fig. 6.22 of2  
the eccentricity OT has been drawn perpendicular to the \, 

line HH connecting the two hinges. If we had assumed 
the other extreme case, that  of an eccentricity OT in the 
direction of the hinge line H H ,  the angle E would have 
been zero, the hinges would not have deflected at all, and 
consequently the frequency would have come out just 
w2 = k / M ,  without any hinge effect. With the position 
shown in Fig. 6.22 the hinge effect is as great as i t  can be. 
steps in the calculation of Fig. 6.22 are 

8.22. 

The principal 
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Centrifugal force of one blade = m,w2(u + b) 

e Component parallel to OT = mbw2((a + b) a 

e Total centrifugal force to right = 2mbw2(u + b)  - - mbuhw2e 
U 

= Mw2e [ 1 + g] 
in which p is again the ratio of the hinged mass to the total masa: 

Setting the total centrifugal force again equal to the spring force ke leads 
to the critical speed: 

(6.11) 

represented by the dotted line in Fig. 6.21. 
For the case that the whirl eccentricity is at angle (YO 

with respect to the hinge line H ,  H ,  it will be shown in 
small type below that Eq. (6.11) modifies to the more 
general 

k 1 
M 1 + fib (sin2 ( Y O / U )  

= - (6.12) 

which reduces to Eq. (G.11) for (YO = 90 deg., and L N ~ % ~  which gives plainly w2 = k / M  for (YO = 0 deg. and a 
' e  value for the frequency in between these two extremes 

for ( Y O  between zero and 90 deg. It must he concluded FIQ. 0.23. 

then that for a two-bladed rotor a large amplitude whirl a t  some value 
of a0 is possible for any speed of rotation in the shaded region of Fig. 6.21. 
Thus the two-bladed rotor has a region of instability, shown shaded in 
Fig. 6.21, whereas a multibladed rotor just has a simple critical speed above 
which it becomes stable again. All of this is in good agreement with 
experiment. 

In order to write the general theory for a multibladed rotor we start with a single 
blade located at an arbitrary angle a with respect to the direction of eccentricity OT 
as shown in Fig. 6.23. With the same assumption as before, that the eccentricity e 
is small with respect to a, we have in the triangle O l ' H :  

0s = esina;  e = e s i n a ;  OH = H S  = HT - ST = a  - enosor 

Next Page
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CHAPTER 7 

SELF-EXCITED VIBRATIONS 

7.1. General. The phenomena thus far discussed were either free 
vibrations or forced vibrations, accounting for the majority of trouble- 
some cases which occur in practice. However, disturbances have been 
observed which belong to  a fundamentally different class, known as self- 
excited vibrations. The essence of the difference can best be seen from a 
few examples. 

First consider an ordinary single-cylinder steam engine, the piston of 
which executes a reciprocating motion, which may be considered a “vibra- 
tion.’, Evidently the force maintaining this vibration comes from the 
steam, pushing alternately on the two sides of the piston. 

Next consider an unbalanced disk mounted on a flexible shaft running 
in two bearings (Fig. 7.1). The center of the disk vibrates, the motion 

being maintained by the centrifugal 
force of the unbalance pushing the disk 
alternately up and down. 

The steam engine is a case of self- 
excited vibration, while the disk exe- 
cutes an ordinary forced vibration. 
Imagine that the piston is prevented 
from moving by clamping the crosshead 

or the flywheel. Then the valves do not move either, and hence no alter- 
nating steam force acts on the piston. 

This can 
be done, for example, by mounting two ball bearings a, a on the shaft 
adjacent to the disk and attaching their outer races to a solid foundation, 
thus preventing vibration of the disk but leaving the rotation undis- 
turbed. Since the unbalance is still rotating, the alternating force remains. 

Thus we have the following distinction: 
In  a self-excited vibration the alternating force that sustains the motion i s  

created or controlled by the motion itself; when the motion stops the alternating 
force disappears. 

In a forced vibration the sustaining alternating force exists independently 
of the motion and persists even when the vibratory motion i s  stopped. 

Fro. 7.1. Unbalanced shaft a8 an ex- 
ample of forced vibration. 

On the other hand, let us prevent the disk from vibrating. 

282 
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Another way of looking a t  the matter is by defining a self-excited 

vibration as a free vibration with negative damping. It must be made 
clear that this new point of view does not contradict the one just given. 
An ordinary positive viscous damping force is a force proportional t o  the 
velocity of vibration and directed opposite to it. A negative damping 
force is also proportional t o  the velocity but has the same direction as the 
velocity. Instead of diminishing the amplitudes of the free vibration, 
the negative damping will increase them. Since the damping force, 
whether positive or negative, vanishes when the motion stops, this second 
definition is in harmony with the first one. 

FIQ. 7.2. The free motion of a system in various states of stability. 
(b )  statically stable but dynamically unstable; (c) statically and dynamically stable. 

(a) Statically unstablet 

Examine the differential equation of a system having a single degree 
of freedom with negative damping: 

mx - cx  + kx = 0 
Since this equation differs from (2.12) on page 37 only in the sign of c, 
its solution can be written as 

(7.1) 

x = e + a ( A  cos qt + B sin qt) (7.2) 
which is clearly a vibration with exponentially increasing amplitude 
(Fig. 7.2). 

A system with positive damping is sometimes said to  be dynamically 
stable, whereas one with negative damping is known as dynamically 
unstable. A 
mechanical system is statically stable if a displacement from the equilib- 
rium position sets up a force (or couple) tending to drive the system back 
to the equilibriuni position. It is statically unstable if the force thus 
set up tends to increase the displacement. Therefore static instability 
means a negative spring constant k or, more generally, a negative value of 
one of the natural frequencies u2. 

Figure 7.2 shows the behavior of a system in three different stages of 
stability. It is to be noted that dynamic stability always presupposes 
static stability (Fig. 7 . 2 ~ ) ~  but that  the converse is not true: a statically 
stable system may yet be dynamically unstable (Fig. 7.2b). 

Regarding the frequency of the self-excited vibration, i t  may be said 
that in most practical cases the negative damping force is very small in 

There is a difference between static and dynamic  stability. 
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comparison to the elastic and inertia forces of the motion. If the damp- 
ing force were zero, the frequency would be the natural frequency. A 
damping force, whether positive or negative, lowers the natural frequency 
somewhat, as expressed by Fig. 2.16, page 40. However, for most 
practical cases in mechanical engineering this difference is negligible, so 
that then the frequency of the self-excited vibration i s  the natural frequency 
of the system. Only when the negative damping force is large in compar- 
ison with the spring or inertia forces does the frequency differ appreciably 
from the natural frequency. Such cases, which are known as “relaxation 
oscillations,” are discussed on page 363. The steam engine is an  example, 
as the negative damping force of the steam is very much greater than the 
spring force (which is wholly absent). Hence, for the engine, the fre- 
quency of vibration differs appreciably from the natural frequency (which 
i s  zero). 

A consideration of the energy relations involved will also serve to  give 
a better understanding. With positive damping, the damping force does 
negative work, being always opposed to  the velocity; mechanical energy 
is converted into heat, usually in the dashpot oil. This energy is taken 
from the vibrating system. Each successive vibration has less amplitude 
and less kinetic energy, and the loss in kinetic energy is absorbed by the 
damping force. In  the case of negative damping the damping force 
(which is now a driving force) does positive work on the system. The 
work done by that force during a cycle is converted into the additional 
kinetic energy of the increased vibration. It is clear that  self-excited 
vibration cannot exist without an extraneous source of energy, such as 
the steam boiler in our first example. The source of energy itself should 
not have the alternating frequency of the motion. I n  most cases the 
energy comes from a source without any alternating properties whatever, 
for example, a reservoir of steam or water under pressure, a steady wind, 
the steady torque of an engine, etc. However, there are a few cases 
(discussed on pages 378 and 379) where the source is alternating with a 
high frequency, much higher than that of the vibration it excites. 

With a truly linear self-excited system the amplitude will become 
infinitely large in time, because during each cycle more energy is put into 
the system (Fig. 7.2b). This infinitely large amplitude is contrary to 
observation. I n  most systems the mechanisms of self-excitation and of 
damping exist simultaneously and separately. I n  Fig. 7.3 the energy 
per cycle is plotted against the amplitude of vibration. For a linear sys- 
tem this energy follows a parabolic curve since the dissipation per cycle 
is ~ c w z f  (see page 5 2 ) .  If the negative damping force is also linear, 
another parabola will designate the energy input per cycle. The system 
is self-excited or is damped according to  which parabola lies higher. In  
all practical cases, however, either the input or the damping, or both, are 
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non-linear and the input and dissipation curves intersect. If in Fig. 7.3 
the amplitude happens to  be O n ,  more energy is put in than is dissipated, 
so that the amplitude grows. On the other hand, if the amplitude hap- 
pens to be OC, there is more damping 
than self-excitation and the vibration 
will decrease. I n  both cases the am- 
plitude tends toward OB where energy 5 
equilibrium exists. The motion thus h 
executed is an  undamped steady-state 2 
free vibration. i 

Since the non-linearity of the damp- 
ing or input forces leads to  great math- 
ematical complication (see Chap. 8), 

, 

we usually assume linear systems of 0 A 8 C 
Amplitude w,, very and determine FIG. 7.3. Work per cycle performed by a 

whether the damping or the energy harmonic force and by a viscous damp- 
input is the stronger. If the system ing force for various amplitudes. 
is found to  be unstable, it means merely that the amplitude will begin 
t o  build up; how far this building up will develop depends on the nature 
of the non-linearity. 

In electrical engineering, self-excited vibrations are of even greater importance 
than in the mechanical field. The electrical analogue of a forced vibration was seen 
to be an LC circuit with an alternator all in series (Fig. 2.5, page 27). An electrical 
self-excited system is exemplified by an oscillating vacuum-tube circuit. The B- 
battery is the non-alternating source of energy; the frequency is determined by the 
L and C values of the plate circuit, and the negative damping or feed-back is supplied 
by the grid. 

For single-degree-of-free- 
dom systems, such as are discussed in Secs. 7.3 t o  7.6, a simple physical 
reasoning usually suffices to  show the negativity of the damping con- 
stant c. Thus the criterion of dynamic stability can be derived by physi- 
cal rather than by mathematical means. With systems of two or three 
degrees of freedom, a physical conception is always very helpful but usu- 
ally does not give a complete interpretation of what happens. A mathe- 
matical approach is necessary, and this involves at first the setting up of 
the differential equations of the problem. As long as we deal with small 
vibrations (and thus disregard any non-linearities that may exist), the 
equations are all linear and of the second order, of the type (3.18) or 
(4.16). 

7.2. Mathematical Criterion of Stability. 

Their solution, as usual, is found by assuming 

. . . . . . .  
xn = xnmaxeat 

(7.3) 
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where s is a complex number the real part of which determines the damp- 
ing and the imaginary part of which is the natural frequency. Substi- 
tuting (7.3) into the differential equations of the free vibration transforms 
these equations into a set of n homogeneous, linear algebraic equations in 
the (complex) unknowns zlmax . . . znm... A process of algebraic elimi- 
nation is then performed with the result that one equation is obtained 
which does not contain any of these variables. This equation, known as 
the “frequency equation,” is generally of the degree 2n in s. Thus, for a 
two-degree-of-freedom system we obtain a quartic; for a three-degree-of- 
freedom system we obtain a sixth-degree equation, etc. 

An algebraic equation of degree 2n in the variable s has 2n roots or 
2n values of s. Real roots of s would lead to terms e8f in the solution, 
which rarely occur in ordinary vibrating systems (Fig. 2.14, page 38). 
The roots of s are usually complex and then they always occur in conju- 
gate pairs: 

81 = PI + j q ,  
$2 = Pl - jq1 
Sa = pz + jq2 
s4 = P Z  - jq2 

The solution of the first differential equation is 

2 1  = Clealt + C2e8st + C3e8af + * a 

From Eqs. (2.15), (2.18),  and (2.19),  page 39, we know that these terms 
can be combined by pairs as follows: 

Cleatf + CZengl = ePlt(A sin qlt + B cos qlt) 

so that the imaginary part of s is the frequency, and the real part of s 
determines the rate of damping. If the real parts of all the values of s are 
negative, the system i s  dynamically stable; but if the real part of any  one of 
the values of s i s  positive, the system i s  dynamically unstable. 

Therefore the stability can be determined by an examination of the 
signs of the real parts of the solutions of the frequency equation. It is 
not necessary to solve the equation, because certain rules exist by which 
from an  inspection of the coefficients of the equation a conclusion regard- 
ing the stability or instability can be drawn. These rules, which were 
given by Routh in 1877, are rather complicated for frequency equations 
of higher degree, but for the most practical cases (third and fourth degree) 
they are sufficiently simple. 

Let us consider first the cubic equation 

S’ + A& + A ~ s  + Ao = 0 

which occurs in the case of two degrees of freedom where one mass or 
(7.4) 
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If its spring is zero (in a sense one and one-half degrees of freedom). 
roots are sl, s2, and s3, (7.4) can be written 

(s - s1) ’ (s - s2) (s - S8) = 0 
or, worked out, 

Sa - (Si + Sz -k S3)S2 + (SrSz + SiS) f SzSa)S - 818~88 = 0 (7.5) 

A comparison with (7.4) shows that 

One of the three roots of a cubic equation must always be real, and the 
other two are either real or conjugate complex. Separating the roots sl, 
sz, s3 into their real and imaginary parts, we may write 

s1 = p1 
sz = pz + jqz 
ss = P Z  - jqz 

Substituted into (7.6) this leads to 

The criterion of stability is that both p l  and pz be negative. I t  is seen 
in the first place that all coej’icients Az, A , ,  and A0 must be positive, 
because, if any one of them were negative, (7.7) requires that either p l  
or p z ,  or both p l  and p2, must be positive. This requirement can be 
proved to hold for higher degree equations as well. Hence a frequency 
equation of any degree with one or more negative coefficients determines 
an unstable motion. 

Granted that the coefficients Ao,  A, ,  and Az are all positive, the third 
equation (7.7) requires that p l  be negative. No information about pz is 
available as yet. However, on the boundary between stability and insta- 
bility, pz must pass from a positive to a negative value through zero. 
Make pz = 0 in (7.7) and 

(7.8) 

By elimi- 
1 A2 = -p1 

A1 = 
Ao = -piqj  

These relations must be satisfied on the boundary of stability. 
nating p l  and qz, we find 

Ao = AiAz 
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We do not know yet on which side of this relation stability exists. That 
can be found in the simplest manner by trying out one particular case. 
For example let s1 = - 1 and s1,8 = - 1 f j, which obviously is a stable 
solution. Substitution in (7.7) gives 

A z = 3  A 1 = 4  A o = 2  
so that Ao C AiAz 

The complete criterion for stability of the cubic (7.4) i s  that all coeflcienta 
A are positive and that 

AiAz > Ao (7.9) 

Practical examples of the application of this result are given in Secs. 7.7 
and 7.8. 

Next consider the quartic 

s4 + ASS' + A d  + A ~ s  + Ao 0 (7.10) 

Since a quartic can be resolved into for which the procedure is similar. 
two quadratic factors, we may write for the roots 

i s1 = p1 + j q 1  
52 = p1 - j q 1  

ss = PZ + jqz 
s4 = P Z  - jqz 

and substitute in (7.10), which leads to 

(7.11) 

(7.12) 

The requirement for stability is that both p1 and pa be negative. Sub- 
stitution of negative values of pl and p2 in (7.12) makes all four A's posi- 
tive, so that the first requirement for stability is that all coefficients A be 
positive. Granted that this is so, the first equation of (7.12) requires 
that at least one of the quantities pl or pz be negative. Let p l  be nega- 
tive. We still need another requirement to make pa also negative. On 
the boundary between stability and instability, pz = 0, which substituted 
in (7.12) gives 

(7.13) i Aa = - 2 ~ 1  
Az = p:' + q:' + q; 
Ai = -2piqf 
A0 = (P: + Q:)qf 

being four equations in the three variables PI, q1, and qz. 
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Elimination of these variables leads to a relation between the A’s: 
AiAzAs = A ;  + AiAo 

To find out on which side of this equality stability exists, we try out a 
simple stable case, for example, 

s1,2 = -1  f j 88,4 = -2 f 2j 

which, on substitution in (7.12), gives 

Aa = 6 A2 = 18 A1 = 24 Ao = 16 
AiAzAa > Af + AiAo so that 

The complete criterion for stability of the quartic (7.10) i s  that all coef- 

(7.14) 
ficients A are positive and that 

AiAzAs > A2 + AiAo 

Applications of this relation are made in Secs. 7.7, 7.9, and 7.10. 
Systems with three degrees of freedom generally have a sextic for their 

frequency equation and in degenerated cases a quintic. In  such cases 
there are three real parts of the roots s, and besides the requirement of 
positive signs for all coefficients A there are two other requirements, each 
of which is rather lengthy. For further information in this field the 
reader is referred to the original work of Routh. 

There are a number of cases 
where friction, instead of being responsible for positive damping, gives 
rise to negative damping. One of the well-known examples is that of 
the violin string being excited by a bow. The string is a vibrating system 
and the steady pull of the bow is the required source of non-alternating 
energy. The friction between the string and the bow has the character- 
istic of being greater for small slipping velocities than for large ones. 
This property of dry friction is completely opposite to  that of viscous 
friction (Fig. 7.4~). Consider the bow moving a t  a constant speed over 
the vibrating string. Since the string moves back and forth, the relative 
or slipping velocity between the bow and the string varies constantly. 
The absolute velocity of the bow is always greater than the absolute 
vibrating velocity of the string, so that the direction of slipping is always 
the same. However, while the string is moving in the direction of the 
bow, the slipping velocity is small and consequently the friction force 
great; but during the receding motion of the string, the slipping velocity 
is large and the friction small. 

We note that the large friction force acts in the direction of the motion 
of the string, whereas the small friction force acts against the motion of 
the string. Since the string executes a harmonic motion, the work done 
by the friction force during one-half stroke in 2Fx0, where F is an average 

7.3. Instability Caused by Friction. 
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value of the friction force and xo the amplitude of vibration. Since P 
if greater during the forward stroke (when the friction does positive work 
on the string) than during the receding stroke (when negative work is 
done), the total work done by the friction over a full cycle is positive and 
hence the vibration will build up. 

In  mechanical engineering certain vibrations, usually referred to  as 
“chatter,” can be explained in the same manner. The cutting tool of a 
lathe may chatter and also the driving wheels of a locomotive. When 
starting a heavy train these drivers are sometimes seen to slip on the rails. 
While, as a rule, the slipping takes place in a uniform manner, “chattering 
slip ” has been sometimes observed. Besides the major slipping rotation, 
the wheels then execute torsional oscillations which may cause very large 

4 (  
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t 
c .- 

Velocity+ 

(a) ( b )  
Fro 7 4. (a) Damping forces with positively and negatively sloping characteristics. (b )  
Drawbridge which failed structurally because of a negative friction characteristic in the 
pin bearing c. 

alternating stresses in the crank pins and side rods. A negative slope 
(Fig. 7 . 4 ~ )  of the friction-velocity characteristic between the wheels and 
the rails is essential for this phenomenon. 

The phenomenon may be observed in many homely examples such as 
the door that binds and screeches when opened, and the piece of chalk 
that is held perpendicular to the blackboard while writing. Another case 
is the familiar experiment in the physics laboratory of rubbing the rims of 
water glasses with a wet finger to cause them to sing. 

A torsional vibration of this type has been observed in ships’ propeller 
shafts when rotating a t  very slow speeds (creeping speeds). The shaft is 
usually supported by one or two outboard bearings of the lignum-vitae 
or hard-rubber type, which are water-lubricated. At slow speeds no 
water film can form and the bearings are “dry,” causing a torsional vibra- 
tion of the shaft a t  one of its natural frequencies, usually well up in the 
audible range. The propeller blades have natural frequencies not too far 
removed and act as loud-speakers, making this “starting squeal” detect- 
able a t  great distances under water. 
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A striking technical example of the self-excited vibrations caused by 
dry friction is shown in Fig. 7.4b which represents a drawbridge of rather 
iarge dimensions. The bridge deck a is counterbalanced by a large 
concrete counterweight b which, together with its guiding links and the 
supporting tower, forms a parallelogram as shown. 

After about a year’s operation one of the towers of this bridge broke 
and on inspection the failure proved to be unmistakably caused by 
fatigue. Experiments with the other half of the bridge, still standing, 
showed that, when the deck was raised and lowered, violent vibrations 
of the whole structure took place at a very slow frequency, of about six 
cycles during the entire time of raising the bridge deck. The explanation 
was found in the bearing c which carries the tremendous load of the 
counterweight b. Whatever grease happened to  be in this bearing a t  the 
beginning of the life of the bridge was soon squeezed out and the bearing 

FIO. 7.5. Fan blowing air through a long tube into a chamber A .  

was found to be entirely dry. The dry-friction chatter thus caused was 
sufficiently violent to cause the failure. Obviously the remedy for this 
case consists in proper grease cups, which have to  be kept in proper order 
and must be inspected daily. 

Another interesting phenomenon caused by a “negative characteristic ’) 
is shown in Figs. 7.5 and 7.6. A fan is blowing air into a closed chamber 
A of fairly large dimensions and the air is leaking out of that chamber 
through definite orifices B. The practical case of which Fig. 7.5 is a 
schematic representation was a boiler room in a ship which was kept 
under a slight pressure by the fan, and the orifices B were the boilers and 
stacks through which the air was forced out. It was observed that for 
a certain state of the opening B, i .e.,  for a certain steam production, 
violent pressure variations of a frequency of about one cycle per second 
took place in the boiler room. 

The explanation is partly given by Fig. 7.6, which is the characteristic 
curve of a blower. The volume delivered by the blower is plotted against 
the pressure developed by it. The point P of the characteristic obviously 
refers to the condition where the orifice B is entirely closed so that no 
volume is delivered, but a maximum of pressure is developed. The 
point Q of the characteristic refers to operation of the fan in free air 
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where no pressure is developed but a large volume is delivered. By 
changing the opening a t  B in Fig. 7.5, operation of the fan can be secured 
over a range in Fig. 7.6 from the point P almost down to Q. It is seen 
that most of this curve has a slope descending from P to Q but that  there 
is a short section between C and D in which the slope is reversed. This 
is a characteristic of the construction of the fan and it is very difficult to 
build a fan in which the characteristic curve drops from P to Q with the 
slope in one direction only, and at the same time have good efficiency in 
the region between Q and D,  for which the fan is built primarily. 

It can be shown that operation near the point A in Fig. 7.6 is stable, 
whereas operation near the point B is unstable and will lead to the surging 

condition just described. Imagine 
operation near the point A and let 
the pressure in the chamber of Fig. 
7.5 be slightly higher than normal, 
This means a decreased volume de- 
livered by the fan, as can be seen from 
Fig. 7.6. Thus an output of the fan 
less than normal will cause the pres- 

-0 sure in the chamber to drop again, 
and since the pressure was higher FIQ. 7.6. Pressure-volume characteristic of 

a fan. At point p the discharge opening than normal, the equilibrium condi- 
is closed, while at Q the fan discharges tion tends to  be restored. Similarly, 
freely into the open atmosphere. Be- 
tween c and D the slope of the characteris- if by an accident the pressure were 
tie is reversed, causing unstable operation. temporarily lower than normal at A ,  
the volume delivered would be increased, which tends to boost the pressure 
and restore the equilibrium. 

On the other hand, consider operation near the point B of Fig. 7.4. 
If now the pressure in the chamber is higher than normal instantaneously, 
the fan delivers more volume than in the normal condition and thus 
increases the pressure in the chamber still more. Therefore, if the pres- 
sure in the chamber is increased by accident, the fan 
operation will immediately increase it still more, 
which means an unstable condition. 

An important case of dry-friction excitation, which 
repeatedly has led to serious trouble in practice, is 
the so-called "shaft whipping" caused by a loose guide 
or by a poorly lubricated bearing with excessive clear- 
ance. I n  Fig. 7.7 let the circle A designate the F I O .  7 . 7 .  s h a f t  

inside of a bearing or guide and B the cross section ~ ~ ~ { ~ o ~ ~ s e d  by dry 
of the vertical shaft rotating in it. Let the shaft be 
rotating clockwise and be temporarily deflected from its equilibrium 
position in the center of A so that it strikes A a t  the left. On account 
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of its rotation the shaft sets up friction forces F and F', of which F is the 
force acting on the shaft and F' = -F acts on the guide or bearing. The 
force F can be replaced by a parallel force of equal magnitude through the 
center of the shaft B and a couple Fr. The couple acts merely as a brake 
on the shaft, which is supposed to be driven a t  uniform speed, so that the 
only effect of the couple is to require some increase in the driving torque 
and is inconsequential. The force F through the center of the shaft, 
however, drives it downward or rather in a direction tangent to the circle 
A .  The direction of F changes with the position of the shaft B in A ,  so 
that the shaft will be driven around as indicated by the dotted circle. 
It will be noticed that the shaft is driven around the clearance in a direc- 
tion opposite t o  that of its own rotation. If the shaft rotates in the center 
of the guide without touching it, the 
shaft is stable; but as soon as it 
strikes the guide for any reason, the 
shaft is set into a violent whirling 
vibration. 

This effect is present in many modi- 
fications. A very simple model for FIG. 7.8. The ball whirls around on 
demonstrating it is as follows. ~~k~ account of the friction a t  the point of 

contact. 
a shallow conical cup (Fig. 7.8) and 
a steel ball of about 1 in. diameter. Spin the ball between the fingers 
a t  the bottom of the cup. This position is an unstable one for the rotat- 
ing ball because, if it  is accidentally displaced a very small distance from 
the center of the cup, the point of contact with the cup no longer coincides 

FIG. 7.9. Whirl on account of dry 
friction in a thrust bearing. 

with the (vertical) axis of rotacon. There 
will be slip and a friction force perpendicular 
t o  the paper tending to drive the ball around 
in a circle. The direction of rolling of the 
ball will be opposite to the direction of spin. 

The phenomenonis not restricted tocylin- 
drical guides or bearingsbut has also been 
observed on thrust bearings. Figure 7.9 
represents schematically a thrust bearing 
and shaft, of which the equilibrium position 
is central and vertical. Suppose that the 
elastic system of which the shaft forms a 
part is capable of a natural mode of mo- 
tion whereby the shaft center line whirls 
around the vertical with an eccentricity S 

and an inclination a. The center A of the collar disk describes a circle 
of radius 6 and the shaft a cone of apex angle 2a. This mode of motion 
will be self-excited by friction, because during the vibration the collar 
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rests on the bearing on one side only. This causes a tangential friction 
force on that side urging the point A around the center line in a direction 
opposite to that of the rotation of the collar disk. The obvious way to  
prevent this sort of disturbance is to make the bearing support so flex- 

ible that, in spite of the angular deviation, 
the pressure on the various parts of the bear- 
ing remains uniform. 

A very instructive model demonstrating 
this effect may be built as follows (Fig. 7.10). 
A small motor A carries a disk B on the end 
of its horizontal shaft and is supported very 
flexibly on three springs lying in a plane 
through the center of gravity and perpendicu- 
lar to the shaft. When running, this motor 
is capable of a large number of natural modes 
of vibration, two of which are particularly 
interesting. They are illustrated by Fig. 
7.10~ and also by Fig. 6.29 (page 258). The 
shaft describes a cone characterized by 6 and 
(Y and whirls either in the direction of rotation 
or opposite t o  it. The natural frequencies 
of these two modes of motion are shown in 
Fig. 6.30. 

Imagine a piece of felt or paper C held 
against the front side of the disk near its cir- 
cumference. It will strike (or press hard) 
when (Y (and consequently 6) is just in the 
position shown in Fig. 7.10~. Assume B t o  
be rotating clockwise in Fig. 7 . 1 0 ~ .  The 
obstacle C will cause a friction force tending 
to push the disk down. As in the argument 
given with Fig. 7.7, this friction force is re- 

(0) placed by a retarding couple and a force 
no. 7.10. Self-excited whirl through the shaft center. The retarding 
caused by friction On the disk '' couple merely retards the motion slightly, 
but the force through the center of the disk pushes that center down, i .e. ,  
in a direction of clockwise whirl. Thus friction on the front side C of the 
disk will encourage a precessional motlon in the same direction as the 
rotation. 

On the other hand, if D is pressed against the back of the rotating 
disk B, it mill strike and cause friction when (Y and 6 have reached the 
position just opposite to that of Fig. 7.10~. The friction again kicks the 
disk down, because the direction of rotation is still clockwise. This 

-I+ 
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downward force now excites a counterclockwise whirl, because the deflec- 
tion 6 is opposite to that shown in Fig. 7.10~. 

The experiment consists of rubbing the front of the disk and noticing 
the self-excitation of the mode of vibration of rather high frequency 
with the precession in the same direction as the rotation. Then, taking 
the rub from the front and applying it to the back side, this motion is 
seen to  damp out very fast, and the second mode (precession against the 
rotation) with a much dower frequency is seen to  build up. This latter 
motion can be damped very effectively by again rubbing the front of the 
disk. The difference in the two frequencies is caused by the gyroscopic 
action of the disk as explained on page 258. 

7.4. Internal Hysteresis of Shafts and Oil-film Lubrication in Bearings 
as Causes of Instability. Another highly interesting case of self-excited 
vibration is that  caused by internal hysteresis of the shaft metal. Hys- 

(0) 
FIG. 7.11. Shaft whirl caused by internal hysteresis. 

teresis is a deviation from Hooke’s stress-strain law and appears in most 
materials with alternating stresses. I n  the diagram 7.11a Hooke’s law 
would be represented by a straight line, and a fiber of a vibrating shaft, 
which experiences alternately tension and compression, should move up 
and down that line between PI and Pa. Actually the stress-strain rela- 
tion is represented by a long narrow elliptic figure which is always run 
through in a clockwise direction. The ellipse as shown in Fig. 7.11 has 
its width greatly exaggerated; in reality it is so narrow that it can hardly 
be distinguished from the straight line PIPS. 

Consider a vertical rotating shaft in two bearings with a central disk 
as shown in Fig. 7.11b. During the whirling motion the center of the 
shaft S describes a circle about the point B on the bearing center line. 
The point B is the normal or equilibrium position of S when no whirl 
exists. Figure 7 . 1 1 ~  shows a cross section of the middle of the shaft, 
P1Q1PzP3P4 being the outline of the shaft and the dotted circle being the 
path of S during the whirl. The deflection BS of Fig. 7 . 1 1 ~  is a practical 
possibility; that of Fig. 7.11b is enormously exaggerated. 
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It is assumed that the rotation of the shaft and the whirl are both 
clockwise as shown. The shaft is bent, and the line A A  divides it in two 
parts so that the fibers of the shaft above A A  are elongated and those 
below A A  are shortened. The line A A  may be described as the neutral 
line of strain, which on account of the deviation from Hooke’s law does 
not coincide with the neutral line of stress. 

I n  order t o  understand the statement just made consider the point P1 
in Fig. 7 .11~ which may be thought of as a red mark on the shaft. I n  
the course of the shaft rotation that red mark travels t o  Q,, Pz,  P I ,  etc. 
Meanwhile the shaft whirls, whereby S and the line A A  run around the  
dotted circle. The speed of rotation and the speed of whirl are wholly 
independent of each other. I n  case the speed of rotation is equal t o  the 
speed of whirl, the red mark P I  will always be in the elongation of the line 
BS, or in other words, P I  will always be the fiber of maximum elongation. 
I n  case the rotation is faster than the whirl, P1 will gain on S and con- 
secutively reach the position PZ (of no elongation), P3 (of maximum short- 
ening), etc. On the other hand, if the rotation is slower than the whirl, 
P1 will go the other way (losing on S )  and go through the sequence P,, 
Ph, P3, P2, etc. 

The state of elonga- 
tion of the shaft fibers of the various points P,, Pz ,  P3, P4 of Fig. 7 .11~  
is indicated by the same letters in Fig. 7 .11~.  I n  Fig. 7 . 1 1 ~  the point 
Q1 of no stress lies between PI and Pz. The point Q1 is now drawn in 
Fig. 7 .11~ and the same is done with Q Z  between P 3  and Pd. Thus the 
line Q 1 Q 2  is the line of no stress (neutral line of stress) and all fibers above 
QIQz have tensile stress while those below Q 1 Q 2  have compressive stress. 
The stress system described sets up an  elastic force P ,  as shown. This 
elastic force P has not only a component toward B (the usual elastic 
force) but also a small component to the right, tending to drive the shaft 
around in its path of whirl. 

The reader will determine for himself the truth of the statement that ,  
if the rotation is slower than the whirl, the inclination of Q1&2 reverses 
and the elastic force has a damping instead of a driving component. 

The whirling motion is determined primarily by the elastic force of the 
shaft toward the center B combined with the inertia forces of the disk 
(see page 258) and therefore takes place with the natural frequency. 
The very small driving component of the elastic force merely overcomes 
damping. Internal hysteresis of the shaft acts as damping on the whirl 
below the critical speed, whereas above that speed a self-excited whirl at 
the critical frequency may build up. 

Internal hysteresis in the shaft material is usually very small, but a 
more pronounced hysteresis loop is found in cases where actual slipping 
occurs, as in loose shrink fits or other joints. Thus a shaft with a loosely 

First, investigate a rotation faster than the whirl. 

Thus there is a self-excited whirl. 
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shrunk disk will probably develop a whirl at the natural frequency above 
the critical speed. 

A self-excited vibration known as oil whip is caused by certain proper- 
ties of the oil film in generously lubricated sleeve bearings. I n  order t o  
understand this phenomenon, it is necessary to know that a horizontal 
shaft rotating in a counterclockwise direction in an 

sition but is deflected somewhat t o  the right (Fig. 
7.12). The direction of this deviation can easily be 
remembered by noting that it is opposite t o  the direc- 
tion in which one would expect the journal to climb. 
Since on such a journal the load or weight W is acting 
downward, as indicated in the figure, the resultant P 
of the oil pressures on the journal is equal and oppo- 
site to Wand  makes a certain angle (Y with the line OA 
connecting the center of the bearing and the center FIo. ,.12. Oil-film 

Consider a vertical guide bearing with a shaft in ~c,;s~;;~w;~;~$ it. If there are no lateral loads acting, the shaft will and the axis of sym- 
seek the center of the bearing. If, for some reason, metry OA are not in 

the shaft starts whirling around in the bearing, i t  will 
occupy an eccentric position at any instant. Moreover, if during that 
whirling the oil pressures are the same as in Fig. 7.12 (where W now 
must be replaced by a centrifugal force in the direction OA),  there is no 
equilibrium between P and the centrifugal loading, but there is a small 
resultant force tending to  drive the journal around in the bearing in a 
counterclockwise direction. Thus the oil-pressure distribution will 
encourage or self-excite a whirl in the direction of rotation but will damp 
a counterrotating whirl, if one ever sets in. 

There remains to  be considered the condition under which the oil-film 
pressures during the whirling will be the same as in the steady-state case 
for a horizontal bearing with gravity loading. Consider two extreme 
cases, namely those in which the ratio of the angular velocity of whirl 
t o  the angular velocity of rotation is either very small or very great. 

In  the first case the shaft makes say 100 revolutions while the whirl 
moves forward 5 deg. It is clear that  such a slow drift can have no effect 
on the pressure distribution, so that for a slow whirl the succession of 
steady states actually occurs and the oil whip will develop. I n  the second 
case the journal center whirls around while the journal itself hardly 
rotates. Then, of course, no oil film develops a t  all and the shaft merely 
vibrates in a bath of oil, which effectively damps the motion. 

Therefore we recognize that for whirl frequencies which are slow with 
respect t o  the angular velocity of rotation the oil whip develops, while 

oil-film lubricated bearing does not seek a central po- +p 
l 

W 

of the journal. lubrication in a bear- 

line. 
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for comparatively fast whirls all vibratory motions are damped. The 
ratio of w ~ ~ , ~ ~ ~ ~ ~ ~ / w ~ ~ ~ ~ ~ ~ ,  a t  which the damping passes from a positive value 
to  a negative one, can be determined only by experiment. 

It has been found in this manner that if the w of the whirl is equal to 
or smaller than half the w of the shaft ( i e . ,  if the shaft runs faster than 
twice its critical speed), the oil whip develops. This constitutes a serious 
trouble for high-speed machines with vertical shafts in oil-lubricated guide 
bearings, which is very difficult to overcome. 

I n  Fig. 7.13 
let the radial clearance be e and the radius of whirl 
be 6, the diameter of the journal D. For a slow 
whirl, the velocity distribution across the oil film 
is linear, and, with the journal peripheral veloc- 
ity being V ,  the volume of oil (per unit shaft 

length) transported up a t  A is - . ( E  - a), while 

the volume passing downward through B is 

An interesting justification for this result is due to Hagg. 

V 
2 

6-8  V 
FIG. 7.13. 2 - * ( E  + 8) 

Thus assuming no end leakage, the net transport of oil into the lower 
half of the film is VS. Now the journal whirls with a frequency f and 
the whirl velocity v of the journal center is v = f * 2x8. The area of the 
lower half of the oil film increases a t  the rate vD = f 2 d D .  If the whirl 
frequency is slow enough, the rotation of the shaft will wipe enough oil 
into the lower half of the film to fill the cavity caused there by the upward 
whirling motion. For faster whirl the rotation will not transport enough 
oil and the film breaks. The 
peripheral velocity V is related to  the shaft speed by V = a D  * r.p.s. 
Substituting this we obtain 

This occurs therefore a t  VS = f 2 d D .  

r.p.s. 
2 

f = -  

This shows that if the whirl is faster than half the shaft speed, the oil 
film breaks down and no self-excitation can take place. In  the presence 
of end leakage this breakdown will occur a t  a whirl frequency below half 
the shaft rotation. 

Comparing Fig. 7.13 with Fig. 7.7 we note that while for dry friction 
the direction of whirl is opposite to that of shaft rotation, the two direc- 
tions are the same for oil-film excitation. 

For horizontal bearings with a certain loading, the oil whip also 
appears for speeds above twice the critical. The explanation is along the 
same lines as for the vertical shaft. During the whirl the oil pressures 
will not have a purely radial direction but will have a tangential compo- 
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nent as well. That tangential component may be driving during a part 
of the whirling cycle and retarding during another part. For excitation 
i t  is necessary merely that the total work done by the tangential force 
component on the motion during a whole whirling cycle be positive, i e . ,  
that the average value of the tangential force component be positive or 
driving. 

High-tension electric 
transmission lines have been observed under certain weather conditions 
to vibrate with great amplitudes and a t  a very slow frequency. The 
line consists of a wire, of more or less circular cross section, stretched 
between towers about 300 ft. apart. A span of the line will vibrate 
with one or two half waves (Fig. 4 . 1 6 ~  or b )  with an amplitude as great 
as 10 ft. in the center and a t  a rate of 1 cycle per second or slower. On 
account of its character this phenomenon is hardly ever described as a 

7.6. Galloping of Electric Transmission Lines. 

vibration but is commonly known as “galloping.” 
It has never been observed in countries with a 
warm climate, but it occurs about once every 
winter in the Northern states and in Canada, 
when the temperature hovers around 32°F. and 
when a rather strong transverse wind is blowing. 
In  most cases sleet is found on the wire. A rough 
calculation shows that the natural frequency of 
the span is of the same order as the observed 
frequency. The fact that, once started, the dis- 
turbance is very persistent and continues some- 
times for 24 hr. with great violence makes an 
explanation on the basis of “forced” vibration 
quite improbable. Such an explanation would 
imply gusts in the wind having a frequency equal 
t o  the natural frequency of the line to a mirac- 
ulous degree of precision. For example, letting 
T = 1 sec., if in 10 min. there were not exactly 
600 equally spaced gusts in the wind but 601 
instead, the vibration would build up during 5 
min. and then be destroyed during the next 5 min. 

FIG. 7.14. The directions 
of the wind and the force 
i t  causes include an angle 
for nonsymmetrical cross 
sections. 

To  keep the line vibrating for 2 hr. would require an error in the gustiness of 
the wind of less than 1 part in 7,200, so that this explanation may be 
safely dismissed. 

We have a case of self-excited vibration caused by the wind acting on 
the wire which, on account of the accumulated sleet, has taken a non- 
circular cross section. The explanation involves some elementary aero- 
dynamic reasoning as follows. 

When the wind blows against a circular cylinder (Fig. 7.14a), it exerts 
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a force on the cylinder having the same direction as the wind. This is 
evident from the symmetry. For a rod of non-circular cross section 
(Fig. 7.14b) this in general does not hold true, but an angle will be included 
between the direction of the wind and that of the force. A well-known 
example of this is given by an airplane wing where the force is nearly 
perpendicular to the direction of the wind (Fig. 7.14~).  

Let us visualize the transmission line in the process of galloping and 
fix our attention on it during a downward stroke. If there is no wind, 
the wire will feel air blowing from below because of its own downward 
motion. If there is a horizontal side wind of velocity V ,  the wire, moving 
downward with velocity v ,  will experience a wind blowing a t  an angle 
tan-’ v / V  slightly from below. If the wire has a circular cross section, 

the force exerted by that wind will 
have a small upward component 

ing downward this upward compo- 
nent of the wind exerts a force in op- 
position to  the direction of motion of 
the wire and thus damps it. How- 
ever, for a non-circular cross section, 

it may well be that the force exerted by the wind has a downward com- 
ponent and thus furnishes negative damping (Fig. 7.146). 

Considering the conditions during the upward stroke of the vibration, 
it can be seen in a similar manner that the relative wind felt by the wire 
comes obliquely from above, and the force caused by it on a circular wire 
has a downward component which causes damping. For a non-circular 
section, it may be that the force has some upward component, and this 
component being in the direction of the motion acts as a negative damping. 

If the sleet on the wire gives a cross section exhibiting the relation 
between the wind and force directions shown in Fig. 7.14b1 we have a. 
case of dynamic instability. If by some chance the wire acquires a small 
upward velocity, the wind action pushes it even more upward, till the 
elastic or spring action of the wire stops the motion. Then this elastic 
force moves the wire downward, in which process the wind again helps, 
so that small vibrations soon build up into very large ones. 

There remains to  be determined which cross sections are dynamically 
stable (like the circular one) and which are unstable. This brings us 
into the domains of aerodynamics and of irregular cross sections, where 
little general knowledge exists. Usually we can only make a direct 
test, but in some very pronounced cases qualitative reasoning gives 
information. The most “unstable” section so far known is the semi- 
circle turned with its flat side toward the wind. Figure 7.16 shows such 
a section in a wind coming slightly from above, corresponding to the 

b (Fig. 7.15). Since the wire was mov- 
“t c - - $\d V 

/T* I 

Re\of\qe 

FIQ. 7.16. A horizontal side wind appears 
to  come from below if the line moves 
in a downward direction. 
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upward stroke of a galloping transmission line. The air stream leaves 
the wire at the sharp edge a t  the bottom but can follows around the upper 
sharp edge for some distance on account of the wind coming from above 
in a slightly inclined direction. 

The region indicated by dots is filled with very irregular turbulent 
eddies, the only known property of which is that in such a region the 
average pressure is approximately equal to atmos- 
pheric. On the lower half of the circular surface 
of the cylinder we have atmospheric pressure, i.e., 
the pressure of the air at some distance away from 
the disturbance created by the line. Above the 
section the streamlines curve downward. This 
means that the pressure decreases when moving 
from a to b, which may be seen as follows. Con- 
sider an air particle in a streamline. If no force 
were acting on it, the particle would move in a 
straight line. Since its path is curved downward, 
a force must be pushing it from above. This force 
can be caused only by a greater pressure above 
the particle than below it, so that the pressure at 
a must be larger than a t  b. Since at a there is atmospheric pressure 
(being far away from the disturbance), the pressure at b must be below 
atmospheric. Thus the semicircular section experiences an upward force 
on account of the pressure difference below and above, and, since the up- 

FIG. 7.16. The flow of 

$li.::!d a 

FIQ. 7.17. Apparatus for demonstrating transmission line galloping. 

ward force is caused by a wind coming from above, we recogniae the case 
of Fig. 7.16 as definitely unstable. 

This may be shown by a simple experiment. A semicircular bar of 
very light wood (2 in. diameter and 15 in. long) is suspended by four 
springs so as t o  have a vertical natural frequency of about 6 cycles per 
second (Fig. 7.17). If sufficient care is taken to reduce damping to  a 
minimum in the connections between the springs and the frame or bar, 
the apparatus will build up vibrations with more than one radius ampli- 
tude when placed in front of an  ordinary desk fan. The bar in this device 
is made as light as possible which, for a given frequency and amplitude, 
makes both the spring force and inertia force small. The input force of 
the wind is determined only by the shape and size of the bar and is inde- 
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pendent of the weight. Thus, by making the bar light, the ratio between 
the wind force and the spring force is made as great as possible. 

Another cross section which is known to  be unstable is an  elongated 
rectangle exposed with its broad side to  the wind, The explanation is 
the same as for the semicircular bar (Fig. 7.18), only the effect is less 
pronounced. It can be observed easily by means of any flat stick held 
in the hand at  one end and dipped vertically into a tub of water. When 

FIQ. 7.18. The effect for a rectangle is less 
pronounced than that for a semicircle. 

FIQ. 7.19. The Lanoheater tourbillion. 

the stick is pulled through the water with the broad side of the rectangle 
perpendicular to the motion, it moves in zigzag fashion. On the other 
hand, when pulled with the narrow side perpendicular t o  the motion, 
it moves forward quite steadily. 

If, instead of mounting the unstable section in springs as shown in 
Fig. 7.17, it is pivoted in the middle and placed 
before a fan (Fig. 7.19), we have a case of self- 
excited rotation. While the apparatus stands still, 
the wind evidently exerts no torque on it, but, as 
soon as it starts rotating, the torque of the wind 
urges it on in the same direction. The direction 
of rotation naturally is determined only by the di- 
rection at the start, i . e . ,  by accident. This very 
interesting toy is known as Lanchester’s “aerial 

In aerodynamic work i t  is customary to resolve 

FIQ, 7,20. The total wind 
force resolved into a lift 
L and a drag D. 

tourbillion.” 

the total air force on an object into two components: 
a. In  the direction of the wind (the drag or resistance D). 
b. Perpendicular to the wind (the lift L). 

These two forces can be measured easily with the standard windtunnel 
apparatus. 

Let Fig. 7.20 represent a section moving downward in its vibrational 
motion so that the wind appears t o  come from below at an angle a = 
tan-’ v/V. The lift and drag forces L and D have vertical upward com- 
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ponents ( L e e ,  components opposite to the direction of the motion) of L 
cos a and D sin a. 

F = L cos a + D sin a (7.15) 

We are not interested in the force F itself but rather in dF/da ,  i.e., in 
the variation of the upward force with a variation in a or in v/V. Assume 
that F has a large value and that dF/da  is zero. The result would be that 
part of the weight of the line would not be carried by the towers but by 
the wind directly. Any vibration or galloping of the line would not 
change the wind-carried weight (dF /da  = 0) so that the vibration would 
not be affected. On the other hand, assume that dF/da  is negative, 
which means that the upward wind force increases for negative a and 
decreases for positive a. Then clearly me have the case of anencourag- 
ing alternating force as already explained. The criterion for dynamic 
stability is 

The total upward damping force F of the wind is 

> 0 (stable) 

I n  performing the differentiation on (7.15), it  is t o  be noted that, for 
small vibrations, v is small with respect to V ,  so that a is a small angle 
of which the cosine equals unity and the sine is negligible with respect to 
unity: 

dcu and 

dD dF 
dLy=z;;;’ da 

= sin a ( - ~  + 2) + cos a 

dL cos a - L sin cu + - sin a + D cos a 

+ D) 
dL 
d a  

= - + D  

Thus the system is unstable when 

E + D < O  (7.16) 

The values of the lift and drag of an arbitrary cross section cannot be 
calculated from theory but can be found from a wind-tunnel test. The 
results of such tests are usually plotted in the form of a diagram such as 
Fig. 7.21. In  words, (7.16) states that 

A section i s  dynamically unstable if the negative slope of the lift  curve i s  
greater than  the ordinate of the drag curve. 

In  Fig. 7.21 it is seen that an  elongated section is always stable when 
held “along” the wind (a = 0), whereas it is usually unstable when held 
“across” the wind (a = 90 deg.). A transmission line which is being 
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coated with sleet a t  approximately freezing temperature has the tendency 
to form icicles that are more or less elongated in a vertical direction, 
corresponing to  a = 90 deg. in the diagram. 

At this angle, for small amplitudes of vibration (say varying between 
89 and 91 deg.), there is energy input during a cycle. This will increase 
the amplitude, and the increase will continue so long as there is an excess 
of energy furnished by the wind. At some large amplitude this excess 
of energy will become zero so that we have energy balance and reach the 
final amplitude. I n  Fig. 7.21 this will take place presumably at a vary- 
ing between 30 and 150 deg., say. Near the ends of each stroke, energy 

'. 

Fro. 7.21. Lift and drag as a function of the angle of attack for an elongated, symmetrical 
cross section. 

is put in; but in the middle of the stroke, energy is destroyed by damping, 

since - + D is larger than zero at these places (see also Fig. 8.32, 

page 363). The final amplitude can be found by a process of graphical 
or numerical integration over the known curve of the diagram, in the 
manner already indicated. 

Thus far in the discussion the system has been assumed to  be one of a 
single degree of freedom, which certainly is not the case with a span of 
transmission line, of which each point vibrates with a different ampli- 
tude (large in the center of the span and small near the towers). Since 
the wind force is small in comparison to  the elastic and inertia forces of 
the vibration, the form of the motion is the same as if the wind force were 
absent; in other words, the line vibrates in its first natural mode. The 
final amplitude can be determined by finding the energy input for the 
whole span. If for a certain assumed amplitude this energy comes out 
positive, the amplitude assumed was too small; whereas, if the energy 
comes out negative (damping), the assumed amplitude .was too great. 

dL 
dar 
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The determination of the energy involves a double graphical integration, 
first with respect to a for each point of the line and then with respect to 
the position x along the line. This process is straightforward and 
involves no difficulties, though it may require much time. 

The phenomenon discussed so far is one of very slow frequency and 
large amplitude in the transmission line. It has been observed but 
rarely, where the weather conditions brought together sleet deposits as 
well as a lateral wind of considerable strength. There is another case of 
vibration of transmission lines characterized by high frequency and small 
amplitude which is much more common and for the occurrence of which 
only a lateral wind is necessary. The explanation of this phenomenon is 
found in the so-called “Kttrmttn vortex trail.” 

When a fluid flows by a cylindrical obstacle, 
the wake behind the obstacle is no longer regular but in it will be found 
distinct vortices of the pattern shown in Fig. 7.22. The vortices are 

7.6. Kgrrnh Vortices. 

Fro. 7.22. K&rm&n vortices in a wake. 

alternately clockwise and counterclockwise, are shed from the cylinder 
in a perfectly regular manner, and are associated with an  alternating 
sidewise force. This phenomenon has%een studied experimentally and 
it has been found that there is a definite relation among the frequency f, 
the diameter of the cylinder D, and the velocity V of the stream, expressed 
by the formula 

fo = 0.22 (7.17) 

or the cylinder moves forward by about 4% diameters during one period 
of the vibration. It is seen that this fraction is dimensionless and that 
therefore the value 0.22 is independent of the choice of units. It is known 
as the Strouhal number. The eddy shedding on alternate sides of the 
cylinder causes a harmonically varying force on the cylinder in a direction 
perpendicular to that of the stream. The maximum intensity of this 
force can be written in the form usual for most aerodynamic forces (such 
as lift and drag) as follows: 

F K  = (CK * W p V z .  A )  sin wt (7.18) 

The subscript K is for KBrmttn, F K  being the Kttrmin force and CK the 
(dimensionless) KBrmdn-force coefficient. The value of CK is not known 

V 
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with great accuracy; however, a satisfactory figure for it is CK = 1 (good 
for a large range of Reynolds numbers from lo2 to lo7),  or in words: 
The intensity of the alternating force per unit of sidewise projected area 
is about equal t o  the stagnation pressure of the flow. 

The mechanism of eddy shedding from a cylinder a t  rest is truly a 
self-excited one, because there is no alternating property in the approach- 
ing stream, and the eddies come off at the natural Strouhal frequency. 
Whereas for all previous cases discussed in this chapter the self-excited 
vibration in itself was dangerous, this is not the case here: we do not 
much care what happens in the stream; all that  we care about is to  know 
that a force of magnitude (7.18) is exerted on the cylinder. As a rule 
this is without much consequence, and trouble occurs only if the self- 
excited frequency of eddy shedding (7.17) coincides with the natural fre- 
quency of the structure on which it acts. Then a resonance occurs which 
may be destructive. Objects on which this has been observed are many 
and various: transmission lines, submarine periscopes, industrial smoke- 
stacks, a famous suspension bridge, a large oil storage tank, and tiny 
rain droplets. 

First consider a transmission line of 1 in. diameter in a wind of 30 m.p.h. 
The Strouhal frequency [Eq. (7.17)] gives 116 cycles per second. Vibra- 
tion of lines at  such high frequencies and a t  small amplitudes have often 
been observed and have repeatedly ended in fatigue failures. Resonance 
obviously takes place a t  a high harmonic of the line iq which the span is 
subdivided in many half sine waves, of the order of 20 to 30. Because 
of the high frequency and small amplitude of this motion, it has been 
found possible and practical to bring it under control by damped vibration 

absorbers. The simplest and most 
common construction, known as the 
“Stockbridge damper,” is shown in 
Fig. 7.23. A piece of steel cable with 
weights a t  its ends is clamped to  the 
line. The cable acts as a spring and is 
roughly tuned to the frequency of the - 

FIG. 7.23. Stockbridge damper for expected vibration. Any motion of 
transmission lines, consisting of a piece 
of stranded steel cable about 12 in. long, the line a t  point A will cause relative 
carrying cast iron weights of about 1 Ib. motion in the pieces of cable, and the 
at  each end. 

friction between its strands dissipates 
energy. The point A of attachment is so chosen along the line that it 
cannot coincide with a node of the motion, where the damper would be 
useless. Since the length of the half sine wave varies between 8 ft. and 
20 ft., a location a t  about 6 ft. from the point of support on a tower will 
fit most frequencies and wave lengths. This device, crude as it is, has 
proved to be entirely effective in protecting the lines against damage 
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from the KdrmBn-vortex vibration. An attempt to  design one of these 
dampers for the galloping line of page 299, where the frequency is 100 
times as slow and the amplitude 100 times as large, would lead to  weights 
of several tons, which is entirely impractical. 

Submarine periscopes, being cantilevers of some 20 ft. or more in length 
(when extended) and of diameters of the order of 8 in., have shown res- 
onance with KBrmdn vortices a t  speeds of about 5 m.p.h. Since the fluid 
here is water with a high density p, the exciting force [Eq. (7.18)] is very 
large and the vibration is very severe, leading to a blurring of the view 
seen through the device. A cure would consist in changing the cylin- 
drical cross section into a streamlined one, but the periscope tube must 
be free to rotate in its guide if views in all directions are wanted, and the 
constructional complications are so great that this has never yet been 
attempted. 

Steel industrial smokestacks regularly show K&rm&n-induced resonant 
vibrations a t  wind speeds of the order of 30 m.p.h. Brick or concrete 
stacks have not exhibited this phenomenon, and in steel stacks it has 
become worse when riveting was replaced by welding, thus decreasing 
the internal damping of the stack. Recently (1953) a welded stack of 
16 ft. diameter and 300 ft. height came to resonance at  its natural fre- 
quency of about 1 cycle per second (in a wind of some 50 m.p.h.) 
with such violence that it buckled and developed a crack in the steel 
extending over 180 deg. of circum- 
ference. The damaged upper half had 
to  be torn down and rebuilt, and the 
new stack was provided with vibra- 
tion dampers. These were mounted 
in guy cables between the top of the 
stack and the ground, as shown in 
Fig. 7.24. There are two large springs 
A of several feet length, and the entire 
assembly of springs and guy wire 

sion, so that the springs permanently 
are some 8 in. longer than when unstressed. Between the springs is a 
dashpot in the form of a large automotive-truck shock absorber. When 
the stack starts vibrating, a relative motion occurs across the dashpot, 
thus dissipating energy. The design is such that the amount of energy 
dissipated in the damper is about the same as that dissipated in the stack 
itself, thus doubling the natural damping, which is sufficient t o  prevent 
damage to  the stack. 

I n  the autumn of 1940 the great suspension bridge across the Tacoma 
Narrows in Washington, after being in operation for about a year, was 

is put in initial and permanent ten- FIG. 7.24. Friction damper built into a 
guy wire of a smokestack. 
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completely wrecked by a moderate wind. The precise details of the cause 
were not known a t  the time; the explanations offered were based either 
on KArmAn vortices or on flutter (page 321). I n  the years after the 
disaster elaborate experiments were made at the University of Washing- 
ton in a specially constructed wind tunnel, and it is now clear that  the 
cause of failure was a KkmAn-vortex trail. The object this time is not 
a cylinder, but an I-shaped section. The phenomenon under discussion 
occurs for all manner of shapes; the frequency and intensity formulas 
(7.17) and (7.18) hold for all sections with different numerical values of 
the Strouhal and K&rm&n dimensionless coefficients. In  this case the 
wind blew steadily for more than an hour at 42 m.p.h., and the eddy 
frequency coincided with the torsional frequency of the bridge deck on 
its suspension cables, resulting in resonance whereby the angles of motion 
of the deck went to 45 deg. on either side of horizontal, the distribution 
along the span being in two half sine waves. This wrecked the bridge 
completely. After elaborate studies it was rebuilt with three major 
changes in the construction. First, the solid plate side girders were 
replaced by open trusswork, so that the wind could blow through without 

i 
FIG. 7.25. Cross section of the bridge deck 
at Tacoma Narrows. (a)  The old bridge 
that blew down had a solid deck and solid 
vertical side plates: ( b )  the new bridge has 
open side trusses, slits in the deck, and in 
addition a bottom truss, making a box 
section of it. (University of Washington, 
Engineering Ezperiment Station, Bulletin 
No. 116 Parts III to V.) 

forming large eddies. Second, longi- 
tudinal slits (with grillwork between 
traffic lanes) were provided in the 
deck, so that, even if large eddies 
should form, no large pressure differ- 
ence between the top and bottom 
side of the horizontal deck could 
be maintained. Third, the “open” 
section of Fig. 7 . 2 5 ~  was replaced by 
the L‘closed’’ box section of Fig. 
7.253, by lowering the side trusses and 
tying them together a t  the bottom 
end by another horizontal truss. 
Such a closed box section is of the 
order of 100 times as stiff against tor- 
sion as an  open section, and thus the 

torsional natural frequency is raised to such a point that the resonant 
wind speed would be out of range on the high side. 

The Tacoma bridge deck was 39 ft. wide, and still this is not the biggest 
KQrmQn vortex observed. That occurred in an oil storage tank in Vene- 
zuela. The tank was roofless and of the usual cylindrical construction, 
about 150 ft. in diameter and 48 ft. high. When new it was filled with 
sea water t o  a level 4 ft. under the top. Under the influence of the 
steadily blowing local trade wind of about 30 m.p.h., a standing wave 
developed of 8 ft. height between crest and bottom. The frequency of 

Next Page
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CHAPTER 8 

SYSTEMS WITH VARIABLE OR NON-LINEAR 
CHARACTERISTICS 

8.1. The Principle of Superposition. All the problems thus far con- 
sidered could be described by linear differential equations with constant, 
coefficients, or, physically speaking, all masses were constant, all spring 
forces were proportional to the respective deflections, and all damping 
forces were proportional t o  a velocity. I n  this chapter it is proposed to 
consider cases where these conditions are no longer true, and, on account 
of the greater difficulties involved, the discussion will be limited to sys- 
tems of a single degree of freedom. The deviations from the classical 
problem Eq. (2.1), page 26, are twofold. 

First, in Secs. 8.2 to 8.4, we shall consider differential equations which 
are linear but in which the coefficients are functions of the time. In  the 
remainder of the chapter non-linear equations will be discussed. The 
distinction between these two types is an important one. Consider the 
typical linear equation with a variable coefficient: 

(8.1) mx + c? + f ( t ) z  = 0 

which describes the motion of a system where the spring constant varies 
with the time. Assume that we know two different solutions of this 
equation: 

x = cpl(t) and 2 = cpz(t) 

Then Clcpl(t) is also a solution and 

x = Clcpl(t) + C,,,(t) (8.2) 
is the general solution of Eq. (8.1). 
added to give a third solution, or 

equations with variable coeficients. 

Any two known solutions may be 

The principle of superposition holds for the solutions of linear differentia; 

me proof of this statement is simple. 

rnigl(t) + Wl(t) +f(t)Pl(t) = 0 
7 n ( 6 2 ( t )  + C + d t )  ff(t)PZ(t) = 0 

335 
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Multiply the first equation by C1 and the second by Cz and add: 

rn[C,@l(t) + C2@?(t)l + C [ C l S , ( t )  + C?SZ(t)l +f(t)[ClVl(t) + CZP2(t)I = 0 

This shows that [Clpl(t) + C~(DZ(~ ) ]  fits the differential Eq. (8.1) and therefore is a 
solution. 

I n  mechanical engineering it is usually the elasticity that  is variable 
(Eq. 8.1). There is, however, one important case where the muss is 
variable with time (Fig. 5.10, page 184). This case can be discussed on 
the same mathematical basis as that  of variable elasticity, provided damp- 
ing is absent. We have 

where m(t) is the variable mass. 
m(t) 3 + Icz = 0 (8.3) 

Dividing by m(t), 

This equation describes a system of unit mass (constant mass) and of 
variable elasticity. 

A non-linear equation is one in which the displacement x or its deriva- 
tives do not appear any more in the first power, such, for example, as 

mx + kx2 = 0 

mx + f(x) = 0 
or more generally 

The principle of superposition is not true for the solutions of non-linear 

This can be easily verified. 

equations. 
Let 21 = q l ( t )  and zz = qz ( t )  be solutions of (8.5): 

rn@L(t) + klVL(t)l' = 0 
me&) + k[VZ(t)lf = 0 

rnl@l(t) + $ 4 1  + k [ f V l ( t ) l f  + 1(Pz(t)I ' l  = 0 
Hence, by addition, 

If (rpl + q2) were a solution, the last square bracket should be ((ol + (pz)*. 

term 2qIq2 is missing, so that (qpl + (DZ) is not a solution of (8.5). 
But the 

The general solution of (8.5) or (8.6) can still be written in a form con- 
taining two arbitrary constants C1 and C I ,  since the process of solution is, 
in principle, a double integration. Rut although for linear equations a 
knowledge of two particular solutions immediately leads to the general 
solution in the form (8.2), this is no longer true for a non-linear equation. 
Very few non-linear equations exist for which the general solution is 
known. As a rule all we can do is to find particular solutions and even 
these in an  approximate manner only. 

I n  this section 
Beven cases are discussed physically and a partial explanation of their 

8.2. Examples of Systems with Variable Elasticity. 
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behavior is given. The more fundamental treatment is necessarily 
mathematical and will be taken up in the next two sections. 

First consider a disk mounted on the middle of a vertical shaft running 
in two bearings B of which only the upper one is shown in Fig. 8.1. The 
cross section of the shaft is not completely circular but is of such a nature 
that two principal directions in it can be distinguished, one of maximum 
and one of minimum stiffness as, for example, in a rectangular section. 
Assume the shaft to have two circular spots A ,  A 
close to the disk. These round spots A can slide 
without friction in two straight guides restricting 
the motion of the shaft to one plane, e .g . ,  to the 
plane perpendicular to the paper. The disk on the 
shaft flexibility is a vibrating system of a single 
degree of freedom. While the shaft is rotating, the 
spring constant varies with the time, from a maxi- 
mum k + Ak to a minimum k - Ak, twice during 
each revolution, so that the equation of motion is 

mx + ( k  + Ak sin ukt)z = 0 (8.7) 
where uk is twice the angular speed of rotation of 
the shaft and the subscript lc is used to suggest 
variation in the elasticity k.  

Next, place the same shaft horizontal with the 
guides A vertical so that the vibration of the disk A disk mounted 
is restricted to the vertical direction. The weight on a shaft with non- 

W of the disk acts as an additional force so that ~ ~ ~ ~ ~ o ~ ~ ~ ~ ~ ~ ; o ~ ~ ~  

(8.8) 

A 

Eq. (8.7) changes to in one plane only. 

mx + (Ic + Ak sin ukt)z = W 
If the elasticity were constant, there would be no significant difference 
between (8.7) and (8.8), because (8.8) could be transformed into (8.7) 
by merely taking another origin for the coordinate z (thedistance between 
these two origins would be the static deflection of the disk). With var- 
iable elasticity, however, this is not so. Let us take a new variable 

y = z + C  

where C is a constant t o  be determined so as to make the result as simple 
as possible. Substitute in (8.8) which becomes 

mg + ( k  + Ak sin ud)y = W + kC -t CAk sin u k t  (8.9) 

If the variation in elasticity Ak were zero, we could choose C equal to 
-W/k and thus transform (8.9) into (8.7). With Ak # 0, this cannot 
be done. By imagining W = 0 in the last result, it is interesting to see 
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that (8.7) by a mere shift of the origin of z can be given a right-hand 
member which can be classed as an extraneous exciting force of frequency 
wk [see Eq. ( 6 . 6 ~ ) ~  page 2481. 

We see that (8.7) and (8.8) cannot be transformed into one another; 
they are definitely different and have to be so treated. 

Assume that the variations in k are small with respect to k (Ak is 10 per 
cent of k or less). Then the elastic force is principally that of k and the 
motion of the disk is nearly harmonic with the frequency w,, = d k / m .  
When this natural frequency of motion wn has a proper relation to  the 
frequency of spring variation W k  and when also a proper phase relation 

FIQ. 8.2. Explains instability in the flat shaft at half and full critical speed. 

exists, it is possible to build up large vibrations. Consider the curves 
Fig. 8 . 2 ~  and b, illustrating the motion z of the disk with a frequency w,, 
and a variation in shaft stiffness taking place a t  twice that frequency. 
These diagrams pertain to the vertical shaft (no gravity) so that O A  is 
the equilibrium line where there are no bending stresses in the shaft. 
The elastic force is therefore the product of the ordinates of Figs. 8.2b 
and 8 . 2 ~ ~  measured from OA.  With the phase relation shown in the 
figure it is seen that, while the disk is moving away from the center posi- 
tion (1-2 and 3-4), the spring force is smaller than its average value, 
whereas, while the disk is moving toward the center, the spring force is 
greater than its average value (2-3 and 4-5). Thus the spring force i R  
small while opposing the motion and large while helping the motion. 
Hence, over a full cycle the spring force does work on the system and 1 he 
vibration, once started, builds up : we have instability. 
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With gravity, the spring force is still the product of k and the ampli- 
tude of Fig. 8.2a, but this time the ordinate is not measured from base 
O A ,  but rather from the base BB, distant from OA by the static deflec- 
tion does not change the previous argu- 
ment with respect t o  the k-variation shown in Fig. 8.2b, but it is now 
possible to obtain work input with another k-variation, shown in Fig. 
8.2c, with 20 = wn (shaft running at half critical speed). This is so 
because the spring force is small (2 to 4) while the disk is going away 
from its equilibrium position BB and large (1 to 2 and 4 t o  5) while it is 
coming toward BB. 

The work input per cycle in general is SF dx = - Jkx  dx, where 
x = - x o  sin wt. We write k = k - Ak sin 2 4  in the case of Fig, 
82b,  and the reader is asked to  substitute this into the integral and 

verify that the work input per cycle is + Akx;, which is independent 

of For the case of Fig. 8 . 2 ~  we write k = k + Ak cos wt, and the 
work input becomes +a Akx& which is seen to exist only in the presence 
of gravity. 

The presence of the extra 

2 

Thus the physical analysis leads to the following conclusions: 
1. In  the system described by Eq. (8.7), i.e., in the vertical shaft with 

flats, any small vibrations a t  the natural frequency an = that may 
exist will be increased to large amplitudes if the shaft runs at its full 
critical speed (w, = Zw,). 

2. For the system of Eq. (8.8), i.e., for the horizontal shaft with flats, 
the same type of instability exists at the full critical speed as well as at 
half the critical speed (w, = w,). 

These conclusions are tentatiye; an  analysis of the equation in the 
following sections will show to what 
extent they have to be supplemented. 

Practical cases in which shafts of 
non-circular section have given rise 
to critical speeds of one-half the nor- 
ma1 are illustrated in Fig. 8.3. The 
first of these is a shaft with a keyway 
cut in it. There the troilble can be 
corrected by cutting two additional 
dummy keyways, symmetrically placed, which makes the stiffness uniform 
in all directions. 

The other example is found in the cross section of a two-pole turbo- 
generator rotor, in which slots are cut for the electric windings, the solid 
parts forming the pole faces. I n  this case the non-uniform elasticity 
cannot be avoided, so that a two-pole rotor will always be rough a t  half 
its critical speed. 

* \  

(0 )  
FIQ. 8.3. Cases of non-uniform flexibility 
in shafts and rotors. 

(6) 
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A second case quite similar to the example of the shaft is that of a string 
with a mass m in the center. The tension in the string is varied with a 
frequency wk between a maximum T + t and a minimum T - t by pull- 
ing a t  the end (Fig. 8.4). If we pull hard while m is moving toward the 
center and slack off while m is moving away from the center, a large 

T+t sin Ukt 

A& 

rn 
I 
I 
I 

I i I 

FIQ. 8.4. String 
w i t h  var iab le  
tension as the 
second example 
of Eq. (8.7). 

vibration will be built up. While m is describing a f i l l  
cycle, the end of the string describes two cycles. We 
have the case of Fig. 8.2b. If the string is horizontal a 
gravity effect comes in, making the system subject t o  Eq. 
(8.8) and Fig. 8 . 2 ~ .  

The periodic change in tension may also be brought 
about by a change in temperature. A wire in which an  
alternating current is flowing has temperature variations 
and consequently variations in tension having double 
the frequency of the current. Lateral oscillations will 
build up if the natural frequency is either equal t o  or 
twice as large as the electric frequency. 

A third case is illustrated in Fig. 8.5. A pendulum bob 
is attached to a string of which the other end is moved up 
and down harmonically. The spring constant k of a 
“mathematical pendulum” is mg/l, so that a periodic 
change in the length I means a corresponding change in the 

spring constant. Thus the sidewise displacements of the bob are governed 
by Eq. (8.7). I n  order to build up large oscillations by a length variation 
of wk = 2 ~ ,  = 2 451, the string has to be pulled up in the middle of the 
swing and let down a t  the extreme positions, the bob describing a figure 
eight as indicated in Fig. 8.5. The 
tension in the string is larger for small 
angles ‘p than for great angles on ac- 
count of two factors. I n  theextreme 
position the tension in the string is 
the weight of the bob multiplied by 
cos ‘p, which is less than unity. I n  
the center, the tension is the weight 

rn 

+ 
// 1 ‘\ 

I , 
I the force Of the bob FIQ. 8.5. Pendulum of variable length. 

moving in its curved course. Thus 
the string is pulled up in the center against a large tension and let down 
at the extreme positions against a small tension. In  this way work is 
put into the system, and this work is converted into the additional kinetic 
and potential energy of the larger vibrations. 

It is 
nearly the same as the previous one, except that the pendulum is a stiff 
rod of constant length and the point of support (about which it can turn 

The fourth example is more difficult to understand physically. 
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freely) is given a rapid up-and-down harmonic motion by means of a 
small electric motor. It will be seen later (on page 348) that  such a 
pendulum has the astounding property of being able to  stand up vertically 
on its support. The spring constant of a pendulum rod is again mg/X, 
but X in this case is the “equivalent length.” I n  this experiment the 
length X is constant, but the gravity constant g varies periodically. This 
can be understood by considering the pressure of a man on the floor of an  
elevator car. While the elevator is standing still or moving at constant 
speed, this pressure is equal to the weight of the man; in an upward 
accelerated elevator it is more and in a downward accelerated car it is less. 
An impartial experimenter in the accelerated elevator may conclude that 
the value of g differs from its value on the earth. The same is the case 
with the pendulum. While it is being 
accelerated upward, g is apparently 
larger. Thus a periodically varying 
spring constant and the validity of 
Eq. (8.7) are shown. A more satisfac- 
tory derivation is given on page 350. 

The $jth case to  be discussed is 
technically the most important one. 
In  electric locomotives of the side- 
rod type violent torsional vibrations 
in the drive system have been ob- 
served in several speed ranges. They 
are caused by a periodic pulsation in 
the spring constant, which can be 
understood from Fig. 8.6 representing 
one of the simplest constructions 
of this type. An electric motor is 
mounted on the frame and coupled 

Motor 

FIQ. 8.6. Torsional vibration in electric 
side-rod locomotive. 

to a driving axle by one connecting rod on each side of the locomotive. 
The two rods are 90 deg. offset so that the system as a whole does not 
have any dead center. With the usual operating conditions the wheels 
are locked to the rails by friction, but the motor can rotate slightly 
against the flexibility of the two side rods. When a side rod is at one of 
its dead centers, it does not prevent the motor from turning through a 
small angle, i.e., its share in k is zero. When it is 90 deg. from its dead 
center, it constitutes a very stiff spring since it has to  be elongated or the 
crank pins have to  be bent t o  allow a small rotation of the motor. The 
spring constant of one side rod, therefore, varies between a maximum and 
practically zero and performs two full variation cycles for each revolution 
of the wheel. The variation in the flexibility of the combination of two 
side rods is less pronounced and shows four cycles per revolution. The 
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curves 1 and 2, Fig. 8.7, show the torque at the motor necessary for one 
unit of twisting angle, if only side rod 1 or 2 is attached. Curve 3, being 
4- the sum of curves 1 and 2, gives the 

resultant k for the whole system. 
The torsional oscillations of the 

01' .- ,!b // t j  g,, motor on its side-rod springs will 
B 7 \ I An ulor take place superposed on the general 
' ~ O o e  revolution CI P O S ~  '0" rotation of the motor. The phe- 

FIQ. 8.7. The torsional spring constant of 
Fig. 8.6 RS a function of the angular where ub is four times as large as the 

angular velocity of the wheels. It is position. 

t o  be expected, therefore, that serious vibrations will occur when 

nomenon is represented by Eq* (8*7) 

wn = M * [4(2r r.p.s.)] 
A sixth example has been found in the small synchronous motors of 

electric clocks (Fig. 8.8). The rotating part of these 
motors usually consists of a very light piece of sheet 
metal A running around the poles B which carry the 
alterating current. The rotor can slide axially in its 
bearing but is held in a certain position by the magnetic 
field of the poles B. These poles act as magnetic springs 
of which the intensity becomes zero 120 times per 
second in a 60-cycle circuit, so that the variation in the 
spring constant is large (100 per cent). The trouble bratory 
experienced consists in a noisy axial vibration of the 
rotor. 

FIQ.8.8.Anelec- 
tric clock motor 
is an axially vi- 

on the magnetic 
springs B.  

A 
glance at the table on page 28 shows that we 
are dealing with a simple inductance-condenser 
circuit of which the condenser capacity is peri- 
odically varying, for instance by means of the 
crank mechanism of Fig. 8.9. The 2 of Eq. 
(8.7) stands for the charge Q on the condenser 
plates. A constant right-hand member in Eq. 
(8.8) can be provided by a direct-current 
battery in the circuit. First consider the 
system without battery. Two charged con- 
denser plates attract each other mechanically. 
The current in the L, C circuit will surge back 

Fxo. 8.9. Electric circuit with and forth with the frequency w, = m. 
Let the crank mechanism be so timed that the 

plates are pulled apart while the charge Q is largeand pushed together again 
while Q and hence the attractive force are close to  zero. Thus the crank 

The seventh and last illustration of (8.7) is the electrical analogue. 

l 

'Ondenser br ing) .  
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mechanism (moving at double the current frequency: = 2wn) does 
mechanical work on the system and this work is converted into electrical 
energy. With a strong battery and small oscillations the charge on the 
condenser never changes its sign and the crank mechanism has to operate 
at the frequency W k  = w,, in the fashion indicated in Fig. 8 . 2 ~ .  

Most of the problems discussed in the 
previous section depend for their solution on the differential equation 

8.3. Solution of the Equation. 

mx 4- [k  4- Ak *f(t)]z = 0 (8.10) 
where f(t)  is a periodic function of the time, usually of the form f(t) = 
sin W k t .  It is known as Mathieu’s equation, and its general solution, 
containing two arbitrary integration constants, has not yet been found. 
In  fact, there are very few equations with variable coefficients of which 
solutions are known. However, we are not so much interested in the 
solution itself, i.e., in the exact shape of the motion, as in the question 
whether the solution is “stable” or “unstable.” The simplest solution 
of (8.10) is z = 0; in other words, the system remains at rest indefinitely. 
If it is given some initial disturbance (x = zo or 2 = V O )  , it cannot remain 
a t  rest and the distinction between stable and unstable motion refers t o  
this case. By a stable solution we mean one in which the disturbance 
dies down with time as in a damped vibration, whereas an unstable 
motion is one where the amplitudes become larger and larger with time 
(Fig. 7 . 2 ) .  

If the “ripple” f(t) on the spring constant has the frequency w k ,  the 
motion, though it may not be periodic, will show certain regularities 
after each interval T = 2 ? r / W k .  

Suppose that the system starts off a t  the time t = 0 with the amplitude 
2 = x0 and with the velocity 2 = V O .  Let the (unknown) solution be 
x = F ( t )  and assume that after the end of one period T = 2 T / W k  the 
amplitude and velocity of the system are given by their values a t  the 
beginning, multiplied by a factor s (positive or negative) : 

(8.11) 

Whether this assumption is justified remains to be seen. If it is justified, 
we find ourselves at the beginning of the second cycle with an amplitude 
and velocity s times as great as at the beginning of the first cycle. Then 
it can easily be proved that the motion throughout the whole of the 
second cycle is s times as large as the motion during the corresponding 
instants of the first cycle and in particular that the third cycle starts with 
an amplitude ~ ~ $ 0 .  

The proof is as follows: Let 2 = F ( t )  be the solution of (8.10) with the conditions 

( ~ ) I - o  = zo and (k)t,o = v o  (8.12) 
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Take as a new variable during the second cycle y =i sz. 
becomes (after multiplication by 6) 

The differential equation 

my’ + Ik + Akf(t)lv = 0 (8.13) 

If the time is now reckoned from the beginning of the second cycle, the initial condi- 
tions are 

( d t - 0  = 850 = YO and ( l i 1 t - 0  = SUP = l i ~  (8.14) 

It is seen that (8.13) and (8.14) are exactly the same as (8.10) and (8.12) so that the 
solution is Y = F ( t ) .  Therefore, y = sz behaves during the second cycle in exactly 
the same manner aa z behaves during the first cycle. 

Thus, if the supposition (8.11) is correct, we have solutions that repeat 
in ok-cycles but multiplied by a constant factor in much the same manner 
as Eq. (2.19) or Fig. 7.2. If s is smaller than unity, the motion is 

damped or stable; if s is larger than 
unity, the motion is unstable. For 

c T any general periodic f(t), Eq. (8.10) 
+ cannot be solved. The particular 

3. case of a “rectangular ripple” Ak on 
I I . I  I I the spring constant k, however, is 

comparatively simple of solution (Fig. 
FIG. 8.10. Variation in elasticity for In most practical cases the 

ripple is more sinusoidal than rectan- which Eq. (8.10) can be solved. 

gular, but the general behavior of a system such as is shown in Fig. 8.10 
is much the same as that of a system with a harmonic ripple on the spring 
force. 

With the notation k/m = W: and f ( t )  = k 1, the differential equation 
(8.10) becomes for 0 < okt < r, 

r 
.t 

0 B 2* 37 4 7  
Ukt* 

8.10). 

x +  u:+- 2 = 0  ( 3 
and for r < W k t  < 27, or for -r < W k t  < 0.  

x +  ( u:-- ;)x=o 

(8.15) 

(8.16) 

Both of these equations are easily solved, since the coefficient of x is now 
constant. The solution for one half cycle is [see Eqs. (2.7) and (2.8), 

z1 = C1 sin p l t  + CZ cos p,t  (8.17) 

page 311 

(PI = d-) 
and for the other half cycle 

x2 = Cs sin pzt + CI COB pzt ( p l  = - 2) (8.18) 
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These two solutions should be fitted together at wkt = 0 with the same 
amplitude and velocity; moreover, they should describe a motion which 
at the end of a full cycle is s times as large as at the beginning. Thus 

(8.19) 

are four equations from which the four arbitrary constants in (8.17) and 
(8.18) can be determined. 

The first two equations of (8.19) are simply 

PlC1 C4 = Cz and C3 = - P2 
and the remaining two me 

P f l  PIT c3 sin - + ~4 cos ET = -sc1 sin + S C ~  cos -- 
wk wk wk Wk 

Pfl P 1= pzc3 cos - - p z ~ 4  sin PT = sp lc l  COB - + splcz sin 
wk an: Wk wn: 

or, after substitution of CC = CZ, etc., 

) = o  
wk wk 

P z= 
'lrr) wk ( wk 
- + C2 -pz sin - - pls sin 

These are homogeneous in CI and CI, so that we can calculate CJC2 
from the first equation, then again from the second equation, and equate 
the two C1/Cz-values. Rearranging the answer in terms of 6, we have 

If, for brevity, the expression with the braces be denoted by A ,  the 
solution of (8.20) is 

~ = A f d m  (8.21) 
In case A > 1, one of the two possible values of s is greater than unity 

and the solution is unstable. After each wk-cycle the magnified deflec- 
tion is in the same direction, so that in each wk-cycle there have taken 
place 1 or 2 or 3 . , . cycles of the free vibration wn. 

If A lies between -1 and +1, the two values for s become complex, 
which means that the original assumption (8.11) is untenable. How- 
ever the real part of s is less than unity, so that we expect a motion which 
does not increase regularly with the time: the system is stable. 
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Finally, when A is smaller than - 1, one of the values of s will also be 
smaller than -1. This means physically that after one wk-cycle, the 
amplitude and velocity of the system are reversed and are somewhat 
larger. After two wk-cycles they have the same sign and are also larger 
(multiplied by s2 which is positive and larger than one). Again we have 
instability, but during each wb-cycle we see %, 1%, 2% cycles of the free 
vibration con. 

Thus briefly the system is unstable if 1-41 > 1, or if 

where the symbol I I means “numerical value of” and the significance of 
p i  and p 2  is given by (8.17) and (8.18). In  this relation there are two 
variables, P l / W k  and p 2 / W k ,  or more significantly, wn/wk (the ratio of the 
“free” and “elasticity” frequencies) and Ak/k  (the “percentage of varia- 
tion,” Fig. 8.10). 

8 

7 8 

6 

t ’  
2I* -3  A 

*I- 4 
sl3 

2 

1 

% - 3 - 2 - 1  0 1 2  3 4 5 6 7 
(wn/w*? - 

E’IQ. 8.11. Fundamental diagram determining the stability of a system with variable elas- 
ticity. (Van der Pol 
and Strutt.) 

The shaded regions are stable and the blank regions are unstable. 

The result (8.22) is shown graphically in Fig. (8.11), where for conven- 
ience the abscissas are taken as ( w n / W k ) 2  and the ordinates as ( A k l k )  . 
(w,,/w~)~. The reason for this choice of abscissa is that  with the second 
power, a negative spring constant (such as appears in the vertical pen- 
dulum) can be plotted as a negative ( W n / W k ) 2  = -k/mw!, whereas with 
the first power of W n / W k  the abscissa for a negative spring would become 
imaginary. For the ordinate the case of no steady spring constant, 
k = 0, would lead to  an infinite ratio A k / k ;  this defect is avoided by 

taking (z)2 = I n  the figure the lines where (8.22) equals +1 
are drawn in full, while those along which (8.22) is -1 are dashed. Tn 

www.EngineeringEBooksPdf.com



VARIABLE ELASTICITY 347 
the shaded regions the expression (8.22) is less than unity, which indicate:: 
stability, while in the non-shaded regions its value is greater than unity, 
denoting instability. The numbers 46, 1, 135, etc., inscribed in the 
regions of instability indicate the number of vibrations of the system 
during one wk-period of the variation in stiffness. 

8.4. Interpretation of the Result. From Fig. 8.11 the behavior of the 
various systems of See. 8.2 can be deduced more accurately than was pos- 
sible from the simple physical considerations given in Sec. 8.2. The 
examples come in three groups: 

a. The shaft, the string, the locomotive, and the variable condenser 
all have a frequency of variation Wk which can vary over a considerable 
range and have also a small variation percentage Ak/k << 1 with a posi- 
tive k. 

b. The electric-clock motor has a constant wk-frequency, large varia- 
tions (Ak /k  = l), and a positive k.  

C. The pendulum standing on end has a variable wk-frequency and a 
negative k ,  i.e., it is statically unstable. 

Before discussing any one case in detail, it  should be remembered that 
the diagram, Fig. 8.11, has been derived for a “rectangular ripple,” 80 
that only approximate results are to be expected from its use for most 
actual cases where the variation is nearly harmonic. However, the 
approximation is a very good one. Moreover, no damping has been 
considered. 

I n  each case the per- 
centage of variation A k / k  and the average natural frequency wn = l / f i  
are constant. The only variable in the system is the frequency of varia- 
tion in elasticity Wk. I n  the diagram the ordinate is alffays Ak/k times as 
large as the corresponding abscissa. Each system, therefore, can move 
only along a straight line through the origin of Fig. 8.11 at an  inclina- 
tion tan-‘ Ak/k with the horizontal. The line for.Ak/k = 0.4 (40 per cent 
variation) is drawn and marked 08. A slow variation wk corresponds to  
a point on that line f a r  from the origin 0, while the points close to the 
origin have a small value of (Un/Wk)’ and therefore a large wk. It is seen 
that most of the points on OA are in stable regions where no vibration 
is to be feared, but we also note that there are a great (theoretically an 
infinitely great) number of rather narrow regions of instability. These 
occur approximately at wn/wk = s, 1, lx, 2, 2%, etc. 

Now imagine the electric locomotive to start very slowly and to increase 
its speed gradually, until finally the variation in side-rod elasticity (being 
four times as fast as the rotation of the wheels) equals twice the natural 
frequency of torsional vibration. Along OA in Fig. 8.11 this means a 
motion from infinity t o  the point where ( W , , / W ~ ) ~  = >dl and i t  is seen that 
an injtnite number of critical speeds has been passed. 

First we shall discuss the examples of group a. 
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From Sec. 8.2 it seems that the two speeds, for w,,/wk = 1 and wn/wk 
= W are the most significant and that the other critical speeds are much 
less important. Nevertheless it is impossible to avoid these low-speed 
instabilities by changes in the design, unless of course the variation Ak 
can be made zero. Vibrations of this sort have caused great trouble in 
the past. They were overcome chiefly through introducing torsionally 
flexible couplings with springs between the motor gear and its crank or 
between the driving wheel and its crank. These couplings act in two 
ways. First, they shift the natural frequency w,, to a low value so that 
all critical regions lie below a rather low speed, say 20 m.p.h. At these 
low speeds the intensity of the input cannot be expected to be very great. 
Furthermore, the springs, especially if they are of the leaf type, have 
some internal friction in them so that they introduce damping. 

Similar results hold for any of the other examples in group a. In 
particular a shaft with two flat sides will pass through a great number of 
critical-speed regions. In the actual experiment, however, only the 
highest two of these critical speeds prove to be of importance, one occur- 
ring a t  half the usual “primary ” critical speed and the other at that speed 
itself. 

In group b we have the axial vibrations of the electric-clock motor 
caused by a periodically vanishing elasticity. Here Ak/k = 1, which for 
variable speed wk is represented by a straight line a t  45 deg. (shown as 
OB in the diagram). In this case, it is seen that the regions of instability 
are wider than the regions of stability, so that the chance for trouble is 
far greater than before. 

The last case, that of the inverted pendulum, is technically the least 
important but philosophically the most interesting. 

In the first place, the spring constant k for such a pendulum is negative. 
This will be clear if we remember the definition of k ,  which is the force 
tending to bring the system back to its equilibrinm position from a unit 
deflection. The gravity component attempts to remove the pendulum 
from the vertical so that k is negative. Hence CO; = k / m  is also negative. 
For the hanging pendulum w i  = g / h  where h is the equivalent length 
(A = 35 of the over-all length in the case of a uniform bar). For the 
inverted pendulum, 

Let the motion of the supporting point be e sin W k t  which gives an 
acceleration -ewf sin wkt. The variation in elasticity amounts to 
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and the ordinate in Fig. 8.11 becomes 

y ($ = e 

being the ratio of the amplitude of the base motion to the equivalent 
length of the pendulum. The abscissa is 

a negative quantity and small for rapid motions of the base. 
Figure 8.12 shows a detail of the main diagram of Fig. 8.11 which is 

important for the inverted pendulum. 
To be precise, Fig. 8.12 has been 
taken from the exact solution for a 
sinusoidal ripple (not given in this 
book), while Fig. 8.11 refers t o  a rec- 
tangular ripple. Incidentally it is seen 
that very little difference exists between 
the two. 

If the pendulum is started with a 
given base amplitude e and with an  
increasing frequency ok, we move along 
the horizontal line from A toward B.  
For slow wk the system is clearly un- 
stable, but at a certain speed it enters 
the stable region and remains there 
until at B the base meed wk becomes 

FIG. 8.12. Detail of Fig. 8.11 giving an 
explanation for the stability of the 
inverted pendulum. (Van der Pol and 
Strutt.) 

infinitely large. However, when the ratio e/?, is taken greater than about 
0.5, there is a large speed at which the pendulum becomes unstable for 
the second time, as indicated by the point A" of the line A'A". This 
has been proved experimentally. 

The proof for the statement that the effect of the motion of the point of support 
of the pendulum is equivalent to a variation in the gravity constant can be given by 
writing down Newton's laws of motion. In Fig. 8.13 let 

a =i distance between point of support and center of gravity G, 
8 = e sin W k t  = displacement of support, 
Z = moment of inertia about G, 
e = angle with the vertical, 

2, y = vertical (up) and horizontal (to right) displacements of G, 
X, Y = vertical (up) and horizontal (to right) reaction forces from support on 

pendulum. 
Then the displacements of G are 

x = s + a COB e FJ 8 + a 
y = a sin e FJ a0 

(for small e) 
(for small 0) 
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The three equations of Newton for the vertical and horizontal motion of G and for 
the rotation about G are 

X - mg = mx I mi 
Y = mp = ma0 
Xa sin e - Ya cos e = X a e  - Ya = 10 

The reactions X and Y can be eliminated by substitut- 
ing the first two equations in the third one: 

I0 = mia8 + mgae - ma10 
or ( I  + mas)# - ma(g + 8)e = 0 

The expression I f ma* is the moment of inertia about 
the point of support and the spring constant is 

e 

FIO. 8.13. A pendulum with 
a harmonically moving point 
of support is equivalent to a 
pendulum with a stationary 
support in a space with a 
periodically varying constant 
of gravity 0. 

as a variation in g by the amount 6, the accleration of the support. 

-ma(g + a )  

It is negative and its variation can be interpreted 

Finally we shall discuss the case of variable mass, illustrated in Fig. 
5.10, page 184. Consider a simple piston and crank mechanism coupled 
through a flexible shaft k to a flywheel of infinite inertia (Fig. 8.14). 

Let the flywheel be rotating at uniform speed. This system is a torsional 
one of a single degree of freedom with the constant elasticity k and a 
variable moment of inertia (mass). 

It was seen on page 336 that such a system is mathematically equiv- 
alent to one with variable elasticity and constant mass so that Fig. 8.11 
applies. According to Fig. 8.11 we ought t o  experience critical speeds 
when the average natural frequency w,, = &TI is s, 1, ls, 2 , . , 
times the frequency Wk of mass variation. It can be easily seen that the 
main frequency of mass variation is twice the r.p.m., so that the critical 
speeds should appear for w,, = 1, 2, 3 . . . times urpm. The simple 
approximate theory culminating in Eq. (5.15), page 178, gives only one 
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critical speed occurring at w,, = 2wrpm for a connecting rod of infinite 
length. 

Non-linearity consists of the 
fact that one or more of the coefficients m, c, or k depend on the displace- 
ment 2. I n  mechanical cases the most important non-linearities occur 
in the damping or in the springs, whereas in electrical engineering the 
most common case is that of a non-linear inductance (mass). 

Let us first consider some examples of non-linear springs. Figure 8.15 
shows three cases where the spring force is not proportional to the dis- 
placement, but where the individual springs employed are yet ordinary 
linear coil springs. The first case is the very common one of clearances in 
the system. The mass can travel freely through the clearance without 
experiencing any spring force at all, but from there on the force increases 

8.6. Examples of Non-linear Systems. 

A 

(0)  (6). (C) 
FIQ. 8.15. Combination of linear coil springs which form a non-linear elasticity. (a) 
Clearances; (a) set-up springs with stops; (c) two sets of springs, one with clearance (some- 
times called “stops” also). 

linearly. The second case is that in which the springs have an initial 
compression and are prevented from expanding by the thin washers a 
resting against the lugs b. The mass m, being loose from the washers, 
cannot move until a force is applied to it equal to the initial compressive 
force F of the springs. The third example is that  of a spring with 
so-called “stops.” For a small displacement the system is affected only 
by one set of springs, but after that another set comes into action and 
makes the combined spring much stiffer. The second set of springs some- 
times consists of a practically solid stop, in which case the characteristic 
becomes nearly vertical after the stop is hit. 

All three cases shown in Fig. 8.15 naturally have their torsional equiv- 
alents. In particular, set-up springs (Fig. 8.15b) are used often in the 
construction of torsionally flexible couplings. 

Figure 8.16 represents a cantilever spring which, when deflected, lies 
against a solid guide, thus shortening its free length and becoming stiffer. 
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Hence its force-deflection characteristic becomes steeper for increasing 
deflections. More or less curved spring characteristics occur quite often 
in practice. In  fact, most actual springs have a straight characteristic for 
small deflections only and then become stiffer for larger deflections. 

Next we consider some forms of non-linear damping. The linear 
damping force is ci, proportional t o  the 
velocity. It is known also as a viscous damp- 
ing force, because it occurs in a dashpot with 
a viscous fluid. 

Other types of damping which occur fre- 
quently are dry-friction or Coulomb damping 
and air or turbulent-water damping. The 
first of these is independent of the magnitude 
of the velocity, but is always opposite in direc- 
tion to the velocity. The air or turbulent- 
water damping is approximately proportional 
to the square of the velocity and also is directed 

(6) against it. The various forces plotted against 

FIG. ually + 8.16. increasing Spring stiffness. with grad- Fig. the time 8.17. for a sinusoidal motion are shown in 
In  practical mechanical problems the mass is usually a constant quan- 

tity. It is possible, however, t o  imagine a system when even this coeffi- 
cient varies with the displacement. In  Fig. 8.18, let the piston be very 
light and the amount of water in the cylinder small in comparison with 
that in the tank. Evidently the piston with the water column above it 

Displ. 

FIQ. 8.17. Various damping forces for the 
case of harmonic motion. (a) Viscous fric- 
tion cz;  ( b )  Coulomb friction fP; (c) turbu- 
lent air damping fez*. 

Fro. 8.18. A non-linear syatem in which the 
mass depends on the displacement. 

in the cylinder is a vibratory system since the rest of the water in the 
tank moves very little during the oscillation. But the length of the water 
column and therefore its mass depend on the displacement 5. While for 
small oscillations of the piston the mass is practically constant, this ceases 
to  be the case for larger motions, so that we have a system with a non- 
linear coefficient (mass). 

This example is of little practical value, and we turn to  the electrical 
field to  find important cases where the mass varies with x .  Consider 
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the simple L-Gcircuit of Fig. 8.19 with or without alternating-current 
generator. The coil contains a soft iron core, which becomes magnet- 
ically saturated for a certain value of the current. 
This is illustrated in Fig. 8.20 where, for a given 
frequency, the voltage across the coil is plotted w against the current, giving a distinctly non-linear 
relation for larger values of the current. Since 
the voltage across the inductance coil is the elec- 
trical equivalent of the mechanical inertia force, 
it is seen that indeed we have before us a case of 
a mass depending on the displacement. 

8.6. Free Vibrations with Non-linear Characteristics. The most 
important new fact arising in a discussion of the free vibrations of these 
systems is that  with the non-linearity in the springs the natural frequency 
is no longer independent of the amplitude of vibration. With non-linear 

damping, however (if it is not too great), the 
frequency depends very little on the amplitude. 
The reason for this can be readily understood. 
In  a sense the natural frequency is the ratio of 
the intensity of the spring force to the inertia 

of the inductance of Fig. are both proportional t o  the deflection, and their 
ratio therefore must be independent of the deflec- 

8.20. saturation force for unit frequency. I n  the linear case these 

tion. If, however, the spring force is not proportional t o  the amplitude, as 
with a non-linear system, the natural frequency cannot remain constant. 

On account of its 90-deg. phase angle a damping force disturbs the 
frequency as a second-order effect only (Fig. 2.16, page 40). This is 
true whether the damping is linear or not. Therefore no appreciable 
influence of the amplitude on the frequency should be found in the case 
of non-linear damping. 

T h t  general method of investigation consists in plotting a diagram of 
displacement against velocity, and it is useful to see first how this method 
works on familiar linear systems. The acceleration $ dan be written as 

8.19. ~ ~ ~ - l ~ ~ ~ ~ ~  elec- 
tric circuit with a satu- 

ductance. 
rated core in the in- 

3 

Current 
k z  

8.19. 

.. dx  dx  d x  dx  , dx  
dt - dx  dt = '2;  z = - = - - - - -  

d f  (8.23) 

This transformation allows us to perform one integration of any second- 
olrler differential equation of a free system, linear or non-linear. Apply- 
ing it to  the linear undamped free system, we have 

d x  
dx  

ka 22 

2 2 

m x - + k x = O  

m - + k - = constant 

mx + k x  = 0 

mx dx  + lcx d x  = 0 

www.EngineeringEBooksPdf.com



354 MECHANXCAL VIBRATIONS 

If we plot tiiis result in a diagram with 5 as ordinate and x as abscissa, 
we find tl nest of ellipses with the origin as a common center. It is useful 

,f 

FIG. 8.21. The velocity-displace- 
ment diagram for E linear, un- 
damped free system. The cir- 
cles are run through in a clock- 
wise direction, because a t  point 
A the velocity & is positive and 
hence x increases, i .e.,  progresses 
to the right. 

- 
to simplify these to circles by manipulating 
the coefficients: 

x 2  - + x2 = f constant = constant 
k/m 

(:)2 + x2 = constant 

Thus if we plot x /w, ,  against x, as in Fig. 
8.21, we get a set of concentric circles, repre- 
senting the result of the first integration. 
Before working on the second integration, 
which will lead to  x = f ( t ) ,  we first look at 
a number of other cases, because this second 
integration proceeds in the same manner for 
all systems. 

Thus, next we consider the damped free vibration: 

mx + c x  + k x  = 0 

Applying the transformation (8.23) to this, 
d x  
d x  mx- + ci + ks = 0 

or (8.24) 

The left-hand part of this is the slope in the $/con- versus x-diagram, 
while the right-hand part can be calculated numerically for each point 
x, x / w ,  of the diagram. Thus this equation enables us to fill the entire 
diagram with short directional line stretches at every point (Fig. 8.22), 
through which the curves must pass. The sketching in of these direc- 
tional line stretches is facilitated by first drawing in the “isoclinics,” 
i.e., the lines or curves joining all those points in the k/wn-, x-diagram 
having the same slope d($/w,) /dx.  From Eq. (8.24) the equation of such 
an  isoclinic is found by setting the right side of the equation (which is 
the slope) equal to a constant, which leads us to recognize that the 
isoclinics in this case are straight lines through the origin. For the hor- 
izontal radial line, 2 = 0, so that the right-hand side of Eq. (8.24) 
besomes infinite and the slopes vertical. The slopes are drawn in Fig. 
8.22 far the horizontal, vertical, and 45-deg lines. The reader should 
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sketch in for himself the 22.5- and 67.5-deg lines. Then, staxt.ing at an 
arbitrary point, the integral curve is drawn in, following the slopes from 
point to point. 

What happens to Fig. 8.22 when the damping becomes greater and 
surpasses the critical damping? To investigate this, we ask whether in 
Fig. 8.22 there are any isoclinics in which the direction of theslope is 

FIG. 8.22. Damped free vibration for c/mw, = 0, l  or 5 %  of critical damping. The iso- 
clinics are straight radial lines, Eq. (8.24), and the integral curve is a converging spiral. 
For the case of negative damping the same diagram applies with the directional arrow on 
the spiral reversed, 80 that  the spirals diverge. 

along the isoclinic itself. Since the slope of the radial isoclinic itself a t  
point k/wn, x is X/W,,X, the question is whether there are isoclinics where 

X dx 
S / w n  d(X/wn) - = -  

or with Eq. (8.24) 
*L---- C X 

X m ~ n  x / u n  

It is seen that for subcritical damping the right-hand radical is imaginary, 
so that there are no real isoclinics with the property that they are directed 
along the slopes of the diagram. However, for c > 2mw,, that is, for 
supercritical damping, the radical is real, and we find two such isoclinics. 
This is shown in Fig. 8.23 for the case of c/2mw, = 1.25. The integral 
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curves are then 
integral curves. 
upon touching 
track. 
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sketched in. The two special isodinics themselves are 
No other integral curve can ever cross them, because, 

them, an integral curve would be drawn into its own 

The diagrams of Figs. 8.22 and 8.23 can also be considered to  apply to  
the case of negative damping, because the term cx does not change if both 
c and k reverse their signs. Hence, for negative damping - c  we only 
have to  reverse the signs on the vertical axis x) which amounts t o  revers- 

FIG. 8.23. Velocity-displacement diagram for a linear, supercritically damped system 
(c/c, = 1.26) There are two isoclinics A A  and BB which coincide in direction with the 
slopes in each of their points. Again for negative damping the directional arrows along 
all curves are reversed. 

ing the sign of progress on the integral curve, so that we have diverging 
spirals instead of converging ones. 

For a (linear) negative spring constunt, occurring with the small motions 
of an upside-down pendulum near its upright unstable equilibrium posi- 
tion, the diagram (Fig. 8.21) does not apply. By the standard method 
we have 

mx - kx = 0 
dx mx- - kx = 0 dx 
dx X 
dx -- = +":; 

(8.25) 

The isodinics, found by setting the right-hand side equai to a constant, 
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Now we ask again ior isoclinics are again seen to  be radial straight lines. 

with the slopes along their own 
direction, or for 

Combining this with the last equa- 
tion, we have 

X/Wn 
-= f 1, the two f 45-deg. radii 2 + 

The diagram is shown in Fig*8.24. FIQ. 8.24. Veloci4yl-displecement diagram 
Again the two special isoclinics are for a linear, undamped system with a 

negative spring constant. integral curves themselves; all other 
integral curves are hyperbolas, which we see from integrating Eq. (8.25) : 

x dx 
- =  x dx 4 

($)' = xz + constant 

(5)' - x 2  = constant; hyperbolas 

Figures 8.21 to  8.24 illustrate the 
general method on familiar, linear 
systems. No new results were ob- 
tained, and the usual manner of 
solution of pages 31 to 49 leads to  
these results in a simpler manner. 
The only reason for the new method 
is that  it is capable of being ex- 
tended to non-linear systems as 

X ,  

Fxo. 8.25. Diagram for a single mass m 
between two springs k with clearances a on 
each side of the center position (Fig. 8.15~). 
The maximum amplitude xo = a + TO. 

We start with the system with 
clearances (Fig. 8.15a), and we can 

draw the $/con- versus 2-diagram immediately (Fig. 8.25). First we draw 
in the points A 1  and A z  a t  half clearance distance from the origin. To the 
right of A2 and to the left of A 1  we have a simple, linear k-m aystem, so 
that Fig. 8.21 applies. We draw in the semicircles in the appropriate 
spaces in Fig. 8.25. In  the region between A1  and A z  there is clearance; 
no spring force nor any other force acts on the mass, which, therefore, 
moves with constant velocity, i.e., along horizontal lines. Com bining 
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two half circles with two pieces of straight horizontal line, we obtain 
closed curves in Fig. 8.25 signifying periodic motions. 

Next we investigate the case of Figs. 8.15b and 8.26: set-up springs with 
stops. When the mass is to the right of the center 0, it feels a spring 
which would be linear if it only would center in the point P, where its 

FIQ. 8.27. System with stops. The curves 
are circles inside and ellipses on Q as cen- 
ters outside. The ellipses join the circles 
at Pi, Pz with a common tangent. An 
alternate way of representing this case 
would be with Z/WZ = s / l / ( k ~  + k z ) / m  
as ordinate: then the inside curves would be 
ellipses and the outer parts arcs of circles 
concentric with QI or Qz. (See Fig. 8.150.) 

extrapolated force would be zero. Hence the velocity-displacement 
diagram to  the right of 0 consists of circles concentric on point P. Sim- 
ilarly, to the left of 0 we have circles concentric on point &. 

For the case of Figs. 8 . 1 5 ~  and 8.27, where an additional set of springs 
kz comes in at distance a from the center (also called “stops” if kz is 
large), we again consider regions for x smaller than a and larger than a. 
For x < a the system is strictly linear, and we have concentric circles. 
They are circles, because we plot vertically k/w,l = k / d m ,  where kl  
is the spring constant actually in force. 

For the regions outside -a  < 2 < a we again would have circles, if the 

FIG. 8.26. A single mass between two set-up 
springs with stops. Each spring is origi- 
nally precompressed through a distance a 
(Fig. 8.16b). 
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ordiriate were only x/d(lcl + Icz)/m. Since the ordinate differs from 
this by a constant factor, the curves are elongated circles, or ellipses, 
with their center a t  Q, which is the effective ceilier of the spring force 
for the outside region. The ellipse passing through PI and Pz is such that 
it joins the inside circle a t  those two points with a 3mooth tangent. 

FIG. R.28. Angular speed versus angle diagram for the large motion of a mathematical 
gravity pendulum. 

As a last example we consider the large 360-deg. motions of a math- 
ematical pendulum, which has two equilibrium positions, one stable, 
hanging down at 9 = 0, and another unstable, upright a t  y = n = 180 
deg. The equation is non-linear: 

9 6; + sin 9 

g sin 9 Isoclinics for - - - = constant or + = C sin p. These are sine waves 
1 c p  

rn shown in Fig. 8.28. If we choose for ordinate +/w,  = +j*d'cl, we 
know the details of the large diagram for small regions about 9 = n, 2n, 
.h, . . . and about p = P, 3n, . . . . For 9 near zero we have the small 
vibrations of a linear pendulum as in Fig. 8.21. For p near a = 180 deg. 
we have the motions of a linear upside-down pendulum with a negative 
spring constant (Fig. 8.24). Thus the integral curves near p = 0 are 
circles, and those near 9 = T are 45-deg. hyperbolas. Starting the var- 
ious sine-wave isoclinics a t  p = 0, we immediately see the slope directions 
associated with each of them, from the small circles about p = 0. Then 
the sine waves with 45-deg. initial slopes are important a t  p = n, because 
we see that there the slope direction coincides with the slope of the curve 
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itself. Tracing out the integral curves starting at 45 deg. a t  cp = T ,  we 
divide the field into regions. The curves inside this limiting one are 
closed curves around cp = 0 or cp = 360, etc., and begin to resemble 
circles when close enough to cp = 0; the curves outside the limiting one 
are not closed but continuous wavy lines, resembling hyperbolas when 
close enough to  cp = T.  The direction of progress in all curves is t o  the 

right for positive +and  to  the left for negative +. 
With the general method of isoclinics in the 

x- versus x-diagram we can always construct such 
a diagram for any case of non-linear free vibration 
with one degree of freedom. It now remains to  
carry out the second integration on this diagram. 
Considering an element of curve over the base 
dx, as in Fig. 8.29, we have - 4d.k 

dx or dt = - dx x = -  dt x 

\ ib 
FIG. 8.29. The time con- 
sumed i n  progressing 
through distance dx is 
found  f r o m  dt = d x / z .  
This leads to (8.26) 
and (8.27). 

vertical ordinate. 
ing a distance dx, and in general 

In  the right hand of this expression dx is the 
element of distance horizontally, and k is the 

Thus we can calculate the time consumed in progress- 

(8.26) 

For a periodic (undamped) motion the 5, z curves are closed, so that for a 
full period of oscillation, where me run through the closed curve once, 
we have 

(8.26a) T+ dx 

This integral can always he evaluated, although for pronounced non- 
linear cases it is usually necessary to do it numerically, step by step. 
For a symmetrical system the four quarter periods all take up the same 
time, so that the integral simplifies t o  

dx (symmetrical spring) (8.27) 
x 

As an example consider first thelinear, undamped case (Fig. 8.21). There 

( W ~ L ) ~  + x2 = constant = xiax 

or 
1 -- x = - d X L X  - x2 
Wn 
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Substituting this into Eq. (8.27)) 

4 *  
wn 2 wn 

= - - = 2, a known result 

As a second example take the system with clearances (Fig. 8.25). 
The integral (8.27) falls into two parts, first the straight line from P to  
Q, and second the quarter circle from Q to R. Between P and Q the 
speed is constant 5 = wnrO, where ro is the radius of the c,ircle considered. 
Hence the time required by Eq. (8.26) to go from P to Q is 

.- 

The time required between Q and R is that vr ~1 quarter cycle of a free 
linear vibration, but to be formal we proceed with Eq. (8.26) anyhow: 

(t)' + (z - = constant = ( xo  - a)% = r~ 

x = w. 4i-i - (z - a)z 

The total time from P t o  R (or the quarter period of the motion) is the 
sum of these two: 

T 2 u  
4 7 x 0  - a 

and the natural frequency w of the motion with clearances is 

(8.28) 

This frequency depends on the amplitude so; it reduces to the usual 
dkx for the case of zero clearance a (see Fig. 8.30). 

If the non-linearity is located in the damping of the system, the natural 
frequency is not affected by the amplitude and remains approximately 
f l m .  The only question of interest here is the rate of dying down of 

www.EngineeringEBooksPdf.com



362 MECHANICAL VIBRATIONS 

the amplitude. An exact solution to this problem can be found by a 
step-by-step (graphical or numerical) integration of the equation of 
motion, hut this is too laborious. (Only for the simple case of Coulomb 

5 

4 

t 3  

2 

1 

‘ 0  0.2 0.4 0.6 0.8 1.0 
w / m  - 

FIQ. 8.30. Natural frequency as a 
function of the maximum amplitude of 
vibration for a system with clearances 
(Fig. 8.15a). The exact curve is from 
(8.28) and the approximate curve is 
obtained by the method illustrated in 
Fig. 8.39. 

dry friction does a simple exact solution 
exist.) 

A sufficiently accurate approximation 
for practical purposes is obtained by 
calculating the energy spent by the 
friction force during a cycle and equat- 
ing this energy to the loss in kinetic 
energy of the motion. I n  order to 
be able to calculate these energy losses, 
we have to  know the shape of the mo- 
tion, which obviously is not sinusoidal 
but yet resembles a sinusoid for :;mall 
values of the damping. The smaller 
the damping the better is this resem- 
blance, because with a harmonic motion 
the large spring and inertia forces are 
harmonic and only the small damping 
force causes a deviation from this har- 

monic motion. 
damping force is represented by f(k), its work per cycle is 

Thus we assume harmonic motion z = zo sin wt. If the 

W = 1 f(k) d x  = f f ( k ) 3  dt = zo 1,2”f(k) cos w t  d(wt)  

The loss in kinetic energy per cycle is 
Mmw2xi - ?,$mw2((zo - A z ) ~  = mw2xo Ax  - >$mw2(Az)2 = mw2xo Ax  

Equating the two expressions we find for the decrease in amplitude per 
cycle 

Velocity Damping 
force pqi+$&L AX = -2 f(k) cos wtd(wt) mw 

(8.29) 

This integral can always be evalu- 
ated, even though it may sometimes 
be necessary to do it graphically. 

velocity and the damping force are shown in Fig. 8.31. 
(8.29) is seen to consist of four equal parts, 

Y 
FIQ. 8.31. Coulomb damping force. 

As an example, consider Coulomb damping, where f(k) = fF. The 
The integral in 

4 f F cos w t d ( w t )  = 4F 
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and the decrement in amplitude per cycle is 

(8.30) 

or four times the static deflection of the friction force on the spring. The 
result is significant in that the amplitude decreases in equal decrements 
as an arithmetic series, whereas in the case of viscous damping the ampli- 
tude decreases in equal percentage ratios as a geometric series (page 40). 
Incidentally it is of interest to know that (8.30) happens to  coincide with 
the exact solution before mentioned. 

A linear vibratory system with negative 
damping builds up oscillations of infinite 
amplitude (Fig. 7.2b). Of course, this is 
physically impossible and in all actual sys- 
tems the damping becomes positive again for 
sufficiently large amplitudes, thus limiting 
the motion. An example of this is the elec- 
tric transmission line discussed on page 
299. 

The actual relation between the damping 
coefficient and the amplitude varies from 
case to case, but for a general understand- 
ing it is useful to write down the simplest 
possible mathematical expression that will 
make the damping force negative for small 
amplitudes x and positive again for larger ones. 

8.7. Relaxation Oscillations. 

f 
"x 

FIG. 8.32, Simplest 
cal expression for a non-linear 

~ , & ~ ~ ~ ~  f ~ ~ e f ~ ~ ~ t a ~ ~ ~ ~ ~ d ~ ~  
and becomes positive for greater 

Such an expression is 
Damping force = -(CI - C&)x (8.31) 

It is 

The differential equation of a single-degree-of-freedom system with 

mx - (C, - Czx2)L + kx = 0 (8.32) 
Since we shall now give a general discussion of this equation, it is of 

importance to simplify it as much as possible first, by reducing the num- 
ber of system characteristics of which there are now four, viz. ,  m, C,, Cz, 
and k.  To this end we divide by m, and with the notation k / m  = w," we 
obtain 

The damping coefficient as a function of x is shown in Fig. 8.32. 
seen that zero damping occurs at an amplitude x = d m .  

this type of non-linear damping is 

(8.33) 

Of the three remaining characteristics, Cl/m, Cz/m, w i ,  two can be absorbed 
by making the variables x and t dimensionless. First consider the time 
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t ,  which is measured in seconds. Instead of using this standard unit, 
we shall now measure time in terms of a unit inherent in the system, for 
example, T / ~ T .  This means that for a slowly vibrating system the new 
time unit is large, while for a rapidly vibrating system it is small. The 
time is measured in “periods/Za“ rather than in “seconds.” Let the 
new time (measured in units of T/%) be denoted by t’ and the old time 
(measured in seconds) by t. 

Then 
t t’ = - = unt 

T/ZT 

The new differential coefficients become 

and 

d2x d2x t’2 
dt2 dt t2 t 2  
- = _- . _  = d2x .;. _- 

dP2 

Substituting in (8.33) and dividing the equation by wf, 

where the dots now signify differentiation with respect to thf dmension- 
less time 1’. 

The ampli- 
tude z still has the dimension of a length, and in order t o  make it dimen- 
sionless we measure it also in a unit inherent in the equation. A con. 
venient unit is indicated in Fig. 8.32, viz.,  the amplitude d\/c1/c2, r , t  
which the positive and negative damping forces balance. Thus Y. .ake 
for our new “dimensionless displacement” 

There are now only two parameters, Cl/mw, and CJC,. 

... 

which gives the differential equation in the form 

y - €(I - y2)y + y = 0 (8.34) 

The equation is finally reduced to  a single parameter B = Cl/mwn, which 
has an important physical significance. For harmonic motion this quan- 
tity equals the ratio between the maximum negative damping force and 
the maximum spring force: 

C1 input force 
mu, spring force (8.35) 

Let z = 50 sin w,t, and k = ZOun 00s writ. 

- = E =  

This can be shown as follows. 
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From (8.31) the maximum negative damping force in the middle of D 
stroke (x = 0) is Clkmax = C m w , .  The maximum spring force lzx,,, = 

kso  = W ~ ~ Z O ,  so that (8.35) is verified. 
In  all cases thus far discussed, the input force was much smaller than 

the spring force, so that e was a small quantity, e << 1. This implies a 
motion practically harmonic and of the natural frequency wn. The final 
amplitude to which the motion will build up can be found from an energy 
consideration. For amplitudes smaller than this final one, the damping 
force F = e ( 1  - y2)lj puts energy into the system; while for amplitudes 
greater than the final one, the damping dissipates energy. At the final 
amplitude we have for a full cycle: 

0 = 1 F dy = /02“ FG dt’ = kzr e ( 1  - y*)lj2 dt’ 

The motion is harmonic : 

y = yo sin w,t = yo sin t’ 
0 = e I*“ (1 - y$ sin2 t’)yi cos2 t’ dt’ 

= 4  

Hence 

x - -  
I 2* cost t’ dt’ 

- or z4 = /aZ* sin2 t’ cos2 t’ dt’ x/4 

(The evaluation of these integrals is discussed on page 15.) 
small values of the parameter B the amplitude of vibration z is 

Thus for 

(8.36) 

or, in words, the amplitude is twice as large as the amplitude at which the 
damping force just becomes zero. Figure 8.32 shows that this is a reason- 
able result : the energy put in by the negative damping force in the center 
part of the motion is neutralized by the energy dissipated by the positive 
force near the end of the stroke. 

So far the introduction of the differential equation (8.32) or (8.34) has 
not brought us anything new. The importance of these equations is 
centered rather in the case where the input force or negative damping 
force is great in comparison with the elastic force: 

e >> 1 

Then the non-linear middle term in (8.34) becomes more important than 
the other two, so that the assumption of a harmonic motion (which was 
justified for a small middle term) is untenable. Thus we should expect 
t,he motion to be very much distorted, containing a great number of 
higher harmonics, and we also expect the frequency to  differ from wn. 
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Applying the general method of pages 353 to 360 to Eq. (8.34)! it 
becomes 

I t  

1c 

c 

t o  
\ 

-5 

-1 0 

-1 5 

\ - ’  

\ -  v-\ 
u 
-2  -1 0 1 2 

Y *  
FIQ. 8.33. First integration 
of Eq. (8.34) for relaxation 
oscillations in the case that 
.2 = 10. 

which enables us to fill they, y diagram with small 
directional line stretches at various points. Hav- 
ing this whole field of tangents, a solution can be 
found by starting from any aribitrary point (i-e., 
with any arbitrary initial displacement y and 
velocity 8) and constructing a curve following 
the tangents. Figure 8.33 (E = 10) shows, for 
example, that starting a t  y = 15 and y = -2 
the curve goes down, bends up, then goes down 
again, and thereafter describes a closed figure 
continuously. Also when starting from rest (i.e., 
from the origin), it reaches the same closed curve 
after a short run. As an ordinary steady-state 
harmonic vibration would be pictured as an ellipse 
in this diagram, so it is seen that for E = 10 the 
motion is far from harmonic. 

Next transform Fig. 8.33 into the correspond- 
ing diagram in terms of y = f(f), as shown in 
Fig. 8.34. The abscissa of a point in Fig. 8.33 
corresponds to the ordinate of Fig. 8.34, whereas 
the ordinate of that  point in Fig. 8.33 is the slope 
of Fig. 8.34. Thus the construction of Fig. 8.34 
from Fig. 8.33 amounts to a second graphical 
integration. 

Our expectations regarding the nature of the 
motion are fully corroborated by the final result, 
Fig. 8.34. The motion is seen to  be distinctly 
non-harmonic. The period is not ZT units of time 
(the unit being T / ~ T )  but rather 2e units or 
26 * T / ~ T  sec. This, by virtue of (8.35), is 

2E 2c C 
w,, mu: k Period = - = = 2 -! sec. (8.38) 

i.e., the period no longer depends on the ratio of 
mass to spring constant but rather on the ratio of 
negative damping coefficient to spring constant. 

The expression (8.38) is twice the relaxation time (see page 41) of a sys- 
tem with a positive coefficient C1. For this reason oscillations of the 
nature of Fig. 8.34 have been called relaxation oscillations. 
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The result (8.38), as well as the general shape of the vibration, Fig. 8.34, 
can be made to  seem reasonable by a physical analysis as follows. 

For e = 10 the damping action is large in comparison to the spring action. Follow 
the motion in Fig. 8.34 starting from the point A where the amplitude is x = 2 z/c,/c,. 
On account of Fig. 8.32 the damping coefficient at A is positive and remains positive 
until the amplitude has diminished to one-half its value (point B).  Between A and B 
the velocity will be very small because the weak spring force is opposed by a damping 
force of which the coefficient is large. Hardly any inertia effect will come in during 
that time, At the point B the damping reverses, and becomes negative and large, 
which hurls the mass at a high speed through the point C, where the damping force 
again reverses. Between B and C the negative damping force has done work on the 
mass and thus has given it considerable momentum. This momentum is destroyed 
by the positive damping force from C on, until the mass comes to rest again at  D. 
That the point D should be approximately at  x = 2 z/C1/c1 seems reasonable from 
the result (8.36) for the case of harmonic motion. 

Since it takes hardly any time to move from B to  D we might calculate the period 
:>y taking twice the time between A and B. The answer thus found would be slightly 
$00 small. 

3. 
2. 
1. 

-1. 
-2 
-3 

t 
FIG. 8.34. A typical relaxation oscillation, being an integration of Fig. 8.33. 

In simplifying the calculation we see in Fig. 8.32 that the damping coefficient 
between x = d/c1/c2 and z = 2 .\/cl/cz can be expressed very well by a straight- 
line relation. 

3ci Damping coefficient = -3Ci + = . z 
z/Cl/C, 

The damping force is 
( - 3 c i  + -) 3CiX 5 

d C d C z  

skim1 this force is opposed only by the spring force -kx .  
tion of the creeping or relaxation motion between A and B is 

Thus the differential equa- 

01 

In integrating this expression we notice that the time progresses from 0 to T / 2  (half 
period), while x goes from 2 2/m2 to z/m2, so that 
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After substitution of the limits we find 

T 
k 2 

C C T = 0(1 - log, 2) 2 = 1.842 k k or 

With the slight additional time taken in going from B to D it is seen that (8.38) is 
verified. 

s ( -  log. 2 + 1) = - 

The corresponding results of the graphical integration for the more 

5,  I 

. 
-5 -4 -3 -2  -1 0 1 2 3 4 5 

Y- 
FIQ. 8.35. First integration of Eq. (8.34) for 
a small damping force, s = 0.1. 

usual case e = 0.1 are shown in 
Figs. 8.35 and 8.36. 

Relaxation oscillations have been 
found to  occur very often in radio 
engineeriQg, and the reader is re- 
ferred to the original papers of Van 
der Pol for quite a number of appli- 
cationsin that field. In  mechanical 
engineering thus far they have been 
of little importance. 

A case on the border between the 
electrical and mechanical fields is 
that of the periodic speed reversals 
of a separately excited direct-cur- 
rent motor fed by a direct-current 
series generator driven at a constant 

speed (Fig. 8.37). The voltage generated in a constant-speed generator is 
proportional to its magnetic field strength. If there were no magnetic 
saturation, this field strength would be proportional t o  the field current i, 
which in a series machine is the same as the main current. The influence 

3.0 
2.0 

t ',: 
I I I 

-1 .o 
-2.0 
-3.00 ' 20 40 60 80 ,100 (20 140 160 180 

t 
FIQ. 8.36. Second integration of Eq. (8.34) for 6 = 0.1, showing the building up of a non- 
linear, self-excited vibration to its final amplitude. 

of saturation amounts to a less rapid increase of the field strength, and 
the characteristic of the generator (Fig. 8.38) may be expressed approx- 
imately by the relation 

Eren Cli  - Czia 

This generated voltage overcomes first the inductance of its own field 
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L--" t second the resistance of the circuit (Ri ) ,  and third the 

The motor has a constant magnetic field 
Its voltage is proportional to the speed, 

coils 

countervoltage of the motor. 
and a variable angular speed w .  
Caw. 
field is maintained constant. 
equilibrium equation is 

d i  
dt  

( 3 
No effect of saturation enters since the 

The voltage 

Cli - Czi3 = C3w + L - + Ri (8.39) 

Another relation between i and w is ob- 
tained from the fact that  the energy input 
per second in the motor is given by its volt- 
age C3w multiplied by its current i. Since 
the motor drives no load, this energy is used 
in accelerating its rotating parts of which the 
moment of inertia is Z. The kinetic energy 
of the motor is x Z w 2  and 

Fro. 8.37. A separately excited 
motor driven by a series gen- 
erator has periodic speed rever- 
sals of the character shown in 

a aw C3wi = 3 ($$Zw2) = Zw - 
dw Cai 

dt 

(8.40) - = -  
dt Z Fig. 8.34. 

or 

The angular speed w can be eliminated from (8.39) by differentiating and 
substituting (8.40), giving 

d i  d i  dw d2 i  d i  CI - - 3C2i2 - = Ca - + L -2 + R - dt dt  dt  dt dt  
d2 i  d i  C2 

dt Z L z2 - (Cl - R - 3Czi2) - + -a i = 0 

This equation is equivalent to (8.32). Moreover, the values of C1 - R, 
Ca, and Z in the usual motor are such that 

C1 - R is much larger than unity. 
Thus the current i will reverse periodically ac- 
cording to Fig. 8.34, and the velocity of rotation 
w will also show periodic reversals on account of 
Eq. (8.40). By Eq. (8.38) the period of these 

/ reversals is 
FIG. 8.38. Voltage-current 
characteristic or" a constant- 
speed series generator. c: 

T = 2-- C i - R I  

that is, proportional to the inertia of the motor. If the oscillation were 
harmonic its period would be proportional to the square root of the inertia. 
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8.8. Forced Vibrations with Non-linear Springs. The problem is 
that of an undamped system with a curved spring characteristic under 
the influence of a harmonic disturbing force or 

mx + f(z) = Po cos wt  (8.41) 
Thus far an  exact solution to this problem exists only for the simple 
characteristic of Fig. 8.15b and is so complicated as t o  be without much 
practical value. I n  the following pages an  approximate solution will be 
given, based on the assumption that the motion x = f ( t )  is sinusoidal 

and has the “forced l 1  frequency. 
This is obviously not true, and the 
degree of approximation can be 
estimated only by the seriousness 
of the deviation from this assump- 
tion. Assume then 

3 

2 = $0 cos wt (8.42) 
The inertia force mx is - mxow2 cw 
wt,  and this force attains its maxi- 
mum value -mw2zo a t  the same 
instant that the external forcc 
reaches its maximum value PO and 
thespring force itsmaximumf(z0). 
Equation (8.41) is a condition of 

FIG. 8.39. Approximate construction of the equilibriuln among three forces a t  
amplitudes of forced non-linear vibrations. tirne during the (non-har- 
monic) motion. Let us satisfy that condition for the harmonic motion 
(by a proper choice of xo) a t  the instant that z = ZO. 

-mwZzO + f(z0) = PO 
or f(z0) = PO + mdzo (8.43) 
At the time when z = 0 (in the middle of the stroke), all three forces 
are zero so that the equilibrium condition is again satisfied. I n  casef(x) 
were equal to kz ,  all three terms of (8.41) would be proportional to 
sin wt, so that (8.41) divided by sin wt would give (8.43) withf(z0) = kz‘ 
and the equilibrium condition would be satisfied a t  all values of x between 
0 and zo. However, when f(z) # kz,  this is no longer true, and the equi- 
librium is violated at most points between 0 and ZO. To satisfy the 
equilibrium a t  the two points x = 0 and x = xo is the best we can do 
under the circumstances. Thus the amplitude of the forced vibration 
will be found approximately from the algebraic equation (8.43). 

The most convenient and instructive manner in which this can be done 
iF: graphical. Plot the forces vertically and the amplitude $0 horizontally 
as in Fig. 8.39. The left side of (8.43) is the (curved) spring character- 

Thus 

www.EngineeringEBooksPdf.com



VARIABLE ELASTICITY 371 
istic, while the right side of the equation expresses a straight line with the 
ordinate int3ercept PO and the slope tan-l (mu2)). Where the curve and 
the straight line intersect, the left-hand force of (8.43) equals the right- 
hand force, so that equilibrium exists (at the end of a stroke). This 
determines xo as the abscissa of the point of intersection. For slow fre- 
quencies (small slopes mu2), there is only one such point of intersection 
AI,  but for greater frequencies and the same force PO there are three 
intersections A2, B2, and Cz. I n  other words, there are then three pos- 
sible solutions. To  see this more clearly, we plot in Fig. 8.40 the ampli 
tude xo against the frequency w for a given 

page 44, for the linear case. (Incidentally, 'O 

an exact manner from Fig. 8.39 with a straight- Ao +K, 1 I ' 6 2  W+- 

constant value of the force PO, which gives a 
resonance diagram corresponding to Fig. 2.18, 

Fig. 2.18 can be constructed point by point in 

line characteristic.) It is left for the reader 
to develop Fig. 8.40 from Fig. 8.39 and in par- FIG. 8.40. Resonance diagram 

ticular to see that for frequencies below BC3 ~ [ ~ ~ ~ ~ ~ ~ r ~ ~ h  a 
only one solution exists, and for frequencies 
above BC3 three solutions exist; also that the A-branch of the diagram r e p  
resents motions in phase with the force PO sin wt ,  while the BC-branch is 
180 deg. out of phase with this force. This peculiarity is the same as in 
Fig. 2.18. 

Of the three possible motions A, B, or C, i t  has been found that C is 
unstable, whereas A and B represent stable motions which can be realized 
by experiment. I n  order to make this statement seem reasonable, it  is 

necessary to complete the diagram of Fig. 
8.40 with curves for other values of Po, 
and this is done in Fig. 8.41. The central 
thick curve is the one for Po = 0, or, in 
other words, for the free vibration. It is 
found by drawing lines with slopes mu2 

I 1 from the origin 0 (Fig. 8.39) and deter- 
WO u--r mining their intersections with the charac- 

FIQ. 8.41. Explains the instability teristic. For frequencies w below a certain 
value wo the slope in Fig. 8.39 is too small of the C-branch of Fig. 8.40. 

to give any intersection at all. For increasing slope the 5 0  becomes 
greater and greater. For a very small exciting force PO we obtain curve 
1 of Fig. 8.41, while for greater values of PO the curves 2 and 3 result. 

Consider a point on the A-branch of one of the curves of Fig. 8.41. 
If for a given frequency the force PO is increased, the amplitude 2 0  also 
increases (we move along a vertical line in Fig. 8.41). The same is true 
for any point on the B-branch of the curves. But on the C-branch an 

BC,j 

ze 
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increase in the force PO means a downward motion in Fig. 8.41 (from 
curve 1 toward curve 2) and this means that an increase in the force 
results in a decrease in the amplitude. This cannot happen, however, 
and what actually takes place is shown in Fig. 8.42, representing the 
same curve as Fig. 8.40 with the influence of damping taken into account. 
This damping rounds off the resonance peak in the same manner as with 

a linear system. If the force amplitude Po 
is kept constant and the frequency w is grad- 
ually increased, the amplitude x0 suddenly 
drops from B to C and:continues to  D. With 
diminishing w we pass D, C, and E,  where 
the amplitude suddenly jumps up to F, then 
continues on to A .  The unstable branch BE 
represents motions that cannot occur. 

8 .42 ,  Discontinuous The characteristic of Fig. 8.39 represents a 
jumps in the amplitudes of spring which becomes gradually stiffer with 
gradually stiffening spring. increasing amplitudes. This leads to a natural 

frequency which increases with the amplitude, 
as shown by the thick curve bending off to the right in Fig. 8.41. For a 
spring of diminishing stiffness (as, for example, Fig. 8.15b) the natural- 
frequency curve bends to the left and the unstable C-branch of the curves 
lies to the left of the central curve. I n  Fig. 8.43 the upward jump in 
amplitude happens with increasing frequency. 

An interesting method of solving this problem accurately by successive 
approximations for any spring characteristic is due to Rauscher. Instead 
of starting with a given frequency and 
then solving for the amplitude ZO, as was 
done in Fig. 8.39, Rauscher starts with 
an amplitude ratio zo/P0 and then solves 
for the frequency. In  Eq. (8.41) the 
frequency w is regarded as not fixed, and 
a first guess a t  the motion is Eq. (8.42), in 

iS the frequency Of the force, as yet floating. FIG. 8.43. Resonance diagram 
Then we may write Po C O ~  = P,,z/z,,, for a spring in which the stiffness 

decreases with the amplitude. which transforms the exciting force from 
a time function to a displacement function. The exciting force is 
now brought to the left-hand side of Eq. (8.41) and combined with 
the spring force f(~). The problem reduces to one of free vibration, 
which can be solved by means of the method of the velocity-displace- 
ment diagram and a subsequent second integration. The displace- 
ment-time curve so obtained will not be the same as the first guess 
(8.42) for it, but it will have the same maximum amplitude XO. With 

t 

w 

a non-linear system with a 

+ b j  I ', 
I 8  

which xo is given a definite value, while w w 
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this new displacement function we enter once more into the differ- 
ential equation (8.41), transform the exciting force from a t-function to 
an  x-function, and throw it to the left so as t o  combine it with the spring 
force. I n  this manner the third solution for x = f(t) is obtained. These 
successive solutions for the motion converge very rapidly to the exact 
one. Being a method of “iteration” i t  is very closely related to Stodola’s 
procedure, discussed on pages 155 to 165. Again, as in that process, if 
the first guess for the motion happens to be the correct one, the second 
result will be identical with the first. This can best be shown by applying 
Rauscher’s procedure to  the linear case, 

mx + kx = PO cos wt 

The first guess is x = xo cos wt,  which, if xo has a definite value, is the 
exact motion for some frequency w. Then 

PO cos wt = * and mx + 
2 0  

This is a free vibration of a linear system like Eq. (2.7) with the solu- 
k - Po/xo* tion (8.42) in which the frequency w is determined by w2 = 

This-is seen to be the exact result (2.23) of page 42. The unusual feature 
of Rauscher’s procedure is that, instead of finding the intersection of the 
curves of Fig. 8.41 with a vertical line (Le . ,  solving for xo with w given), 
the intersection with a horizontal line is determined (i.e., w is solved for 
a given 5 0 )  which, of course, is just as good. 

The analysis of the electric circuit of Fig. 8.19 follows exactly the same lines except 
that the inertia force (inductance voltage) has a curved characteristic, whereas the 
spring force (condenser voltage) follows a straight line. 

In  the analysis it was assumed that the motion has the same frequency 
as the force, which would be the case in a linear system. Though this is 
the only possible motion for slightly non-linear systems, it will be seen 
later (page 377) that  for very pronounced non-linearity motions of a fre- 
quency 1, 2, 3, 4 . . . times as slow as the disturbing frequency w may 
be excited. 

8.9. Forced Vibrations with Non-linear Damping. The differential 
equation of this case is 

m 

mx + f(2) + kr = PO sin wt  (8.44) 

where j (x)  is not equal t o  cx. On account of the presence of the non- 
linear damping termf(2), the motion is not harmonic. An exact solution 
of (8.44) is known only for the case of Coulomb damping, f(5) = f F  + cx 
and even then in a limited region of frequencies only. 
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In many practical cases the damping is reasonably small, and the 
curve of motion is sufficiently close to a sinusoid to base an approximate 
analysis on it. The most general method replaces the term f(5) by an 
“equivalent” cx and then proceeds to determine the “equivalent damp- 
ing constant ’’ c in such a manner that with sinusoidal motion the actual 
damping force f(3) does the same work per cycle as is done by the equiv- 
alent damping force c5. The value for c thus obtained will not be a true 
constant but a function of w and of the amplitude xo. Therefore, approx- 
imately, the system (8.44) can be replaced by a linear one, but the damp- 
ing constant c has a different numerical value for each value of w or of 20. 

In  carrying out this analysis we first assume for the motion, 

z = xo sin wt 

The work done per cycle by the equivalent damping force ck is ncwxg as 
calculated on page 52. For the work per cycle of the general damping 
force f(x) we found on page 362: 

20 p x )  cos wt dwt 

Equating the two values we obtain for the equivalent damping constant c: 

1 2* c = - J f(5) cos wt dwt 
rwxo 0 

(8.45) 

The amplitude of the “linearized” Eq. (8.44), as given on page 49, is 

Po 1 
2 0  = - 

J (1 -  5)’ + ($2 
(2.28a) 

In order to calculate the amplitude, the value (8.45) for c has to be sub- 
stituted in (2.28~).  

This general procedure may be applied to any type of damping, even 
if its law is given merely in curve fdrm, where the integral (8.45) must be 
evaluated graphically. As an example we shall take the case of dry 
friction f(k) = fF. On page 362, the value of the integral in (8.45) 
was found to be 4F. Hence 

4F c = -  
7rwxo 

indeed an equivalent damping constant depending on both frequency and 
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amplitude. Substituting in ( 2 . 2 8 ~ )  : 

or 

Hence 20 = Po. - 
k 

J1 - (%), 
W2 

Wn 
1 - 7  

(8.46) 

An exact solution of this case also exists. The analysis is too elaborate 
to be given here in detail, but the results, which do not differ much from 

- 
Wn 

FIQ. 8.44. Resonance diagram for a system with dry friction damping. 
2 . 2 2 ~  on page 51. 

Compare with Fig. 

those of (8.46), are shown in Figs. 8.44 and 8.45, The reader should 
compare these with Fig. 2.22, page 51. 

With Coulomb friction (below the value of F/Po = ?r/4), the ampli- 
tudes at resonance are infinitely large, independent of the damping. At 
first sight it seems strange that a damped vibration can have infinite 
amplitude. The paradox is explained, however, by considering that the 
exciting force Po sin wt  performs work on the system, and, since work is 
the product of force and displacement, this energy input is proportional 
t o  the amplitude. The energy dissipated by damping is also proportional 
to the amplitude since the friction force F is constant. Thus, if the 
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friction force is small with respect to the exciting force 
work input by the latter is greater than the dissipation by the former, no 
matter how great the amplitude becomes. Thus the amplitude increases 

FIQ. 8.46. Phase-angle diagram with dry friction damping. Compare with Fig. 2.22b. 

without limit, which is another way of saying that it is infinitely large in 
the steady state. With viscous damping, however, the friction force itself 
is proportional to the amplitude, so that its work dissipation is propor- 

Time + iF+2+ 
I (b) 

FIQ. 8.46. Forced motion with 
(a) one or ( b )  two stops per 
half cycle occurring with great 
Coulomb damping at slow 
frequencies. 

tional to the square of the amplitude. Hence, 
even for a very small friction constant c there 
will always be a finite amplitude a t  which the 
dissipation by damping is equal to the energy 
input by the exciting force. 

In connection with the fact that infinite 
amplitudes occur a t  resonance with Coulomb 
damping, the phase angle shows a discontinu- 
ous jump a t  resonance, as can be seen in Fig. 
8.45. 

For Coulomb friction the (non-linear) fric- 
tion force is constant, whereas the (linear) iner- 
tia and spring forces increase with the ampli- 

tude. Thus for large amplitudes the motion will be practically sinus- 
oidal and the approximation (8.46) should be very satisfactory. For 
smaller amplitudes the curve of motion becomes very much distorted and 
consequently the approximation for the amplitude is poor. Below the 
dotted line running through Fig. 8.44 we have motions with one “stop” 
per half eycle, as shown in Fig. 8.46~. In the blank part in the left- 
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hand lower corner of Fig. 8.44 the motion has more than one stop per half 
cycle as shown in Fig. 8.46b. No solution could be obtained in that 
region. For all motions of the types of Fig. 8.46 the approximate for- 
mula (8.46) is unreliable. I n  practice, however, me are interested only 
in the conditions near resonance, and here the errors of (8.46) are of the 
order of a few per cent. Thus the general method of (8.45) and ( 2 . 2 8 ~ )  
is of great practical value. I ts  consequences for the case of turbulent-air 
damping, i.e., f(3) = ck2, have been worked out in the form of diagrams 
like Figs. 8.44 and 8.45. For further details the reader is referred to  the 
literature. 

8.10. Subharmonic Resonance. I n  this section some cases will be 
discussed for which the motion differs greatly from a harmonic motion on 
account of some pronounced non-linearity in the system. It does not 
matter where this non-linearity appears, whether it be in the spring, in the 
damping, or in both. 

In  linear systems subjected to an “impure” force disturbance, large 
amplitudes may be excited at a frequency which is a multiple of the 
fundamental frequency of the disturbance. The most important tech- 
nical example of this was discussed in Chap. 5, namely the torsional 
vibration in internal-combustion engines. The converse of this, i.e., the 
excitation of large oscillations of a lower frequency than (W, M, >i . , . 
of) the fundamental frequency of the disturbance, never happens in a 
linear system. 

I n  non-lineur cases, however, this may occur. Consider, for example, 
a self-excited relaxation oscillation as in Fig. 8.14. Subject this system 
to  a small harmonic force of a frequency 2, 3, 4 . . . times as fast as the 

1 free or natural frequency - a  Since the free motion contains all higher 2E 
harmonics generously, the disturbance (if phased properly) will do work 
on one of these harmonics and excite it. But this harmonic is an  integral 
part of the whole motion of Fig. 8.34 and will pull all other harmonics 
with it. The result is that  a large motion is excited a t  a frequency lower 
than (a submultiple of) the disturbing frequency. This phenomenon is 
known as “subharmonic resonance ” or “frequency demultiplication.” 

No practical cases of this sort have thus far occurred in mechanical 
engineering, but in electrical engineering they are of some importance 
and are beginning to find applications. 

Let an electric circuit containing a neon tube, a condenser, a resistance, and a 
battery be arranged so as to produce a relaxation oscillation of the type of Fig. 8.34, 
and excite this circuit by a small alternating voltage of constant frequency w .  The 
natural period T, of the system (which in this case is not proportional to flC but 
to  RC) is slowly varied by changing the capacity C. If there were no w-disturbance, 
the self-excited period would gradually vary along the dotted line of Fig. 8.47. With 
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the w-disturbance, however, this does not happen. The system always vibrates a t  a 
multiple of the exciting period Texo (Le. ,  a t  a submultiple of the exciting frequency W )  

and picks that multiple which is closest to the natural period, as shown in Fig. 8.45. 
With circuits of this sort, frequency demultiplication up to 200 times has been 
obtained. 

Although the phenomenon was first observed with relaxation oscilla- 
tions, the explanation given shows that it is not limited to that type of 

vibration but may occur in any pronounced 
non-linear system with small ‘ I  effective” 
damping. By “effective damping” is meant 
the total energy dissipation per cycle by the pos- 
itive and negative damping forces combined. 
Thus the argument applies to non-linear self- 
excited vibrations and also to non-linear forced Z l  
vibrations without any or with very little 

FIG. 8.47. Subharmonic res- damping. In the latter case the non-linearity 
Onance in daxa- is usually caused by the springs. Two ex- 
tion circuit. amples will now be considered. 

Let a cantilever with an iron bob be placed between two permanent 
magnets (Fig. 8.48~).  The “spring” is then made up of two parts, an 
elastic one (the beam) which is linear, and a magnetic one which is neg- 
ative and distinctly non-linear. The closer the iron bob approaches to 

h!! 

ul? 

.- E5 53 
Copaci tyc  + 

(0 )  (b) 
FIG. 8.48. (a) Mechanical subharmonic resonant system. The mass can be made to 
vibrate at its natural frequency by an excitiqg force of much higher frequency. ( b )  The 
magnetic and elastic spring forces acting on the mass of (a). 

one of the magnets, the greater the attractive (or negative restoring) 
force, as shown in Fig. 8.4%. With a combined spring of this sort, the 
free vibration contains many higher harmonics. Imagine the bob of the 
cantilever to be subjected to a small alternating force of a frequency which 
is approximately a multiple of the natural frequency. This force can be 
realized in many ways, among others by attaching a small unbalanced 
motor to the bob. The alternating force can then do work on the nth 
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harmonic of the motion and thus keep the system in vibration. I n  this 
example no source of energy exists other than the alternating one, and 
it is seen that the frequency of the alternating source of energy must be a 
multiple of the natural frequency. 

It is not necessary to have an extraneous exciting force acting on the 
system: subharmonic resonance can be brought about also by a variable 
spring. The cases discussed in Sec. 
8.2 t o  8.4 had linear springs for which 
the constant or intensity varied with 
the time. It was shown there that 
resonance could occur at higher fre- 
quencies than that of the spring varia- 
tion and also at half this frequency 

monics (g, x, etc.). However, if magnet win&ngs. 
we have a non-linear spring varying 
with the time (h., a spring for which the stiffness varies with both the 
displacement and the time), these lower subharmonics may be excited. 
An example of such a system is Fig. 8 . 4 8 ~ )  in which the magnets now con- 
sist of soft iron and carry alternating-current windings. The attractive 
force of such magnets varies not only with the displacement according 
to Fig. 8.4% but also with the time a t  twice the current frequency. Tha t  
it is possible for the magnetic forces to do work on the vibration if the 
phase is proper, is clear from Fig. 8.49. Curve I of that  figure represents 
the motion of the bob, curve I1 is the spring force of the magnets if there 
were direct current in them, and curve I11 shows the intensity variation 
of the magnets with the time in case the mass were standing still (taken 
here to be six times as fast as the motion). The actual force exerted by 
the magnets on the bob is the product of the ordinates of I1 and 111. Just 
to the left of line A A  the magnetic force is against the direction of motion, 
and just to the right of i t  the force helps the motion. But I11 has been 
placed so that to the left of A A  the intensity is small and to the right of 
A A  it is great. The same relations obtain near BB. Thus energy is 
put into the system. The non-linearity of the system is essential because 
without it curve I1 would be sinusoidal and the argument of Fig. 1.16, 
page 15, would show no energy input. Only the fact that a t  some dis- 
tance from either A A  or BB the curve I1 has a negligible ordinate 
accounts for the energy input. 

Under which conditions the “proper phase” between the curves I and 
I11 occurs is a question that can be answered only by mathematical 
analysis. Since this implies a non-linear equation with variable coeffi- 
cients, it is evident that such an analysis will be extremely difficult. 

but not a t  any of the lower subhar- FIG. 8.49. Operation of the system of 
Fig. 8.48 with alternating current in the 

Problems 217 to 233. 
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PROBLEMS 
Chapter 1 

1. A force PO sin wt acts on a displacement z = 20 sin (wt + 30”), where PO = 5 1b.t 
62.8 rad./eec. 

a. What is the work done during the fist second? 
b. What is the work done during the first 
2. A force PO sin 3wt acts on a displacement 20 sin 2wt, so that  two force cycles 

coincide with three motion cycles. Calculate the work done by the force on the 
motion during (a) the first, (b)  the second, (c)  the third, and ( d )  the fourth half cycle 
of the motion. 

8. A function has the value PO during the time intervals 0 < wt € I, 2 r  < wt < 3r,  
4~ < wt < h, etc., while the function is zero during the intermediate periods 7 < wt 
< %, 3.r < wl < 4r, etc. Find the Fourier components. Note that this function 
does have an “average value”; determine that value first, subtract it from the curve, 
and recognize what remains as something you have seen before. 

20 = 2 in., and w 

sec.? 

Problem 3. Problem 4. 

Prove that 4. Let a periodic curve f ( t )  be as shown in the figure. 

8 1 1 
5’ j ( t )  - 2 (sin wt - j? sin 3wt + - sin 5wt - * * * ) 

6. Referring to Fig. 1.18, let the curve to be analyzed consist of a pure sine wave, 
so that at = 1 and all other a’s and b’s are zero. Sketch the shape of the curve traced 
on the table E of Fig. 1.18, if the gear B and the scotch crank rotate at equal speeds. 
The closed curve on E depends on how the two gears are coupled. Show that by dis- 
placing them 90 deg. with respect to each other, the table curve varies from a circle 
to a straight line at 45 deg. Find the area of the circular E-curve and show that 
(11 = 1 and bl = 0. 

8. Sketch the E-curves of Problem 5 for the case where the scotch crank turns 2, 
3, . . . times as fast as B, and show that the area registered by the planimeter is zero 
in all these caes. 

7. Deduce Eq. (1.6) on page 5 by trigonometry. 
8. A rectangular curve has the value +a during three-eighths of the time and the 

Find the Fourier value -a during five-eighths of the time, as shown in the figure. 
coefficienta. 

380 
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Problem 8. 

9. A force is expressed by P = PO sin ()&t) during the time 0 < w l  < 2rr and is 
(Henco it consists of half sine waves, always above zero.) repetitive from there on. 

Find the Fourier coefficients. 

.-Lpb&ag 7T 0 w t  + 

127 

Problem 9. Problem 10. 

10. A force has the constant value PO during the time intervals -p < wt < +p, 
(2% - p) < wt < (27r + p), etc., while it is zero in between p < wt < (27r - p), etc. 

a. Find the Fourier coefficients. 
b.  Deduce what happens to this solution when PO is made greater and p smaller, 

11. A curve is made up of parabolic arcs as follows. Between z - -2/2 and 
Farther the curve repeats itself by mirroring 

Calculate the Fourier coefficients. 

indefinitely, but keeping the product Pop constant. 

z = +1/2 the equation is y = u(2zll)S. 
about the vertical lines z = -1/2 and z = +1/2. 

Chapter 2 

12. Derive the results (2.2%) and (2.288) in the manner indicated directly below 
Eq. (2.27). 
18. Derive Eq. (2.23) by an energy 

method. 
14. A uniform bar of total weight W 

and length 1 is pivoted a t  a quarter-length 
point, while a t  the other quarter-length 
point a spring of stiffness k applies at  45 
deg. as shown. 

I p\- , /  

L l d  
a. Find the natural frequency. 
b. Turn the figure 90 deg. so that the 

bar hangs down vertically, and again find 
the natural frequency. 

also to a side rod after the fashion of the 
conventional steam-locomotive mecha- 
nism. The bar and side rod weigh 50 lb. 
each. The mechanism is free to roll with- 
out slip on a horizontal track. Find the 
natural frequency of small oscillation8 
about the equilibrium position. 

Problem 14. 

16. Two solid disks, weighing 50 lb. each, are pinned to a bar at  their centers, and 

Problem 15. 

16. A bar in the form of a 90-deg. bend of total length 21 and total maw 2m (eeoh 
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arm being m and I )  hangs from a pivot in a vertical plane. 
the natural frequency of small oscillations. 

Gravity is acting. Find 

i 9  
Problem 16. 

m m A 

7% 

m - 
k 

Problem 17. 

17. A weightless bar of length 31 carries three distinct equal masses m. It is 
pivoted a t  A and carries two springs k. Find the natural frequency of small vibra- 
tions. The bar is horizontal so that gravity has no influence. 

18. A rotor of weight W and of moment of inertia I about 
its axis of symmetry is laid with its journals on two guides with 
radius of curvature R. When 
the rotor rolls without sliding, it executes small harmonic vibra- 
tions about the deepest point of the track. Find the frequency 
(energy method, see pages 33 and 37). 

19. The same problem as 18, except that the track is straight 
( R  = 00) and the rotor is unbalanced by a small weight w 
attached to i t  at a distance 71 from the axis. 

20. Two cylindrical rolls are located a t  a distance 2a apart; their bearings are 
anchored and they rotate with a great speed w in opposite directions. On their tops 
rests a bar of length 1 and weight W. Assuming dry friction of coefficient f between 
the rolls and the bar, the bar will oscillate back and forth longitudinally. (a) Cal- 
culate its frequency. ( b )  If one end of the bar A is pushed into the paper somewhat 
and B is pulled out, is the equilibrium stable or unstable? 

The radius of the journals is 7.  

I 
Problem 18. 

W W 
k 2 a - I  

Problem 20. Problem 21. 

21. A pendulum consists of a stiff weightless bar of length 1 carrying a mass m on 
its end (see figure). At a distance a from the upper end two springs k are attached to 
the bar. 

(a) Find the relation betweeu u, 
m, and 1 for which the equilibrium is stable. 

Calculate the frequency of the vibrations with small amplitude. 
22. Turn the figure of Problem 21 upside down. 

(b)  F,ind the frequency. 
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23. A weightless bar of length 21 is hinged in the middle. At its top end it carries 
a concentrated weight W and a t  its bottom end a concentrated weight 2W. Midway 
between the hinge and the bottom weight there is a spring k. Find the natural fre- 
quency of small oscillations in the vertical plane. 

Problem 23. Problem 24. 

24. A bar of total length 1 and total mass m, uniformly distributed over its length, 
is pivoted a t  its top point and is restrained by two springs k at its center point. Find 
the natural frequency. 

26. Calculate the frequency of the stator of Fig. 2.43. The linear stiffness of each 
of the fdur springs is k ,  their average distance from the center of the rotor is a, and the 
moment of inertia of the stator is I .  

26. Calculate the frequency of Problem 25 for the spring system of Fig. 2.44. The 
beams c are made of steel with a modulus of elasticity E ;  their dimensions are 11, 12, 
ZL', and t as indicated in the figure. 

27. A stiff weightless horizontal bar of 
length 1 is pivoted a t  one end and carries a 
mass m a t  its other end (see figure). It is 
held by an inextensible string of length h. 
If the mass is pulled perpendicularly out of 
the paper and then released, it will oscillate. 
Calculate the frequency. 

28. A mass m is attached to the center of 
a thin wire of cross section A and total 
length 1 which is stretched with a large ten- 
sion of T lb. between two immovable supports. The modulus of elasticity of the 
wire is E. Calculate the frequency of the vibrations of the ma88 in a plane perpen- 
dicular to the wire. 

20. A heavy solid cylinder of diameter D, length 1, and mass m can roll over a hori- 
zontal surface. Two springs k are attached to the middle of 2 at a distance a above the 
center. Calculate the frequency. 

Problem 27. 

Problem 29. 

80. A system consists of a single concentrated ma= m attached to the end of a stiff 
weightless rod of length 1. The rod is normally horizontal, and its other end is ball- 
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hinged to a wall. 
of the rod. 
frequency of frec vibrations. 

w 

There are two springs k in a horizontal plane attached to the middle 
Find the natural The mass m is hung from a vertical string of length h. 

Plan view 
m 

Problem 30. Problem 31. 

81. Find the natural frequency of the geared system shown. The inertia of the two 
shafts and gears is to be neglected. 
32. Find an expression for the linear spring constant k of a steel coil spring of wire 

diameter d, coil diameter D, and having n turns. Calculate k numerically for d = 0.1 
in., D = 136 in., and n = 10. 

33. Find the torsional-spring constant of a coil spring, i.e., a coil spring of which 
the ends are subjected to torques about the longitudinal axis of the spring. Calculate 
this k numerically for the spring of Problem 32. 

84. Find the spring constant k in bending of a coil spring, i.e., the bending moment 
to be applied to the ends of the spring divided by the angle through which the two 
ends turn with respect to each other. Calculate this k numerically for the spring of 
Problem 32. 

The shafts are of steel. 

36. What are the expressions for the linear-spring constants of 
a. A cantilever beam of bending stiffness EZ with the mass attached to the end I ?  
b. A beam of total length 1 on two supports with the mass in the center? 
c. A beam of total length 1 built in a t  both ends with the mass in the center? 
86. Calculate the frequency of the small vertical vibrations of the mass m. The 

two bars are supposed to be stiff and weightless. The mass is in the center between 
ka and k, ,  and ks is midway between k l  and kz. The mass is guided so that it  can 
move up and down only. It can rotate freely and has no moment of inertia. 

Problem 36. Problem 37. 

87. A point on a machine executes simultaneously a horizontal and a vertical vibra- 
tion of the same frequency. Viewed with the seismic microscope described on page 
68 the point will be seen aa an ellipse (see figure). By observation, the length8 h 
and A B  are found. (a) Calculate from these the phase angle between the horizontal 
and vertical motions. What shapes does the ellipse assume for ( b )  (p = zero, and 
( c )  p = 90 deg.? 

38. a. If in a vibration every maximum amplitude is 2 per cent less than that 
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amplitude in the previous (whole) cycle, what is the damping, expressed in per cent 
of critical? 

b,  If the vibrating system a consists of a weight of 1 lb. and a spring of k = 10 
lb,/in., what is the damping constant numerically and in what units is it expressed? 

89. In  the damped spring-bob system shown, the elongation of the spring due to the 
20-lb. weight of the bob is In free vibrations of the system the amplitude ie 
observed to decay from 0.4 to 0.1 in. in 20 cycles. Calculate the damping constant 
c in 1b.-sec./in. 

in. 

8 = 80 sin wt 

f =1.5 in. Ib secz  
c = 33.3 in. Ib seclrod 

Problem 39. Problem 40. 

40. A mechanical agitator is designed so that the power end rotates in a predeterd 
mined simple harmonic motion 0 = 0 0  sin w t .  When operating in air, the machine 
vibrates with negligible damping. Tests show that in normal operation, with the 
paddle immersed, the fluid damps the motion with a torque of c 9 33.3 in. lb. sec./rad. 
and also has the effect of doubling the moment of inertia of the paddle. Find the 
maximum shear stress in the shaft and the angular displacement amplitude of the 
paddle for steady-state motion (a) in air and (b)  in fluid. 

41. A damped vibrating system consists of a spring of k = 20 lb. per inch and a 
weight of 10 lb. It is damped so that each amplitude is 99 per cent of its previous 
one (Le. ,  1 per cent loss in amplitude per full cycle). 

a. Find the frequency by formula and from Fig. 2.9. 
b. Find the damping constant. 
c. Find the amplitude of the force of resonant frequency necessary to keep the sys- 

tem vibrating at 1 in. amplitude. 
d. What is the rate of increase in amplitude if at 1 in. amplitude the exciting force 

(at resonant frequency) is doubled? 
e. What is the final amplitude to which the system tends under the influence of 

this doubled force? 
f. Find the amplitude-time relation of this growing vibration. 
42. Find the expression for the steady-state torque, assuming no damping, 
a. In shaft k ofFig. 2.6. 
b. In  shaft k l  of Fie. 2.7. 

I 

48. A torsional pendulum, consisting of a 20-lb. disk, 10 
in. diameter, mounted on a steel shaft (30 in. long by 55 
in. diameter), is subjected to a simple harmonic alternat- 
ing torque a t  a frequency of 7 cycles per second. The 
shaft material has a yield point of 20,000 lb./in.* in shear. 
Find the amplitude, Mt. of the impressed torque corre- 
Rponding to a safety factor of 2. 

44. Find the equivalent spring constant for a mount- 
ing for a direct-current bench grinder running a t  3,000 r.p.m. and weighing 60 lb. 

Problem 43. 
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which will reduce the force transmitted to the bench to one-tenth that which is 
developed when the grinder is bolted to the bench (assume the bench to be rigid). 

46. It is desired to make a seismometer which will measure simple harmonic motion 
at 5 cycles per second with an error not greater than 10 per cent. What limitation 

Problem 46. 

H 

does this impose upon the natural frequency of the instrument? 
46. A “static balancing machine” (page 233) consists of a 

bearing B inclined a t  an angle 01 with the vertical (see figure). 
A rotor placed in this bearing has a moment of inertia I and 
an unbalance m a t  a distance T from the center. Write the 
differential equation of the vibrations of the rotor in terms of 
its angle of rotation ‘p. Find the natural frequency for small 
vibrations ‘p. 

47. Find the natural frequency of the small oscillations of 8 

solid half cylinder (the contour consisting of a half circle and 
a diameter), which rolls without sliding on a horizontal plane. 

A constant force P 
is applied to the mass during a stated time interval t o ,  after 
which the force is removed. Find the motion of the mass 
after removal. 

48. A simple k-m system is a t  rest. 

49. Set up the differential equations of motion of the system of Fig. 2.7;  then, by 
elimination, reduce them to a single differential equation in terms of the variable 
$ = (PI - ‘ppl/n, which is an angle that becomes zero if the shafts are not twisted. In 
this manner verify the statements made on page 30. 

60. A weightless, stiff bar is hinged a t  one end. At  a distance 1 from the hingc 
there is a mass m, at a distance 21 there is a dashpot c, and at  a distance 31 there is 
a spring k and an alternating force PO sin wt. Set up the differential equation. 
Assuming small damping c (but not zero damping), calculate the natural frequency; 
the amplitude of forced vibration a t  the spring a t  the natural frequency and a t  half 
natural frequency. 

61. A circular solid disk of mass M and radius T is suspended in a horizontal plane 
from a fixed ceiling by three vertical wires of length I, attached to three equally spaced 
points on the periphery of the disk. 
a. The disk is turned through a small angle about its vertical center line and let go. 

Calculate the frequency of rotational vibration. 
b. The disk is displaced sidewise through a small distance without rotation and let 

go. 
62. Prove the statement made on page 59 that there is no phase distortion in a 

seismographic instrument if the phase-angle diagram Fig. 2.22b is a straight diagonal 
line passing through the origin. 

The ceiling 
has a forced motion a0 sin wt. Calculate the work done by the ceiling on the system 
per cycle of vibration in the steady state. 

64. In  the system of Fig. 2.3 and Fig. 2.22a, the maximum work input by the force 
as a function of frequency is only approximately equal to TPOZO, where zo is the ampli- 
tude a t  u/wn = 1. The actual maximum work is a t  a slightly different frequency. 
Prove that this maximum work can be computed from TPGO by multiplying that 
quantity by the correction factor 

Calculate the frequency of the ensuing swinging motion. 

63. A mass m is suspended from a ceiling by a spring k and a dashpot c. 

Write the answer in dimensionless form. 

and show that this error is less than 0.1 per cent for a damping as high as c/c. = 20 
per cent. 
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66. In 1940 a large two-bladed windmill, capable of generating 1,250 kw. of electric 
power was built on Grandpa’s Knob near Rutland, Vt. The diameter of the blade 
circle is 175 ft., the blades rotate at  30 r.p.m. in a plane which is considered vertical 
for our purpose. The blades are mounted on the “pintle” or cap, which itself can 
rotate slowly about a vertical axis in order to make the blades face the wind. Since 
there are only two blades in the rotor, the moment of inertia of the rotor about the 
vertical pintle axis is very much greater when the blades are pointing horizontally 
than when they are vertical, 90 deg. further. Let $2 be the constant angular speed of 
the rotor, w the very much smaller angular speed of the pintle, and I,. and Imin the 
extreme values of inertia about the vertical axis. 

a. Assuming the driving mechanism of the pintle motion to be extremely soft tor- 
sionally, so that no torque acts on the pintle (except friction, which is to be neglected), 
find the ratio between the maximum and minimum values of W .  

b. Assuming the pintle drive to be extremely stiff torsionally, so that the pintln 
motion w is forcibly uniform, find an expression for the torque in the pintle drive. 

66. A helicopter rotor. Find the natural frequency of small up-and-down vibra- 
tions of the rotating blade (angular speed $2). The hub does not move (except to 
rotate) ; ‘p is small; the blade i s  stiff. Express the answer in terms of a, b, blade mass 
M, and moment of inertia l o .  

B IF ...... 
Problem 56. Problem 57. 

67. A uniform bar of weight W and length 1 is pivoted at  its top about a horizontal 
Now the bar and its hinge are rotated with 

a. Find the position of (dynamic) equilibrium of the bar, expressed as the angle a 

b. Find the natural frequency of small oscillations about the vertical position a = 0. 
c. Find the natural freauencs of small oscillations about an arbitrary equilibrium 

axis, and the bar hangs down vertically. 
speed Q about a vertical axis. 

with respect to the downward vertical as a function of the speed $2. 

- -  
position a = a~ (which occurs, of course, at  higher speed a). 

68. A uniform bar of total length 1 = 9 in. is pivoted with- 
out friction at  its top. It is excited by a force of 36 lb. 
maximum value, varying sinusoidally in time (harmonic force) 
with a frequency of 1 cycle per second. The force acts hori- 
zontally at quarter length, i.e., at 2)/4 in. from the top. Find 
the “steady-state” forced amplitude of oscillation, expressed 
in degrees. 

69. The upper support of the spring-bob system shown 
moves in simple harmonic motion with an amplitude of 0.05 
in. and a frequency equal to the undamped natural frequency 
of the system. 

The bar weighs 4 lb. total. 

a. Find the amplitude of the spring force. 
b. Find the amplitude of the damping force. 

P=pO sin w t  

t 
I 

Problem 58. 
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0.05 in. 

k.40 I b / h  

W=201b  

~ 1 1 . 5  Ib sec/in. 

Fixed support 
Problem 69. 

60. We have discussed two different resonance curves: 
a. The case of an exciting force Po sin wt of constant amplitude PO. The resonance 

curve starts a t  height 1, ends a t  height 0 (page 44). 
b. The case of an exciting force A d  sin wt, where the amplitude is proportional to 

oa. This resonance curve starts at height 0 and ends a t  height 1 (Fig. 2.20, page 46). 
Now discuss the new case of an exciting force A w  sin wt, with an intensity proportional 
to the first power of the frequency. Find the formula for the resonance curve, bring 
it to dimensionless form, and find a t  what height it starts and ends. If you define the 
static amplitude as the static amplitude at the natural frequency, that  is, zltat = 
Awn/k, then find the two frequency ratios w / w ,  for which the resonance curve has unit 
height. 

61. A single-degree-of-freedom vibrational system of very small damping is oper- 
ated near resonance, The magnification is so large there and the excitation SO small 
that our measuring instruments are unable to measure the static amplitude OA with 
sufficient accuracy. All we can measure is the maximum amplitude zmax, the ampli- 
tudes %.ids a t  two spots 2 AW apart, the frequency difference 2 Aw, and the natural 
frequency wn. 

Derive a formula for c/c, as a function of the above quantities for the simplified 
case that 

From these the damping ratio must be deduced. 

is small, that Aw/w,, is small, and the x.ide/xmar is small. 

r - J U l o = o o  sin wt 

T 
Y 

Problem 61. Problem 62. 
62. The upper support of the vibratory system shown is given the motion ao sin wt.  

Set up the differential equation for the (absolute) motion of mass, and reduce it t o  
standard form. Write the relation for the dimensionless “resonance diagram.” Let 

A W, 
x.tat = 7 Sketch the curves for c/c, a 0, c/co = 0.1, c /cc = 1, and c/c,  4 0 0 .  
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6s. A reciprocating engine is subjected to a fluctuating exciting force whose fre- 

quency is the same as the running speed 
of the engine. The engine and base 
weigh 500 lb. and are supported on a 
vibration-isolating mounting which has 
an equivalent spring constant of 300 
lb./in. and a dashpot which is adjusted so 
that the damping is 20 per cent of critical. 

a. Over what speed range in r.p.m. is 
the amplitude of the fluctuating force 
transmitted to the foundation actually 
larger than the excitation? 

b. Over what speed range is the trans- 
mitted force amplitude less than 20 per cent of the exciting force amplitude? 

Foundation 
Problem 63. 

Chapter S 

64. Calculate the abscissas and ordinates of the uoints A .  P. and Q in Fig. 3.13. - 
66. Calculate the natural frequency of the water in the 

tank system shown. 
66. Find the metacentric height of a body made of solid 

material of specific gravity 35, floating in water, having the 
shape of a parallelepiped with 

a. Square cross section h X h, floating with one of its sides 
parallel to the water. 

b. Triangular cross section of base b and height h floating 
with the base down and the point emerging from the water. 

c. The same triangular section with the point down. 
67. A steel torsion shaft of 35 in. diameter is built into walls a t  both ends. It 

carries two flywheels, each a t  10 in. from a wall, and, also 10 in. from each other, of 
steel, 12 in. in diameter and 2 in. thick. Find the two natural frequencies, expressed 
in v.p m. 

65. Idealized 
Frahm tank. 

Problem 67. Problem 68. 

68. a. Calculate the two natural frequencies of the system shown consisting of a 
weightless bar of length 22, two masses nt, and two springs k. 

b. Find the location of the [‘node” or center of rotation of the bar in each of the 
two natural modes. 

69. A weightless string is stretched with a large tension of T lb. between two solid 
immovable supports. The length of the string is 31 and it carries two masses nt at 
distances 1 and 21 from one of the supports. Find the shapes of the natural modes of 
motion by reasoning along (without mathematics), and then calculate the two natural 
frequencies (cf. Problem 28). 

70. A uniform bar of length 1 and mass m carries a t  its right end an additional mass, 
also nt. Find the two 
natural frequencies and the corresponding shapes of vibration. 

It is mounted on two equal springs k a t  the extremities. 
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Problem 70. Problem 71. 

71. A system consists of a solid cylinder of radius R and weight W, which rolls 
without slipping on a horizontal track. To its center is pivoted a uniform bar of total 
length 3R and weight W, equal to that of the cylinder. Set up the equations of the 
eystem, and find the natural frequencies of small oscillations, 

72. A cylinder of radius r, total mass 2m, center of gravity G located at distance 
./2 from the geometric center has a moment of inertia ZQ = mr* about an axis through 
the center of gravity parallel to the cylinder itself. At a point A at distance r / 2  
from the center and opposite to G, it carries a pin from which can swing a uniform bar 
of total length 3r, total mass m, uniformly distributed along the length. The cylinder 
can roll on the ground with large friction and no slip. There is no friction in the hinge 
at A .  Write the differential equations for the simplified case of small angles cp and 0, 
and find the natural frequencies. 

I 

Problem 72. Problem 73. 

73. A weightless string of total length 41 carries two masses, m each, a t  the quarter- 
length points and nothing a t  the mid-point. The tension in the string is T. The 6rst 
mass is excited with a force of FO lb., varying a t  a forced frequency w1 = 3T/2ml. 
Find the steady-state forced motions at both masses. 

74. In the undamped vibration absorber of Fig. 3.6 let the mass ratio M / m  be 5,  
and let the damper be tuned to the main system so that also K / k  = 5 .  Further let 
the external foroe PO be absent. Find the two natural modes of motion, i .e . ,  the ratio 
between the amplitudes of M and m at the natural frequencies. Also calculate those 
frequencies. 

76. Let the system of Problem 74 be provided with a dashpot acroas the damper 
spring, having a damping constant of 5 per cent of “critical” (c = 4/4km/20). 
Assuming that the natural modes of motion calculated in Problem 74 are not appre- 
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ciably altered by this small amount of damping, calculate the rate of decay in each 
of the two natural motions. 

70. The period of roll of the “Conte di Savoia” (see page 112) is 25 sec., the meta- 
centric height is 2.2 ft., and the weight of the ship is 45,000 tons. 

a. Its moment of inertia about the roll axis. 
b.  Its  maximum angular momentum when rolling 10 deg. to either side. 
The characteristics of each one of the three gyroscopes installed on board the ship 

Calculate 

are: 
Gyro moment of inertia, 4.7 X 108/32.2 ft. lb. sec.* 
Gyro speed, 800 r.p.m. 

Let these three gyroscopes precess from $ = -30 deg. to  $ = +30 deg., and let this 
happen during a time (say 2 sec.) which is short in comparison with a half period of the 
ship’s roll. Let this precession take place a t  the middle of a roll always in a sense to 
cause positive damping. 

c. Find the rate of decay of a rolling motion of the ship, assuming that no damping 
action exists other than that of the gyroscopes. 

77. An automobile has main springs which are compressed 4 in. under the weight 
of the body. The car stands on a platform 
which is first at rest and then is suddenly moved downward with an acceleration 2g. 

a. How far does the platform move before the tires leave i t? 
b. Assuming the car to have a speed of 30 m.p.h., draw the profile of the road which 

would correspond to the 2g-accelerated platform. This question has meaning for 
front wheels only. 

78. The car of Problem 77 runs over a road surface consisting of sine waves of 1 in. 
amplitude (ie., having 2 in. height difference between crests and valleys) and with 
distances of 42 f t .  between consecutive crests. 

Assume the tires to be infinitely stiff. 

There are no shock absorbers. 
a. Find the critical speed of the car. 
b. Find the amplitude of vertical vibration of the chassis a t  a forward speed of 

79. A double pendulum consists of two equal masses m, hanging on weightless 
In addition to gravity, there are two mechanical springs of 

Set up the differential equa- 
(Small angles.) 

40 m.p.h. 

strings of length 1 each. 
stiffness k. The equilibrium position is a vertical line. 
tions of motion carefully and calculate the two natural frequencies. 

Problem 79. Problem 80. 

80. Starting surges in the cables of an elevator in a high building. Long (up to 
1,000-ft.) elevator cables are quite flexible longitudinally. The hoisting machinery 
usually is located high in the building, and when the cab is below, the starting torque 
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of the machine can reach it only through this flexibility. Hence the machine stasts 
first, stretching the cable, and the cab starts later. Idealize this situation as two 
masses and a spring, ml being the equivalent mass of the hoisting engine (Le. ,  the m a  
which a t  the periphery of the hoisting drum matches the moment of inertia of the 
engine), ma being the mass of the cab, and k the spring constant of the cables. Let F 
be the applied force (ie., the hoisting torque divided by the drum radius). 

First consider the case that F comes on suddenly, that  is, F = 0 for t < 0 and 
F = FO for t > 0. Set up the differential equations, and from them deduce a single 
differential equation for the cable stretch only, not containing the motions of the 
masses ml or m~ individually. Solve, and find the cable force as a function of time. 
To this must be added the constant static force mag. Hence the cab will accelerate 
upward in spurts, the maximum acceleration being twice the average. Plot F = f(t) 
to see this clearly. 

81. In order to improve the performance of the elevator of the previous problem, 
it is proposed to let the torque come up gradually, rising linearly with the time from 
zero to FO during the interval from t = 0 to w,t = 2n (a full cycle of the natural 
motion). Again set up the 
differential equation for the cable stretch only (not containing z1 and 5 2  individually), 
and prove that now the operation is very smooth and the cable tension never rises 
above its steady-state value. 

The hoisting engine force still grows 
linearly with the time from zero to its maximum value Fo,  but, instead of doing this 
during time 0 (as in Problem 80) or during time w,t = 2s (as in Problem 81), it grows 
during the time w,t = a. 

Prove that the ratio of the maximum cable force to the force FO is expressed by 

Thereafter the force remains constant, equal to Fo. 

83. Generalize the previous problems. 

Problem 83. 

Plot this relation up to QI = 6n, and show that it fits the 
result of the two previous problems as special cases. 

83. The symmetrical system shown is an idealization 
of a balancing machine frame and consists of a uniform 
slender and rigid rod of weight w = 100 lb. supported by 
a spring a t  each end, for each of which the spring con- 
stant is k = 400 lb./in. 

a. Find the amplitude of the force in each spring due to 
a simple harmonic alternating force PO of 20 lb amplitude 
impressed upon the bar at a frequency of 12 aycles/sec. 

b. Solve the same problem when the impressed force is replaced by a couple M O  
having the same frequency and an amplitude of 1,000 in.-lb. 

84. Find the mechanical impedance 2 of the top point of a spring 
k, from which is suspended a mass m. 

86. Find the mechanical impedance 2 of a ceiling from which is 
suspended a mass m by means of a spring k and a dashpot c parallel 
to the spring. 

86. Find the mechanical impedance of a ceiling from which is sus- 
pended a mass m through a spring k. In  addition there is a dMhpot c 
between the mass and the ground. 

87. The system shown in the figure is a special case of Fig. 3.27 in 
the text. Find the amplitude of motion of the dashpot and, from it, 
the force transmitted to the ground. Problem 87. 
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88. Derive Eq. (3.49) (page 121) of the text. 
89. Find the mechanical impedance 2 of a mass M which is attached to the ground 

through a spring K. 
90. An engine mi, excited by Po sin at, is to be mounted 

through a protecting spring k on a foundation with 
the impedance of the previous problem. Find the 
transmissibility. 

91. In  the centrifugal pendulum of Fig. 3.10b let Q be 
the speed of rotation of the disk, a the distance from the 
disk center to the center of swing of the pendulum, b 
the distance from the swing center to the center of gravity 
of the pendulum, and finally k the radius of gyration of 
the pendulum mass about its swing center. Find the 
natural frequency and try to design a pendulum that will swing back and forth three 
times per revolution. 

92. Prove that the most favorable damping in the viscous Lanchester damper 
(curve 3 of Fig. 3.14c, page 101) is given by 

Engine 

Foundation I 
Problem 90. 

98. A three-bladed airplane propeller is idealized as three flat mamless cantilever 
springs, spaced 120 deg. apart and carrying concentrat,ed masses m a t  their ends, a t  a 

distance R away from the shaft center. They 
are built in a t  a distance r from the shaft 
center into a hub having a moment of inertia I, 
with a definite angle a between the blade plane 
and the plane of the entire propeller (see figure). 
Let the spring constant of each blade in its 
limber direction be k t  and let the blade be 
infinitely stiff against bending in its stiff direc- 
tion (90 deg. from the limber direction). Let 
the hub be mounted on a shaft of torsional 
stiffness kl. Find the two natural frequencies 
of the non-rotating system (the ‘(blade fre- 
quency” and the “hub frequency”), as a 

function of the blade angle a, and find in particular whether the blade frequency is 
raised or lowered with increasing blade angle a. 

94. The same as Problem 93, this time the shaft kl is stiff against torsion, but flexible 
against extension. The hub therefore can vibrate linearly in the shaft direction. 
Let kl mean the extensional spring constant of the shaft and let the inertia of the hub 
be expressed by its mass M rather than its moment of inertia. 

96. The same as Problem 93, but this time the blade stiffness in its own plane is no 
longer considered infinite. Let the stiffness of one blade in its stiff plane be kz and 
in its limber plane ks; let kl as before be the torsional stiffness of the shaft. For 
simplicity let I = 0. 

96. A combination of Problems 94 and 95, the blade having stiffnesses ks and kz, 
the shaft being stiff in torsion and having kl in extension, and the hub mass M being 
zero for simplicity. 

97. A m w  m is suspended a t  distance I below the ceiling by two equal springs k 
arranged symmetrically a t  an angle a. This angle a is the angle under the static 

Problem 93. 
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influence of gravity with the springs carrying the weight. Find 
a. The natural frequency of up-and-down motion. 
b. The natural frequency of sidewise motion. 

Problem 97. Problem 98. 

98. A uniform disk of weight W and radius T rolls without sliding on a plane table. 
A t  its center it carries a hinge with a weightless pendulum of length I and a concen- 
trated weight w at  its end. Find the natural frequencies for motion in the plane of 
the paper. 

Chapter 4 

99. Derive Eq. ( 4 . 1 1 )  by working out the determinant ( 4 . 5 ) .  
100. A simple massless beam of bending stiffness EI and length 41, simply supported 

a. The three influence numbers. 
b. The two natural frequencies. 
c. The two natural modes of motion. 
101. A flexible weightless beam of section EI and length 1 is simply supported a t  its 

two ends and carries two equal masses m, earh a t  341 and a t  361 from one of the ends. 
Calculate the two frequencies by the method of influence numbers. 

Let a 
force PO sin wt be acting on ml. 

at its ends, carries a mass m at a distance 1 from each of the supports. Find: 

102. In Fig. 3.1, let ml = m, m2 = 5m, kl = k ,  ka = 3k, and ks = 7k. 

a. The frequency w of PO a t  which ml does not move. 
b. The amplitude of m2 at this frequency. 

Find: 

Solve this problem without the use of large formulas by a physical consideration, as 
suggested in Fig. 4.4. 
103. Derive Eq. (4.22). 
104. Check the various frequencies shown in Fig. 4.19. 
106. By Rayleigh’s method find the natural frequency of a string with tension T 

and length 31, carrying masses m a t  distances 1 and 21 from one end. The mass of the 
string itself is 3m. 

106. A beam EI on two supports, of length 1 and of mass PI per unit length (total 
mass m = p l l )  carries a concentrated mass M in the middle. Find the natural fre- 
quency by Rayleigh’s method, and in particular find what fraction of m should be 
added to M in order to make the simple formula (2.10) applicable. 

107. The same as Problem 106, but for a beam of total mass m, clamped solidly at 
both ends, and carrying a mass M at its center. 

108. A weightless cantilever spring of length 21 and bending stiffness EI carries 
two concentrated weights, each of mass m, one at  the free end 21 and the other a t  the 
center 1. Calculate the two natural frequencies. 

109. A pulley of moment of inertia 2mra and radius T carries two equal masses m, 
supported from the string by two different springs k and 2k. The masses are supposed 
to  move up and down only, and the pulley can rotate freely. Set up the equations, 
and find the natural frequencies of this system. 
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Problem 109. 
h m  

Problem 110. 

110. The system shown has three degrees of freedom if we consider only smaU. 
rertical motions of the masses. 

a. Use either Newton’s laws or influence coefficients to derive a set of equations 
from which the natural frequencies and natural modes can be determined. 

b. The system has three natural modes. Find any one of these modes and ita 
corresponding natural frequency. Any method may be used, including the educated 
guess. 

111. A weightless cantilever beam of bending stiffness EI  and total length 1 carries 
two masses n, one a t  its end and one at  its middle. Calculate the lowest natural fre- 
quency by Rayleigh’s method, assuming that the mode shape is a parabola y = azl. 

- p * l l  1 - 0 
m 7% rn 

Problem 111. Problem 112. 

112. A beam, weightless, has constant stiffness EZ, total length 31, and concentrated 

113. The massless cantilever beam of uniform stiffness EI is fastened at the left 
Two unequal masses are placed 

masses m and m as shown. 

end to a rod which has a vertical motion of a0 sin w i t .  
as indicated in the sketch. 

Find the natural configurations and frequencies. 

a. Find the influence coefficients 0 1 1 ,  an, aza. 
b. Find the natural frequencies of the system. 
c. Find the normal modes of vibration of the system. 
d. Find the forcing frequency wf for which mass (2) acts as an “absorber” for 

mass (1). 

$00 sin w f t  

Problem 113. Problem 114. 

114. A three-mass system m, 3m, and 2m is connected by two springs k and 2k. 
Set up the differential equations, 

Sketch the resonance diagram, and 
It is excited a t  the mass 2m by a force PO sin w t .  
and solve for the motion of the excited mass 2m. 
calculate the locations of the three or four principal points in it. 
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116. Three unequal weights are symmetrically mounted on a weightless beam, aa 
The influence coefficients are ~ 1 1  = aa3 = 800; 012% = 1,400; a12 = a21 = 

a 2 3  = a32 = 1,000; a13 = a31 = 600. Allunits 
are 10-6 in./lb. Find the first natural fre- 
quency, using the iteration (Stodola's) method. 

116. A 1-in.-diameter steel shaft supporting 
three 40-lb. weights, which may be regarded 

as mass particles, is supported in self-aligning bearings, so that the critical-speed 
problem is the same as the free-vibration problem for the system regarded as 
a simply supported beam. The distributed mass of the beam has already been 
accounted for in the 40-lb. weights of the mass particles. The influence coefficients 
are found to be a11 = a33 = 1.711; a22 = 3.06; a 1 2  = a 2 1  = az3 = ( Y ~ Z  = 2.11; 0 1 3  = 
asl = 1.339. 

a. Find the first natural frequency (or critical speed) by the iteration method. 
b. Find the second natural frequency (this is easy, because the second-mode shape 

is known from symmetry, and the iteration method degenerates to a single step). 
c. Find the third natural frequency, using the orthogonality condition to determine 

the third-mode shape. 

shown. 

4qb 501b 601b - - - 
A @ @ @ &  

Problem 115. 

All units are 10-3 in./lb. 

Problem 116. 

117. Modify the previous problem by changing the weight WS from 40 to 60 lb., 
thus making the system unsymmetrical. This time the 
exact method, by direct solution of the differential equation, involves less work than 
the iteration method. 

Show 
that i t  can be transformed to 

Find the three frequencies. 

118. The frequency formula (29) on page 432 is expressed in general terms. 

v.p.m. = 30 a, @j . 
a 

where k is the radius of gyration of the beam section and y the weight per unit volume 
of beam material. Apply this to three frequent cases: a beam of rectangular section 
bh; a beam of solid circular section of diameter d ;  a thin-walled pipe of diameter d and 
wall thickness t, all made of steel. Show that the formula reduces to 

h for the rectangle of height h 

d for the solid circular bar 

d for the thin-walled pipe 

v.p.m. = 560,000 F a,, 
v.p.m. = 480,000 i;i an 

v.p.m. = 685,000 F a,, 

(AU dimensions are in inches.) 
the width of the rectangular beam have any influence on the frequency. 

Rayleigh's method based on the following assumed shapes: 

Note that neither the wall thickness of the tube nor 

Calculate the first cantilever frequency by 119. Refer to Fig. 4.28 on page 153. 

a. A parabola. 
b. A mixture of a parabola and a cubic parabola (y = Cs*), so adjusted that the 

bending moment or curvature a t  the free end is zero, 
120. a. In  a system consisting of either a weightless string or a weightless shaft, 

e~pported at  both ends and loaded with n discrete weights, assume the Rayleigh 
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curve for the first mode to be equal to the static-deflection curve due to gravity. 
Prove that Rayleigh’s method then leads to the formula 

Wlyl + W2Y2 + W3Y3 
= d w1y: + wzy: + way: 

where yl, y ~ ,  ys are the static deflections. In  calculating the strain energy note that 
it ia the same as that due to the gravity forces; and, instead of evaluating an integral 
over the length of the beam, find the work done by these forces as they deform the 
beam. 

b. Use the above formula to check the first frequency of Problem 116. 
121. For a uniform beam on two end supports, the natural shape is a half sine wave. 

Suppose this fact is not known and the natural frequency is to be determined by the 
Stodola method. Assume for a 6rst deflection curve a parabola y = yo(1 - 42*/12) 
with the center as origin. Enter with this expression into the Stodola process, and 
carry out the integrations by calculation (not graphically). Determine the first 
approximation to the natural frequency in this manner. 

122. A beam of uniform cross section E I ,  mass per unit length p or pA,  and total 
length 31 is supported at the points z = 0 and x = 21. 

a. Write an approximate shape, fit for starting the Rayleigh method, by assuming 
180 deg. worth of sine wave tipped down a t  0: y = sin T - az. Calculate the slope 
a in this expression so as to satisfy the condition a t  z = 21. What is the bending 
moment a t  the end 2 = 311 

31 

b. Assume an algebraic expression 

y = x + axa + bz3 + C X ~  

and calculate a, b,  and c so as to  satisfy the conditions of zero bending moment a t  
5 = 0 and a t  z = 31, and also the condition a t  z = 21. 

c. Find the frequency by Rayleigh’s method, using either expression a or b, which- 
ever you dislike least. 

1 

t - - -2t_-?c~--r  --.w 
&‘. * 

& ‘. - - 0 
Problem 122. Problem 123. 

123. A uniform beam of total length 31/2 has supports a t  one end and a t  two-thirds 
The mass of the beam itself is m, and in addition it carries concentrated 

Bending stiffness is 

a. Set up  a “Rayleigh” shape of vibrational deformation in algebraic form, satisfy- 

b. With this formula find the frequency by Rayleigh’s method. 
124. A uniform bar is freely supported a t  its two quarter-length points. 

of its length. 
masses m/3  at the overhung end and in the middle of the span. 
EZ. 

ing the condition of zero curvature a t  the two extreme ends. 

Find the 
It is suggested that you use an algebraic 

126. A beam of length 1 on two supports has zero height a t  the supports and a 
For half the beam let 

natural frequency by Rayleigh’s method. 
polynomial trial expressbn which fits the end conditions. 

linearly increasing height toward a maximum at the center. 
~ ( 1  = C l x  and E l  = C Z X ~ .  
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Take for the Rayleigh deflection curve an ordinary parabola, and find the natural 
frequency. 

126. A cantilever beam of length 1 has a constant bending stiffness EI, but a mass 
variable along its length. It is p~ per running inch a t  the built-in end, it is 2pD per 
running inch at  the free end; and it varies linearly from PO to 2pD along the length. 
Taking a parabola as an approximation of the first mode of motion, calculate 

a. The frequency by Rayleigh’s method. 
b. By Stodola’s method find the next better approximation for the deflection curve, 

and estimate the frequency from it. 
127. Apply Stodola’s method to the problem of the natural frequency of a simple, 

uniform cantilever beam. Assume for the first approximation of the shape y = CZ~. 
Find the next iteration by integration, and identify the end deflections of the two 
shapes, thus determining the frequency. 

128. A ship’s propeller shaft has a length of 200 ft. between the engine and the pro- 
peller. The shaft diameter is 12 in. The propeller has the same moment of inertia as 
a solid steel disk of 4 ft. diameter and 6 in. thickness. The modulus of shear of the 
shaft is G = 12 X loE lb. per square inch. If the shaft is supposed to be clamped 
a t  the engine, find the natural frequency of torsional vibration, taking account of the 
inertia of the shaft by means of Rayleigh’s method (steel weighs 0.28 lb. per cubic 
inch). 

129. The coil springs of automobile-engine valves often vibrate so that the individ- 
ual coils move up and down in the direction of the longitudinal axis of the spring. 
This is due to the fact that a coil spring considered as a “bar” with distributed mass 
as well as flexibility can execute longitudinal vibrations as determined by Eq. ( 4 . 2 1 ~ ) .  
Find the equivalents for PI and A E  in ( 4 . 2 1 ~ )  in terms of the coil diameter D, wire 
diameter d, number of turns per inch nt, modulus of shear G, mass per turn of spring 
m. 

Calculate the first natural period of such a spring of total length 2(n - rill) clamped 
on both sides. 

130. A cantilever beam of total length 21 has a stiffness EI and a mass per unit 
length pl  along a part 1 adjacent to the clamped end, whereas the other half of it has 8 

stiffness 5 E I  and a unit mass p1/2. Find the fundamental frequency by Rayleigh’s 
method. 

131. A small 36-hp. motor frame has the following characteristics (Fig, 4.34): 
a = 220 deg., R = 2.75 in.; I = 0.0037 in.4; E = 27.106 lb./in.*; p = 0.00052 lb. 
sec.Z/in.z. Find the fundamental frequency. 

If 
the mass of the spring itself is not negligible with respect to the end mass, calculate 
what percentage of the spring mass has to be added to the end mass if the natural 
frequency is to be found from d = k /m  

132. A mass hangs on a coil spring (Fig. 2.3 without damping or excitation). 

a. By Rayleigh’s method. 
b. By the exact theory. 
13s. A uniform bar of length 1, bending stiffness E I ,  and mass per unit length pi 

is freely supported on two points a t  distance 1/6 from each end. Find the first natural 
frequency by Rayleigh’s method. 

134. A ship drive, such as that discussed with reference to Fig. 5.18, consists of a 
propeller weighing 50,000 lb. and a line shaft of 19 in. diameter and 188 ft. length, on 
the other end of which there is a large gear weighing again 50,000 lb. The gear is 
driven by pinions and steam turbines which have no influence on the longitudinal 
vibrations of the system. On the inboard side of the main gear the thrust is taken 
by a Kingsbury thrust bearing, the supporting structure of which has a stiffness in the 
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longitudinal direction of the shaft of 2.5 X 108 lb./in. The propeller has four blades 
and consequently gives four longitudinal impulses to the shaft per revolution. 

Calculate the two critical speeds of the installation, considering it as a two-degree- 
of-freedom system, distributing the shaft mass equally to the propeller and to the 
gear mass. 

136. Solve Problem 134 by the exact method, assuming the shaft mass to be uni- 
formly distributed, and find the numerical answer for the lowest critical speed. Thc 
data of Problem 134 are taken from an actual case. The vibration was eliminated 
by stiffening the thrust bearing supports. 

186. To calculate by Rayleigh’s method the antisymmetrical, three-noded fre- 
quency of a free-free bar of length 21, assume for the curve a sine wave extending from 
-180 deg. to +180 deg., with a base line rotated through a proper angle about the 
mid-point, so that it intersects the sine curve in two points besides the center point. 

a. Determine the slope of the base line so as to satisfy the condition that the angular 
momentum about the center remains zero during the vibration. 

b. Calculate the frequency with the curve so found. 
137. The potential energy of a membrane, such as is shown in Fig. 4.37, is calculated 

by multiplying the tension T by the increment in area of each element caused by the 
elastic deformation. 

a. If the deformation has rotational symmetry about the central axis (as shown in 
Fig. 4.37), derive that this energy is 

Pot = /f ( 2 ) ’ d A  

b. Assume for the deformation a sinusoid of revolution and calculate the frequency 
by Rayleigh’s method. 

138. In connection with the numerical Stodola or “iteration” method, discussed 
on page 163, carry out the following calculations: 

a. Starting with the first assumption for the second mode, a1 = 1.000; az = 0.500; 
aa = -0.750; carry out the various steps without eliminating the first mode, and 
observe that gradually the solution converges to the first mode and not to the second. 

b. In figuring the third mode start with an assumption such as at = aa = 1.000, 
a2 = -1.000, and eliminate from this solution the first and second harmonic contents 
by means of Eq. 3.9b. Note that the shape so obtained is the exact solution. 

Chapter 6 

139. A single-cylinder engine weighs complete 300 lb.; its reciprocating weight 
The stroke 2r = 5 in., and the speed is 

a. If the engine is mounted floating on very weak springs, what is the amplitude of 

b. If the engine is mounted solidly on a solid foundation, what is the alternating 

Assume the connecting rod t o  be infinitely long. 
140. Construct the piston-acceleration curve (Fig. 5.3) for an engine with a very 

141. Sketch one full cycle of the inertia-torque variation [Eq. (5.15)] for anengine 

142. Prove the four propositions on inertia balance stated on page 182. Find also 

is 10 lb., and the rotating weight is 5 lb. 
500 r.p.m. 

vertical vibration of the engine? 

force amplitude transmitted? 

short connecting rod, l / r  = 3. 

with l / r  = 3. 

the balance properties of a three-cylinder two-cycle (0-120-240) engine. 
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145. A 4-cylinder engine has all 4 cylinders in one plane, on a crank shaft of 2 cranks 
in line, 90 deg apart. 

a. The amount of necessary counterweight a t  A or A’ in order to reduce the pri- 
mary inertia force of one crank and pair of pistons to a forre of wnstsnt magnitude 
rotating in a direction opposite to that of the crank shaft. 

Find: 

b. The secondary inertia force of one crank. 
c. The necessary counterwight and its angular location a t  B and C (gears rotating 

rtt 1 : 1 speed opposite to the crank shaft) in order to balance for primary forces and 
moments. 

Problem 143. 

144. The figure shows a “wobble-plate” engine. A number of stationary cylinders 
By properly proportioning 

the inertia of the piston and piston rods 
in relation to the inertia of the wobble 
plate, the engine can be balanced per- 
fectly. For purposes of this analysis the 
pistons and rods may be assumed to have 
a uniformly distributed mass around the 

2 axis of rotation. The wobble plate is 
assumed to be a disk of total weight 
WdiSk ,  uniformly distributed over its cir- 
cular area of radius Rdiak. The total 
weight of all pistons and connecting rods 
is Wpi8, supposedly concentrated on a 
circle of radius R,i. from the z-axis. 
Find t.he relation between these vari- 

ables for which perfect balance is accomplished. 
146. The torsional amplitudes of any engine at  slow speeds are very large but the 

crank shaft stresses associated with it are small. In order to visualize this condition, 
consider a two-disk system 11, 12, connected by a shaft k, with a torque TO sin wl 
acting on disk 11 only. 

are equally spaced angularly around the central shaft. 

I 
Problem 144. 

Calculate and plot: 
a. The amplitude of the engine 11 as a function of frequency. 
b. The shaft torque as a function of frequency. 
146. Find the first natural frequency of a four-cylinder engine driving an elcctric 

generator of the following characteristics: 

11,1,3,4 of the cranks, pistons, etc. = 50 lb. in., sect  each 
Z5 of flywheel-generator assembly = 1,000 lb. in. sec.* 
kl = kl: = ks = kc = lo7 in. lb./rad. 
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147. The torsional system shown consists of three flywheels with moments of 
inertia 200, 100, and 1,000 lb. in. sec.2, respectively. 
The flywheels are connected by two shafts, stiffness 
of each shaft being lob in.-lb./rad. Make a reason- 
able guess for the first natural frequency, and wlth 
it perform one Holeer calculation. 

From the result of this calculation, deduce whether 
your guess for the natural frequency was too high or 
too low. 

of inertia of 100 lb. in. sec.2 
connecting shaft of stiffness k = lo4 in.-lb./rad. 
the four cylinders have a stiffness of k = 10’ in.-lb./rad. each. 
second natural frequencies by Holzer’s method. 

1000 
Problem 147. 

148. An engine consists of four cylinders in line, each having an equivalent moment 
It drives a generator of I = 2,000 Ib. in. sec2 through a 

The three crank throws between 
Find the first and 

Estimate the 
natural frequency, and make one Lewis 
calculation with it. Call that answer 
good, but state whether it is too large or 
too small. 

Find the location of the third- and sixth- 
order critical speeds. Explain whether 
or not these are “major” speeds and why. 

All inertias are WR2 values, expressed 

160. A six-cylinder engine coupled to a heavy generator has cylinder inertias of 
The generator 

Make a good guess at  the first natural frequency, and express tho answer in v.p.m. 
161. An eight-cylinder in-line engine has cylinder inertias of 5,000 lb. in. seca each 

149. The sketch shows a six-cylinder (four-cycle) truck engine. 
3200 

Problem 149. 

in lb./in.Z All flexibilities are in millions of in.-lb./rad. 

50 lb. in. sec.* and crank throw stiffnesses of k = 60 X 108 in -lb./rad. 
inertia is 2,000 lb. in. 8ec.l 

and throw stiffnesses of 1 million in.-lb. red. each. 
k = 2 X 108 to a flywheel of 50,000. 

Lewis’s method. 

It is coupled through a shaft 

a. Find the &st natural frequency by 

b. Estimate the secbnd frequency. 
162. a. An eight-cylinder engine drives 

R heavy propeller through a flexible shaft. 
Find an approximate value for the first 
mode w2, suitable for a first try in the 
Holzer table. Problem 152. 

b. Find an approximation for the sec- 
ond mode d, suitable for a first try either by Lewis’s method or by a Holzer 
table. 

c. Let the crank shaft be 0, 180, 90, 270, 270, 90, 180, 0, and let the firing order be 
1 6 2 5 8 3 7 4. For the 6rst mode, which of the following three orders of vibration is 
serious? 

r2 

I, =I000 Ib in. sece 
1, =20,0001bin S e c ~  

k.ro8 in . Ib/rad 
~ ~ 5 x 1 0 6  i n~ lb / rod  

Order %, 2, 4 

speeds are within the running range of the engine. 

a total stiffness of the entire crankshaft of 5million in.-lb./rad. 
is directly connected to a flywheel of WR* = 1 million lb. in.2 
the natural frequency of the system, and check it with one Lewis calculation. 

d. Same question as (c ) ,  but now for the second mode. Assume that all critical 

165. A Diesel engine by itself has a rotatory inertia of WIT? = 200,000 lb. in.2, and 
On one end the engine 
Make a good guess at 

AS a 
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result of this make a second guess, but do not follow the process any further. Express 
the second guess in terms of v.p.m. 

The moment 
of inertia of each crank is I ,  and that of the generator is 51. The torsional stiffness 
of the shafting between two cylinders is k, and that between the last cylinder and the 
generator is 2k (equivalent shaft length one-half of that between cylinders). Using 
Lewis’s method, find the first two natural frequencies of this system. 

166. An eight-cylinder in-line Diesel engine drives two generators through gears. 
The eight cylinders have each an inertia of 1,000 lb. in. 5ec.l; the stiffness of one crank 
throw is 10 X lo8 in.-lb./rad.; the generator inertias are 15,000 and 5,000 lb. in. 
sec.2, and their drive shafts have stiffnesses of 10 X lo8 and 20 X 106 in.-lb./rad. as 
indicated. 
a. Describe briefly how you go about combining Lewis’s method with Holeer’s 

method for a branched system such as this one. 
b. Estimate the first frequency, and make the first Lewis-Holzer calculation. 

164. A six-cylinder Diesel engine is directly coupled to a generator. 

Already reduced 
to engine speed 

Problem 156. 

166. Two engines, one twice as inert as the other, running a t  the same speed, drive 
a common propeller through a reduction gear. The stiffnesses and inertias are as 
shown in the figure. Find the first three natural frequencies. 

167. a. Explain briefly why in a four-cycle engine torsional vibrations occur of 
integer and half-integer orders, and why the orders appearing in a two-cycle engine 
are integer only. 

Sketch the 
vector diagrams (equal magnitude of vectors) for the orders 1 to 9. How many of 
these diagrams are different? 

c .  Assuming that in the first mode of motion all cylinders have the same amplitude, 
what orders of vibration from 1 to 9 are most serious? 

d. Assuming that in the second mode of motion the cylinder amplitudes are 4, 3, 2, 
1, 0, -1, -2, -3, and -4 deg. for the consecutive cylinders 1 to 9, which of the  
orders 1 to 9 are serious? 

b. A 9-cylinder 2-cycle engine has the firing order 1 8 6 4 2 9 7 5 3. 

Problem 158. 

168. A four-cycle Diesel engine consists of 16 cylinders on an eight-throw crank 
shaft in two banks of 8 cylinders each with a 60-deg. V-angle between. The crank 
diagram is shown, as is also the configuration of one of the natural modes of the sys. 
tern. and the firing order is 1 6 2 5 8 3 7 4. The engine has to run in a speed range 
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Consider four possible critical speeds, for which the p-factors of 2,400 r.p.m. on down. 

(ratio of harmonic alternating torque to mean torque) are shown below: 

Order 5% 6 6 46 7 
~ _ _ _ - - - ~  

p-factor 1 0.38 I 0.28 I 0.20 ~ 0.14 

Find which one of the four above critical speeds is the most dangerous one, and list 
all four speeds in order of their severity. Generator 

Diesel (type 12-567, six cylinders in line, 
two banks a t  45-deg. V) drives an Eliott 
generator a t  720 r.p.m. All inertias are 
lb. in. sea*; all stiffnesses, in.-lb./rad. 
Make rough guesses for the frequencies 
of the first and the second modes of this 
system. Based on these guesses, find what order critical speed is near the running 
speed of 720 r.p.m. in the first (one noded) mode and in the second (two-noded) mode. 

160. The same question as Problem 159 for a General Motors 16-2784 type two- 
cycle Diesel, eight cylinders in line, two banks at  40 deg. V, driving a generator a t  
720 r.p.m. 

169. A General Motors two-cycle 0 

2610 
Problem 159. 

It looks like this: 

Problem 160. 

161. The contribution toward the moment of inertia of a single crank throw by the 
crank itself is usually of the same order of magnitude as the contribution by the moving 
parts, i.e., the piston and connecting rod. In the problem below assume this to be the 
case, i s . ,  the I of a crank is twice that caused by the piston and connecting rod. 

A truck engine (The Autocar Co., model 3770HV) has the following characteristics: 

Number of cylinders in line: 
Piston weight: 
Rot. end connecting rod weight: 
Rec. end connecting rod weight: 
Crank radius: 
C distance between cranks: 
Shaft diameter: 
Orank-pin diameter : 

6 
2 lb. 10 oz. 
3 lb. 0 
1 lb. 4 oz. 
246 in. 
536 in. 
33/4 in. 
2% in. 

The length of the crankpin is equal to the length of the shaft in the main bearings. 
The engine, as usual with automobile installations, i a  “free” a t  the front end and 
carries a “large” flywheel at  the rear end. The system behind this flywheel is “very 
soft,” i.e., the drive shaft between engine and wheels has a value of k very much 
smaller than the crank shaft. 

Estimate the lowest natural frequency for the purpose of starting either a Lewis 
or a Holaer calculation. 

162. A centrifugal pendulum damper of order 7t = 3 is to be designed for an engine 
at 800 r.p.m. The available radial distance from the center of the shaft to the point 
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of suspension of the pendulum R = 435 in. The alternating torque that the damper 
has to produce is 15 ft.-lb., and the allowable angle of its relative swing is 0.1 radian. 

What is the required weight of the pendulum? 
163. A centrifugal pendulum consists of a point mass na 

on a weightless string of length a, attached a t  a point distant 
a from the center of rotation. Angular speed of the disk is 0. 

a. Find the natural frequency of small vibrations. 
b. If the pendulum string is held at  position B 90 deg. from 

the radial direction and released from that position, a t  what 
speed will it  fly through the radial position A ?  The angular 
speed is held constant. 

164. a. Sketch the steam-torque curve of a double-acting 0 steam cylinder of which the inlet valve is open for one-fourth 
revolution after the dead-center position. During the next quarter revolution the 
steam expands according to pv = constant. The engine works without compression. 

b. Sketch the combined torque curve of an engine made up of three such cylinders 
on a 120, 240,360 deg. crank shaft and also the combined torque curve of a six-cylinder 
Diesel engine based on Fig. 5 . 1 9 ~ .  

166. Draw the four fundamental star diagrams for the engine (Fig. 5.27) for each 
of the four firing orders that are possible with the given crank shaft (see figure). 

+---.B 

Problem 163. 

Compare the two. 

3,4 2,5 
Problem 165. Given crankshaft. 

166. Discuss the star diagrams for the eight-cylinder engine (0, 180, 90, 270, 270, 
90, 180, 0) without considering the elastic curve. How many fundamental diagrams 
are there, and to which orders of vibration do they belong? 

167. The turbine ship drive of Fig. 5.18, page 195, is excited by the four-bladed 
propeller only, the intensity of the exciting torque being 0.075 times the mean torque. 
Assume a propeller damping corresponding to twice the slope of the diagram, Fig. 5.28, 
and assume that diagram to be a parabola. Neglect damping in other parts of the 
installation. 

a. Calculate the amplitude at  resonance a t  the propeller. 
b. From the Holzer calculations of pages 196 and 197 find the resonant torque 

c .  At what propeller r.p.m. does this critical condition occur? 
168. Problem 167 determines the resonant amplitude of the ship drive, Fig. 5.18. 

The resonance curve about that critical condition is found by calculating the undamped 
resonance curve and sketching in the damped one. Points on the undamped curve are 
determined by calculating a Holzer table for neighboring frequencies and by inter- 
preting the “remainder torque” of these tables as a forced propeller-exiting torque. 
The mean propeller torque is 6,300,000 in. lb. a t  the rated speed of 90 r.p.m. and is 
proportional to the square of the speed. Find the amplitudes of forced vibration a t  
the propeller for w 2  = 145 and w* = 215, and from the results sketch the resonance 
curve. 

169. .4n aircraft engine consists of two six-cylinder-in-line blocks arranged parallel 
to each other and coupled to each other a t  each end by three identical sgur gears, so 
that the two blocks run at  equal speeds in the same direction. One set of natural 
modes has nodes a t  both ends of each block. 

amplitudes in the shafts 2-3 and 3-4. 
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a. What modification has to be made in the first line of the ordinary Holzer table 

b. What is the Holzer criterion a t  the other end? 
c. What is the 8 in Lewis’s method (page 193)? 
d. Calculate the lowest natural freauencv of a system of six equal inertias I ,  

to accommodate the node a t  one end? 

- -  
coupled t o  each other and to two solid walls a t  either end by 
seven identical shafts of stiffness k. 

170. A variation (due to Chilton) of the damper of Fig. 5.37 
consists of a steel block of weight W with a hardened cylindrical 
bottom that can roll on a hard cylindrical guide (see figure). 
The two radii of curvature RI  and R2 are large and their differ- 
ence AR = R2 - R1 is small. The distance between the center 
of gravity G and the contact point is a, and the radius of gyra- 
tion about G is p .  

a. Calculate the natural frequency of small rolling oscillations 
in a gravity field 8. 

b. The assembly rotates with speed 0 about a center 0; the 
distance OG - YO, and gravity is neglected. Calculate the fre- 

.+! 
n I  

Problem 170. Problem 170. 

.+! 
v % 

quency of small rolling bscillations. ~ 

angles 0, 90, 270, 180, 180, 270, 90, 0 deg. 

ing the magnitude of the vectors. 

171. An eight-cylinder, four-cycle engine has a firing order 1 7 4 6 8 2 5 3 and crank 

a. Sketch the vector diagrams for the various orders of vibration without consider- 

b. If at a certain mode the Holzer amplitudes are as follows: 

No. 1, 1.000; No. 2, 0.900; No. 3, 0.800; etc. 

down to No. 8,0.300, and, if the 355‘ order harmonic torque is 100,000 in. lb., find the 
work input per cycle at the resonance of this order if cylinder No. 1 vibrates f 1 deg. 

c. If the above mode occurs with a value d = 2,000 in the Holzer table, what is the 
critical r.p.m. of order 3>5? 

d .  What is the most dangerous r.p.m. of this engine? 
e. What is the state of balance of this engine? 
173. An idealized single-acting steam engine with constant pressure during the 

entire stroke (no cutoff) and an infinitely long connecting rod has a torque-angle 
diagram consisting of 180 deg. of sine wave, then 180 deg. of zero torque, etc.; the 
torque never becomes negative. Find the harmonic torque components by a Fourier 
analysis, in terms of the mean torque Tmu,=. 

‘ *  
Chapter 6 

175. Consider a simple beam on two plain end supports of total length 1 and of 
uniform bending stiffness E I .  Consider this beam itself weightless, but loaded with 
a single central mass m. Then we know that the natural frequency for bending vibra- 
tions is U: = 48EI/mP. Substitute this exact frequency in Holzer’s extended method 
(page 230), and verify that the end bending moment is zero, as it should be. Then 
perform two more such calculations with the values wSmla/EI = 40 and again 60, 
one below and one above the true frequency. What are the “remainder” bending 
moments for these two cases? 
174. Find the critical speed in revolutions per minute of the system shown in Fig. 

6.1 in which the disk is made of solid steel with a diameter of 5 in. and a thickness of 
1 in. The total length of the steel shaft between bearings is 20 in., and its diameter 
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is 55 in. The bearings have equal flexibility in all directions, the constant far either 
one of them being k = 100 lb./in. 

176. The same as Problem 174 except that the bearings have different vertical and 
horizontal flexibilities: khor = 100 lb./in. and kvc,t = 200 lb./in. for each of the 
bearings. 

176. On a horizontal platform are two small motors A and B, their shafts parallel 
and horizontal, a t  distance 2a apart. The motors are unbalanced, each producing a 
rotating centrifugal force. The motors rotate a t  equal speeds in the same direction 
and their two centrifugal forces are equal in magnitude, but one of them runs by the 
constant angle a ahead of the other. 

a. If C denotes the instantaneous intersection of the two centrifugal forces through 
A and B, prove that the locus of C is a circle passing through A and B with its center 
somewhere on the perpendicular bisecting AB. 

b. Using this result, prove that the resultant of the two centrifugal forces is a single 
rotating force rotating about a fixed point 
located on the perpendicular bisector of A B  
at a distance a tan 4 2  from AB.  

177. The figure shows a machine with a 
2 rigid overhung rotor. The initial unbalance 

consists of 1 in. oz. in the center of the main 
rotor and of 2 in. 08.  on the overhung disk, 
90 deg. away from the first unbalance. Find 
the corrections in the planes I and 11. 

178. A rotor is being balanced in the machine of Fig. 6.10, pivoted about the fulcrum 

Problem 177. 

FI. The following amplitudes of vibration are observed at the critical speed: 

1. 14 mils for the rotor without additional weights. 
2. 10 mils with 3 oz. placed in location 0 deg. 
3. 22 mils with 3 02. placed in location 90 deg. 
4. 22 mils with 3 or. placed in location 180 deg. 

Find the weight and location of the correction (Fig. 6.11). 
179. A short rotor or flywheel has to be balanced. 

at one of the bearings are made in four runs as follows: 

Run 1; rotor “as is”: amplitude 6 mils 
Run 2; with 1 lb. at 0 deg.: amplitude 5 mils 
Run 3: with 1 lb. at 180 deg.: amplitude 10 mils 
Run 4; with 1 lb. a t  90 deg.: amplitude 10% mils 

Find the amount and angular location of the necessary correction weight. 
180. In  the balancing process we make the following observations: 
a0 = amplitude of vibration of the unbalanced rotor “as is.” 
at = amplitude with an additional one-unit correction a t  the location 0 deg. 
aa = same as a1 but now a t  180 deg. 
The ideal rotor, unbalanced only with a unit unbalance (and thus not containing 

the original unbalance), will have a certain amplitude which we cannot measure. 
Call that amplitude z. Let the unknown location of the original unbalance be ‘p. 

Solve x and 9 in terms of ao, al, and a*, and show that in this answer there is an 
ambiguity in sign. Thus four runs are necessary to determine completely the diagram 
of Fig. 6.11. 

181. In  a Thearle balancing machine (page 238), the total m m  of the rotating 
parts is M, the eccentricity e, the mass of each of the balls a t  the ends of the arms is 

Observations of the vibration 

www.EngineeringEBooksPdf.com



PROBLEMS 407 
m, and the arm radius T. Find the angle a which the arms will include in their equi- 
librium position when released about the resonant speed. 

182. A steel disk of 5 in. diameter and 1 in. thickness is mounted in the middle of a 
shaft of a total length of 24 in. simply supported on two rigid bearings (Fig. 6.1). 
The shaft diameter is )$ in.; it  is made of steel also. The shaft has filed over its entire 
length two flat spots (Fig. 6.1741, so that the material taken away on either side 
amounts to >so0 part of the cross section (total loss in cross section )$so). Find the 
primary and secondary critical speeds. 

Find the amplitude of the secondary alternating force, and calculate the unbalance 
which would cause an  equal force a t  the primary 
critical speed. 

188. A weightless shaft of total length 1 between 
bearings (simple supports) carries a t  its center a disk 
of diametral mass moment of inertia I d .  The disk is 
keyed on a t  a (small) angle PO. When rotating a t  
constant angular speed w ,  the centrifugal forces tend 
to diminish the angle po to a new value po - cp. Find Problem 183. 
the ratio p/po as a function of the speed W .  

One possible mode of 
vibration involves no displacement of the center of the disk, but only an angular dis- 
placement of it. The shaft stiffness constant a t  the disk is k = 12EI/l, being the 
moment required a t  the center of the shaft to produce unit angle cp at that location. 

a. Find the natural frequency of this motion for a non-rotating disk (Q = 0), and 
call this frequency wo. 

b. Find the natural frequency (or frequencies) w for the case of a disk rotating with 
angular speed Q. 

c. Plot this result in a diagram W / W O  versus Q/wo.  
186. Calculate the critical speed of an overhung (cantilever) disk of 10 in. diameter 

Vb 
m. 

184. Consider a simply supported shaft with a central disk. 

weighing 20 lb., the shaft being of steel, 10 in. long and M in. diameter. 

f 4 
Problem 186. Problem 186. 

186. A shaft of length 21 and bending stiffness E I  is supported on two bearings as 
The bearings allow the shaft to change its angle freely but prevent any deflec- 

The disk at the end has a moment of inertia I,, about its 
axis of rotation. (Thus I is measured in in.', and 
I p  in lb. in. set.*.) The mass of the disk is m. 
Find the critical speed. 

187. A shaft of stiffness IT, length 1, and neg- 
ligible mass is freely supported at both ends. At 
one end it carries a disk of mass m and moment of 

This disk is very close to the bearing: assume it to be 

shown. 
tion a t  those two points. 

Problem 187. 

inertia I d  about the diameter. 
at the bearing, so that it can tilt, but not displace its center of gravity. 

a. For the case of no rotation, find the natural frequency. 
b. Try to find the whirling critical speed, but do not spend more than 3 minutes 

c. Set up the general frequency equation in terms of a rotational speed Q end a 
trying. 
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whirl w ;  make this equation dimensionless in terms of K- and R-functions. 

d. Solve it; plot it; verify answer a, and give the answer to question b. 
188. A shaft EI of total length 1 is supported “freely” a t  its two ends. At  a quarter 

length between the end bearings the shaft carriea a disk of mam m and of diametral 
moment of inertia I d .  Find 

a. The non-rotating natural frequency. 
b. The whirl frequency. 
189. A shaft of total length 1 on end bearings carries two disks at  the quarter-length 

a. Set up the equations for the whirling shaft, where the whirl frequency is equal 

b. Make the frequency equation dimensionless in terms of 

points. 

to the r.p.m. (forward synchronous precession). 

The disks have m m  m and inertia I d ;  the shaft stiffness is El. 

The critical-speed function K’ = !@”: 
EI 

The disk effect 

c. Find the whirling speed for the following three cases: 

D -0, D = 00, and D = 4i-a 

d. Suppose the shaft to be non-rohting now. For this different problem the analy- 
sis is almost the same. Reason out what 
change this makes in the original set-up, and 
find what small change occurs in the final K, D 
equation. Find the frequencies again for 

190. A solid disk of maaa M and radius R 
is keyed to a stiff and weightless shaft, sup- 
ported by springs kl and kl a t  distances a1 and 
at. The nearer spring ia the stiffer one, so that 
klal = krcrl. The shaft rotates a t  speed a. 
Calculate the natural frequencies of the system 
and plot them in the form w/w.  against n/w. ,  

191. Calculate the abscissas and ordinates of several points on the curves of Fig. 

192. A cantilever shaft has a stiffness EI over a length 1 and is completely stiff 

D - 0, D - 00, D = Ws. 

~ ~ ~ - - & - o z - ~  
Problem 190. 

where w: - (kt + k*) /M and w: 9 (kla: + kfi:) /%MRl = 40Op, 

6.43 by means of Eq. (6.21). 

over an additional distance 11. The stiff part 
has a total mass m while the flexible part is 
supposedly massless. Calculate the natural fre- 
quencies as a function of 11/1 between thevalues b- I - & l t d  
0 < ZI/I < 1, and plot the result in a curve. 

electric motor drives another through a long coil spring (n turns, wire diameter d, coil 
diameter D). The two motor rotors have inertias I I  and It and are distance 1 apart. 

Problem 192. 
198. In a laboratory experiment one small 

a. Calculate the lowest torsional natural frequency of the set-up. 
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b. Aasuming the ends of the spring to be “built in” to the shafts, calculate the 
r.p.m. of the assembly at which the coil spring bows out at its center, due to whirling. 

194. Consider the transverse free vibration of a pipe containing a flowing liquid. 
If the liquid does not move, the beam analysis of page 148 applies, with pI replaced by 

a. When the liquid flows through the pipe with a velocity V O ,  show that the differ- 
Ppiw + P I C ~  

ential equation of motion is 

b. Assume, for simplicity, that the third term in the result for (a) is of minor impor- 
Solve the differential equation for this simplified case tance as compared to the others. 

and show that the lowest natural frequency for simply supported ends is 

*zwUi* uz = J - ~ 

PPiPn + Pli, 

where w o  is the natural frequency for V O  = 0. 
C. The result for (b)  indicates that o decreases with increasing VO;  that is, the stiff- 

ness decreases. Find for what speed VO,.,~~ the lateral stiffness disappears and the 
problem is reduced to a static one. For the case of ppiW << piip express Vo.,,it in half 
wave lengths of pipe ( 1 )  per cycle of vibration when the liquid does not move. 

196, The drive of an aerodynamic wind tunnel consists of a driving motor II 
coupled to a large fan ZZ which drives the air through the wind tunnel. The torsional 
elasticity between the motor and the fan is k, and the tunnel is idealized as an organ 
pipe of length 1 and cross section A .  The coupling between the fan and the air column 
is expressed by two constants CI and CZ with the following meaning: C1 is a pitch con- 
stant relating the air displacement in the tunnel to the angular displacement of the 
fan: E = -Clrp~ .  The second constant Cn relates the forward torque on the fan to 
the pressure variation in the air column at the fan, so that the fan torque variation is 
C&/dx. In  both these expressions x is the distance along the tunnel measured from 
left to Tight and E is the alternating component of the air displacement, positive to the 
right. 

Problem 196. 

Set up the differential equations of the system and from it deduce the frequency 
equation. 

Chapter 7 

196. Test the stability of the following frequency equations: 

( b )  s4 + 8s* + 10s’ + 6s + 7 = 0. 

197. The landing gear of an airplane consists of two wheels whose axes are rigidly 
attached to the fuselage and a third trailing wheel which is castored, i.e., can swivel 

(a) s3 + 5s’ + 3s + 2 = 0. 

(c) 84 - 2 ~ 3  + 58% - 38 + 2 = 0. 
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about a vertical axis. Neceasarily the center of gravity of the airplanc is located 80 
that its projection falls within the triangle formed by the three wheels. 

a. Prove that, if this gear is rolling over the ground with the two wheels forward 
as usual, the operation is unstable, i.e., a small angular deviation of the war wheel 
will increase and the plane will execute a “ground loop.” 

b. Prove that if the castored wheel is located in front of the two steady wheels, as 
with a so-called “tricycle,” landing gear, the operation is stable. 

Problem 197. Problem 198. 

198. A pendulum with a light rod a and a heavy weight of mass M a t  a distance 1 
If the shaft S is rotating at 

a. The equilibrium pcaition of the pendulum in terms of the angle PO with the 

Discuss the small vibrations which the pendulum may execute about this equilib- 

b. The friction torque TO is absolutely constant. 
c. To increases slightly with increasing velocity of slip. 
d. To decreases slightly with increasing velocity of slip. 
199. A weight W rests on a table with the coefficient of friction f. 

from the point of support is hanging on a round shaft S. 
a large angular velocity w and the friction torque on the shaft is TO, find: 

vertical. 

rium position for the following three cases: 

A spring k is 
attached to it with one end while the motion of the other 
end is prescribed by 

t < o  u = o  
Problem 199. t > o  u - v o  

or, in words, at the time t = 0 the spring end suddenly starts moving with a constant 
velocity UO. Discuss the motion and construct displacement-time diagrams of the 
mass for the three cases b, c, and d of Problem 198. 

200. A certain crow section has a diagram (Fig. 7.21) with the following curves: 

Lift = LO sin 2a 
Do Drag = DO - 3 cos 2a 

If a piece of such a section is mounted in the apparatus of Fig. 7.17 in the position 
ril = 90 deg., for what ratio Lo/DQ does instability start? 
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201, The figure shows a Watt’s governor with the dimensions 1, a, m, M, and k .  

At  the A t  standstill the spring k is such that the angle a of the flyball arms is 30 deg. 
full rotational speed a the angle 01 is 45 deg. 

a. Express k in terms of the other variables. 
b.  Calculate the natural frequency a t  standstill. 
c. Calculate the natural frequency while the governor is 

rotating with speed 0. 
202. Transform Eq. (7.25) into a relation between four 

dimensionless variables: one frequency ratio f = w,/w., two 
damping ratios C, = ( C / C @ ) ~ ~ ~  and C2 = ( c / c ~ ) ~ ~ ~ ,  and a dimen- 
sionless feedback or coupling quantity F. Plot the results so 
found on a diagram for one certain value of f ;  C, = ordinate, 
C, = abscissa, and r = parameter for the various curves. 
Interpret these graphs. Problem 201. 

20s. Referring t o  Fig. 7.30, find the natural frequency of the 
steam column m on the “steam spring” of the chamber V. The mass M is supposed 
to be held clamped. 

At the other end of kl 
is attached a fluid-flywheel coupling (page 217)) the “driver’1 of  which has aninertis 
I*. The “follower” is attached to a piece of driven machinery of inertia la. Set 
up the differential equations of motion, using Eq. (5.37a), write the frequency equa- 
tion, and find whether the system is or is not capable of self-excited oscillation. 

204. A system consists of an engine 11, driving a shaft k l .  

Problem 204. Problem 205. 

206. The same as Problem 204, only the “follower” of inertia la drives a shaft kp, 
a t  the other end of which is a flywheel I d .  

206. A windmill rotor of moment of inertia I1 drives a driven machine of inertia I, 
through a shaft of torsional stiffness k. The wind torque on the rotor near the operat- 
ing speed is TO + Clw,  where TO is the steady or average torque and w is the instanta- 
neous angular speed of the windmill. C1 is a constant which may be either positive 
(torque increasing with speed) or negative (torque decreasing with speed). The 
driven machine presents a counter torque which is constant = TO, independent of 
its speed. There is a governor in the system which keeps it from running away, but 
the governor is so slow that it does not budge when torsional vibrations take place in 
the system. Find whether the system is stable or unstable against torsional vibration, 

and give the answer for the two cases C1 positive 
and C1 negative. 

207. A system consists of two pendulums, 
each of mass m concentrated in the bob, the bars 
of length 1 being weightless. They are coupled 
by a spring k a t  distance a from the top. One 
of the bobs is hemispherical. The wind blows 
with a speed V O  and exerts a force F = CV:,, 

m on the hemispherical bob only. Find whether 
the small oscillations about the equilibrium 
position are stable or unstable. 

m 
Problem 207. 

YO - 
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208. A chamber has two openings as shown in the figure. At  A a steady stream of 
air comes into it. At B air leaks out of it past a valve. When the valve is in the 
equilibrium position, the in and outflow balance, so that the pressure in the vessel 
remains constant. The equations of the system can be written as 

mi? + kx - Ap 
i, - cz 

Here A is the area of the piston, z is the valve position, p is the pressure in the tank, 
and C is a constant, implying that the amount of air leaking out at  B is proportional 
to the valve setting 2. 

a. Discuaa the sign of the constant C for the two cases shown in (a) and (b) of the 
figure. 

b. Discuss the flutter stability of the valve in these two  case^. 

Problem 208. 

209. In Problem 208 add a dashpot c to the piston in parallel with the spring, and 
then answer (b) again. 

210. A piston of mms m in a cylinder is held by a spring k. The piston acts as a 
valve for the air flow that enters the cylinder through a series of many very small 
holes, The air leaks away through a small leak. At the equilibrium state, there is 
no motion of the piston, and the amount of air coming into the piston equals that 
escaping through the leak. Let 

z = upward displacement of piston, measured from the equilibrium position 
A - area of piston 
p = pressure in cylinder above the static-equilibrium pressure 

Clz = volume of air entering cylinder per second (above amount entering a t  

C2p = volume of air leaking out per second (above normal leak a t  equilibrium) 

Set up the equations, and derive the conditions of stability. Assume the air can be 
considered incompressible. 

equilibrium) 
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Problem 210. Problem 211. 

211. A more general case of Problem 210 with variable exit and entrance areas and 
taking account of compressibility of the gas. Let 

x = upward displacement of piston from static-equilibrium position 
PO, PO = pressure and density of gas in cylinder at  equilibrium 
VO 5 volume of cylinder a t  equilibrium 
A = area of piston 

p’ = p - PO, pressure in cylinder above pp 
zu1 = CIX - Cep’, mass rate of flow of gas into cylinder (above amount enter- 

ing a t  static equilibrium) 
wa = CSZ + Cdp‘, mass rate of flow of gas out of cylinder (above amount 

leaving at  static equilibrium) 

p, p = pressure and density in cylinder a t  any time 

Assume that 1 = constant describes the relation obeyed by the gas in the cylinder. 
Derive the conditions for stability. Does the compressibility decrease the stability? 
Is the dashpot c necessary for stability? 

212. Before the disaster of the Tacoma bridge was definitely diagnosed as caused 
by K & r m h  vortices, theories were proposed basing the failure on a flutter phenom- 
enon. 

P7 

In idealizing this situation, m u m e  the 
following differential equations: 

X I  i 

Problem 212. 
where 0 - k/V is the apparent angle of attack, 
A is a coefficient, so that the right hand member of the top equation is the lift, and a 
is a moment arm (usually about a quarter span) giving the wind torque on the bridge. 

Discuss this with Routh’s criteria, and find a wind speed above which the bridge 
will flutter. 

21s. A composite body consists of two mame8 mt and mp, connected together by a 
weightless connection of length 1 between the two individual centers of gravity. The 
masses have moments of inertia I1 and Zt about their own centers of gravity. Find 
the moment of inertia of the combination about the composite 0; and prove that 
ab < p i .  Only when ZI and I a  both are zero (point masses connected by a weightlew 
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rod) is ab = p i .  Thus if an aircraft landing gear can be idealized as above, the wheel 
will be unstable in shimmy [see Eq. (7.42), page 3341. 

214. Two point masses ml and mz are connected by a uniform rod of mass m,. 
Find the location of the center of gravity G of the combination and the moment of 
inertia of the entire assembly about G. Prove that 

ab > pa 

Thus, if this assembly represents an aircraft 
landing gear, the wheel will be stable against shimmy. 
However, the idealization of Problem 213 is much closer to 
the truth than this on account of the shape of the landing 
wheel itself. 

216. In  an aircraft landing gear let 0 be the point 
where the unstressed vertical swivel axis of the wheel meeta 
the ground. The vertical strut is flexible with constant k, 
and during shimmy i t  bends out sidewise by an amount 2. 

Let A be the point where the bent swivel axis intersects a 
plane a t  distance r above the ground. Let 0 be the 
shimmy angle during landing speed V. Assume that point 
0 moves forward in a straight line, i.e., that the front- 
wheel shimmy does not push the airplane aside. Rubber 

tires have been found to experience a sidewise force from the ground which is propor- 
tional to the angle between the vertical plane of the wheel and the direction of relative 
forward motion. 

except when mg = 0, when ab = p a .  

f v  

Problem 215. 

x + ad 
a. Show that this (small) angle is expressed by 0 + T- 
b .  Assuming that only the wheel has mass, show that the equations of (small) 

motion of the wheel are 

C ( O + T ) + k z =  x + a6 -m(3++61) 

kza = I061 

c. Find under what circumstances these equations represent a stable, nonshimmying 
wheel. 

216. In  the simple set-up for a shimmying aircraft landing gear (Fig. 7.41), add a 
torsional dashpot in the swivel axis, giving a torque cg at point B in that  figure. 
Complete the analysis of page 333 with this new term, 
and prove that the condition for stable operation is 

mV 
c > -j- ( P i  - ab) 

which contains Eq. (7.42) as a special case for zero 
damping. 

Chapter 8 
217. In the center of the cylinder A A  of crom 

section A (see figure) a piston of mass m can slide 
without friction. The pistons BB are moving back and forth in opposite phase and 
change the pressure of the air in the cylinder A between 95 and 105 per cent of atmos- 
pheric pressure. Aaaume that this change in pressure takes place isothermally 
or that  pv = const. The volume of one half of A together with its pipe and the 

Problem 217. 
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cylinder B is V. Find the frequency or frequencies of motion of BB at which the mass 
m is in unstable equilibrium. 

The 
base is given an alternating harmonic motion in a vertical direction with an amplitude 
e = 0.5 in. At what speed of the driving motor will the pendulum become stable in 
an upright position? Assume the curve of Fig. 8.12 to be a parabola passing through 
the origin and through the point y = 0.5 and x = -0.1. 

219. Consider the free vibration of a simple system consisting of a mass on a non- 
linear spring of characteristic f(z), given as a graphical curve. Show that the iso- 
clinics in the sense of page 344 are curves similar to the spring characteristic, and con- 
struct the k- versus %-diagram. Show that it reduces to Fig. 8.21 for the linear case 
f(z) = kx. 

220. Find the natural frequency for the system shown 
as a function of maximum amplitude X O .  

There are no forces in the springs a t  the center static- 
equilibrium position. 

221. Using the method of Fig. 8.39, find the approximate natural frequency for free 
vibrations of the system shown in Fig. 8.15a. This result and the exact answer are 
plotted in Fig. 8.30. 

222. Calculate and plot the natural frequency of the system Fig. 8.15b as a function 
of the amplitude. Do this by the exact method of Eq. (8.26) as well as by the approx- 
imate method of Fig. 8.39. 

22s. A single-degree-of-freedom system consists of a mass m and a non-linear spring 
which has a stiffness k for deflections up to a, both ways, and has a constant force, 
independent of 2, for values of x greater than a, both ways. 

Calculate the natural frequency of free vibrations as a function of amplitude ZO, 

and in particular find the frequency for zo = 2a. 

Give a general discussion with the aid of Fig. 8.11. 
218. A pendulum consists of a uniform bar of 5 in. length and 56 lb. weight. 

Problem 220. 

Problem 223. Problem 224. 

224. Find the natural frequency for the system shown. The springs are initially 
in compression by an amount Fo. 

226. Do Problem 222 for the system of Fig. 
8.15~ repeated here. 

226. Do Problem 220 for initial clearance a on 
each side of the mass. 

227. Find afew of the slopes drawn in Fig. 
8.33, and from that figure construct one cycle of 
Fig. 8.34. Problem 226. 

228. Consider a modified Van der Pol equation for relaxation oscillations: 

g - e ( 1  - y4)k + y = 0 

Here the fourth power of y occurs instead of the square as in the usual Van der Pol 
equation. For almost-sinusoidal vibrations, Le. ,  for small e, find the value of the 
dimensionless amplitude y to which the system ultimately will go in a steady state. 
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229. For a simple free vibrating system with linear spring and mass subjected to 
dry friction (Coulomb damping), show that the equation of motion is 

-F for k > 0 
+F for k < 0 md + kx = { 

Construct and describe the $/wn- versus z-diagram, and from it deduce the ampli- 
tude decrement per cycle [Eq. (8.30)]. 

230. A belt with a horizontal section moves at  constant velocity V O  driven by a 
pair of pulleys. On the horizontal section is a weight W, attached to a spring k. 
The coefficient of dry friction between the weight and the belt isf, when moving and 
f, when standing still relative to each other, and f. = 2fm. Set up a velocity-displace- 
ment diagram for this case, and note that the trajectories in this diagram consist 
exclusively of straight lines and circular arcs. Find the “limit cycles” or steady- 
state motions, and show how these steady states are reached when starting from differ- 
ent points in the diagram. 

c 
VO 

231. Give a discussion and derive a result corresponding to Eq. (8.46) for the forced 
vibrations of a system with a damping proportional to the square of the velocity 
(F = *c**). 

282. Consider the velocity-displacement diagram ( k / w .  versus z) for a system with 
a linear mass and spring but with non-linear damping. Prove that the total energy 
of the system (kinetic plus potential) is proportional to the square of the radius to any 
point. Thus for an undamped system (Fig. 8.21) to energy is constant, but for a 
damped system (Fig. 8.22, 8.23, or 8.33) the energy changes continuously. Where 
does this energy come from? 

238. Prove that in the most general velocity-displacement diagram (k versus 2) 
the acceleration a t  any point P is given by the “subnormal,” i .e . ,  by the segment cut 
out from the horizontal z-axis by two lines: the normal to the integral curve at  P and 
the normal dropped from P on the horizontal axis. 

Problem 230. 
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1. (a) -157.0 in.-lb. (b)  4-0.40 in.-lb. 
B 6 -6 -6 

9. (a) - POZO. (b)  5 POZO. (c) - POZO. (d) - POZO. 5 5 5 

8. j ( t )  = - + 5 (sin wt + - sin 3ot + - sin 5w.t + 

8. When n = 1, 3, 9, . . . , 

Po 1 1 
2 s  3 5 

a 4  b. = + -* 
sn 

a 42 n = 5, 7, 13, . . . , b. = - -* 
sn 

2a n = 2, 10, 18, , . . , b, = - -* 
sn 

n 4, 8, 12, . . . , b. = 0. 
2a 2 + 4  

n I, 7,9, . . . , an = +- (7)- 
sn 

2a 2 - <2 
n = 3 , 5 , 1 1 ,  . . . , a, +- =n . (7). 

2a n = 2, 6, 10, . . . , a. = +--. 
rn 
4a 

+ nn' n = 4, 12, 20, . . . , a,, - 
n = 8, 16, 24, . . . , a. = 0. 

2Po 4 Po - - -. 
r 4nl - 1 r 

, a,, = 0. 

sin np, Pop 2Po 
10. (a) a,, = 0, bo = -; b, = - 
9. bo = -I b n  

Pop* 2POV (b) a,, - 0, bo = -, b, - --I 
s nu r r 

6 kg 6 kg 12g (b) w' = - - + - -. 
7 w  7 w  7 1  14. (a) w: = - -. 

3g 16. w: - -* 
2 6 1  

16. W: = 5.22 red./sec.' 

417 
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r2 W 
18. wI = - . --. 5k 

6m R - r  WrP 17. w: - -. 
-+I 
Q 

W 
19. 02 = TI-' 

Wra 
- + I  
Q 

20. (a) ~2 = fg. ( b )  Unstable. 

2ka2 
1 mP 

21, W* = !! + - (see theorem on page 270). 

23. w,' = - - 12 w 

4ka' 
I 26. w 2  = -* 

4T as. w2 = -+ 

ml 

h 2m 
k so. w: = + -. 

K 
24. w: = ; (4  + --). 

4 k  
3 m 

29. w2 = - - (1 + $)I. 

31. = 153 rad./sec. 

Gd' 
32. (a) k = -. 

8nDa 
( b )  k 6 4.45 lb. per inch. 

33. (a) lc = EI/Z, where EZ is the bending stiffness and 1 is the t6td length r Dn of 
the spring. 

(b)  k E 3.13 in.-lb. per radian. 

(b)  k = 2.78 in.-lb. per radian 

__. 3EI 48EI 192EI 4 
36. (a) -. (b)  -. (c) 36. wa = - 

m - + - + - + -  
[4kl 4kz k ,  k, 

1' 18 

A B  
37. (a) sin p = -. ( b )  Straight line through origin. 

h 
( c )  Ellipse with vertical and horizontal major axes. 

(b)  0.00102 1b.-sec./in. 38. (a) 0.318%. 
39. 0.0309 1b.-sec./in. 
40. (a) 9,340 lb./in.2; 34.3'. 
41. (a) w = 27.8 radians per second or f = 4.42 cycles per second 

(b )  25,800 lb./in.2; 38.9". 

(c) PO = 0.064 lb. (b )  c = 0.0023 lb. in.-lsec. 
(d )  One per cent per cycle at the beginning; slower later on. 
(e) 2 in. cf) z = 2 - e-(c'/a'*) 

www.EngineeringEBooksPdf.com



ANSWERS TO PROBLEMS 419 

k(Zi + 11) whereu: = IS 1. (a) Torque = To * - - 
1 -- z ,  + za US' I J S  
4 

1 1 1  
(b) Same &a (a), except that In becomes nSZl and - becomes - + -. k k l  n'kS 

4S. 115.5 in.-lb. 44. 1,161 lb./in. 46. j < 1.51 cycles/sec. 

mgr sin a 8g . 46. (a) Z@ 4- mgr sin a sin (p I 0. (a) I -. 47. li r(&r - 16) I 
P 
k $8. z I - [COB w.(t - l o )  - COB w,t] where 1 starts upon application of the load. 

k l k d  Ztna sin wl. Z1ZtnS 1L. T o * -  
Z I  + Zznl 49. - Z 1  + I d  ' kl + k d  

32 cz 
m nt' 4c 3 k  81 knt 
9k 4cs 60. (#I I - - --. (b)  x I - 

68. ' where is the relative motion (across the dash- 

pot), described by Eq. ( 2 . 2 8 ~ )  in which the force PO = m%zo.  

(a) Torque P wQ(Z,.. - I=$.) sin 2(11, very large, so that (a) is the practical 
66. (a)Omx/%in a Imin/Zms=. 

alternative. 

3g (b)  O: = 2 - 0%. (c) O: = 39 -COB a - Qz COS 2a. 
21 67. (a) COB a = -* 21 D' 

68. 9jd deg. from vertical. 69. (a) 2.77 lb. (b)  2.00 Ib. 
w 

O n  
60. - = 0.62, 1.62. 

29 66. w9 = -* 
*R 68. (a) 205 r.p.m. (b) 427 r.p.m. 

b* 2 - 4 i  ' (unstable). (b) ~ - h -a (c) Same as (a) .  66. (a;) - - 
12 h - 6 4  3 

67. 477 v.p.m.; 828 v.p.m. 
68. W: = 0.76k/m with the node a t  2.621 to right of left mass. 

0: = 5.24k/m with the node a t  0.381 to right of left mass. 
T 3T 
ml ml 69. w: pi -. O: = -. 

k 
m 

70. w: = 0.73 - 9  node at  0.171 to the left of the left end. 

k 
m 

w: I 3.27 -9 node at  0.141 to the left of the right end. 
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74. W :  5 0.64klm with 5 1 / 5 2  = +0.36. 
022 - 1.56k/m with xi/Za = -0.56. 

76. First mode: 10 per cent per cycle decay in amplitude. 
Second mode: 24 per cent per cycle decay in amplitude. 

76. (a)  3.1 X 108 ft.-lb. sec.2 ( b )  1.38 X 10' ft.-lb. sec. 
(c) Arithmetic decay; roll angle diminishes by 2.7 deg. each half cycle of roll. 

k 
77. 4.37 in. 78. (a)  45 m.p.h. (b)  4.75 in. 79. us = ; + (2 -f: dz). 

m2 
81. Foabie = - (writ - sin w d )  + m2g during growing period; 

ml + m2 G 
m2 

F o a b l e  = FO - thereafter. 
ml + m ~  

83. (a) 11.8 lb. compression (or tension) in both. 
( b )  43.3 lb. compression in one, tension in other. 

k 

1----- 
m a  mw* - jwc  

+jwc . 86. = 
k k + j w c  

1-- 
* 86. Z = 

k 
k 

m d  

84. z = 
+ 1  -- 

i- 
87. 20 =i ; force is cwzO 

dW)' + [ oc (1 - 3 1 2  

89. Z = k 1 - - . This is the classical resonance curve. ( :;I 
1 . 91. w = a d F *  ab 

1 
90. Transmissibility = 

I - mwa (t + ma) 
93. w 4 [ l  + 3mRa COS* a l l ]  - 

94. w4[l  + 3m sin2 a/lM] - w2[wr  + w: + 3k2/M] + CO;~.,I: 3 0, 

96. w 4 [ l  + 3k2R2 cosz a / k i  + 3ksR' sin' a / k J  

where w :  = 3k2/3m and w: = 3k1/3m. 

+ W :  + 3kaRz/I] + P 0. 
where w: = k l / I  and w i  = 3k/3m. 

where w: = k l / M  and w: = 3k2/3m. 

- w 2 b :  + w: + 3k~kaR' /mk~] + W:W: ='O. 

In  the last four problems solutions are simple and physically lucid for a = 0 and 
a = 90 deg. Increasing blade angle LI means 
increased "coupling" between the two modes, and this always causes the two uncou- 

Check up what these frequencies are. 
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pled frequencies to spread apart (see Figs. 3.2 and 3.7) .  Therefore the blade fre- 
quency is either raised or lowered by an increase in LI depending on whether it is higher 
or lower than the engine frequency to start with. 

2k !? 2k &t*t 

m 1 m 
2k !? 

1 

97. (a) lo:, = - cos2 a + - sin2 a = - cost a ( 1  + -i- sin* a ) .  

(b)  LO: = ; sin2 a + -COP a. 

Note that the answer to Problem 14a is in error by omitting agravity term. Deduce 
the correct answer by using the results of this problem. 

31' 718 1 x1 
(b)  lo* = 

4EI 12EI m(an h alZ) x2 
with - = f 1. 100. (a) a11 = a 2 2  = -; a12 = -. 

16 1' 11 1' 9 13  
OLZ2 = 7ss E 768 EZ 768 E l  = - 101. a 1 1  = -- 

w1 = 5.63 % l o 2  = 28.5 
- 

Pa (b)  xz = -. 
7k 102. (a) lo = 

106. lo4 = - - assuming a shape consisting of three straight stretches of string. 
11 ml 

106. Half the mass of the beam has to be added to the central mass. 

107. Three-eighths of the beam mass is effective. 

Curve assumed 

Assumed curve is a full (360-deg.) 
is half a sine wave. 

sine wave, vertically displaced. 
- 

17 k 

EZ E I  
10.29 -. 

2m m m 17 mi3 mP mla 

108. l o 1  = 0.59 @. loa = 3.89 dz. E I  109. lo: = 0; lo;,, = ( 9  f G) nt' mi3 

110. lo:, = -I -, -* 
64 E I  

112. lo: = 0.933 -; k k 2k 
111. lo: = - -. 

E I  E I  
- 7 mla' mla 

(b)  lo' - --. iE 6 - - .  I' 8 1' 5 1s 
6 EZ 3EI  a 2 2  = 3 z; a12 = - -. 11s. (a)  dl1 = -; 

6 EZ 
11 ml' 

2 k2 

114. A = - 

m 
116. lol = 52.3 rad./sec. 

116. w1,2,d = 40; 160; 367 rad./sec. 117. w ~ , ~ , ~  = 37.6, 143, 355 rad./sec. 
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119. (a) 01 L. 4.48 s; ( b )  wt = 3.57 @ (exact 3.52). 
p1l4 

+ 0.01061'). 28 61'2' 
131. y = yo (" - - - - 24 90P 96 

u1 I 9.71 @ (exact = T I  = 9.87). 
fill4 

(c) w1 1.56 @. -3 1 
81' 1618 PIP 

(b)  a = 0, b = -, c P -. 4 122. (a) a - -' 41 
- 

5 3 z* 1 2 4  128. (a) y = - - - - + - - a  ( b )  w1 = 4.07 '@* 124. 01 = 22.22 &. 
i 2 18 2 14 ml' PI14 

E I  CZ E I  
C11' rd' rd' 

(b)  w: = 7.6--. 126. 0: = 10.9 -* 126. (a) w: = 10.9 -* 

E I  
127. 0: = 13.85- (exact = 12.39). 

Pl' 
128. 01 = 2,960 rad.*/sec.* f = 8.66 cycles per second. 

zWd4 
w* P -. 129. Equivalent of p1 is m m ;  equivalent of A E  is -. 8nlDa' 8n:DamlP 

Gd4 

EI 180. 0% - 2.80 - for a quarter cosine wave; the coefficient 2.80 becomes 1.35 if the 

stiff half of the beam does not bend so that the deflection curve is one-eighth 
cosine wave and a piece of straight line. 

pl14 

181. 745 cycles per second. 
lS2. (a) Assuming straight line deformation one-third of spring maas is to be added 

to end mass. 
( b )  Frequency determined by the transcendental equation 

For m, << m, and retaining the first two terms of the Taylor series develop- 
ment we find again that one-third of the spring mass is to be added to the 
end mass. 

T' E I  1 51 - assuming curve a sine wave passing through - and -* 
6 6  188. 0' = - 3 4 p11' - - -  

2 s  
184. 132 r.p.m. and 376 r.p.m. 

80lve by trial and error assuming values for d. 
tion against 12 and get intersection of the two curves. 
is at 127.5 r.p.m. 

Plot left and right side of equa- 
The first critical speed 
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E l  
E1 = 15 75 - a  

* x  3 x *' 
186. (a)  y = sin - - - -.. (a) W' 5. ___ * -  

1 r l  I - 61~' Pl' 
The exact solution, listed on p. 432 as a2 of the hinged-free beam, hea a factor 
15.4. 

The exact answer, involving Bessel's functions, has a factor 5.74. 
189. (a)  >i in. vertically. 
142. Primary and secondary forces balanced; both moments unbalanced. 
148. (a)  >CW,,,, or half the rec. wt. of a crank, i.e., one piston and fraction of one rod. 

(b) 267 lb. vertically. 

(b) Zero. 

b 
ag = 180" + tan-' - 

a + b  
a + b  ac = 180" + tan-' -9 

b 

showing 91 -+ m for w = 0. 

146. w1 5 168 radians per second. 

147. - 2,800 rad./sec.l 
149. 16,800 v.p.m.; r.p.m.c = 2,800; r.p.m.3 = 5,600. 

161. (a)  8 = 110"; w = 3.45. 
162. (a) w2 = 730. (b)  ox = 16,000. (c) 4. (d) 55. 

148. w: = 27.4; w: = 629.3 rad.1sec.z 
160. 2,800 v.p.m. 

(b)  8 = 270"; w = 8.48. 

168. 1,570 v.p.m. 164. WI = 0.350 $; 0 2  = 0.825 $ 
166. w 1  = 21.3 rad./sec. 
167, (b)  1, 8; 2, 7; 3, 6; 4, 5; 9. 
169. 3,810 v.p.m.; 6,630 v.p.m. 
161. w1 - 2,080 rad./sec. 

169. (a)  wn = R; (b)  V = a n  4:. 
166. Five fundamental diagrams: 

(1) For orders 35, 335, 435, 7J5, etc. 
(2) For orders 1, 3, 5, 7, etc. 
(3) For orders 134, 235, 535, 635, etc. 
(4) For orders 2, 6, 10, etc. 
(5) Majors 4, 8, 12, etc. 

166. w t  = 67.5; wz = 97.5; wa = 188 rad./sec. 

160. 1,215 v.p.m.; 5,530 v.p.m. 
162. 4.91b. 

(c) 9. (d)  2 and 7. 168. 535, 6, 6j5, 7. 

167. (a)  0.0047 radian. 
168. -0.00359 radian. +0.00423 radian. 

(b)  293,000 in.-lb.; 41,300 in.-lb. (c) 31.6 r.p.m. 
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424 MECHANICAL VIBRATIONS 

160. (a) ,4 = 0; first shaft torque arbitrarily aammed. (b) End 19 = 0. 
r' k (d )  W* - - . -. 
42 I (e) 8 = 180 deg. 

g (RIRzA;a A R ) ,  (b)  Q'TQ [ RlRt - a AR - 
AR 170. (a) - 

P' + as P' + a' 
171. (b) 4,000 in.-lb. (c)  122.0 r.p.m. (d) 107 r.p.m. (e )  Balanced. 

172. a1 - -. all other a's are zero. r 
2'  

2 
b, - - 

nz - 1 
for even n;  b. = 0 for odd n. 

Order: 1 2 3 4 5 6  
Per cent of mean torque: 157 66.7 0 13.3 0 5.7 

174. 990 r.p.m. EI EI 
1 1 

179. +0.35-; -1.3--. 

176. 990 r.p.m. horizontally and 1,260 r.p.m. vertically. 
177. Counting angles from the +1 unbalance toward the +2 unbalance (at which 

(D = 90 deg.), the corrections are: 
In Plane I: 2.06 in. oz. a t  104 deg. 
In Plane 11: 4.03 in. oz. at  263 deg. 

178. 4.2 oz. a t  315 deg. 179. 1.15 lb. a t  306 dry. 

a' + a: a' - a: - a:; cos (p - L. 180. x l  I 
21 4a& 

Ambiguity between +q and -P. 

Me 
181. P .D 2 cos-1--. 

2mr 
182. Primary speed, 1440 r.p.m.; secondary speed, 720 r.p.m. Secondary force 

amplitude is 0.044 lb., corresponding to an unbalance of 7.1 X 10-4 in.-lb. 
P 1 188. - = -' 
9 0  12EI 

+Idw'l 

; (b)  f. = 
12EI 

184. (a) W: = - 
I d 1  wa wa 

f 41 + (2)'. 186. 804 r.p.m. 

186. K' = 12 [ (2 - ;) + 4; - 9 + 41  
7 

where K and D are the abbreviations used in Q. (6.14). 
3EI 
---? (b) Does not exist, (d)  K - R f 4 G .  187. (a) W' 

I d 1  

K' K 28 1 1 K' K 28 1 1 
64 64 9 64 64 9 40 3 0  

188. (a) - -- (- +=) += - 0. (a) - --  (- - -) - - - 0. 
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mlW mlawl 
188. (c) - 48; 192; 96. (d) = 48; 192; 25.6 and 358. 

E l  
190. With z of the disk center and 'p of the shaft there are two differential equations, 

the latter having the gyroscopic term jiMItaS2nwp, where w is the angular speed 
of the forward whirl of shaft center line. The frequency equation falls apart 
into two quadratics: 

so that two roots are W / W ~  *l independent of S2 (a forward and backward 
whirl with the shaft parallel to itself) and two other roots, one a forward whirl 
the frequency of which increases with Q and a backward whirl of a frequency 
decreasing with 0. 

182. If plotted as: d / E I / m  ( 1  + k)' = f ( l l / l )  the curve is nearly straight at  an 

ordinate falling from 3 to 2.90 between the points 1 1 / 1  = 0 and 1. A second 
critical with a node somewhere in the stiff part has a very high frequency run- 
ning from 00 at Et/Z = 0 to 567 at 1 1 / 1  =. 1 in the same diagram. 

196. (e) 21, one full wave length per cycle. 
106. Ii@i + k(v1 - vr) 0. 

0 01 
IIqr + k(cpr - vl) - ClC*- tan - - PI - 0. 
-k* + (-I1td + k) ( -Iw* + k - CIClf tan -) = 0. 

in:which c = m, the velocity of sound; see p. 137. 

c c  
W l  

c e  

186. (a)  Stable. (a) Unstable. (c) Unstable. 

188. (a)  sin 0 0  I -. 

188. (b)  z 9 I@* - uo $. sin d: t * ,  where t* - t - -. 
To 
M91 

(6) Undamped vibrations of frequency w' - g COB ao/l. 

(c) Damped vibrations; same frequency. (d)  Increasing vibration. - 
f W  
ku 

(c) Damped oscillations about z = ud.* 
(d)  Oscillations with increasing amplitude which lead to a motion with periodic 

stop of the mses. 
L 3  
Da 4 

200. 2 > -* 

k 
M + 2ni 

( b )  W *  P -. 201. (a) k = - 
6 - 2  

202. For complete solution with curves Bee Trans. A.I.E.E. ,  1933, p. 340. 
a'E 

208. 0' = -. 
mV 
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206. 
The system la stable. 
C1 < 0 stable; CI > 0 unstable. 

207. 0 > - ($)'always stable. 

209. Stable if - > - A C .  210. kCz > ACi. 

208. Unstable for both cases. 

ck 
m 

211. Only condition for stability is (Ca + C4)k > (Cl - Ca)A.  
.- 

C 
216. Stable if k > -. 212. v 4;. 

d s w h e r e  u = 2, 1, %, %, x, etc., and 217. Unstable frequencies are w = a 

p is atmospheric pressure = 14.6 Ib. per square inch. The slope of the line in 
the diagram of Fig. 8.11 is 0.10. 

MV 

- 
1 

218. 1,085 r.p.m. 220. w,, = 2 $ 221. wn = 4: (1 - E)". 

. Approximate: w = 

- 
r / 2  

1 mzo 
222. Exact: w = dj . 

m 

MECHANICAL VIBRATIONS 
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on = 0.773 di. 

I 1 
1 

(: - 1)* +& - 1) 
2F xo + 1 

1 +- k(Xo - a)  

224. Exact: w,, = - - 
cos-1 "'[ a F  F 

Approximate: w. = @ dl - - + -. 
m xo k 

- 226. Exact: 

W,, I +! 
2 m  

- .. 
(1 +$)(1+2) 

I + $ +  2 0  - 

228. 

280. 

2s1. 

1 - -  
a 

1 
2 where xo is defined as - of the total motion. 

Ymtesdy st.* 1.68. 
Limit cycle is circle about a center x = fm T j  f = 0, passing through the point 

W 15 vs x = f, -, $ / w ,  - VO/W., and cut off at the top by the straight line - 5 -- 
k w. w: 

kg The frequency is w: = -. W 

where D = c d P ~ / k *  is a dimensionless variable involving the damping constant 
c, the damping force being ~3%. 
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APPENDIX 

A COLLECTION OF FORMULAS 
I. Linear Spring Constants 

(“Load” per inch deflection) 

Gd4 k = -  
turns 8nD’ 

Coil dia. D; wire dia. d ;  n 

3EI 
1’ 

k = -  Cantilever 

(8) 
2EI 

I’ k w -  Cantilever 

48EI k = -  Beam on two supports; cen- 
trally loaded I’ 

off center 1:1: 
3EIl k = -  Beam on two supports; load 

192EZ Clamped-clamped beam ; k=- 
centrally loaded 1’ 

(7) 

( 7 4  

Circular plate, thickness 1 ;  16aD 1 + p 
centrally loaded; circum- = - R* 3 + a  - 
ferential edge simply SUP- in which the plate constant is 

D -  ported 

p = Poisson’s ratio c: 0.3 

Eta 
12(1 - p*)  

16rD k = -  Circular plate; circumferen- 
tial edge clamped 82 

(9) 
1 

= l/kl + l/ks T w o  springs in series 

11. Rotational Spring Constants 

(“Load” per radian rotation) 

Ed‘ 
64nD 

k = -  Twist of coil spring; wire dia. 
d ;  coil dia. D ;  n turns 

429 
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INDEX 

IndexTerms Links 

A 

Absorbers, automobile shock 113 

 dynamic vibration 87 93 128 

Accelerometer 58 

Airplane vibration, propeller 269 

 wing flutter 321 

Automatic balancing 240 

Automobile vibration, chassis 85 

 floating power 76 

 shimmy 329 

 shock absorber 113 

Axial vibration, steam turbine 318 

B 

Balancing, diagram 235 

 flexible rotors 243 

 reciprocating engines 182 

 solid rotors 232 

Balancing machines 236 

 automatic 240 

Bars (see Natural-frequency formulas) 
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IndexTerms Links 

 

 

Beams (see Natural-frequency formulas) 

Bearings, oil whip 297 

 thrust  293 

Beats   5 

Bilge keels 113 

Blades, turbine 277 

Branched systems 195 

C 

Centrifugal pendulum 219 

Chattering slip 290 

Clearances 351 

Clock motor, electric 342 

Complex numbers 9 

Compounding of springs 35 

Connecting rod 177 

Coriolis force 218 219 227 

Coulomb damping 103 352 362 

Coupled pendulums 84 

Couplings, slipping 296 

Crank mechanism 174 

Critical damping 38 

Critical speeds, Diesel engines 200 

 major, minor 205 

Critical speeds, rotating machines 225 

 secondary 247 
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IndexTerms Links 

 

 

Cubic equation, stability criterion 288 

D 

Dampers, general properties 101 

 Lanchester 102 210 

Damping, air 352 

 critical  38 

 dry   291 

 hysteresis 206 

 negative 283 356 

 non-linear 352 373 

 propeller 206 

 viscous 25 37 212 

Decay, rate of 39 132 283 

Decrement, logarithmic 40 

Degree of freedom, definition 23 

Demultiplication 377 

Diesel engines, firing order 222 

 fuel valves 313 

 torque analysis 197 

 torsional vibration 173 187 

Differential equation (see Natural- 

   frequency formulas) 

Disks, steam turbine 277 

Dynamic absorber, damped 93 

 undamped 87 
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IndexTerms Links 

 

 

Dynamic balancing 233 

E 

Electric circuits 27 94 342 

Electric locomotive 341 

Electric machines, frames 166 265 

 single-phase 72 

Electric transmission line 299 306 

Electrical-mechanical conversion tables 28 

Energy method 33 141 

F 

Firing order 222 

Fixed points 99 

Flat shafts  247 330 

Floating power 76 

Fluid flywheel 217 

Flutter, airplane wing 321 

Forced vibration, definition 43 

Fourier series 17 160 

Frahm ship tanks 108 

Frahm tachometer 57 

Frame vibration 166 265 

Free vibration, definition 31 

Freedom, degree of 23 
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IndexTerms Links 

 

 

Frequency (see Natural-frequency 

   formulas) 

Frequency demultiplication 377 

Frequency equation, real-root theorem 125 

Frequency meters 55 

Friction, instability caused by 289 

   (See also Damping) 

Fuel-injection valves 313 

G 

Galloping transmission line 299 

Gear noise  105 

Geared systems 29 195 

Governor vibration 309 

Gravity effects 26 394 

   (Problem 97) 

Gyroscope, automobile shimmy 329 

 effect on frequency 253 

 ship stabilization 108 

H 

Hair clipper 92 

Harmonic analyzer 20 

Head, balancing 237 

Helicopter  249 

Herringbone skewing 268 
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Holzer’s method 187 229 

Houde damper 211 

Hunting governors 369 

Hydraulic turbines 7 321 

Hydrofoils 112 

Hysteresis  206 295 

I 

Imaginary numbers 9 

Inertia balance 177 

 radial aircraft engine 179 

Influence number 122 237 

Injection valve, Diesel 313 

Instability criteria 286 

Internal friction 275 295 

Inverted pendulum 341 

Isoclinics  354 

Isolation  69 117 

Iteration method 156 162 

K 

Kármán vortices 305 

L 

Labyrinth, steam turbine 319 

Lanchester damper 102 210 
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IndexTerms Links 

 

 

Lanchester tourbillion 302 

Lewis’ method 192 

Lisssjous figures 384 

Locomotives, chattering slip 290 

 nosing  332 

 side-rod vibration 341 

Logarithmic decrement 40 

Lubrication 295 

M 

Major critical speeds 205 

Mathieu’s equation 342 

Membranes 168 

Metacenter 107 

Minor critical speeds 205 

Mohr’s circle 81 

Motor supports 77 

N 

Natural-frequency formulas, damped 

   single-degree 39 

 full rings 165 

 gyroscopic effect 253 

 lateral bending beams 150 154 432 

 longitudinal beams 139 140 431 

 membranes 168 
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IndexTerms Links 

 

 

Natural-frequency formulas, damped (Cont.) 

 organ pipes 139 140 431 

 part rings 167 

 strings  139 140 431 

 torsional beams 139 140 431 

 undamped single-degree 33 

Newton’s laws 25 171 

Non-linear damping 352 373 

Non-linear maas 352 

Non-linear springs 351 370 

Normal functions 159 

Nosing locomotives 332 

O 

Oil whip  297 

Organ pipe 139 140 

P 

Pendulum, coupled 83 

 damper 219 

Pendulum, inverted 341 

 variable length 340 

Penstocks  7 

Period, definition 1 
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IndexTerms Links 

 

 

Phase-angle diagram, Coulomb damping 376 

 viscous damping 51 

Pilot gyroscope 112 

Plates   165 278 

Primary unbalance 182 

Propeller, airplane 269 

 ship  206 276 

Q 

Quartic, stability criterion 289 

R 

Rayleigh method 141 

Rayleigh’s theorem, proof of 161 

Relative motion 45 

Relaxation oscillations 363 

Relaxation time 41 366 

Resonance diagrams, Coulomb damping 375 

 single-degree 44 46 51 

    371 372 

 three degrees 129 130 

 two degrees 91 97 

Riding quality 114 

Rings, full  165 

 part  167 

Ritz method 146 
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IndexTerms Links 

 

 

S 

Saturation, magnetic 568 

Schlick, engine balancing 182 

Schlick ship gyroscope 108 

Secondary critical speeds 247 

Secondary unbalance 182 

Seismic instruments 57 

Self-excited vibration 282 

Semicircular cylinder 301 

Series generator 369 

Shimmy  329 

Ship propeller 206 276 

Ship stabilization 106 

 gyroscope 108 

Shock absorber 113 

Side-rod locomotive 241 

Single-phase machine 72 

Sleet   299 

Southwell’s theorem 270 

Spiral vibration 246 

Springs, series and parallel 35 

 suspension 69 

Stability, criteria 285 

 of speeds above critical 227 

Star diagram 204 

Starting squeal 290 
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Static balancing 233 

Steam turbine (see Turbines) 

Stodola’s method 156 162 

String, continuous 135 

 with three masses 124 

 with variable tension 340 

Stroboscope 67 

Strouhal number 305 

Subharmonic resonance 377 

Submarine motors 266 

Superposition 395 

T 

Tachometer, Frahm 57 

Tanks, antirolling 108 

Teeth of electric machines 266 

Thearle balancing machine 237 

Torque, Diesel engine 197 

Torsional vibration, continuous shaft 138 

 Diesel engine 173 187 

 single degree of freedom 28 

Transients  54 

Transmission line 299 306 

Turbines, axial oscillation 318 

 balancing 233 246 

 disks and blades 277 
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Turbines, axial oscillation (Cont.) 

 governors 309 

 hydraulic 321 

 steam  277 317 

V 

Vacuum tube 285 

Valve, Diesel fuel 313 

Valve springs 398 

Variable crow section 155 

Variable elasticity 336 

Variable gravity 341 

Vector representation 3 

Vibration isolation 69 117 

Viscous damping, definition 25 

W 

Wheel shimmy 329 

Wilberforce spring 85 

Wing flutter 321 

Work performed 12 200 
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