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LIST OF SYMBOLS

e, A = cross-sectional ares.
ao = amplitude of support.

an = Fourier coefficient of sin nwt.
bs -= Fourier coefficient of cos nwt.
¢ = damping constant, either linear (lb. in."! sec.) or torsional (Ib. in. rad.”?).
C = condenser capacity.
¢. = critical damping constant, Eq. (2.16).
C,, Cy = constants.

d, D = diameters.

= gerodynamic drag.

= eccentricity.

= amplitude of pendulum support (Sec. 8.4 only).

= modulus of elasticity.

= maximum voltage, E, sin wt.

= frequency = w/2m.

= natural frequency.

f and g = numerical factors used in the same sense in one section only as follows:
Sec. 3.3 as defined by Eq. (3.23), page 96. Sec. 4.3 as defined by Eq.
(4.19), page 133.

= force in general or dry friction force in particular.

= ffequency function [Eq. (4.7), page 125].

= acceleration of gravity.

= See f.

= modulus of shear.

= height in general; metacentric height in particular (page 106).

= electric current.

= moment of inertia.

L I

= v/ =1 = imaginary unit.

= gpring constants.

= kinetic energy.

= variation in spring constant (page 337).

= length in general; length of connecting rod in Chap. 5.

= distance from nth crank to first crank (Sec. 5.3).

= inductance.

= aerodynamic lift.

= Imass.

= moment or torque.

= angular momentum vector.

= magnitude of angular momentum.

= a number in general; a gear ratio in particular (page 29).

= real part of complex frequency s (page 133).

= pressure.

= (in Sec. 8.3 only) defined by Eqgs. (8.17) and (8.18), page 344.
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LIST OF SYMBOLS X1

P, = maximum force, P, sin wl.
Pot = potential energy.
¢ = natural frequency of damped vibration (pages 39 and 133).
q = load per unit length on beam (page 148).
Q = condenser charge.
r, B = radius of circle.
R = electrical resistance.
& = complex frequency = +p * jg (page 133).
8 = (in Sec. 8.3 only) multiplication factor.
t = time.
T = period of vibration = 1/f.
T'¢ = maximum torque T’ sin wf.
T = tension in string.
v, V = velocity.

v, V = volume.
W = work or work per cycle.
W = weight.
z = displacement.
2o = maximum amplitude.
za = static deflection, usually = Po/k.
Yy = Yo 8in wi = amplitude of relative motion.
y = lateral deflection of string or bar.
Z = impedance.
« = angle in general; angle of attack of airfoil.
a, = nth crank angle in reciprocating engine.
ams = influence number, deflection at m caused by unit force at n.

B» = angular amplitude of vibration of nth crank (Chap. 5).
Ba = vector representing Sn.
& = small length or small quantity in general.
8. = static deflection.
= parameter defined in Eq. (8.35), page 364.
= a length.
= mass ratio m/M (Secs. 3.2 and 3.3).
= mass per unit length of strings, bars, etec.
longitudinal displacement of particle along beam (page 136).
radius of gyration.
phase angle or some other angle.
phase angle between vibration of nth crank and first crank (Chap. 5).
an angle.
circular frequency = 2xf.
angular velocity.
large angular velocity.
= natural circular frequencies.
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Vector quantities are letters with superposed bar, a, V, M, ete.

Scalar quantities are letters without bar, a, T, T, M, etc. Note especially that bold-
face type does not denote a vector, but is used merely for avoiding confusion.
For example, V denotes volume and V velocity.

Subscripts used are the following: a = absorber; ¢ = critical, e = engine, f = friction,
g = governor or gyroscope, k¥ = variation in spring constant k, p = propeller,
8 = ship, st = statical, w = water.



PREFACE TO THE FOURTH EDITION

This book grew from a course of lectures given to students in the
Design School of the Westinghouse Company in Pittsburgh, Pa., in the
period from 1926 to 1932, when the subject had not yet been introduced
into the curriculum of our technical schools. From 1932 until the
beginning of the war, it became a regular course at the Harvard Engineer-
ing School, and the book was written for the purpose of facilitating that
course, being first published in 1934. In its first edition, it was influenced
entirely by the author’s industrial experience at Westinghouse; the later
editions have brought modifications and additions suggested by actual
problems published in the literature, by private consulting practice, and
by service during the war in the Bureau of Ships of the U.S. Navy.

The book aims to be as simple as is compatible with a reasonably
complete treatment of the subject. Mathematics has not beenavoided,
but in all cases the mathematical approach used is the simplest one
available.

In the fourth edition the number of problems again has been increased
substantially, rising from 81 in the first edition to 116 and 131 in the
second and third, and to 230 in this present book. Changes in the text
have been made in every chapter to bring the subject up to date; in order
to keep the size of the volume within bounds these changes consisted of
deletions as well as additions.

During the life of this book, from 1934 on, the art and science of
engineering has grown at an astonishing rate and the subject of vibration
has expanded with it. While in 1934 it could be said that the book
covered more or less what was known and technically important, no
such claim can be made for this fourth edition. In these twenty years
our subject has become the parent of three vigorously growing children,
each of which now stands on its own feet and is represented by a large
body of literature. They are (1) electronic measuring instruments and
the theory and practice of instrumentation, (2) servomechanisms and con-
trol or systems engineering, (3) aircraft flutter theory or ““ seroelasticity.”

No attempt has been made to cover these three subjects, since even
a superficial treatment would have made the book several times thicker.

However, all three subjects are offshoots of the theory of vibration and
v



vi PREFACE

cannot be studied without a knowledge of that theory. While in 1934 a
mechanical engineer was considered well-educated without knowing any-
thing about vibration, now such knowledge is an important requirement.
Thus, although in its first edition this book more or less presented the
newest developments in mechanical engineering, it now has come to
cover subject matter which is considered a necessary tool for almost every
mechanical engineer.

As in previous editions, the author gratefully remembers readers who
have sent in comments and reported errors, and expresses the hope that
those who work with the present edition will do likewise. He is in-
debted to Prof. Alve J. Erickson for checking the problems and reading
the proof.

J. P. Dexn HarTog

PREFACE TO THE DOVER EDITION

The first edition of Mechanical Vibrations, published in 1934 by
MecGraw-Hill, was followed by three other editions in English and by
translations into eleven different languages. It has been out of print in
English but has remained available in four of these translations. This
Dover reprint, an unaltered republication of the fourth edition, can be
termed a half-century edition. Mr. Hayward Cirker, President of Dover
Publications, Inc., paid me a very great and highly appreciated compli-
ment by offering to reprint the book at this time. And now I say, ‘‘ Thank
you kindly, Mr. Dover."’

JACOB P. DEN HARTOG

Concord, Massachusetts
July, 1984
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CHAPTER 1

KINEMATICS OF VIBRATION

1.1 Definitions. A vibration in its general sense is a periodic motion,
i.e., a motion which repeats itself in all its particulars after a certain
interval of time, called the period of the vibration and usually designated
by the symbol T'. A plot of the displacement z against the time { may
be a curve of considerable complication. As an example, Fig. 1.1a shows
the motion curve observed on the
bearing pedestal of a steam turbine.

The simplest kind of periodie mo-
tion is a harmonic motion; in it the
relation between z and { may be
expressed by

T = xo 5in ol (1.1) (o)

Time £

Displacement X'

as shown in Fig. 1.1b, representing
the small oscillations of a simple
pendulum. The maximum value
of the displacement is x,, called the )

amplitude of the vibration. Fia. 1.1. A periodic and a harmonic func-

The period T usually is measured tion, showing the period ' and the ampli-
in seconds; its reciprocal f = 1/7T )
is the frequency of the vibration, measured in cycles per second. In some
publications this is abbreviated as cyps and pronounced as it is written.
In the German literature cycles per second are generally called Hertz in
honor of the first experimenter with radio waves (which are electric
vibrations).

In Eq. (1.1) there appears the symbol w, which is known as the circular
frequency and is measured in radians per second. This rather unfor-
tunate name has become familiar on account of the properties of the
vector representation, which will be discussed in the next section. The
relations between w, f, and T' are as follows. From Eq. (1.1) and Fig.
1.1b it is clear that a full cycle of the vibration takes place when wt has
passed through 360 deg. or 2r radians. Then the sine function resumes
its previous values. Thus, when wt = 2#, the time interval { is equal to

1

—3¢
o~
-

z.
!



2 MECHANICAL VIBRATIONS
the period T or
2r
= > sec. (1.2)
Since f is the reciprocal of T,

f= 2% cycles per second (1.3)

For rotating machinery the frequency is often expressed in vibrations
per minute, denoted as v.p.m. = 30w/x.

!

X

MVit\. £ .
AN v \

Fia. 1.2, Two harmonic motions including the phase angle ¢.

In & harmonie motion for which the displacement is given by z = o
sin i, the velocity is found by differentiating the displacement with
respect to time,

dz

Et' == Zow * COS wi (1.4)

so that the velocity is also harmonic and has a maximum value wz,.
The acceleration is
d*z
it
also harmonic and with the maximum value w%z,.

Consider two vibrations given by the expressions z; = a sin ! and
23 = b sin (wt + ¢) which are shown in Fig. 1.2, plotted against wt as
abscissa. Owing to the presence of the quantity ¢, the two vibrations
do not attain their maximum displacements at the same time, but the
one is ¢/w sec. behind the other. The quantity ¢ is known as the phase
angle or phase difference between the two vibrations. It is seen that the
two motions have the same w and consequently the same frequency f.
A phase angle has meaning only for two motions of the same frequency:
if the frequencies are different, phase angle is meaningless.

= £ = —zow?sin wl (1.5)

Ezample: A body, suspended from a spring, vibrates vertically up and down between
two positions 1 and 114 in. above the ground. During each second it reaches the top
position (134 in. above ground) twenty times. What are T, f, w, and z,?
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Solution: zo = ¥4 in., T = ¥, sec, f = 20 cycles per second, and » = 2xf = 126
radians per second.

1.2. The Vector Method of Representing Vibrations. The motion of
a vibrating particle can be conveniently represented by means of a rotat-
ing vector. Let the vector & (Fig.

1.3) rotate with uniform angular veloc- P
ity « in a counterclockwise direction. // w N
When time is reckoned from the hori- / / ------- .
zontal position of the vector asa start- / 9 ! \
ing point, the horizontal projection of { wt 1 \.t=0
the vector can be written as \\ |

a cos wt \ ‘ //

\ . /

and the vertical projection as \\\ 7

in
@ sin wf Fi1a. 1.3. A harmonic vibration repre-

sented by the horizontal projection of a

Either projection can be taken torep- | i.iing vector.

resent a reciprocating motion; in
the following discussion, however, we shall consider only the horizontal
projection.
This representation has given rise to the name circular frequency for
. The quantity o, being the angular

— T~ speed of the vector, is measured in radi-
/ \\ ans per second; the frequency f in this
/ o \ \ case is measured in revolutions per second.
/ w \‘ Thus it can be seen immediately that
el |
\ ;@ ,+ w = 2xf.
\ e // The velocity of the motion z = a cos wt
\ = / is
\\\ - & = —awsin wl

and can be represented by (the horizontal
projection of) a vector of length aw, rotat-
Fro. 14. Displacement, velocity, 1N& With the same angular velocity w as
and acceleration are perpendicular the displacement vector but situated
vectors. always 90 deg. ahead of that vector.
The acceleration is —aw? cos wl and is represented by (the horizontal pro-
jection of) a vector of length aw? rotating with the same angular speed o
and 180 deg. ahead of the position or displacement vector or 90 deg. ahead
of the velocity vector (Fig. 1.4). The truth of these statements can be
easily verified by following the various vectors through one complete
revolution.
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This vector method of visualizing reciprocating motions is very con-
venient. For example, if a point is simultaneously subjected to two
motions of the same frequency which differ by the phase angle ¢, namely,
a cos of and b cos (wt — ¢), the addition of these two expressions by the
methods of trigonometry is wearisome. However, the two vectors are
easily drawn up, and the total motion is represented by the geometric
sum of the two vectors as shown in the upper part of Fig. 1.5. Again

o
s

-
oty

L A R p—— R

—d
/

[~
Fra. 1.5. Two vibrations are added by adding their vectors geometrically.

the entire parallelogram @, b is considered to rotate in a counterclockwise
direction with the uniform angular velocity w, and the horizontal projec-
tions of the various vectors represent the displacements as a function of
time. Thisisshown in the lower part of Fig. 1.5. The line a-a represents
the particular instant of time for which the vector diagram is drawn. It
is readily seen that the displacement of the sum (dotted line) is actually
the sum of the two ordinates for G and b.

That this vector addition gives correct results is evident, because
a cos wit is the horizontal projection of the g-vector and b cos (wt — ¢) is
the horizontal projection of the d-vector. The horizontal projection of
the geometric sum of these two vectors is evidently equal to the sum of
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the horizontal projections of the two component vectors, which is exactly
what is wanted.

Addition of two vectors is permissible only if the vibrations are of the
same frequency. The motions a sin wf and a sin 2wt can be represented
by two vectors, the first of which ro-

tates with an angular speed » and the //R\ <

second with twice this speed, 7.e., with // I \\

2w. The relative position of these PV N

two vectors in the diagram is chang- | \\°$ \\

ing continuously, and consequently a PNC P W AN

geometric addition of them has no : N \\ N

meaning. | ! T A |
A special case of the vector addition 1 | ret i

of Fig. 1.5, which occurs rather often 1 | {

in the subsequent chapters, is the ad- Fic. 1.6. Addition of a sine and cosine
dition of a sine and a cosine wave of Ve °f different amplitudes.
different amplitudes: a sin wt and b cos wt. For this case the two vectors
are perpendicular, so that from the diagram of Fig. 1.6 it is seen at once
that

asin wt + b cos wt = Va2 & b? sin (wt + ¢) (1.6)
where tan ¢ = b/a.

Ezample: What is the maximum amplitude of the sum of the two motions
zy = b sin 25 in, and z; = 10 sin (25 4 1) in.?

Solution: The first motion is represented by a vector 5 in. long which may be drawn
vertically and pointing downward. Since in this position the vector has no horizontal
projection, it represents the first motion at the instant ¢ = 0. At that instant the
second motion is 2 = 10 sin 1, which is represented by a vector of 10 in. length turned
1 radian (57 deg.) in a counter-clockwise direction with respect to the first vector.
The graphical vector addition shows the sum vector to be 13.4 in. long.

1.3. Beats. If the displacement of a point moving back and forth
along a straight line can be expressed as the sum of two terms, a sin wf
+ b sin wsf, where w; 3¢ ws, the motion is said to be the ““superposition”
of two vibrations of different frequencies. It is clear that such a motion
is not itself sinusoidal. An interesting special case occurs when the two
frequencies w; and «; are nearly equal to each other. The first vibration
can be represented by a vector @ rotating at a speed wi, while the b-vector
rotates with ws. If w; is nearly equal to ws, the two vectors will retain
sensibly the same relative position during one revolution, 7.e., the angle
included between them will change only slightly. Thus the vectors can
be added geometrically, and during one revolution of the two vectors
the motion will be practically a sine wave of frequency w, = ws and
amplitude ¢ (Fig. 1.7). During a large number of cycles, however, the
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relative position of ¢ and b varies, because w, is not exactly equal to w,,
so that the magnitude of the sum vector ¢ changes. Therefore the result-
ing motion can be described approximately as a sine wave with a fre-
guency w; and an amplitude varying slowly
between (b + @) and (b — @), or, if b =g,
between 2a and 0 (Figs. 1.7 and 1.8).

This phenomenon is known as beafs. The
) beat frequency is the number of times per
! second the amplitude passes from a minimum

! through a maximum to the next minimum (4
o ! to B in Fig. 1.8). The period of one beat
=E evidently corresponds to the time required for
7' a full revolution of the b-vector with respect

/ to the d-vector. Thus the beat frequency is
o / seen to be w1 — ws.

!

5

f Ezample: A body describes simultaneously two

vibrations, z; = 3 sin 40¢ and z, = 4 sin 41f, the

Fia. 1.7. Vector diagrams njtg being inches and seconds. What ig the maxi-

illustrating the mechanism of o s . . . .

beats. mum and minimum amplitude of the combined motion
and what is the beat frequency?

Solution: The maximum amplitude is 3 + 4 = 7 in.; the minimum is 4 — 3 = 1in.
The circular frequency of the beats w, = 41 — 40 = 1 radian per second. Thus
f» = w/2r = 1/2x cycles per second. The period T, or duration of one full beat is
Ty = 1/fu = 6.28 sec.

The phenomenon can be observed in a great many cases (pages 84, 332).
For audio or sound vibrations it is especially notable. Two tones of

Fia. 1.8. Beats.

slightly different pitch and of approximately the same intensity cause
fluctuations in the total intensity with a frequency equal to the difference
of the frequencies of the two tones. For example, beats can be heard in
electric power houses when a generator is started. An electric machine
has a “magnetic hum,” of which the main pitch is equal to twice the fre-
quency of the current or voltage, usually 120 cycles per second. Just
before a generator is connected to the line the electric frequency of the
generator is slightly different from the line frequency. Thus the hum of
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the generator and the hum of the line (other generators or transformers)
are of different pitch, and beats can be heard.

The existence of beats can be shown also by trigonometry. Let the two vibrations
be a sin «f and b sin w.f, where w; and «, are nearly equal and w; — w1 = Aw.

Then a sin wif + b sin wqt
= @ 8in wit + b(sin wif cos Awl + cos wil Sin Awt)
= (@ + b cos Awt) sin wit + b sin Awt cos wit

Applying formula 1.6 the resultant vibration is

V(@ 4+ b cos Awt)? I b2 gin? At - sin (wil + @)

where the phase angle ¢ can be calculated but is of no interest in this case. The
amplitude, given by the radical, can be written

Va2 4 b%(cos? Awt + sin? Awt) + 2ab cos Awt
= vVa® + b2 + 2ab cos Awl

which expression is seen to vary between (¢ + b) and (@ — b) with a frequency Aw.

1.4. A Case of Hydraulic-turbine Penstock Vibration. A direct appli-
cation of the vector concept of vibration to the solution of an actual
problem is the following,.

In a water-power generating station the penstocks, 7.e., the pipe lines
conducting the water to the hydraulic turbines, were found to be vibrat-
ing so violently that the safety of the brick building structure was ques-
tioned. The frequency of the vibration was found to be 11314 cycles
per second, coinciding with the product of the speed (400 r.pm.) and the
number of buckets (17) in the rotating part of the (Francis) turbine. The
penstocks emitted a loud hum which could be heard several miles away.
Incidentally, when standing close to the electric transformers of the sta-
tion, the 624 cyps. beat between the penstock and transformer hums could
be plainly heard. The essential parts of the turbine are shown schemat-
ically in Fig. 1.9, which is drawn in a horizontal plane, the turbine shaft
being vertical. The water enters from the penstock I into the “spiral
case’ II; there the main stream splits into 18 partial streams on account
of the 18 stationary, non-rotating guide vanes. The water then enters
the 17 buckets of the runner and finally turns through an angle of 90
deg. to disappear into the vertical draft tube III.

Two of the 18 partial streams into which the main stream divides are
shown in the figure. Fixing our attention on one of these, we see that
for each revolution of the runner, 17 buckets pass by the stream, which
thus is subjected to 17 impulses. In total, 11314 buckets are passing
per second, giving as many impulses per second, which are transmitted
back through the water into the penstock. This happens not only in
stream a but in each of the other partial streams as well, so that there
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arrive into the penstock 18 impulses of different origins, all having the
same frequency of 11314 cycles per second. If all these impulses had the
same phase, they would all add up arithmetically and give a very strong
disturbance in the penstock.

Assume that stream a experiences the maximum value of its impulse
when the two vanes 1 and 1 line up. Then the maximum value of
the impulse in stream b takes place somewhat earlier (to be exact, 1/(17
X 18)th revolution earlier, at the instant that the two vanes 2 and 2
are lined up).

The impulse of stream g travels back into the penstock with the veloe-
ity of sound in water (about 4,000 ft./sec.)t and the same is true for the

-

+
1
|
1
1
|
i

F1a. 1.9. Vibration in the penstock of a Francis hydraulic turbine.

impulse of stream b, However, the path traveled by the impulse of b
is somewhat longer than the path for a, the difference being approximately
one-eighteenth part of the circumference of the spiral case. Because of
this fact, the impulse b will arrive in the penstock later than the impulse a.

In the machine in question it happened that these two effects just
canceled each other so that the two impulses a and b arrived at the cross
section AA of the penstock simultaneously, i.e., in the same phase.
This of course is true not only for a and b but for all the 18 partial streams.
In the vector representation the impulses behave as shown in Fig. 1.10aq,
the total impulse at A A being very large.

In order to eliminate the trouble, the existing 17-bucket runner was

1 The general streaming velocity of the water is small in comparison to the velocity
of sound, so that its effect can be neglected.
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removed from the turbine and replaced by a 16-bucket runner. This
does not affect the time difference caused by the different lengths of the
paths a, b, etc., but it does change the interval of time between the
impulses of two adjacent guide vanes. In particular, the circumferential
distance between the bucket 2 and guide vane 2 becomes twice as large
after the change. In fact, at the instant that rotating bucket 1 gives its
impulse, bucket 9 also gives its impulse, whereas in the old construction
bucket 9 was midway between two stationary vanes (Fig. 1.9).

It was a fortunate coincidence that half the circumference of the spiral
case was traversed by a sound wave in about ¥4 X 3{;3 sec., so that the
two impulses due to buckets 1 and 9 arrived in the
cross section AA in phase opposition (Fig. 1.105).
The phase angle between the impulses at section 4 4
of two adjacent partial streams is thus one-ninth of
180 degrees, and the 18 partial impulses arrange
themselves in a circular diagram with a zero
resultant.

The analysis as given would indicate that after
the change in the runner had been made the vibra-
tion would be totally absent. However, this is not
to be expected, since the reasoning given is only )
approximate, and many effects have not been con-

3

sidered (the spiral case has been replaced by a b

narrow channel, thus neglecting curvature of the 1
wave front, reflection of the waves against the var- @ ® %
ious obstacles, and effect of damping). In the

actual case the amplitude of the vibration on the °
penstock was reduced to one-third of its previous 4

value, which constituted a satisfactory solution of 1

the problem. Fie. 1.10. The 18 par-

1.6. Representation by Complex Numbers, It tiol impulses at the sec-
. . . . tion AA of Fig. 1.9
was shown in the previous sections that rotating for a 17-bucket runner
vectors can represent harmonic motions, that the (@) and for a 16-bucket
geometric addition of two vectors corresponds to the runner ().
addition of two harmonic motions of the same frequency, and that a
differentiation of such a motion with respect to time can be understood as
a multiplication by « and a forward turning through 90 deg. of the repre-
sentative vector. These vectors, after a little practice, afford a method
of visualizing harmonic motions which is much simpler than the considera-
tion of the sine waves themselves.
For numerical calculations, however, the vector method is not well
adapted. since it becomes necessary to resolve the vectors into their

horizontal and vertical compounents. For instance, if two motions have
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to be added as in Fig. 1.5, we write
t=a+b
meaning geometric addition. To calculate the length of ¢, i.e., the ampli-
tude of the sum motion, we write

a = a; + ay

which means that @ is the geometric sum of a. in the z-direction and a,
in the y-direction. Then

E=a+a,+ b+ b, = (@: + b)) + (ay + by)

and the length of ¢ is consequently
¢ = \/(az + b2)% + (ay, + bu)2

This method is rather lengthy and loses most of the advantage due to the
introduction of vectors.

There exists, however, a simpler method of handling the vectors
numerically, employing imaginary numbers. A complex number can
be represented graphically by a point in a plane where the real numbers
1, 2, 3, ete., are plotted horizontally and the imaginary numbers are
plotted vertically. With the notation

i=+/"1

these imaginary numbers are j, 27, 37, etc. 1In Fig. 1.11, for example, the
point 3 4 27 is shown. In joining that point with the origin, the com-
plex number can be made to represent a vector. If the angle of the

vector with the horizontal axisis e and

Y the length of the vector is a, it can be
written as
Jk ) a(cos a + j sin a)

Harmonic motions are represented by
rotating vectors. A substitution of
the variable angle wt for the fixed
angle « in the last equation leads to

4k a(cos wi + 7 sin wi) a.n

Fic. 1.11. A vector represented by a
point in the complex plane.

[TV X

representing a rotating vector, the
horizontal projection of which is a
harmonic motion. But this horizontal projection is also the real part
of (1.7). Thus if we say that a “vector represents a harmonic motion,”
we mean that the horizontal projection of the rolating vector represents
that motion. Similarly if we state that a ““complex number represents
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a harmonic motion,” we imply that the real part of such a number, written
in the form (1.7) represents that motion.

Ezample: Solve the example of page 5 by means of the complex method.

Solution: The first vector is represented by —57 and the second one by — 104 cos 57°
+ 10sin 57° = —5.45 + 8.4. The sum of the two is 8.4 — 10.47, which represents a
vector of the length 1/ (8.4)2 + (10.4)2 = 13.4 in.

Differentiate (1.7), which gives the result
a(—w sin wt 4 jo cos wf) = jw - a(cos wt + 7 sin wk)

since by definition of j we have j2 = —1. It is thus seen that differentia-
tion of the complex number (1.7) is equivalent to multiplication by jo.

In vector representation, differentiation multiplies the length of the
vector by « and turns it ahead by 90 deg. Thus we are led to the con-
clusion that multiplying a complex number by j is equivalent to moving
it a quarter turn ahead without changing its absolute value. That this
is so can be easily verified:

jla +3b) = —b +ja

which Fig. 1.12 actually shows in the required position.

In making extended calculations with these complex numbers the
ordinary rules of algebra are followed.
With every step we may remember that
the motion is represented by only the
real part of what we are writing down.
Usually, however, this is not done: the
algebraic manipulations are performed
without much recourse to their physical
meaning and only the final answer . o Multiplying & complex
is interpreted by considering its real number by j amounts to turning its
part. vector ahead through 90 deg.

For simple problems it is hardly worth while to study the complex
method, since the solution can be obtained just as easily without it.
However, for more complicated problems, such as are treated in Sec. 3.3,
for example, the labor-saving brought about by the use of the complex
notation is substantial.

- Oxis
Jog =~

1-aoxis

!
i
|
|
[
1
1
a

o ———

The expression (1.7) is sometimes written in a different form,
a{cos ot + j sin wf) = geiwt
or, if for simplicity ¢ = 1 and wt = «,
e =cosa +jsina (1.8)

The right-hand side of this equation is an ordinary complex number, but the left-hand
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side needs to be interpreted, as follows. The Maclaurin series development of e is

1tz 5+

Substituting z = ja this becomes

: . 2 - 4 .5
SRS I RS R
o? al 05
—(1“7z+4—x‘ )“( +5"‘")

The right-hand side is a complex number, which by definition is the meaning of e/
But we recognize the brackets to be the Maclaurin developments of cos « and sin e,
so that formula (1.8) follows.

A simple graphical representation of the result can be made in the complex plane of
Fig. 1.11 or 1.12, Consider the circle with unit radius in this plane. Each point on
the circle has a horizontal projection cos @ and a vertical projection sin « and thus
represents the number, cos & + j sin o = ¢?. Consequently the number ¢ is repre-
sented by a point on the unit circle, @ radians away from the point +1. If « is now
made equal to i, it is seen that ¢/ represents the rotating unit vector of which the
horizontal projection is a harmonie vibration of unit amplitude and frequency .

On page 39 we shall have occasion to make use of Eq. (1.8).

1.6. Work Done on Harmonic Motions. A concept of importance for
many applications is that of the work done by a harmonically varying
force upon a harmonie motion of the same frequency.

Let the force P = P, sin (wt + ¢) be acting upon a body for which the
motion is given by £ = z, sin . The work done by the force during a

small displacement dz is P dx, which can be written as P % - dt.

During one cycle of the vibration, wt varies from 0 to 2r and conse-
quently ¢ varies from 0 to 2r/w. The work done during one cycle is:

2=

@ 2x 2
[ P %ﬁdt -1 / PL dut) = Puze / sin (et + @) cos wf d(wl)
0 i w Jo dt (1}

2%
= Py / cos wifsin wt cos ¢ + cos wt sin ¢]d(wt)
0

2x

2%
= Pgxo cos ¢ [ sin wt cos wt d{wt) -+ Poxq sin ¢ [ cos? wt d(wt)
0 0

A table of integrals will show that the first integral is zero and that the
second one is m, so that the work per cycle is

W = 7wPyzq sin o 1.9

This result can also be obtained by a graphical method, which inter-
prets the above calculations step by step, as follows. _
The force and motion can be represented by the vectors Py and 3,
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(Fig. 1.13). Now resolve the force into its components P, cos ¢ in phase
with the motion, and P, sin ¢, 90 deg. ahead of the motion Z,. This is
permissible for the same reason that geometric addition of vectors is
allowed, as explained in Sec. 1.2. Thus the work done splits up into two
parts, one part due to a force in phase with the motion
and another part due to a force 90 deg. ahead of the %
motion,

Consider the first part as shown in Fig. 1.14a, in which
the ordinates are the displacement z and the “in phase”
component of the force. Between A and B the force is
positive, say upward, and the body is moving in an up-
ward direction also; positive work is done. Between B
and C, on the other hand, the body moves downward
toward the equilibrium point while the force is still posi-
tive (upward, though of gradually diminishing intensity),
so that negative work is done. The work between A4 .5 118 4 force
and B cancels that between B and C, and over a whole the same fre-
cycle the work done is zero. If a harmonic force acts ona 4"
body subjected to a harmonic motion of the same frequency, the component of
the force in phase with the displacement does no work.

It was shown in Sec. 1.2 that the velocity is represented by a vector
90 deg. ahead of the displacement, so that the statement can also be
worded as follows:

A force does work only with that component which is in phase with the

velocily.

4 )
cos ¢ / ~ l,xo Ay sin 4>/7<
i 1
8 C\ / wt A BWD wt
{0) (&)

Fig. 1.14. A force in phase with a displacement does no work over a full cycle; a force 90
deg. out of phase with a displacement does a maximum amount of work.

Next we consider the other component of the force, which is shown in
Fig. 1.14b. During the interval AB the displacement increases so that
the motion is directed upward, the force is positive, and consequently
upward also, so that positive work is done. In the interval BC the
motion is directed downward, but the force points downward also, so
that the work done is again positive. Since the whole diagram is sym-
metrical about a vertical line through B, it is clear that the work done
during AB equals that done during BC. The work done during the
whole eycle AD is four times that done during AB.

bDlsplace'menf X
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To calculate that amount it is necessary to turn to the definition of

work:
W=dex=fP%‘;dt=/Pv-dt

This shows that the work done during a cycle is the tirae integral of the
product of force and velocity. The foree is (Fig. 1.14b) P = (P, sin ¢) -
cos wt and the velocity is v = zow cos i, so that the work per cycle is

foT Pg sin ¢ cos wt 2w ¢os wi di = Pyzo sin ¢ /02' cos? wt d{wt)

The value of the definite integral on the right-hand side can be deduced
from Fig. 1.15, in which curve I represents cos wé and curve II represents
cos? wi. The curve cos? wt is sinusoidal about the dotted line 44 as

1 2

7T,
\\\ // : \\\II
PRI\ N RN . W/ S
\\ // : \\ /
N\ / | N /
4 3 v 2.4

2%
Fia. 1.15. /O cos? a da = .

center line and has twice the frequency of cos »f, which can be easily
verified by trigonometry:

cos? a = 14(1 4+ cos 2a)

Consider the quadrangle 1-2-3-4 as cut in two pieces by the curve IT and
note that these two pieces have the same shape and the same area. The
distance 1-4 is unity, while the distance 3-4 is x/2 radians or 90 deg.
Thus the area of the entire quadrangle is /2 and the area of the part
under curve II is half of that. Consequently the value of our definite
integral taken between the limits 0 and 7'/4 is /4, and taken between the
limits 0 and T it is«. Thus the work during a cycle is

W = Py sin ¢ (1.9

1t will be seen in the next section that a periodic force as well as a
periodic motion may be ‘“‘impure,” i.c., it may contain ‘‘higher har-
monics” in addition to the “fundamental harmonie.” In this connection
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it is of importance to determine the work done by a harmonic force on a
harmonic motion of a frequency different from that of the force. Let the
force vary with a frequency which is an integer multiple of «, say now,
and let the frequency of the motion be another integer multiple of w,
say mw. It will now be proved that the work done by such a force on
such a motion during a full ¢ycle of w is zero.

Let the force be P = P, sin nwt and let the corresponding motion be
z = xo sin {mwt + ¢). Then the work per cycle is

dt
Since cos (mwt + ¢) = cos mwt cos ¢ — sin mwit sin ¢

il d:I} id
/de=ﬁ P—dt=/ Py sin not - zomew - cos (mwt + @) di
0

and since ¢ is independent of the time and can be brought in front of the
integral sign, the integral splits up into two parts of the form

L T sin nwt sin meot dt and [OT sin nwt cos mwt di

Both these integrals are zero if n is different from m, which can be easily
verified by transforming the integrands as follows:

sin nwt sin mwt = 14 cos (n — m)wt — 14 cos (n -+ m)wi
sin nwt cos mwt = 14 sin (n 4+ m)wt + 14 sin (n — m)wi

Since the interval of integration is T = 2r/w, the sine and cosine func-
tions are integrated over multiples of 2, giving a zero result. In order
to gain a physical understanding of this fact let us consider the first of
the above two integrals with n = 4 and m = 5. This case is represented
in Fig. 1.16, where the amplitudes of the two waves are drawn to different
vertical scales in order to distinguish them more easily. The time inter-
val over which the integration extends is the interval AB. The ordinates
of the two curves have to be multiplied together and then integrated.
Consider two points, one somewhat to the right of A and another at the
same distance to the left of C. Near A both waves are positive; near C
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one is positive and the other is negative, but the absolute values of the
ordinates are the same as near A. Therefore the contribution to the
integral of an element near A cancels the contribution of the correspond-
ing element near C. This canceling holds true not only for elements
very near to A and C but generally for two elements at equal distances
{0 the left from C and to the right from A. Thus the integral over the
region A D cancels that over CD. In the same way it can be shown that
the integral over CB is zero.

It should be understood that the work is zero only over a whole cycle.
Starting at A4, both waves (the force and the velocity) are positive, so
that positive work is done. This work, however, is returned later on
(so that in the meantime it must have been stored in the form of potential
or kinetic energy).

This graphical process can be repeated for any combination of integral
values of m and n and also for integrals containing a cosine in the inte-
grand. When m becomes equal to », we have the case of equal fre-
quencies as already considered. Even then there is no work done when
the force and displacement are in phase. In case m = n and the force
and displacement are 90 deg. out of phase, the work per cycle of the nth
harmonic is 7PoZ, as before, and since there are n of these cycles in one
cycle of the fundamental frequency w, the work per fundamental cycle
iS mrP oZo-

The results thus obtained can be briefly summarized as follows:

1. The work done by a harmonic force acting upon a harmonic displace-
ment or velocity of a different frequency from that of the force is zero during
a time interval comprising both an integer number of force cycles and a
(different) integer number of velocity cycles.

2. The work done by a harmonic force 90 deg. out of phase with a harmonic
velocity of the same frequency is zero during a whole cycle.

3. The work done by a harmonic force of amplitude Py and frequency
w, in phase with a harmonic velocily vo = xow of the same frequency, is
wPowo/w = wPgxo over a whole cycle.

Ezample: A force 10 sin 2x60¢ (units are pounds and seconds) is acting on a dis-
placement of 2{¢ sin [2r60f — 45°] (units are inches and seconds). What is the work
done during the first second, and also during the first one-thousandth of a second?

Solution: The force is 45 deg. out of phase with the displacement and can be resolved
into two components, each of amplitude 10/4/2 lb., being in phase and 90 deg. out of
phase with the displacement. The component in phase with the displacement does

no work. That 90 deg. out of phase with the displacement does per cycle 7Pz =
. \1/—05 . %) = 2.22 in. lb. of work. During the first second there are 60 cycles so
that the work performed is 60 X 2.22 = 133 in. Ib.

During the first one-thousandth of a second there are 60/1,000 = 0.06 cycle, so that

the vectors in the diagram turn through only 0.06 X 360 deg. = 21.6 deg. Formula
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(1.9) holds only for a full cycle. For part of a cycle the integration has to be per-
formed in full:

W = [de = /Posin wt » Tow €08 (wt — ) dit
21.6°
= Pgxo /0 sin (wt) cos (wt —~ )d(wl)
21.6°
= 10- Yo /0 sin (wt)[cos (wf) cos ¢ + sin (wf) sin ld(ut)

21.6° | . 21.6° |
= cos o ﬁ) sin (wt) cos (wb)d(wt) + sin ¢ ﬁ) sin? (wl)d(et)
21.6°
= 14 cos ¢ 8in? (wf) + sin ¢[34wf — 14 sin 2wt} '0
cos 45° sin? 21.6° + '21'5?;—;(; sin 45° — lsin 45° sin 43.2°
1 121.6
=3 X 0.707 X 0.3682 +2573 X 0.707 — = X0707 X 0.685

= 0.048 + 0.133 — 0.121 = 40.060 in. Ib.

lOIo—-l

This is considerably less than one-thousandth part of the work performed in a whole
second, because during this particular 1/1,000 sec. the force is very small, varying
between 0 and 0.368P,.

1.7. Non-harmonic Periodic Motions. A ‘‘periodic” motion has the
property of repeating itself in all
details after a certain time interval,
the “period” of the motion. All
harmonic motions are periodic, but
not every periodic motion is har-
monic. For example, Fig, 1,17 rep-
resents the motion

= g sin wt + gsin 20,

the superposition of two sine waves

of different frequency - Itis peri- Fra. 1.17. The sum of two harmonic motions
odic but not harmonic. The math- of different frequencies is not a harmonic
ematical theory shows that any ™°U°™

periodic curve f{) of frequency w can be split up into a series of sine curves
of frequencies w, 2w, 3w, 40, ete. Or

f(t) = An + Al sin (wt + go;) - Az sin (2wt + (pz)

+ Ajsin Bt + @3) + ¢ -+ (1.10)
provided that f(f) repeats itself after each interval T = 2x/w. The
amplitudes of the various waves A;, A, . .., and their phase angles
@1, ¢2, - . . , can be determined analytically when f(¢) is given. The
series (1.10) is known as a Fourier series.

The second term is called the fundamental or first harmonic of f(t)
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and in general the (n + 1)st term of frequency nw is known as the nth
harmonic of f(¢). Since

sin (nwt + ¢.) = sin not cos ¢, + cos nwt sin @,
the series can alsoc be written as

@) = a1sin wt + @e8in 20t + - - - +a.sinnwt + ¢ - - + by
+ bicoswt + bacos 2wt + - - - Fbyeosnwt 4+ - - - (1.11)

The constant term b, represents the “average” height of the curve f(t)
during a cycle. For a curve which is as much above the zero line during
a cycle as it is below, the term b, is zero. The amplitudes a; . . . an
ee.,bi...bs... can be determined by applying the three energy
theorems of page 16.

Consider for that purpose f(f) to be a foree, and let this nonharmonic
force act on a point having the harmonie velocity sin nwt. Now consider
the force f(f) as the sum of all the terms of its Fourier series and determine
the work done by each harmonic term separately. All terms of the force
except a, sin nwt and b, cos nwt are of a frequency different from that of
the velocity sin nwt, so that no work per cycle is done by them. More-
over, b, cos nwt is 90 deg. out of phase with the velocity so that this term
does not do any work either. Thus the total work done is that of the

force a, sin nwt on the velocity sin nwt; it is T Ol per cycle of the
y nw

nw-frequency. Per cycle of the fundamental frequency (which is n times
as long), the work is 7wa./w.

Thus the amplitude a, is found to be «/x times as large as the work
done by the complete non-harmonic force f(¢) on a velocity sin nwt during
one cycle of the force. Or, mathematically

2%
Gn = S/“f(t) sin not di (1.12a)
0

By assuming a velocity cos nwt instead of sin nwt and repeating the
argument, the meaning of b, is disclosed as

2x

bs = %/w f(®) cos nwt dt (1.12b)
0

The relations between a., b, and the quantities A,, ¢, of Eq. (1.10) are
a8 shown in Eq. (1.6), page 5, so that

A = a2 + b2 and tan ¢, = Z——"-

n
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Thus the work done by a non-harmonic force of frequency « upon a
harmonic velocity of frequency nw is merely the work of the component
of the nth harmonic of that force in phase with the velocity; the work of
all other harmonics of the force is zero when integrated over a complete
force cycle.

With the aid of the formulas (1.12) it is possible to find the a, and b,
for any periodic curve which may be given. The branch of mathematics
which is concerned with this problem is known as harmonic analysss.

Example 1: Consider the periodic ‘‘square-top wave,” f(f) = Fo = constant for
0 <ot <m and f(f) = —Fy for » < wt < 2x. The Fourier coefficients are found
from Eqgs. (1.12) as follows:

x 2=
an =2 (Fq f“’ sin nwtdt — Fo [ ¢ gin nwt dt)
k.4 0 r
w

Fe =2 b=
= —{ — co8 nw! -+ €08 nwt
nr t=0 =X

w

F
= n—" (— cos nxr + cos 0 + cos 2nr — cos nr)
zs

For even ordersn = 0, 2, 4, . . ., all angles are multiples of 360 deg. = 2r, and the
four terms in the parentheses cancel each other. For odd ordersn =1,3,5, ...,
we have cos nr = —1, while cos 0 = cos 2nr = +1, so that the value in the paren-

theses is 4, and a, = 4F¢/nr (n = odd).

x 2x
by =2 (Fo /;)"’ cos nwt dt — Fo /,” cos nwt dt)

k.3

z 2
= &(sinnwtl"’ — gin nwt’”)
nmw 0 T

P

Py _0-0+0 =0
nw

Hence the ‘‘square wave’’ of height Fy is
@ = 4F——;—° (sin wl +%sin 3wt + %sin Swt + - - )

Example 2: The curve ¢ of Fig. 8.17 (page 352) shows approximately the damping
force caused by turbulent air on a body in harmonic motion. If the origin of coordi-
nates of Fig. 8.17 is displaced one-quarter cycle to the left, the mathematical expres-
sion for the curve is

Flwt) = sin? wt for0 < wt <
flwt) = — sin? wi form < wt < 2r

Find the amplitudes of the various harmonics of this curve.

Solution: The curve to be analyzed is an ‘“‘antisymmetric” one, i.e., the values of
f(wt) are equal and opposite at two points +«t at equal distances on both sides of the
origin. Sine waves are antisymmetric and cosine waves are symmetric. An anti-
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symmetric curve cannot have cosine components. Hence, all b, are zero. This
can be further verified by sketching the integrand of Eq. (1.12) in the manner of
Fig. 1.16 and showing that the various contributions to the integral cancel each other.
The constant term by = 0, because the curve has no average height. For the sine com-

ponents we find
2

=2 A Y flet) sin net di

x 2
= }r [ _[0 8in? wt sin nwt d{wt) — / " 8in? wf sin nwt dwt]
x

The integrands can be transformed by means of the last formula on page 15,

sin? wf sin not = (34 — 34 cos 2wt) sin net
= 14 gin net — ¥{ sin (n + 2wt — 34 sin (n — 2)wi

The indefinite integral of this is

F(wt) = ——lcm not + ————= cos (n + 2wt + )cos n — Dt

1
4(n +2) 4(

The harmonic a, is 1/x times the definite integrals.
Since F(2x) = F(0), we have
Fr) — F(0) — F(2r) + F(r)] - 7-2r [F(w) - F(O)]

1 1 ] 4cosnr — 1
4(n + 2) 4(n - 2) T a(nt — 4)

(cosmr—l)-[—2in+

For even values of n the a,. thus is zero, while only for odd values of n the harmonic
exists. In particular for n = 1, we have for the fundamental harmonic

a1 = % =-0.85

Thus the amplitude of the fundamental harmonic is 85 per cent of the maximum
amplitude of the curve itself, and the Fourier series is

flwt) = — (sm wt — ;sin 3wt — 3715 sin Swt — (—5% sin 7ot — - - )

The evaluation of the integrals (1.12) by calculation can be done only
for a few simple shapes of f(¢). If f(f) is a curve taken from an actual
vibration record or from an indicator diagram, we do not even possess a
mathematical expression for it. However, with the aid of the curve so
obtained the integrals can be determined either graphically or numerically
or by means of a machine, known as a harmonic analyzer.

Such a harmonic analyzer operates on the same principle as Watt’s
steam-engine indicator. The indicator traces a closed curve of which
the ordinate is the steam pressure (or piston force) and the abscissa is the
piston displacement. The area of this closed curve is the work done by
the piston force per cycle. The formulas (1.12) state that the coeffi-
cients a, or b, are w/7 times the work done per cycle by the force f(¢) on
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a certain displacement of which the velocity is expressed by sin nwt.
To obtain complete correspondence between the two cases, we note that

sin nwt is the velocity of :n;} cos nwt, so that (1.12a) can be written in the

modified form
-1 -1
Un = = /f(t)d(cos nwt) = . 95 Pds

The symbol 96 indicates that the integration extends over the closed

curve described during one cycle of the force f(¢).

The machine is shown schematically in Fig. 1.18. Its output is a pen
point D which scribes a curve on a piece of paper fastened to the table
E. To complete the analogy with Watt’s indicator the vertical motion
of the pen D must follow the force f(f), while the horizontal motion of

F16. 1.18. The harmonic analyzer, an instrument operating on the same principle as Watt’s
steam-engine indicator.

the table E must follow the velocity cos net. The vertical motion of the
pen D is ensured by making it ride on a template A, representing one
cycle of the curve f(f) which is to be analyzed. The template A is fas-
tened to a rack and a pinion B, which is rotated by an electric motor.
The arm C is guided so that it can move in its longitudinal direction only
and is pressed lightly against the template by a spring. Thus the vertical
motion of the pen D on the arm C is expressed by f(t). The table E
moves horizontally and is driven by a scotch crank and gear which is
connected by suitable intermediate gears to B so that E oscillates n
times harmonically, while A moves through the length of the diagram.
The machine has with it a box of spare gears so that any gear ratio n
from 1 to 30 can be obtained by replacing one gear in the train by another.

The horizontal motion of the table E is expressed by sin nwt or by
eos nwl, depending on the manner in which the gears are interlocked.
The point D will thus trace a closed curve on the table, for which the area
equals a, or b, (multiplied by a constant 1/nx). Instead of actually
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tracing this curve, the instrument usually carries a planimeter of which
one point is attached to E and the other end to D, so that the area is given
directly by the planimeter reading.

Harmonic analyzers have been built on other principles as well. An
interesting optical method using the sound tracks of motion picture films
was invented by Wente and constructed by Montgomery, both of the
Bell Telephone Laboratories.

Electrical harmonic analyzers giving an extremely rapid analysis of
the total harmonics 4, = 4/a2 + b2{Eqs. (1.10) and (1.11)], without
giving information on the phase angles ¢, {or the ratios a./b., Eq. (1.10)],
are available on the market. They have been developed by the Western
Electric Company for sound or noise analysis and require the original
curve to be available in the form of an electric voltage, varying with the
time, such as results from an electric vibration pickup (page 62) or a
microphone, This voltage, after proper amplification, is fed into an
electric network known as a ‘“band-pass filter,”” which suppresses all
frequencies except those in a narrow band of a width equal to 5 cycles
per second. This passing band of frequencies can be laid anywhere in
the range from 10 to 10,000 cycles per second. When a periodic (steady-
state) vibration or noise is to be Fourier-analyzed, a small motor auto-
matically moves the pass band across the entire spectrum and the result-
ing analysis is drawn graphieally by a stylus on a strip of waxed paper,
giving the harmonic amplitudes vs. the frequency from 10 to 10,000 cycles
per second, all in a few minutes. The record is immediately readable.

Another electrical analyzer, operating on about the same principle
but without graphic recording, is marketed by the General Radio Com-
pany, Cambridge, Mass.

Problems 1 to 11,



CHAPTER 2

THE SINGLE-DEGREE-OF-FREEDOM SYSTEM

2.1. Degrees of Freedom. A mechanical system is said to have one
degree of freedom if its geometrical position can be expressed at any
instant by one number only. Take, for example, a piston moving in a
cylinder; its position can be specified at any time by giving the distance
from the cylinder end, and thus we have a system of one degree of free-
dom. A crank shaft in rigid bearings is another example. Here the
position of the system is completely speci-
fied by the angle between any one crank
and the vertical plane. A weight sus-
pended from a spring in such a manner
that it is constrained in guides to move in
the up-and-down direction only is the
classical single-degree-of-freedom vibra-
tional system (Fig. 2.3).

Generally if it takes n numbers to spec-
ify the position of a mechanical system,
that system is said to have n degrees of
freedom. A disk moving in its plane
without restraint has three degrees of free-
dom: the z- and y-displacements of the
center of gravity and the angle of rotation
about the center of gravity. A cylinder rolling down an inclined plane
has one degree of freedom; if, on the other hand, it descends partly rolling
and partly sliding, it has two degrees of freedom, the translation and
the rotation.

A rigid body moving freely through space has six degrees of freedom,
three translations and three rotations. Consequently it takes six num-
bers or “coordinates’ to express its position. These coordinates are
usually denoted as z, y, 2, ¢, ¥, x. A system of two rigid bodies con-
nected by springs or other ties in such a manner that each body can move
only along a straight line and cannot rotate has two degrees of freedom
(Fig. 2.1). The two quantities determining the position of such a system
can be chosen rather arbitrarily. For instance, we may call the distance
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Fia. 2.1. Two degrees of freedom.



24 MECHANICAL VIBRATIONS

from a fixed point O to the first body z,, and the distance from O to the
second body z:. Then z; and z; are the coordinates. However, we
might also choose the distance from O to the center of gravity of the two
bodies for one of the coordinates and call that y;. For the other coor-
dinate we might choose the distance between the two bodies, y» = za — z1.
The pair of numbers z,, 2. describes the position completely, but the pair
¥1, Y2 does it equally well. The latter choice has a certain practical
advantage in this case, since usually we are not interested so much in the
location of the system as a whole as in the stresses inside it. The stress
in the spring of Fig. 2.1 is completely determined by y., so that for its
calculation a knowledge of y; is not required. A suitable choice of the
coordinates of a system of several degrees of freedom may simplify the
calculations considerably.

It should not be supposed that a system of a single degree of freedom
is always very simple. For example, a 12-cylinder gas engine, with a
rigid crank shaft and a rigidly mounted cylinder block, has only one
degree of freedom with all its moving pistons, rods, valves, cam shaft,
ete. This is so because a single number (for instance, the angle through
which the crank shaft has turned) determines completely the location of
every moving part of the engine. However, if the cylinder block is
mounted on flexible springs so that it can freely move in every direction
(as is the case in many modern automobiles), the system has seven degrees
of freedom, namely the six pertaining to the block as a rigid body in free
space and the crank angle as the seventh coordinate.

A completely flexible system has an infinite number of degrees of free-
dom. Consider, for example, a flexible beam on two supports. By a

suitable loading it is possible to bend
X this beam into a curve of any shape
(Fig. 2.2). The description of this
curve requires a function y = f(z),
whichisequivalent toan infinite num-
ber of numbers. To each location
z along the beam, any deflection y can be given independent of the posi-
tion of the other particles of the beam (within the limits of strength of
the beam) and thus complete determination of the position requires as
many values of y as there are points along the beam. As was the case
in Fig. 2.1, the y = f(z) is not the only set of numbers that can be taken
to define the position. Another possible way of determining the deflec-
tion curve is by specifying the values of all its Fourier coefficients a, and
ba [Eq. (1.11), page 18], which again are infinite in number.

2.2. Derivation of the Differential Equation. Consider a mass m
suspended from a rigid ceiling by means of a spring, as shown in Fig. 2.3.
The “stiffness” of the spring is denoted by its “spring constant’” k,

Fia. 2.2. A beam has an infinite number
of degrees of freedom.
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which by definition is the number of pounds tension necessary to extend the
spring 1 in. Between the mass and the rigid wall there is also an oil or
air dashpot mechanism. This is not supposed to transmit any force to
the mass as long as it is at rest, but as soon as the mass moves, the ‘‘damp-
ing force” of the dashpot is ¢t or cdx/dt, i.e., pro- 2
portional to the velocity and directed opposite to

it. The quantity ¢ is known as the damping
constant or more at length as the coefficient of viscous
damping.

The damping occurring in actual mechanical )
systems does not always follow a law so simple as
this ci-relation ; more complicated cases often arise.
Then, however, the mathematical theory becomes
very involved (see Chap. 8, pages 361 and 373),
whereas with ‘“viscous” damping the analysis is
comparatively simple. Fic. 2.3. The funda-

Let an external alternating force P, sin wf be mental single-degree-of-

N . freedom system.
acting on the mass, produced by some mechanism
which we need not specify in detail. For a mental picture assume that
this force is brought about by somebody pushing and pulling on the
mass by hand.

The problem consists in calculating the motions of the mass m, due to
this external force. Or, in other words, if z be the distance between any
instantaneous position of the mass during its motion and the equilibrium
position, we have to find x as a function of time. The *‘equation of
motion,” which we are about to derive, is nothing but a mathematical
expression of Newton’s second law,

Force = mass X acceleration

All forces acting on the mass will be considered positive when acting
downward and negative when acting upward.

The spring force has the magnitude kz, since it is zero when there is no
extension z. When z = 1 in., the spring force is & lb. by definition, and
consequently the spring force for any other value of z (in inches) is kz
(in pounds), because the spring follows Hooke’s law of proportionality
between force and extension.

The sign of the spring force is negative, because the spring pulls
upward on the mass when the displacement is downward, or the spring
force is negative when z is positive. Thus the spring force is expressed
by —kz.

The damping force acting on the mass is also negative, being —ci,
because, since it is directed against the velocity Z, it acts upward (nega-
tive) while # is directed downward (positive). The three downward
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forces acting on the mass are

—kx — ¢& + Py sin wi
Newton’s law gives

2

d_;f=mg'g'= —kx — ci + Py sin wf,

or mE + ¢k + kx = Py sin wt 2.1

m

This very important equationt is known as the differential equation of
motion of a single-degree-of-freedom system. 'The four terms in Eq. (2.1)
are the inertia force, the damping force, the spring
force, and the external force.

Before proceeding to a calculation of z from Eq.
(2.1), i.e., to a solution of the differential equation, it
is well to consider some other problems that will lead
to the same equation.

2.3. Other Cases. Figure 2.4 represents a disk of
moment of inertia I attached to a shaft of torsional

stiffness k, defined as the torque in tnch-pounds necessary

¢ LIS to produce 1 radion twist al the disk. Consider the

% Iysinwt twisting motion of the disk under the influence of an

Fre. 24. The tor- externally applied torque T, sin «f. This again is a

z’{_’f':’;idgfne":;g:::; one-degree-of-freedom problem since the torsional dis-

placement of the disk from its equilibrium position can

be expressed by a single quantity, the angle ¢. Newton’s law for a rotat-
ing body states that

d?p

e =

Torque = moment of inertia X angular acceleration = I
As in the previous problem there are three torques acting on the disk: the
spring torque, damping torque, and external torque. The spring torque
is —ke, where ¢ is measured in radians. The negative sign is evident
for the same reason that the spring force in the previous case was —kz.
The damping torque is —c¢¢, caused by a dashpot mechanism not shown
in the figure. The ‘“damping constant” ¢ in this problem is the torque
on the disk caused by an angular speed of rotation of 1 radian per second.

t In the derivation, the effect of gravity has been omitted. The amplitude z was
measured from the “equilibrium position,” 7.c., from the position where the down-
ward force mg is held in equilibrium by an upward spring force k3 (8 being the deflec-
tion of the spring due to gravity). It would have been possible to measure z; from
the position of the unstressed spring, so that x; = =z + 5. In Eq. (2.1), then, £ must
be replaced by z,, and on the right-hand side a force mg must be added. This leads
to the same result (2.1).
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The external torque is T sin wi, so that Newton’s law leads to the differ-
ential equation
I +ce + ko = Ty sin wt 2.2)

which has the same form as Eq. (2.1).

As a third example, consider an electric circuit with an alternating-
current generator, a condenser C, resistance R, and inductance L all in
series. Instead of Newton’s law, use
the relation that the instantaneous B — A ———
voltage of the generator e = Eq sin 2 3 4
wt is equal to the sum of the three Ti
voltages across C, B, and L. Let 1 | ()
be the instantaneous value of the N\ & sin we
current in the circuit in the direc- Fie. 2.5. The .electrical single-degree-of-
tion indicated in Fig. 2.5. According freedom cireuit.
to Ohm’s law, the voltage across the resistance is Vs — V4 = Ri. The
di
¥
relation @ = CV holds, where @ is the charge, C' the capacitance, and
V the voltage. The charge @ can be expressed in terms of 7, as follows:
If the current ¢ flows during a time element d¢, the quantity of electricity
transported through the circuit is ¢ df. This does not flow through the
condenser but merely increases its charge so that

voltage across the inductanceis Vo, — V3 = L For the condenser, the

dQ = i dtt
. dQ

Hence == ) or Q= Jfidt

To show that this electric circuit behaves in the same manner as the
vibrating mass of Fig. 2.3 it is better to work with the charge @ rather
than with the more familiar current <. The various voltage drops can

be written

_v. -9
Vie Vs =2

% _ 2 _ s
Vo V=L % 2128 - 1§
V,,—V4=R¢=R%§=RQ

As the sum of these three voltage drops must equal the generator voltage,

{ The letter ¢ unfortunately is dotted. To avoid confusion it is agreed that 7 shall
mean the current itself and that for its differential coefficient the Leibnitz notation
di/dt will be used.
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the differential equation is
LQ + RO + 5 Q = Bosin u 23)

which is of exactly the same form as Eq. (2.1).

Therefore, the linear, torsional, and electrical cases thus far discussed
all lead to the same differential equation. The translation from one case
to another follows directly from the table shown below.

All the mechanical statements made have their electrical analogues
and vice versa. For example, it was stated that ‘“‘the voltage across the

inductance L is L %-” In mechanical language this would be expressed
”

as “the force of the mass m is m%- A mechanical statement would

be “The energy stored in the mass is 14mp2” The electrical analogue
is “The energy stored in the inductance is 34Ls2.”

Linear Torsional Electrieal
Mass m Moment of inertia 1 Inductance L
Stiffiness k Torsional stiffness k 1/Capacitance 1/C
Damping c Torsional damping ¢ Resistance R
Force P, sin wt | Torque T, sin «t | Voltage Ey sin wl
Displacement z Angular:displacement @ Condenser charge Q
Velocity % = v | Angular velocity ¢ = w | Current Q=1

Nor are these three cases the only ones that are determined by Eq.
(2.1). Any system with inertia, elasticity, and damping proportional
to the velocity, for which the displace-
ments can be described by a single quan-
tity, belongs to this class. For example,
consider two disks of moment of inertia
------- g I; and I,, joined by a shaft of torsional
stiffness & in-lb./radian (Fig. 2.6). On
the first disk the torque 7' sin wf is made
to act, while there is a damping with

Lk:] constant ¢, proportional to the velocity
F1a. 2.6. Torsional vibrations of two of twist in the shaft. What will be the
disks on an elastic shaft. motion? There are two disks, each of
which can assume an angular position independent of the other by twist-
ing the shaft. Apparently, therefore, thisis a *two-degree-of-freedom”
system. However, the quantity in which the engineer is most interested
is the angle of twist of the shaft, and it is possible to express the motion
in terms of this quantity only. Let ¢, and o2 be the angular displace-

To sinwt
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ments of the two disks, then ¢; — ¢ is the shaft twist, k{(¢: — ¢2) is the
shaft torque, and c(¢1 — ¢2) is the damping torque. Apply Newton’s
law to the first disk,

Tosin wt = Li¢1 + k(o1 — ¢2) + c(é1 — ¢2)
and to the second disk,
0 = 242 + k(pz — ¢1) + (@2 — 1)

Divide the first equation by I, the second by I, and subtract the results
from each other:

%sinwt=(¢1—¢2)+<—}C—1+‘}0—2)(¢1—¢2)+(—I€;+-I%)(¢1—¢2)

Call the twist angle ¢; — @2 = ¢, and multiply the whole equation by
LI/(I: + I.),
I,I, LT,

mg])—l-c:]/—!-kgl/:m'sinwt (2.4)
giving again an equation of the form (2.1). Of course, this equation,
when solved, tells us only about the twist in the shaft or about the
relative motion of the two disks with respect to each other. No informa-
tion can be gained from it as to the
motions of the disks individually.

A variant of Fig. 2.6 is shown in
Fig. 2.7, in the shaft of which is in-
serted a gear-and-pinion system.
Let the disks again have the mo-
ments of inertia I and I, and as-
sume the gears G and P to be without
any inertia whatsoever. Also as-
sume the gear teeth to be stiff, so that
the torsional flexibility is limited to
the shafts k; and k.. The gear ratio Fia. 2.7. Geared system which can be
is n. reduced to the system of Fig. 2.6.

The differential equation for Fig. 2.7 could be derived from Newton’s
law directly, but suppose we reduce Fig. 2.7 to Fig. 2.6 by omitting the
gears and replacing ks, I5, and ¢ by other “equivalent quantities’ so
that the differential equation (2.4) can be applied.

In Fig. 2.6 the elasticity k can be determined experimentally by clamp-
ing I, and applying a constant torque Ty to I;. This causes I, to deflect
through an angle ¢, so that k = Ty/po. Repeat this experiment with
Fig. 2.7, i.e., clamp I, and apply T to I.. On account of the gears the
torque in the shaft k, is To/n, and the angle of twist of ks is therefore

To sinwt
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To/nks. Since I is clamped, this is the angle of rotation of the pinion P,
The angle of the gear G is n times smaller or Ts/n%,. Add to this the
angle To/k; for the shaft k; and we have the angular displacement of
I,. Thus the equivalent k is

Now consider the inertia. The inertia 1. in Fig. 2.6 could be deter-
mined by the following hypothetical experiment. Give I, (or the whole
shaft k) a constant angular acceleration @. Then the shaft at the section
A would experience a torque Ty = «l; coming from the right. Thus,
I, = To/a. Repeat this experiment in Fig. 2.7. The acceleration a
in k1 and G becomes na in k2  Hence, the torque in k; is naf;. This is
also the torque at the pinion P. The gear G makes it n times larger, so
that the torque at A is n%al, and the equivalent of I in the gearless sys-
tem is n%l,. In general, therefore, a geared system (such as shown in
Fig. 2.7) can be reduced to an equivalent non-geared system (Fig. 2.6)
by the following rule:

Divide the system into separate parts each of which has the same speed
within itself, (In Fig. 2.7 there are two such parts but in general there
may be several) Choose one of these parts as the base and assign
numbers 7 to each of the other parts so that n is the speed ratio with
respect to the base. (n > 1 for speeds higher than the base speed; the
n of the base is unity.) Then, remove all gears and multiply all spring
constants k and all inertias I by the factors n®. The differential equation
of the reduced gearless system is then the same as that of the original
geared construction.

The last example to be considered resembles the first one in many
respects and yet is different. Instead of having the force Py sin wt acting
on the mass of Fig. 2.3, the upper end or ceiling 4 of the spring is made to
move up and down with an amplitude ao, the motion of A being deter-
mined by @ sin «wf. It will be shown that this motion of the top of the
spring is completely equivalent to a force on the suspended mass.

Again let the downward displacement of the mass be z; then, since the
top of the spring moves as a, sin wf, the spring extension at any time will
be z — ao sin wf. The spring force is thus —k(z — ao sin wf) and the
damping force is —c¢(# — aow cos wf). Newton’s law gives

mi -+ k(z — aq sin wt) + ¢(& — aow cos wl) = 0
or mi + et + kx = kao sin ol + cagw €os wt

By Eq. (1.6), page 5, the sum of a sine and a cosine wave of the same fre-
quency is again a harmonic function, so that

mi + et + kx = V/(kao)? + (caow)?sin (wt + o) {2.5)
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Therefore, a motion of the top of the spring with amplitude a, is equiv-
alent to a forece on the mass with amplitude v/ (kao)? + (caew)?. The
expressions ka, and cwa, in the radical are the maxima of the spring force
and damping force, while the entire radical is the maximum value of the
total force for the case where the mass is clamped, i.e., where the
z-motion is prevented.

Ezample: Find the differential equation of the relative motion y between the mass
and the ceiling of Fig. 2.3, in which P, = 0 and in which the ceiling is moved har-
monically up and down.

Y =2 — o sin wt

Solution: We have by differentiation:

z =y + aesin wt
& = ¢ + aow cos ot
% = § — aow?sin wi

Substitute these into Eq. (2.5):

my} — magw® sin wt + ¢y + caow cos of + ky + kao sin wt
= kao sin ol + caow c0s wi
or myj + ¢y + ky = maow? sin o (2.6)

Thus the relative motion between the mass and the moving ceiling acts in the
same manner as the absolute motion of the mass with a ceiling at rest and with a
force of amplitude macw? acting on the mass. The right-hand side of (2.6) is the
inertia force of the mass if it were moving at amplitude ao; hence, it can be considered
as the force that has to be exerted at the top of the spring if the spring is made stiff,
t.e., if the y-motion is prevented.

2.4. Free Vibrations without Damping. Before developing a solution
of the general equation (2.1), it is useful to consider first some important
simplified cases. If there is no external or impressed force P, sin wf and
no damping (¢ = 0), the expression (2.1) reduces to

mi + kx =0 2.7
" k

or g=——z
or, in words: The deflection x is such a function of the time that when it is
differentiated twice, the same function is again oblained, multiplied by a
negative constant. Even without a knowledge of differential equations,
we may remember that such functions exist, viz., sines and cosines, and a
trial reveals that sin ¢ v/k/m and cos ¢ \/k/m are actually solutions of
(2.7). The most general form in which the solution of (2.7) can be
written is

z=0Cysin¢ \/7% + Cs cos t\/£ 2.8)
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where €y and Cs are arbitrary constants. That (2.8) is a solution of
(2.7) can be verified easily by differentiating (2.8) twice and then sub-
stituting in (2.7); that there are no solutions of (2.7) other than (2.8)
need not be proved here; it is true and may be taken for granted.

Let us now interpret (2.8) physically. First, it is seen that the result
as it stands is very indefinite; the constants C; and C; may have any
value we care to assign to them. But the problem itself was never fully
stated. The result (2.8) describes all the motions the system of mass and
spring is capable of executing. One among others is the case for which
C, = C; = 0, giving x = 0, which means that the mass remains per-
manently at rest.

, n
= /N /D
=1/ \

Lo_d
Fre. 2.8. Undamped free vibration starting from an initial displacement.

We now specify more definitely that the mass is pulled out of its
equilibrium position to z = z, and then released without initial velocity.
Measuring the time from the instant of release, the two conditions are

Att =0, T = I and =0
The first condition substituted into (2.8) gives
2o =C1-04+C:-1 or C: =z
For the second condition, Eq. (2.8) must be differentiated first and then

we get
0=01\/£-1—0,-\/E-0 or  Ci=0
m m

Substitution of these results in (2.8) leads to the specific solution

k
T = Zo COS t\/% (2.8a)

This represents an undamped vibration, one cycle of which occurs when
t v/ k/m varies through 360 deg. or 2r radians (Fig. 2.8). Denoting the
time of a cycle or the period by T, we thus have

,\/Z'T=21r or T=21r\/-”-‘ 2.9)
m k
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It is customary to denote \/k/m by w,, called the ‘“natural circular fre-
quency.” This value v/k/m = w, is the angular velocity of the rotating
vector which represents the vibrating motion (see page 3).

The reciprocal of T or the natural frequency fa is

1 1 E o oo,
f"_T_?;\/;L—Zr (2:10)

measured in cycles per second. Hence it follows that if m is replaced by
a mass twice as heavy, the vibration will be 1/2 times as slow as before.
Also, if the spring is made twice as weak, other things being equal, the
vibration will be 4/2 times as slow. On account of the absence of the
impressed force Py sin wi, this vibration is called a free vitbration.

If we start with the assumption that the motion is harmonic, the fre-
quency can be calculated in a very simple manner from an energy con-
sideration. In the middle of a swing the mass has considerable kinetic
energy, whereas in either extreme position it stands still for a moment
and has no kinetic energy left. But then the spring is in a state of tension
(or compression) and thus has elastic energy stored in it. At any posi-
tion between the middle and the extreme, there is both elastic and kinetic
energy, the sum of which is constant since external forces do no work on
the system. Consequently, the kinetic energy in the middle of a stroke
must be equal to the elastic energy in an extreme position.

We now proceed to calculate these energies. The spring force is kz,
and the work done on increasing the displacement by dz is kx - dz. The
potential or elastic energy in the spring when stretched over a distance

z is /Oz kxz - dxz = 14kx?. The kinetic energy at any instant is 14mo?

Assume the motion to be z = ¢ sin wi, then ¥ = zw cos wi. The poten-
tial energy in the extreme position is 14kx3, and the kinetic energy in the

neutral position, where the velocity is maximum, is }dme2,, = Jmwi}.

Therefore ka2 = Lomewlx?
] 2 (] 72 Q

from which w? = k/m, independent of the amplitude zo. This “energy
method” of calculating the frequency is of importance. In Chaps. 4
and 6, dealing with systems of greater complexity, it will be seen that a
frequency determination from the differential equation often becomes so
complicated as to be practically impossible. In such cases a generalized
energy method, known as the method of Rayleigh, will lead to a result
(see pages 141 to 155).

The formula w, = v/k/m may be written in a somewhat different form.
The weight of the mass m is mg, and the deflection of the spring caused
by this weight is mg/k. It is called the static deflection 3, or statie
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sag of the spring under the weight.

="
5:‘ = k
k_ g
Hence, % = S‘—;
or wn = oL (2.11)
61[

If 5. is expressed in inches, g = 386 in./sec.?, and the frequency is

fu = Vv 386 /_1_ = 3.14 \/-}— cycles per second
21' 6“ 6:‘

Jn = 188 \/—!— cycles per minute 2.11a)

5st
This relationship, which is very useful for quickly estimating natural

10000; frequencies or critical speeds, is
E shown graphically in Fig. 2.9. It
appears as a straight line on log-log
paper.

2.6. Examples. Consider some
numerical examples of the applica-
tion of the fundamental formuls
(2.10).

1. A steel bar of 1 by 14 in. cross

g

Vibrations per minute

100
0.00t 0010 010

{inches)

10

Fia. 2.9. Curve representing Eq. (2.11a)
for the natural frequency of an undamped,

section is clamped solidly in a vise
at one end and carries a weight of

single-degree system.

20 1b. at the other end (Fig. 2.10).
(a) What is the frequency of the vibration if the distance between the
weight and the vise is 30 in.? (b) What percentage change is made in the
frequency by shortening the rod ¥4 in.?

a. The weight of the bar itself is 14 by 1 by 30 cu. in. X 0.28 1b. per
cubic inch or roughly 41b. The particles of the bar near the 20-1b. weight
at its end vibrate with practically the same
amplitude as that weight, whereas the par-
ticles near the clamped end vibrate hardly
at all. This is taken account of by adding
a fraction of the weight of the bar to the
weight at its end. On page 155 it is shown that approximately one-
quarter of the weight of the bar has to be thus added. Therefore the
mass m in Eq. (2.10) is 21/g = 214gg lb. in."? sec.2,

A force P at the end of a cantilever gives a deflection 8 = PI3/3EI.
The spring constant by definition is

k= P/s = 3EI/I2

BSRERRARRRNANY

Fia. 2.10.
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The moment of inertia of the section is I = l{ybh® = ¥4, (or 14e,
depending upon whether the vibrations take place in the stiff or in the
limber plane). The circular frequency is

_ [t _ [3-30-10°-386 _ .
Wn = \/% =N T3230° 31 50.4 radians per second

The frequency fa = wa/2x = 8.0 eycles per second.

In case the bar vibrates in the direction of the weak side of the section,
I = Y4¢, and f, becomes one-half its former value, 4.0
cycles per second.

b. The question regarding the change in frequency
due to a change in length can be answered as follows.
The spring constant k is proportional to 1/13, and the
frequency consequently is proportional to 4/1/1 = I-%,
Shortening the bar by 1 per cent will raise the fre-
quency by 114 per cent. Thus the shortening of 14
in. will increase f. by 114 per cent,

2. As a second example consider a U-tube filled with
water (Fig. 2.11). Let the total length of the water
column be [, the tube cross section be 4, and the mass
of water per cubic inch be m,. If the water oscillates
back and forth, the mass in motionis m;- 4 -1, In

. . . . s Fig. 2.11. Oscilla-
this problem there is no specific ““spring,” but still the tions of a ff(;u?d

force of gravity tends to restore the water level to an column in a U-

equilibrium position. Thus we have a ‘‘gravity bube.

spring,” of which the spring constant by definition is the force per unit
deflection. Raise the level in one arm of the tube by 1 in., then it will fall

@ o i in the other arm 1 in. This gives an
unbalanced weight of 2 in. water
column, causing a force of (2m;4) - g,

h which is the spring constant. There-
fore the frequency is
e E- B
m l
k

3. Consider the systems shown in
Fig. 2.12, where a mass m is suspended
¥ra. 2.12. Three systems with com- from two springs k; and k; in three
f;:“:y:&ﬁ‘““; ';":;ch 28 °'(‘:)w:if§ ‘@ spperently different ways. However,
have “porallel” springs; (c) has its the cases 2.12a and 2.12b are dynam-
springs in series. ically identical, because a downward

deflection of 1 in. creates an upward force of (ki + k2) lb. in both cases.
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Thus the natural frequency of such systems is

_\/k1+k2
Wy = e

m

For Fig. 2.12¢ the situation is different. Let us pull downward on the
mass with a force of 1 Ib. This force will be transmitted through both
springs in full strength. Their respective elongations are 1/k; and 1/k,,

the total elongation per pound being kl + kl But, by definition, this
1 2

is 1 /k, the reciprocal of the combined spring constant. Hence,

1

ti
kv ks

Rule: The combined spring constant of several ‘‘parallel’” springs is
k = Zk.; for n springs “in series” the spring constant is found from
1/k = Z1/k..

For example, if a given coil spring of stiffness k is cut in two equal parts,
each piece will have the stiffness 2k. (It takes twice as much load to
give to half the spring the same deflection as to the whole spring.) Put-

ting the two half springs in series, we find, indeed, % = —2——1]( + 5115
It is of interest to note that this rule for compounding spring constants
wusyu is exactly the same as that for find-
24 ing the total conductance of series
2 and parallel circuits in electrical

engineering.

1 4. The last example to be discussed
Fio. 2.13. The spring k as shown is P this section is 1111.lstrat.ed in Fig.
equivalent to a fictitious spring of stiffi- 2.13. A massless, inflexible beam
ness k(a/)* placed at the mass m. is hinged at one end and carries a
mass m at the other end. At a distance a from the hinge there is a
spring of stiffness k. What is the natural frequency of vibration of this
system?

We shall consider the vibrations to be so small that the mass moves
sensibly up and down only. In deriving the equation of motion on page
25, the spring force on the mass was equated to mié. In this case also we
have to ask: What force has to be exerted on the mass in order to deflect
it 1in.? Let that force be F. Then from static equilibrium the force in

i

the spring is % - F. Since the deflection at the mass is 1 in., it is a/! in.
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at the spring. This leads to a spring force % - k. Hence

2
-k or F=(%)-k

Therefore, the effective spring constant at the mass is k - (a/)2. The
effect of the stiffness of the spring is thus seen to diminish very fast when
it is shifted to the left.

_EJE
“rn=TNm

The frequency is

With the energy method of page 33 the calculation is as follows: Let
the motion of the mass be = % sin w.f, where w, is as yet unknown.
The amplitude of motion at the spring then is zoa/l and the potential
energy in the spring is 14k8% = 14k(zea/l)2. The kinetic energy of the
mass is Y¥mv? = Ymezel Equating these two, the amplitude z, drops
out and

Ly
a

~ K

S
™o

? .
wl = 3

Si»
]

s

Some of the problems at the end of this chapter can be solved more
easily with the energy method than by a direct application of the formula
involving Vk/m.

2.6. Free Vibrations with Viscous Damping. It was seen that an
undamped free vibration persists forever [Eq. (2.8) or (2.8a)]. Evidently
this never occurs in nature; all free vibrations die down after a time.
Therefore consider Eq. (2.1) with the damping term ¢ included, viz.:

mi + ¢t + kxr =0 (2.12)

The term “viscous damping’ is usually associated with the expression
¢t since it represents fairly well the conditions of damping due to the
viscosity of the oil in a dashpot. Other types of damping exist and will
be discussed later (page 361). The solution of (2.12) cannot be found as
simply as that of (2.7). However, if we consider the function z = %,
where ¢ is the time and s an unknown constant, it is seen that upon differ-
entiation the same function results, but multiplied by a constant. This
function, substituted in (2.12) permits us to divide by e and leads to
an algebraic equation instead of a differential equation, which is a great
simplification. Thus we assume that the solution is e*. With this
assumption, Eq. (2.12) becomes

(ms? + ¢cs + k)t =0 (2.13)
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If (2.13) can be satisfied, our assumption z = e* for the solution is
correct. Since Eq. (2.13) is a quadratic in s, there are two values s; and
se that will make the left side of (2.13) equal to zero

¢ c\ k
S1,2 = — Sm * \/<2—') ~“m (2.14)

so that e** and e** are both solutions of Eq. (2.12). The most general
solution is
x = Cie* 4 Coert (2.15)

where C; and C, are arbitrary constants.

In discussing the physical significance of this equation two cases
have to be distinguished, depending upon whether the expressions for
s in Eq. (2.14) are real or complex. Clearly for (¢/2m)? > k/m, the
expression under the radical is positive so that both values for s are real.
Moreover, they are both negative because the square root is smaller than
the first term ¢/2m. Thus (2.15)
describes g solution consisting of the
sum of two decreasing exponential
curves, as shown in Fig, 2.14. Asa
representative example, the case
Ci=1, C;= —2 is drawn as a
dashed line.

Without analyzing any special
cases by determining their values for
C, and C,, the figure shows that the
motion is no “vibration” but rather
a creeping back to the equilibrium
al position, Thisisdue to the fact that
Fia. 2.14. Motions of a single-degree for (c/2m)2 > k/m the damplng c1s
system with damping greater than the €xtremely large. For smaller values
critical damping c.. of ¢, which pertain to more practical
cases, (2.14) gives complex values for s, and the solution (2.15), as written,
becomes meaningless. The damping ¢ at which this transition occurs is
called the critical damping ¢,:

1

C. = 2m \/% = 2 vVmk = 2mw, (2.16)

In case the damping is less than this, (2.14) can better be written as
c . |k c\? ¢ . ,
81,2——%ij\/ﬁ"‘<%>——2—"‘ii']q 2.17)

where j = 4/ —1. Though the radical is now a real number both values
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of s contain j and consequently the solution (2.15) contains terms of the
form e, which have to be interpreted by means of Eq. (1.8), page 11.
With (2.17) and (1.8), the solution (2.15) becomes

x=e 2 [C1(cos gt + 7 sin gt) + Cacos gt — 7 sin gt)]
= ¢ 2 [(Cy + C3) cos gt + (jC1 — jCs) sin gt (2.18)

Since C; and C, were arbitrary constants, (C; + C2) and (jC1 — jC3)
are also arbitrary, so that for simplicity we may write them C; and C,.
Thus

z =e 2 (C) cos gt + C) sin gf)
\/‘k-—An_c-? (2‘1911, b)

m  4m?

where q

This is the solution for a damping smaller than ¢,. It consists of two
factors, the first a decreasing exponential (Fig. 2.14) and the second a
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Fic. 2.15. Free vibration of a system with damping less than the eritical damping ot
Eq. (2.16).

sine wave. The combined result is a ‘“damped sine wave,” lying in the
space between the exponential curve and its mirrored image (Fig. 2.15).
The smaller the damping constant ¢, the flatter will be the exponential
curve and the more cycles it will take for the vibrations to die down.
The rate of this dying down is of interest and can be calculated in a
simple manner by considering any two consecutive maxima of the curve:
A-B, B-C, etc. During the time interval between two such maxima,
i.e., during 27 /q sec., the amplitude of the vibration (which at these max-
[ c c 2
ima practically coincides with ¢ 2m) diminshes from ¢ 27 to e_%(H‘T
The latter of these two expressions is seen to be equal to the first one

multiplied by the constant factor ¢ ™¢, which factor naturally is smaller
han unity. It is seen that this factor is the same for any two consecu-
tive maxima, independent of the amplitude of vibration or of the time.
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The ratio between two consecutive maxima is constant; the amplitudes
decrease in a geometric series.

If z, is the nth maximum amplitude during a vibration and z, is the next maxi-
mum, then we have seen that za.1 = Z.e~"/™¢ or also dog (Zn/ZTayr) = wc/mq = 5.
This quantity 8 is known as the logarithmic decrement. For small damping we have

5=1€=2,£/\/1_(°_)’22_L°
mq Co Ce [

and 8180 Zuy1/Zn = €% =~ 1 — §, so that

Ty — Tntd
2

=8 =

2xc
= (2.20)

The frequeney of the vibration is seen to diminish with increasing damp-
ing according to (2.19b), which if written in a dimensionless form with the

aid of (2.16) becomes
g - \/ 1— (9-)2
Wn Co

This relation is plotted in Fig. 2.16, where the ordinate g/w, is the ratio
of the damped to the undamped natural frequency, while the abscissa is
the ratio of the actual to the critical damp-
ing constant. The figure is a cirele; natu-
rally for critical damping (¢ = c.) the
natural frequency ¢ is zero. The diagram
is drawn for negative values of ¢ as well,
the meaning of which will be explained
later in Chap. 7 (page283). Onaccount of
Fio. 2.16. The natural frequency the horizontal tangent oi.' the circ.le atc=0,
of a damped single-degree-of-free- the natural frequency is practically con-
g:ng:eg‘q.“?2;‘19%;‘.‘“““ of the  gtant and equal to v k/m for all technical
values of the damping (c¢/c. < 0.2).

The undamped free vibration, being a harmonic motion, can be rep-
resented by a rotating vector, the end point of which describes a circle.
With the present case of damped motion this graphical picture still holds,
with the exception that the amplitude decreases with time. Thus, while
revolving, the vector shrinks at a rate proportional to its length, giving a
geometric series diminution. The end point of this vector describes a
“logarithmic spiral’” (Fig. 2.17). The amplitudes of a diagram like Fig,
2.15 can be derived from Fig. 2.17 by taking the horizontal projection of
the vector, of which the end point lies on the spiral and which rotates with
the uniform angular velocity ¢ [Eq. (2.19)].

A special case of the foregoing occurs when the mass or inertia of the
system is negligibly small, so that there remain only a spring and a

Y wn—> \

% —
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dashpot. We want to know the motion of the (massless) dashpot piston
when it is released from an initial deflection z,. The differential equation
is

dx
ca +kx =0
which can be solved directly by writing
cdz
I aaia

c[de _ ¢
t —k-/—;— k(logx—i—const.)

At ¢t = 0 the deflection z = z,, so that the constant is — log z5. Hence

¢ z
t= — % log P and z =2z °, (2.21)

ol

a relation represented by one of the solid curves of Fig. 2.14. Evidently
the exponent of the e-function is a dimensionless quantity, so that ¢/k

Fi1a. 2.17 Vector diagram of a damped free vibration.

must have the dimension of a time, It is known as the relazation time,
which, by definition, is the time in which the deflection z, of the system
“relaxes” to 1/eth part of its original value. On page 366 we shall have
occasion to use this concept.

Ezample: In the system shown in Fig. 2,13, page 36, the mass weighs 1 oz.; the
spring has a stiffness of 101b. perineh;l = 4in.;e = b = 2in. Moreover, a dashpot
mechanism is attached to the mid-point of the beam, i.e., to the same point where the
spring is fastened to it. The dashpot produces a force of 0.001 1b. for a velocity of
1 in. per second.
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a. What is the rate of decay of the free vibrations?

b. What would be the critical damping in the dashpot?

Soluiion: Let us first answer question (b) by means of Eq. (2.16). The undamped
natural frequency is ws = v/k/m. On page 37 we found that the equivalent spring
constant of Fig. 2.13 is ka2/{% or k/4 = 2.5 1b. per inch. Thus

wn = V2.5 X 16 X 386 = 124 radians per second
The critical damping constant of the system (i.e., the critical damping of an imaginary
dashpot at the mass) is, by Eq. (2.16)

1
16 X 386

Since the dashpot is actually located at the mid-point of the beam, the dashpot must
have a constant which is four times as great, for the same reason that the spring there
must be taken four times as stiff as the ‘“‘equivalent’ spring (see page 37). Thus we
find for the answer to question (b)

ce = 0.164 1b./in./sec.

2 X X 124 = 0.041 1b./in. /sec.

a. The rate of decay is to be found from Eq. (2.20).

Ax o, ¢, 0001
F=8 =2 =2 e = 0.038
or %t‘ =1 — 0.038 = 0.962

2.7. Forced Vibrations without Damping. Another important partic-
ular case of Eq. (2.1) is the one where the damping term c# is made zero,
while everything else is retained:

mE + kxr = Py sin ol (2.22)

It is reasonable to suspect that a function z = z, sin wf may satisfy
this equation. Indeed, on substitution of this function Eq. (2.22)
becomes

—mwity sin wt + kxe sin wf = Py sin wf

which can be divided throughout by sin i, so that
.’So(k - ma:’) = Po

or oo = Py _ Pk _ Py/k
Tk —me? 1 — me?/k 1 — (w/w)?
and Po/k - gin wt (2.23)

T T (w/eny?

is a solution of (2.22). The expression Po/k in the numerator has a
simple physical significance: it is the static deflection of the spring under
the (constant) load Py,. We therefore write

P,
k

= Xt
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and with this the solution becomes

z 1 .
5:; = i-?(_—_——m/w,.)z sin wt (224)
Although it is true that this is ““a’’ solution of (2.22), it. cannot be the
most general solution, which must contain two integration constants.
It can be easily verified, by substitution, that

Tt
1 — (w/wn)?

z = () sin wait + C» cos wit + - sin wt (2.25)

satisfies (2.22). The first two terms are the undamped free vibration;
the third term is the undamped forced vibration. This is a manifestation
of a general mathematical property of differential equations of this type,
as stated in the following theorem:

Theorem: The general solution (2.25) of the complete differential
equation (2.22) is the sum of the general solution (2.8) of the equation
with zero right-hand member (2.7), and a particular solution (2.23) of
the complete equation (2.22).

It is seen that the first two terms of (2.25) (the free vibration) form a
sine wave having the free or natural frequency w,, whereas the forced
vibration (the third term) is a wave having the forced frequency w.
Since we are at liberty to make w what we please, it is clear that w and
w, are entirely independent of each other. The solution (2.25), being the
sum of two sine waves of different frequencies, is itself not a harmonic
motion (see Fig. 2.25¢, page 54).

It is of interest now to examine more closely the implications of
the result (2.24). Evidently z/z, is a sine wave with an amplitude
1/[1 — (0/w.)?¥, depending on the frequency ratio «/w,. Figure 2.18
represents this relation.

From formula (2.24) it follows immediately that for o/w, < 1 the
amplitudes or ordinates are positive, while for w/w, > 1 they are negative.
In order to understand the meaning of these negative amplitudes we
return to Eq. (2.22) and the assumption x, sin wt for the solution made
immediately thereafter. It appears that in the region w/w, > 1 the
results for xy are negative. But we can write

— o 8in wt = o sin (ot + 180 deg.)

which shows that a ‘“negative amplitude” is equivalent to a positive
amplitude of a wave which is merely 180 deg. out of phase with (in
opposition to) the original wave. Physically this means that, while for
w/wa < 1 force and motion are in phase, they are in opposition for
w/w, > 1. Whereas for w/w, < 1 the mass is below the equilibrium posi-
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tion when the force pushes downward, we find that for w/w, > 1 the mass
is above the equilibrium position while the force is pushing downward.
Usually this phase relation is considered as of slight interest, while
the amplitude is vitally important; therefore, the negative sign may be
disregarded and the dashed line in Fig. 2.18 appears.
There are three important points, 4, B, and C in Fig. 2.18 at which it is
possible to deduce the value of the ordinate from purely physical reason-
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Fia. 2.18. Resonance diagram for the absolute motion of a system of which the mass is
subjected to a force of constant amplitude and variable frequency; Eq. (2.23). This dia-
gram is different from Fig. 2.20.

ing. Tirst consider the point 4, very close to @ = 0; the force frequency
is extremely slow, and the mass will be deflected by the force to the
amount of its static deflection only. This is physically clear, and thus
the amplitudes of the curve near the point A must be nearly equal to
unity. On the other hand, for very high frequencies w/w, >> 1, the force
moves up and down so fast that the mass simply has no time to follow,
and the amplitude is very small (point B).

But the most interesting thing happens at point C, where the amplitude
becomes infinitely large. This can also be understood physically. At
w/w, = 1, the forced frequency coincides exactly with the natural fre-
quency. The force then can push the mass always at the right time in the
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right direction, and the amplitude can increase indefinitely. It is the
case of a pendulum which is pushed slightly in the direction of its motion
every time it swings: a comparatively small force can make the amplitude
very large. This important phenomenon is known as “resonance,” and
the natural frequency is sometimes called also the ‘““resonant frequency.”

Thus far the theory has dealt with an impressed force of which the
amplitude Po is independent of the frequency «w. Another technically
important case is where P, is proportional to w?®. For example, Fig. 2.19
represents a beam on two supports and carrying an unbalanced motor
in the middle. While running, the motor axle experiences a rotating
centrifugal force miw?, where m; is the mass of the unbalance and r its
distance from the center of the shaft. This rotating force can be resolved
into a vertical component miw* sin wt and a horizontal component
mw?r cos wi. Assume that the beam is very stiff against horizontal dis-
placements but not so stiff against vertical ones. Then we have a single-

Fia. 2.19. Unbalanced motor giving a force mw?as leading to the resonance diagram of
Fig. 2.20.

degree-of-freedom system with a mass m (the motor), and a spring
k = 48EI/1® (the beam), acted upon by a vertical disturbing force of
amplitude mw?r, which is dependent on the frequency.

Another example of this type was discussed on page 31. There it was
seen that the “relative motion’”’ y between the mass and the support of
Fig. 2.3 (where the support moves as g, sin «f and the force P, is absent)
acts as if a force magw? were acting on the mass. Incidentally, this case
is of great importance since most vibration-recording instruments (vibro-
graphs) are built on this principle (see page 57).

The resonance curve for the two cases just mentioned can be found
directly from Eq. (2.23) by substituting mw?ao for Py. Then

_ mw2ao/ k _ (w/ wn)2
Vo= T /ot ~ 1= (w/wn)?
or Yo _ (/e (2.26)

a0 1= (w/wn)?

It is to be remembered that ao is the amplitude of motion at the top
of the spring, while y, is the relative motion between the mass and the
top of the spring, or the extension of the spring, which is the same thing,
The ordinates of the three points A4, B, and C of Fig. 2.20, representing
(2.26), can again be understood physically. At A the frequency w is
nearly zero; the top of the spring is moved up and down at a very slow
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rate; the mass follows this motion and the spring does not extend: y, = 0.
At B the motion of the top of the spring is very rapid, so that the mass
cannot follow and stands still in space. Then the relative motion is
equal to the motion of the top and yo/ao = 1. At the point C there is
resonance, as before, so that the extensions of the spring become theoret-
ically infinitely large.
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Fia. 2.20. Resonance diagram of Eq. (2.26) showing (@) the relative motion of a system in
which the end of the spring is subjected to an alternating motion of constant amplitude ao,
and (b) the absolute motion of a system in which the mass experiences a force of variable
amplitude mw?ao.

This last result is obviously not in agreement with actual observations,
and it is necessary therefore to consider damping, which is done in Sec. 2.8.

Ezample: A motor generator set consists of a 25-cycle induction motor coupled to a
direct-current generator. The set is rated at 200 hp. and 725 r.p.m. The connecting
shaft has a diameter of 33{¢ in. and a length of 14 in. The moment of inertia of the
motor rotor is 150 1b. in. sec.? and that of the generator is 6001b. in sec.2. Thedriving
torque of the induction motor is not constant (see page 72) but varies between zero
and twice the full-load torque T, at twice the frequency of the current, i.e., 50 cycles
per second, thus:

To + To sin (2r - 50t)

while the counter torque of the direct-current generator is constant in time. Find
the maximum stress in the shaft at full load.
Solution: First find the torsional spring constant of the shaft.

G gpdt 12-10° 5 (33{6)*
k= wgle ~ L= = 14 = 10.20 X 10° in. Ib. /rad.
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The system is idealized in Fig. 2.6 (page 28), and its differential equation is (2.4).
The natural circular frequency is

_ k _ 4 /10.2 X 10° X 750 _ .
Wy = \/ L -~ 160 % 600 = 290 radians per second
I, + 1

The forced frequency is 50 cycles per second, or

w = 2xf = 314 radians per second

Apparently the system is excited at 313490 = 1.08 times resonance, so that by Fig.
2.18 or Eq. (2.23) the effect of the torque is magnified by a factor

1

i— oz = 80

From Eq. (2.4) we see that the torque in question is 699459 T, or four-fifths of the
amplitude of the alternating component of the torque. As stated, the torque con-
sists of a steady part 7T and an alternating part of the same amplitude T¢. The
maximum torque in the shaft thus is

To + 60 X ?gTo = 580To
The steady torque T, can be found from the speed and horse power thus:

_ hp. _ 200 X 33,000 _ _ .
To = B = ST = 14450 ft. Ib. = 17,400 in. Ib.

The shear stress in the shaft due to this steady torque is
_To _ Tod/2 _ To _ 5 X 17,400

Se = g T aaj32 T 0T T T B3

2,500 Ib. /in.2

On account of the proximity to resonance, this stress is multiplied by 5.80, so that
the total maximum shear stress is 14,500 1b./in.2. The ‘“‘fatigue strength” of a steel,
as listed, is derived from a tensile test, where the tensile stress is twice the shear stress.
The fatigue limit of usual shaft steels is lower than 29,000 ib./in.%, so that the shaft
is expected to fail. The design can be improved by reducing the shaft diameter to
214 in. Then the natural frequency becomes 171 radians per second and the mag-
nification factor 0.42. The new maximum tensile stress becomes 6,200 1b./in.2,
which is safe.

2.8. Forced Vibrations with Viscous Damping. Finally, the complete
Eq. (2.1),
mi + ¢t + kx = Py sin ol (2.1)

will be considered. It can be verified that the theorem of page 43 holds
here also. According to that theorem, the complete solution of (2.1)
consists of the sum of the complete solution of the Eq. (2.12), which is
(2.1) with the right-hand side zero, and a particular solution of the whole
Eqg. (2.1). But the solution of the equation with the zero right-hand side
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has already been obtained (Eq. 2.19), so that

_C_
z=e 2"“(01 sin gt + C: cos gf) -+ particular solution  (2.27)

It is therefore necessary merely to find the particular solution. Anal-
ogous to the case of Sec. 2.7, we might assume z = z, sin wt, but then the
term ¢t would give cos wi, so that this assumption is evidently incorrect.
It is possible to assume

z = A sin wt + B cos wit

and to substitute this in (2.1). In this case, only terms with sin «f and
cos wt oceur, but there are fwo constants A and B at our disposal. By
solving for A and B algebraically, a particular solution can be obtained.
Here we shall derive the result in a somewhat different manner, in order
to give a clearer physical understanding of the phenomenon.

Let it be assumed that the solution is a sine wave with the forced fre-
quency w. Then all the four forces of Eq. (2.1) are sine waves of this

frequency and can be represented by vectors. A

A differentiation is equivalent to a multiplication of
g H the length of the vector with » and a forward rota-
mw2, tion through 90 deg., as explained on page 3.
A Let the displacement be represented by

z = zo sin (o — o),

where o and ¢ are as yet unknown, and draw this
displacement as a vertical upward vector (dotted)
in the diagram of Fig. 2.21. Thespringforce —kz
has an amplitude kz, and is directed downward
in the diagram. The damping force —c& has an
amplitude cwze and is 90 deg. ahead of the spring
force. The inertia force —m# is 90 deg. ahead of
the damping force and has an amplitude mw?z,.
The external force Py sin wit is ¢ deg. ahead of the
k2 displacement zg sin (wt — ¢). Thus the complete
Fia. 2.91. Vector dia. Giagram in Fig. 2.21 is obtained (2o and ¢ being
gram from which Fig. unknown).

2.22 can be deduced. Newton’s law {or Eq. (2.1), which is the same
thing] requires that the sum of the four forces be zero at all times. This
means that the geometric sum of the four vectors in Fig. 2.21 must be zero,
which again implies that the horizontal as well as the vertical component
of this resultant must be zero. Expressed mathematically:

Clitg

Vertical component: kxg — mw?xs — Pocos ¢ = 0
Horizontal component: cwze — Posin ¢ = 0
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From these two equations the unknowns zo and ¢ are solved, with the
result that

P,
= Py _ %
Zo View)r + (b — mw?)? \/ e — (2.28a)
CHEaE
Wy Ce Wn
L.
o Co Gn (2.28b)

tan ¢ = E—ma* 1= (Wl

With the aid of the mechanical-electrical glossary of page 28, this can be trans-
lated into

Q= Fo
Vo + (g - 1)’
£

Since 1 = dQ/dt, and @ = Qqsin wf, the current is7 = Qow cos wlf. The left-hand side
of Eq. (2.29) is the maximum value of the current. The square root in the denomi-
nator to the right is known as the “impedance,” a familiar element in electrical
engineering.

(2.29)

The expressions (2.28q, b) for the amplitude 2, and for the phase angle
¢ are in terms of ‘“dimensionless quantities’’ or ratios only. There
appear the frequency ratio w/w, and the damping ratio c/c., where ¢,
is the “critical damping” of formula (2.16). Py/k can be interpreted
as the deflection of the spring under a load Py; it is sometimes called the
“static deflection” z,.

These relations are plotted in Fig. 2.22¢ and b. The amplitude
diagram contains a family of curves, one for each value of the damping
¢. All curves lie below the one for zero damping, which is of course the
same curve as that of Fig. 2.18. Thus we see that the amplitude of
forced vibration is diminished by damping. Another interesting prop-
erty of the figure is that the maxima of the various curves do not cceur
any longer at w/w, = 1 but at a somewhat smaller frequency. In fact,
in the case of damped vibrations three different frequencies have to be
distinguished, all of which coincide for ¢ = 0, viz.,

1) wa = \/% = the “‘undamped natural frequency”

7. 7/ o \2
2 ¢= \/% - (2%") = the ‘“damped natural frequency”

(3) The “frequency of maximum forced amplitude,” sometimes
referred to as the “resonant frequency.”
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For small values of the damping these three frequencies are very close
together.

The phase-angle diagram Fig. 2.22b also is of considerable interest. For
no damping, it was seen that below resonance the force and the displace-
ment are in phase (¢ = 0), while above resonance they are 180 deg. out
of phase. The phase-angle curve therefore shows a discontinuous jump
at the resonance point. This can also be seen from Eq. (2.28b) by imag-
ining the damping ¢ very small. Below resonance, the denominator is
positive so that tan ¢ is a very small positive number. Above resonance,
tan ¢ is a very small negative number. Thus the angle ¢ itself is either
close to 0 deg. or slightly smaller than 180 deg. Make the damping
equal to zero, and ¢ becomes exactly 0 deg. or exactly 180 deg.

For dampings different from zero the other curves of Fig. 2.22b rep-
resent the phase angle. It is seen that in general the damping tends to
smooth out the sharpness of the undamped diagrams for the amplitude
as well as for the phase.

It is instructive to go back to the vector diagram of Fig. 2.21 and vis-
ualize how the amplitude and phase angle vary with the frequency. For
very slow vibrations (w = 0) the damping and inertia forces are neg-
ligible and Py = kxo, with ¢ = 0. With increasing frequency the damp-
ing vector grows, but the inertia force grows still faster. The phase angle
cannot be zero any longer since Py must have a horizontal component to
the left to balance cwzo. The inertia-force vector will grow till it becomes
as large as the spring force. Then ¢ must be 90 deg. and Py = cwxo.
This happens at resonance, because mw?xe = kzo or w? = k/m. Thus at
resonance the phase angle is 90 deg., independent of damping. Above
this frequency mw?z, will grow larger than kzo, so that P, dips downward
and ¢ is larger than 90 deg. For very high frequencies kz, is insignificant
with respeet to mw?z,, so that P, is used up to balance the inertia force
and ¢ = 180 deg.

At slow speeds the external force overcomes the spring force; at high
speeds the external force overcomes inertia, while at resonance it bal-
ances the damping force.

The energy relations involved in this process also serve to give a better
physical understanding. For very slow motions ¢ = 0, and it was shown
on page 12 that no work is done over a whole cycle. In other words,
no mechanical energy is transformed into heat during a cycle. Starting
from the equilibrium position, the external force moves through a certain
distance before reaching the extreme position. It certainly does work
then. But that work is merely converted into potential or elastic energy
stored in the spring. During the next quarter cycle the motion goes
against the external force and the spring gives up its stored energy. At
slow speeds, therefore, the work of the external force is thrown into elastic
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F1a. 2.22. (a) Amplitudes of forced vibration of any of Figs. 2.3 to 2.7 for various degrees of
damping. (b) The phase angle between force and displacement as a function of the fre-
quency for various values of the damping.
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energy and nothing is converted into heat. At the resonant frequency,
¢ = 90 deg., and the work dissipated per cycle is #Pozq (page 12). The
external force is equal and opposite to the damping force in this case, so
that the work is dissipated in damping. The spring force and the inertia
force are equal and opposite, and also in phase with the displacement.
Each of these forces individually does perform work during a quarter
cycle, but stores the energy, which is returned during the next quarter
cycle. The work is stored periodically as elastic energy in the spring and
as kinetic energy of motion of the mass.

Incidentally these energy relations can be used for calculating the
“resonant amplitude.” The damping force has the amplitude c(%)msx
= cwro and is 90 deg. out of phase with the displacement z,. Con-
sequently the work dissipated in damping per eycle is wcwz?. The work

done per cycle by the external force is
,  7wPgro which must equal the dissipation

of damping:
E’- =P oLy = Wwag (230)
5 Input . . e .
e ” This relation is illustrated by Fig. 2.23
g in which the work per cycle done by the
w force Py at resonance and also that by
Démging the damping force are plotted against

the amplitude of motion. Where the
o A B ¢ two curves intersect, we have energy
Amplitude xo 111 . - .
Fro. 2.23, Work per eycle performed equlhbrlux.n and th?s a.mphtude Zois the
by & harmonic force and by a viscous oOne that will establish itself. If at some
damping force for various amplitudes.  jnstant the amplitude were greater, the
energy dissipation would be greater than the input, which would gradually
diminish the kinetic energy of the system until the equilibrium ampli-
tude is reached.
Solving (2.30) for o, we obtain

(xo)reaonnnue = '1')—0 (2.31)

cw

Strictly speaking, this is the amplitude at the frequency where the phase
angle is 90 deg., which is not exactly the frequency of maximum ampli-
tude. However, these two frequencies are so close together that a very
good approximation of the maximum amplitude can be obtained by equat-
ing the work done by the external force to the work dissipated by damp-
ing. For the single-degree-of-freedom system this method of calculating
the resonant amplitude is of no great interest, but later we shall consider
more complicated cases where an exact calculation is too laborious and
where the approximate method of Eq. (2.30) and Fig. 2.23 gives accept-
able results (page 202).
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Equations (2.28a) and (2.28b) are the most important oues in this book.
It is of interest to see what becomes of Eq. (2.28a), the maguificationfactor,
for the case of resonance w = w,. The magnification factor then becomes
very simply 1/2¢/c..  On page 40 [Eq. (2.20)] we saw that the percentage
decay in amplitude of the free vibration per cycle is Az/z = 2xc/c..
Putting the two together, we find

T
percentage amplitude decay

Magnifier at resonance =

This relation is plotted in Fig. 2.24.

Finally we return to the expression (2.27) on page 48 and remember
that everything stated in the previous pages pertains to the *particular
golution’ or ‘‘forced vibration”
only. The general solution con-
sists of the damped free vibration
superposed on the forced vibration.
After a short time the damped free
vibration disappears and the forced
vibration alone persists. There-
fore, the forced vibration is also
called the ‘‘sustained vibration,”
while the free vibration is known as : a
the “transient.” The values of the -
constants C; and C: depend on the ) .
conditions at the start and can be 0 % 2% 30%

. Fia. 2.24. Magnification factor at reso-
calculated from these conditions by nance as a function of percentage amplitude
an analytical process similar to that  decsy per cycle of free vibration.
performed on page 32. However, it is possible to construct the whole
motion by physical reasoning only. Asan example, consider the following
problem:

A spring-suspended mass is acted on by an external harmonic force
having a frequency eight times as slow as the natural frequency of the
system. The mass is held tight with a clamp, while the external force
is acting. Suddenly the clamp is removed. What is the ensuing motion
if the damping in the system is such that the free vibration decreases by
10 per cent for each cycle?

In solving this problem, it is first to be noted that its statement is
ambiguous, since it was not mentioned at what instant during the force
cycle the mass was released. To make the problem definite, assume the
release to occur at the moment that the forced vibration would just have
its maximum amplitude. From the initial conditions of the problem it
follows that at the instant of release the mass has no deflection and no
veloeity. We have prescribed the forced vibration to start with x = zo

150

8
=

w
(=]

Resonant magnifier
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and £ = 0. These two conditions can be satisfied only by starting a free
vibration with £ = —zo and £ = 0. Then the combined or total motion
will start at zero with zero velocity. Figure 2.25a shows the free vibra-
tion, 2.25b the forced vibration, and 2.25¢ the combined motion.

o ﬂﬂﬂﬂﬁﬁﬁﬁﬁNNNm\-n—r,m}_

Free motion
(5) \
\\/ Forced moﬁon\/
] m //\\
(c) y
\
Total motion

Fie. 2.25. Starting transient,

\
\

o

It is seen that the transient disappears quickly and that the maximum
amplitude at the start is nearly twice as great as the sustained final
amplitude. If the difference between the free and forced frequencies is
small and if the damping is also small, the diagram shows ‘‘beats”
between the two frequencies (see page 5). Because of damping such
beats will disappear after some time. In order to have sustained beats
it is necessary to have two sustained or forced vibrations.



CHAPTER 3

TWO DEGREES OF FREEDOM

3.1. Free Vibrations; Natural Modes. In the preceding chapter we
discussed the theory of the vibrations of a system with a single degree of
freedom with viscous damping. Though the exact idealized system with
which the theory dealt occurs rarely, it was seen that a number of actual
cases are sufficiently close to the ideal to permit conclusions of practical
importance. The theory of the single-degree-of-freedom system enabled
us to explain the resonance phenomenon in many machines, to cal-
culate natural frequencies of a number of structures,
to explain the action of most vibration-measuring
instruments, and to discuss spring suspension and
vibration isolation.

This exhausts the possibilities of application pretty
thoroughly, and in order to explain additional phe-
nomena it is necessary to develop the theory of more
complicated systems. As a first step consider two
degrees of freedom, which will yield the explanation
of most “vibration dampers,” of the action of a
number of contrivances for stabilizing ships against
rolling motions in a rough sea, and of the operation
of automobile shock absorbers.

The most general undamped two-degree-of-freedom  p,; '35, Undamped
system can be reduced to that of Fig. 3.1 and consists two-degree-of-free-
of two masses m; and mg suspended from springs k1 g&ﬁgscﬁgfi:;mth
and k. and tied together by a ‘“‘coupling spring”
k3. Assuming that the masses are guided so as to be capable of purely
vertical motions only, there are evidently two degrees of freedom, since
the two masses can move independently of each other. By specifying
their vertical positions z; and z, the configuration is entirely determined.

As in the single-degree-of-freedom case, there are a number of tor-
sional, electrical, etc., two-degree-of-freedom systems which are com-
pletely equivalent to Fig. 3.1.

Proceeding now to a calculation of the free vibrations, we notice that

there are two distinct forces acting on the mass m,, namely the force of
79

*2
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the main spring k, and that of the coupling spring ks. 'The main force
18 —kyz, acting downward (in the +z;-direction). The shortening of
the coupling spring is z; — z,, so that its compressive force is k3(z1 — z9).
A compressed coupling spring pushes m, upward, so that the force has
to be taken with the negative sign. These two are the only tangible
forces acting on my, so that its equation of motion is

miE; = —'kl.’l:l — ’Ca(ﬁh - 3’32)

or mty + (kl + ka)ﬁl& - ka.’L‘z =0 (31)

The equation of motion for the second mass can be derived in the same
manner. But by turning Fig. 3.1 upside down and reversing the direc-
tions of z; and 2,5, ms and k. assume the positions of m, and k; and

maofs + (ko + ka)x2 — kax1 = 0 3.2)

Assume now that the masses m; and m; execute harmonic motions with
the same frequency o (as yet unknown) and different amplitudes a; and
as (also unknown).

T) = @, sin wt 3.3
2o = @2 Sin wt @.3)

This is a2 mere guess; we do not know whether such a motion is possible.
By substituting in the differential equations we shall soon find out if it
is possible.

[—m1a1w2 + (k1 + ks)(ll —_ kaaz] sin wt =0

[—mgagw"' + (kz + k3)a2 el k:;al] sin wt = 0

These equations must be satisfied at any instant of time. They represent
sine waves, so that in order to make them zero af all times the amplitudes
in the brackets have to be zero.

ai(—mw? + ki + ks) — ksaz = 0] 3.4a b
—ksa1 4 as(—maew? + ke 4+ k3) = 0 8.4a,0)

If the assumption (3.3) is correct, it is necessary that Eqgs. (3.4) be
satisfied. In general this is not true, but we must remember that in
(3.3) nothing was specified about the amplitudes @, and @, or about the
frequency . It will be possible to choose ai/a; and w so that (3.4) is
satisfied, and with these values of a:/a; and » Eq. (8.3) becomes a solu-
tion. In order to find the correct values we have only to solve them
from (3.4). Thus from (3.4a)

a1 _ "‘ka

121 - m1w2 —_ k1 hund ka (3.5)
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From (5.4b}, also, the amplitude ratio can be solved:

ay ’”‘szz and kz — ka

s TR (3.6)
in order to have agreement, it is necessary that
—ka _ 'Inz(a)2 i kz - ks
m;wz bl k}, -_ ka - —ka
or of — o kv ks + ka + ks + kiks + koks + kiks =0 @D
ms ma myma

This equation, known as the “frequency equation,” leads to two values
for w?. Each one of these, when substituted in either (3.5) or (3.6),
gives a definite value for a:/a.. This means that (3.3) can be a solution
of the problem and that there are two such solutions.

For readers familar with Mohkr's circle diagram in two-dimensional elasticity, the
following construction is of interest. Let in Fig. 3.1

w? =k1+k!’ 2 =k2+k3’ 2 ks

Wy =

w? ==
(1 ab
™ ma Vmimg

The quantities w, and ws are the frequencies of the system in which one of the
masses is held clamped, while w. expresses

the strength: of the coupling. With this C\

notation, Eq. (3.7) can be written as

o -l b+ @l —ob) =0 Jo ol 4 s\

Lay off in the diagram of Fig. 3.2 the follow-
ing distances:

OA =u? OB = o} BC = o},

F1G. 3.2, Mohr's circle for determining

hi ircle t!
Then draw a circle through C about the the natural frequencies of Fig. 3.1.

mid-point between A and B as center. The
new points D and E thus found determine the natural frequencies of the system:

o!=0D eand o =OFE

which can be verified from the equation. In particular, when there is no coupling
(BC = 0), the points D and E coincide with A and B, so that then w, and w, are the
natural frequencies.

For further discussion, let us simplify the system somewhat by making

it symmetrical. Let ky = ks = k and my = mz = m.
The frequency equation then reduces to

P N +22k3) ~0o
m m

+

3.8
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with the solutions

k + ks (k+ k\* k(e + 2ks)
w? = * - 5
m m m
or w} = 7% and wi = k—%%f

which are the two natural frequencies of the system. Substituting these
frequencies in (3.5) or (3.6),

e S | and —= = —1
a2

The physical significance of these resultsis obvious. The fact that a1/az
= +4-1 means (Eq. 3.3) that the two masses move in the same direction
through the same distance. The coupling spring is not stretched or
compressed in this process. Naturally the frequency of this motion is

2 = k/m, since the system reduces to two independent single-degree-of-
freedom systems. The fact that a1/a2 = —1 means that the two masses
move through the same distance but in opposition to each other. This
motion is wholly symmetrical, so that the mid-point of the coupling spring
ks does not move. If this mid-point were held clamped, no change in
the motion would take place. Thus the system is again split up into two
independent single-degree-of-freedom systems. This time, however, the
mass is connected to ground by fwo springs, one of stiffness k and another
of stiffness 2k; (see page 36), so the frequency is w? = (k& + 2k3)/m.

Thus there are two “natural modes of motion,” each with its correspond-
ing natural frequency. The solution shows that if the system is given
an initial disturbance of z; = +1 and z, = +1 (Fig. 3.1) and then
released, the ensuing motion will be purely sinusoidal with the frequency
»? = k/m; it swings in the first natural mode. On the other hand, if the
initial displacement is z; = 41 and z; = —1, again a purely sinusoidal
motion follows with the frequency w? = (k 4+ 2k;)/m, the second mode.

Assume next that the initial displacement is z; = 1 and z; = 0, from
which position the system is released. As yet we have no solution for
this case. But this initial displacement can be considered as the sum
of two parts: first 2, = 14, 22 = 14 and second z; = ¥4, z. = —14, for
each of which a solution is known.

Assume now that the ensuing motion is the “superposition” of these
two partial motions as follows:

Ty = Y4 cos wit + 14 cos wot 3.9)
Ty = 14 cos wit — 14 cos wsl )

That this is the correct solution can be concluded from the fact that on
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substitution in (3.1) and (3.2) the differential equations are satisfied.
Moreover at ¢ = 0, the initial conditions are satisfied.

Equation (3.9) shows that the ensuing motion will be one in the first
mode with amplitude 14 and frequency w;, superposed on a motion with
amplitude 14 and frequency ws;. As long as there is a coupling spring
ks, it is seen that w, and w; are different. Thus the combined motion of
either mass can nof be sinusoidal but must be composed of two frequen-
cies. Naturally “beats’” will occur if the two frequencies are close
together (Fig. 1.8). This happens if k; < k, or, in words, if the coupling
spring is very soft in comparison to the main springs. With an initial
displacement 1 = 1, 2o = 0, first m, will vibrate with amplitude 1 and
mq will stand practically still. After a time, however, the difference in
the two frequencies will have changed the phase between the two vibra-
tions by 180 deg. (see Fig. 1.7). Then instead of

il

zy = 14, z2 = 14 (first mode) and =z, = ¥4, z2 = —14 (second mode)

we have
z1 = 14, 2 = L4(first mode) and

Ty = —14, xs = +14 (second mode)

Thus the first mass stands still and the second one executes vibrations of
amplitude 1. The phenomenon is periodic so that all motion travels
from one mass to the other continuously.

This very interesting experiment can be shown in a number of varia-
tions, of which Fig. 3.3 gives five possibilities. The first case consists of
two pendulums capable of swinging in the plane of the paper. The main
springs have been replaced here by gravity, but the coupling spring exists
in the form of a very soft coil spring. For “small” vibrations (say below
30-deg. amplitude) a gravity pendulum behaves like the fundamental
mass-spring system. The spring constant %k, which is the restoring force
for unit displacement, is mg/l, so that for a simple pendulum w? = k/m
= g/l. In further reducing Fig. 3.3a to Fig. 3.1, it is seen that the
coupling-spring constant ks in Fig. 3.1 is the force at the masses caused
by the coupling spring if the masses are pulled one unit apart. Applying
this experimental deﬁnition to Fig. 3.3a, we find that, in the absence of

gravity, a force of L at one of the masses pulls those masses 1 in. apart

l2
(see also page 37). Thus the equivalent of k; is ka?/I%

The two natural modes of motion are easily recognized. The pen-
dulums swing either with each other or against each other, the frequencies

k a?

beingw1=\/‘;zandw2= l+2ﬁ 7
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Pulling the left pendulum 1 in. to the left and keeping the right pen-
dulum in its place is equivalent to the sum of the two displacements
shown in Fig. 3.4b and 3.4c. Upon releasing the left pendulum, it will
perform vibrations as indicated by Fig. 3.4a (the right-hand pendulum

v & £

s B9

N|
=]
Y

{a). (¥}

6 m1
*
o1 ——— L — L
= = o
777 7/

(c) (e)

Fic. 3.3. Five experiments in which we can observe a periodic wandering of the energy from
one part to another.

stands still). This motion can be regarded as the sum of two others
with frequencies w; and . as shown in the diagram. For the first few
cycles this motion of one pendulum only will persist, because the two
natural frequencies are sufficiently close together to keep in step for a
short time. However, the second mode actually goes somewhat faster

w2

(e} (£

)] (6) (¢
Fra. 3.4. Any motion can be broken up into the sum of two natural motions having the
two different natural frequencies w: and w2,

than the first one and gains on it since we > w;. After a sufficient time
interval (say 20 cycles), it will be 180 deg. in advance of the first mode,
which is indicated in Fig. 3.4d and e. Performing the addition shown in
the figure, it is seen that the left pendulum now stands still, while the
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right pendulum swings with the full amplitude. Then the phenomenon
repeats itself; the amplitude wanders from one pendulum to the other
continuously, until the inevitable damping brings everything to rest.

In Fig. 3.3b the pendulums swing perpendicular to the plane of the
paper. Two natural motions are possible: (1) the pendulums swing
together, or (2) they swing against each other, thereby twisting the very
slender connecting shaft, which causes some increase in the frequency.
Pulling out one of the pendulums while keeping the other in place (thereby
slightly twisting the coupling rod) and then releasing leads to the same
phenomenon of continuous transfer of all motion from one pendulum to
the other.

Figure 3.3¢ shows a system resembling in some respects an automobile
chassis on its springs. Two natural motions of the mass are possible:
(1) a bobbing up and down parallel to itself with the frequency w? = 2k/m
and (2) a rocking about the center of gravity @ in the plane of the drawing
with a frequency w? = ki?/2]. The derivation of these frequency for-
mulas is left to the reader. Now suppose the left-hand end of the chassis

[ w
_k_—_ = ————_1-:-— + —= 2”'— (a)

’//’ ———e s e -
— -
—*(T"— = It =0

Fia. 3.5.~The energy transfer of the experiment of Fig. 3.3¢c.
is pulled up 1 in. while the right-hand end is kept in place. From this
position the system is released. Again the motion is split up into two
parts (Fig. 3.5a reading from left to right).

If the quantities m, I, k, and ! are such that w; and w, are nearly the
same, the motion of Fig. 3.5¢ will keep on for the first few cycles without
marked change. But after a larger number of cycles one of the motions
(say the rocking one) gains 180 deg. on the other. Read now Fig. 3.5b
from right to left and it is seen that the body vibrates with the left-hand
end stationary. Of course, after an equal interval of time the first motion
occurs again and so on until everything dies out on account of damping.

While in Fig. 3.3a and b the coupling spring could be easily seen as a
separate part of the system, this is not the case in Fig. 3.3c. But the
essential requirement for the experiment is that the system have two
degrees of freedom with slightly different natural frequencies, and it does
not matter whether the ‘“coupling spring’ can be recognized or not.

A striking experiment is shown in Fig. 3.3d known as Wilberforce’s
spring. A mass, suspended from a coil spring, has two protruding screws
with adjustable nuts. The two degrees of freedom consist of an up-and-
down motion and of a twisting motion. The “coupling” exists due to
the fact that a coil spring when pulled out causes a slight torque and when
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twisted gives a slight pull. By changing the position of the nuts the
moment of inertia I is changed while the mass m remains constant,
Thus by a proper adjustment of the nuts the two natural frequencies can
be brought to nearly the same value. Then by pulling down and releas-
ing, an up-and-down motion of the mass without twist is initiated. After
a while only twisting occurs without vertical motion, and so on.

The last case, illustrated in Fig. 3.3e¢, is the electrical analogue of this
phenomenon (see pages 27, 28). Two equal masses (inductances) L
connected to equal main springs (condensers) C are coupled with a weak
coupling spring (large coupling condenser C; since % is equivalent to 1/C).
A current initiated in one mesh will after a time be completely transferred
to the other mesh, and so on. Electrically minded readers may reason
out how the currents flow in each of the two ““natural modes’ and what
the frequencies are, and may also construct a figure similar to 3.4 or 3.5
for this case.

Ezample: A uniform bar of mass m and length 2! is supported by two springs, one
on each end (Fig. 3.3¢c). The springs are not equally stiff, their constants being &
(left) and 2k (right), respectively. Find the two natural frequencies and the shapes
of the corresponding modes of vibration.

Solution: Let z be the upward displacement of the center of the bar and ¢ its (clock-
wise) angle of rotation. Then the displacement of the left end is - lp and that of
the right end z — lpo. The spring forces are k(z + lp) and 2k(z — lp), respectively.
Thus

mE + k(x + lp) + 2k(x — lp) =0
and (B amiDp + kl(z + lp) — 2kl(z — lp) =0

are the differential equations. With the assumption of Eq. (3.3) we obtain

(—mw? + 3k)zo — kigo = 0
—klze + (—}emw? + 3ki)po =

from which follows the frequency equation
(—mw? 4 3k)(—V4ma?l? + 3kI2) — k2 =0
2
or w‘—125w2+24(!2) =0
m m
with the solutions

Wl =254~ and  wi = 0.46 k
m m

The shapes of the motion corresponding to these frequencies are found from the
second differential equation, which can be written as

Z _ _1lm ,
loo gt ts

Substituting the values for «? just found, this becomes

Zo
loo

Zo

) - +2.16 -) - —0.15
1 loo/ 2
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This means a rotary vibration of the bar about a point which lies at a distance of 2.16!
to the right of the center of the bar for the first natural frequency and about a point
at 0.15( to the left of the center for the second natural frequency.

3.2. The Undamped Dynamic Vibration Absorber. A machine or
machine part on which a steady alternating force of constant frequency is
acting may take up obnoxious vibrations, especially when it is close to
resonance. In order to improve such a situation, we
might first attempt to eliminate the force. Quite often
this is not practical or even possible. Then we may
change the mass or the spring constant of the system in
an attempt to get away from the resonance condition,
but in some cases this also is impractical. A third pos-
sibility lies in the application of the dynamic vibration
absorber, invented by Frahm in 1909.

In Fig. 3.6 let the combination K, M be the schematic Fre. 3.6. The ad-
representation of the machine under consideration, with ~ dition of a small

. . . . . k-m system to a
the force Py sin wt acting on it. The vibration absorber 1arge machine
consists of a comparatively small vibratory system k, m K-M prevents vi-

. bration of that
attached to the main mass M. The natural frequency machine in spite
V'EJm of the attached absorber is chosen to be equal fo the ?:r:;’}:ﬁ‘:’;’:ﬁ“g
frequency o of the disturbing force. It will be shown that ’
then the main mass M does not vibrate at all, and that the small system &, m
vibrates in such a way that its spring force is at all instants equal and oppo-
site t0 Py sin wf. Thus there is no net force acting on M and therefore
that mass does not vibrate.

To prove this statement, write down the equations of motion. This
is a simple matter since Fig. 3.6 is a special case of Fig. 3.1 in which k.
is made zero. Moreover, there is the external force Py sin wt on the first
mass M. Equations (3.1) and (3.2) are thus modified to

Mz, + (K + k)z, — kz: = Py sin wt
mis + k(zs — 1) = 0 } (3.10)
The forced vibration of this system will be of the form
Z1 = @y sin wf
Z2 = a2 8in wt } @.11)

This is evident since (3.10) contains only zi, &, and zs, £,, but not the
first derivatives #; and 42 A sine function remains a sine function after
two differentiations, and consequently, with the assumption (3.11), all
terms in (3.10) will be proportional to sin wf. Division by sin wt trans-
forms the differential equations into algebraic equations as was seen before
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with Egs. (3.1) to (3.4). The result is that

Ch(—MwZ + K + k) — kaz = Po

—kas + as(—me? + k) = 0 3.12)

For simplification we want to bring these into a dimensionless form and
for that purpose we introduce the following symbols:

Z,u = Po/K = static deflection of main system
w?2 = k/m = natural frequency of absorber
Q2 = K/M = natural frequency of main system
g = m/M = mass ratio = absorber mass/main mass

Then Eq. (3.12) becomes

w?

ax(l"*‘%—ﬁ-g)*‘az%:xat

. (3.13)
(&)
a; = Qg (1 - (’?)
or, solving for a: and a,
w2
@ _ LT
Zst w? k w? k
(-2(+5-%)-% (3.14)
[+ 23 1

ma—z= w? k w? k
(“w—z)(”r@)‘ﬁ

From the first of these equations the truth of our contention can be
seen immediately. The amplitude a; of the main mass is zero when the

2
w® . .
numerator 1 — —; is zero, and this occurs when the frequency of the force
w,

a

is the same as the natural frequency of the absorber.
Let us now examine the second equation (3.14) for the case that w = w,.
The first factor of the denominator is then zero, so that this equation

reduces to

IR SR i
az = % st = k

With the main mass standing still and the damper mass having a
motion — Py/k - sin wt the force in the damper spring varies as — P sin f,
which is actually equal and opposite to the external force.

These relations are true for any value of the ratio w/Q,. It was seen,
however, that the addition of an absorber has not much reason unless the
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original system is in resonance or at least near it. We therefore consider,
in what follows, the case for which

=3

k k
We = Q, or E-— K

The ratio u=

then defines the size of the damper as compared to the size of the main
system. For this special case, (3.14) becomes

1-%
2
5—1 = 5 La 5 sin wt
at w w
R
( 2 Y (3.15¢, b)
T2 ! sin wt

2 2
DD
w,; w?
A striking peculiarity of this result and of Eq. (3.14) is that the two
denominators are equal. This is no coincidence but has a definite phys-
ical reason. When multiplied out, it is seen that the denominator con-
tains a term proportional to (w?/w?)? a term proportional to (w?/w2)?
and a term independent of this ratio. When equated to zero, the denom-
inator is a quadratic equation in w?/w? which necessarily has two roots.
Thus for two values of the external frequency w both denominators of
(8.15) become zero, and consequently z; as well as z; becomes infinitely
large. These two frequencies are the resonant or natural frequencies of
the system. If the two denominators of (3.15) were not equal to each
other, it could occur that one of them was zero at a certain » and the other
one not zero. This would mean that z, would be infinite and z., would
not. But, if z, is infinite, the extensions and compressions of the damper
spring & become infinite and necessarily the force in that spring also.
Thus we have the impossible case that the amplitude z. of the damper
mass m is finite while an infinite force k(x; — z») is acting on it. Clearly,
therefore, if one of the amplitudes becomes infinite, so must the other,
and consequently the two denominators in (3.15) must be the same.
The natural frequencies are determined by setting the denominators
equal to zero:

2 2
(-2 n ) e
4 2
or (wi"-)—(wi) C+w+1=0
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(wﬁ) - (1 + g) + | +’§ (3.16)

This relation is shown graphically in Fig. 3.7, from which we find,
for example, that an absorber of one-tenth the mass of the main system
causes two natural frequencies of the combined system at 1.17 and 0.85
times the natural frequency of the original system.

The main result (3.15) is shown in Fig. 3.8a and b for u = 14, 7.e.,
for an absorber of one-fifth the mass of the main system.

Follow the diagram 3.8a for an increasing frequency ratio w/Q, = w/w,.
It is seen that z:/z, = 1 for w = 0, while for values somewhat larger
than zero z; is necessarily positive, since both the numerator and the

with the solutions

1.5
/____—-—-—"
= — et — ——a——-125
1.0
4
S pmammm o — | — = —().81
§
0.5
o
(o} [0A] 0.2 03 04 05
’”/M=,ll-—>

Fia. 8.7. The two natural or resonant frequencies of Fig. 3.6 as a funetion of the mass ratio
m/M, expressed by Eq. 3.16.

denominator of Eq. (3.15a) are positive. At the first resonance the
denominator passes through zero from positive to negative, hence z1/z.
becomes negative. Still later, at w = @, = w,, the numerator becomes
negative and z,/x,; becomes positive again, since both numerator and
denominator are negative. At the second resonance the denominator
changes sign once more with negative z, as a result.

The z3/z. diagram passes through similar changes, only here the
numerator remains positive throughout, so that changes in sign ocecur
only at the resonance points. It was seen in the discussion of Fig. 2.18
that such changes in sign merely mean a change of 180 deg. in the phase
angle, which is of no particular importance to us. Therefore we draw
the dotted lines in Fig. 3.8a and b and consider these lines as determining
the amplitude, eliminating from further consideration the parts of the
diagrams below the horizontal axes.

The results obtained thus far may be interpreted in another manner,
which is useful in certain applications. In Fig. 3.6 let the Frahm absorber



TWO DEGREES OF FREEDOM 91

k, m be replaced by a mass M.qu, attached solidly to the main mass M,
and let this equivalent mass be so chosen that the motion z, is the same
as with the absorber. Since the absorber is more complicated than just
a mass, it is clear that M.quv cannot be constant but must be different for
each disturbing frequency w. The downward force transmitted by the
absorber to the main system M is the spring force k(z: — z;), which, by
Eq. (3.10), is equal to —m#s. I & mass Mg were solidly attached to
M, its downward reaction force on M would be the pure inertia force

8 8 v
12 T
'il I N
6 il i 6 Rl
H T
T A THIRT?
Ii h We=p 1 1 : wo=0p
4 | i 4 l
A
’ b I'\ Al
AT 2 T \
! VAR !
50 ToR — %0 1t 08
N Y s e B o8 | 12
X
l/ 2 ‘L f
~2 -2 3
] ! i
i { | |
: o
| |
| L\
% -6 t | ;
| I
I
-8 -8 [ |
0 05 10 1.5 20 25 0 0.5 1.0 1.5 20 25
W/, W,

(o) (5)

F1a. 8.8a and b. Amplitudes of the main mass z1 and of the absorber mass z: of Fig. 3.6 for
various disturbing frequencies w. The absorber mass is one-fifth of the meain mass.

— Moquivir. For equivalence these two reactions must be equal, so that,
by Eq. (3.11) and the second Eq. (3.13), we have

which is the well-known resonance relation, shown in Fig. 2.18, page 44.
Thus it is seen that the Frahm dynamic-absorber system can be replaced
by an equivalent mass attached to the main system, so that the equivalent
mass is positive for slow disturbing frequencies, is infinitely large for
excitation at the absorber resonant frequency, and is negative for high
frequency excitation. This way of looking at the operation of the
absorber will be found useful on page 220.
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From an inspection of Fig. 3.8a, which represents the vibrations of the
main mass, it is clear that the undamped dynamic absorber is useful only
in cases where the frequency of the disturbing force is nearly constant.
Then we can operate at w/w, = w/Q, = 1 with a very small (zero)
amplitude. This is the case with all machinery directly coupled to
synchronous electric motors or generators. In variable-speed machines,
however, such as internal-combustion engines for automotive or aero-
nautical applications, the device is entirely useless, since we merely
replace the original system of one resonant speed (at w/Q, = 1) by
another system with two resonant speeds. But even then the absorber
can be made to work to advantage by the introduction’of a certain amount
of damping in the absorber spring, as will be discussed in the next section.

An interesting application of the absorber is made in an electric hair
clipper which was recently put on the market. It is shown in Fig. 3.9
and consists of a 60-cycle alternating-current magnet ¢ which exerts a

Fia. 3.9. Electric hair clipper with vibration absorber: a, magnet; b, armature tongue;
¢, pivot; d, cutter; e, guide for cutter; f, vibration absorber.

120-cycle alternating force on a vibrating system b. System b is tuned
to a frequency near 120 cycles but sufficiently far removed from it (20
per cent) to insure an amplitude of the cutter d, which is not dependent
too much on damping. Thus the cutter blade d will vibrate at about the
same amplitude independent of whether it is cutting much hair or no
hair at all.

The whole mechanism, being a free body in space without external
forces, must have its center of gravity, as well as its principal axes of
inertia, at rest. Since the parts b, d are in motion, the housing must
move in the opposite direction to satisfy these two conditions. The
housing vibration is unpleasant for the barber’s hands and creates a new
kind of resistance, known as sales resistance. This is overcome to a great
extent by the dynamic vibration absorber f, tuned exactly to 120 cycles
per second, since it prevents all motion of the housing at the location of
the mass f. With stroboscopic illumination the masses d and f are
clearly seen to vibrate in phase opposition.

The device as sketched is not perfect, for the mass f is not located
correctly. At a certain instant during the vibration, the cutter d will
have a large inertia force upward, while the overhung end b will have a



TWO DEGREES OF FREEDOM 93

small inertia force downward. The resultant of the inertia forces of the
moving parts b, d therefore is an alternating force located to the left of
the cutter d in Fig. 3.9.

The effect of the absorber is to completely eliminate 120-cycle motion of a point
of the housing right under the absorber mass f, but it does not prevent the housing
from rotating about that motionless point. Complete elimination of all 120-cycle
motion of the housing can be accomplished by mounting two absorbers f in the device
with a certain distance (perpendicular to the direction of the cutter motion) between
their two masses. The two masses will then automatically assume such amplitudes
as to cause two inertia forces which will counteract the force as well as the moment of
the inertia action of the cutter assembly d, b, or in different words the two masses
will enforce two motionless points of the housing.

For a torsional system, such as the crank shaft of an internal-combus-
tion engine, the Frahm dynamic vibration absorber takes the shape of
a flywheel A that can rotate freely
on the shaft on bearings B and is
held to it by mechanical springs
k only (Fig. 3.10a). Since the
torsional impulses on such an en-
gine are harmonics of the firing
frequency, t.e., have a frequency
proportional to the engine speed, A
the device will W.Ol‘k for one engine Fia. 3.10.0 Torsional dynami(cb) vibration
speed only, while there are two absorber (a) with mechanical springs and
neighboring speeds at which the () With centrifugal springs.
shaft goes to resonance (Fig. 3.8a). In order to overcome this, the
system is modified by replacing the mechanical springs of Fig. 3.10a
by the “centrifugal spring” of Fig. 3.10b. The pendulum in the cen-
trifugal field of that figure acts in the same manner as an ordinary gravity
pendulum in which the field g is replaced by the centrifugal field rw?.
Since the frequency of a gravity pendulum is v/g/l, the frequency of a
centrifugal pendulum becomes w A/7/l, that is, proportional to engine
speed. Thus a centrifugal pendulum will act as a Frahm dynamic
absorber that is tuned correctly at all engine speeds. Further details of
this device are discussed on page 219.

3.3. The Damped Vibration Absorber. Consider the system of Fig. 3.6
in which a dashpot is arranged parallel to the damper spring k, between
the masses M and m. The main spring K remains without dashpot
across itself. Newton’s law applied to the mass M gives

Miy + Kz, + k(xy — 22) + ¢(d1 — &2) = Posin ol 3.17)

and applied to the small mass m

mie -+ k(xz - x,) + C(ii)z - .’1'11) =0 (318)
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The reader should derive these equations and be perfectly clear on the
various algebraic signs. The argument followed is analogous to that of
page 25 and of page 80. The four terms on the left-hand side of (3.17)
signify the ‘‘inertia force” of M, the main-spring force, the damper-
spring force, and the dashpot force. We are interested in a solution for
the forced vibrations only and do not consider the transient free vibration.
Then both z; and z, are harmonic motions of the frequency « and can
be represented by vectors. Any term in either (3.17) or (3.18) is rep-
resentable by such a vector rotating with velocity w. The easiest manner
of solving these equations is by writing the vectors as complex numbers.
The equations then are

— Moz, + Kzy 4 k(zy — x0) + jwc(zi — 72) = Po
—mwzy + k(xs — 21) + jwc(z: — 1) =0

where z; and z, are (unknown) complex numbers, the other quantities
being real.
Bringing the terms with «; and z, together:

[—MbL+K¥kk+ﬁMm—ﬁk+jwhz=Pﬂ
—{k + joclz: + [—mw? + &k + joclz: = 0
These can be solved for z; and z,. We are primarily interested in the
motion of the main mass z;, and, in order to solve for it, we express z; in
terms of z; by means of the second equation of (3.19) and then substitute
in the first one. This gives

(3.19)

Xy =
(k — mw?) + juc
{( Mo? + K)(—mo® + k) — mw?k} + joc{—

—Mo* + K = ma?]
(3.20)

For readers somewhat familiar with alternating electric currents this result will
L c algo be derived by means of the equivalent electric
circuit shown in Fig. 3.11. The equivalence can be
established by setting up the voltage equations and
comparing them with (3.17) and (3.18) or directly
by inspection as follows. The extension (or veloc-
ity) of the spring K, the displacement (or velocity)
of M, and the displacement (or velocity) of the
force Py are all equal to z; (or #:). Consequently
the corresponding electrical elements 1/C, L, and
E( must carry the same current (z,) and thus must
be connected in series. The velocities across k or

Eosinwt

L=l

Fia. 3.11. Equivalent electric cir-
cuit. The small l-cr ‘“‘wave
trap'’ corresponds to the absorber.

across the dashpot (£, — %.) are also equal among
themselves, so that 1/c and r electrically must be in
series but must carry a different current from that
in the main elements L, C, and Eo;. The velocity of

m is s, equal to the difference of the velocity of M(#:) and the velocity across the
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damper spring (£: — %2). Hence the current 7, through ! must be equal to the differ-
ence of 7; and (i, — 72). The equivalence of the electrical circuit and the mechanical
gystem is thus established.

We are interested in the main current 7;. The impedance of a coil is jwL, that of a
condenser is 1/jwC, that of a resistance simply R. Impedances in series, when
expressed in complex, add directly, and impedances in parallel add reciprocally.

Thus the impedance of the ¢, r branch is r +]'ch and that of the ! branch is jwl. The
two branches in parallel have an impedance

v
1 1
r + 1/jwe * Jol
To this has to be added the impedance of the other elements in series, giving
. 1 1 E
Z—]wL+m+~—‘——l +i_i—1
r+ 1/jwe ' jwl
By performing some algebra on this expression and translating back into mechanics;
the result (3.20) follows.

The complex expression (3.20) can be reduced to the form

where A; and B, are real and do not contain j. The meaning which
has to be attached to (3.20) is then that in vector representation the dis-
placement z, consists of two components, one in phase with the force P,
and another a quarter turn ahead of it (compare Fig. 2.21 on page 48).
Adding these two vectors geometrically, the magnitude of «, is expressed

” r1 = P/ AT B

But (3.20) is not yet in the form (3.21); it is rather of the form
A +jB

C +;D

which can be transformed as follows:

(A +jB)(C —jD) _ P (AC 4 BD) + j(BC — AD)
€ +sD)C—4D) ~ °° T+ D?
Hence the length of the z; vector is

2 _\/ AC+BD>2+(BC—AD :

’p; - C: ¥ D? C*+ D2

_ \/A202 + B2D2 + B202 + A2D2 . (AZ + B?)(C2 + D2)

zy = Py

$1=Po'

(02 + D2)2 (C’Z + D2)2

=\/m
CTF D
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Applying this to (3.20), we may write

z}

i

(k — mw?)? + W
[(—HMo® + K)(—mo® F £) — mo®k] + w'cl(— Ma? + K — ma?)?

(3.22)
which is the amplitude of the motion of the main mass M.
It is instructive to verify this result for several particular cases and see
that it reduces to known results as previously obtained. The reader is
advised to do this for some of the following cases:

lLLk=w

2.k=0;¢c=0

3.c=w

4. ¢c=0;0 = = VK/M = Vk/m
5 m=0

Thus we are in a position to calculate the amplitude in all cases.
In Eq. (3.22) z; is a function of seven variables: Py, w, ¢, K, k, M, and
m. However, the number of variables can be reduced, as the following
consideration shows. For example, if Py is doubled and everything else
is kept the same, we should expect to see , doubled, and there are several
relations of this same character. In order to reveal them, it is useful to
write Eq. (3.22) in a dimensionless form, for which purpose the following
symbols are introduced:

u = m/M = mass ratio = absorber mass/main mass

w? = k/m = natural frequency of absorber

Q2 = K/M = natural frequency of main system

f = w,/ Q. = frequency ratio (natural frequencies) (3.23)
g = w/Q. = forced frequency ratio ’
zs = Py/K = static deflection of system

c. = 2mQ, = “critical”’ damping (see page 38)

After performing some algebra Eq. (3.22) is transformed into

z (2;f—gf> + (gt — £
P : - (3.24)
©(2Z8t) @148+ It - @ - D - o
Ce

This is the amplitude ratio z:/z. of the main mass as a function of the
four essential variables p, c¢/c., f, and g. Figure 3.12 shows a plot of
z,/%,, as a function of the frequency ratio g for the definite system:f = 1,
g = Yo, and for various values of the damping ¢/c.. In other words,
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the figure describes the behavior of a system in which the main mass is
20 times as great as the damper mass, while the frequency of the damper
is equal to the frequency of the main system (f = 1).

It is interesting to follow what happens for increasing damping. For
¢ = 0 we have the same case as Fig. 3.8a, a known result. When the
damping becomes infinite, the two masses are virtually clamped together
and we have a single-degree-of-freedom system with a mass 214oM.
Two other curves are drawn in Fig. 3.12, for ¢/c, = 0.10 and 0.32.

In adding the absorber to the system, the object is to bring the res-
onant peak of the amplitude down to its lowest possible value. With
¢ = 0 the peak is infinite; with ¢ = « it is again infinite. Somewhere

16 y
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Fr1a. 3.12. Amplitudes of the main mass of Fig. 3.6 for various values of absorber damping,
The absorber is twenty times as small as the main machine and is tuned to the same fre.
quency. All curves pass through the fixed points P and Q.

in between there must be a value of ¢ for which the peak becomes a
minimum.

This situation also can be understood physically as follows. It was
learned on page 52 that the amplitude at resonance of a single-degree-of-
freedom system is limited by damping only. It was seen that damping
energy is dissipated, 7.e., converted into heat. When the damping force
does considerable work, the amplitude remains small at resonance. This
is a relation that holds for more complicated systems also. The work
done by the damping force is given by the force times the displacement
through which it operates. In our case the displacement is the relative
motion between the two masses or also the extension of the damper spring.
If ¢ = 0, the damping force is zero, no work is done, and hence the res-
onant amplitude is infinite. But when ¢ = «, the two masses are locked
to each other so that their relative displacement is zero and again no
work is done. Somewhere in between 0 and « there is a damping for



98 MECHANICAL VIBRATIONS

which the product of damping force and displacement becomes a maxi-
mum, and then the resonant amplitude will be small.

Before proceeding to a calculation of this ‘“‘optimum damping,” we
observe a remarkable peculiarity in Fig. 3.12, viz., that all four curves
intersect at the two points P and Q. (See Fig. 2.41, p. 71.) This,
we shall presently prove, is no accident; all curves pass through these two
points tndependent of the damping. If we can calculate their location,
our problem is practically solved, because the most favorable curve is the
one which passes with a horizontal tangent through the highest of the two
fized points P or Q. The best obtainable ““resonant amplitude” (at
optimum damping) is the ordinate of that point.

Even this is not all that can be done. By changing the relative
“tuning” f = w,/. of the damper with respect to the main system, the
two fixed points P and @ can be shifted up and down the curve for ¢ = 0.
By changing f, one point goes up and the other down. Clearly the most
favorable case is such that first by a proper choice of f the two fixed points
are adjusted to equal heights, and second by a proper choice of ¢/c, the
curve is adjusted to pass with a horizontal tangent through one of them.
It will be seen later (Fig. 3.13) that it makes practically no difference
which one of the two (P or ) we choose.

Now return to Eq. (3.24) to see if there are any values of g for which
21/, becomes independent of ¢/c.. The formula is of the form

2
A <5> +B
Ce

—
c
(&) +p

This is independent of damping if A/C = B/D, or written out fully, if

=) - we=d=vw=n)
g-1+w) "\ - @ - D@ -

We can obliterate the square sign on both sides but then have to add
a I in front of the right-hand side. With the minus sign, after cross-
multiplication,

pg — (g - D@ - ) = -@ - @ -1+ ug") (3.25)

It is seen that the whole of the second term on the left-hand side cancels
a part of the right-hand side, so that

W = (e’ — )
or f2=—g*+4f so that g2=0

This is a trivial (but true) result. At g = 0 or w = 0 the amplitude is
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Z., independent of the damping, simply because things move so slowly
that there is no chance for a damping force to build up (damping is pro-
portional to velocity).

The other alternative is the plus sign before the right-hand side of
(3.25). After a short calculation the equation then becomes

14 £2 4 uf? 2f2
4 2 =
gt~ 2% 24 u 2+

This is a quadratic equation in g? giving fwo values, the ““fixed points”
we are seeking. Let the two roots of this equation be g? and g2 It is
seen that g, and g, (i.e., the horizontal coordinates of the fixed points P
and @) are still functions of u and f.

Our next objective is to adjust the tuning f so that the ordinates z/x,,
of P and @ are equal. To solve Eq. (3.26) for g, and g., to substitute
these values in (3.24), and then to equate the two expressions so obtained
is very time consuming. Fortunately, it is not necessary. In the first
place, we remember that at P and Q the value of z/z,; is independent of
the damping, so we may as well select such a value of ¢/c. that (3.24)
reduces to its simplest possible form. This happens for ¢ = «, when
(3.24) becomes

0 (3.26)

Ty __ 1
2 " T=E0F D @20

Substituting g; and g. in this equation gives

1 1
1—gil+w 1-—gi1+w

(3.28)

However, this is not quite correct for the following reason: Equation
(3.27) is really not represented by the curve ¢ = « of Fig. 3.12 but rather
by a curve which is negative for values of g larger than 1/4/1 + & (see
alsc Fig. 2.18). Since P and @ lie on different sides of this value of g,
the ordinate of P is positive and that of @ negative, so that Eq. (3.28)
should be corrected by a minus sign on one side or the other. By simple
algebra the equation, thus corrected, becomes

2
2 2
gl + g3 155 (3.29)
Now it is not even necessary to solve Eq. (3.26) for g, and g,, if we
remember that the negative coefficient of the middle term in a quadratie
equation is equal to the sum of the roots. In Eq. (3.26) that sum is

2 20+ £ + uf?)
gitel=—"——5
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Substitute this in Eq. (3.29) with the result that

1
f = I (3.30)
This very simple formula gives the correct “tuning” for each absorber
size. For a very small absorber (u = 0) the tuning f =~ 1, or the damper
frequency should be the same as the main-system frequency. For a
damper one-fifth as large as the main mass, f = 3§ or the damper has to
be made 17 per cent slower than the main system.
Now we know how to tune, but we do not know yet what amplitude

2/, we shall finally get. Figure 3.13 is a case of such tuning for p = 34.

8 +
; 1
| i
Py
6 ,' 1
1 p=025 ‘\
- /
§'4 7 v
83 P e
/2 \_/ \
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-—”" \\\\ \
~—]
o 2
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F1a. 3.13. Resonance curves for the motion of the main mass fitted with the most favorably
tuned vibration-absorber system of one-fourth of the size of the main machine.

Two curves are drawn. One passes horizontally through P and then is
not horizontal at @; the other is horizontal at @ and not at P. It is seen
that practically no error is made by taking the amplitude of either point
as the maximum amplitude of the curve. This amplitude is easily cal-
culated. Merely substitute a root of (3.26) in the expression for x1/s,
and since, at this point (P or @), z1/%.; is independent of damping, take
for it form (3.27). The result is

z 2
\/1 + a (3.31)

Lst

This represents the most favorable possibility, if the natural frequency
of the damper differs from that of the main system in the manner pre-
scribed by (3.30).

It is interesting to compare the result (3.31) with some other cases
which are sometimes encountered in actual machines (Fig. 3.14).
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Fia. 3.14. (@) Peak amplitudes of the main mass as a function of the ratio m/M for various
absorbers attached to the main mass. (b)Peak relative amplitudes between the masses M
and m for various absorbers. (¢} Damping constants required for most favorable operation
of the absorber, i.e., for obtaining the results of (a¢) and (). (See Problem 92.)

Curve 1 for the most favorably tuned and damped absorber; curve 2 for the most favor-
ebly damped absorber tuned to the frequency of the main system; curve 3 for the most
favorably damped viscous Lanchester damper; curve 4 for the most favorably damped
Coulomb Lanchester damper.
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First, consider the vibration absorber with constant tuning, f = 1, where
the small damper is tuned to the same frequency as the main system,
independent of the size of the damper. The equation for the two fixed
points (3.26) becomes

2
4 2 =
g -2+, =0

or g’=1i\/2:_ﬂ

For the usual damper sizes, the peak for the smaller g is higher than for
the larger g (see Fig. 3.12; also check the location of the fixed points

with the formula). Thus we substitute gz = 1 — \/ﬁ in (3.27),
with the result that

Ty _ 1

Tt
AN

Next, consider the apparatus known as the ‘‘Lanchester damper”
(see page 210) with viscous friction,
consisting of the system of Fig. 3.6,
in which the damper spring has been
replaced by a linear dashpot. Thus
k = 0 and it is seen from Eq. (3.23)
that w, and f also are zero. The
fixed-point equation (3.26) becomes

(3.32)

1
4 2 —
g 2g2+“ 0

so that one of the fixed points is per-
manently at gp = 0, and the other
is given by

W/ Q>
Fia. 3.15. Resonance curves of a simple 9
system equipped with a Lanchester g% = o (333)
damper with viscous friction for zero 24+
demping, infinite damping and opti- . R
mum damping. All curves pass through The undamped and the infinitely

the fixed points P and Q. damped constructions are single-

degree-of-freedom systems, because in the first case the damper mass is
completely loose and in the second case it is rigidly coupled to the main
mass. Thisisshown clearly in Fig. 3.15, from which we also can conclude
that the most favorable resonant amplitude is that of the fixed point Q.
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Substitute (3.33) in (3.27) and find, for the optimum amplitude,

=1 + < (3.349)
In some constructions of the Lanchester damper the viscous friction is
replaced by dry friction or “Coulomb” friction. The analysis for that case
is quite complicated and will not be given here, but the result for the most
favorable resonant amplitude with such a damper is approximately
T 71'2 2.46
I T 22 3.35
T Ap I (8:35)
The four cases already treated are shown in the curves of Fig. 3.14a.
A damper of 4 = Y or 1{ is a practical size. It is seen that the spring-
less or Lanchester dampers are much less efficient than the spring dampers
r ‘“‘damped dynamic absorbers.” However, the design of the correct
spring in the dynamic absorber is often difficult, because the small
amplitudes of the main mass are obtained at the expense of large deflec-
tions and stresses in the damper spring.

Before proceeding with the calculation of the stress in the damper spring, it is
necessary to find the optimum damping: (¢/cc)opt. The optimum amplitude was found
merely by stating that there must be a value of ¢/c. for which the curve passes hori-
zontally through either P or @ in Fig. 3.13. The damping at which this occurs has
not been determined as yet, and now for the first time complications arise.

Start from Eq. (3.24), and substitute Eq. (3.30) into it in order to make it apply to
the case of “‘optimum tuning.” Differentiate the so-modified Eq. (3.24) with respect
to g, thus finding the slope, and equate that slope to zero for the point P. From the
equation thus obtained c¢/c. can be calculated. This is a long and tedious job, which

leads to the result
( ) vB =~ Vp/u +2 Vile F 2
ce B

as shown by Brock.t On the other hand, if dz/dg is set equal to zero, not at point P,
but rather at point @, and the resulting equation is solved for c/c., we get

() -

A useful average value between the two gives the optimum damping for the case, Eq.
(3.30), of optimum tuning,

(ca) 81 + w)f + )3 (3.36)

The same procedure applied to the case of the constantly tuned absorber £ = 1, for zero
slope at P, gives

e\ _ple + A+ Ve +2)
(Z) - 81 + ) ©:37)

1 John E. Brock, A Note on the Damped Vibration Absorber, Trans. A.S.M.E.,
1946, A284.
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Similarly, for the Lanchester damper £ = 0 (Fig. 3.15), zero damping at Q is attained

for
eN°_ 1
(c:) B EIE) 3.38)

These results are shown graphically in Fig. 3.14c.

Now we are ready to find the relative motion between the two masses M and m,
determining the stress in the damper spring. An exact calculation of this quantity
would be very laborious, because it would be necessary to go back to the original
differential equations. Therefore we are satisfied with an approximation and make
use of the relation found on page 50, stating that near a maximum or resonant ampli-
tude the phase angle between force and motion is 90 deg.

Thus the work done per cycle by the force Py is {see Eq. (1.9), page 12]

W = rPo:tl sin 90° = 'eroxl

This is approximate, but the approximation is rather good because, even if ¢ differs
considerably from 90 deg., sin ¢ does not differ much from unity.

On the other hand, the work dissipated per cycle by damping is, by the same
formula, = X damping force X relative amplitude .1, since the damping force being
in phase with the velocity has ezacily 90-deg. phase angle with the displacement
amplitude. Thus

Wdissipated = (C0sTrel) * Trel = WCWIoyy
Equating the two,
wPs 1y = wewr )
or i = Pozy
Cw

Written in a dimensionless form this becomes

Trel
( SC:;) 1.; 2ygc/c‘, (3.39)

This formula determines the relative motion and consequently the stress in the
damper spring. Upon substitution of the proper values for u, g, ete., this formula is
applicable to the viscous Lanchester damper, as well as to the two kinds of dynamic
absorbers.

The curves of Fig. 3.14b show the results of these calculations. It is
seen that the relative motions or spring extensions are quite large, three
or four times as large as the motion of the main system. If springs can be
designed to withstand such stresses in fatigue, all is well, but this quite
often will prove to be very difficult, if not impossible, within the space
available for the springs. This is the reason why the Lanchester damper,
though very much less effective than the spring absorber, enjoys a wide
practical use.

Ezample: 1t is desired to design a damper for the system of Fig. 3.6, in which
Mg = 101b.; mg = 11b.; Po = 11b,, and K = 102 Ib./in., which will operate for all
frequencies of the disturbing force. If first the absorber spring is taken as k = 10.2
Ib./in.;
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a. What is the best damping coefficient across the absorber?

b. What is the maximum amplitude of the main mass?

c. What is the maximum stress in the absorber spring?
Further, if we drop the requirement k/K = m/M,

d. For what k is the best over-all effect obtained?

e. Same question as a but now for the new value of k.

f. Same question as b but now for the new value of k.

g. Same question as ¢ but now for the new value of k.

Solution: The answers are all contained in Fig. 3.14 g, b, and c.

a. From Fig. 3.14c we find: ¢/2mQ. = 0.205 or

¢ = 0.41mQ, = 0.41%4gs 20x = 0.067 1b./in. /sec.
b. Figure 3.14a or Eq. (3.32) gives z/za = 7.2,
za = Po/K = 3¥{gg, so that z = 7.2/102 = 0.071 in.

¢. Figure 3.14b gives for the relative motion across the absorber spring #re1/zs =

12.8 so that 2ye1 = 12.8/102 = 0.126 in. The force is krre1 = 10.2 X 0.126 = 1.28 1b.

d. The most favorable tuning follows from Eq. (3.30), % = —1_:_—“ = }—(1), so that

2
(%f = %(1) Since m, M, and K are the same now as in all previous questions,

(wa/ )% is proportional to k. Thus the new absorber spring should be
k = 109{o; X 10.2 = 8.41b./in.

e. Figure 3.14¢ gives ¢/2mQ, = 0.166. Since 2m®, is the same as in question a,
we have

_ 0.166 _ -
¢ = 5305 X 0.067 = 0.054 Ib. in."! sec.

j. From Fig. 3.14a or Eq. (3.31) we find z/z, = 4.6. Since from b we have 2, =
1402, the maximum amplitude is

4.6 .
=10 = 0.045 in.

f. Figure 3.14b gives Zw1/2a = 19.5, s0 that z1 = 19.5/102 = 0.191 in. With
k = 8.41b./in., this leads to a maximum force in the spring of 8.4 X 0.191 = 1.601b.

The principal applications of dampers and absorbers of this type are
in internal-combustion engines (page 210), in ship stabilization, which
will be treated in the next section, and in electric transmission lines
(page 306, Fig. 7.23). However, an ‘“absorber” may be present in a
construction without being very conspicuous.

An example of this is found in gears which, in operation, may be ring-
ing like bells if no precautions are taken. It has been found by experience
that this noise can be eliminated to a great extent (the gears ‘‘deadened”’)
by shrinking two steel or cast-iron rings a, ¢ (Fig. 3.16) on the inside of
the rim. If the shrink fit is too loose, no deadening occurs; if it is shrunk
very tight the effect is again very small, but for some intermediate shrink
pressure the deadening effect is astonishingly complete. Two identical
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gears, one with and the other without rings, may be placed upright on
the ground and their rims struck with a hammer. The first gear will
sound like a piece of lead while the second one will ring for ten or more

MECHANICAL VIBRATIONS

seconds. The cast-iron inserts evidently act as Lan-
N Re

BANE”

F1a. 3.16. Gear
with sound-
deadening rings
inserted. These
should be either
shrunk or tack-
welded in a few
spots so as to
allow some rela-
tive rubbing dur-
ing the vibra-
tion.

chester dampers.

3.4. Ship Stabilization. One of the most interesting
applications of the rather lengthy theory of the preced.
ing section is the prevention of the “rolling”’ of shipsin a
rough sea by means of certain devices installed on board.

First consider the rolling of the ship itself without any
damping device. Imagine the ship to be floating in still
water (Fig. 3.17a), the weight W and the buoyancy B
being two equal and opposite forces both passing through
the center of gravity @. Now hold the ship at a slightly
inclined position by some external couple (Fig. 3.17b).
The weight W still acts through the point G, but the
buoyancy force B is displaced slightly to the left. The
line of action of this force intersects the center line of the
ship in some point M, which is technically known as the
metacenter. 1t is clear that the location of this point is
determined by the geometry of the hull of the ship. The
distance h between M and & is called the metacentric
hetght.

The determination of this quantity from a drawing of

the ship is an important task of the designer, since upon
it the rolling stability depends. In Fig. 3.17b it is seen that the forces W
and B form a eouple tending to restore the ship to its vertical position.
This is always the case when the metacenter is above the center of gravity
or when the metacentric height h is positive. If h were negative, the W-B
couple of Fig. 3.17b would tend to increase the inclination of the ship and
the equilibrium would be unstable.

Ezample: A ship has a rectangular cross section and the submerged part has a
square section of which the sides have a length 2a. The center of gravity lies in the
vertical line of symmetry at a height = above the bottom of the ship. For small
values of z the ship is stable, for large values of z it is statically unstable. Find the
value of z where the equilibrium is just indifferent.

Solution: Consider a submerged piece of the ship of dimensions 2a X 2a X 1 in.
By taking such a slab of unit thickness we gain the advantage that the submerged
volumes become numerically equal to the corresponding cross-sectional areas. By
tilting through the angle ¢ the submerged figure changes from a square to a square
from which a small triangle has been subtracted on the right side and to which a
similar triangle has been added at the left side. The area of such a triangle is /2 X
ap = a2p/2. Since the center of gravity of these triangles is at one-third of the
height from the base, the shift of the triangle from right to left shifts the center of



TWO DEGREES OF FREEDOM 107

gravity of an area a%p/2 through a distance of 24 - 2a. The product of these quantities
equals the total area of the square 4a® multiplied by the horizontal shift y of the center
of gravity of the whole figure. Thus

4a%y = %4a’p or y = ‘—léﬁ
The center of gravity of the submerged figure is shifted to the left over this distance
from the original vertical axis of symmetry. A vertical line through this new center
of gravity intersects the symmetry axis at a distance a/6 above the original location

of the center of gravity. Since this intersection is the metacenter M, we find that M
lies at a distance of a +% = %a above the bottom of the ship. This is also the

desired position of the center of gravity of the ship for indifferent equilibrium.

(o) 1)

Fia. 3.17. The buoyancy and weight forces acting on a ship. For stability the metacenter
M has to be located above the center of gravity @. The distance M@ is the metacentric
height A.

The ship is a vibratory system because when it is displaced from its
equilibrium position it shows a tendency to come back. For small angles
¢ the location of M is independent of ¢. The restoring couple is —Wh
sin ¢ or —Whe for sufficiently small ¢. By the action of this couple
the ship will roll back about some longitudinal axis. Let the moment
of inertia about that axis be I, (the subscript s stands for ship). New-
ton’s law can be written

or o+ e=0 (3.40)

which we recognize as Eq. (2.7) of page 31 for the undamped single-
degree-of-freedom system. Consequently the ship rolls with a natural

frequency
- \/ h
s T,

Imagine the ship to be in a rough sea. Waves will strike it more or
less periodically and exert a variable couple on it. Though this action is

(3.41)
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not very regular, it may be regarded approximately as a harmonic dis-
turbing torque T sin «f to be written on the right-hand side of Eq. (3.40).
In case the wave frequency w is near to the natural frequency w, of the
ship’s roll, the oscillations may become very large. In rough seas the
angle ¢ has been observed to reach 20 deg. Equations (3.40) and (3.41)
tell us that, as far as vibrational properties go, the system of Fig. 3.17 is
equivalent to Fig. 2.4 or to the upper part of Fig. 3.6. Therefore the
addition of a damper of the type shown in Fig. 3.6 should help. This was
done by Frahm, in 1902, who built into a ship a system of two tanks
(Fig. 3.18) half filled with water, communicating through a water pipe
below and through an air pipe with valve V above. The secondary or
““absorber” system corresponds approximately to Fig. 2.11, page 35.

In other constructions the lower connecting pipe between the tanks
was omitted and replaced by the open ocean as indicated in Fig. 3.19.
These ‘“blisters” extended along two-thirds the length of the ship and
were subdivided into three or more compartments by vertical partitions.

Fic. 3.18. Frahm antirolling tanks, old type. Fig. 3.19. Modern ‘“blister” construction
of Frahm’s antirolling tanks.

Both these constructions are really more complicated than Fig. 3.10,
though the older construction, Fig. 3.18, comes quite close to it.

Frahm antirolling tanks were installed on the large German liners
“Bremen” and “Europa.”

Another method of reducing ship roll, which apparently is entirely
different from Frahm’s tanks but really operates on much the same prin-
ciple, is the gyroscope of Schlick (Fig. 3.20). This device consists of a
heavy gyroscope rotating at high speed about a vertical axis. The gyro-
scope bearings AA are mounted in a frame which is suspended in two
bearings BB so that the frame is capable of rotation about an axis across
the ship. The axis BB lies above the center of gravity of the gyroscope
and its frame. A brake drum C is attached to BB, so that the swinging
motion of the gyroscope frame can be damped. The weight of the gyro-
rotor is of the order of 1 per cent of the ship’s weight. It is driven elec-
trically to the highest possible speed compatible with its bursting strength
under centrifugal stress.

For an understanding of the operation of this device, it is neeessary to
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know the main property of a gyroscope, namely that the torque exerted
on it is represented vectorially by the rate of change of the angular
momentum vector.

Let the direction of rotation of the rotor be counterclockwise when
viewed from above, so that the momentum vector 3 points upward.
When the ship is rolling clockwise (viewed from the rear) with the
angular velocity ¢, the rate of change of 9 is a vector of length 9me
directed across the ship to the right. This vector represents the torque
exerted on the rotor by its frame. The torque exerted by the rotor on its
frame is directed opposite to this, so that the frame is accelerated in the

Left t Right
]

(6} Seen from right

{0) Seen from rear
Fi1g. 3.20. Scheme of Schlick's anti-ship-rolling gyroscope. It operates by virtue of energy
dissipation at the brake drum C.

direction of increasing ¢ (so that the lower part of the frame tends to go
to the rear of the ship).

On the other hand, if the rotor frame is swinging with a positive angular
velocity ¢, the momentum vector I increases by an amount 9y each
second in a direction pointing toward the front of the ship. This vector
is a torque tending to rotate the rotor clockwise, and consequently the
ship counterclockwise, when viewed from the rear.

Thus the ship is “coupled” to the gyroscope in much the same sense
as the ship is coupled to the Frahm water tanks, though the mechdnism
18 entirely different.

Without damping in the swing motion of the rotor frame, the presence
of the gyroscope merely changes the one natural rolling frequency of the
ship into fwo other natural rolling frequencies. A resonance with sea
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waves leads to infinite amplitudes ¢ of the ship. An infinite amount of
damping clamps the rotor frame solidly in the ship. Then a roll of the
ship merely creates a pitching torque on the ship’s frame and conversely
the clamped gyroscope will convert a pitching motion of the ship into a
rolling torque on it. At resonance of the sea waves with the one natural
rolling {requency again an infinite rolling amplitude results. But at
some intermediate damping the two resonant peaks can be materially
decreased.

Activated Ship Stabilizers. The motion of the water in the Frahm
tank, as well as the precession of the Schlick gyroscope; is brought about
by the rolling of the ship itself, and in both cases is impeded by a brake.
This is not a perfect solution, since the best brake adjustment is different
for different frequencies and other conditions. These systems are des-
ignated as “‘passive’ systems to distinguish them from the more modern
“active’ gystems, where the Frahm water is pumped from one tank to
the other, and the Schlick gyro precession is forced. There is no longer a
brake, but there is a governor or device which feels the roll of the ship
and gives the proper signals controlling the Frahm pump or the Schlick
precession drive, so that the phase of the counter torque is always correct.

The first of these activated devices reaching practical perfection was
the Sperry gyroscopic ship’s stabilizer, illustrated schematically in Fig.
3.21. It conmsists of a main gyroscope, which differs from Schlick’s only
in the fact that the axis BB passes through the center of gravity, and that
the brake drum C is replaced by a gear segment meshing with a pinion
on the shaft of a direct-current motor D. Besides the main gyroscope
there is the pilot gyroscope (Fig. 3.21b, ¢) which has an over-all dimension
of some 5 in. and is nearly an exact replica of the main one. The only
difference is that there is no gear C, but instead of that there are two
electrical contacts d; and ds, one in front and one behind the rotor frame.

The operation is as follows. When the ship has a clockwise rolling
velocity ¢ (looking from the rear) the top of the pilot rotor frame is accel-
erated toward the front of the ship and closes the contact d.. This
action sets certain electrical relays working which start the precession
motor D so as to turn the main frame about the axis BB in the same direc-
tion as the pilot frame. In other words, the top of the main frame
moves to the front of the ship. This necessitates a clockwise ¢-torque
on the main rotor, which has a counterclockwise reaction on the main-
rotor frame and thus on the ship. Therefore the main gyroscope creates
a torque on the ship which is in opposition to the velocity of roll and in
that manner most effectively counteracts the roll. As soon as the veloc-
ity of roll of the ship becomes zero, the pilot torque disappears and the
pilot rotor is pulled back to its neutral position by two springs ¢ as shown
in Fig. 3.21c. Only when the roll acquires a velocity in the opposite
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direction does the pilot go out of its equilibrium position again closing
the contact d;, which sets the precession motor going in the opposite
direction. Thus there is always a torque acting on the ship in opposition
to the instantaneous velocity of rolling. With the torque always against
the angular velocity, a maximum amount of energy of the rolling motion
is destroyed. (See the three rules on page 16.)

A

{o) Seen from reor

(b) Seen from regr {c) Seen from right
Fia. 3.21. Sperry’s gyroscope for diminishing ship roll. The precession is forced by a motor
D, which is controlled by a small pilot gyroscope shown in (b) and (c)

The direction of the desired y-precession of the main gyro was seen
to be the same as that of the free pilot gyro, which means that the motor
D turns the main gyro in the direction in which it would go by itself, if it
were free to move in the bearings B. However, it can be easily verified
that, if such freedom existed, the main gyro would precess extremely
fast in an accelerated manner and would reach ¢ = 90 deg. in a very short
fraction of the roll period. At this position the roll would no longer affect
the gyro. Therefore the motor D does not push the main gyro (except at
the very beginning of the precession) but really acts like a brake, holding
the speed of precession down to a proper value. Schemes have been
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proposed to do away altogether with the motor D, reverting to the old
Schlick brake drum, with the difference, however, that the tightness of
the brake would be controlled electrically by signals coming from the
pilot gyro.

In actual constructions the pilot gyroscope has its axis 4 A horizontal
and across the ship, while its frame axis BB is vertical. The line connect-
ing the contacts d; and d, remains parallel to the ship’s longitudinal axis
as before. The reader should reason out for himself that with this
arrangement the same action is obtained as with the one shown in
Fig. 3.21.

Sperry gyro stabilizers have been installed with success on many
yachts. An application to the Italian liner ‘‘Conte di Savoia” showed
that a large roll was very effectively damped down by the device. How-
ever, in the roughest Atlantic storms single waves were found to tilt the
ship 17 deg.; and since the power of the gyros was sufficient only to swing
the ship 2 deg. at one time, the greatest roll angles with and without
stabilizer did not differ materially. A gyroscope that would hold the ship
down even in the roughest weather would become prohibitively large, of
the order of 5 per cent of the weight of the ship. The same objection
attaches to the activated Frahm tanks, in which the water is pumped
from side to side of the ship, the pump being controlled by a pilot gyro-
scope. [Experiments with this system on a destroyer showed that it
had to be very large to be effective.

A third antiroll device utilizes the principle of lift on airplane wings.
Imagine an airplane of a wing span of say 20 ft., and swell the fuselage
of that plane to the size’of an ocean liner, leaving the wing size unchanged.
The wings are located below the water line. While the ship moves
through the water, a lift will be developed on the wings. The wings can
be rotated through a small angle about their longitudinal (athwartship)
axis, and thus the angle of attack can be changed and consequently the
hydrodynamic lift force from the water can be changed. For example,
if the left (or port) hydrofoil has a large positive angle of attack and an
upward lift, while the right (or starboard) hydrofoil has a negative angle
and downward lift, there is a hydrodynamic rolling torque in a clockwise
direction seen from behind. If now these angles of attack are contin-
uously changed by a driving motor (controlled by a pilot gyroscope) so
that the torque on the ship is opposite to that of its roll velocity, the
rolling motion will be damped. This system was in operation on some
British destroyers during the last war. Although its weight is small
compared with that of the ship, it has the disadvantage that it increases
the resistance of the ship by a small precentage so that the cost of a por-
tion of all the fuel used during the lifetime of the ship must be charged
against it. This disadvantage has been overcome recently by making the
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hydrofoils retractable, so that they are being used only during foul
weather. This, then, is at present the best answer to the question. It
should be mentioned that the water-tank and gyroscope stabilizers will
work when the ship stands still; this is not the case with the hydrofoil
stabilizer, which depends for its operation
on the speed of the ship. The “passive,”
or inactivated, form of the hydrofoil sys-
tem has been used for years in the form
of “bilge keels,” which are crude forms po 390 Bilge keels, extonding
of hydrofoil permanently attached to the over more than half the length of
ship’s sides (Fig. 3.22). When the ship PP

has forward speed, no lift force is generated on these keels, because the
angle of attack is made zero. But when the ship rolls, its own rolling
motion induces an apparent angle of attack which causes lift foreces
forming a torque opposite to the direction of the rolling velocity. Bilge
keels are quite ineffective in stopping
the roll when the ship lies still but be-
come effective with an intensity roughly
proportional to the square of the ship’s
forward speed.

3.6. Automobile Shock Absorbers.
An automobile of conventional design
on its springs and tires is a very compli-
cated vibrational system. There are
three distinct ‘“masses’: the body, the

77777777777 7777777 777777 7777777777777 7777 77777%
Fra. 3.23. Idealized scheme of con-
ventional automobile with front and front axle, and the rear axle; and eigtt

les and shock absorbers. o s . .
rear ax distinct ‘““springs”: the four springs

proper and the four tires (Fig. 3.23). A solid body free in space has six
degrees of freedom: it can bob up and down, sway back and forth, move
forward and backward (the three translations); and, moreover, it can have
three rotations, known under the technical names of:

1. Rolling about a longitudinal axis.

2. Pitching about a lateral axis.

3. Yawing or nosing about a vertical axis.
Since the automobile has three such bodies, it really has 18 degrees of
freedom. However, a good many of these 18 are rather unimportant.
The most important motions are:

1. A bobbing up and down of the body with the axles practically
steady.

2. A pitching of the body with the axles nearly steady.

3. A bobbing up and down of each axle on the tire elasticity with the
chassis practically undisturbed.

4. A rolling of the axles with little motion of the body.



114 MECHANICAL VIBRATIONS

The first two motions were discussed on page 85. For an entirely
symmetrical car (which naturally does not exist) the two natural modes
are a pure vertical parallel motion and a pure pitching about the center
of gravity, but in the actual unsymmetrical case each mode is a mixture
of the two. In practice, the natural frequencies for the first two modes
are close together, being somewhat slower than 1 cycle per second in
modern cars. The motions 3 and 4 have frequencies roughly equal to
each other but much faster than the body motions. With older cars the
axle natural frequency may be as high as 6 or 8 cycles per second; with
modern cars having balloon tires and heavier axles on account of front
wheel brakes, the frequency is lower. On account of the fact that the
body frequency and the axle frequency are so far apart, the one motion
(1 or 2) can exist practically independent of the other (3 or 4). For
when the body moves up and down at the rate of 1 cycle per second, the
force variation in the main spring is six times as slow as the natural fre-
quency of the axle mass on the tire spring and thus the axle ignores the
alternating force. And similarly, while the axle vibrates at the rate of
6 cycles per second, the main body springs experience an alternating
force at that rate, which, however, is far too fast to make an appreciable
impression on the car body (Fig. 2.18, page 44).

Resonances with either frequency occur quite often and can be observed
easily on any old-model car or also on a modern car when the shock
absorbers (dampers) are removed. The pitching motion of the body
gets in resonance at medium speeds when running over a road with
unevennesses of long wave length. For example, at some 30 m.p.h. on
old concrete highways having joints spaced regularly at about 40 ft.
apart, very violent pitching usually occurs in cars with insufficient shock
absorbers. The other natural frequency often comes to resonance at
rather low speeds when running over cobblestones. The axles then may
vibrate so that the tires leave the ground at each cycle.

The worst of the evils just described have been eliminated by intro-
ducing shock absorbers across the body springs, which introduce damping
in the same fashion as a dashpot would. Before starting a discussion of
their action, it is well to consider first the influence of the springs and tires
themselves on the ‘‘riding quality,” or “riding comfort.”

Assuming that the car is moving forward at a constant speed, what
quantity should be considered to be a measure of comfort? It might
be the vertical displacement of the chassis or any of its derivatives. It
is not the displacement amplitude itself, for a ride over a mountain, being
3 “vibration” of amplitude 3,000 ft. at the rate of 1 c¢ycle per hour, may
be very comfortable. It is not the vertical velocity, for there are no
objections to a fast ride up a steep slope. Nor is it the vertical accelera-
tion, for a steady acceleration is felt as a steady force, which amounts
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only to an apparent change in g that cannot be felt. But sudden shocks
produce uncomfortable sensations. Therefore a criterion for comfort is
the rate of change of acceleration d%/di?, a quantity that has been called
the “jerk.”

Figure 3.24 represents a wheel or axle on its tire spring. The wheel
runs over a road of which the surface is a
sinusoid. If the car moves at a constant
speed, the bottom of the tire experiences
s motion a, sin «i. Consider various
wheels of the same mass m running with TN _—
the same speed over the same road ao sin S~—"
wt but differing among each other in the Fro. 3.24. Automobile riding over a

. . wavy road.
elasticity k of their tire springs. Theforce
F transmitted by the spring from the road to the wheel or axle is k times
the relative displacement, which by Eq. (2.26) page 45, is

or in a dimensionless form,

__F - (V'k/mw?)?
Mo~ 1 — (v/kfma)?

(3.42)

If the dimensionless force F/mw?a, is plotted vertically against the
dimensionless square root of the tire spring constant \/k/A/mw?, Eq.
(3.42) shows that the diagram Fig. 2.20 (page 46) is obtained.

We see that stiff springs (large k or steel-rimmed wheels) are repre-
sented by points in the right-hand part of the diagram, which means con-
siderable force transmission. Little force transmission occurs for weak
springs (7.e., balloon tires) represented by points close to the origin of
Fig. 2.20.

This can be appreciated also from a somewhat different standpoint.
Consider a given ‘““sinusoidal” road or a smooth road with a single bump

y on it, and let the steel-tired wheel

3 / o be completely rigid. The vertical

e accelerations of the wheel now in-
F1c. 3.25. A bump in the road. crease with the square of the speed, which
can be seen as follows. Let the bump on the road be represented by
y = f(z) asin Fig. 3.25. For a car with speed v we have x = vf. Then
the vertical velocity is
dy _, 4y _  dy
dt d(vt) dx
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and the vertical acceleration is

d dy)_ d dy)__ d (. dy\ _ ,d%

at\at) = 'dep \dt) = "dz\"dz) = dx?
Since d%y/dz® is a property of the shape of the bump only, independent
of the velocity, it is seen that the vertical acceleration increases with the
square of the speed. If the wheel is rigid (no tire), the forces acting on
the wheel as well as on the road are the product of the wheel mass and
this acceleration. Thus the force on the road also increases with the
square of the speed, making the rubber tire an absolute necessity even
for moderate speeds, which is a matter of common observation.

“The tires are primarily there for a protection of the road and of the
wheels, whereas the main springs take care of riding comfort. With a
given axle movement a¢, how do we have to design the main springs for
maximum riding comfort, 7.e., for minimum “jerk” d3%/dt*? From
Eq. (2.26) we have

2 2
- ranleron sin ot
so that by differentiation
.
Y- M&')—— *+ €oS wt (3.43)

wlae 1 — w¥/w?

Again Fig. 2.20 represents this relation, and the springs have to be made
as soft as possible in the vertical direction. Then most road shocks will
be faster than the natural frequency of the car and will not give it any
appreciable acceleration. The introduction of damping is undesirable
at these high road frequencies. But the case of resonance is not excluded,
and from that standpoint damping is very desirable.

There is still another viewpoint to the question. Figure 2.20 pertains
to steady-state forced vibrations, .e., to road shocks following each other
with great regularity. Practically this does not occur very often as the
bumps on actual roads are irregularly spaced. Thus the motion will con-~
sist of a combination of foreed and free vibrations, and damping is desir-
able to destroy the free vibrations quickly after the road is once again
smooth.

The shock absorbers on most automobiles are hydraulic and operate
on the dashpot principle. Any relative motion between the axle and the
car body results in a piston moving in a cylinder filled with oil. This oil
has to leak through small openings, or it has to pass through a valve
which has been set up by a spring so that it opens only when a certain
pressure difference exists on the two sides of the piston. In this manner
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a considerable force opposing the relative motion across the car body
springs is created, and this force is roughly proportional to the velocity
of the relative spring motion.

The most desirable amount of damping in these shock absorbers
depends on the road condition. When running over a smooth road with
rolling hills and valleys which are taken at the rate of approximately one
hill per second, it is clear that critical damping is wanted. On the other
hand, if the road has short quick bumps, a small damping is desirable.

Some shock absorbers have one-way valves in them, so that for a
spreading apart of the axle and the body a different damping occurs than
for their coming together. This is accomplished by forcing the oil
through different sets of openings by means of check valves. Usually
the arrangement is such that when the body and axle are spreading apart
the damping is great, while when they are coming together a small force
is applied by the shock absorbers. The theories and arguments given
by the manufacturers as a justification of this practice do not seem to be
quite rational.

3.6. Isolation of Non-rigid Foundations. On page 69 we discussed
the problem of protecting a foundation from the vibrations of an unbal-
anced rotating machine placed on it and found that the insertion of a soft
spring between the machine and the foundation was a proper remedy.
The spring had to be designed so that the natural frequency of the
machine on it would be several times, say three times, as slow as the fre-
quency of the disturbing vibrations. In deriving this result it was
assumed that the foundation was
rigid, which is a reasonable enough Fosin wt 1 Disturbing force
agssumption for many cases where a b
machine is mounted on a foundation
attached directly to the ground.
However, when we deal with a large
Diesel engine mounted in a ship’s
hull or with a powerful aircraft e,n- F1a. 3.26. Vibration isolation on a founda-
gine mounted on the Wing of an air- tion which is not infinitely large, such as
plane, the assumption is not at all ;}:Slcase of an engine mounted in a ship’s
justified, because the weight of the '
nearby parts of the ‘“foundation’ is considerably less than that of the
engine itself. In order to make a first study of such cases, we assume the
foundation to be a pure mass m, (Fig. 3.26), while the engine mass will
be designated as m,.

The differential equations are

Foundation
X2

myE; + k(x; — 22) = Posin ot
maE; + k(z: — 21) = 0
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Assuming for the solution
Ty = Tym SIR Wil
Ty = Tam 8I0 L
and substituting, we find

x;(—mwz + k) + xz(—'k) = Po
2i(—k) + 22(—m? + k) =0

The engine itself is not in trouble, so that we do not care about z;, but
we are interested in the motion of the foundation z,. From the second

equation we get
_ _ mw’
Ty = 22 (1 T )

and, substituting into the first equation,

Pk

= m{"hw‘ o k(m; + mg)w2

T2

This expression can be written into other forms; a convenient one is
Py
w?
(m, + ’"h)o)z - 1
wn

T2 =

where the natural frequency w, of the sgystem is

k

wy = mama/ (my + my) @.44)

The force transmitted to the foundation can be found most easily by
remarking that it must be the inertia force of the foundation itself or
m2w2x2

me . P 0
my + my @

wi

Transmitted force = (3.45)

Comparing this result with Eq. (2.33) and Fig. 2.41 for the old theory of
a rigid foundation, we see that the old theory (for zero damping) still
holds; in other words, Eq. (3.45) is still represented by the simple res-
onance diagram. The difference is, however, that the natural frequency
w, of the old theory was w? = k/m, whereas now it is given by Eq. (3.44).
For any kind of foundation the protecting spring has to be so designed
as to make the natural frequency about one-third of the disturbing fre-
quency. This correct statement sounds as if there is no difference
between light and heavy foundations, which is misleading. Take the
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case of an engine 10 times as heavy as its foundation. Then Eq. (3.44)
becomes

T mama/(my + ’mz) ml Mz my 1 m

The natural frequency squared is 11 times as high with the light founda-
tion as it would be with a very heavy one, and hence to get the same kind
of protection we must make our protecting spring 11 times as flexible.

Suppose the engine exciting frequency to be about 1,200 v.p.m. Then
for a solid foundation, a decent protecting spring would be one for a
natural frequency of 400 v.p.m., which means 2 static sag of about 14 in.
(Fig. 2.9, page 34): a reasonable design. If this same engine is to be
mounted in a ship with a light foundation m./m; = 0.1, the static sag
in the spring must be 11 times larger, or some 2.5 in. In the first place
this is very difficult to do, and moreover such an engine in a rolling and
pitching ship would be entirely impossible. This shows that the pro-
tection of a ship’s hull from the vibrations of the machinery inside is a
very difficult proposition. The vibrations of the hull radiate noise under
water, which disturbs the peace of fish and sometimes is undesirable for
other reasons as well.

The idealization of the ‘‘foundation,” or hull, by a mass m, is a crude
one. The point of the hull to which the machinery is attached acts
partly like a spring, partly like a mass, and partly even like a dashpot,
because radiation of the vibration is a damping action. To try to deter-
mine how much spring, mass, and dashpot there is from a blueprint
drawing is a hopeless proposition, but once the ship or airplane is built
we can find this out experimentally without too much trouble. Weattach
to the location in question a vibrator which applies to it a harmonic force
of which we can vary the frequency gradually. Then we measure the
force as well as the motion amplitude and phase angle for each frequency.
The result can best be presented in the form of a ratio Z, the mechanical
tmpedance, which is a function of the frequency w:

Z(w) = force amplitude

displacement amplitude (3.46)

As an example consider a simple spring, attached to the ground at its
bottom, while the top end is actuated by the vibrator. If the top ampli-
tude is @ sin wt, then the force is ka sin i, so that for a spring Z = F,
independent of frequency. As a second example take a mass by itself.
If the vibrator is operating on it, the motion is a sin wt and the force is
—maw? sin wf, so that Z = —mw?  The third simple example is a dash-
pot of which the cylinder is attached to ground, while the piston is actu-
ated. If the piston motion is a sin wi, then the force is caw cos wf, out
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of phase by 90 deg. with respect to the motion. In complex notation we
say that the motion is @ and the force jeaw, so that Z = jwc, an imaginary
quantity. Other cases of relatively simple impedance calculations are
Probs. 84 to 90. When we know the system, we can calculate the imped-
ance, but we do not know the properties of a point of a ship’s hull. How-
ever, we can measure the impedance at this point.

Now we consider the system of a machine m, actuated by a force
Py sin «t, attached through & spring & to a foundation of impedance
Z{w), thus replacing in Fig. 3.26 the mass m, by the more general founda-
tion, characterized by Z(w), which usually is a complex quantity. The
differential equations are

miE; + k(x1 — x2) = Posin wl
k(:h —_ xz) = xzz

Assuming harmonic motion of frequency w, the amplitudes z; and z.
will be complex numbers if Z is a complex or imaginary quantity,

—m1w2x| + k(x1 - xz) = Po }
k(x; —_ xz) = ng
or, rearranged,
2 —miw? + k) + x2(—k) = Py

Solve for z; from the second equation,

x1=x2(1+%)

and substitute into the first; then solve for x,.

Py

2
Z(l - m};w) - m;wz

The force transmitted to the ground is Zz,, and the exciting force on the
machine is Py so that the ratio between the two is

(3.47)

Lo =

Transmissibility = — Z (3.48)
m1w2
Z (1 —_ k ) -~ m1w2

This general formula contains all possible foundation characteristics.
As a first example take Fig. 3.26, where Z = —msw?. Substituting this
into (3.48) leads to the result previously found for that case. Asa second
example let the foundation consist of a nure spring K, so that the engine
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rests on the ground through ¥ and K in series or through an equivalent
spring kK/(k + K). Substituting Z = K into (3.48),

K
Tt + KR
1

Transmissibility = 7
_ 1
mi(k + K) 1 — w?/w?
kK

1 — o?

as it should be from Eq. (2.33).
For the case of a dashpot ¢ across the protecting spring & (Fig. 3.27)

tP sin-wt

Engine

¥ 2w}

x2
F1a. 3.27. Anengine mounted on a foundation Z through a spring and dashpot. The trans-
missibility is given by Eq. (3.49).

the analysis is similar and is left to the reader as Prob. 88. The result is

zZ

T 2
Z (1 % ¥ ij) M
In an actual case where the foundation characteristic Z is known from
experiment this formula must be used to see how the system behaves
with different protecting elements &k and ¢, and the best compromise is

to be chosen.
Problems 64 to 98.

Transmissibility =

(3.49)



CHAPTER 4

MANY DEGREES OF FREEDOM

4.1, Free Vibrations without Damping. When the number of degrees
of freedom becomes greater than two, no essential new aspects enter
into the problem. We obtain as many natural frequencies and as many
modes of motion as there are degrees of freedom. The general process of
analysis will be discussed in the next few sections for a three-degree
system; for four or more degrees of freedom the calculations are analogous.

Consider for example Fig. 4.1, representing a weightless bar on two
rigid supports, carrying three masses m,, m,, and m;. If the upward
deflections of these masses be de-
noted by z,, zs, and z,, the first of
the equations of motion can be ob-
tained by equating m,i, to the elas-
¥16. 4.1. A round shaft with three disks on  tic force on the first mass. This
stiff bearings is a system having three de- force is the difference between the
grees of freedom in bending. A

lateral shear forces in the bar to the
left and to the right of m,, a quantity depending on all three deflections z,,
Z2, and z;, complicated and difficult to calculate.

1t is more in the nature of this particular problem to describe its elas-
ticity by the influence numbers. The definition of an influence number
a;z is “deflection of mass 1 caused by a force of 1 1b. at the location of
mass 2.”  We have three direct influence numbers, a1, azs, and a;; where
the unit force and the deflection are measured at the same location, and
8ix cross influence numbers, ais, aa1, a3, @31, @ss, and aszs, where the two
locations are different. By Maxwell’s theorem of reciprocity,

12 = Q21

or, in words: the deflection at one location caused by a unit load at
another location equals the deflection at this second location caused by
a unit load at the first location. These influence numbers can be cal-
culated for any system by the principles of strength of materials. The

equations of motion can be written with them as follows. In the posi-
122
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tion x4, 24, 73 of maximum deflection of the bar (Fig. 4.1), the masses have
accelerations #:, %, £; and consequently experience forces m,k;, mats,
msis. These forces are exerted by the bar on the masses. By the princi-
ple of action and reaction, the masses exert the inertia forces —mg,,
—mgis, —maE; on the bar. The deflection at the first mass caused by
these three forces is

Ty = ~ayMify — a1oMefs — aigMsis

and analogously for the second and third masses, (4.1)
Zo = —anMiEy — aaMafs — aasMsi;
T3 = —oazMify — ageMats — azsMsia

Although these equations cannot be interpreted directly as the Newton
equation for each mass, nevertheless the three together determine the
three unknown motions 24, z;, and z;.

As before, on page 80, in order to reduce them from differential equa-
tions to algebraic equations, we put

1 = a; sin i
T2 = Q2 Sin wi 4.2)
Z3 = a3 sin wit

and substitute, with the result

a; = aumw’a; + a1amaw®as + aismaw’as
Az = anMiwia; + amaw?as + azsMaw’as (4-3)
G = anMiw’d: + azaMew’ds + azaWawlas

These equations are homogeneous in a;, a,, and a; which can be seen
better after rearranging and dividing by w?:

i
(‘mlau - 32 a + Ma0t12G2 + maaisas = 0
1
miana; + | maage — F a: + Maasaas = 0 (4-4)
1
mioza; + Moaize@s + | Maazs — v a; =0

If such homogeneous equations are divided by a,, for example, we have
three equations in two unknowns, as/a; and as/a;. If we solve these
unknowns from the first two equations of (4.4) and substitute the answers
in the third one, we usually find that the result is not zero. Only if a
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certain relation exists among the coefficients of a1, a,, and a;, can there
be a solution. In the theory of determinants it is shown that this rela-
tion is

miay; ~— (';2‘ Mmear2 maoa3
1
Miaz; Madtzz — =5 Maass =0 (4.5)
myazy Maaz2 Maazz — -w*z

The argument is analogous to that given on page 80 for the two-degree-
of-freedom system. The determinant expanded is a cubic equation in
terms of 1/w?, known as the ‘‘frequency equation,” which has three solu-
tions and hence three natural frequencies. To each of these solutions

belongs a set of values for a»/a, and
E a3/a;, which determines a config-

a m m m
. S L - . . .
1 2 3 uration of vibration. Thus there
3"’1_"“—1 _"!“_1 “’l‘_l “’E are three natural modes of motion.

b {a) We shall carry out these calcula-

! | tionsin detail for the simplest possi-
™~ —— | bleexample, obtained by makingall
(8} masses equal my, = my = mz = m

Fic. 4.2. Showi leulation of infl 3 :
mlenbers for (;“Stf;?n;avizhatﬁ);eom;gse:?nce and .replacmg the bar by a S‘t rng of
tension T and length 41 (Fig. 4.2).
If a load of 1 1b. is placed on location 1, the deformation will be as shown
in Fig. 4.2b. The tension in the string is T and the vertical component of

37 while to the

the tension in the part of the string to the left of m, is i

right of m; it is 3%T. The sum of these vertical componentsmust be

equal to the load of 1 lb. so that 8§ = 2%, This is the deflection at 1
l

caused by 11b. at 1, or an = z’f'

The deflection at the masses 2 and 3 caused by the same load can also
be found from Fig. 4.2b.
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The other influence numbers can be found in a similar manner:

=}
Olzz—T
o = a _ 31
11 = &3z = T
4T O (4.6)
a12=a21=a32=a23=§,f

31 = (13 =4_LT

and Maxwell’s reciprocity relations are seen to be true. The equations
of motion are obtained by substituting these values for the influence
numbers in Eq. (4.1). However, since nearly every term is proportional
to ml/T, we divide by this quantity and introduce the abbreviation

T

pon e R F (the frequency function) 4.7)
Then Eqgs. (4.4) become
34 — Fa: + Yas + Lias =0
Yas + (1 — Fla: + Yga; = 0 (4.8)
Yia, + Ysa: + (34 — Flas =

Dividing the first of these by ai, the second by 2a,, and subtracting them
from each other leads to

a2 _ l
Z = 2 F (4.9)
Substituting this in the first equation of (4.8) and solving for a;/a, gives
a3 _ g
= 7+4F+F (4.10)

Substituting both these ratios in the third equation of (4.8) gives the
following equation for F (the frequency equation):

Fo — 94F? + 36F — 1 = (a.11)
This result could have been found also by working out the determinant
(4.5). Evidently (4.11) has three roots for F. We note that none of
these can be negative since for a negative F all four terms on the left
become negative and then their sum cannot be zero. Since by (4.7) a
negative F corresponds to an imaginary w, we see that our three-degree-
of-freedom system must have three real natural frequencies. This is
true not only for the particular system under consideration. In general
it can be shown that an n-degree-of-freedom vibrational system without
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damping has n real natural frequencies, i.e., the roots of a frequency
equation such as (3.7), (4.5), or (4.11) are always real and positive.

The cubie (4.11) is solved by trial of some values for F. F = 0 makes
the left-hand side —14, while F = 2 makes it +34; evidently at least one

m 2 m [1—41—)'
w?2=059 Vml w2=2 /mi w32= 341 Vm

{a) 0] (e}

F1a. 4.3. The three natural modes of a string with three equal and equidistant masses.

root must be between 0 and 2. A few trials will show that F = 14 is a
root, so that Eq. (4.11) can be written

(F—-28)(F*—2F + 1) =0
having the three roots
Fa=13% Fu=1x+vVYH
With the relations (4.7), (4.9), and (4.10) the complete result becomes

F, = 1.707 w} = 0.59 :_r__ G2 _ 1.41 as _ 1
ml ai a

Fo=0500 wic 24 2_- o %__;
ml a a1

F,=0203 =841 %__14 %_ ¢
ml ay ay

This gives the shapes of the vibration, or the ‘“normal modes” asshown
in Fig. 4.3. These are the only three configurations in which the system
. can be in equilibrium under the in-
: fb sin wt fluence of forces which are propor-
%_WE tional to the displacements z (as the
(o) - inertia forces are). The second
. mode is of particular interest be-
%——m w2=1;rl— cause the middle mass does not
2 move at all. If that fact had been
2 7 known in advance, the frequency
__________ w?=3"r  could have been found very easily
(e) by considering the left half of the

FiG. 4.4. Forced vibrations of a string with

three masses. There are two frequencies at system as ope of a Sl_ngle degree
which the disturbed mass does not move; Of freedom with the spring constant

th the f ies of th lized- =
dynamiowvibration-absorber oftest, . © = 2T/l (see Problem 28).

4.2, Forced Vibrations without
Damping. Suppose an alternating force Py sin wi to be acting on the first
mass of the previous example (Fig. 4.4a). The force Py sin wt by dtself
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would cause “static’ deflections at 1, 2, and 3 of 2Py sin o, s Posin wf,
and a3 P sin wt. The equations of forced motion are obtained from (4.1)
by adding these terms to the right-hand sides. With the assumption (4.2)
the equations then are reduced to the algebraic form

1 P,

(mlall - P a: + Maa12G2 + maax1303 = ""an?
1 Py

myana + (mzazz 5 az + M3oe3dy = -—a2) ot

1 P,

miaza: + Maa3a0s + (msaas T = e g

With the influence numbers (4.6) and with the definition of F given in
(4.7), they become

3 1 1 _ 3 Py
<1”F>‘“+ gt 1% = T Ima
1 1 1P
5ar+ (1 —F)as+ §aa=——2-m—~a‘:2 (4.12)
1 1 3 1P
‘Ial+ §a2+(z‘"F)a3——z—’§

These equations are no longer homogeneous in a;, as, @, as were the
corresponding ones (4.8) for free vibration. They are truly a set of three
equations with three unknowns and can be solved by ordinary algebra.
In the calculations, the cubic (4.11) appears in the denominators and is
broken up into its three linear factors, with the result that

_ P 3P —F + Y4
M = et (F — 1.707)(F — 0.500)(F — 0.293)
_ P LF(F - 14)
@ = o (F = 1.707) (F — 0.500)(F — 0.293) (4.13)
P, 14F?

% = et (F — 1.707)(F — 0.500)(F — 0.293)

The physical meaning of these expressions is best disclosed by plotting
them as resonance diagrams corresponding to Fig. 2.18 on page 44 or to
Figs. 3.8a and b on page 91. For that purpose note that F, being pro-
portional to 1/w? is not a suitable variable. For the ordinate y of our
diagrams we take the quantities

@1,2,3
o

!

T

Y123 =
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The denominator Pol/T would be the “static deflection’ of the middle
of the string if the (constant) load Po were placed there (az; = I/T), so
that y is 2 ‘‘dimensionless amplitude.” For the abscissa z we take

w?

1
YTF T T/m

The denominator T/ml can be interpreted as the w? of & mass m on a spring
constant T/, so that +/z is a ““dimensionless frequency.” With these
two new variables, Eqgs. (4.13) are transformed into

- —z2 442 -3
T & - 059G - 9 — 340)
- (x — 2)
Y2 = G =050z — D& = 34D (4.14)
—1

Y5 = @ = 059 — 2)(z — 3.41)

plotted in Figs. 4.5, 4.6, and 4.7. The reader should satisfy himself
that for the static case ¢ = 0, all three expressions (4.14) give the proper
static deflections. An interesting property of (4.14) is that the factor
(x — 2) can be divided out in the expression for y.. This means phys-
ically that the middle mass does not get infinite amplitudes at the second
resonance, while both the first and third masses do go to infinity. A
glance at the second normal mode of Fig. 4.3 shows that this should be so.

While the numerators of . and y; show no peculiarities, it is seen that
the numerator of y, is a quadratic which necessarily becomes zero for two
frequencies, viz., for z = 1 and z = 3 (Fig. 4.5). At these frequencies
the first mass, on which the force is acting, does not move, whereas the
two other masses do vibrate. We have before us a generalization of the
dynamic vibration absorber of page 87. If the first mass does not move,
we can consider it clamped and the system reduces to one of two degrees
of freedom (Fig. 4.4). Such a system has two natural frequencies which
can easily be ecalculated to be x = 1 and 2 = 3. The action can then be
imagined as follows. At two resonant frequencies the two-dimensional
gystem can be excited to finite amplitudes by an infinitely small excita-
tion, in this case by an infinitely small alternating motion of mass 1.
On mass 1 in Fig. 4.4b or ¢ two alternating forces are acting, one being the
vertical component of the string tension from the right and the other one
being the external force P, sin wf. These two forces must be always
equal and opposite, because m; does not move.

Generalizing, we thus might be tempted to make thefollowing statement:
If an alternating force acts on a mass of an n-degree-of-freedom system,
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there will be n — 1 frequencies at which that mass will stand still while
the rest of the system vibrates. Care has to be exercised, however, in
making such sweeping generalizations. For example, an exception to the
rule can be pointed out immediately by exciting our system at the middle
mass. On account of this mass being a node at the second resonance

3
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1 L ‘\ Fias. 4.5 to 4.7. Resonance diagrams for the
T \ motion of mass 1 (Fig. 4.5), mass 2 (Fig. 4.6)
\ and mass 3 (Fig. 4.7) of the system of Fig.
730 [N 4.4a, excited at the first mass. Only the
! /‘E first mass has two frequencies at which it
does not move. The masses 2 or 3 move at
all frequencies.
..1 ._N

0 0591 2 334 4 5
(412/’;7 e

Fia. 4.7.

(Fig. 4.3), the force can perform no work on it at that frequency so that
no infinite amplitudes can be built up. The “resonant frequency’” and
the ‘‘vibration absorber frequency” happen to coincide in this case. In
reasoning out the shape of the three resonance curves for excitation at
the middle mass, it should be borne in mind that the system is completely
symmetrical so that the y; and the y; diagrams must be alike. Without
carrying out the calculations in detail, we can conclude that the result



130 MECHANICAL VIBRATIONS

must have the general shape shown in Fig. 4.8. Below z = 2 all three
masses are in phase, somewhat like Fig. 4.3a; above that frequency they
are in opposite phase, somewhat like Fig. 4.3c. At the second natural

L L
<
1
1
z
0 0 0.59 2 34
059 22 ’ 34 o 7
@ /,7[- —_— W Yol >

Fi1a. 4.8. Resonance diagrams for the symmetrical string with thi :» masses of which the
middle mass is excited by an alternating force.

frequency, however, the configuration must, for rea. »ns of symmetry,
be as shown in Fig. 4.9. The amplitude of motion of :ne masses 1 and 3
must be determined by the value of the exciting force, so that the sum of

the vertical components of the tensions
; in the two pieces of string attached to
E ms must be equal and opposite to the

3 “’2=2lz g exciting force.
m . .
Fi1g. 4.9. Vibration-absorber effect in 4.3. Free and Forced Vibrations

string with three masses, of which the with Damping. If there is damping
middle one is excited. in a system of many degrees of free-
dom, we are practically interested in two questions: (a) in the rate of
decay of amplitude of the free vibration; (b) in the amplitude at resonance
of the forced vibration. The method of calculation employed in the exact
classical theory will be shown in the

example of the string with three 2
equal and equidistant masses. j
Let a damping force —ci; be act- =29

ing on the middle mass (Fig 4 10) F1a. 4.10. Damping at the central mass of
. >t ° the string.

This force causes deflections of

—ozcdy, —opaCEs, and —asact, at the three masses. The differential

equations (4.1) for the free vibration become

21 = —aumis — apmis — apgmis — alchz
Lo = —aamis — aemis — aosmEs — aaeCls (4.15)
T3 = —aami; — azeMis — azzMis — azCls
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where the various influence numbers have the values expressed by (4.6).
By algebraic manipulations these can be transformed into

m¢51+§$1 +%—‘($1—x2) =0

. T T .
mis + T (2?2 — :cl) + T (xz - x;) + ¢t =0 (4'16)
Mis‘{"%(xs—x'z)""%xs =0

The first equation of (4.16) is found by subtracting the second of (4.15)

from twice the first of (4.15), i.e., by forming 2z, — ..

tion of (4.16) is obtained by calculating z; 4 3 — 2z
and the third one by forming z; — 2z;. The physi-
cal significance of Eqs. (4.16) is apparent. They are
the Newtonian equations for the various masses, the
first term being the inertia force, the second the verti-
cal component of the string tension to the left of the
mass, the third that same component to the right,
and the fourth the damping force.

In this case it would have been possible and easier
to write the equations in the last form directly with-
out using the influence numbers. However, for the
example of the beam with which this chapter started
(Fig. 4.1), influence numbers afford the simplest
manner of approach.

Before proceeding with the solution of (4.16), it
may be well to point out that these equations may
represent two other systems as well, shown in Figs.
4.11 and 4.12. In Fig. 4.11 the masses are restricted
to vertical motion alone, and the spring constant &

The second equa-

’
Fia. 4.11, The longi-
tudinal vibrations of
this system are com-
pletely equivalent to
the vibration of either
Fig. 4.10 or Fig. 4.12.

has to be made equal to T/l to give complete analogy with Fig. 4.10.

The second example, Fig. 4.12, is a torsional one.
do well to interpret the resuits shown
in Figs. 4.2 to 4.9 for these two

cases.

b
ALRSNRNANANNNR AN Y

AVULRARARARNNANAN

The reader will

In solving Egs. (4.16), we know

|

Fia. 4.12, Torsional equivalent of the
system of Fig. 4.10 or Fig. 4.11.

from the last two chapters that an
assumption of the form z = a sin «t,
which is perfectly justifiable for the
undamped case, will not lead to a
result if damping is present. 'The

solution is rather expected to be of the form z = a - ¢* sin ¢f. This is
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met by assuming
I = a.e*
Ty = Qe 4.17)
3 = age’

where s is a complexr number, s = p + iq. The value —p gives the
exponent of decay of amplitude and ¢ is the natural frequency (see page
38). Substituting (4.17) in (4.16),

(ms’—l-z%)al— Ilaz-l- 0 =0
—’%a1+(msz+cs+2% as — %a3=0
0 -~ %az+(ms”‘+2%>a3=0

This is & homogeneous set of equations in ai, s., and a; and can have a
solution only if the determinant vanishes:

ms"’+2% —% 0
—% msz—!—cs—{—Z% —% =0
0 —% ms2+2%

or, written out,

(ms2 + 2Il> [(ms‘“’ + 2 Il) (ms2 +ecs+ 2 %) —2 (%)2] =0 (4.18)

This equation of the sixth degree in s is known also as the ““frequency
equation,” though s in this case is not the frequency but a complex
number expressing frequency and rate of decay combined. The quantity
s is called the ‘“‘complex frequency.”
In this particular case the equation falls into two factors of which the
first one leads to
2T 2T

2 — = 44 |2
S=g 0 Sse= EI

with a solution of the form

T
ad Vet g\t

which can be transformed to [see Eq. 1.8), page 11]

C, cos \/%t + C: sin \/%t
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This solution therefore gives a frequency w? = 2T/ml, while the rate
of decay of amplitude is zero, since s does not contain any real part. The
frequency coincides with that of Fig. 4.3b for the undamped case, in
which the middle mass is a node. Therefore the damping force can do
no work, which is the reason for the absence of a rate of decay in this
second mode and also the reason for the fact that the natural frequency
is not affected at all by the damping.

The other factor of (4.18), after multiplying out, becomes

ml ml
having four roots for s, which we do expect to have real parts, since in

the modes of Figs. 4.3a and ¢ the damping does perform work. The
roots of s will be of the form

13 % T . Iﬁ I>2=
s+ms 4+ 4 +2mlms+2( 0

83 = —P1 +jQ1

S = —p1 — J@:
s5 = —p2 + Jq2
$§ = —P2 — Jq2

because the complex roots of algebraic equations always occur in con-
jugate pairs.

The numerical calculation of these roots from the numerical values of
m, ¢, T, and [ is cumbersome even for the comparatively simple equation
of the fourth degree.tf Therefore this classical method is unsuited to a
practical solution of the problem. It has been discussed here merely
because in Chap. 7 we shall consider cases in which the real parts of s
become positive, which means a decay function of the form e¢*#, which
is not decay but actually a building up of the vibration; the motion is
then called *“self~excited.”

In practical cases the damping is usually so small that the natural fre-
quency and the mode of motion are very little affected by it (Fig. 2.16,
page 40). Hence the rate of decay of the free vibration may be cal-
culated by assuming the configuration and frequency which would occur
if no damping existed, as follows.

If the amplitude of the middle mass be a: and the frequency be w,
Eq. (2.30), page 52, gives for the work dissipated per cycle by the damp-
ing force caqw:

W = 7r0wa§
The kinetic energy of the system when passing through its neutral posi-
tion is
Ymw?(a? + a + af) = Ymo*al (4.19)

t The mathematical method by which this can be done is discussed in ‘‘ Mathe-
matical Methods in Engineering’” by Th. von Kdrmén and M. A, Biot, p. 246.
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where the factor f depends on the configuration. This energy is dimin-~
ished by wcwa} each cycle, or
d(Mme¥al) = mwiadas = wewal
da: mC

Hence, - =
az  mof

If in a natural mode of motion one of the masses reduces its amplitude to
one-half, all other masses do the same, so that

In the first mode of motion, Fig. 4.3a, the factor {, as defined by (4.19), is

seen to be 2, whereas w = w; = \/0 59 Tl, so that the percentage decay

d“‘ = 2.04¢ \/~

In the third mode of motion f is also 2, but wy = \/ 341 %l so that

d‘“ = 0.85¢ \/—

This method gives perfectly satlsfactory results for the usual damping
values. Of course, when the damping becomes an appreciable fraction
of c., the procedure ceases to be reliable.

For forced vibrations with damping, the ‘classical” method is even
more complicated than for free vibrations. It becomes so cumbersome
as to be entirely useless for practical numerical purposes. However, for
technically important values of the damping the above energy method
gives us a good approximation for the amplitude at resonance in which
we are most interested.

As before, we assume that at resonance the damping force and exciting
force are so small with respect to the inertia and elastic forces (see Fig.
2.21, page 48, for the single-degree case) that the mode of motion is
practically undistorted. Then the damping dissipation per cycle can be
calculated in the same manner as has just been done for the free vibration.
In the steady-state case this dissipation must be equal to the work per
cycle done on the system by the exciting force or forces. In general,
there is some phase angle between the force and the motion. At “res
onance,” however, this phase angle becomes 90 deg., as explained on
page 50, at which value of the phase angle the work input for a given
force and motion becomes a maximum.

per cycle is




MANY DEGREES OF FREEDOM 135

As an example, take the combined Figs. 4.4a¢ and 4.10. The work
input of the force per cycle is wPoay, and the resonant amplitude is cal-
culated from

Gz
wPoa; = mwcwal or, 7Py = mcw (a—> ay
1

2
Hence (@1)ws = & (‘(.ﬁ)

In the first mode we have as/a; = 1.41 and w = \/O 59 — (page 126), so

that
(@1)wes = 0.65 = \/’"l

For the two other natural frequencies we find

(@1)rs = ® (second mode)

P° mTl (third mode)

(al)m = 0.27 —
The most important technical apphcation of this method is in connection
with torsional vibration in the crank shafts of Diesel engines, as discussed
in Chap. 5.

4.4. Strings and Organ Pipes; Longitudinal and Torsional Vibrations
of Uniform Bars. These four types of problem will be treated together
because their mathematical and phys-
ical interpretations are identical. ,f}’

In thelast few sectionsa string with M ’—\E
three masses has been investigated. 3:,\,_,]4“_ E
The “string’’ itsell was supposed to X o> 7
have no weight ; the masses were sup- 2y fo)
posed to be concentrated at a few T +7 il gt
distinet points. By imagining the
number of masses to increase without A r%
limit we arrive at the concept of a )
uniform string with distributed mass. s 413, Vertical components of the

The equation of motion is derived tensions acting on an element dz of a
by writing Newton’s law for a small Stetched string.
element dz of the string, of which again the tension T is assumed to be
constant. Let the deflection curve during the vibration be y(z, £), where
the ordinate varies both with the location along the string and with the
time. The vertical component of the tension T pulling to the left at a
certain point « of the string is (Fig. 4.13)

1%
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negative because it pulls downward, whereas y is positive upward. The
differential coefficient is partial, because the string is considered at a
certain instant, 7.e., ¢ is a constant in the differentiation. At the right-
hand end of the element dz, the vertical component of the tension is

ay _ 9y ] Yy
+T +6< ax>"T +6z(T )d =T= +Tax2

This quantity is positive because it pulls upward. The factor % dx

expresses the increase in slope along dx. Since the two vertical forces on
the element dx are not equal (Fig. 4.13b), there is an excess upward pull of

azy

a:v2 dz

which must accelerate the element in the upward direction. If we denote
the mass per unit length of the string by u,, the mass of dz is pidz and
Newton's law gives

=1
wda 2 i = Tadde

Dividing by dx we obtain the partial differential equation of the string:

2 2,
mot =12y (4.20)

The reader should compare the structure of this formula with the first of
the equations (4.16) and determine the physical meaning of each term.

The problem of longitudinal vibrations in a bar is quite similar to that
of the string and is a generalization of Fig. 4.11 (without damping)
when we take more and smaller
masses and more and shorter springs.
Now the masses are not numbered 1,
2, 3 as in Fig. 4.11 but designated
o o by their position z along the bar
B e s O w (Fig.4.14).  Let thelongitudinal dis-
point, and £ is the displacement during placement of each point z be indi-
vibration of each point . cated by the Greek equivalent of r,
namely £ Thus the state of motion of the bar is known if we know
£(z, 1), again a function of two variables.

The cross section z goes to z + £ and the section x - dz goes to
(z + dz) + (¢ + df). At some instant ¢ the length dx becomes

E

dx+
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Thus 8¢/9z is the unit elongation which causes at the section x of the
bar a tensile stress of
9¢
B

where F is the modulus of elasticity. If the bar were stretched with a

_€+€}

constant stress, £ g—i would be constant along
ax t o

the length of the bar, and the element dz would
be pulled to the left with the same force as to the

right. But if the stress E g—i varies from point I !

x x+dx
to point, there will be an excess force on the Fic. 4.15. Longitudinal elas-
s . s tic forces on an element of
elemen.t to accelerate it longitudinally. the beam of Fig, 4.14.
In Fig. 4.15 let the element dz be represented

with its two forces which are the stresses multiplied by the cross-sectional

area A. The force to the left is AE (—;—2, and that to the right is AE g—i

plus the increment due to the increase dz in the abscissa. Thisincrement

of force is 585 (AE' g—f}) dz. Hence the excess force to the right is
9%t

Let the mass per unit length of the bar be u;, and Newton’s law becomes

62 E
(uida) at2 =AETS
% a f
or I %rvry EYD = AE 3? (4.21)

where AE is the tension stiffness of the bar. This is the same differential
equation as (4.20).

A variant of this case is the organ pipe, where an air column instead
of a steel column executes longitudinal vibrations. Equation (4.21)
evidently must be the same; u; signifies the mass of air per unit length of
pipe, and E is its modulus of elasticity. Instead of the stressin the above
derivation, we have here the pressure and since the definition of E in
elasticity is

Stress _  elongation
E  original length
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we have correspondingly for the £ in gases

Increase in pressure  decrease in volume
= v .
E original volume
dp

or E=—v%

As in elasticity, the quantity E in gases is measured in pounds per square
inch.

Finally, an inspection of Figs. 4.10, 4.11, and 4.12 will make it clear
that the torsional vibration of a uniform shaft with distributed moment
of inertia also leads to the same differential equation. The variable in
this case is the angle of twist ¢(z, ¢), and the differential equation is

2 2
" %Tf ~qI, 27‘;’ (4.22)
where g, is the moment of inertia per inch length of shaft and GI, is the
torsional stiffness of the shaft. It is left as an exercise to the reader to
derive this result.

Proceeding to a solution of (4.20), (4.21), or (4.22), we assume that the
string vibrates harmonically at some natural frequency and in some nat-
ural or normal configuration. It remains to be seen whether such an
assumption is correct. In mathematical language this means that we
assume

y(z, 1) = y(z) sin wt (4.23)
Substitute this in (4.20), which then becomes
d2y Hiw? _
e + T V= 0 (4.24)

which is an ordinary differential equation. Whereas in all previous prob-
lems this sort of assumption simplified the ordinary differential equations
to algebraic ones, we have here the simplification of a partial differential
equation to an ordinary differential equation.

It is seen that (4.24) has the same mathematical form as Eq. (2.7),
page 31, or in words: the amplitude of the string as a function of space
acts in the same manner as the amplitude of a single-degree-of-freedom
system as a function of time.

Therefore the general solution of (4.24) is by Eq. (2.8)

2 2
y(z) = Cysin \/“,11‘.” + Cz:cos x % (4.25)

which determines the shape of the string at the instant of maximum
deflection. The integration constants C; and C; can be determined from
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the condition that at the ends of the string the amplitudes must be zero, or
y=0 for z=0 and for z =1

Substituting £ = 0 gives
y0) =0=C1-0+C:-1
so that C2 = 0. With z = [, we get
YD = 0 = Cysind [4° (4.26)

This can be satisfied by making C, = 0, which gives the correct but
uninteresting solution of the string remaining at rest. However, (4.26)

e
wy 7 m
pa.8 1st
0'2'-'7—»/7'//11
2nd
3
\/ U;=l—\/f7/; ~— 3rd

Fia. 4.16. The first three natural modes of Fic. 4.17. Shape of a * plucked” string with
motion of the lateral vibration of a uniformn  the first three Fourier components of that
string or of the longitudinal or torsional shape.

vibration of & uniform bar built in at both

ends.

can also be satisfied by making the argument of the sine an integer mul
tiple of v or 180 deg.

2
l “—’T“’- =0, 2 3, . . . (4.27)
This determines the natural frequencies, while the corresponding normal
modes can be found at once by substitution of Eq. (4.27) in Eq. (4.25).
The results are illustrated in Fig. 4.16.

There is an infinite number of normal elastic curves and correspond-
ingly an infinite number of natural frequencies. The motion in each
one of these modes is such that the amplitude of every point of the string
varies harmonically with the time, and consequently the normal curve
remains similar to itself. Therefore, if a string is deflected in one of the
shapes of Fig. 4.16 and then released, it will return to its original position
in an interval of time determined by the natural period of the vibration.
At that frequency and shape the inertia force and spring force of each
element dz of the string are in equilibrium with each other at any instant.

If the string is given an initial displacement of a shape different from
any of those of Fig. 4.16, e.g., a displacement such as is shown in Fig. 4.17,
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the shape can be considered to be composed of a (Fourier) series of the

normal shapes (see page 17). Each Fourier component then will execute

a motion conformal to itself, but each one will do this at its own particular

frequency. Thus after one-eighth period of the fundamental mode, the

amplitude of that fundamental component will have decreased to 0.707

of its original value, the second component will have zero amplitude,

while the fourth mode will have reversed its amplitude. Thus the com-
pound shape of Fig. 4.17 is not preserved during the motion. However,
after a full period of the fundamental motion the original shape recurs.
The shapes of Fig. 4.16 pertain also to the longitudinal (or torsional)
vibrations of a bar with both ends built in or to the vibrations of an

““organ pipe” with both ends closed. The ordinates then signify dis-

placements along the bar. The frequencies are evidently the same, except

for a substitution of the ““tension stiffness” AF instead of the tension T.

For the longitudinal (or torsional) vibrations of & cantilever bar or of
an organ pipe with one open end, the general expression (4.25) for the
shape still holds, but the end con-
ditions for determining C; and C; are

() Cantilever different.

E At the closed end z = 0, we still
have y = 0, because the air cannot
penetrate the solid wall at the closed

@ [T organpipe end of the pipe. At the open end,

however, there can be displacement

o I i w ='—’f—" 7E7z; but no stress (in the bar) or no pres-

sure excess (in the organ pipe). In
the derivation of the differential equa-

(o) lé N\ 3y tion this stress was seen to be propor-

“aSTT VAR ional to d%/3z (or dy/dzx in the stfing

notation). The end conditions are

therefore
(e} spom
013-'-7‘«/[5—//—&; x 0 Yy = 0
x =1 dy/dx =0

Fie. 4.18. Longitudinal vibrations of a

steellcolumn or air column of which one  The first of these makes €, = 0 in
end is fixed and one end free. (4.25), while the second one can be
satisfied by equating the length of the bar to 14, 34, 34, etc., wave lengths,
as shown in Fig. 4.18.

In conclusion, a number of results previously obtained are assembled
in Fig. 4.19. The first of these is half of Fig. 4.3b; the second one is Fig,.
4.4b; and the third one is Fig. 4.3a¢. The inscribed frequencies also have
been taken from the same sources, except that M now stands for all the
masses combined and L for the total length of the string.

4
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In the right half of Fig. 4.19 two masses have been added at the points
of support. These masses do not affect the frequency since they do not
move. However, they do affect the value of M, which is the total mass.
By increasing the number of masses from 1 to 2, 3, etc., we must finally
approach the fundamental frequency of the continuous string. In the
left half of the figure the frequency of the continuous string is approached
from below, because the masses are concentrated too close to the eenter
where their inertia is very effective. Conversely, in the right half of the
figure the mass is too close to the supports where it contributes a very
small amount of kinetic energy; hence the frequencies are too large.

It is seen that the exact factor 2 = 9.87 is approached very slowly,
and therefore that a quick approximate method for finding the natural
frequency based on such shifting of masses is rather unsatisfactory.
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F1a. 4.19. By increasing the number of equidistant masses on the string the uniform mass
distribution is approached gradually. The convergence is too slow to have practical
significance.

4.5. Rayleigh’s Method. The string problem is the simplest one
among all those having an infinite number of degrees of freedom. Though
for this problem an exact solution of the natural frequencies can be
obtained, this is far from possible for the general problem of a system with
distributed mass and distributed flexibility. Therefore it is of great
importance to have an approximate method for finding the lowest or
fundamental frequency, a method which will always work. Such a pro-
cedure has been developed by Rayleigh; it is a generalization of the
energy method discussed on page 33.

Briefly, a shape is assumed for the first normal elastic curve; with this
assumption the (maximum) potential and kinetic energies are calculated
and are equated. Of course, if the exact shape had been taken as a basis
for the calculation, the calculated frequency would be exactly correct also;
for a shape differing somewhat from the exact curve a very useful and
close approximation for the frequency is obtained. Since the exact solu-
tion for the string is known, we choose it as an example for the explana-
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tion of Rayleigh’s method, which will enable us to judge the error of the
approximate result.

For a calculation of the potential energy we observe that the deflected

ds string has a greater length than the

}T, % straight one. It is subjected to a ten-
¥ sion T all the time, so that in going into

| dx Sl the deflected shape an amount of work

Fia. 4.20. Caleulation of the poten-  TAl has to be performed on it. This is
tial energy of & string. stored in the string in the form of poten-
tial energy. For a calculation of the increase in length Al, we observe
that the length of an element ds is (Fig. 4.20)

- V@ F @ = o1+ (%) ~as[141(2)]

The increase in length of that element is

_1{dy\’
ds—dx—§<a—i> dx

T [Y{dy\
so that Pot = 3 /0 (ﬂ) dz (4.28)

This result can be derived somewhat differently as follows In the derivation of
Eq. (4.20), page 136, it was seen that the right-hand side T sxgmﬁes the downward

force per unit length of the string. Imagine the string to be brought into its deflected
shape by a static loading q(z) which grows proportional to the deflection y(z). The
work done on an element dz by q(z) in bringing it to the fully deflected position y(z) is
14 q(z)y(z) dz, and the potential energy is
- i
Pot = 34 fo q{z)y(z) dz
Since q(z) = dx’

- 2 &ty
Pot 2 e (4.29)

By a process of partial integration this can be shown to be equal to (4.28):

1 d2 lLdy
/0 .[ yd( fo dxdy

The first term is zero because y is zero at 0 and I. The integral in the second term

can be written
Ldy dy
f dz dz dz / ) dz

The total kinetic energy is the sum of the kinetic energies 14my? =
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14(u1 dx) (yw)? of the various elements:

(4
Kin = % pae? / v da (4.30)
0

As in the case of a single degree of freedom (page 33), the expressions
(4.28) and (4.30) are the maxzimum energies; the maximum potential
energy occurs in the most deflected position, and the maximum kinetic
energy occurs in the undeformed position where the velocity is greatest.
Equating the two energies we find for the frequency:

ol = I/ <Z_Z) = (4.31)

M1 [l 2
Joydx

The value «? obtained with this formula depends on the form y(z) which
we assume, First consider the exact shape:

. X
Yy =yosinp
By Eq. (4.28) the potential energy is

T [ T ,n
Pot=§/<yolcos l>dx—§ i

(see page 14)

NlN

_ kw 1 .
o Uiy 80 that the fre
quency becomes 0 —
r [T  3.142 / %‘W
wl——_l _____\/7(432) E *O’ E
¥

which is the exact value. .
. Fia. 4.21. A parabolic arc as the
Next assume a parabolic arc for the approximate (Rayleigh) shape of a
shape of the string. The equation of vibrating string.
a parabola in the zy system of Fig. 4.21 isy = pz?. The parabola can
be made to pass through the two points y = yo and x = +1/2 by giving

2
p the value 4y,/12. The equation y = 4y, alc_2 describes the shaded ordi-
nates of Fig. 4.21. The deflection of the string is yo minus the shaded

ordinate:
42?2
y =1 (1 - 72“)
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Using this value for y in (4.28) and (4.30), we have after a simple inte-
gration:

_ 8. U
Kin = 2 potly?
15 et
and o = V10 [T _3.162 \/_'1_‘
l K1 1 [.33

which is only 0.7 per cent greater than the exact value. The error is
surprisingly small, since it can be seen physically that the parabola can-
not be the true shape. The spring effect driving a particle dz of the
string back to equilibrium lies in the curvature, or dy/dx?, of the string.
At the ends the string particles do not move, so that there they have

obviously neither inertia force nor spring
ﬁ\/TNI force. Therefore the exact shape must
= ] have no curvature at the ends, which
Fia. 4.22. Another Rayleigh approx- condition is violated by the parabola.

imation for half a sine wave. To test the power of Rayleigh’s

method we shall now apply it to a most improbable shape of deflection
curve (Fig. 4.22):

x _
Yy = yom, for T = l/2

We find successively,

Pot = 2Ty}/!
Kin = motly?/6

and oy = V12 \/_1_‘ _ 3464 [T
] M1 l w

which is 10 per cent greater than the exact value (4.32).

Rayleigh’s approximation always gives for the lowest natural frequency
a value which ts somewhat {oo high. Among a number of approximate
results found in this manner the smallest is always the best one. A proof
for the statement will be given on page 161.

Finally, we shall solve the combination problem of a heavy string of
total mass M, in the middle of which is attached a single concentrated
weight of the same mass M. This problem is again equivalent to that
of the longitudinal (or torsional) vibrations of a bar clamped at both ends
and having a concentrated disk in the middle with a mass (or moment of
inertia) equal to that of the bar itself.

Regarding the elastic curve, it can be said that, if the central mass
were absent, the curve would be sinusoidal, whereas if the string mass
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were absent, it would be as shown in Fig. 4.22. The actual shape will
iie between these two. Assuming first a sinusoid, we note that the
potential energy is not affected by the presence of the central mass. The
kinetic energy, however, is increased by ¥4 M w2, which is twice as great
as the kinetic energy of the string itself, since M = u;l. Thus the total
kinetic energy is three times as large as without the central mass and con-
sequently the frequency is 4/3 times as small:

T 1 |JT _ T
wl_‘\/gl_ #1—- 181\/m
With the string deformed as shown in Fig. 4.22, again the potential

energy is not affected, and the kinetic energy becomes Mw?y2/2 larger,
i.e., (35 + 14)/16 = 4 times as great as before. Thus the frequency is

\/12\/1‘ _ 173\/Ml

Since this last value is smaller than the one found before, it is the better
approximation. The exact solution for this problem is

T

This exact solution, though somewhat complicated, ean be found from the theory
developed on page 138. Equation (4.25) gives the general shape of a vibrating string,
which we apply now to the left half of our string. The condition that the left end is at
rest gives C: = 0 as before, so that the

shape of the left half of the string is de- 4 = & T~
termined by Vo S~ i? \\\
N A ~
2
y =Csinz % (4.33) < _1‘4)\

Fra. 4.23. Exact calculation of heavy

where C and w are unknown. The ampli- ? "
string with central mass.

tude C is of no particular importance, but
the frequency w determines the “wave length’’ of the sine curve. In Fig. 4.23 the
shape is shown, with the right half of the string as a mirrored image of the left half.
The central mass M experiences an inertia force Mw?y, and an elastic force 2T tan
and, as these two forces must be in equilibrium,

2T tan a = Moy, (4.34)

The value yo and tan « are the ordinate and the slope of Eq. (4.33) at the point where
x =1/2, or

i, (uw?
= ( gin 5 \/~—
Yo 2 T
mw mw’

tana = C
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Since u;l = M a substitution of these expressions in (4.34) gives

‘_"\/_@_ctf\[%
g NT T3 NT

Thus we have to find an angle of which the magnitude in radians equals the value of
the cotangent. For zero degrees the angle is zero and the cotangent infinite; for 90
deg. the angle is 1.6 radians and the cotangent is zero. Clearly the equality must
occur somewhere between 0 and 90 deg. From a trigonometric table we find that it
ocecurs at 49.3 deg. = 0.8603 radian. Thus

w . [Mi
5 \/—T— = 0.8603

[ T
or wy = 1721 Z—ll_i

Since the smallest value obtained for the frequency is always the best
one, Rayleigh sometimes writes down a formula for the shape which is
not entirely determined but contains an arbitrary parameter. With this
formula the frequency is calculated in the regular manner, giving a result
which also contains the parameter. By giving the parameter various
values, the frequency also assumes different values. The best value
among these is the smallest one, ¢.e., the minimum frequency as a func-
tion of the parameter. The approximation thus obtained is very much
better than with the normal Rayleigh method.

Ritz has generalized this procedure to more than one parameter. The
Ritz method of finding natural frequencies is very accurate but unfor-
tunately requires rather elaborate calculations.

Ezample: A ship drive consists of an engine, a propeller shaft of 150 ft. length and
10 in. diameter, and a propeller of which the moment of inertia is the same as that of a
solid steel disk of 4 in. thickness and 4 {t. diameter. The inertia of the engine may be
considered infinitely great. Find the natural frequency of torsional vibration.

Solution: On account of the great engine inertia the engine end of the shaft can be
considered as built in, so that the system might be described as a ‘“torsional canti-
lever.” The shape of the deflection curve (i.e., angle ¢ vs. distance z from engine)
would be a quarter sine wave if there were no propeller, and it would be a straight line
through the origin if the shaft inertia were negligible with respect to that of the
propeller. We choose the latter straight line as our Rayleigh shape, thus: ¢ = Cx.

From the strength of materials we take two results:

1. The relation between torque M and angle of twist ¢:

M dz
de = a1,

2. The potential energy stored in a slice dz of the shaft:

M2 dz

d Pot =2G—Ip

where GI, is the torsional stiffness of the shaft.
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Since our assumed Rayleigh curve has a constant slope de/dz = C, it follows from
the first of these equations that the torque M = CGI, is constant along the length
of the shaft. The second equation can thus be integrated immediately:

M2
2GI,
The kinetic energy of a shaft element dz is }4(I:dx)¢?, where I, is the mass moment of

inertia per unit length of the shaft. But ¢ = we = wCz = wMz/GI,.
The kinetic energy of the shaft becomes

4
Ix w. 11 w?M23
Kin, = 2y =
in, (GI,,) /;zdx 5 o

The angular amplitude of the propeller (of which the inertia is I) is ¢, = Cl = MI/QI,,
and its kinetic energy

Pot =

I M2

King = - w?—— o

Equating the sum of the two kinetic energies to the potential energy and solving for
w3, we find:
GI,
=R
W(r+%)

from which it is seen that one-third of the shaft inertia is to be thought of as concen-
trated at the propeller.
With the numerical data of the problem we find:

I= % 72 38268 1rr24) r? = 1,510 in. Ib. see.?
Li= % r2l = %zg r"‘l) r2] = 1,280 in. lb. sec.?
@ _Or . =1;02>1<°;2~§-5 = 6.55 10° in. Ib.
8o that w? = -1’56135—_:(127 = 3,380 rad.?/sec.?
and f= 2% = 2%‘_ /3,380 = 9.3 cycles/sec.

An exact solution can be found by a process very similar to that discussed on page
145. In fact, Fig. 4.23 can be suitably interpreted for this propeller shaft. The
frequency equation becomes

Il 1,280
atana=—l——1—m 0.846

a =1 \/Im’

By trial the solution of this transcendental equation is found to be
a = 46.3 deg. = 0.809 radian

from which w? = (0.809)’?,—11—" = 3,350 rad.2/sec.?
1

which is 1 per cent smaller than the Rayleigh result.

where « is an abbreviation for
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4.6. Bending Vibrations of Uniform Beams. In the various textbooks
on strength of materials the differential equation of the static loading of
a beam is usually given in the following form:

d*y
M = EI = T
d*M
= Tt (4.35a, b, c)
. d? dy
or combined 1= 75 (EI dx2>

where q is the load per running inch and M is the bending moment.
If the cross section of the beam is constant along its length, the factor
EI does not depend on  and the equation simplifies to

d'y
d 4
The various diagrams for a beam on two supports under two stretches of
uniform loading are shown in Fig. 4.24, but Eqs. (4.35) and (4.36) are
generally true and hold just as well for other manners of support, e.g.,
for cantilevers.

If a beam is in a state of sustained vibration at a certain natural fre-
quency, the “loading” acting on it is an alternating inertia load. In
o order to get a physical conception of
, PHLEIRIRTTTITITIA Distributed 455 statement, note that in the position
! 9=y of maximum downward deflection (Fig.
b ! 4.24¢) each particle of the beam is sub-
shear force J€Cted to a maximum upward accelera-
S=Ey™  tion. Multiplied by the mass of the
Bending particle, this gives an upward inertia
;,"f:"‘;;}f,. force which the beam must exert on the

particle. By the principle of action and
Slope . . . .
2 reaction the particle in question must
! exert a downward force on the beam.
| | Defecton All ’:.h(ise dowr?;al;(.i fortc}flas (;f the \;arious
e i e particles constituting the beam form a

i\_/ b loading q which is responsible for the
Fic. 4.24. Ilustrating the differential deflection and is related to it by (4.35)
equations of a beam in bending. or (4.36). Naturally, while the beam
is passing through its equilibrium position, the accelerations and therefore
the loadings are zero, but then the deflections are also zero.

Thus the differential equation of the vibrating bar of uniform cross
section is

q=EI1%Y (4.36)

I3

N/

d

2,
grdyv_ _, %

F) x“ —i W (4~37)
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where #; is the mass of the beam per unit length. Assuming a sustained
free vibration at a frequency w, we have, as on page 138,

y(z, 1) = y(z) sin wi (4.23)
which gives to (4.37) the form

d4
Eld—x-’%1 = pioly (4.38)

The left side of this is the elastic expression for the loading [Eq. (4.36)],
while the right side is the maximum value of the inertia load. From it
we see that the physical characteristic of any ‘“normal elastic curve” of
the beam is that the q loading diagram must have the same shape as the
deflection diagram. Any loading that can produce a deflection curve
similar to the loading curve can be regarded as an inertia loading during
a vibration; the natural frequency appears merely in the numerical factor
wiw? connecting the two.

The functions which satisfy (4.38) must have the property that, when
differentiated four times, they return to their original form multiplied by
a positive constant piw?/EI. We may remember four functions that
will do this, viz.:

es%, €%, sin az, and cos ax

where the coefficient a has to be so chosen that

¢ iw?
=\ BT (4.39)
Thus the general solution of (4.38) containing four integration constants
can be written

y(z) = C1e** + Cae7** 4 C;sin ax + Cy cos ax (4.40)

a

This expression determines the shape of the various ‘““normal elastic
curves.” The four integration constants ¢ have to be calculated from
the end conditions. For each end of the beam there are two such con-
ditions, making the required four for the two ends. They are for a

Siraply supported end: y =0, 4"’ =0
(zero deflection and bending moment)

Free end: y' =0,y =0
(zero bending moment and shear force)
Clamped end: y =0,y =0

(zero deflection and slope)

which will be clear from a consideration of the physical meaning of the
various derivatives as shown in Fig. 4.24. For any specific case the four
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end conditions substituted in (4.40) give four homogeneous algebraic
cquations in the four (’s. The determinant of that system equated to
zero is an equation in @, which by (4.39) 1s the frequency equation. This
process has been carried out for the various kinds of beams (beam on two
supports, cantilever or ‘‘clamped-free” beam, clamped-clamped beam,
etc.), but we prefer here to find approximate solutions by using Rayleigh’s
method. Only for the beam on two simple supports can the exact solu-
tion be recognized from (4.40) in a simple manner. The end conditions
are in this case

z2=0,y=9y"=0 and z=Ly=9y"=0

We see immediately that a sine-wave shape satisfies these conditions, and
that the cosine or e-functions violate them. Thus for a beam on two
supports (4.40) simplifies to

y(z) = C sin azx

so that the normal elastic curves of a uniform beam on two supports are
the same as those of the string shown in Fig. 4.16, but the frequencies are
different. They are found by making the argument of the sine equal
to an integer number times = or

4 3
al=l,/%—=n1r (n=1,23...
so that

x* [EI 4r* |EI nr? {E’I
w3 = l—z‘ —;1-7 we = F \/7‘—1‘) Tty W = —l—Z“ —“—1- (44.1)

Whereas the consecutive natural frequencies of the string increase as
1, 2, 3, 4, ete. (page 139), for the beam on two supports they increase
as 1, 4, 9, 16, etc.

We have seen that in a natural shape of the uniform beam the inertia
loading diagram is similar to the deflection diagram, because the inertia
load at each point is udzw?y, proportional to the deflection y. Thus to
each natural shape there belongs a natural loading curve uw?. This
concept is useful for solving a group of problems, of which the following
is a typical example:

A beam on two supports is in a state of rest. A load P is suddenly
applied to the center and remains on it for fy seconds. Then it is removed.
What is the ensuing state of motion?

The concentrated load, being not one of the natural loadings, will
excite many of the natural motions. In order to see through the situa-
tion, the applied loading is resolved into a series of natural loadings, in
this case into a Fourier series. A concentrated load P is hard to work
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with ; we replace it by a distributed load of intensity ¢ acting over a short
length §, such that ¢ = P. Then, by Eq. (1.12a}, page 18, the various
Fourier coefficients become

where the + sign holds for n = 1, 5, 9 and the — sign forn = 3,7, 11,
Thus a concentrated force P at
the center of a beam is equivalent to a 1
series of sine loadings of the same inten-
sity 2P/l. The first few terms are illus-
trated in Fig. 4.25.
We investigate the influence on the
motion of each of these natural loadings
individually. Any of them will influence . 3
only the natural motion to which they fgﬁ;eiﬁi‘teﬁ‘)ﬁng components of a
belong, and under one of these loadings
the system acts as one of a single degree of freedom, to which the solution
of Problem 48 may be applied. Thus for the first loading

Y = YulCOS w1(t — o) — cos wil]

The static deflection curve under a loading ¢ = 2TP sin n%x is found by

integrating Eq. (4.36) four times:

(Wadn = —Bb - sin "TZ
Yethn = BT I

The entire motion is the superposition of the individual motions for each
mode and can be written as

y(z, t) = Y54 z (-1 2 — [cos wa(t — &) — cos wyi]

4
1,35

where the values of w, are to be found from Eq. (4.41).

Suppose the load is applied during a time ¢, which is a multiple of a
period of the first harmonic motion (and therefore a multiple of the period
of any higher harmonic as well). Then cos w.(t — &) = cos w.t, and the
whole solution y(z, f) reduces to zero. No motion results after the load
ceases to apply.
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Next consider the case where the load stays on for 14 period of the first
harmonic (and therefore for 24 period of the third harmonie, 254 period
of the fifth, ete.). Then cos w.(f — &) = —cos wid, and the square
bracket becomes —2 cos w,i, so that

n—1
y(z, t) = 45;1 2 ;&1; (—1) 2 sin n—’? cOS wpf
135
All harmonics are present in the motion, but their amplitudes are pro-
portional to 1/n%. Thus, while the first harmonic has an amplitude of
2P13/n*E1 at the center of the span, the third harmonic is only 14; times
as large, the fifth 1§95, ete.

In applying Rayleigh’s method, the expression (4.30) for the kinetic
energy holds for the bar as well as for the string. But the expression
(4.28) for the potential energy will be different since the spring effect in
this case is due to the bending resistance EI rather than to the tension T.
From strength of materials we have the following formulas for the poten-

tial or elastic energy stored in an element of length

Y dz of the beam:

M M?
d Pot = ZEId
L\ EI (d%
x \:H-dx\ or d Pot = 3‘(@) dz

element dz under the influence of the bending moment M

. (Fig. 4.26). The element is originally straight and is bent

F1o. 4.26. Potential en~ 1000k an angle de by the moment M. If the left-hand
ergy of flexure in a

beam element. end of the element be assumed to be clamped, the moment

M at the right-hand end turns through the angle dp. The

work done by M on the beam is 24 M dy, where the factor }4 appears because both M

and dy are increasing from zero together. This work is stored as potential energy in

the beam element.
Now calculate the angle dp. If the slope at the left-hand end z be dy/dz, then the

2.
slope at the right-hand end is zy (g——ﬂ) + dz and the difference in slope dg is

\\ \?‘3\ These can be derived simply as follows. Consider an

-y
de = dz’dx
so that d Pot = Y4My" dx

With the differential equation of bending M = Ely”, the two forms given ahove follow
immediately.

Thus the total potential energy in the beam is

2
pot = EL f dx?) dz (4.42)
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It is left as an exercise to the reader to derive the first natural frequency
of & beam on two supports by substituting in the expressions (4.30) and
(4.42) half a sine wave for the shape y.

Let us now calculate the fundamental frequency of a cantilever or
“clamped-free” beam. We have to choose a curve (Fig. 4.27) which
is horizontal at £ = 0 and has no curva-
ture or bending moment ¥ at the end
I. A quarter cosine wave has these
properties:

1

1
\
\
\

SATITINTEATRATRATRIRNNLY
%
ksl

~

Y = Yo (1 — cos 1%) (4.43)

Since this expression cannot be forced
into the form (4.40) by manipulating the
four C’s, (4.43) is not the exact form of the normal curve. Substituted
in (4.42) and (4.30), we find with the aid of the integral of page 14

~

Fia. 4.27. Quarter cosine wave as a
Rayleigh shape for a cantilever.

_«EI ,
Pot =51 75 U8
, 3 2
Kin = ,ulw’y%l <Z - ;)

Equating these two expressions, the frequency becomes

! _ ™ [EL _366 [EI
3 2Nwl T T N

4 w =
Z K1
1 ~wessaEpu® 8 \/ i x
4.44
022, (4.44)
/\_'l : The exact solution contains the fae-

tor 3.52, which is 4 per cent smaller
N wp= 220/ 4yan 3.66. Figure 4.28 gives the ex-

Fia. 4.28. The first two natural modes .
of motion of a cantilever in bending. act shape together with that of the
second mode.

The normal elastic curve of a beam which is built in at both ends (a
“clamped-clamped” bar) must have a shape that is symmetrical and

2o =224 JEIjs1°

4

e

ANAARRNANNY

ARRNARNANN]

T1a. 4.29. Normal elastic curve of a clamped-clamped bar.

horizontal at both ends (Fig. 4.29). A full cosine wave displaced upward
by yo is a simple curve fitting these conditions:

2mx
y= yo[l — cos-l—]
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We find successively:

_EI ,16x*1
Pot———2—y0 )

Kin = ‘-;—‘ vl + 4]

4=t [EI _ 227 |EI

bl
1

whereas the exact solution is 22.4 or 1.3 per cent smaller than 22.7.

Finally, we consider the ‘““free-free’” bar, 7.e., a bar which is suspended
freely from one or more strings or which is floating on a liquid. The
simplest mode of vibration (Fig. 4.30) must have two nodes and no cur-
vature y'/ at either end. Such a shape can be had conveniently in the
form of half a sine wave displaced vertically through a short distance a:

w

y=yosin1—}—a:—a

The amount of vertical displacement a is important, since it determines
the location of the two nodes. For a = 0 they are at the ends of the
beam; for @ = y, they are both at the center. The actual value of a
between 0 and y, can be found from the fact that since no external alter-
nating force is acting on the beam, its total vertical momentum must be
zero. While the beam is passing through its equilibrium position, the
ends have downward velocities wy and the middle has an upward velocity
wy. Since the beam is uniform, 7.e., since all particles dz have the same
mass, these values wy are proportional to the momentum as well. The
total momentum is zero if the areas above and below the center line in
Fig. 4.30 are equal or if

1 b L 9
0=[ydx=yo/sin7dx—/adx=—yol——al
0 0 0 T

20

k3

so that a =

With that expression for the shape of the vibration we find

_ mt Elyi
POt = —‘1- l3
, 1 2
Kin = piyll [Z — p:l
x? EI 2272 |EI

(-2 —2—> i (449
2 (1 T

The exact result is the same as that of the clamped-clamped bar, namely
22.4, which is 1 per cent smaller than 22.72.
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Ezample: A cantilever beam EI, of length | and of mass u; per unit length (total
mass m = u,l) carries a concentrated mass M at its end. Find the natural frequency
by Rayleigh’s method, and in particular find what fraction of m should be added to
M in order to make the simple formula (2.10) applicable (page 33).

Solution: The shape of the deflection curve has to satisfy the same requirements that
were used in deriving Eq. (4.43), so that we shall retain the expression employed there.
The potential energy is not affected by the addition of a mass M at the end of the bar,
but since the amplitude of that end is yo, the kinetic energy is increased by 14 M2,
With m = ul, the total kinetic energy can be written ag

Kin = % Wyl |-M +m (g - ;—):I = %w’yﬁ(M + 0.23m)

With the expression of page 147 for the potential energy the frequency becomes

_ 3.03EI
~ B(M + 0.23m)

w?

Thus 23 per cent of the mass of the bar has to be added to the end mass. In case the
bar is supposed weightless, m = 0 and the result for »?found here is 1 per cent greater
than the exact value, where the coefficient is 3.

~ 7/
~ 7 —
\/D/ —— W =224J£[//‘1l4
- £

S

Fia. 4.30. Normal elastic curve of a free-free bar.

4.7. Beams of Variable Cross Section. In many practical cases the
cross section of the beam is not constant over its length. The most
common example of a beam on two supports is a shaft in its bearings, the
shaft usually having a greater cross section in its middle portion than
near its ends. A steel ship in the water sometimes executes vibrations
as a free-free bar, somewhat in the form of Fig. 4.30. These vibrations
become of importance if the unbalanced forces of the propelling machin-
ery have the same frequency as the natural frequency of the ship. But
the bending stiffness of a ship is by no means constant over its entire
length.

The method of Rayleigh can be applied to such non-uniform beams
also, since it is always possible to make some reasonable estimate regard-
ing the shape of the deflection curve. The calculations are the same as
those for the beam of constant section, with the evident exception that
the expression (4.42) for the potential energy has to be modified by
bringing the now variable stiffness EI under the integral sign. If the
stiffness varies in a more or less complicated manner along the length z,
the evaluation of the integral for the potential energy may become diffi-
cult, but, even if the exact calculation is impossible, the integral can
always be evaluated graphically.

A somewhat different manner of finding the frequency has been devel-
oped by Stodola, primarily for application to turbine rotors. His process
is capable of being repeated a number of times and of giving a better
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result after each repetition. Briefly it consists of drawing first some
reasonable assumed deflection curve for the shaft in question. By mul-
tiplying this curve with the mass and the square of the (unknown) fre-
quency p;{x)w? it becomes an assumed inertia loading. Since w? is not
known, it is arbitrarily taken equal to unity to begin with. Then with
the inertia loading y(x)ui(x) the deflection curve Jy(z) is constructed by
the regular methods of graphical statics. Of course this second deflection
curve 5y(x) coincides with the originally assumed one y(z) only if

1. y(z) is exactly the normal elastic curve.

2. The natural frequency «? is exactly unity.

The first of these conditions is fulfilled approximately, but the second is
generally far from the facts. The deflection sy(x) has more or less the
shape of the original assumption y(z), but its ordinates may be 10,000
times smaller. If that is so, we could have obtained approximately equal
ordinates for 2y(x) and y(x) by assuming a frequency w? = 10,000. In
that case, the original inertia load would have been 10,000 times as large
and the final deflection »y(z) also 10,000 times as large, 7.¢., approximately
equal to the original assumption. Therefore, the ratio of the ordinates
of y(x) and »y(x) gives a first approximation for the frequency «?.

With a fairly reasonable guess at a deflection curve, the accuracy
obtained with this procedure is very good. If greater accuracy is desired,
we can repeat the construction with .y(x) as our original estimate, finding
a third curve y(z). It will be proved on page 162 that the process for
finding the fundamental mode of vibration is convergent, i.e., each suc-
cessive curve is nearer to the true shape than the previous one. In faet,
the convergence is so rapid that usually no difference can be detected
between the shape of sy(x) and (x).

For the second and higher modes of vibration the process is not con-
vergent. Nevertheless Stodola’s method, properly modified, can be used
for the higher modes, as explained on page 162.

The details of the construction belong to the field of graphical statics rather than to
vibration dynamics. As a practical example consider a shaft of 72 in. length, on two
solid bearings, shown in Fig. 4.31, I. Dividing it into six sections of equal lengths, the
masses and bending stiffness EI of the various sections are shown in the table below,
where the modulus of elasticity K has been taken as 30 X 10¢ lb. per square inch:

Section Mass per inch, Section mass, EI,
No. Ib. in."2 sec.? 1b. in."! gec.? Ib. in.2
1 0.0142 0.17 9.13 X 108
2 0.0320 0.38 46.2 X 10%
3 0.0568 0.68 146 X 108
4 0.0568 0.68 146 X 108
5 0.0320 0.38 46.2 X 108
6 0.0142 0.17 9.13 X 108
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F1a. 4.31. Stodola’s construction for determining the fundamental frequency of & rotor.
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The assumed deflection curve is designated by 1I. It has been made rather flat in
the center portion because that part is much stiffer than the rest of the structure. In
order to obtain the inertia load

Yme® = yuy -1,

the ordinates y have to be multiplied with the mass per running inch u;, 7.e., with the
second column of the table, This gives curve III, which is drawn so that each ordi-
nate “inch” represents 0.025 Ib./in. All lengths are measured in actual shaft inches
indicated by the scale above I. Thus one “inch” of the shaft is roughly 345 in. in the
printed figure. The ordinate of II in the center of the shaft is 15 in. and the middle
ordinate of IIT is 0.852 1b./in. (15 X 0.0568).

In order to find the deflection curve under this loading, four integrations have to be
performed, divided into two groups of two each. In the first group we integrate twice
and arrive at the bending moment M:

2

q=22 (4.35b)
The first integration is performed by evaluating the areas of the six sections of curve
IIT1. For instance, the area of the first section, being nearly triangular, is 34 X 12 in.
X 0.1381b./in. = 0.831b. This is the combined inertia force (for = 1 rad./second)
of the whole first section and thus is the change in the shear force between the left
end and the right end of section 1. The six areas of curve III are set off vertically
below each other in diagram IV, such that ABis 0.83 Ib.; BC' = 4.401b. = the area of
section 2 of curve III. Thus the vertical line on the left of IV represents the shear
forces S and is the result of the first integration. Now take an arbitrary horizontal
distance H,, here taken equal to 22.5 lb. and connect its end O with A, B, C, ete.
Then, in curve V, draw lines parallel to the rays of diagram IV, so that the line parallel
to OB in IV (which separates section 1 from section 2) runs between the vertical dotted
lines through the centers of gravity of the areas 1 and 2 of curve I11. The diagram V
represents the bending moments; the scale being 1 in. = H;, = 22.5in.-lb. Thus, for
example, the bending moment in the middle of the shaft is 396 in.-lb.

In order to pass from the bending moment curve V to the deflection curve VIII,
we have to perform two more integrations:

M d%

EI = da?
This equation is built exactly like 4.35b; in fact, the deflection y can be considered
to be the ‘‘bending moment curve of a beam with the loading M/EI.” The values of
EI for the various sections are given in the last column of the table, and curve VI
shows the M/EI diagram. We can repeat the process that has led from III via IV
to V, and find VIII from VI vig VII. The ordinates of III were measured in 1b./in.
and those of VI in in.™%; so that the dimensions of VI, VII, VIII are found from their
counterparts III, IV, V by dividing through by pounds. In particular, the horizontal
distance H; of VII has no dimension; it is a pure number.

The deflection curve VIII hag more or less the appearance of the first guess 1I;
however, its middle ordinate is

122 X 2.5 X 10~%in. = 30.5 X 10~%in.,

whereas the same ordinate in diagram 11 was 15 in. Thus the first approximation
for the natural frequency of the shaft is

15
wy = Vm = 700 rad./sec.
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For other graphical and numerical methods to solve the problem of the
natural frequencies of flexural vibration of a bar of variable stiffness and
inertia, see page 229.

4.8. Normal Functions and Their Applications. We now turn to the
proofs of Rayleigh’s minimum theorem and of the convergence of Stodola’s
process. Though these proofs are not essential for an understanding of
the subsequent parts of the book, they may give the reader a clearer
insight into the nature of “‘normal modes of motion.”

With the string and the beam on two supporis, it was seen that the
various normal elastic curves are sine functions:

. T . 2mx . nwT
Y1 = sin = Y2 = sin —~; e, Yn = sin —~
l l l
In these expressions the amplitudes of the motions have been arbitrarily
assumed to be such that their maximum deflections are 1 inch.

On the other hand, the normal elastic curves of a cantilever beam (page
153) or of a beam with non-uniform cross section are curves of much
greater complication.

We know from page 17 that any arbitrary curve between 0,and [ can
be developed into a trigonometric or Fourier series and that one of the
most important properties of such a series is

1

/sinmsinﬁw—xdx=0, (m # n)
0 l l

as explained on page 15.

Applied to the special case of string vibration, this means that any
elastic curve y(z) which may be given to the string by an external loading
can be split up into a series of “‘normal”” components. This is true not
only for the string with its sine functions, but generally for any elastic

system.
If the normal elastic curves of a system of length ! are y:(z), y:(z),
., ya(x) . . ., then any arbitrary deflection curve y(z) of that sys-
tem can be developed into a series:
y(@) = awr(@) + aa(@) + + ¢ - Gaynlz) + - - - (447)
Moreover, the relation
1
j; p1(Z)Yr(T)Ym(x) dz = O (n # m) (4.48)

holds, so that any coefficient a, in (4.47) can be found by exactly the same
process as that employed on page 18:

[, m@y@ya(a) dz

an = i (4.49)
Jo m@n2@) do
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This gives us a wide generalization of the concept of Fourier series.

To prove (4.48), consider an elastic system (beam) of length I of which the elastic
properties are determined by the “influence functions” I(z, z), with the following
definition (Fig. 4.32): the deflection at a point 2 of the beam caused by & load of 1 1b.
at a point z;i8 I(z, #1). In this expression both z and z, are variables running from

0 to I (see page 122).

"_"— o "_11 o Maxwell’s reciprocity theorem on the strength of
\—\M/_f materials states that the deflection at point 1 due to a
unit load at point 2 equals the deflection at 2 due to a
<— 5 —l I unit load at 1. Thus the influence function satisfies
I4 i the relation
F1a. 4.32. Definition of in-
fluence function Iz, z). I(z, 1) = I(2, 2)

Let the beam be vibrating at one of its natural frequencies with the shape y.(z). The
maximum inertia force acting on a section dz, of the beam with mass u; per unit
length is

w1(z1) dTirya(zs)

and the deflection caused by that load at a point z is

wryn(@I(z, z)p1(21) d2t
There are inertia loads of this kind on every section dz;, between 0 and [, so tha{ the
actual deflection curve is the sum of all the partial deflection curves

1
Yu(z) = o j; yn(@)1 (2, 2:)8:(21) dz2 (4.50)

This relation holds only when y.(z) is a natural mode, because only then can the
beam be in equilibrium with loads proportional to its own displacements.
In order to prove (4.48), we multiply (4.50) by u1{(z)ym(z) dz and integrate:

1 1ri
/; 212 Ym (@) yn(z) dz = w,f/;) fo Yn(Z)Ym(X) I (2, Z1)ps{z)p1(z) dz; dz  (4.51)

Since (4.50) holds for any natural frequency, we may replace n by m. Then we can
multiply by p1(2)y.(z) dz and integrate, with the result:

1 1 1
L i@ m@a(@) dz = o, [ [ ime)n @, 2dmrleine) do do

In this last double integral we may reverse the order of integration, i.e., reverse z and
Zy:

J m@um@n@ de = o [ [ n@und T 2m@mE) do da

This double integral is seen to be the same as that in (4.51) on account of Maxwell's
theorem that I(z, z;) = I(z;, ). Let the value of the double integral be A; then, on
subtracting the last result from (4.51), we obtain:

0 = (o — k)4

This means that for ws » wy, the double integral A is zero, which makes the left-hand
side of (4.51) also zero, so that the proposition (4.48) is proved.
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Proof of Rayleigh's Minimum Theorem. The approximate curve y(z) assumed in
the Rayleigh procedure is not a normal elastic curve but can be expanded in a series
of such curves:

y(@) = y1(2) + aaya(x) + asya(x) + « - - + aaynlz) + - - -

In order to express the fact that y(z) is an approximation of y:(z), its coefficient has
been taken equal to unity, whereas the other coefficients a., as, etc., may be small
numbers. A normal elastic curve y.(z) is a curve that can be caused by a static
loading el y.(z).

Thus the static loading p(z) which causes the assumed curve y(z) is

p(2) = mlotyi(@) + awodye(z) + + -+ F Gawlya(2)]

The potential energy of an element dz is }4y(z)p(z) dz, and the total potential energy
is

4
Pot = %/0 mly(e) + aelz) + -+ - Fanyal®) + - - -l F gy + - - cld
Since by (4.48) all integrals of products with m # n are zero, this becomes

H 1
Pot = 14 (wf L mylde + + - - +all j:, myide + - - )

The kinetic energy of an element dx vibrating through the neutral position with a
velocity wy(z) is 14wy, dx, and

I i [
Kin = %w’ﬁ) wmylds = %w’(ﬁ) wmyide + - - - +a,’;ﬁ) wyldz + - - )

since again all terms with products y.y. drop out.

It is seen that both the potential and kinetic energies consist of the sum of the
various energies of the components yi, yz, ete. This is so only if ¥, y. are normal
modes; if this is not the case, the integrals of the products y.ym have to be considered
also.

By Rayleigh’s procedure we equate the two energies and solve for w?:

1 H
of [fuatde+ oo tatad [funtae+ oo
2

= I s 1
/myfdx+-~+a/my,’.dz+---

$a() +34() + -

or w? = wh (4.52)

)

where the symbols (T) are abbreviations for

( ) [ iyl de
/ my; da
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Since ws > w; and w3 > ws, ete., it is seen that in (4.52) the various entries in the
numerator are larger than the ones just below them in the denominator. Thus the
fraction in (4.52) is greater than 1, from which it follows that

o.'>w1

or the frequency « found by Rayleigh’s procedure is greater than the first natural
frequency wj, which was to be proved.

Moreover, an inspection of (4.52) will show that this property holds only for the
first, or lowest, frequency but not for the second or higher ones.

Proof of the Convergence of Stodola’s Process. Let the first assumption for the
deflection curve be y(z), where

y(@) = y1(x) + awa(@) +asys(x) + -+ - + ayale) + - - -

With a mass distribution u1(z) and an arbitrary frequency « = 1 the inertia loading
becomes
my = s + amy: + asys + - - - Faupuys + - - -

The deflection curve for the loading mw?y. is y»; consequently the loading @.u1¥s
gives a deflection a.y./w?, so that the second deflection curve of the process becomes

2y(m)=y’(:)+...+9#x_)+...,
@1 @,

which differs from the first curve in that each term is divided by the square of its
natural frequency. Proceeding in this manner we find for the (n + 1)st deflection

curve
1 w1\ 2 wr\ 2
ar = it tH{—) aw+{—) aws+ ---
@y wy. w3 -

Since w1 < w2 and w; < ws, ete., it i8 seen that with increasing n the impurities ys, y3,
+ + + decrease, and the first mode y, appears more and more pure.

4.9. Stodola’s Method for Higher Modes. The above proof shows
that an attempt to construct the second normal elastic curve by Stodola’s
method will end in failure because any impurity of the fundamental
elastic curve contained in the guess for the second curve will be magnified
more than the second curve itself. After a large number of repetitions
it will be found that the second mode disappears altogether and that
only the fundamental mode is left. Still it is possible to find the second
mode if before each operation the deflection curve is purified from its
first-mode content. For this it is necessary first to know the shape of the
first mode with sufficient accuracy.

Let y(z) be the assumed shape for the second mode which unfor-
tunately will contain some first harmonic impurity, say Ay,(x). Then
we want to find

y(@) — Ay(@)

which will be free from first harmonic contamination. In order to find
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A, substitute the above expression in Eq. (4.48)

Jo @@ ~ Ay@) 5:(@) dz = 0

o ./: m(@)y(@)y:(z) de = 4 Llﬂx(x)yf(-’v) dz
_ Jm(@)y(@)y:(x) de
x 4= fu(z)yi(z) d= (4.53)

The integrand in the numerator, apart from the factor ui(z), is the
product of the known first harmonic deflection curve and the assumed
approximation for the second harmonic deflection curve y(z). In the
denominator the integrand is the product of the mass ¢.(x) and the square
of the first harmonic curve. Both integrals can be evaluated graphically;
thus A is determined, and the assumed shape for the second mode can be
purified from its first-mode contamination. Then the Stodola process is
applied to this curve.

For the third or higher modes the procedure is similar, but the assumed
curve for the third harmonic has to be purified from the first as well as
from the second harmonic by Eq. (4.53). Thus the Stodola process
cannot be applied to a higher mode of vibration until after all lower modes
have been determined with sufficient accuracy.

The method is not necessarily restricted to the graphical form of
page 157. It is sometimes applied arithmetically, as will now be shown
for the simple example of the string with three equal masses of Fig. 4.2.
In the equations (4.3) the terms on the right are the deflections caused
by the individual inertia forces. With the influence numbers of Eq. (4.6),
the elastic deflection equations (4.3) are rewritten (m; = m. = m; = m).

T 3 1 1
—nglal = '4‘111 +§a2 +Za3
T 1 1
maz = §a1 + Qs +§a3 (454)

T 1 1 3

mas = Zal +§az+zaa

With Stodola, we now assume a shape for the deformation in the first
mode, and for the purpose of illustrating the convergence of the method

we intentionally make a stupid choice: a; = a; = a3 = 1. Substitute
that into the right-hand sides of Eq. (4.54), and calculate their sums.

0(11 = l}é Caz = Ca; = 1%

where ¢ = T/mw*. By reducing the middle amplitude to unity (the
same value as assumed first), we thus find for the second approximation
of the deflection curve

=3 a=1 au=%}
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Put this into the right sides of Eq. (4.54), and find
Ca; = 1¥4, Cay = 134, Caz = 134
or again reduced to unity at the center, the third approximation becomes
a; = 34, as =1, as =54 = 0.714
Another substitution leads to the fourth approximation
ay = 174,; a; = 1; as = 1754 = 0.707
The fifth approximation is
a;=2%;; a=1; a5=2%; =0.707

which is identical with the previous one within slide rule accuracy. Sub-
gtituting this into the first of the equations (4.54), we have

Tg =1207 or o} =0.58 I
mw? mi

0.707 ]

as found before on page 126.

Proceeding to the second mode, its shape is obvious (page 126) from
the symmetry of the case. However, for the purpose of illustrating the
method we start with a very bad assumption:

ar = 1.000, @ = 0500, a; = —0.750 (first)

First this expression is to be purified from its fundamental harmonic
content by means of Eq. (4.53). All masses are equal and divide out'
from (4.53). The expression thus is

_1.000 X 0.707 + 0.500 X 1.000 — 0.750 X 0.707 _ 0.338
~ 0.707 X 0.707 4 1.000 X 1.000 + 0.707 X 0.707

The first harmonic amount to be subtracted from the above assumption
then is

a; = 0.338 X 0.707 = 0.240, a; = 0.338, az = 0.240
which leads to
ay = 0760, az = 0.162, a; = —0.990

or, multiplying by a constant so as to make a; equal to unity, for purposes
of comparison,

a; = 1.000, as = 0.213, as = —1.302 (first, purified)
Substituting this into Eq. (4.54) and multiplying by a constant so as to
make a, = 1.000 leads to

a, = 1.000, a: 0.116, a; = —1.181 (second)
a. = 1.000, Qg 0.051, a3 = —1.125 (third)
a; = 1.000, a: = —0.024, a; = —1.148 (fourth)

non

]
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By this time considerable first harmonic error has crept into the solution,
so that it is necessary to purify again by means of Eq. (4.53).

a; = 1.000, as = 40.038, a; = —1.058 (fourth, purified)
Continuing

a; = 1.000, a» = +0.018, a; = —1.035 (fifth)
a: = 1.000, @ = 0000, a;= —1.034 (sixth)

Again it becomes necessary to throw out the first harmonie, which has
crept in,

a; = 1.000, az = +0.012, a; = —1.018  (sixth, purified)
a; = 1.000, as = +0.006, a; = —1.012 (seventh)
a: = 1.000, az = 0.000, a; = —1.012 (eighth)
a; = 1.000, a: = +0.004, a; = —1.006 (eighth, purified)
a; = 1.000, az = +0.002, az = —1.004 (ninth)
a; = 1.000, a: = 0.000, as = —1.004 (tenth)

It is seen that the convergence is very slow, and that the first harmonie
creeps in continually and has to be thrown out about every other step.

~———

w=268/EIu A? w=1.59/EI 1 R3 w=14.55 JEI/u  R*

F1a. 4.33. Normal modes of a ring bending in its own plane.

4.10. Rings, Membranes, and Plates. The strings and beams thus
far discussed suffice in many cases to give a tolerably accurate idealiza~
tion of the actual constructions or machines with which we are dealing.
Where this is no longer possible, an idealization in terms of rings (curved
beams), membranes, or plates may be helpful. But the calculation of
the natural frequencies of these elements is much more complicated than
anything we have thus far considered. Therefore, in this section the
results only will be given, while for the detailed derivations the reader is
referred to the literature, especially to the book of S. Timoshenko,
¢Vibration Problems in Engineering.”

Full Ring. Of the many possible motions of a full ring, the bending
vibrations are the most important. If the ring has uniform mass and
stiffness, it can be shown that the ezact shape of the mode of vibration
consists of a curve which is a sinusoid on the developed circumference of
the ring. In Fig. 4.33 these shapes are shown for the four, six, and eight
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noded modes or for two, three, and four full waves along the circumference
of the ring.
The exact formula for the natural frequencies is

3 =n(n’-—l) :IE
YA+ 1 VRt

where n is the number of full waves, u, is the mass per unit length of
the ring, EI the bending stiffness, and R the radius.

One of the most important applications of this result is to the frames
of electric machines. As these machines often carry salient poles, which
act as concentrated masses (Fig. 6.37, page 266), the exact shapes of
vibration are no longer developed sinusoids, although in the spirit of
Rayleigh’s procedure the sinusoid may be considered as an approximate
shape. The potential energy of deformation is not altered by the addi-
tion of the poles, but the kinetic energy changes from Kin, to Kin, -+
Kin,, where the subscripts pertain to the ring and poles, respectively.
Therefore, the result (4.55) for the frequency has to be corrected by the
factor

(4.55)

Kin,
Kin, + Kim, (4.56)
In case the number of poles is 2n, i.e., equal to the number of half
waves along the ring, and in case these poles are located in the antinodes
so that they move parallel to themselves (Fig. 6.38D), the correction

(4.56) becomes specifically

M 1
: - (4.57)
2n? 2n® M,
\/M'+M”n2+1 \/1+n2+1M,

where M, is the mass of the complete ring and M, is the mass of all poles
combined, so that M,/M, is the ratio of one pole mass to the ring mass
per pole.

Another important case occurs when the 2n poles are located at the
nodes of the radial vibration and there execute rocking motions about the
node axis. The correction factor for this case (Fig. 6.38¢) is

i
\/1 + AL (*58)
n:+1 M.R*?

in which I, is the moment of inertia of a single pole for the axis about
which it rotates during the vibration. The actual location of that axis
is somewhat doubtful (on account of the fact that the “node” of the ring
is a node only in the radial motion but moves back and forth tangen-




MANY DEGREES OF FREEDOM 167

tially), but no great error is made by taking the axis on the center line
of the ring at the node.

Partial Ring. Quite often the stators of electric motors or generators
are bolted on a foundation in the
manner shown in Fig. 4.34a. If the
foundation or bedplate is very stiff,
the stator may be regarded as a par-
tial ring of angle ¢ huilt in (clamped)
at both ends. The fundamental
mode of vibration of such a ring in
its own plane will be approximately
8s sketched in Fig. 4.34b. Its natu- 1y e oo gi‘:niugfd :H;Z?:i:lfiﬁ:,ml mode
ral period, calculated by the proce-
dure of Rayleigh, leads to a result which dimensionally is the same as
(4.55) but the numerical factor depends on the central angle « and has to
be written f(a):

o) (5

ET
w = f(a) oz (4.59)

The values of the constant f(a) for the various angles between o =
180 deg. (half circle) and o = 360 deg. (full circle clamped at one point)
are shown in Fig. 4.35.

5 T In case the stator carries salient
AN ’/ poles, the correction (4.56) has to be

( applied. No greater error is com-

13 mitted by distributing the pole
{5 2 masses uniformly along the ring,
since the various pole-carrying

1 - —]  points of Fig. 4.34b move through
roughly the same amplitudes (which

0
180 210 240 af;’?) 300 330 360 js totally different from some of the
] ) cases of Fig. 4.33). The natural
Fic. 4.35. The coefﬁcxent._{(a) in Eq. frequenc calculated from E
(4.59) for the frequency of Fig. 4.34. q y o q.
(4.59) and Fig. 4.35 is usually some-
what (of the order of 10 per cent) high on account of the fact that the
feet of the stator do not constitute a complete ““ clamping’’ but admit some
angular motion.

If the ring of Fig. 4.34 has a small dimension in the direction perpendic-
ular to the paper (7.e., in the direction of the axis of the cylinder), another
motion has caused trouble in some cases. It is a vibration perpendicular
to the plane of the paper. If Fig. 4.34 were viewed from the side, it
would be seen as a cantilever beam of height 2. The lateral vibration
would then appear in a form similar to that shown in Fig. 4.28q¢. In



168 MECHANICAL VIBRATIONS

this case the elastic resistance of the ring consists of a combination of
bending and twist determined by the quantities

EI, = bending stiffness (now in a plane perpendicular to the paper,
90 deg. from the ET in Eqgs. (4.55) and (4.59), and
C = torsional stiffness, which has the form GI, for a bar of circular
cross section

The frequency can be written in the form

w=f (a, %) \/;E?E; (4.60)

where the numerical constant is shown in Fig. 4.36. This figure was
found by a modified Rayleigh method and subsequently verified by
laboratory tests, showing the results to be substantially correct.
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Fia. 4.36. Coeflicients f(a,EI:/C) of Eq. (4.60) for the frequency of a partial ring vibrating
perpendicularly to its own plane.

A membrane is a skin which is stretched with a great tension and which
has no bending stiffness whatever. It is therefore to be considered as a
two-dimensional generalization of a string. A circular membrane or
drumhead has an infinite number of natural modes of motion whereby
the nodes appear as diameters and also as smaller concentric eircles.
However, we shall discuss here the fundamental mode only, having no
nodes except the boundary. The shape of the vibration is practically
that of a hill formed by the revolution of a sine curve (Fig. 4.37). The
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frequency of this motion is

T T .

where T is the tension per running inch across any section of the mem-
brane, g, is the mass per unit area, and A is the total area 7R2

The formuls in its second form is useful also when the membrane is
no longer circular but has some other boundary which roughly resembles
the circle (square, triangle, half or quarter circle, ete.). Even then (4.61)
is approximately correct if the area A of the non-circular membrane is
substituted. In such a case the numerical factor is somewhat greater
than 4.26. An idea of the error involved can be had from the fact that
for a square membrane the factor 4.26 in Eq. (4.61) becomes 4.44, for a
2 X 1 rectangular membrane 4.97, and for a 3 X 1 rectangle 5.74.

<—ﬁ——>l

~ —

vy s o

Fia. 4.37. Fundamental mode of a drumhead with the frequency w = 2.40 \/ T/mRe,

Just as & membrane is a two-dimensional string, so a plate may be
considered as a two-dimensional “beam.’”” The theory of the vibrations
of plates even in the approximate form of Rayleigh-Ritz is extremely
complicated. The results are known for circular and rectangular plates
with either free, clamped, or simply supported edges, and the reader
who may have occasion to use these formulas should refer to the more
elaborate books on the subject by Rayleigh, Prescott, or Timoshenko.

Problems 99 to 138.



CHAPTER 5

MULTICYLINDER ENGINES

5.1. Troubles Peculiar to Reciprocating Engines. There are two
groups of vibration phenomena of practical importance in reciprocating
machines, namely:

1. Vibrations transmitted to the foundation by the engine as a whole.

2. Torsional oscillations in the crank shaft and in the shafting of the
driven machinery.

Each one of these two effects is caused by a combination of the periodic
accelerations of the moving parts (pistons, rods, and cranks) and the
periodic variations in cylinder steam or gas pressure.

Congsider a vertical single-cylinder engine. The piston executes an
alternating motion, <.e., it experiences alternating vertical accelerations.
While the piston is accelerated downward there must be a downward
force acting on it, and this force must have a reaction pushing upward
against the stationary parts of the engine. Thus an alternating accelera-
tion of the piston is coupled with an alternating force on the cylinder
frame, which makes itself felt as a vibration in the engine and in its sup-
ports. In the lateral direction, i.e., perpendicular to both the crank shaft
and the piston rod, moving parts are also being accelerated, namely the
crank pin and part of the connecting rod. The forces that cause these
accelerations must have equal and opposite reactions on the frame of the
engine. This last effect is known as ‘‘horizontal unbalance. In the
longitudinal direction, i.e., in the crank-shaft direction, no inertia forces
appear, since all moving parts remain in planes perpendicular to the crank
shaft.

The mathematical relation describing these effects is Newton’s law,
stating that in a mechanical system the rate of change of momentum
equals the resultant F of all external forces:

gt(Zmﬁ) -7 (5.1)

This is a vector equation and is equivalent to three ordinary equations.
Two of these equations are of importance, while the third (in the longitu-
179
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dinal direction) is automatically satisfied because 7 is always zero in that
direction.

Equation (5.1) can be interpreted in a number of ways. First, consider
the ‘““mechanical system” as consisting of the whole engine, and assume
it is mounted on extremely flexible springs so as to be floating freely in
space. No external forces F are acting, and Eq. (5.1) states that, while
the piston is accelerated downward (4.e., acquires downward momentum),
the cylinder must be accelerated upward. If the cylinder mass is 50
times the piston mass, the cylinder acceleration must be 50 times as small
as the piston acceleration.

Next consider only the moving parts, <.e., piston, rod, and crank shaft,
as the mechanical system. During rotation these parts have a definite

acceleration, or é% (m?), in the vertical and lateral directions. Equation

(5.1) determines the value of the force_F' acting on these parts, and con-
sequently the value of the reaction —F on the stationary parts.
Equation (5.1) is sometimes written with the differentiation carried

out:
dp =

The expression —m di/dt is called the ‘““inertia force,” and the theorem
states that the external force acting on the system plus the sum of all the
inertia forces of the moving parts equals zero.

These various inertia forces can form moments. Consider a two-
cylinder vertical engine with the two cranks set 180 deg. apart. While
one piston is accelerated downward the other one is accelerated upward,
and the two inertia forces form a couple tending to rock the engine about,
a lateral axis. Similarly, the horizontal or lateral inertia forces of the
two cranks are equal and opposite forming a couple tending to rock the
engine about a vertical axis.

A rocking about the crank-shaft axis can occur even in a single-cylinder
engine. If the piston be accelerated downward by a pull in the connect-
ing rod, it is clear that this pull exercises a torque about the crank-shaft
axis. Since the piston acceleration is alternating, this inertia torque is
also alternating.

Newton’s law for moments states that in a mechanical system on which
an external torque or moment M is acting

%(zh‘ﬁ) =M (6.3

where a is the moment arm of the momentum m#. In words: the external
torque equals the rate of change of moment of momentum. With the
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differentiation performed the relation reads

dv —
Za (m E) =M (5.4)
or the sum of the moments of the inertia forces of the various moving
parts equals the external moment.

As before, we can take for our mechanical system either the whole
engine mounted on very weak springs, or we can take merely the moving
parts. In the first case the external torque is zero, and therefore any
increase in the clockwise angular momentum of the moving parts must
be neutralized by an increase in counterclockwise angular momentum of
the stationary parts of the engine. In the second case the increase in
clockwise angular momentum of the moving parts must be caused by a
clockwise torque or moment on these parts, which has a counterclockwise
reaction torque on the frame. If this frame is mounted solidly on its
foundation, this countertorque is communicated to the foundation and
may cause trouble. On the other hand, if the engine is mounted on soft
springs, no reaction to the foundation can penetrate through these springs
and the countertorque is absorbed as an inertia torque of the frame and
cylinder block. Hence that block must vibrate, but no appreciable
torque gets into the foundation: we have ‘‘floating power” (page 76).

The formulas (5.1) and (5.3) suffice for a derivation of the ¢nertia prop-
erties of the engine which will be carried out in the next two sections. We

shall turn our attention now to the

effect of alternating steam or gas

pressure in the cylinders.
Pton ¢ In Fig. 5.1, let any inertia effect
2 be excluded by assuming either that
the moving parts have a negligible
mass or that the engine is turning
over very slowly at a constant speed
w. Let the pressure force on the
piston be P, which is variable with
the time (or with the crank angle wt).
The gas pressure not only pushes the
piston downward, but it also presses
upward against the cylinder head.
The piston force P is transmitted
through the piston rod (force 1) to
the crosshead. Neglecting friction,
it is there held in equilibrium by the forces 2 and 3. The forces 1, 2, and
3 of Fig. 5.1b are those acting on the crosshead; 3 is a compression in the
connecting rod and 2 has a reaction pressure on the guide or frame to the

>

{o) (6

Fia. 6.1. Gas pressure forces on s single-
cylinder engine.
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right and of magnitude P tan ¢. The force 3 of magnitude P/cos ¢ is
transmitted through the connecting rod to the crank pin (force 4). By
shifting this force parallel to itself to O we add a torque yP/cos ¢, which
is the driving torque of the gas pressure. The force 5 is taken up by the
main bearings at O and can be resolved into a vertical component 6, and
a horizontal component 7. From the similarity of the triangles 1, 2, 3
and 5, 6, 7 it can be seen immediately that the magnitude of 6 is P and
that of 7 is P tan .
The forces transmitted to the stationary parts of the engine are:

First, P upward on the cylinder head.

Second, P tan ¢ to the right on the crosshead guide.
Third, P downward on the main bearings at O.
Fourth, P tan ¢ to the left on the main bearings at O.

The total resultant force on the frame is zero, but there is a resultant
torque Pz tan ¢. By Newton’s law of action and reaction this torque
must be equal and opposite to the driving torque on the crank shaft,
yP/cos ¢. The truth of this statement can easily be verified because it
can be seen in Fig. 5.15 that y = z sin 9. Thus the gas pressures in the
cylinder do not cause any resultant forces on the engine frame but pro-
duce only a torque about the longitudinal axis.

Summarizing, we note that no forces occur along the longitudinal axis
of an engine, while in the lateral and vertical directions only inertia forces
appear. About the vertical and lateral axes only inertia torques are
found, whereas about a longitudinal axis both an inertia torque and a
cylinder-pressure torque occur.

If we assume the engine to be built up of rigid bodies, 7.e., elastically
non-deformable bodies, the problem is one of “balance” only. The frame
or stationary parts usually fulfill this condition of rigidity, but as a rule
the crank shaft can be twisted comparatively easily, which makes tor-
sional vibrations possible. The subject is usually divided into three
parts:

a. Inertia Balance: By this is meant the balance of the engine against
vertical and lateral forces and against moments about vertical and lateral
axes,

b. Torque Reaction: Under this heading we study the effect of the
torque (due to inertia and cylinder-pressure effects) acting on the sta-
tionary parts about the longitudinal axis (floating power).

¢. Torsional Vibrations of the Crank Shaft: Here we deal with the con-
sequences of this same longitudinal torque on the moving parts of the
engine.

The effect ¢ is of particular importance since many crank shafts have
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been broken on account of it. Now that the theory is understood such
failures are unnecessary.
The first step in the discussion of the subject is the derivation of the
expressions for the vertical and lateral inertia forces of a single-crank
mechanism as well as a formula for its inertia torque.
5.2. Dynamics of the Crank Mechanism. Let
- j” Fig. 5.2 represent a simple piston and crank, and
let
z, = downward displacement of piston from top.
wt = crank angle from top dead center.
1744 r = crank radius.
1 = length of connecting rod.

0 Assume the crank shaft to be rotating at uniform
Ag__ g speed, i.e., wis constant. Our first object is the cal-
N \ culation of the position of the piston in terms of the
[ ‘ angle wf. The distance z, would be equal to the

4 length DB in the figure, were it not that the con-

meantime. The distance DB, which is a first ap-
proximation of z, can be written

[
\ / necting rod has assumed a slanting position in the
X

F16. 5.2. Crank mecha-
nism. r(1 — cos wt)

In order to calculate z, exactly, we must add to this as a correction
term the difference between AC and BC or

(1 — cos ¢)
The auxiliary angle ¢ can be expressed in terms of wt by noting that

AB = lsin ¢ = r sin wi

or sin ¢ = lein wl (5.5)

——
\/1 — %sin"’ wit

Hence the exact expression for the piston displacement z, in terms of
the crank angle wi is

2
z, = r(l — cos wt) -+ l(l - \/1 — rl—2sin2 wt’ (5.6)

On account of the square root this formula is not very convenient for
further calculation. It can be simplified by noting that the second term
under the square root is small in comparison to unity. In the usual

and consequently

if

cos ¢
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engine, 7/l differs little from 17, so that the second term is less than 4.
Therefore, the square root is of the form 4/1 — §, where § < 1. Expand-
ing this into a power series and retaining only the first term gives the
approximation

Vi—é=1-— g
With 8§ = Y, the error made is less than one part in 2,000. Equation
(5.6) becomes
2
Zp = (1l — cos wl) + ;—lsin2 wl

A further simplification is obtained by converting the square of the sine
into the cosine of the double angle by means of

€08 2wt = 1 — 2 sin? wi

or sin? wt = 1 — cos 2uf £os8 2ut
2
Thus the piston displacement is
= (r+7) = r|ecos wt + 7 2:] 6.7)
=\r+g r | cos wt + 75 cos 2 .

The velocity and acceleration follow from the displacement by differentia-
tion:

&y = 10 [sin ot + Q’ilsin 2wt] (5.8)
£p = rw? [cos wt + % cos 2wt] (5.9)

After multiplication by the mass of
the piston, these expressions become
the vertical momentum and the ver-
tical inertia force. They are seen to
consist of two terms, one varying with
the same frequency as the rotation
and known as the ‘“primary” term,
and the other varying at double fre- N
quency and known as the ‘“‘second- Fic. 5.3. The piston acceleration as a
ary” term. If the connecting rod is function of the crank angle for r/l = 4.
infinitely long, the secondary term diappears and the piston executes a
harmonic motion. With a short eonnecting rod the motion, and espe-
cially the acceleration, deviates considerably from a sinusoid. As an
example, Fig. 5.3 gives the piston acceleration (or inertia force) of an
engine in which I/r = 4.
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Having found the dynamic properties of the piston, we proceed to the
rotating parts of the crank. The problem is first simplified by concen-
trating the entire rotating crank mass in its center of gravity. (The
inertia force of this mass is the same as the resultant of all the small inertia
forces on the various small parts of the crank.) Next the mass is shifted
from the center of gravity to the crank pin A, but in this process it is
diminished inversely proportional to the distance from the center of the
shaft, so that the inertia force (which is here a centripetal force) remains
unchanged.

In this manner the whole crank structure is replaced by a single mass
m. at the crank pin, and the vertical displacement can be found imme-
diately from Fig. 5.2:

z, = r(l — cos wit) (5.10)

so that the vertical components of velocity and acceleration become

&, = rw sin wi
i, = ro® cos wl } (5.11)
The horizontal components are
Yo = —r sin wf
Yo = —Tw COS wl (5.12)
Y. = rw?sin i

The momentum (or inertia force) is obtained from the velocity (or
acceleration) by multiplying by the rotating crank mass m,.

Returning to Fig 5.2 we note that the inertia forces of the piston and
the crank have been successfully put into formulas so that only the char-
acteristics of the connecting rod remain to be determined. This seems to
be the most difficult part of the problem, since the motion of the rod is
rather complicated. The top point of the rod describes a straight line,
while the bottom point moves on a circle. All other points describe
ellipses, so that the determination and subsequent integration of the
inertia forces of all these points require considerable algebra. Fortu-
nately, however, this is not necessary. If the connecting rod is replaced
by another structure, having the same mass and the same center of
gravity, so that the path of the center of gravity is not changed, then the
total inertia force of the rod is equal to that of the new structure. This
follows directly from Newton’s law which states that the component of
the inertia force of a body in a certain direction equals the product of its
mass and the acceleration of the center of gravity in that direction.

With the aid of this relationship the problem can be easily solved by
replacing the rod by two concentrated masses, one at each end, so that
the center of gravity stays where it is and so that the sum of the two
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concentrated masses equals the total mass of the original connecting
rod. This division of mass is the same as the division of the weight into
two parts by placing the rod hori- Ceonk end Piston end
zontally on two scales as shown ® .

in Fig. 5.4.

Although the division of the connect-
ing rod into two distinct masses leaves
the center of gravity in its place and Fia. 5.4. Division of the connecting roj
also leaves the total mass constant, the weight into its reciprocating and rotating
moment of inertia of the two distinct parts.
masses is different from the moment of inertia of the original connecting rod. There-
fore the division of Fig. 5.4 is correct procedure for finding the inertia forces, but it is
not exact for determining the moments of these forces, i.e., the inertia couple.

Having thus divided the connecting-rod mass into a part moving with
the piston (reciprocating) and another part moving with the crank pin
(rotating), we can denote the total reciprocating and rotating masses by
Moo a0d M.  In other words, me.. is the sum of the mass of the piston
and of a part of the connecting rod and m.. is the sum of the equivalent
mass of the crank and the other part of the connecting rod.

With this notation the total vertical inertia force X (for all moving
parts) of one cylinder is

X = "nreoi'p + Meoede

2
= (Mree + Meot)Tw? COS Wl + Miee TT w? cos 2wt (5.13)

and the horizontal inertia force Y is
Y = Mudfe = Mrow? sin wf (5.14)

In words: the vertical component of the inertia force consists of two
parts, a “primary part” equal to the inertia action of the combined
reciprocating and rotating masses as if they were moving up and down
harmonically with crank-shaft frequency and amplitude r, and a ““sec-

ondary part” equal to the inertia action of & mass — e moving up and
A Y q i p

down with twice the crank-shaft frequency and with the same amplitude r.

The horizontal or lateral component has a primary part only, viz., that
due to the rotating mass.

Finally we have to determine the torque of the inertia forces about
the longitudinal axis O. For the purpose of finding the vertical and hor-
izontal inertia forces, the connecting rod was replaced by two masses at
the piston and crank pin in the manner of Fig. 5.4, and this procedure
was shown to give exact results. For the inertia forque the result so
obtained is no longer exact, but it will be correct to an acceptable degree
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of approximation. Thus again the complicated piston-rod-crank system
is replaced by a mass m.., reciprocating according to (5.7), and a mass
M. rotating uniformly around O so that it has no torque about 0. The
inertia torque is caused wholly by the reciprocating mass m..., and its
magnitude can be deduced from Fig. 5.1b, where it was seen that the
torque equals the downward piston force multiplied by z tan ¢. That
the downward force in the present argument is an inertia force expressed
by — M., instead of being a gas-pressure force as assumed in Fig. 5.1
does not make any difference. The distance z is

x=lcos¢+rcoswtz( )—!—rcoswt-i— cos 2wt

Further, tan ¢ = \/,fs,l—g—“f_2— = sin ¢ (1 + 5 sin? <p)
- 8in

r .
= Zsm wt <1 + = 2l2 sin? wt)

so that the torque becomes
M = —m.i, ztan ¢

= 2 r r I oine
Mrecl'w <cos wt + ] cos 2wt } X ] sin wt (1 + 2l2 sin wt)

X {(l ) + 7 cos wt + 13 o8 2¢otl

Upon multiplying this out we disregard all terms proportional to the
second or higher powers of r/l. This involves an error of the same order
as that committed in passing from (5.6) to (56.7). Thus

M = —Meeto™? 8in i { + cos wt + o7 " cos 2wt}

With the trigonometric relation
sin wt cos 2wt = 34 sin 3wt — 14 sin wt

the torque becomes finally

M= %mmw’r2 <2l sin w¢ — sin 2wt — %z sin 3wt) (5.15)
This important formula for the inertia torque (acting on the shaft in the
direction of its rotation, or also on the frame about O in the opposite
direction) is quite accurate for the usual type of engine where the con-
necting rod consists of two substantial bearings at the ends, joined by a
relatively light stem. On the other hand, in a radial aircraft engine, the
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“master connecting rod’’ has a crank end carrying not only the crank-pin
bearing, but n — 1 other bearings to which the other n — 1 connecting
rods are attached. It does not seem reason-
able to replace this structure by two concentrated
masses at the ends, and for this case the exact
connecting rod analysis, given below, is of
interest.

In Fig. 5.5 let the crank rotate in a counterclockwise
direction at the uniform speed w, and let it drag with it the
connecting rod. The piston is supposed to be massless,
since its inertia force is given by Eq. (5.9). The piston
moreover is supposed to have no friction, so that the reac-
tion force of the cylinder wall on the rod must be F;. Let
further F; and F; be the forces exerted by the erank pin on
the rod, which moves in its prescribed manner under the
influence of the three forces F. This is a case of plane x
motion, governed by the three equations of Newton: F1a. 5.5.

In the z-direction, F, = mieq
In the y-direction Fi + F: = mjje
Moments about c¢.g., —Fiasin ¢ + Faacos ¢ — Fsb cos ¢ = fgp

The geometry of the motion is prescribed; in particular the center of gravity moves
thus:

Zg = Tp + (X — 2p)(B/1) = (zpa/l) + (zb/1) and ye = yob/l

where the subscripts ¢ and p denote crank pin and piston, while a and b are the dis-
tances to the center of gravity G as shown in Fig. 5.5. The accelerations #,, %, and .
are given by Egs. (5.9), (5.11), and (5.12). The angle ¢ and its functions, including &,
are determined by Eq. (5.5). Thus the Newton equations can be solved for their
three unknowns F1, Fo, and Fs. It is noted that the first Newton equation becomes

F1 = (mx,,a/l) + (me)/l) = Mrecly + Mrords

which leads to the result Eq. (5.13), known before. Similarly the combination
F; + F; was designated before as ¥ in Eq. (5.14). Thus, for the inertia forces it is
seen once more that the statement at the bottom of page 177 is correct. Now we wish
to calculate the forgque in the clockwise direction exerted on the shaft by the inertia
of the rod. Itis

M = —Frsin ot — Fyr cos wt

30 that it is necessary to find F; separately by eliminating Fs from between the last
two Newton equations. This gives

b . I'¢d Fia sin
F3 = —Mot~ rw? sin wt — ¢ (fosng
! cos ¢ lcos ¢

In working this out by means of Eq. (5.5) we neglect all terms containing powers of
r/l higher than 2. This leads to

Fg = —Mot % rw? 8in wt — % rw? sin wf + % Mirec T o gin 2t

l



180 MECHANICAL VIBRATIONS

With this expression the inertia torque, after some trigonometry, becomes

Matate = %mmwm [—— gin wt — (1 + 2= il ) sin 2wt — 3msm 3wt] (5.16)

in which % is the radius of gyration of the rod, defined by mk? = Is. This result is
approximate only in the sense that higher powers of r/l have been neglected; other-
wise, it is exact. It differs from (5.15) only in the double-frequency term, which now
depends on the moment of inertia mk2.

Equation (5.15) is the expression for the inertia torque on the shaft of a connecting
rod consisting of two concentrated masses ma/l and mb/l at distances b and a from the
center of gravity. Such a rod has a radius of gyration k% = ab, and it ig seen that
Eq. (5.16) reduces to Eq. (5.15) if this substitution is made.

1t is interesting to consider two cases of rods that have no end concentrations in
order to see how (5.16) differs numerically from (5.15). First take the uniform rod,
a=0b=1/2 and k* = [2/12. In this case the double-frequency term of (5.16) is
33 per cent greater than the term in the approximate formula (5.15). Next consider
a rod with ., = 0, (b = [), having its center of gravity at the crank pin and a certain
dimension around it, which is a rough picture of the master rod of a radial aircraft
engine. Assuming k? = [2/10, we find a middle term in (5.16) which is the same as
that in (5.15) if only mq.. is replaced by m/10. But, moreover, the sign is reversed.

The aircraft master rod of actual practice is & combination of the two cases just
discussed, and the increase in moment due to the “uniform rod effect’” more or less
balances the decrease in moment due to the large moment of inertia of the crank end.
Thus, even for so unususl a rod as that of a radial aircraft engine, the approximate
result (5.15) is fairly accurate.

The torque acting on the frame of the engine about the shaft center O (Fig. 5.5) is
found by multiplying the force Fs by its moment arm.

Mirame = Fa(l cos ¢ + r cos wi)

Solving for 3 from the Newton equation, substituting it into the above expression,
and working it out, neglecting higher powers of r/l, involves more algebra than it is
expedient to reproduce here. The answer becomes

2 2! 2
Mframe = %mmaﬁr’ {I:’(‘7""—{:“8fb?%-‘il‘b‘2 + ] sin wt

ab — k? . _ [3r(k* — ab) §1"| .
[ + 1] sin 2wt [T + 2l_| sin 3mt} (5.17)

Again, for the connecting rod with two concentrated ends (k2 = ab) this result reduces
to Eq. (5.15). Thus for the general connecting rod the inertia torques on the shaft
and the frame are not equal but differ by the moment of the inertia forces of the
various rod points about 0. Only when the rod degenerates into two concentrated
masses is this moment zero, since the two inertia forces are along the center line and
along a radius, both passing through O.

5.3. Inertia Balance of Multicylinder Engines. The unbalance or
inertia forces on a single-cylinder engine are given by Egs. (5.13) and
(5.14). In these formulas the reciprocating mass m... is always positive,
but the rotating mass m... can be made zero or even negative by *‘ counter-
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balancing’ the crank (Fig. 5.6). It is therefore possible to reduce the
horizontal inertia force Y to zero, but the vertical unbalance force X
always exists.! Thus a single-eylinder engine is inherently unbalanced.

Consider a two-cylinder engine with 180-deg. crank angle. Since the
two cranks are opposed to each other, the two horizontal inertia forces
are also in opposition and cancel each
other (except for a moment about the
vertical axis). Since the two pistons
move against each other, the same is
true for the primary vertical forces.
However, the secondary vertical forces
are in the same direction and add. To
understand this, it is convenient to visualize the various forces as (the
horizontal projections of) rotating vectors (page 3). We shall now
explain this vector method for the general case of a multicylinder engine.

In such an engine let the distance between the nth crank and the first
crank be [, and the angle between the nth crank and the first crank be
a, (the nth crank angle). In Fig. 5.7 the first crank is shown in a vertical

Fia. 5.6. Counterbalanced crank.
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Fr1a. 5.7. Primary inertia forces on a four-cylinder 2-cyecle engine.

position, corresponding to a maximum value of the primary vertical
inertia force. The second crank is a; radians ahead of the first one, and
consequently its vertical primary inertia force has passed through its
maximum value ay/w sec. earlier. If the rotating vector representing the
primary vertical force of the first cylinder is in its vertical position, the
vector representing the second cylinder is in the position as, and generally
the vector representing the nth cylinder is in the position «,. The same
statement is true for the primary horizontal inertia foree.

Therefore, the crank diagram of Fig. 5.7b, regarded as a vector diagram
(Fig. 5.7¢), represents the primary force conditions in the engine. For
example a four-cylinder engine of this type has balanced primary forces.

1 A patent has been issued on a scheme whereby the connecting rod is extended
beyond the crank pin so as to make W, in Fig. 5.4 pegative. In this manner Mre,
may be made zero also. No such engine has ever been constructed on account of the
large crank case required,
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The secondary force vectors, however, rotate twice as fast as the crank
shaft. Referring again to Fig. 5.7a, if the secondary force of crank 1
be a vertical vector, the vector of crank 2 was vertical at the time that
crank 2 was vertical. Crank 2 has traveled «. radians from the vertical,
and the vector of crank 2 consequently is 2a, radians from the vertical.
The secondary-force diagram therefore is a star with the angles 2a,, 2as,,

4 . .. ,2a,between the various vectors.
Figure 5.8a shows this diagram for
na the engine of Fig. 5.7.

A similar reasoning holds for the
2 3 moments of these forces about a lateral
M3 2 axis. The moment of the nth inertia
3 force about the center of the first
(a) ) (o crank shaft is that force multiplied
by the moment arm I, (Fig. 5.7a).
4 The plane in which such a moment
Fia. 5.8. (a) Secondary forces, (b) pri-  gnerates is defined by the direction of

mary moments, and (c¢) secondary mo- A )
ments for the four-cylinder engine of the force and the longltudma.l center
Fig. 5.7. line of the crank shaft. Therefore,
the moment can be represented also by a vector in the same direction as
the inertia force, its length being multiplied by the proper moment arm I,.

The primary-moment diagram of the engine of Fig. 5.7a is given in
Fig. 5.8b, where [, =0, I, =1, la =2l and !, = 3l. The secondary-
moment diagram (Fig. 5.8¢) follows in a similar manner.

With the aid of such vector diagrams the reader should prove the
following propositions:

1. A four-cylinder engine of 0, 90, 270, 180 deg. crank shaft (two-cycle
engine) has balanced primary and secondary forces and also has balanced
secondary moments, but the primary moments are unbalanced.

2. A four-cylinder engine of 0, 180, 180, 0 deg. crank shaft (four-cycle
engine) has balanced primary forces and moments, while the secondary
forces and moments are unbalanced.

3. A six-cylinder four-cycle engine (0, 120, 240, 240, 120, 0 deg.) has
all forces balanced and all moments balanced.

4. An eight-cylinder in-line engine (0, 180, 90, 270, 270, 90, 180, 0 deg.)
is completely balanced.

In these examples it has been tacitly assumed that all pistons are alike
and are spaced at equal distances, which is the case in modern internal-
combustion engines. However, the method will work just as well for
unequal piston masses and unequal spacings. In fact it was for the
application to large triple and quadruple expansion steam engines for
ship propulsion that the theory was originally developed (Schlick’s theory
of balancing, about 1900).
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Ezample: A triple expansion steam engine has pistons of which the weights are to
each other as 1:14:2, 1f it is desired to balance this engine for primary forces, how
should the crank angles be made?

Solution: The vectors in the diagram have lengths in the required ratios. Drawing
the vector of two units length vertically, as in Fig. 5.9, the equilibrium requires that
the two other vectors be arranged so that their horizontal components balance and
that the sum of their vertical components be two units, With the

angles « and B8 of Fig. 5.9, we have P i
1-gin & = 134 sin 8 &
1-cosa + 1% cos 8 =2

To solve these, calculate cos « from the first equation:
cosa = V1 —sin?a = V1 —2}{sin?g
and substitute in the second one: %
S (
V1 =21sin’f =2 — 134 cos 8 Fra. 5.9.
Square and simplify:
6 cos B = 534
from which cos B = 0.88 and 8 = 28 deg

Further, cos @« = 2 — 34 X 0.88 = 0.68 and o = 47 deg.

It is possible to express the results of these vector diagrams in simple
mathematical language. The requirement for balanced primary forces
is that the geometrical sum of all the vectors of Fig. 5.7¢ be zero. If this
be so, the sum of their horizontal projections as well as the sum of their
vertical projections must be zero or

2 sin an = 0 and 2 co8 a = 0 (5.18)

n n

Similarly, the conditions for balanced secondary forces are

z sin2x, =0  and z cos 2a, = 0 (5.19)

n n

For the primary moments

zz,, sina, =0  and zzn cos ap = 0 (5.20)

For the secondary moments

2 L. sin 2a, = 0 and z la o8 2a, = 0 (5.21)
n n

All these formulas are true only for equal piston masses.
For the four-cylinder engine of Fig. 5.7 we have a; = 0, a2z = 90,
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as = 270, a4 = 0 deg., and consequently Egs. (5.18) become
0+1-140=20 and 1+0+4+0—-1=0

so that the primary forces are balanced.
But Eqgs. (5.20) become

0-0+1-1-2-143-0=1-2>0
0:141-04+2-04+3-1=3=0

so that the primary moments are unbalanced.

Thus we are able to test the inertia balance of any engine design by
using either the formulas (5.18) to (5.21) or the vector diagrams.

It may be well to recall that in this analysis the engine has been con-
sidered to be a “rigid body.” This is usually the case in automobile and
aircraft engines where all cylinders are cast in a single block, but in marine
engines the cylinders sometimes are mounted separately. Then the
forces or moments of two cylinders may be in opposition to each other
and not move the engine as a whole, but they may move the two cylinders
against each other elastically. The problem becomes extremely com-

plicated, and is not of sufficient practical

I importance to merit much time for its

F"‘l | solution. In this connection the reader
: isreferred to the analogous problem in

rotating machinery discussed in Sec. 6.5.

5.4. Natural Frequencies of Torsional
Vibration. The shafting of an internal-
combustion engine with all its cranks,
pistons, fiywheel, and driven machinery
is too complicated a structure to attempt
an exact determination of its torsional
natural frequency. It is necessary first
to simplify or ‘““idealize” the machine to
some extent by replacing the pistons,

ete., by equivalent disks of the same
(o) ) . . .
Fig. 5.10. The equivalent moment of moment of inertia and by replacing the
inertia of a piston varies with its crank throws by equivalent pieces of
position. straight shaft of the same torsional flexi-
bility. In other words, the machine has to be reduced to the shape of Fig.
5.12g. This process is at best approximate.

First consider the equivalent moment of inertia of each crank mech-
anism. The moment of inertia I... of the purely rotating parts offers no
difficulty, but it is not quite evident what should be done with the
reciprocating weight. In Fig. 5.10a and b the piston is shown in two
positions. Imagine the crank shaft to be non-rotating but to be execut-
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ing small torsional oscillations. In Fig. 5.10a this takes place without
any motion of the piston, but in Fig. 5.10b the motion (and acceleration)
of the piston practically equals that of the crank pin. The equivalent
inertia in position a is zero whereas in position b it is m.r2. Thus while
the crank shaft is rotating, the total equivalent moment of inertia of the
crank mechanism varies between .., and I.. + m.?, with an average
value of I + Y4mesr?. The system with variable inertia (page 350) is
now replaced by one of constant inertia I, where

I = Imc + %mreor2 (5.22)

Next consider the idealization of a crank throw into a piece of ordinary
shafting of the same torsional flexibility. This is physically quite per-
missible, but the calculation of the flexibility is a very difficult matter.
In Fig. 5.11a it is seen that, if the main
shaft is subjected to twist, the crank
webs W are subjected to bending mo-
ments and the crank pin P is in twist.
It is possible to calculate the angle of
twist produced by a certain torque by
applying to the webs and pin the usual
“beam” formulas for bending and
twist. However, that will give very
inaccurate results because theseformu-
las are true only for long and slender
beams and will lead to serious errors if o)
applied to short stubs of a width and  ¥ia. 5.11. A crank of length 1 is replaced
thickness nearly as groat as the 1. of uniform shall o leneih I
length. Moreover, it can be seen that
the torque in Fig. 5.11a will cause not only a twisting rotation of the free
end but also a sidewise displacement of it on account of the bending in the
webs. In an actual machine the sidewise motion is impeded by the main
bearings and the torsional stiffness of the crank shaft is increased by these
bearings, especially if their clearance is small.

Experiments have been carried out on a number of crank shafts of
large, slow-speed engines showing that the ‘“‘equivalent length” I. of
Fig. 5.11b (1.e., the length of ordinary shaft having the same torsional
stiffness) is nearly equal to the actual length . The variation is between

0.950 < 1. < 1.10

the lower value being for small throws and stiff webs and the higher value
for large throws and thin flexible webs. 1In all tests the diameter of the
main shaft was equal to that of the crank pin.

In cases wheve the crank pin has a different diameter (usually smaller)
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from that of the main bearing journal, the throw is replaced by a straight
shaft of two different diameters; the point where the diameter jumps from
one value to the other being located at the center of the crank web. For
high-speed, light-weight engines, particularly aircraft engines, where the
webs are no longer rectangular blocks but have shaved-off corners to
save weight, the equivalent stiffness is very much smaller than would
follow from the above simple calculation. In extreme cases the stiffness
may be as low as 50 per cent of the value so calculated. The best guide
is then a comparison of calculation and experiment of a number of pre-
vious crank shafts of similar characteristics.

In case one part of the system is connected to the other part through
gears, it is convenient to reduce everything to one speed. As was
explained on page 30, this is accom-
plished by eliminating the gears and
multiplying the moments of inertia
and the spring constants of the fast
rotating parts by n? where n > 1is
the gear ratio.

Let Fig. 5.12a represent the ideal-
ized machine, in this case a six-
cylinder Diesel engine driving a fly-
wheel and an electric generator.
There are eight degrees of freedom.
It is theoretically possible to find the
eight natural frequencies by the

Fly wheel
Cylinder No.

F1a. 5.12. The engine is replaced by a two- . A
mass system for the purpose of an approxi- method of Chap. 4, using a determi-

mate calculation of the lowest natural 151t with eight rows and eight col-

frequency. . .
umns and an eighth degree equation

in 2 This is obviously undesirable from the standpoint of time
consumption.

Instead, we use a method of successive approximations starting with a
rough first guess at the frequency. Such a guess for the lowest natural
frequency can be made by replacing Fig. 5.12a by Fig. 5.12b, where I,
is the inertia of all six cylinders combined and I, that of the flywheel and
generator rotor combined. The frequency of the latter system is [Eqs.
(2.4) and (2.10)]

_ I, + L
e \/k IaIb

and is an approximation to the lowest frequency of Fig. 5.12a. In the
reduction of Fig. 5.12a to 5.12b the judgment of the calculator enters.
With some experience the frequency can be estimated to within 10 per
cent.
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The rough value »;, thus obtained, serves as the basis for the following
method of calculation due to Holzer. Assume the whole system to be in
& torsional oscillation with the frequency w;. If w; were a natural fre-
quency this could occur without any external torque on the system (a
free vibration). If w; is not a natural frequency, this can occur only if at
some point of the system an external torque of frequency w; is acting.
We have then a forced vibration. Assume arbitrarily that the angular
amplitude of the first disk in Fig. 5.12¢ is 1 radian. The torque necessary
to make that disk vibrate is

I 100% sin w]_t

This torque can come only from the shaft to the right of 7,. If that shaft

2
has a torsional spring constant k,, its angle of twist is I];wl sin w;f with a
1

2
maximum value I];wl- Since the amplitude of disk I, is 1 radian and the
1

2
shaft twists I;cw‘ radians, disk I, must vibrate with an amplitude of
1

2
1- % radians. This requires a torque of amplitude
1

I 2
rea (1 - 51

This torque is furnished by the difference in the shaft torques left and
right, and, since the torque in k; is known, the torque in k. can be cal-
culated. From this we find the angle of twist of k., the angle of I, ete.,
finally arriving at the last disk 75. But there is no shaft to the right of
Is to furnish the necessary torque. In order to make the system vibrate
as described, it is necessary to apply to I an external torque T, of the
value found by the calculation. Only when «, happened to be a natural
frequency would this T... be found equal to zero. The magnitude and
sign of Tex. therefore are a measure of how far w; is removed from the
natural frequency. A number of such calculations with different values
of w; must be made, until finally the remainder torque T.,. is practically
zero. The advantage of this method is that it gives not only the natural
frequency but also the complete shape of the natural mode of vibration,
and this will be needed for the calculation of the work input by the non-
uniformities of the eylinder torques (page 200).

The actual course of the caleculations can best be illustrated by a definite
example, as follows.

6.6. Numerical Example. We take as an example a recent light-
weight, high-speed Diesel engine driving an electric generator (Fig. 5.13).
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Some of the characteristic constants, other than those shown in Fig. 5.13,
are:

Engine: 4-cycle V-8 Diesel
V-angle: 60 deg.
Crank shaft: 0, 180, 180, 0 deg with firing order 1 34 2

Rated power: 50 hp. per cylinder at 2,000 r.p.m.
400 hp. for the engine

Full-load torque: 1,580 in.-lb. per cylinder

Generator: 250 kw; normal speed 2,000 r.p.m.

The inertias and flexibilities of Fig. 5.13 were calculated from the draw-
ings in the manner described before. The only new thing here is the
viscous damper, consisting of a hous-

el ing in which a loose flywheel can
tod No3 No 2 N%",“" turn freely. The only coupling be-
A2 Q2T AT A tween the damper flywheel and its
‘49 "‘9 ‘48 148 5, surrounding housing is through the

| 794
o i viscous friction of oil or silicone fluid
@ ﬁlling the entire space inside the

housing. This type of damper will
fﬁ&ﬁ&%ﬁ%ﬁﬁﬂﬁﬁﬁﬁﬁ be described in detail on page 211,
o il exbiies I are shown mh T o i A e S
lions of in. Ib. per radian, " alent inertia of the damper assembly

is the sum of the entire housing iner-
tia plus half the inertia of the damper flywheel. The value 7.94 Ib. in.
sec.? shown in Fig. 5.13 was so determined. Each individual crank throw
carries two connecting rods and two pistons in a V-type engine. The
value 1.48 Ib. in. sec.? of Fig. 5.13 is made up
of the inertia of the crank throw proper with its
attached counterweight, the rotating part of the
weight of two connecting rods plus half the
reciprocating weights of two rods and two pis- 105 . )
tons, all at crank radius. 515 16 e thransmaon é’;féi

First we must guess at the first frequency of for an estimate of the first

Fig. 5.13. Noticing that the crank masses are re2uency:
much smaller than the rest, we throw two cranks with the flywheel, two
others with the damper, and lump the flexibilities of the crank shaft
into one:

Generotor

1,1 ,1,1 7 1 _ 1
77 t36 =54 T35 = 0158 = g3
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This leads to the system of Fig. 5.14 with three disks. Applying the
appropriate formula of page 430, we find

w? = 300,000 wi = 1,120,000
and we proceed to set up a Holzer table with the first value.

First Mobpg, First TRy, «? = 300,000

No 1 Iw?/10% B I10*3/108 z/108 k/10¢8 =/k
&) 2) &) @ ®) ® )
1 7.94 2.38 1.000 2.38 2.38 36 0.066
2 1.48 0.444 0.934 0.42 2.80 27 0.104
3 1.48 0.444 0.830 0.37 3.17 27 0.118
4 1.48 0.444 0.712 0.32 3.49 27 0.129
5 1.48 0.444 0.583 0.26 3.75 54 0.069
6 17.8 5.34 0.514 2.75 6.50 9.4 0.691
7 | 105.0 31.5 —~0.177 -5.59 +0.91

The physical meaning of the various columns in this table is as follows:
in column 2 is the inertia torque of each disk for an amplitude of 1 radian
at the frequency shown at the head of the table; in column 3 is the angular
amplitude 8 of each disk; in column 4 is the inertia torque of each disk
at the amplitude 8; the fifth or Z-column gives the value of the shaft
torque beyond the disk in question; the sixth shows the flexibilities; and
column 7 is the windup angle in each shaft.

We start by filling in all the numbers in the first two columns and
in the sixth or k-column. Then we start on the first line and proceed to
the right. The shaft torque to the left of the first, or damper, disk is the
damper torque itself, so that we just copy 2.38 in the Z-column. The
windup angle is found by 2.38/36 = 0.066. Now we subtract 0.066
from g = 1.000, finding 8 = 0.934 for disk 2, which is the first cylinder.
Proceeding farther to the right in line 2, we have no trouble until we come
to the Z-column. There we add 0.42 to 2.38 to give 2.80 in the Z-column,
or physically the shaft torque between disks 2 and 3 is the sum of the
inertia torques of disks 1 and 2. The reader should now follow the cal-
culations step by step in the entire table, never losing sight of the physical
meaning of each number. The last value we find is in the Z-column,
and 0.91 X 10% is the sum of all the inertia torques of all seven disks, and
it also is the torque in the (non-existing) shaft to the left of the flywheel,
necessary to maintain a forced vibration at w? = 300,000 and 8, = 1.000.

With a remainder torque 0.91, and not equal to zero, we have not hit
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on the natural frequency. Before blindly trying to construct another
Holzer table with some other value of «? we reason a bit and see whas
would happen to the Holzer table for a small value of w? close to zero.
The values in the second column are small and positive. The figures
in the first line become small, and hence 8; will be almost 1.000, slightly
below it. Reasoning on, we conclude that the remainder torque (the
last Z-value) must be positive and
small. Of course, for w? = 0 all values
/\ in columns 2, 4, 5, and 7 are zero.
& & *“’% Now we sketch Fig. 5.15, in which
the remainder torque is plotted
Fie. 5.15. Behavior of the remainder 2g8inst thefrequencyw® Allweknow
torque of column 5 of the Holzer ghout the figure is that the curve
calculation. . . e
passes through the origin, that it is
positive for small »? and that it should be zero for natural frequencies.
But this scanty knowledge is enough to be very useful. In this case we
are aiming at the first, or lowest, natural frequency, and in our first try
we ended up with a positive remainder torque. From Fig. 5.15 we con-
clude that our guess for w? was too small (if it had been too large, the
torque would have been negative). So our second try is made somewhat
larger than the first one.

Tex?

First MobE, Seconp TRy, »? = 320,000

No I Iw?%/108 8 Tw?8/108 z/108 k/108 z/k
@ @ @ @ (6 ® ™

1 7.94 2.54 1.000 2.54 2.54 36 0.071
2 1.48 0.473 0.929 0.44 2.98 27 0.110
3 1.48 0.473 0.819 0.39 3.37 27 0.125
4 1.48 0.473 0.694 0.33 3.70 27 0.137
5 1.48 0.473 0.557 0.26 3.96 54 0.073
6 17.8 5.70 0.484 2.75 6.71 9.4 0.715
7 |105.0 33.6 —0.231 -7.75 —1.04

Now we come out with a negative remainder torque, and from Fig. 5.15
we conclude that «? is too large for the first natural frequency. We have
two points on the curve, reasonably close together, and since any short
piece of curve is nearly straight, we interpolate linearly and take for our
third guess

0.91

w? = 300,000 4 0.91 + 1.04

(320,000 — 300,000) ~ 310,000

This time the remainder torque is insignificantly small, so that we eall
it good.
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FirsT Mopx, ThHirp aNp Finan Try, o? = 310,000, « = 552, v.r.M. = 5,300

No I Iw?/10° 8 1a?8/10¢ |  Zlw®8 | k/10° Z/k

@ @ @) @ 8) ©) @)
1 7.94| 2.46 1.000 2.46 2.46 | 36 0.068
2 1.48 | 0.459 0.932 0.43 2.89 | 27 0.106
3 1.48 1 0.459 0.826 0.38 3.27 | 27 0.121
4 1.48| 0.459 0.705 0.32 3.59 | 27 0.133
5 1.48 | 0.459 0.572 0.26 3.85 | 54 0.071
6 | 17.8 5.51 0.501 2.76 6.61 9.4 | 0.703
7 | 1050 | 32.6 —0.202 ~6.60 | -0.01

Proceeding to the second mode, we start with the higher of the two
frequencies of Fig. 5.14:

Seconp Mobg, First Try, «? = 1,120,000

No I Iw?/10¢ 8 Io?8/108 | 2/105 | k/10¢ z/k
18] @ ®3) @ ) ) ™
i 7.94 8.90 1.000 8.90 8.90 | 36 0.246
2 1.48 1.65 0.754 1.24 10.14 | 27 0.375
3 1.48 1.65 0.379 0.63 10.77 | 27 0.399
4 1.48 1.65 ~0.020 | — 0.03 10.74 | 27 0.398
5 1.48 1.65 | —0.418 | — 0.69 10.05 | 54 0.188
6 | 17.8 19.9 —0.606 | —12.05 ~-2.00| 9.4 | —0.214
7 | 105.0 | 117.0 —0.392 ~44.6 —46.6

The remainder torque is quite large and negative. Looking at Fig. 5.15
and remembering that we are aiming at the second frequency, we con-
clude that our choice for w? was too small. Two more tries are made,
with the following result:

w? = 1,200,000 . . . remainder torque —30.4
2 = 1,300,000 . . . remainder torque — 2.09

w

These are still too small. Plotting the three points so far available, we
see that they are not on a straight line. Passing a smooth curve through
them and extrapolating it (a procedure much less satisfactory than inter-
polating), we come to w? = 1,310,000.

Figure 5.16 shows the shapes of the first two natural modes of motion,
where the ordinate indicates the angle of swing 8 of each mass. It is
seen that the nth mode of motion has n nodes. Another property of the
curves, useful for checking or for rough visualization before calculat-
ing, is that the total angular momentum of each curve must be zero or
ZIB = 0. In Fig. 5.16 the flywheel is vary large; hence in the first
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Szconp Mopg, Fourta ANDp Finar Try, «? = 1,310,000; w = 1,145;

v.p.M. = 10,950
No I Iw?/108 B Iw%8/108 z/10¢ k/108 z/k
1 @ 3 “ () (6) )
1 7.94 10.40 1.000 10.40 10.40 36 0.288
2 1.48 1.94 0.712 1.38 11.78 27 0.435
3 1.48 1.94 0.277 0.54 12.32 27 0.455
4 1.48 1.94 —0.178 —0.35 11.97 27 0.444
5 1.48 1.94 —-0.622 —-1.21 10.76 54 0.199
6 17.8 23.3 -0.821 —19.10 —8.34 9.4 -0.885
7 }105.0 138 +0.064 +8.85 +0.51

mode its inertia 105 times its amplitude 0.20 is equal and opposite to the
sum of the I8 of all other masses.

The Holzer method does not take advantage of the fact that the var-
ious cylinders of the usual engine are identical. For our particular exam-
ple of four cranks out of 7 masses
total, it does not make too much dif-
ference, but there are engines with
eight cranks out of a total of 9 or 10
; masses, and then very considerable

y 8 work can be saved by treating the
l — 8 8 O ‘ engine as a whole, a method first used
$ 5300 vpm by F. M. Lewis. With this proced-
T’ ure the flexibilities and inertias of the
]
26

| ~g various cranks are uniformly dis-

10,850 vom //£~: < tributed along the entire length of

LI o] the engine, which then becomes a
8 3% “« ” 1 FL IS :
S s | shaft,” or ‘“‘beam,” in torsional

F1a. 5.16. The shapes or “modes” of the vibration, as discussed on page 138.
two lowest natural frequencies of the sys- The four cyclinder masses together
tem in Fig. 5.13.

are 4 X 1.48 = 5.92, and the flex-
ibilities were combined in passing from Fig. 5.13 to Fig. 5.17 to give
6.35 X 10° in. lb./rad. This leads to the system shown in Fig. 5.17.
The engine, or ‘““shaft” is governed by the differential equation (4.22)
(page 138) and its solution {Eq. (4.25)], which can be written in the form

2
r) =4 cos(x\/mw + >
8(z) o7+
where A is an amplitude constant and « a phase angle. These two

constants A and o must be found for each individual case to fit the
boundary conditions. With the notation I = gyl for the total moment
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of inertia of the entire engine and K = GI,/I for the stiffness of the entire
length of the engine, this last result can be written as

B(x) = 4 cos (w \/% ’{ + a) (5.23)

The combination
© \/ I-o (5.24)

can be recognized as the number of radians of cosine wave along the engine
(from z = 0 to z = I), and this quantity can be visualized and estimated
before calculations are started.

The torque at any point along the engine shaft is

M = 01,3—2 = Aw /TR sin (e% + a> (5.25)
or in particular, at the two ends of the shaft,

Beginning z = 0 M.o = Aw \/E sin «
End =1 M, = Ao VIKsin (6 + a)

‘With the three formulas (5.23), (5.24), and (5.25) the calculation can be

carried out. For example, take the
first mode with w? = 310,000 and & e
94 U I-5927 k=635
% V1K =6120
178  I7K=000096 794

} (5.25a, b)

w = 552. The engine starts at the
left with a concentrated inertia, and
we handle this as in the Holzer L
method. B; = 1.000. The inertia é)
torque

Fig. 5.17. The system of Fig. 5.13 in

= 2R o= ’ which the engine masses are uniformily
M, e 8 7.94 X 310’000 distributed along the engine length, for a

X 1.000 = 2.46 X 10® frequency calculation by Lewis’s method.

This torque must be carried by the engine shaft; hence it isequal to (M 2)1,
which we read, ‘M one-two at one.” Now, by Eq. (5.23),

(B12)1 = A cos a = 1.000 (5.23a)
and, by Eq. (5.25q),
(M12); = Aw VIK sin a = 2.46 X 108
Dividing the last two equations,

_ 246 X 10° _ 2.46 X 10°
w/TK 552 X 6,120
Soa = 36.1 deg.

tan « = 0.730
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Now, by Eq. (5.24),
0= “’\/’1% = 552 X 0.00096 = 0.530 radian = 30.4 deg.

and 6 + « = 30.4 + 36.1 = 66.5 deg. This means that the S-curve
along the engine is a cosine wave starting at 36.1 deg. and continuing
till 66.5 deg. Now, from Eq. (5.23a),

4= 1.000 _ 1.000 -
cos e 0.808

which means that the maximum height of our cosine wave is 1.24 (to the
right of mass 1 in Fig. 5.17), that it has reduced to 1.24 cos « = 1.000 at
mass 1, and that it is at mass 2, by Eq. (5.23),

B2 = A cos (0 + a) = 1.24 cos 66.5° = 0.497

1.24

The torque in the engine at the 2-end is

(M) = AwVIKsin (6 + «) = 1.24 X 552 X 6,120 X 0.917
= 3.84 X 10¢

Now we are through with the engine; the rest of the calculation follows the
Holzer pattern. Note that the last two numerical results check those in
the Holzer table of page 191; 85 at the flywheel there was 0.501, as com-
pared with 0.497 just found here. The torque in the shaft just right of
flywheel in the Holzer table was 3.85, while here we just found 3.84. We
continue (see Fig. 5.17).

M; = Iw?8 = 17.8 X 0.310 X 0.497 X 108 = 2.76 X 10°
Mo = (M) + M = 3.84 + 2.76 = 6.60 X 108
B2 = %—23 = 6.60/9.4 = 0.703
23
B3 = B2 — B2z = 0497 — 0.703 = —0.206
M; = Ju?8 = 105 X 0.310 X —0.206 X 10° = —6.70 X 10¢

Mrsindee = Moz + M3 = —0.10 X 105, small

For the purpose of showing the method more clearly, the calculation
for the second mode is now given, without running comment. The data
are those of Fig. 5.17, and we use the three equations (5.23), (5.24), and
(5.25).

An advantage of the Lewis method is that it often enables us to make
a quick and surprisingly close guess of the frequency. This is done by
sketching in the curves of Fig. 5.16, before any calculation, just looking
at the relative values of the flexibilities and bearing in mind that the
angular moment must be balanced, ZI8 = 0. From the curves so
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sketched, we deduce the approximate value of 6, that is, the number of
radians worth of cosine wave along the engine length, and from it, by Eq.

(5.24), find the estimated frequency.

Lewis CavcuraTioN, SecoNp MODE, w? = 1.30 X 105, & = 1,140

ﬁl = 1.000
10.30 X 108

1,140 x 6,120 ~ 478

tan a =

M, = 7.94 X 1.30 X 1.000 X 10¢ = 10.30 X 10% = (Ms);:
o = 55.9 deg.

© = 1,140 X 0.00096 = 1.093 = 62.6 deg.
a + 6 = 118.5 deg. = 90 + 28.5 deg.

1 1

A= osE50 o561 ~ 18

B2 = 1.78 cos 118.5 = —1.78 sin 28.5 = —0.850
(Mi2)2 = 1.78 X 1,140 X 6,120 X 0.879 = 10.92 X 10¢

M, = 17.8 X 1.30 X 0.850 X 10¢ = —19.70 X 10¢
M = 10.92 — 19.70 = —8.78 X 10°

fa = — séif ~ —0035 B = +0.085

M, = 105 X 1.30 X 0.085 X 105 = +11.6 X 10¢

Meemainder = ~8.78 4 11.6 = 2.8 X 109, small

Still another method, due to F. P. Porter, is used by several engine
manufacturers and consists in replacing the entire engine by an “equiv-

alent flywheel” I.quiv.

rest of the system is expressed by formula (5.25), above.

were to consist of a single flywheel
I.quv, oscillating at the amplitude
of the end of the engine, the torque
would be

Tequivw?B(l) = I.quivw? cos ©

Equating this to the torque, Eq.

(5.25), of the actual engine and con-

sidering Eq. (5.24) we get

tan O
8]

Toquv = 1 (5.26)
Thus the engine of actual inertia 7
with a flexible crank shaft acts as a
solid flywheel (without flexibility)
of inertia I.q. at the assumed fre-

The torque exerted by the entire engine on the

If the engine

000

7,240,

,000

OEREZA,029

0.071

O eI 416,000

Fic. 5.18. Ship drive consisting of high-
speed turbines 1 and 5, double reduction-
gear drives 2, 3, 4, and propeller 6.

quency determined by ©. The rest of the calculation follows essentially

Holzer’s pattern.

The Holzer method can be applied conveniently to the calculation of
the frequencies of branched systems, such as that in Fig. 5.18, which
shows the main drive of a ship built in 1940 for the U.8S. Maritime Com-
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mission. The disks 1 and 5 represent the inertia of a low-pressure and
a high-pressure steam turbine, running at 7,980 r.p.m. The disks 2 and
4 are intermediate gears running at 730 r.p.m., while 3 is the main gear,
running at 85 r.p.m. and coupled to the propeller 6. The inertias shown
are in 1b. in, sec.? and are already multiplied with the squares of their
speed ratios (page 30). The flexibilities shown must be multiplied by
10° to measure in in. Ib, /radian and likewise have been corrected for speed.
To find the lowest natural frequency we notice that the engine shafting
is stiff in comparison with the drive shaft. Thus for a first estimate all
turbine masses are lumped at the main gear and
..k _ 0071 X10°

@'~ 7= "fieo00 170
A Holzer trial has shown this value to be low; and, with a final value
w? = 176, the last calculation proceeds as follows:

o =176, B = 1.000, M, = I8 = 1.275 X 10°
M, 1275 _
Bua = = S35 = 0002, B = 0.998
M; = Iw?B: = 0.181, Mss = M; + M. = 1.456
Bas = l}f_ﬂ: = 0279, s =B; — 0.279 = 0.719
2

Now we do not know the amplitudes in the 3-4-5 branch, having once
assumed B; = 1.000. Nevertheless we start fresh with the assumption
B85 = 1.000 and work back.

Bs = 1.000, M; = 0.083, B = 0.000, B = 1.000
M, = 0.191, M, = 0.274, B = 0.053, Bs = 0.947

It is clear that 8; cannot at the same time have an amplitude of 0.719 and
of 0.947. Tt is possible to make the last value come out equal to 0.719
simply by multiplying all figures in the last two lines by the ratio 0.719/
0.947 = 0.760. Then these lines become

Bs = 0.760, M; = 0.063, Bss = 0.000, B = 0.760
M, = 0.145, M;, = 0.205, Ba = 0.04, B: = 0.719

Proceeding with the main gear 3, it is seen that not only its own inertia
torque M; = [;w?%3; = 0.044 is acting on it, but the torques My; and M3,
from the two branches as well. Thus the torque entering the propeller
shaft is
Mse = 0.044 4 1.456 + 0.205 = 1.705
Further,
B3 = 24.01, Bs = —23.29, Mg = —1.705
Remainder, 0

In a similar way the reader should find the second mode of motion of



CHAPTER 6

ROTATING MACHINERY

6.1. Critical Speeds. Consider a disk of mass m on a shaft running at
constant angular speed w in two bearings, as shown in Fig. 6.1. Let
the center of gravity of the disk be at a radial distance e (= eccentricity)
from the center of the shaft. If the disk were revolving about the shaft
center line, there would be a rotating centrifugal force mw? acting on the
disk. Such a rotating force can be resolved into its horizontal and
vertical components and thus is seen
to be equivalent to the sum of a
vertical and a horizontal vibratory
force of the same amplitude mo?%. ¢
Hence we expect the disk to execute
simultaneous vertical and horizontal
vibrations, and in particular we ex- Fia. 6.1. Unbalanced rotating disk.
pect the disk to vibrate violently when
these impulses are in resonance with the natural frequency, .., when the
angular speed w of the shaft coincides with the natural frequency w, of
the non-rotating disk on its shaft elasticity.

This conclusion is not restricted to a single disk symmetrically mounted
on rigid bearings but holds for more compli-
cated systems as well. The speeds at which
such violent vibrations occur are known as
‘““critical speeds.” In general the critical
speeds w of any circular shaft with several disks
running in two or more rigid bearings coincide
with the natural frequencies of vibration of
g,;;' 82 3’§:§e59§ti‘;"b‘:;:i:gf the non-rotating shaft on its bearings. . The
conter, § = shaft center, and critical speeds can be calculated from the influ-
G = gravity center. ence numbers in the manner discussed in
Chap. 4, and the determination of the influence numbers is a problem in
the strength of materials.

The same result can be obtained also in a slightly different manner as
follows. Figure 6.2 is drawn in the plane A4 of Fig. 6.1 perpendicular
to the shaft. The origin of the z-y coordinate system is taken in the point
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B which is the intersection with the plane A4 A of the center line connect-
ing the two bearings. In the whirling unbalanced shaft there are three
points of importance:

B = the center of the Bearings
S = the center of the Shaft (at the disk)
G = the center of Gravity (of the disk)

In Fig. 6.2 these three points have been drawn in a straight line BSG,
which is supposed to rotate about B with the angular velocity w of the
disk. It will be seen that this apparently arbitrary assumption is the
only one for which all forces are in equilibrium,

Further let

i

4
r

constant distance between S and G (eccentricity).
BS = the deflection of the shaft at the disk.

]

If the effect of gravity be omitted, there are two forces acting on the disk:
first, the elastic pull of the shaft which tends to straighten the shaft or
to pull S toward B, and, second, the
centrifugal force on the center of
gravity @, which point is traveling
in a circle of radius (r 4+ ¢). The
first force depends on the bending

al_ stiffness of the shaft and is propor-
}"‘5’ wy g |03 tional to its deflection; thus we write
ff——rt ——— == for it kr (toward the center). The
| centrifugal force is mw?(r + ¢) directed
s ‘7 from the center outward. For a

o —— ]

8-~

steady whirling motion these two
forces must be in equilibrium:

Fia. 6.3. The relative location of S, G, 9 2
and B for various speeds. kr = mo¥ 4+ mo?e 6.1)

and solving for the shaft deflection r,

» 2
w? Wn
ﬁ_wz wp — 1_(1"_)2
m Wn

This formula coincides with Eq. (2.26) on page 45 for the case of a
simple k-m system excited by a force proportional to the square of the
frequency. Hence Eq. (6.2) may be represented also by the diagram of
Fig. 2.20, which is shown again in Fig. 6.3. Taking the points S and ¢ at
the fixed distance ¢ apart, the location of B with respect to these two
points at each frequency is the projection of the ordinate of the curve on

(6.2)
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the vertical axis. It is seen immediately that for very slow rotations
{« =~ 0) the radius of whirl BS is practically zero; at the critical speed,
r = BS becomes infinite, while for very large frequencies B coincides with
G. Thus at very high speeds the center of gravity remains at rest, which
can be easily understood physically, since, if it were not so, the inertia
force would become very (infinitely) great.

Equation (6.1) shows that for a perfectly balanced shaft (¢ = 0), the
spring force kr and the centrifugal force mw?r are in equilibrium. Since
both are proportional to the deflection, the shaft is in a state of indifferent
equilibrium at resonance. It can rotate permanently with any arbitrary
amount of bend in it. Whereas below the critical speed the shaft offered
some elastic resistance to a sidewise force, this is no longer true at the
critical speed. The smallest possible sidewise force causes the deflection
to increase indefinitely.

Another interesting conclusion that can be drawn from Fig. 6.3 is that,
for speeds below the critical, @ lies farther away from the center B than
8 does, whereas, for speeds above the critical, S lies farther outside. The
points S and G are on the same side of B at all speeds. Thus below the
critical speed the ‘‘heavy side flies out,” whereas above the critical speed
the ““light side flies out.”

The inertia force or centrifugal force is proportional to the eccentricity
of G, which is » 4 ¢; and the elastic force is proportional to the eccen-
tricity of S, which is . The proportionality constants are mw? and k,
respectively. For speeds below the critical, mew? is smaller than k, so
that » + e must be larger than r since the two forces are in equilibrium.
At the critical speed, r + e is equal to r, which necessitates that r be
infinitely large. Above the critical speed, r + e is smaller than r, which
makes r negative.

It is difficult to understand why the shaft, when it is accelerated grad-
ually, should suddenly reverse the relative positions of the three points
B, 8, and G at the critical speed. In fact the above analysis states merely
that at a given constant speed the configuration of the three points, as
determined by Fig. 6.3, is the only one at which equilibrium exists
between the two forces. Whether that equilibrium is stable or unstable,
we do not know as yet. It can be shown that for certain types of friction
the equilibrium is stable below as well as above the critical speed.

The stability above the critical speed is due to the Coriolis acceleration which is
set up as soon as the center of gravity of the disk moves radially away from the center
B. Then G is accelerated sidewise and ultimately driven to the other side of B,
destroying the collinearity of B, S, and G during the process. If this sidewise escape
is prevented, <.e., if the collinearity of the three points is enforced, the equilibrium
above the critical speed is indeed unstable.

The theory leading to Fig. 6.3 applies also to the system of Fig. 6.4 where the mass m
is constrained to move without friction along a straight wire which in turn rotates
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with speed w. When » = 0, the spring is not stretched and the equilibrium position
of the mass is at a distance ¢ from the vertical-shaft center. With increasing « the
mass will move more and more toward P, and just below the critical speed it will rest
against P. Above the critical speed the equilibrium
position of the mass is on the other side (the Q-side)
of the vertical shaft, so that the centrifugal force
toward Q is in equilibrium with the spring force
toward P caused by the compression in the spring.
This equilibrium, however, is unstable, as can be easily
verified by displacing the mass by a small amount
from the equilibrium position. Then the centrifugal
force either increases or decreases at a faster rate than
the spring force, with the result that the mass flies
either to @ or to P, depending on the direction of the
small initial displacement. In this experiment the
collinearity of the three points B, S, and @ is enforced
by the wire, and sidewise escape is impossible. While
Fic. 6.4. Rotating wire PQ the mass is moving along the wire, the Coriolis effect
along which the mass m can s felt only as a sidewise pressure on the wire and this
slide. 'This system is unstable  goeg not influence the motion. In case the wire were
above the critieal speed. . .. . .

absent, as in our original set-up of Fig. 6.1, a radial
velocity of the mass would be associated with a sidewise acceleration (Coriolis) so that
the above argument would be no longer valid.

In order to prove the stability of the system of Fig. 6.1 we have to write Newton’s
equations for the disk in the general case, i.e., dropping
the assumption of collinearity. The only assumption
we retain is that the disk rotates at a uniform speed o
about its center S, which is permissible if its moment
of inertia is sufficiently large. In Fig. 6.5 the distance
8@ is constant and equal to e, whereas BS is variable
and is denoted by r.

Let the coordinates of 8 be z and y, then the coordi-
nates xe¢ and ye of the center of gravity arexz + ecoswl  Fig. 6.5. Proof of the stability
and y + esin wf. The only tangible force acting on  of the system of Fig. 6.1 above
the disk is the elastic force kr toward B and this force  the critical speed.
has the components —kz and —ky along the axes. Newton’s equations for the center
of gravity G are therefore

mig = —kx and mijg = —ky

or written out
mi + kxr = muw?e - cos w

mg + ky = maw?e - 8in ol 6:3)

From Chap. 2 we know that the solution of these equations states that the motion
of S in the z-direction as well as in the y-direction is made up of two parts, a free
vibration of frequency «f = k/m and a forced vibration of frequency «. The two
forced vibrations in the z- and y-direction being 90 deg. out of phase in time as well as
in space make up the steady rotation of Fig. 6.2 (see Problem 37, page 384). If the
usual type of friction exists, the free vibrations will be damped out after a time, so
that indeed the circular motion with amplitude (6.2) is reached ultimately. The ‘“free
vibration’’ which gradually dies down expresses the sidewise escape from collinearity
as before discussed. However, there are types of friction for which the whirl above
she eritical speed is unstable, as discussed on page 295.
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Until now the bearings of the machine have been assumed rigid. By
making them flexible the argument already given needs no change what-
ever, provided the flexibility of the bearings is the same in all directions.
The meaning of k, as before, is the number of pounds to be applied at the
disk in order to deflect it 1 in. With flexible bearings, k is numerically
smaller than with rigid bearings, but that makes no difference in the
behavior of the shaft other than somewhat lowering its critical speed.

This situation is slightly altered if the bearings have different flexibility
in the horizontal and vertical directions. Usually with pedestal bearings
the horizontal flexibility is greater (k is smaller) than the vertical flex-
ibility. We merely split the centrifugal force mw? into its horizontal and
vertical components mw?e cos wt and mw? sin wf and then investigate the
vertical and horizontal motions sepa-
rately. In Egs. (6.3) this procedure Horizontol, Vertical
introduces the difference that k in the
z-equation is not the same as the kin
the y-equation. At the frequency w;,
the horizontal motion gets into reso-
nance whereas the amplitude of the
vertical motion is still small (Fig. 6.6).
The path of the disk center S is an
elongated horizontal ellipse. At a
greater speed ws, there is vertical reso-  Fro. 6.6. Resonance diagram for a shaft

. on bearings which are stiffer vertically
nance and the path is an elongated .y they are horizontally.
vertical ellipse. Thus there are two
critical speeds and the shaft can hardly be said to “whirl” at either of
them. Rather the shaft center vibrates almost in a straight line at either
critical speed.

The generalization of this theory to shafts with many disks on more
than two bearings with different flexibilities in the two principal direc-
tions is obvious. In general, there will be twice as many critical speeds
as there are disks.

6.2. Holzer’s Method for Flexural Critical Speeds. 'The usual method
for determining the natural frequencies or critical speeds of shafts or
beams in bending is the “iteration”” method of Stodola, either in its
graphical form (page 157) or its numerical form (page 164). Recently
another manner of arriving at the result was suggested by several authors;
this method can be properly called an extension of the Holzer method,
familiar in torsional calculations, to flexural vibration. The beam in
question is first divided into a convenient number of sections 1, 2, 3, etc.,
just as in Fig. 4.31 (page 157). The mass of each section is calculated,
divided into halves, and these halves concentrated at the two ends of
each section. Thus the beam is weightless between cuts and at each cut

Amplitude
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there is a concentrated mass equal to half the sum of the masses of the
two adjacent sections. Asin the Holzer method, we assume a frequency
and proceed from section to section along the beam. In the torsionai
problem (governed by a second-order differential equation) there are fwo
quantities of importance at each cut: the angle ¢ and the twisting
moment, proportional to de/dx (page 138). In the flexural problem
(governed by a fourth-order equation) there are four quantities of impor-
tance at each cut: the deflection y, the slope § = 3’ = dy/dz, the bending
moment M = EIy", and the shear force 8 = dM/dz = EIy'"; and it is
necessary to find the relations between these quantities from one cut to
the next. Figure 6.7 shows the section be-
tween the nth cut and then + 1st cut, together
with the various quantities. The sign of these
quantities is defined as positive as shown in
Fig. 6.7. It is noted that the cut is made at
and immediately to the left of the concentrated
mass. The mass m, shown in the figure thus
equals half the mass of the section between
cut n — 1 and = plus half the mass of the section between n and n + 1.
Then we can write the following four equations for the section of length I:

Fi1a. 6.7.

Sm}-l = Sn + mnw2yn (0,)
M., = M. + S, )
o Mal | Sal?
0n+1 - en + EI 2EI (C)
Moil?  Sendl?

of which (a) and (b) are the equilibrium equations of the section, subject
to the inertia force or centrifugal force m.w%, at the chosen frequency w?.
The equations (c) and (d) are the deformation equations of the section,
considered to be a cantilever built in at the left at the proper angle 6,
and deformed by the force S,.; and the moment M, at its right-hand
end.

The equations (a) to (d) allow us to calculate y, 6, M, and S at the
right-hand end of a section where they are known at the left-hand end.
This can be done with a Holzer table, similar to the familiar one in tor-
sional vibration, but much more elaborate, containing 17 columns instead
of 7.

If we start from a simply supported end, where y = 0 and M = EIy"
= 0, the slope # and the shear force § are unknown. In the torsional case
only the amplitude was unknown, which was arbitrarily assumed to be
1.000. Here we assume ¢ = 1.000 and S = S¢. If we have a single
span, by the Holzer table we find values for 3, §, M, and S at the other
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end bearing, all in terms of the symbol S¢ and the assumed numerical
value of w? and the assumed slope 1.000. At the end bearing we must
have y = 0, and from this condition S, is calculated numerically and
substituted in. Then we find a definite numerical value for the bending
moment M at the end bearing, which is the counterpart of Holzer's
“remainder torque” in the torsional case. Repeating the calculation a
number of times for different values of w? and plotting the end moment
against »? leads to a curve like Fig. 5.15 on page 190, and the natural
frequencies are the zero points of that curve.

The case of a multispan beam is essentially the same. The start is
as usual, and upon arriving at the first intermediate bearing we sety = 0
and solve for So. But there is a new unknown reaction and consequently
a new shear force S; at the intermediate bearing. Thus, between the
first and second intermediate bearings the calculation proceeds as before;
only with the unknown symbol 8, instead of Sy in the previous span.

Suppose the beam starts with an overhang instead of a bearing-sup-
ported end. Then M = 8 = 0 at that end, while y and 6 are unknown.
We start with y = 1.000 and 6 = 6, and the calculation is the same as
before. For a built-in end y = 6 = 0, and we start with M = 1.000
and S = S,.

Whereas the calculation for the torsional problem can be carried out
with three decimal places on the slide rule, this is no longer feasible for
the more complicated case of flexure. Eight or more decimal places are
necessary to arrive at a final result accurate to three places, so that cal-
culating machines become essential. In fact the large digital computer
has now become an accepted design tool in many large firms, and this
iterative Holzer method of finding critical speeds is particularly adapted
to computer operations. Longhand calculations by this method would
take a month or more for an ordinary system, which is a prohibitive time.
Before the day of computing machines the Holzer method was imprac-
tical and the Rayleigh or Stodola methods (page 141 and page 155) were
used, giving approximate results only. Now the Holzer method is
extensively used and the computer yields the answer in a few minutes.
If the designer does not like the answer, he makes some appropriate
changes in the design and feeds it back to the computer, until a satis-
factory design has been evolved. In this process many man-years of
longhand calculations are performed by the computer without tiring the
designer.

The method can be extended to more complicated cases, for example, to a twisted
turbine blade in which the principal axes of bending stiffness turn through an angle
along the blade length. Then a vibration in one plane is no longer possible: the
motion in the avial direction is coupled to that in the tangential direction. Let the
axial direction be z, the tangential direction be y, and the radial direction along the
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blade be z. First calculate the mass per unit length pi, the bending stiffnesses I, and
I, in the axial and tangential directions, and the product of inertia I.,, or stiffness
coupling. All of these are variable with the length 2. Then cut the blade into &
number of sections; take the average value of u;, I, Iy, and I., of each section and
consider these values constant along each section, as in Fig. 6.7. The vibration takes
place in the z and y coordinates simultaneously so that there will be eight equations
instead of the four of page 230. Equations (a) and (b) still hold, but there is one of
each for the z and for the y directions. Equations (¢) and (d) become more compli-
cated since there is cross coupling on account of the product of inertia I,, term. The
eight equations are given below without derivation.

Sensr = Soun + mawlzs
Syttt = Sy + Maw?yn
Mz.n+l = Mz-n + sh"+ll
My.n+l = Mvm + Sll-ﬂ+1l

l Sz Sy
T, =, + Elodo =) [Iun (M:m-{-l - —’ * l) +Izun(My.n+l e l)

]
l S 9 7 Sz.n
Yoo =1l + ST [I,n (M.,...,n — e l) + Ly (M,,.,.,,l e z)]
znlyn zyn
Tagy = To + 2,1
2
+ Elada — 1) [Iyn (Mz.n+l - Sz.n+1l) + Toyn (Mv nel — o Sy.n+1l)]
andyn zyn
Ynst = ¢n + ¥l
lz
E(lonlyn — It ]

zun

+ [ zn (My.n-H ~ o Sy,n+1l) + Izyn (Mz-n-(-l - Szm-l-ll

Now start at the built-in bottom of the blade, at station zero withz =y =2’ =
y’ = 0. The bending moments and shear forces at the root are unknown. Take
M. = 1.000, M, = My, S. = S.o, and S, = S, at the root. Start the calculation
with an assumed frequency w? and proceed from station to station to the free end of the
blade. All quantities in the calculation will carry the three unknown letters S.o, Syq,
and M,o. At the free end we have M, = M, = S, = S, = 0, which are four equa-
tions. From three out of these four solve for S:q, S;o, and M,o and substitute these
values into the fourth one, which then will not come out zero, as it should. Take, for
example, M., which will give M .q instead of zero. Plot one point on the diagram
M.;.ena = f(w?). Repeat the process many times for other frequencies and plot the
curve completely. The zeros of this curve are the natural frequencies. This method
is quite impossible without a computer: it means months of tedious work. Once it is
“programmed’’ for the computer, however, we receive the entire M;.ena = f{w?) curve
in a matter of minutes.

6.3. Balancing of Solid Rotors. The disk of Fig. 6.1, of which the
center of gravity lies at a distance of e in. from the shaft center, will
vibrate and also will cause rotating forces to be transmitted to the bear-
ings. The vibration and the bearing forces can be made to disappear
by attaching a small weight to the ‘‘light side” of the disk so as to bring
its center of gravity @ in coincidence with the shaft center S. If the
original eccentricity is ¢, the disk mass M, and the correction mass m,
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applied at a radial distance r from 8, then
mr = eM or m=-M

The ‘“‘unbalance’ mr of the disk is usually measured in ‘“‘inch ounces.”
It is, of course, correct to double the balance weight for a given disk if
the double weight is applied at half the original radius, since the centrif-
ugal force is proportional to the product mr.

The determination of the location of the correction is a problem of
statics. The shaft can be placed on two parallel horizontal rails, for
example, then the heavy spot will roll down, and a correction weight can
be attached tentatively to the top side of the disk. The amount of this
weight is then varied until the disk is in indifferent equilibrium, i.e.,
shows no tendency to roll when placed in any position. In order to
minimize the errors of such a procedure (or as is sometimes said, in order
to increase the sensitivity of the balancing machine), the rails must be
made of hard steel and must be firmly embedded in heavy concrete, so
that their deformation under the load is as small as possible.

The set of horizontal rails is the simplest static balancing machine in
existence. For machines in which the rotating mass is of disk form,
i.e., has no great dimensions along the axis, static balance is the only bal-
ance required to insure quiet operation at all speeds.

In case the rotor is an elongated body, static balance alone is not
sufficient. Figure 6.8 shows a rotor which is supposed to be “ideal,”
i.e., of perfect rotational symmetry, except that two equal masses, m;
and m., are attached to two symmetrically opposite points. The rotor
is evidently still in static balance,
since the two masses donot removethe g
center of gravity from the shaft cen-
ter line. When in rotation, the cen-
trifugal forces on m; and m. form a
moment which causes rotating reac-
tions E on the bearings as indicated. mawlry
This rotor is said to be statically bal- Fie. 6.8. A dynamically unbalanced
anced but dynamically unbalanced, Fotor causes equal and opposite rotating

. reactions on its bearings.
because this type of unbalance can
be detected by a dynamic test only, while on a static balancing machine
the rotor appears to be perfect.

We shall now prove that any unbalance whatever in a rigid rotor
(static, dynamic, or combined) can be corrected by placing appropriate
correction weights in two planes, the end planes I and II of the rotor
usually being chosen on account of their easy accessibility (Fig. 6.9).
Let the existing unbalance mr consist of 4 in. oz. at one-quarter of the
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fength of the rotor and of 3 in. oz. in the middle between the planes I and
II but turned 90 deg. with respect to the first unbalance. In determining
the corrective masses to be placed in the planes I and II, we shall first
find the corrections for the 4-unit unbalance, then find them for the 3-unit
unbalance, and finally add the individual corrections together. The
4-unit unbalance will cause a 4-unit rotating centrifugal force, which can
be held in static equilibrium by a 3-unit force at I and by a one-unit force
at II. Thus we have to place a 3-unit correction mass in plane I, 180
deg. away from the original unbalance, and similarly a single-unit cor-
rection mass in plane II, also 180 deg. away from the original unbalance.

I I o I

F1a. 6.9. The most general unbalance in a rigid rotor can be corrected by placing one weight
in each of two planes I and II.

The 3-unit unbalance is corrected by 114-unit masses in each of the two
planes. Thus in total we have to place in plane I a 3-unit mass and a
114-unit mass, 90 deg apart. The two centrifugal forces due to these
can be added together by the parallelogram of forces so that instead of
placing two correction masses in plane I we insert a single mass of
Vv (3)% + (114)% = 3.36 units at an
angle @ = tan—! 0.5 from the diam-
eter of the 4-unit unbalance. Sim-
ilarly, the total correction in plane
II consists of a correction mass of
V1 + (124)% = 1.80 units at an
Fia. 6.10, Balancing machine for small and aflgle B = tan~! 1.5 from the same
medium size rotors with two interchange- diameter.
able fulerums F, and Fs. The process can be extended to
a larger number of unbalanced masses, so that any unbalance in a rigid
rotor can be corrected by a single mass in each of the two balancing planes.

In any given rotor the size and location of the existing unbalance are
unknown. They can be determined in a dynamic balancing machine.
A type of construction of such a machine, used for small and medium-
sized rotors, is shown in Fig. 6.10. The rotor is put in two bearings
which are rigidly attached to a light table T. This table in turn is sup-
ported on springs and can be made rotatable about either one of two
fulerum axes F; or Fs, located in the two balancing planes I and II.  The
rotor is driven either by a belt or by a flexible shaft, in wkich cases the
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driving motor is separate from the table T, or sometimes is driven by
direct coupling to a small motor rigidly mounted on 7. The latter
scheme increases the weight of the table, which is undesirable. The
drive is not shown in the figure.

The balancing process is as follows. Make F, a fulcrum by releasing
F, and run the rotor until it, together with the table, comes to resonance
on the springs. The maximum oscillating motion takes place at the
right-hand end of T, and its amplitude is read on a dial indicator. By a
series of operations to be deseribed presently, the location and magnitude
of the correction weight in the plane I are determined. With this weight
inserted, the rotor and table do not vibrate at all. Any unbalance which
still may exist in the rotor cannot have a moment about the fulcrum F,,
g0 that such unbalance must have a resultant located in plane I.

Next, fulerum F, is released and fulecrum F; is tightened, and the
correction weight in plane I is determined by the same process, to be
described. After this correction has been applied, the moments of all
centrifugal forces are zero about the axes through F, and F». But, then,
by the rules of statics, there can be no moment about any other axis, and
the rotor is balanced completely.

Now we proceed to discuss how the correction weights can be deter-
mined. Apparently the simplest method is by
means of the phase-angle relation shown in Fig.
2.22b, page 51. If a pencil or a piece of chalk
is held very close to the rotating and whirling
shaft, it will “scribe the heavy spot’ when the
shaft runs below its critical speed; it will ““scribe
the light spot” when above resonance, while
exactly at the critical speed it will scribe ata
point which is 90 deg behind the heavy spot.
Thus the location of the unbalance can be found
by scribing, and the magnitude of the correction
is then determined by a few trials.

‘ In practic.e this phase-angle method is very ;‘_":}f‘ dgelrll;ﬁ;;flcgt°:hedi3§{:l‘f
inaccurate, since near resonance the phase angle  ance in a plane by three or
varies rapidly with small variations in speed, f°“f, °dbs°f vations of
whereas at speeds markedly different from the amplitude.

critical the amplitudes of the vibration are so small that no satisfactory
scribing can be obtained.

A more reliable method is based on observations of the amplitude only.
It consists of conducting three test runs with the rotor in three different
conditions: (1) without any additions to the rotor, (2) with a unit unbal-
ance weight placed in an arbitrary hole of the rotor, and (3) with the same
unbalance weight placed in the diametrically opposite hole. In Fig. 6.11
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let O A represent to a certain scale the original unbalance in the rotor and
also, to another scale, the vibrational amplitude observed as a result of
this unbalance at a certain speed. Similarly let OB represent vectorially
the total unbalance of the rotor after the unit addition has been placed
in the first hole. It is seen that the vector OB may be considered as the
sum of the vectors 04 and AB, where AB now represents the extra
unbalance introduced. If now this unbalance is removed and replaced
in the diametrically opposite hole, necessarily the new additional unbal-
ance is represented by the vector AC equal and opposite to AB, and con-
sequently the vector OC, being the sum of the original unbalance O A and
the addition AC, represents the complete unbalance in the third run.

As a result of the amplitude observations in these three runs, we know
the relative lengths of the vectors OB, 04, and OC, but we do not as yet
know their absolute lengths or their angular relationships. However,
we do know that OA must be the median of the triangle OBC and the
problem therefore consists in constructing a triangle OBC, of which are
known the ratios of two sides and a median. Its construction by Eueclid’s
geometry is carried out by doubling the length OA to OD and then
observing that in the triangle ODC the side DC is equal to OB, so that
in triangle OCD all three sides are known. Thus the triangle can be
constructed, and as soon as this has been done we know the relative
lengths of AB and OA. Since AB represents a known unbalance weight
artificially introduced, we can deduce from it the magnitude of the orig-
inal unknown unbalance OA. Also the angular location « of the original
unbalance O A with respect to the known angular location AB is known.

There is one ambiguity in this construction. In finding the original
triangle OC D, we might have obtained the triangle OC’D instead. Con-
sequently we would have obtained the direction C’B’ instead of the direc-
tion CB for our artificially introduced unbalances. This ambiguity can
be removed by a fourth run which also will act as a check on the accuracy
of the previous observations. It is noted that in the construction of
Fig. 6.11 no assumptions have been made other than that the system is
linear, 7.¢., that all vibration amplitudes are proportional to the unbalance
masses. This relation is not entirely true for actual rotors but it is a
good approximation to the truth. If after going through the motions
shown in Fig. 6.11 and if after inserting the correction weight so found
there still is vibration present in the machinery, that vibration will be
very much less than the original one and the process of Fig. 6.11 may be
repeated once more.

In factories where great numbers of small- or moderate-sized motors
have to be balanced as a routine operation, the process of Fig. 6.11
takes too much time. For such applications the movable fulecrum
machine of Fig. 6.10 was developed into an intricate precision apparatus
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in which the balancing is done by means of a so-called ““balancing head.”

A balancing head is an apparatus which is solidly coupled to the rotor
to be tested and which contains two arms with weights (Fig. 6.12).
These arms rotate with the rotor and keep the same relative position with
respect to it, at least as long as the operator does not interfere. The
possibility of rotating these arms relative to the rotor exists in the form
of an intricate system of gears, clutches, and magnets or motors. The
power for its operation is introduced necessarily through slip rings, since
the whole head is rotating. The operator has before
him two buttons. If he presses the first one, the two
arms rotate in the same direction; if he presses the sec-
ond one, the arms rotate in opposite directions at the
rate of about one revolution per 5 sec. relative to the
rotor in each case.

Since the two arms form the only unbalance in the
head, this makes it possible for the operator to change f;gi'ngﬁ‘lﬁé af v:filh
the magnitude as well as the direction of the added un- two unbalanced
balance. By letting the two masses rotate in the same ™
direction (button 1) and watching the vibration indicator, a maximum
and a minimum amplitude appear every 5 sec. After taking his finger
off button 1 at the minimum amplitude, the operator makes the two arms
rotate against each other by pressing button 2. Since during this opera-
tion the bisecting line of arms remains at rest with respect to the rotor,
the direction of the additional unbalance does not change, but the mag-
nitude varies from two masses (when the arms coincide) to zero (when
they are 180 deg apart). After the vibration has been reduced to zero,
the rotor is stopped and from the position of the arms in the head the
desired correction is determined immediately. As before, the process
has to be performed twice for different locations of the fulerum.

Another entirely different balancing head is the one invented by Thearle
(1930). The machine is of the type of Fig. 6.10 with two fulerums and
with a head like Fig. 6.12 but with the important difference that the two
arms are entirely free to rotate with respect to the rotor, except for the
possibility of clamping them. There are no gears or magnets, merely a
clutch which either clamps or releases the arms. In operation the arms
are first clamped and the machine brought to above its critical speed.
Upon releasing the arms, they will automatically seek the position of com-
plete balance where all vibration ceases. They are clamped again in that
position and the rotor is brought to rest.

The theory of operation of this device is very interesting. Suppose
that the two arms are clamped in a 180-deg. position so that the head
with the arms included ix in perfect balance. The only unbalance in the
system is in the rotor.
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In Fig. 6.13, let B (center line of bearings), S (center of shaft, i.e.,
balancing head), and G (center of gravity) have the usual meanings. We
know from Fig. 6.3 that these three points appear in different sequences
for speeds below and above the critical speed. The whirl of the whole
assembly is about the bearing center line B, so that the centrifugal forces
acting on the clamped arms must be directed away from B.

If at some speed below the critical (Fig. 6.13a) the arms are released,
then the centrifugal forces will turn them toward each other to the top
of the figure. Having arrived there they find themselves on the side of
@, i.e., on the heavy side. On the other hand, if they are released above
the critical speed, Fig. 6.13b shows that the centrifugal forces tend to
drive the arms again to the top of the figure, which is now the light side.
In coming closer together, the arms bring the location of G up and, after
they have gone a certain distance, ¢ coincides with S (and also with B)
and all vibration ceases.

Waal !'\\ L '!\\
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(@) Below critical {6) Above critical
Fie. 6.13. Explains the Thearle balancing machine.

In practice the two arms are replaced by two balls which can roll in a
circular concentric track. It isinteresting to note that an early invention
(about 1900) by Leblanc called for such a concentric track or tube filled
partially with mercury. This was supposed to ensure balance automat-
ically, and the theory given was that of Thearle and Fig. 6.13 above.
However, the two arms or balls will work, whereas mercury in the same
track will not work. This can be recognized by remarking that, when
self-balance is achieved, the track center coincides with point S and the
centrifugal forces then are everywhere perpendicular to the circular track.
Any one ball is then in indifferent equilibrium in any position along the
track, but the mercury will distribute itself evenly all around. Whereas
two balls or arms can furnish a counter unbalance with a track centric
with S, the mercury cannot do so. Hence Leblanc’s invention was in
error.

Recently (1947) this principle was applied to a domestic washing
machine (Thor washing machine, U.S. Patent 2,420,592). The bowl of
this machine, spinning at about 600 r.p.m. with a damp wad oz clothes in
it (centrifugal drying process), is fitted with two loose rings. They are
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held centrally clamped at low speeds, and above the critical speed they
are released and automatically assume positions counteracting the con-
siderable unbalance of the clothes.

With the modern developments in radio technique, it is now no longer
necessary to run balancing machines at resonance. They can be operated
at speeds well removed from the resonant one, the very small vibrations
at the bearing being picked up by electronic devices, of which the output
can be amplified to any desired degree. Machines utilizing such ampli-
fiers are discussed in the next section.

6.4, Simultaneous Balancing in Two Planes. It is possible to sim-
plify the methods of balancing described in the previous section if means
are available to measure the phase angle between the location of the
unbalance in the rotor and the ‘“high spot” of the vibration. Let the
rotor be supported in two bearings a and b which are flexible in, say, the
horizontal direction and stiffly supported vertically. The balancing
planes I and IT do not coincide with the locations of the bearings aand b.
Now imagine the rotor to be ideally balanced so that while it is rotating
in the bearings no bearing vibration occurs. Then unbalance the ideal
rotor by placing a unit weight in the angular location 0° of balancing
plane I. This will cause a vibration in both bearings and these vibrations
are denoted as «, and am, where the first subscript denotes the bearing
at which the vibration occurs and the second subseript denotes the bal-
ancing plane in which the unit unbalance at zero angular location has
been placed. When there is no damping in the system, these numbers
a are real numbers, by which we mean that the maximum displacement
in the horizontal direction of the bearings occurs at the same instant that
the unbalance weight finds itself at the end of a horizontal radius. If
there is damping in the system, there will be some phase angle between
the unbalance radius and the horizontal at the moment that the bearing
has its maximum displacement, and this condition can be taken care of
by assigning complex values to the « numbers.

In a similar manner the ideal rotor may be unbalanced with a unit
weight in the zero angular location of plane II, which then causes the bear-
ing vibrations e, and e, The four numbers o so found are known as
the complex dynamic influence numbers of the set-up. The rotor is run
well above its critical speed so that the phase angles are 180 deg. and the
influence numbers are real. These four influence numbers completely
determine the elastic and inertia properties of the system for the r.p.m.
at which they are determined, but they are entirely independent of the
amount of unbalance present.

Next suppose that the unbalance in plane I is not a unit unbalance at
zero angular location but an unbalance which numerically as well as
angularly differs from the unit unbalance, and is represented by the com-
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plex number U;. Then this unbalance U; will cause a vibration at the
bearing a, expressed by the product . U..

With.these notations, it is now possible to write the vibration vectors
V at the two bearings in terms of a general unbalance U; and Uy as
follows:

(6.4)

I-Za = aalq-l -+ txun(zn }
Ve = anUs 4+ aslUn

It is possible to measure the vibration vectors ¥, and V, and calculate
from them by means of the set (6.4) the unknown unbalance vectors
U: and Uy, with the following result:

7o S 3 Call 5
Ul = A a A Vb
) oo = o o (6.4a)
U = —K V A Va

In these equations A = og * apn — amoen i the determinant of the
coefficients of Eq. (6.4). The set of equations (6.4a) enables us to cal-
culate the unknown unbalance vectors if we can measure the vibration
vectors at the two bearings and if we know the four dynamic influence
numbers.

These V-vectors can be measured in various ways. A very convenient
method consists of inverted loud-speaker elements such as are desecribed
on page 62. These elements are attached to the two bearing shells a
and b of the balancing machine, and their output is an electric alternating
voltage which in magnitude and phase determines the vibration vector.
The Qisholt-Westinghouse balancing machine uses such elements and also
has an electric circuit by which Egs. (6.4a) are automatically solved.
In order to understand the operation of this circuit, shown in Fig. 6.14,
we rewrite the first of Egs. (6.4a) as follows:

U2 =7, - 2. p, (6.5)
Op11 2734

In this equation we notice that the ratio aui/asn is smaller than 1 because
the numerator is the response of a bearing to a unit unbalance far away
from it, while the denominator is the response to an unbalance close to it.
In all ordinary systems this ratio is smaller than unity. Thus we see
from Eq. (6.5) that the unbalance in plane I is found by taking the vibra-
tion vector of bearing a, subtracting from it a fraction of the vibration
vector of bearing b, and multiplying the result by awir/A. The fraction
of V, in general is a complex fraction but it is made real by running the
machine at a speed far above its resonance. The subtraction of these
two quantities is accomplished in Fig. 6.14 by connecting in series the
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full output of the loud-speaker coil on bearing a with a fraction of the
voltage output of loud-speaker coil V,. This fraction is picked off by a
potentiometer knob 1. In this way it is possible to adjust that fraction
to any real number smaller than one. The fact that there is a minus
sign on the right-hand side of Eq. (6.5) instead of a plus sign has no fur-
ther importance than that the terminals of one of the coils have to be
reversed. The voltage representing the right-hand side of Eq. (6.5) is
then fed into an amplifier, and the amplified voltage is multiplied by the
number axi/A, by picking off a fraction of it through the potentiometer
knob 2. The output of the circuit is then read on a milliammeter and
is simultaneously used to actuate a stroboscopic lamp which flashes once
per revolution of the rotor. If it is only possible to set knob 1 so as to
represent the ratio a.u/asn and to set knob 2 so as to represent the ratio
/A, then the milliammeter to a certain scale will read directly the
amount of the unbalance, while the stroboscopic lamp will apparently
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Fia. 6.14. Circuit diagram of the Gisholt-Westinghouse balancing machine. (J. G. Baker.)

freeze the rotor at such an angular position that a fixed needle points at
the angular location of the unbalance.

The circuit thus described solves the first of Egs. (6.5). For the
solution of the second equation (6.5) it is necessary to combine the full
output of V; with a fraction of V, and multiply the amplified output by
a different number. This is done by a new circuit with knobs 3 and 4
instead of 1 and 2 in a similar manner.

The interesting feature of this circuit is that the proper setting of these
knobs is not calculated but found by a series of very simple experiments.
Suppose that a large number of identical rotors have to be balanced in a
mass-production process. We start with balancing one rotor in any
convenient manner until it is perfect and this may take us a considerable
time. This perfect rotor placed in the two bearings a and b will cause no
vibration in them, therefore no voltage V, or Vs, and hence no reading
in the milliammeter. Then a unit unbalance at zero angular location
is deliberately placed in plane I. This ought to cause a unit reading on
the milliammeter and a zero angular reading on the stroboscope in the
case where the circuit of Fig. 6.14 with knobs 1, 2 is switched in, 7., in
the case where a left-right switch is set on the position I. If this switch
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is set to the position II, the other circuit with knobs 3 and 4 is in force
and the milliammeter ought to give a zero reading. Naturally, these
readings will not be as they should, because the four adjustments have
not been made as yet. It follows from Eq. (6.5) that with the switch
in the position II the zero reading on the milliammeter (due to unit
unbalance in plane I) is not affected by the knob 4 but can be accom-
plished entirely by 3. We therefore turn knob 3 until the milliammeter
reading becomes zero.

Now the unit unbalance in plane I is removed and brought to plane
II, while the selector switch is thrown to position I. Again the milliam-
meter should read zero, which is accomplished quickly by adjusting
knob 1. Now, leaving the unit unbalance in plane II, the selector switch
is thrown to the position II and the knob 4 is adjusted until the milliam-
meter reads a unit unbalance and the stroboscope a zero angular position.
Finally, the unit unbalance is brought back to plane I, the selector switch
is set on plane I, and knob 2 adjusted to get unit reading on the milliam-
meter and zero angular reading on the stroboscope. This process of
making the four adjustments takes only a few minutes for an experienced
operator, and thereafter these adjustments are correct for every other
rotor in the series to be balanced. The balancing process then consists
of placing an unbalanced rotor in the bearings, starting the rotor by a
foot-operated switch (belt drive), reading the milliammeter and the
angular position, throwing the selector switch to the other side, and again
reading the unbalance numerically as well as angularly. This process
takes only a few seconds and is extremely accurate.

In cases where a single rotor has to be balanced instead of a whole
series in mass production, such as, for example, a turbine or a generator
rotor in its own bearings in a powerhouse, the problem is to produce one
“‘ideal rotor.” The procedure outlined above does not solve the diffi-
culty, but it is still possible to use the apparatus of Fig. 6.14 by a clever
expedient, due to J. G. Baker, which consists of fooling the cireuit of
Fig. 6.14 into believing that it deals with an ideal rotor, whereas in reality
it deals with an ordinary unbalanced rotor. For this purpose two small
alternating-current generators are made to be driven by the turbine to
be balanced. These generators produce currents of a frequency equal to
that of the r.p.m., and their voltage output can be regulated in magnitude
as well as in phase. Now the circuit of Fig. 6.14 is opened in two spots
at the two coils V, and V,. The output of the generators, suitably
modified, is now fed into these openings and regulated so that the voltage
induced by the vibration in each pickup coil is bucked by an equal and
opposite voltage artificially introduced by the generators. With this
set-up the circuit of Fig. 6.14 gets no impulses and therefore reacts as if
an ideal rotor were run. Now with the bucking voltages in force the three
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runs of the eristing rotor are made: (1) ““asis,” (2) with a unit unbalance
in plane I, and (3) with a unit unbalance in plane II. In this manner the
adjustment on all four knobs is carried through as outlined above. After
this, the artificially introduced bucking voltages are removed and now
the circuit responds to the actual rotor with the existing unbalance in it.

A still simpler method of balancing without fulerums is suggested by
Eqgs. (6.4). It is clear that the vibration readings can be made at such a
position along the rotor that the influence numbers a,i; and a; become
zero. This means that the measurement V, (or V,) has to be made at
a position along the rotor which will not experience any vibration if an
unbalanced weight is placed in plane IT (or I). This position is known
as the ‘“‘center of percussion,” belonging to the ‘“center of shock” II
(or I). In that case each loud-speaker element or other type of electrical
indicator reads only the vibration caused by one of the balancing planes
alone and, instead of solving a set of four algebraic simultaneous equations
(6.4) with four unknowns, the problem is reduced to finding a solution to
two sets of two unknowns each. This method has been used for some
time in a machine developed by the General Motors Research Laboratory.

6.5. Balancing of Flexible Rotors; Field Balancing. In discussing the
effects of unbalanced masses in the last two sections, we have assumed
that the rotor was not deformed by them. When running at speeds far
below the first critical, this assumption is perfectly justified, but for speeds
higher than about half of the first critical the rotor assumes deformations
which can no longer be neglected since they set up new centrifugal forces
in addition to the ones caused by the original unbalance. If, for example,
a unit unbalance is located in the center of a symmetrical rigid rotor, the
unit centrifugal force due to this unbalance will have reactions of half a
unit at each of the bearings. On the other hand, if the rotor is flexible,
the unit centrifugal force will put a bend in the structure and bring its
center line off the original position. Consequently, the bent center line
whirls around and additional centrifugal forces are set up which will alter
the bearing reactions.

The machine can evidently be balanced by adding a corrective mass
in the middle directly opposite the original unbalance. But we prefer
to balance it in two definite planes near the ends. Assume that the rotor
consists of a straight uniform shaft and that the balancing planes are at
one-sixth of the total length from each end. Evidently the rigid rotor
will be balanced by putting in corrections of magnitude 14 in each plane
(Fig. 6.15a).

When the unbalanced rotor is running at its first critical speed, its
deflection curve is a sinusoid (page 150) of which the amplitude is so
large that the newly ‘‘induced’’ unbalance is far greater than the original
unit unbalance. Thus the original unbalance does not influence the shape
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of the deflection curve, which at the balancing planes has half the ampli-

tude of the middle.

the shaft a little more.

The proper corrections have to be of the same
amount as the original unbalance.

This can be understood by bending

The centrifugal forces of the shape itself (exclu-

sive of the original unbalance) are in equilibrium with the elastic forces

at any position of the shaft, since there is resonance.
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Fia. 6.15. The proper correction weights
to be inserted in the planes I and II
vary with the speed in a flexible rotor.
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When increasing
the deflection at the center by §, the
work done by the unbalanceis § X 1 and
the work done by each of the two correc-
tion weights 146 X 1. TItisseen that the
equilibrium remains indifferent (charac-
teristic of a balanced rotor at a critical
speed) when the correction weights are
made a full unit each (Fig. 6.150).

At the second critical speed the cen-
tral unbalance is not displaced in posi-
tion so that no correction weights are
necessary. At the third critical speed
the correction weights have to be made
half a unit on the side opposite to
where they were at slow speeds (Fig.
6.15¢, d).

We thus draw the conclusion that

a flexible rotor can be balanced in two
planes for a single speed only; as a rule the machine will become unbalanced
again at any other speed. Large turbine spindles or turbogenerator-
rotors in modern applications usually run between their first and second
critical speeds. When such units are balanced at a rather low speed in
the machine sketched in Fig. 6.10, they quite often become rough when
run at full speed in their permanent bearings. This is one of the reasons
why shop balancing is not sufficient, and why such machines have to be
balanced again in the field under service conditions. In the field no
movable fulecrums are available and the process of balancing takes a
considerable time. As a rule, the amplitude method discussed on page
235 is applied, but in order to secure good balance it is necessary to repeat
the operation a number of times, shuttling back and forth from one bal-
ancing plane to the other.

Since the year 1950 the rotors of large turbogenerators have become so
long and slender that they run between the second and third critical
speeds. Balancing in two planes is no longer sufficient and it is now
practice in some of the larger firms to balance these spindles in the shop
in three or more balancing planes. While, theoretically, two-plane
balancing at one particular running speed is possible, in practice it hap-
pens sometimes that the correction weights required become impossibly
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large and then balancing in three or sometimes four planes is indicated.
In principle we can generalize the procedure of page 234, where vibration
measurements in two planes determine the necessary correction weight
in two other planes by means of two simultaneous vector equations (6.4).
Then when we make n measurements in n locations we can find n vector
equations determining the necessary corrections in # planes.

There are cases on record where even several weeks of systematic field
balancing did not produce a smooth machine. In such cases the trouble
is evidently caused by something other than unbalance. In one partic-
ular machine it was found that a careless workman had dropped a bal-
ancing weight in the hollow interior of a turbine spindle and had failed
to report the fact. Consequently a loose weight of 1 lb. was flying around
freely in that space, and it was impossible to balance the machine.

A remarkable series of cases of steam-turbine vibration, observed off
and on during the last fifteen years, has now been explained. The tur-
bine would vibrate with the frequency of its rotation, obviously caused
by unbalance, but the intensity of the vibration would vary periodically
and extremely slowly. On some turbines the period of time between
two consecutive maxima of vibration intensity was as low as 15 min.; on
others this period was as much as 5 hr. The seriousness of the trouble
congsisted in the fact that each maximum was worse than its predecessor,
s0 that after half a dozen of these cycles the machine had to be shut down.

Observations were made of the phase angle of the vibration, t.e., the
angle between the vertical and the radial direction of a definite point of
the rotor at the instant that, say, the horizontal
vibrational displacement of a bearing was maxi-
mum to the right. This angle was observed by
watching the needle of a vibrometer placed on /
the bearing by a stroboscopic light, flashing once
per revolution and operated by a contactor driven
off the rotor. The phase angle was found to in-
crease indefinitely, growing by 360 deg. each time
the vibration reached a maximum. This was
explained as a ““rotating unbalance’ which would Fie. 6.16. This illustrates
creep through the rotor and which would be addi- 3,1?)‘:1’:;0:;??&?‘1&: iott};‘:
tive to the original steady unbalance when the ¢aused by unsymmetrical

. . . . .. heating or cooling.

vibration was a maximum and in phase opposition

to the steady unbalance at times of minimum vibration. A detailed
explanation of how an unbalance can creep so slowly through a rotor has
been given by R. P. Kroon, as follows.

_ Let Fig. 6.16 represent a cross section of the rotor and let the vector
OS be the static unbalance of the rotor: i.e., O is the geometric center of
the rotor and S is its center of gravity when not rotating. For very slow
rotation the rotor will baw out under the influence of the centrifugal force

0

V
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in the direction OS, but at higher speeds the “high spot” will no longer
coincide with the ‘“heavy spot” S. The high spot will be given by the
dynamic unbalance vector OD, where D is the location of the geometric
center of the rotor while running. Since OS is the “force” and 0D the
““displacement,” the result of Figs. 2.21 and 2.22b can be applied, from
which it is seen that the high spot always trails behind the heavy spot by
an angle p which is less than 90 deg. below resonance and between 90 and
180 deg. above resonance.

The unsymmetry in the direction OD caused by the bowing out of the
rotor may be the cause of local heating at D. This may be in the form
of actual rubbing on the periphery at D or, in the case of a hollow rotor,
may be the result of condensation. The water droplets from the condens-
ing steam will be moved by centrifugal force to D, thus causing further
condensation and heating at that point. The heating at D in turn causes
the rotor fibers to expand, thus producing an elastic bowing out of the
rotor with a consequent shift in the location of the center of gravity.
The point S therefore shifts to §’, the vector S8’ having the direction OD.
The new static unbalance O5 is angularly displaced with respect to OS;
the angle ¢ remains the same, so that OD also shifts clockwise. In this
manner we see a slow rotation of the unbalance in a direction opposite
to that of rotation. Also OF' is slightly greater than OS, so that the result
will be that the point S describes a spiral within the rotor. We have
thus seen that for local heating at the high spot below resonant speed we
get a retrograde and increasing spiral. In a similar manner it is shown
that above resonant speed (¢ > 90 deg.) the spiral is still retrograde but
now decreasing. If there happens to be cooling at the high spot, instead
of heating, the spiral is forward and decreasing below resonance, forward
and increasing above that speed.

For very flexible rotors, running well above their first critical speed
and close to the second critical, the phase angle ¢ becomes greater than
180 deg and the analysis in terms of a single degree of freedom can no
longer be applied. However, the general reasoning is the same; only the
value of ¢ is different.

In this connection it may be of interest to mention another temperature
effect observed in steam turbines. After a turbine has stood still for
some time, the temperature of the top fibers of the rotor is usually some-
what higher than that of the bottom fibers, so that the rotor is ‘“humped
ap.” When rotating the unit, this evidently corresponds to a huge
unbalance, since a bend of 0.001 in. in the center line of a 20-ton rotor
means an unbalance of 40 in.-lb. Thus an attempt to bring the machine
to full speed at once would end in disaster. It is necessary to rotate the
spindle at a low speed for some time before the temperature differences
are sufficiently neutralized and the machine can be put in operation.
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6.6. Secondary Critical Speeds. Besides the main or ordinary critical
speed caused by the centrifugal foreces of the unbalanced masses, some
disturbance has been observed at half this critical speed, 1.e., for the single
disk of Fig. 6.1 at w = 5 Vk/m.

This effect has been observed on horizontal shafts only. On vertical
shafts it is absent, indicating that gravity must be one of the causes of it.
There exist two types of this disturbance, caused by gravity in combina-
tion with unbalance and by gravity in combination with a non-uniform
bending stiffness of the shaft.

These phenomena are known as ‘‘secondary critical speeds,” and, as
the name indicates, their importance and severity are usually less than
for the ordinary or “primary” critical speeds. The theory of the actual
motion is very complicated, and its detailed discussion must be post-
poned to the last chapter, pages 335 to 350. Here, we propose to give
merely a physical explanation of the phenomena and a calculation of the
amplitude of the disturbing forces involved.

To this end we imagine the simple shaft of Fig. 6.1 to be rotating with-
out any vibration or whirl, and then we calculate which alternating forces
are acting on the disk. For the ordinary ecritical speed of page 226 we
have a rotating centrifugal force mw? (m = mass of the entire disk,
e = eccentricity of its center of gravity), and this force can be resolved
into its horizontal and vertical components. Each of these is an alternat-
ing force of frequency w and amplitude mw?.

Consider next the case of a perfectly balanced disk (¢ = 0) running on
a shaft which is not equally stiff in all directions. Since a shaft cross
section has two principal axes about
which the moment of inertia is max-
imum and minimum, it is seen that for
each quarter revolution the stiffness of
the shaft in the vertical direction passes
from a maximum to a minimum (Fig.
6.17). For a full revolution of the shaft the stiffness is twice a maximum
and twice a minimum, or for each revolution the stiffness variation passes
through two full cycles.

If the spring constant of the shaft varies between the minimum value
k — Ak, and the maximum value k + Ak, with an average value of k,
then for uniform rotation w the stiffness can be expressed by

k + Ak - sin 2wt

Fia. 6.17. Shaft cross sections of non-
uniform flexibility.

If the disk is not vibrating and its downward deflection during rotation
is &, there are two vertical forces acting on it, viz.:

The weight mg downward.

The spring force (k + Ak - sin 2wt)§ upward.
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Naturally the weight and the constant part of the spring force are in
equilibrium, so that we have a vertical disturbing force of frequency 2w
and of amplitude

Ak -8 = Ak - =W -

If the shaft is running at half its eritical Speed, the impulses of this force
occur at the natural frequency so that we expect vibration.

The next case, that of an unbalanced disk on a uniform shaft, is some-
what more difficult to understand. Assuming no vibration, i.e., the
center S of the shaft being at rest and coinciding with B, and assuming

,‘ an eccentricity e, the center of gravity G describes a

-~

circular path of radius ¢ (Fig. 6.18). The weight W
Ve " \6‘
‘/ l\}/ \
]

ol

\\ l

S~ - |w
Fi1a. 6.18. Explains
the secondary eriti-
cal speed caused by
unbalance and
gravity.

of the disk exerts a torque on the shaft which retards
the rotation when @ is in the left half of Fig. 6.18 and
accelerates it when @ is in the right half. The magni-
tude of this torque is We sin wt. If the moment of in-
ertia of the disk about the shaft axis is mp? (p = radius
of gyration), the angular acceleration of the shaft
caused by this torque is (We/mp?) sin wf. The point G
in its circular path has an acceleration of which the
radial or centripetal component is of no interest to us

in this case, since it will lead to the ordinary (pri-
mary) critical speed. However, on account of the angular acceleration,
@ has a tangential component of acceleration of magnitude

We? .

— 8in wi
mp
This means that there must be a tangential force acting on G of value
(We?/p?) sin wf. The vertical component of this force is sin w¢ times as
large, or

We? We?
(——f—) sin? wt = const. — —e; cos 2wt
p 20

The constant part of this force is taken up as a small additional constant
deflection of the shaft and is of no interest. However, the variable part
has the frequency 2w and the amplitude We?/2p%

Summarizing, we have for amplitudes of the disturbing forces the
following expressions:

mwle

La0)
)

At the ordinary critical speed,

At the ‘“unbalance” secondary speed,

(6.6

w2k

At the ““flat-shaft’’ secondary speed, A
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In practice, the order of magnitude of e¢/p to be expected in a machine
is about the same as that of Ak/k, both being very small) say 0.001. It
is seen that the disturbing force of the ‘““unbalance” secondary critical
speed is of a much smaller order than that of the “flat-shaft” critical
speed, since e/p appears as a square. Therefore, in most cases where the
secondary critical is observed, it is due to non-uniformity of the shaft
rather than to unbalance. The nature of the trouble can be established
by balancing the machine at its primary critical speed. If the amplitude
of the secondary critical speed is not affected by this procedure, that speed
is clearly due to shaft flatness.

A more detailed analysis of this problem is given on pages 335 to 350.

6.7. Critical Speeds of Helicopter Rotors. About the year 1940, hel-
icopter rotors with the usual hinged-blade construction were observed
to come to a violent critical condition at a
speed very much lower than that calculated
from the w? = k/M formula. Thishappens
while the aircraft is standing still on the
ground prior to take-off and consequently
is called the “ground eritical.” The phe-
nomenon was explained by R. P. Coleman
of Langley Field in N.A.C.A. reports of 1942
and 1943, and the simpler portion of his
results are here reproduced for the great
interest attached to them.

The system is as shown in Fig. 6.19.
The blades of a helicopter rotor are hinged H T H
at H, so that they can swing freely about
H in the plane of rotation. The hub of the
rotor coincides with the top T of a ““pylon” 0
OT, which at O is supposed to be built-in g
into the helicopter structure. If k be the
stiffness of this pylon against a force at T in the plane of the rotor and if M
be the total mass of the hub and all attached blades, then the observed
critical speed w? was very much smaller than k/M.

Consider the three-bladed rotor of Fig. 6.20, where O is the bottom of
the pylon seen from above and T is the top of the pylon, displaced to the
right through the distance OT = ¢, the eccentricity. The pylon is sup-
posed to be bent elastically through distance ¢, and the entire figure as a
solid body rotates or whirls at speed w about the vertical axis O. The
blades will turn about their hinge axes H through small angles ¢, so that
the blade lines up with the centrifugal field through the center of rotation
0. During the whirling motion these angles ¢ are constant and no rela-
tive motion takes place across any of the hinges H. We now calculate

Fia. 6.19.
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the centrifugal forces of all three blades and of the hub and set their sum
equal to ke, the elastic homing force of the pylon. This will give the
® critical speed.
In the triangle OTH the angle
OTH is 120 deg., the angle THO = ¢
is considered ‘‘small,”” the hinge
radius TH = a, and the eccentricity
OT = e is again “‘small” with re-
spect to a. From the geometry of
this triangle the reader should de-
rive as follows:
. V3 e e
sine=¢=-5- 0H=a+§

Thusthe centrifugal force of blade
2, Fig. 6.20is mpw? (@ + b + ¢/2),
directed along GH. This force is now resolved into components parallel
and perpendicular to OT. The component parallel to OT (to the right) is

Fia. 6.20,

Mpw? (a + b+ %) cos (60° — ¢)
\

= m?la + b 4 %) (cos 60° + ¢ sin 60°)

- (o 40+5) (+5%)
= Mpw? [% (a +0b) + e(l +§§>] (6.7)

For blade 3 the result is the same for reasons of symmetry, while the
components of centrifugal force perpendicular to OT for blades 2 and 3
cancel each other. The centrifugal force of blade 1 in the direction OT
(to the left) is

myw(a + b — e) (6.8)

The centrifugal force of the hub itself (to the right) is
Mpupw?e (6.9)

Thus the total centrifugal force to the right is twice Eq. (6.7) less Eq.

(6.8) plus Eq. (6.9):
w?e [mh..b + m <3 + g : S)]

Let Muwuy + 3my = M, the total mass

and no= 3%“, ratio of hinged mass to total mass



ROTATING MACHINERY 251

Then the total centrifugal force can be written:

Mw?e (1 + gg)

Equate this to the elastic force ke, and the critical frequency comes out:
k1
"M 1+ ub/2a

It is seen that for the case of no hinged mass, ¢ = 0, the natural fre-
quency is k/M : the presence of the hinged mass diminishes this frequency.

(6.10)

w?

1. — i o — ——
0 Upper limit-two bloded rotor
0.8
T 06
N
04 1
EN
| o 4 1
-~ \/0\0@2’07‘0/'
0.2+ =~ U]
i { 1 H
c0 1 3 4 5
pbro—
Fia. 6.21.

The relation is shown graphically by the fully drawn curve of Fig. 6.21.
Although the above analysis was carried out for a three-blade rotor, the
result is good also for a rotor with more than three blades,
which is shown in small type on page 252.

In the case of a fwo-bladed rotor, however, the result
comes out differently. Figure 6.22 shows the equivalent
of Fig. 6.20, this time for two blades. Before repeating
the analysis for this case, we notice that in Fig. 6.22
the eccentricity OT has been drawn perpendicular to the
line HH connecting the two hinges. If we had assumed
the other extreme case, that of an eccentricity O7T in the
direction of the hinge line HH, the angle ¢ would have
been zero, the hinges would not have deflected at all, and
consequently the frequency would have come out just Fre. 6.22.
w? = k/M, without any hinge effect. With the position
shown in Fig. 6.22 the hinge effect is as great as it can be. The principal
steps in the calculation of Fig. 6.22 are

OH = aq

sine=¢=

[
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Centrifugal force of one blade = myw?(a + b)

Component parallel to OT = myw*(a + b) f—z

Total centrifugal force to right

2mpw?(a + b) % — Mpurw?e

= 2 M—b
Mole [1 -+ a]
in which u is again the ratio of the hinged mass to the total mass:

- 2m _ 2m
= 0Cm F ) M

Setting the total centrifugal force again equal to the spring force ke leads

to the critical speed:

.k 1
TM1F ub/a

represented by the dotted line in Fig. 6.21.

For the case that the whirl eccentricity is at angle ag
with respect to the hinge line H, H, it will be shown in
small type below that Eq. (6.11) modifies to the more
general

w

(6.11)

2.k 1
M 1 4+ pb (sin2 ao/a)

which reduces to Eq. (6.11) for ay = 90 deg., and
which gives plainly w? = k/M for ao = 0 deg. and a
value for the frequency in between these two extremes
for ao between zero and 90 deg. It must be concluded
then that for a two-bladed rotor a large amplitude whirl at some value
of ay is possible for any speed of rotation in the shaded region of Fig. 6.21.
Thus the two-bladed rotor has a region of instability, shown shaded in
Fig. 6.21, whereas a multibladed rotor just has a simple critical speed above
which it becomes stable again. All of this is in good agreement with
experiment.

[2]

(6.12)

Fia. 6.23.

In order to write the general theory for a multibladed rotor we start with a single
blade located at an arbitrary angle « with respect to the direction of eccentricity OT
as shown in Fig. 6.23. With the same assumption as before, that the eccentricity e
is small with respect to a, we have in the triangle OTH:;

08 = esin a; e = = 8in a; OH = HS = HT — ST =a —ernB a

Rle



CHAPTER 7

SELF-EXCITED VIBRATIONS

7.1. General. The phenomena thus far discussed were either free
vibrations or forced vibrations, accounting for the majority of trouble-
some cases which occur in practice. However, disturbances have been
observed which belong to a fundamentally different class, known as self-
excited vibrations. The essence of the difference can best be seen from a
few examples.

First consider an ordinary single-cylinder steam engine, the piston of
which executes a reciprocating motion, which may be considered a ‘‘ vibra-
tion.” Evidently the force maintaining this vibration comes from the
steam, pushing alternately on the two sides of the piston.

Next consider an unbalanced disk mounted on a flexible shaft running

in two bearings (Fig. 7.1). The center of the disk vibrates, the motion
being maintained by the centrifugal
force of the unbalance pushing the disk
alternately up and down.
A»  The steam engine is a case of self-
exctled vibration, while the disk exe-
cutes an ordinary forced vibration.
Imagine that the piston is prevented
from moving by clamping the crosshead
or the flywheel. Then the valves do not move either, and hence no alter-
naling steam force acts on the piston.

On the other hand, let us prevent the disk from vibrating. This can
be done, for example, by mounting two ball bearings a, @ on the shaft
adjacent to the disk and attaching their outer races to a solid foundation,
thus preventing vibration of the disk but leaving the rotation undis-
turbed. Since the unbalance is still rotating, the alternating force remains.

Thus we have the following distinction:

In a self-excited vibration the alternating force that sustains the motion is
created or controlled by the motion itself; when the motion stops the alternating
force disappears.

In a forced vibration the sustaining alternating force exists independently
of the motion and persists even when the vibratory motion s stopped.

282

Fi1a. 7.1. Unbalanced shaft as an ex-
ample of forced vibration.
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Another way of looking at the matter is by defining a self-excited
vibration as a free vibration with negative damping. It must be made
clear that this new point of view does not contradict the one just given.
An ordinary positive viscous damping force is a force proportional to the
veloeity of vibration and directed opposite to it. A negative damping
force is also proportional to the velocity but has the same direction as the
velocity. Instead of diminishing the amplitudes of the free vibration,
the negative damping will increase them. Since the damping force,
whether positive or negative, vanishes when the motion stops, this second
definition is in harmony with the first one.

1‘/

() {5) ()

F1a. 7.2. The free motion of a system in various states of stability. (a) Statically unstablet
(b) statically stable but dynamically unstable; (¢) statically and dynamically stable.

Examine the differential equation of a system having a single degree
of freedom with negative damping:
mi — ¢t + kzx =0 7.1)
Since this equation differs from (2.12) on page 37 only in the sign of ¢,
its solution can be written as

z = e+ﬁt(A cos gt + B sin gf) (7.2)

which is clearly a vibration with exponentially increasing amplitude
(Fig. 7.2).

A system with positive damping is sometimes said to be dynamically
stable, whereas one with negative damping is known as dynamically
unstable. There is a difference between static and dynamic stability. A
mechanical system is statically stable if a displacement from the equilib-
rium position sets up a foree (or couple) tending to drive the system back
to the equilibrium position. It is statically unstable if the force thus
set up tends to increase the displacement. Therefore static instability
means a negative spring constant k or, more generally, a negative value of
one of the natural frequencies «?.

Figure 7.2 shows the behavior of a system in three different stages of
stability. It is to be noted that dynamic stability always presupposes
static stability (Fig. 7.2¢), but that the converse is not true: a statically
stable system may yet be dynamically unstable (Fig. 7.2b).

Regarding the frequency of the self-excited vibration, it may be said
that in most practical cases the negative damping foree is very small in
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comparison to the elastic and inertia forces of the motion. If the damp.
ing force were zero, the frequency would be the natural frequency. A
damping force, whether positive or negative, lowers the natural frequency
somewhat, as expressed by Fig. 2.16, page 40. However, for most
practical cases in mechanical engineering this difference is negligible, so
that then the frequency of the self-excited vibration is the natural frequency
of the system. Only when the negative damping force is large in compar-
ison with the spring or inertia forces does the frequency differ appreciably
from the natural frequency. Such cases, which are known as ““relaxation
oscillations,” are discussed on page 363. The steam engine is an example,
as the negative damping force of the steam is very much greater than the
spring force (which is wholly absent). Hence, for the engine, the fre-
quency of vibration differs appreciably from the natural frequency (which
is zero).

A consideration of the energy relations involved will also serve to give
a better understanding. With positive damping, the damping force does
negative work, being always opposed to the velocity; mechanical energy
is converted into heat, usually in the dashpot oil. This energy is taken
from the vibrating system. Each successive vibration has less amplitude
and less kinetic energy, and the loss in kinetic energy is absorbed by the
damping force. In the case of negative damping the damping force
(which is now a driving force) does positive work on the system. The
work done by that force during a eycle is converted into the additional
kinetic energy of the increased vibration. It is clear that self-excited
vibration cannot exist without an extraneous source of energy, such as
the steam boiler in our first example. The source of energy itself should
not have the alternating frequency of the motion. In most cases the
energy comes from a source without any alternating properties whatever,
for example, a reservoir of steam or water under pressure, a steady wind,
the steady torque of an engine, etc. However, there are a few cases
(discussed on pages 378 and 379) where the source is alternating with a
high frequency, much higher than that of the vibration it excites.

With a truly linear self-excited system the amplitude will become
infinitely large in time, because during each cycle more energy is put into
the system (Fig. 7.2b). This infinitely large amplitude is contrary to
observation. In most systems the mechanisms of self-excitation and of
damping exist simultaneously and separately. In Fig. 7.3 the energy
per cycle is plotted against the amplitude of vibration. For a linear sys-
tem this energy follows a parabolic curve since the dissipation per cycle
is mewz (see page 52). If the negative damping force is also linear,
another parabola will designate the energy input per cycle. The system
is self-excited or is damped according to which parabola lies higher. In
all practical cases, however, either the input or the damping, or both, are
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non-linear and the input and dissipation curves intersect. If in Fig. 7.3
the amplitude happens to be O A, more energy is put in than is dissipated,
so that the amplitude grows. On the other hand, if the amplitude hap-
pens to be OC, there is more damping
than self-excitation and the vibration L
will decrease. In both cases the am-
plitude tends toward OB where energy
equilibrium exists. The motion thus
executed is an undamped steady-state

Energy per cycle

Input
free vibration.
Sinee the non-linearity of the damp-
ing or input forces leads to great math- Domping
ematical complication (see Chap. 8),
we usually assume linear systems of 0 A g A
Amplitude ¥,

very small amplitu‘de and determine Fig. 7.3. Work per cycle performed by a
whether the dampmg or the €Nnergy  harmonic force and by a viscous damp-
input is the stronger. If the system ing force for various amplitudes.

is found to be unstable, it means merely that the amplitude will begin
to build up; how far this building up will develop depends on the nature
of the non-linearity.

In electrical engineering, self-excited vibrations are of even greater importance
than in the mechanical field. The electrical analogue of a forced vibration was seen
to be an LC circuit with an alternator all in series (Fig. 2.5, page 27). An electrical
self-excited system is exemplified by an oscillating vacuum-tube circuit. The B-
battery is the non-alternating source of energy; the frequency is determined by the
L and C values of the plate circuit, and the negative damping or feed-back is supplied
by the grid.

7.2. Mathematical Criterion of Stability. For single-degree-of-free-
dom systems, such as are discussed in Secs. 7.3 to 7.6, a simple physical
reasoning usually suffices to show the negativity of the damping con-
stant ¢. Thus the criterion of dynamic stability can be derived by physi-
cal rather than by mathematical means. With systems of two or three
degrees of freedom, a physical conception is always very helpful but usu-
ally does not give a complete interpretation of what happens. A mathe-
matical approach is necessary, and this involves at first the setting up of
the differential equations of the problem. As long as we deal with small
vibrations (and thus disregard any non-linearities that may exist), the
equations are all linear and of the second order, of the type (3.18) or
(4.16). Their solution, as usual, is found by assuming

Zy = xlmnxeﬁ
Ty = Tomaxe"

(7.3)
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where s is a complex number the real part of which determines the damp-
ing and the imaginary part of which is the natural frequency. Substi-
tuting (7.3) into the differential equations of the free vibration transforms
these equations into a set of n homogeneous, linear algebraic equations in
the (complex) unknowns Zimex . . . ZTnmexe A process of algebraic elimi-
nation is then performed with the result that one equation is obtained
which does not contain any of these variables. This equation, known as
the ““frequency equation,” is generally of the degree 2n in s. Thus, for a
two-degree-of-freedom system we obtain a quartic; for a three-degree-of-
freedom system we obtain a sixth-degree equation, ete.

An algebraic equation of degree 2n in the variable ¢ has 2n roots or
2n values of s. Real roots of s would lead to terms e* in the solution,
which rarely occur in ordinary vibrating systems (Fig. 2.14, page 38).
The roots of s are usually complex and then they always occur in conju-
gate pairs:

$1 = p1 +jq
S2 = —jQ1
s3 = P2 + jq2
84 = P2 —jQ2

The solution of the first differential equation is
zy = Cleut + Czeut + 033"‘ + ..

From Eqs. (2.15), (2.18), and (2.19), page 39, we know that these terms
can be combined by pairs as follows:

Ciett 4+ Cae** = ¢7*( A sin ¢if + B cos ¢if)

so that the imaginary part of s is the frequency, and the real part of s
determines the rate of damping. If the real parts of all the values of s are
negalive, the system is dynamically stable; but if the real part of any one of
the values of s is positive, the system is dynamically unstable.

Therefore the stability can be determined by an examination of the
signs of the real parts of the solutions of the frequency equation. It is
not necessary to solve the equation, because certain rules exist by which
from an inspection of the coefficients of the equation a conclusion regard-
ing the stability or instability can be drawn. These rules, which were
given by Routh in 1877, are rather complicated for frequency equations
of higher degree, but for the most practical cases (third and fourth degree)
they are sufficiently simple.

Let us consider first the cubic equation

8+ A2+ Ais+ Ag=0 (7.4)

which occurs in the case of two degrees of freedom where one mass or



SELF-EXCITED VIBRATIONS 287

spring is zero (in a sense one and one-half degrees of freedom). If its
roots are s, 8, and s;, (7.4) can be written

(s—s1) (s—8) (8~83) =0
or, worked out,

88 — (51 4+ sz + 83)8% + (8182 + 8185 + 8283)s — S18283 = 0 (7.5)
A comparison with (7.4) shows that

Ay = —(s1+ 82 + 83)
Al = 8182 + 8183 + 8283 (76)

Ao = —818283

One of the three roots of a cubic equation must always be real, and the
other two are either real or conjugate complex. Separating the roots s,
82, 83 into their real and imaginary parts, we may write

81 =1
S2 = P2 + jQ2
83 = P2 — jQ2
Substituted into (7.6) this leads to
Az = —(p1+ 2p2)
Ay = 2pip2 + 0} + & (1.7
Ao = —~pi(pd + ¢d

The criterion of stability is that both p; and p, be negative. It is seen
in the first place that all coefficients A, Ay, and Ao, must be positive,
because, if any one of them were negative, (7.7) requires that either p,
or pg, or both p, and p;, must be positive. This requirement can be
proved to hold for higher degree equations as well. Hence a frequency
equation of any degree with one or more negative coefficients determines
an unstable motion.

Granted that the coefficients Ao, 4,, and 4; are all positive, the third
equation (7.7) requires that p; be negative. No information about p; is
available as yet. However, on the boundary between stability and insta-
bility, p» must pass from a positive to a negative value through zero.
Make p; = 0in (7.7) and

4s = —P
A1 = g} (7.8)
Ao = —pg}

These relations must be satisfied on the boundary of stability. By elimi-

nating p; and ¢s, we find
Ao = A1A2
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We do not know yet on which side of this relation stability exists. That
can be found in the simplest manner by trying out one particular case.
For example let s; = —1 and 823 = —1 % j, which obviously is a stable
solution. Substitution in (7.7) gives

A, =3 4,=4 Ay =2
so that Ao < A1A2

The complete criterion for stability of the cubic (7.4) is that all coefficients
A are positive and that
A4, > 4 (7.9)

Practical examples of the application of this result are given in Secs. 7.7
and 7.8.
Next consider the quartic

4 A+ Aos* + Ais+ 40=0 (7.10)

for which the procedure is similar. Since a quartic can be resolved into
two quadratic factors, we may write for the roots

1 = D1 +jQ1
S2= P~ 0 7.11
Ss=p2+jQ2 ( )
8 = P2~ J@

and substitute in (7.10), which leads to
As = —2(p1 + p2)

Ay =pl+pi+ g+ ¢ + 4pip: (7.12)
Ay = —2p:- (p} + qb) — 2p:Ap? + ) '
A= (pt+qd) - (P} + @3

The requirement for stability is that both p; and p: be negative. Sub-
stitution of negative values of p; and p, in (7.12) makes all four A’s posi-
tive, so that the first requirement for stability is that all coefficients 4 be
positive. Granted that this is so, the first equation of (7.12) requires
that at least one of the quantities p; or p: be negative. Let p; be nega-
tive. We still need another requirement to make p. also negative. On
the boundary between stability and instability, p. = 0, which substituted
in (7.12) gives

Az = —2p1
Ar=pit+ad+d

7.1
Ar = —2pug} (@.13)
Ao = (p1 + aDai

being four equations in the three variables py, ¢;, and g,.
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Elimination of these variables leads to a relation between the A’s:
A1A24, = A? + A4,

To find out on which side of this equality stability exists, we try out a
simple stable case, for example,

Si,2=—1+7 Sga=—2+2j
which, on substitution in (7.12), gives

A3=6 A2=18 A1=24 Ao=16
SO that A1A2A3 > A% + A%Ao

The complete criterion for stability of the quartic (7.10) is that all coef-
fictents A are positive and that

A A A3 > A+ AZA, (7.14)

Applications of this relation are made in Secs. 7.7, 7.9, and 7.10.

Systems with three degrees of freedom generally have a sextic for their
frequency equation and in degenerated cases a quintic. In such cases
there are three real parts of the roots s, and besides the requirement of
positive signs for all coefficients A there are {wo other requirements, each
of which is rather lengthy. For further information in this field the
reader is referred to the original work of Routh.

7.3. Instability Caused by Friction. There are a number of cases
where friction, instead of being responsible for positive damping, gives
rise to negative damping. One of the well-known examples is that of
the violin string being excited by a bow. The string is a vibrating system
and the steady pull of the bow is the required source of non-alternating
energy. The friction between the string and the bow has the character-
istic of being greater for small slipping velocities than for large ones.
This property of dry friction is completely opposite to that of viscous
friction (Fig. 7.4a). Consider the bow moving at a constant speed over
the vibrating string. Since the string moves back and forth, the relative
or slipping velocity between the bow and the string varies constantly.
The absolute velocity of the bow is always greater than the absolute
vibrating velocity of the string, so that the direction of slipping is always
the same. However, while the string is moving in the direction of the
bow, the slipping velocity is small and consequently the friction force
great; but during the receding motion of the string, the slipping velocity
is large and the friction small.

We note that the large friction force acts in the direction of the motion
of the string, whereas the small friction force acts against the motion of
the string. Since the string executes a harmonic motion, the work done
by the friction force during one-half stroke in 2Fz,, where F is an average
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value of the friction force and z, the amplitude of vibration. Since F
if greater during the forward stroke (when the friction does positive work
on the string) than during the receding stroke (when negative work is
done), the total work done by the friction over a full eycle is positive and
hence the vibration will build up.

In mechanical engineering certain vibrations, usually referred to as
““chatter,” can be explained in the same manner. The cutting tool of a
lathe may chatter and also the driving wheels of a locomotive. When
starting a heavy train these drivers are sometimes seen to slip on the rails.
While, as a rule, the slipping takes place in a uniform manner, ““chattering
slip” has been sometimes observed. Besides the major slipping rotation,
the wheels then execute torsional oscillations which may cause very large
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Fre. 7.4. (@) Dampir(x(;) forces with positively and negatively sloping characteristics. (b)
Drawbridge which failed structurally because of a negative friction characteristic in the
pin bearing c.

alternating stresses in the crank pins and side rods. A negative slope
(Fig. 7.4a) of the friction-velocity characteristic between the wheels and
the rails is essential for this phenomenon.

The phenomenon may be observed in many homely examples such as
the door that binds and screeches when opened, and the piece of chalk
that is held perpendicular to the blackboard while writing. Another case
is the familiar experiment in the physics laboratory of rubbing the rims of
water glasses with a wet finger to cause them to sing.

A torsional vibration of this type has been observed in ships’ propeller
shafts when rotating at very slow speeds (creeping speeds). The shaft is
usually supported by one or two outboard bearings of the lignum-vitae
or hard-rubber type, which are water-lubricated. At slow speeds no
water film can form and the bearings are ‘“‘dry,” causing a torsional vibra-
tion of the shaft at one of its natural frequencies, usually well up in the
audible range. The propeller blades have natural frequencies not too far
removed and act as loud-speakers, making this ‘‘starting squeal” detect-
able at great distances under water.
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A striking technical example of the self-excited vibrations caused by
dry friction is shown in Fig. 7.4b which represents a drawbridge of rather
large dimensions. The bridge deck @ is counterbalanced by a large
concrete counterweight b which, together with its guiding links and the
supporting tower, forms a parallelogram as shown.

After about a year’s operation one of the towers of this bridge broke
and on inspection the failure proved to be unmistakably caused by
fatigue. Experiments with the other half of the bridge, still standing,
showed that, when the deck was raised and lowered, violent vibrations
of the whole structure took place at a very slow frequency, of about six
cycles during the entire time of raising the bridge deck. The explanation
was found in the bearing ¢ which carries the tremendous load of the
counterweight b. Whatever grease happened to be in this bearing at the
beginning of the life of the bridge was soon squeezed out and the bearing

A

Fia. 7.5. Fan blowing air through a long tube into a chamber A,

was found to be entirely dry. The dry-friction chatter thus caused was
sufficiently violent to cause the failure. Obviously the remedy for this
case consists in proper grease cups, which have to be kept in proper order
and must be inspected daily.

Another interesting phenomenon caused by a “ negative characteristic”
is shown in Figs. 7.5 and 7.6. A fan is blowing air into a closed chamber
A of fairly large dimensions and the air is leaking out of that chamber
through definite orifices B. The practical case of which Fig. 7.5 is a
schematic representation was a boiler room in a ship which was kept
under & slight pressure by the fan, and the orifices B were the boilers and
stacks through which the air was forced out. It was observed that for
a certain state of the opening B, i.e., for a certain steam production,
violent pressure variations of a frequency of about one cycle per second
took place in the boiler room.

The explanation is partly given by Fig. 7.6, which is the characteristic
curve of a blower. The volume delivered by the blower is plotted against
the pressure developed by it. The point P of the characteristic obviously
refers to the condition where the orifice B is entirely closed so that no
volume is delivered, but a maximum of pressure is developed. The
point @ of the characteristic refers to operation of the fan in free air
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where no pressure is developed but a large volume is delivered. By
changing the opening at B in Fig. 7.5, operation of the fan can be secured
over a range in Fig. 7.6 from the point P almost down to Q. It is seen
that most of this curve has a slope descending from P to Q but that there
is a short section between C and D in which the slope is reversed. This
is a characteristic of the construction of the fan and it is very difficult to
build a fan in which the characteristic curve drops from P to @ with the
slope in one direction only, and at the same time have good efficiency in
the region between @ and D, for which the fan is built primarily.

It can be shown that operation near the point 4 in Fig. 7.6 is stable,
whereas operation near the point B is unstable and will lead to the surging
condition just described. Imagine
operation near the point A and let
the pressure in the chamber of Fig.
7.5 be slightly higher than normal.
This means a decreased volume de-
livered by the fan, ascan beseen from
Fig. 7.6. Thus an output of the fan
less than normal will cause the pres-

sure in the chamber to drop again,
Fi16.7.6. Pressure-vol\i.lxoxlrl:(:n :haracteristic of and since the p ressu,r.e \iV&S hlgher
a fan. At point P the discharge opening than normal, the equilibrium condi-
is closed, while at Q@ the fan discharges 1o tends to berestored. Similarly,
freely into the open atmosphere. Be- | .
tween C and D the slope of the characteris- if by an accident the pressure were
tic is reversed, causing unstable operation. temporarily lower than normal at A,
the volume delivered would be increased, which tends to boost the pressure
and restore the equilibrium.

On the other hand, consider operation near the point B of Fig. 7.4.
If now the pressure in the chamber is higher than normal instantaneously,
the fan delivers more volume than in the normal condition and thus
increases the pressure in the chamber still more. Therefore, if the pres-
sure in the chamber is increased by accident, the fan
operation will immediately increase it still more,
which means an unstable condition.

An important case of dry-friction excitation, which
repeatedly has led to serious trouble in practice, is
the so-called “‘shaft whipping™ caused by a loose guide
or by a poorly lubricated bearing with excessive clear-
ance. In Fig. 7.7 let the circle A designate the Fia. 7.7. Shaft
inside of a bearing or guide and B the cross section ~Jhirl caused by dry
of the vertical shaft rotating in it. Let the shaft be
rotating clockwise and be temporarily deflected from its equilibrium
position in the center of A so that it strikes 4 at the left. On account

Pressure
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of its rotation the shaft sets up friction forces F and F’, of which F is the
force acting on the shaft and F/ = —F acts on the guide or bearing. The
force F can be replaced by a parallel force of equal magnitude through the
center of the shaft B and a couple Fr. The couple acts merely as a brake
on the shaft, which is supposed to be driven at uniform speed, so that the
only effect of the couple is to require some increase in the driving torque
and is inconsequential. The force F through the center of the shaft,
however, drives it downward or rather in a direction tangent to the circle
A. The direction of F changes with the position of the shaft B in 4, so
that the shaft will be driven around as indicated by the dotted circle.
It will be noticed that the shaft is driven around the clearance in a direc-
tion opposite to that of its own rotation. If the shaft rotatesin the center
of the guide without touching it, the
shaft is stable; but as soon as it
strikes the guide for any reason, the
shaft is set into a violent whirling
vibration.

This effect is present in many modi- 4
fications. A very simple model for ¥ie. 7.8. The ball whirls around on
demonstrating it is as follows. Take 8ccount of the friction at the point of
a shallow conical cup (Fig. 7.8) and
a steel ball of about 1 in. diameter. Spin the ball between the fingers
at the bottom of the cup. This position is an unstable one for the rotat-
ing ball because, if it is accidentally displaced a very small distance from
the center of the cup, the point of contact with the cup no longer coincides
with the (vertical) axis of rotation. There
will be slip and a friction force perpendicular
to the paper tending to drive the ball around
in a circle. The direction of rolling of the
ball will be opposite to the direction of spin.

The phenomenonisnot restricted tocylin-
l drical guides or bearings but has also been
i observed on thrust bearings. Figure 7.9
] represents schematically a thrust bearing
|

and shaft, of which the equilibrium position
is central and vertical. Suppose that the
;r,, \‘/ elastic system of which the shaft forms a
o« part is capable of a natural mode of mo-
f‘."n7'9: Whirl on account of dry  tjon whereby the shaft center line whirls
riction in a thrust bearing. . . o
around the vertical with an eccentricity &
and an inclination . The center A of the collar disk describes a circle
of radius § and the shaft a cone of apex angle 2«. This mode of motion
will be self-excited by friction, because during the vibration the collar
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rests on the bearing on one side only. This causes a tangential friction
force on that side urging the point A around the center line in a direction
opposite to that of the rotation of the collar disk. The obvious way to
prevent this sort of disturbance is to make the bearing support so flex-
ible that, in spite of the angular deviation,
the pressure on the various parts of the bear-
ing remains uniform.

A very instructive model demonstrating
this effect may be built as follows (Fig. 7.10).
A small motor A carries a disk B on the end
of its horizontal shaft and is supported very
flexibly on three springs lying in a plane
through the center of gravity and perpendicu-
lar to the shaft. When running, this motor
is capable of a large number of natural modes
of vibration, two of which are particularly
interesting. They are illustrated by Fig.
7.10c and also by Fig. 6.29 (page 258). The
shaft describes a cone characterized by & and
a and whirls either in the direction of rotation
or opposite to it. The natural frequencies
of these two modes of motion are shown in
Fig. 6.30.

Imagine a piece of felt or paper C held
against the front side of the disk near its cir-
cumference. It will strike (or press hard)
when o (and consequently §) is just in the
position shown in Fig. 7.10c. Assume B to
be rotating clockwise in Fig. 7.10a. The
obstacle C will cause a friction force tending
to push the disk down. Asin the argument
given with Fig. 7.7, this friction force is re-

(0} placed by a retarding couple and a force
Fia. 7.10. Self-excited whirl through the shaft center. The retarding
caused by friction on the disk B. ;10 merely retards the motion slightly,
but the force through the center of the disk pushes that center down, ¢.e.,
in a direction of clockwise whirl. Thus friction on the front side C of the
disk will encourage a precessional motion in the same direction as the
rotation.

On the other hand, if D is pressed against the back of the rotating
disk B, it will strike and cause friction when « and § have reached the
position just opposite to that of Fig. 7.10c. The friction again kicks the
disk down, because the direction of rotation is still clockwise. This
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downward force now excites a counterclockwise whirl, because the deflec-
tion & is opposite to that shown in Fig. 7.10c.

The experiment consists of rubbing the front of the disk and noticing
the self-excitation of the mode of vibration of rather high frequency
with the precession in the same direction as the rotation. Then, taking
the rub from the front and applying it to the back side, this motion is
seen to damp out very fast, and the second mode (precession against the
rotation) with a much slower frequency is seen to build up. This latter
motion can be damped very effectively by again rubbing the front of the
disk. The difference in the two frequencies is caused by the gyroscopic
action of the disk as explained on page 258.

7.4. Internal Hysteresis of Shafts and Oil-film Lubrication in Bearings
as Causes of Instability. Another highly interesting case of self-excited
vibration is that caused by internal hysteresis of the shaft metal. Hys-

(a)
F1a. 7.11. Shaft whirl caused by internal hysteresis.

teresis is a deviation from Hooke’s stress-strain law and appears in most
materials with alternating stresses. In the diagram 7.11a Hooke’s law
would be represented by a straight line, and a fiber of a vibrating shaft,
which experiences alternately tension and compression, should move up
and down that line between P; and P;. Actually the stress-strain rela-
tion is represented by a long narrow elliptic figure which is always run
through in a clockwise direction. The ellipse as shown in Fig. 7.11 has
its width greatly exaggerated; in reality it is so narrow that it can hardly
be distinguished from the straight line P,P;.

Consider a vertical rotating shaft in two bearings with a central disk
as shown in Fig. 7.115. During the whirling motion the center of the
shaft S describes a circle about the point B on the bearing center line.
The point B is the normal or equilibrium position of S when no whirl
exists. Figure 7.11c shows a cross section of the middle of the shaft,
PiQ.P:P3;P being the outline of the shaft and the dotted circle being the
path of S during the whirl. The deflection BS of Fig. 7.11¢ is a practical
possibility; that of Fig. 7.11b is enormously exaggerated.
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It is assumed that the rotation of the shaft and the whirl are both
clockwise as shown. The shaft is bent, and the line A A divides it in two
parts so that the fibers of the shaft above A A are elongated and those
below A A are shortened. The line A A may be described as the neutral
line of strain, which on account of the deviation from Hooke’s law does
not coincide with the neuiral line of siress.

In order to understand the statement just made consider the point P,
in Fig. 7.11¢ which may be thought of as a red mark on the shaft. In
the course of the shaft rotation that red mark travels to @i, P, P, ete.
Meanwhile the shaft whirls, whereby 8 and the line 4 4 run around the
dotted circle. The speed of rotation and the speed of whirl are wholly
independent of each other. In case the speed of rotation is equal to the
speed of whirl, the red mark P; will always be in the elongation of the line
BS, or in other words, P, will always be the fiber of maximum elongation.
In case the rotation is faster than the whirl, P, will gain on S and con-
secutively reach the position P; (of no elongation), P; (of maximum short-
ening), etc. On the other hand, if the rotation is slower than the whirl,
P; will go the other way (losing on 8) and go through the sequence P;,
Pq, Pa, Pz, ete.

First, investigate a rotation faster than the whirl. The state of elonga-
tion of the shaft fibers of the various points P,, Py, P3, Py of Fig. 7.11¢
is indicated by the same letters in Fig. 7.11a. In Fig. 7.11q the point
Q. of no stress lies between P, and P;. The point @, is now drawn in
Fig. 7.11c and the same is done with Q; between P; and P,. Thus the
line @:Q: is the line of no stress (neutral line of stress) and all fibers above
Q:1Q: have tensile stress while those below Q:Q; have compressive stress.
The stress system described sets up an elastic force P, as shown. This
elastic force P has not only a component toward B (the usual elastic
force) but also a small component to the right, tending to drive the shaft
around in its path of whirl. Thus there is a self-excited whirl.

The reader will determine for himself the truth of the statement that,
if the rotation is slower than the whirl, the inclination of §,Q; reverses
and the elastic force has a damping instead of a driving component.

The whirling motion is determined primarily by the elastic force of the
shaft toward the center B combined with the inertia forces of the disk
(see page 258) and therefore takes place with the natural frequency.
The very small driving component of the elastic force merely overcomes
damping. Internal hysteresis of the shaft acts as damping on the whirl
below the critical speed, whereas above that speed a self-excited whirl at
the critical frequency may build up.

Internal hysteresis in the shaft material is usually very small, but a
more pronounced hysteresis loop is found in cases where actual slipping
occurs, as in loose shrink fits or other joints. Thus a shaft with a loosely
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shrunk disk will probably develop a whirl at the natural frequency above
the critical speed.

A self-excited vibration known as oil whip is caused by certain proper-
ties of the oil film in generously lubricated sleeve bearings. In order to
understand this phenomenon, it is necessary to know that a horizontal
shaft rotating in a counterclockwise direction in an
oil-film lubricated bearing does not seek a central po-
sition but is deflected somewhat to the right (Fig.
7.12). The direction of this deviation can easily be
remembered by noting that it is opposite to the direc-
tion in which one would expect the journal to climb.
Since on such a journal the load or weight W is acting
downward, as indicated in the figure, the resultant P
of the oil pressures on the journal is equal and oppo-
site to W and makes a certain angle o with theline OA
connecfcmg the center of the bearing and the center Fra. 7.12. Oilfilm
of the journal. lubrication in a bear-

Consider a vertical guide bearing with a shaft in ig;iaucszu:ﬁ: W‘Zihi}:éigg
it. If there are no lateral loads acting, the shaft will 2,3 the axis ofg sym-
seek the center of the bearing. If, for some reason, I?::ry 04 are not in
the shaft starts whirling around in the bearing, it will )
occupy an eccentric position at any instant. Moreover, if during that
whirling the oil pressures are the same as in Fig. 7.12 (where W now
must be replaced by a centrifugal force in the direction OA), there is no
equilibrium between P and the centrifugal loading, but there is a small
resultant force tending to drive the journal around in the bearing in a
counterclockwise direction. Thus the oil-pressure distribution will
encourage or self-excite a whirl in the direction of rotation but will damp
a counterrotating whirl, if one ever sets in.

There remains to be considered the condition under which the oil-film
pressures during the whirling will be the same as in the steady-state case
for a horizontal bearing with gravity loading. Consider two extreme
cases, namely those in which the ratio of the angular velocity of whirl
to the angular velocity of rotation is either very small or very great.

In the first case the shaft makes say 100 revolutions while the whirl
moves forward 5 deg. It is clear that such a slow drift can have no effect
on the pressure distribution, so that for a slow whirl the succession of
steady states actually occurs and the oil whip will develop. In the second
case the journal center whirls around while the journal itself hardly
rotates. Then, of course, no oil film develops at all and the shaft merely
vibrates in a bath of oil, which effectively damps the motion.

Therefore we recognize that for whirl frequencies which are slow with
respect to the angular velocity of rotation the oil whip develops, while

QP
i
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for comparatively fast whirls all vibratory motions are damped. The
ratio of wrywiion/@wnin, 8t which the damping passes from a positive value
to a negative one, can be determined only by experiment.

It has been found in this manner that if the » of the whirl is equal to
or smaller than half the « of the shaft (¢.e., if the shaft runs faster than
twice its critical speed), the oil whip develops. This constitutes a serious
trouble for high-speed machines with vertical shafts in oil-lubricated guide
bearings, which is very difficult to overcome.

An interesting justification for this result is due to Hagg. In Fig. 7.13

let the radial clearance be e and the radius of whirl
€+8>1  be 8, the diameter of the journal D. For a slow
whirl, the velocity distribution across the oil film
is linear, and, with the journal peripheral veloc-
lp ity being V, the volume of oil (per unit shaft

length) transported up at A4 is IEI - (¢ — &), while

the volume passing downward through B is

€-8

V
Fic. 7.13. 3 (e +9)

Thus assuming no end leakage, the net transport of oil into the lower
half of the film is V8. Now the journal whirls with a frequency f and
the whirl velocity v of the journal center is v = f-2x5. The area of the
lower half of the oil film increases at the rate vD = f276D. If the whirl
frequency is slow enough, the rotation of the shaft will wipe enough oil
into the lower half of the film to fill the cavity caused there by the upward
whirling motion. For faster whirl the rotation will not transport enough
oil and the film breaks. This occurs therefore at Vé = f278D. The
peripheral velocity V is related to the shaft speed by V = nD -r.ps.
Substituting this we obtain

I.p.s.

f==

This shows that if the whirl is faster than half the shaft speed, the oil
film breaks down and no self-excitation can take place. In the presence
of end leakage this breakdown will occur at a whirl frequency below half
the shaft rotation.

Comparing Fig. 7.13 with Fig. 7.7 we note that while for dry friction
the direction of whirl is opposite to that of shaft rotation, the two direc-
tions are the same for oil-film excitation.

For horizontal bearings with a certain loading, the oil whip also
appears for speeds above twice the critical. The explanation is along the
same lines as for the vertical shaft. During the whirl the oil pressures
will not have a purely radial direction but will have a tangential compo-
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nent as well. That tangential component may be driving during a part
of the whirling cycle and retarding during another part. For excitation
it is necessary merely that the total work done by the tangential force
component on the motion during a whole whirling cycle be positive, i.e.,
that the average value of the tangential force component be positive or
driving.

7.6. Galloping of Electric Transmission Lines. High-tension electric
transmission lines have been observed under certain weather conditions
to vibrate with great amplitudes and at a very slow frequency. The
line consists of a wire, of more or less circular cross section, stretched
between towers about 300 ft. apart. A span of the line will vibrate
with one or two half waves (Fig. 4.16a or b) with an amplitude as great
as 10 ft. in the center and at a rate of 1 cycle per second or slower. On
account of its character this phenomenon is hardly ever described as a
vibration but is commonly known as ‘‘ galloping.”
It has never been observed in countries with a
warm climate, but it occurs about once every
winter in the Northern states and in Canada,
when the temperature hovers around 32°F. and
when a rather strong transverse wind is blowing.
In most cases sleet isfound on the wire. A rough
calculation shows that the natural frequency of
the span is of the same order as the observed el
frequency. The fact that, once started, the dis-
turbance is very persistent and continues some-
times for 24 hr. with great violence makes an
explanation on the basis of ‘“forced” vibration
quite improbable. Such an explanation would
imply gusts in the wind having a frequency equal
to the natural frequency of the line to a mirac- Wind =
ulous degree of precision. For example, letting
T = 1 sec., if in 10 min. there were not exactly ff“*thg:v‘!‘n dT;‘:d dt‘}::c;(‘)‘;’c‘:
600 equally spaced gusts in the wind but 601 it causes include an angle
instead, the vibration would build up during 5 for nonsymmetrical cross

. . . sections.
min. and then be destroyed during the next 5 min.

To keep the line vibrating for 2 hr. would require an error in the gustiness of
the wind of less than 1 part in 7,200, so that this explanation may be
safely dismissed.

We have a case of self-excited vibration caused by the wind acting on
the wire which, on account of the accumulated sleet, has taken a non-
circular cross section. The explanation involves some elementary aero-
dynamic reasoning as follows.

When the wind blows against a circular cylinder (Fig. 7.14a), it exerts
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a force on the cylinder having the same direction as the wind. This is
evident from the symmetry. For a rod of non-circular cross section
(Fig. 7.14b) this in general does not hold true, but an angle will be included
between the direction of the wind and that of the force. A well-known
example of this is given by an airplane wing where the force is nearly
perpendicular to the direction of the wind (Fig. 7.14¢).

Let us visualize the transmission line in the process of galloping and
fix our attention on it during a downward stroke. If there is no wind,
the wire will feel air blowing from below because of its own downward
motion. If there is a horizontal side wind of velocity V, the wire, moving
downward with velocity v, will experience a wind blowing at an angle
tan— »/V slightly from below. If the wire has a circular cross section,
the force exerted by that wind will
have a2 small upward component
(Fig. 7.15). Since the wire was mov-
ing downward this upward compo-
nent of the wind exerts a force in op-
Fiq. 7.15. A horizontal side wind appears position to the direction of motion of
f: a°g’;‘v‘:n{w’:;‘(‘i é’;ﬁ:’io‘ﬁ_the line moves  the wire and thus damps it. How-

ever, for a non-circular cross section,
it may well be that the force exerted by the wind has a downward com-
ponent and thus furnishes negative damping (Fig. 7.145).

Considering the conditions during the upward stroke of the vibration,
it can be seen in a similar manner that the relative wind felt by the wire
comes obliquely from above, and the force caused by it on a circular wire
has a downward component which causes damping. For a non-circular
section, it may be that the force has some upward component, and this
component being in the direction of the motion acts as a negative damping.

If the sleet on the wire gives a cross section exhibiting the relation
between the wind and force directions shown in Fig. 7.14b, we have a
case of dynamic instability. If by some chance the wire acquires a small
upward velocity, the wind action pushes it even more upward, till the
elastic or spring action of the wire stops the motion. Then this elastic
force moves the wire downward, in which process the wind again helps,
so that small vibrations soon build up into very large ones.

There remains to be determined which cross sections are dynamically
stable (like the circular one) and which are unstable. This brings us
into the domains of aerodynamics and of irregular cross sections, where
little general knowledge exists. Usually we can only make a direct
test, but in some very pronounced cases qualitative reasoning gives
information. The most “unstable” section so far known is the semi-
circle turned with its flat side toward the wind. Figure 7.16 shows such
a section in a wind coming slightly from above, corresponding to the
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upward stroke of a galloping transmission line. The air stream leaves
the wire at the sharp edge at the bottom but can follows around the upper
sharp edge for some distance on account of the wind coming from above
in a slightly inclined direction.

The region indicated by dots is filled with very irregular turbulent
eddies, the only known property of which is that in such a region the
average pressure is approximately equal to atmos-
pheric. On the lower half of the circular surface
of the cylinder we have atmospheric pressure, <.e.,
the pressure of the air at some distance away from
the disturbance created by the line. Above the
section the streamlines curve downward. This
means that the pressure decreases when moving
from a to b, which may be seen as follows. Con-
sider an air particle in a streamline. If no foree
were acting on it, the particle would move in a
straightline. Since its path is curved downward,
a force must be pushing it from above. Thisforce Fre. 7.16. The flow of
can be caused only by a greater pressure above 2if sround a semicircular

. . cylinder.
the particle than below it, so that the pressure at
a must be larger than at b. Since at a there is atmospheric pressure
(being far away from the disturbance), the pressure at b must be below
atmospheric. Thus the semicircular section experiences an upward force
on account of the pressure difference below and above, and, since the up-

Fia. 7.17. Apparatus for demonstrating transmission line galloping.

ward force is caused by a wind coming from above, we recognize the case
of Fig. 7.16 as definitely unstable.

This may be shown by a simple experiment. A semicircular bar of
very light wood (2 in. diameter and 15 in. long) is suspended by four
springs so as to have a vertical natural frequency of about 6 cycles per
second (Fig. 7.17). If sufficient care is taken to reduce damping to a
minimum in the connections between the springs and the frame or bar,
the apparatus will build up vibrations with more than one radius ampli-
tude when placed in front of an ordinary desk fan. The bar in this device
is made as light as possible which, for a given frequency and amplitude,
makes both the spring force and inertia force small. The input force of
the wind is determined only by the shape and size of the bar and is inde-
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pendent of the weight. Thus, by making the bar light, the ratio between
the wind force and the spring force is made as great as possible.
Another cross section which is known to be unstable is an elongated
rectangle exposed with its broad side to the wind. The explanation is
the same as for the semicircular bar (Fig. 7.18), only the effect is less
pronounced. It can be observed easily by means of any flat stick held
in the hand at one end and dipped vertically into a tub of water. When

F1a. 7.18. The effect for a rectangle is less Fia. 7.19. The Lanchester tourbillion.
pronounced than that for a semicircle.

the stick is pulled through the water with the broad side of the rectangle
perpendicular to the motion, it moves in zigzag fashion. On the other
hand, when pulled with the narrow side perpendicular to the motion,
it moves forward quite steadily.

If, instead of mounting the unstable section in springs as shown in
Fig. 7.17, it is pivoted in the middle and placed
before a fan (Fig. 7.19), we have a case of self-
excited rotation. While the apparatus stands still,
the wind evidently exerts no torque on it, but, as
soon as it starts rotating, the torque of the wind
urges it on in the same direction. The direction
of rotation naturally is determined only by the di-
rection at the start, i.e., by accident. This very
Frc. 7.20. The total wind _ interesting toy is known as Lanchester’s “aerial
force resolved into a lift tourbillion.”

L and 2 drag D. In aerodynamic work it is customary to resolve
the total air force on an object into two components:

a. In the direction of the wind (the drag or resistance D).

b. Perpendicular to the wind (the lift L).

These two forces can be measured easily with the standard windtunnel
apparatus.

Let Fig. 7.20 represent a section moving downward in its vibrational
motion so that the wind appears to come from below at an angle « =
tan—!v/V. The lift and drag forces L and D have vertical upward com-
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ponents (i.e., components opposite to the direction of the motion) of L
cos a and D sin . The total upward damping force F of the wind is

F=Lcosa+ Dsina (7.15)

We are not interested in the force F itself but rather in dF/da, i.e., in
the variation of the upward force with a variationin e orinv/V. Assume
that F has a large value and that dF /d« is zero. The result would be that
part of the weight of the line would not be carried by the towers but by
the wind directly. Any vibration or galloping of the line would not
change the wind-carried weight (dF/da = 0) so that the vibration would
not be affected. On the other hand, assume that dF/da is negative,
which means that the upward wind force increases for negative o and
decreases for positive . Then clearly we have the case of anencourag-
ing alternating force as already explained. The eriterion for dynamic
stability is

dF

da <0 (unstable)
and ar >0 (stable)

da

In performing the differentiation on (7.15), it is to be noted that, for
small vibrations, v is small with respect to V, so that « is a small angle
of which the cosine equals unity and the sine is negligible with respect to
unity:

Q=@'Cosa—LSina+@Sina+Dcosa
da da da
= sin « —L—I—@>+cosa gI~'—i—D
da do
dL
~@tPD

Thus the system is unstable when
dL
o +D<O (7.16)

The values of the lift and drag of an arbitrary cross section cannot be
calculated from theory but can be found from a wind-tunnel test. The
results of such tests are usually plotted in the form of a diagram such as
Fig. 7.21. In words, (7.16) states that

A section is dynamically unstable if the negative slope of the lift curve is
greater than the ordinaie of the drag curve.

In Fig. 7.21 it is seen that an elongated section is always stable when
held ““along” the wind (@ = 0), whereas it is usually unstable when held
“across’ the wind (« = 90 deg.). A transmission line which is being
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coated with sleet at approximately freezing temperature has the tendency
to form icicles that are more or less elongated in a vertical direction,
corresponing to « = 90 deg. in the diagram.

At this angle, for small amplitudes of vibration (say varying between
89 and 91 deg.), there is energy input during a cycle. This will increase
the amplitude, and the increase will continue so long as there is an excess
of energy furnished by the wind. At some large amplitude this excess
of energy will become zero so that we have energy balance and reach the
final amplitude. In Fig. 7.21 this will take place presumably at « vary-
ing between 30 and 150 deg., say. Near the ends of each stroke, energy

~
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Fia. 7.21. Lift and drag as a function of the angle of attack for an elongated, symmetrical
cross section.

is put in; but in the middle of the stroke, energy is destroyed by damping,

since %’ + D is larger than zero at these places (see also Fig. 8.32,

page 363). The final amplitude can be found by a process of graphical
or numerical integration over the known curve of the diagram, in the
manner already indicated.

Thus far in the discussion the system has been assumed to be one of a
single degree of freedom, which certainly is not the case with a span of
transmission line, of which each point vibrates with a different ampli-
tude (large in the center of the span and small near the towers). Since
the wind force is small in comparison to the elastic and inertia forces of
the vibration, the form of the motion is the same as if the wind force were
absent; in other words, the line vibrates in its first natural mode. The
final amplitude can be determined by finding the energy input for the
whole span. If for a certain assumed amplitude this energy comes out
positive, the amplitude assumed was too small; whereas, if the energy
comes out negative (damping), the assumed amplitude was too great.
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The determination of the energy involves a double graphical integration,
first with respect to « for each point of the line and then with respect to
the position = along the line. This process is straightforward and
involves no difficulties, though it may require much time.

The phenomenon discussed so far is one of very slow frequency and
large amplitude in the transmission line. It has been observed but
rarely, where the weather conditions brought together sleet deposits as
well as a lateral wind of considerable strength. There is another case of
vibration of transmission lines characterized by high frequency and small
amplitude which is much more common and for the occurrence of which
only a lateral wind is necessary. The explanation of this phenomenon is
found in the so-called * Karmdn vortex trail.”

7.6. Kdrmédn Vortices. When a fluid flows by a cylindrical obstacle,
the wake behind the obstacle is no longer regular but in it will be found
distinet vortices of the pattern shown in Fig. 7.22. The vortices are

Fr1a. 7.22. Kérmén vortices in a wake.

alternately clockwise and counterclockwise, are shed from the cylinder
in a perfectly regular manner, and are associated with an alternating
sidewise force. This phenomenon has been studied experimentally and
it has been found that there is a definite relation among the frequency f,
the diameter of the cylinder D, and the velocity V of the stream, expressed
by the formula

D _

v = 0.22 (7.17)
or the eylinder moves forward by about 414 diameters during one period
of the vibration. It is seen that this fraction is dimensionless and that
therefore the value 0.22 is independent of the choice of units. Itisknown
as the Strowhal number. The eddy shedding on alternate sides of the
cylinder causes a harmonically varying force on the cylinder in a direction
perpendicular to that of the stream. The maximum intensity of this
force can be written in the form usual for most aerodynamic forces (such
as lift and drag) as follows:

Fx = (Cx - Y%pV?- A) sin ot (7.18)

The subscript K is for Kdrman, Fx being the Kdrmén force and Cx the
(dimensionless) Kdarmén-force coefficient. The value of Ck is not known
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with great accuracy; however, a satisfactory figure for it is Cx = 1 (good
for a large range of Reynolds numbers from 10? to 107), or in words:
The intensity of the alternating force per unit of sidewise projected area
is about equal to the stagnation pressure of the flow.

The mechanism of eddy shedding from a cylinder at rest is truly a
self-excited one, because there is no alternating property in the approach-
ing stream, and the eddies come off at the natural Strouhal frequency.
Whereas for all previous cases discussed in this chapter the self-excited
vibration in itself was dangerous, this is not the case here: we do not
much care what happens in the stream; all that we care about is to know
that a force of magnitude (7.18) is exerted on the cylinder. As a rule
this is without much consequence, and trouble occurs only if the self-
excited frequency of eddy shedding (7.17) coincides with the natural fre-
quency of the structure on which it acts. Then a resonance occurs which
may be destructive. Objects on which this has been observed are many
and various: transmission lines, submarine periscopes, industrial smoke-
stacks, a famous suspension bridge, a large oil storage tank, and tiny
rain droplets.

First consider a transmission line of 1 in. diameter in a wind of 30 m.p.h.
The Strouhal frequency [Eq. (7.17)] gives 116 cycles per second. Vibra-
tion of lines at such high frequencies and at small amplitudes have often
been observed and have repeatedly ended in fatigue failures. Resonance
obviously takes place at a high harmonic of the line in which the span is
subdivided in many half sine waves, of the order of 20 to 30. Because
of the high frequency and small amplitude of this motion, it has been
found possible and practical to bring it under control by damped vibration
absorbers. The simplest and most
common construction, known as the
“Stockbridge damper,” is shown in
Fig. 7.23. A piece of steel cable with
weights at its ends is clamped to the
line. The cable acts as a spring and is

roughly tuned to the frequency of the
Fre. 7.23. Stockbridge damper for eynected vibration. Any motion of
transmission lines, consisting of a piece . . R .
of stranded steel cable about 12 in. long, the line at pomt A will cause relative
carrying cast iron weights of about 11b.  p4tion in the pieces of cable, and the
at each end. .. A 7

friction between its strands dissipates
energy. The point A of attachment is so chosen along the line that it
cannot coincide with a node of the motion, where the damper would be
useless. Since the length of the half sine wave varies between 8 ft. and
20 ft., a location at about 6 ft. from the point of support on a tower will
fit most frequencies and wave lengths. This device, crude as it is, has
proved to be entirely effective in protecting the lines against damage
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from the Kdrmdn-vortex vibration. An attempt to design one of these
dampers for the galloping line of page 299, where the frequency is 100
times as slow and the amplitude 100 times as large, would lead to weights
of several tons, which is entirely impractical.

Submarine periscopes, being cantilevers of some 20 ft. or more in length
(when extended) and of diameters of the order of 8 in., have shown res-
onance with Kdrmén vortices at speeds of about 5 m.p.h. Since the fluid
here is water with a high density p, the exciting force [Eq. (7.18)] is very
large and the vibration is very severe, leading to a blurring of the view
seen through the device. A cure would consist in changing the cylin-
drical cross section into a streamlined one, but the periscope tube must
be free to rotate in its guide if views in all directions are wanted, and the
constructional complications are so great that this has never yet been
attempted.

Steel industrial smokestacks regularly show Karmédn-induced resonant
vibrations at wind speeds of the order of 30 m.p.h. Brick or concrete
stacks have not exhibited this phenomenon, and in steel stacks it has
become worse when riveting was replaced by welding, thus decreasing
the internal damping of the stack. Recently (1953) a welded stack of
16 ft. diameter and 300 ft. height came to resonance at its natural fre-
quency of about 1 cycle per second (in a wind of some 50 m.p.h.)
with such violence that it buckled and developed a crack in the steel
extending over 180 deg. of circum-
ference. Thedamaged upper half had
to be torn down and rebuilt, and the
new stack was provided with vibra-
tion dampers. These were mounted
in guy cables between the top of the
stack and the ground, as shown in
Fig. 7.24. There are twolarge springs
A of several feet length, and the entire
assembly of springs and guy wire z y
is put in initial and permanent ten- Fia. 7.24. Friction damper built into a
sion, so that the springs permanently &% Wire of a smokestack.
are some 8 in. longer than when unstressed. Between the springs is a
dashpot in the form of a large automotive-truck shock absorber. When
the stack starts vibrating, a relative motion occurs across the dashpot,
thus dissipating energy. The design is such that the amount of energy
dissipated in the damper is about the same as that dissipated in the stack
itself, thus doubling the natural damping, which is sufficient to prevent
damage to the stack.

In the autumn of 1940 the great suspension bridge across the Tacoma
Narrows in Washington, after being in operation for about a year, was
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completely wrecked by a moderate wind. The precise details of the cause
were not known at the time; the explanations offered were based either
on Kérmdn vortices or on flutter (page 321). In the years after the
disaster elaborate experiments were made at the University of Washing-
ton in a specially constructed wind tunnel, and it is now clear that the
cause of failure was a Kdrmédn-vortex trail. The object this time is not
a cylinder, but an I-shaped section. The phenomenon under discussion
oceurs for all manner of shapes; the frequency and intensity formulas
(7.17) and (7.18) hold for all sections with different numerical values of
the Strouhal and X4rmdn dimensionless coefficients. In this case the
wind blew steadily for more than an hour at 42 m.p.h., and the eddy
frequency coincided with the torsional frequency of the bridge deck on
its suspension cables, resulting in resonance whereby the angles of motion
of the deck went to 45 deg. on either side of horizontal, the distribution
along the span being in two half sine waves. This wrecked the bridge
completely. After elaborate studies it was rebuilt with three major
changes in the construction. First, the solid plate side girders were
replaced by open trusswork, so that the wind could blow through without

forming large eddies. Second, longi-

:/@I/_\ l tudinal slits (with grillwork between

¥ (@ traffic lanes) were provided in the
%l -4 deck, so that, even if large eddies
\39-,_:)/ should form, no large pressure differ-

60 > ence between the top and bottom
1
i
{

side of the horizontal deck could
33 (4 be maintained. Third, the “open”
e ! | section of Fig. 7.25a was replaced by
Fia. 7.25. Cross section of the bridge deck  the ¢ closed” box section of Flg
t T N . The old brid - :
:hatzzclzlv??ioﬁ;r}?:ds a sgﬁd dezkoandrslol%g 7'2,51)’ by lowering theside trussesand
vertical side plates; (b) the new bridge has  tying them together at the bottom
open side trusses, slits in the deck, and in  op 4 by another horizontal truss
addition a bottom truss, making a box . . ’
section of it. (University of Washington, Such a closed box section is of the
Engineering Experiment Station, Bulletv 3 i 1 -
N e s 11Tt % atvon, Bulleivn o-rder of 100 times as stiff against tor
sion as an open section, and thus the
torsional natural frequency is raised to such a point that the resonant
wind speed would be out of range on the high side.

The Tacoma bridge deck was 39 ft. wide, and still this is not the biggest
Kérmdn vortex observed. That occurred in an oil storage tank in Vene-
zuela. The tank was roofless and of the usual cylindrical construction,
about 150 ft. in diameter and 48 ft. high. When new it was filled with
sea water to a level 4 ft. under the top. Under the influence of the
steadily blowing local trade wind of about 30 m.p.h., a standing wave
developed of 8 ft. height between crest and bottom. The frequency of




CHAPTER 8

SYSTEMS WITH VARIABLE OR NON-LINEAR
CHARACTERISTICS

8.1. The Principle of Superposition. All the problems thus far con-
sidered could be described by linear differential equations with constant
coefficients, or, physically speaking, all masses were constant, all spring
forces were proportional to the respective deflections, and all damping
forces were proportional to a velocity. In this chapter it is proposed to
consider cases where these conditions are no longer true, and, on account
of the greater difficulties involved, the discussion will be limited to sys-
tems of a single degree of freedom. The deviations from the classical
problem Eq. (2.1), page 26, are twofold.

First, in Secs. 8.2 to 8.4, we shall consider differential equations which
are linear but in which the coeflicients are functions of the time. In the
remainder of the chapter non-linear equations will be discussed. The
distinction between these two types is an important one. Consider the
typical linear equation with a variable coefficient:

mi + ¢t + fOx =0 (8.1)

which describes the motion of a system where the spring constant varies
with the time. Assume that we know two different solutions of this
equation:

z = ¢1(t) and z = @of)

Then Ce1(t) is also a solution and

z = Cior(t) + Caps(t) (8.2)

is the general solution of Eq. (8.1). Any two known solutions may be
added to give a third solution, or

The principle of superposition holds for the solutions of linear differential
equations with variable coefficients.

The proof of this statement is simple.

m@ ) + cp1() +f(Dent) =0
mgz(t) + co2(t) +f(Q)e2t) = 0
335
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Multiply the first equation by € and the second by C: and add:
m[C14:(t) + C28:(8)] + c[Ci@1(8) + C202)] + FDOICi01(t) + Cope(t)] = O

This shows that [Ci¢1(f) + Cae2(i)] fits the differential Eq. (8.1) and therefore is a
solution.

In mechanical engineering it is usually the elasticify that is variable
(Eq. 8.1). There is, however, one important case where the mass is
variable with time (Fig. 5.10, page 184). This case can be discussed on

the same mathematical basis as that of variable elasticity, provided damp-
ing is absent. We have

m@t) - & +kr=0 (8.3)
where m(t) is the variable mass. Dividing by m(?),
. k _
i+ ')—n—(t—) z=0 (84)

This equation describes a system of unit mass (constant mass) and of
variable elasticity.

A non-linear equation is one in which the displacement z or its deriva-
tives do not appear any more in the first power, such, for example, as

m& + kx? = 0 (8.5)
or more generally
mi + f(z) =0 (8.6)

The principle of superposition is not true for the solutions of non-linear
equations.

This can be easily verified. Let 2, = ¢:(t) and z, = ¢.(t) be solutions of (8.5):

mg(t) + kler($))2 = 0
mgs(t) + kle2(8)]? = 0
Hence, by addition,

migit) + &:0] + k{ex®}? + {e(H}? = 0

If (o1 + ¢2) were a solution, the last square bracket should be (o1 + ¢2)%. But the
term 2¢;¢, is missing, so that (¢1 + ¢2) is not a solution of (8.5).

The general solution of (8.5) or (8.6) can still be written in a form con-
taining two arbitrary constants C; and C,, since the process of solution is,
in principle, a double integration. But although for linear equations a
knowledge of two particular solutions immediately leads to the general
solution in the form (8.2}, this is no longer true for a non-linear equation.
Very few non-linear equations exist for which the general solution is
known. As a rule all we can do is to find particular solutions and even
these in an approximate manner only.

8.2. Examples of Systems with Variable Elasticity. In this section
seven cases are discussed physically and a partial explanation of their
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behavior is given. The more fundamental treatment is necessarily
mathematical and will be taken up in the next two sections.

First consider a disk mounted on the middle of a vertical shaft running
in two bearings B of which only the upper one is shown in Fig. 8.1. The
cross section of the shaft is not completely circular but is of such a nature
that two principal directions in it can be distinguished, one of maximum
and one of minimum stiffness as, for example, in a rectangular section.
Assume the shaft to have two circular spots 4, A4
close to thedisk. These round spots A can slide
without friction in two straight guides restricting
the motion of the shaft to one plane, e.g., to the
plane perpendicular to the paper. The disk on the
shaft flexibility is a vibrating system of a single
degree of freedom. While the shaft is rotating, the
spring constant varies with the time, from a maxi-
mum k + Ak to a minimum &k — Ak, twice during
each revolution, so that the equation of motion is

mi + (k + Ak sin wpt)z = 0 8.7)

where wy, is fwice the angular speed of rotation of

the shaft and the subscript k is used to suggest

variation in the elasticity k. 1.
.

Next, place the same shaft horizontal with the
guides A vertical so th?,t the vibration of the disk ¢ g1 A disk mounted
is restricted to the vertical direction. The weight on a shaft with non-
W of the disk acts as an additional force so that 3f§§‘1;’§o§}i’*§;jf‘t§,ym°§§§
Eq. (87) changes to in one plane only.

mi + (k + Ak sin wit)z = W (8.8)

If the elasticity were constant, there would be no significant difference
between (8.7) and (8.8), because (8.8) could be transformed into (8.7)
by merely taking another origin for the coordinate x (the distance between
these two origins would be the static deflection of the disk). With var-
iable elasticity, however, this is not so0. Let us take a new variable

y=z+C

where C is a constant to be determined so as to make the result as simple
as possible. Substitute in (8.8) which becomes

my + (k + Ak sin wil)y = W -+ kC + CAEK sin wf (8.9)

If the variation in elasticity Ak were zero, we could choose C equal to
—W/k and thus transform (8.9) into (8.7). With Ak # 0, this cannot
be done. By imagining W = 0 in the last result, it is interesting to see
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that (8.7) by a mere shift of the origin of z can be given a right-hand
member which can be classed as an extraneous exciting force of frequency
wr [see Eq. (6.6¢), page 248].

We see that (8.7) and (8.8) cannot be transformed into one another;
they are definitely different and have to be so treated.

Assume that the variations in & are small with respect to k (A% is 10 per
cent of k or less). Then the elastic force is principally that of k and the
motion of the disk is nearly harmonic with the frequency w, = v/k/m.
When this natural frequency of motion w, has a proper relation to the
frequency of spring variation w, and when also a proper phase relation
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Fia. 8.2. Explains instability in the flat shaft at half and full critical speed.

exists, it is possible to build up large vibrations. Consider the curves
Fig. 8.2a and b, illustrating the motion z of the disk with a frequency w,
and a variation in shaft stiffness taking place at twice that frequency.
These diagrams pertain to the vertical shaft (no gravity) so that OA4 is
the equilibrium line where there are no bending stresses in the shaft.
The elastic force is therefore the product of the ordinates of Figs. 8.2b
and 8.2a, measured from OA. With the phase relation shown in the
figure it is seen that, while the disk is moving away from the center posi-
tion (1-2 and 3-4), the spring force is smaller than its average value,
whereas, while the disk is moving toward the center, the spring force is
greater than its average value (2-3 and 4-5). Thus the spring force is
small while opposing the motion and large while helping the motion.
Hence, over a full cycle the spring force does work on the system and the
vibration, once started, builds up: we have instability.
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With gravity, the spring force is still the product of k& and the ampli-
tude of Fig. 8.2a, but this time the ordinate is not measured from base
OA, but rather from the base BB, distant from OA4 by the static deflec-
tion 8,. The presence of the extra &, does not change the previous argu-
ment with respect to the k-variation shown in Fig. 8.2b, but it is now
possible to obtain work input with another k-variation, shown in Fig.
8.2¢, with 2w = w, (shaft running at half critical speed). This is so
because the spring force is small (2 to 4) while the disk is going away
from its equilibrium position BB and large (1 to 2 and 4 to 5) while it is
coming toward BB.

The work input per cycle in general is [Fdr = — [kx dx, where
T = 8; — zosin wt. We write k = k — Ak sin 2, in the case of Fig,
8.2b, and the reader is asked to substitute this into the integral and

verify that the work input per cycle is + g Ak, which is independent

of 8,.. For the case of Fig. 8.2¢c we write k = k& + Ak cos «t, and the
work input becomes -m Akxd,:, which is seen to exist only in the presence
of gravity.

Thus the physical analysis leads to the following conclusions:

1. In the system described by Eq. (8.7), i.e., in the vertical shaft with
flats, any small vibrations at the natural frequency w, = /k/m that may
exist will be increased to large amplitudes if the shaft runs at its full
critical speed (wr = 2w,).

2. For the system of Eq. (8.8), .., for the horizontal shaft with flats,
the same type of instability exists at the full eritical speed as well as at
half the critical speed (wx = wa).

These conclusions are tentative; an analysis of the equation in the
following sections will show to what
extent they have to be supplemented.

Practical cases in which shafts of
non-circular section have given rise
to critical speeds of one-half the nor-
mal are illustrated in Fig. 8.3. The
first of these is a shaft with a keyway {0) ()
cut in it. There the trouble can be Fia. 8.3. Cases of non-uniform flexibility
corrected by cutting two additional ' Shafts and rotors.
dummy keyways, symmetrically placed, which makes the stiffness uniform
in all directions.

The other example is found in the cross section of a two-pole turbo-
generator rotor, in which slots are cut for the electric windings, the solid
parts forming the pole faces. In this case the non-uniform elasticity
cannot be avoided, so that a two-pole rotor will always be rough at half
its critical speed.
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A second case quite similar to the example of the shaft is that of a string
with a mass m in the center. The tension in the string is varied with a
frequency wi between a maximum T + t and a minimum T — t by pull-
ing at the end (Fig. 8.4). If we pull hard while m is moving toward the
center and slack off while m is moving away from the center, a large
vibration will be built up. While m is describing a full
cycle, the end of the string describes two cycles. We
2Lt have the case of Fig. 8.2b. If the string is horizontal a
gravity effect comes in, making the system subject to Eq.
(8.8) and Fig. 8.2c.

The periodic change in tension may also be brought
about by a change in temperature. A wire in which an

T+tsin axt

\

\
i
\

\
i

1
ne ? alternating current is flowing has temperature variations
H and consequently variations in teunsion having double
! the frequency of the current. Lateral oscillations will
’,' build up if the natural frequency is either equal to or

twice as large as the electric frequency.
wm A third case is illustrated in Fig. 8.5. A pendulum bob
Fia. 84. String s attached to a string of which the other end is moved up
z‘;;‘ts?onv a;s’a?}ll: and down harmonically. The spring constant k of a
socond example ‘‘mathematical pendulum” is mg/l, so that a periodic
of Eq. 8.7). change in the length I means a corresponding change in the
spring constant. 'Thusthe sidewise displacements of the bob are governed
by Eq. (8.7). In order to build up large oscillations by a length variation
of wy = 2w, = 2 \/g/l, the string has to be pulled up in the middle of the
swing and let down at the extreme positions, the bob describing a figure
eight as indicated in Fig. 8.5. The
tension in the string is larger for small
angles ¢ than for great angles on ac-
count of two factors. Intheextreme
position the tension in the string 1s
the weight of the bob multiplied by
cos ¢, which is less than unity. In
the center, the tension is the weight
plus the centrifugal force of the bob
moving in its curved course. Thus
the string is pulled up in the center against a large tension and let down
at the extreme positions against a small tension. In this way work is
put into the system, and this work is converted into the additional kinetic
and potential energy of the larger vibrations.

The fourth example is more difficult to understand physically. It is
nearly the same as the previous one, except that the pendulum is a stiff
rod of constant length and the point of support (about which it can turn

Fic. 8.5. Pendulum of variable length.
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freely) is given a rapid up-and-down harmonic motion by means of a
small electric motor. It will be seen later (on page 348) that such a
pendulum has the astounding property of being able to stand up vertically
on its support. The spring constant of a pendulum rod is again mg/\,
but A in this case is the “equivalent length.” In this experiment the
length M is constant, but the gravity constant g varies periodically. This
can be understood by considering the pressure of a man on the floor of an
elevator car. While the elevator is standing still or moving at constant
speed, this pressure is equal to the weight of the man; in an upward
accelerated elevator it is more and in a downward accelerated carit isless.
An impartial experimenter in the accelerated elevator may conclude that
the value of g differs from its value on the earth. The same is the case
with the pendulum. While it is being
accelerated upward, ¢ is apparently
larger. Thus a periodically varying
spring constant and the validity of
Eq. (8.7) are shown. A more satisfac-
tory derivation is given on page 350.
The fifth case to be discussed is
technically the most important one.
In electric locomotives of the side-
rod type violent torsional vibrations
in the drive system have been ob-
served in several speed ranges. They
are caused by a periodic pulsation in
the spring constant, which can be
understood from Fig. 8.6 representing
one of the simplest constructions ;
of this type. An electric motor is Fia. 8.6. Torsional vibration in electric
mounted on the frame and coupled side-rod locomotive.
to a driving axle by one connecting rod on each side of the locomotive.
The two rods are 90 deg. offset so that the system as a whole does not
have any dead center. With the usual operating conditions the wheels
are locked to the rails by friction, but the motor can rotate slightly
against the flexibility of the two side rods. When & side rod is at one of
its dead centers, it does not prevent the motor from furning through a
small angle, .e., its share in k is zero. When it is 90 deg. from its dead
center, it constitutes a very stiff spring since it has to be elongated or the
crank pins have to be bent to allow a small rotation of the motor. The
spring constant of one side rod, therefore, varies between a maximum and
practically zero and performs two full variation cycles for each revolution
of the wheel. The variation in the flexibility of the combination of two
side rods is less pronounced and shows four cycles per revolution. The
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curves 1 and 2, Fig. 8.7, show the torque at the motor necessary for one
unit of twisting angle, if only side rod 1 or 2 is attached. Curve 3, being
the sum of curves 1 and 2, gives the
resultant k for the whole system.

The torsional oscillations of the
Y motor on its side-rod springs will
\/ \m Angulor take place superposed on the general
ke one revolution ————>] posiiion rotation of the motor. The phe-
F1a. 8.7. The torsional spring constant of ~1OMENON is represented by Eq. (8.7
Fig. 8.6 as a function of the angular where w; is four times aslarge as the
position. angular velocity of the wheels. Itis
to be expected, therefore, that serious vibrations will occur when

wn = 14+ [4(27 r.p.8.)]

A sizth example has been found in the small synchronous motors of
electric clocks (Fig. 8.8). The rotating part of these
motors usually consists of a very light piece of sheet
metal A running around the poles B which carry the
alterating current. The rotor can slide axially in its
bearing but is held in a certain position by the magnetic
field of the poles B. These poles act as magnetic springs
of which the intensity becomes zero 120 times per y.. gs Anelec-
second in a 60-cycle circuit, so that the variation in the tric clock motor
spring constant is large (100 per cent). The trouble ﬁra:ﬁr;xngzt:;
experienced consists in a noisy axial vibration of the on the magnetic
rotor. springs B.

The seventh and last illustration of (8.7) is the electrical analogue. A
glance at the table on page 28 shows that we
are dealing with a simple inductance-condenser
circuit of which the condenser capacity is peri-
odically varying, for instance by means of the
crank mechanism of Fig. 8.9. The z of Eq.
(8.7) stands for the charge @ on the condenser
plates. A constant right-hand member in Eq.
(8.8) can be provided by a direct-current
battery in the circuit. First consider the
system without battery. Two charged con-
denser plates attract each other mechanically.
The current in the L, C circuit will surge back
Fio. 8.9. Electric circuit with and forth with the frequency w, = V/1/LC.
variable condenser (spring). T et the crank mechanism be so timed that the
platesare pulled apart while the charge Qis large and pushed togetheragain
while @ and hence the attractive force are close to zero. Thus the erank

o Spring constant
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mechanism (moving at double the current frequency: wi = 20,) does
mechanical work on the system and this work is converted into electrical
energy. With a strong battery and small oscillations the charge on the
condenser never changes its sign and the crank mechanism has to operate
at the frequency w; = w, in the fashion indicated in Fig. 8.2c.

8.3. Solution of the Equation. Most of the problems discussed in the
previous section depend for their solution on the differential equation

mi + [k + Ak - f(O)]z = 0 (8.10)

where f() is a periodic function of the time, usually of the form f(f) =
sin wit. It is known as Mathieu’s equation, and its general solution,
containing two arbitrary integration constants, has not yet been found.
In fact, there are very few equations with variable coefficients of which
solutions are known. However, we are not so much interested in the
solution itself, 7.e., in the exact shape of the motion, as in the question
whether the solution is ““stable” or ‘‘unstable.” The simplest solution
of (8.10) is z = 0; in other words, the system remains at rest indefinitely.
If it is given some initial disturbance (z = 2o or £ = v,), it cannot remain
at rest and the distinction between stable and unstable motion refers to
this case. By a stable solution we mean one in which the disturbance
dies down with time as in a damped vibration, whereas an unstable
motion is one where the amplitudes become larger and larger with time
(Fig. 7.2).

If the “ripple” f(f) on the spring constant has the frequency wy, the
motion, though it may not be periodic, will show certain regularities
after each interval T = 27/wy.

Suppose that the system starts off at the time ¢ = 0 with the amplitude
z = zo and with the velocity &£ = »,. Let the (unknown) solution be
z = F(f) and assume that after the end of one period T = 2r/w: the
amplitude and velocity of the system are given by their values at the
beginning, multiplied by a factor s (positive or negative):

(.’D)t=g_,: = 8T (i)t=2—' = SVq (811)

& *

Whether this assumption is justified remains to be seen. If it is justified,
we find ourselves at the beginning of the second cycle with an amplitude
and velocity s times as great as at the beginning of the first cycle. Then
it can easily be proved that the motion throughout the whole of the
second cycle is s times as large as the motion during the corresponding
instants of the first cycle and in particular that the third cycle starts with
an amplitude s%z,.

The proof is as follows: Let z = F(£) be the solution of (8.10) with the conditions
(Z)tmo = zo  and (£)tm0 = g (8.12)
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Take as a new variable during the second cycle y = sz. The differential equation
becomes (after multiplication by s)

my + [k + Akf()ly = 0 (8.13)

If the time is now reckoned from the beginning of the second cycle, the initial condi-
tions are
()10 = 20 = yo  and @) tes = S0 = Yo (8.14)

It is seen that (8.13) and (8.14) are exactly the same as (8.10) and (8.12) so that the
solution is y = F(f). Therefore, y = sz behaves during the second cycle in exactly
the same manner as z behaves during the first cycle.

Thus, if the supposition (8.11) is correct, we have solutions that repeat
in we-cycles but multiplied by a constant factor in much the same manner
as Eq. (2.19) or Fig. 7.2. If s is smaller than unity, the motion is

damped or stable; if s is larger than

fad [~ unity, the motion is unstable. For

T any general periodic f(¢), Eq. (8.10)

cannot be solved. The particular

‘L case of a “rectangular ripple” Ak on

R — " the spring constant k&, however, is

' . . . .

Wt > comparatively simple of solution (Fig.

Fic. 8.10. Veriation in elasticity for 8.10). In most practical cases the

which Eq. (8.10) can be solved. ripple is more sinusoidal than rectan-

gular, but the general behavior of a system such as is shown in Fig. 8.10

is much the same as that of a system with a harmonic ripple on the spring
force.

With the notation k/m = w? and f(f) = +1, the differential equation
(8.10) becomes for 0 < wit < m,

k+Ak AB

&+ (w,": + éﬁ) z=0 (8.15)
m
and for r < wil < 2m, or for —7 < wit < 0.

i+ (wz _ %") =0 (8.16)

Both of these equations are easily solved, since the coefficient of = is now
constant. The solution for one half cycle is [see Egs. (2.7) and (2.8),
page 31]

T = Cl sin p;t + Cz cOo8 p;t (]h = A ‘w,% + %n]f) (817)

and for the other half cycle
Ak

Te = Cs Sil’l pzt + C4 cos pzt (pz = \/w,f —_ '1—”‘) (818)
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These two solutions should be fitted together at w;t = 0 with the same
amplitude and velocity; moreover, they should describe a motion which
at the end of a full cycle is s times as large as at the beginning. Thus

(xl)wttuo = (xz)u,,t_o

(:tl)wkt—o == ($2)wnt-=0 8.19
(xZ)wgt—r = s(xl)uktn—r ( )
(1.2)(-:#—: = s(a‘:l)wg¢=——‘r

are four equations from which the four arbitrary constants in (8.17) and
(8.18) can be determined.
The first two equations of (8.19) are simply

C4 = Cz and C3 = plol
P2

and the remaining two are

b Do

. s T
Cs sin == + Cy cos — = —s(; sin 2T + sC» cos 2%
(577 Wk (577

Wi

p2C’s cos P _ p2C4 sin P spiC cos LU sp:C. sin b
Wi Wi Wk Wk

or, after substitution of Cy = Oy, ete.,

Cl( pﬂr—i—ssnp ) +02(COSM—SCOS&) =0
pz Wk Wi

Wk
C(plcosm—sp COS—)+02( pzsmp—”r-—pssm—m—)=0
Wi W Wi

These are homogeneous in C; and C,, so that we can calculate C,/C,
from the first equation, then again from the second equation, and equate
the two C;/Cs-values. Rearranging the answer in terms of s, we have

w Wk 2pip2 W
If, for brevity, the expression with the braces be denoted by A, the

solution of (8.20) is
s=A+VA*-1 (8.21)

In case A > 1, one of the two possible values of s is greater than unity
and the solution is unstable. After each wi-cycle the magnified deflec-
tion is in the same direction, so that in each wi-cycle there have taken
place 1or 2 or 3 . . . cycles of the free vibration w,.

If A lies between —1 and +1, the two values for s become complex,
which means that the original assumption (8.11) is untenable. How-
ever the real part of s is less than unity, so that we expect a motion which
does not increase regularly with the time: the system is stable.

2 2
= 28 foos Phoos ™ BLA B g 7B 4y L g0
%
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Finally, when A is smaller than —1, one of the values of s will also be
smaller than —1. This means physically that after one wi-cycle, the
amplitude and velocity of the system are reversed and are somewhat
larger. After two wi-cycles they have the same sign and are also larger
(multiplied by s? which is positive and larger than one). Again we have
instability, but during each wi-cycle we see 14, 114, 214 cycles of the free
vibration w,.

Thus briefly the system is unstable if |4]| > 1, or if

2 2
cos 7% cos TR _ Pt Pi g, T g %p_z >1 (8.22)
% %

Wk 2p1p2 Wk

where the symbol | | means ‘‘numerical value of”’ and the significance of
p1 and p. is given by (8.17) and (8.18). In this relation there are two
variables, pi1/w, and pe/wi, or more significantly, wn/w: (the ratio of the
“free” and ‘““elasticity ”’ frequencies) and Ak/k (the ““percentage of varia-
tion,” Fig. 8.10).

A \, s
A\ N 2|/
N

\ 1 // Y

§§ K 7,
3’ N 712 4
2 \
N
N\ /
]
0
4 <3 -2 4 0 t 2.3 4 5 6 17

(wn/wpl —>
¥ia. 8.11. Fundamental diagram determining the stability of a system with variable elas-
ticity. The shaded regions are stable and the blank regions are unstable. (Van der Pol
and Strutt.)

The result (8.22) is shown graphically in Fig. (8.11), where for conven-
ience the abscissas are taken as (ws/wi)? and the ordinates as (Ak/k) -
{wn/wx)%  The reason for this choice of abscissa is that with the second
power, a negative spring constant (such as appears in the vertical pen-
dulum) can be plotted as a negative (wn/wi)? = —k/mw}, whereas with
the first power of w./w; the abscissa for a negative spring would become
imaginary. For the ordinate the case of no steady spring constant,
k = 0, would lead to an infinite ratio Ak/k; this defect is avoided by

2
taking %c (&‘) = —A—kg In the figure the lines where (8.22) equals +1
(573 Mmwj
are drawn in full, while those along which (8.22) is —1 are dashed. Jo
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the shaded regions the expression (8.22) is less than unity, which indicates
stability, while in the non-shaded regions its value is greater than unity,
denoting instability. The numbers 14, 1, 114, etc., inscribed in the
regions of instability indicate the number of vibrations of the system
during one wi-period of the variation in stiffness.

8.4. Interpretation of the Result. From Fig. 8.11 the behavior of the
various systems of Sec. 8.2 can be deduced more accurately than was pos-
sible from the simple physical considerations given in Sec. 8.2. The
examples come in three groups:

a. The shaft, the string, the locomotive, and the variable condenser
all have a frequency of variation w; which can vary over a considerable
range and have also a small variation percentage Ak/k < 1 with a posi-
tive k.

b. The electric-clock motor has a constant w.-frequency, large varia-
tions (Ak/k = 1), and a positive k.

¢. The pendulum standing on end has a variable w,-frequency and a
negative k, 1.e., it is statically unstable.

Before discussing any one case in detail, it should be remembered that
the diagram, Fig. 8.11, has been derived for a ‘“‘rectangular ripple,”’ so
that only approximate results are to be expected from its use for most
actual cases where the variation is nearly harmonic. However, the
approximation is a very good one. Moreover, no damping has been
considered.

First we shall discuss the examples of group a. In each case the per-
centage of variation Ak/k and the average natural frequency wn = \/k/m
are constant. The only variable in the system is the frequency of varia-
tion in elasticity wy. In the diagram the ordinate is always Ak/k times as
large as the corresponding abscissa. Each system, therefore, can move
only along a straight line through the origin of Fig. 8.11 at an inclina-
tion tan—! Ak/k with the horizontal. The lineforAk/k = 0.4 (40 per cent,
variation) is drawn and marked OA. A slow variation w; corresponds to
a point on that line far from the origin O, while the points close to the
origin have a small value of (w./wi)? and therefore a large w,. It is seen
that most of the points on OA are in stable regions where no vibration
is to be feared, but we also note that there are a great (theoretically an
infinitely great) number of rather narrow regions of instability. These
occur approximately at w./wr = 34, 1, 134, 2, 214 ete.

Now imagine the electric locomotive to start very slowly and to increase
its speed gradually, until finally the variation in side-rod elasticity (being
four times as fast as the rotation of the wheels) equals twice the natural
frequency of torsional vibration. Along OA in Fig. 8.11 this means a
motion from infinity o the point where (w./wi)? = ¥4, and it is seen that
an infinite number of critical speeds has been passed.
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From Sec. 8.2 it seems that the two speeds, for w./wr = 1 and wn/wy
= 14 are the most significant and that the other critical speeds are much
less important. Nevertheless it is impossible to avoid these low-speed
instabilities by changes in the design, unless of course the variation Ak
ean be made zero. Vibrations of this sort have caused great trouble in
the past. They were overcome chiefly through introducing torsionally
flexible couplings with springs between the motor gear and its crank or
between the driving wheel and its crank. These couplings act in two
ways. First, they shift the natural frequency w, to & low value so that
all eritical regions lie below a rather low speed, say 20 m.p.h. At these
low speeds the intensity of the input cannot be expected to be very great.
Furthermore, the springs, especially if they are of the leaf type, have
some internal friction in them so that they introduce damping.

Similar results hold for any of the other examples in group a. In
particular a shaft with two flat sides will pass through a great number of
critical-speed regions. In the actual experiment, however, only the
highest two of these critical speeds prove to be of importance, one occur-
ring at half the usual ““primary ”’ critical speed and the other at that speed
itself.

In group b we have the axial vibrations of the electric-clock motor
caused by a periodically vanishing elasticity. Here Ak/k = 1, which for
variable speed w; is represented by a straight line at 45 deg. (shown as
OB in the diagram). In this case, it is seen that the regions of instability
are wider than the regions of stability, so that the chance for trouble is
far greater than before.

The last case, that of the inverted pendulum, is technically the least
important but philosophically the most interesting.

In the first place, the spring constant & for such a pendulum is negative.
This will be clear if we remember the definition of k, which is the force
tending to bring the system back to its equilibrium position from a unit
deflection. The gravity component attempts to remove the pendulum
from the vertical so that k is negative. Hence w? = k/m is also negative.
For the hanging pendulum ? = g/\ where A is the equivalent length
(A = 24 of the over-all length in the case of a uniform bar)., For the
inverted pendulum,

=1

Let the motion of the supporting point be e sin wit which gives an
acceleration —ew? sin wil. The variation in elasticity amounts to
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and the ordinate in Fig. 8.11 becomes

Ak 91‘)2_‘3
E \e:/)

being the ratio of the amplitude of the base motion to the equivalent
length of the pendulum. The abscissa is
&) - -+
YV
a negative quantity and small for rapid motions of the base.

Figure 8.12 shows a detail of the main diagram of Fig. 8.11 which is
important for the inverted pendulum.
To be precise, Fig. 8.12 has been
taken from the exact solution for a
stnusoidal ripple (not given in this
book), while Fig. 8.11 refers to a rec-
tangular ripple. Incidentally it isseen ¢

1.0

. . . 05 %

that very little difference exists between & ’/é
the two. %

If the pendulum is started with a v
given base amplitude e and with an
increasing frequency w:, we move along 0
the horizontal line from A toward B. 03 o +05

9/ hwi—>

For slow w; the sy St?m is CIe.a'rly U™ pra, 8,12, Detail of Fig. 8.11 giving an
stable, but at a certain speed it enters explanation for the stability of the
the stable region and remains there ‘s"t‘r’ﬁrt'f)d pendulum.  (Van der Pol and
until at B the base speed w; becomes

infinitely large. However, when the ratio e/\ is taken greater than about
0.5, there is a large speed at which the pendulum becomes unstable for
the second time, as indicated by the point A" of the line 4A’A”’. This
has been proved experimentally.

The proof for the statement that the effect of the motion of the point of support
of the pendulum is equivalent to a variation in the gravity constant can be given by
writing down Newton’s laws of motion. In Fig. 8.13 let

a = distance between point of support and center of gravity G,
s = ¢ gin wif = displacement of support,
I = moment of inertia about G,
¢ = angle with the vertical,

2, y = vertical (up) and horizontal (to right) displacements of G,

X, Y = vertical (up) and horizontal (to right) reaction forces from support on
pendulum.
Then the displacements of G are

z=8+acosd ~s+a (for small 6)
y =asin b =~ af (for small 6)
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The three equations of Newton for the vertical and horizontal motion of @ and for
the rotation about @ are

X —mg =mi =mé
Y = mgj = mad
Xasing —Yacos @ ~ Xab — Yo = I8

The reactions X and Y can be eliminated by substitut-
ing the first two equations in the third one:

AW
S
7 \/ \ K
Fig. 8.13. A pendulum with
a harmonically moving point The expression I 4 ma?is the moment of inertia about
of support is equivalent to a
pendulum with a stationary
support in a space with a
periodically varying constant
of gravity g.

I8 = m$ab + mga® — ma?¥
or I +mahd — ma(g + 58 =0

the point of support and the spring constant is
—ma(g + 8)

It is negative and its variation can be interpreted
as a variation in ¢ by the amount §, the accleration of the support.

Finally we shall discuss the case of variable mass, illustrated in Fig.
5.10, page 184, Consider a simple piston and crank mechanism coupled
through a flexible shaft £ to a flywheel of infinite inertia (Fig. 8.14).

@

F1a. 8.14. A system with periodiecally varying inertia.

Let the flywheel be rotating at uniform speed. This system is a torsional
one of a single degree of freedom with the constant elasticity & and a
variable moment of inertia (mass).

It was seen on page 336 that such a system is mathematically equiv-
alent to one with variable elasticity and constant mass so that Fig. 8.11
applies. According to Fig. 8.11 we ought to experience critical speeds
when the average natural frequency w., = Vk/I is 14, 1, 114, 2 . .
times the frequency w; of mass variation. It can be easily seen that the
main frequency of mass variation is twice the r.p.m., so that the critical
speeds should appear for w, =1, 2, 3 . .. times w,m. The simple
approximate theory culminating in Eq. (5.15), page 178, gives only one
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critical speed occurring at wn. = 2w, for a connecting rod of infinite
length.

8.5. Examples of Non-linear Systems. Non-linearity consists of the
fact that one or more of the coefficients m, ¢, or k depend on the displace-
ment x. In mechanical cases the most important non-linearities occur
in the damping or in the springs, whereas in electrical engineering the
most common case is that of a non-linear inductance (mass).

Let us first consider some examples of non-linear springs. Figure 8.15
shows three cases where the spring force is not proportional to the dis-
placement, but where the individual springs employed are yet ordinary
linear coil springs. The first case is the very common one of clearances in
the system. The mass can travel freely through the clearance without
experiencing any spring force at all, but from there on the force increases

VIIIIIII// /I/[Illllg
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Fic. 8.15. Combination of linear coil springs which form a non-linear elasticity. (a)
Clearances; (b) set-up springs with stops; (¢) two sets of springs, one with clearance (some-
times called *‘stops’’ also).
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linearly. The second case is that in which the springs have an initial
compression and are prevented from expanding by the thin washers a
resting against the lugs b. The mass m, being loose from the washers,
eannot move until a force is applied to it equal to the initial compressive
force F of the springs. The third example is that of a spring with
so-called “stops.” For a small displacement the system is affected only
by one set of springs, but after that another set comes into action and
makes the combined spring much stiffer. The second set of springs some-~
times consists of a practically solid stop, in which case the characteristic
becomes nearly vertical after the stop is hit.

All three cases shown in Fig. 8.15 naturally have their torsional equiv-
alents. In particular, set-up springs (Fig. 8.15b) are used often in the
construction of torsionally flexible couplings.

Figure 8.16 represents a cantilever spring which, when deflected, lies
against & solid guide, thus shortening its free length and becoming stiffer.
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Hence its force-deflection characteristic becomes steeper for increasing
deflections. More or less curved spring characteristics occur quite often
in practice. In fact, most actual springs have a straight characteristic for
small deflections only and then become stiffer for larger deflections.

Next we consider some forms of non-linear damping. The linear
damping force is c¢#, proportional to the
velocity. It is known also as a viscous damp-
ing force, because it occurs in a dashpot with
a viscous fluid.

Other types of damping which occur fre-
quently are dry-friction or Coulomb damping
and air or turbulent-water damping. The
first of these is independent of the magnitude
of the velocity, but is always opposite in direc-
tion to the velocity. The air or turbulent-
water damping is approximately proportional
to the square of the velocity and also is directed
(0 against it. The various forces plotted against

Fio. 8.16. Spring with grad- the time for a sinusoidal motion are shown in
ually increasing stiffness. Fig 8.17

Force

Displ.

In practical mechanical problems the mass is usually a constant quan-
tity. It is possible, however, to imagine a system when even this coeffi-
cient varies with the displacement. In Fig. 8.18, let the piston be very
light and the amount of water in the cylinder small in comparison with
that in the tank. BEvidently the piston with the water column above it

g
Motion
) v
] \ /’
o \! T Time wt -»
R 7 3
\\e¢ / -
a‘\ , ~
>
b N\N_ =

Fia. 8.17, Various damping forces for the Fia. 8.18. A non-linear system in which the
case of harmonic motion. (a) Viscous fric- mass depends on the displacement.

tion cz; (b) Coulomb friction LF; (c) turbu-

lent air damping +cz2.

in the eylinder is a vibratory system since the rest of the water in the
tank moves very little during the oscillation. But the length of the water
column and therefore its mass depend on the displacement z. While for
small oscillations of the piston the mass is practically constant, this ceases
to be the case for larger motions, so that we have a system with a non-
linear coefficient (mass).

This example is of little practical value, and we turn to the electrical
field to find important cases where the mass varies with z. Consider
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the simple L-C-circuit of Fig. 8.19 with or without alternating-current
generator. The coil contains a soft iron core, which becomes magnet~
ically saturated for a certain value of the current.
This is illustrated in Fig. 8.20 where, for a given
frequency, the voltage across the coil is plotted
against the current, giving a distinctly non-linear
relation for larger values of the current. Since
the voltage across the inductance coil is the elec-  pyq. 8.19. Non-linear elec-
trical equivalent of the mechanical inertia force, tric circuit with a satu-
it is seen that indeed we have before us a case of ;‘:}f&n;‘_)m i the in-
a mass depending on the displacement.

8.6. Free Vibrations with Non-linear Characteristics. The most
important new fact arising in a discussion of the free vibrations of these
systems is that with the non-linearity in the springs the natural frequency
is no longer independent of the amplitude of vibration. With non-linear

damping, however (if it is not too great), the
frequency depends very little on the amplitude.
The reason for this can be readily understood.
In a sense the natural frequency is the ratio of
< the intensity of the spring force to the inertia
urrent h .
Fio. 8.20. Saturation curve  force for unit frequency. In thelinear case these
of the inductance of Fig. are both proportional to the deflection, and their
8.19. ratio therefore must be independent of the deflec-
tion. If, however, the spring force is not proportional to the amplitude, as
with a non-linear system, the natural frequency cannot remain constant.

On account of its 90-deg. phase angle a damping force disturbs the
frequency as a second-order effect only (Fig. 2.16, page 40). This is
true whether the damping is linear or not. Therefore no appreciable
influence of the amplitude on the frequency should be found in the case
of non-linear damping.

The general method of investigation consists in plotting a diagram of
displacement against velocity, and it is useful to see first how this method
works on familiar linear systems. The acceleration £ ¢an be written as

de _ di déede . di

il R R n T = (8.23)

Voltage

This transformation allows us to perform one integration of any second-
vnder differential equation of a free system, linear or non-linear. Apply-
ing it to the linear undamped free system, we have

. _ ,dz _
mi + kx =0 mxd—x-}—kz—O

¢2 xZ

midi + kedx =0 m 5 + k 5 constant
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If we plot this result in a diagram with & as ordinate and z as abscissa,
we find 4 nest of ellipses with the origin as a common center. It is useful
to simplify these to circles by manipulating
the coeflicients:

j;2 2 — 2 -
k/—m + 22 = % constant = constant

N\ 2
(w£> + z? = constant

Qz/bmer«
;

(¢
N
Thus if we plot #/w. against z, as in Fig.
8.21, we get a set of concentric circles, repre-
F1a. 8.21. The velocity-displace-  senting the result of the first integration.
ment diagram for a linear, un- Bef ki th d int 4
damped free system. The cir- efore working on the second integration,
cles are run through in a clock-  which will lead to z = f(f), we first look at
wise direction, because at point b f oth b thi d
A the velocity & is positiveand & mber of other cases, because this secon
hence z increases, i.c., progresses  integration proceeds in the same manner for
to the right.
all systems.

Thus, next we consider the damped free vibration:

mi+ect+kr=0

Applying the transformation (8.23) to this,

ma’:@+c¢+ka¢=0
dx

¢ _ _ ¢ _kz
de m mz
d@/e ¢ =
or “dr = man il (8.24)

The left-hand part of this is the slope in the &/w.- versus z-diagram,
while the right-hand part can be calculated numerically for each point
Z, &/w, of the diagram. Thus this equation enables us to fill the entire
diagram with short directional line stretches at every point (Fig. 8.22),
through which the curves must pass. The sketching in of these direc-
tional line stretches is facilitated by first drawing in the ““isoclinics,”
¢.e., the lines or curves joining all those points in the #/w.-, z-diagram
having the same slope d(¢/w.)/dz. From Eq. (8.24) the equation of such
an isoclinic is found by setting the right side of the equation (which ig
the slope) equal to a constant, which leads us to recognize that the
isoclinies in this case are straight lines through the origin. For the hor-
izontal radial line, £ = 0, so that the right-hand side of Eq. (8.24)
beeomes infinite and the slopes vertical. The slopes are drawn in Fig.
8.22 for the horizontal, vertical, and 45-deg lines. The reader should
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sketch in for himself the 22.5- and 67.5-deg lines. Then, starting at an
arbitrary point, the integral curve is drawn in, following the slopes from
point to point.

What happens to Fig. 8.22 when the damping becomes greater and
surpasses the critical damping? To investigate this, we ask whether in
Fig. 8.22 there are any isoclinics in which the direction of theslope is

Fic. 8.22. Damped free vibration for ¢/mw, = 0.1 or 5% of critical damping. The iso-
clinics are straight radial lines, Eq. (8.24), and the integral curve is a converging spiral,
For the case of negative damping the same diagram applies with the directional arrow on
the spiral reversed, so that the spirais diverge.

along the isoclinic itself. Since the slope of the radial isoclinic itself at
point &/w,, x i8 £/w.z, the question is whether there are isoclinics where

#/wn _ d(E/wa)
z  dz
or with Eq. (8.24)

Tfon _ ¢ \/ c \
z  2mw, t <2mw,.> 1

It is seen that for suberitical damping the right-hand radical is imaginary,
so that there are no real isoclinics with the property that they are directed
along the slopes of the diagram. However, for ¢ > 2muw,, that is, for
supercritical damping, the radical is real, and we find two such isoclinics.
This is shown in Fig. 8.23 for the case of ¢/2mw, = 1.25. The integral
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curves are then sketched in. The two special isoclinics themselves are
integral curves. No other integral curve can ever cross them, because,
upon touching them, an integral curve would be drawn into its own
track.

The diagrams of Figs. 8.22 and 8.23 can also be considered to apply to
the case of negative damping, because the term ci does not change if both
¢ and % reverse their signs. Hence, for negative damping —c¢ we only
have to reverse the signs on the vertical axis #, which amounts to revers-

Fic. 8.23. Velocity-displacement diagram for a linear, superecritically damped system
(c/cc = 1.25) There are two isoclinics AA and BB which coincide in direction with the
slopes in each of their points. Again for negative damping the directional arrows along
all curves are reversed.

ing the sign of progress on the integral curve, so that we have diverging
spirals instead of converging ones.

For a (linear) negative spring constant, occurring with the small motions
of an upside-down pendulum near its upright unstable equilibrium posi-
tion, the diagram (Fig. 8.21) does not apply. By the standard method
we have

. di 3
mé o — kx =
dz 2 T
gz = TG
dd/w) |, =z
T (8.25)

The isoclinics, found by setting the right-hand side equal to a constant,
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are again seen to be radial straight lines.

with the slopes along their own
direction, or for

d@/wn) B/
dr =z

Combining this with the last equa-
tion, we have

= = +1, the two 145-deg. radii

The diagram is shown in Fig.8.24.
Again the two special isoclinics are
integral curves themselves; all other

357

Now we ask again ior isoclinics

F1e. 8.24. Velocity-displacement diagram
for a linear, undamped system with a
negative spring constant.

integral curves are hyperbolas, which we see from integrating Eq. (8.25):

Hemp
i i
ygnny
A 5 »4{ R x
|
Y

Fig. 8.25. Diagram for a single mass m
between two springs & with clearances @ on
each side of the center position (Fig. 8.15a).
The maximum amplitude zo = a + ro.

draw the #/w,- versus z-diagram immediately (Fig. 8.25).
in the points 4; and A, at half clearance distance from the origin.

z (ix =z dz
Wy
s\ 2
% (f) = %xz -+ constant

-\ 2
(g) — z? = constant; hyperbolas

Figures 8.21 to 8.24 illustrate the
general method on familiar, linear
systems. No new results were ob-
tained, and the usual manner of
solution of pages 31 to 49 leads to
these results in a simpler manner.
The only reason for the new method
is that it is capable of being ex-
tended to non-linear systems as
well.

We start with the system with
clearances (Fig. 8.15a), and we can
First we draw
Tothe

right of A, and to the left of A, we have a simple, linear k-m system, so

that Fig. 8.21 applies.
spaces in Fig. 8.25.

We draw in the semicircles in the appropriate
In the region between A, and A, there is clearance;

no spring force nor any other force acts on the mass, which, therefore,

moves with constant velocity, i.e., along horizontal lines.

Combining
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two half cireles with two pieces of straight horizontal line, we obtain
closed curves in Fig. 8.25 signifying periodic motions.

Next we investigate the case of Figs. 8.15b and 8.26: set-up springs with
stops. When the mass is to the right of the center O, it feels a spring
which would be linear if it only would center in the point P, where its

/)

X/(Aln 2 /w1

- - -
Q
)
Force

—— A N e

|
: [
|
{ hthy
| } g ]
| b B
A Ao o e
/s ] @,
kool |// 2
[

F1a. 8.26. A single mass between two set-up  Fig. 8.27. System with stops. The curves
springs with stops. KEach spring is origi- are circles ingide and ellipses on Q@ as cen-
nally precompressed through a distance a ters outside. The ellipses join the circles
(Fig. 8.15b). at Pi1, P: with a common tangent. An

alternate way of representing this case

would be with z/w: = 2/V (ki + k2)/m

as ordinate; then the inside curves would be
ellipses and the outer parts arcs of circles
concentric with @: or Q.. (See Fig. 8.15¢.)

extrapolated force would be zero. Hence the velocity-displacement
diagram to the right of O consists of circles concentric on point P. Sim-
ilarly, to the left of O we have circles concentric on point Q.

For the case of Figs. 8.15¢ and 8.27, where an additional set of springs
ks comes in at distance a from the center (also called “stops” if k, is
large), we again consider regions for # smaller than a and larger than a.
For x < a the system is strictly linear, and we have concentric circles.
They are circles, because we plot vertically /wa = &//ki/m, where k;
is the spring constant actually in force.

For the regions outside —a < 2 < a we again would have circles, if the
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ordinate were only &/A/(k; + ks)/m. Since the ordinate differs from
this by a constant factor, the curves are elongated circles, or ellipses,
with their center at ), which is the effective cenier of the spring force
for the outside region. The ellipse passing through P; and P, is such that
it joins the inside circle at those two points with & smooth tangent.

Fia. 8.28. Angular speed versus angle diagram for the large motion of a mathematical
gravity pendulum.

As a last example we consider the large 360-deg. motions of a math-
ematical pendulum, which has two equilibrium positions, one stable,
hanging down at ¢ = 0, and another unstable, upright at ¢ = = = 180
deg. The equation is non-linear:

¢+ ¥sing
4o g
<pd‘p+lsm<p-—0
do g sin ¢

do I ¢

Isoclinics for — g%" = constant or ¢ = C sin ¢. These are sine waves
as shown in Fig. 8.28. If we choose for ordinate ¢/w, = ¢/\/g/l, we
know the details of the large diagram for small regions about ¢ = 0, 2,
ix, . . . andabout ¢ = 7,37, . . . . For ¢ near zero we have the small
vibrations of a linear pendulum as in Fig. 8.21. For ¢ near 7 = 180 deg.
we have the motions of a linear upside-down pendulum with a negative
spring constant (Fig. 8.24). Thus the integral curves near ¢ = 0 are
circles, and those near ¢ = 7 are 45-deg. hyperbolas. Starting the var-
ious sine-wave isoclinics at ¢ = 0, we immediately see the slope directions
associated with each of them, from the small circles about ¢ = 0. Then
the sine waves with 45-deg. initial slopes are important at ¢ = =, because
we see that there the slope direction coincides with the slope of the curve



360 MECHANICAL VIBRATIONS

itself. Tracing out the integral curves starting at 45 deg. at ¢ = r, we
divide the field into regions. The curves inside this limiting one are
closed curves around ¢ = 0 or ¢ = 360, etc., and begin to resemble
circles when close enough to ¢ = 0; the curves outside the limiting one
are not closed but continuous wavy lines, resembling hyperbolas when
close enough to ¢ = x. The direction of progress in all curves is to the
right for positive ¢ and to the left for negative ¢.

With the general method of isoclinics in the
Z- versus z-diagram we can always construct such
a diagram for any case of non-linear free vibration
with one degree of freedom. It now remains to
carry out the second integration on this diagram.
Considering an element of curve over the base
__l dxl« ¥ dz, as in Fig. 8.29, we have

b4

Fi1c. 8.29. The time con-
sumed in progressing r = d_.x or dt = gf
through distance dz is dt T

found from dt =dx/z.
This leads to results (8.26)

and (8.97). In the right hand of this expression dx is the

element of distance horizontally, and £ is the
vertical ordinate. Thus we can calculate the time consumed in progress-
ing a distance dz, and in general

d
t= | 2 (8.26)

For a periodic (undamped) motion the #, z curves are closed, so that for a
full period of oscillation, where we run through the closed curve once,
we have

T=¢% (8.26a)

This integral can always be evaluated, although for pronounced non-
linear cases it is usually necessary to do it numerically, step by step.
For a symmetrical system the four quarter periods all take up the same
time, so that the integral simplifies to

L =Zmax
T=4 / éx? (symmetrical spring) (8.27)
z=0
Asan example consider first thelinear, undamped case (Fig. 8.21). There
(ws2)? + 2? = constant = x2,,

. 1 N EE—
or & =— 7zl — a°
Wy
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Substituting this into Eq. (8.27),
4 f[z=zn dr 4 [o~  d(x/Tm)

T = — e 3= P s e —
Wn Jr=p \/xz — z? Wn 1] \/1 - (z/:':m)2
1
= —‘%— \/ldl = = (see handbook) = —45 sin~ y ,
4 r 2

= — = = — a known result
w2  w,

As a second example take the system with clearances (Fig. 8.25).
The integral (8.27) falls into two parts, first the straight line from P to
Q, and second the quarter circle from @ to R. Between P and Q the
speed is constant & = w.r, where ro is the radius of the circle considered.
Hence the time required by Eq. (8.26) to go from P to @ is

TPQ= '('l':—c=i= a \/kﬁ

x walo g — Q

The time required between @ and R is that or « quarter cycle of a iree
linear vibration, but to be formal we proceed with Eq. (8.26) anyhow:

=\ 2
((—f—) + (z — a)? = constant = (1o — @)% = r}
TR=1/'°___dx___=1 *_dz-—a)
) Vi@ -0 al)s V-~ o

_ _1— ro dy - _1' To ﬂy/ro)
Vi — 3 walo \/1 - (y/ro)2
1 [t dz 1 ...,
= = _sin7!z

——— = = m
0\/1"22 Wn 0 20),. \/

The total time from P to R (or the quarter period of the motion) is the

sum of these two:
T m 2 a
1= %§<l+;xo~a)

and the natural frequency w of the motion with clearances is

-2 \/m( S a) (8.28)

This frequency depends on the amplitude zo; it reduces to the usual
+/k/m for the case of zero clearance a (see Fig. 8.30).

If the non-linearity is located in the damping of the system, the natural
frequency is not affected by the amplitude and remains approximately
A/k/m. The only question of interest here is the rate of dying down of
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An exact solution to this problem can be found by a

step-by-step (grapbical or numerical) integration of the equation of

motion, but this is too laborious.

/
/
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Fre. 8.30. Natural frequency as a
function of the maximum amplitude of
vibration for a system with clearances
(Fig. 8.15a). The exact curve is from
(8.28) and the approximate eurve is
obtained by the method illustrated in
Fig. 8.39.

monic motion.

Thus we assume harmonic motion z = zsin wt.

{(Only for the simple case of Coulomb
dry friction does a simple exact solution
exist.)

A sufficiently accurate approximation
for practical purposes is obtained by
calculating the energy spent by the
friction force during a cycle and equat-
ing this energy to the loss in kinetic
energy of the motion. In order to
be able to calculate these energy losses,
we have to know the shape of the mo-
tion, which obviously is not sinusoidal
but yet resembles a sinusoid for small
values of the damping. The smaller
the damping the better is this resem-
blance, because with a harmonic motion
the large spring and inertia forces are
harmonic and only the small damping
force causes a deviation from this har-
If the

damping force is represented by f(£), its work per cycle is

W= [ 7(2) dz = /0 T f(@)e dt = 7o [0 > #(5) cos wt d(wh)

The loss in kinetic energy per cycle is

emwial —

Vimw?(zo — Az)? = meir Az

Lemw?(Ax)? ~ mwio Az

Equating the two expressions we find for the decrease in amplitude per

cycle

2z

L™ 1) cos wt d(wl)

Ar = —
mew

829 I i

This integral can always be evalu-
ated, even though it may sometimes
be necessary to do it graphically.
As an example, consider Coulomb damping, where f(i) =
velocity and the damping force are shown in Fig. 8.31.

Dcmpmg

orce\ /

wi—>

.<elocity

-
%

T er

N

Fra. 8.31. Coulomb damping force.

+F. The
The integral in

(8.29) is seen to consist of four equal parts,

4 ﬁ) 2 F cos wid(ef) = 4F
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and the decrement in amplitude per cycle is
Az = - =4~ .2 .= — 4= (8.30)

or four times the static deflection of the {riction force on the spring. The
result is significant in that the amplitude decreases in equal decrements
as an arithmetic series, whereas in the case of viscous damping the ampli-
tude decreases in equal percentage ratios as a geometric series (page 40).
Incidentally it is of interest to know that (8.30) happens to coincide with
the exact solution before mentioned.

8.7. Relaxation Oscillations. A linear vibratory system with negative
damping builds up oscillations of infinite
amplitude (Fig. 7.2b). Of course, this is
physically impossible and in all actual sys-
tems the damping becomes positive again for
sufficiently large amplitudes, thus limiting
the motion. An example of this is the elec-
tric transmission line discussed on page 0
299. 5 e

The actual relation between the damping =t L1
coefficient and the amplitude varies from g 535 Simplest mathemati-
case to case, but for a general understand- cal expression for a non-linear
ing it is useful to write down the simplest ﬁj;“;g;;‘f [oefficient a:gl’ft};d -
possible mathematical expression that will and becomes positive for greater
make the damping force negative for small *™Plitudes.
amplitudes z and positive again for larger ones. Such an expression is

Damping force = —(Cy — Coz®i (8.31)

/

‘C1+C2X2 -

The damping coefficient as a function of z is shown in Fig. 8.32. It is
seen that zero damping occurs at an amplitude z = v/C1/Ca.

The differential equation of a single-degree-of-freedom system with
this type of non-linear damping is

mi — (C; — Coax®)t + kx =0 (8.32)

Since we shall now give a general discussion of this equation, it is of
importance to simplify it as much as possible first, by reducing the num-
ber of system characteristics of which there are now four, viz., m, C,, C,,
and k. To this end we divide by m, and with the notation k/m = o2 we
obtain

F — (%—1 - %ﬁ) i+ wiz=0 (8.33)

Of the three remaining characteristics, C1/m, Cz/m, ?, two can be absorbed
by making the variables z and ¢ dimensionless. First consider the time
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¢, which is measured in seconds. Instead of using this standard unit,
we shall now measure time in terms of a unit inherent in the system, for
example, T/2x. This means that for a slowly vibrating system the new
time unit is large, while for a rapidly vibrating system it is small. The
time is measured in “periods/2r"’ rather than in “seconds.” Let the
new time (measured in units of 7'/2r) be denoted by ¢ and the old time
(measured in seconds) by &.

Then
4
4 = —_— =
v = T/2r wnt
The new differential coefficients become
dx _dx 0 , d
aiF T At T Y
and dr _ a2
F AT

Substituting in (8.33) and dividing the equation by w2,

£ — % <1——g—2x2>a’:+x=0

Mwn 1

where the dots now signify differentiation with respect to the dimension-
less time ¢'.

There are now only two parameters, Ci/mw, and C,/C . The ampli-
tude z still has the dimension of a length, and in order t¢ make it dimen-
sionless we measure it also in a unit inherent in the equation. A con-
venient unit is indicated in Fig. 8.32, viz., the amplitude /C,/C,, for
which the positive and negative damping forces balance. Thus we take
for our new ‘‘dimensionless displacement”

z
Y= —F=——5
V' C./C,
which gives the differential equation in the form
-l -y +y=0 (8.34)

The equation is finally reduced to a single parameter ¢ = C;/mw,, which
has an important physical significance. For harmonic motion this quan-
tity equals the ratio between the maximum negative damping force and
the maximum spring force:

1 _ input force

€ = n
Mwn spring force

(8.35)

This can be shown as follows. Let z = z sin w.f, and & = Zow, €OS wal.
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From (8.31) the maximum negative damping force in the middle of a
stroke (z = 0) is C1fmex = C1Zow,. 'The maximum spring force k.. =
kxo = wlmzo, so that (8.35) is verified.

In all cases thus far discussed, the input force was much smaller than
the spring force, so that ¢ was a small quantity, e < 1. This implies a
motion practically harmonic and of the natural frequency w,. The final
amplitude to which the motion will build up can be found from an energy
consideration. For amplitudes smaller than this final one, the damping
force F = (1 — y?)y puts energy into the system; while for amplitudes
greater than the final one, the damping dissipates energy. At the final
amplitude we have for a full cycle:

0= dey = [o“’”Fy'dt' = ﬁ’ea — Dy d
The motion is harmonic:
Y = Yo Sin wal = Yo sin ¢

2x .
Hence 0= eﬁ) (1 — yksin? ')y? cos? ¢’ di’
T

2x
/ cos? t’ di’
=" _ =4

ﬁ)% sin? ¢ cos? ' dtf /4

or yi =

(The evaluation of these integrals is discussed on page 15.) Thus for
small values of the parameter ¢ the amplitude of vibration z is

zo = 2 -g—: (8.36)
or, in words, the amplitude is twice as large as the amplitude at which the
damping force just becomes zero. Figure 8.32 shows that this is a reason-
able result: the energy put in by the negative damping force in the center
part of the motion is neutralized by the energy dissipated by the positive
force near the end of the stroke.

So far the introduction of the differential equation (8.32) or (8.34) has
not brought us anything new. The importance of these equations is
centered rather in the case where the input force or negative damping
force is great in comparison with the elastic force:

e> 1

Then the non-linear middle term in (8.34) becomes more important than
the other two, so that the assumption of a harmonic motion (which was
justified for a small middle term) is untenable. Thus we should expect
the motion to be very much distorted, containing a great number of
higher harmonics, and we also expect the frequency to differ from wy.
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Applying the general method of pages 353 to 360 to Eq. (8.34), it
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Fia. 8.33. First integration
of Eq. (8.34) for relaxation
oscillations in the case that
e = 10,

becomes

Z—z —1-yy =L 8.37)
which enables us to fill the ¢, y diagram with small
directional line stretchesat various points. Hav-
ing this whole field of tangents, a solution can be
found by starting from any aribitrary point (z.e.,
with any arbitrary initial displacement y and
velocity y) and constructing a curve following
the tangents. Figure 8.33 (¢ = 10) shows, for
example, that starting at y = 15 and y = —2
the curve goes down, bends up, then goes down
again, and thereafter describes a closed figure
continuously. Also when starting from rest (z.e.,
from the origin), it reaches the same closed curve
after a short run. As an ordinary steady-state
harmonic vibration would be pictured asan ellipse
in this diagram, so it is seen that for e = 10 the
motion is far from harmonic.

Next transform Fig. 8.33 into the correspond-
ing diagram in terms of y = f(¢'), as shown in
Fig. 8.34. The abscissa of a point in Fig. 8.33
corresponds to the ordinate of Fig. 8.34, whereas
the ordinate of that point in Fig. 8.33 is the slope
of Fig. 8.34. Thus the construction of Fig. 8.34
from Fig. 8.33 amounts to a second graphical
integration.

Our expectations regarding the nature of the
motion are fully corroborated by the final result,
Fig. 8.34. The motion is seen to be distinctly
non-harmonic. The period is not 2 units of time
(the unit being 7/2r) but rather 2¢ units or
2¢ - T/2x sec. This, by virtue of (8.35), is

Period = % _ 2—0; =2 o sec. (8.38)

Wn  Mwi k
1.e., the period no longer depends on the ratio of
mass to spring constant but rather on the ratio of
negative damping coefficient to spring constant.

The expression (8.38) is twice the relazation time (see page 41) of a sys-
tem with a positive coefficient C;. For this reason oscillations of the
nature of Fig. 8.34 have been called relaxation oscillations.
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The result (8.38), as well as the general shape of the vibration, Fig. 8.34,
can be made to seem reasonable by a physical analysis as follows.

For e = 10 the damping action is large in comparison to the spring action. Follow
the motion in Fig. 8.34 starting from the point 4 where the amplitude isz = 2 /C,/C,.
On account of Fig. 8.32 the damping coefficient at A is positive and remains positive
until the amplitude has diminished to one-half its value ( point B). Between 4 and B
the velocity will be very small because the weak spring force is opposed by a damping
force of which the coefficient is large. Hardly any inertia effect will come in during
that time. At the point B the damping reverses, and becomes negative and large,
which hurls the mass at a high speed through the point C, where the damping force
again reverses, Between B and C the negative damping force has done work on the
mass and thus has given it considerable momentum. This momentum is destroyed
by the positive damping force from C on, until the mass comes to rest again at D.
That the point D should be approximately at x = 2 4/(,/C, seems reasonable from
the result (8.36) for the case of harmonic motion.

Since it takes hardly any time to move from B to D we might calculate the period
by taking twice the time between A and B. The answer thus found would be slightly
too small.

30
2 | = =
0
-10 < A
'Z.C — — —
-30 2

(¢} 10 20 30 ¢ 40 50 60 70 80

Fia. 8.34. A typical relaxation oscillation, being an integration of Fig. 8.33.

In simplifying the calculation we see in Fig. 8.32 that the damping coefficient
between z = +/(,/C, and z = 2 4/(;/C, can be expressed very well by a straight-
line relation.

. . 3C,
Damping coefficient = —3C, + —— -z
' T VCTC,
The damping force is
3Cwx .
—3C: + ———) -
( Y VGG

and this force is opposed only by the spring force —kz. Thus the differential equa-
tion of the creeping or relaxation motion between 4 and B is

301 dz:
=80 + —22 )~ g
( TV @ g
3C, ( 1 i )
CULY (R SRS S | S
o v \T 3T a6

In integrating this expression we notice that the time progresses from 0 to 7'/2 (half
period), while x goes from 2 A/C,/C; to A/C,/C, so that

3¢, T vV Ci/Cs T/2
T - log, z + —=— = —f
VC/C:) rvera
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After substitution of the limits we find

3C, _r
= (Flog.2+1) =3

a

or T = 6(1 — log. 2) % = 1.84 A

With the slight additional time taken in going from B to D it is seen that (8.38) is
verified.

The corresponding results of the graphical integration for the more
usual case ¢ = 0.1 are shown in
Figs. 8.35 and 8.36.

Relaxation oscillations have been
found to occur very often in radio
engineering, and the reader is re-
ferred to the original papers of Van
der Pol for quite a number of appli-
cationsin that field. Inmechanical
engineering thus far they have been
of little importance.

A case on the border between the

~ - o electrical and mechanical fields is
Se i S 0 5 545 that of the periodic speed reversals
y=> of a separately excited direct-cur-

rent motor fed by a direct-current
series generator driven at a constant
speed (Fig. 8.37). The voltage generated in a constant-speed generator is
proportional to its magnetic field strength. If there were no magnetic
saturation, this field strength would be proportional to the field current ¢,
which in a series machine is the same as the main current. The influence

F1a. 8.35. First integration of Eq. (8.34) for
a small damping force, ¢ = 0.1.

20 €=0.1 i
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Fia. 8.36. Second integration of Eq. (8.34) for ¢ = 0.1, showing the building up of a non-
linear, self-excited vibration to its final amplitude.

of saturation amounts to a less rapid increase of the field strength, and
the characteristic of the generator (Fig. 8.38) may be expressed approx-
imately by the relation

Epo = C1t — Cot®

This generated voltage overcomes first the inductance of its own field
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coils (L g—:); second the resistance of the circuit (R7), and third the

countervoltage of the motor. The motor has a constant magnetic field
and a variable angular speed w. Its voltage is proportional to the speed,
Ciw. No effect of saturation enters since the
field is maintained constant. The voltage
equilibrium equation is

Cii — Coi? = Coo + L + Ri (8.39)

Constant speed
d-c series
generator

Another relation between ¢ and o is ob-
tained from the fact that the energy input
per second in the motor is given by its volt-
age Ciw multiplied by its current 7. Since
the motor drives no load, this energy is used
in accelerating its rotating parts of which the

moment of inertia is /. The kinetic energy
of the motor is 47w? and -
Ciwt = 1 (L51w?) = Iw d—w Fia. 8.37. A separately excited
dt dt motor driven by a series gen-
do Cal erator has periodic speed rever-
or _—= (8.40) sals of the character shown in
dt I Fig. 8.34.

The angular speed w can be eliminated from (8.39) by differentiating and
substituting (8.40), giving

di . a0
Cxa—t—gc’z _—03 +Ld—t2+R
d% Cc?.
Ld—tz_(Cl_R—3022)dt 132=0

This equation is equivalent to (8.32). Moreover, the values of C; — R,
C;, and I in the usual motor are such that

, Y
- / _Ci—R ! . .
8 g <=0 7 s much larger than unity.
s Thus the current ¢ will reverse periodically ac-
Carrent cording to Fig. 8.34, and the velocity of rotation
« will also show periodic reversals on account of
7 Eq. (8.40). By Eq. (8.38) the period of these
’ ' reversals is
Fia. 8.38. Voltage-current ¢, - R
characteristic of a constant- T=2 1 I
speed series generator. Cc

that is, proportional to the inertia of the motor. If the oscillation were
harmonic its period would be proportional to the square root of the inertia.
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8.8. Forced Vibrations with Non-linear Springs. The problem is
that of an undamped system with a curved spring characteristic under
the influence of a harmonic disturbing force or

mi + f(x) = Py cos wif (8.41)

Thus far an exact solution to this problem exists only for the simple
characteristic of Fig. 8.15b and is so complicated as to be without much
practical value. In the following pages an approximate solution will be
given, based on the assumption that the motion z = f(f) is sinusoidal
and has the “forced” frequency.
This is obviously not true, and the
degree of approximation can be
estimated only by the seriousness
of the deviation from this assump-
tion. Assume then

Force =»

z = Zo cOS wi (8.42)

The inertia force mi is — maxow? cos
wt, and this force attains its maxi-
mum value —mw?ze at the same
instant that the external force
reaches its maximum value Py and
Ca the spring force its maximum f(ze).
Equation (8.41) is a condition of
Fia. 8.39. Approximate construction of the equilibrium among three forces at
amplitudes of forced non-linear vibrations. any time during the (non-har-
monic) motion. Let us satisfy that condition for the harmonic motion
(by a proper choice of ) at the instant that ¢ = 2o, Thus

—mwzxg + f(:l)o) == Po

or flzo) = P + mw®ze (8.43)
At the time when z = 0 (in the middle of the stroke), all three forces
are zero so that the equilibrium condition is again satisfied. In case f(z)
were equal to kz, all three terms of (8.41) would be proportional to
sin wt, so that (8.41) divided by sin «t would give (8.43) with f(ze) = kay
and the equilibrium condition would be satisfied at all values of « between
0 and z,. However, when f(z) # kz, this is no longer true, and the equi-
librium is violated at most points between 0 and zo,. To satisfy the
equilibrium at the two points £ = 0 and & = x4 is the best we can do
under the circumstances. Thus the amplitude of the forced vibration
will be found approximately from the algebraic equation (8.43).

The most convenient and instructive manner in which this can be done
is graphical. Plot the forces vertically and the amplitude z¢ horizontally
as in Fig. 8.39. The left side of (8.43) is the (curved) spring character-

Max displ.
0 X —>

BCs [
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istie, while the right side of the equation expresses a straight line with the
ordinate intercept Py and the slope tan—! (mw?). Where the curve and
the straight line intersect, the left-hand force of (8.43) equals the right-
hand force, so that equilibrium exists (at the end of a stroke). This
determines x, as the abscissa of the point of intersection. For slow fre-
quencies (small slopes mw?), there is only one such point of intersection
A, but for greater frequencies and the same force P, there are three
intersections A,, B, and C.. In other words, there are then three pos-
sible solutions. To see this more clearly, we plot in Fig. 8.40 the ampli

tude zo against the frequency w for a given
constant value of the force P,, which gives a
resonance diagram corresponding to Fig. 2.18,
page 44, for the linear case. (Incidentally,
Fig. 2.18 can be constructed point by point in
an exact manner from Fig. 8.39 with a straight-
line characteristic.) It is left for the reader P E
to develop Fig. 8.40 from Fig. 8.39 and in par- Fia. 8.40. Resonance diagram
ticular to see that for frequencies below BC; izfﬁz,fiﬁt?;;gh » gradually
only one solution exists, and for frequencies

above B(C; three solutions exist; also that the A-branch of the diagram rep-
resents motions in phase with the force P, sin wt, while the BC-branch is
180 deg. out of phase with this force. This peculiarity is the same as in
Fig. 2.18.

Of the three possible motions 4, B, or C, it has been found that C is
unstable, whereas A and B represent stable motions which can be realized
by experiment. In order to make this statement seem reasonable, it is
necessary to complete the diagram of Fig.
8.40 with curves for other values of P,
and this is done in Fig. 8.41. The central
thick curve is the one for Py = 0, or, in

o >

3 N other words, for the free vibration. It is
2 2 found by drawing lines with slopes mw?
1 ! from the origin O (Fig. 8.39) and deter-

wo w— mining their intersections with the charac-

Fic. 8.41. Explains the instability teristic. Forfrequencies » below a certain
of the C-branch of Fig. 8.40. value wo the slope in Fig. 8.39 is too small
to give any intersection at all. For increasing slope the z, becomes
greater and greater. For a very small exciting force Py we obtain curve
1 of Fig. 8.41, while for greater values of Py the curves 2 and 3 result.
Consider a point on the A-branch of one of the curves of Fig. 8.41.
If for a given frequency the force P, is increased, the amplitude z, also
increases (we move along a vertical line in Fig. 8.41). The same is true
for any point on the B-branch of the curves. But on the C-branch an
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increase in the force Py, means a downward motion in Fig. 8.41 (from
curve 1 toward curve 2) and this means that an sncrease in the force
results in a decrease in the amplitude. This cannot happen, however,
and what actually takes place is shown in Fig. 8.42, representing the
same curve as Fig. 8.40 with the influence of damping taken into account.
This damping rounds off the resonance peak in the same manner as with
a3 linear system. If the force amplitude P,
is kept constant and the frequency o is grad-
ually increased, the amplitude z, suddenly
drops from B to C and continues to D. With
diminishing « we pass D, C, and E, where
the amplitude suddenly jumps up to F, then
continues on to 4. The unstable branch BE
represents motions that cannot occur.
Fic. 8.42. Discontinuous The characteristic of Fig. 8.39 represents a
jumps in the amplitudes of spring which becomes gradually stiffer with
Zraﬂiﬁf;‘;’zﬁ:ﬂzr‘gp;ﬁg‘ ® increasing amplitudes. This leads toa natural
frequency which increases with the amplitude,
as shown by the thick curve bending off to the right in Fig. 8.41. Fora
spring of diminishing stiffness (as, for example, Fig. 8.15b) the natural-
frequency curve bends to the left and the unstable C-branch of the curves
lies to the left of the central curve. In Fig. 8.43 the upward jump in
amplitude happens with tncreasing frequency.

An interesting method of solving this problem accurately by successive
approximations for any spring characteristic is due to Rauscher. Instead
of starting with a given frequency and
then solving for the amplitude x,, as was
done in Fig. 8.39, Rauscher starts with
an amplitude ratio zo/Po and then solves
for the frequency. In Eq. (8.41) the
frequency w is regarded as not fixed, and
a first guess at the motion is Eq. (8.42), in
which z, is given a definite value, while
is the frequency of the force, as yet floating.  Fic. 8.43. Resonance diagram
Then wo may write Po c05 uf = P/se, o2 g n shich the sifcs
which transforms the exciting force from
a time function to a displacement function. The exciting force is
now brought to the left-hand side of Eq. (8.41) and combined with
the spring force f(z). The problem reduces to one of free vibration,
which can be solved by means of the method of the velocity-displace-
ment diagram and a subsequent second integration. The displace-
ment-time curve so obtained will not be the same as the first guess
(8.42) for it, but it will have the same maximum amplitude z,. With
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this new displacement function we enter once more into the differ-
ential equation (8.41), transform the exciting force from a {-function to
an z-function, and throw it to the left so as to combine it with the spring
force. In this manner the third solution for z = f(¢) is obtained. These
successive solutions for the motion converge very rapidly to the exact
one. Being a method of “iteration” it is very closely related to Stodola’s
procedure, discussed on pages 155 to 165. Again, as in that process, if
the first guess for the motion happens to be the correct one, the second
result will be identical with the first. This can best be shown by applying
Rauscher’s procedure to the linear case,

mi + kx = Py cos wi

The first guess is £ = %o cos wf, which, if zo has a definite value, is the
exact motion for some frequency w. Then

Pocos;mt=£)—°ic and m:i-i—( ——ﬁ’)x=0
2o 2o

This is a free vibration of a linear system like Eq. (2.7) with the solu-
tion (8.42) in which the frequency w is determined by «? = k—_—;tﬂo-
This is seen to be the exact result (2.23) of page 42. The unusual feature
of Rauscher’s procedure is that, instead of finding the intersection of the
curves of Fig. 8.41 with a vertical line (¢.e., solving for xo with w given),
the intersection with a horizontal line is determined (Z.e., w is solved for
a given xo) which, of course, is just as good.

The analysis of the electrie circuit of Fig. 8.19 follows exactly the same lines except

that the inertia force (inductance voltage) has a curved characteristic, whereas the
spring force (condenser voltage) follows a straight line.

In the analysis it was assumed that the motion has the same frequency
as the force, which would be the case in a linear system. Though this is
the only possible motion for slightly non-linear systems, it will be seen
later (page 377) that for very pronounced non-linearity motions of a fre-
quency 1, 2, 3, 4 . . . times as slow as the disturbing frequency » may
be excited.

8.9. Forced Vibrations with Non-linear Damping. The differential
equation of this case is

mé + f(&) + kz = Py sin (8.44)

where f(£) is not equal to ¢Z. On account of the presence of the non-
linear damping term f(£), the motion is not harmonic. An exact solution
of (8.44) is known only for the case of Coulomb damping, f(&) = £F + ci
and even then in a limited region of frequencies only.
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In many practical cases the damping is reasonably small, and the
curve of motion is sufficiently close to a sinusoid to base an approximate
analysis on it. The most general method replaces the term f(¢) by an
“equivalent’ ¢ and then proceeds to determine the ‘‘equivalent damp-
ing constant” ¢ in such a manner that with sinusoidal motion the actual
damping force f(£) does the same work per cycle as is done by the equiv-
alent damping force c&. The value for ¢ thus obtained will not be a true
constant but a function of w and of the amplitude z,. Therefore, approx-
imately, the system (8.44) can be replaced by a linear one, but the damp-
ing constant ¢ has a different numerical value for each value of « or of z,.

In carrying out this analysis we first assume for the motion,

T = g sin ol
The work done per eycle by the equivalent damping force ci is wewr? as

calculated on page 52. For the work per cycle of the general damping
force f(¢) we found on page 362:

Zo j; 2 f(&) cos wt dwt

Equating the two values we obtain for the equivalent damping constant c:

2x

f(&) cos wt dwt (8.45)

Cc ==
TWTo Jo

The amplitude of the “linearized”” Eq. (8.44), as given on page 49, is

Py 1
k 2\ 2 P
w cw
-2+ @)
In order to calculate the amplitude, the value (8.45) for ¢ has to be sub-
stituted in (2.28a).
This general procedure may be applied to any type of damping, even
if its law is given merely in curve form, where the integral (8.45) must be
evaluated graphically. As an example we shall take the case of dry

friction f(#) = +F. On page 362, the value of the integral in (8.45)
was found to be 4F. Hence

(2.28q)

Xy =

4F

T

indeed an equivalent damping constant depending on both frequency and
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amplitude. Substituting in (2.28a):
(.02 2 4F 2 _ P_O
o L) - (B - (Y
w? W=\ } \wk

rwaAY
-
%’-\_/_”_P" (8.46)

w?

Hence To =
w?

An ezact solution of this case also exists. The analysis is too elaborate
to be given here in detail, but the results, which do not differ much from
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Fia. 8.44. Resonance diagram for a system with dry friction damping. Compare with Fig.
2.22a on page 51.

those of (8.46), are shown in Figs. 8.44 and 8.45. The reader should
compare these with Fig. 2.22, page 51.

With Coulomb friction (below the value of F/P, = x/4), the ampli-
tudes at resonance are infinitely large, independent of the damping. At
first sight it seems strange that a damped vibration can have infinite
amplitude. The paradox is explained, however, by considering that the
exciting force Py sin wf performs work on the system, and, since work is
the product of force and displacement, this energy input is proportional
to the amplitude. The energy dissipated by damping is also proportional
to the amplitude since the friction force F is constant. Thus, if the
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T

friction force is small with respect to the exciting force (F < i P ), the

work input by the latter is greater than the dissipation by the former, no
matter how great the amplitude becomes. Thus the amplitude increases
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Fia. 8.45. Phase-angle diagram with dry friction damping. Compare with Fig. 2.22b.

without limit, which is another way of saying that it is infinitely large in
the steady state. With viscous damping, however, the friction force itself
is proportional to the amplitude, so that its work dissipation is propor-

4

&

1= Time—> /[
(o)

é Time > ,

O

=
(6)

Fi16. 8.46. Forced motion with
(a) one or (b) two stops per
half cycle occurring with great
Coulomb damping at slow
frequencies.

tional to the square of the amplitude. Hence,
even for a very small friction constant ¢ there
will always be a finite amplitude at which the
dissipation by damping is equal to the energy
input by the exciting force.

In connection with the fact that infinite
amplitudes occur at resonance with Coulomb
damping, the phase angle shows a discontinu-
ous jump at resonance, as can be seen in Fig.
8.45.

For Coulomb friction the (non-linear) fric-
tion force is constant, whereas the (linear) iner-
tia and spring forces increase with the ampli-

tude. Thus for large amplitudes the motion will be practically sinus-
oidal and the approximation (8.46) should be very satisfactory. For
smaller amplitudes the curve of motion becomes very much distorted and
consequently the approximation for the amplitude is poor. Below the
dotted line running through Fig. 8.44 we have motions with one “stop”
per half cycle, as shown in Fig. 8.46a. In the blank part in the left-
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hand lower corner of Fig. 8.44 the motion has more than one stop per half
cycle as shown in Fig. 8.46b. No solution could be obtained in that
region. For all motions of the types of Fig. 8.46 the approximate for-
mula (8.46) is unreliable. In practice, however, we are interested only
in the conditions near resonance, and here the errors of (8.46) are of the
order of a few per cent. Thus the general method of (8.45) and (2.28a)
is of great practical value. Its consequences for the case of turbulent-air
damping, i.e., f(&) = c#?, have been worked out in the form of diagrams
like Figs. 8.44 and 8.45. For further details the reader is referred to the
literature.

8.10. Subharmonic Resonance. In this section some cases will be
discussed for which the motion differs greatly from a harmonic motion on
account of some pronounced non-linearity in the system. It does not
matter where this non-linearity appears, whether it be in the spring, in the
damping, or in both.

In linear systems subjected to an “‘impure” force disturbance, large
amplitudes may be excited at a frequency which is a multiple of the
fundamental frequency of the disturbance. The most important tech~
nical example of this was discussed in Chap. 5, namely the torsional
vibration in internal-combustion engines. The converse of this, 7.e., the
excitation of large oscillations of a lower frequency than (34, 14, 14 . . .
of) the fundamental frequency of the disturbance, never happens in a
linear system.

In non-linear cases, however, this may occur. Consider, for example,
a self-excited relaxation oscillation as in Fig. 8.14. Subject this system
to a small harmonic force of a frequency 2, 3,4 . . . times as fast as the

free or natural frequency 2% Since the free motion contains all higher

harmonics generously, the disturbance (if phased properly) will do work
on one of these harmonics and excite it. But this harmonic is an integral
part of the whole motion of Fig. 8.34 and will pull all other harmonics
with it. The result is that a large motion is excited at a frequency lower
than (a submultiple of) the disturbing frequency. This phenomenon is
known as ‘‘subharmonic resonance” or ‘“frequency demultiplication.”

No practical cases of this sort have thus far occurred in mechanical
engineering, but in electrical engineering they are of some importance
and are beginning to find applications.

Let an electric circuit containing a neon tube, a condenser, a resistance, and a
battery be arranged so as to produce a relaxation oscillation of the type of Fig. 8.34,
and excite this cireuit by a small alternating voltage of constant frequency w. The
natural period T of the system (which in this case is not proportional to /LC but
to RC) is slowly varied by changing the capacity C. If there were no w-disturbanee,
the self-excited period would gradually vary along the dotted line of Fig. 8.47. With
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the w-disturbance, however, this does not happen. The system always vibrates at a
multiple of the exciting period Tex, (i.c., at & submultiple of the exciting frequency w)
and picks that multiple which is closest to the natural period, as shown in Fig. 8.47.
With circuits of this sort, frequency demultiplication up to 200 times has been
obtained.

Although the phenomenon was first observed with relaxation oscilla-
tions, the explanation given shows that it is not limited to that type of
vibration but may occur in any pronounced

, non-linear system with small ‘““effective”

. /// damping. By “effective damping” is meant

»59 i the total energy dissipation per cyele by the pos-
"i-, K itive and negative damping forces combined.
a5F Thus the argument applies to non-linear self-
;: ? i excited vibrations and also to non-linear forced

Copocity C - vibrations without any or with very little
Fra. 8.47. Subharmonic res- damping. In the latter case the non-linearity
onance in self-excited relaxa- js ygually caused by the springs. Two ex-
tion circuit. 4 .
amples will now be considered.

Let a cantilever with an iron bob be placed between two permanent
magnets (Fig. 8.48a). The “spring” is then made up of two parts, an
elastic one (the beam) which is linear, and a magnetic one which is neg-
ative and distinctly non-linear. The closer the iron bob approaches to

o

S &
Ch> &
; Q

4

Soring force —»

Displ.

L——a-——»

(o) (2}

Fia. 8.48. (a) Mechanical subharmonic resonant system. The mass can be made to
vibrate at its natural frequency by an exciting force of much higher frequency. (b) The
magnetic and elastic spring forces acting on the mass of (a).

one of the magnets, the greater the attractive (or negative restoring)
force, as shown in Fig. 8.48b. With a combined spring of this sort, the
free vibration contains many higher harmonics. Imagine the bob of the
cantilever to be subjected to a small alternating force of a frequency which
is approximately a multiple of the natural frequency. This force can be
realized in many ways, among others by attaching a small unbalanced
motor to the bob. The alternating force can then do work on the nth



VARIABLE ELASTICITY 379

harmonic of the motion and thus keep the system in vibration. In this
example no source of energy exists other than the alternating one, and
it is seen that the frequency of the alternating source of energy must be a
multiple of the natural frequency.

It is not necessary to have an extraneous exciting force acting on the
system: subharmonic resonance can be brought about also by a variable
spring. The cases discussed in Sec.
8.2 to 8.4 had linear springs for which
the constant or intensity varied with
the time. It was shown there that
resonance could occur at higher fre-
quencies than that of the spring varia-
tion and also at half this frequency
but not at any of the lower subhar- Fia. 8.49. Operation of the system of
monics (14, 14, etc.). However, if ﬂfé:éfsw?;fi};ni;emamg current in the
we have a non-linear spring varying
with the time (7.e., a spring for which the stiffness varies with both the
displacement and the time), these lower subharmonics may be excited.
An example of such a system is Fig. 8.48a, in which the magnets now con-
sist of soft iron and carry alternating-current windings. The attractive
force of such magnets varies not only with the displacement according
to Fig. 8.48b but also with the time at twice the current frequency. That
it is possible for the magnetic forces to do work on the vibration if the
phase is proper, is clear from Fig. 8.49. Curve I of that figure represents
the motion of the bob, curve II is the spring force of the magnets if there
were direct current in them, and curve III shows the intensity variation
of the magnets with the time in case the mass were standing still (taken
here to be six times as fast as the motion). The actual force exerted by
the magnets on the bob is the product of the ordinates of IT and ITI. Just
to the left of line A 4 the magnetic force is against the direction of motion,
and just to the right of it the force helps the motion. But IIT has been
placed so that to the left of A A the intensity is small and to the right of
AA it is great. The same relations obtain near BB. Thus energy is
put into the system. The non-linearity of the system is essential because
without it curve II would be sinusoidal and the argument of Fig. 1.16,
page 15, would show no energy input. Only the fact that at some dis-
tance from either A4 or BB the curve Il has a negligible ordinate
accounts for the energy input.

Under which conditions the ‘‘ proper phase’ between the curves I and
III occurs is a question that can be answered only by mathematical
analysis. Since this implies a non-linear equation with variable coeffi-
cients, it is evident that such an analysis will be extremely difficult.

Problems 217 to 233.




PROBLEMS
Chapter 1

1. A force Py sin of acts on a displacement £ = zo sin (wt + 30°), where Py = 51b.,
zo = 2 in., and «w = 62.8 rad./sec.

a. What is the work done during the first second?

b. What is the work done during the first 34 sec.?

2. A force P, sin 3wt acts on a displacement z, sin 2w, so that two force cycles
coincide with three motion cyeles. Calculate the work done by the force on the
motion during (a) the first, (b) the second, (¢) the third, and (d) the fourth half cycle
of the motion.

8. A function has the value P, during the time intervals 0 < ot <, 2r < ot < 3n,
4r < wt < 5x, ete., while the function is zero during the intermediate periods » < wt
< 2r, 3x < wl < 4r, etc. Find the Fourier components. Note that this function
does have an “average value’’; determine that value first, subtract it from the curve,
and recognize what remains as something you have seen before.

1
i T v/
Pl [ Ju. € D
0 T 2 3r -1
Problem 3. Problem 4.

4. Let a periodic curve f() be as shown in the figure. Prove that
F{0)] =-—-(sm wt —————sm 3wt + ,sm Sl — - - - )

5. Referring to Fig. 1.18, let the curve to be analyzed consist of a pure sine wave,
80 that a: = 1 and all other a’s and b’s are zero. Sketch the shape of the curve traced
on the table E of Fig. 1.18, if the gear B and the scotch crank rotate at equal speeds.
The closed curve on E depends on how the two gears are coupled. Show that by dis-
placing them 90 deg. with respect to each other, the table curve varies from a circle
to a straight line at 45 deg. Find the area of the circular E-curve and show that
a = landbl = 0.

8. Sketch the E-curves of Problem 5 for the case where the scotch crank turns 2,
3, . . . times as fast as B, and show that the area registered by the planimeter is zero
in all these cases.

7. Deduce Eq. (1.6) on page 5 by trigonometry.

8. A rectangular curve has the value +a during three-eighths of the time and the
value —a during five-eighths of the time, as shown in the figure. Find the Fourier
coefficients.

380
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Problem 8.

9. A force is expressed by P = Py sin (}4wt) during the time 0 < wt < 2r and is
repetitive from there on. (Hence it congists of half sine waves, always above zero.)
Find the Fourier coefficients.

oo
m m m
lo 2T 4w , 1 wt =
0

T
127
Problem 9. Problem 10.

10. A force has the constant value P, during the time intervals —¢ < wt < +¢,
@2r — ¢) <ot < (2r + o), ete., while it is zero in between ¢ < wt < (2r — ), etc.

a. Find the Fourier coefficients.

b. Deduce what happens to this solution when P, is made greater and ¢ smaller,
indefinitely, but keeping the product Pee constant.

11. A curve is made up of parabolic arcs as follows. Between z = —[/2 and
z = +1/2 the equation is y = a(2z/1)%. Farther the curve repeats itself by mirroring
about the vertical lines z = —1/2 and z = +1/2. Calculate the Fourier coefficients.

Chapter 2

12. Derive the results (2.28a¢) and (2.28b) in the manner indicated directly below
Eq. (2.27).

18. Derive Eq. (2.23) by an energy ,
method.

14, A uniform bar of total weight W
and length lis pivoted at & quarter-length
point, while at the other quarter-length 1
point a spring of stiffness k applies at 45 459
deg. as shown. —

a. Find the natural frequency. L e I

b. Turn the figure 90 deg. so that the l >
bar hangs down vertically, and again find Problem 14.
the natural frequency.

15. Two solid disks, weighing 50 1b. each, are pinned to a bar at their centers, and
also to a side rod after the fashion of the
conventional steam-locomotive mecha-
nism. The bar and side rod weigh 50 Ib.
each. The mechanism isfree toroll with-
out slip on a horizontal track. Find the
natural frequency of small oscillations
about the equilibrium position.

16. A bar in the form of a 90-deg. bend of total length 27 and total mass 2m (each

Problem 15.
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arm being m and !) hangs from a pivot in a vertical plane. Gravity is acting. Find
the natural frequency of small oscillations.

7 m
A4 X 4 A
& . glr
D777
Problem 186. Problem 17,

17. A weightless bar of length 3l carries three distinct equal masses m. It is
pivoted at A and carries two springs k. Find the natural frequency of small vibra-
tions. The bar is horizontal so that gravity has no influence.

18. A rotor of weight W and of moment of inertia I about
its axis of symmetry is laid with its journals on two guides with
radius of curvature B. The radius of the journalsis r. When
the rotor rolls without sliding, it executes small harmonic vibra-
tions about the deepest point of the track. Find the frequency
(energy method, see pages 33 and 37).

"r 19. The same problem as 18, except that the track is straight
Problem 18, (R = ) and the rotor is unbalanced by a small weight w
attached to it at a distance r; from the axis.

20. Two cylindrical rolls are located at a distance 2a apart; their bearings are
anchored and they rotate with a great speed w in opposite directions. On their tops
rests a bar of length ! and weight W. Assuming dry friction of coefficient, f between
the rolls and the bar, the bar will oscillate back and forth longitudinally. (a) Cal-
culate its frequency. (b) If one end of the bar 4 is pushed into the paper somewhat
and B is pulled out, is the equilibrium stable or unstable?

o

|

F—Za-——-)l

Problem 20. Problem 21.

21. A pendulum consists of a stiff weightless bar of length [ carrying a mass m on
its end (see figure). At a distance a from the upper end two springs % are attached to
the bar. Calculate the frequency of the vibrations with small amplitude.

22, Turn the figure of Problem 21 upside down. (a) Find the relation between u,
m, and [ for which the equilibrium is stable. (b) Find the frequency.
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28. A weightless bar of length 21 is hinged in the middle. At its top end it carries
a concentrated weight W and at its bottom end a concentrated weight 2W. Midway
between the hinge and the bottom weight there is a spring k. Find the natural fre-
quency of small oscillations in the vertical plane.

Y
Law ¥

Problem 23. Problem 24.

24. A bar of total length ! and total mass m, uniformly distributed over its length,
is pivoted at its top point and is restrained by two springs k at its center point. Find
the natural frequency.

26. Calculate the frequency of the stator of Fig. 2.43. The linear stiffness of each
of the four springs is k, their average distance from the center of the rotor is a, and the
moment of inertia of the stator is I.

26. Calculate the frequency of Problem 25 for the spring system of Fig. 2.44. The
beams ¢ are made of steel with a modulus of elasticity E; their dimensions are 1y, I,
w, and ¢ as indicated in the figure.

27. A stiff weightless horizontal bar of
length [ is pivoted at one end and carries a
mass m at its other end (see figure). It is h
held by an inextensible string of length h. fe—a
If the mass is pulled perpendicularly out of z«‘fa
the paper and then released, it will oseillate. ¢ :

Calculate the frequency. ripﬁ
28. A mass m is attached to the center of ¥ 4
a thin wire of cross section A and total Problem 27.

length I which is stretched with a large ten-
sion of T lb. between two immovable supports. The modulus of elasticity of the
wire is E. Caleulate the frequency of the vibrations of the mass in a plane perpen-
dicular to the wire.

29. A heavy solid eylinder of diameter D, length l, and mass m can roll over a hori-
zontal surface. Two springs k are attached to the middle of I at a distance a above the
center. Calculate the frequency.

Problem 29,

80. A system consists of a single concentrated mass m attached to the end of a stiff
weightless rod of length I. The rod is normally horizontal, and its other end is ball-
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hinged to a wall. There are two springs k in a horizontal plane attached to the middle
of the rod. The mass m is hung from a vertical string of length h. Find the natural
frequency of free vibrations.

s

P K
[/ JANEY )
2 2 22 _‘ Plon view
9 m
w 2 " 173
" 2
b 3.
2 i Elevation $ .
) l : je-—-30
g ;=24 1bin. sec? I,=10 Ibin.sec?
Problem 30. Problem 31.

81. Find the natural frequency of the geared system shown. The inertia of the two
shafts and gears is to be neglected. The shafts are of steel.

82. Find an expression for the linear spring constant k of a steel coil spring of wire
diameter d, coil diameter D, and having n turns. Calculate k numerically ford = 0.1
in.,, D =1} in, and n = 10.

38. Find the torsional-spring constant of a coil spring, <.e., a coil spring of which
the ends are subjected to torques about the longitudinal axis of the spring. Calculate
this k numerically for the spring of Problem 32.

84. Find the spring constant k in bending of a coil spring, i.e., the bending moment
to be applied to the ends of the spring divided by the angle through which the two
ends turn with respect to each other. Calculate this k¥ numerically for the spring of
Problem 32.

86. What are the expressions for the linear-spring constants of

a. A cantilever beam of bending stiffness EI with the mass attached to the end I?

b. A beam of total length ! on two supports with the mass in the center?

c. A beam of total length I built in at both ends with the mass in the center?

86. Calculate the frequency of the small vertical vibrations of the massm. The
two bars are supposed to be stiff and weightless. The mass is in the center between
ks and k,, and k; is midway between k, and k;. The mass is guided so that it can
move up and down only. It can rotate freely and has no moment of inertia.

m
S Ny
32 h
' Ky

hS k -3

b3
77 7777,

Problem 36. Problem 37.

87. A point on a machine executes simultaneously a horizontal and a vertical vibra-
tion of the same frequency. Viewed with the seismic microscope described on page
68 the point will be seen as an ellipse (see figure). By observation, the lengths &
and AB are found. (a) Calculate from these the phase angle between the horizontal
and vertical motions. What shapes does the ellipse assume for (b) ¢ = zero, and
(c) ¢ = 90 deg.?

88. a. If in a vibration every maximum amplitude is 2 per cent less than that
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amplitude in the previous (whole) cycle, what is the damping, expressed in per cent
of critical?

b. If the vibrating system a consists of & weight of 1 Ib. and a spring of k£ = 10
1b./in., what is the damping constant numerically and in what units is it expressed?

89. In the damped spring-bob system shown, the elongation of the spring due to the
20-1b. weight of the bob is 34 in. In free vibrations of the system the amplitude is
observed to decay from 0.4 to 0.1 in. in 20 cycles. Calculate the damping constant
¢ in 1b.-sec./in.

z §=8g sin wt
~¥
T 55 0o =30°
w =16 rod/sec
> fe 172"
24" 6=12x108 psi

I=15in.1b sec2
A i ¢=33.3 in.1b sec/rod
Problem 39. Problem 40.

40. A mechanical agitator is designed so that the power end rotates in a predeter-
mined simple harmonic motion 6 = 6, sin wf. When operating in air, the machine
vibrates with negligible damping. Tests show that in normal operation, with the
paddle immersed, the fluid damps the motion with a torque of ¢ = 33.3 in. Ib. sec. /rad.
and also has the effect of doubling the moment of inertia of the paddle. Find the
maximum shear stress in the shaft and the angular displacement amplitude of the
paddle for steady-state motion (g) in air and (b) in fluid.

41, A damped vibrating system consists of a spring of k& = 20 lb. per inch and a
weight of 10 1b. It is damped so that each amplitude is 99 per cent of its previous
one (i.e., 1 per cent loss in amplitude per full cycle).

a. Find the frequency by formula and from Fig. 2.9.

b. Find the damping constant.

¢. Find the amplitude of the force of resonant frequency necessary to keep the sys-
tem vibrating at 1 in. amplitude.

d. What is the rate of increase in amplitude if at 1 in. amplitude the exciting force
(at resonant frequency) is doubled?

e. What is the final amplitude to which the system tends under the influence of
this doubled force?

7. Find the amplitude-time relation of this growing vibration.

42. Find the expression for the steady-state torque, assuming no damping,

a. In shaft & of Fig. 2.6.

b. In shaft k, of Fig. 2.7,

48, A torsional pendulum, consisting of a 20-1b. disk, 10
in. diameter, mounted on a steel shaft (30 in. long by 14
in. diameter), is subjected to a simple harmonic alternat-
ing torque at a frequency of 7 cycles per sscond. The
shaft material has a yield point of 20,0001b. /in.? in shear.
Find the amplitude, M, of the impressed torque corre-
sponding to a safety factor of 2.

44. Find the equivalent spring constant for a mount- Problem 43.
ing for a direct-current bench grinder running at 3,000 r.p.m. and weighing 50 lb.

%

6=11.5x10% psi

My =My, sin wt
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which will reduce the force transmitted to the bench to one-tenth that which is
developed when the grinder is bolted to the bench (assume the bench to be rigid).

456. It is desired to make a seismometer which will measure simple harmonic motion
at 5 cycles per second with an error not greater than 10 per cent. What limitation
does this impose upon the natural frequency of the instrument?

46. A ‘“‘static balancing machine” (page 233) consists of a
bearing B inclined at an angle o with the vertical (see figure).
A rotor placed in this bearing has a moment of inertia I and
an unbalance m at a distance r from the center. Write the
differential equation of the vibrations of the rotor in terms of
its angle of rotation ¢. Find the natural frequency for small
vibrations ¢.

47. Find the natural frequency of the small oscillations of a
solid half cylinder (the contour consisting of a half circle and
a diameter), which rolls without sliding on a horizontal plane.

48. A simple k-m system is at rest. A constant force P
is applied to the mass during a stated time interval ¢, after
which the force is removed. Find the motion of the mass
after removal.

49. Set up the differential equations of motion of the system of Fig. 2.7; then, by
elimination, reduce them to a single differential equation in terms of the variable

= ¢1 — ¢2/n, which is an angle that becomes zero if the shafts are not twisted. In
this manner verify the statements made on page 30.

50. A weightless, stiff bar is hinged at one end. At a distance [ from the hinge
there is a mass m, at a distance 2! there is a dashpot ¢, and at a distance 3! there is
a spring k and an alternating force Py sin wf. Set up the differential equation.
Assuming small damping ¢ (but nof zero damping), calculate the natural frequency;
the amplitude of forced vibration at the spring at the natural frequency and at half
natural frequency.

61. A circular solid disk of mass M and radius r is suspended in a horizontal plane
from a fixed ceiling by three vertical wires of length [, attached to three equally spaced
points on the periphery of the disk.

a. The disk is turned through a small angle about its vertical center line and let go.
Calculate the frequency of rotational vibration.

b. The disk is displaced sidewise through a small distance without rotation and let
go. Calculate the frequency of the ensuing swinging motion.

52. Prove the statement made on page 59 that there is no phase distortion in a
seismographic instrument if the phase-angle diagram Fig. 2.22b is a straight diagonal
line passing through the origin.

63. A mass m is suspended from a ceiling by a spring k and a dashpot c. The ceiling
has a forced motion @ sin wf. Calculate the work done by the ceiling on the system
per cycle of vibration in the steady state. Write the answer in dimensionless form.

b4. In the system of Fig. 2.3 and Fig. 2.22a, the maximum work input by the force
as a function of frequency is only approximately equal to =Poze, where z, is the ampli-
tude at w/w, = 1. The actual maximum work is at a slightly different frequency.
Prove that this maximum work can be computed from 7Pz by multiplying that
quantity by the correction factor

Problem 46.

V1 Z2(c/cy?
1 — (c/co)®

and show that this error is less than 0.1 per cent for a damping as high as c/c, = 20
per cent.
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55. In 1940 a large two-bladed windmill, capable of generating 1,250 kw. of electric
power was built on Grandpa’s Knob near Rutland, Vt. The diameter of the blade
circle is 175 ft., the blades rotate at 30 r.p.m. in & plane which is considered vertical
for our purpose. The blades are mounted on the “pintle” or cap, which itself can
rotate slowly about a vertical axis in order to make the blades face the wind. Since
there are only two blades in the rotor, the moment of inertia of the rotor about the
vertical pintle axis is very much greater when the blades are pointing horizontally
than when they are vertical, 90 deg. further. Let © be the constant angular speed of
the rotor, w the very much smaller angular speed of the pintle, and Iz and Imin the
extreme values of inertia about the vertical axis.

a. Assuming the driving mechanism of the pintle motion to be extremely soft tor-
sionally, so that no torque acts on the pintle (except friction, which is to be neglected),
find the ratio between the maximum and minimum values of w.

b. Assuming the pintle drive to be extremely stiff torsionally, so that the pintle
motion w is forcibly uniform, find an expression for the torque in the pintle drive.

56. A helicopter rotor. Find the natural frequency of small up-and-down vibra-
tions of the rotating blade (angular speed ©). The hub does not move (except to
rotate); ¢ is small; the blade is stiff. Express the answer in terms of a, b, blade mass
M, and moment of inertia Iq.

Q-

Problem 56. Problem 57,

57. A uniform bar of weight W and length ! is pivoted at its top about a horizontal
axis, and the bar hangs down vertically. Now the bar and its hinge are rotated with
speed Q@ about a vertical axis.

a. Find the position of (dynamic) equilibrium of the bar, expressed as the angle «
with respect to the downward vertical as a function of the speed Q.

b. Find the natural frequency of small oscillations about the vertical position « = 0.

c. Find the natural frequency of small oscillations about an arbitrary equilibrium
position @ = ao (which oceurs, of course, at higher speed Q).

58. A uniform bar of total length ! = 9 in. is pivoted with-
out friction at its top. It is excited by a force of 34 lb.
maximum value, varying sinusoidally in time (harmonic force)
with a frequency of 1 cycle per second. The force acts hori-
zontally at quarter length, i.e., at 234 in. from the top. Find
the “steady-state” forced amplitude of oscillation, expressed
in degrees. The bar weighs 4 Ib. total.

§9. The upper support of the spring-bob system shown
moves in simple harmonic motion with an amplitude of 0.05
in. and a frequency equal to the undamped natural frequency Problem 58,
of the system.

a. Find the amplitude of the spring force.

b. Find the amplitude of the damping force.




388 MECHANICAL VIBRATIONS
0.05in.
~ A A
T

k=40 b/in.

=15 tb sec/in.

7.
Fixed support
Problem 59.

60. We have discussed two different resonance curves:

a. The case of an exciting force Py sin ot of constant amplitude Po. The resonance
curve starts at height 1, ends at height 0 (page 44).

b. The case of an exciting force Aw? sin wf, where the amplitude is proportional to
2. This resonance curve starts at height 0 and ends at height 1 (Fig. 2.20, page 46).
Now discuss the new case of an exciting force Aw sin i, with an intensity proportional
to the first power of the frequency. Find the formula for the resonance curve, bring
it to dimensionless form, and find at what height it starts and ends. If you define the
static amplitude as the static amplitude at the natural frequency, that is, Tews =
Awy/k, then find the two frequency ratios w/w, for which the resonance curve has unit
height.

61. A single-degree-of-freedom vibrational system of very small damping is oper-
ated near resonance. The magnification is so large there and the excitation so small
that our measuring instruments are unable to measure the static amplitude OA with
sufficient accuracy. All we can measure is the maximum amplitude Zmax, the ampli-
tudes Zade at two spots 2 Aw apart, the frequency difference 2 Aw, and the natural
frequency w.. From these the damping ratio must be deduced.

Derive a formula for ¢/c. as a function of the above quantities for the simplified

case that f— is small, that Aw/w, is small, and the Zsqe/Zmax is small.
£

0=0q sin WL

Amplitude ~»

7
Problem 61. Problem 62.

62. The upper support of the vibratory system shown is given the motion a sin wt.
Set up the differential equation for the (absolute) motion of mass, and reduce it to
standard form. Write the relation for the dimensionless “resonance diagram.” Let

Totat = —Akﬂ Sketch the curves for ¢/c. = 0, ¢/c, = 0.1, ¢/e; = 1, and ¢/ec,— .
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68. A reciprocating engine is subjected to a fluctuating exciting forece whose fre.
quency is the same as the running speed
of the engine. The engine and base
weigh 500 lb. and are supported on a
vibration-isolating mounting which has
an equivalent spring constant of 300

1b./in. and a dashpot which is adjusted so 3;8
that the damping is 20 per cent of critical. / oL
a. Over what speed range in r.p.m. is Z
the atxfplitude of the ﬂuctl‘lating force T, 7
transmitted to the foundation actually Foundation
larger than the excitation?
Problem 63.

b. Over what speed range is the trans-
mitted force amplitude less than 20 per cent of the exciting force amplitude?

Chapter 3

84. Calculate the abscissas and ordinates of the points 4, P, and @ in Fig. 3.13.

66. Calculate the natural frequency of the water in the
tank system shown.

66. Find the metacentric height of a body made of solid
material of specific gravity 14, floating in water, having the
shape of a paralielepiped with

a. Square cross section & X h, floating with one of its sides
parallel to the water.

b. Triangular cross section of base b and height h floating
with the base down and the point emerging from the water.

¢. The same triangular section with the point down.

67. A steel torsion shaft of 14 in. diameter is built into walls at both ends. It
carries two flywheels, each at 10 in. from a wall, and, also 10 in. from each other, of
steel, 12 in. in diameter and 2 in. thick. Find the two natural frequencies, expressed
in v.p.m.

Problem 65. Idealized
Frahm tank.
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Problem 67. Problem 68.

68. a. Calculate the two natural frequencies of the system shown consisting of a
weightless bar of length 2I, two masses m, and two springs k.

b. Find the location of the “node’ or center of rotation of the bar in each of the
two natural modes.

69. A weightless string is stretched with a large tension of T Ib. between two solid
immovable supports. The length of the string is 3! and it carries two masses m at
distances [ and 2! from one of the supports. Find the shapes of the natural modes of
motion by reasoning along (without mathematics), and then calculate the two natural
frequencies (¢f. Problem 28).

70. A uniform bar of length [ and mass m carries at its right end an additional mass,
also m. It is mounted on two equal springs k at the extremities. Find the two
natural frequencies and the corresponding shapes of vibration.
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Problem 70. Problem 71.

T1. A system consists of a solid cylinder of radius R and weight W, which rolls
without slipping on a horizontal track. To its center is pivoted a uniform bar of total
fength 3R and weight W, equal to that of the cylinder. Set up the equations of the
system, and find the natural frequencies of small oscillations.

72. A cylinder of radius r, total mass 2m, center of gravity G located at distance
+/2 from the geometric center has a moment of inertia I¢ == mr? about an axis through
she center of gravity parallel to the cylinder itself. At a point A at distance r/2
from the center and opposite to G, it carries a pin from which can swing a uniform bar
of total length 3r, total mass m, uniformly distributed along the length. The cylinder
can roll on the ground with large friction and no slip. There is no friction in the hinge
at A. Write the differential equations for the simplified case of small angles ¢ and 6,
and find the natural frequencies.

{ 7 F=FRysinwt w?= Sl
E ‘ 24—-[—)(—-—-—2[ l —»p
' 4 m m ﬁ

Problem 72. Problem 73.

783. A weightless string of total length 41 carries two masses, m each, at the quarter-
length points and nothing at the mid-point. The tension in the stringis T. The first
mass is excited with a force of F lb., varying at a forced frequency »? = 3T/2ml.
Find the steady-state forced motions at both masses.

74. In the undamped vibration absorber of Fig. 3.6 let the mass ratio M /m be 5,
and let the damper be tuned to the main system so that also K/k = 5. Further let
the external foroe P be absent. Find the two natural modes of motion, 7.e., the ratio
between the amplitudes of M and m at the natural frequencies. Also calculate those
frequencies.

76. Let the system of Problem 74 be provided with a dashpot across the damper
spring, having a damping constant of 5 per cent of “critical” (¢ = +/4km/20).
Assuming that the natural modes of motion calculated in Problem 74 are not appre-
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ciably altered by this small amount of damping, calculate the rate of decay in each
of the two natural motions.
76. The period of roll of the ““Conte di Savoia’ (see page 112) is 25 sec., the meta-
centric height is 2.2 ft., and the weight of the ship is 45,000 tons. Calculate
a. Its moment of inertia about the roll axis.
b. Its maximum angular momentum when rolling 10 deg. to either side.
The characteristics of each one of the three gyroscopes installed on board the ship
are:
Gyro moment of inertia, 4.7 X 106/32.2 ft. 1b. sec.?
Gyro speed, 800 r.p.m.

Let these three gyroscopes precess from ¢ = —30 deg. to ¢ = +30 deg., and let thig
happen during 2 time (say 2 sec.) which is short in comparison with a half period of the
ship’s roll. Let this precession take place at the middle of a roll always in a sense to
cause positive damping.

¢. Find the rate of decay of a rolling motion of the ship, assuming that no damping
action exists other than that of the gyroscopes.

77. An automobile has main springs which are compressed 4 in. under the weight
of the body. Assume the tires to be infinitely stiff. The car stands on a platform
which is first at rest and then is suddenly moved downward with an acceleration 2g.

a. How far does the platform move before the tires leave it?

b. Assuming the car to have a speed of 30 m.p.h., draw the profile of the road which
would correspond to the 2g-accelerated platform. This question has meaning for
front wheels only.

78. The car of Problem 77 runs over a road surface consisting of sine waves of 1 in.
amplitude (i.e., having 2 in. height difference between crests and valleys) and with
distances of 42 ft. between consecutive crests. There are no shock absorbers.

a. Find the critical speed of the car.

b. Find the amplitude of vertical vibration of the chassis at a forward speed of
40 m.p.h.

79. A double pendulum consists of two equal masses m, hanging on weightless
strings of length [ each. In addition to gravity, there are two mechanical springs of
stiffness k. The equilibrium position is a vertical line. Set up the differential equa-
tions of motion carefully and calculate the two natural frequencies. (Small angles.)

Problem 79. Problem 80.

80. Starting surges in the cables of an elevator in a high building. Long (up to
1,000-ft.) elevator cables are quite flexible longitudinally. The hoisting machinery
usually is located high in the building, and when the cab is below, the starting torque
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of the machine can reach it only through this flexibility. Hence the machine starts
firgt, stretching the cable, and the cab starts later. Idealize this situation as two
masses and a spring, m; being the equivalent mass of the hoisting engine (i.e., the mass
which at the periphery of the hoisting drum matches the moment of inertia of the
engine), m. being the mass of the cab, and & the spring constant of the cables. Let F
be the applied force (i.e., the hoisting torque divided by the drum radius).

First consider the case that F comes on suddenly, that is, F = 0 for ¢ < 0 and
F = Fofor t > 0. Set up the differential equations, and from them deduce a single
differential equation for the cable stretch only, not containing the motions of the
masgses my or m. individually. Solve, and find the cable force as a function of time.
To this must be added the constant static force may. Hence the cab will accelerate
upward in spurts, the maximum acceleration being twice the average. Plot F = f(§)
to see this clearly.

81. In order to improve the performance of the elevator of the previous problem,
it is proposed to let the torque come up gradually, rising linearly with the time from
zero to Fo during the interval from { = 0 to wal = 2x (a full cycle of the natural
motion). Thereafter the force remains constant, equal to F,. Again set up the
differential equation for the cable stretch only (not containing x; and z, individually),
and prove that now the operation is very smooth and the cable tension never rises
above its steady-state value.

82. Generalize the previous problems. The hoisting engine force still grows
linearly with the time from zero to its maximum value Fy, but, instead of doing this
during time 0 (as in Problem 80) or during time w.t = 2r (as in Problem 81), it grows
during the time wat = a.

Prove that the ratio of the maximum cable force to the force Fy is expressed by

P=Po sin wi Frsx - l > 9 onn o
l W Fo —1+a\/2 2co8
# u o 3K Plot this relation up to « = 6, and show that it fits the
le—30—>p—30 P t0 o Ty
77 . result of the two previous problems as special cases.
o) 83. The symmetrical system shown is an idealization
M=Mosin wt of a balancing machine frame a._nd consists of a uniform
:‘- slender and rigid rod of weight W = 100 Ib. supported by
r: 3 a spring at each end, for each of which the spring con-
P - stant i§ k = 400 lb.'/in. ] ]
(5 a. Find the amplitude of the force in each spring due to
Problem 83. a simple harmonic alternating force Py of 20lb amplitude

impressed upon the bar at a frequency of 12 cycles/sec.

b. Solve the same problem when the impressed force is replaced by a couple M,
having the same frequency and an amplitude of 1,000 in.-Ib.

84, Find the mechanical impedance Z of the top point of a spring
k, from which is suspended a mass m.

86, Find the mechanical impedance Z of a ceiling from which is
suspended a mass m by means of a spring k and a dashpot ¢ parallel
to the spring.

86. Find the mechanical impedance of a ceiling from which is sus-
pended a mass m through a spring k. In addition there is a dashpot ¢
between the mass and the ground. ¢

87. The system shown in the figure is a special case of Fig. 3.27 in i
the text. Find the amplitude of motion of the dashpot and, from it, Z
the force transmitted to the ground. Problem 87,
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88. Derive Eq. (3.49) (page 121) of the text.

89. Find the mechanical impedance Z of a mass M which is attached to the ground
through a spring K.

90. An engine m,, excited by Pysin wi, is to be mounted
through a protecting spring % on a foundation with
the impedance of the previous problem. Find the
transmissibility.

91. In the centrifugal pendulum of Fig. 3.10b let Q be
the speed of rotation of the disk, ¢ the distance from the
disk center to the center of swing of the pendulum, b
the distance from the swing center to the center of gravity
of the pendulum, and finally k the radius of gyration of -
the pendulum mass about its swing center. Find the Problem 90.
natural frequency and try to design a pendulum that will swing back and forth three
times per revolution.

92, Prove that the most favorable damping in the viscous Lanchester damper
(curve 3 of Fig. 3.14¢, page 101) is given by

Engine

Foundation

7.

s = 201 + W2 + W%

88. A three-bladed airplane propeller is idealized as three flat massless cantilever
springs, spaced 120 deg. apart and carrying concentrated masses m at their ends, at a
r distance R away from the shaft center. They
[padas R are built in at a distance r from the shaft
center into a hub having a moment of inertia I,
with a definite angle « between the blade plane
and the plane of the entire propelier (see figure).
Let the spring constant of each blade in its
limber direction be k. and let the blade be
infinitely stiff against bending in its stiff direc-
tion (90 deg. from the limber direction). Let
the hub be mounted on a shaft of torsional
4 stiffness k;. Find the two natural frequencies
Problem 93. of the non-rotating system (the “blade fre-
quency” and the “hub frequency”), as a
function of the blade angle «, and find in particular whether the blade frequency is
raised or lowered with increasing blade angle a.

94. The same as Problem 93, this time the shaft k, is stiff against torsion, but flexible
against extension. The hub therefore can vibrate linearly in the shaft direction.
Let k) mean the extensional spring constant of the shaft and let the inertia of the hub
be expressed by its mass M rather than its moment of inertia.

96. The same as Problem 93, but this time the blade stiffness in its own plane is no
longer considered infinite. Let the stiffness of one blade in its stiff plane be k; and
in its limber plane k;; let k; as before be the torsional stiffness of the shaft. For
simplicity let I = 0.

96. A combination of Problems 94 and 95, the blade having stiffnesses k; and ks,
the shaft being stiff in torsion and having %, in extension, and the hub mass M being
zero for simplicity.

97. A mass m is suspended at distance ! below the ceiling by two equal springs &
arranged symmetrically at an angle «. This angle « is the angle under the static

g
&
i

14



394 MECHANICAL VIBRATIONS

influence of gravity with the springs carrying the weight. Find
a. The natural frequency of up-and-down motion.
b. The natural frequency of sidewise motion.

Problem 97. Problem 98.

98. A uniform disk of weight W and radius r rolls without sliding on a plane table.
At its center it carries a hinge with a weightiess pendulum of length ! and a concen-
trated weight w at its end. Find the natural frequencies for motion in the plane of
the paper.

Chapter 4

99. Derive Eq. (4.11) by working out the determinant (4.5).

100. A simple massless beam of bending stiffness EJ and length 4!, simply supported
at its ends, carries a mass m at a distance [ from each of the supports. Find:

a. The three influence numbers.

b. The two natural frequencies.

¢. The two natural modes of motion.

101. A flexible weightless beam of section ET and length [ is simply supported at its
two ends and carries two equal masses m, each at 14l and at 14l from one of the ends.
Calculate the two frequencies by the method of influence numbers.

102. In Fig. 3.1, let my =m, my = 5m, ky =k, ko = 3k, and k; = 7k. Let a
force Pq sin ot be acting on m;. Find:

a. The frequency « of Py at which m, does not move.

b. The amplitude of m; at this frequency.

Solve this problem without the use of large formulas by a physical consideration, as
suggested in Fig. 4.4,

108. Derive Eq. (4.22).

104. Check the various frequencies shown in Fig. 4.19.

106. By Rayleigh’s method find the natural frequency of a string with tension T
and length 3l, carrying masses m at distances ! and 2 from one end. The mass of the
string itself is 3m.

106. A beam EI on two supports, of length ! and of mass u, per unit length (total
mass m = ul) carries a concentrated mass M in the middle. Find the natural fre-
quency by Rayleigh's method, and in particular find what fraction of m should be
added to M in order to make the simple formula (2.10) applicable.

107. The same as Problem 106, but for a beam of total mass m, clamped solidly at
both ends, and carrying a mass M at its center.

108. A weightless cantilever spring of length 2! and bending stiffness EI carries
two concentrated weights, each of mass m, one at the free end 2/ and the other at the
center I. Calculate the two natural frequencies.

109. A pulley of moment of inertia 2mr? and radius r carries two equal masses m,
supported from the string by two different springs k and 2k. The masses are supposed
to move up and down only, and the pulley can rotate freely. Set up the equations,
and find the natural frequencies of this system.
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Y, 7,
k k
m m
K
Problem 109. Problem 110.

110. The system shown has three degrees of freedom if we consider only smalf
vertical motions of the masses.

a. Use either Newton’s laws or influence coefficients to derive a set of equations
from which the natural frequencies and natural modes can be determined.

b. The system has three natural modes. Find any one of these modes and its
corresponding natural frequency. Any method may be used, including the educated
guess.

111. A weightless cantilever beam of bending stiffness E7 and total length [ carries
two masses m, one at its end and one at its middle. Calculate the lowest natural fre-
quency by Rayleigh’s method, assuming that the mode shape is a parabola y = az?.

,a‘— s Y | 1 —>|<—-z —e—1
3 * : it —im

Problem 111: Problem 112.

112. A beam, weightless, has constant stiffness EI, total length 3!, and coneentrated
masses m and m as shown. Find the natural configurations and frequencies.

118. The massless cantilever beam of uniform stiffiness EI is fastened at the left
end to a rod which has a vertical motion of a¢ sin wsf. Two unequal masses are placed
as indicated in the sketch.

a. Find the influence coefficients a1, g wos.

b. Find the natural frequencies of the system.

¢. Find the normal modes of vibration of the system.

d. Find the forcing frequency «; for which mass (2) acts as an “absorber” for
mass (1).

§ a0 sin wyt
4
3m m * 2k
4'% 3 <> £ sin wt
Problem 113. Problem 114.

114. A three-mass system m, 3m, and 2m is connected by two springs k and 2k.
It is excited at the mass 2m by a force P sin wt. Set up the differential equations,
and solve for the motion of the excited mass 2m. Sketch the resonance diagram, and
ealculate the locations of the three or four principal points in it.
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116. Three unequal weights are symmetrically mounted on a weightless beam, as
shown. The influence coefficients are an = a3 = 800; az = 1,400; a2 = an =
o3 = O3y = 1,000, a1z = Qgr = 600. All units
Qb S0k 601 are 10~ in./Ib. Find the first natural fre-
. @ @ @ > quency, using the iteration (Stodola’s) method.
116. A l-in.-diameter steel shaft supporting
Problem 115. three 40-lb. weights, which may be regarded
a8 mass particles, is supported in self-aligning bearings, so that the critical-speed
problem is the same as the free-vibration problem for the system regarded as
a simply supported beam. The distributed mass of the beam has already been
accounted for in the 40-1b. weights of the mass particles. The influence coefficients
are found to be a1y = a3 = 1.711; @z = 3.06; a12 = a1 = @z = azz = 2.11; a33 =
g = 1.339. All units are 1072 in./lb.
a. Find the first natural frequency (or critical speed) by the iteration method.
b. Find the second natural frequency (this is easy, because the second-mode shape
is known from symmetry, and the iteration method degenerates to a single step).
¢. Find the third natural frequency, using the orthogonality condition to determine
the third-mode shape.

wz W Wo Ws we Wi =W2=W3,6=4O|b

77 . . . 77 £ =30%1

15 ket b t5 15y £ = 30%10
Problem 1186.

117. Modify the previous problem by changing the weight W; from 40 to 60 1b.,
thus making the system unsymmetrical. Find the three frequencies. This time the
exact method, by direct solution of the differential equation, involves less work than
the iteration method.

118. The frequency formula (29) on page 432 is expressed in general terms. Show
that it can be transformed to

oo =30, AfET E
pmo= NI G

where % is the radius of gyration of the beam section and v the weight per unit volume
of beam material. Apply this to three frequent cases: a beam of rectangular section
bh; a beam of solid circular section of diameter d; a thin-walled pipe of diameter d and
wall thickness {, all made of steel. Show that the formula reduces to

v.p.m. = 560,000 % Gn for the rectangle of height h
v.p.m, = 480,000 % Qn for the solid circular bar
v.p.m. = 685,000 % a,  for the thin-walled pipe

(All dimensions are in inches.) Note that neither the wall thickness of the tube nor
the width of the rectangular beam have any influence on the frequeney.

119. Refer to Fig. 4.28 on page 153. Calculate the first cantilever frequency by
Rayleigh’s method based on the following assumed shapes:

a. A parabola.

b. A mixture of a parabola and a cubie parabola (y = Cx?), so adjusted that the
bending moment or curvature at the free end is zero.

120. a. In a system consisting of either a weightless string or a weightless shaft,
supported at both ends and loaded with n discrete weights, assume the Rayleigh
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curve for the first mode to be equal to the static-deflection curve due to gravity.
Prove that Rayleigh’s method then leads to the formula

- »\/ W1y1 + Wzyz -+ Wsys
Wi + Ways + Ways

where ¥, ¥, ys are the static deflections. In calculating the strain energy note that
it is the same as that due to the gravity forces; and, instead of evaluating an integral
over the length of the beam, find the work done by these forces as they deform the
beam.

b. Use the above formula to check the first frequency of Problem 116.

121. For a uniform beam on two end supports, the natural shape is a half sine wave.
Suppose this fact is not known and the natural frequency is to be determined by the
Stodola method. Assume for a first deflection curve a parabola y = yo(1 — 472/12)
with the center as origin. Enter with this expression into the Stodola process, and
carry out the integrations by calculation (not graphically). Determine the first
approximation to the natural frequency in this manner.

122. A beam of uniform cross section EI, mass per unit length u or o4, and total
length 3! is supported at the points z = 0 and z = 21,

a. Write an approximate shape, fit for starting the Rayleigh method, by assuming

180 deg. worth of sine wave tipped down at0:y = sin~= gi — az. Calculate the slope

a in this expression so as to satisfy the condition at £ = 2. What is the bending
moment at the end 2 = 3?7
b. Assume an algebraic expression

y =z -+ ax? + bz’ 4 czt

and calculate a, b, and ¢ 50 as to satisfly the conditions of zero bending moment at
z = 0 and at z = 3/, and also the condition at z = 2.

¢. Find the frequency by Rayleigh’s method, using either expression a or b, which-
ever you dislike least.

el
i pe— Voo b —sfe— by —
79/2 ﬁ/.\\ - % @ :
Problem 122. Problem 123,

123. A uniform beam of total length 31/2 has supports at one end and at two-thirds
of its length. 'The mass of the beam itself is m, and in addition it carries concentrated
masses m/3 at the overhung end and in the middle of the span. Bending stiffness is
EI

a. Set up a “Rayleigh” shape of vibrational deformation in algebraic form, satisfy-
ing the condition of zero curvature at the two extreme ends.

b. With this formula find the frequency by Rayleigh’s method.

124. A uniform bar is freely supported at its two quarter-length points. Find the
natural frequency by Rayleigh’s method. It is suggested that you use an algebraic
polynomial trial expression which fits the end conditions.

126. A beam of length ! on two supports has zero height at the supports and a
linearly increasing height toward a maximum at the center. For half the beam let
m = Cwxand EI = Cyxd.
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Take for the Rayleigh deflection curve an ordinary parabola, and find the natural
frequency.

126. A cantilever beam of length ! has a constant bending stiffness 1, but a mass
variable along its length. It is p¢ per running inch at the built-in end, it is 2p, per
running inch at the free end; and it varies linearly from uo to 2u, along the length.
Taking a parabola as an approximation of the first mode of motion, calculate

a. The frequency by Rayleigh’s method.

b. By Stodola’s method find the next better approximation for the deflection curve,
and estimate the frequency from it.

127. Apply Stodola’s method to the problem of the natural frequency of a simple,
uniform cantilever beam. Assume for the first approximation of the shape y = Cz2.
Find the next iteration by integration, and identify the end deflections of the two
shapes, thus determining the frequency.

128. A ship’s propeller shaft has a length of 200 ft. between the engine and the pro-
peller. The shaft diameter is 12in. The propeller has the same moment of inertia as
a solid steel disk of 4 ft. diameter and 6 in. thickness. The modulus of shear of the
shaft is G = 12 X 10% Ib. per square inch. If the shaft is supposed to be clamped
at the engine, find the natural frequency of torsional vibration, taking account of the
inertia of the shaft by means of Rayleigh’s method (steel weighs 0.28 Ib. per cubic
inch).

129. The coil springs of automobile-engine valves often vibrate so that the individ-
ual coils move up and down in the direction of the longitudinal axis of the spring.
This is due to the fact that a coil spring considered as a “bar” with distributed mass
as well as flexibility can execute longitudinal vibrations as determined by Eq. (4.21a).
Find the equivalents for u; and AF in (4.21e) in terms of the coil diameter D, wire
diameter d, number of turns per inch n,, modulus of shear G, mass per turn of spring
my.

Calculate the first natural period of such a spring of total length I(n = n.l) clamped
on both sides.

130. A cantilever beam of total length 2! has a stiffness EJ and a mass per unit
length p, along a part [ adjacent to the clamped end, whereas the other half of it has a
stiffness S5ET and a unit mass #;1/2. Find the fundamental frequency by Rayleigh’s
method.

131, A small 1¢-hp. motor frame has the following characteristics (Fig. 4.34):
a = 220 deg., B = 2.75 in.; I = 0.0037 in.t; E = 27.10¢ 1b./in.2; px = 0.00052 1b.
sec.?/in.2. Find the fundamental frequency.

132. A mass hangs on a coil spring (Fig. 2.3 without damping or excitation). If
the mass of the spring itself is not negligible with respect to the end mass, caleulate
what percentage of the spring mass has to be added to the end mass if the natural
frequency is to be found from o? = k/m

a. By Rayleigh’s method.

b. By the exact theory.

183. A uniform bar of length I, bending stiffness EI, and mass per unit length u
is freely supported on two points at distance I/6 from each end. Find the first natural
frequency by Rayleigh’s method.

134. A ship drive, such as that discussed with reference to Fig. 5.18, consists of a
propeller weighing 50,000 lb. and a line shaft of 19 in. diameter and 188 ft. length, on
the other end of which there is a large gear weighing again 50,000 1b. The gear is
driven by pinions and steam turbines which have no influence on the longitudinal
vibrations of the system. On the inboard side of the main gear the thrust is taken
by a Kingsbury thrust bearing, the supporting structure of which has a stiffness in the
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longitudinal direction of the shaft of 2.5 X 108 1b./in. The propeller has four blades
and consequently gives four longitudinal impulses to the shaft per revolution.

Calculate the two critical speeds of the installation, considering it as a two-degree-~
of-freedom system, distributing the shaft mass equally to the propeller and to the
gear mass.

135. Solve Problem 134 by the exact method, assuming the shaft mass to be uni-
formly distributed, and find the numerical answer for the lowest critical speed. The
data of Problem 134 are taken from an actual case. The vibration was eliminated
by stiffening the thrust bearing supports.

186. To calculate by Rayleigh’s method the antisymmetrical, three-noded fre-
quency of a free-free bar of length 2!, assume for the curve a sine wave extending from
—180 deg. to +180 deg., with a base line rotated through a proper angle about the
mid-point, so that it intersects the sine curve in two points besides the center point.

a. Determine the slope of the base line 80 as to satisfy the condition that the angular
momentum about the center remains zero during the vibration.

b. Caleulate the frequency with the curve so found.

187. The potential energy of a membrane, such as is shown in Fig. 4.37, is calculated
by multiplying the tension T by the increment in area of each element caused by the
elastic deformation.

a. If the deformation has rotational symmetry about the central axis (as shown in
Fig. 4.37), derive that this energy is

= [T (dv}?
Pot—/z(dr) A

b. Assume for the deformation a sinusoid of revolution and calculate the frequency
by Rayleigh’s method.

188. In connection with the numerical Stodola or “iteration” method, discussed
on page 163, carry out the following calculations:

a. Starting with the first assumption for the second mode, a; = 1.000; a; = 0.500;
a; = —0.750; carry out the various steps without eliminating the first mode, and
observe that gradually the solution converges to the first mode and not to the second.

b. In figuring the third mode start with an assumption such as a; = a; = 1.000,
a; = —1.000, and eliminate from this solution the first and second harmonic contents
by means of Eq. 3.9b. Note that the shape so obtained is the exact solution.

Chapter &

139. A single-cylinder engine weighs complete 300 lb.; its reciprocating weight
is 10 1b., and the rotating weight is 5 Ib. The stroke 2r = 5 in., and the speed is
500 r.p.m.

a. If the engine is mounted floating on very weak springs, what is the amplitude of
vertical vibration of the engine?

b. If the engine is mounted solidly on a solid foundation, what is the alternating
force amplitude transmitted?

Assume the connecting rod to be infinitely long.

140. Construct the piston-acceleration curve (Fig. 5.3) for an engine with a very
short connecting rod, I/r = 3.

141. Sketch one full cycle of the inertia-torque variation [Eq. (5.15)] for anengine
with I/r = 3.

142, Prove the four propositions on inertia balance stated on page 182. Find also
the balance properties of a three-cylinder two-cycle (0-120-240) engine.
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148. A 4-cylinder engine has all 4 cylinders in one plane, on a crank shaft of 2 cranks
in line, 90 deg apart. Find:

a. The amount of necessary counterweight at A or A’ in order to reduce the pri-
wmary inertia force of one crank and pair of pistons to a force of cunstant magnitude
rotating in a direction opposite to that of the crank shaft.

b. The secondary inertia force of one crank.

¢. The necessary counterwight and its angular location at B and C (gears rotating
at 1:1 speed opposite to the crank shaft) in order to balance for primary forces and
moments.

Problem 143.

144. The figure shows a ‘“wobble-plate” engine. A number of stationary cylinders
are equally spaced angularly around the central shaft. By properly proportioning
the inertia of the piston and piston rods
in relation to the inertia of the wobble
plate, the engine can be balanced per-
fectly. For purposes of this analysis the
pistons and rods may be assumed to have
a uniformly distributed mass around the
axis of rotation. The wobble plate is
assumed to be a disk of total weight
Wassk, uniformly distributed over its cir-
cular area of radius Raa. The total
weight of all pistons and connecting rods
is W,i, supposedly concentrated on a

circle of radius R, from the z-axis.
Froblem 144. Find the relation between these vari-
ables for which perfect balance is accomplished.

145. The torsional amplitudes of any engine at slow speeds are very large but the
crank shaft stresses associated with it are small. In order to visualize this condition,
consider a two-disk system I, I, connected by a shaft k, with a torque 7' sin wt
acting on disk I, only. Calculate and plot:

a. The amplitude of the engine I as a function of frequency.

b. The shaft torque as a function of frequency.

146. Find the first natural frequency of a four-cylinder engine driving an electric
generator of the following characteristics:

I1,2,5,4 of the cranks, pistons, ete. = 50 lb. in, sec.? each
I; of flywheel-generator assembly = 1,000 lb. in. sec.?
ky =k = k3 = ky = 107 in. lb./rad.
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147. The torsional system shown consists of three flywheels with moments of
inertia 200, 100, and 1,000 lb. in. sec.?, respectively.
The fiywheels are connected by two shafts, stiffness
of each shaft being 10° in.-lb./rad. Make a reason-
able guess for the first natural frequency, and with
it perform one Holzer calculation.

From the result of this calculation, deduce whether
your guess for the natural frequency was too high or
too low.

148. An engine consists of four eylinders in line, each having an equivalent moment
of inertia of 100 Ib. in. sec.? It drives a generator of I = 2,000 Ib. in. sec.? through a
connecting shaft of stiffness k = 104 in.-lb./rad. The three crank throws between
the four cylinders have a stiffness of & = 105 in.-lb./rad. each. Find the first and
second natural frequencies by Holzer’s method.

149. The sketch shows a six-cylinder (four-cycle) truck engine. Estimate the

3000 Datural frequency, and make one Lewis
caleulation with it. Call that answer
good, but state whether it is too large or
too small.

Find the location of the third- and sixth~
order eritical speeds. Explain whether
or not these are “major’’ speeds and why.

All inertias are WR? values, expressed
in 1b./in.2  All flexibilities are in millions of in.-lb./rad.

150. A six-cylinder engine coupled to a heavy generator has cylinder inertias of
50 1b. in. sec.? and crank throw stiffnesses of k = 60 X 10¢in.-Ib./rad. The generator
inertia is 2,000 lb. in. sec.?

Maske a good guess at the first natural frequency, and express the answer in v.p.m.

161. An eight-cylinder in-line engine has cylinder inertias of 5,000 lb. in. sec.? each
and throw stifinesses of 1 million in.-lb. rad. each. It is coupled through a shaft of
k = 2 X 108 to a flywheel of 50,000.

a. Find the first natural frequency by
Lewis’s method.

b. Estimate the second frequency.

1562. a. An eight-cylinder engine drives
a heavy propeller through s flexible shaft.

100

1000

Problem 147.

Problem 149.

Find an approximate value for the first  £-10% in.1b/rad 7, =1000 Ib in. sec?
mode «?, suitable for a first try in the - §x10€ in. Ib /rad I =20,000 Ibin.sec?
Holzer table. Problem 152. '

b. Find an approximation for the sec-
ond mode w? suitable for a first try either by Lewis’s method or by a Holzer
table.

c. Let the crank shaft be 0, 180, 90, 270, 270, 90, 180, 0, and let the firing order be
16258374. For the first mode, which of the following three orders of vibration is
gerious?

Order %4, 2, 4

d. Same question as (c), but now for the second mode. Assume that all critical
speeds are within the running range of the engine.

163. A Diesel engine by itself has a rotatory inertia of WR? = 200,000 lb. in.2, and
a total stitiness of the entire crank shaft of 5millionin.-lb./rad. On one end the engine
is directly connected to a flywheel of WR? = 1 million 1b. in.2 Make a good guess at
the natural frequency of the system, and check it with one Lewis calculation. Asa
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result of this make a second guess, but do not follow the process any further. Express
the second guess in terms of v.p.m.

154. A six-cylinder Diesel engine is directly coupled to a generator. The moment
of inertia of each crank is I, and that of the generator is 5I. The torsional stiffness
of the shafting between two cylinders is k, and that between the last eylinder and the
generator is 2k (equivalent shaft length one-half of that between cylinders). Using
Lewis’s method, find the first two natural frequencies of this system.

185. An eight-cylinder in-line Diesel engine drives two generators through gears.
The eight cylinders have each an inertia of 1,000 lb. in. sec.?; the stiffness of one crank
throw is 10 X 10¢ in.-lb./rad.; the generator inertias are 15,000 and 5,000 lb. in.
sec.?, and their drive shafts have stiffnesses of 10 X 10% and 20 X 108 in.-lb./rad. as
indicated.

a. Describe briefly how you go about combining Lewis’s method with Holzer’s
method for a branched system such as this one.

b. Estimate the first frequency, and make the first Lewis-Holzer caleulation.

7=10%3g¢

L1=’°5/386 K=10x108 ]—sﬂ
#=10x106 4
E:ZX!OS/“G K=20x10° l Sl ] AIreZ; reduced
to engine speed

3

Problem 156.

156. Two engines, one twice as inert as the other, running at the same speed, drive
a common propeller through a reduction gear. The stiffnesses and inertias are as
shown in the figure. Find the first three natural frequencies.

167. a. Explain briefly why in a four-cycle engine torsional vibrations occur of
integer and half-integer orders, and why the orders appearing in a two-cycleengine
are integer only.

b. A 9-cylinder 2-cycle engine has the firing order 1 8 6 42 9 7 5 3. Sketch the
vector diagrams (equal magnitude of vectors) for the orders 1 to 8. How many of
these diagrams are different?

¢. Assuming that in the first mode of motion all eylinders have the same amplitude,
what orders of vibration from 1 to 9 are most serious?

d. Assuming that in the second mode of motion the cylinder amplitudes are 4, 3, 2,
1,6, —1, —2, —3, and —4 deg. for the consecutive cylinders 1 to 9, which of the
orders 1 to 9 are serious?

1,8
45 | 3.6 87654;;@21@
I of o @ © § o g3
Nl N o N

2,7 12,700 vpm
Problem 158.

168. A four-eycle Diesel engine consists of 16 cylinders on an eight-throw erank
shaft in two banks of 8 cylinders each with a 60-deg. V-angle between. The crank
diagramn is shown, as is also the configuration of one of the natural modes of the sys-
tem. and the firing order is 1 6 25 8 3 7 4. The engine has to run in a speed range
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of 2,400 r.p.m. on down. Consider four possible critical speeds, for which the p-factors
{ratio of harmonic alternating torque to mean torque) are shown below:

Order ls}é[ 6 |6}é' 7

i

p-factor I 0.38 ) 0.28 I 0.20 | 0.14

Find which one of the four above eritical speeds is the most dangerous one, and list
all four speeds in order of their severity. Generator
169. A General Motors two-cycle pomper
Diesel (type 12-567, six cylinders in line, 5
two banks at 45-deg. V) drives an Eliott
generator at 720 r.p.m. All inertias are o
Ib. in. sec.?; all stiffnesses, in.-lb./rad.
. 2610
Make rough guesses for the frequencies Problem 150
of the first and the second modes of this .
system. Based on these guesses, find what order critical speed is near the running
speed of 720 r.p.m. in the first (one noded) mode and in the second (two-noded) meode.
160. The same question as Problem 159 for a General Motors 16-2784 type two-
eycle Diesel, eight cylinders in line, two banks at 40 deg. V, driving a generator at
720 r.p.m. It looks like this:

Fz0axi08] [rexieh

7=161

Generator
Flywheel

Domper Hub

7.6 x10° 137.5x10°

% 7=166 K=14.7x10°
87 9 482

2610

Problem 160.

161. The contribution toward the moment of inertia of a single erank throw by the
crank itself is usually of the same order of magnitude as the contribution by the moving
parts, i.e., the piston and connecting rod. In the problem below assume this to be the
case, 1.e., the I of a crank is twice that caused by the piston and connecting rod.

A truck engine (The Autocar Co., model 3770HV) has the following characteristics:

Number of cylinders in line: 6

Piston weight: 2 1b. 10 oz.
Rot. end connecting rod weight: 31b. 0
Rec. end connecting rod weight: 1 1b. 4 oz.

Crank radius: 234 in.
¢ distance between cranks: 514 in.
Shaft diameter: 3% in.
Crank-pin diameter: 234 in.

The length of the crankpin is equal to the length of the shaft in the main bearings.
The engine, as usual with automobile installations, is “free” at the front end and
carries a “large’’ flywheel at the rear end. The system behind this flywheel is “very
soft,” i.e., the drive shaft between engine and wheels has a value of k very much
smaller than the crank shaft.

Estimate the lowest natural frequency for the purpose of starting either a Lewis
or a Holzer calculation.

162. A centrifugal pendulum damper of order n = 3 is to be designed for an engine
at 800 r.p.m. The available radial distance from the center of the shaft to the point
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of suspension of the pendulum B = 4}4 in. The alternating torque that the damper
has to produce is 15 ft.-l1b., and the allowable angle of its relative swing is 0.1 radian.
What is the required weight of the pendulum?

163. A centrifugal pendulum consists of a point mass m
on a weightless string of length a, attached at a point distant
a from the center of rotation. Angular speed of the disk is Q.

a. Find the patural frequency of small vibrations.

b. If the pendulum string is held at position B 90 deg. from
the radial direction and released from that position, at what
speed will it fly through the radial position A? The angular
speed 2 is held constant.

164. a. Sketch the steam-torque curve of a double-acting
steam cylinder of which the inlet valve is open for one-fourth
revolution after the dead-center position. During the next quarter revolution the
steam expands according to pv = constant. The engine works without compression.

b. Sketch the combined torque curve of an engine made up of three such cylinders
on a 120, 240, 360 deg. crank shaft and also the combined torque curve of a six-cylinder
Diesel engine based on Fig. 5.19a. Compare the two.

16b6. Draw the four fundamental star diagrams for the engine (Fig. 5.27) for each
of the four firing orders that are possible with the given crank shaft (see figure).

Problem 163.

1,6

1 2 3 4 5 6 w

34 25
Problem 165. Given crankshaft.

166. Discuss the star diagrams for the eight-cylinder engine (0, 180, 90, 270, 270,
90, 180, 0) without considering the elastic curve. How many fundamental diagrams
are there, and to which orders of vibration do they belong?

167. The turbine ship drive of Fig. 5.18, page 195, is excited by the four-bladed
propeller only, the intensity of the exciting torque being 0.075 times the mean torque.
Assume a propeller damping corresponding to twice the slope of the diagram, Fig. 5.28,
and assume that diagram to be a parabola. Neglect damping in other parts of the
installation.

a. Calculate the amplitude at resonance at the propeller.

b. From the Holzer calculations of pages 196 and 197 find the resonant torque
amplitudes in the shafts 2-3 and 3-4.

¢. At what propeller r.p.m. does this critical condition occur?

168. Problem 167 determines the resonant amplitude of the ship drive, Fig. 5.18.
The resonance curve about that critical condition is found by calculating the undamped
resonance curve and sketching in the damped one. Points on the undamped curve are
determined by calculating a Holzer table for neighboring frequencies and by inter-
preting the “remainder torque’’ of these tables as a forced propeller-exciting torque.
The mean propeller torque is 6,300,000 in. lb. at the rated speed of 90 r.p.m. and is
proportional to the square of the speed. Find the amplitudes of forced vibration at
the propeller for w? = 145 and «? = 215, and from the results sketch the resonance
curve.

169. An aircraft engine consists of two six-cylinder-in-line blocks arranged parallel
to each other and coupled to each other at each end by three identical spur gears, so
that the two blocks run at equal speeds in the same direction. One set of natural
modes has nodes at both ends of each block.
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a. What modification has to be made in the first line of the ordinary Holzer table
to accommodate the node at one end?

b. What is the Holzer criterion at the other end?

¢. What is the © in Lewis’'s method (page 193)?

d. Calculate the lowest natural frequency of a system of six equal inertias I,
coupled to each other and to two solid walls at either end by
seven identical shafts of stiffness k.

170. A variation (due to Chilton) of the damper of Fig. 5.37
consists of a steel block of weight W with a hardened cylindrical
bottom that can roll on a hard cylindrical guide (see figure).
The two radii of curvature B, and R; are large and their differ-
ence AR = R; — Riissmall. The distance between the center
of gravity G and the contact point is @, and the radius of gyra-
tion about @ is p.

a. Calculate the natural frequency of small rolling oscillations
in a gravity field g.

b. The assembly rotates with speed 2 about a center O; the
distance OG = rg, and gravity is neglected. Calculate the fre- Problem 170.
quency of small rolling oscillations.

171. An eight-cylinder, four-cycle engine has a firing order 1746 8 2 5 3 and crank
angles 0, 90, 270, 180, 180, 270, 90, O deg.

a. Sketch the vector diagrams for the various orders of vibration without consider-
ing the magnitude of the vectors.

b. If at a certain mode the Holzer amplitudes are as follows:

No. 1, 1.000; No. 2, 0.900; No. 3, 0.800; ete.

down to No. 8, 0.300, and, if the 314 order harmonic torque is 100,000 in. 1b., find the
work input per cycle at the resonance of this order if cylinder No. 1 vibrates +1 deg.

¢. If the above mode occurs with a value w? = 2,000 in the Holzer table, what is the
critical r.p.m. of order 3147

d. What is the most dangerous r.p.m. of this engine?

e. What is the state of balance of this engine?

172. An idealized single-acting steam engine with constant pressure during the
entire stroke (no cutoff) and an infinitely long connecting rod has a torque-angle
diagram consisting of 180 deg. of sine wave, then 180 deg. of zero torque, etc.; the
torque never becomes negative. Find the harmonic torque components by a Fourier
analysis, in terms of the mean torque Tmax/x.

Chapter 6

178. Consider a simple beam on two plain end supports of total length [ and of
uniform bending stiffness 7. Consider this beam itself weightless, but loaded with
a single central mass m. Then we know that the natural frequency for bending vibra-
tions is w! = 48EI/ml*. Substitute this exact frequency in Holzer’s extended method
(page 230), and verify that the end bending moment is zero, as it should be. Then
perform two more such calculations with the values w?mi3/EI = 40 and again 60,
one below and one above the true frequency. What are the ‘“remainder” bending
moments for these two cases?

174. Find the critical speed in revolutions per minute of the system shown in Fig.
6.1 in which the disk is made of solid steel with a diameter of 5 in. and a thickness of
tin. The total length of the steel shaft between bearings is 20 in., and its diameter
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is 34 in. The bearings have equal flexibility in all directions, the constant for either
one of them being k = 100 Ib./in.

176. The same as Problem 174 except that the bearings have different vertical and
horizontal flexibilities: knor = 100 1b./in. and kver: = 200 1b./in. for each of the
bearings.

176. On a horizontal platform are two small motors A and B, their shafts parallel
and horizontal, at distance 2a apart. The motors are unbalanced, each producing a
rotating centrifugal force. The motors rotate at equal speeds in the same direction
and their two centrifugal forces are equal in magnitude, but one of them runs by the
constant angle « ahead of the other.

a. If C denotes the instantaneous intersection of the two centrifugal forces through
A and B, prove that the locus of C is a circle passing through 4 and B with its center
somewhere on the perpendicular bisecting AB.

b. Using this result, prove that the resultant of the two centrifugal forces is a single
-2 21 1 1 rotating force rotating about a fixed point

‘ l ‘T_ located on the perpendicular bigector of AB
H at 2 distance a tan «/2 from 4B.
27
T
Problem 177,

177. The figure shows a machine with a
2 rigid overhung rotor. The initial unbalance
consists of 1 in. oz. in the center of the main
rotor and of 2 in. oz. on the overhung disk,
90 deg. away from the first unbalance. Find

the corrections in the planes I and II.
178. A rotor is being balanced in the machine of Fig. 6.10, pivoted about the fulerum

Fy. The following amplitudes of vibration are observed at the critical speed:

1. 14 mils for the rotor without additional weights.
2. 10 mils with 3 oz. placed in location 0 deg.

3. 22 mils with 3 oz. placed in location 90 deg.

4. 22 mils with 3 oz. placed in location 180 deg.

Find the weight and location of the correction (Fig. 6.11).
179. A short rotor or fiywheel has to be balanced. Observations of the vibration
at one of the bearings are made in four runs as follows:

Run 1; rotor “ag is”: amplitude 6 mils
Run 2; with 1 1b. at 0 deg.: amplitude 5 mils
Run 3: with 1 1b. at 180 deg.: amplitude 10 mils
Run 4; with 11b. at 90 deg.:  amplitude 1014 mils

Find the amount and angular location of the necessary correction weight.

180. In the balancing process we make the following observations:

ao = amplitude of vibration of the unbalanced rotor “as is.”

a1 = amplitude with an additional one-unit correction at the location 0 deg.

a: = same as a; but now at 180 deg.

The ideal rotor, unbalanced only with a unit unbalance (and thus not containing
the original unbalance), will have a certain amplitude which we cannot measure.
Call that amplitude z. Let the unknown location of the original unbalance be ¢.

Solve xz and ¢ in terms of ao, a1, and @z, and show that in this answer there 1s an
ambiguity in sign. Thus four runs are necessary to determine completely the diagram
of Fig. 6.11.

181. In a Thearle balancing machine (page 238), the total mass of the rotating
parts is M, the eccentricity ¢, the mass of each of the balls at the ends of the arms is
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m, and the arm radius ». Find the angle « which the arms will include in their equi-
librium position when released about the resonant speed.

182. A steel disk of 5 in. diameter and 1 in. thickness is mounted in the middle of a
shaft of a total length of 24 in. simply supported on two rigid bearings (Fig. 6.1).
The shaft diameter is 14 in.; it is made of steel also. The shaft has filed over its entire
length two flat spots (Fig. 6.17a), so that the material taken away on either side
amounts to ¥§g¢ part of the cross section (total loss in cross section 145¢). Find the
primary and secondary critical speeds.

Find the amplitude of the secondary alternating force, and calculate the unbalance
which would cause an equal force at the primary ¢
critical speed.

188. A weightless shaft of total length [ between
bearings (simple supports) carries at its center a disk 3
of diametral mass moment of inertia Js. Thediskis 2= N %

N

keyed on at a (small) angle ¢o. When rotating at

constant angular speed w, the centrifugal forces tend

to diminish the angle ¢, to a new value g — ¢. Find Problem 183.
the ratio ¢/¢o 23 a function of the speed w.

184. Consider a simply supported shaft with a central disk. One possible mode of
vibration involves no displacement of the center of the disk, but only an angular dis-
placement of it. The shaft stiffness constant at the disk is & = 12EI/I, being the
moment required at the center of the shaft to produce unit angle ¢ at that location.

a. Find the natural frequency of this motion for a non-rotating disk (2 = 0), and
call this frequency wo.

b. Find the natural frequency (or frequencies) « for the case of a disk rotating with
angular speed Q.

c. Plot this result in a diagram «/we versus 2/wo.

186. Calculate the critical speed of an overhung (cantilever) disk of 10 in. diameter
weighing 20 1b., the shaft being of steel, 10 in. long and %4 in. diameter.

bl s
% %
23 b
Problem 185. Problem 186.

186. A shaft of length 21 and bending stiffness EI is supported on two bearings as
shown. The bearings allow the shaft to change its angle freely but prevent any deflec-
tion at those two points. The disk at the end has a moment of inertia I, about its
axis of rotation. (Thus [ is measured in in.4, and
I, in lb. in. sec.t) The mass of the disk is m.
Find the critical speed.

187. A shaft of stiffness EI, length I, and neg-
ligible mass is freely supported at both ends. At
one end it carries a disk of mass m and moment of
inertia I, about the diameter. This disk is very close to the bearing: assume it to be
at the bearing, so that it can tilt, but not displace its center of gravity.

a. For the case of no rotation, find the natural frequency.

b. Try to find the whirling critical speed, but do not spend more than 3 minutes
trying.

¢. Set up the general frequency equation in terms of a rotational speed @ and a

{

4
5

Problem 187.
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whirl w; make this equation dimensionless in terms of K- and E-functions.

K=-%_ Ra——n
7§ i
Id 14

d. Solve it; plot it; verify answer a, and give the answer to question b.

188. A shaft EI of total length ! is supported “freely” at its two ends. At a quarter
length between the end bearings the shaft carries a disk of mass m and of diametral
moment of inertia I, Find

a. The non-rotating natural frequency.

b. The whirl frequency.

189. A shaft of total length ! on end bearings earries two disks at the quarter-length
points. The disks have mass m and inertia Ia; the shaft stiffness is E/.

a. Set up the equations for the whirling shaft, where the whirl frequency is equal
to the r.p.m. (forward synchronous precession).

b. Make the frequency equation dimensionless in terms of

The critical-speed function K2 = 1,%:_;,_:
The disk effect p=1
ml

¢. Find the whirling speed for the following three cases:
D=0, D = w, and D=1,

d. Suppose the shaft to be non-rotating now. For this different problem the analy-
sis is almost the same. Reason out what

< . change this makes in the original set-up, and
h £ find what small change occurs in the final K, D
2 equation. Find the frequencies again for

= D=0,D=w, D=1,
190. A solid disk of mass M and radius R
is keyed to a stiff and weightless shaft, sup-
- ” porte;l‘ by springs k: and k. at distances a; and
H ¢ a;. The nearer spring is the stiffer one, so that
"—01.?—41—02—4 kia; = kaa;. The shaft rotates at speed Q.
Problem 190. Calculate the natural frequencies of the system
and plot them in the form w/w, against 2/w,,

where w} = (ki + k:)/M and o} = (kia} + kad) /MR = 4ol
191. Calculate the abscissas and ordinates of several points on the curves of Fig.

6.43 by means of Eq. (6.21).

192. A cantilever shaft has a stiffness EI over a length ! and is completely stiff
over an additional distance l;. The stiff part
has a total mass m while the flexible part is

supposedly massiess. Calculate thenatural fre- g7 |
quencies as a function of 1/l between the values }e l >t l,—9l
0 < i/l < 1, and plot the result in a curve. Problem 192.

193. In a laboratory experiment one small
electric motor drives another through a long coil spring (n turns, wire diameter d, coil
diameter D). The two motor rotors have inertias I, and I, and are distance I apart.
a. Calculate the lowest torsional natural frequency of the set-up.
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b. Assuming the ends of the spring to be “built in” to the shafts, calculate the
r.p.m. of the assembly at which the coil spring bows out at its center, due to whirling.

194. Consider the transverse free vibration of a pipe containing a flowing liquid.
If the liquid does not move, the beam analysis of page 148 applies, with u, replaced by
Boipe -+ Blig-

a. When the liquid flows through the pipe with a velocity Vo, show that the differ-
ential equation of motion is

EI a4 + thVo ’y S+ 2;;1.qu + (g + l-‘plpe)

b. Assume, for simplicity, that the third term in the result for (a) is of minor impor-
tance as compared to the others. Solve the differential equation for thissimplified case
and show that the lowest natural frequency for simply supported ends is

20
2 T Mg

HFpipe + Blig

where wo is the natural frequency for Vo = 0.

¢. The result for (b) indicates that « decreases with increasing V; that is, the stifi-
ness decreases. Find for what speed Vo.cie the lateral stiffness disappears and the
problem is reduced to a static one. For the case of upipe K pirig express Ve in half
wave lengths of pipe (1) per cycle of vibration when the liquid does not move.

196. The drive of an aerodynamic wind tunnel consists of a driving motor I,
coupled to a large fan I» which drives the air through the wind tunnel. The torsional
elasticity between the motor and the fan is k, and the tunnel is idealized as an organ
pipe of length [ and crosssection 4. The coupling between the fan and the air column
is expressed by two constants C; and C; with the following meaning: C, is a pitch con-
stant relating the air displacement in the tunnel to the angular displacement of the
fan: £ = —Cip2. The second constant C. relates the forward torque on the fan to
the pressure variation in the air column at the fan, so that the fan torque variation is
Cedt/dz. 1n both these expressions z is the distance along the tunnel measured from
left to right and £ is the alternating component of the air displacement, positive to the
right.

— £
14
Problem 195.

Set up the differential equations of the system and from it deduce the frequency

equation.
Chapter 7

196. Test the stability of the following frequency equations:

(a) s* + 5s* +3s+2 = 0.

() s + 8s* 4+ 10s2 458 + 7 = 0.

(c) s¢ — 23+ 582 —3s+2 =0.

197. The landing gear of an airplane consists of two wheels whose axes are rigidly
attached to the fuselage and a third trailing wheel which is castored, i.e., can swivel
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about a vertical axis. Necessarily the center of gravity of the airpfane is located so
that its projection falls within the triangle formed by the three wheels.

a. Prove that, if this gear is rolling over the ground with the two wheels forward
as usual, the operation is unstable, i.ec., a small angular deviation of the rear wheel
will increase and the plane will execute a “ground loop.”

b. Prove that if the castored wheel is located in front of the two steady wheels, as
with a so-called “tricycle,” landing gear, the operation is stable.

(o) 1]
Problem 197. Problem 198,

198. A pendulum with a light rod a and a heavy weight of mass M at a distance 1
from the point of support is hanging on a round shaft S, If the shaft S is rotating at
a large angular velocity « and the friction torque on the shaft is T, find:

a. The equilibrium pcasition of the pendulum in terms of the angle ao with the
vertical.

Discuss the small vibrations which the pendulum may execute about this equilib-
rium position for the following three cases:

b. The friction torque 7' is absolutely constant.

c. T, increases slightly with increasing velocity of slip.

d. T, decreases slightly with increasing velocity of slip.

199. A weight W rests on a table with the coefficient of friction f. A spring k is
attached to it with one end while the motion of the other
end is prescribed by

4 t<o0 v =0
Problem 199. t>0 Y =9

or, in words, at the time ¢ = 0 the spring end suddenly starts moving with a constant
velocity vo. Discuss the motion and construct displacement-time diagrams of the
mass for the three cases b, ¢, and d of Problem 198.

200. A certain cross section has a diagram (Fig. 7.21) with the following curves:

Lift = Lg sin 2e

Drag = Dy — ]—;—" cos 2a

If a piece of such a section is mounted in the apparatus of Fig. 7.17 in the position
a = 90 deg., for what ratio L/Dq does instability start?
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201. The figure shows a Watt's governor with the dimensions I, a, m, M, and k.
At standstill the spring k is such that the angle « of the flyball arms is 30 deg. At the
full rotational speed Q the angle « is 45 deg.

| . 20

a. Express k in terms of the other variables. /;:l r/z\

b. Calculate the natural frequency at standstill.

c. Calculate the natural frequency while the governor is \/
rotating with speed Q.

202. Transform Eq. (7.25) into a relation between four 4\
dimensionless variables: one frequency ratio f = w,/w, two
damping ratios C, = (¢/Cc)eng 280d C2 = (¢/¢c)gov, and & dimen-
sionless feedback or coupling quantity F. Plot the results so
found on a diagram for one certain value of f; C. = ordinate,
C, = abscissa, and T = parameter for the various curves.
Interpret these graphs. Problem 201.

208. Referring to Fig. 7.30, find the natural frequency of the
steam column m on the ‘“steam spring’’ of the chamber V. The mass M is supposed
to be held clamped.

204. A system consists of an engine I, driving a shaft k;. At the other end of
is attached a fluid-filywheel coupling (page 217), the ‘“driver” of which has aninertia
I,. The “follower” is attached to a piece of driven machinery of inertia I;. Set
up the differential equations of motion, using Eq. (5.37a), write the frequency equa-
tion, and find whether the system is or is not capable of self-excited oscillation.

A

k2

Problem 204. Problem 205.

205. The same as Problem 204, only the “follower” of inertia I; drives a shaft k.,
at the other end of which is a flywheel I,.

208. A windmill rotor of moment of inertia I, drives a driven machine of inertia I,
through a shaft of torsional stiffness k. The wind torque on the rotor near the operat-
ing speed is T + Ciw, where T is the steady or average torque and w is the instanta-
neous angular speed of the windmill. ) is a constant which may be either positive
(torque increasing with speed) or negative (torque decreasing with speed). The
driven machine presents a counter torque which is constant = T, independent of
its speed. There is a governor in the system which keeps it from running away, but
the governor is so slow that it does not budge when torsional vibrations take place in
the system. Find whether the system is stable or unstable against torsional vibration,
and give the answer for the two cases C; positive
and C negative.

207. A system consists of two pendulums,
each of mass m concentrated in the bob, the bars
of length I being weightless. They are coupled
by a spring k at distance a from the top. One
of the bobs is hemispherical. The wind blows
with a speed V and exerts a force F = CV%,
on the hemispherical bob only. Find whether
the small oscillations about the equilibrium
position are stable or unstable.

Vo —r

m
Problem 207.
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208. A chamber has two openings as shown in the figure. At 4 a steady stream of
air comes into it. At B air leaks out of it past & valve. When the valve is in the
equilibrium position, the in and outflow balance, so that the pressure in the vessel
remains constant. The equations of the system can be written as

mi + kx = Ap
P=Cz

Here A is the ares of the piston, z is the valve position, p is the pressure in the tank,
and C is a constant, implying that the amount of air leaking out at B is proportional
to the valve setting z.

a. Discuss the sign of the constant C for the two cases shown in (@) and (b) of the
figure.

b. Discuss the flutter stability of the valve in these two cases.

| mvemmy

{a) :}—oww—g
4

1.

|

Problem 208.

209. In Problem 208 add a dashpot ¢ to the piston in parallel with the spring, and
then answer (b) again.

210. A piston of mass m in & cylinder is held by a spring k. The piston acts as a
valve for the air flow that enters the cylinder through a series of many very small
holes. The air leaks away through a small leak. At the equilibrium state, there is
no motion of the piston, and the amount of air coming into the piston equals that
escaping through the leak. Let

z = upward displacement of piston, measured from the equilibrium position
A = area of piston
P = pressure in cylinder above the static-equilibrium pressure
Ciz = volume of air entering cylinder per second (above amount entering at
equilibrium)
C:p = volume of air leaking out per second (above normal leak at equilibrium)

Set up the equations, and derive the conditions of stability. Assume the air can be
considered incompressible,
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]
1
p= !
:COnsmnt —»
'
]
|

—>__constant

R =L eok

Problem 210, Problem 211,

211. A more general case of Problem 210 with variable exit and entrance areas and
taking account of compressibility of the gas. Let

z = upward displacement of piston from static-equilibrium position
Po, po = pressure and density of gas in cylinder at equilibrium
Vo = volume of cylinder at equilibrium
A = area of piston
P, p = pressure and density in eylinder at any time

P’ = P — Do, pressure in cylinder above po

wy = Ciz — C,yp’, mass rate of flow of gas into cylinder (above amount enter-
ing at static equilibrium)

wy = Csz -+ C,p’, mass rate of flow of gas out of cylinder (above amount
leaving at static equilibrium)

2
o7
Derive the conditions for stability. Does the compressibility decrease the stability?
Is the dashpot ¢ necessary for stability?

212, Before the disaster of the Tacoma bridge was definitely diagnosed as caused
by Kdrmén vortices, theories were proposed basing the failure on a flutter phenom-
enon. In idealizing this situation, assume the

Assume that = = constant describes the relation obeyed by the gas in the cylinder.

following differential equations: I ’{
. A
mE + k.x = AV? (0 — %) [\ \‘ﬂl
¥ !
v 1 |

I€+keo=a-AV’(0—%) |
Problem 212,
where 6 — &/V is the apparent angle of attack,
A is a coefficient, so that the right hand member of the top equation is the lift, and a
is 2 moment arm (usually about a quarter span) giving the wind torque on the bridge.

Discuss this with Routh’s criteria, and find a wind speed above which the bridge
will flutter.

218. A composite body consists of two masses m; and m,, connected together by a
weightless connection of length ! between the two individual centers of gravity. The
masses have moments of inertia I, and I about their own centers of gravity. Find
the moment of inertia of the combination about the composite G, and prove that
ab < pi. Only when I; and 2 both are zero (point masses connected by a weightless
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rod) is @b = pg. Thus if an aircraft landing gear can be idealized as above, the wheel
will be unstable in shimmy [see Eq. (7.42), page 334].

214. Two point masses m; and m. are connected by a uniform rod of mass ms.
Find the location of the center of gravity G of the combination and the moment of
inertia of the entire assembly about G. Prove that

ab > p?

except when m; = 0, when ab = p?. Thus, if this assembly represents an aircraft

landing gear, the wheel will be stable against shimmy.
fy However, the idealization of Problem 213 is much closer to
0 the truth than this on account of the shape of the landing
wheel itself.

216. In an aircraft landing gear let O be the point
where the unstressed vertical swivel axis of the wheel meets
the ground. The vertical strut is flexible with constant k,
and during shimmy it bends out sidewise by an amount z.
Let A be the point where the bent swivel axis intersects a
plane at distance r above the ground. Let 6 be the
shimmy angle during landing speed V. Assume that point

Problem 215. O moves forward in a straight line, 7.e., that the front-

wheel shimmy does not push the airplane aside. Rubber

tires have been found to experience a sidewise force from the ground which is propor-

tional to the angle between the vertical plane of the wheel and the direction of relative
forward motion.

&+ af
5

b. Assuming that only the wheel has mass, show that the equations of (small)
motion of the wheel are

a. Show that this (small) angle is expressed by ¢ +

¢ (o +’3-1LVL") +kz = —m(z + ab)
kza = Igl

¢. Find under what circumstances these equations represent a stable, nonshimmying
wheel.

216. In the simple set-up for a shimmying aircraft landing gear (Fig. 7.41), add a
torsional dashpot in the swivel axis, giving a torque c¢ at point B in that figure.
Complete the analysis of page 333 with this new term,
and prove that the condition for stable operation is

8 _L\ 8
mV , ., 1 E \i-H_
¢> 7 (e — ab) % l —r\

which contains Eq. (7.42) as a special case for zero
damping.

Chapter 8

217. In the center of the cylinder AA of cross
section A (see figure) a piston of mass m can slide
without friction. The pistons BB are moving back and forth in opposite phase and
change the pressure of the air in the cylinder 4 between 95 and 105 per cent of atmos-~
pheric pressure. Assume that this change in pressure takes place isothermally
or that pv = const. The volume of one half of A together with its pipe and the

Problem 217.
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cylinder Bis V. Find the frequency or frequencies of motion of BB at which the mass
m is in unstable equilibrium. Give a general discussion with the aid of Fig. 8.11.

218. A pendulum consists of a uniform bar of 5 in. length and 14 Ib. weight. The
base is given an alternating harmonic motion in a vertical direction with an amplitude
e = 0.5 in. At what speed of the driving motor will the pendulum become stable in
an upright position? Assume the curve of Fig. 8.12 to be a parabola passing through
the origin and through the point y = 0.5 and 2 = —0.1.

219. Consider the free vibration of a simple system consisting of a mass on a non-
linear spring of characteristic f(z), given as a graphical curve. Show that the iso-
clinics in the sense of page 344 are curves similar to the spring characteristic, and con-
struct the 2- versus z-diagram. Show that it reduces to Fig. 8.21 for the linear case

flz) = ke.

220. Find the natural frequency for the system shown o % K>
as a function of maximum amplitude zo. %_‘N\W_" }—MW_E

There are no forces in the springs at the center static- Problem 220.
equilibrium position.

221. Using the method of Fig. 8.39, find the approximate natural frequency for free
vibrations of the system shown in Fig. 8.15a. This result and the exact answer are
plotted in Fig. 8.30.

222. Calculate and plot the natural frequency of the system Fig. 8.15b as a function
of the amplitude. Do this by the exact method of Eq. (8.26) as well as by the approx-
imate method of Fig. 8.39.

228. A single-degree-of-freedom system consists of a mass m and a non-linear spring
which has a stiffness k¥ for deflections up to a, both ways, and has a constant force,
independent of z, for values of z greater than a, both ways.

Calculate the natural frequency of free vibrations as a function of amplitude z,
and in particular find the frequency for z, = 2a.

Flx)
Ed L

Problem 223. Problem 224.

224. Find the natural frequency for the system shown. The springs are initially
in compression by an amount Fy.

225. Do Problem 222 for the system of Fig.
8.15¢ repeated here.

226. Do Problem 220 for initial clearance a on
each side of the mass.
/2 hj2 227. Find afew of the slopes drawn in Fig.
8.33, and from that figure construct one cycle of
Fig. 8.34.
228. Consider a modified Van der Pol equation for relaxation oscillations:

el -y +y=0

Here the fourth power of y occurs instead of the square as in the usual Van der Pot
equation. For almost-sinusoidal vibrations, 7.e., for small ¢, find the value of the
dimensionless amplitude y to which the system ultimately will go in a steady state.

/(z/Z-ﬂar- -»iaxe /2

Problem 225,
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228. For a simple free vibrating system with linear spring and mass subjected to
dry friction (Coulomb damping), show that the equation of motion is

. —~Fforz >0
mi + ke = { +F for& <0
Construct and describe the &/w.- versus z-diagram, and from it deduce the ampli-
tude decrement per cycle [Eq. (8.30)].

280. A belt with a horizontal section moves at constant velocity V, driven by a
pair of pulleys. On the horizontal section is a weight W, attached to a spring k.
The coefficient, of dry friction between the weight and the belt is f.,» when moving and
fs when standing still relative to each other, and f. = 2fm. Set up a velocity-displace-
ment diagram for this case, and note that the frajectories in this diagram consist
exclusively of straight lines and circular arcs. Find the “limit cycles” or steady-
state motions, and show how these steady states are reached when starting from differ-
ent points in the diagram.

. o)

%

Problem 230.

281. Give a discussion and derive a result corresponding to Eq. (8.46) for the forced
vibrations of a system with a damping proportional to the square of the velocity
F = tei?).

282. Consider the velocity-displacement diagram (&/w. versus z) for a system with
a linear mass and spring but with non-linear damping. Prove that the total energy
of the system (kinetic plus potential) is proportional to the square of the radius to any
point. Thus for an undamped system (Fig. 8.21) to energy is constant, but for a
damped system (Fig. 8.22, 8.23, or 8.33) the energy changes continuously. Where
does this energy come from?

238. Prove that in the most general velocity-displacement diagram (& versus z)
the acceleration at any point P is given by the “subnormal,” i.e., by the segment cut
out from the horizontal z-axis by two lines: the normal to the integral curve at P and
the normal dropped from P on the horizontal axis.



2P 1 1
3. f(t) =ﬁ'+-—~"(sinwz+—sin3wt+—sin 5wt + - - )
2« 3 5
2
8. Whenn =1,3,9, ..., b,=+“_\_f_.
xn
;
n=51713 ..., b,.=—ﬂ/—.
n
2
n=210,18, ..., by = — —.
T
n=4,812 ..., by =0
2 (2 2
n=179 ..., a,=+.f _.i)
m 2
n=3,5,11,‘..,a,.=+2—a(-2———\—(—.§)-
n 2
n=2610, ..., an =+ 22
k14
n=4,12,20, ..., 6= 42
T
n=2801624...,an =0.
2P, 4 P
=
P 2P,
10. (@) an = 0, b = —2: b, = —sinng. (b)) an =0, by =
x nwr
4" (-1 2
a a -1)* nrxr
wy=gHg ) e e
-
6 kg 6kg  12¢
2= - . 2 L o9,
14. (a) «; W ®) w 7W+7l
16. & = 5.22 rad. /sec.? 16. o = —0__.
" " 2\/57

ANSWERS TO PROBLEMS

(a¢) —157.0in.-Ib. (b) +0.40 in.-Ib.

€ 6 -6 -6
- (@) 3 Poxo. () 3 Pove. (€) = Pove. (d) —= Poo.
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5k r? w
2 = . . w? = — e
17. o, em 18. o B, Wn
— 47
10, ot =i 20. (a) o = fg (b) Unstable.
L
g
2 2
21, w? = Q + _lc_az (see theorem on page 270).
mgl 2ka,’
22. LA S
(a) a* > %% ) w +
1ky 2 (9 )
2 _ -9 -, == —
23. w: BW + 3 w? -
k 2Eq*wid a g
L o = 26 o = . 27, ot = - ..
2. ot =7 T IREL + 3L TR
4T 4k 2a\?
L o = —e LWt =—-—{1 =
28 o mi 2. o 3m( + D
g k
80, wi=>+— 31. w, = 153 rad./sec.
h 2m
Gd* b) k b inch
82. (a) k = EnDt (b) k = 4.451b. per inch.
83. (a) k = EI/l, where EI is the bending stiffness and [ is the total length » Dn ot
the spring.

) k= 3 13 in. -lb per radian.

32l ( 2G)

48E1
5

84. (a) k = () k = 2.78 in.-lb. per radian

3El
KR

192E1 4

36. 7

(a) (b) (C) 36. w? = T—l__:?—:l N 1]
il FTOR T

. (a) sin ¢ = —4}? (b) Straight line through origin.
(c) Ellipse with vertical and horizontal major axes.

. (a) 0.318%. (b) 0.00102 1b.-sec./in.

. 0.0309 1b.-sec. /in.

. (a) 9,340 Ib./in.2; 34.3°. (b) 25,800 lb./in.2; 38.9°.

. (@) w = 27.8 radians per second or f = 4.42 cycles per second
(b) ¢ = 0.0023 1b. in."! sec. (¢) Py = 0.064 lb.
{d) One per cent per cycle at the beginning; slower later on.
(e) 2in. (f) z = 2 — g ct/2m
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Iy 1 s KL+ Io)
42. (a) Torque = T, A T ?_’; where o} T A
w3
1 1 1
(b) Same as (a), except that I, becomes n*ls and - becomes — + —-
k kl ﬂ’k:
48. 115.5 in.-1b. 44. 1,161 1b./in. 45. f < 1.51 cycles/sec.
. . mgr sin « 8g
s ¢ =0, (b) = — Lt m—————
46. (@) I¢ + mgrsinasin g = 0. (b) o 7 47. o O — 16)
48. z = kf [co8 wa(t — £) — co8 wat] where ¢ starts upon application of the load.
I 1 I gn’ k 1’6211’ I :‘n’ .
49. I+ Im a— km’w To Tt I sin wl.
9%  4ct 3P, \/—n-z 4 P, [ 32 ¢t ]
2 e o e = N - — ~ =
80- ot = oy O = o N @n=s Tl ~§im
Bl (a) w* = 2—1" ®) ot =2

1
Work /eycle ¢
DB w2

ka} € wn
pot), described by Eq. (2.28a) in which the force Py = mw?ao.

. (-;i)’ where y is the relative motion (across the dash-
0

86. (a)wmx/wmin = Imin/Imsx-
(b) Torque = wQ(Imex — Imin) 8in 26, very large, so that (a) is the practical
alternative.
abM + Ig + Mb?
2 Ot 7 .,
56. ] Y + 1o
3g s 3¢ . s 3¢ 2
87. (a) cos a 20 ®) o} 2 Q. (¢) wy Y cos ¢ — Q2 cos 2a.
58. 934 deg. from vertical. 89. (a) 2.771b. (b) 2.00 ib.
60. < = 0.62, 1.62. 61, & = ¢ Taide
wn Ce Wn Tmax
68. (a) 205 r.p.m. (b) 427 r.p.m. 68. w? = %%
x*.
3 b 2 - /2
86. (@) — —— (unstable). (b) —h (c) Same as (b).
12 h-64/2 3 )

67.

69.

70.

477 v.p.m.; 828 v.p.m.

. w} = 0.76k/m with the node at 2.62! to right of left mass.

w} = 5.24k/m with the node at 0.38 to right of left mass.

T 3T
2 = . 2 o
DTwm P T m
k
wi = 0.73 o node at 0.171 to the left of the left end.

k
wl = 3.27 o node at 0.14 to the left of the right end.
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2g w? 19 \/29 Fo
71. o? = 0. 2 - 2. 2. — = — + . 78. = = 9] .
lwl 0. wy R 2g/1‘ 33~ 3 8. 11 O,Iz 2lT

T4, o} = 0.64k/m with z:/2; = +0.36.
w?: = 1.56k/m with z,/z, = —0.56.
75. First mode: 10 per cent per cycle decay in amplitude.
Second mode: 24 per cent per cycle decay in amplitude.
76. (a) 3.1 X 10° ft.-lb. sec.2 (b) 1.38 X 108 ft.-lb. sec.
(c) Arithmetic decay; roll angle diminishes by 2.7 deg. each half cycle of roll.

k
7. 4.37 in. 78. (a) 45 m.p.h. (b) 4.75 in, 79. «? = pon + %(2 + \/5).

m k(m m
80. Foupto = ———— Fo(l — €08 wat) + mag, where wl = k(s + )
my + ma myme
m . . . .
81, Feaple = 2 Fe— (wnl — sin wal) + Mg during growing period;
m; +me 2r

m
Feabie = Fo——— thereafter.
my + ms

83. (@) 11.8 Ib. compression (or tension) in both.
(b) 43.3 Ib. compression in one, tension in other.

k4
8.2 = —F . gng-tEie g F
k k -+ jwc k
—— 41 1 1-—)F-
Me? maw? mw? — jwe
87. 2o = L ; force i8 cwzo
2
\/(mw“)’ + [wc 1- T}:’— ]2
2
89. Z =k (1 — w—z) This is the classical resonance curve.
wﬁ
1 A /a,b
90. Transmissibility = 5 7 . 9. w=29Q Py
1 — L (e
e (k txC sz)

93. o[l + 3mR2 cos? /1] — ww? + w} + 3R/ I} + wie? = 0.
where «} = &/ and w} = 3k/3m.
94. w1 4 3m sin? af/M] — w’[wf + wi 4+ 3k/M] + w?w; = 0.
where o = ki/M and o} = 3ks/3m.
96. wi[l + 3k:R? cos? a/ky + 3ksR? sin? a/ky)
— ool + wi + 3kksR2/mbky] + wiw? =0.
where w} = 3k;/3m and ol = 3k;/3m.
) +opt =0
mk;
In the last four problems solutions are simple and physically lucid for « = 0 and
a = 90 deg. Check up what these frequencies are. Increasing blade angle « means
increased “coupling” between the two modes, and this always eauses the two uncou-

96. w1 + 3k sin? a/k: + 3k; cos? a/ki] — w? { 0} + wl +
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pled frequencies to spread apart (see Figs. 3.2 and 3.7). Therefore the blade fre-

quency is either raised or lowered by an increase in « depending on whether it is higher
or lower than the engine frequency to start with.

2k 2k Optat .
97. (@) 0l = —cos?a + Isin? a = = cos? a (1 + 222 gins a)-
m l m l

2k
() o} =—sin?a + ? cos? a.
m l

Note that the answer to Problem 14q is in error by omitting a gravity term. Deduce
the correct answer by using the results of this problem.

98. o} =0
g 2 'wJ
=9114+22].
w2 z[ tiw
30 788 1 o
= = = 2 - wih 2t -
100. (@) an = as ED ** = BBl ) o e £ o) with oy +1.
16 I8 11 B 3
101. ay a2 9 !

= 768 EI T8 EI " T 768 EI
A /EI +JEI
w1 = 5.63 s wy = 28.5 e

102. (a) & = \/%" ®) 22 = %ﬂ.

6 T . ‘. . .
106. o? = i assuming a shape consisting of three straight stretches of string.

106. Half the mass of the beam has to be added to the central mass. Curve assumed
is half a sine wave.

107. Three-eighths of the beam mass is effective. Assumed curve is a full (360-deg.)
sine wave, vertically displaced.

7 \/57 9 7\ k
108 & = 059 V— o =380V 109. o} = 0; v}, = (; * i?s) mw
E k2% 64 EI EI E1
10, of = — — — 11l of = — —. - wp = 0933 —; 10.20 —.
1. u == = Lol = 112, o} = 0933 —; 1020 —
3 8 I3 3
118 (a) oy = 5 s ag = I5 5 (b) wz = gEI 2 EI

3EI 3B T 6Bl 7w T

.
© (y_) =L zg) -l @ =S EL
Y2/, 3" \y2 ws

11 mis
P % . 2R
._(w4__._w2+,_._)
m

2
114-A=_2m 3m )
k fk 2) 2k )
— —— gy .__wz
m \m m

116. w = 52.3 rad./sec.

116. w23 = 40; 160; 367 rad./sec. 117. wy,s,s = 37.6, 143, 355 rad./sec.
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121.

122,

128.

126, o

127.
128.
129.

180.

131.
182.

133.

184.
185.
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A /E’I A ,EI
(@) w1 = 4.48 \V—; (b) w1 = 3.57 V—= (exact = 3.52).
palt palt

t z8 5l 72
—_— e e 4
v=w\3 "gor g T 0008 )

o =971 \/-—I—‘ (exact = x? = 9.87).
pal

‘\/é -3 1 VE’?
(@) a= 1 ®)a=0%b i’ ¢ = el (€) w1 = 1.56 ;Tl‘
z 3z 1zt VE'T
(a)y=l_—21 e ) w1 = 4.07 \/ Ty 124, o = 22.22 5
C EI EI
= 1090—:; 126. (a) o? = 10.9 = ® ol = 86—
E
o} = 13. 85 (exact = 12.39).
w? = 2,960 rad 2/gec.? f = 8.66 cycles per second.
4 4
Equivalent of u, is min,; equivalent of AF is Sf?D'; w? = Sn;D’G’:lml’

EI
w? = 2.80 — for a quarter cosine wave; the coefficient 2.80 becomes 1.35 if the
1

stiff half of the beam does not bend so that the deflection curve is one-eighth

cosine wave and a piece of straight line.

745 cycles per second.

(a) Assuming straight line deformation one-third of spring mass is to be added
to end mass.

(b) Frequency determined by the transcendental equation

o w/NEm,
k/m tanw/\/k/—m-.

For m, < m, and retaining the first two terms of the Taylor series develop-
ment we find again that one-third of the spring mass is to be added to the
end mass.

xt EI 5l
P —l‘ assuming curve a sine wave passing through and -

2
132 r.p.m. and 376 r.p.m.

tan pl = Rlg+r )wh ere p? =
qr — p*

w? =

ul_w" _M;w’_ _Mzw’-—k
AE' 1T TAE’ T T T aE

Solve by trial and error assuming values for % Plot left and right side of equa~
tion against w? and get intersection of the two curves. The first critical speed
is at 127.5 r.p.m.
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187.

189.
142.
148.

144,

145.

146.

147,
149.

151,
152.

168.

166.
167.
159.
161.

168.
166.

167.
168.
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. 3 xt EI EI
(a)y=sm—l——; _I_T/r’.;ﬁ=1575ﬁ.
The exact solution, listed on p. 432 as a, of the hinged-free beam, has a factor
15.4.

* x244 T T
T R -

The exact answer, involving Bessel’s functions, has a factor 5.74.
(a) 3§ in. vertically. (b) 267 1b. vertically.
Primary and secondary forces balanced; both moments unbalanced.
(@) 14 Wreo, or half the rec. wt. of a crank, i.e., one piston and fraction of one rod.
(b) Zero.

, )2 + b2
(C) wrsc '(gz“;t_*_)—zz;;-;‘, @y = 0, ap = 900;
b

B e

ap = 180° 4 tan™?

f
+ +
‘0‘0‘

ac = 180° + tan— %

o

Wpi.R:iu _ cos? a
Wainc B3 T2
@ LI (w/wn)? — Il/Il+Iz.(&)’. I, ,
To/k 1 — (w/wa)? w/ Ii+ 1,
showing ¢; — « for w = 0.
®) k(o1 — @2) - /L + 1,
To 1 — (w/wn)?
w; = 168 radians per second.

i = 2,800 rad./sec.? 148. ! = 27.4; w} = 629.3 rad./sec.?
16,800 v.p.m.; r.p.m.; = 2,800; r.p.m.; = 5,600. 150. 2,800 v.p.m.

(a) © = 110°; w = 3.45. () 6 = 270° w = 8.48.
(@) w® = 730. () «* = 16,000. (c) 4. (@) %3.

k
1,570 v.p.m. 164. w; = 0.350 \f;; wz = 0.825 \/’%‘

wy = 21.3 rad./sec. 156. w; = 67.5; wy = 97.5; w; = 188 rad./sec.

®) 1,8;2,7;3,6;4,5;9. (c) 9. (d) 2and 7. 188. 5}3, 6, 613, 7.
3,810 v.p.m.; 6,630 v.p.m. 160. 1,215 v.p.m.; 5,630 v.p.m.

w; = 2,080 rad./sec. 162. 4.91b.

(@) wn = @; () V = a2 V2.

Five fundamental diagrams:

(1) For orders 14, 314, 414, 734, ete.

(2) For orders 1, 3, 5, 7, etc.

(3) For orders 114, 214, 514, 614, ete.

(4) For orders 2, 6, 10, etc.

(5) Majors 4, 8, 12, ete.

(a) 0.0047 radian. (b) 293,000 in.-lb.; 41,300 in.-Ib. (c) 31.6 r.p.m.
—0.00359 radian. +0.00423 radian.
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1689. (a) 8 = 0; first shaft torque arbitrarily assumed. ) End 8 = 0.
* k
- = S
(¢) © = x = 180 deg. {d) o I
g (R;R, —-a AR) ®) Qg [Rle — aAR — at AR/rq]
»* + a? AR ot + a? AR
171. (b) 4,000 in.-lb. (c) 122.0 r.p.m. (d) 107 r.p.m. (¢) Balanced.

170. (a)

172. a; = ;-:; all other a’s are zero.

bp =

for even n; by = 0 for odd n.
n? —1

Order: 1 2 3 4 5 6
Per cent of mean torque: 1567 66.7 0 133 0 5.7

EI EI
178. 4+0.35 - -1.3 T 174. 990 r.p.m.

176. 990 r.p.m. horizontally and 1,260 r.p.m. vertically.

177. Counting angles from the +1 unbalance toward the +2 unbalance (at which
¢ = 90 deg.), the corrections are:
In Plane I: 2.06 in. oz. at 104 deg.
In Plane II: 4.03 in. oz. at 263 deg.

178. 4.2 oz. at 315 deg. 179. 1.15 1b. at 306 dry.

2 2 3 2

a; + a a; — @

UTh  alcose = AT
4aoz

2]
Ambiguity between +¢ and —o.

180. z* =

M
181. o = 2 cos~! o
2mr

182. Primary speed, 1440 r.p.m.; secondary speed, 720 r.p.m. Secondary force
amplitude is 0.044 1b., corresponding to an unbalance of 7.1 X 10~¢ in.-lb.
P 1
188 y 4 1281
Tiwtl

184. (@) o = mEI =0 ( ) 185. 804 r.p.m.

1ss.K==—[(2——)+\/1 ]

where K and D are the abbreviations used in Eq. (6.14).
EI
187. (@) w? = ——31 T (b) Does not exist, (d) K = R + 4/ R* + 3.
d

Kt K
188. @) 57 ~ & 9 4D)+ =0 ()6_4 64 9 41))



189.
190.

192,

198.

194,
196.

1986.
198.

199,

200, —

201.
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midw?
(c) = 48; 192; 96. (d) EL T 48; 192; 25.6 and 358.

Wlth x of the disk center and ¢ of the shaft there are two differential equations,
the latter having the gyroscopic term }4M RQue, where w is the angular speed
of the forward whirl of shaft center line. The frequency equation falls apart
into two quadratics:

(G -G - @) =-E)]-0

80 that two roots are w/ws = +1 independent of Q (a forward and backward
whirl with the shaft parallel to itself) and two other roots, one a forward whirl
the frequency of which increases with Q and a backward whirl of a frequency
decreasing with Q.

3
If plotted as: w?/EI/m (l + 12_1) = f(l,/l) the curve is nearly straight at an

ordinate falling from 3 to 2.90 between the points !/l = 0 and 1. A second
eritical with a node somewhere in the stiff part has a very high frequency run-
ning from « at l;/l = 0 to 567 at [;/l = 1 in the same diagram.

Ed\(I; 4 1)
? m e 224
@ o == DnliTs ® 22. \/
(c) 2!, one full wave length per cycle.
Ligy + k(er — ¢2) = 0.

wl
Inps + k(ea — 1) — Cxc'z tan—— o2 = 0.

Sr’D’n’l’Pmel(l + E/26G)

—k 4 (=T + F) - (—I,wr +k = €iC:% tan %’) -0

in"which ¢ = A/ AE/y, the velocity of sound; see p. 137.
(a) Stable. (b) Unstable. (c¢) Unstable.

T
(a) sin ag = m (b) Undamped vibrations of frequency w? = g cos ao/l.
(¢) Damped vibrations; same irequency. (d) Increasing vibration.
(b) z = vol* — 9o —rf-sin —lgt"‘, where t* = ¢ —UZ-
k m ky

(¢) Damped oscillations about z = vel.*
(d) Oscillations with increasing amplitude which lead to a motion with periodic
stops of the mass.
L, > 3
D,
mQ? a \/5 . k
(“)k'\fg_g(l"" ] ) O o = T 2m

— —_— 2
@ ot = BB =D = Ygma
m+ M
For complete solution with curves see Trans. A.I.E.E., 1933, p. 340.
o'k

2 - —
208. o -
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204. 111 + kilor — @2) = 0
Ligs + ka(or — @1) + (Tmbz + ries) = 0.

am
Igs + T (hes — r§¢>z) =0.

2 2 2 2

3 2 (T4 TE) AT ks ’f_l) A__m[ker kiry erB]
s+l tL) L tn) T lnn YL tnnl o
The system is stable.

208. Lipr + ki(er — @2) =0
am ,
Igs + kaez — o1) + 7 T8¢ ~

Am
T rhes =0

Am Am
Ligs + koo — @4) + d rhes — —rpe2 =0

T
Lgs + kalos — 03) =0
8+ At + As® + Aws? + Ais + A, =0
Am [ry 1} ki ki ke ks
e
where A, T I'+2 3 I;+I,+I;+I4
Am (TAkl rAkx TBkl + @ é,ﬁ T?Bkz)
Iz[a 1113 I]Iz Ian 1214 Ile
B bl b | by
LI, LI, LI, LI,
am kikorhy  kikorh | kikord kxkzrﬁ)
T 121314 111314 111214 111213
The system 1s stable.
208. C; < 0 stable; Ci > 0 unstable.

4, =

Ao=‘

k
207. 0 > — (;3)’ always stable. 208. Unstable for both cases.

209. Stable ifc;l: > —AC. 210. kC: > ACh.

211. Only condition for stability is (C: + Ck > (C1 — Cy) 4.

212. V = -ﬂ’ 215. Stableif k£ > g
ad a

A /2A’
217. Unstable frequencies are o = o M\;) where o = 2, 1, 24, %4, 24, etc., and

p is atmospheric pressure = 14.6 lb. per square inch. The slope of the line in
the diagram of Fig. 8.11 is 0.10.
218. 1,085rpm. 220 w, =2 V= ———— 220 w, = \/_( _e

m\/—
& F

222. Exact: w = \/lc . ____3-_/2__ Approximate: w = \/—— + —

m 1 m  mze
cos™?
F
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238, w, = \/zc /2

mtan" + \/ -1
\/2 (xo B ) ( )
wn Jﬂ = 0.773 \/—

P 1
224. Exact: ws = - V—
2 m 1
cos™!

14+ k(an— ( ) + 2F( 1)
F
Approximate: ws, = \/70 \/1 — 1 + E

225. Exact:

=1 :

2 'm \/ ky - kr/ks
PRI ﬂ’ _If_‘ + 1) _ 1 \/kz %o ) (Zo)
Approximate: w, = \/— \/1 + k’ 1 - _)
2 \E
k
+\/;,:_':+(1+\/‘)(1+

2.
a

226. wa =

1
where z, is defined as§ of the total motion.

228. Ysteady stats = 1.68.
Wz
280. Limit cycle is circle about a center z = f,, Y A, 0, passing through the point
Wn

w
z = f. —3 &/ws = Vo/ws, and cut off at the top by the straight lme— = K:

Wn Wy

kg
The f i ==.
e frequency is w?

o= (D) g5 [- o5 (1 -5)+ N2 (o - %) +1]

k 8D 16D 256 D2
where D = ¢w?Po/k? is a dimensionless variable involving the damping constant
¢, the damping force being ci?.
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APPENDIX

A COLLECTION OF FORMULAS
L. Linear Spring Constants

(“Load” per inch deflection)

Coil dia. D; wire dia. d; n
turns

Cantilever

Cantilever

Beam on two supports; cen-
trally loaded

Beam on two supports; load
off center

Clamped-clamped beam;
centrally loaded

Circular plate, thickness ¢;
centrally loaded; circum-
ferential edge simply sup-
ported

Circular plate; circumferen-
tial edge clamped

Two springs in series

in which the plate constant is

GQds
k= g
3EI
=T
2E1
k=5
48E]
k==
_ 3EIl
k= 22
192E1
k=0
k= 16xD1 + &
TR 344
Et
D= 12(0 — u?)
4=
167D
k=5
E=— L
1/ky + 1/ks

I1. Rotational Spring Constants

(“Load” per radian rotation)

Twist of coil spring; wire dia.
d; coil dia. D; n turns
429

_ Ed¢
~ 64nD

Poisson’s ratio = 0.3

6}

@

3

@

®)

®

1))

(7a)
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INDEX

IndexTerms

A

Absorbers, automaobile shock
dynamic vibration
Accelerometer
Airplane vibration, propeller
wing flutter
Automatic balancing
Automobile vibration, chassis
floating power
shimmy
shock absorber

Axial vibration, steam turbine

B

Balancing, diagram
flexible rotors
reciprocating engines
solid rotors

Balancing machines

automatic

Bars (see Natural-frequency formulas)
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IndexTerms

Beams (see Natural-frequency formulas)
Bearings, oil whip

thrust
Beats

Bilge keels

ElE=]EIE
Q| || [@] [&] 1=

Blades, turbine

N
[(e]
a1

Branched systems

C

Centrifugal pendulum
Chattering slip
Clearances

Clock motor, electric
Complex numbers
Compounding of springs
Connecting rod
Coriolis force
Coulomb damping
Coupled pendulums
Couplings, slipping
Crank mechanism

=] [ro =] [ [= w] [wo] [o] [ro
H\ILOEOI—‘\IH Aol ol =
| 12| 2] 1B] 2] =] 9] &l [©] 5] 2] [S] e

Critical damping

Critical speeds, Diesel engines 200
major, minor 205
Critical speeds, rotating machines 225
secondary 247
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IndexTerms

Cubic equation, stability criterion

D

Dampers, general properties

Lanchester
Damping, air

critical

dry

hysteresis

negative

non-linear

propeller

viscous
Decay, rate of
Decrement, logarithmic
Degree of freedom, definition
Demultiplication
Diesel engines, firing order

fuel valves

torque analysis

torsional vibration
Differential equation (see Natural-

frequency formulas)

Disks, steam turbine
Dynamic absorber, damped

undamped
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IndexTerms

Dynamic balancing

E

Electric circuits
Electric locomotive
Electric machines, frames
single-phase
Electric transmission line
Electrical-mechanical conversion tables

Energy method

F

Firing order

Fixed points

Flat shafts

Floating power

Fluid flywheel

Flutter, airplane wing
Forced vibration, definition
Fourier series

Frahm ship tanks

Frahm tachometer
Frame vibration

Free vibration, definition

Freedom, degree of
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IndexTerms

Frequency (see Natural-frequency
formulas)
Frequency demultiplication
Frequency equation, real-root theorem
Frequency meters
Friction, instability caused by
(See also Damping)

Fuel-injection valves

G

Galloping transmission line
Gear noise
Geared systems
Governor vibration
Gravity effects
(Problem 97)

Gyroscope, automobile shimmy

effect on frequency

ship stabilization

H

Hair clipper
Harmonic analyzer
Head, balancing
Helicopter

Herringbone skewing
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IndexTerms

Holzer’s method
Houde damper
Hunting governors
Hydraulic turbines
Hydrofoils

Hysteresis

Imaginary numbers
Inertia balance

radial aircraft engine
Influence number
Injection valve, Diesel
Instability criteria
Internal friction
Inverted pendulum
Isoclinics
Isolation

Iteration method

K

Karman vortices

L

Labyrinth, steam turbine

Lanchester damper
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IndexTerms

o

Lanchester tourbillion
Lewis” method
Lisssjous figures
Locomotives, chattering slip
nosing
side-rod vibration
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Logarithmic decrement

N
(]
83

Lubrication

M

o

Major critical speeds
Mathieu’s equation
Membranes
Metacenter

Minor critical speeds

Mohr’s circle

DS N el B Ld B S B DS
BE|BIEIEIE
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Motor supports

N
Natural-frequency formulas, damped
single-degree
full rings 165
gyroscopic effect 253
lateral bending beams 150
longitudinal beams

[N
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membranes
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IndexTerms

Natural-frequency formulas, damped (Cont.)
organ pipes
part rings
strings
torsional beams
undamped single-degree
Newton’s laws
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Non-linear damping 352
Non-linear maas 352
Non-linear springs 351
Normal functions
Nosing locomotives
O
Oil whip
Organ pipe 139
o]
Pendulum, coupled
damper
Pendulum, inverted
variable length 3

Penstocks

Period, definition
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IndexTerms

Phase-angle diagram, Coulomb damping
viscous damping

Pilot gyroscope

Plates

Primary unbalance

Propeller, airplane
ship

Q

Quartic, stability criterion

R

Rayleigh method

Rayleigh’s theorem, proof of

Relative motion

Relaxation oscillations

Relaxation time

Resonance diagrams, Coulomb damping

single-degree

three degrees

two degrees
Riding quality
Rings, full

part
Ritz method
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IndexTerms

S

Saturation, magnetic
Schlick, engine balancing 182
Schlick ship gyroscope 108
Secondary critical speeds 247

Secondary unbalance
Seismic instruments

Self-excited vibration
Semicircular cylinder

Series generator

N

Shimmy

Ship propeller

Ship stabilization
gyroscope

Shock absorber

Side-rod locomotive

Single-phase machine

Sleet

Southwell’s theorem
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Spiral vibration 246
Springs, series and parallel

suspension
Stability, criteria 285

of speeds above critical
Star diagram
Starting squeal 290
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IndexTerms

Static balancing
Steam turbine (see Turbines)
Stodola’s method
String, continuous

with three masses

with variable tension
Stroboscope
Strouhal number
Subharmonic resonance
Submarine motors

Superposition

T

Tachometer, Frahm
Tanks, antirolling
Teeth of electric machines
Thearle balancing machine
Torque, Diesel engine
Torsional vibration, continuous shaft
Diesel engine
single degree of freedom
Transients
Transmission line
Turbines, axial oscillation
balancing
disks and blades
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IndexTerms

Turbines, axial oscillation (Cont.)

governors
hydraulic
steam

\

Vacuum tube

Valve, Diesel fuel
Valve springs
Variable crow section
Variable elasticity
Variable gravity
Vector representation
Vibration isolation

Viscous damping, definition

W

Wheel shimmy
Wilberforce spring
Wing flutter
Work performed
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