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Preface

I cannot doubt but that these things, which now seem to us so mysterious, will be no
mysteries at all; that the scales will fall from our eyes, that we shall learn 1o look on things in
a different way - when that which is now a difficulty will be the only common-sense and
intelligible way of looking at the subject.

(Lord Kelvin)

Early Developments in the Theory of Elasticity

1638 Galileo Galilei

1660-
1678 Robert Hooke:
(Hooke's Law)

1686 Edme Mariotte P
1694 Jacob Bernoulli:
C/R = Px (C = mbh*/3)

1742 Daniel Bernoulli:
{1/R%dx is a minimum

1744 Leonhard Euler:
C d*vrdx? = Px (C =« bh?)
|
1776 Charles Coulomb: 1788 Jacob Bernoulli (the younger):
foydd =M d'widx*+d'widy' = o dw/dr?
1807 Thomas Young: 1813 Sophie Germain:
(Young's modulus)——1819 Louis Navier: dw/dr+ k*Vhw=10
Eldwv/dx? =sEI/R =M
1823 Siméon Poisson: (Modern beam theory)
Poisson's ratio (=%)

1850 Gustav Kirchhoff:
1852 Gabriel Lamé: (Modern plate theory)
Material-specific A,
and Poisson's ratio. 1854 Jacques Bresse:

1857 Barré de Saint-Venant: (Principle of Superposition)
(Saint-Venant's Principle)

vi



Preface vii

The history of science is one of observation, measurement, and the postulation of theories
to explain the observed phenomena. As Karl Popper said, any theory worthy of being called
scientific should be capable of making predictions which can be tested. With the passage of time,
these processes become more precise and sophisticated. Theories which had earlier seemed to be
satisfactory turn out to be inadequate, either because more precise measurements and analysis
show them to be false or because they lack the scope to explain new phenomena. Also, they may
be replaced by new methods and ideas which are more elegant or useful. Thus Young’s modulus,
E as used today, should really be attributed to Navier. Young’s own definition was “The modulus
of elasticity of any substance is a column of the same substance, capable of producing a pressure
on its base which is to the weight causing a certain degree of compression as the length is to the
diminution of its length”. Poisson was originally convinced that his ratio, v, had a fixed value of
V4 until the body of experimental evidence showed that it must take different values for different
materials. Lamé (1852) was probably the first to accept that this must be so.

Galileo first examined the resistance of a cantilever beam to failure. He had no concept
of elasticity, and implicitly assumed a constant stress distribution at the support with failure
occurring by rotation about the bottom edge. Although this lead to poor predictions of the failure
of a cantilever, it came to be known as ‘Galileo’s problem’. Working independently from Hooke,
Mariotte found the elastic stress distribution in bending. This was the correct linear response, with
the neutral axis at the centroid. However, owing to a mathematical error, he concluded that this
gave the same result for the resistance of the beam as taking a tensile linear variation in stress
from a fulcrum at the bottom edge. The name ‘Bernoulli’ is often used generically for the whole
family from Jacob' (the elder) to Daniel. The former is usually credited with the invention of beam
theory, having determined that beam curvature was proportional to the local bending moment.
However, he incorporated Mariotte’s mistake in his work. Even Euler, who first applied
differential calculus to beam theory, wrongly estimated the stiffness of a rectangular beam to be
proportional to the square of its depth. Again, it is Navier who should take the credit for beam
theory as it is normally used today”.

Perhaps surprisingly, the earliest work on the theory of plates was concerned with their
vibration. Jacob Bernoulli treated plates as if they were square grids of beams (subject to bending
only) and so derived an incorrect differential equation for their lateral displacement w. Sophie
Germain found the correct form for the equation, but was at a loss to give an expression for the
plate’s bending stiffness. Poisson (1814) deduced the same equation as Sophie, but claimed that
it was too complicated to be solved. He also insisted that three boundary conditions could be
imposed on each edge, a debate which continued until Kirchhoff's definitive work on the subject
in 1850. The Bernoulli-Euler hypothesis for beams, that plane sections remain plane, has an
equivalent for plates and shells known as the Kirchhoff-Love hypothesis. This hypothesis has been
challenged from the earliest times, most notably by Barré de Saint-Venant. It will be seen that his
name and that of Bresse have been added to the above chart. In Chapter 8, it will be shown that
their principles unify the engineering theories of flexural, torsional and axial response. Together
with the concept of strain energy, the shear response of beams can be determined from exactly
the same principles. They also lead to the determination of the characteristic responses of other

! Also known as James or Jacques.

2Howo:ver, it is commonly known as the Bemoulli-Euler theory. In October 1742, Daniel Bemnoulli
wrote 1o Leonhard Euler proposing his minimum principle. From this, Euler deduced his differential
equation (see chart) using the calculus of vanations that he had invented. It then still required
Coulomb to discover the correct stress distribution and Young to devise his modulus before all the
elements of bending theory as used today could be combined by Navier.
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linearly-elastic structures. This is made possible by discarding the constraint of assuming that
‘plane sections remain plane’. Here and elsewhere in the book it has been necessary to re-examine
approaches which have been hallowed by convention.

The general reader may be more interested in practical applications rather than the more
abstract aspects of the theory. The intention is to provide an introduction to more advanced ideas
on the subject than is commonly available in a student text book. There are, of course, many
excellent books on the basic theory of structures. The aim here will be to present the basic theory
in a different light and add to it material which is useful but is not readily available. Efforts have
been made to maintain an overall consistency of notation. As one form is more familiar for two-
dimensional problems and another for three-dimensional problems, some compromises have been
made. As far as possible, the more advanced sections which may not be required at a first reading
will be enclosed in curly brackets: { } , and will normally be located after the elementary theory,
even at the risk of some duplication, and specialist formulae and data consigned to the appendices.

JOHN D. RENTON
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Chapter 1 Introduction

1.1 Loads, Deflexions, Joints and Supports

The most common notation will be found in Appendix 1 and is also defined where it is first
used. In addition, it is worthwhile making clear some of the distinctions in terminology which will
be used in this book. A force is an action or influence on a body which tends to cause it to move
in a particular direction. A moment is an action or influence on a body which has a turning effect
on it, about a particular axis. The word Joad will be taken as a general term, referring to forces,
moments, distributed forces (such as pressure) and distributed moments. Likewise, deflexion may
be taken to refer to a linear displacement, a rotation or a general movement of a structure or
component. Loads can have corresponding deflexions which are the deflexions through which
they do work. Thus the corresponding deflexion to a force is its displacement along its line of
action, and the corresponding deflexion to a moment acting about some axis is its rotation about
that axis. The work done by a load is then given by the integral of that load with incremental
changes in its corresponding deflexion.

Forces, displacements, moments and rotations
are, in general, vector quantities possessing both
magnitude and direction. Figure 1.1 shows the
convention that will be used in two dimensions. F is a
force vector and u is the deflexion vector corresponding
to it. The horizontal and vertical components of F are H
and V in the x and y directions respectively. If the
magnitude of F is F, then the values of H and V are *
cos o and Fsin & respectively. The horizontal and  Figure 1.1 Loads and deflexions
vertical components of u#, u and v, are similarly related in two dimensions.
to the magnitude of 4. In a right-handed coordinate
system, the z axis would come out of the paper. The moment M and the corresponding rotation
0 would be clockwise about this axis, as viewed looking along it.

4 M0
M, 8
M}"e}’ \_) Mx 'ex
y x
(b)

Figure 1.2 Load and deflexion vectors in three dimensions.

In three dimensions, the force F and the corresponding deflexion 4 have components (¥,
F,, F,)and (u, u,, u, ) respectively in the x, y and z directions, as shown in Figure 1.2a. The
moment M and the corresponding rotation 8 can be regarded as vectors too, with components
M, M, , M, )and (8, ,6,,8, )inthex, yand z directions, as shown in Figure 1.2b. These
components are taken to be positive in the clockwise sense, as viewed along the axis about which

they act. The double-headed arrow convention is used to indicate that they are rotation vectors.

1.1



1.2 Introduction [Ch. 1

Most joints and supports are taken to be workless. That is, they neither absorb nor give
out work (or energy). The most common exceptions are elastic supports or joints and frictional
supports. Here, we will consider only the workless variety. Most frameworks are classified into
either pin-jointed frames or rigid-jointed frames. In practice, most frames are not entirely one or
the other, but from the analytic point of view, the classification is useful. Figure 1.3 shows the two
types of joint. Neither permits relative
displacement of the ends of the structural

members joined to it, and both can sustain forces
applied to them. However, the pin joint permits
relative rotation of the ends of members joined to
it. As it is a workless joint, it follows that it can
exert no moments on these ends and also it - =

cannot sustain an external moment applied to it.
Usually, the members of a pin-jointed framework
are straight and are not subject to lateral loads
between their ends. In this case, they only sustain
axial forces. In three dimensions, the pin joint
permits relative rotation of the ends about all Figure 1.3 Common types of joint.
three axes, and is commonly referred to as a

universal joint. A rigid joint does not permit any relative rotation of the ends attached to it, and
can exert moments as well as forces on the member ends.

Lok

V* w\ V*""; V+ M
(3) ) © @ (e

Figure 1.4 Common types of workless support (in two dimensions)

(2) A pin joint (b) A rigid joint

The common types of workless support are shown in Figure 1.4, These can exert either
a reaction (force or moment), in which case the corresponding deflexion of the frame at that point
is zero, or a particular reaction does not exist, in which case the corresponding deflexion of the
frame at that point is free to take place. (The extreme example of the latter is a free end, which
is subject to no reactions at all.) Other workless supports could exist, such that both reactions and
deflexions took place at the support, but they would be interrelated in such a way that no net
work was ever done. However, these can be simulated by rigid mechanisms attached to supports
of the above kind. Figure 1.4a shows a fixed or encastré end. All rotation and displacement of the
end are prevented, requiring the three reactions shown in two dimensions (or six reactions in three
dimensions). Figure 1.4b shows a pin support which permits end rotation but no end
displacement. In three dimensions, a pin support will be taken to permit rotation about all three
axes, and a rocker support taken as one which permits rotation about a particular axis (the rock
axis). Figure 1.4c shows a Anife-edge support which permits rotation of the structure about it but
no motion normal to it (in either direction). It can then exert a normal reaction but no moment
reaction. This kind of support is postulated in examining the flexure of beams, when it is assumed
that the axial beam loading in the beam is insignificant, so that the question of any lateral reaction
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provided by the knife edge does not arise. Figure 1.4d shows a slider support which permits
transverse motion of the end, but prevents any rotation or normal motion of it with the aid of
normal and moment reactions, M and V, if necessary. Finally, 1.4e shows a pinned slider support
which allows rotation and lateral displacement of the end but prevents any normal motion with
a normal reaction V. More possible workless support conditions exist in three dimensions, but no
commonly-accepted symbols have been devised for them.

‘M% if_;“ ([
(@ é SJ?HS TD[]OT

Figure 1.5 Loading on a structural member.

The above loading descriptions are related to some overall set of coordinates and not to
a particular structural member. Figure 1.5a shows distributed loads p and g acting on a beam.
These are usually forces per unit length, although sometimes they are used to indicate forces per
unit area. The symbol used for p will be used to indicate that it is of constant intensity, whereas
g, as shown, indicates a variable intensity. Figures 1.5b to 1.5e show resultant internal load pairs
acting on short sections of the beam. Each pair is acting in the positive sense used in this book,
which is that the corresponding deflexion tends to increase along the axis (here the x axis) of the
beam. The axial force P in Figure 1.5b is tensile positive, producing an increase in the axial
displacement u along the beam. In Figure 1.5c¢, the moment M produces ‘sagging’ of the beam,
corresponding to a positive increase in the rotation 8 along the beam. The shear force § in Figure
1.5d acts in such a way as to increase the lateral displacement v in the y direction. Lastly, the
torque 7 is such that the beam’s rotation about its longitudinal (x) axis increases along its length.

1.2 Small Deflexion Theory

In order to illustrate the mode of deflexion of a structure, this mode is usually
exaggerated. The actual deflexions are usually too small to be detected with the naked eye.
Typically, the maximum displacement of a beam is no more than 1/300th of its length and the
induced rotations are likewise of the order of a fraction of a degree. For many purposes, the
change in geometry of a structure under load can be ignored. For example, its equilibrium under
load is usually examined relative to the position of the loading in the undeformed state. Also, the
changes in orientation of parts of the structure, produced by rotations under load, are often
(implicitly) taken as negligible. If the rotations were large, then the effect of a sequence of
rotations about different axes, which themselves are affected by these rotations, would depend
on the order in which the rotations took place. (The method of analysing the effects of large
rotations will be discussed in setting up the stiffness matrices for beams with arbitrary orientations
in three dimensions, see §11.4.) However, if the rotations are small, the effect of a sequence of
rotations is given by their vector sum.
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Unless specifically stated otherwise, radian measure will be used for such rotations. Then
there is no need to distinguish between these rotations and their sines and tangents, as they are
the same, if only the first term of each of the power expansions for these functions is taken to be
significant. In particular, this means that the slope (or gradient) of a beam produced by flexure,
and the flexural rotation of the beam at the same location are taken as the same.

Figure 1.6 shows the displacement of the
end C of a rigid bar AC of length / resulting from
a rotation O about the end A. These are given by
the horizontal and vertical components, § and €,
where

6 =1sin® ; € =1(1-cosB).
As 0 is very small, & can be taken as /8 and € as
zero (using the first terms in the expansions of
sin® and cosB only). However, for stability
analyses it will be seen later that it is necessary to
use the more accurate expression /0 for €,
given by including the second term in the expansion for cos6.

Figure 1.6 A rigid-body rotation.

1.3 Energy, Equilibrium and Stability

The laws of thermodynamics form an important part of the theoretical basis of structural
analysis. They can be expressed in various ways, but put simply, they are as follows. The first law
states that in any closed system, energy is conserved. That is, if we can encapsulate the structural
system within a real or imaginary boundary, so that energy passes neither in nor out, the total
energy within the system will remain constant. (Workless supports can form a useful part of that
boundary.) However, the forms of energy within the system can change. The second law is related
to what (natural) changes in these forms can take place. They tend to be such that the potential
for further change to take place is reduced. The system tends to become less organised and more
random (the ‘entropy’ increases), so that the amount of ‘useful’ energy is reduced. To put it
another way, you cannot have your cake and eat it, or there are no free lunches.

A loaded structure is generally designed to reach a state of balance of loads (both external
and internal) such that no further movement occurs. This state holds not only for the structure as
a whole but for every part of it. It is then said to be in a state of static equilibrium. If the loaded
structure tends to move away from a given deflected state, then it is not in equilibrium. The
energy of movement (kinetic energy) may be provided from two sources. The applied loads can
do work, thus reducing their potential energy, or the deformed structure may release strain
energy in moving back towards its undeformed state. A clock driven by falling weights and one
driven by a spring are examples of kinetic energy derived from these two sources. Then if a loaded
structure is in equilibrium, it has no tendency to move resulting in the release of encrgy from these
two sources. This can be analysed by examining the net energy released from these two sources
during any imaginary small deflexion (virtral deflexion) from the equilibrium state. The conditions
of static equilibrium of the loads on a body are that these loads have no resultant force or
moment. This means that during any rigid-body motion of the body, in which it displaces or
rotates without any change in its deformation, no net work is done and hence no kinetic energy
can be generated.

A loaded structure-is not always safe, even when it is in equilibrium. Although in theory
it could remain in that state if undisturbed, some small imperfection or external perturbation may
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Figure 1.7 Basic types of equilibrium.

induce movements away from the assumed state. Figure 1.7 illustrates three different kinds of
equilibrium. The upper diagrams show a heavy ball free to roll over a surface and the lower ones
a mechanism consisting of three rigid bars linked by pin joints. The pair of diagrams shown in
Figure 1.7a illustrate stable equilibrium. If the ball is moved slightly, it will tend to move back
to its original position. Likewise, the pair of forces / will tend to pull the mechanism back to its
initial state if it is perturbed slightly. In Figure 1.7b, if either the ball or the mechanism is displaced
from its initial state, neither gravity acting on the ball nor the forces F have any influence on the
perturbation and both systems tend to remain in the displaced position. This is known as neutral
equilibrium. Any tendency of either the ball or the mechanism in Figure 1.7¢c to move from their
equilibrium states is amplified by the forces acting on them. This is therefore known as unstable
equilibrium. In the cases shown, the nature of the equilibrium state is determined from the
potential of the loading in an immediately adjacent state. If this potential then permits the loading
to do work in either restoring the system to its original state or enhancing the perturbation, then
the state is either stable or unstable respectively. More generally, the strain energy of the system
has to be considered as well. Structural systems are usually stable, because during any further
growth of a small perturbation, more energy would be absorbed in straining the structure than
would be released from the loss of potential energy of the applied loads in doing work. However,
under certain loading conditions the structure grows unstable, as its ability to absorb strain energy
becomes less than that of the loading to do work. The transition is usually marked by a state of
neutral equilibrium.

{1.4 Linear Response}

{Most structural engineering analyses involve the solution of linear simultaneous equations
of the form

ayx, *apX; ... a,x, =y
X *GpX t T MX, 7Y, (1)
amlxl * am2x2 M * amnxn = ym

or
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Ea,jxj =y, (i=1tom) (1.2)
i

These equations can be written in matrix form as
Ax =y (1.3)

where A is the matrix of coefficients a,, and x and y are the column vectors of the parameters
x,and y, . Such equations arise in writing the equations of equilibrium, the relationships between
(small) deflections, and the linear-elastic relationships between stresses and strains, for example.
If a third column vector z of parameters z, (k=1 to p) is related to y by

By =z (1.4)

where B is the matrix of coefficients &, , then
Cx = BAx = By = ¢ (1.5)
where

¢y = 2 bua, (1.6)

iz
so that the relationship between x and z is also linear. In any linear relationship, the following
results apply.
Let x,, x;, X, be particular values of the column vector x and y,, y,, y; particular values
of the column vector y such that

Ax, =y, , Ax, =y, ,

1.7
Xy =X Xy, L, Py T W YN (1.7)
Then

Axy = A(x; +x) = Ax, + Axy, = p, +p, = 3 (1.8)

Suppose that x is the column vector of deflexions of a structure in response to a loading given by
». Then (1.8) shows that a response to a combination of loadings y, and y, is the sum of the
individual responses to these loadings applied separately. This is known as the principle of
superposition attributed to Bresse, as noted in the preface. It also follows that if y, is a scalar
multiple, K, of y, then Kx, is a solution, for

A(Kx,) = KAx, = Ky, = y, (1.9)

so that this response increases in proportion to the loading.

There is not necessarily a unique solution to linear simultaneous equations such as (1.3).
If there are more equations than unknowns (m>n), then there may be no solution. If there are
fewer equations than unknowns (m<#), then the parameters x, cannot be completely determined.
If the structure is insufficiently constrained so that it forms a mechanism (such as that shown in
Figure 1.7), the above equations will be insufficient to find the deflexions. Likewise, if too many
constraints are applied to the structure, it may not be possible to find its internal loading from the
equations of equilibrium alone. It is then called a statically-indeterminate or redundant structure.
(This will be discussed further in Chapter 2.) Even if the number of equations is equal to the
number of unknowns (1n=n), there may still not be a unique solution. This would be because some
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of the equations contain no information which could not be deduced from the other equations. In
this case, some of the rows of A would be linear combinations of other rows of 4, so that the
determinant of A would be zero. This happens when the structure just reaches its buckling load
and passes from a state of stable equilibrium to a state of neutral equilibrium where its deflexions
are no longer determinate. As will be seen in §11.5, this zero determinant is a useful indicator of
the loss of stability.

In engineering analyses, most problems have unique solutions. If a structure is constrained
so that it neither forms a mechanism nor is free to move bodily in space (rigid-body motion), then
its deflexions can be determined from the applied loading. If, in addition, there are no redundant
constraints, so that the internal loading can be determined from the applied loading by means of
the equations of equilibrium only, then the structure is said to be just-stiff. It will be assumed that
the initial (unloaded) state is one of zero stress and strain, and so one of zero strain energy. As
will be seen in Chapter 3, it can then be shown that the internal stresses and strains in a structure
are uniquely determined for given loads and displacements applied to it. Suppose that in (1.3), x,
and x;, are two different responses of a structure to a particular loading y, Then

Ax, =y, . Ax, =y, (1.10)
and so
A(x,-x) =p, -9, =0 (1.11)

Thus, if a unique solution exists, so that x, and x, must be equal, then the initial (unloaded) state
must be one of zero response. Uniqueness implies that if a solution has been found which satisfies
all the necessary conditions imposed on it, then it is the solution. The importance of uniqueness
will be seen, for example, in proving Betti’s reciprocal theorem in Chapter 3.}

{1.5 Symmetry and Antisymmetry}

{A structure is said to be symmetrical when, under some transformation of the coordinate
system from which it is viewed, it appears unchanged. That is to say it is invariant with respect
to the transformation. The most common type of symmetry is mirror-symmetry. The two-
dimensional structure shown in Figure 1.8a is symmetrical about its centre line. That is, if a mirror
M-M is placed on this centre line as in Figure 1.8b, the right-hand half of the structure would
appear as the mirror image of the left-hand half. The system of reference shown by the (x,y) axes
and the anticlockwise sense of rotation also has its mirror image, (x’,y’) and the clockwise
rotation.

1 Q .Q

-

() (d)

Figure 1.8 Behaviour of a symmetric framework.

The structure appears identical when viewed from either system of reference, except for changes
in the joint labels. The typical joint labelled P seen with respect to the (x,y) system is the same as
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the joint Pseen with respect to the (x',y") system. Points on the plane of the mirror such as Q and

R are their own images.
Let the loads and deflexions at P, defined in terms of the (x,)) system of reference, be

denoted by the column vectors f, and dj respectively, and those at P’ relative to (x’,y") be f’ and
d,’ respectively. Suppose that it is possible to write a pair of matrix equations of the form

Ad, + Bd, - f,

Cd, + Dd} = f,
which have unique solutions for the deflexions. As the structure is symmetrical, interchanging the
primed and unprimed terms must yield the same equations, as the physical problem is identical.
This means that in the above equations the matrices A and D are identical, and so are B and C.
Consider the loadings and deflexions given by

fr =3 D) s fo = 5 - )
dy = 3y + dp) 5 dyp = (dp - dp)

(1.12)

(1.13)

Given the above relationships, it follows that if both fp and f;' are f*, then the equations are
satisfied if both dp and d,,” are d*. That is to say, a symmetrical loading induces a symmetrical
response. If fp and f;' are equal and opposite, the loading is said to be antisymmetrical (i.e. dp
and dp’ will be equal and opposite). From the above relationships, it then follows that the
deflexions will also be antisymmetrical. Equations (1.13) can be generalized by taking the vectors
not to refer to the joints P and P’ only, but to all the joints on the left- and right-hand sides of the
framework respectively.

Joints lying on the centreline can ’——4>
be considered as half-joint pairs lying on ﬁ } % ' A J
either side of it. Because these pairs are » | -«

coincident points, their loading and
motion under conditions of symmetry are
restricted . Figure 1.9 shows the effects on ~ (2)

joint R of Figure 1.8, split into two half-
joints. In the case of mirror-symmetrical
behaviour about the line M-M, vertical
motion of each half-joint is the same, but

their rotations and horizontal
displacements would be equal and (b) (d)
opposite. As the two half-joints are H

coincident, no rotation or horizontal

displacement can take place, so that the

joint is free only to move vertically, as I M : A

shown in Figure 19a. Interactions ' l

between the two halves prevent rotation  Figure 1.9 Behaviour of a joint on the centreline.
and horizontal displacement. This is like

replacing the connection to the right-hand half with a vertical slider as shown in Figure 1.8¢ (cf.
Figure 1.4d). There is no vertical interaction between the two halves, but if an external vertical
force of 2V is applied to the joint, it is shared it is shared as equal forces V by the two half-joints
as shown in Figure 1.9b. Antisymmetry about the same line, marked as A-A in Figures 1.9¢ and
1.9d, means that the image behaves in exactly the opposite way to a mirror image. Rotation and
horizontal motion of the joint R now becomes possible, as both half-joints will move in the same
sense and by the same amount. However, vertical motion of the joint is ruled out, as the as the
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two halves would respond in opposite senses. Vertical interactions between the two halves will
prevent this. In this case, the connection to the right-hand half can be replaced by a pinned slider
support, as shown in Figure 1.8d (cf. Figure 1.4¢).

Any loading on a symmetrical structure can be divided into symmetrical components of
the kind f,.’ applied to both halves and antisymmetrical components of the kind f, applied to the
left-hand side and -f; applied to the right-hand side. The analysis is then much simplified by
analysing the half-structures with the appropriate support conditions for the two cases inserted
on the centre line, as described above. The two solutions can be combined to give the full
solution, using the principle of superposition. The same process can be used to analyse three-
dimensional structures. In this case, the mirror images of linear vectors (of the kind shown in
Figure 1.2a) parallel to the plane of symmetry are in the same sense and of those normal to the
plane of symmetry are in the opposite sense. The mirror images of rotation vectors (of the kind
shown in Figure 1.2b} parallel to the plane of symmetry are in the opposite sense and of those
normal to the plane of symmetry are in the same sense. Again, the rules for antisymmetrical
images are exactly opposite to those for symmetrical images. Symmetry about more than one
plane means that it may be possible to simplify the analysis even further, using the same principles.
These possibilities are built into the structural analysis software described later.

It is possible to give a more general definition of symmetry. An object is symmetrical if
it is invariant (i.e. does not change its appearance) when the coordinate system undergoes an
affine transformation in which orthogonality is retained. That is to say, if two vectors were at
right-angles when viewed with respect to the original coordinate system, they remain at right-
angles when viewed from the transformed coordinate system, so that their scalar product remains
zero. In two dimensions, the affine transformation from {x,y} to {x’y '} is given by

X a,, a,ll x X,
= +

Y Iy || VY )’a,

(a,a,- apa;, #0).

and to retain orthogonality,

a,a, +aya, =0,

2 T _ .2, 2
ay @y = a tay.
Various kinds of symmetry are special cases of this.

a) Mirror symmetry (about y axis)

a, = -1 a,=1,a,=a,=0, x, =y =0.

22

>

b) Rotational symmetry (through a rotation a)

a, =

" 2 = COSU @, = —a, =#singt , x =y =0.
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¢) Amplification symmetry (by a factor k)

ay =ay=k , a;=a, =x,=y,=0.

d) Translation symmetry or regularity (under shifts s and 7 in the x and y directions)

a”=an=l , ap,=a, =0, x =5,y =t

(b) (©)

Figure 1.10 Other forms of symmetnical structure.

Mirror symmetry has already been examined. The rotational symmetry of any finite structure must
be with respect to an angle o which is rational fraction of 27 radians. (It is /4 in Figure 1.10b.)
The amplification symmetry shown in Figure 1.10c is for a value of k equal to 1.5. Such structures
are self-similar fractals. For this case and that of translation symmetry illustrated by the regular
grid shown in Figure 1.10d, the structure is necessarily infinite. However, this does not mean that
simplifications in the analysis cannot be found for substructures of these forms. Other symmetries
are given by combinations of the above. In fact, the grid shown in Figure 1.10d also exhibits
mirror and rotational symmetry. The forms of symmetry have been discussed by Hermann Weyl
(1952) who classifies them algebraically rather than geometrically. Further consideration will be
given to symmetrical behaviour later, in particular regular structures are examined in Chapter 15.}



Chapter 2 Statics

2.1 Work, Energy and Static Equilibrium

Loads have a potential for doing work. In doing work, they expend potential energy
which, in accordance with the first law of thermodynamics, must be turned into some other form
of energy (see §1.3). For static equilibrium, this will not be turned into kinetic energy during any
conceivable infinitesimal deflexion from the equilibrium state. This can be a an imaginary deflexion
of the structure as a whole, or of any part of it. Statics is concerned with deflexions which do not
involve any (further) deformation of the structure’s material, so that the work cannot be turned
into strain energy either. In fact, it is assumed that the work cannot be turned into any other form
of energy, so that during such a deflexion, no net work is done by the applied and internal loads
acting on the structure as a whole or any part of it. These are known as the conditions of statics
and are often expressed as ones of balance of loading. In the course of this chapter, it will be seen
that the two approaches are equivalent, although each has particular advantages.

2.2 Motion of a Rigid Body, Resultants and Equilibrium
The work done by a

constant force F is the product —
of its magnitude, F, and the (’ P, (
B

distance through which it ) (; , \
. - Al \ N
moves in the direction in ~— O (N X -
which it acts  (its ;ﬂ?\\\\\ '/' A;),, F
corresponding deflexion). If F (5) /A 0
is variable, then the work done =0 —
(a) (b)

is found by integrating the
instantaneous magnitude ¥ Figure 2.1 Plane rigid-body motion.

with small increments of the

deflexion.

Consider the case of a force F acting at a point P, on the plane rigid body shown in Figure
2.1a. Any motion of the body in the plane can be expressed by the displacement u of the point O
on it and its in-plane rotation 6 about O. We will discuss only small movements, as discussed in
§1.2. The corresponding deflexion of F resulting from the displacement u is of magnitude wcosa,
where o is the angle between the directions of F and # and u is the magnitude of u. The
corresponding deflexion resulting from the rotation 6 is of magnitude 48, where 4 is the
perpendicular distance from O to the line through P, in the direction of F (called the line of action
of F). Thus the work done by F during any arbitrary motion of the body can be expressed by
F(ucosa + hB). The expression would be the same if F was applied at some other point P, on its
line of action. The two cases are said to be statically equivalent. From the point of view of the
static analysis, F can be considered to act anywhere on its line of action.

The corresponding deflexion to a moment M is a rotation 0 about the same axis. If the
moment is constant and of magnitude M and the rotation is of magnitude 6, then the work it does
is M. Suppose that the force F in Figure 2.1a is replaced by a parallel force F acting through O
together with an anticlockwise moment £ about O. The work done during an arbitrary motion
of the body is again /(wcosa + 48), so that the loading in Figure 2.1b is statically equivalent to
that in Figure 2.1a.

In three dimensions, suppose that the force F acts on a body at a point P which is at a

2.1
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position relative to O given by the vector r,
as shown in Figure 2.2. Any arbitrary rigid
motion of the body is given by the vector
displacement u# of O and the vector
rotation 0 of the body about O. The work
done by F during the displacement u is
again Fucosa, where « is the angle
between the two vectors. This can be
written as the scalar product F.u . In
terms of the components shown in Figure
1.2a, this can be written as

Fu=Fu_ + Fyuy + Fu, @.n
Figure 2.2 Force on a rigid body in three
Suppose that r has the components dimensions.
(x.y,z) and O the components (0,, 0, , 0,)
as shown in Figure 1.2. Then the displacements of the point P due to the rotation 0 are shown in
Figure 2.3.

6 x
TP
0.y,

Figure 2.3 Displacements of a point P produced by the components of a small rotation 8.

The displacement in the x direction, d,, is given by the rotation of the ordinate z through a small
angle 6, shown in Figure 2.3b and the rotation of the y ordinate through a small angle 8, shown
in Figure 2.3c, giving

d = 0z - 6,y

x y

and the displacements d, and d, in the y and z directions are
d = 0x - 0,

y
d = 8y - 6x

t4

so that if these displacements are the components of a vector 4, it can be expressed as the vector
product
d = 0xr (2.2)

The work done by F during this rotation is then
F.d = F(Oxr) = (rxF).0 (2.3)
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Thus the total work done, W, by F during a small arbitrary rigid-body motion is
W =F.u + (rxF).0 (2.4)
If a moment M is applied about O, its corresponding deflexion is 0 so that the work it does is
M.B=M6 +MB0 + M0, (2.5)

As before, suppose that F is shifted so that its line of action passes through O and that a moment
M equal to rxF is applied about it, then the same work W is done during an arbitrary rigid-body
motion as before. This loading is then statically-equivalent to the loading shown in Figure 2.2.

Suppose that a set of forces F; (i=1ton) is applied to the body at radii r, from O. The
total work done is then

Wr=(EF,-)-“ *(E’;XF;)'G (2.6)
=1 1=1

This is statically equivalent to a force F at a radius r where

n

n
,Z_;F,. =F ,Zl‘(rl.XF‘.) = rxF 2.7
This force F is called the resuliant of the forces F, . Although F can be determined from the first
of these equations, r is at best only partially determinate. This can be seen by adding to » a vector
r? which is parallel to F. Then if r satisfies (2.7) so does (r + #”), for r” xF is zero. This means
that r could be a radius vector to any point on the line of action of F. In general, we can take r
to be the sum (r” + r*) where r" is a vector normal to F. Then

Fx(rxF) = Fx(r"xF) = (F.F)r" - (F.r™)F = (F.F)r"

so that
r" = Fx(rxF)/(F.F) (2.8)

where F and rxF are given by (2.7). A
particular case of interest occurs when the
first of equations (2.7) implies that F is
zero. From (2.8), r” is then indeterminate.
The resultant is then a pure moment M .
The simplest example of this is when only
two forces, F, and F, , act on the body -
and F, is equal to -F, , as shown in Figure

2.4. The resultant force is zero and the
resultant moment M is (r, - n,)*F;. The
magnitude of this is equal to the o -
magnitude F , of th.e forces multiplied by ~
the perpendicular distance between them.
Such a force pair is referred to as a couple
of magnitude M. If the distance between
the forces is allowed to tend to zero, but
their magnitudes are increased so that A
remains constant, the couple tends to become statically-equivalent to 2 point moment M at the
limit.

Figure 2.4 Action of a couple on a body.

Static equilibrium is achieved if no work is done by the set of forces F, under any rigid
motion of the body. In (2.6), W, must be zero for any arbitrary small deflexions # and 0. This is



2.4 Statics [Ch. 2

then an example of a virtual work equation. It is true if both of the expressions in (2.7) are zero.
More generally, if a set of point moments M, (j = 1 to m ) is also applied to the body, the
conditions for static equilibrium become

SFe0 ., YxE) S M0 (29
i-1 i=1 J=1

In terms of components of the above vectors, there are six equations of equilibrium for
a single rigid body. These are given by

n n m

E Fxt =0 ’ Z (ylen - ziFyl) + EMxi = 0 ’

1=1 i=1 j=1

L Fo=0 X - xE) ; M, =0, (2.92)
=0 .

E FZI =0 ’ E (xlei - yini) * zMzi
i<l i=1 J=!

If another origin O', at a position relative to O given by r,, is chosen and the positions
of the forces F, with respect to O’ are given by r; ', then a new set of equations is given by
replacing r; with ;" in (2.9). This of course only affects the second part of these equations. This
now takes the form

z;ri,xpi»fZ’:Mj = g(,‘, - "a)"Fi*Z]:M,- = 2"XFi+z,:M"_r"xz.:F‘ =0
1= I - 1= i J= i=

(It may help to consider P, at a position r, relative to O in Figure 2.4 to be the point O’ at a
position r,.) However, the sum of the forces F; is already known to be zero and thus no
independent equations arise by choosing a new position for O.

Suppose that all the forces are parallel. For example, the body might consist of a set of
point masses m, under the influence of the acceleration due to gravity, g. In vector terms, this
means that each force F, is a scalar multiple F, of a unit vector, U say. Equations (2.7) then
become

S F (N E)=F, Y (rxF)=(3. FryxU=rxF
1=1 i=] i=1 i=i ., ) (2.10)
=r><(_El F)U= (2_1: E)r=U

It is possible to find a point through which the resultant F acts regardless of the direction of the
forces. The position of this point is given by the vector » , where

r=(CERIYE,
1=1 i=1

for the second of the conditions in (2.10) is satisfied, regardless of the value of U. Suppose that
the above collection of masses has a total mass m. Then

F=(m)g=mg , r=(Ymr)m (2.11)
i=] izl

and the point given by the position vector 7 is known as the centre of mass.
For problems confined to two dimensions, only three of equations (2.9a) apply. Thus for
the x-y plane, the first equations on the first two lines of (2.9a) and the second equation on the
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third line are used. In the past, structural analyses were largely confined to two-dimensional
problems. Most common engineering structures can be reduced to a series of plane substructures
which can be analysed individually. This reduces considerably the number of equations required
for a solution, which is a particularly important consideration for manual analyses. Also, graphical
methods of analysis were developed for these problems, such as Bow’s notation and the funicular
polygon, which have been made obsolete by the arrival of the computer. However, force diagrams
remain a useful visual aid to the student in understanding the subject.

X

N\
P
" (b)

Figure 2.5 Graphic representation of the summation of force vectors.

In Figure 2.5 the magnitude and direction of a force are represented by a length and
direction of a line vector, marked with an arrow head. The components X, and Y, of the force F,
(=1to 4) in the x and y directions are likewise represented by lines in Figure 2.5a. These lines
can be summed algebraically to give the components X and Y of the resultant force F. This can
be seen as equivalent to joining the vector lines for the individual forces end-to-end to give the
vector line for F. This is the graphical representation of the first of equations (2.7) in two
dimensions. If the resultant force is zero, then the chain of vector lines has no gap between its
beginning and end, so that it joins up to form a closed polygon, as in Figure 2.5b. This is the
graphical representation of the first of the equilibrium equations (2.9) in two dimensions and is
known as the polygon of forces.

2.3 Distributed Mass and Load, Force Fields

The concepts of point force and mass are useful simplifications of more realistic
representations of the physical world. True point forces would exert infinite pressure on any body
to which they were applied and point masses would be black holes. In practice, a force applied
externally to a body is distributed as a pressure over a finite area of its surface. Likewise, mass
is distributed over a body of finite volume and can be found by integrating the density, p, over that
volume. The force of gravity then acts on every elementary volume of the body and so produces
an internal force per unit volume. A force distribution in space is known as a force field
Sometimes the problem can be conveniently reduced to a two-dimensional analysis. In this case,
the external force is considered to be distributed over a length of the boundary of the body and
the internal force is taken to be distributed over an internal area of it. The summations over a finite
number of forces or masses in the preceding equations can here be replaced with integrations of
elementary masses and loads. Thus for a body of volume V" and uniform density p, the finite
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masses m, in (2.11) are replaced by infinitesimal masses pdV, and it becomes
S = = /
F fypng mg , r, (fvprdV) m (2.12)

where r, is the position of the centre of mass with respect to the origin of coordinates and r is the

position of the small volume dV with respect to this origin. (The second integral can be evaluated

by noting that each component of the vector r,, ( x, , y, or z, ) can be found individually by

carrying out the integration with respect to the corresponding components of r, (x, y or z).)
{The gravitational field is a particular case of

a conservative force field. In general, the force acting (i) -

on a particle within the field is a function of the \ e

particle’s position. A conservative force field is such e

that the total work done by the field on the particle

when it moves from one fixed point, A, to another, B,

is the same, regardless of the path between A and B. A ds

Thus the total work done by the force field on a

particle moving along path (i) in Figure 2.6 is the e -

same as that done when it moves along path (ii). The U

work done by F in moving a small distance ds along

path (i) is F.ds and the total work done in moving Figure 2.6 Work done on a particle

in a force field.

fromAtoBis
B B
W = f F.ds = f (Fdx + F dy + F,dz) (2.13)
A A

When the field is conservative, the value of W is independent of the path from A to B. If the path
is followed in the reverse direction, from B to A, then the work done is -W. Thus if the particle
moves along path (i) from A to B and then back to A along path (ii), the total work done is zero.
No net work is done on any particle moving around 2 closed loop in a conservative force field.
This can readily be seen in a gravitational field, where equal and opposite amounts of work are
done when a particle moves ‘up’ or ‘down’ over the same interval. A potential ¢ can be assigned
to each point in a conservative force field so that the work done in moving from A to B is equal
to the loss of potential, -(d5 - ), in the transition. In (2.13), F.ds is then the perfect differential

-d¢ or
B B
f(dex + Fydy + Fd) = —fdcb ,
A A

so that /\

_ (3, L . 3
= :{(adxﬁ».g;dy+.gz_dz]

A
Fx=_§d_>,p=_§$’pz:_ﬂ, A
ax y dy 3z pgdV
or F=-V¢
Note that the work done is associated A
with a loss of potential. The potential of a . N

particle in a force field can be taken as a

form of energy (potential energy) which is Figure 2.7 Equilibrium of a liquid volume.
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lost when the field does work on it. In the case of a simple constant gravitational force field acting
on a particle of mass m, where z is in the ‘upwards’ direction, ¢ is given by mgz. The position of
the origin does not matter, as only changes in the potential are of any consequence. In the
gravitational field outside a uniform spherical body of mass M, the potential of the mass m is given
by -GmM/r where r is the radius of the particle from the centre of the body and G is the universal
gravitational constant (6.67x10™" m*/ kg sec?).

The potential of a field can be related to the force per unit volume of a body within it. For
the constant gravitational field acting on a body of density p the potential per unit volume ¢ is
pgz. Suppose that the body is an arbitrary volume of a dense liquid, as shown in Figure 2.7. The
gravitational force on the elementary volume dVis then -V dV or -pgdV k (i.e. downwards).
An elementary surface area of the body of the liquid can be represented by the vector d§ which
has a magnitude equal to the area of the elementary surface and direction which is that of the
outwards normal to the surface. The liquid pressure on this area of surface is pgzdS , or ¢dS. (As
the body is below the surface, this force is imwards.)The total gravitational force on the body is
given by integrating over its volume ¥, and the total pressure force on it is found by integrating
over its surface S. The resultant force on the body is the sum of these two and must be zero for
equilibrium, so that

-de)dV+fd>dS=0
vV S

This is in fact a particular case of Gauss’s law and so applies to any arbitrary potential ¢.)
2.4 Particular Cases of Equilibrium

Equations (2.9) give the equations of equilibrium of a single rigid body, where the origin
of the coordinate system can be chosen arbitrarily. Suppose that only two forces, F; and F, , act
on the body. The first equation indicates that these two must be equal and opposite. Let the origin
be somewhere on the line of action of F; . Then r, x F, must be zero and so that the only other
term on the left-hand side of the second equation, 7, x F, , must also be zero. This means that the
perpendicular distance from the origin to the line of action of F, is zero. This resuit can be
summarised in the following statement. If only two forces are applied to a body, then for
equilibrium they must be equal and opposite and collinear.

Suppose now that only three
forces are applied to the body. The origin
will again be taken to lie on the line of N
action of F, . From the second equation I N
of equilibrium, it follows that r, x F, and / | Jy
r, x F; must be equal and opposite. The / | B
vector product of two vectors is normal
to the plane containing them. This means
thatr,, F, ,r, and F; mustlieina
common plane. Unless F, also lies in this
plane, it must have a component normal
to it. As this would be the only
component of force normal to this plane, A
it must be zero for equilibrium. Then if
the three forces are in equilibrium, they
are coplanar. Unless they are all parallel,
the lines of action of at least two of them

Figure 2.8 Equilibrium of a three-pin arch.
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will intersect. Shifting the origin of coordinates to this intersection point, the second of the
equilibrium equations is only satisfied if the line of action of the third force also passes through
this point (by the same reasoning as before). This leads to the following conclusion. If only three
forces are applied to a body, then for equilibrium they must be coplanar and their lines of action
must pass through a common point, (If they are all parallel, this point lies at infinity.)

Figure 2.8 shows an application of the above two conditions to a two-dimensional
problem. A curved bar AB is pinned at its ends, A and B. Pin A is fixed to a support and pin B
links it to another curved bar BC which is pinned to a support at C. A force F is applied to the
bar AB, but the only forces acting on BC are the actions of the pins, /, and R as shown. The
first condition implies that these must be equal and opposite and collinear along the broken line
shown. This line is known as the line of thrust. On AB, the pin at B exerts an equal and opposite
force I to that which it exerts on BC, so that its total action is zero. There is also the action R,
of the pin at A and the force F acting on AB. The second condition applies to these three forces,
so that their lines of action must pass
through a common point, as shown.
This determines the directions of the
support reactions, R , and R . If F'is
a vertical force, the horizontal
components of R , and R, must be
equal and opposite, and the algebraic
sum of their vertical components and F
must be zero.

If a structure consists of a
number of bodies linked together, then
the equations of equilibrium found for
a single body given by (2.9) can be
applied to each of them, or the virtual
work equations can be applied to the
whole or any part of the structure. Figure 2.9 Equilibrium of a linked structure.
Imaginary cuts can be made in it, and
the appropriate interaction loads applied to the faces of each cut. Then the net work done by the
loads (including the interaction loads) during any possible rigid-body motion of the system is zero.
(Rigid-body motion implies that no energy is used in straining any component of the system.)
Figure 2.9 shows a simple example of the application of this approach. The structure consists of
four uniform heavy bars, AB, BC, CD and DA each of weight # and length / which are pinned
together to form a rhombus as shown in Figure 2.9a. A light horizontal bar between the joints B
and D holds them apart. As the only loads in it are the two forces transmitted by the pinned ends,
it is subject only to an axial force P. This can be found directly by making an imaginary cut in BD.
This means that a small rigid-body rotation 80 of the bars AB and AD from their initial angle to
the vertical, 0, becomes possible. The small change in the initial position (x,y) of joint B can be
found by differentiating its initial position with respect to 6:

dx d,, . dy d .
Ox=—080=—(Isin0)30 =lcos080 ; dy=-—2080=—(- =
X o dB( sin0) cos0380 ; &y p de( Icos®) 60 = /5in0 80

Joint D goes through the same vertical displacement and through the opposite horizontal
displacement. Joint C moves upwards towards BD by the same amount by which BD moves
upwards towards A. For the purposes of static analysis, the weight W of each bar can be
considered to be concentrated at its centre of gravity, which is at the centre of the bar. The motion
of each centre can be found from the average of the end displacements. It is now possible to write



Sec. 2.5] Method of Sections 29

down the total virtual work done by the loads during this virtual displacement and equate it to

Zero:

[-2Wx§1sine - 2W><%Isin8 + 2Pxlcos0150 = 0

As 80 is not zero, the contents of the square brackets is zero, giving the value of P as 2/ tan6.
This result could have been obtained by applying equations (2.9) to each bar individually, but this
would have involved calculating the joint interactions as well, rather than finding the axial force

P directly.

2.5 Method of Sections

(a)

(b)

©

(e

Figure 2.10 Common types of plane truss.

It was mentioned in the last section that the equilibrium of part of a structure could be
examined by making an imaginary cut in it. This is often done with pin-jointed trusses when
particular bar forces are of interest. Figure 2.10 shows the best-known types of plane pin-jointed
truss. Those shown in Figures 2.10a to 2.10d are known as a Warren truss, a Pratt truss, a Howe

truss and a K-truss respectively and are
often used to support bridge decks. That
shown in Figure 2.10e is known as a Fink
truss and is used to support rooves. Such
trusses are normally only loaded at their
joints by forces acting in the plane of the
truss. This means that the line of thrust in
each bar is along the axis of the bar, so
that they are subject only to pure tension
or compression. Also the static analysis of
each part, considered as a single rigid
body, is governed by a subset of (2.9)
which is three independent equations only,
as mentioned in §2.2. These will be taken
here as the conditions that the resultant
horizontal and vertical forces are zero and
that the moment about some point is zero.

PRle s ) P P2

Figure 2.11 Method of sections for plane trusses.
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Figure 2.11 shows how the method of sections can be applied to two such trusses. Each
has bays of depth / and span s. In both cases, pin A is prevented from displacing and pin D is free
to move horizontally. This means that the reaction at D must be vertical. Treating the truss as a
single rigid body and taking the origin to be at A, this reaction can be determined from the
equilibrium of moments about this point. Since the other external forces are vertical, the reaction
at A can have no horizontal component and so it can now be found by resolving vertically. This
gives the values of the reactions shown in the figure.

Figure 2.11a shows a four-bay equilateral triangular Warren truss which has been
sectioned through the bars BC, BF and EF. These have unknown tensions in them, G, H and /
respectively. The sectioning process cuts the frame into the two bodies shown by the shaded
areas. By a judicious choice of the origin about which moments are taken and the order in which
the equilibrium equations are solved, the need to solve simultaneous equations to find the above
tensions can usually be avoided. Thus if moments are taken about B for the left-hand body, the
clockwise moment is 2Px1.5s and the anticlockwise moment is (Pxs + Ixh). Equating these to
give a zero resultant moment gives the value of / as 2Ps/h. Likewise, G can be found directly to
be -2Ps/h by taking moments about joint F for the equilibrium of the right-hand body. (The
negative sign indicates that the bar BC is in compression.) The force H can be found by resolving
vertically. However, there is no net vertical force in either body apart from the vertical component
of G, so that the tension in BF must be zero.

It is not possible to section the K-truss shown in Figure 2.11b without cutting through at
least four bars. This means that the three equations of plane equilibrium for a single body are not
enough. However, if there is to be no net horizontal force on joint E, the horizontal components
of the forces in EC and EG acting on it must be equal and opposite. Thus if the tension in EG is
I, the compression in EC must also be /. Resolving vertically for the equilibrium of the right-hand
shaded block gives the value of the vertical component of I as P/4. The actual value of  is found
by multiplying this by the secant of the angle between the direction of I and the vertical, which is
V(1 + 45’/h%). Resolving horizontally for either side of the cut shows that A and J must be equal
and opposite, as the forces / have no horizontal resultant. Taking moments about E for the left-
hand side gives J as Ps/2h and H as -Ps/2h.

2.6 Joint Resolution

This method relies on the equilibrium equations for the individual joints of the structure
to find the loads in its other components. Joints may be subject to loads from the individual
components of a structure and also to external loads applied to the structure. Usually, joints are
considered to have no size, so that the equilibrium equations reduce to the conditions that the
vector sum of the applied forces is zero and the vector sum of the applied moments is zero. (If
the size of a joint is considered to be significant, for example if large gusset plates are used, then
allowance can be made for this. As will be seen in §11.7, one method of doing this is to
incorporate rigid end extensions into the other components. These begin at the edge of the joint
and extend to a common point at its centre. This centre can then be treated as a joint of zero size.)

Figure 2.12 shows a simple pin-jointed frame ABCD where joint A is fixed in space and
joint D is free to roll horizontally. All the component bars are vertical, horizontal or at 45° to the
horizontal. An external force of 2V 2/ is applied to joint B at 45° to the horizontal. By taking
moments about A for the whole structure the vertical reaction at D is found to be . Resolving
vertically and horizontally for the whole frame gives the vertical and horizontal reactions at A as
W and 2 respectively, as shown in the figure. The bar forces can now be found by joint resolution.
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These forces are denoted by the italicised
letters F to J and their actions on the joints
shown by the arrows on the bars. As the
reactions of the joints are equal and
opposite, the bar forces F,G and I are
compressive as shown and the bar forces
J and H are tensile. As all the joints are
pinned, no moments can act on them, so
that the only equilibrium condition that can
be applied to them is that the resultant
force acting on each of them is zero. In
graphical terms, the vectors representing
these forces form a closed polygon, as in
Figure 2.5b. A particular case of this
which occurs frequently is the triangle of
forces. The force polygon then comprises
only three forces, as at joints B,C and D. If
two of the forces are known in direction
and the third is known in magnitude and
direction, then the unknown magnitudes of
first two forces can be found by construction. Thus at joint B, the external force of 2V2W is
known in magnitude and direction and so can be drawn as the line vector forming one side of the
triangle of forces shown adjacent to joint B in Figure 2.12. The other two forces, F and /, are
represented by line vectors forming the other two sides of the triangle. As their directions are
known, construction lines can be drawn for them at either end of the line vector for the external
force. The length of these two lines, and hence the magnitudes of the forces they represent, is
determined by their intersection. Hence  and F are both equal to 2. Knowing F, the triangle for
joint C can now be drawn similarly. Drawing the triangle of forces for joint D now determines the
only remaining unknown bar force H. The polygon of forces for the equilibrium of joint A is also
shown in Figure 2.12. It will be seen that each bar force occurs in two of the force polygons. In
fact, all four polygons can be superimposed on one another to form a single diagram in which each
bar force is represented by a single line. In order to do this, a consistent method has to be
employed in drawing the polygons of force, as each polygon can be drawn in more than one way,
depending on the order in which the line vectors are joined together. This consistent method is
known as Bow’s notation. However, such graphical constructions are no longer used in practice.
The above graphical approach is equivalent to using the first equations on the first two

lines of (2.9a) to give the equilibrium of the joints. The explicit form of these equations is

2W-F =0, I-2W=0,
F-(J+G)/2=0, G-J=0, (2.14)
GIf2-H=0, W-GlIf2=0

Figure 2.12 Joint resolution for a pin-jointed frame.

"

which is given by resolving horizontally and vertically at joints B, C and D respectively.
2.7 Tension Coefficients

This method is the same in principle as that of joint resolution. However, by expressing
the unknown parameters as the bar forces divided by the bar lengths, the equations can be written
in a much simpler form. This is because the equations are expressed in terms of the resolved parts
of the bar forces in the directions of the global axes, x,y and z. These are given by multiplying the
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bar forces by the cosines of the angles between the bars and these axes (the direction cosines).
Such a cosine is given by the projected length of a bar in the direction of a particular axis divided
by its actual length, and is often an irrational number. However, if the parameter used is the bar
force divided by the bar length, then this, multiplied by the projected length, gives the required
term in the equilibrium equation. Taking the example given in the previous section, if the length
of BC is taken as /, the forces can be expressed in terms of such parameters by

f=F/A,g=GA2, h=H/2, i=1/1, j=J/V2.

On dividing equations (2.14) by /, they now become
W -f=0 |, i-2Wl =
f-j-g=0,g-j=0 (2.15)
g-2h=0, Wi-g=0

A slight simplification in the equations will be noticed, but the method lends itself particularly
well to the analysis of three-dimensiona! pin-jointed frames. A more methodical approach can be
made by assuming that all the bars are in
tension. Then the components of the force
T,z in a bar AB of length /5 are 1, x,5, )
tap Vap and 1y z,; in the x, y and 2 \DB
directions, where t,; is the fension
coefficient T/l for the bar, x5, Vag

and z ., being the projections of its length
in the directions of the axes as shown in A /
Figure 2.13. The correct signs for the
components of this force acting on joint A
are given by giving the appropriate signs
to the projected lengths. This is done by /Y\
defining them as the coordinates B relative ~*an A
to A. Conversely, when looking at the
components of the bar force acting on
joint B, the projected lengths are defined
as the coordinates of A relative B, that is,
they are equal and opposite to those used for joint A.

Figure 2.14 shows a simple three-dimensional frame which will be used to demonstrate
this method. The coordinates of each joint are shown in Figure 2.14a. Joints C,D and E are fixed
in position and a vertical load of 10 units' applied downwards at joint A. Figures 2.14b and 2.14c

show projections of this frame on the y-z and x-y planes respectively.

4

Figure 2.13 Tension components in three dimensions.

'Here and elsewhere, units will only be specified when necessary. Provided that they are used in
a consistent manner, the system of units does not matter. In most computer programs, the units are defined
only for the input and output at the user interface, and not for the main body of the analysis.
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il

Figure 2.14 Views of a three-dimensional pin-jointed frame.

Although the frame is symmetrical about a vertical plane through joints A and B, for the
purposes of the example it will not be assumed that the tensions in AC and AD are the same, nor
that the tensions in BC and BD are the same. Then the equations of equilibrium for joint A are

e = o =0,
“ - 2 - 2y 0,
“ Uy e - 10=0

resolving in the x,y and z directions respectively. Likewise, the equations for joint B are

Ige = tp =0,
'vo “lsc %o T = 0
2pg *lye *lgp "l = 0

The values of the tension coefficients found from these equations are multiplied by the bar lengths
to give the bar tensions. This can be set out in tabular form as follows

Bar Tension coefficient Length Tension
AB -20/3 Vs -14.91
AC,AD /3 V6 4.08
BC,BD 513 V3 2.89

BE -10 V2 -14.14
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2.8 Static Analysis of Beams'

The resultant loads in the bars of a pin-jointed frame are axia! forces only, unless the bars
are loaded directly, or are curved as in Figure 2 8. If the frame has rigid joints, they can carry and
transmit moments as well as forces. The distribution of bending moments and shear forces in the
component beams of such frames is often critical in structural analysis and can be represented
diagrammatically as in Figure 2.15. Here, the common convention for two-dimensional problems,
as used in Figure 1.5, has been adopted. The local axes for the beam are taken as x axis along it
and the y axis normal to it. For a right-handed coordinate system, the z axis must be out of the
paper, and the local rotation 0 of the bar is taken as clockwise, looking along this axis. The local
bending moment pair, M, is taken to be positive when it causes 0 to increase with x (cf. Figure
1.5¢). The local shear force pair, §, is such that it causes the shear displacement in the y direction
to increase with x (cf. Figure 1.5d).

Figure 2.15 shows the shear force and
bending moment diagrams for a simple cantilever Al y
of length /, loaded at its free end by a bending i
moment M, and a shear force £, as shown. In ( ‘
terms of the above sign convention, this induces (3) \_
a constant shear force of -F, at all points along L
the beam, as plotted in Figure 2.15b. (This is
because the resultant force induced on the /eft- S
hand face of shaded area is F, upwards. This face !
corresponds to the left-hand face of the short by F
element shown in Figure 1.5d, on which the shear
force is downwards-positive.) The bending
moment at a distance x from the free end of the T
cantilever is M,+F, x clockwise on the left-hand M o
face of the shaded area. Similarly, by comparing L/ o MFl
this with Figure 1.5c, this is seen to be positive. () ¥ o
Thus the ordinates on the bending-moment i . e ,-__v,__J
diagram shown in Figure 2.15¢ are positive. More .

Figure 2.15 Shear force and
bending moment diagrams.

generally, the ordinates can be found by looking
at the total effect on the left-hand face of the
shaded area of the loading to the left of it.

Figure 2.16 shows the effects of loads distributed along the beam. Now the additional
force F and the distributed load g will also contribute to the resultant loads on the section at a
distance x’ along the beam. The resultant force produced by g on an elementary length dx of the
beam is gdx. If, as shown in Figure 2.16b, this is at a distance x from the left-hand end of the
beam, then the moment produced by this force x* along is given by multiplying it by the lever arm
(x'-x). The total effect of the distributed load is given by integrating these elementary effects.
Then the total shear force S’ and bending moment M’ at the section x’ along is

! The Oxford English Dictionary implies that a beam was ori ginally a bar used to support
a roof or the deck of a ship, and so is subject to bending. Here it will be used to indicate a bar
subject to some loading other than just an axial force.
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x' y 1,‘ q
§'=[qdc+F-F, . j__wm
*q ) C }«x/ .I
M’ =M, [q(x'~x)dx ~F(x' ~x) + F,x' @ . _
M, , lé
x, bt - X — v
where g is in general a function of x. If x’ s ﬁ
is less than x, then the terms in ¢
disappear. Likewise, if x’ is less than x, b)) M (l TD M+dM
then the terms in F disappear. This means 7
that these expressions are not continuous - -~——x—>§<a>{ S+dS

functions but step functions. These will be
examined more fully when discussing
Macaulay’s method later. Differentiating
M’ with respect to x'gives -S’. This can be
seen to be true in general by examining the equilibrium of the elementary length of beam shown
in Figure 2.16b. The resultant anticlockwise moment about the right-hand face of the element is
zero for equilibrium, giving

M +dM -M +Sdx +qdxx_dx=0. Hence ‘;i” =-5. (2.16)
X

Figure 2.16 Effects of loads along a beam.

(The term in ¢ can be ignored as it is of second order of smallness.) Likewise, the resultant
vertical force on the element is zero, giving

S+dS -8 -gqdx =0 . Hence d—S=q4 2.17)
dx
It follows from (2.16) that the bending moment is Jocally a maximum or minimum where the shear
force is zero. However, it must be remembered that these expressions are discontinuous functions
and apply only to the finite length of the beam. This means that if the greatest bending moment
or shear force is sought, it is not enough to look at the points where their differentials are zero.
In addition, their values at the discontinuities, where the loading applied to the beam suddenly
changes, and also the values at the ends of the beam must be examined.
Figure 2.17 shows examples of shear-force and bending-moment diagrams for simply-
supported beams. The reactions at either end can be found from the condition that the resultant
moment about the other end is zero. This gives the end reactions in the three examples as

Fb -m pb?
R, = ; b R, = -R = ; SR, =
@: Ry = ) R, T © R s
R, = Fa Ry= R= m RB=pb(2a+b).
a+b a+b 2(a + b)

where the reactions are taken as upwards-positive. In case (a) there is a step discontinuity of F
in the shear-force diagram at the point where the shear force #'is applied, and similarly in case (b)
there is a step discontinuity of m in the bending-moment diagram where the point moment m is
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Figure 2.17 Examples of shear force and bending moment diagrams.

applied'. In case (c), there is no step discontinuity in either diagram at the point at which the
distributed load of constant intensity p commences, but it follows from (2.17) that there is a
discontinuity of slope of the shear-force diagram at this point. In case (c), the absolute maximum
bending moment, M,,, , occurs at the point of zero slope of the bending-moment diagram, at
which § is zero in accordance with (2.16). In the other two cases, this value occurs at a
discontinuity. For the three examples, they are

(@ M. =19 ) M = (a>b) or
m a+b a+b

mb (b>a) ) M :M_) .
a+h ™ g(a+b)?

In case (b), the bending moments to the left of the point moment m are negative. As shown in the
sketch above that part of the diagram, they induce local curvature about a centre which is below
the beam. This is known as hogging curvature. To the right of m, the induced local curvature is
about a centre above the beam. This is known as sagging curvature. The point where the flexural
curvature changes from one to the other is known as a point of contraflexure. If the bending-
moment diagram is locally continuous, this occurs at a point where the bending moment is zero,
so that analytically the problem remains the same if a pin joint is inserted at this point. The analysis
can sometimes be simplified in this way if the points of contraflexure are known.
Bending-moment diagrams are often superimposed on outlines of the structures to which
they refer. Figure 2.18 shows an example of this. The frame shown is subject to a distributed side
load which varies linearly in intensity from zero at the base, A, to g, at B. (This might represent
a wind load.) The resultant of any such distribution can be found by integration. This is given by
the area of the distribution diagram and acts through its centroid. Thus the magnitude of its

"1t is common practice 1o join the graphs on either side of point discontinuities, even though this
would seem to imply that the functions have no unique values at such points. In fact, point forces and point
moments are only convenient approximations to rea! physical loads and what happens in the immediate
vicinity of their application requires more detailed examination of the true conditions.
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Figure 2.18 Bending moment diagram for a frame.

resultant is Y2q /2 and acts at %ah above the base. The vertical reaction at E can be found by taking
moments about A; that at A must be equal and opposite to this. The horizontal reactions at A and
E can be found by taking moments about C for ABC and CDE. It is now possible to draw the
bending-moment diagram on the outline of the frame. The convention that positive bending
moments are represented by upwards ordinates cannot be used for the stanchions AB and DE.
However, the convention that the ordinate is in the direction of the local centre of curvature, as
shown in Figure 2.17b, can still be applied to give the diagram shown in Figure 2.18b.

2.9 Static Determinacy

The problems analysed so far illustrate cases where the resultant loads throughout the
structure can be found from the conditions of static equilibrium. Such structures are said to be
statically determinate. If in addition the structure resists loading applied to it in any manner, it
said to be just stiff. If, instead, the structure can be induced to change its form without resistance
(apart possibly from friction) a mechanism is said to exist. The mechanism is usually defined in
terms of the type of motion possible. The structure is statically indeterminate if the conditions
of equilibrium are insufficient to determine all the resultant loads on the component bars. The
structure is also redundant because there are more constraints on it than are necessary to make
it just stiff. Each constraint inhibits one possible deflexion or relative deflexion. The number of
these additional constraints is known as the degree of redundancy. It is also possible to imagine
structures which do not fall into any one of the above categories, as they may have characteristics
of more than one type.

The three basic types are illustrated in Figure 2.19. The upper diagrams show a single
beam which is classified according to its support conditions. The lower diagrams show a frame
which is classified primarily by the constraints provided by its constituent bars. Figures 2.19a
show simple mechanisms with one degree of freedom. The upper one is a pendulum and the lower
one is a four-bar chain. (The fourth bar in this case is considered to be the ground.) The addition
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of one constraint to each of these can
produce a just-stiff structural system.
Thus if, as shown in Figure 2.19b, the free
end of the pendulum is supported by a
knife edge, it behaves as a simply- 4 A
supported beam and if a diagonal bar is
added to the four-bar chain, it can no

longer deflect freely. If the supports at the - o
ends of the beam are replaced by fixed /
ends and a extra diagonal bar is added to

the frame, then the redundant structural d
forms shown in Figure 2.19¢ result. (® (b)
A structure is statically determinate  Figure 2.19 Degrees of freedom and redundancy.

if there are (at least) as many independent

equilibrium conditions as there are unknown loadings to be found. The loadings may be the
support reactions or the resultant loads acting on the component bars. If a bar is supported only
at it ends and the resultant loads acting at one section of a bar are known, then the resultant loads
at all points can be found by treating it as a simple cantilever between the section and an end (cf.
§2.8). A frame is composed of bars, each connected to two nodes (joints or free ends) and

supports.

Figure 2.20a shows a plane pin-
jointed frame where the nodes are pin
joints. Each has two degrees of b 73\*-1«}-
freedom (horizontal and vertical 7// Y ARCRY: b0
motion) as shown in Figure 2.20b. » w9 ATANN
Each degree of freedlom can be 7777 4 S i %N-‘t
associated with an independent @ 2 (b)
equilibrium or virtual work equation. | S 4 - QL‘) S —es—
(Joint rotation yields no equations as ?{f; 4 192 I
no moments are applied to the joints.) —— - — - 75:@ - — e
Each bar has an unknown axial force in \ $_ 220
it. This may be found from the b
equations associated with joint motion, 7~ Y4 7153‘ ?b’j‘ 27 7
as in the example shown in Figure 2.9. (©) (& ~ (e

The only additional independent
equations give any variation of
resultant loading on sections along the  Figure 2.20 Static determinacy of plane frames.
bars. (Here, the loading is normally a
constant axial force). Every support restraint corresponds to an additional unknown load. Thus,
if there are j pin joints there will be a corresponding 2/ independent equations. If there are b bars
linking the joints and r support restraints, these equations will be needed to determine (b+r)
unknowns. Alternatively, as each bar constrains the relative motion of two joints, the number of
degrees of freedom left is (2j-b-r). This is the degrees-of-freedom formula. If this expression is
zero, then the frame will normally be just stiff and statically determinate, as the number of
unknowns is equal to the number of equations.

Take for example the frame shown in Figure 2.20a. There are seven joints, eleven bars and
three support restraints. Then the value of 2j-b-r is (14-11-3), or zero, which corresponds to a
just-stiff, statically-determinate frame. The values of this expression for the frames shown in the
lower parts of Figures 2.19a, b and c are one, zero and minus one, corresponding to a mechanism
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with one degree of freedom, a just-stiff frame and a frame with one redundancy. In three
dimensions, each free joint has three degrees of freedom, and each support which completely fixes
a joint in space provides three restraints. The degrees-of-freedom formula then takes the form (3/-
b-r) and when applied to the frame shown in Figure 2.14 gives zero (15-6-9) indicating that it is
also a just-stiff frame.

The nodes of the rigid plane frames shown in Figures 2.20c¢ to 2.20e are shown as black
squares. Each has three degrees of freedom, two displacements and a rotation. Each bar of the
frame now has three unknown resultant loads acting on a cross-section, an axial force, a shear
force and a bending moment. The degrees-of-freedom formula now becomes (317-35-r) where n
is number of nodes. (Where all the nodes are joints, as in the case shown in Figure 2.20c, j can
be used in the formula instead of n.) In this example, each support provides three restraints, so
that the formula becomes (18-18-6), so that the frame has six redundancies. Cutting each
horizontal bar of this frame gives the two frames shown in Figure 2.20e. These are known as tree
structures. Each has two nodes which are not joints and the formula gives (15-12-3) for either of
them, indicating that they are both statically determinate. Tree structures are composed of a trunk,
branches and twigs like a tree, are always statically determinate. Another way of finding the
degree of redundancy of a rigid-jointed frame is to count the number of cuts in its bars necessary
to reduce it to tree structures. Each cut introduces three extra degrees of freedom, two relative
displacements and one relative rotation of the two sides of the cut. The sum of the degrees of
freedom introduced, in this case six, is equal to the number of redundancies of the original frame.
In three dimensions, each node has six degrees of freedom, three rotations and three rotations,
and each bar induces six constraints corresponding to six unknown resultants. The degrees-of-
freedom formula now becomes (61-65-r). Other types of structure can be reduced to pin-jointed
or ngid-jointed forms by introducing degrees of freedom or adding constraints and then applying
the formula, taking into account the increase or decrease in the degrees of freedom introduced
by the modification.

The formula is not always sufficient to
ensure that a frame is statically determinate or just
stiff. Figure 2.21 shows three pin-jointed frames
which are just stiff according to the formula, but
exhibit characteristics of mechanisms and
redundant frames. This is because a rigid-body
motion is possible which does not involve work
being done by either the bar loads or the support
reactions. This means that the corresponding
equilibrium equation imposes conditions on the
applied loading only, and there are not enough E F
equations left to determine the other loads. In case
(a), the right-hand rectangle can deform into a B
parallelogram, that is, it is a four-bar chain. The (©)
left-hand rectangle is over-braced, having two Figure 2.21 Mixed types of structure.
diagonals, and so has one redundancy. Cases (b)
and (c) are both examples of critical forms. These are frames which become just-stiff with a slight
change in geometry. In case (b), if the centre lines of all three legs are extended, they meet at a
point O. This means that the frame can rotate slightly about O. (The point O acts as an
‘instantaneous centre’.) This means that the applied loading can have no resultant moment about
O. Also, the axial forces in the legs cannot be found from statics. Changing the directions of the
legs so that their centre lines do not meet at a single point, even at infinity, makes the frame
statically determinate. The regular hexagonal frame shown in Figure 2.21c is also capable of

(®)
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deforming slightly during a rigid-body motion of its components, without cutting any of the bars.
Joints C and D can move apart horizontally by a small amount 28, while joints E and F move
towards one another by the same amount, and joints A and B move down relative to the others
by 8V3. Any applied loading which does work during this motion is inadmissible if the frame is
to be in equilibrium. The loss of one equilibrium equation means that the bar forces cannot be
determined from statics. For example, the frame would be in equilibrium under zero applied
loading if all three diagonals had some indeterminate tension 7"in them and all six peripheral bars
were subject to compressive forces of the same magnitude 7. Again, the frame becomes statically
determinate if the geometry is changed, for example by moving the position of joint B upwards
so that it is in line with joints E and F.

2.10 Displacement Diagrams

An equation of static equilibrium for
the frame shown in Figure 2.9 was obtained by
making an imaginary cut in the horizontal bar
and finding the virtual-work equation for the
resulting mechanism. In that particular case, it
was a relatively simple matter to find the
motion of the mechanism. In more complex
cases, the motion can be found from a
displacement diagram. This is a vector diagram

- c
of relative and absolute displacements. It is 140.21_ /4|
constructed on the same principles as velocity A
diagrams in mechanics. P 300 E 126.‘/21

Figure 2.22a shows a rigid-jointed 30 |
portal frame with sloping legs. A horizontal 0./ \IB (©)

force H is applied at B and vertical force V'
applied at E, the midpoint of BC. A more
complete analysis of this frame will be given in
§4.5, but in order to carry this out, it is necessary to find a relationship between the joint moments
M, to M;, and the applied loads. By replacing the rigid joints with pins, a mechanism is created
permitting a rigid-body motion of the bars in which only these loads and the joint moments do
work. Suppose that the bar AB rotates about A through a small angle 0 as shown in Figure 2.22b.
The end B will then move through a distance O/ at an angle of 30° below the horizontal. This is
represented by the line B in the vector diagram shown in Figure 2.22c. The point ais at what is
called the pole of this diagram. The pole is the point from which all absolute motion is measured.
As joint D does not move either, b is also at this pole. The relative motion of C with respect to
B must be perpendicular to BC, i.e. vertical. On the vector diagram this is represented by a line
from B to c. At this stage, its length is not known, and so is represented by a vertical broken line.
Likewise, the motion of C relative to D must be along a line at 30° above the horizontal and this
is represented by a broken line pc in the same direction on the vector diagram. The point c must
be at the junction of these two lines, producing the equilateral triangular diagram as shown. All
the sides are then of length 6/ However, the line pc represents the motion of C relative to D as
a result of the rotation of DC which is of length 2/. This rotation must then be 140. Likewise, the
diagram shows that C moves vertically upwards relative to B through a distance of 6/. This means
that BC must rotate anticlockwise through an angle of 20.

The horizontal motion of B and C is the horizontal component of their absolute motion, that is,
%V'301. The movement of E is the average of the movements of B and C and hence is given by

Figure 2.22 Sway of a sloping portal frame.
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the midpoint  of the line Bc on the vector diagram. It follows from the diagram that E moves
horizontally but not vertically, so that V" does no work during this motion. The total virtual work
done during this motion is zero, giving the equation

(-M, +M,)0 + (M, -M)20 + (-M.-M,)26 + H218 = 0
or 2M, - 6M, + SM, +M, = V3HI

on removing the common factor 6.

If the rigid joints of the frame
shown in Figure 2.20c are replaced by
pins, as shown in Figure 2.23a, then it has - —
two degrees of freedom. (As seen earlier,
the original frame had six degrees of
(2) ® ©)

(2.18)

redundancy. The pins at the top and

bottom joints each permit one new relative

or absolute rotation and the middle pins  Figure 2.23 Sway of a two-storey portal frame.
introduce two independent relative

rotations. Thus eight degrees of freedom are introduced, six of which remove the redundancies
in the frame.) These two degrees of freedom can be represented by the two independent sway
modes shown in Figures 2.23b and 2.23¢. Virtual work equations, relating joint moments to the
applied loading, can be written for each of these modes by using the above method.

{2.11 Full Determinacy Analysis}

{It was pointed out in §2.9 that the degrees-of-freedom
formulae were not always sufficient criteria of determinacy. This
is because some restraints may simply duplicate constraints which
already exist. If the frame in Figure 2.21a is composed of rigid
bars, removing one diagonal bar from the left-hand bay does not
make it any less rigid. In the other two cases the duplication of
restraint is less obvious, but can be determined from a full analysis.

Figure 2.24 shows a rigid bar linking two pin joints, A and
B. This prevents any relative displacement of the joints in the
direction of the bar. Suppose that the displacement of joint A is
given by the vector d,, that of joint B is given by dj and a unit vector in the direction AB is given
by e. Then the displacement of joint A in the direction AB is d,-e and that of joint B is dy-e. The
constraint provided by the rigid bar means that these two displacements are equal, or

(dy - d,)e=0 (2.19)

Figure 2.24 Displacement
restraint of a rigid bar.

If the length of the bar is /, then e is the difference of the two position vectors of joints A and B,
(rg - ), so that (2.19) can be written as

(dg - d)(rg - r,) =0 (2.20)

One equation of this kind can be written for each bar of a pin-jointed frame. Taken together with
the support conditions', these equations give the full set of restraints applied to the joint
displacements. If these equations are independent and equal to the number of independent joint
displacements, the frame is just stiff.

Mt is assumed here that the support conditions are such that individual joint displacements or linear
combinations of them are zero.
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Take for example the hexagonal frame shown in
Figure 2.21c. For convenience, the sides of the hexagon
will be taken to be of length 2, so that the diagonal bars
are of length 4. The horizontal and vertical joint
displacements of the bars will be denoted by v and v
respectively. The support constraints give

ug = vg = v, = 0. (2.21)

Applying (2.20) to bar to the bar AD gives
(up ~u, V3 + (vp-v)(-1) =0 (2.22)

Using (2.21), the full set of bar restraint equations can
be written. Starting with AD and proceeding clockwise
around the peripheral bars and ending with the diagonal bars, AB, CF and DE, they are

Figure 2.25 Determinacy of a
hexagonal frame.

110 0 0 o1 -10fuv3] [o
000 00 0020fv| |0
0 0-1-10 00 0 1]uyvd| |o
001 -1 0 000 O0fv | |0
000 0 0 20 0 0fuv3|=]o (2.23)
110 0 -1-100 0 v | |0
040 -40 000 0fuyvd| |0
000 0 -22002|v | [0
000 0 0 022 0fu3| |o

The general solution of these equations is

Vo = U

c =vp =0, 2u,V3=2v, =2ugV3=2vy=u V3 =u V3 (=k say).  (2.24)

D

The frame is not then just-stiff. A simple mechanism exists giving displacements for non-zero
values of k. The factor v3 could be replaced throughout these equations with any other number
and the result would be the same. This corresponds to stretching (or compressing) the form of the
frame in the horizontal sense. Thus although deforming the frame so that B is in line with EF
produces a statically-determinate form, this stretching has no such effect. In general, a frame may
have more than one degree of freedom . A formal method of finding the modes associated with
each of these is known as the Gauss-

Jordan process and is discussed in (0,4k+4,0)
§14.4 (V3(k+1),3k+3,0)
o (0,4k+2,h)
Exactly the same method can (+/3(k+1),3k+3,0) k3 n (F3k,3k+2.h)
be applied to three-dimensional pin- (- 3k3kLA) « 3&,&5.;)

jointed structures. Figure 226
shows a single tier of a six-sided
Schwedler dome. This has a height
h, the base hexagon is of side 2k+2 (+F3(k+1)Je+1,0)
and the upper is of side 2k. The joint
coordinates are then as shown. If the

3(k+1),k+1,0)
e

Figure 2.26 A tier of singly-braced Schwedler dome.
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lower joints are fixed in position, there are 18 bar restraint equations governing the displacements
of the six upper joints. Setting up these equations and solving them as before, the only solution
is that all these displacements must be zero for any non-zero values of s and k. Again, stretching
the form in any direction does not affect this result. The upper joints are then fixed in position so
that the frame is just-stiff. If a further similar tier is added, it follows from the same arguments that
it remains just-stiff. The Schwedler dome is discussed again in §15.9 and its general form is shown
in Figure 15.26b.

The matrix in (2.23) is the kinematic matrix B defined by Pellegrino and Calladine'. By
virtual work methods, they show it to be the transpose of an equilibrium matrix A relating bar
tensions to joint forces.}

There remain some structures which, despite having mechanisms according to the above
analyses, are essentially stable. This is because the mechanisms are for infinitesimal motion, so that
after a very small amount of ‘give’, the structure resists further deflexion. The best known
examples are some of the ‘tensegrity’ structures popularised by Buckminster Fuller. Definitions
of tensegrity structures vary’, but they are usually composed of isolated struts within a web of
tensile components. This may be a set of pretensioned cables which induce compression in the
struts. The Skylon at the 1951 Festival of Britain exhibition was a simple example of a tensegrity
structure, and they are usually used as architectural features.

'Pellegrino, S. and Calladine, C.R. (1986) Matrix Analysis of Statically and Kinematically
Indeterminate Frameworks. Int. J. Solids Structures V.22 No.4 p.409.

%See for example Motro, R. and Raducanu, V. (2001) Tenscgnty Systems and Tensile Structures,
Proc. IASS Conference, Nagoya Paper TP140.






Chapter 3 Elasticity

3.1 Stress and Equilibrium

In considering the detailed behaviour of a body under load, the response to forces acting
per unit area of surface will be examined. This surface can be an external surface, in which case
these forces per unit area are referred to as surface tractions or they may be on the surface of any
imaginary section through the body, and are then called stresses.

Using cartesian coordinates, it is possible
to define an elementary rectangular block of the
formed by imaginary plane %’ ‘" and %’
sections through the body, which are
perpendicular to the x, y and z axes respectively.
This block is shown in Figure 3.1. Each pair of
surfaces perpendicular to an axis is comprised of
one 'negative' face and one 'positive’ face. The
positive face is the one which is the further of
the two along the corresponding axis. Thus the
block in Figure 3.1 only shows its positive faces.
The stresses acting on these faces can be
resolved into components acting in the
directions of the axes. On each face, one
component will be acting in a direction normal to the face, known as a normal stress, and two
components acting parallel to the face, known as shear stresses. The symbol o is used to indicate
a normal stress and the symbol t indicates a shear stress. The first subscript attached to these
symbols indicates the face on which the stress acts and the second indicates the direction in which
it acts. (As it is possible to tell from the subscripts alone whether a stress is a normal stress or a
shear stress, a single symbol, o, is sometimes used for both.) The sign convention is that stresses
acting on positive faces are assumed to act in the positive directions of the axes, and those on
negative faces taken to act in the opposite directions. (Each negative face is attached to the
positive face of an adjacent block, so that the negative

Figure 3.1 Conventions for stresses.

actions on the negative face are matched by positive 8z >
reactions on the adjacent positive face.) F/
In a state of equilibrium, the body as a whole and °n\
every part of it is in equilibrium. It is then useful to examine Sy -
the equilibrium of the elementary block shown in Figure 3.1. L otéo,
In addition to the stresses on its surface, there may also be <
body forces acting on the material of the block. These might ox T
arise from the effects of gravity for example. These forces are YN

defined in terms o.f their magnitugles X Yand Z per unit Figure 3.2 Force equilibrium,
volume of material, in the x,y and z directions respectively. In

general, there will be a slight variation in the magnitudes of the stresses between the negative and
positive faces. The incremental changes in the stresses acting parallel to the x axis are shown in
Figure 3.2. The small lengths 8x, 8y and &z of the sides of the block are also shown. Then the
incremental changes of stress shown can be related to the rates of change by

6 aoxx 6 6 at yx 6 6 atzx 6 3 l
g = — 0X T = —a= s T =2 — 02 . .
xx ax yx ay y zx 32 ( )

3.1
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The equal and opposite components of stress on each pair of faces produce no resultant forces.
Then for equilibrium the above increments, multiplied by the areas on which they act, together
with the body force per unit volume multiplied by the volume on which it acts must produce no
resultant force. This gives the equation

b0 _bydz + 8t_0&z8x + 8t _8x8y + Xdxdydz =0 3.2
xx Y yx 2% ( )

for equilibrium of the block in the x direction. On using (3.1) and eliminating the common factor
5x8ydz throughout, this becomes

da Jt dt
= s e _E s Xx=0 3.3)
ox ay oz
Likewise, resolving in the y and z directions,
&+_ao_)y+§z_y+y:o. (3.4)
ox oy dz

Jt ot do
Z oy L+ E 4+ 7=0. (3.5)
dx dy oz

The resultant moment about the z axis produced by the
shear stresses on the block can be seen by reference to Figure 3.3
(The increments in shear stress produce moments of a smaller
order of magnitude and the resultants of the axial stresses can be
taken to act through the centroid of the block.) The pair of
stresses T, acting on an area 6z by 8x produce a clockwise couple
with a lever arm 8y, and the stresses t,, acting on an area 8z by 8y
produce an anticlockwise couple with a lever arm &x. For
equilibrium, the net moment on the block must be zero, giving

_ - Figure 3.3 Moment
ryxbsz dy = 1,8z0pbx or T =7, (3.6) equilibrium.
Likewise, on taking moments about the x and y axes,
T =Ty 5 e T T 3.7

The results of (3.6) and (3.7) can be generalised by saying that a shear stress acting in a given
direction on a given face is matched by a complementary shear stress. This acts on a face normal
to the direction of the first shear stress and in a direction normal to that of the first face.

3.2 Strain and Compatibility

Strains are defined in terms of the rates of change of displacements within a body. The
displacements in the x, y and z directions of a point P in a body will be denoted by u, v and w
respectively. These displacements will be taken as functions of the initial coordinates of the point
P and their rates of change determined with respect to the partial derivatives with respect to these
coordinates.

Figure 3.4a shows a section of the elementary block in Figure 3.1 paratle! to the x-y plane.
The point P is chosen to be at the bottom left-hand comer of this element, and the other corners
are labelled as shown. The displacements of P, can be taken to differ from those of P by the rates
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of change of », v and w with respect to x multiplied by the y
distance between them, dx." Likewise, those of P, differ ?“j‘?x—ﬂ
from those of P by their rates of change in the y direction
multiplied by 8y. Those of P, relative to P are the sum of
the above two variations. Some of these variations can
arise from the rigid-body rotation of the element, but the
existence of strains implies that some deformation has
taken place. (a)
Normal strain may be defined as the rate of
extension of a body in a given direction and is usually Ay
denoted by the symbol €. If this is sensibly constant over Wé}‘%.:’ a!
!
] u
Al

Ju

dy

a fibre of a given length, then the strain of the fibre is

¢ - final length - original length _ __ extension
original length original lengt

T (8)

Thus the fibre between P and P, extends from its original
length of x by an amount equal to the distance through S Ju (b)
which P, moves further in the x direction than P, or

Bx + %{ 8x) - bx Figure 3.4 Strains and displacements.
_ X

€ = - o 3.9
= &x ox
Strains of fibres in the y and z directions can be defined in the same way, giving
e =¥ . M
vy ay 4 zz az (3.10)

The element shown in Figure 3.4a may also distort from a rectangular form to a parallelogram,
without necessarily extending the fibres in the x or y directions. The point P, can move further in
the y direction than P by an amount 0v/dx 8x corresponding to a small rotation of the line PP, of
Jv/ox anticlockwise. Likewise, there can be a small rotation of the line PP, of magnitude du/dy.
The sum of these two rotations gives the amount by which the angle P,PP, changes from a right-
angle, and hence does not correspond to a rigid-body rotation of the element as a whole. Such
a distortion is called a shear strain and is usually denoted by y. This particular shear strain is in
the x-y plane and is given by

'Y = ili + _a_v
» 73 o 3.11)
Similarly, the shear strains in the y-z and z-x planes are given by
'Y = _a_‘.,. + éw_
r %y (3.12)
‘Y = ﬂ + %
=" 3 3 (3.13)

Since the six strains given by (3.9) to (3.13) are functions of only three variables, u,v and w, they

! This might be scen by using a Taylor’s serics for the displacement functions. The terms in 8x* and
higher powers of &x can be ignored as being of too small an order.



34 Elasticity [Ch. 3

are not completely independent of one another. For example, from (3.9), (3.10) and (3.11),
u N Pv - de, & €,

o,
= + (3.14)
oxdy  oxdy? axly  ay? ox?

{Likewise, from (3.9} to (3.13),
2 2 2
ayﬂ:aew+aen (.15)
dydz  93z? dy? )

dy, de, de,
= +
320% W) 32?2 (3.16)

and

d%e d 3 a

) uzz[-ﬁ+k+_@_] o)
oyoz  ox Ox dy oz
d%e 0 d 3

2%% 9| T M=, Ny (3.18)
0zox  dy ox dy oz
d? ) a G

298 _ 0| M Nx Ny (3.19)
oxdy oz ox oy Oz

These equations are not entirely independent of one another. They are related by Bianchi's
identities, see Renton (1987) §1.5.5.}

3.3 Linear Elastic Behaviour of Isotropic Materials

A material is said to be isotropic if it exhibits the same properties in any direction within
it. Most engineering materials are taken to be isotropic, although the overall properties of fibre-
reinforced materials must be related to the direction of the fibres. The consideration of such
amisotropic materials will be left until later. A material is elastic if the strain response to loading
is exactly reversed on unloading. If this response is such that the strains induced are exactly in
proportion to the stresses applied, then the material is said to be linearly elastic. Usually,
engineering materials are treated as linearly elastic in the working range of their loading. In an
elastic design analysis, the maximum stresses are restricted to some fraction of the yield stress,
and typically this corresponds to a normal strain of the order of 0.001'. At such small
deformations, small deflexion theory is usually applicable (see §1.2) and for linear elastic
behaviour, the properties of a linear response also normally apply (see §1.4).

Hooke’s law merely stated that there was a linear relationship between load and deflexion,
and marked the beginning of the theory of elasticity (see the Preface). Young’s modulus, E, in the
generally accepted form defined by Navier, relates a normal stress, g, to the normal strain which
it induces in the same direction, €, in the equation

o = Ee (3.20)

! Note that strains are dimensionless. This same strain could have been written as a percentage
(0.1%) or as 1000 microstrains (a8 microstrain being 10°%).
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In a direction perpendicular to that in which the stress acts, it will usually induce a contraction in
the material, giving a lateral strain of -€. Poisson’s ratio, v, is the ratio of the magnitudes of these
two, or

(3.21)

<
1
m|m

Here, the parameters £ and v will be restricted to describing the properties of isotropic materials.
In some texts, they are also used for anisotropic materials, but this can be misleading. Typical
values for v are between 0.25 and 0.35, but as will be seen in §3.5, its maximum possible value
is 0.5 and there is a lower limit of -1.0 (implying that a tensile stress can produce a lateral
expansion).

In the general three-dimensional case, there will be three normal stresses acting which
produce the three normal strains given by

€. = %[(’n - v(o,, + 6,)]

€y = %“’» - v(o, * 0,)] (.22)
€ = 10, - ¥(0, + )]

Note that from the definition of v, it is assumed that a normal tensile stress produces contractions
in the directions perpendicular to it. However, the three strains above are defined as tensile
positive, so that in these equations the terms involving Poisson's ratio are negative.

Many problems involve only the stresses acting in a plane or the strains occurring in a
plane. These are known as plane stress and plane strain problems respectively. Normally, the x-y
plane is chosen. Then for plane stress, 0,,, T, and T,, are zero and for plane strain€_,, v, and y,,
are zero. Then the form of the first two of the above equations for plane stress is given by
dropping the terms in o, . For plane strain, 0., can be replaced by v(g,, + g, ) in these two
equations, a result which follows from taking €, as zero in the third equation. Then these two
equations can be rearranged in the form

1-v? v
= TR

| . (3.23)
€, = ——E (o», - —-——1_ on)

The form of these equations is the same as that for plane stress. In fact if E* is used for Young's
modulus and v* used for Poisson's ratio in the plane-stress equations, where

E .V
o v T 1oy (3.249)

E" =

then they become identical to the plane strain equations. It will be seen later that this substitution
means that solutions to problems in plane stress can be used as solutions to problems in plane
strain. (It would also be possible to derive solutions for plane stress problems from solutions for
plane strain problems by a similar process.) The conditions of plane stress are taken to hold with
a sufficient degree of accuracy to analyse thin flat plates loaded in their planes only. The
conditions of plane strain are approximately met on the cross-sections of long, prismatic bodies
loaded identically at each cross-section and fixed to flat supports at their ends. Also, the resultant
loading applied to each cross-section must be zero. The problems to which plane strain solutions
are applied include tunnels, straight dams, pipes under pressure and spinning shafts.
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{The equations of thermoelasticity include the apparent strain induced by a temperature
rise 7. The first of equations (3.22) then becomes

1
€ = —

e = [0 = V(0 + 0,)] ol (3.25)

where a is the linear coefficient of expansion. The term aT is also added to the right-hand side
of the other two equations for the strains. The conditions for plane stress and plane strain are as
before. Again, solutions for plane stress problems can be converted into solutions for plane strain
problems, using the substitute parameters given by (3.24) and «* (which is equal to a(1+v) ).}

Just as a normal stress produces a normal strain, a shear stress produces a shear strain.
For isotropic materials, the two are related by the equation

T = Gy (3.26)

where G is called the shear modulus. As will be seen later, it is not independent of £ and v, which
are the only two parameters needed to specify the linear efastic properties of an isotropic material.
In terms of the shear stresses shown in Figure 3.1 are related to the shear strains defined by (3.11)
to (3.13) by

% =0y, ., 1,=Gy, , 1, =Gy, . (3.27)

From (3.22) and (3.27), the complete set of relationships between the stresses and strains
can be written in matrix form as

le.] [VE -vE -viE 0 0 o0 ]o]

€, |FWE VE-viIE 0 0 0o

€, -v/E -v/E \/E 0 0 O o, ¢

Y.l |0 0 o0 WuGo ofg,| O ©7°° (3.28)
Yox 0 0 0 0 UG 0|,

Yol 0 0 0 00 G|

where € and 0 are the column vectors of strain and stress respectively and § is the compliance
matrix relating them.

It is sometimes useful to consider the bulk strain, €, of the material. (This is also referred
to as the volumetric strain.) The definition is similar to that given by (3.8) for normal strain, only
in terms of an elementary volume of the material rather than an elementary fibre:

_ final volume - original volume _ volume increase

€, = =
g original volume original volume (329

This can be expressed in terms of the extensions of the sides of the elementary block' shown in
Figure 3.1 as given by the normal strains:

(0 + e )8x(1 + € )8y(l + €.)82] - dxdydz]
y = T €, v €, YE, (3.30)

ignoring, as before, terms of smaller magnitude. If a uniform normal stress o (=0, =0, =a,,
is applied to the material in all directions? then from (3.22)

' The eflect of the shear strains on the volume of the block are of a smaller order of magnitude.

*In practice, a uniform pressure p (= -0) is more common. This is known as a hydrostatic pressure.
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(1 - 2v) _ g
€, = =~ (0_+0 +0 = =
14 E ( xx »w zz) X (3.31)
where K, the bulk modulus, is given by
k- _E “
3(1 - 2v) (3.32)

Note that if v was greater than 0.5, the material would expand under a uniform pressure. This
would mean that a supposedly inert material could be persuaded to do work, and so flouting the
laws of thermodynamics. Thus 0.5 imposes an upper limit to Poisson’s ratio. At this limit, the bulk
modulus becomes infinite. Such materials are said to be incompressible and are much beloved by
applied mathematicians, probably because the equations governing their behaviour are relatively
simple. Rubber is almost incompressible, having a Poisson’s ratio of around 0.49.

3.4 Strain Energy of a Body

The initial unstrained state of the material of an elastic body will be defined as being one
in which it is not capable of doing work. The body forces acting on it may then do work, losing
potential energy in the process, and the stresses acting on it may do work in deforming the
material. As the body is elastic, the process can be exactly reversed by unloading it, with work
being given out by the body as it returns to its unstrained state. The initial work done by the
stresses is said to be stored up by the
body as strain energy, which is released LD

L.D,
to do work on unloading.
Figure 3.5a shows a linearly- LD, LD

elastic body under the action of a set of

loads, L, to L,, whose corresponding

deflexions are D, to D, respectively'.

The loads have been applied gradually L.D Ay LD

LD LD

and in proportion to one another up to
their final values. Provided that an & Lioad
arbitrary rigid-body motion of the body LAl — — — —

is prevented, the deflexions D, to D,
will increase in proportion to the mmmm
Ll R SR

increase in the loading?. A plot of the

growth of a typical load L, against that 6

of its corresponding deflexion D, is (©) L

shown in Figure 3.5¢c. The work done by L
D

applying the load L, is given by
integrating the current value of the load = >
with  each increment of the ) D,+Dj
corresponding deflexion, from zero up  gioyure 3.5 Work done by two load systems.
to D, . This integral is given by the
triangular diagonally-hatched area in the figure and has the value %L, D,.

Consider now that a second set of loads, L,” to L, are applied to the body. These are of

Deflexion
-

! See §1.1 for the general definition of a Joad and a corresponding deflexion.

2 This is a linear clastic response within the constraints of small-deflexion theory.



38 Elasticity [Ch.3

the same types as L, to L, and applied in the same localities, but their magnitudes can be different
and not in the same ratio to one another. The corresponding deflexions to these loads are D,’ to
D,’ respectively. Superimposing these additional loads on the first set gives the final loads L,+L,’
to L,+L,’ and final corresponding deflexions D,+D,’ to D,+D,’ respectively (using the principle
of superposition). The work done by the increments of load up to the additional load L,’ is shown
by the vertically-hatched triangular area in Figure 3.5¢c and has the value %2L;'D;’. However, the
original loading does additional work during the additional deflexions. This is shown by the
shaded area and is equal to LD,’. As the loading was applied gradually, the work done is stored
as strain energy. (A sudden change of loading could produce dynamic effects, so that some of the
work done would be transformed into kinetic energy.) The total strain energy is then

Up = 3 (ALD, + LD, + LD') (3.33)
i=1

Had the loading been applied in the reverse order (i.e. the L, loads before the L, loads) the same
final state would have been reached (see the discussion of uniqueness in Chapter 1). This means
that the total strain energy would also be the same. However, the expression for it as given by
(3.33) would be different, the last term in the summation being L,'D, instead of L,D,". It follows
that

n n

E LD/ = E L'D, (3.34)
i1

i=1

This is the general form of Betti's reciprocal theorem. Various applications of this result will be
discussed in context later. One which is of importance in this chapter concerns to the nature of
the equations relating loads to their corresponding deflexions. As a linear response is being
examined, the equations can be written in matrix form (cf. §1.4).

n
lek,joj =L, (i=1ton) or KD =1L
J=

(3.35)

E/;IL] =D, (i=lton) or FL=D

j=1

where L and D are the column vectors of the loads L, and the corresponding deflexions D, and
K and F are the matrices of the coefficients k, and f;, known as a stiffness matrix and a flexibility
matrix respectively.

{If L is the column vector of all the loads on a body in equilibrium, not all its elements will
be independent of one another (unless each load is a self-equilibrating system), as the conditions
of statics must be applied to them. In this case, there will then be no unique set of corresponding
deflexions, D, as an arbitrary rigid-body motion can be added to them. Then although it may be
possible to find L for a given D from the first equation, the second equation cannot be written as
D is not unique. The matrix K is then said to be singular, and its inverse, F, does not exist.}

Equations (3.35) also relate the set of loads L' to their corresponding deflexions P'. Then
from (3.34) and the first of equations (3.35),

LD =L"D or DTKD' = D''K'D = DTKD’ (3.36)

where the superscript 7 indicates a transpose. (In the above equations, the last equality is true
because the product is a scalar, and hence equal to its transpose.) Now D and D’ are arbitrary sets
of deflexions. Suppose that all the terms in D are zero except for D, and all the terms in D’ are
zero except for D, and that both of these are unit deflexions. Substituting this case into (3.36)
shows that k,, and k, are equal. As this is true for any 7 and j, K is a symmetric matrix. Similarly,
if F exists, it can be shown to be a symmetric matrix.
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The strain energy stored when a set of loads L is applied is given by (3.33) and (3.35) as
#%DKD or %LTFL. These products, known as quadratic forms, must be positive (or zero) for
any D or L. (Otherwise, it would be possible to get work out of a body with zero strain energy
in it.) These forms are then said to be positive-definite. It can be shown that this implies that the
principal minors of K and F must be positive. In particular, the terms on their leading diagonals
and all the determinants formed from their first » rows and columns (r = 1 to n) are positive.

3.5 Strain energy density

The strain energy density, U, will be defined here as the strain energy per unit
(unstrained) volume of the material'. This can be found by examining the work done by the
stresses in straining the elementary block shown in Figure 3.1. The pair of stresses a,, produce
equal and opposite forces 0,,8y8z on the x faces. These surfaces move apart by an amount du or
€,.5x in the x direction (from (3.9)). Again assuming that the loading is applied gradually, the
work done on the block by this pair of stresses is then %0_€_, 8x8y8z. Similar expressions give
the work done on the block by the stresses 0,, and 0,,.

The pair of shear stresses t,, produce equal and opposite forces t, 6y0z on the x faces in
the y direction. They do no net work during the overall motion v of the block but only as a result
of the relative motion of the x faces in the y direction, dv/ox &x (cf. Figure 3.4). Again assuming
that these stresses grow in proportion to the growth of this motion, the work done by them is %1,
ov/ox dxbybdz. Likewise, the work done by the pair of stresses t,, during a relative motion du/dy
8y of the y faces in the x direction is '4t,, du/dy Sxbydz. From (3.6) and (3.11) the sum of these
two can be written as 't Y, 8x8ydz. Similar expressions can be written for the work done by
the other shear stresses. As 8x8y8z is the (unstrained) volume of the elementary block, its strain
energy density can be written as

Uy = lo,€, +0,€ +0,€, +T Y +T.Y,*T.Y7,1]
hoTe = 1ho'Sa
L 1
2F 2G
from (3.28). The strain energy density can only be positive (or zero) so that from the previous
section, the principal minors of the compliance matrix § must be positive (or zero). In particular,

1 1 1 2
EZO’—E_Z(I_\’?)zO’E(l-3v—2v3)20 (3.38)
from the first three principal minors, giving the range of possible values of v as between -1.0 and
0.5. (Some plastic foams appear to exhibit a negative Poisson's ratio®.)

The strain energy density is a measure of the absolute physical state of the material at a
given location and so is independent of the orientation of the coordinate axes used to describe it.
The expression for U, in (3.37) is then said to be invariant.

(3.37)

2 2 2
[txy + T, T, ]

"

(o2 + o,zy +al - 2v(0,0,,+0,0,+0,0,)] +

3.6 Saint-Venant’s Principle

This principle states that if a system of loads is applied to a small part of the surface of an
elastic body, then the stresses and strains induced at large distances from the part (in comparison

! Elsewhere, it is defined as the strain energy per unit mass.

2 See Lakes, R.S. (1987) Negative Poisson’s ratio matenals. Science, V.238, p.551.
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with the linear dimensions of the part) depend almost entirely on the resultant force and moment
of the system of loads. That is to say, if two different systems of loads with the same resultants
are applied (separately) to the same part, then the difference in stress and strain in the two cases
is likely to be significant only in the vicinity of the part. As will be seen later, the normal
engineering theory of beams and frames relies on this being true, and this is often implicitly
assumed rather than quoted as Saint-Venant’s principle.

{From the principle of superposition, it is sufficient to show that the difference between
the two sets of loads produces stresses and strains which are only significant near the part to
which it is applied. This difference is statically equivalent to zero loading, that is, it has zero
resultant force or moment. Let the part to which this difference in loads is applied have linear
dimensions of a small order a. Then its area will be no greater than the order of a®. Let the
magnitude of the surface tractions on the part from the difference loading be of order a. Then the
surface forces will be of order oa? (or less). The strains at the surface will be of order o/E. The
maximum relative displacements of the part, other than those due to rigid-body motion, are then
of order oa/E. The difference loading, having no resultant, does no work during rigid-body
motion. The work it does is then given by the surface forces moving through the above relative
displacements and so is of order o’a*/E. The strain energy density in the region of the part is of
order 6%E. Then the work done can be absorbed by the strain energy of this density in a volume
of order a” in the region of the part. Stresses of order o are then unlikely to extend beyond a
linear dimension of order a from this part.

There are special cases where it may only apply weakly, if at all. In the torsion of thin-
walled beams, local stresses may give rise to bimoments which have no resultants. The strain
energy may decay slowly away from the section to which such bimoments are applied. The
resulting stress distribution can then be significant at a considerable distance from the section.
Some structures may behave like partial mechanisms under the action of certain kinds of local
loading. These partial mechanisms do not absorb the work done by the local loading, but pass it
on to more remote parts of the structure. Such special cases will be discussed in context later.'}

3.7 Stress Transformation and Principal Stresses

Within a material under stress, local
planes can be found on which no shear
stresses act. These are called principal
planes and the stresses acting normal to
these planes are called principal stresses.
The simpler case of plane stress will be
considered first. A plane triangular element =
of unit thickness is shown in Figure 3.6, -~
The sloping face is at an angle 9 to the y
axis and its length is Os. In considering the
equilibrium of the element under the »
stresses shown, body forces can be ignored
as their effects are of a smaller order of

r T T
magnitude. Then resolving perpendicular . %
and parallel to the sloping face,

o
bod

Figure 3.6 Equilibrium of a plane triangular element.

! See Boresi, A.P. and Chong, K.P. (1987) §4-15 for a further discussion.
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ods
t8s = -0_8scosOsin® + owﬁssin(')cose + txyéscoszﬂ - ryxéssinzﬂ

2 . 2 . v
+ +
og_J8scos’0 + o_dssin‘0 txyﬁscosesme t_08ssinOcosO

Using (3.6) and simplifying these equations, reduces them to the form

o= %o, + oyy) + V(o - o”)cosze + rxysinZO
T = -%(o, - 0, )sin20 + txyc0526 (3.39)
It follows from the second of these equations that t is zero if
T
tan20 = — 2 (3.40)

Y(0, - 0,)

Then there must be two mutually perpendicular planes on which the shear stress is zero, because
if a particular value of 0 is found which satisfies (3.40} then so does the angle (6+'%1).
The values of o on these two planes, g, and o,
say, are the principal stresses. Figure 3.7 shows
a graphical construction which relates these
principal stresses to o, , 0, and t_ . The
principal stresses have fixed values at a given O,
location, but the other stresses are dependent on 7
the orientation of the coordinates x and y. All y O
possible values of the latter then lie on a circle of 4 20
radius  known as Mohr s circle for stress.
{Figure 3.8 shows a tetrahedral element o, /
formed by the intersections of planes
perpendicular to the x,y and z axes and some
arbitrary plane. The orientation of this plane is (0.+0,) Y(o,-0,)
given by a unit normal vector n which has
components (direction cosines) given .by Figure 3.7 Mohr’s circle for stress.
{l,m,n}. It can be thought of as a plane which
slices off the corner nearest the origin of the
block shown in Figure 3.1, so that all the other
planes are 'negative faces' of the block. The
stresses on these faces all act in negative
directions, as shown for the negative ‘x’ face.
The inward unit normals to these faces are the
unit vectors in the x,y and z directions, §, j and k
respectively. The cosines of the angles between
these normals and the normal # are given by i n,
J.n and k.n, thatis, /, m and n respectively.
These will also be cosines of the angles between 2
the fourth face and the x,y and z faces. The x,y
and z faces of the tetrahedron are projections of
the fourth face. Then if its area is 84, the areas Figure 3.8 Equilibrium of a
of the x,y and z faces are 104, mdA and nd4 tetrahedral element.
respectively. The stresses acting on these faces
must be multiplied by these areas to give the corresponding forces.
Suppose that the fourth face forms part of the surface of the body. If this has a resultant
force per unit area p acting on it, where, in terms of the components shown in Figure 3.8,

- — ol ]




3.12 Elasticity [Ch.3

P=pi+pitpk
The vector equation of force equilibrium for the tetrahedron can be written as
pda = (o i+t j +1,, k) 184 + (% iv0 j + T, kymdA +(t i+, j+ o, kyndA

Taking the components of force in the direction of each axis separately and dividing by 84 gives
the three equations

p, =0, + Tm ot tm
p, = twl +o,m+ T h (3.41)
pz='cul+‘cyzm+ozzn

Suppose that only a normal stress @ acts on the fourth face. This will produce a resultant
force pdA equal to ondA4. These equations can be written in matrix form as

o_-0 T 1 0
> f2d
Ty 0,70 T, mi=]0 (3.41a)
T, T, O, 0fn 0

The column vector {/, m, n} represents the unit vector »n and so is not zero. This means that the
determinant of the matrix of stresses must be zero, giving the cubic in o:

o' -1 +1Lo-1,=0 (3.42)

This equation always has three real roots' which are the principal stresses. As these will be the
same, regardless of the orientation of the coordinate system, /, to /, are said to be stress
invariants. They are

Iy =0,+0,+0,

1 xx
], =060, +0.0_+0.0_ -1, -1t -1

2 T yy Yoz zz xy vz x (3.43)
I, =00 0, +2T T T, -0_T, -0 T -0_T

3 oy 2z Xy “yz zx xx tyz = zz “xy

Any other function of the stresses which takes the same value regardless of the orientation of the
coordinate system can be expressed in terms of the above three invariants. In particular, if the
direction of the z axis is fixed, then the normal stress, 0,, and the resultant shear stress, v (t%,+t%,)
on the z faces does not change. Then from the expressions for /, and 7, in (3.43) it follows that
the expressions in terms of 0, 0,, and t,, for the radius of Mohr’s circle and the distance of its
centre from the baseline are invariants.}

3.8 Mohr's Circle for Strain
It is possible to derive a similar construction for strain to Mohr's circle for stress using the

stress-strain relationships for isotropic materials. However, this disguises the fact that these
constructions apply to any material, even if it is not elastic or isotropic.

! Cardan's solution can be applied. See Renton (1987) §1.6.6 for example.
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In two dimensions, the strains are given in terms of
the differentials of displacement measured with respect to a
coordinate system x, y. These must be related to the
differentials of displacement measured with respect to a ' Y
coordinate system x’, y’' at some arbitrary angle 6 to the
original coordinate system, as shown in Figure 3.9. The
partial differentials of a function f in of position in the two
coordinate systems are related by

S xSy afcosﬂ + fsme 46‘://'x’

ax'  axox’ Jdy dox’ dx dy (3.44) X

_él = _al_a.x_ + gﬂ = afsme + fCOSB )

'’ dx oy’ dy ox oy Figure 3.9 Coordinate transformation.

Here, the function f will be the displacements u or v. These displacements are related to the
displacements u' and v’ measured with respect to the new coordinate system by

’

u' = wncosB + vsin®

’

v' = -usin® + vcosO (3.45)

as can be seen from Figure 3.9. Using (3.9) to (3.11) , (3.44) and (3.45), the strains in terms of
the new coordinate system can now be related to those in the old coordinate system:

e _= . -a—-(ucosﬂ + vsinO)cosO + a—(ucosﬁ + vsin0)sin0
= o ox dy
= -a—ucoszﬁ + -a—vsinze + (éﬁ a")smecosf)
ax dy dx dy (3.46)
= €,C0s’0 + €, sin’® + y, sinBcosB
= %(eu ve) %(en - €,)cos20 + %yvsinZQ
Similarly
€, = %(eﬂ I %(e - € )cosZG - ~Y,sin20
iy’xy = —%(exx - €,)sin20 + ;yxycos26 (3.47)
The directions of the axes x*,y’ can be chosen so that y’,  is zero. This is such that
vay
tan20 = m (3.48)

Then €', and €’,, are the principal strains. The form of (3.46) to (3.48) can be compared to
(3.39) and (3.40). It leads to a construction which is similar to Mohr’s circle for stress, in which
o,,0,and t_arereplaced by e, €y and Y2y, This is Mohr s circle for strain'. For an isotropic
elastic medlum the principal strains, being the greatest and least normal strains, are in the same
directions as the principal stresses. Suppose that the material is in a state of plane stress where the
two principal stresses are equal and opposite, o and -a say. From (3.22), the principat strains are

then (1+v)o/E and -(1+Vv)o/E. At an angle of 28 on Mohr’s circle equal to 90° to the principal

! {In cartesian tensor notation, the stress and strain components are the same apart from the shear
strain, which is defined as '4y,,. The comparison between the two constructions is then more direct.}
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stresses and strains, the normal stresses and strains will be zero. At this orientation, the material
is seen to be in a state of pure shear. From the form of the Mohr’s circles, it follows that the shear
stresses and strains at this orientation are g and 2(1+v)o/E respectively. However, these are
related by (3.26), which implies that

E

G = —2—(1—+—v—)‘ (3.49)

It is again possible to infer that the lower limit of Poisson’s ratio must be -1, when G becomes
infinite if E is finite. The shear modulus is unchanged when expressed in terms of the dummy
coefficients E* and v* given by (3.24). This is because pure shear is both a plane stress and a
plane strain phenomenon.

3.9 Failure Criteria for Ductile Materials

The theoretical failure stresses for metals in pure tension are about one tenth to one
fortieth of their Young’s moduli. However, these values are for pure metals with perfect
crystalline structures. Near-perfect whiskers of metal have been grown with failure stresses
approaching these values, but normal industrial metals fail at very much lower stresses. For
example, whiskers of pure iron have been found to fail at 13 GPa. This about thirty times the
failure stress of structural steel and forty times that of malleable cast iron. Because of the large
effect of imperfections and impurities, semi-empirical formutae for failure are used. For isotropic
materials with similar properties in tension and compression, these formulae predict failure under
any combination of stresses, knowing only the failure stress, g, in a simple tension test.

Experimental evidence indicates that some
distortion of ductile materials must take place for failure
to occur. From considerations of symmetry, a sphere of
isotropic material under hydrostatic pressure should only
become a smaller sphere. Such a sphere would not break
in the usual sense. Distortion implies that there must be
shearing in some direction and Tresca’s criterion of
failure is based on this. The criterion states that there is
a maximum shearing stress that the material will take
without failure occurring. The maximum shearing stress
given by a particular Mohr’s stress circle diagram is the
radius of the circle. Then the maximum shear stress, t,,
is equal to half the difference of the principal stresses. In
the case of a simple tension test there is only one non-
zero principal stress. From the conditions at failure it
follows that <, is !40,. In the case of plane stress, the third principal stress, o, say, is zero. If the
other two principal stresses, o, and g, , are of the same sign, then the difference between them
will be less than the difference between the greater of the two and zero. The failure condition will
then be that Y20, or 40, will be equal to +t,. (Only the magnitude and not the sign of the shear
is significant.) If the first two principal stresses are of opposite sign, then half their difference gives
the worst shear stress. The above conditions for failure in plane stress can be written as

= %0 = 30

o ' ) = %0, (3.50)

These six limiting conditions are plotted as the failure surface shown in Figure 3.10. All points
with coordinates (o, , 0,) within the hexagon correspond to states of stress where failure has not
occurred.

o
%

Figure 3.10 Tresca’s criterion
for plane stress.

o, o, or 6, -0
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Beltrami and Haigh suggested that failure occurred when a maximum strain energy density
was reached. This criterion has not been found to work well in practice. However, if the
component of the strain energy associated with distortion is used as the limiting condition, the
resulting predictions of failure agree well with the experimental evidence. Under pure hydrostatic
pressure, an isotropic material undergoes no distortion. The overall state of stress is then broken
down into two components. One produces a change in volume without distortion, and the other
produces distortion without a change in volume. In terms of the principal stresses, these two
components are given by

0,=0 +5 g, =0 + 5, (3.51)

where the stress deviations s, to s, produce no change in volume. The hydrostatic stress o must
then produce the same change of volume, or volumetric strain, as the original principal stresses.
Then from (3.31),

- —EZV)((’I *0, *0y) = d _EZV)(m) or 0= 2(0, +0,+0) (3.5

In terms of the principal stresses, the expression for the strain energy density given by (3.37)
becomes’
1 2 2 2
U, = 2_E—[°l + 07 + 03 - 2v(0,0, * 6,0, + 0,0))] (3.53)

The distortion strain energy density, U, , is given by the same expression, except that g, to o, are
replaced by s, to 5, . From (3.51) to (3.53) this can be written in terms of the principal stresses
as

U, = Q&%‘Q[(Ol - 0,0 + (0, - 0,) + (0, - 0,)] 3.549)

At failure in a simple tension test, one of these principal
stresses is g, and the other two are zero. If the value of U in
this case is the same as that under all other conditions of
failure, then

(0, -0,)' +(0,- 0, +(0,-0,)* =20,  (3.55)

This is known as von Mises' criterion although the names of
others are also associated with it. The form for plane stress is
given by setting o, to zero and the failure surface the resulting
equation generates is plotted in Figure 3.11. The failure
surface according to Tresca’s criterion is shown by the
broken lines. The two surfaces coincide at the apices of the
hexagon. Most experimental results for ductile materials
indicate that von Mises’ criterion is slightly the more accurate of the two. However, Tresca’s
criterion is safer, being more conservative, and is sometimes easier to apply. The failure surfaces
for the general three-dimensional case are plotted in Figure 3.12. The failure surface according
to von Mises’ criterion then forms a circular cylinder of radius ¥(2/3)o, with its axis on the line
0, = 0, = 0, . Tresca’s criterion gives a failure surface which forms a regular hexagonal prism

Figure 3.11 Plane stress failure.

! This is invariant and can be expressed in terms of the stress invanants by U, = [1,2-2(1+v),]12E.
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which just fits inside this cylinder.

Other failure surfaces have been proposed for
combined stress and also for other combinations of
loading. Drucker has shown, from quite general
considerations, that all such surfaces must be convex.
That is, if a straight line is drawn between any two
‘safe’ points within the surface, then all points on the
line are also ‘safe’. This can be used to give simple
but safe criteria for a wide variety of problems.

3.10 Cylindrical Polar Coordinates

In some three-dimensional analyses, it is more
convenient to find solutions in terms of cylindrical  Figure 3.12 Failure in three dimensions.
polar coordinates (7, 8, z). In two dimensions these
become the polar coordinates (r,8). Figure 3.13 shows an elementary block of material with its
faces normal to the directions of varying r,0 and z. The conventions for defining stresses on the

faces of this block are the same as those used in §3.1. .
The block shows its positive r and z faces and its 50 ~ -
negative 0 face. The first subscript of each stress IS

indicates the face on which it acts and the second
indicates the direction in which its acts. On the
positive faces, the direction is of increasing 7,0 or z,

and the stresses act in the opposite direction on 8z
negative faces. The angle 0 is clockwise positive about

. . oy s o}
the z axis. The body forces per unit volume within the 00

block in the 7, 0 and z directions will be denoted by R,
© and Z respectively. In writing the equations of
equilibrium for the block, it is necessary to allow for
the difference of width of the r faces and the difference
in orientation of the 0 faces. The components of stress and body force which need to be taken into
account when resolving for force equilibrium in the r direction are shown in Figure 3.14. The
resulting equation is then

8(0,,r)806z -0,,6rb:80 + bty 8rdz + 07, rd087 + Rr60Ordz = 0 (3.56)

This includes all the net terms no smaller than the third
order of smallness. At the limit, this equation becomes

Figure 3.13 A polar elementary block.

aorr 0rr - 000 1 atﬁ arz

- P T+ T 4R=0 3.57

or r r 90 dz ( )
Likewise, for force equilibrium in the directions of

increasing 0 and z,
Jty 2 1 304 . dte .

ar r° F a0 oz
ot T
RELCAN lt + .]_iﬁ + & +
ar r © r 00 oz
These stresses are identical to the stresses in a
cuboidal block of the type shown in Figure 3.1 located in

©=0
(3.58) (r + 8r)88
Z=0

Figure 3.14 Radial force
components.
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the same position and oriented in the same way. The local strains in polar coordinates are likewise
identical to those of the cuboid. This means that the stress-strain relationships given by (3.22) and
(3.27) can immediately be rewritten in terms of their polar coordinate equivalents as

€

r

1
10, = ¥(o + 0,)]

1
€ = — [0y ~ v(o, + 0,)]
00 E 00 2z (3.59)

1
€. = E[ozz - V(O" * 060)]
trﬂ = GYre ’ tOz = GYO: ’ ‘C” = Ger :

In expressing the strains in terms of the
radial, tangential and axial displacements, ¥®,v? . 5/ p
and w®, allowance has to be made for the slight v+8'y
rotation 80 of the reference axes when moving uP+d'uP

N . . g 60

a small distance in the circumferential direction
r60 from P to Q in Figure 3.15. This is sensibly Q
the same as moving through a distance 8y with |
respect to the coincident cartesian coordinate r50 8y
system. The increments in displacement in this
direction are denoted by &', and those in the |

50 u+6'u

radial sense are denoted by . In moving a small Vv VPSP vHBY
distance &r (or 8y) in the radial direction from P R Pusp
to R, the two sets of coordinate directions o or 4116“
remain coincident. At P, the definitions of the P u By R u+du

displacements are the same in both coordinate ) .

systems. Likewise, the definitions of the §( ) Figure 3.15 Displacements in rectangular
increments at R are the same for both systems. and polar coordinates.

Thus

6u=.a_u_6x=5upz.al;p
ox or

_ ov

& Ov = —
ox

Bx = bvP = %éw (dx=8r)  (3.60)

However, allowing for the slight rotation of the polar coordinate directions in the tangential sense,

u+8'u = u+ﬂ6y =uP+8'uf -vPd0 = u”+%%f69—v”66

v+8'v v+ 8y = vP+8vP +uPd0 = vP+ 60 +uP80 (8y~rd0)
dy a0

ignoring terms of less than first order of smallness. The local z direction is identical in both
systems, as are w and w?. From (3.60) and (3.61), the strains can now be expressed in terms of
the material displacements as
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_Ou _ ouf _ov _ 1| ov? P _ow _ ow?
err T e T a0 600 =TT TS| e T ¥ ’ ezz T A T Tao o
ox or gy r\ 00 oz oz
WAL UL L (3.62)
"9y o rl 00 or
_ov _dw _dvP 1w’ _ow ou _ ow?  ouf
Yor = =+ = + — = + .

2 Yy & re T HxTa a T a

{3.11 Anisotropic Elasticity}

{A linear elastic relationship between stresses and strains for isotropic materials was given
in matrix form by (3.28). This can be generalised to give a relationship which holds for any
linearly-elastic material. This takes the form

1

€ St %1z S S s Sy ||Ox
€yl 1S S22 Sy S Sis 5|0,
€ 531 532 533 Sy S35 Sy (|0
= or € =80 (3.63)
Yiz| |50 Sa2 S Saa Sas Sae ||V
Yo Ss1 sy S5y Sss Sss S| T
Yol [ 62 63 S6a S5 Ses ] tny

If these stresses act on a unit elementary cube, then the stress column vector also represents a
column vector of self-equilibrating forces. Then the column vector of strains also represents the
corresponding deflexions through which these forces do work. The compliance matrix § relating
the two is then a flexibility matrix. It then follows from §3.4 that § is symmetric (i.e. 5, = s,). Its
inverse is a symmetric stiffness matrix C (with elements ¢, such that ¢, = ¢;).

Coordinate transformations for stresses and strains in the x-y plane were given in §3.7 and
§3.8. These were for a rotation 0 of the coordinate axes about the z axis. During such a rotation,
the perceived normal stress and strain in the z direction do not change. The shear stresses t,, and
1, transform like ordinary vector forces, because either the directions in which they act rotate or
the surfaces on which they act rotate, but not both. Then for a clockwise rotation 0 about the z
axis, the stresses with respect to the new coordinate system x’, y* are given by

To/n' [ cos?® siff@ 0 0 0 sin26 'on.
’ . 2 2 .
o, sin*© cos® 0 0 0 ~sin20 o,
o, 0 o 1 0 0 o |lo,
L= . or ¢' =Ta (3.64)
v, 0 0 0 cosO -sin0 0 T,
T, 0 0 0 sin® cosO 0 T,
' 1l 1
T ] L 2511'126 2smzf) 0 © 0 c0s28 ] .tny

The inverse of T (i.e T™) is of course given by replacing 6 by -8 in the above matrix. The
transformation matrix corresponding to inversion of the z axis is given by equating 6 to 7 in the
above matrix. The work done on the elementary cube is equal to the strain energy density and so
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is the same in all coordinate systems. Then if €’ is the strain column vector in the new coordinate
system,

1 .7 | Y v..r '

- = - = -0

;0 €=-0"¢ . T'e (3.65)

This is true for any o7 so that
€e=TTe¢ or € =(T")'e (3.66)

It follows from (3.63) to (3.66) that if §' is the compliance matrix in the new coordinate system,

then
€ =(TN'e=(T")Y'So =T")'ST'e' =8¢ or § =(TTH'ST! (3.67)

The material may have a degree of symmetry, so that its properties are the same for different
orientations of the coordinates. This means that § and S’ are identical under certain
transformations. Comparing the individual elements of § with those of §* formed from S using
(3.67) gives the conditions which must apply to the compliances. Here are the conditions for some
materials which are invariant under certain coordinate rotations or axis inversions:

(i) Ternary symmetry (Trigonal system)

Invariance under rotations of 120° about the z axis. gggg
(7 independent constants). s,, =s,, =5, + a5 ; 220000
oS =5 =i S~ =i Se82oR
Saa = Sss 3 16 T 26 T 534 T Sy T Sy T S = U O00BSO
(ii) Quadric symmetry (Tetragonal system)
Invariance under rotations of 90° about the z axis. 8888
(7 independent constants). 220000
S =S5 5 S13=53 ; Si16= 52 ; Seq = Sss ; QQOSOQ
11 22 5 13 23 5 6 26 3 a4 $5 > (eJolelel Jo)
S1g = Sis T Sy = S5 T 53 T S35 T S36 T S5 =546 = 555 = 0. SSO00e
(iii) Plam? isotropy (and I_{exagonal system) 000000
Invariance under rotations of 60° (and all other angles) Q02Q00
about the z a:(risl) (5 independent constants). §§§§§§
ST S TS, T S 3 513 T 5 5 Sa T Sss
$14 = 815 = 816 520 T S35 T 536 = 83 = 835 = 836 = 845 = 846 = 55 = 0. CO000O
(iv)  Cubic system 000
Invariance under rotations of 90° about the x,y and z axes. @@888
(3 independent constants). §,, = 55, = 833 ; §)3 = 813 = 853 Seq = Ss5 = Se; 83888
S140 = 815 = 816 T Sy0 = 835 = 52 = 834 = Sy3 T 836 T 545 = 546 = S5 = 0. 0008@0
(v)  Monoclinic system O0000®
Invariance under inversion of the z axis. (13 independent constants). :::88:
(This is the same as invariance under rotations of 180° about the z axis.) 000000
$14 T 815 T S0 T 825 = 834 = 535 = Sy = 556 =0 888::8
(vi)  Orthotropy (Orthorhombic system) 000000
Invariance under the inversion of any two axes. (Invariance under 006000
inversion of the third axis is then a necessary consequence. 900000
( 9 independent constants). 888288
514 = 8)5 = 516 = S50 = Sg5 T 8367 534 = S35 = S35 = Sas = Ses = 856 = 0. 000080
O0000e

The dot patterns show the corresponding arrays of elements. The black dots
show unrelated elements, the patterned dots related elements and the empty circles are zeros.
Similarly it can be shown that the stiffness matrix C transforms to the matrix C'in the new
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coordinate system, where
C =TCT" (3.68)

The constraints on the elements ¢, of the stiffness matrix for various kinds of material symmetry
are similar to those for the elements s, above (see for example Renton (1987) §1.8.3). Other
conditions are imposed by the positive-definiteness of these matrices (see §3.5).)

{3.12 Stress and Strain Tensors}

{Many of the equations given earlier in this chapter can often be represented more
conveniently in tensor form. A fuller treatment of this will be found elsewhere (Renton (1987) for
example). Here, only cartesian tensors will be discussed. These are tensors whose elements (or
resolved parts) are expressed relative to a cartesian coordinate system. First-order tensors are the
same as ordinary vectors. In three dimensions, they have three elements distinguished from one
another by the subscripts 1 to 3. Expressed as column vectors, the first-order tensors which have
already been used in this chapter are

U u n I X, X Pyl |Px
u~jyl=vl , on~iml=im| , X~|X|={Y] , p~ipl=|p,|. (3.69)
uy W ) n %8 Z Py 2.

where u is the vector of the displacements of a typical point P of an elastic medium, # is the unit
(outwards) vector normal to a particular point on the surface of the medium, X is the vector of
body forces at a typical point in the medium and p is the traction vector of forces per unit area of
surface. The state of stress and strain at a point in the medium can be expressed by the stress and
strain tensors with the elements o, and ¢,. Arranging these elements in matrix form, they are
related to the stresses and strains defined earlier by

1

1
€ Y Y-
Iy O Oy Op T T € € € R A T
1 1
Oy Oy Op)| =%, Oy Ty , € € | = (JYy € Yy (3.70)
0, 0, G T_T_O© e, €. e 1 1
31 1, 1
31 32 33 xz Tyz Czz 32 "1 . sz 5 Y}z ezz

respectively. The definitions of v, , y , and y,, are exactly the same as those given by (3.11) to

(3.13) respectively. Then from (3.6) and (3.7), all the above matrices are symmetrical.
Differentiation of a tensor element by x,y or 2 is denoted by adding a comma after the

element followed by the subscript 1, 2 or 3 respectively. Thus equation (3.3) can be written as

Oipp * Oypy + 055 + X, =0

111 122 133

All three of equations (3.3) to (3.5) can be represented by the single expression
0, +X =0 3.71)

Here it is understood that the subscript / can take any value in its permitted range (1 to 3) and that
where a subscript is repeated within a term (or a product of terms) summation over the range of
that subscript is intended. Thus in the above case, j is repeated within the first term, which thus
represents the sum of 6,,,; 0,,, and 0,,; . This is known as the Einstein summation convention
and j is called a dummy subscript because it does not refer to a particular value of the subscript
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only. Similarly, equations (3.9) to (3.13) become
_ 1
ey = 3y * 4p) 3.72)
it being understood that this relationship is true for all possible values of / and j. The compatibility
equations (3.14) to (3.19) can now be written as
- _ 1
= Cpp t Cpu T ;(”vﬂd U Y Uy Y U (3.73)

4

okt + Cipy ol

where every subscript following a comma indicates a differentiation of the term preceding the
comma.

The relationships between the surface tractions p, on a surface with direction cosines 7,
and the stresses o, follow from (3.41) which now can be written as

p, = a.n (3.79)
The stress-strain relationships for a linear anisotropic material take the form
O, = Couu (3.75)

where, according to the summation convention, the right-hand side indicates a summation of
terms for all values of & and / in the range 1 to 3. As it is not normally necessary to distinguish
between o, and o, or e,, and e,, , without loss of generality ¢, , ¢, , ¢4 and ¢, can be taken as
having the same value. The stress-strain relationships can be written in a more compact form using
the compliance matrix .§ as in (3.63) or in terms its inverse, the stiffness matrix C. This is because
these distinctions are not made in writing the stress and strain column vectors, resulting in only
thirty six stiffness coefficients, as opposed to eighty one in (3.75). Also, as C is symmetric, it
follows that ¢, and c,,, have the same value. This reduces the number of independent coefficients
to twenty one at most. For an isotropic material, (3.75) becomes

o, = Ade, + 2ue, (3.76)
where the Lamé constants, A and y, are given by
2Gv
A= , =G .
-3y H (3.77)

and the Kronecker delta (3”. is defined as
8, =0 (i*jy , §,=1 (i=)). (3.78)

The strain energy per unit volume of a linearly-elastic material was given by the first line
of (3.37). From (3.75) this becomes, in terms of tensor notation,

Le

1 1
U,=-0e =-[0 e +on(elz+e2l)+...]=; e

v = 7%% T 7% ki (3.79)

i€y
(Note that e, and e ,, are the same and both equal to one half of ¥ ,, , so that the resulting
expression is the same as that in (3.37). Using (3.76), this expression takes the form

U, = -;-[15,}8,‘,‘ +2pe e, = %[}.(%‘)2 +2pee, ] (3.80)

for an isotropic material.
The inverse of (3.75) can be written as

€, =5,

Ou (3.81)
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where the compliances s, have the same symmetry properties as the stiffnesses c,,, For isotropic

materials, (3.81) becomes

e, = Lo,. - Xb.okk (3.82)
26 Y EY )

Further information on linear elasticity in terms of cartesian tensors will be found in Ford
and Alexander (1977), Renton (1987) and Sokolnikoff (1956) for example.}



Chapter 4 Beams with Axial Stresses

4.1 Introduction

In the following three chapters, the normal theory of beams will be explained. It should
be made clear at the outset that this is just a particular case of a more general theory with much
wider applications. Here, a beam will be taken to be a prismatic continuum, made from isotropic,
homogeneous, linearly-elastic material. A prismatic beam is one which has a straight axis and
every cross-section normal to this axis is the same. In analyses which are essentially two-
dimensional, this axis will be taken as the x axis of a local cartesian coordinate system. In fully
three-dimensional analyses, the axis of the beam will be taken as the z axis of the local coordinate
system. The x and y axes then lie in the plane of a normal cross-section of the beam. A
homogeneous material is one which has the same properties at all points within it.

In the engineering analysis of beams subject to axial load and bending, it is usually
assumed that plane cross-sections remain plane and normal to the centroidal axis of the beam. It
will be shown later in this section that such assumptions are not necessary. In fact, unnecessary
errors can result if these assumptions are applied to beams other than the kind described in the
previous paragraph. There is, of course, no unique stress distribution over the cross-section which
has a given resultant bending moment, axial force or torque. However, there is a unique
characteristic response to each of these. If the resultant is applied in the form of any other stress
pattern over the cross-section, this pattern will decay towards this characteristic response further
along the beam, in accordance with Saint-Venant’s principle. The characteristic response to a
bending moment, axial force or torque is necessarily one of constant stress and strain along the
beam. A response must then be found which satisfies this condition, the conditions of equilibrium
and compatibility within the beam and the condition that the lateral surfaces of the beam are
stress-free. Since the characteristic response is unique, any pattern of stress and strain satisfying
these conditions is the characteristic response. These arguments will be discussed more fuily in
Chapter 8. The results used in the later sections of this chapter are those which also result from
the standard assumptions. For this reason, the first-time reader may wish to skip the proofs given
below.

{What will be employed here is known as Saint-Venant's semi-inverse method. That is,
a pattern of stress is assumed and then shown to satisfy the necessary criteria. The most general
state of stress which will be considered in this chapter is

g, =a+bx+cy 4.1

4

In the absence of any body forces, this automatically satisfies the equations of equilibrium given
by (3.3) to (3.5). From (3.22), the corresponding strains are

€, =€, = -v(a~+ bx + op)IE | €, = (a+bx + cy)/E . 4.2)

xx

These satisfy the equations of compatibility given by (3.14) to (3.16). The transverse stresses o,
o, and 7, are all zero so that it follows that any transverse stresses acting on a plane parallel to
the z axis will be zero. Such stresses will be of the kind shown by o and t acting on the triangular
element in Figure 3.6. This plane will be taken to form part of the surface of the continuum. A
three-dimensional picture of the element is shown in Figure 4.1. This shows the other possible
stresses on such an element, which act in the z direction. For equilibrium of the element in this

direction,

41
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T, 858z = 1_8sc0s00z + tﬁbs sin0 bz

(4.3)

or T, =71, _cosO + ryzsmB

Note that the end stresses o,, balance one another
out and so do not enter the equation. Even if g,,
varied longitudinally, the increment would not
appear in the equation, as it is of a smaller
magnitude than the other terms. In the present case,
T, and t,, are zero and so T, is zero. As the other
two surface tractions, g and t, are also zero, the
surface is free from stress. This surface will be
taken to form a closed boundary around the
continuum. Then (4.1) describes a prismatic beam Figure4.1 Equilibrium of a triangular clement.
with its axis parallel to the z direction. The Jateral
surfaces of this beam are free from stress, so that it is loaded at its ends only.

The resultant pairs of end loads produced by this stress distribution are the moments M,
and M, and the tensile forces /> shown in Figure 4.2. If the area of the cross-section is 4 and a
small part of it is denoted by dA,

M=fyo,dA=aA}7+b1 +cl 4
x 2z X =
y My (;) P
M, = —fxozsz =-(adx + bl +cl ) e
4 DX
P = [o,dA = ad + bAT + cAy .
y (4.4)
where
Ixx=fy2dA , Ixy=fxydA , Iyy=fx2dA
4 4

4
4.5

f=idi,)7=ifydA. “.9) i

A J A , Figure 4.2 Recsultant loads on a beam.,
Equations (4.4) can be uncoupled by shifting and rotating the coordinate axes. If the origin

is shified to the centroid of the section at (x, ), the terms in a in the first two equations and the

terms in b and c in the third equation disappear. (This is because the new coordinates of the

centroid are (0,0) .) If the coordinate axes are rotated through a clockwise angle 0 about the z

axis, as shown in Figure 4.3, then the new x and y

coordinates, (x', y°), are related to the old coordinates by

x' = xcosB + ysin®
Y = -xsin® + ycos (4.6)
X
In terms of the new coordinate system, the product of ~wg
inertia is given by
1) = fx’y’dA =1 cos20 + %(:’H—Iw)sin28
Y] .7

Then if a new set of coordinates is chosen at an angle 6 _ . .
Figure 7.2 Figure 4.3 Rotation of

coordinates.
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such that

tan20 = —l——xy——— (4.8)

the product of inertia disappears, so that the three equations (4.4) are in terms of ¢, & and a
respectively. The new axes x and y are called the principal axes of the cross-section’.
In terms of these new axes, (4.4) can now be inverted to give

P _ .M, _ M
a = Z , b = _7— , €= 7 . (4_9)
»w x

so that the state of stress is given by
P Mx My
= —_— - +
= A4 I ]

»w xx

g

4.10)

The stresses and strains given by (4.1) and (4.2) do not vary with z. Suppose that the beam shown
in Figure 4.2 is very long. According to Saint-Venant's principle, any resultant end loads P, M,
and M, must produce stresses and strains very similar to these well away from the ends. If the
resultants arise from different end stress distributions, these must then decay towards the steady-
state pattern given by (4.1) away from the ends. It follows that this is the characteristic response
of a beam to these three resultants. This forms the basis of the engineering theory of the bending
and axial loading of beams. It is assumed that if the local values of these resultants are known,
then the local behaviour of the beam is given with sufficient accuracy by the characteristic
response.

The state of strain is given completely by (4.2), i.e. the shear strains y,, v,, and v, are
zero. From the definitions of strain given by (3.9) to (3.13) it is now possible to find the
displacements u, v and w by integration. Leaving out arbitrary rigid-body displacements and
rotations of the beam,

2 2
u=-—v-(ax+-’-bx2+cxy)+ﬁy—-——-bz
" 2 2E 2F
2 2
v L2 vex cz
v=~-—=(ay + bxy + =¢ —_— - 4.11
Wy v b e geyt) s = - T (.11)
w =

%(az + bxz + ¢cyz)

The deflections of any normal cross-section of the
beam are given by the above equations for a
constant value of z. In particular, w is a linear
function of x and y. This corresponds to the usual
assumption that plane sections normal to the axis of
the beam remain plane during bending (although
they may rotate and displace). As these sections
remain plane, there is no problem in defining the
angles 0, and 0, through which they rotate about  Figure 4.4 Rotations of section and axis.

! Equation (4.8) may be compared with (3.40) and (3.48) of the previous chapter. In fact, a Mohr's
circle for incrtia can be drawn too. This is because stress, strain and inertia can be represented by
symmetrical second-order tensors, all of which transform in the same way.
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the x and y axes. Using the assumptions of small deflexion theory given in §1.2, these are
ow _ ¢z _ _av

0,= X (= £ .-
ay 0z

) I3
o - - (.. bz _ ou, (4.12)
’ ox E dz

where the equalities in brackets are derived from (4.11). These equalities mean that the centroidal
axis also rotates through the same angles, as shown in Figure 4.4, so that plane sections normal
to the centroidal axis remain normal to it, as is also assumed in the usual derivation of the
engineering theory of bending.
From (4.9) and (4.11), the deflections of the centroidal axis are given by
M,z ) M, z? , - Pz

3

uC 4 vC < -~
2EL 2EI EA

(4.13)

By differentiating these equations with respect to z, the local resultants can be related to the local
curvature and axial deformation of the centroidal axis, giving
d*v, d?u, dw,
M = - El, , M =EI , P =FA4 . (4.14)
dz? Y Y d? dz

In solving differential equations of this kind, the subscript ¢ will be dropped, it being understood
that the deflexion of the centroidal axis characterises that of the beam as a whole. However, as
will be seen later, when more accurate analyses are needed, this assumption can be misleading.}

4.2 The Differential Equations of Flexure

The simple engineering theory of bending is based on the characteristic response of a beam
to a resultant bending moment, as outlined in §4.1. Account is taken of local loads on the side of
the beam and resultant shear forces on the cross-section only in so far as they affect the variation
of the bending moment. This was considered in the two-dimensional static analysis of beams given
in §2.8. For simplicity of notation, the conventions used there will be adopted for the rest of this
chapter. Also, the axial compressive stress will denoted by 6, and the second moment of area of
the cross-section about the axis normal to the plane of bending denoted by /. It will be assumed
that this axis is a principal axis of the cross-section. Then from (4.10), (4.14), (2.16) and (2.17)
respectively, taking E/ as constant,

2
obzﬂ,M:]gﬂ
! d’ (4.15)
3 4 .
§-_.M_ _pdv i q:i1§=-El-d—v
dx? dx dx!

where v is taken to typify the lateral displacement of the beam in the y direction, as before. The
first of equations (4.15) shows that the greatest value of the bending stress, g,,,, at any given
section occurs at the greatest distance, y,,., from the neutral axis. The section modulus', Z, is
defined as Iy, so that g, is given by M/Z.

In the case of statically-determinate beams, the value of A will be known at all points
along the beam, so that it is possible to start from the above second-order differential equation

! This is sometimes referred to as the elastic section modulus, Z,, to distinguish it from the plastic
section modulus, Z,. However, problems of plasticity will not be dealt with in this book.
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relating v to M. More generally, it is necessary to start from the fourth order differential equation
relating v to ¢. Integrating this four times gives four constants of integration. These constants can
be determined from two conditions at each end of the beam'. The most common end conditions
are related to the workless supports discussed in §1.1. Here, the end reactions can be a bending
moment M, or a shear force S, The deflexions corresponding to these are an end rotation 8, and
an end displacement v, . The two end conditions at a normal workless support are that either M,
or 0, is zero and that either S, or v, is zero. At a simple support (pin or knife-edge) M, and v, are
zero and at a fixed (or encastré) support 0, and v, are zero.

The end moment and rotation will be taken as anticlockwise? positive and the end shear
force and displacement as positive in the y direction. In terms of this convention, any rotation of
the beam, 0, is equal to the local slope of the axis, dv/0x (to the degree of accuracy of small
deflexion theory discussed in §1.2). It must be noted
that these are vector conventions. The way in which M,
M and § are defined above are in terms of < B
deformation conventions. That is, M is positive if it 4T M AW‘\
produces sagging curvature in the beam and S is ‘\\‘A/ v \\/f'/Qlj\\ 53
positive if it tends to produce a shear which increases M, % s g
v along the beam (see Figure 2.17). The conventions -
for M and M, are the same, as are those for S and ., 2L 2
at the right-hand end of the beam. Conversely, the
two conventions are opposite in sign at the left-hand Figure 4.5 Loading conventions.
end of the beam. These conventions are related to the
beam AB shown in Figure 4.5.

In order to solve
equations (4.15), it is often (a) (b)
necessary to integrate
discontinuous functions. Figure
4.6a shows a discontinuous
function which has no values
for x less than a. It is
convenient to denote this
function as f{x-a} or f{X}.
Usually, this is just an ath
power function of the () )
argument, {x-a}" or {X}". The
curly brackets are used to
indicate that the function only
has non-zero values when its

< a

argument is positive. Such e -ol——y >l
brackets are known as
Macaulay  brackets.  The Figure 4.6 Step functions.

integral of this function is
shown by the shaded area. This too has no values when X is negative. In Figure 2.17a, the shear

! In some analyses, it is possible to determine these constants from the conditions at one end only,
but two of these conditions will always depend on the state of affairs at the other end of the beam.

2 They will be clockwise about the z axis of a nght-handed coordinate system, as in Figure 1.1. This
also conforms to the convention used for polar coordinates.
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force is discontinuous because a point force F is applied to the beam'. This produces a step of
magnitude F in the shear force diagram. There is a discontinuity in the slope of the bending
moment diagram because the rate of change of bending moment is equal to the shear force. Figure
4.6b shows a unit step function (also known as the Heaviside step function). The integral of this
is given by the shaded area underneath the step and is shown in Figure 4.6c¢. This is known as the
unit ramp function. In Figure 2.17a, the discontinuity in the shear force diagram is given by
superimposing a step function of magnitude F onto the shear force produced by the left-hand
reaction, giving

S=-R, + F{x-a)° (4.16)

Likewise, the bending moment diagram is given by superimposing a ramp function of magnitude
-F onto the bending moment produced by the left-hand reaction, giving
L dly

H—(; =M =Rx - F{x-a}! @17
making use of (4.15). Integrating the ramp function shown in Figure 4.6c gives the discontinuous
parabolic function shown in Figure 4.6d and so on. Likewise, the point moment m in Figure 2.17b
is represented by a step function in Figure 2.17b and the uniform distributed load p in Figure
2.17c produces a ramp function in the shear force diagram and a discontinuous parabolic function
in the bending moment diagram. Again, these are statically-determinate problems so that it is
possible to write down the expressions for M in cases 2.17b and 2.17c respectively:

2
E8Y o M= - px-a)®
dx? a+b
Y (4.18)

Elzx—z =M = RAx - %p{x_a}2

These differential equations can be integrated twice to give the deflexion curves for the beams.
The two constants of integration which result in each case are determined from the conditions that
vis zero at each end. (The other two end conditions are that M is zero at each end. These have
already been taken into account in setting up the second-order differential equations.) The
resulting expressions are:

2 ka2
N bx(x*-2ab-a*) (x-a)’
6El a+b
2 _9p2_ 2
y= M | x(@a"+2ab-2b"-x") | (x-a}? (4.19)
2EI 3(a+b)
2 2_ 9,2 _anp b2
v P |bx(2x*-2a"-4ab-b") (x-a)*
24E] a+b

for cases 2.17a to 2.17c respectively, using the expressions for R, in §2.8.

! Starting from the fourth order differential equation relating v to g, the force F could be represented
using a Dirac delta function. In practice, it is only necessary to know that the integral of this delta
function is a unit step function.
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Figure 4.7 shows how the method
can be applied to a number of related
problems. If several loads are applied at
different locations along the beam, then
step functions beginning at each location
will be needed. Thus in Figure 4.7a the
bending moment is given by

M= Rx - F{X]} - F,{X,} @4.20) F—-ﬁf@ﬁ)_)ﬁ
where, if |, and F, are at distances a and Ri—=x -

b from the left-hand end of the beam, X,
and X, can be replaced by (x-a) and (x-b)
respectively. If a continuous load does not
extend to the right-hand end of the beam,
it can be terminated earlier by
superimposing a continuous oad of the
opposite magnitude to cancel it out. Thus
in Figure 4.7b, the real load of intensity p extends from the origin of the ordinate X, to the origin
of the ordinate X,. This can be simulated by superimposing the load of intensity -p which starts
at X; = 0. Then the bending moment is given by

M = Ryx - SpiX )+ op{X,) (@.21)

Figure 4.7 Various beam problems.

When the beam is not statically determinate, it is still possible to start from the second-order
differential equation related to M. The left-hand end reactions are included as unknown quantities
which are evaluated from the end conditions after integration. Thus the expression for M for the
beam shown in Figure 4.7c could be written as
2
o _ 1 2 _ d y

M= -M, +Rx SPx" = E[;{ (4.22)
However, in this case there is only one redundant reaction; the other is related to it from the
condition that M is zero at the right-hand end, giving

= _ L g2
M, =R - opl (4.23)
On integrating once, the condition that the slope dv/dx is zero at the left-hand end can be used to
eliminate the constant of integration and on integrating a second time, the conditions of zero
displacement at the left- and right-hand ends can be used to eliminate the second constant of
integration and to determine the unknown redundancy. The deflexion curve is then given by

- _P -
v = 48—EI(2x“ + 3x%? - 5x3) (4.24)

Results for a number of simple beam problems are given in §A6.1.

Beams which are continuous over several supports can be analysed in a similar fashion.
For each unknown redundant reaction there will be an extra equation expressing the condition that
the corresponding deflexion is zero'. Often a pin is inserted into a continuous beam to give a zero
bending moment locally. This means that although the bending moment and displacement have
no local discontinuity, there will usually be a local discontinuity in the slope of the beam. This can

This is true for the common type of workless reaction. Elastic supports are¢ considered a litile later
in this section
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be catered for by introducing a step function of unknown magnitude as a constant of integration
when the expression for the bending moment is integrated. Consider the case shown in Figure 4.8.
This has fixed ends, Aand E, at a
distance 4a apart. It is supported

by a knife-edge support at its ﬁ\ ) / ’O\

midpoint, C. There is a pin at D,

midway between C and E, which

links the two parts of the beam,

AD and DE. The structure is Figure 4.8 Deflexion of a continuous beam.
loaded by a downwards force F at

B, midway between A and C. If the reactions at A are a force R, upwards and a moment A,
anticlockwise and the reaction at C is a force R. upwards, then the bending moment at any
distance x from A is given by

B9 M= M+ Ryx - Plx-a) + Re(x-2a) (4.25)

dx?
The bending moment is zero at x=3a, where the pin is located, so that
0=-M,+3R,a-2Pa+R.a (4.26)
Integrating (4.25) once and allowing for a slope discontinuity at D of unknown magnitude G,

dv 1 i
E]Zx_ = -M,x + ;Rsz - ;P{x—a}2 + %Rc{x—2a}2 +G{x-3a)’ + 4 @@27)

The slope is zero at the fixed ends, giving 4 as zero from the condition at x=0, and at x=4a,
0=-4M,a + 8R,a’ - 45Pa® + 2R.a’ + G (4.28)
as {4a-3a}® is unity. Integrating once more gives
Elv = - %Msz + %Rﬁx3 - %P{x—a}3 + —;-Rc{x-2a}3 +G{x3a) + B (4.29)
The conditions of zero displacement at x= 0, 2a and 4a give B as zero and
0=-2M,a’ + %RAa3 - —:;Pa3

4.30
0=-8MAa2+-331RAa3—%Pa +—R a’ + Ga (4.309)

respectively. The four unknowns, M,, R,, R and G, can be determined from (4.26), (4.28) and
(4.30) giving
9Pa 17pP

M, =22 R =2 | R.=1p
4 28 4 28 ¢

Pa?
14

7y = -

4.31)

»

and hence the deflexion curve shown in Figure 4 8. In general, there is one deflexion condition
corresponding to each unknown load and one load condition corresponding to an unknown
deflexion. Here, the unknown deflexion is the relative rotation at D and the corresponding load
condition is that the bending moment is zero at this point. In the case of elastic supporis, the
reaction will be in the opposite sense to the corresponding deflexion and equal to some multiple
k of it, where X is known as the support stiffiess. This condition replaces the condition at a simple
workless support, that a reaction or its corresponding deflexion is zero.



Sec. 4.3] Non-Prismatic Beams and Other Exceptional Cases 49

An example is shown in Figure 4.9. The v
beam of length / has elastic supports at its ends Ii
which resist vertical displacement only, with x
springs of stiffness k. Along its length there is an -
elastic foundation which resists a vertical displace-
ment v by exerting a vertical force per unit length
kv/l in the opposite sense. A uniform load of
intensity p per unit length is applied to the beam.
Because the beam is symmetrical, it is convenient
to take the origin of the coordinate system at its
midpoint. The bending moment can no longer be expressed as a simple function of x and so it
becomes necessary to start from the equation in (4.15) which relates the fourth differential of v
to the distributed load on the beam. In addition to p there is the foundation reaction, so that

Figure 4.9 Elastically supported beam.

4
p+ == -El— (4.32)
The solution of this equation takes the general form

. . . | k
v = coshex (A4 coscx + Bsinex) + sinhex(Ceoscx + Dsinex) - - where ¢ %= —o—

( ) ( ) p TR

This must be symmetrical about the origin, so that the coefficients of the antisymmetrical

functions, B and C, must be zero. Then it is only necessary to satisfy the conditions at the right-

hand end, x=%2/, and the same conditions will automatically be satisfied at the left-hand end. The

first condition is that the bending moment, and hence the beam curvature, is zero at the ends, so

that

2

0 = E—YZ- = - 24csinhd sind + 2Dc*coshd cosd where d = %c[ (4.34)
dx

The other condition is that the shear force given by (4.15) is equal to the reaction -kv, produced
by the elastic support, or

- EFT— = 2¢3[ - A(coshdsind + sinhdcosd) + D(sinhdcosd - coshdsind)]

- kv = - k| Acoshdcosd + Dsinhdsind - ﬂ
k (4.35)

The constants 4 and D can be determined from the above two equations, yielding the final
expression for the deflected form,

v = %(A “coshex cosex + D *sinhexsinex - 1)

where A" = 4gcoshdcosd , D = 4ésinhdsind , (4.36)
¢ e
e = 4d(cos’d + sinh®d) + sindcosd + sinhd coshd .
This curve is shown by the broken line in Figure 4.9.

{4.3 Non-Prismatic Beams and Other Exceptional Cases}

{The theory of beams is often applied to non-prismatic beams. Some idea of the accuracy
with which the theory still applies can be gathered from an examination of known solutions to
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some two-dimensional problems. Consider the plane

wedge shown in Figure 4.10. The stresses induced by an

axial force P and a bending moment M applied at the tip  p
as given by Michell' and Carothers? are —

2Msin26 _ 2Pcosf

[e) =

" r(sine - acosa) r(a + sina)

¢ = M(cosa - cos20) (4.37)

?or *(sina - acosa) Figure 4,10 A wedge-shaped beam.

where 0 is the anticlockwise angle from the centreline of the wedge. The radial stress produced
by M at the surface of the wedge can be compared with the axial stress at the same point, as
predicted by the engineering theory of bending. This shows that the engineering theory
overestimates the local stress in this case. The predicted axial stress exceeds the radial stress by
10% when o is a little over 45°, as shown in Figure 4.10. If the axial stress produced by P at the
centreline given by the two analyses is compared, the engineering theory gives the lower value,
It is 10% less than that given by (4.37) when a is approximately 95°. The three-dimensional
problem of the bending of a cone is discussed in Appendix 7.

Figure 4.11 shows a curved beam with an inner radius a and an outer radius b. It is subject
to a constant moment M which acts in the sense shown. The solution of the two-dimensional
problem was first found by Golovin®’. The bending moment

induces both radial stresses g,, and tangential stresses 0,5. The /¥ ;\“\\
latter can be compared with those predicted by the engineering ~ \_ e 2 N
theory of bending. They are given by M TR D
‘\‘\ ‘
/ N, \ \\
212 a G
g, = M| _a’h lné +a?lnl +b2In£ y b \Y"\"\
N r? a a r i , ‘\ | }
aM| a®?, b 4 r b L~
Opy = — In=+a’ln= +5%In= +a? - b2 . 4
Y [ r? a a r M\
2
where N = (b*-a?) - (Zabln ﬁ) Figure 4.11 A curved beam.
a (4.38)

The value of 0, is greatest at the inner surface of the beam (r=a) and exceeds that predicted by
the engineering theory of bending. This prediction is 10% less than that given by (4.38) when b/a
is approximately 1.35, which is the curvature depicted in Figure 4.11.

The exact solution of the three-dimensional problem of the bending of curved beams has
been found by Sadowsky and Sternberg* for the case of a beam with a circular cross-section. An
approximation for curved beams of arbitrary cross-section is to assume that plane radial cross-
sections through the centre of curvature remain plane. The state of stress is then taken to be given
by the hoop stress g, arising from the extension and compression of the circumferential fibres.

! Michell, JH. (1900) London Math. Soc. Proc. 32, 29.

2 Carothers, S.D. (1912) Proc. Roy. Soc. Edinburgh 23, 292.

3 Golovin, H. (1881) Trans. Inst. Tech., St. Petersburg.

* Sadowsky, M.A. and Sternberg, L. (1953)J. Appl. Mech. 20, 215,
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The radial stress o,, which would necessarily arise for internal equilibrium (cf. (3.57)) is ignored.
This is known as the Winkler' theory of curved beams and proves to be sufficiently accurate for
many purposes. Those fibres between radial planes which are closer to the centre of curvature are
shorter than the fibres further out. This means that the same relative displacement of the radial
planes induces a higher strain (and hence a higher stress) on the inner fibres than it does on the
outer fibres. Then the neutral axis in pure bending moves inwards by a distance n from the
centroid in order that the state of stress gives rise to no resultant axial force. If R is the radius of
curvature to the centroidal axis, y is the distance radially outwards of an elementary area d4 from
this axis and the cross-sectional area is 4, the zero axial force condition is given by

YIrla4 =0
:{ ( y o+ R) (4.39)
which determines the value of n. The bending stress is then
M R B R
Opg = ————|—— - = here B = dA
0o R(B-A)[R+y A] wher {( R+y) (4.40)

For example, for a beam with a circular section of radius a curved to a radius R of 5a, the value
of B is 3.1737a* This gives a bending stress of -1.10M/a? at the outer edge of the section and
1.49M/a’ the inner edge. Taking Poisson’s ratio as 0.3, the correspond values given by Sadowsky
and Sternberg are -1.13M/a? and 1.62M/a? respectively. A further discussion of curved beams
will be found in §8.6.

The engineering theory of bending is also applied to prismatic beams made from more than
one (isotropic) material. A simple solution can be found if the materials have a common Poisson’s
ratio (or if the junction of the materials forms the neutral axis of the beam). Under these
conditions, a solution can be found which corresponds to axial stresses only, which remain
constant along the beam. For compatibility, the axial strains at the junctions of the materials will
be the same. The transverse strains at the junctions will then also be the same, because the
materials have the same Poisson’s ratio. Muskhelishvili (1963) discusses this problem in detail in
Chapter 24, but the result of his analysis is the same as that normally used in engineering analyses.
Consider the particular case of the displacement field defined in (4.11) given by

u=-vCxy , v=2Clv(x*-y)-2"1 , w=0Cpz. (4.41)
where a and b are zero and ¢/E has been replaced by C, and v is the same for all materials in the
beam. The value of C is equal to the flexural curvature -3/0x? (cf. (4.12)). The strains and
stresses resulting from this are

exx-ew=—va,en=Cy,ny=sz=yzx=O. (@42
Oy =0, =0, o,=EC ., t,=1,=1,=0. )

where E, is the local value of Young’s modulus. These strains and stresses satisfy the necessary
internal conditions of compatibility and equilibrium and the condition that the lateral surfaces of
the beam are free from surface tractions. The cross-section will be taken as divided into zones of
constant ;. The resuitant loads on the cross-section are then

! A futler exposition will be found in Oden (1967) Chapters 4 and 5. See also the extensive tables
based on the Winkler theory in Young (1989) Chapter 8 and Pilkey (1994) Chapter 16.
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M= [t = [EOM - CIE,
A A
M < ot < B,Coat = COEL ey
A A
= CXE,(4)),

P = {ozsz = {ELCydA

where the summation is of all the zones and the subscript L indicates a value related to a particular
zone. Pure bending (P=0) occurs when the third summation is zero. Here, (Ay), is the first
moment of area of a zone about the x axis. If the origin is shifted a distance y, in the y direction,
this expression becomes

TE (Ay), = ZE AU +y,)], = ZE(4Y'), + BE Ay, (4.44)

where (457), is the first moment of area about the new x axis. Then on taking the displacement
field given by (4.41) to refer to the new origin, P is zero if

). = ZE (Ay),
°  ZEA,
Likewise, for pure flexure about the y axis, the neutral axis needs to be shifted a distance x, in the
x direction, where

(4.45)

¥ = S, 4.46

° " TZE,4, (4.46)
The ‘equivalent centroid’ of the section is then at (x,, y,) relative to the original origin.
It is possible to define principal axes (x’, y’) through this point such that flexure about an axis only
requires a bending moment about the same axis. For this to be true for flexure about the x* axis,
the second summation in (4.43), taken relative to the new axes, must be zero. Suppose that the
new axes are at an anticlockwise angle 0 to the old axes. Then the relationship between the two

sets of coordinates is given by (4.6) and the above condition becomes

0=3EI_ ' = fEL(xcos(‘) +ysin@) (- xsin® + ycos0)dA
4

L xyL

= BE [l - 1,,)sinBcos® + I, (cos™® - sin’0))

S (4.47)
or tan20 = | L ol
NEEL, - TE 1)

This can be compared with (4.8). A geometrical approach to the analysis is often made using an
equivalent cross-section in which local areas are magnified in proportion to the local values of
Young’s modulus. Although this can be useful, it can lead to misconceptions.

When Poisson’s ratio is not the same for all the materials used in a compound beam, a
more complex stress system is required to ensure compatibility at the material junctions. This has
been analysed by Muskhelishvili (1963) in Chapter 25. A solution is given for a compound circular
beam consisting of an inner core of radius R, encased in a tube of a different material of outer
radius R,. The core material has a Young’s modulus E, and Poisson’s ratio v,. The corresponding
values for the tube material are £, and v, respectively. For a uniform Poisson’s ratio, the value
of the bending stiffness about any axis through the centre of the beam is then given by the above
analysis as
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Ip = LE I, = S[ER' + Ex(R; - R)] (4.48)
where I is the notation used by Muskhelishvili for the bending stiffness. The total bending
stiffness is given by adding a term K|, to this, where

n(v, - V)R - ROR!
4 4 4 4
o (R, - R)) + ;R + B,R, (4.49)
(3-4v)(1+V\VE, , 0;=(3-4v,) (1 +v)E, , B, =(1+v,)/E,.
However, the significance of this additional term is usually quite small. Its greatest value in
proportion to I is usually when v, is small and v, is large, the outer radius is little more than the

inner radius and E, is much larger than E, . For example, on taking v, and v, as0.2and 0.5
respectively, K|, is less than a thirtieth of /; for all practical cases.

K

n -

where @

The final example in Figure 4.12 illustrates the m
limitations of simple engineering beam theory. Consider a .
cantilever of length / loaded by a uniform distributed @ [feCeeeeecce 7
7

moment m per unit length as shown in Figure 4.12a. The
bending moment then increases linearly from zero at the

free end to m/ at the fixed end, as shown in Figure 4.12b. (b) " 4 ml
However, this is exactly the same bending moment diagram

that would be produced by a shear force of magnitude m y
acting at the free end, as shown in Figure 4.12c. (Note that (©
the distributed moment m has units of force.) Similarly, if 7
the distributed moment increased linearly along the beam ’
from zero intensity at the free end to an intensity m,/ at the Figure 4.12 A distributed moment.
fixed end, the bending moment diagram would be identical to that for a cantilever with a uniform
load of intensity m_ acting upwards on it. A similar phenomenon is encountered in the description
of the edge shear conditions in the analysis of plates. The total distributed shear is taken to be that
found from static equilibrium considerations plus the equivalent shear found from the rate of
change of the distributed edge torque. The shear behaviour of a beam will distinguish between the
two types of loading. This is covered in Chapter 6.}

lm

4.4 Moment-Area Methods

. BEY-V-V_V_ VN A

(a) A | B
In §4.3 it was seen that ordinary beam {
theory can be used to predict the behaviour of Z T |
non-uniform beams, provided that £/ does not l/ M/L \‘
vary too rapidly. From §4.2, the deflexion curveis  (b)

given by integrating the expression for the bending [[ i
moment divided by the bending stiffness (M/ET). W =
Sometimes this curve can be found conveniently ] 0,/\ p: S

by using the geometric properties of such 0d -7 o v
integrals. Figure 4.13 shows the plot of M/EI for Bhy._ =" B |
a segment of a beam. (This will be proportional to ©) e 4 — —’

the bending moment diagram if E7 is constant.) 7% 77
Properties of the deflexion curve can be deduced Figure 4.13 A moment-area diagram.
from the area and the first moment of area of this

diagram. Integrating the second of equations (4.15) once gives
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d
fE/ fdvzdxz(%) —(i),,ze”'e” (4.50)
B

where 0, and 8 are the local (anticlockwise) rotations of the beam. (Note that A and B are not
necessarily at the end of the beam but can be any two points along it, a distance d apart.) The
difference of the rotations at these two points is then equal to the area of the M/E] diagram
between them. This result is known as Mohr's First Moment-Area Theorem.

Suppose that both sides of the equation had been multiplied by x before integrating (where
x is measured from A). Then

B B
_A_/{_xdxzfd_‘i
ET Aafxz

Thus from Figure 4.13c it can be seen that the first moment of the portion A to B of the M/E]
diagram about A is equal to the displacement of A above the tangent to the beam at B. This is
known as Mohr's Second Moment-Area Theorem.

An application of the first theorem is iflustrated in Figure 4.14. If the beam shown
supporting a uniform distributed load p was simply

supported on knife edges at its ends, the bending %WYYYYN )

I:]

B
dv
-f—d—xabc=68d— Vg t v, 4.51)
y

moment would vary parabolically with a maximum value Ta—— ] - _%

of pl */8 at the centre. This can be determined from g
statics. As the ends are fixed, there will be equal and MEM, M= -M,
opposite moments M, at the ends of the beam which e

prevent end rotation. The fixed-ended bending moment 7 '———ﬁ**" i
diagram can then be found from the pin-ended diagram M/El /
by superimposing the bending-moment diagram for the B t S
end moments alone. The M/E/ diagram can be found
similarly, as shown in Figure 4.14. The area of the Figure 4.14 A fixed-ended beam.
parabola is % of its base length times its height, so that
the simply-supported diagram has an area of p/*/12FJ. From this must be subtracted the diagram
for the fixed-end moments, shown by the shaded rectangle. From the first theorem, the net area
must be zero, so that M, must be p/¥/12.
Figure 4.15 shows a cantilever with a bending stiffhess
which varies linearly from zero at the free end to EJ, at the fixed A p B
end. The uniform load p produces a bending-moment diagram  —~ ~~ -~~~ ~
with a quadratic variation from zero at the free end to p/%/2 at the T "*\»:\%
fixed end. The M/ET diagram then varies linearly from zero to ’
PFPI2EI, at the fixed end. The first moment of area of this diagram Figure 4.15 A cantilever of
about the fiee end is the distance to its centroid, %/, multiplied by yarying bending stiffness.
its area, -p/*/4FEI. 1t then follows from the second moment-area
theorem that the downwards deflexion of the free end is p/ Y/6E1,.
- One way of applying the moment-area theorems is known as the conjugate beam method.
This draws an analogy between these theorems and the static equations for a distributed load g*
applied between A and B. Let M,* S, * M;* and S, * be the local bending moment and shear
associated with this loading (in terms of the deformation conventions discussed in §4.2). Then
B B
fq‘dx =8 -8 . fq’xdx =8,"d + M - M/ (4.52)
4 A
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The Slope-Deflexioni Equations

4.15

This can be compared with (4.50) and (4.51). If ¢* corresponds to M/E], then S* corresponds to
0 and M* corresponds to -v. These correspondences can also be deduced from (4.15).

Real Beam Conjugate Beam
Condition v | O Condition M* | S*
Free end =7t | 7 | 7] Fixed end =171
Knife-edge end £=% ] 0| ?] Knife-edge end = 1o |~»
Fixed end == 1 0|0 Freeend —3 | o]0
Intermediate knife edge =1 1 0 | =| Intermediate pin 3 | 0 | =
Intermediate pin i3 | = | 7| Intermediate knifeedge  Fx3 | = | ?

Geometrical conditions on the real beam can now be reinterpreted as load conditions on a
‘conjugate beam’. These are shown for workless supports in the preceding table. The symbols
used in the second, third, fifth and sixth columns of the table, ‘0°,*?* and ‘=’, indicate whether the
quantity listed is zero, undetermined by the support condition alone, or equal on either side of an

intermediate condition. From the table, it will be seen that if
a beam is fixed at both ends, its conjugate beam has no
supports at all. This means that the conjugate distributed
loading ¢* must be self-balancing. Such a loading is given by
the M/E] diagram in Figure 4.14. The net diagram, which is
the difference between the parabola and the shaded rectangle,
has no net area or first moment of area. Then g* has no net
resultant force or moment.

Consider the simply-supported beam of length /
shown in Figure 4.16a. This is a particular case of the beam
shown in Figure 2.17a, and the central bending moment is
FUVA. From the above table, the conjugate beam is also simply
supported and has a linearly-varying distributed load of

F
(@ i
[ ]
A A
® FL
4T
[ I
16ET 16E7

Figure 4.16 A conjugate beam.

maximum intensity F//4El as shown in Figure 4.16b. By resolving vertically, the conjugate

reactions are then found to be F/*/16EI as shown.
The central moment on the conjugate beam is then
given by this reaction multiplied by '/ less the
resultant load to the left of centre (which is of the
same magnitude as the reaction) multiplied by /6
(the distance from the centre to the line of action of
this resultant). This conjugate moment is then
FP/48E]  and is equal to the downwards
displacement (-v) of the centre of the real beam.

4.5 The Slope-Deflexion Equations

If only end moments and shear forces are
applied to a beam, as shown in Figure 4.17a, the
resulting M/EI diagram is as shown in Figure 4.17b.

Figure 4.17 An end-loaded beam.
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This can be thought of as a traingular diagram which increases from zero at the left-hand end to
(M, +tMy)/EI at the right-hand end, from which is subtracted a rectangular diagram of height
M,/EL Applying (4.50) to this gives

Fl( LiM, v M) - M 1) =6,-0, (4.53)

and using the second moment-area theorem given by (4.51) yields

EI( (M, +M)><11 - M >~ 1) 0,0 -vy +v, (4.54)

These equations can be rearranged to give

M, = 2‘?(28 +8, —%(vg—vA))
(4.55)
M, = ZFl(ze 2 v)

As there are no loads along the beam, the end shear forces are equal and opposite and for there
to be no net moment on the beam,
S -M,-M, =

so that from (4.55),

Sq = 61_51 ot 05 - ‘?‘("B”VA)) = -8y (4.56)
These equations allow the end moments and shear forces to be determined from the end rotations
and displacements of a beam with no loads along its length. However, these equations cannot be
inverted to give the end deflexions in terms of the end loads. This is because, in the absence of any
further information about the beam, an arbitrary rigid-body displacement and rotation of the beam
could be added to any values satisfying the above equations. (The equations of equilibrium ensure
that the end loads do no work during such motion.)

To analyse the general case where there are loads along the length of the beam, a second
analysis has to be carried out to find the fixed-end reactions, M/, S/, M{ and S,/ Using the
principle of superposition, these can then be added to components of the end reactions found in
terms of the end deflexions alone to give the total end reactions. One way of determining the
fixed-end reactions is to make use of the results for Case 6a
of the table in §A6.1. These give the reactions for a force P at

some arbitrary point along the beam. For a set of point forces - q!
and distributed loads, these results can be summed and T

integrated along the beam to give the total fixed-end AN B
reactions.

Consider the beam shown in Figure 4.18. The intensity Figure 4.18 An application of
of the distributed loading at any distance x from the left-hand slope-deflexion equations.
end is gx. From the above table, the fixed-end reactions are

j-qxx(s’ x) g - , f qxx(l x)dx:_gﬁ’
20
(4.57)

>

SAf =qu(1-x)2(1—2x)dx= 3ql?

s qx.x(31-2x)2 _ 7q1?
E - Ss f dx = .

P 20
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The total end reactions are the sum of the above and those given by the slope-deflexion equations
(4.55) and (4.56). The only end deflexion is the rotation 0, at A. Then

3 3 2 2
!

As end A is simply-supported, M, is zero giving 0, as equal to -g/*/120E] and so

Y G S L T [
B 15 ° 4 w0 '8 5

The analysis of complete frameworks will be dealt
with more fully in Chapter 11. The slope-deflexion equations
are often used to analyse the behaviour of plane rigid-jointed
frames using the simplifying assumption that the axial
compression or extension of the component bars is negligible.
For example, consider a square beam of side @ and length /
used as a cantilever to support a force at its free end. The
ratio of the end axial deflexion, when the force is applied
axially, to the end sideways deflexion, when the force is
applied transversely, is @ /4 % If this ratio is only 1%, a is
0.21 and for such short, fat beams the engineering theory of
bending can be rather inaccurate anyway.

Figure 4.19 shows the frame which was partially
analysed in Chapter 2 (cf. Figure 2.22). Here, the horizontal
and vertical forces will both be taken to be of magnitude P.
The analysis of the portal as a mechanism can again be used
to find the relative displacements of the ends of the beams Figure 4.19 The sloping
during sway. In terms of the sway angle ¢, the relative portal frame again.
displacements, as measured normal to each of the beams AB,

BC and CD respectively, are

Loy 6. 20ew) 20 B0y 0=

bearing in mind that the lengths of these beams are I, Y4 and 2/ respectively. In terms of the
notation used in Figure 4.19, equations (4.55) and (2.18) then give

261 2B]
MA = T(eB + 3¢) s —MB = _1_'(265 + 3¢) ]
My =ELp, +o.-60)+ P M. =2, 0, -64) - 2,
7 16 I 16
EI El
MC = T(zec + %¢) ] MD = ‘I—(OC + %d)) ]
2M, - 6My + SM. + My, = V3PI |

(4.58)
These can be reduced to three equations in 85, 8. and ¢ and solved to give

2 2 2
0, - 0007362 | 8. =004l | ¢ - o082l
ET El El

and hence the end moments found by substituting these values back in the original equations. Note
that for every unknown joint rotation there is a corresponding joint moment equilibrium equation.
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(Here it is that the sum of the moments exerted by a free joint on the bars connected to it is zero.
This is because no external moments are exerted on the free joints.) Also, for every independent
sway mode, there is an independent equation of equilibrium resulting from the corresponding
virtual work equation.

4.6 Strain Energy of Bending and Axial Loading

The strain energy per unit volume (strain energy density), Uy, of an isotropic elastic body
is given by (3.37). From this, the strain energy per unit length, U, of a beam can be found.
Applications of this will be found in Chapter 7; only two simple examples will be given here. The
general state of stress considered in this chapter is given by a,, as expressed by (4.10). The strain
energy per unit length is then given by integrating o,, over the cross-section of the beam, or

2
! [f-@+MJ]2M S MM

)
(] = _zidA = —— + +
: { 2E «[ 2E 2FA  2EI, 2EI, (4.59)

A4 1)1,

making use of the fact that the origin is at the centroid of the section and the axes are the principal
axes of the section.
The strain energy stored in an elastic body is equal to the P

work done on it. The pin-jointed frame shown in Figure 4.20 A
consists of a horizontal bar BC of length / and a bar AC at 45° to
the horizontal of length V21 The vertical force F at joint C induces
a tensile force V2F in AC and a compressive force F in BC. Both VoF
bars have a cross-sectional area 4 and are made from a material y o
with Young’s modulus £. The strain energy in the bars is found 2 B ) _;\ic
from the first term on the right-hand side of (4.59). As the strain F
energy per unit length in these bars is constant along each bar, this £3
term can be multiplied by the bar length to give the total bar strain
energy. This can be equated to the work done by F in moving
through the corresponding deflexion, 8, giving

F* . (2FRyY21

2EA 2FA

Figure 4.20 Deflexion of
a simple pin-jointed frame.

%F& so that & = ﬂ(l +202) . (4.60)

kA

Figure 4.21 shows a semi-circular three-
pin arch of radius r with a vertical load F applied
at its apex. (Such arches were examined in §2.4.)
As the ends of the two members AB and BC are
pinned, the reactions at A and C are forces of
magnitude FA'2 whose lines of action (shown by
broken lines) pass through B. Then each member
is symmetrically loaded about its midpoint and in
the same way. The strain energy for the whole
arch can then be found by calculating the strain 7 %
energy in the upper half of AB and multiplying A FA2
this by four. At a typical point in this upper half,
at an angle O from the midpoint as measured from
the centre, the axial force P and bending moment
M are

~

Figure 4.21 Deflexion of a three-pin arch.
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P=7]%cose , M=TF2-(rcosB—#).

If 6 is again the displacement through which F does work, then

/4 2 2
1py -4 LR i
2 2EA4 2E]
0 (4.61)
. Fri 1 r?
8- Lirey+ Z2n-s
giving 7| £ (m+2) EI( )]

Then if the arch is made from a beam with a square cross-section of side length equal to one tenth
of the radius r, the component of 8 resulting from axial compression is 1.5% of that resulting from
flexure.

{4.7 Anisotropic Beams Subject to Axial Stresses}

{In analysing homogeneous anisotropic beams, Lekhnitiskii (1981) starts from the state of stress
given by (4.10). The axes chosen are again the principal axes of the cross-section, taken through
its centroid. Because the state of stress is as before, the equations of equilibrium and the
conditions of zero stress on the lateral surfaces are again satisfied. The state of strain can now
be.found from g, using (3.63) giving

S & &Y Yx_ Yo _P_Mx M (4.62)
r+4 .
S;3 S Sy S S Se 4 1, I,

which must satisfy the compatibility conditions. This means that the strains can be deduced from
some deflected form of the beam, although this form will have arbitrary rigid-body displacements
associated with it. Omitting these arbitrary terms, the form associated with an axial tensile force
Pis
u = g(sux + -;-sﬂy)
v = E(is X+ 5.))
12 23 (4.63)
p
wE Z(sﬂx + sdly * 3332)

the form associated with a bending moment M, is

M, 2
U = —= (253X + 55Y° + S)7)

21
. #( Ssx? - sz + syt - s5327) (4.64)
w = ZT‘(s”xy + 5yt o+ 25,02)

xx

and the form associated a bending moment M, is
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2
" —-27}'-(sl3x2 - syt - sgyz - spz’)
»
M, 2
v = - E_(sﬂx + 25,,X) + $,X2) (4.65)
w
w = - L (55X + 5,0y + 25,,x2)

21
w

From the expressions for w in (4.64) and (4.65), it can be seen that a plane of constant z
may warp in pure flexure. Thus the usual assumption that plane sections remain plane is not in
general the appropriate starting point for an engineering theory of beams. It also creates a problem
in defining the absolute rotation of a cross-section. As will be seen in Chapter 6, this problem
causes particular difficulties when considering the deformation of a beam under shear. The
concept of ‘corresponding deflexions” was introduced in Chapter 1. It can be used to define the
rotation of a cross-section as being that through which the corresponding moment on it does
work. Thus if M, is the moment acting on a cross-section, the rotation of the cross-section, 6,
is such that the work done by the stresses acting on the cross-section produced by M, is 2M.0,.
The work done by these stresses can be determined from the component of g,, produced by M,
in (4.62) and and the expression for w in (4.64). Thenon z=0,

My M
1 _ 1 _ 1 2
M8y = ;[0 wdd = 2 75 S syt (4.66)
4 A o
This gives
1 1
8,0 = M (K555 + Kyp53) where K = -21—;£xy2d.4 » K = Z_IZ',{yadA T (4.67)

The rotation 8, of the section at z = 0 related to the moment M, can similarly be found from
(4.62) and (4.65) giving

1 1
0, = M(Kss; + K, 5,,) where K, = ——zfx’dA , Ky, = ——fozydA © (4.68)

21»' A wA

To simulate a fixed end at z = 0 when M, is applied, the rigid-body rotation 0,, must be subtracted
from the solution given by (4.64). This means adding the term 8,z to the expression for v and
subtracting 0,,y from the expression for w in (4.64). Likewise, the rigid-body rotation 6, is
subtracted from (4.65) to simulate such a fixed end for bending about the y axis. This means
subtracting the term 0,z from the expression for # and adding
the term 6 ,x to the expression for w in (4.65). If the section is Ay
symmetrical about the x axis, then K, and K, are zero. If the '
section is symmetrical about the y axis, then K, and K, are 1
zero. Then for bisymmetrical sections, such as rectangular, h o,
circular, ellipsoidal and I-sections, these corrective terms are l
never necessary. L

An example of a section for which these terms must be
calculated is shown in Figure 4.22. This is in the form of an >
isosceles triangle which is symmetrical about the x axis so that
K, and K, are zero. The required integrations are of functions
which are symmetrical in y and so can be carried out using

Figure 4.22 An isosceles
triangular section.
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h 26-3bylh

[feyda =2 [ fiey)dedy
A 0 -b

This gives
_ 173 _3;3 294 _1p2p3 374 -3p4
In—;bh ,Iw—;b h,fxydA— sbh ,fxcM 5bh
4 A
and so
2 2
K =-— | K =
¥ sp? ¥ 1sb

so that for an equilateral triangular section, (h = v'3b), these two terms are equal and opposite.

Apart from this correction to the expression for local rotation, which is only needed in
very special circumstances, the flexural behaviour of anisotropic beams can be analysed using the
methods outlined earlier in this chapter and taking //s;; as the flexural stiffness instead of EI.
Likewise, the axial stiffness can be taken as A/s,; instead of EA.

In the simple cases of uniform bending given by (4.64) and (4.65), it is possible to infer
the rates of flexural and torsional rotation induced. This is found from the general solution for a
state of strain which is uniform along the axis of the beam, given in §8.2. The shear behaviour will
be considered in the Chapter 6.}






Chapter 5 Torsion of Beams

5.1 Introduction

In the last chapter, the engineering theory of beams was based on a characteristic
responses to a moment or axial force. These were given by states of stress and strain which do
not vary along the beam. Likewise, the characteristic response to a torque does not vary along
the beam. If the resultant of the loading on the end of a beam is just a torque, any other pattern
of stress and strain will decay along the beam towards this unique characteristic response.
However, in some cases this decay can be quite slow, and so it can be necessary to take it into
account. This non-uniform torsion is examined later in this chapter.

The analysis of isotropic beams in pure torsion starts from the premise that plane cross-
sections of the beam do not deform in their own planes, but rotate at a constant rate of twist &
along the axis of the beam. This produces constant shear strains and shear stresses acting in
longitudinal planes of the beam, but no other stresses or strains. The torsional behaviour of
circular beams is particularly important and relatively simple to analyse and will be dealt with first.

5.2 Isotropic Beams with Circular Sections

Figure 5.1 shows a short section of a circular beam. It has two
flat faces, normal to the axis of the beam and 8/ apart. The point P, on
one face is at a radius r from the centre of the beam, as is the
corresponding point P, on the other face. After twisting, these two
faces are assumed to remain flat, but the former has rotated through
an angle 0 and the latter through an angle 6+80 about the axis of the
beamn, as shown in Figure 5.1b. This means that the point P, moves a
small distance r50 further around the circle of radius r than P, does.
The line P,P, of length 8/, which was originally parallel to the axis of
the beam, is now at an angle y to it, as shown in Figure 5.1b. This
means that

y&l =rd0 or y =rb .1

where 0 is the rate of twist along the beam. As the end faces are )
assumed to remain flat and normal to the axis of the beam, y is the N

angle through which the fibre connecting P, to P, shears, as shown in ()

Figure S.2a. From (3.26), the shear stress t on the fibre is equal to GY.  Figure 5.1 Torsion of a
From (5.1), all fibres at the same radius will have the same shear stress circular section.
t. The ends of these fibres form a ring of

thickness &7 and the resultant of the stresses t on

this ring produces a torque 87 as shown in R
Figure 5.2b where .

8T = 2mrdrxtxr

The total torque T on the far face of the short
section is given by integrating all the elementary
torques 8T over the area of the face. If thisis a
solid circle of radius a, (a)

Figure 5.2 Shear stresses on a circular section.

5.1
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na*

2

T= onrzrdr = f27rr3G0dr = Gb = GJb (5.2)
0 0

using (3.26) and (5.1). Here J, known as the (uniform) torsional constant of the section, is also
the second polar moment of area of the cross-section. For a hollow section of inner radius & and
outer radius a, the above relationship becomes

T = f21tr2tdr = f21tr’G0dr = 2(a*-b")Go = GJO (5.3)
) )

Again, J is the second polar moment of area of the section. If the hollow section is in the form of
a thin tube of thickness 7 (f<<b) and mean radius c, so that a is ¢+ /¢ and b is ¢c-%¢, then

at - bt =4c%+ct?, - J=2nct (5.9
The above relationships can be rearranged in the form
T T Gy
J r r (5.5)

It must be emphasised that these relationships apply to circular sections only.

5.3 Thin Tubes and the Approximate Analysis of Non-Circular Sections

TN

Figure 5.3 Torsion of a thin tube.

The torsion of a thin circular tube was considered above. An approximate analysis of non-
circular tubes is based on assuming that the shear stress t, induced by torston, is uniform across
the thickness, ¢, of the wall of the tube. This thickness need not be constant. It is no longer
satisfactory to assume that plane cross-sections of the tube remain plane after torsion, because
then the resulting shear stresses would not normally be in equilibrium. The out-of-plane warping
of the cross-section will be denoted by a displacement w in the axial direction. Distances along
the middie line of the wall will be expressed in terms of the parameter s as shown in Figure 5.3a.

Consider a small length 85 of the wall of the tube which is 8/ long in the axial direction,



Sec. 5.3] Thin Tubes and the ApproximateAnalysis of Non-Circular Sections 53

as shown in the detail of Figure 5.3a. The inner and outer faces of this element are stress-free, as
they are parts of the free surfaces of the beam. The element is assumed to be in pure shear under
the action of the shear stress T on the faces of the cross-section (the nearer one shown shaded)
and the complementary shear stresses on the upper and lower faces of the element. As there are
no other longitudinal stresses, these complementary stresses must be in balance with one another.
Both the shear stress T and the thickness ¢ can change between the two. The change in the product
of the shear stress and the thickness is denoted by 8(t7). The length of the faces on which these
complementary shear stresses act is 8/, so that equating the forces which they produce,
twdl = [t +8(tt)]8] giving 8(ts) =

The product <7 is thus constant around the wall of the tube. This product is known as the shear
Slow and is often denoted by g. The shear stress on the ‘near’ face of the element produces a
resultant force t78s as shown in Figure 5.3b. The line of action of this force is at a perpendicular
distance 4 from some point O in the same plane. This force then produces a small torque about
O, given by the product of this force and /. The total torque 7 is given by integrating all these
elementary torques around the section, or

T = fttths = quchA = 294 (5.6)

because ¢ is constant and the area of the elementary triangle 84 is the product of half the base
length, 8s, and its height, A.

Suppose that O lies on the axis about which the beam twists, and that the rate of twist is
again 0. The far end of the element will then move clockwise through a distance 486/ in the
direction of the middle line relative to the near end. By the same arguments used in the previous
section, this means that the shear angle y* shown in Figure 5.3b is equal to #0. However, this is
no longer the actual shear strain, because the other side of the corner of the element rotates in the
same sense through an angle ow/0s The distortion of the beam is proportional to the rate of twist
D, so that w can be written as 8w, where w is a warping function of position on the cross-section.
The true shear strain in the plane of the wall of the tube is then given by the difference of these

two rotations, or
T ow dw
—_ = = * - e— = 0 h -

¢ 77 ds ( ds ) 57

using (3.26) again. This can be integrated around the wall of the section to give
—ds = —§tds = {O| h - ——\ds = Ddhds = 240
Lftas = e o - 52 - ofha L

(cf. (5.6)). Note that the second term of the integrand disappears because on integration this
would give the difference between the value of w at the end of the path and its value at the start
of the path. As these are at the same point, the difference is zero. Then from (5.6) and (5.8),
2
T=294-G| 4 |6 -G 59)

f %dc
where the torsional constant J is given by the contents of the brackets. If the wall thickness 7 is
constant around the perimeter, then the line integral becomes p/f where p is the perimeter length.
For example, for a thin circular tube of mean radius c,

?  p=2mc . T=2mcltt = G2nc*)d = GJb . (5.10)

A =Tmc
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This is the same result as that given by the approximate analysis of a thin circular tube in the
previous section (cf. 5.4)).

Multicell tubes can be analysed in a similar
fashion. Figure 5.4 shows a tube with a thin
interior wall which divides the tube into two celis.
The detail at the bottom of this figure shows the
junction of this interior wall with the outer wall at
P. This is of length 8/ and has longitudinal shear S
stresses acting on the cut lengths of wall. These
produce the forces shown by the product of the
shear flows and &8/, Then for longitudinal
equilibrium the shear flows must balance, or

G =9 {5.11)

(eliminating the common factor &/). The same
equation holds at the junction R. In terms of the
complementary shear flows on the face of the  Figure 5.4 Equilibrium of a multicell tube.
cross-section, it can be seen that the sum of the

shear flows into a junction is matched by the sum of the shear flows out of it. The torque T
produced by the shear stresses can be found by the same method used to derive (5.6) giving

T=qlf2dA+q2f2dA +q3f2dA
PQR RSP RTP (5.12)
= 2[‘1,/11 * qz(Az +A3) + ‘13'43] = 2[q|(A| +A3) + quzl

making use of (5.11) to give the final equality. The areas 4, to 4, are shown shaded in Figure 5.4.
Following the same process that gave rise to (5.8), the shear stress can be integrated around any
closed loop formed by the walls of the section to give an expression for the rate of twist. (This
is sometimes referred to as the shear circulation theorem.) In the present case,

1 q 1 q
— dds = 24,0 , — Lds = 2(A4, +A)D
G JrspR ¢ y 2 G JrTeQr ¢ () +4,) (.13)

Note that (4,+4,), and hence (5.12) and (5.13), are independent of the choice of the pole O.

Equations of the above type are sufficient 9,
to analyse multicell tubes. The example shown in >
Figure 5.5 has a constant wall thickness . From
(5.12), c—=

T = 2[q,(2c?) + g,c?]

and from (5.13),

1 &(30) _ i]_;_c = 2010, Figure 5.5 An example of a multicell tube.
G\ 1« t
1 q3 q] _ 2
rel - ¢ T(SC) = 202D . Together with (5.11), this gives
_or _ 8T T . 12
hZcg BT BT » T=G@e’nd . (5.14)

26¢?
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If the internal wall is omitted, the earlier analysis for a simple tube give the value of the torsional
constant J as 4%4c’t, so that the inclusion of this wall does not increase the torsional stiffness of
the tube significantly.

The analysis of the uniform torsion of solid non-circular sections also starts from the
assumption that only shear stresses act on the plane of the cross-section. The resultant shear stress
at the boundary of the cross-section must be parallel to it. (If the resultant had a component
normal to the boundary, there would be a complementary shear stress acting longitudinally on the
free surface of the beam.) Thus the outermost layer of the section can be thought of as a thin tube
with a constant shear flow around it during torsion. Within this lies another tube for which the
same will be true, and so on. The whole cross-section then resembles a sliced onion, the local
resultant shear stress at any point being tangential to the path of the local layer. These paths are
known as shear stress trajectories.

Figure 5.6 shows a rectangular section in which the shear fo——— Q
stress trajectories are assumed to follow rectangular paths. The t
section then behaves like a series of rectangular tubes, one inside the
other. Each tube will be taken to have a uniform wall thickness all
the way round. A typical tube is shown shaded. This has a breadth
of 2x, a height of 2x+b-a and a wall thickness of x (taking btobe b
greater than a as shown). If the shear flow in this tube produces a
torque 67, then from (5.9)

8T = G 4[2x(2x+b—a)]26x b
8x+2b-2a

Integrating this for all such elementary tubes (from x=0 to x=%a)  Figure 5.6 Torsion of a
gives the total torque as rectangular section.

T =G;|8a% - 2ab(a’ +b7) + (b-a)‘ln( :w] o
-a

»

1
32

For a square section of side a, this gives the torsional constant as
J = 0.125a* (versus the correct result of J = 0.1406a*).

For a thin strip of thickness ¢ and depth b, the above expression gives
J = %bt3 {- %t“...} (versus the correct result of J = %bt3 -0211t ). (5.15)

(It is necessary to expand the logarithmic expression to obtain this result.) The exact expressions
will be found in Timoshenko and Goodier (1970) for example. They are obtained by using Saint-
Venant’s semi-inverse method, which is the subject of the next section. Many common beams
have open thin-walled sections (that is, the walls of the section do not join up to form closed
loops). The value for J used for such a section is taken to be the sum of the approximate J values
(b2 for each strip of constant thickness composing the section.

5.4 Saint-Venant Torsion

In §4.1 a pattern of stress was assumed, and the semi-inverse method used to show that
it met the necessary criteria for a theory of the bending of beams. Here, the method will be used
again, only starting from a pattern of deformation. As with the theory of thin tubes, it will be
assumed that the cross-section of a beam undergoes rigid-body rotation during torsion, but can
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warp out of its plane. This warping will be taken as proportional to the rate of twist, 8. This rate
of twist is assumed to be constant, and the axial stress, g,,, taken as zero. Cases where these
assumptions do not hold will be examined later.

Figure 5.7 shows the cross-section of a beam which
has a rigid-body rotation ¥z about the point O. From the
above, the displacements of a point on the cross-section with
coordinates (x,y) are

u=-0yz , v=0xz , w=10g(xy). (5.16)

(Note that the z axis is out of the paper and that 8z is
clockwise about it.) The shear stresses on the cross-section are

Ta=GY :G 5014-2 :Gﬁ ?Lg.—y
= o Oz ox
w v 3 17
1, =Gy, =G| 22+ Z| = Gd| L +x
4 i dy oz oy
In the absence of body forces and of any longitudinal stress
0,, (3.5) becomes Figure 5.7 Torsion of a section.
dr,, ot
2+ -0 .
ol (5.18)
so that from (5.17),
2 2
Gt Q + .a_& =0 or Vzg =0 (5.19)
Ix? g

as GO is not zero. At the boundary of the cross-section, the shear stress t, normal to the boundary
must be zero. This is because there would otherwise be a complementary shear stress t, on the
free surface of the beam. This shear stress can be found by simple resolution of the shear stresses
T, and 1, which act on the same surface. Then from Figure 5.7,

T, = T,CO8Q + tzysina =0 (5.20)

n

If s is the parameter of position around the boundary, measured anticlockwise from some point
on it and » is the distance outwards from the boundary along the local normal, then

Cosa=afy E sina:—é:ﬂ

ds  dn ds dn (.21)
Then from (5.20) and (5.21),
T, = -t — +T &
n CIr =y (5.22)
The shear stresses are now defined in terms of the gradients of a function ¢ known as Prandil’s
stress function:
9¢ b
i Ty E}T = Ty (5.23)

This definition satisfies (5.18) immediately, and from (5.17),

2 2 0 d
- S S N
9x? ay? ox oy

(5.24)
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Using (5.23) and the first relationships for cosa and sine. in (5.21), the boundary condition given
by (5.20) becomes
= % é + @ @I_ = @

T
T ds  oyds ds (5:25)

so that lines on which <, is zero, such as the boundary of the section, are lines of constant ¢ (i.e.
¢ contours). These lines are such that the resultant shear stress is tangential to the line. That is
to say, they are shear stress trajectories. Changing ¢ by a constant value does not affect the
relationships given by (5.23). Then for a simply-connected* cross-section, ¢ can be taken as zero
on the boundary without loss of generality. Similarly, the shear stress parallel to the boundary is

bk o _db

T, = T_cosa - T_sina =
£ = dxdn dydn dn

(5.26)
More generally, the magnitude of the shear stress along any shear
stress trajectory is equal to the gradient of ¢ in the direction
normal to it. The shear flow (the product of shear stress and
width) between two adjacent ¢ contours is then constant. Thus
these contours can be thought of as dividing the section into a set
of thin rings, in the manner used in §5.3.
From Figure 5.8, the total torque on the section is

T-= f(tzyx -1, y)dA

4
(5.27)
- [f -(ﬁckx»,ﬂy]dxdy
ox oy
from (5.23). On integrating by parts, Figure 5.8 Torque produced
T = f(_ | x| +f¢dx)dy + f(- 3% +f¢dy)dx by shear on a section.
-2 [esd (5.28)

(The first terms of the bracketed integrands vanish because ¢ is zero on the boundary of the
section.) Thus if the ordinates of ¢ are plotted normal to the section, the torque is given by twice
the volume underneath the ¢ surface.

The solution of the torsion problem for a particular cross-section then requires a function
¢ to be found which satisfies (5.24) and is zero on the boundary of the cross-section. The shear
stresses associated with a particular rate of twist & are then given by (5.23) and the torque by
(5.28). For example, for a solid elliptic section with major and minor semi-axes of lengths a and
b aligned with the x and y axes respectively,

__aWiGh| xt oy
¢_____az+b2(;; el (5.29)

from which it follows that the shear stresses and the torque are given by

A simply-connected body is such that any path in the body between two points can be deformed
into any other path in the body linking these two points without crossing any boundary of the body.
What is important here is that the boundary of a sumply-connected section is described by a single
(closed) continuous line.
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(5.30)

ks 4 x
Y at+p? a+b?

_2%Gd . _  2a%yGb T- na’h’ Gb
a2+b2

where the bracketed term in the last expression is the torsional constant J. In the limiting case
when the ellipse becomes a circle (5=a), this result is the same as that given in §5.2. However,
some differences from the earlier analysis should be noted. The torsional constant .J is not in
general the second polar moment of area. Also, the greatest shear stress is not at the furthest
distance from the centroid of the section but at the end of the semi-minor axis and is given by

. 2a%Gb 2T

max
a*+bh?  mab?

(5.31)

{Polar coordinates

The above analysis can be expressed in
terms of cylindrical polar coordinates (cf
§3.10). If the relationship between the polar and
cartesian coordinate systems is as shown in
Figure 5.9, then the increments in position dx
and dy are related to the increments &7 and 50
shown in Figure 5.9b by

dx = cosO dr - rsin0 66

= g—xbr + 3—366
r
Oy = sin® &r +rcos0 66 (5:32) ®)
= —alﬁr + QGO 0 rs
or a0

The shear stresses acting on the positive z face igure 5,9 Torsion of a semicircular section.
shown in Figure 5.9¢ can be resolved like

ordinary vectors to give
dp1dy dpldx _ 135

T, = t_cost +t_sin® = 2 -2
= ” dyrdd dxradd rao (5.33)
Tg, = ~1,8in@ +t _cosB = 9y b 9 )
” dy or ox or or

using (5.23) where the harmonic equation for ¢ given by (5.24) becomes

2g = L[, 9f,9¢ Ll
Ve ﬂ{'ar( ar) 892] 260 (5.34)

where ¢ is zero on the boundary of the section. For the semicircular section of radius a shown
in Figure 5.9,

$ =Gd

2. .= 2m+]
~ricos?® + 3 E(—l)""][L) cos(2m+1)8 (5.35)
T om0 a (2m+1)[(2m+1)*-4)

giving
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sin(2m+1)0
Cm+1)[(2m+1)* - 4

Ll 2m
27 o528 + 8 1 ,,,( L] cos(2m+1)0
a ng( ) a) (2m+1)[(2m+1)? -

T m-=0

Y, = =%, = 0a[ism29 + —Z( l)"‘( —) " ]
a a ]
(5.36)

Yo. = —Tg, = Da

The contours of ¢ given by (5.35) are the shear stress
trajectories shown in Figure 5.10. (The sense of the resultant
shear stress shown by the arrows is for a positive z face.) The
maximum shear stress, T, occurs at the origin of the
coordinates. This and the torsional stiffness are given by

T, = 0.849GD , GJ = 0298Ga'.  (5.37)}

5.5 The Membrane Analogy

An insight into the form of the shear stress distribution L.
during torsion can be obtained from the membrane analogy. A Figure 5.10 Shear stress
thin membrane, or soap film, is imagined to cover a slot in the trajectories for a semi-
shape of the cross-section. This has a uniform tension per unit circular section.
length S in it and a uniform pressure p is applied under the
membrane, as shown in Figure 5.11.
The membrane deflects a small amount
w in the z direction, normal to the
membrane. Consider the equilibrium of
a small portion of the membrane, 6x
long by 8y broad. Figure 5.11b shows
this element as viewed in the x-z plane.
The tension on the edge of length dy
has a resultant S8y which has a
component in the z direction which is
given by multiplying this resultant by
the slope of the membrane in the x
direction. Owing to the curvature of
the membrane, this component changes
slightly between the edges of the Figure 5.11 Membrane analogy for torsion.
element. There are similar vertical
components of the tensile forces $8x on the other pair of edges. The pressure p produces a
resultant force pdx8y on the element. Then for equilibrium in the z direction,

ox

2
S| D ox|oy + 5| Doylor «poxdy=0 o Vw=-2  (s39)
2 ayZ S

The displacement w is zero around the boundary of the section, just as ¢ is. Comparing (5.38)
with (5.24), if w is analogous to ¢ then p/S is analogous to 2GD. Also, from (5.28), the volume
enclosed between the deformed membrane and the plane of the slot is analogous to half the
applied torque. Experimental apparatus based on this analogy was used in the past to determine
the torsional properties of different cross-sections, but this has been superseded by computer
methods. However, based on the common everyday experience of soap films, it is possible to
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draw useful conclusions about the nature of the
shear stress distribution during torsion. Figure 5.12
shows an imaginary equilateral triangular slot which
is covered with a soap film. This film bulges under
lateral pressure, and the contours of the deformed
shape are sketched in the figure. This sketch shows
that the contours are most tightly packed half way
along the sides of the triangle. This must be where
the slope of the film is at its greatest, and hence
where the shear stress during torsion of a cross-
section with the same profile as the slot is greatest.
Equation (5.24) and the condition that ¢ is zero on
the boundary are satisfied by

Figure 5.12 Membrane analogy
applied to a triangular section.

o = ——5%2(3):—a)(3x-3\/3y+2a)(3x+3J3y+2a) (5.39)
a

where a is the height of the triangle from base to apex. The first bracket is zero on the right-hand
edge of the triangle (x = Y4a), the second bracket is zero on the upper edge and the third bracket
is zero on the lower edge. The shear stress T,, parallel to the boundary (x='4a) is given by (5.23)
as -0d/dx. At its midpoint (y=0) from (5.39),

- 9% Gb

=3 54a(81x2 -8ly? +54xa) = %Gﬁa (x=%a , y=0) (5.40)

and this is the maximum shear stress.
The membrane analogy can be used to justify the value of J used for thin-walled open
sections, mentioned at the end of §5.3. For a given pressure, the total volume under the analogous
soap film will be proportional to J. For a set of strips, this volume will be almost the same,
whether the strips are joined together or not (unless the strips form a closed loop). Hence the total
torsional stiffness of an open thin-walled section can be taken as the sum of the stiffnesses of each
strip. If the strips form a closed loop, the corresponding slots isolate an area of plate which is then
free to lift up under pressure. The total volume then has to include the volume under this isolated
area. The torsional stiffness then increases dramatically with the closure of a loop of thin-walled
strips and the thin-walled tube analysis has to be used. The analogous soap film also does not
change greatly if the strip is slightly curved. Thus (5.15) is also used to give the value of J for
slightly curved strips.
Using the membrane analogy, it is possible to see that high
shear stresses are likely to occur at reentrant (or concave)
parts of the section profile. This is where the contours on
the corresponding deformed membrane tend to ‘pile up’,
producing a high gradient. Thus the worst torsional shear

~

stress in a thin-walled open section usually occurs where f

,,;\ S
the flange meets the web. A generalisation of such a ‘/\ x
junction is shown in Figure 5.13. The fitlet radius is » and 7§ \ X
the tangent to the filiet rotates through an angle ¢ in going
around it. The diameter of the greatest inscribed circle  Figure 5.13 Stress concentration.
which touches the fillet is D and the total area of the cross-
section is 4. The maximum shear stress induced is then
given by
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t=Gbdc where ¢ = —D— 1+10.1181n l+2 +O.2382 tanh—z—"-1
n2D* 2r 2r T ] (541
1 + ———
1642

This formula and others for the torsional properties of sections will be found in Table 20 of
Young (1989). See also Appendix 4 and the program TORCONS EXE listed in Appendix 3.

5.6 Strain Energy of Torsion

In §4.6, the strain energy per unit length, U, produced by the axial stresses associated
with axial forces and bending moments was found by integrating the strain energy per unit volume
over the cross-sectional area of the beam. Here, using (3.37) and (5.23), it is given by

1 2 2 1 33?2 ap }?
U =__f yag = L[99} L[ 9%} 4
! ZGA(t”ﬂ") 2G (ax) (ay) (5.42)
A

where A is the area of the cross-section. From Stokes’ theorem,

9 ¢ *—?— 29 = —a_¢x+ﬂ =
f[a(d’X) ay[d)ay”d” f‘”[ 3" axdy] RN CE)

where the second integral is around the contour of the section and is zero because ¢ is zero on
the boundary. It then follows from (5.24) and (5.28) that

(a0), (00) 4 - - ol 20, #0) s (o )
j(g) Ei jq)(ax, ayl]dA j¢< 2600dA = TGY g 4

so that from (5.42),

1 1 2 T?
U=—TGd = ~GJV? = —— where T = GJb (5.45
26 2 2GJ (549)
as is also the case in §4.6, this result could also
be obtained by equating the strain energy per
unit length to the work done on that length by

the resultant loading. t
Strain-energy methods can be used to g ¢
find the deflexion of an open-coil helical spring, PR a

such as the one shown in Figure 5.14. In this
example, the spring is subject either to an axial
tensile force P or to a torque 7. The coil will be m T
taken to have a mean radius R, as seen in plan.
The pitch angle of the coil to a plane normal to
its axis is &, as shown in the detail of Figure
5.14. The axial force P produces a moment PR
on every section of the coil which can be

Figure 5.14 An open-coil spring.
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resolved into a local bending moment  and a local torque ¢, where

m = PRsine , t = PRcose. (5.46)
Likewise, the torque 7 can be resolved to give

m = Tcosa , t = -Tsina (5.47)

The coil will be taken to have n complete turns. This means that the total length of the coil wire
is 21Rn seca. The total strain energy of its bending and torsion is then

m? 12
U = 2nRnseca + (5.48)
2EI  2GJ

using (4.59) and (5.45). This strain energy can be equated either to the work done (12P8) by the
axial force in extending the spring by an amount 8, or to the work done (1470) by the torque 7
in twisting the ends of the spring through a relative rotation 8. This gives

12 2 2 P2
8 = 2nPRnseca) 0% , COSC Y g - anTRseco| S5 & L, SIME Y (549)
ErI GJ EI GJ
The axial force P also produces a twist of the spring and the torque T a relative axial displacement
of its ends. How these are found will be discussed in Chapter 7.

5.7 Non-Prismatic Bars and Other Exceptional Cases

The theory of torsion outlined above is often applied to
cases where, strictly speaking, it does not apply. For example,
if the cross-section of the bar varies along its length, it is taken
that the relationship between torque and twist still applies
locally, using the local torsional stiffness. The general form of
the solution for the torsion of bars with a circular cross-section
of varying diameter is due to Michell'. The solution for a
conical bar was found by Foppl® (see also Timoshenko and
Goodier (1970) §119). This solution can be used as an
indication of the accuracy of the above approximate analysis. It
is best expressed in spherical polar coordinates (see Appendix
7). The cone has a half-angle & as shown in Figure 5.15. Tt is
taken to consist of spherical surfaces of constant radius r as measured from the tip of the cone.
These surfaces are taken to remain undistorted during torsion by a torque 7, but to rotate with
respect to one another about the axis of the cone. This gives only a tangential displacement w of
the cone material which is taken to be

Figure 5.15 Torsion of a cone.

_C . __3C .
w = ;;sme, so that (A7.1.1) Yoo © —r—3-5m6 ) (5.50)

No other strains are induced, and so the only stress, T,4, is G times this shear strain. This shear
stress, acting on a small area 84 of the spherical surface produces a torque of 1,,84.7sin8 about

! Michell, JH. (1899) Proc. London Math. Soc. V.31 p.141.
2 Foppl, A. (1905) Sitzungsberichte Bayer. Akademie Wissenschaften V.35 p.249.
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the axis of the cone. The total torque T is then given by

f— 3GC sin® rsin® 27 rsin® rdo
A rl (5.51)

2nGC(3cosa - cos’at - 2)

T

ftwrsinGdA =
A

After some manipulation, this gives the maximum shear stress at a radius r as

3T
T =
™ 2nr3(1 - cosa)?(2 + cosa) (5.52)

The elementary theory, extended to analyse varying cross-sections, gives

T = _L?‘_.
S TS (5.53)

The ratio of the two tends to one as  tends to zero and the elementary theory overestimates the
maximum stress by 10% when o is 30.4°. The ratio of the strain energies per unit length predicted
by the two methods is inversely proportional to the predicted torsional stiffnesses. As will be seen
in Chapter 7, the approximate stiffness found this way is always greater than the true stiffness.
The ratio, J,, of the former to the latter is given by

2
Ty 1 [ 4(2 +cosa)] (5.54)

) 3(1 +2cos’a) | (1 +cosa)

This ratio increases with & and shows that the approximate torsional stiffness exceeds the true
torsional stiffness by 10% when a is 15.3°.

The shear modulus G may vary over the cross-section of a bar in torsion. Under certain
circumstances, the previous solutions may still be applicable. If the material is uniform between
the stress trajectories found for a homogeneous bar, then the section behaves like a set of nesting
tubes, each with its own shear modulus.

The torsion of a circular bar of radius r, made from a
material with shear modulus G, with a second circular bar of
radius r, and modulus G , was analysed by Vekua and
Rukhadze!. Suppose that the centre of the second bar is offset
from the centre of the first by a distance e as shown in Figure
5.16. The overall torsional stiffness of the section, GJ, say, is
then given by

2G,(G,-G))

GJ, = GJ, +
G, + G,

Ly (5.55)

approximately. Here, J, is the torsional constant for a solid
circular section of radius r; and /,, is the second polar moment
of area of the second circle about the centre of the first, that is

Figure 5.16 Torsion of a
compound cross-section.

! Vekua, I.N. and Rukhadze, AK. (1933) /zv. 4. N. S.SSR. No. 3 p.373.
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J, =i7'tr]4 , 1
2

. = 3 e (556)

(see Muskhelishvili (1963) §140a for example). This result is particularly useful for the analysis
of fibre-reinforced rods, when (5.55) can be extended by adding further terms of the second kind
on the right-hand side for each fibre. Muskhelishvili also analyses the problem of the torsion of
a rectangular strip of two materials, as shown in Figure 5.17. Provided that the width of each part
is at least 2.5 times the thickness of the strip, the overall torsional stiffness of the compound bar

is given approximately as
2B
1"_‘ b, ""‘* b, —DI

This reduces to the form given by (5.15) when the two  Figure 5.17 A compound strip.
materials are the same.

GJ = MG b +Gb ) -021 ———G'z+G’2 t* (5.57) :
= — + -4 »
o= FNMIT T MY, G, +G,

{5.8 Anisotropic Beams in Torsion}

{This problem has been examined by Leknitskii (1981) and Sokolnikoff (1956). Some of
the material is complex and specialised, so that only some of the simpler and more commonly
applicable results will be discussed here. It will be seen in §8.2 that a bending moment applied to
an anisotropic beam can produce torsion and that a torque can produce bending when the
compliances s,; and s, are not zero. If a torque T is applied in the sense used earlier, taking the
axis of the beam as the z axis, flexure is produced about the principal axes of the section which
is given by the rates of rotation

Ts Ts
0 - - 53 0 - 43
TR TS (5.58)

(cf. Lekhnitskii, ibid. (50.5)). However, the general derivation of the torque/twist relationship is
not easy.

The problem becomes much simpler if the material is symmetric with regard to inversion
of the z axis. This is the monoclinic system given in §3.11. The compliances in (5.58) are then
zero so that there is no coupling between bending and torsion. Also, it then becomes possible to
use a generalisation of Saint-Venant’s analysis given in §5.4. The material displacements are again
those given by (5.16). This means that the only non-zero strains are y,, and v_,. Then the only
non-zero stresses are T, and T . As in (5.23), these will be given by the gradients of a stress
function ¢ where

% T, @ . T, .
ox ” dy =

The equilibrium equation (5.18) is automatically satisfied. The stress-strain relationships
previously given by (5.17) now become
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d
SasTye * SssTee = Y = a_i -y|?
o (5.59)
SaaTye * SasTu T Y = a—y +x|0
so that
dt T, Jt at
s“-ﬁ + s”-é}-}— - s‘“—axﬁ - S“-ng = -28 (5.60)
or in terms of ¢ this becomes
2 2 2
sﬂ—zs a¢+s M=—20 (5.61)

44 ax2 43 axay 55 8_}’2

The condition of zero shear stress on the sides of the beam is again satisfied by taking ¢ as
constant around the boundary of the section ( or zero if the section is simply-connected). Solving
(5.61) with this boundary condition then determines the state of stress of the beam for a given rate
of twist. This can be integrated, as in (5.27), to give the necessary applied torque.

To simplify the solution, (5.61) can be expressed in terms of a new set of coordinates (x,y)
at an angle o to (x,y) such that

28y

X = xcose + ysina , y = -xsina + ycose  where tan2e = ———  (5,62)
5. -
55~ S4a

It then takes the form
2
5, 5%

44 | —

ax?
- 2 e SO : - 2 2 o
= 5,008 + s sin‘a - s,sin2e Sgs = S48in°0 + sg,cos’a + 5,8in20

2
+ Sss—a—jl = -2b where
dy? (5.63)

S

44

From the positive-definiteness of the compliance matrix, it can readily be shown that S,, and S,
are both positive. A further coordinate transformation reduces this to the harmonic form
2 2
9o Lo -2G*0  where
ax* or?
.4 ] ve , (5.64)

X = gx’ s gY = y , g = — S e———

SM \/( S44 SSS)

A function ¢ is now sought which satisfies (5.64) and is constant on the boundary of the section,

as expressed in terms of X and Y. For example, what was a square boundary may now become a
parallelogram. A circular boundary becomes an ellipse. In this case, if the bar is of radius a,

2
¢ = -0 (i + Vgt - a’] R (5.65)
Sis + 555\ g7 S4a * S5
giving a shear stress distribution like that of an isotropic circular bar,
2x 0 2y D
T = LT = e
S PR i S4q ¥ Sss (5.66)

(although the cross-section may warp in a complex manner). Integrating over the cross-section
to find the torque gives
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0 4
T= [——3———(x2+)”)dA = 20 (5.67)

+
% Saa * Sss Saq * Sss

Thus a circular bar made from monoclinic material in torsion behaves very much like an isotropic
bar, if the inverse of the shear modulus (1/G) is taken as the average of s,, and s,5. Other cases
are examined in the references given at the beginning of this section. For example, Lekhnitskii
(1981) analyses the torsion of orthotropic bars with elliptic and rectangular cross-sections and
gives approximate methods for other problems. See also Sokolniknoff (1956) §51, Hearmon
(1961) §4.4, and Love (1952) §226. }

{5.9 Non-Uniform Torsion of Thin-Walled Open Sections}

{The value of J for a thin circular tube of radius ¢ and thickness 7 is given by {5.10) as
approximately 2mc’t (when ¢ >> ¢). If a fongitudinal slit is cut in the tube, J drops to the value
given by (5.15) of approximately Zamcf’. The reason for this sudden drop is that the slit tube can
warp much more readily than the closed tube, the two sides of the slit being free to move
longitudinally with respect to one another. However, if the ends of this tube are constrained from
warping, its overall torsional stiffness can increase significantly. The problem of torsion with
constrained warping been analysed by Vlasov (1961) and discussed by Zbirohowski-Koscia
(1967)

In his analysis, Vlasov makes two assumptions. One is that the form of the cross-section
does not change, so that its in-plane motion is as a rigid body. (This was also the basic assumption
of Saint-Venant torsion described in §5.4.) Also, it is assumed that the overall longitudinal shear
strain of any part of the section wall (denoted by y in (5.7)) is zero. At first sight, this is a
surprising assumption. However, it is analogous to allowing that shear forces (and shear stresses)
can arise as a result of a varying bending moment, but ignoring the shear displacements which
must be produced. This is implicit in Chapter 4, and can be justified on the grounds that these
shear displacements are usually relatively small'. The constraint of warping gives rise to axial
stresses which produce localised bending effects. These effects are sometimes referred to as
Sflexural torsion. In order to uncouple the effects of these stresses from those of other kinds of
loading, such stress systems can be taken to give rise to no resultant axial force or bending
moments, without loss of generality. Such stress systems are referred to as bimoments and are
denoted by the letter B.

The two assumptions mentioned above are now used 1o find the warping of the cross-
section. As in (5.7), the warping of the cross-section is given by 8w where ¥ is the rate of twist
and w is a warping function. In the present case though, the shear strain is taken as zero, so that

():y:{)(h-%:ﬂ) or %—":=h (5.68)

! [In §5.3, the resultant shear force per unit length of section wall was denoted by the shear flow g.
From equilibrium considerations, this was shown not to vary along any simple strip. However, at
the end of an open strip, g must be zero because the complementary shear stresses would be on a
stress-free surface. Then in uniform torsion, an open strip has no shear flow.
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The warping function at distance s along the middle line, as measured from the start, a, is given
by

a s

m=ma+fhds=m + 24 (5.69)

where A, is the sectorial area shown lightly shaded in Figure
5.18 and w, is the warping displacement at a. The mean
warping w,, of the cross-section , allowing for a possible
variation in the wall thickness', ¢, is

b
f(ma +24,)tds
w, s (5.70)

b
flds

where the end-point of the middle line is at b,

The position of O is determined from the condition that flexural warping is uncoupled
from normal flexure. A longitudinal warping strain €,, results if there is a change in warping
between adjacent cross-sections. This change will be produced by a change in the rate of twist .
Using primes to indicate the rate of change in the longitudinal direction, z, the associated warping
stress g,, is given by

Figure 5.18 Sectorial areas.

0,=Fe, =Ew = E0w = E0"0 (5.71)

If this is to produce no axial force,
b b b
0= fozztds = Ee”fwtds = EB”f(wa +24,)tds
‘ “ o (5.72)
giving waftds = —2fA,lds‘

In other words, the mean warping, w,,, must be zero. For this stress system to produce no
resultant bending moments about the y and z axes,

b b b b
0 = fozzxtds = EB"f(wa +24 )xtds giving (oafxtds = —2fA:xta's

b b b b (5.73)
0= fozzytds = EB"f(u)a +24 )ytds giving (uafytds = —2[Abytds

The position of O and the value of w, must be found which satisfy (5.72) and (5.73). The change
in A, given by measuring it with respect to some point C instead of with respect to O can be
determined from Figure 5.19.

! For a discussion of the nature of w,,, see Chilver, A H. (1955) Journal of the Mechanics and
Physics of Solids, V.3 p. 267 (1955).
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A short length 8s of the middle line of the section subtends
the triangle OP,P, of area 84, at O. With respect to C, the
triangle CP,P, has an area 84,°. Then

5A,C = CplQ + Csz - Plpzo
= (3y.QR +8x.0R) - P,PQ,
84, =0P,Q + OQP, - P\P,Q
= %[by,(QR +x°) +6x.(OR-y°)] - P P.Q.

(5.74)

Integrating the difference in these expressions to give the

difference between 4, and 4,° gives Figure 5.19 Elementary areas.

2(4,-A4) = [2(dd, -dA]) = [(dy -yodx) = x"(y-y,) -y (x-x,) (575)

The value of A, ° can be determined for some arbitrary point C and the value of 4, then expressed
in terms of x° and y°.There are now three unknowns x°, y° and w, which can be determined
from the three equations given by (5.72) and (5.73).

If the origin of coordinates is chosen to be at the
centroid of the section, then the left-hand sides of the final
forms of equations (5.73) are zero. It is also convenient to
choose C to be at the centroid and to take the axes to be
the principal axes of the section. The coordinates of O are
then (x°, y°) and certain terms in the required integration
disappear. For the slit tube shown in Figure 5.20, from (5.75)

24, = c*o +x°(csina) - y°(-ccosa +¢)
Substituting this in (5.72) and (5.73) gives Figure 5.20 Constrained warping
w,(2mct) = -2m%c3 - 2my°cy of a slit circular tube.
0 =mncy® , 0=2mc* - ncx® .
This means that the position of O is as shown in the figure, the value of w, is -nc¢? and
W= +24 =c¥a-n)+ 2sine (5.76)

The centre of rotation O is also known as the shear centre and will be examined again in the
chapter on shear.

The equilibrium of a longitudinal strip of the
section wall is illustrated in Figure 5.21. The axial stress
0., and the shear flow t7 must produce no net axial force
on the strip, giving

8(tr)dz = 80,185

or, from (5.71), 0] e~ - /h
=
ott Iaozz 518 577 ™~ \(/
— — = [N]
os oz (5.77)

Figure 5.21 Non-uniform

so that from (5.69), torsional stresses.
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o= EG"’fwtds = EB”'f(wa +24 )ds (5.78)

Note that there is no additional constant because tf must be zero at a, as explained earlier. The
torque 7, about O produced by the shear flow is found by the same process as in (5.6) and is
given by

b bl s
T, = frthds = F9'" fmtds hds (5.79)
so that, integrating by parts,
5l s do s b b
T = EO'" tds | — ds = EO'"’ td: - [wtd
; / [w 51— .[m s | w fm s (5.80)

a

Evaluating the first term on the right-hand side of (5.80), the integral is obviously zero
when the upper limit is also at a, and from (5.72) it is also zero when the upper limit is at b. Then
b

T,=-EIB"  where I, = fw’tds (5.81)
a
The warping constant /,, is sometimes denoted by I" or K. For the split circular tube,
b1
I, = tf[c’(a -7) + 2¢tsinePeda = nc%(gnz -4) (5.82)
0

The total torque T is now the sum of that given by the uniform torsion theory and the non-
uniform torque given by (5.81):
T=GJO' - ELO" (5.83)

If the torque is constant along the beam, the general form of the solution of this equation is

0= é_z] + A + Csinhkz + Dcoshkz [ k? = EG_Ij ) (5.84)

and 4, C and D are constants. Consider a bar of length / with end fixtures which prevent warping.
This means that 8 (i.e. 0') is zero at the ends. The relative rotation of the two ends produced by
the torque 7'is then given by

2 Kl

- }(—ztanhz] (5.85)

Tl
0 -06,=—t1
o= 2

as kI becomes very smal), this relative rotation is given by

I
O %= E

(5.86)
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In the case of the slit tube, this overall torsional stiffness is not the same as that for the closed
tube. If Poisson’s ratio is a third and the tube thickness 7 is a tenth of its radius ¢, the end-
constrained slit tube has the same overall torsional stiffness as the closed tube when the length of
the tube is about 0.16c. However, ordinary beam theory is not appropriate for such short beams.

Because it has no resultant force or moment, a
bimoment does no work during a rigid-body motion of the beam
cross-section. The work done by a bimoment results from the
warping 8w of the cross-section produced by the twist 8. This
twist is the corresponding deflexion to the bimoment, B, so that
the work done by it is .BD (cf §3.4). This means that a
bimoment is defined by the warping characteristics of the
section on which it acts; the same set of loads applied to a
different section will not necessarily constitute the same
bimoment. Take for example the I-section shown in Figure
5.22a, which has a flange width of b and a web depth of 4. A
rate of twist U induces warping of the flanges which increases
or decreases linearly from zero at the web junction to +'hbD at
the flange ends. Point forces P, which increase in proportion to
r, are applied to these ends in the sense shown, so that they
each do positive work during warping. The total work done by Figure 5.22 Bimoments.
these forces is V2PhbD, so that this loading represents a pure
bimoment of magnitude Phb. (Note that this system of forces has no resultant force or moment.)
This loading is now applied to the I-section of flange width 4 and web depth b shown in Figure
5.22b. However, the pattern of warping now produces exactly the opposite motions of the forces
P when the same rate of twist occurs. Thus the same set of forces now represents a bimoment of
-Phb in this case.

The system of axial stresses o, given by (5.71)
represents the bimoment pair. In the case of the I-beam shown
in Figure 5.23, the rate of change of twist 8" (or §') induces
bending of the flanges in their own planes, and the warping
stresses a,, are the associated bending stresses. In accordance
with the convention used for force and moment pairs acting on
elementary lengths of beam (cf. Figure 1.5), a positive
bimoment pair will be taken to produce a positive rate of
change of the corresponding deflexion, 8, along the beam.
This means that the component of a positive pair, shown
acting on the element face further along the beam, is also
positive in the sense used in the last paragraph. The work done by these warping stresses is then
given by integrating over the area 4 of the cross-section (or from a to b in the case of a simple

strip):
1 1 _ 1! QY 2 _ ” 2 _ " u
;Bﬁ = —{fouﬁu)tds = ;[EG dwltds or B = EO fm tds = EI 6
4 A 4

Figure 5.23 A bimoment pair.

(5.87)

using (5.71) and (5.81). It should be noted that this definition of a positive bimoment pair is the
opposite of that given by Vlasov (1961) but is consistent with the way in which load pairs are
defined throughout this book.
In the case of uniform torsion, the constants C and D in (5.84) are zero, allowing two
boundary conditions to be specified. These are an end torque and an end rotation. In the case of
non-uniform torsion, four end conditions can be specified, the extra two relating to the end
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warping and end bimoments. For a workless reaction, either the end torque or the end rotation
is zero, and either the end bimoment or the end warping is zero. A workless joint subject to
warping will be such that the total work done by the bimoments acting on the ends of the beams
meeting at the joint is zero. As a bimoment is only defined in terms of the beam on which it acts,
it cannot be said that if two beams only meet at a joint, the bimoments acting on their ends will
be equal and opposite’. Elastic joints on which bimoments can do work have also been analysed?.
The webs between rigid gusset plates at the joint are treated as a short beam in torsion, and the
relative rotation of the plates is related to the warping of the beams meeting at the joint.

For non-uniform torsion, the equivalent of the slope-deflexion equations given in §4.5 take
the form

Lo | guftv2e a1 9% gyl-(1+20) a 61’ (5.38)

B/l 1| « «-pllosy 1 -« piless )
and -

T _GJ|(1+2e) ~a 8, GJl1+2a o | 8

Biu| T| « p]e;z T -a a-pllo,s (>.89)

where the subscripts o and / refer to the ‘near’ and ‘far’ ends of the beam (z =0 and z =/
respectively), T'is a clockwise torque applied to the beam, 8 is the clockwise rotation of the beam,
B is the bimoment which does work of ¥2B0’ during warping of the section on which it acts (as
described earlier) and

_ coshkl - 1 _ sinhkl ~ ki
o= — . B = . (5.90)
klsinhkl - 2(coshkl - 1) ki[ kisinhkl - 2(coshkl - 1)]
and so
ax - b msn, a--—-1 (K > 10)
(k) 10 kl-2
. : : (5.91)
B = -— (K=s1), Pp=—— (kz10).
(Y 30 KI(ki-2)

For example, it readily follows from (5.88) and (5.89) that if the ‘near’ end of a beam is prevented
from rotating and a bimoment B, is applied to it, the rotation 0, of the free ‘far’ end is B, /GJ,
whatever the length / of the beam may be.

The strain energy associated with non-uniform torsion can be determined from the work
done by a pair of equal and opposite bimoments B acting on a short length dz of a beam. As
already mentioned, the work done by a bimoment B on a cross-section when it warps is given by
VB0, where B is the rate of twist, 8', and B is given by (5.87). On the other face of the short
length dz, the rate of twist will have changed to 6'+0 “dz. The other bimoment of the pair which
acts on this face will then do work "4B(0+0"dz). This will be in the apposite sense to the former

! A counter example to this occurs when two similar I-beams are joined together at right-angles.
If their flanges are coplanar, the bimoments acting on each at the junction are equal and opposite.
However, if their webs are coplanar, these bimoments are (almost) equal. (See Renton, 1.D. (1974)
On the transmission of non-uniforn torsion through joints.  Oxford University Engineering
Laboratory Report No. 1086.)

2 Gorbunov, BH. & Strel’bitskaya, Al (1955) The analysis of the rigidity of thin-walled bar
systems. (In Russian). Analysis of Space Structures V.2, Moscow
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work, so that the net work is the difference of the two. This is equal to the strain energy absorbed
by the length dz. From (5.87), the strain energy per unit length is then

1 1 B?
U, = 1BO" = LEI (0" =
2 2o 2E1

(5.92)

(cf. (5.45)). The same result can be obtained by integrating the strain energy per unit volume
generated by the warping stress o, (given by (5.71)) over a unit length of the beam }



Chapter 6 Shear of Beams

6.1 Introduction

In Chapter 4, shear forces acting on beams were seen to produce varying flexural
curvature and hence varying bending stresses. More complete analyses include the shear
deformation and shear stresses produced by such loading. In thin-walled beams, it is usually
sufficient to determine the response from the mean shear flow (cf. §5.3 and §5.9) but as with
torsion, there is a more exact theory due to Saint-Venant. In general, a shear force acting on a
beam will produce torsion as well as bending. The sense of this torsion will depend on the position
of the line of action of the shear force relative to the cross-section of the beam. If this line of
action passes through the shear centre of the beam, there is no tendency for the force to twist it
either way. Conversely, if a pure torque is applied to the beam, its cross-section tends to twist
about this shear centre. Were this not so, a shear force acting through the shear centre would do
work during torsion, which would mean that it had a torsional effect on the beam. The
deformation of a beam caused by a shear force means that plane cross-sections no longer remain
plane. This has implications on defining what is meant by the rotation of a beam’s cross-section
and the nature of support conditions.

Because the beam’s cross-section can no longer be considered rigid, it is necessary to
consider what meaning should be attached to its overall rotation and displacement. To choose the
rotation and displacement at the centroid, for example, is arbitrary. Also, the use of a simple
average rotation and displacement can lead to inconsistencies. Later in this chapter and in the
general theory expounded in Chapter 8, work and energy principles will be employed.

6.2 The Engineering Theory of Shear of Thin-Walled Sections

From §4.2 it follows that the resultant shear force S produces a rate of change of bending
stress a. Thus from (4.15) the rate of variation of fensile stress along a longitudinal fibre of a
prismatic beam is given by

=T (6.1)

Consider the elementary
longitudinal fibre of cross-sectional
area 64 and length &x shown at the
right of Figure 6.1. This area occupies
the full width ¢ of the bar’s section
and a short length 8s along its middle
line. The resultant force produced by
the longitudinal stresses on the end
areas is 8304. This must be balanced X
by the shear stresses T acting on the
other two internal faces. These
stresses are expressed in terms of the
shear flow q (= tf). The resultant
longitudinal force produced by these
shear stresses is dgdx, so that for
equilibrium, Figure 6.1 Shear of a thin-walled section.

(0+60)6A

(q+5q)§x

064 T

6.1
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8084 = 801ds = dqdx
or —a—gi’)xtbs = Q‘lbsbx so that I(—ag L (%)
ox os dx ds

This equation can be integrated with respect to s to give the change in g between two points on
the middle line. Suppose that s is measured from a free end of the section wall, as shown in Figure
6.1. At this origin, the complementary shear stress, which acts on a free surface, must be zero, so
that the shear flow g is zero. Then integrating (6.2) gives the shear flow at any point along the
section wall:

* 30 " o
q }( H = ds dA

S -~
di = 24
[% y y (6.3)

s
1 1

O Sr—"y X

using (6.1) and taking y as the ordinate of the centroid of the area A shown shaded in Figure 6.1.
The complementary shear stress, T, to that used in (6.2) acts along the middle line on the area 64
as shown by the shear arrows shown in Figure 6.1. The shear force S is the resultant of the
elementary shear forces t84 integrated over the cross-section.

Example 6.1 A rectangular section N

The section shown in Figure 6.2 has a breadth S
b which may not be small in comparison with its ~ \
depth d. However, it will be assumed that the shear \
stress T is constant across the breadth of the section. B
(A more accurate analysis, which avoids this ~ )j
simplifying approximation, will be given later.) The
variation of bending moment along the beam N
produces the variation of bending stress, da/dx dx, g 1: b N J
which varies linearly with y as shown in the figure. NN \
The shear flow q at a distance y above the neutral T b N\
axis can be determined from (6.3) where in this case N

S/

*y). Figure 6.2 Shear of a rectangular section.

2
giving q=tb:3—S(l—4y]

This gives the parabolic distribution of shear flow shown. Integrating this over the cross-section
shows that the resultant of the shear flow is the shear force:

¢ 4
38 4y?
gty = [Bl1- L)y -5
oo [ %]
2 7

From the derivation of (6.2) it follows that the shear flow is equal to the integral of the
increment in bending stress over the area 4. Thus a linear variation of bending stress gives rise to
a parabolic distribution of shear stress as shown in Figure 6.2. This relationship can readily be
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Figure 6.3 Shear flow around various sections.

used to sketch the variation of shear stress in the sections of constant wall thickness shown in
Figure 6.3. The bending stress varies linearly in the lips of the channel shown in Figure 6.3a and
in the webs of all three sections. Thus the shear stress varies parabolically in these zones. In the
flanges of all three sections the bending stress is constant, so that the shear stress varies linearly.
From symmetry, it follows that the shear stress is zero at the centres of the flanges of the box
section shown in Figure 6.3b. For the I-section shown in Figure 6.3c, longitudinal equilibrium of
the complementary stresses at the junction of the web and flanges requires that the shear flow into
the junction is equal to the shear flow out of it (cf. (5.11)).

Example 6.2 Shear centre of a channel section

Suppose that the channel section shown in Figure 6.3 has a
second moment of area of I about its horizontal centroidal axis
through C. The rate of change of bending stress in the upper flange
induced by a shear force S'is -Sd/2/. From (6.2) this means that the
shear stress in the flange must increase linearly from zero at A to
Sbd/21 at B, producing a shear force in the flange of S6’td/4l. An
equal and opposite force is produced in the lower flange, so that
shear stresses produce a couple about the web of Sh’td */41. This
means that the line of action of the shear force must be offset from
the web by a distance e where e = bd?/4]

If the shear force is offset by any other distance, it will
produce torsion as well as bending of the section. For bending only
about the vertical y axis, it follows from symmetry that the line of
action of the shear force must be along the horizontal axis through
C. Then a shear force acting in any direction which only produces bending must have vertical and
horizontal components along the above two lines of action. The line of action of the resultant of
these components must then pass through the point O where these two lines of action meet. This
point is called the shear centre.

For bisymmetric sections, such as I-sections and box sections, the shear centre and the
centroid are coincident. When the section consists of straight ribs radiating from a single junction,
the shear centre is at this junction. This is because all the resultant rib shear forces must pass
through this junction. The most common examples of this angle sections, tee sections and

Figure 6.4 Shear centre
of a channel section.
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cruciform sections. The shear centre of a split circular tube of radius c is at a distance 2¢ from the
centroid of the tube in the opposite direction to the slit. This can be shown by the same method
as above, by finding the torque produced by the bending shear stresses about the centroid, or by
finding the centre of rotation as in §5.9. The shear centre of a Z-section is also at its centroid. For
such a section, the principal axes are not parallel to either the web or flanges. The shear stress
distribution in such a case is most readily found by examining non-uniform flexure (rather than
a non-uniform bending moment) about axes through the centroid, parallel and perpendicular to
the web. In the first case, this produces a constant shear stress in the web which parabolically
decreases to zero in the flanges. In the second case, the shear distribution in the web and flanges
is similar to that in Figure 6.3. Linear combinations of these two distributions will give the desired
resultant shear force.

6.3 Shear Strain Energy and the Shear Stiffness of Thin-Walled Sections

When a shear force is applied to a beam without twisting it, the force will induce linearly-
varying bending stresses together with shear stresses of the kind described above. In finding the
total strain energy of the bar, the strain energy per unit length related to the normal stresses is
given by the second and third terms on the right-hand side of (4.59). The remaining strain energy
arises from the shear terms in (3.37). This can be expressed in terms of the shear strain energy per
unit length as $%/2GkA where G and A4 are the shear modulus and area of the cross-section and
GkA is the shear stiffness of the section. This energy is produced from the work done by the local
shear force S in moving through a shear displacement y per unit length so that

! §? or Yy =__‘S.'_ 6.4
2 2GkA GkA (€4

Example 6.3 Shear of circular tubes

From symmetry, the shear
flow in the solid circular tube
shown in Figure 6.5a must be
zero at the top and bottom of the
section. Also, at symmetrical
points on either side if the y axis
the shear flow must be equal and
in opposite senses. In (6.3) then,
the origin for s is taken to lie on
the y axis, where the shear flow
must be zero. The shear force §'is (a) (b)
the resultant of the shear stresses
acting on the face of the section.
The shear flow is then given by

S
Figure 6.5 Closed and a slit circular tubes.

- g = Sfyas - S - ne?
=g Il'y(ds—ncsma where [ = mc’t (6.5)

From (3.37), the shear strain energy per unit length is then given by
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2r
1? §? §?
U = [ —=tcda = =
‘ { 2G 2Gnet | 2GkA (6.6)
so that in this case k is 0.5.
For the slit tube shown in Figure 6.5b, (6.3) gives
S S

Tt = q = = [ytds = —(1 - cosa

9=7 { y —( ) (6.7)

Integrating t/ds multiplied by the distance ¢ from the centroid gives a resultant moment of 2S¢
about C, indicating that the shear force acts through O as shown. This confirms the position of
the shear centre found previously (cf. Figure 5.20). Integrating as before in (6.6) to find the shear
strain energy gives a value of 1/6 for k.

{6.4 A Closer Examination of Deflexion and Support Conditions}

{Some of the problems related to the analysis of
shear can be seen from the examination of the plane-stress
analysis of a simple cantilever given by Timoshenko and _
Goodier (1970) and others, Dugdale and Ruiz (1971) and 7 - _}“
Ford and Alexander (1977) for example. This cantilever is
shown in Figure 6.6. It is of unit thickness, length /, depth
2¢, and a parabolic shear stress distribution is applied to vy S y
the free end giving a downwards resultant force denoted by
S. The state of stress given by

Figure 6.6 A simple cantilever.

S S
0, = -7y(1~x) , 6,=0 , T, = 57(02 -yY (6.8)
satisfies all the internal and boundary conditions except those at the fixed end. The x axis lies
along the middle line of the beam, and the origin will be taken at the fixed end. The
expressions for the deflections found from the resulting strains then take the form

Sy 1 &

=Y gD 2y -

=g g e
2 69

y = 2V (I -x) +

N 3
I -xyY +dll -x)+h
EI( ) ( )

2F1 6
where % /\
SC2 2 3
dre=->= =2 6.10
2GI 3 (©.19)
xu x,u
and G is the shear modulus. Cross-sections no longer @ o)

remain plane after deformation, as # is a cubic function
of y. This poses problems in defining the fixed-end
boundary conditions. Figure 6.7 shows the deformed y y
profile of the cross-section described by (6.9) at the

fixed end The constants d to h can be chosen to rotate  Figure 6.7 Horizontal displacements
at a fixed end.
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and displace this profile in order to give the best match to the support conditions. In the above
references, these are taken to be that the centroid does not move at the fixed end, and locally
the vertical face at the centroidal axis does not rotate. This implies that the fixed-end horizontal
displacement is

Sy?
u = - —<—(2+v ;
o 6El( ) (6.11)

as shown in Fig. 6.7a, and the vertical displacement of the middle line is given by
vo= Spleexd ¢ 322 ¢ cx(l + V)] 6.12
¢ El's (6.12)

However, this gives undue weight to the conditions at one particular point on the cross-section.
Instead, it is possible to define the rotation of the cross-section as that through which the
moment on it does work, and the displacement of the cross-section as that through which the
force on it does work. (This is a simple extension of the ideas about ‘corresponding deflexions’
used earlier.) These rotations and displacements may have no relationship to those of a
particular zone on the cross-section. Taking the fixed end to provide a workless reaction, the
appropriate conditions to use on the end section are

]'onudy = ]'rxyvdy =0 (6.13)

giving in particular

Sy ¢?  y?
u = =(2+v)(— - —
o= Vs T ) (6.14)
as shown in Fig. 6.7b and
S, .3 2 c?x vell
v, = —[=(-x> +3x*) + —(8 + 9v) -
. El[ﬁ( ) ]0( ) 0 ] (6.15)

By measuring x from the fixed end, only the cubic and quadratic terms in (6.12) and (6.15)
are associated with normat flexure, and are the same in both cases. The remaining terms are
related to shear and rigid-body motion.

This can be investigated using finite-element analysis. This has been done using a
cantilever 1m long, 10cm deep and Icm wide, divided into a thousand square plane-stress
finite elements. A shear force of 1kN is applied to the free end, using a parabolic distribution
of shear forces on the elements. All displacements of the elements are prevented at the fixed
end. Using a best-fit cubic polynomial, the expression for v, is

v, = [-967.0x% + 2,901x? + 11.81x - 0.565]um (6.16)

where x is in metres, Young's modulus is 206.8 GPa, and Poisson’s ratio is 0.29. The

! Renton, 1.D. (1991) Generalized beam theory applicd to shear stiffncss. /nt. J. Solids Structures
V.27, p.1955.
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corresponding result given by (6.12) is
v, = [-967.1x* + 2,901x? + 18.71x]pum 6.17)

and that given by (6.15) is
v, = [-967.1x> + 2,901x? + 1539x - 0.421]um (6.18)

It will be seen that the above expression for workless reactions corresponds more closely than
(6.17) to the finite-element analysis. In turn, the finite-element analysis indicates that truly
fixed ends provide even more constraint against deflexion.

The above arguments concerned the meaning which should be attached to the ‘rotation’
and ‘displacement’ of a cross-section when the cross-section is itself deformed. Rotation is
taken to be zero when the total work done by the bending stresses is zero and displacement is
taken to be zero when the resultant shear force on the section does no work. It can then be
erroneous to relate these deflexions to those of any particular point on the cross-section. The
shear displacements of a beam (as defined above) can now be determined by integrating the
shear slope y given by (6.4) along the beam, or by using energy methods. The common types
of support, such as those shown in Figure 1.4, can be taken as having workless reactions in
the above sense. In §4.2, the general differential equation was a fourth-order one relating v
and q, which meant that two boundary conditions could be specified at each end of the beam.
Here, the relationship between v and ¢ is given by a second order differential equation,

dv _dS _ d*v

S = GkAy GkAdx voq - GkA — (6.19)
using (4.15). This means that in relation to the shear deflexion, only one boundary condition
can be specified at each end, usually either the end shear force or the corresponding shear
displacement. The difference between the shear deflexion curve and the bending deflexion
curve is particularly apparent in the case of a cantilever supporting a uniform distributed load.
The slope of the flexural curve is zero at the fixed end and a maximum at the free end.
However, because the shear force is a maximum at the support and zero at the free end, so is
the shear slope. This effect will be seen again later, in the response of multi-storey buildings
to wind loading, as in Figure 15.8.

The slope-deflexion equations modified for shear

The slope-deflexion equations derived in §4.5 take no account of the shear deflexion
of the beam. In most common problems, both the shear deflexion and the axial deflexion of
a beam are negligible in comparison with the bending deflexion. The effects of shear deflexion
can be incorporated in the slope-deflexion equations, using the definitions of displacement and
rotation given above. Suppose that the beam shown in Figure 4.17 is rigidly held at its right-
hand end so that it can neither rotate nor displace (8,=v,=0). Integrating the strain energy per
unit length given by (4.59) and (6.6) along the beam, the total strain energy in the beam is
given by

2
A

2G kA

{
M S?
U= f (6.20)
0

2 {
1
+ de = [—(M,-8,x)P +
2B 2GkA { 251( 547

where x is the distance along the beam from A. The rotation and displacement of the left-hand
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end, 0,° and v,° say, are the corresponding deflexions to M, and S, so that' from (6.20),
ou Mg s,

0 = — = — -
oM, El 2E1
. 3U M ? . S »
os T oA (6.21)
as, 2EI  3EI
12E1
where § = ————
GKAI?

Inverting these equations to find the end loads in terms of the corresponding deflexions,

(1 + M, = g{(ll +5)05 + -?—v;]

(6.22)
1+, = 9° °]

12"

Suppose that a rigid-body movement is given to the beam and the fixed end as a whole, so that
the right-hand end now has an anticlockwise rotation 0, and an upwards displacement v,. The

rotation 0, and displacement v, of the left-hand end are now
0,=0,+6, , v,=v  +v, -0,/ (6.23)

Using the resulting exprcssions for 0,° and v,° in (6.22) gives

[(4+s)9 +(2-5)6; +-(v )]

’ l(] ) (6.24)
ElI |6 )
S, = —— + 0 (v, -
A 1(1+s)[1( )+ (v v)]
From the equations of statics, the end loads at B are given by
EI 6
b = m{(Z -5)0, + (4+5)0, + T(VA ~VB)]
EI 12 (6.25)
511 +s) 1(" %) * )

These equations may be used in the same way as (4.55) and (4.56).}
{6.5 The Exact Analysis of Flexural Shear}

{The above analysis of the shearing stresses associated with non-uniform bending applies
to thin-walled sections where taking the shear stress as parallel to the wall and constant across
its thickness is a reasonable approximation. The general analysis required for isotropic prismatic
beams was developed by Saint-Venant in 1856 and is given by Love {1952) for example. This
method is rather cumbersome and the simpler approach given by Timoshenko and Goodier (1970)
will be examined in detail here.

! See Castigliano’s theorems, discussed in Chapter 7.



Sec. 6.5] The Exact Analysis of Flexural Shear 6.9

A shear force S is applied in the -y direction
to the free end of the prismatic beam shown in
Figure 6.8. It will be assumed that only a bending
stress @, of the kind given by (4.15) and the shear
stresses t,, and t,, which are not functions of z are
induced by S. The bending stress is then

- S
= 1
In the absence of body forces, (3.3) and (3.4) are
then automatically satisfied and (3.5) becomes

o (6.26)

ot dt
A/ I (6.27)
ox oy I Figure 6.8 Shear of a cantilever.

The strains are given in terms of the above stresses by

vo g T

T
= = - = z — . -
€,=€ = ——— , €, = — ¥ _O)Y ==Y, = — (6.28)

From the assumed form of these stresses and the relationship between E and G given by (3.49),
the compatibility conditions given by (3.14) to (3.16) and (3.19) are automatically satisfied and
(3.17) and (3.18) become

v§ _ 3[%% 9 0-9[%% _ Fa (6.29)
I(1+v) ax\ ox dy ’ dy\ ox dy
giving
at Jt
o = VSx . K (6.30)

“ax dy I(1+v)
where K is a constant. If the line of action of S is changed, this is equivalent to adding a pure

torque to the loading. The change of displacements in the plane of the cross-section produced by
a change of twist 9, is given by (5.16). Then the change to the left-hand side of (6.30) is

T | gl M HNu

ox Y /) dx W )

(2. 2) - g, m)] o2 @) e,
ox\ 6z oy dy\ 9z x|, oz\ dx 9y )|,

Shifting the line of action of S then changes the value of the constant K by 2Gb,, . Timoshenko
and Goodier (1970) argue that by taking the line of action of S to be such that K is zero, the mean
rotation of points on the cross-section is also zero. However, under the action of a shear force,
this mean rotation is not necessarily the appropriate indicator of the torsion of the section. If the
section is symmetrical about the y axis, setting K zero is sufficient to ensure that the shear force
produces no torsion. Here, K will be taken as zero as a first step and the line of action of S (and
implicitly the value of K ) is adjusted to produce zero torsion later.
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A modified form of the torsional stress function ¢ will be used here, taking the general
solution of (6.27) for these shear stresses as

ad  Sy? . = 3¢
= -2, : = X 6.3
T ox 2/ Jx) = gy (6.32)

(cf. (5.23)). The only remaining internal condition to be satisfied is (6.30) which now becomes
P, 30 g _sx
ax?  gy? de  I(1+v)

As in the torsion problem, the shear stress normal to the boundary of the section, t,, is
zero so that if s is the parameter of position around the boundary, (5.22) becomes

@ &:@m(a«b f()]

(6.33)

0=1,=1,—
Zds  Vds 9y ds o  2I

or "’ [f() ]g—‘;

ds (6.34)

The initial problem is now to find functions ¢(x,y) and f{x) which satisfy (6.33) within the
boundary of the section and (6.34) on the boundary. The function f{x) will be chosen so that the
right-hand side of (6.34) is zero at all points on the boundary'. The function ¢(x,y) is then
constant around the boundary and for a simply-connected cross-section it can be taken as zero
without loss of generality, just as in the case of Saint-Venant torsion.

Polar coordinates

By the same methods that were used to derive (5.33) and (5.34), the expressions in (6.32)
and (6.33) can be rewritten in polar coordinates as

T, = %‘;—g’ sin@f 22X -f(x)] , T = —‘2—‘1’ - cos® Sy f(x)] (6.35)
g - L, 9[,90) , Fb|_df _vSx
Ve 2 rar(r ar] 202 dc  I(1+v) (6.36)

This hybrid form, retaining cartesian terms on the right-hand sides of the equations, seems more
convenient than a full conversion to polar coordinates.

Example 6.4 Shear of Circular and Semicircular Sections
For a circular section of radius a, the right-hand side of (6.34) is zero if
f(x) = —(a - x?) (6.37)

Then (6.36) becomes

! This means that where the boundary is perpendicular to the x axis, the value of f{x) is arbitrary.
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l A i) Fo | SUx29) 0050 (6.38)
ar\ o) " a0 I(L+v)
and for zero ¢ on the boundary r = a, the solution is
== S *2V) 2 42y,0060
¢ 811+ ) (r*-a?) (6.39)

giving the shear stresses

= M_).(a - rz)sine
7 8I(1+v)
o g 60 +20) - P -2t

where [ is na*/4. As 1, is zero on the y axis (8 = £7/2), this boundary is also a free surface. This
solution then also gives the shear stresses in a semicircular section either to the right or to the left
of the y axis, each carrying a shear force of $/2.

From the symmetry of the solution, the shear force must act along the y axis and there is
no tendency of the bar to twist in either direction. This is not true when the same solution is
applied to the semi-circular bar shown in Figure 6.8. Suppose that the line of action of the force
S is offset by a distance e along the x axis Then the moment it produces is

Se =ftezrdA (6.41)

(6.40)

8Sa(3 +4v)

n/2 a
= (3 +2v) - r3(1-2 0ridrdd =
fnb{ 4(1+V)[a( v) - r¥( v)]cosO ridr (1)

in Figure 6.9).

Here, the position of the shear centre will be found by
applying Betti’s reciprocal theorem. The two loading systems on the
beam consist of a shear force only (Z., = S) applied through the shear
centre so that it has a shear displacement of y per unit length but
produces no twist (D, = 0) and a pure torque only (L,’ = T') which
produces a rate of twist (D," = §’). Then from (3.34)

(bearing in mind the sense of S and t,, on a positive z face as shown _\

LlDll +L2D2’ :S.Y’ +0X0' :LIID1 *LIIDI :OX‘Y . TXO

This means that the shear displacement y‘of the shear centre under
the action of a pure torque is zero. Suppose then that the resultant
shear force S of the stress system found above acts along a line
offset by € from the shear centre O as shown in Figure 6.9. During
pure torsion of the section, it will then do work Sed per unit length
of the bar. This work can be found from the work done by the shear
stresses associated with the shear force in moving through the shear
strains associated with the torque. Then from (5.36) and (6.40)

Figure 6.9 Shear centre
of a semicircular section.
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Seb = f(t‘fzy,z + T5, Y6, )dA
/]
/2 1 P .

. _Sba [ [G+2v)1-p%sind psin20+ 2 3 (~pryr Sin(2m <1)8
LICRAI PRI T om0 [(2m+1)*-4]
+[(3+2v)-(1 —2v)p2]cose[2pcoszﬁ+%z (—p’)’"%ﬁz":);zl)f—] pdpdd

m=0 m+1)?-

_ _8S8av
ISr(1+v)

(6.42)

where the shear stress distribution produced by the shear force is denoted by t°, the shear strain

distribution resulting from pure torsion is denoted by y” and p is r/a. From this, the value of € can
be deduced and hence the coordinate of O, x, say, is given by

8a(3 +4v) 8av 8a

xa -e - € = - = —

15m(1 +v) 15Sn(1+v) Sn

(6.43)

Solutions for the shear of other sections will be found in Appendix 4.
The Trefftz expression for the position of the shear centre

The position of the shear centre depends on the exact definition which is used. Osgood’
for example lists four possible definitions. On taking Poisson’s ratio as 0.3, these give values of
x, in the above case ranging from 0.424a to 0.548a. The value of x, given by e is attributed to
Timoshenko and is quoted by Young (1989). However, in terms of the general beam theory
discussed in later chapters, the only meaningful definition is that which uncouples the work
done in bending shear from that which is done during pure torsion. It will be seen that in the
above case, the position of this shear centre is independent of Poisson’s ratio. Trefftz? obtained
a general expression for the shear centre which shows this to be true in general.

Suppose that the shear force S is acting through the shear centre. The moment it
produces about the origin of the coordinate system is then Sx,. This is the same as the moment
produced by its shear stress distribution, or

Sxy = [ [(hx - <Ly)axdy (6.44)

(cf. (5.27) for example). During the shear strains associated with torsion, the shear stresses
associated with the shear force are taken to do no net work. These shear strains are given by
(5.17), so that this condition is given by

Off{ti(% -y] +tfy(g§ +x]}dxdy=0 (6.45)

from which it follows that

! Osgood, W.R. (1943) The Center of Shear Again. J. Appl. Mech. Trans. ASME. V.65 p.A-62.

2 Treffiz, E. (1935) Uber den Schubmittelpunkt in einem durch eine Einzellast gebogenen Balken.
Ztschr. f. angew. Math. und Mech. V.15 p.220.
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[, -y = - [f( SE -2 %) (646

From the plane form of Green’s theorem or partial integration, the right hand side of (6.46)
can be written as

sdg, sog . o |, 9%, v bl - 6.47
ff(tar'é; 1:z‘y'(g] dXdy - ffg[ Ix —6;_ dxdy §g(rzxdy szdx) ( )

However, as t,° is zero, the second integrand on the right-hand side of (6.47) is zero (cf.
(6.34)). From (6.27), the first bracketed term on the right-hand side is given by -Sy/I. It then
follows from the above equations that

Sx, = —-';ffgydxajz or x, = —%[gyd/t (6.48)

In the particular case of the semicircular section analysed above,

i -D)"p*"! sin(2m+1)0
mo  2m+l (2m+1)*-4

= a?|Lpsi 8
g=a’;p sin20 + = (6.49)
which gives the same position of the shear centre as before.

The general expression for the shear strain energy and the shear stiffness
In the following analysis', only simply-connected sections will be considered, so that ¢
can be taken as zero on the contour of the section. However, the form of the shear stiffness

applies more generally, as will be seen from the example of a circular tube. From (6.32), the shear
strain energy per unit length is given by

1 2 2
— (1, +1. )dA
201( =)

sfl3-(2)
2G dx ay

where A is the area of the cross-section. From Stokes’ theorem,
af .o af . od ¢ o
— o= + —| d=L}|d4d = -—<dx + —Xdy| =0
f ax((bax) 8y(¢8y” fd)[ dy R ied (6.51)
c

A
where the second integral is around the contour of the section and is zero because ¢ is zero on
the boundary. It then follows from (6.33) and (6.51) that

‘@2,2‘22 :_.32_¢¢ﬁ =_‘_¢if_v§
.”(ax) [a)’) “ jd)(axz ayl]dA j¢(dx l*vI)dA (6.52)
A

A A

Us

(6.50)

RS YL
21 fnz ox 21 f’dA

! Renton, 1.D. (1997) A note on the form of the shear coefficient. Int. J. Solids Structures V.34, p.1681.
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Also, it follows from Stokes’ theorem that

gl V2 _ . Syt -
fzé;[q{ % f]]dA M y f]dy 0
y 30 ( 57 ¢ p (6.53)
—— -—y-- = —
or fzax[ 7 f]dA f2¢ddi
A A

From (6.52) and (6.53), (6.50) now becomes

2
1 Sy? df v Sx
U, = — || 22 - LA R LA P
S G (21 f] Hi)(dx Prv 1] (6.54)
A

Suppose that

el (6.55)

where ¢, is the solution for the case when Poisson's ratio is zero. As ¢, and ¢ are zero on the

boundary of the section, ¢, will also be zero. From (6.33), the conditions on these new functions
within the cross-sectional area are

2 2 2 2
N A N .
dx? ay2 dx ox? ayz I

Then neither of these are functions of Poisson's ratio. Now

b, v

fd)(dx 1+v I)dA

y (6.57)
_ . v az¢0+ 62¢0— v 32¢l +a2¢l

f("’ m""][g? e TIJ[_ 5 )%

A

dy oxt  ay?

But from the plane form of Green’s theorem, if n is the local outward normal to the boundary of
the section and s is measured anticlockwise around this boundary,

f -$ ( 82(1)! + az(bl + & 8_2?9. + 82¢0
N ax? 2 " ax?
A

ay?

(6.58)
L TR, Y
_f( %an ¢IE]¢“0

C

dA

The last equality holds because ¢, and ¢, are zero on the boundary. Then from (6.57) and (6.58),
(6.54) becomes
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U, = L

Sy? ?

e AN, +

S Ye 4
A

_ v 2 azd)] 82¢1
2l ( ) '

1+v ax? ' dy? ]dA (6.59)

P, b,
+
‘lax? g2

It follows from (6.34) and (6.56) that f, ¢, and ¢, will be directly proportional to S/7 and that
none of them is a function of Poisson’s ratio. Then if

S S S
f=F7 , <b0=<1>07 » b =¢>,7 (6.60)
(6.59) can be written as
2 2 2
s~ S + C[ M ) }= o) or k= L
2GA 1+v G B*C( v )2 (6.61)
l+v
where
0 3’
B:i (lyz—F>2+(Doao+ 0
12 2 axz ay2
4
) do. oo (6.62)
C = = — 1 ! + ! (iA
I / ax? dy?

and GkA is the shear stiffness of the section (cf. (6.4)). The conditions governing ®,, ®, and F
are

7o, 6.63)
+ = — + = -x .
ox? oy? ox? dy? (

within the cross-section and

dx
D=9, = (F-fyz)z =0 (6.64)

on the boundary. For example, for a circular section of radius R,

4
F=2(R'-x%), -® =& = (R'-x*-p")x, 4 =nR*, I= "f (6.65)

giving B=7/6 , C=1/6 .

The expression for & is valid for the full range of admissible values of v, which lie between
the limits of minus one and plus one half. An upper limit to the stiffness can be found using
minimum potential energy principles, as detailed in §7.2 and §7.4. A kinematically-admissible
displacement field is applied to the beam and the work done by the end loading is compared with
the internal strain energy stored. This yields a beam stiffness which is greater than (or equal to)
the true beam stiffness. In the present case, the work done in shearing is compared with the shear
strain energy. Take the shear deformation to be a constant value y along the beam and over the
cross-section. Then for a beam of length ¢ the work done by the shear force S during shear is
15y{ and the shear strain energy stored is ¥2Gy?40. On comparing the two, an upper limit for
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GkA is given by S/y which is equal to GA. Examining the expression for Gk4 in (6.61) for the
particular case when v is zero then shows that B cannot be less than unity. As v tends towards
minus one, the term in C becomes dominant in the denominator of this expression. As k must be
positive, it follows that C cannot be negative.

Shear of a circular tube

A circular tube does not have a simply-connected cross-section, so that the above analysis,
based on Timoshenko’s approach, can no longer be applied. Love (1952) §231 describes the older
Saint-Venant solution for prismatic beams subject to bending and shear in which the state of stress
is deduced from a function x. For a circular tube of inner radius b and outer radius a, ¥ is given

in polar coordinates by

2
]cosﬁ + i—r3cos38 + const. (6.66)
;

2
- e s

where r is the radius from the centre and 0 is measured anticlockwise from the inwards direction
of the shear force. After some manipulation, this yields the shear stresses in polar coordinates

_ _Scosb s lv)[r’ Cal - Bt a’h?

7201+ r2

_ _Ssinf [(__ N —v)[ b7 albz] . (%v i -";)rz

To: = 2(1+v) 2
4

(6.67)

As expected, the average tangential shear stress is that predicted from the simple engineering
theory. The shear stiffness can be deduced from the shear strain energy and is given by

GiA = 6GA(a? + b?)

2
(7a + 34a?bh? + 76%) + (a? - bz)z[ 1 ) (6.68)
+v

This reduces to the solution for a solid circular section as b tends to zero, but see also §A4.1c.
It also corresponds to the general form for GkA4 found previously .}

{6.6 Non-Prismatic and Inhomogeneous Beams}

{Consider again the problem of a plane wedge of unit
thickness examined in §4.3. This time, a shear force S acts at
the apex of the wedge cantilever shown in Figure 6.10 and
normal to its axis. This can be carried by radial stresses g,,
only, where

o = 28sin0 6.60
" r(a-sina) (6.69)

Figure 6.10 Shear of a wedge-
shaped beam.
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(Both the response to an axial force and to a shear force
are given in the paper by Michell cited in §4.3.)

The work done by S is equal to half its final value
multiplied by the displacement through which it moves. It
is also equal to the strain energy stored in the cantilever.
Consider the strain energy stored in a strip of width d&x ~ 0.6" .
perpendicular to the axis and at a distance x along it from - | Strain .

the apex. The approximate strain energy given by ordinary 0.4 :e:gggy
beam theory, U, say, is the bending strain energy given -
by the second or third term in (4.59) and the shear strain 0.2+
energy given by (6.4). This gives | a(degrees)
y - | M, S )dx %730 60 90120 150180
a 2ET  2GiA

12822 . 1.28? (6.70) Figure 6.11 Ratio of approximate
2E(2xtanal2 )3 2G(2xtana/2) stratn energy to exact strain energy.

It follows from (6.69) that the exact strain energy in the strip is given by

285sin© 2 S2dx
= = ede dx = — 2 =
. 2E 2E f [ r(a - sino) ) {rsec } xE(a - sine) .71y

where the term in curly brackets is the length of the strip which subtends an angle @8. The ratio
of U, /U, is shown in Figure 6.11. As will be seen in Chapter 7, this ratio is less than or equal to
one. This indicates that the approximate solution predicts a stiffer response of the wedge than the
correct result, because the work done by the shear force S must also be less than the true value.
It is not possible to assign an exact simple shear stiffess to a typical section of the wedge. This
is because there is coupling between bending and shear effects. This coupling will be discussed
further in Chapter 8.
The effect of a shear force on a plane, curved ‘ i
beam was determined by Golovin (op. cit. §4.3). The o P
stresses produced in the beam at an angle O fromthe | .. \
plane on which § acts, as measured from the centre of e ‘\\
curvature, and at a radius r from it are o
o, = —S—[r +a?? - r’(a? + b?)]sind
Nr
—[3r -a’? - r*(a*+bH1sin0
Nr3
T = ——S—[r +a%? - ri(a*+5%)]cos0
NP3

where N = a? - b? + (a?+b1hd  (6.72)
a

i}

Ogo

Figure 6.12 A curved beam (b/a=2).

The axial and shear stresses, 0g and 7,, predicted by the elementary theory of beams vary with
0 in the same way. They are given by
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= —5__[6r(a+b) - 4(a’ +ab+b)]sin

00
(* . S") (6.73)
1, = ———[r(a+h) - r? - ab}cosd
(b-a)
L5 NG

The stresses predicted by the two analyses are ' N
compared in Figure 6.13 for the case when b/a is two. 1.0
In each case the local stress for some value of r/a is ' T% ratio
expressed as a proportion of the mean stress. The 0.5/ a
ratios found from (6.72) are shown by solid curves : "
and those found from (6.73) are shown by dotted L L6 1.8 2.0
curves. The curve for o,, as given by (6.72) is not 10.0
shown, but it follows from this equation that it is the _
same in form as the 1,4 curve. It will be seen that the 5.0- e
difference between the two analyses is quite small, 7
considering the degree of curvature implied by this S
b/a ratio. (A beam with this curvature is shown in 1 L6 18 2.0
Figure 6.12).) 5.0l T

Muskhelisvili (1963) examines the problem of
shear force applied to a compound bar composed of -10.0}"
different isotropic materials with a common Poisson’s
ratio in §144. The solution for the specific case of a -15.0-
hollow circular bar composed of two concentric tubes
is given, and the solutions for the cases where the Figure 6.13 Stress ratios for b/a=2.

circular boundaries are not concentric, for confocal

ellipses and for epitrochoids (clover-leaf forms) are listed. The solution of the problem when the
materials do not have a common Poisson’s ratio is examined in §150. It is noted that the bending
stiffness is again given by the bending stiffness for the case when the materials have a common
Poisson’s ratio plus a term K, of the kind given

by (4.49).}

{6.7 Anisotropic Beams} h

//“
{The general form of this problem was \
first stated by Voigt in 1928 and examined in /

more detail by Lekhnitskii (1981). The analysis
will be summarised here, with some additional
comments and corrections. It was seen in §4.7

that a suitable starting point for the flexure of S . <
anisotropic beams was to take the same linear \ |
variation of the axial stress g,, across the section X

as used for isotropic beams. It will be seen later y

that the charactenistic response to a shear force §
is given by this response to the moment produced
by S locally combined with a response which is
constant along the beam. In the example shown in Figure 6.14, this means that all the stresses are
functions of x and y only, apart from o, which will have the additional term Szy/[,, . The
equilibrium equations (3.3) to (3.5) then become

Figure 6.14 An anisotropic cantilever.
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do ot ot do Jt ot Y
+—==2=0, +—2Z=0, =~ = g (6.74)
ox dy ox dy ax o I,
From (3.63), the stress-strain relationships are given by
[-Gz:x [Sn S12 513 Sie Sis Sig O
€ Sn Sz Sy Su S S %y
o
€zz S31 S33 S33 S34 S35 S 0n+Szy/1n
= (6.75)
Vs Sa1 Sa2 S Sea Sss Sas T,
Yol |55 Ss2 Ss3 Ssq Sss Ssg T,
Yo [Se1 ez S3 Ses Ses Sesf T, ]

where 0°,, is not a function of z and the matrix is symmetrical. The general solution is given by

Sz
v 7(2513’9’ + syt ';'553yz) - %Pz’ - byz + U(xy)

xx
Sz
v = 7( - §,x2 - %s”xz + 5yt - %snzz) - -;—sz + B xz + V(xy)
XX
w = iz—(s”xy + 5Pt suyz) + (Px o+ Oy + R)z + W(xy)
27
= (6.76)
excluding arbitrary rigid-body displacements. (The differential of these forms with respect to z
may be compared with (4.64). This is because the result is then the linear response to a stress
system which is the differential of the above g,, , i.e. Sy//_ .) The conditions that the resultant
force on the cross-section is the shear force S and the resultant bending moment on it is Sz are

expressed by
{rndA =0, {rysz =S, fozzzM =0, fozzydA = 8z, {ozzdi = 0.

A A

(6.77)

The first two conditions are satisfied automatically if the above equilibrium equations are satisfied
and the third to fifth equations imply that

Ss
p=Q=0,R:E344 (6.78)

If the shear centre lies on the y axis, as would be the case if the beam were fully
symmetrical about this axis, then no torque will be produced about the centroid by a bending shear
force. This gives rise to an equation from which the twist &, can be determined:

[(Fax - wap)dd = 0 (6.79)
A

Then on writing the strains in terms of ,v and w and using the stress-strain relationships (6.75),
U, V and W must satisfy the conditions
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oU
g = b”ou * blloyy * bl4ryz * blSrzx + blﬁt"}' * sl]D
°14
B = 0y 0,, + 05,0, + by T, + by T, + byt + 5D
ow S ’
_57 = b4l°n * bazoyy * b44tyz * butzx * b46txy * S“D v F(Sly\ﬂ T ) i ﬁzx
xx
aw 2 ’
ox = b0, + b0, + b T + byt + byt + 5D - 57_(2s13xy *sy ) v by
xx
ou oV _
5 TS T Bt Bty et bt bty + D (6.80)
where
S8 S |53 1
by=s,- 22 | D= 2|2+ (s + 57
=8y - 7| ]n( 150+ S30°) (6.81)
and
Sy . p. 1 '
O, =—F—*+Y -~ s_(sla"u 550, * ST, ST Y ST,) (6.82)
- 13

(The proof that the integrals of certain expressions over the cross-section disappear is left to the
reader. It will also be found in §19 of Lekhnitskii’s book.)

The equilibrium equations (6.74) can be satisfied by the use of stress functions ¥ and @
similar to those used by Airy and Prandtl, where

Y L Y 9 _
3 e T Tay Ty T Ty T 68

xx

and t, and T, are arbitrary particular solutions of

dr, 9T, Sy
— + 2 + 2 =90
EW 3y In (6.84)

By double differentiation of the first, second and fifth equations of (6.80) with respect to x and/or
y and then combining them, U and ¥ can be eliminated, giving an equation in terms of the above
stress functions. Likewise, differentiating the third equation with respect to x and subtracting the
fourth differentiated with respect to y yields an equation independent of W. These are

d* *
V¥V, = (35036 = 20,303, ) - —— (b0 +b,57,) - — (by T, +by7) )
o33 dy ox
2
* (bgyTy + bgst))
a"?’ \ (6.85)
V,¥+V,®= [(4a;a5;-a54)x +(2a,,0,,-a,,a,)y] - 20,

d 0
*‘a}‘(baatz +b,t)) - a—y(bastz +byT))

where
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82 62 82
v, = b«gx—z - 21’455‘8—), + bss;}j
> P J d
v, = 'bz4¥ + (bzs+b4s)ﬁ - (b“+b56)8x3y2 * blsg (6.86)
3* 3* g* g* ot
V,=b,— - 2b + (26, +bg)——— - 2b + b, —
P et * ax3oy 7 acgy “aray? oyt
For the lateral surfaces of the beam to be free from stress,
P v y
ol C, . > =C, , ®= f(rzdx - t,dy) + C, (6.87)
(4]

on the boundary of the section, where the constants C, to C, can be taken as zero for a simply-
connected section without loss of generality. Also, it may be possible to choose the ratio of T, to
T, so that the integral of (t, dx - T, dy) around the boundary is zero. Then both ¥ and ® can be
taken as zero on the boundary of the section.

Example 6.5 Shear of a homogeneous cantilever with an elliptic cross-section

Suppose that the cantilever shown in Figure 6.14 has an elliptic cross-section with semi-
axes of lengths a and b in the x and y directions respectively. The values of I, is then nab*/4 and
by taking

_ _ 28 _xt oyt
T =0 tz—a[l -4 (6.38)

(6.84) is satisfied and t, and t, are zero on the boundary, so that ¥ and @ can be taken as zero
on the boundary too. To satisfy (6.87), they take the form

B x? 2 2 ) x? oyl
w-p(;;+p 1] SO =gy e 2 (6.89)
Substituting these expressions into (6.85) gives three equations for p,q and r. (This is because the
coefficients of x and y in the second equation must be compared separately.) If there is material
as well as geometric symmetry about the y axis, it follows from (6.76) that 0, will be zero. The
particular case of an orthotropic' beam was solved by Saint-Venant®. In this case, p and r are zero
and
25(b%,, - 2a’s,)

q = 6.90
Tab(3b%s,, + a’sy) (6.50)

! The properties of an orthotropic matcrial are invariant under inversion of all three axcs. This
means that b, = 5, = 0, (i#j, 4</<6), leaving nine independent elastic constants.

2 Saint-Venant, B. (1856) Mémoire sur Ja flexion des pnisms J. math. pures et appl. (Liouville) Sér
IL V.1, p89
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The shear stresses resulting from this analysis are

tﬂ

yz

4S(b%s,, -2a%s,;)

nab3(3b%s,,+alsy)
28

nab>(3b%s,,+a’sy)

{2 (s555+65,,) + (Y2 - 2b7%s,,+a¥ (s, +25,5) 1)

[Ch.6

(6.91)



Chapter 7 Energy Methods

7.1 Introduction

As the theory of elastic beams and frames rests on the laws of thermodynamics, the
concepts of energy and potential are fundamental to structural analysis. That is why energy,
equilibrium and stability were introduced as early as §1.3 and the conditions of static equilibrium
were expressed in terms of work and energy early in Chapter 2. The reciprocal theorems of Betti
et al. (§3.4) and Saint-Venant’s principle (§3.6), which forms the real basis of beam theory, also
follow from the use of energy methods.

This chapter is concerned with exact and approximate methods of obtaining solutions to
problems in elasticity. Firstly, the previous expressions for strain energy will be summarised. The
strain energy per unit volume, U, , of a linearly-elastic body can be expressed in matrix form as
140780 (cf. (3.63) and (3.65)) which for an isotropic material becomes

=1
U, =Yoo +0€ +0.6€, +1T .y, +1TY,+*1.Y,]

= E]E[oix + ofy + o:z - 2v(ouoyy+oyyon+ 0,0.)} + %[rzy + 1:;z + r:x] (7.1
asin (3.37). In terms of strains, this becomes Y:€”Ce (cf. §3.11) or, for an isotropic body,
U, = l?‘z’v (€€, +€,) + Glehreprer) + %G(y:y-r Yot Vo) .2
For the case of plane stress, (T, = T, =0, = 0), this becomes
U, = 1(—;v[62+ e;, +2ve € ]+ %Gyfy (7.3)
and for plane strain (y,, = Y, = €, = 0), (3.37) becomes
U, = 4—16-[(1 - v)(oﬁ; ofy) - 2voxxow] + %rfy (7.4)

The strain energy per unit length, U;, of an homogeneous isotropic beam has been
expressed in terms of the resultant loads acting on it locally. For axial loading and bending
moments about the principal axes it is given by (4.59), for torsion by (5.45) and for shear by (6.6).
Allowing for shear in the x and y directions, the general expression is then

2 2 2 2 SZ 2
S T L. T (1.5)

= o+ +

' 2EI, 2E, 2GJ 2GkA 2GkA  2EA

or, in terms of the corresponding rates of rotation 8, , 8, and &, about the x,y and z axes of the
beam and the rates displacement v, , ¥, and €, caused by the deformation of the beam,

1 2 3 2 1 2 1 2 1 2 1 2
[JI =;EInOx + ;El)yﬁy+ —Z-GJOZ + ;kaAYx + -Z-kaA Yy + ;EACZ (7.6)

The total strain energy of a body, U, is given by integrating the strain energy per unit
volume', U, , over the volume of the body. In the case of a beam, it is given by integrating the
strain energy per unit length, U/, , along the beam.

'For large deformations, it is necessary to specify that the strain energy density 1s measured per unit
unstrained volume or use the strain energy per unit mass instead.

7.1
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The strain energy per unit volume, U,, was found from the work done by the stresses in
moving through the corresponding strains of a unit cube of the material.

final state

€&
U, = f a.de, +o de .. = fo’de (1.7
0 Q

using the column-vector notation of §3.11, where the subscript f indicates the final state. The
complementary work done is given by integrating the deflexion with change in the corresponding
load. It is then possible to define the complementary strain energy per unit volume, U, , as

_ final state o
U, = f €,do, + €. do .. = ferda (7.8)
0 Q

For linearly-elastic materials, the set of stresses increase in dircct proportion to the set of strains,
so that (7.7) gives U, as “:0/€ and (7.8) gives U, as Vo€ J6,. As these expressions are the same,
there is no quantitive distinction between them in this case. However, the strain energy is derived
by treating the stresses as functions of the strains, yielding expressions of the kind given by (7.2),
(7.3) and (7.6). Likewise, the complementary strain energy (sometimes referred to as the stress
energy) is expressed as a function of the stresses or loads, as in (7.1), (7.4) and (7.5). For other
elastic materials, the two are not the same, but related by

Jinal state
U, + U, = f o.de. +€.do_ +0.de +€.do, .
ﬁnnlosla!e Sfinal state (7'9)
= f d(o.e, +0€ ..)= f d(eTe) = ofef (= efrof)
0 0

For the purposes of the analyses in this book, the loading applied to the body (body forces
and surface tractions) will normally be taken as constant. The work done by this loading is equal
to loss in potential energy. The necessary expression for the potential energy, ®, (cf. §2.3) can
then be determined from the changes of position of the loads from some arbitrary initial state'.
The initial state (of zero potential) will be taken as being when the loads are at the locations on
the undeformed body to which they will be applied. The subsequent loss of potential is given by
the work done, W, by these (constant) loads in moving to their positions in the deformed state of
the body, or in terms of the notation of §3.12,

-® =W= [XudV + [pudS
i i 7.10
'!: 'sf (7.19)

where the integrals are over the volume, V| and the surface, S, of the body and summation over
i =1 to 3 is understood. (Point loads or resultants could be thought of as special cases of the
surface tractions p, in (7.10). However, these will be dealt with separately later.) The total

potential energy” of the body and its loads, IT, includes both the strain energy, U, and the potential
energy, P, or

! [iere, the absolute value of the potential energy is not significant. A different assumption about
the initial positions of the loads will change the absolute value of the potential energy, but not its
incremental change.

2 More generally, the thermal energy of the body would be considered. It is possible to distinguish
between isothermal and adiabatic changes, but for most purposes the distinction is negligible.
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O=U+® = fUVdV—inu,dV - fp,uldS .11
v Vv s

The strain energy of any unstrained part of an elastic body is taken to be zero. Its strain

energy in any other state must be positive. If this were not so, it would follow from the first law

of thermodynamics that the part could be made to give out energy by straining it'. The above

expressions for the strain energy are then positive-definite (cf. §3.5). This will also be true of the

corresponding expressions for anisotropic linear elasticity and non-linear elasticity. The total

complementary energy, II, can be defined as’

N=U+d = {Ul,dV - {p’u,dS (1.12)

Variational energy methods examine the effects of small perturbations from the loaded
state. The most common problem is to find the stresses and deformations in a body and the
reactions at its supports induced by prescribed loads. These may be body forces and surface
tractions. Surface displacements may also be prescribed, but not their corresponding tractions at
the same location. Displacement methods relate to small perturbations of the displacements of
material points within the body, the compatible perturbations of strain implied and the resulting
vanation in the total energy, H. Force methods relate to small perturbations of the loading on the
body, the internal stress in equilibrium with this loading and the resulting variation in the total
complementary energy, II. In the next three sections, minimum principles for IT and T will be
established for linearly-elastic materials. Weaker, stationary principles exist for non-linear elastic
materials (see Ogden (1984) for example).

{7.2 The Principle of Minimum Potential Energy}

{Consider a linearly-elastic body in equilibrium with a prescribed set of body forces, X, ,
and surface tractions, p, . A given set of surface displacements may also be prescribed.
Corresponding to the induced state of strain, € say, the induced strain energy will be U(e). In
terms of the tensor notation of §3.12, this is given by

_ 1 1
U(e) = ;foueua'V = ;fch,e,.]e,da’V (7.13)
14 |4

where summation in the range of the repeated indices (1 to 3) is understood. Suppose that the

body in a different geometrically-possible state of strain, €*, also has the same prescribed surface
displacements, but is not necessarily in equilibrium with the prescribed loads. The state of strain,
€*-€, will then correspond to a geometrically-possible state in which the prescribed surface
displacements are zero. As the strain energy is always positive, U(€), U(e*) and U(e*-€) will all
be positive. Then

! This would imply that the part was unstable under certain conditions,

2 Tauchert (1974) includes a term for the complementary potential of the body forces. These are
permitted to vary with the stresses rather than being prescribed. The above definition follows those
of Prager (1961), Sokolnikoff (1956) and Washizu (1968)
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0<U(e -€) = - feyle) -e, e -e,)dV
v

=U(e") - Ule) +fciﬂd(eyek1 B %e,jek, B ';'euek;)dV (7.14)
1 4
=U(e*) - Ue) + f(oue,j - ou.e,;)dV (CW = Cy,)
vV
giving
foy.(e,; —e,)dV < U(e’) - U(e) (7.15)

14

Let the material displacements corresponding to € be #, and those corresponding to €* be u,*,
Then as the original state of strain was in equilibrium, from (3.71) it follows that

f(cu,j + X)Xu' - u)d/ =0 (7.16)
Vv
From Gauss’ divergence theorem,
fow(u,' -u)dV + fou(u,' -u,),dV = f[ou(u,‘ ~u)},dvV
g g g (7.17)

= folj(uf -u)n dS

s
Note that the integrand of the last integral is zero when the surface displacements are prescribed,
because #,* and u, are the same. It will be taken here that where the surface displacements are not

prescribed, the surface tractions are prescribed' . These are related to the actual state of stress by
(3.74) so that

fo,j(u,' -u)nds = fp,(”t. - u)ds (7.18)
< 5

P

where S, is the surface on which the tractions are prescribed. Then from (7.16) to (7.18) and
(3.72),

fX,(u,‘ - u,)dV+j‘p,(u,‘ —u,)ds=fo,./(u,.‘ -u,),dv

v S

- g (1.19)

= f-;-o’.j.(u,' -u), * %oﬂ.(uj' ~u),dvV = fou(e,]' -e)dV (o,=0,)
14 14

Consider the variation of deformation of the body from the equilibrium state of strain of
the body, €, to the state €* in which the prescribed loads, X, and p, , are kept constant and the
prescribed surface displacements are still satisfied. The variation AII of the total potential energy
in moving from the equilibrium state is then

All f(UV -U,)dv - in(u,' -u)dv - fp‘(u,' - u,)dS
g g 5 (7.20)

il

Ue") - UCe) - [o,(e, ~¢)dV > 0

! A surface traction or surface displacement may be prescribed as zero, and ofien are.

2 Also called ‘kinematic boundary conditions’.
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using (7.15) and (7.19). Then in the equilibrium state, 11 is an absolute minintum under any such
variations of deformation’. In particular, when the variations of deformation are infinitesimal, the
value of II remains stationary.}

{7.3 The Principle of Minimum Complementary Energy)

{The total complementary energy is allowed to vary with any stress field within the body
which satisfies the equations of equilibrium for the prescribed body forces and surface tractions.
The proof that the actual state of stress then corresponds to an absolute minimum of IT follows
similar lines to the proofin the last section.

From (3.81), (7.8) and (7.12), the complementary strain energy for an induced state of
stress @ in the body is given by

77 _ 1
U(o) = ;fsgkfogoﬂdif' (1.21)
14

Suppose that the body is in a different state of stress, 6*, which is in equilibrium with the same
prescribed surface loads p, and body forces X, As the strain energy is positive, the complementary
strain energy is necessarily positive for linearly-elastic materials. Then U(o) and U(c*) are
positive, as will be U(a*-0), which is the complementary energy for the stress field given by the
difference of 6* and 0. Then corresponding to (7.14),

0 < U(e"-0) = —‘-fsw(o,; -0, )(0y-0,)dV

2
14

U(o") - U(o) +fe,],(ou -0))dV .22)
14

Both states of stress, 0 and 0*, satisfy the equations of equilibrium with the specified body forces.
Then from (3.71),

0, *+X=0, o,;,J +X =0 so that (o, - 0,), =0 (7.23)
within the body. On the surface S, where the tractions are specified, from (3.74),
on =p, , on =p, sothat (g,-0)n =0 (7.24)

From (3.72), the symmetry of the stress tensor, (7.23), Gauss’ divergence theorem and (7.24),

er.(ou -o,)dv =fu,,](ou. -o;)dv
14

14
- [[ul(ou—ou)],]dV - ‘I[ul(ou-ou),.,dV (7.25)
= fu,(o,] -0,)ndS = f“l(l’, -p/)dS
s 5,

where S, is the portion of the surface on which the displacements are prescribed . (As in §7.2, the
remaining portion of the surface is taken to be S, , on which the tractions are prescribed.) Then
from (7.22) and (7.25),

! Note that only the surface integral on S, appears in the expression for ATl This is because on the
rest of the surface the displacements are prescribed so that u, = u,*. On S,,, the tractions p, are
prescribed.



76 Energy Methods [Ch.7

(o) - fp,u,a'S < U(g’) - fp,'u,.dS (7.26)
Sll

N

It then follows from (7.12) that the total complementary energy of the actual stressed state is the
absolute minimum of all possible stress fields which satisfy the equations of equilibrium for the
prescribed loading (body forces and surface tractions)." In particular, for infinitesimal variations
of the stress field, the value of Il remains stationary }

7.4 Prescribed Resultants, Corresponding Deflexions and Work

In engineering problems, it is usually convenient to prescribe the resultant loads (forces
and moments) acting on an elastic system. The corresponding deftexion, [, , to a resultant load,
L, , is that through which the load does work. In terms of such resultants, the expression for the
loss of potential given by (7.10) becomes

b= W= fo“de « X;LJDJ (7.27)
v =

where it is taken that the work done by the # resultants L, accounts for all the work done by the
surface tractions p, . In some cases, this will be exactly true. If the prescribed deflexions on a
portion of the surface S, are zero, the work done by the surface tractions will be zero. Then taking
the deflexions D, as zero will give exactly the right expression. Such is the case at the built-in end
of an encastré beam. Likewise, if the prescribed tractions on a portion of the surface S, are zero,
then the resultants on that surface can be taken as zero. Such is the case with any free surface.
Workless supports, discussed in §1.1, can be taken to fall into the same categories as the above,
a resultant reaction or its corresponding deflexion being prescribed as zero.

The “point’ loads often used in engineering analyses are a convenient fiction without which
most common problems would not have been resolved. A true point force applied to the surface
of a body would induce infinite stresses locally, thus forcing its way through the material and
emerging on the other side of the body. In reality, a system of tractions is applied to a small
portion of the surface. Then by invoking Saint-Venant’s principle, a sufficiently accurate result
can be obtained by using the resultants L, on that portion instead of the real and possibly unknown
tractions. The corresponding deflexions D, cannot necessarily be determined from purely
geometric principles. What is required are values such that the summation in (7.27) best
represents the work done. Thus, for example, for the resultant forces

L = ds (i = 3
, !p, (i=1t03) (7.28)

P

the mean displacements
21 -
D, = E;Sfu,dS (i=1t3) (7.29)

might be used. This will give the exact expression needed in (7.27) if p, is constant on S, but not
necessarily otherwise. More generally, if the exact expression is needed,

! Note that only the surface integrals on S, appear in (7.26). This is because the stresses are
considered to vary without changing the surface displacements, the equations of compatibility
not necessarily continuing to be satisfied.
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1 . .
D, = —L—fp,u,dS (i =1 to 3, no summation) (7.30)
I Sp

should be used.

When only the resultant loads acting on certain parts of the body are specified, the
question of the uniqueness of the solution arises. However, in engineering analyses, constraints
are placed on the admissible stress (and strain) distributions which ensure that the solutions are
unique for stable linearly-elastic problems.

Example 7.1 Torsion of a beam with a square cross-section

In the last chapter, the theory of Saint-Venant y
torsion was derived by imposing geometrical constraints ‘
on the deformation and equilibrium constraints on the }* a-w=-a "{
state of stress. Exact solutions were found by imposing T
both sets of constraints and, in addition, the distribution a
of stress and strain was considered to be constant along L Ax_;
the beam. (It will be seen in Chapter 8 that this is a
requirement of generalized beam theory.) a
The minimum energy criteria established in §7.2 KB

and §7.3 permit the deformation conditions and the stress
conditions to be examined separately to determine upper
and lower bounds to the stiffness of a section. These
methods will be used to estimate the torsional stiffness of
the square cross-section of side 2a shown in Figure 7.1'. A torque T will be applied to the end
faces of the beam, / apart, inducing a rate of twist, .

Applying the theory of §7.2, an appropriate displacement field is assumed, from which an
upper bound to the total potential energy is determined. This is given by assuming that the cross-
sections remain undeformed, but rotate at a constant rate ¢ along the axis of the beam, z. This
gives the displacement field

Figure 7.1 A square cross-section.

u=-90yz  v=0xz , w=0 (7.31)
(cf. (5.16)). The only non-zero strains are then
Y= -0y, v, =0x (7.32)
From (7.6) and (7.11), the real total potential energy is given by
I = -GJO'I - TO! (7.33)

Using the above approximation to the deformed state, the torque T is prescribed on the end faces
and the rate of twist § is chosen to be common to both states. Then from (7.2),

I = ;’Gf('y;‘ +y )av - T8l = faollf(ﬂ +y)add - T01!
v 4 (7.34)
= %Glpﬁzl - 181

where /, is the polar second moment of area. Then from (7.20), II is less than IT*, provided that

! More accurate bounds to this problem will be found in Prager (1961) and Washizu (1968) where
similar methods are used. Here, accuracy has been sacrificed for the sake of simplicity. See also the
example in §5.3.
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the two are not identical states,' so that
2
GJ < G[p = 2;004 (1.35)

The arguments used to establish that the shear stiffness is not more than GA4 in §6.5 follow similar
lines.

To use the minimum complementary energy principle established in §7.3, a state of stress
must be found which satisfies the equilibrium conditions. In §5.4, a stress function ¢ was used in
order to satisfy these conditions. The only condition of internal equilibrium, (5.18), was satisfied
by the relationship between ¢ and the shear stresses given by (5.23). Equilibrium with the end
torque is satisfied by (5.27) and equilibrium with the surface tractions, specified as zero on the
lateral surfaces, are satisfied by taking ¢ as zero on the boundary of the section. Then a suitable
stress function for the section shown in Figure 7.1 is given by

$ = C(x?-a®)}y?-ah (7.36)

Equilibrium with the end torque is satisfied by

- 2, 2v1,2 _ 2 _n 6
T= ZfC(x a®)y?-a’)dd = ZCa (7.37)
A
hence giving the value of C. Then the stresses given by (5.23) are
9T 2 2 97 2 2
= - x(y‘-a®) , t_ = y(x*-a%) 7.38
¥ 164t * 16a® (7.38)
From (7.1), the complementary strain cnergy is given by
T 1 2 2 ! 81 T2 2 2 212 2 3 252 9721
U = —— (1 ,+1,)dV=— x —at)Yryi(x-a’)Ydd =
2G£( o 26 128a'2'£ v g 10Ga® 39
From (7.5) and (7.12), the real total complementary energy is given by
= 72l
M= _—-Tdl 7.40
2GJ (7.40)
and from (7.39) the approximation to the total complementary energy is
~ 2
i = 20 e (7.41)
40Ga*
Then from the inequality given by (7.26),
2 2
't 0T Vgaecqy (7.42)
2GJ  40Ga* 9
so that from (7.35) and (7.42), the torsional stiffness of the section lies in the range
2222Ga* < GJ < 2.667Ga* (7.43)

From more accurate analyses, G.J is found to be 2.250Ga*.

In addition to resultant forces and moments, other parameters can be used to represent
loading. Most important amongst these is the load pair, introduced in §1.1. If two loads acting
on a body are always of the same magnitude, they can both be labelled L. If one has a
corresponding deflexion D, and the other has a corresponding deflexion /), then the loss of

} For circular cross-sections, I1 and IT* represent identical states, so thatJ =/, .
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potential for the pair is (D, + D,). The load pair can then be
thought of as a generalized load L with a corresponding
generalized deflexion' D equal to the sum of D, and D,.
Usually, the load pair consists of equal and opposite
moments or collinear forces, so that the pair has no
resultant. Under such conditions, the pairs do no work
during any overall rigid-body motion of the body on which
they act but only as a result of their relative motion with
respect to each other in the sense in which they act. For F m® m p
example, the bimoments discussed in §5.9 can be thought of i E ; ;_\ ~ 23
as a pair of equal and opposite couples. If an imaginary cut

is made in a structure, the interaction between the two faces

of the cut can be represented by equal-load pairs. In Figure (b)
7.2a, such an imaginary cut is made in a diagonal bar. If the Figure 7.2 Load pairs.
bar is only loaded through its pinned ends, the only resultant

interaction on the cut is by the pair of forces R. The upper one does positive work by moving
down along the mutual line of action and the lower one by moving up along the same line. The
total loss of potential is then given by multiplying R by e, the amount by which the two forces
approach one another. If the bar fits perfectly, then e is, and remains, zero. Consider the case
when the bar is initially too short. Starting from the unstrained state of the structure, the faces of
the imaginary cut would initially be e apart. Applying the load pair R would bring the faces
together, giving a term Re in the expression for the loss of potential. Once this gap has been
closed, this expression for the loss of potential by R remains the same for all subsequent loading
and deformation of the frame. In Figure 7.2b, an imaginary pin is inserted in a continuous beam.
The interaction moments between the faces of the real beam is simulated by the moment pair m
on either side of the pin. This generalized loading has a corresponding deflexion 0. This is the
magnitude of the relative rotation of the component moments. In the real beam, which has no
discontinuity at the pin, this would be zero. As will be seen in §7.6, these concepts of load pairs
can be used to analyse redundant structures.

7.5 Castigliano’s Strain Energy Theorem

This theorem is often referred to as “Castigliano’s first theorem”, but this is also taken®
to refer the theorem in the next section as well. This is because they were published as Parts I and
11 of the same theorem’. Here, it will be considered as a special case of the Principle of Minimum
Potential Energy, derived in §7.2 and described by (7.20). The elastic system will be taken as
subject to a set of loads L, (i = 1 to n) only, which produce corresponding deflexions D, . (These
may be generalized loads and deflexions, as described in the last section.) The strains in the elastic
system are taken to be continuous functions of these deflexions only, so that (7.11) becomes

n = U(DI!DZ' o Dn) - Z L101 (7'44)
i=1

! Exactly the same concept is used in mechanics, where generalized loads and deflexions are usually
denoted by Q, and g, respectively

2 See Southwell (1936) for cxample.

3 Castigliano, A. (1879) T'héorie de I’équilibre des systémes élastiques et ses applications. A F
Negro, Turin.
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7.10 Energy Methods

As I is a minimum for all admissible states of strain,
ol _ doU

oD, oD,

- LJ (j=1ton) (7.45)
The theorem may be expressed as follows. If the strain energy of an elastic system can be
expressed as a function of the deflexions corresponding to a set of applied loads, the partial
differential of this strain energy with respect to one of these deflexions gives the corresponding
load.

This theorem is not often used. The reason is that the strain energy ofien has to be
expressed in terms of deflexions where the corresponding load is zero. Usually, this means that
many more equations have to be written to find the desired characteristics of the loaded state than
are required by the method used in the next section. It is most usefully employed for highly

redundant structures.

Example 7.2 Deflexions of a pin-jointed structure

VB VD
The joints A, C, E and F of the pin-jointed frame p B ti‘n DLL‘D
shown in Figure 7.3 are rigidly fixed to the ground. -
They are a apart and joints B and D are a distance
a above joints C and E respectively. Then the state
of strain of the frame can be expressed in terms of
the horizontal displacements, uy and ug, of joints B
and D and their vertical displacements, v, and v,

respectively. The strains in the bars AB to DF are

A

Figure 7.3 A plane, pin-jointed frame.

1
= —(vg-uy) . €p

1
2a ) ;(“D-u”)

(7.46)

eDC=

1
, EDF = -2—a-(VD‘7lD)
Each diagonal bar will be taken to have a cross-sectional area of v 24 and the rest to have a cross-
sectional area of 4. The material used has a Young’s modulus of E. Then from (7.6) the strain

energy of the frame is given by

U-= %(ua2 = ugty +upt + v +y?) (1.47)
Then if the only load applied is a horizontal force P at joint B,
P = .(_3_(1 = E(zuﬂ _”D) , 0 = a_U 2£4 L
Jug a dvg a (7.48)
0- U L EAG, .y o.2U . 254, :
duy a avy a
giving
_ 2aP _ afP _ _
ug = 3L up = 354 Vg = Vp =0 (7.49)
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7.6 Castigliano’s and Crotti’s Complementary Energy Theorems

This theorem was first proposed for linear elastic systems by Castigliano in 1876 and
modified by Crotti' for non-linear elastic systems. It is often ascribed to Engesser’ who derived
it independently later. Here, it will be derived from the Principle of Minimum Complementary
Energy. The stationary complementary energy principle follows immediately from this®. As in the
last section, an elastic system will be examined which is subject to a set of generalized loads L,
only. The system will be taken as statically determinate, so that its state of stress can be found in
terms of these loads. The complementary strain energy can then be expressed as a function of
these loads, so that from (7.12), the total complementary energy can be written as

M=UL,L, L)-Y LD, (7.50)
=1

As this is a minimum for all statically-admissible stress states, it must be stationary for infinitesimal
changes of stress, giving

o _ 3U .
0=—=—-D =1ton
o, L U ) (1.51)
This equation can be expressed as the following theorem. [f the complementary strain energy of
an elastic system can be expressed as a function of a set of applied loads, the partial differential
of this complementary strain energy with respect fo one of these loads gives the corresponding
deflexion.

Example 7.3 A redundant frame

The horizontal beam AD of the frame
shown in Figure 7.4 is continuous, the pin at C
being attached to the top of it. This means that
the frame has one degree of redundancy. To
make it statically-determinate, an imaginary cut
can be made in the vertical bar BC. This bar
will be taken as having a perfect fit. Then if the
force pair acting on the faces of the cut is X,
the corresponding deflexion to X is zero. The
state of stress in the frame can now be found in
terms of the vertical load W at C, the uniform
distributed load of intensity p on AD and X.
The frame will be taken as symmetrical, with
the bars AB and BD sloping at 30° to the
horizontal. The axial forces in the frame can Figure 7.4 A redundant frame,
then be found in terms of X as shown in Figure

! Crotti, F. (1878) Esposizione del Teorema Castigliano e suo raccordo colla teoria dell” elastica
Aui del Collegio degli Ingegneri ed Architetti in Milano, V.11 p. 224.

2 Engesser, F. (1889) Uber statisch unbestimmie Trager bei belicbigem Formanderungs - Gesetze
und dber den Satz von der klienster Erganzungsarbeit Zischr. des Arch.- und Ing.-Vereins zu
Hannover V.35 p.733.

3 For non-linear elastic materials, the stationary principles will be found in Ogden (1984) §5.4
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7.4a. In addition, there will be a variable bending moment M in AD. This can be determined from
Figure 7.4b. At a distance x from A (x < /) it is given by

M = [l(W-X)+p1]x - 1px? (7.52)

For the simplicity of the resulting expression, it will be taken that the cross-sectional areas of BC,
AB, BD and AD are AW3, AW3, AW3 and A/2 respectively. The bending stiffness of AD will be
taken as FI. Then the complementary strain energy is found from (7.4) to be

i
—_ M2 XZ
U=2[—dr+
{ZEI 2FA (7.53)
Then if the deflexion corresponding to Wis 9, from (7.51)
50U _ppMaM, P _law-x)+5ph

w FI oW 24F7
(7.54)

6U Made 8x1 _ 8X!

T EI oX EA 24E1

from which X and & can be found.
The problem of the beam BD on its own loaded by ¥ and p can be simulated by taking
X as zero in the first equation. This then gives

wi* . spl
6E]  24El
Of course, the deflexion at C caused by p alone is given by taking /¥ as zero in (7.55). Note that
this result could not have been found without including ¥ in the first place, and only setting it to
zero after the process of partial differentiation. This is known as the dummy load method.

{As U is a function of all the loads including p, it is instructive to ask what its partial
differential with respect to p signifies. From (7.51) and (7.53), it is

p ap 120r1

On inspection, D, will be seen to have units of area, and it is in fact the area swept out by the
distributed loading during deflexion. Similarly, in three dimensions, partially differentiating the
complementary strain energy of a pressure vessel with respect to its internal pressure gives the
increase in volume of the vessel under load }

As an example of the use of both equations (7.54), the value of 7 will be taken as A/%/48.
These equations then give

0=4(X-W)-5pl+4X or 8X = 4W + 5pl
21 /

d = ZL[4(W-X)+5pl) = —[4W +Spl (7.57)
EA[( X) +5pl) FA[ +5pl]

(7.55)

[25(W - X) +32p1] (7.56)

so that the pinned bars AB, BC and BD reduce the central deflexion by ane half in this case.
Example 7.4 A non-linearly elastic structure

Consider a non-linear elastic material governed by the stress-strain relationship

€ = So” (7.58)
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If a bar of cross-sectional area 4 and length / is loaded
so that it has a final uniform axial strain €, the strain
energy in the bar is given by
¥ n+l
U= f fode av - nSPT L (7.59)
AR (n+1HA4"

where P is the resultant axial tensile force, 9,4. The
complementary strain energy is given by

- 4 ntl
U=f fedo av = 3P 1 (7.60)
A4 (n+HA"

From (7.59) and (7.60),
B Figure 7.5 A non-linearly elastic
U+ U-=So"al = Voe, (7.61) redundant truss.

as predicted by (7.9). The frame shown in Figure 7.5 has one degree of redundancy. The joints
B and D are loaded by vertical forces G and F as shown. The corresponding deflexions are g and
/. By assuming that the force in BD is X, the axial forces in the bars, as shown in the figure, can
be found from statics. The lengths of the diagonal bars will be taken as /2 and the remainder are
I long. The cross-sectional areas of all but the diagonal bars are 4, and AD and BC have cross-
sectional areas AvV'2 and A2 respectively. The complementary strain energy of the whole frame
is then

7 Sl

e r AR LR A P R S T
n+

It will be seen from (7.60) and (7.62) that the complementary strain energy, for a bar and for the
whole frame, is positive-definite provided that S is positive and n is odd. Taking » as odd and BC
to be a perfect fit,

3U _ 381 U _ Sl np 4ot
r= -y g- - G,
oF 4- G 4~
au _ S8l (7.63)
0=2===—[(G+X)"A+2")+X"+3(X-F)"] .
oX 4n
Excluding complex roots for X, this gives the following results:
F=1,G=0. F=0,G=1.
n X JA"/SI gA"/Sl X JA"/St gA"/SI
1 0.3333 2.0000 1.6667 -0.5556 1.6667 2.2222
3 0.3350 0.8050 0.7606 -0.6183 0.7091 0.9454
5 0.3502 0.3476 0.3424 -0.6359 0.3209 0.4159
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By comparing the fourth and sixth columns, it will be seen that the reciprocal theorem only applies
when n is one. (If n is even, there are no real solutions for X when only a unit /s applied, and
if only G is applied, X must be equal and opposite to it. However, such values of » are not
physically admissible, as they can give rise to negative strain energy.)

7.7 The Rayleigh-Ritz Method

The basic method was outlined by Lord Rayleigh' and later generalized by Ritz? . The
method makes use of the minimum energy principles of §7.2 and §7.3. Approximate solutions to
problems are found by expressing the loading or deflexion as a linear combination of functions,
The coefficients multiplying these functions are allowed to vary in order to minimise the total
potential. (These coefficients themselves could be thought of as generalized loads and deflexions
in the sense discussed in §7.4. The processes of
finding stationary values then follow those given in v
§7.5 and §7.6.) The method is best illustrated with q x
two examples. Both relate to the simply-supported [Omnnnnnoadanenmnenee
beam of length / and distributed load g shown in Je—— 1N —'m
Figure 7.6. The first example finds an approximation
to the deflected form for a given loading by
minimising the potential energy of the system. The
second example finds an approximation to the loading
required to produce a particular deflected form by
minimising the complementary potential of the system.

Figure 7.6 A simply-supported
beam with a distributed load of
variable intensity ¢.

Example 7.5 Deflexion under a sinusoidally-varying distributed load

Suppose that the beam is subjected to a distributed loading

X
q = QCOST (7.64)

A kinematically-admissible deflexion mode for the beam (giving zero v at each end) is

el e

The flexural curvature is given by the second derivative of v so that from (7.6), (7.11), (7.64) and
(7.65), the total potential can be written as

1" 2 i
. _ 5 EIl d¥v Tx
I 2'0[7[ ——2-] dx + Z{VQCOSde

3 s
EIQ2Iv} +283v, v, +091%v}) - 2Q 2v2( i) +3v,(n? - 8)[ i] l
n n

(note that v and ¢ are positive in opposite senses). The total potential is minimised by varying v,
and v,. This gives the stationary conditions

(7.66)

H

! Strutt, J.W., Baron Rayleigh (1877) Device of the Variable Parameter. The Theory of Sound V.1§182.

Ritz, W. (1908) Journal fiir der reine und angewandte Mathematik V.135 pp.1-61.
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. 3
o = I - grqam, 2y, - ag| L
av, T
I 1\ (7.67)
0 = — = EI(2P%v, + 1.8y,) - 6Q(n*-8)] —
av, n
From which the parameters v, and v, are found to be
12
v, = nQﬁ (30 - 1.57%) v, = —ﬁ(60 - sn?) . (7.68)
giving the central deflexion, v, , potential and strain energy to be

4 5 25
--0993 2 - le ! (120 - 2072 + %) = 0.0025650 £ (7.69)
mEl 7L £l

The exact deflexion mode is

R /.-
Yy ; (7.70)
giving
4 278 275
b= -2 n-u- 277 - oomsees &8 @.1)
Kl 4n'El 24

Thus the actual central deflexion is 0.3% larger, the actual strain energy 0.06% greater and the
total potential 0.06% less (more negative) than given by the approximation. Normally, the method
would be used for problems where no exact solution can be found, for example, when the bending
stiffness varies along the beam.

Example 7.6 Distributed load required to produce a sinusoidal deflexion

This is the inverse of the previous problem. The desired deflexion mode is given by

X
-Vcos T (7.72)

An approximation to the required distributed load will be taken of the form
q =0 + Opx’ (1.73)

From statics, the bending moment in the beam is given by

0 QI 0t Q!

M = (7.74)
8 192 2 12
The complementary po(ential given by (7.12) is then
_ l/2 2
H‘=2f dt+2fqux
(7.75)

It 2 IR & ! Ik
02 + Q! | QM 2 Q! . 0, (x? - 8)
240E] 21 432 T 4n

The least value of IT* can be found by minimising it with respect to (), and Q,. Its stationary point
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found by partial differentiation gives the values of these parameters as

B Ela o Ela
Q, = 96.524765-1—4 , 0, = 422.738241—6 (7.76)
This gives the complementary potential and complementary strain energy as
e Ela?
- = U = 243522605 5 1.77)
The exact solution is given by
_ n* nx
q = EIaFcos—[— (7.78)
which gives the correct values as
= Ela?
-1 = U = 243522728 E (7.79)

so that the correct solution gives a slightly lower (more negative) complementary potential. The
exact intensity of loading required at the origin is 0.9% greater than that predicted by the
approximate analysis.

7.8 The Calculus of Variations

In some problems, the differential equations governing the deformed state of the elastic
system may not be fully known. For a beam, it might be possible to write down the strain energy
of the elastic curve and the work done during deflexion by the loads applied to it as integrals over
its length. The correct total potential II thus found would be a minimum for all possible curves.
Finding the necessary conditions for stationary values of such integrals is the problem addressed
by the calculus of variations.

Suppose that the curve for which the desired integral is stationary is v(x). The expression
for the integral might be in terms of an integrand which is a function of x, v, v’ and v", where the
primes indicate differentiation with respect to x. This would be of the form

!
/= fF(x, vv/ vy dx (7.80)
0
Let there be a small variation of the curve from this, given by ew(x), where € is an amplitude

which does not vary with x. The new curve, Wx)+ew(x), must still satisfy the end conditions. The
integral now takes the form

Ie) = fF(x,v+ew, vieew v +ew ") dx (7.81)
0
Treating this as a function of € as indicated, it has a stationary value when € is zero so that
o) .9 F(x,vew vi+ew’v"+ew”) dx
de €=0 aee:(}

(7.82)

— ~ Ot ~

9 Fee,V,V' Vhyde (V=view V' =v/vew’ V'=v"+en”
A o€,
is zero. Examining the integrand,
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A n / " "
9 Fx,V, V' V"ydx = oFov  oF oV’ oF V7 (e =0)
J€ aV de aV’ de aV” e
€ aF (7.83)
== w(x) + wi(x) + w”(x)
ov a
Examining the second term on the fower right-hand side of thls,
{
oF d} dF
w'(x)dx = ——u(x)l —| = |w)ax 7.84
{ v/ 5@l { dx| av' 789

Ifw(x) is zero at the ends, then V satisfies the same end conditions as v and the first term on the
right-hand side of (7.84) vanishes. Similarly, imposing the condition that w'(x) vanishes at the

ends, gives
i

i{
ax{ ar
w'(x)dx = ( )(x)dx (7.85)
[ e

Then from (7.83) to (7.85), (7.82) becomes

oF _ 4
dv dx

oF
— | +

e . }
ov/ dxz

o w(x) dx (7.86)

€=0

oF
av //

As this must be zero for any admissible w(x), the contents of the square brackets must be zero,
or

oF

i 7 ° (7.87)

oF _d[3F|,
dv av’ dx2

This is an extended form of Euler’s equation.
Example 7.7 Equations governing an axially-loaded beam

A beam subject to a lateral
distributed load of intensity ¢(x) and a large
axial force P is shown in Figure 7.7. The
potential associated with the distributed
load is given by integrating gv along the
beam, the deflexion v being in the opposite
sense to ¢. As P is large, the amount by
which the ends of the beam approach one
another during this deflexion has to be
taken into account. A small length dx of Figure 7.7 An axially-loaded beam.
the beam is taken to rotate through an
angle ¢ as a result of this deflexion. Its projected length, &x cos ¢, is less than its original length,
ox. Taking & to be a very small angle, the first two terms in the expansion of cos ¢ can be used
to show that this apparent shortening is %$?8x. Also, ¢ is approximately equal to sin ¢ which is
given by -dv/dx, as shown in Figure 7.7. It is then possible to integrate this increment in
shortening along the beam to find the loss of potential of P. The strain energy per unit length of
the beam due to bending is given by terms like the first and second on the right-hand side of (7.6),
where the curvature ¥ is given by v". Taking the bending stiffness of the beam to be E/, the
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potential given by (7.11) is then

!
0= [[3EIG"? - $POY + gv]de (7.88)
0
Then for II to be stationary, it follows from (7.87) that
EIv" « Pv" + ¢ =0 (7.89)

{Example 7.8 Equations governing a Timoshenko beam}

{A vibrating beam for which the
shear behaviour and rotational inertia of M p+o0 S+OS
an element, as well as its bending -
behaviour and linear inertia are taken into
account is known as a Timoshenko beam.

Three parameters will be used to define

its deflexion. The effective mass

displacement of a beam element of length

&x will denoted by v. The angle through S o
which an anticlockwise moment M acting

on the element does work will be denoted

by ©. This will also be taken as the

effective angle of rotation of the mass of Figure 7.8 Element of a vibrating beam.
the element. The effective shear through

which a shear force § acting on the element does work in straining it will be denoted by y. As
plane sections cannot be assumed to remain plane, an attempt to establish a direct geometrical
relationship between these three parameters could be erroneous. Taking the bending stiffness of
the beam to be EI and its shear stiffness to be Gk4, where 4 is the cross-sectional area of the
beam, the local bending moment and shear force acting on the beam are

M = EI®/ S = GkAy . (7.90)

where the prime indicates differentiation with respect to x. Applying d’Alembert’s principle, the
equations of dynamic equilibrium for the inertia loads acting on the element shown in Figure 7.8
are

Ip0 - M -S=0 |, pdv -§' =0 (7.91)
where a dot indicates differentiation with respect to time t. Then from (7.90),
IpO -EIB" -GkAy =0 , pAv-Gkdy'=0. (7.92)

Applying Hamilton’s principle’, stationary values of the time integral of the Lagrangian function
L are sought. This is given by the difference between the kinetic energy 7 and the potential. In the
present case, this potential is given completely by the strain energy. For a beam, these can be
expressed as functions per unit length and integrated along the length / of the beam. That is,

affL,dxdt =0 , where L, =7, - U, (7.93)

! Sce for example Flogge (1962) Handbook of Engineering Mechanics §23.5.
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where the time interval is t and the subscript / refers to the values per unit length, given by
T, = lpavt « %plez , Uy = LEI®) + 2Gkay? (7.94)

(cf. (7.6)). The stationary principle is thus expressed here in terms of v, 0 and y which can be
represented by the generalized coordinates g, to g, respectively. These are not independent, as
they are subject to the nonholonomic constraints given by (7.92). (Such constraints are non-
integrable relationships between derivatives of these coordinates.) These conditions can be taken
into account by including Lagrange multipliers' A (x,7) in the expression for L,. It then becomes

L, = 2pAV + 2pI8" - ZEI(@) - 1Gk4y?

‘ (1.95)
+ A (x0)[p10 - E18” - GkAy] + A (x.1)[pAV - GkAY')

The extended form of Euler’s equation appropriate to this problem is given by

oL ofaL) ofoL) &*{ o) &foL)_ -
—_— ] — | - — — |+ — t— — (=0 , (i=1to 3) (7.96)
dq, Ox aqi’ ot| a4, Ax? aq”/ or?| 94,
This gives rise to the three equations
-pAV + pAA, = 0
EI0" - pI® - EIA] + pIA, = 0 (7.97)
-GkAy - GkAh, + GkdAy = 0

The first two are satisfied by taking A, as v and A, as 0. The third equation then becomes
y=v' -0 (7.98)

Substituting this expression for y in (7.92) then gives a pair of simultaneous equations in v and
0. Taking the beam to be vibrating with simple harmonic motion , so that

v = V(x)cos(wt+¢) , 6 = O(x)cos(wr + ) (7.99)
these can be solved to give

Vix) = (,‘lcosh%x- + Czsinhff;£ + Cscos-[z;£ + C,sin%i

O(x) :p‘z/%_;_af( CxSi“h%x— N Czcosh%x-J R ﬂi/;—/_—ﬁ—z((f}sin% i C@os% (7.100)
where
o2, p? - 1’7’[;(1 vry o JOTPF ]
(7.101)

: _ pwil? ;- E g1 - A

E i kG P W
the negative alternative in the first expression giving o® and the positive alternative giving 2.
Fixed end conditions are given by taking v and 8 as zero, pinned end conditions by taking
v and M as zero and free end conditions by taking Af and § as zero. From the foliowing equations,
the natural frequency of vibration, w, can be found for various beams of length / For a cantilever,

! Sce for example Gelfland, I.M. and Fomin, S.V. (1963) Calculus of Variations §12.2.
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2.2 2_,2
24+ @ B sinha sinp + B-p oep? P cosha cosf = 0 (7.102)
af ot +p? B -p?

For a fixed-ended beam,
2, .2 2 _ 2
tanE + Eutanhg =0 or (anE - Ei—ptanhg =0 (7‘103)
2 arBZ_pz 2 2 p’,a2+p2 2
where the first equation applies to symmetric modes and the second to antisymmetric modes. The
corresponding results for a beam with free ends follow on substituting r =1 in (7.103). For a beam

with pinned ends,

2 2 24 \?
2 mimGL P4 L Py, (7.104)
2% nin

where n is any integer. (See Flugge (1962) §61.5 for further details.)

The accuracy of Timoshenko beam theory can be tested' by comparing the results for an
infinite thin strip of unit thickness and depth 2d in a state of plane stress. Then A is 2d, [ is 2d°/3
and k is 5/6. Let A be nmt/l and vy be the non-dimensional parameter pw?/GA% Simple beam theory
gives the relationship

Y = 2(1+v)Aid? (7.105)

(see §10.3) and (7.104) becomes

Yoty = (1rv) e 2o t\j

12 42%?

3 2-’1 7.106
ald? 3( V) (7.106)

where y, will be taken as the lower of the two roots.

An exact plane stress solution in the x-y plane can be found, taking the x axis to lie along
the middle line of the strip. Assuming simple harmonic motion, the equations of dynamic
equilibrium are

do Jt ot do
—E e Rapw? =0, 2+ Xaipp! =0 7.107
ox oy P dx oy P ( )
where the stresses are given in terms of the displacements by
o_= ou ‘v ov , o= 2G [ ov, 814 L t,<G du  ov . (1.108)
ox 8y 1-v\ dy ax dy ox

The displacements are taken to be of the form
2

2
u= Z u sinhm ysin(Ax+o)sin(wr+e) , v = E u coshm ycos(hx+e)sin(wf+€). (7.109)
1 1

Substituting equations (7.109) and (7.108) into (7.107) yields relationships between u, and v
given by

lCowpcr, G.R. (1968), On the Accuracy of Timoshenko's Beam Theory. Proc. ASCE Journal of
Engineering Mechanics Division V.245 p.1447
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(1-v)(pl+y) -2 -(1+v)y, u, M
(7.110)

(v)n, (-v)y-1) + 2y,
where y, is m,/A. For non-zero u, and v,, the determinant of the above matrix must be zero. This
gives the following two roots for p?

2 2

po=l-y  and = 1-1y(1-v) (7.111)
The two solutions which these roots generate can be used to satisfy the free surface conditions
that o, and 7, are zero on y=d. (The form of (7.109) ensures that these conditions are then also

satisfied on y=-d.) Using the relationships between u, and v, given by (7.110), these conditions
become

(2-v)coshyu, Ad  2coshp,Ad
2 0

- - 7.
2-2y sinhp, Ad L | sinhp, Ad (7.112)
u,Ad u,Ad
As
2 a n 2 4 2n
coshy = 1+ 4% X and lsinhx=l+ic—+£-..+ X
21 4t 2n! x K.Y @2n+1)!

the terms in (7.112) remain real, even for imaginary p,. The determinant of the matrix in (7.112)
must be zero for non-zero v, and v,. This yields a relationship between Ad and v, i.e. between
wavelength and frequency.

Figure 7.9 shows the lowest 100
three values of y found by this method *
Y

for a range of wavelength/beam depth
(m/Ad) ratios, taking v as 0.3. These
curves are marked 1 to 3. The simple 0
beam solution given by (7.105) is — .
marked B and the two roots of '
Timoshenko’s solution are marked T1
and T2. The former remains accurate ;
for short wavelengths, underestimating 1.0 ;
the exact frequency by only 2% when f
the wavelength is equal to the beam P ®
depth. However, the simple beam : ®'\ N

analysis overestimates it by 22% at a : \ e %ﬁ%&
five times greater wavelength. 03 NG

The equivalent solution for
travelling waves is given by replacing
(7.109) with

Figure 7.9 Predictions of frequencies at a wavelength.
2 2

u= Z usinhm ysin[A(x-cf)+a] , v = z u coshm, ycos[A(x-cf)+a] (7.114)
1 ]

The solution is then exactly the same, with -Ac replacing w, so that vy in Figure 7.9 is now pc¥/G
where ¢ is the wave velocity.}






Chapter 8 The General Theory of Beams

8.1 Introduction

0. /5851 T, /1 _512_ “ g,

Exact stress distributions for some
beams loaded along their lengths can be
found. A simple example is that of a thin
rectangular strip of depth /4 subject to an S VY (R R —

exponentially-decaying distributed load of
intensity

q = g,e " @8.1)

applied to its upper surface y=h where x is Figure 8.1 Stress distributions fora=1.
in the direction of the axis of the beam. It

can be taken as an infinitely long

cantilever, fixed at its lefi-hand end and free at its right-hand end. Treating this as a problem in
plane stress, the resulting distribution is

o, = [A(sinky + kycosky) + B(2cosky - kysinky)]e ™
Ty = [Akysinky + B(sinky + kycosky)]e & (8.2)
o, = [A(sinky - kycosky) + Bhysinkyle ™

where
sina +acosa asina
k=4 4o Ssinaracosa) . B = - K2 (8.3)
h a? - sin’a a? - sin*a
The stress distributions for unit a is o, Ty
shown in Figure 8.1. The diagrams have —
been normalised by the factors shown so ~~_
that each has a maximum amplitude of .

The longitudinal stress o is almost - “> o > - =
linear and the shear stress t,, is almost < .
parabolic, as predicted by elementary
beam theory. The theory does not
predict the stress distribution a,,, which
is almost cubic. However, for the much
more rapid decay of the distributed load
g given by taking a as ten, the stress
distribution given by the elementary theory
of bending bears no resemblance to the \
actual distribution given by Figure 8.2. In N~ .
some sense, the beam ceases to cope with ) Y )v o

the rapid change in the loading by means

of its characteristic response. This is a

response to the resultant loading (moment /

and force) acting on a section of a beam. 0.0k 0.2h
Where a stress system acting on

the cross section of a beam has no

Figure 8.3 Decay of an axial stress system.

8.1
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resultant, it follows from Saint-Venant’s principle that it tends to decay further along the beam.
Figure 8.3 shows a rectangular strip subject to an axial stress distribution ,, which is sinusoidal
in form and has no resultant. The maximum amplitude of this distribution decays to less than a
quarter of its initial value at half the depth of the beam, 0.5k, along the beam.

What seems to be fundamental to beam theory is neither Bernoulli’s hypothesis that plane
sections remain plane, nor that the stress distribution varies linearly across the section'. It is that
there is a characteristic response to a resultant loading towards which the beam will tend, in the
absence of further perturbation along it. In this sense, the basis of beam theory was laid by Saint-
Venant 2.

{8.2 The Constant Response

Southwell (1936) argues in §93 as follows. If moments, axial forces or torques are applied
to the ends of a beam, then the resultant load at any section will be the same. There must be a
unique stress (or strain) distribution which minimises the strain energy per unit length for any
given resultant. If there were two such states with the same minimum strain energy, then by the
principle of superposition, a non-zero state of stress could exist which gave rise to zero strain
energy. Southwell refers to this as the ‘standard’ response; here the term ‘characteristic’ response
will be used. For the whole beam, there will be zones near the ends in which the stress distribution
will be dominated by the way in which these loads are applied. However, in zones distant from
the ends, the stress distribution is governed only by the resultant itself, in accordance with Saint-
Venant’s principle. The beam as a whole seeks to minimise the strain energy for the given end
loading. Thus, in the zones away from the ends, the state of stress approximates to the
‘characteristic’ response. The longer the beam, the more closely it can approach this response
over substantial portions of its length. The characteristic response can then be thought of as a
constant response infinitely remote from the ends.

Consider the z axis to be along the axis of a prismatic beam. Then from (3.9) to (3.13) the
state of constant strain is given by

Pu _ v 3w du v v dw _ dw
-~ = = ) + St —+—=0. (34)
Oxdz dydz 372 dydz Ixdz 3z? Jydz Oxdz  Jz?

The most general form of solution of these equations, excluding rigid-body rotations about the
x and y axes, is

u= -y + %ﬁyzz + U(xy)

v=oxzb, - 2820 v V(xy) (8.5)
w= z(e,-Ox+8y) + W(xy)
where 0,, 8, and 0, are the (overall) rates of rotation about the x, y and z axes and €, is the
(overall) tensile axial strain, as in (7.6).

Comparing (4.63) and (8.5), it can be seen that P produces an overall tensile strain of
Psy,/A. Likewise, comparing (4.64) and (8.5),

! This latter assumption works for homogenous anisotropic sections, see Leknitskii (1981) for example.

2 Adhémar Jean Claude Barré, Comte de Saint-Venant 1797-1886. Arguably the most significant
elastician ever. He applied unsuccessfully for membership of the Paris Académie des Sciences several
times. On the first occasion, he came fourth out of six candidates and the place was won by Morin, best
known for his experiments on the cohesion of bricks and mortar. He was cventually elected in 1868.
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M, sy, M.sg,
b = — co b= (8.6)
and comparing (4.65) and (8.5),
g - M M 57
y ’ z : .
Iyy 2]yy

Thus the overall tensile and flexural responses of the beam are similar to those for an isotropic

beam except that 1/E is replaced by s,;, but there is in addition a torsional response to bending

moments given by the second equalities in (8.6) and (8.7). From the reciprocal theorem, it follows

that if a unit bending moment produces twist, a unit torque must produce flexural rotation rate

of the same magnitude. This implies the torque-flexure relationships given by (5.58):
Tsyy Ts,

0 - T - 8.8
TR TR (8.8)

The theory will also be applied to modular beams. Although these are not the same at each
cross-section, they are made from a number of identical modules joined end to end. Trusses and
castellated beams are examples of modular beams.

A modular beam is shown in
Figure 8.4. At one end, it is acted upon by P/‘Q/[ AN N N
an axial force P, a bending moment M and TLF ] ] Z—[ q [ I NJ_
atorque 7. The Nth module is a long way M
from the end, and so according to Saint- Q@\ - E B
Venant’s principle’, it responds to these P T[ Z J J ‘[ Ni
resultants rather than the way in which o
they are applied. If the beam is sectioned
at the Zth module, the resultants acting on Figure 8.4 Regular response of a modular beam.
it are the same, as shown in the lower
diagram. The response of the (N+Z)th module must then be same as that of the Nth module. If
this were not so, then the lower diagram could be shifted Z modules to the left and a difference
in response between the upper and lower beam found in the Nth module. This would be the
response to zero resultant end loading, which should be zero. Thus the characteristic response to
the end loading for each module is constant® and is unique.

The above argument relies on the invariance of the beam under a longitudinal shift of
origin. This corresponds to the translation symmetry discussed in §1.5. This is the basis of Saint-
Venant’s semi-inverse method, in which certain simplifying assumptions are made about the state
of stress and strain. For a prismatic system, the condition can be stated as follows. If a constant
response to a resultant moment, torque or axial force can be found which satisfies the internal
conditions and stress-free boundary conditions locally, it is the characteristic response.

! A caveat must be entered here. Each module must be capable of resisting the loading applied to it, so
that any loading which has no resultant is dissipated by the strain energy it induces in a module. An ofien
quoted example of where the modules form mechanisms and so transmit rather than absorb such loading
is given by Hoff, N.J. (1945) The Applicability of Saint-Venant’s Principle to Airplane Structures.
Journal of Aeronautical Science V.12, p.455, (see §15.4).

2 There may be variations within a module, but these will be the same for each module.
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Equations (8.5) can also be written in terms of cylindrical polar coordinates (see §3.10)
again taking z to be directed along the axis of the beam:

%ﬁez2 + UP(r,0)
rzb, - %Orzl + Vo(r8)
z(e, -rby) + W?(1,0)

uf

v = (8.9)

wP =

where 8, and ¥ 4 are the flexural rotation rates about the local radial and tangential axes (in the
directions of increasing r and ©). Solutions of the form given by (8.9) can be found for the
behaviour of beams with certain kinds of curvilinear anisotropy. These are material properties
which are specified in terms of the local directions of the radial, tangential and longitudinal axes.
They relate the stresses and strains expressed in polar coordinates, as given by (3.59) and (3.62).
(See Lekhnitskii (1981) §§10, 17, 42, 43 and 60, and Renton (1987) Appendix A1.3).

8.3 The Linear Response
Here, it will be assumed that the stresses and strains may vary linearly along the beam. The

differentials of the strains in (8.4) will again be zero afier differentiating once more with respect
to z. The general form of the solution is now that given by (8.5), integrated with respect to z:

us gy e 202+ U (xy) ¢ Ulxy)
v = _;.xzzﬁz‘ - %ﬁ;zj + ZV.(x,}’) + V(xx}’) (8'10)
w o= 522(8; _ﬁ;x+ﬁ;y) + W (xy) + W(xy)

Similarly, (8.9) can be integrated with respect to z. The only end resultant which could produce
such a response is a shear force. For example, on comparing the terms in (8.10) with those in
(6.76),

. Ss . S

b = -1—3 , Ut(xy) = F(Z.s'nxy +s,y) -0y
. . S

b, =0 . Vi(xy) = ET(-S,,x“sz,yz) +bx (8.11)
. S555 . .

ﬁz = —'27 y W(XJ’)‘F(%;XY*S“}’)*R s e: =P=Q=O

Note that this comparison establishes that P and  must be zero by other means than those
invoked for (6.78). Also, it can be seen that the linearly-varying flexural curvature given by & *
is of the same kind as that for pure
bending, given by 0, in (8.6), where M,
is Sz. f[ l

The characteristic response of a @ §| @ E dL
continuous beam can be seen as a
particular case of the response of a

modular beam., In Figure 85a, a
modular beam is loaded at one end by a
bending moment M and a shear force §
acting in a direction normal to the axis
of M. The Nth module is remote from
the end and so its response is to the

o SO

~Z S’m

R

Figure 8.5 Shear of a modutar beam.
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resultants only, regardless of the way in which they are applied. In Figure 8.5b, the beam has been
shifted Z modules to the right, (Z<<N) so that the (N-Z)th module also responds only to the end
resultants. Figure 8.5¢ shows the beam shown in Figure 8.5a cut off at the Zth module when no
moment M is applied to the first module. The resultants acting on the Zth module are then as
shown. If M in Figure 8.5b is -Zsm, then the response of the (N-Z)th module must be
indistinguishable from that of the Nth module shown in Figure 8.5c. If this were not so, the
difference in loadings on the identical frames shown in Figures 8.5b and 8.5¢, which has no
resultant, would have a non-zero response at distances far from the end. This leads to the
following theorem:
If a shear force is applied to the end of a modular beam, the patterns of stress and strain
in modules far from the end can be divided into a linearly-varying component which is
the characteristic response to a moment and a constant component which is the
characteristic response 10 a shear force. By the same arguments as before, if a linearly-
varying pattern of stress and strain can be found which has only a resultant shear force
and bending moment, this must be a combination of the characteristic responses to each.

8.4 The Deformation Matrix

If no assumptions are made about the way in which a unit length of a linearly-elastic beam
distorts under the action of resultant loads on its ends, the response can be written as

0. [ fu fis S Fis Sis|[Me
8,1 |fa S S Sa Sos S
0.0 S Sa S S Sis s
Yy S S S S Jis Jus
Yy Jo T s Jsa Sss s
&) o Ja Jo Joa Jos Js)|

or d=FP (8.12)

v @ » -3\<§

J

where F will be referred to as the deformation matrix. The strain energy per unit length is

6 6
U= 1PTd = LPTFP - %Z}: ,En PfP (8.13)

where P, and F, are the ith and jth elements of P, as listed in (8.12). As the strain energy is
positive definite, the final product is then a positive definite quadratic form. This implies
constraints on the elements of F similar to those imposed on the stress and strain matrices in §3.5
(see also §3.11). Just as it follows from the reciprocal theorem that the stress and strain matrices
are symmetrical, so also is F. That is f, and £, are the same (i,j = 1 to 6).

For a homogeneous anisotropic beam, it follows from (8.8) that £, and f,, are given by
-8y /21, and -5/2], respectively. More generally, the coefficients of the deformation matrix can
be found by energy methods. The characteristic responses to resultant loads, discussed in
Chapters 4 to 6, enable the stresses and strains to be written as linear functions of these loads.
Suppose that all these resultants are acting simultaneously on a typical cross-section. The strain
energy per unit length, U, can be found by integrating the strain energy per unit volume over the
cross-section (cf. §7.1). This will result in a quadratic function of the resultant loads. (Note that
when using the expressions for the stresses and strains produced by the shear forces at the tip of
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a cantilever, the terms in S, z and -S, z should be attributed to the local moments M, and M,
respectively. The resulting quadratic is then not a function of z.) Then from (8.12) and (8.13),

U, .

EX 20 ) =g = 4
The formal process of partial differentiation is not necessary. The elements £, can be found by
direct comparison of the coefficients of the load products P, P;.

The beam and its
material may be symmetrical.
This will impose further
conditions on the form of the
deformation matrix. Figure
8.6 shows a beam which is
symmetrical both in form and
its material properties’ under
inversion of the x axis. The
resultant loads acting on a
section and the
corresponding deformations
are shown in Figure 8.6a.
The mirror image of this is, R)
resulting from inversion of (b) ) Y,
the x axis, is shown in Figure
8.6b. The section itself is
unchanged by this inversion.
However, the senses of some of the loads and their corresponding deformations have been
reversed. Thus the same M, , S, and P now produce opposite 8, , &, and y, . As the section is
identical to that before inversion, the two states (a) and (b) can be combined, using the principle
of superposition. It now becomes clear that M, S, and P produce zero 8, , 0, and v, . This implies
that in the deformation matrix,

S = s T he TS s e VTS TS =0

Bearing in mind the symmetry of this matrix, this produces the pattern of zero elements shown
in Figure 8.7a. These are shown by white circles, the black circles being the non-zero elements.

(8.14)

Figure 8.6 Symmetry under inversion of the x axis.

000000 000000 000000 Bd0O0Q00

000000 00000 000000 OBOOSO

000000 00000 Q0080 0O0e00e

Ce0000 0Q0000® 0000800 000200

000000 000000 00000 0OS0020

| Jelelel 1 TamNel Jol Jol TN 1 lolelel INelel Jele]
(a) (b) (c) (d)

Figure 8.7 Zero-element patterns for symmetrical beams.

Figures 8.7b and 8.7c show the patterns for invariance under inversion of the y and z axes
respectively. Note that f,,, f,; and f,, are zero in all three cases. Figure 8.7d shows the pattern for

! That is to say, the material is at Jeast monoclhinic under inversion of the x axis (see §3.11).
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invariance under a rotation (»180°) about the z axis. (Elements with the same pattern are equal).
This is for a typical beam of isotropic material and one axis of symmetry. If the section is
homogeneous, the coupling indicated by the f,, term can be eliminated by defining the axial force
as acting through the centroid of the section. Likewise, the coupling between torsion and the
shear force S, can be eliminated by defining it as acting through the shear centre. Then £, is zero
and the matrix becomes diagonal. The expression for the (complementary) strain energy per unit
length given by (8.13) then takes the form given by (7.5). However, it will be shown that beam
theory can be applied to a far wider range of problems. For example, for an homogeneous
anisotropic beam, it has already been seen from (8.8) that the coefficients f;, and f;, may exist.
If there is only symmetry with respect to z axis inversion, as in Figure 8.7¢, full uncoupling
of the deformation equations can still be obtained, as can partial uncouplings for all other cases.
The line of action of P will be defined as being through the ‘centroid’, C, of the section. Its
position, given by the coordinates (x, , 3 ) will be defined' as being such that P produces no
flexural effects (i.e. f;s and fi¢ are zero). Likewise, the resultant shear forces S, and S, will act
through the shear centre by definition. Its position, {x,, y,), will be such that these forces produce
no torsional effects (i.e. £, and f;; are zero). The principal flexural axes of the section will be
chosen in such a way that there is no coupling between the moment A, and the rate of flexural
rotation 8, (or conversely between M, and 8,) so that f;, (and so necessarily £,,) are zero. It may
be necessary to define the orientation of a separate set of principle axes” so that there is no
coupling between the shear force S, and the shear displacement y, (or between S, and v,) so that
Jfs4 (and f,) are zero.
Figure 8.8 shows the
resultant loads and
corresponding deflexions
defined with respect to a M
coordinate system which is
arbitrary, apart from the Pet
direction of the z axis which is ‘
parallel to the axis of the
beam. The same resultant
loading can be defined with (@)
respect to the ‘centroid’ and
shear centre. The magnitudes
of the forces remain
unchanged but the moments (b)
must take account of the shift
of origin. Likewise, the shifts
of origin do not change the
definitions of the rotation rates, but do affect the definitions of the overall axial strain and shear
strains. The changes produced by the shift to the ‘centroid’ are given by

M =M +Py, , M, =M -Px_, e =0y -0x +¢, . (8.16)

Figure 8.8 The ‘centroid’ and shear centre.

and the shift to the shear centre are given by

! In the general case examined here, it is not necessarily the geomeltric centroid.

2 These can be significantly different. See Schramm, U., Kitis, L., Kang, W. and Pilkey, W.D (1994)
On the shear deformation coefficient in beam theory. Finite Elements in Design V.16 p.141.
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coupling terms involving the local moment and the shear force may then occur. Uncoupling can
be achieved by defining a flexural centre which is offset axially at a fixed distance z,along the
beam from the section being examined. The reference bending moment used in (8.12) and (8.13)
is then not that at the section, but that z, further along. Taking a shear force § only to act at the
end of a beam the strain energy per unit length produced at a distance z along the beam can be

written as
Uy = 1182 00 + 208981, + S,) = H(S2 + S +53/;)

where S=Sy s S =S S = Sis s Sy = Ss (8.23)
or S:Sx ? fmm =f21 ’ fm.l = —f24 ’ f:u =f44

The expressions for U, must be the same for all values of z so that on comparing coefficients,

-f:;’:m = mm 2 f:: =f;: —fhztxlf;nm 4 zf =fm:/fmm N (8‘24)

Redefining the moments as those acting at the flexural centres has the effect of changing the
columns of the deformation matrix, so that

T = fa = Sataalfa » Sis = fs = fulislfy (i =110 6) (8.25)

Redefining the shears v, and ¥y, as those relative to the extrapolated rotations at the flexural
centres has a similar effect on the fourth and fifth columns of the matrix, without further changes
to f,, and f,, (as the modified forms of f;, and f,, are now zero'). The modified matrix is now
symmetrical again. The flexural centre is of particular importance in analysing modular structures,
as will be seen in the next section.

8.5 The Slope-Deflexion Equations for Modular Beams

Modular beams are ‘discrete’ or ‘lumped’ systems ) K
formed by a set of identical units or ‘modules’ joined end- 4
to-end. A truss is the most common example of modular
beam, but any prismatic structure with a regularly repeated 2r
form, such as a castellated beam, is also a modular beam.
Efforts to analyse them in terms of equivalent ordinary
beams have met with partial success®. Using the
appropriate bending stiffness for an equivalent uniform
beam seems to provide a good first approximation to the
behaviour of a modular beam. However, the choice of an
appropriate shear stiffness seems to vary with the end
conditions. The problems of representing a piecewise-continuous system by a continuous one are
illustrated in Figure 8.9. A square of diagonal length 2r is turned through 45° and placed on its
original image. This forms an eight-pointed star which is turned through 22.5° and the process
repeated ad infinitum. The circle-like outline of this object contains an area of 7/, but the outline
is 2V 21tr long. Also, the slope of the outline is indeterminate at all points on it.

In such problems, difference calculus can be a more useful analytic tool than differential

Figure 8.9 ‘Squaring the circle’.

! This process of uncoupling by defining the flexural centre is counter-productive if either f;, or f;, are
non-zero. This is because uncoupling achicved by defining the shear centre is lost.

2 See for example Saka, T. and Heki, K. (1981) On the effective rigidities of bar-like plane trusses.
Memoirs of the Faculty of Engng, Osaka City Univ. V.22, p.167.
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calculus. This will be discussed in more detail in Chapter 15. Operations are carried out with
integer parameters rather than real variables. The most common operators are

Ef(X) = f(X+1)

AF(X) = f(X +1) - f(X) = (E - DAX) s 26
VAX) = f(X) - f(X-1) = (1 - EDf(X) (8.26)
NF(X) = A[VAX)] = (E + E™ - 2)A(X)

where X is usually an

integer. This notation A B
follows that in Brown - -

(oes) §132. Here, X MAC [ 1] [ [x[ | [~ EDMB,GB
denotes the Xth module Sev v

from the left-hand end, as e elM!
in Figure 8.10. Here the M8, M,,f /EL/\X M8

(a) m(¥2 +e) $%

e

notation used has been - ~
chosen to correspond to )C X )$ Seir
that in §4.5 and §6.4 so ¢

that comparisons can be ®)
made. The length of each

module is taken as m. The =1
flexural centre is usually in ( x M
the centre of the module. - xx

In general, it will be taken © 0. Z S,V
to be me to the right of it, *
and the bending moment
at that position denoted
by M., as shown in Figure 8.10b. The other loads and deflexions specific to a module are related
to its right-hand face as shown. Thus the loads, M}, and S, and the deflexions 85 and v at end B
of the beam are those specific to module N. (However, more thought is required to determine the
loads and deflexions at end A.) The force P, is applied downwards at the junction of modules X
and X+1. The from statics,

P.=S., -8 =48, , Sm=M_ -M=-VM, , M/=M_+Sm(;-e) (8.27)

x

L

Figure 8.10 Loads and deflexions of a modular beam.

It will be assumed that the only resultant loads acting on any module are the bending moments
and shear forces shown. Using the notation of (8.23) for the flexibility coefficients, the strain
energy in module X can be written as

U, = mU, = sm(M'},, + Si1) (8.28)

Suppose that a rigid-body movement is given to this module, so that the rotation and displacement
of its left-hand side are both zero for the moment. This now acts like a cantilever, as shown in
Figure 8.10c. Applying Castigliano’s complementary energy theorem (cf. §7.6) to the module,

g - Un fonIM, + mS(%-e)]
= = + m -
X aM n' mm{ X X 2 e

W f | | / (8.29)
Rk R - —- )
V.r - an =m fmnl(; e)[Mx * mSX(Z e)] * mfnéx »

Rotating and displacing the left-hand side of the module so that it now has the true rotation 6,

and v_,, the rotation and displacement of the right-hand side are given by
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B, =0+ 0, , vo=v v, +mb (8.30)
Then from (8.29) and (8.30),
Ve, = mf, M, + msx(g-e)]
(8.31)

vam = mzfmm(%_e)[Mx M msx(%—e)] * mex—l ’ VV; = f:/JSx ’

where v, is the sum of v,”, associated with the flexure, and v.*, associated with shear. These
equations can either be solved directly, or further use made of (8.27) to derive the forms

vi’ = -/.;:Px
(&Y = -m*f, (1 + B -eN]P, (8.32)
A'VB, = -mf, [1 + A(5 +e)]P,

Taking the ordinate x as equivalent to mX, the distributed load p, as equivalent to P./m and
using the Taylor expansion

df  m?dy
Ef(x) = f(x+m) = f(x) + m—= + — —L + |
f(x) = f(x+m) = f(x) e (8.33)
and then allowing m to tend to zero in the above equations, gives at the limit,
dv/} , d*v” d? 0, 7 (8.34)
= np > = - mmp x == mmp x ° *
dx? ¥ dx* dx?

This corresponds to the governing differential equations for ordinary beams on taking /7, as
1/GkA, £, as VEI and 0, as the slope of v,”. However, applying these differential equations to
a modular beam overlooks terms in the difference equations related to the flexural behaviour
which are as significant as those related to the shear behaviour.

At end A of the beam, the deflexions 0, and v, are those specific to an imaginary Oth
module, 0, and v,. Likewise, the end moment M, is -M, and the end shear force § , is -S,
(assuming that the end force P, can be defined separately). The case where there is no distributed
load P_ will now be examined. From the conditions of equilibrium,

-SyNm = S Nm =M, + My , S =-8, , M, =8Xm-M, . (8.35)

From the effect of the operators in (8.26) on polynomials in X, the following inverse operations
can be established:
Vi(1)=X+C , VY(X)= %(x2 +X)+C , VI(X})= %(2x3 +3X*+X) +C. (8.36)

where C is a constant. Using (8.35) and (8.36), the first of equations (8.31) can be solved and
then the remaining two equations. The constants can be found in terms of the deflexions specific
to the Oth module, 6, and v, giving

6, = mf,,[S,m(A X" +eX) —MAXJ .8,

8.37
v = mzfm{mSA[%X’ + X(:—2 -ez)] +MA{eX - %X’]} ~mfi S, X +mB X +v, (8.37)

In particular, the deflexions specific to the Nth module, 85 and vy, can be found. Using (8.35) and
rearranging the equations,



8.12 The General Theory of Beams [Ch. 8

1
= {(m0, [4N?+5+12e(e+N)] + mO_[2N?-5-12¢2] + 68(N +2¢
T Ty oA 126N - } + 68(N+2¢))
1
MB = W{MBA[2N1‘S_1282] + men[4N2+s+]28(e_N)] + 66(N—2e)}
6
S, =-8, =——— [mB,(N+2e) + m0 (N-2¢) + 20}
A B mmm JN(NZ"'S) A £) (8.38)

where & is v, - v, 1/f,,, can be replaced by EI for the purposes of comparison with (6.24) and
(6.25) and

12/

2
mfmm

s =

-1 (8.39)

(cf. (6.21)). These equations are much simpler when ¢ is zero, which is ofien the case. Further
examples will be found in §AS.1. The coefficients f; for various modular beams formed by trusses
will also be found in Appendix 5.

8.6 The Characteristic Response of Circular Beams

Saint-Venant’s principle can also be Féy
applied to a circular beam to find a
characteristic stress or strain response. At
first sight, this appears improbable,
particularly if its radius of curvature of the
beam is not much greater than the
dimensions of its cross-section. Any real
beam must then be ‘short’, in that its length
will be of the order of 2w times this radius.
Mathematically speaking however, the beam
need not interfere with itself after one
revolution, unless this physical condition is
imposed in addition to the other equations.
A regular response to the loading at one end
can then be sought. This is the response
towards which the beam would tend at very
large values of O (the angle through which the undeformed beam curves from its free end). As it
is a function of the resultant end loading only, it can also be thought of as a function of the local
resultants produced by the end loading only. It follows immediately that any such response must
be either constant or have a period of 27,

Figure 8.11 shows the notation which will be used in this case. Cylindrical polar
coordinates 7, 0, z will be used (cf. §3.10) with the origin situated at the centre of curvature of
the beam. The angle 0 is measured from the x axis of a cartesian coordinate system x,y,2. The end
moments M,, M, and M, and forces F,, F, and F, are expressed relative to this coordinate
system. The local rates of rotation ¥,, D, and , and strain displacement v, , ¥y, and y, measure

x> Yy
the rates of change with 0 of the global rotations 6,, 8, and 6, and displacements 6,, 8, and &,
respectively. The local displacements in polar coordinates will be denoted by «”, v* and w” as in
§3.10. The local bending moment, M,, and torque, 7, are related to the global end moments M,

and M, by

Figure 8.11 Loads and deflexions for a
circular beam.
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M, = M.cos® + M sinb

T =-M,sin® + M, cos6 (8.40)

The local shear force S, and axial force P are related to the global end forces F, and F, in the same
way. The local moment M, shear force F, are the same as the corresponding global end loads. As
these are constant, these loads give rise to constant strains, which on integration produce
displacement fields of the form

u? = U(r,z)
vP =V (rz) + 0,r0 (8.41)
wP = Wi(rz) +v,0

ignoring rigid-body displacements (cf. (8.5)). Note that 8, and vy, are constants. As mentioned in
§4.3, solutions exist for a curved beam of circular cross-section subject to the moment M, .
Mtche:lll was the first to find solutions to the problem of the response to an axial force F, for
rectangular and near-circular cross-sections. Freiberger? produces a solution for a circular cross-
section in terms of toroidal coordinates. This is based on taking U,, ¥, and b, as zero, which
means that for an isotropic beam, only t,, and t,, are non-zero. Results for the shear deflexion
¥, can be compared with the approximate analysis of a spring (taking & = 0) given in §5.6. The
true deflexion is only 2.5% greater than the approximate one when the mean spring radius to the
section radius is three. This diminishes to 0.1% when this ratio is ten. However, the maximum
shear stresses can be significantly different from those predicted by the elementary theory for
straight rods. When the above ratio of radii is ten, the true stress is about 14% greater and when
the ratio is three, it is about 49% greater.

It follows from (8.40) that the characteristic response to the other end loads will be
sinusoidal. This response falls in to two groups. If the normal strains and y,, vary with sin 0,

= Uy(r,z)sinf + (Dyz + v,)08co0s0
= V,(r,z)cos® - (byz +¥,)8sin6 (8.42)
= W,(r,z)sin - Oychose

where 0, and v, are constant. If the normal strains and y,, vary with cos 0,

u? = U/(r,z)cos8 - (B .z - ‘Yy)esinﬁ
Vy(r,z)sin® - (8.z - yy)ﬂcose (8.43)

wP = W (r,z)cos® + © rBsin0

vP

where O, and v, are constant. In these two cases, no simplifying assumptions based on any
analogy with ordinary beam theory seem appropriate. However, the above forms can be used as
a basis for the approximate energy methods discussed in Chapter 7. Corrections for both
curvature and pitch of helical springs have been given by Ancker and Goodier *. See also Young
(1989) Chapter 8 and Pilkey (1994) Chapter 16.

! Michell, J.H. (1899) The Uniform Torsion and Flexure of Incomplete Tores, With Application to
Helical Springs. Proc. London Mathematical Soc. V.31 p.130.

z Freiberger, W. and Smith, R.C.T. (1949) The Uniform Torsion of an Incomplete Tore. Australian
Journal of Scientific Research ser. A, V.2 p.354.

3 Ancker, C.J. and Goodier, J.N. (1958) Pitch and Curvature Corrections for Helical Springs. Journal of
Applied Mechanics V.25 p. 466.



8.14 The General Theory of Beams {Ch. 8

Example 8.1 Bending and torsion of an open ring

r
Suppose that g circular beam of mean radius R has ”
a circular cross-section of radius a. It is convenient to use T z / %

local coordinates p, the radius of a point from the centre of
the cross-section, and ¢, the angle of this radius to the r
direction. These coordinates are related to the cylindrical
coordinates as shown in Figure 8.12, giving

r=Repcosd, z = psing. (8.49) Figure 8.12 The coordinate system.
and so
dJ d . .13 d N 1 9
_ = SQ — -~ —— , — =& —_— —— A
5 T cosb sindo L = sing = cosh— (8.45)

Suppose that the beam forms a complete open circle and that a moment M, is applied to one end.
A characteristic response will be sought, producing a rate of rotation 8,. As an approximation to
the true deflexion mode given by (8.42), the form

u? = Apsindsin® + ﬁyzecose
Czcos® - 0,z05inb (8.46)
- Apcosdsin® - b rBcosd

will be used. Here 4 corresponds to a rotation of the cross-section in its own plane about its
centre and C corresponds to its rotation about the r axis. From (3.62), the non-zero strains are

n

yP

1]

wp

€0 = Z(B-0)sin0, v = 2(B+8,)c0s0 , 5, = -(B+0y—%RA)cose (8.47)

where B is 4-C. (If A = C these terms correspond to a rigid-body rotation -4 about the x axis and
displacement -AR in the z direction of the whole beam, resulting in no strains.) From (7.1), the
strain energy per unit volume is given by

G(1-

U,=
YT T 2y

v)(B b )22 sin?0 +-

2
(B+t))2z c0529+(B+1'3 - )cos’(‘]}(sAs)

The total strain energy is then given by integrating this over the volume of one turn, giving

U=2%2GR? .(_I‘;Z"J.S(B-ny + —2'-[(B +0y)’(S+%a) -Aa(B+b) +A2T]
( V)az (8.49)
where a=4  s=1a-Lil
RZ 2 3 3
The total potential energy I given by (7.11) can now be calculated, where the loss of potential
energy @ is given by the work done by M ,, which is 2, 8, . The total potential can be

minimised by equating its partial derivatives with respect to 8,, 4 and B to zero. This gives

a)? , T=1-(1-a)”

- u T — oyl
M. = nGR? 8S(1 -v)(4ST +2Ta - o) ﬁy (8.50)
g (12 -16V)8T +(1 -2v)(2Te - o)

This gives an upper bound to the stiffness of the curved beam.
A lower bound to the stiffness can be found from ordinary engineering beam theory. The
local bending moment, M, and torque, T, acting on the beam cross-section are given by
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M= Mysine , T = MycosB.
so that for thin rings, the complementary strain energy is given by

o - MIR(2 +v)

cos?0 . sin’6 _
Ga‘*(l +v)

2GJ 2EI

_ n
U= (M
y
[
Minimising the total complementary potential with respect to M, then gives

M = GnR3£2i1_*_"la
y 2 y

The ratios of the stiffness given by (8.50) to that

given by (8.53) are shown in Figure (8.13). »4 -
When the curvature of the beam is very small in T Stiffness ratio
comparison with its cross-sectional dimensions, ] g |

it tends to behave like an ordinary beam. If in
addition Poisson’s ratio is zero, the assumed 16
displacement field matches that induced by the
assumed stress field. Both methods then givethe 4
same stiffness, as shown in Figure 8.13. The
difference between the two analyses increases 12
with increasing Poisson’s ratio. For a value of | v=943
0.5, the ratio varies between 1.6667 for zeroa/R 1.0 LY~ 99 i

8.15

(8.51)

(8.52)

(8.53)

to 2.7778 for unit a/R.} 0 02 04 06 038

Figure 8.13 Ratio of upper bound to
lower bound stiffness.






Chapter 9 The Stability of Beams

9.1 Introduction

To cover this subject satisfactorily, a book is required rather than a chapter. Such books
exist, and some of them are listed in the bibliography at the end of this book. In particular, Bleich
(1952), Timoshenko and Gere. (1961), Horne and Merchant (1965) and Kirby and Nethercot
(1979) are recommended to the general reader. Those books relating to more specialised topics
will be mentioned where these topics are considered.

The general concept of stability has already been examined in §1.3. Instability usually
arises when the work done by the loading, during a small perturbation from the equilibrium state,
is on the point of exceeding the strain energy absorbed by the elastic system supporting it. Any
additional work is then turned into kinetic energy which can lead to the catastrophic collapse of
the system. To analyse stability problems properly, large defiexion theory needs to be used. An
approximation applicable to many engineering problems is to say that prior to unstable behaviour,
only smail deflexions have taken place and that the incipient unstable behaviour is infinitesimal.
Even then, it turns out that a consistent analysis involves using higher-order elastic constants
which relate the stresses to quadratic functions of the strains (see Renton (1987) Chapter 4 for
example). These third-order constants are known for some materials, but they can have a
stabilising effect. A conservative approximation to the loads causing instability (buckling loads)
can then often be found using the usual linear elastic constants.

When the stress-strain curve for a material is severely non-linear in the region of loading
where instability occurs, the local tangent modulus' is sometimes used instead of the usual elastic
modulus in buckling formulae obtained for linearly-elastic materials. This is often applied even
when the material is no longer elastic. A theoretical justification for this was first proposed by
Shanley®. This shows that prior to the onset of unstable behaviour, a precursor of failure may
occur with buckling deformations arising with an increasing loading. The prediction of this
precursor, using the tangent moduli, acts as a safe estimate of the failure load.

Sometimes it is necessary to take account
of the change of geometry of the elastic system
during loading. Figure 9.1 shows two rigid bars of
length / pinned together. At their other ends, one
of the bars is pinned to a rigid support and the
other to rollers which are restrained from moving
horizontally by a spring of stiffness £. A vertical Figure 9.1 Snap through of a two-bar system.
load P is applied to the common joint. If this joint
is initially at a height &, above the supports and under the load P descends to a height A, then the
load and deflexion are related by

! Fora strictly linear material, the plot of stress against strain is linear, and the slope of the line the
appropriate modulus {the shear, bulk or Young’s moduli). For a non-linear curve, the slopes of the
local tangents to these curves give the tangent moduli.

2 Shanley, F.R. (1947) Inclastic column theory. Journal of Aeronautical Sciences V.14 No.5 p.261.

9.1
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2 _
p=4H 1 - L ]
L - H? ©.1)
where p=—,H=i,L=i‘
kh, h, h,

The plot of p, a non-dimensional measure of the
load, versus 1-H, a non-dimensional measure of its
deflexion, is shown in Figure 9.2. This is shown
for L equal to 10, but curves for greater values of
L are almost identical. The load increases with
deflexion until p is approximately 0.0077, after
which the load must be reduced to maintain
equilibrium. If not, the system then snaps through
to another state of equilibrium, as indicated by the
broken arrow. To reach this new state, it has
passed through the mirror image below the
horizontal of the unloaded state (1-4 equal to
2.0). Such snap-through failures have been responsible for the collapse of shallow dome
structures, such as those of the 93.5m diameter Bucharest dome in 1961 and the 51m C.W. Post
Dome (Long Island University) in 1970.

Figure 9.2 Load-deflexion curve
for snap-through.

Deflexion —————»
Figure 9.3 The influence of imperfections on buckling.

In theory, perfect structures can often be treated as if they behaved according to the
predictions of small deflexion theory up to some critical loading state. Above this loading, they
may continue to respond in the same way, or behave in an entirely different way. This split in the
load-deflexion path is known as bifurcation. Figure 9.3 shows various load-deflexion paths. The
dotted lines show possible paths following bifurcation. The broken lines show the load-deflexion
paths when small imperfections of the structure, or eccentricities of the loading are present. Case
(a) shows the behaviour predicted by standard small-deflexion analysis. This has a buckling mode
after bifurcation which is of indeterminate magnitude, as represented by the horizontal line.
However, if the strut is not perfectly straight, or the axial loading has a slight eccentricity, this
analysis predicts a load-deflexion path shown by the broken line. Lateral motion begins
immediately, and there is no bifurcation. The path becomes asymptotic to the buckling path. Such
analyses in the presence of imperfections will be discussed again later. More accurate analyses
show that the post-buckling path is often stable, as shown in (b). That is, the load has to be
increased above the buckling load for further deflexion to take place. Again, if there is a slight
imperfection, the path follows the broken line which becomes asymptotic to the perfect path. In
such cases, the structure is said to be imperfection insensitive, because the imperfect system has
no maximum load less than the critical load. Case (c) shows an unstable post-buckling path, where
the equilibrium states correspond to a reduction in loading below the critical load. The system is
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now said to be imperfection sensitive, because there is a maximum load for the imperfect system
(shown by the black dot) which is less than the critical load. Plates and columns are usually
symmetric in their post-buckling behaviour, in that a fateral buckling mode could equally well be
in either a positive or negative sense. Koiter (1945) showed that the reduction in the maximum
load in such unstable symmetric cases is proportional to the % power of the (small) eccentricity.
Typically for columns, this represents a drop of only a few percent.

Case (d) could represent the inwards deflexion of a point on the surface of a shell subject
to an external pressure load. Buckling takes place by the dimpling of the surface, rather like the
snap-through problem discussed above. However, this is a bifurcation problem and the post-
buckling path is more like that shown by the dotted line. This mode is not symmetric, and Koiter
shows that in such cases that the influence of imperfections on reducing the maximum load obeys
a half-power law. The broken line again shows a typical path when imperfections are present,
where the black dot shows the reduced maximum load. Because the imperfection measure is small
in comparison with one, the power law in this case shows that the maximum load is reduced by
imperfections considerably more than in the symmetric case {c). For thin shells, this can be very
severe, the maximum load being as little as a quarter of the critical load at bifurcation, for typical
imperfections. More discussion of these problems and post-buckling behaviour will be found in
Thompson and Hunt (1984) for example.

In this chapter, instability will be considered to arise from conservative loading only. The
work done by such loads can be expressed as a loss of a potential which has a unique value for
any point in space. This means that the work done by conservative loads in moving around any
closed path is zero, as there is no difference between the potential at the beginning and at the end
of the path. Gravitational and elastic loads are conservative. Examples of non-conservative loads
are the aerodynamic effects associated with flutter and the reaction on the end of a hosepipe
emitting a jet of water. In such cases, the stability problems are seldom purely static but are
associated with dynamic effects. Such problems have been considered by Bolotin (1964) and
others. The interaction of stability and vibrations will be considered in the next chapter.

The standard theory of flexural instability is considered in §9.2 and §9.3. Modifications
of this theory to allow for shear and torsion are given in §9.4 and §9.5 respectively. All of these
analyses assume that the instability arises from large initial axial forces. However, lateral buckling
may be induced by large initial moments and shear forces. This topic is covered in §9.6. In
addition to overall buckling, local buckling of the section may also take place. Thin flat flanges
of a section may buckle like plates subject to large axial stresses. Also, thin webs of a section may
be susceptible to shear buckling. The analysis of these problems is given in §9.7. Where exact
analyses are not known, or are too lengthy, approximate methods may be used to find the critical
buckling conditions. Rayleigh’s method, described in §9.8, is another example of the application
of the principal of minimum potential energy used in Chapter 7. Finally, some general theories of
stability are considered in §9.9. Further discussion of stability analyses will be found in the
material covering matrix and computer methods. A program for analysing the stability of rigid-
jointed three-dimensional frameworks is included, and the details of running it are given in
§A2.12.
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9.2 The Classical Problems of Flexural Stability

These are the problems first analysed S+8S M+8M,
by Leonhard Euler in 1744. The equation
governing an axially loaded beam in simple
bending was derived in Example 7.7, and is
given by (7.89). Here, it will be assumed that
the distributed load q is zero. The shear force P
S will be taken being in the v direction, that is,
strictly perpendicular to the axial force P. As
q is zero, it follows that 85 in Figure 9.4 is
zero for equilibrium. The axial force is taken
to be an order of magnitude greater than the Figure 9.4 An axially-toaded beam element.
other loads. This means that in considering the
moment equilibrium of the beam element of length &x shown in Figure 9.4, the moment Pv’'dx
must be taken into account. The equation of equilibrium then takes the form

SM + Pv/dx + S8x = 0 or EIv" + Pv/ + § =0 9.2)

using (4.15). The general solution of this equation is then given by

v=A - %x + Bcospx + Csinux where p2 = (9.3)

Ed
EI

This equation must satisfy two conditions at each P “
end of the beam. As in §4.2, the conditions for a
fixed end are that v and v’ are zero, at a pinned end,
v and v” are zero and at a free end, the bending
moment and shear force are zero so that v and S are
zero'.

The most common problems relating to a
single beam in compression are shown in Figure 9.5a . :
to 9.5d. The cantilevered column shown in Figure
9.5a is clamped at its lower end, x=0, and an axial @ ® © (@ @
force P is applied to its free end, x=/. The end Figure 9.5 Standard buckling problems.
conditions, expressed in terms of (9.3), are

A+B=0 |, —%+Cu=0,Bcospl+Csinpl=0,S=0. 9.4)

Then either the constants 4 to D are zero and the beam does not deflect, or cos u/ is zero and
B is indeterminate. This buckling condition is satisfied when u/is /2 (+ nrt) where n is an integer.
It follows from (9.3) that the lowest value of P at buckling is given by taking » as zero.
Symmetrical buckling of a pin-ended beam and a fixed-ended beam, shown in Figures 9.5b and
9.5¢c, can be analysed similarly. The shear force § can be taken as zero in both cases, using

! It must be assumed implicitly that the supports permit relative axial movement of the ends of the
beam, so that the axial force can be applied.
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symmetry and equilibrium. This is not true in the case of the clamped and pin ended beam shown
in Figure 9.5d. Applying the end conditions given earlier, the buckling criteria for these three
cases are

): sinp/ =0, (c) cosul =1, (d): tanul/ = pul. 9.5)

so that the lowest Euler buckling loads, P,, in the above four cases are

n2El n?El an’Fl El
Q) P, = T (b): P, = Tk (c): P, = TR d: P, = 20.1917 - (9.6)

Figure 9.5¢ shows antisymmetric buckling of a fixed-ended beam. As there is a point of
contraflexure in the centre, it behaves like two beams of type (d) joined end-to-end. The Euler
buckling load for this case is then given by substituting /2 for / in case (d) above, giving a
buckling load a little over twice as large as that given by case (c).

9.3 The Slope-Deflexion Equations Allowing for Large Axial Loads

Relationships between the end loads p M,
and deflexions of an axially-loaded beam can be — 0 My P
found using (9.3) and the end conditions A A T—psyt—
M, = -EIv/ , M, = EIv) , i 6 SB'VB
S As sAeB'eB el ) : }
= - = s =v,, =y
B 4 4 A0 TB B v s
where the end loads and deflexions are as
shown in Figure 9.6 (and previously in Figure Figure 9.6 End loads and deflexions.
4.17). The slope-deflexion equations given by
(4.55) and (4.56) now become
El 6¢
M, = _1'[44’364 + 2,8, - —1—2("5 - vl
El 6¢
M, = —126,8, + 46,8, - —2 (v, - vl (9.8)
12
Sy = =8 = -E1—1[6¢26A + 64,0, - _11("13 - vyl

where ¢, to ¢, are Livesley’s' stability functions. These can be expressed as
d, = “Icotﬂ 6, = _wr
© 272 7 T 21 - ) 9.9)
¢| = ¢o¢2 ’ 4¢3 = 3¢2 + ¢0 , 24)4 = 3¢2 - ¢o

Values of these functions are tabulated in §A6.2 in terms of the parameter A (equal to p*/*) for

both compressive and tensile axial forces. When the axial force is zero, all the stability functions

take unit values so that the slope-deflexion equations revert to their usual forms. For small values

of A, they are given approximately by N
A

A A A
=] - = =1-—= =1 - =]1- = =]+ =
¢, =1 T $, =1 o $,=1 % b, 0 $, toy O10)

! In the original (1956) version by Livesley, R.X. and Chandler, D.B. (Stability functions for
structural frameworks. Manchester University Press) ¢, was denoted by ¢,
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These, and the fuller expansions given in §A6.2, are equally valid for tension or compression.

Example 9.1 In-plane buckling of a portal frame

Equations (9.8) can be applied in the same 7 P

way as ordinary slope-deflexion equations. As in 6 Bl M DI 0
Chapter 4, the bars are normally taken as axiall P LA

pter 4, y taken as axially sy 7 178 v
rigid for manual analyses. For the rigid-jointed 8+ \JM MDB\_]VI D'D
portal frame shown in Figure 97, the 84 oc
compatibility conditions are then that joints B and
D do not move vertically and the horizontal
displacements v, and v, are the same (v say).
Also, the joint rotation 0, is common to AB and
BD and 8, is common to BD and CD. For joint r[fwAB M.,
equilibrium, the sum of M, and M;;, is zero and Y T
the sum of M, and M . is zero. Also, the sum of A C
the shear forces S; and S, on the columns is zero,
as there no net sideways force. If all the members Figure 9.7 Buckling of a portal frame.

have the same length / bending stiffness EJ, these
three equilibrium conditions can be expressed in terms of equations (9.8) as

4E]

T(¢3 +1)0, + 2_EI'BD - %d)zv: 0

2E] 4E] 6FEI

=8 + (&, )8, - -1—2-%": 0 ©.11)
6EI 6 E] 24E]

- ‘;‘z"d)zeu - -,,—d’zen i 0

For non-zero deflexions, the determinant of the coefficients of 0;, 8, and v must be zero, i.e.

4E] 2El 6El
—I"(¢3 +1) 7 - l_2¢2
2El 4EI 6Ll
— —($;+1) -—d,|=0 (9.12)
/ 1 12
6E] 6El 24F]
h 1_, $,8, - l," b, B b,

This determinant factorises, giving two equations
= P P, (P P
2(1)3 +1=0 .13 a |fa c2
2 .
40,0, + 64, - 3¢, =0
The lowest values of P satisfying these equations are
Ef Ei
P, = 25.27 , P, = 7.381—2 (9.19)

respectively, giving the symmetric and antisymmetric
buckling modes shown in Figure 9.8.

() ®)

Figure 9.8 Symmetric and
antisymmetric buckling.
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{9.4 Flexure and Shear}

{In principle, instability of an axially-loaded beam could arise purely as a result of its shear
flexibility. This is not readily seen in terms of the ordinary equations of equilibrium, but is easily
analysed using work and energy principles.

Figure 9.9 shows a short length dx of a beam subject P
to a uniformly-distributed axial load with a resultant P. This P
undergoes a shear displacement of the kind discussed in
Chapter 6. The rate of change of this displacement is given by
¥, so that the shear strain energy stored in the length dx is Y
Y4GkAy*8x. The angle y is related to the motion of the shear
force, but a reasonable approximation is to take all the fibres
to rotate through it as shown in Figure 9.9b. This gives rise
to an apparent shortening of the fibres in the axial direction

of 8x(1-cosy), or approximately %bxy2. If P is sufficiently P P

large to cause this motion to take place, then the work done

by it during shortening matches the shear strain energy, or (a) (b
P =P, = GkA (9.15)

where P, is the shear failure load. This is normally so high ~ Figure 9.9 Shear instability.
that plastic failure of the beam would occur first. However, the concept of a shear failure load
comes in useful in the following analysis.

In considering bending combined with shear, some of the ideas used in the analysis of a
Timoshenko beam (Example 7.8) will be employed. The displacement through which the shear
force S does work will be denoted by v, the rate of this displacement arising from beam shear
denoted by y, and the rotation through which the moment does work denoted by 0. It will be
taken that the gradient v’ is the sum of O and vy, as shown in (7.98). It will be taken that the
apparent axial shortening through which the axial force P does work can be determined from v'.
Then in the absence of lateral loading, the total potential of a beam (as measured from the datum
of the equilibrium state immediately prior to buckling) is given by

]
1 = f[%u(e'f + 1GkA(w-0)! - 1Pw? - Swldx (9.16)
0

(cf. (7.6)) where w is the gradient v'. Euler’s equations found from minimising II with respect to
small variations in w ! and 6 can then be written as

GkA(v' - 8) - Pv' -5 =0

.17
~EI0" - GKA(v' - ) = 0 G.17)
The general solution of this for v is similar to (9.3) and is given by
v=4- Ex + Bcosux + Csinux  where L. H 1 - e (9.18)
v P P,

and 0 can then be found from the first of equations (9.17). Here, S is a constant. If it is zero, then

! Applying the calculus of variations to the parameter w implics no end constraint on the
displacement v itself. The term Sw then has to be included as part of the integrand 1o give an
expression for the work done by S.
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] =[l - —]V’ (9.19)
On substituting v for p in (9.18) it becomes (9.3). Also, the end conditions used for the classical
buckling problems are the same except for fixed-end conditions in the presence of a shear force.
Then for cases (a) to (¢) in Figure 9.5, the critical conditions previously expressed in terms of p
are now the same conditions expressed in terms of v. The critical axial loads allowing for shear
are then given by

1 4/? 1 1 ? 1 1 I? 1
(a), — = +—, () — = +—, () — = *—  (9.20
P, nlEr P, P, rn*El P, P, an’El P, (5:20)
All of these results can be expressed by
1.1, PO
PC PC PJ )_ \
This equation is plotted as the solid line in the graph - T p /P\ A
shown in Figure 9.10. The broken line shows the more e S
exact solution for a pin-ended column found from 0.5 T~
solving the governing continuum equations in the -
presence of a large axial stress (cf. Renton (1987) -
Example 4.3%), - PP
Unlike the three cases above, a shear force is - e
present in the fixed-pinned beam shown in Figure 9.5d. 0~00 5 b 0'5 L J—]JO

The end conditions are that there is no displacement or
bending rotat.ion at the fixed end .(v =0=0)and that Figyre 9.10 Reduction in critical load
there is no displacement or bending curvature at the due to shear.

pinned end (v = 6’ = 0). From the first of equations

(9.17) and (9.18), the condition for a non-zero deflexion is then

P
tanv/ = vlf 1 - —
[ P ) (9.22)

£

This should be compared with case (d) of (9.6). In the present case, the lowest value of v/
satisfying this buckling criterion is less than the lowest value of p/ satisfying case (d). This is
because the additional factor on the right-hand side of (9.22) reduces the required value of tanul.
In this case, substituting v for p in (9.5d) overestimates the buckling load. The significance of this
will be seen in §9.9.

The solution of the problem of antisymmetric buckling of a fixed-ended beam shown in
Figure 9.5¢ is found by treating it as two fixed-pinned struts connected at the central point of
contraflexure, as in §9.2. The solution given by (9.22) again applies, where [ is half the overall
length of the fixed-ended beam. However, the lowest buckling load is still given by the symmetric
case shown in Figure 9.5¢.

! The rod has a solid circular cross-section and Poisson’s ratio is taken as 0.25.
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{9.5 Flexure and Torsion)
[v/+ (x-x,)0'18z
{When the beam flexes about its principal

axes x and y and twists about its shear centre O, {u,- -y, )0']62
the relative motion of two sections of a 86z 04 >
longitudinal fibre of the beam, 8z apart, is shown

in Fi . ’ Y,

in Figure 9.11. Here «, and v, are the ‘ O‘\ °

displacements of the shear centre in the x and y

. . . . . x-xo
directions respectively, 0 is the rotation about
the z axis and 84 is the cross-sectional area of z Y
the fibre . The square of the gradient of the fibre C e

is then given to the required degree of accuracy

by the sum of the squares of the relative

displacements in the x and y directions divided Figure 9.11 Relative motion along a fibre.
by 8z%. The apparent shortening of the fibre in

the longitudinal direction is then found in the same way as in Example 7.7. However, in this case
each fibre has an individual shortening. This means that in determining the work done by the axial
force P it must be treated as a uniformly distributed stress 0. The expression for the work done,
W by P on a short length 3z is then

80 = 2 [0 {[ug - (=)' + vy + (x - x,)8'F } dd &z
A

) (9.23)
= %P(uo/2 * vy o+ 2y, - 2x,v 0 + rl0/%) 8z

where r, is the polar radius of gyration of the section about the shear centre. (Note that several
terms disappear on integration because principal axes through the centroid of the section are
chosen.) The axial and shear flexibility of the beam will not be taken into account. Using this
expression for the loss of potential of the axial force, the expression for the total potential of a
beam (relative to the state immediately prior to buckling) becomes

]
I = f {l[EIWuO”’ + Bl v, + GJO" + EI 8"
0 (9.24)

- P v e 2y,us 0 - 2xv,0 + rd@)] - S uy - Syvo/ - T6'}d:

where the expressions for the strain energy can be deduced from (7.6) and (5.92). Note that the
work done by the shear forces in the x and y directions, S, and S,, and by the torque 7 have been
included. This is because IT will be minimised with respect to u,", v," and 8, on the same basis
as in §9.4. This gives the three equations
EIug" + Pu + Py,®' = -§,

Elv," + Pvy - Px,8' = -§, (9.25)

GJO - EI 0" - Pyouol + Pxovol -Prle = T

Differentiating each of these equations once with respect to z gives the form first obtained by
Kappus'. (As the shear forces and torque are constant along the beam, the right-hand sides are
then zero.)

! Kappus, R. (1937) Drillknicken zentrisch gedrickter stabe mit offenem profil im elastischen
bereich. Lufifahrt-Forschung V.19 p.444.
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When the shear centre and the centroid coincide, the above three equations uncouple. The
first two then relate to flexural buckling already considered in §9.2 and §9.3. The third equation
governs torsional buckling, and has the general solution for Prg? less than GJ given by

T , ,  GI-Pr]
z + Beoshpz + Csinhpz  where p° = ——— (9.26)

B=Ad+—"
GJ - Pr} El,

(cf. (5.84)). When Pr,!is equal to GJ, 8 is given by a cubic polynomial in z. Cases of elastic
buckling have been found experimentally for even greater values of P when the expression for 0
becomes
T . 2 Pro2 -GJ

z + Beospz + Csinpz  where p* = —— 9.27)

0 =4+ ——
GJ - Pr} El,

It will be seen that the form of this equation is similar to that of (9.3) and admits analogous
solutions. The equivalent of a fixed end is now one which prevents twisting and warping, a
‘pinned’ end prevents twisting, but applies no bimoment to the column, and a ‘free’ end applies
no torque or bimoment. The solutions to the classical flexural buckling problems of §9.2 can now
be applied to torsional buckling, where p is now defined by (9.27).

Sinusoidal solutions of Kappus’ equations were found by Timoshenko'. These require
finding the lowest value of P, satisfying the cubic equation

(¥ * yg = 1)P. + [(Py+ Py +P)rg = xPy - ygP,1P]
- rZ(P,P,+P,P,+P,P)P, + P.P,P,ry = 0
n?nlEl n*n’El 1
where Py = ——% P, = —— = | P = —1GJ+El
12 12 r02

n°m
12

. ] (9.28)

When n is one, this corresponds to the solution for a column when the ends are restrained from
displacing or twisting, but there are no bending or warping end restraints. When »n is two, it
corresponds to the solution for rigidly clamped ends.

The general solution? is given by

3
— 9 “9,7
u, = El[Uane + U,e ] + Uiz + U,
-

3
vO = Z [Vaneqnz * Vbne 'qnz] * Vlz * VG (9'29)
n=1
3
6=Y [Ga”eq"z +0,e 'q"z] + 0,z + 6,
n=1

where

MTimoshenko, S. (1945) Theory of bending, torsion and buckling of thin-walled members of open
cross-section. Journal of the Franklin Institute. V.239 Nos. 3,4 &5.

“Renton, J.). (1960) A Direct Solution of the Torsional-Flexural Buckling of Axially Loaded Thin-
Walled Bars. The Structural Engineer. V.38 No.9 p.273.
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_ _PyO 9(:: or b)n - Pxo e(a or b)n
[J(a or byn ~ 2 (a or byn 2 >
El q, + P El_q, + P (9.30)
2 2 2 S, S,
P(rg ~xg =)0, =Sy, -8 -T , U = -y,0, - - V, = x,0, - -
and g, is found from the equation
g%+ P Py,
n
EI
W E 11,
P Pxy
0 2y _— =
T ET EfTI =0 (9.31)
Py, Px, . GJ-Pr}
4 ~ T
EFT, EJII, El,

It will be seen that finding the roots of ¢,% is the same as finding the eigenvalues of a real
symmetric matrix. Such roots are all real, and the cubic equation in ¢,? is known as a
discriminating cubic. Further, if P is compressive it can be shown that two of the roots are
negative and that the third one is such that

ElL gl < GJ - P(r} - x} - D) 9.32)

so that the third root may be positive for small P. In such circumstances, the exponential terms
in (9.29) give rise to circular functions related to two of the roots and hyperbolic functions related
to the third root. The other coefficients in these three equations are determined from the end
conditions.

If the end fittings on a column permit its ends to rotate but not to warp, Timoshenko’s
solution cannot be used. The above general solution gives

1 1
(97-4: X al+pi X+ ui)q—tanh§q11 (g7 =90 )45+ ui)(qzzwj);l—tanh%qzl
1 2

1 2y, 2, 2y, 2, 2, ] ) (9.33)
+(‘ll'qz)(‘h+P;)(‘I3*Py)-q—tanh;q31=0
3

where p.? is P/EL, and p? is P/EL, or

1 1
(qz’-qg’)(qfwi)(q,’wi)q—cothiqll +(q;’-q1’)(qz’+u3)(qz’+ui)q—cothiqzl
1 2
22222211_(9'34)
+(q; -9, (g3 * 1 X5 *uy)q—coth;q,I =0
3

The first solution is symmetric in 6 about the midpoint of the column and the second is
antisymmetric in 6. As two of the roots of g,? will be negative, it should be noted that

,ltanhix = ltamr , 'lcothix = - lcotx (9.35)
ix x ix x

More precise solutions can be found which correspond to the experimental results of
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Baker and Roderick'. These tests were

carried out using rigid ball joint fittings, of ,,,

radius R say, on the ends of the struts.
These were angle tee and channel sections
with one axis of symmetry. Taking this as
the x axis, y, is then zero so that the first
of equations (9.25) is then uncoupled
from the other two and can be solved
separately for simple flexure about the y
axis. The end conditions can be taken as
the same as in the previous example
except that there is an end bending
moment given by PR times the end slope.
The resulting buckling criteria are then

1

2 2
q, U,

! =
cot;pyl =Rp, ,

[g,c0th2q,7 - Ri;] =

The Stability of Beams

- 0.1% Proof stress load

—— - P=Gu

150

100+

N

L

Length between ball centres (cm) \
e s

[Ch.9

1 1 1 i
25 350 75 100 125

1 1
150 175

Figure 9.12 Experimental results for a tee section.

1

2
q; * Ky

for geometrically symmetrical buckling about the midpoint of the column, and

1

2 2
ql +ux

! = -
tan;pyl-— Rp,

[9,tanh=q,/ - Rp;] =

1
qz*“:

2
[qzcmh%qz[ -Ru] (9.36)

[qzta“h%qzl - Rl»‘i] 9.37)

for antisymmetrical buckling about the midpoint. The experimental results for a tee section tested
by Baker and Roderick are shown by the black dots in Figure 9.12.% The lowest buckling loads
for this series of tests are predicted by second of equations (9.36), and this curve is plotted in the
figure. However, for very short struts, antisymmetric buckling may occur at lower loads.

{9.6 Lateral Buckling}

{In this section, beam bifurcation will be examined which arise from large initial loading
other than simple axial compression. Equation (9.25) was obtained by examining the work done
by a large uniform compressive axial stress o during buckling, as given by (9.23). The resultant
of this stress was a large axial force P. If in addition there are large initial moments M, and M,
then the expression for the axial stress becomes

P M M,
g = i - I_y + —I—x (9.38)
xx w

The expression for the work done by the axial stress, previously given by (9.23), now becomes

M M
oW = gf(f s fx] (Tug - (v = y) 0P + [y + (x - x,) 0/} dd bz
y xx w (9.39)

= %[P(uon+ Vg + 2yt 0/-2x,v, 8/ +r 6% - M (5,67~ 2u,0') +My(526’2+2v§6’) 8z

! Baker, J F. and Roderick, J.W. (1948) The Strength of Light Alloy Struts. The Aluminium
Development Assaciation Research Report. No. 3.

? For aluminium, there is no well-defined yield stress. The 0.1% proof stress load refers to the load
which leaves a permanent residual strain of 0.001 on unloading.
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where
1 1
b= [yteydd -2y, by s =[xyl - 2% . (949
x4 o4
Let the constants X, ¥, and R, be defined by the equations
M Mx 2 2 Mx M
onxo__Pl’y0=y0+?,Ro=ro—b,?-+bz?y. (9.41)

Then (9.39) becomes the same in form as (9.23), with these constants replacing x,, y, and 7,
respectively. Minimising the total potential as before then yields the equations

ELuy" + Puy + PY, 0 = -5,
ELv" + Pvy - PX,® = -§, (9.42)
GJ®' - EIB" - PYyu, + PX,;v - PRIO' = T

Which is of course the same as (9.25) only in terms of these new constants. The previous
solutions for a large axial load now hold for a large axial load combined with equal and opposite
end moments. In particular, this result applies to the case when the resultant axial force does not
act through the centroid, but at a point on the cross-section with coordinates (e, , e,) so that M,
and M, are given by -Pe, and Pe, respectively. It should be emphasised that the deflexions found
from solving (9.42) relate to the deviation mode at bifurcation. Prior to that, the moments will
induce deflexions which can be found from ordinary small-deflexion theory. Likewise, the axial
force P induces simple axial compression prior to the critical conditions.
A special case of these equations occurs when these moments are applied without any
axial force. Suppose also that the beam is bisymmetric. Equations (9.42) then become
El u "+ MO = -8,
ET_ v" + Mye’ = -5 (9.43)
GJO' - EI 6" - Mu' - Myv’ = T
(the centroid and shear centre now being coincident). If M_ is zero, then the first equation
uncouples from the other two. The general solution for v and 0 can be found in terms of
exponential and linear expressions in z as before. Again, using sinusoidal terms for the bifurcation
mode yields simple solutions for certain end conditions. Let

v = Vsin% , 0= E')sin]i;E . (9.44)

This form satisfies conditions of zero lateral displacement, torsional rotation, flexural curvature
about the x axis and no bimoments at the ends (z equal to 0 and / ) of the beam. Also, the mode
is symmetric about the midpoint of the beam, so that the right-hand sides of equations (9.43) are
zero. The bifurcation condition is then

2

T
Elm-—l2 - M, 14 0
. = (9.45)
-M GJ+ELEZ)e 0
Y w 12

For non-zero deflexions, the determinant of this matrix must be zero, giving
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_ T
M, = TJ EI,

2
GJ + Elu%] (9.46)
I

This expression gives the critical value of M, at which lateral buckling can occur. The equivalent
of fixed ends is given by taking

y = V(l - 0052—7;2) , 0= 0[1 - cosgg) . (9.47)

This form satisfies conditions of zero displacement, rotation about the x and z axes, and zero
warping at the ends (z equal to 0 and /) of the beam. Again, the mode is symmetric about the
midpoint of the beam, so that the right-hand sides of equations (9.43) are zero. The constant
terms satisfy these equations automatically, and the cosine terms will as well, subject to the
equivalent condition to (9.45), where =%/ is replaced by 4n*/I. Then the same substitution in
(9.46) gives the critical value of M, for these end conditions.

It would be possible to modify the expression for the work done by the axial bending
stresses given by (9.39) to analyse the lateral buckling of a cantilever with an end shear force §
shown in Figure (9.13). Suppose that the beam is bisymmetrical and that the end z=0 is rigidly
clamped and § is applied to the free end at z=/ as shown. The moment M, induced by S at a point
z along the beam is then -S(I - 2), so that (9.39) becomes

dW = ~-S(I-z)v'0'd:z (9.48)

Using this expression to give the loss of potential energy in (9.23) gives
!
H=f{%[E]Wu”2+Elnv”z+GJ0/2+EIQB”2]*S(I~z)v’6’+Su’—Syv’—TO’}dz 9.49)
0

Minimising this expression with respect to #’ gives the normal flexural behaviour in the vertical
plane. Minimising IT with respect to v’ and 8’ gives

EI_v" - §(1-2)0/

GJO' - EI.8" + S(1-z)v’

-8
y
. (9.50)

where as before, S, and T are the incremental end shear force and torque associated with the
buckling mode.

These equations will be examined again later. The commonly accepted solution to this
problem is based on a static analysis derived by Timoshenko'. This involves finding the moments
and torques acting about the principal axes of the deflected cross-section of the beam at a distance
z from the fixed end. This is shown in Figure 9.13c. With respect to the original directions of the
axes, the end shear force produces a bending moment S(/ - z) as shown, and a first order of
smallness torque S(v,- v) as shown. To include all first order of smallness effects, the components
of this bending moment about the locally rotated axes of the beam are included. This consists of
abending moment S(/ - z)0 about twisted minor axis of the beam and a torque S(/ - z)v’ in the
senses shown in Figures 9.13a and 9.13b respectively. The resulting equations for flexure and
torsion of the section with respect to the locally rotated coordinate system are then

! Timoshenko, S.P. (1910) Z Math. und Physik, V58. p.337. See also Timoshenko & Gere (1961)
§6.3.
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Figure 9.13 Lateral buckling of a cantilever with a large shear force S at the free end.
EIv" = §(1-7)8

GJO' - ELB" = S(v,-v) - S(I-2)v’ ©.51
Differentiating the second of these equations with respect to z gives
S2
GJO" - EI 8" = - §(I-z)v" = - -E—I—(I—z)29 (9.52)

x

This result may be derived from an expression for I1 in which the strain energy terms are as before
and the loss of potential is given by
!

W= fS(I -z)v"0dz (9.53)
0

The first of equations (9.51) is then given by minimising II with respect to v” and (9.52) by
minimising it with respect to 6. The physical interpretation of this is illustrated in Figure 9.13d.
The position of the centroidal axis at the free end is determined from a series of corrected
estimates, starting at the fixed end. At a distance z along the beam, this position is first estimated
by considering that the rest of the centroidal axis remains straight. However, the next infinitesimal
length 8z of the axis curves through an angle v"3z giving a correction to the estimated position
of the end of (/-z)v”dz in the direction of the local major axis. As this is inclined at an angle 0 to
the y axis, this gives a downwards component of 0(/-z)v“3z. Integrated over the total length, this
gives the downwards displacement of S and hence the expression for W in (9.53). In the case
when EI, is zero (or negligible), (9.52) gives the condition

2
0”7 + b%%0 =0  where b? = S and s=/-z. (9.54)
GJEI
and differentiation is now with respect to s. The general solution of this equation can be expressed
in terms of two Bessel functions of fractional order. At the free end, there is no torque and so the
rate of twist 8’ is zero at s=0. This means that the Bessel function of fractional order % must be
zero, leaving

0 =A\/EJ_%(§bs2)=B[ -

2 n
o, and 1=1p2s* (9.55)
3 20637 n'(7.-4n-1) 4
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A and B being arbitrary constants. The rotation 0 is zero at the fixed end, s=/, and the Bessel
function is first zero when its argument is 2.0063. This gives the first critical of value of § as

4013
S, = e JOJEL, (9.56)

Returning to the earlier set of governing equations given by (9.50), the incremental end loadings
will be taken as zero. Again examining the case where EJ, can be taken as zero, the governing
equation in terms of v’ is similarly found to be

N 2.2,/ _ 2 S2 .

(v)’ + b2%*v/ =0  where b GIET and s=1/-z. (9.57)
so that the solution is the same as the previous solution for 0. Also, the end conditions are the
same as for 0, the flexural curvature (v')’ being zero at s=0 and the slope v’ being zero at s=1.
The critical value of S is then again given by (9.56). The advantage of the former approach is that
it 1s readily generalised to deal with other problems.

Considering now the case when EJ is not negligible, then (9.52) yields the goveining
equation

El
8" - al?0™ + b0 = 0 where a = “’2 (9.58)
GJ1

This has been solved by Timoshenko (ibid.) using ;¢
power series expansions. The result is plotted as

the broken line in Figure 9.14.The critical value of ¢ ——
the end shear force, §,, is expressed in terms of the 1 | -
critical value b, of 5. The curve is approximately P
given by - —

Ve
A, = b= 401 +117Ja (959 SE—

The solution of the alternative form of the
equations given by (9.50) is found by expressing v, L .
0 and s in terms of new parameters, V, © and r and 00 0.1

introducing the parameter A, where

— .t Il 1

. J
02 03 04 05

Figure 9.14 Buckling of a cantilever.

GJ s
vy = v/ o) =011 =—=— , r==, A =0b" X
(9] , 60) B 7 (9.60)
These equations then become
2 2
d—V—Ar9=0 s @—ad®+er=0. (9.61)
dr? dr?
Taking V and © to be given by the series
v=Yve . 0=Y0r" (9.62)
m=G m=0
equations (9.61) give rise to the recurrence relationships
m(m + YV _ . = A0, , am(m - 1)0, =0, _, + AV, (9.63)

The conditions of zero bending moment and bimoment at the free end mean that ¥, and ©, are
zero. Two independent series for V and © can then be found to satisfy these conditions,
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22,6 22,8 . ) XVO[ s ’7 . ]

] (9.64)

V=V 1+
180a  67204?
s 7

3 2
V=l@o—r—+ r . r +. .. ,9=90 ]*L+ r +
6 40a (00842 2a  24q? 72043

These two solutions can be used to satisfy the conditions at the fixed end (=1). These are that
the flexural slope and the warping are zero, which imply that ¥ and © are zero at this end.
Satisfying these conditions for non-zero deflexions gives the buckling criterion. The critical value
A, of A at buckling is plotted as the solid curve in Figure 9.14. This curve lies between the bounds

A = 401 /(1.0 +464a) and A =401 + 466a (9.65)

The general process of analysing lateral buckling problems by this second method is to
determine the (compressive) axial bending stress o resulting from the initial loading in the x-z
plane. This will be a function of z and x. This is then substituted in (9.39) instead of the form given
by (9.38). Integrating over the cross-sectional area A4 then gives the work done per unit length.
Then this loss of potential is substituted in the expression for the total potential II just as (9.48)
was used to obtain (9.49). The governing differential equations are then found by minimising Il
with respect to v’ and 6’ as before. It is also possible to make allowances for the case when the
shear load acts through the shear centre (and centroid) but is applied at a distance A above it. In
the case of the end shear foad S, this will produce an end torque 7 given by Sh8, where 0, is the
rotation of the beam where the shear load is applied. This end torque T'is that given in (9.49) and
the second of equations (9.50). Where there is a distributed load g per unit length along the beam
applied at a distance » above the centroid, there is a term in addition to the loss of potential of the
bending stresses. On the basis of the same arguments used in §9.4, II should now also have the
term -Y2gh0? in the integrand.

Formulae for the critical point loads in various lateral buckling problems are given in Table
34 of Young (1989). These relate to analyses of the type given by Timoshenko. Timoshenko and
Gere (1961) also list solutions for the lateral buckling of simply-supported I-beams with a point
load § or with a constant distributed load p. When S is at the centre of the beam, and acts at a
distance /4 above the centroid, its critical value at buckling is given by

‘. 1694 /GJET_ ~ 174n Efg) (9.66)
! \JGJ

< 12
ignoring the effects arising from non-uniform torsion. Likewise, the critical value for p applied
along the centroidal axis is given by

28.3 !{GJ EI
p. = 9.67)
< 13
Other solutions will be found in Young (1989), pages 680 and 681.}

{9.7 Local Buckling of Thin-Walled Sections}

{In addition to the overall buckling of a bar, local failure can occur accompanied with the
deformation of the cross-section. (This is sometimes called ‘crippling’.) The wall of the section
acts like a plate (or shell) with membrane stresses large enough to cause buckling. A brief resumé
of plate theory is given in Appendix 8. The governing equations given by (A8.3.12) were derived
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from the total potential of the plate. This potential will now be modified to allow for large
membrane stresses'. As in (9.23), a compression-positive convention will be adopted. The work
done by the normal membrane stresses’ N,; and N,; may be determined from the apparent
shortening of the membrane in the same way that the work done by the axial compressive stress
o was found in the buckling of a column in §9.4 and §9.5.

The second-order effects of the lateral aw 3 -

. W

deflexion w of a plate element (5x by 8y) on
the shear membrane stresses is shown in
Figure 9.15. The deflexion slope in the x
direction, ow/Ox, produces a downwards
displacement dw/dxbx of the far edge of the
element. The effect of the rotation dw/dy
about the x axis then causes points which
have undergone this displacement to move
through (w/dy dw/2x &x) in the -y direction

as shown. Likewise, points on the positive y o Sl
edge of the clement move through (ow/Ox %;‘—' gﬂ5y :>' gl‘_’ Sy
ow/dy dy) in the -x direction. The work done Y u Y

by the shear membrane stresses during lateral . .
deflexion of the plate is given by multiplying Figure 9.15 Second-order shear deformations.
the displacements by the forces N, 6y and N, 6x respectively. Noting that N and N,,” are the
same, the total work done by the membrane stresses on the element is then

if W)y, afw) -, wawy
2 2| gy 3y

oW = @
x) = ) 7 ox y

o |8x8y (9.68)

Integrated over the area of the plate, this expression can be added to that for the work done given
by (A8.3.2). The change in total potential due to a small variation dw of w can then be found as
before. Taking the membrane stresses to be constant and using (A8.3.6), the relationships

w odw) 44
6-( ( ] ax ox

_‘2.[ a_w.bw) - 82w } f—&wcosads [——6 wdA

{_ax dx?
R
7 2\ dy ) dy dy
[ 2
:f i( ﬂ&w] _ 9w ) f—bwsmadv—f——&wdA
y _ay ay ay2

(s and « being as shown in Figure 9.16) and

! Membrane stresses act within the planc of the membrane. They are not forces per umt area but
are defined as the resultant forces per unit length of the section through the membrane on which they
act.

>The negative superscript is used to indicate that the opposite of the usual sign convention is being
used
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5 ) (@a(awha(aw)g]d[i
fax y | ox oy ax dy

ow d{ ow *w
—b&w ==& -2 Ow |dA
( ox ] ( dy w) dxdy w] ©-70)

= —CosQ +—sina
ay Jx

can be used in expressing these extra terms for the change in potential. Substituting them in
(A8.3.11), equations (A8.3.12) now become

dw - Fw - O*w

DV +N -— + 2N N =—Z"-p=20

" = ax? ’ ¥ axay ’ ¥ 3yt P
Dl -v)———-+vVaw] +M, =0

on?
" ©.71)
D (l-v) ¥ 9| ] s- 2
ongds? on os

, -, ow - - ow
- (N_cosa + N, a)— - (N_cosa + N _sina)— = 0
(N e sin )ax ( ycose + N, )8y

where the first equation holds within the boundary of the plate
and the second and third equations hold on the boundary. The
third equation can be expressed more simply in terms of the
membrane stresses N, and N,; normal and tangential to the
boundary. From the equilibrium of the triangular element shown
in Figure 9.16, resolving horizontally and vertically,

Nicosa + N sina = N, cose ~ N, sine

; - i . (©.72)
Nycosa + N, sine = N, sine + N, cosa
and inverting (A8.3.7) gives
ow _ ow . ow
— = cos— + sintt— s
on X ay 0.73 Figure 9.16 Equilibrium of
ow _ . ow ow (4.73) membrane stresses on the
— = -sina— + COSG-—
os ox dy boundary.
Substituting these equations into the third equations (9.71) gives
3 oM . N
Dl (1-v) v Iyl ] s-Z —N""@—Nn,iaﬂ=o (9.79)
onds* on ds dn os

The problems of plate buckling most readily analysed relate to simply-supported
rectangular plates subject to normal membrane stresses in the directions of the boundaries.
Suppose that such a plate has sides of length a parallel to the x axis and sides of length b parallel
to the y axis. If it subject to a membrane stress N, only, The first of equations (9.71) becomes

aZ
DVw + N.— =0 (9.75)
ox?
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This can be solved® using a double Fourier series of the form

w = Z E w,_sin m;rx siny%)i (9.76)

m=1 n=}

Each term of the series satisfies the boundary conditions of zero displacement and zero moment
M, . Substituting this form into (9.75) gives the condition

2.2 2212 2.2
2 LER N2, =0 (9.77)
2 2 =2 mn
a b a
so that w,,, is non-zero provided that
2 2 2 2)2
N, -TaDim ., r (9.78)
m2 az b2

We seek the lowest value of N~ at which a non-zero 10

deflexion is possible. This is achieved by choosing the

lowest admissible value of n in the above expression, 8

which is unity. Minimising the resulting expression for 6t
4
2

N, with respect to m? /a® gives the value of this
parameter as 1/b%. N, can then be written as

- 11'2D L B J | | a’b |

N, = k== (minimum k=4) (9.79) . | T

b? 1 2 3 4

The parameter m*/a” can take the value 1/6% if a=b Figure 9.17 Buckling of a simply-

and m is unity or a=2b and m is two and so on. More
generally, a will be prescribed and it will be necessary
to find the value of the integer m giving the lowest value of N~ The variation of & with a/b for
integer values of m from one to four is shown by the four curves in Figure 9.17. The minimum
value for m=1 is when a/b=1 and so on. The value NV, given by (9.79) is then a safe lower bound
to the buckling membrane stress in all cases and a reasonable estimate for large values of a/b.

Solutions for other boundary conditions on the edges of the plate parallel to the x axis can
be found by taking a solution of the form

supported rectangular plate.

w = E sin Z1T% 1) (9.80)
m=0 a
Substituting this form into (9.75) gives the differential equation for £,,(y)
d? 2.2 2.2 N d?
f,,,+m1t mn__,zfm_2 f,,,=0 (9.81)
dy4 al al D dy2

which can be solved by taking /. (y) as an exponential function of ¢y. This gives a quadratic in ¢?
with the roots

2

, _ min? N mn? . _ mn
_ . Ccr= B
a? D q? a?

! Bryan, G.H. (1891) Proc. London Math. Soc. V.22 p.54.
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giving the expression’
Ja®) = A _sinhay + B _coshay + C_sinfly + D _cosfly (9.83)

The legs of an equal-angle section under a uniform axial load can be subject to plate buckling of
the kind which can be analysed with these equations. The line where the legs join can be treated
as the edge y=0 of such a plate. The legs are free to rotate about this line although the line itself
does not displace during plate-like buckling of the angle. This edge can then be treated as simply-
supported. If the legs are of width b, then the edge y=b can be treated as a free edge. From the
second of equations (9.71) and (9.74) the boundary conditions are then

2
ﬂ+v&:0, w=20 on y=0.
y? ox?

(9.84)
2 2 3 3
_a_‘v.\»vﬂ:o’ a_w*(z—v)aw =0 on y=bh.
ay? ox? dy3 ox 23y

The boundary conditions on y =0 are satisfied by taking B, and D, as zero in (9.83). The
remaining pair of conditions on y=»5 yield the condition

2,2\ 2,212
l( o2 - y! n ) tanhad = %[ pZ + v—"%—) tanfb (9.85)

a

for non-zero 4,, and C,, (that is, for buckling to take place). This expression can be treated as a
function of m¥a® and N_". To minimise N_’, the smallest possible value of m%/a? must be used.
This means taking m as unity and taking a as the length of the column. The critical values of N;°
can again be expressed in terms of the parameter & in (9.79). Taking Poisson’s ratio as 0.25,
values of this parameter for various values of a/b are given in Table 9-2 of Timoshenko and Gere
(1961). The approximation

a

b2
ko~ 0456 + — (9.86)

overestimates k by 1.3% for /b equal to 0.5 and underestimates & by 2.0% for a/b equal to 5.0.

The same general expression for w can be used for plate buckling problems when one of
the lateral edges of the plate is built-in and the other is free. (This would be an approximation to
the behaviour of a tee section with a thick flange and a thin web.) The first condition in (9.84) is
then replaced with dw/dy = 0 on y = 0. The graph of the critical values of & is then similar to that
shown in Figure 9.17, with a lower bound of 1.328. Similarly, a solution can be found for a plate
with both lateral edges built-in. This could be used as an approximation for a column formed from
an I-beam with thick flanges and a thin web. In this case, the lower bound to & is approximately
7.0. (In all cases, Poisson’s ratio is taken as 0.25.)

Other solutions for elastically-supported lateral edges, rectangular plates subject to shear
stresses, and combinations of shear stresses and linearly-varying axial stresses (as in the webs of
beams) have also been found. Some of these cases were analysed by solving the differential
equations and approximate energy methods used in other cases.

A reasonable approximation to the critical membrane stress associated with the buckling
of a simply-supported rectangular plate in pure shear is given by

! Timoshenko, S.P. (1910) Z Math. Physik V.58 p.343.
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7D

2
535 + 4 U
a b2
where a and b are the lengths of the edges of the plate (b<a). This result and others are given in

Chapter 9 of Timoshenko and Gere (1961). Table 35 of Young (1989) gives formulae for the
critical loads in other cases.}

N, = 9.87)

9.8 Approximate Methods

Where exact analytic solutions are not available, approximate methods may be used. Most
common amongst these is a version of the Rayleigh-Ritz method discussed in §7.7. The difference
is that previously the method was used to find the conditions governing an equilibrium state. Here,
it is assumed that the body is already in equilibrium but that when a critical state of loading is
reached, an immediately adjacent state of equilibrium also exists. The method consists of finding
an approximation to the buckling mode which satisfies the geometrical boundary conditions to
the problem. The buckling load is then determined from equating the change in total potential
between the two states to zero. As the buckling load is sought which is the least possible for all
such hypothetical buckling modes, the buckling load found in this way will be greater than (or
equal to) this critical buckling load.

An example of the application of this method is in finding the buckling load of a strut of
variable cross-section. Using the notation of §9.2, consider a beam of length / with a variable
bending stiffness £/(x). The total potential variation is given by a particular case of (9.24),

!

o= f_;.[E[(x)v”z - Py ax (9.88)
0

Choosing a suitable approximation v, to the buckling mode, an estimate of the critical load is then
given by

{
fE/(x)v,,’“ d
P, s (9.89)

1
/2
fva dx

¢

This is the basic Rayleigh method. The Ritz modification is to express v, as a linear combination
of functions satisfying the geometrical boundary conditions,

v, = i c,v(x) (9.90)
1=1

The resulting expression for II given by (9.88) is then a function of the constants c,. This can be
minimised by setting the partial differentials of the expression with respect to coefficients ¢, equal
to zero, as in §7.7. This gives a set of n homogeneous linear equations in the unknown constants
¢,. Equating the determinant of the coefficients of these constants to zero gives the buckling
criterion. This reduces to the Rayleigh method when 7 is one.

One of the disadvantages of this approach is that if a reasonable approximation to the
deflexion curve is used, the first differential of the approximation is a poorer approximation and
the second differential could be very inaccurate. Suppose for example
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Vv = sin% , v, = g]-?—(lx - x%) (9.91)
where the approximation is used in the range x=0 to x =/. Then the maximum error in using v, for
v, as a proportion of the maximum amplitude of v, is 5%. However, the maximum error in using
v,’ for v', as a proportion of the maximum amplitude of v', is 21% and the maximum error in
using v,” for v, as a proportion of the maximum amplitude of v*, is 77%. Timoshenko proposed
an alternative form for the numerator of (9.89) which avoids the use of the second differential of
v. It relies on being able to express the local bending moment M as Pv where v is measured from
the line of action of P. This method can be used for pin-ended and cantilevered struts, but not for
problems where there statically-indeterminate end reactions affect the bending moment. As M is
equal to EIv”, P_wE[ can be substituted for v in (9.89) giving rise to the criterion

!

fvaﬂdx
P (9.92)

U 2
dx
/

This is invariably a better approximation, where it can be used.

vﬂ
El(x)

Example 9.2 A Pin-ended Non-Uniform Strut
Suppose that the expression for the bending stiffness of a non-uniform strut is given by

2
El(x) = EI]1 - 4(1 —r)[ %)2] (9.93)

and that it is pin-ended at the ends x= +/ /2. The approximation to the buckling mode will be
taken as

v, = cmos% + czcos}%{ (9.94)

Southwell (1936) §488 applies Rayleigh’s method to this case in the instance when r?is 0.2 and
uses the first term in (9.94). Then (9.89) becomes

i
c,“‘_4 fEl(x)coszil’idx " o
2
S _ = 21X - 0
P, < v fEI(X)( 1 +cos—l )dx ).-——12 (9.95)
[}

i
i 2
¢ — fsm —l—-dx
-in
giving in this case A as 8.568".

Using the Ritz method and the expression for v, given by (9.94), the expression for I
given by (9.88) becomes

! Owing to a small rounding-off error, Southwell gives A = 8.55.
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2

I = (2 EIx)| clcos?™E +18¢ ¢ cos T~ cos 3mx
1 192
5 1 / )

+ 8]czzcosz3ﬂ)

(9.96)

2
e clsin? X 4 6clczsinEsin nx ()c:sinzirE dx
1? I} l 1 !

using the symmetry of the functions to integrate over only half the span of the column. Setting the

partial differentials 8I1/0c, and JI1/dc, to zero yields a pair of linear homogeneous equations in

the terms ¢, and c,. If these are to be non-zero, the determinant of their coefficients must be zero,

giving

85675 - A 12.9438
12.9438 563.532-91

in the case examined previously, A being defined by (9.95). It will be seen that if only the first term
in the expression for v, had been used, A would again have been given as 8.568. Taking the
smallest root of the quadratic represented by (9.97), it is given as 8.222.

Using the Timoshenko method,

=0 (9.97)

n

2
clz% fsin’lt—{dx " .
2 EI
P, = L = f L[ -cos2™ ax| =220
2 TIX 1J EIx) ! 12 (9-98)
2 COS™ —
2
d
: f El(x)

which gives the value of A as 8.214 in the particular case examined above. The exact solution’
is known for this problem and is given by

-2
pc - 4%(1 =Pl + 7} In I;E (9.99)
I 1-y1-r

so that for the value of r used above, A is 8.1527. The Rayleigh method then overestimates the
buckling load by 5.09%, the Ritz method overestimates it by 0.85% and the Timoshenko method
overestimates it by 0.75%.

Another method of dealing with columns of
variable stiffness is to use a stepped column / \
approximation. The solid lines in Figure 9.18 show the
variation in E/ along the above column. As a rough
manual approximation, this has been replaced by a \/

stepped column with a bending stiffness of 0.2£7, for 0.1/
from either end, followed by a stiffness of 0.65E1, for the
next 0.2/ from either end and a stiffness of 0.95E], for the
central 0.4/ of the column. The bending stiffness of this stepped column is represented by the
shaded area in Figure 9.18. This was analysed using the software supplied, treating half the
column as a cantilever. This gave a value for A of 7.869, an underestimate of 3.48%. More
accurate values could be obtained by using more steps. Also, upper and lower bounds can be

Figure 9.18 A stepped column.

! Cowley, W.L. and Levy, H. (1918) dAeronautical Research Committee R. and M. No. 484.
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found by this method by ensuring that the local bending stiffness of the stepped column is either
never less than or never greater than that of the actual column,

{Versions of these methods can also be used to find the buckling loads of plates. The
Galerkin method is essentially a modified version of the Ritz method. Instead of the deflected
form being approximated by a linear combination of functions of one ordinate, as in (9.90), it is
given in terms of functions of two ordinates, x and y, as

w, = Z": cw (xy) (9.100)
i=1

Also, instead of being applied directly to the original form of the expression for the total potential,
it is applied to the modified form equivalent to the first integral in (A8.3.11). The variation 8w is
taken to be that for a variation ¢, of each of the terms ¢, in (9.100) in turn, yielding simultaneous
equations of the form

DViw + N_ 2 2+ 2N, i + N —2 w(x,y)d4d = 0 9
o v X, .101
f ¢ Ox? oxdy g dy? Y ( )

A

in the absence of lateral loading. In any given problem, the components of the membrane stress
will be in a fixed ratio to one another. The amplitude of the membrane stress, A say, at which
buckling occurs is sought. This can be found from the n equations of the form given by (9.101)
by setting the determinant of the coefficients of the terms ¢, to zero, as in the Ritz analysis.}

9.9 General Theories of Stability

The elementary theory given in §9.2 was
derived for initially-perfect struts. The initially
imperfect form of a pin-ended strut can be expressed
by the Fourier series

. Figure 9.19 Flexure of an imperfect
vy(x) = E v sin m;tx (9.102) pin-ended column.

m=1

The additional deflexion induced by the axial load, V(x), is measured from this initial state, as
shown in Figure 9.19. The expression for the bending moment M at a distance x along the beam
is then

-P(yy +v) = M = B1LY 5,103
0 ‘&2 ( . )
Using the expression for v, given by (9.102), the solution of this differential equation is given by
- Vom . mmx
Vv = sin
Z‘: mn’El . l (9.104)
rr?

The coefficient of the mth term in this series tends to become infinite as the mth buckling load is
approached. Then if the load P is sufficiently close to the first buckling load, P,, as given by
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(9.6b), the first term in the series for v dominates all the rest and
we can write

(v,=v sinzt—{)
[ (9.105)

The displacement v may be measured experimentally at some
position x along the beam. The buckling load can then be
predicted using the linear relationships

v=P¢(%]—v¢ or £=
v

The first relationship gives the standard Southwell plot' shown
in Figure 9.20a. The experimental results, shown by the circular
dots, tend towards the straight line given by this equation as the
load P approaches P,. This buckling load is then predicted by
measuring the slope of the line. Alternatively, from a plot of PA
against P, the experimental results lie close to a straight line
when the load is close to P,. This critical load is then predicted

vi(l’¢ -P)  (9.106)

€

£

m..U

)

Figure 9.20 Southwell plots.

by the intercept of this line with the P axis, as shown in Figure 9.20b. The Southwell plot has been
shown? to be applicable to the general flexural-torsional buckling of linearly-elastic structures.

The critical behaviour of bodies which are subject to
linear combinations of n different loadings can be plotted in
an n-dimensional space. The boundaries between stable and
unstable loading states generate crifical surfaces. Figures
3.11 and 3.12 show critical surfaces for materials subject to
two and three principal stresses. Such surfaces, as in these
examples, are almost invariably convex. That is, if any two
points within the stable zone are joined by a straight line, all

points on that line also lie within the stable zone. This
applies to both plastic failure and failure arising from elastic =~ 14.58
instability. Figure 9.21 shows the portal frame analysed in
Example 9.1, except that the stanchion loads, P and O, can
be varied independently. When they are equal, the buckling 7138

load is given by the second of equations (9.14). When one
of them is zero, the magnitude of the other at buckling is
14.58E1/1%. The values of P and Q at failure, for different
ratios of one to the other, are plotted on the graph in Figure
921, using the non-dimensional parameters P! Y/El and
QPIEI 1t can be seen that the critical surface so generated
is slightly convex. If it had been a straight line joining the
points on the axes, it would have predicted failure under
equal loads of 7.29E1/1* applied to the tops of the stanchions.

Figure 9.21 Critical loads on

a portal frame.

! Southwell, R.V. (1932) On the Analysis of Experimental Observations in Problems of Elastic

Stability. Proc. Roy. Soc. London Ser. A V.135 p.601.

2 Ariaratnam, S.T. (1961) The Southwell plot for predicting critical loads of elastic structures. Q.

JI. Mech. appl. Math. V.14.
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In cases where the critical surface is convex, the 0

. . [
following criterion may be used. Suppose that the
structure is stable under the combined action of two & |
independent loadings P, and (3 , and that it becomes
unstable at A, times this combined loading. Under each
loading applied separately, it buckles at P, which is 4,
times P, and at O, which is A, times Q,. The dotted line

shown in Figure 9.22 joins the two points (P, 0) and (AP, ,}.Qoi »
(0,0,). Its equation is given by Ei
P Y
F + .g =1 (9.107) P (0 QO) J o
(4 QC
PP

As the critical surface is convex, this line lies inside {or
on) the critical surface. If the loadings 7, and Q, are
increased in proportion to one another up to failure, they follow the trajectory shown by the
broken line. This intersects the above line at (AP,,AQ,) where A is less than (or equal to) A,. From
(9.107) then,

Figure 9.22 A convex critical surface.

AP, AQ,

—_— =1 or
)‘lpo

2,0,

Equations of this form appear in many different contexts. In general, there are n critical
parameters A, and a convex critical surface in n dimensions. A safe lower bound to this surface
is given by an (n-1) dimensional plane whose equation is a generalisation of (9.107), and

+

1
> — (9.108)
Af

>)—

1,1
Al AZ

=]
2 T (9.109)

1
— <
Af
This is known as the Dunkerley theorem, although it was originally applied to vibration problems'.
Papkovich? showed that it could be applied in the above sense to complete structures. Variants
of this are Rankine’s empirical formula
1 1 1
o (9.110)

f P ¢

where A, is the load parameter at which elasto-plastic buckling occurs, A, is the load parameter
for rigid-plastic collapse and A, is the elastic buckling load parameter. Applied to complete
frameworks, this is known as Merchant’s formula. Horne® has shown this can be justified under
certain assumptions, but is not strictly valid in all circumstances. Féppl* showed that it might be
applied to buckling problems which had been simplified by assuming that all but one of the
stiffnesses were infinite. The parameters A, are the critical parameters for each of these cases and

! Dunkerley, S. (1894) On the Whirling and Vibration of Shafts. Phil. Trans. Roy. Soc. London
Ser. A V.185 p.265. See also Thomson (1988) §11.2.

2Pa;')kovich, P F. (1963) Works on the Structural Mechanics of Ships, V.4 Gos. Soyuz. fzd. Sud.
Prom. Leningrad (In Russian).

3 Horne, M.R. (1963) Elastic-Plastic Failure Loads for Plane Frames. Proc. Roy. Soc. London Ser.
AV.274p343.

* Foppl, L. (1933) Uber das Ausknicken von Gittermasten, insbesondere von hohen Funkturmen.
ZAMM V.13p.l
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A, is the parameter for the general case. The shear buckling relationship given by (9.21) is an
example of a case where the inequality becomes an equality, but for the fixed-pinned problem
given by (9.22) the formula becomes an approximation rather than a lower bound. It can also be
shown that (9.109) can be applied to a set of assumed buckling modes, which approximate to the
actual buckling mode (provided that certain orthogonality conditions are met). In this case, the
A, are the critical load parameters associated with each mode and A,is the true buckling parameter.
This may be deduced from Southwell (1936) §482.

Symmetry of a structure and its loading, described in §1.5, @ @
can be used to simplify stability and vibration analysis. Figure 1.8a /I\
shows a structure with simple symmetry about the line QR. On \(

taking the mirror image, the zones on either side of this line ‘map’
onto each other, and no change is apparent. In the case of n-fold

symmetry, the structure can be divided into » zones which map

onto one another in #n different ways (including the identity ”&

mapping, /, which does nothing). Figure 9.23 shows an equilateral @

triangular frame with six-fold symmetry. Rotation about a vertical @
axis by 120° anticlockwise can be thought of as an operation 4 @

which produces the permutation 4{1,2,3,4,5,6}={3,1,2,6,4,5}.
This can be repeated, giving A%{1,2,3,4,5,6}={2,3,1,5,6,4}.
Suppose that it is also symmetric about a horizontal plane, half
way up the structure. There is then symmetry under the inversion operation B{1,2,3,4,5,6} =
{4,5,6,1,2,3}. The operations 4° and B? do nothing (that is, are equal to /), but AB{1,2,3,4,5,6}
= BA{1,2,3,4,5,6} = {6,4,5,3,1,2}. Note that here the order of the operations does not matter,
and the full set operations is said to be abelian. The only other distinct operation is A’B (=4BA
= BA®) giving six in all. If there is n-fold abelian symmetry, the stability determinant can be divided
into n sub-determinants, each 1/nth the size of the original and each related to a particular mode
of buckling' (or vibration). A further description will be found in Chapter 1 of Chilver (1967).

Various theorems associated with convex critical surfaces have been proposed by
Papkovich (loc. cit.). These are also discussed in Chapter 1 of Chilver (1967). There, it is asserted
that the addition of constraints to a structure cannot reduce its first buckling load. This is true,
provided that such constraints inhibit the corresponding buckling mode. Tarnai® gives counter-
examples of rigid constraints which can help to induce the buckling mode. Other theories concern
the location of individual critical load parameters and optimum design. These subjects will be dealt
with in the appropriate chapters later in this book.

Figure 9.23 Symmetry zones.

! Renton, JD. (1964) On the Stability Analysis of Symmetrical Frameworks. Quart. Journ. Mech.
and Applied Math. V.17 p.175.

2 Tamai, T. (1980) Destabilising Effect of Additional Restraint on Elastic Bar Structures. Int. J.
Mech. Sci. V.22 p.379.



Chapter 10 The Dynamic Behaviour of Beams

10.1 Introduction

The main topics covered in this chapter are the vibration of elastic beams and the
transmission of elastic waves through them. It is not possible to cover all the ramifications of the
subject in one chapter, so that some topics will be only be summarised in this introduction.
References to more detailed studies will be given where appropriate. )

In the main, it will be taken that the matenial has the normal Yy
linear elastic response to dynamic loading. However, internal damping k' k"
can be significant in some cases. It is often assumed that such material
damping is like viscous damping, implying some resistance proportional
to the rate of strain. For convenience, a viscous damping matrix is used
which is a linear combination of the stiffness and mass matrices. In fact,
what is called Aysteretic damping is observed. The simplest model for
this, known as the Voigt unit, is shown in Figure 10.1a. The material
response is represented by a linearly-elastic spring of stiffness £’ in
parallel with a damper of dynamic stiffness £”. When vibrating
sinusoidally at an angular frequency w, this damper responds to a
velocity x with a force of k”"x/w. the exciting force F is then given by
F = k'x + k"%/w. The equivalent equation relating a stress 6 to a
straineis o = E’e + E”¢&w . The resulting plot of stress against
strain is elliptical, as shown in Figure 10.1b. More realistic stress-strain
plots for vibrating materials resemble the stress-strain hysteresis curve
shown in Figure 10.1c. However, these require more complex models
and analysis. Values of the ratio £ 7E’, expressed by the dimensionless
parameter 1, are tabulated in §8.2 of Lazan (1968). Typically, they are Figure 10.1
of the order of 102 for aluminium alloys and steel. Lazan (Chapter 6) Material damping.
also examines the stress distribution resulting from the damped vibration
of various beams. Further discussion will be found in Thomson (1988) §3.9.

The dynamic interaction of fluid flow and elastic structures can be subdivided into several
different phenomena. These are buffeting, vortex shedding, galloping and flutter. These effects
need to be taken into account in addition to the steady-state effects of wind pressure on tall
buildings, for example. Wind-induced oscillations can be devastating, particularly when they occur
near the natural frequencies of the structure. Examples are the failure of the original Tacoma
Narrows suspension bridge' in 1940 and the collapse of three cooling towers at Ferry Bridge in
1965. Even when the effects are not catastrophic, excess vibration can cause serious problems.
For example, in designing skyscrapers, it is necessary to avoid any distortion of the lift shafts
sufficient to cause the lifts to jam. Also, staff may suffer from motion sickness, particularly in the
range of frequencies 1-8 Hz which includes some of the natural frequencies of parts of the body.
One way of negating the effects of oscillation at the lowest natural frequency of a building is to
install a tuned mass damper. This is a mass-spring system with a natural frequency which is the
same as the frequency to be suppressed in the body to which it is attached. The Citicorp Tower
in New York has a 400 tonne mass-damper installed near the top.

Buffeting results from the random turbulence usually generated by the eddies on the
downward side of a structure. Its effect can be divided into a non-resonant response to a broad

! Analyses of this failure will be found in Bolotin (1964) §85 and Vlasov (1961) Chapter 9 §5.

10.1
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band of turbulence frequencies and the resonant response at the natural frequencies of the
structure. Usually, only the response at the lowest natural frequency of the structure is significant,
and the influence of natural structural damping can be important. Vortex shedding is associated
with oscillations induced by the regular periodic generation of vortices alternatively on either side
of the slipstream behind the body. The vortex shedding frequency, w, , has been found
experimentally to be related to the Strouhal number S. If D is a typical cross-sectional diameter
of the body and V is the wind speed, the Strouhal number is given by S = w D/V . The
Strouhal number is usually around 0.15 for rectangular shapes and around 0.2 for circular shapes
(such as transmission lines). For Reynolds numbers around 10° and above, the Strouhal number
can be considerably higher and vortex shedding may become random. The effect of vortex
shedding is particularly significant when w, is within £20% of the natural frequency of the body.
Spiral fins are fitted to tall welded metal chimney stacks to act as spoilers to reduce vortex
shedding. Rivetted structures have a significant degree of internal Coulomb (frictional) damping
and are less prone to such problems.

Transmission lines may suffer from vortex shedding at their higher natural frequencies
(around 100 Hz) and galloping at their fundamental frequencies (around 1 Hz). Galloping is
induced by aerodynamic lift followed by stall and can induce large amplitude oscillations.
Instability can be predicted from a relationship between lift and drag known as Den Hartog’s
criterion (see Den Hartog (1956)). Flutter can occur in laminar flow without the generation of
vortices or when the flow becomes separated over part of the body (stail flutter). It is usually
associated with the flexural-torsional behaviour of aircraft wings. Further details of these topics
will be found in Scanlan and Rosenbaum, (1951), Den Hartog (ibid.), Fliigge (1962) §63 & §80,
Warburton (1976) and Smith (1988), which also contains a great deal on the practical aspects of
the subject.

There are other important but specialised topics which cannot be covered within the
limitations of this chapter, so that the reader will be referred to other texts. Earthquakes affect the
design of buildings in Japan, the Pacific Rim, California and Mexico. Rosenblueth (1980)
considers the design spectra (amplitude vs. frequency) of earthquakes used, specific structural
detailing and the problems associated with masonry and concrete structures as well as steel
structures. The increasing use of offshore oil platforms has given more prominence to the study
of wave/structure interaction. Dean and Dalrymple (1991) examine this problem, with particular
emphasis on fluid mechanics. Bachman (1995) contains a useful survey of practical guidelines.

10.2 The Flexural Vibration of Beams

The equations of motion governing the A’i " M+§M
vibration of a Timoshenko beam were derived in v
Example 7.8. This allowed for the shear stiffness and S X S+88
the rotational inertia of the beam. These factors e

become important for relatively deep beams, but a )
simpler formulation can be made when they do not ¥ plie
need to be taken into consideration. In this case, the
beam behaves like an ordinary beam in flexure as
governed by equations (4.15), where the distributed
load g is the inertia load pAv ', as shown in Figure 10.2, where p is the mass density per unit
volume and A is the cross-sectional area. The governing differential equation is then

Figure 10.2 A vibrating beam element.

! The double dot indicates double partial differentiation with respect to time, 8*/02.
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- = 10.
ox? ox Y (10-)

allowing for the possibility that the bending stiffness £/ may vary along the beam. If the beam
vibrates with an angular frequency w, the displacement v can be expressed as

v = V(x)cos(wt + ) (10.2)
Suppose that ET is constant along the beam. Substituting the above expression in (10.1) and
omitting the common sinusoidal function of time gives

4
e a0ty = o (10.3)
e

.a2v]_a2M_ 35 _ v

The general solution of this equation takes the form
Va

S\ %
V(x) = Pcos%’E +Qsin£;5 +Rcoshp—1x + Tsinh"Tx where p = [»E%(I‘)—) / (10.4)

The relationships between the end loads
and end deflexions are, as before,
M, = -Elv{ , M, = Elv;
" m
S, = Elv, , S8 = -Elvg (10.5)
/
6,=v,,0

_ !
B—VH.

where the primes indicate differentiation with
respect to x. Then from (10.2) and (10.4),

Figure 10.3 End loads and deflexions.

g L
Ay 0 | 0 1 P
0.L -sing cosp sinhp cosh
Bul = HocosH : k2 cos(w + ) (10.6)
1 0 1 0 R
Ya
cospy sinp coshp sinhp || T
Vs
or d = Ak cos(wt+ ) (10.6a)
and
(M
4 1 0 -1 o P
MH . .
- -sing  cosh sinh 2
P e " k@) £t cos(wt + §) (10.7)
Sa 0 -1 0 1 ||R|
g ! -sing  cosp -sinhuy -coshp{l T
.~
n
2
or p =Bk %gacos(m: + ) (10.72)
Then from (10.6a) and (10.7a), El2
p= —‘—12“-314"!1 (10.82)

giving
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l4c. 1% 2¢,1 6c,1 -6c,1]0
1 2 3 4 A

MA
Myl gri2c,i* 4c1* 6l -6¢,i]0;
SA
SB

_ &t ) (10.8)
PPléc,l 6c,1 12¢; -12¢40v4
-6c,d -6c,l -12¢; 12¢, |Vp
where
¢, = L‘(l - cosp coshp)
n
4c, = T‘—(sinucoshu -cospsinhy)  2¢, = —:—(sinhp ~siny)
. o (10.9)

6c, = +(sinu sinhyu) 6c, = +(coshp - cosy)
pieg Hcp
12¢, = L (sinpcoshp + cosp sinhp) 12¢, = L (sinp + sinhp)
By ney
Just as the stability functions ¢, to ¢, tend to unity as the axial force tend to zero, so the vibration

functions ¢, to ¢, tend to unity as the angular frequency w tends to zero. Equation (10.8) then
gives the standard slope-deflexion equations. For low frequencies, they are given by

A A 1
A S B pver
134 131 3N (10.10)
=l v — gl -— | =]+ —
2520 420 280
A
where A=pt = pEf‘; (10.10a)

Values of these coefficients are tabulated in §A6.2 for values of A in the range 0 to 4000.
For large values of u (and A), the following approximations apply.

d4c; = p(1-tanp) , 2¢, = -psecu , 6c; = - pltany |
6c, = —p¥secp , 12¢, = -p’(l+tanp) , 12¢ ~ - plsecu . (10.11)
Example 10.1 Symmetric in-plane vibration of a portal frame
B .0 8. .c
As a simple example of the application of these functions, 9 0
the lowest natural frequency of the frame shown in Figure 10.4
will be sought. Finding the natural frequency of a frame with heavy
members is similar to that of finding the buckling load. The A D
et

equations of joint equilibrium are set up in terms of the joint
deflexions. As there is zero external loading exciting the vibration,
these equations are homogeneous. It is then a matter of equating Figure 10.4 Symmetric
the determinant of the coefficients of the joint deflexions to zero  vibration of a portal frame.
to find the criterion giving the natural frequencies of the frame.

For the case shown, it will be assumed that the members are all of length / have a bending
stiffness £7 and are axially rigid. The feet of the portal are fixed at A and D, so that for the mode
shown, the only joint deflexions are those of the joints B and C through equal and opposite
rotations 0. The bending moments at joint C are then given by (10.8) as

El EI
M, = 7?(-zcgze +4c1%0) , My =-7;(4cJ’0) : (10.12)
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The sum of these two moments is equal to the external moment at C, which is zero. This then
gives the natural frequency criterion
4c, - ¢, =0 (10.13)

This gives the value of A corresponding to the lowest natural frequency as approximately equal
to 160, or u is approximately 3.556. Using the approximation given by (10.10) gives A as 229,
indicating that A is well above the range of applicability of these expressions. However, using the
expressions given by (10.11) gives p as 3.566. The accuracy of this result is probably fortuitous.

10.3 The Natural Frequencies of Simple Beams @)
S
. 7
The natural frequencies of beams with simple

end conditions (fixed, free or pinned) can readily be \1/ ®)
determined from (10.6) and (10.7). A fixed left-hand . ©
end is given by setting 0, and v, to zero in (10.6). —
Likewise, a fixed right-hand end is given by setting _—

05 and v, to zero. A free left-hand is given by setting \\*\__/"O @
M, and S, to zero in (10.7) and a free right-hand is |

given by setting M, and S ; to zero. A pinned left- e — %0
hand end is given by setting v, to zero in (10.6) and \ P

M, to zero in (10.7). Finally, a pinned right-hand end o === ()

is given by setting v, to zero in (10.6) and M, to

zero in (10.7). In all cases, the two pairs of end Figure 10.5 Fundamental vibration
conditions give four homogeneous equations in 4, B, modes for simple beams.

C and D. If these terms are non-zero, the determinant

of their coefficients in these equations must be zero. The natural frequencies can be found from
the zeros of this determinant. The lowest frequency modes are shown in Figure 10.5. In case (d),
there is an intermediate node 0.26/ in from the left-hand end of the beam. In case (f), there are
intermediate nodes 0.22/ from the each end.

(a) Vibration of a cantilever Using the process described above, the case shown in Figure 10.5a
gives the following four equations

0 0 1 0 1 P
0 1 0 1 0
= . . ¢ (10.14)
0 -cosp -sinp coshy sinhp ||R
0 -sinp  cosp -sinhp -coshp| T

Setting the determinant of the matrix to zero yields the criterion for the natural frequencies
1 + cospcoshy = 0 (10.15)
(b) Vibration of a pin-ended beam By the same process, the natural frequencies are found from
siny sichy = ¢ (10.16)

which of course can be abbreviated to the condition that sin p is zero.

(c) Vibration of a fixed-pinned beam The natural frequencies are found from the equation

sinp coshy - sinhp cosp = 0 (10.17)
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(d) Vibration of a free-pinned beam The criterion is again given by (10.17).

(e) Vibration of a fixed-ended beam In this case, the determinant of A in (10.62) is zero. This
has already been found in the process of inverting A4 to obtain (10.8). It yields the term ¢, in the
denominators in (10.9). The natural frequencies can then be found from

p'c, = 1 - cospcoshp = 0 (10.18)

(0) Vibration of a free beam Such a case might arise in examining the oscillation of a satellite
platform in space. In this case, the determinant of B in (10.7a) must be zero. However, by
interchanging rows and changing the signs of rows and columns, this determinant can be turned
into that of 4. The criterion is again that given by (10.18). The natural frequencies can be found
from the following table, u, and w, being related by (10.10a).

Table 10.1 Solutions te the Natural Frequency Equations

Cases Hy Ha Hs My Ms Hy
(a) 1.8751 4.6941 7.8548 109955 | 14.1372 || ©(N-0.5)
(b) 3.1416 6.2832 9.4248 125664 | 15.7080 Nr

(©)&(d) | 3.9266 7.0686 102102 | 133518 | 16.4934 | m(N+0.25)

(@&(®) | 4.7300 7.8532 109956 | 14.1372 | 172788 | w(N+0.5)

The last column gives y,, for large values of N. In such cases, the criteria can be expressed
sufficiently accurately without involving any hyperbolic functions. Note that p, for case (e) is
twice p, for case (c). Likewise, y, for case (e) is twice u, for case (c). This is because the former
correspond to antisymmetric modes of vibration of the fixed-fixed beam. It then behaves like two
fixed-pinned beams end-to-end. The equivalents of these results and others will be found in Young
(1989) Table 36. Perhaps a rather surprising conclusion that might be drawn is that although the
natural frequencies increase with the stiffness of the beams, they do not necessarily increase with
the degree of end fixity. However, it could be argued that the lowest natural frequencies in cases
(d) and (f) are both zero. The corresponding modes are rigid-body motions of constant angular
velocity in case (d) and constant linear or angular velocity in case (f).

10.4 The Axial Vibration of Beams

The purely axial vibration of a bar AB shown in
Figure 10.6a can be analysed by examining a short length 8x
of it shown in Figure 10.6b. The tensile force P, acting on it
is equal to its area 4 times the axial stress. This stress is equal
to Young’s modulus times the local axial strain, so that

du 4
P =EA— -
s o (10.19) P
where u is the axial displacement of the centroid. Because of (b)

the inertia force resisting acceleration, this axial force varies
along the bar, so that for the dynamic equilibrium of the
element,

Figure 10.6 Axial vibration
of a bar.
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apx 3214
= A ——r—
F" P e (10.20)
where p is the density of the material. Suppose that the bar vibrates axially, so that
u = U(x)cos(wt + ) (10.21)
Then from (10.19) to (10.21) it follows that
dU
EA + pAwlU = 0
2o (10.22)
which has the general solution
2,2
U(x) = Ccos p}% + Dsin up—);- where pf, = % (= A in tables) (10.23)

Setting P as-P,and v asu, at x=0 and P as Pyand u asu, at x=I gives the equations

P, A d, -d,|u, (1024)
Pl 1 |-dy d, |u, )
where
d = ppcotp, = 1-A/3, d, = pycosecp, = 1 +1/6 . (10.25)

and the approximations apply for small A. These coefficients are tabulated in terms of A (cf.
(10.23) ) in §A6.2, where the appropriate expansions in terms of A are also given.

Example 10.2 Forced axial vibration of a column

Figure 10.7 shows a column of length / which is free at its top end,

A and fixed at its lower end, B. a sinusoidal axial exciting force of angular Fysin ot
frequency w and amplitude F; is applied at a as shown. The steady-state AY
response is found from the first line (10.24) by setting uy to zero, giving
Kyl
u, = sin wf (10.26)
1

. . T E
Resonance occurs when d, is zero, that is, when w, = —(N + 0.5) \Jt
where N is an integer. ! p B

Comparing this with the flexural vibration of a cantilever, the lowest 77
natural frequencies are the same if //4/? is about 0.2. This is too large for
realistic beam problems, so that the lowest natural frequency will normally Figure 10.7
be associated with flexural, rather than axial, vibration. Vibration of
a column.

10.5 The Torsional Vibration of Beams

The torsional vibration of bars can be analysed in a similar way to that in the previous
section. Again, the dynamic equilibrium of a short length 8x of the bar, shown in Figure 10.8b,
is examined. The torque T, acting on a section varies with the distance x along the beam.
Assuming simple Saint-Venant torsion, this torque is related to the rate of twist by



10.8 The Dynamic Behaviour of Beams [Ch. 10

a0
T, = GJ— 10.27

x ax ( )
The rotational inertia torque on the element 3x is
balanced by the increment in this torque, giving
ox P o2
where ], is the second moment of area of the section
about its shear centre. Suppose that the bar vibrates
torsionally, so that

0 = O(x)cos(wr + ) (10.29)

(10.28)

Then from (10.27) to (10.29) it follows that . )
Figure 10.8 Torsional vibration of a bar.

de
GJ e + plpw2® =0 (10.30)
which has the general solution
. x S . pLwH? .
O(x) = Ccosp,—[— + DsmpT7 where pj = p(“J (= X in tables) (10.31)
J

Setting T'as -T, and 6 as 0, at x=0 and Tas Ty and O as 6; at x=/ gives the equations

TA GJ dl —dz eA
r = 4, a o, (10.32)
where
d, = ppeotp, , d, = pycosecy, (10.33)

These functions are the same as those for axial vibration given in (10.25). They are tabulated in
terms of A, this time as defined by (10.31), in §A6.2.

Example 10.3 Natural vibration of rotor arm

The bar AB of length / shown in Figure 10.9 is rigidly

held at B and rigidly attached to a rotor of inertia kp// at a A
(where k is a constant). If the rotation of the bar is given by AN
(10.29), the angular acceleration of A is -w” times the rotation ( \ g
of A, so that from the first line of (10.32), NV
kpl o0, =T, = gld 0 (10.34) Figure 10.9 A rotor arm.
7 A A ] A .

so that from (10.31) and (10.33)},

uptanp, = (10.35)

[

Clearly, the larger the inertia of the rotor, and hence the larger the value of &, the lower the lowest
natural frequency of the system will become. As the inertia of the rotor falls to zero, the natural
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frequencies are given b
& y W, = %(N +0.5) GJ
J o,

which may be compared with the result found in Example 10.2. The lowest natural frequencies
of axial vibration were found to be higher than those for flexural vibration, except for
unrealistically short beams. However, making the same comparison between the flexural vibration
and torsional vibration of beams, the same is not true, although the longer a beam becomes the
more probable it is that the lowest frequency of vibration is in flexure.

10.6 Flexural Vibration with Large Axial Loading

Figure 10.10 shows the loading on a M+ &M S+8S
short length &x of a beam, allowing for large M v
axial loading {cf. Figure 10.2). The equations of
dynamic equilibrium are then Il 8y P
2
M= ET &Y s
ax? pAVOx
OM + Pdv + §8x = 0 (10.36)
2 Fi .10 ially-
85 = pA v - igure 10.10 An axially-loaded

ar vibrating beam element.

From these, the governing differential equation is given by

& v v
A A B A A A 1037
ox? ox? ox? or? ( )

Taking the form of v given by (10.2), the general solution for constant £/ is given by

W(x) = Beosax + Csinax + Dcoshfix + Fsinhfx (10.38)

where
_P_ : + _p.A_(iz. : + _P_ ' , B = L ’ + M
2ET EI 2ET 2E7 El

A particularly simple solution can be found for the natural frequency of a simply-supported
beam. This is given by taking B,D and F as zero and & as N7/l. This gives the condition

| I3
F__P {(10.39)
2E

P

—_—t

P

N

ARy

» 2
=1
ch] (10.40)  (0,1)

where P, is the Nth critical axial load in static conditions and
w,y is the Nth natural frequency in the absence of a large axial
force (cf. §9.2 and Table 10.1). PP
Figure 10.11 shows a plot of (10.40), illustrating how .
the natural frequency varies with axial loading, becoming zero (1,0)
when this loading is the critical loading. This is another
example of the convex critical surfaces discussed in §9.9. If Figure 10.11 Critical surface
the vertical ordinate had been (w/w,,)* then this curve would for combined axial loading
have been a straight line. and vibration.




10.10 The Dynamic Behaviour of Beams [Ch. 10

Massonnet' shows that this is always the case where the modes of vibration and buckling
are the same. He goes on to show that where this is not the case, this ‘characteristic surface’ is
convex, so that equations of the kind given by (10.40) represent lower approximations to the true
surface. This is shown to be true in general for the vibration of plates and shells and that similar
relationships can be deduced for the effect of axial loading on the whirling speed of shafis.

{The general equations for the flexural-torsional vibration of thin-walled sections can be
deduced by applying Hamilton’s principle, as in Example 7.8. The kinetic energy terms per unit
length are given by

T, = %[pA(,;OZ + v1) + pl 67] (10.41)

The Hamiltonian is then given by

z (10.42)

+ P(uo/2 + vo'2 + 29,000 = 2x,v,0' + r20)) ) dzdt

t !
L= [[lpdCi + v?) + o8 - EL " - EIv" - GIO" - £1,07
00

where the expressions for the potential energy can be deduced from (9.24). Note that the work
done by the shear forces in the x and y directions, §, and §,, and by the torque 7" have been not
been included. This is because L must be minimised with respect to #,, v, and 0, as the dynamic
terms are not expressed in terms of the derivatives of these functions with respect to z. Minimising
L in this way gives the three equations

pAii, + Elwuo/”' + Pu + Py 8" =0

pAVy + EI_vy" + Py - Px,8" = 0 (10.43)

pl,0 - GJO” + EIO" + Pyyu; - Px,v, + Prle" =0

1]

These equations may be solved by taking u,, v, and 0 as in-phase sinusoidal functions of time and
exponential functions of z. These exponential functions may be determined by methods similar to
those given in §9.5. The simplest solution is given by taking these functions of z to be in-phase
sinusoidal functions too.}

Further work on dynamic buckling will be found in Fliigge (1962) Chapter 62 and
Thompson and Hunt (1984).

{10.7 Response to Arbitrary Time-Dependent Loading}

{Figure 10.12a shows a mass m, attached to a spring of stiffness &, subject to a time-
dependent force P(f). The governing differential equation for the displacement of the mass, u, is

mii + ku = P(f) or i + wu = Q@ (10.44)

where w (= ¥ k/m) is the natural frequency of the system and Q(?) is P({)/m. A force of constant
intensity P, is applied at time ¢ =t, so that P(f) is given by the step function shown in Figure
10.12b. The initial conditions (at time ¢-t=0 ) are that the mass has zero displacement and
velocity. The solution is then

! Massonnet, C. (1940) Bulletin des Cours e1 des Laboratoires d’Essais des Constructions du
Geénie Civil et d’Hydraulique Fluviale V.1 Nos. 1 & 2. Goemaere, Brussels.
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Py
u==2[1 - cosw(t-1)] (10.45) 1 km PO
k |—-U
- . . . P (b)
(¢t >7). Similarly, if the loading had been of magnitude -P, and
applied at a time t+At as in Figure 10.12¢, the displacement E (-1 § P
would be ! == v,
P, f
U = — — ] - - - P
p [1 - cosw(r-t-A1)] (10.46) Q) ©
L . T+AT t
The case shown in Figure 10.12d is that of a force of magnitude P, -
applied for a short time interval At. Its effect on the later response k
is given by the sum of the two previous cases, that is, PO
P P
u=T°[l -cosw(:-t)]—To[l - cosw(f - T-At)] At @
P (10.47) 1 R
= To[wAtsinw(t-r)] !

The response to a series of such short pulses can be found by =~ Figure 10.12 Response
summing the responses to each of them as deduced from (10.47). to a stepped excitation.

At the limit, the response to a variable excitation P(f) is given by integrating the responses to the
elementary strips of the kind shown in Figure 10.13, giving

() = % {P(t) sinw(f - t) dt (10.48)

This is known as the Duhame! or convolution integral. In terms
of the second form of equation (10.44), this becomes

t
1 .
u(t) = 5 f O(t) sinw(f - t) dt (10.49) Figure 10.13 Response to
0 a variable excitation.
Example 10.4 Resonant harmonic excitation

Suppose that P(f) is a harmonic force with a frequency equal to the natural frequency of
the system, given by P, sincwt, and applied for a time ,. From (10.48), the response is

f 4
u(f) = Po% f sinwt sine(f - t)dt = PO% f cosw(f - 2t) - coswi dt
0 o (10.50)
P
= 2—1‘;[sinmt1 cosa(t - 1) - wicoswt]  (121)) T

This response is plotted in Figure 10.14, taking w¢, as unity.
Note that the maximum deflexion occurs a considerable 4
time after the force has ceased to be applied. -

{Although the Duhamel integral has been derived for 0 1 2 3 4
a single degree of freedom system, it can be applied to the
response of beams to random loading. Suppose that a non- Figure 10.14 Response to a
uniform beam with workless end reactions has a distributed short-term sinusoidal force.
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load p(x) which varies in amplitude with time. The differential equation for the deflexion v is then
given by

2
Fl—q— + p4 Q = p(x) f(2) (10.51)
ax ox? ar?
The solution will be expressed in the form
v V®aq0 (10.52)
i)

where V,(x) is the ith normal vibration mode associated with the beam and its end conditions (cf.
§A9.1). Substituting this expression in (10.51), multiplying both sides by V,(x) and integrating
over the length of the beam,

{

! 2 {

=~ a4 Y
fVJZ E[EI?] g dx + pr VIZI: Vg.dx = ijp(x)f(t)dx (10.53)
0 0 0
From (A9.1.12) and (A9.1.15) the orthogonality conditions

2 d*

f v, a E—-

dx? dx?
can be deduced. Also, from (A9.1.11), for the particular normal mode ¥} (x),

! d2V 2[ 2
dx = w; [pAV dx 10.55
_([ jtin .I_{ J ( )

where w; is the natural frequency associated with this mode. Using (10.54) and (10.55), (10.53)
becomes

]
de =0 = prVjV,.dx (i+j) (10.54)
0

i

[PV, dx
g v wlq = S = KfO) (say) (10.56)

!

[paV] dx

where K| can be evaluated from the integrals, if the normal mode ¥,(x) is known. This corresponds
to the second form of (10.44). Taking the beam to be at rest in its undeflected state at =0, and

applying (10.49),
t
= —1 D) sinw (£ - T)dt
~ {()s (£~ ©) (10.57)
Evaluating ¢, (#) in this way for a sufficient number of normal modes ¥/ (x), the solution can be

found from (10.52). In the particular case where the loading is a point force of amplitude P
applied a distance a from the ieft-hand end of the beam, (10.57) becomes

q, = ——-—1—]-1/&—)——— ff(t) sinw (¢ ~ 1) dt

(10.58)
®, f pAV? (x)dx °
0
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However, in the case of a uniform beam, this case is best dealt with by treating it as two beams
joined end-to end at the point of application of P.

The above method applies to time-dependent loading applied along the beam. a similar
process can be applied to solve problems related to time-dependent end conditions. a function g(x)
is sought which satisfies the equation

| . dg| _
Zx_i[ E[E =0 (10.59)
For a uniform beam, this has the solution
g(x) =Ax® + Bx? + Cx + D (10.60)

and in general there will be four constants of integration. The form of solution sought in this
problem is

v(x,t) = f(Nglx) + vy{x.0) (10.61)

where v,(x,/) satisfies a suitable set of workless end conditions and ff)g(x) satisfies the difference
between these end conditions and the time-dependent end conditions. Substituting this form into
the governing differential equation for the flexural vibration of a non-uniform beam gives

* v, 0%, .

This is the same in form as (10.51) and so can be solved in the same way, where the normal
modes V, (x) satisfy the same set of workless end conditions as v,.

The response of a beam 1o a moving load can be dealt with approximately in two ways.
If the mass of the moving load is large compared to the mass of the beam, it can be treated as a
single degree of freedom problem with the beam behaving like a spring of varying stiffness.
Timoshenko, Young and Weaver (1974) give this approximate solution. If the mass of the moving
load is small in comparison to that of the beam, then it can be treated as a problem of the response
of a beam to a moving force. This is covered by the solution given by (10.52) and (10.58).
Warburton (1964) shows the effect of a force moving at a constant velocity U across a simply-
supported uniform beam of length /. This varies with the non-dimensional parameter C which is
equal to tl/w,], where w, is the lowest natural frequency of the beam. Up to a value of C equal
to 0.2, the maximum central deflexion does not exceed 1.15 times the static central deflexion
PP/48EI. The worst case for Cs1.0 is when C=0.617, when the maximum central deflexion is
1.743 times the static deflexion. Further amplification of these methods will be found in
Warburton (ibid.) §3.4-§3.7 and §4.1-§4.2.}

The approximate analysis of the response to impact is based on equating the loss of energy
of the impacting body to the gain in strain energy of the elastic body being struck. Thus suppose
that a mass M is dropped from a height & above a rod which then shortens by an amount & before
the mass comes to rest. The potential energy lost by the mass is Mg(h+8). Taking the rod to be
uniform and equating this to the gain in its strain energy,

_ EA®
24
where EA and I have the same meanings as earlier in this section (cf. (7.5)). This can be solved
as a quadratic in 8. If / is zero, then the deflexion & found is twice the static deflexion produced
by gradually placing the mass on the end of the rod. In fact & is the maximum resulting deflexion
and the end of the rod oscillates about a mean position given by the static deflexion. If A is large

Mg(h + 8) (10.63)
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in comparison with 8, then the left-hand side of (10.63) can be taken as Mgh giving 6 more
directly. The same principles may be used when the mass has a velocity v on striking the bar, in
which case the kinetic energy :Mv? is used instead of the potential energy Mgh. Essentially the
same method may be used to find the deflexion produced by a transverse impact on a beam. In
this case, the bending strain energy induced by a displacement 8 produced by a force at the point
of impact is equated to the loss of energy of the impacting body. For example, the strain energy
induced in a fixed-ended beam by a central perturbation is readily found to be 96£/8%1°. Such
analyses take no account of the loss of energy on impact and the shock wave produced by the
impact’. The travelling waves generated by impact are examined in the next section.}

10.8 Travelling Waves in Rods and Beams

The differential equations for travelling waves have already been formulated in the earlier
part of this chapter. Here, a different form of solution will be sought. Taking the x axis to lie along
the rod, deflexions of the form fx-c7) and g{x+cf) will be examined where c is the speed at which
the wave travels along the bar. This can be seen by incrementing x by a small amount x and 7 by
a small amount 87. Provided that &x is c81, f{x+6x -ct-c8f) is the same as f{x-cr), so that the wave
does not changed form but shifts in the positive x direction at a velocity c. Likewise, it can be seen
that g(x+cf) represents a wave form moving at a velocity c in the -x direction. This velocity may
or may not depend on the form of the wave. If ¢ depends on the characteristics of the wave, the
medium is said to be dispersive. This is because packets of waves of different wavelengths do not
travel together through the medium, but become dispersed. As will be seen, axial and torsional
waves travelling along a prismatic bar are not dispersed, ¢ being a function of the properties of
the bar only, but this is not true of flexural waves.

Two waves of similar frequency travelling in \/\/\/\/\/\/\/\/
the same direction can produce a phenomenon called ® /\/W\/
beats. This is shown in Figure 10.15. Suppose that (b) W\N\/\/\/\/\/\/\

waves (a) and (b) are given by
S, (xt) = sink(x -ct) ,

£, (x1) = sink/(x - ¢’1). (10.64) (©

where k and k' differ by a small amount %, and kc
and k'c’ differ by a small amount dkc. (That is to
say, the medium may be dispersive.) The combination of the two waves, shown in Figure 10.15c,
is given by

L,(x0) + f(x,1) = sink(x -ct) + sink'(x -c’r)
251n%[(k +k'yx - (ke +k'c)1) cos%[(k -k")x - (ke - k'c 1] (10.65)

2sink(x - ct) cos%[bkx - 8(ke)1]

Figure 10.15 Beat modulation.

u

The first term is the original wave form, whose amplitude is now modified by the second wave
form (shown as the dotted envelope in Figure 10.15¢). This amplitude modulation produces beats
which have their own velocity given by

e " “or (10.66)

! More accurate analyses will be found in Timoshenko, Young and Weaver (1974). Longitudinal
impact is discussed on pp. 373-387 and latcral impact on pp. 435-441.
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The value of c, at the limit, as 6k tends to zero, is known as the group velocity of the waves. The
rate at which the total energy (kinetic energy plus strain energy) is transported along a beam has
been shown by Biot' to be generally proportional to the group velocity for linear, conservative
media.
For bending waves in a beam, (10.1) applies. Taking £J as constant and v as given by
Sf(x-ct), this equation becomes
4 2
0 -9, pA Ay pAcif” (10.67)
ox*? or?

where the primes indicate the differentiation of f with respect to x-ct, treated as a single
parameter. The general solution of this is

v(x,t) = f(x -ct) = Pcosk(x-ct) + QOsink{x-ct) + R(x-ct) + § (10.68)

l A4
k = 4 10.69
¢ El ( )

The group velocity associated with sinusoidal waves then follows from (10.66). As k is a constant
multiple of ¢, the group velocity is 2c in this case. The wavelength A is given by 2n/k. Thus for
very short wavelengths, the velocity of propagation tends to become infinite. This apparent
anomaly does not occur when the method is applied to Timoshenko beams (see Fligge (1962)
§64.6). Exactly the same results follow when v(x,7) is given by g(x+cf), with the argument (x-cr)
being replaced by (x+ct) in (10.68).

For travelling waves produced by axial loading, the governing equations are given by
(10.19) and (10.20). These give the governing equation for u as

where

E4d— = pA— (10.70)

so that if u(x, ) is given either by flx-ct) or g(x+ct), and the wave speed is

c- | E (10.71)
p
Note that in this case, the wave speed is independent of the wave form, which is transmitted
without distortion, as there is no dispersion. Similarly, equations (10.27) and (10.28) for torsional
vibration give the governing equation for 6 as

2
GJ— =pl,— (10.72)

and u(x,?) is given either by f{x-ct) or g(x+ct), and the wave speed is

c= | Y (10.73)
ol,

When a travelling wave reaches the end of a beam or bar, an additional wave is usually
generated at that end. This is such that the incident wave and the generated wave combine to give
the correct end conditions. The generated wave travels in the opposite direction along the rod,

! Biot, M.A. (1957) General theorems of equivalence of group velocity and energy transport. Phys.
Rev. V.105 p.1129.
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and in the case of fixed-end conditions, may simply be a reflection of the incident wave. Such a
reflection would have equal and opposite material displacements (and velocities) to the incident
wave, so that the combination of the two gives zero displacement and velocity at the fixed end.
When a compressive wave reaches a free end, it is matched by a tensile wave travelling in the
opposite direction, so that the axial load at the end remains zero.

Example 10.5 Axial impact on a rod

Suppose that a mass m travelling at a
velocity V strikes the free end of a cantilever
of length / as shown in Figure 10.16a. It will
be assumed that initially, the mass and the end
of the rod remain in contact. The contact
force P, ({) between the end of the rod and
the mass is equal to the inertia force exerted
by the mass and the elastic force produced by
the local elastic strain in the rod. Thus at the
free end (x = 0),

2
P, = -EAS - -2
ox or?

(10.74)

Figure 10.16 Axial impact on a cantilever.

Taking u to be expressed by flx-cf), and the
differential / {x-cf) with respect to (x-cf) to be F(x-cf), this gives

P, = -EAf'(x-ct) = ~mc*f"(x-ct) (cz = E) so that EAF = "Efp! (10.75)
p p

Taking the free end of the rod also to move with the velacity V immediately after impact, this
means that -cF(0) is V' and the solution of (10.75) is
|14 ff(x—cr)

F(x-ct) = - —e (10.76)
¢

This wave reaches the fixed end at time 7 equal to //c. a wave g(x+cr) is then generated at the

fixed end to nullify the end displacement. Likewise, its differential G(x+cf) nullifies the fixed-end

velocity. This resultant end velocity is given by

0= -cF(l-ct) + ¢G(l+ct) (10.77)

so that

A8 (1 ey
m (10.78)

G(l+ct) = F(l-ct) = ~Le
c
In general, G is a function of the parameter (x+c?) and the above equation is for the specific case
when x equals /. The general expression is then

% 2020 (xseny]
G(x+cty= -—¢e " (10.79)
c
This wave moves back along the bar, reaching the free end at time ¢ equal to 2//c. The condition
given by (10.74) still has to be met, and this can only be done if a new wave h(x-cf) is generated
at the free end. Taking its differential to be H(x-cr), the additional terms in (10.74) must satisfy
the equation
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EA{G(0+ct) + H(0-ct)] = mc*[G'(0+ct) + H'(0-ct)] (10.80)

(The function F(x-cf) has already been chosen to satisfy (10.74)). Using the expression for
G(x+ct) given by (10.79), this leads to the differential equation

Ap

28 (21-er)

EAH(O-ct) - mc*H(0-ct) = Ke m [EA + mc’ﬂ) (10.81)
¢ m
As at the original contact between the mass and the end of the bar, we take there to be no
impulsive force between the two when this new wave is generated. This means that there is no
jump in the mass velocity (and end-of-bar velocity) at time 1=2//c when this new wave begins to
propagate. The solution of (10.81) is then
AP (214 (x-ct)}

H(x-ct) = - Z—A—I/—p[ﬂ +(x-ct)le " (10.82)
mc
As long as the end of the bar remains in compression, the mass will remain in contact with
it. Unless the mass has somehow become glued to the bar, contact is lost as soon as the strain €

at the end of the bar becomes tensile. For time r>2//, this strain is given by

(10.83)

y A 24pl 24
€ =F(0-ct) + G(O+ct) + H(O-¢ct)= - —¢ " [] +e [1 + p(21—«?!))
c

m
(where € is tensile positive). Denoting the ratio of the mass of the bar to the end mass, Apl/m, by
u and the ratio of the actual time to the time taken for a wave to traverse the bar, c#//, by t, the
condition for loss of contact (€=0) can then be written as

1 .
T=2+ -z—u-(l + e M) (10.84)

This result is only valid for the period when the strain € is given by the combination of the three
components in (10.83). When the third wave reaches the fixed end, it too is reflected and so a
fourth wave reaches the free end at time ¢ equal to 4//c. Thus (10.84) gives loss of contact in the
time range 2<t<4. At the lower limit, this corresponds to an infinite mass ratio, and at the upper
limit, p is 0.3694. The time of loss of contact when the two masses are the same is 2.567//c. The
state of strain at this instant is shown in Figure 10.16b. For lower mass ratios, loss of contact
involving further reflected waves must be examined.

10.9 The Whirling of Shafts

If a flexible shaft rotates at sufficient speed, it can deflect in such a way that the centrifugal
forces induced balance the elastic constraints to its deformation. A beam whirling at an angular
velocity w under its own inertia loading can be analysed as if it had a distributed load of -pAve?
per unit length acting on it (if gyroscopic effects are ignored), where p is its density, 4 its cross-
sectional area and v is the displacement of its centroid from the axis of rotation. Then from the
last of equations (4.15),

d%
pAwtv = EI;; (10.85)

which has the general solution

Va
2
v = Pcos“Tx " Qsin% . Rcoshl‘li + Tssnhﬂl’ﬁ where p =( "“’T‘;’] I (10.86)
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However, this solution has already been given by (10.4). This means that the solutions for the
natural frequencies of simple beams given in Table 10.1 also give the whirling speeds of the
equivalent rotating shafts.

When relatively large masses are attached to the
shaft, the inertia of the shaft is usually ignored. Figure 10.17a @ N %
shows a disc of mass m attached to a light shaft. For the
moment, it will be assumed that the centre of mass is on the
axis of the shaft. If it is displaced by a distance & from the
axis, then it will exert a centrifugal force F on the shaft. At
the whirling speed w,, this is mw,2 3. The deflexion of the
shaft at this point produced by a force F' can be determined
from the usual flexural analysis given in Chapter 4. Thus if
the left-hand end of the shaft is in long rigid bearings, it can
be treated as a fixed end. If the right-hand end of the shaft is
in short flexible bearings, it can be treated as a spring-
supported end. The analysis then gives the relationship F=kb. For example, if the force is applied
at the middle of the shaft and both ends are simply supported, & is 48£1//° where EI is the bending
stiffness of the shaft and /s its length. Then equating the force found in this way to the centrifugal
force,

Figure 10.17 Whirling of a disc.

mwd = ké so that o] =

RS

(10.87)

Thus the whirling speed is the same in form as the natural frequency of a simple spring-mass
system. In fact, the structural vibration analysis program described in Appendix 2 can be used to
find the whirling speeds of compound shafts with lumped masses attached to them.

Suppose that the centre of mass had not been on the
axis of the shaft but offset initially by an eccentricity e.
Then the total distance of the centre of mass from the axis 5 TM
when it has a further elastic deflexion & would be 3+e. e
Then if the shaft is rotating at a speed w, the first of
equations (10.87) becomes

T T T

mw?(d +e) = kd (10.88) :

Using w, as defined in (10.87), this gives E
d+e _ 1 S

e 1-(ww) (10.89) i

This gives the graph plotted in Figure 10.18. Note that once Figure 10.18 Total deflexion
the whirling speed has been exceeded, the centre of mass of an eccentric disc.
becomes ever more closely aligned with the axis of rotation.

Thus it is possible to drive a shaft at speeds in excess of its whirling speed provided that this speed
is passed through rapidly, before large deflexions build up. Analyses allowing for viscous damping
and gyroscopic effects are also possible (see Fliigge (1962) §58.5 for example).
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10.10 Approximate Methods

Rayleigh’s method’, first discussed in §9.8, was originally developed as an approximate
method for determining natural frequencies. The structural system is assumed to be undamped and
to vibrate freely with simple harmonic motion. No energy is then lost and the mode of deflexion
can be represented by

v{x,$) = V(x)cos(wt + ) so that v(x) = - wV(x)sin(wt + ) (10.90)

The total energy of the system is given by the sum of the strain energy and the kinetic energy. The
deflexion is zero when (wt+@) is an odd multiple of m/2. As the strains, and hence the strain
energy, are then also zero, the total energy is given by the kinetic energy at such instants. When
(wr+d) is a multiple of =, the system is instantaneously motionless. Then its kinetic energy is zero
and the total energy is given by the strain energy. The natural frequency of the system can then
be found by comparing the kinetic energy of the system when it is undeformed with the strain
energy of the system when it is instantaneously at rest. For a simple beam of length / with
workless end supports, the equation is

! { !

1 .2 1, 2 2 _ 1

;prvm“dx—;m pr(V(x))dx = ;fEI
0

0

2
d* ! 2 :
mnx) e leI[ M] dx (10.91)
dxl
]

giving

[ 25 e
dxz
e (10.92)

AV de
{p

where FJ is the local bending stiffness and pA is the local mass per unit length. The equality only
holds true if /(x) gives the form of the true vibration mode. If a reasonable approximation to the
mode is used instead, the value of w thus found will be an upper bound to the true value, just as
in (9.89), the expression on the right-hand side is an upper bound to the true critical load. In both
cases, the approximate mode can only be induced physically by imposing constraints on the
system. These constraints make it appear stiffer than it actually is, this raising the critical load and
the natural frequency. As discussed in Chapter 7, the approximate mode chosen must satisfy the
geometrical end constraints relating to the end displacement and end slope.

Example 10.6 Flexural vibration of a conical beam

Figure 10.19 shows a cantilever in the form of a right
circular cone, free at its tip, x=0, and fixed against rotation and
displacement at the other end, x=/. The base radius of the cone
is r. A vibration mode of the form

2
V(x) = c[i - 1) = o(X - 17 (10.93)
! Figure 10.19 A vibrating cone.

' Lord Rayleigh gives the method in his book Theory of Sound Vol.1, pp.111 & 287 (1894).
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will be assumed, where X is x//. The bending stiffness and cross-sectional area are given by

El = E%X‘r‘ , A=mnXx¥? (10.94)
so that (10.92) becomes

}X4[1’_V]’dx
! = Ert o dx?

10.95
o (10.95)
f XWwrax
0
Using the expression given by (10.93), this gives the lowest natural frequency as
2 Erz
W' = 21— (10.96)
pl
The exact solution found by Kirchhoff ' is
Er?
W' =19 = (10.97)
p!

{The constraints on the function }(x) chosen is that it must satisfy the geometric constraints.
These are that the slope and displacement of the beam at the fixed end are both zero. It will be
seen that the form given by (10.93) satisfies these conditions. It also satisfies the conditions of
zero moment and shear force at the free end by virtue of the expression for the bending stiffness.
Had this not been zero at the free end, modes of the form

V(X) = c,(3-4X+X*)  or  V(X) = ¢,(11 - 15X + 5X* - X?) (10.98)

could have been used to satisfy all the end conditions. On substituting in (10.95), these would
have given results which are 42% and 36% too high respectively.

The Ritz modification to Rayleigh’s method can again be used to obtain more accurate
results. As before, we take the mode to be given by a linear combination of modes,

V(x) = X e V(x) (10.99)

where the coefficients ¢, are constants and the functions ¥ (x) at least satisty the geometric
boundary conditions.

2

J'

1
[PACE ¢V, s
0 i

! da*v
EI(Z ¢ !
) -{ 7 dx?

(1)2

(10.100)

As this expression gives an upper bound 1o the natural frequency, the coefficients ¢, can be varied
so as to minimise the value given. Partial differentiation then gives a set of equations equal to the
number of unknown coefficients ¢, of the form

! Kirchhoff, G.R. (1879) Monatsberichte p.815, Berlin.
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! aw )’
— fEl Yoo—L - @pA(Y VY def =0 (10.101)
ac] o i 'dxz i !
or
o dy dv,
fEI——’- - WpAVV dx = 0 (10.102)
dx? dx? ! :
0

where V(x) is given by (10.99). This gives a set of homogeneous equations relating the terms c,
The determinant of the coefficients of these terms gives a polynomial in w?, the lowest root of
which gives an estimate of the lowest natural frequency.

Suppose that the end conditions are those for workless reactions and that each function
V. (x) satisfies all the end conditions. Then

il av |
dx2 dx |

2
fu‘”: ’dx
)™

fa&[ dx:] —Lax (10.103)

The first expression on the right-hand side is zero because either the bending moment or the slope
is zero at the ends. The second term can also be imegrated by parts, giving

dv. 3% ! 2
f P A i % f d
dx dx’ dx dx? Y, di?

Again, the first expression on the right-hand side is zero because either the shear force or the
displacement is zero at the ends. Using these two results, (10.102) becomes

2
ele) s

d
dx

E[‘I_V

px V,dx (10.104)

For constant £/, the expression in curly brackets can be compared to the left-hand side of (10.3).
These equations can be used in the same way as (10.102) to obtain the lowest natural frequency.
They may also be obtained by the Galerkin method, which is expressed in terms of minimising
error functions (see Fliigge (1962) §§16.8, 44.2 & 65.5 and Sokolnikoff (1956) §115).

Example 10.7 a more exact analysis of the flexural vibration of a conical beam

Returning to the previous example, the Ritz-Galerkin method will be applied, taking

V(X) = ¢ V|(X) * Csz(zY) = c[(X— l)2 + ch(X_ ])2 (10.106)
Using this expression, (10.105) yields two equations which can be written in the form
(02 - -i-)c + (0.1 - 2—;'0)c =0
(10.107)
0.1 - - —})e,=0
( 280) ¢ *( 630) 2

where A is w?pl*/Er?. Setting the determinant of the coefficients of ¢, and c, to zero gives

= 19.08Er¥/pl* (10.108)}






Chapter 11 Matrix Analysis of Frames

11.1 Introduction

Prior to the development of computers, only methods suitable for manual analysis were
considered. Most standard problems related to statically-determinate plane structures which were
often taken to be pin-jointed. In analysing such frames, the first task was to determine the axial
loads in the members and then the axial strains. Graphical techniques could be used both for this
and then to determine the joint deflexions. A similar initial analysis was used for rigid-jointed
frames capable of carrying the applied loading axially. In such cases, the deformations caused by
the axial strains induced flexure of the members, so that a second analysis had to be carried out
to determine the ‘secondary stresses’ induced by the corresponding bending moments. This
process was only a second approximation to the exact solution of the implicit governing
equations. Other techniques, such as moment distribution', were used when the applied loading
was mainly carried by the flexure of the members. In such cases, simplifications could be made
by ignoring the axial compressibility of the members. The complexity of the analyses rose with
the degree of redundancy of the structure. Such statically-indeterminate problems were regarded
as so difficult, that special books and courses were devoted to ‘hyperstatic structures’.

With the availability of computers, systematic methods of structural analysis were sought
which could be used to generate programs 10 analyse a wide variety of structures. For skeletal
structures, two methods of matrix analysis were proposed. One is known as the compatibility,
Jorce or flexibility matrix method. Following the manual approach, the primary task is seen as the
determination of the redundant internal loads and reactions. If the structure is statically
indeterminate, imaginary cuts or releases are inserted to reduce it to a set of statically-determinate
substructures. Corresponding to each degree of freedom introduced in this way, there will be a
redundant internal interaction or reaction. Each substructure will have a set of statically-
independent loads acting on it, which may include the above redundancies. (The rest will be
reactions or interactions which can be determined from these by statics.) The state of stress, and
hence the state of strain, can be determined from this set of loads. Let the ‘stress resultant vector’
r be a column vector of all such sets and the ‘element deformation vector’ e a column vector of
all the corresponding substructure deformations through which only the loads r do work. From
the elastic responses of each substructure, flexibility equations can now be written relating the set
of strains e to the vector r. As the substructure system is statically determinate, equilibrium
equations can be written relating r to the set of external loads p on the whole structure and the
set of redundancies ¢. Finally, compatibility equations can be written which ensure that the
substructure distortions given by e are related in such a way that the structure as a whole remains
joined together. Using the previous equations, these compatibility equations yield relationships
between the redundancies ¢ and the external loads p. The redundancies are then determined and
the substructure loads r found from the earlier equilibrium equations.

A full description of this method will be found in Chapter 8 of Livesley (1975). It has
some advantages over the stiffness method described below. The set of simultaneous equations
to be solved is equal to the number of redundancies. The number of equations to be solved in the
stiffness method is equal to the number of unknown joint deflexions, which may well be far larger.
The flexibility method also permits the use of zero flexibilities. For example, the manual method

! A numerical method in which all the joints of the frame are initially considered to be rigidly held.
These joint constraints are removed sequentially (a process known as ‘relaxation”) and the changes
in bending moment determined.

11.1
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of taking the beams to be axially rigid can be used, which considerably simplifies the equations.
Zero flexibilities imply infinite stiffnesses, which cannot readily be incorporated into the stiffness
method. Also, once the redundancies have been found, the internal state of stress can be
determined directly. With the stiffness method, the joint deflexions are found first, and then the
end loads on the members and finally their states of stress. Despite this, the stiffness method is
almost universally preferred for automated structural analysis. The formation of the equations is
more straightforward and does not require any matrix inversion. Also, as will be seen in the
chapter on computer methods, use can be made of the symmetry and sparseness’ of the stiffness
matrix to increase the efficiency of the analysis.

The principles of the equilibrium,
displacement or stiffness matrix method can be
illustrated using the spring system shown in
Figure 11.1. The linear spring is shown in Figure
11.1a. This has a spring stiffness £ which relates
the force F to the displacement & by F = k3.
(The spring flexibility f is such that & = fF.) The
overall stiffness of a set of springs joined to the
same point, and acting in the same direction, is
the sum of their individual stiffnesses.

In Figure 11.1b, three springs are joined
at a common point. The horizontal one has a Figure 11.1 Spring systems.
stiffness &, and the vertical one has a stiffness &,. The combined stiffness of the two is given by

F'| [k 0}8;
= (1L.1)
F | |0 & |8

The third spring is at an angle o to the x* axis. With respect to its local coordinate system, x,y its
displacements &, and 8, are related to its end forces F, and F, by

& [k’ 0]6’ P, = K,d
= or 3 = 3y (11.2)
F}' 3 00 6)' 3

in abbreviated matrix notation, where Kj is known as a stiffness matrix. The load vector P, and
the deflexion vector dy can be related to their equivalents P* and d*, in terms of the global
coordinate system x*, y* by

F, cosa -sina ||Fx .
=1 . or Py = TPJ R

F sine  cosa ||F
v I3 s (11.3)
8, cosa sina |0 .

= or d; = T'dy .
) -sino cose ||d *
Y3 ¥y 13

where T is known as a transformation matrix and T is its transpose. In terms of the global
coordinate system, (11.2) then becomes

! That s, many of the elements of the matrix will be zero and use can be made of this to reduce the
number of numerical operations.



Sec. 11.1] Introduction 11.3

Py = TP, = TK.d, = TK,T'd; = K/ dy (11.4)
where
. cosa -sinalk; Of cosa sina kycos’a  kysinecosa
K =TK,T'=| _ - (11.5)
sina cose [| 0 0f-sina cose| |k sinacose &, sina

As the joint is common to the ends of all three springs, d,* is the same as the joint deflexion

vector in (11.1). The total external load on the joint is the sum of the end loads on the first two

springs, given by the joint load vector in (11.1), and that on the third spring, given by P,* in

(11.4). Using this compatibility condition and equilibrium condition, the stiffness matrix for all

three springs is given by the sum of those in (11.1) and (11.5), giving

F.| |k +krcos’a ksinecosad,
. (11.6)

. . . 2 .
F, kysinacosa &, + k,sin’a 5y

as the overall stiffness matrix equation for the complete system. Note that the matrix is
symmetrical. This will always be the case provided that the joint deflexion vector is that of the
corresponding deflexions through which the components of the joint load vector do work. This
follows from Betti’s theorem discussed in §3.4. Knowing the joint loading, the joint deflexions
can be found from the overall stiffness matrix equation. The loads on individual components of
the system can be found from member stiffness equations such as (11.4). The state of stress may
then be determined, completing the solution.

Skeletal frameworks consist of a network of bars connected to joints at each of their two
ends. Then instead of the elastic response of a component being expressed in terms of single
relationship between the loads and the corresponding deflexions at one end, it is more convenient
to write it as a pair of relationships for the two ends. Let these be ends A and B. If the load
vectors at these ends are P, and Py, respectively, and the corresponding deflexion vectors are d,
and d g, these relationships can be written as

P, = K, d, + K,dy
P, =K,d, + K,d,

217°A

(1L.7)

It follows from Betti’s theorem that

K,=K, , K, =K;; , K, =K, (11.8)

Most of this chapter deals with applications of the stiffness matrix method to the analysis
of skeletal structures. The simplest example is the analysis of plane, pin-jointed frames dealt with
in the next section. The example used covers in detail the method for assembling the stiffness
matrices for the individual bars into the stiffness matrix for the whole frame. The plane, rigid-
jointed frames discussed in §11.3 cover both frames which are loaded and deflect only in their
own planes and grids, which are loaded and deflect only out of their own planes. These
restrictions reduce the number of degrees of freedom at each joint to a maximum of three, thus
simplifying the analysis. In §11 4, three-dimensional pin-jointed and rigid-jointed structures are
examined. In the former case, there are still only three degrees of freedom at each joint (the three
components of displacement), but in the latter case there are six, as the three components of
rotation have to be included as well. In all cases, the general principles outlined above apply. In
particular, the general form of the member stiffness matrix equations given by (11.7) and (11.8)
holds. The stability and vibration of frames discussed in §11.5 and §11.6 can be analysed using
modified stiffness matrices of the above kind. These employ the stability and vibration functions
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derived in Chapters 9 and 10. Applications of all these analyses are given in the computer
programs provided.

The remainder of the chapter deals with special applications of the method. For example,
in §11.8 it is shown that the elastic response of members with varying stiffness and curved
members can be simulated exactly by assemblies of prismatic members. This is useful in using
computer programs which will only accept data for prismatic members.

11.2 Plane Pin-Jointed Frames

Pin-ended bars behave like the above springs, with the
spring stiffness & replaced by EA/ where E is Young’s
modulus, A4 is the cross-sectional area of the bar and / is its
length. The bar shown in Figure 11.2 is oriented at an
anticlockwise angle « to a global coordinate system {x*, y*).
The local coordinate system (x,y) is related to the bar axes,
the x axis being directed along the bar and the y axis at right-
angles to it. In terms of the local coordinates,

F, 3
| EANl O][ i . P, =K,d, . (11.9) Figure 11.2 Global coordinates.
F, 0 ofs,

In terms of the global coordinate system, this becomes

Fg . . . EA| cos’a sinacosa 6,4
=P/ = K,d, = = (11.10)
Fy; ! [sinccosee  sinla 6; ’
where
. cosa -sino
K, =TK,T" , T =[ . (11.11)
simmoe coso

The new matrix K,* is necessarily symmetric because the old matrix K, is symmetric. This also
follows directly from Betti’s theorem.

If there are no loads applied to a bar between its ends A and B, the end loads are equal
and opposite, or Py (= {F,5, F,3}) is equal to -P,. If the end B is free to move, the axial force in
the bar is no longer given by the deflexion of A, d,, but the difference of deflexions at A and B,
d, - dy. Then the equations for the bar become

Ful [Ean 0] 8, [-Ean o %J
F,, o ofs, o ofs, oLtz
Fg [—EA/I o] LI [EA/I o] 8
Fo o offs,| | o ofs,

This conforms to the general form given by (11.7) and it can be seen that the four stiffness
matrices satisfy (11.8). The equations for a particular bar can be transformed to relate the end
loads and deflexions relative to the global coordinates of a framework, using the transformation
previously used to derive X,,* from K,,. The end deflexion vectors are equal to the deflexion
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vectors of the joints to which they are attached. The sum of the load vectors acting on the ends
of bars meeting at a joint is equal to the vector of external loads for that joint. These conditions
of joint compatibility and joint equilibrium permit the equations for component bars to be
assembled into the equations for the whole frame.

Example 11.1 A Cross-Braced Frame
All the members of the frame shown in Figure 11.3 (a)

have the same axial stiffness £4. For the bar AB,
the local and global coordinates are the same, so

that the submatrices in (11.12) can be used directly : L 0 5s82L
in assembling the frame stiffness matrix equation. E4
As joints A and D are fixed, their displacements 2.135 5,14‘
(and loads) do not appear in this equation. Thus for ® / PL
the bar AB, only the matrix K,,* (=K,,) is 044254
required, which relates its end load at B to the end L. 0.558P 71.693 %
deflexion at B:

Fal  [EaL 0)|8s © 0P 0.442P

= 0.789P
Fpp 0 Ofs, (11.13)
or 0.442P
Pyuny = Kryamy duany Figure 11,3 A cross-braced frame.

where (AB) has been added to the subscripts to indicate the bar under discussion. The same
arguments hold for the bar DC, giving a similar equation to (11.13) with the subscript B being
replaced by C and (AB) being replaced by (DC). For the same reason, only the K;,* matrix is
needed for the bars AC and DB. These are both of length Lv'2. In the former case, the angle o
is 45° and in the latter case it is -45°. Transformations of the type given by (11.10) can be applied
to all the stiffness matrices, so that

Fol g 5.

Fel L2

1
2
1 »
718 (11.14)

n |- N

or
P (;(AC) = KZ‘Z(AC) d(;(AC)
for the bar AC, and for the bar DB

. 1 _11,.
Fg EA | 2 2 L
. - 1 1 -
Ful L2l-5 ;{8 (11.15)
or
P, l‘;(DB) = Kz;ms) dl;(DB) .

The bar BC is of length L and at an angle « of 90°. As the deflexions at both ends are sought, the
full set of terms in (11.12) is required. Using similar transformations to (11.10), they become
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» - ( -
Fg [oo% [o 0 |8«
= +
th; 0 EAIL 8 0 -EA/L F&c
.
Fel fo o J18s| [0 o [8<
o —Eafse | o EaiL)s (11.16)
K w ) 6y8 é)C
or
Prgoy) = Ky dywey * Kpdewo
P, C“(BC) = KI‘IdI;(BC) + Kz.zd(;(nc)
(cf. (11.7)). In this case, the compatibility of end deflexions gives
dy = dyup) = ds@oy = on)
A (11.17)
d¢ = douey = depo) = dewoy
and the equilibrium of joint loads gives
P. = P. + P‘ + P'
e (11.18)
P¢ = Popg) * Pepoy * Pepoy

It will be seen that there is a similarity between (11.17) and (11.18). This becomes clearer when
they are rewritten in the form

dl;(AB) : P, I;(AB)

. I o .

dC(AC) 01 Peao

dogey| |1 0|ds Py ’1 07101 o]Pn'(m (11.19)
d(;(nC) 017 dc' P(.: oro1r1o01 p(:mc)

. 10 .

d (DB) I PB(D“)

dcwo | Piwo

where I is a unit 2x2 submatrix and 0 is a zero 2x2 submatrix. It will be seen that the second
matrix of these submatrices is the transpose of the first. It is known as a connection matrix and
pairs of matrix equations of this general form are said to exhibit contragredience.

The right-hand sides of equations (11.18) can be expressed in terms of the bar end
deflexions using (11.13) to (11.16). These bar end deflexions are given in terms of the joint
deflexions using (11.17). This gives relationships between the joint loads and the joint deflexions
of the form

Pyl {Knum * Kuso * Kues Kpao dy
= {11.20)
P K)so Kpao * Knao + Knpo d;

These equations could be derived formally using the connection matrix equations (11.19), but
such a process is unnecessarily cumbersome, either by hand or with a computer. Expressing the
submatrices and column vectors in full, (11.20) becomes
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; 1 1
AR B A
1 1
. —— ]l +— 0 -1 *
o| |5 3
- yB - _ELi 22 V2 l l yB (l 1.21)
0 L] _r L .
Free 0 0 L+ W2 21 Bec
-P P | s J
1y | . 0 -1 -2-72- 1 +.272J' W
Carrying out the Gaussian process of diagonalisation, this equation becomes
[o+
0.5
-0.598P 1.3535 0 ¢ 0
-2135P| 4| 0 12612 0 o |3 _—
075P | L| O 0 13535 8 (11.23)
xC
-P 0 0 0 04683 .
Bye

giving the joint displacements shown in Figure 11.3b. The bar forces can then be determined from
these deflexions by substituting them back into the member matrix equations, giving the results

shown in Figure 11.3c.
11.3 Plane Rigid-Jointed Frames

If the joints of the frame are rigid, they
are capable of transmitting moments as well as
forces to the ends of the beams. For
equilibrium, the vector sum of the moments so
transmitted by a joint is equal to the total
external moment acting on it. Corresponding
to this equilibrium condition, is the
compatibility condition that the rotations of all
the beams meeting at a joint are common, and
equal to the joint rotation. Equations (11.12)

F.5
AF;A'G),A ! )jyﬂ
Lo
F:\'A.be ' § F;B.axa
M, 8, MB,GB

Figure 11.4 In-plane flexure of a beam.

must be modified to take account of these end moments and rotations. The problem can still be
considered as two-dimensional if the plane of the frame is also a plane of symmetry for all its
members and the frame is only loaded in its own plane. Making use of (4.55) and (4.56), and
using the notation for end loads and deflexions shown in Figure 11.4, these equations take the

form
Fu| [Ean o 0 |8
F,l=1 0 12E0P 6ENP|3,|
M,| | o eEm® 4Em|8,|
Fop [-EAll 0 o 5.
Fgl=| 0 -12Em° -6EN*|b,
M| | o eEm®  2EIm |8,

-EA/l

0
0

;
0 6;5

0
-12E01 6ENI* ||,

-6ENI* 2ENL |6,
’ (11.23)
EAll

0
0

0
12EI?
-6EIN?

0
~6EIN* |8,
4EI |8

B
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These two matrix equations again correspond to the
general form given by (11.7).

Transforming from local to global coordinates is
done in a similar fashion to that for a pin-ended bar,
except that there is an extra term in the load and
deflexion vectors, relating to the end moment and end  M},0*
rotation respectively. However, these are the same in
both local and global coordinates. The transformation A o
matrix is then

Figure 11.5 Global coordinates.
coso. -sina 0

T =|sine cosa O (11.24)
0 0 1

As before, the stiffness matrix K|, is transformed to refer to global coordinates, it becomes K*
and is given by the matrix product T7K,,T". The other stiffness matrices transform in the same way.

The slope-deflexion equations used to set up the stiffness matrices did not contain the
additional terms associated with loading between the ends of the beams. These terms were
discussed in §4.5. Using the principle of superposition, the total end reactions can be taken as
those induced by the end rotations and displacements (as above) plus the reactions induced by the
loading along the beam when end rotations and displacements are prevented (the fixed-end
reactions). Conversely, in analysing the frame as a whole, the loading between the joints is
replaced by loading on the joints equal to minus the sum of the fixed-end reactions. (To every
reaction there is an equal and opposite action.)

Example 11.2 A Rigid-Jointed Frame with Beam Loading Y

C
The two beams shown in Figure 11.6 are of the same length
! and have the same bending stiffness £/ and axial stiffness
EA. They are rigidly joined together at right-angles at A and
encastré at their other ends, B and C. A downwards force F/ Fi
midway along AB induces a fixed-end moment FI/8 8A B

anticlockwise and a fixed-end reaction of Y4 upwards at A. 7
These reactions of joint A are replaced by the equal and  ,,r

opposite actions on A, as shown. (As B is fixed, the actions F

on B do not affect this part of the analysis.) Taking the global

coordinates to be aligned with the local coordinates for AB, Figure 11.6 A beam-loaded
The K|, matrix for this member is the same in terms of the frame.

global coordinates. For the member AC, the form of this matrix in global coordinates is
12EI11° 0 -6EI?
Ko = 0 EAll 0 (11.25)
-G6EIN* O  4EIN

Combining the two matrices and taking the value of 4 to be 100/, the stiffness matrix equation
for the complete structure becomes
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\REIP 0 -6EIN?||%u
0 112EI® GEII* |[8,,
-6EII? 6EI/? SEIl/l

8,

11.9

F

0
= Fy|=|-Fr (11.26)

Solving these equations gives the value of the deflexion vector {8*_,, 8*,,, 0*,} as
{-0.00071FI%/EI -0.00375FI%/El, -0.01335F1%/El}. These values can be back-substituted into
the original beam equations to find the end loads on the beams. For example, this gives the axial
tension in AC as 0.375F.

The general three-dimensional analysis
of rigid-jointed frames involves six degrees of
freedom at each joint. If the frame is plane and
is loaded only in its plane, the above analysis is
(usually) sufficient. If a plane frame is loaded
by the other three possible components of joint
load, they will induce out-of-plane deflexions.
This is typical of floor- or roof-bearing grids.

For the beam AB shown in Figure 11.7
of length I, bending stiffness EJ and torsional
stiffness GJ, equations (11.7) take the form

M 6

yA' YA

Figure 11,7 Typical member of a grid.

r

My [Goil o 0 9| [-Gu o 0 ]%s
M, l=| 0 4Em 6EN*|0,|+| 0 2EN -6EI* |6,
F,l |0 6Em?® 12£0°|8, 0 6EI* -12EI|8, |
(11.27)
M,y ~-GJn 0 0 0., Gl 0 0 5
Mp|=| 0  2EI  6EIN* |6,1+| 0 4EN -6EIN*|0,
Fy 0 -6EM* -12ENP|8,| | 0 -6EN* 12EI|8,

and if the beam AB is at an anticlockwise angle « to the global coordinate system, the
transformation is given by

M, cose -sina 0(M,
My‘ = [sina cose OfM | or P =TP (11.28)
P 0 0 I F

so that the transformation matrix is the same as that
given by (11.24). The matrix analysis of grids is based
on the same principles as the previous analyses.

Example 11.3 A Laterally-Loaded Angle Frame

In the frame shown, AB and AC are both of

length /, and have stiffnesses EI and GJ. They are  Figure 11.8 A laterally-loaded frame.
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nigidly joined at right-angles at A and encastré at their ends B and C. Both are loaded normal to
the plane ABC by a uniform distributed load of intensity p. This induces the fixed-end actions
shown at A. It is convenient to take the global coordinates x* and y* at 45° to the alignment of
the beams, as shown. As AC is at an angle o of +45° to the global coordinate system, its K*,,
matrix is given by

GJr21 +2ENl GJI2I - 2EN =32 El/l?
Koo = TKyuoT' = |GJi2l - 2EI1 G2l + 2Bl 3J2EI1? (11.29)
-3ZEM*  32EN?  12ENP

The K* ), matrix for AB is found similarly, taking a as -45°. The matrix equation for the frame
is then

O MLl (GmeaEm o A
/? . .
572— = M| = 0 GJIl + AEUI 6/2ENI*{6;, (11.30)
- 2 3 »
pl F; 0 6V2EIll 24EN 5,
where the stiffness matrix is the sum of the two K*,, matrices. Solving this equation gives
. . -pl® . 1*(GJ + 3EI)
0, = , 8. = S L , 0, = PSS+ ORT) 11.31
“ Y 3V2(GJ+ED 4 24EI(GJ +El) (11.31)
{11.4 Three-Dimensional Frames} 5 B

4 B

{The stiffness matrices for pin-jointed bars in three
dimensions can readily be written in terms of the global
coordinates. The bar AB in Figure 11.9 is of length / and has
projected lengths XY and Z in the directions x* y* and z* of
a global coordinate system for the whole frame. If an axial
force F, is applied at the end A of AB, it will have
components F,,*, F,* and F, * in the directions of the
global coordinates. These components are related to F, by

F Y ExBia W
Fy:l = F,\vi (11.32) Figure 11.9 Spatial coordinates.
F, zZn

The axial displacement 8, of the end A can be expressed in terms of its components §,,*, §,,*
and 6,,* by

bt
o, = [xn vu zujs;, (11.33)
5.,

A similar equation can be written relating the axial displacement of end B, 8, to its components.
Now taking the cross-sectional area of the bar to be 4 and its Young’s modulus to be £,
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Fy

From (11.32) to (11.34),

Xil

= %(54 - 8y) (11.34)

8,485

L EA . »
Fu| = [P\~ v 2i)8),-8,,

zZi

Fay 8.4-8.
(11.35)
[x? xv xz|d« x? xy xz|%
_ KA . EA .
—'3—3ny2 YZ&yA-_;;nyzyzayB
Xz vz 23]y xz vz 7% |y
24 8.5
For equilibrium, the force on end B of the bar is equal and opposite to that at end A, so that
Fis x? xy xz|%u X2 xy xz|bs
Eol= -Elyy v ovzls, |+ Hlxy v orzls; 11.36
B 3 yA [3 yB ( * )
F, XZYZZ’;,;A XZYZZzaz'E

Again, (11.35) and (11.36) correspond to the general form given by (11.7). The process of
D (1,00

solution is as before.
Example 11.4 A Simple Space-Frame

The pin-jointed space frame shown in
Figure 11.10 was previously examined in §2.7.
The projected lengths X, ¥, Z of the bars can be
found from the coordinates of the joints shown
next to the joint letters. Taking Young’s
modulus £ to be common to all the bars, their
cross-sectional areas A will be taken as roughly
proportional to their axial loads. The following
table gives the bar properties from which the
stiffness matrices can be formed:

A

(0,2,1)

(1,0,0) 10

(0,1,-1)

(0,0,-2)

Figure 11.10 A simple space frame.

Bar X 4 Z ! EA EAP
AB 0 -1 2 ¥ 15 NS
AC 1 2 -1 ¥6 4 2/(3V6)
AD -1 2 -1 ¥6 4 2/(3¥6)
BC 1 -1 1 V3 3 V3
BD -1 -1 1 ¥3 3 I3
BE 0 -1 -1 V2 14 N2
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The K|, matrices found from this table are

000 1 -2 -1 121

K;‘("’)zi 012 ’Kl‘l(Ac)z—'z—— -2 4 2, Kjup = 2_12 42
Blo 2 4 GO g GO, 5 4

[ (11.37)

1 -1 1 11 -1 000
K‘ - l _l 1 _I Kv . 1 l l _1 K' _ 7 O 1 .
ll(BC)'E ) u(nn)‘—ﬁ » Kyymey = —

I -1 1 -1 -1 1 011

From (11.35) and (11.36) it will be seen that the K *,, matrices are the same and the K *,, and K",
matrices are equal to -K *;. Assembling these matrices into the complete stiffness matrix for the
structure gives

» ( . * . L] L]
P, . Kiam * Koy * KII(AD) Kn(An) d, (11.38)
Py Kyiam Kram * Kneo * Kneny * Kier |46
or in terms of the above matrices and the load applied at joint A,
r 1s- ]
(o] |55 © 0 0 0 0 bt
36
0 3 .06 6 8 0 -3 -5 5
0 VOB B 3 N v "
~10 o S .8 1,4 -5 -2 5
) VEWE 53 V3 V5 ”‘
0 0 0 0 2 0 0 5. 11.39
7 w| )
0 0 -3 -5 0 3,2 .7 s _2 .7 8"
V3 V3 viViviof5iov/A oIl
OJ 0 -5 -2 0 S 2,7 12,2 .7 5
) | V3 V3 vivivi BV vEROs|

This immediately gives 8", and 8’ ; as zero and the remaining four equations give
8, = 72301 , &, = -83365 , 3, = 043322 , 8 = -24535.  (11.40)

The member end loads in global coordinates can then be found from the member stiffness
matrices. The axial loads are then found from these end loads using transformations of the type
given by (11.33). These are the same as those found by statics in §2.7.

If the three-dimensional frame is rigid-jointed, the flexure and torsion of the members must
also be taken into account. In this case, the orientation of a member is not given completely by
the position of its ends. However, in many engineering structures, the major axes of the members
are chosen to lie in a horizontal plane. Provided that the member itself is not vertical, its
orientation is then defined by the position of its ends. Let X, ¥ and Z be the relative position of
end B with respect to end A of a beam AB (as in the case of the above pin-jointed space frames).
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Suppose for the moment that the
major x axis of the beam lies in
the x*y* plane of the global
coordinate system. The projec-
tion of the length / of the beam
on this plane will be V(X *+¥?)
which will be denoted by s as
shown in Figure 11.11. The
relationship between the local
and global coordinate systems
will be found in two stages.
First, the components of a
vector F relative to an
intermediate coordinate system
x', y', z’ will be found in terms
of the components relative to
x,y,z2. As shown in Figure
11.11¢, the axes x and x’ are
coincident, but z'lies along AC.
Then from Figure 11.11b, the
components are

Three-Dimensional Frames 11.13

Figure 11.11 Orientation of beam coordinates
relative to frame coordinates.

—

(=]

[

0 0 Fx

s . Z

1 T|F,

2 (11.41)
T 7 |F

The relationship between the intermediate coordinates and the global coordinates is shown in
Figure 11.11c, where the y’ axis is in the -z* direction. (Note that right-hand coordinate systems
are being used consistently.) The relationship between the components of F are then

S uwim~ w X

F ’

x

11‘ ¢
y (11.42)

F/

z

The product of these two transformation matrices then gives the matrix for transformation from
local to global coordinates. If the local coordinates are not such that the x axis lies in the x*y*
plane, but the section has been rotated through a clockwise angle ' about the beam’s axis from
this position, then multiplication by a further transformation matrix is required, giving the overall

transformation matrix as

! See Figure A2.2 of Appendix 2.
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(¥ oz X
s Is 1 . . .
cosfp -sinf O xzsinf} + ycosP xzcosP - ysinf xS
T = —%, % 11, sinfB cosP O = |yzsinf -xcosP yzcosP +xsinB yS| (11.43)
s 7 0 0 1 -Ssinfd -Scosf z
0o -2 Z
L y
where
X Y A s
s2=X2+Yz’x=_’ :__’z:_’S:_.
P Y P i ] (11.44)

Figure 11.12 shows the convention for the
loads and deflexions of a typical member AB of a
rigid-jointed three-dimensional framework. The
major axis of the cross-section is x, y is the minor
axis and z is the centroidal axis of the beam. The
end forces and displacements are positive in the
directions of these axes and the end moments and
rotations are clockwise-positive about them. As
before, the subscripts A or B will be added
depending on whether they refer to end A or B of
the beam. The load vectors in (11.7) will be taken
to be of the form _

MxA Mxﬂ
MyA MyB ly
MzA MzB .
P, = , Py (11.45) Figure 11.12 Loads and corresponding
F. Fg deflexions in three dimensions.
Fya Fyp
| £ | Fy
and the corresponding deflexion vectors to be of the form
r r b
exA exﬂ
eyA eyB
0 0
B
d, = A . od =" (11.46)
6xA 613
6yA 6}:8
5.4 ] 8.5

The coefficients of the stiffness matrices are found in a similar manner to those of the plane rigid-
jointed frames. They are best expressed as arrays of 3x3 submatrices of the form
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[
K Au Bl K K Au - B, K An 2
= , = = , = . (11.47
11 Bl‘ c 12 21 _ B; -c 22 Bz‘ c )
where )
4EINL 0 0 2E11 0 o
Ay =Ay=| 0 4ELN 0|, A,=| 0 28/ 0O
0 0 GJI| 0 0 -G
i (11.48)
0 ~6EL/I* 0 1251),/13 0 0
B, = -B, = |6EL /I’ 0 ol , C= 0 12E1/1* 0
0 0 0 |0 0 EAll

In this case, it will be seen that it is not strictly necessary to define 4,, and B, as separate entities.
However, there are more general problems' where all six submatrices are unrelated. The member
stiffness matrices can be transformed to refer to the global coordinate system by transforming
these submatrices. Thus

All B 1

K = , where A, = TA, T', B  =TB,T' C'=TCT' (11.49)
(Bl‘)l C*

and T'is given by (11.43). The other member stiffness matrices transform in a similar fashion }

{11.5 The Stability of Frames}

{The stability of frames can be analysed using modifications of the above stiffness matrix
method, provided that the deflexions of the joints prior to buckling do not change the geometry
of the frame significantly. A bifurcation is sought such that at a critical multiple A, of the vector
of the given joint loads on the frame, the deflexions can change by an infinitesimal amount without
a change in this loading. Suppose that the column vector of given joint loads is P and that induces
a set of joint deflexions given by d. These are related by the frame stiffness matrix K, where the
stiffness coefficients are taken to be dependent on the axial loading in the members, and hence on
P. At buckling, there is an adjacent state of equilibrium for which the deflexion vector is d+6d but
the loading P remains the same. Then

AP =K,d = K,(d+8d) so that K,8d = 0 (11.50)

As 8d is a non-zero vector, the determinant of K, must be zero. This is the buckling criterion for
such problems. As discussed in Chapter 9, flexural and torsional stiffness may be modified by
large axial loads. They also modify the stiffness matrices for pin-ended bars. In setting up (11.9),
it was assumed that a pin-ended bar has no lateral stiffness. However, if the bar carries a large
compressive axial force P, a lateral displacement 8 , requires a force of P8 /! in the opposite
direction to maintain equilibrium. (This can be seen by taking moments about B.) In effect, this
means that the bar has a negative stiffness -2/ in the lateral direction. Equations (11.12) then

! Renton, J.D. (1962) Stability of Space Frames by Computer Analysis.
Proc. AS.C.E V.88, NoST4 p8l.
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become
Ful [Ean o %] _EAIl 0 %]
= +
F o -Pis o Pis
- ¢ - (11.51)
Fp -EANl 0[] [E4n o |0
Fg o i3, o -rills,

For a pin-jointed space frame, negative lateral stiffnesses of -P/ have to introduced in both
the bar’s x and y directions (the z direction being along the axis of the bar). Taking end B of a bar
AB to be prevented from displacing, the relationship between the forces and displacements at end
A are given by

Fai t-Pi o o |3« 00 0B 10 08

; EA+P P

Fal=1 0 -pPil 0 |8,]= (_1—) 00 0(8,|- 7 01 0)8, @152
F, 0 0 EAls, 00 1f5, 00 15,

The transformation to global coordinates of the first expression on the final right-hand side of
(11.52) is exactly that used to obtain (11.35). The second matrix is a unit matrix, J. Taking the
transformation matrix to be T, this transforms to TIT' in global coordinates. However, the
transpose of any such transformation matrix is its inverse. Thus T/T" is just I. Then from (11.35)
and (11.52) the K|, matrix for an axially-loaded pin-ended bar becomes

Xt Xy xz 100
K,‘,=(£A%P—)XY Y* vz -?0 10 (11.53)
! XZ vz 7% 001

in global coordinates. As before, the K*,, matrix is equal to this and the K*, and K*,, matrices
are equal to -K*,,. The stiffness matrix for a pin-jointed plane or space frame can now be set up
in the usual way and the buckling criterion found from its determinant. It must also be
remembered that in addition to overall buckling of the frame, individual bars can buckle as pin-
ended columns. Thus the axial compression in each bar must be checked to see that it does not
exceed P, as given by (9.6b).

Example 11.5 Buckling of a Built-Up Column

The pin-jointed frame shown in Figure 11.13 is
designed to take an axial force F' applied at joints A and E.
These joints are prevented from moving (apart from a
relative vertical motion to allow the frame to take the load
F). The coordinates of each joint relative to the global
system (x* y*z*) are shown next the joint. Thus the joints
B, C and D form an equilateral triangle of side 2v'3. The
cross-sectional area of each bar is proportional to the
amplitude of the axial load it carries. The bars meeting at
the top and bottom joints A and E all have an axial
compression P equal to FV'5/6. The axial compression P in
the horizontal bars BC, BD and CD is -2F/3V 3. The axial
stiffnesses of these two sets of bars are then £E4,¥'5/6 and  Figure 11.13 A built-up column,
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2FA,/3V3 respectively, where EA, is a reference stiffness. The ratio F/EA4, will be taken as A.
Assembling the bar stiffness matrices to give the stiffness matrix for the whole frame gives

Pl Kam * Kieo * Kieo * Kien Ko Kpeo dy
Pt; = K;I(IC) K;mq M Kz.ulq + KI.MCDI * Kn.t(c:) Ku.z(cm d; (l 1.54)
Py Kien) Kiew) Kaum * Koy * Kiyeo * Kiiony {40

The relationships between the forces and the displacements in the z direction are uncoupled from
the other six equations, so that the above can be written as two matrix equations,

Fy 72-28A 0 -30-104  -/3(10-100)  -30-104  /3(10-10A) (|83
Fy 0 20 -3(20-104)  -10-304  /3(10-10A) -10-300 (&,
Fr - 24, -30 -10A  -/3(10-104)  33-7A Y3(13-72) -40A 0 5. (11.55)
Foe -/3(10-108)  -10-30A  3(13-74)  $9-21x 6 -40 5
F.p -30-104  3(10-104) -404 0 33-72 -313-70)]18),
Fo J3(10-100)  -10-30A 0 -40 -3(13-70)  59-214 |8,
and
Fy 124174 -10A - 10A [{8;
Fe|= E4, -104 124174 -10X {15, (11.56)
I 0L <104 12417l

If the unit of length had been L, so that the distance from A to E became 8L, then it would be only
necessary to change the factor £4, to EA,/L in these two equations. Equation (11.55) can be
reduced to two sets of three simultaneous equations which relate symmetric joint loads to
symmetric joint displacements and antisymmetric joint loads to antisymmetric joint displacements
respectively, taking the x*z* plane as the plane of symmetry. Instability can be found by equating
the determinants of the stiffness matrices in each case to zero. This gives the critical values of the
load parameter, A_, as

A= -y26-5 -2, -1 0 V26-5 and 275 (11.57)

The first, third and fifth values are repeated roots of the determinants, giving nine roots in all. The
value zero arises because no constraint was introduced to prevent the column rotating about the
z* axis. Note that buckling is possible under tensile end loads F. The non-zero values of A_ are
so large that yielding or Euler buckling are likely to occur first. This is not always the case. For
axially-loaded pin-jointed trusses with many bays, instability of this kind may well be the primary
cause of failure.

The stability of rigid-jointed frames can be analysed by modifying the stiffness equations,
using the stability functions introduced in §9.3. Thus for the fully three-dimensional case, (11.48)
becomes

4ELO, N0 0 2ELO M0 0
A=A, - 0 SELO N 0 . Ay - 0 28N 0
0 0 (GJ-PrDN 0 0 -(GI-Priyn
(11.58)
0 ~6El b, NP0 12£1y¢>,y/13 0 0
B, = -B, = |6EL b, 1} 0 o] ., C= 0 12E1,$, /1% 0

0 0 0 0 0 EAll
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where the extra subscript x or y used for the ¢ functions indicates that they should be determined
using the bending stiffnesses EI, or EI, respectively. The modified torsional stiffness GJ-Fr,” is
appropriate for the case when the beam may be treated as if the end bimoments were negligible.
This can be deduced from (9.26) by setting 0" to zero at z equal to 0 and /. Here, as previously,
the beams are assumed to be bisymmetrical. More complex cases where this is not so and
allowance may be needed for rigid gusset plates at the joints have also been examined by the
author (ibid ).}

{11.6 The Vibration of Frames}

{The matrix analysis of frames subject to harmonic loading follows similar lines to the
above stability analysis. The functions derived in Chapter 10 can be used to modify the stiffness
matrices used for the ordinary linear analysis, such as those given by (11.47). In the case of a
bisymmetrical prismatic beam they become

K A, B, K K n "B K Ay -B (11.59)
11 = 1 12 = 21 = t b4 22 = t -
By C B, -C -B, (
where
4B /I 0 0 2ELc, /I 0 0
A, =| 0 4ELc 1 0 A =| 0 28, 0
0 0 GJudl 0 0 -GJdyll
0  -6Ec /%0 0 -6ELc /0
B, - 6E1yt:3y/12 0 0{, By = 6Elyc‘"v/12 0 o} . (11.60)
0 0 0] 0 0 0
12ELc, /13 0 0 12ELcg /1 0 0
G - 0 R2Ec /1> 0 |, G = 0 12E[c /1?0
0 0 EAd, /I 0 0 EAd, /!

Note that it is necessary to have separate submatrices B, and B,, C, and C,. This is because there
is dynamic loading along the beam and not just at its ends. The ¢ and d functions are those given
by (10.9), (10.25) and (10.33). The additional subscripts x and y refer to flexure about the
principal axes x and y respectively. The subscripts P and T refer to axial and torsional vibration,
discussed in §10.4 and §10.5 respectively.

In this case, the stiffness matrix K, for the whole structure assembled from such
submatrices relates the joint loads to the corresponding joint deflexions, where all the loads and
deflexions are a common sinusoidal function of time, cos(wf+¢). The response of a structure to
synchronous harmonic loading of any given frequency" can then be found. The natural frequencies
of a structure are given by analysing the cases when vibration of frame can take place without any
forcing loads of the above kind. From the relationship between the loads and deflexions, we then
have

! Note that in the software provided, this frequency is expressed in terms of w. The valug in hertz
Is given by w/2m.



Sec. 11.6) The Vibration of Frames 11.19
0=P=K/d (11.61)

so that for non-zero joint deflexions, the determinant of K, must be zero(cf. (11.50)). This is a
transcendental function of @ with an infinite number of roots. The problem is similar to that of the
stability of frames analysed in §11.5, although now a set of natural frequencies is likely to be of
interest, rather than the lowest buckling load. In this case, it becomes particularly important to
determine whether all the roots of the determinant in a particular range of values have been found.
A method for doing so devised by Wittrick and Williams' will be discussed in the next chapter.

When a frame carries relatively large inertia loading, the mass of its beams may be
neglected. Alternatively, the distributed mass of a beam might be approximated by inertia loads
at its ends. In mechanics, the inertia of a rod is sometimes represented by taking half its mass to
be at each end. This gives an error in the rotational inertia of the rod, which can be corrected by
taking two thirds of its mass to be concentrated at the centre of the rod and one sixth at either
end. Another way of correcting this error is to introduce negative rotational inertias at the ends
of the bar, but this can lead to unreal solutions. Such approximations are introduced in order to
give equations which are linear in w?, so that then methods associated with classical eigenvalue
problems can be used. As will be seen, this can be achieved using the linearisation given by
(10.10).

The linearised equations take the form

P =Kd - &*’Md (11.62)

where P is a column vector of loads applied to the frame, d is the column vector of corresponding
deflexions, K is the normal static stiffhess matrix for the frame and M is known as a mass matrix.
Here, it is assumed that the loading and deflexions are harmonic with a frequency w and in phase.
As before, K is symmetrical and M is diagonal if only lumped inertias at the joints are considered,
or at least symmetrical if the linear terms found from (10.10) are used as well. If no loads P are
applied, then for each natural frequency w, there will be a corresponding non-zero deflexion
dcos(w, 1+). If K and M are nxn matrices, there will in general be n such eigenvectors and
eigenvalues. It will be assumed that these are arranged in order, so that the lowest eigenvalue is
w, and the highest is w,. Let w, and w, be distinct eigenvalues. Then from (11.62),

Kd, = o!Md, , Kd, = oMd, (11.63)

Each equation can be premultiplied by the transpose of the other eigenvector, giving
d'Kd = o'd/Md , d'Kd = o d/Md (11.64)
i i J /
As K and M are symmetrical, the transpose of the first of these equations gives

d'Kd_ - w,?d,.‘Mdj (11.65)

which is the same as the second, apart from the scalar  in the one case and the scalar w in the
other. As these two scalars are different, it follows that

d,.'Kd}_ = a',.‘M:{i =0 (11.66)

! Wittrick, W.H. and Williams, F.W. (1971) A general algorithm for computing natural frequencies
of elastic structures. Quart. J. Mech. Appl. Math. Vol. 24, p.263.
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The joint deflexion eigenvectors are then said to be orthogonal with respect to the mass and
stiffness matrices. This orthogonality can be used to uncouple the original equations. Consider the
column vector' D which is related to the joint deflexion vector d by

d=(dd, .. d]JD=UD (11.67)

where U is the nxn modal matrix made from the eigenvectors d, (i=1 to n). Note that it is not a
function of time. The more general form of (11.62), where no simple harmonic motion is assumed,
is given by
P=Kd+Md (11.68)
From (11.67), this becomes
P = KUD + MUD (11.69)
which on premultiplying by U’ gives
U'P = U'KUD + U'MUD (11.70)
Both U’KU and U’'MU are diagonal matrices. This is because the off-diagonal terms are given by
d{Kd; and d/Md, (i »/) respectively. From (11.66), these terms are zero. Then (11.70) is a set of
uncoupled equations from which each component of D can be determined individually from U‘P.

The lowest natural frequency, w,, may be determined from an arbitrary trial eigenvector
d., provided that it is a linear combination of the eigenvectors,

n
d. = Z; ad, (11.71)
=

where at least a, is non-zero. From (11.63),

K'md, = La,

X (11.72)
so that premultiplying d, m times by K"'M gives
-1 m < al
(K'My"d, = ). —d (11.73)

i=1 Q)'

Thus the higher the value of m the more dominant the first term in the series becomes, as w, is the
less than the other frequencies. When m is sufficiently large, (K''M)"d, is virtually a scalar
multiple of (K'M)™'d;. This multiple is then 1/w ,* and (K M) "d . is virtually a scalar multiple
of d ,. Similarly, when the distributed mass of the beams is entirely negligible, the highest natural
frequency of the structural system can be found by premultiplying d, by MK m times. However,
when the distributed mass of the beams is taken fully into account, the number of natural
frequencies of the structural system is infinite.

Example 11.6 Vibration of a Portal Frame

All the members of the portal frame ABCD shown in Figure 11.14 have the same length
I and flexural stiffness £7. For simplicity, they will be taken as axially rigid. The feet A and D are
encastré and the possible deflexions of B and C are the rotations 0, and 8, and a common
horizontal displacement u as shown. The masses M attached to joints B and C are each taken to

! The components of the column vector 1) are known as the principal coordinates of the system.
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include half the mass of the lintel, pA/, where p is the density of the

beam material and A is its cross-sectional area. Each of these two F
joints also has a rotational inertia of magnitude J. In terms of the Fo) e ¢
vibration functions given by (10.9), the equations governing the B|M.J MiL
vibration of the frame are given by

My 8l%, 2%, 6lc, 0, Jo o9

El
M,| = 73_212(;2 8%, 6lc, |8, + [0 J 0 .| (11.74) A
F 6lc

where M, and M. are the external moments applied to joints B and
C and F is the total horizontal external force applied to BC.
Suppose that w is the frequency of harmonic vibration of the portal and that the non-dimensional
constants m, j and A are given by

, 6lc, 24cu] |0 0 2M} ,
Figure 11.14 Vibration

of a portal frame.

2714
pdlm =M |, pAl}j=J , i= % _ 11.75)

(Note that A is as given by (10.10a).) It is then possible to express (11.74) in the non-dimensional
form
Myl

EI 8¢, 2¢, 6cy 0, j o o0 8,

!
Mel= 2, 8o, ey {0c|-afo ;o || (11.76)
Al 6c, 6c, 24c, % 0 0 2m %

Consider the particular case where no external loads are applied, j is zero and M is equal to half
the mass of the beam BC. Suppose that A is sufficiently small for the approximations given by
(10.10) to apply. Then (11.76) becomes

1 11

e —_— - — —

8 2 6 B 105 146 210 eB
6C

2 i1

0
oj=128 6|[fc|-aj-—~ L L (11.77)
0

140 103 210
6 6 24) u o e
210 210 35
The first 3x3 matrix on the right-hand side is the non-dimensional form of the stiffness matrix K
and the second the non-dimensional form of a mass matrix M. The non-dimensional form of d is
{05, 0., w/l} and that of w? is A The trial eigenvector d ,  will be taken as {I, 1, 1}.
Premultiplying it by K"'M six times yields an estimate of the lowest eigenvalue A, of 10.31. The
form of the eigenvector d, is given as {1, 1, -1.809}. Using the exact expressions for the vibration
functions gives the lowest eigenvalue as 10.27. (Iterating similarly with M 'K on the above trial
eigenvector yields an eigenvalue of 1068 and an eigenvector of the form {1, 1, -0.0544}.
However, as explained above, this cannot be thought of as the highest natural frequency of the
system. Also, the approximation given by (10.10) loses validity for values of A in excess of 100.)
Stiffness matrices for more complex problems, allowing for the vibration of Timoshenko

beams under axial loading, have been formulated by Howson and Williams' }

~}E

! Howson, W.P. and Williams, F.W. (1973)Journal of Sound and Vibration Vol. 26 No. 4, p.503.
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11,7 Equilibrium Matrices

Figure 11.15 shows a generalisation of

a beam element. It is not necessarily uniform or F &
straight, but is connected to a larger structural /B>y
system at nodes (or joints) A and B. The 93
coordinates of joint B relative to joint A are Ey 8,

(X.Y,Z). The column vectors representing the
loads and deflexions at these nodes will be
taken to be of the same form as those given by
(11.45) and (11.46). If the only loads are
applied at A and B, then the equations of
equilibrium can be written as

M, +ZF, - YF, + M, =0
MM-ZFd+XF‘m+ s =0 4
M, + YF, - XE, + Mg, =0 FAdia
Py v Fo=0 (11.78)
F +F_ =0 Figure 11.15 Equilibrium of a
yA yB
F,+F,=0 two-node element.
In matrix form, these become
100 o z -vm,] [mMy] [o]
010 -2 0 Xx|M,| |My|l |0
0 01 Y -X 0 |M M 0
i I s (11.79)
000 1 o0 ofF,| |Fs| |0
¢ 00 0 1 O FyA FyB 0
6 00 0 0 1 FMJ Fz[,J 0

or in terms of the notation of (11.45),
HP, + Pg =0 (11.79a)

where H is known as an equilibrium matrix. The general form of the relationship between the end
loads and the end deflexions of a linearly-elastic body is given by (11.7). Using the first of these
equations and (11.79a), it follows that

Py = -HP, = -HK, d, - HK,d, (11.80)

This must be identical to the second of equations (11.7). Also, the relationships given by (11.8)
apply in general, so that

K, = -HK, . K, =K, = K,H' , K,, = -HK,, = HK, H" (11.81)
Thus having found H, which depends only on the relative positions of the two ends, all the
stiffness matrices can be found in terms of the stiffness matrix K,,. This can be found from the
relationships between the loads and deflexions at end A when end B is encastré. This means that
one elastic body connecting two joints of a frame can be replaced by another which also fits
between these two joints, provided that they have the same elastic response at their free ends
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when treated as cantilevers. The overall response of the frame to joint loading will be the same
in both cases. A useful application of this resuit is that a non-prismatic component of a frame can
readily be replaced by an assembly of prismatic components. This allows standard structural
analysis programs designed only to cope with straight, uniform beams to be used in such cases.
Examples of this will be given in §11.8.

Example 11.7 Stiffness Matrices for a Beam with a Pinned End

The beam shown in Figure 11.16 is to be I;A‘ayA };B’§a

used in a frame where its end A is attached to a pin v\MB 6B
joint and the end B to a rigid joint. This means that E.8 F &
although end A may carry only the horizontal and e »xB
vertical forces shown, the end B may carry an end A B

moment My as well. If end B is held rigidly, the
relationship between the loads and deflexions at

end A are given by Figure 11.16 A beam attached to a pin
B and a rigid joint.
Pl 7 % (11.82)
- 3E :
FyA T 6),/1

where the 2x2 matrix is the stiffness matrix K;. The equilibrium matrix equation is

0 -1 F M, 0

1 0 ‘F’“ +Ful=1o (11.83)
A

o1t~ FyB 0

This is the same in form as (11.79a). From (11.81), the other stiffness matrices are then

o
0 -I{EA ¢ o
- k' = ! = |-E=
K“—K"——]Oolﬂ_ ! o1
0 1 I 3EI
0
(11.84)
3E] _ 3
0 -1 ¢ ! i
T 010
KZZ =11 i = 0 E 0
0 3#E|-l101 !
0 1 3 IE o 3

Note that (11.81) still holds when the load and deflexion vectors are not of the same type at the
two ends, resulting here in stiffness matrices being of different dimensions.

Suppose that the two-node element shown in Figure 11.15 is completely rigid. It then
follows that the relationship between the end deflexions is given by



11.24 Matrix Analysis of Frames [Ch. 11

ar

1 0 o oo o0f6, |0,
0 1 o0 oo o0fl6,l |6,
0 0 1 00 0[6, 0,
= or H'dy =d, . (11.85)
0 -Z Y 1 00}s, S,
Z 0 -X010[8; 3,
[~Y X 0 00 1|83, Lf’m

This geometrical relationship could have been found from virtual work considerations. If d, and
d,, had been vectors associated with small virtual rigid-body deflexions of AB, then the work done
by P, and Py would have been zero. This means that

0 = Pyd, + Pydy = P,d, - P\H'd, = P{(d, - H'd}) (11.86)

using (11.79a). As this is true for all P,', the relationship given by (11.85) follows.
An application of these results is seen

in Figure 11.17. The equilibrium matrix for fe:8c 58
the bar CD of length d shown in Figure T \Mc’ec DMD’BD
11.17a is given by e I8 Y N N
1o -dl[m.] [am,] [o ¢ @ D
0 1 0||F.|+|Fpl=]0] @187
0o 0 1(F.| |Fs| |0 A A B B
or b sbe e ela b o]
H,P. + P, =0 (11.87a) (b)

The beam AB in Figure 11.17b is connected Figure 11.17 A beam with rigid end fittings.

to a frame through rigid end fittings A’A and B'B of lengths a and b respectively. (These end
fittings may be rigid gusset plates over several beams meeting at the same joints.) The centres of
the frame joints are A’ and B’ and the frame deflexions will be expressed in terms of those at the
joint centres. It will be taken that the stiffness matrices of the form given by (11.7) are known for
AB. Including the extensions, those for A'B‘ can be found from equations of the type given by
(11.79a) and (11.85). Then relating the loads and deflexions at the ends of the fittings:

P.=H_P, =H (K., +K,d))=H K H'd, +H_K,Hd,

144 2%
Py = H,P, = H,(K,d, + K,,dy) = H,K, H \d,. « H K, H dy,
where H , and H, are of the same form as H, except that -a and b respectively replace d in

(11.87). The stiffness matrices thus formed with respect to the central joint deflexions still have
the symmetry properties given by (11.8). Thus K,,’, given by H K H !, is still symmetrical.

(11.88)

{11.8 Non-Prismatic Members}

{Computer programs for the analysis of skeletal structures are usually designed to cope
only with prismatic bars. If a system of straight uniform bars can be found with the same elastic
properties as a non-uniform or curved bar, then the overall behaviour of a structure, with such
systems replacing non-prismatic components, will not be changed. Standard computer programs
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can then be used for such problems. In the previous

section, it was seen that all the necessary elastic
properties of a structural component with two nodes S /
could be deduced from its behaviour as a cantilever. Two N x/
examples will be considered here. ( T& -

The first case is that of a straight bar of varying ~ — 1
cross-section. Its overall axial and torsional stiffness can M 0 \'
be matched by a uniform bar of the same length / and (*)
equivalent stiffnesses £4, and GJ, respectively, where [ P ! . 7

! ! —-
I _ rax I _ rdx S i

EA, { EA ' GJ, { Gy W) CT 1 x A
This is because the overall flexibility of the beam is equal M ’
to the sum of the flexibilities of the short elements dx. fe—al > 7z
The flexural response depends on the interaction between (b)

the end moment M and end shear force S. It cannot be
represented by the behaviour of a single uniform beam.  Figure 11.18 Equivalent substructure
Consider the non-uniform beam shown in Figure for a non-uniform bar.

11.18a. This has a flexural stiffness which varies from £,

at its lefi-hand end to EI, at its right-hand end. It will be taken that the stiffness varies in
accordance with a simple power law, so that £ is given by X", A deep I-beam with a linearly-
varying flange thickness would approximately correspond to n =1 and one with a thin web of
linearly-varying depth to n =2. A rectangular section of constant width and linearly-varying depth
corresponds to 7 =3 and a circular section of linearly-varying radius corresponds to n =4. The
origin for the (dimensionless) X coordinate will be taken to be a distance e/ to the left of the left-
hand end of the beam. The values of X at the two ends are e and (1+¢). Then

EI = Eke" , EI, = Ek(1+e)" sothat e = —

° " (11.90)
i

The complementary strain energy of the beam under the action of the end moment M and shear
force S is given by

- 4 _ow\2 1re _ A2
U=f(M SxY f[M SIX-O)
0 2E] A 2EkX"

(11.91)
l
= E(MVW - 2MSlf, s + SU)
where the flexibility coefficients are given in the following table.
n Juu Jis Sss
1 In(1+2) 1-eln(l+2) elln(1+L) + 2 - ¢
[ e e 2
i 3 1 1+2e H
=) - —= - 2eln(1 +-
2 e(l +¢) ln(1+c) lre l+e en( c)
3 1+2¢ ] (1 + 1y - 32
2e1() + o) 26() + ¢ ( c) 2() + o)
>3 B 1 1 b nrend 1 2 _ 2e%e(n-1X2e0n-2)
n-1] ¢! Qeey || n?3n02[e? (1eey! n¥-6ntelln-6| e"? (1rey!
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From §7.6, it then follows that the end response of the cantilever to a moment M and a shear
force § is characterised completely by [/2Ek and the coefficients f,,, f,s and f 5 . Matching
coefficients are now sought using the compound cantilever shown in Figure 11.18b. This is also
of length /, but has a constant flexural stiffness £/, over a length o/ and a constant flexural
stiffness £7, over the remaining length. The complementary strain energy induced by the same free
end loading as before is given by

! 1
- "‘f(M-Sxydx . f(M—Sx)zdx
Y Y2
(11.92)
o’ . 1-o*
6El, 6L,

1

o l-a
+

o? . 1-a?
2El, 2,

261, 2E,

- 21 - 2 213

By comparing the terms in (11.92) with those in {11.91),
the two systems are found to be elastically equivalent if

k( 3f€s B zfus)

1, = ,

Hadlss * Yhadus ~foae ~ Yois

k(3fss * fons = Yuas)
I = 3;5 e szs , (11.93)

-4

3, A_MZI;S s Figure 11.19 Elastically equivalent
o = 258 TMS structural components.

us ~ Fra

Figure 11.19 shows the equivalent system for a beam with a flexural stiffness which varies linearly
from EI, at the left-hand end to 2], at the right-hand end. For the equivalent system,

I, = 11401, , I,=1807], , al=04313/. (11.94)

The stiffness distribution in the equivalent system is
shown superimposed on that for the non-uniform beam.

A similar process can be used to replace a
curved component by elastically equivalent prismatic
components. The circular arch shown in Figure 11.20
will be taken as axially rigid and only in-plane
behaviour will be considered. The complementary
energy induced by a moment M and forces P and §
shown in the figure is then given by

Figure 11.20 A circular arch.

7. rM+Py-Sx? “ [M+PR(cos¢ - cosa) + SR(sin¢ - siner )2
U f————zu ds [ Yo Rdd (11.95)

Expressing this in terms of the span / of the arch ( equal to 2Rsina ),

5 MU MU S P, MPIY,  SPIf

U= ! (11.96)
2K ET 2F7 2F7 ET ET

where
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o o +20ccos’e - 3sinacose
St =2/ = —  Jop = = ,
sina 8sin"a (11.97
_ _ sina - acosa _ 2asin’a + « - sinacosa A7)
S = Uop = ————— + fs = 3 :
2sin‘a 8sin” o

In general, the overall elastic properties of such an
arch cannot be simulated by a rectangular portal
frame made from axially-rigid beams. However, if
the legs are at an equal and opposite slope, as

shown in Figure 11.21, then an elastically-

equivalent arch can be found. These legs are both C P

of length jI (j*=h*+k?) and of bending stiffness M L x ! - »l
pEI. The lintel is of length (1-2k)/ and bending

stiffness q&Z. The complementary energy induced Figure 11.21 An equivalent arch.

by the moment M and forces P and S are then

1-ki
b _S1ekg . mpf —L_(M - Ss + PhI}
U= IW[ 5+ 2P+ (M Sl+/S+/P)st+£29EI(M Ss + Phi) ds (11.98)

This gives an expression of the same form as (11.96) where
Sy = 2Uys =20+ K, 3fp = R3(2J + 3K),
Jup = 2o = h(J + K) | 3f =(2k* - 3k + 3)J + (1 - k + k})K (11.99)

and J=141 k=42
p g
Comparing this with (11.97) gives the conditions from which the four parameters 4, 4, p and q,
describing the elastically-equivalent portal frame, can be found in terms of o. Some results are
given in the following table.

o h k P q
2.903° 0.01589 0.4683 0.9998 1.0051
30° 0.1223 0.2600 1.0055 1.0090
45° 0.1893 0.2481 1.0103 1.0219
60° 0.2644 0.2298 1.0131 1.0440
90° 0.4626 0.1626 1.0008 1.1419
120° 0.8257 0.0058 0.9451 1.4726

The first line of the table is for the smallest angle « for which the values of the four parameters
are real. As before, the forms of the substitute portals are similar to those of the original arches.
Values for other angles « can be found using TRAPARCH.EXE.

The expression for U can be expanded to include the axial strain energy, for example.
Then the axial compressibility of the arch can be allowed for in its equivalent. Note that the
overall flexibilities are additive so that any extra flexibilities of the original can be expressed in
terms of extra flexibilities in the equivalent .}
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{11.9 Transfer Matrices}

{Structures consisting of a chain of modules linked end-to-end can be analysed in ways
which minimise the amount of computation required. The deflexions dy and loads P, at end B of
a module AB form the state vector 7, given by {dy, -Py} at that end. (The convenience of the
minus sign will become apparent later.) This can be related to the state vector z, at end A of AB
given by {d,, P,} using a transfer matrix U. From the general form of the stiffness matrix
equations (11.7), (11.81) and the equilibrium equation (11.79a),

P, =K.d, - K,H'd, , -P,=HP, (11.100)
This is given by
q (HY' -(HY'YK,)' |4
Pl " A or zz = Uz, {(11.101)
-P, 0 H P,

The form of H is given by I+J where I is a unit matrix and J consists of elements which are the
relative ordinates of B with respect to A. An alternative form of (11.7%a) is

P, +H'P, =0 (11.102)

where H! consists of a unit matrix and a matrix of elements which are the relative ordinates of
A with respect to B. That is,

H'=1-1J sothat (H")' =(H"Y=1I1-1J' (11.103)
The inverse of K, is a flexibility matrix, F,, say. As an alternative to inverting the stiffness matrix,
it may be found directly from the expression for the complementary strain energy of the form used
in§11.8.
Example 11.8 Transfer Matrix for a Plane Rigid-Ended Beam

For the beam shown in Figure 11.4, it follows from (11.23) that

EAIl 0 0 UEA 0 0
K, =| 0 12EUP 6EN*| , F, =K, =| 0 [PBEl -I1*2EI| (11.104)
0 GEI* 4AEIN o -I°NREL UEI

and the equilibrium equation is

1 oolrF,| |Fal |o
0 1 0F,|+[Fgl=]0 or HP

0 -11(M M 0

A B

+P. =0 (11.105)

so that from (11.101),
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T

5, [1oo-ea o o fs,
» 011 0 [*ElI -1*2EI}d,
R 001 O [¥2E -UEI |8,
- | T or zz = Uz, . (11.106)
-Fgl (000 1 0 o |F,
-Fyl [000 0 ! 0o IF,
|-My| [000 0 -1 1M,

The state vectors can be referred to a global coordinate system, using transformation
matrices T as before. Thus

ol | [Toolld d| lr o ||ds
Iy = = , T, = = (11.107)
_pB' 0T —I’B P, 0 T PA‘

where, in the above example, T'is given by (11.24). With respect to global coordinates, (11.101)
becomes

dg | |T(HY'T' -T(H'Y'(K,)'T'|d{
= (11.108)
-P 0 THT' P,
or, from (11.103),
. . I-TJ'T' T(F,, -J'F,)T
zg = Uz, where U* = (11.109)
0 I1+TJT'
Figure 11.22a shows a structure consisting of a p pr
chain of members (or modules) linked only at their € D
common joints (or nodes) B to M. Consider a typical R C D~ p
joint 1 shown in Figure 11.22b. This connects the p /B \ M
member HI to the member 1J. The external loading A M\<5.
applied at this joint is given by the column vector P;*, A (@)
in terms of a global coordinate system. This must be N
equal to the sum of the load vectors P;* and Py, E K
acting at the ends I of HI and 1J. Then B \‘. 7
Py = - Py + P/ (11.110) I
At a normal joint, the deflexions at the ends I of these (b)
two members will be common, or H
han = da (aLiiy Figure 11.22 A structural chain.
This means that
dl’ dl’ 0 . * .
. = + R or zl(“) = zl(]") + Z| (11.112)
I i 1. A
an (K1)

{Note that a prescribed discontinuity in the end deflexions could be incorporated in Z;*, making
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its top component non-zero.) Starting at the left-hand end of the chain,
dy

A

Taam = (11.113)

where either a component of the load P,* on joint A or its corresponding component in d, *will
be known. Using (1.109) and (1.112) sequentially,

* * . . » £l
Zpmo) = Zoasy * Zs = UnmZaan * Za

Zeen = #wo * Ze = Upo(Uamzann + Z5) *+ Z¢ (11.114)

vd) = Umny - U Uamiane * Zam

where, like z, ,5,*, either a component of the load in zy,,* or its corresponding component of
deflexion will be known. The term Zy,,* is a sum of products of the terms Z,* to Z,,* with the
transfer matrices, both of which are known. As half the terms in z, ,p,* and in Zypg* are known,
the last of matrix equations (11.114) represents a set of 2n equations with 2n unknowns, where
n is the number of degrees of freedom at each (intermediate) joint. This remains the same,
regardless of the number of joints in the structural chain. In a normal structural analysis, the
number of simultaneous equations to be solved is equal to the rotal number of degrees of freedom
of the structure, which increases with the number of free joints. The transfer matrix method would
then seem to offer a considerable saving in computation. However, the saving is not as dramatic
as it would appear at first sight, because of the optimisation methods which can be employed in
standard structural analysis by computer, discussed in the next chapter. Also, there can be
problems with cumulative rounding-off errors to which the transfer matrix method is prone.

More generally, the joints of the chain may be attached
to other beams or springs which resist joint motion, as
illustrated in Figure 11.23a. Suppose that the elastic properties
of such an attachment at joint I is given by a stiffness matrix
K*. That is, a load vector K% d% is required to produce a
deflexion vector d;*. This means that when the joint I deflects
by d* the attachment has a reaction on it of -K*d,*. Equation
(11.112) has to be modified to take account of this extra load.
It now can be written in the form

d; I oo)a 0
= . + (b)
P, LK ITj-p7) B (11.115)
or iy = Sz, * 4 ‘: :I

The process followed in equations (11.114) can be repeated, ©

leading to the same number of simultaneous equations to be Figure 11.23 Transfer matrix
solved as before. If loads are applied directly to the beams problems.
between the joints, they can be replaced by equivalent joint

loads, as explained in §11.3. The stability of stepped columns such as that shown in Figure 11.23b
can be analysed by the transfer matrix method. Pilkey (1994) Appendix IIL.1 examines this
approach, together with the vibration of shafts with lumped masses, such as that shown in Figure
11.23c¢, or with continuously-distributed mass.}
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11.10 Special Applications

The expressions for the end loads on a beam in (11.7) give only those components
resulting from the end deflexions. If there is intermediate loading between the ends of a beam,
fixed-end loads for this loading are added to these end loads, using the principle of superposition.
Lack of fit and expansion due to temperature change can be dealt with in the same way. If a beam
of length / and cross-sectional area 4 is made from a material with Young’s modulus  is too long
by an amount e, an additional compressive term for the axial end forces, EAe/l, must be added on
at either end. These end loads induce equal and opposite end reactions from the beam, which must
be added on to the end joint loads, as in Examples 11.2 and 11.3. If the lack of fit was due to a
temperature rise T in the beam, and its material has a linear coefficient of expansion «, the lack
of fit will be @77 and the end loads EAaT. This can be illustrated with a simple example.

B C

-

FEAaT EAaT

Example 11.9 Thermal Expansion of a Portal Frame

All the members of the portal frame shown in Figure
11.24 will be taken to have the same length /, flexural stiffness
EI and axial stiffness EA. The lintel BC has linear coefficient A D
of expansion a and undergoes a temperature increase T. This
induces reaction loads EAaT on the joints B and C as shown.

In terms of the notation shown in Figure 11.5, the stiffness Figure 11.24 Temperature
matrix equation for the frame is then expansion of a portal lintel.
|
H.opE o  # H 0 0 |85 |-Eder
! I ? 1
o HLnpH H & H s 0
! 3 12 13 ]2 »B
6 6 sH B H | g 0
1? 12 / 12 !
= 11.116
! 0 o H.pE o 6Z s | | gtar (e
] i B /2 '
0 nE H o ELpH Hi. 0
13 12 l 13 12 yC
El El El El EI
0 6— 2— 6— ~6— 8§ — .
2 ! 12 B 1| 8 0

Solving this gives the joint deflexions
Al?aT

. . Al3aT . . . .
-8, =8 =% & -8.=-0, 6,=-0.= """ 1.117
SRR YTTIPT RV R

The tensile axial force in BC, Pg,, is then that calculated from the above deflexions plus the
fixed-end force. That is,

P

(|80 ~

3EAlaT
Al?+31

_Elﬁ(a;c- ) - EAaT = - (11.118)

so that BC is in compression.
If pin joints are used in a frame which is mostly rigid-jointed, it is possible to modify the
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rigid-jointed analysis to allow for them. Figure 11.25a shows Fo8

such a pin joint, I, of a plane frame linking two groups of v
bars rigidly jointed together. The first step in the analysis is E,8,
to separate the two groups, giving them separate joints I’
and 1", as shown in Figure 11.25b. The loads and deflexions I
on these joints are related to those on the original joint I by (a)
the equilibrium and compatibility equations Fr g

Fxl = Fxll + FxI" 4 Fyl = Fyll + Fyl” ’ A

’ p / " 11.119 'y

6xl = 6xl = 61/ > 6yl = 6yl = 6yl : ( ) ﬁl’ 6}” 1
Suppose that the matrix equation has been formulated for £ 8 Fy, 6,
the rigid-jointed frame with the coincident but separate * x(b)

joints I'and 1”. Setting this up in the usual manner, relating
the column vector of joint loads to the column vector of
corresponding deflexions, results in a symmetrical stiffness
matrix. Let rows r, s, # and u of the stiffness matrix relate to the joint loads F,,’, F,,', ;" and F,,"
respectively. Then columns r, 5, ¢ and u of the stiffness matrix relate to the joint deflexions 8,

d,',6," and 8 ," respectively. The set of equations then take the form

Figure 11.25 An inserted pin joint.

v

Py=kd +. . +klr61,’+k“6yl’+k“6xl”+k 6 "+. . k d

"yl In"n

RN Y YR T RIS I

- xl mon
}?yll = k:ldl oot k.yrbxll + ks.rﬁyl’ + ku6xl” * k.m&yl” o k_mdn (11.120)
Fxl "= ktldl oot klrbxl T+ kl.rbyl "+ knbxl "+ kluéyl e klndn
Fyl "= uu - yl un"'n

kd vk kD kB kS v kd

where P, and d, are the ith components of the load and deflexion column vectors respectively, and
k, (= k) is an element of the stiffness matrix (i,j = 1 to n). From (11.119), a new rth row can be
formed from the sum of the rth and 1th rows to give F,, and a new sth row can be formed from
the sum of the sth and uth rows to give F,;. Also, the coefficients in the rth and 1th columns can
be combined, as they are both coefficients of 8, Likewise, the coefficients in the sth and uth
columns can be combined, as they are both coefficients of 8,,. These combinations form new rth
and sth columns respectively. The rth and uth columns are dropped, as are the tth and uth rows,
which are redundant. Equations (11.120) now take the form

Py =kyd + .. +k,',6x,+kl;6y,+. . k4,
Fy=F/ +F = hkyd +. . vkd vk, +  kd (11.121)
vl sroxl +ks:6yl o k.r::dn

= E,+F,/" = kid +. .. +k

where
kr: = kﬂ' * Zkr{ * kf{ k4 k‘: = k&'! + ZQJ“ * k{“{ b kf: = k}‘: * km * kts * ktu = ka b

. . . .. (11.122)
and Kk, =k +k =k +k, =k, |, k =k vk =k +k =k, (i*rs)

so that the symmetry of the modified stiffness matrix is retained.
A problem can arise in dealing with workless support conditions which are not oriented
in the directions of the global coordinate system. For example, if at some support the joint can

*



Sec. 11.10] Special Applications 1133

move freely in the x* direction but is prevented from doing so in the y* direction, the support
conditions are that F,* and 8 * are zero. However, if these conditions apply relative to some axes
x" and y’at an angle « to the global system, as shown in Figure 11.26, then the support conditions
cannot be expressed so directly in terms of the components of load and deflexion. The
relationships between the loads and deflexions at the joint I shown, relative to the two coordinate
systems, are

F, = Fjcosa+F,sina , 8, =3 'cosa -8, sina, E8,

. ) (11.123) "
F, = -Fgsina +Fcosa , &, = & 'sina + 3, cose. ES,
Initially, the stiffness matrix is formed so that all joint loads and E 8
deflexions are referred to the global coordinate system. Let the rth v

row refer to the force F,* and the sth row to ¥, *. Then the rth
column of the stiffness matrix will contain the coefficients of the
deflexion &,* and the sth column the coefficients of &%, . The
equations are then initially of the form

xI s5xI

F..9
o

L= kd . vk bk Sk d

| ENSY B 1n"n
Figure 11.26 Local

Fg=kd+ . +kd,+kd, + . k.d (11.129) support conditions.
Fyo=kydv. . vk B vk B+ . kd

Expressing the displacements 8,,* and §,,* in terms of 8, and 6/,

1n"n

P =kd +. . +(k,cosa +k“sina)5xl’+(—khsina+k“cosa)6ﬁ,'+. ..k d

Fg=khd +. . +(kcosa+ksina)d, ' +(-k,sine+kcosa)d, +. . k.d (11.125)
bg

F,=kyd +. . +(kcosa+ksina)d ' +(-k,sina+kcosa)d '+ . k,d

In this new arrangement, the elements in the rth and sth columns, shown by the bracketed terms,
are the coefficients of 8, and 8’ respectively. Likewise, from (11.123), the rth and sth rows can
be turned into expressions for F,’ and F,,'respectively, giving

Pl = klldl oot klrlsxll +k1116yll o klndn
Fx.l’ - I.crl'.dl . +'k""6;d’ ;k;,’éyl"+ : . -. k,'d, (11.126)
E, = s “n

kydy s vk, kS k'

where

[ 2 : H ]
k' =k _cos‘a + 2k sinacosa + k sin‘a,

- - i 2q - sinfa) = k. °
k' = (k, - k )sinacose + k, (cos’a - sin‘a) = &', (L.127)
- [ SV : 2 ‘
k,' =k sin‘a - 2k sinacosa + k cos'a,

o . _ ’ L H = ’ '
k' = k,cosa + k sina = k' , k'=-ksina +kcosa = k' (i*rs).
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Thus the modified stiffness matrix remains symmetrical and the conditions at joint I can be
expressed in terms of the local coordinate system. For the case shown, these conditions are that
F,/ and 8,/ are zero. (The fact that the moment on this joint is zero can be expressed without any
modification of the matrix.)} The importance of retaining the symmetry of the stiffness matrix will
be seen in the next chapter.



Chapter 12 Computer Analysis of Frames

12.1 Introduction

Computing machines have been around for a long time. The abacus, used by the Chinese,
Greeks and Romans, has been in use for over two thousand years. The automatic counting
machine described by Hero of Alexandria (2nd century AD) was a geared system attached to a
carriage which could measure distance in stades. (One stade or stadium is about 200 metres.)
Blaise Pascal adapted the gear system to produce the first digital counting machine in 1642. This
was developed into the first commercial desktop calculator by C.X. Tomas in 1820. It could be
used for all four arithmetic calculations on numbers. Charles Babbage took the idea further and
designed a machine to carry out the repetitive calculations needed in producing mathematical
tables. He produced a small demonstration model of his “difference engine” in 1822, but the full-
scale machine was only completed 170 years later, for the Science Museum in London. In 1833,
he gave up work on it in favour of a much more ambitious project for an “analytic engine”. This
was to have the essential properties of a modern programmable computer. It would have been
capable of carrying out routines in an order which was determined from the conditions arising
from the calculations, rather than in a preordained sequence. His assistant, Lady Ada Lovelace,
developed the first concepts of computer programming. The project turned out to be enormously
complex and expensive and was never completed.

An electromechanical computer was built by IBM in the late 1930s. The needs of World
War II stimulated the development of two programmable electronic computers. The first to run
was Colossus, in December 1943. It was used in Bletchley Park, England to decipher the most
secure German codes. ENIAC (Electronic Numerical Integrator And Computer) was developed
at the University of Pennsylvania for the analysis of new weapons systems. Programming was
carried out by wiring up the components in the desired order. The mathematician John von
Neumann took an interest in ENIAC and contributed fundamental ideas to the way in which
computers should be organised and built. Alan Turing was another mathematician who worked
at Bletchley Park. In 1936, he had described mathematically a theoretical ‘universal computing
machine’, now known as a Turing machine. His work lead to the first computer which could be
programmed electronically. The first electronically stored program ran on the Manchester
University Mark I computer in June 1948. The same year saw the invention of the transistor by
William Shockley. This lead to the integrated circuit which increased enormously the speed,
power, compactness and efficiency of computers. Machines which had occupied whole floors of
office blocks and required elaborate air conditioning for their thermionic valves were outclassed
by pocket calculators. Previous assumptions about the division of purpose between mainframe
and personal computers have become invalid. New kinds of computer, which no longer fit the
theoretical models of Turing and von Neumann, have been developed. A bottleneck in the
standard model is the central processing unit. All arithmetical operations are carried out
sequentially by this unit. With a parallel processor', such operations are carried out simultaneously
by a number of such units. The speed of operation then increases roughly in proportion to the
number of units, but it creates problems for the programmer in synchronising their activity. Neural
networks simulate some important features of the human brain. In a rather limited fashion, they
are capable of self-programming or ‘learning’ from experience’.

! Modi (1988) gives algorithms suitable for structural analysis using such processors.

? For applications, see Topping and Khan (1993) for example.

12.1
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The earliest electronic programming was in binary machine code. This specified exactly
how operations were to be carried out within a particular machine. Autocode and assembly
language marked steps towards greater comprehensibility, but were also machine-specific. Higher-
level languages allowed programs to be expressed in terms of the mathematical operations
involved rather than the computer operations. To translate the former into the latter requires
either an interpreter, which converts from one to the other during the running of the program, or
a compiler, which produces a file containing the program in low-level code. The advantages of
a compiler is that it can optimise the program before it is run and the code generated will work
with the operating system on its own without the need for additional software. Specifying the
program in terms of a higher-level language not only made it easier to write, being closer to
natural language and mathematics, but made it possible to transfer such programs from one type
of computer to another with little difficulty.

The first such higher-level

language was FORTRAN (FORmula 196 - FORTRAN l\
TRANslator) which was introduced 1960 | ALGOL-60 ~

in 1956, as shown in Figure 12.1. BASIC
Since then, hundreds of _computer L ALGOL-W

languages have been written. The ALGOL-68

figure shows some of those more 1970 | Pascal

relevant to engineers and the material \

in this book. Languages in the same \ ¢

columns tend to follow a particular
line of development, but there are 1980 | MODULA-2
also cross-influences indicated by the /
arrows. FORTRAN was designed . / C++
with the needs of scientists and
engineers in mind, but computer 1990 | FORTRAN-90
scientists and mathematicians devised Java
a more elegant language called L FORTRAN-95 Ada 95
ALGOL (ALGOrithmic Language).
As can be seen, this went through
several versions, eventually leading to Pascal (named after Blaise Pascal). This was the brain-child
of Niklaus K. Wirth, who had earlier developed ALGOL-W. It was originally intended to be a
teaching language, encouraging or enforcing good programming habits. However, it was so
popular that it became a regular programming language in its own right and influenced all
subsequent languages. BASIC (Beginners All-purpose Symbolic Instruction Code) was also
intended as an introduction to computing and became a popular language for personal computers.
However, UCSD Pascal, was developed by the University of California at San Diego with the
microchip in mind, and so became a competitor in this area. The ‘C’ language (so named for no
better reason than it was the successor to a language called ‘B’) was designed for experienced
programmers. It lacked some of the constraints of Pascal, regarded by some as pedantic. Wirth
continued to devise new languages based on Pascal. The programs associated with this book are
written in MODULA-2 (MODUlar LAnguage 2). This allows programs to be broken up into self-
contained modules, including library modules. In this way, a large sofiware package can be
developed more easily by a team of programmers, each working on an individual module. It also
includes low-level features not found in Pascal.

From the eighties onwards, languages began to incorporate object-oriented programming.
Programs are written at a higher level of abstraction, operating on objects. What an operation on
a particular object means is included in the definition of the object. For example, it would be

FORTRAN-77 = UCSD Pascal g
_Ada

Figure 12.1 The evolution of computer languages.
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possible to write a general-purpose structural analysis program without specifying whether it was
two-dimensional or three-dimensional or whether the joints were pinned or rigid-jointed. Such
details would be included in the object definitions. FORTRAN had been specified by the American
Department of Defence and NASA as the programming language for its software. However, these
organisations became increasingly aware of the shortcomings of FORTRAN and the Department
of Defence commissioned a new language called Ada (after Ada Lovelace). This incorporated
many of the current ideas about programming languages, including object-oriented programming,
and became the new standard. A later version, Ada 95, was more heavily committed to object-
oriented programming and it was incorporated in a new version of C, called C++. Elements of it
also appeared in FORTRAN. With the coming of the Intemet and the World-Wide Web, the need
for code which could be transmitted through the network and work on any receiving platform
became apparent. Sun Microsystems developed Java' in the early nineties for this purpose. It too
was based on object-oriented programming and the first public release was in 1995. This is
certainly not the end of the story. Developments in this area are so rapid that any book on the
subject becomes obsolescent almost as soon as it is published. Some shortcomings of Java have
already been noticed.

12.2 The Nature of the Frame Stiffness Matrix

The stiffness matrix K for the whole structure relates the column vector of joint loads to
the corresponding column vector of joint deflexions. From Betti’s theorem it follows that this
matrix is symmetrical (k, = k,) and for a stable state it must also be positive-definite. Positive-
definiteness implies that all the principal minors? of its determinant are positive. In particular, the
terms on the leading diagonal and the determinant itself are positive. As the matrix is symmetric,
it is sufficient to store only those elements k, on and above the leading diagonal (i.e. j2i ). Also,
such matrices tend to be sparse. That is, there are relatively few non-zero elements. Careful
ordering of the equations can ensure that these elements are clustered around the leading diagonal.
As will be seen, this minimises the storage and number of arithmetical operations required. The
tightness of this banding is measured in terms of the half-bandwidth 4. (The total bandwidth is
2b6-1.) In principle, all the possible joint numbering schemes could be examined, and one giving
the lowest value of b chosen. However, if the order of the stiffness matrix is n, the number of such
schemes is 71/ so that this approach rapidly becomes impractical. Algorithms have been devised®
which reduce the bandwidth by a suitable numbering of the joints. However, these do not
guarantee that the optimum numbering will be found. Figure 12.2 shows three possible ways of
numbering the joints of the same frame. In Figure 12.2a, the joints are numbered vertically
downwards in columns, starting at the left of the frame. In Figure 12.2b, the joints are numbered
horizontally to the right in rows, starting at the top of the frame. Lastly, in Figure 12.2c, the joints
are numbered using a few simple rules. The numbers lie sequentially on the crests of waves
radiating across the frame. These crests are shown by the heavier black lines used for the bars.
The maximum number of joints to be found on any of the crests is kept to a minimum. Figure 12.3

! Java was named after a marketing person’s favourite coffee to emphasise its stimulating
propertics.

I The principal minors are the determinants formed from the elements found in a given set of rows
and the same set of columns of the original matrix. A sufficient proof of positive-definiteness is that
every minor formed from the first m rows and columns of a real symmetric malrix is positive (for
any m less than or equsl to the order of the matrix). See Korn & Korn (1961) §13.5-6 for example

3 See for example Livesley, R K. and Sabin, M.A. (1991) Algorithms for Numbering the Nodes of
Finite-Element Meshes. Computing Systems in Engineering Vol 2 p.103.
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Figure 12.2 Joint numbering schemes.

shows the resulting distribution of non-zero beam submatrices (shown by black dots) in the frame
stiffness matrix (shown by the grid). The half-bandwidth b is measured in terms of these

Figure 12.3 Banding for different joint numbering schemes.

submatrices. The upper half-bands are shown by the shaded areas. The total bandwidth is 25-1.
The distributions (a), (b) and (c) correspond to the numbering schemes (a), (b) and (c)
respectively in Figure 12.2. It will be seen that the third numbering scheme which follows the

ordering rules minimises the bandwidth.

Some methods of analysis store and operate on only the submatrices (including the zero

submatrices) within this half-bandwidth. A rectangular array
is generated for this purpose. This array will usually contain
zero submatrices which are not needed. The ‘skyline’ form
of storage, shown in Figure 12.4, is more efficient. The array
of submatrices is that previously shown in Figure 12.3b. The
banding stores one hundred submatrices. (Even with the
optimum banding in Figure 12.3¢ eighty one submatrices are
stored.) The skyline method stores only the sixty one
submatrices shown in the hatched area. This consists of the
columns of submatrices, starting at the top non-zero matrix
and ending with the matrix on the leading diagonal. The zero
submatrices beneath the skyline are usually needed during
the solution process.

Figure 12.4 Skyline storage.

There are rare cases when some of the zero submatrices below the skyline are never used.
Another method, using the dynamic storage of linked records, avoids creating space for even
these unnecessary submatrices. Figure 12.5a shows a simple structure devised to compare the
skyline and linked-record methods of storage. The skyline method stores three zero submatrices
which are not used. These are shown by the empty circles in Figure 12.5b. The linked-record
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Figure 12.5 Skyline and linked-record storage.

method relates each leading diagonal submatrix to the corresponding joint and each submatrix
above the leading diagonal to the corresponding bar. The corresponding joint is that related to the
row (and column) in which the leading diagonal submatrix lies. The corresponding bar links the
joints related to the row and the column in which the submatrix lies. (This relies on the fact that
no two bars connect the same pair of joints.) Each record contains details of the joint or bar, the
appropriate submatrix and two pointers to other records. These records are shown by the dots
in Figure 12.5¢ and the pointers by arrows. The black dots contain non-zero submatrices and the
shaded dot contains an empty submatrix which does not correspond to any bar. This has to be
inserted because it is needed in the solution process. Each row and the leading diagonal are
terminated by ‘Nil’ pointers. These are shown by a Tee form instead of an arrow. Comparing
Figures 12.5b and 12.5c, it will be seen that the unnecessary zero submatrices are not generated.
Also, both the banding and skyline methods store the submatrices in arrays. These require
counters to establish the relationships between the submatrices. In the linked-record method, these
relationships are established through the chain of pointers.

12.3 Data Input

The way in which input data is formatted is also affected by the method of storage. This
is illustrated in the following table, which compares typical data input for the two methods.

Table 12.1 Input Data Files

Data Array storage Linked-record storage
Preliminary Number of joints
data: Number of section types Not required

Number of bars
Number of load cases

Joint list: Joint number Joint coordinates, Joint identifier Joint coordinates [Extra joint details],
.................................................................................................................................. |
Section list: Material properties. Provided on a separate file:
Section number Section properties, Scale factors, Material properties |

Section number Section properiies,

Bar list: End joint Numbers Section Number, End joint identifiers Section identifier [Orientation]

............................................................................................................................ |
Support list: Joint number Support-type code Support conditions included in joint tist.
Load list: [Load case number) [Joint identifier Joint loads]

Joint number Joint 10ads, | s

Repeat all above for each load case. | |
Repeat all above for each load case.
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In the table, the dotted lines indicate repetition of the previous line for all instances (joints,
sections, bars or loads). Square brackets indicate data which may or may not be present. Other
information, such as a bar number or identifier, might also be included. For array storage, the
preliminary data is needed to set the limits of the associated row and column counters. These are
not required for linked-record storage, as new records and links are generated as new data about
joints and bars is read. In this case, the end of a list is indicated by a terminator (indicated here by
a vertical bar). The end of all the load cases can be detected by sensing the end of the file.

The joint list specifies the positions of all the joints, including the supports. From this, the
length and direction of a bar connecting two joints can be found. This direction is usually enough
to establish the relationship between the bar and frame coordinate systems. The exception is in
the case of rigid-jointed three-dimensional frames, where the angle of rotation of the bar about
its own axis, B, must also be specified (see §11.4). This orientation is specific to each bar and so
is included in the bar list. If the joint is supported, these details may be included in the joint list
or provided on a separate support list. This is relatively easy when a joint identifier is used instead
of a joint number. The identifier may contain almost any keyboard symbol as well as numbers.
Thus, for example, the use of the letters F, P and E in the identifier could indicate a fixed, pinned
or elastic support. In the last case, the stiffnesses of the elastic support would have to be included
as extra joint details. Other support conditions could include rollers (permitting rotation of the
support about a given axis) or sliders (permitting the joint to displace in a given direction). Most
analyses limit such conditions to rotation or displacement in relation to one of the overall frame
coordinate axes, but this is not necessary (see §11.10). Again, if such support conditions are used,
their orientation must be included in the extra joint details.

{Symmetry and antisymmetry have
already been discussed in §1.5, where the theory
is explained more fully. If a mirror-symmetrical
frame is loaded in a similarly symmetrical
fashion, the response will also be mirror-
symmetrical. Figure 12.6a shows the plane of
symmetry, marked M, and the mirror images of
a set of displacements and rotations of some
point in the frame. Because of the symmetry, the
image point will also be a point on the frame. If
the point lies on the plane of symmetry, the point
will be coincident with its image point. However,
the motions normal to the plane are equal and
opposite, as are the rotations about axes parallel
to the plane. If the frame is continuous at this
point, this apparent contradiction is only satisfied
if these deflexions are zero. The frame can be Figure 12.6 Symmetry and antisymmetry.
sectioned at this point and a workless constraint
of the kind shown at the right of Figure 12.6a inserted at the section. This constraint prevents all
motion out of the plane of symmetry and simulates the interaction between the two halves of the
frame at this point. By the use of such constraints at the plane of symmetry, the frame can be
sectioned at this plane and only one half of it need then be analysed. Likewise, if a mirror-
symmetric frame is loaded in an antisymmetric fashion, the response is also antisymmetric. This
is shown in Figure 12.6b where an antisymmetric mirror marked A is inserted at the plane of
symmetry. The image of the motions of a typical point on the frame is then exactly the reverse of
the mirror image. By the same arguments as before, the interaction between the two halves of the
frame at the plane of symmetry can now be simulated by the workless constraint shown at the

(b)
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right of Figure 12.6b. This is a Hooke joint which is free to slide normal to the plane of symmetry.
All out-of-plane motion is now permitted but in-plane motion is prevented.

Where a high degree of symmetry exists in the
frame and its loading, the use of such sectioning and
constraints very substantially reduces the data input and
computation. Figure 12.7a shows a dome with sixteen-
fold symmetry. Provided that the loading is similarly
symmetrical, as might be the case with self-weight or
snow loading, only the 22'4° segment shown in Figure
127b need be analysed. The necessary mirror-
symmetrical constraints are shown by round dots in both
parts of Figure 12.7'. The apex is common to all sixteen
segments and is only free to move vertically. The
constraints at the base will depend on the fixity. For .
example, the base constraints at the segment edges of a ® K
fixed base remain fixed. Loads applied at joints on the {
common edges of two segments are equally divided
between them. At the apex, one sixteenth of the vertical
load is carried by each segment. Some bars may run along
a common boundary between two segments. These are
shown by the broken lines in Figure 12.7b. All the section
properties of such bars should be divided by two when analysing the frame in terms of the
behaviour of a segment. Mirror-symmetric and antisymmetric constraints are included in the
software provided, so that such frames can be analysed in this way .}

There are advantages in providing the section data on a separate file. Most section data
can be found in standard section tables which can be stored permanently on a section file.
Reference can be made to this file rather than being written into the data file for each new
structural problem. In this case, a facility must be included for input of data from more than one
section file. Ideally, such a file would be a general-purpose one, including all the information
needed for any projected use. Alternatively, its format and the method used to read it should be
such that additional types of information can be added at a later date without confusing earlier
programs. The units used to describe the main structure may differ from those for the sections.
For example, the joint coordinates might be given in metres (or feet) and the section properties
given in centimetres (or inches). A scale factor of 100 (or 12) should then be included at the
beginning of the section file so that this difference can be taken in to account?. If a particular
section file is restricted to sections made from one material, its properties can be listed at the
beginning. These might include the shear and Young’s moduli, the yield stress and density (for
calculating frame mass and dynamic analysis). The use of a section identifier rather than a section
number allows some indication to be given of the type of section used. Thus if the section is
identified as a solid round bar, the only section data required is its radius. The program would
then include a procedure to determine all the section properties from this.

The bar list usually consists of the numbers (or identifiers) of the two joints to which each
bar is attached, and the section number (or identifier) associated with its bar properties. Its end
fixity might also be described, Then bars with one or both ends pinned could be accommodated
within a primarily rigid-jointed frame analysis or allowance made for the size of rigid gusset plates

Figure 12.7 A symmetric dome.

! This problem is given by the data file R3IDSIDOM.STR with the software provided.

2 Thus using a factor of 39.37, section files written in inches could be used with structure files in metres.
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at the joints (cf. §11.7). Normally, the members are assumed to be prismatic (straight and of
constant section). Non-prismatic members can be replaced by elastically-equivalent assemblies of
prismatic members, as described in §11.8. Any loading along the bar could be included at this
stage, but visual checking of the file is easier if this information is given in the load list.

Two types of loading may be incorporated in the load list. Loading at the joints is given
by a list of joint numbers (or identifiers) followed by a set of joint loads (including zero loads)
corresponding to each degree of joint freedom'. If all the external loads at a particular joint are
zero, then it should not be necessary to include the joint in the load list. Loading along a bar might
also be taken into account. This can be replaced by equivalent joint loading as explained in §11.3
for example. However, if the program includes a stress analysis of the bars, more details of the
loading is required. Consideration might be restricted to loads producing flexure about the bar’s
major axis, and some convention used for the positive sense of a force. Then a sufficient
description of a point force along a beam would consist of the two end joint numbers (or
identifiers), a character indicating that the load is a point force, its magnitude and its distance from
the first joint. Similarly, a uniform distributed load would be described by a different character
after the end joint numbers (or identifiers) followed by its intensity and the distance from the first
joint at which it starts. This assumes that it continues until the second joint. If it does not, a
second equal and opposite distributed load can be started at the point at which the first one
terminates (cf. Figure 4.7b).

Further details of how data files are prepared for the software supplied are given in §A2.2.
Sample structure files (*.STR files) and section files (*.SEC files) are also provided. Data may
also be entered directly during the running of a programme, but this is not recommended for any
but the simplest of problems.

12.4 Organisation of the Data

If the nxn stiffness matrix with elements k, is
stored as a band in an nxb matrix, with elements K, T

then the positions of the corresponding elements are
as shown in Figure 12.8. The general rule is that the
element corresponding to &, is K, .., . The band matrix
is only filled within the shaded area as shown, leaving

Y2(b*-b) elements empty. However, it still represents
a considerable saving over storing the full matrix.
Skyline storage is even more economical. Only the
elements shown within the hatched areas in Figures
12.4 and 12.5 are stored. As this is an irregular set of columns, they could be stored in a one-
dimensional array, together with an array of n-1 integers giving the number of elements in the
second to nth columns. (The first column necessarily only contains one element.)

The records shown in Figure 12.5¢ are generated dynamically as the data is read into the
computer. The joint details are read first, and the spine of joint records created. These are linked
by the pointers shown by the diagonal arrows in the figure. A separate pointer permanently points
at the top left-hand record, but those within the records can be reversed to enable motion in either
direction along the chain. When the bar details are read in, the off-diagonal records are created.
A search along the spine is made until a match between a joint identifier and one of the bar end-
joint identifiers is found. A new bar record is then created at the end of the row containing that

Figure 12.8 Band matrix storage.

! The number of degrees of joint freedom is equal to the number of independent deflexions
(rotations and displacements) an unconstrained joint in the frame would have.
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joint. When all the bar records have been created, each row is sorted into the same order as a row
of stiffness submatrices. Each bar record is now linked to one of its joints. It is now linked to its
other joint by a chain of vertical pointers through other bar records as shown in Figure 12 5c¢.
Starting at the first row, each subsequent row is examined to see whether it will be modified by
it during the solution process. If so, the appropriate vertical links are established and new records
with zero submatrices in are inserted where necessary. This process is repeated with subsequent
rows, now linking any zero-submatrix records downwards too.

As will be seen in the solution process, it is convenient to store the load vectors for all m
load cases in an #xm array. In the linked-record method, the load cases for each joint are stored
in the appropriate joint record.

12.5 Methods of Selution

R K. Livesley' published the earliest work on a general elastic frame analysis program. It
was based on experiments with a program by J M. Bennett in 1949 which contained the
fundamentals of the method used. Many of the principles remain valid today. The general method
of solution of the frame stiffness matrix equations using Gaussian elimination will be examined
first. It will be assumed that these have been written so that a column vector of » joint deflexions,
d, is related to a column vector of » corresponding joint loads, p, by an nxn frame stiffness matrix
K. If there are m different load cases p, to p,,, it is possible to avoid repeating the full analysis for
a single case m times to obtain the resulting deflexions, 4, to d,,. In matrix terms, these can be
written as

Kd =p,,Kd,=p,,. .Kd_=p,_,
or KD =P, where D = [de..d,],P={p...p,]. (12.1)
The array D is found in terms of the array P in exactly the same way that d, is found in terms of
P (k=1 to m), the difference being that the process for all m sets of equations is carried out
simultaneously. In terms of its elements, the general form becomes

r R
ky by ok Ky, {du il Py P
kil kil kt] km d/l djm = pll p:m

(12.2)
_knl kn2 ce kry o knn dnl A dnm Lpnl cee pmn_

n
or Elk,.]d]k=p,.k (i=1ton, k=1tom)
-

where the terms k, are the elements of the symmetric matrix K (k, = k, ), the terms d, are the
elements of the matrix D and the terms p, are the elements of the matrix P. It follows from this
equation that

Y (Ck,rk)d, = Cpy + p, (i.l=1ton, k=1tom) (12.3)
j=1

where C is a constant. This means that a multiple of any row of K can be added to (or subtracted

! Livesley, RK. (1953, 1954) Analysis of Rigid Frames by Electronic Digital Computer.
Engineering Vol. 176, pp. 230 & 277 and Vol. 177, p.239.
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from) any other row, and the equations will remain valid provided that the same operation is
carried out with the rows of P. The matrix D can be found by carrying out such operations on K
and P. The first element in row j of K can be made zero by subtracting &, /k;, times the first row
from this row. The same process must be carried out with P. If this is done for all j in the range
2 to n, the resulting arrays take the form

T R TR TR -
0 E &’11 <o Py
3
i k /
0 : . ku/ . ki‘—_”- km / /
i ! kll v pll pim
K'=]0.. P = (12.9)
oi k —kf‘k k! % P - Pm
y Jo7 V' T
! 11
0 E . / /
) Pnl prm!J
0. ky k, o)

where the modified elements are indicated by a prime, except for k;" which is given explicitly as
k, -k k/k,, and k.’ which is given explicitly as k, - k;, k,/k,,. The other modified elements can be
found from these general expressions. Thus for example the form of k,;' can be found by replacing
J by nin the expression for k,’. The original array was symmetrical, so that &, k, and k,, are equal
to k,, k,;and k, respectively. From the above explicit expressions, it then follows that k' and &’
are equal. As this true for all / and j in the range 2 to » it follows that the bottom right array
bounded by the dashed lines is symmetrical. This means that the terms k,' (j>i) beneath the
leading diagonal need not be formed, as the terms k,'have already been found. Also, if the terms
k,, first row of the origjnal matrix are stored, the terms k,, below k,, can be found from them. The
process can now be repeated, eliminating the terms k,’ below k,’. In each case, the modified
terms can be stored in place of the original ones without losing any information needed later in
the solution. The modified elements p,'of P take the form p, - p, k,/k,, after the elimination of
the terms k,; (i>1) in the first column. These modified terms can also be stored in their original
positions without losing useful information.

The process can be repeated to eliminate all the elements below the leading diagonal of
K. This process can be written in a form of MODULA-2 as

FOR r=1TOn-1 DO
FOR i:=r+1 TOn DO
C:= k{r,i)k[r,r];
FORj=iTOn DO K{ijl:=&{ij1- Cxkrj} END,
FOR j:=1TO m DO plijl:=plij]l- Cxplrj] END;
END;

H

END,;

where &[i,j] is the current value of the term &, pli,j] is the current value of the term p, and so

Yo
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on. (The form will be similar to this in most modern programming languages'). This process is
known as forward elimination (or reduction) or triangulation. Row r is known as the pivotal row
and k,, is called the pivoral element. Note that only the elements on and above the leading
diagonal of KX are used, although (notionally) all the terms below the leading diagonal have been
eliminated by this process. Subtracting multiples of one row from another does not change the
value of the determinant. As all the elements below the leading diagonal are now zero, the
determinant is now given simply as the product of the terms on the leading diagonal. In stability
and vibration problems, the zeros of the determinant give the buckling loads and natural
frequencies of the frame. {The number of arithmetical operations on the elements during
triangulation is (72-n)[(2n+5)/6 + m] of which Y(n*-n) are divisions and the rest are equally
divided between multiplications and subtractions. If the elements of the stiffness matrix are stored
in the band matrix shown in Figure 12.6, then terms of the form k[p,q] in the above process must
be replaced by terms of the form K[p,g-p+1] and on the fourth line ‘FOR j:=i TO n DO’ must
be replaced by ‘FOR j:= 1 TO 5 DO ’. The number of operations involved in triangulation then
becomes (n*-n)[b+Vs+m). In a more sophisticated coding, the upper limit » would be replaced
by the lesser of b and (n-i+1). This avoids redundant operations in the unused triangular area of
the band }
It can now be further reduced to a unit matrix. If (12.2) is true then

Y Ckd, =Cp, (i=1ton, k=1tom) (12.5)
7=\

is also true. This means that the equations remain true if any row of K is multiplied by a constant,
C, and the same row of P is also multiplied by this constant. After the above process, the form
of K is such that the last row of elements are all zero except for the last one, which has been
modified to some value, &,,"” say. Then this last term becomes unity if it, and the last row of
elements in the modified form of P, p,.” (k=1 to m), are divided by %,,”. The other elements
in the last column of K can now be made zero by working back upwards from the last row in the
same way that elements in the first column were eliminated above. The last but one row of K now
consists of zero elements apart from &, ,,”. This is now made equal to unity as before, and the
elements in the column above it made zero by the same process used for the last column. On
repeating this process for the other columns, K becomes a unit matrix. This multiplied by D is
now equal to the final form of P. As multiplying D by a unit matrix has no effect on it, D is equal
to the final form of P. This form is given by the process

FOR r=nTO 1 BY -1 DO
C=kr.r),
FOR j:= 1 TO m DO
plrj1=plrjl/c,
S:= p[rj1, (*Using S instead of p[r,j] can speed the process slightly.*)
FORi=1TOr-1 DO plijl=plij] - Sxk{i.,r] END;
END;
END;
This process is known as back substitution. There is no need to carry out the operations on K
explicitly because only the final form of P is of interest, as this is now equal to D. {The number

! In MODULA-2, the FOR loop counter is incremented by one after each cycle, unless “BY x” is added,
when the increment is x. If the upper limit of the loop is less than the lower limit, the loop is ignored.
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of arithmetical operations carried out during back substitution is »m* of which mn are divisions
and the rest are equally divided between multiplications and subtractions. If the band matrix is
used instead, then again terms of the form k{p,g] in the above process must be replaced by terms
of the form K[p,q-p+1]. Back substitution only affects the load matrix and so the operations count
remains the same.}

{Alternatively, the solution can be found by Choleski 's (or the Banachiewicz-Cholesky-
Crout) method. The Choleski decomposition expresses any square matrix 4 as the product LU
of a lower triangular matrix L and an upper triangular matrix U. All the elements of L above the
leading diagonal are zero, as are all the elements of U beneath the leading diagonal. If 4 is
symmetrical, then L is the same as U". Then

ay - ay) Juy 00y uy, u,
Ay Gy - . @) Uy Uy O 00 uy 4y,
A=U"U or|. . (12.6)
0
By Gz - G| My, My W, 0 .. .. 0 u,
From the product of these triangular matrices, we find that
Ay = Uy, Gy = Uy, G, = U,
_ 2 2 _ .
Ay = Upy + Uy, o Gy = UpU, Ul (f22), (12.7)
i
a, = kzl: Uy (>i).
The elements u,, can be found from this in the same order, giving
upy = Ay s Uy = apluy oy, = a ey
- - 2 - -
Uy, = ‘/an Ujy , . . Uy = (am ”n”n,)/”n (>2), (12.8)

i1
u, = \/(a,., - E u,;) ) Uy o= (aU. - g uk,u,q.)/u,., (>i).

k=1

On examining these equations, it can be seen that «,, does not exist unless a,; exists, and that once
1, has been formed no further reference is made to a,. This means that in decomposing the frame
stiffness matrix K in this way, the elements of U can be stored where the corresponding elements
of K had been stored. Then U can be generated and stored in K by the process

FORi=1TOnDO
S:= ki i];
FORI=1TOi-1 DO §:=S - k[l,i]=k{l,i]) END,
ki, i}= sqrt(S),
FOR j:=i+1 TOn DO
5= kij},
FOR I'=1TOi-1 DO §:=S5 - k[/i]<k[/j} END;
kij)= SIk[ii]
END;
END;
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The function ‘sqrt’ takes the square root of its operand. In the above case, this is always positive
for stable structures, because the stiffness matrix is positive definite. The number of arithmetical
operations on the elements needed to form U in this way is n(n+1)(2n+1)/6 , of which n are
square roots, .(n’-n) are divisions and the other operations are equally divided between
multiplications and subtractions. In terms of U, (12.1) becomes

P=KD =U"UD (12.9)
so that
D=UY'P=UYUTY'P=U'F where F=UT'P (12.10)

This is solved in two stages. The following routine generates F and stores the elements in P.

FOR I'=1TO m DO
FORi=1TOnDO
S:= P[],
FOR j:=1TO0i-1 DO §:=38 - P[j,/]xk[j,i] END;
Plil}= S/k{i,i]
END;
END;

The number of arithmetical operations carried out by the above routine is mn? of which mn are
divisions and the rest are equally divided between multiplications and subtractions.
The following process generates D = U™ F and stores it in P.

FOR /=1 TOmDO
FOR i:=nTO 1 BY -1 DO
S= P[il],
FOR j:=i+1 TOn DO §:=S - P[j [1*kli,j] END;
Pli, )= Sik[i )
END;
END;

The number of arithmetical operations carried out by the above routine is mn® of which mn are
divisions and the rest are equally divided between multiplications and subtractions. It can be seen
that this is essentially the same process as back substitution. Comparing the number of
arithmetical operations on the elements required by Gaussian elimination and Choleski’s method,
it will be found that the numbers of subtractions and multiplications are exactly the same in both
cases. However nm more divisions are required by Choleski’s method and it also takes n square
roots which are not required in Gaussian elimination.

As can be seen from the routines, the process of producing the upper triangular matrix,
K7 say, in Gaussian elimination and of deriving the upper triangular matrix U in Choleski’s
method are very similar. Apart from an insignificant difference in the order of the operations, the
resulting elements in any row of KV are just a multiple of those in the same row of U, or
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- i ;
v v v v
kiy by oo k| (VR O 0 0y wy, Ly,
v v v
KV = 0 ky .. k| |0 vk 0. 010wy L m, = RU (12.11)
0 . . .0k {0 .. 0V llO ... . 0u,

Then (12.10) becomes
D=(UTU)'P=(R'KY)RK")'P=K "R )'P=(K")'R}K")'P (12.12)

where R? is the diagonal matrix formed of the elements k,,"...k,,” on the leading diagonal of K*.

There seems to be no advantage in using Choleski’s method when all the loadings have
been predetermined. However, if new ones are generated during the running of the program, and
I/ has been retained, each new solution would only require a further 27 operations. From (12.12)
it follows that there would be advantages in retaining K © under such circumstances, but each new
solution would require a further 2n’+n operations.}

12.6 Data Output

Standard data output consists of the joint deflexions and the loads at the ends of the bars.
It is convenient to store this on a file which can be printed or displayed or used as a data file for
post-processing by another program. The joint deflexions result immediately from the solution of
the stiffness equations discussed in the previous section. These are in global (frame) coordinates
and can be converted to local bar coordinates using transformations of the type given by the
second of equations (11.3). The end loads, relative to local coordinates, then follow from
equations of the type given by (11.7). (The fixed-end loads must be added onto these if a bar is
loaded along its length.) As a check on the accuracy of the analysis, these end loads can be
expressed in terms of global coordinates using transformations of the type given by the first of
equations (11.3) to see that joint equilibrium is satisfied.

Graphic output is more readily absorbed than lists of numeric data. Some programs will
plot bar bending-moment and shear-force diagrams of the type shown in Figure 2.18. However,
for three-dimensional frames where there may be bending about two axes, these can become very
complex and confusing. Their function is to indicate the state of stress in the members and this
can be done more directly. If the section data includes the cross-
sectional area and section moduli!, the greatest axial stress, o,
and the greatest shear stress, T, can be calculated. These will not
necessarily occur at the same point on the cross section, but a
conservative estimate of the worst state of stress can be made
by assuming that they do. From the Mohr’s circle diagram
shown in Figure 12.9, the principal stresses are given by

1 (12.13) Figure 12.9 Mohr’s circle
for axial and shear stress.

9,0, =

Nja
W
+
“a

and the third principal stress is zero. If material failure is governed by von Mises’ yield criterion,
then from (3.55)

! See §4.2 and §A2.2.4
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2| —+1 + | — + —_—+T +{ = - —_+T =20
[ 4 ] ( 2 4 J ( 2 4 J 4 (12.19)

An equivalent axial stress, g,, can be defined as
o, = Jo? + 312 (12.15)

so that failure occurs when o, is equal to g, and the fraction g, /g, gives the ratio of the current
loading to that at failure. For a graphical representation of the state of stress of the frame, it can
be displayed with the members coloured according to the vatue of this ratio. A possible scheme
is suggested in §A2.2 5.

If there is no loading along the members, the worst c D
state of stress will be found at one or the other of their ends. P im
If there are point loads along the beam, the bending __—]( J(ﬂ I
M S

moments at their points of application must be examined [:’f d __’j
too. If distributed loads are also applied, a maximum (or

minimum) may occur other than at a discontinuity in the Figure 12.10 Maximum moment,
loading. The beam then has to be broken up into strips in

which the loading is continuous, the moment evaluated at the ends of each strip and the possibility
of @ maximum occurring within the strip also examined. Figure 12.10 shows a strip CD of length
d with a uniform load of intensity p acting on it. Having found the moment and shear force at the
left-hand end of the beam, the cumulative moment M and shear force S at C can be found from
statics. Within the strip, the moment at a distance x from C is given by

M =M + Sx + _px’ (12.16)

This is a maximum (or minimum) of (M - §%2p) when x is -S/p. The program must then check
first whether this value of x lies within the limits 0<x<d and then whether this maximum (or
minimum) is more significant than any found thus far. Note that if axial loading is taken into
account, both the greatest positive and the greatest negative bending moments will have to found
in determining the worst state of stress.

{The deformed state may also be illustrated graphically. This involves a degree of
compromise. The deflexions found are based on small-deflexion theory and will probably be too
small to be noticeable if displayed to scale. If amplified too greatly, the approximations in small-
deflexion theory become apparent. It will be shown that the deflected form of a member' can be
found in terms of the deflections of its ends and the vector joining these ends.

Figure 12.11 shows a beam AB of length / loaded by end moments and shear forces. The
end rotations ¢, and ¢, are measured from the dashed line
joining the displaced positions of these joints so that these d’y/n B
rotations are related to the absolute rotations of the joints by é :Q/T

1 A /—/\4 uB- u
¢, =6, - 7(“5'“A) , P2 J
(12.17) z

i
¢ = 9’8 - —(ll -u ) .
noE R Figure 12.11 Flexure of a

where u, and uy are the end displacements in the x direction beam in the x-z plane.

and the end rotations 8,, and 6 , are the clockwise rotations of the end joints about the y axis (out

! Assumed to be prismatic and loaded at its ends only
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of the paper). Then from (4.55) and (4.56), the moment and shear force at end A are given by

2E1 6L1
MyA - _1_(2¢y.4 * ¢yB) ’ SxA - —1—2—(¢)‘A M ¢JB) (12.18)

so that from (4.15) and (12.18) the lateral displacement # from the dashed line is given by
Fldzu - M ldzu Py
- ;z_z =0y - M, or "‘12—2 = ‘['(beA *0,) - 4¢yA - 2¢y5 (12.19)

at a distance z from end A. This equation can be integrated twice, taking the gradient of u as ¢,
and ¢, at the two ends and the end values of u as zero, giving

u=le(l - e)(1 -e)b, +ed,] (12.20)

where e is z//. A similar result can be obtained for flexure in the y-z plane. Allowing for uniform
axial extension, the total displacement of the member in three dimensions is given by

u ¢4 b5 u, Ug
v =le(1-e)|-b |+l (1-e)-bg|+ (1-e)ve|+elvg (12.21)
W 0 0 Wy Wp

Taking k as a unit vector in the z direction, this can be written in vector terms as
v=le(l-e)ld,xk +1le*(1~e)byxk + (1-e)v, + ev,

where ¢, = 0, - 2(v,-vp)xk , by =0, - ~(v-vp)xk (12.22)

using (12.17) and its equivalent in the y-z plane. This vector equation can be expressed as readily
in terms of the frame coordinate system as in terms of the member coordinate system. Using the
properties of the vector triple product, it becomes in terms of joint rotations and displacements
v=e(l-e){I[(1-e)0,+e0.]xk-[k(v,-vp)]k}
2 2 (12.23)
+{(l-e*)v, +e‘vy

This gives the displacement of a point on the beam relative to its original position on the
centerline. In plotting the deformed member, this original position, r,+elk, must be added to v

(where r, gives the original position of joint A).

Plotting the exact deflexion curves for all the members of the frame is unnecessarily time-
consuming. Provided that the deflected form is not over-amplified, it can be drawn as a set of
polygonal lines with v evaluated to give the position of each vertex. As the bending moment varies
linearly atong the beam, the highest curvature will occur at the ends. More vertices are then
needed at the ends to simulate the deflected form. A polygonal line with its ends at the two joints
and vertices at values of e equat to 0.1, 0.25, 0.5, 0.75 and 0.9 has proved satisfactory .}

12.7 Stability and Vibration Problems

In §11.5 and §11.6, the overall buckling load and natural frequencies of a frame were seen
to correspond to the zeros of Det{K), the determinant of frame stiffness matrix X. Figure 12.12
shows how this determinant may vary with loading or frequency. The zeros are marked by circles
at A,B,C,D,F and I. Asymptotes are also shown at E,G and H where the determinant becomes
infinite. For this to happen, one or more of the elements of X must become infinite, which happens
when a beam reaches its fixed-end buckling load or fixed-end natural frequency. This makes
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deflexions of the beam possible without joint

deflexions taking place, so that these singularities Det(k)
indicate local buckling or natural frequencies. If
the frame is initially stable, then K is positive-
definite so that Det(K) begins by being positive.
A B.C

How Det(K) varies with loading or frequency
parameter will not be known a priori, so that the
zeros must be sought by trial and error. If the
parameter is increased by too large an increment,
the zero at A may be missed and one of the higher
zeros found instead. In vibration problems, it may
be useful to know not just the lowest natural frequency of the frame, but all the natural
frequencies within a range of frequencies. Some criteria are then required to avoid missing any
zeros of Det(K). Wittrick and Williams have determined these for vibration' and stability®. The
derivation of the criteria follows similar lines in both papers, and the earlier one will be
summarised here.

The basic algorithm to be proved is that if Q) is the number of natural frequencies of the
structure which are less than some specified frequency, £, then

J(Q) = J,(Q) + s(Ky) (12.24)

where J,(Q2) is the number of fixed-end frequencies, less than Q, of the members of the structure,
and s(Kj,) is the number of negative elements on the leading diagonal of the Gaussian upper-
triangular form, K;’, of the structure stiffness matrix K|, at frequency Q.

When applied to buckling problems, (2 is some specified multiple of a given loading on the
structure. J(Q) and J, (Q) are respectively the total number of buckling loads and the number of
fixed-end instabilities of members occurring at load factors less than €, and s(Ky,) is the number
of negative elements on the leading diagonal of the Gaussian upper-triangular form, K", of the
structure stiffness matrix K, for the load factor Q.

{The proof relies on a theorem deduced by Rayleigh (1894, p.119) from energy
considerations. It can be stated as follows.

Suppose that the natural frequencies of a structure are W, sw,< . .<W,< . .sw,. If one

constraint is imposed on the structure, then the new natural frequencies of the structure,

also arranged in order, will be such that the rth, w,’, will lie between the rth and the

(r+1)th original frequencies, or ,

W 5w s W,
(i) If none of the original natural frequencies are coincident, and no node of the original modes
of vibration coincides with the constraint, then ©, < @, < @,,, .
(ii) The term ‘constraint’ must refer to an inhibition of one of the degrees of freedom of the
structure®. Here, it will be taken to remove that degree of freedom altogether.
(iii) Although Rayleigh’s proof was for a finite system, it is also valid for an infinite system,

Figure 12.12 The variation of the stiffness
determinant with loading or frequency.

! Wittrick, W H. and Williams, F.W. (1971} A General Algorithm for Computing Natural
Frequencies of Elastic Structures. Quart. Journ. Mech. and Applied Math. Vol.24, Pt3, p.263.

2 Wittrick, W.H. and Williams, F.W. (1973) An Algorithm for Computing Critical Buckling Loads
of Elastic Structures. J. Srruct. Mech. Vol.1,Pt.4, p.497.

3 Tarnai (op. cit. §9.9) has shown that some ‘constraints’, such as a pin-ended rod under axial
compression, can have a destabilising effect. These are not constraints in the above sense.
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provided that there is not a continuous spectrum of natural frequencies (i.e. the frequencies must
be countable).

(iv) If the original structure has m coincident natural vibration modes at a frequency w, and a
single constraint is applied, then the constrained structure will have m-1, m or m+1 modes at this
frequency. This can be seen by applying the above theorem to m natural frequencies over a range
which shrinks at the limit to the frequency w,_. The converse is that if one constraint is removed
from such a structure, there will be m-1, m or m+1 modes with frequency w, . This follows from
taking the initial structure as the one with a constraint added.

(v) A corollary of the above theorem is that if a single constraint is removed from the structure,
the number of natural frequencies, J(2), which lie below any given frequency € either remains the
same or increases by one. More generally, if ¢ constraints are removed, J(Q) increases by b
(O<h<c).

Let K, be the rth principal minor of X (that is, the determinant formed from the first  rows
and columns of K) and K, will be defined as +1. The Gaussian upper-triangular form, K has the
same principal minors as K and these are given by the products of the elements &, on its leading
diagonal. This means that X is given by the product of X, , and &,," .1t follows that s(K) as defined
above is equal to the number of changes of sign in the sequence X, X, . . K.

The matrix equations are now augmented by adding loads at points along the members and
relating them to their corresponding deflexions and the joint deflexions. The full set of ¥
equations is now

P Kna Knb d°
p K,, K,
where p* consists of the column vector of additional loads, p° , and the joint loads, p, the
augmented displacement vector, d#, consists of the additional deflexions, d °, and the joint
deflexions, d. The stiffness matrix K* consists of the array of submatrices shown which relate
these load and deflexion vectors.

Suppose that the set of N-n additional degrees of freedom measured has been chosen so
that if all N deflexions are prevented by rigid constraints, there are no natural frequencies of the
constrained structure below some specified frequency Q. This ensures that the elements of K/
(w<Q) are finite, as by definition there are no fixed-end natural frequencies in this range.
Moreover, all the principal leading minors K,,,* of K. ( = 1 to N) must be finite. The condition
for any natural frequency , (w<{QQ), to arise in the unconstrained structure is now that Det(K ;")
(=K, is zero.

All N constraints are now applied and then removed one by one, releasing the degrees of
freedom in d* in order, starting with the first. The condition for a natural frequency o to arise in
the structure after r degrees of freedom have been restored
is that K is zero, and after r+1 degrees of freedom have

4 = KAd4 or

(12.25)

A
been restored it is that K, * is zero. The variation of these Kor -
two minors with w is shown in Figure 12.13. Initially, as the w
. . . . i ¥ 3}——— >
structure is stable, K is positive definite so that all the TA}* l J QTQ
principal minors are positive. The natural frequencies after '
r constraints have been removed are shown by the zeros on mru I '

the upper graph, and after one more constraint has been !
removed by the zeros on the lower graph. From (v} above, f’\ ‘J’QQS\—'%\S\‘
removing one constraint will increase the number of natural

frequencies below a given frequency by one or leave the Figure 12,13 Variation of the
number unchanged. This can be seen from the relative leading principal minors of K.
positions of the zeros on the two graphs.
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Two values for the specified natural frequency are chosen, as shown by the black dots on
the upper axis. The lower, Q,, is such that both graphs have passed through the same number of
zeros. The higher, at w=Q, , is such that K,,,* has passed through one more zero than K" .
Note that inevitably in the first case, both minors are of the same sign at frequency w={Q, and in
the second case, they are of opposite sign at €,. Thus the existence of one more natural frequency
less than Q associated with r+1 releases than there are associated with r releases (and from
corollary (v) there can at most be one more) is detected by a change of sign between X and
Kq.,". Again from corollary (v) there can only be one natural frequency at most associated with
the first release. This is detected by K" being negative, i.e. there is a change of sign between
Ko and K. Tt follows that the number of natural frequencies of the augmented structural
system below the specified frequency €2 is given by the number of changes in sign in the sequence
of leading principal minors Ko, Ko, .. Kov' of K, ie. s(Ky').

The relationship between this and the original stiffness matrix will now be established. The
set of augmented equations is given by (12.25), where its is understood that the stiffnesses are
functions of frequency without using an additional subscript. In the original problem, no
constraints p” are applied. If partial Gaussian elimination is carried out to turn X, into its upper
triangular form and eliminate K,,, the equations then become

v /
K oa K, ab
0 K

0
P

dﬂ
d

(12.26)

where K is the original stiffness matrix. Upper triangulation can be completed by operations on
p
K only, giving
K, K,
KAV =" (12.27)
0 K¥

As the sign count is given by the number of negative terms on the leading diagonal of the upper
triangular form, s(K*) is the sum of s(K,,) and s(K), or at the specified frequency Q,

s(Kg) = s(K,,0) + s(Ky) (12.28)

Consider the case when constraints are applied to the joints so that p is such that d is zero and no
other constraints are applied. From (12.25), we now have

p*=0=K,_,d* (12.29)

and so the number of natural frequencies less than Q associated with fixed-end vibration of the
members of the structure, J,(Q), is given by s(K,). The total number of natural frequencies of
the structure, including the fixed-end natural frequencies of the members, which lie below  is
given by s(K;*) so that it can now be seen that (12.28) implies the algorithm given by (12.24).}

The software provided gives the ‘zeros count’, J(§Q) in (12.24), for the response to each
frequency Q examined. Up to point E in Figure 12.12, this will be the same as J,(2), but just
beyond E, J(Q) decreases by one and the fixed-end natural frequency count increases from zero
to one. Likewise, at the other asymptotes, the J(€2) count decreases and the fixed-end natural
frequency count increases but the total count remains the same. The proof distinguishes clearly
between vibration involving joint motion and individual bar vibration where joint motion is
prevented. In a pin-jointed frame, the degrees of freedom in the deflexion vector may be joint
displacements only. Then what are referred to above as ‘fixed-end natural frequencies’ are not for
encastré bars, but bars whose ends are free to rotate but not displace.

The arguments used to prove the equivalent algorithm for stability problems is similar,
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except that allowance has to be made for the possibility that buckling might occur at negative load
factors. Also, the non-linearities of the stability problem mean that buckling can depend on the
history of the loading. Even when the change in overall geometry of the frame is not taken into
account, it becomes necessary to apply the loads in moderate increments and repeat the analysis
at a given applied loading until the stiffness matrix for the assumed internal axial loads matches
that for the actual internal loads. This is indicated by no change in the value of matrix determinant
on successive cycles of analysis at the same applied loading.



Chapter 13 Influence Lines

13.1 Introduction

Influence lines illustrate the effects of loads travelling slowly' across beam-like structures.
Such structures are usually ordinary beams or pin-jointed trusses. Some of the graphical
techniques associated with influence lines may be replaced by more appropriate computer
methods. However, the underlying concepts still remain relevant. Usually, an influence line
diagram is first drawn for the effect at a fixed point on a structure produced by a unit moving
load. From such a diagram, the effect produced by a train of loads or a distributed load can be
found.

13.2 Elementary Beam Problems

(a) x
Figure 13.] shows the shear and bending A | 1 : B
influence lines for a point P on a simply-supported  p /g P ! %
beam AB under the action of a unit load. The ae—a—sp——>b Ry
conventions used are those shown in Figure 4.5. The S /I =
unit load is at a variable distance x from A. The pl () 7 g ‘
influence lines in Figures 13.1b and 13.1c show how X
the induced shear force S, and bending moment M, at P
P vary with x. The shear force is given by q i
Sp = RB (X<a)r e
<Ry -1 (x>a) 030 4] @, gy
where the reaction at B is given by aIb x \
. i
Ry = (13.2) .
a+b Figure 13.1 A simple beam.

The plot of the variation of Ry with x is shown by the upper sloping line in Figure 13.1b and the
plot of Rg-1 (or -R,) is given by the lower sloping line. The plot of S, switches from the upper to
the lower sloping line at x=a where the travelling load crosses the point P. The plot of the
variation of M, with x is shown in Figure 13 1c. This is given by

xb
a+b

=Ra-= l-—x— x>a).
A a( a+b) ( )

M, = Ryb = (x<a),

(13.3)

In this case, the influence line diagram happens to be the same as the bending moment diagram
for a unit load at P, but this is a coincidence and not a general rule.

Suppose that at a distance x along the influence line diagram for a unit load, the ordinate
is y, as shown in Figure 13.2a. If a load F is applied at this point, the effect produced at the point
P is no longer y but is magnified to Fy. In the case of a distributed load of intensity g, an
elementary strip 8x of it produces a resultant force g8x as shown in Figure 13.2b. If the ordinate

! Dynamic effects are not considered here.

13.1
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of this strip on the influence line
diagram is y, then the effect produced
at P by this elementary strip is gqydx.
The product y8x corresponds to the
area 84 on the influence line diagram
as shown in the figure. The total effect
of the distributed load g is given by
integrating gd4 over the length on
which g acts. If g is constant, then the
total effect is g4, where A4 is the area
of the influence line diagram between
the intercepts at the ends of the
distribution as shown in Figure 13.2b.

Consider a train of loads, £, to f;, at fixed distances apart, crossing a simply-supported
beam as shown in Figure 13.3. The bending
moment M, induced at P can be taken as the
sum of Mp, , the moment induced by the loads
to the left of P, and M, , the moment induced
by the loads to the right of P. The loads to the
left induce a moment

My, = 2 (fy) = X Uxtane) (134

where o is the slope of the influence line as
shown and the summation is from /=1 to 3 in
the present case. The resultant of these loads,
[, acts at a distance x from the left-hand end.
The moment can be expressed in terms of this
resultant, for the moment it produces about the
left-hand end is the same as that produced by
the loads f, or

M, = E (fx)tane = F x tane (135
Similarly, the moment produced by the loads to the right of P is given by Fyx, tanf} where x; is

measured from the right-hand end of the beam and {§ is the slope of the influence line as shown.
The total moment is then

Figure 13.2 Influence of a distributed load.

Figure 13.3 Moments induced by a load train.

M, = F x tana + Fox,tanf (13.6)

If the train of loads shifts a small distance &x to the right, x; is increased by 8x and xy, is decreased
by 8x. The change in the total moment produced at P is then

M, = F|dxtana - Fpbéxtanf (13.7)
so that as long as
F
Iy tanf . a
rom (-s) =

there is an increase in the moment produced. If the train of loads extends beyond the ends of the
beam, F; increases when another load enters the beam from the left and F;, decreases when a load
leaves the beam at the right. Thus the ratio 7,/ F, does not decrease when loads enter or leave
the beam as the train moves to the right. However, this ratio will decrease when a load



Sec. 13.2] Elementary Beam Problems 13.3

immediately to the left of P crosses this point. It then contributes to the resultant F, instead of the
resultant F;. A maximum value of M, is then reached just as a load in the train crosses P which
causes the inequality (13.8) no longer to hold. If the train is a long one, this may only be a local
maximum and not an absolute maximum. Maxima found in this way may be used to design
structures intended to carry moving trains of loads. Normally, such trains might cross in either
direction. This means that the worst case must be found for the train of loads in the initial order
and in the reverse order.

Most criteria of the above kind only establish local maxima, which must be compared to
find the absolute maximum load or deflexion induced at some reference point P. There are some
exceptions. Suppose that the train consist of only two loads, f, and f;. It can be assumed without
loss of generality that f; >f, and a>b. If the beam is simply supported, the maximum bending
moment induced at P will be when /] is at P and f, is to the left of it. If a uniform distributed load
is longer than such a beam, the worst bending moment occurs when the load covers the whole
span. However, the maximum shear stress occurs when this load stretches from the left support
to the point P, again assuming a>b.

Figure 13.4 shows a moving uniform distributed
load of finite length displayed above an influence line
diagram for some point P on a structure. As noted earlier,
if the intensity of the loading is p, then the effect produced
at P is given by pA4 where 4 is the hatched area shown. If
the load moves a small distance dx to the right, then 4
increases by a small amount y,dx and diminishes by a small
amount y,8x. Thus as long as y, >y, the effect increases.
A maximum is reached when y, = y, . In the simply-
supported beam problem, it follows that the worst bending Figure 13.4 Maximum effect of a
moment at P induced by such a load occurs when the load moving distributed load.
is divided by P in the same proportion that P divides the
beam. This can be seen from the properties of similar triangles applied to Figure 13.1c.

Consider the shear produced at P by
the train load shown in Figure 13.5. The slopes =y }«-A y —g -
of the two parts of the influence line are both

1/1. This means that if the train moves a small fUP AN
v

distance Ox to the right, a force f; in the train y
contributes a positive increment to the shear at

P of fdx/l, regardless of its position on the }/ ’ 1
beam. Thus provided that no load crosses the /l/

point P, or enters or leaves the beam, the
increment in shear produced by the train of

1
loads is */ -7
8S, = E f,ol = Foxll (134 N l

where F is the resultant load of the train. This
is necessarily a positive increment if all the
loads are acting downwards. A load just entering at the left of the beam will also make a positive
contribution and a load just leaving the beam will make no contribution at all to the increment.
Thus the positive shear will increase except when one of the loads in the train crosses the point
P. If a load f; is on the point of crossing P, a local maximum value in S, is reached, as this shear
force is reduced by the finite amount f; during the crossing. The next local maximum is reached
when the next load, A, behind as shown, reaches P. If no load has entered or left the beam during

Figure 13.5 Maximum shear load of a train.
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this shift, this new maximum is greater if FA,// - f; is positive. This can be used as a criterion in
looking for the absolute maximum shear force produced. Of course, the maximum amplitude of
the shear force is normally sought, regardless of its sign. This means that the most negative shear
force must also be examined.

13.3 Envelope Diagrams /{T\'\

In designing a span, it is useful to know the
maximum bending moment or shear force sustained at
every section for any position of the loads crossing the
span. Figures 13.6a and 13.6b show respectively the
plots of the maximum bending moments and shear
forces at each point of a simply supported beam when a
unit load crosses it. The plots of the maxima (shown by
solid lines) form envelopes of the diagrams' (shown
dotted) for the load at each point along the span. In the
case of the shear force diagram, the maximum positive
and the maximum negative shear forces are shown by
the two sloping lines. Thus the maximum absolute shear
force is given by two lines forming a Vee shape, with Figure 13.6 Bending moment and
end values of unity and a central value of a half. shear force envelopes.

Some methods of determining the
maxima for more complex loading were given
in the last section. A further method is
particularly useful in finding bending moment
envelopes for load trains. It has already been
seen that the maximum bending moment at a
point P will occur when one of the loads in that
train is over that point. The unit-load bending
moment influence line diagram for P shown in
Figure 13.7 can be thought of as a straight line
from zero at the lefi-hand end to b at the right-
hand end, from which a straight line of unit
slope, starting at P, must be subtracted.
Suppose that the resultant load F of the Figure 13.7 Absolgte maximum
complete train acts at a distance d to the left of bending moment.
P and the resultant of the loads in the train to the right of P, F,, acts a distance c to the right of
P. The bending moment at P is then

14

Fb -
My = 2201 - b - d) - Fe (13.10)

The two expressions on the right-hand side of this equation result from the two straight lines
mentioned above. It follows that the bending moment M, at a point beneath a given (moving) load
varies parabolically with . By differentiating this expression with respect to 4, the maximum
value of M, occurs when

! That is, the ordinary bending moment and shear force diagrams discussed in §2.8.
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d
=bh + =
2 (13.11)

N|\

Physically, this means that the midpoint of the beam lies midway between P and the resultant F.
This gives a maximum for a given set of train loads on the beam. The bending moment envelope
for the load train can be formed from parabolae of the type given by (13.10).

13.4 Trusses

The influence lines for the bar forces induced by loads
crossing a truss are usually found from the method of sections.
The loads are not normally applied directly to the truss but act on 1.4 d
a roadway or railway which is supported at the truss joints. The ! !
joints are taken to act as simple supports and the loads
transmitted to them are equal and opposite to the support
reactions. Figure 13.8 shows how a unit load at a distance d
from a joint would be transmitted to a single truss. The end
reactions on a length / of the supporting way are 1-d/ and d// so that the loads on the joints are
equal and opposite to this. (Normally, a bridge would consist of two similar trusses and any
travelling loads would be taken as being shared equally between them.)

The influence lines for axial tension
in the bars CD, DE and EF of the equilateral
triangular Warren truss shown in Figure
13.9a can be found in this way. Sectioning
through these three bars, the bar forces are
found to be linear functions of the position, T

e—— ] ——»i

Figure 13.8 Transfer of a
unit load to a pin-jointed truss.

x, of the unit load, either when it is to the left f [}
of E or to the right of F. Also, the bar forces g3v3 23
are zero when the load is over the supports 3, (%)
A and B. When the load is between E and F, T " 233!
it is transmitted to these joints in the manner o 3
discussed in the previous paragraph. If the W3
bar force n takes the values n; when the load ! (©)
is at E and n; when it is at F, it takes the /‘J,,\
value I"z/ 7/3v3 5/2V3 —

n=n(l—‘—1)+n‘—i (13.12) ' '

E l Fl ) (d)

when the load is d to the right of E (d<1). Figure 13.9 Bar force influence lines.

This follows from the proportions in which the unit load is transmitted to joints E and F, as shown
in Figure 13.8. From (13.12), it follows that the bar force influence line varies linearly between
ng and 1, as the load moves from one joint to the other. In general then, it is only necessary to
determine the ordinates of the influence lines at either end of the sectioned lower chord (1 and
n, in this case) and the full influence line can be drawn. It consists of three straight lines. Here,
these are one from zero at A to n; at E, one from zero at B to n; at F and a third finking the first
two at E and F. The influence lines for CD, DE and EF are shown in Figures 13.9b to 13.9d. Note
that in the first case, the third line is simply a continuation of the second line.
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13.5 Miiller-Breslau’s Theorem ys D(=0)Ln(=‘)’ R ) L/=0), D/

Miller-Breslau’s  theorem is 3 O (a)
derived from Betti’s reciprocal theorem _ “LiD =N
(see §3.4). It can be used to find the 4Ln D, (=0)L1(_1)’q L(=0),D’
influence line for a workless reaction or eI %\A\ 0
internal load induced by a unit force LD’ (=1)
crossing the structure. A release is RS v L0 D’
introduced which permits the reaction or 4 Ly D,=0) 7 E0.0
internal load to move by a unit amount! ’@J#/O (© “\@v
through its corresponding deflexion. The LD (=1)
deflexion curve produced by this is the L,D=0) L=1.4 5 e {fl’(=0),1)l .
same as the required influence line.

This statement is Miller-Breslau’s @ /}\l( o
theorem, and the proof consists of LID'ED =0y, D"
comparing two problems. In both cases, ., LeEn.y ' '
the structure is given the above release. In b )
the real case, a unit force (L,=1) which L2 D(=1)
induces the reaction or internal load L, L, D,(=0) 'fr 72

which prevents any deflexion of the
release (D,=0). In the second problem, the Figure 13.10 Applications of Miiller-Breslau’s
release is moved through a unit deflexion theorem.
(D,'=1) by the application of a suitable reaction or internal load L," and no other load is applied
(1,'=0). Applying (3.34),

LD + LDy = L/'D, + LD, ,

or l.Dl' + L,.1

0.D, + L,.0 , (13.13)
hence L, = -Df

The deflexion D,’ occurs at the same position as the unit force L,. Thus the plot of D |’ for all
positions of L, is the deflexion curve of the structure in the second problem. The plot of L, for all
positions of L, is the influence line diagram in the first problem. Then from (13.13), the influence
line for the first problem is the deflexion curve for the second problem. (Note that a positive L,
ordinate i3 taken upwards, whereas positive D, is downwards. Thus the two diagrams are the
same way up rather than one being the inverse of the other, as might be inferred from (13.13)).

The left-hand column of Figure 13.10 shows five real problems where an influence line
diagram is sought for the action of a moving unit force L, . The matching displacement curves for
a unit deflexion are paired with them in the right-hand column. In Figure 13.10a, the influence line
for the reaction at the knife edge is found from the displacement curve induced by a unit upwards
displacement at this support. In Figure 13.10b, the influence line for the fixed-end moment at the
left-hand end is found from the curve given by a unit rotation of this end. In Figure 13.10c, the
influence line for the internal moment at the knife edge is found from the curve produced by
giving the beam a unit relative rotation at this point by applying a pair of equal and opposite
moments. Similarly, in Figure 13.10d a pair of equal and opposite shear forces are applied at some
section inducing a unit relative displacement, D,’, either side of the release. (Note that this is a
single release rather than a real cut; the slope of the beam on either side of the release is the

! The unit amount (displacement or rotation) is considered to be a small deflexion.
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same.) The resulting displacement curve is the influence line for the internal shear force, L, ,
shown in the left-hand diagram. In Figure 13.10e, the reaction at an elastic support is required.
The reaction at the top of the spring is not a workless reaction, but that supporting its base is.
This means that the required displacement curve, giving the influence line for this reaction, is
found by giving the base of the spring a unit upwards displacement D,’.

Example 13.1 Influence Line for the Reaction at a Spring Support

Suppose that the beam shown in Figure 13.10e is of length / and bending stiffness £/ and
that the spring has a stiffness equal to £//7*. Measuring x from the fixed left-hand end, the bending
moment induced by an upwards spring force L,’ is given by

M=E1d—2v=L'(:‘—x) 3
ok (13.14)

where the displacement of the beam, v, is upwards-positive as usual. At the fixed end, v and its
gradient are both zero, so that on integrating (13.14) twice,

L/ 2 3
vy 2| xT X (13.15)
Ery 2 6
The upwards displacement of the base of the spring is then given by
L' ;3 3 L 4L ?
py=2|L_ L), "= (13.16)
EI 2 6 El 3EI
However, D,’ is a unit displacement, so that from (13.16) and (13.15),
3EI x?
L'==— , v=——(3 -x) 13.17
SPYE 8/ (1317
This gives the displacement curve for the second problem and hence the influence line diagram

for the initial problem.
Exactly the same method can be applied to A p B ¢ D

statically-determinate structures. In such cases, a Af“ 1/2->ta— l/2->/f<— 2 * 1/2v$

single release turns the structure into a mechanism

and the unit deflexion produces a determinate 12 //’1//‘4\\ 2 (2)

rigid-body motion. Thus to find the bending AL/{ ) N\Q ‘< -

moment influence line diagram for the point P in Z\\ I—/‘4— //"ﬁ

Figure 13.11a, a virtual pin is inserted and AP and ~y ®)

PB given a relative unit rotation. This produces the

deflected form shown in Figure 13.11b, which is 1 } o

also the required influence line. The shear force A 1/2
influence line diagram is found by giving the two (c)
points on either side of P a unit relative

displacement, but maintaining a common slope on Figure 13.11 Statically-determinate
the two sides, as in Figure 13.11c. This method can influence lines.

also be applied to finding the influence lines for bar
tensions in statically-determinate pin-jointed trusses, giving a unit bar shortening. However, it is
generally simpler to use the method in §13 .4,






Chapter 14 Optimum Structures

14.1 Introduction

The first work in this area was concerned with finding structures using the least volume
of material to support loads in known positions with given support conditions, given limiting
stresses in tension and compression. An introduction to the subject will be found in Parkes (1965)
Chapter 5. More advanced texts on this classical theory of optimum structures include Cox (1965)
and Hemp (1973). The subject is now taken to include optimisation on the basis of other criteria
such as stability and dynamic effects. Haug and Arora (1979) and Morris (1982) consider some
of these. Most structural optimisation is carried out by a series of approximations to the ideal
solution. Such iterative processes are well suited to computer analysis. A trial structure is defined
and modified to meet certain objectives such as minimising mass or cost, maximising stiffness and
carrying capacity or controlling the range of natural frequencies. The modification is carried out
by altering a set of variables (member properties, joint positions or frame topology) within the
limits imposed by certain constraints, such as stress or displacement limits or the zone in space
which the structure is allowed to occupy.

14.2 Maxwell’s Theorem

In structural mechanics, Maxwell’s reciprocal
theorem' is well known. This is a particular case of Betti’s
theorem, discussed in §3.4. Only two loads, P,, P, and their
corresponding deflexions, D,, D, are considered. The second
set of loads and deflexions are marked by primes. We take

P =0,P,=1, P =1,P =0 (14.1) A B
as shown in Figures 14.1a and 14.1b respectively.
Substituting this in (3.34) gives

0xD| + 1xD; = 1xD, +0xD, or D, =D, (14.2)

Figure 14.1 Maxwell’s
reciprocal theorem.

This can be expressed as “The deflexion produced at a point A by a unit load at point B is the
same as the deflexion at point B produced by a unit load at point A” it being understood that at
each point the loads and deflexions correspond to one another.
Maxwell’s theorem of framework design’ can be used in o
seeking optimum structures. It is an application of tension coefficients L Y
to pin-jointed frames (cf. §2.7). Suppose that the external load e :
applied to joint i of such a frame is given by the force vector F, and r
its position by r,. It is linked by a bar i to a joint j with a position
vector r;. The force exerted by the bar on joint i is then given by
1,(r; - r;) where is the tension coefficient for ij. The equilibrium

of joint 7 is given by

S, )

- - Figure 14.2 Typical bar
2 by~ )+ Fo=0 (14.3)  jj of a pin-jointed frame.

adjj

! See W.D. Niven (1890) Vol. 1 p. 598 for example.
2 Ibid. Vol. 2 p. 175.

14.1
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where the summation is over all joints j linked to joint 7.
Rearranging (14.3), taking a scalar product and summing over all the joints

> ( E t,(r; - ’j)"i) =Y Fer, (14.9)
i adjj '
In summing this expression over all the joints (including the supports) each bar force appears
twice; once for each joint. Summing the lef-hand side of (14.4) over the bars ij instead of the
joints 7, (14.4) becomes

bgu U -rer + (rmrpen] = Z Fer; (14.5)
Now

2
1l -r)er + (r=r)er] = 4, (r-r)(r;-r)) = 1,05 = P,

(14.6)
where /, is the length of bar ij and P, is the tensile axial force in it.
Suppose that each bar is either at its limiting tensile stress o, or at its limiting compressive

stress 0, and that the volume (length times cross-sectional area) of bar ij is V. Then

P, = o), (P tensile) or = -0V, (P, compressive) 14.7)
Then (14.5) becomes
bz‘ (OIVU or —ocVu) = OIVI - och = E Fi'ri (14_8)
ars if ]

where V, is the total volume of the tensile members and V, is the total volume of the compressive

members. Equation (14.8) is Maxwell’s theorem. It is possible to draw the following conclusions

fromit.

@) If a known set of forces (F,) is to be carried by a framework at a known set of points
(given by the position vectors r;) then whatever frame is designed, o V-0 V_ will always
be the same.

(ii) The minimum total volume may be obtained by minimising either V,or V.

(iii) A framework whose members are entirely in tension (or compression) is always an
optimum frame.

Note that the external forces include the (known) reactions, as would be the case if they were
statically determinate. The frame itself may or may not be statically
determinate.

The choice of origin for the vectors r, in (14.8) is arbitrary.

The fact that the sum of the scalar products does not change when

a different origin is chosen can be deduced from the equilibrium (a)

condition that Y F, is zero. If } F,-r, is zero then ¢,V is equal to

o.V,, and if the two limiting stresses are the same, the volumes of ~ 4———>~,.

material in tension and compression are the same. Examples of /y\

such equivolume frames are shown in Figure 14.3. This is most ﬁé/ }\Qk)

readily seen by taking the black dots shown as the origin of the

position vectors in each case. In Figures 14.3a and 14.3b, these 2

vectors are normal to the applied loads. In Figure 14.3¢c, the *
distance separating the pair of unit loads is twice that separating d 7 \> s
the other pair of loads. Note that in this case, the frame is NS
redundant, which implies that there is no unique choice of cross- (c)\//z

sectional area of the bars in the limiting-stress design.
Conclusion (ii) above can be drawn, because from (14.8)

. . L X Figure 14.3 Equivolume
it follows that any change of design resulting in a reduction of the

limiting-stress frames.
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tensile volume must be accompanied by a reduction in the compressive volume (and vice-versa).
The limit to which this can be taken is when either the tensile volume or the compressive volume
becomes zero. Any such frame is then an optimum structure, leading to conclusion (iii).

Example 14.1 Optimum Frames for a System of Three Forces

Figure 14.4 shows three

tensile frames designed to carry F L L F F £
three forces F of equal magnitude

at equal angles to one another at a 1/3

distance L from a central origin. In L

the third case, the angle 8 shown (2) F (b) F

must be less than 30° for all the
members to be in tension. From  goure 14,4 Various optimum frames for a given loading.
the right-hand side of (14.8), the

volume of each tensile structure should be 3F7/0,. This is immediately obvious in case (a). In case
(b), the length of each bar is Lv3 and the force in it is F/V3, so that the volume is the same. In
case (c), suppose that the six bars like AB are of length /. The length of the three bars like BC is
then 2/sin@ and L is lcos@+(lsin0)/V3. The force in the three bars like BC is FsecOsin(30°- 0)/v3.
The volume of this frame is then given by

v, = -:;—(?sece + 61;1 secOsin(30°- 0)sinb = 3—F’(cosﬁ +‘/l3sin9) (14.9)

t o3 9,

so that, given the above relationship between L and /, the total volume is again 3FL/g,.

Another frame could be made by combining those in Figures 14.4a and 14.4b. This is
redundant, but provided that the tension 7'in the inner bars is less than F, the outer bars will have
a tensite force (F-T)/V'3 in them, yielding an optimum tensile structure. It will be assumed that the
material has a Young’s modulus E and that there is no lack of fit. The inner bars will be taken to
have a cross-sectional area 4 and the outer ones to have a cross-sectional area a. Then applying
Castigliano’s theorem and assuming that all the bars are fully stressed,

- 2 T2 _T
0= L3 TL (F-IVIP | here 04 =T , aa=2"L (1410
or 20T\ FA Ea 3

However, the first condition is immediately satisfied by the remaining two. This means that this
combined frame represents a range of optimum structures ranging from 4=0 (7=0) to a=0 (T=F).

14.3 Michell Structures

Michell’ developed Maxwell’s theorem to provide a basis for the generation of certain
types of optimum frame. Consider all possible frames, with the same limiting stresses o,and o,
which will support a given set of forces F, at positions r,. The total volume V of any frame will
be the sum of V, and V, . We seek to minimise ¥, which is the same as minimising a constant
(positive) multiple of V plus another constant. From (14.8), such an expression is given by

2olocV M (0{ N oc)(O(V: B OCVC) = (0( * oc)(chx M Och) = (ol M oc)bzu ‘P'J' Iij (14.11)
ars if

! Michell, A.G.M. (1904) The Limits of Economy of Material in Frame-structures. Phil. Mag. V.8 p.589.
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Thus minimising V is the same as minimising ¥ | P,|/,, even when g, and o, are not the same.

Consider the joints of all possible frames to be embedded in a deformable space. Suppose
that this strained in such a way that the magnitude of any direct strain does not exceed some
infinitesimal amount €. Then the change in length of any bar ij, e, /,, will be such that the
magnitude of e, is no greater than €. As the frames are in equilibrium, the virtual work done by
the external loads, 8, during this deformation will be equal to the virtual work done by the
internal loads (see §2.2 and §2.4). Then for any possible frame,

3w =Y, Pue,l, s Yy AP lle,ll, < € Z“ P11, (14.12)
bars if bars i bars if

Suppose that a frame can be found in which all the bars are strained by exactly €, and in the same
sense as their axial loads. Then

8W = Y Plejl =€} |Pj{l (14.13)
bars i bars i
where the asterisk denotes this particular frame. Comparing (14.12) and (14.13), we sec that this
particular frame has the lowest possible value of ¥ |P;}/, and hence from (14.11), the lowest
possible volume for the given loading.
For example, suppose that the strain field is one of uniform tensile strain € in all directions.
Then any frame carrying the loading with all its bars in tension will be a minimum-volume frame,
as in Figure 14.4. This volume will be given by

Pl 8w _ 1 1
L 2 =22 = Y Fer.= —Y F-r, .
b‘;,j o, ' og o,ez,: Y olz,: Y (14.19
as in Example 14.1.

However, as has already been seen, some loading conditions dictate that there must be
both tensile and compressive bars in the frame. In the case of optimum frames for loadings such
that 3 F,er, is zero (as shown in Figure 14.3 for example) it follows from (14.8), (14.11) and
(14.13) that

. 1,1 1 g 1,1 1, 6W
= - — + — , S —_—t — ) —
4 2(0' Oc)bazn:lj 'PU“U 2(0, 0.:) € (14.15)
Frames are sought in the which the bars have overall strains of +€ induced by such strain
fields. As these are the principal strains of the field, the tensile and compressive bars of such
frames will be orthogonal to one another. Such frames are known as Michell structures.
{The general compatibility equations governing strain fields of this kind are most readily
expressed in tensor notation (see Renton (1987) for example). Orthogonal curvilinear coordinates
0/, y, y*) must satisfy the metric equation

ds* = (hdy') + (hdy?)? + (hydy’) (14.16)
(ibid. (3.78)) where d is the distance between two adjacent points with an infinitesimal difference
in coordinates (dy', dy?, dy?). For example, in cylindrical polar coordinates,
yr=r , y*=0 ,y'=z , b =1, h=r, h=1. (14.17)
If the (physical) components of displacement in the directions of the coordinate lines are (1,,u,,u,)
the expressions for the physical components of strain are given by

1 aua ub aha uc aha hﬂ d Y hb d il
eaa = — -——a + -——b + — > Yab = —"—'—b 7 *t - a 7 (l4'ls)
ha ay hb 3)’ hc ay ‘ hb ay ha hﬂ ay h"
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(ibid. (A1.12))! where e,, and y,, are the normal and shear strains respectively (cf. (3.9) to (3.13))
and a, b and c are any permutation of 1, 2 and 3. These then represent six equations. If the normal
strains are principal strains equal to € so that the shear strains are zero, (14.18) imposes
conditions on the possible strain fields. The plane-strain equivalents are given by dropping the
terms in ¢, giving only three equations.}

Plane-strain problems where the principal strains are everywhere +€ and -€ correspond
to incompressible flow. These are associated with slip-line fields in plastic flow described by
Hencky? nets. Consider the case where there is a radial principal strain of +€ and a circumferential
principal strain of -€. Expressed in terms of plane polar coordinates, (14.18) becomes

i 1| o4, | du, 3l v
= —= , € =—) —+u | =-€ | E——+r— -=1=0. 14.19
r '] T rdd o\ r ( )
This yields the following general solution for the radial and circumferential displacements of the
field:

u, = er +4sin@ +Beos® , wu, = -2€r8 +Acosb - Bsin® + Cr (14.20)
where A4,B and C are arbitrary constants associated
with rigid-body motion. With respect to the
coordinates shown in Figure 14.5, the vertical
displacement of a point in this field is given by

u, = u,cosO - u,sin0

= €r(cos® +20sin0) + B - Crsin® (14.21)

This field is applied to finding a structure to support
a force F midway between two knife-edge supports A
and B, / apart as shown. Note that , is not the same
when 0=0 and 6=2m, so that this field cannot be used
to describe the whole plane. A suitable frame will then be sought in the upper half-plane. At the
supports A and B, », must be zero. This implies that C is zero and that B is -mel/2. This gives the
displacement of F at its point of application (=0) and hence from (14.15) the volume of the
corresponding Michell frame is

v o= 1(_1_ . l)b_W = E(_‘ . l]Fl (14.22)

2{o0, o0} € 4\ o, o,

Figure 14.5 Half-plane Michell frame.

The members of the frame must lie in the directions of
the principal strains and carry the load to the supports,
so they form the semicircular fan shown by solid lines in
Figure 14.5. The radial members are in tension and the
semicircular arch (shown bold) is in compression.

As this was a strain-field solution for an
incomplete plane, this was not necessarily the optimal
frame that could be found for a complete, continuous
field. This field can be piecewise-continuous, matching

Figure 14.6 Full-plane Michell frame.

'Love (1952) uses the inverse definition of the coefficients A, (cf. Chapter 1 Equations (32) and
(36)), but the above are the currently accepted definitions.

2 Hencky, H. (1923) Uber einige statisch bestimmie Falle des Gleichgewichts in plastischen
Korpem. Z. angew. Math. Mech. V.3 p.241.
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the displacements of different fields on their common boundaries. Figure 14.6 shows such a field,
made from matching polar and cartesian strain fields. The upper and lower polar fans subtend
angles of 90° and the rest of the field is filled with two cartesian fields with axes at 45° to the
horizontal as shown. General expressions for the strain fields are obtained as before and the
conditions of compatibility on their common boundaries and zero displacement at A and B are
then satisfied. Taking the polar coordinates in the upper field to be as before, and those in the
right-hand field to be x and y as shown, the displacements in these two fields are given by

u, = €(r~y2DcosB) , u, = -€(2r0 - /2Dsin0)

u = -e(x-D+%ny) . u, = €(y-1 +%nx)

where D = —1—-(1 +£]
22 2
This gives a vertical displacement at the point of application of the force F of €V2D downwards,
so that from (14.15) the volume of the corresponding Michell frame is

V~=1[l+L)5_W=l[i+l]F1[1+§] (14.24)

(14.23)

2\ o, o .| € 41 o, o,

It will be seen that this volume is 18% less than that given by (14.22).

At first sight, these two solutions are impractical. They both require fans with an infinite
number of members, and that shown in Figure 14.6 is unstable. However, they could provide
guidance for reinforcement in fibre-reinforced materials, and frames with a finite number of
members can be found which approximate to them. Some of these are shown in the following
table.

Table 14.1 Frames to Support a Central Point Force

Case Structure 2Voo /Fl(o,+0,) ¥y (%) Vv (%)
I+ E) < 12854
1 2 2 ’ 100 1222
la @ 242 - 1.5 = 1.3284 96.8 118.2
I - 15708

2 2 81.8 100
2a N—\ V3 = 17321 74.2 90.7
2 @ 4(/2 - 1) = 1.6569 776 948
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In all cases, the fans have been divided into equal segments. In columns four and five of the table,
the volumes of the two Michell structures, V,* and V,*, are expressed as ratios of the volumes
V of the other structures to give a measure of their efficiencies.
If the principal strains are +e€, then Mohr’s circle is as byr2

shown in Figure 14.7. Then it is possible to define this state in
terms of coordinates at 45° to the directions of these strains. In
terms of this orientation, the shear strains are +2€ and the normal
strains are zero. Taking these conditions relative to polar
coordinates, (14.19) becomes

ou Ju
e“:_é_lz ) ezz=l(.5_1+ul]:0
r ’ (14.25)
19 3| Figure 14.7 Mohr’s
= —— 2| 2| =42¢. e
rao8 ol r strain circle for pure shear.

The general solution for the displacements of the strain field is given by

u, = Asin® +Bcos® , wu, = AcosO - Bsin® + Cr+2erinr (14.26)

where 4,B and C correspond to the same rigid-body motions as before. Note that this
displacement field will fill the whole of two-dimensional space without the problems associated
with the solution given by (14.20).

Consider the problem of a torque T applied to a ring
of radius r, which transmits it to an inner ring of radius r,, as
shown in Figure 14.8a. It will be assumed that the torque
forces are applied tangentially, so that the structure
transmitting this torque is an equivolume one. For no
displacements at the inner ring, (14.26) becomes

u =0, u, = 2er ln[ L] 14.27)
r
The volume of the Michell structure for this field is then
found from (14.15) to be
1.4 1 1 r,
— = (= —)Tln[ —] (14.28)
g, O, r

1

ag €

V' = l(l + _1.)
2 0! c {
The members of the Michell structure lie along the
trajectories of the principal strains of this field. These form
the spirals shown, which are at +45° to the radius vectors (b)
from the centre of the disc.
A similar problem is shown in Figure 14.8b. Here, Figure 14.8 Orthogonal spiral
the inner ring is to carry a point force F at a distance / from Michell structures.
its centre. The required Michell frame is the spiral structure

shown and its volume is given by

. 1.1 &)
V'=(—+—)F In[ —) (14.29)
8] o r

4 c

(r=I cf. (14.28)). Variations on these structures for other loading and support conditions will be
found in Hemp (1973) for example.
Some three-dimensional Michell structures have also been found. Again, it is necessary
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to find a strain field with principal strains of € so that the Michell structure lying in it has its
members strained to these limits. Alternatively, it is again possible to seek fields in which the
normal strains are zero and the shear strains are +2€.

{One such field can be described in terms of spherical polar coordinates

yt=r , y*=0 | y’=¢ , h =1, hy=r , hy=rsin0. (14.30)
with the displacements
u, =u; =0 , wu, = 2ersinOlncot(6/2) (14.31)

Then appplying (14.18), the only non-zero strain is y,;, which is -2€ (cf. Renton (1987) §A1.2).
This implies principal strains of +€ at 45° to the y* and y* coordinate lines on spherical surfaces
of constant ' (i.e. constant 7). The trajectories of these principal strains are known as rhumb
lines.}

Figure 14.9 shows a problem to which the
above solution can be applied. Equal and opposite
torques 7 are applied around the peripheries of two
circles of radius R, a distance / apart. The origin of
the spherical polar coordinates is taken midway
between these two circles, on their line of centres.
These two circles subtend an angle 0, to this line at
the origin, as shown. The work done by the
torques, 8, during the displacements given by
(14.31) is given by T times the relative angle of
twist, @, of the two circles. This angle is given by

Figure 14.9 Longitudinal torsion problem.

G = u(r,0}/R~u,(r,n-6)/R
= 4elncot(0,/2) {R=rsinf,}. (14.32)

The shear forces exerted by the torques on the peripheries
of the circles are normal to the radius vectors from the
origin, so that (14.15) applies, giving the optimum volume

po 1L, 10w
2 0, 0, €
= 27(L + Lyincots, /2) (14.33)
ol OL‘

. Figure 14.10 Spherical
{6, = tan '(2R/1) ) gMichell struc’:ure.
The optimum structure giving this volume lies on the
surface of a sphere which passes through the two
circles. The pattern of its members is shown in Figure
14.10.

It is perhaps surprising that the structure does
not lie on a cylindrical surface of radius R, as shown
in Figure 14.11. A strain field with principal strains of
+€ on this surface can be found relatively easily. It has
trajectories at +45° to the axis of the cylinder, as
shown in the figure. However, the principal strains are
either more or less than these values in the rest of

Figure 14.11 Cylindrical structure.
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three-dimensional space, and so applying the theory only yields an optimum for this surface. This
has members lying along the trajectories shown and has a volume given by

V, = (—+—)= (14.34)

This value is always greater than that given by (14.33). The ratio V,*/V * varies from 2.162 when
I/Ris 10to 1.039 when /Ris 1.0.

Other strain fields have been used to develop Michell structures for particular problems.
Thus Hemp (ibid. §4.8) uses principal strain trajectories formed by orthogonal cycloids to
generate cantilever frames confined to a rectangular zone and Ghista and Resnikoff' use bipolar
coordinates for a proposed reentry body configuration. Other suitable strain fields may be
developed from the orthogonal coordinate systems described in Korn and Korn (1961) §6.5-1 for
example.

Another problem of practical interest is that of finding the stiffest structure, using a given
volume of material, which wilt carry a specified loading. Here, maximising the stiffness is defined
as minimising the work done by the loading and hence minimising the strain energy stored. The
problem is then that of minimising the strain energy of the structure subject to the conditions that
its volume is to remain constant and that it will carry the given loading. These conditions can be
expressed by the use of Lagrange multipliers. It was first shown by Cox (1965) that the stiffest
structure in this sense is a Michell structure. Constrained optimisation will be discussed further
in the next section.

{14.4 Linear Programming}

{Linear programming is one of the fundamental mathematical techniques of optimisation.
It relies on the governing equations being linear, although it can be modified to minimise quadratic
functions (see Haug and Arora (1979) §2.5). The standard form of the problem is to minimise the
objective function V where

V=c'x or V= El cx (14.35)
=

c is a column vector of constant, non-zero elements c; and x a column vector of variable elements
x, which are greater than or equal to zero. These variables are subject to the constraints

Ax = b or Y ax =b, (i=1tom m<n.) (14.36)
=1

Other problems can be reduced to this standard form by noting the following.

() Maximising W is the same as minimising - .

(i)  Any variable which may be both positive and negative can be expressed as the difference
of two positive variables.

(iii)  Any condition that a function of x is less than or equal to a given value can be expressed
as an equality to that value, by the addition of an extra variable to the column vector x,
This is known as a slack variable and is added to the left-hand side of the inequality.

(iv)  Likewise, if an expression in x is greater than or equal to a fixed value, it can be turned
into an equality by subtracting a slack variable.

! Ghista, D.N. and Resnikoff, M.M. (1968) Development of Michell Minimum Weight Structures.
NA.SA. Technical Note D-4345. However, this is used for a purely compressive field where the
principal strains would be the same in all dircctions.
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Example 14.2a Reduction to the Standard Form

Suppose that the problem is to maximise W where
W = -7y, + 8y, + 3y, subject to
6y, + 5y, 2 14 (14.37)
2y, + 9, ~y; s 8
where y, and y, are positive variables and the variable y, can be positive or negative. This can be
changed to the standard form of minimising /" where
V' =Tx, - 8x, - 3x; +3x, subject to
6x, + 5x, - x; = 14
2, + 9%, - x; +x, +x,=8 where

X=X, %=V s 37X )

(14.38)

and the variables x, are all positive.

In (14.36), there must be fewer independent equations than variables x; (m<n).If this were
not so, these variables would be determined, and so would ¥, and so no minimisation could take
place. There is then no unique solution to these equations. First, the possible solutions are found,
using the Gauss-Jordan process. This is very similar to normal Gaussian elimination.

First, the coefficients a, and the terms b, are arranged into a single array or tableau:

b

a ...a

a Se-- a 1p+1 In

12 1p 1

(14.39)

a ... a._ b

aml amZ o mp amp'l mn “m |

Then for each row 7 in turn (i=1 to m) the following process is carried out.
1) Find the first non-zero term in row i, a,’ say. (The prime indicates that this term may
already have been changed during this process.)
2) If all the elements in row i are zero, discard it. It is simply a linear combination of the
previous rows. (If all the elements except b, are zero, then the equation is inconsistent
with the rest and there is an error in the way the problem has been posed.)
3) If k#i theninterchange the ith and A&th columns, renaming x,and x, as x;" and x;’.
4) Divide all the elements in row i by the current a,’, so that a,’ itself now becomes
unity.
5) Eliminate all elements a,’ both above it (/</) and below it (/>7) by subtracting a,’
times row i from row /.
There will now be p rows remaining (p s m ), as m-p rows were discarded at step 2. These have
the form:

/ / /
Apa - A, by

(14.40)

pprl - Tpn Tp
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The original set of equations is satisfied by taking x," to x," to be b, " to b, and the remaining
variables x,.,,’ to x," to be zero. The column vector {b,"..5,'} is known as a basic solution x; .
Ifb," to b’ are all positive, then it is known as a basic feasible solution, because the variables X,
are defined as all positive. The variables x,* to x,” are known as key variables and the variables
x,,' tox,’ are known as free variables. The remaining solutions can be found by setting each of
the free variables to unity in turm, and the remainder to zero, and solving the (modified) equations
for the case when the coefficients b, to b,’ are all zero. Any multiple of these complementary
solutions, when added onto the basic solution, is also a solution of the original equations.

Example 14.2b Finding the Full Set of Solutions

Taking the problem given in Example 14.2a, the array corresponding to (14.39) is
65 0 0 -10 14

14.41
29 -1101 8 ( )
Using the Gauss-Jordan process, this is reduced to the form
1o 2 -3 2 348
44 44 44 44 2
(14.42)
o1 -2 2 L 2
22 22 22 22 11
A basic feasible solution is then
Xy = {57 0000} (14.43)
and the complementary solutions, which can also be read directly from (14.42), are
xc3={—%%1000}
5 3
Xe = {= -2 0100}
P (14.44)

=2 -1
Xes = {2 - 0010)
5 3
xcs"'{“—4 ';2—0001}
Further basic feasible solutions can be found by adding positive multiples of these complementary
solutions to the original basic solution in such a way as to make one or more of its coefficients

zero. In the present example, the only other basic solutions which can be formed in this way are
found by adding a multiple of a single complementary solution to the basic solution, giving

xm=x8+i_6xm={0'?‘i:-000}
= e =¢2 X
Xpo = X5 + 2xe = (100200 1445
Xgg = Xg + 10xo = {4000 10 0}
Xgg = Xg t S = {70000

If there is an optimal feasible solution, then there is an optimal basic feasible solution. The
proof of this relies on showing that it must be possible to change the optimal feasible solution into
an optimal basic feasible solution without changing the value of V. The proof will be found in
Haug and Arora (ibid.) for example. This restricts the search for the optimum solution to the set
of basic feasible solutions.

In general, there will be nl/(n-p)!p! basic solutions of which the basic feasible solutions
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(x,'20, all /) will be a subset. Each of these solutions can be examined, or it is possible to proceed
from one solution to the next one giving a lower value of V, using the simplex method. Returning
to the array given by (14.40), the set of equations that this represents means that

x = b - a,x/ (i =1top) (14.46)
J:pvl

The basic solution is given by taking all x' (j = p+1 to n) as zero, giving the value of V found
from (14.35) as

V= fci’b/ = Vy (14.47)
i=1

where the primes on the coefficients ¢, indicate that they will have been renumbered in the same
way as the variables x,’, if that had been necessary. The general expression for ¥ is found from
(14.35), (14.46) and (14. 4?) to be

n n
/ / 17 /7

V =
J=p+1 i=1 J=p+1 7Pl (14.48)
= + Z (cl -V, )xj/ where v]' = i c,/a,}/ ,

Jep+t izl

Thus a new value of ¥ can be found which is less than V}, if for some j, (¢,’- v/’) is negative and
a feasible (i.e. positive) x,' can be included in the basic variables. The form given by (14.48) then
indicates whether the optimum solution has been found, and if not, what new basis to search for.
The usual process is to include the x," with the most negative (¢,’- v,) in the new basis, forming
it in the way used to obtain (14.45).

Example 14.2¢ Minimising the Objective Function by the Simplex Method

Continuing with the problem given in Example 14.2a and using the basic feasible solution
given by (14.43), the expression for ¥ given by (14.48) can be determined from the coefficients
¢, in (14.38) and the coefficients a,’ in (14.42).

Vo= E (c -y, )x
(7xi3_ -8><—) { 3 - (7x_ --8><__)]x:1

/ | (14.49)
. [3 —(7x_ -Sx—)]x, 0- 7><_ —8><—'-)]x5 . [o —(7x‘—5 -8xi)]x6
44 22 44 n 44 22
Lmo_ms ms s s
TR IV B 44x5 T e

This indicates that x;’ should be included in the basic solution to reduce V below V; (= 221/22).
The new basic solution is then xg ; as given in (14.45). The value of Vy associated with this basic
solution is (-8x14-3x86)/5 which is -74. The process can be repeated, starting from this new
basis. The expression for ¥ given by (14.48) starting from this new basic solution is

V= -74 + 43x] + 0x] - Tx; - 3x/ (14.50)

indicating that ¥ could be reduced if x,” or x;" could form part of a new basic feasible solution.
However, this would require adding positive multiples of the new complementary solutions
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19
xes = (012010}

14.5
X = (001001} (14.51)

to x;; to produce a new basic feasible solution. As none of the elements in these vectors is
negative, this is not possible and the minimum ¥ has been found.

This process can readily be automated within a computer program.A problem which can
arise occurs when a degenerate basic solution is found. This happens when one of the basic
variables is zero. Unless this solution is trapped, this iterative process will get stuck in a closed
loop. Fortunately, such cases are rare.

Example 14.3 Application of Linear Programming to Structure Optimisation

The method can be used to optimise pin-
jointed frames with joints in predetermined
positions. These must be initially redundant, and
the optimisation process removes the non-
optimal members. Lack-of-fit will be considered
admissible, if this contributes towards optimality
of the frame. Then only equilibrium conditions (a)
and not compatibility conditions need to be
applied to the analysis. Figure 14.12a shows a m %\\
simple problem of this kind. The bar forces will (b) (©)
be expressed in terms of tension coefficents. As
these may be positive or negative, they will be  Figure 14.12 A redundant pin-jointed frame.
expressed as the difference of two positive
parameters. Thus, for example, the tension coefficient for the bar AB is #,-1,. For simplicity, the
limiting stress will be taken as o in both tension and compression. As each member will be
stressed to its limit under the applied loading, its cross-sectional area is given by its axial load
divided by 0. The volume of the member is then given by the modulus of its tension coefficient
multiplied by the square of its length divided by o. In the case of the bar AB, this modulus will
be either ¢, or 1,, depending on whether it is in tension or compression, and the other parameter
will be zero. Assuming symmetrical behaviour, the volume of the frame can then be written as

2
V= G [16(t + 1) + 16(t, +1,) + 100t + 1) + 116(t, +1,)] (14.52)
a

This is subject to two equilbrium conditions at B and a vertical equilibrium condition at C:
40, -,) + 2(t;-1,) - S(t5-145) = 0

2(1,-4,) + 54 - 1) =

2(t,-1) - 3(4,-4) =

0 (14.53)
£
d

These conditions only apply to the differences of pairs of parameters. The function ¥ to be
minimised relates to their sums. These sums can be reduced, without changing their differences,
until one or other of the pair is zero. Thus the minimisation process ensures that one or other of
each pair is zero. On removing a factor of F/d from the last column, the array corresponding to
(14.39) is then
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4 -42-2-55 000
002-25-5000 (14.54)
00 2-20 0 -331

Using the Gauss-Jordan process, this reduces to

100 0 -1 0 3 -3 _1!

2 2 2
010 -10 0 % % % (14.55)
oot o0 o -1 2 -2 _1

s s 3

where interchanges of the second and third columns and then of the third and fifth columns took
place during the process. This gives the basic solution as

J Y Y Y R Y R A
(4, G 1 0t 1) = L) 0y 0 0 8 1 t) =§{-%0%0 —%000} (14.56)

which is not a feasible solution because it contains negative terms. This can be rectified by
expressing the negative terms by the other parameter in each pair. The array given by (14.55) is
modified accordingly by multiplying the first and third rows by -1 and swapping the first and third
columns with the fifth and sixth columns respectively, giving

1roo0 o -1 0 -2 31

2 2 2
010 -1 0 0 43 % % (14.57)
oo1 0 o -1 -2 3 1

s s s

giving the basic feasible solution

ottt ) = {0 64} =2(02200200) (1458
From (14.52), the corresponding volume is
Vo = E16xL + 16xL + 100x%) = 362 (14.59)

The general expression for V given by (14.48) is
V=V, + fui[(16+16)14 +(16+16)1,
+(100 +100)z, + (116 +24 +24 +60) 1, + (116 -24 -24 -60)1,] (14.60)
= Vg + Z[321, « 3214, + 2001, + 2241, + 81,]

so that the use of any alternative parameter only increases V and the optimum has been found.
Note that if there is an optimum solution there is always an optimum basic solution. This means
that the number of bar forces is equal to the number of equilibrium conditions. Thus, if there is
an optimum frame there must be an optimum statically-determinate frame. The basic solution
given by (14.58) indicates that AB and BE are in compression, BC is in tension and CE has no
force in it (and so does not exist). This frame is shown in Figure 14.12b'. From conclusion (jii)

! Note that although this frame satisfies the criteria used, it forms a four-bar chain mechanism, so that
some extra stabilisation is necessary. The same is true of some Michell structures, such as that shown in
Figure 14.6.
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to Maxwell’s theorem (14.8), it might be assumed that the frame composed of DC and CE shown
in Figure 14.12c would be the optimum one. However, the note following this conclusion
indicates that this is only true if all the loads on the frame, including the reactions, are known. In
the present case, the reactions are statically indeterminate.If the point C is moved down towards
the line DE the forces in DC and CE would become infinite, as would the volume of the frame
composed of these two members.}

14.5 General Methods of Optimisation 4 %2
Figure 14.13 illustrates the general optimisation T

problem. An objective function or cost function is to be -~ NN N
minimised by finding the optimum values of certain design N b XP'\\I \
variables or optimisation variables. In the figure, these 7 _\,) Yoy
variables are x, and x, . In the previous section, these 0 /O o /' o
variables were the tension coefficients and the objective 1/%2, %37

. . / / 1
function was the volume of the structure. The dashed iines -‘r;l ———

O, to O, are contours where the objective function is

constant. The analysis starts with an initial design marked

L. This is modified by altering the design variables. The  Figure 14.13 Optimisation space.

path of steepest descent, marked P, is sought along which

the modification proceeds most rapidly towards the optimum design. In the previous section, this
path was found by use of the simplex method. There may be certain constraints on the values of
the design variables. These are shown by the hatched lines C, to C, in the figure. The minimisation
process may then find a true minimum of the objective function or be limited by the constraints,
as shown. If the problem is defined by continuous functions, the constraints may be incorporated
into a Lagrangean function whose stationary values are sought. The process is then similar to that
in Example 7.8.

The objectives may be to minimise weight, maximise stiffness (which is equivalent to
minimising a strain energy function) controlling the natural frequencies of the structure or
maximising its stability. In all cases, a suitable function to minimise is chosen. Where there may
be more than one objective, a compound objective function may be used, where the values of the
different objectives are weighted. The constraints on a design may be similar, for example that the
structure should not exceed a certain weight, its stresses and displacements under load should be
limited, its natural frequencies and stability should be controlled. In addition, the space which the
structure is to occupy may specified. The path of steepest descent is determined by a sensitivity
analysis. This may be carried out by differentiating the objective function with respect to the
design variables and hence determining the steepest downwards gradient locally.

The objective function may sometimes be a function of the displacements d of the
structure. These will be a function of the stiffness of the structure which in turn will be a function
of the design variables. The stiffhess matrix K of the structure can be recalculated for each change
of a design variable and a new set of displacements d calculated. This will involve about bn?
operations, where n is the order of K and & is its bandwidth (cf. §12.5). However, a change in a
particular design variable may cause a change in the properties of relatively few components of
the structure. Instead of recalculating K completely, it is then possible to find the effects of this
change more directly, involving only the order of br operations'.

!'Sce for example Livesley, R K. and Modi, 1.J. (1991) The Re-Analysis of Linear Structures on
Serial and Parallel Computers. Computer Systems in Enginecring V.2 p.379.
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Ramm, Bletzinger and Maute' classify structural optimisation using four categories. These

are:

(a)  Topology Optimisation (organisation of the layout of the components),

(b)  Shape Optimisation (position of the joints of a skeletal structure or form of a continuum),

(c) Section Sizing (choice of section used in the components) and

(d)  Material Optimisation (which may not just involve the choice of a material but how it is
reinforced).

Not all these problems involve the minimisation of a smooth function. From the practical point

of view, the sections may be limited to those listed in section tables. Likewise, there may only be

a finite number options in choosing the material. In such cases, evolutionary methods, or more

specifically genetic algorithms, may have to be used.

As in Michell structures, (a) and (b) may merge into a single optimisation process. It was
seen in Example 14.3 that it is possible to start from a redundant structure and optimise it by
removing the right members. This is a form of topological optimisation; no geometrical change
in form is involved. Likewise, beginning with a continuum of a given form, material can be
removed from it during the optimisation process. This can be done by dividing up the continuum
into design patches. In the simplest approach, the design variables are zero or unity depending
on whether a design patch is either absent or present. A more effective method is to assign a
density of material to each patch. The structure is then optimised by keeping its total mass
constant and and varying the densities of the
patches. The material is then thought of as a
‘structural foam’ with a stiffness which varies
from zero at zero density to the full material
stiffness when there are no voids in the material.
This variation is made non-linear, so that the
stiffness increases more rapidly with higher
density. This corresponds to the actual behaviour
of structural foams, but also biases the
optimisation in favour of solid material. Figure
14.14 is an illustration of this process given by Figure 14.14 Optimisation of a substructure.
Ramm et al. (ibid.). It shows part of a uniformly-
loaded bridge deck supported by columns. Mirror images of this part exist about its left- and
right-hand sides, so that the full structure forms a series of arches. In the initial design, Figure
14.14a, there is a uniform distribution of material throughout the arch. Successive cycles of
optimisation cause the material to migrate to where it is most needed, leading to the design shown
in Figure 14.14b.

The above process leads to irregular, discontinuous forms because of the nature of the
design patches. Nevertheless, the result can be seen to imply a smooth structural form. Instead
of taking design patches as the design variables, weighted shape functions can be used instead.
Such shape functions are used in finite-element analyses and computer-aided design. The best
known are those devised by P. Bézier in 1972. A third-order curve, given by the vector function
(1), is expressed in terms of four position vector variables, p, to p,, and takes the form

P(t) = (1-1)p, + 3t(1 -t)’p, + 33 (1 - 1)p, + £p, (14.61)

where the parameter f varies from zero to unity {cf. 12.23)). A curve generated by these variables
is shown in Figure 14.15. Higher-order curves are similar in form; again the numerical coefficients

! Ramm, E., Bletzinger, K.U. and Maute, K. (1998) Structural Optimisation Proc. 1.A.S.S. Colloquium,
Current and Emerging Technologies of Shell and Spatial Structures. Madrid, April 1997 p.201.
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are given by the binomial theorem. Surfaces in three
dimensions are generated by two-parameter functions and can
be used to optimise shell forms.

Optimal shell forms have been generated
experimentally using the funicular technique first proposed by
the architect A. Gaudi. This is based on the observation that
a cable or membrane with little flexural stiffness will adopt a
distorted form which is in pure tension when allowed to hang
under its own weight. If this form is inverted, so that in effect
the direction of gravity has been reversed, the form will be one which is in pure compression. This
form is well suited to making concrete structures. H. Isler’
hung elastic membranes soaked in epoxy resin which
retained their form once the resin had set. Accurate
measurements of these forms were used to design concrete
shell rooves for a wide variety of purposes. Such shapes
can also be generated using the methods described in the
previous paragraph. The form found for a square
membrane supported at its corners only is shown in Figure
14.16. The upwards-curving lip at the free edge of the
membrane is typical of such structures and has a stabilising
effect.

Figure 14.15 A Bézier curve.

Figure 14.16 An optimum membrane.

Tensile structures are now widely used for roofing large areas. These may be cable nets
or membranes. The tension may be induced by the supports or internal pressure. For example, the
Tokyo dome (1988)* with & span of 200m is used as a permanent cover for a sports field and
grandstand. It consists of a PTFE-coated glass fibre double membrane. (The outer layer is 0.8mm
thick and the inner one is 0.35mm thick.) This is retained by a square grid of 80mm diameter steel
cables. An internal excess pressure of only 300 Pa is required to maintain its shape. Optimum
tensile structures will be in a state of uniform tensile stress and usually their self-weight is
relatively unimportant. Such forms occur naturally as soap films which are minimal surface-area
membranes. The surface area can then be used as the objective function in optimising the form.

Genetic algorithms are used to generate and select the ‘fittest’ designs in a Darwinian
sense (see Goldberg (1989) for example). A population of possible designs is created in a random
fashion, subject to whatever criteria are imposed on acceptable solutions. The best designs are
then allowed to ‘breed’ at random, producing ‘offspring’ with characteristics of both ‘parents’.
Even here, a degree of randomness is introduced, so that further offspring from the same parents
are not identical, but result from the selection of different parental characteristics. In order to
prevent these characteristics being limited to those found in the first generation, small random
variations (‘mutations’) are permitted between generations. Succeeding generations develop
‘clusters’ with similar charactenistics. These may be thought of as ‘species’ which are sufficiently
differentiated to have become incapable of breeding with other species. A cull is made of the least
successful designs in each generation, paying attention also to preventing any cluster from
becoming overcrowded. Such an approach to optimisation may be used even when the objective
function does vary smoothly with the design variables. When these are too numerous, it may
prove preferable to finding the path of steepest descent. An example is given in the next section.

sler, H. (1993) Generating Shell Shapes by Physical Experiments. Bulletin of the 1 A.S.S. V.34 p.53.

2 Ishii, K. (1995) p.128, (1999) p.236
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14.6 Vibration Optimisation
o _

Figure 14.17 illustrates the optimisation of a MI\I\N\'\N\]\]
truss to minimise the transmission of vibration over a -
specified frequency range. The initial design, a regular (®)
cantilevered Pratt truss, is shown in Figure 14.17a. %M
This problem has been examined by Keane' in a series -
of papers. The design variables are the joint positions, ®)
which are allowed to vary within acceptable limits.

The analysis assumes viscous damping in the Z

members, so that the governing equations are similar

to those for A.C. circuits. This means that some of the F (¢)

concepts in transmission line theory can be used. One

joint of the truss is excited with an oscillatory force F Figure 14.17 Vibration isolation.

as shown in Figure 14.17¢c. The energy flow along the

truss is found using receptance methods, and the objective function to be minimised is the
vibrational energy level in vertical beam at the free end of the truss, averaged over the range 150-
250 Hz.

The number of design variables and the complexity of the analysis were considered to be
too great for sensitivity analysis, so that genetic algorithms of the kind described at the end of the
last section were used. A constant population of 300 designs was aflowed to evolve over 15
generations, requiring 4,500 evaluations, giving the best design® as that shown in Figure 14.17b.
One of the effects of the optimisation process was to reduce the number of natural frequencies
in the above range from 31 to 20. Figure 14.17c shows a computer-generated image of the
response to the oscillating force F shown near the twelfth natural frequency, 207.01 Hz. It can
be seen that most of the kinetic energy is related to the flexure of members in the immediate
vicinity of the force and that the free end remains relatively undisturbed.

The kinetic energy of a beam oscillating in flexure can be determined from the expressions
in §10.2. The mean kinetic energy, T, say, is found from (10.2) to be

1 2n/w 2 i
T, = %f f%pAﬁzdtdx = —A%(;—)— foV(x)zdx (14.62)
P

x=0 t=0

where V(x) is given by (10.4). The constants P,(O,R and T are related to the end deflexions by
(10.6). After some considerable manipulation, the mean kinetic energy may be expressed in terms
of the amplitudes of these deflexions by

El
mr = F[”(sz -0, (0,7 + 8g%) +I*(4cic, -3¢, - ¢,)0,0,

+9(c ~ e )V, 2+ Vt) + 18(c, - i)V Vi (14.63)
+ 6[(C3 - Czc-t)(eBVB N eAVA) + 61("203 —Cy )(@BVA - @AVB)]

! See Keane,A.J. (1995) Passive Vibration Control via Unusual Geometries: The Application of Genetic
Algorithm Optimisation to Structural Design. Journal of Sound and Vibration V.185 p.441.

2 The descriptions of the initial and final designs are listed on the files R3IDSIAJK.VIB and
R3DSIBJK. VIB respectively. These were made out of aluminium and tested experimentally. The section
used is listed on the section file ALUMINSI SEC. Their dynamic responses can be examined using the
software provided (see §A2.1.3).
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where the functions ¢, to ¢, are given by (10.9) and are listed in §A6.2. The end deflexions are
related to their amplitudes by
0, = B,cos(wt+d) , Oy = Ogcos(wr+d)

vy = Vycos(wt+d) , vy = Vycos(wt+¢). (14.64)
Similarly, the expression for the mean kinetic energy associated with axial vibration, T, say, are
found from (10.21) to (10.25) to be

- Hy@t-ayvzrevp 24, -4
mp ?1—[( 2 1)( A TUp )+ 2( 2 " 1d2)UAUB] (14.65)

where

u, = Uycos(wt+d) , uy = Uycos(wt+¢) . (14.66)
The mean kinetic energy of the beams  jg'— — -r —1 ——— — 4+ —1 — —
of the trusses shown in Figure 14.17 Podoob sl : :
were found from these expressions, 10°— — —+ — — — 1 T —v >3 -3
which make no allowance for damping. N A
The vibration isolation of the end beam 10" — =
was measured by comparing its mean ¥ oo
kinetic energy to that of the whole 10" =~ = =1 ! o
truss. This ratio has been calculated at ) 0,,'L T' oo : : |
10Hz intervals over the range of interest | Energy Ratio — T
and is shown in Figure 14.18. The white Lo L
dots connected by the broken line show 150 200 250
tl:le response of the original truss in Frequency (Hz) >
Figure 14.17a. The black dots
connected by the continuous line show Figure 14.18 Vibration isolation of the end beam.

the response of the optimised truss in
Figure 14.17b. It can be seen that the optimised truss is several orders of magnitude more
effective in isolating vibration from the end beam over most of the range.

Methods of optimal design for constrained dynamic response are given in Haug and Arora
(1979) §5.1. The problem can be defined as follows. The structural response may be expressed
in terms of a vector of state variables s (s = {5,, 8, . . . 5,}) such as a set of displacements u or
a set of stresses 0. These values of these state variables will depend on the design variables x (x
= {x,, x,, . . . %,}). The objective (or cost) function O(x) may more readily be expressed in terms
of both the design variables and the state variables. Typically, if it used to limit the maximum
response of the system in a time interval (0< ¢ < t) it will take the form

O(x) = Max{f(t,5(1),x)} , (Osrs7) (14.67)
where the state variables are governed by some differential equations of time. For example, they
might be » first-order differential equations of the form

F(x)s(1) = f(t,5(1),x) (0st<7) (14.68)
where F(x) is an nxn matrix and f{z,5(¢),x) is a column vector of elements. There will also be
initial conditions on the state variables at the beginning of the interval, such as

5(0) = s° (14.69)
There may also be m constraints within the time interval of the form
C(t,s(n),x) <0 , (j=1tom) (14.70)
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and possibly functional constraints relating to the total time interval such as
T
fg(t,s(t),x) <0 (14.71)
0

The design variables may have upper and lower acceptable limits given by
xfsx <x¥ , (i=1tok) (14.72)

1

The normal non-linear programming method usually divides the time interval (0<t<t) into
a set of  equal subintervals At (t = rAf) and the above conditions expressed in terms of the usual
finite-difference approximations. The objective function O(x) is replaced by an artificial objective
Sunction O(x) so that the condition given by (14.67) is replaced by the conditions at the ends of
of the r time intervals

£(1,5(2),x) - O(x) s 0 (1,=iAt, i=01tor) (14.73)

where for at least one value of i the inequality becomes and equality. The governing differential
equation (14.68) is evaluated at the end of each interval, using the usual finite-difference
approximations for the derivatives. Thus (14.68) becomes

F(x)[s(1) -s())] = Arxf(s,s(2),x) (i=1tor) (14.74)

The functional constraint given by (14.71) may also be integrated numerically, using the same time
intervals for compatible accuracy. The minimisation of ((x) then involves a total of (nr +k+1)
variables with [(n+m+1)r+m+2k+1] constraints.

An improvement on this approach in which all the conditions over the time interval
(0<t<t) are replaced by functional constraints of the type give by (14.71). This is done by noting
that the condition that ¢(#) is less than or equal to zero over the time interval (Ost<t) is
equivalent to

: { <dp(1)>=0,  d(1<0 }
(14.75)

f<¢(t)>dt =0 where <d(1)> = d(1), ()20

=0

As the argument of the integral is then either positive or zero, the integra! itself can only be zero
if (¥) is less than or equal to zero at every instant during the interval. The authors also suggest
a state-space optimisation method which uses integrals of this kind and an adjoint column-vector
function A(f) such that

fl(f)[F(x)S'(f) =f(1,5(1),x)]dt = 0 (14.76)
t=0

(cf. (14.68)). Using variational methods, it is then possible to express the governing equations of
the problem in terms which no longer require explicit reference to the state variables s(f). The
above authors find that this approach gives an order of magnitude reduction in the computing time
required for optimisation.

14.7 Optimisation with Buckling Problems

Optimising a structural system, allowing for instability effects, can pose considerable
difficulties. For example, it has been assumed that optimal conditions are reached when overall
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and local buckling are equally possible. Thompson and Lewis' point out that where there are
coincident buckling loads, the structure becomes exceptionally sensitive to imperfections, which
reduce the maximum loading possible. Equation (14.12) of Morris (1982) implies that a suitable
constraint against buckling might be to ensure that none of the members of a structure exceeded
its pin-ended buckling load (9.6b). A more satisfactory criterion might be to use the empirical
limits on the slendemess ratios’ laid out in various standards and codes of practice. This still does
not address the issue of the overall buckling of the structure. Consider the case where the stiffness
matrix is a linear function of the axial loading so that the general form (11.50) may be written as

AP = K,d = (K + AK_)d (14.77)

where K is the normal linear stiffness matrix for the problem and K is called the geometric

stiffness matrix. This is because it depends on the the geometric properties of the beam and not

its elastic properties. This is directly applicable to pin-ended members. For example, in (11.51),

FEAll O FAIl O p 0 0
= +

0 -Pi 0 0 0 -

The same separation process can be used for beams in flexure, provided that P/ ¥/EJ is small
enough for the approximations given by (9.10) can be used. Allowing for large axial loading, the
first stiffness matrix in (11.23) becomes

=K, + PK

" G (14.78)

11P

[Ean o 0
K,,=| 0 12LI$/0 6EIGI*
0 GEIQJI* AEId I (14.9)
[EAnt 0 0 0 0 0
=| 0 12EN* 6EI/N*| + P|0 -6/SI -110|= K, + PK,
0 GEIN* 4EII 0 -1/10 -2i115
The approximatiaons to the other submatrices are similar in form, where
0 0 0 0 o 0
Ko = K = |0 6/51 -110{ , K, = |0 -6/51 1/10 |. (14.80)
0 1/10 130 0 110 -2I/15

The advantage of this form is that if optimisation of a structure is restricted to changing the elastic
properties of its components, then only the variation of the K|, matrix need be considered. Khot’
et al. examine minimum weight design under such circumstances and show that the optimality
criterion can be taken as implying that the ratio of a strain-energy density function to a mass-
density function is the same for all the components.

Expressions such as the above can be used to find the optimal form of columns. Figure

l'I’hornpson. IM.T. and Lewis, G.M. (1972} On the Optimum Design of Thin-Walled Compression
Members. J. Afech. Phys. Solids V.20 p.101.

2 The slenderness ratio of a beam is given by ¥ (/4F) where / is the least sccond moment of area
of its section, A its area and / is the length of the beam.

3 Khot, N.S,, Venkayya, V B. and Berke, L. (1976) Optimum Structural Design with Stability
Constraints. Int. J. Num. Meth. Engg. V.10 p.1097.
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14.19 shows a column of variable flexural stiffness broken up into a set
of very short uniform columns, so that P/*EI for each of them is very
small. The simplifying approximation to their stiffness matrices given by
(14.79) and (14.80) can then be used for these short columns and the
buckling load for the set found. The properties of each elementary column
may be described in terms of parameters which act as the design variables
of the problem. Often, the cross-sectional area 4 is used as a design
variable. If the section is circular, the value of / is then given by 4%/41.
The problem may then be described as finding the minimum-volume
column which will support a given axial load P, given that the yield stress
0, is not exceeded and that P is less than the buckling load P, . If the ,
overall height of the column is L and it is divided into n elementary L
columns, these conditions are given by minimising V" where

B Figure 14.19 Finite
V= Z A, L and P-P.<0, P —Algy <0 (i=1 to n) (14.81) elements for column

<1 h optimisation,
Using the above approximations, the stiffness matrix equation for the assemblage of elementary
columns can be written in the form

P=K,d=(K+PKy)d (14.82)

The buckling load P, is found from the condition that P is zero for non-zero d (cf. §11.5). This
can be found from the zeros of the determinant of X, as usual or (14.82) can be turned into a
standard eigenvalue problem of the form

(K;'K + PIyd = 0 (14.83)

Figure 14.19 shows a solution obtained Haug and Arora (ibid. §4.2). The true profile of the
column is shown by the dotted outline. It is optimised for a load P for which the cross-sectional
area of the top of the column is constrained by the need to avoid exceeding the limiting stress g,
. Theoretical solutions have been found' where there is no limiting stress constraint. They indicate
a saving of about 13% in volume over the optimum uniform column. This is confirmed by the
above numerical solutions for lower values of P.

The problem of designing the tallest possible column subject to buckling under its self-
weight has been examined by Keller and Niordson?. They also take / to be a multiple of 4> where
the optimum shape is defined as a function of A. The shape of the column is found by iteration and
is not given explicitly, although near the top it forms a cusp, with 4 varying as the cube of the
distance from the top. The height of the optimum column is found to be 2.034 time that of the
tallest possible uniform column. The problem of a uniform column buckling under its self-weight
was analysed by Greenhill’. The critical self-weight per unit length is given by

7.837F]
13

This can be increased by restraining the column with guy cables for example. If these could be

[+

(14.84)

! See Timoshenko and Gere (1 961) p.132 for example.

2 Keller, J.B. and Niordson, F. I. (1966) The Tallest Column. Journal of Mathematics and
Mechanics V.16 No.5 p.433,

3 Greenhill, A.G. (1881) Proc. Cambridge Phil. Soc. V 4.
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used to prevent the lateral displacement of one point on the column, it can be shown' that the

optimum position of this point is the node of the second buckling mode, which is 0.4806/ above
the base. The critical self-weight is then raised to 55.98 E//I°.

! See Chilver (1967) Chapter 1 §8 p.49.






Chapter 15 Regular Structures

15.1 Introduction

AL X
umm‘m} L% %

Figure 15.1 Regular trusses and grids.

A regular structure consists of a set of modules, each of which is the same, with respect
to its local coordinate system, as every other module. Regularity is similar to symmetry, as
discussed in §1.5, although often a regular structure is a bounded portion of an infinite
symmetrical form. Figure 15.1 shows the main groups of regular structures; others will be
considered later in this chapter. Plane trusses are shown in Figure 15.1a. Other forms are shown
in Figure 2.10. They may have pinned joints, like the Warren truss shown at the top or rigid joints,
like the Vierendeel truss shown below it. Space trusses are so called because they are essentially
three-dimensional, although they are used for space probes and space stations. Examples are
shown in Figure 15.1b. They are generally rectangular or triangular in cross-section, but they may
also have hexagonal cross-sections. Plane grids are usually rectangular, but may also be triangular
or hexagonal in form, as shown in Figure 15.1c. The four most common forms of space grid are
shown in Figure 15.1d. These consist of two layers of plane grids connected by diagonals, shown
dotted in the figure. Triple-layer grids have also been used. These have the advantage of
separating the top and bottom layers yet further, and so increasing flexural stiffness of the grid.
The additional layer in the middle helps to stabilise the grid.

Such regular structures are often used because they employ large numbers of identical
parts, thus simplifying fabrication. Empirically, it was recognised that there must be some
simplification possible in their analysis. Thus trusses were seen to behave rather like beams and
grids to behave like plates. Methods of finding the appropriate ‘equivalent continuum’ to a regular
structure were then proposed, some of which had a degree of validity. For the reasons discussed
in §8.5, such analogies should not be taken too far. Using finite difference calculus, the exact
equations governing such structures can be written and solved. The earliest work on this was by
Bleich and Melan (1927). More recent solutions will be found in Wah and Calcote (1970) and
Dean (1976) and others will be given here and in Appendix 5.

151
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15.2 Mathematical Preliminaries

It has long been realised that the joint
deflexions of a regular (periodic) structure might be 9 0 0 o 0 0 0
described by analytic functions. However, these A’Nk/g \'7‘\\? /‘/ g\*i
functions only become meaningful at discrete
intervals (i.e. at the joints) and are of no significance
otherwise. Consider the simple pin-jointed
mechanism shown in Figure 15.2 which is supported on knife edges at equal intervals of /. The
displacement of the Xth pin could be expressed equally well by the function & sin mx//, where x
is the distance from the left-hand end, or by -(-1)*8. Differential calculus is used for functions of
continuously variable parameters such as x, but for functions of discrete parameters such as X,
finite difference calculus is normally used.

The theory of finite-difference calculus can be traced back to 1717, but its application to
structural analysis is comparatively recent. The theory is given by Jordan (1965) and is
summarised in Chapter 13 of Brown (1965). Finite-difference operators have already been
discussed in §8.5. The shift operator Ey, will be used here. It is defined by

E,/(X) = f(X+1) E,"/(X) = f(X +m) (15.1)

where m is usually an integer, but may be any rational number. The effects of this operator on
various functions are given in the following table.

Figure 15.2 Deflexions of a mechanism.

or more generally

Table 15.1 Shift Operations on Common Functions

SX) | EFESAX) | Ex-ExXMX) | AX) | EFESNX) | (Ex-Ex'WX)
X 2X 2 sin kX | 2 cos ksin kX 2 sin k cos kX
X? 2X3+2 4X cos kX | 2coskcoskX | -2sinksinkX
x? 2X*+6X 6X%+2 sinh kX | 2 cosh k sinh kX | 2 sinh & cosh X
x* 2X44+12X%+2 8X3+8X cosh kX } 2 cosh k cosh kX | 2 sinh k sinh AX
) 2X3+20X3+10X | 10X*+20X%+2 aX (a + Va)a*X +(a - Va)a™*

Some inverse operations on polynomials were given by (8.36). This inverse process is akin
to integration, as is summation (see Jordan (1965) Chapter III). A correspondence between
integration and summation suggests a possible form of Fourier series for finite-difference
functions. It rests on the following summations'

sinkN sink(N - 1)

sinkN cosk(N-1)
sink ‘

N-1
, Y cos2kX = ‘
sink

X=0

N-1
Y sin2kX =
X0

(15.2)

where X and N are integers and & is a real number which is not a multiple of ©. The full series is
listed in §AS.4. The most useful application for grids involves using only the sine series. If k is
TR/2N, then the second of the above sums is zero if R is an even integer, and vnity if R is odd.
Then if P and Q are two different integers,

! Jordan (1965) §43 incorrectly gives the upper limit of these summations as N.
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N-1
sin PTX PnX QnX

] - + _Trl =
2 S E cos(P - Q)-— cos(P+Q) N] 0 (15.3)

because either the sum of each term on the right-hand side is zero or they cancel each other out.
If Q is equal to P, the first term on the right-hand side is unity and the sum of the second terms
is zero, so that the value of the expression is “2N. Note that these summations remain the same
if the lower limit is raised to X=1. If the ﬁnite—difference function f{X) can be represented by

PrnX

f(X) = Z aysin == (15.4)
in the range 0<X<N, then from the above
N-1 N-§ Nt
. QnX _ PnX QnX _ 1
gf()()sm N Z pz sin sin—=—— N ;aQN (15.5)
For example, if f{X) is unity, from the first of equations (15.2)
0 sin@.sin .Q_{t_ - @. 0 (Q even)
a, = 3 E __Qﬁx = 3 z 2 2N = 15.6
" N&Z N N . Qn —-cot (Q odd)[ (159
smﬁ N

In (8.26), the forward difference operator A and the backward difference operator V were
also defined, but their more common usage of these symbols as the Laplace operator and del (or
nabla) respectively will be employed here. In two-dimensional cartesian coordinates, they are

Af =V = ¢ .2 f (15.7)
ax? dy? )

Example 15.1 A Continuous Beam

The continuous beam shown in J x M l ' *
Figure 15.3 has n equal spans of length / 2
and is subject to a distributed load of X1 X X+t1 nl n
linearly-varying intensity from zero at the
left-hand end to nq at the right-hand end.
The two ends are encastré, otherwise each span has knife-edge supports. The equilibrium
conditions at a typical intermediate support, B, can be expressed in terms of the rotation of the
beam at B and the rotations at the adjacent supports, A and C, using the slope-deflexion equations
developed in §4.5. The moments at end B of AB and BC are

Figure 15.3 An equal-span continuous beam.

2ET 2 Xi?
My, = —*(263 +0,) MB[A (MBfA =4 "q‘—‘)
30 12 (15.8)
2F1 1* gXiI? )
My, = 2£2(20, + 8,) + ML (ML = - L9
30 12
where B is the X1 joint, as shown. As there is no external moment at joint B,

0 =M, = 2EI(B +48, +0) + My, + M (15.9)
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Timoshenko and Young (1965) refer to this as a three-angle equation'. The fixed-end moments
are given by (15.8). Using these and rearranging (15.9), the final form is the finite-difference
equation

2FE1

12
——(Ex +4+E,)0, = - 115— (15.10)

where 0, ,, 0, and 0,,, are 8,, 0, and 0. Finite-difference equations can be solved in a similar
manner to differential equations. A ‘particular integral’ is sought which satisfies the right-hand
side of (15.10). In addition, a ‘complementary function’ is needed which satisfies the
homogeneous form of this equation (right-hand side zero) so that the boundary conditions can be
met. From Table 15.1, the general form of the solution is then found to be

0

= + +3Y + X
x lSOEI A(-2+ 3 + B(-2-3) (15.11)

where the constants 4 and B in the ‘complementary function’ are determined from the boundary
conditions that the rotation is zero at X=0 and X=n, so that

4
Oze":_lgéﬂ“’ "B
e (15.12)
0-8,-- A(-2+\BY + B(=2 - |BY
n T30E (-2+3) + B( V3)

For grids, the joint numbering will be in terms of two parameters, X and Y, and the state
of the joints may be expressed as a function of both of them. It is then necessary to use two shift
operators, E, and E,, where in general

Ex’"Ey"f(X,Y) =f(X+m,Y +n) (15.13)

where m and n are rational numbers. If the number X corresponds to a position x equal to aX, it
is possible to relate Ax) to a function AX) which takes the same values at the joints. Then

(ma)* d* | (ma) d"

2 i - /(%) (15.14)

E"f(X)=f(X+m)=f(x +ma)=]| 1+ madr
using Taylor’s series. The two-dimensional equivalent may readily be inferred from this. It will
be seen later that such relationships can be used to compare grids and plates.

{Some grids are rotationally symmetrical about an axis
normal to their planes. Thus a square grid may be invariant with ~ § )’
respect to a rotation of 90°, a triangular grid invariant under a
rotation of 60° and a hexagonal grid invariant under a rotation of \
120° (see Figure 15.1c). The equations governing their behaviour
must have similar invariant properties. Suppose that the cartesian
coordinate system xy is rotated through the angle 6 shown in Figure
15.4 to become the coordinates xy’. Then the change 8f in a
function f{x,y) between O and P is given by

3 3 3 3 Figure 15.4 Coordinate
&f = léx * a_f;s}’ = an,e’xl * ;f,éyl (15.15) transformation.

! Ibid, §9.3. The better-known three-moment equation is given in the same section.
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where  8x’ = dxcos® + dysin® |, By’ =-dxsin® + SycosO. (15.16)
As these equations hold for all 8x and 8y, it follows that
9 - cos0-% - sing 9 . 9 < sin0-L + cos0- (15.17)
ox ox’ ' o ox’ oy’ :

Using these relationships between the differential operators, the invariant forms of linear
differential expressions can be found. The most general second-order form which is invariant
under a rotation 8 of 60° (or one of either 90° or 120°) is given by the harmonic expression A
in (15.7). The biharmonic A? is the most general fourth-order form which is invariant under
rotations of 60° or 120°. Both are invariant under rotation through any angle, as is any power of
the operator A. The most general fourth-order form which is invariant under rotations of 90° is

given by
4 4 4 4
100y =4l L g 82 (15.18)
oxt oy axgy? ox3dy axdy’

The biharmonic is the particular case when B is equal to 24 and C is zero. The above forms cover
all the invariant differential expressions which will used later to describe grids, but higher-order
differential invariants can be found by the same process. Thus

6 6 6 6
i-—IS J +15 g & (15.19)
ox ox4gy? a2yt e

* » 3
1460°) = 1,(120°) = A| — +— | +B
ax?  gy?

and
6 6 6 6 6 ¢
1(90°) = 4 AN - I IO A - IS (N (15.20)}
x® e ax‘dy? oxay? ax’dy oxdy’

15.3 Regular Plane Trusses

Two main categories of plane truss will be examined. These are those which can be treated
as pin-jointed, such as the Warren truss in the upper part of Figure 15.1a and those which are
essentially rigid-jointed, such as the Vierendeel truss shown in the lower part. On the whole, the
former are preferable, as applied loads can be carried more efficiently by structural members
which are in pure tension or compression rather than in flexure. However, multi-storey building
frames are often similar in their behaviour to Vierendeel trusses.

Dean and Tauber' have analysed such trusses for special loading cases and other solutions
have been given by the author”. This chapter will be primarily concerned with the methods of
obtaining solutions. For the most part, the solutions themselves are given in §A5.2. The process
of forming the governing equations for a truss is similar to that described in Chapter 11. The
elastic response of typical members is expressed in terms of stiffness matrix equations related to
a global coordinate system for the truss. The joint equilibrium equations for typical joints of the
truss are then found in terms of these stiffness matrices. These equations will contain the

¥ Dean, D.L. and Tauber, S. (1959) Solutions for One-dimensional Structural Lattices. Proc. ASCE,
Engineering Mechanics Division V.85, No. EM4, p 31.

2 Renton, J.D. (1969) Behavior of Howe, Pratt and Warren Trusses. Proc. ASCE, Structural
Division V.95, No. ST2, p.183.
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deflexions of joints adjacent to the typical joints. These deflexions are expressed in terms of the
deflexions of the typical joints, using the shift operator. Solutions of these finite-difference
equations are then sought for various loading and support conditions.

Example 15.2 A Howe (or Pratt) Truss Vv /T_fi'“ ,

Figure 15.5 shows a truss' which begins at 7] D ?
joints 0 and ends at joints N. The governing ola X h
equations will be formed for the Xth joints. The — - H_m}i‘ 3
lower one has external horizontal and vertical forces Vv LIZ u

H and V applied to it and displaces v horizontally and
v vertically. The loads and displacements of the Xth
upper joint, immediately above the Xth lower joint,
are denoted similarly, using primes. Each bay is of length m and of height 4. It is convenient to
define the elastic properties of the component bars in terms of their axial coefficients. The axial
coefficient of a bar is given by (Young’s modulus)x(cross-sectional area)/(length)®. These
coefficients will be denoted by a,c and d for the vertical, horizontal and diagonal bars respectively.
If the length of the diagonal members is D, the form of (11.10) becomes

Figure 15.5 Notation for a Howe truss.

F, D?cos’e  D'sinacosa |8, m? hm |8,
= d =d (15.21)
Fo D3inacose  DZ%sin’a 8, m h’ 5,

where x and y are in the horizontal and vertical directions as before. The other stiffness matrices
for the bars can be formed in a similar fashion. Using these relationships to express the joint
equilibrium conditions at the Xth lower joint,

H(X) [mz rmu(x) -’ X+)|  [m? ol[26(%) - u(X-1) - u(X+1)
= + C
0] ™ e wefvon vieeen] Lo ofzveo vy veen]
0 0Ju)-u'x)
+a
0 A v(X)-vI(X)

using the notation shown in Figure 15.5 for the terms in the force and displacement column
vectors. Using the shift operator, this can be written as the pair of equations

H = m*[d(u-Egu’) +c(2 - Ey' -E)u] +dhm(v - E,v’)

.23
V = dhm(u -E,u’) + h*[(d +a)v -dEv' -av’] (15.23)
it being understood that H, V, u, v, u“and v “are functions of X. Likewise
H' = m*d(u’-Ey; u) +¢c(2 - Ex' -E)u'] +dm(v’ - Eg'v) 1524
V' = dhm(u' - E;'u) +h2[(d+a)v' - dE;'v - av) (15.24)

These equations can be written in matrix form as

! The Howe truss (patented 1840) was designed to take tension in the vertical bars. The Pratt truss
(patented 1842) was designed to take tension in the diagonal bars.



Sec. 15.3] Regular Plane Trusses 157

[d+c(2-E,-E)y  d gk, &, Tum] [0
a d+a ~dEy ~-dE, - a|| vh Vih

-dEy’ “dE;' d+c(2-E,-Ej') d |um]| |H'm (15.25)
By "By’ -a d dea |Vh| |V

It can be seen that the matrix is symmetric in the stiffness coefficients and antisymmetric in the
powers of the shift operator. This is true in general and is a useful check on the correct
formulation of the equations.

A number of solutions exist for which the load vector on the right-hand side of (15.25)
is zero. These are the three rigid-body motions

um=u'm=0U, ; vh=v'h=V, , um=-u'm=6, and vh=v'h=2X0, . (15.26)

There are also three modes corresponding to uniform extension, bending and shear. Uniform
extension of the upper and lower chords is given by the deflexions

um =u'm = XU, , vh=vh=-XU, . (15.27)
A pure flexural mode is given by
um = -u’'m = X0, , vh=v'h =X, (15.28)
and a mode which includes shear by
um=-u'm=2(X*+<+2-0, , vh=(1X"-£)0, , v'h =(3X*+£)0,.(15.29)

Note that the flexural mode may be deduced from this mode by differentiating with respect to X.
Likewise, the rigid-body rotation is the differential of the flexural mode. This can be shown to be
a general property of the solutions which results from the interchangeability of the order of
differential and shift operations. The above solutions (15.26) to (15.29) represent the
‘complementary functions’ which can be used to satisfy the boundary conditions. In addition, a
‘particular integral’ solution will be required to satisfy the joint equilibrium conditions for the
actual loading. If this loading is a polynomial function of X, then a solution in terms of
polynomials in X should be sought. Likewise, loading which is a sinusoidal function of X will be
matched by a sinusoidal response. For example, suppose that the only loading applied is a constant
downwards force P applied to the lower joints. In this case, it is convenient to rearrange (15.25)
by multiplying the last two rows by -E, and redefining the deflexion vector to give the form

¢(2-Ey-Ey) 2d+c(2-Ey-E;) d(1-Ey)  d(1+E) {m(u+Eyu’)n2 0

0 2d d(1-Ey) d(1+E,) +2a |m(u-E.u’)2 -Plh
- 4 | (15.30)
-¢(2-Ey-Ey') 2d +c(2-Ey-E;) d(1-Ey) d(1+E,) h(v+viR2
0 2d d(1-E,) d(1+Ep)+2aE,] h(v-vH12 0

The first and third rows and the second and fourth rows then yield the pair of equations
c(2-Ex-Ey'Yu+Eu’Ym =0 , a(1-E)(v-v)h = -Plh . (15.31)

As the ‘complementary function’ solutions have already been found, no new arbitrary terms are
sought in the solution of (15.31). The solution of these equations then takes the form

(u+Egu’Yym =0 , (v-v')h = PXlah . (15.32)
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The remainder of the solution then follows readily, giving
um = - L(X3+3XY) | w'm = L_x*-3X+2),
6ch 6ch

vh o+ £x - ﬂ{(1+_)(x2 +X) - L(X*+2x3 - 5x7+2x)].

l (15.33)
ah 2hl\a 4

vh

This, combined with the earlier complementary
functions gives the solution for a constant loading
P at intermediate lower joints for given end
conditions. For the cantilever truss with N bays
shown in Figure 15.6, there are four geometric
conditions at the left-hand end. These are

u(0) = v(0) = 0, Figure 15.6 A cantilevered Howe truss.
w'0) (= vi0))=0. (539

At the right-hand end, the conditions relate to the loading. These end-load conditions may be
expressed in more than one way. For convenience, they are expressed by taking the forces in the
Nth bottom chord bar and the (N+1)th top chord bar as zero and that in the Nth vertical bar as
P72, giving

uN) -u(N-1) =0 |, u/(N+1)-u'(N) = 0 |, ah[v/N)-v(N)] = PI2h . (15.35)

It can be seen that seven conditions are imposed by (15.34) and (15.35), but there are only six
arbitrary constants associated with the complementary functions which are to be determined from
these conditions. However, it must be remembered that the governing equations relate to an
infinite truss but the solution sought is for a finite truss. In the infinite truss, the Oth vertical bar
must carry the resultant vertical load, so that the Oth upper and lower joints must move apart due
to its extension. In the finite truss, there is no such bar and both joints remain fixed. In fact, a
small vertical motion of the real Oth upper joint has no effect on the rest of the truss. Thus a focal
correction can be added to the solution for v' (by adding a Kronecker delta function to it for
example) to satisfy the condition in curly brackets in (15.34). The remaining six conditions give
the following values for the constants in the complementary functions.

- e, L[1(2N+5) - 6(2N+1)(l+‘_‘1]],

U
0 6ch 24hjc a

P P (15.36)
= = e— 2 = = = - -
0, = 6ch(3N +2) , 2cVU, = 2a¥, = O, h(N+ 2) _
The joint displacements can be deduced from this, (15.26) to (15.29) and (15.33). For example,
the vertical deflexion of the Nth lower joint is given by the expression

P ey oL
v(N) = th[zc(N N%) N(a d” (15.37)

This may be compared with the (upwards) displacement of a cantilevered beam of length
L, bending stiffness £/ and shear stiffness Gk4 subject to a (downwards) uniform load per unit
length p. This is readily found from energy methods to be

! Note that the load at the free end has been taken as P/2. This corresponds to a uniform distributed
load of P/m applied to each bay and transferred to the joints.
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a 2
v(L) = _pLt LT

E_ﬁ 2GIA (15.38)

The slope-deflexion equations for modular beams were derived in §8.5. These require the
determination of the module flexibilities' £,,, and f,, which
correspond to 1/EI and 1/GkA for continuous beams. From S(X-1)m'h
(8.28), these can be found from the strain energy U, in the Xth o
module. The shear mode given by (15.29) induces bar forces
which imply a resultant axial force on the truss, but taken in
combination with that given by (15.27), where

2U, = ©, = Sich (15.39)

CY e
gives the bar forces in the Xth module shown in Figure 15.7,  |e—— , —»]
where the Xth joints are at the right of the module. The forces
exerted by the bars to the right of the module induce a r(?sultar.\t Figure 15.7 A Howe module.
shear force S and a resultant moment SmX. However, using this
moment as the effective moment on the module results in coupling between flexural and shear
effects. Taking the module moment to be that exerted at the midpoint of the module (the flexural
centre referred to in §8.5) uncouples the shear and bending effects. This moment, M, is then
Sm(X-'4).The expression for the strain energy in the bars forming the module is then

2 2 2 2
smx-n| 2o fs2) sy L S
h cm? h] dD? h 2

U =

m

SR

cm ah?

} (15.40)

[NE

2 S 1 1 m
ox-br - *zz*a” S F0M,, + S

where the final expression is given by (8.28), the module length being m in this example.
Comparing terms in the two expressions gives

2 1 1 1 1
fmm = 4 j:u = [— ot E) : (15.41)

ch*m? Chm\a 2

The point loads £ are equivalent to a distributed load p of intensity P/m and the overall {ength of
the truss, L, is Nm. Using (15.41) and the equivalent flexibilities 1/E7 and 1/GkA respectively, the
deflexion of the equivalent beam given by (15.38) is exactly the same as that given by (15.37) for
the real truss.

This is not always the case. The general solution, where the flexural centre is not midway
along the module, is given by (AS.1.2) of Appendix 5. Even then, this is not always the exact
solution. It assumes that the deformation of the truss is given by the characteristic response to
flexure and shear. If the truss is statically-determinate, as in the above case, these are only possible
responses to such loading. Also, it is clear from Figure 15.7 that the applied shear load acts at the
bottom right-hand joint of the module, so that the response, which is found from energy methods,
relates to the lower joints. Also, the other solutions in §AS.1 show that the flexural response of
trusses may give rise to shear-like terms not accounted for in the simple beam analogy. For
example, from (8.38) it follows that the end displacement of a cantilevered modular beam in the
direction of an end force F'is given by

! Note that here and in Appendix § it will be assumed that the uncoupled flexibilities (with
reference to the flexural centre) are used. In Chapter 8, a prime was used to distinguish these
specific forms from the genceral forms.
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3
v = -1¥"ﬁ[4N3 -N] + FmNf_ (15.42)
in the case where e is zero. The equivalent expression for a continuous beam of length L (=mN)
is
3EI  GkA )
so that there is no equivalent of the second term in (15.42) in the continuous beam case.

The flexibilities of other forms of plane truss are given by
equations (A5.2.1) to (AS5.2.12) of Appendix 5. It can be seen from
these equations that flexural stiffness of a truss is often (but not
always) the same as that of an ordinary beam consisting of the upper
and lower chords of the truss only'. Trusses tend to be relatively very
weak in shear, so that the inclusion of the shear terms in the
expressions for deflexion becomes more significant than for ordinary
beamns. When the truss is statically-determinate, the characteristic bar
forces under combined flexure and shear can be determined directly
without going through the full matrix analysis described in Example
15.2. The characteristic modes for the statically-indeterminate trusses
are not the immediate responses to resultant loads, but the responses
towards which the trusses tend at a number of bays from the
application of these loads. This is of course true for ordinary beams,
although the rate of convergence on the characteristic response is
usually more rapid.

A Vierendeel truss with its axis vertical instead of horizontal
becomes a multi-storey portal frame. As can be seen from (A5.2.7), Figure 15.8 Deflexion of
its shear stiffness depends on the flexural stiffness of its component multi-storey portal frames.
members. Usually, this means that the shear response (sometimes
called ‘racking’) is even more significant than for ordinary trusses. Lin and Stotesbury (1981)
state that the flexural response of such structures is less significant than the shear response when
they have fewer than forty stories. Figure 15.8 shows the deflexion modes of a forty-story and a
ten-story portal frame subject to a uniform wind load?. Each storey is 10m wide and 5m high and
made from a beam of with a cross-sectional area of 100cm? and a major second moment of area
of 40,000cm*. Taking Young's modulus as 200 GPa, the stiffnesses ET and Gk4 found from
(A5.2.7) are 100.2 GNm? and 15.40 MN respectively. Using these values in (15.38), the
contributions of the flexural and shear deformations to the lateral deflexion at the top of each
structure can be found. For the forty-storey portal, the flexural component of deflexion is 1.54
times that of the shear component, but in the case of the ten-storey portal, the shear component
is 10.4 times the flexural component. The shear effect dominates in any such frame with less than
33 stories. These effects can be seen in the modes shown in Figure 15.8. Opposite curvatures are
produced by each mode. In the lower part of each frame, below the ringed joints, flexural
curvature dominates and in the upper part, shear curvature dominates.

! Saka, T. and Heki, K. (Dec.1981) Memoirs of the Faculty of Engineering, Osaka City University
V.22 pp.167-173 obtain the correct flexural stiffnesses by treating the trusses as continua, but this
process does not yield the correct shear stiffnesses owing to the essentially discrete nature of frameworks.

2 These modes were generated from the data files RZDSISKY STR and R2DSIS10.STR.
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The axial stiffness (or flexibility) of a truss relates the total axial force on a truss to the
overall stretch of each module in a uniform extension mode. To avoid coupling between extension
and flexure, the line of action of the axial force is defined so that no relative rotation of the
modules is induced. A suitable uniform extension mode for a Pratt (or Howe) truss is given by
(15.27). This mode indicates that axial extension is coupled with a shear deflexion. This coupling
will be discussed further in the next section. For most trusses, the axial stiffness is simply the sum
of the stiffhesses of the upper and lower chords. The cross-braced truss shown in Figure AS.2¢
is an exception. In this case the axial stiffness is given by

2ad )

(15.44)

EA=m3 b +1+
a+2d

so that the stiffnesses of all the component bars contribute to the axial stiffness in this case. Out-
of-plane flexural and torsional flexibilities of plane frames can be deduced by treating the joints
as rigid. Simplified expressions for these flexibilities are given in §A5.2. These properties are
usually more significant in the case of space trusses.

15.4 Regular Space Trusses

Examples of space trusses are shown in Figure
15.1b. In three dimensions, the torsion and extension of
a truss are commonly considered, in addition to its
flexure. The appropriate elastic properties can be found
by considering a modular structure in a state of uniform
strain. {That is, the strains in the members of module
X+1 are the same as those in the corresponding Figure 15.9 Uniform strain of a
members of module X. This state is the characteristic modular structure.
response to pure bending, torsion and extension
discussed in Chapter 8. Suppose that each module has a cartesian coordinate system' x,y,z
embedded within it which rotates and displaces with the module. Then under uniform strain, the
change in position, e,, of a point P within the module relative to the module coordinates is the
same for all modules. Likewise, the relative change in position, e,, of the origin and relative
rotation, 0, of the coordinates in the next module appears to be the same.

Suppose that the absolute displacement of the origin of the coordinate system in the Xth
module is uy and its rotation is 8,. Then from small deflexion theory, the absolute displacement
and rotation of the coordinates in the X+1th module are given by

+ e, + Oyxmk By, = 04 + 0 (15.45)

Hyxn =

where m is the length of a module. It follows that 8y is a linear function of X, 8,+X0 say, but uy
is quadratic (its increment being linear). The same will be true of the displacement vy of P, which
is given by

X

Vy, = U

x = Uy e+ Byxry (15.46)

where r is the initial position of P with respect to the embedded coordinates. From this and
(15.45), the change in the absolute displacement of P between successive modules is then

Ve~ Vx = € * (0, + XO)<xmk + Oxr, (15.47)

! Note that as shown in Figure 15.9, the z axis is along the truss, although the module numbering
along the truss is still in terms of X.
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Suppose that the displacement of P is a known quadratic function of X,
g = v+ Xy + Xy (15.48)

Let
e +0 xmk=m(ei+e j+ek), O=m(Bi+8 j+O k),
e (e, ’f) ("_YJ. ’.) (15.49)
rp=m(eyi+y,jrz k), vy=ui+vjrwk v,=ui+v,j+rwk.
Then on substituting (15.48) into (15.47) and comparing like coefficients on both sides of the
equation,
2u, =m*®, , 2v, = -m'd_, w, =0,
1
u =m(e, + ﬁyzl, -0y, - ;m’ﬁy ,
L, (15.50)
vy =m(e, - 0.z, + 0x;) + om 8.,
w, =m(, + Dy, - B x,) .

Now me, is the fongitudinal component of e, and so ¢, is the longitudinal strain’. This and the rates
of rotation ¥, §, and D, are the distortion terms in (8.12).

The related flexibility coefficients can then be found as follows. The stiffness matrix
equations for the joints of a typical module of the truss are formed? for the case where no joint
loads are applied. The most general solution of these equations is sought in terms of the joint
displacements as quadratic functions of X. From the stiffness matrix relationships, the bar forces
can be found and hence the resultant loads on the truss, M,, M,, T and P in (8.12),determined in
terms of coefficients of these quadratics. Using (15.50), the relationships between the resultant
loads and the distortion terms are then found.} This process has been fully automated® and the
results so found for trusses with a regular polygonal cross-section, as well as some earlier results
obtained manually, are given in Appendix 5.

The shear flexibility coefficients are found by the strain-energy methods described in §8.4.
The characteristic modes for shear (with flexure) have strains which vary linearly with X which
result from the varying bending moment. Suppose that the characteristic response of the Xth
module to a shear force S applied at the end is.S. The characteristic response to an equal and
opposite shear force applied one module further along will be ~Sy ;. The characteristic response
to both applied simultaneously is then (Sy-Sy_) or (1-Ex™")Sy. This must be the characteristic
response to a moment of magnitude Sm. The response to a unit moment, 7, is then (1-E,")x
S,/Sm. Conversely, if #7, is known, Sy can be found by operating on ¥ , with (1-E ,")". The
required inverse operations are given by (8.36). The additional unknown constant terms which
arise are evaluated by satisfying the joint
equilibrium equations. In three dimensions, -
there may coupling between flexure about {A\Y{A}‘/‘WMM
an axis and shear in the direction of that
axis. In this case, use of the flexural centre

Fi 15.10 A tetrahedral truss.
does not uncouple these effects. igure etrahedral tru

YAs ¢, and e, are related to the rigid-body rotation 8, they do not necessarily correspond to y, and ¥y,

2 For pin-jointed frames, these are most conveniently expressed in terms of the axial coefficients, EA/P,
using the matrix equations given by (11.35) and (11.36).

3 Renton, 1.D. (1998) Automated Derivation of Structural Formulae. Computers & Structures V.56,
p.959. (This paper also lists some results for trusses where the height/width ratio of the cross-scction is
variable.)
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There are regular trusses for which the beam-like elastic response can only be partially
specified. Figure 15.10 shows a truss made from bars of equal length / forming a series of regular
tetrahedra, each sharing a common face with the next. The pattern is repeated along the axis of
the truss but always at a different orientation. In this case, the only overall elastic response which
can be determined relates to torsion and extension. Suppose that all the bars have the same cross-
sectional area 4 and Young’s modulus E. Then this relationship is given by

9800 690127

(15.51)
69012 63912 |P

o, .
€] 450EAI*/10

Figure 15.11 shows a similar truss
known as an inverted batten beam. In this
case, the pattern is repeated at the same
orientation every two bays, so that it is
possible to define a two-bay module and
determine  all the overall elastic
characterist?cs of the truss_in terms of it. The Figure 15.11 An inverted batten beam.
truss consists of a series of alternating
equilateral triangles in planes normal to its axis. The bars forming these triangles each have an
axial coefficient b. The bars linking these triangles, shown dotted in Figure 15.11, each have an
axial coefficient d. The non-zero ﬂexibility coefficients in (8 12) are then

Sozty=—2 (3 3) fi = v JaaSss = ,f“=-—l—(%+;) (15.52)

b d h‘ hzd

Hoff' examined the transmission of load systems
without a resultant through space trusses. The first example?
he takes is shown in Figure 15.12. The diagonal bars are
shown dashed (or dotted). The only two diagonal bars
across the section brace the end faces. Without these, the
truss would be a mechanism, the cross-section being free to
form a rhombus. The truss is loaded by the four axial forces
shown, which have no resultant. The frame is statically-
determinate and the tensions in the right-hand chord
members are as shown. The linear decay can be expressed by
the form +(4+BX) where 4 is 100, B is -25 and the count of Figure 15.12 Warping of
X starts from zero or one. Hoff then cross-braces all the face Hoff's truss.
panels, including the end ones, adding eighteen redundancies to the structure. The tensions in the
chords again decay linearly where 4 is now 87.5 and B is again -25.

For Saint-Venant’s principle to apply, so that the characteristic responses of the truss to
resultants typify its behaviour, a stronger rate of decay is necessary. The problem with this truss
is that the cross-section is only braced at the ends. The intermediate modules have no resistance
to distortion of their cross-sections. Vlasov (1961) illustrates the equivalent problem for a
continuum in his Figure 151. A bimoment of exactly the kind applied to the truss is applied to a

! Hoff, N.J, (1945) The Applicability of Saint-Venant’s Principle to Airplane Structures. Journal
of Aeronautical Sciences, V.12 p.455.

2 This is given by the data file PIDSIHOF.STR. In all configurations, the bars are madc from the
same material but the diagonal bars have ha!f the cross-sectional area of the rest.
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very thin circular tube. This causes it to become oval, narrowing along the lines of action of the
compressive pair of loads and widening where the tensile pair are applied.

This lack of resistance to distortion of the cross-section is why Saint-Venant’s principle
does not apply to this truss. The analysis of §5.9 would indicate that normally, the response of a
beam to an end bimoment should be one of exponential decay of the stresses and strains. In the
present case, this can be achieved by bracing the transverse panels. Suppose that there are
diagonals in all these panels, in the same direction as the first panel, adding three redundancies to
the initial configuration. Decay of the axial loads is now far more rapid, in the compression chords
being -100, -48, -20.9 and -7.4. An exponential decay could be inferred from this. Exponential
decay solutions of the finite-difference equations of the truss can be found from the last line of
Table 15.1. However, the value of a is usually complex, implying damped harmonic decay. For
example, if all the bays (both transverse and on the faces) are cross-braced, a is (3.074+2.149/).

This indicates that in order to use the characteristic response of trusses to resultant loads,
as in this and the last section, each module must have structural integrity. In the first two
examples, the internal modules formed mechanisms which meant that they could not individually
sustain load systems without resultants. For structural integrity, each module must be capable of
resisting any such loading, so that its effects decay rapidly along the truss. All the modules listed
in §AS5.3 have such structural integrity.

15.5 Membranes and Cable Nets

Membranes and cable nets are often used to
provide lightweight roofing structures. They denve
their stiffness from being in tension. This is usually
provided by pretensioning at the supports or by air-
pressure loading. The general equations of equilibrium
of membranes are most readily expressed in terms of
tensor notation (see Green & Zerna (1968) Chapter 12
or Renton (1987) §3.9 for example).

The simplest form of tension membrane is a
soap film. It may be taken as weightless and to have a
uniform surface tension. This is given by the membrane Figure 15.13 A membrane element
force per unit length T'in Figure 15,13, This shows a under pressure.
small element of surface of area dS bounded by the
coordinate lines ", y* of an orthogonal coordinate system. The lines of the third ordinate y > are
then normal to this surface. Consider the equilibrium of this element under the action of a normal
pressure, p, in the direction of y*. Suppose that the element is given a virtual displacement so that
its coordinates change by 8y * in the y * direction only. The work done by the pressure is then p
dS 8y ®. This may be equated to the work done against the surface tension in stretching the
element to its new area shown by the broken lines in Figure 15.13". This is given by the change
of area of dS multiplied by 7, leading to the equation

.3(dS
pdsdy’ = 3‘7(97)6}’3 (15.53)
Y

For example, in the case of a sphere of radius R, where (', )7, ) are the spherical coordinates

! This is similar to the process of equating the external work done to the internal work done on
plastic hinges in plastic collapse analyses,
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6.6.0),

dS = R%in0 d0dd _a(_d‘jl = 2Rsin0 d0d¢ (15.54)

o
so that (15.53) gives T as pR2.
Integrating (15.53) over the whole surface gives

pdV = T3S (15.55)

where 8V is the change in the pressurised volume and &S is the change in surface area, as
measured from the equilibrium state. Suppose that p is zero. Then for any small perturbation from
the equilibrium state, 8S is zero. The equilibrium state is then one of minimum surface area for
the given boundary conditions'. Moreover, from (15.53), the change in area of the element dS in
moving out by 8y is zero. If the radii of curvature of the 3 and )* coordinate lines are R, and R,
respectively, and the element sides subtend angles de and d3 as shown in Figure 15.13, then

dS = R,daR,dp ,

%’f_) limy,s o ([(R, + 87)(R, + ") - RiR,1dadB/8y°} = (R, +Ry)dadB . (15:56)
Then if p is zero, the variation of dS is zero so that R, and R, are equal and opposite. This means
that the principal radit of curvature, which are the greatest and least (or most negative) local radii
of curvature, are opposite in sign. Then the Gaussian curvature, which is the product of the
inverse principal radii, is negative. Such membranes are typically saddle-shaped. These forms have
been generated numerically? and give a close estimate of the optimum shape of membrane and
cable-net structures. If there is a pressure p it follows from (15.53) and (15.56) that the sum of
the radii of curvature is positive. Also, (15.55) implies that the surface area is a minimum for a
given pressurised volume (6}=0) and given boundary conditions. Again, a spherical soap bubble
is a simple example of this.

The principal uses of cable nets are either as the main
structural component of roofing or as stiffening for a membrane®.
In the former case, the tension in the cable mainly arises from pre-
tensioning. In the latter case, it arises mainly due to its interaction
with the membrane, so that its elastic response is more significant
in determining the state of stress.

When the cable net is the main structural component, it
behaves in an analogous manner to a membrane. Consider a two-
way net where the distance d between the nodes and the tension T
in the cables is the same throughout. The tension coefficient ¢
(=77d) is then the same for all components. Figure 15.14 shows the
loading at a typical node of such a cable net. Three nodes in any  gjgyre 15.14 Equilibrium
one plane form the base vertices of identical adjoining equilateral ¢ elements of a cable net.
triangles. The common sides of these two pairs of triangles lie on

! This was first noted by Platcau in 1873,

2 See for example Lewis, W.J. and Lewis, T.S. (1996) Application of Formian and Dynamic
Relaxation to the Form-Finding of Minimal Surfaces. Journal of the 1 A.8.S. V.37 No.3 p.165.

3 See Saitoh, M. (1998) Recent developments in Tension Structures. Proc. 1.4.8.S. Colloguium,
Current and Emerging Technologies of Shell and Spatial Structures. Madrid, April 1997 p.105.
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a line through the common node. A force P acts at the node radially outwards along this line. The
equilibrium of the node is then given by

P = 2[R, (1 -cosa/2) + Ry(1 - cosp/2)] (15.57)

where the lengths of the equal sides of the triangles are R, and R, and subtend the angles « and
B respectively (cf. (15.53) and (15.56)). Again, in the absence of P, R, and R, must then be equal
and opposite in sign.

A closer analogy between membranes and cable nets can be drawn when the normal
loading induces only small displacements w from an initially flat form.
Figure 15.15 shows a curve of radius of curvature R whose slope and 50
vertical position is given by 6 and w respectively. Then ¥

2
ﬂ = tan@ s ﬂ = ﬁsecze = ie_[l +(ﬁ] ]’
dx dx?

dx dx dx S
d*w
3 Y (15.58)
R&6 = l+(ﬂJ Ox, so that o & W
dx R aw)? n
] +( I] ] Figure 15.15 Gradients
and curvature.

If the slope dw/dx is small, then the denominator in the last expression may be omitted. Taking
the ! and y? directions to be x and y in the initial plane, it follows from (15.53) and (15.56) that

p: L-}-_l_
Rl R2

noting that the senses of the radii of curvature are different in
Figures 15.13 and 15.15.

The exact equilibrium equation for the Xth node of a cable
in terms of its deflexion wy and that of the adjacent nodes can be
found from Figure 15.16. If the cable tension coefficient is ¢, then

_ w  Fw
= - 5;; + '5;2- (15.59)

P=t(wy -wy )+ t(wy - wy, ) =1(2 -Ey - E, )wy (15.60)
Figure 15.16 Equilibrium
The shaded area in Figure 15.17a shows a module of a square cable of a cable node.
net. A second counter, Y, is introduced so that an increment of one
in X or Y corresponds to a shift of / in the directions of cartesian axes x or y. Then using (15.60),

P=[1(2-E,-E,")+«(2-E,-E,/ "]w (15.61)

where E, is the shift operator in the Y direction and w is understood to be a function of X and
Y. The shaded module is of area /% and so the point load P corresponds to the resultant of a
pressure p of intensity P//2. Then on using expansions of the kind given by (15.14) and taking /
to be small,

2 2.
p= _,[é_‘% + a—f] + O(1%) (15.62)
ox oy

which may be compared with the membrane equation (15.59).
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A triangular form of cable net can be
analysed in terms of the unit shown in Figure
15.17b. Again, the lengths of cable between nodes
will be taken as /. The hexagonal shaded zone
defines the module associated with a typical node
and has an area of V'3/%/2. Unit steps in the x and y
directions are //2 and V'3//2 respectively. The finite
difference equation of equilibrium is now

P = t[6-E; -E.’ -E,E, -E.'E;'

- . 15.63
-E.E;' -E.'E,]w (1563)
Taking / as small, the shift operators can again be
expanded to give

*w  Ow
p=-3tl — + —| +0(* (15.64
[[ ox? ay’] (1564

Hexagonal nets have two types of node
which differ in orientation. The first kind, loaded by
forces P, are shown by the black dots in Figure
15.17¢c. The second kind, loaded by forces (, are
shown by white dots. In general, P and Q can be
different functions of X and Y, as can their
displacements w and v respectively. The net consists
of repetitions of the basic module shown by the
shaded rhombus. Taking all the cable lengths
between nodes to be of length /, the area of this
rthombus is 3v'3/%/2 and the unit steps in the x and y
directions are v'3//2 and //2 respectively. There are
now two equilibrium equations for the module, one
for each typical joint:

P(X,Y) = t[3w - (ELE, +E,'E, +E,%)v]
Q(X+1,Y+1) =t[3E,E,v - (1 +E3 +E,E})w]

If O is the same function as P, the first equation can

Membranes and Cable Nets 15.17

X, Y+1

X-1.YE PIX, Y X+1.Y

(a) X,Y-1

X-1,Y+1 X+1,Y+1

P
Xs2.X v X+2,Y

X-I,Y-I/\.\W-I‘Y-l

(b)

X+1,Y+3

X+1 Y+1

X-1,Y+1

X+2Y

©) X,Y-2

(15.65)

Figure 15.17 Cable net modules.

be operated on by E E, and compared to the second equation, giving

3E,E,v + (EXE; + Ey + E4E;")v = 3E(Ew + (1 + Ex + E.Eg)w

(15.66)

Expanding the shift operators as before gives the same second-arder differential expressions for
v and w in (15.66). Then v and w can be taken as the same functions to the same degree of
accuracy as before, leading to the differential equation

2. Y4
CANCALY N
ox?  gy?

o

3

It will be seen that (15.62), (15.64) and (15.67) are all harmonic equations. As noted in §15.2,
it follows from symmetry considerations that this is the only form these second-order equations

(15.67)
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could take. Although the coefficients of the differentials differ, all three networks are equally
structurally efficient. That is, assuming that the working stress is the same in all three cases, the
volume of cable per unit net area required to produce the same resistance to deflexion is the same
for each. This might be inferred from (iii) of §14.2 and the work of Cox (1965) mentioned at the
end of §14.3. However, it is not true of grids, which are not pure tension structures.

The existence of an approximate differential equations governing the behaviour of discrete
structures suggests that solutions of these equations may indicate the sort of solutions to look for
in solving the original exact finite difference equations. For example, the solution of (15.62) for
a constant pressure p, with a fixed circular boundary of radius r is given by

we-Doa,yre r?) (15.68)
4t
Similar solutions exist for the three types of cable net. Taking R to be /7 and P to have a constant
value P at ail nodes, the finite difference equation (15.61) for the square net is satisfied by

P
w = —717"():2 +Y?-RY (15.69)

Likewise, for the triangular net, (15.63) is satisfied by

Po 2 2 2
w=-—(X%?+3Y*-4R?) (15.70)
181
and when P and Q both take the constant value P, (15.65) for the hexagonal net is satisfied by
P
v=ws= —72‘41(3)(2 +Y? - 4R?) (15.71)

Of course, not all the nodes will lie on a circle of radius r, but the above three solutions will still
give accurate estimates of the deflexions of these nets supported on such a circular boundary.
There are other exact solutions for cable nets which are the equivalents of membrane solutions,
such as deflexion under constant pressure with support on an elliptic boundary and the response
to sinusoidal loading with a rectangular boundary.

15.6 Plane Grids

Elllington and McCallion' were the first to use finite-difference calculus to analyse
grillages. These were rectangular grillages in which the torsional stiffness of the members was
ignored. Thein Wah? and the author’ extended the analysis to take account of the torsional
response of the beams. When they have no torsional stiffness, the two sets of beams only have a
shear interaction at the joints. This means that the angle at which they cross has no effect on the
solution. Here, the torsional stiffness of the beams will be taken into account and it will be
assumed that the two sets of beams forming the grid cross orthogonally, as shown in Figure

! Ellington, J.P. and McCallion, H. (1957) Moments and Deflections of a Simply-Supported Beam
Gnillage. Aeronautical Quariterly V.8, p.360.

2 Wah, T. (1964) Analysis of Laterally Loaded Gridworks. Proc. A.S.C.E. V.90, No. EM2, p.83.

3 Renton, 1D. (1964) A Finite Difference Analysis of the Flexural-Torsional Behaviour of
Grillages. Int. J. Mech. Sci. V.6,p.209.
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15.18. Each joint has three degrees of freedom,
the rotations ¢ and ys about the X and Y axes and
the downwards displacement w. Gridworks are
usually loaded by forces normal to their planes
and these can be represented by joint loads P.
These degrees of joint freedom and the joint loads
will be taken as functions of X and Y. The
stiffness matrix equations for grids are given by
(11.27). For beams in the X direction, ¢,§ and w
correspond to 6, , -6, and 8. For beams in the Y
direction, ¢, and w correspond to 6,, 6, and 8.
Then in terms of the step functions Ey and E,, the
equilibrium of a typical joint is given by

Figure 15.18 Detail of a rectangular grid.

GJ 2E] 6El, . ]
Bt (648 0 — (B ¢ 0
GJ. 28] 6L
0 L 2m L6408,y  —(B,-Eg") v |=]|o0
b Y a * ar B (15.72)
6El i 6EI 12E1 12E1
—;(EY_EYI) —'-l(Ex,‘Ex) - L&y - .M B p
b a? a’ b?

where &, = Ey +Eg' -2 , &y =E,+E;' -2 (cf (8.26)).

and the subscripts 1 and 2 refer to the stiffnesses of the beams in the X and Y directions
respectively. As in the last section, the finite-difference operators can be expanded as a series of
differential operators to give an approximate differential equation relating w to the equivalent
normal pressure p on the grillage' (equal to P/ab). This takes the form

Eiow (G Ghl ow | Ehow
b gx? b a ) oxyr a oyt

+ O = p (15.73)

where A may be a or b. This is the form of the differential equation for a laterally-loaded
orthotropic plate and if

=2 (15.74)

EI_I(G_JG_J
a

b 20 & a

it becomes the equation for an isotropic plate (see (A8.1.8)). This is biharmonic in form, which
as noted in §15.2 is the most general fourth order equation to be rotationally symmetric for all
angles of rotation. This similarity to the plate equation suggests that solutions to plate problems
may indicate solutions to grid problems and this is indeed the case.

The use of Fourier series can be illustrated by examining the problem of a simply-
supported rectangular grid. From (15.73), it would seem probable that if the normal loading can
be expressed by sinusoidal functions, the normal displacement of the grid, w, may also be
expressed by sinusoidal functions of the same wavelength. Suppose that w is given by the product
sin rX sin sY. From Table 15.1, operating on this function with (Ex-E,") produces a cosine

! Renton, J.D. (1965) On the gridwork analogy for plates. J. Mech. Phys. Solids, V.13 p.413. This
analogy has been noted by other authors, for example Bare¥ and Massonnet (1966) §5.2.
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function of X and operating on it with (Ey-Ey") produces a cosine function of Y. However,
operations with &, or&/, only change the coefficients of these sine functions. Then looking at
the first two lines of (15.72) it follows that ¢ will be given by some multiple of sin rX cos sY and
¥ by some multiple of cos rX sin sY. The general form of such a solution is then

d(X)Y)=¢ sinrX cossY , Y(XY)=y, cosrX sinsY

. . . . (15.75)
w(X,Y) =w,sinrXsinsY , P(XY)=P sinrXsinsY
Substituting these forms into (15.72) yields the relationships
GJ EI 6L
) L(1 -cosr) +—2(2 +coss) b, = —sins W,
a b b2
GJ, El, 6L,
—=(l -cossy+ —{(2+cosr) |y, = - sinr|w, (15.76)
b a at
EI, | kI El El, P,
-| ——=sins |, +| —sinr |y, +2| — (1 ~cosr)+ —=(1 -coss)|w, = —
b2 al a’ b3 12

The first two equations can be used to find ¢,, and ., in terms of w,,. The third equation can then
be used to find w,, in terms of P,,. Suppose that the solution is to be used to analyse a rectangular
grid with M spans in the X direction and N spans in the Y direction. Simple supports can be
simulated by antisymmetrical boundary conditions on X=0 or M and Y=0 or N. These are given
by taking » as TR/M and s as S/N in (15.75), where R and S are integers. The use of finite
Fourier series was explained in §15.2. Extending this to two dimensions, any function P(X,Y) can
be expressed as a finite sum of functions like that in (15.75) by

r
R=1 S-=1 X=1Y=1

M N M N
P(XY) = Z Z P, sinrXsinsY where P = K}— E E P(X,Y)sinrXsinsY (15.77)
and r and s are as defined above. This gives P as zero on the boundary (where the value of P is
irrelevant). In particular, if P takes the constant value P,, from (15.6),
4 r s
= ——cot—cot= (R and S both odd
N Ot 5 ot ( ) (15.78)

rs

If either R or S is even, P,, is zero. Having found E, , the deflected form can be found as
described above. This is equivalent to the Navier solution for plates (see Timoshenko and
Woinowsky-Krieger (1959) §28 for example).

In many cases, the torsional stiffness of the beams forming the grid is negligible in
comparison with their flexural stiffness. Also, the beams and their spacing are often the same in
both directions, so that £1,/b and El,/a are both equal to D* say. Then (15.73) becomes

Jow o
D __“‘_ ML (15.79)
ox ayt
If the x and y axes are not aligned with the beams but at 45° to them, from (15.17) this becomes
4 4 4
ipel 9 e 9w 3w, (15.80)
2 ax* axWyr

A Navier-type solution of these equations can be found for rectangular boundaries of side lengths
A by B. It uses a double Fourier sine series for w which automatically gives simply-supported
boundary conditions on x=0, x=A4, y=0 and y=B. This takes the form
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w sm
1

sin Y

(15.81)

m=l n-

If the normal pressure p is expressed in terms of a similar series
with coefficients p,,,, then on substituting the two series into

(15.79) and comparing them term by term gives (a) (b)
Do Figure 15.19 Grid layouts.
w =
D" m* ont (15.82)
4t B*

and doing the same with (15.80) gives

v 2Pmn
" n.,D.[m_‘ Lemm? ot (15.83)
A*  A’B* B®

Consider the particular case when the sides of the grid are both of length 4 and a uniform
load per unit area p, is applied. The coefficient p,__ is then given by

16p,

n*mn

Pun = (15.84)
The two layouts described by (15.79) and (15.80) are shown by (a) and (b) respectively in Figure
15.19. From this analysis, the central deflexions are given by

A* A
(@ w= 0.008204 2 and (b) w = 0.004016 22
D’ D"

respectively, so that a diagonal grid is more than twice as stiff as square grid using the same
beams and spacing. The higher efficiency of such grids is noted by Morgan (1968) p.217.
Other solutions of the finite-difference equations for grids are listed in §A5.4. These
include square grids with uniform loading and circular boundaries, triangular grids with
rectangular and triangular boundaries, and the continuum
approximations to these and other grids. Note that the ratio of the
equivalent plate stiffness of an equilateral triangular grid to that of
a regular hexagonal grid made from the same beams is given by
Dy 3(3EI+GIY(EI+GJ)
D,.. 2EI(EI +3GJ) (15.86) »
an be seen from Figure 15.20, a pattern of equilateral triangles can ~ ~_ | -~ - 7
be produced from overlaying three patterns of regular hexagons of
the same side length. Then if this ratio is to give a structural
efficiency in terms of stiffness for a given amount of material per unit
area, it must be divided by three. The ratio of GJ to £/ varies
between zero and one. At the lower limit, a triangular grid is then 1.5 times as efficient as a
hexagonal grid and at the upper limit they are equally efficient.

4

(15.85)

Figure 15.20 Triangles
and hexagons.
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15.7 Space Grids

Space grids are three-dimensional versions of plane grids. Makowski (1965) and Borrego
(1968) list many types of space grid. Sometimes, the definition is confined to grids which are
essentially three-dimensional, rather than being an assemblage of plane structures. Four basic
forms of these are shown in Figure 15.1d. These consist of a top deck of bars forming regular
polygons (shown by solid lines), a bottom deck of bars also forming regular polygons (shown by
broken lines) and diagonal bars forming pyramids linking the two decks (shown dotted). Stressed-
skin construction is sometimes used, in which some (or all) of the polygonal faces are covered
with plates which form an integral part of the structure. The parallel square mesh (PSM) truss
shown at the top left of Figure 15.1d is also shown in Figure 15.22. Proprietary versions of this
are the Unistrut and Space Deck systems. In its skeletal form, it has

one degree of freedom which allows it to form a mechanism. The o oy

top and bottom square meshes can deform into rhombuses of N/ Y
opposite orientation, causing warping of the upper and lower planes. q—;;\«#\)ﬁ’—é’ /
The addition of a single diagonal bar to one of these squares, or the N4 NS
imposition of simply-supported boundary conditions are enough to 3 S ,F%’\

N

prevent this. An inclined square mesh (ISM) grid is shown to the ,
right of the PSM grid. Here, the upper square mesh has a side length ~ »~
V2 times as long as the lower mesh and oriented at 45° to it. In its N
free state, there are modes corresponding to the warping mode of

the PSM grid. An additional mode is shown in Figure 15.2]1. Each  Figure 15.21 Twisting
pyramid twists about its apex by an equal and opposite amount to  of the ISM grid pyramids.
that of its neighbours. This rotation can be represented by a function

(-1)**Y0, which alternates at the same pitch as the modules of the grid (cf. Figure 15.2). Because
of this, it cannot be represented by the behaviour of an equivalent continuum, because the scale
of this behaviour becomes smaller as the fineness of the mesh increases. Both the remaining two
grids shown in Figure 15.1d are formed by linking tetrahedra and are not mechanisms in their
unsupported states. At bottom left is shown a parallel triangular mesh (PTM) grid. The Octetruss
and Triodetic system are proprietary versions of this. Lastly, the T-H grid at the bottom right of
the figure consists of a triangular upper grid
forming the bases of downwards-pointing
tetrahedra, linked at their apexes by a hexagonal
lower grid. This grid is often used in
constructing geodesic domes.

The equations governing the elastic
response of a PSM grid can be expressed in
terms of the equilibrium of two typical joints, A
in the lower layer and B in the upper layer. These
and the adjacent joints are shown in the lower
diagram of Figure 15.22. Also shown are the
finite difference operators associated with these
adjacent joints. An alternative approach is to
imagine a phantom joint B directly above A, so
that the operator associated with the real joint B
is E,”* E,* . This simplifies the expressions for
the deflexions of joint B. Using the notation

shown, the governing equations can be written in
the form Figure 15.22 A parallel square-mesh grid.

A
NP AN
NN
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4D, Dy +4d 0 0 ‘45,5, -dD,b, db,§, ||“z| |0
0 4D,Dy+4d 0 ~dDyDy  -dS5,8§, dS,D,|lves| |0
0 0 ad dD,S, dSyD,  -dS,Sy|w.h _[Path (15.87)
-dSy S, -dDyD,  dD.S, 4D,D, +4d 0 0 |ugz| (O )
-dDyDy -dSySy  dS,Dy 0 4D,Dy+4d 0 vyt 0
dD, S, dS,D,  -dS,S, 0 0 i PRI

where b,d and 7 are the axial coefficients of the bottom, diagonal and top bars respectively. The
subscripts A and B refer to the deflexions u,v and w and the vertical loads P at joints A and B
respectively. The lengths of the top and bottom bars are / and the distance between the top and
bottom layers is /. For compactness, the following abbreviations have been used:

-1
D 1 -E Dyoy=1-Ex,y
_ (15.88)

S =1+E);1MY

XorY ~ XorY >

S =1+E

XorY XorY XoY

The warping mode of the PSM grid mentioned earlier can be expressed by the deflexions
= CXY, luy = C(Y+2), Iy, = C(X+2), hwy = C(X+2)(Y+3). (15.89)

This is a mechanism mducmg no internal strains and requiring no external loads.

As with the rectangular plane grid analysed in §15.6, a Navier-type solution can be found
for rectangular boundaries providing the equivalent of simple supports'. (In fact, antisymmetrical
conditions are induced about the planes of these boundaries.) As in (15.77), the normal loadings
P, and P, can be expressed as a double sine series and the deflexions resulting from each term
found by substitution in (15.87). Taking

y EZu cosrXsinsY , w,
R:1 §=1

M N
A .
v, = sz,smrXcossY . Vg =

=
"

N
Z ulcosr(X +_) sins(Y +-)

.[\/Jz

-
M

=

N
Z v, smr(X+—) cos s(Y +—)
(15.90)
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we = 2 Y wisinrXsinsY |, w, Ew smr(X+—)sm3(Y+_)
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—
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™Mz

M N
P, =Y Y PlsinrXsinsY , P, P, sinr(X+2)sins(Y +2)

=
]
©
W

=~

=1 §=1
where as before 7 is TR/M and s is ©S/N. Using the following notation for compactness,

- . r - 3 - r - s
s = sin- s, =sin- . ¢ =cosz , ¢ =cos_, (15.91)

r 2 ’ s r

the coefficients of the expressions for the deflexions in (15.90) are then given by term-by-term
comparison by substituting these expressions in (15.87):

!See Hussey, MJL. Tarzi, A.I and Theron, W.F.D. (1971) Simply Supported Rectangular Double-
Layered Grids. Proc. ASCE, Structural Division, V.97, No.ST3, p.753.
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r 2 b [urf .—l. O
4bs +d 0 0 ~dcc, ds,s, ds.c, 2
41
0 4bs’+d 0 ds;s, ~-dcec, dcs, Vrs g 0
0 0 d -dsc, -dcs, -dcpc, w,fh P,f/4h
2 sl c (15.92)
-dc,e, dsss, -dsc 4ts;+d 0 0 Uy 0
ds,s, -dcc, -dc,s, 0 41.9,2 +d 0 v2 f 0
ds.c des -dcc 0 0 d
res .5, res ] W,fh P,f/4h

This then gives solutions for a rectangular grid with side lengths M/ and N/ by the same method
used for the plane rectangular grid analysed in §15.6.

The equations governing other kinds of space grids are given in §AS5.5. As with plane
grids, equivalent differential equations can be found' which characterise the macroscopic
behaviour of space grids. If the top and bottom bars of a PSM grid have the same axial coefficient
b, then this equation takes the form

d'w  o'w 2p

axt ot NYEE

(15.93)

where w is the lateral displacement of the grid and p is the equivalent normal load per unit area
on the surface of the grid. For PTM grids and T-H grids, the governing differential equation is like
the biharmonic plate equation,

'w d'w d*w

— *2 22+——4=-[-)~ (15.94)

ox Ox “dy dy

D

where for a PTM grid with top and bottom bar axial coefficients b and ¢ and lengths /, separated
by a height A,
33 bthi?
D = 336t (15.95)
4(b +1)
and using the same notation for a T-H grid, where the top bars form a triangular grid and the
bottom ones a hexagonal grid and the diagonal linking the two have the axial coefficient d,

D - bh2Y(81td + 54bt + bd)
6y/3(27td + 54bt + 11bd + 4b?)

(15.96)

The difference equations for an ISM grid reduce to an eighth order equation rather than
a fourth order equation, and this is given by (A5.5.4). Because they do not all behave in the same
way, direct comparisons between these grids can only be made in special circumstances. This has
been done' for grids ‘simply-supported’ on square boundaries of side of length a loaded by a
uniform load of intensity p per unit area. In all cases, sinuscidal solutions can be found to both the
finite-difference equations and the approximate differential equations, giving rise to Navier-type
analyses. Taking a PSM grid, with members all of length / and axial coefficient EA/73, the central
deflexion, as the mesh becomes infinitely fine, is 0.03282pa*/EAI (when the top and bottom bars
are parallel to the boundaries). With the same grid turned through 45°, so that the top and bottom

1 Renton, J.D. (1970) General Properties of Space Grids. Int. J. Mech. Sci. V.12, p.801.
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bars are oriented as in Figure 15.19b instead of as in Figure 15.19a, this becomes 0.01607pa*/EAl
The stiffness of the latter is then 2.042 times that of the former, exactly as in the case of the two
plane grids compared in (15.85). For the purposes of comparison, it will be assumed that the other
grids have the same density of material in both the upper and lower layers and in the layer of
diagonal bars linking them. Matching also the separation of the layers, h, the central deflexions
of the PTM and T-H grids are 0.02167pa*/EA! and 0.02605pa‘/EAL With an infinitely fine ISM
grid, the central deflexion is 0.02418pa*/EA! regardless of whether the bars upper or lower layer
are parallel to the boundaries. In these examples, the PSM grid skewed at 45° to the boundaries
is significantly stiffer than the others. Advantage of this orientation is also taken in a square grid
of Vierendeel trusses known as a Diagrid. Makowski (1965) notes that this diagonal arrangement
results in a more uniform stress distribution and greater rigidity, because the beams are roughly
aligned with the principal stress trajectories. Other work on optimising space trusses includes that
of El-Sheikh'. For those trusses considered, the optimum span/depth and span/panel-width ratios
for comer-supported space trusses were 8 and 12 respectively. For edge-supported trusses, both
these ratios were either 12 or 16.

15.8 Reticulated Barrel Vaults
/
Barrel vaults are vaults which
have cross-sections in the form of
circular arches. The surface of the vault
() A ®

is developable, that is, it can be laid out
as a flat sheet without inducing
membrane strains. This means that a N
regular plane gridwork of bars can be
used to brace such a surface. Double
curvature increases the rigidity of such a
structure, but then the pattern of bars
becomes distorted and is no longer truly
regular. The theoretical and practical
aspects of barrel vault design have been
considered by Makowski (1985). The
length/span ratio of barrel vaults is (e) ®

usually less than 2.0 and the rise/span

ratio greater than 0.2. For stiffhess and Figure 15.23 Bar layouts for barrel vaults.
stability, good rise/length ratios vary

between 0.17 and 0.3 according to Shougun, Jianheng and Hengxi’. They state that reducing the
length/span ratio or increasing the rise/span ratio improves the structure according to these
criteria. Figure 15.23 shows some standard iayouts of barrel-vault grids. These are shown in the
developed state, the length being horizontal. A simple rectangular grid without diagonal bracing
is relatively weak and unstable. In 1890, Foppl attempted unsuccessfully to patent the design
shown in Figure 15.23a. Makowski (1965) says that the bracing in the ‘lightweight’ system shown
in Figure 15.23c¢ follows the principal stress trajectories. It has been used in conjunction with
lightweight concrete, the grid acting as part of the formwork, or with panels as infilling which act

(c) @

! EI-Sheikh, A. (1998) Optimum Design of Space Trusscs. Jowrnal of the 1 A.S.S. V.39 No.3 p.159.

2 Du Shougun, Sun Jianheng and Xia Hengxi (1993) Stability Behaviour Investigation of Braced Barrel
Vaults. Space Structures 4 V.1 p.62. Thomas Telford Services, London.
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as an integral part of the structure. The triangular grid shown in Figure 15.23e

is known as the TeZet system and has been used by E. Torroja and S. du
Chiteau and is also the basis of the Wuppermann system. For every triangular
grid there exists a corresponding hexagonal grid, as shown in Figure 15.24. Thus
the hexagonal grid corresponding to the triangular grid shown in Figure 15.23¢
has a third of its bars oriented in the hoop sense and that corresponding to the
grid shown in Figure 15.23f has a third of its bars oriented in the longitudinal
sense. Shougun, Jianheng and Hengxi (ibid.) have examined the layouts shown
in Figures 15.23¢, d and e and conclude that the triangular arrangement in Figure

15.23e is considerably more stable than the others.

Finite difference calculus can be used to analyse
barrel vaults. Figure 15.25 shows part of a TeZet vault
(cf Figure 15.23¢). The analysis used here' is the
equivalent of Navier-type solution discussed in §15.6.
Here, the operator E, is used to give a step of length b
along the truss and Eg produces a step of d in the hoop
sense, which subtends an angle 2¢ at the axis of
curvature of the vault. Thus joint B in Figure 15.25 could
also be labelled EyEgA, using the earlier notation.

The governing equations are expressed in terms
of the local coordinates of each joint. The local x,y and z
axes are in the longitudinal, tangential and radially-
inwards directions. Thus x, and x  are in the same
direction but yg and z, are at an angle 2$ to y, and z,. In
expressing the stiffness equations for the bar AB in terms
of these coordinates, two transformations must be carried
out. First, the equations in terms of the bar coordinates
must be referred to the plane shown in Figure 15.25b by

b)

Figure 15.25 Notation used for
the analysis of a TeZet vault.

a rotation through o and then referred to the local coordinates at each end by rotations of +¢.
The local coordinates x,y and z for the bar AB are as shown in Figure 11.12. The (major)
x axis is taken to lie in the plane of triangles containing AB. In terms of these coordinates, the
stiffness equations are given by (11.7) and (11.45) to (11.48). These must now be expressed in
terms of the loads and deflexions at A and B relative to their local coordinates (x,, ., z,) and
(xu, Y8, 25). This is done by first relating the vectors to a joint-like coordinate system (x,, y,, z,)
for which ¢ is zero and then to the joint coordinates at A and B, allowing for the angles +¢. The

required transformation matrices are

u, -sine 0 cosa|lu -dil 0 bll|lu
u,=Tu or [V, =1cose O sinaijjv bil O dijv]|,
w, 0 I 0 (jw 0 1 0 |(w
(15.97)
Uy 1 o u,
uy = Tou, or (vy|=|0 cos¢ -sindiv,|.
w, 0 sind cosd w,

! See Renton, J.D. (1991) Analysis of Reticulated Barrel Vaults by Finite Difference Caleulus.
Spatial Structures at the Turn of the Millennium, Proc. A.S.S. V.3 p.135.
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so that the overall transformation matrix is

u -dil 0 bl u
u, = T¢ T.u, = T(bbd)u or (v,|=|bllcosd -sind dicosdp|v|. (15.98)
w, bilsing cosd dlisind ||w

The transformation matrix T(¢,b,d) then gives the transformed K,,* matrix as detailed in (11.49).
However, for the vectors related to joint B, the transformation matrix T(-¢,b,d) should be used,
where ¢ is replaced by -¢ (or sin d by -sin ¢) in (15.98). The other stiffness matrices are then
given by

Kl.l = T(¢’bad)KuT‘(_¢:bvd) » Kz.l = T(*d),b,d)KuTl((b,b,d) 3

. my _ _{T($.b.49) 0 (15.99)
K}, = T(-0,b K, T'(-,bd) , where T(d,b.d) -[ 0 T(d),b,d)J .

The necessary transformation matrices T for the other bars connecting joint A to the five other

adjacent joints are similar, allowance being made for their particular orientation. For the other

hoop bars, they are, in terms of the joints connected, ExEg"A: T(-$,b,-d), E,'Eg'A: T(-$,-b,-d),

Ey'E¢A : T($,-b,d), and for the longitudinal bars they are E,2A : T(0,/,0), E,?A : T(0,-1,0).
It is now possible to set up the stiffness matrix equilibrium equation for joint A:

- _ ;
kll kIZ kl3 kl4 kli kl6 6):/1 (MM
n b Ry kg ks k[0, (M,
le k32 k33 k34 k]S k36 BZA - MZA (15-100)
k4| k42 k43 k44 k45 k46 6xA FxA
kSI k52 k53 k54 k55 k56 6}'/1 FyA
koo ey Koy Koy kes K 6;44 Fm‘
Defming Z:)(01'8 = EXorO +E)2:>r9 ' A)(t:-re = EXO!Q _E)£Lr9 ’ (15.101)
s=sing , c=cos¢ , §=sina , C = cose,
and using the following abbreviations for the hoop bar stiffnesses,
a=FAl |, j=GJ |, m=2EI/l | n= 6EII/I2 ,
(15.102)

= YL oK - 2 - 3
o= 12E1/I° |, p = 21:[y/1 , 9= 6Ely/1 r = 12E[ /1",

and using the corresponding capital letters for the longitudinal bars, the matrix coefficients are
ky = 4C% + 85km + (S%m - Czj)):x)le —JEXZ i kg = ~cSC(G + m)Ay Ay
ki = sSCG+mALEg k= 05 kg = -sSn(@ + L, L) kg = -¢SnE, Ay
ky, = 4c¥(SY + 2CUm) + 8s%p + [cHCUm - 8Y) - sTp| By Bg + M2 + 7 ;
y = eS(SY - Comn - LAy kyy = 5594 - E,Bg) 5 kyy = 5cCn + 9)A,Ag
ky = Clc?n - s')AZg + NELA, 5
Ky = 45HSY + 2Cm) + 8c%p + [sH(SY - Clm) + czp}Exze +PQ+ED
ky, = cSqE Ay ; Ky = Cis*n - czq)AXEQ QLA Ky = s5cCln + @A A,
ky = (C% + S - Z.Zy - AEX2 3 kg = ¢SC(r - a)AA,
ki = -SSC(r - a)AZg ; keg = €%(S%a + C)(4 - E,Z9) +s%0(4 + E,E9) -RT?
ke = 5c(S%a s Cl + 0)B B¢ ; kes = 53(S%a + Cor)(4 + L2 +c0(4 - E,By) - 0)

k,

(15.103)
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and k, is the same as k, except that Ay, ¢ is replaced by -Ay . ¢ . The A operator turns even
functions ( X, cos X, cosh X, etc.) into odd functions ( X**, sin X, sinh X, etc.) and vice versa.
The I operator leaves even functions as even and odd functions as odd. Examining (15.103)
shows that if the operations on the deflexions are to produce terms of a similar type in a given
row, 0,,, 8,, and &, must be even functions of X and 8,,, 8, and &, odd functions (or vice
versa). Likewise, 6,,, 0,, and 8, must be even functions of © and 6,,, 8., and &,, odd functions
(or vice versa). A Navier-type solution of the form

M-1 N-1 M-1 N-1
0,=23 Y a,sinpXcosvO |, 9, - Y ¥ b, cosuXsinve
m=1 n=1 m=1 n=1
M-1 N-1 M-1 N-1
8, = 1 Y ¢, cosuXcosv® |, 8, = 2:1 [ d, cospXsinv® , (15.104)
m=1 n=1 m=1 n=
M-1 N-1 M-1 N-1
3, = e, sinuXcosv® | &, = ‘ J,sinpXsinv® .
m=1 n=1 m=1 n=}

where p is mm/M and v is nm/N, gives antisymmetrical conditions on the ends X=0 and M and
on the sides 8=0 and N. Equal vertical loads w, at each joint are given by

Fy = w,sin(20-N)d , F,, = w cos(20 - N)d . (15.105)
If N is even, these can be expressed in terms of suitable double Fourier series as
M-1 N-1 M-1 N-1
F, = ZI Z:l P,,sinpXcosv@ , F, = 2:1 21 q,,,SinpX sinvO (15.106)

where p,,, and g,,, are zero if either m or n is even, otherwise
4wo(cot% pcosNo) 4w0(cot§p cosN¢)

= n2¢ = - sinv . (15.107)
P ¢ MN(cosV - cos2¢)

= Si
MN(cosv - cos2¢)

(cf. (15.6)). If N is odd, a further term, Y4p,_,, sin pX cos n0, must be added to the summation
over m in the expression for F,,,. Substituting the expressions for the deflexions and the loads
given by (15.104) and (15.106) into (15.100) yields six equations relating the coefficients a,,, to
funto p,., and q,,,, the functions of X and © on both sides of the equations cancelling out.

The resulting solution is generic for the barrel-vault type and has been programmed as
TRIBARL EXE (see Appendix 3). It is for any circular vault made from a triangular grid of the
above type, loaded and supported in the above way. The properties of the mesh and its
component bars can be changed instantaneously, facilitating its use as a design tool. If only
approximate answers are required, the summations can be restricted to less than M-1 and N-1,
thus speeding the analysis.

15.9 Braced Domes

The types of dome construction considered here will be confined to those which are
essentially based on a structural skeleton. Stressed-skin and folded-plate domes are sometimes
similar in form, but derive their strength from membrane or plate action, which is outside the
intended scope of this book. Figure 15.26 illustrates some common structural forms. Figure
15.26a shows a ribbed dome which may include an edge ring to take the lateral thrust. Such
domes are rigid-jointed and rely on the flexural stiffness of their component beams. The
Schwedler dome shown in Figure 15.26b dates from the mid-19th century and has light ties cross-
bracing a rigid-jointed frame. As shown in Engel (1968) p.98, bracing on one diagonal only may
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also be used, provided
that it can take both
tension and compression.
Rigid-jointed domes tend
to be heavier than pin-
jointed domes because the
stress  distribution in
flexure does not make full
use of the potential of the
material. A Zimmermann
dome is shown in Figure
15.26¢. Starting from the
central triangle, triangles
are inserted in alternate
tiers to double the number
of sides on the polygon.
Note that diagonal
bracing is only used on
alternate segments. Foppl
analysed domes of the type shown in Figure 15.26d and showed them to be statically-determinate
and stable only if the number of sides on the ring polygons was odd. Makowski (1965) refers to
such forms as network domes. The Exhibition Hall dome in Brno (span 93.5m, rise 19.1 m) is a
notable example of this type. A way of avoiding the need for a large number of bars of different
length is to use continuous members spiralling out from the centre, harnessing them and the
circumferential bars together at the joints. However, a dome similar to the Brno dome was built
in Bucharest in 1961 and collapsed within two years of construction. This was partly due to the
inability of the joint harnesses to prevent relative slip between the bars. Figure 15.26¢ shows the
(patented) layout of a Kiewitt dome. One such dome at Houston has a 196m span. It consists of
six identical segments, each of which is divided into two subsegments which are mirror images
of each other!. The sides of the triangles in each subdivision are parallel to one or other of its
sides. Three-way grid domes of the type shown in Figure 15.26f were pioneered by S. du Chateau
and Fujio Matsushita. Rotational symmetry plays no part in the layout of such grids, but laying
the bars along the paths of great circles appears to simplify the connections.

. A geodesic is the shortest path between any two points on a surface. Great circles are
geodesics on spherical surfaces, and are usually unique’. Madrid and New York lie on almost the
same latitude, but the shortest route between them is not along their mean line of latitude. Instead,
the shortest route for an aircraft is along a great circle which deviates up to 680km north of this
line. Geodesic domes were patented by R. Buckminster Fuller in 1947 and by 1970 some 3,000
had been built®. His object was to triangulate a spherical surface in as regular a manner as
possible. There are only four ways in which this can be done with complete regularity. These are
using tetrahedra (F=4, V=4, E=6), octahedra (F=8, V=6, £=12), dodecahedra (F=12, V=20,
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Figure 15.26 Some types of lattice dome.

! The symunetry can be used to reduce the analysis of such domes under gravitational load to that
of a 15° segment, as in the data file RIDSIKWT.STR provided.

% The exception is when the two points are at opposite ends of the diameter of a sphere, when an
infinite number of great circles pass through both of them.

3 Geodesic structures had been used before, notably in the design of the fuselage of the Wellington
bomber by Neville Barnes Wallis.



15.30 Regular Structures [Ch. 15

E=30) or icosahedra (F=20, V=12, E=30) where F is
the number of faces (or triangles), V' is the number of
vertices (or joints) and E is the number of edges (or
bars). Any polyhedron must satisfy Euler’s formula
(F+V-E=2). Should one try to triangulate a closed
surface with » triangles with six bars meeting at each
joint, the number of joints would be 3n/6 and the
number of bars would be 3n/2, giving zero on the right-
hand side of Euler’s formula. Suppose that m of the
joints had only 5 triangles meeting at them. Then m/6
must be added to the vertex count. To satisfy Euler’s
formula, the value of m must then be 12 (and n is
arbitrary). Fuller takes these five-way joints to be the
vertices of a regular icosahedron, and all the other
joints to lie on the sphere circumscribing this figure. A geodesic dome may be developed in the
manner shown in Figure 15.27. Great circles are drawn on the surface of the sphere, linking the
vertices of the icosahedron. Corresponding to each of its faces, there is now a spherical triangle.
The midpoints of each of the sides of this spherical triangle are now linked. If this is done by bars,
each triangular face of the icosahedron, shown at the bottom of Figure 15.27, is replaced by the
four triangles shown to the right of it. This results in a polyhedron with 80 triangular faces, 42
joints and 120 bars. Proceeding anticlockwise around Figure 15.27, three further stages of this
recursive process' are shown. At each stage, new joints are inserted at the midpoints of the great-
circle sides of each spherical triangle linking the existing joints. Linking these new joints with bars
produces four triangles where there was one before. Thus the next three stages successively yield
a total of 320, 1280, and 5120 triangles®. If R, and R,, are the position vectors of two joints on
the surface of the sphere of radius R, this process requires finding the length /,; linking them, or
the position R_. of a new joint C midway along the geodesic linking them. These are given by

R(R, + Rp)
IR, + Bl

A, A

)
Y

7S
T

Figure 15.27 A geodesic triangulation.

Ly =I|R, - Rg| , R = . (15.108) / " Order of

triangulation:

This does not produce triangles with equal sides.
After the final (fourth-order) triangulation given
above, the shortest bar is of length 0.06918R and
the longest is 0.08264R, 19% longer.

An alternative triangulation, shown in
Figure 15.28, is given in Chapter 3 of Margarit and
Buxadé (1972). In this case, no bars lie along the
sides of the original triangle, although some cross
the sides. Initially, the triangle is divided by great

circles from each apex to the midpoint of the  Figure 15,28 An alternative triangulation.
opposite side (as shown by the solid lines). The

! Recursion is a powerful programming tool and has been used in the program GEOTRI EXE to
find the joint positions and bar lengths. The source code is given in GEOTRI.MOD.

% The United States pavilion for Montreal’s Expo ‘67 was based on a fourth-order triangulation.
The triangles formed the upper layer of a steel T-H grid with the perspex panels used as infilling
in the hexagonal layer. It was 76m diameter and 61m high.
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second, third and fourth order subdivision are shown by broken lines, dashed lines and dotted lines
respectively. Again, allowing for the curvature of the surface on which the joints lie, the bars
linking them vary in length between 0.07477R and 0.09505R, some 27% longer. The authors state
that such a dome can be built from four different bar lengths, allowing for the tolerance of the
circular gusset plates used at the joints.

As shown in Figure 15.24, for every triangular pattern with six-way joints a
complementary hexagonal pattern can be found. Thus a closed surface may be broken up into
complementary patterns of hexagons apart from the twelve pentagons needed to satisfy Euler’s
formula. Kaiser domes, usually of 60m to 120m span, are based on this geometry, being formed
mostly of double-layer hexagonal grids. They have five-fold symmetry, an apex of the icosahedron
from which they are formed occurring at the apex of the dome. Despite the essential irregularities
of such triangular and hexagonal grids, continuum analogies have been used in analysing these
structures. This requires both their equivalent plate-like behaviour (as discussed earlier in this
chapter) and their membrane-like behaviour to be known. Heki' gives equivalent membrane
stiffnesses for a number of regular grids. A pin-jointed triangular mesh of equal bars of length /
and axial stiffness E4 is found to behave like an isotropic membrane. If Young’s modulus for the
equivalent membrane is taken as the same, the equivalent membrane thickness is 24/¥3/ and the
equivalent Poisson’s ratio is a third. The equivalent shear modulus is consistent with these values,
being 3£/8. For a regular hexagonal grid made from the same bars, equivalent isotropic stiffnesses
are proposed but it is noted that both the pin-jointed grid and its equivalent continuum are
unstable.

15.10 Stability Considerations

The stability of a braced domes has been analysed in terms of an equivalent isotropic shell,
although the consequences can be disastrous, as in the case of the 51m diameter C.W. Post dome,
Long Island University, 1970. The analysis was based on an equivalent membrane thickness,
calculated on the basis of giving it the same volume of material per
unit area as that in the actual dome. For the triangular mesh grid
discussed at the end of the last section, this would give an
equivalent thickness of 2vV'34/l, three times the equivalent
thickness given by Heki’s analysis. Even this equivalent thickness
is only a guide for membrane action; the flexural stiffness is given
by (A5.4.12). The actual type of bracing used is illustrated in
Figure 15.29. This has no isotropic continuum equivalent. The
only loading conditions considered were symmetric dead and
superimposed loading, and antisymmetric wind loading?. The dome
collapsed as a result of snap-through under asymmetric loading .
condi‘t)ions3 (cf. Figure 9.1). T?\e use gf even the cyorrect equivalent Figure 15.29 Type of
shell stiffnesses in buckling analyses is questionable. Experimental
values of the buckling load for spherical shells under external pressure are often one tenth of that

bracing in C.W Post Dome.

'IASS. Working Group on Spatial Steel Structures (1984) Analysis, Design and Realization of Space
Frames a State-of-the Art Report. Bulletin of the LA.S.S., V.25, No. 1/2, p.96.

% More realistic design loading is given by Ohmori, H. and Yamamoto, K. (1998) Shape optimisation of
shell and spatial structures for specified stress distribution. Journal of the LA.S.S., V.39, No. 1, p 3.

3 See Levy (1992) for further details.
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predicted for perfect shells, owing to small imperfections. As explained in the previous section,
any reticulation of a dome is inherently non-uniform and so imperfect. Also, the buckling mode
may be a wave pattern with a half-wave length equal to the length of the bars, so that no joint
displacement is involved (see Wah and Calcote (1970) Figure 4.7 for example). This could not
be predicted by any continuum analogy. It suggests that the applied load at buckling is unlikely
to induce more than the pin-ended Euler load in any bar of the reticulated shell. Single-layer
reticulated shells are particularly prone to local snap-through instability* (see Figures 9.1 & 9.2).
The I.A.S.S. Working Group (ibid. §3.5¢) propose various approximate formulae for such cases.
More rigorous methods of dealing with such problems use incremental iterative procedures. These
take full account of the non-linearity caused by the change in geometry of the structure under
load, see for example Yang and Kuo (1994).

The use of an equivalent beam approach in examining the stability of trusses is more
appropriate than the equivalent shell approach discussed above. Consider for example the lateral
buckling of a rigid-jointed Warren truss. The out-of-plane bending stiffness and torsional stiffness
are given by (AS5.2.8). If the truss is used as a cantilever, an estimate of the end shear force
required to cause buckling can then be obtained from (9.56). Suppose that all the members of the
truss have the same length / and out-of-plane bending stiffness £/ (=GJ).Then from these
equations it follows that the critical shear force applied at the end of a cantilever of N bays is

s = 668
¢ N?/2

(15.109)

This gives a safe lower bound to the lateral buckling load for such trusses with two or more bays?.
Timoshenko and Gere (1961) suggest in §2.18 treating the instability of trusses subject

to large axial loads as equivalent to beams buckling under bending and shear. This was dealt with

in §9.4. For comparison with their results, the case of a pin-ended strut will be considered. Then

from (9.15) and (9.20b),

_ mEl 1
oo, anI[ _1__] (15.110)
1* \ GkA

The authors define / in this expression as the second moment of area of the cross section of the

(compound) strut. This can be interpreted to mean that the values of £7 are those given by 1/f,,

for such trusses in Appendix 5. However, their values of Gk4 differ somewhat from the values

of 1/f,, given there. For the pin-jointed trusses, the expressions given in the appendix have extra

terms involving the axial coefficients, b and 7, of the upper and lower chords. Their effective shear

stiffness of a Vierendeel truss, GkA* given by (2-63), and that given by (A5.2.7), GkA, are

P

2
L. [i.+l.) T (—‘—.+ : ) (15.111)
GkA®  12mh*\ 2 GkA 12mh*{ 20 j(4i +c)?
where the notation is defined in Appendix 5.

On their own, such trusses would tend to buckle out-of-plane. The above authors consider
them to form opposite pairs of faces of a three-dimensional truss in which the bracing between
the pairs plays no role in resisting buckling. Alternatively, the appropriate flexural and shear
stiffnesses for space trusses given in §AS.3 may be used. It should be noted that in some cases,
cross-coupling between stiffnesses may give rise to behaviour outside the scope of ordinary

! Undulations in such reticulated surfaces, like the corrugations in Nissen huts, improves their stability.

% This can be tested using and modifying the data file RIDMMLAT.STRB with the software provided.
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isotropic beam theory.

A more direct way' of determining the buckling loads of such trusses does not require
drawing analogies with the behaviour of solid beams. The exact finite difference equations for
such trusses can be set up, as in Example 15.2, but modifying the equations to allow for large
axial forces as in (11.51). Suppose that in the above example, the top and bottom chord members
each take an axial force of P/2. Then (15.25) becomes

1

d-cw,  d -dE,  -dEy [um| [Him
d d+a+ply -dEy -dE,-a |vh Vin

y y - (15.112)
~dE, -dE, d-cl, d u'm H'Im
-dEy' -dEy'-a d  d+a+pB,|vh Vih

where &7, is defined in (15.72) and p is P/2mH*. Buckling may occur when the joint loads on the
right-hand side of the equation are zero but the joint deflexions on the left-hand side are not. In
some sense then, the determinant of the matrix on the lefi-hand side of the equation is zero. This
condition is given by

e} {4pad + &y [cad - 2pc(a + d) + 2p*d] - M, }pPc) P(X) = 0 (15.113)
where ¢(X) is some function of X. Polynomial solutions of
F2H(X) =0 (15.114)

correspond to rigid-body motions of the truss and its characteristic responses to extension flexure
and shear. The remaining solutions of (15.113) result from the operations of the terms in curly
brackets on ¢(X) giving zero. Suppose that

$(X) = Asin(KX + a) (15.115)
Then

n

L H(X) = Ny [Asin(KX +a)] = ~2(1 - cosK)A4sin(KX + o)

-2k $(X) (k = 1-cosK) (15.116)

Substituting this result into (15.113) gives a quadratic in p from which the lowest buckling load,
P_, can be found. The deflexion mode corresponding to this can be written as
mu = AcosK(X + %) , %h(v +v’) = %(Zd + ck)sin%KsinKX,

P (15.117)

mu' = -AcosK(X-L) , Ln(v-v') - -%(d+ck)cosK(X+§).

The total bending moment M at any section through the joints can be deduced from this to be
M = 24m%hc sin%KsinKX (15.118)

By taking K as /N, this moment is then zero, corresponding to a truss with zero mean lateral
displacement and zero resultant moment at X equal to zero and N. The buckling load found from
the above quadratic is then that for a pin-ended lattice column of length L (=mN). Using the
approximation

! Renton, 1.D. (1973) Buckling of Long, Regular Trusses. /nt. J. Solids Structures V.9 p.1489.
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2 7[2
T 1- T (15.119)

makes it possible to compare the results obtained with those given by the beam analogy. Taking
EI as given by (A5.2.3), then for a Pratt or Howe truss,
P - n’kl 1
Y L wEl 1 ( 11 1 ] (15.120)

k =

1+ _—f — ==
] mh*\a d 6c
which is of the form of (15.110) but does not conform completely to the expression for GkA4.
Using similar methods for a Warren truss gives
p - L 1
con nEL 1 {2 1 (15.121)
1+ — - =
12 mhild 12
which again is not identical to that found using the expression for Gk4 given by (A5.2.2). In the
case of a cross-braced truss, large axial forces are induced in all the bars and the form is not the
same as that for a beam in bending and shear. It is given by
p = n2E] 1 5= adh’?
o, s, mE 1 1 (@a+59)) m¥(ac +ad+cd) (15.122)
2 12 mh2l d@2+s) 12¢

(cf. (A5.2.5)).

The forms given by (15.120) to (15.122) are not identical to those given by an ‘equivalent
beam’ approach for the reasons discussed in §8.5. Solutions for modular beams can generate extra
shear-like terms associated with their flexural behaviour, as in (A5.1.3) to (AS.1.6) for example.
It can be seen that here again the differences lie in the shear-like terms. The above three solutions
for P, should then be taken as the more accurate approximations, as they take into account the
modular nature of the trusses.

15.11 Vibration Problems

Several methods can be used to find the natural
frequencies of regular structures. They may be illustrated
by analysing the rectangular grid shown in Figure 15.30.
The notation used conforms to that shown in Figure
15.18. Here, a square grid of beams, each of length a
with M spans in the x direction and N spans in the y
direction, will be examined. Finite difference methods
were first applied to the vibration of rectangular grids by
Ellington and McCallion'. They considered only the
flexural stiffness of the beams and took half the mass of
each beam to be concentrated at the joints at either end.
Wah and Calcote (1970) §4.3 use the vibration functions derived in §10.2 and §10.5 to analyse
the flexural-torsional vibration of rectangular grids without lumping the distributed masses of the
beams at the joints.

Figure 15.30 Notation for a
rectangular grid.

! Ellington, J.P. and McCallion, H. (1959) The Free Vibration of Grillages. ASME Journal of
Applied Mechanics, V.26, p.603.
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Two approximate methods may also be used. Using the approximations to the vibration
functions given by (10.10), the equations become a linear function of the parameter A and can be
analysed in the same way as the portal frame in Example 11.6. For comparison with the other
results, all the beams of the grid will be taken to have the same length a and the same section with
flexural stiffness EJ and negligible torsional stiffness. The finite-difference equations for a typical
joint vibrating freely are then

8¢, +2¢,(Ey+Ey") 0 6c(Ey'- Ey) ad 0
% 0 8¢, +2c(Ey+Ey") 6c(Ey - E¢') ay | =0 |(15.123)
6c,(Ey-Ey") 6c(Ex'-Ey)  48c,-12¢(Ey+E ' +E +EJ) |l w 0

(cf. 15.72). Suppose that the joint deflexions are given by

mnX nnY mnX . nwY mnX nnyY

ad = Asin cos—N— , ay = Bcos sin , w=Csin sin N

. (15.124)

multiplied by a sinusoidal function of time, sin (wr+e). Then making use of Table 15.1 and the
approximations given by (10.10), (15.123) becomes

8 +4c, 0 -12s, 8-6c, O 26s,
0 8+4c, 125, |u-= ;’2‘_0 0 8-6c, 265, |u(15.125)
-12s, 125, 24(2-¢,-c,) 265, -26s, 12(52+9c, +9¢,)
where
5, = sin 2 y Cp = cos—'}%{E ad
Conm o > M7 ay| . (15.126)
s, = smF , €, = cosF "

This can be solved as in Example 11.6 or by finding the zeros of the determinant of the difference
of the first matrix and trial multiples of the second.

An even faster approximate solution is given by using the equivalent continuum equation
(15.73). The mass of the grid within a typical modular area a? is 2pA4a, where p is the density of
the material and A is the area of a cross section. The inertia force p per unit area is then -2pAw/a
and taking the lateral displacement as

nmy

. mmX . .
w = Csin—— sin—=sin(wf + @) , .
Mo " Na ( ) (15.127)

(15.73) gives
(15.128)

These results can be compared with the natural frequencies in terms of p given by Wah
and Caicote in Table 4.1 (noting that their # is the same as p above). Two sets of results, giving
the greatest variation, are listed in the following table, where ‘E. &M.’ are Ellington and
McCallion’s results and “W.&C.’ are those of Wah and Calcote.
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M N m n E&M. W.&C. (15.125) (15.128)
4 4 3 3 2.281 2356 2.378 2.356
4 5 3 4 2.341 2.436 2.461 2.439

In these examples, it is clear that the results given by the continuum analogy are more than
adequate.

The continuum analogy has also been applied to the vibration of pin-jointed frames. The
response of the bars to axial forces is given by (10.24). The response of pin-ended bars to shear
forces can be deduced from (10.8). Setting M, and M, to zero gives the relationship

S, 2|2¢, ¢, v,
N el (15.129)
Sp 6c, | ¢, 2¢, v,

where m is the mass of the bar, p4/. For an infinitely stiff beam (£/ = «) ¢,, ¢, and ¢, become
equal to unity and the response is that of a thin rigid rod. More commonly, half the mass of the
bar is lumped at each end. This overestimates its rotational inertia, leading to underestimates in
the natural frequency as in Ellington and McCallion’s results above. (The square of the natural
frequency is proportional to the stiffness and inversely proportional to inertia.)

Noor, Anderson and Greene' estimate the natural frequencies of both space trusses and
space grids, using the equivalent continuum approach. Their plate-like behaviour of space grids
is based on assumptions equivalent to those in Kirchhoff plate theory. Likewise, the beam-like
properties of space grids are derived on an assumption equivalent to taking plane sections to
remain plane. This can result in different flexibilities to those given here. For example the
properties of the inverted batten beam given by (1 5.52) are given by the above authors as

3 1 5 .9
hola= Oh%s 3(2[) a') S = h" s JuSss = h2d fs«s"m{?b‘*g)- (15.130)

Because trusses are relatively weak in shear, Timoshenko beam theory, as given in Example 7.8,
is appropriate. Taking the mass of the truss to be represented by masses m at each joint, and
treating each cross section through the joints as rigid, the linear and rotational inertias per unit
length are 3m/s and mh?/2s respectively. Alternatively, the exact solution of the finite difference
equations for the problem can be found®. A vibration mode with a half-wave length As will be
assumed and the particular case b=d, h=s examined. Then the lowest values of w*m/s’d found
from the finite difference equation and the variations from it are given by

A Exact solution (15.52) (15.130)
10 1.427x10° -3.44% +6.80%
30 1.799x10°* -0.42% +10.6%
50 2.336x10% -0.15% +10.9%

! Noor, AK., Anderson, M.S. and Greene, W.H. (1978) Continuum Modcls for Bcam- and
Platelike Lattice Structures. 4144 Journal, V.16, p.1219.

2 Renton, J.D. (1984) The Beam-Like Behavior of Space Trusses. AJAA Journal, V.22, p.273.
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Area of a cross-section.

A bimoment defined in §5.9.

Shear coefficients, as in (6.61) and §A4.1.

A stiffness matrix, as in §3.11.

A wave velocity in §10.8.

Flexural vibration functions listed in Appendix 6.2

A stiffness coefficient referred to in §3.11.

Plate bending stiffness as defined by (A8.1.4).

A column vector of deflexions, usually corresponding to P.

Axial and torsional vibration functions listed in Appendix 6.2.

A finite difference operator which increments X by one (see (8.26)).
Young’s modulus, the stress required to produce a unit strain in the same direction.
Usually a force.

A flexibility coefficient, as in (8.12).

Shear modulus, the shear stress required to produce a unit shear strain.
Acceleration due to gravity (approximately 9.81 m/s?).

Second moment of area about an axis indicated by a subscript.

The warping constant defined by (5.81).

Torsional constant defined in §5.2, but not necessarily the second polar moment of area.
A stiffness matrix asin §11.1.

A shear constant given by (6.4).

A stiffness coefficient, as in (11.120).

Usually lengths.

A moment.

A mass.

A column vector of loads, usually corresponding to d.

An axial force.

A uniform force per unit length or per unit area.

A distributed force per unit length or a shear flow defined in §5.3.
A radius of (flexural) curvature.

A radial coordinate.

A compliance matrix, as in (3.63).

A compliance coefficient, as in (3.63).

A transformation matrix, asin §11.1.

Time, or thickness of a plate or shell.

The tension coefficient for a bar AB (see §2.7).

Strain energy (per unit volume, V, per unit length, /) see §7.1.
Usually displacements in the x,y and z directions.

Work done, as in (2.13) and (7.10) or a weight.

Cartesian coordinates (right-handed convention used).

Angles, or the functions defined by (5.90).

Usually a shear strain as in (3.11), or a rate of overall shear displacement, as in (8.12).
A forward difference operator defined by (8.26) or del as in (15.7).

A displacement or an indication of an increment.

A normal strain, as defined by (3.8).

A rate of overall longitudinal displacement, as in (8.12).
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An angle or rotation.

A rate of rotation (twist or curvature) along a (generalised) beam.
Lamé constants defined by (3.77), or

some (dimensionless) parameter (cf. §A6.2),

a parameter defined by (10.4), see also (10.23) and (10.31).

Poisson’s ratio as defined in §3.3.

The total potential energy of a body and its loads, defined by (7.11).
3.14159265358979323846264338327950288419716939937510582097494459. .. etc.!
Density (mass per unit volume).

A summation.

Usually a normal stress, as defined in §3.1.

Usually a shear stress, as defined in §3.1.

A harmonic vector in §A7.1.

Potential, as in §2.3 or a function used in §6.5.

An angle, or Prandtl’s stress function in (5.23) or the stability functions in (9.8).
A stress function defined by Love (1952) §229.

An Airy function in §6.7 or a harmonic scalar in §A7.1.

Rates of rotation with time.

Warping function used in §5.9.

A backward difference operator defined by (8.26), or nabla as in (15.7).
A finite difference operator defined by (8.26).

'For the next 9,937 digits, see www.crosswinds. net/~bohabohu/



Appendix 2:  How to Use the Structural Analysis Programs
A2.1 Getting Started
A2.1.1 Running a linear analysis

Details of the system are given later. This section shows it in operation. The following
examples can be run from the disk. You can copy the disk to a new folder and run from there to
alter files or create new ones. The best display is given by running in purely MS-DOS mode.

Running the programs is presented as a dialogue between the screen prompts, labelled
‘PC’ and your response at the keyboard labelled ‘You:’. The exact keystrokes you need to use
will be shown. If you need to press the ‘Enter’ or ‘Carriage Return’ key, this will be shown as
(Enter]. The function keys to press are also shown in square brackets as [F1] etc.

The four initial prompts are shown blinking in display frames. The later prompts appear
white on a black background or vice-versa.

You: RUN [Enter}

PC: Press C to continue or H to halt

You: C

PC: CHOOSE PROGRAM BY PRESSING A FUNCTION KEY

You: [F3]

This picks out the Plane Rigid-Jointed Framework Analysis program. The Plane Grid Frame and
Plane Pin-Jointed Frame programs operate similarly by pressing [F1] or [F2].!

PC. CHOOSE STRUCTURE BY PRESSING A FUNCTION KEY

You: [F2] {Initially opposite R2DSIPTL. STR on the menu}

This picks up the data for a structure and its loading from the file listed by the [F2] key. If there
are files listed by the other function keys, these keys can be pressed instead of [F2].

PC. CHOOSE SECTION DATA BY PRESSING A FUNCTION KEY

You: [F2] {Initially opposite NORMALSI . SEC on the menu}

This picks up the data for the sections used by the structure. Normally, several section files
would be listed. A file naming convention is used to show only those section files which are in
the same units as the structures files. If more than one section file is needed, or some of the
section data is going to be entered from the keyboard, this will be prompted for later.” The
structures program you chose now analyses the structures problem you chose.

PC: show mass of structure? Key Y or N.

You: Y

Here and later, "Y" is for Yes and "N" is for No. Thus pressing "Y" will cause the total mass of
the structure to be shown a little later (in kilograms if ST units are used).

! The normal three-dimensional analysis programs, accessed by pressing [F4) or [FS], operate
similarly apart from the displays of the frames. An additional prompt appears before the displays,
requesting the projection to be used: “Choose mapping. Key I,X,Y or Z*. Pressing key “1" then
shows an isometric projection of the frame, with the X axis to the right, the Y axis to the left and
the Z axis upwards. Pressing keys "X", "Y" ar "Z* shows the views of the frame as seen looking
along the X, Y or Z axes. The operation of the remaining two programs, initiated by pressing
[E6] and [F7], is docurented separately.

2 Only files which follow a certain naming convention {see later) and are on the same

(sub)directory as the rest will be shown. The option to pick a file which has not been listed can
be chosen by pressing [F6). If it is on anotber directory or drive, the full path should precede the
filename. All data can also be entered from the keyboard. This option is chosen by pressing [F7).

A2l
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PC: show the frame? Key Y or N.

You: Y

If the machine does not have VGA graphics or better, press "N". The unloaded frame is now
shown with each joint labelled with either one or two symbols, usually letters or numbers.’
PC:Press C, H or F to continue, halt or file.

You: C

The next prompt is displayed after the analysis has been completed.

PC: Frame mass is .........
Show the affected frame? Key Y or N.

You: Y

PC: For Load Case:

You: 1 [Enter]

The program analyses the structure for all the loadings (up to three) specified on the structures
file. However, on the sample files provided, only one load case is listed.

PC: Amplification factor:

You: 1 [Enter]

The amplification factor scales the given loading up or down, depending on whether a number
greater or less than 1 is used. The deflected form is shown to scale, so that it is usually necessary
to enter a high amplification factor for the mode of deformation to be seen. The bars are
coloured according to their highest state of stress. The colours go from black (low stress) to
violet (high stress) in the order given by the stress spectrum at the bottom right of the display.
PC:Press C, H or F to continue, halt or file.

You: C

The machine now returns to the "Show the affected frame? Key Y or N." prompt above, to allow
you to repeat the display with different parameters. If you press the "N" key, you now move on
to the next stage.

PC: output the deflections? Key Y or N.

You: Y

The deflections can now be shown on the screen or sent in the same format 10 a file called
NORMAL.DFL for printing out or further analysis.

PC. To NORMAL.DFL file? Key Y or N.

You: N

The deflection of the joints (displacements and rotations) are now listed after the joint labels
(which were used at the joints in the display of the unloaded structure).

You: {Press any key to continue}

When all the deflections have been listed, the bar end loads (moments and forces) can be shown
on the screen or sent in the same format to a file called NORMAL.LOD.

PC: output the bar end loads in bar coordinates? Key Y or N.

You: Y

PC: To NORMAL.LOD file? Key Y or N.

You: N

The end joint labels for each bar are now shown, followed by the critical stress ratio (see
separate section on this). The bar end loads at each joint are then listed after its joint label.
PC: Press any key to continue.

A screenful of data is shown each time a key is pressed. The final keystroke ends the program.

3 The three-dimensional structural analysis programs return to the above step to allow you to

view the structure from another projection (see note 1).
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A2.1.2 Running a stability analysis

The way in which a stability analysis is run is very similar to that just described for linear
analyses. The main difference is that the initial loading is multiplied by various load factors to find
a multiple of the loading at which buckling can occur. This analysis is non-linear, so that the
loading history, given by the sequence of load factors chosen, affects the results. If only very small
deflections are induced prior to buckling, this history will not be significant. Otherwise, an
accurate estimate can only be obtained by increasing the loading in small increments.

The dialogue follows the style previously described.

You: RUN [Enter]

PC. Press C to continue or H to halt

You: C

PC. CHOOSE PROGRAM BY PRESSING A FUNCTION KEY

You: [F6]

This picks out the Stability Analysis (Rigid 3-D Frame) program.

PC: CHOOSE STRUCTURE BY PRESSING A FUNCTION KEY

You: [F4] {Initially opposite R3IDSIPYR. STB on the menu}

This picks up the data for a structure and its loading from the file listed by the [I'4] key. If there
are files listed by the other function keys, these keys can be pressed instead of [F4].

PC: CHOOSE SECTION DATA BY PRESSING A FUNCTION KEY

You: [F2] {Initially opposite NORMALSI . SEC on the menu}

This picks up the data for the sections used by the structure. The program now analyses the
structures problem you chose.

PC: Show mass of structure? Key Y or N.

You: N

PC: show the frame? Key Y or N.

You: Y

It is assumed that the machine has VGA graphics or better. If not, press "N" instead of "Y", as
suggested in §42.1.1.

PC: Choose mapping. Key I,X,Y or Z

You: I

An isometric view of the unloaded frame is now shown. The alternatives are explained in note
lof §A2.1.1.

PC: Press C, H or F to continue, halt or file.

You: C

The program now returns to the prompt "Show the frame? Key Y or N." to allow the frame to be
viewed using a different projection. If you now key "N”, the next prompt is displayed after two
analyses have been completed, calculating the determinant of the stiffness matrix for the whole
structure under zero loading and that for the modified stiffness matrix, allowing for the axial bar

Jorces under the specified loading.

PC: Zeros count:0 Scaled determinant:.. Load factor:0.000000E+0
Zeros count:0 Scaled determinant:.. Load factor:1.000000E+0
Key E:End; S:Show frame; R:to reset or T: try load factor ..

You: T

From the two analyses already carried out, the computer has extrapolated an estimate of the

multiple of the specified loading at which buckling first occurs (at which point the determinant

should be zero). Keying "T" repeats the analysis using this load factor. When this new analysis
has been completed, the above prompt will show the new value of the (scaled) determinant found.
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"“T" can be keyed repeatedly until the next load factor to try is negligibly different from the one
Just tried’.

PC:Key E:End; S:Show frame; R:to reset or T: try load factor ..
You: §

PC: Amplification factor:

You: 0.5 [Enter]

The amplification factor scales the deflection mode up or down, depending on whether a number
greater or less than 1 is used. The above value may be too high, in which case the deformed
Sframe will be shown as a jagged jumble of lines. If the factor is too high, it can be reset when
the "S:Show frame" option is chosen again later. If the value is too low, the frame will show no
obvious signs of distortion. The value can be reset in the same way as when it is too high.
However, if the value of the amplification required to show the buckling mode is not significantly
less than unity, the mode is unlikely to be a true representation of the buckling mode.

PC: Choose mapping. Key I,X,Y or 2

You: 1

The screen now shows the frame in its first buckling mode. The bars are coloured according to
what proportion of their fixed-end buckling load has been reached. This is indicated in the
reference spectrum at the bottom right of the screen.

PC:Press C, H or F to continue, halt or file.

You: C

PC:Key E:End; S:Show frame; R:to reset or T: try load factor ..
If the view of the buckling mode was unsatisfactory, you can now try a different amplification
Jactor or projection by pressing "S", or try a load factor closer to the buckling value.
Alternatively, higher buckling loads can be examined by pressing "R" (see footnote 4). Finally,
You: E

leads to the option of outputting the unamplified deflections for the current loading (Load Case
2) and the previous loading (Load Case 1). This operates in the same way as with a linear
analysis, after which the program terminates.

If the axial load in a beam exceeds the fixed-end flexural buckling load, the number of

times by which it does so is added to a fixed-end buckling load count, which is displayed. The
significance of this and the zeros count is explained in §12.7.

A2.1.3 Running a vibration analysis

The way in which a vibration analysis is run is very similar to that just described for a
stability analysis, with the additional options of joint deflection and bar load output, in the same
form as for linear analyses.

The dialogue follows the style previously described.

You: RUN [Enter]

PC: Press C to continue or H to halt

You: C

PC: CHOOSE PROGRAM BY PRESSING A FUNCTION KEY
You: [F7]

This picks out the Vibration Analysis (Rigid 3-D Frame)} program.
PC: CHOOSE STRUCTURE BY PRESSING A FUNCTION KEY

¢ Alternatively, "R" can be pressed to reset the next load factor manually. This may be used to
enter an estimate which you think will be better than the extrapolated (or interpolated) value, or
to examine buckling loads and modes higher than the fundamental one.
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You: {F3] {Iuitially opposite R3IDSIPTL.VIB on the menu}

This picks up the data for a structure and its loading from the file listed by the [F3] key. If there
are files listed by the other function keys, these keys can be pressed instead of [F3].

PC: CHOOSE SECTION DATA BY PRESSING A FUNCTION KEY

You: [F2] {Initially opposite NORMALSI . SEC on the menu}

This picks up the data for the sections used by the structure. The program now analyses the
structures problem you chose.

PC: show mass of structure? Key Y or N.

You: N

PC: Show the frame? Key Y or N.

You: Y

It is assumed that the machine has VGA graphics or better. If not, press “N" instead of "Y", as
suggested in §A2.1.1.

PC: choose mapping. Key I,X,Y or Z

You: |

An isometric view of the unloaded frame is now shown. The alternatives are explained in note
1of §42.1.1.

PC:Press C, H or F to continue, halt or file.

You: C

The program now returns to the prompt "Show the frame? Key Y or N." to allow the frame to be
viewed using a different projection. If you now key "N", the next prompt is displayed after the
static (zero frequency) analysis has been completed.

PC: Zeros count:0 Scaled determinant:.. Frequency:0.000000E+0
Enter your value of the next frequency to try:

You: 4 (Enter]®
PC: Zeros count:0 Scaled determinant:.. Frequency:4.000000E+0
Key E:End, S:Show frame, R:to reset,
N:New resonant frequency sought or T:try frequency..
You: T
Repeat keying "T" at the prompt until the next frequency to try does not differ significantly from
the one just tried.
You: S
PC: Amplification factor:
You: 0.005 [Enter]®
The amplification factor scales the deflection mode up or down, depending on whether a number
greater or less than 1 is used. The above value may be too high, in which case the deformed
frame will be shown as a jagged jumble of lines. If the factor is too high, it can be reset when
the "S:Show frame" option is chosen again later. If the value is too low, the frame will show no
obvious signs of distortion. The value can be reset in the same way as when it is 100 high.
However, if the value of the amplification required to show the vibration mode is not
significantly less than unity, the mode is unlikely to be a true representation of the natural
Jrequency mode.
PC: Choose mapping. Key I,X,Y or 2
You: I
The screen now shows the first natural mode of frame vibration. The bars are coloured

5 These are suggested values for the structure file RIDSIPTL.VIB. The frequency used is @
radians per second, as in Chapter 10. To obtain the frequency in Hertz, divide w by 27.
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according to what proportion of their fixed-end natural frequency has been reached. This is
indicated in the reference spectrum at the bottom right of the screen.
PC:Press C, H or F to continue, halt or file.
You: C
PC:Key E:End, S:Show frame, R:to reset,

N:New resonant frequency sought or T:try frequency..
If the view of the vibration mode was unsatisfactory, you can now try a different amplification
Jactor or projection by pressing "S", or try a frequency closer to the natural frequency. Here,
the next natural frequency will be sought.
You: N
PC: Enter resonance sought (lowest=1):
You: 2 [Enter]
PC: Enter your value of the next fregquency to try:
You: 7 [Enter]®
PC: Key E:End, S:Show frame, R:to reset,

N:New resonant frequency sought or T:try frequency..
You: T
As before, "T" is keyed until the next resonant frequency to try is not significantly different from
the one just tried. The mode of vibration can be examined as before, this time an amplification
Jactor of 0.01 is likely to be more appropriate’. Next, the response to a forced vibration will be
examined.

PC.Key E:End, S:Show frame, R:to reset,
N:New resonant frequency sought or T:try frequency..

You: R
PC: Enter your value of the next frequency to try:
You: 10 [Enter]

PC:Key E:End, S:Show frame, R:to reset,
N:New resonant frequency sought or T:try frequency..

You: E

PC: output the deflections? Key Y or N.

You: Y

PC: To NORMAL.DFL file? Key Y or N.

You: N

The computer now displays the name of the structures file used and the frequency of the applied
loading. The joints are then listed, followed by the amplitudes of their rotations (Xrot, Yrot, Zrot)
and displacements (Xdisp, Ydisp, Zdisp) in the directions of the global coordinates (X,Y,Z) used.
PC: Press any key to end display

You: {Any key)

PC: output bar end loads in bar coordinates? Key Y or N.

You: Y

PC: To NORMAL.LOD file? Key Y or N.

You: N

The computer now displays the name of the structures file used and the frequency of the applied
loading. The bars are then listed (in terms of their end joints} followed by their frequency ratios.
(These ratios are of the frequency applied, to the bars’ natural fixed-end frequencies, and are
used to determine the colours chosen earlier from the frequency spectrum for displaying the
bars.) After each bar joint, the amplitudes of the moments (Mx, My, Mz) and forces (Fx, Fy, Iz)
at that end of the bar are given in terms of the bar coordinates.

PC: Press any key to end display
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You: {Any key}

This terminates the program. If the frequency exceeds the fixed-end natural frequency of a beam
in flexure, the number of times by which it does so is added to a fixed-end natural frequency
count, which is displayed. The significance of this and the zeros count is explained in §12.7.

A2.2 Data Files
A2.2.1 Entering data

In principle, all the data for an analysis can be entered directly from the keyboard, although
it is normally more convenient to store it in files which are then read by the programs. These files
can be generated by any simple text editor, such as MS-DOS ‘edit’, Windows ‘Notepad’ or the
Norton editor. NB: a normal word processor will generate information about the page layout and
character style. This will nof be understood by the program; only a simple ASCII text editor
should be used. Two kinds of data file are needed, a structures problem data file (*.STR file for
example) and the section data file (*.SEC file). Try printing the sample files provided and listed
in §A2 .4 to see the format required.

The structures problem data specifies the structure and its loadings. (In the linear analyses,
up to three separate loadings can be analysed simultaneously for the same structure.) If this data
is stored in an appropriately named file which is in the working directory, then it will appear under
the screen prompt CHOOSE STRUCTURE BY PRESSING A FUNCTION KEY and canbe
chosen by pressing the appropriate key, [F1] to [F5], listed against the file name. If there are more
than five such files in the working directory, or the file is not appropriately named, then [F6]
should be pressed and the name entered, as indicated by the prompt. File naming is discussed in
the next section. If the file is in another directory or drive, the full path should precede the name,
in the usual manner. Finally most of the programs allow all the structures problem data can be
entered from the keyboard by pressing {F7].

The structures problem data contains no details of the section properties of the individual
bars. Instead, a section label, consisting of two letters and a number, is used. The section data
associated with this label is entered separately, usually from a section file. Thus permanent section
files of standard sections can be referred to for a wide variety of structural problems. If the
naming convention for files is adhered to, a list of section files using the same units (imperial,
metric etc.) as the structures problem file just chosen will appear under the screen prompt
CHOOSE SECTION DATA BY PRESSING A FUNCTION KEY. As before, the appropriate
file can be chosen by pressing the function key, [F1] to [F5], listed against it, or by pressing [F6]
and entering the file name (and its path, if'it is not in the current directory). Also, the section data
can be entered entirely from the keyboard if [F7] is pressed. If the section data is stored in more
than one file, the option to pick another file will be given by a prompt during the running of the
program. All remaining section data not listed in any file may be entered from the keyboard.

A2.2.2 File naming conventions

The first three letters of a program name indicate the type of structure it is intended to
analyse. These are

GRD  Plane grid frame

P2D Pin-jointed plane truss

R2D Rigid-jointed plane frame

P3D Pin-jointed three-dimensional truss

R3D Rigid-jointed three-dimensional frame.
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The same first three letters should be used for the corresponding structures problem file. The next
(4th) letter of a program name indicates the type of analysis used.

N Normal (linear) analysis
s Stability analysis
v Vibration analysis.
The corresponding last three (extension) letters of the structures problem file name are
.STR Normal structural problem
.STB Structural stability problem
.VIB Structural vibration problem.

Together with the matching first three letters, this enables the package to display a list of
structures problem files appropriate to a particular program. The remaining letters of the program
names are for reference purposes only and do not affect the running of the package.

The 4th and 5th letters of the structures problem file name (SI or AM for example)
indicate the units in which the data is expressed (e.g. SI or American). These are matched with
the 7th and 8th letters of the section data files (NORMALSI.SEC and NORMALAM. SEC for
example). The package uses these letters, together with the extension . SEC to display a list of
section files appropriate to the chosen structures problem file.

The 6th to 8th letters of a structures problem file name can be used to indicate the kind
of structure described (WRN for a Warren truss for example).

A2.2.3 Structures problem data files

All the input and output data files are simple alphanumeric files which can be viewed and
printed using the usual MS-DOS commands type and print. They may also be viewed and
printed from Windows Notepad. A structures problem data file consists of optional comments in
square brackets at the beginning, followed by joint data, bar data, load data and in the case of

vibration problems, joint inertia data. Each set of data is terminated by a vertical bar
A2.2.3a Joint data

T he Two dimensions
joint data 7R

consists of a -
list of joints %"
followed by .

their  global -~ ha X
coordinates, X, Lol
Y and in the

case of the

three-

dimensional R

Three dimensions

analyses, Z. Y

Each joint is A Z

specified by \

two characters,

which can be Figure A2.1 Rocker and Slider joints in two and three dimensions.
letters,

numbers or any other printable character, excluding the terminator "|" already mentioned. The
second of the two specifying characters can be just a space (giving the appearance that only one
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character has been used). Upper and lower case characters are treated as distinct. Thus the twelve
joints specified by the character pairs

Aa aA 32 g ww Al 0 6k 7? ## & €S
are all recognised as distinct joints, although normally only letters and numerals are used. Certain
capital letters used as a second character have special meanings in particular analyses. These are

listed in the following table, where the column headings follow the naming conventions given in
§A222

Analysis GRD P2D R2D P3D | R3DN | R3DS | R3DV
Antisymmetry A A A
Elastic support E E E E E E E
Fixed support F F F F F
Mirror symmetry M M M
Normal reaction N N N
Pinned support P P P P P 2 P
Rocker + Slider Q Q Q Q
Rocker support R R R R
Slider support S 5 5 s s S

Some apparent omissions from the table are intentional. Thus for example the second
letter F is not appropriate for pin-jointed frame analysis, as the maximum fixity permitted for a
joint is given by pinning it to a rigid support. Also, the second letter M is not needed in the plane,
nigid-jointed frame analysis to indicate a joint on a plane of mirror symmetry. This can be achieved
by using a slider joint instead.

Only the second letters F and P are in themselves complete descriptions of joint constraint.
All the others require further data which is given after the joint coordinates. The required data is
listed in the following table. Elastic supports (indicated by the second letter E) require all the
possible rotational and displacement stiffnesses to be listed, even if some of them are zero. The
use of large numbers to represent infinite stiffnesses is not recommended, as this may lead to
computational errors. The use of other types of joint constraint avoids this problem.

The remaining types of joint constraint are referred to as "vectored’ constraints, as they
act in specified directions. In the case of the plane frame analyses carried out by the first three
programs, the direction is given by an angle o, measured anticlockwise from the X axis. In three
dimensions, it is described by the components (I, m,n) of a vector, which need not be a unit vector,
in the required direction. For a Rocker joint, the direction is that of the axis about which the joint
is free to rotate, all other joint deflections being prevented. For a Slider joint, the direction is that
along which the joint is free to displace, again all other joint deflections being prevented (see
Figure A2.1). The second letter Q indicates a rotating and sliding support for rigid-jointed frames.
For the rigid plane frame analysis, only the angle of sliding need be indicated, as the rotation must
be about an axis normal to the plane of the frame. However, in the three-dimensional case, the
components of the directions of rotation (lg,mg,ng) and sliding (Is,mg,ng) must both be given, and
in that order.

The remaining support vectors are normal to the planes of Antisymmetry, Mirror
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symmetry, or to the smooth rigid plane providing only a Normal reaction. The directions of these
vectors are expressed by the components (1,m,n) as these support cases are available only for the
three-dimensional rigid-frame analysis. If a structure is both symmetrical and symmetrically
loaded, a mirror-like plane can be introduced, cutting the structure in half. One half of the
structure and its loading then appears as the mirror image of the other half, imagining it to be
reflected in this plane. Mirror-symmetrical joints can be inserted where this plane intersects the
structure, and only one half of the structure described and analysed. If more than one plane of
symmetry exists, as in a dome under gravitational loading for example, these can be used to
section the structure further, and only the smallest slice analysed. Antisymmetry exists if the
structure is symmetrical, but its loading is the exact opposite of a symmetrical loading.
Antisymmetrical joints can now be inserted on the intersection of the structure and the plane of
symmetry, and just one half of the structure analysed as before. Mirror symmetry and
antisymmetry must be used with care in stability and vibration analyses, as modes of buckling and
free vibration may be overlooked. For example, antisymmetrical in-plane sidesway buckling of a
portal frame will normally occur at lower buckling loads than symmetrical in-plane buckling, even
though the loading is symmetrical axial loading of the stanchions.

These conditions are summarised in the following table, which lists the additional joint
data required (after the joint coordinates) for supports described by various second characters.
In the Elastic support row, r indicates a rotational stiffness about a particular axis and k a linear
stiffness in the direction of a particular axis.

Analysis GRD P2D R2D P3D R3D
Antisymmetry Lm,n
Elastic support oKy | keky | kokytz | kokyky | Iyolyo Tz ke ky ks
Mirror symmetry L,mn
Normal reaction l,m,n
Rocker + Slider o lg,mg, ng, lg,me, ng
Rocker support o le,mp, N
Slider support o o 15, mg,ng lemgng

A2.2.3b Bar data

The bar data consists of a listing of bars, denoted by their ‘near’ joint character pair
followed by their ‘far’ joint character pair. (The longitudinal axis of a bar is taken to go from the
‘near” joint to the ‘far’ joint. In three-dimensional problems it is the bar’s z axis.) These pairs are
followed by the bar’s section label (see §A2.2.4 ‘Section data files’). For the R3D programs only,
this is followed by the bar's orientation about its z axis. In general, this is the clockwise angle,
degrees, through which it has been rotated from the orientation such that the bar’s x axis is
parallel to the plane containing the frame’s X and Y axes and its y axis has a component in the -Z
direction (see Figure A2.2). This method of analysis was introduced because most structures are
designed so that P is zero. When the z axis of the bar coincides with the Z axis of the frame, the
initial orientation (8 = 0) is taken to be such that the x and y axes coincide with the X and Y axes
respectively. If the z and Z axes are in opposite directions, the x and X axes are taken to be
opposite directions and the y and Y axes in the same direction when f is zero.
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As shown, the bar’s x axis is paraliel to the flanges of the section and the y axis parallel to its web.
Normally, these are also the major and minor principal axes of the section. However, for angle
sections this is not the case. Here, the major and minor principal axes will be denoted by u and
v respectively. Further information on these local axes will be found in §A2 2.4,

i
a
|
!
|

=

Figure A2.2 Bar rotation angle 8
A2.2.3c Load data

The load data for normal analyses consists of up to three different load cases, each
terminated with a vertical bar "|". All the load cases are analysed simultaneously. The data files
for stability and vibration problems may contain only one load case each. Every load case consists
of a list of the loaded joints and the loads acting on them. In addition, for normal rigid-jointed
frame analysis (GRD, R2D & R3DN) descriptions of loading along the bars can be included.
Each loaded joint is denoted by its joint character pair, followed by the full set of external loads
acting on it, including zero values for those which are not applied. The following diagram shows
the sets of loads required as data by the analyses listed on the first line. The second line shows the
order in which these loads are entered. M indicates a moment about a particular axis and F a force
in the direction of a particular axis.

GRD P2D
M M F
X y 2 Fx Fy
Y Y
M
YF F

Y4

- %
M, X

Figure A2.3 Loading conventions for various analyses.
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Note that a right-handed coordinate system has been chosen in all cases except the first one,
where it is more natural to view the grid from above and consider F, to be acting downwards. (In
a right-handed system, F, would be upwards.)

As already mentioned for the plane grid, rigid-jointed plane frame and rigid-jointed three-
dimensional frame analyses, in addition to the loads at the joints, point loads and distributed
loading along the bars can be specified too. For example, the file R2DSIPTL. STR has a bar
loading description:

B * C Q 1E3 0 P 1E4 2 P 1E4 8 |

This indicates that the bar BC has a distributed load (Q) of 1kN/m starting at B and two point
loads (P) of 10kN applied at 2m and 8m from B. As can be seen, each load is specified by three
components: its type letter (P or Q), its magnitude and its position (or starting position) measured
from the first joint. The loads are taken to act in the opposite direction to the beam’s y axis, thus
producing bending about the section’s major axis. A sequence of up to five such loads can be
specified for each bar. Each sequence, as above, is terminated with a "|". The two joints must be
listed in the same order as the initial joint listing and the loadings are in the order of their distance
from the first of these two joints. Note that the symbol "|" terminating a sequence of bar loads is
in addition to the "|" terminating the list of loadings for a particular load case.

The vibration analysis automatically allows for the distributed inertia loads generated by
the beams. In addition, the inertia of rigid bodies attached to the joints can also be taken into
account. This information is listed after the load data. Each joint with such a body attached is
denoted by its joint character pair, and this is followed by the inertias I,, I, & I, and the mass M
of the body. If the body is to be treated as a point mass, the three rotational inertias must be listed
as zero. As with the lists of joints, bars and loads, this list must also be terminated with “[".

A2.2.4 Section data files

Examples of section data files will be found in §A2.4. Any number of section data files
can be used in analysing a given problem, provided that a common set of global units is used and
that the same section label, as described later, is not used for more than one section. The files are
meant to correspond closely to section tables, where the units used (inches or cm) may differ from
the global units used in describing the structure (feet or m). A section file starts with optional
comments in square brackets, followed by properties which apply to all the sections in the file.
These are

Lo/Lg E G Ox p F/ma

Lo/Ls is the (global length unit)/(section length unit) ratio. A common set of global units
(feet or metres for example) is used throughout the input and output of data, except
in describing section properties in a section file. Tables will often list these in a different
unit of length, L, from the global unit of length, L;. The conversion factor L/Lg allows
the section file data to be listed in the same units as the tables. Thus for example in a
section file using american units, such as NORMALAM. SEC, L/L, is the foot/inch ratio
{12) and in a section file using ST units, such as NORMALSI . SEC, L/L is the

metre/centimetre ratio (100).

E is Young’s modulus in global units.

G is the shear modulus in global units.

Og is the reference stress (maximum working stress or yield stress) in global units. This
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is used in calculating the critical stress ratio (see §A2.2.5).

P is the density of the section material in global units.

F/ma is the global ratio of the force units to the mass-acceleration units. Thus in an american
section file such as NORMALAM. SEC, force is measured in kips, mass in pounds and
acceleration in feet per second?, giving 32,200. In NORMALSI . SEC, SI units are used and
so the ratio is unity.

The individual section data are listed on the lines following the above common section data. Each
bisymmetric section (such as an I-beam) can be described as follows:

SL.ALL Z Z ] Z

SL. is the section label. This consists of two letters and a number. Capital and lower case
letters are treated as being distinct from one another. The letter pairs ?A, ?T, 7G, IR,
CH, Ch and SH are reserved for other types of section described later. (The query
can be any letter.) The number can be any positive integer less than 65536.

A is the area of the section,

I, is the second moment of area of the section about its x axis (here the major axis).

I, is the second moment of area of the section about its y axis (here the minor axis).

Z, is the elastic section modulus about the x axis. Thisis I, /D, , where D, is the furthest
distance of any point on the section from the x axis.

Z, is the elastic section modulus about the y axis. This is 1,/D,, where D, is the furthest
distance of any point on the section from the y axis.

J is the Saint-Venant torsional constant for the section. That is, GJ gives the section’s
torsional stiffness, when a consistent set of units is used.

VA is the torsional section modulus, which is the torsional equivalent of the elastic section

moduli for bending. 1t is the ratio T/t,, where T is the torque applied and t,, is the
maximum shear stress it induces in the section.

Other types of section require different data to describe their properties. These are illustrated in
Figure A2 4.

Dy Dy Dy Cy Cy Dy
[ g‘*ﬂ _leple—>
| ee— : .
Cx t
D, > x Dy
[ a. -
DS D D [ X
Dx X ‘ X L_
{7 !,7')/ v _ |
Vy Yy

Figure A2.4 Section data.

If there is no symmetry about the section’s x axis (as in Tee sections) then a correct stress analysis
may need to use the distance C, of the furthest point from the x axis measured in the opposite
direction to D, (given above). Likewise, if the section is not symmetric about its y axis (as in
Channel sections) the distance C, may be required. In all cases, the x axis is parallel to the flanges
of the section and the y axis parallel to its web. Except for angle sections, these will also be the
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respective major and minor principal axes of the section. For angle sections however, the major
and minor principal axes, u and v, are distinct from the x and y axes and at an angle o to them.
For equal-angle sections, & = 45°, but for unequal-angle sections the value of tan «, as listed in
section tables, must be entered. For equal-angle sections, 1, is necessarily equal to I, and instead
of I, the value of the second moment of area about the minor principal axis, 1,, must be entered.

The data required for these special types of section are listed below. Following the section
type, the special letters in the section label are given and then the section properties in the order
in which they must appear on the section file.

Equal-angle section EA.. A I I, Z 1 Z C,

Unequal-angle section a.. AL L Z 2, J Z C, C, tana
Tee section T.. AL L Z Z 1 Z C,

Gantry girder G.. AL I Z Z 1 7 C,

Channel section ¢h.. A L L Z 272, J Z C

Circular hollow bar CH.. A 1, Z,

Round bar ?R.. A I Z

Square hollow section SH.. L, Z, J Z,

Note that an unequal angle section cannot have E as the first letter of its section label and that
the equal angle section is the only one requiring a section property, I, not related to the x and y
axes. The choice of required data has been made to conform to that most readily available in
British and American section tables. In American tables, S is used instead of Z to denote the
section modulus.

NB All the above section properties are in section length units (L) when listed in a file.
However, when the data are entered from the keyboard, global units (L) are used.

A2.2.4a Section data entered from the keyboard

Any section data not listed on a section file can be entered from the keyboard. Having
searched any section files indicated by the user, the programs will then prompt for the data on
sections not found. The screen will display the section label and then request the section data
corresponding to it. This must be entered in global units. Depending on the program, all or some
of the following prompts for data will appear:

EA EIx EIy EIv Dx Dy GJ EZt Cx Cy Tanx Ref.stress/E M

where all the terms are defined in the previous section apart from ‘Ref stress’ which is the
reference stress, oy, and M which is the mass per unit length of section.

A2.2.5 Output data

The programs are designed to give their most significant results in the form of graphical
output. This is done by showing the deformed frame with the bars colour coded, usually according
to their state of stress. Under normal loading conditions, the deformations are too small to be
discernible on the screen. By increasing the amplification factor used in the display (see §A2.1.1
to §A2.1.3), the deflections can be increased proportionally to show the mode of deformation.
It should be noted that small deflection theory is implicit in the analysis, so that over-amplification
of the deformations will produce unrealistic displays. The bars will then be shown as broken
straight lines rather than curves.
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The state of stress in a bar is given by the critical stress ratio. In the absence of shear
stresses, this is the ratio of the maximum axial stress in a bar, g, to its reference stress o, (see
§A2.2.4). However, if torsion produces a maximum shear stress T, an equivalent axial stress, 0,

is calculated where
g, =V(o* + 31}

and the critical stress ratio is then given by 6/0,. If oy is the yield stress, the critical stress ratio
then gives the proportion of the state of stress reached to that which would cause yield according
to von Mises’ criterion. This ratio is shown on the displays of the normal analyses by the colour
of the bar (see the colour coding below). Changing the amplification of such displays not only
amplifies the deformations but also the critical stress ratios as displayed in colour.

The colour coding of the bars, when used for stability analysis displays, shows the buckling
load ratio. This is the ratio of the axial force in a bar to its fixed-end Euler buckling load,
4n’EL,/I?, where  is the length of the bar. Note that I, is used (which is usually the same as 1)
as this gives the lowest fixed-end buckling load. Changing the amplification of a stability analysis
display affects only the buckling mode shown and not the buckling load ratios displayed.

The colour coding of the bars, when used for vibration analysis displays, shows the natural
frequency ratio. This is the ratio of the frequency at which a bar is vibrating to the lowest natural
frequency of flexural vibrations of the bar with its ends fixed. Again, flexure is taken to be about
the minor principal axis of the section. Changing the amplification of the vibration analysis display
affects only the vibration mode shown and not the natural frequency ratios displayed.

The colour coding of bars in the display of the affected frame represents one of the above
ratios. The sequence of these ratios, from low to high, is shown by the colour spectrum at the
bottom right-hand corner of the screen. The colours represent the different ranges of these ratios
as follows:

Black < 0.1 < Grey <0.2 < Dark Blue < 0.3 < Blue < 0.4 < Dark Green < 0.5
0.5 s Light Green < 0.6 < Yellow <0.7 < Orange < 0.8 s Red <0.9
0.9 < Magenta < 1.0 < Violet.

Numerical results can also be shown on the screen or sent to a file for printing or further
analysis. The formats of the screen displays and the files are the same. Single precision arithmetic
is used in the standard versions so that no more than five significant digits are shown in the
output. (Higher precision versions are available but they impose penaities on the speed of
operation and storage capacity of the computer.) Engineering notation is used, so that all the
powers of ten are given in multiples of three. For example, 21.851E-3 is 0.021851. The capital
letter E should be used to indicate an exponent in the input data in the same way. The compiler
used, TopSpeed Modula-2, indicates numerical overflow by generating the number 99.999E+0.
If this appears in the output, you should suspect faulty input data or a corrupted program. Zero
values in the output may appear as such or, owing to rounding-off errors, as values which are of
the order of a millionth of comparable non-zero values.
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A2.2.5a Deflexion output

P2D, R2D P3D, R3D
Y A vdisp
Y X
Theta w v
- )
B )SISP Ydisp Xdisp
X Yrot ¥ Xrot

Figure A2.5 Joint deflexions for different analyses.

This can be shown on the screen or stored in a file called NORMAL. DFL. Note that if the file
already exists, it will be overwritten. For each load case, the deflexions of each joint are listed
after the joint characters. The diagrams in Figure A2 5 show the sense of the joint displacements
(Xxdisp, Ydisp, 2disp & Delta) and the joint rotations (Xrot, Yrot, Zrot &
Theta) which appear in the output of different analyses. The axes X, Y and Z are the global
coordinate axes used to define the joint positions in the input data.

A2.2.5b Load output

R3D

Figure A2.6 Bar loads

Load output can be shown on the screen or stored in a file called NORMAL. LOD. Note that if
the file already exists, it will be overwritten. For each load case, the ‘near’ and ‘far’ joint
characters of a bar are listed, followed by data for that bar. This consists of the critical stress ratio
described above and the bar end loads, listed after the end joint characters. These loads are related
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to the bar’s Jocal coordinate system in a similar way as those shown in Figure A2.3 are related
to the global system. Here the local coordinate system is defined in terms of the principal axes
of the section and the longitudinal axes of the bar as shown by the bold arrow in Figure A2.6. P
is a force acting in the direction of this axis and T is a clockwise torque about it. If P is positive
at the first joint listed, then the bar is in compression,; if it is positive at the second joint, the bar
is in tension (the two values should be equal and opposite). M is the bending moment about the
major axis of the section and S a shear force inducing bending about this axis. Finally m is a
bending moment about the minor axis and s a shear force inducing bending about the minor axis.

A2.3 Common Errors in Producing Files

Errors in producing files will normally lead to error messages appearing which indicate the fault.
However, some can cause the program to crash. Then even after correcting the error, the program
may fail to operate properly. This can lead to a failure of the graphical display or, if this is
bypassed, to the output of numbers which are incorrect by a very large order of magnitude. In this
case, reboot the P.C. This can be done by switching off the machine and starting again, or
pressing the ‘Reset’ button, if your machine has one.

A2.3.1 Errors common to all files

1) Comments can be put in square brackets "[" & "]" at the beginning of files, but these brackets
can only appear at the beginning and end of the comments.

2) Vertical bars "]" must be used to separate or terminate groups of data. (This symbol is the
upper case of "\".) On a structural problem file, it comes after the joint list, after the bar list and
after the load list for each load case. In addition, if bar loading is described, a vertical bar must
be put after the set of loadings for each bar. In a section file, a vertical bar must be put at the end
of the general properties line and at the end of the section file.

3) Do not use the TAB key in writing a file.

4) Do not use the letters O & | instead of the numbers 0 & 1 (and vice-versa).

A2.3.2 Structural problem files

1) Al joints are represented by two characters, the second of which may be a space. Certain
capital letters (A, E, F,M, N, P, Q, R, S) have special meanings as second characters, and should
only be used in the right context.

2) All structures must be continuous. The programs will not analyse two separate structures
unlinked by any bar, if they are both on the same structural problem file.

3) No two joints can have more than one bar directly linking them. This is not only physically
nonsensical, but it will also cause the programs to suspend operation.

4) In describing the bar loading, as in the latter part of §A2.2.3c, the end joints must be listed
in the order in which they appear in the joint list.

5) The incorrect amount of data on a line will cause the computer to misread the file, leading
to reports such as No joint found .. . In the joint list, the special second letters
(a,E,M,N,Q,R, S) imply further information which should appear after the joint coordinates.
(Do not forget to enter two coordinates in two-dimensional analyses and three coordinates in
three-dimensional analyses.) In rigid three-dimensional analyses, a number must be entered afier
the section label to describe the rotation of the bar about its own axis.

6) Zero bending stiffnesses can be used to simulate pin-ended bars in rigid-jointed analyses,
provided that not alt the bars meeting at a joint are of this kind. This would cause the joint to have
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an indeterminate rotation, and failure of the analysis.
7) Sometimes the structure may appear to be correctly joined up but is not. Try amplifying the
deflected form to see if it comes apart.

A2.3.3 Section files

1) Make sure that the correct number of data items appear on each line, even if some of them
are irrelevant to the particular analysis you want to carry out. Entering zero as a value can be
dangerous, as the program may divide by this zero at some stage (see §A2.3.2 (6) above). In
particular, if the program is going to work out a bending stress or a shear stress, the
corresponding Z-value must not be zero.

2) Section labels must be two letters and a number less than 65536. The second letters
(A,G,h,H, T) have special meanings and should only be used in the right context.
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A2.4 The Data Files Provided

The files associated with particular programs are listed below. The structure files all have the
associated section files listed in the comments in square brackets at the beginning of the file. The
linking letters used by the menu system to make these associations are highlighted.

Plane Grid Frame:
GRDSICRS.STR NORMALSI SEC
Plane Pin-Jointed Frame:

P2DSIWRN.STR NORMALSI.SEC

Plane Rigid-Jointed Framework:
R2DSIPTL.STR NORMALSI.SEC
R2DMMCLR.STR JDRDBTMM SEC
R2DSIS10.STR SKYSCRSILSEC
R2DSISKY.STR SKYSCRSL.SEC

Three-Dimensional Pin-Jointed Frame:
P3DSITPR.STR NORMALSI.SEC
P3DSIGTT.STR NORMALSI.SEC
P3DSIHOF.STR VARIEDSI.SEC

Three-Dimensional Rigid-Jointed Frame:
R3DSIDOM.STR  NORMALSL.SEC
R3IDMMTRS.STR JDRDBTMM.SEC
R3DSITOR.STR VARIEDSLSEC
R3DSIKWT.STR  NORMALSYSEC

Stability Analysis (Rigid 3-D Frame):
R3DSIPT1.STB NORMALSIL.SEC
R3DSIPT2.STB NORMALSI.SEC
R3DSIPYR.STB NORMALSI.SEC
R3IDMMLAT.STB JDRDBTMM SEC
Vibration Analysis (Rigid 3-D Frame):
R3DSIPTL.VIB NORMALSLSEC
R3DSIAJK.VIB ALUMINSLSEC
R3DSIBJK.VIB ALUMINSI SEC

Section Files: Section material;

NORMALSI.SEC Steel
VARIEDSI.SEC Steel
SKYSCRSI.SEC Steel
ALUMINSI.SEC Aluminium
WOODENSI SEC Wood
JDRDBTMM.SEC Steel
NORMALAM SEC Steel

Force units:

Illustrates features of the data input.

Illustrates features of the data input.

Illustrates features of the data input.
Millimetre units used for a model cantilever.
A 10-storey portal frame. See Figure 15.8.
A 40-storey portal frame. See Figure 15.8.

Tlustrates features of the data input.
A tetrahedral truss. Sec Figure 15.10.
Hoff's truss. See Figure 15.12.

Ilustrates features of the data input.
Millimetre units used for a model truss.
A bridge structure.

A Kiewitt dome. See Figure 15.26e.

In-plane sidesway buckling of a portal.
Out-of-plane buckling of a portal.
Torsional buckling of a tetrapod.
Lateral buckling. See (15.109).

Vibration modes of a portal (listed on file).
See Figure 14.17a.
See Figure 14.17b.

Structure units: Section units:

Newtons metres centimetres
Newtons metres centimetres
Newtons metres centimetres
Newtons metres centimetres
Newtons metres centimetres
Newtons millimetres millimetres
kips feet inches
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AMISECS.EXE (Generates section files from the data in the AISC tables for I-sections)
This uses the data available in the american AISC tables. The notation used for the input

is compatible with these tables. The format generated is like that of the I-sections in
NORMALAM SEC.

BARFLEX.EXE (Two-bar flexural equivalent of 2 non-uniform beam)

The non-uniform beam is taken to vary in flexural stiffness from EJ, at one end to rE], at
the other. This variation is proportional to x” where x is the distance from some origin and n is a
positive integer. This is replaced by two uniform beams, joined end-to-end to give the same total
length, L. The program gives the flexurat stiffness of each and the position of their junction. (See

§11.8).

GEOTRILEXE (Variation of bar lengths in a geodesic dome)

This gives the Jeast and greatest iengths of bars in a geodesic dome, triangulated as shown
in Figure 15.27. The order of triangulation is requested as input. As shown in the figure, the order
of triangulation is zero at the bottom and increases in successive segments anticlockwise up to
four. The results are expressed as the ratio of bar length to dome radius. The source code is also
provided by the file GEOTRI.MOD. This may be modified so that individual joint positions can
be output, given the initial nodal positions P,@ and R for example.

HPPIC.EXE (Prints a *.PIC file directly using a Hewlett-Packard printer)

This takes a * PIC file created when the ‘Press ... F ... to .. file’ option is chosen in the
graphics displays of the Structural Analysis programs of Appendix 2. It then prints the display
using any printer which understands HPGL2 commands. The height and width of the printed
image can be controlled and the joint labels can be shown or hidden. This is not a screen dump,
and so the image printed may be considerably enhanced.

MOHRSCIR.EXE (Mohr’s circles for stress and strain for strain gauge rosettes)

This takes the strain readings given by an arbitrary rosette of three gauges, 1, 2 and 3 (as
shown in the figure). It shows the Mohr’s circles for strain and stress, the principal strains and
stresses, stresses in the directions of the gauges and the orientation of the principal directions I
and II relative to the rosette. Any consistent set of units can be used. However, if Young’s
modulus is expressed in TPa (e.g. 0.21 for steel) and the strains are entered as microstrains, then
the stresses given by the program are in MPa (N/mm?). The screen prompts are:

@) Enter Young’s modulus: (e.g. 0.21)

(ii)  Enter Poisson’s ratio: (e.g. 0.3) / 3
(iii)  Enter angle between gauges 1 & 2: (« degrees)

(iv)  Enter angle between gauges 1 & 3. ([} degrees) i

~) Enter strains in gauges 1,2 & 3: (e, e; and e) -2
The Mohr’s circle for strain is then shown, together with the values of the «
principal strains. At the top right, the orientation of the rosette relative to 1

the principal strains is shown. On pressing ‘C’ to continue, Mohr’s circle
for stress is shown, together with the principal stresses and the tensile stresses in the directions
of the gauges. Pressing ‘R’ then repeats stage (v) or pressing ‘E’ ends the program.

PICTOHPG.EXE (Creates a *.HPG graphics file from a *.PIC file)
The full name of a * PIC file must be entered at the prompt (see HPPIC EXE). It must

A3.1
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be on the same directory as the program. It then creates a *. HPG graphics file on the same
directory, suitable for any word-processing package accepting such files. In order to be
compatible with all such packages, this reduces the image to a series of straight lines.

STABVIB.EXE (Lists the values of stability and vibration functions for a given 1)
See Appendix 6.2 for usage.

TORCONS.EXE (Gives the values of J and Z, for certain standard sections)

This program calculates the above section constants for I-beams, Tee, Channel, Unequal
Angle and Equal Angle sections. The formulae in Table 20 of Young (1989) are used. The root
radius requested is that of the curve at the junction of the web and flange. For variable
thicknesses, the values at this junction should be used.

TRAPARCH.EXE (Gives the three-bar frame flexurally equivalent to a circular bar)

The program asks for the angle a shown in Figure 11.20 and gives the constants 4, &, p
and g for the equivalent three-bar frame shown in Figure 11.21. Note that the axial flexibility of
the original circular bar and the three prismatic bars which replace it is ignored.

TRIBARL.EXE (Triangulated barrel vault analysis)

This uses the finite-difference calculus techniques for barrel vaults given in §15.8. It
implements the general solution for TeZet barrel vaults given in that section for the case of equal
vertical loads at each joint. The layout of the grid of bars is shown in Figure 15.23e. As shown in
Figure 15.25, equal bars run lengthwise along the vault. Two sets of transverse bars run around
the vault, forming a grid of isosceles triangles. These transverse bars are identical, but may have
different properties from the longitudinal bars. The support conditions along the sides and ends
of the vault are taken to be antisymmetrical, approximating pinned edges. The program permits
changes to the number of bars used and their properties during a single run. The overall shape of
the vault and the total applied load are kept constant. These data are requested first. Any
consistent set of units can be used. The initial prompts are “Total load:”(Enter the total vertical
load on the vault), “Barrel radius:”(Enter the radius of curvature of the vault), “Angle subtended
(degrees):”(Enter the angle subtended by the span of the vault at the centre of curvature) and
“Barrel length:”(Enter the length of the barrel vault). The bar triangulation data for the grid used
are then entered. The required accuracy, expressed as the number of terms in the finite double
Fourier series used, is also requested. Exact solutions are given if this matches the number of
triangles, but speedier solutions are obtained by using a smaller number of terms. The prompts
related to this are “Hoop triangles (an even number <=36):”( for the grid
shown in Figure 1523e, this is 6), “Hoop terms (<= Hoop
triangles):”(see above), “Longitudinal triangles (a number <100):"(for  (a)
the grid shown in Figure 15.23¢, this is 10), “Longitudinal terms (<=
Longitudinal triangles):”(again, see above). It will be assumed that the

flexural and torsional behaviour of the bars is governed by the equations 48 65
2 b 68
M_ O _pdy T e gy 5570
1 yml)( dxz J rmax ;} "2 9 a
(cf. (4.15) and (5.5)). In the latter case, appropriate values of Jand r,,,, I 75 ? 62 |
can be found which make the equation true for non-circular sections. (c) 80 & 48
Taking the major axes of the bars to lie in the plane vault, the program 1 94 S! 3 5'1L

first prompts for the section properties of the hoop bars and then of the
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longitudinal bars in the following order: E, G, r,,, . A (the area of the section), / (major), ).
(major), J, I (minor) and y,,, (minor).

The program makes use of the extended ASCII character set and display to show the
distribution of joint deflexions and maximum bar stresses in the developed form of the barrel
vault. The largest deflexion or stress is shown at the top of the screen and the others as shown as
a percentage of this in coloured boxes laid out below in a pattern reflecting the positions of the
joints or bars in one quadrant of the vault. (As the structure and loading are symmetrical, the other
quadrants are mirror images of this.) The top left-hand corner of the display is a corner of the
grid. The half-span of the vault is shown across the screen and its half-length down it. The colour
of a box reflects the percentage of the maximum value anywhere in the vault. These colours are:
0-19%: blue, 20-39%: cyan, 40-59%: green, 60-69%: orange, 70-79%: red, 80-89%: violet
and 90-100%: white. The exact percentage is the number within the box. Figure (a) shows part
of the actual structure, with five joints shown by dots and eight bars shown by lines. Figure (b)
shows the layout of the percentages of the maximum deflexion for each of these joints. The joint
deflexions shown are first the rotations 6, , 8, and 8, about the local x,y and z axes (see Figure
15.25) and then the displacements 8, , 6 ,and & , in the directions of these axes. The equivalent
maximum stress under combined loading, according to von Mises’ criterion, is given by
V(a2 +312,.). These equivalents are then shown for each bar, according to the layout shown

max

in Figure (c). The program then returns to the “Hoop triangles:” prompt and exits if 0 is entered.
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In the following formulae,

A
B.C

e

1

w

J
k

is the area of a cross-section,
are the constants in 1/k = B + Cv/(1+v)* (cf. (6.61)),
defines the offset of the shear centre, as shown in the diagrams,

1.1, are the second moments of a section area about the x and y axes,
is the warping constant defined by (5.81),
is the torsional constant defined in §5.2,

The shear constant in the shear stiffness Gk4 (cf. (6.4)),

M_M, are moments about the x and y axes respectively,

0
S

T a torque,

L, a thickness,
Y.z

Z,2, Mjo,., MJo
Z, S/

Z,

v

omlx

T

max

A4.1 Exact Formulae for Solid Sections

max»

Ad4.1a A rectangular section

Poisson’s ratio as defined in §3.3,
the maximum axial stress induced by a particular moment,
the maximum shear stress induced by a torque or shear force.

Section Properties and Related Formulae

defines the offset of the centroid, as shown in the diagrams,
a shear force parallel to the y axis, acting through the shear centre,

Cartesian coordinate axes (right-handed convention used),

a S
A=ba;l, =ba’12;1, = Bal2; Z, = ba¥6 ; Z, = bal6 ; L
J = Yeab’[1 - D,bla} ; Z,= Yeab¥(1 - D,b/al ]
B=12; C=Cl(§ ) or C2(§]2 ; VZ, =L—’:[l + 1 +v(§J2C3 . »S
b/a D, D, b/a C, C, ba c*
o | 06302 | 06302 | o0 02 - o | o0.6667
02 | 06302 | 06275 | o1 | 01939 | - 0.5 | 06652
04 | 06208 | oses1 | o2 |ois7s | - 1o | 06313
05 | 06279 | 05247 | 05 | 01695 | - 5 | 05651
06 | 06236 | 04845 | 10 | 01392 | 01392 | 20 | 04955
07 | 06163 | 04497 | 20 - o3 | so | 02570
08 | 06060 | 04205 | 50 - | 06699 | 100 | 01385
09 | 05931 | 0390 | 100 - | 08229 | 150% | 0.0945
10 | 05783 | 03755 | - 1.0 - 0

A4l
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*The formula is based on the maximum shear stress being t,, at (£5/2,0). This is true for values
of b/a up to 15. For higher values of b/a, t,, near (+(b/2-a),+a/2) is somewhat higher, see
Timoshenko and Goodier (1970) p.366.

Ad.1b A solid circular section

A=nd ;I =1 =na" ; Z,=Z,=ndl4 ; J=nd'l2,
Z=ma/2 ; B=7/6 ; C=1/6 ; Z,=2na*(1+v)/(3+2v).

The maximum shear stress in shear is t,, at (0,0).
Ad4.1c A hollow circular section

A =n(@-b); I, =1,=n(a" b4, Z = n(a"- b*Y4a;

Z,= n(a*- b*y4b; J = n(a*-b*y2 ; Z,=n(a"-b)2a ,

B = (Ta*+34a°6*+7b*)/6(a*+b*)? ; C = (a®-b?)/6(a*+b) ;
Z, = AL (1+v)[3a™+B4+2v(@+bY)]

The maximum shear stress in shear is 7,, at (+b,0). Note that this
means that as b tends to zero, the maximum shear becomes twice that
predicted for a solid section. This implies the existence of an
infinitesimal stress raiser with a stress concentration factor of two. This effect is highly localised.
In terms of the polar coordinates (r,0) shown, the shear stresses are

172
T, = —i-—(3 2v)| rt-a?-p2+ 2 b sin@ |
8(1+v)I 2

»S

’
252

Ty, = 5 (3 +2v) a?sp2. 30" - (1-2v)r?|cosO .
8(1+v)I r?

These are derived from the x function in Love (1952) p.335.
A4.1c A semicircular section

A =nd/2; 1, =na"8; 1 *=(9n’-64)a"/T2n ; Z = na'/8 |
Z, = (91*-64)a*/24(3n-4) ; J = 0.2976a* ; Z,= 0.3506a’ ,
B=17/6,C=0.01453 ; Z, = na*/{3 + 0.5071v/(1+V)] ;
e=8a/5n .

The second moment of area [ * is about the axis parallel to the y axis through the centroid,
located at (4a/3n,0). The maximum shear stress in torsion or shear is t,,

at (0,0).
A4.1d An elliptic section
A=mab; I, =nab’4;1 =nabld;Z, = nab’l4; Z,= na’bl4,

J = na’b(a*+b?) ; Z,= nab¥2 (a>b); B = 14+(a+b*)/3(a*+3b%) ;
C = 2a'3B(+3F) ; Z, = nab(a®+3b)(1+v)[2a+463(1+v)]

The maximum shear stress in shear is t,, at (0,0).
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Ad.le An equilateral triangular section

A=V3d14;1, =1=a"¥32W3),Z,= c/(16V3); Z,=a’/32,
J=vV3a"80;Z,=a20,
{(v=0Sonly:k=3/4,Z,=V3a%8} .

The worst shear stress in torsion (or shear) is at the midpoint of the
(vertical) side. If S acts in the x direction, the shear stiffness is the same
but Z, becomes a?/2, the worst shear stress being a the midpoints of the
sloping sides.

A4.1f Torsion of a circular section with a cutout

Prandtl’s stress function for the section shown is

b = Gb(r?- b’)( 9 cosh - l)
r 2

(see §5.4). This gives a torsional constant of

= —;—cos_l( -Zi] (2a* - 4a%h* - b% + -Z-\/4a2 -b%(2a% + 95
a

and a maximum stress T,o at {5,0) of G0(2a-b). Note that as b tends to zero, the maximum stress
becomes twice that for a solid circular section. This is another example of an infinitesimal stress
raiser discussed in §A4.1c.

A4.2 Approximate Formulae for Thin Sections

In this section, any thickness ¢, will be taken as small in comparison with the overall dimensions
of the section. Accurate values of the torsional constants ./ and Z, can be found using the program
TORCONS EXE (see Appendix 3). This makes use of the formulae in Table 20
of Young (1989). Some sections have an almost negligible warping constant, /,,,

t
based on the warping across the thickness of the section. This is listed in bold T
curly brackets. T Y
b -
Ad.2a A thin strip l
A=bt;1 =th’N2;1 =7Pbl12,2, =1b"16,Z, = £bl6 .8

J=b3,Z,= bA3 k=5I6,2Z,=2bt3 ; {I,=bFI36} .

A4.2b An I-beam T
A =2btht, I, = bt 2+, PN2 5 Z, = 21 J(h+t) h
1, = Qb+ N2,2Z, =21 )b, J =~ (2b§,’+htw’)/3 : JL
k =120, I YAR(t 21P+10tt b +301,°hb™+54,1,,6°) ; 1

Z, =811, /(t i +4tph) ; I, = h't,b*24 .
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A4.2¢ A channel section

A =2btorin, I, = b2+, 012 ; Z, = 21 /(h+t)
1, = bt (bt +2ht, )/3(2b12,+ht,,) s Z, = bt (bt +2h1,)/3(bt, +he,)
J = Qbt>+m )3 ;0 = bt /(2b1,+ht,) ; e = 3b%,/(6bt,+ht,) ;
k = 1201, 1 AR 1,71+ 10,1, bH*+301, °hb*+201,1,5°) ;

Z, =81t [t P+atph) ;, I, = Kt b (3bt,+2ht ) 12(6bt,+ht,) .

Ad.2d A tee section

A=t h+i b L, =t (1, h+41,0)12(t h+1,b)
Z, =20 (t,h+tB)(t, h+20b) ; I, =(t, h+1,6%)/12
Z,=20,/b,J = (t he1by3 ;e = L1201, h1b)

k = 24041 1 B (21, 10+ 148,0 pIE+321 P HD+ 54,1, b%) ;
Z, =2t h[1+t b0t 20603, {1, = (41,70 +1°8°)/144 )

Ad.2e An equal angle section

A=2at;l =112, Z,=1a"3V2 ;] =13
Z,=taN23,J=2af3;e=a/V2,
k=512,Z =22wa/3; {I,=a’f/18)} .

For a shear force in the x direction, £ and Z, remain the same.
A4.2f An unequal angle section (b > a)

K =V {[(a+b)*-6a*b*>-16a°b*(a+ b)) ; ¢ = V4 sin (6a?bHK),
e, = (bcos ¢ - d’sin $)/2(a+b); e, = (b%sin $ +a’cos d)/2(a+b);
A = (a+b); I, — f[(a+b)*-6a262-K)/24(a+b) ;

Z =1 facos §-e); I, = f(a+b)*-6a’b*+K])/24(a+b) ,

Z, =1 bcosd-e); J=(a+tb)f/3;

Z, =2l cos d/lacos b -¢e)* ; {1,=(+b)F/36}

k = 601_/A1[8(a’cos’d +b’sin’D)-25(a’cos ¢ + bisin d)e, +20(a’+5%)e,?] .

Ad4.2g A box section

4 =2biprh) ;L bt 2+, W16 ; Z, = 20 _J(h+1) ;
L, = 4,b° 16+t hb*2 | Z, = 21 J(b+1,) ; J = 2b° h°t, (b1, v ht))

Z,=3hbt,*  Z,= 8I 1, [h(t i+ 2,b)*
k =120t 1 /AN (21" 1P+ 10tt bH*+15t 2 hb* 51,1, b%) |

*The worst shear stress may occur at a sharp internal corner (see §5.5).

Further properties to be found in Young (1989) are as follows. Table 1: 4,11, ,7_Z ;Table 16:
curved beams; Table 20: J,Z,; Table 21: ¢,/,7,. Pilkey (1994) also lists the following constants.
Table 2-1: 4,1, ] ; Table 2-2: Z, Z; {Table 2-4: 1/k}; Table 2-5: .J; Table 2-6: ¢, I
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Appendix S:  Properties of Regular Structures and Standard Solutions

AS.1 General Solutions for Modular Beams

: A B
Th
equations ff)r modﬁ;\;et::al;gs MQ(SH 1 ] l l XJ [ NVJIDMB’QQ (2)
A% S.v

are given in §85 In

B'B
particular, the slope-deflexion
equations are given by (8.38).  , [7] .41_,* .L. l ].l "E ) Abi—.]l-."‘.?'_.f_.H—.E (c)
The end deflexions resulting B

fromanend-load.ed cantilever 1 T ET ( d) u - __Lé Jl_ _j(e)

can be found directly from
these. Further solutions' are t f Ll f

listed here for the modular gﬂﬂiﬂ %(ﬂ £ Jil (2)
beam AB shown in Figure

A5.la. Suppose that the

cantilever shown in Figure Figure AS.1 Standard cases of modular beams.

AS5.1b is loaded by a linearly-varying load P, equal to XP at the right of the Xth module. The
upwards displacement at this junction is

-m?Pf,
v, = XX (SN SN 1) ¢ 4N SN oN
+20e(N*-N*X +NX -N?) +20e (N> - X* +X -N)] (AS.L1)

mP
+————6L’(X’—N3+N—X)

where there are N modules of width m, the flexural centre is me to the right of the centre of the
module, and £,,, and £, correspond to the inverses 1/EI and 1/GkA of the flexural and shear
stiffnesses in the simplest cases (see §8.5).
Suppose that the cantilever is loaded by a downwards force P per module, divided into

. applied at each end of it. This will result in a Joad of P at each junction, with only Y2 applied
at the tip, as in Figure AS5.1c. The tip deflexion is then given by

3
. Pm’f, [N

8

v + 4eN¥(e + N)] - 2PmNY, (A5.1.2)
2 58

A
The remaining standard cases are for symmetrical modular beams with 2N modules. The

flexural centre is me to the right of the centre in each of the N modules in the lefi-hand half of the

beam and me to the left of centre in the remaining N modules (as indicated by the dots). The

vertical deflexions of the central junction, v, upwards, are as follows.

For a fixed-ended beam with a central force F acting downwards (Figure AS5.1d),

Fm?

Ve = 24"""(N - N) - ~FmNf, (AS.1.3)

(Note that the central deflexion is not a function of e in this case.)

! See Renton, J.D. (1996) Generalized Beam Theory and Modular Structures. /nternational
Journal of Solids and Structures V.33, p. 1425.

AS.1
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For a fixed-ended beam with a uniform load P at each junction, (Figure AS le),

P 3
Ve = ”;{’""'[2eN(N2—l) - N* + NY - %Pmszn (A5.1.9)
For a pin-ended beam with a central force F acting downwards (Figure AS.1f),
FmJ mm 3 1
Ve = > [N - 4N’ - 12eN(e+N)] - ;F’"an (A5.1.5)

For a pin-ended beam with a uniform load P at each junction, (Figure A5.1g),
Pm? f

Ve 24'""‘{21\12 - §N* - 12¢N%e+N)] - -;-PmNZf” (AS.1.6)
AS5.2 Plane Trusses 1 B
Figure A5.2 shows the members (marked bold) of 4 b d i’

the modules of some standard plane frames. Where a
member is marked by a broken line, half of it is assigned to

each contiguous module. Each module is of breadth m and d/ a

height h. With respect to the axes x,y z shown in Figure b

AS5.2, the flexibilities f,, and £, correspond to the (

flexibilities /5, and £, in (8.12). Where there is no coupling ' 'i/]\)@_

with other modes of behaviour (such as torsion for 1d Xda ;

example) these flexibilities can be equated to the inverse V4 AX LN
flexural and shear stiffnesses, 1/E/ and 1/GkA. These N

flexibilities and the eccentricity e used in the above d V ()
equations can be expressed in terms of the axial coefficients b dla

(Young’s modulus x cross-sectional area / length®) £,5,d |

and a for the top, bottom, diagonal and (vertically) across v Oy (©)

action of the resultant axial force on the truss, P, is chosen y
so that it produces no flexure (f;¢ and fo, are zero). The
axial flexibility of a truss is normally given by Figure A5.2 Modules for

fu = VIm3(b+1) (AS5.2.1) standard plane frames.

members of the pin-jointed frames (a) to (d). The line of * iﬁ ci :J

Where this is not so, the correct expression will be given.
For the Warren truss module shown in Figure AS.2a, (lower joint shear dominant),

U= fiz = — ('*1) , (f,,=)ﬁ4=7nih;(2+') L e=0.  (A522)

m3n? Z { 2 -Zt-
For the Howe (or Pratt) truss shown in Figure AS.2b,
1 I 1 1 1.1 1 1-b
= —_—t — N = — -+ R e = ) 2.
% ma;,z(b z) Jas ,,,;,z(a d b+l) 26+ (AS.2.3)

In this case, there are coupling terms f,; and f,, between the shear and extension giving
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1 || | 1
Y, —— -+ =+ -
mh*\ a d b+t m2h(b +1)
1 1
€ = - § +

m*hb+e)y T mi(b+1)
For the cross-braced truss shown in Figure AS5.2c,

7oL [2la~2d)(b 1)  2ad] o0
2 32 | ad(b+) + 2bt(av2d) |

(A5.2.4)

(AS5.2.5)

1)1 d(1-b) ? 1 a+2d
Jur =t va S -
mh?|2d ad(b+1) +2bt(a+2d) m3 (b+1)(a+2d)+2ad

(Note that if r=b=c then f,, and f,, become 2/m’h’c and 1/2mh’d respectively.)
For the K-truss shown in Figure AS5.2d,

AR 211 1
Jn = (;*—)»f«';,—(**;), €= (A5.2.6)

m3h? a

Note that here a is the axial coefficient for each vertical half-member.

A rigid-jointed Vierendeel truss is shown in Figure AS.2e. The above flexibilities are now
expressed in terms of the axial coefficient ¢ (=b=1) for the equal upper and lower chords and the
bending stiffnesses £/ of the chords and vertical beams, given by im*h? and jm*h® respectively.

for = 2 _1_ . :_l_ -]_+___L e=0 (AS.2.7)
2ok @ive) Y 12mht\ 20 j(4ivc)) -

The axial coefficient of the vertical bar is not required, as the characteristic responses do not
involve the extension of the vertical bars.

The above flexibility coefficients for pin-jointed plane frames can be regarded as
reasonable approximations to their values when the joints are rigid. The effect of allowing for the
flexure of the component bars will be proportional to the square of their slenderness ratios. The
out-of-plane flexural and torsional constants for such rigid-jointed plane frames have been found'
for cases when the upper and lower chords are made from identical bars. These expressions tend
to be rather complex if account is taken of the torsional stiffness G.J of the bars as well as their
(out-of-plane) flexural stiffhess £7,. As a rule G/<<EI,, and ignoring the torsional stiffness gives
the following formulae. These are expressed in terms of the flexural coefficients EI /P of the
component bars. Here, the top and bottom bars will be taken as identical, with a flexural
coefficient C. The vertical and diagonal bars will be taken to have flexural coefficients A and D
respectively. For the Warren truss shown in Figure A5 2a,

L R i LI RS S (L R
[Efa ]f“ m’c (GJ )f” 24mh1(C D) (A5.2.8)

For the Howe (or Pratt) truss shown in Figure AS.2b, there are coupling terms f;, and f;,
between flexure and torsion giving

! Renton, J.D. (1982) On the Behaviour of Plane Trusses. Oxford University Engineering
Laboratory Report No. 1409/82.
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1 1

o = 3CMx - — CT
2m 4dm*h
) Ll 1 (A5.2.9)
9 = - M+ —| v+ _|T
: am2hC *  mhi\ 44 6C 4D

For the cross-braced truss shown in Figure AS.2c,

gy =] ( A+2D

J S = ! (l*i] AS5.2.10
i\ AC2D(4-C)) ‘ (AS.2.10)

For the K-truss shown in Figure AS.2d,

1 1(4C(A+D)+AD

_ =2(A+D)(3C(A +D) +AD
8m3C\ C(4 +D)+A4D

3mh*4D \ 4C(4 + D) +AD) - (AS.2.11)

),f,,

where again 4 is evaluated for each vertical half-member. The properties of the Vierendeel truss
shown in Figure A5 .2e are in this case just a particular case of those given by (AS.2.10),

1 1

S = y Sfom———— .
" am3c B oamhiC

(A5.2.12)

AS.3 Space Trusses

The elastic properties of space trusses with a cross-section in the form of a regular
polygon of side 4 will be listed here. The properties of some other space trusses are given in
§15.4. Each module of a truss has either one or two bays. The results will be expressed in terms
of the bay length 5. The module length m is then either s or 2s. Unless stated otherwise, the
flexural centre is midway along the module, so that e is zero. Figures AS.3 to AS5.5 show the basic
modules consisting of transverse breadth bars, forming the outline of the cross-section and
longitudinal chord bars, linking the corresponding apexes of these outlines. The axial coefficients
of these bars will be denoted by & and ¢ respectively.

There will also be diagonal bars across the transverse A"

faces of the trusses. Their axial coefficients will be
denoted by d. In the case of two-bay modules, there will
be a second set of breadth bars, such as A“B“,B"C" and
C"A” and a second set of chord bars linking the
triangles as shown in Figure AS.3. In this case, the
diagonal bars in both bays will be specified. In the case
of square and hexagonal trusses, there will also be
across bars, with axial coefficients a, running from one
apex to another on the cross-section. The z axis lies

along the centroids of the cross-sections. The symmetry Figure AS.3 Triangular space trusses.
of the matrix in (8.12) will be assumed, so that /, will be
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given, but not /.
Single-bay triangular trusses

In such cases, m=s and the layout in only one bay is specified. Three configurations are given by
adding the listed diagonal bars.

(T1) AB’, BC' and CA’ forming a clockwise spiral:

2 2 4 1 1
f11=f;2=m v Sa =y = ——— ’fn:_( *;*

al—
e

2.2 h* -l;
2 ﬁzh 1 Cl 11 ) 1 (AS.3.1)
fo = —=——— s Su S 5 S :
% ﬁhzszc 33\ b 4c d 35’
(T2) AC’, BA’ and BC'. (This was the configuration for a Boeing solar power satellite design.)
e . 2 ___4 - 1 - 1
fu ‘fzz _hzs:’c- ’f13 3h3sic ’fu 3\/§h2szc ’fzs ﬁhzszc ’
4 (1 1 1 2 2
PRETIRII) D Sy B |
wld 3¢ d 34 S,ﬁh’sc 36 3\/§h2320 (AS.3.2)
2 1 11 1 4 2 1 1 1 1
= —_r— - = = —_——t— C——
Ju 3h’s( b 12 d] SCRrywoRst sh’s( b 4c d] oo 35

The existence of f;, implies S, produces torsion. From (8.22), this can be eliminated by offsetting
its line of action by

beh A5.3.3
24/3(bd + 3bc + 3cd) (A533)

(T3) AB’, BA’, BC’, CB’, CA’ and AC’ cross-bracing each face:

4 b+2d _ 2
Su =a h253(2bc+bd+4cd] e hisd

5.34
P (TR 17 NP W GRVET* I B
“ s T 3d epeadyebal) T ¢ 3sP\ be+2bd v2cd)

Double-bay triangular trusses

(T4) Diagonal bars AB’, BC’, CA’, A'C",B'A" and C'B" spiralling in opposite directions in
each bay:

2 41 1
S =Sa = ’ s S T (‘,*’)’
) $ : (A5.3.5)
"") » Jos = -




AS5.6 Properties of Regular Structures and Standard Solutions {App. 5
Single-bay square trusses

The module consists of only one bay, (m=s). Four
examples will be considered.

(Sta) Diagonal bars AD’,BA’,CB’ and DC'form an
anti-clockwise spiral. There is an across bar BD:

1 1

M5 » Sushs= " —55

1 22 hzsac 14 25 2/1252C

1 {1 1 1 |
A3:.——[—-+—+— ‘j‘36———’
his\b ¢ d 2h%s%c Figure AS.4 Square space trusses.
L (1 _ 1 1 1

Ju=ts= (— . —) fu=

M ol b 2 d % a5k (A5.3.6)

(S1b) This is as (S1a) but with the addition of a second across bar, AC. The results are as before
except that

f :_1_ ! +_l_+_1_ AS5.3.7
¥ pal2a4b ¢ d) (A5.3.7)

(S2) Diagonal bars AB’, CB’, DA’ and DC'give parallel pairs in opposite faces. The results are
given relative to the principal axes given by rotating x and y anticlockwise about z through a=45°.
One across bar, BD, is used.

1 1{1 1 1
f :f S er— , f = f = _(.. + —— +—.) .
1 7" s, 23 ﬁh 3 B s\b 2 d
1 1 1 1 a+b 5 1
Jaa = [—+—) ., S + =+ (A5.3.8)
“ o oop\ b 4 0 onis\ (a+bp? 4 d

(S3) Diagonal bars AB’, BA’, BC’, CB’, CD’, DC’, DA'and AD'cross-brace all the side panels.
Across bars AC and BD cross-brace the transverse panels too.

. 1 b+2d -
Ju = Jn hzsl( bc+bd+20d] A 2h%sd

] 1 2bd? 2a+b+2d
Szt = ("* ] Jes = (

] (A5.3.9)

4ah*s\ d [c(b+2d)+bd] (2a + b)(c + 2d) + 2¢cd
(S4) Diagonal bars AB’, AD’,CB’ and CD' and an across bar AC, so that the structure is
symmetrical about the y axis after x,y have been rotated through 0=45°.

1 1 (1, 1,
T e h,,( J Jau=ts= th( ) Jes = 75 (AS.3.10)
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The flexural centre is offset by e= - for flexure about the x axis (along AC) and by e= +' for
flexure about the y axis (cf. the K-truss earlier).

Double-bay square trusses

(S5) Diagonal bars AD’, BA’, BC', CD’, A‘B”, C’'B”, D’C" and D'A"and across bars BD and
B'D’, giving symmetry about the y axis after x,y have been rotated through «¢=45°. This is the
West German SPAS system.

2 ( ab + 2ad + bd

= f :; f =-]__ L+l
his3\ abd +2c(ab+2ad +bd) ) "7 pie TP ps\ 2¢ d)

1 11,11 abd 2
| = —_—t — =
S 2h%d Jis 2};25[c d c( abd + 2¢c(ab +2ad+bd)) ]"f;‘é

Most of the above results were obtained manually'. The process for finding the constant
elastic response of space trusses has been automated’ and used to find the following flexibility
coefficients for hexagonal trusses. This process yields results for a variable height/width ratio of
the cross section, but only the results for regular polygonal cross sections are given here. Note
that the shear coefficients cannot be determined this way.

Ju
(AS.3.11)

453

Single-bay hexagonal trusses

The module used is shown in Figure AS5.5. To brace the
section, radial across bars from A to the apexes of the
section are used.

(H1) Diagonal bars BC’, CD’, DE’, EF’, FG’ and GB’
form a clockwise spiral.

1 1

Soshy=——— , Sy ———,

R VL PO ¥ 3 Ak (AS3.12)

fi= 2 P, 1,1 £ = 1 o Figure A5.5 Hexagonal space trusses.
P opts\a+b ¢ d) 7% 653
(H2) Diagonal bars BC’, DC’, DE’, FE', FG’ and BG' form a zigzag pattern.

I 2 (1.1 o1
fu=ta = 3n%% fs = 9h‘s(;+t_1'] S 65’ (A53.13)

(H3) Diagonal bars GF’, BG’, CB’, CD’, DE’ and EF'give two sets of three diagonals sloping
in opposite directions.

!Renton, J.D. (1984) The Beam-Like Behaviour of Space Trusses. 4./.4.4. Journal V.22, p.273.

Renton, 1.D. (1995) Automated Denvation of Structural Formulae. Computers & Structures
V.56, p.959.
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1 2
f = T ee——— f = A e——— N
n = I 3h%s3c B 9h3sc
s (1 2 1 ; (A5.3.14)
-/:.!3 = —_—t —_——t — . -/‘66 = .
Oh's\ b 3c d 6s3c

(H4) Diagonal bars BC’, CB’, CD’, DC’, DE’, ED’, EF’, FE’, FG’, GF', GB', G'B cross-brace
each surface panel.

2(b +2d) 1

f 1
3h3s3[2c(b +2d) +3bd] T 9h'sd
i b od (AS.3.15)
66

65%[(a +b)(c +2d) +2cd]

=/ =

Instead of bracing the cross-section with six radial bars, three bars, BD, DF and FB can
be used. In the above four cases, the flexibilities are the same as before except that a should be
set zero, where it occurs in the expressions.

A5.4 Solutions for Plane Grids

Where solutions for loading expressed as sinusoidal functions of X are known, solutions for other
loading functions can be found by expressing them in terms of finite Fourier series. Such series
are finite because the series is only required to match the function at unit steps of X (Jordan
(1965) §146, Wah & Calcote (1970) §2.5 and Dean (1976) Lecture HI and Appendix III). The
full finite Fourier series is given by

f(X) =a, + Y, a,cos M=zX b,,sin 21\/3:)( , where
M=l
N-1
ay = EZ:f(X)cos MnX , (K=1 for M=0 or M=1N | else K=2), (A5.4.1)
Nx%o N 2
N-1
2 . 2MnX
b, = = X)sin .
M7 N J(X) N

and nis 2N (if N is even) or Y4(N-1) (if N is odd). This holds true for the points X from 0 to N
inclusive, provided that £0) and AN) are the same.

The following cosine and sine half-wave series are commonly used.
N-1
J(X) = %(a0 +aycosmX) + MEI a,cos M;:X , where

_ 2] P, MnX
ay = =} =(f(0) +f(N)cosMmn) + ¥ f(X)cos , (A5.4.2)
N{ 2 o N
N-1 N-L
%) = X bysin ™M where by, = 23 fx)sinMEX
M=ol N N %=1 N

and the sine series function is zero at X=0 and X=N (see §15.2). The orthogonality relationships,
such as (15.3), needed to determine the expressions for the coefficients a,, and b,, in (A5.4.1) and
(A5.4.2) can be derived from (15.2). A particularly useful result is given by (15.5). For a constant
function equal to unity, this gives the coefficients in the sine half-wave series in (A5.4.2) as
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b, =0 (if Mis even) and by, = %cot%% (if M is odd) . (A5.4.3)

The use of double Fourier series for grids is a natural extension of this. A Navier-type solution
for rectangular grids with rectangular boundaries is given in §15.6. This is also given by Wah &
Calcote (1970) §4.2.1. In §4.2.2, they also give a Lévy-type solution for the case when one pair
of rectangular boundaries is simply-supported and the other pair are clamped. The solution for
a square grid with a clamped circular boundary with a radius of R bays subject to a constant joint
load P, is given by the author'. Using the notation of §15.6, this is given by

Pa’y P,a*X
¢ = (X? + YT - RY), ¢ = - (X + YT - RY)
4(3El + GJ) 4(3El + GJ)
b . (AS5.4.4)
- ¢ (XZ + YZ _ RZ) X2 + Y2 _ RZ =
16(3El + GJ) 3EI

Of course, all the joints of the grid will not normally lie on the boundary so that this solution is
necessarily an approximation. However, for R=7, the maximum error in the vertical displacement
of the grid was found to be only 2.7% of the central displacement. For the case where GJ=EI, the
solution for a pinned circular boundary of radius Ra is given by

P.a*Y P a?X

¢=_°_—(X2+Y1_3R2+1),w= ‘—0'—(X2+Y2—3R1+ D)
16 £ 16E

P’ (A5.4.5)
w = _0_(X2 + Y2 - R2)(X2 +Y? - SR? + 3)

64E] 3

For triangular grids, solutions have been found for

rectangular, circular and triangular boundaries?. In these X-1,Y+1 XHLYH

solutions, it is assumed that all the component beams are
of the same length a and bending stiffness ET and that the
torsional stiffness G.J is negligible. The grid is then X+2Y
formed from equilateral triangles, as shown in Figure
AS5.6. The joint numbering scheme is the same as that for

the triangular mesh net shown in Figure 15.17b. This then X-1,Y-1, ‘X+1,Y- 1
corresponds to the Cartesian coordinate system X,

shown, A normz_xl load P is applieq in the directior} into Figure AS.6 Conventions for a
the paper to the joint (X,Y) which induces a deflexion w triangular grid.

in the same direction and rotations 6, and 8, about the x
and y axes as shown. For compactness, the following notation will be used.

+ -1 - -1
E’XorY = EXorY * EXorY ’ EXorY = E’XorY - E)(m'Y : (A5°4'6)

The equations of equilibrium of a typical joint then take the form

! Renton, 1.D. (1964) A Finite Difference Analysis of the Flexural-Torsional Behaviour of
Grillages. Int. J. Mech. Sci. V.6.p.209.

2 Renton, J.D. (1966) On the Analysis of Triangular Mesh Grillages. Int. J. Solids Structures
V2p.307.
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8+ELE, - E4E, 6ELE, 36, {0
+ + RN + P O
“E;E; 16 +EJE, +4(E;)? -6E,E, - 2EE, || O |- | @asa)
- —n + - P + w g—P-
“ExE, E;Ey +2EjEy  4[8-E;E; -EuPl|| o 3ET

Some solutions of these equations are given in the following table.

Table AS5.4.1 Solutions for Triangular Grids

¥38, 0y w/a Pa'2El
0 10X* - 44/3 X3 1080X
-10Y* +473 0 y? 120Y
§(~9x‘Y3+6Y3+36x2Y— 14Y) 2_"7(27x’Y‘-6x’-36XY2»34X) X'y 24(X‘+36X7Y2+9Y‘+2—’7)
0 K, sinmX cos mX Ky cos mX
K,sinnY 0 cos nY K, cosnY
K, cos mX sinnY K sin mX cos nY cos mX cos nY K; cos mX cos nY

where
3(sinm +sin2m)?
2cos2m+cosm+6

- 6(sinm + sin2m
V= ( ) , K,=-12{ cos2m+2cosm-3 +
2cos2m +cosm+6
6sinn 12(1 - cosn)?
K= g - 12(1 - cosn)®
cosn+2 cosn+2
K - 6sinn (2 cos’m +6cosm +cosn)
5~ 5
4cos’mcosn +9cosim +cos?n +6cosmeosn + 7
-6sinm(2cos’mcosn +5cosm +2cosn)

K, =
6 H
4cos’mcosn +9cos’m +cos’n +6cosmcosn + 7
K, =-6[2cos2m+4cosmcosn-6+K cosmsinn - K sinm(2cosm +cosn)] .

(A5.4.8)

Further solutions can be obtained by differentiating those in the table. For example, differentiating
the first solution twice with respect to X shows that a solution exists for no rotation 8y or load
P where 0, is 6X? and w is aX®. Combining such solutions leads to the terms required for the
double Fourier type of analysis already described and the following polynomial solutions.

For a triangular mesh grid with a clamped circular boundary of radius Ra subject to a

uniform load P, at each joint,

P,a*Y P,a*X
0, = -———(X?+3Y2-4R?) , B, = 124”(X2+3Y2-4R2) ,
;8[{35" - (A5.4.9)
= ———(X?+3Y?-4R?)?

1152FE1

For a triangular mesh grid with an equilateral triangular boundary of side Aa ,
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- P a?

B, = ——[(X2+3Y2+2AY)? - 24Y *- 12Y 2- 4 (L A2- 1)(X?+ 2AY) - 2AY]
192/3 AEI ’ } ?
PanX 1 2 2.2 842

= 48AEI(Y +SAXX2 Y2+ 2AY - 2A% 4 2) (A5.4.10)

W= P"_ag[y3 XA - LAXETA3Y Y+ LA (2AT-4-X2-3YY)

384AEl 3 ey 3

The expressions for w in the above two solutions tend to
those for the equivalent isotropic plate when the mesh size a
becomes infinitely fine in comparison with the overall /\)
dimensions of the grid. The equivalent plate stiffness, D, is
given by 3V3 El/4a.

The general form of a trangular grid is shown in
Figure AS.7. It is made from three sets of beams, labelled 1
to 3, with flexural and torsional stiffnesses £/, and GJ; and
lengths I, (i = 1 to 3). These form triangles with the internal
angles a,f,y and a circle through the apexes of diameter A as
shown. The differential equation giving a first approximation

Figure A5.7 A general
triangular grid.

to this grid is
2
pA2sinasinpsiny =[1,_‘?2_ o AT it N
ax? ox? ay?
3 .. .9 a,. 0V . a\’
12[ cosy—a;+smy5))(ﬂz{cosyé;wmya—y} +GJZ{smya-cosy5 ) + (AS.4.11)

2 2 2
Ig(msD%—sinB%) EI,{cosB%-sinﬂgy-} +GJ3{sin[}%+cosﬁ:%} ]w+0(2t‘)

If all the beams are the same, this reduces to the biharmonic plate equation where the plate
stiffness is given by

D = g(m « GJ) (A5.4.12)

(cf (A8.1.4)). Yettram and Just' showed that another particular case of (A5.4.11) also represents
an isotropic plate. This is when

El, = GJ, = ADcose , EI, = GJ, = ADcosp , EI, = GJ; = ADcosy. (A5.4.13)

The process of deriving the approximate continuum equation for grids has been automated’ and
produced equivalent isotropic plate stiffnesses for the combinations of triangular and hexagonal
grids shown in Figure AS 8. Using the abbreviations e for EI// and g for GJ/I and the subscripts
t for the triangular grid members (shown bold) and  for the hexagonal grid members, these are

! Yettram, A.L. and Just, 1D.J. (1965) The representation of Edge-Supported Plates in Flexure by
Triangulated Grid-Frameworks. Int. J. Mech. Sci. V.7 p.415.

2 Renton, J.D. (1974) Algebra Manipulating Programs for Structural Analogies. Computers &
Structures V.4 p. 993.
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ﬁ eh(e: +6e,g, +1lee, +9g.e)

4 3(e,'2 +e,g, +4e.e, +g,€)

D= +3e,+g,| (A5.4.14)

for the case shown in Figure A5.8a and

D= ﬁ 2e,(1le, +9g,)

3e, +
e\ T30 g +3e,+g, (A5.4.15)
for the case shown in Figure AS.8b. A particular case of the former ®)
gives the equivalent plate stiffness of a simple hexagonal grid as
Figure AS5.8
EI(El + 3GJ) Combined triangular

D = (A5.4.16) and hexagonal grids.

23IEI + GJ)
Gutkowski and Obrebski' formulate the general equations for hexagonal grids and give a number
of solutions for members with no torsional stiffness. These are for specific rhomboidal, circular
and rectangular boundary conditions.

AS.5. Solutions for Space Grids

The second-order continuum approximation to the PSM grids analysed in §15.7 is

{dT4dbi(D}+ 3}) + 16b1(b + ()(850] + 0305) + 4d(b?+ 11)3}3]) + o 1’[4d’b1(3," +8,")
12db1(h + 1)(350, + 9295) + (2b7d® + 2d1(2b? + 2bt + dir) - 485 12)(3;6, + 3,8)) ) h 2w
= {4d(b +)[d(; +3) + 4(b + ;3] + SP[5bd* +21d” - 12bd1)(35 +35)

+(16b%d +41%d - 48bi(b + 1) +20bd + 3d*1)(3,0; + 339})} p (A5.5.1)
where
3 3
=< 3 ==
S Sl (A5.5.2)

The general first-order approximation is given by dropping the tenth-order differentials on the left-
hand side of the equation and the sixth-order differentials on the right-hand side.

! Gutkowski, W. and Obrebski, J. (1971) The Hexagonal grid. Bulletin de I'Académie Polonaise
des Sciences, V.19 No.5 p.29.
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The equations for the other space grids
in Figure 15.1d are given below. As before,
these will be expressed in terms of the axial

v

coefficients (EA/P values) £, b, and d for the top u

and bottom bars, and the diagonal bars

connecting the two meshes. The joint p
W

displacements u,v and w are in the directions of
Cartesian axes x,y and z. The joints are taken to
be loaded with forces P acting in the z direction.
Finite-difference operators Ey, and E, give steps
of length / in the x and y directions. The vertical
separation of the upper and lower meshes is
taken to be A.

In the case of the ISM grid shown in
Figure AS5.9, it is necessary to define three
typical joints, A,B and C. Joints B and C differ
only in the orientation of the diagonal bars
meeting at them. Using the notation of (15.88),
the form of the finite-difference equationsis ~ Figure AS5.9 An Inclined Square Mesh grid.

4b 0 0 bS8, DD, O 0 0 0 |1y, 0
0 4b+2d 0 DD, -bSS, O 0 -dS,  -dDy|| I v, 0
0 0 4 0 0 0 0 -dDy  -dSyllhw,| |Pym
-bS,S, bDD, O 4b+2d 0 0 -dS, 0 -dDy [ 1 u, 0
DD, -bSS, 0 0 4b 0 0 0 0 five|=] o (A5.5.3)
0 0 0 0 0 2 -dD, 0 -dSx itk w| |P.lh
0 0 0 -dS, 0 -dD, 2d+4tD,D, 0 0 |/, 0
0 -d§, -db, o 0 0 0 2daDD, 0 | lv, 0
¢ -db, -dS, -dD, 0 -dS, 0 0 ad fhw,| |Pm

The solution of these equations given by u, = -v.= C(-1)*'Y, where C is an arbitrary constant
and all the other joint displacements are zero, corresponds to the mode shown in Figure 15.21 (cf.
Figure 15.2). Taking P, and P, to be zero, and using Taylor’s expansions of the type given by
(15.14), a differential relationship between w, and the load per unit area p (=P, /FP) can be
formed. To the first approximation, this is eighth-order and unlike the other grids there appear to
be no special cases in which it reduces to a fourth order equation. Using the notation given by
(A5.5.2) for compactness, the second approximation takes the form

{3bar[4b (3} +35) + 8(21 -b Y3, +3%6)) +8(b + 120)313}] + 4b a1 2(3," +3))
+bi12[ 3 (4dr ~ 861 -bd)(F L +3230) +8(100dr +24bt - bd )(3]3) + 1) )y w, h 2

= (3d[(b?+8bt)(3} +3)) +2(4bt + 812 -5 3373

+12[125b%d - 6b% +2bdr (35 - 319} - 373 +3[) + 4(4 bdr - 12512+ dr2Y(3]3; +323)) 1} p

(A5.5.4)

Again, the first approximation is given by dropping the tenth-order differentials on the left-hand
side of the equation and the sixth-order differentials on the right-hand side. Because all these
equations only contain even-order differentials, sinusoidal solutions are always possible.
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A parallel triangular mesh
(PTM) grid is shown in Figure
AS5.10. The finite difference
equations are expressed in terms of
the deflexions of typical joints A
and B in the upper and lower layers
and the adjacent joints shown. The
operators Ey and E give steps of
Y3l/2 and /2 in the x and y
directions respectively. Using the
notation of (A5.4.6), the finite-
difference equations for the grid can
be written as

B Didg| |Fy
_ = (A5.5.5)
DT dA FA
where the vectors and submatrices Figure A5.10 Notation for a PTM grid.
are
1
haars T 0 6d +9b(4-E4Ey) -3bE4E, 0
0
Qiws [ Vaoss |+ Facen® » BTl -3E\E; 2d0B[4-EJEy-4ESY) O
2 PonB
Yaors h 0 0 3d
(A5.5.6)
-d(4+E\By) -dE(E, -d(2-E(Ey) 6d+91(4-EEy) -3EGE, 0
D - | -dEEy -dEyE; dE,E, |, T=| _3E;E;, 2d+f4-E4E;-4(E;}] O |-
-d2-EyEy) dE.E,; -d(1+E.E) 0 0 3d

and D is given by changing the signs of the powers of E, and Ey in D. From (A5.4.6), it will be
seen that this has no effect on Ey but reverses the sign of Ey . The second-order
approximation to the relationship between w, and a uniform load p on the top layer is then given
by the differential equation
9Y3bt[4d(b + )V +1%(bd +dt - 3b0)V' I W w, =
2{24d(b +1)*V* +1*[7b%d + 10bdt +3dt* - T2b1(b + )]V (A5.5.7)
-2dI(b* + bt + 1%)(9933; - 6329, + %) }p

where
3 9?
ax?  ?

(AS5.5.8)

The final group of sixth-order differentials on the right-hand side of (A5.5.7) reflects the fact that
the structure is symmetric under rotations of 60° about the z axis but is not truly isotropic (cf
(15.19)).

Figure AS.11 shows a triangular-hexagonal (T-H) grid. The upper mesh is of equilateral
triangles with sides of length / and the lower mesh is of regular hexagons with sides of length
IN'3. The two meshes are separated by a vertical distance 4. As before, the axial coefficients of
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the top, diagonal and bottom bars will be
denoted by t,d and b respectively. The finite-
difference operators Ey and E, give steps of
1/2V3 and I/2 in the x and y directions. A typical
joint A characterises all the joints in the upper
mesh. The lower mesh has two typical joints, B
and C, which differ by 60° in the orientation of
the bars meeting at them. In this example, B and
C are imaginary joints immediately below A.
The joints actually used in formulating the finite
difference equations for joint A are shown in
the figure. The complete set of equations takes
the form

B C D R F,
C B D,|d.|=|F.| (559
b, b, T|d] |F,

Figure AS.11 Notation for a T-H grid.

where the column vectors are and the stiffness submatrices are given by

uA.BorC:IE' g 606 +a) . .
Uporc® vA,BorCé » Fppacc= Proucl B=| 0 2b+d) O],
¥apocc “h 0 3d
4E’+E,Ey EE; 0 ~(4E2+E'Ey) E'E; 2EX-EJE
C=-b E.E, EE, 0]> Di=d E.'E, -E{'E; E'E; ’
° o0 2Ex-ExBy Ex'Ey ~(Ex+Ex'Ey)
~(4Eg2+E(Ey) -EEy -(2E-E,Ey) (AS.5.10)
D,=d|  -EEy -ExEy E.E; ,

-(2E’-E,E;) EE; -(E; +E.Ey)

91[4 - (Ex +Ex)Eq] +12d 3(ES -Ex)Ey 0
T=|  3(E2-EDE,; 4 - (Ex +Ex)Ey -4(Ey)?) +4d 0
0 0 6d

and the bars over the submatrices have the same significance as previously. The second-order
approximation to the relationship between w, and a uniform load p on the top layer is then given
by the differential equation
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bdh**[36(bd+54bt+81df)(bd+2bt+df)V*
+9(b2d*+82bd*t+56b *dt+81d %12 +216bdt > +108b 1 2)I2V*
+2(78bd*+36bdt-b2d*-81d**-108bdt-56b )1 23}(32 -397)"|Vw,, (AS.5.11)
= 33[72d(11bd+54bt+27dt+4b*)(bd +2bt +df)V*
+3(8152d° +28b3d* +162bd>t+352b 2d*t-52b dt
+81d°12+324bd 2 +216b%dt?-2166 1)1 *V¢
+2d(5b*d?+4b3d+42bd?t+24b %d1-27d*t* - 12b3t-54bdt - 54b *t 1)126;(8;—38:)2][)

The first approximations to equivalent continua for PTM and T-H grids are particular cases of
(A5.5.7) and (AS5.5.11) in which the tenth-order differentials are dropped from the left-hand sides
and the sixth-order differentials are dropped from the right-hand sides of these equations. Any
solution of the biharmonic equation given by (15.94), where D is given by (15.95) for PTM grids
and by (15.96) for T-H grids, is then a first-approximation solution.

An alternative approach’ to analysing the characteristic response of pin-jointed trusses and
grids is to compare the strain energy stored in a module with the work done by the resultant load
pairs acting on the edges of it. If . is the axial coefficient of a bar and 1 its tension coefficient, its
axial strain energy is t*/2a. The characteristic response is such that t will either be the same in
each module or vary linearly in the presence of a shear force. If the truss is statically-determinate,
the tension coefficients are readily found in terms of the resultants acting on it. The expression
for U, so found can be compared with that given by (8.13) to yield the elements £,

A generalisation of Kirchhoff's plate theory can be made by stating that it is based on the
steady-state characteristic response to moments and torques per unit length. This concept can be
applied to grids as well. For statically-determinate pin-jointed grids, the analysis follows exactly
the same lines as that just described for trusses, yielding relationships between the moments per
unit length and the rates of change of rotation through which they do work. If these rates are
interpreted as curvatures of a representative vertical displacement of the grid, plate-like grid
stiffnesses can be derived. For the T-H grid discussed above, this yields an equivalent isotropic
plate stiffness

_ bh*1(27td + 18kt + 11bd)
6V3 (b +9t)(td +2bt + bd)

D

(A5.5.12)

This is always slightly less than the expression given by (15.96), which is more explicitly related
to the response of the top joints to vertical loads.

IRenton, 1D. (2001) The fundamentals of beamn theory and how they can be applied to frames. /4SS
Symposium on Theory, Design and Realization of Shell and Spatial Structures, Nagoya.



A6.1 Formulae for Simple Beam Problems

lowing table shows the end reaction (shown bold) or the corresponding end deflexion (multiplied by E7 ) if there is no re:
The deflexion curve can be determined from the coefficients J, K and L. In cases /a to 6a a downwards load P is appl
om the left-hand end, 4. In cases /b to 6b a uniform distributed load of intensity p acting downwards is applied, start
om 4 and extending a further distance b to the right-hand end B. The total length of the beam, (a+b) is denoted by

curve for the point load Pis givenby  Elv = Jx3 + Kx? + Lx + N - P{X}*/6  where vis the upwards displace
uted load of intensity p it is givenby ~ Elv = Jx* + Kx? + Lx + N - p{X}¥24. Inboth cases, the origin of x i
of X is a along the beam where the loading is applied. The curly brackets are Macaulay brackets. The coefficient N is only

la and /5 when it is equal to the tabulated value of Elv,.

M, ~EIS, My~ EIlG, S~ Elv, Sp~ Elvy J K L
Pb/2 -Pb -Pb*(21+a)/6 P 0 0 PV’
pb/6 -pb*s2 pb’(3l+a)/24 pb 0 0 pb’

-Pab(+b)/61 Pab(1+a)/6l Pb/1 Pat Pb/61 0 -Pab(l-

b’ (2P-b)/241|  pb(1+a)’/241 pb¥2l pb(i+a)21 pb/i2l 0 -pb’(2P-

-Pab’/4l -Pab(1+a)/2P Pb*(2l+a)2F |  Pa(3F-a)2F | P¥(2l+a)/12P 0 -Pab
pb’(1+3a)/481|  -pb*(1+a)/8F pb’(31+a)/8F | pb(8P-41b*+b°)/8F | pb’(31+a)/48F 0 pb(1+3
Pa -Pd’/2 P -PL(21+b)/6 P/6 -Pa22 0

pb(i+a)/2 -pb(3la+)/6 pb -pb(2P+6al+b)/24 pb/6 -pb(1+a)/4 0

Pab(1+b)/2P Pa’b/4l Pb(3B-b)/2F |  P&(214b)2F | Pb(3P-b°)/12F | -Pab(1+b)/4F 0

b (2P-b)/8P | pb’(6a’+4ab+b°)/48] | pb* (6P-b%)/8F | pb(8F-6Fb+b’)/8F |pb*(6F-b%)/48F |-pb*(2P-b%)/16F 0
Pab*/P -Pa’b/P PH(+2a)/F Pa’(1+2b)/F PY(1+2a)/6P -Pab’/2F 0

b’ (1+3a)/12F [-pb*(6a°+4ab+b*)/12P| pb'(1+a)/2F | pb(2aF+2abl+b*)2F | pb’(1+a)/12F |-pb’(1+3a)/24F 0
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Appendix A6.2 Stability and Vibration Functions

Livesley’s stability functions discussed in Chapter 9 and Armstrong’s vibration functions
discussed in Chapter 10 are listed later in this appendix. They can also be generated by running
the program STABVIB EXE. This is done by entering the value of the non-dimensional parameter
A at the prompt ‘Set Lambda:’ where

_ PI? _ pAw¥?
buckling ~ El ’ "flexural vibration El ’
272
_ pwi? _ pLwl
axial vibration ~ E ’ torsional vibration ~ GJ

where P is the axial compressive' force in buckling problems,  is the vibration frequency in
radians per second, EI is the appropriate bending stiffness, / is the length of the beam, p is the
density of the beam material, £ is Young’s modulus, 4 is the cross-sectional area of the beam, GJ
is the torsional stiffness of the beam and /, is the polar moment of area of the cross-section about
its shear centre (S.1. units are assumed). The output gives the stability functions ¢, to ¢, after the
prompts “Phil:” to “Phi4:”, the flexural vibration functions ¢, to ¢, after the prompts “C1:” to
“C6:” and the axial or torsional vibration functions d, and d, after the prompts “D1:” and “D2:”.
The stability function ¢, is generated from the expansion

“ 1 ] - 1
=1 +2m -2 ———|-|=-2 A
% z‘T o [12 Z; (2r1t)2)

@rn)

1 m 1 IBan - 1
(., v _ A
(720 2 (m)‘) [(Z")‘ % (2”‘)2"]

where B, is the nth Bernoulli coefficient. The choice of m is arbitrary, but the larger the value of
m, the swifter will be the convergence of the power series in A, The other stability functions are
then found from

6¢2=5—(—]—)}¢u—0) by = by L A0, =30, v 4, 20, =30, - b

The flexural vibration functions are generated from the following series.

‘, - 4[1 _ 4k, (e (-41)"l

a8 1207 (4nva)l
n 2 n
4cl:ilil—ﬁ+wm+_(:4_)’)__ s 2c2=£_l_+l+i_”_+__x__ s
o3 M 11! (4n+3)! (3t 71 (4n+3)!
2 _ n 2 n
6(;3 = _2-[_1_—.ﬂ+.(ﬂ.+_(.4_)\)_ 6c4 = i[-l_ +_):.+_A_m+ A },
|20 6 10t (an+2)! o l2f 6 10U (an+2)l
2 _ ” 2 n
]2c5=£1‘5—l-+—(4)') +———-—-( 43') s IZC6=-£1+—A—+L..‘+ A .
¢ 5t 9t (4n+1)! <, 5t 9! (dn+1)!

The axial and torsional vibration functions are generated from the following series.

L1f the axial force is tensile, negative values of A can be entered.
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A 23 4
do=1 -2 A 24 0 (A )'Iz,,l-1+2AE a
3 45 945 @2n)! a1 A-nln
2 3 n_ n
A R R L S 1 VS G AL AN WYY 5
6 360 15120 @my ..11 n n?

where B,, is the 2nth Bernoulli number. If ¢, is generated, it can also be used to evaluate d, and
d, using the relationships

d(A) = §(41) , di(A) = A +d}(}X) .

It should be noted that there are different definitions of Bernoulli numbers. What is written
here as the modulus of the 2nth Bernoulli number is defined elsewhere as the nth Bernoulli
number (or coefficient). The form used here is tabulated on page 810 of Abramowitz and Stegun
(1965) up to By, The only non-zero odd Bernoulli number is B,, which has the value of -0.5.
After that, all Bernoulli numbers with indices divisible by four are negative, and the rest are
positive. It will be seen that only the moduli of the Bernoulli numbers are used in the above
formulae, so that their sign is not significant. Here is a list of the first few.

1 ] 1
B:l B:._ B:—_ B:—.
0 L ¢ 30 ¢ 42
B--L p -3 p .61 p _1

§ 30 1 66 2 2730 6

The magnitude of all the higher Bernoulli numbers is greater than unity, By, having a value of
approximately -2.14x10*,
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124,

12.0000
10.7986
9.5942
8.3867
7.1761

5.9622
4.7449
3.5241
2.2996
1.0713

-0.1609
-1.3972
-2.6378
-3.8828
-5.1324

-6.3868
-7.6463
-8.9110
-10.1811
-11.4570

-12.7389
-14.0270
-15.3217
-16.6232
-17.9320

-19.2484
-20.5728
-21.9055
-23.2472
-24.5982

-25.9590
-27.3304
-28.7127
-30.1068
-31.5134

-32.9332
-34.3670
-35.8159
-37.2808
-38.7629

-40.2634

Tables

Stability Functions (Compression)

6¢,

6.0000
5.8993
5.7971
5.6933
5.5880

5.4811
53724
$.2620
5.1498
5.0357

4.9195
4.8014
46811
4.5586
4.4338

4.3066
4.1769
4.0445
3.9094
3.7715

3.6306
3.4865
3.3392
3.1884
3.0340

2.8758
2.7136
2.5472
2.3764
2.2009

2.0205
1.8348
1.6436
1.4466
1.2433

1.0334
0.8165
0.5920
0.3596
0.1185

-0.1317

44,

4.0000
3.8649
3.7260
3.5832
3.4361

3.2844
3.1278
2.9659
2.7982
2.6242

2.4434
2.2552
20588
1.8534
1.6381

1.4118
1.1731
0.9206
0.6526
0.3669

0.0609
-0.2684
-0.6246
-1.0126
-1.4382

-1.9087
-2.4339
-3.0263
-3.7030
-4.4877

-5.4138
-6.5303
-7.9127
-9.6829
-12.0515

-15.4174
-20.6375
-29.9519
-51.6606
-163.4559

152.7909

20,

2.0000
2.0344
2.0710
2.1101
2.1519

2.1967
2.2448
2.2962
2.3518
2.4115

2.4761
2.5462
26223
2.7052
2.7957

2.8948
3.0037
3.1239
3.2568
3.4046

3.5697
3.7549
3.9638
4.2010
4.4722

4.7845
5.1475
5.5735
6.0795
6.6886

7.4342
8.3651
9.5563
11.1295
13.2948

16.4508
21.4540
30.5440
52.0202
163.5744

-152.9226

fApp. 6
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-1

3
-4

-5

-7
-8
-9

-10
-11
-12
-13
-14

-15
-16
-17
-18
-19

-20
-21
-22
-23
-24

-25
-26
-27
-28
-29

-30
-31
-32
-33
-34

-35
-36
-37
-38
-39

12¢,

12.0000
13.1986
14.3944
15.5876
16.7781

17.9662
19.1518
20.3350
21.5160
22.6947

23.8713
25.0458
26.2183
27.3887
28.5573

29.7240
30.8889
32.0519
33.2133
34.3730

35.5310
36.6875
37.8424
38.9958
40.1477

41.2981
42.4472
43.5948
44.7412
45.8862

47.0299
48.1724
49.3136
50.4536
51.5925

52.7302
53.8668
55.0023
56.1367
§7.2701

58.4024

Stability and Vibration Functions

Stability Functions (Tension)

66,

6.0000
6.0993
6.1972
6.2938
6.3891

6.4831
6.5759
6.6675
6.7580
©.8474

6.9357
7.0229
7.1091
7.1944
7.2787

7.3620
7.4444
7.5260
7.6067
7.6865

7.7655
7.8438
7.9212
7.9979
8.0738

8.1491
8.2236
8.2974
8.3706
8.4431

8.5149
8.5862
8.6568
8.7268
8.7962

8.8651
8.9334
9.0012
9.0684
9.1350

9.2012

4¢,

4.0000
4.1316
4.2600
4.3852
4.5076

4.6272
4.7442
4.8587
4.9709
5.0809

5.1887
5.2946
5.3986
5.5007
5.6010

5.6997
5.7968
5.8924
5.9865
6.0792

6.1705
6.2605
6.3493
6.4368
6.5232

6.6085
6.6926
6.7757
6.8578
6.9389

7.0191
7.0983
7.1767
7.2541
7.3308

7.4066
7.4816
7.5559
7.6294
7.7022

7.7742

2,

2.0000
1.9677
1.9372
1.9086
1.8815

1.8559
1.8317
1.8088
1.7871
1.7665

1.7469
1.7283
1.7106
1.6937
1.6776

1.6623
1.6476
1.6336
1.6202
1.6073

1.5950
1.5832
1.5719
1.5611
1.5506

1.5406
1.5310
1.5217
1.5128
1.5042

1.4959
1.4879
1.4801
1.4727
1.4655

1.4585
1.4518
1.4453
1.4390
1.4329

1.4270

A6.S
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4c,

4.00000
3.90310
3.80275
3.69873
3.59080

3.47871

298273

2.84507
2.70110
2.55035
2.39226
222622

2.05157

1.25030

1.01921
0.77329
0.51096
0.23040
-0.07047

-0.39409
-0.74327
-1.12135
-1.53223
-1.88058

-2.47200
-5.87491
-12.5764

-32.3564
-3543.26

-7.81830
-14.2870

3
87.6193

Flexural Vibration Functions

2c,

2.00000
2.07303
2.14940
2.22933
231308

240082
249292
2.58964
269133
2.79835

291111
3.03004
3.15564
3.28845
3.42909

3.57821
3.73658
3.80503
4.08452
427612

4.48104
4.70066
4.93656
5.19056
5.46474

5.76152
6.08374
6.43471
6.81834
7.23931

7.70320
10.9663
17.5243
37.1568
3547.91

-22.7569
-12.7907
-9.57804
-8.05499
-7.21435

-6.72198
-6.43585
-6.28603
-6.23480
-8.26079

-8.35177

-6.96697
-7.28618

-8.12249
-9.28950
-10.9271
-13.2977
-16.9331

-23.0769
-35.4453
-72.3701
-4297.80

80.0570

Tables

6¢,

6.00000
5.46838
4.92049
4.35534
3.77183

3.16875
2.54481
1.89861
1.22855
0.53295

-0.19007
-0.94260
-1.72690
-2.54553
-3.401289

429721
-5.23712
-6.22462
-7.26425
-8.36097

-9.52045
-10.7491
-12.0543
-13.4444
-14.9292

-16.5199
-18.2297
-20.0740
-22.0710
-24.2424

-26.6143
-42.8727
-74.4676
-166.848
-16483.4

107.997
59.1396
41.5365
31.6409
24.7568

19.3142
14.6330
10.3648
6.30762
2.33020

-1.66170
-5.74329
-9.98084
-14.4384
-19.1827

-29.8406
-42.7325
-59.0790
-81.0215
-112.795

-164.212
-264.511
-557.789
-33769.8

634.013

6c,

6.00000
6.31689
6.64916
6.99779
7.36388

ek deddebed  Aeb ek ek O
OOD®N DNAWN N2=OO0 pownas
[+,
o
o
H

22.8672
24.3377
25.9416
27.6971
29.6259

31.7541
46.7768
77.1065
168.191
16483.5

-110.740

-40.1609

-38.3802
-37.6048
-37.5157
-37.9445
-38.7999

-40.0345
-41.6291
-43.5846
-45.9180
-48.6618

-55.5918
-65.0082
-78.0405
-86.7702
-125.380

-173.683
-270.862
-561.007
-33769.9

637.160

12¢,

12.0000
8.24852

-3.48918
-7.57991

-24.9997
-29.6571

-49.7886

-55.2585
-60.9359
-66.8358
-72.9800
-79.3915

-86.0966
-93.1252
-100.511
-108.295
-116.520

-125.239
-134.514
-144.416
-155.030
-166.456

-178.817
-261.096
-414.703
-850.858
-76685.5

405.541
164.229
67.8642
6.99330
-40.2430

-81.1701
-118.993
-155.376
-191.316
-227.486

-264.401

-428.167

-526.412
-642.821
-786.860
-975.267
-1241.27

-1661.95
-2467.07
-4789.12
-265829
4542.69

24.8124
26.8499

29.0091
31.2997
33.7321
36.3182
38.0711

42.0051
45.1365
48.4836
52.0668
55.9093

60.0372
64.4803
69.2728
74.4536
80.0680

86.1683
928154
100.081
108.050
116.822

126.519
195.346
335.268
757.492
76577.9

-542.271
-331.309
-266.577
-238.751
-226.126

-221.540
-221.987
-226.032
-232.945
-242.364

-254.146
-268.289
-284.904
-304.201
-326.488

-381.846
-456.183
-558.513
-705.284
-828.505

-1308.10
-2070.70
-4349.68
-265347
5070.34
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0.00

1.0000
0.9967
0.9933
0.9900
0.9867
0.9833
0.9800
0.9766
0.9732
0.9699
0.9665
0.8631
0.9598
0.9564
0.9530
0.9496
0.9462
0.9428
0.9394
0.9360
0.9326
0.9154
0.8981
0.8807
0.8632
0.8456
0.8278
0.7919
0.7554
0.7184
0.6809
0.6427
0.6040
0.5646
0.5246
0.4839
0.4426
0.4005
0.3577
0.3141
0.2697
0.2245
0.1316
0.0350
-0.0655
-0.1704
-0.2798
-0.3843
-0.5143
-0.6403
-0.7729
-0.9128

Stability and Vibration Functions

Axial and Torsional Vibration Functions

d,

1.0000
1.0017
1.0033
1.0050
1.0067
1.0084
1.0101
1.0118
1.0135
1.0152
1.0169
1.0186
1.0203
1.0220
1.0237
1.0254
1.0272
1.0289
1.0306
1.0324
1.0341
1.0429
1.0518
1.0608
1.0699
1.0791
1.0885
1.1075
1.1270
1.1469
1.1674
1.1884
1.2099
1.2320
1.2547
1.2780
1.3019
1.3265
1.3517
1.3777
1.4043
1.4317
1.4889
1.5496
1.6138
1.6821
1.7548
1.8322
1.9148
2.0032
2.0979
2.1995

d,

1.0000
152.8615
1.1083
-5.2374
152.8152
7.0677
0.8780
-4.6643
-17.1082
1562.7376
15.4867
5.8017
0.5269
-4.8213
-13.0210
-36.9959
152.6295
25.6465
11.8992
5.2008
0.0566
152.4891
-0.6332
-131.3239
9.1935
-21.2460
58.0479
-32.6667
7.0878
2846.9114
-4.1125
151.3239
-5.3209
414.6743
3.4544
-127.9969
24.1712
-34.7874
101.2833
0.5099
-103.8449
50.3392
-208.6136
-13.3685
59.2373
-96.9384
13.3280
2848.1553
-9.0583
189.7616
-22.4286
146.5938

A6.7

d;

1.0000
-152.8879
-4.6043
-7.5913
152.9207
9.9752
7.7914
9.6006
19.3502
-152.9749
-18.3813
-12.0003
-10.8635
-12.4113
-17.6594
-39.0605
153.0518
28.6746
17.8574
14.6904
14.1423
-153.1490
-17.3351
-132.8691
21.9073
30.2260
-61.9088
-41.1344
27.2792
2846.5439
-30.3620
153.9728
33.7087
-415.3586
-36.1496
-134.2051
45.1581
§3.6837
-108.3529
-42.4288
-113.7330
66.3930
215.1861
-51.2002
76.9195
112.0062
-55.8470
2846.6885
59.3811
-196.8392
-66.4565
157.3297






Appendix 7:  The Characteristic Response of Cones

A7.1 Formulae for Spherical Polar Coordinates

4

Formulae for the elastic behaviour of * .
continua relative to cylindrical polar
coordinates were given in §3.10. Figure A7.1
shows the position of an infinitesimal element
located at P in terms of the spherical polar
coordinates r, 0 and ¢. The radius r is the
distance of P from some pole O. This radius is
at an angle O to some axis z through O. The
plane containing this axis and radius is at an
angle ¢ to some axis x through O and
perpendicular to z. This angle is clockwise-
positive as viewed along the z axis. The
material displacements of the body are u, v and
w in the directions of increasing r, 0 and ¢
respectively, as shown in the diagram. The

Figure A7.1 Spherical polar coordinates.

faces of the infinitesimal element are all negative faces, in the sense described in §3.1. As shown
in the detail, the top face of the element is a negative O face, the lower left face is a negative  face
and the lower right face is a negative ¢ face. Then all the stresses shown act in the negative
directions. The same subscripts will be used for the corresponding strains. In terms of the material

displacements, these are

_ Ou _ 1{ ou ov _ 1 ou ow
en__,Y'e____»rr——v,yw——-—cosec6+r——w
or r\ 40 or r\ d¢ or
1{ ov 1{ ov ow
R Al , = 1 2 8 + — ~ wcot| ,
€00 ~| 35 vy Yoo \ 3 cosec )
€po 1 éw—cosecﬁ + veotO + u
’ (A7.1.1)

The equations of static equilibrium are

do at Jt
1 20 + — &+ “¥cosech - Ogg ~ Ogp * To,c0tB| + R =0
or r T 90 od
0Te 1 d0gy  OTyg
E— + 7 3tr9 + ae + ﬁcosece + (000 ‘0¢¢)Cote + @ =0
Jt ot do
AL 31, % + 2 cosecd + 2te¢cot6 +@ =0
or r 4 a0 od

(A7.1.2)

where R, © and ® are the body forces in the directions of increasing 7, 6 and ¢ respectively.
For isotropic materials, these equilibrium conditions can be satisfied by expressing the
displacement field in terms of the Papkovich-Neuber functions (see Renton (1987) Appendix A3.1
for example). If u is the vector giving the material displacement of any point in the body, then this
expression takes the form

Gu = ® - ————V[¥ + r.0]

1
-V (A7.1.3)

A7l
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where G is the shear modulus, v is Poisson’s ratio, ® is a harmonic vector {®,, ®,, ®,}, so that
V2P is zero, or

aP
rZsin0V2®_ -2{®d sinb +i(d> sin@) + —2[ =0
0
r g a0 o

oo od P
r’sin’ﬁV‘(l¢e)+ 2 Lap—2]5in?0 - L, - —2cos0| = 0 (A7.1.4)
r a0 or 2 ad
) od Jd P b
risinf0v| —& {1 +2l Lo CeotB+r c"sirxf)%b‘bcosecﬁ«* $ cosBi=0
rsin@ db b or a0
¥ is a harmonic scalar so that V*¥ is zero where
1o ). 8% O cosec?
VY = —|—| r?L| « =L + =LcotB + L cosec?0 A7.1.5
/ r? [ or ( or ) g0?  do a¢? ( )

and r is the radius vector {r,0,0} of the material point.
Solutions in terms of the harmonic scalar ‘P lead to no solutions which are independent of those
found in terms of ® and so will be ignored in the rest of this appendix.

A7.2 The General Method

The general theory of beams was discussed in Chapter 8. It relies on there being a
characteristic response of prismatic elastic systems to resultant loading, as inferred from Saint-
Venant’s principle. Some non-prismatic systems, such as cones or curved beams, also have such
characteristic responses. Those for a solid cone under axial loading or shear!, torsion? and flexure’
were found separately but a general method* will be described here which includes the responses
of hollow cones.

Spherical polar coordinates will be used, taking the origin at the apex of the cone. The
solutions of the individual problems will now be considered. In all cases, the faces of the cone will
be taken as generated by surfaces of constant 8, where 8= for the outer surface and 8=p for the
inner one. Foppl’s solution for the torsion of a cone applies equally well to hollow cones and solid
cones, because no tractions are induced on any conical surface of constant 8. In principle, a total
of six independent expressions for the material displacements (and hence the stresses) are required
to satisfy the conditions of zero traction on the inner and outer surfaces of the cone. The form of
these expressions as functions of 7 and ¢ can be determined from the vector nature of the applied
load. The solution is facilitated by using ¢, the tangent of the half-angle 6/2, instead of 8. The
hollow cone problem can be dealt with by expressing the equations in terms of 7' (or r'), the
tangent of the complement of the half-angle (i.e. the cotangent of 8/2). If this is combined with
redefining v as -v, the equations governing the form of the deflections are invariant under such a
change of parameter. The physical significance of this transformation can be seen by noting that
the angle of the radius vector to the cone axis can be defined as © or (n-0). The sense of positive

' Michell, J.H. (1900) London Math. Soc. Proc. V.32 p.29.
2 Foppl, A. (1905) Sitzungsbcerichte Bayer, Akademie Wissenschafien V.35 p.249.
3 Renton, 1D (1997) J. Mech. Phys. Solids V.45 p.753.

* Renton, J.D. (1998) Journal of Elasticity V.49 p.101.
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v changes between the two cases, otherwise, the governing equations remain the same. This
invaniance can be seen from the original form of the equations and noting the relationship between
the differentials given by

dt dr

d od  od
1_ = 6_
(= sin o ) (A7.2.1)

It means that solutions in terms of ¢ immediately yield solutions in terms of 7" In some cases, these
two solutions are identical and then the method of Frobenius is applied. In all cases, this yields a
sufficient number of independent solutions to describe the response to the tip loading when all the
surface tractions are zero.

A7.3 An Axially-loaded Hollow Cone

For this case, the harmonic vector ® takes the form

S
® - Lg(1)| where V20 =0 (A73.1)
r
0

After some re-arrangement, the harmonic conditions to be satisfied by this vector are

(1 +2t2+x4)11 Y - 81%f - 4(1 +t’)t’5"§ -41(1-1)g=0
de\ dt dt
df d( dg (A7.3.2)
4L (1wt y=|12] - (1+1tH)g=0
dt+(+)dt(dt) (1+19¢
Taking f{r) and g(r) to be expressed by series in terms positive powers of ¢ yields the solutions

A fly=1, g(1) =t
. _1- e B (A7.3.3)
B: f(t) = =cos® , g(1) = = -sin6 .
1+1¢2 1+1¢?

These correspond to the solutions used by Michell for an axially-loaded solid cone. Rewriting
(A7.3.2) in terms of T and redefining g as -g yields the same form. Solution A now becomes

C. f(hy=fn=1, g(I)=+T or g =1 (A7.3.4)

This means that the solutions given by (A7.3.3) yield new solutions in terms of 7. However, the
new solution derived from B is the same as the old one. The method of Frobenius is now applied
to find a fourth independent solution of the form

f(1) = cosBlne + Y fie* | g(1) = -sin@lnr + Y g1 (A7.3.9)
i=0 i=0
In this particular case, both power series are zero. The general form of the material deformation
found from (A7.1.3) is then
4(1 - v)(A4 + B + Ccos® + DcosO1nt)

Gu = L1a(1 - v)(-dr+ By - (3 -2v)(Csin® + DsinB1nr) - Deot®|  (A7.3.6)
; t
0
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This gives the stresses

0, = ~2[4(1-v)(4+B) +2(2-v)cosB(C + Dinr)+2vD]

Ogg = 1:[2(1 V(A1 -12)+B(1-12)-D} +(1-2v)cosO(C +Dint) + Dcot? 0]

04y = %[2(1 “V{A(1+12)+B(1+¢%)} +(1-2v)cosO(C +Dint) - Dcot?*0 -2vD)]

To = %[2(1 -v)(24¢-2Bt 1) + (1-2v)sin8(C+Dlat) + (3 -2v)Dcot0] (A7.3.7)
T = Top = 0

Given that these stresses are inversely proportional to r ? and are not functions of ¢, the
equilibrium equations (A7.1.2) yield

%(Erasine) = (Ogg + Oy )sin0 %(aﬂesinﬁ) = 04,0088 ~Tosin8  (A7.3.8)

where the bar indicates that part of the expression for the stress given by (A7.3.7) which is in
terms of O only (i.e. the term % is omitted). From these equations it follows that

Ogosin® - T gcos® = Kcosec (A7.3.9)

where K is a constant. This indicates that a suitable linear relationship between the constants 4
to D will make K zero. In fact, it is only necessary to make D zero. Then if 0g, is zero for a
particular value of 0, t,o will be too. This reduces the conditions imposed on the constants 4 to
C to two, namely that 0, should be zero at 8 equal to & and B. This gives two conditions relating
these constants and the remaining condition is given by evaluating the axial tensile force P:

[+ 4

f[a"cosﬂ ~ 1,05in0]2mrsin0 rdd

p
41'|:|g cosB[2(1 - v)(24 -2B +C) - Csin*0]|

P

(A7.3.10)

This outlines the general method applied to the other problems, although it could be expressed
more simply in this particular case. However, the inclusion of terms in D permits the solution of
all problems associated with the displacement field given by (A7.3.1). The other cases can be dealt
with similarly, so that only the outline solutions will be given.

A7.4 A Hollow Cone with a Tip Shear Force

A displacement field of the same form as that used by Michell for the problem of shear on
a solid cone will be sought. This means that the harmonic vector ® is expressed by

cosd f(¢)
P = 1 cosd g (1) (A7.4.1)
r
sind h(t)

In terms of ¢, the harmonic conditions give rise to the equations



App. A7.4) A Hollow Cone with a Tip Shear Force A7.5

(l+t2)2[ :( df) f]—8ﬁ2-41[(1+11) z%m) +(]—12)gl=
(1+12 )[ ( dg) 2g +4tzif—2h(l—12)=0 (A7.4.2)
2)[ ( ) ] 4ft-2g(1-t%) =0

These yield the solutions
A fy =1t , g®)=1, h(t) = -1
B /() =0 g(r)(=)(1+r*)e, hh((t))= S
C f(1) = , t) = cosO fH = -
D: ;(1) =l gft) -1, (D)= -1 (A7.4.3)
B f(1)=0 , g(t) = -(1+%) , h(1) = -(1+1?)
F. f(7) =sinBInt |, g(t) = cosBIns , A(1) = -Int

The general form of the displacement field in this case is

cosP[4(1-v)sinO(4 + Flnr) + Ct + Et '}
Gu = -:— cos$[(3-4v)cosO(A+FInt)+B(1+1*)-D(1+1*)+C-E-F]| (A7.44)
sin[-(3-4v)(4 +Flnt) -B(1+1) -D(1+t ) -C-E]

This gives the stresses

o, = -Ec"zﬂ[m -2v)sin8(A4 +Flnt) + Ct + Et ' - 2vFcot 8]
r

0o = Ecrlfi[(l ~2v)sin® (A4 +Flnt) + B(1+13) « Ct + D(¢  +13) + E1 ' + (3 -2v)Fcot8)

0o = 228 (1 -2v)sinB(A +Flnt) - B(1+17) - D(17 +17) - (1 -2v) Feot]
r

T = “‘:—52"’[ -(2-4v)cosB(4 +Flnr) ~2B(1 +1%) + 1C(17-3) +2D(1 +1 %) (AT.4.5)

- 2E(17-3) + (6-4v)F]

Top = Sir"_z(b[ -2B(1+13)-Ct +2D(t ' +1 )+ Et ' -2(1-2v)Fcosec0]
Ty @[(2—4\»)(,4 +Flnt) +2B(1+1?) + §C(3 -1} +2D(1+17%) +%E(3 -1'Y)]
r

The constants 4 to F are determined from the surface tractions. If these are zero, F is zero and
the other surface conditions determine the ratios of the constants A4 to £. Their magnitudes are
determined from the tip shear force § Taking this to act in the sense of positive 6 in the plane
¢=0 : ain
S = - ff[(t,acose + 0, sinB)cosd - 1, sind]r?sinBddpdd
5% (A7.4.6)

-7 |ycosO{A[8(1 - v) +2sin’B] + 4B +3C + 4D + 3E} |
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A7.5 A Hollow Cone in Torsion

For this case, the appropriate form of the harmonic vector is given by

0
P - Lo (A7.5.1)
2
" lh
The first two harmonic conditions given by (A7.1.4) are satisfied automatically and the third is
. . d| . ndh
2hsin?0 + sin@| —| sin@=|[|-h =0 5.
[ 0 ( 0 ) ] (A7.5.2)
One solution® of this is
h = Asin® (A7.5.3)
which gives rise to only one stress,
_ 34 . 6
T = 7sm (A7.5.4)

This means that all conical surfaces of constant 0 are stress-free. The constant 4 is found from
the torque T applied:
o

T = f21rt,¢r3sin’6d9 = 24n[3(cosu - cosP) + cos’P - cos’at] (A7.5.5)
f

A7.6 A Hollow Cone in Flexure

For this case, the appropriate form of the harmonic vector is given by

sind f(1)

sind g(1) (A7.6.1)
cosd h(1)

In terms of ¢, the harmonic conditions are

1
2

o =
r

dif df dg 2
T+ 22 L 0S8 ) —al (1 #4222 v 4(1 - ¢ + 411 +tDYh = 0
( )[ 22 di f] (( +1%) y ( )g (1+1%)
df dzg dg 2\2 4
421+t s (LY 228+ 28 - 2(1 -t +2(1-tHh = 0 (A7.6.2
( )d’ (1+ )[ o gy ( Yeg ( ) ( )

2
2y pdh, ,ﬂ] -(1-1tYYh=0

26(1 + £2 1-1¢* 1 +¢
( o+ ( )g + ( e 7

The solutions found are

* The other solution can be formulated as a power series in £ or sin 8.
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Afity =2t , g(t) = h(1) = ~(1+1%)

B:f(1)=0 , g(t) =1, h{r) = —>— - 1 = cos® ;
1+12

C 1=1(—1—'—’2—)-=lsin6cose ) = 20
S0 == 80

Dif() =2, g() = (1+17) , h(1) = ~(1+1%);

E: f(t) = cosec® , g(t) =1Int | h(t) =1 + cosOIns ;

F: (1) =%(sin6—cosece +sinf cos@Inr) | g(r) = %(cosﬁ—sin’@lnt) , A(1) =0

1 . .
- —;smzﬂ ,h(1)=0; (A7.6.3)

These yield the general form of the displacement field given by

Gu-= Ln;?-[ZA{ +2D1 71+ (5-4v){sinO cos8{C +Fint) +(E - F)cosec + Fsin0 }]

y
Gv-= szd)[—A(l +t2) +B-C+D(1 +1‘2) "(2’4V){Sin26(C+F|n1)»Fcose}

" +(E-F)cotB cosecO + { E(4 -4v) - F}Int) (A7.6.4)
Gw = C052¢[_A(1 e12) +(B-C)cosB-D(1+12)+(1+cosBlns){ E(4 -4v)-F)

+(F-E)cosec?0]

The stresses resulting from this displacement field are

0,= —iSi—ZQ[ZAHZDt" +(5-v)sin® {cosO(C +Flnt) +F}
T W {(E-F)5-4v)-vF)}cosecO]

Opg = —zs—i:g[A(l—P%(l~2v){sinecosﬁ(C+F1n1)+FsinB}
+D(t 7' -17) +cosecB{(1- v} 8E-6F)+2cot’0(F-E)+F}]
4o :ZLTQ[A(3I+P)+D(31"+t")+2(E~F)cosec36
T 4 (1-2v){3sin0(CcosO +F +Fcos8 inr) - FcosecB }] (A7.6.5)
r,e=s—“‘§3[4A(1 +12)-4D(1 +¢t ') ~3B+(8-4v){C+(F-E)cotBcosecd + FlInt}
-(4+4v){sin*O(C+FlInt)-Fcos8} - 12E(1 -v)Int]

Ty = °°Sz¢’[4A(1+z2)+41)(1+1‘2)-3Bcose—12E(1—v)(ncoselnz)

+(8 -4v){cosO(C +Flnt) - Fcot’8 + Ecosec?8 }]

Top = -33935_9[A(z+:3)-1)(:"‘ +173)+(1-2v){sin8(C+Fint)-Fcot0}
’ -2(E - F)cot0 cosec’8]

The conditions of zero surface traction requirc that / be taken as equal to 2£. There then remain
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four independent conditions of zero surface traction to be satisfied, giving relationships between
the constants 4 to E. The bending moment about an axis in the plane ¢$=0 and normal to that of
the cone is then given by

2n a
M= ff(rcosﬁ T,,c0sd +r7osind)risin® dddd
0B (A7.6.6)
=1|5cos0 (8(D-A4)+(B-4C)3 +cos’8) +(1 +v)[8C+4E(sin*81Inr- cos0)]}
+2E(1+v)|

A7.7 The Unloaded Cone Paradox

Carothers® found a solution for the bending of a plane wedge by a couple applied about
its vertex. If this solution is taken to apply to wedge angles in excess of 7 radians, the problem
becomes that of a notch. In particular, for a wedge angle of about 4.492 radians, a state of stress
can exist when no couple is applied to the tip. In the case of the cone loaded by a bending couple
M at its tip, analysed in §A7.6, 4, E and F must be taken as zero to avoid singularities at O=mn.
The condition that M is zero is found from (A7.6.6) to be

[3B - 4C(1 - 2v) + 8D)(1 + cosP) + (B - 4C)(1 + cos’B) = 0 (A7.7.1)

The conditions that g4 and t,, are zero on 0= are given by
(1 - 2v)CsinBcosp + D' -17?) =0
34 + C[4(1 + v)sin®p - 8 + 4v] +4D(1 + 12) = 0

The condition that T, is zero on this surface is then automatically satisfied, because /~ and F* are
zero. For a non-zero state of stress, either ¢ is unity or

(1 + w5 + (9 - 3v)* + (T -5v 02 - (1 +v) =0 (A7.7.3)

(A1.7.2)

This has one positive real root for ¢ which depends on the value of Poisson’s ratio. When v is
zero, the corresponding conical notch angle, 2P, is 1.342 radians and when v is 0.5, 2f3 is 1.755
radians. The solution for ¢ equal to unity implies that the ratios of the constants are

B=4C , D=-(1+v)C (A7.7.4)

Arguing along the lines of Sternberg and Koiter’, the solution of §A7.6 should not be used beyond
the first pathological case, i.e. when the cone becomes a half-space (+=1).

¢ Carothers, S.D. (1912) Plane strain in a wedge. Proc. Roy. Soc. Edinburgh V.23 p.292.

7 Sternberg, E. and Koiter, W.T. (1958) The wedge under a concentrated couple: a paradox in the
two-dimensional theory of elasticity. J. Appl. Mech. V.25 p.575.



Appendix 8: Elements of Plate Theory

A8.1 The Governing Equations for Isotropic Plates

The usual assumptions of small-deflexion theory will
be taken to apply. Figure A8.1 shows an element of a plate of %
thickness ¢. The directions of the x and y axes lie in the middle e
surface of the plate and the z axis is normal to it. The
displacements » and v of material points within the plate are
in the directions of the x and y axes. The deflexion of the  Fjgure A8.1 A plate element.
middle surface normal to its plane is denoted by w. This
surface is assumed not to deform within its own plane. Fibres perpendicular to the middle surface
of the plate are assumed to remain perpendicular to this surface during deformation. This is
known as Kirchhoff's hypothesis. Then due to the rotation of these fibres with the slope of the
middle surface,

u = “Z@K > Vo= *Zﬂ (A8.1.1)
ox dy
The strains within the plate are then given by
2 2
€n=ﬂ='2(—9—£ , Eyy:ﬂ:—zﬂ s ny all aV_ 2___...azw (A812)
ox ox? oy dy? ay ox

As in the elementary theory of bending, the stress o,, normal to the middle surface is taken
to be negligible. The material is then in a state of plane stress, so that

g

T Y 1-vi ax?  y?
2 2
o_ = £ le, +ve,] =- Ez ﬂ+va—w (A8.1.3)
Yoop-v Y -vi gy?  ox?
Ez ow
t, =Gy, = ~—
¥ Ty 1 +v dxdy

These stresses can be used to find the moments per unit fength applied to an element as shown
in Figure A8.2. These are given by

M M
f P, P N
M = fzo dz = D[ v ] N

ax ;2. M P (Sy
K N s M+ D,
M fzo dz=-p| Z¥ +y<¥ aM
ay?  ox? x M+ 5By
-2 - M M -
"2 y v Y
M=M= [zt ds= -D(1- v) z
/2
! Et? Figure A8.2 Moments acting on an element.
where D= ———— (A8.1.4)
12(1 -v9)

A8.1
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The moments per unit length may be related to the internal shear forces per unit length
shown in Figure A8.2 by taking moments about the y and x axes respectively, giving
oM, oM,
—_— —— S
ox dy *
oM, ) oM,

ay ax
Figure A8.3 shows the shear forces and a distributed
load of intensity p per unit area acting on the surface
of the plate. Resolving the forces in the z direction
gives

(A8.1.5)

as, L9, p=0 (A8.1.6) Figure A8.3 Shear forces on a plate
ox dy element.

so that from (A8.1.5),
oM M M, M
X 2 - 2 o+ L +p=0 (A8.1.7)
ox? oxdy dyox oy?

and on using (A8.1.4),

4 4 4
AL WA AT (A8.1.8)
ox* oxlyr oyt

DV'w = D

A8.2 Boundary Conditions

Only two conditions can be imposed over any portion of
the boundary. The moment about the local tangent to this portion
can be specified, or its rotation about this tangent, but not both.
Likewise, the normal displacement w of the portion of boundary
can be specified, or the loading on it which does work during this
displacement. (This loading is not simply an internal shear force
of the kind shown in Figure A8.3.)

The simplest support conditions are shown in Figure
A8.4. The s axis runs along the boundary and the » axis is the
outward normal to it. In Figure A8.4a, the boundary is supported
on a knife edge, which exerts no moment about the boundary but
prevents any displacement w along it. This means that the
derivatives of w with s are zero locally. The moment M, about the
boundary is zero, and from the first two of equations (A8.1.4) it
follows that this is given in terms of the second derivatives of w
with respect to s and with n. As it has just been seen that the second derivative of w with respect
to s is zero, it follows that the second derivative of w with respect to n is zero. The boundary
conditions are then

Figure A8.4 Support conditions.

w=-—2"=0 at a knife edge. (A8.2.1)

In the case of a clamped edge, both displacement in the z direction and rotation about the
boundary are prevented, as shown in Figure A8.4b. The boundary conditions are then
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=0 at a clamped edge. (A8.2.2)

Free edge conditions require that no physical constraints are placed on either w or dw/dn.
It was seen in Figure 4.12 that a distributed moment m per unit length is similar to an end force
of magnitude m. Similarly, a distributed moment which varies in intensity at a rate m’ per unit
length behaves like a distributed load of intensity m'. In the case of the edge of a plate, this
distributed moment is M,, along an edge parallel to the x axis and A, along an edge parallel to
the y axis. The rates of variation of these moments produce an equivalent edge shear which has
to be added to the edge shears given by (A8.1.5) and (A8.1.4). Free edge conditions are then
given by setting the edge moment M, to zero and this total edge shear, S7 to zero, or

oy x
(A8.2.3)
ST=8MY_%+%:-D 23X‘*(Z_\?) 63W =
Y
dy  ox ox o’ oxdy

for a free edge parallel to the x axis, and for a free edge parallel to the y axis,

2 2
M, = _D(Q_‘:+va_“2'] =0,
ox dy
(A8.2.9)
3 3
gr o M M, My (e )
ox dy oy ox? oxdy?

A further explanation of these conditions will be found in the next section.
A8.3 Strain Energy Analysis
The strain energy 8U in the small volume of plate shown in Figure A8.2 can be determined

from (3.37) and (A8.1.3).

12

1.2 2 2
8U = 2:[0’“ + 0, - 2vo 0+ 2(1 +v)1:xy]d26x5y
2 n’ . - s (A8.3.1)
=1p _a_w_ + a_w +2V_8_WQ + 2(1 -v) —a—w— 5x 8y
2| ox? ay? Ix? gy? oxdy

The work done by the loads on the plate shown in
Figure A8.5 is given by

_ ow ow
W= ;{pwdA +f( M= Mo *SW) ds (A8.3.2)

where 4 is the area of the plate, A,, M, and § are the
moments and shear force per unit length acting on the
edge of the plate as shown and the line integral is
around the total periphery. The first term in its
integrand becomes Figure A8.5 Loads on a plate.
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M
fM —ds = M,w|- f__wds = - as" (A8.3.3)

where the first term on the right-hand side vanishes because integration begins and ends at the
same point. Equation (A8.3.2) now becomes

_ . w _aM
W—{pwdA f[ = [9 as)W]ds (A83.4)

so that the term in round brackets represents an equivalent edge shear, S7, as discussed in the
previous section.

{The strain energy in an elementary area of the plate can be integrated over the whole
plate to give the total strain energy. The effect of a small variation &w of w is now examined. The
effect on the first term in the expression for the strain energy is

2 2 2., 3. 4
6[ Fw a2 awa(bw) f aua(aw) D w |+ S owlad (ag.3.5)
) ox? A ox{ ox? ox g’ ox*
Green’s theorem, applied to two functions F(x,y) and G(x,y) takes the form
oF  dG
[( = 5 ] dA = f(de + Fdy) = f( Gsinee + Feosa)ds (A8.3.6)
Also,
9 ccosad ~sined 2 - gnad v cosal (A8.3.7)
ox on os oy on os -

Applying these equations to the term in round brackets on the right-hand side of (A8.3.5),

f d 62w 6(6w) s

ox 2 ox ax3
2
i ( cosa odw) sing 9(dw) ) IW 5w
ox? on ds ax3

Integrating by parts,

2
a(bw) ow Sw v sino coso
3s ax? ax?

where, as in (A8.3.3), the first term on the right-hand side is zero. Then from (A8.3.5) to
(A8.3.9),

2 )2 2
6f Wl =2 ——-6 dA + fﬂcos2a—6(6w) ds
I\ ax? v, oxt ox? an
2 3
+ Zf 9 Q—sinacosa - ﬂcosa ow ds
os| ox? ax?
Applying the same methods to the other terms in the expression for the variation in the strain

energy, subtracting the variation in the work done given by (A8.3.2) and making use of the
inverse of equations (A8.3.7) gives the variation of the total potential with a small variation in w

(A8.3.8)
cosads

vi
——sinacosads =
ox

2
- P &w %( _E’_Zz sing cosu] ds (A8.3.9)

(A8.3.10)
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as
6H = f(DV‘w - p)&wdA + fD[(l —V) a2w +VVQW +MJ a(BW)ds
4 on’? on
.y (A8.3.11)
3
+f‘D[(‘-V) i +—6~V1w]—(s- "Héwdszo
nds* on s

The total potential can be minimised independently with respect to arbitrary variations of w in the
interior of the plate, the slope dw/dn on the boundary and the displacement w on the boundary.
Each of the three integrands in the above equation must then be zero, giving

DV'w -p =0
2
D((I RN AL 9 B VR
on? (A8.3.12)
3 oM
Dl (-3 S| s-2] 2o
onds* on os

where the second bracketed term in the last equation is the total edge shear, S”. These equations
may be compared with (A8.1.8), (A8.2.3) and (A8.2.4))






Appendix 9:  Further Theoretical Considerations
A9.1 Orthogonality of Normal Modes

The normal modes of buckling and vibration of beams have orthogonal properties which
can be used to advantage in some analyses. The will be derived for the flexure of non-uniform
beams with workless end supports, but the method can be generalised to show orthogonality of
the normal flexural-torsional modes of complete frameworks with workless supports and joints.

The goveming differential equation for the flexure of a beam of variable stiffness £/ with
an axial load P is

2 2 2
"_[Eli_”J Ny L (A9.L1)
dx 2
in the absence of any lateral loading. For given (workless) end conditions, this has a set of normal
modes of deflexion (buckling} v,(x) corresponding to critical values of the axial load, £,. Each
such mode will be taken to correspond to a unique buckling load, where the lowest load is P,
Then

d2

de

=0 (A9.1.2)

d¥ d,
E[___' + —_—
dx? “ dx?

Multiplying this by the jth mode and integrating over the length / of the beam gives

d? dv, d%,
Ll R By
dr? dy? dx?

1

/

0

vde = 0 (A9.1.3)

Integrating this by parts,

!
d¥ dv ! dv, dv |dv,
dl g8 . p &) - f Al g%, P,—L|—Ldx =0 (A9.1.4)
del Cae |V a7 &2 dx | dx

The term in square brackets represents the end shear (cf. (9.2)) which is either zero or the end
displacement v is zero for workless end reactions. Thus the first expression in (A9.1.4) is zero.
Integrating the first term in the integrand of the second expression by parts,

!
! dw | |d d¥, d L d dy,
[ A WSl | I/ P o Sl aid ] B (B " (A9.1.5)
J e\ " ) | e de? dx |, de? di?

The first expression on the right-hand side gives the product of an end moment and an end
rotation. For workless end reactions, one or the other of these is zero at each end. Then from
(A9.1.4) and (A9.1.5), (A9.1.3) becomes

! 2 2 1
d*v d*v dv, dv
El— —ldc = P [——Ladx (A9.1.6)
A de? de? A dx dx

This process could be repeated, starting with the differential equation (A9.1.2) for v, and
multiplying it by v, giving

A9.1
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'E1d2v,. dzvjdx » }dv, dy
—dxe=p [ (A9.1.7)
| de? dx? | dx dx

As (A9.1.6) and (A9.1.7) differ only by the multipliers P, and P_, each side must be separately
zero, giving the orthogonality conditions

1E1d2v, dzv’dx 0 v, v/dx Giv))
— ——— = = — e #
{ — o {dx = i+ (A9.1.8)
The governing equation for the vibration of a non-uniform beam is
& v d*v
E[— +p422 =0 (A9.1.9)
ax? ox? ar?
The mode associated with the ith natural frequency is of the form
= V(x)sin(wt + o) (A9.1.10)
Substituting this in (A9.1.9) gives
d? dv, 2
—| El — | = pAw;V, (A9.1.11)
dx 2 dx 2

Multiplying this by the mode associated with the jth natural frequency and integrating over the
length / of the beam gives
!

2 aw,
f d_ | g2
de?l d?

Integrating the left-hand side by parts twice, as before, and taking the end shear forces or the end
displacements as zero, and the end moments or the end rotations as zero, gives

V,de = pr(o v,V dx (A9.1.12)

jI'FI‘::Z ‘:;2 = u),zjl'pA v,V ds (A9.1.13)
]
Substituting the jth mode into (A9.1.9) and integrating the product with the ith mode gives
lnﬁV_ = m?}pA VVdx (A9.1.14)
) & A h

As w? and w? are taken to be different, (A9.1 13) and (A9.1.14) can only both be true if
L dW, d, ,
fn_ dx —O—prVde (i+)) (A9.L15)

These are the orthogonality conditions for flexural vibration modes. Both cases examined here
are examples of the orthogonality of eigenfunctions in Sturm-Liouville problems.
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