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Foreword

In recent years, the construction and operation of Chinese
high-speed railways has scored remarkable achievements,
making great contribution to the sound and fast
development of national economy. It has been widely
acclaimed by the whole society and become another
example of the world high-speed railway development. By
the end of 2015, China had over 17,000 km newly built
high-speed railway lines in operation, ranking the first in the
world. In field of high-speed railway system, China is
credited with the most comprehensive technologies, the
strongest integration capability, the fastest running speed,
the longest operation mileage, and the largest scale
construction in the world.

The high-speed railway construction started late in China,
so it has not accumulated sufficient theoretical and practical
experience. Undoubtedly, it has been faced with a series of
technical problems and challenges during the process of
high-speed railway construction and operation, which
requires the strong academic and technical support. The
high-speed railway track structure consists of the rail, the
rail pads and fastenings, the track slab, the cement asphalt
mortar filling layer, the concrete basement, the subgrade,
and the ground (or bridge). But there are great differences
in the material properties and the structures, many
technological difficulties, and complicated service
environments. Besides, the train speed is over 200-
300km/h. All these issues are closely related to the wheel-
rail dynamics. Thus, high-speed railway track dynamics is
the key basic discipline to ensure the safe operation of
trains. When the train speed increases, the interactions
between the locomotive, rolling stock, and track structure
significantly increase. The environment of dynamic system
becomes deteriorated, and the safety and stability of high-



speed train and the reliability of track structure are thus
faced with severe tests. When the train is running at high-
speed, the influence of the plane and profile conditions of
lines and track irregularities on passengers’ comfort and the
influence of the running train on the surrounding
environment will be magnified, and the consequences of
train accidents will become more hazardous. All of these
must be explored based on high-speed railway track
dynamics. Therefore, the in-depth study of high-speed trains
and track interaction mechanism will provide the necessary
theoretical guidance for the design of the high-speed rail
system and the operation of high-speed trains.

The book, entitled High-Speed Railway Track Dynamics ,
is a summary of the theoretical and practical research
findings on high-speed railway track dynamics made by the
author and his research team. It systematically introduces
the latest research findings of the author and his research
team, focusing on the high-speed railway track dynamics
theories, models, algorithms, and engineering applications.
The book is mainly featured by the frontier research
contents, complete theoretical system, correct and effective
model and algorithms, and rich engineering applications.
What are particularly worth mentioning in the book are the
author’s researches in aspects of track element and vehicle
element model and algorithm, moving element method for
dynamic analysis of the vehicle and track coupling system,
cross-iteration algorithm for dynamic analysis of the vehicle
and track coupling system, dynamic behavior analysis for
the track transition between ballast track and ballastless
track, and environmental vibration analysis induced by
overlapping subways, which are of great innovation and
application value. The series of research findings have been
published in the related famous international academic
journals, such as Journal of Vibration and Control , Journal of
Transportation Engineering , Journal of Rail and Rapid
Transit , and Journal of Sound and Vibration , which are



widely recognized and cited by the fellow scholars at home
and abroad.

| strongly believe that the publication of this book will
provide an important theoretical guidance for Chinese high-
speed railway track design, construction, and operation,
making great contributions to promoting the scientific
development of railway engineering discipline and the
railway technological progress and realizing the sustainable
development of Chinese high-speed railways.

Mengshu Wang (Academician of Chinese Academy of
Engineering)
January 2016



Preface

Since the world’s first high-speed railway has been
constructed and put into operation, the high-speed railway
is highly competitive compared to other means of
transportation for its distinct advantages in speed,
convenience, safety, comfort, environment-friendly design,
large capacity, low energy consumption, all-weather
transportation, etc. According to the statistics from the
International Union of railways (UIC), up to November 1,
2013, the total operation mileage of the high-speed railways
of other countries and regions in the world is 11605 km.
4883-km high-speed railways are under construction, and
12570-km high-speed railways are planned to be
constructed. The total operation mileage of high-speed
railways in China are 11028 km, and 12000-km lines are
under construction. The total operation mileage of Chinese
high-speed railways accounts for half of that of the world’s
high-speed railways. China has become a country with the
longest operation mileage and the largest scale construction
in the world in high-speed railway. Meanwhile, 18 cities in
China (including Hong Kong) possess urban rail transit with
a total mileage of 2100 km, and 2700-km lines are under
construction, ranking the first in the world. The high-speed
railways and rail transit system have become the important
engines to drive the socioeconomic development. The
independent innovation of high-speed railway technology
has become the major national strategic demand.

However, with the rising running speed of trains, the
increased transportation density, and the increased
transportation loads, the interaction between train and track
has become intensified. To adapt to this change in railway
development, the countries all over the world have
strengthened the railway technological innovation and
widely adopted new technologies, designs, materials,



processes, and modern management methods in railway
engineering. Hence, the concept of modern railway track
has emerged. Modern railway track is developed with the
advent of high-speed railway and heavy-haul railway, which
must meet the fast and high-speed demand of passenger
transport and the fast and heavy-haul demand of freight
transport. Compared with the conventional railway track,
the modern track has the following characteristics: ® high-
standard subgrade; @ new subrail foundation; ® heavy and
super-long continuous welded rail; ® the scientific
management of track maintenance; and ® the organization
of safe operations and coordination of railway and
environment. Obviously, the traditional track mechanics and
structural analysis methods cannot satisfy the needs of
modern railway track analysis and design. Owing to the
rapid development of computers and numerical methods in
recent decades, new theories and methods are applied to
the track mechanics and track engineering, making it
possible to solve many problems which seemed impossibly
hard to solve in the past and those complex problems
emerging in the process of railway modernization.

This book is a systematic summary of the related
theoretical and applied research findings on high-speed
railway track dynamics made by the author and his research
team over a decade. In the past decades, sponsored by
many projects, such as the Natural Science Foundation of
China (50268001, 50568002, 50978099, U1134107,
51478184), International Cooperation and Exchange Project
(2010DFA82340), Natural Science Foundation of Jiangxi
Province (0250034, 0450012), Sino-Austria, Sino-Japan,
Sino-Britain, and Sino-America Scientific Cooperation
Projects, “Sponsor Program for Key Teachers of Colleges and
Universities” of the Ministry of Education (GG-823-10404-
1001), Science and Technology Development Plan of China
Railway Bureau (98G33A), Outstanding Science &
Technology Innovation Team of Jiangxi Province



(20133BCB24007), and the Training Program of the Leading
Personnel of Key Disciplines and Technologies of Jiangxi
Province(020001), the author and his research team have
conducted the in-depth and systematic researches on high-
speed railway track dynamics, environmental vibration and
noise induced by railway traffic, and engineering
applications of track dynamics and have achieved fruitful
research findings, most of which belong to the frontier
issues of the track dynamics theory. Participants in the
research team are as follows: Xiaoyan Lei, Liu Linya, Feng
Qingsong, Zhang Pengfei, Liu Qingjie, Luo Kun, Luo Wenjun,
Fang Jian, Zhang Bin, Xu Bin, Wang Jian, Tu Qinming, Zeng
Qine, Lai Jianfei, Wu Shenhua, Sun Maotang, and Xiong
Chaohua.

The draft of this book has been used as the textbook for
postgraduate students majoring in road and railway
engineering in East China Jiaotong University for several
years. The book falls into 15 Chapters: 1. Track Dynamics
Research Contents and Related Standards; 2. Analytic
Method for Dynamic Analysis of the Track Structure; 3.
Fourier Transform Method for Dynamic Analysis of the Track
Structure; 4. Analysis of Vibration Behavior of the Elevated
Track Structure; 5. Track Irregularity Power Spectrum and
Numerical Simulation; 6. Model for Vertical Dynamic
Analysis of the Vehicle-Track Coupling System; 7. A Cross-
Ilteration Algorithm for Vehicle-Track Coupling Vibration
Analysis; 8. Moving Element Model and Its Algorithm; 9.
Model and Algorithm for Track Element and Vehicle Element;
10. Dynamic Analysis of the Vehicle-Track Coupling System
with Finite Elements in a Moving Frame of Reference; 11.
Model for Vertical Dynamic Analysis of the Vehicle-Track-
Subgrade-Ground Coupling System; 12. Analysis of Dynamic
Behavior of the Train-Ballast Track-Subgrade Coupling
System; 13. Analysis of Dynamic Behavior of the Train-Slab
Track-Subgrade Coupling System; 14. Analysis of Dynamic
Behavior of the Transition Section Between Ballast Track and



Ballastless Track; and 15. Environmental Vibration Analysis
Induced by Overlapping Subways.

Compared with similar studies, the contents of the five
chapters, that is, the cross iteration algorithm for vehicle-
track coupling vibration analysis, model and algorithm for
track element and vehicle element, finite elements in a
moving frame of reference for dynamic analysis of the
vehicle-track coupling system, dynamic behavior analysis
for the transition between ballast track and ballastless track,
and environmental vibration analysis induced by
overlapping subways, have distinct characteristics, which
may be considered as the author’s original findings.

With original concepts, systematic theories, and
advanced algorithms, this book attempts at introducing to
the readers the latest research findings and developments
at home and abroad in high-speed railway track dynamics. It
lays great emphasis on precision and completeness of its
content. All the chapters are interrelated yet relatively
independent, which makes it possible for the readers to
browse through the book or just focus on special topics. It
combines theories with practice to provide abundant
information in the hope of enlightening and helping readers.
Any comments and suggestions concerning the book are
welcome and appreciated.

On the occasion of the publication of this book, | would
like to express my sincere thanks to institutions and people
that have been funding, supporting, and caring about my
research work and the publication of this book! | would like
to extend my special gratitude to Profs. Du Qinghua and
Wang Mengshu, academicians of China Academy of
Engineering, Mr. Guan Tianbao, senior engineer of Shanghai
Railway Bureau, and Profs. Tong Daxun and Wang Wusheng
from Tongji University, for their longtime care, guidance, and
help. Particularly gratefully, academician Wang takes the
trouble to write the foreword for this book. | am also deeply
indebted to the translation team, Tang Bin, Lu Xiuying, Yang



Zuhua, Liu Qingxue, Li Xing, and Huang Qunhui, from School
of Foreign Languages in ECJTU for their translation work.
Last but not least, my heartfelt thanks go to my colleagues,
postgraduate students, and Mr. Wei Yingjie, editor of Science

Press. The publication of this book is the result of their joint
efforts.

Lei Xiaoyan
Kongmu Lakeside
2016



About the Book

High-speed railway is highly competitive compared to other
means of transportation for its distinct advantages in speed,
convenience, safety, comfort, environment-friendly design,
large capacity, low energy consumption, all-weather
transportation, etc. In recent years, there has been a boom
in the construction of high-speed railways throughout the
world. To adapt to the fast development of the design and
construction of high-speed railways, it is essential to further
theoretical studies in high-speed railway track dynamics. As
a systematic summary of the relevant research findings on
high-speed railway track dynamics made by the author and
his research team over a decade, this book explores the
frontier issues concerning the basic theory of high-speed
railway, covering the dynamics theories, models,
algorithms, and engineering applications of the high-speed
train-track coupling system.

Characterized by original concepts, systematic theories,
and advanced algorithms, this book lays great emphasis on
precision and completeness of its content. All chapters are
interrelated yet relatively independent, which makes it
possible for the readers to browse through the book or just
focus on special topics. It combines theories with practice to
provide abundant information in the hope of introducing to
the readers the latest research findings and developments
in high-speed railway track dynamics. The book can be used
both as textbook or reference book for undergraduates,
postgraduates, teachers, engineers, and technicians
involved in civil engineering, transportation, highway, and
railway engineering.
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1. Track Dynamics Research Contents and
Related Standards
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With increasing train speed, axle loads, traffic density, and the wider engineering
applications of new vehicles and track structures, the interaction between vehicle
and track has become more complex. Accordingly, the train running safety and
stability are more affected by increased dynamic stresses. Dynamic loads acted on
the tracks by vehicles fall into three categories: moving axle loads, dynamic loads of
fixed points, and moving dynamic loads. Axle loads , due to their moving loading
points , are dynamic loads for the track-subgrade-ground system, though irrelevant
to the vehicle dynamics and constant in size. As soon as the speed of moving axle
loads approaches the critical velocity of the track, the track is subjected to violent
vibration. Dynamic loads of fixed points come from the impacts of vehicles passing
by the fixed irregularity on track, such as rail joints, the welding slag of continuously
welded rail and turnout frogs. Moving dynamic loads are induced by wheel-rail
contact irregularities. The dynamics analysis of the train-track system lays a good
foundation for investigating the complicated wheel-rail relationship and interaction
mechanism, which provides essential references for guiding and optimizing vehicle
and track structure designs.

1.1 A Review of Track Dynamics Research

Up to the present, scholars both at home and abroad have achieved a wealth of
research findings about the establishment of track dynamics models and numerical
methods. Studies on track dynamics models have experienced a development
process from simple to complex. Historically, moving loads and vehicle structures
have been the earliest practical issues in structure dynamics, especially in the train-
track system. Knothe and Grassie [1-3] published several papers concerning track
dynamics and vehicle-track interaction in frequency domain. Mathews [4, 5] found
out solutions to the dynamic problems of any moving loads on infinite elastic
foundation beam by means of Fourier transform method (FTM) and the moving
coordinate system. The Fourier transform method (FTM), as a method of frequency
domain analysis, was applied by Trochanis [6], Ono and Yamada [7] in some related
studies. Jezequel [8] simplified the track structure into infinite Euler-Bernoulli beam
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on elastic foundation, regarding the train loads as concentrated force of uniform
motion and considering its rotation and transverse shear effects. Through modal
superposition , Timoshenko [9] figured out the governing differential equation for
moving loads on simply supported beams in time domain, while Warburton solved
this equation by using analytical methods, and he also proved the deflection of
beams would reach a maximum under moving loads at a certain speed [10]. Cai et
al. [11], by modal superposition, studied the dynamic response of infinite beams over
periodic bearings under moving loads.

All the above-mentioned studies have considered the track beam as the
continuum and solved governing differential equations through analytical methods.
Though simple, these approaches are not feasible for multi-DOF (degree of freedom)
vehicle-track system, which have provided limited significance in track dynamics. In
recent years, the finite element method (FEM) has been widely applied in practical
engineering projects. FEM involves formulating element matrix and deriving finite
element equations by discretizing the track structure into finite elements and
assuming the displacement function for each element. Venancio Filho [12] reviewed
how FEM had been used as a numerical method for analyzing dynamic response by
moving loads on homogeneous beams. It can be seen that FEM is a popular solution
to problems concerning the train-track dynamics. Olsson [13] applied the FEM to
explore the effects of different vehicle models, vibration modes, and track surface
irreqularities and adopted the slab and column elements to simulate bridge vibration
problems. Fryba [14] put forward stochastic finite element analysis method for
uniform moving loads on elastic foundation beams . Thambiratnam and Zhuge
established a finite element analysis model for elastic simply supported beams of
any length [15, 16]. Nielsen and Igeland [17] setup a finite element model
integrating bogies, rails, sleepers, and subgrades into a whole, analyzing such
influence factors as the rail wear, wheel flat and sleeper dangling by applying the
complex mode superposition. Zheng and Fan [18] studied stability problems of the
train-track system. Koh et al. [19] put forward a new moving element method, which
was formulated on a relative coordinate moving with trains, while the ordinary FEM is
based on a fixed coordinate. Auersch [20] established the joint solution combining
the FEM and boundary element method (BEM) to analyze the track structure model
with or without ballast pads in three-dimensional space, and he discussed the
parameter effects such as ballast pad stiffness, unsprung mass of the vehicle, track
quality, and subgrade stiffness . Clouteau [21] proposed the efficient algorithm for
subway vibration analysis based on FEM-BEM coupling method. The key point of the
algorithm is to consider the track periodicity along the tunnel direction by applying
the Floquet transform. Andersen and Jones compared the differences between two-
dimensional and three-dimensional models by coupling the finite element-boundary
element method, and they discovered that the two-dimensional model was suitable
for qualitative analysis and could quickly obtain relevant results [22, 23]. Thomas
[24] established a multi-body vehicle-track model to explore effects of crosswind on
snake movement of high-speed trains at the curve section, analyzing impacts of
crosswind strength, and vehicle parameters on the dynamic response of trains.
Ganesh Babu [25], by FEM, in light of parameter changes in subgrades, ballasts, and
rail pads, analyzed track modulus of prestressed concrete sleeper and wooden
sleeper track structures. Cai [26] processed the ground into porous elastic semi-
infinite domain media and studied effects of wheel-rail interaction on ground
environmental vibrations when the trains were passing based on Biot porous elastic
dynamics theory.



Since the early 1990s, many domestic researchers have conducted theoretical
and applied researches in the field of vehicle-track coupling dynamics . Zhai
Wanming published his academic paper “The Vertical Model of Vehicle-track System
and Its Coupling Dynamics” [27] in 1992 and his academic monograph Vehicle-Track
Coupling Dynamics [28] in 1997. In 2002, he published another paper entitled “New
Advance in Vehicle-track Coupling Dynamics,” [29] summarizing the research history
and progress about vehicle-track coupling dynamics both at home and abroad.
Xiaoyan Lei and his research team also carried out systematic studies concerning
models and numerical methods of track dynamics [30-32]. He published his
academic monograph Numerical Analysis of Railway Track Structure in 1998, which
introduced in detail the track model of a single wheel with primary suspension
system , the track model of semi-vehicle and whole vehicle with primary and
secondary suspension system and numerical methods for solving vibration equations
of vehicle and track coupling system [33]. There are more domestic researches in
this field worthy to be mentioned. Xu Zhisheng developed an analysis software for
vehicle-track coupling vibration based on Timoshenko beam model by the vehicle-
track coupling dynamics theory. Besides, he analyzed the vertical vibration
characteristics of the vehicle-track system and compared with simulation results
obtained from the software based on Euler beam model [34, 35]. His findings show
that simulation results for both softwares are basically the same, but in a higher
frequency domain, the difference of natural frequency between the two methods is
obvious with Timoshenko beam model better reflecting the high frequency
characteristics of wheel-rail system. Xie Weiping and Zhen Bin obtained analytical
expressions of steady dynamic response for infinite Winkler beam under the variable
moving loads by adopting the Fourier transform and Residue theory. Compared with
Kenney’s classical solution process, their solution has a more explicit physical
meaning [36]. Luo [37] studied the relationship between the rail natural vibration
frequency and temperature force by establishing the dynamic finite element model
of continuous welded rail (CWR), which involved rails, fasteners, and sleepers and
probed into effects of rail section properties, rail wear, rail pad, and fastener stiffness
and torsional rigidity on the dynamic model calculations. Results show that the
proposed model can more accurately analyze the intrinsic link between rails’
longitudinal force and vibration characteristics of continuous welded rail track
structures . Wei Qingchao established the horizontal and vertical vehicle-track
coupling dynamics simulation model for linear motor subway systems. He calculated
dynamic response of linear motor vehicles and track structures under the conditions
of different track structures (tracks with embedded long sleepers or the slab tracks),
different subplate bearing stiffness, and damping and conducted a comparative
analysis accordingly [38]. His findings are as follows: The car body vertical
acceleration on tracks with embedded long sleepers is slightly larger than that on
slab tracks while the rail lateral acceleration and vertical displacement of slab tracks
are slightly larger than those of tracks with embedded long sleepers; increasing
damping in the subplate is beneficial for reducing slab vibration of the track; the
influence of subplate stiffness on the wheel-rail forces, rail displacement, and motor
air gap is small; when subplate stiffness increases, the slab displacement decreases
while the acceleration increases. In light of the turnouts, bridge structures, and
layouts, Gao et al. [39] setup the welded turnout spatial coupling model and
analyzed its spatial mechanical properties from the aspects of temperature loads,
vertical loads, and rail lateral deformation. Feng [40] derived the flexibility matrix of
ballast track-subgrade-foundation system at rail contact points by use of the Fourier



transform and the transfer matrix. He built up the analytical model of vertical
coupling vibration for vehicle-ballast track-subgrade-layered foundation in view of
track irregularities and analyzed the vibration of embankment body-foundation
system caused by single TGV high speed train . Meanwhile, he investigated effects of
train speed, track irregularity, subgrade stiffness , and embankment soil stiffness on
the embankment body vibration. His findings are as follows: The vertical
displacement of the embankment body is caused by the moving train axle loads;
with the increase in train speed, the “volatility” of embankment vibration increases
significantly; subgrade stiffness and embankment soil stiffness have significant
impact on embankment vibration. Bian Xuecheng and Chen Yunmin studied the
coupling vibration of track and layered ground under moving loads by using dynamic
substructure method which dealt with sleepers’ impact of discrete support [41, 42].
Later they further investigated ground vibration problems by stratified transfer
matrix method [43]. Xie [44, 45], Nie [46], Lei [47-50], He [51], and Li [52] all
adopted analytical wave number —frequency domain method to establish the single
or multi-layer track structure model , thus exploring the track and ground vibrations
generated by high-speed trains. Their studies are summarized as follows: The faster
the train runs, the larger the vibration response of the track and ground is; when the
train speeds are below, near, or above the ground surface wave velocity, the ground
vibration may appear differently; when the train reaches a certain critical velocity,
strong vibration of the track and ground would happen; and when the high-speed
train passes on the soft soil foundation, strong vibration phenomenon may occur too.
Wua Yean-Seng and Yang Yeong-Bin from Taiwan University proposed semi-analytical
model to analyze the ground vibration induced by moving loads of elevated railways
and obtained acting force on the pier top based on the elastic support beam model
under moving axle loads . By lumped parameter model, they worked out interaction
force between pier foundations and the surrounding soil, from which the vibration
level of elastic half-space ground is then obtained [53]. Xia He and Cao Yanmei et al.
from Beijing Jiaotong University established the train-track-ground coupling model by
analytical wave number —frequency domain method . They regarded the ground-
track system as Euler beam model with periodic support on three-dimensional
layered ground and illustrated the ground vibration response under the dynamic
wheel-rail force generated by moving train axle loads and track irregularities [54].
Liu et al. [55] maintained that it was necessary to develop space coupling
vibration model of wheel-rail system because in many cases wheel-rail vibration
identified with space vibration with obvious coupling features. Li and Zeng [56]
established the vehicle-tangent track space coupling vibration analysis model by
way of vehicle-track coupling dynamics , which is characterized by the discretization
of the track into 30-DOF spatial track elements , and the use of artificial bogie crawl
waves as the excitation source. Liang [57] and Su [58] explored vibration effects of
subgrade structures in detail and carried out researches about the vertical coupling
dynamics of vehicle-track-subgrade. Wang [59], Luo [60, 61], and Cai Chengbiao
studied relevant dynamic problems when high speed, rising speed, or fast trains run
through bridge-subgrade transition sections by using the vehicle-track vertical
unification model from References [27, 28], which would provide a theoretical basis
for the foundation reinforcement, deformation control, and reasonable length of high-
speed railway road-bridge transition sections . Wang [62] and Ren [63], respectively,
explored interaction between the vehicles and the turnouts by means of the vehicle-
track coupling dynamics theory and applied their findings into dynamic analysis of



rising speed turnouts in China, which can offer references for improved designs of
rising speed turnouts.

As the vehicle dynamic action on the track is a random process , it may be
appropriate to make random vibration analysis of vehicle-track system for
comprehensively understanding of the wheel-rail interaction mechanism. Random
vibration of the vehicle-track coupling is generally studied under two excitation
models: fixed-point excitation model and moving-point excitation model. The former
one focuses on backward movement of track irregularity excitation at a certain
speed by assuming that vehicles and tracks are stationary; the latter one firstly
involves reversing the track irregularity sample based on power spectrum of the
track irregularity, then solving for the time domain response of the system through
numerical integration method, and finally deriving the power spectrum of the system
response from the Fourier transform of the time domain response by assuming that
trains are moving at a certain speed on the tracks. Chen [64] and Lei [65], Lei and
Mao [66] worked out the random vibration response of vehicle-track coupling system
by moving-point excitation model, which takes nonlinear wheel-rail contact force into
consideration. But this approach requires large amounts of computation due to the
step by step integration. Meanwhile, there might be some analytical errors in both
the time domain samples of the track irregularities obtained from track spectrum
inversion and the estimation of power spectrum based on response of the time
domain analysis results. Lu et al. [67] established a vehicle-track random vibration
analysis model, and proposed the pseudo-excitation method and dual algorithm,
which considered the vertical and rotational vibration effect of the vehicle with 10-
DOF (degrees of freedom) and simulated the track into infinite periodic Euler beam
with rails, sleepers, and ballasts. It maintains that supposing the vehicle is
stationary, there might exist moving random irregularity spectrum on the track
surface under the excitation of tracks, which moves at the train speed in the
opposite direction.

From the above-mentioned literature review, it can be safely concluded that
abundant findings have been achieved among scholars both at home and abroad in
the field of track dynamics models and approaches. It should be pointed out that
more related in-depth researches are under way.

1.2 Track Dynamics Research Contents

When the train moves along tracks, both of them are bound to induce vibration in all
directions due to the following factors:

1. Locomotive dynamic power. It includes the cyclic force of the steam locomotive
wheels’ eccentric block and the vibration of diesel locomotive’s power units;

2. Speed. When moving along irregular tracks at a certain speed, the locomotive
and the train induce dynamic action;

3. Track irregularity. It is caused by rail surface wear, uneven foundation elasticity,
failure of some sleepers, lack of rail fasteners conformance, gap between
different track parts, and loose ties under the sleepers.

4. Rail joints and welding slag of continuously welded rail. When a train moves
through the rail joints and welding slag, additional dynamic forces would be
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> Continuous irregularity caused by eccentricity of wheel installment and impulse
irregularity caused by wheel flats and uneven wheel tread wear.

The train consists of locomotive, car body, bogie, primary and secondary
suspension system , and wheel sets. The train and track constitute a coupling system
when the train moves along the track. The dynamic analysis of such a system chiefly
covers:

1. Exploration of trains’ safety along the tracks
It is known that the train induces structural vibration when it moves along
tracks. Through simulation analysis of the train and track coupling system, such
parameters as dynamic stress and deflection for train and track, lateral force,
derailment coefficient , and wheel load reduction rate can be derived, by which
the safety of the locomotives and vehicles running on the track can be
evaluated.

2. Exploration of trains’ riding quality
Riding quality of the locomotive and the passenger train is evaluated by
comfortableness of engine drivers and passengers. When the train moves along
tracks, the vehicle vibration frequency and acceleration and vibration amplitude
should be controlled to ensure riding quality.

3. Evaluation of existing tracks, parameters selection, and optimization of
locomotive, rolling stock unit, and track structures through theoretical analysis
and experimental study. This may provide guidance for new track design.

With the ever increasing train speed, the growing freight train loads and the
diversification of working conditions, it is of great significance to make an in-
depth study of wheel-rail dynamics.

1.3 Limits for Safety and Riding Quality and Railway
Environmental Standards
1.3.1 Safety Limit for Regular Trains

The evaluation parameters of train safety include derailment coefficient , lateral
force, wheel load reduction rate, and overturning coefficient , and the like. Safety
evaluation standards for regular trains are Railway vehicles-Specification for
evaluation the dynamic performance and accreditation test (GB5599-85) and
Specification for Evaluation and Accreditation Test of Locomotive Dynamic
Performance (TB/T—2360—93).

Derailment coefficient is the parameter for evaluating whether the derailment is
caused by the gradual uprise of wheel rims to the rail head under the lateral force.
China’s locomotive derailment coefficient limit is shown in Table 1.1 and China’s
derailment coefficient limit for freight and passenger vehicles is shown in
Table 1.2[68].



Table 1.1 Locomotive derailment coefficient limit

Derailment coefficient Excellent Good Qualified
QP 0.6 0.8 (0.9

Note p stands for vertical force between steerable wheels of the locomotive and
rails; ¢ for lateral force between steerable wheels and rails

Table 1.2 Freight and passenger vehicles’ derailment coefficient limit

Derailment coefficient Primary limit (qualified) Secondary limit (safer)
QP <1.2 <1.0

It should be pointed out that despite distinct safety standards established in many
countries the principles for train safety are the same. For instance, it is specified in
European nations that derailment coefficient averages for @/F <08 within 2-meter

movable sections whereas evaluation standard in Japan is @/P 0.8 (duration = 0.05s),
and %= (1=00s5s),
Lateral force limit is applied for evaluating whether trains movement would induce

gauge widening (spike pulling) or serious track deformation. Lateral force limit is
shown in Table 1.3.

Table 1.3 Lateral force limit /kN

Lateral force Primary limit (qualified) Secondary limit (safer)
o 0 <29+03P Q<19+03P

Wheel load reduction rate is applied for determining whether derailment is caused
by excess reduction of wheel load on one track side. Wheel load reduction rate limit
is shown in Table 1.4.

Table 1.4 Wheel load reduction rate limit

Wheel load reduction rate Primary limit (qualified) Secondary limit (safer)

L L i =0.65 =<0.60
FE S R

Note ap for wheel load reduction; g for total wheel load of two wheels

Overturning coefficient is applied for determining whether the train will overturn
under the lateral wind force, centrifugal force, and lateral vibration inertial force.
Overturning coefficient limit is defined as follows:

P,
D= P—f <08 (1.1)

st

where F: is the lateral dynamic load applied to the vehicle, and P« is the wheel static
load . The critical condition for overturning is p=1.

1.3.2 Riding Quality Limits for Regular Trains

Riding quality is evaluated, respectively, by riding index and vibration acceleration.
Riding index is derived as follows:
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where W is for riding index , «(cm) for vibration displacement amplitude, and 4 (em/s?)

for vibration acceleration amplitude; /(H2) is for vibration frequency; F(f) is a function

relating to vibration frequency, known as frequency correction coefficient, as is
shown in Table 1.5.

Table 1.5 Frequency correction coefficient

Vertical vibration Lateral vibration
0.5-5.9 Hz| F(f) = 0.3257|0.5-5.4 HZ| F(f) = 0.8/

5.9-20 Hz | F(f) = 400/ f2 |5-4-26 HzZ | F(f) = 650/ 2

>20Hz | F(f)=1 >26Hz |F(f)=1

The aforementioned riding index applies to continuous vibration of single
frequency. In fact, vehicle vibration is random. As the acceleration measured includes
the entire natural frequency of vehicle vibration, it should be grouped based on the
frequency to reveal statistically the riding index of different acceleration of each
frequency. Hence, the overall riding index is calculated as follows:

. 1
W= (W0 + W+ Wy e+ W) (1.3)

where W1, W2 . W. stands for respective riding index derived from acceleration

amplitude of each frequency which is obtained by frequency spectrum analysis.
Generally speaking, the measurement period for riding index is 18 s. Frequency
spectrum can be derived from fast Fourier transformation (FFT), and then by
weighted frequency the riding index is obtained.

Major evaluation parameters of locomotive riding index are vertical and lateral
vibration acceleration of the vehicle body, as well as effective value of weighted
acceleration of driver’s cabin. China’s locomotive riding index limits are shown in
Table 1.6.

Table 1.6 Locomotive riding index limits

Riding qualityA max/(mlsz) A i /(m/SZ) w

Vertical Lateral Vertical Lateral
Excellent 2.45 1.47 0.393 |0.273 |[2.75
Good 2.95 1.96 0.586 |0.407 |(3.10
Qualified 3.63 2.45 0.840 |0.580 (3.45

Note Amax is for maximum vibration acceleration; 4w is for effective value of
weighted acceleration, a frequency factor taking into account of drivers’ feeling and
fatigue, which represents a riding index for evaluating the suspension system of the
locomotive; W is for riding index

Riding quality of freight and passenger vehicles denotes comfort of passengers
and integrity of cargo delivery, evaluated by riding index and vibration acceleration,



respectively. Riding quality limits for China’s freight and passenger trains are shown
in Table 1.7.

Table 1.7 Riding quality limit for freight and passenger trains

Riding quality Riding index W

Passenger train Freight train
Excellent <2.5 <3.5
Good 2.5-2.75 3.5-4.0
Passing 2.75-3.0 4.0-4.25

Note ® Evaluation for vertical and lateral riding quality are the same; @ Freight
trains maximum vibration acceleration is also its vibration strength limit, with 0.7 g
for vertical vibration and 0.5 g for lateral vibration

1.3.3 Safety and Riding Quality Limit for Rising Speed
Trains

According to Temporary Technical Regulation for Rising Speed of Existing Railways
issued by China’s Ministry of Railway, safety and riding quality index should meet the
requirements of the dynamic performance standards for rising speed of freight and
passenger locomotives, the major technical performance specifications of rising
speed passenger trains and EMUs, and the major technical performance

specifications for rising speed of regular freight trains [69], as is shown, respectively,
in Tables 1.8, 1.9 and 1.10.

Table 1.8 Dynamic performance standards for rising speed freight and passenger locomotives

Parameters Standards
Derailment coefficient =<0.8
Wheel load reduction rate Quasi-static =0.65; dynamic <0.8

Lateral wheelset force/kN Q=085 (10 + P’-f?,), Py for static wheel load/kN

Vibration acceleration of vehicle body/(m/sz) Vertical: excellent 2.45, good 2.95, qualified 3.63
Lateral: excellent 1.47, good 1.76, qualified 2.45
Riding quality index (vertical and lateral) Excellent 2.75, good 3.10, qualified 3.45

Note ® If derailment coefficient >0.8, duration of t should be checked. For
continuous measurement, the maximum derailment coefficient should meet

g 0.04 . . .
{_F]max =7 (1<005s); For discontinuous measurement, the two consecutive

derailment coefficient peaks exceeding 0.8 should not be allowed. If wheel load
reduction rate >0.65, duration of 7 should also be checked. For continuous

measurement, the maximum wheel load reduction rate should satisfy (A:—[) <0.8 (

1 <0.05s). For discontinuous measurement, the two consecutive wheel load reduction
rate peaks exceeding 0.65 should not be allowed

Table 1.9 Technical specifications for rising speed passenger trains and EMUs

Parameters Standards
Derailment coefficient =0.8
Wheel load reduction rate =0.65




Parameters Standards

Lateral wheelset force/kN 0 =085 (10 +1 (P + le}]], Pa1. Pa for static wheel load of right and left

wheel, respectively/kN

Riding quality index (vertical and Excellent 2.5, good 2.75, qualified 3.0 (2.75 for new trains)
lateral)

Note This is applicable to the power-distributed EMUs and power-centralized
passenger vehicles. Power-centralized power cars should follow the technical
specifications for locomotive standards

Table 1.10 Technical specifications for rising speed regular freight trains

Parameters Specifications

Derailment coefficient =<1.0 (secondary limit); =1.2 (primary limit)
Wheel load reduction rate =0.6 (secondary limit); =0.65 (primary limit)
Lateral force/kN Q=29+ 0.3Pa, Pu for static wheel load,/kN

Lateral wheelset force/(kN) Q <0.85(15+ 1 (Puy + Pa)), Par, Pz for static wheel load of right and left

wheel respectively,/kN

Car body vibration Vertical: 7.0

acceleration/(m/sz) Lateral: =5.0

Riding index (vertical and Excellent 3.5, good 4.0, qualified 4.25 (4.0 for new trains)
lateral)

1.3.4 Railway Noise Standards in China

Emission Standards and Measurement Methods of Railway Noise on the Boundary
Alongside Railway Line (GB 12525-90) issued by China in November 1990 has
explicitly set the railway boundary noise limit as shown in Table 1.11 [70]. When
passing through crowded urban areas, the radiation noise has to comply with the
“Sound Environmental Quality Standards ” (GB 3096-2008). The standards have
specified the maximum limits of environmental noise for five types of urban areas, as
is shown in Table 1.12 [71].

Table 1.11 Railway boundary noise limit L., /dB(A) (GB 12525-1990)

Daytime |70
Nighttime |70

Table 1.12 Standard of environmental noise of urban area L., /dB (A)

Category Daytime Nighttime
0 50 40
1 55 45
2 60 50
3 65 55
4 |4a 70 55
4b 70 60
Notes

0: applicable to rehabilitation and recuperation areas, where special quietness is
needed




1: applicable to areas which mainly function as residential, health care, cultural and
educational, scientific research and planning, and municipal office areas, where
quietness should be kept

2: applicable to areas which mainly function as commercial finance and terminal
markets, or areas with residential, commercial, and industrial functions mixed
together, and thus quietness for residence should be kept

3: applicable to areas which mainly function as industrial production and warehouse
logistics, where serious impact of industrial noise on the surrounding areas should
be prevented

4: applicable to areas within a certain distance from the main roads, where serious
impact of traffic noise on the surrounding areas should be prevented. Two types are
included: 4a and 4b. 4a mainly refers to the two sides of expressways, first-class
highways, second-class highways, urban expressways, urban arterial roads, urban
sub-distributors, urban mass transits (on the ground), and inland waterways; while
4b mainly refers to the two sides of trunk railways

1.3.5 Railway Noise Standards in Foreign Countries

Since sound level A has taken the less sensitivity of the human ear to low frequency
noise into consideration and has a greater amount of correction on low frequency, it
can better reflect human’s subjective assessment on all kinds of noises, and thus it is
widely used in noise rating. Besides, in light of the impact of noise duration,
equivalent continuous sound level A-weighting L . is adopted to evaluate the noise
generated by transportation. Just like traffic noise, L. is also a priority evaluation
value in railway noise . For high-speed railways, France and Japan adopt fimax,
because the daily amount of trains running by is not unchangeable. Some European
countries set a slightly lower standard for railway noise than that of road traffic
noise. In Switzerland, the limit for railway noise can be liberalized by 5 dB(A). If the
amount of trains passing by every day is too small, the limit can be liberalized to

15 dB(A). The allowable liberalization on railway noise limit is based on extensive
social survey. With the same value of Li, it is generally acknowledged that the
impact of railway noise is less serious than road traffic noise. Tables 1.13 and 1.14
illustrate the railway noise limit in some countries and areas.

Table 1.13 Railway noise limit in some countries and areas/dB(A)

Country Evaluation index Type of lines Daytime Rest Nighttime Monitoring
time site
Australia Lip 24 New railway lines 70 -
95
Lamax
Austria Le=La, -5 New and reconstructed railway lines  |60-65 50-55 -
Denmark L 24n New railway lines 60 Outdoor
free field
Lamax New railway lines 85
L 24m Existing lines 65
French L 12n New high-speed railway lines 60-65 Outdoor
free field
Germany |L,=L4, —5 New residential areas 50-55 40-45 Outdoor
Reconstructed railway lines 59 49 free field




Country Evaluation index Type of lines Daytime Rest Nighttime Monitoring
time site
England La,, New residential areas 50 42 Outdoor
New railway lines with insulation 68 63 free field
measures
Hongkong, L, 24n New residential areas 65 -
China
Japan Lamax Standard for Tohoku Shinkansen 70 Outdoor
free field
Korea La,, Environmental standard for newly 65 55 -
constructed lines and existing lines
Netherland La,, Allowable maximum value for new 70 (+3) |65 60 (+3) Outdoor
lines and existing lines (+3) free field
Norway L. 24n Newly constructed railways 60 Outdoor
free field
Lamax Newly constructed railways 80
Limax Existing lines 76
Sweden L 24 New lines and new residential areas 60 Outdoor
Existing lines 75 free field
Swiss Le=La, -5 Newly constructed railways 55 45 Outdoor
free field
K=-5to —-15 Impact threshold 60 50
Depending on the -
number of trains Warning value 70 65
Table 1.14 Noise limit for high-speed trains in foreign countries/dB(A)
High-speed trains Speed of trains/(km/h)
160200 240250270 300400
Regular fast trains 85 |88 |- (91 |- |- |-
German ICE-V high-speed trains 79 |82 |- 85 |- 89 (102
German Transrapid maglev trains - 84 |- 89 |- 92 (100
French TGV-PSE high-speed trains - 192 |- |95 |- |- |-
French TGV-A high-speed trains - |87 |- |- |- |94 |100
Spanish Talgo—Pendular high-speed trains|- 82 |- - - - -
Japanese Tohoku Shinkansen - |- |80 |- 81 |- |-

1.3.6 Noise Limit for Railway Locomotives and Passenger

Trains in China

With the railway network extending to major cities, towns, and rural areas, railway

environmental protection has captured people’s increasing attention. Railway noise is

the main issue of railway environmental protection. It is not only directly related to
the health of passengers, railway staffs, and residents along the lines but also to the
safety of trains. For example, if the noise, vibration, temperature, or humidity in the

cab is not controlled properly, it will affect the mood and productivity of the staff and

crew, which may result in

safety problems.

Noise limit for railway locomotives and passenger trains in China are shown in

Tables 1.15, 1.16, 1.17, 1.

Table 1.15 Radiation noise limit

18 and 1.109.

for railway locomotives/dB(A)

[Noise

Electric locomotive Diesel locomotive Steam locomotive

|Radiation noise limit|90

95

100




Note ® Measure at 7.5 m from the track center, 1.5 m from the track surface, and
at the height of 3.5 m when necessary; @ For overhauled diesel locomotives,
allowable error cannot exceed 3 dB(A); ® Whistling noise is not accounted; and @

The speed is 120

km/h or below

Table 1.16 Noise limit for the railway locomotive cabs/dB(A)

Types of locomotives Testing speed/(km/h) Steady noise gqujvalent sound level L«
Passenger [Freight

Diesel locomotives 90 70 80 85

Electric locomotives 90 70 78 85

Steam locomotives 80 60 85 90

Note ® For diesel and steam locomotives, measure at 1.2 m from the cab’s floor
surface. @ For new or overhauled locomotives, evaluate the interior steady noise. @
For locomotives in operation, adopt the equivalent continuous sound level L.,

Table 1.17 Noise limit for railway locomotives/dB(A)

Types of noise

Diesel and electric

locomotives Steam locomotives

Steady noise

80

85

Equivalent sound level

85

La,,

90

Note Monitoring noise cannot exceed 70 dB(A) measured from 30 m and 24 h

Table 1.18 Noise limit for multiple unit trains/dB(A)

Types of multiple Ca

b/Passenger Trailer Machine
unit trains compartment |Cushioned passenger Semi-cushioned room of DMU
compartment passenger compartment

EMUs 78 |75 65 68 -

DMUs 78 |75 65 68 90

Table 1.19 Noise limit for passenger trains/dB(A)

Cushioned Semi- Semi-cushioned seat, Semi-cushioned seat, Suburbs seat, Control

berth cushioned dining car, luggage car, dining car, luggage car, kitchen in the room of
berth and crew compartment of |crew compartment of dining car, luggage the
cushioned mail car (air- generator car (non- air |car and the office |generator
seat conditioned) conditioned) of mail car car

65 68 68 70 75 80

Note ® When the passenger train is running at the speed of 80 km/h, measured at
1.2 m from the floor. @ When the train is not in motion but the air conditioning unit
and generators are running at full capacity, the allowable noise outside the train is
85 dB(A), measured at 3.5 m from the track center and 1.9 m from the track
surface. ® When the train is stationary but the air conditioning unit and generators
are running at full capacity, interior noise is 3 dB(A) lower than allowable noise for

the running train

1.3.7 Environmental Vibration Standards in China’s Urban

Areas

Standard of environmental vibration in urban area is shown in Table 1.20. It
stipulates the standard values of vertical vibration level Z for all types of city areas




and applies to consecutive steady vibration, impact vibration , and random vibration
[72].

Table 1.20 Standard of environmental vibration in urban area/dB (GB 10070-88)

Types of areas Time Allowable standard value of vertical vibration level Z
Special residential areas Daytime |65
Nighttime |65
Residential, cultural and educational Daytime |70
areas Nighttime |67
Mixed areas, CBDs Daytime |75
Nighttime |72
Industrial zones Daytime |75
Nighttime |72
Two sides of main roads Daytime |75
Nighttime |72
Two sides of trunk railways Daytime (80
Nighttime |80
Notes

(1) The “daytime” and “nighttime” are defined by the local government according to
local habits and alteration of seasons

(2) “Two sides of main roads” refers to the sides of roads where the vehicle flow
exceeds 100/h

(3) “Two sides of trunk railways” refers to residential areas 30 m away from the
outer rail with a daily flow of no less than 20 trains

(4) Measurement and evaluation is carried out according to “Measuring Method for
Environmental Vibration in Urban Areas” (GB 10071-88)

1.3.7.1 Vertical Vibration Level Z

Vertical vibration level Z is defined as follows:

VLy =20lg(d . /an) (1.4)

U = | D3y X 100 (1.5)
T 12

Ufrms — ?l—fdi(ﬂdf (1.6)
1]

where @ is the reference acceleration , generally 4 =10"m/s’: 4 is the modified

acceleration RMS (m/s2); @m= is the vibration acceleration RMS of frequency /; T is
the measurement time of vibration; <r is the sensory modification value of vertical
vibration acceleration. The specific values are shown in Table 1.21.

Table 1.21 Sensory modification value of vertical and horizontal vibration acceleration (ISO2631/1-1985)

Modification value Central frequency of one-third octave /(Hz)

1 2 4 6.3 8 16 31.5 63 90

‘Vertical Modification value (dB) |—6 |-3 |0 o 0 |-6 |[-12 |-18 |-21
I




Modification value Central frequency of one-third octave /(Hz)
1 2 4 6.3 8 16 31.5 63 90
Allowable deviation (dB)|+2 (+2 |+1.5 |[+1 0 |+1 |+1 [+1 |+1
-5|-2|-15|-1|-2|-1 |-1 |-2 |-3

Horizontal |Modification value (dB) |3 (3 |-3 -7 |-9 |-15 |-21 |-27 |-30
Allowable deviation (dB)|+2 (+2 |+1.5 |+1 |+1 [+1 |+1 |[+1 |+1
-5|-2|-15|-1|-1|-1 |-1 |-2 |-3

1.3.7.2 Calculation of Vertical Vibration Level Z

Calculation steps for vertical vibration level Z are as follows:

1. Select a section of the acceleration record a(t), to analyze by the fast Fourier
transform (FFT) method and calculate the power spectrum density function
(PSDF), salf)

la( I

sul f) = 2——— (1.7)
where 1«(N)l =FFT gmplitude; T = time period of a(t); and f = frequency (Hz).
2. Calculate the total power Fi.. of a certain frequency band
Mu
Pis = f sa(Hdf (1.8)

A

where /i, /s, and % are lower band, upper band, and center frequencies,
respectively. Calculation of frequency band adopts one-third octave band as
stated by international standard ISO2631. The relationship among upper, lower,
and center frequencies of one-third octave band is as follows. See Table 1.22.

Ju

£.=\2f =
J i I

Table 1.22 Central frequency, upper and lower frequency of one-third octave band /(Hz)

Central Upper and lower Central Upper and lower |Central Upper and lower
frequency frequency frequency frequency frequency frequency

4 3.6-4.5 16 14.3-17.8 63 56.2-70.8

5 4.5-5.6 20 17.8-22.4 80 70.8-89.1

6.3 5.6-7.1 25 22.4-28.2 100 89.1-112

8 7.1-8.9 31.5 28.2-35.5 125 112-141

10 8.9-11.1 40 35.5-44.7 160 141-178

12.5 11.1-14.3 50 44.7-56.2 200 178-224

3. Calculate the root mean square (RMS), dsm:

4.

Ufrms — 'q'P_,I'|_,I’,, (1.9)

Calculate the modified acceleration RMS



U = Y a2 X 100 (1.10)

5. Calculate vibration level Z VL: (dB)

VL. =20lg(al,,/ao) (1.11)

where 4. is the RMS of vibration acceleration (m;sf}; a0 js the reference

. — -6 2
acceleration , generally taken as «0 =107 m/s”,

1.3.8 Limit for Building Vibration Caused by Urban Mass
Transit

Standard for Limit and Measuring Method of Building Vibration and Secondary Noise
Caused by Urban Rail Transit was enacted by the Ministry of Housing and Urban-rural
Development of China in March 2009, as is shown in Table 1.23 [73]. Monitoring site
can be located on the ground floor inside a building or on the building foundation
within 0.5 m of the exterior wall. Data of the vertical vibration acceleration are
processed by weighting factor Z of center frequency with one-third octave, as is
shown in Fig. 1.1 or is modified by Table 1.24 to get the vibration acceleration level of
each central frequency.

Table 1.23 Indoor vibration limit for buildings along urban mass transit /dB

Types of areas Application scope Daytime (6:00-22:00) Nighttime (22:00-6:00)
1 Special residential areas 65 62
2 Residential, cultural and educational areas |65 62
3 Mixed areas, CBDs 70 67
4 Industrial zones 75 72
5 Two sides of main roads 75 72

Note 1 “Special residential areas” refer to residential areas where special quietness
is needed

2 “Residential, cultural and educational areas” refer to pure residential areas, and
areas for cultural, educational, and institutional use

3 “Mixed areas” generally refers to areas where industry, business, residence, and
light traffic are not clearly divided, and CBDs are concentrated business downtown
areas

4 “Industrial zones” are areas clearly partitioned for industrial use in a city or
region

5 “Two sides of main roads” refers to the sides of roads where the vehicle flow is
above 100/h
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Fig. 1.1 Acceleration weighting factor Z of one-third octave band center frequency

Table 1.24 Z acceleration weighting factor of one-third octave center frequency

Central frequency of one-third octave/Hz 4 5 6.3 8 (10 12.516 20 25
Weighting factor/dB 0 0 0 0 0 -1 |-2 |-4 |-6
Central frequency of one-third octave/Hz 31.5/40 |50 |63 (80 |100 |125|160 |200
Weighting factor/dB -8 |-10|-12|-14|-17|-21 |-25|-30|-36

1.4 Standards of Track Maintenance for High-Speed
Railway

Theoretical analysis, and practice have proved that on the one hand track irregularity
directly affects safety and stability of high-speed running, and on the other hand, the
dynamic load induced by track irregularity further accelerates the track deterioration
and the developing of irregularity. Therefore, the scientific and economical track
maintenance is necessary in actual operations so as to keep them in good conditions
for a longer period of time, ensuring the safety, and stability of high-speed running.

High-speed railway management and maintenance are based on the track
inspection and the dynamic effects of track irregularity on high-speed trains and
tracks. The track inspection is implemented by advanced track recording cars , rail
destructive inspection cars, and other inspection devices as well as the visual patrol
inspection of railway maintenance staff. The scientific evaluation of track conditions
will be made through inspection. According to the measuring data and evaluation
results, various parameters of the track conditions will be managed according to
different levels, and the appropriate maintenance plans will be made. As for the local
residual track irregularity and track fault which seriously affect the safety and
stability of high speed running, the urgent repair measures and train speed limit
must be taken.

1.4.1 Standards of Track Maintenance for French High-
Speed Railway

The track maintenance and management of French high-speed railway can be
divided into 4 levels according to the track irregularity conditions.

1. Target value —the quality standards that must be reached after laying and
maintenance of the new lines.

2. Warning value —the value that the track irregularity reaches or exceeds, which
should be observed closely. Its developments and changes should be analyzed,



and the maintenance programs should be made.

Intervention value —as for the sites or districts that reach or exceed the value,

the necessary maintenance must be implemented, generally within 15 days, to
achieve the target value.

Limit speed —for the sites or sections that reach or exceed the value, the train

must slow down and any possible means including manual work can be
employed to regulate and eliminate it.

The standards of track maintenance for French high-speed railways are shown in
Table 1.25.

Table 1.25 Standards of track maintenance and management for French high-speed railway

Category |Lateral vibration Track profile/mm Track alignment/mm
acceleration/(m/sz)
Car body Bogie Half peak with Peak-peak with |Half peak with |Peak-peak with
12.2 m basal 31 m basal 10 m basal 33 m basal
length length length length
Target - - 3 - 2 -
value
Warning 1.2 3.5 5 10 6 12
value
Intervention|2.2 6 10 18 8 16
value
Limit speed (2.8 8 15 24 12 20

1.4.2 Standards of Track Maintenance and Management
for Japanese Shinkansen High-Speed Railway

The track maintenance and management of Japanese Shinkansen high-speed railway
can be divided into 5 levels according to the track irregularity conditions. With
further speed rising, 40-m chord is added in the maintenance standards. The
standards of track maintenance and management for Japanese Shinkansen high-
speed railway are shown in Table 1.26.

Table 1.26 Standards of track maintenance and management for Japanese Shinkansen high-speed railway

Category Target Target value Target value Target value Target value
value of of planned of comfort |of safety of slow
working maintenance maintenance maintenance speed
acceptance maintenance

Track 10 m [Track profile/mm =4 6 7 10 15

irregularity |chord 1rack alignment/mm |<3 4 4 6 9

Gauge/mm =+2 +6, —4 +6, -4 +6, -4 -
Track cross level/mm |<3 5 5 7 -
Planarity/(mm/2.5 m)|=<3 4 5 6 -
40 m |Track profile/mm 7-10
chord rack alignment/mm |6-7

Vibration Vertical g/(amplitude) - 0.25 0.25 0.35 0.45

acceleration -

of car body Lateral g/(amplitude) - 0.20 0.20 0.30 0.35




(1) Target value of working acceptance—the target quality value that must be
reached after maintenance and engineering construction

(2) Target value of planned maintenance—the target value of track irregularity
maintenance that needs to be determined while making maintenance plans

(3) Target value of comfortableness maintenance—the target value ensuring the
trains in good and comfortable conditions

(4) Target value of safety maintenance—when the value of track irregularity
reaches or exceeds it, which will significantly affects the safety of high-speed
running, the urgent repair measures must be taken before the deadline (generally
within 15 days)

(5) Target value of slow speed maintenance—when the value of track irregularity
reaches or exceeds it, the train must slow down and any possible means can be
employed to eliminate it

1.4.3 Standards of Track Maintenance and Management
for German High-Speed Railway

The track irregularity maintenance and management of German high-speed railway
can be divided into 5 levels, as shown in Table 1.27.

1. SR—I|t means a large safety reserve of track irregularity and a good condition of
track regularity.

2. SRa—Jt is called as the safety reserve release value. Exceeding it indicates that

the track irregularity begins to affect safety reserve, which needs careful
evaluation.

3. SEwmw—|t indicates that the track irreqularity affect safety reserve as well as the

rationality of technical and economic reserve, which needs to arrange for
maintenance.

4. SRin—Exceeding it indicates that the track irregularity has large effects on safety

reserve as well as the locomotive and rolling stock and track damage (norms do
not allow), which needs urgent repairs.

5. SR itimate value—It is the limit value directly affecting safety, that is, the safety

reserve of track irregularity is running out. The high-speed trains must run within
the speed limit and any necessary repair measures need to be employed to
eliminate it.

Table 1.27 Standards of track maintenance and management for German high-speed railway

Number Category Measuring reference Peak type SR SRi|SRio0|SRim/SR yltimate
line/(m) value
1 Profile/mm 2.6/6.0 Peak/peak |6 |10 |14 (20 (35
2 Twist /mm 2.5 Mean/peak|1.3 2.0 [3.0 |- -
3 Cross level/mm - Mean/peak|4 |6 |8 12 |20
4 Track 4.0/6.0 Peak/peak |6 |10 (14 |20 (35
alignment/mm




Besides directly evaluating the track irregularity, German high-speed railway
manages the response value of locomotive and rolling stock induced by the track
irregularity, as shown in Table 1.28.

Table 1.28 Standards of the response of locomotive and rolling stock to the track irregularity

Number Evaluating index Evaluation level coefficient &
Reference value SR;|S R4 SRl S Rim
1 Lateral force/kN ('IO + gQJk 0.5 (1.0 1.3 |15
' 3
2 Lateral acceleration peak/peak/(m/sz) 2.5k 0.7]1.0 /1.3 |15
3 Lateral acceleration RMS value 0.5k 0.4 (1.0 1.3 |[1.5
4 Maximum vertical force/kN 170k 0.8 1.0 1.3 1.5
5 Minimum vertical force/kN Ook 0.6 04 (0.3 |-
6 Vertical acceleration peak/peak/(m/sz) 2.5k 0.7]1.0 /1.3 |15
7 Vertical acceleration RMS value 0.5k 0.4 (1.0 1.3 |15

Note In the table, @ refers to static wheel load; RMS (root -mean-square ) refers to

‘ . 12
_fr T 2
root mean square , %ms= (T h ¥ d_r)

1.4.4 Standards of Track Maintenance and Management
for British High-Speed Railway

The track irregularity management of British high-speed railway, like that of most
countries, involves both residual track irregularity and the section irregularity
condition. For British high-speed railway the standard deviation ¢ of per 200 m track
element is used for track irregularity maintenance and management, thereby the
relevant maintenance programs are made.

In recent years, with the further rising train speed, besides the standard deviation
of track irregularity maintenance standards under wavelength 42 m, the standard
deviation of 42-84 m wavelength are also included. And the track section element
extends from 200 to 400 m. The standards of residual track irregularity and section
track irregularity for British high-speed railways are shown in Tables 1.29 and 1.30,
respectively.

Table 1.29 Standards of track irregularity management for British high-speed railway

Wavelength/m Amplitude standard
When the train can meet stable When the increased dynamic load conditions
requirements/mm are met/mm

0.5 - 0.1

1 - 0.3
- 0.6

5 - 2.5

10 5 -

20 9 -

50 16 -

Table 1.30 The management standards of standard deviation for British track irregularity



Speed/(km/h) Profile/(mm) Track alignment/(mm)
<42 m wavelength|42-84 m wavelength <42 m wavelength|42-84 m wavelength

Mean Max Mean Max Mean Max Mean Max
175 1.8 2.9 3.2 5.7 1.1 1.9 2.6 4.6
200 1.5 2.4 2.7 4.7 0.9 1.6 2.2 3.9
225 1.3 2.0 2.3 4.0 0.8 1.4 1.8 3.2
250 1.1 1.7 1.9 3.3 0.7 11 1.5 2.7

1.4.5 The Measuring Standards of Track Geometry for

Korean High-Speed Railway (Dynamic)

The PLASSER’ EM120 track recording car is employed for inspecting rails by Korean
high-speed railway. The measuring standards of track geometry for Korean high-
speed railway are shown in Table 1.31.

Table 1.31 The measuring standards of track geometry for Korean high-speed railway

Category |Measuring |Maximum deviation of new Temporary repair Speed limit
chord lines/(mm) standard/(mm) standard/(mm)
Profile Short chord |2 10 15
10 m
Long chord 5 18 24
30m
Track Short chord |3 8 12
alignment |10 m
Long chord 6 16 20
30m
Twist 3m 3 7 15
Note

(1) The management value of 10-m short chord applies to the speed of 150-

200 km/h

(2) The management value of 30-m long chord applies to the speed of 250-300 km/h
(3) When it reaches or exceeds the temporary repair standard, prompt maintenance
must be implemented (According to the actual situation, the maintenance must be
implemented within 1 month, 2 weeks, 1 week, or immediately)

(4) When it reaches or exceeds the speed limit standard, speed limit measures must
be taken immediately (According to the actual situation, the speed limit can be

230 km/h, 170 km/h, or slower)

1.4.6 Standards of Track Maintenance for Chinese High-
Speed Railway

The standards of track maintenance and management for Chinese high-speed
railway include: the deviation value of track dynamic geometry for Passenger-
Dedicated Line 300-350 km/h, as shown in Table 1.32. The deviation value of track
static geometry tolerance for high-speed main lines is shown in Table 1.33. The
deviation value of turnout static geometry tolerance for high-speed main line is
shown in Table 1.34.

Table 1.32 The deviation value of track dynamic geometry for Passenger-Dedicated Line 300-350 km/h

Category Working Planned Comfort- Temporary Speed limit
acceptance maintenance |ableness repairs 200 km/h




Category Working Planned Oomfort- TMmporary Bpeed limit
acceptance maintenance |ableness [repairs |200 km/h
- | Il 1 [\"
1.5-42 m Profile/mm 3 5 8 10 11
wavelength — 1rack 3 4 5 6 7
alignment/mm
1.5-120 m Profile/mm 4 7 9 12 15
wavelength  1rack 4 6 8 10 12
alignment/mm
Gauge/(mm) +3, -2 +4, -3 +6, —4 +7, =5 +8, —6
Cross level/(mm) 3 5 6 7 8
Twist /(mm) 3 4 6 7 8
Vertical acceleration of car - 1.0 1.5 2.0 2.5
body /(m/sz)
Lateral acceleration of car - 0.6 0.9 1.5 2.0
body/(m/sz)

Table 1.33 The deviation value of track static geometry tolerance for high-speed main lines

Category Temporary Speed limit maintenance value
maintenance value Speed limit 200 km/h Speed limit 160 km/h
maintenance value maintenance value
Profile/(mm) 7 8 11
Track 5 7 9
alignment/(mm)
Gauge/(mm) +5, -3 +6, —4 +8, —6
Cross 7 8 10
level/(mm)
Twist /(mm) 5 6 8
Note

(1) Track alignment deviation is the maximum vector with 10-m chord measuring

method

(2) Track profile deviation is the maximum vector with 10-m chord measuring

method

(3) The basal length of twist is 2.5 m

Table 1.34 The deviation value of turnout static geometry tolerance for high-speed main lines

Category 'Working Temporary Speed limit value

acceptance maintenance value Speed limit Speed limit
200 km/h 160 km/h

Profile/(mm) 2 7 8 11

Tangent track 2 5 7 9

alignment/(mm)

Curve track alignment/(mm) |2 4 - -

Turnout gauge/(mm) +2, -1 +5, =2 +6, -4 +8, —6

Gauge of tip track/(mm) +1, -1 +3, -2 +6, -4 +8, -6

Cross level/(mm) 2 7 8 10

Lead curve exceeding 0 3 - -

reversely/(mm)

Twist /(mm) 2 5 6 8

Check gauge/(mm)

No less than 1391 mm




Note

(1) Track alignment deviation is the maximum vector with 10-m chord measuring
method

(2) Track profile deviation is the maximum vector with 10-m chord measuring
method

(3) The basal length of twist is 2.5 m

(4) The gauge tolerance deviation of special turnout is checked according to the
design drawings

1.4.7 The Dominant Frequency Range and Sensitive
Wavelength of European High-Speed Train and Track
Coupling System

The dominant frequency range and sensitive wavelength of European high-speed
train and track coupling system are shown in Table 1.35. In the structure design of

the vehicle-track coupling system, the dominant frequency of the vehicle and the
track structure should be avoided being close to that of the coupling system.

Table 1.35 The dominant frequency range and sensitive wavelength of European high-speed train and track
coupling system

Structure Dominant frequency Sensitive wavelength and wavelength of inducing the periodic
range/(Hz) track irregularity/(m)
160 km/h 200 km/h 300 km/h 350 km/h
Car body |1-2 22.0-44.0 27.8-55.6 41.5-83.0 48.5-97.0
Bogie 8-12 3.5-5.0 4.6-7.0 6.9-10.4 8.1-12.1
Track 30-60 0.7-1.4 0.9-1.8 1.4-2.8 1.6-3.2

1.5 Vibration Standards of Historic Building Structures

Historic buildings refer to those buildings in all ages which are of great value to the
study of social politics, economy, and cultural development. Figures 1.2, 1.3 and 1.4
are the national key cultural relic protection sites. Figures 1.5 and 1.6 are provincial
and municipal key cultural relic protection sites, respectively. Figure 1.7 is Tengwang
Pavilion built in the 4th year of Yonghui in Tang Dynasty—the leading tower of the
three famous ones in South China. The other two towers are Yellow Crane Tower in
Wuhan and Yueyang Tower in Hunan. Tengwang Pavilion had been rebuilt for 29 times
in the history, and it has been destroyed and rebuilt many times. The present
Tengwang Pavilion was built in October 8, 1989. It was rebuilt according to “The Draft
Drawing of Tengwang Pavilion Reconstruction Plan” drawn by Liang Sicheng in 1985,
which was a pseudo-historic building with steel and reinforced concrete structure.
Compared with the traditional timber architecture in the history, it has no historical
value, and its artistic value is not up to the standards of cultural relics. Thus,
although it is very famous, Tengwang Pavilion is not listed as a national key cultural
relic protection site (Fig. 1.8).




Fig. 1.4 The Guifeng Pagoda in Heyuan, Guangdong (National)



Fig. 1.6 The Jiangxi Exhibition Center in Nanchang (Provincial)

Fig. 1.7 The Memorial of Bayi Nanchang Uprising in Nanchang (Municipal)



Fig. 1.8 The Famous Tengwang Pavilion in South China

The vibration evaluation index of historic building structure adopts the allowable
vibration velocity, which should be selected according to structure type, protection
level, and the propagating speed of elastic wave in the historic building structure.
The allowable vibration velocity of different types of historic buildings are shown in
Tables 1.36, 1.37, 1.38 and 1.39 [74].

Table 1.36 Allowable vibration velocity of historic brick structure /(mm/s)

Protection level Control point location Control point Brick structure vV
direction
(m/s)
<16001600- >2100
2100
National cultural relic protection unit |The highest point of bearing |Lateral 0.15 |0.15- |0.20
structure 0.20
Provincial cultural relic protection unit |The highest point of bearing |Lateral 0.27 |0.27- |0.36
structure 0.36
Municipal and county cultural relic The highest point of bearing |Lateral 0.45 |0.45- |0.60
protection unit structure 0.60

Note When Vr is between 1600 and 2100 m/s, the allowable vibration velocity can
be determined by interpolation method

Table 1.37 Allowable vibration velocity of historic stone structure /(mm/s)

Protection level Control point location Control point Stone structure V¢
direction
(m/s)
<2300 2300- >2900
2900
National key cultural relic protection |The highest point of bearing |Lateral 0.20 |0.20- 0.25
unit structure 0.25
Provincial cultural relic protection unit [The highest point of bearing |Lateral 0.36 |0.36- 0.45
structure 0.45

Municipal and county cultural relic The highest point of bearing |Lateral 0.60 |0.60- 0.75
protection unit structure 0.75

Note When Vr is between 2300 and 2900 m/s, the allowable vibration velocity is
determined by interpolation method

Table 1.38 Allowable vibration velocity of historic timber structure /(mm/s)




Protection level Control point Control point Along the wood grain Vp
location direction
(m/s)
<4600 4600-5600 >5600
National key cultural relic protection unit [Top of top-floor Lateral 0.18 |0.18-0.22 |0.22
pillar
Provincial cultural relic protection unit Top of top-floor Lateral 0.25 0.25-0.30 |[0.30
pillar
Municipal and county cultural relic Top of top-floor Lateral 0.29 |0.29-0.35 |0.35
protection unit pillar

Note When Vr is between 4600 and 5600 m/s, the allowable vibration velocity is
determined by interpolation method

Table 1.39 Allowable vibration velocity of grottoes/(mm/s)

Protection level Control point Control point Rock Rock V» (m/s)
location direction type
National key cultural relic Grotto roof Three directions Sandstone|<1500(1500- |>1900
protection unit 1900
0.10 |0.10- |0.13
0.13
Gravel <1800|1800- |[>2600
2600
0.12 |0.12- |0.17
0.17
Limestone [<3500|3500- [>4900
4900
0.22 |0.22- |0.31
0.31

Note The three directions refer to radial, tangential, and vertical; when V» is
between 1500-1900, 1800-2600, and 3500-4900 m/s, the allowable vibration

velocity is determined by interpolation method
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With the ongoing operation of high-speed and heavy-haul
railways , dynamic analysis of the track structure has
become a significant research topic in the field of railway
engineering. By establishing the continuous elastic beam
model of track structure , analytic method for dynamic
analysis of track structure is discussed, and characteristics
of ground surface waves and the strong track vibration
induced by high-speed trains are analyzed by the analytic
method. Finally, effects of track stiffness on track critical
velocity and track vibration are investigated.
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2.1 Studies of Ground Surface Wave and
Strong Track Vibration Induced by High-
Speed Train

It is understood that the increase in train speed may cause
the increased dynamic action induced by the train on track
and ground surface. This occurrence is especially serious
under the high-speed operation. Studies have shown that
when train speed reaches or exceeds some critical
velocities, there would be surface waves induced by high-
speed trains causing strong vibration of track structure.
Meanwhile, owing to the wave propagation through ballast
and subgrade, there would be strong vibration and
structure-borne noise of surrounding buildings along the
railway lines. In the track-ballast-subgrade-ground system,
there are mainly two kinds of critical wave velocity: the
wave velocity of Rayleigh wave on ground surface and the
minimum phase velocity of the bending wave propagating in
the track, which is also called track critical velocity . The
track critical velocity varies according to different physical
properties of the ground media. When the track foundation
is soft subgrade , it is easy for high-speed trains to reach
and exceed these two kinds of critical wave velocity.
Madshus and Kaynia [1] from Sweden discovered this
phenomenon in testing X2000 high-speed train. In the
recent years, related studies have been emerging [1-5].

2.1.1 The Continuous Elastic Beam
Model of Track Structure

To simplify the analysis, track critical velocity and strong
track vibration are investigated by use of the analytic
method in the following. The continuous elastic beam model
of track structure is established as shown in Fig. 2.1.
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Fig. 2.1 The continuous elastic beam model of track structure

According to D’Alembert principle, the differential
equation for track vibration excluding damping is [6]

dhw Jw . ,
E."a—ﬁ+m?+ku——ﬂf}[.r—1r] (21)

where E.1 stand for elasticity modulus and inertia moment

around the horizontal axis; w is rail vertical deflection, and
m is track mass per unit length; k is equivalent track
stiffness, and ¢ is Dirac function; V is train speed, and F is

wheelset load.

Defining
2_m e ko
“TREr 2T 3E (2.2)

Equation (2.1) then can be transformed into

e L Pw 4 F
4 v dgtw = —— (- Vi
gt TEEIGE teew = o tem VD (2.3)

Firstly, let us consider the free vibration . Supposing =0,
the solution for (2.3) is

[amia—cr]

wix,f)=e T (2.4)

where 1 is vibration wavelength , and ¢ is vibration wave
propagation velocity.
Substituting (2.4) into (2.3), it has
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When 1= ¢ optains the minimum, then there derives
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Cmin — - ml

cmin iS the minimum phase velocity of the bending wave in

track structure , also called track critical velocity .
Secondly, let us considering the wheelset load F, the
solution is wx - V1 Introducing :=x-VI, Eq. (2.3) can be

transformed into

e G F
g V2 e +dedw = —E{)(z} (2.7)
Characteristic equation for (2.7) is
(2.8)

pt+4elVipT + 48] =0

The solution for the above characteristic equation is
related to coefficient. When V <z (note: The existing
domestic and international track structures all meet this

inequality), the solution for (2.8) is

p=tatjp (2.9)

where
’ : (2.10)

o= (E% — VEE?]' , pB= {E% + 1"33?]

Then, the solution for (2.7) should be



wiz) =e" (Dycosfz + Dysinfz) + e (Djcosfz+ Dysinffz) + @ (z) (2.11)

In the above equation, ¢(@ is related to external load.
When =0, x js |ocated at the wheel-rail contact point.
When 2#0 gand ¢@@ =0, (2.11) can be turned into

wy(z) = e"* (D) cos Sz + D, sin fz) z=0
walz) =e “(Dycosfz+ Dysinfz) z=0 (2.12)
Four undetermined coefficients in the above equations
can be derived from four boundary conditions when =0,

They are
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The solution for (2.7) can be finally figured out as follows:

wiz) = — e uid (cnsﬁ;+%sinﬁ|;|) (2.14)

BElae;

Under the multiple moving wheelset loads, the
differential equation for track vibration is
6411' {?211'

Ela tmam

)

+ku':—ZFﬂ{x—a;— Vi) (2.15)
i=1

where Fi is the load of the ¢ th wheelset; « is the distance

between the first wheelset and the ith wheelset; N is the
total number of the wheelsets. The solution for (2.15) can
be derived from the single moving wheelset solution (2.14)
through superposition principle .

2.1.2 Track Equivalent Stiffness and
Track Foundation Elasticity Modulus



The track equivalent stiffness k and the track

foundation elasticity modulus E: are closely related. Vesic
[7] worked out the relationship between the track
equivalent stiffness modeled as Euler beam on semi-infinite
domain and the track foundation elasticity modulus. On
such basis, Heelis [8] proposed the following formula for
calculating track equivalent stiffness &,

0.65E, »{E B4
=T V& (2.16)

where Es is the track foundation elasticity modulus (unit:

MN/m®): v: js Poisson’s ratio; B is the sleeper length, usually
2.5-2.6 m; £1 is the rail flexural modulus (unit: MNm*): k js

the track equivalent stiffness (unit: MN/m?),

Under general circumstances, approximately the track
foundation elasticity modulus E: js 50— 100MN/m* \When

E,=50MN/m* gnd Poisson’s ratio vs =0.35, then k= 56.148 MN/m*
according to (2.16). In case of soft foundation , £, = 10MN/m’

or even lower, resulting in k= 9.82MN/m?,

2.1.3 Track Critical Velocity

As mentioned above, Eq. (2.6) is the computational formula
for track critical velocity, which is related to the track
equivalent stiffness k, the rail flexural modulus g7, and the
track mass per unit length m. In calculating m, masses of
the rail, sleeper, and ballast should be included. For
instance, if the rail is 60kg/m with the sleeper allocation

being 1760 sleepers/km, the ballast thickness 30 cm, the
ballast shoulder breadth 35 cm, and the ballast density

2000kg/m’  the track critical velocity corresponding to three



different kinds of track foundation elasticity modulus can be
calculated as shown in Table 2.1.

Table 2.1 The track critical velocity corresponding to different track
foundation elasticity modulus

Parameters |/ (MN/m?) k/ (MN/m?)| E1/ (MNm?)|m/ (kg/m)| B/(m)| cmin/(m/s)
Compacted 50 56.15 13.25 2735 2.5 |141.24
clay

Loam 10 9.82 13.25 2735 2.5 |91.34

Soft subgrade |5 4.63 13.25 2735 2.5 |75.70

From Table 2.1, it can be observed that when E.=10MN/m*
. €min = 91.34m/s = 328.8km/h gnd when £ =5MN/m*

cmin = 75.70m/s = 272.5km/h These two velocities can be easily
exceeded by high-speed trains .

2.1.4 Analysis of Strong Track Vibration

2.1.4.1 Analysis of Strong Track
Vibration Under a Moving Wheelset Load

When the track foundation elasticity modulus E:=S50MN/m*

the track critical velocity ¢min = 141.24m/s 3ccording to
Table 2.1. Supposing a wheelset load (axle load F = l70KN)

moving over the track at four different speeds, respectively
(V =110, 130, 135, and 140 m/s), track vibration is
analyzed accordingly, as is indicated by the track vibration
deflection curve in Fig. 2.2. It can be seen from this figure
that strong track vibration would be induced when the
wheelset moves at the speed of 140 m/s, which is
approaching the track critical velocity.
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Fig. 2.2 The track vibration deflections by a moving wheelset load at different
speeds

2.1.4.2 Analysis of Strong Track
Vibration Induced by a High-Speed Train

Track vibration is investigated by Fig. 2.3, the computational
model, when the high-speed train moves at different
speeds. Supposing the train marshaled by one TGV high-
speed motor car and four TGV high-speed trailers .
Parameters for TGV high-speed motor car and trailers are
given in Chap. 6. Computational results are presented in
Figs. 2.4 and 2.5, which represent the track deflections for

E,=S50MN/m* gnd E,=10MN/m? respectively. In these two
figures, effects of two kinds of rail flexural stiffness £r on
track deflection are shown, with the solid line being the
track deflection for the flexural stiffness £/ =13.25 MNm®

(namely the flexural stiffness for two rails of 60kg/m) and the

dotted line being the track deflection for the flexural

stiffness £r doubles (namely increasing two guard rails of
60kg/m),

V

: | I I I | ™y
Eim Gl oo ol &le 6o ¢lo 6o oo GO
=

c ZLZZLZZ1Z L2

X
—_—

w5

=

-



Fig. 2.3 The computational model of a TGV high-speed train
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Fig. 2.5 The track deflections for E; = I0MN/m* 3 for train speed of 80 m/s,

b for train speed of 85 m/s, ¢ for train speed of 90 m/s and d for train speed of
91 m/s

Based on the above computational results, some
conclusions are summarized as follows [9-11]:

(1) When the train speed approaches the track critical
velocity , strong track vibration will be induced, as is
shown in Figs. 2.2, 2.4 and 2.5.

(2) Track foundation elasticity modulus is the main factor
for influencing the track critical velocity. In particular
when the track foundation is the soft subgrade , the
track critical velocity is much low, which can be easily
exceeded by medium-speed or high-speed trains .

(3) When the train speed is lower than the track critical
velocity, the increase in rail flexural stiffness has not
obvious effects on reducing track deformation, as
shown in Figs. 2.4a, b and 2.5a, b. However, when the
train speed approaches the track critical velocity, the
increase in the rail flexural stiffness has significant
effects on track deformation reduction, as shown in
Figs. 2.4c, d and 2.5c¢, d.

(4) The rail flexural stiffness has certain effects on track
vibration waveform and amplitude. When the rail
flexural stiffness is small, the vibration waveform is
multiple, and the amplitude is large and vice versa.
When the train speed approaches the track critical
velocity, this phenomenon is particularly obvious, as
indicated in Figs. 2.4c, d and 2.5¢, d. The more
frequent the vibration is, the larger the amplitude is
and the more likely it is for the ballast to come into
liguefaction, which would reduce the stability of the



track foundation.

2.2 Effects of Track Stiffness Abrupt
Change on Track Vibration

In railway lines, there are a large number of bridges, grade
crossings , and rigid culverts. In track transition from the
subgrade to abutment, or grade crossing and/or culverts,
there appears uneven track stiffness. In some cases, there
would be track stiffness abrupt change . Experiments have
shown that when the train moves through areas of stiffness
abrupt change, additional dynamic action would be
significantly induced resulting in large track deformation.
The vehicle riding comfort would be damaged, or at worst,
the train operation accident would be caused. There are
abundant studies on uneven stiffness of railway track both
at home and abroad [12-17], though with some findings,
but are limited to experimental methods.

In this section, effects of track stiffness abrupt change on
track vibration are investigated by the analytic method for
dynamic analysis of track structure . By establishing the
simplified analytic model, impacts of track irregularity,
foundation stiffness, and train speed on track vibration are
analyzed.

2.2.1 Track Vibration Model in
Consideration of Track Irregularity and
Stiffness Abrupt Change Under Moving
Loads

To simplify the analysis, the analytic method is adopted to
investigate the effects of track irreqularity and stiffness
abrupt change on track vibration under a moving wheelset
load at constant speed V. The simplified analytic model is



shown in Fig. 2.6. The coordinate origin is set at the point of
stiffness abrupt change. On the left side of the origin, the
track foundation stiffness is %1, and the deflection is *1; on

the right side of the origin, the track foundation stiffness is
k2, and the deflection is 2. Taking "1 for instance, according

to D'Alembert’s principle , the track vibration differential
equation excluding damping is

d*w, Fw

a7 (wy +1)
axt o ar?

El
ar

+k]l1-‘] = —(F+m|:] ){S{T— 1"’?] (2_17)
where E.1 stand for track elasticity modulus and inertia

moment around the horizontal axis; w is track vertical
deflection; 7 is track irregularity; m is track mass per unit

length; % is track foundation stiffness, and r represents the
moving wheelset load; m  is the wheelset mass ; V'is the
wheelset moving speed, and ¢ is Dirac function.
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Fig. 2.6 Track vibration model in consideration of track irregularity and
stiffness abrupt change under moving loads

Supposing the track irregularity 7 is a cosine function

l 2:?(1—1’!]]
n=al|ll —cos ——

(2.18)

In this function, a is the amplitude of track irregularity; /
is the track irregularity wavelength.
Defining
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equation (2.17) can be transformed into

dtw LOPw | (n )
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The solution for the above equation is related to (x— V0,

in other words, "1 =wi(x=V1) By introducing :=x-V7, (2.20)
can be changed into

I I, L ] = (wp+1m)

_EJ';J' +4e] Vo — P +4"| W1 ——E(F+mr_1—ﬂa ) (z) (221)

The characteristic equation for (2.21) is
ptH4elVipt+4y =0 (2.22)

The solution for the above characteristic equation is
related to coefficient. In case V<%, Eq. (2.22) can be solved

into

p = a1 £ jp (2.23)
where
o =(yi-ve) . pi=(i+Vvel) (2.24)

Thus, the solution for (2.21) can be obtained as

wy (2) = e (Dycos Bz + Dasinfz) +e "5 (Dacos fiz + Dysiniz) +¢(2) (2.25)

where ¥1(@ s related to external load. When z=0, x js
located at the wheel-rail contact point. When z#0, ¢1(2)=0;
when z— — w1 should be finite value; therefore, P2=D4=0,
and Eq. (2.25) can be transformed into



wi(z) =e"(Dycosfiz+ Dysinfiz) z<0 (2.26)

where Di. D2 gre undetermined coefficients associated with

the boundary conditions .
Similarly, the track vibration differential equation on the
right side of the coordinate origin is

[a )
5411'3 a nn

07 (wa + 1)
‘f + - -
g ar

E
ar

+k3n-'3:—(F+m[] )5(.T—1;T] (2_27)
where "2 is the vertical deflection of the right track, and *:

is the right track foundation stiffness. Following the solution
method of (2.17), Eq. (2.27) can be solved to obtain

Wi {;] =g " [D:, CDSﬁ:Z + D_; Sinﬁlﬂ z=20 (2 28)
where
1 ]
s = (’J..f% — VEE%)_ . ,Bl = (j-’% + Vjé‘i)j (2.29)
o m 4k
53—4E!~ T3_4Ef (2.30)

Ds. Dy gre undetermined coefficients associated with the

boundary conditions.
The four undetermined coefficients in (2.26) and (2.28)
can be derived from the four boundary conditions when ==0

. They are
wil.=o = wal.=n (2.31)

ﬂnq
dz

E’IH'E

=i f?Z

(2.32)

z=l



@ 3 8w
fj;' =[] fj;_ z=(

d*w P F F (w2 + 1)
-SSR =S em

ﬂl“‘ z=ll = z=0 ot z=l

Substituting (2.26) and (2.28) into the above four
boundary conditions , the following solutions can be
obtained through redundant derivation [17, 18].

W7 f;]:EIrI:{C|CDSﬁ|Z+CgSiTIﬁ|;}C] ;{D

wa(Z) = e " (Ccosfhr+sinfaz)Cz 220

where
283 {(‘t‘| + ﬁt’g}

' () +a2)” + B — B3

Ji [(ﬂ’l +an)’ - 7 +:8§]

Ca = —
B[ (@1 +a2) + 53 - B
F + e (EH‘?{JE
T TEIG,CL+ GaCa+ G1 + G)
G =" [(o3 - 3) €1 - 2018)

G| = —a;] — a3 + 3o 87 + 3a-f5;

Gg = —E[Y_Tﬁ] +,|3-]'=

(2.33)

(2.34)

(2.35)

(2.36)



G_'.; = 3(1’%,83 —ﬁ;
From (2.35) and (2.36), the track accelerations can be
derived as follows:

ﬂu_' = VUi H(arf—ﬁ%)ﬂ+2af|ﬁ|C3]cosﬁ|; [[ a ﬁ])C 2(1’“816']}5111,3]*,] ;7 z<0

#4
[
=

ﬂflzj = Vze"”;[[(ag —,b‘%) C,— Ea’ﬁg] Cos -2 + [{vrg —ﬁg] + 2(?31836]] sinﬁg;] Cs
(2.38)

Under multiple moving wheelset loads, the differential
equation corresponding to (2.17) for track vibration is

Jtw " w 0 (w) + 1)
E’fﬁ_r‘ tmos t 1!11——2( P me——a e 0(x—a;— Vo) (2.39)

where Fi is the moving load of the ith wheelset; ™ is the
mass of the ith wheelset; ¢ is the distance between the first
wheelset and the ¢ th wheelset; N is the total number of the

wheelsets.

The solution for (2.39) can be derived from the solution
Eqgs. (2.35) and (2.36) under a moving wheelset load
through superposition principle .

2.2.1.1 Effects of Track Irregularity and
Track Stiffness Abrupt Change on Track

Vibration

It is verified that track vibration response is related to the
track equivalent stiffness k.42, the rail flexural modulus Er,

the track irregularity amplitude a, the wavelength /, the



wheelset load F, the wheelset mass m , the wheelset

moving speed V, and the track mass m per unit length. In
calculating m, the mass of the rail, the sleeper, and the
ballast should be included. In order to better probe into
effects of track irreqularity and track stiffness abrupt
change on track vibration, the following analysis is
conducted under two conditions of track regularity and
irregularity (the periodic irregularity with wavelength /=2m
and amplitude a = 1 mm) and in four cases of track stiffness
ratio , namely k/ki=1 k/ki=2 k/ki=5 and k/k =10 The
track parameters under different conditions are as follows:
the rail of 60 kg/m, the sleeper allocation of

1760 sleepers/km, the ballast thickness of 30 cm, the
ballast shoulder breadth of 35 cm, the ballast density of

2000 kg/m3, and the track foundation elasticity modulus
E, =100 MN/m* 55 js clearly shown in Table 2.2.

Table 2.2 Computational parameters

Cases ;) (MN/m?)|ky/ (MN/m?)| E1/ (MN m?)|m/ (kg/m)| mo/ (kg)| F/(KN)
Case 1|k, 118 13.25 2735 2000 170
Case 2| & 118 13.25 2735 2000 170
Case 3| & 118 13.25 2735 2000 |170
Case 4| &z 118 13.25 2735 2000 |170

2.2.1.2 Analysis of Track Vibration Under
a Moving Wheelset Load

Track vibration is analyzed under a moving wheelset load at
different speeds V = 60, 70, 80, and 90 m/s. Meanwhile,
four kinds of track stiffness abrupt change and two



conditions of track regularity and irregularity (the
wavelength / = 2 m and amplitude a = 1 mm) are taken into
account as well. Relationships between the track deflection
and the total amplitude of acceleration with the wheelset
moving speed are indicated in Figs. 2.7 and 2.8. The total
amplitude of acceleration is defined as the difference
between the maximum and the minimum of the vibratory
magnitude.
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Fig. 2.7 The track deflection amplitude and the track acceleration amplitude
for smooth track under a moving wheelset load: a the track deflection
amplitude and b the track acceleration amplitude
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Fig. 2.8 The track deflection amplitude and the track acceleration amplitude
for track irregularities (¢ = 1 mm) ynder a moving wheelset load: a the track

deflection amplitude and b the track acceleration amplitude



2.2.1.3 Analysis of Track Vibration
Induced by a High-Speed Train

Analysis of track vibration is carried out for a high-speed
train passing at the speed V = 90 m/s. The train is
marshaled by one TGV high-speed motor car and four TGV
high-speed trailers (computational parameters for TGV high-
speed motor car and trailers are noted in Chap. 6). The
computational model is shown in Fig. 2.9. Four kinds of track
stiffness abrupt change and two conditions of track
regularity and irregularity (the wavelength / = 2 m and
amplitude a = 1 mm) are taken into account for analyzing
the track vibration. Computational results include the track
deflection, velocity, acceleration, and time history curve of
wheel-rail force at the point of stiffness abrupt change, as
can be seen in Figs. 2.10, 2.11, 2.12 and 2.13. Figure 2.14
shows the dynamic coefficient curve for smooth track with
different track stiffness ratio .

H
I High speed train

| | I I I ~
Edam e oo oo ol oo ol ol oo ol ole
L W e W e W N N T N N N W W N N W W W A

—

N N A R O e s e B A 2 8 ke s e 8

Fig. 2.9 Analysis model of the track vibration induced by a high-speed train
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Fig. 2.10 Time history of the track deflection, velocity, and acceleration as

well as the wheel-rail force at the point of stiffness abrupt change (k1 = k2,

o = lmm)
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From the above computational results, conclusions can

be drawn as follows [17, 18]:

(1)

(2)

(3)

(4)

Track stiffness abrupt change has effects on track
vibration. As is shown in Figs. 2.7, 2.8, 2.10 and 2.13,
the bigger the difference of track stiffness ratio is, the
larger the dynamic response is induced.

For the fixed track stiffness ratio, the faster the train
speed is, the larger the dynamic response of the
structure is induced. This is clearly presented in
Figs. 2.7 and 2.8.

Track irregularity has significant impact on track
vibration. The bigger the track irregularity amplitude
is, the larger the dynamic response of the structure is
induced.

When track stiffness ratio k/ki =2 kifki=5 gnd ka/ki =10,

the total amplitude of the track deflection is 1.44, 2.42,

and 4.27 times of those of the uniform track stiffness,
AanAd thna +Aral armnlitiiAa Af Fha +tracl vialAacibvy ice 1 D7
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1.84, and 2.73 times of those of the uniform track

stiffness. In addition, the total amplitude of the track
acceleration and the wheel-rail force is 1.18, 1.38, and
1.43 times of those of the uniform track stiffness. As
for the acceleration and the wheel-rail force, the two
parameters, which exert rather bigger influence on
track structure, have greater effects on track vibration
if the track stiffness difference is within the range of 5
times; their effects on track vibration are on the
decrease if the track stiffness difference is over 5
times. These are illustrated in Figs. 2.7 and 2.8.

(5) The total amplitude represents the amplitude of
structural vibration. The enlarged amplitude signifies
the stronger structural vibration, which may cause
subgrade liguefaction and reduce the stability of the
structural foundation. When the track stiffness ratio
reaches five times or more, the upper and lower
oscillation waveform amplitude is approximate, which
is harmful to track structural stability and should be
avoided. These are illustrated in Figs. 2.12 and 2.13.

2.2.2 The Reasonable Distribution of the

Track Stiffness in Transition

The reasonable distribution of the track stiffness in
transition should meet the following requirements:

(1) Ensure the equal track stiffness in track transition as
much as possible.

(2) Make sure smooth transition of track stiffness if it is
hard to guarantee the equal stiffness so that track
dynamic deflection, acceleration, and wheel-rail



contact force would not change too much, thus
resulting in great impacts to track transition.

For smoothing track stiffness in transition, it is advisable
to install elastic rail pad on sleepers at rigid zones or lay
rubber layer or ballast under the sleepers in order to
increase the elasticity of the related section. It is also
feasible to increase the track foundation stiffness by use of
long sleepers, guard rails at transition sections, and the
concrete approach slab and bolster at bridgehead. Besides,
for increasing the track stiffness, it is preferable to lay
geosynthetic material on the ballast bottom, replace the
sand layer with asphalt mortar, or adopt coarse ingredients
filling and reinforced soil embankment . The distance for
smooth transition of track stiffness depends on the train
speed, which shows the faster the speed is, the longer the
distance is [19].

According to results of Fig. 2.14, when ki/k2 2 1/2 the

dynamic coefficient @ =117, Based on this, the following

suggestions are proposed for the design of the reasonable
track stiffness in transition: (1) adopting the stratified
reinforcement at the transition sections, usually 3-4 layers,
for convenient construction. (2) The dynamic coefficient
induced by train in track transition and the stiffness ratio of
each layer should meet such conditions as @= 1.2 and

l)2<hk/k =1 (3) The distance of smooth transition for each
layer is I=5-10m_When the train speed V = 160km/h then
I=5m_ and when the train speed V > 160km/h then [/ = 10 m.
This is illustrated in Fig. 2.15.
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Fig. 2.15 Track stiffness at the stratified reinforcement transition section
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High-speed railways have many advantages in medium- or
long-distance transport, such as being fast, comfortable,
energy-saving, and environment-friendly. Along with the
increase of train speed, dynamic action of trains on tracks and
ground is enlarged apparently, which would be more severe
when train runs at high speed. Researches both at home and
abroad [1-4] have revealed that when train speed approaches
or exceeds some critical velocity, the ground surface waves
would be induced by high-speed trains , causing strong
vibration of the track structure, which might affect trains’
safety and comfort or even worse result in the train
derailment. Madshus and Kaynia [1] from Sweden noted this
phenomenon in testing the high-speed train X2000,
maintaining that coefficient of dynamic force during the strong
vibration of track structure induced by the high-speed train
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was 10 times as much as the normal cases. Surface waves and
strong track vibration induced by high-speed trains have drawn
much concern from scholars and railway enterprises all over
the world. Quite a number of studies concerning track vibration
and surface waves have been emerging in recent years [1-7].

In this chapter, Fourier transform method is applied into
dynamic analysis of the track structure. Firstly, Fourier
transform is performed for the track structure vibration
equation, and the vibration displacement is solved in the
Fourier transform domain. Next, the vibration response of the
track structure can be obtained through fast inverse discrete
Fourier transform.

3.1 Model of Single-Layer Continuous

Elastic Beam for the Track Structure

The single-layer continuous elastic beam model for the track
structure is shown in Fig. 3.1. Its vibration differential equation

High speed train .
1 [ [ 1 [ ~ L.
o ¢lo oo oo ¢l ol oo ol o &o by by m, x
rxzsbsd stz st s sd szt s0EtE B,

Fig. 3.1 Single-layer continuous elastic beam model of track structure

atw #w o dw wii
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where E-1: are denoted as rail elasticity modulus and inertia
moment around the horizontal axis; "(x.?) represents rail
vertical deflection and ™ is track mass per unit length; < is



equivalent damping of track structure; % is track foundation
equivalent stiffness, and ¢ is Dirac function; V is the train
moving speed and 7 represents 1/2 axle load of the !th
wheelset; « is the distance between the th wheelset and the
coordinate origin when 7=0; n is the total number of wheelsets.

3.1.1 Fourier Transform
Fourier transform is defined as [8, 9]

[eoa)

WiB, 1 = [‘ wix, I}e_'ﬁxd.r (3 2 )

L
— o0

And the inverse Fourier transform is

| . |
|1.~[_LI}:Efl‘r"[ﬁf]e’ﬁ*dﬁ (3.3)

where £ is denoted as vibration wave number (unit: rad/m),
Applying Fourier transform to (3.1), it has

FW B IWED N e
k .ﬁ_.r . — _ F i,l[‘l{n:n’.l+|l n'}
i +c, Fy + kW, 1) E = (3.4)

I=1

E1 (iBY W(B,1) + m,

Supposing the vehicle load is harmonic excitation , namely
Fi=Fe™ the right-hand item of (3.4) can be written into

M M
_ E FJE—.I,&{:.',IH.-:}E.-Qr - _ 2 Fm—.«ji,rlneuﬂ—ﬁ\.- I
=1 I=1

_ i FyeBagion (3.5)
=1

= —F:{ﬁ} e = —F(B,1)

where



I

Fp.n=F@e, F@ =) Fe®u (3.6)

I=1

Due to the fact that the vehicle load is harmonic excitation,
the displacement response can be expressed as

W(B, 1= W(B)e™ (3.7)

where @ =Q-5V gnd q is load excitation frequency (unit: rad/s).
Substituting (3.5) and (3.6) into (3.4), it yields

ELBW (B) — m” W (B) + icoe, W (B) + kW (B) = —F (B) (3.8)

Equation (3.8) is solved into

} F(p)
W(B) = -
® E 1S4 —m (Q— BV +ic, (Q—BV) + k, (3.9)

Substitute the above equation firstly into (3.7) and then
(3.3) and carry out the inverse Fourier transform , namely

| . |
ﬁ'{.rJ}:EIW[ﬁJ]E'ﬁ'*dﬁ (3.10)

The final solution is
wix, 1) = wix, 1) e (3.11)

where ¢ is the phase angle of the complex displacement Ww(x.1,

3.1.2 Inverse Discrete Fourier Transform
The inverse Fourier transform (3.10) can be expressed as

= N
(ox, 1) = ﬁ f W(B. ne*dp =~ A > w(pn)etn (3.12)

2m
J==N+1

Taking [10]



ﬁk={k—h’}aﬁ—%, k=1,2,..., 2N

And substituting (3.13) into (3.12), it has

2N
WXy 1) = j—ﬁ Z W (JBR-. r}e-iﬁ.l.-\‘u.-
d k=]

where
Xp=(m—-—N)Ax, m=1,2...., 2N
and

2m L2r =«
A = Ax—=——=—
A=A =T TN

!
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where L is spatial period in (: B
Thus, there is

Ax = ——

NAB

Hence,

1 T by
;Sk*rm :_(h‘ _E){m_N}E"‘(k— l}{m—,"\‘r}E

Substituting (3.17) into (3.14), then

N
- M —i{ =L \im—Nm /N k=1 (=N (N
i, 1) & e W TIONTN Ny gy et him=NmiN,
k=1
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(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

3.1.3 Definition of Inverse Discrete Fourier

Transform in MATLAB

The inverse discrete Fourier transform in MATLAB is defined as

follows:



N
1 = e avcs_an par
IT-‘]'fI_;‘J} = ﬂ 2 W {,8;_-._,!}&”‘{ =D /N (3 19)
k=1

After the inverse discrete Fourier transform by use of
MATLAB software, it is necessary to reorder the results. The

relationship between the reordered results (.7 and the

calculated results "wi(xi.1 in MATLAB can be summarized as
follows:

(1) Whenj is withintherangeof 1 — (N + 1), m=j+N-1s
modified, that is,

(3.20a)

W (X, I) = “'(*r..fﬂ\"—]-.f] =W (JL’_;'...F]

Hence, there derive

w (xp, 1) = W (x, 1)

._1; {.-x.?'-r-i-l E) 'F} = II'“1-'F1| {-rj'.- I}

wxan, 1) = Wy (X1 0)

(2) Whenj is within the range of (N + 2) — 2N, m=j-N-1 s
modified, that is,

(3.20Db)

W (X, 1) = “'(*’F;’—N—]J ] =i (JL’_;'...F]

Thus, there derive



ﬁ' [_x|.,f] =W (xnez. f}

wixa, 1) = Wy (xpya.1)

w a1, 1) = v (. 1)
Comparing (3.18) and (3.19), it has

IT-‘{.L".. ‘T} = ?E_‘i[ﬂ_ %:][I“_N N w (X, 1) (3 . 2 1)

Substituting (3.21) into (3.11), and there is
WXy 1) = W (X, 1) €770 (3.22)

where ¢ is the phase angle of the complex displacement W (xm. 1)

3.2 Model of Double-Layer Continuous

Elastic Beam for the Track Structure

Slab track structure in tunnel can be simplified into a double-
layer continuous elastic beam model, as is shown in Fig. 3.2. Its
vibration differential equation is

High speed train
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Fig. 3.2 Double-layer continuous elastic beam model of track structure
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Fy Py, Iy (dw_dy
ar r(

EJSEF +m,—= + f‘xﬂ_f —) +ky—k,(w—y)=0

o ot
In this equation, £~I- are denoted as rail elasticity modulus
and inertia moment around the horizontal axis; w(x.1)
represents rail vertical deflection; Es-I: are track slab elasticity
modulus and inertia moment around the horizontal axis; »(x0
is track slab vertical deflection; ™ is rail mass per unit length
and ms is track slab mass per unit length; < is the rail pad and
fastener damping ; % is the rail pad and fastener stiffness ; «

represents damping of CAM (cement asphalt mortar ) or track
slab foundation and % represents stiffness of CAM (cement

asphalt mortar) or track slab foundation. Other parameters are
specified in Eq. (3.1).
Perform the Fourier transform for (3.23) and suppose

F(B.1)= F (B)e™"
W(B, 1= W(B)e™ (3.24)

Y(8.1) = Y (B)e™

where
M .
ﬁ-{ﬁ} — Z Flre—aﬁ:.'.l
=1

Then, there derives

ELBW — m@W + iwe, (W = ¥) + k(W = ¥) = —F (3.25)



EABYY — mw’Y + iwe,Y — iwe, (w - F) + kY =k (W - }’)

0 (3.26)

Through the simultaneous solution for both (3.25) and
(3.26), there are

W= -2 ) (3.27)
~ .

Y(B)=<W P (3.28)
where

A=EIR —mew* +iw(c, +ec)+k + ki,

B= Eran'l—m,,wl+£wcr+kp (3.29)

C =iwer + ky,

Substitute (3.27) and (3.28) into (3.24) and perform the
inverse Fourier transform , and there are

s |

T = 5 f W(B, P dB (3.30)
1 r -

Fn 0 = f Y(B. e dp (3.31)

—a0

Finally, the solutions are obtained as follows:

wix, 1) = W (x, 1) e/ te) (3.32)

vix, 1) =y(x,1) ei(errih) (3.33)



where ¢+ and ¥ are the phase angles for the complex
displacements #(x.0 and ¥(x1, respectively.

3.3 Analysis of High-Speed Railway Track
Vibration and Track Critical Velocity

Based on the models of the single-layer and the double-layer
continuous elastic beam for the track structure , dynamic
analyses of the track structure for high-speed railways are
carried out, and calculation method for the critical velocity of
track structure is put forward.

3.3.1 Analysis of the Single-Layer

Continuous Elastic Beam Model

Track critical velocity refers to a certain velocity which induces
strong vibration of track structure as soon as the train speed
reaches it. For the single-layer continuous elastic beam model
of track structure , the track critical velocity <« is given in (2.6)

of Chap. 2, that is,

L JAkET

2
M,

(3.34)

C_-.'ril =

The critical velocity of track structure is in relation to track
foundation equivalent stiffness *, rail flexural modulus £1, and

track mass ™ per unit length [3, 4]. For single-layer continuous

elastic beam model, mass of the rail, sleeper, and ballast
should be included in calculating .

Track foundation equivalent stiffness % and track foundation
elasticity modulus are related in the following way [11].

0.65E. 2 [E.BY
L= N (3.35)




where Es refers to track foundation elasticity modulus (unit:
MN/m*) v js Poisson’s ratio; B is sleeper length, usually 2.5-
2.6 m; 1 is rail flexural modulus (unit: MNxm*) Generally, the
track foundation elasticity modulus £ is 50-100 MN/m?

approximately; for the soft foundation , £ = IOMN/m® or eyen

lower.

Now the track vibration is examined in details for the high-
speed train running at different speeds, as is shown in Fig. 3.2.
Suppose the train is marshaled by one TGV high-speed motor
car and 4 TGV high-speed trailers (computational parameters
for TGV high-speed motor car and trailers are given in
Chap. 6). Track parameters are the continuously welded rail of

60kg/m, the rail flexural modulus EI =2x6.623MNm* the sleeper

allocation of 1760 sleepers/km, sleeper length of 2.6 m, ballast
thickness of 35¢m  pallast shoulder breadth of 39¢m and ballast

density of 2000kg/m’ By use of Eq. (3.34) and Fourier transform

, the track critical velocities are calculated and results are
compared in Table 3.1. Figures 3.3 and 3.5 denote the
corresponding maximum track vibration deflections for

different train speed when E:=2x50MN/m? gnd E; =2x 10MN/m*
Figures 3.4 and 3.6 present the rail deflections in the
corresponding Fourier domain when £ =2x50MN/m* V= 149m/s

and E.=2x10MN/m* V=97m/s These two figures also show

effects of track equivalent damping on track vibration wave
distribution along the track coordinate. From these figures, it
can be found that in case of soft subgrade , the track critical
velocity might decrease, namely ce«i =97m/s = 349km/h \which is
easily exceeded by high-speed trains, thus inducing strong
track vibration .

Table 3.1 Track parameters and the minimum track critical velocity (single-layer
continuous elastic beam model)



Parameters | £ /(MN/m?)|c/(kNs/m?)|mi/ (kg/m)| Fi/ (RN) oy f(m fs) Cerit/(M5)
Fourier transform Equation
results (3.34)
Clayey soil 2x50 |0 3600 |85 149 148.5
subgrade
Soft subgrade (2 x 10 |0 3600 (85 97 96.0
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Fig. 3.3 The corresponding maximum track vibration deflection for different train
speeds (E.=2x50MN/m?)
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Fig. 3.4 Effects of damping on track deflection ( Es =2 X S0MN/m* | V = 149m/s

)a =0 b ;=2x5kNs/m? ¢ ¢, =2x25kNs/m? ¢ ¢ =2x50kNs/m*
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Fig. 3.5 The corresponding maximum track vibration deflection for different train
speeds ( E. = 2x 10MN/m?)
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Fig. 3.6 Effects of damping on track deflection (E; =2x IOMN/m*  V =97m/s)

ac=0 b c,=2x5kNs/m" ¢ ¢,=2%x25kNs/m> q ¢, =2 x50kNs/m’

3.3.1.1 Analysis of Double-Layer

Continuous Elastic Beam Model

Now let us analyze effects of track parameters on track critical
velocity and track vibration based on the model shown in
Fig. 3.2. Analyses are carried out for the following six cases:

Case 1 Effect of rail pad and fastener stiffness k =2x 150,
2x100 2x50, 2x25MN/m* gn track critical velocity (
E,=2x50MN/m*; ¢ =c. =0) respectively;

Case 2 Effect of track foundation stiffness £:=2x100 2x50
2x 10, 2x2MN/m* on track critical velocity (% =2 X 100MN/m*
; =6 =0), respectively;

Case 3 Effect of rail pad and fastener stiffness & =2x100,
2x50, 2x25 2xSMN/m* on track vibration (£ =2 x50MN/m?.

¢ = ¢, =2x50kNs/m?; V=149m/s) respectively;
Case 4 Effect of track foundation stiffness £ =2x100 2x50,
2x 10 2x2MN/m* gn track vibration (k=2 x 100MN/m?.
¢ = ¢, =2x50kNs/m?; V=149m/s) respectively;
Case 5 Effect of rail pad and fastener damping =0, 2x25,
2% 5[}’ 2x “:ﬂ:'kI'\nIS..-"ITI2 on track vibration (E_,\. =2x 5[”\-'[me3;
k, =2x 100MN/m?; ¢, =2x 50kNs/m*, V =149m/s), respectively;
Case 6 Effect of track foundation damping ¢ =2x5, 2x25,
2% 5[}’ 2x “:ﬂ:'kI'\nIS..-"ITI2 on track vibration (E_,\. =2x 5[”\-'[me3’

k, =2x 100MN/m? ¢ =2x50kNs/m* V =149m/s) respectively.



The computational parameters and the results are
presented in Tables 3.2 and 3.3. Figures 3.7 and 3.8 illustrate
the effects of the rail pad and fastener stiffness and the track
foundation stiffness on track critical velocity , respectively.
Figures 3.9, 3.10, 3.11 and 3.12 show the effects of the rail pad
and fastener stiffness, the track foundation stiffness, the rail
pad and fastener damping , and the track foundation damping
on track vibration, respectively. Based on the calculated
results, some conclusions are drawn as follows [12]:

Table 3.2 Track parameters and the minimum track critical velocity (Case 1)

Parameters i/ (MN/m?)| £,/ MN/m?)| ¢,/ (kN s/m?)| e,/ (kN s/m?) | mi/ (kg/m)|mi/ (kg/m)| cern/(m/5)
Casel 2 x 150 |2 x50 0 0 120 3480 139

2 x 100 149

2 X 50 129

2 X 25 123

Table 3.3 Track parameters and the minimum track critical velocity (Case 2)

Parameters r /(MN/m?)|k,/(MN/m?)| ¢,/ (kN s/m?)| ¢,/ (kN s/m?)|me/ (kg/m)|mi/ (kg/m)| cern/(m/5)
Case 2 2x100 |2 x100 |O 0 120 3480 158

2 x50 148

2 x10 97

2 X2 83
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Fig. 3.7 Effect of the rail pad and fastener stiffness on track critical velocity (
E.=2%x50MN/m’;, ¢;=¢,=0) a k, =2% 150 MN/m?; V_;, =139 m/s b

[

ky, =2 100 MN/m%; Vg = 149 m/s ¢ k, =2 x50 MN/m%; V., = 129 m/s g

[

k,=2x25 MN/m* V_; =123 m/s
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Fig. 3.8 Effect of the track foundation stiffness on track critical velocity
(k,=2x 100MN/m* ¢, =¢, =0) g E,=2x100MN/m*, V., =158m/s b

E,=2x50MN/m?, Vi =148m/s ¢ E,=2x 0MN/m*. V.5 =97m/s d

E,=2x2MN/m?, V. =83m/s
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Fig. 3.9 Effect of the rail pad and fastener stiffness on track vibration
(E,=2%x50MN/m"; ¢, = ¢, =2 x 50kNs/m* V = 149m/s) g k, =2 x 100 MN/m?

k,=2x50MN/m* ¢ k,=2x25MN/m* ¢ k,=2x5MN/m?
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Fig. 3.10 Effect of the track foundation stiffness on track vibration
(k,=2x 100MN/m* ¢, = ¢, =2 x 50kNs/m”; V = 149m/s) a E, =2x 100MN/m*

b E.=2x50MN/m’ ¢ E.=2x10MN/m’> q E,=2x2MN/m’
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Fig. 3.11 Effect of the rail pad and fastener damping on track vibration
(E,=2%x50MN/m"; k, =2 x I00MN/m?; ¢, = 2 X 50kNs/m*; V= 149m/s) 5
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Fig. 3.12 Effect of the track foundation damping on track vibration
(E,=2%x50MN/m~; k, =2 x I00MN/m?; ¢, =2 x 50kNs/m*; V = 149m/s) g



e, =2xS5kNs/m”> p c, =2%x25kNs/m’> ¢ ¢, =2x 50kNs/m”> ¢

c, = 2% 100kN s/m?

(1)

Effect of the rail pad and fastener stiffness on track
critical velocity is random, as is shown in Table 3.2 and
Fig. 3.7.

(2) Track foundation stiffness has significant effects on track

(3)

critical velocity. The track critical velocity increases with
the increase of the track foundation stiffness, as is shown
in Table 3.3 and Fig. 3.8.

Effect of the rail pad and fastener stiffness on track
vibration is not obvious, as is shown in Fig. 3.9.

(4) Track foundation stiffness has effects on track vibration.

Increase of the track foundation stiffness is beneficial for
track stability .

(5) The rail pad and fastener damping and the track

foundation damping are sensitive to track vibration.
Damping may decrease the occurrence of strong track
vibration . But when there is < (or <), change of < ( or cr)

does not affect track vibration much.

When track foundation stiffness £: remains unchanged,

the minimum track critical velocities calculated by the
single-layer and the double-layer continuous elastic beam
model as well as Eq. (3.34) are almost the same, as is
shown in Tables 3.1, 3.2 and 3.3. To simplify the
calculation, it is suggested that the formula (3.34) can be
employed to calculate the minimum critical velocity for
the track structure .



Usually there are numerous critical velocities for the track
structure and it is the minimum track critical velocity that
should be noted in engineering projects. The minimum track
critical velocity might be low in the condition of soft subgrade ,
which is easily exceeded by high-speed trains and accordingly
causes strong track vibration or derailment. It should also be
pointed out that the track critical velocity is difficult to be
obtained through the analytic method for double-layer
continuous elastic beam model.

In summary, the above discussion deals with solution for
dynamic response of track structure and track critical velocity
through Fourier transform based on the single-layer and
double-layer continuous elastic beam models of track structure
. As application example, the track critical velocities for high-
speed trains are investigated by means of Fourier transform.
And the effects of the rail pad and fastener stiffness , the track
foundation stiffness, the rail pad and fastener damping , and
the track foundation damping on track vibration are analyzed.
Finally, some significant conclusions are obtained. Fourier
transform method is simple and feasible for dynamic analysis
of the track structure under moving loads, which has the
advantage of easy programming by use of MATLAB software.

3.4 Vibration Analysis of Track for Railways
with Mixed Passenger and Freight Traffic

To ease the heavy railway transport, China has been
implementing large-scale railway speeding and modification
for existing lines. Meanwhile, quite a number of dedicated
passenger lines have been constructed. For some modified
existing lines and dedicated passenger lines at the early stage
of operation, the mixed passenger and freight transportation
mode has been adopted. In this section, the three-layer
continuous elastic beam model of track structure is developed
in consideration of track random irregularity , and the
numerical method for solving the three-layer continuous elastic
beam model of track structure is discussed by way of Fourier



transform . Finally, the corresponding vibration characteristics
of track structure are investigated in detail, which is induced
by mixed passenger and freight trains at different speeds.

3.4.1 Three-Layer Continuous Elastic Beam
Model of Track Structure

The traditional ballast track structure can be simplified into a
three-layer continuous elastic beam model, as is shown in
Fig. 3.13. And its differential equation of vibration is [14, 15]

High speed train
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Fig. 3.13 Three-layer continuous elastic beam model of track structure
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I=1

'z dz v dw Oz o

m-r_ﬂ (E—E) (—5}' —E)+kh{w }}_kp{“‘ 4}_[] (3'37)
&y dy dz  dy ) B

s + e — (3~ ) koG- =0 (3.38)

where " represents the rail vertical deflection and - is the rail
mass per unit length; % is denoted as the rail pad and

fastener stiffness per unit length and < is the rail pad and
fastener damping per unit length; = represents the sleeper
vertical deflection and ™ is the sleeper mass per unit length; %



is denoted as the ballast stiffness per unit length and < is the
ballast damping per unit length; » is the vertical deflection of
ballast and = the ballast mass per unit length; & represents
the subgrade equivalent stiffness per unit length and ¢ the
subgrade equivalent damping per unit length; ¢ is Dirac
function and V the train speed; f' stands for 1/2 axle load of
the th wheelset and ™ the /th wheel mass. @ is the distance
between the th wheelset and the coordinate origin when 7=0;
n is the total number of wheelsets and 7x =V represents the
track random irregularity .

3.4.2 Numerical Simulation of Track

Random Irregularity

The sample function of the track random irregularity #tx=vt)
can be simulated by trigonometry series as [13]

N

= Z 1 sin (wgx + ) (3.39)

k=1

where 7 is a Gaussian random variable with expectation zero
and variance “+ and is independent for k=1.2,....N ¢ is 3
random variable with uniformity distribution in 0~ 27 and is
independent for £=1.2.....N too. ™ and ¢+ are independent with

each other and can be generated by computer with such
multiplicative method, Monte Carlo method, or other algorithm
of generating pseudo random variable.

In order to obtain variance ¢, a frequency band A« is
defined as follows:

Aew = (twy, — wp) /N (3 40)

where @ and «« are lower and upper limit frequencies of power
spectral density function and Ne is a sufficient large division



number.

Defining
wk:w;+(k—%)&w, k=1.2.....,N; (3.41)
it has
op =45 (wAw, k=1,2...., N, (3.42)

In above computation, @« and @k in (3.40)-(3.42)

represent spatial frequency (unit: rad/m). The effective power
spectral density S+« is assumed in the range of @1 to s and

beyond this scope S:(ws is taken as zero. It is proved that the

power spectral density function of the sample function
composed by equations from (3.39) to (3.42) is S««) and

ergodic as well [9].

Federal Railroad Administration (FRA ) in USA obtained the
power spectral density of track irregularity based on the large
quantities of measured data and then fit it into a function
expressed by cutoff frequency and roughness constant.
Wavelength range for those functions is from 1.524 to 304.8 m.
And, the track irregularity is categorized into 6 levels.

The power spectral density of American track vertical profile
irregularity is

kAo cm”/rad/m 3.43
2 3}w2 ( . )

Sy(w) =
(= + w?

In this equation, * is usually 0.25; @< and 4+ are shown in
Table 3.4.

Table 3.4 American track irregularity spectrum parameters

Parameters |Parameter value for each level of track
Line level 1 2 3 4 5 6

we /(rad/m) 0.8245|0.8245|0.8245|0.8245|0.8245|0.8245




3.4.3 Fourier Transform for Solving Three-
Layer Continuous Elastic Beam Model of

Track Structure

Fourier transform and inverse Fourier transform are defined as
follows:

[eoa)

W(B, 1= [‘u'{_n He Prdx (3.44)
w(x, 1) = ﬁ f W(B, ne**dp (3.45)

where 8 is vibration wave number (unit: rad/m).
From (3.39), the following is derived:

- N

'y A,

!:'F =— ) ey sin(wex + @) (3.46)
k=]

2

=

=k

If Fourier transform is conducted to the right-hand item of
(3.36), then there is

M W

Tight = — {2 (FJ " m{;!’?) E_;ﬂ“!] e = F(pre™ (3.47)
I=1

where
M Fny

P == (Fiem Sl (3.48)

I=1

Apply Fourier transform to Eqgs. (3.36), (3.37), and (3.38),
and suppose

F(B.1)= F (B)e™" (3.49)



W(B, 1) = W(B)e™ (3.50)
Z(B. 1) = Z (B)e™” (3.51)

Y(B.1)= Y (B)e (3.52)

where @ =Q-5V gnd q is external load excitation frequency

(unit: rad/m).
Then, there are

E."ﬁ"ﬁ-’ — muw W + Ewcr(ﬁ" —2) + kr,{:ﬁ-’ - 2) =F (3.53)
—muw Z + iwey, (2"— 17') — iwcr{:ﬁ-’ — 2) + ky, (2"— f’) - kp(ﬁf — 2) =0 (3.54)
—mhwl?+£wcﬁf’—£wch(z—f’]+k51"—kh(i’—f’):D (3.55)

Perform simultaneous solution for the above three
equations from (3.53) to (3.55), and then, there obtain

[AB — (iwey + kh)l] F(B)

W (8) = (3.56)

C [AB = (iwey + k)| - A (iwe, + kr,)2

A (i-:.urr + kr,)

ZLS}:AB—(iwrh+kh}1W{ﬁ} (3.37)

iwey + ki -

2B (3.58)

Y g =

Here, we have



A = —mpw” + iw(c, + cp) + k. + ky,
B = —muw” +iw (ch + ¢,) + ky + ki,
C= Efﬁ4 — muw” + iwe, + ki,

Substitute the three equations from (3.56) to (3.58) into
(3.50)-(3.52) and perform the inverse Fourier transform , and
there are

I (= o] .
WX, 1) = — f wi(g, ner*dp
2

(= o]

)= f Z(B,ne*dp
2m

— o>

(= o]

1) = L f Y (B, nerdg
2m

—a0

Finally, we obtain

wix, 1) = W (x, 1) e/ te) (3.59)
) =3Z(x,1) gile+e) (360)
vix, 1) =3 (x,1) gilertid) (3.61)

In these equations, ¥+, ¥:, and ¥ are phase angles for the
complex displacements w0 Z(x1) and 70, respectively.

Based on the three equations from (3.59) to (3.61), the velocity
and the acceleration of the rail, the sleeper, and the ballast, as
well as the dynamic pressure on the ballast and the subgrade,
can be figured out.



3.4.3.1 Vibration Analysis of Track
Structure for Railways with Mixed
Passenger and Freight Traffic

The present model will be used to evaluate track vibrations for
Chinese railways with mixed passenger and freight traffic [14,
15]. Two types of trains, i.e., passenger trains and freight trains
will be considered. The passenger train is composed of a
Chinese locomotive and eight YZ25 cars while the freight train
is a combination of a Chinese locomotive and fifteen C60
wagons. The axle loads and the wheelset masses are 142.5 kN
and 2200 kg for YZ25 car and 210 kN and 3300 kg (including
associated bogie frame mass) for C60 wagon, respectively.
The track under the consideration is the Chinese
conventional railway with mixed passenger and freight traffic,
composed of 60 kg/m heavy continuous welded long rails,

ballast track, the rail flexural modulus £/ =2x6.62SMNxm® type-

lll sleeper with sleeper interval of 0.60 m, and the track
irregularity simulated into six levels as well. Other
computational parameters are given in Table 3.5.

Table 3.5 Computational parameters for the track

Track Mass Stiffness Damping

structure per unit length/(kg) per unit length/(MN/m per unit length/(kN s/m
2) 2)

Rail 60 80/0.6 50/0.6

Sleeper |340/0.6 120/0.6 60/0.6

Ballast 2718 425 90/0.6

Vibration responses are analyzed separately when the
passenger train and freight train run at different speeds
including 60, 80, 100, 120, 140, 160, 180, and 200 km/h.

Computational results are shown in Figs. 3.14, 3.15, 3.16
and 3.17, which illustrate, respectively, effects of the
passenger train and the freight train running at different
speeds on the rail displacements, the rail accelerations, the
sleeper displacements, the sleeper accelerations, the ballast




displacements, the ballast accelerations, and the dynamic
pressures on the sleeper and on the subgrade.
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Based on the above-calculated results, some conclusions
may be drawn as follows:

(1) The dynamic response of the track structure increases
with the increase of both passenger and freight train
speed. Among the four quantities, i.e., the displacement,
the acceleration, and the dynamic forces on the ballast
and on the subgrade, the ones highly influenced by the
speed of the trains are the rail acceleration, the sleeper
acceleration, and the ballast acceleration. These
accelerations increase distinctively especially when the
train speed exceeds 100 km/h.



(2) Under the condition of the same train speed, the track
dynamic response induced by the freight train is larger
than that induced by the passenger train. The track
displacement, acceleration, and dynamic pressure caused
by the freight train is approximately 45-50 %, 40-50 %,
and 50-60 % larger than those caused by the passenger
train, respectively, which indicates that track deflection
and dynamic pressure induced by the passenger train
running at the speed of 200 km/h are equal to those
induced by the freight train at the speed of 140 km/h.
This phenomenon may be attributed to two reasons: the
freight train has larger axle load than that of the
passenger train, namely 210 and 142.5 kN; length
between the truck centers for the freight train is smaller
than that of the passenger train, namely 8.7 and 18.0 m.
Thus, for dedicated railways with mixed passenger and
freight traffic, the most unfavorable condition may
happen to the freight train. And larger dynamic action
would be induced in case the train is marshaled by mixed
empty and heavy vehicles, which has been verified by
site tests.

At present, existing railways in China mainly adopt mixed
passenger and freight transport mode. The mixed passenger
and freight traffic poses higher demands on the curved and
straight segments of railway lines, because the superelevation
of curves needs to take both freight and passenger train into
account, and in the meantime it must restrict the maximum
weight, length, and speed. In foreign countries, there are the
railway lines of mixed passenger and freight traffic , and the
high-speed railway lines for freight traffic, such as Shinkansen
in Japan. But the precondition is that those freight cars are of
light type, unlike the heavy cars in China. Mixed passenger and
freight traffic may cause bigger harm to tracks induced by
trains. A passenger train is like a private car while a freight



train is like a truck on highways, which causes enormous
impacts on track structure due to its heavy load and slow
speed. If the passenger train speed increases and the freight
train speed remains unchanged, the transportation capacity for
the freight train would be reduced conversely. The problem can
be solved by separating the freight train from the passenger
train and by building separate passenger and freight dedicated
lines. It is an inevitable trend to implement diversion of the
passenger and freight traffic. Recently, China has been
endeavoring to construct dedicated lines for passenger trains,
which is certain to be able to ease the transportation pressure
greatly.

3.5 Vibration Analysis of Ballast Track with
Asphalt Trackbed Over Soft Subgrade

The USA-led railways in North America mainly take on freight
transportation, and 70 % railway lines in USA are heavy-haul
ones. The standard axle load for heavy-haul trains in North
America is 33 tons and the maximum axle load is up to 39
tons. The heavy-haul train is formed by 108 freight cars and 3-
6 locomotives, whose total mass reaches 13,600 tons. To
improve load-bearing capacity for the track foundation of
heavy-haul railways , it is common in USA to lay an asphalt
layer under the ballast over soft subgrade or at sections with
unfavorable geographical conditions, which is clearly shown in
Fig. 3.18. The typical asphalt layer is 3.7 m wide and 125-

150 mm thick, while in areas with poor geographical conditions
it can be 200 mm thick. Thickness of the ballast over asphalt
layer is usually 200-300 mm. It is advisable to mix a certain
percentage of rubber particles into asphalt in order to upgrade
the elasticity of the ballast track with asphalt trackbed, thus
controlling vibration and noise in special areas of mass transit .
Ballast track with asphalt trackbed can be widely applied for
main lines, at turnouts, in the tunnels, in road-bridge transition
and road-tunnel transition sections , and at grade crossings as
well. Practice has proved that the use of the ballast track with



asphalt trackbed can greatly improve the stability of track
structure and increase track elasticity. Meanwhile, the asphalt
layer is quite waterproof, which can prevent mud pumping of
the track structure and reduce track faults.

Sleeper
Ballast

Rail

Asphalt

Subgrade

Fig. 3.18 Cross section of the ballast track with asphalt trackbed over soft
subgrade

In this section, the four-layer continuous elastic beam model
of track structure is established in consideration of railway
random irregularities, and the numerical methods for solving
the four-layer continuous elastic beam model of track structure
is discussed by means of Fourier transform . Besides, vibration
analysis of the ballast track with asphalt trackbed, and
parameter analyses of the asphalt layer thickness, rubber
content in asphalt, and elasticity modulus of soft subgrade on
track vibration are carried out.

3.5.1 Four-Layer Continuous Elastic Beam
Model of Track Structure

The ballast track structure with asphalt trackbed over soft
subgrade can be simplified into a four-layer continuous elastic
beam model, as is shown in Fig. 3.19. The vibration differential
equations are [16]
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Fig. 3.19 Computational model for vibration analysis of ballast track with asphalt

trackbed
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) kg —k (- 8) =0 (3.65)

In these equations, , =, ¥, and & represent the vertical

deflection of rail, sleeper, ballast, and asphalt layer,
respectively; £ and I are rail elasticity modulus and inertia

moment around the horizontal axis; ™ is rail mass per unit
length, % is rail pad and fastener stiffness per unit length, and
o stands for rail pad and fastener damping per unit length; =
signifies sleeper mass per unit length, % is the stiffness of
ballast per unit length, and < the ballast damping per unit
length; ™ represents ballast mass per unit length, & is the



equivalent stiffness of asphalt layer per unit length, and «:

stands for the equivalent damping of asphalt layer per unit
length. £ and % are denoted as the elasticity modulus and the

inertia moment around the horizontal axis of asphalt layer, and
ms is the asphalt layer mass per unit length; %: is the

equivalent stiffness of soft subgrade per unit length, and <: is
the equivalent damping of soft subgrade per unit length; * is
track longitudinal coordinate and ¢(x-V:—a) s Dirac function. V
is train speed and 1 is 1/2 axle load of the !th wheelset; = is
mass of the /th wheel; « is the distance between the
coordinate origin and the th wheelset when 1=9; 7 js the total
number of train wheelsets and 7(x =V signifies track random
irregularity .

3.5.2 Fourier Transform for Solving Four-
Layer Continuous Elastic Beam Model of

Track Structure
Fourier transform and inverse Fourier transform are defined as

[eoa)

W, 1) = f wx, e Brdx (3.66)
| r -
.1~{_r~r}:§fww~r}e’ﬁ*dﬁ (3.67)

where £ represents vibration wave number (unit: rad/m).

Perform Fourier transform to the four equations from (3.62)
to (3.65) and suppose W .0, ZB.n, YE.n, GE.n, and FE.0 are
harmonic functions, namely

W(B, 1= W(B)e™ (3.68)



Z(p.1) = Z (B)e™”
Y(B.1) = Y (8)e™
G(B.1) =G (B)e™”

F(B.1)= F (B)e™"

n f

F(B) = Z (—F, + m%) e F
=1

In these functions, «=2-5V and q is external load

excitation frequency (unit: rad/m).
Then, there are

{.EJ,,SJ' — muw” + iwey, + kn) W(g) — (i-:.urr, + fcp) Z(B) = F(B)
[—m,wz + iw {:ch + fn) + ky, + kp] Zw(ﬁ} — (iwey + ki) f’{ﬁ] - {:fwcr, + kp) ﬁr"{ﬁ} =0
[—mhwl +iw (e, + cp) + kg + kh] Y(B) — (iwe, + k) G(B) — (iwey, + k) Z(B) =0

[E_,\.f_..ﬁ* — MW" + iw (E‘E + c,i] +k, + k_,‘.] éﬁﬁ'} — (i, + k) f’(ﬁ} =0

Defining
A = E1SY — mw” + iwey, + k,
Az = —m? + iw(en + ep) + ky + Ky

Ay = —mhml + (o, + op) + k. + Ky,
Ay = E,,-fsﬁJ' — M + i (E‘E + E'H) + kg + ks

(3.69)

(3.70)

(3.71)

(3.72)

(3.73)

(3.74)

(3.75)

(3.76)

(3.77)

(3.78)



B = iwe, + ki,
B~ = ey, + ky,
By = e, + k,

Through the simultaneous solution for the above four
equations from (3.74) to (3.77), there obtain

Az (AzAy — B3By) — AuB-BA

F(B)
Az (AzAy — B3B3) — A\ AL B B> — (A3Ay — BiBR) BB,

W(B) =

- AsAy— BB B ~
2 = (A3Ay — BaBs3) By W)
Az (A3Ay — BaBs) — AyBaB,

Substituting Egs. (3.80)-(3.83) into (3.68)-(3.71) and
making inverse Fourier transform , it has

I (= o] .
WX, 1) = — f wi(g, ner*dp
2

(= o]

)= f Z(B,ne*dp
2m

— o>

(= o]

1) = L f Y (B, nerdg
2m

—a0

(3.79)

(3.80)

(3.81)

(3.82)

(3.83)

(3.84)

(3.85)

(3.86)



e
tn =5 [ Gnerep (3.87)

Hence, there derive

wix, 1) = W (x, 1) e (3.88)
Ax, 1) = E(x.1) e (3.89)
Y1) =5 (x, 1) e (3.90)
g(x, 1) = g (x, 1) e (3.91)

In the above equations, ¥+, ¥:, ¥, and ¥: are the
corresponding phase angles for complex displacements Wwix.10,
0, Fxn and &(x0, respectively. Based on the four equations

from (3.88) to (3.91), not only the velocity and acceleration of
the rail, sleeper, ballast, and asphalt layer but also the
dynamic pressure on the sleeper, ballast, asphalt layer, and
soft subgrade can be figured out.

3.5.3 Vibration Analysis of Ballast Track
with Asphalt Trackbed Over Soft Subgrade

Based on the above-proposed model, the vibration analysis of
ballast track with asphalt trackbed over soft subgrade can be
carried out [16].

Some track parameters are listed as follows: the
continuously welded rail of 60kg/m, the ballast track with

asphalt trackbed, the rail flexural modulus Ed: =2Xx6.625SMNxm?

type-lll prestressed concrete sleeper with sleeper length of
2.6 m and sleeper interval of 0.60 m, ballast shoulder breadth
b=30em pallast thickness H»=30cm gnd ballast density

p =2000kg/m’ The track irregularities are simulated into six



levels as well. Other parameters are given in details in

Table 3.6. The mass of the asphalt trackbed depends on the
thickness and the density of the material and it varies for each
case. The equivalent stiffness # and damping < from the

asphalt trackbed are different with different rubber contents,
which can be evaluated by the data of Table 3.7. Parameters
for crumb rubber-modified asphalt (CRMA) are listed in

Table 3.7 which shows that the rubber-modified asphalt cannot
only increases the damping of the asphalt mix but also
increases the shear strength. For CRMA with 20 % rubber
content, the average damping ratio is approximately 9.5 %. For
the asphalt mix without crumb rubber, the damping ratio is
approximately 5.5 %. Unsaturated subgrade soils have an
average damping ratio of approximately 3.8 %, much less than
CRMA under similar stress and strain conditions. Stiffness of
soft subgrade per unit length % can be derived by elasticity

modulus £: of soft subgrade based on Eq. (3.35).

Table 3.6 Track parameters

Track Mass per unit Stiffness per unit Damping per unit
structure Iength/(kg) Iength/(MN/m 2 ) Iength/(kN s/mZ)
Rail 60 - -

Sleeper 340/0.6 80/0.6 50/0.6

Ballast 2790 120/0.6 60/0.6

Asphalt Variable Variable variable

layer

Soft - Variable 90/0.6

subgrade

Table 3.7 Parameters for crumb rubber-modified asphalt

Cases Rubber Rubber Rubber shear Damping
content/(%) density/(kg/m3) modulus/(MPa) ratio
0 2511 750 0.055

2 10 2500 890 0.065

3 20 2480 980 0.095




The train is formed by eight CRH3 motor cars, whose axle
load is 142.5 kN, with the train speed of 200 km/h.

Vibration analyses of the track with asphalt trackbed over
soft subgrade are carried out by considering the following
three cases [16]:

Case 1 Influence of three asphalt thicknesses #., 10, 15, and
20 cm for crumb rubber-modified asphalt trackbed with
rubber content ¢: = 20 % and subgrade modulus

- =20MPa on track vibration;

Case 2 Influence of three rubber contents ¢, 0, 10, and

20 % for crumb rubber-modified asphalt trackbed with
asphalt thickness #.=20cm gnd subgrade modulus

= =20MPa on track vibration;

Case 3 Influence of three soft subgrade modulus £, 20, 25,
and 30 MPa for crumb rubber-modified asphalt trackbed
with rubber content ¢: = 20 % and asphalt thickness
H,=20cm on track vibration.

Results for each case are compared with those of the
conventional ballast track with soft subgrade. The conventional
ballast track herein is similar as the asphalt track except that
the asphalt layer is substituted for the sub-ballast on an equal
thickness basis.

The calculated outputs include maximum deflections of the
rail, sleeper, ballast, and asphalt trackbed and maximum
accelerations of the rail, sleeper, ballast, and asphalt trackbed
as well as maximum dynamic pressures (i.e., forces on sleeper
spacing) on the sleeper, ballast, asphalt trackbed, and
subgrade, respectively. The computational results are depicted
in Figs. 3.20, 3.21, 3.22, 3.23, 3.24, 3.25, 3.26, 3.27 and 3.28,
which show the effects of different asphalt thickness #: and

different rubber content ¢: as well as different subgrade
modulus £s on track vibration.
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Fig. 3.22 Influence of asphalt thickness Ha with Ci =20 % and Es =20MPa op

pressures on the track (SIp sleeper, Bal Ballast, Asp Asphalt, Sub Subgrade,
Conv Conventional ballast track with soft subgrade , Ha Thickness of the asphalt
layer )
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Fig. 3.23 Influence of rubber content €. with Ha=20cm and Es =20MPa on

deflections of the track (SIp sleeper, Bal Ballast, Asp Asphalt, Conv Conventional
ballast track with soft subgrade , €. Rubber content of the asphalt layer)
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Fig. 3.24 Influence of rubber content €. with Ha=20cm and £s = 20MPa on

accelerations of the track (Slp sleeper, Bal Ballast, Asp Asphalt, Conv Conventional
ballast track with soft subgrade, €. Rubber content of the asphalt layer )
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According to the related computational results, conclusions

are drawn as follows:

(1)

Use of the asphalt trackbed as a substitute for sub-ballast
in ballast track with soft subgrade can significantly reduce
the deflections and accelerations of the rail, sleeper,
ballast, and asphalt and the pressures on the subgrade,
as shown in Figs. 3.20, 3.21 and 3.22. This pressure is the
primary source to stimulate vibration to nearby buildings.
Reduction of the pressure is essential to control the
environment vibration and structure-borne noise induced
by railways. The dynamic response of the track decreases
with the increase of the thickness of the asphalt trackbed.

Figures 3.23, 3.24 and 3.25 indicate both the asphalt and
the crumb rubber-modified asphalt trackbed can greatly
suppress the deflections and accelerations of the rail,
sleeper, ballast, and asphalt and the pressures on the
subgrade for ballast track with soft subgrade. However,
the crumb rubber-modified asphalt mat only slightly
improves the abatement of dynamic responses of the
track compared with the normal asphalt trackbed.

Considering the stiffness and the damping ratio and the
inertia moment for the crumb rubber-modified asphalt
trackbed, the most effective one to influence the capacity
of reducing track vibration is the resistant bending
modulus of the material £::. Due to the beam action of

the track (partly from rail panel and partly from the
asphalt layer ), which distributes the concentrated wheel
loadings over several sleepers and the confined, high-
modulus ballast layers, serve to effectively reduce the
heavy wheel loadings.

Figures 3.26, 3.27 and 3.28 demonstrate that using
asphalt trackbeds instead of sub-ballast has the
distinctive effect in reducing vibration of ballast track

P



over soTt supgraae . FOr aeriections ana acceieratons or
the rail, sleeper, ballast, and asphalt, the maximum

reduction can be up to 14.1 and 18.6 %, respectively,
compared with the conventional ballast track with soft
subgrade. The maximum reductions of pressures on the
subgrade can be up to 14 %.

Ballast track with asphalt trackbed is particularly
applicable to heavy-haul railways or railway lines over
soft subgrade owing to the fact that the asphalt layer is
waterproof and the ballast track with asphalt trackbed
has less faults and longer service life.
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4. Analysis of Vibration Behavior
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The elevated track structure , which has many advantages,
such as less land occupation, less settlement, low
construction and operation costs, and effective relief of the
urban traffic congestion, is widely used in high-speed
railway and urban mass transit . However, its loud vibration
noise has certain influence on the environment along the
railway [1]. By establishing an analytic model and the three-
dimensional finite element model of the elevated track
structure, the vibration distribution regularity of two types of
elevated track structure, that is, the box girder and the U-
beam , is investigated, and the attenuation characteristics
of environmental vibration induced by elevated track
structure with different distances is analyzed. Finally, the
adaptability of these two models is compared.
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4.1 Basic Concept of Admittance
4.1.1 Definition of Admittance

Admittance is an important index for structure vibration
study. Admittance (v) is defined as the ratio of the response
complex amplitude and the excitation complex amplitude
generated by the structure while it is subject to harmonic
excitation , namely the response caused by unit loads.
Response can be displacement, velocity, acceleration,
stress, and strain. It is proved by theory and experiment
that admittance is related to the inherent characteristics of
the structure, such as mass, elasticity, and damping of the
structure.

As shown in Fig. 4.1, if force fi is exerted on point / and

response Xi is generated on any point ¢, then the
displacement admittance between ¢ and 7 can be expressed

as follows: Yij= i— If the response point and the excitation

point are different, the generated admittance is called cross-
point admittance. Impedance is the reciprocal of
admittance, namely Zi=1/Yij, If response point and
excitation point are the same point, the generated

admittance is called loading point admittance Y= i—

Table 4.1 shows the symbols, names, expressions, and unit
of structure loading point admittance.
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Fig. 4.1 The concept of admittance

Table 4.1 Structure admittance

Symbol Name Expression
Yy Displacement admittance, dynamic flexibility/(m/N) | X ;/F;
Yy Velocity admittance/(m/s/N) V;i/F;
Ya Acceleration admittance/(m/s2/N) Aj/F;

4.1.2 Computational Method of
Admittance

As mentioned above, the mechanical admittance of stable
linear vibration system is equal to the ratio of steady
response and the exerted harmonic excitation complex or
amplitude. For single degree-of-freedom system, shown in
Fig. 4.2, the vibration differential equation is as follows:

d x dx
dr— dr (4.1)




where m stands for mass, ¢ is damping coefficient , X is
stiffness, and /() is excitation force.

k f(@)

m —a—
X

RN

5 NN

Fig. 4.2 Single degree-of-freedom system model

Suppose the excitation force of the system is as follows:

f(ry = Fe™* (4.2)

The steady-state displacement response is as follows:

x(r) = Xe™" (4.3)

Velocity response is as follows:

i(1) = iwXe' = Vel (4.4)

Acceleration response is as follows:

_X'(f] — _mlfeim.' - Eea'w.' (4. 5)

The displacement admittance of the system can be
expressed as follows:

Xj_x0 _Xev X _
== (4.6)

Fi~ f()  Feir

r —

The velocity admittance can be expressed as follows:

() Ve
f(r)  Feiwr

Vv
—= = ¥, .
= _ (4.7)

T



And the acceleration admittance can be expressed as
follows:

i Ae
T Feio

E 2
===-0 Y, (4.8)

4.1.3 Basic Theory of Harmonic Response
Analysis
Harmonic response analysis is used to analyze the steady-
state response of linear structure system under harmonic
load , in order to calculate the response of the structure at
different frequencies and get response curve with frequency
variation, such as displacement-frequency curve, velocity-
frequency curve, and acceleration-frequency curve. Its input
is harmonic load, such as force, pressure, and forced
displacement .

Actually, harmonic response analysis is to solve the
vibration equation of the structure.

Mii+Cit + Ku = F (4.9)

Where M js mass matrix , € is damping matrix , K is
stiffness matrix , # is node acceleration vector, ¥ is node
velocity vector, ¥ is node displacement vector, and F is load

vector exerted on the structure.
Different from the general situation, ¥ and ¥ are complex

vectors in the above vibration Eq. (4.9):
F = Frmaxe™'e™' = (F| +iFy) ™ (4.10)

. -
k' eaur

= (U + ittz) e™ (4.11)

_ i
U = Hmaxc

Hence, the vibration equation for harmonic response
analysis is as follows:



{'—w311f+swC+K){_u| +ius) = (Fy +iF-) (4.12)

where Fmax and #max stand for load amplitude and
displacement amplitude, respectively; ¢ is imaginary unit

V-1, w is circular frequency; v is phase angle for load

function; ’ is time; and 1 and ¥ are load real part and
displacement real part, respectively; 2 and #: stand for

load imaginary part and displacement imaginary part,
respectively.

The definition of admittance shows that the vibration
characteristics of structure admittance can be analyzed by
harmonic response analysis . The finite element analysis
software ANSYS has special harmonic response analysis
function. ANSYS software has three solutions: full, reduce,
and mode superposition. In the following sections, the
ANSYS software will be adopted to analyze the harmonic
response of the structure. Next, the vibration response of
elevated track structure will be investigated by importing
the results of the harmonic response analysis into MATLAB
programming tools.

4.2 Analysis of Vibration Behavior of the
Elevated Bridge Structure

By establishing the analytic beam model and finite element
model of the elevated bridge structure , the influence of the
elevated bridge structure on the vibration characteristics of
track system can be analyzed. In the analytic beam model,
the bridge is assumed as Euler beam with free boundary
and the bearing simplified as a linear spring with structural
damping, as shown in Fig. 4.3 [2]. This chapter mainly
studies the vertical vibration characteristics of the elevated
track structure, without considering the pier-ground-bridge-



coupled vibration. Because the vertical stiffness and inertia
are usually much larger than the rubber bearing, the pier
can be simplified as a rigid support. A simple analytic beam
model or finite element model can be adopted for the
bridge.

 —~— Bridge rubber bearing

Fig. 4.3 The elevated bridge structure model

4.2.1 Analytic Beam Model

In analytic beam model, the bridge is assumed as Euler-
Bernoulli beam with free boundary, and the cross-sectional
model is shown in Fig. 4.4. Double tracks are laid on bridge
deck, and the track center line is located near the junction
of top board, flange, and the web. Due to the deviation of
track center line from the transverse symmetric center of
bridge cross section, torsional and bending vibration of the
bridge will occur at the same time when the vehicle is
running. Thus, in the analytic model of the elevated track-
bridge, the torsional and the bending vibration should be
considered, and at the same time, the analysis is simplified
by ignoring the warping effect.

% Centroid N FEJ“”
Top board Flange

6

2 x

Base board i.}' Web

e Shear center




Fig. 4.4 Bridge cross-sectional model

As shown in Fig. 4.4, when the bridge cross-sectional
shear center and the bridge centroid are in the same
vertical line, its vertical bending vibration and torsional
vibration around ¢z axle (bridge center line) are

approximately decoupled. Assume harmonic load F<“ is

exerted on bridge track center line and the coordinates are
(x,2e), and as shown in Figs. 4.3 and 4.4, without considering

the warping effect, the differential equations for bending
vibration and torsional vibration of the bridge are as follows

[2]:

9y

Y
pASS +EI( + )25 = Fedz - z,) (4.13)

2 2

- -6 ot
—GJ(1 + f?-']@_z = Fxe“6(z —z.) (4.14)

Ip
Pl ar-
where ¥ is vertical displacement of the bridge; ¢ is torsion

angle of the bridge; » is material density; a4 and 7 are bridge

cross-sectional area and sectional moment of inertia around
the horizontal axis, respectively; E is elasticity modulus of
material: ¢ is shear modulus of material: 7 is loss factor

shown in Table 4.2 for various materials; /r is polar moment

of inertia of cross section; and 7 is torsional moment of
inertia.

Table 4.2 1oss factors for various materials

Material Loss factor /) Material Loss factor //
Steel and iron 0.0001-0.0006 |Plexiglass 0.02-0.04
Aluminum 0.0001 Plastic 0.005

Copper 0.002 Wood fiber board |0.01-0.03
Magnesium 0.0001 Sandwich plate |0.01-0.013




Material Loss factor // Material Loss factor /]
Zinc 0.0003 Cork 0.13-0.17

Tin 0.002 Brick 0.01-0.02
Glass 0.0006-0.002 |Concrete 0.015-0.05
Large damping plastic|0.1-10 Damping rubber |0.1-5.0
Viscoelastic material |0.2-5.0 Sand (dry sand) |0.12-0.6

Based on mode superposition method, the vertical
displacement and the torsional angle of the bridge can be
written as follows:

Np Ny
Y= D 6@paD), 0= 0u(2)qu(D) (4.15a, b)

n=1 n=1

where ¢:(2) and ¥:(2) stand for the regularized mode shape
function of the nth bending vibration mode and torsional
vibration mode of free boundary beam, respectively; = and
g» are corresponding modal coordinates; and V& and Nr are

mode number of bending vibration and torsional vibration,
respectively.

|
¢.|{«u} - M"

|

L do(2) = Vi(l-2z/L), 0<z<L
$2(z) NS ( /L) <z< (4.16a)
dnl(z) = \'{F:"l_i [coshk,z + cosk,z — C,(sinh k,z + sink,2)]. n=3
(@) = — 0<z<L
wiiz) = mﬁ ==
: _ (4.16b)

n(2) = — cas(n_”m n=2
tf":.'.l 4 ppr I3 . =

where L is the bridge span; % is the nth bending vibration
mode wave number ; C: is the corresponding coefficient, as



shown in Table 4.3; and #1(2), ¢(2), and ¥1(2) are rigid modes.

According to the orthogonality principle , the regularized

mode shape function satisfies the following equations:

L L

l,m=n g wﬁ,mzn
‘rpfh,bm[;]dr,,.;:;.d: = { Om+n' 1[‘ Eld, ) n[:]d(' o { O,m=*En (4 17a)
0

0

L

L
l,m=n o w’-;pm:n
lfp".f’ﬁ'?mi:Zlipmﬁzild: = { Omz+n'’ l[‘GJr‘:G'm[:][Pn[:]d{ - { [;, m¥En (4 17b)
0 0

where @ and @@= are the natural frequency of the nth

bending vibration and torsional vibration of the bridge,
respectively, which can be expressed as follows:

_n |IE _(n—=Dm ||GJ..
Ly —k" P."Alﬁ Wip = L p.’p (4183, b)

Table 4.3 Mode shape function parameter of Euler-Bernoulli beam with free
boundary

Order " 123 4 5 = 6
Cy -1-10.9825|1.0008|1.0000|1.0000
knl 0/0/4.7300(7.8532|10.996 | (2n — 3)x/2

By substituting Eq. (4.15a, b) into Eqgs. (4.13) and (4.14),
we have

N N
PA D Gupp, (1) + EI(L+im) D" 8" (2) pu(t) = Fe™§ (z — z.) (4.19)
n=1 n=1



N N
ple Y @ug, (D) = I + i) ) @/ (@an() = Free'6(s - z.) (4.20)

n=1 n=|

Both ends of Egs. (4.19) and (4.20), respectively, are
multiplied by mode shape function and integrated over the
bridge length, and orthogonality of mode shape function is
used to obtain

Po(0) + w1+ ipplt) = F,(z.)e™" (4.21)

(1) — wi (1 + imgu(1) = Fxp,(z.)e™ (4.22)

Solving formulas (4.21) and (4.22), we can obtain

i Fipu(ze y :
PHU-} — F"EHLJI _ d} { } 3\ﬂ.-llur, q"{r.} — QHEHLH —_

— — F,T;-i,ﬂ,,{;l;} E.l'tu.'
(1 +inw? — w? (1 + inew

2

-
i w

(4.23a, b)

By substituting Eq. (4.23a, b) into Eq. (4.15a, b), the
vertical displacement amplitude Y(2) and the torsion angle
amplitude ¢ of the bridge can be calculated. And the

dynamic flexibility function of the bridge can be expressed
as follows:

Y(2) +26(2) _ i Gz i S DE) g o)

F (1 +i?}']wﬁ—w3 2

Vel X, 20 X Ze) = —
(1 + iy, — w?

n=1 n=1

According to the concept of dynamic flexibility, the
steady displacement response amplitude of the elevated
track-bridge structure can be expressed as follows:

4
Yil(x,z) = ij,l}{_x., 23 Xey Ze) — Z FI-'II.:'HTII:'{,-I‘) %3 Xvbns Tvbn) (4 . 2 5)

n=1



where Fu is the nth force of the bridge rubber bearing; x»
and @ are the horizontal and the vertical coordinates of the
bridge bearing. Likewise, the force amplitude of the bridge
bearing can be expressed as follows:

Fopn = krb{:l + E?jrrb} Yol Xobms Zvbn) (4 2 6 )

where & is stiffness of the bridge bearing and 7+ is loss

factor of the bridge bearing.

Substituting the vertical displacement of the bridge
rubber bearing derived from Eq. (4.25) into Eq. (4.26), we
get

4
Fn’:u _ . _ _ . _ _ 5 q

- . = FTF:'{-IVJHH avbrs Xey mf] - Fl'.l’;.lf':"'b{frl.'bn- Lvbn s Xvbns mf:w]-u n=12734

krb(l + ”}'1'1}]

(4.27)

m=1

Substituting the force of the bridge bearing derived from
solving formula (4.27) into Eq. (4.25), the displacement
response of the elevated track-bridge structure Y«{x.2) can be

obtained, and the dynamic flexibility of the elevated track-
bridge can be expressed as follows:

_ FI '{-r'u Z)

YT X 2) = — (4.28)

According to the definition of velocity admittance, the
velocity admittance amplitude of the elevated track-bridge
is as follows:

ol (x, z)
F

¥, (x,2) = (4.29)

4.2.2 Finite Element Model



The finite element analysis software ANSYS is used to
establish the box girder bridge structure. SOLID 45 element
is used to simulate the box girder, and COMBIN 14 element
is used to simulate the elastic bearing of the bridge [3]. The
actual geometrical dimension of the box girder is shown in
Fig. 4.5, and the length of the bridge is 32 m. Because the
influence of the bridge pier on bridge vibration is ignored,
the bridge pier is simplified as fixed three degree-of-freedom

displacement constraints. The bridge structure parameters
are shown in Table 4.4.
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Fig. 4.5 Geometrical dimensions of box girder cross section

Table 4.4 Bridge structure parameter

Parameter Value
Elasticity modulus/(Gpa) 36.2
Density/(kg/m3) 2500
Poisson’s ratio 0.2
Damping ratio 0.03
Stiffness of bridge bearing/(kN/m)|3 3g % 106

Mapping mesh method is used to discretize the bridge,

and the finite element mesh of the box girder structure is
shown in Fig. 4.6.



Fig. 4.6 Finite element mesh of the box girder structure . a Cross section

displacement constraint. b Partial enlarged view. c Finite element mesh of the
box girder

4.2.3 Comparison Between Analytic
Model and Finite Element Model of the
Elevated Track-Bridge

As shown in Fig. 4.4, a loading point is selected on the
center of the bridge span, and the loading point and the
other point of 4.5 m away from the loading point are
selected as response points, respectively. The loading point
velocity admittance and the cross-point velocity admittance



for the elevated track-bridge structure can be calculated by
employing the analytic model and the finite element model,
respectively. The frequency range of traffic noise of the
elevated track is mainly of middle and low frequency,
among which the main frequency range is below 1000 Hz
[1]; thus, only the calculated results below 1000 Hz will be
analyzed, as shown in Fig. 4.7 [4].

10"
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= Beam maodcl B
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Velocity admittance /(m/s/N)
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Frequency / Hz

Fig. 4.7 The bridge velocity admittance derived from the analytic model and
the finite element model (A loading point velocity admittance and B cross-point
velocity admittance)

It is shown in Fig. 4.7 that below 13 Hz, the calculated
results of the two models are of no significant difference.
The amplitude of the analytic model is slightly larger than
that of the finite element model , and both of which appear
the first-order peak at about 6 Hz and the second-order
peak at about 13 Hz. Above 13 Hz, there is a significant
difference between these two models, indicating that the
vibration amplitude of the finite element model is
significantly larger than that of the analytic model. The
amplitude of the analytic model attenuates rapidly, while
the finite element model attenuates insignificantly, which



indicates that in high-frequency range, the box girder is not
suitably simulated by the simple beam model.

4.2.4 The Influence of the Bridge Bearing
Stiffness

Five different kinds of the bridge bearing stiffness are
considered to investigate its influence on the bridge

structure vibration: k. 2ke. Sk, 10k, 100k, where ks = 3.38 % 10

N/m. The calculated results are shown in Fig. 4.8 [4]. The
first-order bridge vibration frequency increases with the
increase of the bridge bearing stiffness, while the vibration
amplitude decreases. With the increase of the frequency,
the influence of the bearing stiffness on velocity admittance
gets smaller and smaller. Above 100 Hz or more, the bridge
bearing stiffness barely has influence on bridge vibration.
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Fig. 4.8 The influence of the bridge bearing stiffness on bridge velocity
admittance

4.2.5 The Influence of the Bridge Cross
Section Model



In recent years, the U-beam has been used in the urban
elevated track structure . Compared with the box girder, the
U-beam has the following advantages: (1) It beautifies the
city landscape and can reduce 50 % visual impact; (2) it
reduces 1.5-2 m construction height of the station buildings;
and (3) with wheel-rail noise insulation function, the web on
both sides can reduce the use of noise barrier. At present,
the U-beam has been used in the elevated track of many
cities in China, such as Chongqging Metro 1, Nanjing Metro 2,
and South extension section of the elevated line of Shanghai
mass transit 8. In order to explore the influence of the
bridge cross-sectional model on the vibration characteristics
of the elevated bridge structure , the bridge vibration
characteristics corresponding to the U-beam and the box
girder cross-sectional models are compared and analyzed.
The geometrical dimensions are shown in Fig. 4.9. ANSYS
software is used to establish the U-beam model, and the
finite element mesh is shown in Fig. 4.10. The loading point
velocity admittance of these two kinds of bridge cross
section is shown in Fig. 4.11 [4].
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Fig. 4.9 Geometrical dimensions of the U-beam cross section (unit: mm)
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Fig. 4.10 Finite element mesh of the U-beam. a Cross section displacement
constraint. b Partial enlarged view. ¢ Finite element mesh of the U-beam
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Fig. 4.11 The influence of the bridge cross-sectional model on the bridge
velocity admittance (A loading point velocity admittance and B cross-point
velocity admittance)

It is shown in Fig. 4.11 that below 25 Hz, the velocity
admittance amplitude of the U-beam is much larger than
that of the box girder and the first-order frequency of the U-
beam is at about 3 Hz and that of the box girder is at about
6 Hz, which corresponds to the natural frequency of the
bridge, since the mass of the U-beam per unit length is less
than that of the box girder. Above 25 Hz, the amplitude of
two kinds of cross section is almost the same. Hence, the
change of the bridge cross-sectional model makes no
difference to bridge vibration in low-frequency range, from a
few tens Hertz to hundreds of Hertz.

4.3 Analysis of Vibration Behavior of the
Elevated Track Structure

4.3.1 Analytic Model of the Elevated
Track-Bridge System

For the analysis of the vibration characteristics of the
elevated track-bridge system, the elevated track-bridge



system model is established, as shown in Fig. 4.12. In the
figure, rail is connected directly on the elevated bridge by
rail pads and fasteners. Suppose that the rail is infinite
Euler-Bernoulli beam , the rail pad and fastener is a
damping spring system with discrete supports, and the
bridge is considered as a free beam with finite length
supported by four elastic bearings on the pier. Assuming the
pier is rigid, the bridge can be simplified with the analytic
beam model. For the double track-bridge, the interaction of
the two tracks is ignored and only the right-hand side of the
track and the elevated bridge system are taken as research
objects. To simplify the analysis, only the structure of one
bridge span is considered. The dynamic flexibility method is
used to study the vertical vibration of the track. The
dynamic flexibility is defined as the displacement Y

caused by the action of unit harmonic load , namely:
Y= Y()/F(w) (4.30)
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Fig. 4.12 The analytic model of the elevated track-bridge coupling system
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Assuming the harmonic load Fe“' 3cts on rail 1 which is

at the longitudinal position ==z¢, the vibration differential
equations for rail 1 and rail 2 are as follows [2]:
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n=1

where Y+ is the vertical displacement of the rail J; p- and E-
are the density and elasticity modulus of the rail; - is loss
factor ; A- and - are cross-sectional area and moment of
inertia around horizontal axle; fi= is the force of the nth rail
pad and fastener under rail zi»; 2= is longitudinal position of
the rail pad and fastener; 7 =1 and 2; ¥N=N-xXMN: is the total
number of the rail pads and fasteners under one rail; Vv is

the number of the elevated bridge spans and 1 is taken in
Fig. 4.1; N- is the number of the rail pads and fasteners on

one elevated bridge span; and ¢ is Dirac-delta function.

Only consider the steady-state response of the system,
namely ¥ =Y and fin = Fie™  which is substituted into
(4.31) and (4.32), and we obtain

A Y1 + Ed(L+ i)Y = F(a—2) — ) F1ad(z = 21) (4.33)

n=1

N
—p,ﬂ,—w Yo+ EJA1 +”fr]}ﬂf\’ = ZFlnlg{;_iﬂu} (4.34)

n=1

where Y. is the vertical displacement amplitude of rail j; Fi

is the force amplitude of the nth rail pad and fastener under
rail j, j = 1 and 2; and superscript “” means the differential

of the longitudinal coordinate.



Since the linear system satisfies the superposition
principle , the displacement of the rail is equal to the
superposition of the displacements caused by all forces
exerted on it (include the external loads and the rail pad and
fastener force). The displacement caused by each force is
equal to the product of the force and the corresponding
dynamic flexibility, and the steady-state displacement
amplitude can be expressed as follows:

N
Y1(2) = Fa(z.z.) — Z F1aa(z.210) (4.35)

n=1

N
Yia(z) = — Z F,@(z, 220) (4.36)

n=1

where @(z1.22) is dynamic flexibility function of the rail

(modeled as infinite Euler-Bernoulli beam ), namely the
steady displacement amplitude of =21, induced by unit

harmonic load acted on =22, The steady-state displacement
amplitude can be calculated by the following formula [2]:

' ikl _ okl
(el _ joHiam
AEL( + ik : ) (4.37)

a(zy,22) =

,-J,,.-'l..:u: . .
where k= /g1 IS complex wave number , and its real

part and imaginary part are larger than zero to ensure that
the value in the bracket gradually tends to zero with the
increase of the distance between the loading point <2 and
the response point <.

Similarly, the steady-state displacement response of the
elevated bridge * is as follows:
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where Fim is the force of the mth rail pad and fastener
corresponding to rail j on the elevated bridge #; zim is the

longitudinal position of the mth rail pad and fastener in the
local coordinate system of the elevated bridge #; +i is the

transversal position of rail / in the local coordinate system, J
= | and 2; and 7 is dynamic flexibility function of the

elevated bridge, as shown in formula (4.28).

When n=th-DN+m Fp gnd Fmm correspond to the same
force of the rail pad and fastener, the displacement of the
rail pad and fastener is as follows:

F,fn F,r'hm

Y. = — - = — - =Y dzp)— Yilx:z; ,J=12
kin k;’){l + ﬂ?p} kﬂi{l + ﬂ?lu} r-"{”-'”"} I’( r..f-{‘_i-"-'-'i"} -'ir (4'39)

Substituting (4.35), (4.36), and (4.38) into (4.39), we
have

Fln - _ Flhm
kp'['l + E?ITF ] I.u{] + fj?p}

v 2 Np (4.40)
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(4.41)

Equations (4.40) and (4.41) can be written in matrix form
as follows:



RF = Q (4.42)

where R is the dynamic flexibility matrix of system of 2N x2N
dimension which is comprised of the rail dynamic flexibility
@, the rail pad and fastener dynamic flexibility 1/k.(1 +i,),
and the elevated bridge dynamic flexibility ¥; F is 2N
column vector comprised of the rail pad and fastener forces
in two rails; Q is 2N load vector whose value is
Fa(zinze). n=12, ..., N; gnd the rest element is zero.

The force of the rail pad and fastener can be obtained
from (4.42), which is substituted into (4.35) to obtain the rail
displacement amplitude in loading point Y1), According to

the definition of the velocity admittance, the amplitude of
the rail velocity admittance is as follows:
Yo (z)

}},-|{.T{-}: F (443)

Supposing the elevated bridge foundation is rigid
support, Egs. (4.40) and (4.41) can be rewritten as follows:

N
Fia Fipm
TRty k(i @) - ;‘ Pt 2w (4.44)
.F"\ F I N
— Zn - _ 2fim _ Fayar(zam, oot
k(1 +in,) kp(1+in,) ; 24 (220, 22%) (4.45)

The above admittance is the elevated bridge velocity
admittance with the rigid support foundation.

4.3.2 Finite Element Model

To estimate the vibration characteristics of the elevated
track structure , three-dimensional elevated track-box girder
coupling system model is established with finite element



method. Beam element 188 is used to simulate the rail, and
the linear spring-damping element COMBIN 14 is used to
simulate the rail pad and fastener and the bridge bearing.
For the roadbed and the bridge, the block element Solid 45
is used. The influence of the bridge pier on the vibration of
the track structure is ignored, and the fixed constraint
boundary is adopted to simulate the bridge pier. Track
structure parameters are shown in Table 4.5.

Table 4.5 Track structure parameters

Structure Parameter Value

Rail with 60 kg/m |Elasticity modulus E , /GPa 206
Density p r/(kg/m3) 7830
Cross-sectional area A r/(m2) 7.745 x 103

Cross-sectional moment of inertia / r/(m4) 3.217 x 107°

Poisson’s ratio tr 0.3
Loss factor n , 0.01
Sleeper interval d P /(m) 0.625
Loss factor of the rail pad and fastener n p 0.25
Track slab Density £ /(kg/m3) 2500
Poisson’s ratio p/(kg/m3) 0.176
Elasticity modulus E/(GPa) 39

To analyze the influence of the elevated track-bridge
structure model on track vibration characteristics, the finite
element models of the two different cross-sectional models,
i.e., the elevated track-box girder and the elevated track U-
beam, are established, respectively, as shown in Figs. 4.13
and 4.14 [4].
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Fig. 4.13 Finite element model of the elevated track U-beam coupling system.
a Displacement constraint of cross section. b Partial enlarged view. ¢ Finite
element mesh of the U-beam
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Fig. 4.14 Finite element model of the elevated track-box girder coupling
system. a Displacement constraint of cross section. b Partial enlarged view. c
Finite element mesh of the box girder

4.3.3 Damping of the Bridge Structure

According to Energy Conservation Law, without external
energy, due to the effect of physical damping, vibration of
the structure will be steady with time passing. Damping can
consume the vibration energy of the system, and normally,
vibration damping exists in every structure. As basic
parameter of structure dynamic analysis, damping, which is



one of the important factors affecting vibration response of
the vehicle-bridge coupling system , will directly affect the
analysis results of structure dynamic response [3].
Currently, the value of the bridge structure damping largely
depends on experiential formula and experiential value. It is
generally believed that damping is mainly caused by
viscoelastic materials, viscous damping, friction damping
between two solids, and the installment of artificial
electromagnetic damper. When external medium damper
and interior material damper work together, normally the
Rayleigh damping model is employed and its mathematic
formula is expressed as follows [5, 6]:

C =aM +pK (4.46)

where M and k are mass matrix and stiffness matrix of the
bridge structure; @£ are constants of the Rayleigh damping.

If the natural frequencies of any two vibration modes and
their corresponding damping ratios are known, the damping
constants can be calculated by the following formula:

T ;f_few_gl'wswj* B= 2{_.5_,1;.:,- - ff;w.f]' (4.47)
P — W — W

! J J

where wi: w; are the natural vibration frequency of the ith
and jth vibration mode, and @ =2xf; & & are the damping
ratio of the jith and jth vibration mode.

The natural frequencies « and «; mainly depend on the
frequency which influences the bridge vibration. Normally,
the natural frequency of the first two orders is taken to
calculate the damping coefficient . The damping ratio for
the concrete bridge is generally within 0.01-0.05, and here,
0.03 is taken for calculation.



4.3.4 Parameter Analysis of the Elevated
Track-Bridge System

4.3.4.1 The Influence of the Bridge

Foundation

To analyze the influence of the elevated bridge foundation
on elevated track vibration, the analytic method is used to
investigate the elevated track velocity admittance with rigid
foundation and box girder foundation. The calculated result
is shown in Fig. 4.15 [4, 7].
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Fig. 4.15 The influence of the track foundation on elevated track velocity
admittance

As shown in Fig. 4.15, below frequency 20 Hz, the
difference between the track velocity admittance amplitude
of the two foundations is large, which indicates that the
elevated bridge foundation has significant influence on track
vibration. There is a peak at frequency 6 Hz, which
corresponds to the natural frequency of the elevated bridge.
While above 20 Hz, the two curves almost overlap, which
indicates that the elevated bridge foundation has no



influence on track vibration. Meanwhile, an obvious peak
exists at 200 Hz for the two foundations, which corresponds
to the natural frequency of the rail-rail pad and fastener
system.

4.3.4.2 The Influence of the Rail Pad and

Fastener Stiffness

The stiffness of the rail pad and fastener directly influences
the coupling behavior between the track and the elevated
bridge. The influence of four different kinds of the rail pad
and fastener stiffness, 30, 60, 100, and 200 MN/m, on the
velocity admittance of the elevated track structure , is
considered. The calculated result is shown in Fig. 4.16 [4, 7].
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Fig. 4.16 The influence of the rail pad and fastener stiffness on velocity
admittance of the elevated track

It is shown in Fig. 4.16, the resonance frequency of the
elevated track is closely related to the rail pad and fastener.
With the increase of the rail pad and fastener stiffness, the
resonance frequencies are 147, 200, 266, and 370 Hz,
respectively,and the corresponding resonance peaks
decline. Below 147 Hz, the bigger the rail pad and the
fastener the stiffness is, the smaller the amplitude of the



track velocity admittance will be; the smaller the rail pad
and the fastener the stiffness, the bigger the coupling effect
between the track and the elevated bridge structure ; over
the natural frequency of the rail pad and the fastener—the
track system, the track vibration tends to decline and the
bigger the stiffness of the rail pad and fastener is, the more
rapidly the decrease speed will be. Above 800 Hz, the
stiffness of the rail pad and fastener has no essential
influence on track vibration.

4.3.4.3 The Influence of the Bridge Cross
Section Model

The influence of two kinds of the bridge cross-sectional
models, i.e., the U-beam and the box girder, on velocity
admittance of the elevated track is considered, and the
calculated results are shown in Fig. 4.17 [4, 71].
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Fig. 4.17 The influence of the bridge cross-sectional model on velocity
admittance of the elevated track

It is shown in Fig. 4.17 that the vibration curves of the
elevated track, corresponding to the two kinds of the bridge
cross-sectional models , the U-beam and the box girder,



basically agree with each other. The cross-sectional model
of the bridge structure will influence track vibration mainly
below frequency 30 Hz. Within this frequency band range,
the natural frequency of the U-beam is slightly smaller than
that of the box girder, largely because the bend-resistant
stiffness of the U-beam is less than that of the box girder. It
is shown in the figure that the vibration amplitude of the U-
beam is obviously larger than that of the box girder. In
vibration process, the box girder chamber and web can
effectively restrain the vertical vibration of its roof board.
Whereas above 30 Hz, the velocity admittance curves of the
track structure corresponding to the two bridge cross-
sectional models almost overlap, which indicates that within
this frequency band range, the influence of the two types of
the bridge cross-sectional model on vibration of the track
structure is the same.

4.3.4.4 The Influence of the Bridge

Structure Damping

The bridge structure damping has certain influence on track
vibration. The influence of the following three kinds of
damping ratio ¢ =0.01,§=0.03.£=0.05 on the velocity

admittance of the elevated track structure is considered,
and the Rayleigh damping constant corresponding to
different damping ratio is shown in Fig. 4.18. The calculated
result is shown in Table 4.6 [4, 7].
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Fig. 4.18 The influence of the bridge structure damping on velocity
admittance of the elevated track

Table 4.6 The Rayleigh damping constant corresponding to different damping

ratio

Damping ratio w;, |w; | B

&£ =0.01 5.97|200|0.7285|1 55 x 10—5
£=0.03 5.97|200|2.1854|4 g4 x 10—5
£=0.05 5.97|200/3.6400|7 73 x 10—5

It is shown in Fig. 4.18 that the influence of the bridge
structure damping on the elevated track vibration mainly
concentrates on the natural frequencies , 5.97, 200, and
1051 Hz, respectively. Around these three natural
frequencies, the track velocity admittance amplitude
decreases with increase of the damping ratio. Within other
frequency range, change of the damping ratio has no
influence on track vibration and the three curves almost
overlap completely.

4.3.4.5 The Influence of the Bridge
Bearing Stiffness



To study the influence of the bridge bearing stiffness on
track vibration, the influence of three different kinds of the

bridge bearing stiffness, &+, 2ks, and Sk (ke
= 3.38 x 10° kN/m), on the velocity admittance of the

elevated track structure are considered. The calculated
result is shown in Fig. 4.19 [4, 7].
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Fig. 4.19 The influence of the bridge bearing stiffness on the velocity
admittance of the elevated track

It is shown in Fig. 4.19 that these three curves almost
overlap with a slight change around 6 Hz, the natural
frequency of the elevated bridge, which indicates that the
bridge bearing stiffness only has slight influence on track
vibration.

4.4 Analysis of Vibration Attenuation
Behavior of the Elevated Track Structure
4.4.1 The Attenuation Rate of Vibration

Transmission

When the rail is excited at one point, the vibration will
transmit to both ends along the rail and the vibration



attenuates with the increase of distance. Its attenuation
characteristics can be expressed with loss factor . The
bigger the loss factor is, the more rapidly the vibration
attenuates. The vibration attenuation along the track is
related to the exciting frequency. In the following, the
vibration transmission characteristics of the track structure
along its length under different exciting frequencies will be
analyzed and the fitting attenuation curves will be obtained,
as shown in Fig. 4.20. The calculated result of attenuation
rate of the track vibration transmission is shown in Fig. 4.21.
For comparison, the measured attenuation rate of the track
vibration transmission in Reference [8] is given, as shown in
Fig. 4.22 [4, 9].
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Fig. 4.21 The calculated track vibration attenuation rate
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Fig. 4.22 The measured track vibration attenuation rate

By comparing Fig. 4.21 with Fig. 4.22, it can be observed
that the trend of calculated attenuation rate is consistent
with that of the measured attenuation rate. At frequencies
below 10 Hz, the attenuation rate value is relatively small.
Between 10 and 100 Hz, the attenuation rate value is
bigger. However, at frequencies above the rail—the rail pad
and fastener resonance frequency (about 200 Hz), the track



attenuation rate begins to decrease rapidly. Above 700 Hz,
the attenuation rate rises again. At 5000 Hz, it appears an
attenuation rate peak.

To study the influence of the elevated track structure
parameters on track structure loss factor , influences of
different kinds of the track foundation, the bridge cross-
sectional model , the rail pad and fastener, the damping
ratio, and the bridge bearing stiffness on the vibration
attenuation rate of the elevated track are considered. The
calculated results are shown in Figs. 4.23, 4.24, 4.25, 4.26
and 4.27 [4, 9].
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Fig. 4.23 The influence of the track foundation on the attenuation rate of track
vibration
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Fig. 4.24 The influence of the bridge cross-sectional model on track vibration
attenuation rate
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Fig. 4.25 The influence of the rail pad and fastener stiffness on track vibration
attenuation rate
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Fig. 4.26 The influence of the damping ratio on track vibration attenuation
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Fig. 4.27 The influence of the bridge bearing stiffness on track vibration
attenuation rate

It is shown in Fig. 4.23 that below the resonance
frequency 200 Hz, the attenuation rate of the elevated box
girder foundation is obviously lower than that of the rigid
foundation, which indicates that the track vibration, laid on
elevated box girder, is much bigger than that on the rigid
foundation. Above 200 Hz, there is no significant difference
for the vibration attenuation rates between these two track
foundations.



It is shown in Fig. 4.24 that below the resonance
frequency 200 Hz, the bridge cross-sectional model has
significant influence on track vibration attenuation rate .
The attenuation rate of the box girder is obviously bigger
than that of the U-beam , indicating that the vibration
reduction effects of the box girder is better than that of the
U-beam.

It is shown in Fig. 4.25 that below the track resonance
frequency 147 Hz, corresponding to the rail pad and
fastener stiffness 30 MN/m, the track vibration attenuation
rate increases with the decrease of the rail pad and fastener
stiffness, whereas within the frequency range of 147-

1000 Hz, the track vibration attenuation rate will also
increase with the increase of the rail pad and fastener
stiffness and the attenuation rate tends to vary curvedly
with frequency. Above 1000 Hz, the rail pad and fastener
stiffness barely has influence on track vibration attenuation
rate . From the perspective of reducing vibration and noise,
it is benefit to adopt the weak rail pad and fastener
stiffness.

It is shown in Fig. 4.26 that the influence range of
different structure damping ratio on track vibration
attenuation rate is mainly concentrated on the peak. Below
the resonance frequency 200 Hz, the bigger the damping
ratio is, the smaller the track attenuation rate at the peak
will be. Within the range of 200-2000 Hz, the track
attenuation rate increases significantly with the increase of
the structure damping ratio. Above 2000 Hz, the damping
ratio of the bridge structure basically has no influence on
track vibration attenuation .

It is shown in Fig. 4.27 that the bridge bearing stiffness
has slight influence on track vibration attenuation . At the
frequencies above 200 Hz, the bridge bearing stiffness has
almost no influence on track vibration attenuation , which is
mostly consistent with the findings of Sect. 4.3.4.5.



4.4.2 Attenuation Coefficient of Rail
Vibration

The attenuation coefficient of rail vibration &v is another
important index specified for rail transmission attenuation,
and its definition is as follows:

Ay

Ny = — (4.48)
where Av s the ratio of the rail vertical vibration attenuation
and the distance (unit: dB/m). v is wave number of rail

bending vibration, and the computational formula is as
follows:

y 2

Ky = ( w ) (4.49)

FrvCl

where v s rail vertical bending radius of gyration;
rrv = VI./A gnd A stand for rail sectional moment of inertia
around the horizontal axis and rail cross-sectional area,

respectively; ¢ is rail longitudinal wave velocity, <= /&

where E is elasticity modulus and ¢ is material density.
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5. Track Irregularity Power Spectrum and
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The railway track is an engineering structure whose operation and maintenance
are undertaken at the same time. Due to long-time running, the accumulated
deformation of track structure is increasing, which would cause various kinds of
track irreqularities: track profile irregularity , track cross-level irregularity , track
alignment irregularity and track gauge irregularity . These irregularities will
greatly excite the detrimental vibration between vehicle and track, not only
deteriorating the train running quality, but also posing extremely unfavorable
effects on the parts damage of wheel-rail system and the track quality. The
measured data at home and abroad demonstrate that track irregularity is
essentially a random process and it is processed as stationary ergodic random
process in simulation analysis of track structure and is the exciting source of the
random vibration of vehicle-track system. Therefore, to study and measure the
statistical characteristics of track irregularity is the basis for investigating the
random vibration of vehicle-track system.

The measurement of track irregularity statistical characteristics has long been
the study focus outside China. In 1964, the British Railway Administration
initiated related researches [1]. Britain, Japan, Germany, America, Russia, India,
and Czech Republic have measured their own power spectral density of track
irregularity and correlation function, respectively. China has also done a lot of
research in this area. In 1982, Luo Lin from China Academy of Railway Sciences
studied the measuring methods of different kinds of track irregularity. In 1985,
the random vibration research laboratory of the former Changsha Railway
Institute (now Central South University) divided the track irregularity into elastic
irregularity and geometric irregularity. By analyzing and processing the track
irreqularity measured along Beijing-Guangzhou line, different kinds of track
irregularity spectrum and the analytic expression of the irregularity power
spectral density of Chinese first-class trunk track were obtained [2].
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5.1 Basic Concept of Random Process

Let E be a random test , S = {e} is the sample space of test. If for each e € S, we
can always determine the function about time t corresponding to it according to
a certain rule.

xie, 1y 1T (51)
As a result, for all the e € S, a family of function about time t will be got. We
refer to this family of function about time t as the random process [3]. And each

function of the family is referred to as the sample function of the random
process, as is shown in Fig. 5.1.

xi(11

-“3(!’)1 i

x(H 1 i

Fig. 5.1 The sample function of random process

The further explanation of the above definition is as below:

(1) For the specific ¢ € 5, namely for a specific test result, *-0 is a defined
sample function, which can be interpreted as a physical realization of the
random process and can be commonly denoted as (0,

(2) For each fixed time, suchast = neT, xle.1) js a random variable .

According to explanation (2), the random process can be defined in another
form:
If ) is @ random variable for each fixed time n ¢ T, * is referred to as a

random process. In other words, the random process is a family of random
variable depending on the time t.
For example, if x(f)=acos(wi +6) a.w gre constants, ¢ is random variable evenly

distributed in ©.27) it has

xi(f) = acos{ewr + §;).

5.1.1 Stationary Random Process



In actual engineering, there are quite a number of random processes. Both the
present condition and the previous condition have strong influence on the future
condition.

The characteristic of a stationary random process is that the statistical
properties of the process do not change with time translation or time origin
selection.

The numerical characteristics of a random process are as follows.

Let *() be a random process, for fixed time 71, *() is a random variable , and

its mean or mathematical expectation is normally related to 1, which is denoted
as follows:

+oo

y(ﬂ}ZE[,r(n}]:f.nﬂ (x1, 1)dx; (52)

—oo

where fitxi.11) is one-dimensional probability density of *(), x#(1) is the mean of

Mean square deviation is as follows:
(1) = E{[x() = ()]} (5.3)

where () is mean square deviation, denoting the deviation of random process
«(1) relative to mean at time 7, as is shown in Fig. 5.2.

x(0
M+ o(t)
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Fig. 5.2 The digital characteristics of a random process

The numerical characteristics of a stationary random process are as follows:
(1) The mean value is constant;

(2) The autocorrelation function is the function of single variable r=z-1,

The autocorrelation function is defined as follows:
+oo oo

R(H,fg) = E[.r(ﬁ)x(!g)] = rf.r].t’gfg(.n.rg;I|Ig}d.'r|.'r2 (54)

—o0 —ao

or



+oo oo

R(T) = E[x(Nx(t + 7)] = f r.r|.rgf§[x|x3; T)d x1x0. (5.5)

—8o —oa

5.1.2 Ergodic

Definition: Let x be a stationary process,

(1) If () =Elx(D]=¢, the mean of process * is ergodic .
Under normal circumstances, a different sample function *( has a

different time mean, which is a random variable . If the mathematical
expectation (statistical mean) of x(e.D) is equal to the time mean of its

sample function (@) with probability 1, the mean of .1 is ergodic.

(2) If Ghxe+1)) = Elx(nx(t + 7)1 = R(¥) | the autocorrelation function of process *( is
ergodic;

(3) If the mean and autocorrelation function of process *? are ergodic, * is
ergodic.
The time mean and time-correlation function mean of random process *() are
defined as follows:

B
) = Jim. 5 IR (5.6)
17
(x()x(r + 7)) = lim_ — I.r(!)_r(r+r)df (5.7)

2T J

T—oa &

For an ergodic process, the digital characteristics can be obtained according
to a single sample function.

5.2 Random Irregularity Power Spectrum of the Track

Structure

As is shown in Fig. 5.3, there are different kinds of track irregularity: profile,
cross-level, alignment, gauge, and twist .

(a) (b) o 4
Theoretical track surface = — — T
t T
| |
[ 1

28

Actual track surface




Fig. 5.3 Track geometric irregularity. a Profile irregularity. b Cross level irregularity. ¢ Alignment
irregularity. d Gauge irregularity

Track irregularity can be simulated as random function changing with the
length of rail line. The random function can be considered as random wave which
is the superposition of a series of harmonic waves with different wavelength,
amplitude, and phase [1].

Power spectral density (PSD) function is the most important and commonly
used statistical function to express the track irregularity taken as stationary
random process. In engineering, power spectrum diagram is often used to
describe the change of spectral density function with frequency. Track irregularity
power spectrum diagram is a continuously changing curve with spectral density
as vertical coordinate and frequency or wavelength as horizontal coordinate,
which clearly indicates that the irregularity changes with frequency. Generally, it
is more convenient to use spatial frequency f(cycle/m) or w(rad/m) to describe the

track irreqularity. The relationship between them, and the relationship with time
frequency Fleycle/s) gnd Qrad/s) gre

w=2af

oV (5.8)
f=FV

where V is the train speed (m/s),

The unit of the track irregularity power spectral density is commonly
mm?/cycle/m mm*/rad/m gr cm®/cycle/m cm®/rad/m or m*/cycle/m —m?/rad/m

5.2.1 American Track Irregularity Power Spectrum

Based on a large number of field measured data, Federal Railroad Administration
of America (FRA ) obtained irregularity power spectral density function of rail
line, which was fitted to a function expressed by cutoff frequency and roughness
constant [4]. The applicable wavelength range for the function is 1.524-304.8 m.
The track irregularity in the USA can be divided into six levels.

Track profile irregularity power spectral density function (the profile
irreqularity of rail surface along the track extension direction) is as follows:

2

Sy = — e irad/m)
vl —m L (59)

Track alignment irregularity power spectral density function (the irregularity of
track centerline along track extension direction) is as follows:

kAu \l 2
S, (w) = —““}w (em?/rad/m) (5.10)

(w? + w

Track cross-level and gauge irregularity power spectral density function (track
cross-level irregularity refers to the irregularity along the track extension
direction caused by the height difference between the corresponding points of
left rail and right rail; track gauge irregularity refers to the gauge deviation



irregularity of left rail and right rail along the track extension direction) is as
follows:

4 kA 0

(w? + w?) (0 + w?)

5

S(w) = (em/rad/m) (5.11)

where S@) is track irregularity power spectral density function (em’/rad/m) o js
spatial frequency (rad/m) w. and «= are cutoff frequency (rad/m), 4+ and 4. are
roughness coefficients (cm” rad/m), related to line level, and their values are shown
in Table 5.1. k is generally 0.25.

Table 5.1 Parameters of American track irregularity power spectral density function

Parameter Parameter values for different line levels
1 2 3 4 5 6
A, /(cm? rad/m) 1.2107|1.0181/0.6816|0.5376/0.2095|0.0339

A, /(em? rad/m) |3.3634|1.21070.4128|0.30270.0762 |0.0339

w,/ (rad/m) 0.6046|0.9308|0.8520(1.1312|0.8209|0.4380

w,f (rad/m) 0.8245|0.8245|0.8245|0.8245|0.8245|0.8245

5.2.2 Track Irregularity Power Spectrum for German
High-Speed Railways [5]
Track profile irregularity power spectral density function is as follows:

e
Ay

S (w) = 3
(w? + w?) (w? + w?)

(m°/rad/m) (5.12)

Track alignment irregularity power spectral density function is as follows:

3
Ao

S (w) = — (m*/rad/m) (5.13)

(w? + w?) (w? + w?)

=

Track cross-level irregularity power spectral density function is as follows:

bl 2
Aywriw

Selw) =

(m*/rad/m) (5.14)

(w?+w?) (uF + wa (w” +w?)

Track gauge irregularity power spectral density function is as follows:

2 o
Agutw-

S o(w) =

- (m?/rad/m) (5.15)

(w? + w?) (w3 +m§}(m3+m;}
where the parameters @, @, w: Aa A and 4: are shown in Table 5.2.

Table 5.2 Parameters of track irregularity power spectral density function for German high-speed
railways



Track grade we/ (radfm) e/ (rad/m)| ws/(rad/m)| A, /(10~"m rad)|A,/(10""m rad)| A,/(10~7 m rad)

Low interference |0.8246 0.0206 0.4380 2.119 4.032 0.532
High interference|0.8246 0.0206 0.4380 6.125 10.80 1.032

5.2.3 Japanese Track Irregularity Sato Spectrum

The formula of track irreqularity power spectral density function introduced by
Sato, a Japanese scholar, to analyze the wheel-rail high-frequency vibration is as
follows [6]:

S{w):%{mz,-'radfm] (5.16)

where ¢ is roughness frequency (rad/m) and 4 is a roughness coefficient of
wheel-rail surface, 4=4.15x107%~50x 107

Belonging to the wheel-rail joint spectrum, as excitation input spectrum of
wheel-rail random high-frequency vibration and noise radiation model, the power
spectrum has been applied widely.

5.2.4 Chinese Trunk Track Irregularity Spectrum

5.2.4.1 Track Irregularity Spectrum of Former
Changsha Railway Institute [7]

The former Changsha Railway Institute carried out three tests of track
irregularity on China’s Beijing-Guangzhou rail line by ground testing methods
and obtained the statistical characteristics of Chinese first-grade trunk track
irreqularity spectrum .

Track profile irregularity power spectral density function is as follows:

f*+0.8879

SAf)=2755x 107" -
) fH+2.524 % 10722+ 9.61 x 1077

(mm-~/cycle/m) (5.17)

Track alignment irregularity power spectral density function is as follows:

f2+9.701x 1072

S.(f) =9.404 x 107
() 7+ 3,768 X 107212 + 2.666 x 103

(mmzfcycle,."m} (5.18)

Track cross-level irregularity power spectral density function is as follows:

f— +6.346 % 10~ . fmmz,a‘cy'Cle,u"m} (519)

Sf)=5.100% 107® —
) FH+305Tx 10722 47,791 % 10°¢

Track gauge irregularity power spectral density function is as follows:

f— — 3863 % 10°- - (mmzjcyclc,-’m) (5.20)

S.(f)=7.001 x 10~ — 5
) 3355 % 10722 — 1.464 X 10~

where S() is track irregularity power spectral density (mm?/cycle/m), and /f is
spatial frequency (cycle/m),



5.2.4.2 Track Irregularity Spectrum of Chinese
Academy of Railway Sciences

(1) Track irregularity spectrum of Chinese trunk railway test line [8].

The 60kg/m continuously welded rail track across sections has been used as

the track structure of China’s high-speed and quasi-high-speed railway test line.
China Academy of Railway Sciences has comprehensively measured the test line
and by fitting the data, obtained the track irregularity power spectral density

function which reflects the characteristics of China’s 60 kg/m continuously welded

rail tracks across sections.

A(fP+Bf+C)

SO = A DFTERFf+G (5.21)

where S() is track irreqularity power spectral density (mm*/cycle/m) and f is
spatial frequency (cycle/m),
Parameters A, B, C, D, E, F, and G are listed in Table 5.3.

Table 5.3 Parameters of Chinese trunk track irregularity power spectral density function

Irregularity A B (o D E F G
Left profile 0.1270|—-2.1531|1.5503/4.9835|1.3891 |—-0.0327/0.0018

Right profile 0.3326|—1.3757|0.5497|2.4907|0.4057 |0.0858 |-0.0014
Left alignment [0.0627|—1.1840|0.6773|2.1237|-0.0847|0.034 —0.0005
Right alignment|0.1595|—-1.3853|0.6671|2.3331|0.2561 |0.0928 |-0.0016
Cross-level 0.3328|-1.3511|0.5415/1.8437|0.3813 |0.2068 |—0.0003

(2) Track irregularity of Chinese three heavy-haul rising-speed trunk: Beijing-
Guangzhou, Beijing-Shanghai, and Beijing-Harbin rail line [8].

The fitting expression of the track irregularity power spectral density of the
three heavy-haul rising-speed trunk, Beijing-Guangzhou, Beijing-Shanghai and

Beijing-Harbin rail line, is still as Eq. (5.21), and the fitting curve parameters are
shown in Table 5.4.

Table 5.4 Parameters of track irregularity power spectral density for three heavy-haul rising-speed trunk

Irregularity A B (o D E F G
Left profile 1.1029|-1.4709|0.5941|0.8480 |3.8061|—0.2500/0.0112
Right profile 0.8581|—1.4607|0.5848|0.0407 |2.8428|-0.1989|0.0094
Left alignment [0.2244|-1.5746|0.6683|—2.1466|1.7665|—0.1506|0.0052
Right alignment|0.3743|—-1.5894|0.7265|0.4553 |0.9101|-0.0270(0.0031
Cross-level 0.1214|-2.1603(2.0214|4.5089 |(2.2227|-0.0396/0.0073

(3) Track shortwave irregularity spectrum [8].



The wavelength range of the above track irreqgularity power spectrum is from
a few meters to tens of meters, only suitable for the random vibration analysis of
vehicles and bridge structure. It cannot meet the need of studying the random
vibration of track structure, because the vibration-dominant frequency of
unsprung mass and subrail structure can be from hundreds to thousands of
Hertz. Therefore, China Academy of Railway Sciences carried out field
measurement of the track vertical irregularity of Shijiazhuang-Taiyuan rail line by
using the ground measurement method and the Colmar rail wear measuring
instrument. Through the regression analysis, the vertical irregularity power
spectral density function of the 50 kg/m standard rail line was obtained.

- {mmz,ﬁcyclﬁ:fmj (5.22)

The spectral density of the above formula is applicable for the track
shortwave irregularity with the wavelength range of 0.001-1 m.

(4) Ballastless track irregularity spectrum of high-speed railway [9].

Xiong Kang from China Academy of Railway Sciences obtained the gauge,
cross-level, alignment, and profile irregularity spectrum fitting formula for
China’s high-speed railway ballastless track by statistical analysis of the
irregularity inspection data on high-speed railway ballastless track, including
Beijing-Shanghai, Beijing-Guangzhou, Zhengzhou-Xi’an, Shanghai-Hangzhou,
Shanghai-Nanjing, Hefei-Bengbu, Guangzhou-Shenzhen, and Beijing-Tianjin
Intercity Rail [9]. The track irregularity data were collected by the CRH2-150C
high-speed multi-purpose inspection train. The maximum inspection wavelength
of track profile and alignment was 120 m.

The ballastless track irregularity spectrum of high-speed railway can conduct
piecewise fitting of the power function shown as below [9]:

S(fy= % (mmzjcyclefm] (5.23)

where [ is spatial frequency, 4 and k are coefficients.

All the fitting coefficients in the irregularity spectrum formula (5.23) of high-
speed railway ballastless track are shown in Table 5.5, and all the fitting section
transition points are shown in Table 5.6. It can be seen that the track gauge,
cross-level, and alignment irregularity can be expressed piecewise by three
power functions, whereas the track profile irregularity needs to be expressed
piecewise by four power functions. From comparisons between the measured
track irreqularity spectrum and the fitting track irregularity spectrum, it can be
seen that the fitting track irregularity spectrum with piecewise power functions
can reflect the trend of the measured track irregularity spectrum quite well.

Table 5.5 Fitting coefficients of ballastless track irregularity spectrum in high-speed railway

Irregularity Section 1 Section 2 Section 3 Section 4

item A k A k A k A k
Gauge  I54978 x 1072|0-8282|5 0701 x 1073|1.9037 1 8778 x 1074|4:5948 |- -
irregularity




Irregularity Section 1 Section 2 Section 3 Section 4

item A k A k A k A k

irregularity

Alignment 13 9513 x 1073/1.86701.1047 x 1072|1-5354/7.5633 x 1074|2:8171- -
irregularity

Profile 17 0544 x 1072|3-3891 /3 5588 x 1073|1.9271|1.9784 x 1072|1-3643 /39488 x 1074 |3.4516
irregularity

Table 5.6 The spatial frequency (1/m) and the corresponding wavelength (m) in subsection of high-speed
railway ballastless track irregularity spectrum

Irregularity Sections 1 and 2 Sections 2 and 3 Sections 3 and 4

item Spatial Spatial Spatial Spatial Spatial Spatial
frequency |wavelength frequency |wavelength [frequency |wavelength

Gauge 0.1090 9.2 0.2938 3.4 - -

irregularity

Cross-level 0.0258 38.8 0.1163 8.6 - -

irregularity

Alignment 0.0450 22.2 0.1234 8.1 - -

irregularity

Profile 0.0187 53.5 0.0474 21.1 0.1533 6.5

irregularity

5.2.5 The Track Irregularity Spectrum of Hefei-Wuhan
Passenger-Dedicated Line [10]

Hefei-Wuhan passenger-dedicated line starts from Hefei city of Anhui Province in
the east to Wuhan city of Hubei Province in the west with the total mileage of
356 km. It was jointly constructed by the former Ministry of Railways and the
local government and its design speed was 250 km/h. Hefei-Wuhan passenger-
dedicated line is the part of China’s Shanghai-Wuhan-Chengdu fast railway and
the important part of national plan “4 north-south and 4 east-west” high-speed
passenger transport network. The whole project was started in September 2005.
Its commissioning and testing was completed and it was put into operation at
the end of 2008. There are 171 large, medium, and small bridges along the line
with the total mileage of 118.819 km, accounting for 33.1 % of the total mileage
of the main line; there are 37 tunnels with a total mileage of about 64.076 km,
accounting for 17.83 % of the main line. In EMU inspection section (the mileage
scope is K486-K663), the track types mainly include crushed stone bed ballast
track over subgrade and crushed stone bed ballast track over bridge, crushed
stone bed ballast track in tunnel, and double-block monolithic bed ballastless
track in long and large tunnel.

The Hefei section inspection center of Shanghai Railway Bureau employed No.
0 and No. 100 high-speed multi-purpose inspection trains to detect the track
irregularity of Hefei-Wuhan passenger-dedicated line from March 2009 to
September 2009 with once or twice detection every month, collecting 30 times
of the track irregularity data from the mileage scope of K486-K663 section. We
select and make the statistical analysis of the track irregularity data collected by
No. 0 high-speed multi-purpose inspection train in March, April, May, June, July,
August, and September. Because the length of the crushed stone bed ballast



track in tunnel and double-block monolithic bed ballastless track over bridge of
Hefei-Wuhan passenger-dedicated line was short, very inadequate measured
data were collected. Therefore, only the three types of track structure irregularity
data will be analyzed: (1) crushed stone bed ballast track structure over
subgrade; (2) crushed stone bed ballast track structure over bridge; (3) double-
block monolithic bed ballastless track in tunnel. There are three types of track
irregularity: (1) profile irregularity ; (2) alignment irregularity; (3) cross-level
irregularity .

Based on the analysis of the detection data of Hefei-Wuhan passenger-
dedicated line , the nonlinear least-square method is used to fit the profile
irregularity, alignment irregularity and cross-level irreqularity power spectral
density function of Hefei-Wuhan passenger-dedicated line. The fitting formula is
obtained as follows:

A
5 =
o (A3 + AT+ ) (5.24)
where S() is power spectral density function (,,m2 m); / are spatial frequency
(cycle/m); 4 is undetermined coefficient, i = 1, 2, 3, the unit of 41 is 2 /M3, the
unit of 42 and 43 is -1, their values are shown in Tables 5.7, 5.8 and 5.9. The

comparisons between the fitting power spectral density curve and the measured
curve are shown in Figs. 5.4, 5.5 and 5.6.

Table 5.7 Fitting parameters of irregularity power spectrum for ballast track over subgrade

Parameter Al Az Az

Profile irregularity 0.000991|0.017876|0.017838
Alignment irregularity [{0.001747|0.187256|0.002413
Cross-level irregularity |0.001474|0.003237/0.199733

Table 5.8 Fitting parameters of irregularity power spectrum for ballast track over bridge

Parameter Ay Aa Az

Profile irregularity 0.000849|0.006523|0.006519
Alignment irregularity {0.001723|0.050175|0.004021
Cross-level irregularity |0.0048540.564343|0.001622

Table 5.9 Fitting parameters of irregularity power spectrum for ballast track in tunnel

Parameter Ay Aa Az

Profile irregularity 0.002252|0.058017|0.017164
Alignment irregularity [{0.001368|0.015602|0.023396
Cross-level irregularity |0.000870(0.0123260.033728
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Fig. 5.4 The fitting curve of irregularity power spectrum for ballast track over subgrade of Hefei-Wuhan
passenger-dedicated line . a Profile irregularity. b Alignment irregularity. ¢ Cross level irregularity
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Fig. 5.5 The fitting curve of irregularity power spectrum for ballast track over bridge of Hefei-Wuhan
passenger-dedicated line track irregularity of passenger-dedicated line. a Profile irregularity. b Alignment
irregularity. ¢ Cross level irregularity
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Fig. 5.6 The fitting curve of irregularity power spectrum for ballast track in tunnel of Hefei-Wuhan
passenger-dedicated line . a Profile irregularity. b Alignment irregularity. ¢ Cross level irregularity

5.2.6 Comparison of the Track Irregularity Power

Spectrum Fitting Curves

Track irregularity power spectrum fitting curves of some country will be
compared, including American spectrum, German high- and low- interference
spectrum, Chinese trunk spectrum, and Hefei-Wuhan passenger-dedicated line
spectrum, which are shown in Figs. 5.7, 5.8 and 5.9 [10].
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Fig. 5.9 The comparison of irregularity power spectrum fitting curves for ballast track structure in
tunnel. a Profile irregularity. b Alignment irregularity. ¢ Cross level irregularity

(1) Ballast track structure over subgrade

Figure 5.7a indicates that for the profile irregularity of ballast track over
subgrade, the track spectrum of Hefei-Wuhan passenger-dedicated line is
obviously superior to that of Chinese trunk spectrum, American spectrum, and
German spectrum. Within the wavelength range of 1-5 m, the track spectral
density of the passenger-dedicated line is close to and slightly superior to
German low-interference spectrum .

Figure 5.7b indicates that for the alignment irregularity of ballast track over
subgrade, the power spectral density of Hefei-Wuhan passenger-dedicated line is
relatively larger but obviously lower than Chinese trunk spectrum and American
track irregularity PSD for line level 5. Within the analyzed wavelength range, the
track spectrum of the passenger-dedicated line is superior to American track
irreqgularity PSD for line level 6 and close to the latter with the decrease of
wavelength. Compared with German high-interference spectrum , the track
spectrum of the passenger-dedicated line is much lower. While within the
wavelength range of about 1 m the track spectrum of the passenger-dedicated
line is close to German high-interference spectrum. Within the wavelength range
of 1-4 m, the track spectral density of the passenger-dedicated line is larger than
German low-interference spectrum; within the wavelength range of 4-50 m, the
track spectral density of the passenger-dedicated line is lower than German low-
interference spectrum.

Figure 5.7c indicates that the cross-level irregularity of ballast track over
subgrade of Hefei-Wuhan passenger-dedicated line has been well controlled.
Within the analyzed wavelength range, the track spectral density of the



passenger-dedicated line is obviously lower than Chinese trunk spectrum,
German low-interference spectrum, and American track irregularity PSD for line
level 6.

(2) Ballast track structure over bridge.

Figure 5.8a indicates that for the profile irregularity of ballast track over
bridge, the track spectral density of Hefei-Wuhan passenger-dedicated line is
close to and lower than German low-interference spectrum within the
wavelength range of 1-10 m. Within the wavelength range of 10-50 m, the
profile irregularity of ballast track over bridge is obviously lower than German
low-interference spectrum . Within the analyzed wavelength range, the track
spectrum of Hefei-Wuhan passenger-dedicated line is obviously superior to
American track irregularity PSD for line level 6 and Chinese trunk spectrum.

Figure 5.8b indicates that for the alignment irregularity of ballast track over
bridge, the track spectral density of Hefei-Wuhan passenger-dedicated line is
relatively larger but lower than Chinese trunk spectrum. Within the analyzed
wavelength range, the track spectrum of the passenger-dedicated line is
superior to American track irregularity PSD for line level 6 and close to the latter
with the decrease of wavelength. Compared with German high-interference
spectrum , the track spectrum of the passenger-dedicated line is lower; within
the wavelength range of 1-2 m, they are very close to each other. Within the
wavelength range of 1-10 m, the track spectral density of the passenger-
dedicated line is larger than German low-interference spectrum; within the
wavelength range of 10-50 m, the track spectral density of the passenger-
dedicated line is lower than German low-interference spectrum.

Figure 5.8c indicates that for the cross-level irregularity of ballast track over
bridge, within the analyzed wavelength range, the track spectral density of the
passenger-dedicated line is obviously lower than Chinese trunk spectrum,
German high-interference spectrum, and American spectrum for line level 6.
Within the wavelength range of about 1.0-1.7 m, the track spectral density of
the passenger-dedicated line is larger than German low-interference spectrum
but obviously lower than the latter within other wavelength range.

(3) Ballast track structure in tunnel.

Figure 5.9a indicates that for the profile irregularity of ballast track in tunnel,
the track spectral density of Hefei-Wuhan passenger-dedicated line is relatively
larger, but obviously lower than Chinese trunk spectrum and American track
irregularity PSD for line level 5. Within the analyzed wavelength range, the track
spectrum of the passenger-dedicated line is superior to American track
irregularity PSD for line level 6 and is close to the latter with the decrease of
wavelength, especially obvious for the short wavelength of about 1 m. Compared
with German high-interference spectrum , the track spectrum of the passenger-
dedicated line is lower and is constantly close to German high-interference
spectrum with the decrease of wavelength. Within the wavelength range of 1-

4 m, the track spectral density of the passenger-dedicated line is larger than
German low-interference spectrum ; within the wavelength range of 4-50 m, the



power spectral density of the passenger-dedicated line is lower than German
low-interference spectrum.

Figure 5.9b indicates that for the alignment irregularity of ballast track in
tunnel, the track spectral density of Hefei-Wuhan passenger-dedicated line is
obviously superior to Chinese trunk spectrum. Within the analyzed wavelength
range, the track spectrum of the passenger-dedicated line is lower than
American track irregularity PSD for line level 6 and German high-interference
spectrum and is constantly close to the latter two with the decrease of
wavelength. Within the wavelength range of 1-8 m, the track spectral density of
the passenger-dedicated line is larger than German low-interference spectrum;
within the wavelength range of 8-50 m, the track spectral density of the
passenger-dedicated line is lower than German low-interference spectrum.

Figure 5.9c indicates that the cross-level irregularity of ballast track in tunnel
of Hefei-Wuhan passenger-dedicated line has been well controlled, which is
obviously lower than Chinese trunk spectrum, German spectrum, and American
spectrum.

When the track irregularity power spectrum is used to simulate the actual
irregularity, the analyzed wavelength range of the track irregularity should be
correctly determined. The lower limit of the track irregularity wavelength should
include the short irregularity wavelength of the actual rail corrugation, rail joint,
and turnout area of railway track. According to the investigation, the short
irregularity wavelength is generally not less than 0.1 m. Thus, the lower limit of
the track irregularity wavelength, namely the shortest irregularity wavelength,
can be determined as 0.1 m. When the train speed is 100-400 km/h, the excited
vibration frequency induced by 0.1 m wavelength track irregularity is 278-

1111 Hz, which can obviously meet the requirement of track structure vibration
analysis. The shorter wavelength track irregularity is mainly related to wheel-rail
noise . And the upper limit of the track irregularity wavelength should be
determined by the car body natural vibration frequency and train speed V. The

vertical natural vibration frequencies for main types of China locomotive and
rolling stock are shown in Table 5.10. The natural vibration frequencies of car
body lateral vibration basically agree with those of car body vertical vibration. If
the minimum vibration frequency of the system is Fmin (generally 0.5-1 Hz), the

upper limit of the wavelength can be determined as follows: V/¥min.

Table 5.10 The vertical natural vibration frequency of Chinese locomotive and rolling stock

Vibration Shaoshan 1, Beijing 3000, Dongfeng 4, Transfer type 202 bogie 101 bogie
type electrified diesel diesel 8, freight passenger train passenger
locomotive locomotive locomotive train train
Old New With Without
608 (702 damper damper
Bouncing |3.29 1.47 1.67 3.17- |3.25- [1.39 1.33 1.95
3.48 |3.52
Pitch 3.57 1.78-2.0 1.78 3.75- |5.5- [1.46 1.26 2.08
3.90 |5.6

To sum up, when the locomotive and rolling stocks are running at different
speed, the excited vibration frequency induced by track irregularity should cover




all the main frequencies of locomotive and rolling stock and track structure.
Therefore, the wavelength range of the track irregularity should be as follows [1]:

A =0.1— V/F i (m). (5.25)

5.3 Numerical Simulation for Random Irregularity of
the Track Structure

Power spectral density function can only be directly input in the analysis of linear
random vibration frequency domain. As for the nonlinear random vibration
problem (strictly speaking, vehicle-track coupling system belongs to nonlinear
problem), the most effective method is to obtain the random exciting sample as
input followed by adopting the numerical method to calculate the system
random response. Therefore, it is necessary to discuss the numerical simulation
of track irregularity random process .

Let the track irregularity sample be as follows:

17 =n(x) (5.26)

where 1) is the track irregularity of coordinate * and is a random function. The
numerical simulation of the track irregularity is to seek the sample function x
with spectrum density expressed by Egs. (5.9)-(5.24).

At present, the most commonly used numerical methods for simulation of the
track irregularity include secondary filtering method [1], triangle series method
[12], white noise filtering method, and periodic diagram approach [1]. The
secondary filtering method needs to design the filter. The different suitable filter
needs to be designed for the track irregularity of different power spectral density
functions. Usually, it is not easy. As a result, this method lacks generality. In the
following, the trigonometric series method which is widely applied in engineering
will be introduced.

5.4 Trigonometric Series Method
5.4.1 Trigonometric Series Method (1)

Let the mean of stationary Gaussian processes %) be zero and the power
spectral density function be 5:«), The sample function of 7% can be
approximately simulated by the trigonometric series.

e SIn(ewex + ) (5 2 7)

i (x) =

N
=

where < js the Gaussian random variable with mean 0; standard deviation %,

and it is independent with each other for k= 1.2,....¥ ¢: independent with «, is
the same random variable evenly distributed within the scope of 0~ 27 and is
independent with each other for k=1,2,....N o can be determined by the

following method.



Within the positive region of the power spectral density function S:(@) of ntx),
the value between the lower limit frequency « and the upper limit frequency @«
is divided by N, as is shown in Fig. 5.10.

S, (w)

5(0:@

N

Fig. 5.10 The division of power spectral density function 3 x(w)

Let
Aw = (wy — w)IN (5.28)
Supposing
o
wk:w;+(k—5):ﬁw k=1,2,...,N (5.29)
It has
o =45 (wpAw k=1,2,...,N (5.30)

Namely, the effective power of S«(w) is regarded as within the scope of wr—w.
and the value beyond the scope of @ —w« js regarded as 0. @ and 7 can be
calculated based on the relation in Fig. 5.10. @@« and «* in formula (5.28)-(5.30)
are spatial frequencies, the unit is rad/m; and N is sufficiently large integer.

It can be proved that the spectral density function of sample function 7x,
calculated by formula (5.27)-(5.30), is S+w) and ergodic [11].

5.4.2 Trigonometric Series Method (2)

Let the mean of stationary Gaussian processes (%) be zero and the power
spectral density function 5+, The sample function of 7x) can be approximately
simulated by the following trigonometric series [12].

i) = Z {eay o8 wix + by sin wyx} (5.31)

i=1

where < js the Gaussian random variable with mean 0 and standard deviation @
, and it is independent with each other for k=1.2.....N b js unrelated to «, which



is independent Gaussian random variable with mean 0 and standard deviation o«
, and is independent with each other for k=1.2.....N_Again, let

op =28 (wpAw, k=1,2,..., N (5.32)
Aw wi gre given by formula (5.28), (5.29), respectively.

5.4.3 Trigonometric Series Method (3)

Let the mean of Stationary Gaussian Processes "x) be zero and the power
spectral density function S+, The sample function of 7x) can be approximately
simulated by the following trigonometric series [12].

?_l“l(_x} = ap COS(ex + ) (5 . 33)

N
k=1

where 4 is the Gaussian random variable with mean 0 and standard deviation *
and is independent with each other for = 1.2.....N ¢ independent with ¢, is the
same random variable evenly distributed within the scope of 9~ 27 and is

a4

independent with each other for k=1.2..... N,

op =45 (wpAw k=1.2,....N (5.34)

Aw and @ are given by formula (5.28), (5.29), respectively.

5.4.4 Trigonometric Series Method (4)

Let the mean of Stationary Gaussian Processes (%) be zero and the power
spectral density function 5:(«), The sample function of 7x) can be approximately
simulated by the following trigonometric series [12].

N

?}‘!(x} =, \/%Z cos(wx + ) (535)
k=1

where

ol= rS_T(m)dw (5.36)

a
—oa

5

(e

@ is the random variable with the probability density function @) ==7"; ¥ is
the same random variable evenly distributed within the scope of 0~27 and is

a4

independent with each other for k=1.2..... N,

5.4.5 Sample of the Track Structure Random
Irregularity



In this calculation example, the track profile irregularity space sample as exciting
input is obtained by borrowing the track profile irregularity spectrum of American
AAR standard for line level 4, 5, 6 and employing the trigonometric series, as is
shown in formula (5.9). Take the spatial wavelength as 0.5-50 m, the
corresponding @ and @« is 27(0.02 -2jrad/m respectively, and ¥ is 2500. The typical
track profile irregularity samples corresponding to line level 4, 5, and 6 are
shown in Fig. 5.11.
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Fig. 5.11 The simulated track profile irregularity sample with trigonometric series. a The track profile
irregularity sample for line level 4. b The track profile irregularity sample for line level 5.c The track
profile irregularity sample for line level 6
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With the sustained and rapid social and economic development in
China, there is an increasing demand for railway passenger and
freight transport, making it vital and urgent for freight trains to
increase their capacity and passenger trains to improve their speed
and riding quality on the premise of assuring traffic safety. Thus, it is
necessary to predict the dynamic characteristics of wheel-rail
interaction for the design and to make new types of rolling stocks
and the construction and maintenance of railways. Railways with
better dynamic performance are essential for safe and stable
running of the trains as vehicles with better dynamic performance
will reduce their damage to railways in the interactions between
vehicles and railways. However, despite human beings’ capability to
simulate accurately the motion of a flying object in the space and to
keep a precise control of it as well, it is still impossible for human
beings to simulate wheel-rail interaction in an accurate way, which
means the wheel-rail relationship and the vehicle-track interaction
still remain as difficult problems in the dynamic study of vehicles and
tracks. Rolling stocks and track structure constitute an integrated
system, in which they interrelate and interact with each other.
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Therefore, during the study of dynamic performance of rolling
stocks, railways cannot simply be regarded as external exciting
disturbance. In other words, railways itself do not own the
characteristics of excitation that lie independently of the trains.
Vibration in the system is induced by the random wheel and rail
irregularities.

The method of simulated analysis is taken by many people in
various countries in order to have a close study on the dynamic
characteristics of track structure, with the advantage of replacing
the costly and time-consuming physical tests to conduct numerical
simulation study on the problems in question. In recent years,
various computational models have been developed [1-22], and
some progress has been achieved.

In this chapter, as the base of track structure vibration analysis,
the fundamental theory of dynamic finite element method is
introduced, and various analysis models of vehicle-track coupling
system are discussed.

6.1 Fundamental Theory of Dynamic Finite
Element Method

6.1.1 A Brief Introduction to Dynamic Finite
Element Method

Great progress has been made in response analysis of the structure
subjected to dynamic load , as a result of various practical needs
such as dynamic analysis of nuclear power stations, dams, and high-
rise buildings under earthquake load; dynamic analysis of offshore
platform under wind, wave, and fluid load; and vibration analysis of
railway track structure under moving trains and dynamic analysis of
various mechanical equipment in the process of high-speed
operation or under impact load, which is a necessary step to
guarantee good working performance, safety, and reliability of the
structure or the machinery. Besides, the progress made in dynamic
analysis of various complex structures is also the result of the
application of high-performance computers and the development of
numerical method, especially finite element analysis.

In case of structure under the dynamic loads, displacement,
velocity , acceleration , strain, and stress are all a function of time.
Take the two-dimensional problem as an example, the fundamental



steps of finite element dynamic analysis can be described as follows
[23, 24]:

(1) Discretization of continuous medium
In dynamic analysis, due to the introduction of time
coordinate, the problem should be dealt with in domain (x».0,

Partial discretization method is generally adopted in finite
element analysis; namely, discretization is used in space alone,
while difference method is employed on time scale.

(2) Constructing interpolation function
Since only the physical space domain is discretized,
displacements #.v at any point within the element can be

expressed as follows:

ulx,y.1) = D Nixy)uido)

B (6.1)
vix, y. 1) = Z Nilx, y)vi(r)

=1
where #.v are displacements in point (x.¥) of the element; Vi is
the interpolation function; #-vi are element node
displacements; and 7 is the total element node number.

Equation (6.1) can be expressed in matrix

f=Na (6.2)

where [ is the element displacement vector; VN is the
interpolation function matrix; and 4 is the element node
displacement vector.

u(x, v, 1)
=)
vix, v, £)
| N1 O Ny O -+ N, O
N‘[ 0 N,J

0O N O N,

I
:[ﬂ| ay --- au}

In dynamic problems, node displacement @ is a function of

Ll -



ume.

Forming element characteristic matrix and characteristic
vector.

Element strain vector and stress vector can be derived
based on Eq. (6.2)

e = Ba® (63)
o = De = DBa" (6.4)

where € is the element strain vector, B is the strain matrix, ¢ is

the element stress vector, and b is the elasticity matrix.
Velocity at any point ¥} of the element can be derived

through differentiating the displacement by time:
Syt = N,y (6.5)

where @ is the node velocity vector of the element.

Dynamic equation of the structure can be established based
on Hamilton’s principle or Lagrange equation as well, and the
latter can be expressed as follows:
daL dL iR
di3a " da 0w " (6.6)

where L is the Lagrange function.
L=T-1I, (6.7)

Il R.a gnd @ are the kinetic energy , potential energy ,

dissipation energy, node displacement vector, and node
velocity vector of the system, respectively.

The kinetic energy and potential energy of the element can
be expressed, respectively, as follows:

T":% fpf"'fdn (6.8)

I, = % f ' DedQ — f f"'bdn—f frqdr (6.9)
0 T

0F



where ¢ is the density of material. The first item on the right of

Eqg. (6.9) represents element strain energy, and the second and
the third items represent potential energy of the external
forces, among which -9 represent the body force vector and

surface force vector acting on the element.

With regard to element dissipation energy, assuming the
damping force is proportional to the velocity of each particle, it
can be expressed as follows:

R":%fpf'['fdﬂ (6.10)
o
where # is the damping coefficient .
Substituting Eq. (6.2) into Eqgs. (6.8)-(6.10), it has
Te = ;—{a")_['m"a"
11 = %{a"}'l'kfa‘“— (a)'Qr (6.11)

-
R = —(a)'eta’
2( )

where
n = f pN'NdQ, k= f B'DBdq, o - f HN'NAQ (6.12)
ﬁ{ 0 o

They are mass matrix , stiffness matrix , and damping
matrix of the element, respectively.

0 = [ NThd2 + f Nqdr (6.13)
Qe

Ter
@ is the equivalent node load vector of the element.

(4) Assembling matrices and vectors of each element to form the
dynamic finite element equation of the whole system.
Assembling T°-1I,.R° of each element to obtain 7-1I» R of the

system



T = Z T = %a"'Mc‘z

_ € _ 1 T T
l[p_Zl[p_Ea Ka-a'Q (6.14)
R:ZR‘“ = %a“'c’a
where

M=Ym. K=Yk, C=)¢ Q=)0 (6.15)

They are global mass matrix , global stiffness matrix , global
damping matrix , and global load vector of the system,
respectively

Next, by substituting Eqg. (6.14) into Lagrange equation (6.6),
the dynamic finite element equation of the system can be
obtained

Mii(r) + Ca(r) + Ka(r) = Q(1) (6.16)

This is a second-order ordinary differential equation , where
a”) js the node acceleration vector of the system.

Computation of the strain and stress of the structure
By solving the system dynamic finite element equation
(6.16), the node displacement vector 4 is obtained. The

element strain vector & and stress vector ¢} can be

calculated based on Eq. (6.3) and Eq. (6.4).

As can be observed from the above steps, since the kinetic
energy and dissipation energy may occur in the energy
equation, mass matrix and damping matrix are introduced in
dynamic analysis, compared with static analysis, so that the
final solved equation obtained is a second-order ordinary
differential equation set rather than algebraic equation set. As
for the solution of a second-order ordinary differential equation
set, in principle, some common methods of ordinary differential
equation set (such as Runge-Kutta method) can be used for
solution. But in the finite element dynamic analysis, because of
the high order of the solved equation set, these commonly used
methods are generally not efficient and economical and more
often numerical integration method is used instead.



-~

6.1.2 Beam Element Theory
6.1.2.1 Element Stiffness Matrix

As for two-dimensional beam element with two nodes, each node
has three degrees of freedom, as shown in Fig. 6.1.

(a) [ ¥ v T 4 (b) Ly Lf‘[
) M, M
i’ E A I \, | E A I \ '
u, .

H i | Hj U, i I f

Fig. 6.1 Beam element with 2 nodes and 6 degrees of freedom

Assuming the displacement mode of beam element is
=+ ax (617)

L’:ﬁ| +,83.r+ﬁ_1,r3+ﬁ4.r1 (6.18)

where ®:Bi are six undetermined generalized coordinates and can be

represented by six node displacements of the element.
Substituting node coordinate {0 /() into Eq. (6.17), it has

“ ?]{2‘}={ii} (6.19)

Solve for @i.a2 gg

{ELH_'_; ﬂ{j} (6.20)

Bi—B4in Eq. (6.18) can be determined according to the node
displacements vi-#vi.¥;, Based on Eq. (6.18), it has

H=—$=—ﬁ:—%x—3ﬁ+x3 (6.21)
Substituting the node coordinates into Egs. (6.18) and (6.21), it
has



1 0O 0 0 ,8| L
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L2 P B |y (6.22)
0 —1 =21 =3F || B4 g;

Solving the above equation, it yields
B

1 0o 0o o0 {w
) 0o -1 0 o ||e
P =l 3 2 3 1 ) (6.23)
B v
3 FonR T J
Ps 7 e E ele

il J

By substituting Egs. (6.20) and (6.23) into (6.17) and (6.18), the

element displacements expressed by interpolation function and node
displacements can be obtained

U= N+ Nyu,

¥ = Jn!rgl’; +.""-'r_-,;|9i-+ ﬁrﬁvj+;'\-rﬁﬂj (6.24)

where Ni-Ne are displacement interpolation functions, which are the
functions of local coordinate -.
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Defining the element node displacement vector

. T
a’ = [ u; v; H.; U V_J: E‘IJ}

Equation (6.24) can be rewritten in matrix form as follows:

f:{f}:wm (6.26)

where

N O 0N, 0 0
N =
' [0 N N; 0 Ns Ne (6.27)

Element strain can be derived by the element displacement
obtained. As for rods with large slenderness, shear deformation can

be ignored and this strain only includes axial deformation and
bending deformation



s:{i’i}:{i}:.{.f (6.28)

u
-

where L is a differential operator.

40
L{ dz} (6.29)

0 =

Substituting Eq. (6.26) into (6.28), it has

&= Ba* (6.30)

where

B=LN=|B; B;] (6.31)
48 00 |y 0 0

BE:[D b; ¢ BJ_{D b; CJ':| (6.32)

In the above equations,
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Element stiffness matrix can be calculated according to the
following equation:

.
k’:fﬂ']'DBdﬂ:f[gf[_-}[D][B,- B;]dn
e o 7 (6.33)

_ [ kii ki.;}
k..r'r' kﬂ'
where the submatrix &= is

k. = f B'DB.dO
5

6.34
~ ‘S’E EA 0 ][a, 0 0], ( )
- ‘1l o Erflo b e |
I Dfr

A and | are the beam cross-sectional area and section inertia
moment, respectively, and E is the elasticity modulus of the



material.
The explicit expression of the two-dimensional beam element
stiffness matrix is

B
12E1 _GEL o _12EL _6EI

B 2 2 2
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6.1.2.2 Equivalent Node Load Vector of Beam

Element
Equivalent node load vector of the beam element € is

O =0,+0,+0, (6.36)

where &;, @;, and ¢, are equivalent node load vectors induced by

distributed loads, body forces, and concentrated loads, respectively,
which can be calculated by the following equations:

0 = fN'['q.ir (6.37)
!

Q;;:fN’l'bdn (6.38)
o

Q,=N'P (6.39)

In the following, some equivalent node load vectors for typical
loads will be given.

(1) For uniformly distributed load, as shown in Fig. 6.2,
. [ - }.l.

the equivalent node load vector induced by ¢ can be derived
according to Eq. (6.37).
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Fig. 6.2 Uniformly distributed load on beam element

When the load is applied on full span « =10, the above result
will be

& ={0 —Lgl LqP 0 —1ql —5qF | (6.41)

(2) For vertical concentrated load, as indicated in Fig. 6.3, the
equivalent node load vector is

T
Q‘P:{ f..b ”+2d] _ wb «a (I+r’b} Fua~ b} (6,42)
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Fig. 6.3 Vertical concentrated load on beam element

(3) For longitudinal concentrated load, as indicated in Fig. 6.4, the
equivalent node load vector is

o =% Pa g o) (6.43)
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Fig. 6.4 Longitudinal concentrated load on beam element

6.1.2.3 Element Mass Matrix

Element mass matrix expressed by Eq. (6.12) is

m = f pNTNdQ (6.44)

e

Equation (6.44) is called consistent mass matrix. This is because
the mass distribution is according to the actual distribution in the
derivation from element kinetic energy , and meanwhile, the
displacement interpolation function adopts the same form as that
used in the derivation of stiffness matrix from the potential energy .
In addition, the so-called lumped mass matrix is also frequently used
in the finite element method. It is assumed that the element mass
concentrates on each node, and the mass matrix thus obtained is a
diagonal matrix.

Substituting interpolation function (6.27) of the beam element
into Eq. (6.44), the following consistent mass matrix will be derived

[ 140 0 0o 70 0 O |
156 =221 0 54 13l
_pAl 4F 0 -131 -3F
m = 120 0 o 0o (6.45)
symmetrical 156 22/
47 |

where A is the cross-sectional area of the beam and ! is the length of

the beam element.
If one half of the element mass concentrates on each node, and
ignores the rotation, the lumped mass matrix of the element will be



| 0 0000
| 0000

pAl 0000
0

0

0

o (6.46)

symmetrical l

Both the two kinds of mass matrices are used in actual analysis.
In general, the results given by them are similar to each other. From
Eq. (6.44), it can be seen that the integrand of the mass matrix of
integral expression is the square of the interpolation function , and
the stiffness matrix is the square of its derivative. So with the same
requirement of precision, lower order interpolation function can be
used in mass matrix. The lumped mass matrix, in essence, is such
an alternative, which can simplify the computation. Especially in
solving the dynamic finite element equation by the explicit scheme
of direct integral, if the damping matrix is diagonal, it will avoid the
decomposition of the equivalent stiffness matrix, which plays a key
role in the nonlinear analysis.

6.1.2.4 Element Damping Matrix

Element damping matrix expressed by Eq. (6.12) is

¢ = f uNTNdQ (6.47)

e

For the same reason as that of consistent mass matrix, Eq. (6.47)
is called consistent damping matrix, as a result of assuming that
damping force is proportional to the velocity of particle movement.
Usually, the medium damping is simplified in this way. In this case,
the element damping matrix is in proportion to element mass matrix

In addition, there is the damping proportional to the strain
velocity. For example, the damping caused by the internal friction of
materials can be simplified in this way as well. Here, the dissipation
energy function can be expressed as follows:

R :% fps'l'nédn (6.48)

0

Thus, the element damping matrix can be obtained



¢ = p fB'J'DBdn (6.49)

e

It can be observed from the above equation that the damping
matrix of the element is proportional to element stiffness matrix .

It is rather difficult to determine the damping matrix accurately in
actual analysis, and usually, it is allowed to simplify the damping of
the actual structure into two forms of linear combination, namely

¢ = ant + pk° (6.50)

This is called proportional damping or modal damping.

6.2 Finite Element Equation of the Track
Structure

6.2.1 Basic Assumptions and Computing Model

The following basic assumptions are adopted in the establishment of
vertical vibration model of the vehicle-track coupling system by
finite element method

(1) Take into account vertical dynamic effect and longitudinal
dynamic effect of the vehicle-track coupling system.

(2) Since the vehicle and the track are symmetrical about the
centerline of the track, only half of the vehicle-track coupling
system is used for ease of calculation.

(3) The upper structure in the vehicle and track coupling system is
a complete locomotive or rolling stock unit with a primary and
secondary suspension system , in which bouncing vibration and
pitch vibration for both vehicle and bogie are considered.

(4) The hypothesis of a linear elastic contact between wheel and
rail is used in coupling the vehicle and the track.

(5) The lower structure in the coupling system is the ballast track
where rails are discretized into 2D beam element; the stiffness
coefficient and damping coefficient of the rail pads and
fasteners are denoted by %1 and <1, respectively.



(6) Sleeper mass is dealt with as lumped mass, and only the
vertical vibration effect is taken into account; the stiffness and
damping coefficients of the ballast are denoted by %2 and <2,

respectively.

(7) Ballast mass is simplified as lumped mass, and only the vertical
vibration effect is considered; the stiffness and damping
coefficients of the subgrade are denoted by &3 and <=,

respectively.

The computing model of the vehicle-track coupling system is as
shown in Fig. 6.5.
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Fig. 6.5 Computing model of the vehicle-track system

6.2.2 Theory of Generalized Beam Element of
Track Structure

In order to facilitate the design of the computing program and
reduce the bandwidth of global stiffness matrix , a model of



generalized beam element of track structure has been proposed [1].
This element is composed of a segment of rails, sleepers, ballast,
and subgrade between two adjacent sleepers, as shown in Fig. 6.6.

L I-|

Fig. 6.6 Generalized beam element of track structure

Defining the node displacement and node force of the generalized
beam element of track structure as follows:

{IT: [ v IH] Vi V3 Mg V4 94 Vs Vg }
Fi={Uivi Mi Vi ViUs Vi My Vs Vol

where u.vi(i=1.2.....6) are the longitudinal (along the railway
direction) and vertical node displacements and ¢ (= 1.4) is the
rotational angle of node #; U.Vi(i=1.2.....6) gre the longitudinal and

vertical node forces, and M: i =1.4) is the bending moment of the
node ‘.

(1) Element stiffness matrix

The enlarged generalized beam element stiffness matrix of
track structure can be expressed as follows:



[EA/L O 0 0 0 —EA/I 0 0 00]

12EI/F —6EI/F 00 0 —12EI/F —6EI/F 0 0

4EIfl 00 0 6EI/I*  2EI/l 00

00 0 0 0 00

. 0 0 0 0 00
ke = EAJl 0 0 00 (6.51)

symmetrical 12E1/F  6EI/IF 0 0

4EIf/l 0 0

00

D_

In generalized beam element model of track structure,
besides the stiffness induced by rail strain energy, the stiffness
induced by discrete elastic supports should also be taken into
account.

Assuming that the elastic force is proportional to the node
displacement, according to Fig. 6.6, it has

= »',k
=~R’|U‘ Virl) (i=1,4)
= (6.52)
v = k Vi— W r+]) 3 \]'“.'— 1’.«') {r=2.5)
Vie = i"‘.mf — 3Ky (viey = vi) (i=3,6)

where k1 and k1 are the longitudinal and vertical stiffness
coefficients of the rail pads and fasteners, respectively; &2 and
ka are the vertical stiffness coefficients of the ballast and the
subgrade, respectively. The stiffness coefficient of the node ¢ in

(6.52) has 1/2 because the node stiffness induced by rail pads
and fasteners, or ballast, or subgrade equals to the sum of the
node stiffness of the two adjacent elements.

It can be written in matrix form as follows:

,F::k:;a" (6.53)
where f¢ is the elastic force vector of the generalized beam

element and k¢ is the element stiffness matrix induced by
discrete elastic supports.



[k, 0 0O 0 0 0 00 0 0

k, 0 —ky, 0 0 00O 0O 0

0 0 0O 0 00 O 0

k. + k. ks> 0 00 O 0

o1 ka+ks O 0 0 0 0
k=3 ky, 0 0 0O 0 (6.54)

ki O —ky 0

symmetrical 0 0 0

k_,-| + k_,-*\ _k.'l'l

k\j + kﬂ

The stiffness matrix of the generalized beam element of
track structure can be derived by summing up Egs. (6.51) and
(6.54).

ki = k¢ + K (6.55)
Element mass matrix

The enlarged consistent mass matrix of the generalized
beam element of track structure is

(140 0 0 0 0 70 0O 0 00]

156 —221 0 0 0 54 13 00

47 0 0 0 —13] 3F 00

0 00 0O 0 00

. pdl 0O 0 0O 0 00
"= 0 130 0 0 00 (6.56)

symmetrical 156 221 00

4F 00

00

D_

where £ is the rail density.

Besides the rail mass, the masses of the sleeper and the
ballast should also be taken into account in the mass matrix of
track structure. According to the basic assumptions (6) and (7),
sleeper mass ™ and ballast mass m» can be simplified as a

concentrated mass in the generalized beam element of track
structure, respectively.

mi, = diag( 0 O my gm, 0 O gy i ) (6.57)



Element mass matrix of track structure can be derived by
summing up Eqgs. (6.56) and (6.57).

m; = m_ +m, (6.58)

where ™: is the consistent mass matrix of the rail and ™. is the
mass matrix of the sleeper and ballast.

Element damping matrix
Element damping matrix is often expressed as follows:

¢ — am + Bk; (6.59)

This damping is called proportional damping , with @ and #
as damping coefficients , related to damping ratio and natural
frequency of the system.

Just as in the discussion of element stiffness matrix of track
structure, in addition to the proportional damping caused by
rail, the damping force caused by discrete supports should also
be taken into account here.

UEJ = {—,E‘_”EI!,'
Vig = 3¢, (9 — V1) (i=14

=0 (6.60)
Vig = 36,000 = 0i1) — 36,0 (00 — 1) (1=2,5)
Vig = 36,30 — 2e,a(Piy — ;) (i=3,6)

where <« and <1 represent the longitudinal and vertical
damping coefficients of the rail pads and fasteners,
respectively. 2 and <3 represent vertical damping coefficients

of the ballast and the subgrade, respectively. For the same
reason as in element stiffness matrix , the damping coefficient
of the element in (6.60) has 1/2.

Equation (6.60) can be written in matrix form

F=ca (6.61)

where F: is the damping force vector of the generalized beam
element and ¢ is the damping force coefficient matrix of the

generalized beam element. In generalized coordinate system, it
has



cy 00 0 0 0 00 O 0

0 —ey 0 0 00 0 0

0 0 0 0 0 0 0 0

€1+ 6 —Cy2 0O 0 0 0 0

.l to+ecz 0 0 0 0 0
=3 ey 00 0 0 (6.62)

eyl 00—y 0

symmetrical 0 0 0

Cyl + Oy —2
Cy2 + 6y |

Damping matrix of the generalized beam element of track
structure can be derived by summing up Eqgs. (6.59) and (6.62)

€ =c +ct (6.63)

Element equivalent node load vector

In vibration analysis of track structure, the vertical
concentrated force induced by wheel loads and the longitudinal
force induced by traction and braking are expressed by P, and

P , , respectively, as shown in Fig. 6.7.

P,
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Fig. 6.7 Vertical and longitudinal concentrated forces on rail

The element equivalent node load vector induced by vertical
and longitudinal concentrated forces is

o ={tp. D0+ 2a)

1
Pab-

12

- . T
& Poa” FPoab
0 0 %P, —25(I+2b) -2+ 0 0} (6.64)

The dynamic finite element equation of track structure
The finite element equation to solve the dynamic problem of
track structure can be derived based on Lagrange equation

Méa + Ciay + Kia = O (6.65)



In the above equation, the subscript “!” represents the
quantity of lower track structure, where

Mi=>m, C=)¢. K=) k. Q=)0 (6.66)

They are global mass matrix , global damping matrix , global
stiffness matrix , and global node load vector of track structure,
respectively.

6.3 Model of Track Dynamics Under Moving
Axle Loads

In recent years, new problems in the high-speed and heavy-haul
railway transportation make it urgent for us to have a deeper
understanding of wheel-rail dynamic interaction. Numerical analysis
method is a powerful means to study wheel-rail interaction . At
present, there are many theoretical analysis models regarding
vehicle-track-subgrade as an integrated system. Outstanding
advantages of numerical analysis method are as follows: to predict
the dynamic response and stability of track structure based on
mathematic models and to assess the preliminary design of a new
type of track structure which needs to implement field inspection as
a rule. It is a commonly used approach in various types of computing
models to describe a track structure with a system of complex
dispersion parameters as a lumped parameter model with a single
degree of freedom or a discrete structure with many degrees of
freedom.

The simplest track dynamics model will be discussed first in this
section. Regarding the train as the moving axle loads and without
considering the primary and secondary suspension system of the
vehicle, a track dynamics model under moving axle loads is
established. In this model, pitch vibration and bouncing vibration of
the locomotive and the sprung mass and unsprung mass of vehicle
suspension system are ignored. The vehicle load is distributed into
each wheelset evenly, and the inertial force of the wheel is taken
into account. Since the pitch vibration and the bouncing vibration of
sprung mass and unsprung mass are ignored, this model is relatively
simple, and the entire length of the train can be chosen as



computational object. The track dynamics model under moving axle
loads is as shown in Fig. 6.8.

Fig. 6.8 The simple track dynamics model under moving axle loads

In Sect. 6.2, we have already established the finite element
equation (6.65) of track structure, and here, we only need to add the
vehicle mass and the wheelset mass into element mass matrix . It is
noted that the position of the wheelset on the rail is a function of
time, as shown in Fig. 6.9.
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Fig. 6.9 Position of the wheelset on the rail

The additional mass matrix of the generalized track beam
element caused by half unsprung wheelset mass is as follows:

IH{“ :d]ag( Myl My 000 Mlya W2 00 D) (667)

where mu =(1-%)M,. m,.=¥M.. M, js half unsprung wheelset mass.
Therefore, ™ in the Eq. (6.58) can be simply modified to
m = m_+m +m, (6.68)

Meanwhile, the axle load p of the moving train has to be imposed
on the track structure as the concentrated force.



6.4 Vehicle Model of a Single Wheel With

Primary Suspension System

The discussion in Sect. 6.3 ignored the effect of vehicle suspension
system and coupling effect of the vehicle and the track. Ever since
this section, following the principle of from the simple to the
complex, the simple model, i.e., the vehicle model of a single wheel
with primary suspension system, will be introduced first. Then, the
vehicle model of half a car with primary and secondary suspension
system , and finally, the vehicle model of a whole car with primary
and secondary suspension system will be discussed. In discussing
various vehicle models, the vertical upward direction of
displacement and force is designated as positive, and the clockwise
direction of rotational angle and torque is positive.

The model of a single wheel with primary suspension system is as
shown in Fig. 6.10. In this model, only bouncing vibration of the
vehicle is taken into account, and pitch vibration of the vehicle is
ignored. Compared with the vehicle mass, the bogie mass is
relatively small, and the vibration of the vehicle is the main factor in
the dynamic analysis of track structure. Thus, in order to simplify the
computation, the bogie mass is incorporated into the wheelset, and
the locomotive is regarded as single-layer dynamic system.

M,

© L

Jf!
Fig. 6.10 Vehicle model of a single wheel with primary suspension system

The springs of the primary and secondary suspension system are
considered as a series system, and the equivalent stiffness K ; of the
primary and secondary suspension system can be calculated by the
series equation



K.»:I K:::

T Ko+ Ko (6.69)
where K 1 and K ¢, are stiffness coefficients of the primary and
secondary suspension system, respectively.

Vehicle bouncing vibration equation is
M + Cylie — ) + Ky(ve = vy) = — Mg (6.70)

Wheel bouncing vibration equation is
My — CulVe — ) — Ks(ve —vw) = P (671)

where M _is the 1/2n vehicle mass (n is the wheelset number of a
locomotive or vehicle); M , is the 1/2 unsprung wheelset mass ; and
K < and C ¢ are equivalent stiffness and damping coefficients of the
single-layer dynamic system. £=-Mwg+ Fui | Fui is the wheel-rail

contact force and can be derived through Hertz equation according
to the relative contact displacement of wheel and rail.

Fui=

{ G (i = Ca +0D™ v = (v + ) <0 (6.72)

0 Vi — (V.r.i + ?p]-‘) =0

where v and v+ are the displacements of wheel and rail in the
coordinate *; 7 is the irregularity of the rail surface; and ¢ is the
contact deflection coefficient, when the wheel is new tapered tread,

G =4.57TR"¥ % 1078 (m/N*") (6.73)

And when the wheel is worn profile tread,

G = 3.86R™"17 % 107% (my/N*?) (6.74)

Wheel-rail interaction can be analyzed with iteration method. The
iteration algorithm used in solving the vehicle-track coupling
equations will be introduced in more detail in Chap. 7.

Equations (6.70) and (6.71) can be written in matrix form

M“ﬁ-“ + Cuéu + ﬁ-LlaLl = Qll (6-75)

In the above equation, the subscript “u” represents the upper
structure, namely the vehicle system.



al.l = { V-:: l""‘.".'} e él.l = { 1-)': l""'ﬂ»‘}.]. 3 ﬁLI = { :I':(. 1-:“' }] (6-76)

Q.={-Mg P} (6.77)
Ml.:{"é H (6.78)
o=l (6.79)
K=_!i. ‘,f] (6.80)

The vehicle model of a single wheel with primary suspension
system has two degrees of freedom.

6.5 Vehicle Model of Half a Car With Primary
and Secondary Suspension System

In this section, the vehicle model of half a car with primary and
secondary suspension system will be discussed, as shown in

Fig. 6.11. In the discussion of the vehicle model of half a car, half of
the vehicle mass is taken as concentrated mass and its bouncing
vibration is taken into account. But with regard to bogie, besides
bouncing vibration, its pitch vibration has to be taken into account
as well.



Fig. 6.11 Vehicle model of half a car with primary and secondary suspension system

According to Fig. 6.11, bouncing vibration equation of the car
body is

Mc¥e + (ve — i)Ca2 + (ve — ) K2 = —M.g (6.81)

where M . and v . are %2 half car body mass and vertical
displacement of the car body, respectively. K ¢; and C ¢; are stiffness

and damping coefficients of the primary suspension system of the
vehicle, while K 5, and C , are stiffness and damping coefficients of

the secondary suspension system of the vehicle. v ; is the vertical

displacement of the bogie.
Bouncing vibration equation of the bogie is

My + [(0 = vy — @) + O — Dy + @ D]C
+ [[.vl — Vwl — I!':'lall)'F (Pl —Vyo ;plf])] Krcl (6.82)
- {f’c - f’l)cﬂ - f""c - ‘:l}Kﬁl = _"ng

Pitch vibration equation of the bogie is

Jiy + [0y — Vo — @dy) + (0 — V0 + @i1)] Cail

6.83
+[-m—va @+ —vo+elD] K =0 ( )

where M, is the 1/2 bogie mass ; J ; is the inertia moment of the
bogie; ¥ is the rotational angle around the horizontal axis of the
bogie; / ; is the 1/2 of the bogie length; and v ,,; and v, are the
vertical displacements of wheel 1 and wheel 2, respectively.



Bouncing vibration equations of the two wheels are

My — (f’l — Vel — @LE]}]CH] — (v — vy — [Fll!ll}ﬁ:rcl =P (6.84)

MyaVya — (0 — Va2 + @L!])]Ckl — (v —ve2 + [FLEII}K::I =P (6.85)

where M ,;is the 1/2 unsprung mass of ith wheelset, £i=—Muwig+ Fui
and fwi is the wheel-rail contact force and can be derived by Hertz

Eq. (6.72) according to the relative contact displacement of wheel
and rail.
Equations (6.81)-(6.85) can be written in matrix form

M“ﬁ-“ + CU&L[ + I;uau = Qll

where

T
a, = [ Ve W @ W Pwl}

| (6.86)
i, = [ Pe W @ Vel 13“-3}
Q.= [ -Mg -Mg 0 P P, }[ (6.87)
M. 0O
M,
M, = J, (6.88)
M.
0 M,
(C. —Cp 0 0 0
Coo+ 20 0 —C. —C
C, = 2C,4B Caly —Cal (6.89)
symmetrical C 0
Ca
[ K.» —K,» 0 0 0
K,‘-:+2K_,\.| 0 —Kﬂ —h
K, = 2K,E Kol —Kql, (6.90)
symmetrical K. 0
K




The vehicle model of half a car with primary and secondary
suspension system has 5 degrees of freedom.

6.6 Vehicle Model of a Whole Car With Primary
and Secondary Suspension System

The vehicle model of a whole car with primary and secondary
suspension system is as shown in Fig. 6.12. In the vehicle model of a
whole car, bouncing vibration and pitch vibration of both the vehicle
and the bogie are taken into account. The vehicle model of a whole
car is in accordance with the actual situation as well.
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Fig. 6.12 Vehicle model of a whole car with primary and secondary suspension system
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Bouncing vibration equation of the car body is

Mo+ [(ve = vy — @eba) + (0 — P + @cl)]Ca+
[(ve —vy —@cla) +(ve —vp + . L) K> = —M.g (6.91)
Pitch vibration equation of the car body is
Jo@e + [0 = v — @cha) + (0 — v + @la) [ Cala+ (6.92)

[—(ve = v — @a) + (ve — via + @d2)]1Kah =0

Bouncing vibration equations of the two bogies are



My — (ve — vy — @)K — (0. — iy — @) Coat
[ — v —@1)) + (ny — v + 1 1)] Ko+ (6.93)
[P = v —@1)) + (O — v + @1 1)] €y = —Mig

Min — (ve = via + @)K — (0o — 2 + @ l)Cat
[(vi2 = vz —@al)) + (Vo — vy + @2l Ko+ (6.94)
[(2 = Pz — @al1) + (P — Y + @2l1)] Co = —Mig

Pitch vibration equations of the two bogies are

Jiy + vy — vy — @)+ (v — vyo @ DK L+ (6.95)
(=0 — v — @1l + (0 — P2 + @D Caly =0 '

Jfn + [—(vip — vz — @2l + (vip — vy + @ DIKG L+ (6.96)
[—(02 — vz — @2l1) + (V2 — Vg + @2l )] Coyly =0 '

Bouncing vibration equations of the four wheels are

M1 V1 — (v — vt — @K — (P — Ve —@11)Cs1 = Py (6.97)
My2iga — (v — vy + @UIDKG — (i — i + @111)C) = P2 (6.98)
My3is — (vi2 — v — @20DK — (e — Vs — @2h)C1 = P (6.99)
Miyaiing — (v — Ve + 201K — (2 — Vg + @201)C1 = Py (6.100)

In the above equations, M- is the 1/2 mass of the car body; » and
¢. are vertical displacement of the centroid of the car body and
rotational angle around the horizontal axis, respectively; J is the
inertia moment of the car body; vtu and v2 are vertical displacements
of the front and back bogie centroid, respectively; ¥1 and ¥:= are front
and back bogie rotational angles around the horizontal axis,
respectively; J ¢ is the bogie inertia moment; 21 is the wheelbase, 2
is the distance between the bogie pivot centers, and the meaning of

other symbols is the same as above.
Equations (6.91)-(6.100) can be written in matrix form

Muau + Cu&u + I;uau = Qu



where

ay :[Vc Po Vi Viz @1 @2 Yy
ay={ v @ Vo @1 @2 bw

dy={ Ve @ u Vo @1 @2 bu

.
Q,={-Mg 0 -Mg —Mg 0 0 P, P, Py P,|

I
Fa2 Vud Vad ]

]

Py

]

I
Vwd Vad ]

Py

]

I
Vwd Vad ]

M, =diag| M. Jo M, My i ki Mo Ma My Moy )

[ ZC?;E 0 w2
205 Cab
20, +C
C, =
(6.104)
QKHZ 0 _K:;E
2Kol; Kol
2K, + K>
K, =

—C.» 0
—Cals 0
0 0
2C,+C, 0
2C.-\'1 E
symmetrical
g2 0
—Kals 0
0 0
2K, + Koo 0
2K\l
symmetrical

0 0 0 0 0
0 0 0 0 0
0 -C, -C, 0 0
0 0 0 -C., -C,
0 Cul, =C4l, 0 0
20,5 0 0 C,l, —C,l
Cel 0 0 0
Cal 0 0
Ci 0
Ce
0 0 0 0 0
0 0 0 0 0
0 -k, -K, O 0
0 0 0 -k, —K,
0 K,l, —K,l, 0 0
2K.l 0 0 Kalh -K,l
K. 0 0 0
K 0 0
K. 0
K

(6.101)

(6.102)

(6.103)




The vehicle model of a whole car with primary and secondary
suspension system has 10 degrees of freedom.

6.7 Parameters for Vehicle and Track Structure

In the previous sections, various vehicle-track coupling system
models are introduced. Whatever model it is, it needs some
predetermined necessary parameters, such as the mass, inertia
moment, stiffness, and damping coefficients of various parts of
locomotives and vehicles; the mass, stiffness, and damping
coefficients of various parts of track structure; and the wheel-rail
contact stiffness . This section will focus on the parameter value
range of the typical locomotives, vehicles, and various components
of ballast track and ballastless track at home and abroad, for the
readers’ reference in computation.

6.7.1 Basic Parameters of Locomotives and
Vehicles

Commonly used railway vehicles in China include ¢4 and ¢ freight

cars, SWJ new heavy-haul freight cars, and HSC high-speed railway
cars [20]. The geometric dimension of these vehicles is shown in
Fig. 6.13, while their basic parameters are shown in Table 6.1.
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Fig. 6.13 Geometric dimension of the commonly used vehicles in China

Table 6.1 Basic parameters of commonly used railway vehicles in China

Vehicle type Ceoa Crs SWj HSC

Car body mass M. [(kg) 77,000 (91,800 91,100 (52,000
Bogie mass M, [(kg) 1100 1510 1950 3200
Wheel mass Mw /(kg) 1200 1295 1250 1400
Car body pitch inertia moment -« (kg /m?) 1.2 % 10°]4.22 x 105|4.28 x 10°| 2.31 x 10°




Vehicle type Ceza Crs SwWj HSC
Bogie pitch inertia moment i /(kgm?) 760 1560 1800 3120
Vertical stiffness of primary suspension Ks1 - - sx 100 | 1.87x10*
(kN /m)

Vertical stiffness of secondary suspension Ks2 5.32x10°|5.014 x 107 |~ 1.72 % 10°
/(kN/m)

Vertical damping of primary suspension Ci1 - - 30 5% 107

/ (kN s/m)

Vertical damping of secondary suspension Cs2 70 50 - 1.96 x 10°
/(KN s/m)

Fixed wheelbase 2f1 /(m) 1.75 1.75 1.75 2.50
Distance between bogie pivot centers 8.50 8.70 8.70 18.0

2L [(m)

Wheel radius/(m)} 0.42 0.42 0.42 0.4575

The geometric dimension of German ICE high-speed motor cars
and trailers is shown in Figs. 6.14, 6.15, while their basic parameters

are shown in Tables 6.2, 6.3.
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Fig. 6.15 ICE high-speed trailer

Table 6.2 Basic parameters of ICE high-speed motor car




Parameters Value Parameters Value
Train speed V/(km/h) < 300 |Longitudinal stiffness of primary 2x 10t
suspension Kix (kN/m)
Axle load P/(kN) 195 |Lateral stiffness of primary suspension 4.86 % 10°
Kl_v (kN}"lTI}
Car body mass Mc/(kg) s.88x10*|Vertical stiffness of primary suspension 2418 X 107
Kl: (kN.’fm)
Bogie mass My (kg) 535x10°|Longitudinal damping of primary 7.3% 10°
suspension C1x (kN s/m)
Wheelset mass M. /(kg) 22x10° |Lateral damping of primary suspension 2.12x 10°
C1y (KN s/m)
Car body roll inertia moment Jr.;_-x L337x 10" |\ertical damplng of primary SUSpenSion 30
) C1: (kNs/m)
/kg
Car body pitch inertia moment |30 x10°|| gteral stiffness of secondary suspension |187
-Ic.l-/(kg mg} K:V (kN}"]]’I}
Car body yawing inertia moment |38 = 10°|\fertical stiffness of secondary suspension |1.52x10*
Jezy (kg m?) K> (kN/m)
Bogie roll inertia moment ix/ 279x10* |Lateral damping of secondary suspension |100
, Ca, (kN s/m)
(kgm-) '
Bogie pitch inertia moment Jiy/ |34¢x 10" |Vertical damping of secondary suspension 90
, Ca- (KN's/m)
(kgm")
Bogie yawing inertia moment 6.6% 10" \Wheel radius ™™ m 0.46
-Il:/(kg m-)
Wheelset roll inertia moment 950 |[Transverse distance of primary suspension |2.0
Jux (kg m?) 2b1 m
Wheelset yawing inertia 950 |[Transverse distance of secondary 2.284
moment Jwz/(kgm?) suspension 202 m
Wheel flange friction coefficient |0.3 Distance between vehicle center and 0.9
Hi secondary suspension point h1 m
Wheel tread friction coefficient |0.3 Distance between bogie center and 0.451
H2 secondary suspension point /2 m
Clearance between wheel flange [0.019 |Distance between bogie center and 0.1

and gauge line d/(m)

wheelset center 13 m




Table 6.3 Basic parameters of ICE high-speed trailer

112

secondary suspension point ha m

Parameters Value Parameters Value
Train speed V/(km/h) < 300 |Longitudinal stiffness of primary 7.3x 10°
suspension Kix (kN/m)
Axle load P/(kN) 145 |Lateral stiffness of primary suspension 2.12% 10°
K1_v ':kNJh“)
Car body mass Mc/(kg) 4.55x 10*|Vertical stiffness of primary suspension 282 10°
K]: (kN."Fm}
Bogie mass M,/ (kg) 3.09x10* [Longitudinal damping of primary 41.6
suspension C1x (kN s/m)
Wheelset mass Mw/(kg) 1.56x 10" Lateral damping of primary suspension 29.5
C1y (kNs/m)
Car body roll inertia moment Jex |'9**!%"|Vertical damping of primary suspension 21.9
A C]:_ {kN s.’fm)
(kg m-)
Car body pitch inertia moment |2391x19° || gteral stiffness of secondary suspension [146
Jey (kg m?) Koy (kKN/m)
Car body yawing inertia moment |23 <10 |Vertical stiffness of secondary suspension |324
Jezy(kgm?) K>. (kKN/m)
Bogie roll inertia moment Jux/ 2366x 10" || ateral damping of secondary suspension |17.5
, Ca, (kN s/m)
(kgm")
Bogie pitch inertia moment Jiw/ |***!%"|Vertical damping of secondary suspension |29.2
= Cj;_ (I{N s,"m)
(kgm-)
Bogie yawing inertia moment iz | ****'° |wheel radius "o m 0.46
/(kgm?)
Wheelset roll inertia moment 678 [Transverse distance of primary suspension |2.0
-Iw.t/(kgmz} Zb] m
Wheelset yawing inertia 678 |[Transverse distance of secondary 2.284
moment Jwz/ (kgm?) suspension 262 m
Wheel flange friction coefficient |0.3 Distance between vehicle center and 0.9
Hi secondary suspension point hi m
Wheel tread friction coefficient 0.2 Distance between bogie center and 0.451




Parameters

Value Parameters

Value

Clearance between wheel flange
and gauge line 9/(m)

0.019

Distance between bogie center and
wheelset center 3 m

0.1

The geometric dimension of French TGV medium-speed motor
cars, high-speed motor cars , and trailers are shown in Figs. 6.16,
6.17, while their basic parameters are shown in Tables 6.4, 6.5, 6.6.
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Fig. 6.17 TGV medium- and high-speed trailer

Table 6.4 Basic parameters of TGV medium-speed motor car

Parameters Value Parameters Value

Train speed V/(km/h) < 270 |Longitudinal stiffness of primary 1x10*
suspension Kix (KN/m})

Axle load P/(kN) 168 |Lateral stiffness of primary suspension 5.0x 10°
Ky (kKN/m)

Car body mass M:/(kg) 4.24x 10" |Vertical stiffness of primary suspension 104x 107
K1 (kN/m)

Bogie mass Mi/( kg) 3.4 x10° |Longitudinal damping of primary a0
suspension Cix (kN s/m)

Wheelset mass M« /(kg) 22x 10° |Lateral damping of primary suspension 69.6
C1, (kNs/m)

Car body ro” inertia moment J',;_-x 1015 x 107 Vert|ca| damplng Of primary SUSpenSion 50

- C]:_ {kN S."Im}
/kgm”)




C]}'.!JI {kN Sfm)

Parameters Value Parameters Value

Car body pitch inertia moment |toex10° || gteral stiffness of secondary suspension 200

Jey (kg m?) K>, (KN/m)

Car body yawing inertia moment |3672x10" |\Vertical stiffness of secondary suspension |500

Jezy (kg m?) K> (kN/m)

Bogie roll inertia moment ix/ 32x 10" |Lateral damping of secondary suspension |50

. 2, (kN sfm)

(kgm-) '

Bogie pitch inertia moment Jiy/ |72x10"|Vertical damping of secondary suspension |60

(kgm")

Bogie yawing inertia moment iz [68X10" \Wheel radius "0 m 0.43

/(kgm?)

Wheelset roll inertia moment 1630 |Transverse distance of primary suspension |2.05

-Iu.t/(kg mj) 2'!E"] m

Wheelset yawing inertia 1630 |Transverse distance of secondary 2.05

moment Jwz/ (kgm?) suspension 2b2 m

Wheel flange friction coefficient |0.3 Distance between vehicle center and 0.38

Hi secondary suspension point hi m

Wheel tread friction coefficient 0.3 Distance between bogie center and 0.38

H2 secondary suspension point ha m

Clearance between wheel flange |0.019 |Distance between bogie center and 0.1

and gauge line d/(m) wheelset center h3 m

Table 6.5 Basic parameters of TGV medium-speed trailer

Parameters Value Parameters Value

Train speed V/(km/h) < 270 |Longitudinal stiffness of primary suspension |5 x 10*
Kl.u’l (kN.'r]n}

Axle load P/(kN) 168 |Lateral stiffness of primary suspension 5.0 10°

Car body mass Mc/( kg) 44x10*|Vertical stiffness of primary suspension 700
K]:.I{I {ka'm}

Bogie mass Mi/( kg) 17x10° [Longitudinal damping of primary 60
suspension Cix/ (KNs/m)

Wheelset mass Mw/(kg) 19 10" | Lateral damping of primary suspension 69.6




Parameters Value Parameters Value
Car body ro” inertia moment -"c_r 7.42x 10! Vert|ca| damplng Of primary SUSpenSion 38
, C1:/ (kN s/m)
Jkgm”)
Car body pitch inertia moment |27#x10°|Lateral stiffness of secondary suspension 210
Jey (kg m?) K3/ (KN/m)
Car body yawing inertia moment |27#x10"|\ertical stiffness of secondary suspension |350
Jezy(kgm?) K>./ (kKN/m)
Bogie roll inertia moment i/ 1600 |Lateral damping of secondary suspension |15
a Cay/ (kN s/m)
(kgm-) '
Bogie pitch inertia moment Jv/ 1700 |Vertical damping of secondary suspension 40
. Ca:/ (kN s/m)
(kg m-)
Bogie yawing inertia moment -z 1700 |wheel radius 7o/ m 0.43
(kg m?)
Wheelset roll inertia moment 1067 [Transverse distance of primary suspension |2.05
-‘r'nu.r/{kg ﬂ]z} zb]}’ m
Wheelset yawing inertia 1067 |Transverse distance of secondary 2.05
moment Jwz/ (kg m?) suspension 22/ m
Wheel flange friction coefficient |0.3 |Distance between vehicle center and 0.49
Hi secondary suspension point hif/ m
Wheel tread friction coefficient |0.2 |Distance between bogie center and 0.49
H2 secondary suspension point haf m
Clearance between wheel flange |0.019 |Distance between bogie center and 0.34
and gauge line 0/(m) wheelset center A3/ m
Table 6.6 Basic parameters of TGV high-speed motor car
Parameters Value Parameters Value
Axle load P/(kN) 170 Vertical stiffness of primary 1.31 x 103
suspension Kg1/(kN/m)
Car body mass M¢/(kg) 53.5 x 103 Vertical §tiffness of secondary 3.28 x 103
suspension Kg2/(kN/m)
Bogie mass M¢/(kg) 3.26 % 10* |Vertical damping of primary 30
suspension Cg1/(kN s/m)
Wheelset mass Myy/(kg) 2.0 x 103 |Vertical damping of secondary 90
suspension Cg2/(kN s/m)




Parameters Value Parameters Value
Car body pitch inertia 2.4 x 10° |Wheel radius 70/(m) 0.458
moment )/ (kg m-)

Bogie pitch inertia moment |3 33 « 103 Fixed wheelbase 2/ 1/(m) 3.0
Ji/ (kg m?)

Parameters of CRH3 high-speed motor cars in China are shown in

Table 6.7

Table 6.7 Parameters of CRH3 high-speed motor car

Parameters Value Parameters Value

Car body mass M¢/(kg) 40 x 103 |Vertical damping of primary 100
suspension Cg1/(kN s/m)

Bogie mass Mt/(kg) 3200 Vertical damping of secondary |120
suspension Cg2/(kN s/m)

Wheelset mass My,/(kg) 2400 Vertical stiffness of wheel-rail |1 355 x 106
contact K¢/(kN/m)

Car body pitch inertia moment |5 47 x 105 |Fixed wheelbase 2/ 1/(m) 2.5

JC/{kg m?)

Bogie pitch inertia moment J¢/ 6800 Distance between bogie pivot [17.375

(kg m?) centers 2/ 2/(m)

Vertical stiffness of primary 2.08 x 103 Length of the middle cars/(m) |24.775

suspension Kg1/(kN/m)

Vertical stiffness of secondary 0.8 x 103 |Length of the head car/(m) 25.675

suspension Kg2/(kN/m)

6.7.2 Basic Parameters of the Track Structure

(1) Stiffness of rail discrete support
If the rail is regarded as a continuous beam with finite

discrete elastic supports, the stiffness k of the rail discrete

support can be expressed as follows:

kpckh:c

sl

(6.106)

In the above equation, k is the equivalent stiffness resulting

from the rail pads and fasteners, ballast, and subgrade
connected in series; ks is the equivalent stiffness resulting from

the ballast and subgrade connected in series, and k-, the



stiffness of the rail pad and fastener, is equal to the sum of the
rail pad stiffness % and the rail pad stiffness %, namely

kpe = kp + ke (6.107)
In general, the rail fastener stiffness is small, while the rail
pad stiffness is large.
The average stiffness of a set of rail fasteners is as follows:
For clip fasteners: k. =2.94—3.92MN/m

For elastic rod rail fastener; k. =3.92MN/m

The average stiffness of rubber rail pad is
For 12-14-mm high-strength rubber pads: & =49 MN/m

For 7-8-mm rubber pads: % = 117.6MN/m

The equivalent stiffness & resulting from the ballast and
subgrade connected in series is

kik,

b T e 1 K.

(6.108)

The effective stiffness of the ballast depends on the load
distribution, load acting area, and the elasticity of the ballast
bed. Applying a simplified model with uniform load distributing
tapered downward, and resulting in uniform pressure in same
depth of the ballast, it has

e(l — b)E,
In |:![b+¢-1'.«|..]]

Bill+chy,)

kh:

(N/m) (6.109)

where E» (N'm%) js the ballast elasticity modulus; / is the length of

the loading area, namely half of the effective supporting length
of sleeper; b is the width of the load area, namely the average
base width of the sleepers; # is the thickness of the ballast bed;
c=2igg, where ¢ is the friction angle of the ballast and ¢’s value
range is 20°-35°.

If rail is regarded as a long infinite beam supported by

continuous elastic foundation, the stiffness of the rail continuous
support can be calculated according to the following equation:



K = (mel) (6110)

==

where a is the sleeper interval.

Wheel-rail contact stiffness

Wheel-rail contact stiffness is not only related to wheel-rail
contact force , relative contact displacement, and elasticity
coefficient of the materials but also related to the wheel tread
and the rail shape.

When wheel is new, rail and wheel can be regarded as
cylinders. According to Hertz equation for two mutually
perpendicular and contacted cylinders, it has

_}-*:GPE";F' (6.112)

where ¥ is the relative displacement between the wheel and the
rail and » is the wheel-rail contact force and G is the deflection

coefficient.
Equation (6.112) can be rewritten as follows:

| i

p=g =0 (6.113)

where € === is called stiffness coefficient.

By linearizing the Hertz nonlinear contact stiffness near the
wheel static load #, namely

o= 4

-2 23R = 218 (Njem) (6.114)

270 26

P=

Equation (6.113) is changed to
P:kw}’ (6.115)

where kv is called linearized stiffness coefficient of wheel-rail

contact .
Experimental results show that the rail type and the load
variation have little impact on %, whereas the wheel diameter

variation has great impact, which is usually within the range of
1225-1500 MN/m.

Value range of the track structure parameters



Table 6.8 lists the value range of the parameters of
conventional ballast track structure. Table 6.9 lists the
parameters of ballast track structure of trunk lines. Table 6.10
lists the parameters of the Bogle slab track structure. Table 6.11
lists the parameters of conventional ballast track structure
materials. Tables 6.12, 6.13, 6.14, 6.15 lists basic parameters of
the rail, basic parameters of the sleepers, performance
parameters of bar-spring clips, and static stiffness of rail rubber

pads, respectively.

Table 6.8 Value range of the parameters of ballast track structure

Parameters Value range
Rail pad stiffness kp/(MN/m) 50-100

Rail fastener stiffness ke /(MN/m) 2.94-3.92
Stiffness of rail pads and fasteners kpc/(MN/m) |>3-104
Damping of rail pads and fasteners cpc/(kNs/m |30-63

)

Ballast stiffness kb/(MN/m) 165-220
Ballast damping ¢h/(kNs/m) 55-82
Subgrade stiffness ks /(MN/m) 40-133
Subgrade damping ©s/( kN s/m) 90-100

Joint stiffness of ballast and subgrade Kb
/(MN/m)

40-60 (newly built lines)
80-100 (existing lines)

Stiffness of the track with single rail
(discrete supports) K /(MN/m)

14.4-23 (track of wooden sleepers)
34.5-48.9 (track of concrete
sleepers)

40.25-57.5 (track of widen sleepers)

Lateral stiffness of sleepers k1/(MN/m)

402.5

Lateral stiffness of sleepers k2/(MN/m)

11.5

Wheel-track contact stiffness kw/(MN/m)

1225-1500

Table 6.9 Parameters of ballast track structure of trunk lines

Parameters Value
Rail Mass/(kg/m) 60.64
Section area/(cm”) 77.45




Parameters Value
Moment of inertia around horizontal 3217
axis/(cm4)
Elasticity modulus/(MPa) 206 % 107
Rail pad and Stiffness coefficient/(MN/m) 78
fast A
astener Damping coefficient /( KN s/m) 50
Mass/(kg) 3.0
Sleeper Sleeper interval/(m) 0.60
Mass/(kg) 250
Length/(m) 2.6
Width/(m) 0.25
Height/(m) 0.20
Basal area/(mz) 0.6525 (Basal area of
sleepers)
0.5073 (load area)
Ballast Density/( kg."m'?) 2500
Stiffness coefficient/(MN/m) 180
Damping coefficient /( kN s/m) 60
Thickness/(m) 0.35
Subgrade Stiffness coefficient/(MN/m) 65
Damping coefficient/( kKN s/m) 90
Table 6.10 Parameters of Bogle slab track structure
Parameters Value Parameters Value
Track Length/(mm) 6450 Concrete Length/(mm) 6450
slab Width/(mm) 2550 faupeﬁort'”g Width/(mm) 2950
Height/(mm) 200 y Height/(mm) 300
Density/(kg/m3) 2200 Density/(kg/m3)  |2°00
modulus/(MPa) modulus/(MPa)
Rail pad |[Stiffness 60 CA mortar |Stiffness 900
and coefficient/(MN/m) coefficient/(MN/m)
fastener [pamping 47.7 Damping 83
coefficient/(kN s/m) coefficient/(kN s/m)
Subgrade |Stiffness 60 Subgrade Damping 90
coefficient/(MN/m) coefficient/(kN s/m)

Table 6.11 Parameters of materials for conventional ballast track structure




Parameters of Elasticity modulus/( Poisson’s ratio Density

matanieters of E (MPa)jy modulus/( voisson’s ratio ;/(kg/m*)

materials . U\'lru)) o 1 o e

Rail 2.1 % 10° 0.30 7800

Sleeper 1.5 % 10* 0.30 2800

Ballast 150 0.27 2500

Sub-ballast 50 0.35 2000

Subgrade 20 0.25 2000

Table 6.12 Basic rail parameters

Rail type 75 60 50 45 43

Section area/(sz) 90.06 |77.45|65.8 |57.61|57.0

Moment of inertia around horizontal axis/(cm4) 4490 3217|2037 |1606 1489

Moment of inertia around vertical axis/(cm4) 661 524 1377 283 1260

Rail height/( mm) 192 176 |152 145 (140

Rail head width/( mm) 75 73 |70 67 |70

Rail base width/(mm) 150 150 |132 126 (114

Table 6.13 Basic parameters of sleeper

Type of sleepers Mass/(kg) Length/(m) Average Effective
width of the supporting length
bottom/(m) |of half

sleeper/(m)

Conventional wooden 100 2.5 0.19-0.22 1.1

sleeper

Concrete sleeper of the |237 2.5 0.267 0.95

existing lines (type I)

Widen concrete sleeper |520 2.5 0.55 0.95

(chord type 76)

Sleeper of speed-rising |251 2.5 0.273 0.95

main line (type Il)

Sleeper of fast dedicated (340 2.6 0.29 1.175

passenger line (type Ill)

Table 6.14 Parameters

of bar-spring clips

Type of bar-spring clips Clamping force/(kN) Spring deflection/(mm)
Bar-spring clips (type I) 8.5 9

Bar-spring clips (type II) |10.8 11

Bar-sorina clins (tvoe 11} 111.0 13




|~ 7 Tt T T NS T oty | ==~ - |

Table 6.15 Static stiffness of rubber pads

Type of railway Type of rubber pads Static stiffness/(MN/m)
Conventional existing lines |10-11 90-120

Quasi-high-speed railway [10-17 55-80

High-speed railway High elasticity 40-60
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In Chap. 6, the track dynamics model under the moving axle loads , the
vehicle model of single wheel with primary suspension system , and the
vehicle model of half a car and a whole car with primary and secondary
suspension system are presented, and the associated dynamic finite element
equations are derived. All these models share one common feature; that is,
the vehicle equation and the track equation are not completely independent
from each other, but are mutually coupled through wheel-rail contact force
and wheel-rail contact displacement. Therefore, the equation to be solved is
coupled equation of the vehicle-track system. Solutions to the coupled
equation of the vehicle-track system have been discussed in many literature
[1-4]. According to existed studies, the solutions can be roughly divided into
two categories, one being iterative method [5-7] and the other being method
based on energy principle [8-11]. A cross-iteration algorithm for vehicle-track
coupling vibration analysis is to be discussed in this chapter, while the other
method will be elaborated in Chaps. 8 and 9.

7.1 A Cross-Iteration Algorithm for Vehicle-Track

Nonlinear Coupling System

Computation model for the vehicle-track coupling system is shown in Fig. 7.1.
To solve the finite element equation, the coupled system is decomposed into
the upper subsystem of the vehicle and the lower subsystem of the track . The
cross-iteration algorithm is applied in the two systems.


mailto:xiaoyanlei2013@163.com

Fig. 7.1 Computation model for the vehicle-track coupling system

In order to solve the dynamic equation of the vehicle-track coupling
system, Newmark integration method is used and the detailed procedure of
the cross-iteration algorithm is given as follows.

The equations to be solved in the upper and lower subsystems are second-
order ordinary differential equations.

As shown in Fig. 7.2, the finite element equation for the vehicle
substructure is

MII&LIJ’_CLLéLlJ’_KLlaLl:QLIEJ’_FM (7.1)

where M., C., and K. denote mass matrix, damping matrix , and stiffness
matrix of the vehicle subsystem; @., 4., and 4. stand for displacement vector,
velocity vector, and acceleration vector of the vehicle; €« is vehicle gravity
vector; and Fu is wheel-rail contact force vector, which can be calculated by
the following Hertz nonlinear formula

iy

3
Fyi = _II [Vi = (Vici + )17 v — (i +35) < 0 (7.2)
0 Vi — (Vi + 1) 20

where G denotes contact deflection coefficient, v+ is the jith wheel
displacement, v« and 7 stand for rail displacement and track irregularity value
at the ith wheel-rail contact point.



f'-n.’l 1 ‘Fwi.l

Fig. 7.2 Model of the vehicle as the upper subsystem

Linearizing the Hertz nonlinear stiffness, it has

— _K“'(au — @ — i‘.]} (a,—ay, — l;f)r <0
FU|_{O {au_alc_n);zo (73)

where K+ denotes the linearized wheel-rail contact stiffness matrix and 7 is
track irregularity vector at wheel-rail contact point.

Que=—g| M. O M M, 00 My My My Myy | (7.4)
a, = { Ve @ Vi vz @1 @2 Vel Va2 Vel Vg }.[l (7.5)
a:={000000 vy via M Vi }.[- (7.6)
K, =diag{0 0 000 0 k ky ke ky | (7.7)

In Eq. (7.7), & stands for wheel-rail linear contact stiffness.
3
k. = Ep[']-‘(wcm) (7.8)

where v denotes static wheel load.
Substituting Eq. (7.3) into Eq. (7.1), it has

Mu&u + Cu.éu + (ﬁ'u + ﬁ'w) a, = ng + K\v{alc + Iﬂ (79)

As shown in Fig. 7.3, the finite element equation for the track structure is



My + Ciiny + Ky = @1, — Fy (7.10)

where Mi, Ci and K denote mass matrix , damping matrix , and stiffness
matrix of the track structure; @, @, and 4 stand for displacement vector,
velocity vector, and acceleration vector of the track structure; and @: is
gravity vector of the track structure.

Fig. 7.3 Model of track structure as the lower subsystem

Newmark integration method is used to solve the dynamic responses of the

vehicle subsystem and the track subsystem , which is widely used in
=AM AL 1A

engineering practice [12]. If solutions = @ ~4." "a at time step (7 —4Ar) are

known, solution ‘@ at time step (t) can be obtained by solving the following
equation:

(K + C[]lw + E‘|C) fﬂ = 'IQ + M(C[J'I_mdl at C‘g'l_ﬁrfl' + C]'I_Arﬁ} + C{FH_‘MR + F4I_‘Mﬁ + F:T.I_ﬂ‘rﬁ) (7_ 1 1)

Velocity ‘@ and acceleration ‘@ at time step (t) can be evaluated with
Egs. (7.12) and (7.13).

‘a=""a+cdMa+cd (7.12)

—=Ar

'lrﬁ = r[](!a - a} — C‘]'l_

Ara_ﬁ:—mﬁ (713)

=t a=2-1 a=(E-1)A cg=(1-8A c7=6Ar,

1
it : Der ’

[i] —
o, 2=

_ 1
where 0= 3z, €

At js time step, and 2.9 are Newmark parameters. When @=0.256=0.5 solution

of Newmark integration method is unconditionally stable [12].
The fundamental computation steps are summarized as follows:

[. Initial Computation

(1) In the first time step and first iteration, assume the initial displacement
@' of the track structure (usually taking @'=0). Based on the value of 4,



the initial displacement of the rail "; (i = 1, 2, 3, 4) can be derived at the
i th wheel-rail contact point. Next, substituting v (i = 1, 2, 3, 4) into

Eq. (7.6), the initial displacement vector 4. can be obtained.

(2) Substituting @ into Eq. (7.9), the displacement 4., velocity 4., and
acceleration 4. of the vehicle can be evaluated by solving the dynamic
Eqg. (7.9) of the vehicle.

II. Step-by-step procedure in time domain

Assume that in time step (7), the (k — 1)th iteration has been performed,
and vectors of the displacement, velocity, and acceleration at time step ) for
the vehicle and the track structure are known. Now let us consider the %) th
iteration.

k=1

(1) By substituting ‘@, and ‘@' into Eq. (7.2), calculate the interaction force
‘Fi,;(i=1,2,3.4) by the following formula:

n - 1. 132 - - L
k-1 _(.'vlkdl _’_.'?r:. ])‘ k-l _(.'vliull _,’_.'?r:. ]) <0

wi wi

1
¢k =7
Fo. =4 G-
uli {0 11,k—| _(n’vk—l +|'?I};'—])20

wi lei

(2) The relaxation method is introduced to modify the wheel-rail contact
force 'Fy(i=1,2.3.4), that is

F=F "'P(rFil;_rFﬁﬁlJ (7.14)

where # is relaxation coefficient which has to be in a certain range (
0<up<1T) to ensure the convergence . It is demonstrated that 02 <x <05 js
the optimal relaxation coefficient.

(3) Assembling ‘Fu; into the wheel-rail contact force vector ‘Fy;, which is
applied to the lower part of the track structure, as shown in Fig. 7.3, the
displacement ‘a;, velocity ‘4, and acceleration ‘@ for the track structure
can be evaluated by solving the differential Eq. (7.10) of the track
structure.

(4) Based on ', the displacement Vi (i = 1, 2, 3, 4) of the rail can be
obtained at the i th wheel-rail contact point, and the updated wheel-rail
contact force 'Fi; acting on the vehicle can be calculated with formula
(7.2).



Assembling the updated ‘F.; into the wheel-rail contact force vector ‘Fy,

which is applied to the upper structure as external forces, the
displacement ‘a;, velocity ‘@, and acceleration ‘4 for the vehicle can be

evaluated by solving the differential Eq. (7.1) of the vehicle.

(5)

(6) Calculate track displacement difference and its norm as follows:
()t =af ~ o} (7.15)

.'alk—l

where ‘| and are displacement vectors of the track structure at

current iteration and previous iteration, respectively.
Now, define the convergence criterion as follows:

Norm{A'a}f
Nomitalf (7.16
Norm {.’al")
where
Norm{A'a}f = Z {A'a*()}f, Norm {’af") = Z {'al*()}, (7.17)

i=1 i=1

¢ is a specified tolerance and assumed between 0% 107 gnd 1.0x 107,
usually sufficient to obtain the solution with reasonable accuracy.

(7) Checking the convergence criterion .
If the convergence criterion (7.16) is not satisfied, go to Stage Il and
enter the next iteration step (¥ +1). If it is satisfied, proceed to the next

instant (+ A7) and define

& tHHAf el itk
u u* au - au
k A sl ot ek
! = ap,

f+Arasl) _ rask
au - {I“

r+.’.\..r§[|] — rﬁf:

Hence, return to Stage Il, enter the next time step, and continue the
calculation until the last time step.

7.2 Example Validation

7.2.1 Verification

In order to verify the correctness of the cross-iteration algorithm for the model
and the method proposed in this paper to calculate the example in the
literature [9], analysis of dynamic response for vehicle and track is carried out,



where Chinese high-speed train CRH3 with the speed of 200 km/h and the slab
track of 60 kg/m continuously welded long rails are considered. As excitation
source of the track profile irregularity , periodic sine function with amplitude

3 mm and wave length 12.5 m is adopted in the computation. Results derived
from the two different computational methods will be compared.

Computation results obtained by the cross-iteration algorithm are shown in
Figs. 7.4, 7.5, 7.6, 7.7, 7.8 and 7.9. Compared with those calculated by finite
element method, well agreement between the two calculations was observed,
which confirms the validity and practicability of the algorithm [14].
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Fig. 7.4 Time history of the vertical car body acceleration. a The results in this paper and b the results
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Fig. 7.6 Time history of the vertical rail displacement. a The results in this paper and b The results
with FEM
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Figures 7.10 and 7.11 show the iteration convergence process of the wheel-
rail contact force and the rail displacement of the wheel-rail contact point at
the time t [13]. It ban be observed that starting from the previous equilibrium
state at the time (t — At) the solution approaches convergence after several
iterations.
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7.2.2 The Influence of Time Step

Take time step At as 0.05, 0.1, 0.5, and 1 ms to examine the influence of the
time step on solving process of the vehicle-track coupling system equations,
among which, the vehicle is Chinese high-speed train CRH3 with the train
speed 250 km/h, the track structure is CRTS Il slab track, and the convergence
precision is 1.0 x 10~’. Parameters of the high-speed train CRH3 and the CRTS
Il slab track are given in Tables 6.7 and 6.10 of Chap. 6.

Table 7.1 shows the number of iterations for solving the system equations
with different time step. It is appointed in the paper that in every time step,
solving the track system equation and the vehicle system equation,
respectively, for once is considered as a cross-iteration for the coupling
system for a time. The data given in the table are the maximum iteration
number in the process of solving the coupling system equations.

Table 7.1 Number of iterations to solve for the system equations with different time step

Time step At/ms Relaxation coefficient u
0.10.2/0.30.40.50.60.7
0.05 2 12 (2 |2 |12 [2 |2
0.1 2 12 2 |2 |12 [2 |2
0.5 7 14 (3 |2 |2 [2 |3
1.0 7 14 |3 3 |4 |6 |10




It is shown in Table 7.1 that the shorter the time step, the closer the
balance between the state of the system of the next moment and that of the
previous moment, which indicates that it is easy to achieve a balance. As a
result, the iteration number is a few, and the convergence speed is fast.
Meanwhile, the influence of the relaxation coefficient on solving the system
equations decreases gradually, but the computation efficiency is lower. In such
a condition, by means of choosing a suitable relaxation coefficient, increasing
the time step appropriately can improve the solution efficiency effectively. For
instance, taking the computation time as 1 s and reducing the time step At
from 0.5 to 0.1 ms, let us compare the solution efficiency. When At = 0.5 ms,
the total iteration number for solving the system equations is
1/0.0005 x (2 x 78 % + 3 X 22 %) = 4440, among which, 2 and 3 stand for
the iteration number in this case, 78 and 22 % for associated proportion.
Likewise, when At = 0.1 ms, the total iteration number for solving the system
equations is 1/0.0001 x 2 x 100 % = 20000, the latter being 7.5 times of the
former, and the solution efficiency is greatly reduced. Therefore, adoption of
relaxation coefficient makes it possible to select a larger time step and can
improve the computation efficiency.

However, if taking larger time step, solution of the system may seriously
deviate from the balance of the previous moment to lose computation stability
, which in turn results in the divergence of numerical solution to the system.
Consequently, with regard to complex dynamics problems of the train-track
coupling system, Newmark numerical integration is no longer unconditionally
stable, and numerical instability may happen in some case.

7.2.3 The Influence of Convergence Precision

Taking convergence precision as 1.0 x 10~7, 1.0 x 1078, 1.0 x 1072 and

1.0 x 10710, and considering the ballast and the slab track, the influences of
the convergence precision on dynamic responses of the two kinds of the track
structure will be investigated in the following. The vehicle is Chinese high-
speed train CRH3 with the train speed 250 km/h, and the track is CRTS Il slab
track for high-speed railways. Parameters of the high-speed train CRH3 and
the CRTS Il slab track are given in Table 6.7 and Table 6.10 of Chap. 6.

Figure 7.12 shows the influence of convergence precision on the iteration
number of the system [13]. It is shown in the figure the iteration number for
the slab track is more than that of the ballast track, and the reason for this is
that the displacement degrees of freedom (DOFs) of the slab track element
model are greater than those of the ballast track element model and the
matrix order of the former is higher than that of the latter. However, when the
relaxation coefficient is in range from 0.2 to 0.4, the iteration number of the
two track systems differs slightly and the iteration number is reduced.
Meanwhile, the higher the convergence precision is, the larger the iteration
number is. While the relaxation coefficient is about 0.3, the iteration number
does not increase with the higher convergence precision.
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Fig. 7.12 The influence of convergence precision on the iteration number of the system. a Number of
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In addition, the convergence precision greatly influences dynamic response
of the system. Figures 7.13 and 7.14 show the time history of the wheel-rail
contact force with the relaxation coefficient as 0.1 and the convergence
precision being 1.0 x 10~7 and 1.0 x 10719, respectively. The theoretical value
of the wheel-rail contact force is 70 kN, and the maximum relative error
calculated by computer program is 2-3 %. Therefore, in dynamic analysis of
general structure, selecting convergence precision between 1.0 x 10~/ and
1.0 x 10710 can satisfy the computing requirement, while in fine analysis,
higher convergence precision should be adopted. It should be pointed out that
when taking relaxation coefficient as 0.3, system dynamic response to
different convergence precision differs insignificantly, which shows the
relaxation coefficient has the effect of improving the iteration stability .
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Fig. 7.14 Time history of wheel-rail contact force for convergence precision 1.0 x 10~10

7.3 Dynamic Analysis of the Train-Track Nonlinear
Coupling System

As an application example, the dynamic response analysis for the vehicle and
track nonlinear coupling system induced by train running on the ballast track
is carried out. The train considered here is Chinese high-speed train CRH3.
Parameters for the high-speed train CRH3 and for the ballast track structure
are given in Table 6.7 of Chap. 6 and Table 7.2 [11]. In order to reduce the
boundary effect of the track structure, the total track length for computation is
300 m. Random irregularity of the track with line level 6 PSD of the United
State is regarded as the external excitation. Influences of the linear and
nonlinear wheel-rail contact models and different train speeds (V = 200, 250,
300 and 350 km/h) on the dynamic responses of the vehicle and the track are
taken into account. The time step of numerical integration adopts 0.001 and
0.0005 s in linear and nonlinear contact models, respectively.

Table 7.2 Parameters for ballast track structure

Parameter Value Parameter Value
Mass of rail ™r/(kg) 60.64 Mass of ballast " /kg 560
Density of rail Pr/(kg m=—3) 7800 Stiffness of rail pad and fastener k.vl/(M N m_l) 78
Inertia moment of rail "r/(cm4) 3217 Damping of rail pad and fastener €»1/(k N s m_l) 50
Elasticity modulus of rail £r/(Mpa)|2.06 x 10> |Stiffness of ballast bed k:2/(M N m~1) 180
Sectional area of rail Ar/(cmz) 77.45 Damping of ballast bed <2/(k N s m_l) 60
Sleeper interval {/(m) 0.568 Stiffness of subgrade ki3/(M N m~1) 65
Mass of sleeper /(kg) 250 Damping of subgrade €x2/(k N s m_l) 90

The results computed by varying train speeds and considering linear and
nonlinear wheel-rail contact models upon the dynamic response of the train
and the track have been given in Tables 7.3, 7.4, 7.5, 7.6, 7.7, 7.8, 7.9, 7.10,
7.11 and 7.12, where the outputs are the maximum and the total amplitude of
displacements and accelerations for the rail, the sleeper, the ballast, the
wheel, the bogie and the car body, and the maximum and the total amplitude
of the wheel-rail contact forces [14]. Figures 7.15 and 7.16 are the time history
of the wheel-rail contact force for different train speeds [14].

Table 7.3 The maximum and the total amplitude of the rail displacement

Speed/(km/h) Wheel-rail linear contact Wheel-rail nonlinear contact
Max/(mm) Min/(mm) Total Max/(mm) Min/(mm) Total
amplitude/(mm) amplitude/(mm)
200 0.054 —1.300 1.350 0.050 —1.100 1.150
160 0.050 —1.200 1.250 0.050 -0.879 0.929




Speed/(km/h)

Wheel-rail linear contact

Wheel-rail nonlinear contact

Max/(mm) Min/(mm) Total Max/(mm) Min/(mm) Total
amplitude/(mm) amplitude/(mm)

120 0.048 —0.990 1.040 0.040 —-0.847 0.887

80 0.051 —-0.834 0.885 0.043 —-0.901 0.944

Table 7.4 The

maximum and the total amplitude of the sleeper displacement

Speed/(km/h)

Wheel-rail linear contact

Wheel-rail nonlinear contact

Max/(mm) Min/(mm) Total Max/(mm) Min/(mm) Total
amplitude/(mm) amplitude/(mm)

200 0.043 —-0.902 0.945 0.040 —0.698 0.738

160 0.036 —0.769 0.805 0.038 —0.543 0.580

120 0.033 —0.630 0.663 0.027 —0.545 0.572

80 0.032 -0.526 0.559 0.028 -0.567 0.595

Table 7.5 The

maximum and the total amplitude of the ballast displacement

Speed/(km/h) Wheel-rail linear contact Wheel-rail nonlinear contact
Max/(mm) Min/(mm) Total Max/(mm) Min/(mm) Total
amplitude/(mm) amplitude/(mm)
200 0.035 —0.682 0.717 0.034 —-0.533 0.566
160 0.028 -0.574 0.602 0.031 —-0.410 0.441
120 0.025 —0.468 0.493 0.021 -0.409 0.430
80 0.024 —-0.389 0.413 0.021 -0.421 0.442

Table 7.6 The

maximum and the total amplitude of the rail acceleration

Speed/(km/h) Wheel-rail linear contact Wheel-rail nonlinear contact
Max/(m/s2) Min/(m/s2) Total Max/(m/s2) Min/(m/s2) Total
amplitude/(m/sz) amplitude/(m/sz)
200 71.1 -112.8 183.9 101.9 -55.0 156.9
160 44.2 —86.5 130.7 81.2 —-29.4 110.6
120 18.8 -57.6 76.4 56.2 -15.4 71.6
80 9.3 —-27.7 37.1 24.7 -6.2 30.9

Table 7.7 The

maximum and the total amplitude of the sleeper acceleration

Speed/(km/h) Wheel-rail linear contact Wheel-rail nonlinear contact
Max/(m/s2) Min/(m/s?2) Total Max/(m/s2) Min/(m/s?2) Total
amplitude/(m/sz) amplitude/(m/sz)
200 46.7 -31.5 78.2 25.7 —-37.4 63.1
160 26.4 —-25.1 51.5 23.8 -20.8 44.6
120 12.6 -21.6 34.2 19.7 -10.8 30.5
80 6.0 -7.7 13.8 7.4 -5.0 12.4

Table 7.8 The maximum and the total amplitude of the ballast acceleration

Speed/(km/h) Wheel-rail linear contact Wheel-rail nonlinear contact
Max/(m/s2) Min/(m/s2) Total Max/(m/s2) Min/(m/s2) Total
amplitude/(m/sz) amplitude/(m/sz)
200 37.2 —-26.4 63.6 26.0 -31.7 57.7
160 20.9 -25.4 46.4 25.3 -16.6 41.9




Speed/(km/h) Wheel-rail linear contact Wheel-rail nonlinear contact
Max/(m/s2) Min/(m/s?2) Total Max/(m/s2) Min/(m/s?2) Total
amplitude/(m/sz) amplitude/(m/sz)
120 9.6 -18.1 27.7 18.1 -8.8 26.9
80 4.9 -6.5 11.3 6.9 —-4.4 11.3

Table 7.9 The maximum and the total amplitude of the wheel acceleration

Speed(km/h) Wheel-rail linear contact Wheel-rail nonlinear contact
Max/(m/s2) Min/(m/s2) Total Max/(m/s2) Min/(m/s2) Total
amplitude/(m/sz) amplitude/(m/sz)
200 37.0 —-36.3 73.3 37.5 -35.6 73.0
160 29.1 -21.4 50.5 25.2 -28.2 53.3
120 21.2 -21.7 42.9 20.3 -20.5 40.8
80 24.6 -22.9 47.5 21.4 —-22.7 44.1

Table 7.10 The maximum and the total amplitude of the bogie acceleration

Speed/(km/h) Wheel-rail linear contact Wheel-rail nonlinear contact
Max/(m/s2) Min/(m/s?2) Total Max/(m/s2) Min/(m/s?2) Total
amplitude/(m/sz) amplitude/(m/sz)
200 6.98 —-4.67 11.70 4.79 —-6.77 11.60
160 5.22 -3.90 9.11 3.71 —4.95 8.66
120 5.29 -3.67 8.96 3.43 —-4.81 8.24
80 4.11 —-4.16 8.27 3.95 -3.75 7.70

Table 7.11 The maximum and the total amplitude of the car body acceleration

Speed/(km/h) Wheel-rail linear contact Wheel-rail nonlinear contact
Max/(m/s2) Min/(m/s2) Total Max/(m/s2) Min/(m/s2) Total
amplitude/(m/sz) amplitude/(m/sz)
200 0.361 —-0.423 0.784 0.354 -0.319 0.674
160 0.270 -0.311 0.581 0.317 -0.278 0.594
120 0.233 —-0.286 0.518 0.285 —-0.231 0.517
80 0.196 —0.255 0.451 0.253 —-0.193 0.446

Table 7.12 The maximum and the total amplitude of the wheel-rail contact force

Speed/(km/h)

Wheel-rail linear contact

|Whee|-rai| nonlinear contact

Max/(kN) Min/(kN) Total amplitude/(kN) Max/(kN) Min/(kN) Total amplitude/(kN)
200 112.0 27.7 84.2 113.0 26.4 86.6
160 106.0 41.7 64.0 98.7 33.1 65.6
120 97.3 45.4 51.9 93.4 42.1 51.3
80 98.1 40.7 57.4 95.0 40.9 54.1
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Fig. 7.16 Time history of the wheel-rail contact force with different train speeds in wheel-rail
nonlinear contact model. a At the speed of 350 km/h, b at the speed of 300 km/h, ¢ at the speed of
250 km/h, and d at the speed of 200 km/h

It is indicated that the train speed has a great influence on the
displacement of the track structure, shown in Tables 7.3, 7.4 and 7.5. With the
increase of the train speed from 80 to 200 km/h, the total amplitudes of
displacement for the rail, the sleeper, and the ballast in case of the wheel-rail
linear contact model increase from 0.885, 0.559 and 0.413 mm to 1.35, 0.945,
and 0.717 mm, respectively. The increases of the amplitude ratio are 52.5,
69.1 and 73.6 %. The total amplitudes of displacement for the rail, the
sleeper, and the ballast in case of the wheel-rail nonlinear contact model
increase with the increase of the train speeds, but the increases are smaller at
the speed of 120 km/h than those at the speed of 80 km/h, a little at the
speed of 160 km/h than those at the speed of 120 km/h, and significant at the
speed of 200 km/h.

The maximum and the total amplitudes of displacement for the rail, the
sleeper, and the ballast in the linear contact model are larger than those in
nonlinear contact model, and the increasing range is from 10 to 20 %.
However, results for the speed of 80 km/h are opposite.

The maximum and the total amplitudes of acceleration for the rail, the
sleeper, and the ballast increase with the increase of the train speed, as
shown in Tables 7.6, 7.7 and 7.8.

With the increase of the train speed from 80 to 200 km/h, the total
amplitudes of acceleration for the rail, the sleeper, and the ballast in case of
the wheel-rail linear contact model increase from 37.1, 13.8, and 11.3 m/s? to
183.9, 78.2, and 63.6 m/s?, respectively. The increases of the amplitude ratio
are 395.7, 466.7, and 462.8 %. When the system is in wheel-rail nonlinear
contact model, the increases of the amplitude ratio for the rail, the sleeper,
and the ballast accelerations are 407.8, 408.9, and 410.6 %, respectively.

The maximum and the total amplitudes of acceleration for the rail, the
sleeper, and the ballast in the linear contact model are larger than those in
nonlinear contact model, and the difference is about 10-20 %. If the speed is
larger, the difference will be more obvious.

As is indicated in Table 7.9, 7.10 and 7.11, with the increase of the train
speed from 80 to 200 km/h, the total amplitudes of acceleration for the bogie
and the car body in case of the wheel-rail linear contact model increase from
8.27 and 0.451 m/s2 to 11.70 and 0.784 m/s?, respectively. The increases of
the amplitude ratio are 41.5 and 73.8 %. In case of the wheel-rail nonlinear
contact model, the increases of the amplitude ratio for the bogie and the car
body accelerations are 50.6 and 51.1 %. The maximum wheel acceleration
basically goes up with the increase of the train speed, but the total amplitude
of the wheel acceleration at the speed of 80 km/h is larger than that at the
speed of 120 km/h. The cause may be the track irregularity of individual point
being too much.

The total amplitudes of acceleration for the bogie and the wheel in linear
contact model are slightly larger than those in nonlinear contact model, and



the differences are within 5 %. At the train speed of 200 km/h, the total
amplitude of the car body acceleration in linear contact model is slightly larger
than that in nonlinear contact model. However, at the other train speeds, the
total amplitudes of the car body acceleration are nearly equal whether the
wheel-rail contact is in linear or nonlinear contact model. What is more, the
maximum and the total amplitudes of the car body acceleration are within the
range of 1 m/s2, which illustrate that the primary and secondary suspension
systems of the vehicle have an excellent influence on vibration and noise
reduction.

As shown in Table 7.12 and Figs. 7.15 and 7.16, the maximum and the total
amplitudes of the wheel-rail contact force basically increase with the increase
of the train speed. However, the maximum and the total amplitudes of the
wheel-rail contact force at the speed of 80 km/h are larger than those at the
speed of 120 km/h. When the train speed increases from 120 to 200 km/h, the
maximum and the total amplitudes of the wheel-rail contact force increase
from 97.3 and 51.9 kN to 112 and 84.2 kN, respectively, in linear contact
model. The increases of the amplitude ratio are 15.1 and 62.2 %. However, in
nonlinear contact model, the maximum and the total amplitudes of the wheel-
rail contact force increase from 93.4 and 51.3 kN to 113 and 86.6 kN,
respectively, and the increases of the amplitude ratio are 20.9 and 68.8 %.
The maximum wheel-rail contact forces in linear contact model are a little bit
larger than those in nonlinear contact model, but the difference of the wheel-
rail contact force amplitude in both of the linear and the nonlinear contact
models is small.

7.4 Conclusions

A model for dynamic analysis of the vehicle-track nonlinear coupling system is
established by finite element method. And, a cross-iteration algorithm is
presented to solve the nonlinear dynamic equation of the vehicle-track
coupling system. In simulation analysis, the whole system is divided into two
subsystems, i.e., the vehicle subsystem considered as a rolling stock unit with
a primary and secondary suspension system , and the track subsystem
regarded as a three elastic beam model. Coupling of the two systems is
achieved by equilibrium conditions for wheel-rail nonlinear contact forces and
geometrical compatibility conditions. The test computation examples show
that a relatively small time step has to be selected to ensure convergence ,
which will greatly increase the computation time. In order to solve this
problem and accelerate the iterative convergence rate, a relaxation technique
is introduced to modify the wheel-rail contact force . Based on the dynamic
analysis of the high-speed train and slab track nonlinear coupling system, the
following conclusions are obtained:

(1) The train speed has a significant influence on the dynamic responses of
the train and the track structures. Regardless of the wheel-to-rail linear
contact model or nonlinear contact model, the accelerations and the
displacements of the rail, the sleeper, and the ballast, and the



accelerations of the wheel, the bogie, and the car body, as well as the
wheel-rail contact forces , increase with the increase of the train speeds,
while the displacements of the wheel, the bogie, and the car body vary
little with the train speed.

(2) Results of the dynamic responses for the train and the track structure
with the wheel-to-rail linear contact model are larger than those with the
wheel-to-rail nonlinear contact model under the same train speed. The
differences for the maximum and the total amplitudes of the
displacements and the accelerations are in the range of 10 %, and the
differences for the wheel-rail contact forces are within 5 %. Meanwhile,
the train speed has a great influence on the difference for rail
acceleration. The higher the train speed is, the larger the differences of
the rail acceleration will be. The total amplitude of the rail acceleration
with the wheel-to-rail linear contact model is twice as large as that with
the wheel-to-rail nonlinear contact model at higher train speed, whereas
the difference of the rail acceleration is within 5 % at lower train speed.
Summarily, it is conservative and safer to make the design of the train
and the track structure based on the calculated results with the wheel-to-
rail linear contact model.

(3) The introduction of the relaxation coefficient to modify the wheel-rail
contact force can evidently accelerate the convergence speed of the
cross-iterative algorithm . The computation tests show that only 3-6
iteration steps are required to approach the convergence in each
iteration.

(4) As the vehicle and track coupling nonlinear system is divided into the
vehicle subsystem and the track subsystem , the dynamic equations of
the two subsystems can be solved independently. This method can not
only reduce the analysis scale of the problem, but also reduce the
difficulty of the programming design. At the same time, the coefficient
matrices of the finite element equation for the two subsystems are
constant and symmetric, and inversing is only required once. In the
computation procedure, the same inversed matrices can be substituted
in every iteration and every time step. As a result, the computation
speed is greatly enhanced. In contrast to the existing method of “set-in-
right-position” to dynamic analysis of the vehicle-track coupling system,
the coefficient matrices of the finite element equations change with the
change of the position of the train on the track. Therefore, inversion
calculation is necessary in every time step, which greatly reduces the
computational efficiency. A conclusion, by simulating analysis of the
dynamic responses for the vehicle and the track structure (which are
induced by the train moving on the track with the length of 370 m), is
obtained that the computing time in the ordinary computer workstation
is of only 40-min duration with the cross-iteration algorithm, compared
with the 150 min reatlired hv the method of “set-in-riaht-nosition_”
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(Detalls of the computers and programming Ianguages and systems

employed are as follows: (1) CPU: Intel(R) core(TM) i5-2400 CPU @

3.1 GHz 3.1 GHz, (2) RAM: 4.00 GB, and (3) programming languages:
MATLAB R2010b.) The computation efficiency of the former method is 4-
6 times higher than the latter under normal conditions. If the scale of the
analyzed problem is larger, the computation efficiency will be higher.

It should be pointed out that the proposed algorithm has a general

applicability, which can be used to analyze all kinds of the linear and the
nonlinear problems under moving loads.
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Chapter 7 has investigated the cross iterative method that
solves the dynamic response of the train-track coupling
system. Merits of the method include being able to consider
the nonlinear behavior of the wheel-rail contact and simple
programming, but when it comes to linear problems, the
method has no advantages in computational efficiency.
Published literature just briefly mentioned using “set-in-the-
right-position” rule to formulate the solution equation for the
train-track coupling system, but did not present any detailed
explanation or relevant formula [1-6]. In this chapter, three
models are established from simple to complex: moving
element model of a single wheel, moving element model of
a single wheel with primary suspension system , and
moving element model of a single wheel with primary and
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secondary suspension system . On the basis of these
models, the algorithm for simultaneously solving for
dynamic response of the train-track coupling system is
discussed and the corresponding explicit formulas are
presented.

8.1 Moving Element Model

In the model, the wheel moving on the rail is analyzed, as
shown in Fig. 8.1. The wheel is simplified into a particle with
a mass of m» moving at a speed of V, and the rail is

simulated as a two-dimensional beam element. Assume the
wheel-rail contact is elastic and the contact stiffness is 4.

Such a model is called moving element model [1]. In
Fig. 8.1, points 1 and 2 are the two nodes of the rail beam
element, whose vertical displacements v and rotational

angles ¢ (i=1.2) are analyzed, respectively; point 3 is moving
node, also called target node, whose vertical displacement
is v3; point c is wheel-rail contact point, whose vertical

displacement is denoted as V-.
Vs
I’_.l'
—_—

13

1 = L]

Fig. 8.1 Moving element model

The model has three nodes, marked as 1, 2, 3and 5
DOFs (degrees of freedom). The distance between node ¢
and node 1 is x . and the element length is /, as shown in

Fig. 8.1.



In Chap. 6, plane beam element with two nodes has been
discussed. The displacement of any point in the element can
be expressed by interpolation function and element nodal
displacements as

v =Ny + Mot + Nava + Nyt (81)

where Ni-Ns+ are the interpolation function of plane beam
element with two nodes

3, 2,
Ni=1l—=x+—=x
' 2 13
2, 1 4

;"\'rj :—_T+?X_—!—l.1"

0 8.2
"\'rjs,_—lr_—ﬁt"

1, 1,
’\-’4_—r - =X

As for point ¢, its vertical displacement v can be written
as

ve = Nivp + Nath + Navs + Nyt (83)

where Ni-N+ are the respective interpolation function after
letting x = x .

Let the nodal displacement vector of the moving element
be

a’ = [ W H] V2 Hj V3 }T (84)

Vertical displacement of node 3 is ¥ and can be
expressed as

vy = Nla* (8.5)

in = Nia* (8.6)



where

Ni={ooo0o0 1} (8.7)

The vertical displacement of node c is v and can be
expressed by interpolation function as

v Z[N| N> Nz Ny ﬂ}ﬂf (88)
Then it yields

v_1—m=c=[—h’| —N2 —N3 =N, l]a“:N};a" (8.9)

where

N ={-Ni —N2 —N3 —Nu 1| (8.10)

Applying Lagrange equation , that is

ddL oL ﬂﬁ‘

G dataa=" (8.11)

where . is Lagrange function
L=T-1I (8.12)

T is kinetic energy , 11 is potential energy , and r is
dissipated energy .
Kinetic energy of the moving element is

[ |
T_Em -,1—2m (N[ ") ["'rra] EM} m.a“ (8.13)

where mass matrix of the moving element is



(0000 0
0000 O
m,=m,N;N; =0 000 0 (8.14)
0000 0O
(0000 m, |
Potential energy of the moving element is
| 2 I T e\ AT e e T
Il = ;k‘:(V] — l-‘c}_ + {l’gmwg} = Ek" (N_—k_ﬂl] N_,":a + (ﬂ ] m“.gjﬁ_}
1 . (8.15)
= > (a) kya®—(a") O,
where stiffness matrix of the moving element is
[N} NN, N|N; N\N; —N| |
N3 NaN; NN, —N-
ki = kN3 N3, = k. N2 N3Ny —N; (8.16)
symmetry N; —N,
|
Element nodal load vector is
. T
& ={0000 -mg} (8.17)

Substituting (8.13) and (8.15) into Lagrange equations
(8.11) and (8.12), it yields dynamic equation of the moving
element as

mi +ka=0Q, (8.18)

8.2 Moving Element Model of a Single
Wheel with Primary Suspension System

Figure 8.2 shows moving element model of a single wheel
with primary suspension system. The model has four nodes,
marked as 1, 2, 3, and 4, and 6 DOFs (degrees of freedom).



Points 1 and 2 are the two nodes of the rail beam element,
whose vertical displacements vi and rotational angles

i (i =1.2) are analyzed, respectively; point 3 is the node of
the car body with its vertical displacement marked as v and
1/8 mass of the car body as m; k, ¢ are the equivalent

stiffness and damping coefficients of the primary
suspension system , respectively; point 4 is the node of the
wheel with its vertical displacement marked as *+ and mass

as m», and the wheel is moving at a constant velocity V;

point c is the wheel-rail contact point with its vertical
displacement denoted as V. The distance between node 1

and node cis x ., the element length is /, and the wheel-rail
contact stiffness is k..

Fig. 8.2 Moving element model of a single wheel with primary suspension
system

Define the element nodal displacement vector as

ﬂpz[l-‘] IE"] W Ellg V3 Wy }T (8.19)

Vertical displacement of node 3 is ¥ and it has



vy = Nla* (8.20)

iy = Nja* (8.21)
where
Ni={ooo0o01 0] (8.22)

Vertical displacement of node 4 is v4+ and in the same way
it has

vy = N,a* (8.23)
iy = Nja* (8.24)
where

Ni={ooo0o00 1] (8.25)
vy — vy = N1,a® (8.26)
i3 — vy = Ni,a° (8.27)

where N,={0000 1 -1

Vertical displacement of node c is - and can be
expressed by interpolation function as

v.=N'a (8.28)
where
Nl={N Ny Ny Ny 00 | (8.29)

And it yields



v_;—-.fc:NLa“ (8.30)
where
N;]L-c:{_NI —N; —N; =Ny 0 1 ] (8.31)
Kinetic energy of the element is

_ | -2 | .2 | T 2 T T s e l T s e T Loy I g T oo
T = Em“'PR + Em“.ugr = Emc (NRa } (N_,ﬂ J-l— ’Emw [f\ha ) (!‘”a ) =3 (a) m,a
(8.32)
where the element mass matrix is

m, = mN3Ny + m NN} = diag(0 0 0 0 mc my ) (8.33)

Potential energy of the element is

I = %kﬁ{vg - v_;}: + %kc{lq — VL-]E + (vam.g) + (vym,.g)
- %af"" (kN2 NT, + kL.NkN}'L_] a‘ + (a)' {m.gN+ + m,gNy) (8.34)

= > (a9 kia* - (@) @

where the element stiffness matrix is

kS =k + kS = kNyyNY, + k. Ny NT

[0 0 D000 0 [ N2 N\N; N\N; N\N, 0 =N, |
0 000 0 N2 NoN; NaN, 0 —N,
_ 0000 | N2 NaNy 0 —N;
00 0 ¢ Ny 0 —Ny
symmetry k., —k, symmetry 00
| ks | | 1
(8.35)

Element nodal load vector is



Q‘U'Z{D 000 —mg —m,g }.[- (836)

Dissipated energy of the element is

| 2 1 PN e
R =iy =) = S (@ ) et (8.37)

where the element damping matrix is

[0 0 000 0O
0 000 O
000 O

00 0

symmetry €y —Cg

(.':I = E‘,‘.Jﬁir_'.;_pn\‘r_-]u =

(8.38)

Substituting (8.32), (8.34), and (8.37) into Lagrange
equations (8.11) and (8.12), it obtains the dynamic equation
for moving element of a single wheel with primary
suspension system as

md+cca+kia=0Q" (8.39)

8.3 Moving Element Model of a Single
Wheel with Primary and Secondary
Suspension Systems

Figure 8.3 shows the moving element model of a single
wheel with primary and secondary suspension systems . The
model has 5 nodes and 6 DOFs (degrees of freedom). Points
1 and 2 are the two nodes of the rail beam element and
their vertical displacements vi and rotational angles ¢ (i=1.2)

are analyzed, respectively; point 3 is the node of the car
body with its vertical displacement marked as V3, and 1/8

mass of the car body as m; k2 and <2 are the respective



stiffness and damping coefficients of secondary suspension

system.
I
m, 3

Fig. 8.3 Moving element model of a single wheel with primary and secondary
suspension systems

Point 4 is the node of the bogie with its vertical
displacement marked as v+ and 1/4 mass of the bogie as m;
ki1, e1 are the respective stiffness and damping coefficients

of primary suspension system; point 5 is the node of the
wheel with its vertical displacement marked as s and mass

as ™+ and the wheel is moving at a constant velocity V;

point c is the wheel-rail contact point with its vertical
displacement denoted as v-. The distance between node 1
and node cis x . the element length is /, and the wheel-rail
contact stiffness is %,

Define the element nodal displacement vector as



T

a":[tf] B vy B vy vy vs } (8.40)

Vertical displacement of node 3 is V3, and it has

oy = N'a* (8.41)
iy = Nia* (8.42)
where

Ni={ooo001 00} (8.43)

Vertical displacement of node 4 is v+ and in the same way
it has

v\ = Nla (8.44)
iy = N,a* (8.45)
where
Ni={ooo000 10} (8.46)
And it has
V3 — vy = NLH" (8.47)
i — vy = N1,a° (8.48)
where
N,={ooo001 -10] (8.49)

Vertical displacement of node 5 is vs and similarly it has



Vs — J.;\‘rqli aﬂ

vs = Nla*

wh

N!

ere

={oo000 nl}

And it gets

Vg — Vg = h‘r_]l_.qﬂf

' ee

'L'»‘_t - l'-‘_q = 1”\‘r4:qﬂ

wh

ere

Ni={oooo0 1 -1]

Vertical displacement of node c is v¢, which can be

expressed by interpolation function as

o al e
Ve = ﬁk.ﬂ

wh

N!

ere

N, Ny Ny N, 0 00
[ |

And it achieves

Vs — V. = N_.éca"

wh

T
N i

ere

=l -N, =N, =N3 —N; 00 1
{ }

Kinetic energy of the element is

(8.50)

(8.51)

(8.52)

(8.53)

(8.54)

(8.55)

(8.56)

(8.57)

(8.58)

(8.59)



1 -~ 1 - 1 5
T = MV + Sy + S vs

= oo (V1@ (M) + S (M) (Na) + Sm (WD) (NEa)  (8.60)

1 T
b
= (a ) ma

where the element mass matrix is

m, = m N3N} + mNyN| +m,NsN% =diag(0 0 0 0 m. m my ) (8.61)

Potential energy of the element is
|

[T = Ekﬁz(l’_ﬁ — )+ %-’&1“‘4 —vs) + %kc(“i —va) + (vam.g) + (vamg) + (vsmyg)
- %ﬂf:[. [kay"'fiJ,ﬂ'VL + ko NysN s + ﬁ:cNﬁc*H*r.r'E.c} a* +(a)" {megNs + mgNy + mygNs)
ke o,
(8.62)

where the element stiffness matrix is

kS = ki + k) + kS = kaNwuNy, + kg NasNys + kNs N2

[0 0 000 0 0 [ N7 NN N\N; N\N, 0 0 =N, ]

0 000 0O 0 N2 NoN; NN, 0 0 =N,

000 O 0 i N2 N3N, 0 0 —N;

= 00 0 0 |+k, N 00 -N,
ko —ke 0 000
symmetry ko + ko —ko symmetry 00
| k| i 1

(8.63)

Element nodal load vector is

0.={0000 -mg -mg -myg }' (8.64)

L.

Dissipated energy of the element is



I 2 I . - 42 I s T e
R = Ef—"sz“’} — )"+ Efalfﬂ— vs)© = i{ﬂ ) eSa (8.65)

where the element damping matrix is

[0 0 00 0 0 0
0 00 0 0 0
00 0 0 0
¢ = c Ny NY, + e NysNL = oo o0 0 (8.66)
€3 —Can 0
symmetry €2 T €51 —Cs)
Cs]

Substituting (8.60), (8.62), and (8.65) into Lagrange
equations (8.11) and (8.12), it obtains the dynamic equation
for moving element of a single wheel with primary and
secondary suspension systems as

mi+cca+kia=0" (8.67)

8.4 Model and Algorithm for Dynamic
Analysis of a Single Wheel Moving on the
Bridge

In order to illustrate the application of moving element in
the dynamic analysis of the train-track coupling system, the
vibration response of a single wheel with primary
suspension system passing through the bridge is
investigated. Finite element mesh is shown by Fig. 8.4.



(m)

Fig. 8.4 Dynamic analysis model of a single wheel with primary suspension
system passing through the bridge

The bridge is simulated as a two-dimensional beam
element with only vertical displacement and rotation
considered, as shown in Fig. 8.5. In the model, E is elasticity
modulus of the bridge; 1 is moment of inertia of the section
along the horizontal axis; a is cross-sectional area; and ! is

length of the beam element. The model for dynamic
analysis of a single wheel passing through the bridge is
divided into (m+1) elements with (#+2) nodes, in which there

are m pbeam elements and 1 moving element, » nodes for

the bridge and 2 nodes for the moving element. The
element numbering and the node numbering are shown in
Fig. 8.4.

”/'l ';J EAT r.llﬂ \1&.

d I i i
I

Fig. 8.5 Two-dimensional beam element with 2 nodes and 4 DOFs

For the two-dimensional beam element with 2 nodes and
4 DOFs, the element mass matrix , stiffness matrix , and
damping matrix are as follows [6]



156 221 54 13!
pAl 47 —131 -3F

H, = —
"= 120 156 221 (8.68)
symmetry 41>
LDEl _6EI _12EI _6EI
' afl b1 2l
ki, = : dEr ek (8.69)

symmetry

Applying proportional damping , it has
¢, = am; + Bk (8.70)

where m,, &k and ¢ are the respective mass matrix ,

stiffness matrix, and damping matrix of the two-dimensional
beam element.

For moving element with primary suspension system,
the element mass matrix , stiffness matrix, damping matrix,
and the element nodal load vector have been given in
Sect. 8.2 by Egs. (8.33), (8.35), (8.38), and (8.36).

Here the major computational steps for the algorithm of
dynamic analysis of a single wheel passing through the
bridge are given as follows:

. Calculate the mass matrix, stiffness matrix, and
damping matrix of each bridge element by Eqgs. (8.68)-
(8.70).

ll. Form global stiffness matrix , global mass matrix , and
global damping matrix of the bridge structure by
conventional finite element assembling rule.

My=> mi, Ko=) ki. G, =) c (8.71)

[ [
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LOOpP tne ume steps witn Newimnark numerical

integration method, and in each time step, perform as
follows:

(1) Judge the position of the moving element on the

bridge by train speed and moving time and then
determine the element number of the moving
wheel contacting with the bridge.

Calculate the mass matrix, stiffness matrix ,
damping matrix of the moving element and the
element nodal load vector by Egs. (8.33), (8.35),
(8.38), and (8.36).

Assemble the mass matrix, stiffness matrix, and
damping matrix of the moving element into the
global mass matrix, global stiffness matrix, and
global damping matrix of the bridge structure by
finite element assembling rule, that is

M= (My+m), K= (Ky+k). C= ) (Co+c5)  (8.72)

where My, Kv and €+ are the respective global

stiffness matrix, global mass matrix, and global
damping matrix of the bridge structure.

Assemble the element nodal load vector of the
moving element and formulate the global nodal
load vector as

0=>0; (8.73)

Solve the following finite element equation by
Newmark numerical integration method



Mi+Ca+Ka=0 (8.74)

And it gains the nodal displacement, velocity,
and acceleration of the bridge structure and the

moving element.

(6) Turn back to step (lll) and continue the calculation
in next time step until all the calculation finishes.
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With the rapid development of high-speed railway, the train
at a high speed results in greater dynamic stress on track
structure and larger car body vibration, which directly
affects train operation safety and comfort. The dynamic
analysis of train-track-subgrade coupling system is the basis
to solving this problem. Scholars at home and abroad have
done a lot of research work in this field and achieved much
[1-12]. Nielsen [1], for example, has established the
vehicle-track interaction model; Knothe [2] explores the
railway track and vehicle interaction at high frequencies;
Koh proposes the moving element method for train-track
dynamics [3]; Zhai [6] sets up an analysis model of coupling
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system with vehicle and track as a whole; Lei [7, 8] has
designed a vibration analytic model of vehicle-track
nonlinear coupling system with random irregularity by
adopting finite element analysis and cross iteration method.
These models have distinct characteristics but also have
their respective limitations such as low computation
efficiency, complex programming, or the only application
into the analysis of some special cases.

In this chapter, models of track and vehicle elements
applicable to this issue are proposed on the basis of the
characteristics of train-track-subgrade coupling system. By
adopting finite element method and Lagrange equation , the
stiffness matrix , mass matrix, and damping matrix of the
track and the vehicle elements are deduced [8-12]. The
train-track-subgrade coupling system will be discretized into
separate vehicle element and track element, in which the
track-subgrade system is simulated as a series of track
elements and the train as vehicle elements. In the process
of computation, this model only needs to generate the
global stiffness matrix , global mass matrix , and global
damping matrix of the track-subgrade system once. And in
the following computation of each time step, it only needs
to assemble the stiffness matrix, mass matrix, and damp
matrix of the vehicle element into the global stiffness, mass,
and damping matrixes of the track-subgrade system.
Therefore, computational efficiency is largely improved.
Since the governing equation is based on the energy
principle, the stiffness, mass, and damping matrixes are
symmetric and the train-track-subgrade coupling system
only includes vehicle and track elements , thus making
programming particularly easier. Therefore, the track and
vehicle element models have the characteristics of easy
programming and high computation efficiency.

9.1 Ballast Track Element Model



9.1.1 Basic Assumptions

To establish the vertical vibration model of the train-ballast
track-subgrade coupling system by using finite element
analysis, it is assumed:

(1)

(2)

Only vertical vibration effect of the vehicle-track-
subgrade coupling system is considered.

Since the vehicle and the track are symmetrical about
the centerline of the track, only half of the coupling
system is used for ease of calculation.

(3) The upper structure in the vehicle and track coupling

system is a complete locomotive or rolling stock unit

with a primary and secondary suspension systems, in
which bouncing and pitch motion for both vehicle and
bogie are considered.

(4) The hypothesis of a linear relationship between two

elastic contact cylinders perpendicular to each other is
used in coupling the vehicle and the track.

(5) The lower structure in the coupling system is the

(6)

(7)

ballast track where rails are discretized into 2D beam
element; the stiffness coefficient and damping
coefficient of the rail pads and fasteners are denoted
by k 1 and c ;, respectively.

Sleeper mass is defined as lumped mass, and only
vertical vibration effect is considered; the stiffness and
damping coefficients of the ballast are denoted by k ,;

and c , respectively.

Ballast mass is simplified as lumped mass, and only



vertical vibration efrect IS considered; the stirrness and
damping coefficients of the subgrade are denoted by k

y3 and c 3 respectively.

9.1.2 Three-Layer Ballast Track Element

Three-layer ballast track element model is shown in Fig. 9.1,
in which vi. v+ are vertical displacement of the rail, ¢ 4 are

rotational angle of the rail, v2. vs are vertical displacement of
the sleeper, and vs: v& are vertical displacement of the
ballast.

k\.l .
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Fig. 9.1 Three-layer ballast track element model

The nodal displacement of the three-layer ballast track
element is

1 -].
a; :[p] B va vy vy By ovs Vﬁ} (9.1)

where viti=1,2,3,....6) denotes the vertical displacements of
the rail, the sleeper, and the ballast; #ii=1.4) s the

rotational angle of the rail at node |.
The mass matrix of the three-layer ballast track element
is



m = m + my (9.2)

where ™; is consistent mass matrix of the rail: ™. is mass
matrix of the sleeper and the ballast.

156 221 00 54 13 0 0]

4F 00 13/ =37 00

0Oo0 0O 0 00

A 0O 0 0 00
" = 420 156 22/ 00 (9.3)

4F 00

symmetry 00
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where #r is the rail density, 4: is the cross-sectional area of

the rail, and / is the length of the ballast track element .
Based on the basic assumptions (6) and (7),the sleeper

mass ™ and the ballast mass ™ between two neighboring

sleepers are exerted as lumped mass on the three-layer
ballast track element, then

Hﬁ;:diag{ﬂ 0 Jlrml ]Tmh 00 Jlfml ﬁmh) (9.4)

The stiffness matrix of the three-layer ballast track
element is

ki = K+ k° (9.5)

where & is stiffness matrix caused by rail bending; & is
stiffness matrix caused by track elastic support.
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where £ and I are elasticity modulus and horizontal

sectional inertia moment of the rail, respectively. | is the
length of the three-layer ballast track element , namely the
length between two neighboring sleepers. &1, k2 and %2 are

the stiffness coefficients of the rail pads and fasteners, the
ballast, and the subgrade, respectively.

The damping matrix of the three-layer ballast track
element is
¢, = ¢ +c (9.8)

&

where ¢ is the damping matrix of the rail influenced by
system damping ratio and natural frequency .

¢ = am + Sk (9.9)

where @8 are proportional damping coefficients .



¢. is the damping matrix resulted from the rail pads and
fasteners, the ballast, and the subgrade.

[ ) 0 —cy 0 0 0 0 0

0 0 0 00 0O 0
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0 0 0
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where <1, o2, and <3 are the damping coefficients of the rail
pads and fasteners, the ballast, and the subgrade,
respectively.

Based on the finite element assembling rule, the global
mass matrix , the global stiffness matrix , and the global
damping matrix of the ballast track structure can be
obtained by assembling the element mass matrix (9.2), the
element stiffness matrix (9.5) and the element damping
matrix (9.8).

m = Zm," = Z(mi’+m;]
kI:Ek;’=2(k;'+k::} (9.11)
a=) ¢=) (e+c)

9.2 Slab Track Element Model

9.2.1 Basic Assumptions

To establish the vertical vibration model of the train-slab
track-subgrade coupling system by using finite element
analysis, it is assumed:



(1)

(2)

(3)

Only vertical vibration effect of the vehicle-slab track-
subgrade coupling system is considered.

The upper structure in the vehicle and track coupling
system is a complete locomotive or rolling stock unit
with a primary and secondary suspension systems, in
which bouncing and pitch motion for both vehicle and
bogie are considered.

Since the vehicle and the slab track-subgrade system
are symmetrical about the centerline of the track, only
half of the coupling system is used for ease of
calculation.

(4) The hypothesis of a linear relationship between two

elastic contact cylinders perpendicular to each other is
used in coupling the vehicle and the track.

(5) The lower structure in the coupling system is the slab

(6)

track where rails are discretized into 2D beam element
supported by discrete viscoelastic supports; the
stiffness coefficient and the damping coefficient of the
rail pads and fasteners are denoted by k ,; and ¢ ;,

respectively.

In accordance with the general computation rules of
beam and slab on elastic foundations, when the length
of the structure is less than three times its width, it is
computed as slab, while the length of the structure is
more than three times its width, it is computed as
beam. Precast track slab is discretized as 2D beam
element with continuous viscoelastic support. The
stiffness coefficient and the damping coefficient of the
cement asphalt mortar layer beneath the precast track

slab are denoted by k ,, and c ,,, respectively.



(7) Concrete support layer is discretized as 2D beam
element with continuous viscoelastic support. The
stiffness coefficient and the damping coefficient of

antifreezing layer beneath it are denoted by k ;3 and ¢
y3: respectively.

(8) The study is focused on the middle element of the slab
track. Relevant matrix of the end elements can be
deduced in the same way.

9.2.2 Three-Layer Slab Track Element
Model

Three-layer slab track element model is shown in Fig. 9.2, in
which v1, v+ are vertical displacements of the rail, #1, © are

rotational angles of the rail; vz, vs are vertical displacements
of the precast track slab, 2, & are rotational angles of the
precast track slab, v, ve are vertical displacements of the
concrete support layer, and %3, % are rotational angles of the
concrete support layer.
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Fig. 9.2 Three-layer slab track element model . a Cross section of the slab
track and b three-layer slab track element



The node displacement vector of the three-layer slab
track element is defined as follows:

1 -].
a :[l-‘] E‘I] W E‘Ig o] E‘I] Vg E‘I_1, V5 E‘I_-T, Vg E‘Iﬁ} (9.12)

where vi, ¢ (i =1, 2, 3, ..., 6) denote vertical displacement

and rotational angle of the slab track element at note i,
respectively.

9.2.3 Mass Matrix of the Slab Track

Element

The mass matrix of the slab track element is composed of
the mass of the rail, the mass of the precast slab , and the
mass of the concrete support layer . The mass matrix is

m = m_ +m; +m (9.13)

where ™ is mass matrix of the rail; ™ is mass matrix of the
precast slab; and ™. is mass matrix of the concrete support
layer.
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(9.16)

In the above mass matrixes, p . p s and p , refer to the

density of the rail, the precast slab , and the concrete

support layer , respectively, while A, A and A, denote

the area of cross section of the rail, the precast slab, and
the concrete support layer, respectively; | means the length
of the slab track element .

9.2.4 Stiffness Matrix of the Slab Track
Element



The stiffness matrix of the slab track element is made up of
the bending stiffness caused by the potential energy of the
rail, the precast slab, and the concrete support layer, the
stiffness of discrete viscoelastic supports caused by the rail
pads and fasteners, and the continuous elastic supporting
stiffness of the asphalt cement mortar layer and
antifreezing subgrade.

(1) Bending stiffness of the rail

[12 -6l 0 00012 -6/0000]

47 0 000 6/ 22 0000

0 000 0O 0 0000

000 0O 0 0000

00 0 0 00O0O0
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where & is the bending stiffness matrix of the rail; E ,and / ,

are the elasticity modulus of the rail and the sectional
moment of inertia around the horizontal axis, respectively;
and / is the length of the slab track element .

(2) Bending stiffness of the precast slab
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where & is the bending stiffness matrix of the precast slab ;
E ; and | ¢ are the elasticity modulus of the precast slab and

the sectional moment of inertia around the horizontal axis,
respectively; and I is the length of the slab track element .

(3) Bending stiffness of the concrete support layer

[0 0 0
0 0
0

[ R e [ s
===l
l':IDDD
oo o o
o o o o

s
=
I
T
s T s S s T s Y s Y s [ s
e S e T o Y e Y e Y O e Y e
o I v S s S s O s B s I e R e R s
s R e T o Y e Y o D o Y e Y O s Y e
|
[
|
o

=N
13
T

(9.19)

e T R e I |
o o o o

symmetry

[R*]
o
=

where ki is the bending stiffness matrix of the concrete
support layer ; E |, and I |, are the elasticity modulus of the
concrete support layer and the sectional moment of inertia



around the horizontal axis, respectively; and I is the length
of the slab track element.

(4) Stiffness caused by discrete elastic support of
the rail pads and fasteners
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where k. denotes the stiffness matrix caused by discrete
elastic support of the rail pads and fasteners, while %1 refers
to its stiffness coefficient.

(5) Stiffness caused by continuous elastic support of
the cement asphalt mortar layer

The relative displacement of any point in the slab track
element between the precast slab and the concrete support
layer can be expressed as follows:

Vi = V. — vy = Nypva + Mo + Novs + Nyts — Ny — Nat; — Navg — Nty

={0 0 Ni Ny =N\ =N> 0 0 N3 Ny —N; —N, }a“ = Nya*
(9.21)

where Ni-Ni gre interpolation functions of the two-
dimensional beam element.



RN Ll " (9.22)

The elastic potential energy of the cement asphalt
mortar layer can be obtained as follows:

Il = ;—[ kv dx = %a"] [ (k2NN | dxa = %a"] k5.a° (9.23)
where
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symmetry 4 221 —4F
156 221
4 |
(9.24)

k3. denotes the stiffness matrix caused by continuous

elastic support of the cement asphalt mortar layer, while k
y2 refers to the stiffness coefficient of the cement asphalt

mortar layer.

(6) Stiffness caused by continuous elastic support of
the antifreeze subgrade

In the same way, the stiffness matrix caused by
continuous elastic support of the antifreeze subgrade is
available.
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where k. denotes the stiffness matrix caused by continuous
elastic support of the antifreeze subgrade , while k ;3 refers

to the stiffness coefficient of the antifreeze subgrade.
Finally, the stiffness matrix of the slab track element can
be obtained as follows:

ki = kS + kS + kp + K+ kS + kS, (9.26)

where k| denotes the stiffness matrix of the slab track
element .

9.2.5 Damping Matrix of the Slab Track

Element

Damping matrix of the slab track element is composed of
the internal friction damping caused by the rail, the precast
slab , and the concrete support layer and the support
damping caused by the rail pads and fasteners, the cement
asphalt mortar layer, and the antifreezing subgrade.

€] =€+ + 0o + 65, (9.27)

&

where ¢ is the damping matrix caused by internal friction of
the rail, the precast slab , and the concrete supporting layer,



generally adopting proportional damping ; €., ¢ and ¢
denote the damping matrix caused by the rail pads and

fasteners, the cement asphalt mortar layer, and the
antifreezing subgrade, respectively.

¢ = aan’ + Bk +am + Bk + apm, + Bm] (9.28)

where @:, B, @ B, an and B» denote the proportional

damping coefficients of the rail, the precast slab, and the
concrete support layer , respectively.
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where a1, €2 and 2 refer to the damping coefficients of the
rail pads and fasteners, the cement asphalt mortar , and the
antifreeze subgrade , respectively.

Based on the finite element assembling rule, the global
mass matrix , the global stiffness matrix , and the global
damping matrix of the slab track structure can be obtained
by assembling the element mass matrix (9.13), the element
stiffness matrix (9.26), and the element damping matrix
(9.27).

mI_ZmI :Z Hl +m*’+m;]
kl_Zkf":Z ko + kS + Kk +k"+k"+k‘} (9.32)

C|_ZC| 2(;: e+l +c1)

9.3 Slab Track-Bridge Element Model

9.3.1 Basic Assumptions

To establish the vertical vibration model of the train-slab
track-bridge coupling system by using finite element



analysis, it is assumed:

(1)

(2)

(3)

(4)

Only vertical vibration effect of the vehicle-slab track-
bridge coupling system is considered.

The upper structure in the vehicle and track coupling
system is a complete locomotive or rolling stock unit
with a primary and secondary suspension systems, in
which bouncing and pitch motion for both vehicle and
bogie are considered.

Since the vehicle and the slab track-bridge coupling
system are bilaterally symmetrical about the centerline
of the track, only half of the coupling system is used
for ease of calculation.

The hypothesis of a linear relationship between two
elastic contact cylinders perpendicular to each other is
used in coupling the vehicle and the track.

(5) The lower structure in the coupling system is the slab

(6)

(7)

track and the bridge where rails are discretized into 2D
beam element supported by discrete viscoelastic
supports; the stiffness coefficient and the damping
coefficient of the rail pads and fasteners are denoted
with k ,; and ¢ ,; respectively.

Precast track slab is discretized as 2D beam element
with continuous viscoelastic support. The stiffness
coefficient and the damping coefficient of the cement
asphalt mortar layer beneath the precast track slab are
denoted by k ,, and ¢ ,, respectively.

Concrete bridge is discretized as 2D beam element.



(8) The study is focused on the middle element of the
track slab-bridge coupling system. Relevant matrix of
the end elements can be deduced in the same way.

9.3.2 Three-Layer Slab Track and Bridge
Element Model

As shown in three-layer slab track and bridge element
model (Fig. 9.3), v1, v+ are vertical displacements of the rail,

o1, ¢4 are rotational angles of the rail, v2, vs are vertical
displacements of the precast slab , ®, ¢ are rotational
angles of the precast slab, v, vs are vertical displacement of
the concrete bridge, and ¢, % are rotational angles of the
concrete bridge.

(a) _ | (b)

Fig. 9.3 Three-layer slab track-bridge element model . a Cross-sectional
diagram of elevated slab track and b three-layer slab track and bridge element

The node displacement vector of the three-layer slab
track and bridge element is defined as follows:

T

(9.33)

ar:[\,-‘] I'_r'.||] Va IE‘IE V3 E‘I] Vy E‘I_l Vs ﬂﬁ Vi ﬂﬁ}

where vi and ¢ (i =1, 2, 3, ..., 6) denote vertical
displacement and rotational angle of the slab track-bridge



element at note i, respectively.

9.3.3 Mass Matrix of the Slab Track-
Bridge Element

The mass matrix of the slab track-bridge element is
composed of the mass of the rail, the mass of the precast
slab , and the mass of the concrete bridge. The mass matrix
is as follows:

m = m. +m. +m, (9.34)

where ™: is mass matrix of the rail; ™ is mass matrix of the
precast slab; and ™. is mass matrix of the concrete bridge.
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(9.37)

precast slab , and the concrete bridge, respectively, while 4:
, 45, and 4+ denote the cross-sectional area of the rail, the

precast slab, and the concrete bridge, respectively; | means
the length of the slab track-bridge element.

9.3.4 Stiffness Matrix of the Slab Track-
Bridge Element



The stiffness matrix of the slab track-bridge element is
made up the stiffness caused by the bending potential
energy of the rail, the precast slab , and the concrete
bridge, the stiffness of discrete elastic supports caused by
the rail pads and fasteners, and the continuous elastic
supporting stiffness of the cement asphalt mortar layer.

ki = kS + kS + ki + K5+ kS, (9.38)

where ki denotes the stiffness matrix of the slab track-
bridge element
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where & is the bending stiffness matrix of the rail; E ,and / ,

are the elasticity modulus of the rail and the sectional
moment of inertia around the horizontal axis, respectively.
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ki is the bending stiffness matrix of the precast slab ; E .
and | ; are the elasticity modulus of the precast slab and the

sectional moment of inertia around the horizontal axis,
respectively.
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ki is the bending stiffness matrix of the concrete bridge;
E , and | , are the elasticity modulus of concrete bridge and

the sectional moment of inertia around the horizontal axis,
respectively.
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ki. denotes the stiffness matrix caused by discrete elastic
support of the rail pads and fasteners, while k ,; refers to
the stiffness coefficient of the rail pads and fasteners.
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k3. denotes the stiffness matrix caused by continuous
elastic support of the cement asphalt mortar layer, while %2

refers to the stiffness coefficient of the cement asphalt
mortar layer.



9.3.5 Damping Matrix of the Slab Track-
Bride Element

Damping matrix of the slab track-bride element is
composed of the damping caused by the internal friction of
the rail, the precast slab , and the concrete bridge, the
damping caused by the rail pads and fasteners, and the
damping of the cement asphalt mortar layer.

¢ = ¢+ e, (9.44)

&

where ¢ is the damping matrix caused by internal friction of
the rail, the precast slab, and the concrete bridge, generally
adopting proportional damping ; ¢ and ¢. denote the
damping matrix caused by the rail pads and fasteners and
the asphalt cement mortar layer, respectively.

¢ = am’ + Bk +oam + BkT + apmi + Bm, (9.45)

ar, fr, as, B av, and P denote the proportional damping

coefficients of the rail, the precast slab, and the concrete
bridge, respectively.
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156 =221 —156 221 00 54 131 -54 -13]
4F 221 —4F 0 0 —131 =3F 131 3F
156 —221 0 0 —54 —13] 54 13/
R 4 00 131 3F —131 -3F
420 00 0 0 0 0
0 0 0 0 0
156 221 —156 -22]
symmetry 4 221 —4F
156 221
4F |
(9.47)

o1 and 92 refer to the damping coefficients of the rail pads

and fasteners and the cement asphalt mortar , respectively.

Based on the finite element assembling rule, the global
mass matrix , the global stiffness matrix , and the global
damping matrix of the train-track-bridge coupling system
can be obtained by assembling the element mass matrix
(9.34), the element stiffness matrix (9.38), and the element
damping matrix (9.44).

m = Z m; = Z (mf +m; + mg]
[ [

k=) k= > (ke K+ K+ K+ RS ) (9.48)

By using Lagrange equation , the finite element equation
of the ballast track structure, or the slab track structure, or
the elevated track structure is available.

m|i':|+c|¢'r|+k|a| :Q| (949)

where @ denotes the global nodal load vector for the ballast
track structure, or the slab track structure, or the elevated



track structure .

9.4 Vehicle Element Model

The vehicle element model has 26 degrees of freedom, as
shown in Fig. 9.4, where 10 degrees of freedom are used to
describe the vertical movement of a car, and 16 degrees of
freedom are associated with the rail displacements. In the
model, 2M: and 2/c are mass and pitch inertia for the rigid

body of the vehicle; 2M: and 2/t are mass and pitch inertia
for the bogie; 2k, 2k2 and 2¢1, 2¢2 stand for stiffness and

damping coefficients for the primary and secondary
suspension systems of the vehicle, respectively;

M.a(i =1,2,3.4) is the jth wheel mass; and *: is the contact
stiffness between the wheel and the rail.

Fig. 9.4 Vehicle element model

The nodal displacement vector for this vehicle element is
defined as follows:

ﬂff.:{ﬂ E-i'| V2 E‘Ig V3 IE'I_'.; Vi IE'I_L Vs IE'I_:, Vi E‘Iﬁ V7 IE'I;r Vg E‘I)g Vo H'-j

(9.50)

1
vio vi1 Fhio B0 vz vz vy V]ﬁ}

where vi and ¢{i=1,2.3.....8) gre the rail vertical displacement
and the rail angular displacement for node j; v«i = 1.2.3,4) in



Fig. 9.4 is the rail vertical displacement at the ith wheel-rail
contact point; » and ® are the vertical displacement of

bouncing vibration and the angular displacement of pitch
vibration of car body , respectively; vi and ¢ (i=10.11) gre the

vertical displacement of bouncing vibration and the angular
displacement of pitch vibration for these two bogies; and

vili = 12.13,14.15) s the vertical displacement for the ith wheel.
In terms of track irregularity, the amplitude is denoted by 7.
The irregularity amplitudes of four wheel-rail contact points
are denoted by 1, 2, 13, and ™, respectively.

In order to formulate finite element equation for the
vehicle element , the following Lagrange equation may be
used.

d ol adl  OR
=0

dioa da  9a (9.51)

where L is Lagrange function, L = T-[1; T and I1 are kinetic
and potential energy , respectively; R is dissipation energy;
a and @ are nodal displacement vector and nodal velocity

vector, respectively.

9.4.1 Potential Energy of the Vehicle
Element

1 __ 1 -

I, = Ek.ﬂ (vog — vig — thla)” + Ekﬁz (vo — vy +8ala)” + Eksl (vio — vi2 — Bholy)
I 2 | ) | -
+§f\'x| (vig— vz + B1ply)” + Eksl (vip —vig — 8l + Ek” (vip —wis +830)°

| | 1 5 1 -
+ Effcfl’lz — Ve =M+ Ekc (Via — v — 12 + ,.:)kc (vig—vaa—13)" + Ekc (Vs — Vs — Ma)”
+ I."(_}M‘_-g + V|[]Mrg + v IMlg + V]}M“.g + 1’|3ng + VHMWE + I.-‘]ﬁM“.g

(9.52)

where



vg—vio—fL={000 0000 000000000
l =L =1 000000 0}a* =N,
W9 — 10— fL={000 0000 000000000
l = -1 000000 0}a =N, @
vy—vii+hhL={000 0000 000000000
1 L0 -1000000}a =Ny,
by — 11 +6L={000 0000 000000000
1 L0 -100000O0}a =Ny,
vio—vi2—f/i={0 00 0000 000000000
0010-40-1000}a=N{ ,a
Plo— P2 =6l ={000 0000 000000000
00104 0-1000}a =N ,a
Vip—vi3 + 6l ={0 00 0000 000000000
0010hHL00-100}a=N
b= P13 +6/i={000 0000 000000000
0010hLO00-100}a =N
vii—vie—fnh={000 0000 000000000
00010-,00-10}a"=N{_,a
i1 =P —fn={000 0000 000000000
00010-h00-10}a=N_,a
vii—vis+614={000 0000 000000000
0001004000 -1}a=N_;a
i—vis+8nh={000 0000 000000000
0001014 000 -1}a=N|_;a

(9.53)



v2=v1={000 0000 00000 -N —Ny —N3 —Ny
0000001000}a=Na
vi3=v2={000 0000 0 -Ny -N2 =N3 =N4 0 0 0 0
0
0
0

00000001 00}a =N
via—va={0 00 0 -Ny =N N5 -N; 00000000 (9.54)
000000001 0}a=Na
vis—ves={-N; =Ny =N =Ny 000 000000000
000000000 1}a =N
w={000 0000000000000
100000000 O0}a =Na
vip={000 0000 000000000
001000000 O0}a =N
vi1={000 0000000000000
000100000 O0}a=Na
v={0 00 0000 000000000
0000001 00O0}a=N}a (9.55)
vi3={000 0000 000000000
00000001 00}a =N
va={000 0000000000000

000000001 0}a =N
vis={000 0000000000000
000000000 1}a =N

From EqQ. (9.54), va, v, va, and v« can be expressed by
the interpolation of the rail displacements at two ends.
ves = Nyvp + Nofp + Nava + Nyt (956)

where Ni-Ns+ are interpolation functions as shown in
Eq. (9.22). Substituting the local coordinate of the wheel-rail



contact point into M-Ns+ and then into the (9.54), one can
obtain N .4, In the same way, substituting the local
coordinate *1, %2, and *3 into interpolation functions, one
can obtain N«, Na, and Ns, respectively.

Substituting Egs. (9.53), (9.54), and (9.55) into (9.52), it
has

1 . . . . .
Iy = EH I [kﬁgﬂﬁrg_ |[]J‘\ﬂ];_]r_] + k_,\.yvgq |£“\F.:-|_]] + k__;in”]_ |31“\F|[[]_|2 + k__;pwm_]]Nl[[]_lj + k5|N| |_”'N][]—I-I
kN sV s + K NANT + kNN + kNN 4+ kNN, ) af
i I a 2 2 a
—a" (ko Ny + kapoN o + kapaNoa + kN o) + ;kc [’}'T +m it q;]
+ a"']- {fwcchj + MngiV“] + M[EN]] + M“.gh‘rm + ngN”, + M“.ghru + ngh'r]ﬁ)

1 ..
= Ea""[ ki +ko+ky+ky+ ks + kg + ko + koo + ks + koy)a®

T I 2 ) 2 o
— @ (ko Ny + kN o+ kapaNoq + kN o) + ;kt. [aﬂ +m it q;]
+a*" (M.gNg + MgN g + MigN | + M gN 3 + MygN i3 + M,gN iy + M gN)s)
| - T 1 2 ) 2 )
— Eae'[kflae'_i_al’]Q‘u' + EkL (?ﬁ + 13 +?}'E+fﬁ'}

(9.57)

where k. denotes the stiffness matrix of the vehicle element
, while @, denotes the nodal load vector.

ko =k, + k. (9.58)
Q. =0,+0, (9.59)

kr = k| + kl + .k_} + e kﬁ = k,;ch_p_mh‘r(g_l[] + kSENg_”h‘r(g_”
. T T , -
+ kN 12N o0 Fha Ny aN gy Fha NN H kN D-sN s

016416
k.

26026

(9.60)
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]
]
O
k.,
]
kI,
O
O
ks

—k.

0
0
0
—k,
0

sl
0
0
0

ks]

where Yisas js the rank 16 zero matrix, 201 is the wheelbase,
and 2 is the distance between the central lines of two

bogies.

k.=kg+ka+tks+k.y
= kN N! | + k. NoNL + kNaNL + kNN,
[ NN_, 0 0 0 0 NI,]
NN, 0 0 0 NI;
NN-. 0 0 NI,

=k NN, 0 NI,
symmetry 066 0
y

12626

where I+ is the rank 4 identity matrix.

N? NN, N;N; NN,
N3  NoN; N)N,
NI NiNy
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(9.62)

(9.63)
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9.4.2 Kinetic Energy of the Vehicle
Element

(9.64)
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where ™, denotes the mass matrix of the vehicle element .

-Hf: — [ ulfmlﬁ

(9.71)

ve 126%26

m,, =diag( M. Jo My My J, Jy My My My M, ) (9.72)

9.4.3 Dissipated Energy of the Vehicle
Element

Ry = %C:ﬂ (1"‘9 — Vi — '-‘:"uf:)l + i—,fsz (f’u — v+ é"tﬂ'zf + %fsl (13’|[] — Vi — IE"‘mé’])

2

1 a ) . 2 | . . : 2 1 . . /) 2_ lnf]' L
+ 56! {Vm —Viz T E“mf]) + 26l (1-11 — V14 —5'||f'|) +§fﬁ| [1’|| — Vs +'5"113|J = Eﬂ c,a

(9.73)

where ¢ denotes the damping matrix of the vehicle element

& = “Iﬁxlﬁ
L=

(9.74)
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B 2007 0 cgly —cqly 0 0
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symmetry sl 0
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9.5 Finite Element Equation of the
Vehicle-Track Coupling System

The finite element equation of the vehicle-track coupling
system (or the track-bridge coupling system) includes two
elements, namely the track element (ballast track, slab
track, or slab track-bridge) and the vehicle element .
Stiffness matrix, mass matrix, and damping matrix of the
track element are denoted by &, ™, and ¢, the calculation

of which has been illustrated in Sects. 9.2-9.4, respectively.
Stiffness matrix , mass matrix , and damping matrix of the
vehicle element are denoted by ki, ™., and ¢., the

calculation of which has been given in Eqgs. (9.58), (9.71)
and (9.74). In numerical calculation, it only needs to
assemble the global stiffness matrix , the global mass
matrix , the global damping matrix , and the global load
vector of the track structure once. And in each following
calculating time step, by assembling the stiffness matrix,
the mass matrix, the damping matrix, and the load vector of
the vehicle element into the global stiffness matrix, the
global mass matrix, the global damping matrix, and the
global load vector of track structure with the standard finite



element assembling rule, one can obtain the global stiffness
matrix, the global mass matrix, the global damping matrix ,
and the global load vector of the vehicle-track coupling
system(or the track-bridge coupling system).

The resulted dynamic finite element equation of the
vehicle-track (or the track-bridge) coupling system is as
follows:

Ma+Ca+Ka=0 (9.76)

where M, C g, and € denote the global mass matrix , the

global damping matrix , the global stiffness matrix , and the
global load vector of the vehicle-track (or the track-bridge)
coupling system, respectively.

M=) (m+m)., C=> (e+c). K= (k+k),

0=>(0+0C) (3.77)

The numerical solution to the dynamic finite element
equation of the vehicle-track (or the track-bridge) coupling
system is available by using direct integration method, such
as Newmark integration method. If the solution @.a.a of

Eq. (9.76) at time step (7) is known, the solution @+ at time
step (7+ A7) can be obtained by Eqg. (9.78).

(K+ M+ ciC)an = QHﬂ.l + M{cya, + caa, + Ii"_'.;&l} + C{cya, + cqa, + li"_q&l}

(9.78)

Substituting @-@-@ and awa into the following equation,

the velocity @+ and the acceleration @+ at time step (t+At)
can be calculated as follows:



Apppp = cpl@pp — @) — o2 — o3l

Foran = Coldas =)~ (9.79)
i ar = @ + Cplly + CF0 Ay
where
l 0 1 |

V=AY oar T aar T2 !

a2

5 At (6 (9.80)
cpg=——1, L"ﬁ:—(_—z).. ce = AL (1l —8), o7 =0d0M

[0 2 \a

At denotes the time step; @ ¢ are Newmark numerical
integration parameter. When @.9 equal 0.25 and 0.5,

respectively, Newmark numerical integration method is
unconditionally stable algorithm.

9.6 Dynamic Analysis of the Train and
Track Coupling System

Following are three examples, of which numerical example
one is mainly used to verify the algorithm and to analyze
the dynamic response of the vehicle and the track structure
under a moving vehicle, and numerical Examples 9.2 and
9.3 are used, by consideration of track regularity and track
irregularity, respectively.

Example 1

To verify the correctness of the presented model, let us
consider the problem defined in Ref. [3]. As shown in

Fig. 9.5, the vehicle is simplified into a spring-damping rigid
body system with 3 degrees of freedom, and the track is
simplified into monolayer continuous elastic beam. Given
the train speed is 72 km/h, and the sleeper interval is 0.5 m,
let us compare the calculated results of two models.



carbody mass g, ’i

bogie mass m, —_—

wheelset mass o,

K £

| | [ 1 I
B ST I o o .

Fig. 9.5 A simplified model for dynamic analysis of the vehicle-track coupling
system

Track parameters include the following: the elasticity
modulus of the rail £=20x10"MFa the sectional moment of

inertia around the rail horizontal axis /=3.06x107"m* the
track mass per unit length m =60kg/m the track stiffness per
unit length k=1x10*kN/m* 3and the track damping per unit
length ¢=49 kNs/m*

Vehicle parameters include the following: the wheelset
mass ™ = 350kg, the bogie mass m , = 250 kg, the car body
mass m 3 = 3500 kg, the wheel-rail contact stiffness

ki =8.0x 10°kN/m the primary spring stiffness k» = 1.26 10" kN/m_
the secondary spring stiffness ki = 1.41 x 10°kN/m the wheel-
rail contact damping <1 =6.7X 10°kNs/m the primary damping
coefficient 2=7.1kNs/m 3gnd the secondary damping

coefficient ¢ = 3.87 stfm_

The calculated results are shown in Fig. 9.6, in which
Fig. 9.6a shows the results of finite element analysis and



Fig. 9.6b shows the results of the vehicle and track element
in this chapter. It can be observed that the two results agree
well with each other [12].

et ®;
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Track coordinate / m
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Track coordinate /' m

Fig. 9.6 Ralil deflection distribution along the track direction. a Calculated
result of finite element and b calculated result of the vehicle and track element

Example 2

As an application example for the above theory, dynamic
response of the vehicle and the track structure is
investigated. The vehicle concerned is Chinese high-speed
train whose parameters are shown in Table 9.1. The track is
the continuously welded rail of 60kg/m whose flexural

modulus is denoted by EI=2x6.625MNm® |||-type prestressed

concrete sleeper with sleeper length of 2.6 m and sleeper
interval of 0.60 m, ballast track with ballast thickness

30 cm, and ballast density 2000 kg/m3. Other parameters
are shown in Table 9.2.

Table 9.1 Parameters of Chinese high-speed train HSC

Parameter Value Parameter Value

1/2 car body mass M
c/(kg)

26,000

Vertical stiffness of
secondary suspension K
s2/(KN/m)

1.72 x 103




Parameter Value Parameter Value

1/2 bogie mass M t/(kg) 1600 Vertical damping of primary |500
suspension C g1 /(KN s/m)

Wheel mass M ,/(kg) 1400 Vertical damping of 196
secondary suspension C
s2/(KN s/m)

Car body pitch inertia 2 31 x 106 |Fixed wheelbase 2/ 1/(m) 2.50
moment J /(kg m?2)

Bogie pitch inertia 3120 Distance between bogie 18.0
moment J ¢/(kg m2) pivot centers 2/ >/(m)

Vgrtical stif‘fness.of 1.87 x 109 |Wheel radius/m 0.4575
primary suspension K

s1/(N/m)

Table 9.2 Parameters of track structure

Track Mass per unit Stiffness per unit Damping per unit
structure length/(kg) length/(MN/m 2 ) length/(kN s/m 2 )
Rail 60 133 83.3

Sleeper 284 200 100

Ballast 1360 425 150

bed

Assuming that the track is perfect smooth, the train
speed is 252 km/h, the time step of Newmark numerical
integration method At = 0.001 s, and the wheel-rail contact
stiffness coefficient K . = 1.325 x 10° kN/m. In order to

reduce the boundary effect of the track, the total track
length for computation is 220 m, which includes 20 m extra
track lengths on the left and right track ends. The system is
discretized to 1 vehicle element and 385 track elements
with 1168 nodes.

The calculated results are shown in Fig. 9.7, 9.8, 9.9, 9.10
and 9.11, which denote the deflections of the rail and the
sleeper, the vertical accelerations of the rail and the car
body, and the wheel-rail contact force , respectively, under
a moving vehicle [12]. As is illustrated in them, the four




curve peaks of the deflections of the rail and the sleeper are
clearly corresponding to the four vehicle wheelsets. In the
time history curves of the car body vertical acceleration and
the wheel-rail contact force, the calculated results have
larger oscillation within the first second because the initial
calculation conditions affect the stability of the solution so
that the numerical solutions of this period are not accurate.
After the first second, calculation tends to stabilize. Because
assuming the track is completely smooth, the results of
stable dynamic analysis equal the static solution.
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Fig. 9.7 Ralil deflection along the track
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Fig. 9.8 Sleeper deflection along the track
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Fig. 9.9 Time history of the vertical acceleration of the rail
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Fig. 9.10 Time history of the vertical acceleration of the car body
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Fig. 9.11 Time history of the wheel-rail contact force

Example 3

Dynamic response of the vehicle and the track structure is
investigated while the random irregularities of the vertical
track profile are considered. To adopt the power spectral
density function of track in USA, assuming the irregularity
status is level 6, the track irregularity sample is generated
by using trigonometric series method. By substituting the



sample into the Eq. (9.69), the additional dynamic load
caused by track irregularity can be obtained. Parameters of
the vehicle, the track structure, and the numerical
calculation are the same as illustrated in Example 2.

The calculated results are shown in Fig. 9.12, 9.13, 9.14
and 9.15 and 9.16, which denote the deflections of the rail
and the sleeper, the vertical accelerations of the rail and the
car body, and the wheel-rail contact force , respectively,
under a moving vehicle [12]. As is illustrated, the track
irregularity will trigger additional dynamic load, leading to
the increase of dynamic response of the vehicle and the
track structure.

w10
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Fig. 9.12 Rail deflection along the track
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Fig. 9.13 Sleeper deflection along the track
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Fig. 9.14 Time history of the rail vertical acceleration
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Fig. 9.15 Time history of the vertical acceleration of the car body
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Fig. 9.16 Time history of the wheel-rail contact force
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With the rapid development of high-speed railways and
passenger-dedicated lines , train speed is remarkably
improved, and slab track has been the main form for high-
speed railways. With giant economic benefit, large increase
in railway running speed leads to the adding of wheel-rail
interaction , and the vibration noise problem emerges. Slab
track structure is a new type of track structure and is very
different from the conventional ballast track.

The research of above problems needs the support of
dynamics, and therefore it is of great importance to study
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the effective algorithm of the dynamics in vehicle-track
coupling system . Scholars at home and abroad have done
huge research in this field. Crassie et al. [1] in Cambridge
University have studied the dynamic response of railway
track to high frequency vertical excitation; Eisenmann [2]
from Munich Engineering & Technology University proposes
multi-level theory of ballastless track and applies it into the
structure design and load measuring. Chinese Professor
Zhai [3, 4] sets up a model of vehicle-track coupling
dynamic system and puts it into the study of ballastless
track dynamics. Xiang and Zeng [5, 6] propose the principle
of “set in the right position” for establishing the dynamic
equation of the vehicle-track coupling system and the
corresponding matrix assembling method. Lei et al. [7, 8]
develop a vibration analysis model and its cross iteration
algorithm for the train-track-subgrade nonlinear coupling
system with finite element. Xie [9] studies the dynamic
response of Winkler beam under a moving load. Koh [10]
from Singapore State University proposes moving element
method and conducts dynamics analysis of a simplified rail
model.

The above mentioned works treat rail beams as
continuum and employ some analytical or numerical means
to solve the governing differential equations. Furthermore,
some boundary conditions have to be introduced artificially
to truncate the infinitely long beam at both ends. The
moving vehicle will soon come close to the artificial
boundary end on the “downstream” side and may even go
beyond the artificial boundary end. The numerical solution
near the downstream boundary has to be ignored.

In this chapter, finite elements in a moving frame of
reference will be used in the dynamic analysis of the train-
slab track coupling system. By establishing the three-layer
beam model of the slab track, the element mass, damping,
and stiffness matrixes of the slab track in a moving frame of
reference are deduced. The research in this chapter adopts



the whole vehicle model in Chap. 9, and realizes coupling of
the train and the track structure by equilibrium conditions of
wheel-rail contact forces and geometrical compatibility
conditions, which can effectively avoid the effect from the
boundary on the calculated results, thus improving the
computation efficiency.

10.1 Basic Assumptions

To establish the three-layer beam element model of CRTS Il
slab track , it is assumed:

(1) Only vertical vibration effect of the vehicle-track
coupling system is considered.

(2) Linear elastic contact between the wheel and the rail is
considered

(3) Since the vehicle and the slab track are bilaterally
symmetrical about the centerline of the track, only half
of the coupling system is used for ease of calculation.

(4) Rails are regarded as 2D beam element with
continuous viscoelastic support. The stiffness
coefficient and damping coefficient of the rail pads and
fasteners are denoted as k , and c , respectively.

(5) Precast track slabs are discretized into 2D beam
element with continuous viscoelastic support. The
stiffness coefficient and damping coefficient of the
cement asphalt mortar layer under the precast track
slab are denoted as k ; and c , respectively.

(6) The concrete support layer is discretized into 2D beam
element with continuous viscoelastic support. The



stiffness coefficient and damping coefficient of the
subgrade under concrete supporting layer are denoted
as k ,, and c ,, respectively.

(7) Only the middle part of the track slab is discussed; as
for the two sides of the track slab, their related
matrices can be deduced with the same method.

10.2 Three-Layer Beam Element Model of
the Slab Track in a Moving Frame of
Reference

The geometry size of the slab track refers to Fig. 10.1.
Figure 10.2 is the simplified three-layer continuous beam
model of the slab track.

4500

Mineral Grains Mixture

ULCED rail
Asphalt Layer

Vossloh Loarv 300

rail fastening and pad

Gravel

| L Prefabricated Slab B35, h=200mm
Cable Trough

— Cement-Asphalt-Mortar, h=30mm

— Hydraulically Bonded Laver

—— Frost Layer li\:'-'*IE'[JN-'mm:

Fig. 10.1 CRTS II slab track
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Fig. 10.2 Three-layer continuous beam model of the slab track

In Fig. 10.2, E , E , and E |, denote the elasticity modulus
of the rail, the track slab, and the concrete support layer; I |,
| s, and | |, denote the moment inertia of the rail, the track
slab, and the concrete support layer; m , m, and m

denote the mass of unit length of the rail, the track slab,
and the concrete support layer.

10.2.1 Governing Equation of the Slab
Track

As shown in Fig. 10.3, the dynamic analysis model of the
vehicle-track coupling system is divided into upper vehicle
subsystem and lower slab track subsystem. The vehicle
moves along the track x direction at the speed of V.
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Fig. 10.3 Dynamic analysis model of the vehicle-track coupling system

The vertical vibration displacements of the rail, the
precast track slab , and the concrete support layer are
defined as w, z and y, and the governing equations of the
slab track subsystems are as follows:
atw P ({?u' dz’
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where F(t) is the dynamic load at the wheel-rail contact
point, & is the Dirac delta function, x is the stationary
coordinate in the longitudinal direction of the track, and its
origin is arbitrary. For convenience, the origin is usually
chosen at the endpoint of the left boundary.



Figure 10.4 shows the truncation of the slab track and
the discretization into a finite number of moving elements
(not necessarily of equal length) for the numerical modeling.
Both the upstream and downstream ends of the truncated
track are taken to be sufficiently far from the contact force
such that their end forces and moments are zero.

Upstream = v Downstream
=
End node End node v
o & & & & 9 -

! 1

Fig. 10.4 Discretization of the slab track into moving elements

Consider a typical moving element of length / with node |
and node J, a moving coordinate can be defined as follows:

r=x—x;— Vi (104)

where x ,is the stationary coordinate of node /. Accordingly,

the origin of the r coordinate moves with the moving
force/vehicle. Substituting this simple transformation into
Eqgs. (10.1)-(10.3), the governing equations for the three-
layer beam model of the slab track subsystem in a moving
frame of reference are
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Note that most of the elements do not have contact with
the vehicle system. For such elements, the force term on
the right-hand side of Eq. (10.5) is zero.

10.2.2 Element Mass, Damping, and
Stiffness Matrixes of the Slab Track in a

Moving Frame of Reference

As shown in Fig. 10.5 for a typical slab track element in a
moving frame of reference , vi, v+ stand for vertical
displacement of the rail, 1, %+ are the rotational angles of
the rail; v2, vs are the vertical displacements of the track
slab, #2, % are the rotational angles of the track slab; v3, ve

are the vertical displacements of the concrete support layer
; B3, B are the rotational angles of the concrete support

layer.

= -

k

S S S

Fig. 10.5 CRTS II slab track element model



Each slab track element in a moving frame of reference
has 12 degrees of freedom. Defining the element node
displacement vector as follows:

3 II
a: :["‘] By va th vy B3 vy By vs B5 vg Hﬁ} (10.8)

The displacement at any point of the rail can be
represented by interpolation function .

w = Nyvp + Noth + Navy + Nyt
=[N N20000 N Ny 00O0O]a (10.9)
= N.a"

where N: is the interpolation function matrix of the rail
displacement, M - N+ gre the displacement interpolation
functions of the slab track element .

: zF E - e (10.10)

In the same way, the displacement at any point of the
precast slab is as follows:

;:N|1’3+NEHE+N3135+P¥?_|_H§
=[00 N N20000 N Ny 0O]a (10.11)

= N.a

where, N: is the interpolation function matrix of the track

slab displacement.
The displacement at any point of the concrete supporting
layer is as follows:



¥ = N|1’_‘q + Ngﬂ_‘q + N_'.H-"E, + huﬁﬁ
:[DDDDN] Na0OO OO N nu]a‘* (10.12)

= N,a

where, M is the interpolation function matrix of the
concrete support layer displacement.

10.2.2.1 The First-Layer Beam’s Matrix
of the Slab Track Element in a Moving

Frame of Reference

The governing equation (10.5) is multiplied by a weighting
function (variation) w, and then integrated over the element
length, leading to the variational (or weak) form as follows:
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Take the integration to each term of above equation by
parts over the element length /, namely:
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By using the principle of the energy, the first-layer
beam’s mass, damping, and stiffness matrices of the slab
track element in a moving frame of reference can be

obtained as follows:
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10.2.2.2 The Second-Layer Beam’s
Matrix of the Slab Track Element in a

Moving Frame of Reference

The governing equation (10.6) is multiplied by a weighting
function (variation) z, and then integrated over the element
length, leading to the variational (or weak) form as follows:
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Take the integration to each term of above equation by
parts over the element length /, namely:
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By using the principle of the energy, the second-layer
beam’s mass, damping, and stiffness matrices of the slab
track element in a moving frame of reference can be
obtained as follows:
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10.2.2.3 The Third Layer Beam’s Matrix
of the Slab Track Element in a Moving

Frame of Reference

The governing equation (10.7) is multiplied by a weighting
function (variation) y, and then integrated over the element
length, leading to the variational (or weak) form as follows:

!
aty a 9y , v\ [ dy v
[yo{magzem{v(52)-2v(75) (3|3 - (7)
_ i s
Mar) "’(f” e K ar) V(ar)

(10.47)

+ kpy — ko (z — }'}} dr=0

Take the integration to each term of above equation by
parts over the element length /, namely:
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By using the principle of the energy, the third layer
beam’s mass, damping, and stiffness matrices of the slab
track element in a moving frame of reference can be
obtained as follows:
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Finally, the mass, damping, and stiffness matrices of the
slab track element in a moving frame of reference are as
follows:

m =mS +m +m; (10.64)
¢ =c"+e+cf (10.65)
ki = kS + Kk + ki (10.66)

Based on the finite element assembling rule, the global
mass matrix , the global damping matrix , and the global
stiffness matrix of the slab track element in a moving frame
of reference can be obtained by assembling the element
mass matrix (10.64), the element damping matrix (10.65),
and the element stiffness matrix (10.66).

m:ZmT, qucT, k|:ZkT (10.67)

By using Lagrange equation , the finite element equation
of the slab track structure in a moving frame of reference
can be obtained as follows:

ma + ¢ a; + kia, = Q (10.68)



where @i is the global nodal load vector of the slab track
structure.

10.3 Vehicle Element Model

Vehicle element model here is the same as the one in Fig. 9.
4 of the Chap. 9. The stiffness matrix (k.), the mass matrix (

m,), the damping matrix(¢.), and the nodal load vector ()

of the vehicle element can refer to (9.58), (9.71), (9.74) and
(9.59), respectively.

10.4 Finite Element Equation of the
Vehicle-Slab Track Coupling System

Considering that the finite element equation of the vehicle
and slab track coupling system consists of two elements,
namely the slab track element and the vehicle element, of
which the stiffness matrix, the mass matrix, and the
damping matrix of the slab track element are &, m, ¢,

respectively, with a calculating formula illustrated in 10.2;
while the stiffness matrix, the mass matrix, and the

&

damping matrix of the vehicle element are ki, m,, <,

respectively, shown in (9.58), (9.71) and (9.74) in Chap. 9.
In numerical calculation, it only needs to assemble the
global stiffness matrix , the global mass matrix , the global
damping matrix , and the global load vector of the track
structure once. And in each following calculating time step,
by assembling the stiffness matrix, the mass matrix, the
damping matrix, and the load vector of the vehicle element
into the global stiffness matrix, the global mass matrix, the
global damping matrix, and the global load vector of track
structure with the standard finite element assembling rule,
one can obtain the global stiffness matrix , the global mass



matrix, the global damping matrix, and the global load

vector of the vehicle-slab track coupling system .
Therefore, the dynamic finite element equation of the

vehicle-slab track coupling system is as follows:

Ma+Ca+Ka=0Q (10.69)

where M, € g, and € are the global mass matrix , the

global damping matrix , the global stiffness matrix , and the
global load vector of the vehicle-slab track coupling system,
respectively.

M=) (m+m), C=) (q+c¢). K=Y (k+k). Q=) (0+0)
(10.70)

The numerical solution to the dynamic finite element
equation of the vehicle-slab track coupling system can be
achieved by the direct integration method, such as
Newmark’s integration method.

10.5 Algorithm Verification

According to the above algorithm, the computational
program FEST (Finite Element program for the Slab Track) is
developed by using MATLAB. In order to verify the
correctness of the model and the algorithm of this chapter,
let us investigate the dynamic response of the vehicle and
the track structure for Chinese high-speed train CRH3
running through the CRTS Il slab track with the speed of

72 km/h. The calculated results are compared with those by
conventional finite element method. Assuming that the
railway is completely smooth, the computational time step
is 0.001 s. Parameters of the Chinese high-speed train CRH3
and the CRTS Il slab track structure are listed in Tables 6.7
and 10.1. The results are shown in Figs. 10.6 and 10.7, in



which Fig. 10.6 is the distribution of the rail displacement
along the track direction, and Fig. 10.7 is the time history of
the wheel-rail contact force .

Table 10.1 Parameters of CRTS II slab track structure

Parameters Values Parameters Values
Rail elasticity 21 % 102 Inertia moment of 33x 103
modulus/(MPa) concrete support
Iayer/(m4)
Rail inertia moment/(m%) |3.217 x 10> |Stiffneéss of rail pads 160
and fasteners/(MN/m)
Rail mass/(kg/m) 60 Damping of rail pads 47.7
and fasteners/(kN s/m)
Mass of track slab/(kg/m) |1275 CA mortar 900
stiffness/(MN/m)
Elasticity modulus of track |3 g9 x 104 CA mortar 83
slab/(MPa) damping/(kN s/m)
Inertia moment of track 8.5 x 10—° |Subgrade stiffness 60
Mass of concrete support 2340 Subgrade damping 90
layer/(kg/m) /(KN s/m)
Elasticity modulus of 3 x 104 Element length/(m) 0.5
concrete support
layer/(MPa)
(@ 10 (b)  x10*
2— 2
E : B -2
o - g -4
&
3 - 3
-10

30 20 10 O

10 20 30

Track profile (m)

3.[I '.Elll llI] [IJ llﬂ
Track profile {(m)

20 30

Fig. 10.6 Rail vertical displacement distribution along the track direction. a
Calculated results with FEST approach and b calculated results with FEM

approach
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Fig. 10.7 Time history of the wheel-rail contact force . a Wheel-rail contact
force with FEST approach and b wheel-rail contact force with FEM approach

As illustrated in Fig. 10.6, the rail vertical displacements
obtained by using the model and the algorithm presented in
this chapter are in good agreement with those by the
conventional finite element method [11]. Figure 10.7 is the
time history of the wheel-rail contact force by the two
methods. Due to the differences between the two
algorithms and the influence of the initial computational
conditions, the curves of the calculated results before
stability are different, but in the end they all converge to the
static load value exerted on the wheels. Since the track is
assumed to be completely smooth, it shows that the
calculated results are accurate and thus proves the
correctness and feasibility of the model and the algorithm.

10.6 Dynamic Analysis of High-Speed
Train and Slab Track Coupling System

As an application example, dynamic analysis of the high-
speed train and the slab track coupling system is carried out
by the presented model and algorithm. The vehicle is
Chinese high-speed train CRH3; the track structure is CRTS
Il slab track at the subgrade section, as shown in Figs. 10.8



and 10.9, respectively. The vehicle parameters and the track
parameters are as shown in Tables 6.7 and 10.1. The train
speed 200 km/h is specified. The German low interference
spectrum for high-speed railway is adopted to simulate the
track irregularity as shown in Fig. 10.10. Take the time step
as 0.001 s in calculation. Because of the influence of the
initial conditions, the calculated results of the first few
seconds are usually inaccurate. The following is the time
history of dynamic response within 5 s after the calculation
is stable, including the acceleration of the car body, the
displacement of the rail, the track slab, and the concrete
support layer , and their corresponding velocity and
acceleration, as well as the wheel-rail contact force [11, 12].

Fig. 10.8 Chinese high-speed train CRH3
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Fig. 10.10 Track irregularity sample with low interference spectrum in
Germany

The interaction between the wheel and the rail increases
significantly because of the random irregularities of the
track. Figures 10.11, 10.12 and 10.13 demonstrate the time
history curves of the vertical displacements of the rail, the
track slab, and the concrete support layer at the second
wheel-rail contact point, respectively. Because of the
random irregularities of the track, the displacements of the
rail, the track slab, and the concrete support layer are
oscillating.
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Fig. 10.12 Time history of the slab vertical displacement
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Fig. 10.13 Time history of the vertical displacement of the concrete support
layer (CSL)

Figures 10.14, 10.15 and 10.16 show the vertical
displacement distributions of the rail, the track slab, and the
concrete support layer along the track direction,
respectively. In Fig. 10.14, there are four obvious peaks in
the rail displacement diagram, corresponding to the four
wheels’ action points. In Fig. 10.15 there are only two pliable
peaks in the track slab displacement diagram with the
maximum amplitude much smaller than those in Fig. 10.14.
The same situation for the displacement distribution of the
concrete support layer also is observed in Fig. 10.16, which
illustrates the additional dynamic load induced by the train
operation that is obviously reduced due to the existing of
the rail pads and fasteners and the CA mortar.
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Fig. 10.15 Track slab vertical displacement along the track direction
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Fig. 10.16 Vertical displacement of the concrete support layer (CSL) along
the track direction

Figures 10.17, 10.18 and 10.19 represent the time
history of the vertical velocity of the rail, the track slab, and
the concrete support layer at the second wheel-rail contact
point, respectively, which show the vibration velocities of
the rail, the track slab, and the concrete support layer
attenuating in turn. Figures 10.20, 10.21 and 10.22 are the
time history of the vertical acceleration of the rail, the track
slab, and the concrete support layer at the second wheel-
rail contact point, respectively. Due to the existing of the rail
pads and fasteners and the CA mortar, the acceleration
peaks of the track slab and the concrete support layer are
also reduced obviously.
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Fig. 10.19 Time history of the vertical velocity of the concrete support layer
(CSL)
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Fig. 10.21 Time history of the track slab vertical acceleration
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Fig. 10.22 Time history of the vertical acceleration of the concrete support
layer (CSL)

Figure 10.23 shows the time history of the car body
vibration acceleration. It is an important indicator of
measuring passengers’ riding comfort. As shown in this
Figure, in case of the train speed of 200 m/h and the track
irregularity generated by the German low interference
spectrum for high-speed railway, the acceleration amplitude
of the car body is in a reasonable range, which can
guarantee the passengers’ comfort.
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Fig. 10.23 Time history of the car body acceleration



Figure 10.24 is the time history of the wheel-rail contact
force , from which it can be observed that the wheel-rail
contact force fluctuates around the static load of 70 kN, with
maximum peak not more than 120 kN.

=20

Wheel-rail force /kN

'1m L 1 ] i L 1 L L ]
1] 05 1 15 2 25 3 35 4 45 5
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Fig. 10.24 Time history of the wheel-rail contact force

As a conclusion, the slab track element model and the
associated algorithm in a moving frame of reference for
dynamic analysis of the vehicle-track coupling system are
presented in this chapter. Three-layer continuous beam
model for the slab track is developed, and the mass,
damping, and stiffness matrices of the slab track element in
a moving frame of reference are deduced. A whole vehicle is
taken into account as a vehicle element with 26 degrees of
freedom.

The main advantage of the approach is that, unlike in the
FEM, the moving vehicle always acts at the same point in
the numerical model, thereby eliminating the need for
keeping track of the contact point with respect to individual
elements. In addition, the moving vehicle will never run out
of the truncated model. However, the defect is that the
track structure has to be assumed continuous, which is
different from the fact that the rail is supported by discrete
supports.
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Chapters 6-10 has elaborated several models and their
algorithms for vertical dynamic analysis of the vehicle-track
coupling system . In the analysis, effects of subgrade and
ground have not been considered and the subgrade is
simplified into viscoelastic damping elements. In fact, an
accurate analysis of the vehicle dynamic action on the track
structure has to consider the interactions among vehicle,
track, subgrade, and ground [1-6]. In this chapter, a model
for vertical dynamic analysis of the integrated vehicle-track-
subgrade-ground coupling system is established and its
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numerical method is explored, based on the previously
discussed models.

11.1 Model of the Slab Track-
Embankment-Ground System Under
Moving Loads

Figure 11.1 is an analytic model of the slab track-
embankment-ground coupling system [7]. It is established
on the following assumptions: The rail, track slab, and
concrete base are infinite Euler beams; stiffnesses and
dampings of the rail pads and fasteners, and CA mortar
adjustment layer are simulated with uniformly distributed
linear springs and dampers; the ground is simplified into
three-dimensional layer. In general, due to the big difference
between their widths, the subgrade bed and the
embankment body are analyzed separately. The subgrade
bed is categorized into the track structure model and is
regarded as an elastic body with uniformly distributed mass,
vertical stiffness, and damping along the track alignment,
exclusive of its bending stiffness. The embankment body is
taken as a layer of soil covering on the surface of a three-
dimensional ground. The slab track-embankment-ground
system is divided into two parts: the upper and the lower.
The upper part is slab track-subgrade bed system, which is
assumed to be a one-dimensional infinite body in the X
direction, while the lower part is embankment body-ground
system, which is considered to be a three-dimensional semi-
infinite body. The two parts keep contact on the central line
of the embankment body. Contact width is marked as 2b
(the width of subgrade bed).
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Fig. 11.1 A model of the slab track-embankment-ground coupling system

11.1.1 Dynamic Equation and Its Solution
for the Slab Track-Subgrade Bed System

Governing equation of the rail vibration is

T
EL 3+ iy + k(o =) + €0, = 3 = Px, ) (11.1)

M o
where P(x.1) =} Ped(x— Vi —ay)
=1

Governing equation of the track slab is:

4 vl

d"ys .. L L
E‘rka_x: +mgy, — kp(”’r - ..'!"1:-:} - Ep{“'r - J“a} + 'k!-i{j‘:.‘i - J}d} + "—Hn'[y:a - ,'!‘rd} =0 (1 1 2)

Governing equation of the concrete base is:

Ty
Em% + maiy — k(v — ya) — €5 — Ya) = —F3 (11.3)

Since the subgrade bed is very thick (2.5-3 m in
general), the vertical displacement of the bed is assumed to
make linear change along the direction of thickness. Using
approximately consistent mass matrix to denote the inertial
effect, governing equation of the subgrade bed vibration
can be expressed as
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Indications of the notations in Egs. (11.1)-(11.4) are as

follows : (1) and () are first-order derivative and second-

order derivative of t respectively;":, ¥, ¥, and ¥ are the

shortened forms of wrlxn  vix.0) yilx.0) gnd ye(x.n)

respectively, standing for the vertical displacement of the
rail, track slab, concrete base, and subgrade bed ; £f-, Ei,

and Ela gre the bending stiffness of the rail, track slab, and
concrete base, respectively; m ., m,, m 4 and m . are the

mass for per unit length of the rail, track slab, concrete
base, and the subgrade bed, respectively; k ,, k5, k.and ¢

or C s C ¢ are the stiffnesses and dampings for per unit

length of the rail pads and fasteners, CA mortar adjustment
layer, and subgrade bed, respectively; F 5 and F 4 are the

shortened forms for F3(x.0) and F+(x.1, standing for the

interaction force between the concrete base and the
subgrade bed, and the force between the subgrade bed and
the embankment body, respectively; 6 is Dirac function; V is

the train speed; P is the Ith wheel-axle load and indicates
moving axle loads or the dynamic wheel-rail force caused by

harmonic track irregularities; load frequency is Q, with a unit
of rad/s, load amplitude is :, downward direction is positive;

ar means distance between the /th wheel-axle load and the

origin when t = 0; M is the total number of wheel-axle loads.
Define Fourier transform and inverse Fourier transform in
the x direction as

u " i T )
f(p.n= f fle.ne #dx,  fle.n)= > r f(p.ne**dg (11.5)



where £ is wave number of space coordinate x, with a unit

of rad/m.
Applying Fourier transform of X direction to Eqs. (11.1)-
(11.4), it yields
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where (.0, 5B.0, 5aB.0, :B.0, FyB.0, and PBE-D are the
corresponding Fourier transform of w:lx2), vy 0 yale1) ve(x 1)
Fin, and Peen), respectively, P@.n= Sl Pe el

Solve the steady displacement of Egs. (11.6)-(11.9), and
suppose
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— M ,
Where F{ﬁ] = J;I Flre—n'ﬁn:h' .

Letting @ =2 -8V, and substituting Eq. (11.10) into
Egs. (11.6)-(11.9), it has

EIBY(B) — mew™ v (B) + (k,, + iwe ) [wlB) — 7.(8)] = P(B) (11.11)
ELS'5.(B) — mw’3.(B) = (ky + icacy) [i7(B) — 3.(B)]
+(ka+fwﬁ)[i‘.£3}_?dhﬁ}] =0 (11.12)
ELB'5u) — (ma + ) 5ulB) = Z5e) =k, + o) [5:6) = 54(B) (11.13)
+ (ke + iwee) [Fa(B) — 3e(B)] = 0
—%ﬁ F4(B) — %ﬁjcgﬁ) — (ke + iwe) [J4(B) — 5.B)] = —F4(B) (11.14)

Equations (11.11)-(11.14) have four equations, five
unknowns, which need to be solved by considering the
coupling relationship between the subgrade bed and the
embankment body-layered ground system.

11.1.2 Dynamic Equation and Its Solution
for the Embankment Body-Ground System

Taking the embankment body as a layer of soil covering on
the ground surface, the embankment body-ground system



can be simplified into a three-dimensional-layered model.
Supposing the contact force between the subgrade bed and
the embankment body is uniformly distributed on the body
surface and the contact width is 2b (the width of subgrade
bed), the harmonic load on the body surface is [7]

pe=0
py=0
o 11.15
_ [ TR b<y<b ( )
P==10 else

Performing Fourier transform to Eqg. (11.15) and
combining (11.10), the harmonic load amplitude in the
Fourier transform domain can be expressed as

pr=10

.I"-_"_'r:':'i

_ F.;{,S}Sinjfb (11.16)
P:: T

where # and » are wave numbers of space coordinate x and
y, respectively, with a unit of rad/m.

Substituting (11.16) into Eq. (2.16) in Chap. 2 of Ref. [7],
the surface displacement amplitude of the embankment
body in Fourier transform domain can be obtained.

— sinvbh—

(B, y. w) = Q1B v, w) ’J"E Fy(f)
— sinvyh—

Po(B. ¥, w) = O, y, w) ’}'i; Fy(p) (11.17)
— sinvh—

wolf, v, w) = Qaalf.y, w) T; F4(5)

where 267w js the moving dynamic flexibility matrix in

Fourier transform domain, whose derivation process can be
found in Sect. 2.2, Chapter two of Ref. [7]. For layered



ground in semi-infinite domain, the general expression for
Q. v.w) jg

_ QII ?IE glz »
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where R is the coefficient matrix for top surface soil
displacement in elastic half-space in Fourier transform
domain, with S as the coefficient matrix for top surface soil
stress in elastic half-space in Fourier transform domain, and
T as transfer matrix. Specific expressions can be found in
Ref. [7].

In special occasions, when the ground is merely an
infinite elastic half-space body , it will be

0(p,y,w) = —RS™' (11.19)

where when @ #0 it has
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When @ =0 it has
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In the above Eqgs. (11.20)-(11.23), subscript “«<"indicates
physical quantities of the infinite elastic half-space body . In
equations

el ﬁ 5 . 2 Pcr’wj
a. = +y -k, k., =
oo, ] 18_ F; | oo, | .-'i.._-,c- + 2}'.!.;1-»
o=k, Ba=ET
- - - Hea
Ve B (] + inesgn(w)) _ Eo(l + ine-sgn(w))
T (vl =2vy T 2(1 +v..)

E.[1 +msgnw)] is elasticity modulus of infinite elastic half-
space body with damping included, where sgnlw) denotes
notation function. When w > 0, sgnw) =1, 3and when w < 0O,
sgn(w) = =1 with w for angular frequency of vibration, - for
loss factor and Y= for Poisson’s ratio.

Substituting Eqg. (11.17) into Eq. (2.13) in Chap. 2 of Ref.
[7], the steady surface displacement of the embankment
body in Fourier transform domain can be expressed as
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Applying inverse Fourier transform to (11.24), the surface
displacement of the embankment body #w(x.y.0) vielx.y.1) and

winlx. ¥, 1) in space domain can be obtained.

11.1.3 Coupling Vibration of the Slab

Track-Embankment-Ground System

Considering consistent conditions of the vertical
displacement at the point of ¥=0 along the central line of

the subgrade bed and the embankment body contact
surface [7], it has

ve(, 1) = wio(x, y, Dl =g = win(x, 0,1) (11.25)

where
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Applying Fourier transform of X direction to Eq. (11.25)
and combining Eq. (11.26), it gets
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Substituting Eqg. (11.24) into Eqg. (11.27) and combining
(11.10), it has

I = inyb | —  —
5B = [Ef Gustfy- ) d:v] FuB) = HB) - Fy(p) (11.28)
where
i 1 r_ a sinjfbd
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Simultaneously solving for Egs. (11.11)-(11.14) and
(11.28), it has
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(ks + iwrx}l

Ky = ELS —mw” + (ky + k) + iw(c, + ¢,) — X
13



Substituting Eqs. (11.30)-(11.33) and (11.28) to
Eq. (11.10) and performing inverse Fourier transform , it
obtains the solution in space-time domain.

Let the inverse Fourier transform of w(8), 5(®), aB), Fu(b),
vy, mo(B.y), Mo(B.y), and WwlB.y) be Wwilx), Fox)  Falx) FJJ-T}, Velx)

unlx.y)  violx.y) and wwlxy) the solution of the slab track-

embankment -ground system in space-time domain can be
expressed as

wolx, 1) = Wlx — Ve
Volx, 1) = ¥ (x — Ve
Va(x, 1) = Jalx — Ve
Velx, 1) = o (x = Ve
Fylx, 1) = ﬁJ,{x — Ve

win(x, y, 1) = dplx — Vi, yje
ik

(11.34)
i
violx, v, 1) = viplx — Vi, v)e
wiolx, v, 1) = wpla — E’I,y}efm
When the wheel load is moving axle load , and its
frequency © =0, solution to the vibration displacement of
the slab track-embankment-ground system induced by the

moving axle load can be directly calculated through the
above equation.

11.2 Model of the Ballast Track-
Embankment-Ground System Under
Moving Loads

Figure 11.2 is the analysis model of the ballast track-
embankment-ground system [7]. The rail is still assumed to
be infinite Euler beam acting on discretely supported
sleepers. When the wheelset masses move along the rail,
parameter excitation will be produced. For conventional



ballast track, when the frequency is lower than 200 Hz,
sleepers’ impact of discrete support can be ignored. Low
frequency means longer wavelength of irregularities.
Irregularity amplitude of large wavelength is usually big and
its impact usually exceeds parameter excitation. Therefore,
the sleepers are simplified as uniformly distributed masses.
Stiffness and damping of the rail pads and fasteners are
simulated with uniformly distributed linear springs and
dampers. Due to the weak constraints among the
components of the track structure, the ballast is regarded as
an elastic body with uniformly distributed mass, vertical
stiffness, and damping along the track alignment. The
model of the subgrade bed, embankment body, and ground
is the same as that in Sect. 11.1. And similarly, the ballast
track-embankment-ground system is also divided into the
upper part and the lower part. The upper part is the ballast
track-subgrade bed system, which is assumed to be a one-
dimensional infinite body along the X direction, while the
lower part is the embankment body-ground system, which is
considered to be a three-dimensional semi-infinite body. The
two parts contact with each other on the central line of the
embankment body. The contact width is marked as 2b (the
width of subgrade bed).

E % E %S‘uﬁgmde base

D embankment body
'3

##ﬂ#*#ﬁﬂ####
CECECEIETETRECECECETETE K I
HEEEEEEEE

[

3D favered ground

Fig. 11.2 A model of the ballast track-embankment-ground coupling system



11.2.1 Dynamic Equation and Its Solution
for the Ballast Track-Subgrade Bed
System

Governing equation of the rail vibration is the same as
Eqg. (11.1), that is

Ef;? + it + ky(we — ) + €0k — 30 = P(x,1) (11.35)

M )
where P10 =3 Pe™d(x— Vi —ap),
=1

Governing equation of the sleeper vibration is:
mah - I‘frﬂ{”’r — Vs) — I'—"|‘.-{'“I*'r — V) + -k:;'f}’ﬁ — vd) + el — j'd] =0 (1 1 36)

Governing equation of the ballast vibration is:
mdj;"d - "--\U}k - }'d] - FHGIH __'!‘:"cl} =-F; (1137)

Governing equation of the subgrade bed vibration is the
same as Eq. (11.4), that is

m[2 1] I =171 vq I —1] {3 _ [ Fs
G EE L R 1 E  [E ICE
Indications of the notations from Eqgs. (11.35) to (11.38)

are as follows: () and () are first-order derivative and
second-order derivative of t, respectively; »s and » are the

shortened forms of »(x 1 and yi(x.10), respectively,

symbolizing vertical displacements of the sleeper and
ballast; m . and m 4 are masses of the sleeper and ballast

per unit length, respectively; k  and c ¢ are stiffness and
damping of the ballast per unit length; F 5 is the shortened
form of f3(x1), standing for the interaction between the



ballast and the subgrade bed; the meanings of the other
notations are the same as those in Sect. 11.1.1.

Applying Fourier transform of X direction to Egs. (11.35)-
(11.38) and supposing the solution of steady displacement
in the transform domain as harmonic function, it yields

ELBW(B) — muw (B + (k, + iwe,) [wdB) — 7,(8)] = P(B) (11.39)

_m.-;wzj’x[ﬁ"] - {kp + f(‘-""—ﬂp] [ﬁ‘r{rg} - 55[18}] + {k\ + iwcx} [F'«{JS} - {d{ﬁ]] =0 (1 1 40)

' L M. o . - -
- (md + T)w_}'dw} - Ew_}"c{ﬁ] - (ka + !{UEH} [,F.-:(.ﬁ} - }'d[ﬁ}]

(11.41)
+ (ku + twee) [jd(ﬁ} _ELL&)] =0

L

6 wzj"d{rg] - %MEELLS) - {kx + !‘w{'c} [Fd{ﬁ’} - FL{JS]] = _?4{18} (1 1 .42)

There are five unknowns in (11.39)-(11.42) four
equations, which needs to be solved by considering the
coupling relationship between the subgrade bed and the
embankment body-layered ground system.

11.2.2 Coupling Vibration of the Ballast

Track-Embankment-Ground System

The model of the embankment body-ground system is the
same as the three-dimensional-layered ground model in
Sect. 11.1. In light of the balanced contact force and the
equal contact displacement at the interface of the subgrade
bed and the embankment body, the relationship of
amplitudes between »(x.7 and F«x? in the Fourier transform
domain can finally be established by the similar deduction
as in Sect. 11.1, as shown in Eq. (11.28).

Simultaneously solving for Egs. (11.39)-(11.42) and
(11.28), it has



(k, + iwep )

() = P(B)/ |ELBY — muw™ + iwe, + k, — e
14

kp + iwep

V() = W

Ky

ok +iwe,
K3

Fy(B) = K12 - 3a(B)

F(By=HPB) - F4(p)

where
M.y,
K =- (H‘i‘d + T)D:.J_ + [k\ + kL} + iwl(c, + ),
Kin = m;wjjﬁ + k. + fwec,

- (—m.w?/3 + k. + f(uf‘c}ﬁ(ﬁ'} + 1
K1 = Ky +E$}(—mcw3fﬁ — k,.: — e ) K5,
(k. + iwe.)

Ky = —mw”™ + (k, + k) + iewlc, + ¢,) —
K3

(11.43)

(11.44)

(11.45)

(11.46)

(11.47)

Applying inverse Fourier transform to (B | y.(B)e

JaBe | Fape™ 58" the solution in space-time domain

can be obtained.

11.3 Analytic Vibration Model of the

Moving Vehicle-Track-Subgrade-Ground

Coupling System

In this section, a vibration model of the moving vehicle-
track-subgrade-ground coupling system is built by wave



number -frequency domain method . Firstly, flexibility
matrixes of the moving vehicles at wheelset points and the
track-subgrade-ground system at wheel-rail contact points
are deduced, and then an analytic vibration model of the
moving vehicle-track-subgrade-ground coupling system is
established by taking account of the track irregularities and
the displacement constraint condition at the wheel-rail
contact points [7].

11.3.1 Flexibility Matrix of Moving
Vehicles at Wheelset Points

A moving vehicle with primary and secondary suspension
systems is considered, as is shown in Fig. 11.3[7, 8]. The
vehicle is simulated into a multi-body system moving on the
track structure at the speed of V. The car body and bogies,
and the bogies and wheelsets are connected by linear
springs and viscous dampers. Bouncing and pitch vibration
of the car body and the bogies, and the bouncing vibration
of the wheelsets are taken into account. In order to make
the analysis in frequency domain , the nonlinear
characteristics of the actual vehicle’'s suspension system is
treated as linear springs and viscous dampers. The vertical
displacement downward and the rotational angle clockwise
are defined as positive. The wheel-rail contact force is
positive for pressure. The vehicle model has 10 degrees of
freedom.
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Fig. 11.3 A vehicle model with primary and secondary suspension systems

Governing equation of the moving vehicle vibration is:

Muiu{r} + CUZ“{T] + ‘Euzu{f} = Qu“} (1148)

In the equation, M., €., and K. stand for mass matrix,
damping matrix , and stiffness matrix of the vehicle,
respectively; Zu0, Z.0, and % are displacement, velocity,

and acceleration vectors of the vehicle, respectively; €.

stands for vehicle dynamic load vector due to track
irregularity, ignoring other impacts on the vehicle dynamic
loads. Gravity load of the vehicle directly acts on the track
structure in the form of dynamic axle load , without
considering its participation in the vehicle-track coupling
vibration. Explicit expressions for the variables in the above
equations are as follows

M, =diag{ Mc Jo My My J, Ji My My> My My} (11.49)

T
.Z“(T} = [ :-:.{'r} [_FL'['F} :ll“] ;DU] [Pllir] '::':ll?{!} Zwl{f} :w?[r} :w]'“} 21.1.'—1(!}]

(11.50)



2,0 =20 ¢0) 2D 220 G Go®) 2@ 200 26 2@ ]

(11.51)

2,0 = [ 20 80 Za®) Zo®) Eud) ol 20 Zal®) 2a0) 2@ )

(11.52)

Q.(1) = [ 000000 —=Pit) —Pt) —Ps(1) —Pyn) }] (11.53)

(2K, O —K.» —K.» 0 0 0 0 0

202K, —L.K. L-K,- 0 0 0 0 0 0

2K, +Ka 0 0 0 -K, -K, 0 0

2K +K- O 0 0 0 -K, -K,

K - 20K, 0 —KgL, KaL; 0 0
u= 20K, 0 0 -K,L, KL,

Symmetry K. 0 0 0

K. 0 0

K 0

| K.

(11.54)

[2€, O —C.n —Cos 0 0 0 0 0 0

205C,  —I.Cp [-Cs 0 0 0 0 0 0

2C, +Cp 0 0 0 -C, -C, 0 0

20, +C,>, 0 0 0 0o -C, -C,

C - 25C 0 —CyLy CyL, 0 0
n 2LCy 0 0 -C,L, C,L

Symmetry C. 0 0 0

C. 0 0

C.i 0

Ca

(11.55)



In the above equations, M..J: are mass and inertia
moment for the car body; M./t are mass and inertia moment
for the bogie; Mwili=1.2,3.4) represents mass of the ith
wheelset; £:.Ca and Ke2.C2 stand for stiffness and damping

coefficients for the primary and secondary suspension
systems of the vehicle, respectively; = is vertical

displacement of the car body with downward as the
positive; ¢ is rotational angle of the car body around the

horizontal axis, with clockwise as the positive; @ is vertical
displacement of the bogie; ¢¥: is rotational angle of the bogie
around the horizontal axis; @ is vertical displacement of the
wheelsets; 2L is the distance between the bogie pivot
centers of the car body; 2L is fixed wheel base.

Assuming dynamic loads of the vehicle caused by track
irregularities are harmonic loads , vibration of the vehicle is
also harmonic .

Q.(1) = @, (™ (11.56)

Z,(1) = Z ()™ (11.57)

where q is the frequency of exciting source.
Substituting Eqgs. (11.56) and (11.57) into Eq. (11.48), it
yields

Zu[n} = {Ku + {ﬂcu - Q:‘Hu }_IQU{.Q} = ALIQLI{Q} (11.58)

where A, = (K, +iQC, - M) s flexibility matrix of the
vehicle.

Let P, the amplitude of the dynamic wheel-rail force
caused by track irregularities, and £+, the amplitude of
wheel displacement, be as follows:



P ={ Pi(Q) Ps©) PxQ) Py} (11.59)

zw{.ﬂ} = [ :m']{n} :1.'.'2{9} :uw."!'[n} :uw-l-'[n} }] (11.60)
And it has

Qu(Q) = -H'PQ) (11.61)

HZ.() = Z,,(Q) (11.62)

where H= ['hxﬁ Iy ]

Multiplying H to the left side of Eq. (11.54), and
substituting Eqs. (11.61) and (11.62) into it, it has

Z,(Q)=-HAH'P(Q) = -A,P(Q) (11.63)

where 4. = HAH' js flexibility matrix of the vehicle at

wheelset points. When the train has N vehicles, the
flexibility matrix of the train at wheelset points will be

A']"W = dlag [Awla- - -A'.w' ----- Aw."r'] (1164)

where 4+ stands for flexibility matrix of the ith vehicle at
wheelset points.

11.3.2 Flexibility Matrix of the Track-
Subgrade-Ground System at Wheel-Rail

Contact Points

We have discussed and obtained the displacements of the
separate parts in the track-subgrade-ground system under
moving harmonic loads in Sects. 11.1and 11.2. Supposing a
unit harmonic load acts on the track structure, and when



t = 0, the load is located in the origin, it is easy to get the
rail displacement as

W (x, 1) = WE(x — er)e™ (11.65)

where superscript ¢ stands for unit harmonic load. When a

number of wheel-axle loads are acting on the structure, the
rail displacement at the jth wheel-rail contact point induced
by unit force at the kth wheel-rail contact point will be

Wy = Wil )e'™ (11.66)

where L =4;—a js the distance between two wheelsets.
Define displacement amplitude as

lli_..); = IT'L;. {!J;) (1167)

In a single vehicle model, it bears the action of four
wheels, so the rail displacement Zx(€2) at wheel-rail contact

point generated by dynamic wheel-rail force should be

,
Ly () = [Zm (€2) zro (£2) zp3 () zr4(Q2) } = ApP(Q) (11.68)

011 012 013 Oy
021 020 023 Oag | | . )

where Ae=| & = 7 s flexibility matrix of the track-
031 O 033 O34

041 042 043 Oy
subgrade-ground system at wheel-rail contact point. And
similarly, a train with N vehicles has 4N wheel-rail contact
points, so it is easy to solve the flexibility matrix of the

track-subgrade-ground system at wheel-rail contact points
of the moving train.

11.3.3 Coupling of Moving Vehicle-
Subgrade-Ground System by



Consideration of Track Irregularities

Supposing the wheel-rail contact is linear elastic contact,
the contact stiffness is

3 3

Ky = E'—GP'-"'- (11.69)

where G is the contact deflection coefficient,
G =4.5TR™ x 107 (m/N*") for the wheel with conical tread, and

G =3.86R™*' x 107 (m/N°") for the wheel with worn profile tread.

p approximately equals to the static axle load .
In a single vehicle model, relative displacement
amplitude 7€) at wheel-rail contact point is

N ={m© 1@ @ n@) = AP (11.70)

where Ax =diag( 1/Kw 1/Kw 1/Kw 1/Kw ),

Assuming track surface irregularity Az(x} is harmonic
function, that is

Az(x) = —Ae'>m/dx (11.71)
where A is the amplitude of track surface irregularity, and A

is wavelength of the irregularity. Track irregularity at the /th
wheel-rail contact point can be expressed as

Az {1’] — _“iﬁillirr."-lﬁl[:a;ﬂ’r} — _Aei[lx_.-',i]:a:eﬂ:r[l’."-Ier = _Agz {ﬂ} EéQr (1 1 . 72)

where Az () = A/ O =27V/A,

In the single vehicle model, the amplitude of track
surface irregularity at wheel-rail contact point is



AZ(Q) = — [ Aei2 ey piCxiDay 4 in/ g ai2e/ A JJ l (11.73)

Supposing the wheel always keeps contacting with the
rail, the displacement constraint condition at the wheel-rail
contact point is

Z, () = Zr () + () + AZ () (11.74)
Substituting Egs. (11.63), (11.68), (11.70), and (11.73)

into Eq. (11.74), it has

(Ay + Ar + ApP () = AZ () (11.75)

From Eq. (11.75), amplitude of dynamic wheel-rail force
generated by track irregularity can be derived, and dynamic

wheel-rail force can be calculated by P =P@c* Hence,

based on the derivation in Sects. 11.1 and 11.2, dynamic
response can be obtained for all parts of the track-
subgrade-ground system under dynamic wheel-rail force
generated by track irregularity.

11.4 Dynamic Analysis of the High-Speed
Train-Track-Subgrade-Ground Coupling
System

Based on the presented theory, a computational program is
designed for dynamic analysis of the high-speed train-track-
subgrade-ground coupling system. For the sake of easier
calculation, single TGV high-speed motor car is considered.

11.4.1 Influence of Train Speed and
Track Irregularity on Embankment Body
Vibration



Parameters for the TGV high-speed motor car are given in
Chap. 6. Conditions of the track structure are as follows:
ballast track structure with 60 kg/m continuous welded rails,

bending stiffness of the rails: £/ =2x6.62SMNm*; type-|||

sleepers, sleeper interval: 0.6 m, sleeper length: 2.6 m;
ballast thickness: 35 cm, ballast width: 50 cm, ballast
shoulder ratio: 1:1.75, ballast density: 1900 kg/m3 subgrade
thickness: 3.0 m, subgrade width: 8.2 m, subgrade shoulder
ratio: 1:1.5, and subgrade density: 1900 kg/m3. Other
parameters of the track and the subgrade bed are shown in
Table 11.1. Embankment body is 2 m thick with hard soil, as
is shown in Table 11.2; the ground is elastic half-space body
and its detailed parameters are shown in Table 11.2. Profile
irregularity values in the French track irregularity evaluation
and management standard are adopted here, in which half-
peak value A = 3 mm and wavelength [ = 12.2 m.

Table 11.1 Parameters for the track

Parameters Stiffness per unit Damping per unit
Iength/(MN/mz) length/(kN s/m2)

Rail pads and 80/0.6 50/0.6

fasteners

Ballast 120/0.6 60/0.6

Subgrade bed 1102 275

Table 11.2 Parameters for the embankment body and ground

Layer of soil Type of Elasticity Poisson’s Density/(kg/m3) Loss
soil modulus/(103 ratio factor
kN/m2)
Embankment |Hard soil {269 0.257 1550 0.1
body Medium- |60 0.44 1550 0.1
hard soil
Soft soil (30 0.47 1500 0.1
Ground Half- 2040 0.179 2450 0.1
space
body




The calculated results are shown in Figs. 11.4 and 11.5
[9, 10]. Figure 11.4 shows the vertical displacement of the
embankment body with different train speeds, and Fig. 11.5
illustrates that, with other parameters unchanged and only
consideration of different half-peak values of profile
irreqgularity, the vertical displacement of the embankment
body attenuates with the distance from the track center.

Fig. 11.4 Influence of train speed on the vertical displacement of the
embankment body. a Train speed V = 200 km/h; b Train speed V = 250 km/h; c
Train speed V = 300 km/h
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Fig. 11.5 Influence of track irregularity on the vertical displacement of the
embankment body

It can be observed from Fig. 11.4 that with the increase
of train speed, volatility of the vertical displacement of the
embankment body is more and more obvious. When the
train speed reaches 200 km/h, the vertical displacement of
the embankment body is large only at the wheel load point
but very small at other points; when the train speed reaches
300 km/h, huge vertical displacement occurs at all other
points beside the wheel load point. It is shown in Fig. 11.5
that with the increase of half-peak value of track profile
irregularity , the vertical displacement of the embankment
body also increases, but the increase is not significant and
only influences the vibration displacement of the
embankment body near the track. Therefore, it can be
inferred that the vertical displacement of the embankment
body is mainly resulted from the moving axle loads .

11.4.2 Influence of Subgrade Bed
Stiffness on Embankment Body Vibration



Supposing the train speed is 200 km/h, and the other
parameters are the same as those in Sect. 11.4.1, let us
compare distribution of the vertical displacement of the
embankment body with different subgrade bed stiffness.
The calculated results are shown in Fig. 11.6 [10].

Fig. 11.6 Influence of subgrade bed stiffness on the vertical displacement of
the embankment body. a Subgrade bed stiffness ke =0.5x 1102 MN/mz; b

Subgrade bed stiffness ke = 0.25 x 1102 MN/m?

The comparison between Figs. 11.4a and 11.6 shows
subgrade bed stiffness has a significant influence on the
vertical displacement of the embankment body. With the
decrease of stiffness, the vertical displacement of the
embankment body increases dramatically and volatility also
increases markedly.

11.4.3 Influence of Embankment Soil

Stiffness on Embankment Body Vibration

Supposing the train speed is 200 km/h, and the other
parameters are the same as those in Sect. 11.4.1, let us
investigate distribution of the vertical displacement of the
embankment body with different soil types. The calculated
results are shown in Fig. 11.7 [10]. Parameters of the
embankment soil type are shown in Table 11.2. It is shown



in Fig. 11.7 that parameters of soil type have significant
influence on the vertical displacement of the embankment
body. Compared with hard soil, the vertical displacement of
soft soil embankment increases greatly. Therefore, in
engineering applications, special attention should be paid to
the influence of soft soil embankment and particular
measures such as increasing embankment soil stiffness to
decrease the vibration displacement should be taken.
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Fig. 11.7 Influence of embankment soil type on the vertical displacement of
the embankment body
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With the large-scale construction of high speed railways and
the completion of speed-rising projects, rail transportation in
China has entered a high-speed era. As a result, the
increase in train speed naturally induces greater dynamic
force on the track, which will gradually lead to functional
deterioration and failure of the track structure. Meanwhile,
with the adoption and promotion of new track structure,
such as broad sleepers, integrated ballast beds , and heavy
rails, the wheel-rail shock and track vibration will be much
more violent, which results in problems such as track
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surface shelling and spelling, adulatory wear, ballast flaking,
and ballast hardening. Hence, a thorough research on the
induction of track vibration and its transfer mechanism
among all the track components, the destructive influence
of vibration on the track, and effective vibration reduction
and vibration isolation measures to improve vibration
resistance ability is one of the most important ways to
enhance track load capacity and to ensure running safety of
the vehicle. To achieve the above aims, an analysis on the
track dynamics is the premise. In this chapter, analysis of
dynamic behavior of the train-ballast track-subgrade
coupling system is carried out. Especially, to the problem of
the frequent occurrence of track faults caused by vehicle
bumping at roadbed-bridge joints of high-speed railways,
computational software is developed based on the model
and the algorithm of the vehicle element and track element
in Chap. 9 [1-5]. And simulation analyses are performed to
investigate the influence factors such as varying train
speeds, varying patterns of track stiffness distribution , and
transition irregularity on the dynamic responses of the
vehicle and the track structure on track transitions .

12.1 Parameters for Vehicle and Track

Structure

In analyzing the dynamic responses of the vehicle and the
track structure on roadbed-bridge transitions, the vehicle
concerned is Chinese high-speed train CRH3, as shown in
Fig. 12.1. Parameters of the high-speed train CRH3 are given
in Table 6.7 of chap. 6. The track is the ballast track with

60 Kg/m continuous welded rails and type-lll sleepers.
Parameters of the track structure are given in Table 12.1.
The time step of numerical integration for the Newmark
scheme adopts At = 0.001 s.



Fig. 12.1 Chinese high-speed train CRH3

Table 12.1 Parameters for ballast track

Parameter Value Parameter Value
Rail Mass/(kg/m) 60 Sleeper |Sleeper 0.57
interval/(m)

Density/(kg/m3) 7800 Mass/(kg) 340
Sectional area/(cmz) 77.45 Ballast Stiffness/(MN/m) 120
Inertia moment 3217 Damping/(kN-s/m)|60
around the horizontal
axis/(cm?®)
EIasticity 2.06 X 105 MaSS/(kg) 2718
modulus/(Mpa)

Rail pad |Stiffness/(MN/m) 80 Subgrade |Stiffness/(MN/m) |60

and .

fastener |Damping/(kN-s/m) 50 Damping/(kN-s/m)|90

12.2 Influence Analysis of the Train
Speed

In railway lines, there exist a large number of roadbed-
bridge transitions, roadbed-culvert transitions, and
crossings, which are fault-prone sections. Scholars both at
home and abroad have achieved a wealth of findings about
track transition [6-11], but the studies are mainly confined
to experiments and engineering measures, which lacks in-




depth theoretical analysis. From this section, the laws and
influence factors of the dynamic responses of vehicle and
track structure on track transitions will be investigated by
starting with the influence analysis of the train speed.

A computational model for analysis of dynamic responses
of the vehicle and the track structure in roadbed-bridge
transition is shown in Fig. 12.2. In the simulation, total track
length for computation is 300 m, which includes 100 m and
20 m extra track lengths on left and right track ends to
eliminate the boundary effect . The start point is 100 m from
the left track boundary. The change of track stiffness occurs
in position 170 m. Suppose the stiffness of rigid subgrade at
bridge section K ¢ is five times as that of the conventional

ballast track K ¢y that is K= 5K ¢, where K 5 = 60 MN/m.

The track structure model is discretized into 526 track
elements with 1591 nodes.
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Fig. 12.2 A computational model for analysis of the dynamic responses of the
vehicle and the track structure in roadbed-bridge transition/m

Taking the boundary effect into account, seven
observation points along the track, denoted with O1, 02,...,
07, are chosen at distances of 25, 45, 65, 70, 80, 100 and
120 m from the start point to analyze the dynamic



responses of the vehicle and the track structure. Among the
seven output points, three are located on the conventional
subgrade ballast track, three on rigid bridge track, and one
is exactly at the point of the stiffness change of the
roadbed-bridge joints. Four kinds of the train speeds

(V =160, 200, 250, and 300 km/h) are specified to
investigate the distribution of the dynamic responses of the
vehicle and the track structure, as shown in Fig. 12.2.

To comprehensively analyze and assess the influence of
train speeds, parts of the results including the time history
curves obtained for the rail vertical acceleration, the vertical
acceleration of car body , and the wheel-rail force are shown
in Figs. 12.3, 12.4 and 12.5 [11].
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Fig. 12.3 Influence of train speeds on rail vertical acceleration
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It can be observed from Figs. 12.3, 12.4 and 12.5 that the
changing subgrade stiffness has significant influence on the
rail vertical acceleration and the wheel-rail contact force .
With the increase in the train speed, the dynamic response
increases remarkably. The influence of train speed is quite
effective. At the change point of subgrade stiffness, the rail
vertical acceleration and the wheel-rail contact force display
marked peak values. And the peak values multiply with the
increase in train speed, which imposes great impact on the
track structure. But the train speed has essentially no
influence on the vertical acceleration of car body because of
the excellent vibration isolation resulting from the primary
and secondary suspension systems of the vehicle.

12.3 Influence Analysis of the Track

Stiffness Distribution

A computational model for influence analysis of the different
transition pattern for track stiffness distribution on the
dynamic responses of track transition is shown in Fig. 12.6.
The total track length for computation is 300 m, which
includes 100 and 20 m extra track lengths on left and right
track ends to eliminate the boundary effect . The transition
section is 20 m long and the subgrade stiffness changes in
position 170 m, that is, 70 m after the start point. Suppose
the train speed is V = 250 km/h, and the track structure
model is discretized into 526 track elements with 1591
nodes.
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Fig. 12.6 Four kinds of transition pattern for track stiffness distribution

To comprehensively understand the influence of the track
stiffness distribution , four transition patterns are studied
which are as follows:

Pattern A Abrupt change. The stiffness of ballast changes
5 times abruptly, and the stiffness of subgrade
changes 40 times accordingly

Pattern B Step-by-step change . The stiffness of ballast
changes 1-2-3-4-5 times in a ladder, and the
stiffness of subgrade changes 1-5-10-20-40 times
accordingly

Pattern C Linear change . The stiffness of ballast makes a
linear change from 1 to 5 times; the stiffness of
subgrade also changes linearly from 1 to 40 times

Pattern D Cosine change . The stiffness of ballast
changes in a cosine curve, adopting a 1-5 cosine
interpolation; accordingly the stiffness of subgrade
also makes a cosine change, adopting a 1-40 cosine
interpolation computing method

The output results include the time history curves of the
vertical acceleration of car body , the rail vertical
acceleration, and the wheel-rail contact force , as shown in
Figs. 12.7, 12.8 and 12.9, respectively [11].
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As shown in Fig. 12.7, the vertical accelerations of the car
body corresponding to the four kinds of the track stiffness
transition patterns are completely overlapped, which means
changing track stiffness has little influence on the car body
acceleration. Influence of the track stiffness distribution on
the car body acceleration is not effective, due to the
excellent vibration isolation resulting from the primary and
secondary suspension systems of the vehicle. Figure 12.8
shows that the rail vertical acceleration does not change
either on conventional track foundation or rigid track
foundation, which indicates that the track stiffness has little
influence on the rail vertical acceleration. But at the
variation point of track stiffness in the transition section, the
rail vertical acceleration changes dramatically. With the



change of the track stiffness transition patterns , the rail
vertical acceleration differs greatly, among which the cosine
pattern has the least influence. In addition, the wheel-rail
contact force differs with the change of the four kinds of the
track stiffness transition patterns. Figure 12.9 and Table 12.2
reveal that when the track stiffness of roadbed-bridge
transition changes in cosine pattern, the wheel-rail contact
force changes the least, and the additional dynamic action
is also the least, which can significantly reduce the impact
on the vehicle and the track structure and thus to improve
passenger comfortableness and to ensure high-speed
running.

Table 12.2 Influence of track stiffness distribution on wheel-rail contact force
and rail acceleration

Wheel-rail contact force Abrupt Step-by-step Linear Cosine
change change change change
Maximum/(kN) —58.050 |—62.755 —-67.18 |—68.406
Minimum/(kN) —80.253 |—-77.382 —75.937 |—72.301
Amplitude/(kN) 22.203 14.627 8.757 3.895
Reduction ratio compared with |0 34.12 60.56 82.46
transition pattern A/%
Maximum rail acceleration 28.248 20.442 17.638 |15.138
(m/s?)
Reduction ratio compared with |0 27.63 37.56 46.41
transition pattern A/%

12.4 Influence Analysis of the Transition

Irregularity

When the train is moving on roadbed-bridge transitions,
vehicle bumping at bridge head occurs frequently. The
bumping is caused by a number of factors, such as post-
construction settlement of the roadbed-bridge joints on
newly built railways, roadbed settlement resulting from the
more compact and condensed abutment fillings under cyclic




vehicle loading, and the uneven stiffness between the
roadbed and bridge. Previous studies show that changing
track stiffness of the roadbed-bridge transition has little
influence on the running safety of vehicles and the
comfortableness of passengers, while the transition
irregularity caused by roadbed-bridge settlement
differences has a profound influence on the safe running of
vehicles [6-9]. In the following analysis, only the dynamic
response induced by the transition irregularity is studied,
exclusive of the influence of the track stiffness of roadbed-
bridge transition. And in order to truly simulate the real
conditions of the railway, the random track profile
irregularity is considered with the method proposed in
Chap. 5. In the following analyses, three kinds of irregularity
pattern are examined.

Pattern A Regular transition. The vehicle moves into the
transition at the speed of 250 km/h

Pattern B lrregular transition. The roadbed-bridge
settlement difference is 5 cm. Two types of transition
irregularities, linear and cosine, are considered, and
the vehicle moves into the transition at the speed of
250 km/h

Pattern C Irregular transition. The vehicle moves out of
the transition at the speed of 250 km/h, and the other
conditions are the same as Pattern B

In the model, the total track length for computation is
300 m, which includes 100 and 20 m boundary regions on
the track start and track end. The transition section is 20 m
long.

The sample of track irregularity is generated by use of
trigonometric series based on railway track profile
irregularity spectrum for line level 6, which is specified in
standards of American ARR (Association of American



Railroads). Here listed are only some of the typical dynamics
evaluation index curves. The calculated results for the
diversified transition irregularity patterns are shown in

Figs. 12.10, 12.11, 12.12, 12.13, 12.14, 12.15, 12.16, 12.17,
12.18,12.19, 12.20 and 12.21, respectively [11].
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contact force
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Fig. 12.12 Car body acceleration and wheel-rail contact force under the train
moving into the transition (Pattern A + random irregularity). a Car body
acceleration. b Wheel-rail contact force

(a) s (b) 20,

r"m 18 -4k

: z

: $

?‘: 1} E &0}

£ =

g 0 -\g -R0-

- E

L] —

§ af = 1o}

=
-z : - . - : : . . -120 . - : : : : . i
B 20 40 &0 S0 100 120 140 160 180 D X0 40 60 S0 180 120 140 160 180

Track coordinate (m) Track coordinate {m)

Fig. 12.13 Car body acceleration and wheel-rail contact force under the train
moving into the linear transition (Pattern B). a Car body acceleration. b Wheel-
rail contact force
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Fig. 12.14 Car body acceleration and wheel-rail contact force under the train
moving into the linear transition (Pattern B + random irregularity). a Car body
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Fig. 12.15 Car body acceleration and wheel-rail contact force under the train
moving into the cosine transition (Pattern B). a Car body acceleration. b Wheel-
rail contact force
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Fig. 12.18 Car body acceleration and wheel-rail contact force under the train
moving out of the linear transition (Pattern C). a Car body acceleration. b
Wheel-rail contact force
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Fig. 12.19 Car body acceleration and wheel-rail contact force under the train
moving out of the linear transition (Pattern C + random irregularity). a Car
body acceleration. b Wheel-rail contact force
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Fig. 12.20 Car body acceleration and wheel-rail contact force under the train
moving out of the cosine transition (Pattern C). a Car body acceleration. b
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Fig. 12.21 Car body acceleration and wheel-rail contact force under the train
moving out of the cosine transition (Pattern C + random irregularity). a Car
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Based on the above computation, the conclusions can be
summarized as follows:

(1) Figures 12.11, 12.12,12.13,12.14, 12.15, 12.16,
12.17,12.18,12.19, 12.20 and 12.21 show that the
calculated results for the car body acceleration and the
wheel-rail contact force are distributed in a reasonable
range. When the vehicle moves into the transition
section, it goes through a step-up process, which
exerts an additional impact on start point O1 of the
transition section. Therefore, there appears a
downward minimum wheel-rail contact force. When the
step-up process comes to an end, there exists a
possibility of transient wheel-rail separation. Hence, at
the point of O2, the peak value of the wheel-rail
contact force appears again, but it is an upward
maximum value. When the vehicle moves out of the
transition, it goes through a step-down process. At the
point of O3, the vehicle may be in a suspension state
and is in danger of derailment. When the step-down
process finishes, the vehicle imposes an additional
impact on point O4. Simulation of the vehicle moving



into and out of the transition is consistent with what
happens in reality, which proves that the computation
model is effective and the results are reliable.

(2) As it can be seen from Table 12.3, when the transition
irregularity is in a linear change , impact of the vehicle
on the transition track at the point of O1 is weaker
than that at the point of O4, that is, the destruction on
the track structure caused by the vehicle moving out
of the transition is more severe than moving into the
transition. The maximum wheel-rail contact force at
the point of O3 is bigger than that at the point of 02,
which means the danger of derailment is greater when
the vehicle moves out of the transition than when it
moves into the transition. When the transition
irregularity is in cosine change , impact by the vehicle
moving out of the transition is also greater than that
by the vehicle moving into the transition. Different
from linear change, danger of derailment is greater
when the vehicle is moving into the transition. It
illustrates that irreqularity is the principal factor for the
dynamic changes of transition section.

Table 12.3 Wheel-rail contact force for different transition irregularity

patterns

Wheel-rail Regular Irregular transition

contact force  transition |Lijnear, Cosine, Linear, Cosine,
into into out of out of

Maximum/(kN) -70 —26.192 -58.30 |—-23.873 |—61.25

Minimum/(kN) -70 -117.81/-79.17 |-118.34 |-81.82

Amplitude/(kN) 0 91.618 |20.87 94.467 |20.57

(3) Transition patterns of track irregularity have a dramatic
influence on the dynamic indexes of the vehicle and
the track structure. When the transition is in a linear
change , the dynamic response is quite great, while



when the transition is in a moderate cosine change,
the response is evidently weakened.

(4) Random irregularity of the track is the major exciting
source of the vehicle and the track vibration, which
directly affects the train’s smooth and safety
operation. Car body acceleration is an important index
to evaluate passenger comfortableness and is
sensitive to random irregularity of the track, but the
primary and secondary suspension systems of the
vehicle can effectively isolate and reduce the system
vibration.

12.5 Influence Analysis of the Combined

Track Stiffness and Transition Irregularity

Influence analysis of the combined track stiffness and
transition irregularity is based on practical conditions of the
roadbed-bridge transition. On track transition , there exist
both the random irregularity and stiffness change of the
roadbed-bridge track foundation. Therefore, the following
analysis mainly focuses on the combined influence of the
track surface irregularity and track stiffness change on the
dynamic response of the vehicle and the track structure
under high-speed moving vehicles.

A computational model for influence analysis of the
combined track stiffness and transition irregularity is shown
in Fig. 12.22. The total track length for computation is
300 m, which includes 100 and 20 m extra track lengths on
left and right track ends to eliminate the boundary effect.
The start point is 100 m from the left boundary, and the
transition begins in position 170 m. Total length of the
transition is 20 m. Suppose the train speed V = 250 km/h,



and the track structure model is discretized into 526 track
elements with 1591 nodes.
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Fig. 12.22 A computational model for influence analysis of the combined track
stiffness and irregularity on the dynamic response of the vehicle and the
track/m

In view of different irregularity angles of the track
transition , as shown in Fig. 12.22, six cases are considered
asa =0, 0.0010, 0.0015, 0.0020, 0.0025, and 0.0030 rad.
The following analysis are based on assumptions: (1)
Suppose the stiffness of rigid subgrade at bridge section K ¢

is five times as that of the conventional ballast track K ¢
that is K = 5K ¢y where K g = 60 MN/m. (2) The train speed

V = 250 km/h. (3) Seven observation points along the track
(denoted with Oa, Ob, ..., Og) are chosen to analyze the
dynamic responses of the vehicle and the track structure.
The track coordinates are 60, 68, 72, 80, 88, 92 and 100 m
accordingly. The calculated results are shown in Figs. 12.23,
12.24 and 12.25 [11].
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Influence analysis of the combined track stiffness and
transition irregularity in different cases proves that when the
train moves at a constant speed and there exist abrupt
change of track stiffness, the irregularity angle of the track
transition has substantial influence on the rail vertical



acceleration and the wheel-rail contact force . And the
larger the irregularity angle is, the greater the influence
becomes. The combined influence is much more evident
than the separate influence of track stiffness or transition
irregularity. As shown in Fig. 12.23, two peaks of the rail
vertical acceleration are observed at track coordinates 68
and 91 m. The magnitude of the first peak is 2.1 times as
that of the second. This is because the first peak of the rail
vertical acceleration is induced simultaneously by the
irregularity angle of the track transition and the abrupt
change of the subgrade stiffness , whereas the second peak
is only generated by the irregularity angle of the track
transition. In Fig. 12.24, curves of the vertical acceleration
of the car body for different kinds of irreqularity angles have
slight differences in magnitudes due to the well vibration
reduction of the primary and the secondary suspension
system of the vehicle.

This chapter makes an in-depth investigation to the
dynamic behavior of the ballast track system, especially the
mechanism of track faults caused by train bumping at
bridge head. Up to now, due to the great difficulty in
technology and the lagging-behind theoretical research to
engineering applications, ultimate solution to the fault has
not been realized yet. The problem not only limits the train’s
speed and increases the operation cost, but also endangers
the running safety of vehicles in extreme cases.
Consequently, it lowers the railway service level to a large
extent and affects the railway’s social benefits and
economic returns. Even in countries where the railway is
highly developed, vehicle bumping at bridge head is still
one of the tough problems, waiting to be successfully
tackled. To ensure a good track condition, maintenance and
repairs in the track transition should be performed
frequently by relative department. In this sense, a
theoretical research on the causes of vehicle bumping at



bridge head can provide some guidance to the specific
problems in engineering applications.

In this chapter, a computational software is developed
and coded with MATLAB. Typical track transitions are
chosen. Influence factors such as varying train speeds,
different patterns of track stiffness distribution , and
transition irregularity on the dynamic responses of the
vehicle and the track structure are simulated, analyzed, and
evaluated comprehensively.

Through the analysis, the conclusions can be obtained as
follows:

(1) Influence analysis of the train speed on the roadbed-
bridge transition shows as follows: Once there is a
change in track stiffness, the train speed will have
evident influence on all the dynamic indexes of the
vehicle and the track structure. And if the speed is
very fast and the stiffness change is very great, the
combined influence will be more evident.

(2) Stiffness change of the roadbed-bridge track
foundation has influence on the dynamic indexes of
the vehicle-track coupling system to different degrees
but has slight influence on the train’s operation safety.
Influence analysis for track stiffness distribution shows
cosine change of the track stiffness is preferable and
should be adopted as the theoretical guidance for
engineering maintenance, because it can effectively
reduce the impact and destruction on the track.

(3) Transition irregularity resulted from roadbed-bridge
settlement differences has notable influence on all the
dynamic indexes. The vehicle and the track structure
are very sensitive to the track irregularity and require a
higher level of the track regularity. The influence of the
track stiffness distribution on train’s operation safety is



(4)

(5)

not as great as that of the track irregularity.

Analysis of the combined influence indicates that when
there are both track stiffness change and track
irregularity, the combined influence is much more
obvious than the separate influence of the track
stiffness or the track irregularity. Adopting reasonable
track transition pattern can reduce the vehicle impact
on track structure in transition sections, and thus meet
the requirement of passenger comfortableness and
high-speed operation.

The influence of track irregularity on passenger
comfortableness and operation safety has become one
of the major constraints to the development of the
high-speed railways. Efforts and attentions of the
railway maintenance technicians have to be directed at
eliminating track irregularity. Abating and smoothing
irregularity to the greatest extent so as to prevent and
avoid vehicle bumping at bridge head is of great
significance to reduce the transition faults and ensure
the operation safety.
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With several competitive advantages over conventional
ballast tracks, slab tracks are widely applied in countries
where high-speed railways are well developed. Today, China
is actively developing passenger-dedicated lines , with slab
tracks laid section by section as the major type of track
structure. But in terms of this advanced slab track structure
type, experience in the systematic designing, construction,
supervision, operation, and maintenance of the structure is
still lacking. As for the vibration and deformation
characteristics, operation reliability and safety of the slab


mailto:xiaoyanlei2013@163.com

track under moving train loads, theoretical, and
experimental research are also in great need. In this sense,
it is of great practical value to make a dynamic behavior
analysis on the slab track. The dynamic interaction between
the high-speed train and the slab track is the key issue for
the vibration analysis of the train-track coupling system.
The forced vibration of the slab track structure under
moving train loads directly influences the working state and
service life of the structure. Meanwhile, the riding quality
and safety are the important indexes to evaluate whether
the parameters of the slab track structure are reasonably
designed or not.

Compared with the ballast track, the slab track has a
higher stiffness, which induces stronger vibration of the
high-speed wheel-rail system. Track foundation stiffness is
not only one of the key factors which influence the riding
performance of the train, but also an important parameter
in influencing the dynamic characteristics of the wheel-rail
system. With the rapid development of high-speed railways,
slab track foundation stiffness has become one of the hot
issues for researchers both at home and abroad.

Based on the model and the algorithm of the vehicle
element and track element proposed in Chap. 9 [1-6],
dynamic behavior of slab track structure under moving train
loads is investigated in this chapter. Especially, parameter
analysis of the structure will be carried out. Through the
parameter analysis, it attempts to optimize parameters of
the slab track structure so as to abate track deformation,
prolong track service life, and improve track stability .

13.1 Example Validation

In order to verify the model and the algorithm of the train-
slab track-subgrade coupling system presented in this
chapter, a vertical vibration characteristic analysis of the



train-Bogle slab track coupling system is performed by the
consideration of two kinds of track conditions, i.e., the
smooth track and the irregularity track. The vehicle
concerned is China-star high-speed train which is marshaled
by a motor car and a trailer. Parameters for China-star high-
speed train and for the Bogle slab track adopt those in
Reference [7]. The calculated results with the proposed
model are compared with those obtained from the dynamic
analysis model of the lateral finite strip and slab segment
element in Reference [7] and the static model of slab track
(double-layer beams) in Reference [8], respectively.

Case 1 Assume the track is absolutely smooth and the
China-star high-speed train moves on the Bogle slab
track at the speed of 50 km/h. The maximum vertical
vibration displacements of the rail and the Bogle slab
are calculated and compared with those in Reference
[7] and Reference [8], as is shown in Table 13.1. Time
history curves of the rail deflection and the Bogle slab
deflection are shown in Figs. 13.1 and 13.2 [6].

Table 13.1 Maximum vertical displacements of the rail and the Bogle

slab

Maximum Calculated Calculated Calculated
vertical result of this |result of result of
displacements chapter Reference [7] Reference [8]
Rail/(mm) 0.815 0.817 0.802

Bogle slab/(um) [2.038 1.700 0.800
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Case 2 Considering the China-star high-speed train
marshaled by a motor car and a trailer moves on the
Bogle slab track at the speed of 200 km/h [7].
Simulation is performed to analyze the vertical
vibration displacements of the track structure.
Excitation source adopts a periodic sine function of



track profile irregularity with 20 m wavelength and

6 mm amplitude. Time history curves of the rail
vertical displacement and the Bogle slab vertical
displacement are compared with those calculated by
finite element method, as is shown in Figs. 13.3 and
13.4 [6].
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The calculated results for the two cases are highly
consistent, which valid the model and the algorithm
proposed in this chapter. And in addition, the trace of the
wheels is clearly observed.

13.2 Parameter Analysis of Dynamic
Behavior of the Train, Slab Track, and
Subgrade Coupling System

In the following simulation, the vehicle concerned is China
high-speed train CRH3. The slab track involved is German
track laid on Beijing-Tianjin intercity railway. Parameters of
the high-sped train CRH3 and the Bogle slab track structure
are given in Tables 6.7 and 6.10 of Chap. 6, respectively.

The feature of the Bogle slab track is the CA mortar laid
between the track slab and the concrete support layer . As
the support layer of precast reinforced concrete track slab,
CA mortar can fill the gap between the track slab and the
concrete support layer, jointly adjust the track profile
difference with the rail pads and make the track structure
precisely located. Meanwhile, it can also provide sufficient
track strength and certain track elasticity. Therefore,
reasonably chosen parameters of the CA mortar is very
significant to improve the comprehensive dynamic
performance of the slab track structure. In the slab track
system, stiffness and damping of the rail pad and fastener
and the subgrade also has an influence on the dynamic
performance of the vehicle and the track structure.

The following parameter analysis is based on the
assumptions: the model and the algorithm is the vehicle
element and track element presented in Chap. 9; the track
is perfect smooth; the train speed is V = 250 km/h; the time
step of numerical integration for the Newmark Scheme is
At = 0.001 s. Simulation is performed to analyze the
influence of the stiffness and the damping of the rail pad



and fastener, the CA mortar and the subgrade on the
dynamic performance of the slab track structure. Evaluation
indexes include the vertical acceleration of the car body, the
wheel-rail contact force , the deflections, and the vertical
accelerations of the rail, the track slab and the concrete
support layer . Through the analysis, it aims to provide a
theoretical basis for the reasonable choice of parameters for
the Bogle slab track structure.

13.3 Influence of the Rail Pad and
Fastener Stiffness

With other parameters unchanged, six cases of the rail pad
and fastener stiffness coefficient are considered to
investigate its influence on the dynamic performance of the
vehicle and the track structure: 2 x 107 N/m, 4 x 107 N/m,
6 x 107 N/m, 8 x 107 N/m, 1.0 x 108 N/m, and

1.2 x 108 N/m. The calculated results are illustrated by
Figs. 13.5, 13.6, 13.7, 13.8 and 13.9 [6].
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Figures 13.5, 13.6, 13.7, 13.8 and 13.9 reveal that
changing the rail pad and fastener stiffness has significant



influence on rail vibration. With the increase in the rail pad
and fastener stiffness, more vibration energy is transferred
to track foundation, which dramatically decreases the rail
deflection and the rail vertical acceleration. The strong
vibration of the rail, especially the rail vertical acceleration,
is prone to damage the rail. Therefore, reasonably
increasing the rail pad and fastener stiffness can help to
decrease the rail dynamic response. But with the increase in
the rail pad and fastener stiffness, the force directly exerted
on the track slab will be more centralized, which leads to
the increase in the track slab acceleration. Consequently,
the track slab vibration acceleration will affect the stress of
the CA mortar. As illustrated by Fig. 13.9d, the track slab
vertical acceleration increases with the increase in the rail
pad and fastener stiffness. Hence, from the mere
perspective of depressing the CA mortar stress, the raid pad
and fastener stiffness should be appropriately reduced.

The above analysis proves that changing the rail pad and
fastener stiffness has a reverse effect on the rail and the
track slab. In track structure designing, the response of the
rail and the track slab should be controlled in a reasonable
value range and thus to keep the comprehensive dynamic
performance of the track structure in its best condition.
Analysis shows the reasonable range of the rail pad and
fastener stiffness is 60-80 kN/mm. In addition, Figs. 13.5,
13.6, 13.7, 13.8 and 13.9 also reveal that nearly no changes
occur to the deflections of the track slab and the concrete
support layer . And the influence on the wheel-rail contact
force and the vertical acceleration of the car body are
insignificant.

13.4 Influence of the Rail Pad and
Fastener Damping



A reasonable choice of the rail pad and fastener damping is
very important for the improvement of track dynamic
performance. Six cases of the rail pad and fastener damping
coefficients are considered to investigate its influence on
the dynamic performance of the vehicle and the track
structure: 3.63 x 104 N s/m, 4.77 x 104 N s/m,

1.0 x 10° N s/m, 3.0 x 10> N s/m, 6.0 x 10> N s/m, and

10 x 10° N s/m. The calculated results are illustrated by
Figs. 13.10, 13.11, 13.12, 13.13 and 13.14 [6].
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As shown in Figs. 13.10, 13.11, 13.12, 13.13 and 13.14,
the rail deflection and the rail vertical acceleration decrease
with the increase in the rail pad and fastener damping,
while the vertical accelerations of the track slab and the
concrete support layer increase dramatically with the
increase in the rail pad and fastener damping; the rail pad
and fastener damping have some influence on the wheel-rail
contact force, but little influence on the car body
acceleration; its influence on the deflections of the track
slab and the concrete support layer can be ignored. When
the rail pad and fastener damping is larger than
1 x 10° N s/m, the vibration response for each component
of the track structure will change dramatically. In general,
the reasonable value for the rail pad and fastener damping
should be controlled around 1 x 10> N s/m. To summarize,
increasing the rail pad and fastener damping can reduce rail
vibration, but will increase dynamic response of the track
slab and the concrete support layer at the same time.
Therefore, the rail pad and fastener damping coefficient
should be reasonably chosen on the basis that the vibration
responses from each component of the track structure are
comprehensively considered, so as to extend the service life
of the slab tracks.

13.5 Influence of the CA Mortar Stiffness

With other parameters unchanged, six cases of the CA
mortar stiffness are considered to investigate its influence
on the dynamic performance of the vehicle and the track
structure: 3 x 108 N/m, 6 x 108 N/m, 9 x 108 N/m,
1.2 x 10° N/m, 1.5 x 10° N/m and 3.0 x 10° N/m. The
calculated results are shown in Figs. 13.5, 13.6, 13.7, 13.8
and 13.9 [6].

As shown in Figs. 13.15, 13.16, 13.17, 13.18 and 13.19,
changing the CA mortar stiffness has obvious influence on



the rail deflection and the track slab deflection, but little
influence on the deflection of the concrete support layer .
The curves of the rail deflection and the track slab
deflection reveal that the maximum rail deflection and the
maximum track slab deflection decrease with the increase
in the CA mortar stiffness. The CA mortar stiffness has little
influence on the rail vertical acceleration, and practically no
influence on the car body acceleration and the wheel-rail
contact force . While the vertical accelerations of the track
slab and the concrete support layer decrease with the
increase in the CA mortar stiffness. Therefore, it can be
safely concluded that increasing the CA mortar stiffness can
reduce track deformation to a certain extent, but excessive
CA mortar stiffness can weaken the slab track elasticity,
which is not favorable to vibration reduction of the track
structure. In short, the influence of the CA mortar stiffness
on the train and the track structure is not as strong as that
of the rail pad and fastener stiffness .
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13.6 Influence of the CA Mortar Damping



With other parameters unchanged, five cases of the CA
mortar damping coefficients are considered to investigate
its influence on the dynamic performance of the vehicle and
the track structure: 2 x 10* N s/m, 4 x 10% N s/m,

8.3 x 104N s/m, 1.6 x 10° N s/m and 3.2 x 10° N s/m. The
calculated results are illustrated by Figs. 13.20, 13.21,
13.22,13.23 and 13.24 [6].
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Fig. 13.21 Influence of the CA mortar damping on the wheel-rail contact force
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As shown in Figs. 13.20, 13.21, 13.22, 13.23 and 13.24,
with the increase in the CA mortar damping, nearly no
changes occur to the rail deflection, the rail vertical
acceleration, the track slab deflection and the deflection of
the concrete support layer , whereas the vertical
accelerations of the track slab and the concrete support
layer decrease greatly. The influence of the CA mortar
damping on the wheel-rail contact force and the vertical
acceleration of the car body is not obvious, almost with no
changes. From the above analysis, it can be concluded that
the CA mortar with greater damping should be applied, so
as to effectively reduce the vibration of the track structure,
extend the service life of the slab track, and lighten the
workload of the track structure maintenance.

13.7 Influence of the Subgrade Stiffness

With other parameters unchanged, six cases of the
subgrade stiffness are considered to investigate its
influence on the dynamic performance of the vehicle and
the track structure: 2 x 107 N/m, 4 x 107 N/m, 6 x 107 N/m,
8 x 107 N/m, 1.0 x 108 N/m, and 1.2 x 108 N/m. The
calculated results are shown in Figs. 13.25, 13.26, 13.27,
13.28 and 13.29 [6].
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As shown in Figs. 13.25, 13.26, 13.27, 13.28 and 13.29,
changing the subgrade stiffness has significant influence on



the vibration of the whole track structure. When the
subgrade stiffness increases, the dynamic indexes of each
component of the track structure are on the decrease. By
comparison, the decreased margins of the deflection for the
rail, the track slab, and the concrete support layer are larger
than their corresponding accelerations. It indicates that the
influence of the subgrade stiffness on the track structure
deflection is much more effective than that on the vertical
acceleration. Besides, a small subgrade stiffness coefficient
may induce huge dynamic response of the track structure.
When the train speed keeps rising to reach or exceed the
critical velocity of the track, it will induce strong vibration of
the track structure. The subgrade stiffness coefficient is the
major factor which can influence the critical velocity of the
track, and the critical velocity increases with the increase in
the subgrade stiffness. Therefore, increasing the subgrade
stiffness can contribute to track safety and track stability .

13.8 Influence of the Subgrade Damping

With other parameters unchanged, six cases of the
subgrade damping are considered to investigate its
influence on the dynamic performance of the vehicle and
the track structure: 3 x 10* N s/m, 6 x 10* N s/m,

9 x 10N s/m, 1.2 x 10> N s/m, 1.5 x 10° N s/m, and
1.8 x 10° N s/m. The calculated results are illustrated by
Figs. 13.30, 13.31, 13.32, 13.33, and 13.34 [6].
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As shown in Figs. 13.30, 13.31, 13.32, 13.33, and 13.34
that, with the increase in the subgrade damping coefficient,
little changes occur to the rail deflection, the rail vertical
acceleration, the track slab deflection, and the deflection of
the concrete support layer, but the vertical accelerations of
the track slab and the concrete support layer are on the
decrease. No changes occur to the wheel-rail contact force
and the vertical acceleration of the car body. In short, the
subgrade damping has little influence on the vibration of the
track structure.
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There are a large number of bridges, grade crossings and
rigid culverts involved in railway transportation, which result
in plenty of track transitions . Track transition regions are
the locations where a railway track exhibits abrupt changes
in vertical stiffness. These usually occur at the ballast track
compare to the ballastless track, at the abutments of open
deck bridges, where a concrete sleeper track changes to a
wooden sleeper track, and at the ends of tunnels, highway
grade crossings and locations where rigid culverts are
placed close to the bottom of the sleepers in a ballast track.
The abrupt change in the vertical stiffness of the track
causes the wheels to experience an equally abrupt change
in elevation because of the uneven track deflection.
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Tests reveal that when the train moves over the region of
vertical stiffness with abrupt change, additional dynamic
interaction will be increased obviously, and the subgrade
deformation will be induced in track transition, which in turn
will result in track irregularity. This problem will be more
serious with the increase in the train speed. Surveys
conducted abroad for track transition between the ballast
track and the ballastless track indicate that under the long-
term action of the vehicle loads, a series of problems come
out and more or less lead to the damage of the track
structure in track transition. These problems include the
following:

(1) When the train moves at the speed of 200 km/h or
higher, the influence of the track irregularity on the
moving train will be amplified. Therefore, maintenance
cost will be enormous to meet the requirement of track
regularity and stability .

(2) The conventional design approach for transition region
between the ballast track and the ballastless track is to
set up reinforced concrete slabs with length of 10 m or
20 m. However, under the repeated actions of the
vehicle loads, there will be some partial suspension of
slabs which will result in the change of the ballastless
track stress and seriously affect the track structure
intensity and stability, as well as the dynamic
interaction between the vehicle and the ballastless
track.

(3) Irregularity of the ballast track can be removed by
tamping or eliminating railway ballast, while
irregularity of the ballastless track can only be reduced
or eliminated by adjusting the rail pads. As there is a
strict limit for adjusting the value of the rail pads, it is
limited for the ballastless track. However, under the



repeated action of the vehicle loads, the ballastless

track deformation will exceed the adjustment
allowance of the rail pads with the accumulation of the
deformation in track transition .

(4) There is warping in the track slabs in the track
transition. The pull force caused by the impact force,
acting on the track slab, exceeds the tensile strength
of concrete, which in turn leads to cracking of the track
slab surface and corrosion of the internal
reinforcement in slab, and finally results in the
reduction of the slab strength.

(5) The residual track deformation in the track transition is
obviously larger than that in other sections of the
track. It is difficult to repair and recover the track when
big deformation occurs in the ballastless track. And a
new line should be laid in a serious situation.

The reason for the above problems is that the overall
stiffness of the ballastless track is far larger than that of the
ballast track. To reduce the additional dynamic force due to
the stiffness difference in the track transition, smooth
transition of the track stiffness between the ballast track
and the ballastless track is required.

Many researches on dynamic characteristics of the
vehicle and the track structure conducted at home and
abroad mainly focus on experiment [1-10], with few
theoretical and numerical analysis [5-10]. This chapter,
based on major structure patterns and design parameters of
the transition track between the ballast track and the
ballastless track, together with the vehicle model and the
track model and their algorithm suggested in Chap. 9 while
taking into account of the influence of the train speed and
the track stiffness, offers parameter analyses, by using the



software developed from dynamic characteristic of the
transition section between the ballast track and the
ballastless track [11, 12]. Hopefully, such an analysis
provides a theoretical guidance for designing and choosing
of the track stiffness in the track transition.



14.1 Influence Analysis of the Train
Speed for the Transition Section Between
the Ballast Track and the Ballastless
Track

In the following parameter analyses, the vehicle concerned
is Chinese high-speed train CRH3, as shown in Fig. 12.1, and
the parameters of the high-speed train CRH3 are given in
Table 6.7 of Chap. 6. The ballast track is 60 kg/m continuous
welded rail with type lll sleepers, and the parameters of the
ballast track structure are shown in Table 12.1. The
ballastless track involved is German Bogle slab track with
the parameters given in Table 6.10 of Chap. 6.

The time step of numerical integration for the Newmark
scheme adopts At = 0.001 s.

The computational model for the dynamic responses of
the vehicle and the track structure in the transition section
between the ballast track and the ballastless track is shown
in Fig. 14.1. In the simulation, the total track length for
computation is 300 m, which includes 100 and 20 m extra
track lengths on left and right track ends to eliminate the
boundary effect . To begin with, consider the effect of the
train speed without transition section, that is, the ballast
track and the ballastless track connects directly at position
190 m of the line. The track structure model is discretized
into 502 track elements with 1516 nodes.
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Fig. 14.1 Computational model for the influence of the train speed/m

To eliminate the effect of model boundary , seven
observation points along the track, denoted with O1, O2, ...,
O7, are chosen at the distances of 30, 50, 70, 90, 110, 130
and 150 m from the starting point to analyze the dynamic
responses of the vehicle and the track structure. Among the
seven output points, three are located on the conventional
ballast track, three on the ballastless track and one is
exactly at the joint of the ballast track and the ballastless
track. Four kinds of the train speeds (V = 160, 200, 250 and
300 km/h) are specified to investigate the distribution of the
dynamic responses of the vehicle and the track structure, as
shown in Fig. 14.1.

To comprehensively analyze and assess the influence of
the train speed, parts of the results including the time
history curves obtained for the rail vertical acceleration, the
vertical acceleration of car body and the wheel-rail contact
force are shown in Figs. 14.2, 14.3 and 14.4 [13].
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Fig. 14.4 Influence of train speeds on wheel-rail contact force

As can be observed from Fig. 14.2, 14.3 and 14.4, the
overall structural stiffness of the ballastless track is several
times as that of the ballast track and there is significant
difference in terms of vertical stiffness along the
longitudinal track direction. Such a stiffness difference
results in the larger wheel-rail contact force , which
increases with the increase in the train speed. In some
cases, the tensile stress induced by the larger wheel-rail
contact force may exceed the tensile strength of reinforced
concrete in track slab, which ultimately results in the crack
and warp of the slab. At the track transition joint, the rail
vertical acceleration and the wheel-rail contact force reach
the maximum, especially when the train speed reaches
200 km/h or higher, and the two peaks doubled to have a
great impact on track structure. But the train speed has
essentially no influence on the vertical acceleration of car
body because of the excellent vibration isolation resulting
from the primary and secondary suspension systems of the
vehicle.



14.2 Influence Analysis of the Track
Foundation Stiffness for the Transition
Section between the Ballast Track and the
Ballastless Track

Usually, the transition section is constructed inside the
ballast track in passenger lines, and a 20-m-long transition
track is laid between the ballast track and the ballastless
track. The total track length for the computation is 300 m,
which includes 100 and 20 m extra track lengths on left and
right track ends to eliminate the boundary effect . The
length of the transition section is 20 m, and the ballast track
and the ballastless track connect at the distance of 190 m of
the line as shown in Fig. 14.5. Suppose the train speed is

V = 250 km/h the track structure model is discretized into
526 track elements with 1591 nodes.
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Fig. 14.5 Computational model for the influence of the track foundation
stiffness /m

In engineering practice, track transition is usually
installed by constructing subgrade transition section in the
ballast track side. In the following, four kinds of transition
patterns are considered in the influence analysis of the track
foundation stiffness:

Pattern A The transition pattern is abrupt change,
namely there is no transition section between the



ballast track and the ballastless track

Pattern B Step-by-step change . The stiffness of the
ballast changes 1-2—3—4—5 times in a ladder; the
stiffness of the subgrade changes 1—5—10—20—40
times accordingly

Pattern C Linear change . The stiffness of the ballast
changes linearly from 1 to 5 times; the stiffness of the
subgrade also changes linearly from 1 to 40 times

Pattern D Cosine change . The stiffness of the ballast
changes in a cosine curve adopting 1-5 cosine
interpolation; accordingly the stiffness of the
subgrade also changes from 1-5 times in a cosine
interpolation

The output results including the time history of the
vertical acceleration of car body , the rail vertical
acceleration and the wheel-rail contact force , as shown in
Figs. 14.6, 14.7 and 14.8, respectively [11].
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Fig. 14.8 Influence of transition patterns on wheel-rail contact force

As can be observed from Fig. 14.6, the vertical
acceleration of car body corresponding to the four kinds of
the track stiffness transition patterns is completely
overlapped, which means changing track stiffness has little
influence on the car body acceleration. Influence of the
track stiffness distribution on the car body acceleration is
not effective, due to the excellent vibration isolation
resulting from the primary and secondary suspension
systems of the vehicle.

Secondly, as shown in Fig. 14.7, in the ballast track side,
when track stiffness changes, namely at the position of
70 m away from the starting point, the rail vertical
acceleration changes dramatically. As the track stiffness
transition patterns change, the rail vertical acceleration
increases significantly, among which influence of the cosine
pattern is the least. In the transition section between the
ballast track and the ballastless track, namely at the
position of 90 m away from the starting point, the rail
vertical acceleration has a peak again. For transition
patterns B, C and D, all with transition section, the rail
vertical accelerations are far smaller than that for transition
pattern A without transition section. This indicates that
constructing the transition section between the ballast track
and the ballastless track can greatly reduce the track
structure vibration.

As shown in Fig. 14.8, for transition patterns B, Cand D
with transition section, the wheel-rail contact force peaks
twice. The first peaks at the position of 70 m are induced by
the ballast track stiffness change, and the minimum wheel-
rail contact force is corresponding to the cosine transition
pattern, while the peaks at the position of 90 m are induced
by track stiffness difference between the ballast track and
the ballastless track. For transition pattern A without
transition section, the maximum wheel-rail contact force is



dozens of times of that for transition patterns B, C and D, all
of which with transition sections. The powerful wheel-rail
contact force results in great damage on track structure,
which again indicates the importance of constructing the
transition section between the ballast track and the
ballastless track.

As shown by the wheel-rail contact force peaks in 70 and
90 m, setting up the ballast and subgrade stiffness
transition can effectively solve the problem of track stiffness
uneven between the ballast track and the ballastless track.
But when the train enters into the transition section of the
ballast track, its impact exceeds the impact of the
connection section between the ballast track and the
ballastless track, and hence the second peak comes along.
In this case, extending the length of the transition section
can reduce the wheel-rail contact force on the ballast track
and avoid the secondary impact on the train and the track
structure, thus to ensure passengers comfortableness and
high-speed operation.



14.3 Remediation Measures of the
Transition Section between the Ballast
Track and the Ballastless Track

Many experimental researches concerning track transition
have been conducted in China. Based on relevant testing
data and drew on the experience of other countries,
regulations such as Interim Provisions on Ballastless Track
Design for Passenger-dedicated Railway, Interim Provisions
on Design for Beijing-shanghai High-speed Railway,
Provisional Design Regulations for the new 200-250 km/h
Passenger-dedicated Railway and Provisional Design
Regulations for the new 300-350 km/h Passenger-dedicated
Railway set guidelines for constructing the transition section
[14, 15].

Track transition is generally constructed in the ballast
track side. Major construction measures include setting up
transition section with stiffness change to increase the
vertical stiffness of the track, for instance, filling the
subgrade with quality stuffing, adopting higher subgrade
compaction standard, using graded broken stone with
cement, setting up trapezium reinforced concrete slabs on
the surface layer of subgrade, solidifying ballast layer,
achieving gradual change in the thickness of ballast bed,
adjusting stiffness of the rubber pads under the rail and
setting up auxiliary rail to increase vertical bending stiffness
of the rail. In addition, the overall stiffness of ballastless
track should be reduced by using rail pads with low-stiffness
or setting up elastic cushion layer under the slab, and
pasting microcellular rubber cushion layer to the bottom of
track slab. Some of the technical measures applied in the
engineering construction are given as follows:

Measure 1 As specified in China’s industry standard for
railway construction [2007147 Provisional Design



Regulations for the new 300-350 km/h Passenger-
dedicated Railway, the transition section should be
constructed in connection section between the bridge
abutment and the ballast track with subgrade.
Usually, the transition section with longitudinal
inverted trapezoidal graded broken stone, as shown in
Fig. 14.9, can be adopted along the line. The following
equation should be satisfied:
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Fig. 14.9 Transition section with longitudinal inverted trapezoidal
graded broken stone along the line

L=a+(H—h)n (14.1)

where L denotes the length of transition section,
generally not less than 20 m;H for height of graded
broken stone with cement; h for the thickness of
surface layer of subgrade; a for constant
coefficient,taking 3-5 m; and n for constant
coefficient, taking 2-5 m.

Measure 2 In the construction of passenger lines, the
conventional measure is to improve the ballast track
stiffness. The typical practice is to lay concrete
support layer with varied thickness and graded
broken stones with different proportion of cement at
different positions. A minimum of 20-m-long transition
section should be constructed between the ballast
track and the ballastless track. Graded broken stone



(with 3-5 % cement) is laid at the bottom of
subgrade. Figure 14.10 is longitudinal profile for the
transition section between the ballast track and the
ballastless track.
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Fig. 14.10 Transition section between the ballast track and the
ballastless track

Measure 3 Ballastless track slabs are laid in Fengshupai
tunnel of the Ganzhou-Longyan railway. In the
transition section between the ballast track and the
ballastless track, five vibration reduction slabs are
used at the connection region in the ballast track side
to reduce the stiffness difference between the ballast
track and the ballastless track and to improve the
stability of the train’s operation.

Measure 4 In ballastless track testing section of Suining-
Chongging Railway, measures for reducing the
ballastless track stiffness while increasing the ballast
track stiffness are adopted simultaneously. The length
of the transition section between the ballast track and
the ballastless track is 25 m, whereas it is 20 m for
ballast track. In the ballast track transition , ballast
thickness is gradually changed from 250 to 350 mm.
Measures for reducing the ballastless track stiffness
include pasting microcellular rubber cushion layer to
the bottom of the five track slabs, laying five railway
sleepers of 2.8 m long close to slab track section,
adopting lower rail pad and fastener stiffness as 35-



55 kN/mm and using 50 kg/m guard rail as auxiliary
rail of transition section.

Measure 5 Figure 14.11 shows the longitudinal profile of
the transition section between the ballast track and
German Bogle slab track on subgrade. It shows in
Figure that hydraulically bearing layer of the slab
track is extended into the ballast track with the length
of 10 m, and within the range of the first 15 m of the
ballast track, the ballast bed is completely bonded
with epobond epoxy, while within the range of the
second 15 m the ballast bed is partly bonded, as for
the third 15 m the ballast shoulder is partly bonded.

transition region. ballast d =30m 15m 15m ballast wrack

Bogle slab track completely bonded with partly bonded with {
- |

epobond epoxyi i 15m ) epobond epoxyn in 15m |

track slab 20cm | Hper |

CA mortar 20em hydraulically bearing layer subgrade protection layer d = 30cm

HB layer 20cm

frost layer

Fig. 14.11 Transition section between the ballast track and German
Bogle slab track on subgrade

Measure 6 To ensure smooth operation of high-speed
trains from the ballast track on subgrade to the slab
track on bridge, it is necessary to reduce the stiffness
difference and the differential settlements between
the ballast track and the slab track so as to ensure
track regularity. To construct the transition section
between the ballast track on subgrade and the slab
track on bridge, some technical measures can be
taken:

(1) Refill the foundation ditches of abutment with
concrete and construct subgrade close to
abutment with quality graded broken stones



with higher strength and lower deformation. The
compact density and the void ratio of
embankment subgrade surface layer have to
meet the requirements, K 35 = 190 MPa,

n < 15 %, while for the compact density and the
void ratio beneath the subgrade bed, K
30 > 150 MPa, n< 20 %.

(2) Elastic rubber buffer cushion is attached to the
bottom of the track slab on the bridge near to
the ballast track on subgrade.

(3) Two auxiliary rails are employed in the ballast
track of transition section.

Measure 7 To avoid stiffness abrupt change between the
ballast track and the ballastless track, hydraulically
bearing layer of the slab track is extended into the
ballast track with the length of 10 m. At the end of
the ballastless track, the concrete supporting board
and the hydraulically bearing layer have to be
anchored together to ensure satisfactory connection
stiffness between the two. In engineering practice, to
smooth different track stiffness, the ballast bed in the
track transition is completely bonded with epobond
epoxy. The bonding strength of the ballast bed
decreases gradually from the ballastless track to the
ballast track. Transition section is constructed in the
ballast track side with a total length of 45 m, which is
divided into three parts with equal length, namely the
complete bonded part among the ballast bed,
boundary beam and sleepers; the partial bonded part
between the ballast bed and boundary beam; and the
partial bonded part in the ballast bed.
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China is in the golden period of constructing urban mass transit. In urban subway
network planning and layout, the overlapping of two or even more subway lines are
inevitable. Environmental vibration induced by the overlapping of two or more
subway lines does not equal the sum of each one and differs greatly from that
induced by a single line. Since the transport organization and the train’s operation in
overlapping subways differ greatly and are quite complicated, their influence on the
environmental vibration can be amplified or exceeds the environmental vibration
standard. Currently there are a small number of researches addressing this problem
in China, such as researches done by Jia [1], Ma [2], and Xu [3]. But compared with
the rapid development of urban mass transit and its construction speed, relevant
research is far from enough, especially those concerning environmental vibration
induced by trains moving simultaneously in the 4 holes or more holes of subways are
fewer.

Nanchang subway 1 and subway 2 converge at Bayi Square, forming an
overlapping subway. Nearby the square locates the key provincial cultural relic
protection units, namely the Exhibition Hall of Mao Zedong, also known as the
Exhibition Center of Jiangxi Province. Taking the complicated 4-hole overlapping
subways as engineering background, a 3D finite element model of the track-tunnel-
ground-building coupling system is established, and simulation analyses of vibration
response of the ground and the building and their propagation characteristics
induced by trains moving in overlapping subways are carried out in this chapter.
Moreover, vibration influences on the ground and the building, induced by separate
operation of subway 1 and subway 2, and simultaneous operation of the two
subways, are compared.

15.1 Vibration Analysis of the Ground Induced by
Overlapping Subways
15.1.1 Project Profile


mailto:xiaoyanlei2013@163.com

Nanchang subway 1 and subway 2 converge under the Bayi Avenue, the west of Bayi
Square which locates in the old city center. Bayi Square station is situated at the
intersection of the two subways. Up to now, tunnel excavation construction of
subway 1 and design of subway 2 are under way. Both subways are of double tunnel
sections with paralleled uplink and downlink. They are 15 m away from each other,
forming a right-angle intersection with subway 1 beneath subway 2. Tunnel buried
depth of subway 1 is 17 m, while that of subway 2 is 9 m. Subways are constructed
by shield tunneling method with round tunnel structure section. Tunnel lining
thickness measures 0.3 m, internal and external diameters are 5.4 and 6 m,
respectively. The overlapping subways divide the ground around Bayi Square into

4 blocks as shown in the plan sketch of Fig. 15.1.
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Fig. 15.1 Plan sketch of overlapping subways

Due to the centrosymmetry of the four blocks, it is feasible to select any one of
the four to make environmental vibration analysis. The following is environmental
vibration analysis based on the third block (quadrant), i.e., the section from the Bayi
museum station to Bayi Square station of subway 1 and Bayi Square station to
Yongshu Road station of subway 2.

15.1.2 Material Parameters

As environmental vibration induced by subways falls into the category of
microvibration, it is advisable to take related materials as linear elastic media in
dynamic analysis. Referring to engineering geological exploration report [4-6], the
corresponding soil layers are weighted evenly by using the weighted average
method. The underground soil layers of Bayi Square are simplified to six layers, and
the corresponding material parameters in each soil layer are shown in Table 15.1.
Parameters of the track structure and the tunnel in finite element computation are
given in Table 15.2.

Table 15.1 Bayi Square underground soil parameters

Soil property Thickness/(m) Density/(kg/m3) Shear wave Modulus of Poisson’s Soil
velocity/(m/s) |elasticity/(MPa) ratio type

Miscellaneous fill 1.5 1850 150.7 115.96 0.38 Soft

soil

Silty clay 3.0 1950 189.9 194.09 0.38 Soft

soil




Soil property Thickness/(m) Density/(kg/m3) Shear wave Modulus of Poisson’s Soil
velocity/(m/s) |elasticity/(MPa) ratio type

Fine sand 6.0 1950 174.2 159.77 0.35 Soft
soil

Gravel sand and gravel |10.0 1990 285.5 428.22 0.32 Hard
soil

Medium-weathered 15.5 2300 813.2 3802.44 0.25 Rock

pelitic siltstone

Microweathered pelitic
siltstone

2500 1098.8 7364.90 0.22 Rock

Table 15.2 Parameters of track structure and tunnel

Structure Material Density/(kg/m3) Modu_lt_ls of Poisson’s ratio
elasticity/(MPa)

Tunnel C35 concrete 2500 31500 0.2

foundation

Tunnel lining C35 concrete 2500 31500 0.2

Rail U75V Ordinary hot rolled 7800 210000 0.3

rail
Floating slab C50 concrete 3000 32500 0.2

In addition, while the stiffness and damping coefficients of the ordinary rail pad
and fastener are 50 kN/mm and 75kN s/m, respectively, the sleeper interval is
0.625 m; while the stiffness and damping coefficients of the steel spring floating slab
are 6.9 kN/mm and 100 kN s/m, respectively, the interval between the steel spring
bearings is 1.25 m and the thickness and the breadth of floating slab are 0.35 and
3.2 m.

15.1.3 Finite Element Model

A 3D dynamic analysis model of track-tunnel-ground coupling system is established
by using large-scale finite element software ANSYS. Generally, vibration influence
induced by subway is within the range of 60 m on both sides of the vibration source.
In order to make sure the finite element model is of moderate size to achieve
computational accuracy, it is suitable to take the distance between model boundary
and vibration source as 70 m. Considering a certain amount of surplus, the size of the
model is 115 m longitudinally and transversely, and 60 m vertically. The distance
between the downlink of subway 1 and the model boundary and that between the
uplink of subway 2 and the model boundary are 25 m, while the distance between
the uplink of subway 1 and the model boundary and that between the downlink of
subway 2 and the model boundary are 75 m. The interval between the downlink and
the uplink for both subways is 15 m. 3D equivalent viscoelastic boundary is adopted
in the model boundary, which can be implemented by extending a layer of equivalent
elements along the normal direction of the boundary elements [7]. The outer
boundary constraints of the layer of equivalent elements are fixed. The influence of
boundary reflection waves can be eliminated by defining the material properties of
the equivalent elements. The finite element model is shown in Fig. 15.2[8].



Fig. 15.2 3D finite element model for the track-tunnel-ground system

As specified by designing data, the track with the integrated ballast bed is used in
general region of Nanchang subways, and the track with the shock absorber is
adopted in normal vibration reduction area, while the track with the steel spring
floating slab is employed in special vibration reduction region. In the following
analysis, the track model with the integrated ballast bed and that with the steel
spring floating slab are established, respectively, as shown in Fig. 15.3, which are
used to compare the influence of different track structures in subway 1 and 2 on
environmental vibration [8].

(a) (b)

Fig. 15.3 Partial enlarged view of the finite element model. a Track with integrated ballast bed . b Track with
steel spring floating slab

Elements in 3D finite element model include the spatial beam element BEAM 188
used to simulate the rail, the spring, and damping element COMBIN 14 to the rail pad
and fasteners and the steel spring bearing of the floating slab, the shell element
SHELL 63 to the floating slab and the tunnel lining, and the solid element SOLID 45 to
the tunnel foundation and the soil. The element size is 0.25-3 m, and the fine
elements are used to the region close to the vibration source, which is smaller than
1/12 of material’s shear wave. While the sparse elements are adopted to the domain
far from the vibration source, which are smaller than 1/6 of material’s shear wave. All
element sizes meet the accuracy requirements.

15.1.4 Damping Coefficient and Integration Step

Rayleigh damping is generally adopted in structural dynamic analysis, that is,
C=aM +pK (15.1)

Damping coefficient @ and # relate to the system’s natural frequency and the

damping ratio. Based on the experiment data, the damping ratio of the soil structure
is taken as 0.05 in modal analysis of finite element model , while the first two orders



of natural frequencies are taken as 16.96 and 18.21 rad/s, Rayleigh damping
coefficient @ and # can be calculated as follows:

2wwn 2% 16.96 x 18.21

v = —& = x 0.05 = 0.878
T o w1696+ 1821 (15.2)
B= & & = x 0.05 = 0.0028 153
T w1696+ 1821 (15.3)

Considering vibration response in the range of f = 0-100 Hz, the numerical
integration step should be

Ar=1/2f = 0.005 s. (15.4)

15.1.5 Vehicle Dynamic Load

In actual operation, the vehicle dynamic loads on railway track are random due to the
track irregularity. The vehicle dynamic loads are composed of the vehicle axle loads
and additional dynamic loads, and the latter is known as inertia force generated by
the wheel loads of the vehicle.

The dynamic load of the moving vehicle on the track can be expressed as [9]

n ] az i
F{I):—;(F;+m“.57?)0(.x—vf—m] (155)
where () stands for the dynamic load of the moving vehicle on the track; #: for 1/2
axle load of the th wheelset; ™+ for wheel mass; 71x =V for track random irregularity
; 0 for Dirac function; v for the vehicle moving speed; « is the distance between the !
th wheelset and the coordinate origin when /=0, and » is the total number of the

wheelsets.

Up to now, there is no universal domestic track irregularity spectrum density
function specified for urban mass transit ; hence, in numerical analysis, the American
track irregularity spectra for line level 6 are adopted and its mathematical expression
is as follows:

kA w?

(15.6)
where Sw(@) s track irregularity power spectral density function (¢m*/rad/m)  w s spatial
frequency (rad/m) . gnd ws are cutoff frequency (rad/m) A. js roughness coefficient (

cm’rad/m) related to line level, and their values are shown in Table 5.1 of Chap. 5, and

k is coefficient, generally taking 0.25.
Figure 15.4 shows the track vertical profile irregularity sample for line level
6 generated by trigonometric series method.
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Fig. 15.4 The track vertical profile irregularity sample for line level 6

By establishing a three-layer continuous elastic beam model of track structure and
substituting the dynamic load of the moving vehicle expressed by Eq. (15.5) into the
vibration governing equation of three-layer beam model of track structure, the track
structure vibration response and the wheel-rail contact forces can be evaluated by
Fourier transform method.

Type-B vehicle is adopted in subway 1 and subway 2. Parameters of the type-B
vehicle include the length between bogie pivot centers 12.6 m, the fixed wheel base
2.2 m, the axle load 140 kN, and the wheelset mass 1539 kg. The subway train is
composed of six type-B vehicles. Figure 15.5 shows the time history of a typical
wheel dynamic load when the train moves at the speed of 80 km/h.
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Fig. 15.5 Time history of a typical wheel dynamic load

Applying the subway train’s dynamic load shown in Fig. 15.5 on the rails of ANSYS
3D finite element model, analysis of environmental vibration induced by overlapping
subways can be performed with the complete matrix method of Newmark implicit
integration method.

15.1.6 Environmental Vibration Evaluation Index

Based on Standard of vibration in urban area environment GB10070-88 [10], the
environmental vibration evaluation index is vibration level Z , namely vertical
vibration acceleration obtained after correction by different frequency weighting
factor. The recommended value of ISO2631-1: 1985 is adopted in weighted curve of
vibration level Z [11]. The calculated formula for vibration level Z is as follows:



VL, =20 lg(—) (15.7)

dp

where @ is reference acceleration , generally @ =10"m/s*. a5 effective value of

acceleration RMS (m/s2) obtained after correction by different frequency weighting
factor. 4m: can be derived by the following formula:

(15.8)

where “m: stands for effective value of vibration acceleration corresponding to
frequency f; </ for sensory modification value of vertical vibration acceleration. The
specific values are shown in Table 1.21 of Chap. 1.

Plenty of tests and researches indicate that vertical vibration is larger than
horizontal and longitudinal vibration [12-14], and it is the main source of vibration
accounting for environmental vibration induced by subway trains. Therefore, in
evaluating environmental vibration induced by urban mass transit , the vertical
vibration acceleration and vibration level Z are generally adopted as evaluation
index.

15.1.7 Influence of Operation Direction of Uplink and
Downlink on Vibration

As four trains move simultaneously on overlapping subways , their intersections are
much complicated. To simplify the analyses, environmental vibrations induced by
subway 1 under three operation cases are investigated and compared. The three
operation cases include the following:

Case A Train in subway 1 with single uplink operation,

Case B Trains in subway 1 with intersection operation of both uplink and downlink,

Case C Trains in subway 1 with same direction operation of both uplink and
downlink.

Track foundation of subway 1 is integrated ballast bed . Eight vibration response
points at interval of 10 m are specified along the ground line perpendicular to the
centerline of subway 1. Among these, the response point 1 is right above the center
of the subway, and the response point 8 is horizontally located 70 m away from the
center of the subway. Due to the limited space, Fig. 15.6 only shows the time history
of the vibration acceleration and the acceleration amplitude-frequency curve at the
response point 1 for the above three operation cases. Figure 15.7 shows the
acceleration peak and the vibration level Z attenuate with distance [15-17].
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Fig. 15.6 Time history of the vibration acceleration and the acceleration amplitude-frequency curve at the
response point 1. a Train in subway 1 with single uplink operation. b Trains in subway 1 with intersection
operation of both uplink and downlink. ¢ Trains in subway 1 with same direction operation of both uplink and
downlink
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Fig. 15.7 Acceleration peak and vibration level Z attenuate with distance. a Acceleration peak. b Vibration
level Z

As shown in Fig. 15.6, the time history of the acceleration and the amplitude
differs slightly for both Case B and Case C. However, the acceleration amplitude for
Case A is small and only half of that for Case B and Case C. The acceleration



amplitude-frequency curves in three operation cases are similar, with basic frequency
in the range of 30-60 Hz. As shown in Fig. 15.7, variation trends of the acceleration
peak and the vibration level Z are similar with approximate equal value for both Case
B and Case C. While the acceleration peak and the vibration level Z for Case A differ
greatly from those for Case B and Case C, to be more specific, the peak value is half
of that of the other two operation cases, and the vibration level Z is less than that of
the other two operation cases by 5 dB.

Therefore, it is possible to analyze the environmental vibration induced by trains
in subway 1 with the same direction operation of both uplink and downlink rather
than the intersection operation condition. The advantage of such an approach is
greatly simplified the complicated conditions of trains moving in 4-hole tunnels,
without distinction of intersection points to save the trouble of taking into account of
various load combinations, nor to differentiate the most unfavorable load
combination to ground vibration. As when the trains in subway 1 move from Bayi
museum station to Bayi Square station and the trains in subway 2 move from
Yongshu Road station to Bayi Square station with the same direction operation of
both uplink and downlink, it is the most unfavorable load combination to ground
vibration. In the following, investigations on environmental vibration induced by both
the trains in subway 1 and subway 2 with the same direction operation will be carried
out.

15.1.8 Vibration Reduction Scheme Analysis for
Overlapping Subways

To study the influence of different vibration reduction combination scheme on
environmental vibration, six cases are examined as shown in Table 15.3. The train’s
moving directions and the vibration response points on the ground are shown in

Fig. 15.8. Eight response points are specified along the diagonal line, with distance of

10V2 m petween two neighbor points. Distance between each response point and the
centerline of any subway is the multiple of 10 m.

Table 15.3 Computational cases

Case Track type Subway combination
Subway 1 Subway 2

1 Integrated ballast bed |- Subway 1

2 - Integrated ballast bed |Subway 2

3 Integrated ballast bed |Integrated ballast bed |[Subway 1 + subway 2
4 Floating slab track Integrated ballast bed [Subway 1 + subway 2
5 Integrated ballast bed |Floating slab track Subway 1 + subway 2
6 Floating slab track Floating slab track Subway 1 + subway 2
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Fig. 15.8 Train’s moving directions and vibration response points on the ground

Figure 15.9 shows the comparisons of the ground vibration Level Z corresponding
to computational Case 1, Case 2, and Case 3 when the track structure is integrated
ballast bed , where the horizontal coordinate means the distance of the response
point on diagonal line in Fig. 15.8 from the centerline of subway 1 or subway 2. As
shown in Fig. 15.9, the ground vibration induced in Case 1 is much smaller than that
induced in Case 2, and the vibration level Z is about 10 dB less. The ground vibration
induced in Case 3 is greater than that in Case 2 except at the point of 70 m, and the
vibration level Z is about 2-3 dB greater. In addition, attenuation behavior of
vibration Level Z in 3 cases with distance from the centerline of the track is similar. It
is noteworthy that at the distance of 40 m, there is a peak corresponding to Case 3,
and the vibration level Z exceeds that at the distance of 0 m. This shows that in case
of the same direction operation of subway 1 and 2, vibration level at the distance of
40 m is more obvious than that in case of a single subway operation.
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Fig. 15.9 Comparisons of vibration level Z in Case 1, 2, and 3

According to Environmental Vibration Standards in Urban Area, the daytime
vibration level Z in mixed area and CBDs should be smaller than 75 dB, while that for
the nighttime should be smaller than 72 dB. As shown in Fig. 15.9, the maximum
ground vibration level Z is 77.6 dB when subway 1 and 2 operate simultaneously,
and altogether there are 3 response points where the ground vibration level Z is
bigger than 75 dB, exceeding the specified vibration limit. Although rarely do 4-hole



tunnel subways operating simultaneously at the speed of 80 km/h, appropriate
measures of vibration reduction should be adopted to ensure a certain amount of
surplus between the environmental vibration and the limited value and take into
account of the influence of long term operation of the subways.

Figure 15.10 shows the influences of different computational cases on
environmental vibration by adopting steel spring floating slabs as vibration reduction
measure, where the horizontal coordinate means the distance of the response point
on diagonal line in Fig. 15.8 from the centerline of subway 1 or subway 2. As shown
in Fig. 15.10, the ground vibration reduction is not obvious when the floating slab
track is used only in subway 1, and the vibration reduction value is less 1 dB, while
the ground vibration reduction is significant when the floating slab track is used only
in subway 2, and the vibration reduction value is up to 9-12 dB. The ground vibration
reduction effect by employing the floating slab track both in subway 1 and subway 2
is similar to that by employing the floating slab track only in subway 2, and the
vibration reduction value is 9-14 dB. This shows in the condition of simultaneous
operation of subway 1 and subway 2, the most economic vibration reduction
measure is to implement vibration reduction in shallowly embedded subway 2, while
no measures in deeply embedded subway 1.
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Fig. 15.10 Comparisons of vibration level Z in Case 3, 4, 5, and 6

15.1.9 Vibration Frequency Analysis

Taking Case 3 and Case 6 for instances, vibration response points of 0 m, 20 m,

40 m, and 60 m on diagonal line in Fig. 15.8 are selected to analyze ground vibration
frequency when subway 1 and subway 2 operate simultaneously, as shown in

Fig. 15.11. It demonstrates in Fig. 15.11a that the principal vibration frequency at the
point of 0 and 20 m is between 40 and 70 Hz and at the point of 40 and 60 m is
between 20 and 40 Hz when both subway 1 and subway 2 are integrated ballast
tracks. This indicates that with the increase of the distance, the frequency of above
40 Hz attenuates while the frequency below 40 Hz attenuates slowly. In addition, by
comparisons with Fig. 15.6b and c it shows the principal vibration frequency of
ground vibration induced by simultaneous operation of subway 1 and subway 2 is
similar to that by independent operation of subway 1. As shown in Fig. 15.11b, when
the floating slab tracks are adopted both in subway 1 and subway 2, the principal
vibration frequency of ground vibration is near 7, 20, and 40 Hz. Besides, with the
increase of the distance, the frequency varied slightly and the frequencies of 7 and
20 Hz are dominant in frequency domain [8].
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Fig. 15.11 Vibration acceleration amplitude-frequency curves. a Case 3. b Case 6

15.1.10 Ground Vibration Distribution Characteristics

Taking Case 3 for instance, a total of 64 vibration response points with 10-m intervals
between two neighbor points are selected. Color chart of the ground vibration level Z
can be obtained by linear interpolation, as shown in Fig. 15.12. As observed in the
figure, there are four vibration-amplified areas on the ground when subway 1 and
subway 2 operate simultaneously: ® the intersection of subway 1 and subway 2 with
maximum value 78.2 dB; @ the center of subway 1 with 40 m away from subway 2
with maximum value of 76.5 dB; ® the center of subway 2 with 40 m away from
subway 1 with maximum value of 78.2 dB; and @ the area with 40 m away both from
subway 1 and subway 2 with maximum value of 77.6 dB. Due to the symmetry,
vibration distribution characteristics in other three quadrants of Fig. 15.1 are similar.
This shows that there are vibration-amplified areas with 40 m away from subways,
which are induced by subway 1 or subway 2. Such an amplified effect is more
obvious when subway 1 and subway 2 operate simultaneously. Therefore, higher
grade of vibration reduction measures should be adopted to the vibration-sensitive
buildings located in the vibration-amplified area.
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Fig. 15.12 Color chart of the ground vibration level Z . a 3-D diagram. b Vertical view

15.2 Vibration Analysis of the Historic Building Induced by
Overlapping Subways

Bayi Square locates at the downtown of Nanchang with shopping malls nearby and
some major buildings such as the Memorial Tower of Bayi Revolution, Jiangxi
Exhibition Center, Post and Telecommunication Buildings. Among these buildings,
Jiangxi Exhibition Center, one of the provincial key cultural relics protection units, is
the closest to subway 1 and subway 2 and is more sensitive to environmental
vibration as shown in Fig. 15.13. Taking the Exhibition Center as engineering



background, a 3D finite element model of the track-tunnel-ground -building coupling
system is established, and prediction and evaluation of the building vibration induced
by recent subway 1 and the later simultaneous operation of both subway 1 and 2 are
carried out.

Fig. 15.13 Jiangxi Exhibition Center

15.2.1 Project Profile

The Jiangxi Exhibition Center locates at the right side of Bayi Square, which is
collectively designed by famous architectural design experts at that time and its
construction began in Oct 1968. It is the iconic building with the characteristics of the
times in the 1960s and 1970s, originally named as Long Live Mao Zedong Thought
Pavilion and renamed several times afterward. Since 1992 it was renamed as Jiangxi
Exhibition Center and became one of the provincial key cultural relics protection
units.

The building is of reinforced concrete frame structure with the cast-in-place
reinforced concrete beam slab foundation. The building plane shapes as an “E” with
the longitudinal length of 155.5 m, and the lateral length 57.5 m. The total height of
the building is 32.6 m with 6 floors of the main structure. The nearest distance
between the building and subway 1 is 17.5 m, while the distance between the
building and subway 2 is 32.5 m. The plan sketch of the location relationship
between the subway and the building is shown in Fig. 15.14.

Subway 1

Jiangxi Exhibition Center
subway 2

Bayi square j

Fig. 15.14 Plan sketch of Jiangxi Exhibition Center and the subways

15.2.2 Finite Element Model



As the building plane shapes as an “E” with three parts, namely the left, right, and
the center, each is independent from the other two with deformation joints.
Therefore, to reduce the element number and to improve computation efficiency, a
3D finite element model involving only the building and the ground on the right side
near the subway intersection is established, as shown in Fig. 15.15 [8]. Subway 1 and
2 is roughly considered as a right-angle intersection, and the size of the ground in the
model is 135 m x 135 m x 60 m. The closest distance between the center of subway
1 or subway 2 and the model boundary is 32.5, while the farthest distance between
the center of subway 1 or subway 2 and the model boundary is 102.5 m. Three-
dimensional equivalent artificial viscoelastic boundary is adopted in the boundaries
around the model, and the bottom is fixed support. The building is reinforced
concrete frame structure being composed of beam, column and floor. The building
geometry size is determined by the design drawings.

Fig. 15.15 3D finite element model of track-overlapping tunnels -ground-building

Material for beams, columns, and floors of the building is concrete C30 with
elasticity modulus 300 GPa, density 2500 kg/m3, and Poisson’s ratio 0.25. Parameters
for other material are given in Sect. 15.1.2. The beam and column are simulated with
element BEAM 4, the floor with element SHELL 63, and the foundation with element
SOLID 45. Elements for other structure are the same as in Sect. 15.1.3.

Models for the integrated ballast bed and the steel spring floating slab track bed
are established, respectively, and the six computational cases shown as in Table 15.3
are taken into account. In the dynamic analysis, the complete matrix method of
Newmark implicit integration algorithm is adopted with the train speed of 80 km/h
and the time step of 0.005 s.

15.2.3 Modal Analysis of Building

Block Lanczos method is adopted in modal analysis of the building model. The first
calculated 20 natural frequencies are given in Table 15.4, and the first 10 vibration
modes are shown in Fig. 15.16. As can be seen from Table 15.4, the first 20 natural
vibration frequencies range from 0.96 to 7.26 Hz, which fall into low frequency. The
first 6 vibration modes of the building are corresponding to rigid translation and rigid
rotation with the maximum displacements at the top floor. Starting from the 7th floor,
vibration mode turns to partial vertical vibration of the floor of open-space room.
Therefore, the whole building mainly features horizontal vibration with partial larger
vertical vibration. In the dynamic analysis, vibration response points are selected at
the center of each floor of the open-space room near the subway.



Table 15.4 The first calculated 20 natural vibration frequencies

Order Natural vibration frequency/(Hz) Order Natural vibration frequency/(Hz)
1 0.96137 11 7.1317
2 0.98083 12 7.1400
3 1.1321 13 7.1414
4 3.4159 14 7.1815
5 3.4872 15 7.1991
6 3.9310 16 7.2169
7 6.9235 17 7.2402
8 7.0622 18 7.2420
9 7.0946 19 7.2447
10 7.1191 20 7.2583
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Fig. 15.16 The first 10 vibration mode of the building. a The first order. b The second order. ¢ The third order.

d The 4th order. e The 5th order. f The 6th order. g The 7th order. h The 8th order. i The 9th order. j The 10th
order

15.2.4 Horizontal Vibration Analysis of the Building

Based on Technical specifications for protection of historic buildings against man-
made vibration GB/T 50452-2008, the evaluation index of structural vibration of
historic buildings is vibration velocity. Hence, environmental vibration analysis and
evaluation are performed based on vibration velocity collected at each vibration
response points.

(1) Analysis in time domain and frequency domain

Figure 15.17 shows the time history and the amplitude-frequency curves of
vibration velocity for vibration response points along the X (transversal direction,
perpendicular to subway 1), Y (longitudinal direction, parallel to subway 1) and Z
(vertical) directions [8]. These vibration response points are selected at the center of
the top floor of open-space rooms when train moves on subway 1 with integrated
ballast trackbed.
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Fig. 15.17 Time history and amplitude-frequency curve of vibration velocity for top floor when train moves on
subway 1. a Time-history of vibration velocity along X-direction. b Amplitude frequency curve of vibration
velocity along X-direction. ¢ Time-history of vibration velocity along Y-direction. d Amplitude frequency curve of
vibration velocity along Y-direction. e Time-history of vibration velocity along Z-direction. f Amplitude frequency
curve of vibration velocity along Z-direction

Figure 15.17 shows that for the top floor of open-space room, its vibration velocity
amplitude of X direction and that of Y direction are similar, with peak amplitude of
about 0.1 mm/s, and the dominant frequency is around 5 Hz. However, vibration
velocity of X direction above 20 Hz is greater than that of Y direction. As for vibration
velocity of Z direction, its amplitude is greater than that of both X direction and Y
direction, being 5 times of the latter. It is the same case with its dominant frequency
20 Hz, being greater than that of both X direction and Y direction. Such a law can be
applied to other floors in terms of vibration characteristics of X, Y, and Z directions.
These show that building floor vibration is of low frequency, with vertical vibration
greater than horizontal vibration, and the horizontal vibration mode is low while the
vertical vibration mode is high.

Figure 15.18 shows the time history and the amplitude-frequency curves of
vibration velocity when trains move in both subway 1 and subway 2 simultaneously,
where the integrated ballast trackbed is adopted. Figure 15.18 demonstrates that
when both subways operate simultaneously, vibration velocity amplitude of the top
floor is doubly greater than that when only a single subway 1 operates, and the
vibration lasts longer. Moreover, frequency distribution and other vibration
characteristics are similar in the two operating conditions.
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Fig. 15.18 Time history and amplitude-frequency curve of vibration velocity for top floor when trains move on
both subway 1 and subway 2 simultaneously. a Time-history of vibration velocity along X-direction. b Amplitude
frequency curve of vibration velocity along X-direction. ¢ Time-history of vibraion velocity along Y-direction. d
Amplitude frequency curve of vibraion velocity along Y-direction. e Time-history of vibraion velocity along Z-
direction. f Amplitude frequency curve of vibraion velocity along Z-direction

(2) Vibration evaluation

Selecting the center of each floor of open-space room by the side of the subway,
and inputting the vibration velocity collected at each points, the maximum value of
vibration velocity of each floor can be obtained, which are checked against the limit
value specified by the technical specifications for protection of historic buildings
against man-made vibration GB/T 50452-200t. The results are listed in Table 15.5,
which show, without any vibration reduction measures, the horizontal vibration
maximum velocity of each floor induced by a single subway operation and that by
simultaneous operation of two subways. As specified by the standard, horizontal
vibration is adopted as the sole evaluation index concerning building of brick and
stone structure, the table only lists the maximum velocity of X direction, Y direction,
and synthetic direction of X and Y. Figure 15.19 shows, based on Table 15.5, the
distribution of vibration velocity of synthetic direction varies with the floor.

Table 15.5 The maximum vibration velocity of each floor without vibration reduction measures (mm/s)

Floor Operation of subway 1 Operation of subway 2 Simultaneous operation of Limit
subway 1 and 2 value

X Y Synthetic X Y Synthetic X Y Synthetic Horizontal
direction direction direction |direction direction direction direction direction direction
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Floor Operation of subway 1 Operation of subway 2 Simultaneous operation of Limit
subway 1 and 2 value
X Y Synthetic X Y Synthetic X Y Synthetic Horizontal
direction direction direction direction direction direction |direction direction/direction
1 0.090 0.089 0.126 0.127 0.123 0.177 0.155 0.139 0.208 0.27
2 0.082 0.087 0.120 0.124 0.103 0.161 0.180 0.239 0.299 0.27
3 0.070 0.083 0.108 0.111 0.090 0.143 0.126 0.207 0.242 0.27
4 0.056 0.075 0.093 0.085 0.094 0.126 0.125 0.151 0.197 0.27
5 0.060 0.062 0.086 0.092 0.092 0.130 0.168 0.249 0.300 0.27
6 0.053 0.060 0.080 0.066 0.066 0.093 0.108 0.134 0.172 0.27
Top |0.085 0.105 0.135 0.149 0.146 0.208 0.201 0.289 0.352 0.27
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Fig. 15.19 Vibration velocity of each floor along the synthetic direction without vibration reduction measures
(Case 1: a single operation of subway 1 with integrated ballast bed; Case 2: a single operation of subway 2 with
integrated ballast bed; and Case 3: simultaneous operation of both subways with integrated ballast bed)

As shown in Table 15.5 and Fig. 15.19, when either subway 1 or subway 2
operates independently, vibration velocities of X direction, Y direction, and synthetic
direction do not exceed the limit values. When both subways operate simultaneously,
vibration velocity of Y direction, and vibration velocity of the top floor and 2nd floor
as well as 5th floor along the synthetic direction exceed the limit values, with the
maximum exceeded value of 0.082 mm/s. The building vibration of any direction
induced by simultaneous operation of subway 1 and subway 2 is greater than that by
independent operation of subway 1 or subway 2, and the vibration induced by
subway 2 is obviously greater than that by subway 1. This accounts for the fact that
the influence of shallowly embedded subway on building vibration is greater than
that of deeply embedded subway. Apart from this, when subway 1 or subway 2
operates independently, vibration velocity of X direction is similar to that of Y
direction of each floor. With increase of the floor, vibration velocity of X direction and
Y direction decreases gradually, but increases abruptly at the top floor with the value
greater than that of the first floor. While subway 1 and subway 2 operate
simultaneously, vibration velocity of X direction is smaller than that of Y direction in
each floor except the first floor. The maximum vibration velocities for both X and Y
directions are detected at the top floor, while there is no regularity for other floors.

Therefore, by considering simultaneous operation of both subways in future,
vibration reduction measures should be adopted in subways to leave an appropriate
margins for allowable vibration values so as to ensure building safety. Table 15.6
shows horizontal maximum vibration velocity of each floor when both subways
operate simultaneously with vibration reduction measures. Figure 15.20 shows,




based on Table 15.6, the distribution of vibration velocity of synthetic direction varies
with the floor.

Table 15.6 The maximum vibration velocity of each floor when both subways operate with vibration reduction
measures (mm/s)

Floor Subway 1 with floating Subway 2 with floating Both subways with floating Limit
slabs slabs slabs value
X Y Synthetic X Y Synthetic X Y Synthetic Horizontal

direction direction direction /direction direction direction |direction direction/direction
0.140 0.158 0.212 0.107 0.097 0.144 0.045 0.053 0.070 0.27
0.178 0.208 0.274 0.131 0.102 0.166 0.119 0.080 0.143 0.27
0.120 0.164 0.203 0.095 0.127 0.158 0.082 0.061 0.102 0.27
0.095 0.145 0.174 0.082 0.082 0.117 0.067 0.057 0.088 0.27
0.165 0.217 0.273 0.112 0.093 0.146 0.121 0.086 0.149 0.27
0.100 0.114 0.152 0.078 0.066 0.102 0.056 0.050 0.075 0.27

Top |0.194 0.239 0.307 0.147 0.158 0.216 0.154 0.101 0.184 0.27
floor
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Fig. 15.20 Vibration velocity of synthetic direction of each floor when both subways operate (Case A: both
subways with integrated ballast track; Case B: subway 1 with floating slab track ; Case C: subway 2 with floating
slab track; and Case D: Both subways with floating slab track)

As shown in Table 15.6 and Fig. 15.20, when vibration reduction measure is
adopted, vibration velocities of X direction and Y direction induced by simultaneous
operation of both subways are similar, with maximum value at the top floor. While
there is no regularity for other floors and value variation is insignificant. As for
vibration velocity of synthetic direction, only that of the top floor exceeds the limit
value when floating slab track is adopted in subway 1. Vibration velocity of each floor
is below the limit value when floating slab track is adopted in subway 2 or in both
subways. Moreover, as shown in Fig. 15.20, vibration reduction results are not
significant when floating slab track is solely used in shallowly embedded subway 1.
While vibration reduction results are similar when floating slab track is used in
shallowly embedded subway 2 and in both subways. Therefore, the most economic
vibration reduction measure is that it should be adopted in shallowly embedded
subway, which is consistent with the conclusion obtained in vertical vibration analysis
of the former section.

15.2.5 Vertical Vibration Analysis of the Building




As specified by GB10070-88 Standard of Environmental Vibration in Urban Area and
JGJ/T170-2009 Standard for Limit and Measuring Method of Building Vibration and
Secondary Noise Caused by Urban Rail Transit, the environmental vibration
evaluation index is vertical vibration acceleration. In the following, vertical vibration
analysis and environmental vibration evaluation of the Jiangxi exhibition center are
carried out.

(1) Analysis in time domain and frequency domain

Figure 15.21 shows the time history and the amplitude-frequency curves of
vibration acceleration of top floor when integrated ballast track is used in both
subway 1 and 2 [8].

[a} 0.01 X ‘I'.').1
0.005
0

-0.005

Acceleration / (m/s2)

WM

1}
01 2 3 4 5 6 7 &8 89 0 10 20 30 40 50 60 70O 80 90 100
Frequency / Hz

-0.01

Running time of the train / s

&
d
E . 0.008
= 0.008
0.004
- 0.002 |
-0.04 0 tigpal
0123 45 6 7 89 0 10 20 30 40 50 60 70 80 90 100
Running time of the train / s Frequency / Hz

(c) a3

0.04 %10

0.02

-0.02

Acceleration / (m/s2)
[=]
Amplitude / (m/s2/Hz)

- e

-0.04 A
01 2 3 4 5 6 7 89 00102030405060?08090!00

Running time of the train /s Frequency / Hz

Fig. 15.21 Time history and amplitude-frequency curves of vibration acceleration of top floor. a Subway 1 in
operation. b Subway 2 in operation. ¢ Both subway 1 and 2 in operation

As shown in Fig. 15.21, the vertical vibration acceleration amplitudes induced by
subway 2 and jointly induced by subway 1 and 2 are similar, being 3 times as much
as that induced by subway 1. This is consistent with the case of horizontal vibration
velocity. In terms of frequency domain, frequency distributions are similar in cases of
each independent subway operation with principal frequency locating near 20 Hz.
And the lower frequency components below 10 Hz when subway 1 and 2 operate
simultaneously are more than those of a single subway operation.

(2) Analysis of vibration level Z



Figure 15.22 shows the distribution of vibration level Z of each floor induced by a

single subway or both subways where the integrated ballast track is used while
Fig. 15.23 shows the similar distribution of vibration level Z of each floor when

vibration reduction measure is adopted [8].
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Fig. 15.22 Vibration level Z of each floor with integrated ballast track (Case 1: subway 1 in operation; Case 2:
subway 2 in operation; and Case 3: both subway 1 and 2 in operation)
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Fig. 15.23 Vibration level Z of each floor when both subways operate (Case A: both subways with integrated
ballast track; Case B: subway 1 with floating slab track ; Case C: subway 2 with floating slab track; and Case D:

both subways with floating slab track)

As shown in Fig. 15.22, the building’s vertical vibration induced by the operation
of subway 2 is significantly greater than that induced by subway 1, with the former
8-11 dB greater than the latter. Moreover, the building’s vertical vibration induced by
the operation of both subways is greater than that induced by subway 2, yet the
difference decreases gradually with the increase of floors. Both the building’s
maximum vertical vibration induced by subway 2 and that by both subways exceed
the vibration limit of daytime, which is 75 dB, for mixed zone and central business
district specified by Standard of Environmental Vibration in Urban Area. Therefore,
vibration reduction measures should be taken in subways.

As shown in Fig. 15.23, by comparing different vibration reduction conditions when

both subways operate simultaneously, the vibration reduction effect on vertical
vibration of the building is consistent with that on vertical vibration of the ground and



horizontal vibration of the building. That is, adopting vibration reduction measure
merely in deeply embedded subway 1 cannot achieve satisfactory effect; the most
economic alternative is adopting of vibration reduction measure in shallowly
embedded subway 2.

In addition, as shown in Figs. 15.22 and 15.23, vertical vibration of the building

gradually increases with the increase of floors, while that between each floor varies
slightly.

(3) 1/3 Octave band analysis

The following is the vibration analysis of the building roof in 1/3 octave band
induced by computational cases 1, 2, 3, and 5 shown in Table 15.3. The vibration
acceleration levels in 1/3 octave band corresponding to each computational case are
shown in Fig. 15.24, among which the vibration levels are corrected by weighted
factor of the frequency specified by Standard for Limit and Measuring Method of
Building Vibration and Secondary Noise Caused by Urban Rail Transit.
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Fig. 15.24 Vibration acceleration level of the building roof in 1/3 octave frequency (Case A: subway 1 in

operation; Case B: subway 2 in operation; Case C: both subway 1 and 2 in operation; and Case D: subway 2 in
operation with floating slab track )

As shown in Fig. 15.24, the maximum vibration acceleration levels corresponding

to each computational case are detected at the dominant frequency 20 Hz, and these
values are given in Table 15.7.

Table 15.7 Maximum vibration acceleration level of the building roof in 1/3 octave frequency

Operation of subway 1 Operation of subway 2 Simultaneous operation Floating slabs of subway
of both subways 2
Frequency/(Hz) Vibration Frequency/(Hz) Vibration Frequency/(Hz) Vibration Frequency/(Hz) Vibration
level/(dB) level/(dB) level/(dB) level/(dB)
20 61.3 20 73.8 20 Hz 73.8 20 67.3

As shown in Table 15.7, the vibration acceleration levels induced by subway 2 and
those by both subways exceed the vibration limit of nighttime 70 dB for mixed areas
and CBDs specified by Standard for Limit and Measuring Method of Building Vibration
and Secondary Noise Caused by Urban Rail Transit, while those induced by subway 1
and by subway 2 with floating slab track are lower than the vibration limit, which is

consistent with the evaluation results based on Standard of Vibration in Urban Area
Environment.




15.3 Conclusions

Based on the analyses of the ground and historic building vibration induced by
overlapping subways , the following major conclusions can be summarized as follows:

(1)

(4)

(5)

(7)

The amplitude and frequency distribution of the most unfavorable
environmental vibration caused by uplink and downlink operation in the same
direction and that by intersection operation of uplink and downlink are similar.
Therefore, in analyzing environmental vibration induced by overlapping
subways, it is advisable to substitute uplink and downlink operation in the same
direction for intersection operation of uplink and downlink for simplifying the
analysis.

Several vibration-amplifying domains are detected in ground vibration induced
by overlapping subways , which are around the intersection of subways and

40 m away from the center of any subway. There are a total of nine vibration-
amplifying domains in the vibration influence range induced by overlapping
subways. If vibration-sensitive buildings are located in these vibration-
amplifying domains, higher grade vibration reduction measures should be taken
in the subways.

Modal analysis of the building reveals that the first ten natural vibration
frequencies are lower than 8 Hz and belong to low-frequency vibration. The first
six modes are featured by horizontal vibration with the maximum deformation
at the top floor. From the 7th mode, greater vertical vibrations are detected in
building floor of open-space room.

The principal frequency of horizontal vibration of the building floor is near 6 Hz
and falls into the first six vibration modes, while that of vertical vibration of the
building floor is near 20 Hz, belonging to a higher order vibration mode.

No regularity is observed for horizontal vibration of the building floor with
increase of the building floor under simultaneous operation of two subways.
Vertical vibration of the building floor increases with increase of the building
floor, while the increased value between the adjacent floors is a few.

Results of vibration evaluation of the Jiangxi Exhibition Center induced by
subways are similarly based on the technical specifications for protection of
historic buildings against man-made vibration, and the Standard of Vibration in
Urban Area and Standard for Limit and Measuring Method of Building Vibration
and Secondary Noise Caused by Urban Rail Transit.

The shallowly embedded subway 2 has a great influence on environmental
vibration. When both subways operate simultaneously, ground vibration and
building floor vibration in some domains will exceed the vibration limit with a
small margin. Adopting vibration reduction measure in deeply embedded
subway 1 cannot achieve satisfactory effect, and the most economic alternative
is adopting of vibration reduction measure in shallowly embedded subway 2.
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