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Preface

There are many “Electric Circuits” books on the market, but this unique “Under-
standable Electric Circuits” provides understandable and effective introduction to
the fundamentals of DC/AC circuits.

The English version of this book continues in the spirit of its successful Chi-
nese version, which was published by Higher Education Press (one of the largest
and most prominent publishers of educational books in China) in 2005, and rep-
rinted in 2009. The second edition provides an extensive revision of the chapters in
the first edition and an enlargement through the addition of three new chapters.

The new edition of the book provides updated insights on circuit analysis theory in
a manner that will be more engaging to readers. It contains a design and page layout
that will enhance visual interest and is a clear source of information on a complex topic.

Although the core material has not changed much, it has been extensively
revised and expanded for this new edition to provide a clear source of information
on this complex topic and a more concise study guide than the original edition.
Each topic, key term, concept, law, etc. has a clear definition followed by examples
in each section, making studying and reviewing more effective. Materials are pre-
sented visually with less text and more outlines so that the readers can quickly get
to the heart of each topic.

This unique and well-structured book provides understandable and effective
introduction to the fundamentals of DC/AC circuits, including current, voltage,
power, resistor, capacitor, inductor, impedance, admittance, dependent/independent
sources, basic circuit laws/rules (Ohm’s Law, KVL/KCL, voltage/current divider
rules), series/parallel and wye/delta circuits, methods of DC/AC analysis (branch
current and mesh/node analysis), the network theorems (superposition, Thevenin’s/
Norton’s theorems, maximum power transfer, Millman’s and substitution theorems),
transient analysis, RLC circuits and resonance, mutual inductance/transformers, etc.

The new edition includes challenging practice problems at the end of each
chapter, and three new chapters on quantities and units, magnetism and electro-
magnetism, and three-phase systems.

Key features

As an aid to readers, the book provides some noteworthy features:

e A concise study guide, quickly getting to the heart of each topic, helping
readers with a quick review.

e Each topic, concept, term, and phrase has a clear definition followed by
examples in each section.
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e Clear and easy-to-understand written format and style. Materials are presented
in visual and grayscale format with less text and more outlines, boxes, etc.;
clearly presenting information and making studying/reviewing more effective.

e Key terms, properties, phrases, concepts, formulas, etc. are easily located.
Clear step-by-step procedures for applying theorems.

o Summary at the end of each chapter to emphasize the key points and formulas
in the chapter.

Experiments after each chapter in the original edition have been replaced with
practice problems, which will help students focus on the key principles, complete
the connection between theory and practice, and assist readers in the learning
process.

Key concepts have been explained clearly by detailed, worked examples in
chapters and readers will be consistently made to apply and practice these theories
in practice problems throughout the book. Practice problems allow readers to work
similar problems and check their results against the odd-numbered answers pro-
vided at the end of book, and thus, provide support for readers to complete the
connection between theory and practice.

Therefore, although the essential contents presented in the second edition of
the book are the same as that in the first edition, the second edition contains some
additions and enhancements that will ensure its applicability to readers today and
for many years to come.

Suitable readers

This book is intended for college/university students, technicians, technologists,
engineers, or any other professionals who require a solid foundation in the basics of
electric circuits.

It targets an audience of all sectors in the fields of electrical, electronic, and
computer engineering such as electrical, electronics, computer, communications,
control and automation, embedded systems, signal processing, power electronics,
industrial instrumentation, power systems (including renewable energy), electrical
apparatus and machines, nanotechnology, biomedical imaging, information tech-
nology, artificial intelligence, and so on. It is also suitable to nonelectrical or
electronics students. It provides readers with the necessary foundation for DC/AC
circuits in related fields.

To make this book more reader-friendly, the concepts, new terms, laws/rules
and theorems are explained in an easy-to-understand style. Clear step-by-step
procedures for applying methods of DC/AC analysis and network theorems make
this book easy for readers to learn electric circuits themselves.
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Chapter R is a review of basic math fundamentals. There is a self-test at the end
of the chapter that can test readers’ understanding of the material. Students can
take the self-test before beginning the chapter to determine how much they
know about the topic. Those who do well may decide to move on to the next
chapter without reading the lesson.

R.1 International system of units (SI)

R.1.1 SI units and circuit quantities

Metric system (SI — International System of Units): SI system is the world’s
most widely used system of measurement. It is based on the basic units of meter,
kilogram, second, etc.

e Sl originates from the French ‘Le Systéeme International d’Unités’, which
means the International System of Units or the metric system to most people.

e Each physical quantity has an SI unit. There are seven basic units of the SI
system and they are listed in Table R.1.
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Table R.1 SI base units

Quantity Quantity symbol  Unit Unit symbol
Length / Meter m

Mass M Kilogram kg

Time t Second S

Electric current 1 Ampere A
Temperature T Kelvin K

Amount of substance m Mole mol
Intensity of light 1 Candela cd

Table R.2 Some circuit quantities and their SI units

Quantity Quantity symbol Unit Unit symbol
Voltage vV Volt v
Resistance R Ohm Q

Charge (0] Coulomb C

Power P Watt W

Energy w Joule J
Electromotive force E or Vg Volt A%
Conductance G Siemens S

Resistivity p Ohm - meter Q - m

— International System of Units (SI) is the world’s most widely used system
of measurement.
— There are seven base units of the SI system: m, kg, s, A, K, mol, and cd.

SI Units

Derived quantities: All other metric units can be derived from the seven SI basic
units that are called “derived quantities.” Some derived SI Units for circuit quan-
tities are given in Table R.2.

R.1.2 Metric prefixes (SI prefixes)
Metric prefixes (SI prefixes)

e Sometimes, we come across very large or small numbers when doing circuit
analysis and calculation. A metric prefix (or SI prefix) is often used in the
circuit calculation to reduce the number of zeroes.

e Large and small numbers are made by adding SI prefixes. A metric prefix is a
modifier on the root unit that is in multiples of 10.

e In general science, the most common metric prefixes such as milli, centi, and
kilo are used. In circuit analysis, more metric prefixes such as nano and pico
are used. Table R.3 contains a complete list of metric prefixes.
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Table R.3 Metric prefix table (the most commonly used prefixes are
shown in bold.)

Prefix Symbol Exponential Multiple value
(abbreviation) (power of 10) (in full)

yotta Y 10?4 1,000,000,000,000,000,000,000,000

zetta Z 102! 1,000,000,000,000,000,000,000

exa E 10'® 1,000,000,000,000,000,000

peta p 10" 1,000,000,000,000,000

tera T 1012 1,000,000,000,000

giga G 10° 1,000,000,000

mega M 10° 1,000,000

myria my 104 10,000

kilo k 10° 1,000

hecto h 10° 100

deka da 10 10

deci d 107! 0.1

centi ¢ 1072 0.01

milli m 1073 0.001

micro u 10°¢ 0.000 001

nano n 10~° 0.000 000 001

pico p 1072 0.000 000 000 001

femto f 1071 0.000 000 000 000 001

atto a 10718 0.000 000 000 000 000 001

zepto z 1072 0.000 000 000 000 000 000 001

yocto y 1072 0.000 000 000 000 000 000 000 001

Note: u is a Greek letter called “mu” (see “Appendix A” for a list of Greek letters).

R.1.3 Metric conversion

Metric conversion table

Power of 10 | 10° [ 10* [ 10 1 {107t 107|107
Prefix kilo | hecto | deka | Example: - | deci | centi | milli
meter, ampere, volt, etc.
Symbol k h da -l d c m
Larger Smaller

Steps for metric conversion through decimal movement
e Identify the number of places to move on the metric conversion table.
e Move the decimal point.
—  Convert a smaller unit to a larger unit: move the decimal point to the /left.
— Convert a larger unit to a smaller unit: move the decimal point to the
right.
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Example R.1: 326 mm = (?) m

Identify mm (millimeters) and m (meters) on the conversion table.

Count places from mm to m: 3 places meter . d ¢ m

3 2 1
Move three decimal places. (1 m= 1,000 mm)

Convert a smaller unit (mm) to a larger (m) unit: move the decimal point to the left.

326.mm = 0.326 m Move the decimal point three places to the left (326 = 326.).

Example R.2: 4675 kA=(?) A

Identify kA (kilo amperes) and A (amperes) on the conversion table.
Count places from kA to A: three places k= h da ampere
Move three decimal places. (1 kA =1,000 A) 1 2 3
Convert a larger unit (kA) to a smaller (A) unit: move the decimal point to the right.

4-7\6§kA =4,765 A Move the decimal point three places to the right.

Example R.3: 30.5 mV =(?) kV

Identify mV (millivolts) and km (kilometers) on the conversion table.

Count places from mV to kV: six places k h da volt. d ¢ m

Move six decimal places. (1 kV =1,000,000 mV) 6 5 4 3 2 1

Convert a smaller unit (mV) to a larger (kV) unit: move the decimal point to the left.

30.5mV = 0.@5 kv Move the decimal point six places to the left (add 0s).

R.1.4 The unit factor method
Convert units using the unit factor method (or the factor-label method)

. .. . 10
Write the original term as a fraction (over 1). Example: 10 g can be written as Tg

()

. . . 1
Write the conversion formula as a fraction — or —.

() 1
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Im (100 cm)

Example: 1m=100cm  can be written as (100 om) or Im

(Put the desired or unknown unit on the top.)

()

1 .
e  Multiply the original term by — or ——. (Cancel out the same units.)

() 1

Metric conversion using the unit factor method:

Example R.4: 1,200 V=(?) kV

1,200V
e  Write the original term (the left side) as a fraction: 1,200 V = ’17
Write the conversion formul a fraction. 1kV =1,000V: <V __
. e the conversion formula as . =1, H{T000V)
“kV” is the desired unit.
. 1,200 1kV
e  Multiply: 1,200V = I A . (1,000V) The units “V” cancel out.
~ 1,200kV
~ 1,000

~[12KV]

Example R.5: 30 cm = (?) mm

30
e  Write the original term (the left side) as a fraction: 30 cm = em
10
e  Write the conversion formula as a fraction. 1 cm = 10 mm : %
“mm” is the desired unit.
) 300m 10 mm ‘
. Multlply: 30cm = T . ﬁ The units “cm” cancel out.
_ (30)(10) mm
S T—

— [300mm]




6  Understandable electric circuits: key concepts, 2nd edition

Adding and subtracting SI measurements:

Example R.6: 3A == 3,000 mA 1 A=1,000 mA
— 2,000 mA —2,000 mA
1,000 mA

Combine after converting to the same unit.

Example R7:  25kW —— 25,000 W 1 KW = 1,000 W
+4 W + 4W

R.2 Scientific notation

R.2.1 Write in scientific notation

Scientific notation is a special way of concisely expressing very large and small
numbers.

Example R.8: 300,000,000 =3 x 10® m/s The speed of light.
0.00000000000000000016 = 1.6 x 10~'° C An electron.

Scientific notation

between 1 and 10 and power of 10.

It is a product of a number

N x 10+
Scientific notation Example
+n
N> 10 I < N<10 67504.3 = 6.75043 x 10*
n-integer

Standard form  Scientific notation
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Scientific vs. non-scientific notation

Scientific notation | Not scientific notation

7.6 x 10° 76 x 10° 76 > 10 76 is not between 1 and 10.
8.2 x 10" 0.82 x 10" 0.82 <1 0.82 is not between 1 and 10.
537 x 107 53.7 x 10° 53.7 >10 53.7 is not between 1 and 10.

Writing a number in scientific notation

Example R.9: Step
e Move the decimal point after the first nonzero digit. 0.0079 37213000.
n=3 n="7

e Determine n (the power of 10) by counting the number of places you moved
the decimal.
o If the decimal point is moved to the right: x 10™" 0.0079 =7.9 x 10

3 places to the right
e If the decimal point is moved to the left: x 10" 37213000. = 3.7213x107

7 places to the left

Example R.10: Write in scientific notation.

1. 2340000 = 2340000. = |2.34 x 10° 6 places to the left, x 10"
2. 0.000000439 =|4.39 x 10~ 7 places to the right, x 10"

Example R.11: Write in standard (or ordinary) form.

1. 64275 x 10* = 2. 29%x107° =
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Example R.12: Simplify and write in scientific notation.

1.

2.

(4.9 x1073)(3.82 x 10%) = (4.9 x 3.82)(107>"®)  Multiply coefficients of 10*",

aman — am+n

= (18.718 x 10%) 18.718 > 10, this is not in

scientific notation.

=[(1.8718 x 10°) 1.8718 < 10, this is

in scientific notation.

(5x10°)(23x107%) 5x2.3 y (10° x 1072)

4.5x%107 T 45

Regroup coefficients of 10%"

107

a _
~|2.556 x 10~ a"a" =a"t", —=g""

R.3 Engineering notation

R.3.1

Write in engineering notation

Engineering notation is a version of scientific notation that the power of ten is
always a multiple of 3.

Engineering notation
It is a product of a number and power of 10 that are multiples of 3.

(10 to the +3, £6, £09, etc.).

Engineering notation

Example

Nx10%, Nx10*°, Nx10% ...

6750.43 = 6.75043 x 103

Standard form Engineering notation

Engineering vs. non-engineering notation

Engineering notation

Not Engineering notation

7.6 x 10° 76 x 102
8.2 x 10° 0.82 x 10°
537 x 107° 53.7 x 1078
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Writing a number in engineering notation

Example R.13: Step

e If the decimal point is moved to the right: x 10™" 00079 =7.9 x 103

3 places to the right

e If the decimal point is moved to the lefi: x 10" 37213000. = 37.213%10°

6 places to the left

Example R.14: Write in engineering notation.

1. 3450000 = 3450000. = |3.45 x 10° 6 places to the left, x 10"
2. 0.0000000324 =|32.4 x 10~° 9 places to the right, x 107"

Example R.15: Write in standard (or ordinary) form.

1. 5.1437 x 10° =
2. 34x107° =

Example R.16: Simplify and write in engineering notation.

1. (2.4x107%)(7.53x10%) = (2.4 x 7.53)(107°%)  Multiply coefficients of 10*",

aman — aWH—n

= (18.072 x 10°) 10%, this is not in
engineering notation.

=((1.8072 x 106) This is in engineering
notation.

2. (5x10%)(23x107%) 5x23 y (10° x 1072)
4.5x107 45 107

2556 X 1074 aa® :aern7 (Z_:l: amrn
25.56 x 1073

Regroup coefficients of 10"

~
~
~
~
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Summary

Metric system (SI — International System of Units): the most widely used system
of measurement in the world. It is based on the basic units of meter, kilogram,
second, etc.

Imperial system of units: a system of measurement units originally defined in
England, including the foot, pound, quart, ounce, gallon, mile, yard...

Metric prefixes (SI prefixes): large and small numbers are made by adding SI
prefixes, which is based on multiples of 10.

Steps for metric conversion through decimal movement:

e Identify the number of places to move on the metric conversion table.

e Move the decimal point.
—  Convert a smaller unit to a larger unit: move the decimal point to the /Jeft.
—  Convert a larger unit to a smaller unit: move the decimal point to the right.

Metric conversion table

Value 1,000 100 10 1 . 0.1 0 .01 0.001
Prefix kilo hecto deka meter (m) . deci centi milli
gram (g)
liter (L)
Symbol k h da . d c m
Larger Smaller

Convert units using the unit factor method (or the factor-label method):

. .. . 10
e  Write the original term as a fraction (over 1). Example: 10 g can be written as Tg
. . . 1
e  Write the conversion formula as a fraction ﬁ or (—1)
Im (100 cm)

Example: 1 m=100 cm can be written as

or
. . 100 1
(Put the desired or unknown unit on the top.) (100 cm) "

. . 1 .
e  Multiply the original term by ﬁ or (T) (Cancel out the same units.)
A . between 1 and 10 and power of 10.
Scientific notation: a product of a number Nx 10t
X n
Scientific notation Example
Nx 10" I <N<10 6750.43 = 6.75043 x 10°
n-integer
Standard form  Scientific notation
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Move the decimal point after the first nonzero digit.
Determine n (the power of 10) by counting the number of places you moved

the decimal.

If the decimal point is moved to the right: x 107"
If the decimal point is moved to the left: x 10"

Engineering notation is a version of scientific notation that the power of ten is

always a multiple of 3.

Engineering notation: a product of a number and power of 10 that are multiples

of 3.

(10 to the +3, £6, £9, etc.).

Engineering notation

Example

6750.43 = 6.75043 x 103

Nx 105,  Nx10%, Nx10* ...

Standard form  Engineering notation
Key metric prefix
Prefix | Symbol Power | Multiple value Example

(abbreviation) | of 10
tera T 102 | 1,000,000,000,000 | 1 Tm = 1,000,000,000,000 m
giga G 10° 1,000,000,000 1 Gm = 1,000,000,000 m
mega M 10° 1,000,000 1 Mm = 1,000,000 m
kilo k 10° 1,000 1 km = 1,000 m
hecto h 107 100 1 hm=100 m
deka da 10! 10 1 dam =10 m
1 10° Example: meter, ampere, volt, etc.

deci d 107" 0.1 1 m=10 dm
centi c 1072 0.01 1 m=100 cm
milli m 1073 0.001 1 m = 1,000 mm
micro u 107° 0.000001 1 m = 1,000,000 ym
nano n 107° 0.000000001 1 m = 1,000,000,000 nm
pico p 1072 | 0.000000000001 1 m = 1,000,000,000,000 pm
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Self-test

R.1
1. Complete the following unit conversion:

(a) 439 mm=(?)m

(b) 2236 hA=(?)A

(c) 483 mV=(?)kV

(d 25kW=(?)hW

() 0.89mV=(?)uv

® 167TW=(?)kW

(g) 0.00003 A=30(?)A

2. Complete the following unit conversion:
(a) 7,230 V=(?)kV
(b) 52cm=(?)mm
(c) 34dA=(?)A
(d) 52dam=(?)cm
(e) 1,500 kQ=(?)MQ
() 0.025A=(?)mA

3. Combine.
(a) 7A-3,000mA=(?)mA
(b) 63kV+6V=(?)V
(¢) 072 A4+458A—-10mA=(?)mA
(d) 253 kQ+4357daQ=(7?)kQ

R.2
4. Express the following numbers in scientific notation:
(a) 45,600,000
(b) 0.00000523
(c) 0.0006
(d) 932,000
(e) 23,000
® 0.012

5. Write in standard (or ordinary) form.
(a) 3.578 x 10°
(b) 43x107°

6. Simplify and write in scientific notation.
(a) (5.42 x 1072)(4.38x107)
5x10%)(2.4 x 1073
@ 521004 x 107
32x10

R.3
7. Express the following numbers in engineering notation:
(a) 36,700,000
(b) 0.00000456
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8. Write in standard (or ordinary) form.

10.

(a) 7.456 x 10°
(b) 43x107°

Simplify and write in engineering notation.

(@) (3.65x 1072)(4.78 x 10'")
4x10°)(3.2x107?

5.6 x 10

Express the following numbers in engineering notation:
(a) 6,900 Q (?kQ)
(b) 0.00004 A (? pA)
() 63,200V (?kV)
(d 0.02A (?mA)

13
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1.1 Introduction to electric circuits

1.1.1  Why study electric circuits?

e Electrical energy is the great driving force and the supporting pillar for modern
industry and civilization.

e Our everyday life would be unthinkable without electricity or the use of
electronic products.



16

Understandable electric circuits: key concepts, 2nd edition

Any complex electrical and electronic device or control system is founded
from the basic theory of electric circuits.

Only when you have grasped and understood the basic concepts and principles
of electric circuits can you further study electrical, electronic, and computer
engineering and other related areas.

When you start reading this book, perhaps you have already chosen the elec-
trical or the electronic fields as your professional goal—a wise choice!
Electrical, electronic, and computer engineering has made and continues to
make incredible contributions to most aspects of human society—a truth that
cannot be neglected. Moreover, it may have a bigger impact on human civili-
zation in the future.

Since increase in interest and the rise of computer technology, artificial intelligence,
etc., electric circuits are playing an important fundamental role in the digital age.
Experts forecast that demand for professionals in this field will grow con-
tinuously. This is good news for people who have chosen these areas of study.
Reading this book or other electric circuit book is a first step into the electrical,
electronic, and computer world that will introduce you to the foundation of the
professions in these areas.

1.1.2 Careers in electrical, electronic, and computer engineering

Nowadays, electrical, electronic, and computer technology is developing so
rapidly that many career options exist for those who have chosen this field.
As long as you have gained a solid foundation in electric circuits and electronics,
the training that most employers provide in their branches will lead you into a
brand new professional career very quickly.

There are many types of jobs for electrical and electronic engineering technology.
Only a partial list is as follows:

—  Electrical engineer

—  Electronics engineer

—  Electrical design engineer

—  Control and automation engineer

—  Process and system engineer

— Instrument engineer

— Robotics engineer

—  Product engineer

—  Field engineer

— Reliability engineer

— Integrated circuits (IC) design engineer

—  Computer engineer

—  Power electronics engineer

—  Electrical and electronics engineering professor/lecturer

—  Designer and technologist

—  Electrical and electronics technician

—  Hydro technician
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—  Electrician

—  Equipment maintenance technician

—  Electronic test technician

—  Calibration/lab technician

—  Technical writer for electronic products
—  Electronic repair

Electrical and electronic technicians, technologists, engineers, and experts will
be in demand in the future, so you definitely do not want to miss this golden
opportunity.

1.1.3 Milestones of electric circuit theory

Many early scientists have made great contributions in developing the theorems of
electrical circuits. The laws and physical quantities that they discovered are named
after them, and all are important milestones in the field of electric engineering. We
list here only the ones that are described in this book.

Milestones of electric circuit theory

Coulomb is the unit of electric charge; it was named in honor of Charles
Augustin de Coulomb (1736-1806), a French physicist. Coulomb developed
Coulomb’s law, which is the definition of the electrostatic force of attraction
and repulsion, and the principle of charge interactions (attraction or repulsion
of positive and negative electric charges).

Faraday is the unit of capacitance; it was named in honor of Michael Faraday
(1791-1867), an English physicist and chemist. He discovered that relative
motion of the magnetic field and conductor can produce electric current, which
we know today as the Faraday’s law of electromagnetic induction. Faraday
also discovered that the electric current originates from the chemical reaction
that occurs between two metallic conductors.

Ampere is the unit of electric current; it was named in honor of André-Marie
Ampere (1775-1836), a French physicist. He was one of the main discoverers
of electromagnetism and is best known for defining a method to measure the
flow of current.

Ohm is the unit of resistance; it was named in honor of Georg Simon Ohm
(1789-1854), a German physicist. He established the relationship between
voltage, current, and resistance, and formulated the most famous electric cir-
cuit law—Ohm’s law.

Volt is the unit of voltage; it was named in honor of Alessandro Volta (1745—
1827), an Italian physicist. He constructed the first electric battery that could
produce a reliable, steady current.

Watt is the unit of power; it was named in honor of James Watt (1736-1819), a
Scottish engineer and an inventor. He made great improvements in the steam
engine and made important contributions in the area of magnetic fields.
Lenz’s law was named in honor of Heinrich Friedrich Emil Lenz (1804—1865),
a Baltic German physicist. He discovered that the polarity of the induced
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current that is produced in the conductor of the magnetic field always resists
the change of its induced voltage; this is known as Lenz’s law.

Maxwell is the unit of magnetic flux; it was named in honor of James Clerk
Maxwell (1831-1879), a Scottish physicist and mathematician. The German
physicist Wilhelm Eduard Weber (1804—1891) shares the honor with Maxwell
(1 Wb=10® Mx). Maxwell had established the Maxwell’s equations that
represent perfect ways to state the fundamentals of electricity and magnetism.
Hertz is the unit of frequency; it was named in honor of Heinrich Rudolf Hertz
(1857—-1894), a German physicist and mathematician. He was the first person
to broadcast and receive radio waves. Through the low-frequency microwave
experiment, Hertz confirmed Maxwell’s electromagnetic theory.

Henry is the unit of inductance; it was named in honor of Joseph Henry (1797—
1878), a Scottish-American scientist. He discovered self-induction and mutual
inductance.

Joule is the unit of energy; it was named in honor of James Prescott Joule
(1818-1889), an English physicist. He made great contributions in discovering
the law of the conservation of energy. This law states that energy may trans-
form from one form into another, but is never lost. Joule’s law was named after
him and states that heat will be produced in an electrical conductor.

The majority of the laws and units of measurement stated above will be used in the later chapters
of this book. Being familiar with them will be beneficial for further study of electric circuits.

1.2 Electric circuits and schematic diagrams

1.2.1 Basic electric circuits

Electric circuit: It is a closed loop of pathway with electric charges flowing
through it.

It is the sum of all electric components in the closed loop of pathway with
flowing electric charges.

An example of an electric circuit includes resistors, capacitors, inductors, power
sources, wires, switches, etc. (These electric components will be explained later.)

A basic electric circuit contains three components: the power supply, the elec-
trical load, and the wires (conductors) (Figure 1.1).

| Wire |

Power

Load
supply

| Wire |

Figure 1.1 Requirements of a basic circuit
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Electric A closed loop of pathway with electric charges or current flowing
circuit through it.

Wires connect the power supply and the load, and carry electric charges through
the circuit.

A power supply (power source) is a device that supplies electrical energy to the
load of the circuit; it can convert other forms of energy to electrical energy. The
electric battery and generator are examples of power supply.

e The battery converts chemical energy into electrical energy.

e The hydroelectric generator converts hydro energy (the energy of moving
water) into electrical energy.

The thermo power generator converts heat energy into electrical energy.

The nuclear power generator converts nuclear energy into electrical energy.
The wind generator converts wind energy into electrical energy.

The solar generator converts solar energy into electrical energy.

An electrical load is a device that is usually connected to the output terminal of an
electric circuit.

e The load consumes or absorbs electrical energy from the source.
e The load may be any device that can receive electrical energy and convert it
into other forms of energy.

Examples of electric loads:

Electric lamp converts electrical energy into light energy.
Electric stove converts electrical energy into heat energy.
Electric motor converts electrical energy into mechanical energy.
Electric fan converts electrical energy into wind energy.

Speaker converts electrical energy into sound energy.

Solar cell converts sunlight into electrical energy.

Microphone converts sound energy into electrical energy.

— Power supply (power source) is a device that supplies elec-
trical energy to a load; it can convert other energy forms into
electrical energy.

— Load is a device that is connected to the output terminal of
an electric circuit, and consumes electrical energy.

— Wires connect the components in a circuit together, and
carry electric charges through the circuit.

Requirements of a
basic circuit

Figure 1.2 is an example of a simple electric circuit—a flashlight (or electric
torch) circuit. In this circuit, the battery is the power supply unit and the small light
bulb is the load, and they are connected together by wires. Figure 1.3 is the sche-
matic of the flashlight.
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e
;
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L

Figure 1.2 The flashlight circuit

« o

_E =

Figure 1.3 Schematic of the flashlight circuit

1.2.2  Circuit schematics (diagrams) and symbols

Circuit diagrams

Studying electric circuits usually requires drawing or recognizing circuit
diagrams. Circuit diagrams can make electric circuits easier to understand,
analyze, and calculate.

When studying more theories of electric circuits, circuits can be more and
more complex and drawing the pictorial representation of the circuits will not
be very realistic.

The more common electric circuits are usually represented by schematics.

Schematics

A schematic is a simplified circuit diagram that shows the interconnection of
circuit components.

It uses standard graphic circuit symbols according to the layout of the actual
circuit connection.

This is a way to draw circuit diagrams far more quickly and easily.

Circuit symbols

The circuit symbols are the idealization and approximation of the actual circuit
components (Table 1.1).
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Table 1.1 The commonly used circuit schematic symbols

Component

Circuit symbol

DC power supply
AC power supply
Current source
Lamp

Connected wires

Unconnected wires
Fixed resistor
Variable resistor
Capacitor

Inductor

Switch

Speaker

Ground
Fuse

Ohm meter
Ammeter
Voltmeter

Transformer

—— &

H4 40

¥ or

%

L

%

—

@@@%ka

oo
MM

e Forexample, both the battery and the direct current (DC) generator can convert
other energy forms into electrical energy and produce DC voltage. Therefore,
they are represented by the same circuit symbol—the DC power supply £.

—F—

1.3 Electric current

1.3.1 Current

Water current analogy electric current

-

E

e There are several key circuit quantities in electric circuit theory: electric cur-
rent, voltage, power, etc. These circuit quantities are very important to study in

electric circuits.
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Electric charges and electric current are analogous to the flow of water in a
water hose or pipe.

Water current is a flow of water through a water circuit (faucet, pipe or
hose, etc.).

Electric current is a flow of electric charges through an electric circuit (wires,
power supply, load, etc.).

Water is measured in liters or gallons, so you can measure the amount of water
that flows out of the tap at certain time intervals, i.e., liters or gallons per
minute or hour.

Electric current is measured by the amount of electric charges that flows past a
given point at a certain time interval in an electric circuit.

Calculating electric current

If O represents the amount of charges that is moving past a point at time ¢,
then the current / is:

1=2
t
... . dq
If you have learned calculus, current also can be expressed by the derivative: i = 7
Charge
Current = - g or I= Q
Time t

Coulomb (C)

Units: —

Ampere (A) Second (s)

Note: — Italic letters represent the quantity symbols.
— Non-italic letters represent unit symbols.

Electric
current (/)

— Current is a flow of electric charges through an electric circuit.
— Current / is measured by the amount of charge Q that flows past a
given point at a certain time ¢: /=%

1.3.2 I-ampere current

What is a 1-ampere current?
A current of 1 A (ampere) means that there is 1 C (coulomb) of electric charge
passing through a given cross-sectional area of wire in 1 s (second).

~1C

1A =—
ls
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11625 x 108

There are 6.25 x 10'8 charges passing through this given cross-sectional area in 1 s

Figure 1.4 1 A of current

®

m)

mim

Figure 1.5 Measuring current with an ammeter

1 A of current actually means there are about 6.25 x 10'® charges passing
through a given cross-sectional area of wire in 1 s (Figure 1.4).

Since 1 C is approximately equal to 6.25 x 10'® charges (1C ~ 6.25 x 10'®
charges).

Example 1.1: If a charge of 100 C passes through a given cross-sectional area of
wire in 50 s, what is the current?

Solution: Since Q=100 C and =50 s
0 100C

1= = Ses T12A

An ammeter is an instrument that can be used to measure current, and its symbol
is (»). It must be connected in series with the circuit to measure current, as shown in
Figure 1.5.

1.3.3  The direction of electric current

Which way does electric charge really flow?

e  When early scientists started to work with electricity, the structure of atoms
was not very clear, and they assumed at that time the current was a flow of
positive charges (protons) from the positive terminal of a power supply (such
as a battery) to its negative terminal.

e Later on, scientists discovered that electric current is in fact a flow of negative
charges (electrons) from the negative terminal of a power supply to its positive
terminal.
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1 1
+ +
= ) = =
(a) Conventional current flow (b) Electron flow

Figure 1.6 The direction of electric current

e But by the time the real direction of current flow was discovered, a flow of
positive charges (protons) from the positive terminal of a power supply to its
negative terminal had already been well established and used commonly in
electrical circuitry.

Two methods to express the direction of electric current

e Conventional current flow version: The current is defined as a flow of positive
charges (protons) from the positive terminal of a power supply to its negative
terminal (Figure 1.6(a)).

o Electrons flow version: The current is defined as a flow of negative charges
(electrons) from the negative terminal of a power supply to its positive terminal
(Figure 1.6(b)).

It will make no difference as to which method is used

o It will not affect the analysis, design, calculation, measurement, and applica-
tions of the electric circuits as long as one method is used consistently.

e In this book, the conventional current flow version is used.

— A flow of positive charges (protons) from the positive
terminal of a power supply to its negative terminal.

— A flow of negative charges (electrons) from the
negative terminal of a power supply to its positive
terminal.

Conventional current flow
vs. electron flow

1.4 Electric voltage

1.4.1 Voltage/electromotive force

Water gun and voltage: The concept of another important circuit quantity—
voltage works on the principle of a water gun.

The trigger of a water gun is attached to a pump that squirts water out of a tiny hole at the
muzzle.

e Ifthere is no pressure from the gun (the trigger is not pressed), there will be no
water out of the muzzle.

e Low-pressure squirting produces thin streams of water over a short distance.

e High pressure produces a very powerful stream over a longer distance.
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Water pressure vs. voltage: Just as water pressure is required for a water gun or
water circuit, electric pressure or voltage is required for an electric circuit.

e Voltage is responsible for the pushing and pulling of electrons or current
through an electric circuit.
e The higher the voltage, the greater the current will be.

Flashlight or torch circuit and voltage (Figure 1.2):

e If only a small lamp is connected with wires without a battery, the flashlight
will not work. Since electric charges in the wire (conductor) randomly drift in
different directions, a current cannot form in a specific direction.

e Once the battery (voltage source) is connected to the load (lamp) by wires, it
will produce electric current in the circuit. The positive electrode of the battery
attracts the negative charges (electrons), and the negative electrode of the
battery repels the electrons. This causes the electrons to flow in one direction
and produce electric current.

Electromotive force (EMF): the battery is one example of a voltage source that
produces electromotive force (EMF) between its two terminals.

e EMF moves electrons around the circuit or causes current to flow through the
circuit since EMF is actually “the electron-moving force.”

e EMF is the electric pressure or force that is supplied by a voltage source, which
causes current to flow in a circuit.

EMF produced by a voltage source is analogous to water pressure produced by a pump in a
water circuit.

Units of voltage and EMF: voltage is symbolized by V (italic letter), and its unit is
volts (non-italic letter V). EMF is symbolized by E, and its unit is also volts (V).

1.4.2  Potential difference/voltage

Water-level difference

Assuming there are two water tanks A and B, water will flow from tank A to B only
when tank A has a higher water level than tank B, as shown in Figure 1.7.

Water-level difference vs. electrical potential difference

o Common sense tells us that “water flows to the lower end,” so water will only
flow when there is a water-level difference. It is the water-level difference that

A B
NANAAA
ANANANA
I I E—

Figure 1.7 Water-level difference
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produces the potential energy for tank A, and work is done when water flows
from tank A to B.

Water will flow between two places in a water circuit only when there is a
water-level difference. This concept can also be used in the electric circuit.
Current will flow between two points in an electric circuit only when there is
an electrical potential difference.

Potential difference or voltage

If a light bulb is continuously kept on, i.e., to maintain continuous movement
of electrons in the circuit, the two terminals of the lamp need to have an
electrical potential difference.

The potential difference or voltage is produced by the EMF of the voltage
source.

Potential difference or voltage is the amount of energy or work that would be
required to move electrons between two points.

Current will flow between two points in a circuit only when there is a potential
difference. The voltage or the potential difference always exists between two
points.

Calculating voltage

Work
or or v —

W
Voltage = -
ofage Charge 0

_— Joule (J)

Units: Volt (V) — V=

SIS

| Charge (C)

d
If you have learned calculus, voltage can also be expressed by the derivative v = d—w
q

Example 1.2: If 1 J of energy is used to move a 1 C charge from point a to b, it will
have a 1 V potential difference or voltage across two points, as shown in Figure 1.8:

w=11J]
0o=1C
4 >—o
a i ib

Figure 1.8 Potential difference or voltage
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Figure 1.9 Measuring voltage with a voltmeter

Voltage V (or potential ] w
difference) between two points: V' = é

V is the amount of energy or work required to move electrons

Although voltage and potential difference are not exactly the same, the two are used

interchangeably.

Electromotive Force | EMF is an electric pressure or force that is supplied by a voltage
(EMF) source, which causes electric current to flow in a circuit.

There are different names representing voltage or potential difference in
electric circuits, such as the source voltage, applied voltage, load voltage, voltage
drop, and voltage rise. What are the differences between them?

EMF can be called source voltage or applied voltage (E or Vg) since it is
supplied by a voltage source and applied to the load in a circuit.

Load voltage: voltage across the two terminals of the load.

Voltage drop: voltage across a component when current flows from a higher
potential point to a lower potential point in the circuit.

Voltage rise: voltage across a component when current flows from a lower
potential point to a higher potential point in the circuit.

Voltmeter is an instrument that can be used to measure voltage. Its symbol is (V).
The voltmeter should be connected in parallel with the circuit component to mea-
sure voltage, as shown in Figure 1.9.

1.5 Resistance and Ohm’s law

1.5.1 Resistance/resistor

Resistance

Water resistance: what will happen when we throw some rocks into a small
creek? The speed of the water current will slow down in the creek. This is
because the rocks (water resistance) “resist” the flow of water.

A similar concept may also be used in an electric circuit.
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e Current resistance (R): the resistor (current resistance) “resists” the flow of
electrical current.
—  The higher the value of resistance, the smaller the current will be.
—  The resistance of a conductor is a measure of how difficult it is to resist the
current flow.

Resistor

e The lamp, electric stove, motor, and other such loads may be represented by
the resistor R because once this kind of load is connected to an electric circuit,
it will consume electrical energy, cause resistance, and reduce current in the
circuit.

e Sometimes resistor R will need to be adjusted to a different level for different
applications. For example,
— The intensity of light of an adjustable lamp can be adjusted by using

resistors.

— A resistor can also be used to maintain a safe current level in a circuit.

e A resistor is a two-terminal component of a circuit that is designed to resist or

limit the flow of current. There are a variety of resistors with different resistance values
for different applications.

The resistor and resistance of a circuit have different meanings

Resistor (R) | A two-terminal component of a circuit that limits the flow of current.

Resistance (R) | The measure of a material’s opposition to the flow of current, and its unit
is ohms (Q).

Fixed or variable resistors

e A fixed resistor has a “fixed” resistance value and cannot be changed.
e A variable resistor has a resistance value that can be easily changed or adjusted
manually or automatically.

Fixed resistor: —A\W——

Variable resistor: —A¥— or ¢ ;

Symbols of the resistor

1.5.2 Factors affecting resistance

There is no “perfect” electrical conductor; every conductor that makes up the
wires has some level of resistance regardless of the material it is made from.

There are four main factors affecting the resistance in a conductor: the cross-
sectional area of the wire (4), length of the conductor (/), temperature (7), and
resistivity of the material (p) (Figure 1.10).

e Cross-sectional area of the wire 4: More water will flow through a wider pipe
than that through a narrow pipe. Similarly, the larger the diameter of the wire,
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Figure 1.10 Factors affecting the resistance

Table 1.2 Table of resistivity (p)

Material Resistivity p (Q - m)
Copper 1.68 x 1078

Gold 244 x 1078
Aluminum 2.82x 1078

Silver 1.59 x 1078

Iron 1.0 x 1077

Brass 0.8x 1077

Nichrome 1.1x107°

Tin 1.09 x 1077

Lead 22x%x1077

29

the greater the cross-sectional area, the less the resistance in the wire and the
more the flow of current.
e Length /: The longer the wire, the more the resistance and the more the time
taken for the current to flow.
e Resistivity p: It is a measure of the opposition to flowing current through a
material of wire, or how difficult it is for current to flow through a material.
The different materials have different resistivity, i.e., more or less resistance in

the materials.

o Temperature 7: Resistivity of a material is dependent upon the temperature
surrounding the material. Resistivity increases with an increase in temperature
for most materials. Table 1.2 lists resistivity of some materials at 20°C.

Factors affecting
resistance

/[
R=p i where A is the cross-sectional area / the length T the

temperature, and p the resistivity (conducting ability of a
material for a wire).

Note: p is a Greek letter pronounced “rho” (see “Appendix A” for a list of Greek letters).

Calculating resistance

® |Resistance = resistivity

length or R=p é
area A
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e  Units: Ohm - meter (Q - m)

. Meter (m)

I)
A
NS

R
Ohm (Q) —

T Meter squared (m?)

Example 1.3: There is a copper wire 50 m in length with a cross-sectional area of
0.13 cm®. What is the resistance of the wire?

Solution: £ =50m = 5,000 cm
A4 =0.13 cm?
p=168x10°%Q -m=1.68x 107°Q - cm (copper)

! 1.68 x 107 Q - cm)(5,000 cm
R=p- _ 0_13cm2)( >z 0.0646 Q

—  The resistance of this copper wire is 0.0646 Q. Although there is resistance in the copper
wire, it is very small. A 50-m-long wire only has 0.0646 Q resistance; thus, we can say that
copper is a good conducting material.

—  Copper and aluminum are commonly used conducting materials with reasonable price and
better conductivity.

Ohmmeter is an instrument that can be used to measure the resistance. Its symbol
is (). The resistor must be removed from the circuit to measure resistance as
shown in Figure 1.11.

Ammeter @ - @ is an instrument that is used to measure current; it should be
connected in series in the circuit.

Voltmeter @ - @ is an instrument that is used to measure voltage; it should be
connected in parallel with the component.

Ohmmeter () | - (Q)is an instrument that is used to measure resistance, and the resistor
must be removed from the circuit to measure the resistance.

Figure 1.11 Measuring resistance with an ohmmeter
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1.5.3 Conductance

Conductance G is the conductivity of the material.

e It is the ability of a material to pass current rather than resist it.

e It is how easy rather than how difficult it is for current to flow through a
circuit.

e It is a term that is opposite to the term “resistance.” The less the resistance R
of the material, the greater the conductance G, the better the conductivity of the
material, and vice versa.

Factors affecting conductance

e The factors that affect resistance are the same for conductance, but in the
opposite way. Mathematically, conductance is the reciprocal of resistance, i.e.,

% . ‘

e Increasing the cross-sectional area (4) of the wire or reducing the wire length
(/) can get better conductivity. (This can be seen from the equation of
conductance.)

Unit of conductance
The ST unit of conductance is the siemens (S).
Some books use a unit mho (O) for conductance, which was derived from the

spelling ohm backward and with an upside-down Greek letter omega.
Mho actually is the reciprocal of ohm, just as conductance G is the reciprocal of resistance R.

G is the conductivity of the material, and it is the reciprocal of

Conductance G . A
resistance: G = —

Calculating conductance

1 I
¢ | Conductance = ——— or G——
Resistance R

i 1

e  Units: Siemens (S) __—G =%

Or Mho (35) Ohm (Q)
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Example 1.4: What is the conductance if the resistance R is 22 Q?

1
Solution: G=—_=
R

1
35q 00455 0r 0.0455 0

It is often preferable and more convenient to use conductance in parallel circuits. This will be
discussed in the later chapters.

1.5.4 Ohm’s law

Ohm’s law is a very important and useful equation in electric circuit theory. It
precisely expresses the relationship between current, voltage, and resistance with a
simple mathematical equation.

Ohm’s law states that current through a conductor in a circuit is directly proportional
to the voltage across it and inversely proportional to the resistance in it, i.e.,

I =— or ==
R R

Any form of energy conversion from one type to another can be expressed as
the following equation:

Effect = Cause

Opposition

In an electric circuit, it is the voltage that causes current to flow, so current flow is
the result or effect of voltage, and resistance is the opposition to the current flow.
Replacing voltage, current, and resistance into the above expression will obtain
Ohm’s law:
Voltage

V
Current = —————— or I =—
Resistance R

Conductance form of Ohm’s law
Ohm’s law can be written in terms of conductance as follows:

y

(since G :% and [ = E)

— Ohm’s law expresses the relationship between /7, V, and R.
— [ through a conductor is directly proportional to ¥, and inversely
proportional to R:
14 E

]:ﬁ or I:E or 1=GV

Ohm’s law
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Units: o Volt (V)

=<

Ampere (A) —!

Ohm (Q)

L Volt (V)

E
A Ay — [[=—
mpere (A) R Ohm ()
o _—— Volt (V)
o T=
Ampere (A) . Siemens (S)
or Mho (05)

Memory aid for Ohm’s law: Using mathematics to manipulate Ohm’s law, and
solving for V" and R, respectively, we can write Ohm’s law in several different forms:

14 14
V =1IR [ =— R= —
R 1
e These three equations can be illustrated in Figure 1.12 as a memory aid for
Ohm’s law.
e By covering one of the three variables from Ohm’s law in the diagram, we can
get the right form of Ohm’s law to calculate the unknown.

The experimental circuit of Ohm’s law

e The experimental circuit with a resistor of 125 Q in Figure 1.13 may prove
Ohm’s law.

e If a voltmeter is connected in the circuit and the source voltage is measured
E=2.5 V. Also, connecting an ammeter and measuring the current in the
circuit will result in /=0.02 A.

e With Ohm’s law we can confirm that current in the circuit is indeed 0.02 A:

E 25V
I=—=——-=002A
R 125Q
4 4 v
I | R I \ R I | R
_r _v
V=1IR I== R=7

Figure 1.12 Memory aid for Ohm’s law

0.02 A

——®——

25V —_F E < R=125Q

Figure 1.13 The experimental circuit of Ohm’s law
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Example 1.5: A source of 12 V is connected to a resistive lamp and a current of
3 A flows. What is the resistance of the circuit?

Solution: R = E = 12v =

77 3a e

1.5.5 I-V characteristics of Ohm’s law

I-V characteristics of Ohm’s law: Using a Cartesian coordinate system, voltage V'
(x-axis) is plotted against current / (y-axis); this graph of current versus voltage will
be a straight line, as shown in Figure 1.14.

e The straight line in Figure 1.14 describes the current—voltage relationship of a
10-Q resistor.

. . Vo1V
—  When voltage V'is 10 V and current is 1 A, R:7 =TA = 10Q
. . V 5V
—  When voltage V'is 5 V and current is 0.5 A, R = 7 S05A" 10 Q.

e The different lines with different slopes on the I~V characteristic represent the
different values of resistors. For example, a 20-€ resistor can be illustrated as
in Figure 1.15.

e Since I-V characteristic shows the relationship between current / and voltage V'
for a resistor, it is called the /- characteristic of Ohm’s law.

The I-V characteristic of the straight line illustrates the behavior of a linear
resistor, i.e., the resistance does not change with the voltage or current. If the

1A R
1A
0.1A
0 >
5V ov -V

Figure 1.14 -V characteristics (R=10 )

N R
05A
025A
0 » V
5V 10V

Figure 1.15 I-V characteristics (R=20 2)
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voltage decreases from 10 to 5 V, the resistance still equals 20 € as shown
in Figure 1.15.

When the relationship of voltage and current is not a straight line, the resultant resistor will

be a non linear resistor.

1.6 Reference direction of voltage and current

1.6.1 Reference direction of current

Direction of current

The actual current direction: When performing circuit analysis and calcula-
tions in many situations, the actual current direction through a specific com-
ponent or branch may change sometimes, and it may be difficult to determine
the actual current direction for a component or branch.

Reference direction of current: It is convenient to assume an arbitrarily chosen

current direction (with an arrow), which is the concept of reference direction of

current.

— If I'> 0: If the resultant mathematical calculation for current through that
component or branch is positive (/> 0), the actual current direction is
consistent with the assumed or reference direction.

— If I < 0: If the resultant mathematical calculation for the current of that
component is negative (/ < 0), the actual current direction is opposite to
the assumed or reference direction.

The solid line arrows indicate the reference current directions and the dashed

line arrows indicate the actual current directions (as shown in Figure 1.16).

Two methods to represent the reference direction of current
(Figure 1.17)

Expressed with an arrow, the direction of the arrow indicates the reference
direction of current.

Expressed with a double subscription, for instance, /,;, indicates the reference
direction of current is from point a to b.

10 V—

$ §SQ 10V—/ §59

Figure 1.16 Reference direction of current
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I
R R i ®
b
(a) Arrow indicates the ref. 7 direction (b) Double-subscription indicates the ref. / direction

Figure 1.17 Reference direction of current [

+ +

i*’/ T—V

V>0 V<0

Figure 1.18 Reference polarity of voltage

1.6.2  Reference polarity of voltage

Reference polarity of voltage
Similar to the current reference direction, the voltage reference polarity is also an
assumption of arbitrarily chosen polarity.

e If V> 0: If the resultant calculation for voltage across a component is positive
(V> 0), the actual voltage polarity is consistent with the assumed reference
polarity.

e If V' < 0: If the resultant calculation is negative (V' < 0), the actual voltage
polarity is opposite to the assumed reference polarity.

As shown in Figure 1.18, the positive (4) and negative (—) polarities represent
the reference voltage polarities, and arrows represent the actual voltage polarities.

Three methods to indicate the reference polarity of voltage

(Figure 1.19)

o Expressed with an arrow, the direction of the arrow points from positive to
negative.

e Expressed with polarities, positive sign (+) indicates a higher potential posi-
tion, and negative sign (—) indicates a lower potential position.

o Expressed with a double subscription, for instance, V,, indicates that the
potential position a is higher than the potential position b.
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a

Iy + 1 +
RZV R v
@ (b

Figure 1.20 (a) Mutually related reference polarity of I and V (b) non-mutually
related reference polarity of I and V

1.6.3  Mutually related reference polarity of current/voltage

Mutually related reference direction or polarity of current/voltage

e If the reference direction of current is assigned by the flow from the positive
side to the negative side of voltage across a component, then the reference
current direction and reference voltage polarity is consistent.

e In other words, along with the current reference direction (the reference arrow
pointing from + to —) is the voltage from positive to negative polarity. This is
called the mutually related reference direction or polarity of current/voltage.

If we only know one reference direction or polarity, it is possible to determine
the other, and this is shown in Figure 1.20.

Reference direction
of current

Assuming an arbitrarily chosen direction as the reference
direction of current I:

— If 1> 0: the actual current direction is consistent with the
reference current direction.

— If I <0: the actual current direction is opposite to the refer-
ence current direction.

Reference polarity
of voltage

Assuming an arbitrarily chosen voltage polarity as the reference
polarity of voltage:

— If V> 0: the actual voltage polarity is consistent with the
reference voltage polarity.

— If V' < 0: the actual voltage polarity is opposite to the refer-
ence voltage polarity.
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Mutually related ref. If the reference / direction is assigned by an arrow pointing
polarity of V and / from + to — of V across a component, then the reference /
direction and reference V polarity is consistent.

Summary

Milestones of the electric circuits

Name of the Nationality | Name of the | Named for
scientist unit/law
Charles Augustin de | French Coulomb Unit of charge (C)
Coulomb
Alessandro Volta Italy Volt Unit of voltage (V)
André-Marie French Ampere Unit of current (A)
Ampere
Georg Simon Ohm | German Ohm Unit of resistance (£2)
James Watt Scotland Watt Unit of power (W)
Friedrich Emil Lenz | German Lenz Lenz’s law
James Clerk Scotland Maxwell Unit of flux (maxwell), Maxwell
Maxwell magnetic field equation
Wilhelm Eduard German Webber Unit of flux (web) 1 Wb = 10°® Mx
Weber
Heinrich Rudolf German Hertz Unit of frequency (Hz)
Hertz
Kirchhoff German Kirchhoff Kirchhoff current and voltage laws
Joseph Henry Scottish- Henry Unit of inductance (H)
American
James Prescott Joule | British Joule Unit of energy (J)
Michael Faraday British Faraday Unit of capacitance (F)

Electric circuit: A closed loop of pathway with electric current flowing through it.
Requirements of a basic circuit

e Power supply (power source): A device that supplies electrical energy to a
load.

e Load: A device that is connected to the output terminal of a circuit, and con-
sumes electrical energy.

e Wires: Wires connect the power supply unit and load together, and carry cur-
rent flowing through the circuit.
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Schematic: A simplified circuit diagram that shows the interconnection of circuit
components, and is represented by circuit symbols.

Circuit symbols: The idealization and approximation of the actual circuit
components.

Electric current (1): A flow of electric charges through an electric circuit:
Q dq
I== or [ =—
t dt

Current direction

e Conventional current flow version: A flow of positive charge (proton) from the
positive terminal of a power supply to its negative terminal.

e Electron flow version: A flow of negative charge (electron) from the negative
terminal of a power supply to its positive terminal.

Ammeter: An instrument used for measuring current, represented by the symbol (4).
It should be connected in series in the circuit.

Electromotive force (EMF): An electric pressure or force supplied by a voltage
source causing current to flow in a circuit.

Voltage (V) or potential difference: The amount of energy or work that would be
required to move electrons between two points.

w dw
V—a <OI'V—E>

Source voltage or applied voltage (E or Vs): EMF can be called source voltage or
applied voltage. The EMF is supplied by a voltage source and applied to the load in
a circuit.

Load voltage (V): Voltage across two terminals of the load.

e Voltage drop: Voltage across a component when current flows from a higher
potential point to a lower potential point in a circuit.

e Voltage rise: Voltage across a component when current flows from a lower
point to a higher point in a circuit.

Voltmeter: An instrument used for measuring voltage. Its symbol is (V) and it
should be connected in parallel with the component.

Resistor (R): A two-terminal component of a circuit that limits the flow of current.
Resistance (R): Measure of a material’s opposition to the flow of current.

/ . .
Factors affecting the resistance: R = Py where cross-sectional area is (4), length
is (), temperature is (7), and resistivity is (p ).

Ohmmeter: An instrument used for measuring resistance. Its symbol is (@) and the
resistor must be removed from the circuit to measure the resistance.

. . . 1
Conductance (G): It is the reciprocal of resistance: G = —
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Ohm’s law: It expresses the relationship between current /, voltage V, and resis-
tance R.

=2 [==2
r R

Conductance form of Ohm’s law: / = GV.

Reference direction of current: Assuming an arbitrarily chosen current direction
as the reference direction of current:

e If >0, actual current direction is consistent with the reference current
direction.
e If7<0, actual current direction is opposite to the reference current direction.

Reference polarity of voltage: Assuming an arbitrarily chosen voltage polarity as
the reference polarity of voltage:

e If V'>0: actual voltage polarity is consistent with the reference voltage
polarity.
e If V< 0: actual voltage polarity is opposite to the reference voltage polarity.

Mutually related polarity of voltage and current: If the reference current
direction is assigned by an arrow pointing from -+ to — voltage of the component,
then the reference current direction and reference voltage polarity is consistent.

Symbols and units of electrical quantities

Quantity Quantity symbol Unit Unit symbol
Charge (0] Coulombs C

EMF E Volt v

Work (energy) w Joule J

Resistance R Ohm Q
Resistivity p Ohm - meters Q- -m
Conductance G Siemens or Mho SorO
Current 1 Ampere A

Voltage VorE Volt A%

Practice problems

1.1
1. Write a short essay titled “I am looking forward to my electrical/
electronics career.”
2. List the electric and electronic products that you know.



1.2

1.3

14

W

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.
22.

23.

24.

SO X
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Classroom discussion: The electrical history that I know.
Listed the physicists who were named for the following units of

electricity:

(a) Resistance

(b) Current

(¢) Voltage

(d) Power

( ) was named for the unit of charge.

( ) was named for the unit of frequency.

What is the unit of energy?

( ) was named for the unit of inductance.

Maxwell is the unit of ( ), 1 Web=10 ( ) Maxwell.

What is the unit of capacitance?

What are three basic requirements for a circuit?

A simplified circuit diagram that shows the interconnection of circuit
components, and is represented by the (ideal) circuit symbols is ( ).
Draw the following circuit components using circuit symbols: fixed
resistor, variable resistor, capacitor, inductor, fuse, wire connection,
and grounding.

( ) is measured by the amount of charge (Q) that flows past a
given point at a certain time.

( ) is an instrument used for measuring current; its symbol
is ( ).

The instrument used for measuring current should be connected
to ( ) in the circuit.

If 14 C charge through a specific point in seven seconds, the current
equals to ( ).

How long can a 5 A current make 10 C charge through a particular
point?

The conventional direction of current is a flow of positive charge
from the ( ) terminal of a power supply to its ( )
terminal.

Electromotive force (EMF) is also called ( ); its symbol
is ( ).

Voltage also called ( ); its symbol is ( ).

An instrument used for measuring voltage is called ( ), and it
should be connected in ( ) with the component.

The voltage that across two terminals of a lamp is called the
( ) voltage.

( ) is an electric pressure or force that is supplied by a voltage

source, which causes electric current to flow in a circuit.
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1.5

1.6
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25.

26.

27.
28.

29.
30.
31.
32.
33.

34.

An instrument used for measuring resistance is called ( ); its
symbol is ( ).

The instrument used for measuring resistance should be connected in
( ) with the resistor.

Factors affecting resistance are A4, p, £, and ( ).

The cross-section of a 100 m copper wire is 0.13 cm?. Determine the
resistance of this copper wire.

If V=20V and R =100 Q, calculate the current.

If E=12 V and /=0.1 A calculate the resistance and conductance.
Plot the I~V characteristics of problem 30.

If I <0, the actual current direction is ( ) with the reference
current direction.
If V' > 0, the actual voltage polarity is ( ) with the reference

voltage polarity.

If the reference current direction is assigned by an arrow pointing
from ( )to ( ) of the voltage of the component, it is
called ( ) polarity of the voltage and current.
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2.1 Power and energy

2.1.1 Work

Work (W)

e Work is the result when a force acts on an object and causes it to move a
certain distance. It is the product of the force (F') and the displacement (S) in
the direction of the motion (Figure 2.1).
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Fo s !

Figure 2.1 Force and displacement

F
@

Figure 2.2 Work

Im

Work depends on:

—  The amount of force (F') applied to an object.

— The distance or displacement (S') that the object moves.

Work (W): Work is done when a force is applied to an object over a distance
(or displacement).

Example: — To push a door open does some work.

— To push on the wall does not (the distance = 0).

The meaning of the word “work” in everyday life is not the same as in physics.

Example: Getting a good mark in physics takes a lot of hard work.

Calculating work

| Work = Force x Displacement W = FS |

Units: ﬁ W=FS |
Joule (J)

If using a force of 1 N to lift of an object to 1 m, 1 J of work is done in
overcoming the downward force of gravity as shown in Figure 2.2.

___—Newton (N)

T Meter (m)

When the force (F') and displacement (S) do not point in the same direction,

the formula to calculate work will be: m

—  where the angle 6 is the angle between force (/') and displacement (S),
— when 6 is 0 degree, cos0° =1, W = (F cosf)S = FS.

It is the same in an electric circuit: Work is done after the electrons or charges
are moved to a certain distance in a circuit as a result of applying an electric
field force from the power supply.

2.1.2 Energy
Energy and work

Energy: The capacity to do work (the physical or mental strength that allows
one to do work) is called energy. It is not work itself, but a transfer of energy.
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e Work is a transfer of energy; when an object does work on another object,
some of its energy is transferred to that object.

Even though you cannot ever really see it, you use energy to do work every day. For
example, after you eat and sleep, your body converts the stored energy to keep you doing
daily work, such as walking, running, reading, and writing.

e An object has the capacity to do work producing energy. Such energy
means that
—  light bulbs can glow
— wind can blow
— machines can work
— airplanes can fly

The main types of energy

Energy Definition Example
Light energy The energy that comes from light. It is the | Light bulb
radiant energy which can be seen by the
human eye
Heat or thermal The energy (heat) generated by the move- | Stove
energy ment of particles within an object
Sound energy The energy generated by vibrating sound | Music

waves (move back and forth quickly)

Chemical energy The energy stored in the internal structure | Gasoline
of an atom or molecule (particle)

Electrical energy Energy generated by the flow of electric | Toaster
charge (charged particles) through a
conductor (wire)

Nuclear energy Energy stored in the nucleus (core) of an | Nuclear power plant
atom
Gravitational Energy stored in an object’s height A book on a table
potential energy
Kinetic energy Energy in motion A moving car
Mechanical energy | Potential energy + kinetic energy Windmill

The law of conservation of energy

e The law of conservation of energy is one of most important rules in natural
science.

e The law of conservation of energy states that energy cannot be created or
destroyed, but it can be changed (transferred) from one form to another (the
total energy remains constant).

Examples: A moving car hits a parked car: Energy is transferred from the moving car to
the parked car and causes the parked car to move.
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“Converted” means “never disappeared” in physics terms. For example:

Electrical generator: mechanical energy — electrical energy

[ ]

e Lamp:

e Battery:

e Solar panel:
2.1.3 Power

electrical energy  — light energy
chemical energy = — electrical energy
light energy — electrical energy

Power refers to the speed of energy conversion or consumption; it is a measure of
how fast energy is transforming or being used.

1 N object lifted to 1 m may have different time rates depending on the amount
of power applied (refer to the example in Figure 2.2).

e If a higher power is applied to the object (an adult is lifting it), it will take a
shorter period of time to lift it.

o Ifalower power is applied to the object (a kid is lifting it), it will take a longer
period of time to lift it.

e Power is defined as the rate of doing work, or the amount of work done per unit

of time.
Note:

—  Our daily consumption of electricity is electrical energy, and not electrical

power

— The hydro bill that you receive is for electrical power—the amount of
electrical energy consumed in 1 or 2 months.

Energy, work, and power

Energy | — Energy is the capacity to do work.
Work — Work is a transfer of energy.
— Power is the speed of energy conversion, or work done per
Power . .
unit of time: P= T
Calculating power
Work w
° Power = — or P=—
Time t
_—— Joule (J)
e  Units: _r

or

Watt (W) — | P= ~. |—— Second (s)

| Kilowatt-hour (kWh)

Watt (W) — | P =~ |_—Hour (h)

2.1.4 Electric power

Electric power is the speed of electrical energy conversion or consumption in an
electric circuit, and it is a measure of how fast electrons or charges are moving in a

circuit.
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Calculating electric power

. Voltage?
e |Power = Current x Voltage = Current> x Resistance = 4g
Resistance
VZ
P=1V=DIPR=—
R
Source voltage)? E?
e Or | Power = Current x Source voltage = # P=IF=—
Resistance R
V2 E2
Electric power (P) P=1V=IR= & (or P=IE = F)
Ampere (A)
Volt (V
e Units: ™
VZ
Watt (W) —— P =1V- R="T% Ohm (Q)
Ampere (A) Volt (V)

or B
Watt (W) ——| p> IE:/%

Memory aid: The above power equations can be illustrated in Figure 2.3 as the
memory aid for power equations. By covering power in any diagram, the correct
equation is obtained to calculate the unknown power.

| Ohm(Q)

Example 2.1: In a circuit, voltage V=10 V, current /=1 A, and resistance
R=10 Q, calculate the power in this circuit by using three power equations,
respectively.

Solution: P=1V=(1A)(10V)=[10W]|

P=PR=(1A7(10Q) =[10W]

y: o (10V)?
P:— = = 1
R 10Q 0w

This example proved that the three power equations are equivalent since each equation leads
to the same value of power at 10 W.

A

Figure 2.3 Memory aid for power equations
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! + Iy —
14 14

N
(@) P>0 (b) P<0

Figure 2.4 The reference direction of power

2.1.5 The reference direction of power

The concept of the reference direction of power

e When a component in a circuit has mutually related reference polarity of
current and voltage (refer to Chapters 1-6), power is positive, i.e., P >0,
meaning the component absorption (or consumption) of energy.

e When a component in a circuit has non-mutually related reference polarity of
current and voltage, power is negative, i.e., P <0, meaning the component
releasing (or providing) of energy.

The concept of the reference direction of power can be illustrated in

Figure 2.4.

The reference
direction of
power

—  If a circuit has mutually related reference polarity of current and
voltage: P > 0 (absorption energy).

— If a circuit has non-mutually related reference polarity of current
and voltage: P < 0 (releasing energy).

Example 2.2: Determine the reference direction of power in Figure 2.5(a) and (b).

(®)

Figure 2.5 Figure for Example 2.2

Solution: (a) P=1V=(2A)3V)=6W

, the resistor absorbs energy.



(b)y P=1I1(-V)=(2A)(-3V)=

, the resistor releases
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—-6W

energy.

Example 2.3: /=2 A, V=6V, V,=14 V,and £ =20V in a circuit as shown in
Figure 2.6. Determine the powers dissipated on the resistors R;, R,, and R; and R,

in series (a to ¢): in this figure.

a I=2A a

® > +
R] Vl

E —— -

1 b +
Ry %

de ¢
Figure 2.6 Figure for Example 2.3

Solution:
Power for R;:

Py=Vil=(6V)2A)=[12W]

Power for R,:

Py =Vol = (14V)(2A) =

Power for R, and R, (a to ¢):
Py =(=E)I=(-20V)(2A)

Pi4+Py+P;=12W+28W + (—40W) = [0 W|

P > 0, the resistor absorbs
energy.

P > 0, the resistor absorbs
energy.

P < 0, the resistor releases
energy.
Energy conservation.

Formula for current: If power is given in a circuit, using mathematical formula-
tion to manipulate the power equation and solving for current /, we can express

current / as follows:

Since P =1I’R or I? =

R )

P

R

) I =

Formula for voltage: If power is given in a circuit, using mathematical formula-
tion to manipulate the power equation and solving for voltage V, we can express

voltage V' as follows:

2

Since P = 3 or V? = PR,

V =+PR

SO
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Example 2.4: If power consumed on a 2.5 Q resistor is 10 W in a circuit, calculate
the current flowing through and voltage across this resistor.

Solution:

P 10 W
« 1=z \rsq-CA

V=vPR=\/(10W)25Q)=[5V]

2.2 Kirchhoff’s voltage law

2.2.1 Closed-loop circuit
Kirchhoff’s laws

Kirchhoff’s laws are the most important fundamental circuit laws for analyzing
and calculating electric circuits after Ohm’s law.

Physics Professor Kirchhoff: In 1847, a German physicist, physics professor
Kirchhoff (Gustav Kirchhoff, 1824-1887) at the Berlin University developed
the two laws that established the relationship between voltage and current in an
electric circuit.

Closed-loop circuit

A closed-loop circuit is a conducting path in a circuit that has the same starting
and ending points.

If the current flowing through a circuit from any point returns current to the
same starting point, it would be a closed-loop circuit.

As current flows through a closed-loop circuit, it is the same as having a round
trip, so the starting and ending points are the same, and they have the same
potential positions.

For example, Figure 2.7 is a closed-loop circuit, since current / starts at point a,

passes through points b, c, d, and returns to the starting point a.

=10V

V,=10V

Figure 2.7 A closed-loop circuit
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2.2.2  Kirchhoff’s voltage law (KVL) #1

KVL #1

e Kirchhoff’s voltage law (KVL) #1: The algebraic sum of the voltage or
potential difference along a closed-loop circuit is always equal to zero at any
moment, or the sum of voltages in a closed loop is always equal to zero.

ie., Y is the Greek letter Sigma, meaning sum.

e The voltage in KVL includes voltage rising from the voltage sources (E) and
voltage dropping on circuit elements or loads.

Signs of the voltage in the £V = 0:

The algebraic sum used in KVL #1 means that there are voltage polarities existing
in a closed-loop circuit. It requires assigning a loop direction and it could be in
either clockwise or counter-clockwise directions (usually choose clockwise).

e Assign a positive sign (+) for voltage (V or E) in the equation £V = 0 if the
voltage reference polarity and the loop direction are the same, i.e., if the vol-
tage reference polarity is from positive (4) to negative (—) and the loop
direction is clockwise.

e Assign a negative sign (—) for voltage (V or E) in the equation XV =0 if the
voltage reference polarity and the loop direction are opposite, i.e., if the vol-
tage reference polarity is from negative (-) to positive (+), and the loop
direction is clockwise.

Example 2.5: Verify KVL #1 for the circuit of Figure 2.8.

V=25V

E =25V —

E,=5V —

V;=25V

Figure 2.8 Figure for Example 2.5

Solution: Applying V=0 in Figure 2.8: Vi +Vo+ V3 —E, —E; =0
(25+25+25-5-25)V=|0]
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KVL #1 — Assign a (+) sign for V or E if its reference polarity (+ to —) and loop
direction (clockwise) are the same;

TV=0 — Assign a (—) for V or E if its reference polarity (— to +) and loop direction
(clockwise) are opposite.

2.2.3  Kirchhoff’s voltage law (KVL) #2

KVL #2

Kirchhoff’s voltage law (KVL) #2: Kirchhoff’s voltage law (KVL) can also be
expressed in another way: the sum of the voltage drops (V') around a closed-loop
must be equal to the sum of the voltage rises or voltage sources in a closed-loop

circuit, i.e.,

Signs of the Vin the £V =Z%XF

e Assign a positive sign (+) for V if its reference polarity and loop directions are
the same.
(i.e., if the voltage reference polarity is from positive (+) to negative (—) and the loop
direction is clockwise.)

e Assign a negative sign (—) for Vif its reference polarity and the loop directions are
opposite.

(i.e., if the voltage reference polarity is from negative (—) to positive (+), and the loop
direction is clockwise.)

Signs of the E in the 2V =XF

e Assign a negative sign (-) for the voltage source E in the equation if its
reference polarity and the loop direction are the same.
(i.e., if its polarity is from positive (+) to negative (-) and the loop direction is clockwise.)
e Assign a positive sign (+) for the voltage source E in the equation, if its
reference polarity and loop direction are opposite.
(i.e., if its polarity is from negative (—) to positive (4) and the loop direction is clockwise.)

Example 2.6: Verify KVL #2 for the circuit of Figure 2.8.
Solution: Applying £V =ZF in Figure 2.8: Vi+Vo+V3s=E +E
(254254235 V=025+5V

75V]-[75V]

— Assign a (+) sign for Vif its reference polarity and loop direction are the

KVL #2 same; assign a (—) for V if its reference direction and loop direction are
opposite.
YV=XE — Assign a (-) for E if its reference polarity and loop direction are the

same; assign a (+) for E if its polarity and loop direction are opposite.
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Figure 2.9 Experimental circuit of KVL

2.2.4  Experimental circuit of KVL

Kirchhoff’s voltage law can be approved by an experimental circuit in
Figure 2.9. If using a multimeter (voltmeter function) to measure voltages on all
resistors and power supply in the circuit of Figure 2.9, the total voltage drops on
all the resistors should be equal to voltage for the DC power supply.

Experimental circuit of KVL
e KVL#I, ZV=0: B+3+3-99V=0
e KVL#, TV =XE: (B+3+3) V=9V

Example 2.7: Determine resistance R; in the circuit of Figure 2.10.

I=025A R,=25Q

Figure 2.10 Circuit for Example 2.7

V.
Solution: R; = 73 - V=7

Applying KVL#1, 2V =0: Vi+ Vo +V3+Vs—E=0
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There Vi =1IR; =(0.25A)(25Q)=0.625V
Vo=IR, =(025A)(5Q) =125V
Vi=1IRy=(025A)4Q)=1V

Solve for V5 from V| + Vo + V3 + V4 — E = 0:
Vi=E—-V =V, —V4=(5-0625—-125—-1)V=2.125V

V3 2125V
Therefore Ry = LN >

I 025A =[8.5Q]

2.2.5 KVL extension

Kirchhoff’s voltage law (KVL) can be expended from a closed-loop circuit to
any scenario loop in a circuit, because voltage or potential difference in the circuit
can exist between any two points in a circuit.

Figure 2.11 KVL extension

Vap in the circuit of Figure 2.11 can be calculated using KVL #2 as follows:

XV =Z2E:V+Vyp=E;
Vab =Er =V

= (10-1)V=[9V]

Example 2.8: Determine the voltage across points a to b (Vy,) in the circuit of
Figure 2.12.

Solution: V7, can be solved in two methods as follows:

—  Method 1: XV=0: M+Vap+Vs—E=0

where Vo =E—Vi—V4=(5-15V—-1)V=[25V]
—  Method 2: XV=0: Vh+V—-—VVy=0
where Vao =Vo+V3=(24+05) V=
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@

N
V1=l.5V§ §V222V
N _

§ Vy=05V

E=5V—

| +
[

+

V=1V -
+ b
®

Figure 2.12  Circuit for Example 2.8

The physical property of KVL: The results from Example 2.8 show that voltage
across two points a and b is the same, and it does not matter which path or branch
is used to solve for voltage between these two points, the result should be the
same. Therefore, the physical property of KVL is that voltage does not depend on
the path.

2.3 Kirchhoff’s current law

2.3.1 Kirchhoff’s current law (KCL) #1

Node and branch

e A node (or junction) is the intersectional point of two or more current paths
where current has several possible paths to flow.

e A branch is a current path between two nodes with one or more circuit com-
ponents in series. For instance, point A is a node in Figure 2.13, and it has six
branches. /1, I, and I3 are the currents flowing into the node A; Iy, /5, and [ are
the currents exiting the node A.

Kirchhoff’s current law (KCL) #1: The algebraic sum of the total currents at
entering and exiting a node (or junction) of the circuit is equal to zero, i.e.,| X/ = 0]

Figure 2.13 Nodes and branches
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Signs of the I in the I =0

e  Assign a positive sign (+) to the current in the equation (KCL #1) if current is
entering the node.

e Assign anegative sign (—) to the current in the equation if current is exiting the
node.

Example 2.9: Applying KCL #1 in Figure 2.13.

Solution: [ +L+5—1L—1s— I, =0]

KCL #1 | — Assign a (+) sign for current in KCL if / is entering the node.
2I=0 — Assign a (—) for current in KCL if 7 is exiting the node.

Example 2.10: Determine current /, using KCL #1 of Figure 2.14.

L=

Figure 2.14 Figure for Example 2.10

Solution: ¥/ =0: 1 —L+5+1;=0
[4212—[1—]3:20A—10A—5A:

2.3.2  Kirchhoff’s current law (KCL) #2
Kirchhoff’s current law (KCL) #2

Kirchhoff’s current law can also be expressed in another way: The total current
flowing into a node is equal to the total current flowing out of the node, i.e.,

z:1ir1 — z‘Jout
Signs of the I, in the XI;;, = 21

e  Assign a positive sign (+4) to current /;, in the equation (KCL #2) if current is
entering the node.
e  Assign a negative sign (—) to /;, if current is exiting the node.
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Signs of the I, in the X1, = X1,

e  Assign a positive sign (+) to current /,, in the equation (KCL #2) if current is
exiting the node.
e  Assign a negative sign (—) to /,,, if current is entering the node.

Example 2.11: Verify KCL #2 and KCL #1 for the circuit of Figure 2.15.

Figure 2.15 Figure for Example 2.11

Solution:
e KCL #2: Sl =S L+L=L+I+Is
Substituting / with its respective values: (15 +10) A = (7 + 8 + 10) A
25 A =25A (hence proved)
e KCL#I: /=0 L+l —I—I—Is=0
Substituting / with its respective values: (10 +15—-7—-8—-10)A =0
0A =0 (hence proved)

KCL #2 — Assign a (4) sign for [, if current is entering the node; assign a (—) sign
for [, if current is exiting the node.

SIin=21p| | — Assigna (+) for I, if current is exiting the node; assign a (-) sign for
Iy if current is entering the node.

Example 2.12: Determine the current /; at node A and B in Figure 2.16.
Solution:

. Node A: I =0: [1—[2—]3—]420
Xl = Zlow: L=L+5+1
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I A
|-
>

I

L,

B
Figure 2.16 Circuit for Example 2.12
e NodeB: X/ =0: L+L+14—1,=0

Xl = Zloue L+6L+4+1=1
or ‘[1:[2+]3+14|

Experimental circuit of KCL
KCL can be proved by an experimental circuit in Figure 2.17:

e  Measure branch currents /; and /, (entering) using two multimeters (ammeter
function).
e [} and I, are equal to the source branch current /5 (exiting). L=1I+5L=025A

2.3.3  Physical property of KCL

Water flow analogy to electric current

e Water flowing in a pipe can be analogized as current flowing in a conducting
wire with KCL.

o Water flowing into a pipe should be equal to the water flowing out of the pipe.

e In Figure 2.18, water flows in the three upstream creeks A, B, and C merging
together to a converging point and forms the main water flow out of the con-
verging point to the downstream creek.

E=10V——

Figure 2.17 Experimental circuit for KCL
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Figure 2.18 Creeks

Example 2.13: Determine current /, using KCL #2 of Figure 2.19.

Figure 2.19 Circuit for Example 2.13

Solution:

Lin=ZXlow: h+L+1s=D
Li=L—-1L—-1 Solve for I.
1,=20A—-10A—-5A : Substituting / with its respective values.

10A+5A+5A=20A, (,=Zl,) 20A=20A (Proved)

Physical property of KCL: The physical property of KVL is that charges cannot
accumulate in a node; what arrives at a node is what leaves that node.

e This results from the conservation of charges, i.e., charges can neither be
created nor be destroyed or the amount of charges that enter the node equals
the amount of charges that exit the node.

e Another property of KCL is the continuity of current (or charges), which is
similar to the continuity of flowing water, i.e., the water or current will never
discontinue at any moment in a pipe or conductor.

2.3.4 Procedure to solve a complicated problem

Steps to solve a complicated problem

1. Start from the unknown value in the problem and find the right equation that
can solve this unknown.

2. Determine the new unknown of the equation in step 1 and find the equation to
solve this unknown.
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3. Repeat steps 1 and 2 until there are no more unknowns in the equation.
4. Substitute the solution from the last step into the previous equation, and solve
the unknown. Repeat until the unknown in the original problem is solved.

It does not matter which field of natural science the problems are belonging to or how com-
plicated they are, the procedure for analyzing and solving them are all similar.

Example 2.14: Determine the current /; of Figure 2.20.

4A S A
VW\— L A
C B < 4 A
I L
2A 1A
A ——
3A

Figure 2.20 Circuit for Example 2.14

Solution:
The unknown in this problem is /;. Find the right equation to solve /;.

e AtnodeC: I+4A=L+3A (2.1) L =7 Sl = Zlow

(Besides /;, the unknown in this equation is /5.)
e Find the right equation to solve /.

Atnode B: L+3A=4A+5L+2A (22) L="7 Sl = Slou

(Besides /,, the unknown in this equation is /3.)
e Find the right equation to solve /5.

Atnode A: +4A=(5+1)A, solvefor;: L =2A Sl = Slout

(There are no more unknown elements in this equation except for /3.)
e Substitute /3 = 2A into Equation (2.2) and solve for /,:

L+3A=(44+2+2)A, so L=5A

e Substitute /, = 5A into (2.1) and solve for /;:

L +4A=(5+3)A, therefore, L =

2.3.5 Supernode

Supernode: The concept of the node can be extended to a circuit that contains
several nodes and branches, and this circuit can be treated as a supernode.
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Figure 2.21 Supernode

e The circuit between nodes a and b in Figure 2.21 within the dashed circle can
be treated as an extended node or supernode A.
e KCL can be applied to it: Zf, = Xl or I} = b.

Example 2.15: Determine the magnitudes and directions of I3, I, and I; of
Figure 2.22.

Figure 2.22  Circuit for Example 2.15

Solution:

e Treat the circuit between the nodes A and D (inside of the circle) as a super-
node, and current entering the node A should be equal to current exiting the
node D, therefore,

7= 1[=5A]

e Atnode A: Since current entering node Ais ;=5 A,
current leaving node A is L=6A,s0L>1
I; must be current entering node A to satisfy X, = X1,y
e, 1 +5L=0L or S5A+I;=6A, therefore, L=1A
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e Atnode B: Since current entering node Bis , =6 A
currents exiting node Bis I5=4 A, so ©L,>Is
1, must be current exiting node B to satisfy X7, = X/,
ie,L=IL+1Is or 6A=I+4A, therefore,
e Proveitatnode C:,=L5+1s,2A=1A+1A,2A=2 A (proved) I, = Xl

(13 is the current entering node A; I, is the current exiting node B.)

2.3.6  Some important circuit terminologies

Several important circuit terminologies

e Node: The intersectional point of two or more current paths where current has
several possible paths to flow.

e Branch: A current path between two nodes where one or more circuit com-
ponents is in series.

e Loop: A complete current path where current flows back to the start.

e Mesh: A loop in the circuit that does not contain any other loops (non-redun-
dant loop).

Note

e A mesh is always a loop, but a loop is not necessarily a mesh.

e A mesh can be analogized as a windowpane, and a loop may include several
such windowpanes.

Example 2.16: List the nodes, branches, meshes, and loops in Figure 2.23.

1 2
A D

C
3

Figure 2.23 Illustration for Example 2.16

Solution:

e Node: four nodes—A, B, C, and D

e Branch: six branches—AB, BD, AC, BC, CD, and AD
e Mesh: 1,2, and 3

e Loop: 1, 2, 3, A-B-D-C-A, A-B-D-A, etc.
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2.4 Voltage source and current source

2.4.1 Ideal voltage source

Power supply
It is a circuit device that provides electrical energy to drive the system.

A power supply is a source that can provide EMF (electromotive force) and
current to operate the circuit.

The power supply can be classified into two categories: voltage source and
current source.

Ideal voltage source
It is a two-terminal circuit device that can provide a constant output voltage Vy,
across its terminals, and is shown in Figure 2.24(a).

Voltage of the ideal voltage source, Vs, will not change even if an external
circuit such as a load Ry, is connected to it as shown in Figure 2.24(b), so it is
an independent voltage source.

The voltage of the ideal voltage source is independent of variations in its
external circuit or load.

The ideal voltage source has a zero internal resistance (Rg=0), and it can
provide maximum current to the load.

The characteristic curve of an ideal voltage source

Current in the ideal voltage source is dependent on the variations in its external
circuit.

When the load resistance R; changes, the current in the ideal voltage source
also changes since /= V/Ry.

The characteristic curve of an ideal voltage source is shown in Figure 2.24(c).
The terminal voltage V,, for an ideal voltage source is a constant, and same as
the source voltage (V,, = Vs), regardless of its load resistance Ry .

Ideal voltage source

— It can provide a constant terminal voltage that is independent
of the variations in its external circuit, Vy,, = V.

— Its internal resistance, Rg = 0.

— Its current depends on the variations in its external circuit.

VA
+
Vs
V
B [ ——— A
(a) Ideal voltage (b) Ideal voltage source (c) Characteristic curve

source with a load

Figure 2.24  Ideal voltage source
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2.4.2  Real voltage source

Real voltage source (or voltage source)

Usually a real-life application of a voltage source such as a battery, DC gen-
erator, or DC power supply will not reach a perfect constant output voltage
after it is connected to an external circuit or load, since nothing is perfect.

The real voltage sources all have a nonzero internal resistance Rg. Vy, = Vs — IRg
The real voltage source (or voltage source) can be represented as an ideal vol-
tage source Vg in series with an internal resistor Rg as shown in Figure 2.25(a).
Once a load resistor Ry is connected to the voltage source (Figure 2.25(b)), the
terminal voltage of the source V,, will change if the load resistance Ry changes.

Small internal resistance Rg

Since the internal resistance Rg is usually very small, V,, will be a little bit

lower than the source voltage Vs (V,, = Vs — IRs ).
A smaller internal resistance can also provide a higher current through the

external circuit of the real voltage source because [ T= Iﬁ (apply Ohm’s

law in Figure 2.25(b)).

Once the load resistance R changes, current / in this circuit will change, and the
terminal voltage V,, also changes. This is why the terminal voltage of the real
voltage source is not possible to keep at an ideal constant level (V,, # Vs).
The internal resistance of a real voltage source usually is much smaller than the
load resistance, i.e., Rg < Ry, so the voltage drop on the internal resistance
(IRs) is also very small, and therefore, the terminal voltage of the real voltage
source (V,p) is approximately stable:

Vab = Vs _[RS =~ VS

When a battery is used as a real voltage source, the older battery will have a higher internal

resistance Rg and a lower terminal voltage V.

Real voltage source |— It has a series internal resistance Rg, and Rg < R
(Voltage source) |— The terminal voltage of the real voltage source is V, = Vs — IRg

Vi, = IRs

lort

(a) Real voltage (b) Real voltage source (c) Characteristic curve

source with a load

Figure 2.25 Real voltage source
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Example 2.17: Determine the terminal voltages of the circuit in Figure 2.26(a) and (b).

a a
@ e
X 7
Rs < 0.005Q ss s0Q
R, § 50 R, § 50
Vs
Vs 3V
3V
4.7
—— b
b
(a) Rg=0.005 Q (b) Rg=50Q

Figure 2.26  Circuit for Example 2.17

Vs 3V
o I _ ~ 0.5994 A
When Rg = 0.005 Q, Rs+R.  (0.005 + 5) Q

Vao = IRL = (0.5994 A)(5 Q) =[2.997 V

Vs 3V
- - ~0.055 A
Rs+R. (50 + 5)Q

Vao = IR = (0.055 A)(5Q) =[0.275 V

When Rg =50 Q, 1

The internal resistance has a great impact on the terminal voltage and
current

Example 2.17 indicates that the internal resistance has a great impact on the
terminal voltage and current of the voltage source.

Only when the internal resistance is very small, can the terminal voltage of the
source be kept approximately stable, such as in Example 2.17, when

Rs=0.005Q, Vi =2997V, Vg=3V

In this case, the terminal voltage Vy;, is very close to the source voltage Vs.
But when Rg=50Q, V,,=0275 VKL Vs=3V

i.e., the terminal voltage V,, is much less than the source voltage Vs.

A real voltage source has three possible working conditions

When an external load R is connected to a voltage source (Figure 2.27(a)):

Vs
Rs + Ry

Vao =Vs —IRs, [ =
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With a load (b) Open circuit (c) Short circuit

Figure 2.27 Three states of a voltage source

Open circuit: When there is no external load Ry connected to a voltage source
(Figure 2.27(b)):

Vab = Vs, I=0

Short circuit: When a jump wire is connected to the two terminals of a voltage
source (Figure 2.27(¢c)):

Vab = 07 I = VS/RS

2.4.3 lIdeal current source

The current source is a circuit device that can provide a stable current to the
external circuit. A transistor, an electronic element you may have heard, can be
approximated as an example of a current source.

Ideal current source

An ideal current source is a two-terminal circuit device that can provide a
constant output current /g through its external circuit.

Current of the ideal current source will not change even an external circuit
(load Ry) is connected to it, so it is an independent current source.

The current of the ideal current source is independent of variations in its
external circuit or load.

Two-terminal voltage of the ideal current source is determined by the external
circuit or load.

The symbol of an ideal current source is shown in Figure 2.28(a), and its
characteristic curve is shown in Figure 2.28(b).

The ideal current source has an infinite internal resistance (Rs= o0), it can
provide a maximum current to the load.

I represents the current for current source, and the direction of the arrow is the
current direction of the source.



Basic laws of electric circuits 67

1 A

Is

» 1 ort

(a) Symbol of an ideal (b) Characteristic curve
current source

Figure 2.28 Ideal current source

— It can provide a constant output current /g that does not depend on the
Ideal current variations in its external circuit.

source — Its internal resistance Rg= c0.
— Its voltage depends on variations in its external circuit. Vy, = IsRy

Example 2.18: The load resistances of Ry are 1,000 Q and 50 €, respectively, in
Figure 2.29. Determine the terminal voltage V,, for the ideal current source in the
circuit.

i)

7Y
Iy <> 0.02 A R, § Vi

Figure 2.29 Circuit for Example 2.18

Solution:

e When R =1,000 Q, Vab = IsRL
= (0.02 A)(1,000 Q)
-

e When R =50 Q, Vab = IsRL
= (0.02A)(50 Q)

~[1V]
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The conditions of open circuit and short circuit of an ideal current source are
as follows:

e Open circuit: Vy, = o0, =0, as shown in Figure 2.30(a).
e Short circuit: Vy, =0, I =I5, as shown in Figure 2.30(b).

2.4.4 Real current source

Usually a real-life application of the current source will not reach a perfect constant
output current after it is connected to an external circuit or load, as the real current
sources all have a non-infinite internal resistance Rg.

Real current source (or current source)

e The real current source can be represented as an ideal current source /g in
parallel with an internal resistor Rg.

e Once a load resistor Ry is connected to the current source as shown in Fig-
ure 2.31, the current of the source will change if the load resistance Ry changes.

e Since the internal resistance Rg of the current source usually is very large, the
load current / will be a little bit lower than the source current /.

e Once the load resistance Ry changes, the current in the load will also change.
This is why the current of the real current source is not possible to keep at an
ideal constant level.

(a) Open circuit (b) Short circuit

Figure 2.30 Open circuit and short circuit of an ideal current source

a
L 4
1
oL .
L 4
b

Figure 2.31 A real current source
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Internal resistance

A higher internal resistance Rg can provide a higher current through the
external circuit of the real current source.

The internal resistance of a real current source usually is much greater than the
load resistance (Rs > Ry) and, therefore, the output current of the real current
source is approximately stable.

Real current source | — It has an internal resistance Rg (Rg > Ry).
(Current source) [— Rg is in parallel with the current source.

Summary

Basic concepts

Energy: the capacity to do work.

Work: a transfer of energy.

Power: the speed of energy conversion, or work done per unit of time.

Electric power: the speed of electrical energy conversion or consumption in an

electric circuit, and it is a measure of how fast electrons or charges are moving

in a circuit.

The reference direction of power:

— If a circuit has mutually related reference polarity of current and voltage:
P > 0 (absorption energy).

— If a circuit has non-mutually related reference polarity of current and
voltage: P < 0 (releasing energy).

Branch: a current path between two nodes where one or more circuit compo-

nents in series.

Node: the intersectional point of two or more current paths where current has

several possible paths to flow.

Supernode: a part of the circuit that contains several nodes and branches.

Loop: a complete current path where current flows back to the start.

Mesh: a loop in the circuit that does not contain any other loops.

Ideal voltage source: can provide a constant terminal voltage that does not

depend on the variables in its external circuit. Its current depends on variables

in its external circuit V,, = Vg, Rg = 0.

Real voltage source: with a series internal resistance Rg (Rs < Ry ), the terminal

voltage of the real voltage source is: V,, = Vs — IRg

Ideal current source: can provide a constant output current /5 that does not

depend on the variations in its external circuit, Rg= c0. Its voltage depends on

variations in its external circuit.

Real current source: with an internal resistance Rg in parallel with the ideal

current source, Rg > R;.
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Formulas

e Work: W=FS

e Power: p=r

t
2

Electric power: P =1V =I*R=";

KVL #1: V=0

— Assigna (4) sign for V or E if its reference polarity and loop direction are
the same.

— Assign a (—) sign for V or E if its reference polarity and loop direction are
opposite.

KVL #2: XV=ZXE

— Assign a (+) sign for V if its reference polarity and loop direction are the
same; assign a (—) sign for V if its reference direction and loop direction
are opposite.

— Assign a (—) sign for E if its reference polarity and loop direction are the
same; assign a (+) for £ if its polarity and loop direction are opposite.

KCL #1: ¥, =0

— Assign a (4) sign for / if current is entering the node.

— Assign a (—) sign for / if current is exiting the node.

KCL #2: Xlin = Zl oy

— Assign a (+4) sign for /;, if current is entering the node; assign a (—) sign
for [, if current is exiting the node.

—  Assign a (+) sign for [, if current is exiting the node; assign a (—) sign
for I, if current is entering the node.

Practice problems

2.1

1. ( ) is the result when a force acts on an object and causes it to

move a certain distance.

( ) is the capacity to do ( ).

( ) is a measure of how fast energy is transforming.

A device consumes 100 J energy in 5 s. Calculate its power.

The current flowing through a resistor is 1.5 A, and the power supply

in this circuit is 6 V. Determine the power transferred from the source

to the resistor.

6. The current flowing through a 220 Q resistor is 0.01 A. Determine
the power consumed by this resistor.

7. The power dissipated on a 100 Q resistor is 0.1 W. Determine the
current flowing through this resistor.

bl
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10.

11.

12.
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The power consumed by a 100 Q resistor is 1 W. Determine the
voltage of this resistor.

Calculate the power on the element according to the reference
direction and the element values in the circuit of Figure 2.32.
Determine if the resistor is absorbing or generating power.

I=0.1 A I=02A
o— —<—e o—{ —>—e
+ y=5v  _ + V=12V
(a) (b)
Figure 2.32

Four resistors are in series and connected to a 10 V voltage source. If
the voltages across three resistors are V7 =2.5V, I/, =15V, and
V4=3V, determine V5.

Determine the unknown voltage V,, in the circuit of Figure 2.33.

. 3V o+
MV

+ +

3V § Vab

min
2V

[ K

[ e

Figure 2.33

Determine the resistance R, and voltage across R, in the circuit of
Figure 2.34.

R =47Q
ANV
+ 047V -
Ry
E=20V—— +
5V
ANV a
+ 9.06 V -

Figure 2.34
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13. Calculate the power consumed by R, in the circuit of Figure 2.35.

3V
MWV

Vs=9V =

min

§R2:1009

2V
MV

Figure 2.35

2.3
14. Four resistors are in parallel. The current in the branch of the current
source is 3 A, and other branch currents are /;, =0.5 A, I, =0.8 A,
and 7, = 0.05 A, respectively, determine the branch current /3.
15. Determine the unknown currents in the circuit of Figure 2.36.

1A I

Figure 2.36

16. Determine the unknown currents in the circuit of Figure 2.37.

Figure 2.37
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17. Determine the unknown currents in the circuit of Figure 2.38.

Figure 2.38

18. Determine the nodes, branches, meshes, and at least three loops in the
circuit of Figure 2.39.

Figure 2.39

19. What is the relationship between voltage Vg and current / in the
circuit of Figure 2.40?

A R I £ B A R I £ B
+ +
(@) Vag - () Van -

Figure 2.40
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20.

21.

22.

The difference between the ideal voltage source and the real voltage

source is that the real voltage source has ( ), and its
terminal voltage is ( ); the terminal voltage of an ideal voltage
source is ( ).

The open-circuit voltage measured at the two terminals of two bat-

teries in series is 14.2 V.

(a) After the batteries are connected to a 100 Q resistor, their
terminal voltage decreased to 6.8 V; determine the internal
resistance of the batteries.

(b) Determine the terminal voltage of the batteries after the 100 Q
resistor is replaced by a 200 Q resistor.

Determine voltage V,;, in the circuit of Figure 2.41.

A
1A<>]S )
6\/7—?
- —
b

Figure 2.41
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3.1 Series resistive circuits and voltage divider rule

3.1.1 Series resistive circuits
Series circuit
There is only one path for current to flow.

e The components are connected one after the other.
e The current flow through each component is always the same.
e There is only one current path in a series circuit.

A series circuit has all its elements connected in one loop of wire (a closed circuit).

Example 3.1: An electrical circuit with three light bulbs (resistors) connected in
series (Figure 3.1).

Figure 3.1 Series circuit

A series circuit can be analogized by water flowing in a series of tanks connected

by a pipe.

e The water flows through the pipe from tank to tank. The same amount of water
will flow in each tank.

e The same is true of an electrical circuit. There is only one pathway by which
charges can travel in a series circuit. The same amount of charges will flow in
each component of the circuit.

Schematic diagrams of series resistive circuits

e Figure 3.2(b) and (c) are also series circuits but drawn in different ways.
e If the circuit elements are connected one after the other, and there is only one
current path for the circuit, it is said that they are connected in series.

SHbig

(a) (b) (©

Figure 3.2 Series resistive circuits
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3.1.2 Series voltage and resistance

Total series voltage (Vy or E)

e The voltage across the source or power supply (total voltage) is equal to the sum
of the voltage that drops across each resistor in a series circuit (Figure 3.3).

e The terminal of the resistor connecting to the positive side (4) of the voltage
source is positive.

e The terminal of the resistor connecting to the negative side (—) of the voltage
source is negative.

Calculating the total voltage
e The total voltage of a series resistive circuit (n resistors):

Vi =E=Vi+Vat---+V,]

e The total voltage V1 of a series resistive circuit can be determined by
Kirchhoff’s voltage law (KVL) and Ohm’s law.

V1 =IR\ + IRy +--- + IR, = IRy |

Total series resistance (Ryt) or equivalent resistance (R.q)

e The total resistance (Rt) of a series resistive circuit is the sum of all resistances
in the circuit.

e Calculating total or equivalent resistance of a series resistive circuit:

RT:Req:R1+R2+"'+Rn

e The total resistance (Rr) is also called the equivalent resistance (R.,) because
this resistance is equivalent to the sum of all resistances when you look through
the two terminals of the series resistive circuit.

e The total resistance of the series resistive circuit is always greater than the
individual resistance in that circuit.

3.1.3 Series current and power

Series current (/)

e The current flowing through each element in a series circuit is always the same
(there is only one current path in a series circuit).

e The current is always the same at any point in a series circuit.

R] RZ R3 Rn
V-V, - T - + ¥, -
E

Figure 3.3 Series circuit
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Calculating the current of a series resistive circuit.

Vi _E_ ViV v,
_RT_RT_Rl_R2_m Rn

Total series power (Pr)

Each of the resistors in a series circuit consumes power, which is dissipated in
the form of heat.

The total power (Pr) consumed by a series resistive circuit is the sum of power
dissipated by the individual resistor.

Since the total power must come from the source, it is actually the power
supplied by the source.

Calculating the total power

Total power: Pr=[E=IVi+1Vo +---+ 1V,

|Pr=P +P,+-+P,

EZ
or |Pr=IE=1I*Rr =2
T

The power dissipated by the individual resistor in a series resistive circuit:

"

P,=DI*R, =1V, =
1 1 1 Rl

v

Py, =DIR, =1V, =2~
2 2 2= R,

3.1.4 An example of a series circuit

Example 3.2: A series resistive circuit is shown in Figure 3.4. Determine the

following:

1. Total resistance Rt

2. Current / in the circuit

3. Voltage across the resistor R;
4. Total voltage V't

5. Total power Pt
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R,=10kQ

E() 60V Ry =20kQ

Ry=30kQ

Figure 3.4 Circuit for Example 3.2

Solution:

)
Pr = IE = (1 mA)(60 V) =[60
= (1mA

Rr =R, + Ry + Ry = (10 + 20 + 30) kQ = [60 kQ

_E 60V
TR 60kKQ
Vi = IR, = (1 mA)(10

kQ) =
Vi =IRr = (1mA)(60kQ) =[60 V], Vr=E=60V (Checked)

1 mA

or Pr = I’Ry 60 mW | (Checked)

3.1.5 Voltage divider rule (VDR)
The VDR can be exhibited by using a potentiometer (or pot).

Pot: a variable resistor whose resistance across its terminals can be varied by turning a knob.

A pot is connected to a voltage source, as shown in Figure 3.5(a).
Using a voltmeter to measure the voltage across the pot, the voltage relative to
the negative side of the 100 V voltage source is 1/2 £ =50 V when the arrow
(knob) is at the middle of the pot.

The circuit in Figure 3.5(a) is equivalent to Figure 3.5(b) since R = R; + R, = 100 k€.
The voltage will increase when the arrow moves up, and the voltage will decrease
when the arrow moves down. This is the principle of the voltage divider.

R,=50 kQ

O 100v = —> EOoov

R=100 kQ Ry=50 kQ

(a) (b)

Figure 3.5 Voltage divider
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e The voltage divider is a design technique used to create different output vol-
tages that is proportional to the input voltage.

e The voltage divider means that the source voltage E or total voltage Vr is
divided according to the value of the resistors in the series circuit.

Voltage divider rule
e General form (when there are » resistors in series):

— Ry and VY are the unknown resistance and voltage, respectively.
— Ry and Vy are the total resistance and voltage in the series circuit,
respectively.

e  When there are only two resistors in series:

I3 o,k
Ri+R’ Ri+R

Vi="rr

Memory aid: The numerator of the VDR is always the unknown resistance.

Example 3.3: Use the VDR to determine the voltage drops across resistors R, and
R; in the circuit of Figure 3.6.

R = 10kQ
EC) 60v R,=20kQ

Ry=10kQ

Figure 3.6 Circuit for Example 3.3

R

Solution: Use the general form of the VDR Vx = E R_X

T

Ry Ry 20 kQ
Vy=F—=F——— = =30V

27 Rt "RItR TR, (10 + 20 + 10) kQ

R R 10 kQ

Vi =E—=E 3 15V

= 7:6 =
Rr Ri+Ry+Rs (10 + 20 + 10) kQ

The practical application of the voltage divider can be the volume control of an audio
equipment. The knob of the pot in the circuit will eventually let you adjust the volume of the
audio equipment.
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3.1.6  Circuit ground

Electric circuit ground

e There is a ground for each electric circuit.

e A circuit ground is always at zero potential (0 V).

e A circuit ground provides a reference voltage level in which all other voltages
in a circuit are measured.

There are two types of circuit grounds: one is the earth ground, and another is the
common ground (or chassis ground).

The earth ground: connects to the earth (V= 0).

e The earth is always at zero potential (0 V) and measurements can be made by
using earth as a reference.

e An equal number of negative and positive charges are distributed throughout
the earth at any given time, the earth is an electrically neutral body.

An earth ground usually consists of a ground rod or a conductive pipe driven into the
soil.

Common ground (or chassis ground): the common point for all elements in the
circuit (V'=0).

e It is a connection to the main chassis of a piece of electronic or electrical
equipment, such as a metal plate.

e All chassis grounds should lead to earth ground, so that it also provides a point
that has zero voltage.

The neutral point in the alternating circuit (AC) is an example of the common ground.

The difference between the earth and chassis grounds
e Earth ground: connecting one terminal of the voltage source to the earth. The
symbol for it is:

e  Chassis ground or common ground: the common point for all elements in the
circuit. All the common points are electrically connected together through
metal plates or wires. The symbol for the common point is:

/77

3.1.7 Voltage subscript notation

Subscript notation
e Single-subscript notation: the voltage from the subscript with respect to ground.
In a circuit, the voltage with the single-subscript notation (such as /%) is the
voltage drop from the point b with respect to ground.
e Double-subscript notation: the voltage across the two subscripts.
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The voltage with the double-subscripts notation (such as V4,) is the voltage
drop across the two points b and ¢ (each point is represented by a subscript).

Example 3.4: Determine Vi, Vi, and V4, in the circuit of Figure 3.7.

. R,=10kQ b
AW
R,=20kQ
E 120V ¢
Ry=20kQ
Ry=10kQ
e d

Figure 3.7 Circuit for Example 3.4

Solution:

R, R,
Voe = Vg, =E-2=E
Rr R +R,+Rs Ry

=120V 20 k&2 —120vER2 4oy

N (10 +20 +20 + 10)kQ 60kQ

R+ Ry+Ry 20kQ+20kQ + 10kQ
Vbe—ET—IZOV 60 kQ =100V

R
Use the general form of the VDR Vx =E R_X
T

There the unknown voltage Vy = V., and the unknown resistance Rx = R, + R3 + Ry.

by = Voo = [100]

3.2 Parallel resistive circuits and current divider rule

3.2.1 Parallel resistive circuits

Parallel circuit: The components are connected end to end.

e There are at least two current paths in the circuit.
e The voltage across each component is the same.
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(@) b)

Figure 3.8 Parallel circuit

Ry Ry
Ry

(a) (b) (c)

Figure 3.9 Parallel resistive circuits

Parallel circuits can be analogized by flowing water

e  When water flowing in a river across small islands, the one water path will be
divided by the islands and split into many more water paths (Figure 3.8(a)).

o  When the water has passed the islands, it will become a single water path again.

Schematic diagrams of parallel resistive circuits

e Figures 3.9(a)—(c) are all parallel circuits but drawn in different ways.

e If the circuit elements are connected end to end and there are at least two
current paths in the circuit, it is said that they are connected in parallel.

3.2.2  Parallel voltage and current

Parallel voltage

e Allresistors in a parallel resistive circuit are connected between the two nodes,
the voltage between these two nodes must be the same.

e The voltage drop across each resistor must be the same.

e The voltage drop across each resistor must equal the voltage of the source £ in
a parallel resistive circuit.

e Parallel voltage: [V =E=V,=Vo=...=V,]

If all the resistors are light bulbs and have the same resistances as in Figure 3.10, they will
glow at the same brightness as they each receive the same voltage.
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Figure 3.10 'V and I in a parallel circuit

Parallel current

e If the parallel circuit was a river, the total volume of water in the river would
be the sum of water in each branch (Figure 3.8(a)).

e This is the same with the current in the parallel resistive circuit. The total
current is equal to the sum of currents in each resistive branch, and the total
current entering and exiting parallel resistive circuit is the same.

Calculating parallel current
e Calculating the total parallel current:

V
h=—=0L+L+...1,
T Req

e If resistances are different in each branch of a parallel circuit, the branch
currents will be different.
e Calculating the branch currents:

14 V

[ = — = — In:
1 R17 2 R27

4
R,

3.2.3 Parallel resistance and power

Equivalent parallel resistance

e The amount of current flowing through each branch in the parallel resistive
circuit depends on the amount of resistance in each branch.

e The total resistance of a set of resistors in a parallel resistive circuit is found by
adding up the reciprocals of the resistance values and then taking the reciprocal
of the total.

Calculating parallel resistance
e The equivalent parallel resistance for the parallel circuit:

Req =

1
1 1 1
R_1+R_2+'“+R_,,

o  Usually parallel can be expressed by a symbol of “// ” such as: Ry // R, // ... // R,
Req=Ri//Ro//...//Ru]
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e It will be more convenient to use the conductance (G) than the resistance in the

L . 1
parallel circuits. Since the conductance G = I therefore,

1
Geq:E:G1+G2+...+Gn

e  When there are only two resistors in parallel:

RiR,

R. —
e R+ R

=Ri//R, whenn =2

Note: The total resistance of the parallel resistive circuit is always less than the individual
resistance.

So, usually for parallel circuits, the equivalent resistance is used instead of the fofal
resistance.

Total parallel power

e  The total power is the sum of the power dissipated by the individual resistors in
a parallel resistive circuit.
e Calculating the total power in a parallel resistive circuit:

|Pr=Pi+P,+...+P,|

VZ
or Pr =LV = 2Ry = —
T T T fleq

Req

e The power consumed by each resistor in a parallel circuit:

5 2 5 V2 5 V2
Pi=IV=I’Ri=—, P,=LV=DL°Ry=—,..., P,=LV=I’R,=—
1 1 1 1 Rl’ 2 2 2 A2 R27 ) Rn

3.2.4 An example of a parallel circuit

Example 3.5: A parallel circuit is shown in Figure 3.11. Determine (a) R,, (b) I,
and (c) P3, given R.q=1.25 kQ, R =20 kQ, R; =2 kQ, and ;=18 mA.

Figure 3.11 Circuit for Example 3.5



86  Understandable electric circuits: key concepts, 2nd edition

Solution:

. 1 .
(a) Since Ry = o determine G, first.
2
Geq =G+ G+ G

Gy = Geq— G — G

1 1 L 025ms
Rq RI Ry 125kQ 20kQ 2kQ
1 1
" Ry=—= =4kQ
*7 G, 025mS
Req = ! = ! = 1.25kQ (Proved
@~ T 1 1 1 I r - (Proved)

R R R 20KkQ 4kQ 2kQ

E V3 I3R3 (18 mA) (2 kQ)
O == TR T 125k
eq eq eq .

(c) P3=1I2R; = (18 mA)*(2kQ) =[648 mW

= 28.8 mA

=

3.2.5 Current divider rule (CDR)
Current divider rule (CDR)

R Gx
e General form: | I, = ITR—e):l or |Lk=Ir Geq

I, and R, are the unknown current and resistance, respectively.
— It is the total current in the parallel resistive circuit.

e  When there are two resistors in parallel:

Ry
1=1It
R+ Ry
PRy
2=hp—%

e The VDR can be used for series circuits, and the CDR can be used for parallel
circuits.

Memory aid
e The CDR is similar in form to the VDR. The difference is that the denominator
(bottom) of the general form current divider is the unknown resistance.
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e  When there are two resistors in parallel, the numerator is the other resistance

(other than the unknown resistance).

R 11 the VDR Vy = = =Vr T = 2
cca € : V V V ) V V
* TRT7 ! RZ+R2/ 2 TR1+R2

Example 3.6: Determine the currents 1, I, and /5 in the circuit of Figure 3.12.

Figure 3.12  Circuit for Example 3.6

1 1
Solution:Req:Rl//Rz//Rg:1 T~ T [~ 5455Q
R RTR 0at0a 300
R 455 Q
llleﬂzéomAs Q2 32.73 mA
R 10Q
Req 5.455Q
= It =oAL

5455Q

The conclusion that can be drawn from the above example is that the greater the branch

resistance, the less the current flows through that branch, or the less the share of the total
current.

R
L =I =3 = 60 mA
R;

Example 3.7: Determine the resistance R, for the circuit in Figure 3.13.

I]
— > \VVN—
I+=30mA R=10Q
b *r—
I,=10mA
— AN

Ry

Figure 3.13 Circuit for Example 3.7
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. .. R
Solution: Solve R, from the current divider formula I, = It ——
R +R,

L(Ri+Ry) =ItRy LR, =ItR) — LR,
CRilr—£h)  10Q(30mA — 10 mA)

R
2 I 10 mA

=20Q

3.3

3.3.

Series—parallel resistive circuits

1 Equivalent resistance of a series—parallel circuit

Series—parallel circuits

The most practical electric circuits are not simple series or parallel config-
urations, but combinations of series and parallel circuits, or the series—parallel
configurations.
Many circuits have various combinations of series and parallel components,
i.e., circuit elements are series-connected in some parts and parallel in others.
Series—parallel circuit: the series—parallel circuit is a combination of series and
parallel circuits.

The series—parallel configurations have a variety of circuit forms, and some of them may
be very complex. However, the same principles and rules or laws that have been introduced
in the previous chapters are applied.

Equivalent resistance

3.3

The key to solving series—parallel circuits is to identify which parts of the

circuit are series and which parts are parallel and then simplify them to an

equivalent circuit and find an equivalent resistance.

Method for determining the equivalent resistance of series—parallel circuits:

— Determine the equivalent resistance of the parallel part of the series—
parallel circuits.

— Determine the equivalent resistance of the series part of the series—parallel
circuits.

—  Plot the equivalent circuit if necessary.

— Repeat the above steps until the resistances in the circuit can be simplified
to a single equivalent resistance Req.

Note: Determine R.q step by step from the far end of the circuit to the terminals of
the Req.

2 Analysis of the series—parallel circuits

Example 3.8: Analysis of the series—parallel circuit in Figure 3.14.

In Figure 3.14(a), the resistor Rs is in series with Rs and in parallel with Ry
and Rj3. This can be expressed by the equivalent circuit in Figure 3.14(b).
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R2 R5 RZ

Req Ry —— R, (Rs+Rg) I/ Ry // Ry

(a) (b)
Figure 3.14  Circuit for Example 3.8

e R, is in series with (Rs+ Re)//R4//R3 and in parallel with R,. That is the
equivalent resistance R.q for the series—parallel circuit,

Le., Req={[(Rs+Re)//Ra//Rs] +Ra}//Ry

Example 3.9: Determine the equivalent resistance R.q (formula) for the circuit
shown in Figure 3.15(a).

(Rs /I RgtRy) I (R7+Rg)

(b)
Figure 3.15 Circuit for Example 3.9

Solution: R., = [(Rs //Rs + R4)//(R7 + Rg) + R3]/ /R> + R,

Example 3.10: Determine the R.q for the circuit shown in Figure 3.16(a).

Rg+R;

Figure 3.16 Circuits for Example 3.10

Solution: R, = [(Rs//Ra//Rs) + Ra]//(Rs + R7) + R,
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3.3.3  Currents and voltages of a series—parallel circuit

Determine currents and voltages

After determining the equivalent resistance of the series—parallel circuit, the total
current as well as currents and voltages for each resistor can be determined by using
the following steps:

e Total current: apply Ohm’s law with the equivalent resistance solved from the
previous section to determine the total current in the series—parallel circuit.

Ir=—
Req

e Unknown currents and voltages: apply the VDR, CDR, Ohm’s law, KCL, and
KVL to determine the unknown currents and voltages in the series—parallel
circuit.

Example 3.11: Determine the currents and voltages for each resistor in the circuit
of Figure 3.17.

Figure 3.17 Circuit for Example 3.11

Solution:

o Req=(Ri//R2) + [(Rs + Rs)/ /R3]
E
=
Rea % %
o Vn=Vrn=Vw=It(Ri//R). L="2" hL=-"
1 b
R, Ry
L =1 L =T Th t divid le.
or 1 TRl +R2> 2 TRI —|—R2 € current 1vider rule
° VR3 :VR4+VR5:VBC:1T [(R4 +R5)//R3]
Vec Ve
L=-2C [5=
: R3 3 R4+ Rs
Check: IT :Il +[2 or IT :13 +14,5 KCL

VAB + VBC - E KVL
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Example 3.12: Determine the current /1 (formula) in the circuit of Figure 3.18.

Ry A C Rg
Iy Ry
Ry E o
Rs B R
L
Is Is
Figure 3.18 Circuit for Example 3.12
Solution: ]T = 15(?) + 16(?)
The method of analysis: It =? It =15+ Is, 5 =? I =?
|4
Is = AB 152@, Vap=E, Rap=7
Rap2) RaB
Rag = [(Rl//Rz +R3)//R4] + Rs
Ve
Is = = 16:@, Veo =E, Rep =7
Repr) Rep

Rcp = [(Rs + Ro)//R7] + Re

3.4 Wye (Y) and delta (A) configurations and their
equivalent conversions

3.4.1 Wye and delta configurations

Introduction to wye and delta configurations

e Sometimes, the circuit configurations will be neither in series nor in parallel,
and the analysis method for series—parallel circuits described in previous
chapters may not apply.

e For example, the configuration of three resistors R,, Ry, and R, in the circuit of
Figure 3.19(a) are neither in series nor in parallel. So how do we determine the
equivalent resistance Req for this circuit?

e If we convert this to the configuration of resistors R;, R,, and R in the circuit
of Figure 3.19(b), the problem can be easily solved,

ie, Req= [(Ri +R4)//(R2 + Re)] + R3
Y and A configurations

e  The resistors of R,, Ry, and R, in the circuit of Figure 3.19(a) are said to be in
the delta (A) configuration.
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(a) (b)
Figure 3.19 Delta (A) and wye (Y) configurations

A (Delta) Y (Wye)

R,

7 (Pi) T (Tee)

Figure 3.20 m and T configurations

e Ry, Ry, and R; in the circuit of Figure 3.19(b) is called the wye (Y) configuration.

The delta and wye designations are from the fact that they look like a triangle A and the letter
Y, respectively, in electrical drawings.

3.4.2 Tee (T) and pi (m) configurations

e The delta and wye designations are also referred to as tee (T) and pi () circuits
as shown in Figure 3.20.
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Wye (Y) or tee (T) and delta (A) or pi () configurations:

Y or T configuration:

A or 7t configuration:

Wye (Y) and delta (A) configurations are often used in three-phase AC circuits.
They can also be used in the bridge circuit that will be discussed later.

It is very important to know the conversion method of the two circuits
and be able to convert back and forth between the wye (Y) and delta (A)
configurations.

3.4.3 Delta to wye conversion (A—Y)

There are three terminals in the delta (A) or wye (Y) configurations that can be
connected to other circuits (a, b, and c as shown in Figure 3.21).

The delta or wye conversion is used to establish equivalence for the circuits
with three terminals, meaning that the resistors of the circuits between any two
terminals must have the same values for both circuits as shown in Figure 3.21.

i€,  Rucy) = Rac(a) Ravy) = Rava)  Roe(y) = Roc(a)

Figure 3.21 Delta and wye configurations
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b

b a
R, R
a NN R,
Ry R,
Rs
¢ ¢
a b
R, R,
a b
Ry
—
Ry

Figure 3.22 Delta converted to wye configuration

e Delta to wye conversion: the circuit in delta configuration is converted to wye
configuration as shown in Figure 3.22.
e Equations for delta to wye (A -Y):

RuR. R.R R.Ry

R =, =, = —_—
'""Ri+R +R’ > R +R,+R’ ° R.+Ry+Re

3.4.4 Wye to delta conversion (Y—A), Ry, and Rx

Equations for wye to delta (Y —>A)

e The circuit in wye configuration is converted to delta as shown in Figure 3.23:
e Equations for R,, Ry, and R, (Y—>A):

_ RiRy +RoR3 + B3R, R
= X ,

_RiIRy+RoR3 + B3R, R— R\Ry + RyR3 + R3R,

R
a R2 9 C R3

b

RY and R A
e If all resistors in the wye (Y) configuration have the same values,

i.e., R1 = Rz = R3 = RY
then all the resistances in the delta (A) configuration will also be the same,

ie, Ry,=R,=R.=Rnr

e [If Re=R,=R.=Rx, Ri=R,=R;=Ry]

the delta resistance R, and wye resistance Ry has the following relationship:

1
RY:§RA or RA :3RY
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a b Rc

Figure 3.23 Wye converted to delta configuration

3.4.5 An example of wye and delta conversion

Example 3.13: Convert A to Y in the circuit of Figure 3.24, then Y to A to prove
the accuracy of the equations. There the delta resistances R, =30 Q, R, =20 Q,
and R, =10 Q.

b
b a
R, Ry
a NN R,
R, Ha
R3
c c
RC
a b
Rb Ra

Figure 3.24  Circuit for Example 3.13

Solution: A —-Y:
R,Ry B (30 Q)(20 Q)

T Ra+Ry+R. 30Q+20Q+10Q
__ RR (309109
T R AR, FR 30Q+20Q+10Q
RuR 20Q)(10 Q
R ke (09)109Q) 4400

TR tR TR 30Q120Q+10Q



96  Understandable electric circuits: key concepts, 2nd edition
Y- A:

p _ RiRe+ RoRs + RsRy _ [(3.33)(5) + (5)(10) + (10)(3.33)] Q*

Ry 3.33Q
~99.95 Q7 300
333Q
2
Ry — RiRy + RyR3 + R3R, _ 99.95 Q ~200
R, 50
R\R, + RoRy + R3R, 99.95 Q2
Rc:12+23+31* ~100

R3 S 10Q

The calculated delta resistances R, =30 Q, R, =20 Q, and R, = 10 Q are the same with the
resistances that were given (proved).

3.4.6 Using A — Y conversion to simplify bridge circuits

Wheatstone bridge
e The Wheatstone bridge circuit can be used to measure the unknown resistors.
e A basic Wheatstone bridge circuit is illustrated in Figure 3.25(a).

—  Sir Charles Wheatstone (1802—-1875), a British physicist and an inventor,
is most famous for the Wheatstone bridge circuit. He was the first person
who implemented the bridge circuit when he “found” the description of
the device.

— The bridge was invented by Samuel Hunter Christic (1784—1865), a
British scientist.

(b)

Figure 3.25 Wheatstone bridge circuit
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Example 3.14: Determine the equations to calculate the total current /1 and branch
current I, for the bridge circuit in Figure 3.25(a).

Figure 3.25(a) can be converted to Figure 3.25(b) using the A —»Y equivalent
conversion.
Ry, Ry, and R; in Figure 3.25(b) can be determined by the equations of A -»Y
conversion:

RbRc RaRc RaRb

Rzi’ =, =
' Rt R AR Y Ri+Ry+R. 0 R.+Ry+R.

The equivalent resistance R.q of the bridge:

_ Rk
Req = Rs + [(R1 + R4)//(R2 + Rs)] Rof[Re = p =
E
The total current I1: It = R_eq I :%
RZ + RS R
The branch current: [y =1 L =TI
! T(Rl +R4)+(R2 +R5) 2 TR1+R2

If the wire between A and B in the circuit of Figure 3.25(a) is open, the R.q will be

Req = (Rb +R4)//(Ra + R5)

3.4.7 Balanced bridge
Balanced bridge

When the voltage across points A and B terminals in a bridge circuit shown in
Figure 3.26 is zero, i.e., V'ap = 0, the Wheatstone bridge is said to be balanced.
A balanced Wheatstone bridge circuit can accurately measure an unknown resistor.

Figure 3.26 A balanced bridge
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Determine the voltage V4 in the points A and B

The voltage Vg is the voltage from point A to ground (V) and then from ground to
point B, i.e.,

Vag = Va+ (—Va)

Rz R4 R2
Vap =E —F Vo=V
TTRIFR, TR+ Ry 27 TR+ Ry
Ry(R3 4+ R4) — Ru(R) +Ry) RyR3 — R4Ry
Vap = E =F
(R + Ra)(R3 + Ry) (R1 + R2)(R3 + Ry)

The balanced condition

e When Vg =0, or when the bridge is balanced, the numerator of the above
equation will be zero. i.e.,

R2R3 — R4R1 =0 this gives : R2R3 = R4R1

e Balanced bridge:

[When Vagp =0, RyR; = R4R; |

3.4.8 Measure unknown resistors using the balanced bridge

The method of using the balanced bridge to measure an
unknown resistor
e If the unknown resistor is in the position of R, in the circuit of Figure 3.26,
using a variable (adjustable) resistor to replace R».
o Connecting a galvanometer in between terminals A and B can measure the
small current /g in terminals A and B as shown in Figure 3.27.
Galvanometer is a type of ammeter that can measure small current accurately.

Figure 3.27 Measure an unknown R using a balanced bridge
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e Adjust R, until the current /g measured by the galvanometer or current in the A

and B branch is zero (/g = 0). This means V,g = 0, or the bridge is balanced.

e Unknown resistor R, = R, at this time can be determined by the equation of the

balanced bridge as follows:
From: Rz R3 = R4 Rl

Solving for unknown resistor R,: | Ry = Ry =

RoR;
Ry

Example 3.15: R; =100 Q, R, =330 Q, and R; =470 Q in a balanced bridge
circuit as shown in Figure 3.27. Determine the unknown resistance R,.

Solution: From: R, R; = R4 R;
RiRy _ (330 Q)(470Q)

Solving for Ry: Ry =Ry = R, = 1000 1.551 kQ

Summary

Series circuits

e Series circuit: All components are connected one after the other, there is only one
circuit path, and the current flow through each component is always the same.

e Total series voltage:

Vi=E=Vi+Vo+-+V,=IRy
Vi =IR, + IR, + -+ + IR, = IRy

e Total series resistance (equivalent resistance R.q): Rr =R+ R, +--- + R,

. Vvt E VW V,
e Seriescurrent: [ =—=—=—=—=.,..=—
Rt Rr R R R,
E2
e Total series power: Py =P, + P, +---+ P, =IE = I’Ry = =
T
e The voltage divider rule (VDR):
Ry Ry
—  General form: Vy = Vr— or Vy=E—> x=12,...,n
Ry Rt
. . . Ry R,
—  Whenthere are only two resistors in series: V) = Vi ——, Vo =Vp—
Ri+R;’ Ri+R,

e  The earth ground: connects to the earth (V'=0).

e Common ground or chassis ground: the common point for all components in
the circuit (V'=0).

e Single-subscript notation: the voltage from the subscript with respect to ground.

e Double-subscript notation: the voltage across the two subscripts.
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Parallel circuits

e Parallel circuit: The components are connected end to end, there are at least
two current paths in the circuit, and the voltage across each component is

the same.
e Parallel voltage: V=E=V=V,=---=V,
|14 vV 14
Parallel tss1=—, b=—, - I,=—, r=—=0L+L+--+],
° arallel currents: /; R’ b3 Ry’ Ay R T Req 1+ + +1,
o  Equivalent parallel resistance: Req = 1—— 1 r=R//R//- [/Rn
R71+R72+.”+R7n
R\R;
Wh =2 Rgq=—"=R|//R
o @Rk, /R

e Equivalent parallel conductance: Goq =G, + G, + - + G,
V2

e Total parallel power: Pr =P, +P, +---+ P, = ITzReq = = LtV
eq
e The current divider rule (CDR):
R G
—  General form: I, = I —2  or I, = I1—
Rx Geq
I and R, are unknown current and resistance, respectively.
. . Ry R
—  When there are two resistors in parallel: [} = Ir————, L =1Ir
Ri+R, Ri+Ry

Series—parallel circuits

e Series—parallel circuits are a combination of series and parallel circuits.
e Method of determining the equivalent resistance of series—parallel circuits:
— Determine the equivalent resistance of the parallel part of the series—
parallel circuits.
—  Determine the equivalent resistance of the series part of the series—parallel
circuits.
—  Plot the equivalent circuit if necessary.
— Repeat the above steps until the resistance in the circuit can be simplified
to a single equivalent resistance Req.

e Method for analyzing series—parallel circuits:

E
— Apply Ohm’s law to determine the total current: It = —
eq
— Apply VDR, CDR, Ohm’s law, KCL, and KVL to determine the unknown
currents and voltages.
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Wye and delta configurations and their conversions

e Y or T circuit:

e A or 7 circuit:

° A -Y:
R = RbRC _ RaRc _ RaRb
"R, AR, +R ' R, +Ry+R. " R,+Ry—+R.
e Y- A

RiRy; + RyR3 + R3R4 RiRy +RyR3 + R3Ry RiRy + RyR3 + R3Ry
Ra = R1 ) Rb = R2 ) RC = R3

o IfRa:Rb:RC :RA and R] :R2 :R3 :RY: RY = %RA OI'RA:3RY
e The balanced bridge: When Vag =0, Ry R3=R4 R,

Practice problems
3.1

1. Connect each set of resistors in Figure 3.28(a)—(c) in series between
terminals A and B (without changing the position of the resistors).

R, R, Ry
Ae—n\—s A®—W\—e e —\\\—e
R
Y R R R
S O G
B R,
Be—VA—e B

(@) (b) (c)
Figure 3.28
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2. Determine the total (equivalent) resistance for each circuit in Figure 3.29.
R, =22kQ R, =47kQ R, =10kQ R,=82kQ

Ry=1kQ
Ry=1kQ

Ry =5.6kQ

R,=22kQ Rg=10kQ
Figure 3.29

3. Determine the following values in the circuit of Figure 3.30.
(a) The current 7;
(b) The voltage Vg, across the resistor Ry;
(¢c) The total power Pr.

R =5Q
AN\

min

E=10V = R,=10Q

Ry=2Q

Figure 3.30
4. Determine the source voltage F in the circuit of Figure 3.31.

I=2mA R=25Q R,=05kQ

:

Ry=134kQ

Figure 3.31

5. Determine the voltage across each resistor in the circuit of Figure 3.32
and check the results by using KCL.

Ri=4Q R,=2Q
M ANV

mln

M

B
I
w
o]

E=20V =

Rs=7Q R,=5Q
%% NN

Figure 3.32
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6. Determine the unknown resistance in Figure 3.33 by using the VDR.

3.2

10.

1.

. R;
Hint: solve for R; from V3 = E ——————
( 3 3 (Ri+R) + R3)

Ri=4kQ R,=1kQ
2% AN

i
R3§2V

|

Figure 3.33

If the current /=1 mA, the source voltage £ = 12 V, design a
two-resistor voltage divider circuit with Vp, :%VR2 (determine
Ry and R,).

(Hint: V'R, :%VRZ, Vr, = 3VR])
Determine the voltages V4 and Vg in Figure 3.34.

4Q A M
3V
E—SVI+

Figure 3.34

B 5Q

Connect each set of resistors in Figure 3.35(a) and (b) in parallel
between terminals A and B (without changing the position of the
resistors).

&
e
:

(b)
Figure 3.35

Determine the total (equivalent) resistance R, and conductance Geq
in the circuit of Figure 3.36.

Determine the total current /1, the branch current /; and /5, and the
total circuit power Pt in Figure 3.36(a), if the source voltage is 10 V.
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R Ry R,
oq R »—WT

—> > 6.8 kQ 22kQ

(a) (b)

Figure 3.36
12.  Determine the branch current /; and 7, in the circuit of Figure 3.37.
20 mA
20 mA

[
(b)

Figure 3.37

13. Determine the unknown resistances in the circuit of Figure 3.38.

20 mA
R =10Q ® >
30 mA
12mAl R =100kQ 2R,
20 mA @
(a) (W)
Figure 3.38

33

14. Plot the series—parallel circuits described as follows:

(a) The parallel combination of R and R, is in series with the series
combination of R; and Rj,.

(b) The series combination of R; and R, is in parallel with the series
combination of R; and Rj,.

15. Plot a series—parallel circuit described as follows: a series combi-
nation of two parallel circuits with each parallel circuit having three
resistors.

16. Write the expression of the equivalent resistance for the circuit in
Figure 3.39.
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E(_) ks R, §R5 EC

N4

(a) (b)

Figure 3.39
17. Write the expression of the equivalent resistance for the circuit in
Figure 3.40.
R,
Ry Ry
Req
47
Ry 3
R6
(a) (W]

Figure 3.40

18. Calculate the branch currents /g,and /g, for the circuit in Figure 3.41
(Hint: use the CDR).

Ry=4kQ

Ry=12kQ

R;=10kQ

Figure 3.41
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19. Calculate the voltage across the resistors R4 and Rs for the circuit in
Figure 3.41.

34
20. Convert the delta circuits in Figure 3.42 to wye circuits.

a 6 kQ b c c
NV e e
3kQ 9 kQ
1 kQ 3 kQ
c a b
([ AvAVAY L
2 kQ
(a) (b)
Figure 3.42

21. Convert the wye circuits in Figure 3.43 to delta circuits.

. R, =3kQ Ry=1kQ
Ry=9Q
R,=10Q
°
(b)
Figure 3.43

22. Calculate I, and I, in the circuit of Figure 3.44 by using the method of
delta—wye conversion.

Figure 3.44
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23. Determine the unknown resistance Ry of the balanced bridge circuit
in Figure 3.45.

Ri-3k0 Ry=8kQ

Figure 3.45
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4.1 Voltage source, current source, and their
equivalent conversions

4.1.1 Source equivalent conversion

It is sometimes easier to convert a current source to an equivalent voltage source or
vice versa to analyze and calculate the circuits.
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Source equivalent conversion

e The source equivalent conversion means that if loads are connected to both the
terminals of the two sources after conversion, the load voltage V1 and current
I1 of the two sources should be the same (Figure 4.1).

e So, the source equivalent conversion actually means that the source terminals
are equivalent, though the internal characteristics of each source circuit are not
equivalent.

Conversion conditions

e If the internal resistance Rg in Figure 4.1(a) and (b) is equal, and the source
voltage is E=IgRs in Figure 4.1(a), and the source current is I = 1% in

Figure 4.1(b), then the current source and voltage source can be equivalently
converted, i.e.,

E

[E=ERs|,  [Rs=Rs], Is =4

e  When performing the source equivalent conversion, the reference polarities of
voltage and current of the sources should be the same before and after the
conversion as shown in Figures 4.1 and 4.2 (notice the polarities of sources £
and /g in the two figures).

a a
I+ I+
Rs
RL VL IS 4 § RS RL VL
TE )
b b
(a) (b)
Figure 4.1 Sources equivalent conversion
a a
——e
§ Ry
< —_—> GD Ry
|
—Eg
+
e
b b

(2) (b)

Figure 4.2 Polarity of conversion
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4.1.2 Verification of source conversion

Verification of the source equivalent conversion in Figure 4.1

The following procedure can verify that the load voltage 7 and load current /; in
two circuits of Figure 4.1(a) and (b) are equal after connecting a load resistor Ry to
the two terminals of these circuits.

e The voltage source in Figure 4.1(a):

I = L Apply Ohm’s law: [ _E
Rs + Ry, R
Ve = EL Apply the voltage divider rule: 7, = V't Ry
RS + RL Rl + RZ
VL = ]SRSL E = IsRg
Rs + R,

e The current source in Figure 4.1(b):

Rg Ry
L =1ls————— Apply the current divider rule: I, = I
L SRs+RL pply u v 2 TR]+R2
I = E E=IsR
L TR+ R =IsRs
VL =ILRy Apply Ohm’s law: V =IR
R
= 1875 Ry I :IS—RS
Rs + Ry, Rs + RL
Ry
VL =IsRs——
Rs + RL

So, the load voltages V| and currents /i in two circuits of Figure 4.1(a) and (b) are
the same, and the source conversion equations have been proved.

Source conversion summary

— Voltage source — Current source:

E
. Rs= R Is=—
Source equivalent s §: ST R
conversion

— Current source — Voltage source:
Rs = Rs, E = IsRs

4.1.3 Source conversion examples

Example 4.1: Convert the voltage source in Figure 4.3(a) to an equivalent current
source and calculate the load current /i for the circuit in Figure 4.3(a) and (b).
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(b)
Figure 4.3 Figure for Example 4.1
Solution: The equivalent current source after the source conversion is shown in
Figure 4.3(b); Rg is still 2 Q in Figure 4.3(b).
e For Figure 4.3(b):

E 6V E
Jo=— =— =3A = —
ST Ry 2Q R
Rs ZQ R1
I =1 =3A =[05A L=I
YT SR+ R 2+10)Q 27 TR+ Ry
. E 6V E
For Figure 43(a): I, = = =[05A ==
o ForFigured3@): L = = Gri00 R

Example 4.2: Convert the current source in Figure 4.4(a) to an equivalent voltage
source, and determine the voltage source E, and internal resistance Rg in Figure 4.4(b).

(e
I=5A R=5Q Rs=10Q

A\

Rg=100Q

R=5Q

E=20V S R=10Q

(a) (b)

Figure 4.4 Figure for Example 4.2

Solution: Rg =
Es = IsRs = (5A)(10Q) =
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————e
+
B R, L
SRy= Ry + R+ + Ry
|
EzT+Rsz — .
! = E=E,~E,+-+E,
Eif Rs e
(a) (b)

Figure 4.5 Voltage sources in series

4.1.4 Voltage sources in series

Voltage sources in series

e A circuit of voltage sources in series and its equivalent circuit are shown in
Figure 4.5.

e Voltage sources connected in series are similar with the resistors connected in
series.

o The equivalent internal resistance Rg for series voltage sources is the sum of
the individual internal resistances:

[Rs =Rs, +Rs, + - +Rs,

e The equivalent voltage E or Vg for series voltage sources is the algebraic sum
of the individual voltage sources.

E= E\+E+-- +E|

or

Vs=Vi+Vat---+ V|

Signs of voltage sources in series

e  Assign a positive sign (+) if the individual voltage has the same polarity as the
equivalent voltage E (or V) as shown in Figure 4.5.

e Assign a negative sign (—) if the individual voltage has a different polarity
from the equivalent voltage £ (or Vg) as shown in Figure 4.5.

A flashlight is an example of voltage sources in series, where batteries are connected in series to
increase the total equivalent voltage.

— Rs=Rg, +Rs, +---+Rg,

Voltage sources E=E +E+---+E, or Vs=Vi4+Vo+---4+V,
in series — Assign a (+) if E,, has the same polarity as £ (or Vg).
— Assign a (—) if £, has a different polarity from E (or V).
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Rg=Rg I/ Rs,// .. /| Rs

I E =E,=E,=..=E,

Figure 4.6  Voltage sources in parallel

5 Voltage sources in parallel

Voltage sources in parallel

A circuit of voltage sources in parallel and its equivalent circuit are shown in
Figure 4.6.

The equivalent voltage E or Vg for the parallel voltage sources is the same as
the voltage for each individual voltage source, i.c.,

n

’E:E1=E2=-~-=En| or ‘VS:VSIZVSZZU.:VS

The equivalent internal resistance Rg is the individual internal resistances in
parallel:

[Rs =Rs,//Rs,// - //Rs,

Note:

Only voltage sources that have the same values and polarities can be connected
in parallel by using the method mentioned above.

If the voltage sources having different values and polarities are connected in
parallel, it can be solved by using Millman’s theory that will be discussed in
Chapter 5 (Section 5.4).

An application for voltage sources in parallel

e An example of application for voltage sources connected in parallel is for
boosting (or jump starting) a “dead” vehicle.

¢ You may have experience using jumper cables by connecting the dead battery
in parallel with a good car battery or with a booster (battery charger) to
recharge that battery.

e It is the process of using the power from a charged battery to supplement the
power of a discharged battery.

e It can provide twice the amount of current to the battery of the “dead” vehicle
and successfully start the engine.

Voltage sources — Rs=Rs,//Rs,// - //Rs,

in parallel - E=F/ =FE,=---=E, or Vs =Vs, =Vs, =---=Vs,

Only voltage sources that have the same values and polarities can be in parallel.
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.6 Current sources in parallel

Current sources in parallel

A circuit of current sources in parallel and its equivalent circuit are shown in
Figure 4.7.

Current sources connected in parallel can be replaced by a single equivalent
resistance Rg in parallel with a single equivalent current /s.

The equivalent resistance Rg is the individual internal resistances in parallel:

Rs = Rs,//Rs,//---//Rs,

The equivalent current /g is the algebraic sum of the individual current sources:

Is=1Is, +1Is,+ - +1s,|

Signs of current sources in parallel

Assign a positive sign (+) if the individual current is in the same direction as
the equivalent current /.

Assign a negative sign (—) if the individual current is in a different direction
from the equivalent current /s.

Current sources Is=1Is, +1s, + -+ 1,
in parallel — Assign a (+) sign for Ig if it has the same polarity as /s.

- RS:Rsl//RSz//”'//RSn

— Assign a (—) sign for Ig  if it has different polarity from /s.

4.1

.7 Current sources in series

Current sources in series

Only current sources that have the same polarities and same values can be
connected in series.

There is only one current path in a series circuit, so there must be only one
current flowing through it.

This is the same concept as Kirchhoff’s current law (KCL), otherwise if the
current entering point A did not equal the current exiting point A in Figure 4.8,
KCL would be violated at point A.

S1

Is =Is,~Is,+ | + 15

) S0 2 - @) Ex, ORI
152 n

(2)

(®)

Figure 4.7 Current sources in parallel



116  Understandable electric circuits: key concepts, 2nd edition

3A ? 7A
A

Figure 4.8 KCL is violated at point A

Current sources Only current sources that have same polarities and values can be
in series connected in series.

Example 4.3: Determine the load voltage ¥} in Figure 4.9.

20 oy a
“W—"—' 20 a
A =
Ir
® 20D i 4V ’
S4Q 4 AS4Q _ < . _ >3
2 A 3 R=2Q 2V =7 5,46 ah—no R=202 v,
f— g8=20Q E—

80 2V
A | b A 1l
Wy I W 1f o
8Q
i 2V
2V

Figure 4.9 Figure for Example 4.3

Solution: The process of source equivalent conversion is shown in the circuit of
Figure 4.9. Determine V| by using the voltage divider rule as follows:

Vi = Vo = IRL = 2R =£
L — Vab — L—RT L _FT
(=4 -2+12)V E=(-4-2+12)V

= 2Q)=[12V]
\
2+2+442)Q Rr=(2+2+4+2)Q

4.2 Branch current analysis

4.2.1 Branch current analysis

Circuit analysis techniques

e The methods of analysis stated in Chapter 3 are limited to an electric circuit
that has a single power source.

e If an electric circuit or network has more than one source, it can be solved by
the circuit analysis techniques that are discussed in Chapters 4 and 5.

e The branch current analysis is one of several basic methods for analyzing
electric circuits.
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Branch current analysis

The branch current analysis is a circuit analysis method that writes and solves a
system of equations in which the unknowns are the branch currents.

This method applies Kirchhoff’s laws and Ohm’s law to the circuit and solves
the branch currents from simultaneous equations.

Once the branch currents have been solved, other circuit quantities such as
voltages and powers can also be determined.

The branch current analysis technique will use the terms node, branch, and
independent loop (or mesh).

Review of some circuit terminologies

Node: the intersectional point of two or more current paths where current has
several possible paths to flow.

Branch: a current path between two nodes where one or more circuit compo-
nents is in series.

Loop: a complete current path that current to flow back to the start.

Mesh: a loop in the circuit that does not contain any other loops (it can be
analyzed as a windowpane).

The circuits in Figure 4.10 have three meshes (or independent loops) and different
number of nodes (the dark dots).

4.2.2 Procedure for applying the branch current analysis

Branch current and KVL equations in which the unknowns are the branch
analysis currents.

— A circuit analysis method that writes and solves a system of KCL

— It can be used for a circuit that has more than one source.

The steps of branch circuit analysis

1.

Label the circuit:

— Label all the nodes.

—  Assign an arbitrary reference direction for each branch current.

—  Assign loop direction for each mesh (choose clockwise direction).

Apply KCL to numbers of independent nodes (» — 1), where # is the number of
nodes.

Figure 4.10 Nodes and meshes
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3. Apply KVL to each mesh (or windowpane), and the number of
KVL equations should be equal to the number of meshes, or
| Equation # = branch # — (nodes # — 1) |
Note: If the circuit with a current source, source current will be the same with the mesh
current, so the number of KVL equations can be reduced.

4. Solve the simultaneous equations resulting from steps 2 and 3, using the
determinant or substitution methods to determine each branch current.

5. Calculate the other circuit unknowns from the branch currents in the problem
if necessary.

The procedure of applying the branch current analysis method is demonstrated in the following
example.

4.2.3 Branch current analysis examples

Example 4.4: Use the branch current analysis method to determine each branch
current, power on resistor R,, and also the voltage across the resistor R; in the
circuit of Figure 4.11.

Figure 4.11  Circuit for Example 4.4

Solution: This circuit contains two voltage sources, and cannot be solved by using
the methods we have learned in Chapter 3; let us try to use the branch current
analysis method.

1. Label the circuit as shown in Figure 4.11:
—  Label the nodes a and b.
—  Assign an arbitrary reference direction for each branch current as shown in
Figure 4.11.
—  Assign clockwise loop direction for each mesh as shown in Figure 4.11.
2. Apply KCL to (n — 1) =(2 — 1) = 1 number of independent nodes:

There are two nodes aand b, .". n =2
L+bL=5% S>I=0

3. Apply KVL to each mesh. The number of KVL equations should be equal to the
number of meshes.
As there are two meshes in Figure 4.11, we should write
two KVL equations.
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or Equation # =branch # — (nodes # —1) =3 —-(2—-1)=2
- Mesh 1: 11R1—|—13R3—E1 =0 ZV:O

— Mesh?2: — LR, —LR3;+E,=0 > r=0

Recall XV = 0: Assign a positive sign (4) for £ or V=R if its reference polarity and
loop direction are the same; otherwise assign a negative sign (—).
Solve the simultaneous equations resulting from steps 2 and 3, and determine
the branch currents [, I, and /5.  Three equations can solve three unknowns.
— Rewrite the above three equations in the standard form:

L+L—-15L=0 SI=0
LR+ 0+ LRy =E S V=Y E, R, =0 (Ryis not in mesh 1).
0— LRy — R; = —E) ST¥=3"E,R =0 (R, is not in mesh 2).

—  Substitute the values into equations:

L+L—-5L=0
2, +0+3L=10V R=2Q,E =10V,R,=2Q
0—2[2_3[3:_5V R2:297E2:5V,R3:3Q

— Solve simultaneous equations using the determinant method:

1 1 -1
A=[2 0 3
0 —2 -3
= (1)(0)(=3) +(2)(=2)(=1) +(0)(1)(3) = (=1)(0)(0)
-3)(=2)(M) = (=3)@)M)
=4-(-6)—(-6)=16
0 1 -1
10 0 3
—1=5 =2 31 _(19(2)ED + (M) = (3)ANM) (g 4
A 16 '
1 0 -1
2 10 3
10 =5 31 _ ()03 +AEHED=B)EIW) g5y
A 16
1 1 0
2 0 10
L= 0 —i =5 :*(10)(*2)(11)6*(75)(2)(1)%1.88A

n~R9AL  Be[031AL  K~[ISA

Negative sign for 7, indicates that the actual direction of /, is opposite with its assigned
reference direction.
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5. Calculate the other circuit unknowns from the branch currents:
Py = 2R, = (—0.31 A’ (2Q) ~
Vi=1LR, = (2.19A)2Q) =

Example 4.5: Determine current /, in Figure 4.12 using the branch current analysis.

CD L,=6A

Figure 4.12  Circuit for Example 4.5

Solution:

1. Label the nodes, reference direction for branch currents and loop directions in
the circuit as shown in Figure 4.12.
2. Apply KCL to (n — 1) = (2 — 1) = 1 number of independent nodes.

There are two nodes or supernodes a and b, so n = 2.

- Lh+L+5+1,=0 S 1=0 (node a), I;=6A

3. Apply KVL to each mesh. There are three meshes in Figure 4.12, so we
should write 3 KVL equations.

—  Mesh 1: — LRy — bRy =—-E — E» SV=3E

—  Mesh 2: LRy, — LR; =E) SV=3FE

— Mesh 3: There is no need to write KVL for mesh 3 since mesh 3 current is already
known to be equal to the source current /4 (I; =6 A). Therefore, the numbers of loop
equations can be reduced from 3 to 2.

4. Solve the simultaneous equations resulting from steps 2 and 3, and determine

the branch current /5.
- —-15L=-25-4 —L—-15L+0L =—-65
0L +15L—-05L=4 0L +15L-05L=4
L +L+L=-6 -Lh+hL +5L=-6
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Solve the above simultaneous equations using the determinant method:

-1 —-1.5 0

A=1|0 1.5 -0.5
—1 1 1

= (—1)(1.5)(1) + (=1)(=0.5)(=1.5) — (=0.5)(1)(=1) = —2.75

-1 —-6.5 0
0 4 —-0.5
-1 -6 1

L = A

_ D@ + (=1)(=0.5)(=65) = (=05)(=6)(=1) _ | sc o

—2.75
So L ~[155A

4.3 Mesh analysis

4.3.1 Mesh current analysis

Branch current analysis vs. mesh current analysis

The branch current analysis in Section 4.2 is a circuit analysis method that
writes and solves a system of KCL and KVL equations in which the unknowns
are the branch currents.

Mesh current analysis is a circuit analysis method that writes and solves a system
of KVL equations in which the unknowns are the mesh currents (a current that
circulates in the mesh). It can be used for a circuit that has more than one source.
The branch current analysis usually is a fundamental method for understanding
mesh current analysis; mesh analysis is more practical and easier to use.

Mesh current analysis

Mesh current analysis uses KVL and does not need to use KCL.

Applying KVL to get the mesh equations and solve unknowns implies that will
have less unknown variables, less simultaneous equations, and therefore less
calculation than branch current analysis.

After solving mesh currents, the branch currents of the circuit will be easily
determined.

Mesh current
analysis

— A circuit analysis method that writes and solves a system of KVL
equations in which the unknowns are the mesh currents.
— It can be used for a circuit that has more than one source.
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4.3.2 Procedure for applying the mesh current analysis

The steps of mesh current analysis
1. Identify each mesh, and label all the nodes and reference directions for each
mesh current (a current that circulates in the mesh) clockwise.
2. Apply KVL to each mesh of the circuit, and the number of KVL equations
should be equal to the number of meshes (windowpanes).
Or Equation # = branch # — (nodes # —1)
Assign a positive sign (+) for each self-resistor voltage, and a negative sign (—)
for each mutual-resistor voltage in KVL equations.
o Seclf-resistor: a resistor that is located in a mesh where only one mesh
current flows through it.
e Mutual resistor: a resistor that is located in a boundary of two meshes and
has two mesh currents flowing through it.
3. Solve the simultaneous equations resulting from step 2 using the determinant
or substitution methods, and determine each mesh current.
4. Calculate the other circuit unknowns such as branch currents from the mesh
currents in problem if necessary (choose the reference direction of branch
currents first).

Note:

e  Convert the current source to the voltage source first in the circuit, if there is any.
e If the circuit has a current source, the source current will be the same as the
mesh current, so the number of KVL equations can be reduced.

The procedure for applying mesh current analysis method is demonstrated in the following
examples.

4.3.3 Mesh current analysis examples

Example 4.6: Use the mesh current analysis method to determine each mesh
current and branch currents /g, Ir,, and Ig, in Figure 4.13.

:
Ry I, [rs
E;=30V I, E,=20V I, E;=10V
R=10Q R,=10Q Ry=200Q
1 b

Figure 4.13  Circuit for Example 4.6
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Solution:

1.

2.

Label all the reference directions for each mesh current /; and 7, (clockwise) as
shown in Figure 4.13.
Apply KVL around each mesh, and the number of KVL equations is equal to
the number of meshes (there are two meshes in Figure 4.13).

or Equation # =branch # — (nodes # — 1) =3 -2 —-1)=2

- Mesh1:(R1—|—R2)]1—R2[2:—E1—|—E2 ZV:ZE
—  Mesh 2: —Ry1; +(R2 +R3)[2 =—-F, — E; SV=>E

Sign a (+) for each self-resistor voltage, and a (—) for each mutual-resistor voltage
in KVL.

Note: The above equations were written by inspection of the circuit
(inspection method):

First column I;  Second column I, Source E
—  Mesh 1: (Self-resistor) /; — (Mutual-resistor) [, = —E; + E;
—  Mesh 2: — (Mutual-resistor) /; + (Self-resistor) [, = —E; — E3

Solve the simultaneous equations resulting from step 2, and determine the
mesh current /; and I5:

— Mesh 1: (10+10); — 101, = =30 +20 ie., 20 —10L =—10

4.1)
— Mesh 2: =107, + (10 +20), = —20 — 10 —101, +30, = =30
4.2)
Solve for /; and I, using the substitution method as follows:
—  Solve for /; from (4.1):
1 1
200 = —10+ 10 I, I = —5 +512 4.3)

Divide by 20 on both sides.
—  Substitute /; into (4.2) and solve for /:

1 1
—10(—5 +3) +30L = =30, b =

—  Substitute /, into (4.3) and solve for /;:

(14, h=

L ==+

N —
N —
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4. Assuming the reference direction of unknown branch current I, as shown in
Figure 4.13, calculate I, from the mesh currents by applying KCL at node a:

SI=0: Iy, —Igy 4+, =0 or I —Ix,—L=0
(Since I, = —Ir, and I, = —Ig,)
I,=L—-5L=-02— (—14)=[12A]
h, =~ =[024]

I, =L =[14A]

Example 4.7: Write the mesh equations using the mesh current analysis method for
the circuit in Figure 4.14.

Figure 4.14  Circuit for Example 4.7

Solution: Convert the current source to a voltage source as shown in
Figure 4.14.

1. Label all the nodes and the reference directions for each mesh current (clock-
wise), as shown in Figure 4.14(b).

2. Apply KVL for each mesh, and the number of KVL equations is equal to the
number of meshes (there are three meshes in Figure 4.14(b)).

Or Equation # =branch #—(nodes#—1)=6—-(4—-1)=3
- Mesh 1: (R1+R2 +R3)11 7R3[27R2]3 :Est ZV:ZE
—  Mesh 2: —R3l; +(R3 + Ry +R5)[2 — Ry =F SV=>E

— Mesh3: —Ry} —R4L + (R + Ry +R5)[3 =0 SV=>E
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4.4 Nodal voltage analysis

4.4.1 Procedure for applying the node voltage analysis
Node voltage analysis

The node voltage analysis is another method for analysis of an electric circuit
with two or more sources.

The node voltage analysis is a circuit analysis method that writes and solves a
set of simultaneous KCL equations in which the unknowns are the node
voltages.

— Recall that node is the intersectional point of two or more current paths.
— Node voltage is voltage between a node and the reference node.

Node voltage neous KCL equations in which the unknowns are the node

— A circuit analysis method that writes and solves a set of simulta-

analysis voltages.
— It can be used for a circuit that has more than one source.

The steps of node voltage analysis

1.

(98

Label the circuit:

e Label all the nodes and choose one of them to be the reference node.
Usually ground or the node with the most branch connections should be chosen as the
reference node (at which voltage is defined as zero).

e Assign an arbitrary reference direction for each branch current (this step
can be skipped if using the inspection method).

Apply KCL to all » — 1 nodes except for the reference node (» is the number of

nodes).

e Method 1: Write KCL equations and apply Ohm’s law to the equations;
either resistance or conductance can be used.

— Assign a positive sign (4) for the self-resistor or self-conductor
voltage.

— Assign a negative sign (—) for the mutual-resistor or mutual-
conductor voltage.

e Method 2: Convert voltage sources to current sources and write KCL
equations using the inspection method.

Solve the simultaneous equations and determine each nodal voltage.

Calculate the other circuit unknowns such as branch currents from the nodal

voltages in the problem, if necessary.

The procedure to apply node voltage analysis method is demonstrated in the following
examples.
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4.4.2 Node voltage analysis examples

Example 4.8: Write the node voltage equations for the circuit shown in Figure 4.15(a)
using the node voltage analysis method.

Solution:

1. Label nodes a, b, and ¢, and choose ground c to be the reference node; assign
the reference current directions for each branch as shown in Figure 4.15(a).

R, a B R, b Ry

’ AV
L I, I, I
E, L,
R, R,
C
L

Figure 4.15(a) Circuit for Example 4.8

2. Apply KCL to n — 1 =3 — 1 =2 nodes (nodes a and b).
e Method 1: Write KCL equations and apply Ohm’s law to the equations.
Use resistance:

El_Va Va Va_Vb Vv
Nodea: I, — L — 5 =0 — 2 =0 [=0,1==
odea: 1 —L —13 =0, R, & R > R
Va=Ve Vo Vo+Er 14
Nodeb: [ — 14— 15 =0 - = =0 1=0=—
ode 3 — 1y —Is ; R R R > =%

—  Use conductance:

Node a: I} — I, — I35 =0, (El—Va)Gl—VaGQ—(Va—Vb)Gj,:O G=—
Nodeb: 5 —I, —I5s =0, (Va - Vb)G3 — VpyGy — (Vb +E2>G5 =0

x| -

e  Method 2: Convert two voltage sources to current sources from Figure 4.15(a)
to Figure 4.15(b), and write KCL equations by inspection.

’ AV
R3

a6 R 3R

R TR Qs

6
IH——AN——o =

Figure 4.15(b) Circuit for method 2
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—  Use conductance:
First Column (V,), second column (}V})), source Ig

Node a: (G1+G2+G3)V3—G3Vb =1 G:}q’ I=GV, Y Iw=>lu

Node b: —G3V, + (G3 + G4 + Gs)Vy = —Is

—  Use resistance:

LEL S I P I Ve e
R] R2 R3 a R3 b — 11 _Ev Z in_z out
1 1 1 1
Vet (= +— Vo = —Is

R3 at (R3 +R4 +R5> b

3. Two equations can solve two unknowns that are the node voltages V, and V.

Note:

e The inspection method is similar with the one in mesh current analysis. The
difference is that mesh current analysis uses mesh currents in each column, and
node voltage analysis uses node voltage in each column.

e Assign a positive sign (+) for the self-resistor/conductor voltage and entering
node current, and a negative sign (—) for the mutual-resistor/conductor voltage
and exiting node current.

Example 4.9: Use the node voltage analysis to calculate currents /; and /, for the

circuit shown in Figure 4.16(a) and (b).
3
=12Q
PPN G
E =60V
;

Figure 4.16 Circuit for Example 4.9

I, = 60/12=5 A (1

Solution:

1. Label nodes a and b, and choose b to be the reference node, and assign the
reference current direction for each branch as shown in Figure 4.16(b).
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2. Apply KCLton—1=2—1=1 node (node a):
Use method 1: Write KCL equations and apply Ohm’s law to the equations:

e Use resistance:

E-V, TV, v
L—-—bL+1Is=0 —— —— +6=0 =0 I=—
1 —L+1Is=0, R, % +1s > ) R
e Use conductance:
(E— V)G — VaGy+1s =0 SI=0,  G=p
3. Solve the above equation and determine the node voltage V,:
E vV, VW,
— —— ——+4+Is=0
R R R2+ s
E+1—V 1+1 Divide both sides b, ! !
i g =V, R R ivide both sides y(R—1 +R—2)
60
£ + Is <+2) A
v, = K _ 2 A 56y
o r +i 1 +i 0.125S
R R 12 24

4. Calculate the branch currents from the nodal voltages:

E—V, (60—56)V _
I = =g ~[03BA

Ry

T __56VN —
[2__172_ 24Q~

Use method 2:
Convert voltage source to current source from the circuit of Figure 4.16(a) to

the circuit of figure 4.16(c):

E
h=E_9_sA  Rr/R=12/24=80
R 12

p ©

L
— M1n=5a

CD],=5A R=120Q R2:24QCDIS:2A R/IR, GDIS:QA

1
o
f——AMA\—<—s ®
- >

il

Figure 4.16(c) Circuit for Example 4.9 (cont.)
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e Write KCL equation to node a using the inspection method:

Va

V
Rl//RZ 1 + S R ? Z mn Zlout

Vo= (L +1s)(R1//R:) = (5A+2A)(8Q) = . Multiply both sides by R, //R,.
(V, is the same as that of method 1.)

Example 4.10: Write node voltage equations with resistances and conductances in
the circuit of Figure 4.17 using the inspection method.

Rs

Figure 4.17  Circuit for Example 4.10

Solution:

1. Label all nodes a, b, ¢, and d (n = 4) in the circuit as shown in Figure 4.17, and
choose d to be the reference node.
(The step to assign each branch current with reference direction is skipped since this
example is using the inspection method.)
2. Write KCL equations to n — 1 =4 — 1 = 3 nodes using the inspection method.
e Use resistance:
First column (V,), second column (}},), third Column (V,), source Ig

1 1 1 1 |4
Node a: — +— | Va——=—Ve —— V.= I I=—
oded (R1+R5> a Rl b R5 ¢ S R
1 1 1 1 1
Node b: ——V. —4+—+— | Vo= Vec=0
ode R a+(R1+R2+R3> b R C

1 1 1 1 1
Node c: _R_5Va_R_3Vb+(_+_+_>VCZO
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e Use conductance:
Node a: (G + Gs)Vy — G Vy — GsVe =I5
Node b: —GVa+ (G + G+ G3)Vy— G5V, =0
Node c: —GsVa— G35V + (G3+ G4+ Gs)V. =0

3. Three equations can solve three unknowns (node voltages V,, V;, and V).

4.4.3 Node voltage analysis vs. mesh current analysis

When to use the node voltage analysis or mesh current analysis?

The choice between the mesh current analysis and the node voltage analysis is often
made on the basis of the circuit structure.

e The node voltage analysis is preferable for solving a circuit that is a parallel
circuit, with current source(s), less nodes and more branches, and thus it is
more convenient to solve circuit unknowns.

e The mesh current analysis is preferable for solving a circuit that has fewer
meshes, more nodes, with voltage sources and requires solving circuit branch
currents.

Summary

Source equivalent conversions and sources in series and parallel

E

e Voltage source — Current source: Rs= Ry Is= Re
s

Current source — Voltage source: Ry = Rs E = I3Rs

Voltage sources in series:
Rs = Rs, + Rs, + -+ Rs,
E=E+E+---+E, or Ve =Vs, + Vs, + -+ Vs,

Assign a positive sign (+) if £, has the same polarity as E (or Vs), otherwise assign a
negative sign (—).
e Voltage sources in parallel:

Rs = Rs, //Rs, /- IIRs,
E:E1:E2:~--:En or VS:VSIZVSZZ"‘:VS,,

Only voltage sources that have the same values and polarities can be in
parallel.

e Current sources in series: Only current sources that have the same polarities
and values can be connected in series.
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Branch current analysis

e Branch current analysis: A circuit analysis method that writes and solves a
system of KCL and KVL equations in which the unknowns are the branch
currents.

e Procedure for applying branch current analysis:

1.

Label the circuit:

— Label all the nodes.

— Assign an arbitrary reference direction for each branch current.

—  Assign loop direction for each mesh (choose clockwise direction).
Apply KCL to numbers of independent nodes (n —1), where n is the
number of nodes.

Apply KVL to each mesh, and the number of KVL equations should be
equal to the number of meshes, or Equation # = branch # — (nodes # —1).
Solve the simultaneous equations resulting from steps 2 and 3, and
determine each branch current.

Calculate the other circuit unknowns from the branch currents in the
problem if necessary.

Mesh current analysis

e Mesh current analysis: A circuit analysis method that writes and solves a
system of KVL equations in which the unknowns are the mesh currents.
e Procedure for applying mesh current analysis:

1.

2.

Identify each mesh, and label all the reference directions for each mesh
current (a current that circulates in the mesh) clockwise.
Apply KVL to each mesh of the circuit, and the number of KVL equations
should be equal to the number of meshes, or Equation # = branch # —
(nodes # —1).
Assign each self-resistor voltage as positive, and mutual-resistor voltage
as negative in KVL equations.
—  Self-resistor/conductor: a resistor/conductor that only has one mesh
current flowing through it.
—  Mutual-resistor/conductor: a resistor/conductor that has two mesh
currents flowing through it.
Solve the simultaneous equations resulting from step 2 and determine each
mesh current.
Calculate the other circuit unknowns such as branch currents from the
mesh currents in the problem if necessary (choose the reference direction
of branch currents first).

Nodal voltage analysis

e Nodal voltage analysis: A circuit analysis method that writes and solves a set
of simultaneous of KCL equations in which the unknowns are the node
voltages.
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Procedure for applying nodal voltage analysis
Label the circuit:

1.

W

Label all the nodes and choose one of them to be the reference node.
Assign an arbitrary reference direction for each branch current (this
step can be skipped if using the inspection method).

Apply KCL to all » — 1 nodes except for reference node (» is the number
of nodes).

Method 1: Write KCL equations and apply Ohm’s law to the equa-
tions; either resistance or conductance can be used. Assign a positive
sign (+) for the self-resistor or self-conductor voltage and a negative
sign (—) for the mutual-resistor or mutual-conductor voltage.
Method 2: Convert voltage sources to current sources and write KCL
equations using the inspection method.

Solve the simultaneous equations and determine each nodal voltage.
Calculate the other circuit unknowns such as branch currents from the
nodal voltages in problem if necessary.

Note: Branch current analysis, mesh current analysis, and node voltage analysis

can be used for a circuit that has more than one source.

Practice problems

4.1

Convert a voltage source with £ =18 V and Rg =6 Q to an equiva-
lent current source.

Convert a current source with /s =1.5A and Rs =3 Q to an
equivalent voltage source.

Calculate the load current /i in the current source circuit of
Figure 4.18. Then calculate the load current /1 again after converting
the current source to an equivalent voltage source. Compare it with
the I; determined from the current source circuit.

[SZSmACD RsS 1000 §RL=1kQ

Figure 4.18

4. Determine the current /i in the circuit of Figure 4.19.
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IL L

A rzae M2a zake Qra g2ko RL:1k9:> 5® w2 A 1ko

Figure 4.19

4.2
5. List the number of nodes n, the number of branches, and the number
of independent loops (meshes) for the circuit in Figure 4.20.

R, R, R,

WY WY 4 WY
R,
£ IL ! & §
E
¥ 2
J P
MV AMNV—8

R8 E RlO
R [
AN

Figure 4.20

6. Determine the current in each branch of the circuit in Figure 4.21
using the branch current analysis method.

R3
M
9.1 kQ
R, 212kQ R, S1.1kQ
‘ R, <82kQ
E,—9v—rr _‘szw
Figure 4.21

7. Solve for branch current / in Figure 4.22 using the branch current
analysis method.

1=12 A(Y

Figure 4.22
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4.3.
8. Write mesh equations for the circuit in Figure 4.23.

Rl%GKQ &3 2ka Ry Z SKQ
E,= E,Y=12V E : 18V
"oV 2] 3TTF
R, T R
——— MW ® ANMN——0
3 KQ 2 KQ
E,=10V
] s
Il
Figure 4.23

9. Determine the mesh current /;, I, and voltage Vg, in the circuit of
Figure 4.24 using the mesh current analysis method. (Hint: Convert
the current source to the equivalent voltage source first.)

E,=4V
7 _
1=2mAGD q /[a Es=6V

R, =1kQ R,=0.56 kQ
R,=0.820Q

Figure 4.24

10. Determine the mesh currents and voltage Vap in the circuit of
Figure 4.25 using the mesh current analysis method. (Hint: Convert
the current source to the equivalent voltage source first.)

AI:I.SAB

DE=av

Figure 4.25
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4.4
11. Determine the branch currents 7, and I, in the circuit of Figure 4.26
using the nodal voltage analysis method.

Ry=60Q
h R,=340
_ E,=40V
n=037a() R=82Q : §R5=4OQ
I
b Ry=340
Rg=470Q
ANV
Figure 4.26

12.  Determine the nodal voltage V, in the circuit of Figure 4.27 using the
nodal voltage analysis method.

@~

(Pi=34  Zr-20

hd
Figure 4.27

13. Determine the nodal voltage V, in the circuit of Figure 4.28 using the
nodal voltage analysis method.

Figure 4.28
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Introduction to the network theorems

Limitations of DC circuit analysis methods

e The main methods for analyzing series and parallel circuits in Chapter 3 are
Kirchhoff’s laws.

e The branch current method, mesh, or loop analysis method and node voltage
analysis method also use KCL and KVL as the main backbone.
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When the practical circuits are more and more complex, the applications of the
above methods solving for currents and voltages can be quite complicated.
This is because you need to solve the higher-order mathematic equations when
using these methods.

Network theorems

The scientists working in the field of the electrical engineering have developed
more simplified theorems to analyze these kinds of complex circuits. (The
complicated circuit is also called the network.)

This chapter presents several theorems useful for analyzing such complex cir-
cuits or networks. These theorems include the superposition theorem, Thevenin’s
theorem, Norton’s theorem, Millman’s theorem, and the substitution theorem.
In electric network analysis, the fundamental rules are still Ohm’s law and
Kirchhoff’s laws.

Network A network is a complicated circuit.

Linearity property

5.1

5.1

The linearity property of a component describes a linear relationship between
cause and effect.

The pre-requirement of applying some of the above network theorems is that
the analyzed network must be a linear circuit.

A linear circuit has an output that is directly proportional to its input. The
components of a linear circuit are the linear components.

An example of linear component is a linear resistor. The voltage and current
(input/output) of this linear resistor have a directly proportional (a straight line)
relationship.

Superposition theorem

1 Steps to apply the superposition theorem

Superposition theorem

When several power sources are applied to a single circuit or network at the
same time, the superposition theorem can be used to separate the original net-
work into several individual circuits for each power source working separately.
Then, use series/parallel analysis to determine voltages and currents in the
modified circuits.

The actual unknown currents and voltages with all power sources can be
determined by their algebraic sum; this is the meaning of the theorem’s
name—*‘superimposed.”

Superposition
theorem

The unknown voltages or currents in a network are the sum of the
voltages or currents of the individual contributions from each single
power supply, by setting the other inactive sources to zero.
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Steps to apply the superposition theorem

1. Turn off all power sources except one.
— Replace the voltage source with the short circuit (placing a jump wire).
—  Replace the current source with an open circuit.
—  Redraw the original circuit with a single source.
2. Analyze and calculate this circuit by using the single source series-parallel
analysis method.
Repeat steps 1 and 2 for the other power sources in the circuit.
4. Determine the total contribution by calculating the algebraic sum of all con-
tributions due to single sources.

W

Note:

e  The result should be positive when the reference polarity of the unknown in the
single source circuit is the same as the reference polarity of the unknown in the
original circuit; otherwise, it should be negative.

e The superposition theorem can be applied to the linear network to determine
only the unknown currents and voltages. It cannot calculate power, since

power is a nonlinear variable. (Power can be calculated by the voltages and currents
that have been determined by the superposition theorem.)

5.1.2  Superposition examples

Example 5.1: Determine the branch current /. in the circuit of Figure 5.1(a) by
using the superposition theorem.

Solution:

1. Choose E; to apply to the circuit first and use a jump wire (short circuit) to
replace E, as shown in Figure 5.1(b).

Figure 5.1 Circuit for Example 5.1

2. Calculate 1. in the circuit of Figure 5.1(b):

16 x (8 +8)

Ry’ = Rs//(R R R R)=|——=
q s//(R3 + R4) + (R1 + Ry) 6+ (8+8)

+(8+8)|Q
R|R,

=24Q Reg=—
Ri+R,
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(view from the E, branch in the circuit of Figure 5.1(b) to determine R. ')

E; 48V E
IL'=——=——=2A I1=—
© Ry 24Q R

R; +R Q R
[c/ _ [a/ 3+ Ry —2A (8+8) _ L=l 1
(R3 + R4) + Rs (8+8+16)Q Ri+Ry

3. When E, is applied to the circuit, replace £; with a short circuit as shown in
Figure 5.1(c), and calculate 7.”:

16 x (8 +8)

Req” = RS //(Rl +R2) + (R3 +R4) - m

+(8+8)|Q
R]Rz

=240 -
R, +R,

eq

(view from the £, branch in the circuit of Figure 5.1(c) to determine Req")

E, 24V E
I”: :—:lA I:_
® TRy 24Q R
R+ Ry (8+8)Q R,
L =112 (A _g5A L=1
© 7 (R, +Ry) + Rs ( )(8+8+16)Q TR 1R,

4. Calculate the sum of currents 1.’ and 1,”:

c=1 +1"=(1+05)A=[15A]

Example 5.2: Determine the branch current /; and power P, of the circuit in
Figure 5.2(a) by using the superposition theorem.

Solution:

1. When E is applied only to the circuit (using an open circuit to replace the
current source I;), calculate I’ by assuming the reference direction of I’ as
shown in Figure 5.2(b):

I
+
) (

(@) (b °)

Figure 5.2 Circuit for Example 5.2
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2. Calculate I’ in the circuit of Figure 5.2(b):

E 25V E

l— — e f— e

D= Rmy R 100 100 Q_O.ZSA—ZSOmA =%
100 + 100

3. When the current source /; is applied only to the circuit only (the voltage
source E is replaced by a jump wire), the circuit is as shown in Figure 5.2(c).
Calculate ,” by assuming the reference direction of I,” as shown in the circuit
of Figure 5.2(c):

R, 500 R,

L =L — _50mA —25mA L=l

2 TR T RIR, M 50+ 100100 m =R TR,
100 + 100

(Apply the current divider rule to the branches R, and R, // R3.)
4. Calculate the sum of currents I’ and I,":

L=-L'+5L"=-250mA +25mA = —225mA = —{0.225 A

e I/ is negative as its reference direction in Figure 5.2(b) is opposite to that
of I, in the original circuit of Figure 5.2(a).
e The negative I, implies that the actual direction of 7, in Figure 5.2(a) is
opposite to its reference direction.
5. Determine the power P5:

Py = L’Ry = (—0.225 A)*(100 Q) ~ 5.06 W P=I"R

Example 5.3: Determine the branch current /3 in the circuit of Figure 5.3(a) using
the superposition theorem.

I, R=0375kQ

Ri=03kQ 2R =055kQ

3 R,=0.45kQ CD I=5mA =

E=125v C) E=5V
@
Rl RT 1“5' Rl R [3
I, IR, R
E, R, + 1 4 R,
L E2
(b) (© (d

Figure 5.3 Circuit for Example 5.3
Solution:

1. Choose E to apply to the circuit first and use a jump wire to replace £, and an
open circuit to replace the current source / as shown in Figure 5.3(b).
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!

2. Use the circuit in Figure 5.3(b) to determine /5

[ / = ﬂ = El
' " Ref (Rs+Ra)/IR,+ R
B 12.5V RiR,
03751045 <055 T O ° 19.84 mA Iy
(0.375+0.45) + 0.55 '

Ry 0.55kQ
L'='——"——=(19.84mA ~7.94 mA
S T wm Ry - MM S T 0 08 ko o

(Apply the current divider rule to the branches R, and (R3 + Ry4).)
— R2
Iy TR AR,
3.
e  Use the circuit in Figure 5.3(c) to determine 13":
I "n_ E2 _ E2
> TRy’ (Rs+Ry)/R +Ry
_ SV ~ _ RiR,
T 03751045 < 03) T 649mA  Ra=pp
(0.37540.45) +0.3 '
R, 0.3 kQ
L'=L"————— = (649mA ~ 1.73 mA
S S Ty R A X S e LI W o) m
(Apply the current divider rule to the branches R and (R3 + R4).)
=Ry,
e Use the circuit in Figure 5.3(d) to determine 13"
R 0.45 kQ
B = (R\//R —|—4R TR - O 3% 053
1//Ry + R3 4 . :
—— + 0.375 0.45| kQ
(@35r033+0375) +o45]
~2.21 mA
(Apply the current divider rule to the branches R4 and (R,//R, + R3).)
L TR1 + R,

4. Calculate the sum of currents /3’, Iz”, and 3"

L=LK+5"-L"=794mA +1.73mA — 2.21 mA =|7.46 mA

L is negative since its reference direction is opposite to that of /3 in the original circuit of
Figure 5.3(a).
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5.2 Thevenin’s and Norton’s theorems

5.2.1 Introduction to Thevenin’s and Norton’s theorems

Background

e Thevenin’s and Norton’s theorems are two of the most widely used theorems
to simplify the linear circuit for the ease of network analysis.

e In 1883, the French telegraph engineer M. L. Thevenin published his theorem
of the network analysis method.

e Forty-three years later, an American engineer E. L. Norton in Bell Telephone
laboratory published a similar theorem, but he used the current source to
replace the voltage source in the equivalent circuit.

Introduction to Thevenin’s and Norton’s theorems
e These two theorems state that any complicated linear two-terminal network
with power supplies can be simplified to an equivalent circuit that includes
— an actual voltage source (Thevenin’s theorem),
— or an actual current source (Norton’s theorem).
o The “linear two-terminal network with power supplies” means:
—  Network: the relatively complicated circuit.
— Linear network: the circuits in the network are the linear circuits.
—  Two-terminal network: the network with two terminals that can be con-
nected to the external circuits.
—  Network with the power supplies: network includes the power supplies.
e Any combination of power supplies and resistors with two terminals can be
replaced by
— a single voltage source and a single series resistor for Thevenin’s
theorem.
— a single current source and a single parallel resistor for Norton’s
theorem.

5.2.2  Thevenin and Norton equivalent circuits
Thevenin and Norton equivalent circuits

e No matter how complex the inside construction of any two-terminal network

with power supplies is, they can all be illustrated in Figure 5.4(a).

e According to Thevenin’s and Norton’s theorems, we can draw the following
conclusion:

—  Any linear two-terminal network with power supplies can be replaced by
an equivalent circuit as shown in Figure 5.4(b) or (c).

—  The equivalent means that any load resistor branch (or unknown current
or voltage branch) connected between the terminals of Thevenin’s or
Norton’s equivalent circuit will have the same current and voltage as if it
was connected to the terminals of the original circuit.

— Thevenin’s and Norton’s theorems allow for the analysis of the perfor-
mance of a circuit from its terminal properties only.
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b
! —@----oo-
é) %) § Ry (b) Thevenin’s theorem

R
(a) Linear two-terminal network CDI N N §. Ry
with the power supplies b i

(c) Norton’s theorem

Figure 5.4 Thevenin’s and Norton’s Theorems

Thevenin’s and Norton’s theorems

Any linear two-terminal network with power supplies can be replaced by a simple
equivalent circuit, which has a single power source and a single resistor.

Thevenin’s Thevenin’s equivalent circuit is a voltage source—with an equivalent
theorem resistance Rty in series with an equivalent voltage source Vry.

Norton’s Norton’s equivalent circuit is a current source—with an equivalent
theorem resistance Ry in parallel with an equivalent current source /Iy.

5.2.3 Egquivalent resistance and voltage/current
Rru, Vru, Ry, and Iy

e Any combination of power supplies and resistors with two terminals can be
replaced by a single voltage source and a single series resistor for Thevenin’s
theorem, and replaced by a single current source and a single parallel resistor
for Norton’s theorem.

e The key to applying Thevenin’s and Norton’s theorems is to determine the
equivalent resistance Rty and the equivalent voltage Vry for Thevenin’s
equivalent circuit, and the equivalent resistance Ry and the equivalent current
Iy for Norton’s equivalent circuit.

e The value of Ry in Norton’s equivalent circuit is the same as Ryy of Theve-
nin’s equivalent circuit.

— The “TH” in Vry and Rty means Thevenin.
— The “N” in Iy and Ry means Norton.
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Note:

Thevenin’s and Norton’s theorems are used very often, as it is often neces-
sary to calculate the load (or a branch) current or voltage in practical
applications.

The load resistor can be varied sometimes (for instance, the wall-plug can
connect to 60 W or 100 W lamps). Once the load is changed, the whole circuit
has to be reanalyzed or recalculated.

If Thevenin’s and Norton’s theorems are used, Thevenin’s and Norton’s
equivalent circuits will not be changed except for their external load branches.
The variation of the load can be more conveniently to determine by using
Thevenin’s or Norton’s equivalent circuits.

5.2.4 Procedure for applying the Thevenin’s and

Norton’s theorems

Steps to apply Thevenin’s and Norton’s theorems

1.

2.

Open and remove the load branch (or any unknown current or voltage branch)
in the network, and mark the letters a and b on the two terminals.

Determine the equivalent resistance Rty or Ry. It equals the equivalent resis-
tance, looking at it from the a and b terminals when all sources are turned off or
Rrii = Ry = Ru |

A voltage source should be replaced by a short circuit.

A current source should be replaced by an open circuit.

equal to zero in the network. That is,

e Determine Thevenin’s equivalent voltage Vry. It equals the open-circuit
voltage from the original linear two-terminal network of a and b, i.e.,
Vi = Vap

e Determine Norton’s equivalent current Iy. It equals the short-circuit cur-
rent from the original linear two-terminal network of a and b,

ie., IN = I where “sc” means the short circuit.

Plot Thevenin’s or Norton’s equivalent circuit, and connect the load branch (or
unknown current or voltage branch) to a and b terminals of the equivalent
circuit. Then the load (or unknown) voltage or current can be determined.

The above procedure for analyzing circuits by using Thevenin’s and Norton’s theorems is illu-
strated in the circuits of Figure 5.5.
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Thevenin and Norton equivalent circuits

a
a T
a Ry i
Vin=Vab f v § Ry,
| o TH !
a % b P
e o b
i a
i e
E=
¢ ;RL 7 =0 | Rmn=Ry=Rae
H S e
b E b a
e o * &
N . N |
A Ry § R
IN = ]sc ( ]N i -
j b |

b

Figure 5.5 The procedure for applying Thevenin’s and Norton’s theorems

5.2.5 Thevenin/Norton equivalent example

Example 5.4: Determine the load current /i in the circuit of Figure 5.6(a) by using
Thevenin’s and Norton’s theorems.

E=48V

R =12Q

(a)
Figure 5.6(a) Circuit for Example 5.4

Solution:

1.  Open and remove the load branch Ry, and mark a and b on the terminals of the
load branch as shown in the circuit of Figure 5.6(b).

Figure 5.6(b)
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2. Determine Thevenin’s and Norton’s equivalent resistance Rty and Ry (the
voltage source is replaced by a short circuit) in the circuit of Figure 5.6(c).

Figure 5.6(c)

R\R;
Ri+R,

Rty = Ry = Ry = R /IRy /IR5 = (12//12//12)Q:4Q Reg=

e Determine Thevenin’s equivalent voltage Vry: Use the circuit in Fig-
ure 5.6(d) to calculate the open-circuit voltage across the terminals a and b.

E-4sv ()

(d)

Figure 5.6(d)

Ry //R; (12//12) Q RiR,
e T R Y Ry /IR, ( )(12+12//12)Q TR+ R,
Apply the voltage divider rule to the resistors R,//R3 and R,
R,
Vo=V
TR+ R

e Determine Norton’s equivalent current /y: Use the circuit in Figure 5.6(e)
to calculate the short-circuit current in the terminals a and b.

Figure 5.6(e)
E 48V E

N=I¢ =—=——=4A I=—
NTECTR T 120 R

Since the current in the branch £ and R; will go through a short circuit without
resistance—through the branch a and b—and will not go through the branches R, and
R; that have resistances, in this case =g
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4. Plot Thevenin’s and Norton’s equivalent circuits as shown in Figure 5.6(f) and
(g). Connect the load Ry to a and b terminals of the equivalent circuits and
determine the load current 7 .

e Use Thevenin’s equivalent circuit in Figure 5.6(f) to determine 1y .

Figure 5.6(f)

Vru 16 V
= = ~[1.33A 1=
Rmu+R. (4+8)Q

I

NI

e Use Norton’s equivalent circuit in Figure 5.6(g) to calculate 7y .

I =4A R =8Q

o

(€]
Figure 5.6(g)

RN 4Q

= 4A ~|1.33A
Ry + R (4+8)Q

(Apply the current divider rule to the resistors Ry and Ry.)

I =1y

5.2.6 Viewpoints of Thevenin’s and Norton’s equivalent circuits
Viewpoints
e One important way to apply Thevenin’s and Norton’s theorems for analyzing

any network is to determine the viewpoints of Thevenin’s and Norton’s
equivalent circuits.
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Figure 5.7(a) Viewpoints for the theorem

The load branch (or any unknown current or voltage branch) belongs to the

external circuit of the linear two-terminal network with power sources. The

opening two terminals of the branch are the viewpoints for Thevenin’s and

Norton’s equivalent circuits.

There could be different viewpoints for the bridge circuit as shown in

Figure 5.7(a).

— If we want to determine the branch current /5, we use A—B as viewpoints.

— If we want to determine the branch current /,, we use D—C as viewpoints,
etc.

Different equivalent circuits and results will be obtained from using different

viewpoints.

Example 5.5: For the circuit in Figure 5.7(a):

(a) Plot Thevenin’s equivalent circuit for calculating the current /3.
(b) Determine Norton’s equivalent circuit for the viewpoints B—C.
(c) Determine Thevenin’s equivalent circuit for the viewpoints D—B.

Solution:

(a) The viewpoints for calculating /5 should be A-B (Figure 5.7(a)).

1. Open and remove Rj in the branch A-B of Figure 5.7(a) and mark the
letters a and b, as shown in the circuit of Figure 5.7(b).

(b)

Figure 5.7 (b) Figure (b) for Example 5.5
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2. Determine Rty and R,;,. Replace the voltage source £ with a short circuit,
as shown in the circuit of Figure 5.7(c).

Figure 5.7(c)

R\R,
Rt = Rap = (R2//R4) /IR Req=
TH ab = (Ra//R4) /IR TR TR
3. Determine Vry using the circuit in Figure 5.7(d).
Figure 5.7(d)
Vin = Vi = E——— 2 R
TH = Tab ™ R1+R2//R4 ' TR1+R2

4. Plot Thevenin’s equivalent circuit as shown in the circuit of Figure 5.7(¢).
Connect R; to the a and b terminals of the equivalent circuit and deter-
mine the current /3:

© b B
Figure 5.7(e)

_ Vru
Rt +R3
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(b) Norton’s equivalent circuit for the viewpoints B—C.
1. Open and remove Ry in the branch B—C of Figure 5.7(a), and mark

the letters a and b on the two terminals as shown in the circuit of
Figure 5.7(f).

Figure 5.7(f)

2. Determine Ry. Replace the voltage source with a short circuit as
shown in the circuit of Figure 5.7(g).

° R, Ry
® aé B
Ry Rry = Ry
A 4 ‘
b C
(2)

Figure 5.7(g)

3. Determine Iy using the circuit in Figure 5.7(h):

ISC
(h)
Figure 5.7(h)
Ay S— = R, — R
N_T_Rl//R3 TR’ eq_R1+R2

(Since the current will go through the short circuit without resistance—the

branch a and b—and will not go through the branch with resistance R,, in this
case Iy =It.)
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4. Plot Norton’s equivalent circuit as shown in the circuit of Figure 5.7(i).

J
[

AN

S

c e
@}

@
Figure 5.7(i)
(c) Thevenin’s equivalent circuit for the viewpoints D-B:

1. Open branch D-B (Figure 5.7(a)) and mark the letters a and b on the
two terminals as shown in the circuit of Figure 5.7(j).

Ry Ry
E
D s o B
R, Ry
. £
0 -

Figure 5.7(j)

2. Determine Rry. Replace the voltage source with a short circuit as
shown in the circuit of Figure 5.7(k).

. R, R;
D s38 —) SR 2R R, IR,
a
[ ] Rz R4
L L -
((§] N N
Figure 5.7(k)
R\R;)
Rty = Ry, = (R //R R3//R Req =
TH ab = (R1//R2) + (R3//Ry4) "Rk
3. Determine Vry using the circuit in Figure 5.7(j):
Ry R4 R

Vin =V = Va+ (—Vp) =E —E
=V =Vat (=) Ry +R, Ry + Ry Ri+R;
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4. Plot Thevenin’s equivalent circuit as shown in the circuit of
Figure 5.7(1).

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, D
e,
Ry
Vru
e
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, B

Figure 5.7(1)

5.2.7 Norton’s theorem examples

Example 5.6: Determine current /; in the circuit of Figure 5.8(a) by using Norton’s
theorem.

(a)

Figure 5.8(a) Circuit for Example 5.6

Solution:

1. Open and remove Ry in the load branch (Figure 5.8(b)) and mark the letters a
and b on its two terminals, as shown in the circuit of Figure 5.8(b).

R, =200 QZR,=200Q (4)/=1mAS R, =500 Q

Figure 5.8(b)
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2. Determine Ry. Replace the current source with an open circuit as shown in the
circuit of Figure 5.8(c).

R; =200 QS R, =200 Q R,=500Q R =R,
-

b

()
Figure 5.8(c)

RiR,
Ri+R>

Rx =R = (Ry //Ry + R3) /Ry = [(200//200 4+ 400) //500]Q = 250Q  Rey=

3. Calculate Iy using the circuit of Figure 5.8(d).

R, =200Q ZR,=200Q(4

(d)
Figure 5.8(d)

Iy=1=1mA
Since the current / will flow through the short cut without resistance—the branch a and b—

and will not go through the branch with resistance, Iy = 1.
4. Plot Norton’s equivalent circuit as shown in the circuit of Figure 5.8(e). Con-
nect Ry to the a and b terminals of the equivalent circuit, and calculate the

current /.

I

I,=1ma (%) R.=100Q

(©
Figure 5.8(e)

Ry 250 Q Ry
h=h—N  —(1mA)— 0" ~[071mA L=1
L= (ImA) 2501 100 @ R RS
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When applying Thevenin’s and Norton’s theorems to analyze networks, it is often
necessary to combine theorems that we have learned in the previous chapters. This
is explained in the following example.

Example 5.7: Determine Norton’s equivalent circuit for the left part of the term-
inals a and b in the circuit of Figure 5.9(a) and determine the current /; .

a
@

R=30Q I

E=6V QD [=45mA S R,=70Q CD L=140mA Sp-420

b

(a)
Figure 5.9(a) Circuit for Example 5.7

Solution:

1. Open and remove the current source part on the right side of the circuit from
the terminals a and b (Figure 5.9(a)), as shown in the circuit of Figure 5.9(b).

R,=30Q a

Figure 5.9(b)

2. Determine Ry. Replace the voltage source with a short circuit, and the current
source with an open circuit, as shown in the circuit of Figure 5.9(c).

Figure 5.9(c)

30 Q)(70 Q R\R
w_zlg Reg= ——
R +R;

Rx = Ry = Ry /IRy = -
N R =R T 500 700
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3. Determine Iy using the circuit in Figure 5.9(d). Since there are two power
supplies in this circuit, it is necessary to apply the network analyzing method
for this complex circuit. Let us try to use the superposition theorem to deter-
mine /.

R =30Q a

E=6V

(d)
Figure 5.9(d)

e When the single voltage source E is applied to the circuit, the circuit is
shown in Figure 5.9(e).

R=300Q a

Figure 5.9(e)

Since R, is short-circuited by Iy’ (recall that current always goes through the short
circuit without resistance):

E 6V E

Iy ==—=—=02A=200mA I=—

MR 30Q R

e  When the single current source /; is applied to the circuit, the circuit is
shown in Figure 5.9(f).

R,=30Q

®

Figure 5.9(f)

Since R, and R, are short-circuited by the Iy”: IN' =1, =45mA
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e Determine Iy:

In = IN' — I\ =200 mA — 45 mA = 155 mA

4. Plot Norton’s equivalent circuit. Connect the right side of the a and b terminals
of the current source (Figure 5.9(a)) to the a and b terminals of Norton’s
equivalent circuit, as shown in the circuits of Figure 5.9(g). Determine the
current /7.

o 3
Lo a
L=155ma® R=20® n-140mAl, oy
5
(2
Figure 5.9(g)
RN R2
L=IUN+5L)——— L=I
L= (In 2)RL+RN =he T h
21Q
= (155 + 140) mA ——— ~|98.33 mA
155+ 140 ma 22
5.3 Maximum power transfer

5.3.1 Maximum power transfer theorem

Transfer the maximum power from a source to a load

Practical circuits are usually designed to provide power to the load.

When working in electrical or electronic engineering fields, you are sometimes
asked to design a circuit that will transfer the maximum power from a given
source to a load.

The maximum power transfer theorem can be used to solve this kind of
problem.

Maximum power transfer theorem

The maximum power transfer theorem states that when the load resistance is
equal to the source’s internal resistance, the maximum power will be trans-
ferred to the load.
From the last section, we have learned that any linear two-terminal network
with power supplies can be equally substituted by Thevenin’s or Norton’s
equivalent circuits.
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a
e ’; Ry =Ry
a % Ry § Ry
b VTII

8? %) R (b) —_—

(a)

5.3.

=
P4
& =
el
I
=
Z

[ Nou

(©

Figure 5.10 The maximum power transfer

The maximum power transfer theorem implies that when the load resistance
(Ry) of a circuit is equal to the internal resistance (Rg) of the source or the
equivalent resistance of Thevenin’s or Norton’s equivalent circuits (Rty or
Ry), maximum power will be dissipated in the load.

The maximum power transfer theorem is illustrated in the circuits of
Figure 5.10.

2 Applications of maximum power transfer

Applications of the maximum power transfer theorem

The maximum power transfer theorem is used very often in radios, stereos,
TV, etc.

If the load component is a speaker and the circuit that drives the speaker is a
power amplifier, when the resistance of the speaker Ry is equal to the internal
resistance Rg of the amplifier, the amplifier can transfer the maximum power
to the speaker, i.e., the maximum volume can be delivered by the speaker.
When the resistance of a TV receiver is equal to the internal resistance Rg of
the antenna, the maximum signal from the antenna can be received.

Calculate the maximum load power

Using the equivalent circuit in Figure 5.10(d) to calculate the power consumed
by the load resistor Ry gives

PL—12R = (-5 2R (5.1) p_rr, 1=~
L L AL RS+RL L . 5 R
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e When R; = Rg, the maximum power that can be transferred to the load is

1% 2 V. 2
P = —Sz Ry = —>
(2Rs) 4RS

. Vg2

The maximum load power P =

4Rs

IfVs=10V, Rg=30 Q, and R, =30 Q

vt (10V)?

Then P = > = ~0.833 W =[833 mW
e Pl = R T 4309

Summary of the theorem

When the load resistance is equal to the internal resistance of
the source (R = Rg); or when the load resistance is equal
to the Thevenin’s/Norton’s equivalent resistance of the
network (Ry, = Rty = Ry), the maximum power can be
transferred to the load.

The maximum power
transfer theorem

5.3.3  Proof of maximum power transfer theorem

An experiment circuit

e The maximum power transfer theorem can be proved by using an experiment
circuit as shown in Figure 5.11.

e  When the variable resistor Ry is adjusted, it will change the value of the load

resistor. Replacing the load resistance Ry with different values in (5.1) gives
different load power Py, as shown in Table 5.1.

e When R =10 Q:

Vs Y v Y
PL=PR =(—>—) R =(=——"—](10Q)~[0.625W
. . (R5+RL) - <3OQ+IOQ>( )

Figure 5.11 The experiment circuit
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Table 5.1 The load power

Ry, (Q) P, (W)
10 0.625
20 0.800
30 0.833
40 0.816
50 0.781
P (W)
A
1 A/ Ry = Rq
08
06
04
02
| | | | | »
0 10 20 30 40 50 > R ()

Figure 5.12 R;—P; curve

e When R =20 Q:

Vs YV v\
PL=PR =(—> )R =(——"—1)(20Q)~[08W
- . <RS+RL) - <3og+zog>( )

e The Ry and Py curves can be plotted from Table 5.1 as shown in Figure 5.12.

Table 5.1 and Figure 5.12 show that only when Ry = Rg (30 Q), the power for the resistor Ry
reaches the maximum point A (0.833 W).

5.4 Millman’s and substitution theorems

5.4.1 Millman’s theorem
Introduction to Millman’s theorem
e Millman’s theorem is named after the Russian Electrical engineering professor

Jacob Millman (1911-1991) who proved this theorem. A similar method,
known as Tank’s method, had already been used before Millman’s proof.
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Figure 5.13 Millman’s theorem

e The method using series—parallel power sources was stated in Chapter 4.
However, the series—parallel method can only be used in power sources that
have the same polarities and values.

e Millman’s theorem in this chapter can be used to analyze circuits of parallel
voltage sources that have different polarities and values. This can be shown in
the circuit of Figure 5.13.

Millman’s theorem

e Millman’s theorem states that for a circuit of parallel branches, with each
branch consisting of a resistor or a voltage source/current source, this circuit
can be replaced by a single voltage source with voltage V,, in series with a
resistor R, as shown in Figure 5.13.

e Millman’s Theorem, therefore, can determine the voltage across the parallel
branches of a circuit.

e Calculating V,, and R,

[Rm = Ri /IRy /T IIR, ]

Vo = Ruly = R E1+E2+ +E” v—ir 1"
m — m+tm — m Rl R2 ... Rn - 7_R

Note:

— Vg is the algebraic sum for all the individual terms in the equation. It will be positive if £,
and V;, have the same polarities, otherwise it will be negative.
—  The letter m in V,, and R,,, means Millman.
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5.4.2 Millman’s theorem example

Example 5.8: Determine the load voltage V1 in the circuit of Figure 5.14 using
Millman’s theorem.

Solution:

R.=30Q |1,

Figure 5.14 Circuit for Example 5.8

Ry = Ry /IRy 1IR3 /IRy

Vin = Rl = Rm(

= (100//100//100//100) &

-
E, E, E; E4
R 'R, R; R4

E5 and V4 have different polarities with V.

40V 30V 20V 10V
_<259)<100§2+100§2_IOOQ_IOOQ>

~[10]

A V= vy —22
™ RL+Rn TR 4R,
30 Q
—(10V)—2
( )(30+25)Q

~[5455V]

Millman’s
theorem

When several voltage sources or branches consisting of a resistor are in
parallel, they can be replaced by a single voltage source.

E, E E,
71+72+,_,+f), Ryn =Ri//Ry/I... /IR,

Vi = Rl =R
m mim l‘ﬂ(l{l R2 Rn

Vm will be positive if E,, and V},, have the same polarities, otherwise it will be
negative.
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5.4.3  Substitution theorem

Substitution theorem:

A branch in a network that consists of any component can be replaced
Substitution by an equivalent branch that consists of any combination of
theorem components, as long as the currents and voltages on that branch do
not change after the substitution.

Illustration of the substitution theorem

The substitution theorem can be illustrated in the circuits of Figures 5.15
and 5.16.

The current and voltage of branch a—b in the circuit of Figure 5.15 can be
determined as follows:

—  The voltage across branch a—b:

v,—p— X _ 6kQ sy Vy e vy
2= R1+R2_ (2+6)kQ_ - TR1+R2
E 20V
—  The current in the branch a-b: I = = =2.5mA
Ri+R, (2+6)kQ E
I=—

R
According to the definition of the substitution theorem, any branch in the cir-

cuit of Figure 5.16 can replace the a—b branch in the circuit of Figure 5.15,
since their voltages and currents are the same as the voltages and currents in
the branch a-b in the circuit of Figure 5.15.

I1=2.5mA

E=20V V,=15V

5

Figure 5.15 Circuit 1 of the substitution theorem

a a a a
[=2.5mA

I=2.5mA 1=25mA + +

+

_ R=2kQ S5V
> I1=2.5mA 15V

15V _ -

R=6kQ E=15V

- E=10V

Figure 5.16 Circuit 2 of the substitution theorem
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4 Substitution theorem example

Example 5.9: Use a current source with a 30 € internal resistor to replace the a-b
branch in the circuit of Figure 5.17(a).

R=2Q

E=25v()

(2)

Figure 5.17(a) Circuit for Example 5.9

Solution:

Figure 5.17(b) shows the resultant circuit after the current source with a 30 Q
internal resistor replaced the a—b branch in the circuit of Figure 5.17(a).

>
[ X

R =20
R=5Q (9 Ry'=300Q

E=25V

[ Xou

(b
Figure 5.17(b)

Determine the voltage and current in the a-b branch of the circuit in
Figure 5.17(a).

5%75
Ry /IR 5175 R
Vp = E—2"18 55y S5+75 —15V Vy = vy —2
R] +R2//R3 P 5x7.5 0 R+ R,
5+75
Vi 15V v
[="2—"""_02A=200mA = —

Ry, 75Q R
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Determine the currents in the substituted branch and the current source branch
using the circuit in Figure 5.17(c).

1:200mAa
o
+ I;'=50 mA
Vap=15V
I'=50mA (v Ry=30Q
- b

(©

Figure 5.17(c)

| 1.5V v

L'=-5=-"—=005A=50mA 1=~

TR 30Q R

To maintain the terminal voltage V,, = 1.5V in the original branch, the current

L5’ in the R;' branch should be 50 mA. Using KCL, we can get the current I’ in
the current source branch:

I'=1—-1L"=200mA — 50 mA =|150 mA =0

Summary

Basic concepts

Network: a complicated circuit.

Linear circuit: a circuit that includes the linear components (such as resistors).
The linear two-terminal network with the sources: It is a linear complex circuit
that has power sources and two terminals.

The pre-requirement of applying some of the network theorems is that the
analyzed network must be a linear circuit.

Superposition theorem

Theorem: The unknown voltages or currents in any linear network are the sum

of the voltages or currents of the individual contributions from each single

power supply, by setting the other inactive sources to zero.

Steps to apply the superposition theorem

1. Turn off all power sources except one, i.e., replace the voltage source with
the short circuit, and replace the current source with an open circuit.
Redraw the original circuit with a single source.
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2. Analyze and calculate this circuit by using the single source series—
parallel analysis method, and repeat steps 1 and 2 for the other power
sources in the circuit.

3. Determine the total contribution by calculating the algebraic sum of all
contributions due to single sources.

The result should be positive when the reference polarity of the unknown in the
single-source circuit is the same as the reference polarity of the unknown in the original
circuit; otherwise it should be negative.

Thevenin’s and Norton’s theorems

Theorems: Any linear two-terminal network with power supplies can be

replaced by a simple equivalent circuit that has a single power source and a

single resistor.

—  Thevenin’s theorem: The equivalent circuit is a voltage source (with an
equivalent resistance Rty in series with an equivalent voltage source Vry).

— Norton’s theorem: The equivalent circuit is a current source (with
an equivalent resistance Ry in parallel with an equivalent current
source Iy).

Steps to apply Thevenin’s and Norton’s theorems

Open and remove the load branch (or any unknown current or voltage branch)
in the network, and mark the letters a and b on the two terminals.

Determine the equivalent resistance Rty or Ry: It equals the equivalent resis-
tance, looking at it from the a and b terminals when all sources are turned off
or equal to zero in the network. That is | Rty = Ry = R |

— A voltage source should be replaced by a short circuit.

— A current source should be replaced by an open circuit.

—  Determine Thevenin’s equivalent voltage Vry. It equals the open-circuit

voltage from the original linear two-terminal network of a and b, that is,
Vin = Vap

—  Determine Norton’s equivalent current /. It equals the short-circuit cur-
rent from the original linear two-terminal network of a and b, that is,

Plot Thevenin’s or Norton’s equivalent circuit, and connect the load branch (or

unknown current or voltage branch) to a and b terminals of the equivalent

circuit. Then the load (or unknown) voltage or current can be determined.

Maximum power transfer theorem

When the load resistance is equal to the internal resistance of the source (Ry = Rg);
or when the load resistance is equal to the Thevenin’s/Norton’s equivalent resis-
tance of the network (R = Rty = Ry), maximum power will be transferred to the
load.
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Millman’s theorem
When several voltage sources or branches consisting of a resistor are in parallel,
they can be replaced by a branch with a voltage source.

E E,
Vm:Rm]m:Rm<R1 +]T§+...+—)

E,

R,

R =Ry /IRy /I ... IR, |

Substitution theorem

A branch in a network that consists of any component can be replaced by an
equivalent branch that consists of any combination of components, as long as the
currents and voltages on that branch do not change after the substitution.

Practice problems

5.1

1.

Calculate the branch currents /5, and I, in the circuit of Figure 5.18
using the superposition theorem.

R, 10 kQ Ry 28kQ

E=20V+

Figure 5.18

Calculate the branch currents /g, in the circuit of Figure 5.19 using
the superposition theorem.

0.68 kQ

Rl
B3o0ske R 02k (Pr-91ma

+

ET\()SV

Figure 5.19
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3. Calculate the branch current / flowing though the 6 Q resistor in the
circuit of Figure 5.20 using the superposition theorem.

\
! 49 v
2 Ay - 4Q 2A ;129
Figure 5.20

5.2
4. Determine Thevenin’s and Norton’s equivalent circuits for the
terminals a and b of the circuit in Figure 5.21 (the viewpoints a-b
from the terminals of the load Ry).

[ R
D

Ry=5Q
R Z15Q
R .Z20Q R, < 5Q

b 7

E,=20V

Figure 5.21

5. Calculate the current flowing through the 1 kQ resistor in the circuit
of Figure 5.22 using Thevenin’s and Norton’s theorems, respectively.

»-

5.6kQ R=1kQ (D 727 mA = 22kQ GD 8 mA

Figure 5.22
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6. Calculate the current flowing through the 5 k< resistor in the circuit
of Figure 5.23.

2kQ 3kQ
5kQ
ov ()
2kQ 4kQ
Figure 5.23

53
7. Determine the load resistance Ry in the circuit of Figure 5.24(a) and
(b) when the power dissipation on Ry is maximum.

V=12V

a
R=47Q
A
RL 1S =5 mAC) RS 820 RL

(a) (b)
Figure 5.24
8. Determine the load resistance Ry in the circuit of Figure 5.25 when
the power dissipation on Ry is at maximum. Then calculate the
maximum power dissipated on Ry. (Hint: Determine Thevenin’s

equivalent circuit first; when Ry = Ry, maximum power will be
dissipated on Ry .)

R =4Q

Vs=10V

Figure 5.25
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5.4
9. Calculate the current flowing through the resistor Ry in the circuit of
Figure 5.26 using Millman’s theorem.

R.=5kQ

Figure 5.26

10. Calculate the current flowing through resistor Ry in the circuit of
Figure 5.27 using Millman’s theorem.

R.=100Q

Figure 5.27

11. Plot three different equivalent circuits to replace the a—b branch of
the circuit in Figure 5.28 using the substitution theorem.

2kQ
12v(,

b

Figure 5.28
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6.1 Capacitors

6.1.1 Three basic circuit components

Three basic circuit components

e There are three important fundamental circuit elements: the resistor, capacitor,
and inductor.

o The resistor (R) has been discussed in circuit analysis in the previous chapters.
The other two elements—the capacitor (C) and inductor (L) will be introduced
in this chapter.

e The capacitor and inductor can store energy that has been absorbed from the
power supply, and release it to the circuit.

— A capacitor can store energy in the electric field.
— An inductor can store energy in the magnetic field.
— A resistor consumes or dissipates electric energy.

e A circuit containing only resistors has limited applications. Practical electric
circuits usually combine the above three basic elements and possibility along
with other devices.

. — Resistor (R)
Thl:ee lfaSlC — Capacitor (C)
circuit components — Inductor (L)

Introduction to capacitors

e A capacitor has applications in many areas of electrical and electronic circuits,
and it extends from households to industry and the business world.

o Forinstance, it is used in flash lamps (for flash camera), power systems (power
supply smoothing, surge protections), electronic engineering, communications,
computers, etc.

e There are many different types of capacitors, but no matter how differently
their shapes and sizes, they all have the same basic construction.

An energy storage element that has two parallel conductive metal plates

Capacitor (C) separated by an isolating material (the dielectric).

6.1.2 Capacitors

The construction of a capacitor

e A capacitor has two parallel conductive metal plates separated by an isolating
material (the dielectric).

o The dielectric can be of insulating material such as paper, vacuum, air, glass,
plastic film, oil, mica, and ceramics. The basic construction of a capacitor is
shown in Figure 6.1.
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Plate
Plate

| Dielectric ‘

Figure 6.1 The basic construction of a capacitor

L L
I

Fixed: non-polarized Fixed: polarized Variable

Figure 6.2 Symbols of capacitor

Capacitor schematic symbols

e A capacitor can be represented by a capacitor schematic symbol as its circuit
model.

o Similar to resistors, there are two basic types of capacitors, variable and fixed,
and their schematic symbols are shown in Figure 6.2.

Fixed and variable capacitors

e A variable capacitor is a capacitor that possesses a value that may be changed
manually or automatically.
e A fixed capacitor is a capacitor that possesses a fixed value and cannot be adjusted.
—  For a fixed polarized capacitor, connect its positive lead (+) to the higher
voltage point in the circuit, and negative lead (—) to the lower voltage point.
— For a non-polarized capacitor, it does not matter which lead connects
to where.

Electrolytic capacitors are usually polarized, and non-electrolytic capacitors are non-polarized.
Electrolytic capacitors can have higher working voltages and store more charges than non-electrolytic
capacitors.

6.1.3 Charging a capacitor
Initial condition (V¢ =0)
e A purely capacitive circuit with an uncharged capacitor (Vc=0), a three-

position switch, and a DC (direct current) voltage source (E) is shown in
Figure 6.3(a).
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1

|
w

EC) CA~Ve=0 EC) 2 P R e (&

(@) (b)

Figure 6.3 Charging a capacitor

With the switch at position 0, the circuit is open, and the potential difference
between the two metal plates of the capacitor is zero (V¢ = 0).

Two plates of the capacitor have the same size and are made by the same conducting material, so

they

should have the same number of charges at the initial condition.

Charging a capacitor

Once the three-position switch is turned on to position 1 as shown in Figure 6.3(b),
the DC voltage source is connected to the capacitor, current / will flow in the
circuit.

From the rule “opposites attract and likes repel,” we know that the positive pole of the
voltage source will attract electrons from the positive plate of the capacitor, and the negative
pole of the voltage source will attract positive charges from the negative plate of the capa-
citor; this causes current / to flow in the circuit.

Plate A loses electrons and shows positive; plate B loses positive charges and
thus shows negative. Thus, the electric field is built up between the two metal
plates of the capacitor, and the potential difference (V) appears on the capa-
citor with positive (+) on plate A and negative () on plate B, as shown in
Figure 6.3(b).

Once voltage across the capacitor V¢ has reached the source voltage E, i.c.,
Ve = E, there is no more potential difference between the source and capacitor,
the charging current ceases to flow (I =0), and the process of charging the
capacitor is completed. This is the process of charging a capacitor.

Charging a — Plate A loses electrons and shows positive; plate B loses positive
capacitor charges and thus shows negative. V¢ appears on the capacitor.

— Once the three-position switch is turned on to position 1, current /
will flow in the circuit.

— When Ve=E, [=0, the process of charging the capacitor is
completed.
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6.1.4 How does a capacitor store energy?

Energy storage element

When the switch is turned off to position 0 in the circuit shown in Figure 6.3(a),
the capacitor and power supply will be disconnected.

If the voltage across the capacitor V¢ is measured at this time using a multi-
meter (voltmeter function), V¢ should still be the same with the source voltage
(Ve = E) even without a power supply connected to it.

This is why a capacitor is called an energy storage element, as it can store
charges absorbed from the power supply and store electric energy obtained
from charging.

Once a capacitor has transferred some charges through charging, an electric
field is built up between the two plates of the capacitor, and it can maintain the
potential difference across it.

Capacitor will keep its charged voltage for a long time

The isolating material (dielectric) between the two metal plates isolates the
charges between the two plates. Charges will not be able to cross the insulating
material from one plate to another.

So, the energy storage element capacitor will keep its charged voltage V for a
long time (duration will depend on the quality and type of the capacitor).
Since the insulating material will not be perfect and a small leakage current
may flow through the dielectric, this may eventually slowly dissipate the
charges.

— When the switch is turned off, V- = E (after charging) even
without a power supply connected to it.

— Charges will not be able to cross the insulating material from
one plate to another.

— Capacitor will keep its charged voltage for a long time.
Insulating material will not be perfect and a small leakage
current may flow through the dielectric.

Capacitor stores
energy

6.1.5 Discharging a capacitor

Discharging a capacitor

When the switch is closed to position 2 as shown in the circuit of Figure 6.4,
the capacitor and wires in the circuit form a closed path.

At this time, the capacitor is equivalent to a voltage source, as voltage across
the capacitor V¢ will cause the current to flow in the circuit.

Since there is no resistor in this circuit, it is a short circuit, and a high current
causes the capacitor to release its charges or stored energy in a short time. This
is known as discharging a capacitor.
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Figure 6.4 Discharging a capacitor

After the capacitor has released all its stored energy, the voltage across the
capacitor will be zero (V¢ = 0), the current in the circuit ceases to flow (/ =0)
and the discharge process is completed.

Release energy

The capacitor cannot release energy that is more than it has absorbed and
stored, therefore it is a passive component. A passive component is a compo-
nent that absorbs (but does not produce) energy.

The concept of a capacitor may be analogous to a small reservoir. It acts as a
reservoir that stores and releases water. The process of charging a capacitor
from the power supply is similar to a reservoir storing water. The process of
discharging a capacitor is similar to a reservoir releasing water.

There is an important characteristic that implies in the charge and discharge of
a capacitor. That is, the voltage on the capacitor cannot change instantly; it will
always take time, i.e., gradually increase (charging) or decrease (discharge).

Charging / discharging
a capacitor — Charging: the process of storing energy.

A capacitor is an electric element that can store and release
charges that it absorbed from the power supply.

— Discharging: the process of releasing energy.

6.1.

6 Capacitance

The relationship between Q and V'

This

Once the source voltage is applied to two leads of a capacitor, the capacitor starts
to store energy or charges. The charges (Q) that are stored are proportional to the
voltage (V) across it. This can be expressed by the following formula:

or =Y

The higher the voltage, the more charges a capacitor can store.

is analogous to a pump pumping water to a reservoir. The higher the pressure, the more water

will be pumped into the reservoir.
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Figure 6.5 Q-V characteristic of a capacitor

O-V characteristic of a capacitor

e The voltage and charge (V—Q) characteristic of a capacitor is shown in Figure 6.5,
demonstrating that the capacitor voltage is proportional to the amount of charges
a capacitor can store.

Capacitance

e C is the capacitance, which is the value of the capacitor and describes the
amount of charges stored in the capacitor.

e Capacitor is a component and capacitance is the value of a capacitor.
Just as a resistor is a component and resistance is the value of a resistor,

e Capacitor is symbolized by C while capacitance is C.
Resistor is symbolized by R while resistance is R.

C, the value of the capacitor, is directly proportional to its stored
charges, and inversely proportional to the voltage (V') across it.

Capacitance (C)

. _ Charge _0
Capacitance = Voltage C= 7%
6.1.7 Calculating capacitance
Calculating capacitance
Ch;
® | Capacitance = —Targe or C= 9
Voltage V

. Coulomb (C)

e  Units: o

Farad (F) — | ==

| Volt (V)

e A capacitor can store 1 C charge when 1 V of voltage is applied to it.

1
1

@)

That is, 1F =

<
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Units of capacitance
e  Microfarad (uF) or picofarad (pF) is a more commonly used unit for capacitors.
Farad is a very large unit of measurement for most practical capacitors.

e Recall: 1uF=10"°F and
1pF=10""2F

Note: p is a Greek letter called “mu” (see “Appendix A” for a list of Greek letters).

Example 6.1: If a 50 uC charge is stored on the plates of a capacitor, determine the
voltage across the capacitor if the capacitance of the capacitor is 1,000 pF.

Solution:
Q0 =50uC, C = 1,000 pF, V=7

0 50 uC 50 x 107°C 6
_2 _ — =0.05x 10°V
C 1,000pF 1,000 x 1072 F

=50 x 10>V =[50kV

6.1.8 Factors affecting capacitance

Three factors affecting capacitance
There are three basic factors affecting the capacitance of a capacitor, and they are
determined by the construction of a capacitor as shown below:

e The area of plates (4): 4 is directly proportional to the charge Q; the larger the
plate area, the more electric charges that can be stored.

o The distance between the two plates (d): The shorter the distance between two
plates, the stronger the produced electric field that will increase the ability to
store charges. Therefore, the distance (d) between the two plates is inversely
proportional to the capacitance (C).

e The dielectric constant (k): Different insulating materials (dielectrics) will
have a different impact on the capacitance. The dielectric constant (k) is
directly proportional to the capacitance (C).

The factors affecting the capacitance of a capacitor are illustrated in Figure 6.6.
Dielectric constants for some commonly used capacitor materials are listed in
Table 6.1.

Figure 6.6 Factors affecting capacitance
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Table 6.1 Dielectric constants of some insulating

materials
Material Dielectric constant
Vacuum 1
Air 1.0006
Paper (dry) 2.5
Glass (photographic) 7.5
Mica 5
Oil 4
Polystyrene 2.6
Teflon 2.1

Factors affecting capacitance

— The area of plates (4)
— The distance between the two plates (d)
— The dielectric constant (k)

C=2885x%x10""2 %

Calculating capacitance

e |Capacitance = 8.85 x 102

(Dielectric constant) x (Plate area)

Distance between the plates

kA
or C=28.85x10""2 -

No unit

e Units:

Farad (F) — |

kA
_ -12 T
| —C=8.85x%10 F

I

~

|__—— Square meter (m?)

Meter (m)

Example 6.2: Determine the capacitance if the area of plates for a capacitor is
0.004 mz, the distance between the plates is 0.006 m, and the dielectric for this

capacitor is mica.

Solution:

A4 =0004m?,  d=0.006m,

A
C = 8.85 x 10*12%

=8.85 x 10~

- [2957F]

0.006 m

15 5 x 0.004 m?

and k=5 (Table 6.1)
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6.1.9 Leakage current and breakdown voltage

Leakage current

e The diclectric between two plates of the capacitor is insulating material, and
practically no insulating material is perfect (i.e., 100% of the insulation).

e Once voltage is applied across the capacitor, there may be a very small current
through the dielectric, and this is called the leakage current in the capacitor.

e Although the leakage current is very small, it is always there. That is why the
charges or the energy stored on the capacitor plates will eventually leak off.

o The leakage current is so small that it can be ignored for the application.
(Electrolytic capacitors have higher leakage current).

Leakage current | A very small current through the dielectric of a capacitor.

Breakdown voltage

e A capacitor charging acts as a pump pumping water into a reservoir, or a water tank.
—  The higher the pressure, the more water will be pumped into the tank.

—  If the tank is full and still continues to increase the pressure, the tank may
break down or become damaged by such high pressure.

e This is similar to a capacitor. If the voltage across a capacitor is too high and
exceeds the capacitor’s working or breakdown voltage, the capacitor’s
dielectric will break down, causing current to flow through it.

e As aresult, this may explode or permanently damage the capacitor.

e  When using a capacitor, pay attention to the maximum working voltage, which
is the maximum voltage a capacitor can have. The applied voltage of the
capacitor can never exceed the capacitor’s breakdown voltage.

Breakdown | The voltage that causes a capacitor’s dielectric to become electrically
voltage conductive. It may explode or permanently damage the capacitor.

6.1.10 Relationship between the v and i of a capacitor

Instantaneous quantity

e A quantity that varies with time is called instantaneous quantity (such as a capa-
citor that takes time to charge/discharge), which is the quantity at a specific time.

e Usually the lowercase letters symbolize instantaneous quantities, and the
uppercase letters symbolize the constants or average quantities.

e The equation Q = CV in terms of instantaneous quantity is g = Cv.

. . L A dve .
Note: if you have not learned calculus, just keep in mind that i = CA—‘; or i, = Cd—vt is Ohm’s law

for a capacitor, and skip the following mathematic derivation process, where Av and At or dv and
dr are very small changes in voltage and time.
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CTV
Y

Figure 6.7 Relationship between v and i of a capacitor

d d
Differentiating the equation g = Cv yields: d_z = Cd—\;

Recall that current is the rate of movement of charges, and has the i:% notation in
calculus.

d d d
Substitute i = d—? into the equation of ditl =C d—‘; yields:

Av
| = C— or j=C—
! dr ! At

Relationship between the current and voltage

The relationship of voltage and current for a capacitor shows that when the
applied voltage at two leads of the capacitor changes, the charges (q) stored on
the plates of the capacitor will also change. This will cause current to flow in
the capacitor circuit.

Current and the rate of change of voltage are directly proportional to each
other.

The reference polarities of capacitor voltage and current should be mutually
related. That is, the reference polarities of voltage and current of a capacitor
should be consistent, as shown in Figure 6.7(a).

The relationship between voltage and current of a capacitor can be expressed
by Figure 6.7(b).

6.1.11 Ohm’s law for a capacitor

Ohm’s law for a capacitor

The relationship between the current and voltage for a resistor is Ohm’s law for
a resistor.

The relationship between the current and voltage for a capacitor is Ohm’s law
for a capacitor.

= C— or | — C — | is Ohm’s law for a capacitor.
T TN P
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The current of a capacitor i.. is directly proportional to the ratio of
itor voltage &2 (or 22 and capacitance C
1101 Vi - T 1 1tan .
Ohm’s law for a capacitor voltage — = { or = | and capacitance
capacitor
ch AVC
j.=C— or = C—=
fe dt ' At

where dv, and df or Av,, and At are very small changes in voltage and time.

DC blocking

The relationship of voltage and current in a capacitive circuit shows that:

— The faster the voltage changes with time, the greater the amount of
capacitive current flows through the circuit.

— The slower the voltage changes with time, the smaller the amount of
current.

— If voltage does not change with time, the current will be zero. Zero
current means that the capacitor acts like an open circuit for DC voltage
at this time.

Voltage that does not change with time is DC (direct current) voltage, meaning

that current is zero when DC voltage is applied to a capacitor. Therefore, the

capacitor may play an important role for blocking the DC current. (This is a very
important characteristic of a capacitor.)

DC blocking

Current through a capacitor is zero when DC voltage applied to it
(open-circuit equivalent). A capacitor can block DC current.

Note:

Although there is a DC voltage source applied to the capacitive circuit in Figures 6.3 and 6.4,
the capacitor charging/discharging happened at the moment when the switch turned to dif-
ferent locations, i.e., when the voltage across the capacitor changes within a moment.
When the capacitor charging/discharging has finished, the capacitor is equivalent to an open
circuit for that circuit.

6.1.12 Energy stored by a capacitor

Energy stored by a capacitor

A capacitor is an energy storage element. It can store energy that it absorbed
from charging and maintain voltage across it.
Energy stored by a capacitor in the electric field can be derived as follows.

—  The instantaneous electric power of a capacitor is given by p = vi. Substituting this

d d
into the capacitor’s current i = C d_lt} yields p = Cvd—‘;
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—  Since the relationship between power and work is p = % (energy is the capacity to do

work), and, instantaneous power for this expression is p = ——, substituting it into
dv dw dv

= Cv—yields — =Cv—
P=a? d d

dr

t v

dw

dv .
L dt = CJ v—dr gives

1
W= EC'V2

Note: If you have not learned calculus, just keep in mind that ¥ = lez, and skip the
above mathematic derivation process. 2

Capacitor energy = %(Capacitance)(Voltage)
i 1
Energy stored by a capacitor W — 2 o

The expression for energy stored by a capacitor shows that the capacitor’s energy
depends on the values of the capacitor (C) and voltage across the capacitor (v).

Calculating capacitor energy

. 1 .
Capacitor energy = E(Capacnance) (Voltage)? or W =_Cv

_ L2l —volt (v
ZCV olt (V)

Units: Joule (J) —

Farad (F)

Example 6.3: A 15 V voltage is applied to a 2.2 uF capacitor. Determine the
energy this capacitor has stored.

Solution: W =1Cv? = 1(2.2uF) (15 V)? =[247.5

6.2 Capacitors in series and parallel

6.2.1 Total or equivalent capacitance

Total or equivalent capacitance C,,

Same as resistors, capacitors may also be connected in series or parallel to
obtain a suitable resultant value that may be either higher or lower than a single
capacitor value.

The total or equivalent capacitance C.q will decrease for a series capacitive
circuit and it will increase for a parallel capacitive circuit.

The total or equivalent capacitance has the opposite form with the total or
equivalent resistance Req.
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0 f o
E N T @ n
Qn% -

Figure 6.8 n capacitors in series

Derive the series equivalent (total) capacitance Cq

A circuit of n capacitors is connected in series as shown in Figure 6.8:

Applying KVL to the above circuit gives E =V, + Vo +--- + V, SE=y¥

Since V = %, substituting it into the above equation yields:

Oq _ O O On
Cw G GTTE

Where E = %, Qcq is the equivalent (or total) charges and Cq is the equivalent (or total)
eq
capacitance for a series capacitive circuit, respectively.

Since only one current flows in a series circuit, each capacitor will store the same amount of
charges, ic.. Qg =Q1 =02 =+ =0, =0

o _9 ©0 Y
Therefore =— == + = + .-+ =
Ceq G G Cy

Dividing by Q on both sides of the above equation gives

+

1
1 1 1 1 c=-— -
_ e n 1 1 1
oottt -

Ceq

This is the equation for calculating the series equivalent (total) capacitance. This formula has
the resistance

( 1 L 1 - 1)

Rq R R R,)

When there are two capacitors in series, it also has the same form with the formula for
C\C R\R

C 162 ( R )

same form with the formula for -calculating equivalent parallel

calculating two resistors in parallel, i.e.,

9T+ G "‘*:R.+Rz)'
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6.2.2 Capacitors in series
Equivalent (total) series capacitance

. . . 1
— n capacitors in series: Coq = 0 i T
Equivalent (total) series C + < + - C,
capacitance C., cc
: : : 102
— Two capacitors in series: Ceq =
P “ Cl + Cz

Example 6.4: Determine the charges QO stored by each capacitor in the circuit of
Figure 6.9.

¢,/ 100 yF
¥ C, 7= 100 pF
E=25 VC) g
C3== 100 pF
C, 100 pF

Figure 6.9 Figure for Example 6.4

Solution: Since Q = CV, or 0=CyqE

—  Solve for Cq first,

| |
Cog =77 LI S S SRR SR
G o a e 100uF T1000F T 100uF 100 4F

—  Therefore O = CeE = (25 uF)(25V) =625 uC

=25uF

Characteristics of the series equivalent capacitance

e Example 6.4 shows that when capacitors are connected in series, the total or
equivalent capacitance C.q (25 uF) is less than any one of the individual
capacitances (100 pF).

e The physical characteristic of the series equivalent capacitance is that the
single series equivalent capacitance C.q has the total dielectric (or total dis-
tance between the plates) of all the individual capacitors.
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-
cq_r %

Figure 6.10 The physical characteristic of series C,,

QII QzI O,
E() o G o=,
]

Figure 6.11 n capacitors in parallel

kA
e The formula for factors affecting the capacitance <C =885x 10712 7)

shows that if the distance between the plates of a capacitor (d) increases, the
capacitance (C) will decrease. This is shown in Figure 6.10.

6.2.3 Capacitors in parallel

Capacitors in parallel

e A circuit of n capacitors connected in parallel is shown in Figure 6.11.
e Equivalent (total) parallel capacitance Ceq

Equivalent (total) parallel

capacitance Ceq Cq=Ci+ G+ 4G

Derive the equivalent (total) parallel capacitance C,q
e The charge stored on the individual capacitor in this circuit is

0, =0CV, 0, =GV,..., 0,=CV (where V = F)

e The total charge O, in this circuit should be the sum of all stored charges on
the individual capacitor, i.e.,

Qeq:Q1+Q2+"'+Qn
therefore, Co,V =C\V + GV + -+ C,V

e Dividing both sides by ¥ on the above equation yields the equation for cal-
culating the parallel equivalent (total) capacitance:

[Cq=Ci+ G+ 1G]

As you may have noticed, this equation has the same form with the equation for calculating series
resistances (Req = Ri + Ry + -+ + Ry).
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Note: Equations for calculating capacitance are exactly opposite to the equations
for calculating resistance.
. . . . . RiR
e Capacitors in series result in parallel form as resistances. Req = ﬁ
1 2
e Capacitors in parallel result in series form as resistances.
Req =R +R+---+R,

Example 6.5: Determine the total charge in all the capacitors in the circuit of
Figure 6.12.

E=60v( l[clmom:l[ czlopFlJ\QZOuF/\qszopF

Figure 6.12  Figure for Example 6.5

Solution:

Since Q = CV, ie., Qeq = Ceq E
andCeq =Ci+C+---+C,
= 100 uF + 10 uF + 20 uF + 320 uF = 450 uF

Therefore, Qcq = CeqE = (450 pF)(60 V) =|27,000 uC

From Example 6.5, we can see that when capacitors are connected in parallel, the total or
equivalent capacitance C.q (450 uF) is greater than any one of the individual capacitances
(C, =100 pF, C; =10 pF, C3 =20 uF, and C4 =320 pF).

6.2.4 Physical properties of parallel C,,

The physical characteristic of parallel C.q

e The physical characteristic of the equation for calculating the parallel
equivalent capacitance is that a single parallel equivalent capacitor C.q has the
total area of plates of the individual capacitors.

e If the area of plates (4) of a capacitor increases, the capacitance will increase

A
(C =8.85x 10712 k—). This is shown in Figure 6.13.

d
*————— .
Ceq - — i —
L — °

Figure 6.13 The physical characteristic of parallel C,,
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6.2.5 Capacitors in series—parallel

Series—parallel capacitor circuits

e Similar to resistors, capacitors may also be connected in various combinations.

e When serial and parallel capacitors are combined together, series—parallel
capacitor circuits result and an example is shown in the following.

Example 6.6: Determine the equivalent capacitance through two terminals a and b
in the circuit of Figure 6.14.

] —
C,=6yF Cy=0.5 uF
C,=2 uF T es=2yF
272 Hoi—o6pr | SSTOM
b

Figure 6.14 Figure for Example 6.6

Solution:
C4Cs G
Cys5 = Ceq =
TG+ Gs Ta+G
_ (0.5 uF)(2 )
0.5uF + 2 uF
= 0.4 uF
Conas = Cr+C3 4 Cys Cqq=C1+Co+---+C,
=2uF + 0.6 uF + 0.4 uF
=3uF
CiCr345 GG
Cog = —— 20— Ceq =
UG+ Cozas a+G
_ (6uF)(3 uF)
6 uF + 3 pF

~ [24F]
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6.3 Inductors

6.3.1 Electromagnetic induction

Electromagnetic field

All stationary electrical charges are surrounded by electric fields, and the
movement of a charge will produce a magnetic field.

When the charge changes its velocity of motion, an electromagnetic field is
generated.

Whenever a changing current flows through a conductor, the area surrounding
the conductor will produce an electromagnetic field.

The electromagnetic field can be visualized by inserting a current-carrying
conductor (wire) through a hole in a cardboard and sprinkling some iron filings
on it.

As changing current flows through the conductor, the iron filings will align
themselves with the circles surrounding the conductor; these are magnetic lines
of force.

The direction of these lines of force can be determined by the right-hand spiral
rule, as shown in Figure 6.15.

The area shows that the magnetic characteristics are called the magnetic field,
as it is produced by the changing current-carrying conductor, and therefore, it
is also called the electromagnetic field. This is the principle of electricity
producing magnetism.

Right-hand spiral rule

Thumb: the direction of current.
Four fingers: The direction of magnetic lines of force or direction of the flux
(the total magnetic lines of force).

Electromagnetic | The surrounding area of a conductor with a changing current can
field generate an electromagnetic field.

L Ey

Figure 6.15 Electricity produces magnetism
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Figure 6.16 Magnet produces electricity

2 Faraday’s law

Magnet produces electricity

In 1831, the British physicist and chemist Michael Faraday discovered how an
electromagnetic field can be induced by a changing magnetic flux.

When there is a relative movement between a conductor and a magnetic field
(or a changing current through the conductor), it will induce a changing
magnetic flux @ (the total number of magnetic lines of force) surrounding the
conductor, hence an electromagnetic field is generated.

Induced voltage and current

Electromagnetic field will produce an induced voltage (v;) or electromotive

force emf (er ), and induced current (iy).

For example, in Figure 6.16, if a magnet bar is moved back and forth in a coil

of wire (conductor), or if the coil is moved back and forth close to the magnet

and through the magnetic field, the magnetic lines of flux will be cut and

— avoltage v; across the coil will be induced (v;. can be measured by using a
voltmeter).

— or, an electromotive force (er ) that has an opposite polarity with vi, will be
induced.

This will result in an induced current in the coil. This is the principle of a

magnet producing electricity.

Faraday observed that the induced voltage (v, ) is directly proportional to the

d
rate of change of flux (d—('f> and also the number of turns (¥ in the coil, and is

. d
expressed mathematically as v, = Nd—q:.

In other words, the faster the relative movement between the conductor and
magnetic fields, or the more the turns the coil has, the higher the voltage will
be produced.

Faraday’s
law — v is directly proportional to the rate of change of flux (a) and the

— When there is a relative movement between a conductor and magnetic
field, the changing magnetic flux will induce an electromagnetic field
and produce an induced voltage (vi).

de

N2

number of turns (V) in the coil, v = i
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6.3.3 Lenz’s law
The polarity of induced effect

In 1834, the Russian physicist Heinrich Lenz developed a companion result
with the Faraday’s law. Lenz defined the polarity of induced effect and stated
that an induced effect is always opposed to the cause producing it.

When there is a relative movement between a conductor and a magnetic field
(or a changing current through the conductor), an induced voltage (vp) or
induced electromotive force emf (er) and also an induced current (i) will be
produced.

The polarity of the induced emf is always opposite to the change of the original
current.

Lenz’s law

When the switch is turned on in the circuit of Figure 6.17, the current (cause) in
the circuit will increase, but the induced emf (effect) will try to stop it from
increasing.

When the switch is turned off, the current i will decrease, but the polarity of
induced emf (er) changes and will try to stop it from decreasing.

An induced current in the circuit flows in a direction that can create a magnetic
field that will counteract the change in the original magnetic flux.
Mathematically, Lenz’s law can be expressed as follows:

) di di di
Ifi >0, & >0, theney = _LE (or VL —La>

di .
Y is the rate of change of current.

—  The minus sign for ey is to remind us that the induced emf always acts to

oppose the change in magnetic flux that generates the emf and current.
The induced voltage (v; ) and induced emf (e; ) have opposite polarities (E = —V);
this emf is also called the counter emf.

However, the induced voltage (v.) has the same polarity with the direction of induced
current (). This is similar to the concept of the mutually related reference polarity of voltage
and current.

\

Figure 6.17 Lenz’s Law
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EERED SO EI £

Air-core Vgrlable Iron-core Yarlable
air-core iron-core

(@) (b)

Figure 6.18 Schematic symbols for inductors

4 Inductors

Inductor (L)

The resistor and the capacitor are two of the three important fundamental
passive circuit elements (components that absorb but do not produce energy).
The third element is the inductor (or coil).

Inductors have many applications in electrical and electronic devices, includ-
ing electrical generators, transformers, radios, TVs, radars, motors, etc.

Both capacitors and inductors are energy storage elements.

The difference between the two is that a capacitor stores transferred energy in
the electric field, and an inductor stores transferred energy in the magnetic field.
A basic inductor (L) is made by winding a given length of wire into a loop or
coil around a core (center of the coil).

Air-core and iron-core inductors

Inductors may be classified as air-core inductors or iron-core inductors.

— Anair-core inductor is simply a coil of wire. But this coil turns out to be a very
important electric/electronic element because of its magnetic properties.

—  Iron-core provides a better path for the magnetic lines of force and a stronger
magnetic field for the iron-core inductor as compared to the air-core inductor.

The schematic symbol for an air-core inductor looks like a coil of wire as

shown in Figure 6.18(a).

The schematic symbol for an iron-core inductor is shown in Figure 6.18(b).

Similar to resistors and capacitors, the inductor can also be classified as fixed

and variable.

Inductor | An inductor is an energy storage element that is made by winding a given
L) length of wire into a loop or coil around a core.

6.3.

5 Self-inductance

Lenz’s
law di

— When there is a changing current through the conductor, an induced voltage
(vp) or induced emf (e ) and also an induced current (i) will be produced.
— The polarity of the induced emf (er ) is always opposite to the change of the

i
original current, i, = —L— or v = L—
g LT M LM
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di

di
The letter L in the equation vp =L— or e = _Ld_; is called inductance (or

dt

self-inductance).

Inductance (L)

When current flows through an inductor (coil) that is the same as a current-
carrying conductor, a magnetic field will be induced around the inductor.
According to the principle of electromagnetic induction, Faraday’s law and
Lenz’s law, when there is a relative movement between an inductor and
magnetic field or when current changes in the inductor, the changing magnetic
flux will induce an electromagnetic field resulting in an induced voltage (vi),
or induced emf (e ), and also an induced current (7).

The measurement of the changing current in an inductor that is able to generate
induced voltage is called inductance (or self-inductance).

Inductance vs. inductor

The resistor, capacitor, and inductor are circuit components.

The resistance, capacitance, and inductance are the values or capacities of
these components.

Inductance is the capacity to store energy in the magnetic field of an inductor.
The inductor is symbolized by L while inductance is symbolized by L, and the
unit of inductance is henry (H).

Inductance L (or self- that can generate induced voltage is called inductance.

— The measurement of the changing current in an inductor

inductance) — The unit of inductance is henry (H).

6.3.6 Ohm’s law for an inductor
Ohm’s law for an inductor (L)

) di . .
The equation v, = LE shows the relationship between current and voltage for

an inductor, and it is Ohm’s law for an inductor.

di
The inductance (L) and the current rate of change <d—;) determine the induced

voltage (vr).

The induced voltage vy is directly proportional to the inductance L and the

&
current rate of change d_; This relationship can be illustrated as in Figure 6.19.

Ohm’s law for an

An inductor’s voltage v is directly proportional to the inductance

di
inductor L and the rate of change of current d_;: v = Ld—;
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i
+ Vi L
oo di
L L dr
- di
dr

Figure 6.19 Characteristics of an inductor’s voltage and current

di
Ohm’s law for an inductor vi = Ld_; has a similar form as Ohm’s law for a

. dv
capacitor i, = C T; (These two are very important formulas that will be used in future

circuits.)

Relationship between inductor voltage and current

The larger the inductance (L), or the greater the change of current, the higher
the induced voltage (v) in the coil. di

When the current does not change with time (DC current), i.e. — = 0, the
inductor voltage (vy) is also zero. dt

Zero voltage means that an inductor acts like a short circuit for DC current.
Therefore, the inductor may play an important role for passing the DC current.
This is a very important characteristic of an inductor and it is opposite to that
of a capacitor.

Recall that a capacitor can block DC and acts like an open circuit for DC.

Passing
DC

— Voltage across an inductor is zero when a DC current flows through
it (short-circuit equivalent).
— An inductor can pass DC.

6.3.7 Factors affecting inductance

Factors affecting inductance

There are some basic factors affecting the inductance of an inductor (iron-
core). These parameters are determined by the construction of an inductor as
shown in the following (if all other factors are equal):

—  The number of turns (N) for the coil: More turns for a coil will produce a
stronger magnetic field resulting in a higher induced voltage and
inductance.

—  The length of the core (/): A longer core will make a loosely spaced coil
and a longer distance between each turn, and therefore producing a weaker
magnetic field, resulting in a smaller inductance.

—  The cross-sectional area of the core (4): A larger core area requires more
wire to construct a coil, and therefore it can produce a stronger magnetic
field resulting in a higher inductance.
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Figure 6.20 Factors affecting inductance

— The permeability of the material of the core (u#): A core material with
higher permeability will produce a stronger magnetic field resulting in a
higher inductance.

Permeability of the material of the core determines the ability of material to produce a
magnetic field. Different materials have different degrees of permeability.
e Factors affecting the inductance of an inductor are illustrated in Figure 6.20.

~ N*4u
S

Factors effecting inductance L

e From the expression of the factor effecting inductance, we can see that when
the number of turns of a coil (N) increases, or when the cross-sectional area of
the core (4) increases, or when core material with higher permeability () is
chosen, or when the length of core (/) is reduced, the inductance of an inductor
(L) will increase.

Calculating inductance

(Number of turns)*(Area of the core)(Permeability) or |1 (N2 Au)

Length of the core /

Inductance =

Turns (T) Square meter (m?)

—

e  Units: Henry (H) — L= p

e .
No unit

Meter (m)
6.3.8 Energy stored in an inductor

Inductor—an energy storage element
Similar to a capacitor, an inductor is also an energy storage element.
When voltage is applied to two leads of an inductor, the current flows through
the inductor and will generate energy and this energy is then absorbed by the
inductor and stored in the magnetic field as electromagnetic field builds up.
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Derive the energy stored in an inductor
The energy stored by an inductor can be derived as follows:

e  The instantaneous electric power of an inductor is given by: p =iv,
. . . . 4 . .
e  Since the relationship between power and work is P = s (energy is the capacity to do work),

. . N /4
and the instantaneous power for this expression is = O

o daw di . . . ) .
e  Substituting P = o and v = L& into the instantaneous power expression p = ivy gives

daw di
— = Li—
@ a
! d t d
e Integrating both sides: L d—v: dr = Jo Lid—;dt

t

o  Therefore, we have w = LJ idi
0

. 1
i.e., w= ELi2

Note: If you have not learned calculus, just remember that wp = %Liz, and skip the above
mathematic derivation process.

The energy stored in an inductor

e The equation w = %Li2 has a similar form with the energy equation of a
capacitor (w, = 1Cv?).
e The equation for energy stored by an inductor shows that the inductor’s energy
depends on the inductance and the inductor’s current.
—  When current increases, an inductor absorbs energy and stores it in the
magnetic field of the inductor.
—  When current decreases, an inductor releases the stored energy to the
circuit.
e Same as a capacitor, an inductor cannot release more energy than it has stored,
so it is also called a passive element.

6.3.9 Calculating the energy stored in an inductor

Energy = Y (Inductance)(Current)®
Energy stored in an inductor

= _L?
wL 3 1
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Calculating the energy stored in an inductor

1 1
e |Energy = E(Inductance)(Curlrent)2 or wp = ELi2
wL= ~ Li2
=<
Joule (J) - - T Ampere (A)

e  Units:

Henry (H)

Example 6.7: Current in a 0.01 H inductor is i(¢) = 5¢~% A, determine the energy
stored by the inductor and induced voltage v .

Solution:

[y
- wp = ELZZ

1
=5(0.01 H)(5¢ 2 A)?

1
= 5(0.01 H)(25¢ * A)

o255 1]

di
= L—
VLM

_ (0.0IH)%(Se‘zt)A
— (0.01 H)(=2)(5)e 2 A

-~ [Fore 7]

Note: If you have not learned calculus, skip the v part.

6.3.10 Winding resistor of an inductor

Winding resistance of a coil (R,)

e When winding a given length of wire into a loop or coil around a core, an
inductor is formed. A coil or inductor always has resistance.

e There is always a certain internal resistance distributed in the wire, and the
longer the wire, the more turns of coils there are, and thus the wire will have a
significantly higher internal resistance.

e The internal resistance in the wire of an inductor is called the wounding
resistance of a coil (R,). An inductor circuit with winding resistance is shown
in Figure 6.21.
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e

-

Figure 6.21 Winding resistance

Winding resistance (R,,) The internal resistance in the wire of an inductor.

Example 6.8: The winding resistance for an inductor in the circuit of Figure 6.22 is
5 Q. When the current approaches steady state (does not change any more), the
energy stored by the inductor is 4 J. What is the inductance of the inductor?

Figure 6.22  Circuit for Example 6.8

Solution: E=20V,R=45Q, R, =5Q, and W =4J. L=7

E 20V
R+R, (45+5Q
1.
From wL = Ele
2w 2(41]
Solving for L: L = —2L = (7)2 =|50H
1 (0.4 A)

i =1, since the current approaches steady state.

6.4 Inductors in series and parallel

6.4.1 Series and parallel inductors

The equivalent inductance

e Similar to resistors and capacitors, inductors may also be connected in series or
in parallel to obtain a suitable resultant value that may be either higher or lower
than a single inductor value.
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e The equivalent (total) series or parallel inductance has the same form as the
equivalent (total) series or parallel resistance.

e  The equivalent inductance (L.q) will increase if inductors are in series, and the
equivalent (total) inductance (L.q) will decrease if inductors are in parallel.

Inductors in series
e A circuit of n inductors connected in series is shown in Figure 6.23.

Equivalent series

inductance Lg=Li+Ly+-+L,

As you may have noticed, this formula has the same form as the formula for calculating series
resistances (Req = R + Ry + -+ + Ry).

Inductors in parallel
e A circuit of n inductors connected in parallel is shown in Figure 6.24.

1
— n inductors in parallel: Ly = ] i 0
Equivalent parallel I + I +ot I
inductance
. . LiL,
- T duct llel: Leg =
wo inductors in parallel: Leg I i

As you may have noticed, these equations have the same forms as the equations for calculating

1 RiR
parallel resistance | Req = i i T Req :R 1+ ;
1 2

/R R TR

Leg
—>

Figure 6.23 Inductors in series

Figure 6.24 Inductors in parallel
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6.4.2 Inductors in series—parallel

Series—parallel inductive circuit

e Similar to resistors and capacitors, inductors may also be connected in various
combinations of series and parallel.

e An example of a series—parallel inductive circuit is shown in the following.

Example 6.9: Determine the equivalent inductance for the series—parallel
inductive circuit shown in Figure 6.25.

L,=1H

Lg=1H Ls=1H

k]

Figure 6.25 Circuit for Example 6.9

Solution: L., = [(Ls + Ls)//Ls + (L2 + Le)]// L1

Recall: parallel can be expressed by a symbol of “//”.

2(1+1

e ARSIPE

24 (1+1) LiL,
Leq = H Lg=

2(1+1) +1+1:|+3 Ly + L,

24 (1+1)

~[157)

Example 6.10: There are three inductors in a series—parallel inductive circuit:
40 H, 40 H, and 50 H. If L., = 70 H, how are these inductors connected?

Solution: Lq = S50H+40H//40H=70H
B 40 x40 LiL,
Or Leq = 50H+mH—7OH Leq7L1+L2
So, | two 40 H inductors are in parallel, and then in series with a 50 H inductor. |
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Summary

Capacitor

Capacitor (C): An energy storage element that has two conductive plates
separated by an isolating material (the dielectric).

Capacitor charging: Capacitor stores absorbed energy.

Capacitor discharging: Capacitor releases energy to the circuit.

Capacitance (C): the value of the capacitor, C = %
. . 1, kA
Factors affecting capacitance: C = 8.85 x 10 vl

Leakage current: A very small current through the dielectric.

Breakdown voltage: The voltage that causes a capacitor’s dielectric to become
electrically conductive; it can explode or permanently damage the capacitor.
dv, . Av,

5 O =

Blocking DC: a capacitor can block DC current (open-circuit equivalent).

Ohm’s law for a capacitor: i, =

: 1
Energy stored by a capacitor: W, = ECVZ

Electromagnetic induction

Electromagnetic field: The surrounding area of a conductor with a changing

current can generate an electromagnetic field.

Faraday’s law:

—  When there is a relative movement between a conductor and magnetic
field, the changing magnetic flux will induce an electromagnetic field and
produce an induced voltage (v).

C . d
— v is directly proportional to the rate of change of flux <d_(i)> and the
. . d¢
number of turns (&) in the coil, vp = Na

Lenz’s law:

—  When there is a changing current through the conductor, an induced
voltage (vp) or induced emf (er) and also an induced current (i) will be
produced.

—  The polarity of the induced emf (e ) is always opposite to the change of

th vinal ‘ Ldi Ldi
€ original curren ey = —L— or vV = L— .
g L dt L

Inductor

Inductor (L): An energy storage element that is made by winding a given
length of wire into a loop or coil around a core.
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e Inductance (L): The measurement of the changing current in an inductor that
produces the ability to generate induced voltage.

. di
e Ohm’s law for an inductor: vi = £

dt

e Passing DC: Voltage across an inductor is zero when a DC current flows

through it (short-circuit equivalent). An inductor can pass DC.

e Factors affecting inductance: L =

N*4u
/

. . L,
e Energy stored in an inductor: wi, = 7 Li

e Winding resistance (Ry): The internal resistance in the wire of an inductor.

The characteristics of the resistor, capacitor, and inductor:

Two resistors:

RiRy
Req =
TR+ R,

Characteristic | Resistor Capacitor Inductor
Ohm’s law V=IR P dve . Lg
Tt P
Energy W = pt 1, 1,
or dw = pdt We = 2CV W= 2Ll
C 1
4 1 g 1
G G C,
Series Rq=Ri+Ry+ - +R, . Lg=Li+Li+ - +1L,
Two capacitors:
G
Coqg =
o C+ G
Rgm b L — !
5q71+1+ +1 5q71+1+ +1
Ry Ry Ry Ly Ly L,
Parallel Cq=C1+Co+-+C,

Two inductors:

L
T L+

Elements in
DC

Open-circuit equivalent
(blocking DC)

Short-circuit equivalent
(passing DC)

Practice problems

6.1
1.

Which of the following statements is right, (a) or (b)?

(a) There is current flowing through the dielectric of a capacitor
when it is charging.

(b) When a DC voltage source is connected to a capacitor, this
capacitor will charge to the same value as the voltage source.
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Which of the following statements is right, (a) or (b)?

(a) The plates of the capacitor are made from insulating material.
(b) The plates of the capacitor are made from conducting material.
The capacitance of a capacitor is 0.05 uF. Determine the capacitance
when a 3 kV source voltage is applied to this capacitor.

The plate area of a capacitor is 0.008 m?, the distance between two
plates is 0.00095 m, and the dielectric material is paper. Determine
the capacitance of this capacitor.

Four capacitors (100 uF, 50 uF, 25 uF, and 10 uF) are connected in
series, and a 25 V voltage source is applied to them. Determine the
total (or equivalent) capacitance and the amount of charge that is
stored.

Derive the formula to calculate the energy stored by a capacitor.

A 3 uF capacitor and an unknown capacitor are connected in series.
A 10 V voltage source is applied to them and the voltage across the
3 uF capacitor is 3 V. Determine the unknown capacitance.

GG 7CeqCi

. 0?
(m T A G PTG -Cq T E

, 0=01 =C1V1>

Three capacitors are connected in parallel. Their capacitances are
50 pF, 0.005 uF and 20 pF, respectively. Determine the parallel
equivalent capacitance.

Determine the equivalent capacitance in the circuit of Figure 6.26.

a

° °
l C,=2pF

Cy=6uF

Cy=5pF
C3=2pF

Figure 6.26

10. Determine the equivalent capacitance in the circuit of Figure 6.27.

a

Ic =30 uF

-
V=5V

0,=20nC

C,=30 uF
S R

Figure 6.27
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11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

Whenever a changing current flows through a ( ), the area
surrounding the conductor will produce an ( ).

The ( ) of a coil is proportional to the rate of the change of
the magnetic flux and ( ).

The inductance of a coil is proportional to ( , , and ), and
inversely proportional to ( ).

The magnetic flux of a 150-turn coil increased from 0 to 0.18 Wb in
0.5 s. Determine its induced voltage.

The current flowing through a 0.5 H inductor is 2A. Determine the
energy stored in this inductor.

A 10 V voltage source is connected to the two terminals of an
inductor with a 10 Q internal resistor. Determine the current flowing
through this inductor.

Calculate the series equivalent inductance for a series circuit that has
three inductors 35 uH, 40 uH, and 30 mH, respectively.

Four inductors are connected in parallel. Their values are 200 mH,
15 mH, 230 pH and 3H, respectively. Calculate the parallel equiva-
lent inductance in this circuit.

Calculate the parallel equivalent inductance in the circuit of
Figure 6.28.

L,=57H

Figure 6.28

The equivalent inductance is 8 H in a circuit, and the values of three
inductors in this circuit are 6 H, 6 H, and 5 H, respectively. How are
these inductors connected?
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Understandable electric circuits: key concepts, 2nd edition
The first-order circuit and its transient response

1 First-order circuit

or RC circuits

There are three basic elements in an electric circuit, the resistor R, capacitor C,
and inductor L.

The circuits in this chapter will combine the resistor(s) R with an energy
storage element capacitor C or an inductor L to form an RL (resistor—inductor)
or RC (resistor—capacitor) circuit.

These circuits exhibit the important behaviors that are fundamental to much of
analogue electronics, and they are used very often in electric and electronic
circuits.

Analysis RL or RC circuits still use KCL and KVL.

First-order circuit

7.1.

The main difference between RL or RC circuits and pure resistor circuits is
that the pure resistor circuits can be analyzed by algebraic methods.

The relationship of voltages and currents in the capacitor and inductor circuits
is expressed by the derivative and differential equations (the equations with
the derivative).

RL or RC circuits that are described by the first-order differential equations, or
the circuits that include resistor(s), and only one single energy storage element
(inductor or capacitor), are called the first-order circuits.

— The circuit that contains resistor(s), and a single energy storage

First-order element (L or C).
circuit — RL or RC circuits that are described by the first-order differential
equations.

2 Transient and steady state

Charging/discharging and energy storing/releasing

We have discussed the concept of charging/discharging behavior of the energy
storage element capacitor C. Another energy storage element inductor L also
has the similarly energy-storing/releasing behavior.

The difference is that charging/discharging of a capacitor is in the electric
field, and the energy-storing/releasing of an inductor is in the magnetic
field.

Transient state and steady state

There are two types of circuit states in RL or RC circuit: the transient state and
steady state.



Transient analysis of circuits 207

The transient state is the dynamic state that occurs by a sudden change of

voltage, current, etc. in a circuit. That means the dynamic state of the circuit

has been changed, such as

— the process of charging/discharging a capacitor or

— energy-storing/releasing for an inductor. (As the result of the operation of a
switch).

The steady state is an equilibrium condition that occurs in a circuit when all

transients have finished.

— It is the stable circuit state when all the physical quantities in the circuit
have stopped changing.

—  For the process of charging/discharging a capacitor or energy storing/
releasing for an inductor, it is the result of the operation of a switch in the
circuit after a certain time interval.

Transient state The dynamic state that occurs when the physical quantities have
been changed suddenly.

Steady state An equilibrium condition that occurs when all physical quantities
have stopped changing and all transients have finished.

7.1.3  Step response
Circuit responses

A response is the effect of an output resulting from an input.
The first-order RL or RC circuit has two responses, one is called the step
response, and the other is the source-free response.

Step response

The step response for a general system states that the time behavior of

the outputs when its inputs change from 0 to unity value (1) in a very short

time.

The step response for an RC or RL circuit is the circuit responses (outputs)

when

— the initial state of the energy store elements L or C is zero,

— the input (DC power source) is not zero in a very short time.

The step response is

— when a DC source voltage is instantly applied to the circuit, the energy
storage element L or C has not stored energy yet and the output current or
voltage generated in this first-order circuit.

—  Or the charging process of the energy-storing process of the capacitor or
inductor.

The step response can be analogized as a process to fill up water in a reservoir

or a water bottle.
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Basic terms for a step response

The initial state: the state when an energy storage element has not stored
energy yet.

Input (excitation): the power supply.

Output (response): the resultant current and voltage.

Step response

The circuit response when the initial condition of the energy store
elements (L or C) is zero, and the input (DC power source) is not
zero in a very short time, i.e., the charging/storing process of the
Cor L.

7.1.4  Source-free and unit-step response

Source-free response
The source-free response or natural response is opposite to the step response.

It is the circuit response when the input is zero, and the initial condition of
the capacitor or inductor is not zero (the energy has been stored to the
capacitor or inductor).

It is the discharging or energy-releasing process of the capacitor or
inductor in an RC or RL circuit.

The source-free response can also be analogized as the process to release water
in a reservoir or a water bottle.

Source-free zero, and the initial condition of the energy storage

The circuit response when the input (DC power source) is

(or natural) response elements (L or C) is not zero, i.e., the discharging/
releasing process of the C or L.

Unit-step response

When an RC or RL circuit that is initially at “rest” with zero initial condition
and a DC voltage source is switched on to this circuit instantly, this DC voltage
source can be analogized as an unit step function, since it “steps” from 0 to a
unit constant value (1).

The step response can be also called the unit-step response.

The unit-step response is defined as follows:

All initial conditions of the circuit are zero at times less than zero (¢ < 0),
i.e., at the moment of time before the power turns on.

The response v(f) or output voltage for this condition is obviously also
Zero.

After the power turns on (¢ > 0), the response v(f) will be a constant unit
value 1, as shown in the following mathematic expression and also can be
illustrated in Figure 7.1(b).

0, <0
V@:{l >0
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@ = (b)

Figure 7.1 Step function

The unit-step function can be expressed as the switch in the circuit of
Figure 7.1(a), when 7= 0, the switch turns to position 1, a DC power source
is connected to the RC circuit, and produces an unit-step response to the
circuit.

7.1.5 The initial condition of the dynamic circuit
Switching circuit

The process of charging and discharging of a capacitor needs a switch to
connect or disconnect to the DC source in the RC circuit, as shown in the
circuit of Figure 7.1(a).

The instantly turned on or turned off the switch, or the source input that is
switched “on” or “off” in an RC or RL circuit is called the switching circuit.

t=0 and r=0"

At the moment when the circuit is suddenly switched, the capacitor voltage and

inductor current will not change instantly, this concept can be described as = 0"

and t=0".

— t=0" is the instant time interval before switching the circuit (turn off the
switch).

— t=07" is the instant time interval after switching the circuit (turn on the
switch).

Non-zero initial capacitor voltage and inductor current

At this switching moment, the non-zero initial capacitor voltage and inductor
current can be expressed as follows:

ve(07) = ve(07) iL(07) =i(07)

v, (07) is the capacitor voltage at the instant time before the switch is closed.
ve (07) is the capacitor voltage at the instant time after the switch is closed.
ir. (07) is the inductor current at the instant time before the switch is closed.
ir. (07) is the inductor current at the instant time after the switch is closed.
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— Switching circuit: the instantly turned on or turned off switch in the
circuit.
— t=07": the instant time interval before the switch is closed.
Initial — t=07": the instant time interval after the switch is closed.
.pe — At the instant time before/after the switch is closed, v, and i} do not
conditions .
change instantly:
VC(0+) = VC(()?) and IL(0+) = IL(Oi)
7.2 The step response of an RC circuit
7.2.1 The charging process of an RC circuit

An RC circuit

In Chapter 6, we have discussed the charging and discharging process of a
capacitor. When there are no resistors in the circuit, a pure capacitive circuit
will fill with electric charges instantly, or release the stored electric charges
instantly.

But there is always some small amount of resistance in the practical capacitive
circuits.

Sometimes a resistor will be connected to a capacitive circuit that is used very
often in the different applications of the electronic circuits.

Figure 7.2 is a resistor—capacitor series circuit that has a switch connecting to
the DC power supply. Such a circuit is generally referred to as an RC circuit.
The most important concepts of step response (charging) or source-free
response (discharging) and transient and steady state of an RC circuit can be
analyzed by this simple circuit.

The charging process of an RC circuit

Assuming the capacitor has not been charged yet in the circuit of Figure 7.2,
the switch is in position 2 (middle).

What will happen when the switch is turned to position 1, and the DC power
source (£) is connected to the RC series circuit as shown in the circuit of
Figure 7.3?

L

Figure 7.2 An RC circuit
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1 L R
———&—A\A\N\N—
R
3 +

@ (b)

Figure 7.4 The charging process of an RC circuit

The energy-storing element capacitor C will start charging. Since there is a
resistor in this circuit, the process of the capacitor’s charging will not finish
instantly, the capacitor will gradually store the electric charges.

The RC circuit is similar to a reservoir (or a water bottle) filling with water to
capacity. If the door of the reservoir only opened to a certain width, the
reservoir will need more time to fill up with the water (or the water bottle will
need more time to fill up the water if the tab did not fully open).

Capacitor voltage v, increases exponentially

The voltage across the capacitor v, is not instantaneously equal to the source
voltage E when the switch is closed to 1.

The capacitor voltage is zero at the beginning. It needs time to overcome the
resistance R of the circuit to gradually charge to the source voltage E.

After this charging time interval or the transient state of the RC circuit, the
capacitor can be fully charged; this is shown in Figure 7.4.

Figure 7.4(b) indicates that capacitor voltage v, increases exponentially from
zero to its final value (E).

The voltage across the capacitor will be increased until it reaches the source
voltage (£), at that time no more charges will flow onto the plates of the
capacitor, i.e., the circuit current stops flowing. And the capacitor will reach a
state of dynamic equilibrium (steady state).
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Steady state

7.2.

The state of the circuit voltage or current after charging is called the steady

state.

—  Once they reach the steady state, the current and voltage in the circuit will
not change any more, and at this time, the capacitor voltage is equal to the
source voltage, i.e.,

ve=EFE

— The circuit current is zero, and the capacitor is equivalent to an open
circuit as shown in the circuit of Figure 7.4(a). For this open circuit, the
current stops to flow. Therefore, there is no voltage drop across the
resistor.

The phenomenon of the capacitor voltage v, increases exponentially from zero

to its final value £ (or a charging process) in a RC circuit can be also analyzed

by the quantity analysis method as follows.

2 Quantity analysis of the RC charging process

Applying KVL to Figure 7.3

The polarities of the capacitor and resistor voltages of the RC circuit are shown
in Figure 7.3. Applying KVL to this circuit will result in

VR4V, =F (7.1)

The voltage drop across the resistor is Ri (Ohm’s law) while the current
through this circuit is i = C‘% (from Chapter 6),

. dv,
.., =Ri | =C—
ie VR i i i
dv,
Therefore, vg =RC o (7.2)
Substituting (7.2) into (7.1) yields
dv
RCd—;—I—vc =E (7.3)

Determine the capacitor voltage v,

Note: If you have not learned calculus, then just remember that (7.4) is the equation for the
capacitor voltage v, during the charging process in an RC circuit, and skip the following mathe-
matic derivation process.

The first-order differential equation (7.3) can be rearranged as

d
Ve —E = chg
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.. . 1 dv,
Divide both sides by —RC  _—_—_(, — F) = —¢
Y rcem B =,
Rearrange — d = dve
RC v.—E

Integrating the above equation on both sides yields

N
RC 0 OVC_E

t t
_R_C . = 1H|VC —E‘lgc
t
Rearrange fﬁzln\vcfE\ —In| — E|
| ve — E t
n =——
—-E RC

Taking the natural exponent (e) on both sides results in

ve—E

eln E | = CR;LI'
ve — E =t
— eRC
—F
—7
Solve for v, ve = E(1 — ef¢)
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(7.4)

The above equation is the capacitor voltage during the charging process in an RC circuit.

7.2.3  Charging equations for an RC circuit

Determine the resistor voltage vg

Applying KVL in the circuit of Figure 7.3,
VRAV.=F

Rearrange VR = E — v

Substitute the capacitor voltage v, = E(1 — e%) into (7.5) yields
vg = E — E(1 — e®)

Therefore, the resistor voltage is

(7.5)
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Determine the charging current i
e Dividing both sides of the equation vg = E e by R yields

VR E _

— — — eRrC

R R

e Applying Ohm’s law to the left side of the above equation will result in the
charging current i

x| <

Charging equations

— Capacitor voltage: v, = E(1 — ex¢)

Charging equations — Resistor voltage:  vg = E e
for an RC circuit
— Charging current: { = — ek

Mathematically, these three equations indicate that:

e Capacitor voltage increases exponentially from initial value zero to the final
value E.

e The resistor voltage and the charging current decay exponentially from initial
value E and E/R (or I,,,,5) to zero, respectively.

e And ¢ is the charging time in the equations.

7.2.4  Example with RC circuit

According to the above mathematic equations, the curves of v, vg, and i versus
time can be plotted as in Figure 7.5.

VR i

)
=ty

oL »y 0 ' 0 t

— _t
ve=E(1-eRC) vg = E eRC ._E ke

Figure 7.5 v., vg, and i versus t
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Example 7.1: For the circuit shown in Figure 7.3, if =25V, R=2.5 kQ, and
C=2.5 uF, the charging time = 37.5 ms. Determine the resistor voltage vg and
capacitor voltage v..

Solution: RC = (2.5 kQ) (2.5 uF) =6.25 ms

° VR = E eR;é
= (25 V)(ewnm)
=(25V)(e™®)

~[0.062 V]

o vo=E(l - e®)

37.5 ms

= (25V)(1 — e75w)
— (25 V)(1—¢9)
~ [24938V]

e These results can be checked up by using KVL: vy +v.=FE
Substituting the values into KVL yields

0.062 V424938 V=25V, vR+ve=E (checked)

Thus. the sum of the capacitor voltage and resistor voltage must be equal to the source
voltage in the RC circuit.

7.3 The source-free response of the RC circuit

7.3.1 The discharging process of the RC circuit

Initial condition: v.=F

e Consider a capacitor C that has initially charged to a certain voltage value ¥
(such as the DC source voltage E) through the charging process of the last
section in the circuit of Figure 7.4(a).

e The voltage across the capacitor is v, = E, whose function will be the same as a
voltage source in the right loop of the RC circuit in Figure 7.6.

Figure 7.6 Discharging process of the RC circuit



216

Understandable electric circuits: key concepts, 2nd edition

Ve

0 » ¢

Figure 7.7 Discharge curve of the RC circuit

Discharging process

7.3.

Once the switch turns to position 3 as shown in the circuit of Figure 7.6(b), the
capacitor will start discharging, but now it will be different than a pure capa-
citive circuit that can discharge instantly.

The discharging time will increase since there is a resistor in the circuit. It
needs some time to overcome the resistance and eventually release all the
charges from the capacitor.

Once the capacitor has finished the discharge, the capacitor voltage v, will be
0, the discharging curve is shown in Figure 7.7.

This is similar to a reservoir that has an open door to release the water (or the water
bottle has opened the lid to pour water). But the releasing door of a reservoir is not
open wide enough, so it will need some time to release all the water.

2 Quantity analysis of the RC discharging process

Quantity analysis

The equations used to calculate the capacitor voltage v, resistor voltage vg,
and discharging current i of the capacitor discharging circuit can be determined
by the following mathematic analysis method.

Applying KVL to the circuit in Figure 7.6(b) will result in

VR — Ve =0, or VR = V¢ (7.6)
. . . dvc
Since vg=IiR and i=-C—
dr
. . . d
Substitute i into the equation of vg  vg = —RC % (7.7)

The negative sign in the above equation is because the current i and voltage v,
in the circuit of Figure 7.6(b) have opposite polarities.
Substitute (7.7) into the left-hand side of (7.6):

dv,

—RC=%=
ar e

Divide both sides of the above equation by —RC

dv, 1
E = —Iz—CVC (78)
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Determine the capacitor voltage v,

Note: If you have not learned calculus, then just remember that (7.10) is the equation for the
capacitor voltage v. during the discharging process in an RC circuit, and skip the following
mathematic derivation process.

. . . d 1
e Integrating (7.8) on both sides yields J& =— —Jdt
U RC
1
In|ve| = fﬁt +1In4 In 4 — the constant of the integration
1
or ln|vc|—lnA:—Et
Rearrange In|¥e| = L
y g Al~ "RC

e  Taking the natural exponent (¢) on both sides of the above equation: ¢4l = ¢~

—t

e  Therefore, % — eRC or Ve = AeETl‘ (7.9)

e As the capacitor has been charged to an initial voltage value ¥, before being
connected to the circuit in Figure 7.6(b), therefore the initial condition (initial
value) of the capacitor voltage should be v, (07) =V,

e V), can be any initial voltage value for the capacitor such as the source voltage £.

e Immediately before/after the switch is closed to the position 3 in the circuit of
Figure 7.6(b), v, does not change instantly (from Section 7.1), therefore,

ve(0+) = v.(0—) or ve =V

e When ¢ =0, substituting v. = ¥, into (7.9) yields Vj = Aere
Thatis Vo=4

e Substitute ¥y =4 into (7.9) (7.10)

This is the equation of the capacitor voltage for the RC discharging circuit.

Determine the resistor voltage vg

e According to (7.6), VR = V¢

e Substitute (7.10) into it yields: (7.11)

Determine the discharge current i
. V]
e Sincei= }R Ohm’s law

e Substitute (7.11) into the above Ohm’s law will result in
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Discharging equations and curves

— Capacitor voltage: v, = V; ex

Discharging equations — Resistor voltage: vg = Vj e
for an RC circuit Vo
— Discharging current: i = z exrc

In the above equations, ¢ is the discharging time. ¥} is the initial capacitor voltage.

The three equations mathematically indicate that:

—  The capacitor voltage v. and the resistor voltage vg decay exponentially
from the initial value ¥ to the final value zero.

—  The discharging current i decays exponentially from the initial value Vy/R
(or I,ax) to the final value zero.

The curves of v., vg, and i versus time ¢ can be illustrated as shown in

Figure 7.8.

The capacitor gradually releases the stored energy, and eventually the energy

stored in the capacitor will be released to the circuit completely, and it will be

received by the resistor and convert to heat energy.

7.3.3  RC time constant
RC time constant 7

In an RC circuit, the charging and discharging is a gradual process that needs
some time.

The time rate of this process depends on the values of circuit capacitance C and
resistance R. The variation of the R and C will affect the rate of charging and
discharging.

The product of the R and C is called the RC time constant and it can be
expressed as a Greek letter 7 (tau), i.e., 7= RC.

In general, the time constant is the time interval required for a system or circuit
to change from one state to another, i.e., the time required from the transient to
the steady state or to charge or discharge in an RC circuit.

. RC time constant = (Resistance) (Capacitance)
RC time constant 7 —RC
T=
Ve VR i
Vo Yo
R
0 > ¢ 0 > !

Figure 7.8 The curves of v, vg, and i versus t
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Calculating RC time constant

|RC time constant = (Resistance) (Capacitance) | or

Second (s) — | t=RC __—Farad (F)
Units:

Ohm (Q)
The time constant 7 represents
— the time the capacitor voltage reaches (increases) to 63.2% of its final
value (steady state),
— or the time the capacitor voltage decays (decreases) below to 36.8% of its
initial value.

The effect of the 7 on v,

The higher the R and C values (or when the time constant 7 increases), the longer
the charging or discharging time; lesser the v, variation, longer the time to reach the
final or initial values. This can be shown in Figure 7.9.

7.3.4  The RC time constant and charging/discharging
Capacitor charging/discharging voltages and

The capacitor charging/discharging voltages v, when the time is 1 7 and 2 7 can
be determined from the equations of the capacitor voltage in the RC charging/
discharging circuit.

e, ve=E(l—¢7) and v, = Ve

For example, when Vy=E=100V,
- Atr=1rt

Capacitor charging voltage: v, = E(1 —e™7)
=100 V(1 —e ¥) = 632V
Capacitor discharging voltage: v, = V, er = 100 Ve ¥ ~36.8V

7 Increases

7 Increases

r—m— ¢ 0 t
(a) Charging (b) Discharging

Figure 7.9 The effect of the time constant T on v,
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98.2% 99.3%
Ef 86.5% 937 T e

63.2%

36.8%

1.8% 0.67%

H t H H H
It 2t 3t 4 5t 0 It 2t 3t 4 5t

Figure 7.10 The charging/discharging curves of the capacitor voltage

Table 7.1 The capacitor charging/discharging voltages

Charging/discharging Capacitor charging voltage Capacitor' discharging voltage
time ve = E(1— eT') ve = Voer
Iz 63.2% of E 36.8% of E
27 86.5% of E 13.5% of E
37 95.0% of E 5% of E
47 98.2% of E 1.8% of E
5t 99.3% of E 0.67% of E
- At =21t

Capacitor charging voltage: v, = E(1 —e ™)
=100 V(1 —e ) ~ 86.5V
Capacitor discharging voltage: v, = Voe™* = 100 V/ e T 135V

e Using the same method as above, the capacitor charging/discharging voltages
v, can be determined when the time is 37, 47, and 57. These results are sum-
marized in Table 7.1 and Figure 7.10.

7.3.5 Different time constants for charging/discharging

When the time constant is 17 and 27
e  When the time constant is 17 (the data in Table 7.1 and graphs in Figure 7.10),
— the capacitor will charge to 63.2% of the final value (source voltage),
— and discharge to 36.8% of the initial value (the initial capacitor voltage).
If the final and initial values are 100 V, it will charge to 63.2 V and discharge to
36.8 V.
e  When the time constant is 27,
—  the capacitor will charge to 86.5% of the final value,
— and discharge to 13.5% of the initial value.
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When the time constant is 57

When the time constant is 57,

—  the capacitor will charge to 99.3% of the final value,

— and discharge to 0.67% of the initial value.

When the time is 57, the circuit will reach the steady state, which means that
— the capacitor will charge approaching to the source voltage E,

— or discharge approaching to zero.

When time has passed 47 to 57, charging/discharging of the capacitor will be
almost finished.

After 57, the transient state of RC circuit will be finished and enter the steady
state of the circuit.

Time constant 7 and value and discharges to 36.8% of the initial value.

— When = 17: the capacitor charges to 63.2% of the final

charging/discharging |~ When 7= >57: the capacitor charges to 99.3% of the final
value and discharges to 0.67% of the initial value.

7.3.6  Discharging process examples

Example 7.2: In the circuit of Figure 7.6(a), the source voltage is 100 V, the
resistance is 10 k€, and the capacitance is 0.005 pF. How long can the capacitor
voltage be discharged to 5 V after the switch is turned to position 3?

Solution: £=100 V, R=10 kQ, C=0.005 pF, r=?

The time constant 7 for discharging is:
7 = RC = (10 kQ)(0.005 uF)
= (10,000 ©)(0.005 uF)
=50us

The capacitor voltage discharging to 5 V is 5% of the initial value £ (100 V).
Table 7.1 and Figure 7.10 indicate that the time capacitor discharges to 5% of
the initial value is 37.

Therefore, the capacitor discharging time is

t=31
= 3(50 ps)
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Example 7.3: In an RC circuit, R =5 kQ, the transient state has last 1 s in this
circuit. Determine the capacitance C.

Solution: The transient state in the RC circuit will last 57, therefore,

1
5t =1s, or r:§:O.2s

" 1=RC
t_0.2s_ 02s

Therefore, C =—= =
R 5kQ 5,000Q

= 0.00004 F = [40 uF

7.4 The step response of an RL circuit

7.4.1 RL circuit
An RL circuit

Figure 7.11(a) is a resistor and inductor series circuit, it runs through a switch
connecting to the DC power supply. Such a circuit is generally referred to as an
RL circuit.

An RC circuit stores the charges in the electric field, and an RL circuit stores
the energy in the magnetic field.

We will use the term “charging/discharging” in an RC circuit, and the term
“energy-storing/releasing” in an RL circuit.

A circuit can be used to analyze RL transient and steady state

The most important concepts of the magnetic storing/releasing or transient and
steady state of RL circuit can be analyzed by a simple circuit as shown in
Figure 7.11.

The step response (storing) and source-free response (releasing) of an RL
circuit is similar to the step response and source-free response of an RC circuit.

1 R 1 + v -

(@) (b)
Figure 7.11 RL circuit
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After understanding the RC circuit, its method of analysis can be used to
analyze the RL circuit in a similar fashion.

Figure 7.11(a) is a circuit that can be used to analyze RL step response and
source-free response.

7.4.2  Energy-storing process of the RL circuit

The energy-storing process of an RL circuit

In the circuit of Figure 7.11(a), assuming the energy has not been stored in the
inductor yet, the switch is in position 2.

What will happen when the switch is turned to position 1, and the DC power
source is connected to the RL series circuit as shown in the circuit of
Figure 7.11(b)?

As it has been mentioned in Chapter 6, when the switch in Figure 7.11(a)
turns to position 1, the current will flow through this RL circuit, the electro-
magnetic field will be built up in the inductor L, and will produce the induced
voltage vy.

The inductor L absorbs the electric energy from the DC source and converts
it to magnetic energy. This energy-storing process of the inductor in an
RL circuit is similar to the electron charging process of the capacitor in an
RC circuit.

Inductor current i, increases exponentially

Since there is a resistor R in the circuit of Figure 7.11(b), it will be different as
a pure inductor circuit that can store energy instantly.

After the switch is turned to position 1, the current needs time to overcome the
resistance in this RL circuit. Therefore, the process of the inductor’s energy-
storing will not finish instantly.

The current ip in the RL circuit will reach the final value (maximum value)
after a time interval, as shown in Figure 7.12.

The phenomenon of the inductor current i in an RL circuit increases expo-
nentially from zero to its final value (/,,,x) or from the transient to the steady
state can also be analyzed by the quantitative analysis method below.

max

5t

Figure 7.12  Current versus time curve in the RL Circuit
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7.4.3  Quantity analysis of the RL energy-storing process

Quantitative analysis of the energy-storing process in an RL circuit

e The polarities of the inductor and resistor voltages of an RL circuit are shown
in the circuit of Figure 7.11(b).

e Applying KVL to this circuit will result in

VL + v =E (7.12)
e Substituting vp=1L % Ohm’s law for an inductor
and vg = Ri (i=1ip)
into (7.12) yields L% +Rip =F

e Applying a similar analysis method for the RC charging circuit in Section 7.2
will yield the equation of the current in RL circuit during the process of energy
storing as given in the following sections.

Determine the current iy,

E z E —t
iL—R<l—e%) :§<1—CT>

(7.13)
. _E =t
=5 (1)
. L L
e The time constant of RL circuit is T=%
. E
e The final value for the currentis | [,x = 2
Determine the resistor voltage vg
e Applying Ohm’s law  vr = Ri (7.14)

e Keep in mind that i = i; and substituting 7 by the current i in (7.14) yields
E =t
VR=R~E<1 —er)
VR = E(l — e?’)

e The final value for the resistor voltage is  E = I;,,«R

Determine the inductor voltage vy,
e According to (7.12), v +wv=E

e Substitute vg and solving forvp, vp =F —w =F — E(l — e?)

E
VL:E€T
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Figure 7.13 Curves of iy, vg, and v versus time

Energy-storing equations

- E -
— Circuit current: i = z (1—¢7)
Energy-storing equations

for an RL circuit — Resistor voltage: vg = E(1 —¢7)

— Inductor voltage: v = Ee+

e In the above equations,
— t1is the energy-storing time.

L. . .
- 1= R is the time constant of the RL circuit.

e These three equations mathematically indicate that
—  circuit current iy, and resistor voltage vg increase exponentially from initial
value zero to the final values E£/R and E, respectively;
— the inductor voltage v, decays exponentially from the initial value £ to
Zero.
e According to the above mathematical equations, the curves of iy, vg, and vi
versus time can be illustrated in Figure 7.13.

Example 7.4: The resistor voltage vg = 10(1 — e >') V and circuit current i =2

(1 —e ") A in an RL circuit is shown in the circuit of Figure 7.11(b). Determine
the time constant 7 and inductance L in this circuit.

Solution:

e  The given resistor voltage ~ vg = E(1 —e7) = 10(1 —e )V
with E=10V and —

or T =
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. E =
o The given current iL = E(l —e7)=2(1 - efzz) A
. E
with Z = 2A
R
E 10V
E=10V R="=—""-5Q
’ I 2A
L
e The time constant 7= 1_2

e Solve for L L=Rr=(5Q)(0.5s) =

7.5 Source-free response of an RL circuit

7.5.1 Energy-releasing process of an RL circuit

Initial condition: vi = FE

e Consider an inductor L that has initially stored energy and has the induced
voltage v through the energy-storing process of the last section.

o If the switch turns to position 3 at this moment (Figure 7.14(Db)), the inductor
voltage v has a function just like a voltage source in the right loop of this RL
circuit.

Energy-releasing process

e  Without connecting the resistor R in this circuit, at the instant when the switch
turns to position 3, the inductor will release the stored energy immediately.
(This might produce a spark on the switch and damage the circuit components.)

e If there is a resistor R in the circuit, the resistance in the circuit will increase
the time required for releasing energy, the current in the circuit will take time
to decay from the stored initial value to zero.

e This means the inductor L releases the energy gradually, and the resistor
absorbs the energy and converts it to heat energy.

e The current iy, curve of the energy release process in the RL circuit is illu-
strated in Figure 7.15.

1 VR
—e
2 3 R +
+
E Cj) L vp=FE L

Figure 7.14 RL circuit
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=ty
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Figure 7.15 Energy release curve of the RL circuit

7.5.2  Quantity analysis of the RL energy-releasing process

Quantitative analysis of the energy-releasing process in an RL circuit

The equations to calculate the inductor voltage v, resistor voltage vg, and
circuit current i of the RL energy-releasing circuit can be determined by the
following mathematical analysis method.

Applying KVL to the circuit in Figure 7.14(b) will result in

vp +vr =0 or VL, = —VR (715)
di
Substituting v, = L% and vg = Rip into (7.15)
di
yields L% — Ri (7.16)

Determine the circuit current iy,

Note: If you have not learned calculus, then just remember that (7.18) is the equation for the
current in the RL circuit during the energy releasing, and skip the following mathematic derivation
process.

dip, R
E——

Dividing both sides of (7.16) by L T

Integrating the above equation on both sides yields
dip, R R
—=—|-d Injii| = —=¢+1nA

JS=-[zo mii=-Zrem

R
Rearrange: Inlir | — InA = 7Zt

Taking the natural exponent (e) on both sides results in

i =R [j =R
el"|7‘ —el! or L etl!
A

Solve for i, iL = AeT" (7.17)
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Since energy has been stored in the inductor before it is been connected to the circuit in
Figure 7.14(b), its initial condition or value should be i; (07) =/,

(Iy can be any initial current, such as Iy = %)
Since immediately before/after the switch is closed to position 3, i does not change,
therefore:

iL(0+) = lL(Oi) or iL = ]()
When ¢ = 0, substitute iy, =/, into (7.17) yields

Iy =Ae™0, ie, I =A

Therefore, inductor current (7.18)

. L. . o
In the above equation, 7 = RS the time constant for the RL circuit.

Determine the resistor voltage vg

Keep in mind that i=ip
Apply Ohm’s law to (7.18)

v = Ri = R(loe™)

Resistor voltage

=1
VR = I()Re T

Determine the inductor voltage vy,

Substituting (7.18) into v +vg =0 Equation (7.15)
Results in VL= —Vg = —Rloe?

Inductor voltage

Energy-releasing equations and curves

E leasi X — Circuit current: ip = lpe+
nergy-re eas1.n g e_quatlons — Resistor voltage: VR = IORe%’
for an RL circuit —t
— Inductor voltage: vy = —IpRex

In the above equations,
— tis the energy-releasing time.

— Iy = — is the initial current for the inductor.

L. . .
- 1= R is the time constant for the RL circuit.
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iL VR VL
0 t
I I,R
—IH R
0 1 0 ‘ 0

Figure 7.16 Curves of iy, vg, and v; versus time

These three equations mathematically indicate that inductor current iy, resistor
voltage vg, and inductor voltage v, decay exponentially from the initial values
Iy, Iy R, and —I R, respectively, to the final value zero.

The curves of i, vg, and v versus time can be illustrated in Figure 7.16.

7.5.3 RL time constant
RL time constant 7

In an RL circuit, the storing and releasing of energy is a gradual process that
needs time. The time rate of this process depends on the values of the circuit
inductance L and resistance R.

The variation of R and L will affect the rate of the energy storing and releasing.
The quotient of L and R is called the RL time constant (7 = £).
The RL time constant 7 is the time interval required from the transient to the

steady-state or the energy-storing/releasing time in an RL circuit.

RL time constant = Inductance/Resistance

RL time constant L
T=—

R

Calculating RL time constant

|RL time constant = (Inductance)/(Resistance)| or |7 =

= |~

__—Henry (H)

L
Units: Second (s) — | 7= —

Ohm (Q)

The effect of the 7 on i,

The time constant 7 represents

— the time the inductor current i1 reaches (increases) to 63.2% of its final
value (steady state);

— the time of the inductor current iy decays (decreases) below to 36.8% of
the its initial value.
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A i i

£
R
LtorR|

LT orR|

() (1)
Figure 7.17 Effect of the time constant T on iy (LT or R|)

Table 7.2 Relationship between the time constant and inductor current

Storing/releasing time Increasing inductor current  Decreasing inductor current

E B . Sy
(storing) iy, = % (1—¢7) (releasing) i, = Iye

It 63.2% of E/R 36.8% of I,
27 86.5% of E/R 13.5% of I,
37 95.0% of E/R 5% of Iy
4t 98.2% of E/R 1.8% of I
5t 99.3% of E/R 0.67% of I,
A iL Al
98.2% 99.3%
&l so5%, 93 P o= Iy
36.8%
FN_13.5%
i 1.8% 0.67%
H i H fl [ ]
H 1 H : = > [
0 1t 2t 3t 4t 5t 0 It 2t 3t 4t S5t

Figure 7.18 Relationship of inductor current and time constant

o  The higher the value of L, the lower the R (or when the time constant 7 increases),
the longer the storing or releasing time, the lesser the iy variation and the longer
the time to reach the final or initial values. This can be shown in Figure 7.17.

7.5.4 RL time constant and energy storing/releasing

Inductor storing/releasing current and 7

e Similar to an RC circuit, the circuit current for an RL circuit can be determined
when the time constant is 1z, 27, ... 57, according to the equations of
i =%(1- ¢7) and iy = Iy, respectively.

e These results are summarized in Table 7.2 and Figure 7.18.
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Example 7.5: In the RL circuit of Figure 7.14, the resistance R is 100 Q and the
transient state has lasted 25 us. Determine the inductance L.

Solution:
e The time of transient state usually lasts 57, and this transient state is

T_25|.Ls_
===

L
e The time constant 7 = R’ .. L =Rt = (100 Q)(5 us) =|500 uH

5t = 25 ps,

5us

Example 7.6: In the circuit of Figure 7.14(b), R=2kQ, L=40H, E=1V, and
t=0.2 ms. Determine the circuit current i in this energy-releasing circuit.

L 40H
lt. . :7:7:2
Solution =T ok 0 ms
=t E—z IV =02 ms

Summary

First-order circuit and types of responses

e First-order circuit:

— It is the circuit that contains resistor(s), and a single energy storage
element (L or C).

— RL or RC circuits that are described by the first-order differential
equations.

o Transient state: The dynamic state that occurs when the physical quantities
have been changed suddenly.

e Steady state: An equilibrium condition that occurs when all physical quantities
have stopped changing and all transients have finished.

e Step response: The circuit response when the initial condition of the L or C is
zero, and the input (DC power source) is not zero in a very short time, i.e., the
charging/storing process of the C or L.

e Source-free response: The circuit response when the input is zero, and the
initial condition of L or C is not zero, i.c., the discharging/releasing process of
the C or L.

e The initial condition:

—  Switching circuit: the instantly turned on or turned off switch in the
circuit.

— t=07": the instant time interval before the switch is closed.

— t=0": the instant time interval after the switch is closed.
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— At the instant time before/after the switch is closed, v. and i do not
change instantly:

ve(0F) =ve(07), i (07) =i (07)

The relationship between the time constants of RC/RL circuits

Time | v, and if, increasing (charging/ v, and i, decaying (discharging/

—t E —t i . = R I — =
storing): v. = E(1 —e€7),ip, = E(l —e7) releasing): ve = Voerc, iy, = Ipe

154 63.2% 36.8%
2t 86.5% 13.5%
37 95.0% 5%
47 98.2% 1.8%
S5t 99.3% 0.67%

Summary of the first-order circuits

Circuit Equations Waveforms Time
constant
RC VC:E(I 7e7[) 4Vc T=RC

charging o 5 VR ; i

(step v =E e~ E %

response) | ; _ Ee?

R o %/ 0 ‘0

RC dis- ve =V e? Ve VR i T =RC
charging _ = v, 1
(source- | "R 7T Voer R
free = V et
response) R 0 ro0 '

RL storing | . E = i Ay v _L
step | LTI e i ; "=k
response) v = E(1 —e7)

v = E f:iT 0 t 0 5 0 t

RL- ip =1 e? i YR VL r— £
releasing = 0 "R
(source- | "R ™ lRew I IyR
free v =—-IyRe* .
response) 0 - ;0
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Practice problems

7.1

1.

7.2

( ) or ( ) circuits can be described by the first-order ( )

equations.

( ) occurs when all physical quantities have stopped changing

and all transients have finished.

(a) t=07 is the instant time ( ) switching.

(b) t=0" is the instant time ( ) switching.

(@) v ( ) is the ( ) voltage at the instant time before the switch
is closed.

®)vr ( ) is the ( ) voltage at the instant time after the switch
is closed.

(a) ir ( ) is the ( ) current at the instant time before the switch
is closed.

d)i. ( ) is the ( ) current at the instant time after the switch is
closed.

Determine the expression of the capacitor charging voltage v, and
current i, in the circuit of Figure 7.19, and plot the waveform of v..

L 8uF

Figure 7.19

7 Determine the capacitor charging voltage v, and circuit current i

expressions in the circuit of Figure 7.20.

1 1.5kQ

~ 3 uUF

2kQ

Figure 7.20
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8.

7.3

10.

11.

7.4

12.

13.

In an RC series circuit, the capacitance is 0.1 uF and the source
voltage is 30 V. After charging for 65 us, the voltage across the
capacitor is 22 V. Determine the resistance of this circuit.

The resistance is 5 k€ and the capacitance is 3 pF in an RC charging
circuit. Determine the time required for the capacitor voltage to reach
63.2% of the steady-state voltage.

The resistance R is 8 k€ and the capacitance C is 0.003 uF in an RC
circuit. If the voltage across the terminals of this RC circuit is 100 V,
calculate the capacitor voltage after a time period of 1 7, and the time
required for the capacitor to charge to the value of the source voltage.
Determine the values or expressions in the statements of (a), (b), and (c)
for the circuit of Figure 7.21:

1 5kQ

1~ 10 uF

Figure 7.21

(a) The time constant of the circuit.

(b) The capacitor voltage and current expressions when the switch
is turned to position 3 (assume the capacitor voltage is 10 V
before the switch is turned to position 3).

(c) Calculate the capacitor voltages when the time is 17, 27, 37, 47,
and 57.

The resistance is 4.7 kQ, and the inductance is 10 mH in an RL
circuit. Determine the time constant for this circuit.

Determine the time constant of the circuit in Figure 7.22. Also write
the expressions for the inductor voltage, resistor voltage, and circuit
current in this circuit.

1 45kQ

odt—o— \\\

m 3
20V _ i 6 mH

Figure 7.22
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7.5
14. Determine the time constant of the circuit in Figure 7.23 when the
inductor is releasing energy (determine the equivalent resistance
first).

_/ 3kQ
+
IOVCD §5k9 0.8 H

2kQ
*— W\

Figure 7.23

15. Determine the expressions of the inductor voltage and inductor
current in the circuit of Figure 7.23.



This page intentionally left blank



Chapter 8

Magnetism and electromagnetism
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8.1 The magnetism field

8.1.1 Magnetism
Magnet

It is a piece of iron (or steel, alloy . ..) that has the ability to attract another metal

object.

Permanent magnet

It is a magnet that retains its magnetism over a long period of time after it is

removed from a magnetic field.

Magnetism
It is the attraction or repulsion properties of a magnet.
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Magnetic poles

A magnet has two areas of strongest force, called poles.

e Every magnet has a North and South Pole (N and S).

e The basic law of magnet: Like poles repel, unlike poles attract (Figure 8.1).

Magnetic field
It is a place near a magnet or a moving electric charge where magnetic properties are
produced (an invisible area of magnetism produced by moving the electric charge).

Electromagnetic force
It is a force between charged objects around their electric and magnetic fields.

Magnetic field lines (the lines of force)

The imaginary lines around a magnet that describe the directions of the magnetic
field (they can be plotted with iron filings and paper) (Figure 8.2).

e Outside: the magnetic field lines travel from the North Pole (N) to the South
Pole (S).
e Inside: from the South Pole to the North Pole.

N S« —>8 N N S> <N 8

Repel Attract

Figure 8.1 The basic law of magnet

Figure 8.2 Magnetic field lines
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8.1.2 Magnetic flux and magnetic flux density

Magnetic flux (¢)
It is a measure of the amount of magnetic field lines passing through a surface area
in a magnetic field.

Magnetic flux density (B)
It is a measure of the amount of magnetic flux in an area.

e It is the measure of the amount of flux per unit area taken perpendicular to the
flux’s direction.
e It is the strength of a magnetic field at a given point.

Calculating magnetic flux density

M tic fl
e | Magnetic flux density = w B = %
rea
y L Weber (Wb)
e  Units: B =
Tesla (T) — |
T Meter? (m?)

or Gauss (G)
1 Wb = 10® lines (magnetic field lines)
1 Tesla = 10* gauss
—  Tesla—in SI unit
—  Gauss—in CGS system (centimeter-gram-second system of units)

Example 8.1: The amount of flux present in a round magnetic bar was measured at
0.018 Wb. If the material has a diameter of 16 cm, what is the flux density?

Solution: Diameter: d=16cm = 0.16 m
. d 0.16m
Radius: rfEfoO.OSm
Area: A = a2 = 7(0.08m)* ~ 0.02 m?
Magnetic flux: ¢ = 0.018 Wb
¢ 0.018Wb

Magnetic flux density: B== =|09T

A 0.02m?2

8.1.3 Domain theory of magnetism

Magnetized material
Any material when placed in a magnetic field can be magnetized itself (can attract
or repel metals).
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Ferromagnetism

The physical phenomenon in which certain materials (like iron) can become
permanent magnets when subjected to a magnetic field. (The ability of materials to
be attracted to a magnet is called ferromagnetism.)

Ferromagnetic materials

These refer to materials that can maintain their magnetic properties when the
magnetic field is removed.

e They are materials that can be magnetized.
o Examples of ferromagnetic materials: iron, cobalt, nickel, etc.

Domain theory of magnetism

It states that inside a magnet all the atoms are aligned in the same directions.
The domain theory can explain why ferromagnetic materials get magnetized.
The atoms of ferromagnetic materials may be thought of as little atomic
magnets (with its own North and South Pole).

e These groups of atomic magnets join together so that their magnetic fields are
all pointing in the same direction to form a magnetic domain.

Magnetic domain

It is a small region in which the magnetic fields of atoms are grouped together and

aligned (Figure 8.3).

e The magnetic domains are indicated by the arrows in the metal material.
e Each magnetic domain acts as a miniature magnet within a material.
e In ferromagnetic materials the domains align themselves in the same direction.

8.2 Electromagnetism

8.2.1 Charging and electric field

Electric charge (or charge)
Electric charges are the basic properties of particles (electrons, protons, etc.) in matter.

e Protons are positively (+) charged.
e Electrons are negatively (—) charged.

Like charges repel and unlike charges attract (Figure 8.4).

Ll
LLbd
Le bl
Lebd

Unmagnetized Strong magnet

Figure 8.3 Magnetic domain
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® S
@ @
© S

Figure 8.4 Electric charge

Charging
Charging is transfer of electrons between the two objects.

— The object that loses electrons has an excess (extra) of positive charge.
— The object that gains electrons has an excess of negative charge.
The total charge of an object = 0: the number of electrons
= the number of protons
The total charge of an object = +: the object loses electrons
The total charge of an object = —: the object gains electrons

Charging by conduction and induction

— Conduction: transfer of charge from one object to another by direct
contact.

— Induction: transfer of charge from one object to another without direct contact.
Changing/discharging caused by conduction or induction.

Static electricity
It is an accumulation (build up) of an electric charge on the surface of an object
(electric charge at rest rather than moving).

Static discharge
It is the release of static electric charge.

Law of conservation of electric charge

It states that the electric charge cannot be created or destroyed, but it can be
transferred from one form to another (the total electric charge remains
constant).

Electric field
It is the area near a charged object experiences electric forces that fill the area.

Electric field lines

These are the imaginary lines around a charged object that describe the electric
field in an area. They begin as positive charges and end as negative charges
(+ = -).



242 Understandable electric circuits: key concepts, 2nd edition

8.2.2 Electromagnetism

Electric current (or a moving electric charge) can produce a

magnetic field

o Each electric charge has its own electric field, a moving charge creates a
magnetic field.

e  When an electric current passes through a wire (conductor), a magnetic field is
formed around the wire.

Electromagnetism
It is the interaction of electric and magnetic fields.

e Moving charges (or current) produce a magnetic field.
e Spinning magnets cause an electric current to flow.

An electromagnetism is a relationship between electricity and magnetism.

Electromagnetic induction
Moving a loop of wire through a magnetic field, or moving a magnetic field relative
to a coil will produce an electric current.

Right-hand rule

It is a memory aid used to remember the directions of current and the magnetic
field around a wire (Figure 8.5).

e  The thumb: the direction of the positive current.
o The fingers: the direction of the magnetic field. (The fingers of your hand
circle the wire.)

Electric motor
It is a device that converts electrical energy into mechanical energy.

. Motor
Electrical energy Mechanical energy

A motor uses a magnet to act a force on a wire coil, this force makes the motor rotate (turn).

Figure 8.5 Right-hand rule
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Electric generator
It is a device that converts mechanical energy into electrical energy.

Mechanical energy Generator Electrical energy

8.3 Electromagnetic characteristics of materials

8.3.1 Permeability and reluctance
Permeability (u)

It is the measure of the ability of a magnetic material to respond magnetic field
development.

e Itis the ability of a magnetic material to respond to how much magnetic flux it
can support to pass through the material.

e It is the degree of magnetization capability.

e Higher permeability means the more easily a magnetic field can be established
and the more easily a material can be magnetized (the domains aligned).

Calculating relative permeability

. o Absolute permeability iz
e |Relative permeability = — Uy =
Permeability of free space Ho

e Permeability of free space y; u, =4 1 x 107 Weber/Ampere - meter
(Wb/A - m)

(permeability of a vacuum) or Henry/Meter (H/m)

Weber/Ampere - meter (Wb/A - m)

Weber/Ampere - meter (Wb/A - m)

Example 8.2: The absolute permeability of a piece of steel is 2. § x 107" Wb/A - m.
Calculate the relative permeability of this steel material.

Solution: The absolute permeability : u=28x10""Wb/A -m

The permeability of free spaceu,: o =47 x 1077 Wb/A -m
#_ 28x107° Wb/Am
Uy 4w x 1077 Wb/A -m

~[0223 x 1072

The relative permeability 4, u, =
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Reluctance ()

Reluctance (R) is the opposition offered by a magnetic circuit to the magnetic flux.
R—a curly capital R.
Reluctance is analogous to the resistance in an electrical circuit. It is the

magnetic resistance in a magnetic circuit.
e Reluctance is a measure of the ability of a material to pass magnetic flux.

Calculating reluctance

Length of the coil

Reluct =
* cluctanee (Permeability ) (The cross-sectional area of the material)

m:ﬂ

— Meter (m)

!
/%_#A

e  Units: Ampere - turn/Weber (A - t/Wb)

T Meter? (m?)

Weber/Ampere - meter (Wb/A - m)

Example 8.3: Determine the reluctance of a material with a length of 0.34 m and a
cross-sectional area of 0.06 m?, if the absolute permeability is 130 x 10~¢ Wb/A - m.

Solution: The absolute permeability: 4 = 130 x 107® Wb/A - m
The cross-sectional area: A = 0.06 m>

The length of the coil: £=0.34m
N 0.34m
~uAd (130 x 107 Wb/A - m)(0.06 m?2)

~ [0.044 x 10° A -t/Wb|

The reluctance:

Magnetomotive force (Fy,)
It is a force that is the cause of a magnetic flux in a magnetic circuit.

o The magnetomotive force is the force produced by current through a coil of
wire.

e The magnetomotive force is analogous to the electromotive force in an electric
circuit.

Calculating magnetomotive force

e |Magnetomotive force = (Number of turns of wire) (Current)| [F = NI

~__— Tumn (v)

e  Units: Fon=NI
Ampere-turn (A - t) —

—

T Ampere (A)
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Example 8.4: The magnetomotive force for a one-turn coil carrying a current of
1 Ais:

Fn=NI=(1tun)(1A) =[1A-t]

Example 8.5: What is the magnetomotive force in an 80 turns coil of wire when
there is 4.4 A of current through it?

Fn=NI=(80turns)(44A) =[352A -t

Factors affecting the flux density produced by a coil

e The permeability of the core
e Magnetomotive force
e The length of the coil.

Calculating flux density

(Absolute permeability ) (Magnetomotive force) uFpy
Length of the coil 4

® |Flux density =

Weber/Ampere - meter (Wb/A - m)

Ampere-turn (A - t)

e Units:

Tesla (T) — ! Meter (m)
eter (m

Example 8.6: There is 0.3 A of current through an air-core coil of wire with 150
turns and a length of 250 cm. Determine the flux density for the coil.
Solution:  The number of turns of wire: N = 150t

The current: I=03A

The magnetomotive force: Fn=NI=(150t)(0.3A)

~[35A-]

The permeability of free o = 47 x 1077 Wb/A - m
space p: (Air core coil)
The length of the coil: {=250cm=25m
F,
The flux density: B = !%
(47 x 1077 Wb/A - m)(45A - 1)

(2.5m)

~ (2262 x 1077 T
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8.3.2 Ohm’s law for magnetic circuits

Ohm’s law for magnetic circuits

e Ohm’s law:

Flux density =

Magnetomotive force

_m
"

Reluctance

Ampere-turn (A - t)

e  Units:

T

=

23

Weber (Wb) —

T Ampere - turn/Weber (A - t/Wb)

Example 8.7: There is 0.22 A of current through a coil of wire with 380 turns.
Determine the reluctance of the circuit if the magnetic flux is 0.25 uWhb.

Solution: The number of turns of wire:

The current:
The flux:

The magnetomotive force:

The reluctance:

N =380t
I1=022A
¢ =025uWb  uWb = microweber

Fun=NI=(3801)(0.22A)

~[36A -]

F Fun
= ? ¢ = R
83.6A-t
~ 0.25 Wb
=3344A-t/uWb p—107°

=[334.4 x 10°A - t/Wb |

Basic electric and magnetic quantities and Ohm’s law

Electric circuit

Magnetic circuit

Electromotive force (emf)

Magnetomotive force (Fy,)

Current (/)

Flux (¢)

Resistance (R)

Reluctance (R)

Ohm’s law: ] =

E
R

Ohm’s law:

_Fm
?= %

8.4 Magnetic hysteresis

8.4.1 Magnetic field intensity

Magnetic field intensity or magnetizing force (H)
It is a measure of the actual magnetic field within a material.
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e It is the strength of an magnetic field at any point.
e It is the amount of magnetomotive force (Fy,) available per unit length (/).

Calculating magnetic field intensity

M t tive f F
® | Magnetic field intensity(H) = af:;g(:? Z fl\;}ele Zi::(;) n) H= %
Ampere-turn (A - t)
Uni Pl
° nits: H=—"
Ampere-turn (A - t)/Meter (m) — !
T Meter (m)

Example 8.8: There is 0.4 A of current through a coil of wire with 150 turns. If the
length of the magnetic circuit is 15 cm, determine the magnetic field intensity.

Solution: The number of turns of wire: N = 150t

The current: I1=04A
The magnetomotive force: Fn=NI=(1501)(04A) =
The length of the coil: {=15cm =0.15m
The magnetic field intensity: H = % ¢ = %“
_60A-t
0.15m

- [0 A m

Factors affecting the magnetic field intensity (H) produced by a coil

e The number of turns of wire (N). N1 - F, 1 > H] F,=NI, H :FT‘“
e The current (/) through the coil. 1T - F, T —> H 1 Fn=NI, H= %
e The magnetic flux (¢). p1->Ful > HT ¢:%‘”‘, H:FTm
e The length of the coil (¢). (1o H| H= FT

8.4.2 Magnetic hysteresis
Hysteresis

It is a lag between cause and effect (or a lag between an input and an output).
“Hysteresis” originates from the Greek word “hysterein” meaning “to lag behind.”
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Magnetic hysteresis

It is the phenomenon of changes of flux density B lagging behind the magnetizing
force H in a ferromagnetic material, such as iron.

e It is the lagging of the magnetization of a ferromagnetic substance when the
magnetizing force acting on it is changed.

e It is the lag in the response of magnetic induction to change of magnetic
intensity.

Hysteresis curve (or hysteresis loop)

e A hysteresis curve (B—H curve) shows the relationship between the induced
magnetic flux density (B) and the magnetizing force (H).

e When a ferromagnetic material is magnetized in one direction, it will not
return back to zero magnetization when the applied magnetizing field is
removed.

e Ifan alternating magnetic field is applied to the material, its magnetization will
trace out a loop called a hysteresis curve (or loop).

Hysteresis loop and retentivity
e Positive cycle
—  H=0, B=0 (A magnetic core is unmagnetized.)
— H1 - B 1 (The current [ through the coil T - H1 - B 1)
- HT - Hmaxa BT - Bmax
o B reaches its maximum value (B,,,x) when H reaches its maximum value (H,.x)
(Figure 8.6).
o  Saturation: when the magnetic domains are all fully aligned, H T — B does not
change — saturation
- H| > B| > B — H. B —residual value, H, — coercive value
o Retentivity: the ability of a material to maintain a certain amount of magnetism
after the magnetic field is removed (Figure 8.7).

o  Coercive force Hc: the magnetomotive force (H) required to return the value of
the flux density (B) to zero.

max |

max

Figure 8.6 Development of a hysteresis loop
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B

Saturation

Saturation

Figure 8.7 Hysteresis loop

Negative cycle: When the current through the coil is in the reverse direction,
the negative cycle repeats (Figure 8.7).

- -H T - _Hmax

- -B T - 7Bmax

- _Hl_)_Bl_)_Bres_)_Hc

Summary

Magnetism

Magnet: a piece of iron (or steel, alloy ...) that has the ability to attract

another metal object.

Permanent magnet: a magnet that retains its magnetism over a long period time

after it is removed from a magnetic field.

Magnetism: the attraction or repulsion properties of a magnet.

Magnetic poles: a magnet has two areas of strongest force, called poles.

—  Every magnet has a North and South Pole (N and S).

—  The basic law of magnet: like poles repel, unlike poles attract.

Magnetic field: a place near a magnet or a moving electric charge where

magnetic properties are produced.

Electromagnetic force: a force between charged objects around their electric

and magnetic fields.

Magnetic field lines (the lines of force): the imaginary lines around a magnet

that describe the directions of the magnetic field.

— Outside: the magnetic field lines travel from the North Pole (N) to the
South Pole (S).

— Inside: the magnetic field lines travel from the South Pole to the North
Pole.
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Magnetic flux and magnetic flux density

e Magnetic flux (¢): a measure of the amount of magnetic field lines passing
through a surface area in a magnetic field.

e Magnetic flux density (B): a measure of the amount of magnetic flux in an
area.

o Calculating magnetic flux density:

. . Magnetic flux ¢
- |M tic flux density = ——=—————| |B=~
agnetic flux density Area y
____——Weber (Wb)
nit g
— nits:
Tesla(T) — 4 T Meter (m?
or Gauss (G) eter” (m°)

Domain theory of magnetism

e Magnetized material: any material when placed in a magnetic field can get
magnetized itself.

e Ferromagnetism: the physical phenomenon in which certain materials (like
iron) can become permanent magnets when subjected to a magnetic field.

e Ferromagnetic materials: materials that can maintain their magnetic properties
when the magnetic field is removed.

e Domain theory of magnetism: it states that inside a magnet all the atoms are
aligned in the same directions.

e Magnetic domain: a small region in which the magnetic fields of atoms are
grouped together and aligned.

Charging and electric field

e Electric charge (or charge): the basic properties of particles (electrons, protons,
etc.) in matter.
—  Protons are positively (+) charged.
—  Electrons are negatively (—) charged.

e Like charges repel and unlike charges attract.
o Charging: a transfer of electrons between the two objects.
— The object that loses electrons has an excess (extra) of positive charge.
— The object that gains electrons has an excess of negative charge.
The total charge of an object = 0: the number of electrons
= the number of protons
The total charge of an object = +: the object loses electrons
The total charge of an object = —: the object gains electrons
e Charging by conduction and induction:
— Conduction: transfer of charge from one object to another by direct
contact.
— Induction: transfer of charge from one object to another without direct
contact.
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Electromagnetism

Static electricity: an accumulation of an electric charge on the surface of an object.

Static discharge: the release of static electric charge.

Law of conservation of electric charge: the electric charge cannot be created or

destroyed, but it can be transferred from one form to another.

Electric field: the area near a charged object experiences electric forces that fill

the area.

Electric field lines: the imaginary lines around a charged object that describe

the electric field in an area. They begin as positive charges and end as negative

charges.

Electric current (or a moving electric charge) can produce a magnetic field.

Electromagnetism: a magnetic field that is created by an electric current.

Electromagnetic induction: moving a loop of wire through a magnetic field, or

moving a magnetic field relative to a coil will produce an electric current.

Right-hand rule: a memory aid used to remember the directions of current and

the magnetic field around a wire.

—  The thumb: the direction of the positive current.

—  The fingers: the direction of the magnetic field. (The fingers of your hand
circle the wire.)

Permeability

Permeability (u): the measure of the ability of a magnetic material to respond
magnetic field development.
Calculating relative permeability:

. - Absolute permeability Nz
— | Relative permeability = — n, = —
Permeability of free space Ho

—  Permeability of free space y: u, =4 n x 10~7 Weber/Area - meter
(Wb/A - m)

(permeability of a vacuum) or Henry/Meter (H/m)

Weber/Ampere - meter (Wb/A - m
o p ( )

Weber/Ampere - meter (Wb/A - m)

Reluctance (R): the opposition offered by a magnetic circuit to the magnetic
flux.

Ohm’s law for magnetic circuits

Magnetomotive force (Fp,): a force that is the cause of a magnetic flux in a
magnetic circuit.
Calculating magnetomotive force:

—  [Magnetomotive force = (Number of turns of wire)(Current) |

Fn=NI
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Turn (t)
Ampere-turn (A -t) —

Understandable electric circuits: key concepts, 2nd edition

Ampere (A)

Factors affecting the flux density produced by a coil:
The permeability of the core

Magnetomotive force
The length of the coil.

Calculating flux density:

(Absolute permeability) (Magnetomotive force)

Flux density =

Length of the coil

F,
B— M L'm
14
Weber/Ampere - meter (Wb/A - m)
Units: B P
Tesla (T) — !

Ohm’s law for magnetic circuits:

Ampere-turn (A - t)

Meter (m)

Magnetomotive force

Ohm’s law: Flux =

¢

Reluctance

_fm
D

Units:

Weber (Wb) —

Basic electric and magnetic quantities and Ohm’s law:

L Ampere-turn (A - t)

T Ampere - turn/Weber (A - t/Wb)

Electric circuit

Magnetic circuit

Electromotive force (emf)

Magnetomotive force (F,)

Current (/)

Flux (¢)

Resistance (R)

Reluctance (R)

E
Ohm’s law: [ = —
m’s law z

m

Ohm’s law: ¢ = Yy

Magnetic hysteresis

Magnetic field intensity or magnetizing force (H): a measure of the actual
magnetic field within a material.
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e Calculating magnetic field intensity:

. . . Magnetomotive force (Fi, N
— | Magnetic field intensity (H) = lingth of the coil (2) ) H = -
—  Units: - /Ampere-turn (A1)
H — m
Ampere-turn (A - t)/Meter (m) — ! —_—

Meter (m)

e Hiysteresis: a lag between cause and effect (or a lag between an input and an

output).

e Magnetic hysteresis: the phenomenon of changes of flux density B lagging
behind the magnetizing force H in a ferromagnetic material, such as iron.

e Hysteresis curve (or hysteresis loop) shows the relationship between the
induced magnetic flux density (B) and the magnetizing force (H).

Practice problems

8.1

1.

10.

11.

8.2

12.
13.

( ) force is a force between charged objects around their electric
and magnetic fields.

( ) is a place near a magnet or a moving electric charge where
magnetic properties are produced.

The magnetic field lines travel from the South Pole to the North Pole
() the magnet.

Like poles (), unlike poles attract.

Magnetic flux is a measure of the amount of magnetic field ()
passing through a surface area in a magnetic field.

Magnetic flux () is a measure of the amount of magnetic flux in an
area.

The unit of magnetic flux density is the ().

( ) is the physical phenomenon in which certain materials can
become permanent magnets when subjected to a magnetic field.
() theory of magnetism states that inside a magnet all the atoms are
aligned in the same directions.

A magnetic () is a small region in which the magnetic fields of
atoms are grouped together and aligned.

The amount of flux present in a round magnetic bar was measured at
0.016 Wbh. If the material has a diameter of 20 cm, what is the flux
density?

Charging is a transfer of ( ) between the two objects.
Charging by induction is transfer of charge from one object to
another ( ) direct contact.
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8.3

8.4
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14.

15.

16.

17.
18.

19.

20.
21.

22.
23.

24.

25.

26.

27.

28.

29.

30.

() electricity is an accumulation of an electric charge on the surface
of an object.

An electric () is the area near a charged object experiences electric
forces that fill the area.

Electric current (or a moving electric charge) can produce a ( )
field.

() is a magnetic field that is created by an electric current.
Moving a loop of wire through a magnetic field, or moving a
magnetic field relative to a coil will produce an electric ().
Electric motor is a device that converts () energy into mechanical
energy.

( ) is analogous to the resistance in an electrical circuit.

Ohm’s law for magnetic circuits gives the relationship between flux,
magnetomotive force, and ( ).

The unit of magnetomotive force is the ( ).

The absolute permeability of a piece of steel is 3.2 x 10~7 Wb/A-m.
Calculate the relative permeability of this steel material.

What is the magnetomotive force in a 100 turn coil of wire when
there are 2.4 A of current through it?

There is 0.2 A of current through an air core coil of wire with 120
turns and a length of 220 cm. Determine the flux density for the coil.
There is 0.28 A of current through a coil of wire with 400 turns.
Determine the reluctance of the circuit if the magnetic flux is
0.34 uWb.

Magnetic field () is a measure of the actual magnetic field within a
material.

Magnetic hysteresis is the phenomenon of changes of () B lagging
behind the magnetizing force H in a ferromagnetic material.
Hysteresis () shows the relationship between the induced magnetic
flux density (B) and the magnetizing force (H).

There is 0.5 A of current through a coil of wire with 180 turns. If the
length of the magnetic circuit is 15 cm, determine the magnetic field
intensity.
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9.1 Introduction to alternating current (AC)

9.1.1 The difference between DC and AC

DC (direct current)

e The DC power supply provides a constant voltage and current, hence all
resulting voltages and currents in DC circuit are constant and do not change
with time.

e The polarity of DC voltage and direction of DC current do not change, only
their magnitude changes.

e Before the nineteenth century, the DC power supply was the main form of
electrical energy to provide electricity.

AC (alternating current)

e An alternating voltage is called AC voltage and alternating current is called
AC current.

e The AC voltage alternates its polarity and the AC current alternates its direc-
tion periodically.

e Since the AC power supply provides an alternating voltage and current, the
resulting currents and voltages in AC circuit also periodically switch their
polarities and directions.

Advantages of AC

e In the nineteenth century, DC and AC have had constant competition, AC
gradually showed its advantages and rapidly developed in the latter of the
nineteenth century, and is still commonly used in current industries, busi-
nesses, and homes throughout the world.

e This is because the AC power can be more cost-effective for long-distance
transmission from power plants to industrial, commercial, or residential areas.

e This is why power transmission for electricity today is nearly all AC. It is also
easy to convert from AC to DC, allowing for a wide range of applications.

9.1.2 DC waveforms

DC voltage and current

e The DC voltage and current do not change their polarity or direction over time
and only their magnitude changes.

e A DC waveform (a graph of voltage and current versus time) is shown in
Figure 9.1.
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Vorl 4

0 » ¢

Figure 9.1 DC waveform

Vorl

Figure 9.2 Pulsing DC waveforms

Pulsing DC
There is also a type of DC waveform known as the pulsing DC, in which

e the amplitude of DC pulse changes periodically from zero to the maximum
with time.

e its polarity or direction do not change with time (always above zero), so it still
belongs to the DC category.

e Figure 9.2 shows some pulsating DC waveforms.

— The polarity of DC voltage and direction of DC current do not change.
— The pulsing DC changes pulse amplitude periodically, but the polarity
does not change.

Directcurrent
DC)

9.1.3 AC waveforms

AC waveforms

e AC voltage and current periodically change polarity or direction with time.
A few examples of AC waveforms are shown in Figure 9.3.

e The sinusoidal or sine AC wave is the most basic and widely used AC wave-
form, and is often referred to as AC, although other waveforms such as square
wave, triangle wave, etc. also belong to AC.
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Figure 9.3  AC waveforms

Sine AC wave

The sine AC wave energy is the type of power that is generated by the utility
power industries around the world.

AC voltage and current vary with sine (or we could use cosine by adding 90° to
the sine wave) function, the symbol of AC source is —O—.

AC quantities are represented by lowercase letters (e, v, i, etc.) and DC
quantities use uppercase letters (£, V, I, etc.).

Alternating
current (AC)

— The polarity of voltage and direction of AC current periodi-
cally change with time (such as sine wave, square wave, saw-
tooth wave, etc.).

— Sine AC (or AC) varies over time according to sine (or cosine)
function, and is the most widely used AC.

9.1.

A sine function can be described as a mathematical expression of f(¢) = F\,
sin(wt + ). This is the expression of sine function in the time domain (the
quantity versus time).

Applying the expression of sine function to electrical quantities will obtain
general expressions of AC voltage and current as follows.

— Sinusoidal voltage: v(f) =V}, sin(w? + )

— Sinusoidal current:  i(f) = I,, sin(w? + )

4  Period and frequency

Period and frequency

The waveform of a sinusoidal function is shown in Figure 9.4.
Period T: the time to complete one full cycle of the waveform, or the positive
and negative alternations of one revolution.
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Figure 9.4 Sinusoidal waveform

f4

om m > 1 (s)

Figure 9.5 Frequency of sine waveform

e Frequency f: the number of cycles of waveforms within 1 s. The frequency is
measured in Hertz (Hz).

For instance, in Figure 9.5, the number of complete cycles in 1 s is 2, so it has a frequency
of 2 Hz.

Calculating period and frequency

e Relationship of 7 and f: The frequency f of the waveform is inversely

. . . 1
proportional to the period 7 of the waveform, that is, ' = T

— Period T: the time to complete one full cycle
Frequency f: number of cycles per second

1
_f:?

Period and frequency

Calculating frequency

or f:

e |Frequency =

1
T

Period

. 1
e  Units: Hertz (Hz) —f= 7| ___——Second (s)
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Figure 9.6 The peak value and phase of the sine wave

9.1.5 The peak value and angular velocity of a sine function

The peak value of a sine wave

e There are three important components in the expression of the sine function
At = Fy, sin(wt + y): peak value Fy,, angular velocity w, and phase shift .
e Peak value F:
—  Fy, is the peak value or amplitude of the sine wave ([, for current or Vy,
for voltage).
—  F, is the distance from zero of the horizontal axis to the maximum point
(positive or negative) that a waveform can reach during its entire cycle
(Figure 9.6(a)).

The angular velocity of a sine wave
e Angular velocity w (the Greek letter omega):
— Angular velocity or angular frequency of a sine wave reflects the rate of
change of the rotation of the wave.
—  Angular velocity = rotating distance/time
(same with the linear motion: velocity = distance/time)

e Since the time required for a sine wave to complete one cycle is period 7, the

distance of one cycle is 277 as shown in Figure 9.4, so the angular velocity can

2
be determined by: w = 77[

o The relationship between the angular velocity and frequency is:

21
LU:T:ZJTf (f:?)

So, the angular velocity is directly proportional to the frequency, this is also called
the angular frequency.

9.1.6 The phase of a sine function

The phase shift i of a sine wave

e Phase shift or phase ¥ (the Greek letter phi): an angle that represents the
position of the wave shifted from a reference point at the vertical axis (0°).

e A sine wave may shift to the left or right of 0°. The range of phase shift is
between —i and +.

=0, <0, and pP>0
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e If phase shift v =0, the waveform of sine function f{f) = F,, sin(wt+ 0) or
) = Fy, sinwt starts from £ = 0 as shown in Figure 9.6(a).

e If phase shift i has a negative value (y < 0), the waveform of sine function
f(t) =F,, sin(wt —y) will shift to the right side of 0° as shown in
Figure 9.6(b).

e If phase shift y has a positive value (y > 0), the waveform of sine function
f()=F,, sin(wt+1) will shift to the left side of 0° as shown in
Figure 9.6(c).

f(t) = Fy sin(wt + )

— Fp: Peak value (amplitude)

Three important — o: Angular velocity or angular frequency

components of a 27 .

sine function w=7= 21f (7= 180°)

— 1 Phase or phase shift
1 > 0: waveform shifted to the left side of 0°
1 < 0: waveform shifted to the right side of 0°

Units:

Radian/second

* | /() =Fysin(st+y) ‘L\
“~Radian or degree (rad or °)

S

Hertz (Hz)
Second (s)

9.1.7 An example of a sine voltage

Example 9.1: Given a sinusoidal voltage v(f) = 6 sin(25¢ — 30°) V, determine its
peak voltage, phase angle, and frequency, and plot its waveform.

Solution:

e Peak value: V, =

e Phase: y = (" < 0, waveform shifted to the right side of 0°)
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o Frequency: f= l
T

2
w:%, and w =25rad/s
2 2mrad
" IT=—=—7-—=02
’ o  25rad/s 0255

1 1

e The waveform is shown below:

A0

z\/Zn o

T'=0.25s

w=30°

Figure 9.7 Waveform for Example 9.1

9.1.8 Phase difference of the sine function

Phase difference ¢

e For two different sine waves with the same frequency, the angular displace-
ment of their phases is called phase difference and denoted by ¢ (lowercase
Greek letter phi).

e Phase difference is a phase angle by which one wave leads or lags another.

For instance, given the general expressions of sinusoidal voltage and current as
v(t) = Vi sin(wt + ) and i(t) = Vi sin(wt + ;)
The phase difference between voltage and current is

@ = (0t +,) — (0t + ;) = v, — P,

©=0,0>0,and p <0

o Ifgp=1vy,—y;=0,the two waveforms are in phase as shown in Figure 9.8(a).

o If@p=1vy,—y;>0, voltage leads current, or current lags voltage as shown in
Figure 9.8(b).

o Ifp=1vy,—y; <0, current leads voltage, or voltage lags current, as shown in
Figure 9.8(c).
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0 » W,

Figure 9.8(a) Two waveforms are in phase

H e e

Figure 9.8(b) Current lags voltage

S a ="

Figure 9.8(c) Current leads voltage

H‘q’;‘pw %J%bi/

Figure 9.8(d) Voltage and current are orthogonal

Q= i ,>0, andp <0

o Ifop=vy,—y, = 47 5 (or +90°), then voltage and current are orthogonal, or is

a right angle. It is shown in Figure 9.8(d).
(The Greek orthos means “straight”, and gonia means “angle”.)

o If p=1,—y;==xm (or £180°), voltage and current are 180 degrees out of
phase as shown in Figure 9.8(e).



264  Understandable electric circuits: key concepts, 2nd edition

Figure 9.8(e) Voltage and current are out of phase

For two waves with the same frequency such as

v(t) = Vi sin (ot + ), i(t) = Iy sin (wt + ;)
Phase difference ¢
- Ifp=0: v and 7 in phase
=9, - — Ifp>0: v leads i

- Ifp<O: v lags i
- Ifgp= ig: v and i are orthogonal

— If ¢p=4m: vandiare 180 degrees out of phase

9.1.9 An example of phase difference

Example 9.2: Determine the phase difference of the following functions and plot
their waveforms.

(@) v(t) =20sin(wt+30)V, i(f) =12 sin(wt+60") A
(b) v(t) =S5sin(wt+60)V, i(t) =2.5sin(wt+20) A

Solution:

(@ @=v,—y;=30°—60°=30°<0
So, voltage lags current by 30° as shown in Figure 9.9(a).

A

20 /\
WFO\ » O,
—»30° M
- i

30°
> 6oo [

Figure 9.9(a) Figure for Example 9.2(a)
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(b) ¢=v,—y;=60°—20°=40°>0
So voltage leads current by 40° as shown in Figure 9.9(b).

i
// % .
0 L
N w
40°

20—

60°

Figure 9.9(b) Figure for Example 9.2(b)

9.2 Sinusoidal AC quantity

9.2.1 Peak value and peak—peak value

AC voltage or current can be described in a number of ways

e A sinusoidal AC quantity such as AC voltage or current can be described in a
number of ways. They can be described by their peak value, peak—peak value,
instantaneous value, average value or rms (root-mean-square) value.

e The different expressions will provide different ways to analyze the sinusoidal
AC quantity, and it is also because a sinusoidal wave always varies periodi-
cally and there is no one single value that can truly describe it.

Peak value F,
e The peak value is the amplitude or maximum value Fj, in sine function

f () = Fy, sin(wt + ).
e The peak value is denoted by F, as shown in Figure 9.10.

Peak—peak value F,_,

e The peak—peak value F),, represents the distance from negative to positive
peak, or minimum to maximum peak, or between peak and trough of the
waveform.

e  The peak—peak value F,, = 2Fy as shown in Figure 9.10.

(To determine the maximum values that electrical equipment can withstand, the peak values or
peak—peak values of the AC quantities should be considered.)
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A1)

Fm:Fpk

Fp-p / \ .

Figure 9.10 Peak and peak—peak value

f(t) A

Figure 9.11 Average value

9.2.2 Average value

Average value is defined as the average of f(t)’s half-cycle

e Because of the symmetry of the sinusoidal waveform, its average value in a
complete full cycle is always zero.

e For a sinusoidal function f () = F, sin(w? + ), its average value is defined as
the average of its half-cycle (0 to ), as shown in Figures 9.11 and 9.12.

Derive average value
o The average value of a half-cycle sinusoidal wave with a zero phase shift can
be derived by using integration as follows:

e  Note: If you have not learned calculus, then just keep in mind that Fa,, = 0.637F,, is the
equation for the average value of a half-cycle sinusoidal wave, and skip the following
mathematic derivation process.

T

T
A 1 1 :

Favg = Area ,Jf(t)dt = —.[Fm sin wtdwt

T 7

0 0

Fp x Fi
—tmr_ g = —— —cos0
- [—cos wi]; - [cos T — cos 0]

Fo 2Fn
= I oy =2 0.637F,
a JT

i€, [Fay = 0.637Fy |

e Therefore, the average value of a half-cycle sinusoidal wave is 0.637 times the
peak value, as shown in Figure 9.12.
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Figure 9.12  Average value

9.2.3 Instantaneous value

Instantaneous value of the sinusoidal waveform

e The instantaneous value of the sinusoidal waveform f{¢) varies with time, and it
is the value at any instant time ¢ (or w?) in any particular point of a waveform.

o Instantaneous values of the variables are denoted by lowercase letters, such as
Voltage v, current i, etc.

Example 9.3: Given a sinusoidal AC voltage v(f) = V,,sinwt as shown in Figure 9.13,
determine the instantaneous voltage v; (voltage at 30°) and v, (voltage at 135°) when
Va=5V.

w(f)

V2
Vi

» o,

Figure 9.13 Figure for Example 9.3
Solution:

vi = Vi sinwt = 5sin30° =2.5V
vy = Vp sinwt = 5sinl135° = 3.54V

For a sinusoidal waveform:

— Peak value F,,; = F,,: the amplitude or maximum value
Peak value, peak—peak pk— " m P

value, instantaneous

value, and average value | — Instantaneous value f{7): the value at any time in any
particular point of the waveform

— Average value Fayg: Favg=0.637F,

— Peak—peak value Fp_,: Flpp = 2F ¢
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9.2.4 RMS (root-mean-square) value

Applications of RMS value

e RMS value (also referred to as the effective value) of the sinusoidal waveform
is widely used in practice.

e For example, the values measured and displayed on instruments and the
nominal ratings of the electrical equipment are rms values.

e In North America, the single-phase AC voltage 110 V from the wall outlet is a
RMS value.

The physical meaning of RMS value

e For a sinusoidal waveform, the physical meaning of the AC RMS value is the
heating effect of the sine wave.

e An AC source RMS value will deliver the equivalent amount of average power
to a load as a DC source.

e For instance, whether turning on the switch 1 (connect to DC) or switch 2
(connect to AC) in Figure 9.14, 20 V DC or 20 V AC RMS value will deliver
the same amount of power (40 W) to the resistor (lamp).

e If the lamp is replaced by an electric heater, then the heating effect delivered
by 20 V DC and 20 V AC RMS will be the same.

9.2.5 Quantitative analysis of RMS value

The average power of AC
e The average power generated by an AC power supply is:

DPac = Iac’R = (Imsinwt)zR = (In*sin*wt)R

IR In°R
2 2

(1 — cos2mt)

N —

cos2wt sinwt =

1
Pac = I {5 (1— cos2wt)}R =

I=2A

T

1 2
@P:MW
R=10Q

20 VDC 20 V RMS

Figure 9.14 RMS value



Fundamentals of AC circuits 269

e  Only the first part in the above power expression represents the average power
of AC, since the average value of the second part in the power expression

2
(a cosine function) is zero, i.e., Py = #

e The average power generated by DC voltage is

RMS value of AC current
e According to the physical meaning of RMS, the average AC power is
equivalent to the average DC power when the AC source is a RMS value, so

2 2
R 1
m®_p2p j2—m
2 or 2

N

e Taking square root on both sides of equation gives,

I Iy
I =\ =—"%=~0707, or |I,=+2I~1414] 9.1
=5 [In = V2 1)
e The current / in the above equation is the RMS value of the AC current, and /,,,
is the peak value or amplitude of the AC current.

RMS value of AC voltage

e RMS value of AC voltage can be obtained in the same approach by obtaining
the RMS value of the AC current, i.c.,

v

V:7‘%:0.707Vm or |[Vm=vV2V=1414V ©-2)

e The voltage V in (9.2) is the RMS value of AC voltage, and V7, is the peak
value or amplitude of the AC voltage.

9.2.6 RMS value of a periodical function

The RMS value of a non-sine wave function

e Equations (9.1) and (9.2) indicate the relationship between the RMS value and
the peak value of a sine wave, which is related by v/2.

e That relation only applies to the sine wave. For a non-sine wave function f'(¢),
the following general equation can be used to determine its RMS value:

T
F = _J f2 (¢)dt (T is the period of the function)
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Root-mean-square

The name root-mean-square (RMS) is obtained from the above equation, in which
the term of

- denotes square root (root).
— /T denotes the average (mean).
—  f%(1) denotes square (square).

— RMS value or effective value of AC: an AC source with RMS
value will deliver the equivalent amount of power to a load as a

DC source.
- V=007V, I=0.707I,
RMS value of AC or Vo =2V, I, =21

function — The general equation to calculate RMS value:

T
F= 1/%J0f2(t)dt

9.3 Phasors

9.3.1 Introduction to phasor notation

A phasor

e A phasor is a vector that contains both magnitude and direction or amplitude
and phase information.

e A phasor can be used to represent AC quantities. Since phasors have magni-
tudes and directions, they can be represented as complex numbers.

A phasor notation

e A phasor notation or phasor-domain is a method that uses complex numbers to
represent the sinusoidal quantities for analyzing AC circuits.

Charles Proteus Steinmetz, a German-American mathematician and electrical engineer,
developed the phasor notation in 1893.

e A phasor notation can represent sine waves in terms of their peak value
(magnitude) and phase angle (direction). The peak value can be easily con-
verted to the RMS value.

e The phasor notation can simplify the calculations for AC sinusoidal circuits,
therefore, it is widely used in circuit analysis and calculations.

The same frequency

e The phasor notation can be used for sinusoidal quantities only when all
waveforms have the same frequency.

e Inan AC circuit, AC source voltage and the current are the sinusoidal values
with the same frequency, so the resulting voltages and currents in the circuit
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should also be sinusoidal values with the same frequency or angular
frequency.

Voltages and currents in an AC circuit can be analyzed by using the phasor
notation, i.e., they can be determined by the peak value or RMS value and the
phase shift of the phasor notation.

Phasor| — Phasor notation is a method that uses complex numbers to represent the

— A phasor is a vector that contains both amplitude and angle information, and
it can be represented as complex number.

sinusoidal quantities for analyzing AC circuits when all quantities have the
same frequency.

9.3.2 Complex numbers review

Complex numbers

The key for understanding the phasor notation is to know how to use complex
numbers. Therefore, we will review some important formulas of complex
numbers that you may have learned in previous mathematics courses.

The complex number has two main forms, the rectangular form and the polar
form.

Rectangular form

Rectangular form: A=x+jy| (=v-1)

where x is the real part and y is the imaginary part. j is called the imaginary
unit.

The symbol i is used to represent imaginary unit in mathematics. Since i has
been used to represent AC current in the circuit analysis, j is used to denote the
imaginary unit rather than i to avoid confusion.

Polar form

This is the abbreviated form of the exponential form 4 = ae¢/¥, in
which a is called modulus of the complex number, and the angle y is called
argument of the complex number.

Convert rectangular form to polar form

Let A=x+jy=aly
Apply a = /x2+)? Pythagorean theory
gives |A=x+jy=vVx*+7Y? tanfli—} =a/y| Referto Figure 9.15.

Convert polar form to rectangular or triangular form

x =a cosy and y = a siny can be obtained from Figure 9.15.
so,[A =a/y =x+jy=a(cosy +siny) |
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+i A

D 4

0 X

Figure 9.15 Complex number

Convert triangular form to exponential form

e FEuler’s formula can be used for the conversion from triangular form to
exponential form:

o ¥ =cosy+jsiny or [ae¥ =a(cos y +jsin )]

Operations on complex numbers
e Given two complex numbers,

Ai=x1+jyi=a<y; and A, =x,+jy,=a, >y,
e Addition: A+ Ay = (x; +x2) +7 (11 +2)
e Subtraction: A=Ay = (x1—x2) +] (1—)2)

e  Multiplication:
— Polar form: A, - Ay =ay ar < (Y1 +y2)

— Rectangular form:
Ay Ay = (x4 1) (x2 +/v2) = (x1x2 — y1y2) +j(xayr +x12)
P = VoIV = (VT = -
e Division:

A
A_I = ﬂl(% —,)

2 a

—  Polar form:
—  Rectangular form:

A xiHjyr () —y2)  xixa4yiya Xy —xin

Ay xa+jyr () —jva) x4 )2 >y + 1,2

(It will be much simpler to use the polar form on operations of multiplication and division.)



Fundamentals of AC circuits 273

Complex numbers A =alyp =x+jy=a(cosy +jsiny)

— Rectangular form: A =x+j y
— Polar form: A=aly
— Conversion between rectangular and polar forms:

A=x+jy=+/x +y2tan*1X =aly
x

— Addition and subtraction: 4| & 4, =(x; £ x2) +j (1 £ )
— Multiplication: A, - A> = ay a, <Y1+ y2) = (1 +jy1) (x2 +jy2)

A1 a X1+ 1
— =LY — ) = ——

— Division: = :
Ay @ X2 +jy2

9.3.3  Phasor domain
Real part and imaginary part of complex numbers

Using the phase notation to represent the sinusoidal function is based on
Euler’s formula €% = cosg + jsing.
For a sinusoidal function f'(f) = F, sin (wt + ), replacing ¢ with (vt 4 ) in
Euler’s formula gives,

&) = cos(wt + ) +j sin(wt + )
where  cos(wt + 1) = Re [/ V)]
and sin(wt + 1) = I [/ V)]

“Re [ 17 and “J,, [ ]” stand for “real part” and “imaginary part” of the
complex numbers, respectively.

The rotating factor and the phasor

Sine function f(t) = Fy, sin(wt + ) = Iy [Fne V)] = I [Frne” - ']
That is, a sinusoidal function is actually taking the imaginary part of the
complex number

/(1) = Tn[Fue - &1 (9.3)

There are two terms in '(9.3), F.e/¥ and &
—  The second term ¢/’ is called the rotating factor that varies with time ¢.
—  The first term is the phasor of the sinusoidal function

FneV =Fn/y=F

So, (9.3) of sine function can be written as:
f(t) = Fpsin(ot + ) = I [Fe'™]

The first term in (9.3) is F = F,, /y, where bold-face letter F represents a
phasor (vector) quantity. (Similar to the boldface that indicates a vector quantity in
mathematics and physics.)
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e A phasor quantity can also be represented by a little dot on the top of the letter,
such as F = Faly.

o There is no difference between operations on phasors and complex numbers,
since both of them are vectors.

Sinusoidal currents and voltages in the phasor domain

e If the sinusoidal currents and voltages in an AC circuit are represented by
vectors with the complex numbers, this is known as phasors.

e The sinusoidal voltage v(f) = V,sin(wt + ¢) and current i(f) = I,sin(w? + ¥) in
an AC circuit can be expressed in the phasor domain as:
—  Peak value:

V="Valy, or V="Valp,
j = ]mZ'l/)l or I= Imﬁ/)l
—  RMS value:

V=V5hp, or V=Vi,
I=1Inp; or I=1I/y,

Time domain Phasor domain

— f()=F_sin(ot +y) | Peak value: F,=F Zy (or 15”, =F /)

RMS value: F= FZy (or 1.7:F41//)
Phasor Vo= Vm 4‘/’\:

m

— v() =V sin(wt +y) |Peak value:
RMS value: V= VZy,
— i(t)=1sin(wt+y) | Peakvalue: I, =1 Ly,

RMS value: [ = [Zy,

9.3.4  Phasor diagram

A phasor diagram

e Since a phasor is a vector that can be represented by a complex number, it
can be presented with a rotating line in the complex plane as shown in
Figure 9.16.

e The length of the phasor is the peak value F,, (or RMS value F). The angle
between the rotating line and the positive horizontal axis is the phase angle ¥
of the sinusoidal function. This diagram is called the phasor diagram.
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Figure 9.16 Phasor diagram

Example 9.4: Use the phasor notation to express the following voltage and current
in which 12 and —10 are the peak values.

(a) v=—10sin(60z+25°) V
(b) i=12sin(25t—20°) A
Solution:

@ [Vw=-10/25V]

(b) [In=12/-20°A|

Example 9.5: Use the instantaneous value to express the following voltage and
current in which 120 and 12 are the RMS values.

(a) ¥V =120430°V
(b) I=12/0°A

Solution:

@ |v=120v2sin (o +30)° V|
(b) Ii = 12\/§sinth‘

9.3.5 Rotating factor

Rotating factor e/*

e In the sinusoidal expression of f(f) = Fsin(wt + ¢) = I[Fme’¥ - ¢, the
term “e’®"” varies with time ¢, known as the rotating factor or time factor.

e As time changes, the rotating factor rotates counterclockwise at angular
frequency o in a radius F,, of the circle, as shown in Figure 9.17.
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+j A

v

+1

-

Figure 9.17 Rotating factor

e The rotating factor & can be represented by Euler’s formula
¢/ = cos wt +jsin wt
when wt = £90°: ™" = cos(£90°) + sin(£90°) = +j
cos(£90°) =0, sin(+90°) =1

Therefore, + j is also the rotating factors (+j = +90°).

Rotating factor | &“  or 4+ j=490°

Sine wave and phasors

e A sinusoidal function can be represented by a rotating phasor that rotates in
360° in a complex plane as shown in Figure 9.18.

e The instantaneous value of the sinusoidal wave at any time is equal to the
projection of its relative rotating phasor on the vertical axis (j) at that time.

The geometric meaning of the sinusoidal function f (1) = Fiusin(wt + ) = Ji,
[Fne'” - &' represented by the rotational phasor motion can be seen from the
following example.

Example 9.6:
In Figure 9.18,
e when t=1y=0, the phasor is F = F, /¢
e when # =1, the phasor is F = F};, /90°
e It goes from v to 360°.
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+j A A

Figure 9.18 Sine wave and phasor motion

9.3.6 Differentiation and integration of the phasor

Note: Skip the following part and start from Example 9.8 if you have not learned
calculus.

Differentiation of the phasor

For a sinusoidal function f{7) = F,, sin(wt 4 ¥), the derivative of the sinusoidal function with

respect to time can be obtained by its phasor F multiplying with jo,

dr ()
dr

This is equivalent to a phasor that rotates counterclockwise by 90° on the complex plane

(since +j = +90°).

(Appendix B provides the details for how to derive the above differentiation of the sinusoidal

function in the phasor notation.)

ie.,

e jo F

Integration of the phasor

e The integral of the sinusoidal function with respect to time can be obtained from its phasor
divided by jo, i.e.,
F
t)dt =~ —
[ ra=
e  This is equivalent to a phasor that rotates clockwise on the complex plane by 90°.
1 .
(since —=—j = -90.)
J
Differentiation and df (1)

— Differentiation: S joF or joF (4 =+90)

integration of the
sinusoidal function F 1. 1 )
in phasor notation — Integration: Jf(t)dt @j; or jEF (Jf: —j=-90 )
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9.3.7 Examples of phasor domain

Example 9.7: Convert the following sinusoidal time domain expression to its
equivalent phasor domain, and determine voltage V' (or V).

d .
2v—6d—‘;+4j ydt = 20 sin(4¢ + 30°)

Solution:

. . 14 .
2V — 6joV +4—=20/30
Jjo

Since w =4 in the original expression, so

: T '
2V —6j 4V +4j71 =20/30

V(2 —24j —j) = 20/30°
20730 20/30°

V= ~ -=/o. 43°
225 25 854y 081543

Note: . .
—  The complex number of the denominator is

Z=x+jy=2—j25=/x +y2tan*1X
X
—  Since x is positive and y is negative in (2—;25), the angle should be in the fourth
quadrant, i.e., —85.43°.

Example 9.8: Convert the phasor domain voltage and current to their equivalent
sinusoidal forms (time domain).

(@) I=j5¢7" mA
b V=-6+8V
Solution: (a) [ =;5/-30"mA =5/90"/—30" mA j=90
=5/(90" —30") mA = 5/60" mA
| o i(t) = 5 sin(wt +60) mA|

. 8 .
(b) V=—6+/8V=4/(—6)"+8 tan‘11—6 V ~10/126.87 V

(Since y is positive and x is negative, it should be in the second
quadrant.)

[ v(t) = 10 sin(wr + 126.87 ) V|
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If the phasors are used to express sinusoidal functions, the algebraic operations of
sinusoidal functions of the same frequency can be replaced by algebraic operations
of the equivalent phasors, which is shown in Example 9.9.

Example 9.9: Calculate the sum of the following two voltages.
vi(f) =2sin(wt +60°) V. and  v,(f) = 10sin(wt — 40°) V

Solution: Convert the sinusoidal time domain voltages to their equivalent phasor
forms:

Vi=2/60V and V,=10/—40"V
So V4V, =2/60+10/—40"  a/p = a(cosy +sin)
= 20860 +,2sin60 + 10 cos(—40) + 10 sin(—40")
~ 141732 + 7.66 — j6.43
= 8.66 — j4.698

—4.698)
8.66

= \/ 8.66> + (—4.698)” tan~!(
~9.85/—28.48 V

(Since y is negative and x is positive, it should be in the fourth quadrant.)

(- v(t) = 9.85 sin(wr — 28.48) V|

9.4 Resistors, capacitors, and inductors in sinusoidal
AC circuits

9.4.1 Resistor’s AC response

R, L, and C’s AC response

e Any AC circuit may contain a combination of three basic circuit elements,
resistor (R), inductor (L), and capacitor (C).

e When R, L, and C are connected to a sinusoidal AC voltage source, all
resulting voltages and currents in the circuit are also sinusoidal and have the
same frequency as AC voltage source.

e All voltages and currents in the AC circuit can be converted from the sinusoidal
time domain form f(#) = F,,, sin(wf + ) to the phasor domain F = F,, /y.

Resistor’s AC response
e A resistor is connected to a sinusoidal voltage source as shown in Figure 9.19(a).
e  Where the source voltage is:

e = Vi sin(wt + )
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Figure 9.19 Resistor’s AC response
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VR
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Figure 9.19(c) When ¢ = 0°

e The sinusoidal current in the circuit can be obtained by applying Ohm’s law for
AC circuits (v = Ri),
e

Vi
ie., ip = = % sin(wt + ) = Iy, sin(wf + )

_ VRm

" R

"R

e Voltage across the resistor is the same with the source voltage, i.e., e = vz
or [vg = Vi sin(w? + ) |

—  Peak value: | Iy

—  RMS value: |1

9.4.2 Resistor’s AC response in time domain

Angular frequency and phase angle of vg and ix

e The sinusoidal expressions of resistor voltage vg and current ir indicate that vol-
tage and current in the circuit have the same angular frequency (w) and the same
phase angle v (or vg and iy are in phase). This is also illustrated in Figure 9.19(b).

e Assuming the initial phase angle is zero, i.c., 1 = 0°, then,

. VR - TS
=%

R
vR = RiR VR = Vg, sinwt

e This is illustrated in Figure 9.19(c).
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The v and iR in the time domain
The sinusoidal expressions of resistor voltage (vg) and current (ig) are in the time

domain.
— Instantaneous values (time domain):
vr = Vg sin(w? + )
Relationship of voltage and current ir = I sin(wt + )
of a resistor in an AC circuit — Ohm’s law:
Peak value: Vg =1z R
RMS value: Vg = IxR

9.4.3 Resistor’s AC response in phasor domain

The peak and RMS values of the resistor voltage and the current in phasor
domain also obey the Ohm’s law as follows:

VR,

—  Peak value: I, = or Vg, =Ir,R

A phasor can be represented by the boldface or a little dot on the top of the letter.
: Ve
—  RMS value: I = 7 or Vg =IxR

If it is expressed in terms of conductance, it will give

. . 1
IR =GR (G :ﬁ)

The relationship of the resistor voltage and current in an AC circuit can be
presented by a phasor diagram illustrated in Figure 9.20(b).

I 7

(SR

©
=

NNV
;o

(a) (b)

Figure 9.20 The phasor diagram of the AC resistive circuit
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Example 9.10: If R = 10 Q,ig = 6/2 sin (wf — 30") A in Figure 9.20(a), deter-
mine the voltage across resistor in the phasor domain.

Solution: vg = Rig = 10 x 6v/2sin(wt — 30") = 60+/2sin(wt — 30)

so Vg, =[60v2/—30" V

Resistor’s AC response in
phasor domain

Ohm’s Law:

— Peak value: Vr, = Ig R or W, =Ir R
— RMS value: Vg = RR or Vi = IrR
— Using conductance: iR = GVR ( = %)

Phasor diagram: I, Vi

(AC resistor voltage and current are in phase)

Note that we can use Ohm’s law in AC circuits as long as the circuit quantities are consistently
expressed, i.e., both the voltage and current are peak values, RMS values, instantaneous values,

etc.

9.4.4 Inductor’s AC response

Sinusoidal expression of the iy, and vy,

e If an AC voltage source is applied to an inductor as shown in Figure 9.21(a),
the current flowing through the inductor will be

’iL = ILm sin(a)t + 'l/)) ‘

(9.4)

e The relationship between the voltage across the inductor and the current that
flows through it is

VL :La

Y

+

p

(a)

(9.5)

A

°\>1/ .
H H

90°

Figure 9.21 Inductor’s AC response
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Note: If you have not learned calculus, then just keep in mind that
vL = oLl sin(wt 41 +90)

is the sinusoidal expression of the inductor voltage, and skip the following
mathematic derivation process.
Substituting (9.4) into (9.5) and applying differentiation gives

dip _ d[[Lm sin(wt -+ 1/))]

=L—=L——— > — L]
VL o T oLl cos(wt + )
= oLl sin(wt +p +90) " cos ¢ = sin(wt + 907)
Therefore, ‘ vp =Ll sin(wt+y+ 900) | 9.6)

Angular frequency and phase angle of the v, and i},

The sinusoidal expressions of the inductor voltage v; and current i indicate
that in an AC inductive circuit, the voltage and current have the same angular
frequency (w) and a phase difference.

The inductor voltage vy leads the current i; by 90° as illustrated in Figure 9.21(b)
if we assume that initial phase angle y = 0°.

9.4.5 The current and voltage in an inductive circuit

Ohm’s law for an inductive circuit

The relationship between the voltage and current in an inductive sinusoidal AC
circuit can be obtained from (9.6), which is given by

—  Peak value: V=Ll

—  RMS value: V', =Ll

This is also known as Ohm’s law for an inductive circuit.

Inductive reactance and susceptance

oL is called inductive reactance and is denoted by Xi,

e, Xy =wl=2xafL (w=2nf)

V
—  Peak value: Vi, = XiI, or X = IL"'
Lm
— RMSvalue: V=X, or X, = I_L
L

X1 is measured in ohms (€) (it is the same as resistance R).

In an inductive circuit, the reciprocal of reactance is called inductive sus-
. . 1 . L

ceptance and is denoted by By, i.e., B = A and is measured in siemens (S)

L
or mho (O).

Recall that the conductance G is the reciprocal of resistance R.
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— Instantaneous values (time domain):
ip =1 sin(wt + )
vy =Xp I sin(wt + 3 + 90°)
— Ohm’s Law:
Relationship of voltage and Peak value: V=X 1
current 9f in.ductor in RMS value: Vy = X, Iy
an AC circuit — Inductive reactance: X; = wL = 2afL
Unit: Ohm (€2)
— Inductive susceptance: By = )%L
Unit: Siemens (S) or mho (O)
9.4.6 Characteristics of an inductor

Angular frequency and inductor voltage

In an AC inductive circuit, the relationship between the voltage and current is
not only determined by the value of inductance L in the circuit but also related
to the angular frequency w.
If an inductor has a fixed value in the circuit of Figure 9.21(a), inductance L in
the circuit is a constant, and the higher the angular frequency w, the greater the
voltage across the inductor.

VL T: XLIL = (a) T L) ]L

When w— o, VL—w

i.e., when the angular frequency (w) approaches to infinite, the inductor

behaves as an open circuit in which the current is reduced to zero.

The lower the angular frequency w, the lower the voltage across the inductor:
nil=Xh=(l|L)L

When w=0, VL=0
i.e., the AC voltage across the inductor now is equivalent to a DC voltage since
the frequency (w = 27f") does not change any more.

Pass AC and block DC

Recall that the inductor is equivalent to a short circuit at DC. In this case, the
inductor is shortened because of zero voltage across the inductor.

An inductor can pass the high-frequency signals (pass AC) and block the low-
frequency signals (block DC).

Characteristics of an inductor

— An inductor can pass AC (open-circuit equivalent).
— An inductor can block DC (short-circuit equivalent).
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90° I,

0

(a) (b
Figure 9.22 The phasor diagram of the AC inductive circuit

9.4.7 Inductor’s AC response in phasor domain

The vy, and i, in phasor domain

e The sinusoidal expressions of the inductor voltage v; and current iy are in the
time domain. The peak and RMS values of the inductor voltage and the current
in phasor domain also obey Ohm’s law as follows:

—  Peakvalue: Vi, =X i, or W, =jX I,
- RMS value: VL :jXLjL or VL :jXL IL

di
e This is because v, = La & Ljolg Differentiating: multiply by jo
So, i/]_ = (]wL)IL or VL :jXLiL XL =wL

The phasor diagram of the AC inductive circuit

e The relationship of the inductor voltage and current in an AC circuit
can be presented by a phasor diagram illustrated in Figure 9.22(b) and (c).

e Figure 9.22(b) is when the initial phase angle is zero, i.e., 1 =0° and
Figure 9.22(c) is when 3 # 0° (the inductor current lags voltage by 90°.)

Ohm’s law:

— Peak value: I./Lm :jXLjL or VL :jXLILm

m m

— RMS value VL :jXL]L or VL :jXLIL
Inductor’s AC response in
phasor domain "

Phasor diagram: 00°

0 I
Inductor voltage leads the current by 90°.
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Example 9.11: In an AC inductive circuit, given vi = 6v/2sin(60t 4 35") V, and L
is 0.2 H, determine the current through the inductor in time domain.

Solution: Inductive reactance X; = wL = (60 rad/s)(0.2 H) =12 Q

M. 6V235V 6V235V

- — = = 0.5V2/-55 A i =90’
X j12Q 12/90° Q v /

I,

Convert the inductor current from the phasor domain to the time domain

i, = —0.5v/2 sin(60t — 55°) A|

9.4.8 Capacitor’s AC response

Sinusoidal expression of the ic and vc
e Ifan AC voltage source is applied to a capacitor as shown in Figure 9.23(a),
the voltage across the capacitor will be

‘VC = V¢, sin(a)t + 1/)) ‘

o The relationship between the voltage across the capacitor and the current
through it is

dVC

. cdve

e dr

e Substituting v¢ into the above expression and applying differentiation gives

d[Vc,sin(wt .

ic=C [ C"‘Slnd(tw + )] = oCV¢, sin(wt + 1 +90 )

That is
ic = oCV¢, sin(wt 4 1 4 90) 9.7)

\ A

0%/
> 90 [

(@) (b)

Figure 9.23 Capacitor’s AC response
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Angular frequency and phase angle of the v¢ and ic

The sinusoidal expressions of the capacitor voltage vc and current ic indicated
that in an AC capacitive circuit, the voltage and current have the same angular
frequency (w) and a phase difference.

The capacitor current leads the voltage by 90° as illustrated in Figure 9.23(b),
if we assume that the initial phase angle y = 0°.

9.4.9 The current and voltage in a capacitive circuit

Ohm’s law for an capacitive circuit

The relationship between voltage and current in a capacitive sinusoidal AC
circuit can be obtained from (9.7), which is given by

— Peak value: Io = (wC) V¢,

—  RMS value: Ic = (wC) V¢

This is also known as Ohm’s law for a capacitive circuit.

Capacitive reactance and susceptance

oC is called capacitive reactance that is denoted by the reciprocal of X,

1 1
ie. Xe=—=—— = 27fC
e €T wC  2afC © = 21f
—  Peak value: X¢c = Yen
Cm
Ve
—  RMS value: Xc = —
Ic

Xc is measured in ohms (€).
That is the same as resistance R and inductive reactance Xj.

Recall that the inductive susceptance By is the reciprocal of the inductive
reactance Xi. The reciprocal of capacitive reactance is called capacitive

. . 1 . .
susceptance and is denoted by B, i.e., Bc = —, and it is also measured in

xXc
siemens (S) or mho (O) (the same as By).

The relationship of voltage and current RMS value: Ve=Xc Ic
of capacitor in an AC circuit c i . X 1 1
- itive r nce: =—=—
apacitive reactance: Xc = — ¢~ 2mfC
Unit: Ohm (Q)

Instantaneous values (time domain):
Ve = ch sin(wt + 'l/))
ic=wCVc, sin(wt+ 1y +90°)

— Ohm’s law:

Peak value: Ve =Xc Ic,

.o 1
— Capacitive susceptance: B¢ = X

Unit: Siemens (S) or mho (O)
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9.4.10 Characteristics of a capacitor

Angular frequency and capacitor voltage

e Similar to an inductor, in an AC capacitive circuit not only is the relationship
between voltage and current determined by the value of capacitance C in the
circuit but it is also related to angular frequency w.

e Ifthere is a fixed capacitor in Figure 9.23(a), the capacitance C in the circuit is
a constant, and the higher the angular frequency w, the lower the voltage across
the capacitor:

Ic
Ve |=Xele =
c |=Xclc w1 C
When w — 00, Ve — 0

e i.e., when the angular frequency w approaches infinite, the capacitor behaves
as a short circuit in which the voltage across it will be reduced to zero.
e The lower the angular frequency w, the higher the voltage across capacitor.

Ic

VCT:wlC

When w — 0, Ve — o0

e e, the AC voltage across the capacitor now is equivalent to a DC voltage
since the frequency (w = 27f’) does not change any more.

Pass DC and block AC

e Recall that a capacitor is equivalent to an open circuit at DC. In this case, the
capacitor is open because there will be no current flowing through the
capacitor.

e This indicates that a capacitor can block the high-frequency signal (block AC)
and pass the low-frequency signal (pass DC).
(The characteristics of a capacitor are opposite to those of an inductor.)

— A capacitor can pass DC (short-circuit equivalent).

Characteristics of a capacitor | _ 5 capacitor can block AC (open-circuit equivalent).

9.4.11 Capacitor’s AC response in phasor domain

The v¢ and ic in phasor domain

o The sinusoidal expressions of the capacitor voltage vc and current ic are in the
time domain.

o The peak and RMS values of the capacitor voltage and the current in phasor
domain also obey Ohm’s law as follows:
—  Peak value: Vem = —jXc Icm or Ve = —jXcIcm

—  RMS value: V¢ = —jXc Ic or Ve =—jXclc
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> +j
+ 1C
e@ C T~ Ve
_ 90°
0 . *
Ve
(a) (b) (©

Figure 9.24 The phasor diagram of an AC capacitive circuit

.. d
e This is because ic = C % & CjoVc Differentiating: multiply by jo
So I = jwCle = j— T, o=
0 Ic =jwlVc _1,7(; C c=oc
. R 1 .
or Ve = —jXclc <7 = —]>

The phasor diagram of the AC capacitive circuit

The relationship of the capacitor voltage and current in an AC circuit can be
presented by a phasor diagram and is illustrated in Figure 9.24(b) and (c).

e Figure 9.24(b) is when the initial phase angle is zero, i.e., ¥ = 0° (capacitor
voltages lags current by 90°).
e Figure 9.24(c) is when y # 0°

Ohm’s law:
— Peak value: Ve, = —jXc Icm or  Vem= —jXc Icm
— RMS value: VC = _jXC ]C or VC = _jXC IC

Capacitor’s AC Ie
response in phasor
domain Phasor diagram:
90° Ve
0

Capacitor current leads voltage by 90°.

Example 9.12: Given a capacitive circuit in which vc = 501/2 sin(wt —20°) V,
capacitance is 5 uF, and frequency is 500 Hz, determine the capacitor current in the
time domain.
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Solution: o = 2af = 27(500 Hz) ~ 3,142 rad/s

1 1
Xe=—= ~ 63.65Q
T wC  (3142rad/s)(5 x 10 °F)

Vem  50V2V
Xc  63.65Q

Sdem =

~ 786 V2 mA

ic =|786v/2 sin (wr — 20° + 90°)

= \786\5 sin (wf + 70°) mAl

Summary

Direct current (DC)

e The polarity of DC voltage and direction of DC current do not change.
e The pulsing DC changes the amplitude of the pulse, but does not change the
polarity.

Alternating current (AC)

e The voltage and current periodically change polarity with time (such as sine
wave, square wave, saw-tooth wave, etc.).

e Sine AC varies over time according to the sine function, and is the most widely
used AC.

Period and frequency

e Period T is the time to complete one full cycle of the waveform.

. s 1
e Frequency fis the number of cycles of waveforms within one second (f = T) .

Three important components of the sinusoidal function /() = F, sin(w? + y)

o F,: Peak value (amplitude)

2
e : Angular velocity (or angular frequency) o= 771 = 2xaf

e 1 Phase or phase shift

— 1y > 0: Waveform shifted to the left side of 0°
— 1 < 0: Waveform shifted to the right side of 0°

Phase difference ¢: For two waves with the same frequency such as

v(t) = Vi sin(wt +v,) and i(t) = Iy sin(wt + ;) @ =Y, — Y
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Ifp=0: v and 7 in phase
If o> 0: v leads i
o Ifep<o: v lags i

o Ifp= :i:g: v and 7 are orthogonal
e If @ =+ vand i are out of phase by 180 degrees

Peak value, peak—peak value, instantaneous value, and average value of sine
waveform

e Peak value Fy = F,,: the amplitude

e Peak—peak value Fy.p: Fpp=2Fp

e Instantaneous value f(¢): value at any time at any particular point of the
waveform.

e Average value: average value of a half-cycle of the sine waveform Fa,, = 0.637 F,,

RMS value (or effective value) of AC sinusoidal function

e Ifan AC source delivers the equivalent amount of power to a resistor as a DC
source, which is the effective or RMS value of AC.

Vin I
V=—"2=0.707Vn, I =—=0.7071,
\/E \/E

1 T
e The general formula to calculate RMS value is F' = ?J fA(t)de
0

Complex numbers

e Rectangular form: 4 =x +jy
e Polar form: A=a /y
e Conversion between rectangular and polar forms:

A=x+jy=+/x2+)2tan" lg—azw
A=alp=x+jy=a(cosy +jsin )
e Addition and subtraction: A; + A, = (x; £ x3) +j (1 £ »2)
e  Multiplication: 4, - Ay =a; - a> /(P +¥2) = (X1 +jy1) (2 +jy2)
e Division: j—; = Z—; (Y —,) = %
Phasor

e A phasor is a vector that contains both amplitude and angle information, and
can be represented as a complex number.

e The phasor notation is a method that uses complex numbers to represent the
sinusoidal quantities for analyzing AC circuits when all quantities have the
same frequency.
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Time domain Phasor domain

- f@)=F,sin(wt+y) Peakvalue: F,=F Zy (or F, =F Zy)

m

RMS value: F= FZy (or F=FZy)

Phasor V'
- w(t)=V_sin(wt+y) Peakvalue: "

m

=V 2y,
RMS value: V= VZy,
- (=1 sin(wt+y)  Peakvalue: I. =1 ,Zy,

RMS value: 1 = [Zy,

Differentiation and integration of the sinusoidal function in phasor notation

df (1)
dr

e Differentiation:

=joF or joF +j = +90°

F 1. )
e Integration: [f(f)dt=— or —F l: —j=-90
Jw Jw J

e Rotation factor: e or +j =490

Characteristics of the inductor and capacitor

Element DC: when 0 =0 AC: when ® — Characteristics
Inductor L Short circuit Open circuit Pass DC and block AC
Capacitor C Open circuit Short circuit Pass AC and block DC

Three basic elements in an AC circuit

Element | Time Phasor Resistance | Conductance |Phasor
domain domain and reac- and suscep- diagram
tance tance
. . : ; 1 L Tk
Resistor | VR =Rir |Vr =1IrR R G= ? —X »
VL
di | . o 1
Inductor |(vp =L— |V =jXIL |XL=oL B =— 00°
dr X 0 I
L

d . .
Capacitor | ic = % Ve=—jXclc | Xc = oC Bc =y
C
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Practice problems

9.1

9.2

9.3

10.

11.

12.

The difference between the AC and DC is that AC changes ( ),
and DC does not.

When the time to complete a full cycle of a sinusoidal waveform is
2 ms, the frequency of this waveform will be ( ).
Determine the peak value, phase angle, angular frequency, period,
and frequency of the sinusoidal current i (£) =20 sin(30z 4 45°) A,
and also plot the waveform of this current.

Determine the phase differences of the voltages and currents for the
expressions in (a) and (b), and also determine their relationships of
leading or lagging.

(@) v(t) =5sin(wt+40")V, i(f) = 20 sin(30¢ + 30°) A
(b) v(t) =20 sin (vt — 60) V, i(t) = 15 sin(wt —30°) A

(a) vandiare ( ) if the phase difference ¢ is 180 degrees;
(b) vandiare ( ) if the phase difference ¢ is —90°.

Write the sinusoidal expressions (instantaneous expressions) for
values in (a) and (b).

(@) I,=50mA, wt = 30°
(b) Vm=15V, T=20 ms

Determine the average value for a half-cycle of sinusoidal waveform
that has the peak value of 15 V.

Determine the average value for a full cycle of sinusoidal waveform
that has the peak value of 10 V.

Determine the peak value, peak—peak value, average value, and RMS
value of the sinusoidal voltage v (f) =20 sin(w? + 30°) V.

Perform the following operations and express the result in rectangular
form:

>4
3 ﬂ
3-)2

Convert the following sinusoidal expressions to polar forms:

v(t) = 30 sin(wr — 45) V, i(f) = 15 sin(30f + 35")

Convert the following polar forms to instantaneous forms (30 and 15
are RMS values): _
V =30/45V, [=15/—60 A
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13.

14.

15.

16.

17.

18.

Convert the following polar forms to sinusoidal forms (10, —10, and
20 are peak values):

(@) V =10/—45V

(b) I =-10/5 +20/10" A

Convert the following equation to polar form and sinusoidal form:

di :
3Z;+ 4i(r) = 5sin(31 — 30°) A

Determine the difference of the following two sinusoidal expressions

(i1 — 1)
i = Ssin(wt +45) A, i, =20sin(wr—10) A

The resistance R is 3€2 in a purely resistive circuit, and the current is
ir = 5V/2 sin(wt +45") A. Determine the phasor form of the resistor
voltage VRm.

In a purely inductive circuit, the inductance is 0.008 H, and the cur-
rent is i =5 sin(607 4+ 30°) A. Determine the instantaneous expres-
sion of the inductor voltage v in this circuit.

In a purely capacitive circuit, the capacitance is 0.09 pF, and the
current is ic =0.08 sin(120¢ 4 45°). Determine the instantaneous
expression of the capacitor voltage vc in this circuit.
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10.1 Impedance and admittance

10.1.1 Impedance

Ohm’s law of AC circuits

e The phasor forms of relationship between voltage and current for resistor,
inductor, and capacitor in an AC circuit are as follows:

Ve = IRR, VL =jlLx, Ve = —jlcXc
e The above equations can be changed to a ratio of voltage and current:
v v v
—R =R, —F =X, —£ = —jXc
Ix Iy Ic

e The ratio of voltage and current is the impedance of an AC circuit, and it can

Vo . .
be generally expressed as = 7 This equation is also known as Ohm’s law of

AC circuits.

The impedance of R, L, and C

e The physical meaning of the impedance (Z) is that it is a measure of the
opposition to AC current in an AC circuit. It is similar to the concept of
resistance in DC circuits, so the impedance is also measured in ohms (Q).

e The impedance can be extended to the inductor and capacitor in an AC cir-
cuit. It is a complex number that describes both the amplitude and phase
characteristics.

e The impedance of resistor (R), inductor (L), and capacitor (C) are as follows:

Vi v Ve
Zr =R=—, Zy =jXL ==, Zc = —jXc ==
Ir I Ic
— Z is a measure of the opposition to AC current in an AC circuit.
4
Impedance (2) — Ohm’s law in AC circuits: Z = 7
— Unit of Z: ohm (Q)

10.1.2 Admittance

Admittance Y

e Recall that the conductance G is the inverse of resistance R, and it is a measure
of how easily current flows in a DC circuit. It is more convenient to use the
conductance G in a parallel DC circuit.
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e The admittance is the inverse of impedance Z, it is denoted by ¥,

Y = —
VA

e The admittance Y is measured in siemens (S) or mho (0O).
e The admittance ¥ is a measure of how easily a current can flow in an AC
circuit. It can be expressed as the ratio of current and voltage of an AC circuit,

ie., Y:i.
V

The admittance of R, L, and C

e It is more convenient to use the admittance in a parallel AC circuit.
e The admittance of resistor (R), inductor (L), and capacitor (C) are as follows:

—  The admittance of R:

—  The admittance of L:

—  The admittance of C:

YR:]_?

1 1 1
) A L
g JXL <] *J)
R B
T SiXe ]Xc

Admittance (Y)

Y is a measure of how easily current can flow in an AC circuit.

1
— Yis the inverse of impedance Z: ¥ = =

— Ohm’s law in AC circuits: / = V'Y
— The unit of ¥: siemens (S) or mho (O)

10.1.3 Characteristics of the impedance

Impedance Z

e The impedance Z is a vector quantity; it can be expressed in both polar form
and rectangular form (complex number) as follows:

|Z =z/¢ = R+ jX = z(cosg + jsing) |

—  Polar form:

Z=z/¢p

— Rectangular form: Z= R + jX =z (cos@ + jsing)

e  The rectangular form is the sum of the real part and the imaginary part, where
— the real part of the complex is the resistance R,
— the imaginary part of the complex is the reactance X.

e The reactance X is the difference of inductive reactance X; and capacitive

reactance Xc,

i.e., X= XL _XC
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e The lower case letter z in z/¢ is the magnitude of the impedance, which is

z=+VR?+ X2

e The corresponding angle ¢ between the resistance R and reactance X is called

the impedance angle and can be expressed as follows: | ¢ = tan™' =

Impedance, voltage, and current triangles

o The relationship between R, X, and Z in the equation of the impedance is a
right triangle, and can be described using the Pythagoras’ theorem. This can be
illustrated in Figure 10.1(a).

e Figure 10.1(a) is an impedance triangle. If we multiply each side of the
quantity in the impedance triangle by current / the following equations will be
obtained:

Ve = ZIg, Vx =IxX, Vy=1,7
e These can form another triangle that is called the voltage triangle, which is
illustrated in Figure 10.1(b). )
e If we divide each side of the value by voltage V' in the impedance triangle, the
following equations will be obtained:
Vv 4 N
Iz = 72, x=-2 Ir=-2
e The above equations can form another triangle that is called the current tri-
angle, and it is illustrated in Figure 10.1(c).

The characteristics of the impedance triangle

The characteristics of the impedance triangle in Figure 10.1(a) can be summarized
as follows:

o IfX>0o0rX=X —Xc>0,X. >Xc: The reactance X is above the horizontal
axis, and the impedance angle ¢ > 0. The circuit is more inductive as shown in
Figure 10.2(a).

o IfX<OorX=X; —Xc<0,Xc> X : The reactance X is below the horizontal
axis, and the impedance angle ¢ < 0. The circuit is more capacitive as shown
in Figure 10.2(b).

Z VZ ]Z
X Vx Ix
R Vr Ix

(@ (b) (©)

Figure 10.1 Impedance, voltage, and current triangles
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At A
XL A
p X A
AT R
XL-Xe a 0 7 >+
0 +
R X —Xe
Xey z
Xcy
9> 0, (X>Xc) 9<0, (Xe> X)) 9 =0, (XL =Xc)
(a) (®) (©)

Figure 10.2 The phasor diagrams of the impedance

o IfX=0o0rX=X_ —Xc=0,Xc=2X.: the impedance angle ¢ = 0, the circuit
will look like a purely resistive circuit (z = R) as shown in Figure 10.2(c).

10.1.4 Impedance examples

Example 10.1: Determine the impedance Z in the circuit of Figure 10.3 and plot
the phasor diagram of the impedance.

Zp Zy

R=15Q A =25Q

z X,=3Q7 Z,

Figure 10.3 Figure for Example 10.1

Solution:
e The impedances in series in an AC circuit behave like resistors in series.
S0, Z = Zr + ZL + Zc = R+ jX = R+ j(XL — Xc)
=15Q+j25-3)Q=15Q—-,05Q

—0.5
= /152 + (~0.5)’tan""! —5 ~[1.58 /- 18.44°Q]

X
Z =zlg, @=tan"'= z= VR +X?2

R
Note: Since the imaginary term is —0.5 on the y-coordinate, the real term is +1.5 on the
x-coordinate, the impedance angle for this circuit is located in the 4th quadrant.
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e The circuit for Example 10.1 is more capacitive since Xc > X7, and ¢ < 0 as
shown in Figure 10.4:

Y
A
XL =25Q
R=15Q
0 ? > +
X, -X.=-05Q z
X.=3Qvy

Figure 10.4 Impedance angle for Example 10.10

10.1.5 Characteristics of the admittance

Admittance Y

e The admittance is also a complex number; it can be expressed in both polar and
rectangular forms as follows:

Y =ylgp, = G +jB = y(cosp + jsing)

—  Polar form: Y=ylp,
— Rectangular form: Y= G +jB =y (cos@ + jsing)

e The real part of the complex is the conductance G, and the imaginary part is
called the susceptance B.

o The susceptance is measured in the same way as the admittance, i.c.,
siemens (S) or mho (O).

e The susceptance is the difference of the capacitive susceptance Bc and
inductive susceptance By, i.e., B=Bc — B,

e The lower case letter y in ¥ =y /¢, is the magnitude of the admittance, i.e.,

Y=+VG?*+ B2

e The corresponding angle ¢ between the conductance G and susceptance B is

. B
called the admittance angle and can be expressed as ¢, = tan~! e



Methods of AC circuit analysis 301

T A+ +
A
Bc B.A
y 0 G o G=Y
>+ +
Be—By o Py G
0 : >+ p._B
G c—BL v
By B Y
0,0, (Bo> By) 9y <0, (B> Bo) 9y =0, (BL=Bc)

() (b) ()

Figure 10.5 The phasor diagrams of the admittance

The characteristics of the admittance triangle

The characteristics of the admittance triangle in Figure 10.5 can be summarized as
follows:

e IfB>0or B=Bc— By >0, Bc > Bp: The susceptance B is above the hor-
izontal axis, the admittance angle ¢, > 0, and the circuit is more capacitive as
shown in Figure 10.5(a).

e IfB<0or B=Bc— By <0, BL>B¢: The susceptance B is below the hor-
izontal axis, the admittance angle ¢, <0, and the circuit is more inductive as
shown in Figure 10.5(b).

o If B=0, or B=Bc—B.=0, B, =B¢: The admittance angle ¢, =0, the
circuit will look like a purely resistive circuit (Y= G) as shown in
Figure 10.5(c).

The characteristics of impedance and admittance

X>0 - IfX>0,¢9>0, B<0, ¢, <0: The circuit is more inductive.
X<0 - If X <0, ¢ <0, B> 0, @, > 0: The circuit is more capacitive.
X=0 - IfX=0,9=0, B=0, ¢, =0: The circuit is purely resistive.

Impedance, admittance, and susceptance
e The admittance of resistor (R), inductor (L),and capacitor (C) are as follows:
1 1 1 1 1

Yr=-=G Vo= = —j— Yo = —i
“TR LT Uk ¢T X X

e The impedance (Z), admittance (Y), susceptance (B), and their relationship can
be summarized as given in Table 10.1.
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Table 10.1 Relationship between the impedance (Z), admittance (Y), and
susceptance (B)

14 . 1
Component Impedance Z = 7 Admittance ¥ = VA Conductance (G) and susceptance (B)

i = = 1
Resistor (R) Zg =R Y'r=G Conductance: G — §
= =—j 1
Inductor (L) 7. =jXi h B Inductive susceptance: By, = a

L

i . .1 N 1
Capacitor (C) Ze=—jXc = 5 Yo =/Bc Capacitive susceptance: B¢ = A
c

Z, Y,X,andB Z=z/p=R+jX Y=ylp,=G+jB Reactance: X =X —Xc
= VRE+ X2 y=V@ I B Susceptance: B = Bc — B
X
14

1
R @, =tan"' = (XL:U}L7 XC:R>

@ = tan

10.1.6  Admittance examples

Example 10.2: Determine the admittance in the circuit of Figure 10.6 and plot the
phasor diagrams of the admittance.

Solution:

o The admittances in parallel in AC circuits behave like the conductances in
parallel in DC circuits.

Xc
T1330

Figure 10.6 Figure for Example 10.2

So, ¥ =Yg+ Y.+ Yc = G+jB=G+,j(Bc—BL) G:I%
_ 1 iy 1 1 P
130 \133Q 57120 CTxotTx

~ 0.075 S + j(0.075 — 0.175)S

-0.1
= 0.075S — j0.1S = 1/0.075% + (—=0.1)*tan ™! 0075 = 0125/ —53.13°S

B
Y=G+jB=ylp, y=VG +B, ¢, :tan’la
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Note: The admittance angle for this circuit is located in the fourth quadrant
since

— the imaginary term is negative 0.1 on the y-coordinate,

— the real term is positive 0.075 on the x-coordinate.

Since By > B¢ (BL=0.175, Bc=0.075) and ¢, <0, the circuit is more
inductive as shown in Figure 10.7.

Y=0.125S

Figure 10.7 Admittance angle for Example 10.2

10.2 Impedance in series and parallel

10.2.1 Equivalent impedance

Impedance of a series circuit

The impedances in series and parallel AC circuits behave like resistors in
series and parallel DC circuits, except the phasor form (complex number) is
used.

The equivalent impedance (or total impedance) for a series circuit in
Figure 10.8 is given:

Zeg=21+2+ ...+ 2,

Zg= L+ Zy+ 2,

Zeg

Figure 10.8 Impedance of a series circuit
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Figure 10.9 Impedance of a parallel circuit

Impedance of a parallel circuit
e The equivalent impedance (or total impedance) for a parallel circuit in
Figure 10.9 is given as

1
Zeqzl i 1221//22//Zn

Yy=T1+H+...+7,

e The equivalent impedance is the reciprocal of equivalent admittance,

1
Zeq = Y_
eq

e If only have two impedances in parallel, the equivalent impedance is given as

YAVZ)

= =27//Z
eq Zl + Z2 1// 2
— Impedances in series: Zoq =2, +2Z,+ ... +Z,
Impedances in series - I;npid;nc_:sym_‘—parall_il:}] Zeq=Z\IZ511...11Z,,
and parallel eq T TLT A2 e T e 77
— Two'i d i llel: Zoq =
wo impedances in parallel: Z 712

10.2.2  The phasor forms of KVL, KCL, VDR, and CDR

The phasor forms of VDR and CDR
e The voltage divider and current divider rules in phasor form in AC circuits are
very similar to the DC circuits (Figure 10.10).

.. . z . . z .
e Voltage divider rule (VDR): V| = L £ , Vy= EE
zZ1+ 2 zZ1+ 2
.. . V4] s . Z1
e Current divider rule (CDR): | = It, I,=
Z1+ 22 zZ1+ 22
. . R R,
VDR and CDR in DC circuits: V; = E, V=
o = R T R TR+ R
R, . R,
I = It, L=
R +R; R +R;
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Figure 10.10 Voltage and current dividers

The phasor forms of KVL and KCL
The phasor forms of KVL and KCL also hold true in AC circuits.

e KVL:ZV =0 or Vit Vot +Vy=E
e KCL:XI=0 or Iin = Lout
~ VDR: V, = [, Vo=—2
z1 +22 Z1+ 22
Phasor forms of VDR, - CDR: [, = 2 It, I, = 2 T
CDR, KVL, and KCL atan 2tz
— KVL:SV =0or Vi+Vy+-+V,=E
— KCL: X =0 or Iin = I'ou

10.2.3  Equivalent impedance examples

To determine the equivalent impedance, currents, and voltages in series and par-
allel AC circuits, use the same method that determines the equivalent resistance in
series and parallel DC circuits.

Example 10.3: Determine the following values for the circuit in Figure 10.11.

(a) The input equivalent impedance Zcq
(b) The current /3 in the branch of Ry and X},

1y

R =4kQZ 7,

E=100V|[0°

Figure 10.11 Figure for Example 10.3
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Solution:
@) Zg=Z1+2//Z
Zi =R =4kQ

Zy, = —jXc = —j8kQ
7y = Ry + X = 4kQ + j8 kQ ~ 8.94/63.44° kQ
7.7 . . . 55/ 26,

22y _(BE+B) o 64-32, ) TS5 26.57

L +7Zy  —j8+4+8 4 4/0

Z=R+jX=zlp
=17.9 /—26.57° kQ = 17.9[cos(—26.57°) + jsin(—26.57°)] kQ
— (16 — j8) kQ

kQ

Z]]Z3 =

Z =R+ jX = z(cos ¢ + jsing)

Zeq =7 —|—Zz//Z3
=[4+ (16 —;8)] kQ = (20 —j8) kQ %|21.54Z—21.8° kQI

® =2
z3+ 23
. E 100/0° V
[l=— =~ 464/21.8° mA
1T 2 2154/-218°Q o
. Zn
s =
3 22+Z31
64/l mA SLTO0°kQ  37.12/- 68.2

(—j8 +4+,8) kQ 4/0°
=[9.28/—68.2° mA |

Example 10.4: Determine the voltage across the inductor L for the circuit in
Figure 10.12(a).

(2£-30°) V L

[EAA
R=120Q
+C 20 mF i
— - = m! — 7
e =40sin ) L=10H 3p - E=40V]|-30° Z,=j20 Q v, E} Zy=
=

(a) (b)
Figure 10.12 Figure for Example 10.4
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Solution:

e Convert the time domain to the phasor domain as shown in Figure 10.12(b) first.

Z=R=120Q w

Zy= JjXL =j(owL)=j(2x10 H) =20 Q e =40sin(2¢ - 30°) V
. .1 . 1 .

Zy==JXe=T= e 7250

e=40sin(2t—30°V — E=402-30°V

y _p_Z%llZ - 7, = —2
VL_E21+Z2//Z3 (ZZ//Z3 _7) V2_21+Zz
_ 22 _ j20(=j25) o _ 500 o _ s
2y//Zs Zy+725  j20—j25 L =5 & = j1000 ST 5=
_p_ ZllZ3  _ _ano . __Jj100 °
W=E gz 0430V i J=90
4,000 £60°

~ ———V = 25.61220.2°V
156.2 £39.8°

e After converting the phasor form to the time form gives

| VL =25.613sin(2t+20.2°) V|

10.3 Power in AC circuits

10.3.1 Instantaneous power

Instantaneous power p

e There are different types of power in AC circuits such as instantaneous power,
active power, reactive power, and apparent power.

e The instantaneous power p is the power dissipated in a component of an AC
circuit at any instant time.

e The instantaneous power p is the product of instantaneous voltage v and cur-
rent i at that particular moment (Figure 10.13), i.e., instantaneous power can be
expressed as:

v Load

Figure 10.13 Instantaneous power
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Derive the equation of the instantaneous power
o If v="Vysin(wt+ @) and i = Iy sinwt
Then, p =vi= Vnly sinwtsin(wt+ @)

. 1
—sinxsiny =5 [cos(x + ) — cos(x — y)]

1
p=-5 Vinm[cos( 2wt + @) — cosg] x=ot, y=¢
= VIcosgp — VI cos(Rwt + ¢) (Ve = V2V, Iy = V21
= VIcosgp — VI(cos2wt cosp — sin2wt sing) x=2wt, y=¢

cos(x + y) = cosx cosy — sinx siny
e Therefore, instantaneous power is given as

p = VI cosp (1 — cos2wt) + VI sing sin2wt

10.3.2  The waveform of instantaneous power

The waveform of instantaneous power

e The waveform of the instantaneous power p can be obtained from the product
of instantaneous voltage v and current 7 at each point on their waveforms as
shown in Figure 10.14.

e Such as:
— attime ¢=0: i=0, p=vi=0
— attime t=t;: v=0, p=vi=0
— Dbetweentime O~¢: v>0 and i>0, .. .p=vi>0
— betweentime # ~t: v<0 and i>0, .. p=vi<O0
— betweentime tH ~t: v<0 and i<0, ..p=vi>0

Instantaneous power and energy

e When instantaneous power p > 0 (p is positive), the component stores energy
provided by the source.

e When instantaneous power p < 0 (p is negative), the component returns the
stored energy to the source.

Figure 10.14 The waveform of instantaneous power
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Instantaneous

p 1is the product of instantaneous voltage and current at any instant
time.

p=vi=VIcosp (1 — cos2wt) + VI singsin2wt.
p > 0: the component absorbs (stores) energy.
p < 0: the component returns (releases) energy.

power p

10.3.3 Instantaneous power for a resistive component
The formula of instantaneous power for a resistive load

Since voltage and current in a purely resistive circuit is in phase, i.e., ¢ =0,
substituting this into the equation of the instantaneous power gives

PR = Vi
= VI cosp(1 — cos2wt) + VI singsin2wt
= VI cos0°(1 — cos2wt) + VI sin0° sin2wt =0
= VI — VI cos2wt cos0° = 1,sin0° = 0

Instantaneous power for a resistive load (pg):

[pr = VI(1 — cos2wi) | (10.1)

The waveform of instantaneous power for a resistive load

The first part V7 in (10.1) is average power dissipated in the resistive load
(p > 0, the load absorbs power).

The second part in (10.1) is a sinusoidal quantity with a double frequency 2w,
this indicates that when voltage and current waveforms oscillate one full cycle
in one period of time, power waveform will oscillate two cycles as illustrated
in Figure 10.15.

The mathematic equation and the waveform all show that instantaneous power
of a resistive load is always positive, or a resistor always dissipates power,
indicating that the resistor is an energy-consuming element.

(The current is always in phase with the voltage, and the generator is delivering positive

power.)
5

i

0 |

v

//

Figure 10.15 The waveform of instantaneous power for an R load
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10.3.4  Instantaneous power for inductive/capacitive components
Formulas of the instantaneous power for inductive/capacitive loads

In a purely inductive load circuit, voltage leads current by 90°.
In a purely capacitive circuit, voltage lags current by 90°.
Substituting ¢ = £90° into the equation of instantaneous power gives

p = VI cosp(l — cos2wt) + VI singsin2wt
= VI cos(£90°)(1 — cos2wt) + VI sin(£90°)sin2wt @ =£90°
— 4V sin2wt (10.2)

€0890° = 0, sin(£90°) =+1

The instantaneous power for inductive and capacitive loads can be obtained

from (10.2):
— Instantaneous power for an inductive load:  py = VI sin2w¢
— Instantaneous power for a capacitive load:  pc = —VI sin2wt

The waveforms of instantaneous power for inductive/capacitive loads

The diagrams of instantaneous power for inductive and capacitive loads are
illustrated in Figure 10.16.

As seen from the formula (10.2) and waveforms in Figure 10.16, both the
instantaneous powers of inductive and capacitive loads are sinusoidal quantities
with a double frequency 2w. They have an average value of zero over a com-
plete cycle since the positive and negative waveforms will cancel each other out.
When instantaneous power is positive, the component stores energy; when
instantaneous power is negative, the component releases energy.

Therefore, the inductor and capacitor do not absorb power, they convert or
transfer energy between the source and elements. This also indicates that the
inductor and capacitor are energy storage elements.

— pr=VI (1 — cos2wt)
— pL=VIsin2wt
— pc=—VIsin2wt

Instantaneous power for R, L,
and C components

Stored/Released/Stored/Released Released/Stored/Released/Stored

Figure 10.16 The waveforms of instantaneous power for L and C loads
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10.3.5 Active power (or average power)

The active power P

e The active power is also known as average power, which is the product of the
RMS voltage and RMS current in an AC circuit.

e The active power is actually the average power dissipation on the resistive
load, i.e., the average power within one period of time (one full cycle) for a
sinusoidal power waveform in an AC circuit.

e The active power is also called true or real power since the power is really
dissipated by the load resistor, and it can be converted to useful energy such as
heat or light energy, etc. (Electric stoves and lamps are examples of this kind of
resistive load.)

e The instantaneous power always varies with time and is difficult to mea-
sure, so it is not very practical to use. Since it is the actual power dissipated
in the load, average or active power P is used more often in AC sinusoidal
circuits.

e Average power is easy to measure by an AC power meter (an instrument to
measure AC power) in an AC circuit.

e Average power is the average value of instantaneous power in one period of
time. It can be obtained from integrating for instantaneous power in one period
of time.

Derive active power

e Note: If you have not learned calculus, then just keep in mind that P = VI cose is the
equation for average power, and skip the following mathematical derivation process.

P = VI cosgp(l — cos2wt) + VI singsin2wt

T T
1
P = f_[ p()dt = TJ (VI cos (1 — cos2wt) + VI sing sin 2wit]dwt
0 0

1 1("
P=z Vicosp(wt)| + VI sin(pTJ sin2wt dot = VI cosgp (10.3)
0

e  Where ¢ is a constant, and wt is a variable, so the first part of the integration is a constant V/
cosg. The integration of the second part is zero (integrating for sine function), since the
average value for a sine wave in one period of time is zero.

e The active power or average power: P = VI cosg

10.3.6 Active power and ¢

Absorbs or release active power

e Active or average power P is a constant. It consists of the product of RMS
values of voltage and current V7 and cosg, where cosg is called power factor (it
will be discussed at the end of this section).

e  When active power P > 0, the element absorbs power;
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When active power P < 0, the element releases power.

Active power and ¢
e When ¢ =0°, the voltage and current are in phase, the circuit is a purely

resistive circuit, and Pr = VIcos0° = VI cos0° =1
VZ
Therefore, Pr = VI =I’°R = "
Vi I 1 Vi I,
or Pr=VI=—%—7%==Vnl V=-—21="2
V22 o2 mn V2© V2
e When ¢ =90°, the voltage leads the current by 90°, the circuit is a purely
inductive circuit, and Py = VI c0s90° =0 €0s90° =0
i.e., P L= 0
e When ¢ = —90°, the current leads the voltage by 90°, the circuit is a purely
capacitive circuit, and Pc = VI cos(—90°) =0 cos(—90°) =0
i.e., P Cc = 0
The active power is the average value of the instantaneous power
that is actually dissipated by the load.
Active power P (or P=VI cosp The unit of P: Watt (W)
average power, 1 p2
real power, and — When ¢=0° Pr=VI= 3 Viln = I’R = "
t
Tue power) ~ When ¢=90° P.=0
— When ¢=-90° Pc=0

10.3.7 Reactive power

Reactive power Q

o Since the effect of charging/discharging in a capacitor C and storing/releasing
energy in an inductor L is that energy is only exchanged or transferred back
and forth between the source and the component and will not do any real work
for the load.

e  The reactive power Q can describe the maximum velocity of energy transfer-
ring between the source and the storage element L or C.

Calculating reactive power

o  The first part in (10.3) is active or average power. The integration of the sec-
ond part of (10.3) is zero, and that is the reactive power.

1 1 ("
P= T VIcosrp(a)t)|g + VI sin(pTJ sin2wt dwt = VI cosp (10.3)
0

o While energy is converting between the source and energy store elements, the
load will do not do any actual work, and average power dissipated on the load
will be zero.
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e Because the physical meaning of the reactive power is the maximum velocity
of energy conversion between the energy storing element and the source, the
peak value of the second part is reactive power, denoted as Q.

Reactive power can be expressed mathematically as Q = VI sing.
The reactive power Q is measured in volt-ampere reactive (VAR).

Reactive power and ¢
e When ¢ =0°, the circuit is a purely resistive circuit:

Or = VI sin0° =0 sin0° = 0
e When ¢ =90°, the circuit is a purely inductive circuit:
O = VI sin90° = VI $in90° = 1
2
Substituting V' = I Xi. or I = YL into O gives

VZ
OL = VI =I*X, =¥
e When ¢ = —90°, the circuit is a purely capacitive circuit:
Oc = VI sin(—-90°) = —VI sin(—90°) = —1

14
Substituting V' = IX¢ or [ = - into Qc gives
c

Q is the maximum velocity of energy conversion between the source and
energy-storing element.

Q = VI sing
Reactive The unit of O: volt-ampere reactive (VAR)
power @ |- =0 0,=0

V2

— =90 QL=VI=I’X, =—
XL

VZ

=90 Qc=-VI=—IXe=——
Xc

Absorbs or release reactive power

e  When power > 0, the element absorbs power;
When power < 0, the element releases power.

e Since O is positive (Op > 0) and Q¢ is negative (Qc < 0),
— the inductor absorbs (consumes) reactive power,
— the capacitor produces (releases) reactive power.
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>
Ll
I +

© 2]

Figure 10.17 Apparent power

10.3.8 Apparent power
Apparent power S

e When the voltage V' across a load produces a current / in the circuit of
Figure 10.17, the power produced in the load is the product of voltage and
current V1.

e If the load Z includes both the resistor and storage element inductor or
capacitor, then VI will be neither a purely active power nor a purely reactive
power.

Since VI is the expression of the power equation, it is called apparent power.
Apparent power is the maximum average power rating that a source can pro-
vide to the load or maximum capacity of an AC source and is denoted as S.

Calculating apparent power
e The mathematical formula of apparent power is the product of the source
current and voltage, i.e.,

S=1V
e Apparent power S is measured in volt-amperes (VA).

Vv
e Substituting / = 7 or V'=1Z into apparent power S = [V gives

Usually the power listed on the nameplates of electrical equipment is the apparent power.

— §is the maximum average power rating that a source can provide to an

AC circuit.
Apparent 2

power S 7S:IV:IZZ:7
— The unit of S: volt-amperes (VA)
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10.3.9 Power triangle
The relationships between P, Q, and §

What are the relationships between the active power P, reactive power Q and
apparent power S in AC circuits?

These three powers (P, O, and S) related to one another in a right triangle, is
called the power triangle, and can be derived as follows.

Circuit triangles

For a series resistor, inductor and capacitor circuit, if the circuit is more
inductive (X =XL — Xc > 0, ¢ > 0), then the impedance triangle, voltage tri-
angle and current triangle can be illustrated as shown in Figure 10.18(a)—(c)
(refer to Section 10.1).

If we multiply all quantities on each side of the voltage triangle by the current
L, it will yield

VI =8, Vx = 0, and Vel = P

This can be illustrated as a power triangle as shown in Figure 10.18(d).
If the circuit load is more capacitive (Xc > X1, ¢ < 0), the circuit triangles will
be opposite to the inductive circuit triangles as shown in Figure 10.19.

z 14 . I .
X Vy Ix
‘ .
R Vi Iy

Impedance triangle Voltage triangle Current triangle

(a) (b) (©)

P
(d) Power triangle

Figure 10.18 Circuit triangles for an more inductive circuit

R ’}R P iR
£ ¥ < : < 0 < i
. 14 A X
VA V X S Ji

Figure 10.19 Circuit triangles for a more capacitive circuit
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10.3.10 Impedance angle and phasor power

Impedance angle ¢

e The impedance triangle indicates that it has an angle ¢ between resistance R
and impedance Z of the circuit. It is called the impedance angle; ¢ is also in the
power triangle.

e @ is also called the power factor angle. (Later on we will introduce the power
factor cosg.)

e The impedance angle ¢ can be obtained from circuit triangles (either
inductive or capacitive circuit in Figure 10.18 or Figure 10.19) and can be
expressed as

_IQ = tan_l[.—X

VR Ir

— = tan

The relationship between different powers in the power triangle

e The relationship between different powers in the power triangle can be
obtained from the Pythagoras theorem, i.e.,

S=+P+Q

e Active power P and reactive power Q can be expressed with the impedance
angle @ and obtained from the power triangle in Figure 10.18 or Figure 10.19 as

P =S cosp
and 0 = S sing

Phasor power
e If express by complex numbers, apparent power S is

§=P+j0

This is known as the phasor power.
e The phasor apparent power can also be expressed as

L Vv’
S=Vi=I1*7=—
Z

10.3.11 Power in AC circuits

Different types of power in AC circuits are summarized in Table 10.2.
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Table 10.2 Power in AC circuits

Power General R L C
expression
Instanta- p=VIicosp (1 — |pr=VI(l— pL=VI sin2wt pc=—VI sin2wt
neous cos2wt) + cos2wt)
power VI sing sin2wt
= 1 = =
p=VI cosp PR:VI:EVI,,, PL=0 Pc=0
Active power 2
=I’R= L
R
Reactive Q=VIsing Or=0 oL=VI QOc =-VI
power 5 y? ) V2
=1°X, =— =—IXc=——
L= (e Xe
Apparent 5 V2
power S:[V:]Z:7
S
Q
P

P = Scosg, Q = Ssing, S = /P? + 0?
Power triangle
Impedance angle:

v I
’1.—X: ‘[an".—X
Vr IR

X
Q=tan"! % = tan~! z= tan

Phasor power: § = I'/i:I/ZZ:’%Z,S =P+j0O

10.3.12  Power factor

Power factor PF

e The ratio of active power P and apparent power S is called the power factor PF,
and represented by cosg.

e The power factor also can be obtained from the power triangle as

PF P
= — = Cos
S @
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Resistive and reactive circuit

For a purely resistive circuit (¢ = 0°), the reactive power Q is zero, so
— the apparent power S is equal to the active power P, i.e.,

S=\/P2+Q2=VP2+0*=P

. . P
— the power factor is 1, i.e., cosp = =P 1

— 1 is the maximum value for the power factor cosg.

For a purely reactive load (¢ = £90°), active power P in the circuit is zero, so

. . P O
the power factor is also zero, i.e., cosgp = S = P =0
The range of the power factor cosg:
—  cosg is between 0 and 1.
— The impedance angle ¢ is between 0° and £90°.  cos(£90°)=0,
cos0° =1

The power factor is an important factor in circuit analysis

The circuit source will produce active power P to the load, and the amount of
the active power P can be determined by the power factor cos ¢. (This is
indicated in the equation of P =S cosgp)

If the power factor cos ¢ of the load is the maximum value of 1, the active
power produced by the source is the maximum capacity of the source, and all
the energy supplied by the source will be consumed by the load (P =S,
cosp = 1).

If the power factor cos ¢ decreases, the active power P produced by the source
will also decrease accordingly (P | =S cosg |).

10.3.13  Power factor correction
Power-factor correction can increase the power factor

Increasing the power factor can increase the real power in a circuit. But how to
increase the power factor of a circuit? A method called power-factor correction
can be used.

Power-factor correction can increase the power factor and does not affect the
load voltage and current.

Since most of the loads of the electrical systems are inductive loads (such as
the loads that are driven by a motor), an inductive load in parallel with a
capacitor (Figure 10.20(b)) can increase the power factor of the load.

Power-factor correction can reduce the line power loss

The power triangle in Figure 10.20(c) indicates that when a capacitor C is in
parallel with the inductive load, the reactive power Q in the circuit will be
reduced to Q' (Q' = Q — Oc). Therefore,

—  the impedance angle will reduce from ¢ to ¢/,

—  the power factor cosg will increase to cos¢’.
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—
R A
S QC
: o e |
‘ﬂ Q‘ _Vv
| a— P

(a) (b) (©

Figure 10.20 Increasing the power factor

Since @|—cos@T, for instance, cos30° =0.866 is >cos60° =0.5, the total
P

V cosp 1’

This can reduce the source current and line power loss (/°R). This is why

increasing the power factor has a significant meaning.

current / will also decrease, since [ |= (P =S cosqp = VI cos)

10.3.14 Total power
PT’ QT, and ST

When calculating the total power in a complicated series—parallel circuit,
determine the active power P and reactive power Q in each branch first.
Pr: The sum of all the active powers is the total active power Pr.

PT:PI +P2+—|—Pn
Or: The difference between Q1 and Qcr is the total reactive power QOr.

Or=0ur —Qcr = (0, + 01, +--+) = (Oc, = Oc, + - .)

—  Qrr is the sum of all reactive powers for the inductors.
—  Qcr is the sum of all reactive powers for the capacitors.

St: The total apparent power St can be determined by using Ot and Pt using
the Pythagoras’ theorem, i.e., St = /P’ + Or°

Total power factor PFy

PFr: The total power factor PFr can be determined by using the total active
and reactive power.

P
Calculating PFt: PFr = cosgr = I

St

Power factor

P
— Power factor PF: cosp = 5 (0 < cosp < 1, cosp—without unit)

— When cose = 1: All energy supplied by the source is consumed by
the load.

— Power factor correction: An inductive load in parallel with a capa-
citor can increase cos@.

(cos @)
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Total active power: Pr=P;+P,+ ... + P,

Total reactive power:
Or=0tr—Q0cr=(0, +0,+ ...)—(Qc,+Oc,+ -..)
Or 1: the total reactive power for inductors.
Ocr: the total reactive power for capacitors.

— Total apparent power: St = \/Pr? + Or?
Pr
St

Total power

— Total power factor: PFr = cos ¢ =

10.3.15 Power factor examples

Example 10.5: Determine the total power factor cos ¢ in the circuit of Figure 10.21
and plot the power triangle for this circuit.

E=10V £0° @

Figure 10.21 Figure for Example 9.5

Solution:

Pr?
e Total power factor: PFr = cosqr = S—T?, St =/ Pr?? + 01?2
T .

(The symbol “?” indicates an unknown.)
— Total active power: Pr=P; + P, +P3;=10 W+30 W +20W =60 W
—  Total reactive power: Ot = Qrr — Qct =70 Var — 15 Var =55 Var
—  Total apparent power: St = \/PT2 +0r* = \/602 + 552 = 81.39 VA
—  Total power factor:

P 60 W
S_—-: = 3139 VA ~ 0.74 €0S® — no unit

PFt = cosgr =
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e Impedance angle: ¢ = cos™'¢r = cos™'0.74 ~ 42.3°
e Power triangle Figure 10.22:

St=281.39 VA
Or =55 Var
¢ =42.3°

Pr=60w

Figure 10.22 The power triangle for Example 10.5

Example 10.6: Determine the following values in the circuit shown in
Figure 10.23:

(a) the total power Pr, Or, and St for the circuit

(b) power factor cosg

(c) power triangle

(d) source current /

(e) the capacitance C needed to increase the power factor cosg to 0.87
(f) the source current [’ after increasing the power factor

! X =50 llO A
S ° 5 lamps 6 kW 1
E=10v20°Q) ot HS) - 0.75 PF cr
f=60Hz R=5Q
Lamps Heating Electric stove
Figure 10.23 Figure for Example 10.6
Solution:
Lamp: P; =5x 100 W =500 W 5 lamps

—  Heating: P,=FR=(10 A)*(5 Q)=500 W

0, = I’X. = (10 A)*(5 Q) = 500 Var



322 Understandable electric circuits: key concepts, 2nd edition

—  Electric stove: P; =6 kW = 6,000 W

@ =cos 10.75 ~ 41.4° PF = cos = 0.75
Q3 = P5 tan ¢ = (6,000 W)(tan41.4°) ~ 5,290 Var @ =tan"'Q/P
S
0
P

—  Total power:
Pr=P +P,+ P;=500W+500W + 6,000 W = 7,000 W
Or =01+ 0>+ Q3 =0+ 500 Var + 5,290 Var = 5,790 Var

St = /P12 + 01> = /7,000> + 5,790> =~ 9,084.3 VA

@ Power factor: PF Pr 7,000
a ower 1actor: = COS = — =
T = g T 9.0843

(b) Power triangle (as shown in Figure 10.24):

~ 0.77

@ =cos 10.77 ~ 39.7°

Or=5,790 Var

Pr=7,000 W

Figure 10.24 Power triangle for Example 10.6

(c¢) Source current I: .0 Sy =EI
E 110V
Therefore I =82.6/—39.7° A I=1I/p

(Voltage leads current or current lags voltage in the inductive load, so ¢ = —39.7°)
(d) The capacitance C that needs to increase the power factor to 0.87 can be
determined by the following way:

S :Q—KZ:>X—V—2=> Xo= o
T 2afxXe? 2T T xe ¢ T oe? (C*znfc)

Or = Qc + 01’7 = Or = Prtang’? = ¢ =cos '0.87

(as shown in Figure 10.25)
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-
Sp= 0.
Or
'=3,960 V:
Or ar

Figure 10.25 New power factor angle

e To increase the power factor to 0.87, the power factor angle should be
reduced to
¢ =cos '0.87 ~ 29.5°
e The new power factor angle ¢’ is shown in Figure 10.25.
e The reactive power can be determined from the above equation as

Or’ = Py tan ¢/ = 7,000 tan 29.5° ~ 3,960 Var
e  (c can be obtained from Figure 10.25:
Oc = Or — 01’ = 5,790 — 3,960 = 1,830 Var

V2 E2  110°V

==
¢ Oc  Oc 1,830 Var

~ 6.61 Q
(the voltage across X1 and R is equal to F)
1

© GO R T 2260 ) (6.61 Q)

~ 0.0004 F = 400 uF

The capacitance C needed to increase the power factor to
0.87 should be 400 uF.

(e) The source current I’ after increasing the power factor can be determined by

the following equation:
S
0

P

P = S cosp = IE cosg

Pr 7,000 W

S s I/ = =
° Ecos¢’ 110V c0s29.5°

~73.1A

o  Comparing with the original source current / = 82.6 A from step (d), after
a capacitor is in parallel and the power factor is increased, the source
current is I’ =73.1A.
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e So, the source current can decrease 9.5 A (/—I'=82.6 A—73.1 A=9.5
A). This can reduce the line power loss (R) and utilize the capacity of the
source more efficiently.

10.4 Methods of analyzing AC circuits

10.4.1 Mesh current analysis

Analysis methods

All analysis methods that we have learned for analyzing DC circuits with one
or two more sources can also be used for analyzing AC circuits, such as the
branch current analysis, mesh analysis, node voltage analysis, superposition
theorem, Thevenin’s and Norton’s theorems.

The phasor form will be used to represent the circuit quantities in these ana-
lysis methods in AC circuits.

Since these analysis methods have been discussed in detail for DC circuits
(Chapter 4 and 5), some examples will be presented to use these methods in
AC circuits or networks. (Reviewing Chapters 4 and 5 before reading the
following contents is highly recommended.)

Mesh current analysis
The procedure for applying the mesh current analysis method in an AC circuit:

1.

2.

Identify each mesh and label the reference directions for each mesh current

clockwise.

Apply KVL around each mesh of the circuit, and the numbers of KVL equa-

tions should be equal to the numbers of mesh. Sign each self-impedance vol-

tage as positive and each mutual-impedance voltage as negative in KVL

equations.

e Self-impedance: An impedance that only has one mesh current flowing
through it.

e Mutual-impedance: An impedance that is located on the boundary of two
meshes and has two mesh currents flowing through it.

Solve the simultaneous equations resulting from step 2, and determine each

mesh current.

Note:

Convert the current source to the voltage source first in the circuit, if there is
any.

If the circuit has a current source, the source current will be the same with the
mesh current, so the number of KVL equations can be reduced.
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10.4.2 Mesh current analysis example

Example 10.7: Use the mesh current analysis method to determine the mesh cur-
rent /; in the circuit of Figure 10.26.

- X, =8Q )
£ =10 V.00 - E,=10V.L0° X =8Q R;=40Q
+ X +
Ceq SR-203 R=403 MDi=25Aa20° 6o Z, L @ E=10v0°
' ‘ R=20Q
X(ZGQT X,=6Q
(a) (b)

Figure 10.26 Figure for Example 10.7

Solution: Convert the current source to the voltage source (connect R and X to Z) as
shown in Figure 10.26(b).
There, E; = IR; = (2.5A/0°)(4 Q) = 10 V/0°

1. Label all the reference directions for each mesh current /; and 7, (clockwise),
as shown in Figure10.26(b).
2. Write KVL around each mesh, and the number of KVL is equal to the number
of meshes (there are two meshes in Figure 10.26(b)).
Sign each self-impedance voltage as positive, and each mutual-impedance
voltage as negative in KVL (LV = ZE).
Mesh 1: (Zl+22)11—22j2:—E1
Mesh 2: —Zz jl —|—(Zz+Z3)[2 = —Ez
Substitute the following values of Z;, Z,, and Z; into the above equations,

Zy = (6-6)Q,2, =2Q, and Z3 = (4+4,8)Q
SO, (8—]6)[1—212:—10V
—2[1 +(64+,8)[, =—-10V
3. Solve the simultaneous equations resulting from step 2 using the determinant
method, and determine the mesh current /:

10000 -2
j,= 1007 6481 g/ 15190 A

’8—]'6 2
-2 6+,8
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10.4.3 Node voltage analysis

The procedure for applying the node analysis method in an AC circuit
1. Label the circuit:
e Label all the nodes and choose one of them to be the reference node.

Usually ground or the node with the most branch connections should be chosen
as the reference node (at which voltage is defined as zero).

e Assign an arbitrary reference direction for each branch current (this step
can be skipped if using the inspection method).
2. Apply KCL to all n — 1 nodes except for the reference node (n is the number of
nodes).
e Method 1: Write KCL equations and apply Ohm’s law to the equations.
—  Assign a positive sign (+) to the self-impedance voltage and entering
node current.
— Assign a negative sign (—) for the mutual-impedance voltage and
exiting node current.
e Method 2: Convert voltage sources to current sources and write KCL
equations using the inspection method.
3. Solve the simultaneous equations and determine each nodal voltage.

The procedure for applying the node voltage analysis method in an AC circuit is demon-
strated in the following examples.

10.4.4 Node voltage analysis example

Example 10.8: Write node equations for the circuit in Figure 10.27(a).

+1Q 7 Q) 2vzee S1Q A
c ¢ ¥ b c
- A I¢ L
v 1N
5v.20° H51Q
I= =5/ A
(a) (b) 1£-90°

Figure 10.27 Figure for Example 10.8
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1. Label nodes a, b, ¢, and d, and choose ground d to be the reference node as
shown in Figure10.27(a).

2. Convert two voltage sources to current sources from Figure 10.27(a) to
Figure 10.27(b), and write KCL equations to n—1=4—1=3 nodes by
inspection (method 2):

Va Vb Ve i
U ER R 1.
Nodea (- +——+— |Vam—Vy—— Ve =2
. oea(s—i-_j1 —I-jl) T b e J
Node b (= )7+ (o424 L )i - L, 51— (=2))
ode _— _ — E— _— = —(—
* ) \as Tt e T Y A

1\ | B 1 1 1\ .
e Nodec|—— |Vam—Vp+|-4+—+—|V.=-5
—Jj1 —Jj1 1 —1 —jl

After simplifying

02V, +  jVy — JVe = -2
JVa + 04V, — JVe = j7
V. —  jV» + (142)V. = —j5

3. Three equations can solve three unknowns that are node voltages.

10.4.5 Superposition theorem

The procedure for applying the superposition theorem in an

AC circuit

1. Turn off all power sources except one.
— Replace the voltage source with the short circuit (placing a jump wire).
— Replace the current source with an open circuit.
— Redraw the original circuit with a single source.

2. Analyze and calculate this circuit by using the single source method.

Repeat steps 1 and 2 for the other power sources in the circuit.

4. Determine the total contribution by calculating the algebraic sum of all con-
tributions due to single sources.

Note: The result should be positive when the reference polarity of the

unknown in the single source circuit is the same with the reference polarity of
the unknown in the original circuit, otherwise it should be negative.

(9%

The procedure for applying the superposition theorem in an AC circuit is demonstrated in
the following example.
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Example 10.9: Determine ¥ ¢ in circuit as shown in Figure 10.28(a) by using the
superposition theorem.

R=10Q Z _ k=100 R=10Q | X=750
RPN - , X =750 P )
l VEﬂ % D240 g Vc' : T3 VEﬂ z CDIZ2A4°°
o of Y Z, 2
E=10vars X,=75Q STE= 10 V200
@ (b) ©
Figure 10.28 Circuits for Example 10.9
Solution:

1. Choose E to apply to the circuit first, and use an open circuit to replace the
current source I as shown in Figure 10.28(b).
2. Calculate V¢ in the circuit of Figure 10.28(b):

A 75 Q/ — 90°

Ve =E =—10/0° V—"—

¢ 7+ 2, 10Q—,75Q
—75/—90°

= TV =—6/-5313°V  A=x+jy=1/2+  tan’ = al
12.5/ —36.87° x+jy = V@ +yan = alg

3. When the current source / is applied to the circuit only and the voltage source £
is replaced by a short circuit, the circuit is as shown in Figure 10.28(c).

Calculate Vc” in Figure 10.28(c):
v =1(2,))2)

22, 10(—j1.5)
Z+7Z, 10—/7.5
O T50—90°
T 12.5/—36.87°

Z\/]Z, =

Q=6/-53.13°Q

Ve =1(21])7) = (2/0°A)(6/ — 53.13° Q) = 12/ — 53.13°V
4. Calculate the sum of voltages VC/ and I'/c”:
Ve=Ve 4V =—6/—53.13°V+12/-53.13°V
= [—6cos(—53.13°) — 6jsin (—53.13°) + 12 cos (—53.13°) + 12;jsin (—53.13°)| V
~[—3.6+/4.8+7.2—9.6]V=(3.6—j48)V=6(—53.13°)V
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10.4.6 Thevenin’s and Norton'’s theorems

The procedure for applying Thevenin’s and Norton’s theorems in an
AC circuit

1.

2.

Open and remove the load branch (or any unknown current or voltage branch)
in the network, and mark the letter a and b on the two terminals.

Determine the equivalent impedance Zty or Zy: It should be equal to the
equivalent impedance when you look at it from the a and b terminals when all
sources are turned off or equal to zero in the network. i.e.

e A voltage source should be replaced by a short circuit.
e A current source should be replaced by an open circuit.

e Determine Thevenin’s equivalent voltage Vry: It equals the open circuit
voltage from the original linear two-terminal network of a and b,

e Determine Norton’s equivalent current Iy: It equals the short-circuit cur-
rent for the original linear two-terminal network of a and b,

1.€., | In = Isc | where “SC” means the short circuit.

Plot Thevenin’s or Norton’s equivalent circuit, and connect the load
(or unknown current or voltage branch) to a and b terminals of the equivalent
circuit. Then the load (or unknown) voltage or current can be determined.

The procedure for applying Thevenin’s and Norton’s theorems method in an AC circuit is

demonstrated in the following example.

10.4.7 Thevenin’s and Norton’s theorems—an example

Example 10.10: Determine the current /;_ in the load branch of Figure 10.29(a) by
using Thevenin’s theorem, and use Norton’s theorem to check the answer.

Solution:

1.

2.

Open and remove the load branch Z;, and mark a and b on the terminals of the
load branch as shown in Figure 10.29(b).

Determine Thevenin’s equivalent impedance Zry (the voltage source E is
replaced by a short circuit) in Figure 10.29(b).

Itn=2Zw=23+2Zs+2,//Z2

—j2.5(2.5 2.5 6.25 — j6.25
2525 4725) | L=+ J
—j2.5+ (2.5 +,2.5) 25

=(1-j1425-25)Q=(3.5-3.5)Q~ 495/ —45°Q

Zm = |1 —j1+ Q
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- Q

5250 4 525Q

Z,=(15+,35)Q
E=5V£0°

@) ®

Figure 10.29 Circuit for Example 10.10

3. Determine Thevenin’s equivalent voltage ¥ty by using Figure 10.29(c) to
calculate the open-circuit voltage across the terminals a and b:

Vi =Va =V
Since / = 0 for Zy and Z, in Figure10.29(c), voltages across Zs and Z, are also zero,

A

. . 254725
Vihn=Va=F =5/0°V tJ

7+ 2 2.5+ (2.5 +/2.5)
~ 5/0° V(1.414/45°) = 7.07/45° V

4. Plot Thevenin’s equivalent circuit as shown in Figure 10.29(d). Connect the
load Z; to a and b terminals of the equivalent circuit and calculate the load
current [y .

Z,,=495Q2-45°

: (15+35Q
N

Vi = 7.07£45°V

o

(d)

Figure 10.29(d) Thevenin’s equivalent circuit for Example 10.10
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. Vin 7.07/45°V 7.07/45°V
I, = = = ~[1.4/45°A
L Zm+2r (35—/3.5)Q+ (1.5+,3.5)Q 5Q [1.4/45°A]
ZTH = (35 —j35) Q (Step 2)

5. Determine Norton’s equivalent circuit in Figure 10.29(a) as seen by Z; .

e Norton’s equivalent impedance Zy:
IN=Zm =35—-j3.5=495/—-45°Q
A=x+jy=x? +y2tani—} =alp
e Norton’s equivalent current /y: It is equal to the short circuit current for the
original two-terminal circuit of a and b (as shown in Figure 10.29(e) (I)).

. . A
In=Ilsc=1———"F7— The current divider rule
N SC Zz + (23 +Z4) u v u

. E /0°V
There, [ = = 520

25425+ (1—-1)
Z (e}
_ >0 \; ~ 1.54/68.2° A
—254+—— )0
( / +3.5+j1.5>

A =aly =x+jy = a(cosy + siny)

Therefore, Iy = fsc = —— 22
erefore, = =]/—
A A

(254,25 Q
= 1.54/68.2° A ~[143/90°A
2525+ 18

I
—525Q . 4.952-45°Q L
i ® 7,
1.43.£90.1° A 7 =(15+/350Q

[ 2=y

(e) M an

Figure 10.29(e) Norton’s equivalent circuit for Example 10.10
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6. Use Norton’s theorem to check the load current /; : Determine the load current
I on the terminals of a and b in Figure 10.29(e) (II) by using Norton’s

equivalent circuit.

. . 7
I =In=—"N_ —1.43/90° A
In+ 71,
4.95/ — 45°
_ 143,000 ATP AV

495/ —-45°Q

[(3.5—j3.5) + (1.5 +,3.5)] Q

ZN = ZTH =35 *]35

~[T4/5°A]

Therefore, I is the same by Norton’s theorem as the method by using
Thevenin’s theorem (checked).

Summary

Impedance and admittance

Component 4 . 1 | Conductance (G) and
P Impedance Z = — Admittance ¥ = Z | susceptance (B)
1
i = = 1
Resistor (R) |Zr =R Yr=G Conductance: G — 5
Inductor (L) | 71 =jXi Yo=—/BL Inductive susceptance: By, = —
XL
i 1 - =jBc 1
Capacitor (C) Zc = —jXc j= —J Yo =/jBc Capacitive susceptance: B¢ = -
- c
Z, Y, X, Z=z/¢=R+jX Y =y/gp, = G +jB | Reactance: X =X —Xc
and B z=vVR*+ X? y=VG + B Susceptance: B = B¢ — B
¢:tan’1)—( 18 Xo—ol, Xe—-
R @y = tan G L = WL, Ci(uL
Quantity Quantity symbol Unit Unit symbol
Impedance zZ Ohm Q
Admittance Y Siemens (or mho) S (or O)
Susceptance B Siemens (or mho) S (or ©)
Conductance G Siemens (or mho) S (or ©)
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Impedance, voltage, current, and power triangles

e For a more inductive circuit:
4 14 .
X
A .
R VR

e For a more capacitive circuit:

R " P Iy
; z ; ; 0 z 1
z ¥ v Ix S I ¥
X 14 I
e Impedance angle: ¢ = tan~! = = tan~' == = tan 12X = tan ™! Q

Characteristics of impedance and admittance:

e The inductive load: X > 0 (X > X¢), ¢ >0, B <0 (B > Bc), ¢, <0
e  The capacitive load: X <0 (X¢c >X1), 9 <0, 8>0 (Bc>By), ¢y >0
o The resistive load: X=0 (Xc=X.), ¢ =0, B=0 (BL = B¢), ¢y, =0
Impedances in series and parallel

e Impedances in series: Zegqg =Z1 + 2 + ...+ 2,
e Impedances in parallel:

Zeq:1 1 1:21//22////271
2 nt T,
1

Zeqzyf qu:Y1+Y2+...+Y,,
eq

2122

e Two impedances in parallel: Zq = s Z1/]Z,
1+ 22

The phasor forms of VDR, CDL, KVL, and KCL

e VDR for impedance: vV, = il E , V,= 2
z1+ 23 Z1+ 2
. . 2z . . zZ] .
e CDR for impedance: /| = Iy, I,= Iy
z1+2p Z1+2

e The phasor form of KCL: 2I=0 Tin = 1w
e The phasor form of KVL: £V =0 Vi+ Vo4 V,=E
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Power in AC circuits

Power General R L C
expression
Instanta- p=VIcosp (1 — |[pr=VI(l —cos2wt) | pL = VI sin2wt pc=—VI sin2wt
neous cos2wt) +
power VI sing sin2wt
i = 1 = =
Active power | p = VI cosgp Po = VI — s Vol Pr=0 Pc=0
V2
=I’R=—
R
Reactive Q=VIsing Or=0 OL=VI Oc =—-VI
power :IZX]_:V—Z :_]2)((3:_[/_2
XL Xc
Apparent ) y?
power S=1=rz=—
Quantity Quantity symbol Unit Unit symbol
Instantaneous power p Watt W
Active power P Watt 4
Reactive power (0] Volt-amperes reactive Var
Apparent power S Volt-amperes VA

Power triangle

N
Q
P
P=Scosp, Q=Ssing, S§=+/P+(Q?
X v I
Impedance angle: ¢ = tan™! 9 =tan"'S = tan -2 = tan 12X
P R R Ir

Phasor power: § = Vi = I'z= 775‘ =P+jO

Power factor
(cosp)

P
Power factor PF: cosgp = S (0 < cosg < 1), cose without unit)

When cosg = 1: All energy supplied by the source is consumed by
the load.

Power-factor correction: A capacitor in parallel with the inductive
load can increase the power factor.
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— Total active power: Pr=P;+P,+ ... +P,

— Total reactive power:
Or=0ur—Qcr=(0L, +0.,+...)—(Qc, +0c,+ ...)
Oy 1: the total reactive power for inductors.

Total power . .
P Ocrt: the total reactive power for capacitors.

— Total apparent power: S = m
P
Total power factor: PFr = cospr = S—T

Analysis methods for AC sinusoidal circuits
All analysis methods that are used to analyze DC circuits with one or two more
sources can also be used to analyze AC circuits.

Practice problems

10.1

1. In an RLC series circuit, R=20Q, Xc=10Q, and X =15Q.
Calculate the input impedance of this circuit and plot its phasor
diagram.

2. If the input impedance Z.q of an RLC series circuit is 100 /30° €,
XL =36Q, and R =47 Q. Calculate the capacitive impedance Zc of
this circuit.

3. In an RLC parallel circuit, R=5 kQ, X =2 kQ and Xc =4 kQ.
Calculate the input admittance and plot phasor diagram of this
circuit.

10.2

4. Determine the input equivalent impedance Z, for the circuit in
Figure 10.30 (w = 10 rad/s).

C;=2mF
——wW—|f
R=20Q
Zeq RZ:SOQ |;;| C3:4mF
—>
L,=2H

Figure 10.30
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5. Determine the input equivalent impedance Z.,, capacitor branch
current /-, and inductor branch current [} for the circuit in
Figure 10.31.

N TYTY Y L 4

X, =3Q
. +
E=50V|[0° R=30Q% X.=20Q7
L

Figure 10.31

/1

10.3
6. Calculate the total powers Pr, Or, St, the power factor cos ¢, and
plot the power triangle for the circuit of Figure 10.32.

[ .
I
Qp =45 Var
.
Q) P=40W D Qc=350 Var
- P=30W

Figure 10.32

7. Calculate the active powers, reactive powers, total powers P, Or, St,
power factor cosg, and total current /+ for each component in the
circuit of Figure 10.33, and also plot the power triangle for this
circuit.

| - 8- Py
Ll
It

N
E=10v40°@ X =2Q R=5Q

A}

< Xe=3Q

Figure 10.33
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10.4
8. Write the mesh equations for the circuit shown in Figure 10.34.

Ry=5Q @f,:340°A

E, 5./30°V

Figure 10.34

9. Calculate the mesh current I for the circuit shown in Figure 10.35
using the superposition theorem.

AM O
1 v
1Q
j2 Q gzg
I
+ Jj2Q
E,=12/90°V
A ~-10Q
1Q
3Q 3Q
AN AM

Figure 10.35

10. Determine the node voltages for the circuit shown in Figure 10.36.

8Q
|
AN

a 4Q

® T 0 g SRS b

o L 2Q
5 AZ120 1002100 -
n 1.6 V£70°
L

Figure 10.36
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11.  Determine the Thevenin equivalent circuit as viewed from terminals
a and b for the circuit shown in Figure 10.37.

AN —8— AN ——
5Q 15Q a 10Q

0es B, 4200

20200 vED
+

A}l

~—30 Q
20 Q

[ 2=3

Figure 10.37
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11.1 Series resonance

11.1.1 Introduction to series resonance

Introduction to resonance
The resonance phenomena have a wide range of applications in electrical

and

electronic circuits, particularly in communication systems and signal processing.
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e Resonant circuits are simple combinations of inductors (L), capacitors (C),
resistors (R), and a power source (E).

e The capacitor or inductor voltage/current in a resonant circuit could be much
higher than the source voltage or current, a small input signal can produce a
large output signal when resonance appears in a circuit. This is why the reso-
nant circuit has many important applications in communications systems.

e Resonance may also damage the circuit elements if it is not used properly. So,
it is very important to analyze and study resonance phenomena and to know its
pros and cons.

Series resonance

e Resonance may occur in a series RLC circuit, as shown in Figure 11.1, when
the inductor reactance X is equal to the capacitor reactance Xc.

e  When the magnitudes of X; and X are equal (X = X¢), or when reactance X is
zero (X = Xy —Xc = 0), the equivalent or total circuit impedance Z is equal to
the resistance R, i.e., Z = R +j(XL —Xc) =R.

e When X; = X, and Z= R, resonance will occur in the RLC series circuit.

e When resonance occurs in a series RLC circuit, the energy of the reactive
components in the circuit will compensate each other (Xp =Xc), and the
equivalent impedance Z of the series RLC circuit will be the lowest (Z=R).
This is the characteristic of the series resonant circuit.

Series resonance XL=Xc, X=0, Z=R

11.1.2  Frequency and impedance of series resonance

Frequency of series resonance
e The angular frequency of the series resonant circuit can be obtained from

1
XL = Xc or ol =—
wC
. . 1 .
e Solving for w gives w; = \/TC_ (The subnotation “r” stands for resonance.)
Since o =2xaf
R L
MV AsAR
1 Vr 3
CAR 1

Figure 11.1 An RLC series circuit
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Solving for f from the above equation gives the series resonant frequency as

The resonant frequency f; is dependent on the circuit elements L and C,
meaning that it may produce or remove resonance by adjusting the inductance
L or capacitance C in the RLC series circuit.

Frequency of series resonance

1
Resonant frequency: f; = ———
auency:f 2nvLC
Resonant angular frequency: w; = —

VLC

Impedance of series resonance

When series resonance occurs, the circuit’s equivalent impedance is at the
minimum (Z=R). This is illustrated in Figure 11.2, which is the response
curve of the impedance Z versus frequency f'in the series resonant circuit.
When f=f;, the impedance Z is at the lowest point on the curve.

11.1.3 Current and phasor diagram of series resonance

Current of series resonance

When resonance occurs in a series RLC circuit, the impedance of the circuit is

. i
equal to the resistance (Z = R), and the resonant current willbe / = — = s

z

When f=f;, X; = Xc, the only opposition to the flow of the current is resis-
tance R, i.e., the impedance is minimum and current is maximum in a series
resonant circuit.
Figure 11.3 illustrates the response curve of current / versus frequency f in
the series resonant circuit, and the current is at the highest point on the curve

when f=f;.

Jr

Figure 11.2 The response curve of Z vs. f for series resonance
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Figure 11.3 The response curve of I vs. f for series resonance

Figure 11.4 Phasor diagram of the series resonant circuit

— Impedance is minimum at series resonance: Z =R

I and Z of series resonance . . . . Vv
— Current is maximum at series resonance: I = 7R

Phasor diagram of series resonance

An RLC series resonant circuit is equivalent to a purely resistive circuit since

Z=R.

The capacitor and inductor voltages in the series resonant circuit are equal in

magnitude but are opposite in phase, since X| = Xc. vy =jXpiL and
) ) ve = jXcic

The resistor voltage is equal to the source voltage (Vr = E) since X = 0 when

series resonance occurs.

The current / and source voltage E are also in phase (since Vg and / in phase),

and the phase difference between £ and I is zero (¢ = 0).

A phasor diagram of the series resonant circuit is illustrated in Figure 11.4.

Phasor relationship of - .VL and Ve are equal in magnitude but opposite in phase.

series resonance — [ and E are in phase, and ¢ = 0.




RLC circuits and resonance 343

X <Xe | X > X

(Z=B

S

Figure 11.5 The response curves of X;, X¢c, and Z vs. f

11.1.4 Response curves of X;, X¢, and Z versus f
Response curves

The response curves of the inductive reactance X, capacitive reactance Xc,
and impedance Z versus frequency f are illustrated in Figure 11.5.

X1 and f are directly proportional (Xp = 2xfL), i.e., as frequency increases X,
increases.

. . 1
Xc and f are inversely proportional (X¢ = ——
X d 27fC
¢ decreases.
When frequency fis zero in the circuit, X; =0, Xc and Z approach infinity,

2
Z:\/R2+(2njL—2;fC> = \/R24 (0 — 00)> = VR + 00 = 0

), i.e., as frequency increases

Characteristics of series resonance

The response curves of X;, Xc, and Z versus f show that when the circuit
frequency is below the resonant frequency f; (f'<f;), the inductive reactance
X1 is lower than the capacitive reactance X and the circuit appears capacitive.
When the circuit frequency is above the resonant frequency f; (/> f;), the
inductive reactance X1 is higher than the capacitive reactanceXc, and the cir-
cuit appears more inductive.

Only when the circuit frequency is equal to the resonant frequency f. (f=/,),
the resonance occurs in the circuit. Impedance Z is equal to the circuit resis-
tance R and has a minimum value, and the circuit appears purely resistive.

Characteristics of — When f> f;, X; > Xc: the circuit is more inductive.

— When f< f;, X| <Xc: the circuit is more capacitive.

series resonance |— When f=f, Xi =X¢, /=l Z=Znin=R: the circuit is
purely resistive and resonance occurs.
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11.1.5 Phase response of series resonance

Phase response of series resonance

e The phase response of the series resonant circuit can also be obtained from
Figure 11.5.

e  When the frequency of the circuit is above the resonant frequency f;, the circuit
is more inductive X} > X, voltage leads current, and the phase difference is
between zero and positive 90° (0 < ¢ < +90°).

e  When the frequency of the circuit is below the resonant frequency f;, the circuit
is more capacitive X; < X, the voltage lags current, and the phase difference
is between zero and negative 90° (— 90° < ¢ < 0).

e When the frequency of the circuit is equal to the resonant frequency f;,
X, =Xc, Z=R, voltage and current are in phase, and the phase difference is
zero (¢ =0).

e The phase response of the series resonant circuit can be illustrated in
Figure 11.6.

Relation between frequency and phase angle
The following characteristics of the series resonant circuit can also be obtained
from Figure 11.6.

e When the frequency increases from the resonant frequency f; to infinity, the
phase angle ¢ approaches positive 90°.

e  When the frequency decreases from the resonant frequency f; to zero, the phase
angle @ approaches negative 90°.

e The equation of the phase angle ¢ is

= tan~! )—( = tan~! X4L —Xe = tan~! 72:1]L _ ﬁ
% R R
Phase response of — When f — oo, ¢ — +90°
series resonance — Whenf — 0, ¢ — —90°

A?

+90°
0 »

Jr
-90°

Figure 11.6 Phase response of the series resonant circuit
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11.1.6 Quality factor
Quality factor Q

There is an important parameter known as quality factor in the resonant circuit,
which is denoted as Q.

The quality factor is defined as the ratio of stored energy and consumed energy in
physics and engineering, so it is the ratio of the reactive power stored by an inductor
or a capacitor and average power consumed by a resistor in a resonant circuit,

ie., Quality factor Q = Reactive power/average power (11.1)

The quality factor can be used to measure the energy that a circuit stores and
consumes.

The lower the energy consumption of a resistor (power loss) in a circuit, the
higher the quality factor, and the better the quality of the resonant circuit.

If substituting the equations of the reactive power and average power into the
quality factor equation (11.1), the quality factor of the series resonance will be

- I ZXL o XL o wl
O TR TRTR

where R is the total or equivalent resistance in the series circuit.

obtained as follows:

The quality factor O can also be expressed by the capacitive reactance and the
Xc 1
Q=" =

resistance as: =—
R wCR

Winding resistance R,, and Q

The quality factor O can be used to judge the quality of an inductor (or coil).
A coil always contains a certain amount of winding resistance R,,, which is the
resistance of the wire in the winding.

The quality factor Q for a coil is defined as the ratio of the inductive reactance

o . . X
and the winding resistance, i.e., Q = R_L
W

The lower the winding resistance R,, of a coil, the higher the quality of the coil.

Quality factor Q

— Quality factor: the ratio of the reactive power and average power.
. . XL X
— Quality factor of the series resonance: Q0 = EL = ?C
XL

— Quality factor of the coil: Q = R (Rw—winding resistance).

W
(The lower the Ry, the higher the quality of the coil.)

Note: Both the quality factor and reactive power are denoted by the letter O, so be careful not to
confuse them. The quality factor is a dimensionless parameter, and the unit of reactive power is
Var, which can be used to distinguish between these two quantities.
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11.1.7 Voltage of series resonance
Voltage resonance

Multiplying current I for both the denominator and numerator of the quality

: XL XL iXL f/L

factor equation Q = —, gives = =a0—=—
q O0=—4-8 0= T

. Xc Xe IXe Ve

Similarly, for Q = — ===
Y 0= % =% IR E

When the resonance occurs in a RLC series circuit:
Vo=Vc=EQ (11.2)

The quality factor Q is always greater than 1, so the inductor or capacitor
voltage may greatly exceed the source voltage in a series resonant circuit, as
can be seen from (11.2).

This means that a lower input voltage may produce a higher output
voltage; therefore, the series resonance is also known as the voltage resonance.
That is one of the reasons that series resonant circuits have a wide range of
applications.

When choosing the storage elements L and C for a series resonant circuit, the
affordability of their maximum voltage should be taken into account, or else
the high resonant voltage may damage circuit components.

A small input force can produce a large output vibration

The concept of circuit resonance is similar to resonance in physics, which is
defined as a system oscillating at maximum amplitude at resonant frequency,
so a small input force can produce a large output vibration.

There are many examples of resonance in daily life,

—  such as pushing a child in a playground swing to the resonant frequency, which makes
the swing go higher and higher to the maximum amplitude with very little effort.

—  Another example is bouncing a basketball. Once the ball is bounced to the resonant
frequency, it will yield a smooth response, and the ball will reach maximum height
since the small force produces a large vibration.

Resonance may also cause damage.

For example, a legend says that when a team of soldiers walking a uniform pace passed

through a bridge, the bridge collapsed since the uniform pace reached resonant frequency

resulted in a small force producing a large vibration.

Relationship of | — Inductor or capacitor voltage may greatly exceed the supply voltage.

— A lower input voltage may produce a higher output voltage.

voltage and Q0 ) ) )
VL:VC:EQ (Q>1)
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11.1.8 Series resonance example

Example 11.1: A series resonant circuit is shown in Figure 11.7. Determine the
total equivalent impedance, quality factor, and inductor voltage of this circuit.

R=2Q C=025puF
A €

. + P R,=050
E=25v200(0) P

Figure 11.7 Circuit for Example 11.1

Solution:
° Z=Rr=R+Ry=(24+05Q=25/0°Q
1 1
[ ] = = ~ 6366 HZ
s 2n\/LC Zn\/(2.5 mH)(0.25uF)
XL = 2nfL = 27(6366)(2.5 mH) ~ 100 Q
XL 100Q
=—=——=40
0 Rt 25Q .
o VL = jXL]:*jXL
Z
2.5/0°V
= _— l Z °© Q = 1 Z °
25000 x 100/90 00/90° V

e This example shows that the inductor voltage of the series resonant circuit is
indeed greater than the supply voltage.

(VL = 100/90° V) > (E = 2.5/0° V)

11.2 Bandwidth and selectivity

11.2.1 The bandwidth of series resonance

Bandwidth (BW)

When a RLC series circuit is in resonance, its impedance will reach the
minimum value and the current will reach the maximum value. The curve of
the current versus frequency of the series resonant circuit is illustrated in

Figure 11.8.
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Al

max

0.707 lmax l P,

/ B LV 2 max
0 »
A /

Figure 11.8 Bandwidth of a series resonant circuit

e The current reaches the maximum value /,,,,, as the frequency closes in on the
resonant frequency f;, which is located at the center of the curve (as displayed
in the diagram).

e The characteristic of the resonant circuit can be expressed in terms of its
bandwidth (BW) or pass-band. The BW of the resonant circuit is the difference
between two frequency points /> and fi, i.e., BW=£f —fi

Critical frequencies

e f>and f] are called critical, cutoff, or half-power frequencies.

e The BW of the resonant circuit is a frequency range between f; and f; when
current / is equivalent to 0.707 of its maximum value /., or 70.7% of the
maximum value of the curve (as shown in Figurel1.8).

Half-power frequency

e The power delivered by the source at the points f; and f> can be determined
from the power formula P = IR

P, = I} R = (0.707Lax)’R ~ 0.5I%, R = 0.5Pyax

max:

and

Pr, = IR R = (0.707Lnax)’R = 0.5I2, R = 0.5Ppux

max

e At both points f> and f;, the circuit power is only one-half of the maximum
power that it is produced by the source at resonance frequency f,, where £, is
the upper critical frequency, and f] is the lower critical frequency.

Bandwidth — Bandwidth (BW =5 — £}) is the range of frequencies at / = 0.707] pax.
(pass-band) |- f; and fj are critical or cutoff or half-power frequencies. Pr,, = 0.5Pax.

11.2.2 The selectivity of series resonance

The selectivity curve of the series resonant circuit

o Figure 11.8 shows the frequency range between f, and f; at which the current is
near its maximum value, and the series resonant circuits can select frequencies
in this range.
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J N

0 ! >
BW, > f

BW,
B,

Figure 11.9 Selectivity of a series resonant circuit

e The curve in Figure 11.8 is called the selectivity curve of the series resonant
circuit. The selectivity is the capability of a series resonant circuit to choose
the maximum current that is closer to the resonant frequency f;.

e The steeper the selectivity curve, the faster the signal attenuation (reducing),
the higher the maximum current value, and the better the circuit selectivity.

e For example, in Figure 11.9, the selectivity curve 1 has a bandwidth of BW,
and a maximum current /| which has a better current selectivity than
selectivity curve 2 or 3.

max 2

e This means that the series resonant circuit of curve 1 has a higher quality and can

be expressed as O = Bf—rW (Q is the quality factor of the series resonant circuit.)

Current selectivity
e The bandwidth BW is an important characteristic for the resonant circuit.
e A series resonant circuit with a narrower BW has a better current selectivity.
e A series resonant circuit with a wider BW is good for passing the signals.
Sometimes in order to take into account both aspects, the selectivity curve between nar-
row and wide curves may be chosen (such as the selectivity curve 2 (BW,) in Figure 11.9.)

Therefore, the concepts of BW and selectivity may apply to different circuits with different
design choices.

Selectivity of the The capability of the circuit to choose the maximum
series resonance current /[, closer to the resonant frequency f;.

11.2.3  The quality factor and selectivity

0 and Selectivity
e The quality factor Q in the resonant circuit is a measure of the quality and
selectivity of a resonant circuit.
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fr
o1

maximum current, and the better the current selectivity, which is desirable in
many applications.

e  The higher the Q value, the narrower the BW (BW | =

), the higher the

QO represents the quality of a resonant circuit
e The disadvantage of the narrower BW or higher Q is that the ability for passing
signals in the circuit will be reduced.

Je

0l
ability to pass signals; however, it will have a poor current selectivity.

e (Qisdenoted as the “quality” factor since it represents the quality of a resonant
circuit.

e The lower the Q value, the wider the BW (BW = —=—), and the better the

Example 11.2 Given a series resonant circuit shown in Figure 11.10(a), determine
the BW and current / (phasor-domain) of this circuit with three resistors that are 50,
100, and 200 Q and plot their selectivity curves.

R=50Q
+

E=10v20(0) A=2ke

Jr=50Hz ,‘\XCZkQ

Figure 11.10(a) The circuit for Example 11.2

Solution:

e When R=50 Q: Q:)%:io%:40, BWI:g:%gIZ:I.ZSHZ
I= g = % = 1(;20;\/ =0.2/0° A

e When R=100 Q: Q:%:%:ZO, Bszgzsozgzzz.SHz
i:%:%:l%gogvzo.uom

e When R=200 Q: Q:)%:;O%:m, BW3:£Qr:501(I){Z:5HZ
I= g = % = 1;)58;\1 =0.05/0° A



RLC circuits and resonance 351

A/
02A
0.1A
0.05 A
0 L >/
«—>
BW,=125Hz |
BW,=25Hz
BW,=5Hz |
£=50Hz

Figure 11.10(b) The selectivity curve for Example 11.2

o Example 11.2 shows that the selectivity curve of a resonant circuit depends
greatly upon the amount of resistance in the circuit.

e When resistance R in a series resonant circuit has a smaller value, the selec-
tivity curve of the circuit is steeper, the quality factor O has a higher value, the
current at the resonant frequency f; has a higher value, and the selectivity
is better.

e However, the pass-band (BW) of the circuit with a smaller R value is narrower,
and the ability to pass signal will be poor.

— Quality factor: a measure of the quality and selectivity of a reso-
t circuit, Q = =——.
nant circuit, Q BW
X i . .
- Q1= R—l = BW |=—-—: the steeper the selectivity curve, the
Quality fact?r. better the current selectivity, but the worse the ability to pass
and selectivity signals.
g _h .
- 0l= R_T = BW 1= a the flatter the selectivity curve, the
worse the current selectivity, but the better the ability to pass
signals.

The analysis method of the series resonant circuit can also be applied to the parallel resonant
circuits.
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Series resonance summary

Characteristics Series resonance
Condition of resonance XL=Xc, X=0, Z=R
Resonant frequency fi= 1
" 2aVIC
Impedance Z=R minimum (admittance ¥ maximum)
Current . v )
It =— maximum
BW fr
BW=p—fi =2
0
Quality factor 0- XL Xc
R R
Relationship of voltage and | j/| = J/ = £Q
quality factor

11.3 Parallel resonance

11.3.1 Introduction to parallel resonance

Parallel resonance

e Resonance may occur in a parallel resistor, inductor, and capacitor (RLC)
circuit, as shown in Figure 11.11, when the circuit inductive susceptance By is
equal to the capacitive susceptance Bc.

e The analysis method of the parallel resonance is similar to series resonance.

Admittance of parallel resonance

e When the magnitudes of the capacitive susceptance B¢ and the inductive sus-
ceptance By are equal (Bc = Bp), or when the susceptance B is zero (B = B¢ —
B, = 0), the circuit input equivalent (total) admittance Y is equal to the circuit
conductance G, i.e.,

Y=G+jB=G

e Under the above condition, resonance will occur in the RLC parallel circuit.

Figure 11.11 A parallel RLC circuit
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The characteristic of the parallel resonant circuit

e  When the resonance occurs in a RLC parallel circuit, the energy of the reactive
components in the circuit will compensate each other (Bc = By).

e The equivalent admittance Y of the parallel RLC circuit is at the lowest (Y = G).

Parallel resonance Bc=B,, B=0, Y=G

11.3.2  Frequency and admittance of parallel resonance

Frequency of parallel resonance
e The angular frequency of the parallel resonant circuit can be obtained from

1 1
Y:G-i-j(Bc—BL):E‘i‘j(a)C——)

ol
1
e From Bc =BL or wC = —
ol
1
solving for w gives o = ———
g g "= I
e Since o =2xaf
. 1
the parallel resonant frequency is 1

T 2aVIC

e The parallel resonant angular frequency is w, and resonant frequency f, are the
same with those in the series resonant circuit.

e The resonant frequency f; is dependent on the circuit elements L and C,
meaning that by adjusting the inductance L or capacitance C in the RLC par-
allel circuit, resonance may be produced or removed.

— Resonant frequency: =
Frequency of 4 Y S 2myVLC

rallel resonan
paraflel resonance — Resonant angular frequency:  w; =

Admittance

e  When parallel resonance occurs, the equivalent admittance Y of the circuit is at
the minimum (Y = G), B = B¢ — By, =0, so the circuit equivalent impedance Z
is at a maximum (Z 1= Y—l) (This is shown in Figure 11.12, which is the
response curve of the impedance Z versus the frequency f in the parallel
resonant circuit.)

e When f=f;, the impedance Z is at the highest point on the curve and this is
opposite to the series resonance.
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Z

Figure 11.12 The response curve of Z vs. f for parallel resonance

Jr

Figure 11.13 The response curve of I vs. f for parallel resonance

11.3.3 Current of parallel resonance

The total current in the parallel resonant circuit
e  When resonance appears in a parallel RLC circuit, the impedance of the circuit
is equal to the resistance (Z = R), and the total current in the circuit will be

R4
Z R

e When f=/,, in the parallel resonant circuit,

It

—  the admittance Y is at the minimum:

BC :BL, Y:G, Y:G+j(BC_BL)
— the impedance Z is at the maximum:
1
Zl=——
l
—  the current is at the minimum:
: voov
I = 00— = —
Tl 71 R

Response curve for parallel resonance
o Figure 11.13 illustrates the response curve of current / versus frequency fin the

parallel resonant circuit.
e Current is at the lowest point on the curve when f=f.. (This is opposite to
series resonance.)
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— Impedance is maximum at parallel resonance:

Z=R (B=0,Y=0G) Y =G+j(Bc—BL)
Iand Z of parallel — Current is minimum at parallel resonance:
resonance
wl v
Z R

11.3.4 Phasor diagram of parallel resonance

The capacitor and inductor branch currents in the parallel resonant

circuit

e An RLC parallel resonant circuit is equivalent to a purely resistive circuit since
Y=Gand Z=R.

e The capacitor and inductor branch currents in the parallel resonant circuit

are equal in magnitude but opposite in phase, since By = B¢ (BL =1y,
Bc=4)
. V 14 . V V -1
and Ih=—F=—jX, lc=—t=j— ti=—
JXL XL —Xc T Xc j
i.e., iL = —jc

Phasor diagram of the parallel resonant circuit

e The resistor voltage is equal to the source voltage Vg = E in the parallel
resonant circuit of Figure 11.11.

e  The total current (I1) and the source voltage (E) are in phase (since ¥ and £
are in phase).

e The phase difference between E and I is zero, i.e., the admittance angle
@y =0.

e A phasor diagram of the parallel resonant circuit is illustrated in Figure 11.14.

Figure 11.14 Phasor diagram of the parallel resonant circuit
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— Iy and /¢ are equal in magnitude but opposite in phase.

Phasor relationship of

parallel resonance v =—lc

— It and E are in phase, and ¢, =0.

11.3.5 Quality factor of parallel resonance

Quality factor Q
e Recall: The quality factor is the ratio of the reactive power stored by an inductor
or a capacitor and the average power dissipated by a resistor in a circuit, i.e.,

Quality factor Q = Reactive power/average power

e The quality factor of a parallel resonance: If we substitute the equations of the
.2 -2

Vv Vv
reactive power (P = X—L) and average power (Pr = ?R) in Figure 11.11 into
L

the quality factor equation, the quality factor of a parallel resonance will be
obtained as follows:

CEx. R

/R X

e The quality factor Q can be expressed by the capacitive reactance and the
resistance as:

(- VL:VRZE)

R
=%
¢
e The quality factor of a parallel resonant circuit is inverted with the series
resonant circuit.

. . - XL Xc
(Recall the quality factor of a series resonant circuit: Q= ry = =

)

Quality factor of the parallel resonance:

Quality factor Q R R
0= A = o

11.3.6 Current of parallel resonance
The inductor and capacitor current

e Dividing the voltage E for both the denominator and numerator of the quality
XL

R

E/x. Iv

E/R It

factor equation O =

gives 0=
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X
Similarly, for Q = EC

E/Xc Ic
E/R Iy

0=

The inductor or capacitor current: When resonance occurs in an RLC parallel
circuit, the inductor or capacitor current

It =Ic =10 (11.3)

Current resonance

Usually the quality factor Q is always great than 1, the inductor or capacitor
branch current may greatly exceed the total supply current in a parallel reso-
nant circuit. (This can be seen from (11.3).)

Current resonance: A lower input current may produce a higher output current
in a parallel resonant circuit, and therefore the parallel resonance is also known
as current resonance.

The higher resonant current may damage circuit components: When choosing
the storage elements L and C for a parallel resonant circuit, it should be taken
into account the affordability of their maximum current, or else the higher
resonant current may damage circuit components.

Relationship or capacitor current may greatly exceed the supply current:

A lower input current may produce a higher output current. The inductor

of current . . .
[L:IC:[TQ (Q>1)

11.3.7 The bandwidth of parallel resonance
BW of parallel resonance

The characteristic of the parallel resonant circuit can be expressed in terms of
its BW or pass-band. Recall

BW = AH—-fi
or BW :g

The BW of the parallel resonant circuit is illustrated in Figure 11.15.

When the RLC parallel circuit is in resonance, its current reaches the minimum
value.

The BW of the parallel resonant circuit is a frequency range between the cri-
tical or cutoff frequencies f> and f}, when the current is equivalent to 0.707 of
its maximum value I,,,,, or 70.7 % of the maximum value of the curve.
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Figure 11.15 The BW of the parallel resonance

Parallel resonance summary

Characteristics Parallel resonance
Conditions of resonance B, =B, B=0,Y=G
Resonant frequency g 1
" 2aVLC
Impedance Z=R maximum
(admittance Y minimum)
Current . .
It=— minimum
R
BW fr
BW=pf—fi =2
0o
Quality factor _R_R
XL Xc
Relationship of current and quality factor IL=Ic=1I10

11.4 A practical parallel resonant circuit

11.4.1 Resonant admittance

A practical parallel circuit

e In practical electrical or electronic system applications, the parallel resonant
circuit usually is formed by an inductor (coil) in parallel with a capacitor.

e A practical coil always has internal resistance (wounding resistance), an actual
parallel resonant circuit will look like the one illustrated in Figure 11.16.

Resonant admittance
e The input equivalent admittance of the practical parallel circuit shown in
Figure 11.16 is:

1 1 I
Y e ——— f ——
R X z
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Figure 11.16 A practical parallel circuit

e  Multiplying (R — jX1) to the numerator and denominator of the first term in the
above equation gives

¥ — R . X n
R 4 X7 TR + X2 ]XC
R 1 X
or Y=t j 11.4
Ryx2 (Xc R2+XL2> (114)

e Resonant admittance: The parallel resonance occurs when the circuit admit-
tance Y is equal to the circuit conductance G (Y = G), so when the resonance
occurs for the practical parallel circuit in Figure 11.16, the resonant admittance
should be:

L R
 R+X?

(Y=G+/B)

11.4.2 Resonant frequency

Resonant angular frequency and frequency

e According to the parallel resonant conditions, resonance occurs when the
capacitive susceptance B¢ is equal to the inductive susceptance By, i.e., Bc =
By, thus (11.4) gives

XL _ 1 Y ol X 1
R2+XL2_XC Lok CT wc
wlL

or (11.5)

ﬁ = (,()C
+ (wl)

e The resonance frequency and angular frequency for the circuit in Figure 11.16
can be obtained from (11.5) as follows:

R lar f L — CR? 1 1 CR?
- esonance angular irequency. w, = —_— = _—
grariiequeney: e =\"pe ~ eV L

1 ——— w="2naf

— Resonance frequency: f; =
2
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Condition for resonance
e Resonance will occur in the circuit of Figure 11.16 only when

CR? CR? L \/Z
-2 >0, 1>— R<= R =
7 >0, > 7 < rok or < C

CR? L
o Ifl-— A <0 or R > \/; resonance will not occur.

R
— Resonant admittance: ¥ = ———
R2 + X,
R t lar fi ! CR?
— Resonant angular frequency: o, = —— -
g q y: wr VIC 7

Practical parallel

resonance 1 CR?

— Resonant frequency: f; = ———1\/1 ———
q v 2nvV/LC L

CR? L
— When1 — I >00rR < \/g, resonance occurs.

11.4.3 Applications of the resonance

The purpose of resonant circuits
e Resonant circuits are used in a wide range of applications in communication
systems, such as filters, and tuners.
e The purpose of resonant circuits are the same
— to select a specific frequency (resonant frequency f;) and reject all others,
— or select signals over a specific frequency range that is between the cutoff
frequencies f| and f5.

A parallel tuning circuit

e The key circuit of a communication system is a tuned amplifier (tuning circuit).

e A simplified parallel radio tuning circuit: Figure 11.17 is a simplified parallel
radio tuning circuit for a radio circuit. The combination of a practical parallel
resonant circuit and an amplifier can select the appropriate signal to be amplified.

0 .
I3 /

Figure 11.17 A simplified parallel radio tuner
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Figure 11.18 A simplified series radio tuner

The input signals in the radio tuner circuit have a wide frequency range,
because there are many different radio signals from different radio stations.
When adjusting the capacitance of the variable capacitor in the practical par-
allel resonant circuit (i.e., adjusting the switch of the radio channel), the circuit
resonant frequency f; will consequently change.

Once f; matches the desired input signal frequency with the highest input
impedance, the desired input signal will be passed, and this is the only signal
that will be amplified.

After it is amplified by the amplifier in the circuit, this signal of the corre-
sponding station can be clearly heard.

A series tuning circuit

Figure 11.18 is a simplified series radio tuning circuit. It is similar to the

parallel tuning circuit.

When adjusting the capacitance of the variable capacitor in the series resonant
circuit, the circuit resonant frequency f; will change.

Once f; matches the desired input signal frequency with the highest current, the
desired input signal will be passed and amplified.

Summary

Series/parallel resonance

Characteristics Series resonance Parallel resonance
Conditions of reso- XL=Xe, X=0, Z=R B,=Bc, B=0, Y=G
nance
— J4 and ¥ are equal in mag- |~ Jp and /¢ are equal in mag-
nitude but opposite in phase. nitude but opposite in phase.
Phasor relationshi . L : -
P l_ jand £ in phase, and ¢ =0. [~ It and £ in phase, and
@y =0.

(Continues)
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(Continued)
Characteristics Series resonance Parallel resonance

Phasor diagram

i

Resonant frequency

Z = R minimum
(admittance Y maximum)
z

Z = R maximum
(admittance Y minimum)
z

Impedance A
0 /
0 / /r
;
.V . .V .
1 =— maximum It =— minimum
R R
/ i
Current j\
0 /
. 0 f
/)
. Je Je
BW BW =5 -fi=7 BW =5 -fi=>
0 0
. XL Xc Jr R R Jr
Quality factor 0= R-R r Q0 =37 XX or Q =W
Relationship of voltage/ | j/, = . = EQ I =Ic=h0
current and Q
— Resonant admittance:
R
Y = 72
R + X,
— Resonant angular frequency:
Practical llel ! CRe
ractical parallel resonance = —F— -
P "~ VIc L
— Resonant frequency:
f= 1 / . CR?
" 2aVILC L
— Resonance occurs when 1 — %Rz >0, or R<,/¢
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BW and selectivity

BW (pass-band): the frequency range corresponding to 7 = 0.707/ .

BW =/ —fi

e /> and fi: critical or cutoff or half-power point frequencies.

Pf]ﬁ2 = O-SPmax

Quality factor: a measure of the quality and selectivity of a resonant circuit.
Selectivity: the capability of the circuit to choose the maximum current closer
to the resonant frequency f;.

In a series resonant circuit, V' or V- may greatly exceed the supply voltage E,
i.e., a lower input voltage may produce a higher output voltage.

In a parallel resonant circuit, I} or Ic may greatly exceed the total current /r,
i.e., a lower input current may produce a higher output current.

Practice problems

11.1

11.2

=

10.

If the inductance in a series resonant RLC circuit is decreased, the
resonant frequency ( ).

The total reactance of a series RLC circuit at resonance is ( ),
and the impedance is ( ).

When a series RLC circuit is in resonance, its impedance will reach
the ( ) value and the current will reach the ( ) value.
In a series RLC resonant circuit, the current is 20 mA, the inductor
voltage is 60 V and the source voltage is 5 V. Determine the resonant
impedance Z, inductive reactance X; , and the capacitive reactance X¢
for this circuit.

In a series RLC resonant circuit, E =10/0° V,R=9Q, L=10 mH,
Rw =1 Q and C = 1pF. Determine the resonant frequency, total reso-
nant impedance, current, inductor voltage and quality factor Q for this
circuit.

/1 and f; are called ( ) frequencies or ( ) frequency points.
The BW is the frequency range when the current /= ( ) Lnax.
The capability of the circuit to choose the maximum current closer to
the resonant frequency f; is called ( ).

The higher the Q value, the narrower the BW, the higher the max-
imum ( ), and the better the current selectivity.

In a RLC series resonant circuit, the resistance R is 10 Q, the capa-
citive reactance X¢ is 5 kQ and the resonant frequency f; is 60 Hz.
Determine the BW of this circuit.
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11.

12.

13.

14.

15.

The RLC parallel resonant angular frequency w, and resonant fre-
quency f; are the ( ) with those in the RLC series resonant circuit.
When the RLC parallel resonance appears, a lower input current may
produce a higher output current. The inductor or capacitor current
may greatly exceed the ( ) current.

A practical parallel resonant circuit is formed by a capacitor in par-
allel with an ( ).

Resonance will occur in a practical parallel resonant circuit only
when ( ) or ( ).

In a practical parallel resonant circuit, Vs =6.3 V, R=20 Q, L =150
mH, and C =47 pF. Determine the resonant frequency f. and the
impedance Z for this circuit.
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12.1 Mutual inductance

12.1.1 Mutual inductance and self-inductance

Induced voltage

Recall: When a changing current flows through a coil (inductor), it will pro-
duce an electromagnetic field around the coil, and as a result an induced vol-
tage vi will across it.

Self-inductance is the ability of a coil to produce an induced voltage due to the
changing of the current in the coil itself.

Mutual inductance is the ability of a coil to produce an induced voltage due to
the changing of the current in another coil nearby.
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Figure 12.1 Magnetic coupling

The principle of mutual inductance

Self-induced voltage v;: In Figure 12.1, a coil L; is placed close to another
coil L,. When AC current i; flows through the first coil L;, the changing of
alternating current will produce a changing electromagnetic field and flux ¢,
resulting in a self-induced voltage v, across the first coil L;.

Induced voltage v,: Since the two coils are very close, there is also a portion of
magnetic flux, ¢;_,, that is produced by changing the electromagnetic field
linked to the coil L,, and consequently produces the induced voltage v, across
the second coil L,.

Inductive coupling: The phenomenon of a portion of the flux of a coil linking
to another coil is called inductive coupling, and this is the principle of mutual
inductance.

12.1.2 Factors affecting mutual inductance
Factors affecting mutual inductance

There are three factors that affect mutual inductance: inductances of the two
coils Ly, L,, and the coupling coefficient £.

The coefficient of coupling k determines the degree of the coupling between
the two coils, and it is the ratio of ¢;_, and ¢:

k:w
of

¢ is the magnetic flux generated by the current i; in the first coil L;.

¢1_5 is the portion of the magnetic flux that is generated by the current i, in the
first coil L; and linked to the second coil as shown in Figure 12.2(a). ¢, is
called the cross-linking flux.

Mutual inductance

Mutual inductance is denoted by Ly, and can be expressed mathematically using the
following formula:

Ly = kvLi Ly
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(a) (b)

Figure 12.2  Mutual inductance

An induced voltage in one coil due to a current change in a
Mutual nearby coil.

inductance
Ly = kL Ly

12.1.3  Coefficient of coupling
Induced voltages

e The induced voltage in the coil L;: The voltage generated by a changing cur-
. L di
rent (AC) that flows through the coil L, is given by v; — L% (Chapter 6).
e The induced voltage in the coil L,: When the AC current i; flows through the

. . . . . di
second coil L,, the induced voltage in the coil L, is given by v, = Ly d_tl’ or

f/z = jLMi | in the phasor form.

Leakage flux

o Leakage flux: In practice, not all of the magnetic flux generated by current 7,
will pass through L and L,, and the portion of the magnetic flux that does not
link with L; and L, is known as a leakage flux.

e  Cross-linking flux @, ,: The closer the two coils are placed (or if the two coils
have a common core as shown in Figure 12.3(b)), the higher the cross-linking
flux @;_, and the lower the leakage flux.

Coefficient of coupling

e The full-coupling occurs when k£ = % =1, e, ¢@¢rr=0¢
1
When all of the flux link coils 1 and 2, there will be no leakage flux.
If the gap between the two coils is large, it will cause
— the cross-linking flux to decrease,
—  the leakage flux to increase,
— the coupling coefficient k to decrease. k is in the range between 0 and 1
0 < k<.
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Figure 12.3 Dot convention

Coefficient of

P12

— The coefficient of the coupling: k = & O0O<k<D

1
— ¢1: The flux generated by the current #; in the first coil L;.
— ¢12: The flux generated by the current i; in the coil L, cross-
linking to coil L.

coupling

12.1.4 Dot convention

Dot convention method

The dot convention method can be used to indicate whether the induced
voltage in the second coil is in phase or out of phase with the voltage in the
first coil.

The dot convention method places two small phase dots () or asterisk (*),
one on the coil L; and the other on the coil L,, to indicate that polarities of the
induced voltage vy in the coil L; and v, in the adjacent coil L, are the same at
these points, as shown in Figure 12.3.

Corresponding terminals

The polarity of the induced voltage across the mutually coupled coils can be
determined by the dot convention method.

Corresponding terminals: The dotted terminals of coils should have the same
voltage polarity at all time, and dotted terminals are known as corresponding
terminals.

Dot convention Dotted terminals of coils have the same voltage polarity.

12.2 Basic transformer

12.2.1 Transformer
Introduction to transformers

A transformer is an electrical device formed by two coils that are wound on a
common core. You may have seen transformers on top of the utility poles.

A transformer uses the principle of mutual inductance to convert AC electrical
energy from input to output.
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(a) Air-core (b) Iron-core
Figure 12.4 Simplified transformer circuits

e Simplified transformer circuits: Figure 12.4 shows two simplified transformer
circuits. A changing current from the AC voltage source in the first coil pro-
duces a changing magnetic field, inducing a voltage in the second coil.

—  The first coil connected to a AC power source is called primary winding.
— The second coil connected to the load Z; is called secondary winding.

e Structurally, the transformers are categorized as two main types: the air-core
and iron-core transformers. The symbols for them are shown in Figure 12.4(a)
and (b), respectively.

The main applications of transformer
Increase or decrease the voltage or current

[ ]
o Transfer electric energy from one circuit to another
e Prevent DC from passing from one circuit to the other
e Isolate two circuits electrically
e Impedance matching
A transformer uses the principle of mutual inductance to convert AC
Transformer

electrical energy from input to output.

12.2.2  Air-core transformer

Air-core transformer
e An air-core transformer is not necessary to have a physical core,
— it can be obtained by placing the two coils L and L, close to each other
(Figure 12.5(a)),
— or by winding both the coils L; (primary coil) and L, (secondary coil) on a
hollow cylindrical-shaped core with isolating material (Figure 12.5(b)).
e The circuit of an air-core transformer is shown in Figure 12.5(a),
— R, represents the primary winding resistance of the transformer.
— R, represents the secondary winding resistance of the transformer.

Linear transformer

e The air-core transformer is also known as a linear transformer.

e  When the core of the transformer is made by the insulating material with constant
permeability such as air, plastic, wood, and cardboard, it is a linear transformer.
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L,

NN

(b)

Figure 12.5 Air-core transformer

Air-core A linear transformer that can be obtained by placing the two coils close
transformer to each other or winding two (or more) coils around an insulating
substance.

The air-core transformers are usually used in high-frequency circuits, such as in instrumentation,
radio and TV circuits, and communication devices.

12.2.3  Iron-core transformer

Iron-core transformer

e  The coils of the iron-core transformer are wound on the ferromagnetic material
that are laminated sheets insulated to each other, as illustrated in Figure 12.6.

e  When two coils are wound on a common core, it will have higher cross-linking
flux and lower leakage flux.

e The ferromagnetic materials can provide an easy path for the magnetic flux.

The coupling coefficient £ ~ 1

e Iftwo coils are wound on a common core, the flux generated in the coil L; will
almost all link with the coil L,.

e This means that the coupling coefficient & is close to 1, and this is the reason that
iron-core transformer is usually considered as the ideal transformer (k= 1).

Applications

e Iron-core transformers are widely used transformers in which the efficiency is
high compared to the air-core-type transformer.

e Iron-core transformers are usually used in power systems, audio circuits, etc.

— A transformer that has laminations of ferromagnetic material with
coils wound on it.
— The coupling coefficient & is close to 1 (k = 1).

Iron-core
transformer
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12.2.4 Ideal transformer
Ideal transformer

Ideal transformer: An ideal transformer has no losses (imaginary transformer).
Efficiency of this transformer is considered as 100%.

Full-coupling (k= 1): The coupling coefficient £ of an ideal transformer is 1,
i.e., ideal full-coupling, neglecting winding resistance and magnetic losses in
the coils of the transformer.

Figure 12.6(a) is a circuit of an ideal transformer with the voltage source, and the
load. (The portion within the dashed line is the symbol of the ideal transformer.)
An iron-core transformer is considered an ideal transformer because it uses
ferromagnetic materials with high permeability as its core.

Common core: The primary and secondary windings are wound on a common
core, which have near zero leakage flux and can achieve a full-coupling (k = 1).

Transformer parameters
The parameters of an ideal transformer in Figure 12.6(a) are listed in Table 12.1.

The turns ratio of a transformer

The turns ratio of a transformer is the ratio of the number of turns, i.e., the number
of turns on the secondary coil N to the number of turns on the primary coil N,,.
The turns ratio can be derived from the voltage ratio of the secondary and
primary voltages.

Derive the turns ratio (n)

. . d
From Faraday’s law described in Chapter 6, v = Nd—q;, we can get

—  The primary voltage vp = Np (il—(f
do
—  The secondary voltage vs = Ns N
Turns ratio n: Dividing vg by vp gives the transformer’s turns ratio n:
Vs NS
W N "

(b)

Figure 12.6 Iron-core transformer
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Table 12.1 Parameters of an ideal transformer

Parameters Name

Vp Primary voltage

Vs Secondary voltage

N,y Number of turns on the primary coil
Ns Number of turns on the secondary coil
ip, Primary current

is Secondary current

Z, Primary impedance

Zs Secondary impedance

7y Load impedance (Z; = Zs)

Power

e If the transformer is an ideal transformer, i.e., that transformer has no power
loss itself, the input power is equal to the output power,

° i.e., PP = Ps or Vpip = Vsis,
ip_ Vs
SO —=—=n (121)
Is vp

Voltage and current

e  The primary voltage v, = YS can be obtained from (12.1). n =:—S
n P
e  The primary current i, = n ig can also be obtained from (12.1). l—p =n
is
Impedance
e The primary impedance can be obtained by substituting v, and i, into Z, as
follows:

vp vs/n 1 v
ZP:fzi/. :7ZL Z=-
ip nis n 1

or n2:7 n= —

e The secondary impedance is the load impedance Z;: Z; = ﬁ

I3
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Turns ratio

— Instantaneous form: Ns vs ip 71 )
nN—=—=—=7-—= -, oOor ZL:I’lZp
Np  vp g Zp

— Phasor form: n:&:E:{_P: é
Ne Ve Is VZp

— Instantaneous form: pg=isvs, pp=1ip Vp
Power . .. . A
— Phasor form: Ps =1s Vs, Pp=1pVp

12.2.5 Transformer parameters conversion

Conversion of the voltage, current, and impedance: The expressions of the
transformer’s turns ratio indicate that a transformer can be used to convert
voltage, current, and impedance.

Voltage conversion:

Convert from the primary to the secondary, multiplying by #:

Vs
Vg = nvp n=—
Yp
. L 1
—  Convert from the secondary to the primary, multiplying by —:
n
1 vs
Viya = —V = —
P S n v
Current conversion: 1
—  Convert from the primary to the secondary, multiplying by —:
n
. L. i
Ie = —1 ==
ST g is
—  Convert from the secondary to the primary, multiplying by »:
S _b
ip =nis n=o
Impedance conversion: 1
—  Convert from the primary to the secondary, multiplying by —:
n
1 2
Zp == _ZZL ZL =n Zp
n

Convert from the secondary to the primary, multiplying by n*:

ZL = I’lzZp
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The converted impedance is also called the reflected impedance, meaning the reflection of
the primary impedance results in the secondary impedance.

. 1
— Voltage conversion: Vs = nvp, Vp = —Vs
n
. . 1. . .
Transformer parameters — Current conversion: is = —ip, ip = nig
conversion n

. 1
— Impedance conversion: Zp = —2ZL, ZL = nzZp
n

12.2.6 Transformer parameters conversion—an example

Example 12.1: The number of turns on the primary is 40 for an ideal transformer,
and the number of turns on the secondary is 100. f/p =50V, ]p =5A,andZ; =2 Q.
Determine the transformer’s turns ratio, secondary voltage, secondary current, primary
impedance (reflected from the secondary), and the primary power (the amplitude only).

Solution:

N, =40, Ns=100, Vp=350V, Ip=5A, and Z =2Q

. Ns 100
— T t10: =—=—=25
urns ratio n N~ 40
—  Secondary voltage: Vs =nVp=(2.5)(50V) =125V
Iy SA
—  Secondary current: Is = o0
n 2.5
. . ZL 2Q
_p dance: Zp=2L=2_0320
rimary impedance P= =5
—  Primary power: Ps=1IsVs=(2A)(125V) =250 W = 0.25 kW

12.3 Step-up and step-down transformers

12.3.1 Step-up transformer

Characteristics of a step-up transformer

e A step-up transformer is a transformer that can increase its secondary voltage,
since a step-up transformer always has more secondary winding turns than the
primary.

e vs >, The secondary voltage of a step-up transformer (vs) is always higher
than the primary voltage (vp,), i.€., vs > vp.
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Ny Np
Np Ng
vp ‘ ‘ Vg Vp ‘ ‘ % Vs

(a) Step-up (b) Step-down

Figure 12.7 Step-up and step-down transformers

The value of the secondary voltage depends on the turns ratio (n).

. N Vs ... .
Ng > Np: The equation of n :N_s:_s indicates that to have a higher
P Vp

secondary voltage, the number of turns on the secondary winding must be
greater than that of the primary’s, i.e., Ns > Np as illustrated in Figure 12.7(a).

. N .. .
n>1: Ng > Np means the turn ratio n = NS > 1. This is an important char-
P

acteristic of a step-up transformer.

- Vg > Vb
Step-up transformer — Ns>Np
- n>1

12.3.2  Step-down transformer

Characteristics of a step-down transformer

A step-down transformer is a transformer that can decrease its secondary
voltage.

vs < Vvp,: Since a step-down transformer always has less turns on the secondary
winding than the primary, the secondary voltage of a step-down transformer
(vs) is always lower than the primary voltage (vp), i.€., vs < vp,.

The value of the secondary voltage depends on the turns ratio (n).

. Ns vs. .. .
Ns < Np: The equation of n = —5 — = indicates that to have a voltage that is
P VP
lower in secondary than primary, the number of turns on the secondary coil

must be less than primary’s, i.e., Ng < Np as illustrated in Figure 12.7(b).

. N . .
n < 1: Ng < Np means the turns ratio n = FS < 1. This is an important char-
P

acteristic of a step-down transformer, which is opposite of a step-up transformer.
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— vg < Vp
Step-down transformer — Ns<Np
- n<l

Example 12.2: If a transformer has 125 turns of secondary windings and 250 turns
of primary windings, calculate its turn ratio and determine if it is a step-up or a
step-down transformer.

Solution:
Ns =125, Np =250, Ng < Np

N 125 1
° Tumsratio:n:ﬁi:ﬁ:§:0.5<l

. n=0.5<1

It is a step-down transformer.

12.3.3  Applications of step-up and step-down transformers

The functions of step-up and step-down transformers

e Transformers can be used to convert voltage, current, and impedance.

o In the power system, the basic usage of transformers is stepping up or stepping
down the voltage or current, which will require converting voltage or current
from primary to secondary winding.

e The functions of step-up and step-down transformers are to increase or
decrease the voltage of their secondary windings, and have important appli-
cations in the power transmission system.

Power transmission system
A simplified power transmission system is illustrated in Figure 12.8.
Step-up voltage: The voltage generated from the generator of a power plant
needs to rise to a very high value through the step-up transformer so that it can
be delivered through long distance transmission lines.

e Improve efficiency: Step-up voltage can reduce the loss of energy or power created
due to the winding resistance in the line (I2 Ry, = PLoss) for a long distance line
transmission, and improve the efficiency of the electricity transmission.

22kV 66 k

Step-up 500 kV Step-down o

il Power plant » »| Industries
transformer transformer

. ) ) Step-down - Step-down .
Residential areas transformer Commercial areas transformer
220 V/110 V 4,800 V

Figure 12.8 Power transmission system
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Step-down current: Decreasing the current to reduce the power loss on the
transmission line may reduce the output power (p =iv) of the transmission
system.

Reduce the power loss: If the voltage is increased through the step-up trans-
former before the transmission, it can maintain the same output power, but
reduce the power loss on the line (decrease the current), i.e.,

Pr=( 1) = (P DR =Pros |
Example: If a step-up transformer is used to increase the voltage by 100 V, then the
current will reduce by 100 A [vs T = (n 1)(vp), is |= (nl_T> (ip)], and the loss
of the power due to the winding resistance in the line will reduce to 10,000 W, since
PRy = Pross, and I | Ry = Progs | -

Step-down voltage: The local distribution stations require step-down trans-
formers to reduce the very high voltage by the long-distance transmission and
can send it to commercial or residential areas.

12.3.4 Other types of transformers

There are other types of commonly used transformers listed as follows:

Center-tapped transformer: It has a tap (connecting point) in the middle of the
secondary winding, and it can provide two balanced output voltages with the
same value, as shown in Figure 12.9(a).

Multiple-tapped transformer: It has multiple taps in the secondary winding,
and it can provide several output voltages with different values, as shown in
Figure 12.9(b).

Adjustable (or variable) transformer: The output voltage of adjustable transformer
across the secondary winding is adjustable. The secondary winding of the adjus-
table transformer can provide an output voltage that may be variable in a range of
zero to the maximum values. An adjustable transformer is shown in Figure 12.9(c).
Autotransformer: It is a transformer with only a single winding, which is a
common coil for both the primary and the secondary coils, and a portion of the
common coil acts as part of both the primary and secondary coils, as shown in
Figure 12.9(d). An autotransformer can be made smaller and lighter.

I

Figure 12.9(a) Center-tapped transformer
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Bl=

Figure 12.9(b) Multiple-tapped transformer

BS

Figure 12.9(c) Adjustable transformer

m N

Figure 12.9(d) Autotransformer

12.4 Impedance matching

12.4.1 Maximum power transfer

Impedance matching

In addition to stepping up and stepping down voltages, a transformer has another
important application, matching the load and source impedance in a circuit to
achieve the maximum power transfer from the source to the load. It is known as
impedance matching.

Maximum power transfer in DC circuits

e Ry =Rg: The maximum power delivered from a source to a load in a DC
circuit can be achieved when the load resistance is equal to the internal resis-
tance of the source (Rp= Rg).
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o IE3

Figure 12.10 Impedance matching

R; = Rty = Rn: The maximum power delivered from a source to a load in
a DC circuit can also be achieved when the load resistance is equal to the

Thevenin/Norton’s equivalent resistance of the network (Rp = Rty = Rn)-
The theory of maximum power transfer in DC circuits was introduced in Chapter 5.

Maximum power transfer in AC circuits

R — Z: Maximum power transfer theory can also be applied to an AC circuit
by replacing the resistance R with impedance Z.

71, = Zs: When the load impedance Z; is equal to the source internal impedance
Zs, the power received by the load from the source reaches the maximum, this is
shown in Figure 12.10.

Maximum power When Z; = Zs, the power delivered from the source to the load
transfer reaches the maximum.

12.4.2 Impedance matching

To achieve the maximum power transfer

Internal resistance is fixed: In the practical circuits (or Thevenin’s equivalent
circuits), the internal resistance of the source is fixed, usually is not matching
with the load impedance, and also not adjustable.

Impedance matching: A transformer with an appropriate turns ratio n can
be placed between the load and source to make the load impedance and the
source internal resistance equal, and to achieve the maximum power transfer,

) Zy,
ie,n=,|—.
Z

. Z
Impedance Place a transformer with n = Z_L between the source and the load to
\/ p

matching ) )
achieve maximum power transfer.
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Example 12.3: A simplified amplifier circuit is illustrated in Figure 12.11(a). The
circuit within dashed lines is Thevenin’s equivalent circuit for the amplifier circuit,
and its internal resistance is 100 Q. How do we deliver the maximum power to the
speaker if the resistance of the speaker is 4 € (so that the speaker can have the
maximum volume)?

Figure 12.11 Circuit for Example 12.2

Solution:

e Since the load impedance (Zy =Ry =4 Q) does not match with the source
internal impedance (Zg = Rg = 100 Q) currently, the maximum power cannot
be delivered to the speaker if the source and load are connected directly.

e Choose an audio transformer with the appropriate turns ratio n, i.e.,

A 1
"“\z = Vioo 5

e  Therefore, if placing an impedance matching transformer with the turns ratio
of 1/5 between the amplifier and speaker as illustrated in Figure 12.11(b), the
speaker will have the maximum volume.

Summary

Mutual inductance

e Self-inductance is the ability of a coil to produce an induced voltage due to the
changing of the current in the coil itself.

e Mutual inductance is the ability of a coil to produce an induced voltage due to
the changing of the current in another coil nearby.

Ly = kvI T
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P2 g<k<
g
— ¢ The flux generated by the current #; in the first coil L;.
—  ¢1_o: The flux generated by the current i; in the coil L; cross-linking to
coil L,.
Dot conversion: dotted terminals of coils have the same voltage polarity.

Coefficient of coupling: k =

Transformers

Transformer: It uses the principle of mutual inductance to convert AC elec-
trical energy from input to output.

Air-core transformer: A linear transformer that can be obtained by placing the
two coils close to each other or winding two (or more) coils around an insu-
lating substance.

Iron-core transformer: A transformer that has laminations of ferromagnetic
material with coils wound on it. The coupling coefficient k is close to 1.
Ideal transformer: An ideal transformer has no losses (imaginary transformer).
Efficiency of this transformer is considered as 100%.

An iron-core transformer is considered the ideal transformer because it uses
ferromagnetic materials with high permeability as its core.

The parameters of an ideal transformer (k= 1):

Parameters Name

Vp Primary voltage

Vs Secondary voltage

N, Number of turns on the primary coil
Ns Number of turns on the secondary coil
ip Primary current

is Secondary current

Z, Primary impedance

Zs Secondary impedance

7y Load impedance 7y = Zs

Ns vs ip ZL

Turns ratio: n=—= = /== or ZL=n? Z,
Ne v s Zp

In phasor form: n:]ﬁ:ﬁ:{izﬂé
NP VP [S ZP

Power: ps =isVvs, pp=1IipVvp

Ps=1sVs, Pp=1IpVp
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e Transformer parameters conversion (¥, I, and Z):
. 1
— Voltage conversion: vg = nv,, vp = s

. 1
—  Current conversion: is = —ip, Ip =nis
n

. 1
— Impedance conversion: Z; = nzZp, Zp = —22L
n
. . . Z
o Impedance matching: Place a transformer with the turns ratio n = Z_L
p

between the source and the load to achieve maximum power transfer from the
source to the load.

Step-up and step-down transformers

e  Step-up transformer:

Vs > Vp
Ng > Np
n>1

e Step-down transformer:

vs < Vp
Ng < Np
n<l1

Practice problems

12.1
1. ( ) inductance is the ability of a coil to produce an induced
voltage due to the changing of the current in another coil nearby.
2. The closer the two coils are, the greater the flux linkage, and the ()
the value of the coupling coefficient .
3. The polarity of the induced voltage across the mutually coupled coils
can be determined by the ( ) convention method.
4. ¢, represents the portion of the magnetic flux that is generated by
the current #; in the first coil L; and linked to the ( ) coil.
5. Ly=15uH, Li=1 pH, and L, =4 puH for a mutual inductor.
Determine the coupling coefficient of this mutual inductor.
12.2

6. Structurally, the transformers are categorized as two main types: the
( )-core and ( )- core transformers.

7. A transformer uses the principle of mutual inductance to convert
( ) electrical energy from input to output.
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10.

11.

12.

13.
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If the turns ratio of a transformer is 5:1 and the secondary voltage is
20 V, the primary voltage is ( ) V.

If the turns ratio of a transformer is 0.3 and the number of turns in the
primary coil is 200, the number of turns in the secondary coilis ().

If the primary voltage of a transformer is 110 V and the turns ratio
is 4, what is the secondary voltage for this transformer? Is it a step-up
or step-down transformer?

What is the turns ratio of a step-down transformer if a 220 V voltage
is reduced to 110 V?

In what condition can an AC source transfer maximum power to
its load?

Determine the turns ratio for the transformer in the circuit shown in
Figure 12.12 that can transfer maximum power from the AC source
to the speaker.

50 Q
8Q j
12V H

Figure 12.12
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13.1 Dependent sources

13.1.1 Introduction to dependent sources

Independent sources

Independent voltage/current source: A voltage source or a current source that
acts independently and provides fixed voltage/current in a branch. It will not be
affected by other voltages and currents in the circuit.

Symbols of independent sources: The DC and AC circuits we have discussed
in the previous chapters have independent voltage/current sources (Figure 13.1).

Dependent (or controlled) sources

Dependent (or controlled) source: A voltage source or a current source whose
value is controlled by or dependents on other voltage or current somewhere
else in the circuit (or network).

Applications: Dependent sources are a useful concept in modeling and
analyzing electronic components such as transistors, amplifiers, and filters.
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4
v
1
i

Figure 13.1 Independent sources

e The circuits we will analyze in this chapter have dependent (or controlled)
sources, in which the source voltage or current is a function of other voltage or
current in the circuit.

A voltage or a current source whose value is controlled by
or dependents on other voltage or current somewhere
else in the circuit.

Dependent (controlled)
sources

13.1.2 Types of dependent sources

Four types of dependent sources

The dependent sources can be categorized into the following four types according
to whether it is controlled by a circuit voltage or current, as well as whether the
dependent source itself is a voltage source or current source:

Voltage-controlled voltage source (VCVS)
Voltage-controlled current source (VCCS)
Current-controlled voltage source (CCVS)
Current-controlled current source (CCCS)

Symbols of independent sources
The above dependent sources can be represented by the symbols in Figure 13.2.

Control coefficients

o ki, ky, k3, and ky: In Figure 13.2, ki, ks, k3, and k4 are called control coefficients
or gain parameters.

e A voltage-controlled source has a volfage across its two terminals that equals
to a control coefficient k£ multiplied by a controlling voltage or current else-
where in the same circuit.

e A current-controlled source has a current in its branch that equals to a control
coefficient & multiplied by a controlling voltage or current elsewhere in the
same circuit.



13.1.3

2

(a) Controlling sources

Circuits with dependent sources

kv
+ (VCVS)
kI

> (Vees)
ey V
+ - (CCVs)
kI

N (cCes)

(b) Controlled sources

Figure 13.2 Dependent sources

(b)

Figure 13.3 Circuits with dependent sources

Applications

Circuits with dependent sources
Circuits with dependent sources

CCCS: 5 I in the circuit of Figure 13.3(a) represents a CCCS.
Its control coefficient £ is 5.

The current / is a controlling current through the 5 Q resistor branch in the
same circuit.
VCVS: 8 V in the circuit of Figure 13.3(b) is a VCVS.
Its control coefficient is 8.

The voltage  is a controlling voltage across the resistor R, in the same circuit.

387

CCCS: After you take an analog electronics course, you will understand that a
good example for modeling a CCCS is a transistor circuit.
Transistor: Based on the property of a bipolar transistor, a current amplifier, its
large collect current i is proportional to the small base current #;, according to
the relationship i, = i},. In this equation, the current gain 3 is the same as the
control coefficient & in the dependent source.
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R3
a a
A

Vs = I Rg
b b

Rg=Rg, Vs=1IsRg Rg =Ry, IszVi

R
(@) (b) S

Figure 13.4 Equivalent conversion

13.1.4 Equivalent conversion of dependent sources
Equivalent conversion

Equivalent conversion of dependent sources is the same as the equivalent

conversion of independent sources.

— Internal resistance Rg of the source does not change before and after the
conversion.

— Apply Ohm’s law to convert the source.

Controlled current source — controlled voltage source:

Rs=Rs, Vs=IsRs
Controlled voltage source — controlled current source:
Vs

Rs=Rs, Is=
S Sy S RS

Voltage-controlled source < current-controlled source

For

instance, the voltage-controlled source in Figure 13.4(a) can be converted

equivalently to a current-controlled source as shown in Figure 13.4(b), and vice versa.

Equivalent conversion
of dependent sources

The same as the equivalent conversion of independent sources:

— Internal resistance Rg of the source does not change.
— Apply Ohm’s law to convert the source.

13.1.5 Examples of equivalent conversion

Example 13.1: The voltage-controlled voltage source (VCVS) in Figure 13.5(a)

can

be converted equivalently to a voltage-controlled current source (VCCS) as

shown in Figure 13.5(b).
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R=2kQ
. a
+ |
it
§ V=v.0° 10£0°0V ———> p § V.0 [=520°mA
- b
V10 V£0°
== =5 £0° mA
R 2KkQ
(a) VCVS
() VCCS

Figure 13.5 Circuits for Example 13.1

Example 13.2: The current-controlled current source (CCCS) in Figure 13.6(a) can
be converted equivalently to a current-controlled voltage source (CCVS) as shown
in Figure 13.6(b).

5kQ
0a

A L .
%l[_[éooA ]OZOOmAgst = ]él]LOOA V=50£0°V
|
‘ ©b I b

V =1 Rg= (10£0° mA)(5 kQ) = 50.£0°V
(a) CCCs (b) CCVS

Figure 13.6 Circuit for Example 13.2

13.2 Analyzing circuits with dependent sources

13.2.1 KVL and KCL

e The analyzing methods for circuits with dependent sources are similar to that
of circuits with independent sources.
e The following examples will describe these methods.

Example 13.3: Determine the current / in the circuit of Figure 13.7(a).
Solution:

o Simplify and convert the circuit of Figure 13.7(a) to that in Figure 13.7(b).
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21i 2Q

a
21 J
2AQ)) 20 (P osi®za Mia 240 220 (Post

4Q 40

(a) (b
Figure 13.7 Circuit for Example 13.3

There, 3A-2A=1A
2Q04+4Q//4Q=4Q

Note: This circuit has a CCCS, simplify the circuit without changing the CCCS
(both controlling branches and controlled source).
o  Write the KCL equation for the node a in Figure 13.7(b):

I =0: 1A-2[—-1+051=0
e Current 7 can be solved from the above equation:
—25I=-1A

Example 13.4: Determine the voltage V in the circuit of Figure 13.8.

Figure 13.8 Circuit for Example 13.4

Solution:

e Applying KVL, ZV=0: —6+2/+4V+8+31=0
That is, 245144V =0
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e Substituting V= —3/ into the above equation gives:

e Solving for I

e Solving for V:

2451 +4(=31)=0

2451-121=0

2-T71=0
I~029A
V =-31

= (=3Q)(0.29 A)

- [087V]

Analyzing circuits with
dependent sources

Analyzing circuits with dependent sources is similar to the
methods of analysis for circuits with independent sources.

13.2.2  Node voltage analysis

Example 13.5: Write node voltage equations for the circuit in Figure 13.9 using the

node voltage analysis method.
Tip: Write KVL by treating the dependent source as an independent source first,

and then represent the control quantity as node voltages.

a Ry b
AN
t oy -
Rl
L L A
TR, SRy 3V (VCCS)

Figure 13.9 Circuit for Example 13.5

Solution: The procedure for applying the node voltage analysis method (Chapter 4,
Section 4.4) to the above circuit is as follows:

1. Label nodes a, b, and c, and choose ground c as the reference node as shown in

Figure 13.9.
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2. Write KCL equations to n — 1 =3 — 1 =2 nodes (nodes a and b) by inspection.

1 1 1 1 1
Node a: —t—+—|Vo——=—Vy =—FE 13.1
ode a: <R1+R2+R3> a s b R 1 ( )
Node b 1V+ 1+1V 3V (13.2)
ode b: - — —+— = .
R, “"\R; "Ry

Substituting the control voltage V=V, — V,, to (13.2) gives,

1 11
Vot [ —+— W =3V, = W 13.3
o a+<R3+R4>b (Va— W) (13.3)

3. Solving (13.1) and (13.3) can determine the node voltage V, and V,, (if Ry, R»,
R, and E; are given).

13.2.3 Mesh current analysis

Example 13.6: Use the mesh current analysis method to write mesh equations for
the circuit in Figure 13.10.

Tip: Write KVL by treating the dependent source as an independent source first,
and then represent the controlling quantity as mesh current.

71, (CCVS)

Figure 13.10 Circuit for Example 13.6

Solution: The procedure for applying the mesh current analysis method (Chapter 4,
Section 4.3) to the above circuit is as follows:

1. Label all the reference directions for each mesh current 7, I, and /5 (clock-
wise) as shown in Figure 13.10.

2. Apply KVL around each mesh, and ensure the number of KVL equations is
equal to the number of meshes (there are three meshes in Figure 13.10).

Mesh 1: (R] —|—R2)11 — R1[2 — R213 =FE (134)
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Mesh 2: — R\, + (Ry + R3)D, — RsIs = =T, (13.5)
Mesh 3: — Ry — R+ (R +R3 +Ry) =0
Substituting the controlling current /o =/, — I, to (13.5) yields,
—Roly 4 (R1 + R3)l, — R3l3 = —7(1; — Ip) (13.6)

3. Solve three simultaneous equations (13.4), (13.5), and (13.6) resulting from
step 2 can determine three mesh currents /7y, I, and /5.

13.2.4  Superposition theorem

Example 13.7: Determine the branch current / for the circuit in Figure 13.11 by
using the superposition theorem.

Tip: The dependent source will not act separately in the superposition theorem. Do
not change the dependent source in the circuit when another independent source is
acting in the circuit.

47

Figure 13.11 Circuit for Example 13.7

Solution: The procedure for using the superposition theorem (Chapter 5,
Section 5.1) to the above circuit is as follows:

1. Choose 20 V voltage source applied to the circuit first, replace the 6 A current
source with an open circuit as shown in Figure 13.11(b), and calculate 7'
20V v
= —— —~333A I=—
4Q+4+2Q R
2. When a 6 A current source is applied to the circuit, replace the 20 V voltage
source with a short circuit as shown in Figure 13.11(c), and calculate I”:
2Q R,
———=-2A L=I
2Q+4Q 'R+ R
(The 6 A current is negative due to its assumed direction to be opposite to I”.)
3. Calculate the sum of currents I and I”:

I=0+1"=333A+(-2A)=[133A

"= —6A
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13.2.5 Thevenin’s theorem

Example 13.8: Determine the voltage across the two terminals a and b in
Figure 13.12(a) by using Thevenin’s theorem (plot Thevenin’s equivalent circuit).

2 3q Y-

CCVS

21 (CCCS)

(b) (c)
Figure 13.12  Circuits for Example 13.8

Solution: The procedure for using Thevenin’s theorem (Chapter 5, Section 5.2) to
the above circuit is as follows:

1. Open and remove the load branch resistor R;, and mark a and b on the term-
inals of the load branch as shown in Figure 13.12(b).

2. Determine Thevenin’s equivalent voltage Vry: Since the branch a and b is
open, I =0, and the CCCS is also 0 (2/ =0) in the circuit of Figure 13.12(b),

so: Vig =V :

3. Determine Thevenin’s equivalent resistance Rty: Replace the 5 V voltage source
with a short circuit and convert CCCS to CCVS as shown in Figure 13.12(c).

V. 6l +(2Q+3Q)
RTH:Rab:Ta: ( 7 )

=11Q

4. Plot Thevenin’s equivalent circuit as shown in Figure 13.12(d).

a
Py
¢

Ry =11Q

=

V. 5V

TH

®c

(@

Figure 13.12(d) Thevenin’s equivalent circuit
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Summary

Dependent (controlled) source: A voltage or a current source whose value is
controlled by or dependents on other voltage or current somewhere else in the
circuit.

Voltage-controlled voltage source (VCVS)
Voltage-controlled current source (VCCS)
Current-controlled voltage source (CCVS)
Current-controlled current source (CCCS)

kv
* + - (VCVS)
4 ky I
_ ! —% (VCCs)
| ks ¥V
+ - (CCVS)
ll ko 1
> (CCCS)

Equivalent conversion of dependent sources is the same as the equivalent con-
version of independent sources:

e Controlled current source — controlled voltage source:
Rs = Rs, Vs =1IsRs

e Controlled voltage source — controlled current source:

Vs

Rs=R Is=
S Sy S RS

The method of analysis for circuits with dependent sources is similar to the
methods of analysis for circuits with independent sources.

Practice problems

13.1
1. Convert the dependent source circuits in Figure 13.13(a) and (b).
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a

]
]
! 1.2.£0° mA
IJ_-li 1=120°A y 25Q
i
]
! b
(@)
Figure 13.13(a)
40 Q
. a
]
+1
I’:IlVLW v
V=840°V
' b
(b)

Figure 13.13(b)

13.2
2. Write the node equations for the circuit shown in Figure 13.14.

. (VCCS)
E, T

Figure 13.14

3. Write the mesh equations for the circuit shown in Figure 13.15.

20 30
AN A

: 40

6Q Iy
AN AN
70

I
50
AN

Figure 13.15
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4. Determine the Norton’s equivalent circuit in the circuit of Figure 13.16.

Figure 13.16

5. Determine the voltage V; in the circuit of Figure 13.17 using the
superposition theorem.

0.17,

1Q

®2a

3Q

5Q

15Q

Dos A

Figure 13.17
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14.1 Three-phase circuits

14.1.1 Introduction to three-phase systems

Two-phase AC power systems
There are two types of systems in an electric circuit, single-phase and three-phase
AC power systems.

e Inasingle-phase AC circuit, there is only one phase (one coil in a magnetic field).
e In a three-phase AC circuit, there will be three phases carrying AC voltages
that are offset by 120° (three coils in a magnetic field).

Three-phase power system
It is a common method of AC power generation, transmission, and distribution.

e A three-phase power system gives the three-phase voltage of equal magnitude
and frequency.

e The three windings (coils) in a magnetic field are placed at 120° apart. The
individual voltage (and current) will be 120° apart.

e Most industrial and commercial electrical power systems use a three-phase
configuration.
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The reason for using three-phase power system

e A three-phase circuit is more economical than three single-phase circuits
because it uses less conductor material to transmit and distribute the same
amount of power.

e A three-phase power system is more efficient and reliable to produce, transmit,
and consume electricity.

e The power produced by a three-phase AC voltage source is less pulsating
(smooth) than a single-phase AC power.

— A common method of AC power generation, transmission and

Three-phase distribution.

power system | — It gives the three-phase voltage of equal magnitude and frequency.
— Three-phase voltage (and current) offset by 120°.

14.1.2 Two connection methods

Two connection methods

Both the three-phase source and the three-phase load can be connected either wye
(Y) or delta (A) in a three-phase AC system (Figure 14.1).

The wye (Y) or star configuration

The starting (the generator side) or finishing (the load side) points of three phases
are connected together at a single neutral point (it can be earthed) (Figure 14.2).

e There is a neutral point in the wye-connected system.

e Wye connection is used where it requires neutral terminal to obtain phase
voltage.

o The wye-connected system is general and typical used in power transmission
system.

Figure 14.1 Y and A connections

(a) 3-phase 4-line (b) 3-phase 3-line

Figure 14.2 Y configuration
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Figure 14.3 A configuration

e Three-phase four-wire or three-wire systems can be derived from the wye
connection.

e In wye configuration, the phase voltage is low as 1/1/3 of the line voltage, so,
it needs less number of turns, hence, saving in conductor material.

The delta (A) configuration is when three phases in an AC power system are con-
nected like a triangle (Figure 14.3). (Three wires are taken out from the coil joints.)

There is no neutral point in the delta-connected system.

Delta connection is general and typically used in the distribution system.
Three-phase three-wire system is derived from the delta connection.

In delta configuration, the phase voltage is equal to the line voltage, hence, it
needs more number of turns (compare with the wye connection).

Balanced three-phase circuit

e All three sources are balanced (three voltages of the same amplitude,
frequency but apart by 120°).
e Source and load impedances are equal in all three phases. Z=Z7Z,=7Zg=Z¢

14.2 Analysis of the three-phase sources

14.2.1 Wye-connected voltage sources
Phase voltages and currents

e  Phase voltage (V},) is the voltage measured between any phase and neutral (across

a single component) in a three-phase circuit. Phase voltage: line-to-neutral
e  Phase current (1) is the current through any one component in a three-phase
circuit.

Line voltages and currents

e Line voltage (V1) is the voltage measured between any two lines (line-to-line
voltage) in a three-phase circuit (Figure 14.4). Line voltage: line-to-line
e Line current (/) is the current through any one line in a three-phase circuit.

Relationship between phase current and line current

e Line current (Ip) is equal to phase current (I,) in a balanced wye circuit.

e Line current = phase current
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Ip=1Ip

C C

Vex
Vea \ Vas
9 30°
VAN
30°

Vac

Figure 14.5 Phasor diagram of voltages in Y configuration

Relationship between phase voltage and line voltage

e Line voltage (V1) is equal to phase voltage (V),) times the square root of 3 in a
balanced wye circuit.
Line voltage = V3 phase voltage Vi =3 Vy

e Line voltage leads phase voltage by 30° (Figure 14.5). ‘ Ve =3 V,/30°

The polar equations for the phase voltages

VAN = VANZOO
VCN = VCNZI2OO
Van = Van/—120° Lines A, B, C, and neutral N.

Phasor diagram of voltages (Figure 14.5)

Example 14.1: Given the phase voltage ¥'an =220/0° V in a balanced three-phase
wye source. Determine each phase and line voltage.

Solution:

e Phase voltages: Van =[220/0° V
Ven =1220/120°V
Ven =220/ —120°V
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e Line voltages: Vap = \/§Vp = \/§VAN
= 1/3(220/30° V) ~ "L =31, 30°
Vea = V3V, =V3Ven
= /3(220/(30° + 120°))V
~
Vac = \/§Vp =3 Vax
=+/3(220/(30° — 120°))V
~[381/-90° V

Y-connected source

Quantity Formula
Voltages VL =3V, Vi=+3V,/30°
Currents L =5

14.2.2 Delta-connected sources
Relationship between phase voltage and line voltage

e Line voltage (V1) is equal to phase voltage (V}) in a balanced delta circuit
(Figure 14.6).
e Line voltage = phase voltage Vo=V,

Relationship between phase current and line current

e Line current (1) is equal to phase current ([,) times the square root of 3 in a

balanced delta circuit.  Line current = /3 phase current |f; = /3 I,
e Line current leads phase current by 30°. I, = \/§Ip /30°

I V="

Figure 14.6 Voltages and currents in A configuration
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Figure 14.7 Phasor diagram of currents in A configuration

The polar equations for the line voltages

[ ] VAB = VPZOO
Ld VCA == VPZIZOO
o Vge=Vp/—120°

The polar equations for the phase currents

[ ] IPA:[PZOO
o Ipc=1p/120°
[ ] IPB :]pZ—lZOO

Phasor diagram of currents (Figure 14.7)

Example 14.2: Given the phase current Ip, = 13/0° A in a balanced delta circuit.
Determine each phase and line current.

Solution:

e Phase currents: Ipy =|13/0° A

Ire =
Ton =
e Line currents: I = \/§Ip =/3Ipa
=/3(13/30° A) ~[22.5/30° A | 0° +30°
Iz = V31, =3I
= V3(13/150° A) ~[22.5/150° A| 30° + 120°
Ivs = V31, =3I
=V3(13/ - 90°A) =[22.5/ —90° A 30° — 120°
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=1

N N I Load
Vp VLoad

Figure 14.8 Y=Y connection

A-connected source

Quantity Formula
Voltages Vi=Wp
Currents IL = \/glp, IL = \/§1p /30°

14.3 Analysis of the Y-Y and Y-A systems

14.3.1 Y-Y system

Four configurations
Source-load can be connected in four possible configurations.

e Y-V, Y-A AY, A-A.

e The source and load can be either Y- or A-connected.

General Y-Y connection (Figure 14.8)

Voltages and currents

(They are true for both a balanced and an unbalanced load.)

e Voltages: Load voltage = phase voltage

e Currents: Load Current = phase current = line current

Ve =V3Vp

L =1

e Neutral current: | In = Tigad Ao + Tioad B + Tioad | Ix = 0 in a balanced system.

Example 14.3: Given Vany=120/0° V, Ry=Rg=Rc =30 Q, and X, =Xg =
Xc=40Qina Y-Y, three-phase four-wire system. Determine each load and phase

voltage, and the line and load currents.
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Solution:

o Load and phase voltages:

Van = Vieada = View = Ve
Ven = VieadB =
Ven = Vioad ¢ =
e Impedance:
In=27Zp=Zc =R+jX =30Q+,;40 Q=[50/53.13° Q]
e Line and load currents:

 Viewa  120/0°

Ing =1 — — —[24/-53.13°A L—1
AB = fLoad A = 5 T T 50/53.13° Q L

Viedc  120/120°V

= =1{2.4/66.87° A
Zc 50/53.13° Q _

Viein 120/ —120°V

Ica = Igaac =

Igc =1 = = =12.4/-173.13° A
e T Tload B 0510 | |
Y-Y system

Quantity Formula

Voltages Viead = Vp

Currents I =1Ip =11 0ad, In=1T10ad A+ TLoad B+ ILoad €

14.3.2  Y-A system
General Y-A connection (Figure 14.9)

Voltages and currents

e Voltages:  Load voltage = line voltage

I =1
11 ad
VL: VLoad o

Figure 14.9 Y-A connection
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e Currents: Line current = /3 times phase current = /3 times load current
‘IL =3I = \/glLoad‘

Load current = Load voltage divided by load impedance

— Vioad
A

I Load —

Example 14.4: Given Vg = 110/0° V (line voltage), Z = 55/45° Q in a balanced
Y-A system. Determine each load voltage and current.

Solution:

1. Load voltages:

VLoadA = VAB =(110/0°V Viead = VL
Vieaac = Vea =110V 120° V

Views = Vec =[110 V / —120° V]|

2. Load currents:

VLoad A 110[00 v ) VLoad
ILoadA: 7 :55145092 2/ —-45° A ILoad:T
Viedc 110/120°V _
lase === =Z545g ~1205°A

Vieds 120/ —120°V

1 = = =|2/-165° A
Load B 7 55/45° Q _

Y-A system:
Quantity Formula
Voltages Vioad = VL
V 0at
Currents I, = \/§Ip = \/§IL0ad7 Troas = LZ :

14.4 Power in balanced three-phase systems

14.4.1 Power in balanced Y- or A-connected systems
Recall: Power in single-phase AC circuits (Figure 14.10)
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P

Figure 14.10 Power in AC circuits

Symbol | Quantity Formula Unit

P Real power P = VI cosh = \/m Watt (W)

(0] Reactive power | O = pT sind = /52 — P2 | Volt-ampere-reactive (VAR)
S Apparent power | § — 7 — \/m Volt-ampere (VA)

Power in balanced wye and delta circuits

Real power

e The real power per phase:

e The total three-phase real power:

—  In a balanced Y-connected load:

— In a balanced A-connected load:

Apparent power

e The apparent power per phase:

Pp = Vplp cosb
Pr = 3Pp = 3Vplp cosb
or Pr = \/§VLIL cosf
VL =V3V, IL = I,
Pr = 3Vplp cosf = 3 \V/—%IL cosd = 3V I cosd
VL= Ve, IL = V3,

1
Py = 3Vplp cosf = 3V, % cost = \/§VL[L cosd

SP = VPIP

e The total three-phase apparent power: St =3Vplp = V3VLIL

Reactive power

e The reactive power per phase:

QP = VPIP sinf = ,/Sg —PIZ)

e  The total three-phase reactive power: Op = 30p = /3V I sinf = / S% —_ P%

P
Power factor: PF = cosf = S
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Power in balanced wye and delta circuits

Symbol Formula Unit

Pp Pp = Vplp cosO Watt (W)

Pr Pr = 3Pp = 3Vplp cosf = \/3VLI, cosd Watt (W)

Op Op = Vplp sinf = VSp? — P2 Volt-ampere-reactive (VAR)
O Or =30p = /3 VLI sinf = \/ﬁf Volt-ampere-reactive (VAR)
Sp Sp=Vplp Volt-ampere (VA)

St St =3Vplp = V3VLIL Volt-ampere (VA)

PF

P
PF = cosf = -
cos 3

14.4.2 Three-phase power examples

Example 14.5: The phase voltage is 110 V, the phase current is 15 A, and the total
real power is 4.5 kW in a balanced wye-connected load circuit. Determine the line
voltage and current, apparent powers, power factor, real power per phase, and
reactive powers.

Solution:

Line voltage:
Line current:
Apparent power per phase:

Total apparent power:
Power factor:

Real power per phase:

Reactive power per phase:

Total three-phase reactive power:

Ve=110V, Iy =15 A, Pr =4.5 kW

VL =+V3Vp=+3110V=[190.5V]
I.=1Ip=[15A]
Sp=Vplp=(110V)(15A) =[1,650 VA|
St =3Sp =3(1,650 VA) =[4,950 VA

PF=cosf=L£= 4,500 W

S~ 4050vaA =00

P = Vplp cos = (110 V)(15 A)(0.91)
—[15015W

O = \/Sp? — Pp? = \/1,650° — 1,501.5°
—[684.1 VAR

Or=30p=3(684.1 VAR) =(2,052.3 VAR
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Example 14.6: The phase voltage is 110 V, the phase current is 15 A, and the total real
power is 4.5 kW in a balanced delta-connected load circuit. Determine the line voltage
and current, apparent powers, power factor, real power per phase, and reactive powers.

Solution: Ve=110V, =15 A, Pr=4.5kW

e Line voltage: Ve=Vp=|110V
e Line current: I. =3I = V/3(15 A) ~[2598 A

e Apparent power per phase: Sp=Vplp = (110 V)(15A) =| 1,650 VA
e Total apparent power: St =38 =3(1,650 VA) = (4,950 VA
4,500 W
e Power factor: PF =cosf =£ = m ~091 =
e Real power per phase: Pp = Vplp cosf = (110 V)(15 A)(0.91)
—[1,501.5 W
e Reactive power per phase: Op = \/Sp2 —Pp? = \/1,6502 —1,501.5%

- [(84TVAR]

e Total three-phase reactive power: Or = 30p = 3(684.1 VAR)

=12,052.3 VAR

Note that the results here are the same as for Example 14.5.

Summary

Three-phase power systems

e A common method of AC power generation, transmission, and distribution.
e It gives the three-phase voltage of equal magnitude and frequency.
e Three-phase voltage (and current) offset by 120°.

Phase voltages and currents

e Phase voltage (V,,) is the voltage measured between phase and neutral in a

three-phase circuit. Phase voltage: line-to-neutral
e Phase current (1) is the current through any one component in a three-phase
circuit.

Balanced three-phase circuit

e All three sources are balanced (three voltages of the same amplitude, fre-
quency but apart by 120°).
e Source and load impedances are equal in all three phases. Z=Z7,=Zg=Z¢
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Line voltages and currents

e Line voltage (V) is the voltage measured between any two lines (line-to-line
voltage) in a three-phase circuit. Line voltage: line-to-line
e Line current (/) is the current through any single line in a three-phase circuit.

The wye (Y) or star configuration

e The starting or finishing points of three phases are connected together at a
single neutral point.
e Y-connected source:

Quantity Formula
Voltages V=3V, Vi=+3V,/30°
Currents IL=1Ip

The delta (A) configuration

e It is when three phases in an AC power system are connected like a triangle.
(Three wires are taken out from the coil joints.)
e A-connected source

Quantity Formula
Voltages VL="Vp
Currents I =3Ip, I =\3Ip/30°
Y-Y system
Quantity Formula

Voltages Vioad = Vp

Currents IL:IP:ILnada IN :ILnad A+ILnad B+ILoad C
Y-A system
Quantity Formula
Voltages Viead = Vi
Currents V6o
IL = \/§IP = \/§1L0€1d5 ILoad :%&d
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Power in balanced wye and delta circuits

Symbol | Quantity Formula Unit
Pp Real power per Pp = Vplp cosO Watt (W)
phase
Py Total three-phase | Pt =3Pp=3Vplp cosf Watt (W)
real power
Op Reactive power — Volo sinf = . /S2 — p2 Volt-ampere-
per phase Or Pl S PP reactive (VAR)
Or Total three-phase | Oy = 30, = /31 sind = /S} — P} | Volt-ampere-
reactive power reactive (VAR)
Sp Apparent power | Sp= Vplp Volt-ampere (VA)
per phase
St Total three-phase | Sy = 3S, =3Vplp = V3VLL Volt-ampere (VA)
apparent power
PF Power factor PF = cosd =2

Practice problems

14.1

14.2

10.
11.

The three windings in a magnetic field are placed at () apart in a
three-phase power system.

A three-phase circuit is more economical than three single-phase
circuit because it uses less conductor material to transmit and ( )
the same amount of power.

Three-phase four-wire or three-wire systems can be derived from the
( ) connection.

The delta configuration is when three phases in an AC power system
are connected like a ( ).

Phase voltage is the voltage measured between phase and

( ) in a three-phase circuit.

Phase current is the current through any one ( )ina
three-phase circuit.

Line voltage is the voltage measured between any two ( )ina
three-phase circuit.

Line current is equal to phase current in a balanced ( ) circuit.

Line current is equal to phase current times the square root of 3 in a
balanced ( ) circuit.

Line voltage is equal to phase voltage in a balanced ( ) circuit.
Given Vany=110/0° V in a balanced three-phase wye source.
Determine each phase and line voltage.



14.3

12.

13.

14.

15.

16.
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Given I,n=6/0° A in a balanced delta circuit. Determine each
phase and line voltage.

Given Van=110/0° V,RA =Rg=Rc=25Qand X, =Xg=Xc =
30 Q in a Y-Y, three-phase four-wire system. Determine each load
and phase voltage, and line and load current.

Given Vg =120/0° V, Z=154/35° Q in a balanced Y—A system.
Determine each load voltage and current.

Given the phase voltage is 130 V, the phase current is 12 A, the total
real power Pr=4 kW in a balanced wye-connected load circuit.
Determine the line voltage and current, apparent powers, power
factor, real power per phase, and reactive powers.

Given the phase voltage is 130 V, the phase current is 12 A, the total
real power Pr=4 kW in a balanced delta-connected load circuit.
Determine the line voltage and current, apparent powers, power
factor, real power per phase, and reactive powers.
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Appendix A
Greek alphabets

Uppercase/lowercase Letter Uppercase/lowercase Letter
Aa Alpha Nv Nu

B g Beta ZE Xi

'y Gamma Oo Omicron
Ao Delta x Pi

Ee Epsilon Pp Rho
ZC Zeta Xoorg Sigma
Hn Eta Tt Tau
(ON°] Theta Y v Upsilon
I Iota (O30} Phi
Kx Kappa Xy Chi

A A Lambda Yy Psi

M u Mu Qo Omega
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Appendix B
Differentiation of the phasor

For a sinusoidal function f(¢) = Fy, sin(wf + ), taking the derivative of the
f(#) with respect to ¢ gives:

yo) _ Fin 0 cos(ot + )
dt
and
dfd—(;) = Fp o sin(wf 4+ 3 + 90°)

= Jin [0F el V0] = J (0F ne®'e?e?) = J, (joFel)

where F = Fnel?,
and e’ = j (from Euler’s formula, ¢°* = c0s90° + ;sin90° = j).

dri(t 4
Therefore, the phasor of ]:i(t) is jwF (where & is the rotating factor),
AU
€. & joF
ie. = jo

Therefore, the derivative of the sinusoidal function with respect to time can be
obtained by its phasor F multiplying with jw, this is equivalent to a phasor that
rotates counterclockwise by 90° on the complex plane (since +j = +90°).
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Answers

Answers: Practice problems

Chapter outline
Answers to selected odd-numbered problems ...........cccccevveviiecieniiecienieieeieiens

Answers to selected odd-numbered problems

Chapter R
1.

(a) 0.439m
(b) 2236 A
(c) 0.0000483 kV
(d) 25hW
(e) 890 uv
() 0.167 kW
(g) 30pA

(a) 4,000 mA
(b) 63,006V
(©) 5,290 mA
(d) 28.87kQ

(a) 3,578
(b) 0.000043

(a) 36.7 x 10°
(b) 4.56x10°°

(a) 17.447 x 10°
(b) 22857 x107°
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Chapter 1

5.

7.

9.
11.
13.
15.
17.
19.
21.
23.
25.
27.
29.
33.

Coulomb (C)

Joule (J)

Flux; 1 Weber = 10® Maxwell
Source voltage, wire, and load
See Table 1.1

Ammeter, @

2 amperes (A)

positive, negative

potential difference, V

load

ohmmeter (Q)

T

I1=02A

the same

Chapter 2

11.
13.
15.
17.
19.

21.

A e

Work

Power
P=9W

1~ 0.0316 A

(a) P=— 0.5 W (Releasing energy)
(b) P=2.4 W (Absorption energy)

Vao =4V

P, =0.16 W

11:5A, 12:2A, 13:1A

I, =4A, L=3A, L,=6A, Ii=7A

(@) Vap=—-RI—E (b) Vag=RI-E

(a) Rs=108.8Q; (b) V=92V

Chapter 3

3.

5.

7.

@@ I~059A; (b) Vg =59V; (c) P=59W
Vi, ~ 381V, Vi, = 19V, Vi ~ 286V

Vi, ~4.76V, Vg, = 6.67V

Ry =3kQ, Ry = 9kQ

Vi,?
E

E 1
77 VR[ = E - Vst VR[ =5

(R = Rr?, Ry = 3

VRz )



11.
13.

17.

19.
21.

23.

Answers: Practice problems
Ir=17TmA, 6 =2mA, L=5mA, Pr=017W

(@) R,=5Q; (b) R =150kQ

(a) Reqg =Ri + (R3 //Rz) + (R4 //Rs) + Rg

(b) Req=Ri+Ry//R3//(Rs + Rs + R7) + R4
Ve, ~=2.66V; Ve, = 5145V

(@) R,=34Q, R,=204Q,R. ~22.7Q
(b) R,~633kQ,R,=19kQ,R.=4.75kQ
Ry =~ 26.7kQ

Chapter 4

—_ —

W — O 3 W W=

Ig=3A, Rs=6Q

I; =~ 0455 mA, [ ~0.455mA

n=4, b=6, Mesh=3

L ~326A

I, = —=5.11 mA, L~ —-352mA, Vg =-08V
I, ~ 23.3 mA, I, ~ =170 mA

V,=—1486V

Chapter 5

1
3
5.
7

e

Iz, = 1.715 mA, Iz, = 1.278 mA
I1~3.06A

I~ —0.447 mA

(a) RL=Rs=47Q (b) RL=Rs=282Q
I~ 719 pA

Chapter 6

13.
15.
17.
19.

~N DN W =

(b)

Q=150 uC

Ceq~=5.88 uF, 0=147uC

Cy =~ 1.29 uF

Ceq =3 uF

conductor;  electromagnetic field
N, A, /

wL, = 1]

Leq = 30.075 mH

Leg~3.71H

421
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Chapter 7
1. RL; RC; differential
3.
(a) after (b) before
5.
(a 07; inductor (b) 0";  capacitor
7. ve = 50(1 - e—m.sx’fo—s) Vi i ~ 1429505 mA
t=17=15ms
11.
(a) 7=0.05s
(b) uc=10e72"V, i=2e2"mA
(¢) 3.68V, 135V, 05V, 018V, 0.067V
13. 7=133ps, v =208V
VR = 20(1 - eW> V, i~ 4.44eE mA
15. v = —10em@= V, iL = 4 em@m mA
Chapter 8
1. Electromagnetic
3. inside
5. lines
7. Tesla (T)
9. Domain
11. 051°T
13.  without
15. field
17. Electromagnetism
19. electric
21. reluctance
23. 0.255x 1072
25. 137.1x 1077 T
27. intensity
29. curve
Chapter 9
1. direction
3. 1,=20A, P =45°, ® = 30 rad/s, T~021s, f~4.76 Hz
5. out of phase, orthogonal
7. Vay =9.555V,
9. Vk=20V, Vop =40V, Vavg = 12.74V, V1414V



11.
13.

15.
17.

Answers: Practice problems
V =30/—145°V, I =15/35°A
(a) v=10sin(wt —45°) V
(b) i=10.08 sin(wt+ 14.95°) A

17.6/156.6° A
v = 2.4 sin(60¢ +120°) V

Chapter 10

N N W =

11.

Z ~20.62/14.04° Q

Y ~0.32/1 —51.34°mS

Zeoq ~ 142/-49.6Q, [ =3.52/49.6°A, [Ic=292/833°A
Pr=20W

Or =16.7 Var

St~ 26.1 VA

cosp ~ 0.77

It =2.61/39.7° A

I ~1.61/357°A

Zrn ~ 18.9/—12.8°Q, Vi~ 16.1/125.5°V

Chapter 11

1.
3.
3.

7.
9.
11.
13.
15.

increases

minimum, maximum

fi=1,592Hz, Z7r=10Q, [=1/0°A
Vi =100/90°V, Q=10

0.707

current

same

inductor (coil)
fi ~ 104kHz, Z ~53.4MQ

Chapter 12

W —= O 3 W W~

—_

Mutual

dot

k=0.75

AC

Ns = 60 turns
n=0.5
n=04

423



424  Understandable electric circuits: key concepts, 2nd edition

Chapter 13

1.
(a) 30/0°mV, 25Q
(b) 0.2/0° A, 40 Q

Mesh1:  (2+44+6)| —4l,—6I3=—-10V

Mesh 2 : —4j1+(3+4—|—7)i2—71.3:—5j0

Mesh3: =6y =7+ (6+7+5)3=0
(Io=1,—1))

5. 125V

Chapter 14

1. 120°
3. wye
5. neutral
7. lines
9. delta
1. — Phase voltages: Van = 110/0°V
Ven = 110/120°V
Ven = 110/-120°V
— Line voltages: Vag = 110v/3Vp = 190.5/30° V

11.

Vea = 190.5/150° V
Vec = 190.5/—-90°V
13.
— Load and phase voltages: Van = Froada = 110/0°
Ven = Vieas = 110/120°V
Ven = Vioase = 110/—120°V
— Line and load currents:  Iag = I oaqa = 2.82/—50.19° A
Ica = I oa = 2.82/69.81° A
Igc = I oagc = 2.82/—170.19° A
15. — Line voltage: VL~ 2252V
— Line current: I =IL,=12 A
— Apparent power per phase: Sp=1,560 VA
— Total apparent power: St=4,680 VA
— Power factor: PF = cosO =~ 85.47%
— Real power per phase: Pp~ 13333 W
— Reactive power per phase: Op ~ 809.88 VAR

— Total three-phase reactive power: Ot =30p=2,429.65 VAR



Index

AC circuits 295, 324

active power 311-12, 318
absorbs or release 311-12
derivation 311

adjustable transformer 377

admittance 296-7, 300-1, 332

admittance triangle 301

air-core and iron-core

inductors 192

air-core transformer 369—70

alternating current (AC) 256-8, 290

ammeter 23, 30, 39

ampere 17

amplitude 257, 260

angular frequency 260, 271, 280,

283-4, 288

angular velocity 260

apparent power 314, 408
calculating 314

applied voltage 27, 39

autotransformer 377

average power 268, 312

average value 2667, 291

balanced bridge 97-9, 101
balanced three-phase circuit 401,
407, 410
balanced wye and delta circuits
408
bandwidth (BW) 347-8, 357
basic electric circuit 18—19
block AC, 288
block DC, 284
branch 55, 62, 69
branch current analysis 116-21,
131-2
vs. mesh current analysis 121
breakdown voltage 180, 201

capacitance 17, 176-7
calculation 177
equivalent (total) parallel

capacitance 185
equivalent (total) series capacitance
185
factors affecting 178-9
series equivalent (total) capacitance
184-5
total or equivalent capacitance 183
units of 178

capacitive circuit
Ohm’s law for 287

capacitive reactance 287

capacitive susceptance 287, 332

capacitor voltage 211-12, 217, 288

capacitors 172, 1767
AC response 286, 288
branch currents 355
calculating capacitor energy 183
characteristics of 288
charging 174, 180, 201, 206-7
discharging 175-6, 201, 206-7
energy storage element 175
energy stored by 182-3
fixed capacitor 173
in parallel 186
schematic symbols 173
in series 185-6
in series—parallel 188
variable capacitor 173

center-tapped transformer 377

characteristics
of admittance 300, 333
of a capacitor 202, 288, 292
of impedance 333
of an inductor 202, 284, 292
of a resistor 202
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charging 241, 250
charging current 214
charging equations 214
charging process of an RC
circuit 210

chassis ground 81, 99
chemical energy 45
circuit analysis techniques 116
circuit current 227-8
circuit diagrams 20
circuit ground 81
circuit responses 207
circuit symbols 20-1, 39
circuit triangles 315
circuits with dependent sources 385
closed-loop circuit 50
coefficient of the coupling 367—8
common ground 81, 99
complex number 271-4, 291

real part and imaginary

part of 273

conductance 31-2, 39, 281, 283,
296, 302

conductance form of Ohm’s law
32-3, 40

conduction 241
control coefficients 386
controlled source 385, 395
conventional current flow
version 24, 39
conversion of dependent sources 395
corresponding terminals 368
Coulomb 17
critical frequencies 348
cross-linking flux 367
current 21-2, 39
direction 23-4, 39
of parallel resonance 356
reference direction of 35-6
resonance 357
selectivity 349
source 66—8
sources in parallel 115
sources in series 115-16
triangle 298

current-controlled current source
(CCCS) 386-7, 389

current-controlled source 388

current-controlled voltage source
(CCVS) 386, 389, 395

current divider rule (CDR) 86-8,
100, 304

current source—voltage source
111, 130

current/voltage, mutually
related reference polarity
of 37-8

cutoff frequency 348

DC Blocking 182
DC circuit analysis 109
branch current analysis 116-21
current sources in parallel 115
current sources in series 115-16
mesh analysis 1214
nodal voltage analysis 125-30
source conversion examples 111-13
source equivalent conversion
109-10
verifying source conversion 111
voltage sources in parallel 114
voltage sources in series 113
DC voltage 182
delta configuration 91-2, 401, 411
delta to wye conversion 93-6
to simplify bridge circuits 967
delta-connected sources 403, 405
dependent sources 385, 395
circuits 387
equivalent conversion 388
derived quantities 2
dielectric constant 178
direct current (DC) 256, 290
discharge current 217
discharging equations 218
discharging process of the RC circuit
215
domain theory of magnetism 240
dot convention 368
double-subscript notation 81, 99



earth ground 81, 99

effective value 268, 270, 291

electric charge 240

electric circuit theory 17-18

electric circuits 15-16, 18, 38

electric current 21-4, 39, 242, 251

electric field 241, 251

electric generator 243

electric motor 242

electric power 46—8

electric voltage 24-7

electrical energy 45

electrical load 19

electrolytic capacitor 180

electromagnetic field 189

electromagnetic force 238, 249

electromagnetic induction 242, 251

electromagnetism 240, 242, 251

induction 189

electromotive force (EMF) 25,
27,39

electron flow version 24, 39

energy 44-6, 69

and work 44-5

energy releasing equations for RL
circuit 228

energy-releasing process 226—7

energy storage element 175

energy stored by a capacitor
182-3

energy stored in an inductor 196

energy storing equations for an RL
circuit 225

energy-storing process of an RL
circuit 2234

engineering notation 8-9

equivalent (total) series resistance 77,
99

equivalent conversion 388

equivalent impedance 303, 305

equivalent parallel capacitance 186

equivalent parallel inductance 199

equivalent parallel resistance 84, 100

equivalent resistance 77, 88, 99

equivalent series capacitance 185

Index 427

equivalent series inductance 199
Euler’s formula 272-3, 276
excitation 208

factors affecting capacitance 178

factors affecting inductance 194-5,
202

factors affecting resistance 28-30,
39

Faraday’s law 17, 190, 201

ferromagnetic materials 240

ferromagnetism 240

first-order circuit 206

fixed capacitor 173

fixed resistors 28

flashlight circuit 20

flashlight or torch circuit and
voltage 25

flux density 245, 252

frequency 258-9, 290, 344

frequency of series resonance 340

galvanometer 99
gravitational potential energy 45

half-power frequency 348
heat/thermal energy 45
Henry 18

Hertz 18

hysteresis curve 248, 253
hysteresis loop 248

I-V characteristic 34-5
ideal current source 66—9
ideal transformer 371
ideal voltage source 63, 69
impedance 296, 301, 304, 3724
angle 316
matching 378-9
in parallel 333
parallel circuit 304
in series 333
in series and parallel 303
series circuit 303
triangle 298
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independent sources 385
symbols 386
induced voltage 365, 367
inductance 193, 202
calculating 195
equivalent inductance 198
factors affecting 194-5
vs. inductor 193
self-inductance 192-3
induction 241
inductive circuit, Ohm’s law for 283
inductive coupling 366
inductive reactance 283—4
inductive susceptance 283—4, 302
inductive/capacitive components 310
formulas 310
waveforms 310
inductor 172, 192
AC response 282, 285
air-core and iron-core inductors 192
and capacitor current 3567
characteristics 284
electromagnetism induction 189
energy stored in 195-7
Ohm’s law for 193
in parallel 199
in series 199
in series—parallel 200
winding resistor of 197-8
inductor branch currents 355
inductor current 223
inductor voltage 224-5, 228-9,
2834
initial conditions 215, 226
initial state 207-8
input 208
instantaneous power 307-8
and energy 308-9
for resistive load 309
instantaneous quantity 180-1
instantaneous value 267, 291
internal resistance 64—5
International System of Units (SI) 1-6
iron-core transformer 369—70

Joule 18

kinetic energy 45
Kirchhoff’s current law (KCL) 55-62,
70, 125-6, 304-5, 333, 389
circuit terminologies 62
experimental circuit 58
nodes and branches 55
physical property 58-9
supernode 602
Kirchhoff’s voltage law (KVL) 50-5,
70, 121-4, 304-5, 333, 389
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notation 270-1
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Watt 17

waveform of instantaneous power 308
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