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Preface

A modern electric drive system consists of a motor, an electric converter, and a controller 
that are integrated to perform a mechanical maneuver for a given load. Because the torque/
volume ratio of modern electric drive systems is continually increasing, hydraulic drives 
are no longer the only option used for industrial applications. In addition to their use in 
industrial automation, modern electric drives have other widespread applications, rang-
ing from robots to automobiles to aircraft. Recent advances in electric drive design have 
resulted in low-cost, lightweight, reliable motors. Advances in power electronics have 
led to a level of performance that was not possible a few years ago; induction motors, for 
example, were never used in variable-speed applications until the development of variable 
frequency and rapid switching. Due to advances in power electronics, several new designs 
of electric motors are now available, such as brushless and stepper motors. 

Modern electric drive systems are used increasingly in such high-performance ap-
plications as robotics, guided manipulations, transportation, renewable energy, and ac-
tuation. In these applications, controlling the rotor speed is only one of several goals; the 
full range includes controlling the starting, speed, braking, and holding of the electric 
drive systems. The exploration of these control functions forms the core of this text. 

Purpose and Features

This book is designed to be used as a teaching text for a one-semester course on the fun-
damentals of electric drives. Readers are expected to be familiar with the basic circuit 
theories and the fundamentals of electronics, as well as with three-phase analysis and 
basic electric machinery. 

In this book, I cover the basic components of electric drive systems, including me-
chanical loads, motors, power electronics, converters, and gears and belts. Each compo-
nent is first discussed separately; various components are then combined in a discussion 
of the complete drive system. If instructors use this book in the first course on the sub-
ject, they will not need to use additional material because this book is self-contained. 

The focus of this book is on the fundamentals of electric drive systems. The general 
types of electric loads and their dependence on speed are explained early in the book, 
and load characteristics are considered throughout. To help the reader understand why a 
particular motor is selected for a particular application, I present and highlight the dif-
ferences and similarities of electric motors. 

Power converters are discussed in some detail, with ample mathematical analysis. 
Early in the book, I present several solid-state switching devices and specific charac-
teristics of each; this comparison of solid-state devices allows the reader to understand 
their features, characteristics, and limitations. Triggering, synchronization, modulation, 
isolation, and protection of power electronic devices are also discussed in detail. 
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Prefacevi

Converters are divided into several groups: ac/dc, ac/ac, dc/ac, and dc/dc. Several 
circuits are given for these converters and are analyzed in detail to help readers un-
derstand their performance. Detailed analyses of the electrical waveforms of power-
converter circuits demonstrate the concepts of power and torque in a harmonic 
environment.

After readers become familiar with electric machines and power converters, they 
can comprehend the integration of these two major components that creates an electric 
drive system. This book includes detailed explanations of the various methods for speed 
control and braking. Well-known applications appear throughout the book in order to 
demonstrate the theories and techniques. Discussions of the merits, complexities, and 
drawbacks of the various drive techniques help readers form opinions from the perspec-
tive of a design engineer. 

Examples and Problems

In each chapter, examples and problems simulate several aspects of drive performance. 
The problems address key design and performance issues and are therefore more than 
mere mathematical exercises. 

New Features

 	 Improved focus on the basic principles of power electronic devices, including both 
synchronization and isolation circuits.

 	 New sections on brushless motors have been added to Chapters 5 and 6.

 	 Additional analysis of static Scherbius drives.

 	 New coverage of wind energy systems operating in regenerative braking.

 	 Applications to electric vehicle, robotic, and electric tractions are provided throughout.

 	 New sections on regenerative, dynamic, and concurrent braking of BLDC motors.

 	 New examples and exercises have been added throughout the book.

Supplements

An Instructor’s Solutions Manual and Lecture Note PowerPoint slides are available 
for this book on Cengage Learning’s secure, password-protected Instructor Resource 
Center. The Instructor Resource Center can be accessed at https://login.cengage.com.

Custom Options for Fundamentals of Electric Drives, 
Second Edition

Would you prefer to easily create your own personalized text, choosing the elements 
that best serve your course’s unique learning objectives?
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viiPreface

Cengage’s Compose platform provides the full range of Cengage content, allowing 
you to create exactly the textbook you need. The Compose website lets you quickly re-
view materials to select everything you need for your text. You can even seamlessly add 
your own materials, like exercises, notes, and handouts! Easily assemble a new print or 
eBook and then preview it on our site.

Cengage offers the easiest and fastest way to create custom learning materials that 
are as unique as your course is. To learn more customizing your book with Compose, 
visit compose.cengage.com, or contact your Cengage Learning Consultant.

Acknowledgments

I wish to thank the reviewers for this edition who asked to be acknowledged: 
Youakim Kalaani of Georgia Southern University and Mehrdad Ehsani of Texas 
A&M University. The other reviewers wished to remain anonymous. All of their 
feedback was very helpful. 

I wish to acknowledge and thank the Global Engineering team at Cengage Learning 
for their dedication to this new book:

Timothy Anderson, Product Director; Mona Zeftel, Senior Content Developer; 
Rebecca Donahue, Content Project Manager; Alexander Sham, Product Assistant; and 
Rose Kernan of RPK Editorial Services, Inc. They have skillfully guided every aspect 
of this text’s development and production to successful completion.

70960_fm_ptg01.indd   7 05/09/17   10:30 am



viii

Contents

1	 Elements of Electric Drive Systems	 1

1.1	 Historical Background	 2
1.2	 Basic Components of an Electric Drive System	 5

1.2.1	� Mechanical Loads	 6
1.2.2	� Electric Motors	 8
1.2.3	 Power Sources	 9
1.2.4	� Converters	 9
1.2.5	 Controllers	 10

2	I ntroduction to Solid-State Devices	 12

2.1	 Transistors	 13
2.1.1	 Bipolar Transistor	 13
2.1.2	 Field Effect Transistor (FET)	 16

2.2	 Thyristors	 19
2.2.1	 Four-Layer Diode	 19
2.2.2	 Silicon-Controlled Rectifier	 21

2.3	 Other Power Devices	 23
2.3.1	 Darlington Transistor	 23
2.3.2	 Insulated Gate Bipolar Transistor (IGBT)	 24

2.4	 Ratings of Power Electronic Devices	 25
2.5	 di/dt and dv/dt Protection	 26

Problems	 31

3	I ntroduction to Solid-State Switching Circuits	 32

3.1	� Single-Phase, Half-Wave, ac/dc Conversion for Resistive Loads	 32
3.1.1	� Root-Mean-Squares	 35
3.1.2	 Electric Power	 37
3.1.3	 dc Power	 40
3.1.4	 Power Factor	 41

3.2	� Single-Phase, Full-Wave, ac/dc Conversion for Resistive Loads	 43
3.3	� Single-Phase, Half-Wave, ac/dc Conversion for Inductive Loads Without 

Freewheeling Diode� 46
3.3.1	� Average Voltage Across Inductance and Resistance� 49
3.3.2	 Average Power of Inductance	 50
3.3.3	 RMS Voltage	 51

3.4	 Single-Phase, Half-Wave, ac/dc Conversion 
for Inductive Loads with Freewheeling Diode	 52

70960_fm_ptg01.indd   8 05/09/17   10:30 am



ixContents

3.5	 Three-Phase, Half-Wave, ac/dc Conversion for Resistive Loads	 56
3.6	 Three-Phase, Half-Wave, ac/dc Conversion for Inductive Loads	 59
3.7	 Three-Phase, Full-Wave, ac/dc Conversion	 60
3.8	 dc/dc Conversion	 66
3.9	 dc/ac Conversion	 70

3.9.1	 Single-Phase, dc/ac Converter	 70
3.9.2	 Three-Phase dc/ac Converter	 71
3.9.3	 Voltage, Frequency, and Sequence Control	 77
3.9.4	 Pulse-Width Modulation (PWM)	 80

3.10	 Energy Recovery Systems	 84
3.10.1	 Charging Operation	 84
3.10.2	 Discharging Operation	 88

3.11	 Three-Phase Energy Recovery Systems	 91
3.12	 Current Source Inverter	 94
3.13	 Triggering Circuits	 96

3.13.1	 Synchronization of Triggering Circuits	 97
3.13.2	 Isolation of Triggering Circuits	 100

Problems	 104

4	� Joint Speed-Torque Characteristics of Electric  
Motors and Mechanical Loads	 107

4.1	� Bidirectional Electric Drive Systems	 108
4.2	� Four-Quadrant Electric Drive Systems	 110

Problems	 113

5	� Speed-Torque Characteristics of Electric  
Motors	 114

5.1	 Brush-type dc Motors	 114
5.1.1	 Separately Excited Motors	 117
5.1.2	 Shunt Motors	 121
5.1.3	 Series Motors	 122
5.1.4	 Compound Motors	 124

5.2	 Brushless dc Motor	 126
5.2.1	 Unipolar BLDC Motor	 127
5.2.2	 Bipolar BLDC Motor	 128
5.2.3	 Model and Analysis of BLDC Motors	 133

5.3	 Induction Motors	 136
5.3.1	� Equivalent Circuit	 140
5.3.2	 Power Flow 	 144
5.3.3	 Torque Characteristics	 147
5.3.4	� Starting Procedure	 151

5.4	 Synchronous Motors	 153
5.4.1	 Reactive Power	 155
5.4.2	 Power Flow	 158

70960_fm_ptg01.indd   9 05/09/17   10:30 am



Contentsx

5.4.3	 Torque Characteristics	 159
5.4.4	 Starting Procedure	 160

5.5	 Damage to Electric Machines	 160

Problems	 161

6	� Speed Control of Conventional and Brushless  
Direct Current Motors	 165

6.1	 Speed Control of Conventional DC Shunt or Separately  
Excited Motors	 166
6.1.1	 Controlling Speed by Adding Resistance	 166
6.1.2	 Controlling Speed by Adjusting Armature Voltage	 169
6.1.3	 Controlling Speed by Adjusting Field Voltage	 170
6.1.4	 Solid-State Control	 173

6.2	 Speed Control of Conventional DC Series Motors	 183
6.2.1	� Controlling Speed by Adding Resistance  

to the Armature Circuit� 183
6.2.2	 Controlling Speed by Adjusting Armature Voltage	 184
6.2.3	� Controlling Speed by Adjusting Field Current	 185

6.3	 Speed Control of Brushless DC Motor	 189

Problems	 191

7	 Speed Control of Induction Motors	 198

7.1	 Basic Principles of Speed Control	 199
7.2	 Controlling Speed Using Rotor Resistance	 199
7.3	 Slip Energy Recovery	 203

7.3.1	 Controlling Speed by the Slip Energy Recovery Method	 204
7.3.2	 Torque–Current Relationship	 206
7.3.3	 Efficiency	 207

7.4	 Rotor Voltage Injection	 211
7.5	� Controlling Speed Using Inductance	 222
7.6	 Controlling Speed by Adjusting the Stator Voltage	 222
7.7	 Controlling Speed by Adjusting the Supply Frequency	 224

7.7.1	� Effect of Excessively High Frequency	 225
7.7.2	 Effect of Excessively Low Frequency	 228

7.8	 Voltage/Frequency Control	 230
7.9	 Current Source Speed Control	 232

7.9.1	 Induction Motor with Constant-Frequency CSI	 234
7.9.2	 Induction Motor with Adjustable-Frequency CSI	 237

Problems	 239

8	 Braking of Electric Motors	 243

8.1	� Regenerative Braking	 243
8.2	 Dynamic Braking	 245
8.3	 Countercurrent Braking	 245

Problems	 247

70960_fm_ptg01.indd   10 05/09/17   10:30 am



xiContents

9	 Braking of Conventional and Brushless dc Motors	 248

9.1	 Regenerative Braking of dc Shunt Motors	 248
9.2	 Regenerative Braking of dc Series Motors	 254
9.3	 Dynamic Braking of dc Shunt Motors	 254
9.4	 Dynamic Braking of dc Series Motors	 259
9.5	 Countercurrent Braking of dc Shunt Motors	 260

9.5.1	 Plugging	 260
9.5.2	 Braking by Terminal Voltage Reversal (TVR)	 264

9.6	 Countercurrent Braking of dc Series Motors	 275
9.7	 Regenerative Braking of BLDC Motors	 277

9.7.1	 Regenerative Braking of Unipolar BLDC	 278
9.7.2	 Regenerative Braking of Bipolar BLDC	 280

9.8	 Dynamic Braking of BLDC Motors	 285
9.9	 Countercurrent Braking of BLDC Motors	 288

9.9.1	 Plugging of BLDC Motors	 288
9.9.2	 Sequence Reversal of BLDC Motors	 289

Problems	 290

10	 Braking of Induction Motors	 294

10.1	 Regenerative Braking	 294
10.1.1	 Type 1 Wind Turbine System	 297
10.1.2	 Type 2 Wind Turbine System	 300
10.1.3	 Type 3 Wind Turbine System	 305

10.2	� Dynamic Braking	 311
10.3	 Countercurrent Braking	 313

Problems	 317

11	D ynamics of Electric Drive Systems	 319

11.1	 Moment of Inertia	 320
11.2	 Basic Concept of Traveling Time	 322
11.3	 Gears and Belts	 323
11.4	 Traveling Time of dc Motors	 325
11.5	 Traveling Time of Induction Motors	 330

11.5.1	 Unloaded Induction Motor	 331
11.5.2	 Loaded Induction Motor	 335

11.6	 Traveling Time of Synchronous Motors	 337

Problems	 339

Index 	 341

70960_fm_ptg01.indd   11 08/09/17   9:13 am



70960_fm_ptg01.indd   12 05/09/17   10:30 am



Fundamentals of 
Electric Drives

70960_fm_ptg01.indd   13 05/09/17   10:30 am



70960_fm_ptg01.indd   14 05/09/17   10:30 am



1

Elements of Electric  
Drive Systems

The study of electric drive systems involves controlling electric motors in the steady 
state and in dynamic operations, taking into account the characteristics of mechanical 
loads and the behaviors of power electronic converters.

In the not-so-distant past, designing a versatile drive system with broad perfor-
mance was a difficult task that required bulky, inefficient, and expensive equipment. 
The speed of an electric motor was controlled by such restrictive methods as resistance 
insertion, use of autotransformers, or complex multimachine systems. Motor selection 
for a given application was limited to the available type of power source. For instance, 
dc motors were used with direct current sources, and induction motors were driven by 
ac sources.

To alleviate the problem of matching up the motor and the power source and to pro-
vide some form of speed control, a common and elaborate scheme such as that shown in 
Figure 1.1 was commonly used. Because its terminal voltage is relatively easy to adjust, 
the dc motor was regularly selected for applications requiring speed control. Given the 
status of the available technology, controlling the speeds of alternating-current machines 
was much more difficult.

Figure 1.1  Multimachine system for speed control
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Chapter 1  Elements of Electric Drive Systems2

The system in Figure 1.1 consists of three electromechanical machines: an ac motor, 
a dc generator, and a dc motor. The ac motor (induction), which drives a dc generator, is 
powered by a single- or multiphase ac source. The speed of the induction motor is fairly 
constant. The output of the dc generator is fed to the dc motor. The output voltage of the 
dc generator is adjusted by controlling its excitation current. Adjusting the field current 
of the generator controls the terminal voltage of the dc motor. Hence, the speed of the dc 
motor is controlled accordingly.

The system described here is expensive, inefficient, and complex, and it requires 
frequent maintenance. However, because of the limited technology available during the 
first half of the 20th century, this system was the leading option for speed control. In 
fact, a number of these systems are still in service; for example, old elevators may still 
use this system today.

In recent decades, however, enormous strides have been made in the areas of power 
electronics, digital electronics, and microprocessors. With the advances in power elec-
tronic devices, cheaper, more efficient, and versatile options for speed control are now 
available.

Continuous improvements in solid-state technologies are yielding even more reli-
able and better-performance devices, as well as new types of solid-state switches. Solid-
state devices can now handle larger amounts of current and voltage at higher efficiencies 
and speeds. Additionally, the prices of these devices are continually dropping.

Among the important developments in solid-state power electronics technology 
is the integrated module. Solid-state switches can now be found in various configura-
tions, such as H-bridge or six-pack modules. Complete driving circuits are now a part 
of very sophisticated and elegant designs. Most designs now have built-in options for 
speed control and overcurrent protection. Previously, building such modules took sev-
eral months.

With the development of power electronic devices and circuits, virtually any type of 
power source can now be used with any type of electric motor. Speed control can now 
be achieved by using a single converter. In fact, the older, inefficient drive systems cur-
rently being used in some industrial applications are now being replaced with solid-state 
drives. This retrofitting process is estimated to be a multi-billion-dollar business in the 
United States alone.

With modern solid-state power technology, motors can be used in more precise 
applications, such as position control of robots and airplane actuation. Hydraulic and 
pneumatic systems are now being replaced by electric drives.

	 1.1	 �Historical Background
Due to the lack of technology, electric drives historically were designed to provide crude 
power without consideration of performance. Advances in industrial manufacturing led 
to a need for more sophisticated drives, which stimulated the development of modern 
systems. The drive systems have various forms:

1.	 Line shaft drives. This is the oldest form of an electric drive system. (An example 
is shown in Figure 1.2.) The system consists of a single electric motor that drives 
equipment through a common line shaft or belt. This system is inflexible because 
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3	 1.1  Historical Background

the line shaft continuously rotates regardless of the number of pieces of equipment 
in operation. This system is presented here for historical reasons but is rarely used.

2.	 Single-motor, single-load drives. This is the most common form of electric 
drive. In this system, a single motor is dedicated to a single load. (Examples are 
shown in Figure 1.3.) Applications include household equipment and appliances 

Figure 1.2  Single-motor, multiple-load drive system

Figure 1.3  Single-motor, single-load drive systems
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Chapter 1  Elements of Electric Drive Systems4

such as electric saws, drills, disk drives, fans, washers, dryers, and blenders.  
The computer hard disk drive in the figure employs high-performance drives for 
the rotation of the disk. The head actuation of the hard-disk drive is controlled by 
a separate system.
  The traction of most electric cars is a single-motor drive system. The motor 
replaces the internal combustion engine of conventional vehicles.

3.	 Multimotor drives. In this type of system, several motors are used to drive a single 
mechanical load. This form is usually used in complex drive functions such as 
assembly lines, paper-making machines, and robotics. (Figure 1.4 shows several 
examples of this type of load.) Airplane actuation is done electrically in most mili-
tary and several commercial airplane models. Each flap of the airplane is controlled 
separately by redundant drive systems. Compared to the commonly used hydraulic 

Figure 1.4  Multiple-motor, single-load drive systems

Mars rover Airplane actuation system
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5	 1.2  Basic Components of an Electric Drive System

actuator, electric actuation (sometimes known as fly-by-wire) is much lighter and 
faster, involves lower maintenance, and does not require the heating of any hydrau-
lic fluid. It is therefore a more popular method in aviation.
  The rover used by NASA for Mars exploration is a six-wheeled vehicle of a rocker 
bogie design to negotiate obstacles. Vehicle navigation is accomplished through  
control of its drive and steering motors. The energy source of the vehicle is solar—
several solar panels capture solar energy and store it in a battery pack.
  The industrial manipulator or the robot arm can employ as many motors as the 
process requires. The manipulator shown in Figure 1.4 is used for waterjet cutting. 
The end effector of the manipulator or the robot arm must be accurately controlled 
to achieve the desired precision.

	 1.2	 Basic Components of an Electric 
Drive System

A modern electric drive system has five main functional blocks (shown in Figure 1.5): 
a mechanical load, a motor, a converter, a power source, and a controller. The power 
source provides the energy the drive system needs. The converter interfaces the motor 
with the power source and provides the motor with adjustable voltage, current, and/or 
frequency. The controller supervises the operation of the entire system to enhance over-
all system performance and stability.

Often, design engineers do not select the mechanical loads or power sources. 
Rather, the mechanical loads are determined by the nature of the industrial operation, 
and the power source is determined by what is available at the site. However, design-
ers usually can select the other three components of the drive systems (electric motor, 
converter, and controller).

The basic criterion in selecting an electric motor for a given drive application is 
that it meet the power level and performance required by the load during steady-state 
and dynamic operations. Certain characteristics of the mechanical loads may require 
a special type of motor. For example, in the applications for which a high starting 
torque is needed, a dc series motor might be a better choice than an induction motor.  

Figure 1.5  Functional blocks of an electric drive system
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Chapter 1  Elements of Electric Drive Systems6

In constant-speed applications, synchronous motors might be more suitable than induc-
tion or dc motors.

Environmental factors may also determine the motor type. For example, in food 
processing, chemical industries, and aviation, where the environment must be clean and 
free from arcs, dc motors cannot be used unless they are encapsulated. This is because of 
the electric discharge that is generated between the motor’s brushes and its commutator 
segments. In those cases, the squirrel cage induction motor or other brushless machines 
are probably the better options.

The cost of the electric motor is another important factor. In general, dc motors and 
newer types of brushless motors are the most expensive machines, whereas squirrel cage 
induction motors are among the cheapest.

The function of a converter, as its name implies, is to convert the electric waveform 
of the power source to a waveform that the motor can use. For example, if the 
power source is an ac type and the motor is a dc machine, the converter transforms 
the ac waveform to dc. In addition, the converter adjusts the voltage (or current) 
to desired values. The controller can also be designed to perform a wide range of 
functions to improve system stability, efficiency, and performance. In addition, it 
can be used to protect the converter, the motor, or both against excessive current  
or voltage.

1.2.1	� Mechanical Loads
Mechanical loads exhibit wide variations of speed-torque characteristics. Load 
torques are generally speed dependent and can be represented by an empirical for-
mula such as

	 T 5 CT
r 1 n

n
r
2

k

	 (1.1)

where C is a proportionality constant, T
r
 is the load torque at the rated speed n

r
, n is the 

operating speed, and k is an exponential coefficient representing the torque dependency 
on speed. Figure 1.6 shows typical characteristics of various mechanical loads.

T ~ n

T ~       n

Figure 1.6 
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7	 1.2  Basic Components of an Electric Drive System

The mechanical power of the load is given by Equation (1.2), where v is the angular 
speed in rad/s, and n is the speed in r/min (or rpm). Figure 1.7 shows the mechanical 
power characteristics that correspond to the loads shown in Figure 1.6.

	 P 5 Tv;  v 5 2p 
n

60
	 (1.2)

Figure 1.8 shows several types of mechanical loads that are commonly used in 
households. In general, the load characteristics can be grouped into one or more of the 
following types:

1.	 Torque independent of speed. The characteristics of this type of mechanical load 
are represented by Equation (1.1) when k is set equal to zero and C equals 1. While 
torque is independent of speed, the power that the load consumes is linearly depen-
dent on speed. There are many examples of this type of load, such as hoists or the 
pumping of water or gas against constant pressure.

2.	 Torque linearly dependent on speed. The torque is linearly proportional to speed 
when k 5 1, and the mechanical power is proportional to the square of the speed. 

T ~ n

T ~       n

Figure 1.7  Typical speed-power characteristics of mechanical loads

Figure 1.8  Types of common mechanical loads
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Chapter 1  Elements of Electric Drive Systems8

This is an uncommon type of load characteristic and is usually observed in a com-
plex form of load. An example would be a motor driving a dc generator connected 
to a fixed-resistance load, for which the field of the generator is constant.

3.	 Torque proportional to the square of speed. The torque-speed characteristic is para-
bolic when k 5 2. Examples of this type of load are fans, centrifugal pumps, and 
propellers. The load power requirement is proportional to the cube of the speed and 
may be excessive at high speeds.

4.	 Torque inversely proportional to speed. In this case, k 5 21. Examples of this type 
include milling and boring machines. This load usually requires a large torque at 
starting and at low speeds. The power consumption of such a load is independent of 
speed. This is why the motor of an electric saw does not always get damaged (due 
to overcurrent) when the saw disk is blocked.

Some loads may have a combination of the characteristics listed. For example, the 
friction torque exhibits a complex form of speed torque that varies according to the operat-
ing speed. At low speeds, the friction torque is almost inversely proportional to the speed 
due to the magnitude of the static and coulomb frictions. At high speeds, it is almost lin-
early proportional to the speed due to the viscous friction.

1.2.2	� Electric Motors
Electric motors exhibit wide variations of speed-torque characteristics, some of which 
are shown in Figure 1.9. Synchronous or reluctance motors exhibit a constant-speed 
characteristic similar to that shown by curve I. At steady-state conditions, these motors 
operate at constant speed regardless of the value of the load torque. Curve II shows a dc 
shunt or a separately excited motor, where the speed is slightly reduced when the load 
torque increases. Direct current series motors exhibit the characteristic shown in curve 
III; the speed is high at light loading conditions and low at heavy loading. Induction 
motors have a somewhat complex speed characteristic similar to the one given by curve 
IV; during steady state, they operate at the linear portion of the speed-torque character-
istic, which resembles the characteristic of a dc shunt or a separately excited motor. The 
maximum developed torque of induction motors is limited to T

max
.

T

Figure 1.9 
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9	 1.2  Basic Components of an Electric Drive System

In electric drive applications, electric motors should be selected to match the 
intended performance of the loads. For example, in constant-speed applications, the 
synchronous motor is probably the best option. Other motors, such as induction or dc, 
can also be used in constant-speed applications, provided that feedback circuits are 
used to compensate for the change in speed when the load torque changes.

1.2.3	 Power Sources
Two major types of power sources are used in industrial applications: alternating cur-
rent (ac) and direct current (dc). Alternating current sources are common in industrial 
installations and residences. These sources can either be single-phase or multiphase 
systems. Single-phase power sources are common in residences, where the demand for 
electric power is limited. Multiphase power sources are used in high power consump-
tion applications. The most common type of power source in the United States is the 
three-phase, 60-Hz power source. In Europe, most of the Middle East, Africa, and Asia, 
the frequency is 50 Hz.

Extensive industrial installations usually have more than one type of power source 
at different voltages and frequencies. Commercial airplanes, for example, may have a 
400-Hz ac source in addition to a 270-volt dc source.

1.2.4	� Converters
The main function of a converter is to transform the waveform of a power source to that 
required by an electric motor in order to achieve the desired performance. Most convert-
ers provide adjustable voltage, current, and/or frequency to control the speed, torque, or 
power of the motor. Figure 1.10 shows the four basic types of converters.

1.	 dc to ac. The dc waveform of the power source is converted to a single- or multi-
phase ac waveform. The output frequency, current, and/or voltage can be adjusted 
according to the application. This type of converter is suitable for ac motors, such 
as induction or synchronous motors.

2.	 dc to dc. This type is also known as a “chopper.” The constant-input dc waveform 
is converted to a dc waveform with variable magnitude. The typical application of 
this converter is in dc motor drives.

3.	 �ac to dc. The ac waveform is converted to dc with adjustable magnitude. The input 
could be a single- or multiphase source. This type of converter is used in dc drives.

4.	 ac to ac. This converter is also called inverter. Indeterminate input waveform is  
typically ac with fixed magnitude and frequency. The output is an ac with variable 
frequency, magnitude, or both. The conversion can be done directly or through a dc 
link. The dc link system consists of two converters connected in cascade; the first 
is an ac/dc, and the second is a dc/ac. Typical applications of the dc link converter 
are ac motors. 

In addition to electric drives, dc link converters are also used in such applications 
as the uninterruptable power supply (UPS). Figure 1.11 shows the basic components of 
a UPS. The dc link between the two converters has a rechargeable battery. In normal 
operation, the input current i

in
 is converted to a dc current I

dc1
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Chapter 1  Elements of Electric Drive Systems10

V f

 V

V

V f

Figure 1.10  Four types of converters

into two parts: one, I
B
, charges the battery; the other, I

dc2
, is converted to the ac current 

i
out

 that feeds the load.
When the source power is lost (such as in a power outage), the input current i

in
 and 

the dc current I
dc1

 are each zero. In this case, the energy stored in the battery is used to 
feed the load. The battery current I

B
 becomes the input current to the dc/ac converter so 

that the load power is not interrupted. The capacity of the rechargeable battery and the 
magnitude of the load current determine the time by which the system can feed to load 
during an outage.

1.2.5	 Controllers
A well-designed controller has several functions. The most basic function is to monitor 
system variables, compare them with some desired values, and then readjust the con-
verter output until the system achieves a desired performance. This feature is used in such 
applications as speed or position control. Some drive systems may lack stability due to 
limitations in the converter or load characteristics. In such cases, a controller may also be 
designed to enhance overall stability.
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11	 1.2  Basic Components of an Electric Drive System

High-performance drives (HPDs)—such as robotics, guided manipulation, and 
supervised actuation—are good examples of elaborate controllers. In these applications, 
the system must follow a preselected track at all times. A multirobot system performing 
a complementary function must move the end effectors about the space of operation 
according to a preselected, time-tagged trajectory. To achieve this, each motor in the 
robot arm must follow a specific track so that the aggregate motion of all motors keeps 
the end effector alongside its trajectory at all times, even when the system loads, inertia, 
and parameters vary. In addition, the stability of the system must be guaranteed in all 
operating conditions. The controllers in these applications are complex; their structure 
and/or parameters must be adaptively tuned to achieve the two basic objectives: (a) to 
provide the best possible tracking performance without overstressing the hardware and 
(b) to enhance system stability and robustness.

i i
I

IB

I

i

IB

IB

(a) Normal operation

(b) During outage

Figure 1.11  A UPS system
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2

Introduction to  
Solid-State Devices

In electric drive applications, the source waveforms often do not match the waveforms 
needed by the electric motors to perform the needed functions. For example, if the 
power source is a dc type (battery) and the motor is an ac type, the motor cannot be pow-
ered directly from the source. In this case, a converter composed of electronic devices is 
used to change the dc waveform into ac with suitable frequency and voltage.

The main building blocks of a converter are the solid-state power electronic switches. 
They are similar to devices used in analog and digital circuits, such as transistors and 
diodes. However, power devices are designed to handle high currents and voltages, 
operate at low junction losses, and withstand high rates of change of voltage and current  
(dv/dt and di/dt). The switching speeds of solid-state devices should be as high as possi-
ble in order to reduce the size of the circuit magnetic components and to reduce audible 
noise due to the switching action. Because the human ear may detect sounds between 
20 Hz and 20 kHz, the technology of solid-state power switches is continually pushing 
the switching frequency beyond the audible range.

Most solid-state power electronic devices are used to mimic mechanical switches 
by connecting and disconnecting electric loads. Ideally, a mechanical switch has the 
current–voltage characteristics depicted in Figure 2.1. When the switch is open (off), 
it carries no current, and its terminal voltage is equal to the source voltage. When the 
switch is closed (on), its terminal voltage is zero, and its current is determined by the 
load impedance (Ohm’s laws).

A large part of the ongoing development in power electronics research is devoted to 
improving the characteristics of solid-state devices and making them comparable to the 
ideal switch. In this chapter, we will discuss some of the basic operational concepts that  
make solid-state switches behave more like ideal mechanical switches. Although this 
chapter covers some of the well-established power electronic devices, keep in mind 
that the technology in this area is rapidly changing. (For more up-to-date information, 
consult the manufacturers’ catalogs and the technical literature.) The switching devices 
presented in this chapter are divided into two groups: transistors and thyristors. Each 
group can be divided into several subgroups with distinct features.
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13	 2.1  Transistors

	 2.1	 Transistors
Transistors can be used as either amplifiers or electronic switches. In power appli-
cations, transistors are used mainly as electronic switches. Two types of transistors 
are commonly used in power applications: the bipolar transistor and the field effect 
transistor (FET). Other power devices, such as the insulated gate bipolar transistor 
(IGBT), are hybrids of these two types. Figure 2.2 shows various sizes of bipolar 
power transistors.

2.1.1	 Bipolar Transistor
The bipolar transistor consists of three layers of semiconductor materials in the n-p-n 
or p-n-p. n-p-n type is shown in Figure 2.3. The ratings of these transistors can be 
as high as a few hundred amperes. The operation of the bipolar transistor is based 
on the capability of the p-n junction to inject or collect minority carriers. When the 
emitter is forward-biased, electrons are injected from the n (emitter) to the p (base) 
region. If the other n layer (collector) is reverse-biased, the electrons in the p layer 

Figure 2.2  Power transistors

Single devices Integrated components

I

V

FIGURE 2.1  Current–voltage characteristics of an ideal switch
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Chapter 2  Introduction to Solid-State Devices14

are collected in that n layer. Keep in mind that electric current flows in the opposite 
direction of electrons.

The base layer is very thin compared to the layers of the emitter or collector because 
it is an obstacle to the flow of current. However, it serves a very useful purpose—it con-
trols the flow of electrons from emitter to collector. If a base current is injected in the  
p junction, more current is allowed to pass from the emitter to the collector. The rela-
tionship between the base and collector currents, however, is nonlinear.

In Figure 2.3, the symbol of the transistor is shown in the middle, and its positive 
bias is shown on the right side. The collector is positive-biased with respect to the emit-
ter or base, and the base voltage is positive with respect to the emitter. The base–emitter 
junction is a simple diode. Hence, the voltage difference between the base and emitter 
is very small (about 0.6 V).

The basic equations of the bipolar transistor can be written as

	 I
C

5 bI
B

1 I
CEO

	 (2.1)

	 I
E

5 I
B

1 I
C
	 (2.2)

	 V
CE

5 V
CB

1 V
BE

	 (2.3)

where b is the current gain (ratio of collector to base currents), and I
CEO

 is the leakage cur-
rent of the collector–emitter junction. The rest of the symbols are explained in Figure 2.3.  
Because the leakage current is very small compared to bI

B
, it is often ignored.

A transistor can be connected in a common-base or common-emitter form. Figure 2.4  
shows the characteristic of an n-p-n transistor connected in the common emitter.  
The base characteristic, shown in Figure 2.4(a), is very similar to that of the diode. In the 
forward direction, the base–emitter voltage is below 0.7 V. A substantial increase in the 
base current occurs at a slightly higher value of the base-emitter voltage.

Figure 2.4(b) shows the collector characteristics, which can be divided into three basic 
regions: the linear region, the cutoff region, and the saturation region. In the linear region, 
the transistor operates as an amplifier, where b is almost constant and in the order of a 
few hundreds. Any base current is amplified a few hundred times in the collector circuit. 
This is the region in which most audio amplifiers operate when using bipolar transistors.

The cutoff region is the area of the characteristic in which the base current is zero. 

Figure 2.3  Bipolar transistor
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15	 2.1  Transistors

collector–emitter voltage. In the saturation region, the collector–emitter voltage is very 
small at high base currents.

The magnitude of the current gain b is dependent on the operating region of the 
transistor. In the linear region, b is in the range of hundreds. In the saturation region, it is 
often less than 30. When a transistor is used as a switch, it operates in two regions: cut-
off and saturation. On a continuous basis, power transistors do not operate in the linear 
region because the current of the power transistor is high, and in the linear region, the 
voltage V

CE
 is also large. Therefore, the losses of the transistor (the current multiplied  

by V
CE

) are excessive and lead to thermal damage of the transistor.
In the cutoff region, the transistor acts as an open switch, where the collector cur-

rent is almost zero regardless of V
CE

. In the saturation region, the transistor operates as 
a closed switch because the voltage across the switch is very small, and the external 
circuit determines the magnitude of the collector current. Compare these features with 
the mechanical switch characteristics in Figure 2.1.

The circuit in Figure 2.5 explains the operation of a transistor in a switching circuit. 
The transistor is connected to an external circuit that consists of a dc source V

CC
 and a 

load resistance R
L
. The base circuit of the transistor is connected to a current source to 

produce the base current of the transistor.

Figure 2.4  Characteristics of the bipolar transistor

(b) Collector characteristics

IC
IB

IB

IB < IB

VCEVBE

IB = 

(a) Base characteristics

IB

VCE

RL

IC

VCE

IB = 

IB  

VCC

IC

RL

VCC

Figure 2.5  Switching operation of transistors
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Chapter 2  Introduction to Solid-State Devices16

The loop equation of the collector circuit is represented by

	 V
CC

5 V
CE

1 R
L
I

C
	 (2.4)

This equation, which demonstrates a linear relationship between I
C
 and V

CE 
, is shown 

in the characteristics of Figure 2.5 and is known as the load-line equation. The equation 
has a negative slope and intersects the V

CE
 axis at a value equal to V

CC
 and the I

C
 axis at 

a value equal to V
CC  

/R
L
.

If the base current is set equal to zero, the operating point of the circuit is in the 
cutoff region point 1. The collector current in this case is very small and can be ignored. 
The collector emitter voltage of the transistor is almost equal to the source voltage V

CC
. 

This operation resembles an open mechanical switch.
Now, assume that the base current is set to the maximum value. The transistor oper-

ates in the saturation region at point 2. The voltage drop across the collector–emitter termi-
nals of the transistor is small and can be ignored. The collector (or load) current is almost 
equal to V

CC  
/R

L
. In this case, the transistor is equivalent to a closed mechanical switch.

The bipolar transistor is a current-driven device. To open the transistor, the base 
current should be set to zero. To close the transistor, the base current should be set as 
high as the ratings permit. Keep in mind that the base current must exist for as long as 
the transistor is closed. Because b is small in the saturation region and the collector 
current is high in power applications, the base current is also high in magnitude. This 
situation creates two major problems: the first is that there are relatively high losses in 
the base circuit. The second is that the driving circuit must be capable of producing a 
large base current for as long as the transistor is closed. Such a circuit is large, of low 
efficiency, and complex to build.

▶	 Example 2.1

A transistor has b
1
 5 200 in the linear region and b

2
 5 10 in the saturation region. 

Calculate the base current when the collector current is equal to 10 A, assuming that the 
transistor operates in the linear region. Repeat the calculation for the saturation region.

Solution
In the linear region,

I
B

5
I

C

b
1

5
10

200
5 50 mA

In the saturation region,

I
B

5
I

C

b
2

5
10

10
5 1 A

Note that the base current in the saturation region is 20 times that in the linear 
region. This ratio is the same as b

1
/b

2
. ◀

2.1.2	 Field Effect Transistor (FET)
Field effect transistors (FETs) are widely used as electronic switches in computers and 
logic circuits. There are several subspecies of FETs, such as the junction gate FET (JFET), 
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17	 2.1  Transistors

The operation of FETs is based on the principle that the current near the surface of 
a semiconductor material can be changed when an electric field is applied at the surface. 
An example is shown in Figure 2.6. Two n-junctions (source and drain) are embedded 
in a p material. The gate, which is metal, connects to the positive side of a dc supply. 
The source and drain are connected to another dc supply, with the drain on the positive 
side and the source on the negative side. The voltage difference between the drain and 
source creates a current flowing in the channel. The magnitude of the current is affected 
by the strength of the electric field produced by the gate voltage. Thus, the gate voltage 
(not gate current) controls the drain current. 

Several characteristics can be obtained from the many FET subspecies. Figure 2.7 
shows two types of MOSFETs (NMOS and PMOS). Figure 2.8 shows the characteris-
tics of these MOSFETs. Either type can be built for either enhanced or depletion modes. 
These four modes are described in Table 2.1.

S

G

D

p

n n
I

+ + + + + +

Figure 2.6  N-channel IGFET
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S

D
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FIGURE 2.7  Common types of MOS transistors
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Chapter 2  Introduction to Solid-State Devices18

Transistor V
DS

V
GS

I
D

NMOS

Enhanced V
DS

. 0
V

GS
$ 0 

the more positive V
GS

, the  
greater the drain current

From source to drain

Depletion V
DS

. 0
V

GS
# 0 

the more negative V
GS

, the less  
the drain current

From source to drain

PMOS

Enhanced V
DS

, 0
V

GS
# 0

The more negative V
GS

,  
the higher the value of I

D

From drain to source

Depletion V
DS

, 0
V

GS
# 0

The more negative V
GS

,  
the lower the value of I

D

From drain to source

Table 2.1  NMOS and PMOS operating conditions

VGS  > VGS

VGS  > VGS

VGS  > VGS

VGS  < VGS

VGS  < VGS

VGS  < VGS

VGS  < VGS

VGS  < VGS

VGS  < VGS

VGS  < VGS

VGS  < VGS

VGS  < VGS

VGS  = 

VGS  = 

VGS  = 

VGS  = 

ID ID

ID ID

VDS VDS

VDS VDS

FIGURE 2.8  Characteristics of common MOS transistors
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19	 2.2  Thyristors

In power electronic circuits with multiple switches in bridge configurations, it is 
often desired to mix NMOS with PMOS transistors to simplify the triggering circuits. 
This is discussed in Chapter 3.

The main advantage of FETs over bipolar transistors lies in how the current in the 
switching circuit is controlled. The FETs are voltage-driven devices, unlike the current-
driven bipolar transistors. The gate voltage V

GS
 controls the drain current I

D
 of a FET, 

which is relatively easy to implement.

	 2.2	 Thyristors
Thyristor is a name given to a family of devices that includes the silicon-controlled 
rectifier (SCR), the bidirectional switch (triac), and the gate turnoff SCR (GTO). 
These devices can handle large currents and are widely used in power applica-
tions. Although not commonly used, other thyristor devices are also available for  
low-current control circuits, such as the silicon unilateral switch (SUS) and the bilat-
eral diode (diac).

2.2.1	 Four-Layer Diode
The four-layer diode is the basic form of thyristor. Its structure is shown below. The 
four-layer diode consists of four layers of semiconductor materials constructed in 
the p-n-p-n order. To understand its operation, reconstruct the thyristor in the form 
shown in the middle of Figure 2.9. The four-layer diode can be modeled as two 
three-layer devices (Q

1
 and Q

2
) with a common n-p junction. These two devices are 

in fact transistors, where Q
1
 is a p-n-p transistor and Q

2
 is an n-p-n transistor. The 

circuit representing these transistors is shown on the right side of Figure 2.9. The 
symbols A and K are for anode and cathode, which represent the emitters of Q

1
 and 

Q
2
, respectively.

When the anode-to-cathode voltage is negative, the base–emitter junctions of the 
two transistors are in reverse bias. Only leakage current flows between the anode and 
cathode. The leakage current is very small and the device is actually open. If the mag-
nitude of the applied voltage increases to a breakdown limit (called reverse breakdown 
V

RB
), the device is destroyed and a permanent short occurs. This phenomenon is known 

as thermal runaway.

A

p
n

n

n

p

K K K

A A

p

p

n

n
p

IAIA

IA

IC

IC

Figure 2.9  Four-layer diode
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Chapter 2  Introduction to Solid-State Devices20

When the anode-to-cathode voltage is positive, the base–emitter junctions of both 
transistors are in forward bias. In this case, the following equations apply:

	 I
C

1

5 a
1
I

A
1 I

CBO
1

	 (2.5)

	 I
C

2

5 a
2
I

A
2 I

CBO
2

	 (2.6)

	 I
A

5 I
C

1

1 I
C

2

	 (2.7)

	 I
A

5
I

CBO
1

2 I
CBO

2

1 2 (a
1

1 a
2
)
	 (2.8)

where a is the current gain (the ratio of collector current to emitter current), and I
CBO

 
is the leakage current in the collector–base junction. The current gain varies in magni-
tude depending on the collector-to-emitter voltage. If the voltage is small, the quantity  
a

1
 1 a

2
 is much less than one, and the anode current is very small. The device in this 

case is considered open. When the voltage increases, the current gain also increases. 
When the value of a

1
 1 a

2
 approaches unity, a breakover occurs, and the anode current 

tends to increase without limit. However, the impedance of the external circuit will limit 
the current according to Ohm’s laws. The voltage at breakover is called the breakover 
voltage or V

BO
.

The basic current–voltage characteristic of the four-layer diode is shown in Fig
ure 2.10. In the forward direction (quadrant 1), the anode current is negligibly small 
when the anode-to-cathode voltage is less than the breakover voltage V

BO
. At the break-

over voltage, the device starts to conduct, and the external circuit determines the magni-
tude of the forward current. During the conduction period, the voltage across the device 
is very small (<1 V). This voltage drop results in power losses inside the device; these 
losses produce heat that must be dissipated to protect the device from thermal damage.

If the anode current is reduced below a certain value called holding current I
h
, the 

device opens, and the current drops to zero. The voltage across the device is now equal 
to the source voltage. This process is called commutation.

IA

Ih
VRB

VAKVBO

Figure 2.10 
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21	 2.2  Thyristors

2.2.2	 Silicon-Controlled Rectifier
Figure 2.11 shows various silicon-controlled rectifiers (SCRs) used in power applica-
tions. SCRs are frequently used in power electronic circuits. However, this may change 
in the future, as the ratings of other devices such as IGBT are becoming high and are 
easier to control. Nevertheless, the popularity of the SCR is due to several factors, 
including the following:

●	 SCRs are cheaper to manufacture than other types of solid-state switches, such as 
the bipolar transistors and FETs.

●	 A single pulse, instead of the continuous signal needed by a bipolar transistor, can 
turn on an SCR. Hence, losses are reduced.

●	 In ac circuits, the SCR is self-commutated and may not need an external circuit to 
turn it off.

●	 An SCR can have much larger current and voltage ratings than the transistor.

The construction of an SCR is almost identical to that of the four-layer diode. The 
only difference is that the SCR has a third terminal, called the gate, which is connected 
to the third layer as shown in Figure 2.12. When the anode-to-cathode voltage is positive 

Figure 2.11  Various sizes of SCRs
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Figure 2.12  Silicon-controlled rectifier
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Chapter 2  Introduction to Solid-State Devices22

(but less than V
BO

), the SCR is open, and no anode current flows. The characteristic of 
the SCR, in this case, is identical to that of the four-layer diode. Now assume that a 
gate current signal I

G
 is applied when the anode–cathode voltage is less than V

BO
. The 

base current of transistor Q
2
 momentarily equals the gate current, and Q

2
 is turned on. 

Consequently, the collector current of Q
2
 provides the base current for Q

1
. Then Q

1
 is 

also turned on, and the entire SCR is closed. If the gate signal is removed after the SCR  
is turned on, the SCR remains in the on state because the base current of Q

2
 is provided 

by the collector current of Q
1
. The SCR is only turned off when the external circuit 

forces the anode current to fall below the holding value I
h
.

The SCR symbol and the current–voltage characteristics are shown in Figure 2.13. 
The characteristics are similar to those for the four-layer diode, except that the SCR can 
be turned on at a lower voltage than V

BO
.

The turn-on voltage V
TO

 is dependent on the magnitude of the gate current—the 
higher the gate current, the lower the turn-on voltage. When the gate pulse is as high as 
the rating permits, the SCR can be turned on at a very low anode-to-cathode voltage.

A general expression relating the turn-on voltage V
TO

 to the equivalent dc gate cur-
rent I

G
 can be written as

	 V
TO

5 V
BO

e2(I
G
K)	 (2.9)

where K is a constant whose value is dependent on the device characteristics. Keep in 
mind that the formula of Equation (2.9) is empirical. For more accurate information 
about SCR triggering characteristics, you should consult with the specification sheet of 
the particular device.

▶	 Example 2.2

An SCR is connected in series with an ac voltage source of 120 V (rms value) and a load 
resistance. The breakover voltage of the SCR V

BO 
5 200 V, and K 5 0.2 mA21. Calculate 

IA

Ih
VRB

vAKvBOvTO

A

K

G

IG  = 

IG  > IG

IG  > IG

Figure 2.13  SCR symbol and characteristics
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23	 2.3  Other Power Devices

Solution
The source voltage can be written as

V
s
5 Ï2(120)sin(vt)

When the SCR is open, the voltage across the SCR is equal to the source voltage. For 
a 30° triggering angle, the voltage across the SCR is

V
TO

5 Ï2(120)sin(308)

The dc triggering current can then be calculated using Equation (2.9):

	
V

TO
5 Ï2(120) sin (308) 5 200e2(0.2I

G
)

I
G

5 4.29 mA
 �

◀

	 2.3	 Other Power Devices
A number of new hybrid designs of power electronic devices offer a variety of new 
characteristics or substantial modifications to the existing single devices. In this section, 
a few of these hybrid devices are described. However, be aware that changes in this area 
are very rapid, and that newer devices are continually emerging.

2.3.1	 Darlington Transistor
When a bipolar transistor operates as a switch, only the cutoff and saturation regions are 
used. In the saturation region, the current gain b is very small. Hence, when the transis-
tor is closed, a large base current is needed. This base current must be maintained for as 
long as the transistor is closed. The continuous large base current results in high transis-
tor losses and demands an extensive control circuit to provide it.

Assume that the load current (which is equal to the emitter current) is 100 A, and b 
is 4. The base current in this case must be

100

1 1 b
5 20 A

which is very large. To reduce the base current, two transistors can be connected in 
Darlington fashion as shown in Figure 2.14. The emitter current of Q

1
 is (1 1 b

1
)I

B1
. 

Figure 2.14  Darlington transistor

E

C

IB

IE

IB
B
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This emitter current is also equal to the base current of transistor Q
2
. The emitter current 

of transistor Q
2
 is

	 I
E

2

5 (1 1 b
2
)I

B
2

5 (1 1 b
2
)(1 1 b

1
)I

B
1

	 (2.10)

Hence, the ratio of the emitter current of Q
2
 (which is the load current) and the base 

current of Q
1
 (which is the triggering current) is

	
I

E
2

I
B

1

5 (1 1 b
1
)(1 1 b

2
)	 (2.11)

Assume that Q
1
 and Q

2
 are identical transistors with b

1
 5 b

2
 5 4. Also assume that 

the load current is 100 A. In this case, the base current for the Darlington transistor 
is 4 A, which is one-fifth of the base current computed for the single transistor in the 
preceding case.

E

C

IB

IE

G

D

VGS

Figure 2.15  MOSFET and bipolar circuit

2.3.2	 Insulated Gate Bipolar Transistor (IGBT)
Bipolar transistors are devices with relatively low losses in the power circuit (collector 
circuit) during the conduction period, due to their relatively low forward drop V

CE
 when 

closed. Bipolar transistors are also more suitable for high switching frequencies than SCRs. 
These are very desirable features for power applications. However, bipolar transistors have 
very low current gains at the saturation region (when closed). Thus, the base currents are 
relatively high, which makes the triggering circuits bulky, expensive, and of low efficiency.

On the other hand, MOSFETs are voltage-controlled devices that require very small 
input current. Consequently, the triggering circuit is much simpler and less expensive to 
build. In addition, the forward voltage drop

 
V

DS
 of a MOSFET is small for low-voltage 

devices (,200 V). At this voltage level, the MOSFET is a fast-switching power device. 
Because of these features, MOSFETs replace bipolar transistors in low-voltage applica-
tions (,200 V).

In high-voltage applications (.200 V), both the bipolar transistor and the MOSFET 
have desirable features and drawbacks. Combining the two in one circuit, as shown 
in Figure 2.15, enhances the desirable features and diminishes the drawbacks. The 
MOSFET is placed in the input circuit and the bipolar transistor in the output (power) 
circuit. The MOSFET is triggered by a voltage signal with a very low gate current. 
Then the source current of the MOSFET triggers (closes) the bipolar transistor. The 
losses of the output power circuit are relatively low even for high-voltage applications. 
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25	 2.4  Ratings of Power Electronic Devices

Furthermore, because the output circuit is a bipolar transistor, it can be used in high-
frequency switching applications. These two devices can now be included on the same 
wafer; the new device is called the insulated gate bipolar transistor or IGBT. The symbol  
(for N-channel type) and characteristics of an IGBT are shown in Figure 2.16.

	 2.4	 Ratings of Power Electronic Devices
Most power electronic devices are robust with a long operational life, providing they 
are adequately protected against excessive currents and voltages. A quick summary of 
various aspects of power device protection follows.

1.	 Steady-state circuit ratings. The steady-state current and voltage of the circuit 
should always be less than the device ratings. A good rule of thumb is to select a 
device that has ratings at least double the circuit requirements.

2.	 Junction temperature. Losses inside solid-state devices are due to impurities of 
their material as well as to the operating conditions of their circuits. These losses 
are as follows:

a.	 During the conduction period, the voltage drop across the solid-state device is about 
1 V. This voltage drop, multiplied by the current inside the device, produces losses.

b.	 When the device is in the blocking mode (open), a small amount of leakage cur-
rent flows inside the device, which also produces losses.

c.	 The gate circuits of the SCRs and FETs and the base circuits of the transistors 
produce losses due to their triggering signals.

d.	 Every time the solid-state device is turned on or off, switching losses are pro-
duced. These losses are usually higher for faster devices and for devices operat-
ing in high-frequency modes.

VGS  > VGS  > VGSIC

VCE

VGS

VGS

IC

VG E

C

G

IC

Figure 2.16  Characteristics of the IGBT
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Chapter 2  Introduction to Solid-State Devices26

All these losses produce heat inside the solid-state junctions. The heat can be toler-
ated up to a critical level; 125°C is a typical value. For excessive heat beyond the 
critical value, the device may suffer from temporary failure or permanent damage.

To help dissipate the junction temperature, a cooling method must be used. The 
most common cooling device is the heat sink made of a metal sheet with fins. 
Examples of heat sinks are shown in Figure 2.17. The solid-state device is mounted 
directly on the heat sink. Any junction heat is transferred to the heat sink, which in 
turn dissipates it in the surrounding air. Liquid and gas cooling are also common 
methods used for high-power devices.

3.	 Surge current. It is the absolute maximum of the nonrepetitive impulse current.

4.	 Switching time. The turn-on time is the interval between applying the triggering 
signal and the turn-on of the device. The turn-off time is the interval elapsed while 
the device is switching from the on state to the off state. The longer the switching 
time is, the lower the operating frequency of the circuit.

5.	 Critical rate of rise of current (or maximum di /dt). A solid-state device can be 
damaged if the di /dt of the circuit exceeds the maximum allowable value of the 
device, and di /dt damage can occur even if the current is below the surge limit of 
the device. To protect the device from this damage, a snubbing circuit for di/dt must 
be used.

6.	 Critical rate of rise of voltage (or maximum dv/dt). When dv/dt across a device 
exceeds its allowable limit, the device is forced to close. This is a form of false trig-
gering that may lead to excessive current or excessive di /dt. To protect the device 
against excessive dv/dt, a snubbing circuit for dv/dt must be used.

	 2.5	 di/dt and dv/dt Protection
To protect a power electronic device against excessive di/dt and dv/dt, a snubbing circuit 
must be used. The function of this circuit is to limit the current and voltage transients. 
A simple snubbing circuit for a solid-state switch is shown in Figure 2.18. The circuit is 
composed of a source voltage V, a load Z

L

Figure 2.17  Heat sinks

Power electronic module mounted  
on heat sink

Power transistors mounted  
on heat sinks
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27

has a snubbing inductor L
s
 to limit the current transient (di/dt) inside the SSW. It also 

contains an R
s
 and C

s
 circuit to limit the voltage transient (dv/dt) across the SSW.

Let us first assume that the load has the following impedance:

	 Z
L

5 R 1 jvL 1
1

jvC
	 (2.12)

Now examine Figure 2.19 for the case when the SSW is closing. In this situation, two 
currents pass through the SSW: i

1
 and i

2
. The current i

1
 flows from the source to the load 

through the SSW. The current i
2
, which does not reach the load, flows from the charged 

capacitor C
s
 to the SSW. 

The current i
1
 can be written in Laplace form as

	 I
1
(S) 5

V(S)

R 1 SL
t
1

1

SC

	 (2.13)

where L
t 
5 L

S 
1 L .

LS

RS

ZL

CS

V

FIGURE 2.18  Snubbing circuit for di/dt and dv/dt protection of a solid-state switch

LS

i

i

RS

ZL

CS

V

+

FIGURE 2.19  Currents when solid-state switch is closing

	 2.5  di/dt and dv/dt Protection
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Chapter 2  Introduction to Solid-State Devices28

Assume that the source voltage is a step input to account for a sudden change in 
voltage when the switch closes. Hence, V(S ) 5 V/S. If we set V to be the peak value 
of the source voltage, we account for the worst sudden change. In this case, Equation 
(2.13) can be written as

	 I
1
(S) 5

Cv2
n
V

S2 1 2jv
n
S 1 v2

n

	 (2.14)

where	 v
n

5Î 1

C L
t

		   j 5
R

2ÎC

L
t

j is known as the damping coefficient, and v
n
 is the natural frequency of oscillation. The 

time domain solution of Equation (2.14) is

	 i
1
(t) 5

CVv
n

Ï(1 2 j 2)
 e2jvnt sin_vnÏ(1 2 j 2)t +	 (2.15)

The di
1
/dt can be computed using Equation (2.15).

	
di

1

dt
5

2CVv2
n
j

Ï(1 2 j 2)
 e2jvnt sin_vnÏ(1 2 j 2)t + 1 CVv2

n
e2jvnt cos _vnÏ(1 2 j 2)t +	 (2.16)

From the above equation, the maximum di
1
/dt occurs at the initial time (t 5 t

0  
5 0). Hence,

	 1di
1

dt 2
max

5 CVv2
n

5
V

L
t

	 (2.17)

At this condition, the snubbing inductor is

	 L
s
5

V

1di
1

dt 2
max

2 L	 (2.18)

For adequate protection, L
s
 should be selected so that V is substituted by the maximum  

forward-blocking voltage V
BO

, as this is the value at which the SSW is forced to close 
even without a triggering signal. Also, we can replace the (di

1
/dt)

max
 by a percentage of 

the di
1
/dt rating of the SSW to account for a margin of safety. Hence,

	 L
s
5  

V
BO

k 1di

dt2
rating

 2 L	 (2.19)

where k is a reduction factor often ranging between 10% and 50% depending on the 
desired degree of protection. Smaller values of k lead to larger values of L

s
. 

Equation (2.19) should be adequate to protect the SSW from excessive di/dt from 
the source loop. This is only one of the two currents that exist during the closing of the 
switch. The other is i

2
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Since the loop consists of the capacitor C
s
 in series with the resistance R

s
, the initial cur-

rent i
2
(t

0
) is limited by the charge of the capacitor and the value of R

s
.

	 i
2
(t

0
) 5

V
cap

R
s

    	 (2.20)

where V
cap

 is the capacitor voltage due to its existing charge before the SSW is closed. 
The worst scenario is when the voltage across C

s
 is equal to the maximum voltage of 

the supply V. Hence,

	 i
2
(t

0
) 5

V

R
s

    	 (2.21)

Substituting i
2
(t

0
) by a percentage of the maximum current of the SSW, R

s
 can be 

selected as

	 R
s
5

V

kI
max

	 (2.22)

where I
max

 is the maximum current of the SSW, and k is a reduction factor.
The RC circuit (R

s
 and C

s
) can also protect the SSW from excessive dv/dt. Let us 

consider the case when the switch is opening, as shown in Figure 2.20. In this case, 
assume that the capacitor is not charged when the SSW opens to account for the largest 
flow of the current i

3
. This current flows in the circuit until the capacitors of the snubbing 

circuit is fully charged. To account for the worst scenario, we can ignore the capacitor of 
the load and the inductances; the equation for the voltage across the SSW (v

SSW
) is

	 v
SSW

 5  V _1 2 e2
t
t+	 (2.23)

where t is the time constant, t 5 R
s
C

s
. 

The dv/dt across the SSW is

	
dv

SSW

dt
5

V

R
s
C

s

 e2t
t	 (2.24)

LS

i

RS

ZL

CS

V

+

FIGURE 2.20  Current when solid-state switch is opening

	 2.5  di/dt and dv/dt Protection
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The largest dv
SSW

/dt occurs at t
0
. In this case,

	 1dv
SSW

dt 2 
 max

5
V

R
s
C

s

  	 (2.25)

Computing C
s
, taking into account that dv

SSW
/dt should not exceed a percentage of 

the rated dv/dt of the SSW, yields

	 C
s
5

V

k1dv

dt2
rating

R
s

	 (2.26)

where k is a reduction factor.

▶	 Example 2.3

An SSW is connected between a source and a resistive load. The maximum di/dt of 
the switch is 100 A/ms and the maximum nonerepetitive forward blocking voltage 
V

BO
 is 400 V. Calculate the minimum value of the snubbing inductance.

Solution
Direct substitution in Equation (2.19) assuming k 5 10% yields

L 5  
400

0.1 3  100
 5  40 mH

To reduce the size of the inductor, iron-core material can be used. However, the 
problem with iron-core inductors is core saturation, which reduces the value of the 
inductance when the current is high. On the other hand, air-core inductors do not 
suffer from saturation but are bulky. Nevertheless, because of saturation problems, 
air-core inductors are used in snubbing circuits. ◀

▶	 Example 2.4

Design a snubbing circuit to protect an SCR from excessive dv/dt. The SCR is con-
nected to a source whose maximum voltage is 100 V. The snubbing circuit must not 
allow the SCR to exceed the following:

	  V
BO

5 400 V

	  I
 max 

5 100 A

	 
dv

dt
5 1500 V/ms

Solution
The first step is to select R

s
 using Equation (2.22) and assuming k 5 20%.

R
s
5

V

k I
 max 

5
100

0.2 3  100
5 5V
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Now select C
s
 from Equation (2.26).

C
s
5

V

k 1dV

dt 2
rating

R
s

5
100

0.2 3  1500 3 103 3 5
5 66.67  mF

Because capacitors don’t come in variable values, the next commercial value should 
be selected. ◀

CHAPTER 2 P roblems

	 2.1	 A bipolar transistor is connected to a resistive load as shown in Figure 2.21. The 
source voltage V

CC
 is 60 V and R

L
 is 5 V.

		

IB

VCE

RL

VCC

IC

Figure 2.21

		  In the saturation region, the collector–emitter voltage V
CE

 is 5 V and b is 6. 
While the transistor is in the saturation region, calculate the following:

a.	 Load current
b.	 Load power
c.	 Losses in the collector circuit
d.	 Losses in the base circuit
e.	 Efficiency of the circuit

	 2.2	 For the transistor in Problem 2.1, compute the load current, load power, and 
efficiency of the circuit when the transistor is in the cutoff region. Assume that 
the collector current is 100 mA in the cutoff region.

	 2.3	 Design a snubbing circuit for a power bipolar transistor that operates in a circuit 
between a resistive load of 20 V and an ac source of 120 V (rms) at 60 Hz. The 
available ratings of the transistor are

1dv
ce

dt 2
 
max

5 300 V/ms  1di
c

dt 2max
5 20 A/ms  (V

ce
)

max
5 600 V

	 2.4	 Design a snubbing circuit for a power transistor that operates in a circuit con-
sisting of an inductive load and an ac source. The resistive component of the 
load is 20 V and the inductive component is 10 V. The ac source is 120 V (rms) 
at 60 Hz. The transistor has the same ratings as the one in Problem 2.3.

CHAPTER 2  Problems 
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3

Introduction to Solid-State 
Switching Circuits

Reduction of system losses is one of the major achievements resulting from the use of 
solid-state power devices. As an example, the induction motor is known for its low effi-
ciency at light loading conditions. To reduce its losses, the terminal voltage of the motor 
should be reduced during no-load or light loading conditions. This can be achieved by 
using an autotransformer equipped with control mechanisms for voltage adjustment. 
This is an expensive option that also requires much maintenance. An alternative method 
is to use a power electronic circuit designed to control the motor voltage; this option is 
often much cheaper and more efficient.

In addition to improving system efficiency, power electronic devices can greatly 
enhance system operation and can provide features that may not otherwise be achieved. 
For example, when an induction motor is operating in a variable-speed environment, the 
frequency of the supply must vary. (Speed control of the induction motor is explained in 
a later chapter.) Without a power electronic circuit, the frequency can only be varied by 
using complex electromechanical systems employing several electric machines.

In this chapter, we will introduce the concept of solid-state switching circuits 
applied to static loads (resistive, inductive, and capacitive). Solid-state switching for 
dynamic loads, such as electric motors, is treated in later chapters. In the following 
analyses, we will assume that the solid-state devices are ideally switched without losses 
or transients.

	 3.1	 �Single-Phase, Half-Wave, ac/dc Conversion 
for Resistive Loads

Figure 3.1 shows a simple circuit consisting of an alternating current source of potential 
v

s
, a load resistance, and an SCR connected between the source and the load. An external 

circuit, not shown in the figure, triggers the SCR. The load voltage is labeled v
t
. Assume 

that the SCR is an ideal device with no voltage drop during conduction. When the SCR 
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33	 3.1  Single-Phase, Half-Wave, ac/dc Conversion for Resistive Loads

is open, the current of the circuit is zero and the load voltage is also zero. When the SCR 
is closed, the voltage across the resistance is equal to the source voltage.

Let us assume that the source voltage is sinusoidal, expressed by the equation

	 v
s
5 V

max
 sin(vt)	 (3.1)

At an angle vt 5 a, the SCR is triggered (closed). No current existed in the circuit 
before the SCR was triggered. For the discontinuous current operation of this switching 
circuit, the current waveform can be expressed by

	 i 5
v

s

R
 (u

a
2 u

b
)	 (3.2)

where u
a
 and u

b
 are step functions defined as

u
a

5 u(vt 2 a),    u
a

5 0  for vt , a, otherwise u
a

5 1

u
b

5 u(vt 2 p),    u
b

5 0 for vt , 180°, otherwise u
b

5 1

The waveforms of the current and voltages are shown in Figure 3.2. Before a, the 
current and the load voltage are both zero. After a, the SCR is closed and the load voltage 

i
vs

vt R

+

–

Figure 3.1  Half-wave SCR with resistive load

vt i

vs

vt

vt

v

a

a

Figure 3.2  Waveforms of the circuit in Figure 3.1
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is equal to the source voltage. The current, as expressed in Equation (3.2), is equal to 
zero except between a and p. At p, the current reaches zero and the SCR is turned off. 
(Remember that the SCR is turned off when its current falls below its holding value.) The 
voltage across the SCR is zero while closed. When the SCR is open, the voltage across its 
terminals is equal to the source voltage. The voltage across the load can be expressed by

	 v
t
5 iR 5 v

s
(u

a
2 u

b
)	 (3.3)

The average voltage across the resistance (V
ave

) is a function of the area under the wave-
form of v

t
.

	 V
ave

5
1

2p#
2p

0

v
s
(u

a
2 u

b
) dvt 5

1

2p#
p

a

v
s
 dvt 5

1

2p#
p

a

V
max

 sin(vt) dvt

	 V
ave

5
V

max

2p
 (1 1 cos a)	 (3.4)

Figure 3.3 shows the load average voltage, which is expressed by Equation (3.4). 
The maximum average voltage is V

max
/p, which is obtained when the triggering angle is 

zero. The minimum average voltage is zero at a 5 p. The average current of the circuit 
is linearly proportional to the load average voltage

	 I
ave

5
V

ave

R
	 (3.5)

▶	 EXAMPLE 3.1

A single-phase, half-wave SCR circuit is used to reduce the average voltage across a 
nonlinear resistance with a resistive value represented by

R 5 0.2 V 2
ave

1 5 V

The source voltage of the circuit is 110 V(rms). Calculate the average current when 
the triggering angle is 90°.

V

V /p

p/ ap

V / p

Figure 3.3  Average voltage across the load
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Solution
The first step is to calculate the average voltage across the load as given in  
Equation (3.4):

V
ave

5
V

max

2p
 (1 1 cos a) 5

Ï2 110

2p
 [1 1 cos(908)] 5 24.75 V

The resistance of the load is a nonlinear function of the average voltage. At 24.75 V, 
the load resistance is

R 5 0.2 V 2
ave

1 5 5 0.2 (24.75)2 1 5 5 127.6 V

The average current of the load can be obtained by dividing the average voltage over 
the load resistance:

	 I
ave

5
V

ave

R
5

24.75

127.6
< 0.2 A� ◀

3.1.1  � Root-Mean-Squares
Electric quantities (current, voltage, and power) are often expressed by their root-mean-
square (rms) values. In a purely sinusoidal system, the rms value is

V
rms

5
V

max

Ï2

where V
max

 is the maximum (peak) of the voltage waveform and V
rms

 is the root- 
mean-square.

In nonsinusoidal systems, the above equation is not valid. The rms then must be 
computed using the basic definition for the rms values. To do that, you first compute the 
square of the waveform, find its average value, and then compute its square root. These 
three steps are shown in Equation (3.6).

	 V
rms

5Î 1

2p#
2p

0

[v(t)] 2 dvt 5Î 1

2p#
2p

0

[V
max

 sin(vt)] 2 dvt	 (3.6)

Since the load voltage exists only during the conduction period (between a and p), the 
integration limits of Equation (3.6) are also the limits of the conduction period.

	 V
rms

5 ÎV 2
max

2p #
p

a

[sin(vt)] 2 dvt 5 ÎV 2
max

4p #
p

a

[1 2 cos(2vt)] dvt

	 V
rms

5
V

max

2 Î31 2
a

p
1

sin(2a)

2p 4	 (3.7)

	 V
rms

5
V

s rms

Ï2
Î11 2

a

p
1

sin(2a)

2p 2	 (3.8)
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where V
s rms

 is the rms voltage of the sinusoidal source

V
s rms

5
V

max

Ï2

Figure 3.4 and Equation (3.8) show that the rms voltage across the load V
rms

 is a function 
of the triggering angle a. When a 5 0,

V
rms

5
V

s  rms

Ï2

The rms current can also be calculated similarly to the way given in Equation (3.6). A 
simpler method is to use the expression

I
rms

5
V

rms

R

▶	 EXAMPLE 3.2

An ac source of 110 V (rms) is connected to a resistive element of 2 V through a 
single SCR. For a 5 45° and 90°, calculate the following:

a.	 rms voltage across the load resistance

b.	 rms current of the resistance

c.	 Average voltage drop across the SCR

Solution
For a 5 458

a.	 	 V
rms

5
V

s rms

Ï2
Î31 2

a

p
1

sin(2a)

2p 4
			      5

110

Ï2
Î31 2

458(py1808)
p

1
sin(908)4 5 74.13 V

V

ap

Vs 

   

Figure 3.4  rms voltage of the load
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b.	 	 I
rms

5
V

rms

R
5

74.13

2
5 37.07 A

c.	 As shown in Figure 3.2, the voltage across the SCR is equal to the source 
voltage when the SCR is not conducting. When the SCR is closed, the voltage 
across its terminals is zero. Hence, the average voltage across the SCR can be 
computed as

V
SCR

5
1

2p3#
a

0

v
s
 dvt 1 #

2p

p

v
s 
dvt4 5 2

V
max

2p
 (1 1 cos a)

V
SCR

5 2
Ï2 110

2p
 [1 1 cos(458)] 5  242.27 V

Note that the average voltage across the SCR is a negative quantity. This is expected, 
because most of the waveform across the SCR is negative when the SCR is not con-
ducting, as shown in Figure 3.2.

For a 5 908

a.	 	 V
rms

5
V

s rms

Ï2
Î31 2

a

p
1

sin(2a)

2p 4 5
110

Ï2
  Î31 2

908(py1808)
p 4 5 55 V

b.	 	 I
rms

5
V

rms

R
5

55

2
5 27.5 A

c.	 	 V
SCR

5 2
V

max

2p
 (1 1 cos a) 5 2

Ï2 110

2p
5 224.76 V

	 It is expected that the rms voltage and rms current are lower when the triggering 
angle increases. However, it may not be obvious why the average voltage across 
the SCR is also lower. It is lower because more of the positive ac voltage waveform 
will be across the SCR when it is not conducting. As shown in Figure 3.2, when the 
positive section of the SCR voltage increases, the magnitude of the SCR’s average 
voltage is reduced. ◀

3.1.2   Electric Power
Electric power is the average quantity of the instantaneous power, which is the direct 
multiplication of the instantaneous current and instantaneous voltage. The integration of 
power is known as energy. The power computation is very essential in power electronic 
circuits because it provides information on the flow of energy in the circuit as well as on 
circuit performance and efficiency. In circuits with purely sinusoidal waveforms, the com-
putation of power is very straightforward. However, in circuits with discontinuities, the 
power must be computed by special methods. Three of these methods are discussed here.

3.1.2.1   The RMS Method
This is the most common method for calculating electric power. It is based on the rms 
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	 P 5
V 

2
rms

R
5 I 

2
rms

 R	 (3.9)

Substituting the value of V
rms

 of Equation (3.7) into Equation (3.9) yields

	 P 5
V 

2
max

8pR
 [2(p 2 a) 1 sin(2a)]	 (3.10)

3.1.2.2   The Instantaneous Power Method
Electric power is also the average value of the instantaneous power p(t).

	 p(t) 5 i(t) v(t)	 (3.11)

where i(t) is the instantaneous current and v(t) is the instantaneous voltage. For the 
particular case of a resistive load, the instantaneous power can also be represented by

	 p(t) 5
v(t)2

R
	 (3.12)

The power P consumed by the load is the average value of Equation (3.11) or (3.12):

	 P 5
1

2p#
2p

0

p(t) dvt 5
1

2p#
2p

0

  
v(t)2

R
 dvt	 (3.13)

For the conduction period between a and p, the integration limits of Equation (3.13) can 
be changed to the limits of the conduction period.

P 5
1

2p#
p

a

  
v(t)2

R
 dvt 5

1

2p#
p

a

  
[V

max 
sin(vt)]2

R
 dvt

P 5
V 2

max

2pR#
p

a
  
[sin(vt)]2 dvt 5

V 2
max

4pR#
p

a
  
[1 2 cos(2vt)] dvt

	 P 5
V 2

max

8pR
 [2(p 2 a) 1 sin(2a)]	 (3.14)

Note that Equation (3.14) is identical to Equation (3.10).
Figure 3.5 shows the electric power as a function of the triggering angle a. The 

average power consumed by the load is determined by the triggering angle a (assuming 
the source voltage and load resistance are both constant). The maximum value of the 
average power occurred at a 5 0. At a 5 p, the load power is zero.

3.1.2.3   �The Harmonics Method
Based on the law of conservation, load power can also be calculated by using the equa-
tions at the source side. The process is more involved since the waveform of the source 
voltage is sinusoidal and that of the current is discontinuous. Let us start by defining the 
instantaneous power at the source side as

	 p(t) 5 v
s
(t) i(t)	
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39	 3.1  Single-Phase, Half-Wave, ac/dc Conversion for Resistive Loads

where v
s
(t) is the source voltage and i(t) is the current of the circuit. Since the current is 

discontinuous, it can be represented by the Fourier series

	 i(t) 5 i
dc

1 i
1
(t) 1 i

2
(t) 1 i

3
(t) 1 . . .	 (3.16)

where i
dc

 is a dc component of i(t), i
1
(t) is the fundamental frequency component, i

2
(t) is 

the second harmonic current, and so on.
Only voltages and currents of the same frequency produce power. If the frequencies 

of the current and voltage are not identical, the average value of Equation (3.15) is zero. 
Assume that the source voltage is purely sinusoidal. Then the average power can only 
be produced by the fundamental component of i(t).

	 P 5 V
s rms

 I
1 rms

 cos f
1
	 (3.17)

where f
1
 is the phase shift between the fundamental frequency current and the source 

voltage. I
1 rms

 is the rms value of i
1
(t). V

s rms
 is the rms value of the source voltage. 

Both f
1
 and I

1 rms
 can be computed by using the Fourier formula for fundamental 

components

	 i
1
(t) 5 c

1
 sin(vt 1 f

1
)	 (3.18)

where

	    c
1

5 Ïa2
1

1 b 2
1
	 (3.19)

	 f
1

5 tan211a
1

b
1
2	 (3.20)

 a
1

5
1
p

 #
2p

0

i(vt) cos(vt) dvt

b
1

5
1
p

 #
2p

0

i(vt) sin(vt) dvt

P

ap

   
V

  R

Figure 3.5  Electric power of the load
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where i(t) is the total current of Equation (3.16), including all harmonics. This is the 
source voltage divided by the load resistance during the conduction period. Outside 
the conduction range, the current is equal to zero. Hence, a

1
 and b

1
 can be computed as 

follows:

	 a
1

5
1
p

 #
p

a

 I
max

 sin(vt) cos(vt) dvt 5
I

max

2p
 [cos(2a) 2 1]	 (3.21)

	 b
1

5
1
p

 #
p

a

 I
max

 [sin(vt)] 2 dvt 5
I

max

4p
 [sin(2a) 1 2(p 2 a)]	 (3.22)

where

I
max

5
V

s max

R

The phase shift angle of the fundamental current is

	 f
1

5 tan211a
1

b
1
2 5 tan213 2 (cos(2a) 2 1)

sin(2a) 1 2(p 2 a)4	 (3.23)

The angle f
1
 is also called the displacement angle. The cosine of this angle is called the 

displacement power factor, or DPF.

	 DPF 5 cos f
1

5
b

1

c
1

	 (3.24)

Equation (3.23) shows that when a is equal to zero, the current of the fundamental fre-
quency and the source voltage are in phase, and the displacement angle is equal to zero.

Let us go back to the calculation of the power. We rewrite Equation (3.17) as

P 5 V
s rms  

I
1 rms

 cos f
1

5
V

s max
 I

1 max

2
 cos f

1
5

V
s max 

c
1

2
 cos f

1

Replacing c
1
 by the formula in Equation (3.19) and substituting for cos f

1
 yields

P 5
V

s maxÏa2
1

1 b2
1

2
  

b
1

Ïa2
1

1 b2
1

5 V
s max 

b
1

2

	 P 5
V

s max
 I

max

8p
 [2(p 2 a) 1 sin (2a)] 5

V 2
s max

8pR
 [2(p 2 a) 1 sin (2a)]	 (3.25)

Note that the calculations of power using Equation (3.10), (3.14), or (3.25) give identi-
cal results.

3.1.3   dc Power
Another widely used term for electric power is known as dc power, P

dc
, which is defined as

	 P
dc

5 V
ave

 I
ave
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41	 3.1  Single-Phase, Half-Wave, ac/dc Conversion for Resistive Loads

Keep in mind that the dc power is not equal to the power computed in Equation (3.17); 
it is mainly used as a simple and approximate number.

▶	 EXAMPLE 3.3

An ac/dc, single-phase SCR converter is connected to a 10 V resistive load. The 
voltage on the ac side is 110 V (rms). The triggering angle of the converter is 60°. 
Compute the power dissipated in the load resistance using the instantaneous power 
and the harmonics method.

Solution
The power computed by the instantaneous power method is given in Equation (3.14):

	 P 5
V 2

max

8pR
 [2(p 2 a) 1 sin(2a)] 5

2(110)2

8p(10)
 321p 2 608 

p

18082 1 sin(1208)4 < 486 W

Now we use the harmonics method:

a
1

5
I

max

2p
 [cos(2a) 2 1] 5

V
max

2pR
 [cos(1208) 2 1] 5 23.71

b
1

5
I

max

4p
 [sin(2a) 1 2(p 2 a)] 5 6.24

c
1

5 Ïa2
1

1 b2
1

5 7.26

f
1

5 tan211a
1

b
1
2 5 30.73° lagging

P 5 V
s rms  

I
1 rms 

cos (f
1
) 5

V
s rms 

c
1

2
 cos(f

1
) 5

Ï2(110)(7.26)

2
 cos(30.738) < 486 W�◀

3.1.4   Power Factor
As described in Equation (3.11), instantaneous power is defined as the multiplication of 
the instantaneous current by the instantaneous voltage. In a purely sinusoidal circuit, the 
voltage and current can be expressed as

v(t) 5 V
max

 sin(vt)

i(t) 5 I
max

 sin(vt 2 f)

where f is the phase shift between the voltage and current waveforms. In a purely 
resistive load, the phase shift is zero. In a purely capacitive and inductive load, f 5 
90° and f 5 290°, respectively. The general expression of instantaneous power is

p(t) 5 v(t) i(t) 5 V
max

 I
max

 sin(vt) sin(vt 2 f)

p(t) 5
V

max
 I

max

2
 [cos(f) 2 cos(2vt 2 f)]
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Recalling that the rms voltage and current are V
max

/Ï2 and I
max

/Ï2, we can write 
the equation of instantaneous power as

	 p(t) 5 V
rms

 I
rms

 cos f 2 V
rms

 I
rms 

cos(2vt 2 f)	 (3.27)

The first term of Equation (3.27) is the real power, and the second term is the reactive 
power. The power that produces work is the average value of p(t). When we compute the 
average power (P) by using Equation (3.27), only the first term will be nonzero.

	 P 5
1

2p
 #

2p

0

 p(t) dvt 5 V
rms

 I
rms 

cos f	 (3.28)

where cos f is called the power factor, or pf. The apparent power S is defined as

S 5 V
rms

 I
rms

Hence,

	 pf 5 cos(f) 5
P

S
	 (3.29)

The pf is a good indicator of how much of the apparent power is converted into work. 
For given values of voltage and current, the maximum value of P is for a resistive load 
when f 5 0.

In circuits with current harmonics, the power factor is defined in a similar way. As 
you recall from Equation (3.17), a voltage and a current of the same frequency produce 
power. Assume that the ac supply is a sinusoidal voltage source; then

P 5 V
rms 

I
1 rms 

 cos f
1

where I
1 rms

 is the rms value of the current component at the frequency of the supply 
voltage. This is known as the fundamental component or first harmonic. The phase 
angle f

1
 is defined in Equation (3.20); this is the phase shift between the voltage 

waveform and the fundamental component of the current waveform. Since f
1
 is the  

phase shift of the fundamental component alone, it is called the displacement power 
factor angle. As given in Equation (3.24), cos f

1
 is called the displacement power 

factor, or DPF.
The pf of a system with harmonics is defined the same way as given in  

Equation (3.29):

	 pf 5
P

S
5

V
rms

 I
1 rms

 cos f
1

V
rms

 I
rms

5
I

1 rms

I
rms 

 cos f
1

5
I

1 rms

I
rms

 DPF	 (3.30)

Note that when the harmonics are severe, the ratio of the fundamental current to the 
total current is small. This results in a low power factor even for a resistive load. A poor 
power factor is a very undesirable aspect of power electronics, since it indicates that 
only a small portion of apparent power S is converted to work.

▶	 EXAMPLE 3.4
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43	 3.2  Single-Phase, Full-Wave, ac/dc Conversion for Resistive Loads

Solution
In Example 3.3, we computed the following parameters:

a
1

5 23.71

b
1

5 6.24

c
1

5 Ïa2
1

1 b2
1

5 7.26

f
1

5 tan211a
1

b
1
2 5 30.73° lagging

Now let us compute the rms value of the fundamental current:

I
1 rms 

5
c

1

Ï2
5

7.26

Ï2
5 5.13 A

The total rms current can be computed by using the load rms voltage as given in 
Equation (3.8):

I
rms

5
V

rms

R
5

V
s rms

R Î31 2
a

p
1

sin(2a)

2p 4 5 9.86 A

The power factor can now be computed as

pf 5
I

1 rms

I
rms

 cos(f
1
) 5

5.13

9.86
 cos(30.738) 5 0.447

	 Note that the power factor is poor, even for this resistive load. If the circuit has 
no switching device, the harmonics will not be present, and the power factor will be 
equal to one. ◀

	 3.2	 �Single-Phase, Full-Wave, ac/dc Conversion 
for Resistive Loads

Figure 3.6 shows an example of a full-wave SCR circuit, which is known as a full-wave 
bridge. The circuit consists of four solid-state switches (SCRs) and a resistive load. S

1
 and 

S
2
 are triggered when point A of v

s
 is positive, whereas S

3
 and S

4
 are triggered when it is 

negative. The waveforms of the full wave circuit are shown in Figure 3.7. When S
1
 and S

2
 

are triggered, the current i
1
 flows in the direction of the solid arrows. The current will cease 

conduction when the potential of point A reaches zero at 180°. The waveform of the load 
voltage during this period is identical to that of v

s
. During the negative half of the sine wave, 

point B is positive. When S
3
 and S

4
 are triggered, the current i

2
 flows in the direction of the 

dashed arrows. Due to this bridge arrangement, i
1
 and i

2
 flow in the same direction in the load 

branch. This makes point C always positive with respect to point D. Hence, the load current 
and the load voltage do not change direction in either part of the ac cycle of v

s
. A simpler 

circuit would replace S
2
 and S

4
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Figure 3.7  Waveforms of full-wave SCR circuit

vt i vt i

vs

vta

The analysis of the full-wave circuit is almost identical to that of the half-wave 
circuit. Since we are using both halves of the sine wave, the average voltage across the 
load is double that given in Equation (3.4):

	 V
ave

5
1
p#

p

a

v
s
 dvt 5

1
p#

p

a

V
max

 sin(vt) dvt 5
V

max

p
 (1 1 cos a)	 (3.31)

Note that the rms voltage across the load in full-wave circuits is not double the value 
in the half-wave circuit. To explain this, let us modify Equations (3.6) through (3.8) to 
accommodate the full-wave analysis.

	 V
rms

5Î 1

2p#
2p

0

v(t)2 dvt 5Î 1

2p#
2p

0

[V
max

 sin(vt)] 2 dvt	 (3.32)

If we assume that the triggering of the SCRs is symmetrical in both halves of the ac 
cycle, Equation (3.32) can be written as

	 V
rms

5ÎV 2
max

p #
p

a

sin(vt)2 dvt 5ÎV 2
max

2p #
p

a

[1 2 cos(2vt)] dvt	 (3.33)

vt

vs

i

i

A B

C

R

D

Figure 3.6  Full-wave SCR circuit
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45	 3.2  Single-Phase, Full-Wave, ac/dc Conversion for Resistive Loads

V
rms

5
V

max

Ï2
Î31 2

a

p
1

sin(2a)

2p 4
The term 

V
max

Ï2
 is the rms voltage of the sinusoidal source, V

s rms 
:

	 V
rms

5 V
s rmsÎ31 2

a

p
1

sin(2a)

2p 4	 (3.34)

Comparing Equations (3.8) and (3.34), we can conclude that the load rms voltage of the 
full-wave circuit is Ï2 larger than that for the half-wave circuit (not double!).

The electric power of the load P in a full-wave circuit can also be calculated by the 
method described in Equations (3.9) and (3.10).

	 P 5
V 2

rms

R
5

V 2
max

4pR
 [2(p 2 a) 1 sin(2a)]	 (3.35)

Note that the load power in the full-wave circuit is double that for the half-wave circuit.

▶	 EXAMPLE 3.5

A full-wave, ac/dc converter is connected to a resistive load of 5 V. The voltage of 
the ac source is 110 V(rms). It is required that the rms voltage across the load be  
55 V. Calculate the triggering angle and the load power.

Solution
The rms voltage across the load is given as

V
rms

5 V
s rmsÎ31 2

a

p
1

sin(2a)

2p 4
55 5 110Î31 2

a

p
1

sin(2a)

2p 4
2.25 5 a 2

sin(2a)

2

By iteration, we can solve for a:

a < 112.58

The load power can be computed using the rms voltage across the load:

	 P 5
V 2

rms

R
5

(55)2

5
5 605 W� ◀
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	 3.3	 �Single-Phase, Half-Wave, ac/dc Conversion for 
Inductive Loads Without Freewheeling Diode

Inductors do not consume energy but rather exchange energy with the source. In any half 
cycle, an inductor can temporarily store energy during one-fourth of the cycle and then return 
the energy back to the source during the next one-fourth. Because inductors cannot perma-
nently store energy, the net energy during the period of current conduction must be zero.

Assume that a mechanical switch is used to interrupt the current of an inductor. 
When the switch blades open while the inductor energy is not fully returned to the 
source, the voltage across the switch blades increases rapidly, creating an arc between 
the blades. The arc keeps the current flowing until the inductor energy is totally dis-
sipated. This explains the arc between an ac outlet and a load plug when we disconnect 
highly inductive loads such as electric saws or home appliances.

In the steady-state operation, the current of a purely inductive load lags the voltage 
by 90°. Hence,

v(t) 5 V
max 

sin(vt)

i(t) 5 2I
max

 cos(vt)

The instantaneous power consumed by a given load is the multiplication of the instanta-
neous voltage across the load times the instantaneous load current. For a purely induc-
tive load, the instantaneous power is

	 p(t) 5 v(t) i(t) 5 2
V

max
 I

max

2
 sin(2vt)	 (3.36)

Two basic characteristics can be obtained from Equation (3.36). The first is that the 
average power (the one that produces energy) is zero. The second is that the frequency 
of the instantaneous power p(t) is double the frequency of the voltage or current.

Figure 3.8 shows the waveforms associated with a sinusoidal circuit with purely 
inductive load. The average power of an inductor is equal to zero for any half of the 

vs

i

vt

p

Figure 3.8  Waveforms of purely inductive load
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cycle. Note that the power is averaged to zero at all the zero crossings of the current. 
Hence, if the switch is opened at exactly the zero crossings of the current, the inductor 
energy is zero and no arc is produced.

Let us now consider the solid-state switching circuit of Figure 3.9. It consists of 
an inductance and a resistance and is powered from a single-phase, half-wave, ac- 
to-dc converter. In purely sinusoidal circuits, the voltage across the resistance v

R
 is in 

phase with the current, and the voltage across the inductor v
L
 is leading the current 

by 90°.
Let us assume that the voltage source of the circuit in Figure 3.9 is sinusoidal. We 

also assume that the SCR is triggered at an angle a. Because of the SCR switching, we 
would expect the current to be discontinuous. To calculate the load current, let us start 
by defining the terminal voltage across the entire load v

t
 as

	 v
t
5 v

s
(u

a
2 u

b
) 5 [V

max
 sin(vt)](u

a
2 u

b
)	 (3.37)

where b is the angle at which the instantaneous current reaches its zero crossing. u
a
 and 

u
b
 are step functions defined by

u
a

5 u(vt 2 a)    5u
a

5 0 for vt , a

u
a

5 1 for vt $ a

u
b

5 u(vt 2 b)    5u
b

5 0 for vt , b

u
b

5 1 for vt $ b

Equation (3.37) indicates that the terminal voltage of the load is equal to the source 
voltage during the period when the current is flowing in the circuit. This period is known 
as the conduction period.

The load current is equal to the load voltage divided by the load impedance. Since 
the load voltage has step functions and the load impedance is a complex variable, the 
computation of the load current can be simplified by using Laplace transformations. Let 
V(S) denote the Laplace transformation of v

t
.

  V(S ) 5 v
t 

5 V
 max 3S sin a 1 v cos a

S 

2 1 v2
 e(2aSyv) 2

S sin b 1 v cos b

S2 1 v2
 e(2bSyv)4	 (3.38)

i

vs

vR

vt
vL

R

L

Figure 3.9  Half-wave inductive circuit

3.3  Single-Phase, Half-Wave, ac/dc Conversion for Inductive Loads Without Freewheeling Diode
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The load current is the load voltage divided by the load impedance

I(S) 5
V(S)

Z(S)
5

V(S)

R 1 SL

     I(S) 5
V

max

R 1 SL
 3S sin a 1 v cos a

S 2 1 v2
 e (2aS/v) 2

S sin b 1 v cos b

S 2 1 v2
 e (2bS/v) 4	 (3.39)

Inverting the current of Equation (3.39) into the time domain yields

i(t) 5 21 I(s)

i(t) 5
V

max

z
 [(u

a
2 u

b
)

 
sin(vt 2 f) 1

 

	 u
a 

[sin(f 2 a)] e2[(v t2a)/vt] 2 u
b 

sin(f 2 b)e2[(v t2b)/vt ] ]	 (3.40)

where z, f, and t are the load impedance, phase angle, and the time constant of the load, 
respectively.

z 5 ÏR2 1 (vL)2

f 5 tan211vL

R 2
t 5

L

R

Upon a close examination of Equation (3.40), one would note that the load current has 
three components. The first is sinusoidal, shifted by the load power factor angle f. This 
component is only present during the conduction period (between a and b). The second 
and third components are exponentially decaying functions. The second component is 
present after the triggering angle a, whereas the third component is active after b. One 
may simplify Equation (3.40) during the conduction period by setting u

a
 5 1 and u

b
 5 0.

	 i(t) 5
V

max

z
 [sin(vt 2 f) 1 [sin(f 2 a)] e2[ (v t2a)/vt] ]	 (3.41)

Figure 3.10 shows the waveforms of the load current and voltage. Note that the cur-
rent is a deformed half-wave. To calculate the angle at which the current is at maximum, 
we set the derivative of Equation (3.41) to zero:

	
−  i(t)

− vt
5

V
max

z
 3cos(vt 2 f) 2

1
vt

 [sin(f 2 a)] e2[ (v t2a)yvt]4 5 0

or

	 vt cos(vt 2 f) 5 [sin(f 2 a)] e2[ (v t2a)yvt]

The computation of vt is numerical. A reasonable approximation is to assume that the expo-
nential term is fast decaying. In this case, the peak of the current occurs at vt 5 908 1 f.

The instantaneous current of Equations (3.40) and (3.41) is equal to zero at the 
boundary conditions (at a and b
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by setting vt of Equation (3.40) or (3.41) equal to b and the instantaneous current equal 
to zero.

	 i(b) 5
V

max

z
 [sin(b 2 f) 1 [sin(f 2 a)] e2[ (b2a)yvt] ] 5 0	 (3.42)

If the load impedance is known and the system voltage is given, b of Equation (3.42) 
can be computed using an iterative method.

To compute the average current, you can integrate the expression of Equation 
(3.41), which is a rather laborious process. Another simpler method is first to com-
pute the average load voltage, and then calculate the average load current. As we 
explained earlier, the load voltage is equal to the source voltage during the conduction 
period. Hence, the average voltage of the load V

ave
 can be obtained by the following 

integration:

	 V
ave

5
1

2p
 #

2p

0

v
s
(u

a
2 u

b
) dvt 5

1

2p
 #

b

a

 v
s 
dvt 5

1

2p
 #

b

a

V
max

 sin(vt) dvt

	 5
V

max

2p
 [cos a 2 cos b]	 (3.43)

3.3.1  � Average Voltage Across Inductance  
and Resistance

The average voltage across the load V
ave

 is equal to the average voltage across the resis-
tance V

R ave
 plus the average voltage across the inductance V

L ave 
.

V
ave

5 V
R ave

1 V
L ave

vs

ba vt

i

Figure 3.10  Current waveform of the circuit in Figure 3.9

3.3  Single-Phase, Half-Wave, ac/dc Conversion for Inductive Loads Without Freewheeling Diode
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The average voltage across the inductance is zero and can be found by integrating the 
instantaneous voltage across the inductance v

L
.

v
L

5 L 
di

dt

Hence,

V
L ave

5
1

T#
tb

ta

v
L
 dt 5

L

T#
tb

ta

di 5
L

T
 [i(t

b
) 2 i(t

a
)]

where T is the period, i(t
a
) is the load current at a, and i(t

b
) is the current at b. Since the 

current at a and b is zero, the average voltage across the inductive element of the load 
is zero. Hence, the average voltage across the entire load must equal the average voltage 
across its resistive element alone.

	 V
ave

5 V
R ave

5 RI
ave

	 (3.44)

Figure 3.11 shows four waveforms: the source voltage, the voltage across the load, 
the voltage across the resistive component, and the voltage across the inductive compo-
nent. The conduction started at a and stopped at b. The voltage waveform across the load 
is identical to the waveform of the source voltage during the conduction period. Note 
that the load voltage becomes negative because, due to the presence of the inductance, 
the current is in conduction beyond 180°. The voltage across the resistive component  
of the load must have the same exact shape as the current. Hence, it is also unidirectional. 
The voltage across the inductive component of the load is the difference between the 
total voltage across the load and the voltage across the resistive element. The inductive 
voltage is bidirectional (has positive and negative values) where the positive area must 
equal the negative area by the end of the conduction period vt 5 b.

3.3.2   Average Power of Inductance
As shown in Figure 3.8, the inductance cannot store energy and the average power of 
the inductance P

L
 is zero. This is evident when you integrate the instantaneous power 

of the inductive load.

vL vs

a b vt

vR

Figure 3.11 
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P
L

5
1

2p#
b

a

p
L
 dvt 5 0

where p
L
 is the instantaneous power of the inductive load. This can be proven by the 

following analysis:

p
L

5 v
L 
i 5 L 

di

dt
 i

Hence, the average power of the inductive load is

P
L

5
1

T#
t
b

t
a

Li di 5
L

2T
 [i2(t

b
) 2 i 2(t

a
)]

Since the current at a and b is zero, the average power of the inductance is zero.

3.3.3   RMS Voltage
To calculate the rms voltage across the load, repeat the process described in  
Equation (3.6). Note that the integration limits should be between a and b.

V
rms

5Î 1

2p#
2p

0

v
t
(vt)2 dvt 5Î 1

2p#
b

a

[V
max

 sin(vt)]2 dvt

    V
rms

5 ÎV 2
max

4p #
b

a

[1 2 cos(2vt)] dvt 5
V

max

2Ïp
 Î3g 2

sin(2b) 2 sin(2a)

2 4	 (3.45)

where the conduction period g 5 b 2 a.
In the case of inductive or capacitive load, the rms current cannot be assumed 

equal to the rms voltage divided by the load impedance at the steady-state frequency, 
because the current is composed of various harmonics and the impedance is frequency- 
dependent. In this case, the rms current should be computed using the instantaneous 
current in Equation (3.41). The rms power is still equal to the square of the rms current 
multiplied by the load resistance.

▶	 EXAMPLE 3.6

A half-wave SCR ac/dc converter is powering an inductive load. The resistance of 
the load is 10 V, and the inductance is 30 mH. The ac source is 100 V(rms) at 60 Hz. 
The SCR is triggered at 60°. Calculate the conduction period.

Solution
To compute the conduction period, we need to compute b using Equation (3.42).

i(b) 5
V

max

z
 [sin(b 2 f) 1 [sin(f 2 a)] e2[ (b2a)yvt]

] 5 0

sin(f 2 b) 5 [sin(f 2 a)] e2[ (b 2 a)yvt]

3.3  Single-Phase, Half-Wave, ac/dc Conversion for Inductive Loads Without Freewheeling Diode
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where

v 5 2p 3 60 5 377 rad/s

t 5
L

R
5

0.03

10
5 0.003 sec

f 5 tan211vL

R 2 5 48.528

Thus,

sin(48.528 2 b) 5 [sin(48.528 2 608)] e2[(b2608) (py1808)y(37730.003) ]

This equation can be solved using an iterative technique,

b < 230°

The conduction period g is

g 5 b 2 a 5 230 2 60 5 170°

Note that the conduction period is less than 180°, which is an indication that the cur-
rent is discontinuous. ◀

	 3.4	 Single-Phase, Half-Wave, ac/dc Conversion 
for Inductive Loads with Freewheeling Diode

The freewheeling diode is a rectifier connected across the inductive load in opposite 
polarities to the SCR as shown in Figure 3.12. When the SCR is forward biased and 
triggered, the current i

s
 flows from the source to the load impedance; i

s
 does not go 

through the freewheeling diode. Since the load is inductive, the current must continue to 
flow beyond the zero crossing of the source voltage. However, when the terminal volt-
age of the load tends to reverse its polarity after 180° as shown in Figure 3.11, the diode 
becomes forward biased and starts conducting. Thus, the diode prevents the terminal 
voltage of the load from becoming negative (reversed). Once the diode starts conduct-
ing, the current i

s
 falls to zero, and the SCR is commutated (turned off). Beyond 180°, 

the current of the load is i
d
, which flows in the diode–load loop until the inductor energy 

is totally dissipated.

vS

R

L

is

id

Figure 3.12 
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Because of the presence of the diode, the voltage across the load cannot be negative. 
Any stored energy inside the inductor during the SCR conduction will be dissipated in 
the resistive component of the load when the diode conducts.

The analysis of this freewheeling circuit can be divided into two steps, as shown 
in Figure 3.13. In the first, the source current i

s
 for the period from a to p is computed. 

In the second, the current of the freewheeling diode during the period from p to b is 
calculated. The waveforms are shown in Figure 3.14.

The instantaneous value of i
s
 is calculated by Equation (3.41) up to p. The value 

of the current at p can be computed from Equation (3.41) by replacing vt by p. 
The general form should include the initial condition of the current at the triggering 
angle a.

	 i
s
(p) 5

V
max

ÏR2 1 (vL)2
 [sin(f) 1 sin(f 2 a)e2(p2a)yvt] 1 I(a)	 (3.46)

The current i(p) is the load current when the SCR is about to commutate. This value 
is also the initial condition of the freewheeling diode current i

d
. I(a) is the current at a, 

which is the initial condition when the SCR starts conducting. If the current is discon-
tinuous, I(a) is zero. The diode current i

d
 flows in an RL circuit. Thus, its instantaneous 

values must be exponentially decaying.

	 i
d

5 i(p)e2[ (v t2p)yvt] u(vt 2 p)	 (3.47)

vs

R

L

R

L

is

id

Figure 3.13  Analysis of the circuit in Figure 3.12

vs

is
id

ba p

Figure 3.14  Waveforms of the circuit in Figure 3.13

3.4  Single-Phase, Half-Wave, ac/dc Conversion for Inductive Loads with Freewheeling Diode
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where u(vt 2 p) is a unit step function activated at p. The time constant of the  
circuit t is

t 5
L

R

The average current of the load can be calculated by adding the averages of i
s
 and i

d
.

I
ave

5
V

max

2pÏR2 1 (vL)2
 #

p

a

 [sin(vt 2 f) 1 sin(f 2 a)e2[ (v t2a)yvt] ] dvt 1
b 2 a

2p
 I(a) 1

	
V

max

2pÏR2 1 (vL)2
 [sin(f) 1 sin(f 2 a)e2[(p2a)/vt] ]#

b

p

e2[(v t2p)yvt] dvt	 (3.48)

The solution of Equation (3.48) is very involved and requires the value of b. However, 
because the average voltage across the inductor is always equal to zero for any complete 
cycle, the computation of the average current is a relatively simple task. Start by calcu-
lating the average voltage across the entire load.

	 V
ave

5
1

2p#
p

a

V
max 

sin(vt) dvt 5
V

max

2p
 (1 1 cos a)	 (3.49)

Note that Equation (3.49) does not include the voltage beyond p, because the diode 
is conducting after p and the voltage across the entire load is equal to zero.

Since the average voltage across the inductor is zero, Equation (3.49) is also valid 
for the average voltage across the resistive component of the load. Hence, the average 
current can be calculated as given in Equation (3.50),

	 I
ave

5
V

ave

R
	 (3.50)

The power can be calculated by the method described in Equation (3.17). The computa-
tion requires the rms value of the fundamental component of the current.

▶	 EXAMPLE 3.7

An inductive circuit with freewheeling diode similar to that shown in Figure 3.12 has 
the following data:

Vs 5 110 V    L 5 20 mH    R 5 10 V

The triggering angle of the SCR is adjusted to 60°. Calculate the following:

a.	 Conduction period

b.	 Maximum diode current

c.	 Average current of the diode

d.	 Average load current

e.	 Average current of the SCR
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Solution
a.	 To compute the conduction period, we must find b. To do this, we need to 

make a simple assumption that when the diode current i
d
 reaches 5% of its 

maximum value, the diode circuit is practically open. From Equation (3.47), 
we can write

i
d

i(p)
5 e2[ (v t2p)yvt]

ln(0.05) 5 2
b 2 p

vt

b 5 p 2 vt ln (0.05) 5 p 2 37710.02

10 2 ln (0.05) 5 309°

	� The conduction period g is

g 5 b 2 a 5 3098 2 608 5 249°

	� Note that the conduction period is more than 180° due to the presence of the diode.

b.	 The maximum current of the diode occurs at the initial time of the diode conduc-
tion, when vt 5 p. This value is the same as that for the SCR current at p. Using 
Equation (3.46), we get

	 i
s
(p) 5

V
max

ÏR2 1 (vL)2
 [sin(f) 1 sin(f 2 a) e2[ (p2a)yvt]]

	� I(a) in Equation (3.46) is equal to zero since the conduction period is less  
than 360°. Now let us compute the parameters of the previous equation.

Z 5 ÏR2 1 (vL)2 5 Ï10 2 1 (7.54)2 5 12.52 V

vt 5
vL

R
5 0.754

f 5 tan211vL

R 2 5 37°

	� Substituting these parameters in the current equation yields

	 i
d
(p) 5 i

s
(p) 5

Ï2 110

12.52
 [sin(37) 1 sin(37 2 60)e2[ (p260 (py180))y0.754] ] 5 7.18 A

	� If you compute the contribution of the exponential term, you will find it very 
small due to its fast decaying effect. The first term alone is 7.48 A.

c.	 The average current of the diode can be computed from Equation (3.47).

i
d

5 i(p)e2[ (v t2p)yv t] u(vt 2 p)

3.4  Single-Phase, Half-Wave, ac/dc Conversion for Inductive Loads with Freewheeling Diode
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I
d ave

5
i(p)

2p
 #

b

p

e2[ (v t2p)yvt] dvt 5
i(p)

2p
 (2vt)[e2[(b2p)yv t] 2 1]

I
d ave

5
7.18

2p
(20.754)[e2[( 309 (py180)2p)y0.754] 2 1] 5 0.81 A

d.	 The average load current can be computed using Equation (3.50), but first let us 
calculate the average voltage of the load as given in Equation (3.49).

V
ave

5
V

max

2p
 (1 1 cos a) 5

Ï2 110

2p
 (1 1 cos 608) 5 37.14 V

	� Then

I
ave

5
V

ave

R
5

37.14

10
5 3.714 A

e.	 The average current of the SCR is the average current of the load minus the aver-
age current of the diode.

	 I
SCR

5 I
ave

2 I
d ave

5 3.714 2 0.81 5 2.904 A� ◀

	 3.5	 Three-Phase, Half-Wave, ac/dc Conversion 
for Resistive Loads

A single load can be energized by a three-phase system through power electronic 
switches. Such an arrangement is common for loads with high power demands.  
Figure 3.15 shows a simple three-phase, half-wave, ac/dc converter. The converter con-
sists of a three-phase supply, an SCR for each phase, and a resistive load. The anode 
of each SCR is connected to one of the phases of the ac source. The cathodes are com-
monly connected to the load. The second terminal of the load is connected to the neutral 
point of the three-phase source.

vc

R

vb

va

ia

ib

ic

i

i

Figure 3.15  Three-phase, half-wave, ac/dc converter
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The operation of the circuit can be explained by the waveforms in Figure 3.16. The 
figure shows the three-phase voltages (v

a
, v

b
, and v

c
) and the load current. As explained 

earlier, the SCR conducts when the voltage across its terminals (anode to cathode) is 
positive and the SCR receives a triggering pulse. The SCR commutates when the current 
falls below its holding value.

Let us start by assuming that the circuit starts its operation when the voltage of 
phase a is in the positive cycle. Assume that the triggering signal of the SCR of phase a 
is applied at a

a
. The SCR closes and the current i

a
 flows to the load for the remainder of 

this half-cycle. The SCR of phase a commutates when the voltage v
a
 reaches zero. The 

voltage of phase b is now positive. If the SCR of phase b is triggered at a
b
, the current 

i
b
 flows into the load until the voltage of phase b is zero. Then the voltage of phase c 

becomes positive. If the SCR of phase c is triggered at a
c 
, the current i

c
 flows into the 

load. This process is repeated every cycle.
In this case, the triggering angles of the three phases are separated by 120°. In 

summary, the current of each phase flows starting at its corresponding a and con-
tinues for the remainder of the positive part of the phase voltage. The SCR of the 
corresponding phase will be commutated naturally when its current falls below its 
holding value.

The load current in Figure 3.16 is discontinuous because of the delayed trigger-
ing angles. If the triggering is advanced, the current tends to increase in magnitude 
and duration. If the current duration is $120°, the load current is continuous, as 
shown in Figure 3.17. The condition for continuous current is a

a
 # 60°. Keep in 

mind that when the load is inductive, the current tends to be continuous even for 
delayed triggering.

To compute the average voltage across the load, we need to integrate the source 
voltage during the conduction period. The method is similar to the one described in 
Equation (3.4) for single-phase systems. The difference here is that we must take 
into account the three-phase quantities. Each phase contributes to the total current 
only once per cycle—the load current is composed of three equal-current pulses.  
Therefore, the total average voltage across the load is the sum of the average voltages 

va
ia

aa ab ac

ib ic
vb vc

Figure 3.16  Waveforms of the circuit in Figure 3.15
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system is balanced, we can compute the average voltage of one phase only and mul-
tiply it by 3.

	 V
ave

5
3

2p#
b

a

v
s 
dvt 5

3

2p#
b

a

V
max

 sin(vt) dvt 5
3V

max

2p
 (cos a 2 cos b)	 (3.51)

where V
max

 is the peak value of the phase voltage (phase-to-neutral). If we are using 
SCRs as switches and the current is continuous, b 5 120° 1 a. If these switches are 
transistors, b is determined by the time the base current is turned off. The average cur-
rent in this circuit can still be computed by using the average voltage across the load 
resistance and the resistance itself.

I
ave

5
V

ave

R

The average power can also be calculated similar to the single-phase circuits, but here 
we must take into account the three-phase quantities.

	 P 5
3

2p
 #

b

a

  
v(t)2

R
 dvt 5

3

2p
 #

b  

a

[V
max

 sin(vt)]2

R
 dvt	 (3.52)

	 P 5
3V 2

max

4pR
 #

b

a

[1 2 cos (2vt)] dvt 5
3V 2

max

8pR
 [2(b 2 a) 1 sin(2a) 2 sin(2b)]

▶	 EXAMPLE 3.8

The balanced, three-phase, ac/dc converter shown in Figure 3.15 has the following 
parameters:

V
ab

5 208 V    R 5 10 V

va
ia

aa ab ac

ib ic
vb vc

Figure 3.17  Waveforms for advanced triggering

70960_ch03_ptg01.indd   58 04/09/17   8:54 pm
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Solution
At a

a
 5 80°, the current is discontinuous. Thus, b

a
 5 180°.

P 5
3V 2

max

8pR
 [2(b 2 a) 1 sin(2a) 2 sin(2b)]

P 5
3(Ï2 208yÏ3)2

8p(10)
  3200 

p

180
1 sin(1608) 2 sin(3608)4 5 1.32 kW

At a
a
 5 30° the current is continuous, and b 5 a

a
 1 120.

P 5
3V 2

max

8pR
 [2(b 2 a) 1 sin(2a) 2 sin(2b)]

	 P 5
3(Ï2 208yÏ3)2

8p(10)
  3240 

p

180
1 sin(608) 2 sin(3008)4 5 2.042 kW� ◀

	 3.6	 Three-Phase, Half-Wave, ac/dc Conversion 
for Inductive Loads

We have explained earlier that inductive loads make currents flow beyond the zero 
crossing of their corresponding phase voltage. In a three-phase switching circuit, 
similar to that shown in Figure 3.18, the current of the load could be continu-
ous or pulsating (discontinuous), depending on the triggering angle and the size 
of the inductive element. If an inductive load causes the current to flow for less  

vc

L   

R   vL   

vR   

vb

va
ia

ib

ic

i

i

v

Figure 3.18 
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than 120° in each phase, the load current is pulsating; that is, the conduction period 
of each phase g is

g 5 b 2 a ,  120°

The current expression is similar to that given in Equation (3.41), but is modified for 
three-phase circuits with discontinuous currents.

i(vt) 5
V

 max 

ÏR2 1 (vL)2
 hfsin(vt 2 f) 1  sin(f 2 a)e2f(vt2a)yv tgg(u

a
2 u

b
) 1

fsin(vt 2 120 2 f) 1 sin (f 2 a)e2f(vt21202a)yvtgg 1 (u
a1120

2 u
b1120 

) 1

fsin(vt 2 240 2 f) 1 sin(f 2 a)e2f(v t22402a)yvtgg (u
a1240

2 u
b1240

)j� (3.53)

where u
a1120

 is a step function defined as u[(vt 2 (a 1 120)].
Figure 3.19 shows the waveforms of the inductive circuit in Figure 3.18. In  

Figure 3.19, the conduction period is assumed to be ,120°. When the conduction period 
of each phase is 120°, the current is continuous, as shown in Figure 3.20.

	 3.7	 Three-Phase, Full-Wave, ac/dc Conversion
The three-phase, full-wave converter shown in Figure 3.21 is very popular in heavy-load 
applications. With this circuit, the three-phase ac is converted to a dc using six switches 
(S

1
 through S

6
). Each ac line is connected to the middle of one IGBT leg. On one side, 

the load is connected to the emitters of the IGBTs, and the other side is connected to 
the collectors.

The conductions of the IGBTs occur when their forward voltages are positive and 
the triggering signals are present. For example, when v

ab
 5 v

an
 2 v

bn
 . 0, S

1
 and S

6
 are 

ready to be triggered. However, when v
ab

 , 0, S
3
 and S

4
 are ready to be triggered. This 

rule also applies to the other two line-to-line voltages (

Figure 3.19  Pulsating load current

va

ia

aa abba ac

ib ic

vb vc
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61	 3.7  Three-Phase, Full-Wave, ac/dc Conversion

The triggering of the IGBTs is synchronized with the source voltage, as shown 
in Figure 3.22. The conduction period of each IGBT is shown at the top section of the 
figure. One complete cycle is divided into six segments; each is 60° long. Thus, the 
conduction period of each IGBT is 120°.

Let us assume that we initiate the triggering of S
1
, S

3
, and S

5
 when v

an 
, v

bn 
, and v

cn 
,  

respectively, are at their peaks. In addition, the triggering of S
2
, S

4
, and S

6
 is initiated 

when v
ab

 5 0, v
bc

 5 0, and v
ca

 5 0, respectively. Note that at any moment only one 
switch from the top IGBTs and one from the bottom are closed; no two switches on the 
same leg are closed.

Now let us examine each interval. In the one starting at the peak of v
an 

, v
ab

 is posi-
tive. Thus, S

1
 and S

6
 are triggered, and the load voltage is v

ab 
. At the beginning of the 

next interval (v
ac

 . 0), S
2
 is triggered, and S

1
 remains closed. After S

2
 is triggered, S

6
 is 

commutated instantly since v
ab

 , 0. Repeating this triggering logic for all other intervals, 
we can generate the waveforms of the load voltage shown at the bottom of Figure 3.22.

Figure 3.20  Continuous load current

va

ia

aa ab ac

ib ic

vb vc

Figure 3.21  Three-phase, full-wave, ac/dc converter

van

vL ZL
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van

a

vcb vab vac vbc vba vca vcb

vbn vcn

Figure 3.22 
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Assume that the phase voltages are expressed by

v
an

5 V
max

 sin vt

v
bn

5 V
max

 sin(vt 2 120)

v
cn

5 V
max

 sin(vt 1 120)

The average voltage of the load V
ave

 is

V
ave

5 6 V
seg

where V
seg

 is the average voltage of any 60° segment. The average voltage of the seg-
ment when S

1
 and S

6
 are closed is

V
seg

5
1

2p
 #

90160

90

v
ab 

dvt 5
1

2p#
150

90

V
max 

[sin(vt) 2 sin(vt 2 120)] dvt

V
seg

5
Ï3 V

max

4p

V
ave

5 6 V
seg

5
3Ï3 V

max

2p

We can write the equation in a more general form by assuming that each IGBT is trig-
gered at an angle a. This angle is measured from the time the phase voltage is equal 
to zero, as shown in Figure 3.22. Thus, when S

1
 is triggered at the peak voltage of v

an 
,  

a 5 90°. The triggering of S
3
 occurs at a 1 120°, S

5
 at a 1 240°, and so on.

V
ave

5
6

2p
 #

a160

a

v
ab 

dvt 5
3
p

 #
a160

a

V
max 

[sin(vt) 2 sin(vt 2 120)] dvt

	 V
ave

5
3Ï3 V

max

p
 #

a160

a

 sin(vt 1 30) dvt	 (3.54)

V
ave

5
3Ï3 V

max

p
  cos(a 2 30)

In Equation (3.54), we are assuming that the transistors are conducting during the 
entire switching segment (60°). Under this condition, the range of a is 230° # a # 90°.  
If a . 90°, the triggering of the corresponding switches (such as S

1
 and S

6
) is not for a 

complete 60°, and Equation (3.54) does not apply. Keep in mind that when a . 150°, 
the line-to-line voltage v

ab
 across S

1
 and S

6
 is negative, and the switches cannot be con-

ducting current.
Figure 3.23 shows the average voltage across the load for any given a. From Equa-

tion (3.54) and Figure 3.23, the maximum average voltage occurs when the triggering 
angle is 30°.

	 V
ave max

5
3Ï3 V

max

p
	 (3.55)
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Figure 3.24 shows the waveforms for a 5 30°. Compare the waveform of the load volt-
age in this case to the one in Figure 3.22 (for a 5 90°). Note that the load voltage in 
Figure 3.24 does not reach zero and the ripples are smoothed out. The harmonic con-
tents at a 5 30° are much reduced.

▶	 EXAMPLE 3.9

A three-phase, full wave, ac/dc converter has a balanced source voltage of 208 V 
(line-to-line). Compute the following:

a.	 Maximum average voltage across the load

b.	 Triggering angle at which the average voltage of the load equals the peak phase 
voltage of the source

c.	 Load voltage when the triggering angle is 230°.

Solution
a.	 The maximum average load voltage occurs when the triggering angle is 30°. 

Using Equation (3.55),

V
ave max

5
3Ï3 V

max

p
5

3Ï3 [Ï2 3 208yÏ3 ]
p

 5 281 V

b.	 From Equation (3.54), the average voltage of the load can be made equal to the 
peak of the phase voltage of the source if

3Ï3
p

 [cos(a 1 308) 1 sin a] 5 1

a < 82°

	� Note that the average voltage of the load, for any value of a, cannot exceed the 
peak of the line-to-line voltage of the source.

V

a

V
p

Figure 3.23  Load average voltage
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vab

a

vbavab vac vcbvbc vca

vbc vca

van

Figure 3.24  Waveforms of the converter in Figure 3.21 for a 5 60°
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c.	 At a 5 230°, the average voltage is

V
ave

5
3Ï3 V

max

2p

V
ave 

5
3Ï3 [Ï2 3 208yÏ3 ]

2p
 5 140.5 V

	� Since the magnitude of the average voltage is a sinusoidal waveform as shown in 
Figure 3.23, the average voltage at a 5 230° is V

ave max
/2. ◀

	 3.8	 dc/dc Conversion
Direct-current-to-direct-current converters are normally designed to provide output dc  
waveforms at adjustable voltage levels. These converters, also known as choppers, 
can be designed to produce fixed output voltage for variable input voltage or variable 
output voltage for fixed input voltage. Generally, there are three basic types of dc/dc 
converters:

1.	 Step-down (Buck) converter, where the output voltage of the converter is lower than 
the input voltage

2.	 Step-up (Boost) converter, where the output voltage is higher than the input voltage

3.	 Step-down/step-up (Buck–Boost) converter, where the output voltage can be made 
either lower or higher than the input voltage

In most electric drive applications, the dc/dc converter is a step-down type. The other 
types are normally used in applications such as power supplies and uninterruptible 
power supplies.

To understand the fundamentals of the dc/dc buck converter, examine the simple 
circuit shown in Figure 3.25. The figure shows a bipolar transistor whose emitter is 
connected to a load, and its collector is connected to the positive side of a dc source. 
The potential of the voltage source is fixed. The figure also shows the corresponding 
waveforms. The top waveform is for the base current I

b
. Since the base current is present 

for the period t
on

, the transistor is in conduction. While conducting, the load voltage v
l
  

is equal to the source voltage V
s
. When the base current is not present, the transistor is 

open and the load voltage is zero. The switching period is labeled t. If the switching 
action is repeated in a fixed timing pattern (fixed t), the average voltage of the load and 
the load power can be controlled by adjusting t

on
.

Assume that the transistor is an ideal device. The average voltage across the load 
V

ave
 is the integration of the source voltage over the period t.

	 V
ave

5
1
t

 #
t
on

0

 V
s
 dt 5

t
on

t
 V

s
5 KV

s
	 (3.56)

where K = t
on

/t is called the duty ratio. The maximum value of K is equal to 1 when the 
on time t

on
 is equal to the period t. Hence, the maximum output voltage of this converter 
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67	 3.8  dc/dc Conversion

The output voltage of the converter can be controlled by using one of two methods:

1.	 By fixing the period t and adjusting the on time t
on

. This method is known as pulse-
width modulation or pulse-width modulation (PWM). Since t is constant, the 
switching frequency is constant.

2.	 By fixing the on time t
on

 and adjusting the period t. This is called frequency modu-
lation (FM).

Note that the load voltage fluctuates between zero and V
s
 in any cycle. The current 

also fluctuates between zero and the maximum value. These fluctuations may not be 
acceptable in drive applications because they may result in damaging pulsating torque.

To solve this problem, we can use the circuit shown in Figure 3.26. In this figure, 
the switch is in series with a reversed connected diode. In addition, the circuit has a 
low-pass filter between the switching device and the load resistance. The filter consists 

vS

t

Ib

i

i

+

–

t

t

t

vl

vl

vS

vCE

t

t

Figure 3.25  Simple chopper circuit

is

iL

i

VS

vdid

L

C
v

+

–

+

–

Figure 3.26  Chopper circuit with filter
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of an inductor and a capacitor. The function of the inductor is to maintain the current 
fairly constant between the switching segments. The capacitor is normally selected large 
enough to maintain the voltage reasonably constant across the load.

The waveforms of this circuit are shown in Figure 3.27. When the IGBT switch is 
closed (during t

on
), the current i

s
 flows from the source to the inductor. The inductor cur-

rent i
L
 is equal to the source current i

s
 since the diode is reverse bias. i

L
 is divided into 

VS

vd

t

t

t

t

idis

is

id

iL

v

t

t

t

t

Figure 3.27  Waveforms of chopper circuit
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69	 3.8  dc/dc Conversion

two components: one small component charges the capacitor, and the other i flows to 
the load. In the waveforms, we are ignoring the charging current.

When the IGBT is open, the inductor current i
L
 continues to flow to the load through 

the diode. The diode during this period is freewheeling, and its current i
d
 equals the 

inductor current i
L
. During this time, the capacitor also discharges into the load. The 

waveforms in the figure ignore the discharging current. If we maintain high enough 
switching frequency, the ripples in the inductor current (and load current) as well as the 
ripples in the load voltage are minimized.

▶	 EXAMPLE 3.10

The switching frequency of the chopper shown in Figure 3.26 is 2 kHz. The source 
voltage is 80 V, and the duty ratio is 30%. The load resistance is 4 V. Assume that the 
inductor and capacitor are ideal and large enough to sustain the load current and load 
voltage with little ripple. Calculate the following:

a.	 On time and switching period

b.	 Average voltage across the load

c.	 Average voltage across the diode

d.	 Average current of the load

e.	 Load power

Solution
a.	 The period can be computed using the switching frequency.

t 5
1

f
5 0.5 ms

t
on

5 Kt 5 0.15 ms

b.	 Use Equation (3.56) to compute the average voltage across the load.

V
ave

5 KV
s
5 0.3 (80) 5 24 V

c.	 The average voltage across the diode V
d
 
ave

 is the complement of the average volt-
age across the load.

V
d ave

5
1
t

 #
t

t
on

V
s
 dt 5 (1 2 K)V

s
5 0.7 (80) 5 56 V

	 V
d
 
ave

 can also be computed by subtracting V
ave

 from the source voltage V
s 
.

d.	 The average load current is

I
ave

5
V

ave

R
5

24

4
5 6 V

e.	 Since we assume that the current is ripple-free (no harmonics), and the load volt-
age is also ripple-free, the load power can be computed as

	     P 5 V
ave  

I
ave

5 144 W�
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	 3.9	 dc/ac Conversion
This type of converter is also known as an inverter. Here, the input is a dc waveform 
and the output is an ac waveform. The inverter is widely used in uninterruptible power 
supplies, variable speed ac motors, and dc transmission lines.

Keep in mind that the term ac does not mean a perfect sinusoidal waveform; rather, 
it refers to a waveform that has positive and negative portions in each cycle. Further-
more, the ac waveform may have a small dc component; that is, the average value is not 
necessarily zero.

3.9.1   Single-Phase, dc/ac Converter
Figure 3.28 shows a simple dc/ac inverter known as H-bridge. It consists of a dc source, 
four transistors, and a load. For simplicity, we shall assume that the load is resistive. 
At any period, only two transistors in opposite legs are turned on. To prevent short-
circuiting the supply, any two transistors on the same leg cannot be turned on at the 
same time (either Q

1
 and Q

2
, or Q

3
 and Q

4
, are turned on simultaneously). Figure 3.28  

also shows the voltage across the load. When Q
1
 and Q

2
 are closed, the current I

1
 

flows to the load. When Q
3
 and Q

4
 are closed, the current I

2
 flows in the reverse direc-

tion to I
1
. The load current in this case is alternating between positive and negative 

values. If the switching periods of all transistors are equal, the average component of 
the current is zero, and the waveform of the current or voltage is symmetrical around  
the time axis.

Figure 3.28  dc/ac H-bridge and its ideal waveform

I

I
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71	 3.9  dc/ac Conversion

Notice that the waveform of Figure 3.28 is not sinusoidal. Nevertheless, it is an 
ac waveform. Reducing or prolonging the closing time of all transistors adjusts the 
frequency of the load voltage. The smaller the on time is, the higher is the frequency.

3.9.2   Three-Phase dc/ac Converter
Three-phase waveforms can be obtained by using a relatively more elaborate dc/
ac inverter similar to the one shown in Figure 3.29. The inverter is composed of six 
switches and six diodes. The diodes are used to allow the energy to flow back to the 
source. This is a requirement in most electric drive systems where the motor deliv-
ers energy back to the source under certain drive conditions. As discussed at the end 
of Chapter 2, when inductive load is interrupted, a large voltage builds up across the 
switch terminals to allow the energy stored in the inductive elements to return back to 
the source. The diodes in the figure provide a safe path for the flow of this energy back 
to the source, thus protecting the transistors from being damaged. The midpoint of each 
leg of the inverter is connected to the correspondingly labeled load terminal. The load is 
shown separately on the right side of the figure.

Before we continue any further, let us define the following terminology:

A period is the time of one complete cycle.
A conduction period is the time during which a transistor is closed.
�A switching interval is one time segment. A conduction period can have more than 
one time segment.

The transistors of the three-phase dc/ac converter are switched in a specific sequence 
to generate three-phase waveforms and to prevent any two transistors on the same leg 
from being triggered—thus preventing the short-circuiting of the supply voltage. The 
switching sequence is shown in the top part of Figure 3.30. The figure also shows the 
line-to-line waveforms across the load terminals. Each cycle is divided into six time 
segments. Each segment is 60° long (electrical degrees), and each transistor is turned on 
for three time segments (180°). The switching of the transistors is based on their ascend-
ing order. For example, if transistor Q

1
 is turned on, then after one time segment (60°)  

Figure 3.29  Three-phase dc/ac inverter

a

o

a

n

b

b c
V

c
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Figure 3.30  Waveforms of the circuit in Figure 3.29

vab

–V

vbc

vca
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73	 3.9  dc/ac Conversion

transistor Q
2
 is turned on, and so on. Note that at any time segment, three transistors are 

closed, but only one transistor per leg is turned on.
Consider the first switching interval, where transistors Q

1
, Q

5
, and Q

6
 are turned 

on. Because of this switching, the potentials of terminals a and c are positive, and the 
potential of terminal b is negative. Hence, the line-to-line voltages across the load dur-
ing the first switching interval can be computed as follows:

v
ab

5 v
a

2 v
b

5 V
dc

	 v
bc

5 v
b

2 v
c

5 2V
dc

	 (3.57)

v
ca

5 v
c

2 v
a

5 0

where V
dc

 is the voltage of the dc source. The line-to-line voltages for all other switch-
ing intervals can be computed using the same procedure. The waveforms are shown in 
the bottom part of Figure 3.30. Note that v

ab
 is leading v

bc
 by two time segments (120°), 

and v
bc

 is also leading v
ca

 by two time segments. The maximum voltage of any line-to-
line voltage is equal to V

dc
. Hence, the output of the inverter is a balanced, three-phase 

voltage.
The frequency of the load voltage can be adjusted by changing the period of the 

switching interval. The smaller the switching interval t
seg

, the higher the frequency. If 
the time of one switching interval is 2 ms, the frequency of the load voltage is

f 5
1

6 t
seg

5
1

12
5 83.3 kHz

The waveforms of the phase voltages (phase-to-neutral) are shown in Figure 3.31. 
These waveforms can be obtained by examining the switching status of the transistors 
in each switching interval. Assume that the load is connected in wye. The connection 
of the load to the source is changing every switching interval. Figure 3.32 shows the 
configuration of the load windings during the first three switching intervals. The load 
connection on the left side of the figure is for the first switching interval, when Q

1
, Q

5
, 

and Q
6
 are closed and the rest of the transistors are in the open state. The middle part 

of the figure is for the load connection during the second interval (Q
1
, Q

2
, and Q

6
 are 

closed). The third interval connection, when Q
1
, Q

2
, and Q

3
 are closed, is shown on the 

right side of the figure.
As shown in Figure 3.32, during the first interval, when Q

1
, Q

5
, and Q

6
 are closed, 

the potentials of terminals a and c are positive and that of terminal b is negative. If you 
assume that the load is balanced and the impedance Z is equal for each phase, then the 
potentials of phase a, b, and c are

	 v
an

5 v
cn

5 V
dc

 
0.5 Z

1.5 Z
5

V
dc

3
	 (3.58)

	 v
bn

5 2V
dc

 
Z

1.5 Z
5 2

2 V
dc

3
	 (3.59)
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Figure 3.31  Line-to-neutral voltage waveforms
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75	 3.9  dc/ac Conversion

The minus sign in Equation (3.59) is due to the direction of the current inside phase b as 
compared to that for phases a and c. In the second interval, phase a is positive potential, 
and b and c are negative potentials. The load voltages in this case are

	 v
bn

5 v
cn

5 2V
dc

 
0.5 Z

1.5 Z
5 2

V
dc

3
	 (3.60)

	 v
an

5 V
dc

 
Z

1.5 Z
5

2 V
dc

3
	 (3.61)

Similarly, during the third interval, the potentials of phases a and b are positive, and that 
of c is negative. The winding potentials are

	 v
an

5 v
bn

5 V
dc

 
0.5 Z

1.5 Z
5

V
dc

3
	 (3.62)

	 v
cn

5 2V
dc

 
Z

1.5 Z
5 2

2 V
dc

3
	 (3.63)

If you continue this process for the rest of the intervals, you can generate the waveforms 
in Figure 3.31. Note that the peak value of the phase voltage is equal to 2/3 of the supply 
voltage V

dc
. Now examine the phase shift between the phase voltages. The shift is equal 

to two intervals. Since a complete cycle is six intervals, the phase shift is 2/6 3 3608 5 
1208. Also note that the voltage of phase a leads that of phase b by 120° and lags that of 
phase c by 120°. These are the main features of a balanced three-phase system.

The waveforms in Figure 3.31 contain several harmonic components. The funda-
mental component depends on the length of the switching interval. If you assume that 
the load is connected in wye, the harmonic components can be written as a Fourier 
expansion:

Figure 3.32  Connections of stator windings of an induction motor during the first three time intervals
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	 v
an

5
2V

dc

p
 1sin vt 1

1

3
 sin 3vt 1

1

5
 sin 5vt 1 . . .2	 (3.64)

    v
bn

5
2V

dc

p 3sin(vt 2 120) 1
1

3
 sin 3(vt 2 120) 1

1

5
 sin 5(vt 2 120) 1 . . .4	 (3.65)

    v
cn

5
2V

dc

p
 3sin(vt 1 120) 1

1

3
 sin 3(vt 1 120) 1

1

5
 sin 5(vt 1 120) 1 . . .4	 (3.66)

The phase voltage has no even harmonics. In addition, the line-to-line voltages are  
given by

	 v
ab

5 Ï3 
2V

dc

p
 3sin(vt 1 30) 2

1

5
 sin 5(vt 1 30) 2

1

7
 sin 7(vt 1 30) . . .4	(3.67)

	 v
bc

5 Ï3 
2V

dc

p
 3sin(vt 2 90) 2

1

5
 sin 5(vt 2 90) 2

1

7
 sin 7(vt 2 90) . . .4	(3.68)

   v
ca

5 Ï3 
2V

dc

p
 3sin(vt 1 150) 2

1

5
 sin 5(vt 1 150) 2

1

7
 sin 7(vt 1 150) . . .4	(3.69)

Note that the third harmonic does not exist in the line-to-line voltage.

▶	 EXAMPLE 3.11

Compute the rms voltage of the load for the circuit in Figure 3.29. The frequency of 
the fundamental component of the load voltage is 100 Hz.

Solution
First, let us compute the period of the cycle t and the period of one switching interval t

s
.

t 5
1

f
5 10 ms

Since the cycle has six switching intervals,

t
s
5

t

6
5 1.67 ms

The general expression of the rms voltage is

V
rms

5Î1
t#

t

0

v 2 dt

Divide the period into six switching intervals. The first interval ends at t
1
, the second 

interval ends at t
2
, and so on. Note that t

2
 5 2 t

s
, t

3
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	 V
rms

5 Î2V 2
dc

9t
 (3 t

2
1 t

3
2 3 t

1
) 5 Î2V 2

dc

9t
 (6 t

s
) 5 Î2V 2

dc

90
 (10) 5 0.47 V

dc

	 Note that the rms value of the output voltage depends on the magnitude of the 
source voltage, and the fundamental component of the output frequency depends on 
the period of the switching interval. ◀

3.9.3   Voltage, Frequency, and Sequence Control
The switching of the transistors in the circuit of Figure 3.29 can be controlled to adjust 
the frequency, magnitude, or sequence of the load voltage. The control of these variables 
is essential for ac motor drives and many other applications. Many commercial trigger-
ing modules for the dc/ac converters have a built-in control circuit that allows adjust-
ment of these variables.

3.9.3.1   Frequency Adjustment
When a three-phase load is connected to a dc source via an inverter, adjusting the time 
of the switching interval can change the frequency of the load voltage.

	 f 5
1
t

	 (3.70)

where f is the frequency of the load voltage and t is the period for one ac cycle. If t is 
reduced, the frequency of the voltage waveform increases, and the converse of this rule 
is also true.

▶	 EXAMPLE 3.12

A six-step inverter is used to supply a three-phase load using a dc voltage source. If 
the frequency at the load side is desired to be 500 Hz, calculate the conduction period 
of each transistor.

Solution
The time for one cycle is

t 5
1

f
5

1

500
5 2 ms

The time of the switching segment t
seg

 is

t
seg

5
t

6
5 0.33 ms

The conduction period of each transistor t
con

 is three segments,

	 t
con

5 3t
seg

5 1 ms�

V
rms

5Î2
t

 3#
t
1

0
 v2 dt 1  #

t
2

t
1

 v2 dt 1 #
t
3

t
2

 v2 dt4 5Î2
t3#

t
1

0
 SV

dc

3 D2

 dt 1 #
t
2

t
1

S2V
dc

3 D2

 dt 1 #
t
3

t
2

SV
 dc

3 D2

 dt4
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3.9.3.2   Voltage Adjustment
The magnitude of the voltage across the terminals of the load can be adjusted by several 
techniques; one of them is fixed-width modulation (FWM). A simple form of FWM is 
shown in Figure 3.33, where the conduction period of one transistor is shown. The rest of 
the transistors have similar conduction periods, but shifted as discussed earlier. Without 
the FWM, the transistor is continuously closed for the duration of its conduction period. 
By the FWM technique, the transistor is switched several times during its conduction 
period as shown in the lower part of the figure. The switching periods of the FWM tech-
niques are called subintervals. Let us assume that the load voltage is at full value when 
the transistor is closed without the FWM technique. Hence, if the sum of the subintervals 
is less than the conduction period, the voltage across the load is less than the full voltage.

If the transistors in Figure 3.29 are switched without the FWM technique, the line-
to-line voltage across the load will have the waveform shown in Figure 3.34. Exam-
ine  the waveform in conjunction with the one shown in Figure 3.30. Notice that the 
line-to-line voltage across the load has a positive or negative duration of two switching 
intervals. The gap between the positive and negative durations is one switching interval. 

Figure 3.33  FWM of a single conduction period

V

v

Figure 3.34  Line-to-line voltage without FWM
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One cycle is equal to six switching intervals. The rms voltage across the motor terminals 
can be calculated by

	 V
ab

5Î1

6#
6

0

v 2
ab
     dx	 (3.71)

	 V
ab

5Î2

3
 V

dc
	 (3.72)

where V
ab

 is the rms line-to-line voltage, v
ab

 is the instantaneous line-to-line voltage, 
and x is the interval. The integration is based on the duration rather than the electrical 
angle. Since the time of all switching intervals is equal, for Equation (3.71) we use the 
number of intervals.

Now let us assume that due to the FWM, the load voltage will have the waveform 
shown in Figure 3.35. Identify the duty ratio d as

d 5
S subintervals of one conduction period

conduction period

For example, a 20% duty ratio means that the transistor is closed for 20% of the conduc-
tion period. This duty ratio can be added to Equation (3.71) as follows:

	 V
ab

5Îd

6
 #

6

0

v 2
ab
    dx	 (3.73)

or

	 V
ab

5Î2d

3
 V

dc
	 (3.74)

The voltage reduction ratio VR can be computed by dividing the voltage of Equa-
tion (3.74) by the voltage with 100% duty ratio (no FWM).

	 VR 5
voltage with FWM

voltage without FWM
5 Ïd	 (3.75)

Figure 3.35  Line-to-line voltage with FWM

V
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▶	 EXAMPLE 3.13

An FWM with a duty ratio of 25% is used to reduce the voltage of the system 
described in Example 3.12. If the source voltage is 150 V, calculate the rms voltage 
applied to the motor windings with and without FWM.

Solution

V
ab

(with FWM) 5Î2d

3
 V

dc
5Î2 3 0.25

3
3 150 5 61.24 V

	   V
ab

(without FWM) 5
61.24

Ïd
5 122.48 V	 ◀

3.9.3.3   Sequence adjustment
By altering the succession of the transistor switching, the phase sequence of the load 
voltage can be reversed. Note that the phase sequence of the switching pattern in Fig-
ures 3.30 and 3.31 is abc. This sequence can be changed to acb simply by swapping the 
switching pattern of transistors Q

1
 and Q

5
, and also Q

2
 and Q

4
.

3.9.4   Pulse-Width Modulation (PWM)
Pulse-width modulation (PWM) is used to control the frequency and the magnitude of the ac 
voltage across the load and to reduce the harmonic contents in the output voltage or current. 
There are a number of PWM techniques, but the most common type is the sinusoidal PWM.

Figure 3.36 shows the basic idea of PWM for a voltage source inverter. Two control 
signals are used: a reference sinusoidal wave v

ref
 and a triangular carrier v

car
. A control 

circuit at low voltage levels generates these two signals. They are used solely to create the 
triggering signals for two transistors on the same leg in the circuit shown in Figure 3.29.  
That is to say, they are for the terminal of one phase only. The control signals of the 
other two legs have the same triangular carrier, but their sinusoidal reference waves 
have the proper 120° shift associated with the balanced three-phase system. Thus, v

ref
 

of phase b lags v
ref

 of phase a by 120°, and v
ref

 of phase c leads v
ref

 of phase a by 120°.
With the PWM technique, several parameters can be adjusted to generate the 

desired voltage and frequency at the load side. The basic parameters are the frequency 

v

v

t

Figure 3.36  Control signals for PWM
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and magnitude of the reference signal v
ref

. The magnitude of the triangular carrier is usu-
ally kept constant, but its frequency can also vary. The upper limit of the frequency of 
the carrier is determined by the maximum switching frequency of the transistors. This 
frequency can be as high as 20 kHz.

Now let us see how the PWM works by examining Figure 3.36. We will assume 
that the figure is for the control signals of phase a only. Looking back at the circuit in  
Figure 3.29, you find that Q

1
 and Q

4
 are the two transistors switching in the leg of phase a.  

If Q
1
 is closed and Q

4
 is open, v

ao
 is positive. (v

ao
 is the potential of phase a with respect 

to point o.) Point o is just a reference point selected here to be the negative terminal of 
the input source V

dc
. If Q

1
 is open and Q

4
 is closed, v

ao
 is zero. With PWM, the switching 

of Q
1
 and Q

4
 is based on the difference between the reference and carrier waveforms Dv:

Dv 5 v
ref

2 v
car

The switching conditions for any two transistors in one leg (say, for phase a) are 
as follows:

Dn
a
. 0,    Q

1
 is closed and Q

4
 is open

Dn
a
, 0,    Q

4
 is closed and Q

1
 is open

where

Dv
a

5 v
ref a

2 v
car

v
ref a

 is the reference signal of phase a.
The reference signals for two phases are shown at the top of Figure 3.37. Using the 

rule stated in the previous paragraph, we can generate v
ao

 and v
bo

 shown in the figure. 
Note that these voltages have unequal switching intervals.

V

v   bv   a
vao

v

t

t

vbo

V

Figure 3.37  Potentials of phases a and b due to PWM
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Figure 3.38 shows the line-to-line voltage v
ab 

, which is obtained by subtracting the 
potential of phase b from that of phase a:

	 v
ab

5 v
ao

2 v
bo

	 (3.76)

The line-to-line voltage consists of rectangular segments with different widths. It also 
has symmetrical positive and negative parts. Thus, it has a dominant component at the 
fundamental frequency. Using a harmonic analysis technique, the general expression of 
such a waveform can be written as

	 v
ab

(t) 5 Ï3 m
a
 
V

dc

2
 sin(2pf

s 
t) 1 Bessel harmonic terms	 (3.77)

where f
s
 is the frequency of the reference signal and m

a
 is called the amplitude modula-

tion, which is the ratio of the peak values of the reference signal to the carrier,

	 m
a

5
V

ref

V
car

	 (3.78)

By examining Equation (3.77), one can conclude that by adjusting the magni-
tude and frequency of the reference signal, the magnitude and frequency of the load 
voltage can be controlled. Assume that the carrier frequency and its magnitude are 
unchanged. When the magnitude of the reference signal increases, m

a
 increases, and 

so does the magnitude of the fundamental component of the load voltage v
ab 

. Also, 
since the frequency of the fundamental voltage across the load is the same as the 
frequency of the reference signal f

s 
, the frequency of the load voltage can be changed 

by changing the reference frequency. These are the major advantages of the PWM 
technique.

For high-performance applications, the harmonics in Equation (3.77) could be 
higher than desired. To reduce the harmonics, more elaborate circuits must be used. One 
of them is based on modifying the conduction period in each cycle of a high-frequency 
carrier. To explain this, let us consider v

ao
 in Figure 3.37 to be the average value for one 

cycle of the high-frequency carrier signal. This is a reasonable approximation because 
the reference signal is near the power line frequency and the carrier signal is often 
higher than 5 kHz.

In addition to the high-frequency carrier, we assign separate modulation indices 
(duty ratio) for the three phases. 

Figure 3.38  Line-to-line voltage and its fundamental component due to PWM

V

t

vab
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v
ao

5 m
a
V

dc

v
bo

5 m
b
V

dc

	 v
co

5 m
c
V

dc
	 (3.79)

m
a

5
t
on2a

t
5 t

on2a  
f

m
b

5
t
on2b

t
5 t

on2b  
f

	 m
c

5
t
on2c

t
5 t

on2c  
f 	 (3.80)

where

t
on2a

 is the on time of phase a during one cycle of the carrier signal

t is the period of the carrier signal

f is the frequency of the carrier signal

Next, let us make the modulation index time-dependent and in the form of

m
a

5 0.5 1 k sin(2p f
s
t)

m
b

5 0.5 1 k sin12p f
s
t 2

2p

3 2
m

c
5 0.5 1 k sin12p f

s
t 1

2p

3 2
	 k 5

V
max2r

V
max2car

5
V

r

V
car

	 (3.81)

where

k is the gain ratio: the ratio of the peak (or rms) values of the reference to carrier signals 

V
r
 is the reference voltage in rms

V
car

 is the carrier voltage in rms

f
s
 is the frequency of the reference signals

In this case, the line-to-line voltages are

v
ab

5 v
ao

2 v
bo

5 m
a
V

dc
2 m

b
V

dc
5 Ï3 kV

dc
 sin 12pf

s 

t 2
p

62
v

bc
5 v

bo
2 v

co
5 m

b
V

dc
2 m

c
V

dc
5 Ï3 kV

dc
 sin 12p f

s 

t 2
5p

6 2
	 v

ca
5 v

co
2 v

ao
5 m

c
V

dc
2 m

a
V

dc
5 Ï3 kV

dc
 sin 12p f t 1

p2	 (3.82)
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The above equation shows a three-phase balanced voltage that are free from harmonics. 
The phase-to-neutral voltages at the output are

v
an

5 kV
dc

 sin(2p f
s 
t)

v
bn

5 kV
dc

 sin12p f
s 

t 2
2p

3 2
	 v

cn
5 kV

dc
 sin12p f

s
t 1

2p

3 2	 (3.83)

In rms quantities,

V
an

5
kV

dc

Ï2
 /0o

V
bn

5
kV

dc

Ï2
 /2120o

	 V
cn

5
kV

dc

Ï2
 /120o	 (3.84)

Based on Equation (3.83), we can control the voltage, frequency, phase shift, and phase 
sequence as follows:

●● Voltage control is implemented by adjusting k.

●● Frequency control is implemented by adjusting the frequency of the reference signal f
s
.

●● Phase shift is implemented by shifting the reference signals.

●● Phase sequence is implemented by swapping the switching signals of any two legs 
in Figure 3.29.

	3.10	 Energy Recovery Systems
In a number of applications, a two-way energy exchange between a source and a load 
is needed. This is particularly important for electric drive systems. The machine used in 
electric drives consumes electric energy when running as a motor, but it returns some 
energy back to the source when running as a generator. This process enhances the opera-
tion of the machine and improves the overall efficiency of the system. In later chapters, 
we will discuss this aspect in more detail.

Figure 3.39 shows an energy recovery circuit, where two sources are connected via 
two IGBT circuits in bridge configurations. Switches S

1
 through S

4
 are used to charge 

the battery. S
5
 through S

8
 are used for discharging. The charging and discharging opera-

tions are discussed in the following subsections.

3.10.1   Charging Operation
When v

AB
 . V

dc
, S

1
 and S

4
 can be triggered because their collector-to-emitter forward 

voltage is positive. The current loop in this case is 
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When point B is of higher potential than A, and v
BA

 . V
dc

, S
2
 and S

3
 can be triggered. The 

current loop for this interval is B, S
3
, C, D, S

2
, and back to A.

Figure 3.40(a) shows the key waveforms of the system; Figure 3.40(b) shows the 
switching sequence and duration of the transistors. Only when v

s
 . V

dc
 can the bat-

tery be charged. The shaded areas represent the maximum possible period for charging  
the battery.

The fundamental equations for the charging operation can be obtained by consider-
ing the simplified equivalent circuit shown in Figure 3.41(a). In the figure, the resistance 
R represents the augmented value of the internal resistance of the battery, the forward 
resistance of the IGBTs while conducting, and the resistance of the cables. The diode is 
used to indicate the direction of the charging current i

c
.

The instantaneous voltage drop across the resistance can be written as

	 v
R

5 v
s
2 V

dc
	 (3.85)

At b,

	 v
s
5 V

max
  

sin b 5 V
dc

	 (3.86)

C

A B

vs
+

–

V

D

Figure 3.39  Energy recovery circuit

vAB vBA

V
b

u

a

Figure 3.40  Waveforms of charging operation
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where b . p. The average voltage across the resistance can be expressed by

	 V
R

5
1
p#

b

a

[V
max 

sin(vt) 2 V
dc

] dvt 5
V

max

p
 [cos a 2 cos b] 2 V

dc
 
b 2 a

p
	 (3.87)

The average value of the charging current I
c
 is

I
c

5
V

R

R

Note that the minimum value of the triggering angle of the IGBTs (S
1
 and S

4
), as shown 

in Figure 3.40(a), is

a
min

5 u

If the triggering angle is less than a
min

, the collector–emitter voltage across these IGBTs 
is negative, and the transistors cannot close until vt $ u.

▶	 EXAMPLE 3.14

For the circuit in Figure 3.39, assume that the voltage source is 110 V (rms) and the 
dc battery pack is 150 V. The value of the resistance between the battery and the ac 
source, including the internal resistance of the battery, is 1 V. Calculate the rms cur-
rent and the power delivered to the battery during charging. Assume that a is 90°.

Solution
Before we attempt to solve this problem, note that during charging, the triggering 
angle must be larger than the cross angle (when v

s
 5 V

dc
). The cross angle can be 

computed as

u 5 sin21 
V

dc

V
max

5
150

Ï2 110
< 75°

Any triggering angle less than 75° will result in no conduction. b is the first angle 
after a at which v

s
 5 V

dc
:

b 5 1808 2 u 5 105°

vs

ic id
vsV V

R R

Figure 3.41  Simplified equivalent circuit for charging and discharging
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87	 3.10  Energy Recovery Systems

The conduction period g is then

g 5 b 2 a 5 1058 2 908 5 15°

To compute the power delivered to the battery, we need to compute the rms current, 
the rms of the fundamental component of the current, and the phase shift of its fun-
damental component as given in Equations (3.15) through (3.25). The simplest way 
to compute the rms current is to compute the rms voltage across the resistance and 
divide it by the resistance itself.

V
R rms

5 Î1
p#

b

a

v 2
R 

dvt 5Î1
p#

b

a

(v
s
2 V

dc
)2 dvt

V
R rms

5 Î 
1
p

 1V 2
dc

 g 1#
b

a

v 2
s
 dvt 2 2V

dc#
b

a

v
s
 dvt2

V
R rms

5ÎV 
2
dc

p
 g 1

V 
2
 max 

2p 3g 2
 sin(2b) 2  sin(2a)

2 4 2
2V

dc
V

max

p
 (cos a 2  cos b)� (3.88)

A direct substitution of the parameters into Equation (3.88) yields

V
R rms

5 1.2 V

The total rms current during charging I
c
 
rms

, which includes all the harmonics, is

I
c rms 

5
V

R rms

R
5 1.2 A

As explained in Section 3.1.2.3, the power can only be computed by using currents 
and voltages of the same frequency. We cannot multiply by I

c
 

rms
 by V

dc
. However, 

we can multiply the dc component of the current I
c
 by V

dc
. Another method is to use 

the formula in Equation (3.17) to compute the power at the ac source side and then 
subtract the losses of the resistance R. The power at the ac source side is

P
s
5 VI

1c rms
 cos f

1

where I
1c

 
rms 

is the rms value of the fundamental component of the charging current.
	 To calculate the power delivered by the ac source, we need to compute the phase 
shift of the fundamental component of the current with respect to the voltage of the 
ac source as given in Equation (3.20):

f
1

5 tan211a
1

b
1
2

a
1

5
1
p

 #
2p

0

 i(vt) cos(vt) dvt 5
2

Rp
 #

b

a

 v
R
 cos(vt) dvt 5

2

Rp
 #

b

a

 (v
s
2 V

dc
) cos(vt) dvt
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a
1

5
2

Rp
 3#

b

a

 V
max

 sin(vt) cos(vt) dvt 2 #
b

a

V
dc

 cos(vt) dvt4
a

1
5

V
max

Rp
(sin2 b 2 sin2 a) 2

2 V
dc

Rp
(sin b 2 sin a) 5 20.063

b
1

5
1
p

 #
2p

0

 i(vt) sin(vt) dvt 5
2

Rp
 #

b

a

 v
R
 sin(vt) dvt 5

2

Rp
 #

b

a

 (v
s
2 V

dc
) sin(vt) dvt

b
1

5
2

Rp
 3#

b

a

 V
max

 sin2(vt) dvt 2 V
dc

 #
b

a

 sin(vt) dvt4
b

1
5

V
max

Rp
 3g 1

sin(2a) 2 sin(2b)

2 4 2
2V

dc

Rp
 (cos a 2 cos b) 5 0.628

f
1

5 tan211a
1

b
1
2 5 25.73°

The rms value of the fundamental component of the charging current I
1c

 
rms

 is given by 
Equation (3.18):

I
1c rms

5
c

1

Ï2
5

Ïa2
1

1 b2
1

Ï2
5

Ï(20.063)2 1 (0.628)2

Ï2
5 0.446 A

As given in Equation (3.17), the power of the ac source P
s
 is

P
s
5 VI

1c rms
 cos f

1

5 110 3 0.446 3 cos(5.738) 5 48.85 W

The power losses in the resistance P
loss

 is

P
loss

5 I 2
c rms

 R 5 1.22 3 1 5 1.44 W

Note that the losses in the resistance are due to all harmonic components of the cur-
rent. The power delivered to the battery pack P

charge
 is then

	 P
charge

5 P
s
2 P

loss
5 47.41 W� ◀

3.10.2   Discharging Operation
The battery can return energy back to the ac source if V

dc
 . v

AB
 and the proper IGBTs 

are triggered. The current in this case will flow in the opposite direction of the charg-
ing current as shown in Figure 3.41(b). The diode is used to indicate the direction of 
the discharging current i

d
. The waveforms of the discharging operation are shown in  

Figure 3.42(a), and the triggering sequence is shown in Figure 3.42(b). When V
dc

 . 
v

AB
, S

5
 and S

8
 can be triggered, and the current loop is C, S

5
, A, B, S

8
, and back to D. 
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When V
dc

 . v
BA

, S
6
 and S

7
 can be triggered, and the current loop is C, S

7
, B, A, S

6
, and 

back to D. The equations of the system during discharging are similar to Equations 
(3.85) to (3.87). The main difference is that the voltage drop across the resistance is 
reversed.

v
R

5 V
dc

2 v
s

Let us analyze the first half of the cycle in Figure 3.42. In this period, v
BA

 is nega-
tive (point A has positive potential and B has negative) and is always less than V

dc
. Thus, 

S
6
 and S

7
 are closed. The current will flow in the IGBTs until p. After p, point A turns 

positive with respect to B. Then, S
5
 and S

8
 are closed. The average component of the 

discharging current can be computed by using the average voltage across the resistance 
at any triggering angle a:

	 V
R

5
1
p#

p

a

[V
dc

2 V
max 

sin(vt)] dvt 5 V
dc

 
p 2 a

p
2

V
max

p
(cos a 1 1)	 (3.89)

The minimum triggering angle a
min

 is achieved when vt 5 0. The conduction 
period in this case is p, and the commutation angle is b 5 p. The average discharging 
current I

d
 is

I
d

5
V

R

R

The rms quantities of the discharging circuit are computed in the following example.

▶	 EXAMPLE 3.15

For the circuit in Example 3.14, calculate the rms current and the power delivered to 
the ac source during discharging. Assume that a is a minimum.

Figure 3.42  Waveforms of discharging operation

vAB vBA

V

bu

a
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Solution
The general expression for the rms voltage across the resistance while discharging is

V
R rms

5Î1
p#

b

a

v 2
R
 dvt 5Î1

p#
b

a

(V
dc

2 v
s
)2 dvt

5Î1
p1V 

2
dc

(g) 1 #
b

a

v2
s 

 dvt 2 2V
dc#

b

a

v
s 

 dvt2
V

R rms
5ÎV 2

dc

p
(g) 1

V 2
max

2p
 3g 2

sin(2b) 2 sin(2a)

2 4 2
2V

dc
 V

max

p
 (cos a 2 cos b)

where

a
min

5 0°

b 5 180°

g 5 b 2 a
min

5 180°

V
R rms

5 ÎV 2
dc

1
V 2

max

2
2

4V
dc

V
max

p

V
R rms

5Î1502 1 1102 2 4(150)(Ï2 110)
p

5 70 V

The total rms current (including all harmonics) during discharging I
d
 
rms

 is

I
d rms

5
V

R rms

R
5 70 A

	 To calculate the power delivered to the ac source, we need to compute the rms 
value of the fundamental component of the current, and the phase shift as given in 
Equations (3.16) through (3.25).

a
1

5
1
p

 #
2p

0

 i(vt) cos(vt) dvt 5
2

Rp
 #

b

a

 v
R
 cos(vt) dvt 5

2

Rp
 #

b

a

 (V
dc

2 v
s
) cos(vt) dvt

a
1

5
2V

dc

Rp
 (sin b 2 sin a) 2

V
max

Rp
 (sin2 b 2 sin2 a)

a
1

5 0

Since a
1
 is zero, there is no phase shift between the ac source voltage and the funda-

mental component of the current.

b
1

5
1
p

 #
2p

0

 i(vt) sin(vt) dvt 5
2

Rp
 #

b

a

 v
R
 sin (vt)dvt 5

2

Rp
 #

b

 (V
dc

2 v
s
) sin(vt) dvt
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b
1

5
2V

dc

Rp
 (cos a 2 cos b) 2

V
max

Rp
 3g 1

sin(2a) 2 sin(2b)

2 4
b

1
5

4 V
dc

Rp
2

V
max

R
5 35.42

f
1

5 tan211a
1

b
1
2 5 0°

The rms value of the fundamental component of the current is given by

I
1d rms

5
c

1

Ï2
5

Ïa2
1

1 b2
1

Ï2
5

35.42

Ï2
5 25 A

As given in Equation (3.17), the power delivered to the ac source P
ac

 can be com-
puted by

	   P
ac

5 VI
1d rms

 cos f
1

5 110 3 25 3 cos(0) 5 2.75 kW� ◀

	3.11	 Three-Phase Energy Recovery Systems
In three-phase systems, the energy recovery circuit is similar to the circuit of the three-
phase ac/dc converter in Figure 3.21. However, the switches are oriented to allow the 
current to flow from the dc source to the ac source. A typical circuit is shown in Fig-
ure 3.43. It consists of six IGBTs, a dc source, and an ac source. The current I can flow 
from the dc side to the ac side under the following conditions:

When v
ab

 , V
dc

, and S
1
 and S

6
 are triggered

When v
bc

 , V
dc

, and S
2
 and S

3
 are triggered

When v
ca

 , V
dc

, and S
4
 and S

5
 are triggered

Figure 3.44 shows the waveforms of the circuit and a switching pattern. The bot-
tom part of the figure shows the voltage difference between the ac and dc sources. Note 
that this switching sequence provides a balanced energy recovery for all three phases.  

van

V

I

+

–

vbn

vcn

a

b

c

Figure 3.43  Energy recovery circuit
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The triggering sequence of the IGBTs does not result in a waveform at the ac side simi-
lar to those in Figures 3.30 or 3.31, because the ac side is already a voltage source and 
its waveforms cannot be altered.

The single-phase equivalent circuit is similar to that given in Figure 3.41. The equa-
tions governing the discharging of the battery can be expressed by

v
R

5 V
dc

2 v
ab

Several triggering patterns can be used. The maximum conduction period of any 
transistor is g 5 120°. In the following analysis, a

min
 5 u, whereby the voltage of the 

battery pack equals the voltage of the line-to-line ac source.
b can be computed at the moment when the line-to-line waveform equals the dc 

voltage. Assume that the line-to-line voltage is

v
ab

5 Ï3V
max

 sin(vt)

where V
max

 is the peak value of the phase voltage. Hence,

Ï3V
max

 sin(d) 5 V
dc

vab vbc

vs – V

vca V

b

u

a

a

d

Figure 3.44  Waveforms of switching patterns for energy recovery
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	 b 5 180° 2 sin211 V
dc

Ï3V
max

2	 (3.90)

u 5 b 2 120°

u 5 60° 2 sin21
V

dc

Ï3 V
max

The average voltage across the resistance during discharging is

	 V
R

5
3

2p#
b

a

[V
dc

2 Ï3 V
max 

sin(vt)]	 (3.91)

V
R

5 V
dc

 
3g

2p
1

3Ï3 V
max

2p
 (cos b 2 cos a)

▶	 EXAMPLE 3.16

The three-phase circuit shown in Figure 3.43 is used to discharge a battery bank of 
250 V. The line-to-line ac voltage is 208 V. The system resistance between the battery 
bank and the source during conduction is 3 V. Calculate the following:

a.	 Minimum triggering angle and the associated conduction period

b.	 Average charging current for the minimum triggering angle

Solution
a.	 The minimum triggering angle

a
min

5 u 5 60° 2 sin21 
V

dc

Ï3V
max

5 2°

g 5 b 2 a
min

5 120°

b.	 To compute the average charging current, we need to compute the voltage across 
the system resistance.

V
R

5 V
dc

 
3g

2p
1

3Ï3 V
max

2p
 (cos b 2 cos a)

V
R

5 V
dc

1
9V

max

2p
 cos(a 1 150)

V
R

5 250 1 9 
169

2p
 cos(152) 5 36.26 V

I
R ave

5
V

R

R
5 12.09 A
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	3.12	 Current Source Inverter
The current source inverter (CSI) has several advantages over the voltage source invert-
ers; among these advantages are the following:

1.	 The load current is constant, even when the load impedance changes.

2.	 When misfiring occurs and two switches on the same leg conduct, the supply of 
the voltage source inverter is shorted and the switches are damaged. However, 
for the CSI, the current through these switches is controlled to stay below the 
damage level.

3.	 When a commutation circuit is needed, the current source inverter demands a much 
simpler commutation than the voltage source inverter.

During the conduction period, the CSI is designed to maintain the current of the load 
constant, while the voltage is allowed to fluctuate. To explain the operation of the CSI, 
consider the dc/ac inverter shown in Figure 3.45. The figure shows a variable dc source, 
which could be the output of an ac/dc converter. The magnitude of the source voltage v

s 

is continually adjusted to maintain the current in the inductor L constant. A large enough 
inductance is chosen so as to reduce current fluctuations. The dc/ac bridge circuit is similar 
to that shown in Figure 3.28, except for the four additional diodes D

1
 to D

4
. The function 

of these diodes will become apparent after we discuss the operation of this circuit. The four 
switches (Q

1
 to Q

4
) could be GTO, bipolar transistors, IGBT, or any other switching device.

Since the current is maintained constant, two transistors must be in conduction at 
any time. When Q

1
 and Q

2
 are conducting, the current flows in the direction shown in 

Figure 3.45. The load current reverses its direction when Q
3
 and Q

4
 are conducting.

The voltage equation of the circuit can be written as

	 v
d

5 v
s
2 L 

di

dt
	 (3.92)

Also,

	 v
d

5 v
sw

1 iR
l
1 L

l
 
di

l

dt
	 (3.93)

vs vd

vl

L

i

i

+ –

Figure 3.45  Current source inverter
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95	 3.12  Current Source Inverter

where R
l
 and L

l
 are the resistance and inductance of the load, respectively. v

sw
 is the volt-

age drop across the switches in conduction, including the conducting diodes. Note that 
in Equation (3.92), we used di /dt, and in Equation (3.93), we used di

l  
/dt. Although the 

currents in the load and inductor L are the same during the steady state, they can have 
different values for di /dt. When two of the switches are in the process of closing, the 
other two must be in the process of opening. This opening and closing normally hap-
pens very rapidly, so the load current reverses its direction, while the inductor current 
remains relatively unchanged.

The rapid reversal of the load current results in a high di
l  
/dt. For a highly inductive 

load with small resistance, Equations (3.92) and (3.93) can be rewritten as

	 v
sw

5 v
d

2 L
l
 
di

l

dt
5 v

s
2 L 

di

dt
2 L

l
 
di

l

dt
	 (3.94)

If the load inductance is large enough and the switches are high-speed devices, L
l
 (di

l  
/dt)  

during the current reversal could become much larger than v
d
. Depending on the sign of 

the di
l  
/dt, v

sw
 could become negative. As we know from the property of transistors, an 

excessive reverse voltage can damage the transistors. Therefore, by inserting a diode, 
with good reverse-voltage property, in series with the switches, most of the negative 
voltage of v

sw
 will be on the diodes, and the switches are saved.

Figure 3.46 shows a simple dc/ac current source inverter with a commutation cir-
cuit. It has four diodes (D

1
 to D

4
), four SCRs (Q

1
 to Q

4
), an inductor (L), and two capaci-

tors (C
1
 and C

2
). The four SCRs are switched in pairs; Q

1
 and Q

2
 are closed during one 

half-cycle, and Q
3
 and Q

4
 are closed during the other half. This circuit is similar to that in 

Figure 3.28 but has more components, and its switches are SCRs instead of transistors.
For now, ignore the capacitors and diodes and assume that the bridge has only 

four SCRs. When Q
1
 and Q

2
 are switched on, the current flows in the load in one direc-

tion. When these switches are turned off, and Q
3
 and Q

4
 are turned on, the current 

flows in the opposite direction. If we ignore the transition period between the turn-off 
and turn-on of the switches, we would expect the load current to have the waveform  

Figure 3.46  Commutation of current source inverter

L

ic

i

ic

i

+ –

+ –
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Chapter 3  Introduction to Solid-State Switching Circuits96

shown in Figure 3.47. If the load changes during a conduction period (180°), the current 
of the load is maintained constant due to the presence of the inductor L.

As you know, the SCR cannot be commutated unless its current falls below its 
holding value, which can happen when the terminal voltage of the SCR is reversed. 
This circuit can be commutated by using the capacitors and diodes. When Q

1
 and Q

2
 are 

switched on, the source current flows in three paths:

i 5 i
1

1 i
c

1

1 i
c

2

The loop of the capacitor current i
c

1

is from the source through Q
1
, C

1
, D

4
, D

2
, Q

2
, and 

back to the source. Similarly, the i
c

2

 loop is through Q
1
, D

1
, D

3
, C

2
, and Q

2
. The loop of 

the load current is Q
1
, D

1
, D

2
, and Q

2
. The currents i

c
1

 and i
c

2

 flow until the capacitors 
are fully charged. The capacitance of C

1
 and C

2
 are selected sufficiently large so as to 

fully charge them in less than 180°. (The maximum conduction period of any pair of the 
SCRs is 180°.) After the capacitors are fully charged, only i

1
 continues to flow. Now let 

us assume that Q
1
 and Q

2
 are to be turned off, and Q

3
 and Q

4
 turned on. All we have to 

do is to trigger Q
3
 and Q

4
. By doing this, C

1
 becomes in parallel with Q

1
, and the voltage 

across Q
1
 is negative. Hence, Q

1
 is turned off. Similarly, C

2
 becomes in parallel with Q

2
, 

and it turns Q
2
 off. This process is repeated for the second half of the cycle.

One other function for the diodes is to isolate the capacitors from the load. In this 
case, when the load voltage varies, the capacitors remain at constant voltage after they 
are charged. Thus, the capacitor voltage will be available and ready for commutation 
when needed. The waveform of this circuit is shown in Figure 3.47 and is similar to 
that in Figure 3.28. The only difference is that the waveform here is for current instead  
of voltage.

	3.13	 Triggering Circuits
Power electronics solid-state devices operates at high voltage and currents, and they 
require low-voltage or low-current signals to switch them. SCRs, for example, require a 
triggering pulse to close the switch when it is forward biased. Bipolar junction transis-

Figure 3.47  Waveform of current source circuit
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97	 3.13  Triggering Circuits

position. Field effect transistors require a voltage signal to close them and keep them in 
the closed state. These triggering circuits have two main tasks:

●● Synchronization: To inject the triggering signal at the proper time

●● Isolation: To protect the electronic devices in the low-voltage triggering circuit 
from the high voltage of the power electronic circuit

The design of triggering circuits is an art that takes many shapes and designs. Some are 
analog and others are digital. There are so many designs that we cannot discuss them all 
in this text. We will discuss some triggering circuits. Our review of the basic principles 
of triggering will help readers become familiar with the design of triggering circuits. 

3.13.1   Synchronization of Triggering Circuits
Synchronization implies that the triggering signal is activated at a specific time and 
is repeated every cycle. When the source is an ac waveform, the triggering signal to 
an SCR or a MOSFET is synchronized with the source voltage. The triggering circuit 
design for an SCR is different than that for transistors; the SCR requires just a pulse to 
close whereas the transistor requires a continuous signal to keep it in the closed state.

3.13.1.1   Triggering Pulse
A simple triggering circuit that can be used for SCRs is shown in Figure 3.48. It consists 
of an RC circuit composed of variable resistance R

1
 in series with a capacitor C. The 

time constant t of this branch is 

	 t 5 R
1
C	 (3.95)

Adjusting the value of R
1
 changes the time constant, which determines the speed by 

which the capacitor is charged. The voltage across the capacitor is connected to a DIAC 
(diode for alternating current), which has a predetermined voltage for conduction  
V

DIAC
. When the voltage across the capacitor reaches V

DIAC
, the DIAC conducts and the  

vc

v

R    C  

R    

vs

Figure 3.48  Synchronization circuit with DIAC
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Chapter 3  Introduction to Solid-State Switching Circuits98

capacitor is discharged into R
2
 and the gate of the SCR. The waveforms of the gate pulse 

(which is the same as v
out

) is shown in Figure 3.49. The main function of R
2
 is to keep 

the gate voltage at the neutral level when there is no triggering pulse. In this way, the 
SCR is not falsely triggered by nearby circuits producing electrical or magnetic fields.
Although this circuit is used extensively, it has two main limitations:

●● Since the circuit generates a pulse, it is only suitable for triggering SCRs and  
TRIACs (triode for alternating current). It cannot be used to close transistors 
because they need continuous signals to keep them in the closed state.

●● Because V
DIAC

. 0, the triggering angle is always greater than zero. When this  
circuit is used to drive a small motor, the motor speed is nonzero at the smallest 
triggering angle,

3.13.1.2   Continuous Conduction
To generate a continuous signal with a wide range of triggering angles, a circuit such as 
the one shown in Figure 3.50 can be used. The circuit consists of an ac source v

s
 con-

nected to a voltage divider made out of R
1
 and R

2
, where R

1
 is adjustable. The divider is 

used to produce low a voltage across R
2
 that is within the rating of the operational ampli-

fier (OpAmp). The voltage across R
2
 is the positive input (noninverting) of the OpAmp 

that is connected as a comparator. The negative input (inverting) of the OpAmp is con-
nected to a reference dc source V

dc
. The output of the OpAmp v

out
 is zero until the volt-

age across R
2
(v

in
) exceeds V

dc
. The waveforms of the circuit are shown in Figure 3.51.  

The output voltage v
out

 in the figure is continuous during the conduction period if the 
OpAmp is driven into saturation. The triggering angle a is determined by the magnitude 
of v

2
 (v

in
) with respect to V

dc
. To delay the triggering, v

2
 decreases by decreasing R

1
. 

From the symmetry of the ac waveform, the commutation angle b is determined 
by a:

	 b 5 180o 2 a	

vc

vv

vs

vc

vt

V

a

Figure 3.49  Waveforms of the circuit in Figure 3.48
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99	 3.13  Triggering Circuits

Hence the conduction period g is

	 g 5 b 2 a 5 180o 2 2a	 (3.97)

For a wider range of a, the inverting terminal of the OpAmp can be grounded: V
dc

5 0. 
This makes the circuit simpler, but a switch maybe needed to remove the voltage across 
R

2
 when no triggering is needed.

For more advanced systems, a PWM integrated circuit or Arduino microcontroller 
board can be used. These circuits are widely available and can be programmed to deliver 
multiple triggering signals to control more than one power electronic switch at the same 
time. They also allow the users to adjust the frequency, magnitude, and phase shift of the 
reference signal of the PWM. The industry produces plenty of designs of these devices, 
and the user should consult with the data sheets to select the suitable ones for their 
applications. The pen connections of these devices are well labeled, and the external 
components connected to these pins are given in the data sheets.

The only drawback of all these triggering circuits is their low voltage ratings. Hence, 
they cannot be directly connected to the high-voltage circuit of the power electronic  
switches. An isolation device between the triggering circuit and the power electronic 
devices is needed.

v
V

vv  = v

R    

R    

R    

vs
+

+

Figure 3.50  Synchronization circuit with operational amplifier and ac source

v v

v

vt

V

a b

Figure 3.51  Waveforms of the circuit in Figure 3.50
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3.13.2   Isolation of Triggering Circuits
Isolation is a method for separating a low-voltage circuit from a high-voltage circuit 
to prevent damaging the low-voltage components due to overcurrent and overvoltage. 
Consider the circuit shown in Figure 3.52. The circuit has a high-voltage source (say, 
120 V) when driving a motor through an SCR. In addition, a current-sensing circuit 
consists of a small resistance R and an OpAmp, as shown in the figure. The OpAmp, 
which is used as a comparator, is designed to withstand low voltages without damage; 
normally not much higher than its power supply voltage V

cc
 (say, 6 V). The ground 

terminal of the OpAmp is connected to the ground of the high voltage source. In this 
case, the voltage at point a with respect to the ground point g is 120 V. This high level 
of voltage at point a will certainly destroy the OpAmp.

One solution is to have the resistance R between the ground and the motor. In this 
way, the voltage across the OpAmp is just a few volts above the ground level. However, 
the OpAmp will be subjected to ground voltage fluctuations. In addition, this option 
may not be available for all circuit designs. Consider, for example, the dc/ac converter 
circuit in Figure 3.53. The triggering circuits (TCs) are connected between the gate and 
emitter of the IGBTs. The triggering circuits are low voltage ((V

cc
< 3V–12V). Transis-

tors Q
1
 and Q

2
 are switched in one half of the cycle and the rest on the other half. Let us 

assume that Q
1
 and Q

2
 receive triggering signals. After Q

1
 is closed, the potential of E

1
 

is almost the same as C
1
. Since the gate G

1
 is not much different than E

1
, G

1
 is almost at 

the potential of the source voltage (120 V for the circuit in the figure). The high voltage 
of G

1
 with respect to the ground is the same as the voltage seen by the components of 

the TC. This will destroy the low-voltage components of the TC.
Based on the previous discussions, in most power electronic circuits it is important 

to isolate the low-voltage components from the high-voltage components. Two of the 
most common techniques are the isolation transformer and the Opto-Coupler.

3.13.2.1   Isolation Transformer
One of the oldest methods of isolating TCs in SCR circuits is to use pulse transformers,  

Vcc

R

a

g

g

+

Figure 3.52  Circuit without isolation
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101	 3.13  Triggering Circuits

(no connection between the primary and secondary windings). The coupling between 
the windings is through the magnetic field only. If the neutral of the TC is separated 
from the ground of the high-voltage circuit, the potential across the TC is within its rated 
voltage V

CC
. The only drawback of this method is its cost; transformers are relatively 

expensive devices.

3.13.2.2   Opto-Coupler
The opto-coupler (OC) method is much more cost effective than the pulse transformer 
method. In the opto-coupler method, the coupling between the TC and the HV circuit 
occurs via light. The opto-coupler (OC) is also known as an opto-isolator, photocoupler, 
or optical isolator. It consists of a light-emitting device and light-activated device. A 
common type of OC is shown in Figure 3.55. It consists of a light-emitting diode (LED) 

C

E

G

R

Vcc Vcc

Vcc
Vcc

Figure 3.53  dc/ac bridge circuit without isolation

ZL   

V

Vcc

Figure 3.54  Isolation transformer for SCR triggering
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Chapter 3  Introduction to Solid-State Switching Circuits102

and a phototransistor (PT) on the same chip. There is no electrical connection between 
them. Commercially available OCs withstand several kilovolts between the two devices.

The light intensity is regulated by the current through the LED. When used as a 
switch, the TC is designed to provide the maximum light intensity when the power 
electronic device is to be triggered. The PT, which is a high-gain transistor, has its 
base activated by the minute energy in the light photons of the LED. When the light is 
received, the PT is closed.

The circuit in Figure 3.56 shows how the OC is used in a simple dc/dc chopper 
circuit. The triggering circuit is powered by a low-voltage supply, and the load is 

Figure 3.55  Opto-coupler

R

R

Figure 3.56  Triggering circuit with OC driving power transistor
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103	 3.13  Triggering Circuits

powered through a high-voltage supply. The PT is connected in series with two resis-
tances R

1
 and R

2
. The load is regulated by switching the bipolar transistor Q. When 

the triggering circuit is not active, the PT receives no light and is in the open state.  
In this case, the base terminal (B) of Q is at the ground level since no current is flow-
ing through R

2
. When the LED is activated by the TC, the PT is closed, which causes 

a current from the high-voltage source to pass through R
1
 and then branch into R

2
 and 

the base of Q. The resistance R
1
 is designed to be smaller than R

2
 to allow enough base 

current to close Q.
Another more elaborate circuit is shown in Figure 3.57. This circuit is for a six-

pulse dc/ac converter. The circuit consists of six transistors; three are PMOS (P channel  
metal-oxide-semiconductor field-effect transistor) and three are NMOS (N channel 
metal-oxide-semiconductor field-effect transistor). The PMOS transistors are located at 
the top of each leg. The source terminal of the PMOS is connected to the high-voltage 
side of the dc supply, and the source terminal of the NMOS is connected to the ground 
side. The collector of the PT is connected to the gate of the PMOS transistor. For the 
NMOS, the emitter of the PT is connected to gate of the NMOS transistor. The PMOS 
is closed when the voltage across the gate-source V

GS
 is negative. On the other hand, the 

NMOS is closed when its V
GS

 is positive. The figure shows the triggering circuit of just 
one leg. Similar circuits will be needed for the other two legs.

For Q
1
, when TC

1
 is not active, the PT is open and no current is flowing through R

1
.  

This makes the potential of G
1
 equal to that of S

1
. Hence, V

GS1
5 0 and Q

1
 is in open 

state. When the triggering signal is received, a current is flowing through R
1
 and R

2
. This 

current makes the potential across R
1
 equal to 2V

GS1

	 V
GS1

5 2IR
1

< 2
V

dc

R
1

1 R
2

 R
1
	 (3.98)

When V
GS1

 is negative, Q
1
 is closed.

S

D

D

V

SG

G

R

R

R

R

a b c

Figure 3.57  Triggering circuit for six-pulse dc/ac converter with OCs
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For the NMOS transistor Q
6
, when TC

6
 is not active, the PT is open and no 

current is flowing through R
4
. This makes the potential of G

6
 equal to that of S

6
  

(V
GS6

5 0). Q
6
 in this case is in an open state. When the triggering signal is received, a 

current is flowing through R
3
 and R

4
. This current makes the potential across R

4
 equal to 

V
GS6

. Since V
GS6

 is positive, Q
6
 is closed.

	 V
GS6

5 IR
4

<
V

dc

R
3

1 R
4

R
4
	 (3.99) 

CHAPTER 3  Problems

	 3.1	 A half-wave, single-phase ac-to-dc converter is loaded by an impedance  
of 10 mH inductance in series with 10 V resistance. The ac voltage is  
110 V (rms). For a equal to 30° and 90°, calculate the following:

a.	 Conduction period
b.	 Average current of the load
c.	 Average voltage of the load
d.	 Power

	 3.2	 �Repeat Problem 3.1 for a 5 10°, assuming that a freewheeling diode is used.

	 3.3	 �Assume that an additional inductance can be inserted in series with the load. 
Also assume that the converter has no freewheeling diodes. Calculate the added 
inductance that leads to a conduction period of 180° when a 5 30°.

	 3.4	 �Calculate the average current, average voltage, and the power of the load for the 
case described in Problem 3.3.

	 3.5	 �A single-phase, half-wave SCR circuit is used to control the power consumption 
of an inductive load. The resistive component of the load is 5 V. The source 
voltage is 120 V (rms). When the triggering angle is adjusted to 60°, the average 
current of the load is 6 A. Calculate the following:

a.	 Average voltage across the load
b.	 Conduction period in degrees

	 3.6	 �A dc/dc converter consists of a 100 V dc source in series with a 10 V load 
resistance and a bipolar transistor. Assume that the transistor is an ideal switch. 
In each cycle, the transistor is turned on for 100 ms and turned off for 300 ms. 
Calculate the following:

a.	 �Switching frequency of the converter
b.	 �Average voltage across the load
c.	 �Average load current
d.	 �rms voltage across the load
e.	 �rms current
f.	 �rms power consumed by the load
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	 3.7	 �A 120 V (rms), 60 Hz source is connected to a full-wave bridge as shown in 
Figure 3.58. The load is an arc welding machine that can be represented by a 
resistance of 1 V in series with an inductive reactance of 3 V. At a triggering 
angle of 60°, the current of the load is continuous. Calculate the following:

a.	 Average voltage across the load
b.	 �Average voltage across the resistive element of the load
c.	 Average current of the load

L R

Figure 3.58

	 3.8	 �An inductive load consists of a resistance and an inductive reactance connected 
in series. The circuit is excited by a full-wave, ac/dc SCR converter. The ac volt-
age (input to the converter) is 120 V (rms), and the circuit resistance is 5 V. At a 
triggering angle of 30°, the load current is continuous. Calculate the following:

a.	 �Average voltage across the load
b.	 �Average load current
c.	 �rms voltage across the load

	 3.9	 �A purely inductive load of 10 V is connected to an ac source of 120 V (rms) 
through a half-wave SCR circuit.

a.	 If the SCR is triggered at 90°, calculate the angle at the maximum instanta-
neous current.

b.	 If the triggering angle is changed to 120°, calculate the angle at the maxi-
mum instantaneous current.

c.	 Calculate the conduction period for the case in (b).

	3.10	 �A resistive load of 5 V is connected to an ac source of 120 V (rms) through an 
SCR circuit.

a.	 If the SCR circuit consists of a single SCR, and if the triggering angle is 
adjusted to 30°, calculate the power consumption of the load.

b.	 If the SCR circuit consists of two back-to-back SCRs, calculate the power 
consumption of the load assuming that the triggering angle is kept at 30°.

	3.11	 �An inductive load that has a resistive component of 4 V is connected to 
an ac source of 120 V (rms) through a half-wave SCR circuit. When the 

CHAPTER 3  Problems 
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triggering angle of the SCR is 50°, the conduction period is 160°. Calculate the 
following:

a.	 Average voltage across the load
b.	 Average voltage across the resistive element of the load
c.	 rms voltage across the load
d.	 Average current of the load
e.	 If a freewheeling diode is connected across the load, calculate the load rms 

voltage. Assume that the current of the diode flows for a complete half-cycle.

	3.12	 �The full-wave, ac/dc converter shown in Figure 3.59 is operating under continu-
ous current (conduction period 5 180°). The source voltage is 120 V (rms), and 
the load resistance is 2 V. For an average load current of 40 A, calculate the 
triggering angle of the SCRs.

vs

L

R

Figure 3.59

	3.13	 �Draw the waveforms of the load voltage for the circuit in Figure 3.21, assuming 
that the triggering angle is 230°.

	3.14	 �A three-phase, ac/dc converter is excited by a three-phase source of 480 V (rms 
and line-to-line). Compute the following:

a.	 The rms voltage across the load when the triggering angle is 30°
b.	 The average voltage across the load when the triggering angle is 140°. 

Keep in mind that the conduction is incomplete when the triggering angle is 
greater than 90°.

	3.15	 �The three-phase circuit shown in Figure 3.43 is used to discharge a battery bank 
of 250 V. The line-to-line ac voltage is 208 V. The system resistance between 
the battery bank and the source during conduction is 3 V. Compute the trigger-
ing angle of the IGBTs that limits the average current to 5 A.
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4

Joint Speed-Torque  
Characteristics of Electric 
Motors and Mechanical 
Loads

Electric motors exhibit a variety of speed-torque characteristics that are suitable for 
a wide range of load demands. A single motor can exhibit different speed-torque 
characteristics based on its winding configuration or the characteristics of the electric 
supply. As seen in Chapter 1, loads also have a wide range of speed-torque characteris-
tics depending on their mechanical properties.

When an electric motor is connected to a mechanical load, the system operates at a 
speed-torque status that matches the characteristic of the motor as well as the mechanical 
load. Let us explain this by examining Figure 4.1. The figure shows three speed-torque 
characteristics of an electric motor (CC1, CC2, and CC3). Assume that these character-
istics can be obtained by adjusting the voltage across the terminals of the motor where 
CC1 requires higher voltage as compared to CC2 or CC3. Assume also that the motor is 
driving an elevator (hoist). As we explained in Chapter 1, the load torque of a hoist is 
independent of speed. Let us assume that the motor voltage is adjusted so that its speed-
torque characteristic is CC1. The system operating point in this case is H1—the coordi-
nates of point H1 determine the speed and torque of the system. Now assume that the 
motor voltage is reduced to the level of characteristic CC2. The new system operating 
condition in this case is H2, and so on. Note that the torque of the system is unchanged 
because of the hoist’s characteristic.

Now we assume that the same motor is loaded by a blower (fan), and the fan char-
acteristic is the one shown in Figure 4.1. The operating points of the system with the fan 
are F1, F2, and F3, depending on the motor voltage. Note that the speed and torque of the 
system are changing for the fan load.
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From the preceding assumptions, we conclude that the speed of the system is not 
determined by the motor only, but is also heavily dependent on the load characteristics. 
Hence, the characteristics of the load cannot be ignored when designing an effective 
electric drive system.

	 4.1	 �Bidirectional Electric Drive Systems
One of the basic laws of physics is the theory of equilibrium developed by Isaac Newton 
in 1686. The essence of Newton’s third law of motion is that whenever one body exerts 
a force on another, the second exerts a force on the first that is equal in magnitude, 
opposite in direction, and has the same line of action. This is also known as the action–
reaction principle.

Now consider the case of an electric motor driving a mechanical load in a steady-
state operation. A force exerted by either part of the drive system (load or motor) is 
opposed by a force equal in magnitude and opposite in direction from the other. If a 
frictional force is present, it is a part of the load force; this is true for any drive system 
even in standstill.

In drive applications, classifying the action and reaction forces is not always 
obvious. Either part of the drive system can produce an action force depending on 
the nature of the operation. It is imperative to know the part of the drive system 
(motor or load) that produces the action force before any worthwhile analysis can 
start.

Consider the two examples given in Figures 4.2 and 4.3. The first, shown in 
Figure 4.2, represents an electric bus driven uphill, then downhill. To simplify the system, 
assume that the electric motor is directly mounted on the front wheels of the bus. Let us 
first study the system motion in the uphill direction. The force of the load is divided into 
two components: one is perpendicular to the road, F, producing the frictional force, and 
the other, Fl , is parallel to the road and represents the load torque exerted on the motor. 
The direction of Fl depends on the orientation of the road with respect to the gravitational 

Figure 4.1  Speed-torque characteristics of a motor and mechanical loads
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Figure 4.2  Bidirectional load torque
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Figure 4.3  Bidirectional speed
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force. Fl always pulls the bus toward the base of the hill. If frictional forces are ignored, 
the load torque seen by the motor is Fl multiplied by the radius of the wheel. This load 
torque must be matched by a motor torque Fm in the opposite direction to Fl.

Now let us assume that the bus is in the downhill direction. Because of the gravi-
tational force, Fl still pulls the bus toward the bottom of the hill. However, as seen by 
the motor, the load force is reversed. The motor torque must then change its direction to 
counterbalance the torques of the load as described by Newton’s laws.

Note that the motor speed is unidirectional in the uphill and downhill motions. Only 
the torques of the system are reversed.

The second example is shown in Figure 4.3. An elevator is moving passengers in 
both directions (up and down). For simplicity, let us assume that the elevator does not 
have a counterweight. In the upward and downward directions, the motor sees the load 
force Fl , which is a function of the weight of the passengers plus elevator cabin, cables, 
and so on. Since the weight and Fl are unidirectional, the motor force Fm is also unidi-
rectional. The speed of the motor in this operation is bidirectional.

109	 4.1  Bidirectional Electric Drive Systems
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	 4.2	 �Four-Quadrant Electric Drive Systems
The following conventions govern the power-flow analysis of electric drive systems.

1.	 When the torque of an electric machine is in the same direction as the system speed, 
the machine consumes electric power from the electric source and delivers mechan-
ical power to the load. The electric machine is then operating as a motor.

2.	 If the speed and torque of the machine are in opposite directions, the machine is 
consuming mechanical power from the load and delivering electric power to the 
source. In this case, the electric machine is acting as a generator.

Figure 4.4 shows the four quadrants of the speed-torque characteristic that cover all pos-
sible combinations of any electric drive system. Let us define the first quadrant as the 
reference. In this quadrant, the torque of the electric machine is in the same direction 
as the speed. The load torque, of course, is opposite to the machine torque. The electric 
machine in this case is operating as a motor. The flow of power is from the machine to 
the mechanical load.

In the second quadrant, the speed direction of the system is unchanged, while the 
torque of the load and the motor torque are reversed. Since the load torque is in the 
same direction as the speed, the mechanical load is delivering power to the machine. 
The machine then receives this mechanical energy, converting it to electric energy 
and returning it to the electric source. The electric machine in this case is acting as a 
generator.

Note that the example of Figure 4.2 represents the operation of the drive system 
in the first and second quadrants. The first quadrant represents the bus going uphill, 
whereas the second quadrant represents the bus going downhill.

Figure 4.4  Four-quadrant drives
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Compared to the first quadrant, the system speed and torque are reversed in the 
third quadrant. Since the machine torque and speed are in the same direction, the flow 
of power is from the machine to the load. The machine is therefore acting as a motor 
rotating in the reverse direction to the speed of the first quadrant.

A bidirectional grinding machine is a good example of the first and third quadrant 
operation. The direction of the load torque of a grinding load is reversed when the speed 
is reversed (third quadrant). A horizontal conveyor belt is another example of this type 
of operation.

In the fourth quadrant, the torques remain unchanged as compared to the first 
quadrant. The speed, however, changes direction. From the load perspective, the 
load torque and the speed are in the same direction. Hence, the electric power flow 
is from the load to the machine. The machine in this case is operating as a generator 
delivering the electric power to the source. An example of the first and fourth quad-
rant operation is shown in Figure 4.3. The first quadrant may represent an elevator 
in the upward direction. When the elevator is going in the downward direction, 
the speed of the motor is reversed, but the torques are still unidirectional (fourth 
quadrant).

Any electric drive system operates in more than one quadrant. In fact, most ver-
satile systems operate in all four quadrants. The converters of these systems must be 
designed to allow the electric power to flow in both directions.

Keep in mind that when an electric machine operates as a generator, it delivers elec-
tric power to the source. A large amount of power for a short period can be delivered to 
the source, but such energy must be fully absorbed by the source for a drive system to 
be efficient. If the source is composed of batteries, the rate by which the batteries can 
absorb the energy is often slow due to the chemical process. The energy of the generator 
in this case is often wasted in resistive elements, which is why electric cars cannot, so 
far, utilize this energy to its fullest.

▶	 Example 4.1

The mass of the electric bus in Figure 4.2 is 5000 kg, including the passengers. A 
single motor mounted on the front wheels drives the bus. The wheel diameter is 1 m. 
The bus is going uphill at a speed of 50 km/hr. The slope of the hill is 30°. The fric-
tion coeffiecient of the road surface at a given weather condition is 0.4. Ignore the 
motor losses, and compute the power consumed by the motor.

Solution
To compute the electric power consumed by the motor, you must first calculate 
the total force exerted by the system on the motor. Consider the system forces in 
Figure 4.5. When the bus is moving uphill, the weight of the bus is divided into 
two components: one perpendicular to the road surface, which is responsible for 
the friction force, Fr , and the other, Fl , which pulls the bus toward the bottom 
of the hill. The direction of the friction force is always opposite to the direc-
tion of motion of the bus. The motor force must equal all forces in the opposite 
direction.

F
m

5 F
l
1 F

r

111	 4.2  Four-Quadrant Electric Drive Systems
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Figure 4.5  Forces acting on an electric bus moving uphill
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All these forces are dependent on the gravitational force Fg. Consider the force diagram 
on the right side of the figure. The normal force F and the load-pulling force Fl can be 
computed by

F 5 F
g
 cos u

F
l
5 F

g
 sin u

where u is the slope of the hill.
The gravitational force Fg is

F
g

5 mg

where m is the total mass of the bus and passengers and g is the gravitational  
acceleration.

F
g

5 5000 3 9.8 5 49,000 N

Hence,

F 5 F
g
 cos u 5 49,000 3 cos 30 5 42,435.25 N

F
l
5 F

g
 sin u 5 24,500 N

The friction force is

F
r
5 mF

where m is the coefficient of friction.

F
r
5 mF 5 0.4 3 42,435.25 5 16,974 N

The total force seen by the motor is

F
m

5 F
l
1 F

r
5 24,500 1 16,974 5 41,474 N

The torque seen by the motor is equal to the total force multiplied by the radius of the 
wheel:

T
m

5 F
m
r 5 41,474 3 0.5 5
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The power of the motor is the torque multiplied by the angular speed:

	 P
m

5 T
m
v 5 T

m
 
v
r

5 20,737 
50

0.5
5 2073.7 kW � ◀

CHAPTER 4 P roblems

	 4.1	 �The mass of an electric car is 900 kg including the passengers. A single motor 
mounted on the front wheels drives the car, and the radius of the wheel is 
0.3 m. The car is going downhill at a speed of 50 km/hr, and the slope of the 
hill is 30°. The friction coefficient of the road surface at a given weather condi-
tion is 0.8. Ignore the motor losses and compute the power generated by the 
electric machine.

	 4.2	 �Assume that the electric car in Problem 4.1 is moving at a constant speed. It 
takes the car 1 minute to reach the bottom of the hill. Calculate the energy gen-
erated by the electric machine.

	 4.3	 �If the energy generated by the electric machine in Problem 4.2 is totally con-
sumed by the batteries of the car, compute the charging rate of the batteries.  
Is it possible to charge a battery pack at this rate?

	 4.4	 �The electric drive system shown in Figure 4.6 consists of a motor, a pulley, a 
rigid belt, and a stage. The motor moves the stage in either direction. Explain 
the motion of system and the power flow using the four-quadrant drive concept.

Figure 4.6

113CHAPTER 4  Problems 
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5

Speed-Torque  
Characteristics  
of Electric Motors

Electric motors have a variety of speed-torque characteristics during steady-state and 
transient operations. For a given drive application, engineers often selected motors with 
characteristics matching the needed operation, which could be driven by existing power 
sources. Due to advances in power electronic devices and circuits, such stringent restric-
tions no longer exist. The characteristics of most motors can now be altered to match 
the desired performance when external power converters are used and advanced control 
strategies are employed.

In this chapter, the speed-torque characteristics of major types of electric motors 
are presented. Models and formulas of speed equations as related to the torque are 
explained from the electric drive perspective. These characteristics form the basis for 
the speed control and braking of electric motors that are discussed in following chapters.  
Three types of electric motors are discussed here: dc, brushless, induction, and syn-
chronous. Although there are several other types of motors, such as the reluctance, 
linear, and stepper motors, they all share common features. For example, the brush-
less machine can be considered a special form of a synchronous machine switched to 
imitate a dc motor. The linear induction motor is also considered a special form of the 
induction motor.

	 5.1	 Brush-type dc Motors
The dc machine is popular in a number of drive applications due to its simple operation 
and control. The starting torque of dc machines is large, which is the main reason for 
using it in several traction applications. A special form of dc machine can also be used 
with either ac or dc supply. A large number of appliances and power tools used at home, 
such as circular saws and blenders, are dc machines.
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115	 5.1  Brush-type dc Motors

Figure 5.1 shows the main components of the dc machine: field circuit, armature 
circuit, commutator, and brushes. The field is normally an electric magnet fed by a dc 
power source. In small machines, the field is often a permanent magnet.

The armature circuit is composed of the windings, commutator, and brushes. The 
windings and the commutator are mounted on the rotor shaft and therefore rotate. The 
brushes are mounted on the stator and are stationary, but in contact with the rotating 
commutator segments. The rotor windings are composed of several coils; each has two 
terminals connected to the commutator segments on opposite sides. The commutator 
segments are electrically isolated from one another. The segments are exposed, and the 
brushes touch two opposing segments. The brushes allow the commutator segments to 
be connected to an external dc source.

The diagram in Figure 5.2 illustrates the operation of a typical dc machine. The 
stator field produces flux f from the N pole to the S pole. The brushes touch the termi-
nals of the rotor coil under the pole. When the brushes are connected to an external dc 
source of potential V, a current I enters the terminal of the rotor coil under the N pole 
and exits from the terminal under the S pole. The presence of the stator flux and rotor 
current produces a force F on the coil known as the Lorentz force. The direction of F is 
shown in the figure. This force produces torque that rotates the armature counterclock-
wise. The coil that carries the current moves away from the brush and is disconnected 

Figure 5.1  Main components of a dc machine
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Chapter 5  Speed-Torque Characteristics of Electric Motors116

This produces a continuous force F and continuous rotation. Note that the function of 
the commutator and brushes is to switch the coils mechanically.

The rotation of the machine is dependent on the magnetomotive force MMF of the 
field circuit, which is described by

MMF 5 NI

where N is the number of turns and I is the field current. The desired MMF can be achieved 
by the design of the field windings. There are basically two types of field windings: the first 
has a large number of turns and low current, and the second type has a small N and high 
current. Both types achieve the desired range of MMF. Actually, any two different windings 
can produce identical amounts of MMF if their current ratio is inversely proportional to their 
turns ratio. The first type of winding can handle higher voltage than the second type. More-
over, the cross section of the wire is smaller for the first type since it carries a smaller current.

Direct current motors can be classified into four groups based on the arrangement 
of their field windings. Motors in each group exhibit distinct speed-torque characteris-
tics and are controlled by different means. These four groups are:

1.	 Separately excited machines. The field winding is composed of a large number of 
turns with small cross-section wire. This type of field winding is designed to with-
stand the rated voltage of the motor. The field and armature circuits are excited by 
separate sources.

2.	 Shunt machines. The field circuit is the same as that for separately excited machines, 
but the field winding is connected in parallel with the armature circuit. A common 
source is used for the field and armature windings.

3.	 Series machines.  The field winding is composed of a small number of turns with 
a large cross-section wire. This type is designed to carry large currents and is con-
nected in series with the armature winding.

4.	 Compound machines.

Figure 5.2  Operation of a typical dc machine
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117	 5.1  Brush-type dc Motors

5.1.1  Separately Excited Motors
The equivalent circuit of a separately excited motor is shown in Figure 5.3. The motor 
consists of two circuits: field and armature. The field circuit is mounted on the stator of 
the motor and is energized by a separate dc source of voltage V

f 
. The field has a resis-

tance R
f
 and a high inductance L

f 
. The field inductance has no impact in the steady-state 

analysis, since the source is a dc type. The field current I
f
 can then be represented by

	 I
f
5

Vf

R
f

	 (5.1)

For small motors (up to a few hundred watts), the field circuit is a permanent magnet. In 
such a case, the flux of the field is constant and cannot be adjusted.

The armature circuit, mounted on the rotor, is composed of a rotor winding and 
commutator segments. An external source of voltage V

t
 is connected across the armature 

to provide the electric energy needed to drive the load. The source is connected to the 
armature circuit via the commutator segments and brushes. The direction of the current 
in the armature winding is dependent on the location of the winding with respect to the 
field poles.

Relative to the field circuit, the armature carries a much higher current. Therefore, 
the wire cross section of the armature winding is much larger than that for the field 
circuit. The armature resistance R

a
 is, therefore, much smaller than the field resistance 

R
f 
. R

a
 is in the range of a few ohms and is smaller for larger horsepower motors. The 

field resistance is a hundred times larger than the armature resistance. The field current 
is usually in the neighborhood of 1% to 10% of the rated armature current. The field 
voltage is usually in the same order of magnitude as the armature voltage.

The back electromagnetic force E
a
 shown in Figure 5.3 is equal to the voltage of 

the source minus the voltage drop due to the armature resistance. The armature current 
I

a
 can then be expressed by

	 I
a

5
V

t
2 E

a

R
a

	 (5.2)

The multiplication of I
a
 by E

a
 represents the developed power P

d
. In mechanical repre-

sentation, the developed power is also equal to the developed torque multiplied by the 
angular speed.

	 P
d

5 E
a 
I

a
5 T

d
v	 (5.3)

Figure 5.3 

Ia
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Rf
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Vf Ea
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The developed power P
d
 is equal to the output power consumed by the mechanical 

load plus rotational losses (frictional and windage). Similarly, the developed torque T
d
 

is equal to the load torque plus the rotational torque. The angular speed v in Equation 
(5.3) is in radians/second.

Using Faraday’s law and the Lorentz force expressions, the relationships that gov-
ern the electromechanical motion are

   e 5 Blv

 F 5 Bli

where B is the flux density, l is the length of a conductor carrying the armature current, 
v is the speed of the conductor relative to the speed of the field, and i is the conductor 
current. F and e are the force and the induced voltage on the conductor, respectively. 
If we generalize these equations by including all conductors, using the torque expres-
sion instead of the force F, and using the angular speed instead of v, we can rewrite  
E

a
 and T

d
 as

E
a
, e

	 E
a

5 Kfv	 (5.4)

T
d
, F

	 T
d

5 KfI
a
	 (5.5)

where f is the flux, which is almost proportional to I
f
  for separately excited motors. The 

constant K is dependent on design parameters such as the number of poles, number of 
conductors, and number of parallel paths.

The speed-torque equation can be obtained by first substituting I
a
 of Equation (5.2) 

into Equation (5.5).

	 T
d

5 Kf 
V

t
2 E

a

R
a

	 (5.6)

Then, by substituting E
a
 of Equation (5.4) into Equation (5.6), we get

	 T
d

5 Kf 
V

t
2 Kfv

R
a

	 (5.7)

or

	 v 5
V

t

Kf
2

R
a

(Kf)2
 T

d
	 (5.8)

The speed-current equation can be obtained if 
T

d

Kf
 of Equation (5.8) is replaced by I

a
.

	 v 5
V

t

Kf
2

R
a 
I

a

Kf
	 (5.9)
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119	 5.1  Brush-type dc Motors

If we ignore the rotational losses, the developed torque T
d
 is equal to the shaft torque, 

and the no-load armature current is equal to zero. Hence, the no-load speed can be 
calculated from Equation (5.8) or (5.9) by setting the armature current and load torque 
equal to zero.

	 v
0

5
V

t

Kf
	 (5.10)

In reality, the mass of the drive system and the rotational losses are the base load of the 
motor. The no-load speed v

0
 is therefore slightly smaller than the value computed in 

Equation (5.10). Nevertheless, Equation (5.10) is an acceptable approximation.
In the steady state, the developed torque T

d
 is equal to the load torque T

m
. At a given 

value of load torque T
m
, the speed of the motor drops by an amount of Dv that is equal 

to the second term on the right side of Equation (5.8).

	 Dv 5
R

a

(Kf)2
 T

m
	 (5.11)

The speed of the motor can then be expressed by using the no-load and speed drop.

	 v 5 v
0

2 Dv	 (5.12)

Figures 5.4 and 5.5 show the speed-torque and speed-current characteristics when the 
field and armature voltages are kept constant.

For large motors (greater than 10 hp), the armature resistance R
a
 is very small, 

because the armature carries higher currents, and the cross section of the wire must then 
be larger. For these motors, the speed drop Dv is small, and the motors can be consid-
ered constant-speed machines.

The developed torque at starting T
st
 and the starting armature current I

st
 can be cal-

culated from Equations (5.8) and (5.9) by setting the motor speed to zero.

	 T
st

5 Kf 

V
t

R
a

	 (5.13)

Figure 5.4  Speed-torque characteris-
tics of dc, separately excited motor
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Figure 5.5  Speed-current characteris-
tics of dc, separately excited motor
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	 I
st

5
V

t

R
a

	 (5.14)

Equations (5.13) and (5.14) provide important information about the starting behavior 
of the dc, separately excited motor. As we stated earlier, R

a
 is usually small. Hence, the 

starting torque of the motor is very large when the source voltage is equal to the rated 
value. This is an advantageous feature, and is highly desirable when motors start under 
heavy loading conditions. A problem, however, will arise from the fact that the starting 
current is also very large, as seen in Equation (5.14). Large currents at starting might have 
a damaging effect on the motor windings. Excessive currents flowing inside a winding 
will result in large losses due to the winding resistance. These losses, when accumulated 
over a period of time, may result in excessive heat that could melt the insulations of the 
winding, causing an eventual short circuit. This is illustrated by the next example.

▶	 EXAMPLE 5.1

A dc, separately excited motor has the following data:

Kf 5 3.0 V s (volt second)
V

t
	 5 600.0 V

R
a
	 5 2.0 V

I
a
	 5 5.0 A (armature current at full load)

Calculate the rated torque, starting torque, and starting current at full voltage.

Solution

Rated torque 5 T
d

5 KfI
a

5 3 3 5 5 15 Nm

Starting torque 5 T
st

5 V
t
 
Kf

R
a

5 600.0 
3.0

2.0
5 900.0 Nm

Starting current 5 I
st

5
V

t

R
a

5 300.0 A

As seen from these results, the starting torque is 60 times the rated torque, and the 
starting current is also 60 times the rated current. Such a high current over a period of 
time is damaging to the motor winding. ◀

One important parameter missing in this example is the inductance of the armature 
winding. This inductance reduces the value of the current during transient conditions 
such as starting or braking. Nevertheless, the starting current under full voltage condi-
tions is excessively large, and methods must be implemented to bring this current to a 
lower and safer value.

By examining Equation (5.14), the starting current can be reduced by lowering the 
terminal voltage or inserting a resistance in the armature circuit.

Let us assume that the starting current must be limited to six times the rated value. 
This can be achieved by reducing the terminal voltage at starting to

V
st

5 I
st
 R

a
5 6 3 5.0 3 2.0
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121	 5.1  Brush-type dc Motors

Figure 5.6 illustrates the effect of reducing the terminal voltage during starting.  
When the voltage is reduced from V

t1
 to V

t2
, the slope of the speed-current character-

istic remains unchanged, whereas the no-load speed is reduced. Note that the starting  
current I

s t2
 is less than I

s t1
.

Another method to reduce the starting current is to add a resistance R to the arma-
ture circuit.

R 1 R
a

5  
V

t

I
st

R 5
V

t

I
st

2 R
a

5
600.0

30.0
2 2.0 5 18 V

Figure 5.7 illustrates the effect of reducing the starting current by adding a resistance to 
the armature circuit. The resistance increases the slope of the speed-current characteris-
tic but keeps the no-load speed unchanged.

5.1.2  Shunt Motors
A shunt motor has its field winding connected across the same voltage source used for 
the armature circuit, as shown in Figure 5.8. The current of the source I is equal to the 
sum of the armature current I

a
 and the field current I

f 
. The shunt motor exhibits charac-

teristics identical to those of the separately excited motor.

Figure 5.6  Effect of reducing source voltage at starting
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I IVt

Vt

v

Figure 5.7  Effect of inserting a resis-
tance in the armature circuit at starting

Ia

I I

RaRa + R
v

Figure 5.8  Equivalent circuit of a dc 
shunt motor
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5.1.3  Series Motors
The field winding of a series motor is connected in series with the armature circuit, as 
shown in Figure 5.9. There are several distinct differences between the field winding of 
a series machine and that of a shunt machine; among them are

1.	 The series field winding is composed of a small number of turns as compared to the 
shunt field winding.

2.	 The current of the series winding is equal to the armature current, whereas the current 
of the shunt field is equal to the supply voltage divided by the field resistance. Hence, 
the series field winding carries a much larger current than the shunt field winding.

3.	 The field current of the shunt machine is constant regardless of loading conditions 
(armature current). The series machine, on the other hand, has a field current vary-
ing with the loading of the motor—the heavier the load, the stronger the field. At 
light or no-load conditions, the field of the series motor is very small.

When analyzing series machines, one should keep in mind the effect of flux satu-
ration due to high field currents. A flux saturation curve is shown in Figure 5.10. The 
field coil is wound around the metal core of the stator. The current of the field winding 
produces the flux inside the core. When the current increases, the flux increases in a 
linear proportion unless the core is saturated. At saturation, the flux tends to increase at 
a progressively diminishing rate when the field current increases.

The series motor has the same basic equations used for shunt motors: Equations 
(5.4) and (5.5). The armature current is calculated by using the loop equation of the 
armature circuit.

	 I
a

5
V

t
2 E

a

R
a

1 R
f

	 (5.15)

Note that R
f
 is present in Equation (5.15). A similar process to the one used in Equation 

(5.7) can compute the torque of the machine.

	 T
d

5 Kf 
V

t
2 E

a

R
a

1 R
f

	 (5.16)

Figure 5.10  Saturation curve

If

f

Figure 5.9  Equivalent circuit of dc 
series motor
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123	 5.1  Brush-type dc Motors

Figure 5.11  Speed-torque characteristic of dc series motor

v

	 T
d

5 Kf 
V

t
2 Kfv

R
a

1 R
f

	 (5.17)

or

	 v 5
V

t

Kf
2

R
a

1 R
f

(Kf)2
 T

d
	 (5.18)

Let us assume that the motor operates in the linear region of the saturation curve; 
that is,

	 f 5 CI
a
	 (5.19)

where C is a proportionality constant. The developed torque in this case can be repre-
sented by

	 T
d

5 KfI
a

5 KCI 

2
a
	 (5.20)

Substituting Equations (5.19) and (5.20) into Equation (5.18) yields

	 v 5
V

t

KCI
a

2
R

a
1 R

f

KC
	 (5.21)

Equation (5.21) can also be obtained as a function of the developed torque.

	 v 5
V

t

ÏKCT
d

2
R

a
1 R

f

KC
	 (5.22)

Equations (5.21) and (5.22) show that the speed at no load or light loads is excessively 
high. Such a high speed may be damaging due to excessive centrifugal forces exerted on 
the rotor. For this reason, series motors must always be connected to a mechanical load.

The speed-torque characteristic of a series motor is shown in Figure 5.11. Note that 
the speed of the motor is rapidly decreasing when the load torque increases. This can 
be explained by Equation (5.22), where the motor speed is inversely proportional to the 
square root of the load torque.

The starting current of a series motor is calculated by setting E
a
 equal to zero in 

Equation (5.15), since v is equal to zero.

	 I
st

5
V

t

R
a

1 R
f

	 (5.23)
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Chapter 5  Speed-Torque Characteristics of Electric Motors124

Compare Equation (5.23) to Equation (5.14). Note that, for the same terminal voltage, 
the starting current of a series motor is smaller than the starting current of the shunt 
motor due to the presence of R

f
 in Equation (5.23).

If we ignore the core saturation, the starting torque of the series motor is

	 T
st

5 KfI
st

5 KCI 

2
st

5 KC 1 V
t

R
a

1 R
f
2

2

	 (5.24)

To compare the starting torque of a series motor to that of a shunt motor, let us rewrite 
Equation (5.13), assuming that the flux is proportional to the field current.

	 T
st shunt

5 Kf 
V

t

R
a

5 KC 
V

t

R
f shunt

  
V

t

R
a

5 KC 
V 2

t

R
a
R

f shunt

	 (5.25)

where R
f
 

shunt
 is the resistance of the shunt field winding and is usually a few hundred 

times larger than the resistance of the series field R
f 
. If we assume that KC in Equations 

(5.24) and (5.25) are of comparable value, we can conclude that the starting torque of 
a series motor is much larger than that for a shunt motor. Also, keep in mind that the 
starting current of a series motor is lower than that for a shunt motor. These features 
make the series motor a popular machine in such applications as traction and transporta-
tion. A trolley bus, for example, requires a high starting torque, especially when loaded  
with passengers.

Another great feature of series motors is their ability to be directly driven by ac 
supplies. To explain this, let us examine Figure 5.9, where E

a
 is equal to the source volt-

age minus the voltage drop across the armature and field resistances. When the source 
voltage reverses its polarity, E

a
 follows. Since the field and armature inductances of 

series motors are small, E
a
 reverses its polarity without any tangible delay. Hence, E

a
 is 

always in phase with the supply voltage, and the field current is also in phase with the 
supply voltage. Since

v 5
E

a

Kf

the speed of the motor remains unchanged when both E
a
 and f reverse their polarities. 

Because of this important feature, we can find dc series motors used in household appli-
ances and tools such as blenders, food processors, washing machines, drills, and circular 
saws. Note that high starting torque—another good feature of series motors—is also 
needed in all these applications.

5.1.4  Compound Motors
A compound motor is composed of shunt and series windings. Two types of compound 
configurations can be used. One is called a cumulative compound, where the airgap 
flux is the sum of the flux of the two field windings. The second is a subtractive com-
pound, where the airgap flux is the difference between the flux of the two field wind-
ings. The subtractive compound may result in a very low flux in the airgap, leading 
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125	 5.1  Brush-type dc Motors

to excessive speeds. This type is therefore considered unstable in operation and is not 
widely used.

The cumulative compound motor (hereafter called the compound motor) has the 
schematic shown in Figure 5.12. The direction of the currents with respect to the wind-
ings’ dots represents flux polarities that are cumulative.

Equations (5.4) and (5.5) are also valid for compound motors. The flux in these 
equations can represent the compound machine by setting

f 5 f
series

1 f
shunt

The speed equation of a compound machine is similar to that given in Equation (5.9), 
but the resistive term and the flux are modified to reflect the parameters of the com-
pound machine.

	 v 5
V

t

K(f
series

1 f
shunt

)
2

(R
a

1 R
f
)I

a

K(f
series

1 f
shunt

)
	 (5.26)

Assuming that the terminal voltage and f
shunt

 are constant, and

f
series

5 CI
a

then the speed-current equation can be modified as follows:

	 v 5
V

t

KCI
a

1 Kf
shunt

2
(R

a
1 R

f
)I

a

KCI
a

1 Kf
shunt

	 (5.27)

Also, since the motor torque is a function of the armature current and the total flux, it 
can be represented by

	 T
d

5 K(f
series

1 f
shunt

)I
a
	 (5.28)

v 5
V

t

K(f
series

1 f
shunt

)
2

(R
a

1 R
f
)T

d

[K(f
series

1 f
shunt

)]2

Figure 5.12  Equivalent circuit of a compound motor
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Chapter 5  Speed-Torque Characteristics of Electric Motors126

Note that at no load (T
d
 5 0), the armature current is zero, and f

series
 is also zero. In this 

case, the no-load speed of the compound motor is

	 v
0

5
V

t

Kf
shunt

	 (5.29)

which is the same as the no-load speed of the shunt machine. By using the compound 
connection, the excessive no-load speed of the series motor is avoided.

The speed-torque characteristic of the compound motor is shown in Figure 5.13. 
For comparison purposes, the figure also shows the characteristics of the shunt and 
series motors. The starting current of the armature circuit of the compound machine can 
be calculated using the circuit in Figure 5.12.

	 I
st

5
V

t

R
a

1 R
f

	 (5.30)

The starting current of the compound motor is the same as that for the series motor. The 
starting torque of the compound motor is

 T
st

5 K(f
series

1 f
shunt

)I
st

	 5 KC1 V
t

R
a

1 R
f
2

2

1 Kf
shunt1 V

t

R
a

1 R
f
2	 (5.31)

which is higher than the starting torque of the series motor, given in Equation (5.24).

	 5.2	 Brushless dc Motor
For the brush-type dc motor, the armature winding is placed on the rotor and consists 
of a number of coils switched mechanically by a system of commutator segments and 
brushes to produce rotor magnetic flux perpendicular to the field flux of the stator. In 
this way, the attraction of the rotor flux to the stator flux is continuous and causes the 
rotor to maintain its rotation.

Although the brush-type dc motor is very simple to operate and control, it is consid-

Figure 5.13  Characteristics of compound, series, and shunt motors

v
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127	 5.2  Brushless dc Motor

and its carbon brushes need to be maintained frequently for several reasons, including 
the following:  the arcing generated between the brushes and commutator segments, the 
decay of the carbon brushes, the dust and pollutant reaching the commutator, and the 
shorts that could develop between the commutator segments. In addition, the mechani-
cal commutation is noisy and generates electrical radio interference. These problems 
make the dc motor undesirable in applications such as chemical and food industries and 
electric vehicles. These problems can be resolved if the commutation is done electroni-
cally, which is the basic idea of the brushless dc (BLDC) motor.

In the BLDC motor, which is similar to the synchronous machine, the armature is 
in the stator and the field is in the rotor. The rotor is a permanent magnet. In high-end 
brushless dc motors, a rare earth magnet is used to provide a strong magnetic field. 

5.2.1  Unipolar BLDC Motor
The main components of a unipolar BLDC motor are shown in Figure 5.14. The figure 
shows three stator armature windings (P

1
, P

2
, and P

3
) that are separated from one another 

by 1208. The rotor is a permanent magnet. Note that the configuration of the motor is 
the same as that for the three-phase synchronous machine. Each of the armature wind-
ings is switched electronically through a solid-state device (Q

1
, Q

2
, or Q

3
). Assume that 

when any of the windings is excited, the south pole of the magnetic field of the winding 

P2

P3

P1

n

n

V

i

i

i

S

N

Figure 5.14  Electronic commutation of Brushless dc motor
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Chapter 5  Speed-Torque Characteristics of Electric Motors128

is facing the airgap. For the rotor position in the figure, if we switch Q
1
, the current i

1
 

flows through P
1
, which causes the rotor to align itself with the magnetic field generated 

by P
1
 (the north pole of the rotor is aligned with the south pole of the stator). However, 

if we switch P
2
 after the rotor moves 1208, the south pole of P

2
 pushes away the south 

pole of the rotor toward P
3
. After another 1208, P

3
 is activated, which causes the rotor 

to be pushed toward P
1
. This process is repeated, which causes the motor to rotate con-

tinuously. Keep in mind that the switching of the armature winding is done based on 
the rotor position. This is the same process that the commutator and brushes perform in 
conventional dc motors.

To identify the proper windings to switch, brushless dc motors must “know” the 
rotor position. Rotor position can be conveyed by various methods, one of which is 
shown in Figure 5.15. The position encoder in the figure consists of a stationary disk 
mounted on the frame of the motor. Three phototransistors (PTs) are mounted on this 
stationary disk and are separated from each other by 1208. The PT produces an electrical 
signal when it is exposed to light. On top of the stationary disk is a semidisk mounted 
on the rotor shaft; this semidisk rotates with the rotor. This rotating semidisk ensures 
that only one PT at a time will receive light from a light source on top of the rotating 
disk. When one PT is exposed to light, the rotating disk dims the light for the other two 
PTs. The signals from the PTs are used to switch the proper winding according to the 
switching diagram shown in Figure 5.16.

5.2.2  Bipolar BLDC Motor
The system in Figure 5.14 is known as a unipolar drive because each winding when 
excited produces a magnetic field with its south pole facing the airgap. For bipolar 
systems, the circuit can change the magnetic polarity of the windings. This bipolar 
drive system produces higher torque (or power). Its main components are shown in  
Figure 5.17. In addition to the position encoder (not shown in the figure), the system 
shown in Figure 5.17 has a dc/ac converter that is the same as the one discussed in  
Section 3.9.2. The encoder for the bipolar drive requires six phototransistors to trigger 

Rotating disk

Rotor shaftMotor

PT

PT

PT

PT

PT

Rotor shaft
Stationary disk

Light

Figure 5.15  Position encoder
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129	 5.2  Brushless dc Motor

PT3

PT2

PT1

120° 240° 360° 480° 600° 720°

i

i

i

Figure 5.16  Switching diagram of the brushless dc motor
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Figure 5.17  Bipolar drive
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Chapter 5  Speed-Torque Characteristics of Electric Motors130

the six power transistors. Also, the shape of the rotating disk is designed to allow for 
three transistors to be triggered at any time.

When transistors are switched in the sequence shown in Figure 5.18, the windings’ 
currents and voltages are as shown in the figure. Note that the waveforms are identical to 

v

v

v

i

i

i

i
i/

V

V

u

u

u

u

u

u

u

u

u

u

u

u

Figure 5.18   Switching sequence of transistors, currents through windings, and phase 
terminal voltage of motor
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131	 5.2  Brushless dc Motor

that given in Figure 3.31. The three-phase currents produce three magnetic fields in the 
airgap. Because of the mechanical arrangement of the stator windings, the flux of each 
phase, according to the right-hand rule, travels along its axis as shown in Figure 5.19. 
This flux is called airgap flux.

Now, let us consider any three consecutive periods (e.g., 08–608, 608–1208, and 
1208–1808). During the first period, the magnitude of the flux of each phase (which is 
proportional to the current) is

f
1

5 f
3

5
1

2
 f

max

	 f
2

5 2f
max

	 (5.32)

where f
max

 is the flux at the peak of the current.
Assume that the negative current creates flux that moves into the pole, and the 

positive current reverses the direction of the flux. The fluxes during the first period are 
shown on the left side in Figure 5.20. Note the direction of the current in each winding 
because the direction of the current determines the direction of the flux. 

The total flux in the airgap is the phasor sum of all fluxes present in the airgap. 
Taking the x-axis as a reference frame, the total flux in the airgap during the first period 
(08–608) is

f
total 1

5 f
1

1 f
2

1 f
3

	 f
total 1

5
1

2
 f

max
/290o 1 f

max
/2120o 1

1

2
 f

max
/120o 5

3
f /2120o	 (5.33)
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Figure 5.19   Magnetic field in the airgap
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Similarly, for the second period (608–1208), the fluxes are

f
1

5 f
max

	 f
2

5 f
3

5 2
1

2
 f

max
	 (5.34)

The fluxes during the second period are shown in the middle figure of Figure 5.20. The 
total airgap flux is the phasor sum of all fluxes present in the airgap. Hence, during the 
second period (608–1208), the total flux in the airgap is

f
total 2

5 f
1

1 f
2

1 f
3

	 f
total 2

5 f
max

/290o 1
1

2
 f

max
/2120o 1

1

2
 f

max
/230o 5

3

2
 f

max
/290o	 (5.35)

For the third period (1208–1808), the magnitudes of the fluxes are

f
1

5 f
2

5
1

2
 f

max

	 f
3

5 2f
max

	 (5.36)

The fluxes during this third period are shown on the right side of Figure 5.20. During the 
third period, the total flux in the airgap is

f
total 3

5 f
1

1 f
2

1 f
3

	 f
total 3

5
1

2
 f

max
/290o 1

1

2
 f

max
/30o 1  f

max
/230o 5

3

2
 f

max
/230o	 (5.37)

By examining Equations (5.33), (5.35), and (5.37), we can conclude the following:

●● Magnitude of the total flux in the airgap is constant and equal to 
3

2
 f

max
.

●● Angle of the total airgap flux changes as shown in Figure 5.21. The flux in this case 
is rotating in the counterclockwise direction.
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Figure 5.20  Airgap flux at three time intervals
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133	 5.2  Brushless dc Motor

●● Since the rotor magnet is aligned with the total airgap flux, the rotor is also rotating 
in the counterclockwise direction. 

●● To rotate the motor in the clockwise direction, swap the switching sequence of any 
two legs of the converter.

5.2.3  Model and Analysis of BLDC Motors
The main difference between the BLDC and conventional brush dc motors is in the way the 
armature commutates. As explained, if the armature (stator) is switched based on the rotor 
position, the machine operates as a BLDC motor. To model the BLDC, let us consider the 
voltage waveforms across one armature winding (phase voltage). As shown in Figure 5.18, 
the peak (maximum) value of the terminal voltage with respect to the neutral is

	 V
max

5
2

3
V

dc
	 (5.38)

The rms value of this phase voltage is

	 V
t
5

V
max

Ï2
5

Ï2

3
V

dc
	 (5.39)

where

V
max

 is the maximum value of the phase voltage
V

dc
 is the source voltage

V
t
 is the rms value of the phase voltage

If the transistors are pulse-width modulated, the rms value of the phase voltage V
t
 is

	 V
t
5

Ï2

3
 m

f
V

dc
	 (5.40)

where m
f
 is the modulation factor that depends on the type of PWM method used.

The back emf of any armature winding can be computed using Faraday’s equations 
as given in Section 5.1.1. The rms value of the back emf E

a
 in phase quantity is

	 E
a

5 Kfv	 (5.41)

where v is the mechanical speed of the rotor in rad/s. 

Figure 5.21   Total airgap flux for the first three periods
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The developed torque of the BLDC motor, T
d
, is the sum of the torques due to the 

three phases:

	 T
d

5 3Kf I
a
	 (5.42)

where I
a
 is the rms value of the current in any winding.

	 I
a

5
I

max

Ï2
	 (5.43)

The difference between the back emf and the terminal voltage is a voltage drop 
due to the resistance R

a
 and inductive reactance X

a
 of the winding. However, unless that 

frequency of the PWM is high, we can assume that R
a

.. X
a
. Hence,

	 V
t
5 E

a
1 I

a
R

a
	 (5.44)

The equivalent circuit of the BLDC motor based on Equation (5.44) is shown in  
Figure 5.22.  Substituting E

a
 in Equation (5.41) and I

a
 in Equation (5.42) into Equation 

(5.44) yields

v 5
V

t

Kf
2

T
d

3(Kf)2
 R

a

	 v 5 v
0

2 Dv 	 (5.45)

v
0

5
V

t

Kf

	 Dv 5
T

d

3(Kf)2
 R

a
	 (5.46)

where

v
0
 is the no-load speed

Dv is the speed drop

Ea

Ra

Ia

Vt

Figure 5.22   Equivalent circuit of BLDC motor
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135	 5.2  Brushless dc Motor

Compare Dv for the BLDC motor in Equation (5.46) with that for the conventional dc 
separately excited motor. For the same values of armature resistance and Kf, Dv for the 
BLDC is smaller by a factor of 3. 

The speed-torque characteristic and speed-current characteristic of the BLDC 
motor is the same as that for the dc separately excited motor given in Figures 5.4 and 
5.5. The only difference is that the BLDC has a flatter characteristic due to the reduced 
value of Dv. Thus, the BLDC motor is considered a machine of more constant speed 
than the conventional dc motor.

▶	 Example 5.2

A BLDC motor is energized by a 270 V dc source. The armature resistance of the 
winding is 1.0 V. To limit the starting current to 50 A, compute the modulation factor 
for the PWM circuit. 

Solution 
At starting, v 5 0. Hence, E

a
5 0. The staring current is then

I
a st

5
V

t

R
a

V
t
5 I

a st
 R

a
5 50 3 1.0 5 50 V

Use Equation (5.40) to compute the modulation factor:

	 m
f
5

3

Ï2
 

V
t

V
dc

5
3

Ï2
3

50

270
5 0.393	 ◀

▶	 Example 5.3

For the BLDC motor in the previous example, at a modulation factor of 90% and a 
load torque of 30 Nm, the armature current is 100 A. Compute the speed of the motor.

Solution 
Use Equation (5.42) to compute Kf:

Kf 5
T

d

3I
a

5
30

300
5 0.1 Vs

Compute V
t
 using Equation (5.40):

V
t
5

Ï2

3
 m

f
V

dc
5

Ï2

3
3 0.7 3 270 5 114.55 V

The speed of the motor can be obtained from Equation (5.45):

v 5
V

t

Kf
2

T
d

3(Kf)2
 R

a
5

114.55

0.1
2

30

3(0.1)2
3 1.0 5 145.5 rad/s

	 n 5
60

2p
 v 5

60

2p
3 145.5 5 1390.12 rpm 	 ◀
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	 5.3	 Induction Motors
About 65% of the electric energy in the United States is consumed by electric motors. 
In the industrial sector alone, about 75% of the total energy is consumed by motors, and 
over 90% of them are induction machines. The main reasons for the popularity of the 
induction machines are that they are rugged, reliable, easy to maintain, and relatively 
inexpensive. Their power densities (output power to weight) are higher than those for 
dc motors.

An induction machine is shown in Figure 5.23. The induction machine is com-
posed of a stator circuit and a rotor circuit. The stator circuit has three sets of coils. In 
its simplest arrangement, the coils are separated by 120° and are excited by a three-
phase supply. A conceptual representation is shown in Figure 5.24. The rotor circuit 
is also composed of three-phase windings that are shorted internally (within the rotor 
structure) or externally (through slip rings and brushes). The rotor with internal short is 
called a squirrel cage rotor. It consists of wire bars slanted and shorted on both ends of 
the rotor. The slip rings type of rotor is also shown in Figure 5.23. The terminals of the 
rotor windings in this type are connected to rings mounted on the rotor shaft. These slip 

Figure 5.23  Components of an induction motor
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137	 5.3  Induction Motors

rings are electrically isolated from one another. Most rotor windings are connected in 
wye, and the three terminals are connected to three slip rings. Carbon brushes mounted 
on the stator are continuously touching the slip rings to achieve the connectivity of the 
rotor windings with any external equipment. Unlike the commutator of the dc machine, 
the slip rings allow the brushes to be connected to the same coil regardless of the  
rotor position.

Before we explain how the induction machine rotates, we need to understand 
the concept of rotating fields. The three-phase stator windings are excited by a three-
phase source with sinusoidal waveforms separated by 120°. The currents of the three 
phases produce a three-phase flux, as shown in Figure 5.25. Because of the arrange-
ments of the stator windings, the flux of each phase travels along the windings’ axes, 
as shown in Figure 5.26. The airgap flux is the resultant of all flux produced by the 
three windings.

Now let us consider any three time instances such as those given in Fig-
ure 5.25 (t

1
, t

2
, and t

3
). At t

1
, the flux of phase a is (Ï3y2)f

max
, the flux of phase b is  

2(Ï3y2)f
max

, and the flux of phase c is zero. These flux phases are depicted in  
Figure 5.27. The resultant airgap flux is the phasor sum of all flux present in the airgap. 
Hence, at t

1
,

f(t
1
) 5 fa

(t
1
) 1 fb

(t
1
) 1 fc

(t
1
) 5

Ï3

2
 f

max 
/0 1

Ï3

2
 f

max
 /60° 1 0 5

3

2
 f

max 
/30°

Figure 5.25  Three-phase fields
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Chapter 5  Speed-Torque Characteristics of Electric Motors138

At t
2
, the flux of phase a is (Ï3y2)f

max
, the flux of phase b is zero, and the flux of phase c  

is 2(Ï3y2)f
max

. The total airgap flux at t
2
 is

f(t
2
) 5 fa

(t
2
) 1 fb

(t
2
) 1 fc 

(t
2
) 5

Ï3

2
 f

max 
/0 1 0 1

Ï3

2
 f

max
/260° 5

3

2
 f

max
/230°

Similarly, at t
3
, the flux of phase a is zero, the flux of phase b is (Ï3y2)f

max
, and the 

flux of phase c is 2(Ï3y2)f
max

. The total airgap flux at t
3
 is

f(t
3
) 5 fa

(t
3
) 1 fb

(t
3
) 1 fc 

(t
3
) 5 0 1

Ï3

2
 f

max 
/2120 1

Ï3

2
 f

max
 /260° 5

3

2
 f

max
/290°

These three equations show that the airgap flux has a constant magnitude of (3/2)f
max

, but 
its angle is changing. The airgap flux is then rotating in the clockwise direction. This rotat-
ing flux is one of the main advantages of the three-phase systems used in power distribution.

The speed of the airgap flux is one revolution per ac cycle. The time of one ac cycle 
t 5 1/f, where f is the frequency of the supply voltage. Thus, the speed of the airgap n

s
 is

n
s
5 f  revysec

or

n
s
5 60f  revymin

n
s
 is known as the synchronous speed because its magnitude is synchronized with the 

supply frequency.

Figure 5.27  Rotation of the airgap field
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139	 5.3  Induction Motors

The arrangement in Figure 5.26 is for a two-pole machine. (Every coil has two 
poles, one north and the other south.) If each phase has two coils, the machine is four-
pole, as shown in Figure 5.28. In this arrangement, the rotor moves 180° mechanical for 
every one complete ac cycle. Hence, the mechanical speed of the airgap flux is

	 n
s
5

60f

pp
5 120 

f

p
 rpm	 (5.47)

where pp is the number of pole-pairs, and p is the number of poles (p 5 2 pp).
The rotation of the induction motor can be explained using Faraday’s law and the 

Lorentz force equations. Assuming that a conductor is carrying current in a uniform 
magnetic field, the relationships that govern the electromechanical motion are depicted 
in the following equations:

  e 5 Blv

 F 5 Bli

where B is the flux density, l is the length of the current-carrying conductor, v is the speed 
of the conductor relative to the speed of the field, and i is the conductor current. F and 
e are the force and the induced voltage on the conductor, respectively. If we generalize 
these equations for the rotating field, we can rewrite them in the following form:

	 e 5 f (f, Dn)	 (5.48)

	 T 5 g(f, i )	 (5.49)

where f (?) and g(?) are function notations, f is the flux, T is the torque developed by the 
current-carrying conductors, and Dn is the relative speed between the conductor and the 
airgap flux. Now, let us assume that the rotor is at standstill. When a three-phase voltage 
is applied to the stator windings, a rotating flux is generated in the airgap. The speed of 
this flux is the synchronous speed n

s
. The relative speed Dn is equal to the synchronous 

speed (the rotor is stationary). A voltage e is then induced in the rotor windings accord-
ing to Equation (5.48). Since the rotor windings are shorted, a rotor current i flows. This 
current produces a Lorentz force F and torque T that spins the rotor.

The steady-state operation is achieved when the motor, on a continuous basis, pro-

Figure 5.28  Four-pole arrangement
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Chapter 5  Speed-Torque Characteristics of Electric Motors140

the rotor current is adjusted so that the Lorentz force and torque given in Equation 
(5.49) meet the load torque demand. The magnitude of the rotor current requires an 
induced voltage e in the rotor windings that is equal to the rotor current multiplied by the 
rotor impedance. This voltage in turn requires a certain speed deviation Dn as given in  
Equation (5.48). Hence, the steady-state speed of the rotor must always be slightly 
less than the synchronous speed to maintain the desired magnitude of the developed 
torque. If the rotor speed is equal to the synchronous speed (Dn 5 0), the rotor current 
is dropped to zero, and so is the developed torque. Thus, the rotor cannot sustain the 
synchronous speed and the machine slows down to a lower speed.

The difference between the rotor speed (n or v) and the synchronous speed  
(n

s
 or v

s
) is known as the slip s,

	 s 5
Dn
n

s

5
Dv

v
s

5
n

s
2 n

n
s

5
v

s
2 v

v
s

	 (5.50)

where v 5 2p (n/60), n is in revolutions/minute (rpm), and v is in radians/second. Note 
that the slip at starting, when the motor speed is zero, is equal to one. At no load, when 
the motor speed is very close to synchronous speed, the slip is about zero.

5.3.1 � Equivalent Circuit
A single-phase equivalent circuit can be developed for the induction motor by first separat-
ing the stator and rotor circuits. The equivalent circuit of the stator is shown in Figure 5.29. 
The stator is a set of windings made of copper material mounted on the core. The windings 
have a resistance R

1
 and inductive reactance X

1
. The core, which is made of steel alloy, can 

be represented by a linear combination of a parallel resistance and a reactance (R
m
 and X

m
). 

This core representation approximately models the hysteresis and eddy current effects. The 
sum of currents in R

m
 and X

m
 is called the magnetizing current I

m
. R

m
 and X

m
 are each of a 

high ohmic value. The number of turns of the stator windings is N
1
, and its effective volt-

age drop E
1
 is equal to the source voltage V minus the drop across the winding impedance.

	 E
1

5 V 2 I
1
(R

1
1 jX

1
)	 (5.51)

The magnetizing current I
m
 is a small fraction of I

1
 and can be ignored for heavily loaded 

motors.
The rotor circuit needs a special analysis. First, let us assume that the rotor is at stand-

still. In this case, the induction machine is behaving similarly to the transformer. The rotor 

Figure 5.29  Equivalent circuit of the stator
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141	 5.3  Induction Motors

can be represented by a winding impedance composed of a resistance R
2
 and an inductive 

reactance X
2
, as shown in Figure 5.30. The number of turns of the rotor windings is N

2
, and 

its terminals are shorted. The induced voltage across the rotor windings at standstill E
2
 is

	
E

2

E
1

5
N

2

N
1

	 (5.52)

Now let us assume that the rotor is spinning at speed n. In this case, the induced 
voltage across the rotor E

r
 is proportional to the relative speed Dn between the rotor and 

the field as given in Equation (5.48). Keep in mind that the induced voltage at standstill 
E

2
 is proportional to the synchronous speed (Dn 5 n

s
).

E
2 

, n
s

	 E
r 

, n
s
2 n	 (5.53)

Hence, the rotor voltage E
r
, at any speed n, is

E
r

E
2

5
n

s
2 n

n
s

	 E
r
5 sE

2
	 (5.54)

The frequency of the rotor current is also dependent on Dn. At standstill (Dn 5 n
s
), the 

frequency of E
2
 or I

2
 is the same as the stator’s supply frequency f . At any other speed, the 

frequency of the rotor current depends on the rate by which the rotor windings cut through 
the field. Hence, it depends on the relative speed Dn. At standstill, the rotor frequency f

ss
 is

f
ss

, Dn, Dn 5 n
s

	 f
ss

5 f 	 (5.55)

At any other speed, the rotor frequency f
r
 is

	 f
r
, Dn, Dn 5 n

s
2 n	 (5.56)

Hence,

 
f
r

f
ss

5
f
r

f
5

n
s
2 n

n
s

	 f
r
5 sf 	 (5.57)

Figure 5.30  Equivalent circuit of the rotor at standstill
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Chapter 5  Speed-Torque Characteristics of Electric Motors142

Equations (5.54) and (5.57) change the equivalent circuit of the rotor to that shown in 
Figure 5.31, which is a more general circuit for any rotor speed. The rotor inductive 
reactance in this circuit is

	 X
r
5 2p f

r 
L

2
5 2psf L

2
5 s(2pf L

2
) 5 sX

2
	 (5.58)

where L
2
 is the inductance of the rotor windings, and X

2
 is the inductive reactance of 

the rotor at standstill. The rotor current of the induction motor I
r
 at any speed can be 

represented by

	 I
r
5

sE
2

R
2

1 jsX
2

	 (5.59)

which can be modified to

	 I
r
5

E
2

R
2

s
1 jX

2

	 (5.60)

Equation (5.60) can lead to the modified rotor circuit shown in Figure 5.32. Now, let 
us put the stator and rotor equivalent circuits together, as shown in Figure 5.33(a). The 
equivalent circuit can be simplified by eliminating the turns ratio by means of referring 
all the parameters and variables to the stator, as shown in Figure 5.33(b).

The resistance R9
2
 and inductive reactance X9

2
 of the rotor winding referred to the 

stator circuit are computed as follows:

 R9
2

5 R
2SN

1

N
2

D2

 X9
2

5 X
2SN

1

N
2

D2

where N
1
 and N

2
 are the number of turns of the stator and rotor windings, respectively. 

The rotor current referred to the stator circuit I9
2
 can be computed as

I9
2

5 I
r
 SN

2

N
1

D

Figure 5.31  Equivalent circuit of the 
rotor at any speed
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Figure 5.32  Modified equivalent circuit  
of the rotor at any speed
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143	 5.3  Induction Motors

To conveniently analyze the rotor circuit, let us divide 
R9

2

s
 into two components:

R9
2

s
5 R9

2
1

R9
2

s
 (1 2 s)

With the rotor resistance components divided this way, we can compute the losses of 
the rotor windings separately from the developed power, as will be explained later. The 
equivalent circuit can now be represented by Figure 5.34.

Figure 5.33  Development of approximate equivalent circuit for an induction motor
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We can further modify the equivalent circuit by assuming that I
m
 ,, I

1
. This makes 

I
1
 > I9

2
, and we can assume that the impedances of the stator and rotor windings are in 

series, as shown in Figure 5.35(a).
R

eq
 and X

eq
 of Figure 5.35(b) are defined as

 R
eq

5 R
1

1 R9
2

 X
eq

5 X
1

1 X9
2

The resistive element (R9
2
/s) (1 2 s) represents the load of the motor, which includes 

the mechanical and rotational loads. Rotational loads include the friction and windage. 
Note that the value of the load resistance is dependent on the motor speed. At no load, 
when the slip is close to zero, the load resistance is very large. At starting, when the slip 
is unity, the load resistance is zero.

5.3.2  Power Flow 
The diagram in Figure 5.36 represents the power flow of the induction motor. Part of 
the input power to the motor P

in
 is consumed in the stator circuit in the form of winding 

losses P
cu 1

 and core losses P
iron

. The rest of the power P
g
 passes through the airgap to 

the rotor circuit. This power is called the airgap power. 

Figure 5.35  More equivalent circuits for the induction motor
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145	 5.3  Induction Motors

part of it is consumed in the rotor resistance as copper losses P
cu 2

. The rest is called the 
developed power P

d
. Part of the developed power is rotational losses P

rotational
 due to fric-

tion, windage, and so on. The rest is the output power P
out

 consumed by the load.
The input power can be computed as

	 P
in

5 3VI
1 
cos u

1
	 (5.61)

where V is the phase voltage of the source and u
1
 is the phase angle of the current. The 

stator copper losses P
cu 1

 and the core losses P
iron

 can be computed using the equivalent 
circuit of Figure 5.34 or 5.35(a).

   P
cu 1

5 3 I 2
1
R

1

	 P
iron

 > 3
V 2

R
m

	 (5.62)

The airgap power can be computed by

	 P
g

5 3E9
2
I9

2
 cos u

2
	 (5.63)

where u
2
 is the phase angle between E9

2
 and I9

2
. The airgap power can also be  

computed as

	 P
g

5 3(I9
2
)2 

R9
2

s
	 (5.64)

The rotor losses are

	 P
cu 2

5 3(I9
2
)2R9

2
5 sPg	 (5.65)

The developed power is

	 P
d

5 P
g

2 P
cu 2

5 3(I9
2
)2 

R9
2

s
(1 2 s) 5 P

g
(1 2 s)	 (5.66)

The developed power of the motor is the shaft power consumed by the mechanical load 
plus the rotational losses.

Figure 5.36  Power flow of the induction motor
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The powers of the induction motor can be represented by mechanical terms such as 
torque and speed. The first form of mechanical power is airgap power, which is equal to 
the developed torque T

d
 exerted by the flux (Lorentz force) times the speed of the flux v

s
.

	 P
g

5 T
d
v

s
	 (5.67)

The second form of mechanical power is the developed power,

	 P
d

5 P
g
(1 2 s) 5 T

d
v

s
(1 2 s) 5 T

d
v	 (5.68)

where v is the rotor speed, as given in Equation (5.50). The rotational losses reduce the 
torque; hence, the output power is

	 P
out

5 Tv,    T , T
d
	 (5.69)

Based on these analyses, the power flow diagram of the induction motor can now be 
represented in more detail, as shown in Figure 5.37.

▶	 EXAMPLE 5.4

A 50 hp, 60 Hz, three-phase, Y-connected induction motor operates at full load at a 
speed of 1764 rpm. The rotational losses of the motor are 950 W, the stator copper 
losses are 1.6 kW, and the iron losses are 1.2 kW. Compute the motor efficiency.

Solution
The output power at full load is 50 hp.

P
out

5
50

1.34
5 37.3 kW

P
d

5 P
out

1 P
rotational

5 37.3 1 0.95 5 38.25 kW

We need to calculate the slip before we can proceed. We have the actual motor speed, 

Figure 5.37  Detailed power flow of the induction motor
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147	 5.3  Induction Motors

we know from the principal of operation that the motor speed at full load is just 
slightly less than the synchronous speed. Since the number of poles is always 
even, this machine must be four-pole with a synchronous speed of 1800 rpm  
(see Equation (5.23)). Hence,

s 5
n

s
2 n

n
s

5
1800 2 1764

1800
5 0.02

Then,

P
g

5
P

d

1 2 s
5

38.25

0.98
5 39 kW

P
in

5 P
g

1 P
cu 1

1 P
core

5 39 1 1.6 1 1.2 5 41.8 kW

The motor efficiency h is

	 h 5
P

out

P
in

5
37.3

41.8
5 0.89 or 89%	 ◀

5.3.3  Torque Characteristics
To establish the speed-torque relationship, let us use the equivalent circuit in Fig-
ure 5.35(b) to compute the rotor current.

	 I9
2

5
V

Î1R
1

1
R9

2

s 2
2

1 X 
2
eq

	 (5.70)

The developed torque of the motor is computed by dividing the developed power by the 
rotor speed:

	 T
d

5
P

d

v
5

3
v

 (I9
2
)2 

R9
2

s
 (1 2 s) 5

3V 

2R9
2
(1 2 s)

sv31R
1

1
R9

2

s 2
2

1 X 

2
eq4

	 (5.71)

From Equation (5.50), v 5 v
s
(1 2 s). Hence,

	 T
d

5
P

d

v
5

3V 2R9
2

sv
s31R

1
1

R9
2

s 2
2

1 X 2
eq4

	 (5.72)

V is the phase voltage and Equation (5.72) represents the motor torque due to the  
three phases.

The slip–torque (or speed-torque) characteristic of the induction motor using Equa-
tion (5.72) is shown in Figure 5.38. At starting, when the motor speed is zero (slip is 
unity), the rotor current produces a starting torque T

st
. If the starting torque is greater 
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Chapter 5  Speed-Torque Characteristics of Electric Motors148

speed of the motor increases, so does the motor torque. The maximum torque T
max

 
occurs at slip s

max
. Since in normal steady-state operation the rotor speed is close to 

synchronous speed (the slip is about 2% to 7%), the motor speed continues to increase 
until it reaches a steady-state value in the linear region of the characteristic.

The speed-torque characteristic can be divided into three major regions, as shown 
in Figure 5.39: large slip, small slip, and maximum torque. In the large slip region, 
which is also known as the starting region, the torque equation of the motor can be 
approximated by assuming that

1R
1

1
R9

2

s 2
2

 

,,  X 

2
eq

Hence,

	 T
d 

<
 

3V 2 R9
2

sv
s
X 2

eq

	 (5.73)

Figure 5.38  Speed-torque characteristics of the induction motor
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149	 5.3  Induction Motors

By setting s 5 1 in the large slip approximation, we can compute the starting torque:

	 T
st

<
3V 2R9

2

v
s
X 2

eq

	 (5.74)

For the small slip region, when the rotor speed is close to synchronous, the motor torque 
can be approximated, assuming that

R
1 
,,

R9
2

s
.. X

eq

Hence,

	 T
d

<
3V 2s

v
s
 R9

2

	 (5.75)

To compute the maximum torque and the slip at maximum torque s
max

, the first deriva-
tive of Equation (5.72) with respect to slip must be set equal to zero. Doing that results 
in the following equations:

	 s
max

5
R9

2

ÏR2
1

1 X 
2
eq

	 (5.76)

	 T
max

5
3V 2

2v
s 
[R

1
1 ÏR2

1
1 X 

2
eq

]
	 (5.77)

Note that the slip at maximum torque s
max

 is linearly proportional to the rotor resis-
tance, whereas the magnitude of the maximum torque is independent of the rotor 
resistance. For motors with large rotor resistance, the maximum torque occurs at 
low speeds.

▶	 EXAMPLE 5.5

A 50 hp, 440 V, 60 Hz, three-phase, four-pole induction motor develops a maximum 
torque of 250% at slip of 10%. Ignore the stator resistance and rotational losses. 
Calculate the following:

a.	 Speed of the motor at full load

b.	 Copper losses of the rotor

c.	 Starting torque of the motor

Solution
a.	 Motor speed. Using the small slip approximation of Equation (5.75), we can write 

the motor torque at full load as

T <
3V 2s

v
s
 R9

2
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The maximum-torque equation is given by (5.77). The equation can be rewritten to 
ignore the effect of R

1 
by assuming R

1
,, X

eq
:

T
max

5
3V 2

2v
s
 X

eq

Then

T
max

T
5

R9
2

2sX
eq

Now let us modify Equation (5.76) by ignoring the effect of the stator resistance.

s
max

5
R9

2

X
eq

Then

T
max

T
5

s
max

2s

s 5
T

T
max

  
s

max

2
5

1

2.5
  

0.1

2
5 0.02

The motor speed at full load is

n 5 n
s
(1 2 s) 5 120 

f

p
 (1 2 s) 5 120 

60

4
 (1 2 0.02) 5 1764 rpm

b.	 Copper losses of the rotor. Since the rotational losses are ignored, the developed 
power is equal to the output power.

P
d

5
50

1.34
5 37.3 kW

�Since

P
d

5 P
g
(1 2 s)

and

P
cu 2

5 sP
g

then

P
cu 2

P
d

5
s

1 2 s

P
cu 2

5 P
d 1 s

1 2 s2 5 37.3 
0.02

5 760 W

70960_ch05_ptg01.indd   150 05/09/17   9:58 am



151	 5.3  Induction Motors

c.	 Starting torque. The starting torque can be obtained by the large slip approxima-
tion when s 5 1.

T
st

<
3V 2 R9

2

v
s
X2

eq

The full load torque represented by the small slip approximation is

T <
3V 2s

v
s
 R9

2

Hence,

T
st

T
5

(R9
2
)2

sX 2
eq

5
s2

max

s

	 T
st

5
s 2

max

s
T 5

s 2
max

s
  

P
out

v
5

(0.1)2

0.02
  

37300

2p 
1764

60

5 101 Nm	 ◀

5.3.4 � Starting Procedure
In many cases, induction motors do not need a special starting procedure because the 
starting current is generally limited to tolerable values by the winding impedance. How-
ever, for large motors with small winding resistance, the starting current could be exces-
sive, and a starting mechanism must be used.

If we ignore the magnetizing current at starting, the starting current I9
st2

 can be com-
puted using Equation (5.70). In this equation, the slip is set equal to one.

	 I9
st

2

5
V

Ï(R
1

1 R9
2
)2 1 X 2

eq

	 (5.78)

To reduce the starting current of an induction motor, several methods can be used. The 
common ones are based on reducing the terminal voltage or inserting a resistance in the 
rotor circuit.

Figure 5.40 shows the speed-torque characteristics of the induction motor under 
different voltage levels. Voltage reduction results in a linearly proportional reduction of 

Figure 5.40 

n

s

ns
V  < V

V
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the starting current. However, the starting torque and the maximum torque of the motor 
will also be reduced. Note that the torque is proportional to the square of the voltage. 
Hence, a 20% reduction in the voltage reduces the starting current by 20%, but also 
reduces the starting torque and the maximum torque by 36% each. If the motor is heav-
ily loaded, the starting torque may not be adequate to spin the shaft.

The other starting method is based on adding a resistance to the rotor circuit, as 
shown in Figure 5.41. Notice that according to Equations (5.74) and (5.76), when a 
resistance is added to the rotor circuit, the starting torque and the slip at maximum 
torque increase. In fact, if the added resistance makes Equation (5.76) equal to one, the 
maximum torque occurs at starting. This is a very good starting method for heavily-
loaded machines.

The insertion of rotor resistance is only possible if the rotor is accessible through 
brushes and a slip ring arrangement. For squirrelcage motors, adding a resistance is not 
possible since the rotor is fully enclosed. However, some types of squirrel cage motors 
have rotor windings made of alloys that exhibit skin effects at 60 Hz. Since the rotor 
frequency at starting is 60 Hz, the starting rotor resistance is high due to the skin effect. 
Once the speed of the motor increases, the rotor frequency is reduced, and the skin effect 
is diminished. The rotor resistance is then reduced.

▶	 EXAMPLE 5.6

An induction motor has a stator resistance of 3 V, and the rotor resistance referred to 
the stator is 2 V. The equivalent inductive reactance X

eq
 5 10 V. Calculate the change 

in the starting torque if the voltage is reduced by 10%. Also, compute the resistance 
that should be added to the rotor circuit to achieve the maximum torque at starting.

Solution
Using the large slip approximation of Equation (5.74), we can compute the starting 
torque by setting s 5 1.

T
st

<
3V 2 R9

2

v
s
X2

eq

Figure 5.41  Speed-torque characteristics when a resistance is added to the rotor circuit
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153	 5.4  Synchronous Motors

If T
A
 is the starting torque at full voltage and T

B
 is the starting torque at the reduced 

voltage, then

 
T

A

T
B

5 1 V

0.9V2
2

 T
B

5 0.81T
A

Hence, the reduction of the starting torque is 19%.
To compute the value of the inserted resistance in the rotor circuit for maximum 

torque at starting, we can use Equation (5.76). s
max

 must then be set equal to one.

s
max

5 1 5
R9

2
1 R9

add

ÏR2
1

1 X2
eq

	 R9
add

5 ÏR2
1

1 X 
2
eq

2 R9
2

5 Ï9 1 100 2 2 5 8.44 vyV	 ◀

	 5.4	 Synchronous Motors
The synchronous machine is used mainly for power generation. Over 97% of all elec-
tric power generated worldwide is produced by synchronous generators. This is due 
to the ability of synchronous generators to produce ac power directly without a need 
for conversion and the effective and simple control of its voltage and power flow. The 
frequency of the generated power is directly proportional to the speed of the machine. 
Hence, the speed of the generator must be maintained constant at synchronous speed at 
all times.

The synchronous machine is also used as a motor. Several applications that demand 
fixed speeds regardless of load changes employ synchronous machines. The motor can 
also be used as an effective tool for reactive power and voltage controls.

A synchronous machine, as the name implies, operates at the synchronous speed n
s
.  

The machine, as shown in Figures 5.42 and 5.43, is composed of a stator and a rotor. 
The stator of a synchronous machine is similar to that of an induction motor. The sta-
tor has three phase windings connected to a three-phase source. The stator windings 

Figure 5.42  Synchronous machine components

Stator Permanent magnet rotor Electric magnet rotor with slip rings
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Chapter 5  Speed-Torque Characteristics of Electric Motors154

generate a rotating magnetic field f
s
 in the airgap, as shown in Figure 5.27. The speed 

of f
s
 is the synchronous speed, which is a function of the supply frequency as given in 

Equation (5.47). For small machines, the rotor could be a permanent magnet. For larger 
machines, the rotor is an electrical magnet excited externally by a dc source known as 
the exciter. The winding of the rotor circuit is connected to slip rings mounted on the 
rotor shaft. Brushes are used to connect the rotor circuit to the exciter. Because of the 
slip ring arrangement, the rotor winding does not reverse its polarities. Hence, the rotor 
magnetic field f

f
 is stationary relative to the rotor shaft.

The airgap of the synchronous machine has two fields: one is f
s
 rotating at a syn-

chronous speed due to the stator excitation, and the other f
f
 is due to the rotor excitation 

and is stationary with respect to the rotor. These two fields must be aligned at all times 
(provided that the fields are strong enough). Therefore, the rotor field f

f
 must also rotate 

at the synchronous speed of f
s
. Since the rotor field is stationary with respect to the 

rotor, the rotor will also rotate at the synchronous speed n
s
.

Using the schematic of Figure 5.44, the equivalent circuit of the synchronous 
machine can be developed. The figure shows the rotor circuit excited by a dc source V

f 
. 

The excitation current I
f
 produces a field f

f
  that is stationary with respect to the rotor. 

Now let us look at the windings of one phase in the stator circuit. Assume that we are 
rotating the machine externally at a synchronous speed v

s
. The field then cuts the stator 

windings and induces a voltage E
f 
.

	 E
f
,

df
f

dt
	 (5.79)

E
f
 is known as the no-load equivalent excitation voltage. If the saturation of the rotor 

circuit is ignored, E
f
 is directly proportional to the excitation current I

f 
. The frequency 

of E
f
 is proportional to the synchronous speed v

s
 given in Equation (5.47).

Now let us discuss the case in which the synchronous machine is running as a 
motor. Consider the diagram of Figure 5.45. In this case, the terminals of the stator are 
connected to an ac source V

t 

Figure 5.44  Simplified diagram of a 
singly excited synchronous machine at 
no load

EfVf

If

vs

ff

Figure 5.43  Conceptual representation 
of a synchronous machine

ia

ib

ic

ff

fs
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155	 5.4  Synchronous Motors

circuit produces a magnetic field f
f  
. The current in the stator windings I

a
 (armature cur-

rent) also produces a magnetic field f
s
 that is rotating at the synchronous speed. The net 

magnetic field in the airgap f
g
 is the phasor sum of both fields.

	 f
g

5 f
f
1 f

s
	 (5.80)

Since the rotor field is generated by a dc circuit, we do not have to worry about the hys-
teresis and eddy current of the rotor. 

We can simplify the equivalent circuit of the synchronous machine to that shown in 
Figure 5.46. The reactance X

s
 is known as the synchronous reactance. It is the reactance 

of the stator windings plus the equivalent reactance associated with the armature reac-
tion. R is the resistance of the armature windings.

The equivalent circuit of Figure 5.46 can be simplified further by ignoring the resis-
tance of the armature circuit. This is justified for large machines where the stator wind-
ings carry large current, and therefore the wire cross section is large. The simplified 
circuit is shown in Figure 5.47.

5.4.1  Reactive Power
Equation (5.81) is the main equation for the synchronous motor. Both V

t
 and E

f
 are inde-

pendent variables; V
t
 is adjusted by controlling the supply voltage and E

f
 is adjusted by 

controlling the magnitude of the dc current in the rotor circuit (field current).

	 V
t
5 E

f
1 I

a
X

s
	 (5.81)

Figure 5.45  Simplified diagram of a synchronous machine at no load

Ia

Vf Vt

If

fg fs

ff

Figure 5.47  Simplified equivalent cir-
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Ef
Vt

Figure 5.46  Equivalent circuit of a syn-
chronous machine
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Chapter 5  Speed-Torque Characteristics of Electric Motors156

The armature current is then a dependent variable, with its magnitude and phase shift 
dependent on the adjustments of V

t
 and E

f 
. Moreover, the equivalent field voltage E

f
 

always lags the terminal voltage V
t
 when the machine is running as a motor.

Three phasor diagrams of Equation (5.81) are shown in Figure 5.48. In Fig-
ure 5.48(a), E

f
 is adjusted so that E

f
 cos d . V

t
. In this case, the angle of the voltage 

drop I
a 
X

s
 must be greater than 90°. Since I

a
 lags the voltage drop I

a
 X

s
 by 90°, I

a
 leads 

V
t 
, and the power factor measured at the terminals of the motor (cos u) is leading. In 

Figure 5.48(b), E
f
 is reduced so that E

f
 cos d 5 V

t
. In this case, the angle of the voltage 

drop I
a
 X

s
 is exactly 90°. Hence, I

a
 is in phase with V

t
, and the power factor measured 

at the terminals of the motor is unity. In Figure 5.48(c), E
f
 is further reduced so that  

E
f
 cos d , V

t
. In this case, the angle of the voltage drop I

a
 X

s
 is less than 90°, I

a
 lags V

t 
,  

and the power factor measured at the terminals of the motor is lagging. The reactive 
power Q at the terminal of the motor can be computed:

	 Q 5 3V
t 
I

a 
sin u	 (5.82)

V
t
 is a phase quantity. By examining the phasor diagrams of Figure 5.48(a), we can show that

	 I
a 
X

s
 sin u 5 E

f
 cos d 2 V 	 (5.83)

Figure 5.48  Phasor diagram of a synchronous motor
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157	 5.4  Synchronous Motors

Substituting the current of Equation (5.83) into (5.82) yields

	 Q 5
3V

t

X
s

 (E
f
 cos d 2 V

t
)	 (5.84)

The reactive power at the terminals of the motor is leading when the magnitude of Q in 
Equation (5.84) is positive. When Q is negative, the reactive power is lagging.

▶	 EXAMPLE 5.7

The load of an industrial plant is 40 MW at 0.85 power factor lagging. A 30 MW syn-
chronous motor is used to improve the overall power factor of the plant. The motor 
is rated at 5 kV and has a synchronous reactance of 5 V. The equivalent phase value 
of the equivalent field voltage can be expressed by

E
f
5 200I

f

where I
f
 is the dc excitation current. Assume that the motor is unloaded, and com-

pute the excitation current to improve the overall power factor of the plant to  
0.95 lagging.

Solution
The power factor angle of the load is

u 5 cos21 0.85 5 31.8°

The load reactive power is

Q
l
5 P tan u 5 40 tan 31.88 5 24.8 MVAR

The total reactive power for 0.95 power factor lagging is

Q
tot

5 P tan(cos21 0.95) 5 40 tan 18.28 5 13.15 MVAR

The reactive power to be generated by the synchronous motor is

Q
m

5 Q
tot

2 Q
l
5 (213.15) 2 (224.8) 5 11.65 MVAR

The negative sign implies a lagging reactive power. Since the motor is running at no 
load, the power factor angle at the terminals of the motor must be 90° (I

a
 leads V

t
  

by 90°). In this case, E
f
 is in phase with V

t
. The phasor diagram is shown in  

Figure 5.49. The excitation voltage E
f
 must be greater than V

t
 for leading current.

Figure 5.49 

Vt

Ia

Ef

Ia Xs

70960_ch05_ptg01.indd   157 05/09/17   9:59 am



Chapter 5  Speed-Torque Characteristics of Electric Motors158

	 Using Equation (5.84), the magnitude of E
f
 can be computed.

Q 5
3V

t

X
s

 (E
f
 cos d 2 V

t
)

11,650 5

3 
5000

Ï3
5

 1E
f
2

5000

Ï3 2
Hence,

E
f
5 2.89 kV

To achieve the desired level of reactive power, the excitation current must be 
adjusted to

	 I
f
5

E
f

200
5 14.45 A	 ◀

5.4.2  Power Flow
The input power to the synchronous motor is from the armature circuit only. If we 
ignore losses in the rotor windings, there is no power consumed in the field circuit. 
Hence, the input power is

	 P 5 3V
t 
I

a
 cos u	 (5.85)

V
t
 is a phase quantity. By examining the phasor diagrams of Figure 5.48, we can show 

that

	 I
a 
X

s
 cos u 5 E

f
 sin d	 (5.86)

Substituting I
a
 of Equation (5.86) into Equation (5.85) yields

	 P 5 3 
V

t
 E

f

X
s

 sin d	 (5.87)

Since the synchronous machine rotates at a synchronous speed, we can write the devel-
oped torque equation as

	 T 5
P
v

s

5
3
v

s

  
V

t
 E

f

X
s

 sin d	 (5.88)

d is known as the power angle. Figure 5.50 shows the torque curve representing Equa-
tion (5.88). If the excitation current, terminal voltage, and supply frequency are all 
maintained constant, changes in the load torque T

l
 result in changes in the power angles. 

As the figure shows, the load torque must always be limited to below the maximum 
torque T

max
 at d 5 90°. If the load torque exceeds T

max
, the motor cannot support the load 

torque and stops spinning.
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159	 5.4  Synchronous Motors

▶	 EXAMPLE 5.8

A 2300 V, 60 Hz, six-pole synchronous motor is driving a constant-torque load of 
5000 Nm. The synchronous reactance of the motor is 6 V. Compute the minimum 
excitation that the machine must maintain to provide the needed torque.

Solution
First, let us compute the synchronous speed of the motor.

n
s
5 120 

f

p
5 120 

60

6
5 1200 rpm

The minimum excitation occurs when the load torque equals the maximum devel-
oped torque by the motor.

T
l
5 T

max
5

P
v

s

5
3
v

s

  
V

t
 E

f

X
s

5000 5
3

2p 
1200

60

  

2300

Ï3
 E

f

6

Then

E
f
5 946 V

Note that E
f
 is a phase quantity. For any reduction of the excitation voltage below this 

value, the motor torque will be less than the load torque. ◀

5.4.3  Torque Characteristics
As mentioned earlier, the synchronous machine must spin at the synchronous speed of 
the rotating field generated by the stator windings. Hence, the speed of the motor at any 
loading condition is

n
s
5 120 

f

p

Figure 5.50  Torque curve of a synchronous motor

dl d

T

T

Tl
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Chapter 5  Speed-Torque Characteristics of Electric Motors160

The speed of the machine is only changed when the number of poles or the supply 
frequency is changed. Figure 5.51 shows the speed-torque characteristics of a synchro-
nous motor.

If the load torque increases to a level at which the fields in the airgap can no longer 
be aligned, the motor stops spinning. In this case, the load torque exceeds the maximum 
delivered torque of the motor, as explained in Example 5.8.

5.4.4  Starting Procedure
For heavily loaded motors with large inertia, the fields in the airgap at starting may not 
be strong enough to increase the rotor speed from standstill to synchronous. In this case, 
a starting circuit may be needed. The most common method is to install damper wind-
ings in the rotor circuit, similar to the rotor windings of a squirrel cage induction motor 
shown in Figure 5.52. At starting, the damper windings cause the synchronous motor to 
start as an induction machine. When the speed of the rotor is close enough to the syn-
chronous speed, the rotor field f

f
 aligns with, and locks itself to, the synchronous field 

f
s
. Once the motor is running at the synchronous speed, the current inside the damper 

windings is zero (no relative speed between the damper windings and the rotating field). 
Remember that the rotor voltage of the induction motor when running at synchronous 
speed is zero.

	 5.5	 Damage to Electric Machines
Overvoltage or overcurrent can damage electric motors. Excessive voltage can cause 
damage to the insulation of the windings that may lead to a permanent short circuit. 
Overcurrent produces excessive heat due to the energy dissipated in the windings’ resis-
tance and may result in melting down the windings’ insulation, eventually causing a 
short circuit. For permanent magnet motors, large armature currents may also demagne-
tize the permanent magnet.

Damage due to overvoltage is usually rapid—so as a rule, motor voltage should not 
exceed the rated value by more than 10%. However, motors may tolerate high currents 
for a very short period of time.

Figure 5.51  Speed-torque characteris-
tics of a synchronous machine

v
f
f
f

Figure 5.52  Damper windings
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In addition to the electrical constraints, one should keep in mind the mechanical 
limitation and integrity of the complete system. Excessive speed may result in a damage 
to bearings or to rotor windings, due to excessive centrifugal forces.

For most electric drive applications, several performance properties should be 
maintained to avoid premature fatality of the hardware, especially for large systems. 
Among these properties are the following:

1.	 The system should be able to achieve soft transition; for example, soft starting, 
soft speed change, and soft braking. Abrupt, large changes in speed may eventually 
result in ruinous effects on the mechanical integrity of the motor or load and unnec-
essary electrical stresses on the motor or converter. A soft transition, however, does 
not necessarily mean a slow transition.

2.	 The system should have a sufficient damping for speed oscillation at all times, 
including the equilibrium state (holding state).

3.	 Large, abrupt changes in the supply voltage should be avoided. Voltage must not 
exceed the tolerable limit of the system components.

4.	 The magnitude of the inrush current should be kept under control at all times. Over-
shoots of inrush current should be limited to some tolerated value.

5.	 Natural electromechanical oscillations should be avoided. These usually occur at 
low speeds when the electrical modes of the system correspond to the natural fre-
quencies of the load and supporting structure.

CHAPTER 5  Problems

	 5.1	 �A 600 V, dc shunt motor has armature and field resistance of 1.5 V and 600 V,  
respectively. When the motor runs unloaded, the line current is 3 A, and the 
speed is 1000 rpm. Calculate the developed torque at a full load armature  
current of 50 A.

	 5.2	 A dc, separately excited motor has the following parameters and ratings:

Kf 5 3 Vs    R
a

5 2 V

Terminal voltage 5 600 V    Full load torque 5 21 Nm

a.	 Calculate the armature current at full load torque.
b.	 Calculate the starting current. Show how you can reduce the starting current 

by 80%.

	 5.3	 A dc, separately excited motor has a load torque of 140 Nm and a frictional 
torque of 10 Nm. The motor is rated at 240 V. The armature resistance of the 
motor is 1 V. The motor speed at the given load is 600 rpm. Ignore the field 
losses and calculate the motor efficiency.

	 5.4	 A dc series motor has an armature current of 10 A at full load. The motor 
terminal voltage is 300 V. The armature and field resistances are 2 V and 3 V, 

CHAPTER 5  Problems 
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Chapter 5  Speed-Torque Characteristics of Electric Motors162

respectively. The motor speed at full load is 250 rpm. Calculate the starting 
torque of the motor.

	 5.5	 �A 1000 V, 50 hp compound motor runs at a speed of 750 rpm at full load.  
The armature, series, and shunt field resistances are 0.5 V, 1 V, and 200 V, 
respectively. The motor efficiency at this condition is 80%. Calculate the 
motor’s starting current.

	 5.6	 �A 15 hp, 209 V, three-phase, six-pole, Y-connected induction motor has the fol-
lowing parameter values per phase:

R
1

5 0.128 V    R9
2

5 0.0935 V    X
eq

5 X
1

1 X9
2

5 0.49 V

		  �The motor slip at full load is 3%, and the efficiency is 90%. 

a.	 Calculate the starting current. (Ignore the magnetizing current.)
b.	 Determine the starting torque.
c.	 Determine the maximum torque.
d.	 Calculate the value of the resistance that should be added to the rotor circuit 

to reduce the starting current by 50%.
e.	 What is the starting torque in part (d)?
f.	 Calculate the value of the resistance that should be added to the rotor circuit 

to increase the starting torque to maximum.
g.	 What is the starting current in part (f)?

	 5.7	 �Show how the starting current of the following machines can be reduced. Dis-
cuss the effect of your methods on the starting torque.

a.	 dc shunt motor (not a separately excited motor)
b.	 dc series motor
c.	 Induction motor

		  Use circuit diagrams and motor characteristics to explain your answer.

	 5.8	 The shaft output of a three-phase, 60 Hz induction motor is 100 hp. The  
friction and windage losses are 900 W, the stator core loss is 4200 W, and  
the stator copper loss is 2700 W. If the slip is 3.75%, what is the efficiency  
of the motor?

	 5.9	 A 500 hp, three-phase, 2200 V, 60 Hz, 12-pole, Y-connected, wound-rotor 
induction motor has the following parameters:

R
1

5 0.225 V    R9
2

5 0.235 V    X
eq

5 1.43 V

X
m

5 31.8 V    R
m

5 780 V

		  �Calculate the following:

a.	 Slip at maximum torque
b.	 Input current and power factor at maximum torque
c.	 Maximum torque
d.	 Resistance that must be added to the rotor windings (per phase) to achieve 

maximum torque at starting
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	5.10	 �A four-pole, 60 Hz, Y-connected, squirrel cage induction motor has the follow-
ing parameters:

R
1

5 0.2 V    X
1

5 0.35 V    R9
2

5 0.25 V    X9
2

5 0.35 V

X
m

5 12 V    R
m 

.. X
m

		  �The motor is connected to a 220 V supply through a cable of 1.30 V inductive 
reactance per phase. At a speed of 1710 rpm, calculate the following:

a.	 Motor current and input power
b.	 Terminal voltage
c.	 Developed torque

		  �Also calculate the terminal voltage at starting. What is the percent change of 
the terminal voltage? Can you explain the change in the terminal voltage at 
starting?

	5.11	 �A 15 hp (output power), 208 V, three-phase, six-pole, Y-connected induction 
motor has the following parameters:

R
1

5 0.1 V    R9
2

5 0.1 V    X
eq

5 0.5 V

a.	 A fan-type load is connected to the motor. The slip of the motor in this case 
is 2%. If the terminal voltage of the motor is reduced by 20%, calculate the 
speed of the motor (you may use the small-slip approximation).

b.	 What is the percentage change of the maximum torque for case (a)?

	5.12	 �A 500 hp, three-phase, 2200 V, 60 Hz, 12-pole, Y-connected, wound-rotor 
induction motor has the following parameters:

R
1

5 0.225 V    R9
2

5 0.235 V    X
1

1 X9
2

5 1.43 V

X
m

5 31.8 V    R
m

5 780 V

		  �The motor is driving a constant-torque load at a speed of 570 rpm.

a.	 Calculate the load torque.
b.	 Calculate the motor speed when the source frequency is increased to 70 Hz. 
c.	 Calculate the change in starting torque due to the frequency change.

	5.13	 �A synchronous motor is rated at 100 kVA. The motor is connected to an infinite 
bus of 5 kV. The synchronous reactance of the motor is 0.1 V. The motor is 
running at a no-load condition (real power output is zero). All losses can be 
ignored. Calculate the equivalent field voltage E

f
 that operates the motor as a 

synchronous condenser delivering 100 kVAR to the infinite bus. Draw the  
phasor diagram. (A synchronous condenser produces reactive power and no  
real power.)

	5.14	 �A three-phase synchronous motor is connected to an infinite bus of 416 V. The 
synchronous reactance of the motor is 1 V. The motor is driving a constant 
torque load. Ignore all losses. Calculate the change in power delivered to the 
load when the equivalent field voltage increases by 20%.
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Chapter 5  Speed-Torque Characteristics of Electric Motors164

	5.15	 �A four-pole synchronous motor is connected to an infinite bus of 5 kV through 
a cable. The synchronous reactance of the motor is 0.1 V, and the inductive 
reactance of the cable is 0.9 V. The reactive power at the motor terminals is 
zero when E

f
 is 4.8 kV (line-to-line). Calculate the following:

a.	 Terminal voltage of the motor
b.	 Developed torque
c.	 Output power

	5.16	 �A six-pole synchronous motor is connected to an infinite bus of 480 V. The syn-
chronous reactance of the motor is 0.5 V. The field current is adjusted so that 
the equivalent field voltage E

f
 is 500 V. Calculate the following:

a.	 Maximum torque
b.	 Power factor at maximum torque
c.	 Output power at maximum torque

	5.17 	 A BLDC motor is energized by an 80 V dc source. The armature resistance of 
the winding is 1.0 V. Compute the starting current if the modulation factor is 
100%. To limit the starting current to 10 A, compute the modulation factor for 
the PWM circuit. 

	5.18	 A BLDC motor is energized by a 100 V dc source. The armature resistance  
of the winding is 1.0 V. The no-load speed of the motor is 1000 rpm at  
100% modulation factor. Compute the motor speed when the load torque is 
9 Nm. Also compute the drop in speed if the load torque increases to 15 Nm 
without any change in the voltage.
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6

Speed Control  
of Conventional  
and Brushless Direct  
Current Motors

Conventional direct current (dc) motors have several intrinsic properties, such as the 
ease by which they can be controlled, their ability to deliver high starting torque, and 
their near-linear performance. Direct current motors are widely used in applications 
such as actuation, manipulation, and traction.

Direct current motors with brushes have drawbacks that may restrict their use 
in some applications. For example, they are relatively high-maintenance machines 
due to their commutation mechanisms, and they are large and expensive compared 
to other motors, such as the induction. They may not be suitable for high-speed 
applications due to the presence of the commutator and brushes. Also, because of the 
electrical discharging between the commutator segments and brushes, dc machines 
cannot be used in clean or explosive environments unless they are encapsulated. 
Nevertheless, dc motors with brushes still hold a large share of the ASD (adjustable 
speed drive) market. Newer designs of dc motors have emerged that eliminate the 
mechanical commutator. The brushless motor, for example, is a dc motor that has the 
armature mounted on the stator and the field in the rotor as shown in Chapter 5. Like 
the conventional dc motor, the brushless motor switches the armature windings based 
on motor position. The switching, however, is done electronically, thereby eliminat-
ing the mechanical switching of the conventional dc motor.
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Chapter 6  Speed Control of Conventional and Brushless Direct Current Motors166

	 6.1	 Speed Control of Conventional DC Shunt 
or Separately Excited Motors

As seen in Chapter 5, the speed-torque characteristics of a dc, separately excited  
(or shunt) motor can be expressed by the formula

	 v 5
V

t

Kf
2

R
a

(Kf)2
 T

d
5 v

0
2 Dv	 (6.1)

or

	 v 5
V

t

Kf
2

R
a

Kf
 I

a
5 v

0
2 Dv	 (6.2)

where v
0
 is the no-load speed and Dv is the speed drop. The no-load speed is computed 

when the torque and current are equal to zero. The speed drop is a function of the load 
torque. The load torque and rotational torques (such as friction) determine the magni-
tude of the motor’s developed torque at steady state. For a given torque, the motor speed 
is a function of the following three quantities:

1.	 Resistance in armature circuit. When a resistance is inserted in the armature circuit, 
the speed drop Dv increases and the motor speed decreases.

2.	 Terminal voltage (armature voltage). Reducing the armature voltage V
t
 of the motor 

reduces the motor speed.

3.	 Field flux (or field voltage). Reducing the field voltage reduces the flux f, and the 
motor speed increases.

As explained in Chapter 5, we cannot operate electric motors with voltages higher 
than the rated value. Therefore, we cannot control the motor speed by increasing the 
armature or field voltages beyond their rated values. Only voltage reduction can be 
implemented. Hence, the second method of speed control (armature voltage) is only 
suitable for speed reduction, whereas the third method (field voltage) is suitable for 
speed increase. For a full range of speed control, more than one of the  three meth-
ods must be employed.

6.1.1  Controlling Speed by Adding Resistance
Figure 6.1 shows a dc motor setup with resistance added in the armature circuit.  
Figure 6.2 shows the corresponding speed-torque characteristics. Let us assume that the 
load torque is unidirectional and constant. A good example of this type of torque is an 
elevator. Also assume that the field and armature voltages are constant. At point 1, no 
external resistance is in the armature circuit. If a resistance R

add1
 is added to the armature 

circuit, the motor operates at point 2, where the motor speed v
2
 is

	 v
2

5
V

t

Kf
2

R
a

1 R
add

1

(Kf)2
 T

d
5 v

0
2 Dv

2
	 (6.3)
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or

	 v
2

5
V

t

Kf
2

R
a

1 R
add

1

Kf
 I

a
5 v

0
2 Dv

2
	 (6.4)

Note that the no-load speed v
0
 is unchanged regardless of the value of resistance in the 

armature circuit. The second term of the speed equation is the speed drop Dv, which 
increases in magnitude when R

add
 increases. Consequently, the motor speed is reduced.

If the added resistance keeps increasing, the motor speed decreases until the system 
operates at point 4, where the speed of the motor is zero. The operation of the drive system 
at point 4 is known as “holding.” It is quite common to operate the motor under electrical 
holding conditions in applications such as robotics and actuation. An electrical drive system 
under holding may jiggle unless a feedback control circuit is used to stabilize the system.

When the motor is operating under a holding condition, the speed drop Dv
4
 is equal 

in magnitude to the no-load speed v
0
.

	 v
4

5 v
0

2 Dv
4

5
V

t

Kf
2

R
a

1 R
add

3

(Kf)2
 T

d
5 0	 (6.5)

The resistance R
add3

 in this case is

	 R
add

3

5
KfV

t

T
d

2 R
a
	 (6.6)

or

	 R
add

3

5
V

t

I
a

2 R
a
	 (6.7)

Keep in mind that operating a dc motor for a period of time with a resistance 
inserted in the armature circuit is a very inefficient method. The use of resistance is 
acceptable only when the heat produced by the resistance is utilized as a by-product or 
when the resistance is used for a very short period of time.

Figure 6.1  A setup for speed change 
by adding an armature resistance

Rf

Ra

RIf

Ia

Vf Vt

Ea

Figure 6.2  Effect of adding an armature resistance on speed

R < R < R

Ra

v

v

Ra + R

Ra + RRa + R
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▶	 EXAMPLE 6.1

A 150 V, dc shunt motor drives a constant-torque load at a speed of 1200 rpm. The 
armature and field resistances are 1 V and 150 V, respectively. The motor draws a 
line current of 10 A at the given load.

a.	 Calculate the resistance that should be added to the armature circuit to reduce the 
speed by 50%.

b.	 Assume the rotational losses to be 100 W. Calculate the efficiency of the motor 
without and with the added resistance.

c.	 Calculate the resistance that must be added to the armature circuit to operate the 
motor at the holding condition.

Solution
a.	 Let us use Figure 6.2 to help in solving this problem. Assume that operating point 

1 represents the motor without any added resistance, and point 2 is for the oper-
ating point at 50% speed reduction. Since the motor is a shunt machine, the line 
current is equal to the armature current plus the field current.

I
a

1

5 I 2 I
f
5 10 2

150

150
5 9 A

	 Also, the speed equations at these two operating points are

E
a

1

5 Kfv
1

5 V 2 I
a

1

R
a

E
a

2

5 Kfv
2

5 V 2 I
a

2

(R
a

1 R
add

1

)

	� The armature current is constant regardless of the value of the added resistance, 

because I
a

5
T

d

Kf
 and T

d
 and f are constants. Hence, I

a1
 5 I

a2
.

E
a

1

E
a

2

5
v

1

v
2

5
n

1

n
2

5
V 2 I

a 
R

a

V 2 I
a
(R

a
1 R

add
1

)

1200

0.5 3 1200
5

150 2 9 3 1

150 2 9 3 (1 1 R
add

1

)

R
add

1

5 7.83 V

b.	 To calculate the motor efficiency, first calculate the input power.

P
in

5 VI 5 150 3 10 5 1500 W

Next, calculate the motor losses.

Losses 5  field losses 1 armature losses 1 rotational losses

5 I 

2
f  
R

f
1 I 

2
a 
R

a
1 rotational losses

Losses before adding armature resistance 5
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Losses after adding armature resistance 5 150 1 81 (11 7.83) 1 100 5 965.23 W

Efficiency without resistance 5
1500 2 331

1500
 100 5 77.93%

Efficiency after adding resistance 5
1500 2 965.23

1500
 100 5 35.66%

	� Note how low the motor efficiency is when a resistance is added to the armature 
circuit.

c.	 To calculate the resistance to be added to the armature for the holding operation, 
set the motor speed equal to zero.

Kfv 5 V 2 I
a
(R

a
1 R

add
) 5 0

	 R
add

5
V

I
a

2 R
a

5
150

9
2 1 5 15.67 V	 ◀

6.1.2  Controlling Speed by Adjusting Armature Voltage
A common method of controlling speed is to adjust the armature voltage. This method 
is highly efficient and stable and is simple to implement. The circuit of Figure 6.3 shows 
the basic concept of this method. The only controlled variable is the armature voltage of 
the motor, which is depicted as an adjustable-voltage source. Based on Equation (6.1), 
when the armature voltage is reduced, the no-load speed v

0
 is also reduced. Moreover, 

for the same value of load torque and field flux, the armature voltage does not affect the 
speed drop Dv. The slope of the speed-torque characteristic is R

a
/(Kf)2, which is inde-

pendent of the armature voltage. Hence, the characteristics are parallel lines as shown in 
Figure 6.4. Note that we are assuming the field voltage is unchanged when the armature 
voltage varies.

Electric holding can be done if the armature voltage is reduced until Dv is equal to 
v

0
. This operating point is shown in Figure 6.4 at an armature voltage equal to V

4
.

	 v
4

5
V

4

Kf
2

R
a

(Kf)2
 T

d
5 0	 (6.8)

Figure 6.3 

VtRf

Ra

If Ia

Vf

Ea
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or

	 V
4

5
R

a

Kf
 T

d
	 (6.9)

6.1.3  Controlling Speed by Adjusting Field Voltage
Equations (6.1) and (6.2) show the dependency of motor speed on the field flux. The 
no-load speed is inversely proportional to the flux, and the slope of Equation (6.1) 
is inversely proportional to the square of the flux. Therefore, as explained next in  
Example 6.2, the speed is more sensitive to flux variations than to variations in the 
armature voltage.

▶	 EXAMPLE 6.2

For a 20% increase in the armature voltage, calculate the percentage change in the 
no-load speed. Assume that the load torque is unchanged. Repeat the calculations for 
a 20% reduction in the field flux.

Solution
Let us assume that v

01
, f

1
, and V

1
 are the variables for the initial condition. From 

Equation (6.1), the ratio of the no-load speeds, assuming that the armature voltage 
changes and the field is kept constant, is

v
01

v
02

5
V

1

V
2

where v
02

 and V
2
 are the new speed and voltage, respectively. Since V

2
 5 1.2 V

1
, then 

v
02

 5 1.2 v
01

. Because the speed drop in Equation (6.1) is independent of the arma-
ture voltage for the same load torque, the speed drop will remain unchanged. Hence, 
the speed increase is also 20%.

Figure 6.4  Motor characteristics when armature voltage changes

V > V > V > V

V

V

v

v

v

v

v

Td

V

V
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	 Let us now repeat the calculation, assuming that the armature voltage is constant 
and the field is reduced by 20%. The variables f

2
 and v

02
 represent the new field and 

speed, respectively.

v
01

v
02

5
f

2

f
1

If f
2
 5 0.8 f

1
, then v

02
 5 1.25 v

01
. The increase in no-load speed is 25% as com-

pared to the 20% of the previous case. Similarly, the ratio of the speed drop using 
Equation (6.1) is

Dv
1

Dv
2

5 1f
2

f
1
2

2

Then for f
2
 5 0.8 f

1
, Dv

2
 5 1.5625 Dv

1
. The speed drop is increased by  

56.25%. ◀

Figure 6.5 shows a setup for controlling speed by adjusting the field flux. If we reduce 
the field voltage, the field current and consequently the flux are reduced. Figure 6.6 
shows a set of speed-torque characteristics for three values of field voltages. When 
the field flux is reduced, the no-load speed v

0
 is increased in inverse proportion to the 

flux, and the speed drop Dv is also increased. The characteristics show that because 
of the change in speed drops, the lines are not parallel. Unless the motor is excessively 
loaded, the motor speed increases when the field is reduced. When motor speed is 
controlled by adjusting the field current, the following considerations should be kept 
in mind:

1.	 The field voltage must not exceed the absolute maximum rating.

2.	 Since dc motors are relatively sensitive to variations in field voltage, large reduc-
tions in field current may result in excessive speed.

3.	 Because the armature current is inversely proportional to the field flux (I
a
 5 T

d  
/Kf),  

reducing the field results in an increase in the armature current (assuming that the 
load torque is unchanged).

Figure 6.5 

Vf Rf

Ra

If

Ia

Vt

Ea
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Because of (2) and (3), field voltage control should be done with special care to pre-
vent mechanical and electrical damage to the motor. Furthermore, the field current 
should not be interrupted while the motor is running. If an interruption occurs, the 
residual magnetism will maintain a small amount of flux in the airgap. Consequently, 
the motor current will be excessively large, and the motor will accelerate to unsafe 
speeds. Although the system may have overcurrent breakers, special care should be 
given to this type of control to avoid an unpleasant experience!

▶	 EXAMPLE 6.3

A 150 V, dc shunt motor drives a constant-torque load at a speed of 1200 rpm. The 
armature and field resistances are 2 V and 150 V, respectively. The motor draws a  
line current of 10 A. Assume that a resistance is added in the field circuit to reduce 
the field current by 20%. Calculate the armature current, motor speed, value of the 
added resistance, and extra field losses.

Solution
The armature current before inserting a resistance in the field circuit is

I
a

1

5 I 2 I
f
1

5 10 2
150

150
5 9 A

Since the load torque is constant,

T
d

5 Kf
1
I

a
1

5 Kf
2
I

a
2

I
a

2

5
f

1

f
2

 I
a

1

Figure 6.6  Effect of field voltage on motor speed

Vf > Vf > VfVf

v

v

v

v

Td
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Assume that the flux is linearly proportional to the field current.

I
a

2

5
I

f
1

I
f
2

 I
a

1

5
1

0.8
 9 5 11.25 A

Notice that the armature current is increased by 25%. To calculate the speed, con-
sider the two equations

E
a

1

5 Kf
1
v

1
5 V 2 I

a
1

R
a

E
a

2

5 Kf
2
v

2
5 V 2 I

a
2

R
a

or

f
1

f
2

 
n

1

n
2

5
V 2 I

a
1

R
a

V 2 I
a

2

R
a

	
1

0.8
 
1200

n
2

5
150 2 9 3 2

150 2 11.25 3 2

	 n
2

5 1448.86 rpm

The result is a 20.73% increase in speed.
	 The value of the resistance that should be inserted in the field circuit can be cal-
culated using Ohm’s law:

V
f
5 V

t
5 I

f
1 

R
f
5 I

f
2

(R
f
1 R

add
)

R
add

5 37.5 V

The losses due to R
add

 are

P 5 I 2
f
2 

R
add

5 (0.8)2 3 37.5 5 24 W

Note that the additional losses are small when a resistance is added to the field 
circuit. This is why the technique is acceptable in industry even when solid-state 
field control devices are available. Compare the losses in this case with the losses in 
Example 6.1. ◀

6.1.4  Solid-State Control
Solid-state control is used for enhanced efficiency and for versatile operation of electric 
drive systems. For dc machines, converters are often used in the armature circuit to con-
trol the terminal voltage of the motor. In some cases, the converter is also used to control 
the field voltage. When a converter is used, the power source can be either dc or ac, which 
makes the selection of the machine independent of the available type source at the site.

In this section, we will analyze the dc separately excited (or shunt) motors when 
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6.1.4.1   Single-Phase, Half-Wave Drives
The circuit in Figure 6.7 shows an example of a dc motor with converter. The armature 
circuit of the motor is connected to the converter, which is fed from an ac source. The 
field circuit of the motor is excited from the ac source through a full-wave rectifier cir-
cuit, which may contain filters.

The circuit of Figure 6.8 shows the armature loop. The converter in this case is 
a simple SCR triggered by a control circuit not shown in the figure. The waveforms 
of the circuit are shown in Figure 6.9. Before the triggering of the SCR at a, the 
instantaneous voltage across the motor terminals v

t
 is equal to E

a
. During the SCR 

conduction, v
t
 is equal to the instantaneous source voltage v

s
. The voltage across the 

resistive component of the armature winding is identical in shape to the instantaneous 
armature current. The instantaneous voltage across the inductive element of the arma-
ture impedance v

la
 is

	 v
la

5 v
t
2 E

a
2 i

a
 R

a
	 (6.10)

Figure 6.8  A single-phase, half-wave 
SCR drive

VAK

vs

Ra

La
vt

Ea

Figure 6.7  Basic configuration of dc 
motor with a converter

Figure 6.9  Waveforms of circuit in Figure 6.8

Ea + i Ra

i i 

a vt 

b 

Eavt
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The instantaneous terminal voltage can be expressed mathematically by

v
t
5 v

s
(u

a
2 u

b
) 1 E

a 
[1 2 (u

a
2 u

b
)]

	 v
t
5 V

max
 sin(vt)(u

a
2 u

b
) 1 E

a 
[1 2 (u

a
2 u

b
)]	 (6.11)

where u
a
 and u

b
 are step functions defined by

u
a

5 u(vt 2 a) 5 5u
a

5 1; vt $ a

u
a

5 0; vt , a

u
b

5 u(vt 2 b) 5 5u
b

5 1; vt $ b

u
b

5 0; vt , b

and b is the angle at which the instantaneous current reaches its zero crossing. Assume 
that the speed of the motor is fairly constant during the steady-state operation, and the 
field voltage is kept constant. Hence, E

a
 is also constant. The load current can then  

be computed by dividing the voltage across the impedance of the armature winding by 
the impedance itself.

	 i 5
v

t
2 E

a

R
a

1 jX
a

	 (6.12)

Since the terminal voltage contains step functions and the load impedance has 
imaginary components, the computation of the instantaneous armature current can 
be simplified by using the Laplace transformations as given in Chapter 3. The cur-
rent equation during the conduction period (between a and b) can be expressed by 
Equation (6.13).

i(t) 5 21 I(s)

	 i(t) 5
V

max

Z
 sin(vt 2 f) 2

E
a

R
a

1 1E
a

R
a

2
V

max

Z
 sin(a 2 f)2e2

(vt2a)
vt 	 (6.13)

where Z is the impedance of the armature winding, f is the phase angle of Z, and t is 
the time constant of Z.

f 5 tan21 
vL

a

R
a

t 5
L

a

R
a

Z 5 ÏR2
a

1 (vL
a
)2

v 5 2pf

where f is the frequency of the ac source.
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For a given a, the conduction period can be determined by using Equation (6.13). 
At b, the instantaneous armature current i(t

b
) is equal to zero.

	 i(t
b
) 5

V
max

Z
 sin(b 2 f) 2

E
a

R
a

1 3E
a

R
a

2
V

max

Z
 sin(a 2 f)4e2

(b2a)
vt 5 0� (6.14)

where t
b
 5 b/v is the time at b. Solving Equation (6.14) yields the value of b. Note that 

the equation is nonlinear in terms of b and that iterative methods may be used.
The average voltage across the terminals of the motor V

t
 
ave

 can be computed 
using the armature loop. First write the instantaneous-voltage equation of the armature  
loop as

	 v
t
5 E

a
1 v

L
1 iR

a
	 (6.15)

Then compute the average values

	 V
t ave

5 E
a

1 V
L ave

1 I
ave 

R
a
	 (6.16)

where V
L ave

 is the average voltage across the inductive element of the armature imped-
ance. As we discussed earlier in Chapter 3 (Section 3.3.1), V

L ave
 must be equal to zero. 

Hence,

V
t ave

5 E
a

1 I
ave 

R
a

or

1

2p#
2p

0
v

t  
dvt 5 E

a
1

R
a

2p#
2p

0
i dvt

1

2p3#
b

a

v
t 
dvt 1 #

a12p

b

v
t 
dvt4 5 E

a
1

R
a

2p#
2p

a

i dvt

During the interval from a to b, v
t
 is equal to the source voltage, and between b and the 

triggering angle of the next cycle (a 1 2p), v
t
 is equal to E

a
.

1

2p3#
b

a

v
s  
dvt 1 E

a
(2p 1 a 2 b)4 5 E

a
1 R

a 
I

ave

Then

	
1

2p#
b

a

V
max 

sin(vt) dvt 5
g

2p
 E

a
1 R

a 
I

ave
	 (6.17)

where g is the conduction period

g 5 b 2 a

Equation (6.17) can also be expressed as

	
V

max

2p
 [cos(a) 2 cos(b)] 5

g

2p
 E 1 R I 	 (6.18)
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Replacing E
a
 with Kfv yields

	
V

max

2p
 [cos(a) 2 cos(b)] 5

g

2p
 Kfv 1 R

a 
I

ave
	 (6.19)

▶	 EXAMPLE 6.4

A 1 hp, dc shunt motor is loaded by a constant torque of 10 Nm. The armature resis-
tance of the motor is 5 V, and the field constant Kf 5 2.5 V s. The motor is driven by 
a half-wave SCR converter. The power source is 120 V, 60 Hz. The triggering angle 
of the converter is 60°, and the conduction period is 150°. Calculate the motor speed 
and the developed power.

Solution
The average armature current is determined by the load torque and motor excitation.

I
ave

5
T

Kf
5

10

2.5
5 4 A

Direct substitution in Equation (6.19) yields

Ï2 3 120

2p
 [cos(60) 2 cos(60 1 150)] 5

150

360
3 2.5 3 v 1 5 3 4

v 5 16.22 rad/s

  n 5 154.88 rpm

The developed power is

P
d

5 E
a 
I

ave
5 KfvI

ave
5 2.5 3 16.22 3 4 5 162 W

which is about 21% of the motor rating. ◀

6.1.4.2   Single-Phase, Full-Wave Drives
A full-wave drive can be realized by using one of the two circuits shown in Figures 6.10 
and 6.11. The circuit in Figure 6.10 consists of four SCRs connected in a full-wave bridge. 
The switching of the SCRs is dependent on the polarity of the source voltage v

s
. The cur-

rent i
1
 (solid lines) flows when the ac waveform of the source voltage is in the positive 

half-cycle, and SCRs S
1
 and S

2
 are triggered. Similarly, current i

2
 (dashed lines) flows 

when the waveform of the source voltage is in the negative half, and S
3
 and S

4
 are trig-

gered. In either half of the cycle, the current will flow in the same direction inside the 
motor. In a better design, S

2
 and S

3
 can be replaced by diodes. This will simplify the trig-

gering circuit and provide freewheeling to the motor.
The circuit in Figure 6.11 shows another alternative where two SCRs and a  

center-tap transformer are used. The secondary of the transformer should have double 
the voltage rating of the motor; that is,

V
1

5 V
2

5 rated armature voltage

When the source voltage v
s
 is in the positive half of its cycle and S

1
 is triggered, i

1
 flows in 
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negative part and S
2
 is closed, i

2
 flows in the lower half of the secondary windings. Again, 

in either half of the source waveform, the armature current of the machine is unidirectional.
The waveforms of the circuit in Figure 6.11 are shown in Figure 6.12. The figure 

shows v
1
 and v

2
 in reference to the center point of the transformer. When v

1
 is in the positive 

part of its cycle and S
1
 is triggered at a, the terminal voltage of the motor v

t
 is equal to v

1
 

and the motor current is i
1
. Because i

1
 flows beyond 180°, the terminal voltage of the motor 

v
t
 becomes negative. When i

1
 reaches zero at b, v

t
 is equal to E

a
 until S

2
 is triggered. Simi-

larly, during the positive half of v
2
, i

2
 flows and the terminal voltage of the motor equals v

2
.

The average terminal voltage of the motor is calculated by

V
t ave

5 E
a

1 I
ave

 R
a

or

2

2p#
p

0
v

t
 dvt 5 E

a
1

2R
a

2p #
p

0
i dvt

1
p

 3#
b

a

v
t
 dvt 1 #

a1p

b

v
t
 dvt4 5 E

a
1

R
a

p #
b

a

i dvt

Figure 6.10  Full-wave drive using four- 
SCR bridge

vs

vt

Ra La

i

i

i

i

Ea

Figure 6.11  Full-wave drive using two SCRs and a center-
tap transformer

vs

Ra La

v

v i

i

Ea

Figure 6.12  Waveforms of circuit in Figure 6.11

Ea
vt
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vt
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Using the same procedure explained in Equations (6.16) to (6.18), the equation of the 
armature circuit is

	
V

max

p
 [cos (a) 2 cos(b)] 5

g

p
 E

a
1 R

a 
I

ave
	 (6.20)

Replacing E
a
 with Kfv yields

	
V

max

p
 [cos (a) 2 cos(b)] 5

g

p
 Kfv 1 R

a 
I

ave
	 (6.21)

▶	 EXAMPLE 6.5

For the motor in Example 6.4, assume that the converter is a full-wave type. The trig-
gering angle of the converter is 60°, and the conduction period is 150°. Calculate the 
motor speed and the developed power delivered to the load.

Solution
The load torque and the excitation determine the average armature current of the 
motor. The average current is not affected by whether we are using a half-wave or a 
full-wave converter.

I
ave

5
T

Kf
5

10

2.5
5 4 A

This average current is produced in a half-cycle for half-wave converters. For full-
wave converters, the current is produced by the two halves of the cycle.
	 Direct substitution in Equation (6.21) yields

Ï2 3 120
p

 [cos(60) 2 cos(60 1 150)] 5
150

180
3 2.5 3 v 1 5 3 4

v 5 25.82 radys

 n 5 246.56 rpm

Note that the speed in this case is higher than that in Example 6.4. This is because 
full-wave converters allow more power to be transmitted to the motor.
	 The developed power can be calculated by

P
d

5 KfvI
ave

5 2.5 3 25.82 3 4 5 258.2 W

which is about a 56% increase in power as compared to the half-wave converter of 
Example 6.4. ◀

6.1.4.3   Continuous Armature Current
For heavily loaded motors with high armature inductance, the conduction period may 
equal or exceed 180°. This may result in an overlap of i

1
 and i

2
, which results in continu-
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Chapter 6  Speed Control of Conventional and Brushless Direct Current Motors180

load
1
 , load

2
 , load

3
. In the figure, the triggering angle a is the same for all loads. 

When the load increases, the conduction period and the peak current increase. When the 
conduction period equals 180°, the current is said to be continuous.

For continuous current, Equations (6.20) and (6.21) can be simplified by replacing 
g with 180°.

V
max

p
 [cos(a) 2 cos(a 1 180)] 5 E

a
1 R

a
I

ave

	
2V

max

p
 cos(a) 5 E

a
1 R

a
I

ave
	 (6.22)

Replacing E
a
 with Kfv yields

	
2V

max

p
 cos(a) 5 Kfv 1 R

a
I

ave
	 (6.23)

or

	 v 5

2V
max

p
 cos(a)

Kf
 2

R
a

Kf
 I

ave
	 (6.24)

Equation (6.23) is similar to (6.2)—the terminal voltage in Equation (6.2) is replaced by 
(2V

max 
/p)cos(a) in Equation (6.24).

▶	 EXAMPLE 6.6

A dc, separately excited motor has a constant torque load of 60 Nm. The motor is driven 
by a full-wave converter connected to a 120 V, ac supply. The field constant of the motor 
Kf 5 2.5 and the armature resistance is 2 V. Calculate the triggering angle a for the 

Figure 6.13  Current waveforms of several loads

i

a
g vt
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Solution
From Equation (6.24),

a 5 cos213 p

2V
max

 (R
a
I

ave
1 Kfv)4

a 5 cos213 p

2V
max

 1R
a
 

T

Kf
1 Kfv24

Hence,

	 a 5 cos213 p

2Ï2 3 120
 12 

60

2.5
1 2.5 3 2p 

200

60 24 5 21.7° 	 ◀

The speed-torque characteristics of the dc motor under solid-state control are depicted 
in Figure 6.14. Since the armature current can be either discontinuous or continuous, the 
speed-torque characteristics are dependent on the magnitude of the load torque. Because 
of the nonlinearity in Equation (6.13) in terms of b, the speed-torque characteristics for 
discontinuous armature current are nonlinear. Equation (6.24), however, is not a func-
tion of b (b 5 180°). Then the speed-torque characteristics for continuous current are 
linear and similar to those represented by Equation (6.2).

6.1.4.4   Effect of Freewheeling Diode
As seen in Figure 6.12, the terminal voltage of the motor may become negative due to 
the energy stored in the inductance of the armature winding. As we explained in Chap-
ter 3, a freewheeling diode can be used to dissipate this energy in the load itself, thus 
preventing the terminal voltage from becoming negative. The circuit with the freewheel-
ing diode is shown in Figure 6.15. The polarities of the diodes are opposite to those of  
the SCRs.

Figure 6.14 

a a a a a

a

a

a

v
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Chapter 6  Speed Control of Conventional and Brushless Direct Current Motors182

The operation of the circuit can be explained by the waveforms in Figure 6.16. 
During the period from a to 180°, S

1
 is closed and the current i

1
 flows in the motor. Just 

after 180°, v
1
 reverses its polarity and S

1
 opens. Consequently, the freewheeling diode 

conducts, and the motor current is i
d
, which flows from 180° until S

2
 is turned on in the 

second half of the cycle. This process is repeated every half-cycle. The voltage across 
the motor is equal to the source voltage while the SCRs are conducting, and is equal to 
zero when the freewheeling diode is conducting.

Figure 6.17 shows the armature current of the motor i
a
 and the freewheeling cur-

rent i
d
. The armature current can be divided into two regions. The first is from a to p, 

in which the freewheeling diode has no effect, and i
a
 5 i

1
. The second is from p to b, 

where the diode is conducting (i
a
 5 i

d
), and no current is flowing from the source.

For the first region, the instantaneous current is given by Equation (6.13). During 
the diode conduction, the armature current i

d
 flows in the armature–diode loop, which 

is composed of the armature impedance and the back emf E
a
. We can ignore the imped-

ance of the diode during conduction. The current i
d
 can then be expressed by

	 E
a

5 R
a
i
d

1 L
a
 
di

d

dt
	 (6.25)

Figure 6.15  Full-wave converter with freewheeling diode

vs

Ra La

v

v
id

i

Ea

Figure 6.16 

Ea

v

i

a

v

vt
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183	 6.2  Speed Control of Conventional DC Series Motors

The solution of the differential equation (6.25) for the period from p to b is

	 i
d

5 I(p) e2(vt2p)/vt 2 
E

a

R
a

 [1 2 e2(vt2p)/vt]	 (6.26)

where I(p) is the initial condition at vt 5 p, which can be computed using Equation 
(6.13). Equation (6.26) shows that, mathematically, i

d
 is zero when vt 5 `. Practically, 

we can assume that i
d
 is almost zero when it reaches about 5% of its maximum value. In 

fact, because of the freewheeling diode, the armature current is likely to be continuous.

	 6.2	 Speed Control of Conventional DC Series Motors
The concept of speed control of series machines is almost identical to that for the shunt 
machines. The basic types of control used for shunt machines can also be implemented 
for series machines. The implementation, however, requires special consideration of the 
fact that the field and armature currents are directly correlated.

Equation (5.18) describes the speed-torque characteristics of the series motor. The 
equation is repeated here.

	 v 5
V

t

Kf
2

R
a

1 Rf

(Kf)2
 T

d
	 (6.27)

After examining this equation, one concludes that three methods can be used to control 
the motor speed:

1.	 Adding a resistance in the armature circuit

2.	 Adjusting the armature voltage

3.	 Adjusting the field current

6.2.1 � Controlling Speed by Adding Resistance  
to the Armature Circuit

Consider Equation (6.28) for the series motor. In this equation, we are assuming that the 
flux is linearly proportional to the armature current (f < CI

a
).

	 T 5 KfI
a

< KC(I
a
)2	

Figure 6.17  Armature current with freewheeling diode

i

id

ia

a p b vt
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Chapter 6  Speed Control of Conventional and Brushless Direct Current Motors184

The equation shows that, for a given load torque, the armature current of the motor is 
constant. The change in armature current is only proportional to the change in the load 
torque. This is also true even if the flux-current characteristic is in the nonlinear region.

Let us approximate Equation (6.27) by assuming that f < CI
a
.

	 v 5
V

t

KCI
a

2
R

a
1 R

f

KC
5 v

0
2 Dv	 (6.29)

Now let us assume that a resistance R
add

 is inserted in series with the armature circuit as 
shown in Figure 6.18. Equation (6.29) can then be modified to

	 v 5
V

t

KCI
a

2
R

a
1 R

f
1 R

add

KC
5 v

0
2 Dv	 (6.30)

If we assume that the load torque is unchanged, then the armature current is constant. 
In addition, if the supply voltage is unchanged, then the motor speed is reduced when a 
resistance is added to the armature circuit. This is due to the increase in the speed drop Dv.

Dv 5
R

a
1 R

add
1 R

f

KC

The motor characteristics in this case are shown in Figure 6.19. The shapes of the char-
acteristics are similar when a resistance is added, but the speed drop increases when the 
value of the added resistance increases.

6.2.2  Controlling Speed by Adjusting Armature Voltage
The change in armature voltage has a similar effect on the series motor as the  
insertion of an armature resistance. For a constant torque, the motor current is con-
stant, and the first term, v

0
, in Equation (6.29) decreases with the decrease of voltage. 

The second term, Dv, remains unchanged. This results in a decrease in motor speed. 
The circuit and the characteristics of the motor with this type of control are shown in  

Figure 6.18  Controlling speed of series motor by adding a resistance in the armature 
circuit

Vt

Ia Ra

Rf

R

Ea
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185	 6.2  Speed Control of Conventional DC Series Motors

Figures 6.20 and 6.21. Note that the voltage control can be done by any technique 
described for the shunt motor drive. Since the voltage must be kept at or below the rated 
value, this type of control is suitable for speed reduction below rated speed.

6.2.3 � Controlling Speed by Adjusting Field Current
Two simple methods can be used to control the field current. One of them is to add a 
shunt resistance to the series field circuit and the other is to use a solid-state switching 
device across the field windings to regulate the field current. These two methods provide 
similar performance.

If a resistance R
f add

 is inserted in shunt with the series field winding, as shown in 
Figure 6.22, the field current is reduced by the following ratio:

	 I
f
5

Rf add

R
f add

1 R
f

 I
a

5 A
R
 I

a
	 (6.31)

Figure 6.19  Speed-torque characteristics of series motor due to the insertion of a 
resistance in the armature circuit

Ra + R

Ra + R

R > R
Ra

Figure 6.20  Circuit for controlling speed 
of series motor by varying terminal voltage

Vt

Ia Ra

Rf

Ea

Figure 6.21  Speed-torque characteristics of series motor 

Vt

Vt

Vt

Vt Vt Vt
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where A
R
 is a resistance ratio. If we assume that the field flux is proportional to the field 

current—that is, f 5 CI
f 
—then

	 Kf 5 KCA
R
I

a
	 (6.32)

and the load torque equation is

	 T
d

5 KfI
a

5 KCA
R
I2

a
	 (6.33)

Modify Equation (6.27) to include the new added resistance.

	 v 5
V

t

Kf
2

R
a

1
Rf Rf add

Rf 1 Rf add

Kf
 I

a
5

V
t

Kf
2

R
a

1 A
R
Rf

Kf
 I

a
	 (6.34)

Substituting Equations (6.32) and (6.33) into (6.34) yields

	 v 5
V

t

KCA
R
I

a

2
R

a
1 A

R
R

f

KCA
R

	 (6.35)

A reduction of R
f add

 results in current reduction of the field windings, which leads to an 
increase in motor speed. The characteristics of the series motor under this type of control 
are shown in Figure 6.23. Note that since the technique results in a field reduction, it is 
suitable for speed increase. This type of speed control must be performed with care so the 
current of the motor is not excessive. This can be seen by examining Equation (6.33); if 
you assume that the torque is constant, the armature current will increase if R

f add
 is reduced.

Solid-state devices can also implement the field reduction. An example is shown in 
Figure 6.24. In this figure, a transistor and a diode shunt the field circuit. The diode is con-
nected in the reverse direction of the armature current, and acts as a freewheeling diode 
that prevents the field circuit from being abruptly opened, which hence eliminates the 
surge in voltage across the transistor. When the transistor is closed, it carries the armature 
current. When it is open, the armature current flows through the field windings creating 
the flux of the motor. By controlling the switching of the transistor, the field current can be 

Figure 6.22  Simple circuit for controlling speed of series motor by varying field current

Vt

Ia Ra

Rf Rf 
If

IR

Ea
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187	 6.2  Speed Control of Conventional DC Series Motors

▶	 EXAMPLE 6.7

A dc series motor has an armature resistance of 2 V and a series field resistance  
of 3 V. At a terminal voltage of 320 V and full load torque of 60 Nm, the motor speed 
is 600 rpm.

a.	 Calculate the field current.

b.	 Assuming that the load torque is constant, calculate the motor voltage required to 
reduce the speed to 400 rpm.

c.	 If at full voltage the field circuit is shunted by a 6 V resistance, calculate the  
motor speed.

Solution
a.	 Assuming that the field flux is linearly proportional to the field current, then

V
t
5 I

a
(R

a
1 R

f
) 1 E

a
5 I

a
(R

a
1 R

f
) 1 Kfv 5 I

a
(R

a

Figure 6.23  Series motor characteristics by varying field current

Rf 

Rf  

Rf  

Rf  Rf  Rf  

Figure 6.24  Solid-state circuit for controlling speed of a series motor by varying  
field current

Vt

Ia Ra

RfIf

Ea
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V
t
5 I

a
(R

a
1 R

f
1 KCv)

320 5 I
a12 1 3 1 KC 12p 

600

60 22
and the torque equation is

  T 5 KCI2
a

60 5 KCI2
a

Solving these two equations results in two values for KC:

KC 5 0.0256 or 0.248

The armature currents for these two values of KC are

	 I
a

5Î 60

0.0256
5 48.44 A    or    I

a
5Î 60

0.248
5 15.55 A

Which of these answers is correct? Obviously, it is the one close to the expected 
value of the armature current for the given load. You can find the expected current by 
using the torque and speed to compute the output power. Then compute the expected 
current by dividing the power by the voltage. Of course, the actual current is larger 
than this value because of the presence of the armature and field resistance. However, 
we are using this calculation to get an idea of the neighborhood of the armature cur-
rent. The expected current in this example is close to 12 A. Then the correct value of 
KC is the one that results in the next higher value. Hence, KC 5 0.248.

b.	 For a constant load torque, the armature voltage is kept at 15.55 A. The armature 
voltage for 400 rpm is calculated by

	 V
t
5 15.5512 1 3 1 0.24812p 

400

60 22 5 239.28 V

c.	 When a resistance is added in shunt with the series field, the armature current will 
increase if the load torque is unchanged. According to Equation (6.33), the new 
current can be computed from

T 5 KCA
R
I 

2
a

	 where

A
R

5
R

f add

R
f
1 R

f add

5
2

3

	 Hence,

I
a

5Î 60 3 3

0.248 3 2
5 19.05 A
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189	 6.3  Speed Control of Brushless DC Motor

	 Now we can use Equation (6.35) to compute the new speed.

v 5
V

t

KCA
R
I

a

2
R

a
1 A

R
R

f

KCA
R

v 5
320

0.248 3
2

3
3 19.05

2

2 1
2

3
 3

0.248 3
2

3

5 77.4 radys

	 n 5 739.18 rpm 	 ◀

	 6.3	 Speed Control of Brushless DC Motor
As given in Chapter 5, the speed torque equation of the brushless dc (BLDC) motor is

	 v 5
V

t

Kf
2

T
d

3(Kf)2
 R

a
	 (6.36)

v 5 v
0

2 Dv

v
0

5
V

t

Kf

	 Dv 5
T

d

3(Kf)2
 R

a
	 (6.37)

where

v
0
 is the no-load speed

Dv is the speed drop due to changes in load torque

For the same kf and R
a
, Dv for the BLDC motor is one third smaller than the speed 

drop of conventional dc motors. This makes BLDC motors suitable for applications that 
were mainly restricted to synchronous motors—applications for which the speed must 
be fairly constant regardless of the load–torque variations. Among these applications are 
elevators, industrial robots, and electric vehicles.

Although BLDC motors require position encoders, they have several features that 
make them a better option than synchronous motors, including the following:

●● For the same power rating, BLDC motors are smaller in size and weight than syn-
chronous motors.

●● For the same power rating, BLDC motors are more efficient than synchronous 
motors.

●● Speed control of BLDC motors does not require frequency adjustment, which 
makes its switching circuit simpler to build.
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Because the field of BLDC motors is permanently magnet and cannot vary, the speed 
control of BLDC motors is done by just adjusting the armature voltage (V

t
). As given in 

Chapter 5, the terminal voltage of the motor is

	 V
t
5 m

f
 

Ï2

3
V

dc
	 (6.38)

where m
f
 is the modulation factor that depends on the type of PWM method.

Figure 6.25 shows the speed-torque characteristics of BLDC motors. As shown in 
the figure, the higher the modulation factor, the higher the speed of the motor. 

▶	 EXAMPLE 6.8

A BLDC motor is rated at 10 hp, 1000 rpm. The motor is driven from a dc source of 
400 V. The armature resistance of the motor is 0.5 V. At the full load torque, compute 
the modulation factor that runs the motor at 400 rpm.

Solution 
The rating of the motor is given at full modulation (m

f
5 1.0). Use Equation (6.38) 

to compute V
t
.

V
t
5 m

f

Ï2

3
V

dc
5 1.0 3

Ï2

3
 400 5 188.56 V

From the output power, compute the rated torque of the motor.

T
d

5
P
v

5
104 3 0.746

2p
1000

60

5 71.24 Nm

mf > mf > mf > mf

v

Td

mf

mf

mf

mf

Figure 6.25  Speed-torque characteristics of BLDC motors
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Now use Equation (6.36) to compute Kf

v 5
V

t

Kf
2

T
d

3(Kf)2
R

a

  2p 

1000

60
5

188.56

Kf
2

71.24

3(Kf)2
3 0.5

 Kf 5 1.735 or 0.065 Vs

Kf 5 0.065 Vs is not a realistic number as it represents very weak field. Hence, 
Kf 5 1.735 Vs

Now use Equation (6.36) to compute the terminal voltage for the new speed.

v 5
V

t

Kf
2

T
d

3(Kf)2
 R

a

2p 

400

60
5

V
t

1.735
2

71.24

3 3 (1.735)2
3 0.5

V
t
5 97.52 V

To compute the modulation factor, use Equation (6.38).

  V
t
5 m

f
 

Ï2

3
V

dc

97.52 5 m
f
 

Ï2

3
 400

	    m
f
5 0.517	 ◀

CHAPTER 6  Problems

	 6.1	 �A 220 V, 1500 rpm, 11.6 A (armature current) separately excited motor is con-
trolled by a single-phase, full-wave SCR converter. The armature resistance of 
the motor is 2 V. The ac source voltage is 230 V (rms) 60 Hz. Enough filtering 
inductance is added to ensure continuous conduction for any torque greater 
than 25% of the rated value. You may ignore the rotational losses. What should 
be the value of the firing angle (triggering angle) to drive a mechanical load of 
rated torque at 1000 rpm?

	 6.2	 �A 600 V, dc shunt motor has armature and field resistances of 1.5 V and 600 V,  
respectively. When the motor runs unloaded, the line current is 3 A, and the 
speed is l000 rpm.

a.	 Calculate motor speed when the load draws an armature current of 30 A.

CHAPTER 6  Problems 
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b.	 If the load is constant-torque type, what is the motor speed when 3 V resist-
ance is added to the armature circuit?

c.	 Calculate the motor speed if the field is reduced by 10%.

	 6.3	 �A dc shunt motor drives a centrifugal pump at a speed of 1000 rpm when the 
terminal voltage and line currents are 200 V and 50 A, respectively. The arma-
ture and field resistances are 0.1 V and 100 V, respectively.

a.	 Design a starting resistance for a maximum starting current of 120 A in the 
armature circuit.

b.	 What resistance should be added to the armature circuit to reduce the speed 
to 800 rpm?

c.	 If the terminal voltage is reduced by 25%, what is the speed of the motor?

	 6.4	 �A dc, separately excited motor has an armature resistance of 1 V. When a dc 
supply of 100 V is applied to the motor, the armature current is 4 A and the 
motor speed is 300 rpm. A half-wave SCR converter is designed to control the 
motor speed. The supply voltage is 120 V (rms), and the triggering angle of 
the converter is adjusted to 60°. When the motor is loaded with a constant-load 
torque of 10 Nm, the conduction period is 175°. Assume that the field current  
is constant.

a.	 Calculate the average speed of the motor.
b.	 If the triggering angle is 35° and the average speed is 300 rpm, what is the 

conduction period of the motor?
c.	 A full-wave SCR converter is designed for the same motor. If the triggering 

angle is 50° and the conduction period is 120°, what is the speed of the motor?
d.	 A sufficiently large inductance is added in series with the armature circuit 

of the motor described in (c). Calculate the minimum triggering angle of 
the SCR in order to run the motor at a speed of 100 rpm with continuous 
armature current.

	 6.5	 �A dc shunt motor is driving a constant-torque load at the rated speed and rated 
terminal voltage. The motor has the following rated data:

	 Terminal voltage 5 115 V

	 Speed 5 312 rpm

	 Field constant (Kf) 5 3 Vs

		  �If the terminal voltage of the motor is reduced by 10%, what is the motor 
speed? Assume that the field voltage is also reduced by the same ratio.

	 6.6	 �A dc, separately excited motor is connected to a fan-type load. The armature 
circuit of the motor is connected to a full-wave, ac/dc SCR converter. The input 
voltage to the converter is 200 V (rms). The triggering angle of the converter is 
adjusted for a motor speed of 500 rpm. The armature current in this case is 16 A.  
The armature resistance of the motor is 0.5 V, and the field constant (Kf) is  
2.5 Vs. Assume that the armature current is always continuous.

a.	 Calculate the triggering angle to run the motor at 500 rpm.
b.	 If the motor speed is to be reduced to 100 rpm, what is the triggering angle?
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	 6.7	 �A 220 V, 1500 rpm, 11.6 A (armature current), separately excited motor is con-
trolled by a single-phase, full-wave SCR converter. The armature resistance of 
the motor is 2 V. The ac source voltage is 230 V (rms) 60 Hz. Enough induc-
tance is added to ensure continuous conduction for any torque greater than 25% 
of rated value. (Ignore the rotational losses.)

a.	 Calculate the triggering angle for a speed of 1000 rpm at rated torque.
b.	 Assuming that the torque is a fan-type, calculate the triggering angle for a 

motor speed of 900 rpm.
c.	 Sketch the speed-torque characteristics showing the operating points of cases 

(a) and (b).

	 6.8	 �A dc, separately excited motor is used to drive a constant-torque load. The 
field circuit is excited by a full-wave, ac/dc SCR converter. The armature 
circuit of the motor is connected to a constant dc voltage source of 160 V. The 
inductance of the field circuit is large, and the field current is continuous. The 
ac voltage (input to the converter) is 120 V (rms), and the field resistance is 
100 V. The armature resistance is 2 V. When the triggering angle of the SCRs 
is adjusted to zero, the motor speed is 1200 rpm, and the armature current  
is 10 A.

a.	 Calculate the average current and dc power of the field circuit when the trig-
gering angle is equal to 20°.

b.	 Calculate the rms voltage across the field windings for the condition given in 
(a). Explain how the rms voltage is dependent on the triggering angle.

c.	 Calculate the no-load speed of the motor. Ignore the friction and windage 
losses.

d.	 Calculate the triggering angle to operate the motor at a speed of 1400 rpm.
e.	 Can you use the field converter to reduce the motor speed to 1000 rpm? 

How?

	 6.9	 A dc, separately excited motor is driving a hoist. The motor has an armature 
resistance of 1.5 V, and a field constant (Kf) equal to 3.5 Vs. The terminals of 
the armature circuit are connected directly across a 240 V, dc source. The field 
circuit is connected to an ac/dc, full-wave, solid-state converter. The control cir-
cuit of the converter is designed to maintain the speed of the motor constant. At 
full load, when the field current is at its rated value, the motor speed is 600 rpm. 
One day while the motor was operating at full-load conditions, a failure in the 
dc source caused the armature voltage to change suddenly. The control circuit 
of the field converter acted rapidly to maintain the motor speed at 600 rpm. Due 
to the action of the control circuit, the field flux was reduced by 25%. What was 
the percentage change in the armature voltage? Indicate whether the change was 
a voltage increase or decrease.

	6.10	 �A dc, separately excited motor drives a constant-torque load.

a.	 If a resistance is added in series with the armature circuit, does the armature 
current change? Explain why.

b.	 How does the speed change in case (a)?
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Chapter 6  Speed Control of Conventional and Brushless Direct Current Motors194

	6.11	 �A separately excited, dc motor has the following name plate ratings:

		  	 Terminal voltage 5 400 V

		  	 Speed 5 1250 rpm

		  	 Developed torque at full load 5 90 Nm

		  	 Full-load armature current 5 30 A

		  �A single-phase, full-wave, ac/dc converter is connected between a 480 V (rms) 
ac source and the armature terminals. A fan-type load is connected to the motor. 
When the triggering angle is adjusted to 40°, the motor speed is 1050 rpm. Cal-
culate the triggering angle required to operate the motor at 1200 rpm. Assume 
that the armature current is always continuous.

	6.12	 �A robot manipulator with a dc, separately excited motor on the driving end has 
ratings similar to those given in Problem 6.11. The motor is running at full load 
and is used to drill holes in solid material. If the field current is decreased to 
80% of the rated value by using a solid-state converter in the field circuit, what 
is the percentage change in its speed?

	6.13	 �A dc, separately excited motor has the following ratings:

		  	 Armature voltage 5 200 V

		  	 Field constant (Kf) 5 3 Vs

		  	 Armature resistance 5 1 V

		  �The motor is used in a drilling operation. When the armature voltage of the 
loaded motor is 200 V, the motor speed is 500 rpm. Calculate the following:

a.	 Armature current when the motor speed is 500 rpm
b.	 Load torque when the motor speed is 500 rpm
c.	 Motor speed when the armature voltage is reduced by 10%
d.	 Armature current at the condition described in (c)

	6.14	 �A dc, separately excited motor has the following data:

		  	 Rated field voltage 5 300 V

		  	 Field constant (Kf) 5 3 Vs

		  	 Armature resistance 5 2 V

		  	 Field resistance 5 150 V

		  �The motor is used to drive an assembly line consisting of a conveyor belt mov-
ing horizontally. The load on the belt varies depending on the amount of goods 
being moved. The load torque seen by the motor varies from a maximum of  
24 Nm to a minimum of 3 Nm. At all loading conditions, the speed of the motor 
must be maintained constant and equal to 200 rpm.

a.	 To achieve the required operation, the armature voltage of the motor is adjusted 
by a single-phase, full-wave, ac/dc converter. The input to the converter 
is 240 V (rms). Calculate the range of the triggering angle (minimum and 
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maximum) required to maintain the motor speed at the specified value at all 
loading conditions. Assume that the armature current is always continuous.

b.	 Another method to achieve the desired operation is to adjust the field  
voltage. In this case, the armature voltage can be kept constant at some 
value. Calculate the range of the field voltage (minimum and maximum).  
Hints: Assume that the maximum value of the field voltage is equal to its 
rated value (i.e., 300 V). Also assume that the field constant (Kf) is linearly 
proportional to the field voltage.

	6.15	 �A 1000 V, 50 hp, dc series motor is used as a hoist. The motor runs at a speed 
of 750 rpm at full load. The armature and field resistances are 0.5 V and 2.0 V, 
respectively.

a.	 Calculate the motor speed and line current when the load torque is reduced 
by 50%.

b.	 For the load condition in part (a), assume that a resistance of 5 V is added in 
series with the field windings. Calculate the motor speed and line current.

	6.16	 �A dc series motor drives a fan-type load. At rated current, the motor speed is 
600 rpm. If a resistance equal to 0.25 of the field resistance shunts the field 
winding, what is the approximate motor speed?

	6.17	 �A dc series motor runs a constant-torque load. The terminal voltage of the 
motor is 200 V, the speed is 500 rpm, the armature current is 25 A, the armature 
resistance is 0.2 V, and the field resistance is 0.6 V. If the armature is shunted 
by a 10 V resistance, what is the speed of the motor?

	6.18	 �A dc, separately excited motor has an armature resistance of 1 V and an induc-
tive reactance of 2 V. The motor is powered by an ac/dc converter. The average 
torque of the motor is 12 Nm. The field constant Kf is 3 Vs, and the average 
terminal voltage is 100 V. Calculate the motor speed.

	6.19	 �Explain the basic methods for speed control of a dc shunt motor. Use circuit 
diagrams and motor characteristics in your answer. Comment on the following 
issues:

a.	 Suitability of the method for speed increase or speed reduction relative to the 
no-load speed

b.	 Effect of the method on the overall efficiency of the system

	6.20	 �A dc, separately excited motor is used to hoist a constant-weight load. The 
motor is driven by a full-wave, ac/dc converter. The voltage on the ac side is 
110 V (rms). The field constant of the motor Kf is 3 Vs, and the armature resis-
tance is 1 V. The armature current is continuous under loaded conditions. When 
the triggering angle is 30°, the motor speed is 60 rpm. Calculate the following:

a.	 Load torque
b.	 Load power
c.	 Armature current when the triggering angle is adjusted to 45°
d.	 Motor speed when the triggering angle is reduced to 30° and the field current 

is reduced by 10%
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	6.21	 �A dc, separately excited motor is driving a load torque composed of two com-
ponents as given in the equation.

T 5 25 1 0.1v2

		  �The armature circuit of the motor is connected to a full-wave, ac/dc SCR con-
verter. The input voltage to the converter is 300 V (rms). The armature resis-
tance of the motor is 0.5 V, and the field constant (Kf) is 2.5 Vs. Assume that 
the armature current is always continuous. Calculate the range of the triggering 
angle to operate the motor at a speed range of 0 to 600 rpm.

	6.22	 �A dc, separately excited motor is driven by a full-wave, ac/dc SCR converter. 
The voltage on the ac side is 240 V (rms). The armature resistance of the motor 
is 5 V. The armature current is continuous when a full-load torque of 400 
Nm is applied. The motor speed under full-load torque is 100 rad/s, the motor 
efficiency is 95%, and the rotational losses are 105 W. Ignore the field losses. 
Calculate the following:

a.	 Output power of the motor
b.	 rms voltage across the motor terminals
c.	 Input power to the motor
d.	 Losses in the armature resistance
e.	 rms armature current

	6.23	 �A dc series motor is driving a fan-type load. The armature and field resistances of 
the motor are 2 V and 3 V, respectively. When the terminal voltage of the motor 
is 200 V, the motor speed is 250 rpm and the armature current is 10 A. Assume 
that the motor operates at the linear region of the field-current characteristic. 
Calculate the terminal voltage needed to reduce the motor speed to 100 rpm. Also 
sketch the speed-torque characteristics and show all operating conditions.

	6.24	 �A dc, separately excited motor drives a conveyor belt (constant torque). The 
terminal voltage of the motor is 120 V. When the conveyor belt is fully loaded, 
the armature current of the motor is 15 A and the speed of the motor is 180 rpm. 
The armature resistance of the motor is 2 V.

a.	 Calculate the steady-state speed of the motor if the field voltage is reversed.
b.	 Calculate the motor speed if after the field voltage is reversed, the field volt-

age is reduced by 10%.
c.	 Sketch the speed-torque characteristics and show all operating points.

		  �Hint: Assume that the field MMF is linearly proportional to the field voltage.

	6.25	 �A 300 V, dc, separately excited motor drives a conveyor belt (constant torque). 
The armature resistance of the motor is 1 V. When the conveyor belt is loaded 
at 150 Nm, the motor speed is 800 rpm. The field constant Kf of the motor is 
always greater than 2 Vs. The motor is controlled by a full-wave, ac/dc con-
verter, where the voltage on the ac side is 480 V (rms). At 150 Nm, the trigger-
ing angle is adjusted so that the speed of the motor is 400 rpm. The armature 
current of the motor is continuous. Calculate the triggering angle and the aver-
age terminal voltage of the motor.
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	6.26	 �A dc, separately excited motor drives a conveyor belt (constant torque). The 
terminal voltage of the motor is controlled by a full-wave, ac/dc converter. 
When the conveyor belt is fully loaded, the triggering angle is adjusted so that 
the average armature voltage is 150 V, the average armature current is 15 A, and 
the speed of the motor is 400 rpm. The armature resistance of the motor is 1 V. 
The armature current of the motor is continuous. Calculate the following:

a.	 Load torque
b.	 Triggering angle if the voltage on the ac side is 240 V (rms)
c.	 Steady-state speed of the motor if the triggering angle is changed to 60°

	6.27	 A BLDC motor draws an armature current of 20 A when the torque is 50 Nm. 
The motor is driven from a dc source of 200 V. The armature resistance of  
the motor is 0.5 V. Compute the speed of the motor at a modulation factor  
of 100%.

	6.28	 For the motor in the previous problem, compute the armature current and the 
speed of the motor if the torque is increased to 70 Nm and the modulation fac-
tor is still 100%.

	6.29	 For the motor in the previous problem, compute the modulation factor that 
drives the motor at 10 rad/s.
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7

Speed Control  
of Induction Motors

Until recently, induction machines were used in applications for which adjustable speed 
is not required. Compared to dc motors, changing the speed of an induction motor 
demanded elaborate and complex schemes. Before the power electronics era, and the 
pulse width modulation in particular, the speed control of induction machines was lim-
ited to highly inefficient methods with a narrow range of speed.

With the advances in solid-state devices and variable-frequency power converters, 
different approaches to induction motor drive systems have emerged and developed 
that result in more sophisticated operations. Induction machines can now be used in 
high-performance applications where precise movement is required. Several models of 
robots, actuators, and guided manipulators are now equipped with induction machines 
that operate under precise control techniques.

The efficiency of the induction machine can also be improved when a proper 
solid-state converter is used. Depending on loading conditions, the efficiency at the 
rated voltage ranges from about 75% to 90%. High efficiency can be achieved when 
the sum of the copper losses of the windings and the core losses is minimized. This 
is achievable at a particular loading condition. However, when the load deviates, the 
efficiency is reduced. Since most industrial loads are varying, high-efficiency opera-
tion is not always achievable. However, with solid-state converters, efficiency can be 
improved at all loading conditions. For example, a 40% reduction in losses can be 
achieved at 25% load throughout the speed range. This reduction in losses translates 
into substantial annual savings that justify the use of solid-state converters even when 
speed control is not needed.

In this chapter, we will discuss several fundamental methods for speed con-
trol and efficiency enhancement. The reader should be familiar with the material in  
Chapters 2, 3, and 5 before reading this chapter.
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199	 7.2  Controlling Speed Using Rotor Resistance

	 7.1	 Basic Principles of Speed Control
The speed control of an induction motor requires more elaborate techniques than the speed 
control of dc machines. First, however, let us analyze the basic relationship for the speed-
torque characteristics of an induction motor given in Equation (5.72).

	 T
d

5
P

d

v
5

V  

2R
2
9

sv
s3SR

1
1

R
2
9

s D2

1 X 

2
eq4

	 (7.1)

By examining this equation, we can conclude that the speed v (or slip s) can be con-
trolled if at least one of the following variables or parameters is altered:

1.	 Armature or rotor resistance

2.	 Armature or rotor inductance

3.	 Magnitude of terminal voltage

4.	 Frequency of terminal voltage

As discussed later in this chapter, each of the above techniques by itself is not suffi-
cient. However, when more than one are combined, the control of the induction motor 
becomes more effective.

Although it is not evident by examining Equation (7.1), there are other useful and 
effective techniques for speed control. Among them are:

5.	 Rotor voltage injection

6.	 Slip energy recovery

7.	 Voltage/frequency control

These seven techniques are described in this chapter, although in a different order so the 
information flow from one method to the other is logical.

	 7.2	 Controlling Speed Using Rotor Resistance
Due to the complexity of Equation (7.1), it is difficult to show the impact of rotor resis-
tance on motor speed. However, if we are to study steady-state operation, we can use the 
small-slip approximation described in Equation (5.75). This is justifiable since at steady 
state, the speed of the motor is near the synchronous speed.

	 T
d

<
V 2 s

v
s
 R

2
9
	 (7.2)

Keep in mind that V is a line-to-line quantity. If the voltage, frequency, and torque are 
kept constant, the increase in R

2
9 results in an increase in the slip. Hence, the motor 

speed is reduced.
Figure 7.1 shows the motor characteristics for the case when a resistance R

add
 is 

added to the rotor circuit. As we explained in Chapter 5, the increase in rotor resistance 
does not change the synchronous speed or the magnitude of the maximum torque; it 
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Adding a resistance to the rotor circuit does not cause the motor speed to change 
by any appreciable value at light loading conditions. The difference in speed between 
points 1 and 2 in Figure 7.1 is rather small. Although at heavy loading conditions, T

2
, the 

motor speed may change by a wider range—from point 3 to point 4—the speed range 
is still narrow. Therefore, controlling the motor speed by changing the rotor (or stator) 
resistance is not considered a realistic option. In addition, this method increases the 
motor losses substantially as illustrated in the next example.

▶	 EXAMPLE 7.1

A three-phase, Y-connected, 30 hp (rated output), 480 V, six-pole, 60 Hz, slip ring 
induction motor has a stator resistance R

1
 5 0.5 V and a rotor resistance referred to 

stator R
2
9 5 0.5 V. The rotational losses are 500 W and the core losses are 600 W. 

Assume that the change in the rotational losses due to the change in speed is minor. 
The motor load is a constant-torque type. At full-load torque, calculate the speed 
of the motor. Calculate the added resistance to the rotor circuit needed to reduce 
the speed by 20%. Calculate the motor efficiency without and with the added resis-
tance. If the cost of energy is $0.05/kWh, compute the annual cost of operating  
the motor continuously with the added resistance. Assume that the motor operates 
100 hours a week.

Solution
Consider the power flow of the induction machine given in Chapter 5, which is also 
shown in Figure 7.2. First, let us compute the rated developed power.

Developed power 5 output power 1 rotational losses

P
d

5 P
out

1 P
rotational

5 30(746) 1

Figure 7.1  Effect of rotor resistance on motor speed

R

T T

R R 
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201	 7.2  Controlling Speed Using Rotor Resistance

To compute the motor speed, we can use Equation (7.1) or the small-slip approxima-
tion of Equation (7.2).

T
d

<
V 2s

v
s
 R

2
9

P
d

5 T
d 
v <

V 2s

v
s
 R

2
9
 v 5

V 2  s(1 2 s)

R
2
9

22,880 5
4802 s(1 2 s)

0.4

This equation has two solutions; one of them yields a large slip and should be ignored 
since the motor speed at full load is always near synchronous.

s 5  0.0417

n 5 n
s
(1 2 s) 5 1120 

60

6 2(1 2 0.0417) 5 1150 rpm

To compute the winding losses, we first need to calculate the motor current. The easi-
est way is to use the developed power equation.

P
d

5 3(I
2
9)2 

R
2
9

s
 (1 2 s)

22,880 5 3(I
2
9)2 

0.4

0.0417
 (1 2 0.0417)

I
2
9 5 28.8 A

Losses of motor winding 5 losses of rotor resistance 1 loss

Figure 7.2  Power flow of induction motors

P  Pg

P

P P

Ps = sPg = P  Pd =  s Pg 

P
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These losses can be approximated by using the equivalent circuit in Figure 5.35(b).

P
winding

5 P
cu 1

1 P
cu 2

< 3(I
2
9)2 (R

1
1 R

2
9) 5 2488 W

Input power 5 developed power 1 winding losses 1 core losses

P
in

5 22,880 1 2488 1 600 5 25.97 kW

The motor efficiency without added resistance h is

h 5
P

out

P
in

5
30 3 746

25,970
5 86%

Now let us calculate the speed and efficiency after a rotor resistance is added. 
The resistance is added to reduce the rotor speed by 20%, so the new rotor  
speed is

n
new

5 0.8(1150) 5 920 rpm

s
new

5
n

s
2 n

n
s

5 0.233

P
d new

P
d

5
T

d new
 v

d new

T
d 
v

since the load torque is constant.

P
d new

P
d

5
T

d new
 v

d new

T
d 
v

5
v

d new

v

P
d new

5 18.3 kW

Now we need to calculate the size of the added resistance. Let us use the small-slip 
approximation given in Equation (7.2) to create a ratio between the original and  
new torque.

T
d

T
d new

5 1 5
s(R

2
9 1 R

add
)

s
new

 R
2
9

R
add

5 2.3 V

The new current can be calculated by using the developed power equation

P
d new

5 3(I
2
9

 new
)2 

(R
2
9 1 R

add
)

s
new

 (1 2 s
new

)

I
2
9

 new
5 25.73 A
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The new winding losses are

P
winding new

< 3(I
2
9

 new
)2(R

1
1 R

2
9 1 R

add
) 5 6.552 kW

Input power 5 18,300 1 6552 1 600 5 25.452 kW

Output power 5 new developed power 2 rotational losses 5 18,300 2 500 5 17.8 kW

The new efficiency with added resistance h
new

 is

h
new

5
P

out

P
in

5
17.8

25.452
5 70%

Note that the new efficiency is much lower when a resistance is added to the rotor cir-
cuit. In this example, a 20% reduction in motor speed resulted in about a 20% reduc-
tion in efficiency. If the motor operates with this added resistance for an extended 
time, the energy loss will be costly. This is the main drawback of this type of control.
	 Now let us calculate the cost of energy when an added resistance controls the 
speed of the motor. The losses due to the added resistance are

P
add

< 3(I
2
9

 new
)2R

add
5 4.568 kW

The total hours of operation t in one year are

t 5 100(52) 5 5200 hr

The cost of energy C is

C 5 P
add 

t (0.05) < $1,188

Keep in mind that this is the cost of one machine. If the plant has more machines 
operating by this method, the cost of speed control accumulates to an unaccept-
able level. ◀

	 7.3	 Slip Energy Recovery
Consider the power flow of the induction motor given in Chapter 5 and also shown in 
Figure 7.2. Most of the input electric power P

in
 is converted to mechanical power P

out
 to 

support the load. However, part of P
in
 is lost in the resistive element of the stator circuit 

P
cu 1

. The rest is power transmitted to the rotor via the airgap P
g
. At high speeds, most of 

P
g
 is converted to mechanical developed power P

d
 5 (1 2 s)P

g
. The rest is known as the 

slip power P
s
 5 sP

g
. Slip power is an electrical power dissipated in the rotor resistance 

in the form of rotor copper losses P
cu 2

.
Slip power P

s
 can be substantial at low speeds. Example 7.1 shows that when a 

resistance in the rotor circuit is used to reduce the motor speed, the efficiency of the 
motor is substantially reduced. The speed reduction is due to the extra power dissipated 
in the rotor circuit, which results in less mechanical power for the load. We can still use 
this principle to reduce the motor speed, but instead of dissipating the extra power in the 
rotor resistance, we send it back to the source.

70960_ch07_ptg01.indd   203 05/09/17   9:20 am



Chapter 7  Speed Control of Induction Motors204

A slip energy recovery (SER) circuit is shown in Figure  7.3. The rotor in this 
circuit is linked back to the stator windings via two converters: three-phase ac/dc 
and three-phase dc/ac. The ac/dc converter is often a simple full-wave diode rectifier  
circuit. The output of the converter is connected to a dc/ac converter through an induc-
tive element. The output of the dc/ac converter is a three-phase system connected to 
the same source feeding the induction motor through a transformer (not shown in the 
figure) to step up the rotor voltage to the source voltage. This SER circuit divides the 
slip power into two parts: the losses in the rotor resistance and the power returned back 
to the source.

To simplify the analysis, let us assume that the copper losses in the rotor resistance 
are small compared to the energy that returns back to the source. This assumption is 
depicted in Figure 7.3. The entire slip power is flowing through the converters back to 
the source.

Let us describe the flow of power at a given moment. First we assume that the volt-
age e

ab
 of the rotor terminals is in phase with v

ab
 of the supply. Moreover, we assume 

that e
ab

 is positive and large enough to allow diodes D
1
 and D

6
 to conduct. Point 1 will 

have the potential of phase a, and point 2 the potential of phase b. Hence, v
2
 5 e

ab
. The 

airgap power and the current can flow from D
1
 to the inductor L. If we trigger S

3
 and 

S
4
, point 3 will have the potential of phase b and point 2 the potential of phase a. In this 

case, v
1
 1 v

2
 1 v

Ls
 5 0, where v

Ls
 is the voltage drop across the inductance L

s
. Hence, 

the current loop will be closed through D
1
, S

3
, S

4
, and D

6
, and the current (and power) 

will flow back to the source.

7.3.1  Controlling Speed by the Slip Energy Recovery Method
Since the three-phase supply is a constant voltage source, v

s
 is sinusoidal with fixed 

peak value. Hence, a change in the triggering angle of the SCRs changes the average 
value of v

1
. Because the balance between v

1
 and v

2
 is always maintained in the loop of 

the dc link, v
2
 must also change. When v

2
 changes, the rotor voltage e

r
 on the input side 

of the diode will change accordingly. e
r
 is a function of the motor speed.

e
r
5 sE

2

Ps

Ps

er

v v

Ps

vs

vsP

a

a

b

b

c

c

vs
Ls

I

–+

– +

Figure 7.3  Slip energy recovery circuit
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where E
2
 is the rotor voltage at standstill, which is constant. If we ignore the voltage drop 

of the stator windings, E
2
 is constant when the stator voltage is maintained constant.

	 E
2

<
N

2

N
1

 V
s
	 (7.3)

where N
1
 and N

2 
are the number of turns of the stator and rotor windings, respectively. 

If the rms voltage n
s
 is maintained constant, any change in e

r
 changes the motor slip in 

a linear relation.

	 s 5
e

r

E
2

	 (7.4)

The new speed of the motor is dependent on the value of e
r
, which is a function of the 

triggering angle of the SCRs as shown in the following analyses. We will assume that 
the motor is Y-connected and that all voltages on the ac sides are phase quantities.

The output voltage of the ac/dc converter is v
2
. Its average value at standstill can be 

computed as shown in Chapter 3, Equation (3.55), assuming full conduction.

	 V
2 ave

5
3Ï3 E

2 max

p
	 (7.5)

where E
2 max

 is the peak value of E
2
, which is the rotor voltage at standstill. We can 

rewrite Equation (7.5) to a more general form for a rotating machine using e
r
 instead of 

E
2
. Accordingly, the average voltage of V

2
 is

	 V
2 ave

5
3Ï3 E

r max

p
5

3Ï3
p

 s E
2 max

	 (7.6)

where E
r max

 is the peak value of the rotor voltage when the machine is rotating at slip s.
Now let us analyze the second half of the circuit shown in Figure 7.3. Keep in 

mind that the equations used for the dc/ac converter discussed in Section 3.9 are not 
applicable here. In Section 3.9, the ac side is a load with rectangular voltage waveforms. 
However, in the circuit of Figure 7.3, the ac side is a source voltage with sinusoidal 
waveforms. The more accurate relationship between the input and output of the dc/ac 
converter can be represented by Equation (3.55).

It is justifiable to assume that the voltage drop across the inductor in the dc link 
is small. Note that the orientations of the diodes and SCRs make v

2
 5 2v

1
. Hence, the 

average voltage at the input of the dc/ac converter V
2 ave

 5 2V
1 ave

.
The average voltage across the SCR circuit can be computed using the ac/dc con-

version formula similar to Equation (3.54), but modified for the ac voltage n
s
 and includ-

ing the triggering angle as shown in Section 3.7.

	 V
1 ave

5
3Ï3 V

s max

p
 cos(a)	 (7.7)

where a is the triggering angle of the dc/ac converter, measured from the zero crossing 
of the line-to-line voltage. In the dc link, we can write the loop voltage as

V
1 ave

1 V
2 ave

5 0
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Substituting the values of V
1 ave

 and V
2 ave

 of Equations (7.6) and (7.7), we get

s 5 2
V

s max

E
2 max

 cos(a) 5 2
V

s

E
2

 cos(a)

	 5 2
V

s

N
2

N
1

 V
s

 cos(a) 5 2
N

1

N
2

 cos(a)	 (7.8)

Since

n 5 n
s
(1 2 s)

then

	 n 5 n
s31 1

N
1

N
2

 cos(a)4	 (7.9)

Equation (7.9) shows that adjusting the triggering angle of the dc/ac converter can 
control the speed of the machine. The range of a is from p/2 to p. In this range, the 
induction machine operates as a motor where the speed is less than the synchronous 
speed. The motor cannot operate at a , 90°, because the motor speed exceeds the 
synchronous speed. This is not possible for the circuit in Figure 7.3, since it requires 
the current to flow in the opposite direction in the dc link—the diodes do not allow a 
reverse current flow.

7.3.2  Torque–Current Relationship
According to Equation (7.9), the speed of the motor is independent of the load torque, 
because we assumed that the motor is ideal and the impedance of the stator windings is 
negligible. Nevertheless, the speed computed this way is very close to the actual speed 
under loading conditions.

In this section, we shall study the effect of the load torque on the motor current. It 
is intuitive that an increase in load torque is expected to result in an increase in current 
everywhere in the circuit. This can be shown by first substituting Equation (7.3) into (7.6).

	 V
2 ave

5
3Ï3

p
 s 

N
2

N
1

 V
s max

	 (7.10)

where V
s max

 is the peak value of the phase voltage of the source. To use the rms line-to-
line voltage V

s
, we can rewrite Equation (7.10) as

	 V
2 ave

5
3Ï2

p
 s 

N
2

N
1

 V
s
5 KsV

s
	 (7.11)

where

K 5
3Ï2

p
 
N

2

N
1
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207	 7.3  Slip Energy Recovery

The slip power sP
g
 is also equal to the power at the input of the dc/ac converter. If we 

ignore the ripples in the current i and voltage v
2
, we can write the slip power as

	 sP
g

5 IV
2 ave

5 KsV
s 
I	 (7.12)

Hence,

	 P
g

5 KV
s 
I	 (7.13)

The developed mechanical power P
d
 is

	 P
d

5 T
d
v 5 (1 2 s)p

g
	 (7.14)

where v is the shaft speed of the motor defined by

v 5 v
s
(1 2 s)

Substituting Equation (7.13) into (7.14) yields

	 I 5
T

d 
v

s

KV
s

	 (7.15)

Note that the current here is dependent on the load torque, but independent of the motor 
speed, because of the assumption we made that the induction machine is an ideal motor.

7.3.3  Efficiency
To understand the improvements made to motor efficiency, let us develop the power 
flow chart for the induction motor with slip-energy recovery. This flow chart is given in 
Figure 7.4. Compare it to the chart in Figure 7.2. With SER, the slip power is divided 
into the copper losses of the rotor and the recovery power P

r
. The recovery power is 

injected back to the source. Thus, the actual power delivered by the source is the input 
power required by the motor minus P

r
.

The output power is the shaft torque multiplied by the shaft speed. If we add the 
rotational losses to the output power, we get the developed mechanical power P

d
. The 

rotor copper losses P
cu 2

 in the rotor resistance can be computed as

	 P
cu 2

5 3 I 2
2
 R

2
	 (7.16)

Similarly, the stator losses of the motor can be expressed by

	 P
cu 1

5 3 I 2
1
 R

1
	 (7.17)

where I
2
 and I

1
 are the rotor and stator currents, respectively, including all harmonics. 

R
2
 and R

1
 are the rotor and stator resistances, respectively. Remember that all harmonic 

components of the current produce losses in the resistance.
Let us assume that the inductor in the dc link is large enough to allow the current 

to be continuous without ripples. Although v
1
 contains harmonics, the recovery power, 

P
r
 , is due to current and voltage of the same frequency as explained in Section 3.1.2.3. 

Hence, the recovery power is due to the dc components.

	 P
r
5 V

2 ave 
I 5 V

1 ave 
I	
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Chapter 7  Speed Control of Induction Motors208

Using the power flow of Figure 7.4, we can define two efficiencies: the efficiency of the 
motor without SER system h

m
 and the efficiency of the system with SER h

SER
:

h
m

5
P

out

P
in

	 h
SER

5
P

out

P
source

	 (7.19)

Let us assume that we have two identical motors running at the same speed and driv-
ing equal load torques. Under this assumption, it is fair to assume that the rotational 
losses of both motors are equal. Now assume that the first motor has its rotor wind-
ings shorted, and the second motor has an SER system. Since both motors provide 
identical output power at identical speeds, the airgap powers of the machines are 
equal, because

P
g

5
P

d

1 2 s

Also, the slip powers (sP
g
) of both machines are equal. For the first machine, the slip 

power is equal to the rotor copper losses. However, for the second machine it is equal 

P

P

P  

P

Ps = sPg

Pr P  P P

Pd = Pm = – s Pg

Pg

Figure 7.4  Power flow chart of induction motor under energy recovery
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209	 7.3  Slip Energy Recovery

the rotor copper losses of the machine with SER are less than those for the machine 
without SER.

The increase in system efficiency due to SER is illustrated by the following 
example.

▶	 EXAMPLE 7.2

A three-phase, six-pole, Y-connected, 480 V induction motor is driving a 300 Nm 
constant-torque load. The motor has the following parameters:

N
1

N
2

5 1    P
rotational

5 1 kW

The motor is driven by a slip energy recovery system. The triggering angle of the dc/
ac converter is adjusted to 120°. Ignore all core and copper losses and calculate the 
following:

a.	 Motor speed

b.	 Current in the dc link

c.	 Rotor rms current

d.	 Stator rms current

e.	 Power returned back to the source

f.		 Assume that the motor is not driven by an SER system. If a resistance is added 
in the rotor circuit to reduce the speed to that calculated in part a., compute the 
additional losses.

Solution
a.	 The speed of the motor can be computed using Equation (7.9).

n
s
5 120 

60

6
5 1200 rpm

n 5 n
s S1 1

N
1

N
2

 cos aD 5 1200  [1 1 cos(1208)] 5 600 rpm

s 5
1200 2 600

1200
5 0.5

b.	 To compute the current in the dc link, you need to compute the output power P
out

 
and developed power P

d
:

P
out

5 T
out 

v 5 300S2p 
n

60D 5 18.85 kW

	� where T
out

 is the shaft torque.

P
d

5 P
out

1 P
rotational

5 18.85 1 1.0 5 19.8
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Chapter 7  Speed Control of Induction Motors210

	� The developed power P
d
 is also equal to

P
d

5 T
d 
v

	� where T
d
 is the developed torque and v is the speed in rad/s. The current in the dc 

link is given in Equation (7.15).

I 5
T

d 
v

s

KV
s

5
Pg

KV
s

5

P
d

1 2 s

KV
s

5

19,850

1 2 0.5

3Ï2
p

 (480)

5 61.2 A

c.	 An approximate value for the rms current of the rotor I
2
 can be computed by 

assuming that the current in the dc link is free from harmonics. Taking into 
account that the dc/ac converter is a three-phase, full-wave type, each diode is 
conducting for 120° only.

I
2

5Î1
p#

2p ⁄ 3

0
I 2 dvt 5Î2

3
 I < 0.82(61.2) 5 50 A

d.	 If we ignore the core losses, the rms current of the stator I
1
 can be computed as

I
1

< I
2
 
N

2

N
1

5 50 A

e.	 The power returned back to the source P
r
 is

P
r
5 P

d
5 19.85 kW

	� Note that P
r
 5 P

d
 since the slip is equal to 0.5 and the copper losses of the rotor 

are ignored.

f.		 Let us first compute the inserted resistance R9
add

. This can be simply done by 
using the small-slip approximation of Equation (7.2). But first, we need to com-
pute the developed torque.

T
d

5
P

d

v
5

19,850

2p 
600

60

5 316 Nm

	� Now, let us use Equation (7.2).

T
d

5
V 2

s
 s

v
s
 R9

add

316 5
4802 3 0.5

2p 

1200

60
 R9

add

R9
add

5 2.9 V

70960_ch07_ptg01.indd   210 05/09/17   9:20 am



211	 7.4  Rotor Voltage Injection

	� The rotor current is

I
2
9 5 Î1sPg

3 2
R9

add

5 Î1 s 

1 2 s2 
Pd

3

R9
add

I
2
9 5 Î19,850

3

2.9
5 47.77 A

	� Note that this current is almost the same as that computed for the system with 
SER. The difference is due to the assumption that the current in the dc link is 
harmonic-free.

	� The additional losses are

P
add

5 3(I
2
9)2 R

add
5 3(47.77)2  2.9 5 19.85 kW

	 These losses are very high, and equal to the developed power since the slip is 0.5. 
Note that the losses here are equal to the power returned back to the source P

r
 when 

the SER technique is used. It is now obvious that with the SER technique, the drive 
system is highly efficient. ◀

	 7.4	 Rotor Voltage Injection
The rotor voltage injection technique, also known as static Scherbius drive, is suitable 
for slip-ring induction motors only as the injection requires access to the rotor windings. 
The configuration of the circuit is shown in Figure 7.5. It consists of two converters: a 
rotor side converter (RSC) and a source side converter (SSC). Each of these converters 
is a six-pulse type and is dual power flow. These converters operate in dc/ac or ac/dc 
mode depending on the flow of power. For example, if the flow of power is from the 
source to the rotor, the SSC is in ac/dc mode and the RSC is in dc/ac mode. If the flow 
is reversed (from rotor to the source), the modes are reversed as well. The transformer 
in the figure is used to connect the low voltage V

out
 of the SSC to the source voltage V

s
. 

The injected voltage to the rotor is dependent on the voltage of the dc bus V
dc

 and 
the modulation of the RSC transistors. As given in Chapter 3, the injected voltage is

	 V
i
5 m 

V
dc

2Ï2
	 (7.20)

where

V
i
 is the phase value of the injected voltage in rms

m is the modulation index of the RSC transistors

The equivalent circuit of the induction motor with static Scherbius is shown in  
Figure 7.6. Ignore the magnetizing branch and concentrate on the windings’ imped-
ances. In this circuit, instead of shorting the terminals of the slip rings, we are connect-
ing the slip rings to an external voltage source V

i
. The magnitude of this voltage source 

is adjustable, and its frequency f
r
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Chapter 7  Speed Control of Induction Motors212

voltage (s E
2
). Keep in mind that E

2
 is the standstill voltage across the rotor windings.  

The frequency of E
2
 is equal to the frequency of the supply voltage V

s
. The frequency f

r
 

is dependent on the motor speed n and the stator frequency f
s
.

	 f
r
5 sf

s
5

n
s
2 n

n
s

 f
s
5 S1 2

n
120 f

s

p
D f

s
	 (7.21)

f
r
5 f

s
2

np

120

As shown in Figure 5.33, we can modify the equivalent circuit of the rotor to that in Fig-
ure 7.6(b) by dividing the voltage and impedances by the slip s. The new representation 
of the induction motor keeps the rotor current unchanged. The model is merely a more 
convenient representation for induction machines.

The equivalent circuit in Figure 7.6(c) is a modification of that in Figure 7.6(b). All 
variables and parameters are referred to the stator side using the windings ratio N

1
/N

2
. 

Assume that the motor is Y-connected, and V
s
 and V

i
 are phase-to-neutral quantities. The 

rotor current referred to stator I
2
9 can be computed by

	 I
2
9 5

V
s
2

V
i  

9

s

SR
1

1
R

2
9

s D 1 jX
eq

	 (7.22)

As shown in Equation (5.67), the equation of the developed torque T
d
 is

	 T
d

5
P

g

v
s

	 (7.23)

where P
g
 is the airgap power (three-phase power). Using Figure 7.6(b), the airgap power 

can be computed as

P
g

5 3(I
2
9)2 

R
2
9

s
1 3 

V9
i

s
 I

2
9

 
cos(u )

Figure 7.5  Static Scherbius drive

V VVi

Vs
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213	 7.4  Rotor Voltage Injection

where u
r
 is the angle between V

i
 and I

2
9. P

g
 is divided into three components: one is con-

verted to mechanical power driving the load, the second is losses in the rotor resistance, 
and the third is power delivered to the source connected across the slip rings. The sum 
of the last two components is known as slip power or sP

g
.

	 sP
g

5 3(I
2
9)2 R

2
9 1 3 V9

i 
I

2
9

 
cos(u

r
)	 (7.24)

Substituting P
g
 of Equation (7.24) into (7.23) yields

	 T
d

5
3

sv
s

 [(I
2
9)2 R

2
9 1 V9

i
 I

2
9 cos(u

r
)]	 (7.25)

Figure 7.6  Equivalent circuit of induction motor with voltage injection

Vs E Vi
 s

  s

Vs

R

R X

X X

I

R
s

N N

I

Vs sE Vi

R X sX

I

R
N N

I

+
     s

R

I = I

V i
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Chapter 7  Speed Control of Induction Motors214

Equations (7.22) and (7.25) are the foundations for speed control of the induction motor 
using voltage injection. Normally, the load torque T (or the range of the load torque) is 
known. Thus, you need to compute the voltage that must be injected in the rotor circuit 
to drive the machine at a certain speed. With this scenario, you will have three unknown 
variables in Equations (7.22) and (7.25): the rotor current, the magnitude of the injected 
voltage, and the angle of the injected voltage with respect to the source voltage. We can 
simplify the calculations if the injected voltage is in phase with the source voltage. In 
this case, the magnitude of the rotor current can be expressed by

	 I
2
9 5

V
s
2

V9
i

s

ÎSR
1

1
R

2
9

s D2

1 X 

2
eq

	 (7.26)

which leaves us with two nonlinear equations and two unknowns. The magni-
tude of the injected voltage can then be computed. Substituting Equation (7.26) into  
Equation (7.25) leads to the equation of the speed-torque characteristics:

	 T
d

5
3

sv
s

  3 SV
s
2

V 9
i

s D2

 R
2
9

SR
1

1
R

2
9

s D2

1 X2
eq

1

SV
s
2

V9
i

s D V9
i
 cossu

r
d

ÎSR
1

1
R

2
9

s D2

1 X 

2
eq4	 (7.27)

Note that the no-load speed of the motor with injected voltage is no longer equal to the 
synchronous speed.

Figure 7.7 is a graphical representation of Equation (7.27). The figure shows a 
family of characteristics for various values of injected voltage v

i1
 , v

i2
 , v

i3
. As seen in the 

Figure 7.7 

vi = vi
vi vi

vi vi
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215	 7.4  Rotor Voltage Injection

figure, the injected voltage tends to reduce the maximum torque of the motor and the 
speed at maximum torque. The figure also shows that a wide range of speed control can 
be achieved by this method.

▶	 EXAMPLE 7.3

A three-phase, 480 V, four-pole, 60 Hz induction motor is driving a constant-torque 
load of 60 Nm. The parameters of the motor are

R
1

5 0.4 V    R
2

5 0.1 V    X
eq

5 4 V  
N

1

N
2

5 2

Calculate the magnitude of the injected voltaga that would reduce the speed to  
1000 rpm. Also calculate the power received by the source from the rotor

Solution
The synchronous speed of the motor is

n
s
5 120 

f
s

p
5 1800 rpm

The slip at the new speed is

s 5
n

s
2 n

n
s

5
1800 2 1000

1800
5 0.44

We are assuming that the injected voltage is in phase with the supply voltage. Hence, 
the motor current is

	 I
2
9 5

480

Ï3
2

V9
i

0.44

ÎS0.4 1
0.1(22)

0.44 D2

1 (42)

 /2u
r 
 A	 (7.28)

	 5
122 2 V9

i

1.85
 /2u

r 
 A

Since the injected voltage V
i
 is in phase with V

s 
, then the phase angle u

r
 is the angle 

of the windings impedance.

u
r
5 tan21S X

eq

R
1

1
R

2
9

s
D 5 71.9°

Using Equation (7.25) for the torque yields

	 60 5
3

0.4412p 
1800

60 2
 [(I

2
9)2 0.4 1 V9

i
 I

2
9 cos(71.98)]	 (7.29)

0.4(I
2
9)2 1 0.31 V9

i
 I

2
9 5 1658.7
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Chapter 7  Speed Control of Induction Motors216

By substituting the magnitude of I
2
9 of Equation (7.28) into (7.29), we get

0.4S122 2 V9
i

1.85 D2

1 0.31 V9
i
 
122 2 V9

i

1.85
5 1658.7

0.05(V9 

i
 )2 1 8 V9

i
2 80.74 5 0

which yields

V9
i
5 9.5 V or V9

i
5 2169.5 V

The negative value of the voltage is not applicable for normal motor operation. 
Hence, the injected voltage is

V
i
5 V9

i
 
N

2

N
1

5 9.5 
1

2
5 4.75 V

The line-to-line injected voltage is

Ï3 3 4.75 5 8.22 V

Note that the speed of the induction motor is changed by 44% when only 8.22 V 
is injected in the rotor circuit. This change in speed is a very desirable feature. The 
drawback, however, is that this method requires the tracking of the frequency of the 
rotor circuit and the phase angle of the supply voltage. Such requirements make this 
technique more involved.
	 The power received by the injected source P

r
 is

P
r
5 3V9

i
 I

2
9 cos(u

r
)

	 P
r
5 3(9.5) 

122 2 9.5

1.85
  cos(71.98) 5 538.4 W	 ◀

▶	 EXAMPLE 7.4

For the motor in Example 7.3, compute the starting current and the starting torque 
when no voltage is injected in the rotor circuit. Repeat the solution for the injected 
voltage computed in Example 7.3.

Solution
Without injected voltage. The starting current can be obtained using Equation (7.26) 
when V9

i
 5 0 and s 5 1.

I
2
9

 st
5

V
s

Ï(R
1

1 R
2
9)2 1 X 

2
eq

5

480

Ï3

Ï[0.4 1 0.1(22)]2 1 (42
5 68 A
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217	 7.4  Rotor Voltage Injection

Similarly, the starting torque can be obtained from Equation (7.25).

T
st

5
3(I

2
9

 st
)2 R

2
9

v
s

T
st

5
3

S2p 
1800

60 D (68)2 3 0.4 5 29.4 Nm

With injected voltage

I
2
9

 st
5

V
s
2 V9

i

Ï(R
1

1 R
2
9)2 1 X2

eq

I
2
9

 st
5

480

Ï3
2 9.5

Ï[0.4 1 0.1(22)]2 1 (42)
5 65.6 A

T
st

5
3
v

s

 [(I
2
9

 st
)2 R

2
9 1 V9

i
 I

2
9

 st
 cos(u

r
)]

At starting, u
r
5 tan21 S X

eq

R
1

1 R
2
9D 5 78.7˚.

	 T
st

5
3

S2p 
1800

60 D [(65.6)2 0.4 1 65.6(9.5) cos(78.78)] 5 29.34 Nm

Note that for a small voltage injection, the speed of the motor changes substantially. 
However, the starting current and torque do not significantly change. ◀

The power equation of the induction machine with voltage injection can be repre-
sented by

	 P
g

5 P
d

1 P
r
1 P

cu 2
5 P

s
2 P

cu 1
	 (7.30)

where

P
g
 is the airgap power

P
d
 is the developed power

P
r
 is the power of the rotor injection

P
cu 1

 and P
cu 2

 are the stator and rotor copper losses, respectively

A power term that is commonly used in the industry is the slip power (P
slip

), which 
is defined as the rotor power plus the rotor copper loss.

	 P
slip

 ; P
r
 1 P

cu 2
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Hence, using Equation (7.30), we can write the slip power as

	 P
g

5 P
d

1 P
slip

	 (7.32)

In mechanical terms, as given in Equations (5.67) and (5.68), the airgap and developed 
powers can be written as

P
g

5 T
d
v

s

	 P
d

5 Tv	 (7.33)

Hence, the slip power is

P
slip

5 P
g

2 P
d

5 T
d
v

s
2 T

d
v 5 T

d
(v

s
2 v) 5 T

d 
sv

s

	 P
slip

 5 sP
g
	 (7.34)

Substituting Equations (7.34) into Equation (7.32) yields the relationship between the 
developed power and the airgap power.

	 P
g

5 P
d

1 P
slip

5 P
d

1 sP
g
	 (7.35)

Hence,

	 P
d
 5 P

g
(1 2 s)	 (7.36)

The rotor injection power is

	 P
r
5 P

slip
2 P

cu 2
5 sP

g
2 P

cu 2
	 (7.37)

The equivalent circuit for power calculations can be obtained by using the model in 
Figure 5.34 but ignoring the core loss. This leads to the equivalent circuit in Figure 7.8. 
The circuit can be further modified as shown in Figure 7.9.

R X

I

ImXm

ss

s
V

R
R

X

I

Vi

Figure 7.8 
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219	 7.4  Rotor Voltage Injection

As seen in Figure 7.9, the power from the source is the airgap power plus the stator 
copper loss. The airgap power can be computed as

	 P
g

5 P
d

1 P
cu 2

1 P
r
5 3 

R
2
9

s
I92

2
1 3

V9
i

s
 I

2
9 cos u

r
	 (7.38)

where u
r
 is the angle between the current and the injected voltage. The injected power 

of the rotor is

	 P
r
5 3V9

i
 I

2
9 cos u

r
	 (7.39)

Hence, the developed power plus rotor copper losses is

P
d

1 P
cu 2

5 3 

V9
i

s
 (1 2 s)I

2
9 cos u

r
1 3 

R
2
9

s
I

2
92

	 P
d

5 3 

R
2
9

s
 (1 2 s)I92

2
1 3 

V9
i

s
 (1 2 s)I

2
9 cos u

r
	 (7.40)

Comparing the developed power in Equation (7.40) to the airgap power in Equation 
(7.38) yields the same equation as that in (7.36):

	 P
d
 5 P

g
(1 2 s)	 (7.41)

The power flow of an induction motor with Scherbius drive is shown in Figure 7.10. 
An approximation can be made by ignoring the losses P

cu 1
 and P

cu 2
. 

P
cu 1

5 3I 

2
1
R

1
5 0

	 P
cu 2

5 3I92
2

 R
2
9 5 0	 (7.42)

The equivalent circuit in the lossless case is shown in Figure 7.11. The slip power in the 
rotor injection using Equation (7.37) is

	 P
r
 5 P

slip
 5 

 
sP

g
	

R

P P
Pd

PrPs

X

I

ImXm

ss

s

V

s

Vi

XR
R

I

Vi

Figure 7.9  Modified equivalent circuit of induction machine with injected voltage
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In this lossless case, the rotor current as referred to the stator is

	 I
2
9 5

V 2
V9

i

s

SR
2
9

s
 (1 2 s)D2

1 jx2
eq

	 (7.44)

Keep in mind that V
i
 and V are phase quantities. Also, the power from the source is the 

same as the airgap power. The airgap power is the developed power plus the injected 
power. Using the model in Figure 7.11, we can rewrite the power equation for lossless 
systems as

V

V

Pr
Ps

Pd

Vi

Figure 7.10  Power flow for a static Scherbius drive

Pd

PrPs

X

I

ImXm

ss

s

V

s

X

Vi

Vi

R

I

Figure 7.11 

70960_ch07_ptg01.indd   220 05/09/17   9:20 am



221	 7.4  Rotor Voltage Injection

	 P
g

5 3
R

2
9

s
 (1 2 s)I92

2
1 3

V9
i

s
I

2
9 cos u

r
	 (7.45)

Hence, the developed power is

	 P
d

5 3 

R
2
9

s
 (1 2 s)I92

2
1 3 

V9
i

s
 (1 2 s)I

2
9 cos u

r
	 (7.46)

P
d

5 P
g
(1 2 s)

▶	 EXAMPLE 7.5

A six-pole, 60 Hz induction motor is driven by a Scherbius system. The load of the 
motor is constant torque at 100 Nm. The equivalent winding inductive reactance is 
2 V and the rotor resistance is 1.0 V. All impedances are referred to the stator of the 
motor. It is desired to drive the motor at 900 rpm by injecting a voltage in the rotor 
circuit that is 608 leading the rotor current. Ignore all power losses and compute the 
injected voltage assuming the effective turns ratio of the motor is 10 : 1.

Solution:
The first step is to compute the developed power.

P
d

5 T
d
v 5 100 3

2p

60
 900 5 9.425 kW

The slip of the machine at the desired speed is

s 5
n

s
2 n

n
s

5
1200 2 900

1200
5 0.25

Now, compute the rotor power using Equation (7.43) and Equation (7.46).

P
r
5 sP

g
5 s 

P
d

1 2 s
5

0.25

0.75
3 9.425 5 3.142 kW

P
r
 is

P
r
5 3I

2
9V9

i
 cos (u

r 
)

V9
i
5

P
r

1.5I
2
9

5
3142

1.5I
2
9

5
2094.66

I
2
9

The current in the rotor circuit using Equation (7.46) is

P
d

5 3
R

2
9

s
 (1 2 s)I

2
92 1 3 

V9
i

s
 (1 2 s)I

2
9 cos u

r

9425 5 3
1

0.25
 (1 2 0.25)I

2
92 1 3 

V9
i

0.25
 (1 2 0.25)I9 3 0.5
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Substituting the value of V9
i
 in the above equation leads to

9425 5 3 

1

0.25
 (1 2 0.25)I

2
92 1 3 

1047.33

0.25
 (1 2 0.25) R

2
9 3 0.5

Solving the above equation yields the rotor current.

I
2
9 5 22.88 A

Hence, 

V9
i
5

2094.66

I
2
9

5
2094.66

22.88
5 91.54 V

Using the effective turns ratio to compute the actual injected voltage in the rotor 
circuit yields

	 V
i
5

V9
i

10
5

91.54

10
5 9.154 V	 ◀

	 7.5	 �Controlling Speed Using Inductance
Adding inductance to the motor windings is an unrealistic option for the following 
reasons:

1.	 The physical size of the inductance required to make a sizable change in speed is 
likely to be larger than the motor itself.

2.	 Unlike variable resistance, variable inductance requires expensive and elaborate 
design.

3.	 The insertion of inductance reduces the starting torque.

4.	 The insertion of inductance consumes reactive power that further lowers the already 
low power factor of induction motors.

	 7.6	 Controlling Speed by Adjusting  
the Stator Voltage

Several techniques can be used to change the stator voltage of the motor. Among them 
are pulse width modulation (PWM), explained in Chapter 3, or the phase control shown 
in Figure 7.12. The circuit configuration of phase control is a full-wave, three-phase 
SCR converter similar to the ones discussed in Chapter 3. In this circuit, the induc-
tion motor is connected to a three-phase supply voltage via back-to-back SCR pairs. 
For each phase, one SCR conducts the current in one direction (from the source to the 
motor), and the other SCR conducts the current in the second half of the cycle (from 
motor to source). If the triggering of these SCRs is controlled, the voltage across the 
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223	 7.6  Controlling Speed by Adjusting the Stator Voltage

As seen in Equation (7.1), the torque of the motor is proportional to the square of its 
stator voltage. For the same slip and frequency, a small change in motor voltage results 
in a relatively large change in torque. A 10% reduction in voltage causes a 19% reduc-
tion in developed torque as well as the starting and maximum torques.

The characteristics of the motor under voltage control are shown in Figure 7.13. 
The figure is based on Equation (7.1) and shows two curves for two different values of 
the stator voltage. Note that the slip at the maximum torque remains unchanged since it 
is not a function of voltage. For normal operation in the linear region, the figure shows 
that the motor speed can be modestly changed when the voltage is altered. However, a 
wide range of speed control cannot be accomplished by this technique. Nevertheless, 
it is an excellent method for reducing starting current and increasing efficiency during 
light loading conditions. The starting current is reduced since it is directly proportional 
to the stator voltage. The losses are reduced, particularly core losses, which are propor-
tional to the square of the voltage.

Keep in mind that the terminal voltage cannot exceed the rated value to prevent 
the damage of the windings’ insulation. Thus, this technique is only suitable for speed 
reduction below the rated speed.

▶	 EXAMPLE 7.6

For the motor given in Example 7.1, assume that the load torque is constant and equal 
to 120 Nm. Ignore the rotational losses and calculate the motor speed at full voltage. 
Repeat the computation if the voltage is reduced by 20%.

Solution
First calculate the motor speed at the given load torque. The small-slip approxima-
tion can be used.

T
d

<
V 2s

v
s 
R

2
9

Figure 7.12  Phase control of induction 
motor

Van

Vbn

Vcn

IM

V

V < V

Figure 7.13  Impact of voltage on motor 
speed
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120 5
4802s

2p 
1200

60
 0.5

s 5 0.0327

Thus, the speed at full voltage is

n 5 n
s
(1 2 s) 5 1161 rpm

Now calculate the new motor speed when the voltage is reduced.

T
d new

T
d

5 1 5
V 2

new

V 2
  

s
new

s

s
new

5 0.0511

The new speed of the motor is

n
new

5 1200(1 2 0.0511) 5 1139 rpm

In this example, note that a 20% reduction in voltage yields about 5% reduction  
in speed. ◀

	 7.7	 Controlling Speed by Adjusting  
the Supply Frequency

In steady state, the induction motor operates in the small-slip region, where the speed of 
the motor is always close to the synchronous speed of the rotating flux.

	 n
s
5 120 

f

p
	 (7.47)

where f is the frequency of the stator voltage and p is the number of poles. Since the 
synchronous speed is directly proportional to the frequency of the stator voltage, any 
change in frequency results in an equivalent change in motor speed.

If you plot the motor characteristics of Equations (7.1) for different values of sup-
ply frequencies, you can obtain a family of characteristics similar to the ones shown 
in Figure 7.14. The effect of frequency on motor current is given by Equation (7.48), 
which is the same as Equation (5.70). The current characteristics of the motor are shown 
in Figure 7.15.

	 I
2
9 5

V

ÎSR
1

1
R

2
9

s D2

1 X2
eq

	 (7.48)

Frequency manipulation appears to be an effective method for speed control that 
requires a simple dc/
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shown in Figure 3.29. However, there are severe limitations to this method: very low 
frequencies may cause motor damage due to excessive currents, and large frequencies 
may stall the motor. These limitations are discussed in the following sections.

7.7.1 � Effect of Excessively High Frequency
As shown in Figures 7.14 and 7.15, the increase in supply frequency results in the fol-
lowing five changes:

1.	 An increase in the no-load speed (synchronous speed). This increase is due to the 
increase in frequency as given by Equation (7.47).

2.	 A decrease in the maximum torque. The maximum torque is described in Chapter 5,  
and its equation is given by (5.77). The maximum torque equation is rewritten for 
a single phase in (7.49). The voltage V is a phase-to-neutral value. It shows that 
the maximum torque is inversely proportional to both the synchronous speed v

s
 

and the equivalent reactance of the windings X
eq

. Each of these quantities increases 
by increasing the frequency. Hence, the maximum torque decreases when the fre-
quency of the supply voltage increases.

	 T
max

5
V2

2v
s
 fR

1
1 ÏR2

1
1 X2

eq 
g
	 (7.49)

3.	 A decrease in the starting torque. The starting torque of the induction motor, T
st
, 

is computed by Equation (5.74) for a three-phase system or Equation (7.50) for a 
single phase system.

	 T
st

<
V 2 R

2
9

v
s
 X 2

eq

	 (7.50)

�As seen in this equation, the starting torque decreases when the synchronous speed 

f > f > ff
ns

ns

ns

f

f

Figure 7.14  Impact of frequency on 
motor speed

f > f > ff

f

f

Figure 7.15  Impact of frequency on 
motor current
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4.	 An increase in speed at the maximum torque. Due to the increase in frequency,  the 
slip at maximum torque s

max
 decreases when the equivalent reactance increases, as 

shown in Equation (5.76). Also, the speed at maximum torque n
max

 given by Equa-
tion (7.51) increases.

	 n
max

5 n
s
(1 2 s

max
)	 (7.51)

5.	 A decrease in the starting current. This can be seen from Equation (5.78).

	 I
2
9

 st
5

V

Ï(R
1

1 R
2
9)2 1 X 2

eq

	 (7.52)

�When the frequency increases, the equivalent reactance increases and the starting 
current decreases. At high frequencies, the resistance of the motor windings may 
also increase due to the skin effect.

Now let us examine the case when the increase in frequency is excessive. Fig-
ure 7.16 shows two characteristics for two different values of stator frequency. Assume 
that the load torque is constant, and the motor operates initially at frequency f

1
. The 

steady-state operation is represented by point 1. Now assume that the frequency of  
the stator voltage increases to a higher value, f

2
, where the new maximum torque of the 

motor is less than the load torque. In this case, no steady-state operating point can be 
achieved, and the motor eventually stalls or even operates under braking. One solution 
to this problem is to increase the supply voltage when the frequency increases. This will 
be discussed in a later section.

▶	 EXAMPLE 7.7

A 480 V, two-pole, 60 Hz, Y-connected induction motor has an inductive reactance of  
4 V and a stator resistance of 0.2 V. The rotor resistance referred to the stator is 0.3 V. 
The motor is driving a constant-torque load of 60 Nm at a speed of 3500 rpm. Assume 
that this torque includes the rotational components.

a.	 Compute the maximum frequency of the supply voltage that would not result in 
stalling the motor.

b.	 Calculate the motor current at 60 Hz, and at the maximum frequency.

c.	

f

f

Figure 7.16  Effect of excessively high frequency
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Solution
a.	 Let us look at the maximum torque equation

T
max

5
V 

2

2v
s
(R

1
1 ÏR2

1
1 X2

eq
)

	� If V is the line-to-line value, the maximum torque is due to the three phases. 
Based on the values of R

1
 and X

eq
, R2

1
 ,, X 

2
eq

, the maximum torque equation can 
be approximated by

	 T
max

<
V 2

2v
s
 X

eq

	 (7.53)

	� The upper limit of the supply frequency is determined by the maximum torque; 
the developed torque, at most, must be equal to the maximum torque—so let us 
modify the maximum torque of Equation (7.53), and make it more general for any 
frequency.

T
max

5
V2

2S f

60
 v

sDS f

60
 X

eqD
	� Now set this equation equal to the developed torque and solve for the frequency.

T
max

5 T
d

5 60 5
4802

2S f

60
 2p 

3600

60 DS f

60
 4D

f < 67.7 Hz

	� Thus, the increase in frequency should not exceed 67.7 Hz.

b.	 The motor current can be calculated using the current represented by Equation (7.48).

I
2
9 5

V

ÎSR
1

1
R

2
9

s D2

1 X 

2
eq

	� At 60 Hz, the slip is

s 5
n

s
2 n

n
s

5
3600 2 3500

3600
5 0.0277

	� and the current is

I
2
9 5

480

Ï3

ÎS0.2 1
0.3

0.0277D2

1 42

5 23.62 A
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	� Now let us compute the current at the new frequency. Since the load torque is 
equal to the maximum torque, the slip can be computed using Equation (5.76).

s
max

5
R

2
9

ÏR2
1

1 X 

2
eq

	� Note that the equivalent reactance of the motor increases due to the increase in 
frequency. The new equivalent reactance is

X
eq

5
67.7

60
 4 5 4.51

s
max

5
R

2
9

ÏR2
1

1 X2
eq

5
0.3

Ï0.22 1 4.512
5 0.0665

	 The new motor speed is

n 5 120 
67.7

2
 (1 2 0.0665) 5 3792 rpm

	� The current at the new frequency is

I
2
9 5

480

Ï3

ÎS0.2 1
0.3

0.0665D2

1 4.512

5 42.5 A

	� The current at 67.7 Hz is higher than the current at 60 Hz—about an 80% 
increase. The load torque is constant and the speed increases, so the load power 
increases. In this current equation, you can also attribute the increase in current to 
the increase in slip.

c.	 The developed power at 60 Hz is

P
d

5 T
d 
v 5 60 3 2p 

3500

60
< 22 kW

	� At 67.7 Hz,

P
d

5 T
d 
v 5 60 3 2p 

3792

60
< 23.83 kW

This is an increase of 8.3%; it is imperative that the drive system be able to handle 
this increase in current and power demands. ◀

7.7.2  Effect of Excessively Low Frequency
Reducing the supply frequency reduces the speed of the motor. However, frequency 
reduction may result in an increase in motor current as given in Equation (7.48) and 
Figure 7.15. At very low frequencies, the equivalent reactance of the motor X

eq
 is very 

low. Since X
eq
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could lead to an excessive current beyond the ratings of the machine. The following 
example explains this effect.

▶	 EXAMPLE 7.8

For the motor described in Example 7.7, compute the motor speed and starting cur-
rent if the frequency is decreased to 50 Hz.

Solution
Let us first compute the new synchronous speed.

n
s
5 120 

50

2
5 3000 rpm

v
s
5 2p 

3000

60
5 314.16 rad/s

To compute the slip, let us use the small-slip approximation of Equation (7.2).

T
d

<
V 2s

v
s
 R

2
9

60 <
4802s

314.16(0.3)

s 5 0.0245

The new speed at 50 Hz is

n 5 3000 (1 2 0.0245) 5 2926.5 rpm

which is about a 19% reduction in speed. The starting current is given in Equation (7.52).

I
2
9

 st
5

V

Ï(R
1

1 R
2
9)2 1 X2

eq

The starting current at 60 Hz is

I
2
9

 st
5

480

Ï3

Ï(0.5)2 1 42
5 68.75 A

At 50 Hz,

I
2
9

 st
5

480

Ï3

Î(0.5)2 1 150

60
 42

2
5 82.21 A

which is about a 20% increase in the starting current. Note that the frequency reduc-
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	 7.8	 Voltage/Frequency Control
As seen in Figure 7.16, the increase in the supply frequency increases the motor speed 
and also reduces the maximum torque of the motor. Furthermore, in Figure 7.13, we see 
that the increase in voltage results in an increase in the maximum torque of the motor. 
If we combine these two features, we can achieve a control design by which the speed 
increases and the torque is kept the same. This is known as voltage/frequency control, v/f.

Figure 7.17 shows three characteristics; one is used as our reference at voltage V
1
 

and frequency f
1
. For the arbitrary fan-type load in the figure, the reference operating 

point is 1. If we increase the frequency of the supply to f
2
 while keeping the voltage V

1
 

unchanged, the speed of the motor increases and the maximum torque decreases. The 
load torque in this case is higher than the maximum torque provided by the motor. Thus, 
no steady-state operating point can be achieved and the motor eventually stalls.

Now let us keep the supply frequency to the new value at f
2
, but increase the magni-

tude of the voltage to V
2
. The motor characteristics in this case stretch and the maximum 

torque increases. The motor operates at point 2, and a new steady-state point is achieved.
The change in voltage and frequency is a powerful method for speed control. Note 

that both frequency and voltage can change simultaneously by the pulse-width modula-
tion technique described in Section 3.9.4. This type of control is common for induction 
motors. There are several variations where the v/f ratio is also adjusted to provide a 
special operating performance. The most common method, though, is the fixed v/f ratio.

An induction motor operating under constant v/f control exhibits the characteristics 
shown in Figures 7.18 and 7.19. Note that the changes in the maximum torque are not 
substantial. This can be explained by examining Equation (7.54), which is the same as 
Equation (5.77). Keep in mind that V in Equation (7.54) is a line-to-line quantity. If we 
assume that the equivalent inductive reactance X

eq
, at frequencies near the rated value, 

is much larger than the armature resistance, then Equation (7.54) can be approximated 
by Equation (7.55).

	 T
max

5
V 

2

2v
s
[R

1
1 ÏR2

1
1 X 

2
eq 

]
	 (7.54)

	 T
max

<
V 

2

2v
s 
X

eq

5
V 

2

2S4p

p
 fDs2p f L

eq
d
 ,1V

f 2
2

	 (7.55)

f V

f V

f V

Figure 7.17 
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where p is the number of poles and L
eq

 is the equivalent inductance of the motor wind-
ings. It is clear that when the v/f ratio is constant, the maximum torque is unchanged. 
Keep in mind that this approximation may not be valid at very low frequencies when X

eq
 

is not much larger than R
1
.

Another feature of the constant v/f control is that the magnitude of the starting cur-
rent is almost constant. Examine Equation (7.52), and assume that X 

2
eq 

.. (R
1

1 R
2
9)2. 

This assumption is valid for frequencies close to the rated frequency. The starting cur-
rent can then be approximated by Equation (7.56).

	 I
2
9

 st
5

V

X
eq

5
1

2p L
eq

  
V

f
	 (7.56)

Equation (7.56) shows that when v/f is kept constant, the starting current remains 
unchanged; this is another advantage of v/f control.

When the change in voltage is used to control the induction machine, whether it is a 
voltage control or v/f control, one must be careful not to increase the voltage magnitude 
beyond the ratings of the motor. Excessive voltage can cause instant damage to the insu-
lation of the motor’s windings, leading to shorts and internal faults. Usually the voltage 
should be kept below 110% of the rated value.

▶	 EXAMPLE 7.9

Repeat Example 7.8 for a constant v/f control.

Solution
The voltage frequency ratio is 480/60 5 8. When the frequency of the supply is 
reduced to 50 Hz, the supply voltage should also be reduced to

V
new

5 50(8) 5 400 V

Since it depends on the supply frequency alone, the synchronous speed at 50 Hz is 
the same as that calculated in Example 7.8. However, the slip is dependent on the 

Figure 7.18  Speed-torque characteris-
tics for fixed v/f ratio

f ff
f > f > f

Figure 7.19  Speed-current characteris-
tics for fixed v/f ratio

f
f

f f > f > f
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T
d

<
V 2s

v
s 
R

2
9

60 <
4002s

314.16(0.3)

s 5 0.0353

This slip is higher than the one calculated in Example 7.8. The new speed at 50 Hz is

n 5 3000 (1 2 0.0353) 5 2894 rpm

v 5 303 rad/s

The starting current at 60 Hz, 480 V is

I
2
9

 st
5

480

Ï3

Ï(0.5)2 1 42
5 68.75 A

and at 50 Hz, 400 V it is

I
2
9

 st
5

400

Ï3

Î(0.5)2 1 150

60
 42

2

5 68.5 A

Note that the starting current is almost unchanged due to the v/f control. ◀

	 7.9	 Current Source Speed Control
A current source inverter (CSI), as discussed in Section 3.12, can drive the induction 
machine. The model of Figure 7.20(a) represents the induction motor with CSI. In this cir-
cuit, we include the magnetizing branch in the stator circuit because it has a greater impact 
in the CSI drive. Figure 7.20(b) shows another equivalent circuit, discussed in Chapter 5. 
In this circuit, the effect of speed is transferred from the rotor-induced voltage sE

2
 and 

the rotor reactance to the rotor resistance. The rotor current in both circuits is the same.  
Figure 7.20(c) shows the equivalent circuit referred to the stator by using the turns ratio.

When the induction motor is driven by a CSI, the stator current I
1
 is equal to the 

current source I
s 
, which is constant.

	 I
s
5 I

1
5 I

2
9 1 I

m
	 (7.57)

Since I
1
 is constant, changes in I

2
9 due to changes in mechanical load will result in 

changes in the magnetizing current I
m
. Changes in I

m
 should be analyzed carefully. The 

magnetizing circuit of the induction machine has an iron alloy core that saturates with 
flux at large magnetizing currents. When the core saturates, the flux does not noticeably 
increase when the magnetizing current increases. This phenomenon changes the mag-
nitude of the magnetizing inductance X

m
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for X
m
 can be obtained using Figure 7.21. The figure shows the relationship between 

the flux density and flux intensity. The voltage across the magnetizing reactance E
1
 

is directly related to the flux density, while the current I
m
 represents the flux inten-

sity. The slope of the solid curve is the magnetizing reactance X
m
. The value of X

m
 

changes according to the relationship between the flux intensity and density. With volt-

E

sX R

I

sE

R X

Xm

N N

I = Is

ImIs

I

E

E = E

X
R

I

E

R X

R X

Xm

Xm

N N

I

I

Im

Im

Is

Is

I s

s
R

X

I

Figure 7.20  Equivalent circuits of an induction motor with current source inverter

70960_ch07_ptg01.indd   233 05/09/17   9:20 am



Chapter 7  Speed Control of Induction Motors234

the magnetizing current is also constant, and accordingly X
m
 is constant. However, with 

CSI, the magnetizing current is changing and so is the magnetizing reactance. Analyz-
ing the machine under this condition is very involved and may require numerical com-
putations. An approximate method can be used where the magnetizing curve is divided 
into regions, as shown in Figure 7.21. Based on two operating regions, two values for 
the magnetizing reactance are assumed: the unsaturated reactance X

m1
 and the saturated 

reactance X
m2

. Of course, one could divide the curve into more regions to improve the 
accuracy, but in most cases, two divisions are quite adequate.

To obtain the speed-torque characteristics of the motor operating under CSI, let us 
write the basic equations for airgap power P

g
:

	 P
g

5 T
d 
v

s
5 3 I

2
9 

R
2
9

s
	 (7.58)

The rotor current I
2
9 can be computed by using the impedance ratio of the parallel 

branches shown in Figure 7.20(c).

	 I
2
9 5 I

s

X
m

ÎSR
2
9

s D2

1 (X
2
9 1 X

m
)2

	 (7.59)

The value of X
m
 depends on the operating region in Figure 7.21. Substituting I

2
9 of  

Equation (7.59) into (7.58) yields

	 T
d

5
3I 

2
s

 X 
2
m

 R
2
9

sv
s3SR

2
9

s D2

1 (X
2
9 1 X

m
)24

	 (7.60)

The CSI can be designed for fixed or variable frequency. Distinctive characteristics can 
be obtained in either method as seen in the following subsections.

7.9.1  Induction Motor with Constant-Frequency CSI
The speed-torque characteristics of the induction motor operating under CSI with fixed-

Figure 7.21  Effect of saturation on the magnetizing inductive reactance

Xm

Xm

E

Im
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characteristics for two values of I
s 
. In addition, the figure shows the characteristics of 

the induction motor operating by a voltage source inverter (VSI) drive.
When a CSI is used, the induction motor exhibits different characteristics as com-

pared to the VSI. The most noticeable one is the low starting torque. This is primarily 
due to the high rotor current I

2
9 at starting, which reduces the magnetizing current I

m 
, as 

shown in Equation (7.57). Remember that the current I
1
 is constant! The low magnetiz-

ing current at starting reduces the flux of the motor; hence, it reduces the starting torque.
The other noticeable difference is that the speed of the motor in the normal oper-

ating region with CSI is stiffer (has a flatter slope) than that of a VSI motor. This is 
because the core of the motor is saturated with flux in this region. If the core saturates, 
small changes in the magnetizing current tend to have little or no effect on the flux. 
When the load torque increases, the rotor current tends to increase, which reduces the 
magnetizing current (I

s
 is constant). When reductions of the magnetizing current do 

not reduce the flux (in the saturation region), the speed of the motor remains almost 
unchanged.

Let us assume that the voltage and flux of the VSI motor are at their rated values. 
Hence, the intersection point of the VSI and CSI (point 1) represents the operation of 
the motor at the rated flux and voltage. This point is in the unstable region of the induc-
tion machine. Now we assume that we want to operate the motor at point 2, where the 
torque is the same as that at point 1, and the speed is slightly higher. At point 2, the slip 
is smaller and the rotor current is accordingly smaller. This tends to increase the mag-
netizing current I

m 
. Normally, I

m
 at point 1 is at the rated value, which is normally close 

to the saturation region. Hence, I
m
 at point 2 is higher than the rated value, and the core 

of the motor is saturated.
In Figure 7.20, we represented the core of the machine as an ideal inductor. In 

reality, it includes a resistive component representing the core losses. Since at point 2  
the magnetizing current increases, the core losses also increase. Hence, the overall effi-
ciency of the motor is decreased. Therefore, point 1 is a preferable operating point 
because of the higher efficiency and the unsaturated core. However, because it is in the 
unstable region, a feedback control mechanism is needed to ensure the stability of the 
drive system.

Figure 7.22  Speed-torque characteristics of an induction motor with CSI and VSI

Is > Is
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▶	 EXAMPLE 7.10

A 480 V, six pole, 60 Hz, Y-connected induction motor has a stator inductive reac-
tance of 3 V and a stator resistance of 0.2 V. The rotor inductive reactance and 
resistance referred to the stator are 2 V and 0.1 V, respectively. The magnetizing 
reactance is 120 V in the linear region and 40 V in the saturation region. The motor 
is driven by CSI, and its load is a constant torque of 100 Nm. The input current of the 
CSI is adjusted to run the machine at 900 rpm. Compute the input current.

Solution
Let us first compute the slip.

s 5
n

s
2 n

n
s

5
1200 2 900

1200
5 0.25

If the machine is in the linear region

T
d

5
3I2

s
 X2

m
 R

2
9

sv
s3SR

2
9

s D2

1 (X
2
9 1 X

m
)24

100 5
3I 

2
s
(1202)(0.1)

0.25(125.66)3S 0.1

0.25D2

1 (2 1 120)24
Then

I
s
5 104 A

Let us compare this current to the rated current of the machine. Since the power rat-
ing of the machine is not given, we can assume that the following equation applies:

Ï3 V
s
 I

1 rated 
cos u < T

d 
v

s

In this equation, we are ignoring the stator losses. Nevertheless, it is a good approxi-
mation for the current. We can further assume that the power factor cos u < 0.7, 
which is a typical value. Based on these assumptions,

	 I
1 rated

<
T

d 
v

s

Ï3 V
s
  cos u

5
100(125.66)

Ï3 480 (0.7)
5 21.6 A

Note that the source current, I
s
, is about 4.8 times larger than the rated current,  

I
1 rated

. This excessive current will be damaging to the machine. Hence, the machine can-
not operate under this condition.

If the machine is in the saturation region. Let us examine whether the machine can 
operate in the saturation region of the magnetizing curve.

T
d

5
3I 

2
s

 X2
m

 R
2
9

sv
s3SR

2
9

s D2

1 (X
2
9 1 X )24
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100 5
3I 

2
s
(1202)(0.1)

0.25(125.66)3S 0.1

0.25D2

1 (2 1 42)24
Then

I
s
5 37.5 A

Even in the saturation region, the current I
s
 is about 1.73 times larger than the 

rated current I
1 rated

. This excessive current will also be damaging to the machine. 
To reduce the current, the frequency of the source must be adjusted as seen in the 
next section. ◀

7.9.2  Induction Motor with Adjustable-Frequency CSI
As we have seen in the previous example, the induction motor operating under constant 
frequency cannot provide a good range of speed control. To correct this drawback, the 
frequency of the supply must change. The change of the supply frequency results in the 
following changes:

1.	 The synchronous speed is changed by f
2  
/ f

1
, where the subscript 1 indicates the 

original value and 2 the new value.

v
s

2

5 v
s

1

 
f
2

f
1

2.	 The slip is changed according to the form

s
2

5 s
1
 
n

s
2

2 n

n
s

1

2 n
  

n
s

1

n
s

2

3.	 All reactances are changed by f
2
/f

1
.

X
m

2

5 X
m

1

 
f
2

f
1

Substituting the new parameters and variables into Equation (7.60) yields

	 T
d

5

3I 

2
sSX

m
 
f
2

f
1

D2 

R
2
9

(v
s

2

2 v)3SR
2
9

s
2
D2

1 S(X
2
9 1 X

m
) 

f
2

f
1

D24
	 (7.61)

Equation (7.61) is represented in Figure 7.23. Note that the reduction of the supply 
frequency reduces the motor speed by a wide range and also increases the starting  
torque—both desirable features.
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▶	 EXAMPLE 7.11

For the machine in Example 7.10, compute the frequency of the CSI to drive the 
machine at 900 rpm without exceeding the rated current.

Solution
If the current is to be limited by the ratings of the motor, we can assume that the 
machine is operating in the linear region of the magnetizing curve. The torque equa-
tions can be modified for the new frequency as given next.

T
d

5
3I 

2
s

 X 

2
m

 R
2
9

sv
s3SR

2
9

s D2

1 (X
2
9 1 X

m
)24

	 100 5

3(21.6)2S120 
f

60D2

 0.1

2p

60
 S120 

f

p
2 900D 3S 0.1

s120 fyp 2 900dys120 fypdD2

1 3s2 1 120d 
f

604
24

The solution of this equation could be very involved. However, with simple and valid 
assumptions, we can simplify the equation. For example, the magnetizing reactance 
X

m
 in the linear region is much larger than R9

2
/s, even for small slips. Also, X

m 
..  

X9
2
. Hence,

T
d

<
3I2

s
 R

2
9

sv
s

Figure 7.23  Induction motor with variable-frequency CSI
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100 <
3(21.6)2 0.1

2p

60
 S120 

f

p
2 900D

The frequency of the CSI is then

f < 45.67 Hz

Note that the torque equation given here is independent of the core reactance when 
the machine operates in the linear region. ◀

CHAPTER 7  Problems

	 7.1	 �A 209 V, three-phase, six-pole, Y-connected induction motor has the following 
parameters:

R
1

5 0.128 V    R
2
9 5 0.0935 V    X

eq
5 0.49 V

		  �The motor slip at full load is 2%. Calculate the following:

a.	 Starting current (ignore the magnetizing current)
b.	 Full load current
c.	 Starting torque
d.	 Maximum torque
e.	 Motor efficiency (ignore rotational and core losses)

	 7.2	 �For the motor in Problem 7.1, assume that the motor load is fan-type. If an 
external resistance equal to the rotor resistance is added to the rotor circuit, 
calculate the following:

a.	 Motor speed
b.	 Starting torque
c.	 Starting current
d.	 Motor efficiency (ignore rotational and core losses)

	 7.3	 �For the motor in Problem 7.1 and for a fan-type load, calculate the value of the 
resistance that should be added to the rotor circuit to reduce the speed at full 
load by 20%. What is the motor efficiency in this case?

	 7.4	 �For the motor in Problem 7.1 and for a fan-type load, calculate the following if 
the voltage is reduced by 20%:

a.	 Motor speed
b.	 Starting torque
c.	 Starting current
d.	 Motor efficiency (ignore rotational and core losses)

	 7.5	 �For the motor in Problem 7.1 and for a fan-type load, calculate the following, 
assuming that the supply frequency is reduced by 20%:

a.	 Motor speed
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b.	 Starting torque
c.	 Starting current
d.	 Motor efficiency (ignore rotational and core losses)

	 7.6	 �For the motor in Problem 7.1 and for a constant-load torque equal to half the 
full-load torque, calculate the minimum supply frequency that will not allow the 
motor current to exceed the full-load current. Calculate the motor speed.

	 7.7	 �For the motor in Problem 7.1 and for a fan-type load, calculate the following, 
assuming that the supply frequency is increased by 20%:

a.	 Motor speed
b.	 Starting torque
c.	 Starting current
d.	 Motor efficiency (ignore rotational and core losses)

	 7.8	 �For the motor in Problem 7.1 and for a constant-load torque, calculate the maxi-
mum increase in supply frequency and the motor speed.

	 7.9	 �For the motor in Problem 7.1 and for a fan-type load, calculate the following, 
assuming that the supply frequency is reduced by 20% and the v/f ratio is kept 
constant:

a.	 Motor speed
b.	 Starting torque
c.	 Starting current
d.	 Motor efficiency (ignore rotational and core losses)

	7.10	 A three-phase, 480 V, six-pole, Y-connected, 60 Hz, 10 kW induction motor is 
driving a constant-torque load of 60 Nm. The parameters of the motor are

R
1

5 0.4 V    R
2

5 0.5 V    X
eq

5 4 V  
N

1

N
2

5 2

		  �Calculate the following:

a.	 Motor torque
b.	 Motor current
c.	 Starting torque
d.	 Starting current

		  �A voltage is injected in the rotor circuit to reduce the motor speed by 40%.

e.	 Calculate the magnitude of the injected voltage.
f.	 Repeat (a) to (d) for the motor with injected voltage.
g.	 Calculate the power delivered to the source of injected voltage.
h.	 Determine the overall efficiency of the motor (ignore rotational and  

core losses).

	7.11	 �A three-phase, six-pole, Y-connected, 60 Hz, 480 V induction motor is driving 
a 300 Nm constant-torque load. The motor has rotational losses of 1 kW. The 
motor is driven by a slip energy recovery system. The triggering angle of the  
dc/ac converter is adjusted to 100°. Calculate the following:
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a.	 Motor speed
b.	 Current in the dc link
c.	 Rotor rms current
d.	 Stator rms current
e.	 Power returned back to the source

	7.12	 �A 480 V, four-pole, 60 Hz, Y-connected induction motor has a stator inductive 
reactance of 4 V and stator resistance of 0.2 V. The rotor inductive reactance 
and resistance referred to the stator are 4 V and 0.2 V, respectively. The magne-
tizing reactance is 150 V in the linear region and 50 V in the saturation region. 
The motor is driving a constant-torque load of 120 Nm and is driven by a CSI. 
The frequency of the CSI is adjustable. Calculate the frequency of the CSI for 
the needed speed without exceeding the ratings of the motor, and compute the 
starting torque.

	7.13	 �A three-phase, 480 V, six-pole, 60 Hz induction motor is driving a constant- 
torque load of 80 Nm. The parameters of the motor are

R
1

5 0.5 V    R
2

5 0.3 V    X
eq

5 4 V  
N

1

N
2

5 2

a.	 Calculate the magnitude of the injected voltage that would reduce the motor 
speed to 800 rpm.

b.	 Calculate the power received by the injected voltage source.
c.	 Compute the starting current and the starting torque with the injected 

voltage.

	7.14	 �A three-phase, four-pole, Y-connected, 480 V induction motor is driving a  
400 Nm constant-torque load. The motor has the following parameters:

N
1

N
2

5 1    P
rotational

5 1 kW

		  �The motor is driven by a slip energy-recovery system. The triggering angle of 
the dc/ac converter is adjusted to 120°. Calculate the following:

a.	 Motor speed
b.	 Current in the dc link
c.	 Average voltage at the input of the dc/ac converter
d.	 Rotor rms current
e.	 Stator rms current
f.	 Power returned back to the source

	7.15	 �A three-phase, 60 Hz, Y-connected, 480 V induction motor rotates at 3500 rpm 
at full load. The motor is driven by a slip energy-recovery system. Calculate  
the triggering angle for a motor speed of 2800 rpm. Assume the turns ratio is 
equal to 1.

	7.16	 �A three-phase, 60 Hz, six-pole, Y-connected, 480 V induction motor has the fol-
lowing parameters:

R
1

5 0.2 V,  R
2
9 5 0.1 V,  X

eq
5 5 V

CHAPTER 7  Problems 
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		  �The load of the motor is a drilling machine. At 1150 rpm, the load torque is  
150 Nm. The motor is driven by a constant v/f technique. When the frequency 
of the supply voltage is reduced to 50 Hz, calculate the following:

a.	 Motor speed
b.	 Maximum torque at 60 Hz and 50 Hz
c.	 Motor current at 50 Hz

	7.17	 A six-pole, 480 V, 60 Hz induction motor is driven by a Scherbius system. The 
motor draws 10 kW and 1 KVAR from the source. The line-to-line injected 
voltage of the rotor is 50 V as referred to the stator circuit. The injecting voltage 
is in phase with the source voltage. The parameters of the motor are

X
m

5 5.0 V,  X
eq

5 2.0 V,  R
2
9 5 0.1 V

		  Ignore all power losses and compute the speed of the motor.
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8

Braking of Electric Motors

Braking is a generic term used to describe a set of operating conditions for electric 
drive systems. It includes rapid stopping of the electric motor, holding the motor shaft 
to a specific position, maintaining the speed to a desired value, or preventing the motor 
from overspeeding. All these aspects of braking are done electrically without any need 
for mechanical brakes. During the braking process, the energy can change its flow 
between the electric source and mechanical load. The mechanical load or the rotating 
mass can become the source of energy driving the machine as a generator, which pumps 
the energy back to the electrical supply. The utilization of this braking energy enhances 
overall system efficiency.

The complete operational cycle of an electric drive system is highly dependent on 
which braking method is used. The quickness and accuracy of braking techniques often 
determine the productivity and quality of the manufactured goods. A robot in an assem-
bly line must be able to stop, hold its position, and reverse its motion with a high degree 
of accuracy. These functions can be achieved by electric braking.

Compared to the mechanical braking methods, electric braking is a highly efficient 
and low-maintenance technique. Nevertheless, braking can result in stressful electrical 
and mechanical transients. Therefore, the braking system must be designed to ensure 
effective and safe operation.

There are several forms of braking applicable to virtually all types of motors. 
Generally, we can group all braking methods into three types: regenerative, dynamic, 
and countercurrent braking.  The next two chapters discuss the braking systems in 
more detail.

	 8.1	 �Regenerative Braking
An electric motor is in regenerative braking when the load torque reverses its direc-
tion and causes the machine to run at a speed higher than its no-load speed but without 
changing the direction of rotation. An example of regenerative braking is given in 
Figure 8.1, where an electric motor is driving a trolley bus in the uphill and down-
hill directions. In the uphill direction, the gravity force can be resolved into two 
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components: one perpendicular to the road surface F and the other parallel to the 
road surface Fl. The parallel force pulls the motor toward the bottom of the hill. If 
we ignore the rotational losses, the motor must produce a force Fm opposite to Fl to 
move the bus in the uphill direction. This case is also depicted in Figure 8.2 in the 
first quadrant. Note that the motor torque and speed are in the same direction, and the 
load torque Tl is opposite to the motor torque Tm. The power flow is from the motor 
to the mechanical load.

Now assume that the same bus is traveling downhill. Since the gravitational force 
does not change its direction, the load torque pushes the motor toward the bottom of 
the hill. The direction of the motor torque is always opposite to the direction of the 
load torque, so the motor produces a torque in the reverse direction. Note that the rota-
tion of the motor is still in the same direction on both sides of the hill. The downhill 
operation is shown in Figure 8.2 in the second quadrant. This is known as regenerative 
braking.

Figure 8.1  Example of regenerative braking
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Figure 8.2  Regenerative braking in second quadrant
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The energy exchange under regenerative braking is from the mechanical load to 
the electrical source. Hence, the load is driving the machine, and the machine is gener-
ating electric power that is returned back to the supply.

	 8.2	 Dynamic Braking
When an electric motor spins, kinetic energy is stored in its rotating mass. If the motor is 
disconnected from the power source, it continues to rotate for a period of time until the 
stored kinetic energy is totally dissipated in the form of rotational losses. The faster the 
dissipation of the kinetic energy, the more rapid is the braking.

With dynamic braking, the kinetic energy of the motor is transformed into elec-
trical energy and dissipated in resistive elements. The rate of energy dissipation can 
be increased by the design of the braking resistance. A circuit for dynamic braking is 
shown in Figure 8.3. When the machine is connected to terminal A, it runs as a motor. 
While the motor is rotating, it acquires kinetic energy stored in its rotating mass. The 
current IA flows into the machine. If the terminals of the motor are switched to position 
B, the energy stored in the rotating mass is dissipated in the braking resistance RB. This 
is possible when the machine maintains its field. The braking current IB flows out of the 
machine. The smaller the resistor is, the faster the energy is dissipated, and the faster 
the motor brakes.

When the machine is operating in a dynamic braking mode, it acts as a genera-
tor. The speed of the machine does not change its direction of rotation during braking, 
but the machine torque reverses its direction (IB is opposite to IA). Thus, the motor is also 
in the second quadrant as depicted in Figure 8.2.

	 8.3	 Countercurrent Braking
The direction of rotation of an electric motor is dependent on several variables. Among 
them are the phase sequence of the stator windings (for ac machines), and the polarities 
of the field or armature voltage (for dc machines).

For ac machines, the shaft of the machine rotates in the same direction as the mag-
netic field. If the phase sequence of the stator windings is reversed, the airgap field 

Figure 8.3  Dynamic braking
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reverses its rotation, as shown in Figure 8.4. If we reverse the sequence while the motor 
is rotating, the rotor shaft decelerates until it stops; then it starts to accelerate in the 
reverse direction. If the power source is disconnected when the motor reaches standstill 
(zero speed), the motor is stopped by the countercurrent braking method. Countercur-
rent braking is also used to slow down the motor or reverse its direction of rotation. 
Figure 8.5 shows two quadrants for the steady-state operation of two sequences (ABC 
and ACB). In each case, the machine is running as a motor.

Direct current machines can also utilize countercurrent braking. The braking 
occurs when the terminal voltage reverses its polarities, which eventually leads to 
the reversal of the motor’s rotation. While the machine is decelerating, it operates 
temporarily in the second quadrant, where it acts as a generator. The machine settles 
in the third quadrant.

Figure 8.4  Reversing the phase sequence of an ac machine reverses the rotation of 
the magnetic field
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Figure 8.5  Steady-state operation of countercurrent braking
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Chapter 8 P roblems

	 8.1	 �An elevator consists of the cabin, motor, counterweight, cables, and pulleys. 
The elevator cabin is full and is moving downward. The mass of the cabin plus 
people is greater than the mass of the counterweight. Explain the operation of 
the motor in terms of energy transfer, and indicate the speed-torque quadrant 
for this motion.

	 8.2	 �Repeat Problem 8.1 for the elevator going upward.

	 8.3	 �Repeat Problems 8.1 and 8.2 where the mass of the counterweight is more than 
the mass of the cabin plus people.

	 8.4	 �If an electric car is moving downhill with its motor disconnected from the elec-
trical source, the acceleration of the car increases according to Newton’s laws of 
motion. Explain this motion in terms of energy.

	 8.5	 �Repeat Problem 8.4 where the motor is connected to the electrical source while 
moving downhill.

	 8.6	 �A windmill consists of a motor, rotating blades, and structure. Explain the oper-
ation of the system when wind speed rotates the shaft of the motor at a speed 
higher than its no-load speed. In which quadrant does the machine operate?

247CHAPTER 8  Problems
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9

Braking of Conventional 
and Brushless dc Motors

Braking of direct current machines can be done relatively easily by the three basic meth-
ods discussed in Chapter 8. Since dc machines have several field connections, braking 
circuits and methods can differ for the different field connections. In this chapter, we 
shall discuss the braking of conventional as well as BLDC motors. 

In any of these braking methods, adequate safeguards should be implemented to 
limit the thermal and voltage levels to tolerable amounts. Braking tends to permit high 
transient currents to flow in the machine’s windings that could be much higher than the 
starting currents. If excessive, the current during braking can result in permanent dam-
age to the windings as well as to the power converter. In addition, mechanical stresses 
due to rapid stopping or starting of a motor, and the excessive torque that must be 
developed by the motor, can cause mechanical damage to the bearings, coupling, and 
the rotor itself. A drive system with repeated braking operations must have adequate 
mechanical coupling to withstand the sudden shear force. Large machines with brak-
ing operations are normally mounted on strong slabs to prevent the movement of the  
stator frame.

	 9.1	 Regenerative Braking of dc Shunt Motors
Under given operating conditions, when the speed of the dc machine exceeds its no-load 
speed, the machine is in the regenerative braking mode. An example of this type of brak-
ing is given in Figure 8.1 for an electric bus going in the uphill and downhill directions. 
In the downward direction, the speed of the bus may exceed its no-load speed and hence 
generate electric power that can be pumped back to the source.

As we saw earlier in Figure 5.4, the speed-torque characteristic of a dc motor (sepa-
rately or shunt) is linear. The basic equations of the motor are repeated here.

	 V
t
5 E

a
1 R

a 
I

a
5 Kfv 1

R
a

Kf
 T

l
	 (9.1)
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	 v 5
V

t

Kf
2

R
a

(Kf)2
 T

l
	 (9.2)

	 I
a

5
V

t
2 E

a

R
a

5
T

l

Kf
	 (9.3)

Let us analyze these three equations under the regenerative braking condition for the bus 
in Figure 8.1. The electric bus travels uphill, then downhill. In the uphill direction, the dc 
machine acts as a motor represented by Equations (9.1) to (9.3). The load torque in this 
case is opposite to the direction of the bus motion, and the drive system is in the first quad-
rant as shown in Figure 8.2. The equivalent circuit of the system is shown in Figure 9.1.  
Under this condition, the back emf voltage E

a
 is less than the terminal voltage V

t
 due to 

the voltage drop across the armature resistance R
a
.

Figure 9.2 shows the speed-torque characteristics of the dc machine. The figure is 
obtained by using Equation (9.2). The load torque in this figure is assumed to be bidi-
rectional, which is the case for the electric bus we are discussing. In the first quadrant, 
the machine operates as a motor as described by the circuit in Figure 9.1. Let us assume 
that operating point 1 represents this case. When the bus reaches the peak of the hill, 
the load torque seen by the motor is zero, assuming that the frictional torque is ignored. 
This is because the gravitational torque at the top of the hill is perpendicular to the road 
surface and is not pulling the motor in either direction of motion. The operating point 2 
is used here to represent the operation of the motor at the top of the hill, where the load 
torque seen by the motor is zero, and the motor speed is

	 v
2

5
V

t

Kf
	 (9.4)

Because the load torque at the top of the hill is zero, the armature current must also  
be zero.

	 I
a

2

5
V

t
2 E

a
2

R
a

5
T

l
2

Kf
5 0	 (9.5)

Ia

I

v

VtIfRf

Ra

Ea

Figure 9.1  Motor operation

Tl Tl

Figure 9.2  Speed-torque characteristics 
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Chapter 9  Braking of Conventional and Brushless dc Motors250

Since the current is zero, the voltage drop across the armature resistance is also zero. 
Hence,

	 V
t
5 E

a
2

	 (9.6)

Equations (9.4) to (9.6) are represented by operating point 2 in Figure 9.2. This operat-
ing point is the no-load operating point of a dc machine.

Now assume that the electric bus is traveling in the downhill direction. Relative to 
the load torque at point 1, the load torque in the downhill motion is reversed and in the 
same direction as the speed. Note that the motor speed will not change its direction, and 
the motor moves to operating point 3 in Figure 9.2.

In the downhill operation, the load torque changes its direction while the field cur-
rent remains in its original direction. The magnitude of the field current is constant 
because the terminal voltage is constant. Hence, the armature current at point 3 must 
reverse its direction, because

I
a

3

5
T

l
3

Kf

This case is depicted in Figure 9.3. If the armature current is larger than the field current, 
the current I 5 I

a3
 2 I

f
 flows into the source. Note that E

a3
 does not change its direction 

since v and Kf are in the same direction as at point 1. The motor is now generating 
electric power and delivering it to the source.

The speed and current of the machine at point 3 can be represented by the following 
equations:

	 v
3

5
V

t

Kf
2

R
a

(Kf)2
 T

l
3

	 (9.7)

	 I
a

3

5
V

t
2 E

a
3

R
a

5
T

l
3

Kf
	 (9.8)

Figure 9.3  Motor operation at point 3 of Figure 9.2
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251	 9.1  Regenerative Braking of dc Shunt Motors

Note that T
l3
 is negative. If you wish, you can use the magnitude of T

l3
 and introduce a 

negative sign in Equations (9.7) and (9.8) as follows:

	 v
3

5
V

t

Kf
1

R
a

(Kf)2
 T

l
3

	 (9.9)

	 I
a

3

5
V

t
2 E

a
3

R
a

5
2T

l
3

Kf
	 (9.10)

Since I
a3
 is negative, as seen in Equation (9.10), E

a3
 must be larger than V

t
. Thus, the 

motor is operating as a generator.
Figure 9.4 shows the motor speed versus E

a
. The figure shows all three operat-

ing points discussed in this section. As you can see, the machine acts as a motor when  
E

a
 , V

t
 , and the machine is a generator when E

a
 . V

t
.

A summary of the changes in the machine variables is given in Table 9.1. The 
arrows in the table represent directions. Arrows of operating point number 1 are 
considered to be the reference arrows. Examine the table against the cases just 
described.

Figure 9.4  Back emf during regenerative braking

v

Ea = Vt

Ea

v v

v

Operating	 Load	 Terminal	 Armature				     
	 Point	 Torque	 Voltage	 Current	 Speed	 Field	 E

a
	 Comments

		  →	 →	 →	 →	 →	 →

	 1	 T
l1
			   v

1
 , v

0
		  E

a1
 , V

t
	 Motor

			   →		  →	 →

	 2	 0		  0	 v
2
 5 v

0
		  E

a2
 5 V

t
	 No load

		  ←	 →	 ←	 →	 →	 →

	 3	 T
l3
			   v

3
 . v

0
		  E

a3
 . V

t
	 Generator

Table 9.1  Summary of regenerative braking
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Chapter 9  Braking of Conventional and Brushless dc Motors252

▶	 Example 9.1

A 440 V, dc shunt motor has a rated armature current of 76 A at a speed of 1000 rpm. The 
armature resistance of the motor is 0.377 V, the field resistance is 110 V, and the rota-
tional losses are 1 kW. The load of the motor is bidirectional. Calculate the following:

a.	 No-load speed of the motor

b.	 Motor speed, where the armature current is 60 A during regenerative braking

c.	 Developed torque during regenerative braking

d.	 E
a
 during regenerative braking

e.	 Power delivered by the source under normal motor operation

f.		 Terminal current under regenerative braking

g.	 Generated power during regenerative braking

h.	 Total losses under regenerative braking

i.		� Power delivered to the source under regenerative braking

Solution
The speed-torque characteristic of this example is shown in Figure 9.5. Point 1 in the fig-
ure represents the motor operation at rated current and 1000 rpm. During motor operation,

E
a

5 V
t
2 R

a 
I

a
5 440 2 0.377 3 76 5 411.35 V

The field constant Kf, which remains unchanged during regenerative braking, 
can be computed as

Kf 5
E

a

v
5

E
a

2p 
n

60

5 3.93 Vs

a.	 The no-load speed of the motor is equal to the terminal voltage divided by the 
field constant.

 v
0

5
V

t

Kf
5

440

3.93
5 111.96 radys

 n
0

5 1069.1 rpm

T T 

n
n

n

Figure 9.5  Speed-torque characteristic of the motor in Example 9.1
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253	 9.1  Regenerative Braking of dc Shunt Motors

b.	 During regenerative braking (point 3), the speed of the motor can be computed by 
Equation (9.9).

v
3

5
V

t

Kf
1

R
a

(Kf)2
 T

l
3

5
V

t
2 R

a 
I

a
3

Kf
5

440 1 0.377 3 60

3.93
5 117.72 radys

n
3

5 1124.1 rpm

c.	 The developed torque at point 3 is

T
l
3

5 KfI
a

3

5 3.93 3 60 5 235.8 Nm

d.	 The back emf at point 3 is

E
a

3

5 Kfv
3

5 3.93 3 117.72 5 462.64 V

e.	 To calculate the terminal power, you must calculate the terminal current. When 
the motor operates at point 1, the terminal current is

I
1

5 I
a

1

1 I
f
5 76 1

440

110
5 80 A

The total power delivered by the source P
s
 is

P
s
5 I

1
V

t
5 80 3 440 5 35.2 kW

f.		 While the motor is in the regenerative region at point 3, the terminal current of the 
motor is

I
3

5 I
a

3

2 I
f
5 60 2

440

110
5 56 A

g.	 The generated power P
g
 is

P
g

5 E
a

3

I
a

3

5 462.64 3 60 5 27.76 kW

h.	 The total losses P
loss

 are the sum of the losses in the armature resistance, the losses 
in the field resistance, and the rotational losses.

P
loss

5 R
a
I 

2
a

3

1
V 

2
t

R
f

1 rotational losses 5 0.377 3 602 1
4402

110
1 1000 5 4.12 kW

i.		 The power delivered to the source P
d
 is the generated power minus the losses.

	 P
d

5 27.76 2 4.12 5 23.64 kW	 ◀
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	 9.2	 Regenerative Braking of dc Series Motors
Regenerative braking occurs when the motor speed exceeds the no-load speed (at zero 
torque). For a series motor, at zero torque, the no-load speed is theoretically infinity. 
Hence, one might conclude that the series motor could not operate under regenerative 
braking. Actually, the circuit of the series motor can be altered during regenerative brak-
ing to allow the machine to generate electric power that can be returned to the source. 
Consider the circuits in Figure 9.6. The circuit on the right side of the figure shows the 
normal motor operation of the series machine. The circuit on the left shows a configu-
ration for regenerative braking. In this case, the field circuit is excited by a separate 
source. The voltage of the separate source must be low enough to prevent the field cur-
rent from becoming excessive. This is because the field resistance of the series motor is 
small: The field coil is composed of a small number of turns with a large cross section.

Switching from the circuit on the right side to that on the left side is best done using 
solid-state switches. The switching should not allow the current in the field circuit to 
be interrupted. Uninterruptible field current reduces current transients and prevents the 
machine from overspeeding. A simple circuit for this operation is shown in Figure 9.7. 
In the figure, S

1
 to S

3
 are solid-state switches. During motor operation, S

1
 is closed, 

and S
2
 and S

3
 are open as shown in Figure 9.7(a). When the machine operates under 

regenerative braking, S
1
 is opened, and S

2
 and S

3
 are closed. This occurs in steps. In 

the first step, S
1
 is opened and S

3
 is closed as shown in Figure 9.7(b). In this case, the 

armature circuit is separated from the field winding. To prevent the collapse of the field 
current during the interval between opening S

1
 and closing S

2
, the freewheeling diode 

is used. The freewheeling current I
fw

 keeps the field current continuous. In the second 
step, S

2
 is closed  and the field current is provided by the separate source V

f
 as shown in  

Figure 9.7(c). The machine now operates under regenerative braking similar to that of 
the shunt machine.

	 9.3	 Dynamic Braking of dc Shunt Motors
Dynamic braking is used to stop the motor by dissipating its stored kinetic energy into 
a resistive load. Once the kinetic energy is totally dissipated, the motor stops rotating if 
no external torque is exerted. The normal operation of the dc shunt motor is depicted in 
Figure 9.1 and described by Equations (9.1) to (9.3).

Rf
Rf

Ra Ra

Vt

Vf

I

v v

I

VtEa Ea

Figure 9.6  Regenerative braking of dc series motor
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255	 9.3  Dynamic Braking of dc Shunt Motors

The dynamic braking is explained here using Figure 9.8. Assume that the machine 
is running at a speed v when dynamic braking is applied. The terminals of the arma-
ture circuit are disconnected from the power source and connected across a braking 
resistance R

b
. The field circuit is also disconnected from the armature circuit but is still 

excited by the source. Under this condition, the back emf E
a
 is the voltage source of the 

armature circuit. The braking current in this case is

	 I
b

5 2
E

a

R
a

1 R
b

5 2
Kfv

R
a

1 R
b

	 (9.11)

Figure 9.7  Regenerative braking circuit for series motor

If Rf

Ra

Vt

I

I
I

I

I Rf

Ra

Vt

Vt

I

I

Rf
Vf

Vf

Vf

Ra I

Ea

Ea

Ea
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Chapter 9  Braking of Conventional and Brushless dc Motors256

The negative sign in Equation (9.11) indicates that the braking current is in the 
reverse direction of the armature current of Figure 9.1. The power dissipated during 
the dynamic braking is composed of two major components. The first is mechani-
cal losses (or rotational losses), which are due to friction and windage losses. The 
second component is electrical losses P

b
 in the armature and braking resistances. 

The electrical loss is mainly responsible for dissipating the motor’s kinetic energy. 
The larger the electric losses, the shorter the braking time. These losses can be cal-
culated as

	 P
b

5
E 

2
a

R
a

1 R
b

5
(Kfv)2

R
a

1 R
b

	 (9.12)

Equation (9.12) indicates that more electric power is dissipated if the braking resistance 
R

b
 is small and the field f is strong.

Equation (9.11) is represented by the graph in Figure 9.9. The first quadrant of the 
graph is for normal motor operation, where the motor is operating at point A. Since the 

Figure 9.8  Dynamic braking

Rb

v

Ra Ib

IfVf
Ea

Figure 9.9  Speed-current characteristics under dynamic braking

Ib

Rb

IaIb

Rb

Ib

Rb

B

A

Rb < Rb < Rb
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257	 9.3  Dynamic Braking of dc Shunt Motors

speed direction is unchanged and the current direction is reversed, the motor during 
dynamic braking is in the second quadrant.

During dynamic braking, the speed-current characteristics are all straight lines 
with negative slopes that intercept at the point of origin. The figure shows the char-
acteristics for three different values of braking resistance, where (R

b1
 , R

b2
 , R

b3
). 

The smaller the braking resistance, the larger the braking current, and the higher 
the rate by which the kinetic energy is dissipating. This situation results in faster 
braking.

The circuit for dynamic braking is shown in Figure 9.10. When the switch is in 
position A, the motor operates at point A in Figure 9.9. The armature current I

a
 flows 

from the source to the motor. By connecting the switch in Figure 9.9 to terminal B, the 
voltage source is disconnected and the resistance R

b
 is inserted across the motor termi-

nals. The operating point is shown in Figure 9.9 and labeled B for R
b
 5 R

b1
. If the switch-

ing from A to B is done quickly enough, one can assume that the motor speed during the 
switching interval is unchanged. After switching to B, the operating point of the motor 
moves horizontally to point B. At this point the armature current is I

b1
, which flows in 

the opposite direction to I
a
. This current is flowing from the machine to the braking 

resistance. Depending on the loading condition of the motor, the operating point may 
not stay at point B. For example, if the load torque is frictional, the speed slows down 
until the motor stops. In this case, the operating point moves from B to the origin along 
the speed-current characteristics.

Another interesting case is shown in Figure 9.11, where the load torque is assumed 
constant and gravitational. The load force is equal to the load mass multiplied by the 
acceleration of gravity. Such a torque is constant regardless of the motor speed. Let 
us assume that the original operating point is A under normal motor operation. Just 
after dynamic braking is applied, the motor operating point moves to B. The final 
destination of the operating point is when the motor torque meets the load torque, 
which occurs only in the fourth quadrant at point C. Hence, the operating point of 

Rb

v

Ra

A
B

IfVf
Ea

Figure 9.10  Circuit for dynamic braking
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Chapter 9  Braking of Conventional and Brushless dc Motors258

the motor moves from B to the point of origin, then continues to point C. The motor 
stops momentarily when the operating point reaches the origin. If the load is discon-
nected or a mechanical brake is applied at the origin, the motor stops. Otherwise, the 
motor speed reverses its direction until the machine reaches point C. The operation at 
point C is a typical generator operation in which the motor is driven mechanically by 
a unidirectional torque. The motor under this condition delivers electric power to the 
electrical load resistance R

b
.

Table 9.2 summarizes the general operation of the dynamic braking in the case just 
discussed for a gravitational load.

Figure 9.11  Dynamic braking of gravitational torque load

Tb Tl

B

C

A

Operating	 Motor	 Terminal	 Armature				     
	 Point	 Torque	 Voltage	 Current	 Speed	 Field	 E

a
	 Comments

		  →	 →	 →	 →	 →	 →

	 A	 T
l
			   v

A
		  E

aA
 , V

t
	 Motor

		  ←		  ←	 →	 →	 →

	 B	 T
b
	 0	 	 v

B
 5 v

A
		  E

aB
 5 E

aA
	 Generator

						      →

	 Origin	 0	 0	 0	 0		  0	 No load

		  →		  →	 ←	 →	 ←

	 C	 T
l
	 0		  v

C
		  E

aC
	 Generator

Table 9.2  Summary of dynamic braking
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259	 9.4  Dynamic Braking of dc Series Motors

▶	 Example 9.2

For the dc motor given in Example 9.1, assume that the load torque is gravitational. 
The current of the motor is 40 A at the steady-state condition. A dynamic braking 
technique employing a braking resistance of 2 V is used. Calculate the speed at the 
new steady-state operating point.

Solution
With dynamic braking, the terminal voltage of the motor is zero. The braking current 
at point C in Figure 9.11 is equal to the steady-state current at point A because the 
load is gravitational. Hence,

I
b

5 2
Kfv

R
a

1 R
b

40 5 2
3.93 v

(0.377 1 2)

	 n 5 2231 rpm	 ◀

	 9.4	 Dynamic Braking of dc Series Motors
Dynamic braking requires a strong magnetic field to convert the mechanical energy 
into electrical energy and to allow the kinetic energy to be dissipated at a higher rate. 
In series machines, the field is proportional to the armature current. At the beginning of 
dynamic braking, the field is strong but gradually weakens because of the reduction in 
armature current, which may prolong the braking time. To brake the motor faster, the 
series field can be separated from the armature circuit and excited by a different voltage 
source, as shown in the schematic of Figure 9.12. Keep in mind that the voltage applied 
to the separated field circuit must be reduced to prevent the field current from exceeding 
its limits. Also, the braking resistance should be selected to limit the braking current in 
the armature circuit. Under this form of braking, and by using the circuit described in 
Figure 9.12, the motor behaves as a separately excited motor.

Ra
I

v

Rf

Ra

Vt

I

Rb

v

RfVf

EaEa

Figure 9.12  Dynamic braking of series motor
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Chapter 9  Braking of Conventional and Brushless dc Motors260

The characteristics of the motor are shown in Figure 9.13. The original operat-
ing point of the motor is at 1. When dynamic braking is applied and the field circuit 
is separately excited, the motor moves to point 2. Note that the motor characteristic is 
linear under dynamic braking because the field is constant. The motor speed starts to 
slow down until it is fully stopped at point 3. If the load torque is unidirectional and the 
motor is not disconnected at 3, the motor operating point moves to point 4, where the 
load torque and the machine torque are equal. At point 4, the machine is a generator with 
input mechanical power from the load, and the output electric power is dissipated in the 
braking resistance. The motor equations at points 2 and 4 are given here:

v
2

5 v
1

5 2
R

a
1 R

b

Kf
2

 I
a

2

v
4

5 2
R

a
1 R

b

Kf
4

 I
a

4

	 9.5	 Countercurrent Braking of dc Shunt Motors
Countercurrent braking of the dc shunt motor is done by two methods known as plug-
ging and terminal voltage reversal (TVR). The plugging method is suitable for the grav-
itational-type load where the motor stops, reverses its direction of rotation, or operates 
under holding conditions. The TVR is also a method that can stop the motor rather rapidly 
or reverse its rotation. It cannot hold the motor at zero speed if the load is gravitational.

9.5.1  Plugging
Consider the example of the simple elevators shown in Figure 9.14. The elevator on the 
left side of the figure is moving upward, and the one on the right side is moving down-
ward. In both cases, the load force is unidirectional, and so is the motor torque. The 
speed of the motor reverses its direction depending on the motion of the elevator cabin.

Figure 9.15 shows the characteristics of the motor operating under plugging. Let 

Figure 9.13  Dynamic braking characteristics of series motor

70960_ch09_ptg01.indd   260 05/09/17   10:23 am



261	 9.5  Countercurrent Braking of dc Shunt Motors

the voltage applied to the armature of the motor is V
1
. One way to achieve the down-

ward operation is to reduce the armature voltage to V
2
. The characteristics of the motor 

are shown in Figure 9.15 as parallel lines. If the change in the armature voltage is done 
quickly, the operating point of the motor moves rapidly from 1 to 2 without any change 
in the speed due to system inertia. The motor does not settle at point 2 since the load 
torque and the motor characteristic do not meet at point 2. Hence, the motor operat-
ing point moves from 2 to 5. While traveling from 2 to 5, the motor passes through  
points 3 and 4. Note that while the operating point is moving from 2 to 3, the motor is 
in the regenerative braking region. At point 3, the motor speed is equal to the no-load 
speed for the given value of V

2
.

	 v
3

5
V

2

Kf
	 (9.13)

The operating point does not settle at point 3, but continues toward 4. At point 4, the 
motor stops and its speed is zero. If the braking technique is designed to stop the motor, 

Figure 9.14  Bidirectional speed

Fm

Fl Fl

Fm

Figure 9.15  Plugging of dc, separately excited motor

V V < V

V
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Chapter 9  Braking of Conventional and Brushless dc Motors262

the motor should be disconnected electrically at this point, and mechanical brakes 
should be applied to keep the motor at standstill.

The motor torque at point 4 is labeled T
sc
 in the figure. Let us assume that the motor 

does not have external mechanical brakes to hold its shaft at point 4. In this case, the 
motor moves to point 5, where the load torque and motor characteristics intersect.

In this example, the motor operates in three quadrants: first, second, and fourth. In 
the first quadrant, the machine operates as a motor. In the second and fourth quadrants, 
the machine is a generator. The operation in the second quadrant is explained earlier, in 
Section 9.1. In the fourth quadrant, the operation of the motor can be described by a set 
of equations for points 4 and 5. At point 4, the speed equation is

	 v
4

5
V

2

Kf
2

R
a

(Kf)2
 T

sc
5 0	 (9.14)

Hence,

	 T
sc

5
KfV

2

R
a

	 (9.15)

Since the torque at point 5 is larger than the torque at 4, the speed of the motor is nega-
tive at 5.

	 v
5

5
V

2

Kf
2

R
a

(Kf)2
 T

l 
, 0	 (9.16)

Table 9.3 summarizes the general operation of plugging for the example discussed 
in this section.

Operating	 Motor	 Terminal	 Armature				     
	 Point	 Torque	 Voltage	 Current	 Speed	 Field	 E

a
	 Comments

		  →	 →	 →	 →	 →	 →

	 1	 T
l
	 V

1
		  v

1
			   Motor

		  ←	 →	 ←	 →	 →	 →

	 2		  V
2
 , V

1
		  v

2
 5 v

1
			   Generator

			   →		  →	 →	 →

	 3	 0	 V
2
 , V

1
	 0	 v

3
			   No load

		  →	 →	 →		  →

	 4	 T
sc
	 V

2
 , V

1
		  0		  0	 Holding

		  →	 →	 →	 ←	 →	 ←

	 5	 T
l
	 V

2
 , V

1
		  v

5
			   Generator

Table 9.3  Plugging
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▶	 Example 9.3

A dc motor has an armature resistance of 0.5 V, and Kf of 3 Vs. The motor is 
driven by an SCR, full-wave, ac/dc converter. The input to the converter is an ac 
source of 277 V. The motor is used as a prime mover of a forklift. In the upward 
direction, the mechanical load is 100 Nm, and the triggering angle of the converter  
is 20°. In the downward direction, the load torque is 200 Nm. Calculate the triggering 
angle required to keep the downward speed equal in magnitude to the upward speed. 
Assume that the motor current is always continuous.

Solution
The operation of the system is depicted in Figure 9.16. Operating point 1 is for the 
upward motion and 2 is for the downward motion. The nonlinear shape of the charac-
teristics is due to the presence of the converter, as explained in Section 6.1.4.3. Since 
the downward torque is higher than the upward torque, the voltage in the downward 
direction must be less than that in the upward direction to maintain the same magni-
tude of speed.
	 The equation for operating point 1 is

V
eq

1

5 E
a

1

1 R
a 
I

a
1

5 Kfv
1

1 R
a
 
T

up

Kf

where V
eq1

 is given in Equation (6.22).

V
eq

1

5
2V

max

p
 cos a

1
5

2Ï2 3 277
p

 cos(208) 5 234.35 V

The motor speed at point 1 is

v
1

5
234.35

3
2

0.5 3 100

(3)2
5 72.56 radys

n
1

5 693 rpm

v

v v

T T

Figure 9.16  Characteristics of motor in Example 9.3
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For operating point 2,

V
eq2

5
2V

max

p
 cos a

2
5 E

a2
1 R

a 
I

a2
5 2Kfv

1
1 R

a
 
T

down

Kf

2Ï2 3 277
p

 cos(a
2
) 5 23 3 72.56 1

0.5 3 200

3

	 a
2

5 137.7°	 ◀

▶	 Example 9.4

For the motor in Example 9.3, the operator during the upward motion changes the 
triggering angle to keep the motor at holding position. Calculate the triggering angle.

Solution
Point 1 in Figure 9.17 represents the normal operation of the motor. The holding opera-
tion is represented by point 3. The holding position is reached when the load torque is 
equal to the motor torque and the speed of the motor is zero. In this case, E

a3
 5 0, and

V
eq

3

5 R
a
 I

a
3

5
R

a
T

up

Kf

V
eq

3

5
2V

max

p
 cos a

3
5

R
a
T

up

Kf

2Ï2 3 277
p

 cos a
3

5
0.5 3 100

3

	 a
3

5 86.2°	 ◀

9.5.2  Braking by Terminal Voltage Reversal (TVR)
The TVR braking scheme is a method based on reversing the motor terminal voltage. In 
doing so, the motor speed stops abruptly, then reverses its rotation—but only if the field 

Figure 9.17 

T
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265	 9.5  Countercurrent Braking of dc Shunt Motors

current of a dc motor is not reversed. Figure 9.18 shows a schematic of a TVR braking 
circuit. Examine the circuit of Figure 9.18(a). Note the direction of the armature current 
and the polarities of the armature voltage. During the steady-state operation, the polari-
ties of E

a
 are the same as the polarities of the terminal voltage.

Now examine Figure 9.18(b). In this circuit, the polarities of the terminal voltage 
are reversed. Also, the polarities of E

a
 are reversed, and the current I

a
 flows in the oppo-

site direction. Keep in mind that the field current is kept in its original direction. In the 
steady state, since E

a
 reverses its polarities while f is unchanged, the speed of the motor 

reverses its direction.
The characteristics of the motor with different polarities are shown in Figure 9.19. 

If the motor in Figure 9.18(a) operates in the first quadrant, the motor in Figure 9.18(b) 
operates in the third quadrant.

Now assume that the motor is originally running at steady state and is connected as 
shown in Figure 9.18(a). Also, assume that the load torque is bidirectional. The motor in 
this case operates at point 1, shown in Figure 9.20. When the motor’s terminal voltage 
is reversed, the motor eventually operates at point 4 in the steady state. If the reversal of 
the voltage is sudden, the operating point moves first from point 1 to point 2. The speed 
of the motor does not change during this time due to the inertia of the system. The motor 
does not settle at point 2 because the load torque and the motor torque are not equal. The 
motor continues to move until it reaches point 4, which is the new steady-state point.

Ra

Ia

Ra

Ia

Ea Ea

Figure 9.18  Armature circuit for TVR braking

Figure 9.19 

a

b
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While traveling, the motor passes through point 3, where the speed of the motor is 
zero. If the objective of the TVR is to stop the motor, the motor should be disconnected 
electrically at this point and mechanical brakes should be applied. While traveling 
from 2 to 3, the motor operates in the plugging mode. To realize this, turn Figure 9.20 
upside down.

The equations describing operating point 1 are

	 V
1

5 Kfv
1

1 R
a

T
l

Kf
	 (9.17)

	 I
1

5
V

1 
2  E

a
1

R
a

	 (9.18)

When the motor voltage is reversed, the equations at point 2 are

	 V
2

5 2V
1

5 Kfv
1

1 R
a

 

T
2

Kf
	 (9.19)

	 I
2

5
2V

1
2 E

a
1

R
a

	 (9.20)

Keep in mind that T
2
 is a negative value. Note that while E

a1
 5 E

a2
, I

2
 is much larger than 

I
1
 (almost double the starting current) and is flowing in the opposite direction to I

1
. This 

high magnitude of I
2
 can have a damaging effect and must be controlled.

At point 3, the speed is zero and so is E
a3
. The equations of the system at point 3 are

	 2V
1

5 R
a
 

T
3

Kf
	 (9.21)

	 I
3

5
2V

1

R
a

	 (9.22)

Figure 9.20  TVR braking

V

V Tl

–Tl
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267	 9.5  Countercurrent Braking of dc Shunt Motors

The current I
3
 is less than the current in Equation (9.20). However, it is still very large 

and equal to the starting current of the motor without starters. Remember that the start-
ing current without a starter could be damaging to the motor.

The motor operating point at 4 is described by

	 2V
1

5 Kfv
4

1 R
a
 
2T

l

Kf
	 (9.23)

	 I
4

5
2V

1
2 E

a
4

R
a

	 (9.24)

E
a

4

5 Kfv
4

where v
4
 and E

a4
 are negative. Table 9.4 summarizes the general operation of TVR. It is 

assumed in this table that the load torque is bidirectional.
The current I

4
 is equivalent in magnitude to the normal operating current.  

Figure 9.21 is a conceptual graph that shows the armature current of the motor at all 

Figure 9.21  TVR braking current for selected operating points

Operating	 Motor	 Terminal	 Armature				     
	 Point	 Torque	 Voltage	 Current	 Speed	 Field	 E

a
	 Comments

		  →	 →	 →	 →	 →	 →

	 1				    v
1
			   Motor

		  ←	 ←	 ←	 →	 →	 →

	 2				    v
2
 5 v

1
			   Generator

		  ←	 ←	 ←		  →

	 3				    0		  0	 Holding

		  ←	 ←	 ←	 ←	 →	 ←

	 4				    v
4
			   Motor

Table 9.4  Terminal voltage reversal
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four operating points. All currents are per unit with I
1
 serving as the base value. As 

explained earlier, the current at operating point 2 is excessively large and can cause 
permanent damage to the motor; it must be kept within safe limits. One way to do this 
is to simultaneously insert a resistance (braking resistance) in the armature circuit 
when the armature voltage is reversed. The schematic of such a circuit is shown in  
Figure 9.22.

Assume that the contacts of switch S are in the A position while the motor operates 
at point 1. When the switch moves to position B, the terminal voltage of the motor is 
reversed and a braking resistance R

b
 is inserted. Figure 9.23 shows three characteristics 

that describe the operation of the circuit in Figure 9.22. The first is for normal operation 
when the switch contacts are in position A. The second, which has operating point 3,  
is for the case when a braking resistance is inserted and the switch contacts are in posi-
tion B. The third is for the case when the switch contacts are in position B but no brak-
ing resistance is inserted. Note that point 2 in this figure is the same as point 2 in  
Figure 9.20.

Ra

Rb

B

A

Ea

Figure 9.22  Reduction of armature current during TVR braking

Tl

Rb = 

Rb > 

–Tl

Figure 9.23  Effect of braking resistance during TVR braking
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269	 9.5  Countercurrent Braking of dc Shunt Motors

When the braking resistance is applied, the slope of the motor characteristic is 
steeper, and the current at point 3 is smaller than at point 2. The equations of the motor 
at point 3 are

	 2V
1

5 Kfv
1

1 (R
a

1 R
b  

) 

T
3

Kf
	 (9.25)

	 I
3

5
2V

1
2 E

a
1

R
a

1 R
b

	 (9.26)

▶	 Example 9.5

A dc motor has an armature resistance of 1 V, and Kf 5 3 Vs. When the motor’s 
terminal voltage is adjusted to 320 V, the motor speed is 1000 rpm. A TVR braking 
is applied. Calculate the value of the braking resistance that would reduce the maxi-
mum braking current to twice the rated current.

Solution
First, let us find normal operating current.

I
a

5
V

1
2 E

a
1

R
a

5 6 A

The maximum braking current occurs at point 3 in Figure 9.23. The braking current 
is twice the rated current.

I
3
 5 I

b
 5 2 I

a
 5 12 A

At point 3,

I
b

5
2V

1
2 E

a
1

R
a

1 R
b

5
2V

1
2 Kfv

1

R
a

1 R
b

5

2320 2 3 
2p

60
 1000

1 1 R
b

5 12 A

	 R
b

5 51.8 V	 ◀

Another common method for current reduction during TVR braking is to reduce 
the terminal voltage. Figure 9.24 shows the basic concept. Assume that the normal 
operating point is 1. When the terminal voltage of the motor is reversed and the voltage 
magnitude is unchanged, the operating point moves rapidly to point 2, which results in 
an excessive braking current. However, when the voltage is reversed and reduced, the 
operating point is 3. The braking current at 3 is smaller than at point 2. If the voltage 
remains unchanged, the new steady-state operating point is 4.
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Figure 9.25 shows one schematic that can be used to achieve this type of braking. 
When transistors Q

1
 and Q

2
 are triggered, the terminal voltage of the motor has the posi-

tive polarity at the emitter side of Q
1
. If Q

3
 and Q

4
 are triggered, and Q

1
 and Q

2
 are turned 

off, the voltage across the motor has its polarities reversed. The diodes in the figure are 
for freewheeling. To reduce the braking current due to the TVR, transistors Q

3
 and Q

4
 

must be pulse-width modulated to reduce the voltage across the motor terminals.
For an ac source, a TVR braking circuit can be constructed from solid-state switches 

such as SCRs. Such a circuit is shown in Figure 9.26. The SCRs labeled 1 and 2 are 
used in normal operation. SCRs 1 are triggered when terminal A is positive with respect 
to B. SCRs 2 are triggered when terminal B is positive with respect to A. This makes 
terminal C of the motor positive regardless of the polarity of the source voltage. There is 
no need here for freewheeling diodes because the SCRs are naturally commutated, and 
the circuit is a full-wave bridge.

To do the TVR braking, SCRs 3 are turned on when terminal A is positive with 
respect to B. Also, SCRs 4 are triggered when B is positive with respect to A. This 
switching sequence reverses the polarities of the motor (D is positive with respect to C). 
Keep in mind that the triggering angle of SCRs 3 and 4 must be adjusted to reduce the 
voltage across the motor during the TVR braking.

Figure 9.24  Effect of voltage reduction during TVR braking

Tl

V

V < V

V

–Tl

Figure 9.25  TVR braking circuit with dc source

Ia

Ib
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271	 9.5  Countercurrent Braking of dc Shunt Motors

The motor characteristics for the TVR braking circuit of Figure 9.26 are shown in 
Figure 9.27. Here we are assuming that the load torque is bidirectional. The original 
motor operating point is point 1. After SCRs 1 and 2 are commutated and SCRs 3 and 4 
are triggered, the motor moves to point 2. The motor characteristic is mainly in the third 
quadrant, but because of the reduction in the terminal voltage, the characteristics tend 
to extend to the second quadrant. The motor settles at an operating point where the load 
and motor characteristics meet.

▶	 Example 9.6

Consider the circuit in Figure 9.26. Assume that the dc, separately excited motor has 
an armature resistance of 1 V and a field constant Kf 5 3 Vs. The ac voltage source of 
the circuit is 480 V. Assume that the load torque is bidirectional and equal to 120 Nm  
in either direction of rotation. The triggering angle of SCRs 1 and 2 is 30° and the 
current is continuous. A TVR braking is used. Calculate the triggering angle of SCRs 
3 and 4 to reduce the maximum braking current to three times the current before the 
TVR braking is applied. Also assume that the current is continuous during normal 
and braking operations.

Figure 9.26  TVR braking circuit with ac source

A

B

DC

Figure 9.27  TVR braking characteristics using the circuit in Figure 9.26

T–T
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Solution
Let point 1 in Figure 9.27 represent the operating point at which SCRs 1 and 2 are 
triggered. At this point, the motor speed can be obtained from Equation (6.23).

	
2V

max

p
 cos a

1
5 Kfv

1
1 R

a 
I

ave 1
	 (9.27)

I
ave 1

5
T

1

Kf
5

120

3
5 40 A

Substituting I
ave

 
1
 in Equation (9.27) yields

2 Ï2 3 480
p

 cos(30) 5 3v
1

1 40

v
1

5 111.418 radys

n
1

5 1063.96 rpm

At point 2, when SCRs 3 and 4 are triggered, the motor speed is unchanged momen-
tarily. The terminal voltage and the motor current are reversed. The speed equation in 
this case can be written as follows:

V
b

5 Kfv 1 R
a 
I

b

where V
b
 is the braking voltage and I

b
 is the braking current at point 2. The brak-

ing voltage and current are negative in magnitude as compared to the voltage and 
current at point 1. Equation (9.27) can then be modified to reflect these changes as 
follows:

	 2
2V

max

p
 cos a

2
5 Kfv

1
1 R

a 
I

b
	 (9.28)

For I
b
 5 23 I

ave
 
1
,

2
2Ï2 3 480

p
 cos(a

2
) 5 3 3 111.418 2 120

	 a
2

5 119.72°	 ◀

▶	 Example 9.7

Assume that it is necessary to keep the motor at holding after TVR braking is applied. 
Calculate the triggering angle of SCRs 3 and 4.

Solution
To keep the motor at holding, the motor torque must be equal to the load torque at the 
point where the speed is zero. This is shown in Figure 9.28 as point 3. In this case, 
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273	 9.5  Countercurrent Braking of dc Shunt Motors

is equal to the normal current in magnitude but opposite in sign, and the terminal 
voltage is negative.

	 2
2V

max

p
 cos(a

3
) 5 Kfv

3
1 R

a 
I

ave 3
	 (9.29)

2
2Ï2 480

p
 cos(a

3
) 5 240

	 a
3

5 84.69°	 ◀

When TVR braking is used with a gravitational load or any other unidirectional 
load torque, the new steady-state operating point is in the fourth quadrant. Examine  
Figure 9.29. Assume that the original operating point before TVR is point 1. If the 
terminal voltage of the motor is reversed, the operating point moves to point 2 without 
substantial change in speed. Since the motor torque and the load torque at point 2 are not 
equal, the operating point continues moving to 3. At point 3, the motor is momentarily 
at zero speed. The motor continues moving to point 4 due to the mismatch between the 
load and motor torques. At point 4, the motor torque is equal to zero, and the speed of 
the motor is equivalent to the no-load speed expressed by

v
4

5
V

2

R
a

Figure 9.28  Holding by TVR braking

T–T

Figure 9.29  TVR braking of unidirectional load

T

V

V
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where V
2
 is the terminal voltage after TVR is applied, which is a negative value. The 

motor does not settle at point 4, but continues moving to the new steady-state point 5, 
where the load and motor torques are equal. At point 5, the motor speed exceeds the 
no-load speed; this corresponds to regenerative braking when the motor operates at a 
reversed voltage. The motor equations at point 5 are

	 V
2

5 2V
1

5 Kfv
5

1 R
a
 

T
5

Kf
	 (9.30)

I
5

5
2V

1
2 Kfv

5

R
a

Table 9.5 shows the machine variables for the five operating points. Note that during this 
TVR braking, the motor passes through all four quadrants.

▶	 Example 9.8

A dc, separately excited motor has an armature resistance of 0.5 V and a field con-
stant Kf 5 3 Vs. The dc voltage source of the circuit is 200 V. The motor is driving a 
forklift whose torque is 180 Nm. A TVR braking is applied by switching the terminal 
voltage of the motor to a 30 V reversed-polarity dc supply. Calculate the new steady-
state speed and the armature current at the new speed.

Solution
Since the load torque is constant, the new operating point is in the fourth quadrant at 
point 5, as shown in Figure 9.29.

Operating	 Motor	 Terminal	 Armature				     
	 Point	 Torque	 Voltage	 Current	 Speed	 Field	 E

a
	 Comments

		  →	 →	 →	 →	 →	 →

	 1		  V
1
		  v

1
			   Motor

		  ←	 ←	 ←	 →	 →	 →

	 2		  V
2
 5 2V

1
		  v

2
 5 v

1
			   Generator

		  ←	 ←	 ←		  →

	 3		  V
2
		  0		  0	 Holding

			   ←		  ←	 →	 ←

	 4	 0	 V
2
	 0	 v

4
			   No load

		  →	 ←	 →	 ←	 →	 ←

	 5		  V
2
		  v

5
 . v

4
			   Generator

Table 9.5  TVR braking for the case in Figure 9.29
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v
5

5
V

2

Kf
2

R
a

(Kf)2
 T

l

v
5

5
230

3
2

0.5

9
 180 5 220 radys

n
5

5 2190.98 rpm

The current at point 5 is

	 I
5

5
V

2
2 Kfv

5

R
a

5
230 2 3(220)

0.5
5 60 A	 ◀

	 9.6	 Countercurrent Braking of dc Series Motors
The two basic methods for countercurrent braking can also be applied to the series 
motor. The reversal of E

a
 can be achieved by simply adding resistance to the armature 

circuit, as shown in Figure 9.30. The left side of the figure shows the normal operation, 
and the right side shows the countercurrent braking by reversing E

a
. The equation of the 

series motor under this type of braking is

	 E
a
 5 V

t
 2 (R

a
 1 R

b
)I

b
	 (9.31)

where I
b
 is the steady-state armature current after braking, which can be computed by 

Equation (5.20).

I
b

5Î T
l

KC

If the terminal voltage and load torque are constant, E
a
 in Equation (9.31) can become 

negative when the braking resistance R
b
 is large enough. The characteristics of this type 

of braking are given in Figure 9.31. Let point 1 be the original operating point and point 2  
be the new steady-state operating point under countercurrent braking. At point 2, the 
motor operation is described by Equation (9.31).

Rf

Ra

Vt

I

v

Rf

Ra

Vt

Ib

Rb

v

Ea Ea

Figure 9.30  Countercurrent braking by reversing E
a
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TVR braking can also be implemented for the series motor. The idea of the 
TVR braking is to reverse the source voltage while maintaining the field in its origi-
nal direction. For a series motor, however, the reversal of the supply voltage leads 
to the reversal of the armature current, which in turn reverses the field. To pre-
vent the field from being reversed, the circuit in Figure 9.32 can be implemented. 
In normal operation, the switch S is at position A, and transistors Q

1
 and Q

2
 are 

closed. Diode D
1
 is not conducting and diode D

2
 is conducting. D

2
 shorts the brak-

ing resistance during normal motor operation. To apply TVR braking, the switch S 
changes its position to B. At the same time, Q

1
 and Q

2
 are turned off, and transistors  

A B

Rf

Ra

Rb

V1 V2

Ea

Figure 9.32  TVR braking circuit for series motor

Tl

Ra + Rb

Ra 

Figure 9.31  Characteristics of countercurrent braking of series motor by reversing E
a
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Q
3
 and Q

4
 are turned on, which allows the field current to remain in its original 

direction, and the armature current to reverse its flow. Diode D
1
 does not allow 

the current in the field circuit to be interrupted while the transistors are switching. 
Diode D

2
 is now in its reverse conduction and allows the braking current to flow in 

the braking resistance.
The characteristics of the circuit in Figure 9.32 are shown in Figure 9.33. Assume 

that the original operating point of the motor is point 1. When the TVR is imple-
mented as we have described, the operating point moves to 2. Note that the origi-
nal characteristic is in the first quadrant only, while the TVR characteristic is in the 
third and second. This is because of the presence of the braking resistance during the  
TVR braking.

After the motor reaches point 2, it moves to point 3, which is at zero speed. The 
motor should be disconnected electrically at this point. If the load torque is unidirec-
tional, the motor cannot produce a torque that meets the load demand. There is no oper-
ating point at which the motor torque matches the load torque.

	 9.7	 Regenerative Braking of BLDC Motors
As with the conventional separately excited dc motor, the BLDC motor can operate 
under regenerative braking if its E

a
 increases to values higher than the source voltages. 

Consider the speed-torque and back emf equations given in Chapter 5 for the BLDC 
machine.

	 v 5
V

t

Kf
2

T
d

3(Kf)2
 R

a
	 (9.32)

v 5 v
0

2 Dv

	 E
a

5 Kfv	 (9.33)

Keep in mind that the field of the BLDC motor is permanent magnet. Hence, when the 
torque decreases, the speed increases, which causes E

a

Figure 9.33  Characteristics of TVR braking for series motor

T

V

V
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When the torque is zero, the speed of the machine is the no-load speed (v
0
). At this 

point, E
a
 5 V

t
. If the torque is reversed, Dv becomes negative, which causes the speed 

of the motor to exceed its no-load speed (v
0
). In this case, E

a
 . V

t
. 

When the torque is reversed, the current is reversed as well since

	 T
d

5 3Kf I
a
	 (9.34) 

Because the torque is reversed and the speed didn’t reverse its rotation, the BLDC is 
operating as a generator in the second quadrant of the speed-torque characteristics. The 
machine is now delivering energy to the dc source.

9.7.1  Regenerative Braking of Unipolar BLDC
One of the regenerative braking techniques is to disable the switching of the transistors 
(Q

1
, Q

2
, and Q

3
) as in Figure 5.14. Thus, only the freewheeling diodes are active, as 

shown in Figure 9.34.
The waveforms of the unipolar BLDC machine during regenerative braking is 

shown in Figure 9.35. The three windings of the machine produce ac voltage waveforms 
v

1
, v

2
, and v

3
. When any of the three voltages exceed the dc voltage of the source, the cur-

rent flows back to the dc source. For winding 1, when v
1
 5 V

dc
 at a, the diode D

1
 starts 

conducting and the current i
1
 flows to source. At b, v

1
 starts falling belowV

dc
, causing 

the diode D
1
 to commutate and the current i

1
 to stop flowing. This process is repeated 

for the other two windings.
The current i

1
 between a and b is a function of v

1
, V

dc
, and R

a
.

	 i
1

5
v

1
2 V

dc

R
a

	 (9.35) 

Figure 9.34 

i

i

i

V

P

P

P

S

N

n
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The power delivered to the source is the dc component of this current multiplied by the 
dc voltage of the source. The dc component of the current is the average value of the 
current in Equation (9.35) as well as the currents in the other two phases.

I
ave

5
3

2p#
b

a

i
1

 dvt

I
ave

5
3

2p
 #

b

a

 
v

1
2 V

dc

R
a

 dvt

	 I
ave

5
3

2pR
a

 3 #
b

a

V
max

 sin vt dvt 2 V
dc

(b 2 a)4	 (9.36) 

Hence, the average current is

	 I
ave

5
3

2p R
a

 fV
max

(cos (a) 2  cos (b)) 2 V
dc

(b 2 a)g	 (9.37) 

Consider the circuit at a when the voltage v
1
(a) is equal to the dc voltage of the source.

v
1
(a) 5 V

dc

V
max

 sin a 5 V
dc

	 a 5 sin21
V

dc

V
max

	 (9.38)

V

v

i i i

v v

vt

vt

a b

a b

Figure 9.35  Voltage and current waveforms of unipolar BLDC machine during regen-
erative braking
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Because of the symmetry of the ac waveform, the commutation angle b is

	 b 5 p 2 a	 (9.39) 

Substituting the value of b in Equation (9.39) into Equation (9.37) yields

	 I
ave

5
3

2pR
a

 f2V
max

 cos (a) 2 V
dc

(p 2 2a)g	 (9.40) 

Hence the power delivered to the source is

	 P 5 I
ave

V
dc

5
3V

dc

2pR
a

 f2V
max

 cos (a) 2 V
dc

(p 2 2a)g	 (9.41) 

▶	 Example 9.9

A unipolar BLDC motor with kf 5  1.0 Vs is running at 2000 rpm when the termi-
nal voltage V

t
 is 210 V. The armature resistance of the motor is 0.5 V. With the load 

torque reversed, compute the regenerative power delivered to the dc source.

Solution
Compute the load torque using Equation (9.32).

v 5
V

t

Kf
2

T
d

3(Kf)2
 R

a

2p

60
3 2000 5

210

1
2

T
d

3
3 0.5

T
d

5 3.363 Nm

Compute the average current during regenerative braking.

T
d

 5  Kf I
ave

I
ave

5
T

d

Kf
 5  

3.363

1
 5  3.363

The power delivered to the source during regenerative braking is

	 P 5 I
ave

V
dc

5 3.363 3 210 5 706.23 W	 ◀

9.7.2  Regenerative Braking of Bipolar BLDC
A similar analysis can be obtained for the bipolar BLDC machine. If all transistors are 
not triggered during regenerative braking, the power electronic circuit is composed of 
only diodes, as shown in Figure 9.36. The figure shows the flow of the current when  
v

12
 . V

dc
. The current i

12
 in the figure is the current that leaves winding 1 going through 
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are shown in Figure 9.37. Because the configuration is a full-wave, three-phase ac/
dc circuit, there are six current pulses in one cycle as given in Section 3.11. The case 
in the figure is for discontinuous current, which occurs when the dc voltage is high.  
Thus, a . 608.

The current i
12

 passes through the armature resistances of windings 1 and 2. Thus, 

	 i
12

5
v

12
2 V

dc

2R
a

	 (9.42) 

i

i

i

i

V P2

P1

P3

S

N

Figure 9.36  Bipolar BLDC motor circuit during regenerative braking

V

i i i i i i

vt

vt

v v v

vvv

a b

Figure 9.37 
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The average current of this full-wave, three-winding circuit is

I
ave

5
6

2p
 #

b

a

i
12

 dvt

I
ave

5
6

2p
 #

b

a

 

v
12

2 V
dc

2R
a

 dvt

	 I
ave

5
3

2pR
a
3#

b

a

V
l max

 sin vt dvt 2 V
dc

(b 2 a)4	 (9.43) 

Where V
l max

 is the line-to-line peak voltage. Hence, the average current is

	 I
ave

5
3

2pR
a

 fV
l max

(cos (a) 2  cos (b)) 2 V
dc

(b 2 a)g	 (9.44) 

The commutation angle b is a function of a, as given in Equation (9.39). Hence,

	 I
ave

5
3

2pR
a

 f2V
l max

 cos (a) 2 V
dc

(p 2 2a)g	 (9.45) 

The power delivered to the source is

	 P 5 I
ave

V
dc

5
3V

dc

2pR
a

 f2V
l max

 cos (a) 2 V
dc

(p 2 2a)g	 (9.46) 

Since the armature current is directly proportional to the load torque T
d
, I

ave
 in the steady 

state is determined by the load torque only. Hence,

	 I
ave

5
T

d

kf
5

3

2pR
a

 f2V
l max

 cos (a) 2 V
dc

(p 2 2a)g	 (9.47) 

▶	 Example 9.10

A bipolar BLDC motor with kf 5  1.0 Vs is running at regenerative braking mode. 
The dc voltage source is 200 V. The armature resistance of the motor is 0.5 V. If the 
diode starts conducting at 708, compute the load torque.

Solution
At a,

V
l max 

sin a 5 V
dc

Hence,

V
l max

5
V

dc

 sin a
5

200

 sin 70o
5 212.84 V
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283	 9.7  Regenerative Braking of BLDC Motors

Use Equation (9.47) to compute the torque.

T
d

5
3kf

2pR
a

 f2V
l max

cos(a) 2 V
dc

(p 2 2a)g

	 T
d

5
3 3 1.0

2p 3 0.5
 f2 3 212.84 3 cos(70o) 2 V

dc
(p 2 140o)g 5  5.7 Nm	 ◀

When regenerative braking is delivering a large amount of energy to the dc source, 
the current tends to be continuous, as shown in Figure 9.38. In this case, a 5 60o and 
b 5 120o. The average current in this case can also be computed from Equation (9.44).

I
ave

5
3

2pR
a

 f2V
l max

 cos (a) 2 V
dc

(b 2 a)g

I
ave

5
3

2pR
a
32V

l max
 cos (60o) 2 V

dcSp

3D4
	 I

ave
5

3

2p R
a

 3V
l max

2
p

3
V

dc4	 (9.48) 

The rms current I in each winding can be computed as

	 I
12

5Î1
p

 #
b

a
Sv

12
2 V

dc

2R
a

D2

dvt	 (9.49) 

V

i i i i i i

vt

vt

v v v

vvv

a b

Figure 9.38 
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I
12

5
1

2R
a

Î1
p

 #
b

a

(v
12

2 V
dc

)2
 dvt 5

1

2R
a

Î1
p

 #
b

a

(v2
12

2 2v
12

V
dc

1 V 
2
dc

) dvt

I
12

5
1

2R
a

Î1
p3#

b

a

V 
2
l max

 sin2 vt dvt 2 2#
b

a

V
l max

 V
dc

 sin vt dvt 1 V 
2
dc

(b 2 a)g

	 I
12

5
V

l max

2R
a

Î1
p3g

2
2

1

2
 (sin vt cos vt ub

a
) 2 2

V
dc

V
l max

 (cos a 2  cos b) 1 g1 V
dc

V
l max

2
2

4	 (9.50)

where

g 5 b 2 a 5
p

3
; the conduction period 

a 5
p

3

b 5
2p

3

Hence,

I
12

5
V

l max

2R
a

Î1
p3p

6
1

Ï3

4
2 2 

V
dc

V
l max

1
p

3
 S V

dc

V
l max

D24

	 I
12

5
V

l max

2R
a

Î0.3045 2
2
pS V

dc

V
l max

D 1
1

3
 S V

dc

V
l max

D2

	 (9.51) 

▶	 Example 9.11

A bipolar BLDC motor with kf 5 1.0 Vs is running at regenerative braking mode. The 
average armature current during braking is 40 A. The voltage of the dc source is 200 V,  
and the armature resistance of the motor is 0.5 V. Compute the speed of the motor.

Solution
To compute the speed of the motor, we need to compute the developed power. The 
developed power can be computed if the power delivered to the source and the losses 
in the windings are known. The losses are computed by using the rms current and 
armature resistance. To compute the rms current, we need to compute V

l max
 from 

Equation (9.48).

I
ave

5
3

2pR
a

 3V
l max

2
p

3
V

dc4
	 V

l max
5

2pR
a

3
 I

ave
1

p

3
V

dc
5

p

3
3 40 1

p
3 200 5 251.33 V
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The rms current can be computed from Equation (9.51).

I
12

5
V

l max

2R
a
Î0.3045 2

2
p

 S V
dc

V
l max

D 1
1

3
 S V

dc

V
l max

D2

I
12

 5  251.33 Î0.3045 2
2
pS 200

251.33D 1
1

3S 200

251.33D2

5  23.82 A

While computing the losses, keep in mind that every pulse of current passes  
through 2R

a
.

P
loss

5 3I 

2
12

(2R
a
) 5 3(23.82)2

 3 1 5 1702 kW

The developed power is the power delivered to the dc source plus the losses.

P
d

 5 V
dc

 I
ave

1 P
loss

5 200 3 40 1 1702 5 9702

The developed torque of the machine is

T
d

 5  kf I
ave

5 40 Nm

Hence the speed of the machine is

	 v 5  

P
d

T
d

 5  

9702

40
 5  242.55 

rad
s

 5 2316.2 rpm	 ◀

	 9.8	 Dynamic Braking of BLDC Motors
Dynamic braking can be accomplished by the circuit in Figure 9.39. In the figure, the 
triggering of the solid-state switches of the converter is disabled. A toggle switch (SW), 
which is either mechanical or solid state, switches the circuit from position A for normal 
motor operation to position B for dynamic braking.

i

i

i

i

V P2

P1

P3

S

Nb

Figure 9.39  Dynamic braking of bipolar BLDC machine
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The waveforms of the circuit are shown in Figure 9.40. Because the source  
voltage V

dc
 is disconnected from the circuit, the current will always be continuous. The 

magnitude of the current when SW moves to point B can be computed as

	 i
12

5
v

12

2R
a

1 R
b

	 (9.52) 

where R
b
 is the braking resistance that limits the magnitude of the braking current and 

controls the time it takes to stop the machine.
The average current going through the braking resistance is due to the currents in 

all windings.

I
ave

5
6

2p
 #

b

a

i
12

 dvt

I
ave

5
3
p

 #
b

a

v
12

2R
a

1 R
b

 dvt

	 I
ave

5
3

p(2R
a

1 R
b
)

 #
b

a

V
l max

 sin vt dvt	 (9.53)

where V
l max

 is the line-to-line peak voltage. Hence, the average current is

	 I
ave

5
3V

l max

p(2R
a

1 R
b
)

 (cos (a) 2  cos (b))	 (9.54)

i i i i i i

vt

vt

v v v

vvv

a b

Figure 9.40  Waveforms of the circuit in Figure 9.39
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287	 9.8  Dynamic Braking of BLDC Motors

Because the circuit is composed of just diodes, a 5 608 and b 5 1208. Hence,

	 I
ave

5
3V

l max

p(2R
a

1 R
b
)
	 (9.55)

▶	 Example 9.12

A bipolar BLDC motor with kf 5  1.0 Vs is running at 500 rpm when the modula-
tion factor is 60%. The voltage of the dc source is 200 V, and the armature resistance 
of the motor is 1.0 V. Compute the dynamic braking resistance that would limit the 
braking current to 120% of the pre-braking condition.

Solution
The first step is to compute the terminal voltage V

t
. Equation (5.40) gives the rms 

phase value of this voltage.

V
t
5

Ï2

3
 m

f
V

dc
5

Ï2

3
3 0.6 3 200 5 56.57 V

Next, compute the armature current before braking.

v 5
V

t

Kf
2

I
a

3Kf
 R

a

2p

60
3 500 5

56.57

1
2

I
a

3
3 1.0

I
a

5 12.63 A

To compute V
1 max

, we need to compute the rms value of the phase voltage E
a

E
a

5 V
t
2 R

a
I

a
5 56.57 2 12.63 5 43.94 V

V
l max

 is the peak value of the line-to-line back emf E
a
.

V
l max

 5  Ï3 Ï2 E
a

 5  107.63 V

During dynamic braking, the phase value of the braking current is

I
b

1

 5  1.2 I
a

 5  15.16 A

For the three windings, the braking current is

I
b

 5  3I
b

1

5 45.48 A

Now use Equation (9.55) to compute the braking resistance.

I
b

5 I
ave

5
3V

l max

p(2R
a

1 R
b
)

	 R
b

5
3V

l max

pI
b

2 2R
a

5
3 3 107.63

45.48p
2 2 5 0.26 V	 ◀
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	 9.9	 Countercurrent Braking of BLDC Motors
As with the conventional dc machines, countercurrent braking for the BLDC machine 
has two forms: plugging and sequence reversal (SR). The plugging is suitable for gravi-
tational loads and can be done by either inserting a resistance in the armature circuit or 
reducing the terminal voltage of the machine. With the advances in power electronics, 
the latter method is the one that is currently used. The SR method is suitable for any type 
of load torque (gravitational or reversal).

9.9.1  Plugging of BLDC Motors
We can rewrite Equation (9.32) after we substitute the value of the terminal voltage 
given in Equation (5.40).

v 5
V

t

Kf
2

T
d

3(Kf)2
 R

a

	 V
t
5

Ï2

3
m

f
V

dc
	 (9.56)

Hence, the speed-torque equation can be written as

	 v 5
Ï2

3
 m

f

V
dc

Kf
2

T
d

3(Kf)2
 R

a
	 (9.57) 

The speed-torque characteristics of the BLDC machine based on Equation (9.57) are 
shown in Figure 9.41. For a given unidirectional load torque, the speed of the machine 
can be controlled by changing the modulation factor m

f
 . When the machine operates at 

point 1 in the figure, it is running as a motor. When the modulation factor is reduced 
to such a value that stops the rotation, point 2, the motor is under a holding condition. 
When the modulation factor is further reduced, point 3, the machine reverses its rotation 
and acts as a generator. 

Td

mf
mf . mf . mf

mf

mf

Figure 9.41  Plugging of BLDC machine
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289	 9.9  Countercurrent Braking of BLDC Motors

▶	 Example 9.13

A bipolar BLDC motor is used to drive an elevator. The voltage of the dc source 
is 400 V, the armature resistance of the motor is 1.0 V, and its kf 5  1.0 Vs. At a 
modulation factor of 100%, the motor is running at 500 rpm. Compute the value 
of the modulation factor that keeps the machine at holding state. Also, compute 
the modulation factor that causes the machine to rotate at 200 rpm in the reverse 
direction.

Solution
The first step is to compute the gravitational torque by using Equation (9.57).

v 5
Ï2

3
 m

f
1

V
dc

Kf
2

T
d

3(Kf)2
R

a

2p

60
3 500 5

Ï2

3
3 400 2

T
d

3

T
d

 5  408.6 Nm

To compute the modulation factor for the holding position, set the speed to zero in 
Equation (9.57).

0 5
Ï2

3
  m

f
2

3 400 2
408.6

3

m
f
 5  0.722

For the reverse speed,

2
2p

60
3 200 5

Ï2

3
3 400 m

f
3

2
408.6

3

	 m
f
3

5 0.611	 ◀

9.9.2  Sequence Reversal of BLDC Motors
The sequence reversal is done by swapping the triggering signals of two legs in the 
switching circuit in Figure 5.17. For example, when the triggering signals of Q

1
 and 

Q
4
 are swapped with the triggering signals of Q

3
 and Q

6
, the sequence becomes 1, 3, 

2 instead of 1, 2, 3. This way, the magnetic field in the airgap reverses its rotation and 
the rotor follows the new direction of the magnetic field. The impact of the sequence 
reversal is the same as if we reverse the polarities of the terminal voltage for brush-
type dc motors. In the steady-state condition, as shown in Figure 9.42, the machine 
operates in either quadrant 3 or 4 depending on the type of load torque: if the torque 
is unidirectional, the operating quadrant is 4; if the torque is reversible, the operating 
quadrant is 3.
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The speed-torque equation for operating points 2 or 3 in the figure is

	 v 5 2
V

t

Kf
2

T
d

3(Kf)2
 R

a
5 2

Ï2

3
 m

f
 
V

dc

Kf
2

T
d

3(Kf)2
 R

a
	 (9.58) 

where T
d
 5 T

d2
 for operating point 2 and T

d
 5 T

d3
 for operating point 3. Keep in mind 

that T
d2
 is a negative quantity as it is reversed torque.

▶	 Example 9.14

For the machine in Example 9.13, compute the value of the modulation factor that 
rotates the motor at 2000 rpm in the reverse direction due to reverse sequence braking.

Solution
In Example 9.13, the load torque is 408.6 Nm. 

To compute the modulation factor for 2500 rpm, use Equation (9.58).

22000 

2p

60
 5 2

Ï2

3
  m

f
2

 3 400 2
408.6

3

	 m
f
5 0.388	 ◀

CHAPTER 9 P roblems

	 9.1	 �A 23 hp, dc shunt motor is running at 1000 rpm when the armature voltage is 
600 V. The armature resistance of the motor is 0.8 V, and the field resistance is 
900 V. The efficiency of the motor at full load is 92%.

a.	 Calculate the value of the resistance of the dynamic braking at full load. The 

Td Td

Figure 9.42  Reverse sequence of BLDC machine
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b.	 If the motor operates in regenerative braking at a speed of 1100 rpm, calcu-
late the line current.

c.	 Design a circuit for countercurrent braking (by reversing the supply voltage) 
so that the line current will not exceed 120% of the rated value.

	 9.2	 �A 16 kW, 220 V, dc series motor has its armature current equal to 86 A when 
the motor speed is 600 rpm. The armature resistance of the motor is 0.198 V, 
and the field resistance is 0.1 V. The motor voltage can be adjusted by means 
of solid-state devices. The motor is to be used to lower a load by countercurrent 
braking (reversing E

a
) at an armature current of double the rated value, and at a 

speed of 10 rpm. Determine the terminal voltage required for this operation.

	 9.3	 �A 220 V, dc series motor has an armature current of 86 A, armature resistance 
of 0.2 V, and a field resistance of 0.1 V. The terminal voltage of the motor can 
be adjusted by means of solid-state devices. Ignore the field saturation.

a.	 When the motor runs at 600 rpm, the armature current is 20 A. A 0.1 V 
resistance is added in shunt to the field windings. If the load torque remains 
constant, calculate the speed of the motor.

b.	 The resistance in shunt of the field windings is removed. The motor is used 
to lower the same mechanical torque described in (a) by a countercurrent 
braking method. The desired speed in the countercurrent braking is 10 rpm. 
The braking current is twice the rated value. Calculate the armature voltage 
of the motor.

	 9.4	 �A dc, separately excited motor is driving an elevator. At a load torque of  
300 Nm, the motor speed is 100 rpm. The motor terminal voltage is 210 V,  
and the field constant Kf is 3 Vs.

a.	 If the terminal voltage is reversed and reduced to 90 V, calculate the steady-
state speed of the motor.

b.	 Calculate the terminal voltage required to block (stop) the rotor.
c.	 Sketch the speed-torque characteristics and show all operating conditions.

	 9.5	 �A dc, separately excited motor is used in a forklift. The motor is driven by a 
full-wave, ac/dc converter. The voltage on the ac side is 120 V (rms). The field 
constant of the motor Kf 5 3 Vs. The armature current is continuous under 
loading conditions. At a load torque of 300 Nm and triggering angle of 40°, the 
motor speed is 100 rpm.

a.	 Calculate the triggering angle required to block (stop) the motor.
b.	 Calculate the average voltage across the motor terminals if the triggering 

angle increases to 120°. 
c.	 Calculate the new speed of the motor at the condition described in part (b).
d.	 Sketch the speed-torque characteristics and show all the operating 

conditions.

	 9.6	 �A 150 V, dc, separately excited motor is used to lift material. The motor has 
an armature resistance of 1 V, and Kf 5 3 Vs. The load torque is 9 Nm. The 
armature voltage of the motor is controlled by a single-phase, full-wave, ac/
dc solid-state converter employing SCRs. The voltage on the ac side of the 

CHAPTER 9  Problems 
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converter is 120 V (rms). The triggering angle of the SCRs is 30° when the 
motor is lifting up the load. Calculate the motor speed. Also calculate the trig-
gering angle required to lower the same load at the same speed.

	 9.7	 �A 250 V, 500 rpm, dc, separately excited motor is driving a constant-load 
torque. The motor has a field constant Kf 5 4 Vs and an armature resistance of 
1 V. Ignore the frictional losses.

a.	 Calculate the full-load torque.
b.	 Determine the terminal voltage required to block (stop) the motor.
c.	 Determine the terminal voltage needed to rotate the motor at 100 rpm in the 

reverse direction.
d.	 Calculate the motor speed while the motor is operating at the conditions of 

part (c), and the polarities of the terminal voltage are reversed.
e.	 Sketch the speed-torque characteristics and show all the operating 

conditions.

	 9.8	 �A 240 V, 70 rad/s, dc, separately excited motor has a field constant Kf 5 3 Vs  
and an armature resistance of 1 V.

a.	 Calculate the dynamic braking resistance that will not allow the braking cur-
rent to be larger than twice the rated value.

b.	 If the motor drives a constant-torque load of 60 Nm, determine the new 
steady-state speed and the current after the dynamic braking is applied.

	 9.9	 �A dc, separately excited motor is driven by a full-wave, SCR, ac/dc converter. 
The voltage on the ac side is 120 V (rms). The field constant of the motor  
Kf 5 3 Vs. At a load torque of 300 Nm and triggering angle of 40°, the motor 
speed is 100 rpm, and the armature current is continuous.

a.	 The polarities of the terminal voltage of the motor (armature voltage) are 
reversed, and the triggering angle is simultaneously changed. Assume that 
the load torque is also reversed and is equal to 300 Nm. Calculate the trigger-
ing angle that stops the motor and keeps it at the holding position. Assume 
that the current is still continuous.

b.	 Sketch the speed-torque characteristics and indicate the steady-state operat-
ing points before and after polarity reversal.

	9.10	 �A dc, separately excited motor has an armature resistance of 1 V and field con-
stant Kf 5 3 Vs. The motor is driven by a full-wave, ac/dc, SCR circuit. The 
triggering angle of the SCRs is 30°. The voltage on the ac side is 277 V (rms). 
The motor load is bidirectional and equals 120 Nm at steady state, regardless of 
the direction of rotation. A countercurrent braking is implemented by revers-
ing the polarities of the motor terminals. The triggering angle of the SCRs is 
adjusted so that the maximum braking current is twice the steady-state value. 
Calculate the new steady-state speed.

	9.11	 A BLDC motor with 3 Nm torque is running at 2000 rpm as a motor when its 
terminal voltage is 210 V. The armature resistance of the motor is 1.0 V. When 
the load torque is reversed and its magnitude increases by 20%, compute the 
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regenerative power delivered to the dc source and the speed of the machine dur-
ing regenerative braking.

	9.12	 A bipolar BLDC motor with kf 5 1.0 Vs is running at regenerative braking 
mode. The dc voltage source is 200 V. The armature resistance of the motor is 
0.5 V. The measured current is 10 A and is continuous. Compute the rms volt-
age induced in each winding.

	9.13	 A bipolar BLDC motor with kf 5 1.0 Vs is running at regenerative braking 
mode. The dc voltage source is 180 V. The armature resistance of the motor is 
1.0 V. The measured current is 10 A and is continuous. Compute the developed 
torque, the power delivered to the source, and the speed of the machine.

	9.14	 A bipolar BLDC motor with kf 5 1.0 Vs is running at 500 rpm when the 
modulation factor is 80% and the load torque is 30 Nm. The voltage of the dc 
source is 200 V, and the armature resistance of the motor is 1.0 V. Compute the 
dynamic braking resistance that would limit the braking current to 160% of the 
pre-braking condition. If the torque is unidirectional, compute the steady-state 
speed of the motor.

	9.15	 A bipolar BLDC motor is used to drive a unidirectional torque of 300 Nm. The 
voltage of the dc source is 400 V, kf 5 1.0 Vs, and the armature resistance of 
the motor is 1.0 V. Compute the modulation factor for the following cases:

a.	 Motor operation at 600 rpm
b.	 Holding
c.	 Plugging at 300 rpm in the reverse direction

		  Also, compute the armature current in all of the above cases.

	9.16	 A bipolar BLDC motor is used to drive a reversible torque. The voltage of the  
dc source is 400 V, kf 5 1.0 Vs, and the armature resistance of the motor is  
1.0 V. At a modulation factor of 100%, the motor is running at 500 rpm. Compute 
the modulation factor that rotates the machine at 100 rpm.
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10

Braking of Induction 
Motors

Electrical braking is used to maintain the speed of the motor at a certain range with-
out overspeeding, to stop the motor, or to hold the motor at a specific rotor position. 
If no form of braking is applied, the motor stops only when the kinetic energy stored 
in its rotating mass is dissipated due to friction and windage losses. For larger motors 
with good bearing systems, this could take a long time. If faster braking is needed, the 
kinetic energy must be dissipated much faster through other means, as described in  
Chapters 8 and 9.

The basic types of braking discussed in Chapter 9 for dc motors are also applicable 
to induction motors. The principles are the same for regenerative, dynamic, or counter-
current braking, but the implementation is different due to the difference in topology 
and the principles of rotation. Although more involved, the braking of the induction 
motor is less stressful than that of dc motors in terms of transients.

	10.1	 Regenerative Braking
Regenerative braking occurs when the motor speed exceeds the no load speed. This 
may happen when the load torque drives the electric motor beyond its no load speed. In 
this case, the load is the source of energy, and the induction machine is converting the 
mechanical power into electrical power, which is delivered back to the electrical system.

The induction machine may operate in the first or second quadrant (as motor or 
generator). An example is shown in Figure 10.1. In this example, the load torque is 
considered constant but reversible. The reference operating point 1 represents a motor 
operation where the motor speed is less than the synchronous speed. When the load 
torque changes its direction from T

1
 to T

2
, the motor operates in the second quadrant, 

and the speed of the motor exceeds its synchronous speed. Keep in mind that the motor 
still rotates in its original direction.

Another example of regenerative braking is shown in Figure 10.2. The figure shows 
two characteristics for two different values of v/f control. The v/f control is used to 
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295	 10.1  Regenerative Braking

regulate the speed of the motor, as discussed in Chapter 7. The load torque is assumed 
to be constant and unidirectional, and the original operating point is 1. If v/f control is 
applied to reduce the speed of the motor, the operating point moves to 2 and eventually 
settles at point 3 in the first quadrant. However, during the transition from point 2 to 
point 3, the motor operates in the second quadrant under regenerative braking.

▶	 Example 10.1

A 208 V, six-pole, three-phase, Y-connected induction motor has the following 
parameters:

R
1

5 0.6 V    R
2
9 5 0.4 V    X

eq
5 5 V

The motor is loaded by a 30 Nm bidirectional constant torque. If the load torque is 
reversed, calculate the following:

a.	 Motor speed

b.	 Power delivered to the electrical supply

Solution
a.	 �When the torque is reversed, the motor operates in the second quadrant at point 

2 as shown in Figure 10.1. We can calculate the new speed by using the torque 
Equation (10.1) or the small-slip approximation given in Equation (5.75).

T
d

5
V 

2 s

v
s 
R

2
9

230 5
2082s

2p 
1200

60
 0.4

s 5 20.035

Figure 10.1  Regenerative braking of 
reversible loads

T T

Figure 10.2  Regenerative braking dur-
ing speed control of a unidirectional load 
torque

T

f V

f V
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	 The regenerative speed n is

n 5 n
s
(1 2 s) 5 1200(1 1 0.035) 5 1242 rpm

b.	 To calculate the electrical power, we need to subtract the winding losses (electrical 
losses) from the developed power since the machine is operating as a generator.

P
d

5 T
d 
v 5 (30)2p 

1242

60
5 3.902 kW

�To calculate the winding losses, we need to compute the current at point 2.

P
d

5 3(I
2
9)2  

R
2
9

s
 (1 2 s)

23902 5 3(I
2
9)2 

0.4

20.035
 (1 1 0.035)

I
2
9 5 210.5 A

	� The negative sign indicates that the current is in the reverse direction with respect 
to the current at point 1.

	� The winding losses P
loss

 are

P
loss

5 3(I
2
9)2(R

1
1 R

2
9) 5 330 W

	� The power delivered to the electrical source P
ds

 is

	 P
ds

5 3902 2 330 5 3.572 kW	 ◀

Wind generators using induction machines are good examples of regenerative 
braking. These wind-generating machines are very popular and widely used in wind 
farms. The photo in Figure 10.3 shows a wind farm located at Tehachapi near Los  

Figure 10.3 
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297	 10.1  Regenerative Braking

Angeles, California. Induction machines are popular in wind applications because they 
are ideally suited for variable-power-profile applications. Unlike the synchronous or 
dc machines, induction machines can be automatically synchronized with the external 
power system.

The basic components of a wind generator system are shown in Figure 10.4. 
There are several design variations for the wind machine, but the horizontal design 
in the figure is the most common. It consists of a housing box mounted on top of 
a tower, which contains the induction machine, a gearbox, and the rotating blades. 
The high-speed shaft of the gearbox is connected to the induction machine, and the 
low-speed shaft is connected to the rotating blades. At moderate wind speed (called 
cut-in speed), the gearbox is designed to rotate the high-speed shaft near the no load 
speed of the induction machine. If the wind speed increases beyond the cut-in speed, 
the induction machine rotates at a speed higher than its no load speed. This is the 
regenerative braking operation. The housing box can swivel at the top of the tower 
to point the blades at the direction of maximum wind effects. When the wind speed 
becomes excessive, the blades can be locked to prevent any mechanical damage to 
the system.

Wind turbines have various designs and configurations. Engineers have classified 
them into five types according to their components and modes of operation. Types 1 
through 3 normally use induction machines.

10.1.1  Type 1 Wind Turbine System
Regenerative braking can be explained using Figure 10.5 and the torque equation (5.72) 
given in Chapter 5.

	 T
d

5
V 

2 R
2
9

sv
s3SR

1
1

R
2
9

s D2

1 X 

2
eq4

	 (10.1)

Figure 10.4  Wind-generating system
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Chapter 10  Braking of Induction Motors298

The voltage V is a line-to-line quantity, and T
d
 is the developed torque for the three 

phases. Figure 10.5 is a graph representing Equation (10.1) but is expanded to include 
negative slip, which yields an electric torque in the second quadrant. The negative slip 
occurs when the speed of the machine exceeds the synchronous speed.

s 5
n

s
2 n

n
s

Since the torque of the machine is negative during regenerative braking, but the direc-
tion of rotation of the machine is the same as that in the first quadrant, the flow of power 
is reversed. The mechanical power is the source of energy and is converted to electrical 
power by the machine. This electrical power is delivered to the electrical system, and the 
machine is acting as generator.

The induction machine of the wind system is designed to operate at regenerative 
braking only (second quadrant). When the wind speed is low so that the rotor speed is 
near or below the synchronous speed, the blades are locked and the machine is discon-
nected from the electrical supply to prevent the machine from running as a motor.

When used in wind applications, induction machines demand a significant 
amount of reactive power from the utility system, mainly because they do not have 
their own field circuit. When used in the regenerative mode, the induction machine 
consumes reactive power from the system while delivering real power. In some cases, 
the amount of reactive power consumed exceeds the amount of real power gener-
ated. This reactive power is also dependent on the speed of the machine, which can 
be explained by using the equivalent circuit of Figure 5.35(b). The inductive reactive 
power Q is consumed in the magnetizing inductive reactance X

m
 and the equivalent 

winding reactance X
eq

.

Q 5
V 

2

X
m

1 3(I
2
9)2 X

eq

	 Q 5 V 
23

1

X
m

1
X

eq

SR
1

1
R

2
9

s D2

1 X 2 4	 (10.2)

s

s

s

Figure 10.5  Regenerative braking of induction machines
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299	 10.1  Regenerative Braking

where V is the line-to-line voltage. The reactive power in Equation (10.2) is plotted in 
Figure 10.6. Q is at its minimum value at synchronous speed but is almost linearly pro-
portional to speed when n . n

s
. In Type 1 and 2 wind farms when a large number of 

induction machines are producing energy, the reactive power demand is excessive and 
could lead to poor voltage regulations, especially when the machines are installed in 
remote areas. Another problem arises from the fact that the wind’s speed is continually 
changing, which changes the speeds of all induction machines in the farm. This may 
result in a cyclic variation in reactive power demand, which leads to voltage flickers for 
nearby customers. One way to alleviate this problem is to install a reactive power control-
ler at the wind farm site, as shown in Figure 10.7. The controller must be fast and adaptive 
to compensate for the cyclic variations of the reactive power of the induction machine. 
Such a controller is usually made out of several capacitor banks switched by solid-state 
devices. The cyclic inductive reactive power of the induction machine Q is sensed, and 
the controller produces a capacitive reactive power Q

c
, which is equal in magnitude to Q.

Q
c

5 2Q

Q

Q

P

P

Qc
Qc

Qs

Figure 10.7 

Q

ns

Figure 10.6  Reactive power of induction machine in regenerative braking
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The total reactive power seen by the system Q
s
 is the sum of these two reactive powers.

Q
s
5 Q

c
1 Q

With ideal compensation, the system delivers no reactive power to the induction 
machine. This describes an ideal wind farm operation.

10.1.2  Type 2 Wind Turbine System
Type 2 wind turbines have most of the components of Type 1 except that the generator 
is a wound rotor induction machine instead of a squirrel cage. The rotor windings are 
connected to a switching circuit that inserts a resistance into the rotor circuit as shown in 
Figure 10.8. The power consumed by the resistance is regulated by the duty ratio of the 
switching devices. In this configuration, the induction machine operates under regenera-
tive and dynamic braking simultaneously to regulate the output power. 

One of the arrangements in the rotor circuit is shown in Figure 10.9. Each winding 
of the rotor is connected to an external resistance R that is shunted by two solid-state 
switches in antiparallel configuration. When the switches are closed, the resistances 
are shorted. When the switches are open, the resistance is the full value of R. During a  
single switching period, the effective added resistance to the rotor circuit (R

add
) is the 

average during one switching period.

	 R
add

5
1
t#

t off

0

R dt 5 R
t
off

t
5 R

t 2 t
on

t
5 R(1 2 k)	 (10.3)

where

t is the period of the switching circuit
t
on

 is the close interval of the transistor
t
off

 is the open interval
k is the duty ratio of the transistors

V

G

Figure 10.8   Type 2 wind turbine system
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301	 10.1  Regenerative Braking

	 k 5
t
on

t
	 (10.4)

Modifying the equivalent circuit of the induction machine in Figure 5.32 to account for 
the negative slip, inserting the resistance, and ignoring the core losses leads to the circuit 
in Figure 10.10. R

tot
 in the figure is

	 R
tot

5 R
2
9 1 R9

add
	 (10.5)

Keep in mind that the machine is in regenerative braking when the speed is above 

synchronous speed (i.e., the slip is negative). Consequently, the value for 
R

tot
 s  (1 2 s) 

R

R

R

a

b

c

Figure 10.9   Type 2 wind turbine system with added resistance to the rotor circuit

I

ss
R

X

I

ImXm

R X R

V

Figure 10.10  
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Chapter 10  Braking of Induction Motors302

is negative, which means it is a source of energy. Hence, the current in the winding is 
reversed as compared to the current in the motor operation.

The equivalent circuit can be approximated by moving the magnetizing branch in 
shunt with V as shown in Figure 10.11. Let

	 X
eq

5 X
1

1 X
2
9	 (10.6)

	 R
eq

5 R
1

1 R
2
9	 (10.7)

The rotor current of the machine under regenerative braking can be computed by using 
the modified equivalent circuit.

	 I
2
9 5

2V

1R
1

1
R

tot

s 2 1 jX
eq

	 (10.8)

where V is a phase quantity. The negative sign in the above equation is used to account 
for the reverse direction of the current. The developed power of the generator is

	 P
d

5 3 

R
tot

s
 (1 2 s) (I

2
9)2	 (10.9) 

Substituting the value of the current in Equation (10.8) into Equation (10.9) yields

	 P
d

5 3 

(1 2 s)
s

 
V 

2R
tot

1R
1

1
R

tot

s 2
2

1 X 
2
eq

	 (10.10)

I

ss
R

X

I

ImXm

R X R

V

Figure 10.11   Modified equivalent circuit for Type 2 wind turbine induction machine
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303	 10.1  Regenerative Braking

The electric torque (developed torque) is

	 T
d

5
P

d

v
5

P
d

v
s
(1 2 s)

5
3

sv
s

 
V 

2R
tot

1R
1

1
R

tot

s 2
2

1 X 2
eq

	 (10.11)

The speed-torque characteristics of the induction generator using Equation (10.11) 
are shown in Figure 10.12. The solid line is for the case without added resistance  
(similar to Type 1 system). The dotted line is for the case with added resistance. In the 
second quadrant, the machine is in regenerative braking and is acting as a generator. The 
range of speed for the operating range of torque is wider when the resistance is added. 
Thus, a Type 2 system can be used for a wider range of wind speed as compared to a 
Type 1 system. At both operating points (1 and 2), the speed of the machine is higher 
than the synchronous speed (super-synchronous speed). 

The maximum torque is obtained by equating the derivative of the torque equation 
with respect to slip to zero. 

	
dT

d

ds
5

d

ds3 3
sv

s

 
V 2R

tot

1R
1

1
R

tot

s 2
2

1 X 2
eq
45 0	 (10.12)

R

R

ns

Figure 10.12  Speed-torque characteristics of Type 2 system
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The solution of the above equation leads to the slip at maximum torque s
max

.

	 s
max

5 6
R

tot

ÏR2
1

1 X 2
eq

	 (10.13) 

The plus sign in Equation (10.13) is for the motor operation (quadrant 1) and the 
negative sign is for the regenerative operation (quadrant 2). Substituting the value 
of s

max
 in Equation (10.13) into Equation (10.11) yields the maximum torque of the 

machine.

	 T
max

5
3

s
max

v
s

 
V 2R

tot

1R
1

1
R

tot

s
max
2

2

1 X 2
eq

	 (10.14)

Note that the magnitude of the maximum torque (T
max

) is not dependent on the value of 
the added resistance R

add
. However, the added resistance changes the speed at which the 

maximum torque occurs. 

▶	 EXAMPLE 10.2

A six-pole, 480 V (line-to-line) induction machine has the following parameters:

R
1

5 2 V,  R
2
9 5 1 V,  X

1
5 X

2
9 5 2 V

a.	 The machine is used as a Type 2 wind turbine operating under regenerative brak-
ing. The wind exerted a torque of 200 Nm on the machine. Compute the speed of 
the machine.

b.	 A 2 V resistance is inserted into the rotor of the machine through a solid-state 
switching circuit to operate the machine at 1400 rpm. Compute the duty ratio 
of the switching transistors. Assume the effective turns ratio of the machine 
is 1 : 1.

Solution
Use Equation (10.11) to compute the speed of the machine without the added resis-
tance. In this case R

tot
5 R

2
9.

T
d

5
3

sv
s

 
V 

2R
2
9

1R
1

1
R

2
9

s 2
2

1 X 2
eq

2200 5
1

s12p

60
12002

 
(480)2 3 1.0

12.0 1
1.0
s 2

2

1 16

s 5 20.0893
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305	 10.1  Regenerative Braking

The speed of the machine is

n 5 n
s
(1 2 s) 5 1200(1 1 0.0893) 5 1307.16 rpm

To operate the machine at 1400 rpm, we can still use Equation (10.11) to solve for 
R

tot
5 R

2
9 1 R9

add
. The slip at 1400 rpm is

s 5
n

s
2 n

n
s

5
1200 2 1400

1200
5 20.167

T
d

5
3

sv
s

 
V 2R

tot

1R
1

1
R

tot

s 2
2

1 X 2
eq

2200 5
1

20.16712p

60
12002

 
(480)2R

tot

12.0 1
R

tot

20.1672
2

1 16

R
tot

5 2.141 V

Hence

R9
add

5 R
tot

2 R
2
9 5 2.141 2 1 5 1.141 V

The duty ratio can be calculated using Equation (10.3).

R
add

5 R(1 2 k)

Since the turns ratio is 1 : 1, R9
add

5 R
add

	 k 5 1 2
R

add

R
5 1 2

1.141

2
5 0.4295	 ◀

10.1.3  Type 3 Wind Turbine System
The Type 3 wind turbine is probably the most widely used system to date. It consists of 
a wound rotor induction generator similar to the one used in Type 2 turbines. The dif-
ference is that the rotor is connected to the grid through two converters: rotor side con-
verters (RSCs) and grid side converters (GSCs) as shown in Figure 10.13. Because the 
stator of the machine as well as the rotor are connected to the grid, the system is called 
a doubly fed induction generator (DFIG). The power electronic circuit for the DFIG is 
shown in Figure 10.14. The bus between the two converters is direct current. Each of 
these converters operates in ac/dc or dc/ac modes. The GSC links the three-phase ter-
minal voltage of the generator to the dc bus. The RSC links the three-phase windings of 
the rotor to the dc bus. 

The effect of the injected voltage in the rotor circuit (V
i
) can be explained by using 
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V

V VVi

Figure 10.14  Type 3 wind turbine circuit

V

G

Figure 10.13  Type 3 wind turbine system (DFIG)
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Vi
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307	 10.1  Regenerative Braking

can be further modified as shown in Figure 10.16. The parameters in the modified model 
are given in Equations (10.6) and (10.7). The four components of the model that either con-
sume or deliver real power are shown in dashed boxes in Figure 10.16 and are as follows:

P
r
5 3V9

i 
I

2
9

 
cos u

r

P
s
5 3V I

2
9

 
cos u

s

P
cu

5 3R
eq

I
2
92

	 P
d

5 3
R

2
9

s
 (1 2 s)I

2
92 1 3

V9
i

s
(1 2 s)I

2
9 cos u

r
	  (10.15)

where

V
i
 and V are phase quantities

P
r
 is the power that is either delivered to or consumed through the RSC

P
s
 is the power delivered to the source during regenerative braking

P
cu

 is the power consumed in the windings’ resistances
P

d
 is the developed power received from wind

u
r
 is the angle between the injected voltage and the rotor current

u
s
 is the angle between the source voltage and the rotor current

The model in Figure 10.16 can further be simplified by ignoring winding losses, as 
shown in Figure 10.17. Using this model, the airgap power is

	 P
g

5 P
d

1 P
r
	  (10.16) 

The airgap and developed powers can be written in mechanical terms as

P
g

5 T
d
v

s

	 P
d

5 T
d
v	 (10.17)

Pd

Ps

R X
P

ss
s s

Vi
R

I

V PrVi

Figure 10.16   Modified model of Type 3 wind turbine machine
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Hence, the rotor power is

	 P
r
5 P

g
2 P

d
5 T

d
v

s
2 T

d
v 5 T

d
(v

s
2 v) 5 T

d
sv

s
	 (10.18)

P
r
5 sP

g

Substituting Equations (10.18) into Equation (10.16) yields the relationship between the 
developed power and the airgap power:

	 P
g

5 P
d

1 P
r
5 P

d
1 sP

g
	 (10.19)

Hence,

	 P
d

5 P
g
(1 2 s)	 (10.20)

Since we are ignoring the losses, the airgap power is the same as the power delivered 
to the source.

	 P
s
5 P

g
5 3V I

2
9cos u

s
5 T

d
v

s
	 (10.21)

where

	 I
2
9 5

V9
i

s
2 V

1R
2
9

s
 (1 2 s) 1 jX

eq2
	 (10.22)

Based on Equations (10.21) and (10.22), we can obtain a family of speed-torque 
characteristics for various values of injected voltage as shown in Figure 10.18. The figure 
shows the general characteristics when the angle of the injected voltage is unchanged. In 
general, the following observations can be made.

Pd

X ss
s s

Vi
R

I

PrViPs V

Figure 10.17  Approximate model of Type 3 wind turbine machine
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309	 10.1  Regenerative Braking

●● Machines can operate under regenerative braking even when the speed of the gen-
erator rotates at a sub-synchronous speed (point 3 in the figure). Thus, Type 3 sys-
tems can operate at positive (point 3) or negative slips (points 1 and 2). This could 
not be achieved by Type 1 or 2 systems.

●● At the sub-synchronous speed (point 3), the injected power in the rotor is from the 
grid (through the converters) to the rotor. 

●● In super-synchronous speed, the slip is negative (points 1 and 2) and the injected 
rotor power flows from the rotor to the grid through the converters. In the case when  
the mechanical power from the turbine is higher than the rated power of the stator, the  
excess power goes to the grid through the rotor converters—thus increasing the 
total power generation capability of the system.

●● Type 3 machines can operate at a wider range of speed as compared to Types 1 or 2.

●● The speed of rotation can be controlled by adjusting the injected voltage.

▶	 EXAMPLE 10.3

A DFIG wind turbine has a six-pole, 60 Hz, three-phase, Y-connected induction 
machine. The terminal voltage of the machine is 690 V, and its effective turns ratio is 
10 : 1. The parameters of the machine are

R
1

5 R
2
9 5 5.0 mV;  X

eq
5 300 mV

Vi

Vi

Vi
ns

Figure 10.18  Speed-torque characteristics of DFIG
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Chapter 10  Braking of Induction Motors310

The phase value of the injected voltage as seen from the stator side is adjusted to 
V9

i
5 5 V and lags the terminal voltage by 1008. The speed of the machine at this 

condition is 1230 rpm. Ignore the losses and compute the power delivered to the grid 
through the stator and the developed torque.

Solution
The slip is

s 5
n

s
2 n

n
s

5
1200 2 1230

1200
5 20.025

Use Equation (10.22) to compute the current.

I
2
9 5

V9
i

s
2 V

1R
2
9

s
 (1 2 s) 1 jX

eq2
5

5

20.025
/21008 2

690

Ï3
0.05

20.025
 (1 1 0.025) 1 j0.3

5 199.61/220.128 A

Use Equation (10.21) to compute the power delivered to the grid.

P
s
5 3V I

2
9 cos u

s
5 3 3

690

Ï3
3 199.61 3 cos 20.128 5 224 kw

The torque can also be computed from Equation (10.21).

	 T
d

5
P

s

v
s

5
224000

2p

60
3 1200

5 1782.6 kNm	 ◀

▶	 EXAMPLE 10.4

For the system in Example 10.3, it is desired to operate the system at 1500 rpm in 
the regenerative mode when the torque is 100 Nm. Compute the value of the injected 
voltage.

Solution
The slip is

s 5
n

s
2 n

n
s

5
1200 2 1500

1200
5 20.25

Use Equation (10.21) to compute the power delivered to the grid.

P
s
5 P

g
5 T

d
v

s
5 100 3

2p

60
3 1200 5 12.567 kW

Use Equation (10.22) to relate the current to the injected voltage. Since we can adjust 
the angle of the injected voltage by the PWM, let us make it 1808 out of phase with 
the source voltage.
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I
2
9 5

V9
i

s
2 V

R
2
9

s
 (1 2 s) 1 jX

eq

5

2V9
i

20.25
2

690

Ï3
20.25 1 j0.3

5

V9
i

0.25
2

690

Ï3
0.391/129.88

5 10.23V9
i 
/2129.88 2 1018.84/2129.88

I
2
9 5 (26.548V9

i
1 652.17) 1 j(782.76 2 7.859V9

i 
)

The real component of the current is

I
2
9cos u

s
5 26.548V9

i
1 652.17

Substitute the value of the real current into Equation (10.21) to compute the injected 
voltage.

P
s
5 3V(I

2
9 cos u

s
) 5 Ï3 3 690 3 (26.548V9

i
1 652.17) 5 12567

V9
i
5 98 V

The actual injected voltage is

	 V
i
5

V9
i

10
5 9.8 V	 ◀

	10.2	 �Dynamic Braking
Dynamic braking of electric motors occurs when the energy stored in the rotating mass 
is dissipated in an electrical resistance. This requires the motor to operate as a generator 
to convert this mechanical energy into electrical.

For dc machines, dynamic braking requires a stationary magnetic field in the  
airgap, which does not exist in induction motors. However, we can create a tempo-
rary stationary field for the induction machine by applying a dc voltage to the sta-
tor terminals. When the rotor windings pass through this stationary field, voltages 
and currents are induced in the rotor windings. The rotor current produces losses in 
the rotor resistance. Since the rotor is spinning solely because of its stored kinetic 
energy, the rotor losses reduce the overall kinetic energy of the motor, thus assisting 
the motor to stop.

The stationary field for dynamic braking can be created using the circuit in  
Figure 10.19, which is the same as the power electronic circuit given in Figure 3.29. 
Note that no two transistors on the same leg can be closed. Now, let us assume that S

1
, 

S
5
, and S

6
 are closed. As seen in Figure 10.20(a), the terminals of phases a and c are 

positive potentials and that for phase b is negative. The current in the stator winding is 
dc and will produce a stationary field in the airgap.

Keep in mind that the resistance of the stator windings is usually very small, and 
the inductive reactance has no impact on dc currents. Therefore, the current in the stator 
windings could be excessive unless the terminal voltage during braking is small enough. 
To reduce the voltage across the stator windings, PWM or FWM techniques can be 
used, as explained in Chapter 3.
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To calculate the maximum braking voltage, let us examine the stator circuit in Fig-
ure 10.20(a). Assume that the stator windings have only resistive elements. The total dc 
current in this circuit can be calculated by

	 I
dc

5
V

b

1.5 R
1

 # I
b
	 (10.23)

where V
b
 is the reduced voltage applied to the stator windings during dynamic braking. 

R
1
 is the resistance of single-phase windings. I

b
 is the upper limit of the stator current 

during braking. Depending on the size of the motor and the braking time, I
b
 could be 

selected as high as three times the rated current. Remember that the shorter the brak-
ing time, the higher is the braking current. A larger braking current results in a stronger 
stationary field in the airgap, which induces larger current and higher losses in the rotor 
circuit. If the motor is a slip-ring type, we can insert an external resistance R

b
 in the 

rotor circuit, as shown in Figure 10.20(b). The function of this resistance is to control 
the rate at which the kinetic energy is dissipated. It is also used to limit the current in 
the rotor circuit.

Figure 10.19  Six-pulse drive circuit

V a b c

Figure 10.20 

Rb
a c

b

n
Vb

Idc

I
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313	 10.3  Countercurrent Braking

▶	 Example 10.5

An induction motor is driven by a six-step converter similar to that shown in  
Figure 10.19. The voltage at the dc link, V

dc
 , is 200 V. At normal full-load operation, 

the motor current is 25 A. The stator resistance is 0.5 V. The FWM technique is used 
during the dynamic braking. Calculate the duty ratio of the FWM.

Solution
To calculate the braking voltage V

b
 of the stator, let us assume that the braking cur-

rent is three times the rated value.

I
b

5
V

b

1.5 R
1

75 5
V

b

1.5(0.5)

V
b

5 56.25 V

The FWM is shown in Figure 3.35. The duty ratio d is the ratio of the closing 
subintervals to the conduction period. The equation of the duty ratio is given in 
Equation (3.74).

V
b

5 dV
dc

Then the duty ratio d is

	 d 5 1.51V
b

V
dc
2

2

5 0.1185	 ◀

	10.3	 Countercurrent Braking
Countercurrent braking can be accomplished by reversing the direction of the field. As 
shown in Figure 10.21, the direction of rotation of the field in the airgap depends on the 
sequential connection of the stator windings. When the three-phase stator windings are 
connected in the ABC sequence, the airgap field rotates in one direction at synchronous 
speed. When the sequence of the stator windings is changed, say, to ACB, the field 
reverses its rotation. The change in sequence can be implemented by using the circuit of 
Figure 10.19. If you swap the triggering of S

1
 with S

5
, and S

4
 with S

2
, the sequence of 

the applied voltage is reversed to ACB.

Figure 10.21 

ABC ACB

A
B
C

A
C
B
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Chapter 10  Braking of Induction Motors314

During steady state, assume that the operation of the motor in the ABC sequence 
is in the first quadrant. Then the motor in the reverse sequence operates in the third 
quadrant. We can utilize this feature to perform countercurrent braking, as shown in  
Figure 10.22. The figure shows the motor characteristics due to both sequences. 
Assume that the operating point of the motor in the ABC sequence is point 1. When 
the sequence of the stator voltage is reversed, the eventual steady-state operating point 
is located on the ACB characteristics where the load torque and the developed torque 
of the motor are equal. Before reaching this final operating point, however, the motor 
initially moves from point 1 to point 2 without any appreciable change in speed due to 
system inertia. Point 2 is not a steady-state point because of the inequality of the motor 
and load torques. The motor continues moving to point 3. At 3, the motor stops. If the 
motor is not disconnected at 3, it moves toward point 4. Point 4 is the new steady-state 
point if the load torque is bidirectional. However, if the motor torque is unidirectional,  
the motor continues moving toward the new steady-state point. It will reach point 5, 
where the motor speed is equal to the synchronous speed. Then the operating point moves 
toward point 6. At 6, the load and developed torques are equal, and the new steady-state 
operating point is achieved. Note that point 6 represents regenerative braking for the  
ACB sequence.

The analysis of the induction motor at any of these six points is dependent on the 
computation of the slip. The slip at point 1 is less than one, but is very small since the 
induction motor rotates at nearly synchronous speed. At point 2, the motor speed is still 
the same as the speed at point 1, but the airgap field rotates at synchronous speed in the 
reverse direction. Thus, the slip at point 2 is

s
2

5
2n

s
2 n

2n
s

5
n

s
1 n

n
s

 .1

Slip s
2
 is almost equal to two. At point 3, the speed of the motor is zero, but the field 

Figure 10.22  Induction motor characteristics during countercurrent braking

ABC

ACB

T

T
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315	 10.3  Countercurrent Braking

reverses its rotation and is now in the same direction as the airgap field. The slip in  
this case is

s
4

5
2n

s
2 (2n)

2n
s

5
2n

s
1 n

2n
s

5
n

s
2 n

n
s

Assuming symmetry, the slip at point 4 is equal to that at point 1. At point 5, the slip of 
the motor is equal to zero, since the motor speed and the synchronous speed are equal. 
At point 6, the motor speed exceeds the synchronous speed, so the operating point at 6 
is a regenerative braking (n . n

s
). The motor slip at 6 is

s
6

5
2n

s
2 (2n)

2n
s

5
n

s
2 n

n
s

 
, 0

Table 10.1 shows the essential parameters and equations at each operating point. Using 
either the small-slip or the large-slip approximations, we can derive the torque and cur-
rent equations. The operating point at 1 is considered to be the reference point. The 
arrows indicate changes in the direction of rotation, direction of torque, or direction of 
current with respect to the reference operating point 1.

Operating	 Motor	 Field		  Approximation		  Motor 
Point	 Speed	 Speed	 Slip	 Method	 Motor Torque	 Current

		  →	 →	 →		  →	 →

	 1		  n
s
	 0 , s

1
 , 1	 Small slip	

V 
2s

1

v
s
R

2
9
	

Vs
1

Ï3R
2
9

		  →	 ←	 →		  ←	 →

	 2			   s
2
 . 1	 Large slip	

V 
2R

2
9

s
2
(2v

s
)X 

2
eq

	
V

Ï3X
eq

			   ←	 →		  ←	 →

	 3	 0		  s
3
 5 1	 Large slip	

V 
2R

2
9

s
3
(2v

s
)X 

2
eq

	
V

Ï3X
eq

		  ←	 ←	 →		  ←	 →

	 4			   0 , s
4
 , 1	 Small slip	

V 

2s
4

(2v
s
)R

2
9
	

Vs
4

Ï3R
2
9

		  ←	 ←
	 5			   s

5
 5 0	 Small slip	 0	 0

		  ←	 ←	 ←		  →	 ←

	 6			   s
6
 , 0	 Small slip	

V 

2s
6

(2v
s
)R

2
9
	

Vs
6

Ï3R
2
9

Table 10.1  Summary of countercurrent braking
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▶	 Example 10.6

A three-phase, Y-connected induction motor is powering a constant-torque load and is 
rotating at 1150 rpm. A PWM power converter is used to drive the motor. The line-to-line 
rms value of the fundamental component of voltage is 300 V, and its frequency is 80 Hz. 
The rotor resistance of the motor is 0.5 V, and the equivalent inductive reactance is 3 V 
at 80 Hz. A countercurrent braking is performed without any change in the frequency or 
voltage. Calculate the slip, current, and torque at all operating points.

Solution
Using the equations in Table 10.1, the slip, current, and torque can be directly com-
puted. However, before we attempt to solve this problem, we must first find the syn-
chronous speed. Note that the full-load speed is 1150 rpm. The synchronous speed 
must be slightly higher than this. For 80 Hz, the machine must have eight poles so 
that the synchronous speed is 1200 rpm.

v
s
5 2p 

n
s

60
5 125.7 rad/s

The results are tabulated in Table 10.2. The computation is straightforward substitu-
tion in the formulas of Table 10.1.
	 The slip at point 6 can be computed using the torque equation at 6, where the 
developed torque T

6
 is equal to the torque at point 1.

T
6

5
V 

2s
6

(2v
s
)R

2
9

5 T
1

T
1
 is computed in Table 10.2. 

s
6

5
(60)0.5(2125.7)

3002
5 20.042

n
6

5 21200(1 1 0.042) 5 21250 rpm

Note that unlike the current in the dc motor, the current of the induction motor does not 
surge to high values when countercurrent braking is implemented. This is because the 
inductance of the stator windings limits the initial magnitude of the braking current. ◀

CHAPTER 10 P roblems

	10.1	 �A 60 Hz, 480 V, three-phase, Y-connected, six-pole induction machine has the 
following parameters:

R
1

5 0.3 V    R
2
9 5 0.1 V    X

eq
5 10 V

		  �The machine operates in the regenerative braking mode as a wind energy generator. 
A gearbox of 5 : 1 speed ratio is between the machine and the turbine blades, with 
the high-speed side connected to the induction machine. If the wind speed exerts 

CHAPTER 10  Problems 
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Chapter 10  Braking of Induction Motors318

	10.2	 �For Problem 10.1, calculate the mechanical power input to the induction 
machine and the power delivered to the electrical system. Assume that the rota-
tional losses are 200 W.

	10.3	 �A 60 Hz, 480 V, three-phase, Y-connected induction machine has the following 
parameters:

R
1

5 0.2 V    R
2
9 5 0.2 V    X

eq
5 15 V

		  �At full-load torque, the motor speed is 580 rpm. A FWM converter drives the 
motor. Calculate the duty ratio that limits the dynamic braking current to twice 
the rated value.

	10.4	 �Repeat Problem 10.3 for the case when only transistors S
1
 and S

2
 in Figure 10.19 

are closed during the dynamic braking.

	10.5	 �A 60 Hz, four-pole, 480 V, three-phase, Y-connected induction machine has the 
following parameters:

R
1

5 0.2 V    R
2
9 5 0.3 V    X

eq
5 12 V

		  �The motor is loaded by a unidirectional constant-torque load of 40 Nm. A coun-
tercurrent braking is performed on the motor. Calculate the following:

a.	 Motor current before the countercurrent braking
b.	 Motor current just after the voltage sequence is reversed
c.	 Current at the moment when the motor stops
d.	 Motor torque at the condition of part (c)
e.	 Motor current at the new steady-state point
f.	 Motor torque at the new steady-state point
g.	 Motor speed at the new steady-state point

	10.6	 �Repeat Problem 10.5 for the case when the motor frequency is reduced to  
50 Hz and the voltage sequence is reversed. Assume that the converter is a  
fixed v/f controller.

	10.7	 A six-pole, 480 V induction machine has the following parameters:

R
1

5 2 V,  R
2
9 5 1 V,  X

1
5 X

2
9 5 2 V

		  The machine is used as a Type 2 wind turbine operating under regenerative 
braking. The wind exerted a torque of 200 Nm on the machine. Compute the 
speed of the machine if a 2 V resistance is inserted into the rotor. 

	10.8	 An induction motor of Type 3 wind turbine is six-pole, 60 Hz, three-phase. The 
terminal voltage of the machine is 690 V, and its effective turns ratio is 10 : 1. 
The parameters of the machine are:

R
1

5 R
2
9 5 5.0 mV  X

eq
5 300 mV

		  The phase value of the injected voltage as seen from the stator side is adjusted 
to V9

i
5 5 V and is in phase with the terminal voltage. The speed of the machine 

at this condition is 1300 rpm. Ignore the losses and compute the developed 
torque.
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11

Dynamics of Electric  
Drive Systems

In modern high-performance drives (HPDs), such as robotics, guided manipulation, and 
supervised actuation, controlling the motor’s final speed is not the only goal. A multiro-
bot system performing complementary functions must have the end effectors (moving 
terminals) proceed about the space of operation according to preselected time-tagged 
trajectories. To achieve this, every motor in the robot arm must follow a specific track 
so that the aggregated motion of all motors keeps the end effector on its trajectory at all 
times. This must be achieved even when the system loads, inertia, and parameters are 
varying. To realize this level of performance, the traveling time of the motor in an HPD 
system must be controlled during starting, braking, and change of speed. Traveling time 
is defined here as the time required to change the motor speed (or rotor position) from 
one steady-state operating point to another. The traveling time is determined by the 
mechanical parameters of the system, such as inertia and load torque, and by electrical 
quantities, such as motor voltage and developed torque. 

The general torque expression of an electromechanical system under dynamic con-
ditions is

	 T
d

2 T
l
5 T

i
	 (11.1)

where T
d
 is the developed torque of the motor, T

l
 is the load torque, and T

i
 is the inertia 

torque of the entire rotating mass (motor, load, and mechanical interface). The inertia 
torque is only present during acceleration and is expressed by

	 T
i
5 J 

dv

dt
	 (11.2)

where J is the moment of inertia and dv/dt is the angular acceleration. In linear motion, 
the inertia force F

i
 is computed as

F
i
5 m 

dv

dt

where m is the mass and dv/dt is the linear acceleration.
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	11.1	 Moment of Inertia
The moment of inertia of a rotating object is defined by

	 J 5
GD 2

4g
5 m 

D 2

4
	 (11.3)

where G is the weight of the rotating mass in Newtons, g is the gravity acceleration, D 
is the diameter of gyration, and m is the mass. The diameter of gyration is the diam-
eter of the rotating path of the object at which the mass of the body is concentrating. 
The moment of inertia of some commonly used objects in electric drives is given in  
Table 11.1. 

Depending on the system configuration and design, the moment of inertia can 
vary during motion. However, there are several applications for which the moment 
of inertia is constant, such as hoists and forklifts. A simple hoist system is shown in 
Figure 11.1. In the figure, the motor motion is angular while the motion of the load is 
translation (linear). The load torque is the load force multiplied by the radius of the 
rotating wheel. The load force is the load mass times the acceleration of gravity. The 
inertia of the load can be computed using the kinetic energy for both motions (angular 
and translation). 

KE 5
1

2
 Jv2 5

1

2
 mv2

where v is the angular velocity of the rotating wheel, v is the linear vertical velocity of 
the load, and m is the load mass. The load inertia in this case can be computed as

J 5 mS v
vD2

Since the ratio v/v is constant and equal to the radius of the wheel, the inertia of the 
load J is constant.

A variable moment of inertia can occur when the system configuration leads to 
asymmetrical motions. Figure 11.2 shows a common drive system for a rotating motor 
that drives a piston-type load. The motor wheel is attached to the piston via a connecting 

Object	 Moment of Inertia

Thin-walled hollow cylinder with diameter D	 m 

D 
2

4

Hollow cylinder with inner diameter D
1
 and outer diameter D

2
	

1

2
 m 

D2
1

1 D2
2

4

Solid cylinder with diameter D	
1

2
 m 

D2

4

Table 11.1  Moment of inertia for selected rotating mass about its symmetry axis
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321	 11.1  Moment of Inertia

rod. The motion of the piston is linear, and its velocity changes depending on the posi-
tion of the motor wheel. Figure 11.3 shows the velocity vectors of this system. The 
linear velocity of the piston v is in the direction shown in the figure during half of the 
rotating cycle; then it reverses its direction. The kinetic energy of the system can be 
calculated using the linear and rotating speed, as shown in Equation (11.4). 

	 KE 5
1

2
 mv2 5

1

2
 Jv2	 (11.4)

At the point where the connecting rod is mounted on the rotating wheel, the velocity 
vectors are governed by the following equation:

	 v cos b 5 vr cos d 5 vr sin (a 1 b)	 (11.5)

Substituting (11.5) in (11.4) yields

J 5 mr 
21sin (a 1 b)

cos b 2
2

In this system, the inertia is dependent on b, which is a function of the wheel position, 
so the system inertia varies during the motor rotation.

Figure 11.1  A simple hoist system

T, v

F, v

Figure 11.2  A system with linear and rotating motion

v

v
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	11.2	 Basic Concept of Traveling Time
Let us examine the traveling time of an electric drive system by using the characteristics 
shown in Figure 11.4. In the figure, an induction motor characteristic is used. The motor 
torque is T

d
 , and the load torque is T

l 
. The inertia torque T

i 
, at any speed v, is the differ-

ence between the motor torque and the load torque at the given speed. The inertia torque 
compensates for the total system inertia.

T
i
5 J 

dv

dt
5 T

d
2 T

l

For given motor and load torques, the higher the inertia torque, the higher is the motor 
acceleration. Using the previous equation, when the motor speed changes from v

1
 to v

2
, 

the traveling time can be computed by

	 t 5 #
v

2

v
1

 
J

T
d

2 T
l

 dv	 (11.6)

Figure 11.3  Velocity vectors of the system in Figure 11.2

d

b a

v

vr

v

v b

Figure 11.4 

Tl

TdTi
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323	 11.3  Gears and Belts

Equation (11.6) shows that the traveling time between two speeds can be reduced if at 
least one of the following conditions is met:

1.	 The inertia torque increases.

2.	 The moment of inertia decreases.

The first condition can be met by adjusting the motor characteristics. For example, 
an increase in the induction motor voltage increases T

i 
, as shown in Figure 11.5. The 

motor characteristic labeled T
1
 is for a motor voltage V

1
. The inertia torque at an arbi-

trary speed is T
i1
. If the motor voltage increases to V

2
, the motor characteristic labeled T

2
 

stretches, and the inertia torque increases to T
i2
.

The second condition can be met by using gears or belt systems. These interface 
systems alter the load inertia seen by the motor and are the subject of the next section.

	11.3	 Gears and Belts
A simple gear system is shown in Figure 11.6. It consists of a motor, a mechanical load, 
and a gear. The gear ratio is defined as the ratio of its diameters or speeds. 

n
1

n
2

5
d

2

d
1

where n is the shaft speed and d is the gear diameter. Now let us assume that the load 
inertia is J

l
, and the motor inertia is J

m
. Also assume that the gear inertia is J

d1
 for one 

gear wheel and J
d2
 for the other. If a gear is not present, the inertia seen by the motor 

is J
l
 1 J

m

Figure 11.5  Change in inertia torque for induction motor due to changes in voltage

Tl

Ti

T

Ti

T
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Chapter 11  Dynamics of Electric Drive Systems324

computed using the kinetic energy (KE) for each component of the system. The total 
kinetic energy seen by the motor is

	 Total KE 5 KE of motor 1 KE of gear 1 KE of load	 (11.7)

Total KE 5
1

2
 J

eq
 v2

1

where J
eq

 is the equivalent moment of inertia seen by the motor. Equation (11.7) can be 
written in more detail as

1

2
 J

eq
 v2

1
5

1

2
 J

m
v2

1
1

1

2
 J

d
1

v2
1

1
1

2
 J

d
2

 v2
2

1
1

2
 J

l
 v2

2

Hence, 

J
eq

5 J
m

1 J
d

1

1 J
d

2
Sn

2

n
1
D2

1 J
l Sn

2

n
1
D2

	 J
eq

5 J
m

1 J
d

1

1 sJ
d

2

1 J
l
dSd

1

d
2

D2

	 (11.8)

Equation (11.8) shows that the gear ratio can change the inertia seen by the motor. 
Accordingly, the load torque seen by the motor changes. This can be verified by com-
puting the load power at either side of the gear, assuming that the gear is lossless. 

T
l  
v

2
5 T

eq 
v

1

where T
eq

 is the equivalent torque of the load seen at the motor side of the gear. Thus, 
the load torque seen by the motor is

	 T
eq

5 T
l Sn

2

n
1
D 5 T

l Sd
1

d
2

D	 (11.9)

Figure 11.6  A simple gear system

Jd

d

d
n

n

Jd

Jl

Jm
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325	 11.4  Traveling Time of dc Motors

If the gear system is designed so that d
1
/d

2
 is less than 1, the load inertia seen by the 

motor is reduced, and the load torque seen by the motor is also reduced. Consequently, 
the traveling time is reduced. (Examine Equation 11.6.)

A belt system can have an effect identical to that of a gear system. Figure 11.7 shows 
a simple system consisting of load, motor, and two wheels connected by a belt. The equa-
tions just described for the gear system can be directly applied to the belt system.

	11.4	 Traveling Time of dc Motors
The traveling time of any electric motor can be computed using the electrical model of 
the motor and the torque equation of the rotating mass. For dc machines, the electrical 
equation is 

	 V
t
5 E

a
1 i

a
 R

a
1 L

a
 
di

a

dt
5 Kfv 1 i

a 
R

a
1 L

a
 
di

a

dt
	 (11.10)

where V
t
 is the terminal voltage of the motor, i

a
 is the armature current, R

a
 is the arma-

ture resistance, Kf is the field constant, and L
a
 is the inductance of the armature wind-

ings. The torque equation of the motor can be written as

	 Kf i
a

5 T
l
1 J 

dv

dt
	 (11.11)

where T
l
 is the load torque. For a constant-load torque and constant field current, the 

first derivative of the current in Equation (11.11) is

	
di

a

dt
5

J

Kf
 
d 

2v

dt 

2
	 (11.12)

Substituting (11.11) and (11.12) into (11.10) yields

	
d 

2v

dt 

2
1

R
a

L
a

  
dv

dt
1

(Kf)2

JL
a

 v 5
(Kf)2

JL
a

 v
f
	

Jd

d

dn

n

Jd

Jl

Jm

Figure 11.7  A simple belt drive system
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where

v
n

5
Kf

ÏJL
a

j 5
R

a

2 KfÎ J

L
a

u 5 cos21 j

v(0) 5 v(t 5 0)

▶	 EXAMPLE 11.1

A dc shunt motor has the following parameters:

Kf 5 3.0 Vs    R
a

5 1 V    L
a

5 100 mH

The rated voltage of the motor is 600 V. The voltage is reduced to 150 V at starting. 
The load connected to the motor is a constant torque of 20 Nm. The total moment 
of inertia of the entire drive system is 3 Nm sec2. Calculate and plot the motor speed 
versus time. Also calculate the motor speed after 5 seconds.

Solution
The solution of this problem is by direct substitution in Equation (11.14). The initial 
speed in this case is zero since the motor is starting from rest. The plot in Figure 11.8  

where v
f
 is the final steady-state speed defined by

v
f
5

V
t

Kf
2

R
a

(Kf)2
 T

l

Solving the differential equation (11.13) yields

	 v 5 v
f 31 2

e2jv
n
 t

Ï1 2 j 2
 sin(v

nÏ1 2 j 2t 1 u)4 1 v(0)3 2 je2jv
n
t

Ï1 2 j 2
 sin(v

nÏ1 2 j 2
 t)4	 (11.14)

Figure 11.8  Speed of dc shunt motor during starting
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327	 11.4  Traveling Time of dc Motors

is the result obtained by a simulation software. After about 5 seconds, the motor reaches 
the steady-state speed of

v
f
5

V
t

Kf
2

R
a

(Kf)2
 T

l
5

150

3
2

20

9
5 47.78 radys

	 n
f
5 456 rpm	 ◀

▶	 EXAMPLE 11.2

Ignore the armature reactance of the motor and repeat Example 11.1.

Solution
An approximation of Equation (11.13) can be made by ignoring the armature induc-
tance. In this case the equation is modified to

	
dv

dt
1

(Kf)2

JR
a

 v 5
(Kf)2

JR
a

 v
f
	 (11.15)

This is a first-order differential equation, and its solution is

	 v 5 v
f
 (1 2 e2tyt) 1 v(0)e2tyt	 (11.16)

where

t 5
JR

a

(Kf)2

Equation (11.16) is used to simulate the speed of the dc motor. The result is shown in 
Figure 11.9, which is almost identical to the result obtained in Figure 11.8. We can 
then conclude that the starting time of the dc motor is more dependent on the system 
inertia than on the armature reactance. ◀

Figure 11.9 
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By using Equation (11.16), we can understand how the starting time of a dc motor 
is controlled. Rewrite the equation and assume that the initial condition of the speed is 
zero. (The motor is starting from rest.)

v

v
f

5 1 2 e2tyt

Let us assume that the motor reaches its new steady-state operating point when the 
speed of the motor is about 95% of the final speed.

0.95 5 1 2 e2t
st
/t

Hence,

	 t
st

5 3t 5
3 JR

a

(Kf)2
	 (11.17)

Equation (11.17) shows that the starting time of the dc machine is dependent on the sys-
tem inertia, armature resistance, and field current. It may look surprising that the motor 
voltage has no effect on the starting time. This is true—the motor voltage controls the 
magnitude of the final speed, but not the starting time. To reduce the starting time, the 
system inertia must be reduced either by using a gear or belt system or by increasing 
the field current.

▶	 EXAMPLE 11.3

A dc shunt machine is used in high-performance operation. The starting time of the 
motor must be limited to 2 sec. The motor has a moment of inertia equal to 1 Nm sec2. 
The load moment of inertia is 5 Nm sec2. The field constant of the motor Kf is 3 Vs, 
and the armature resistance is 2 V. Show how we can achieve the desired starting time.

Solution
The starting time of the motor based on the given data is

t
st

5 3t 5
3 JR

a

(Kf)2
5

3(1 1 5)2

9
5 4 sec

which is higher than the desired starting time. Using a gear system can reduce the 
system inertia. The equivalent moment of inertia J

eq
 must then be equal to

J
eq

5
t
st
(Kf)2

3 R
a

5
2(9)

6
5 3 Nm sec2

If we ignore the moment of inertia of the gear system, the ratio of the gear can be 
computed using Equation (11.8).

 J
eq

5 J
m

1 J
l Sn

2

n
1
D2

3 5 1 1 5Sn
2

n
1
D2
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329	 11.4  Traveling Time of dc Motors

Then the gear ratio must be

	
n

2

n
1

5Î2

5
	 ◀

▶	 EXAMPLE 11.4

For the dc motor in Example 11.1, the motor operates at a steady-state speed when 
the terminal voltage is at 500 V. To increase the motor speed, the terminal voltage 
increases to 600 V, while the field remains constant. Calculate the time required to 
change the motor speed.

Solution
The first step is to calculate the initial and final speeds. The initial speed is

v(0) 5
V

t

Kf
2

R
a

(Kf)2
 T

d
5

500

3
2

20

9
5 164.44 radys

and the final speed is

v
f
5

600

3
2

20

9
5 197.78 radys

We can use Equation (11.16) to compute the traveling time, but first let us calculate t.

t 5
JR

a

(Kf)2
5 0.33 sec

The traveling time can be computed by assuming that the motor reaches the new 
steady-state operating point when the motor speed is 95% of the final value.

v 5 v
f 
(1 2 e2tyt) 1 v(0)e2tyt

0.95 v
f
5 v

f 
(1 2 e2tyt) 1 v(0)e2tyt

Then the traveling time is

	 t 5 2t ln3 0.05 v
f

v
f
2 v(0)4 5 0.41 sec	 ◀

▶	 EXAMPLE 11.5

For the dc motor in Example 11.1, the motor operates at a steady-state speed when 
the terminal voltage is 500 V. Assume that the load torque is constant. Calculate the 
terminal voltage that stops the motor and keeps it at holding. Also calculate the trav-
eling time during braking. 
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Solution
To stop the motor, v

f
 is set to zero.

v
f
5

V
b

3
2

20

9
5 0

V
b

5 6.66 V

The dynamic braking time can be computed by assuming that the motor reaches the 
holding state when its speed is about 5% of the initial speed. 

v 5 v
f 
(1 2 e2tyt) 1 v(0)e2tyt

0.05 v(0) 5 v(0)e2tyt

	 t 5 3t 5 1 sec	 ◀

	11.5	 Traveling Time of Induction Motors
The torque and speed of the induction motor are related by a nonlinear function, which 
makes the solution of Equation (11.6) more involved. To simplify the calculations, let 
us consider the three basic equations for the induction motor given in Chapter 5 and 
repeated here:

	 T
d

5
P

d

v
5

V 
2 R

2
9

sv
s3SR

1
1

R
2
9

s D2

1 X 

2
eq4

	 (11.18)

	 s
max

5
R

2
9

ÏR2
1

1 X 
2
eq

	 (11.19)

	 T
max

5
V 

2

2v
s 
fR

1
1 ÏR2

1
1 X 

2
eq

 g
	 (11.20)

Let us find the ratio of the developed torque to the maximum torque.

	
T

d

T
max

5
2 R

2
9sR

1
1 ÏR 

2
1

1 X 
2
eq

d

s3SR
1

1
R

2
9

s D2

1 X 
2
eq4

	 (11.21)

Now insert the expression s
max

 of Equation (11.19) into (11.21).

	
T

d

T
max

5

2 R
2
9SR

1
1

R
2
9

s
max
D

s3S R
2
9

s
max
D2

1 SR
2
9

s D2

1
2 R

1
R

2
94

	 (11.22)
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331	 11.5  Traveling Time of Induction Motors

It is reasonable to make the following assumption:

R
1

> R
2
9

Then Equation (11.22) can be approximated by

	 T
d

5
2K T

max

s
s

max

1
s

max

s
1 2 s

max

	 (11.23)

where K 5 s
max

 1 1. The inertia torque equation used in the computation of the traveling 
time can now be rewritten as

	 T
i
5 J

eq
 
dv

dt
5 T

d
2 T

l
5

2 T
max

 K

s
s

max

1
s

max

s
1 2 s

max

2 T
l
	 (11.24)

Consider the derivative of s with respect to time,

	
ds

dt
5

d

dt
 1v

s
2 v

v
s

2 5
21
v

s

 
dv

dt
	 (11.25)

Substituting Equation (11.25) into (11.24) yields

	 2t 
ds

dt
5

2K 2 S
R 

T
R

S
R

	 (11.26)

where

t 5
J

eq 
v

s

T
max

S
R

5
s

s
max

1
s

max

s
1 2 s

max

T
R

5
T

l

T
max

t is known as the system time constant. To compute the traveling time, we must solve 
the differential equation given in (11.26),

	 t 5 #
s

2

s
1

 
2t S

R

2K 2 S
R 

T
R

 ds	 (11.27)

where s
1
 is the initial slip and s

2
 is the final slip.

11.5.1  Unloaded Induction Motor
The traveling time of an unloaded induction machine (T

l
 5 0) can be computed by 

a simple closed-form solution, since T
R
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voltage, frequency, and rotor resistance are maintained constant, t and S
max

 are con-
stant quantities. 

t 5
t

2K#
s

2

s
1

 (2S
R
)

 
ds 5

t

2K#
s

1

s
2

 3 s
s

max

1
s

max

s
1 2 s

max4
 

ds

	 t 5
t

2K
 3s2

1
2 s2

2

2 s
max

1 s
max 

ln 
s

1

s
2

1 2 s
max 

(s
1

2 s
2
)4	 (11.28)

▶	 EXAMPLE 11.6

A 480 V, three-phase induction motor has a rated speed at full load of 1120 rpm, sta-
tor resistance of 1 V, rotor resistance referred to stator of 1 V, and equivalent wind-
ing reactance of 5 V. The inertia of the motor is 4 Nm sec2. Compute the starting time 
of the motor at no load and at full voltage and frequency. 

Solution
Since the rated speed of the induction motor at steady state is very close to the synchro-
nous speed, this motor must be a six-pole type at 60 Hz with a synchronous speed of  
1200 rpm. To compute the starting time of the motor, we must first compute T

max
 and s

max
 :

T
max

5
V 

2

2v
s
(R

1
1 ÏR2

1
1 X 

2
eq

)
5

4802

212p 
1200

60 2(1 1 Ï1 1 25)

5 150 Nm

t 5
J

eq 
v

s

T
max

5

412p 
1200

60 2
150

5 3.36 sec

s
max

5
R

2
9

ÏR2
1

1 X 

2
eq

5
1

Ï1 1 25
5 0.196

The slip at starting is equal to 1. A good approximation is to assume that the final slip 
at no load is about 2%. The starting time in this case is

t
st

5
t

2K
 31 2 s2

2

2 s
max

1 s
max  

ln
 

1
s

2

 1 2 s
max

 (1 2 s
2
)4

	 t
st

<
t

K
 10.25

s
max

1 1.95 s
max

1 s
max2 5 5.2 sec	 ◀

▶	 EXAMPLE 11.7

Assuming that the motor in Example 11.6 is unloaded and a starting resistance R
add

 
of 1 V is inserted in the rotor circuit, compute the starting time of the induction 
machine. 
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Solution
The starting resistance increases the magnitude of s

max
 but not T

max
 :

s
max

5
R

2
9 1 R9

add

ÏR2
1

1 X 

2
eq

5
2

Ï1 1 25
5 0.392

Although it is slightly higher, we can still assume that the slip at steady state is 2%.

t
st

<
t

K
 3 0.25

0.392
1 1.95(0.392) 1 0.3924 5 4.34 sec

Note that the starting time is shorter when the starting resistance is added to the 
rotor of the induction motor. This is due to the higher starting torque and the lower  
final speed. ◀

▶	 EXAMPLE 11.8

A countercurrent braking is applied to the induction motor in Example 11.6. Com-
pute the magnitude of the motor voltage that limits the traveling time (time taken to 
stop the motor) for countercurrent braking to 15 sec.

Solution
When the voltage sequence of the motor is reversed and the voltage magnitude is 
reduced, the motor operates in the second and third quadrants, as shown in Figure 11.10.  
If we assume that the reversal of sequence and the change in voltage are done simul-
taneously, the motor initial operating point moves from point 1 to point 2. The initial 
slip at point 2 is almost equal to 2 since the field reversed its rotation, but the motor 

ABC

ACB

s s

s

Figure 11.10  Countercurrent braking

70960_ch11_ptg01.indd   333 05/09/17   9:25 am



Chapter 11  Dynamics of Electric Drive Systems334

rotation is still in the same direction as it was before braking. Although s
max

 remains 
unchanged, the magnitude of the maximum torque is reduced due to the reduction of 
the terminal voltage. The braking time t

br
 is then

t
br

5
t

23
s2

1
2 s2

2

2 s
max

1 s
max

 ln 
s

1

s
2

1 2 s
max

ss
1

2 s
2
d4

t
br

5
t

2
 3 4 2 1

2s0.196d
1 0.136 1 2(0.196) (2 2 1)4 5 3.42 t

t 5
15

3.42
5 4.39 sec

We can now use t to compute T
max

T
max

5
Jv

s

t
5

4S2p 
1200

60 D
4.39

5 114.5 Nm

Since the maximum torque is proportional to the square of the voltage,

114.5

150
5 S V

br

480D2

where V
br
 is the motor voltage during braking.

	 V
br

5 419 V	 ◀

▶	 EXAMPLE 11.9

A countercurrent braking is applied to stop the induction motor in Example 11.6 
by reversing the terminal voltage and simultaneously inserting a resistance in 
the rotor circuit. Compute the value of the braking resistance that minimizes the  
braking time. 

Solution
When the voltage sequence of the motor is reversed and a resistance is added to the 
rotor circuit, the motor operates in the second and third quadrants, as shown in Fig-
ure 11.11. If we assume that the reversal of sequence and insertion of rotor resistance 
are done at the same time, the motor initial operating point is point 2, and the final 
operating point is point 3. The slip at point 2 is almost equal to 2, as explained in the 
previous example. The braking time t

br
 is then

t
br

5
t

2K
 3s2

1
2 s2

2

2 s
max

1 s
max 

 ln 
s

1

s
2

 1 2 s
max

(s
1

2 s
2
)4
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335	 11.5  Traveling Time of Induction Motors

dt
br

ds
max

5
t

2K
 3s2

2
2 s2

1

2 s2
max

1 ln 
s

1

s
2

1 2(s
1

2 s
2
)4 5 0

or

23

2s2
max

1 2.693 5 0

s
max

5 0.75

The value of the added resistance is computed using Equation (5.76).

s
max

5
R

2
9 1 R9

add

ÏR2
1

1 X 

2
eq

0.75 5
1 1 R9

add

Ï26

R
add

5 2.8 V

In this case, t
br
 5 4.5 sec. ◀

11.5.2  Loaded Induction Motor
The solution of Equation (11.27) is more involved when the load torque is present. If we 
assume that the load torque is independent of speed, the solution of Equation (11.27) 
takes the following form:

t 5 #
s

2

s
1

tS
R

S
R 

T
R

2 2K
 ds 5 #

s
2

s
1

tS s
s

max

1
s

max

s
1 2 s

maxD
T

RS s
s

max

1
s

max

s
1 2 s

maxD 2 2K

 ds

R

ABC

ACB

s

s

s

Figure 11.11  Countercurrent braking with resistance added to rotor circuit
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t 5
t

T
R

 #
s

2

s
1

 
(s2 1 s2

max
1 2 s2

max 
s)

(s2 1 s2
max

1 2s2
max 

s) 2
2K s

max
 s

T
R

 ds

The solution for the starting time of the loaded induction motor in the previous  
equation is

	 t
st

5
t

T
R

 [1 2 (0.5 A 2 s2
max

) (m AD 1 log(mB))]	 (11.29)

where

A 5 2 1s2
max

2
Ks

max

T
R
2

D 5
22

ÏQ
 tanh21 

m(2 1 A)

ÏQ

Q 5 A2 2 4 s2
max

 

B 5 1 1 A 1 s2
max

 

m 5 51 if B $ 0

0 if B , 0

▶	 EXAMPLE 11.10

Compute the starting time of the induction machine in Example 11.6, assuming that 
the load torque is constant and equal to 60 Nm. 

Solution
The first step is to compute the constant T

R
.

T
R

5
T

l

T
max

5 0.4

A 5 2 1s2
max

2
Ks

max

T
R
2 5 210.196 2 2

1.196 3 0.196

0.4 2 5 21.1

Q 5 A2 2 4 s2
max

 5 1.056

B 5 1 1 A 1 s2
max

 5 20.0616

D 5
22

ÏQ
 tanh 2 1 

m(2 1 A)

ÏQ
5 2.642

t
st

5
t

T
R

 [1 2 (0.5 A 2 s2
max

) (m AD 1 log (mB))]
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337	 11.6  Traveling Time of Synchronous Motors

5
3.36

0.4
 [1 2 (20.55 2 0.196 2) (1.1 3 2.642 1 log (0.0616))] 5 16.8 sec

Note that the starting time with load is more than twice the no-load case computed 
in Example 11.6. ◀

	11.6	 Traveling Time of Synchronous Motors
The expression of a rotating mass is given in Equation (11.1). The expression is expanded 
as shown in Equation (11.30) to include system damping D.

	 J
eq

 
dv

dt
1 Dv 5 T

d
2 T

l
	 (11.30)

where J
eq

 is the equivalent inertia of the system including the load, the motor, and any 
gear or belt system. D is the system damping due to friction, windage, or damper wind-
ings that might be present in the rotor circuit. T

d
 is the developed torque of the motor, 

and T
l
 is the load torque. The developed torque of the synchronous machine is given by 

Equation (5.88). The equation is repeated here:

	 T
d

5
P
v

s

5
3
v

s

 
V

t 
E

f

X
s

 sin d 5 K sin d	 (11.31)

where V
t
 and E

f
 are phase quantities and d is known as the torque angle or power angle. 

Substituting the torque equation in (11.31) into (11.30) yields

	 J
eq

 
dv

dt
1 Dv 5 K sin d 2 T

l
	 (11.32)

The relationship between d and v can be explained by examining Figure 11.12. 
In the figure, the synchronous motor is connected to a fixed-frequency system. The 
frequency of the system is producing a field in the airgap rotating at the synchronous  
speed v

s
. Meanwhile, the motor shaft is rotating at an angular speed v. Both speeds are 

equal at the steady state, but during starting, braking, or speed control, the speed of the 
shaft differs from the synchronous speed.

The phasor diagram of Figure 5.48 is modified in Figure 11.13 to show the effect 
of the speeds on d. Keep in mind that the vector in any phasor diagram rotates at its own 
frequency. The frequency is seldom shown in phasor diagrams because all variables are 
assumed to have the same frequency during steady state, which is not the case here.  

VtEf

v

Figure 11.12 
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The stator voltage, which is connected to the constant-frequency utility system, rotates 
at the frequency that corresponds to v

s
. The rotor equivalent field voltage E

f
 is also  

rotating, but at the frequency of the rotor circuit v. Hence, d is a function of the differ-
ence between the two speeds.

d 5 f (v
s
2 v)

or, in an explicit form,

	
dd

dt
5 (v

s
2 v)	 (11.33)

Hence,

	 d 5 v
s 
t 2 #v dt	 (11.34)

Equations (11.32) and (11.34) form a nonlinear model for the traveling time of the 
synchronous motor. If we also assume that the load torque is speed dependent, we can 
rewrite Equation (11.32) as

	 J
eq

 
dv

dt
1 Dv 5 K sin1v

s
t 2 #v dt2 2 T

l
(v)	 (11.35)

Even if we assume that the synchronous speed, load torque, and all voltages are con-
stant, Equation (11.35) cannot be solved easily without using numerical methods.

For small changes in speed, we can approximate the solution of Equation (11.32) 
by assuming that the variation in d is small. If this approximation is valid, we can arrive 
at an approximate solution in a few steps. 

Let us find the second derivative of Equation (11.32).

J
eq

 
d 

2v

dt2
1 D 

dv

dt
5 (K cos d) 

d d

dt
2

dT
l

dt

Substituting Equation (11.33) into the above equation yields

J
eq

 
d 

2v

dt2
1 D 

dv

dt
1 (K cos d) v 5 (K cos d) v

s
2

dT
l

dt

Rewrite the equation as

	
d2v

dt2
1

D

J
eq

  
dv

dt
1

K cos d

J
eq

 v 5
v

s
 K cos d

J
2

1

J
 
dT

l

dt
	 (11.36)

Figure 11.13  Rotating phasor diagram of synchronous machines

Vt

Ef

vs

v

d
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If the motor operates at a relatively small value of d, a little variation in d does not affect 
the value of (cos d). Also, if we assume that the load torque is constant, dT

1
/dt 5 0.

d2v

dt2
1

D

J
eq

  
dv

dt
1

K cos d

J
eq

 v 5
v

s 
K cos d

J
eq

This equation can be written in the popular second-order form used often by control 
engineers:

d2v

dt2
1 2jv

n
 
dv

dt
1 v2

n 
v 5 C

where

v
n

5ÎK cos d

J
eq

j 5
D

2ÏJ
eq 

K cos d

C 5
v

s 
K cos d

J
eq

5 v
s
 v2

n

The solution is in the form

	v 5 v
f
 31 2

e2jv
n
t

Ï1 2 j 2
 sin (v

nÏ1 2 j 2 t 1 u)4 1 v
i
 3 e2jv

n
t

Ï1 2 j 2
 sin (v

nÏ1 2 j 2 t 1 u)4	 (11.37)

where

u 5 cos21 j

v
i
5 v(t 5 0); initial speed

v
f
5 v(t 5 t

f
); final speed

CHAPTER 11  Problems

	11.1	 �The system in Figure 11.2 consists of a wheel driven by a dc motor. The wheel 
is driving a piston pump. The system mass is 10 kg and the wheel radius is  
1 meter. The length of the piston rod is 3 meters. Compute the maximum  
and minimum values of the system’s moment of inertia. 

	11.2	 �A dc, separately excited motor is rated at 10 hp and 300 V. The rotor resistance 
of the motor is 1 V, with an inductance of 30 mH. The field constant (Kf) of 
the motor is 4 Vs. The inertia of the entire system is 1 Nm sec2, and the load 
torque is constant and equal to 50 Nm. The motor rotates at 1500 rpm. If the 
voltage of the motor is reduced to 200 V, compute the new steady-state speed. 

CHAPTER 11  Problems 
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	11.3	 �A 500 V, dc shunt motor has the following parameters:

Kf 5 3.0 Vs    R
a

5 1 V    L
a

5 30 mH

		  �The load connected to the motor is a constant torque of 20 Nm. The total 
moment of inertia of the entire drive system is 1 Nm sec2. The voltage of the 
motor at starting is 150 V.

a.	 Calculate and plot the motor speed versus time. 
b.	 Calculate the motor speed after 5 seconds.
c.	 Calculate the starting time.
d.	 The motor reaches the steady-state speed, and the terminal voltage is at full 

value. To decrease the motor speed, the terminal voltage is reduced by 10% 
while the field remains constant. Calculate the traveling time.

	11.4	 �A 480 V, 60 Hz, three-phase induction motor has a rated speed at full load of 
1720 rpm, stator resistance of 1 V, rotor resistance of 1 V, and equivalent wind-
ing reactance of 4 V. Compute the starting time of the motor at no load and at 
full voltage and frequency. The inertia of the motor is 3 Nm sec2.

	11.5	 �A 20 hp, 480 V, 60 Hz, three-phase induction motor has a rated speed at full 
load of 3500 rpm, stator resistance of 1 V, rotor resistance of 1 V, and equiva-
lent winding reactance of 5 V. Compute the starting time of the motor at full 
load and at full voltage and frequency. Assume that the load torque is constant. 
The inertia of the motor is 3 Nm sec2.

	11.6	 �Compute the countercurrent traveling time of the induction machine in  
Problem 11.4, assuming that the motor is running at no load.

	11.7	 �A four-pole induction motor with the following parameters is running at no load:

T
max

5 30 Nm    R
1

5 0.2 V    R
2
9 5 0.5 V

X
eq

5 1.5 V    J
eq

5 1.4 Nm sec2

a.	 At starting, a resistance equal to the rotor resistance is added to the rotor 
circuit. Calculate the starting time.

b.	 At countercurrent braking, a resistance equal to half the rotor resistance is 
inserted in the rotor circuit. Compute the braking time.

	11.8	 �A 480 V, six-pole, 60 Hz, three-phase synchronous motor has a synchronous 
reactance of 5 V and equivalent field voltage of 520 V. At steady state, the load 
torque is 300 Nm; assume the load torque to be constant. The equivalent inertia 
of the entire system is 4 Nm sec2. The damping of the system D is 0.5 Nm sec. 
If the frequency of the motor supply decreased to 50 Hz, compute the settling 
time by using a numerical solution for Equation (11.35).

	11.9	 �The motor in Problem 11.8 is driving a small-load torque of 10 Nm. Repeat the 
problem using Equation (11.37).
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single-phase, full-wave, 43–45, 52–56
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Airgap flux, 124, 131
Amplitude modulation, 82
Average current computation, 49
Average power of inductance, 50–51
Average power of three phases, 57
Average voltage across inductance and 

resistance, 49–50
Average voltage of full-wave circuit, 63
Average voltage of half-wave circuit, 34

B
Bidirectional electric drive systems, 

108–109
Bipolar BLDC motor, 128–133
Bipolar transistor, 13–16
BLDC motors, 277–285

bipolar braking, 280–285
countercurrent braking, 288–290
dynamic braking, 285–287
unipolar BLDC, 278–280

BLDC motors model and analysis, 
133–136

Boost converter, 80
Braking of conventional and brushless  

dc motors, 248–293
countercurrent braking

BLDC motors, 288–290
dc series motors, 275–277
dc shunt motors, 260–275

plugging, 260–264, 288–289
plugging, holding, 264
plugging, quadrants, 262
plugging, solid state, 271
sequence reversal, BLDC motors, 

289–290
terminal voltage reversal, 264–275
TVR direction of speed, 265
TVR excessive braking  

current, 269
TVR gravitational load, 273
TVR holding, 264
TVR reduction of braking  

current, 260
TVR reduction of voltage, 268
TVR solid state, 270

dynamic braking 
BLDC motors, 285–287
dc shunt motors, 253–259
dc series motors, 259–260

regenerative braking 
bipolar BLDC, 280–285
BLDC motors, 277–285
dc series motor, 253
dc shunt motor, 248–253
unipolar BLDC, 278–280

Braking of dc motor. See also Braking  
of conventional and brushless  
dc motors

dynamic braking of series motor, 259
field circuit, 254

dynamic braking of shunt and 
separately excited, 244–247

braking resistance, 245, 255
gravitational torque, 249
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Braking of dc motor (Continued )
regenerative braking of series motor, 

253–259
field circuit, 254

regenerative braking of shunt and 
separately excited, 253

back emf, 253
energy exchange, 246

Braking of electric motors, 243–247
countercurrent braking, 245–246

field reversal, 246
phase sequence, 246
quadrants, 257
unidirectional torque, 258

dynamic braking, 245
braking current, 245
PWM, 230
solid state, 54
stationary field, 311–312
windings arrangements, 245

regenerative braking, 243–245
induction generator, 303, 305
negative slip, 298, 301, 309
v/f control, 230, 231
wind machine, 297

Braking of induction motors,  
294–318

concurrent braking, 313–316
dynamic braking, 311–313
regenerative braking, 294–311

Brushless dc motor, 126–136
bipolar BLDC motor, 128–133
BLDC motors model and analysis, 

133–136
speed control, 189–191
unipolar BLDC motor, 127–128

Brush-type dc motors, 114–126
compound motors, 124–126
separately excited motors,  

117–121
series motors, 122–124
shunt motors, 121

Buck-boost converter, 66
Buck converter, 66

C
Carrier signal, 82–83
Center tap transformer, 177
Charging a battery, 84–85
Charging operation, 84–88
Chopper, 9
Components, electric drive system, 5–11

controllers, 10–11
converters, 9–10
electric motors, 8–9
functional blocks of electric drive 

system, 5
mechanical loads, 6–8
power sources, 9

Compound excited motor, 125–126
no load, 126
starting, 126

Compound motors, 124–126
Conduction period, 20
Continuous armature current, 179–181
Continuous conduction, 89–100
Continuous current, 57
Controllers, 10–11
Conventional and brushless direct current 

motors speed control, 165–197
brushless dc motor, 189–191
conventional dc series motors, 183–189

adding resistance, 183–184
armature voltage adjustment, 

184–185
field current adjustment, 185–188

conventional dc shunt or separately 
excited motors, 166–183

adding resistance, 166–169
armature voltage adjustment, 

169–170
field voltage adjustment, 170–173
solid-state control, 173–183

Conventional dc series motors speed 
control, 183–189

adding resistance, 183–184
armature voltage adjustment,  

184–185
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Conventional dc shunt or separately 
excited motors speed control, 
166–183

adding resistance, 166–169
armature voltage adjustment, 169–170
field voltage adjustment, 170–173
solid-state control, 173–183

Converters, 9–10, 32–106
ac/dc, 31–66

inductive load, 45–52
resistive load, 43–45
three-phase, 56–66

dc/ac converter, 70–84
dc/dc converter, 66–69
electric power, 37–40
power factor, 41–43
root mean squares (rms), 35–37
single-phase dc/ac converter, 70–71
three-phase ac/dc converter, 59–66

Core saturation, 30, 124
Countercurrent braking, 245–246

BLDC motors, 288–290
dc series motors, 275–277
dc shunt motors, 260–275
induction motors, 313–316
plugging, 260–264, 288–289
sequence reversal, BLDC motors, 

289–290
terminal voltage reversal, 264–275

Current gain b, 14, 15
Current source inverter, 93–96
Current source speed control, 232–239

induction motor with adjustable- 
frequency CSI, 237–239

induction motor with constant- 
frequency CSI, 234–237

Cutoff region, 14–15

D
Damage to electric machines, 160–161
Darlington transistor, 23–24
dc/ac conversion, 70–84

frequency adjustment, 77–78
sequence adjustment, 80

single-phase, dc/ac converter, 70–71
three-phase dc/ac converter, 71–77
voltage adjustment, 78–80

dc/dc conversion, 66–69
dc link, 9, 11
dc motor, 114–126

compound excited motor,  
124–126

Lorentz force, 115
magnetomotive force, 116
separately excited, 117–121
series excited motor, 122–124
shunt excited motor, 125–126

dc motors traveling time, 325–330
dc power, 40–41
dc series motors

countercurrent braking, 275–277
dynamic braking, 259–260
regenerative braking, 253

dc shunt motor
countercurrent braking, 260–275
dynamic braking, 253–259
regenerative braking, 248–253

di/dt and dv/dt protection, 26–31
Discharging a battery, 88–91
Discharging operation, 88–91
Discontinuous current, 33, 181
Displacement power factor, 42
dv/dt protection, 26–31
Dynamic braking, 245

BLDC motors, 285–287
dc series motors, 259–260
dc shunt motors, 253–259
induction motors, 311–313

Dynamics of electric drives. See Electric 
drive systems dynamics 

Dynamics of induction motor, 330–337
loaded motor, 335–337

starting, 336
unloaded motor, 331–335

braking, 333
starting, 332

Dynamics of synchronous motor, 
303–305
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E
Electric drive systems, 1–11

electric drive system components,  
5–11

controllers, 10–11
converters, 9–10
electric motors, 8–9
functional blocks of electric  

drive system, 5
mechanical loads, 6–8
power sources, 9

historical background, 2–5
line shaft drives, 2–3
multimotor drives, 4–5
single-motor, multiple-load  

drives, 3
single-motor, single-load  

drives, 3–4
introduction, 1–2

integrated module, 2
multimachine system for speed 

control, 2
Electric drive systems dynamics, 

319–340
gears and belts, 323–325
moments of inertia, 320–322
traveling time

basic concept, 322–323
dc motors, 325–330
induction motors, 330–337
synchronous motors, 337–339

Electric motors, 8–9
damage due to operation, 160, 225

Electric power, 37–40
displacement power factor, 40
instantaneous power method, 38
harmonics method, 38–40
rms method, 37–38

Energy recovery systems, 84–91
charging a battery, 84–88
charging operation, 84–88
discharging a battery, 88–91
discharging operation, 88–91
three-phase, 91–93

F
Faraday’s law, 118, 139
Field effect transistor, 16–19
Field reversal, 246, 313, 333
Four-layer diode, 19–21. See also 

Thyristors
Four-quadrant electric drive systems, 

110–113
Freewheeling diode effect, 181–183
Frequency adjustment, 77–78
Functional blocks of electric drive 

system, 5

G
Gate current, 22
Gears and belts, 323–325
Gravitational load, 258, 273, 288

H
Harmonics method, 38–40

I
Inductance, 222
Inductive load, 45–52

average power, 50–51
average voltage, 49–50

Induction motors, 136–153
airgap flux, 124, 131
braking. See Braking of induction 

motor
equivalent circuit, 140–144
equivalent circuit at standstill, 154
large slip approximation, 138–139
Lorentz force, 139
maximum torque, 148
number of poles, 139
power flow, 144–147
rotating field, 139
slip, 140
slip ring rotor, 137
small slip approximation, 149, 151
speed-torque characteristics, 148
squirrel cage rotor, 136
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synchronous speed, 138–139
torque characteristics, 147–151

Induction motors braking, 294–318
concurrent braking, 313–316
dynamic braking, 311–313
regenerative braking, 294–311

Induction motors traveling time, 330–337
loaded induction motor, 335–337
unloaded induction motor, 331–335

Inertia torque, 147, 322–323
Insulated gate bipolar transistor (IGBT), 

24–25
Instantaneous power method, 38
Integrated module, 2
Isolation of triggering circuits, 100–104

isolation transformer, 100–101
opto-coupler, 101–104

Isolation transformer, 100–101

J
Joint speed-torque characteristics of 

electrical motors and mechanical 
loads, 107–113

bidirectional electric drive systems, 
108–109

four-quadrant electric drive systems, 
110–113

Junction-gate FET, 16
Junction temperature, 25–26

K
Kinetic energy, 245, 254, 308, 311

L
Large slip approximation, 138–139
Linear region of transistor, 14
Line shaft drives, 2–3
Load line, 15–16
Lorentz force, 115, 139

M
Magnetomotive force, 114, 116, 129
Maximum torque, 148
Mechanical loads, 6–8

torque independent of speed, 7
torque inversely proportional to  

speed, 8
torque linearly dependent on speed, 

7–8
torque proportional t square  

of speed, 8
Metal-oxide FET, 16
Moments of inertia, 320–322
Multimachine system for speed  

control, 2
Multimotor drives, 4–5

O
Opto-coupler, 101–104

P
Phase sequence, 80, 84, 245–246
Period, 71

conduction period, 20, 24, 25, 35, 38
switching interval, 71
time segment, 71

Power, 37–40
displacement power factor, 40
harmonics method, 38–40
instantaneous power method, 38
rms method, 37–38

Power factor, 41–43
Power sources, 9
Pulse-width modulation (PWM), 80–84

Q
Quadrants of operation, 110–113

R
Ratings, power electric devices, 25–26

junction temperature, 25–26
maximum di /dt, 30
maximum dv/dt, 26
steady-state ratings of PE devices, 25
surge current, 26
switching time, 26

Reactive power, 155–158
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Reference signal, 81–84
Regenerative braking, 243–245

bipolar BLDC, 280–285
BLDC motors, 277–285
dc series motor, 253
dc shunt motor, 248–253
induction motors, 294–311
unipolar BLDC, 278–280

rms method, 37–38
rms voltage, 51–52

full-wave circuit, 46
half-wave circuit, 46

Root-mean squares, 35–37
Rotating field, 137
Rotor resistance, 199–203
Rotor voltage injection, 211–222

Scherbius system, 221
static Scherbius drive, 211

S
Saturation region of transistor, 14
Scherbius system, 221
Separately excited motors, 117–121

starting behavior, 120
starting current, 119, 120
starting torque, 119, 120

Series excited motor, 122–124
starting, 123, 124

Sequence adjustment, 80
Shunt excited motor, 121
Silicon-controlled rectifier, 21–23
Single-motor, multiple-load drives, 3
Single-motor, single-load drives,  

3–4
Single-phase 

dc/ac converter, 70–71
full-wave

ac/dc conversion for resistive loads, 
43–45

drives, 177–179
half-wave, ac/dc conversion for induc-

tive loads with freewheeling  
diode, 52–56

half-wave, ac/dc conversion for induc-
tive loads without freewheeling 
diode, 45–52

average power on inductance, 50–51
average voltage across inductance 

and resistance, 49–50
RMS voltage, 51–52

half-wave, ac/dc conversion for 
resistive loads, 32–43

dc power, 40–41
electric power, 37–40
power factor, 41–43
root-mean squares, 35–37

half-wave drives, 174–177
Slip, 140

negative slip, 298, 301, 309
Slip energy recovery, 203–211

efficiency, 207–211
torque-current relationship, 206–207

Slip power, 203–204
Slip ring, 137
Small slip approximation, 149, 151
Snubbing circuit, 26–28
Solid-state devices, 12–31

Darlington transistor, 23–24
di /dt and dv/dt protection, 26–31
insulated gate bipolar transistor 

(IGBT), 24–25
ratings, power electric devices, 25–26

junction temperature, 25–26
steady-state circuit ratings, 25

thyristors, 19–23
four-layer diode, 19–21
silicon-controlled rectifier, 21–23

transistors, 13–19
bipolar transistor, 13–16
field effect transistor, 16–19

Solid-state speed control, 173–183
continuous armature current, 179–181
freewheeling diode effect, 181–183
single-phase, full-wave drives, 177–179
single-phase, half-wave drives, 

174–177

70960_Index_ptg01.indd   346 05/09/17   9:28 am



347Index

Solid-state switching circuits, 32–106
current source inverter, 93–96
dc/ac conversion, 70–84

frequency adjustment, 77–78
sequence adjustment, 80
single-phase, dc/ac converter, 70–71
three-phase dc/ac converter, 71–77
voltage adjustment, 78–80

dc/dc conversion, 66–69
energy recovery systems, 84–91

charging operation, 84–88
discharging operation, 88–91

pulse-width modulation (PWM), 80–84
single-phase, full-wave, ac/dc conver-

sion for resistive loads, 43–45
single-phase, half-wave, ac/dc con-

version for inductive loads with 
freewheeling diode, 52–56

single-phase, half-wave, ac/dc conver-
sion for inductive loads without 
freewheeling diode, 45–52

average power on inductance, 50–51
average voltage across inductance 

and resistance, 49–50
RMS voltage, 51–52

single-phase, half-wave, ac/dc conver-
sion for resistive loads, 32–43

dc power, 40–41
electric power, 37–40
power factor, 41–43
root-mean squares, 35–37

three-phase energy recovery systems, 
91–93

three-phase, full-wave, ac/dc 
conversion, 60–66

three-phase, half-wave, ac/dc 
conversion for inductive loads, 
59–60

three-phase, half-wave, ac/dc conver-
sion for resistive loads, 56–59

triggering circuits, 96–104
isolation of triggering circuits, 

100–104

synchronization of triggering 
circuits, 97–100

Speed control, induction motors 198–242
current source speed control, 232–239

induction motor with adjustable-
frequency CSI, 237–239

induction motor with constant-
frequency CSI, 234–237

inductance, 222
principles of speed control, 199
rotor resistance, 199–203
rotor voltage injection, 211–222

Scherbius system, 221
static Scherbius drive, 211

slip energy recovery, 203–211
efficiency, 207–211
torque-current relationship,  

206–207
stator voltage adjustment, 222–224
supply frequency adjustment, 224–229

excessive high frequency effect, 
225–228

excessive low frequency effect, 
228–229

voltage/frequency control, 230–232
Speed control of separately excited 

motor, 166–183
armature resistance, 167–169
armature voltage, 166, 169–170
field voltage, 166, 170–173
solid state control, 173–183

center tap transformer, 177
conduction period, 175–177
continuous armature current, 

179–181
diode current, 181–183
discontinuous armature current, 181
freewheeling diode, 181–183
instantaneous current, 175, 182
single-phase, full-wave, 177–179
single-phase, half-wave, 174–177
voltage across armature inductance, 

179–181
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Speed control of series motor
armature resistance, 183–184
armature voltage, 183–184
field voltage, 172

Speed-torque characteristics of electric 
motors, 114–164

brushless dc motor, 126–136
bipolar BLDC motor, 128–133
BLDC motors model and analysis, 

133–136
unipolar BLDC motor, 127–128

brush-type dc motors, 114–126
compound motors, 124–126
separately excited motors,  

117–121
series motors, 122–124
shunt motors, 121

damage to electric machines,  
160–161

induction motors, 136–153
equivalent circuit, 140–144
power flow, 144–147
starting procedure, 151–153
torque characteristics, 147–151

synchronous motors, 153–160
power flow, 158–159
reactive power, 155–158
starting procedure, 160
torque characteristics, 159–160

Squirrel cage, 300
Static Scherbius drive, 211
Stationary field, 311–312
Stator voltage adjustment, 222–224
Steady-state circuit ratings, 25
Step functions, 33, 47, 175
Supply frequency adjustment,  

224–229
excessive high frequency effect, 

225–228
excessive low frequency effect, 

228–229
Switching interval, 71, 73
Switching time, 26

Synchronization of triggering circuits, 
97–100

continuous conduction, 89–100
triggering pulse, 97–98

Synchronous motors, 153–160
power flow, 158–159
reactive power, 155–158
starting procedure, 160
torque characteristics, 159–160
traveling time, 337–339

Synchronous speed, 138–139

T
Three-phase 

dc/ac converter, 71–77
energy recovery systems, 91–93
full-wave, ac/dc conversion,  

60–66
half-wave, ac/dc conversion for 

inductive loads, 59–60
half-wave, ac/dc conversion for 

resistive loads, 56–59
Three-phase converter, 56–59
Thyristors, 19–23

four-layer diode, 19–21
silicon-controlled rectifier, 21–23

Time segment, 71
Torque 

independent of speed, 7
inversely proportional to speed, 8
linearly dependent on speed, 7–8
proportional t square of speed, 8

Transistors, 13–19
bipolar transistor, 13–16
current gain b, 15
cutoff region, 14–15
Darlington transistor, 22
field effect transistor, 16–19
insulated gate bipolar transistor,  

24–25
junction-gate FET, 16
linear region, 14
load line, 15–16
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metal-oxide FET, 16
saturation region, 14

Traveling time
basic concept, 322–323
dc motors, 325–330
induction motors, 330–337
synchronous motors, 337–339

Triggering circuits, 97–104
isolation of triggering circuits,  

100–104
isolation transformer, 100–101
opto-coupler, 101–104

synchronization of triggering circuits, 
97–100

continuous conduction, 89–100
triggering pulse, 97–98

Triggering pulse, 97–98

U
Unidirectional load, 273
Uninterruptable power supply, 91
Unipolar BLDC motor, 127–128

V
Variable moment of inertia, 320
v/f control, 230–232, 294–295
Voltage across inductance, 49–50
Voltage adjustment, 78–80
Voltage/frequency control, 230–232
Voltage injection, 191, 211–222

W
Wind machine, 297
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