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Preface

In recent years, real-time digital signal processing (DSP) using general-purpose DSP
processors has provided an effective way to design and implement DSP systems for practical
applications. Many companies are actively engaged in real-time DSP research for developing
new applications. The study of real-time DSP applications has been and will continue to be a
challenging field for students, engineers, and researchers. It is important to master not only the
theory, but also the skill of system design and implementation techniques.

Since the publication of the first edition of the book entitled Real-Time Digital Signal
Processing in 2001 and the second edition in 2006, the use of digital signal processors has
penetrated into a much wider range of applications. This has led to curriculum changes in
many universities to offer new real-time DSP courses that focus on implementations and
applications, as well as enhancing the traditional theoretical lectures with hands-on real-time
experiments. In the meantime, advances in new processors and development tools constantly
demand up-to-date books in order to keep up with the rapid evolution of DSP developments,
applications, and software updates. We intend with the third edition of this book to integrate
the theory, design, applications, and implementations using hands-on experiments for the
effective learning of real-time DSP technologies.

This book presents fundamental DSP principles along with many MATLAB® examples
and emphasizes real-time applications using hands-on experiments. The book is designed to
be used as a textbook for senior undergraduate/graduate students. The prerequisites for this
book are concepts of signals and systems, basic microprocessor architecture, and MATLAB®™
and C programming. These topics are usually covered at the sophomore and junior levels in
electrical and computer engineering, computer science, and other related science and
engineering fields. This book can also serve as a reference for engineers, algorithm
developers, and embedded system designers and programmers to learn DSP principles
and implementation techniques for developing practical applications. We use a hands-on
approach by conducting experiments and evaluating the results in order to help readers to
understand the principles behind complicated theories. A list of textbooks and technical
papers with mathematical proofs are provided as references at the end of each chapter for
those who are interested in going beyond the coverage of this book.

The major aims and changes for this third edition are summarized as follows:

1. Focus on practical applications and provide step-by-step hands-on experiments for the
complete design cycle starting from the evaluation of algorithms using MATLAB® to the
implementation using floating-point C programming, and updated to fixed-point C
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programming, and software optimization using mixed C and assembly programming with
C intrinsics and assembly routines for fixed-point digital signal processors. This method-
ology enables readers to concentrate on learning DSP fundamentals and innovative
applications by relaxing the intensive programming efforts, especially the time-consuming
assembly programming.

2. Enhance many examples and hands-on experiments to make the DSP principles more
interesting and interactive with real-world applications. All the C and assembly programs
are carefully updated using the most recent versions of development tools, the Code
Composer Studio and the low-cost TMS320C5505 (a member of C55xx family) eZdsp
USB stick, for real-time experiments. Due to its affordable cost and portability, the eZdsp
enables students, engineers, professionals, and hobbyists to conduct DSP experiments and
projects at more convenient locations instead of in traditional laboratories. This new
hardware tool is widely used by universities and industrial organizations to replace the
older and more expensive development tools.

3. Add attractive and challenging DSP applications such as speech coding techniques for next
generation networks and cell (mobile) phones; audio coding for portable players; several
audio effects including spatial sounds, graphic and parametric audio equalizers for music,
and audio post-recording effects; two-dimensional discrete wavelet transform for
JPEG2000; image filtering for special effects; and fingerprint image processing. Also
develop real-time experiments with modular designs and flexible interfaces such that the
software may serve as prototyping programs to create other related applications.

4. Organize chapters in a more flexible and logical manner. Some related applications are
grouped together. We also removed some topics, such as channel coding techniques, that may
not be suitable for a semester-long course. The hardware-dependent topics in the second
edition have been greatly simplified and presented here as an appendix for readers who are
required or interested to learn about TMS320C55xx architecture and assembly program-
ming. All of these changes are made intentionally for the purpose of focusing on the
fundamental DSP principles with enhanced hands-on experiments for practical applications.

Many DSP algorithms and applications are available in MATLAB®™ and floating-point C
programs. This book provides a systematic software development process for converting these
programs to fixed-point C and optimizing them for implementation on fixed-point processors.
To effectively illustrate DSP principles and applications, MATLAB® is used for the
demonstration, design, and analysis of algorithms. This development stage is followed by
floating-point and fixed-point C programming for implementing DSP algorithms. Finally, we
integrate the CCS with the C5505 eZdsp for hands-on experiments. To utilize the advanced
architecture and instruction set for efficient software development and maintenance, we
emphasize using mixed C and assembly programs for real-time applications.

This book is organized into two parts: principles and applications. The first part
(Chapters 1-6) introduces DSP principles, algorithms, analysis methods, and implementa-
tion considerations. Chapter 1 reviews the fundamentals of real-time DSP functional
blocks, DSP hardware options, fixed- and floating-point DSP devices, real-time constraints,
and algorithm and software development processes. Chapter 2 presents fundamental DSP
concepts and practical considerations for the implementation of DSP algorithms. The
theory, design, analysis, implementation, and application of finite impulse response
and infinite impulse response filters are presented in Chapters 3 and 4, respectively.
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The concepts and considerations of using the discrete Fourier transform for frequency
analysis, and the implementation and application of the fast Fourier transform, are
introduced in Chapter 5. Basic principles of adaptive signal processing with many practical
considerations for applications are presented in Chapter 6.

The second part (Chapters 7—11) introduces several important DSP applications that have
played important roles in the realization of modern real-world systems and devices. These
selected applications include digital signal generation and dual-tone multi-frequency (DTMF)
detection in Chapter 7; adaptive echo cancellation especially for VoIP and hands-free phone
applications in Chapter 8; speech processing algorithms including speech enhancement and
coding techniques for mobile phones in Chapter 9; audio signal processing including audio
effects, equalizers, and coding methods for portable players in Chapter 10; and image
processing fundamentals for applications including JPEG2000 and fingerprints in Chapter
11. Finally, Appendix A summarizes some useful formulas used for the derivation of
equations and solving exercise problems in the book, and Appendix C introduces the
architecture and assembly programming of the TMS320C55xx for readers who are interested
in these topics.

As with any book attempting to capture the state of the art at a given time, there will
certainly be updates that are necessitated by the rapidly evolving developments in this
dynamic field. We hope that this book can serve as a guide for what has already come and as an
inspiration for what will follow.

Software Availability

This book utilizes various MATLAB™, floating-point and fixed-point C, and TMS320C55xx
assembly programs in examples, experiments, and applications. These programs along with
many data files are available in the companion software package from the Wiley website
(http://www.wiley.com/go/kuo_dsp). The directory and the subdirectory structure and names
of these software programs and data files are explained and listed in Appendix B. The software
is required for conducting the experiments presented in the last section of each chapter and
Appendix C, and can enhance the understanding of DSP principles. The software can also be
modified to serve as prototypes for speeding up other practical uses.


http://www.wiley.com/go/kuo_dsp
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1

Introduction to Real-Time Digital
Signal Processing

Signals can be classified into three categories: continuous-time (analog) signals, discrete-time
signals, and digital signals. The signals that we encounter daily are mostly analog signals.
These signals are defined continuously in time, have infinite resolution of amplitude values,
and can be processed using analog electronics containing both active and passive circuit
elements. Discrete-time signals are defined only at a particular set of time instances, thus they
can be represented as a sequence of numbers that have a continuous range of values. Digital
signals have discrete values in both time and amplitude, thus they can be stored and processed
by computers or digital hardware. In this book, we focus on the design, implementation, and
applications of digital systems for processing digital signals [1-6]. However, the theoretical
analysis usually uses discrete-time signals and systems for mathematical convenience.
Therefore, we use the terms “discrete-time” and “digital” interchangeably.

Digital signal processing (DSP) is concerned with the digital representation of signals and
the use of digital systems to analyze, modify, store, transmit, or extract information from these
signals. In recent years, the rapid advancement in digital technologies has enabled the
implementation of sophisticated DSP algorithms for real-time applications. DSP is now used
not only in areas where analog methods were used previously, but also in areas where analog
techniques are very difficult or impossible to apply.

There are many advantages in using digital techniques for signal processing rather than
analog devices such as amplifiers, modulators, and filters. Some of the advantages of DSP
systems over analog circuitry are summarized as follows:

1. Flexibility. Functions of a DSP system can be easily modified and upgraded with software
that implements the specific operations. One can design a DSP system to perform a wide
variety of tasks by executing different software modules. A digital device can be easily
upgraded in the field through the on-board memory (e.g., flash memory) to meet new
requirements, add new features, or enhance its performance.

Real-Time Digital Signal Processing: Fundamentals, Implementations and Applications, Third Edition.
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2. Reproducibility. The functions of a DSP system can be repeated precisely from one unit to
another. In addition, by using DSP techniques, digital signals can be stored, transferred, or
reproduced many times without degrading the quality. By contrast, analog circuits will not
have the same characteristics even if they are built following identical specifications, due
to analog component tolerances.

3. Reliability. The memory and logic of DSP hardware do not deteriorate with age.
Therefore, the performance of DSP systems will not drift with changing environmental
conditions or aged electronic components as their analog counterparts do.

4. Complexity. DSP allows sophisticated applications such as speech recognition to be
implemented using low-power and lightweight portable devices. Furthermore, there are
some important signal processing algorithms such as image compression and recognition,
data transmission and storage, and audio compression, which can only be performed using
DSP systems.

With the rapid evolution in semiconductor technologies, DSP systems have lower overall cost
compared to analog systems for most applications. DSP algorithms can be developed, analyzed,
and simulated using high-level language software such as C and MATLAB ™. The performance
of the algorithms can be verified using low-cost, general-purpose computers. Therefore, DSP
systems are relatively easy to design, develop, analyze, simulate, test, and maintain.

There are some limitations associated with DSP. For example, the bandwidth of a DSP
system is limited by the sampling rate. Also, most of the DSP algorithms are implemented
using a fixed number of bits with limited precision and dynamic range, resulting in undesired
quantization and arithmetic errors.

1.1 Basic Elements of Real-Time DSP Systems

There are two types of DSP applications: non-real-time and real-time. Non-real-time signal
processing involves manipulating signals that have already been stored in digital form. This
may or may not represent a current action, and the processing result is not a function of real
time. Real-time signal processing places stringent demands on DSP hardware and software
design to complete predefined tasks within a given timeframe. This section reviews the
fundamental functional blocks of real-time DSP systems.

The basic functional blocks of DSP systems are illustrated in Figure 1.1, where a real-world
analog signal is converted to a digital signal, processed by DSP hardware, and converted back

ix’(t) x(t) Antialiasing x(n) Other digital i
;—!>—' filter ADC systems !
i Amplifier !
"""""" Inputchannels [l
DSP
hardware
Output channels

Reconstruction Other digital
filter Y DAC systems

Figure 1.1 Basic functional block diagram of a real-time DSP system
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to an analog signal. For some applications, the input signal may be already in digital form and/
or the output data may not need to be converted to an analog signal, for example, the processed
digital information may be stored in memory for later use. In other applications, DSP systems
may be required to generate signals digitally, such as speech synthesis and signal generators.

1.2 Analog Interface

In this book, a time-domain signal is denoted with a lowercase letter. For example, x(f) in
Figure 1.1 is used to name an analog signal of x which is a function of time . The time variable
t and the amplitude of x(f) take on a continuum of values between —oo and oo. For this reason
we say x(f) and y(f) are continuous-time (or analog) signals. The signals x(n) and y(n) in
Figure 1.1 depict digital signals which have values only at time instant (or index) n. In this
section, we first discuss how to convert analog signals into digital signals. The process of
converting an analog signal to a digital signal is called the analog-to-digital (A/D) conversion,
usually performed by an A/D converter (ADC).

The purpose of A/D conversion is to convert the analog signal to digital form for processing
by digital hardware. As shown in Figure 1.1, the analog signal x/(¢) is picked up by an
appropriate electronic sensor that converts pressure, temperature, or sound into electrical
signals. For example, a microphone can be used to pick up speech signals. The sensor output
signal x'(¢) is amplified by an amplifier with a gain of value g to produce the amplified signal

x(t) = gx'(1). (1.1)

The gain value g is determined such that x(f) has a dynamic range that matches the ADC
used by the system. If the peak-to-peak voltage range of the ADC is 2 volts (V), then g may
be set so that the amplitude of signal x(#) to the ADC is within £2 V. In practice, it is very
difficult to set an appropriate fixed gain because the level of x'(¢) may be unknown and
changing with time, especially for signals with larger dynamic ranges such as human speech.
Therefore, many practical systems use digital automatic gain control algorithms to determine
and update the gain value g based on the statistics of the input signal x'(¢).

Once the digital signal has been processed by the DSP hardware, the result y(n) is still in
digital form. In many DSP applications, we have to convert the digital signal y(n) back to the
analog signal y(¢) before it can be applied to appropriate analog devices. This process is called
the digital-to-analog (D/A) conversion, typically performed by a D/A converter (DAC). One
example is a digital audio player, in which the audio music signals are stored in digital format.
An audio player reads the encoded digital audio data from the memory and reconstructs the
corresponding analog waveform for playback.

The system shown in Figure 1.1 is a real-time system if the signal to the ADC is continuously
sampled and processed by the DSP hardware at the same rate. In order to maintain real-time
processing, the DSP hardware must perform all required operations within the fixed time, and
present the output sample to the DAC before the arrival of the next sample from the ADC.

1.2.1 Sampling

As shown in Figure 1.1, the ADC converts the analog signal x(¢) into the digital signal x(n).
The A/D conversion, commonly referred to as digitization, consists of the sampling
(digitization in time) and quantization (digitization in amplitude) processes as illustrated
in Figure 1.2. The basic sampling function can be carried out with an ideal “sample-and-hold”
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Figure 1.2 Block diagram of an ADC

circuit, which maintains the sampled signal level until the next sample is taken. The
quantization process approximates the waveform by assigning a number to represent its
value for each sample. Therefore, the A/D conversion performs the following steps:

1. The signal x(¢) is sampled at uniformly spaced time instants n7, where n is a positive integer
and T'is the sampling period in seconds. This sampling process converts an analog signal
into a discrete-time signal x(nT) with continuous amplitude value.

2. The amplitude of each discrete-time sample x(nT) is quantized into one of 28 levels, where
B is the number of bits used to represent each sample. The discrete amplitude levels are
represented (or encoded) into binary words x(n) with the fixed wordlength B.

The reason for making this distinction is that these two processes introduce different distortions.
The sampling process causes aliasing or folding distortion, while the encoding process results in
quantization noise. As shown in Figure 1.2, the sampler and quantizer are integrated on the same
chip. However, a high-speed ADC typically requires an external sample-and-hold device.
An ideal sampler can be considered as a switch that periodically opens and closes every T
seconds. The sampling period is defined as
T= ! (1.2)
£ '
where f; is the sampling frequency in hertz (Hz) or sampling rate in samples per second. The
intermediate signal x(nT) is a discrete-time signal with continuous value (a number with
infinite precision) at discrete time n7, n=0, 1, ..., oo, as illustrated in Figure 1.3. The

X(nT)

A

/N\/ X (t)

0 T 2T 3T 4T

Figure 1.3 Sampling of analog signal x(¢) and the corresponding discrete-time signal x(nT)
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analog signal x(#) is continuous in both time and amplitude. The sampled discrete-time signal
x(nT) is continuous in amplitude, but defined only at discrete sampling instants ¢ =nT.

In order to represent the analog signal x(r) accurately by the discrete-time signal x(nT), the
sampling frequency f, must be at least twice the maximum frequency component fy; in the
analog signal x(f). That is,

fs 2 2fws (1.3)

where f, is also called the bandwidth of the bandlimited signal x(). This is Shannon’s sampling
theorem, which states that when the sampling frequency is greater than or equal to twice the
highest frequency component contained in the analog signal, the original analog signal x(f) can
be perfectly reconstructed from the uniformly sampled discrete-time signal x(nT).

The minimum sampling rate, f, = 2fy;, is called the Nyquist rate. The frequency, fy = f./2, is
called the Nyquist frequency or folding frequency. The frequency interval, [—f,/2,f,/2], is
called the Nyquist interval. When the analog signal is sampled at f,, frequency components
higher than f, /2 will fold back into the frequency range [0, f,/2]. The folded back frequency
components overlap with the original frequency components in the same frequency range,
resulting in the corrupted signal. Therefore, the original analog signal cannot be recovered from
the folded digital samples. This undesired effect is known as aliasing.

Example 1.1

Consider two sine waves of frequencies f; = 1 Hz and f, = 5 Hz that are sampled at f, =
4 Hz, rather than at least 10 Hz according to the sampling theorem. The analog waveforms
and the digital samples are illustrated in Figure 1.4(a), while their digital samples and
reconstructed waveforms are illustrated in Figure 1.4(b). As shown in the figures, we can
reconstruct the original waveform from the digital samples for the sine wave of frequency
/1 = 1 Hz. However, for the original sine wave of frequency f, = 5 Hz, the resulting digital
samples are the same as f; = 1 Hz, thus the reconstructed signal is identical to the sine
wave of frequency 1 Hz. Therefore, f| and f, are said to be aliased to one another, that is,
they cannot be distinguished by their discrete-time samples.

Note that the sampling theorem assumes the signal is bandlimited by fy;. For many practical
applications, the analog signal x(#) may have significant frequency components outside the
highest frequency of interest, or may contain noise with a wider bandwidth. In some
applications, the sampling rate is predetermined by given specifications. For example,
most voice communication systems define the sampling rate of 8kHz (kilohertz).
Unfortunately, the frequency components in typical speech can be much higher than
4 kHz. To guarantee that the sampling theorem is satisfied, we must eliminate the frequency
components above the Nyquist frequency. This can be done by using an antialiasing filter
which is an analog lowpass filter with the cutoff frequency bounded by

f<h, (1.4)

Ideally, an antialiasing filter should remove all frequency components above the Nyquist
frequency. In many practical systems, a bandpass filter is preferred to remove frequency
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(b) Digital samples of f; =1 Hz and f, = 5 Hz and the reconstructed waveforms.

Figure 1.4 Example of the aliasing phenomenon

components above the Nyquist frequency, as well as to eliminate undesired DC offset, 60 Hz
hum, or other low-frequency noises. For example, a bandpass filter with a passband from 300
to 3400Hz is widely used in telecommunication systems to attenuate the signals whose
frequencies lie outside this passband.

Example 1.2

The frequency range of signals is large, from approximately gigahertz (GHz) in radar down
to fractions of hertz in instrumentation. For a specific application with given sampling rate,
the sampling period can be determined by (1.2). For example, some real-world applications
use the following sampling frequencies and periods:

1. In International Telecommunication Union (ITU) speech coding/decoding standards
ITU-T G.729 [7] and G.723.1 [8], the sampling rate is f; = 8 kHz, thus the sampling
period T= 1/8000seconds = 125 ws (microseconds). Note that 1 pus = 10" seconds.

2. Wideband telecommunication speech coding standards, such as ITU-T G.722 [9] and
G.722.2 [10], use the sampling rate of f;, = 16 kHz, thus 7= 1/16 000 seconds = 62.5 u.s.

3. High-fidelity audio compression standards, such as MPEG-2 (Moving Picture Experts
Group) [11], AAC (Advanced Audio Coding), MP3 (MPEG-1 layer 3) [12] audio, and
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Dolby AC-3, support the sampling rate of f, = 48 kHz, thus 7'=1/48 000 seconds =
20.833 ws. The sampling rate for MPEG-2 AAC can be as high as 96 kHz.

The speech coding algorithms will be discussed in Chapter 9 and the audio coding
techniques will be introduced in Chapter 10.

1.2.2  Quantization and Encoding

In previous sections, we assumed that the sample values x(n7) are represented exactly
using an infinite number of bits (i.e., B— 00). We now discuss the quantization and
encoding processes for representing the sampled discrete-time signal x(n7) by a binary
number with a finite number of bits. If the wordlength of an ADC is B bits, there are 2B
different values (levels) that can be used to represent a digital sample x(n). If x(nT) lies in
between two quantization levels, it will either be rounded or truncated to produce x(n).
Rounding assigns to x(nT) the value of the nearest quantization level while truncation
replaces x(nT) by the value of the level below it. Since rounding produces a less biased
representation of the true value, it is widely used by ADCs. Therefore, quantization is a
process that represents a continuous-valued sample x(n7) with its nearest level that
corresponds to the digital signal x(n).

For example, 2 bits define four equally spaced levels (00, 01, 10, and 11), which can be used
to classify the signal into the four subranges illustrated in Figure 1.5. In this figure, the open
circles represent the discrete-time signal x(nT), and the solid circles the digital signal x(n). The
spacing between two consecutive quantization levels is called the quantization width, step, or
resolution. A uniform quantizer has the same spacing between these levels. For uniform
quantization, the resolution is determined by dividing the full-scale range by the total number
of quantization levels, 2B

In Figure 1.5, the difference between the quantized number and the original value is defined
as the quantization error, which appears as noise in the output of the converter. Thus, the
quantization error is also called the quantization noise, which is assumed to be a random noise.
If a B-bit quantizer is used, the signal-to-quantization-noise ratio (SQNR) is approximated by
the following equation (to be derived in Chapter 2):

SQNR = 6B dB. (1.5)
Quantization level

Quantization errors

" :‘//'7[’* x(t)
10 })a/ ,
01 /

00 @ Time
0 T 2T 3T

Figure 1.5 Digital samples using 2-bit quantizer
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In practice, the achievable SQNR will be less than this theoretical value due to imper-
fections in the fabrication of converters. Nevertheless, Equation (1.5) provides a simple
guideline to determine the required bits for a given application. For each additional bit, a
digital signal will have about 6 dB gain in SQNR. The problems of quantization noise and their
solutions will be further discussed in Chapter 2.

Example 1.3

If the analog signal varies between 0 and 5V, we have the resolutions and SQNRs for the
following commonly used ADCs:

1. An 8-bit ADC with 256 (2%) levels can only provide 19.5mV resolution and 48 dB
SQNR.

2. A 12-bit ADC has 4096 (2'?) levels of 1.22 mV resolution, and provides 72 dB SQNR.

3. A 16-bit ADC has 65536 (2'°) levels, and thus provides 76.294 WV resolution with
96 dB SQNR.

Obviously, using more bits results in more quantization levels (or finer resolution) and
higher SQNR.

The dynamic range of speech signals is usually very large. If the uniform quantization
scheme is adjusted for loud sounds, most of the softer sounds may be pressed into the same
small values. This means that soft sounds may not be distinguishable. To solve this problem,
we can use a quantizer with quantization level varying according to the signal amplitude. For
example, if the signal has been compressed by a logarithm function, we can use a uniform
level quantizer to perform non-uniform quantization by quantizing the logarithm-scaled
signal. The compressed signal can be reconstructed by expanding it. The process of
compression and expansion is called companding (compressing and expanding). The ITU-
T G.711 p-law (used in North America and parts of Northeast Asia) and A-law (used in
Europe and most of the rest of the world) schemes [13] are examples of using companding
technology, which will be further discussed in Chapter 9.

As shown in Figure 1.1, the input signal to DSP hardware may be digital signals from other
digital systems that use different sampling rates. The signal processing techniques called
interpolation or decimation can be used to increase or decrease the sampling rates of the existing
digital signals. Sampling rate changes may be required in many multi-rate DSP systems, for
example, between the narrowband voice sampled at 8 kHz and wideband voice sampled at
16 kHz. The interpolation and decimation processes will be introduced in Chapter 3.

1.2.3 Smoothing Filters

Most commercial DACs are zero-order-hold devices, meaning they convert the input binary
number to the corresponding voltage level and then hold that level for T seconds. Therefore,
the DAC produces the staircase-shaped analog waveform y'(¢) as shown by the solid line in
Figure 1.6, which is a rectangular waveform with amplitude corresponding to the signal value
with a duration of T seconds. Obviously, this staircase output signal contains many high-
frequency components due to an abrupt change in signal levels. The reconstruction or
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Figure 1.6 Staircase waveform generated by DAC and the smoothed signal

smoothing filter shown in Figure 1.1 smoothes the staircase-like analog signal generated by
the DAC. This lowpass filtering has the effect of rounding off the corners (high-frequency
components) of the staircase signal and making it smoother, which is shown as the dotted line
in Figure 1.6. This analog lowpass filter may have the same specifications as the antialiasing
filter with cutoff frequency f, < f;/2. Some high-quality DSP applications, such as profes-
sional digital audio, require the use of reconstruction filters with very stringent specifications.
To reduce the cost of using high-quality analog filters, the oversampling technique can be
adopted to allow the use of low-cost filters with slower roll-off.

1.2.4 Data Converters

There are two methods of connecting an ADC and DAC to a digital signal processor: serial and
parallel. A parallel converter receives or transmits all B bits in one pass, while a serial
converter receives or transmits B bits in a serial of bit stream, 1 bit at a time. Parallel converters
are attached to the digital signal processor’s external address and data buses, which are also
attached to many different types of devices. Serial converters can be connected directly to the
built-in serial ports of digital signal processors. Since serial converters require a few signals
(pins) to connect with digital signal processors, many practical DSP systems use serial ADCs
and DACs.

Many applications use a single-chip device called an analog interface chip (AIC) or coder/
decoder (CODEC or codec), which integrates an antialiasing filter, ADC, DAC, and
reconstruction filter on a single chip. In this book, we will use Texas Instruments AIC3204
on the TMS320C5505 eZdsp USB (universal serial bus) stick for real-time experiments. Typical
applications using a CODEC include speech systems, audio systems, and industrial controllers.
Many standards that specify the nature of the CODEC have evolved for the purposes of switching
and transmission. Some CODECs use a logarithmic quantizer, that is, A-law or u-law, which
must be converted into linear format for processing. Digital signal processors implement the
required format conversion (compression or expansion) either by hardware or software.

The most popular commercially available ADCs are successive approximation, dual-slope,
flash, and sigma—delta. The successive-approximation type of ADC is generally accurate and
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Figure 1.7 A conceptual sigma—delta ADC block diagram

fast at a relatively low cost. However, its ability to follow changes in the input signal is limited
by its internal clock rate, so it may be slow to respond to sudden changes in the input signal.
The dual-slope ADC is very precise and can produce ADCs with high resolution. However,
they are very slow and generally cost more than successive-approximation ADCs. The major
advantage of a flash ADC is its speed of conversion; unfortunately, a B-bit ADC requires
(28 — 1) expensive comparators and laser-trimmed resistors. Therefore, commercially avail-
able flash ADCs usually have lower bits.

Sigma—delta ADCs use oversampling and quantization noise shaping to trade the quantizer
resolution with sampling rate. A block diagram of a sigma—delta ADC is illustrated in
Figure 1.7, which uses a 1-bit quantizer with a very high sampling rate. Thus, the requirements
for an antialiasing filter are significantly relaxed (i.e., a lower roll-off rate). A low-order
antialiasing filter requires simple low-cost analog circuitry and is much easier to build and
maintain. In the process of quantization, the resulting noise power is spread evenly over the
entire spectrum. The quantization noise beyond the required spectrum range can be attenuated
using a digital lowpass filter. As a result, the noise power within the frequency band of interest
is lower. In order to match the sampling frequency with the system and increase its resolution,
a decimator is used to reduce the sampling rate. The advantages of sigma—delta ADCs are high
resolution and good noise characteristics at a competitive price using digital decimation
filters.

In this book, as mentioned above, we use the AIC3204 stereo CODEC on the TMS320C5505
eZdsp for real-time experiments. The ADCs and DACs within the AIC3204 use a sigma—delta
technology with integrated digital lowpass filters. It supports a data wordlength of 16, 20, 24, and
32 bits, with sampling rates from 8§ to 192 kHz. Integrated analog features consist of stereo-line
input amplifiers with programmable analog gains and stereo headphone amplifiers with
programmable analog volume control.

1.3 DSP Hardware

Most DSP systems are required to perform intensive arithmetic operations such as repeated
multiplications and additions. These operations may be implemented on digital hardware such
as microprocessors, microcontrollers, digital signal processors, or custom integrated circuits.
The selection of appropriate hardware can be determined by the given application based on the
performance, cost, and/or power consumption. In this section, we will introduce several
different digital hardware options for DSP applications.
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1.3.1 DSP Hardware Options

As shown in Figure 1.1, the processing of digital signal x(n) is performed using the DSP
hardware. Although it is possible to implement DSP algorithms on different digital hardware,
the given application determines the optimum hardware platform. The following hardware
options are widely used for DSP systems:

1. Special-purpose (custom) chips such as application-specific integrated circuit (ASICs).
2. Field-programmable gate arrays (FPGAs).

3. General-purpose microprocessors or microcontrollers (wP/nC).

4. General-purpose digital signal processors.

5. Digital signal processors with application-specific hardware (HW) accelerators.

The characteristics of these hardware options are summarized in Table 1.1.

ASIC devices are usually designed for specific tasks that require intensive computation such
as digital subscriber loop (DSL) modems, or high-volume products that use mature algorithms
such as fast Fourier transforms. These devices perform the required functions much faster
because their dedicated architecture is optimized for the required operations, but they lack
flexibility to modify the specific algorithms and functions for new applications. They are
suitable for implementing well-defined and popular DSP algorithms for high-volume products,
or applications demanding extremely high speeds that can only be achieved by ASICs. Recently,
the availability of core modules for some common DSP functions can simplify ASIC design
tasks, but the cost of prototyping ASIC devices, the longer design cycle, and the lack of standard
development tool support and reprogramming flexibility sometimes outweigh their benefits.

FPGAs have been used in DSP systems for years as glue logics, bus bridges, and peripherals for
reducing system costs and affording higher levels of system integration. Recently, FPGAs have
been gaining considerable attention in high-performance DSP applications, and are emerging as
coprocessors [14] for standard digital signal processors that need specific accelerators. In these
cases, FPGAs work in conjunction with digital signal processors for integrating pre- and post-
processing functions. These devices are hardware reconfigurable, and thus allow system
designers to optimize the hardware architecture for implementing algorithms that require higher
performance and lower production cost. In addition, designers can implement high-performance
complex DSP functions using a fraction of the device, and use the rest of the device to implement
system logic or interface functions, resulting in both lower costs and higher system integration.

Table 1.1 Summary of DSP hardware implementations

ASIC FPGA wP/nC Digital signal Digital signal
processor processors with
HW accelerators

Flexibility None  Limited High High Medium

Design time Long  Medium Short Short Short

Power consumption Low Low-medium  Medium-high Low-medium Low-medium

Performance High  High Low-medium  Medium-high  High

Development cost High  Medium Low Low Low

Production cost Low Low-medium  Medium-high Low-medium Medium
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Figure 1.8 Different memory architectures

General-purpose pP/nC become faster and increasingly capable of handling some DSP
applications. Many electronics products such as automotive controllers use microcontrollers
for engine, brake, and suspension control and are often designed using these processors. If new
DSP functions are needed for an existing product based on pwP/nC, it is preferable to
implement these functions in software than modify existing hardware.

General pP/pC architectures fall into two categories: Harvard architecture and von
Neumann architecture. As illustrated in Figure 1.8(a), Harvard architecture has separate
memory spaces for the program and the data, thus both memories can be accessed
simultaneously. The von Neumann architecture assumes that the program and data are stored
in the same memory as illustrated in Figure 1.8(b). Operations such as add, move, and subtract
are easy to perform on wP/wC. However, complex instructions such as multiplication and
division are slow since they need a series of conditional shift, addition, or subtraction
operations. These devices do not have the architecture or on-chip facilities required for
efficient DSP operations, and they are not cost effective or power efficient for many DSP
applications. It is important to note that some modern microprocessors, specifically for mobile
and portable devices, can run at high speed, consume low power, provide single-cycle
multiplication and arithmetic operations, have good memory bandwidth, and have many
supporting tools and software available for ease of development.

A digital signal processor is basically a microprocessor with architecture and instruction set
designed specifically for DSP applications [15-17]. The rapid growth and exploitation of
digital signal processor technology is not a surprise, considering the commercial advantages
in terms of the fast, flexible, low-power consumption, and potentially low-cost design
capabilities offered by these devices. In comparison to ASIC and FPGA solutions, digital
signal processors have advantages in ease of development and being reprogrammable in the
field to upgrade product features or fix bugs. They are often more cost effective than custom
hardware such as ASIC and FPGA, especially for low-volume applications. In comparison to
general-purpose wWP/pC, digital signal processors have better speed, better energy efficiency
or power consumption, and lower cost for many DSP applications.
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Today, digital signal processors have become the foundation of many new markets beyond
the traditional signal processing areas for technologies and innovations in motor and motion
control, automotive systems, home appliances, consumer electronics, medical and healthcare
devices, and a vast range of communication and broadcasting equipment and systems. These
general-purpose programmable digital signal processors are supported by integrated software
development tools including C compilers, assemblers, optimizers, linkers, debuggers, simu-
lators, and emulators. In this book, we use the TMS320C55xx for hands-on experiments.

1.3.2 Digital Signal Processors

In 1979, Intel introduced the 2920, a 25-bit integer processor with a 400 ns instruction cycle
and a 25-bit arithmetic logic unit (ALU) for DSP applications. In 1982, Texas Instruments
introduced the TMS32010, a 16-bit fixed-point processor with a 16 x 16 hardware multiplier
and a 32-bit ALU and accumulator. This first commercially successful digital signal processor
was followed by the development of faster products and floating-point processors. Their
performance and price range vary widely.

Conventional digital signal processors include hardware multipliers and shifters, execute
one instruction per clock cycle, and use the complex instructions that perform multiple
operations such as multiply, accumulate, and update address pointers. They provide good
performance with modest power consumption and memory usage, and thus are widely used
in automotive applications, appliances, hard disk drives, and consumer electronics. For
example, the TMS320C2000 family is optimized for control applications, such as motor
and automobile control, by integrating many microcontroller features and peripherals on
the chip.

The midrange processors achieve higher performance through the combination of increased
clock rates and more advanced architectures. These processors often include deeper pipelines,
instruction caches, complex instructions, multiple data buses (to access several data words per
clock cycle), additional hardware accelerators, and parallel execution units to allow more
operations to be executed in parallel. For example, the TMS320C55xx has two multiply and
accumulate (MAC) units. These midrange processors provide better performance with lower
power consumption, thus are typically found in portable applications such as medical and
healthcare devices like digital hearing aids.

These conventional and enhanced digital signal processors have the following features for
common DSP algorithms:

® Fast MAC units. The multiply—add or multiply—accumulate operation is required in most
DSP functions including filtering, fast Fourier transform, and correlation. To perform the
MAC operation efficiently, digital signal processors integrate the multiplier and accumu-
lator into the same data path to complete the MAC operation in a single instruction cycle.

®  Multiple memory accesses. Most DSP processors adopted modified Harvard architectures
that keep the program memory and data memory separate to allow simultaneous fetch of
instruction and data. In order to support simultaneous access of multiple data words, digital
signal processors provide multiple on-chip buses, independent memory banks, and on-chip
dual-access data memory.

® Special addressing modes. digital signal processors often incorporate dedicated data
address generation units for generating data addresses in parallel with the execution of
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instructions. These units usually support circular addressing and bit-reversed addressing
needed for some commonly used DSP algorithms.

® Special program control. Most digital signal processors provide zero-overhead looping,
which allows the implementation of loops and repeat operations without extra clock cycles
for updating and testing loop counters, or branching back to the top of the loop.

® Optimized instruction set. Digital signal processors provide special instructions that
support computationally intensive DSP algorithms.

® Effective peripheral interface. Digital signal processors usually incorporate high-perform-
ance serial and parallel input/output (I/O) interfaces to other devices such as ADCs and
DACs. They provide streamlined I/O handling mechanisms such as buffered serial ports,
direct memory access (DMA) controllers, and low-overhead interrupt to transfer data with
little or no intervention from the processor’s computational units.

These digital signal processors use specialized hardware and complex instructions to
allow more operations to be executed in a single instruction cycle. However, they are
difficult to program using assembly language and it is difficult to design efficient C
compilers in terms of speed and memory usage for supporting these complex instruction
architectures.

With the goals of achieving high performance and creating architectures that support
efficient C compilers, some digital signal processors use very simple instructions. These
processors achieve a high level of parallelism by issuing and executing multiple simple
instructions in parallel at higher clock rates. For example, the TMS320C6000 uses the very
long instruction word (VLIW) architecture that provides eight execution units to execute four
to eight instructions per clock cycle. These instructions have few restrictions on register usage
and addressing modes, thus improving the efficiency of C compilers. However, the dis-
advantage of using simple instructions is that the VLIW processors need more instructions to
complete a given task, and thus require relatively high program memory space. These high-
performance digital signal processors are typically used in high-end video and radar systems,
communication infrastructures, wireless base stations, and high-quality real-time video
encoding systems.

1.3.3 Fixed- and Floating-Point Processors

A basic distinction between digital signal processors is the arithmetic format: fixed-point or
floating-point. This is the most important factor for system designers to determine the
suitability of the processor for the given application. The fixed-point representation of signals
and arithmetic will be discussed in Chapter 2. Fixed-point digital signal processors are either
16-bit or 24-bit devices, while floating-point processors are usually 32-bit devices. A typical
16-bit fixed-point processor, such as the TMS320C55xx, stores numbers as 16-bit integers.
Although coefficients and signals are stored only with 16-bit precision, intermediate values
(products) may be kept at 32-bit precision within the internal 40-bit accumulators in order to
reduce cumulative rounding errors. Fixed-point DSP devices are usually cheaper and faster
than their floating-point counterparts because they use less silicon, have lower power
consumption, and require fewer external pins. Most high-volume, low-cost embedded
applications such as appliances, hard disk drives, audio players and digital cameras use
fixed-point processors.
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Floating-point arithmetic greatly expands the dynamic range of numbers. A typical 32-
bit floating-point digital signal processor, such as the TMS320C67xx, represents numbers
with a 24-bit mantissa and 8-bit exponent. The mantissa represents a fraction in the range
—1.0 to +1.0, while the exponent is an integer that represents the number of binary points
that must be shifted left or right in order to obtain the true value. A 32-bit floating-point
format covers a large dynamic range, thus the data dynamic range restrictions may be
virtually ignored in the design using floating-point processors. This is in contrast to the
design of fixed-point systems, where the designer has to apply scaling factors and other
techniques to prevent arithmetic overflows, which are very difficult and time-consuming
processes. Therefore, floating-point digital signal processors are generally easy to program
and use with higher performance, but are usually more expensive and have higher power
consumption.

Example 1.4

The precision and dynamic ranges of 16-bit fixed-point processors are summarized in the
following table:

Precision Dynamic range
Unsigned integer 1 0<x<65535
Signed integer 1 —32768 <x<32767
Unsigned fraction 216 0<x<(-— 2’16)
Signed fraction 2715 —1<x<(1-=27"9)

The precision of 32-bit floating-point processors is 27> since there are 24 mantissa bits.
The dynamic range is 1.18 x 1073% < x < 3.4 x 108,

System designers have to determine the dynamic range and precision needed for the
applications. Floating-point processors may be needed in applications where coefficients
vary in time and the signals and coefficients require large dynamic ranges and high
precision. Floating-point processors also support the efficient use of high-level C
compilers, thus reducing the cost of development and maintenance. The faster develop-
ment cycle for floating-point processors may easily outweigh the extra cost of the
processor itself for low-quantity products. Therefore, floating-point processors also
can be justified for applications where development costs are high and/or production
volumes are low.

1.3.4 Real-Time Constraints

A major limitation of DSP systems for real-time applications is the bandwidth of the system.
The processing speed determines the maximum rate at which the analog signal can be
sampled. For example, with sample-by-sample processing, one output sample is generated
before the new input sample is presented to the system. Therefore, the time delay between the
input and output for sample-by-sample processing must be less than one sampling interval
(T seconds). A real-time DSP system demands that the signal processing time, #,, must be less
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than the sampling period, 7, in order to complete the processing before the new sample comes
in. That is,

th+ 1o < T, (1.6)

where ¢, is the overhead of I/O operations.

This hard real-time constraint limits the highest frequency signal that can be processed by
DSP systems using sample-by-sample processing approach. This limit on real-time bandwidth
Jfum 1s given as

1

m. (17)

m §%<

It is clear that the longer the processing time f,, the lower the signal bandwidth that can be
handled by the system.

Although new and faster digital signal processors have been continuously introduced, there
is still a limit to the processing that can be done in real time. This limit becomes even more
apparent when system cost is taken into consideration. Generally, the real-time bandwidth can
be increased by using faster digital signal processors, simplified DSP algorithms, optimized
DSP programs, and multiple processors or multi-core processors, and so on. However, there is
still a trade-off between system cost and performance.

Equation (1.7) also shows that the real-time bandwidth can be increased by reducing the
overhead of I/O operations. This can be achieved by using a block-by-block processing
approach. With block processing methods, the I/O operations are usually handled by DMA
controllers, which place data samples in memory buffers. The DMA controller interrupts the
processor when the input buffer is full and the block of signal samples are available for
processing. For example, for real-time N-point fast Fourier transforms (to be discussed in
Chapter 5), the N input samples have to be buffered by the DMA controller. The block
computation must be completed before the next block of N samples arrives. Therefore, the
time delay between input and output in block processing is dependent on the block size N, and
this may cause a problem for some applications.

1.4 DSP System Design

A generalized DSP system design process is illustrated in Figure 1.9. For a given application,
signal analysis, resource analysis, and configuration analysis are first performed to define the
system specifications.

1.4.1 Algorithm Development

A DSP system is often characterized by the embedded algorithm, which specifies the
arithmetic operations to be performed. The algorithm for a given application is initially
described using difference equations and/or signal-flow block diagrams with symbolic names
for the inputs and outputs. The next stage of the development process is to provide more
details on the sequence of operations that must be performed in order to derive the output.
There are two methods of characterizing the sequence of operations in a program: flowcharts
or structured descriptions.
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At the algorithm development stage, it is easier to use high-level language tools (such as
MATLAB® or C/C++) for the algorithmic-level simulations. A DSP algorithm can be
simulated using a general-purpose computer to test and analyze its performance. A block
diagram of software development using a general-purpose computer is illustrated in
Figure 1.10. The testing signals may be internally generated by signal generators, digitized
from the experimental setup or real environment based on the given application, or received
from other computers via the networks. The simulation program uses the signal samples
stored in data file(s) as input(s) to produce output signal(s) that will be saved as data file(s) for

further analysis.
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The advantages of developing DSP algorithms using a general-purpose computer are:

1. Using high-level languages such as MATLAB™, C/C++, or other DSP software packages
on computers can significantly save algorithm development time. In addition, the proto-
type C programs used for algorithm evaluation can be ported to different DSP hardware
platforms.

2. It is easier to debug and modify high-level language programs on computers using
integrated software development tools.

3. I/O operations based on disk files are easy to implement and the behaviors of the system are
easy to analyze.

4. Floating-point data formats and arithmetic can be used for computer simulations, thus ease
of development.

5. Bit-true simulations of the developed algorithms can be performed using MATLAB® or
C/C++ for fixed-point DSP implementation.

1.4.2 Selection of DSP Hardware

As discussed earlier, digital signal processors are used in a wide range of applications from
high-performance radar systems to low-cost consumer electronics. DSP system designers
require a full understanding of the application requirements in order to select the right DSP
hardware for the given application. The objective is to choose the processor that meets the
project’s requirements with the most cost-effective solution [18]. Some decisions can be made
at an early stage based on arithmetic format, performance, price, power consumption, ease of
development and integration, and so on. For real-time DSP applications, the efficiency of data
flow into and out of the processor is also critical.

Example 1.5
There are a number of ways to measure a processor’s execution speed, as follows:

. MIPS — Millions of instructions per second.

. MOPS — Millions of operations per second.

. MFLOPS - Millions of floating-point operations per second.
. MHz - clock rate in mega hertz.

5. MMACS - Millions of multiply—accumulate operations.

BN =

In addition, there are other metrics to be considered such as milliwatts (mW) for measuring
power consumption, MIPS per mW, or MIPS per dollar. These numbers provide a simple
indication of performance, power, and price for the given application.

As discussed earlier, hardware cost and product manufacture integration are important
factors for high-volume applications. For portable, battery-powered products, power con-
sumption is more critical. For low- to medium-volume applications, there will be trade-offs
among development time, cost of development tools, and the cost of the hardware itself. The
likelihood of having higher performance processors with upwards-compatible software is also
an important factor. For high-performance, low-volume applications such as communication
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infrastructures and wireless base stations, the performance, ease of development, and
multiprocessor configurations are paramount.

Example 1.6

A number of DSP applications along with the relative importance for performance, price,
and power consumption are listed in Table 1.2. This table shows, for handheld devices, that
the primary concern is power efficiency; however, the main criterion for the communica-
tion infrastructures is performance.

When processing speed is at a premium, the only valid comparison between processors is on an
algorithm implementation basis. Optimum code must be written for all candidates and then the
execution time must be compared. Other important factors are memory usage and on-chip
peripheral devices, such as on-chip converters and I/O interfaces. In addition, a full set of
development tools and support listed as follows are important for digital signal processor selection:

1. Software development tools such as C compilers, assemblers, linkers, debuggers, and
simulators.
2. Commercially available DSP boards for software development and testing before the target
DSP hardware is available.
. Hardware testing tools such as in-circuit emulators and logic analyzers.
4. Development assistance such as application notes, DSP function libraries, application
libraries, data books, low-cost prototyping, and so on.

w

1.4.3 Software Development

There are four common measures of good DSP software: reliability, maintainability,
extensibility, and efficiency. A reliable program is one that seldom (or never) fails. Since
most programs will occasionally fail, a maintainable program is one that is easy to correct. A
truly maintainable program is one that can be fixed by someone other than the original
programmers. An extensible program is one that can be easily modified when the require-
ments change. A good DSP program often contains many small functions with only one
purpose, which can be easily reused by other programs for different purposes.

Table 1.2 Some DSP applications with the relative importance rating (adapted from [19])

Application Performance Price Power
consumption
Audio receiver 1 2 3
DSP hearing aid 2 3 1
MP3 player 3 1 2
Portable video recorder 2 1 3
Desktop computer 1 2 3
Notebook computer 3 2 1
Cell phone handset 3 1 2
Cellular base station 1 2 3

Rating: 1 to 3 with 1 being the most important
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As shown in Figure 1.9, hardware and software design can be conducted at the same time for a
given DSP application. Since there are many interdependent factors between hardware and
software, an ideal DSP designer will be a true “system” engineer, capable of understanding
issues with both hardware and software. The cost of hardware has gone down dramatically in
recent years, thus the major cost of DSP solutions now resides in software development.

The software life cycle involves the completion of the software project: namely, project
definition, detailed specifications, coding and modular testing, system integration and testing,
and product software maintenance. Software maintenance is a significant part of the cost for
DSP systems. Maintenance includes enhancing the software functions, fixing errors identified
as the software is used, and modifying the software to work with new hardware and software.
It is important to use meaningful variable names in source code, and to document programs
thoroughly with titles and comment statements because this greatly simplifies the task of
software maintenance. Programming tricks should be avoided at all costs, as they will not be
reliable and will be difficult for someone else to understand even with lots of comments.

As discussed earlier, good programming techniques play an essential role in successful DSP
applications. A structured and well-documented approach to programming should be initiated
from the beginning. It is important to develop overall specifications for signal processing tasks
prior to writing any program. The specifications include the basic algorithm and task
description, memory requirements, constraints on the program size, execution time, and
so on. The thoroughly reviewed specifications can catch mistakes even before the code has
been written and prevent potential code changes at system integration stage. A flow diagram
would be a very helpful design tool to adopt at this stage.

Writing and testing DSP code is a highly interactive process. With the use of integrated
software development tools that include simulators or evaluation boards, code may be tested
regularly as it is written. Writing code in modules or sections can help this process, as each
module can be tested individually, thus increasing the chance of the entire system working at
system integration stage.

There are two commonly used programming languages in developing DSP software:
assembly language and C. Assembly language is similar to the machine code actually used by
the processor. Programming in assembly language gives engineers full control of processor
functions and resources, thus resulting in the most efficient program for mapping the
algorithm by hand. However, this is a very time-consuming and laborious task, especially
for today’s highly parallel processor architectures and complicated DSP algorithms.
C language, on the other hand, is easier for software development, upgrading, and mainte-
nance. However, the machine code generated by the C compiler is often inefficient in both
processing speed and memory usage.

Often the best solution is to use a mixture of C and assembly code. The overall program is
written using C, but the runtime critical inner loops and modules are replaced by assembly
code. In a mixed programming environment, an assembly routine may be called as a function
or intrinsics, or in-line coded into the C program. A library of hand-optimized functions may
be built up and brought into the code when required.

1.4.4 Software Development Tools

Most DSP operations can be categorized as being either signal analysis or filtering. Signal
analysis deals with the measurement of signal properties. MATLAB™ is a powerful tool for
signal analysis and visualization, which are critical components in understanding and
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Figure 1.11 Program compilation, linking, and execution flow

developing DSP systems. C is an efficient tool for performing signal processing and is
portable over different DSP platforms.

MATLAB® is an interactive, technical computing environment for scientific and engineering
numerical analysis, computation, and visualization. Its strength lies in the fact that complex
numerical problems can be solved easily in a fraction of the time required by programming
languages such as C/C++. By using its relatively simple programming capability, MATLAB®™
can be easily extended to create new functions, and is further enhanced by numerous toolboxes.
In addition, MATLAB® provides many graphical user interface (GUI) tools such as the Signal
Processing Tool (SPTool) and Filter Design and Analysis Tool (FDATool).

The purpose of programming languages is to solve problems involving the manipulation of
information. The purpose of DSP programs is to manipulate signals to solve specific signal
processing problems. High-level languages such as C/C++4- are usually portable, so they can
be recompiled and run on many different computer platforms. Although C/C++ is catego-
rized as a high-level language, it can also be used for low-level device drivers. In addition, C
compilers are available for most modern digital signal processors. Thus, C programming is the
most commonly used high-level language for DSP applications.

C has become the language of choice for many DSP software development engineers, not
only because it has powerful commands and data structures, but also because it can easily be
ported to different digital signal processors and platforms. C compilers are available for a wide
range of computers and processors, thus making the C program the most portable software for
DSP applications. The processes of compilation, linking/loading, and execution are outlined
in Figure 1.11. The C programming environment includes the GUI debugger, which is useful
in identifying errors in source programs. The debugger can display values stored in variables
at different points in the program, and step through the program line by line.

1.5 Experiments and Program Examples

The Code Composer Studio (CCS) is an integrated development environment for DSP
applications. CCS has several built-in tools for software development including project build
environment, source code editor, C/C++4- compiler, debugger, profiler, simulator, and real-time
operating system. CCS allows users to create, edit, build, debug, and analyze software programs.
It also provides a project manager to handle multiple programming projects for building large
applications. For software debugging, CCS supports breakpoints, watch windows for monitor-
ing variables, memory, and registers, graphical display and analysis, program execution
profiling, and display assembly and C instructions for single-step instruction traces.

This section uses experiments to introduce several key CCS features including basic
editing, memory configuration, and compiler and linker settings for building programs. We
will demonstrate DSP software development and debugging processes using CCS with the
low-cost TMS320C5505 eZdsp USB stick. Finally, we will present real-time audio experi-
ments using eZdsp, which will be used as prototypes for building real-time experiments
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throughout the book. To conduct these real-time experiments, we have to connect the eZdsp to

a USB port of a computer with CCS installed.

1.5.1 Get Started with CCS and eZdsp

In this book, we use the C5505 eZdsp with CCS version 5.x for all experiments. To learn some
basic features of CCS, perform the following steps to complete the experiment Expl.1.

Ligensea

(a) Create the CCS project, File—New—CCS Project.

¥ New CCS Project [
Project Settings - ifi_-'.
Select the project settings. K——J
ouput e [Execabie. =
Project settings |
Device Variant: | <select filter> _ + [ moe | |
Device Endianness: big -
Code Generation tools: | TIv4.38 - More. |
Qutput Format: legacy COFF ¥ |
Linker Command File: - I:Bm\use_— B |
Runtime Support li + [ Bowse. ||
N '
@ <gack | Ne> K| gnsh ) concel |

(b) Select executable and rts55x. 1ib library.

Figure 1.12 Create a CCS project
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Figure 1.13 C program for the experiment Expl.1

Step 1, start CCS from the host computer and create the C5505 CCS project as shown in
Figure 1.12. In this experiment, we use CCS_eZdsp as the project name, select executable
output type, and use rts55x runtime support library.

Step 2, create a C program under the CCS project and name the C file as main.c via
File—New—Source File. Then, use the CCS text editor to write the C program to display
“Hello World” as shown in Figure 1.13.

Step 3, create the target configuration file for the C5505 eZdsp. Start from
File—New—Target Configuration File, select XDS100v2 USB Emulator and
USBSTK5505 as the target configuration and save the changes, see Figure 1.14.

W% CCS Edhit - OCS._ eden/CCS,eZcdsp.commi - Code Compaser Studio "= Q;g
file Edt Yiew Nevigate Segch Project Jook Bun Scripts Window Help
e ™ . o * By A =[St
R CiCs d maing  ainkemd |0 ACCS sZdsp.comi £0
Basic
An outhine 5
General Setup Advanced Setp ot invailabie
| Eccs.azan This section describes the general configuration about the target

o Bouries Taeget Contiquration

» Detug type fifter fext 5 Configurstion

i manc TMOSEVMGSSTL - @
& CC5 eZdum o =

contralSTICK - Piccol F28027
AMIT0T
AM1B0B

8 Ietrements XDS100v2 USE Emulatce

Basc | Advanced | Source

(= 2. Protilems
C-Build [CCS._eZdsp] 1 error, 0 warnings, 0 others
i1 =4

Figure 1.14 Create the target configuration
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Figure 1.15 Setting the CCS project runtime environment

Step 4, set up the CCS environment. Open the property of the C5505 project we have
created by right-clicking on the project, CCS_eZdsp—Properties, under the Resource
window, select and open the C/C+-+ Build—Settings— Runtime Model Options, then set
up for large memory model and 16-bit pointer math as shown in Figure 1.15.

Step 5, add the C5505 linker command file. Use the text editor to create the linker command
file 5505 . cmd as listed in Table 1.3, which will be discussed later. This file is available in the
companion software package.

Step 6, connect the CCS to the target device. Go to View—Target Configurations to open
the Target Configuration window, select the experiment target, right-click on it to launch the

Table 1.3 Linker command file, c5505.cmd

-stack 0x2000 /* Primary stack size */
-sysstack 0x1000 /* Secondary stack size */
-heap 0x2000 /* Heap area size %/
= /* Use C linking conventions: auto-init vars at
runtime */
-u_Reset /* Force load of reset interrupt handler */
MEMORY
{
MMR (RW) : origin=0000000h length =0000c0Oh /* MMRs */

DARAM (RW) : origin=00000c0h length =00££f40h /* On-chip DARAM */
SARAM (RW) : origin=0030000h length =01e000h /* On-chip SARAM */

SAROM_0 (RX) : origin=0fe0000h length =008000h /* On-chip ROM 0 */
SAROM_1 (RX) : origin=0fe8000h length =008000h /* On—-chip ROM 1 */
SAROM_2 (RX) : origin=0ff0000h length =008000h /* On—-chip ROM 2 */
SAROM_3 (RX) : origin=0ff8000h length =008000h /* On-chip ROM 3 */
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Table 1.3 (Continued)

SECTIONS
{
vectors (NOLOAD)
.bss : > DARAM /P EANNE= 08 *
vector : > DARAM ALIGN =256
.stack : > DARAM
.sysstack : > DARAM
. sysmem : > DARAM
.text : > SARAM
.data : > DARAM
.cinit : > DARAM
.const : > DARAM
.cio : > DARAM
.usect : > DARAM
.switch : > DARAM
}

target configuration, then right-click on the USB Emulator 0/C55xx and select Connect
Target, see Figure 1.16.

Step 7, build, load, and run the experiment. From Project—Build All, after the build is
completed without error, load the executable program from Run—Load—Load Program,
see Figure 1.17. When CCS prompts for the program to be loaded, navigate to the project
folder and load the C5505 executable file (e.g., CCS_eZdsp.out) from the Debug folder.

As shown in Table 1.3, the linker command file, c5505.cmd, defines the C55xx system
memory for the target device and specifies the locations of program memory, data memory, and
I/O memory. The linker command file also describes the starting locations of memory blocks and
the length of each block. More information on the hardware specific linker command file can be
found in the C5505 data sheet [20]. Table 1.4 lists the files used for the experiment Expl.1.

Procedures of the experiment are listed as follows:

1. Follow the experiment steps presented in this section to create a CCS workspace for Expl.1.

2. Remove the linker command file ¢5505. com from the project. Rebuild the experiment.
There will be warning messages displayed. CCS generates these warnings because it uses
default settings to map the program and data to the processor’s memory spaces when the
linker command file is missing.

3. Load cCcs_ezdsp.out, and use Step Over (F6) through the program. Then, use CCS
Reload Program to load the program again. Where is the program counter (cursor)
location?

Table 1.4 File listing for the experiment Expl.1

Files Description

main.c C source file for experiment
c5505.cmd Linker command file
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(b) Connect the CCS to target device.

Figure 1.16 Connect CCS with the target device, C5505 eZdsp

4. Use Resume (F8) instead of Step Over (F6) to run the program again. What will be
showing on the console display window? Observe the differences from step 3.

5. After running the program, use Restart and Resume (F8) to run the program again. What
will be showing on the console display window?

1.5.2 C File I/O Functions

We can use C file I/O functions to access the ASCII formatted or binary formatted data files
that contain input signals to simulate DSP applications. The binary data file is more efficient
for storage and access, while the ASCII data format is easy for the user to read and check. In
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(b) Load the executable file to eZdsp.

Figure 1.17 Build, load, and run the experiment using CCS

practical applications, digitized data files are often stored in binary format to reduce memory
requirements. In this section, we will introduce the C file I/O functions provided by CCS
libraries.

CCS supports standard C library functions such as fopen, fclose, fread, fwrite for file
I/O operations. These C file I/O functions are portable to other development environments.

The C language supports different data types. To improve program portability, we use the
unique type definition header file, tistdtypes.h, to specify the data types to avoid any
ambiguity.

Table 1.5 lists the C program that uses fopen, fclose, fread, and fwrite functions. The
input data is a linear PCM (Pulse Code Modulation) audio signal stored in a binary file. Since
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Table 1.5 C program using file I/O functions, fielIO.c

#include <stdio.h>
#include <stdlib.h>
#include "tistdtypes.h"

Uint8 waveHeader [44]={ /* 44 bytes for WAV file

header */
0x52, 0x49, 0x46, 0x46, 0x00, 0x00, 0x00, 0x00,
0x57, 0x41, 0x56, 0x45, 0x66, 0x6D, 0x74, 0x20,
0x10, O0x00, O0x00, 0x00, Ox01, O0x00, 0x01, 0x00,
0x40, Ox1F, 0x00, 0x00, 0x80, Ox3E, 0x00, 0x00,
0x02, 0x00, 0x10, 0x00, 0x64, 0Ox61, 0x74, 0x61,
0x00, 0x00, 0x00, 0x00};

#define SIZE 1024
Uint8 ch[SIZE]; /* Declare achar[1024]
array for experiment */

voidmain ()

{

FILE *fpl, *fp2; /* File pointers */
Uint321i; /* Unsigned long integer
used as a counter */

printf ("Exp. 1.2 ——- file I0\n") ;
fpl = fopen ("..\\data\\C55DSPUSBStickAudioTest.pcm", "rb") ;

/* Open input file */
fp2 = fopen ("..\\data\\C55DSPUSBStickAudioTest.wav", "wb") ;

/* Open output file */
if (fpl ==NULL) /* Check if the input file

exists */

printf ("Failed to open input file "C55DSPUSBStickAudioTest.
pcm’\n") ;

exit (0);
}
fseek (fp2, 44, 0) ; /* Advance output file
point 44 bytes */
i=0;
while (fread(ch, sizeof (Uint8), SIZE, fpl) == SIZE)

/* Read in SIZE of input
data bytes */

fwrite (ch, sizeof (Uint8), SIZE, fp2); /* Write SIZE of data bytes
to output file */

1+=SIZE;
printf ("$1d bytes processed\n", 1); /* Show the number of data
is processed */
}
waveHeader[40] = (Uint8) (1&0xff) ; /* Update the size

parameter into WAV
header */
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Table 1.5 (Continued)

waveHeader[41] = (Uint8) (1i>>8) &0xff;
waveHeader[42] = (Uint8) (1i>>16) &0xff;

[
[
waveHeader[43] = (Uint8) (1>>24) &0xff;
waveHeader[4] =waveHeader [40];
waveHeader [5] =waveHeader [41];
waveHeader [6] =waveHeader[42];
waveHeader[7] =waveHeader[43];
rewind (fp2) ; /* Adjust output file

point tobeginning */
fwrite (waveHeader, sizeof (Uint8), 44, fp2); /* Write 44 bytes of WAV
header to output

file */
fclose (fpl) ; /* Close input file */
fclose (fp2) ; /* Close output file */

printf ("\nExp. completed\n") ;

the C55xx CCS file I/O libraries support only byte formatted binary data (char, 8-bit), the 16-
bit PCM data file can be read using sizeof (char), and the output wave (WAV) data file can
be written by CCS in byte format [21-23]. For 16-bit short-integer data types, each data read
or data write requires two memory accesses. As shown in Table 1.5, the program reads and
writes 16-bit binary data in byte units. To run this program on a computer, the data access can
be changed to its native data type sizeof (short). The output file of this experiment is a
WAV file that can be played by many audio players. Note that the WAV file format supports
several different file types and sampling rates. The files used for the experiment are listed in
Table 1.6.
Procedures of the experiment are listed as follows:

1. Create CCS workspace for the experiment Expl.2.

2. Create a C5505 project using £ileIO as the project name.

3. Copy fileIOTest.c, tistdtypes.h, and c5505.cmd from the companion software
package to the experiment folder.

4. Create a data folder under the experiment folder and place the input file C55DSPUSB-
StickAudioTest.pcm into the data folder.

Table 1.6 File listing for the experiment Exp1.2

Files Description
fileIOTest.c Program file for testing C file I/O
tistdtypes.h Data type definition header file
c5505.cmd Linker command file

C55DSPUSBStickAudioTest.pcm Audio data file for experiment
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5. Set up the CCS project build and debug environment using the 16-bit data format and large
runtime support library rts55x.11ib.

6. Set up the target configuration file £i1eI0.ccxml for using the eZdsp.

7. Build and load the experiment executable file. Run the experiment to generate the output
audio file, C55DSPUSBStickAudioTest.wav, saved in the data folder. Listen to the
audio file using an audio player.

8. Modify the experiment such that it can achieve the following tasks:

(a) Read the input data file C55DSPUSBStickAudioTest.pcm and write an output file in
ASCII integer format in C55DSPUSBStickAudioTest.x1ls (or another file format
instead of .x1s). (Hint: replace the fwrite function with fprintf.)

(b) Use Microsoft Excel (or other software such as MATLAB®) to open the file
C55DSPUSBStickAudioTest.x1ls, select the data column, and plot the waveform
of the audio.

9. Modify the experiment to read “C55DSPUSBStickAudioTest.xls” created in the
previous step as the input file and write it out in a WAV file. Listen to the WAV file to
verify it is correct.

2

1.5.3 User Interface for eZdsp

An interactive user interface is very useful for developing real-time DSP applications. It
provides the flexibility to change runtime parameters without the need to stop execution,
modify, recompile, and rerun the program. This feature becomes more important for large-
scale projects that consist of many C programs and prebuilt libraries. In this experiment, we
use the scanf function to get interactive input parameters through the CCS console window.
We also introduce some commonly used CCS debugging methods including software
breakpoints, viewing processor’s memory and program variables, and graphical plots.

Table 1.7 lists the C program that uses £scan function to read user parameters via the CCS
console window. This program reads the parameters and verifies their values. The program
will replace any invalid value with the default value. This experiment has three user-defined
parameters: gain g, sampling frequency sf, and playtime duration p. The files used for the
experiment are listed in Table 1.8.

Table 1.7 C program with interactive user interface, UITest.c

#include <stdio.h>
#include "tistdtypes.h"

#define SIZE 48
Intl6 dataTable[SIZE];

voidmain ()
{
/* Pre—generated sine wave data, 16-bit signed samples */
Intl6 table[SIZE] = {
0x0000, Ox10b4, 0x2120, 0x30fb, Ox3fff, Ox4dea, 0x5a81, 0x658b,
Ox6ed8, 0x763f, 0x7bal, O0x7ee5, 0x7ffd, O0x7eeb5, O0x7bal, O0x76ef,
Ox6ed8, 0x658b, 0x5a81, Ox4dea, 0x3fff, 0x30fb, 0x2120, 0x10b4,
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Table 1.7 (Continued)

0x0000, Oxefdc, OxdeeO, Oxcf06, 0xc002, O0xb216, Oxa57f, 0x%9a75,

0x9128, 0x89cl, 0x845f, 0x811b, 0x8002, 0x811b, 0x845f, 0x89cl,

0x9128, 0x9%9a76, 0xa57f, 0xb216, 0xc002, Oxcf06, Oxdeel, Oxefdc
b

Intl6g,p,1i,J,k,n,m;
Uint32 sf;

printf ("Exp. 1.3 -——=UI\n");

printf ("Enter an integer number for gain between (-6 and 29)\n") ;
scanf ("%d", &9);

printf ("Enter the sampling frequency, select one: 8000, 12000,
16000, 24000 or 48000\n") ;
scanf ("%1d", &sf);

printf ("Enter the playing time duration (5 to 60)\n") ;
scanf ("%1i", &p);

if ((g<-6)][(g>29))
{
printf ("You have entered an invalidgain\n") ;
printf ("Use default gain = 0dB\n") ;
g=0;
}
else
{
printf ("Gain is set to $ddB\n", g) ;
}
if ( (s£==28000)||(s£==12000) || (sf£ ==16000)|| (s£==24000)||(sf ==
48000) )
{
printf ("Sampling frequency is set to $1dHz\n", sf);
}
else
{
printf ("You have entered an invalid sampling frequency\n") ;
printf ("Use default sampling frequency = 48000 Hz\n") ;
sf=48000;
}
if ((p<5) [ (p>60))
{
printf ("You have entered an invalidplaying time\n") ;
printf ("Use default duration=10s\n") ;
p=10;

(continued)
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Table 1.7 (Continued)

else

{

printf ("Playing time is set to %ds\n", p) ;

}
for (1i=0; i<SIZE; i++)
dataTable[1i] =0;

switch (sf)
{
case 8000:
m=6;
break;
case 12000:
m=4;
break;
case 16000:
m=3;
break;
case 24000:
= 29
break;
case 48000:
default:
= 1.3
break;

for (n=k=0, 1i=0; i<m; i++) // Fill in the data table
{
for (j=k; J<SIZE; j+=m)
{
dataTable[n++] = table[]j];
}
k++;

printf ("\nExp. completed\n") ;

Table 1.8 File listing for the experiment Exp1.3

Files Description
UITest.c Program file for testing user interface
tistdtypes.h Data type definition header file

c5505.cmd Linker command file
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l= UlTest.c .
for (n=k=0, i=0: idm:; i++) ]
l for (j=k:; jJ<SIZE; j+=m)
I dataTable[n++] = table[i]:
}
@ printf ("\nExp. completed\n"):

Figure 1.18 Setting a software breakpoint

CCS has many built-in tools including software breakpoints, watch windows, and graphic
plots for debugging, testing, and evaluating programs. When the program reaches a software
breakpoint, it will halt program execution at that location. CCS will preserve the processor’s
register and system memory values at that instant for users to validate the results. The software
breakpoint can be set by double-clicking on the left sidebar of an instruction. Figure 1.18 shows
the breakpoint is set on line number 110. Once the program runs to the breakpoint, it stops, then
the user can step over the program statements, or step into the function if this line contains
another function. The breakpoint can be removed by double-clicking on the breakpoint itself.

Once the program hits the breakpoint, we can use watch windows to examine registers and
data variables. For example, we can use the CCS viewing feature to display data variables such
as g and sf from the CCS menu View— Variables, see Figure 1.19.

We can also view data values stored in memory. To view memory, we open the memory watch
window from View—Memory Browser. Figure 1.20 shows the CCS memory watch window
that contains the data values stored in dataTable [SIZE] at data memory address 0x2E9D.

We can also use the CCS graphical tools to plot the data for visual examination. For this
experiment, we activate the plot tools from Tool—Graph—Single Time. Open the graph
properties setting dialog window, set Acquisition Buffer to 48 (table size), select Data Type
as 16-bit signed integer (based on the data type), set the data Start Address to dataTable
(data memory address), and finally set Display Data Size to 48. Figure 1.21 displays the graph
of the sinusoidal data stored in the 16-bit integer array dataTable [SIZE].

= Variables i E
Name Type Value a4
o g short 0
09 j short B
09 | short 51
0 k short
= m short -
0 n short 48
0 p short 5
09 sf unsigned long 12000 -~

Figure 1.19 Variable watch window
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Figure 1.20 Memory watch window

Procedures of the experiment are as follows:

. Create the CCS project, set up the project build and debug environment, and use UTI as the

project name.

. Create the C source file UITest.c as listed in Table 1.7, which is available in the

companion software package. Add linker command file c5505.cmd and header file
tistdtypes.h.

. Connect the eZdsp to the computer, and set up the proper target configuration file for the

eZdsp. Build and load the executable program for experiment.

. Perform single-step operation to check the program.
. Set some software breakpoints in UITest. c, and step through the program to observe the

variable values of g, sf, and p.

. Rerun the experiment and use the CCS graphical tool to plot the data stored in the array

dataTable[] for different sampling frequencies at 8000, 12000, 16 000, 32 000, and
48 000 Hz. Show these plots and compare their differences.

. Set up the CCS variable watch window and examine what other data types can be

supported by the watch window. Change the data type and observe how the watch window
displays different data types.

. How does one find a variable memory’s address for setting up the watch windows? Set up

both data and variable watch windows, single step through the program, and watch how
the variables are updated and displayed on the watch windows.

. Data values in the memory can be modified via CCS by directly editing the memory

locations. Try to change the variable values and rerun the program.
CCS can plot different kinds of graphs. Select the graph parameters to plot the array data
in the same window with the following settings:

L UiTeste o £ Target Configurations & Console ) Memory Browser B Single Time -1

Intié davaTable [SIZE]: = TEhraria@e PR EiaD-

Figure 1.21 Use graphical tool to plot data samples
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(a) Add x—y axis labels to the plot.
(b) Add a grid to the graph plot.
(c) Change the display from line to large square.

1.5.4 Audio Playback Using eZdsp

The C programs presented in previous experiments can be executed on the C55xx simulator
which comes with the CCS or hardware devices such as the C5505 eZdsp. In this experiment,
we use the eZdsp for real-time experiments. The C5505 eZdsp has a standard USB interface to
connect with the host computer for program development, debugging, algorithm evaluation
and analysis, and real-time demonstration.

CCS comes with many useful supporting functions and programs including device drivers
specifically written for C55xx processors and the eZdsp. The latter comes with an installation
CD which includes the C55xx_cs1 folder containing files for the C55xx chip support libraries
and the USBSTK_bsl folder containing files for the eZdsp board support libraries. The
experiments given in Appendix C provide detailed descriptions of the chip support libraries
and board support libraries. In this experiment, we modify the user interface experiment
presented in Exp1.3 to control audio playback using the C55xx board support library and chip
support library. This experiment plays audible tones using the eZdsp, and allows the user to
control the output volume, sampling frequency, and play time from the CCS console window.
The user interface C program, playToneTest. c, asks the user to enter three parameters for
the experiment: gain (gain), sampling frequency (s £), and time duration (playtime). After
receiving the user parameters, the program generates a tone table, and calls the function tone
to play the tone in real time using the eZdsp.

After the user parameters are passed to the function tone listed in Table 1.9, it calls the
function USBSTK5505_ini t to initialize the eZdsp and the function ATC3204 to initialize the
analog interface chip AIC3204. Once enabled, AIC3204 will operate at the user-specified

Table 1.9 C program for real-time tone playback, tone.c

#define AIC3204_I2C_ADDR 0x18
#include "usbstk5505.h"
#include "usbstk5505_gpio.h"
#include "usbstk5505_1i2c.h"
#include <stdio.h>

externvoid aic3204_tone_headphone () ;
extern void tone (Uint32, Intl6, Intl6, Uintl6, Intl6*) ;
externvoid Init_AIC3204 (Uint32 sf, Intl6 gDAC, Uintl6 gADC) ;

void tone (Uint32 sf, Intl6 playtime, Intl6 gDAC, Uintl6 gADC, Intl6
*sinetable)
{

Intl6 sec, msec;

Intl6 sample, len;
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Table 1.9 (Continued)

/* Initialize BSL */
USBSTKS5505_init () ;

/* Set A20_MODE for GPIO mode */
CSL_FINST (CSL_SYSCTRL_REGS->EBSR, SYS_EBSR_A20_MODE, MODE1) ;

/* Use GPIO to enable ATIC3204 chip */

USBSTK5505_GPIO_init (),

USBSTK5505_GPIO_setDirection (GPIO26, GPIO_OUT) ;

USBSTK5505_GPIO_setOutput ( GPIO26, 1) ; /*Take AIC3204 chip out
of reset */

/* Initialize I2C */
USBSTK5505_I2C_init ()

/* Initialized AIC3204 */
Init_AIC3204 (sf, gDAC, gADC) ;

/* Initialize I2S */
USBSTK5505_I2S_init ()

switch (sf)
{
case 8000:
len=28;
break;
case 12000:
len=12;
break;
case 16000:
len=16;
break;
case 24000:
len=24;
break;
case 48000:
default:
len=148;
break;
}
/* Play tone */
for (sec=0; sec <playtime; sec++)
{
for (msec=0; msec <1000; msec++)
{
for ( sample = 0; sample < len; sample++)
{
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Table 1.9 (Continued)

/*Write 16-bit left channel data */
USBSTK5505_I2S_writeLeft( sinetable[sample]) ;

/*Write 16-bit right channel data */
USBSTK5505_TI2S_writeRight (sinetable[sample]) ;

USBSTK5505_I2S_close(); // Disable I2S
AIC3204_rset (1, 1); // Reset codec

USBSTK5505_GPIO_setOutput ( GPIO26, 0); // Disable AIC3204

sampling frequency to convert the digital signal to analog form and send out the stereo tone to
the connected headphone or loudspeaker at the user-specified output volume. Table 1.10 lists
the files used for the experiment.

The eZdsp uses the TLV320AIC3204 analog interface chip for the A/D and D/A conversions.
This experiment uses the function initA1C3204 () to set up AIC3204 registers for the sampling
frequency and gain values entered by the user. The sampling frequency is calculated by

B MCLK x JD x R
" P x NDAC x MDAC x DOSR’

s (1.8)

where the master clock MCLK =12 MHz and JD =7.168 (J and D are two registers of the
AIC3204, we set register J with integer 7 and register D with fraction number 168). If we preset
the rest of the registers as R=1, NDAC =2, MDAC =7, and DOSR = 128, we can change the
value of P to set different sampling rates. For example, by changing P from 1, 2, 3,4, and 6, we
can configure AIC3204 to operate at different sampling frequencies at 48, 24, 16, 12, and
8 kHz, respectively. The TLV320AIC3204 data sheet [24] provides some examples for setting
these parameters for different sampling rates.

Table 1.10 File listing for the experiment Expl.4

Files Description

playToneTest.c Program file for testing eZdsp real-time tone generation
tone.c C source file for tone generation

initAIC3204.c C source file to initialize AIC3204

tistdtypes.h Data type definition header file

c5505. cmd Linker command file

C55xx_csl.lib C55xx chip support library

USBSTK_bsl.lib eZdsp board support library
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The experiment procedures are listed as follows:

1. Create the experiment folder, Exp1l .4, and copy the experiment software to the working
directory including all the files in the folder playTone, and subfolders src, lib,
C55x_csl, and USBSTK_bsl.

2. Start CCS and import the existing project workspace for the experiment to CCS.

3. Open the property of the playTone project and check C/C++ Build Settings. The
Include Options should include the paths for C55x_csl ..\C55xx_csl\inc and
USBSTK_bsl ..\USBSTK_bsl\inc, and the Runtime Model Options should be set
for the 16-bit and large-memory model.

4. Connect the eZdsp to the host computer and connect a loudspeaker or headphone to the
eZdsp.

5. Use the Build All command to rebuild the program, load the program, and run the
experiment with user parameters: gain, sampling frequency, and tone playtime duration.
Redo the experiment using different values of these three parameters and observe the
differences.

1.5.5 Audio Loopback Using eZdsp

The previous audio tone playback experiment is written for sample-by-sample processing,
which processes digital signals one sample at a time. On the other hand, data samples can be
processed in groups using block-by-block processing. When a processor processes data using
the sample-by-sample scheme, the processor may often be in an idle state waiting for the next
available sample. That is, after processing one sample, the processor must wait for the next
input sample. The idle time depends upon the sampling frequency and the time needed to
process each sample. The advantage of sample-by-sample processing is its short processing
delay. However, sample-by-sample processing is not very efficient in terms of data I/O
overhead due to the waiting time for input samples. In contrast, block-by-block signal
processing uses direct memory access (DMA) for data transfer that is performed in parallel
with signal processing operations. Such a system can greatly reduce the I/O overhead to
achieve the maximum processing efficiency. The trade-off between sample-by-sample
processing and block-by-block processing is the minimized processing delay vs. the maxi-
mized processing efficiency. Many DSP systems use multithread operating systems so the
applications are often programmed using block processing.

This experiment uses the eZdsp for real-time audio playback using block-by-block
processing. The signal buffer size is XMIT_BUFF_SIZE and this can be adjusted to different
sizes for different applications. The audio source can be a microphone or an audio player. The
audio source is connected to the eZdsp’s audio input STEREO IN jack (J2) using a stereo
cable. The processed audio samples are played via a headphone or loudspeaker connected to
the eZdsp’s audio output HP OUT jack (J3). To use block-by-block processing, we use DMA
to transfer input and output audio data samples. The sampling rate is set using the AIC3204.
The C5505 DMA manages the data transfer between the C5505 and AIC3204.

Table 1.11 lists the main program for the experiment. It begins by setting the DMA and
AIC3204, and then starts looping audio input to the output. The audio path is set for stereo
with left and right audio channels. The program uses flags to identify which channel (left or
right) of signal is coming from the AIC3204. Each channel uses two DMA data buffers of
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Table 1.11 Real-time audio loopback program, audioLoopTest.c

#include <stdio.h>
#include "tistdtypes.h"
#include "i2s.h"
#include "dma.h"
#include "dmaBuff.h"

#define XMIT_BUFF_SIZE 256

Intl6 XmitLl [XMIT_BUFF_SIZE]; /* DMA uses the same buffer names, donot
rename */

Intl6 XmitR1 [XMIT_BUFF_SIZE];

Intl6 XmitL2 [XMIT_BUFF _SIZE];

Intl6 XmitR2 [XMIT_BUFF_SIZE];

Intl16 RcvLl [XMIT BUFF_SIZE];
Intl6 RcvR1 [XMIT BUFF _SIZE];
Intl6 RcvL2 [XMIT_BUFF_SIZE];
Intl16 RcvR2 [XMIT_BUFF_SIZE];

Intl6 dsp_process (Intl6 *input, Intl6 *output, Intl6 size);

extern void AIC3204_init (Uint32, Intl6, Intlo6) ;

#define IERO * (volatile unsigned *) 0x0000
#define SF48KHz 48000

#define SF24KHz 24000

#define SF16KHz 16000

#define SF12KHz 12000

#define SF8KHz 8000

#define DAC_GAIN 3 // 3dB range: -6 dB to 29 dB
#define ADC_GAIN 0 // 0dB range: 0 dB to 46 dB

voidmain (void)
{
Intl6 status, i;

// Clean output buffers before running the experiment
for (1=0; i<XMIT BUFF SIZE; i++)
{

XmitLl[1]=XmitL2 [i]=XmitR1l[1i]=XmitR2[1]=0;

RcvLl[i]=RcvL2[i]=RcvR1l[i]=RcvR2[1]=0;

setDMA_address () ; // DMA address setup for each buffer
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Table 1.11 (Continued)

asm (" BCLR ST1_INTM"); //Disableall interrupts
IERO =0x0110; // Enable DMA interrupt

set_12s0_slave () ; // Set 128
AIC3204_init (SF48KHz, DAC_GAIN, (Uintl6)ADC_GAIN); // Set AIC3204
enable_1i2s0 () ;

enable_dma_int () ; // Set up and enable DMA
set_dmaO_chO0_12s0_Lout (XMIT_BUFF_SIZE) ;
set_dmalO_chl_i2s0_Rout (XMIT_BUFF_SIZE) ;
set_dmaO_ch2 12s0_Lin (XMIT_BUFF_SIZE) ;
set_dmaO_ch3_12s0_Rin (XMIT_BUFF_SIZE) ;

status=1;
while (status) // Forever loop for the demo if status is set
{
if ((leftChannel ==1)||(rightChannel ==1))
{
leftChannel =0;
rightChannel=0;
if ((CurrentRxL_DMAChannel == 2) || (CurrentRxR_DMAChannel == 2))
{
status =dsp_process (RcvLl, XmitLl, XMIT_BUFF_SIZE) ;
status =dsp_process (RcvRl, XmitR1l, XMIT_BUFF_SIZE) ;
}
else
{
status =dsp_process (RcvL2, XmitL2, XMIT_BUFF_SIZE) ;
status = dsp_process (RcvR2, XmitR2, XMIT_BUFF_SIZE) ;

// Simulated a DSP function
Intl6 dsp_process (Intl6 *input, Intl6 *output, Intl6 size)

{
Intlo6 i;

for (i=0; i<size; i++)
{

* (output + i) = * (input + 1) ;
}

returnl;
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Table 1.12 File listing for the experiment Expl.5

Files Description

audioLoopTest.c Program file for testing real-time audio loopback
vector.asm Assembly source file for interrupt vectors

c5505.cmd Linker command file

tistdtypes.h Data type definition header file

dma.h C header file for DMA function and variable definition
dmaBuff.h C header file for DMA buffer definition

i2s.h C header file for I2S function and variable definition
1pva200.inc C55xx assembly include file

myC55xUtil.1lib Experiment support library: DMA and I2S functions

equal length. This double-buffer method is often used for block signal processing. While the
AIC3204 is filling one of the DMA data buffers, the C5505 process the data available in
the other buffer. Once the process is complete, the DMA controller will switch the buffers for
the next DMA transfer. The DMA channel identifier is used to manage which DMA buffer will
be used. This ping-pong buffering scheme can avoid memory read and write collisions. The
ping-pong buffer mechanism will introduce a certain buffering delay. The delay time equals
the number of data samples in the buffer multiplied by the sampling period. If the data buffer
contains 48 samples, and the sampling frequency is 48 000 Hz, the buffer introduces a time
delay of 0.01 seconds.

In this experiment, we include the function dsp_process which simply copies the data
from the input buffer to the output buffer. In subsequent experiments, we will replace this
function by other DSP functions such as digital filters for real-time experiments. The assem-
bly program vector.asm handles real-time interrupts for the C5505 system. The
TMS320C5505 architecture and assembly language programming are introduced in
Appendix C. The files used for the experiment are listed in Table 1.12.

The experiment procedures are listed as follows:

1. Copy the experiment software from the companion software package to the working
directory and import the existing project.

2. Connect the eZdsp to the host computer. Connect a loudspeaker or headphone to the eZdsp
HP OUT jack. Connect an audio source such as an MP3 player to the eZdsp STEREO IN
jack.

. Use CCS to build the project, load the executable program, and run the experiment.

4. Modify the experiment such that the left audio output channel will output the sum of input
signals from both left and right channels, while the right audio output channel will be
output the difference of input signals from the left and right channels. (Hint: modify the
function dsp_process.)

5. Modify the audio loopback experiment such that it runs at 8000 Hz or other sampling
frequencies.

6. Write a new function to generate a 1000 Hz tone. Modify the experiment such that it will
loop the input audio on the left output channel and output the 1000 Hz tone on the right
output channel.

w
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Exercises

1.1.

1.2

1.3.

14.

1.5.

Given an analog audio signal that is bandlimited by 10 kHz:

(a) What is the minimum sampling frequency that allows a perfect reconstruction of
the analog signal from its discrete-time samples?

(b) What will happen if a sampling frequency of 8 kHz is used?

(c) What will happen if the sampling frequency is 50 kHz?

(d) When the sampling rate is 50 kHz, and taking only every other sample (this is
decimation by 2), what is the sampling frequency of the new signal? Is this causing
aliasing?

Refer to Example 1.1. Assuming that we have to store 50 ms (milliseconds, 1 ms =
1072s) of digitized signals, how many samples are needed for (a) narrowband
telecommunication systems with f;, = 8 kHz, (b) wideband telecommunication systems
withf, = 16 kHz, (c) audio CDs with f; = 44.1 kHz, and (d) professional audio systems
with f, = 48 kHz?

Assume the dynamic range of the human ear is about 100 dB, and the highest frequency
a human can hear is 20 kHz. For a high-end digital audio system designer, what size of
converters and sampling rate are needed? When the design uses a 16-bit converter at
44.1kHz sampling rate, how many bits are needed to store one minute of music?

A speech file (timit_1.asc) was digitized using a 16-bit ADC with one of the
following sampling rates: 8, 12, 16, 24, or 32 kHz. Use MATLAB™ to play it and find
the correct sampling rate. This can be done by running the MATLAB® program
exercise_4.munder the Exercises directory. This script plays the file at 8, 12, 16, 24,
and 32 kHz. Press the Enter key to continue after the program is paused. What is the
correct sampling rate?

Aliasing is caused by using an incorrect sampling rate that violates the sampling
theorem. The MATLAB™ script below generates a chirp signal, where £1 and fh are
the lower and upper frequencies of the chirp signal respectively, and the sampling
frequency £s is 800 Hz. Edit and run the MATLAB™ script, and listen and plot the
signal. If we change fs to 200 Hz, what will happen and why?

£f1=0; % Low frequency
fh=200; % High frequency
fs=800; % Sampling frequency
n=0:1/fs:1; % 1 second of data

phi=2*pi* (fl*n+ (fh-fl)*n.*n/2);
y=0.5*sin(phi) ;

sound (y, fs);

plot(y)
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2

DSP Fundamentals and
Implementation Considerations

This chapter introduces fundamental DSP principles and practical implementation consider-
ations for the digital filters and algorithms [1-4]. DSP implementations, especially using
fixed-point processors, require special consideration due to quantization and arithmetic errors.

2.1 Digital Signals and Systems

This section briefly introduces some basic terminologies of digital signals and systems that
will be used in the book.

2.1.1 Elementary Digital Signals

A digital signal is a sequence of numbers x(n), —0o < n < 0o, where integer n is the time
index. Signals can be classified as deterministic or random. Deterministic signals such as
sinusoidal signals can be expressed mathematically. Random signals such as speech and noise
cannot be described exactly by equations. Some basic deterministic signals will be introduced
in this section along with the frequency concepts, while random signals will be discussed in
Section 2.3.

The unit-impulse signal is defined as

8(n) = {(1) Z;g 2.1)

where 8(n) is also called the Kronecker delta function. This unit-impulse signal is very useful
for measuring, modeling, and analyzing the characteristics of DSP systems.
The unit-step signal is defined as

I, n>0

Real-Time Digital Signal Processing: Fundamentals, Implementations and Applications, Third Edition.
Sen M. Kuo, Bob H. Lee and Wenshun Tian.
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This function is very convenient for describing causal signals, which are the most commonly
encountered signals in real-time DSP systems. For example, x(n)u(n) clearly defines a causal
signal x(n) such that x(n) =0 for n < 0.

Sinusoidal signals (also called sinusoids) can be expressed in simple mathematical
formulas. For example, an analog sine wave can be expressed as

x(t) = Asin(Qt + ¢) = Asin(27f1 + ¢), (2.3)
where A is the amplitude of the sine wave, fis the frequency in cycles per second (hertz or Hz),
O =2nf 2.4)
is the frequency in radians per second (rad/s), and ¢ is the initial phase in radians.
Sampling the analog sinusoidal signal defined in (2.3) results in a digital sine wave
expressed as

x(n) = Asin(QnT + ¢) = A sin(2nfnT + ¢), (2.5)

where T = 1/f, is the sampling period in seconds and f; is the sampling rate (or sampling
frequency) in Hz. This digital signal can also be expressed as

x(n) = Asin(wn + ¢) = Asin(Frn + ¢), (2.6)
where
w:QT:?? 2.7)

is the digital frequency in radians per sample, and

po__f (2.8)

T (£/2)

is the normalized digital frequency in cycles per sample.

The units, relationships, and ranges of these analog and digital frequency variables are
summarized in Table 2.1. Sampling of analog signals results in the mapping of analog
frequency variable f (or ) into a finite range of digital frequency variable w (or F). The

Table 2.1 Units, relationships, and ranges of four frequency variables

Variables Units Relationships Ranges

Q Radians per second QO =2nf —00 < Q) <0
f Cycles per second (Hz) f= % = ”2’—{; —00 < f < o0
w Radians per sample w=QT = % —nr<w<m
F Cycles per sample F = ﬁ =2 -1<F<1
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highest frequency in a digital signal is f =f,/2,w = 7, or F = 1 based on the sampling
theorem defined in (1.3). Therefore, the frequency contents of digital signals are restricted to
the limited range as shown in Table 2.1.

Example 2.1

Generate 32 sine wave samples with A=2, f=1000Hz, and f, = 8000Hz using
MATLAB®™ [5-7].

From Table 2.1, we have w = 27f /f, = 0.257. From (2.6), we can express the sine wave
as x(n) = 2sin(0.257n), n=0, 1, ..., 31. The generated sine wave samples are plotted
(as shown in Figure 2.1) and saved in a data file using ASCII format by the following
MATLAB® script (example2_1.m):

n=[0:31];

omega =0.25*%pi;
xn=2*sin (omega*n) ;
plot(n, xn, ‘-o’);
xlabel (‘Time index, n’);
ylabel (‘Amplitude’);
axis ([031—-221); Define ranges of plot
save sine.dat xn —ascii; % Save in ASCII data file

oe

Time indexn=0,1, . . . ,31
Digital frequency

Sine wave generation
Samples aremarkedby ‘o’

o° oo

oe

o

In the code, the MATLAB® function save is used to store the variable xn using eight-digit
ASCII format in the data file sine.dat. This ASCII file can be read by other MATLAB®
scripts using the function 1oad. The default format for the save and load functions is a
binary MAT-file with the extension .mat.

15} x? : 5{ \ |

0.5

mplitude
=]
——

Al

-0.5

: X} X
SN N
0 5 10 15 20 25 30
Time index, n

Figure 2.1 An example of a sine wave with A=2 and w=0.257
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X, (N) X, ()
x,(0) + y(0) X2 (N y(n)
&) )

Figure 2.2 Block diagram of an adder

x(n) y) o x(n) a y(n)

o
[~
L

Figure 2.3 Block diagram of a multiplier

2.1.2 Block Diagram Representation of Digital Systems

A DSP system performs prescribed operations on signals. The processing of digital signals
can be described as a combination of three basic operations: addition (or subtraction),
multiplication, and time shift (or delay). Thus, a DSP system consists of the interconnection of
three basic elements: adders, multipliers, and delay units.

Two signals, x;(n) and x,(n), can be added as illustrated in Figure 2.2, where the adder
output is expressed as

y(n) = x1(n) + x2(n). (2.9)

The adder could be drawn as a multi-input adder with more than two inputs, but the additions
are typically performed with two signals at a time in practical DSP systems.

A given signal can be multiplied by a scalar, «, as illustrated in Figure 2.3, where x(n) is the
multiplier input and the multiplier’s output is

y(n) = ax(n). (2.10)

Multiplication of a sequence by a gain factor, «, results in all samples in the sequence being
scaled by «. The output signal is amplified if || > 1, or attenuated if |o| < 1.

The signal x(n) can be delayed in time by one sampling period, 7, as illustrated in
Figure 2.4, where the box labeled 7! represents the unit delay, x(r) is the input signal, and the
output signal

y(n) =x(n—1). (2.11)

In fact, the signal x(n — 1) is actually the previous signal sample stored in memory before
the current time n. Therefore, the delay unit is very easy to realize in a digital system with
memory, but is difficult to implement in an analog system. A delay by more than one unit

n)=x(n-1)

x(n) [7} y
L=

Figure 2.4 Block diagram of a unit delay
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x(n) [ x(n—l)‘ | X(n=2)

+

Figure 2.5 Signal-flow diagram of the DSP system described by (2.12)

can be implemented by cascading several delay units in a row. Therefore, an L-unit delay
requires L + 1 memory locations configured as a first-in, first-out buffer (tapped delay line)
in memory.

Example 2.2

Consider a simple DSP system described by the difference equation
y(n) = ax(n) + bx(n — 1) + cx(n — 2), (2.12)

where a, b, and c are real numbers. The signal-flow diagram of the system using three
basic building blocks is sketched in Figure 2.5, which shows that the output signal y(n) is
computed using three multiplications and two additions. The difference equation given
in (2.12) defines the I/O relationship of the system, and thus is also called the I/O
equation.

2.2 System Concepts

This section introduces basic concepts and techniques to describe and analyze linear time-
invariant (LTI) digital systems.

2.2.1 LTI Systems

If the input signal to an LTI system is the unit-impulse signal §(n) defined in (2.1), then the
output signal y(n) is the impulse response of the system, h(n).

Example 2.3
Consider a digital system defined by the I/O equation

y(n) = box(n) + bix(n — 1) + byx(n — 2). (2.13)
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Applying the unit-impulse signal §(n) to the input of the system, the output y(n) is the
system impulse response A(n) that can be computed as follows:

h(0) = y(0) = by -1+ by -0+by-0=by
h(1) = y(1) =by-0+by - 1 +by-0=b,
h(2) =y(2)=by-0+b -0+by-1=b,
h(3) =y(3)=by-0+b -0+b,-0=0

Therefore, the impulse response of the system defined in (2.13) is {bo, b1, b>, 0,0, . . .}.

The I/O equation given in (2.13) can be generalized with L coefficients as

y(n) = boX(ﬂ) +bix(n—1)+--- —&-bL,lx(n — L+ ])
= ib;x(n =1).
=0

Substituting x(n) = §(n) into (2.14), the output is the impulse response expressed as

(2.14)

h(n) = iblé(n =1
=0

(2.15)
{m,n:QL“wL—l

0, otherwise.

Therefore, the length of the impulse response is L for the system defined in (2.14). This
system is called a finite impulse response (FIR) filter. The parameters, b;,/=0,1, ... ,L—1,
are filter coefficients (also referred as filter weights or taps). For FIR filters, the filter
coefficients are identical to the non-zero samples of impulse response.

The signal-flow diagram of the system described by the I/O equation (2.14) is illustrated in
Figure 2.6. The string of z~! units is the tapped-delay line. The parameter, L, is the length of
the FIR filter. Note that the order of the filter is L — 1 for the FIR filter with length L since there
are L — 1 zeros. The design and implementation of FIR filters will be further discussed in
Chapter 3.

x(n) x(n-1)

X (n-L+1)

Figure 2.6 Detailed signal-flow diagram of an FIR filter
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Window at time n

n-L n-1

Time

n—-L+1 n

Window at time n—-1

Figure 2.7 Time windows at current time n and previous time n — 1

The moving (running) average filter is a simple example of the FIR filter. Consider the
L-point moving-average filter defined as

Y(n) = 7 ) - x(n = 1) 4o o~ Lo+ 1)

= (2.16)
= ZZx(n =1,
=0

where each output signal sample is the average of L consecutive samples of current and passed
input signal. Implementation of (2.16) requires L — 1 additions and L memory locations for
storing signal samples x(n), x(n — 1), ..., x(n — L+ 1) in the memory buffer. Because most
digital signal processors have a hardware multiplier, the division by a constant L can be
implemented by multiplication of a constant o, where o = 1/L.

The concept of a moving window is illustrated in Figure 2.7, where L signal samples inside
the rectangular window at time n are used to compute the current output signal y(n).
Comparing the windows at time n and n — 1, the oldest sample x(n — L) for the window at
time n — 1 is replaced by the newest sample x(n) for the window at time n, and the remaining
L — 1 samples are the same as those samples used by the previous window at time n — 1 to
compute y(n — 1). Therefore, the averaged signal, y(n), can be computed recursively as

y(n)=yn—1)+ % [x(n) —x(n — L)]. 2.17)

This recursive equation can be realized by using only two additions. Comparing it to the direct

implementation of (2.16) that needs L — 1 additions, the recursive equation (2.17) shows that

with careful design (or optimization), the complexity of a system (or algorithm) can be

reduced. However, we still need L+ 1 memory locations for keeping L+ 1 signal samples
{x(n) x(n—1)...x(n—L)}.

Consider the LTI system illustrated in Figure 2.8, where the output signal can be expressed as

n)

h(1)x(n = 1),

y(n) = x(n) x h(n) = h(n) x x

= Zoc: x(Dh(n—=1) =

I=—00 I;

—~

(2.18)

NgE

oo

where * denotes the linear convolution operation. The exact internal structure of the system is
either unknown or ignored. The only way to interact with the system is by using its input and
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x(n) y(n) =x(n)*h(n)

— o hm

Figure 2.8 An LTI system expressed in the time domain

output terminals as shown in Figure 2.8. This “black box” representation is a very effective way
to depict complicated DSP systems.
A digital system is a causal system if and only if

h(n) =0, n<0. (2.19)

A causal system does not provide a zero-state response prior to input application. That is, the
output depends only on the current and past samples of the input. This is an obvious property
for real-time DSP systems. However, if the data is a previous digitized signal saved in a file,
the algorithm operating on the data set does not need to be causal. For a causal system, the
lower bounds of the summation in (2.18) can be modified to reflect this restriction as

y(n) = i h(Dx(n —1). (2.20)
1=0

Example 2.4

Consider the I/0O equation of a digital system expressed as
y(n) = bx(n) — ay(n — 1), (2.21)

where each output signal y(n) is dependent on the current input signal x(n) and the past
output signal y(n — 1). Assume that the system is causal, that is, y(n) = 0 for n < 0, and the
input is a unit-impulse signal, that is, x(n) = 8(n). The output signal (impulse response)
samples are computed as

¥(0) = bx(0) — ay(~1) = b
¥(1) = bx(1) — ay(0) = —ay(0) = —ab
y(2) = bx(2) —ay(1) = —ay(1) = a®b.

In general, we have h(n) = y(n) = (—1)"a"b,n =0, 1,2, ..., 00. This system has infinite
impulse response A(n) if the coefficients a and b are non-zero, and thus is called an infinite
impulse response (IIR) system.

A digital filter can be classified as either an FIR filter or IIR filter, depending on whether the
impulse response of the filter has finite or infinite duration. The system defined in (2.21) is an
IIR filter since it has infinite impulse response as shown by Example 2.4. The I/O equation of
an IIR system can be generalized as

y(n) = box(n) + byx(n — 1) + -+ by 1x(n—L+1) —ary(n—1) — - —ayy(n — M)

L1 M
= Zb;x(n -1 - Zamy(n —m),
=0 m=1
(2.22)
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where M is the order of the system. This IIR system is defined by a set of feedforward
coefficients {b;,/ =0,1,...,L — 1} and feedback coefficients {a,,,m = 1,2,...,M}. Since
the weighted output samples (by a,,) are fed back and combined with the weighted input
samples (by b;), IIR systems are feedback systems. Note that if all the a,, are zero, Equation
(2.22) is identical to (2.14) which defines an FIR filter. Therefore, an FIR filter is a special case
of an IIR filter when all feedback coefficients a,, are zero. The design and implementation of
IIR filters will be further discussed in Chapter 4.

Example 2.5

The IIR filters given in (2.22) can be implemented using the MATLAB™ function filter as
yn=filter (b, a, xn);

The vector b contains feedforward coefficients {b;,l = 0,1,...,L — 1} and the vector a
contains feedback coefficients {a,,,m = 0,1,2,..., M, where ap = 1}. The signal vectors
xn and yn are the input and output buffers of the system, respectively. The FIR filter
defined in (2.14) can be implemented as

yn=filter(b, 1, xn);

This is because all a,, are zero except ap = 1 for the FIR filter.

Example 2.6

Assume the window length L is large so that the oldest sample x(n—L) can be
approximated by its average y(n — 1); then the moving-average filter defined in (2.17)
can be approximated as

L (2.23)

where o = 1/L. This is a simple first-order IIR filter. Comparing (2.23) to (2.17), we need
two multiplications instead of one, but only two memory locations instead of L + 1. Thus,
the recursive equation (2.23) is the most efficient technique for approximating a moving-
average filter.

2.2.2 The z-transform

Continuous-time systems are commonly designed and analyzed using the Laplace transform,
which will be briefly introduced in Chapter 4. For discrete-time systems, the transform
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corresponding to the Laplace transform is the z-transform. The z-transform of a digital
signal x(n) is defined as

X(2)= Y x(n)z™", (2.24)

n=-—0o0

where X(z) represents the z-transform of x(n). The variable z is a complex number and can be
expressed in polar form as

z=rek, (2.25)

where r is the magnitude (radius) of z and 6 is the angle of z. When r =1, |z| =1 is called the
unit circle on the z-plane. Since the z-transform involves an infinite power series, it exists
only for those values of z where the power series defined in (2.24) converges. The region on
the complex z-plane in which the power series converges is called the region of
convergence.

For causal signals, the two-sided z-transform defined in (2.24) becomes the one-sided
z-transform expressed as

X(z) = ix(n)zfn. (2.26)

n=0

Example 2.7

Consider the exponential function

x(n) = d"u(n).
The z-transform can be computed as

o0

X(z) = 230: a'z "u(n) = Z (az’l)n.
n=-—00 n=0

Using the infinite geometric series given in Appendix A, we have

1 Z . —1
X(Z):l—iaZ_l:Z——a 1f’az ’<1

Thus the equivalent condition for convergence (or region of convergence) is
2| > lal,

which is the region outside the circle with radius a.
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Some z-transform properties are useful for the analysis of discrete-time LTI systems.
These properties are summarized as follows:

1. Linearity (superposition). The z-transform (ZT) of the sum of two sequences is the sum of
the z-transforms of the individual sequences. That is,

ZT]a1x1(n) + axxz(n)] = a1ZT[x1(n)] + a:ZT[x(n)) 2.27)
= ai1Xi(z) + a2Xa(2), '
where a; and a, are constants.

2. Time shifting (delay). The z-transform of the shifted (delayed) signal y(n) =x(n — k) is
Y(z) = ZTx(n — k)] = 2 *X(z). (2.28)

For example, ZT[x(n — 1)] = z~'X(z). The unit delay z~' corresponds to a time shift to the
right of one sample.

3. Convolution. Considering the signal x(n) as a linear convolution of two sequences
x(n) = x1(n) * x3(n), (2.29)
we have
X(z) = X1(2)Xa(2). (2.30)

Thus, the z-transform converts the linear convolution in the time domain to multiplication
in the z-domain.

2.2.3 Transfer Functions

Consider the LTI system illustrated in Figure 2.8. Using the convolution property, we have
Y(z) = X(2)H(2), 2.31)

where X(z) = ZT[x(n)], Y(z) = ZT[y(n)], and H(z) = ZT[h(n)]. The combination of time- and z-
domain representations of the LTI system is illustrated in Figure 2.9, where ZT ' denotes the
inverse z-transform. This diagram shows that we can compute the output of a linear system by
replacing the time-domain convolution with the z-domain multiplication.

The transfer function of an LTI system is defined in terms of the system’s input and output.
From (2.31), the transfer function is defined as

H(z) =—2. (2.32)
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X)) ———| MO L y@) =x@#he)

T T 7Tt

X@) —— H®) |, Y@)=X@HE@

Figure 2.9 A block diagram of the LTI system in both the time domain and z domain

The transfer function can be used to create alternative filters that have exactly the same I/O
behavior. An important example is the cascade or parallel connection of two or more low-
order systems to realize a high-order system, as illustrated in Figure 2.10. In the cascade
(series) interconnection shown in Figure 2.10(a), we have

Yi(z) =X(z)H1(z) and Y (z) = Yi(z)H2(2).

Thus,
Y(z) = X(2)H1(2)H2(2).

Therefore, the overall transfer function of the cascade of two systems is

H(z) = H\(2)H2(z) = H2(2)H (). (2.33)
HE)
x() %10 Yo
O he Hy) L2,
X (@) Y, (2) Y (2)

IR
v, ) I

(b) Parallel form.

Figure 2.10 Interconnect of digital systems
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Since multiplication is commutative, these two systems can be cascaded in either order to
obtain the same overall system. Realization of IIR filters using a cascade structure for practical
applications will be discussed in Chapter 4.

Similarly, the overall transfer function of the parallel connection of two LTI systems shown
in Figure 2.10(b) is given by

H(z) = H(z) + Hy(z2). (2.34)

In practical IIR filtering applications, we factor polynomials to break down a high-order
filter H(z) into small sections, such as second-order or first-order filters, and use the cascade
form. The concepts of parallel and cascade realizations of IIR filters will be further discussed
in Chapter 4.

Example 2.8

The LTI system with transfer function

can be factored as

1o = (12 =) (1o mrm) M)

Thus, the overall system H(z) can be realized as the cascade of the first-order system
Hy(z) = 1/(1 — z7!) and the second-order system Hj(z) = 1/(1 —z7 ' —z72).

The /0 equation of an FIR filter is given in (2.14). Taking the z-transform of both sides
using the delay property given in (2.28), we have

Y(2) = boX(2) + bz ' X(2) + - - + bp1z- VX (2)

(2.35)
= (bo+biz "+ + bz ED)X(2).
Therefore, the transfer function of the FIR filter is expressed as
L-1
H(z) =bo+biz '+ bz BV = "hiz . (2.36)
=0

Similarly, taking the z-transform of both sides of the IIR filter defined in (2.22) yields

Y(z) = boX(2) + b1z ' X(2) + -+ + b1z FX(2) —arz 'Y (2) — - — apz MY (2)

- <§b1z1>X(z) — <2M:an1zm> Y(2).

(2.37)
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x(n) by y(n)

Zfl

y(n-1)
il

y(n-2)

-y(n-M)

]
L]
O—-P——D
[~]

x(n-L+1)

Figure 2.11 Detailed signal-flow diagram of IIR filter

By rearranging these terms, we can derive the transfer function of the IIR filter as

L—-1 L—-1
> bz > bz
=0 = =0 (2.38)

H(Z) = M M
L4+ > awz™ > apz™
m=0

m=1

where ap = 1. A detailed signal-flow diagram of the IIR filter is illustrated in Figure 2.11 for
M=L-1.

Example 2.9

Consider the moving-average filter given in (2.16). Taking the z-transform of both sides, we
have

L—-1

Z%ZZ_IX z

=0

Using the geometric series defined in Appendix A, the transfer function of the filter can be
expressed as

/\

Z
Z

M~

H(z)

><

L—1 —L
1 —
=y :z [ ‘ ] (2.39)
1= I=z
This equation can be rearranged as

Y(z) =27'Y(z) +— [X(z) — "X (2)].

~ =
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Taking the inverse z-transform of both sides, we obtain
1

y(n)=yn—-1)+ I [x(n) —x(n — L)]. (2.40)

This is a formal way of deriving (2.17) from (2.16).

2.2.4 Poles and Zeros

Factoring the numerator and denominator polynomials of the rational function H(z), (2.38)
can be expressed as

(z—z)

i1 _boz—z)z—2)... (2 —z-1)
IA_:[(Z—pm) (z—p)z—p2).--(z—py)

(2.41)

The roots of the numerator polynomial are the zeros of the transfer function H(z) since they are
the values of z for which H(z) = 0. Thus, H(z) given in (2.41) has (L—1) zeros at
Z=121,22,---,21—1- The roots of the denominator polynomial are the poles since they are
the values of z such that H(z) = oo, and there are M poles at z = p;,p,, . ..,Py- The LTI
system defined in (2.41) is a pole—zero system of order M, while the system described in (2.36)
is an all-zero system of order L — 1.

Example 2.10

The roots of the numerator polynomial defined in (2.39) determine the zeros of H(z), that is,
7F' — 1 = 0. Using the complex arithmetic given in Appendix A, we have

=@/l 1=01,... L—1. (2.42)

Therefore, there are L zeros equally spaced on the unit circle |z| =1.

Similarly, the poles of H(z) are determined by the roots of the denominator z-~!(z — 1).
Thus, there are L — 1 poles at the origin z =0 and one pole at z= 1. A pole-zero diagram of
H(z) for L=28 on the complex z-plane is illustrated in Figure 2.12. Note that the pole at
z=1is canceled by the zero at z = 1. Therefore, the moving-average filter defined by (2.39)
is an all-zero (or FIR) filter.

The pole—zero diagram provides important insight into the properties of LTI systems. To
find the poles and zeros of a rational function H(z), we can use the MATLAB® function
roots on both the numerator and denominator polynomials. Another useful MATLAB®
function for analyzing transfer functions is zplane (b, a), which displays the pole-zero
diagram of H(z).
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Im[z]
Zero
7 _ Re[z]
Pole
\ lzI=1

Figure 2.12 Pole—zero diagram of the moving-averaging filter, L=38

Example 2.11

Consider the IIR filter with the transfer function

1

Hf)=— —
(&) =T 00:2

We can plot the pole—zero diagram (Figure 2.13) using the following MATLAB™® script
(example2_1la.m):

b=[1]; % Define numerator
a=[1, -1, 0.9]; % Define denominator
zplane (b, a); % Pole-zeroplot

Similarly, we can plot the pole—zero diagram of a moving-average filter using the
following MATLAB® script (example2_11b) for L=2_8:

b=[1, 0, 0, 0, 0,0, 0,0, =117
a=[1, -—11;
zplane (b,a);

Example 2.12

Consider the recursive approximation of the moving-average filter given in (2.23). Taking
the z-transform of both sides and rearranging terms, we obtain the transfer function

o

H(z) T ppn— I—a

(2.43)

This is the simple first-order IIR filter with a zero at the origin and a pole atz = 1 — «. Note
that « = 1/L (where L is equivalent to the length of the window) results in



60 Real-Time Digital Signal Processing

1 —a = (L — 1)/L, which is slightly less than one. Thus for a long window, L is large, the
value of 1 — « is close to one, and the pole is close to the unit circle.

An LTI system H(z) is stable if and only if the poles

Pl <1, for allm. (2.44)

That is, all poles are inside the unit circle. In this case, lim,_,../2(n) = 0, that is, the impulse
response will converge to zero. A system is unstable if H(z) has any pole outside the unit circle
or any multiple-order pole on the unit circle. For example, if H(z) = z/(z — 1)%, h(n) =n, this
system is unstable. A system is marginally stable, or oscillatory bounded, if H(z) has a first-
order pole that lies on the unit circle and the rest of the poles are inside the unit circle. For
example, if H(z) = z/(z+ 1), h(n) = (—1)", n>0, this system is marginally stable.

Example 2.13
Consider the LTI system with transfer function

H(z) = —

_Zia,

There is a zero at the origin z=0 and a pole at z=a. From Example 2.7, we have
h(n)=a", n>0. (2.45)

When |a| > 1, the pole at z=a is outside the unit circle. Also, from (2.45) we have
lim, .o h(n) — oo, thus the system is unstable. However, when |a| < 1, the pole is inside
the unit circle and we have lim,,_,, #(n) — 0, which is a stable system.

0.8} f R
06} :
04}
02}

=02}

Imaginary part
L=
na

0.4}
<061 : .
—o08t x

L 'l II 1 1
- -0.5 0 0.5 1
Real part

Figure 2.13 A pole—zero diagram generated by MATLAB®
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2.2.5 Frequency Responses

The frequency response of a digital system H(w) can be obtained from its transfer function
H(z) by setting z = /. This is equivalent to computing the discrete-time Fourier transform (to
be discussed in Chapter 5) of the infinite length impulse response h(n) expressed as

o0

H(w) = H(Z)| —go = Y h(n)e " (2.46)

n=—00

Therefore, the frequency response H(w) is obtained by evaluating the transfer function on the
unit circle |z| = ’ej‘”| = 1. As listed in Table 2.1, the digital frequency w defined in (2.7) is in
the range of —7 < w < .

The characteristics of the systems can be analyzed using the frequency response. In general,
H(w) is a complex-valued function expressed in polar form as

H(w) = Re[H(w)] +jIm[H (w)] = |H(w)| ), (2.47)

where

|H ()] = \/{Re[H(@)]} + {Im[H(w)]}? (2.48)

is the magnitude (or amplitude) response and

(o) = (2.49)

is the phase response (or angle) of the system H(z). The magnitude response |H(w)| is an even
function of w, that is, |H(—w)| = |H(w)|; and the phase response ¢(w) is an odd function, that
is, ¢(—w) = —¢(w). Thus, we only need to evaluate these functions in the frequency region
0 < w < 7 since |H(w)| is symmetric (or a mirror image) about w = 0. Note that |H(wo)| is
the gain and ¢(wy)is the phase shift of the system at frequency wp.

Example 2.14

The two-point moving-average filter can be expressed as

y() = S [x(m) 4 xn— 1)), 0 >0

Taking the z-transform of both sides and rearranging the terms, we obtain

HE) =5 (1427,
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This is the simple first-order FIR filter. From (2.46), we have

1 . 1
H(w) = 5(1 +e71?) :E(l + cos w — ] sin w),

[H()| =/ (Re[H@)Y + {Im{H(w)]}* = |3 (1 +cos 0),

Im[H (w)] —sin w
=t LD QLS SaCE R Q. t Ll [, .
9(«) an {Re [H(w)] M Urcosw
From Appendix A,
sin w = 2 sin(%) cos(%) and cos w = 2 cos? (g) — 1.

Therefore, the phase response is
1)

P(w) = tan ! [—tan(%))} =-5-

For the transfer function H(z) expressed in (2.38) where the numerator and denominator
coefficients are given in the vectors b and a, respectively, the frequency response can be
analyzed using the MATLAB™ function

[H,w]l=freqgz (b, a)
which returns the complex frequency response vector H and the frequency vector w. Note

that the function freqgz (b, a) will plot both the magnitude response and the phase
response of H(z).

Example 2.15
Consider the IIR filter defined as

¥(n) = x(n) + y(n — 1) = 0.9y(n - 2).
The transfer function is

1

HE) =1 g0

The MATLAB® script (example2_15a.m) for analyzing the magnitude and phase
responses of this IIR filter is listed as follows:

b=[11; a=[1, =1, 0.971; % Define numerator and denominator
freqz (b,a); % Plot magnitude and phase responses
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Similarly, we can plot the magnitude and phase responses (shown in Figure 2.14) of the
moving-average filter for L =8 using the following script (example2_15b.m):

b=[1, 0, 0, 0, 0, 0, 0, 0, =11; a=I[1, —11;
fregz(b,a);

A useful method for obtaining the brief frequency response of LTI systems is based on the
geometric evaluation of the poles and zeros. For example, consider the second-order IIR filter
expressed as

_bo+ bz bz ?

H(z) = ) 2.50
@ =7 +aiz! +apz? (230

where the filter coefficients are real valued. The roots of the characteristic equation
Ztazt+a=0 (2.51)

are the two poles of the filter, which may be either both real or complex-conjugate poles.
Complex-conjugate poles can be expressed as

py=re? and p,=re (2.52)

20
o
2 o0
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=
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Figure 2.14 Magnitude (top) and phase responses of a moving-average filter, L =28
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Re[z]

Figure 2.15 A second-order IIR filter with complex-conjugate poles

where r is the radius of the pole and 6 is the angle of the pole. Therefore, (2.51) becomes
(z—re)(z—re ) =22 — 2rcos (0)z+r* = 0. (2.53)

Comparing this equation to (2.52), we obtain

—ay

r=ya and 6=cos' (7) (2.54)

The system with the pair of complex-conjugate poles given in (2.52) is illustrated in
Figure 2.15. This filter behaves as a digital resonator for r close to unity. The digital resonator
is a bandpass filter with its passband centered at the resonant frequency 6. This issue will be
further discussed in Chapter 4.

Similarly, we can obtain two zeros, z; and z;, by evaluating boz> + b1z + b, = 0. Thus, the
transfer function defined in (2.50) can be expressed as

H(Z):bo(z—m)(z—m). (2.55)

(z=p1)(z—p2)

In this case, the frequency response is given by

et =) (e -z
) = e o ps) 259

The magnitude response can be obtained by evaluating |H(w)| as the point z moves on the
unit circle in a counterclockwise direction from z=1 (0 =0) to z= —1 (6 = ). As the point z
moves closer to the pole p;, the magnitude response increases. The closer r is to unity, the
sharper and higher the peak. On the other hand, as the point z moves closer to the zero z;, the
magnitude response decreases. The magnitude response exhibits a peak at the pole angle (or
frequency), whereas the magnitude response falls to a valley at an angle of zero. For example,
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Figure 2.12 shows four zeros at 6 = w/4, 7/2, 37/4, and 7 corresponding to four valleys shown
in Figure 2.14.

2.2.6 Discrete Fourier Transform

To perform frequency analysis of x(n), we can convert the time-domain signal into the
frequency domain using the z-transform defined in (2.26), and substitute z = el in X(z) as
shown in (2.46). However, X(w) is a continuous function of continuous frequency w, and it
also requires an infinite number of x(n) samples for calculation. Therefore, it is difficult to
compute X(w) using digital hardware.

The discrete Fourier transform (DFT) of N-point signals {x(0), x(1), x(2), . . . , x(N— 1)}
can be obtained by sampling X(w) on the unit circle at N equally spaced frequencies
wy =27k/N, k=0, 1, ..., N— 1. From (2.46), we have

N-1 '
X(k) = X (@) gy = Y _x(n)e TN = 0,1, N 1, (2.57)
n=0

where 7 is the time index, k is the frequency index, and X(k) is the kth DFT coefficient. The
computation of the DFT can be manipulated to obtain very efficient algorithms called fast
Fourier transforms (FFTs). The derivation, implementation, and application of DFTs and
FFTs will be further discussed in Chapter 5.

MATLAB™ provides the function ££t (x) to compute the DFT of the signal vector x. The
function £ft (x,N) performs N-point DFT. If the length of x is less than N, then x is padded
with zeros at the end to create an N-point sequence. If the length of x is greater than N, the
function £ft (x, N) truncates the sequence x and performs the DFT of the first N samples only.

The DFT generates N coefficients X(k) equally spaced over the frequency range from O to
2m. Therefore, the frequency resolution of the N-point DFT is

27
A, =" 2.
N (2.58)
or
/s
A =15, 2.
f =N (2.59)

The analog frequency f; (in Hz) corresponding to the index k can be expressed as

k
szkAf:§, k=0,1,...,N—1. (2.60)

Note that the Nyquist frequency (f,/2) corresponds to the frequency index k = N/2. Since
the magnitude |X(k)| is an even function of k, we only need to display the magnitude spectrum
for 0 <k<N/2 (or 0 < wy < 7).
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Example 2.16

Similar to Example 2.1, we can generate 100 sine wave samples with A =1, f= 1000 Hz,
and a sampling rate of 10 000 Hz. The magnitude spectrum of the signal can be computed
and plotted (as in Figure 2.16) using the following MATLAB® script (example2_16.m):

N=100; £=1000; £fs=10000;
n=[0:N-1]; k=[0:N-1];
omega=2*pi*f/fs; F
xn=sin (omega*n) ; %G
Xk=fft (xn,N); %P
C
P

Define parameter values
Define time and frequency indices

o o° oo

equency of sine wave

erform DET

mpute magnitude spectrum
lotmagnitude spectrum
Plot from O topi

r
enerate sine wave
o

magXk=20*1ogl0 (abs (Xk)) ;
plot (k, magXk) ;

axis ([0, N/2, -inf, inf]);
xlabel (‘Frequency index, k’);
ylabel (‘Magnitude indB’) ;

o 9 oo

From (2.59), the frequency resolution is 100 Hz. The peak of the spectrum shown in
Figure 2.16 is located at the frequency index k= 10, which corresponds to 1000 Hz as
indicated by (2.60). The magnitude spectrum is usually represented by a dB (decibel) scale,
which is computed using 20x1ogl0 (abs (Xk)), where the function abs calculates
absolute value.

2.3 Introduction to Random Variables

The signals encountered in practice are often random signals such as speech, music, and
ambient noise. In this section, we will give a brief introduction to the basic concepts of random
variables that are useful for understanding quantization effects presented in this book [8].

-100} .

-150 1

Magnitude (dB)

—200+ 3

—250F .

,) o~ ;

¥ it 1 1 \/\_Tm“"’_\m——vr\/\/ 1 1 "\/‘Y\/\

0 5 10 15 20 25 30 35 40 45 50
Frequency index, k

Figure 2.16 Magnitude spectrum of sine wave
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Additional principles of random variables will be further discussed in Chapter 6 for
introducing adaptive filters.

2.3.1 Review of Random Variables

An experiment that has at least two possible outcomes is fundamental to the concept of
probability. The set of all possible outcomes in any given experiment is called the sample
space S. A random variable, x, is defined as a function that maps all elements from the sample
space S into points on the real line. For example, considering the outcomes of rolling of a fair
die, we obtain a discrete random variable that can be any one of the discrete values from
1 through 6.

The cumulative probability distribution function of a random variable x is defined as

F(X) =P(x < X), (2.61)

where X is a real number, and P(x < X) is the probability of {x < X}. The probability density
function of a random variable x is defined as

fX) = %(X) (2.62)

if the derivative exists. Two important properties of the probability density function f(X) are
summarized as follows:

/ h fX)dX =1 (2.63)
PO < < X) = F() — FOX) = [ 7(X)ax. (2.64)

X\

If x is a discrete random variable that can be any one of the discrete values X;,i = 1,2,.. .,
as the result of an experiment, we define the discrete probability function as

pi=Plx=X;). (2.65)

Example 2.17

Consider a random variable x that has the following probability density function:

_J0, x<X; or x>X
f(X)_{Ch X1 <x<Xo,

which is uniformly distributed between X and X,. The constant value a can be computed
using (2.63) as

/Zf(X)dX:/:za-dX:a[Xz—Xl]z 1.
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f(X)

> X
0 X X,

Figure 2.17 The uniform density function

Thus, we obtain

1
a=—c—-=.
X> — X,
If a random variable x is equally likely to be any value between two limits X; and X, and
cannot assume any value outside that range, it is uniformly distributed in the range [X;, X»].
As shown in Figure 2.17, the uniform density function is defined as

;7 X;<x< X,
fX)={ X, — X, (2.66)

0, otherwise.

2.3.2 Operations of Random Variables

The statistics associated with random variables provide more meaningful information than the
probability density function. The mean (expected value) of a random variable x is defined as

m, = E[x] = / Xf(X)dX, continuous-time case 267

= > Xip;, discrete-time case,

where E[-] denotes the expectation operation (or ensemble averaging). The mean m, defines
the level about which the random process x fluctuates.

The expectation is a linear operation. Two useful properties of the expectation operation are
Ela] = a and E[ax] = aE|[x], where « is a constant. If E[x] = 0, x is the zero-mean random
variable. The MATLAB® function mean calculates the mean value. For example, the
statement mx = mean (x) computes the mean mx of all the elements in the vector x.

Example 2.18

Consider the rolling of a fair die N times (N — ©0), the probability of outcomes is listed
as follows:

X; 1 2 3 4 5 6
Di 1/6 1/6 1/6 1/6 1/6 1/6
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The mean of the outcomes can be computed as

6
1
my = E p,-X,«:g(1+2+3+4+5+6):3.5.
i=1

The variance is a measure of the spread about the mean, and is defined as

= / (X — mx)zf (X)dX, continuous-time case (2.68)

—00
) . .
=Y p;(X;—m,)", discrete-time case,
7

where (x — my,) is the deviation of x from the mean value m,. The positive square root of the
variance is called the standard deviation o,. The MATLAB® function std calculates the
standard deviation of the elements in the vector.

The variance defined in (2.68) can be expressed as

X

02 = E[(x = m)?| = E[* = 2xm, + n2] = E[®] — 2mE[x] + (2.69)

We call E[x?] the mean-square value of x. Thus, the variance is the difference between the
mean-square value and the square of the mean value.

If the mean value is equal to zero, then the variance is equal to the mean-square value. For
the zero-mean random variable x, that is, m, = 0, we have

o: =E[x*] =P, (2.70)

which is the power of x.
Consider the uniform density function defined in (2.66). The mean of the function can be
computed by

o0 X
my = E[x = / Xf(X)dX = — / X dx
~o0 X = X1 Jx, @2.71)

X - X
===

The variance of the function is

o} =ExY —m? = /00 X*f(X)dX — m?

o0
1 X 1 X3 _X3
= / X*dX —m? = 20 —m? (2.72)
X — X1 Jx, X, — X, 3
(X2 — X,)*

12
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In general, if x is the random variable uniformly distributed in the interval (—A, A), we have

m,=0 and o> =A%/3. (2.73)

Example 2.19

The MATLAB® function rand generates pseudo-random numbers uniformly distributed
in the interval [0, 1]. From (2.71), the mean of the generated pseudo-random numbers is
0.5. From (2.72), the variance is 1/12.

To generate zero-mean random numbers, we subtract 0.5 from every generated random
number. The numbers are now distributed in the interval [—0.5, 0.5]. To make these
pseudo-random numbers have unit variance, that is, 0)2( = A? /3 =1, the generated
numbers must be equally distributed in the interval [—v/3,+/3]. This can be done by
multiplying by 2v/3 every generated number from which 0.5 was subtracted.

The following MATLAB™ statement can be used to generate the uniformly distributed
random numbers with mean 0 and variance 1:

xn=2*sqrt(3) * (rand-0.5) ;
The MATLAB™ code of generating zero-mean, unit-variance (0% = 1) white noise is given

in example2_19.m.

Note that in earlier versions of MATLAB™, the integer seed sd is used in the syntax rand
(‘seed’, sd) to reproduce exactly the same random numbers each time. This syntax is no
longer recommended in the newer versions of MATLAB ™. In order to reproduce exactly the
same (or repeatable) random numbers each time when we restart MATLAB® or rerun the
program, we can reset the random number generator to its default startup settings by either
using

rng (‘default’)
or using the integer seed sd (a good choice of value is 12357) as
rng (sd)

The principles of random number generators will be introduced in Chapter 7.
A sine wave s(n) corrupted by white noise v(n) can be expressed as

x(n) = Asin(wn) + v(n). (2.74)

When the signal s(n) with power P; is corrupted by the noise v(n) with power P,, the signal-to-
noise ratio (SNR) in dB is defined as

P
SNR = 101og10(P—“‘> dB. (2.75)

v
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From (2.70), the power of the sine wave defined in (2.6) can be computed as

P, = E[A%sin*(on)] = A%/2. (2.76)

Example 2.20

This example generates the signal x(n) expressed in (2.74), where v(n) is the zero-mean,
unit-variance white noise. As shown in (2.76), when the sine wave amplitude A = V2, the
power is equal to one. From (2.75), the SNR is 0 dB.

We can generate a sine wave corrupted by the zero-mean, unit-variance white noise with
SNR =0dB using MATLAB®™ script example2_20.m.

Example 2.21

We can compute the N-point DFT of the signal x(n) to obtain X(k). The magnitude
spectrum in the decibel scale can be calculated as 20 log9|X (k)| for k=0, 1, . . ., N/2.
Using the signal x(n) generated by Example 2.20, the magnitude spectrum is computed
and displayed in Figure 2.18 using the MATLAB®™ script example2_21.m. This
magnitude spectrum shows that the power of white noise is uniformly distributed at
frequency indices k=0, ..., 128 (0 to ), while the power of the sine wave is
concentrated at the frequency index k=26 (0.2m).

[x*]
9]

Magnitude (dB)
S

—_
o

10

0 20 40 60 80 100 120
Frequency index, k

Figure 2.18 Spectrum of sine wave corrupted by white noise, SNR =0dB
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2.4 Fixed-Point Representations and Quantization Effects

The basic element in digital hardware is the binary device that contains 1 bit of information. A
register (or memory unit) containing B bits of information is called the B-bit word. There are
several different methods for representing numbers and carrying out arithmetic operations. In
this book, we focus on widely used fixed-point implementations [9-14].

2.4.1 Fixed-Point Formats

The most commonly used fixed-point representation of a fractional number x is illustrated in
Figure 2.19. The wordlength is B (= M + 1) bits, that is, M magnitude bits and one sign bit. The
most significant bit (MSB) is the sign bit, which represents the sign of the number as follows:

0, x> 0 (positive number)
by = 2.77)

I, x < 0(negative number).

The remaining M bits represent the magnitude of the number. The rightmost bit, by, is called
the least significant bit (LSB), which represents the precision of the number.

As shown in Figure 2.19, the decimal value of a positive (by = 0) binary fractional number
x can be expressed as

(X)10=b127 + 52272 -+ by27M

M
= b2
m=1

(2.78)

Example 2.22

The largest (positive) 16-bit fractional number in binary format is x=0111 1111 1111
1111b (the letter “b” denotes the binary representation of the number). The decimal value
of this number can be computed as

15
K= 2"=2"+272+... 427"
m=1

=1-2"120.999969.

The smallest non-zero positive number is x = 0000 0000 0000 0001b. The decimal value
of this number is

(x);o = 27" =0.000030518.

Negative numbers (by = 1) can be represented using three different formats: the sign
magnitude, 1’s complement, and 2’s complement. Fixed-point digital signal processors
usually use the 2’s complement format to represent negative numbers because it allows
the processor to perform addition and subtraction using the same hardware. With the 2’s
complement format, a negative number is obtained by complementing all the bits of the
positive binary number and then adding one to the LSB.
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L Binary point

Sign bit

Figure 2.19 Fixed-point representation of binary fractional numbers

In general, the decimal value of a B-bit binary fractional number can be calculated as

15
(X)10=—bo+ Y b2 (2.79)

m=1

For example, the smallest (negative) 16-bit fractional number in binary format is x = 1000
0000 0000 0000b. From (2.79), its decimal value is —1. Therefore, the range of fractional
binary numbers is

—1<x<(1-27%). (2.80)

For a 16-bit fractional number x, the decimal value range is —1 <x <1 — 271 with a
resolution of 271,

Example 2.23

Table 2.2 lists 4-bit binary numbers representing both integers and fractional numbers
(decimal values) using the 2’s complement format.

Example 2.24

Sixteen-bit data x with the decimal value 0.625 can be initialized using the binary form
x=0101 0000 0000 0000b, the hexadecimal form x =0x5000, or the decimal integer
x=2" 4212 =20480.

As shown in Figure 2.19, the easiest way to convert the normalized 16-bit fractional
number into the integer that can be used by the C55xx assembler is to move the binary point
to the right by 15 bits (at the right of b,,). Since shifting the binary point right by 1 bit is
equivalent to multiplying the fractional number by 2, this can be done by multiplying the
decimal value by 2'° = 32768. For example, 0.625%32 768 = 20 480.

It is important to note that an implied binary point is used to represent the binary fractional
number. The position of the binary point will affect the accuracy (dynamic range and
precision) of the number. The binary point is a programmer’s convention and the programmer
has to keep track of the binary point when manipulating fractional numbers in assembly
language programming.
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Table 2.2 Four-bit binary numbers in the 2’s complement format and their
corresponding decimal values

Binary numbers Integers (sxxx.) Fractions (s.xxx)
0000 0 0.000
0001 1 0.125
0010 2 0.250
0011 3 0.375
0100 4 0.500
0101 5 0.675
0110 6 0.750
0111 7 0.875
1000 -8 —1.000
1001 -7 —0.875
1010 -6 —0.750
1011 -5 —0.675
1100 —4 —0.500
1101 -3 —0.375
1110 -2 —0.250
1111 -1 —0.125

Different notations can be used to represent different fractional formats. Similar to

Figure 2.19, the more general fractional format Qn.m is illustrated in Figure 2.20, where
n+m=M =B — 1. There are n bits to the left of the binary point representing the integer
portion, and m bits to the right representing fractional values. The most popular used fractional
number representation shown in Figure 2.19 is called the Q0.15 format (n =0 and m = 15),
which is also simply called the Q15 format since there are 15 fractional bits. Note that the
Qn.m format is represented in MATLAB™ as [B m]. For example, the Q15 format is
represented as [16 15].

Example 2.25

The decimal value of the 16-bit binary number x =0100 1000 0001 1000b depends on
which Q format is used by the programmer. Using a larger n increases the dynamic range of
the number with the cost of decreasing the precision, and vice versa. Three examples
representing the 16-bit binary number x =0100 1000 0001 1000b are given as follows:

Q0.15,x =271 4274 4271 4 2712 = 056323
Q2.13,x =2 4+2242724+2719=225203
Q5.10,x = 24 + 2! +27° 4+ 277 = 18.02344.

Fixed-point arithmetic is often used by DSP hardware for real-time processing because it
offers fast operation and relatively economical implementation. Its drawbacks include
small dynamic range and low resolution. These problems will be discussed in the following
sections.



DSP Fundamentals and Implementation Considerations 75
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Figure 2.20 A general binary fractional number

2.4.2 Quantization Errors

As discussed in Section 2.4.1, numbers used by digital devices are represented by a finite
number of bits. The errors caused by the difference between the desired and actual values are
called the finite-wordlength (finite-precision, numerical, or quantization) effects. In general,
finite-precision effects can be broadly categorized into the following classes:

1. Quantization errors:
(a) Signal quantization.
(b) Coefficient quantization.
2. Arithmetic errors:
(a) Roundoff (or truncation).
(b) Overflow.

2.4.3 Signal Quantization

As discussed in Chapter 1, the ADC converts an analog signal x(#) into a digital signal x(n).
The input signal is first sampled to obtain the discrete-time signal x(nT) with infinite precision.
Each x(nT) value is then encoded (quantized) using B-bit wordlength to obtain the digital
signal x(n). We assume that the signal x(n) is interpreted as the Q15 fractional number shown
in Figure 2.19 such that —1 <x(n) < 1. Thus, the dynamic range of fractional numbers is 2.
Since the quantizer employs B bits, the number of quantization levels available is 25. The
spacing between two successive quantization levels is

2 —B+1 -M
Azszzz =M

(2.81)
which is called the quantization step (interval, width, or resolution). For example, the output
of a 4-bit converter with quantization interval A = 273 = 0.125 is summarized in Table 2.2.

This book uses rounding (instead of truncation) for quantization. The input value x(nT) is
rounded to the nearest level as illustrated in Figure 2.21 for a 3-bit ADC. Assuming there is a
line equally between two adjacent quantization levels, the signal value above this line will be
assigned to the higher quantization level, while the signal value below this line is assigned to
the lower level. For example, the discrete-time signal x(7) in Figure 2.21 is rounded to 010b,
since the real value is below the middle line between 010b and 01 1b, while x(27) is rounded to
011b since the value is above the middle line.
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Figure 2.21 Quantization process related to a 3-bit ADC

The quantization error (or noise), e(n), is the difference between the discrete-time signal
x(nT) and the quantized digital signal x(n), expressed as

e(n) = x(n) — x(nT). (2.82)
Figure 2.21 clearly shows that

le(n)] < % =275 (2.83)

Thus, the quantization noise generated by an ADC depends on the quantization step
determined by the wordlength B. The use of more bits results in a smaller quantization
step (or finer resolution), thus yielding lower quantization noise.

From (2.82), we can express the ADC output as the sum of the quantizer input x(n7) and the
error e(n). That is,

x(n) = Q[x(nT)] = x(nT) + e(n), (2.84)

where Q| denotes the quantization operation. Therefore, the nonlinear operation of the
quantizer is modeled as the linear process that introduces an additive noise e(n) into the digital
signal x(n).

For an arbitrary signal with fine quantization (B is large), the quantization error e(n) is
assumed to be uncorrelated with x(), and is a random noise that is uniformly distributed in the
interval [—A/2,A/2]. From (2.71), we have

Ele(n)] = w —o. (2.85)

Thus, the quantization noise e(n) has zero mean. From (2.73), the variance is

A2 2—23
O'z :E:T (286)

Therefore, larger wordlength results in smaller input quantization error.
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The signal-to-quantization-noise ratio (SQNR) can be expressed as
)
SQNR = % =3.2%07, (2.87)
Ge

where 0)26 denotes the variance of the signal x(n). Usually, the SQNR is expressed in dB as

SQNR = 101ogo(0?/0?) = 101ogo(3 - 2*%0?)
= 101og 3 + 20Blog 92 + 10 log 190> (2.88)
= 4.77 4 6.02B + 10 log 90?.

This equation indicates that for each additional bit used in the ADC, the converter provides
about 6 dB gain. When using a 16-bit ADC (B = 16), the maximum SQNR is about 98.1 dB if
the input signal is a sine wave. This is because the sine wave has maximum amplitude 1.0, so
101ogo(0?) = 101ogo(1/2) = —3, and (2.88) becomes 4.77 4 6.02 x 16 — 3.0 =98.09.
Another important feature of (2.88) is that the SQNR is proportional to the variance of
the signal o2. Therefore, we want to keep the power of the signal as large as possible. This is an
important consideration when we discuss scaling issues in Section 2.5.

Example 2.26

Signal quantization effects may be subjectively evaluated by observing and listening to
quantized speech. The sampling rate of speech file timitl.ascisf; =8 kHz with B = 16.
This speech file can be viewed and played using the MATLAB™ script (example2_26.m):

load timitl.asc;
plot (timitl);
soundsc (timitl, 8000, 16);

where the MATLAB® function soundsc automatically scales and plays the vector as
sound.
We can simulate the quantization of data with 8-bit wordlength by

gx = round (timitl/256) ;

where the function round rounds the real number to the nearest integer. We then evaluate
the quantization effects by

plot (gx);
soundsc (gx, 8000, 16) ;

By comparing the graph and sound of timit1 and gx, the signal quantization effects may
be understood.
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2.4.4 Coefficient Quantization

The digital filter coefficients, b; and a,,, computed by a filter design package such as
MATLAB™, are usually represented using the floating-point format. When implementing a
digital filter, these filter coefficients must be quantized for the given fixed-point processor.
Therefore, the performance of the fixed-point digital filter will be different from its original
design specifications.

The coefficient quantization effects become more significant when tighter specifications
are used, especially for IIR filters. Coefficient quantization can cause serious problems if
the poles of the IIR filters are too close to the unit circle. This is because these poles may
move outside the unit circle due to coefficient quantization, resulting in an unstable filter.
Such undesirable effects are far more pronounced in high-order systems.

Coefficient quantization is also affected by the digital filter structure. For example, the
direct-form implementation of IIR filters is more sensitive to coefficient quantization than the
cascade structure (to be introduced in Chapter 4) which consists of multiple sections of
second- (or one first-)order IIR filters.

2.4.5 Roundoff Noise

Consider the example of computing the product y(n) = ax(n) in DSP systems. Assume « and
x(n) are B-bit numbers, and multiplication yields 2B-bit product y(r). In most applications,
this product may have to be stored in memory or output as a B-bit word. The 2B-bit product
can be either truncated or rounded to B bits. Since truncation causes an undesired bias effect,
we should restrict our attention to the rounding.

Example 2.27

In C programming, rounding a real number to an integer number can be implemented by
adding 0.5 to the real number and then truncating the fractional part. The following C
statement

y = (short) (x4+0.5);

rounds the real number x to the nearest integer y. As shown in Example 2.26, MATLAB™®
provides the function round for rounding a real number.

The process of rounding a 2B-bit product to B bits is similar to that of quantizing a discrete-
time signal using a B-bit quantizer. Similar to (2.84), the nonlinear roundoff operation can be
modeled as a linear process expressed as

y(n) = Qlax(n)] = ax(n) + e(n), (2.89)

where ax(n) is the 2B-bit product and e(n) is the roundoff noise due to rounding the 2B-bit
product to B bits. The roundoff noise is a uniformly distributed random variable as defined in
(2.83); thus, it has zero mean, and its power is defined in (2.86).

It is important to note that most commercially available fixed-point digital signal
processors such as the TMS320C55xx have double-precision accumulator(s). As long as
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the program is carefully written, it is possible to ensure that rounding occurs only at the final
stage of the calculation. For example, consider the computation of FIR filtering given in
(2.14). We can keep the sum of all temporary products, byx(n — I), in the double-precision
accumulator. Rounding is only performed when the final sum is saved to memory with B-bit
wordlength.

2.4.6 Fixed-Point Toolbox

The MATLAB® Fixed-Point Toolbox [15] provides fixed-point data types and arithmetic for
developing fixed-point DSP algorithms. The toolbox provides the quantizer function for
constructing a quantizer object. For example, we can use the syntax

g=quantizer

to create the quantizer object g with properties set to the following default values:

mode = ‘fixed’;

roundmode = ‘floor’;
overflowmode = ‘saturate’;
format=[1615];

Note that [16 15] is equivalent to the Q15 format.
After we have constructed the quantizer object, we can apply it to data using the quantize
function with the following syntax:

y =quantize (g, x)

The command y = quantize (g, x) uses the quantizer object g to quantize x. When x is a
numeric array, each element of the x will be quantized.

Example 2.28

Similar to Example 2.19, we generate a zero-mean white noise using MATLAB®
function rand, which uses the double-precision, floating-point format. We then con-
struct two quantizer objects and quantize the white noise to Q15 (16-bit) and Q3 (4-bit)
formats. We plot the quantized noise in the Q15 and Q3 formats and the difference
between these two formats in Figure 2.22 using the following MATLAB® script
(example2_28.m):

N=16;

n=[0:N-1];

xn=sqgrt(3)* (rand(1,N)-0.5); % Generate zero-mean whitenoise
ql5 =quantizer (‘fixed’, ‘convergent’, ‘wrap’, [1615]); $Q15
g3 =quantizer (‘fixed’, ‘convergent’, ‘wrap’, [43]); %03
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Figure 2.22 Quantization using Q15 and Q3 formats and the difference e(n)

y1l5=quantize (gl5, xn); % Quantizationusing Ql5 format
y3 =quantize (g3, xn) ; % Quantizationusing Q3 format
en=yl5-y3, $ Difference between Q15 and Q3

plot(n,yl5, ‘-0’ ,n,vy3, '\-x’,n,en);

The MATLAB® Fixed-Point Toolbox also provides several radix conversion functions,
which are summarized in Table 2.3. For example,

y=num2int (g, x)

uses g.format to convert a number x to an integer y.

Example 2.29

In order to test some DSP algorithms using fixed-point C programs, we may need to
generate specific data files for simulations. As shown in Example 2.28, we can use
MATLAB® to generate a testing signal and construct a quantizer object. In order to save
the Q15 data in integer format, we use the function num2int in the following MATLAB™®™
script (example2_29.m):

N=16; n=[0:N-1];

xn =sqgrt(3)*(rand(1,N)-0.5); $ Generate zero-mean white noise
gl5 =quantizer (‘fixed’, ‘convergent’, ‘wrap’, [1615]); $Q15
Ql5int =num2int (gl5, xn) ;
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Table 2.3 List of radix conversion functions using quantizer object

Function Description

bin2num Convert 2’s complement binary string to a number
hex2num Convert hexadecimal string to a number

num2bin Convert a number to binary string

num2hex Convert a number to its hexadecimal equivalent
num2int Convert a number to a signed integer

2.5 Overflow and Solutions

Assuming that the signals and filter coefficients have been properly normalized in the range of
—1 and 1 for fixed-point arithmetic, the sum of two B-bit numbers may fall outside the range
of —1 and 1. The term overflow means that the result of the arithmetic operation exceeds the
capacity of the register used to hold the result. When using a fixed-point processor, the range
of numbers must be carefully examined and adjusted in order to avoid overflow. This may be
achieved by using different Qn.m formats with desired dynamic ranges. For example, a larger
dynamic range can be obtained by using a larger n, with the cost of reducing m (decreasing
resolution).

Example 2.30

Assume 4-bit fixed-point hardware uses the fractional 2’s complement format (see
Table 2.2). If x; = 0.875 (0111b) and x, = 0.125 (0001b), the binary sum of x; + x; is
1000b. The decimal value of this signed binary number is —1, not the correct answer +1.
That is, when the addition result exceeds the dynamic range of the register, overflow occurs
and an unacceptable error is produced.

Similarly, if x3 = —0.5 (1100b) and x4 = 0.625(0101b), x3 — x4 = 0110b, which is
40.875, not the correct answer —1.125. Therefore, subtraction may also result in
underflow.

For the FIR filtering defined in (2.14), overflow will result in severe distortion of the output
y(n). For the IIR filter defined in (2.22), the overflow effect is much more serious because the
errors will be fed back. The problem of overflow may be eliminated using saturation
arithmetic and proper scaling (or constraining) signals at each node within the filter to
maintain the magnitude of the signal. The MATLAB™ DSP System Toolbox provides the
function scale (hd) to scale the second-order IIR filter hd to reduce possible overflows when
the filter is operated using fixed-point arithmetic.

2.5.1 Saturation Arithmetic

Most digital signal processors have mechanisms to protect against overflow and automatically
indicate the overflow if it occurs. For example, saturation arithmetic prevents overflow by
clipping the results to a maximum value. Saturation logic is illustrated in Figure 2.23 and can
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Figure 2.23 Characteristics of saturation arithmetic
be expressed as

1—27M ifx>1-2M™
y=1 x, if—1<x<1 (2.90)
-1 ifx < —1,

3

where x is the original addition result and y is the saturated adder output. If the adder is in
saturation mode, the undesired overflow can be avoided since the 32-bit accumulator fills to its
maximum (or minimum) value, but does not roll over. Similar to Example 2.28, when 4-bit
hardware with saturation arithmetic is used, the addition result of x; + x,1s 0111b, or 0.875 in
decimal value. Compared to the correct answer 1, there is an error of 0.125. This result is much
better than the hardware without saturation arithmetic.

Saturation arithmetic has a similar effect of “clipping” the desired waveform. This is the
nonlinear operation that will introduce undesired nonlinear components into the saturated
signal. Therefore, saturation arithmetic can be used to guarantee that overflow will not occur.
Nevertheless, it should not be the only solution for solving overflow problems.

2.5.2 Overflow Handling

As mentioned earlier, the C55xx supports saturation logic to prevent overflow. The logic is
enabled when the overflow mode bit (SATD) in status register ST1 is set (SATD = 1). The
C55xx also provides overflow flags that indicate whether or not the arithmetic operation has
overflowed. A flag will remain set until a reset is performed or when the status bit clear
instruction is executed. If a conditional instruction (such as a branch, return, call, or
conditional execution) that tests overflow status is executed, the overflow flag will be cleared.

2.5.3 Scaling of Signals

The most effective technique in preventing overflow is by scaling down the signal. For
example, consider the simple FIR filter illustrated in Figure 2.24 without the scaling factor g
(or B=1). Let x(n) = 0.8 and x(n — 1) = 0.6; then the filter output y(n) = 1.2. When this filter
is implemented on a fixed-point processor using the Q15 format without saturation arithmetic,
undesired overflow occurs. As illustrated in Figure 2.24, the scaling factor, 8 < 1, can be
used to scale down the input signal. For example, when B8=0.5, we have x(n)=0.4 and
x(n —1)=0.3, and the result y(n) = 0.6 without overflow.
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Figure 2.24 Block diagram of simple FIR filter with scaling factor

If the signal x(n) is scaled by B, the resulting signal variance becomes /320)2(. Thus, the SQNR
in dB given in (2.88) changes to

SQNR = 101ogo(B*0?2/0?)

(2.91)
=477 + 6.02B + 10log o 0> + 201log o .
Since we perform fractional arithmetic, 8 < 1 is used to scale down the input signal. The last
term 20 log;o B has a negative value. Thus, scaling down the signal reduces the SQNR. For
example, when 8 =0.5, 20 log ;¢ 8= —6.02 dB, thus reducing the SQNR of the input signal by
about 6 dB. This is equivalent to losing 1 bit in representing the signal.

2.5.4 Guard Bits

The C55xx provides four 40-bit accumulators, each consisting of a 32-bit accumulator with
additional eight guard bits. The guard bits are used to prevent overflow from iterative
computations such as the FIR filtering defined in (2.14).

Because of the potential overflow problem from fixed-point implementation, special care
must be taken to ensure the proper dynamic ranges are maintained throughout the imple-
mentation. This usually demands greater coding and testing efforts. In general, the optimum
solution is a combination of scaling factors, guard bits, and saturation arithmetic. In order to
maintain high SQNR, the scaling factors (less than one) are set as large as possible such that
there may only be few occasional overflows which can be avoided by using guard bits and
saturation arithmetic.

2.6 Experiments and Program Examples

This section presents hands-on experiments to demonstrate DSP programming using the CCS
and C5505 eZdsp.

2.6.1 Overflow and Saturation Arithmetic

As discussed in the previous section, overflow may occur when processors perform fixed-
point accumulation such as FIR filtering. Overflow can also occur when storing data from the
accumulator to memory because C55xx accumulators (ACO—AC3) have 40 bits while the data
memory is usually defined as a 16-bit word. In this experiment, we use the assembly routine
ovf_sat.asm to demonstrate the program execution results with and without overflow
protection. A concise introduction to the C55xx architecture and its assembly programming is
given in Appendix C. Table 2.4 lists a portion of the assembly code used for the experiment.
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Table 2.4 Program for the experiment of overflow and saturation

.def _ovftest
.def _buff,_buffl

.bss _buff, (0x100)
.bss _buffl, (0x100)
; Code start

’

_ovftest
bclr SATD ; Clear saturationbit if set
xcc start,TO! =4#0 ; IfTO! =0, set saturationbit
bset SATD

start
mov #0,ACO
amov #_buff, XAR2 ; Setbuffer pointer

Clear buffer

~.

rpt #0x100-1
mov ACO, *AR2+

~.

amov #_buffl, XAR2
rpt #0x100-1
mov ACO, *AR2+

Set buffer pointer
Clear bufferl

~.

mov  #0x80-1,BRCO ; Initialize loop counts for addition
amov #_buff + 0x80,XAR2 ; Initialize buffer pointer

rptblocal add_loop_end-1

add #0x140<<#16,ACO ; Use upper ACO as a ramp up counter

mov hi (ACO), *AR2+ ; Save the counter tobuffer
add_loop_end

mov #0x80-1,BRCO ; Initialize loop counts for subtraction
mov #0,ACO
amov #_buff + 0x7f,XAR2 ; Initialize buffer pointer

rptblocal sub_loop_end-1

sub #0x140<<#16,ACO0 ; Use upper ACO as a ramp down counter

mov hi (ACO), *AR2- ; Save the counter to buffer
sub_loop_end

mov #0x100-1,BRCO ; Initialize loop counts for sinewave
amov #_buffl, XAR2 ; Initialize buffer pointer

mov mmap (QARO) ,BSAO01L ; Initialize base register

mov #40,BK03 Set buffer to size 40

mov  #20,AR0 Startwithanoffset of 20 samples
bset AROLC Active circular buffer

~e N

~.

rptblocal sine_loop_end-1
mov *ar0 + <<#16,AC0 ; Get sine value into high ACO
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Table 2.4 (Continued)

sfts ACO, #9 ; Scale the sine value
mov hi (ACO), *AR2+ ; Save scaledvalue
sine_loop_end

mov  #0,TO ; Return 0 if no overflow
xcc set_ovf_flag,overflow (ACO)
mov #1,TO ; Return 1l if overflowdetected

set_ovf_flag

bclr AROLC ; Reset circular bufferbit
bclr SATD ; Reset saturationbit

ret

.end

In the assembly program, the following code repeatedly adds a constant of value 0x140 to
the accumulator ACO:

rptblocal add_loop_end-1

add #0x140<<#16,AC0

mov hi (ACO), *AR2+
add_loop_end

The updated value is stored in the memory location pointed at by AR2. The contents of ACO
will grow larger and larger, and eventually the accumulator ACO will overflow. Without
protection, the positive number in ACO suddenly becomes negative when the overflow occurs.
However, if the C55xx saturation mode is set, the overflowed positive number will be limited
to Ox7FFFFFFFE. The second half of the code stores the left-shifted sine wave values to data
memory locations. Without saturation protection, this shift will cause some of the large values
to overflow after the shift.

In the program, the following segment of code sets up and uses the circular addressing mode
(see Appendix C for details):

mov #sineTable,BSAOL ; Initialize base register

mov #40,BK03 ; Setbuffer size to 40

mov #20, AR0O ; Startwith offset of 20 samples
bset AROLC ; Activate circular buffer

The first instruction sets up the circular buffer base register BSAO1 because ARO is used as the

circular buffer pointer. The second instruction initializes the size of the circular buffer. The

third instruction initializes the offset from the base for use as the starting point of the circular

buffer. In this case, the offset is set to 20 from the base of sineTable []. The last instruction

enables ARO as the circular pointer. Table 2.5 lists the files used for the experiment.
Procedures of the experiment are listed as follows:

1. Copy the entire project from the companion software package to the working folder, import
the CCS project, and build and load the program to the C5505 eZdsp.
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Table 2.5 File listing for the experiment Exp2.1

Files Description
overflowTest.c Program for showing overflow experiment
ovf_sat.asm Assembly function showing overflow
tistdtypes.h Standard type define header file
c5505.cmd Linker command file

2. Run the program, use the graphic tool in conjunction with breakpoints to plot and observe
the results in buff and buf £l while running the program.

3. Turn off overflow protection and repeat the experiment to observe overflow without the
protection.

2.6.2 Function Approximations

This experiment uses polynomial approximation of sinusoidal functions to show a typical DSP
algorithm design and implementation process. The DSP algorithm development usually starts
with using MATLAB™® or floating-point C for computer simulation, converts to fixed-point C,
optimizes the code to improve its efficiency, and uses assembly functions if necessary.
The cosine and sine functions can be expanded as infinite power (Taylor) series as follows:

1 1 1

cos(e):1—592+Ie4—ae)6+..., (2.92a)
, 1, 14 13
sin(6) = —59 —|—§9 —ﬂe +..., (2.92b)

@y

where 0 is the angle in radians and “!” represents the factorial operation. The accuracy of the
approximation depends on the number of terms used in the series. Usually more terms are
needed for larger values of 8. However, only a limited number of terms can be used in real-
time DSP applications.

A. Implementation Using Floating-Point C
In this experiment, we implement the cosine function approximation in (2.92a) using the C
program listed in Table 2.6. In the function £Cos1 (), 12 multiplications are required. The
C55xx compiler has a built-in runtime support library for floating-point arithmetic opera-
tions. These floating-point functions are inefficient for real-time applications. For example,
the program fCos1 () requires several thousand clock cycles to compute one sine value.
We can improve the computational efficiency by reducing the multiplications from 12
to 4. The modified program is listed in Table 2.7. This improved program reduces the
clock cycles by about half. To further improve the efficiency, we can use the fixed-point C
and assembly programs. The files used for the experiment are listed in Table 2.8.
Procedures of the experiment are listed as follows:

1. Copy the entire project from the companion software package to the working folder,
import the CCS floating-point project from the folder . .\Exp2.2\funcAppro, and
build and load the program to the C5505 eZdsp.

2. Run the program and verify the results.
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Table 2.6 Floating-point C program for cosine approximation

// Coefficients for cosine function approximation
double fcosCoef[4] = {

1.0, -(1.0/2.0), (1.0/(2.0*3.0%4.0)), -(1.0/
(2.0%3.0*4.0*%5.0*%6.0))
}i

// Direct implementation of function approximation
double fCosl (double x)
{

double cosine;

cosine = fcosCoef[0];

cosine += fcosCoef [1]*x*x;

cosine += fcosCoef [2] *x*x*x*x;
cosine += fcosCoef [3]*X*X*X* *X*X*X;
return (cosine) ;

Table 2.7 Efficient floating-point C program for cosine approximation

// More efficient implementation of function approximation
double fCos2 (double x)
{

double cosine, x2;

WD =KWK

cosine = fcosCoef [3] * x2;
cosine = (cosine + fcosCoef [
cosine = (cosine + fcosCoef |
cosine = cosine 4+ fcosCoef [0
return (cosine) ;

1) *x2;
1) *x2;

’

2
1
]

Table 2.8 File listing for the experiment Exp2.2A

Files Description
fcosTest.c Floating-point C program testing function approximation
c5505. cmd Linker command file

3. Use the CCS Clock Tool (under Run—Clock) to measure the cycles needed for the

floating-point C implementation of the functions £Cos1 () and fCos2 ().

B. Implementation Using Fixed-Point C

The fixed-point C implementation of the cosine function approximation using the Q15
format is listed in Table 2.9. This fixed-point C program significantly improves the

runtime efficiency. Table 2.10 lists the files used for the experiment.
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Table 2.9 Fixed-point C program for function approximation

{

#define UNITQL5 Ox7FFF

// Coefficients for cosine function approximation
short icosCoef[4] = {
(short)
short)
short)
short)

// Fixed-point implementation of function approximation
short iCosl (short x)

long cosine, z;

short x2;

z = (long) x * x;

x2 = (short) (z>>15) ; // x2has x (Q14) *x (Q14)
cosine = (long)icosCoef [3] * x2;

cosine = cosine >>13; // Scale back to Q15
cosine = (cosine + (long)icosCoef[2]) * x2;

cosine = cosine >>13; // Scale back to Q15
cosine = (cosine + (long)icosCoef[1]) * x2;

cosine = cosine >>13; // Scale back to Q15

cosine =cosine + icosCoef [0];
return ( (short)cosine) ;

(UNITQ15),

(- (UNITQ15/2.0)),
(UNITQ15/(2.0*3.0%4.0)),

(- (UNITQ15/(2.0%3.0%4.0*%5.0%6.0)))

Procedures of the experiment are listed as follows:

1. Import the CCS fixed-point project from the folder ..\Exp2.2\funcAppro, and

build and load the program to the C5505 eZdsp.

2. Run the program and verify the results.
3. Use the Clock Tool to profile the cycles needed for the fixed-point C iCos1 ()

implementation. Compare the result to the floating-point C functions £Cosl () and
fCos2 () given in previous experiments.

C. Implementation Using C55xx Assembly Program

In many real-world applications, the DSP algorithms are implemented using assembly
language. The assembly program can be verified by comparing its output against the

Table 2.10 File listing for the experiment Exp2.2B

Files Description
icosTest.c Fixed-point C program testing function approximation
tistdtypes.h Standard type define header file

c5505.cmd Linker command file
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Table 2.11 C55xx assembly program for cosine function approximation

.data
icosCoef ; [1 (=1/2') (1/4'") (-1/6!')]
.word 32767,-16383,1365,-45

.sect ".text"
.def _cosine
cosine:
amov # (_icosCoef + 3),XAR3 ; ptr = &icosCoef[3]
amov #AR1,AR2 ; ARl is used as temp. register
mov TO, HI (ACO)
sqr ACO ; ACO = (long)TO * TO
sfts ACO,#-15 ; TO = (short) (AC0>>15)
mov  ACO,TO
mpym *AR3-,TO0,ACO ; ACO = (long) TO * *ptr—-—
sfts ACO,#-13 ; ACO=AC0>>13
add *AR3-,AC0, AR1 ; ACO = (short) (ACO + *ptr—--) * (long)TO
mpym *AR2,TO0,ACO
sfts ACO,#-13 ; ACO=AC0>>13
add *AR3-,AC0, AR1 ; ACO = (short) (ACO + *ptr—-) * (long)TO
mpym *AR2,TO0,ACO
sfts ACO, #-13 ; ACO=AC0>>13
mov *AR3,TO
add ACO0,TO ; ACO =ACO + *ptr
ret ; Return ( (short)ACO0)
.end

output of the fixed-point C code. This experiment uses the assembly program shown in
Table 2.11 for computing the cosine function. The files used for the experiment are listed
in Table 2.12.

Procedures of the experiment are listed as follows:

1. Import the assembly project from the folder . . \Exp2 .2\ funcAppro, and build and
load the program to the C5505 eZdsp.

2. Run the program and verify the results by comparing to the results obtained in the
previous fixed-point C experiment.

Table 2.12 File listing for the experiment Exp2.2C

Files Description
c55xxASMTest.c Program for testing function approximation
cos.asm Assembly routine for cosine approximation
tistdtypes.h Standard type define header file

c5505.cmd Linker command file
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3. Profile the cycles needed for the assembly implementation of the cosine approximating
function cosine (). Record the measured cycles from the floating-point C, fixed-point
C, and assembly programs and fill in the following table for comparison:

Arithmetic Function Implementation details Profile (cycles/call)
Floating-point C fCosl () Direct implementation, 12 multiplications
fCos2 () Reduced multiplications, 4 multiplications
Fixed-point C iCosl () Using fixed-point arithmetic
iCos () Simulate assembly instruction
Assembly language cosine()  Hand-code assembly routine

D. Practical Applications

Since the input arguments to the cosine function are in the range of — to 77, we must map
the data values from the range of —s and x to the linear 16-bit data variables as shown in
Figure 2.25. Using 16-bit wordlength, we map 0 to 0x0000, = to Ox7FFF, and —r to
0x8000 to represent the radius arguments. Therefore, the function approximation given in
(2.92) is no longer the best choice, and different function approximations should be
considered for practical applications.

Using the Chebyshev approximation, cos(f) and sin(f) can be computed as

cos(f) = 1 —0.0019220 — 4.90014746* — 0.2648926° + 5.045416* + 1.8002936°,
(2.93a)

sin(f) = 3.14062560 + 0.020 263676° — 5.3251966° + 0.54467886* + 1.8002936°,
(2.93b)

where the value of 6 is defined in the first quadrant, 0 <6 < 7/2. For other quadrants, the
following properties can be used to transfer it from the first quadrant:

sin(180° — @) = sin(0), cos(180° — ) = —cos(0) (2.94)
A
Ox3FFF=90°

’ S XXXXXXXXXXXXXKXK ‘

Q15 format Ox7FFF= 180 OXOOOO: 0

0x8000= —-180° OxFFFF= 360°

’ ST XXXXXXXXXXXX ‘

Q12 format OxBFFF=-90°

(a) Q formats (b) Map angle value to

16-bit signed integer

Figure 2.25 Scaled fixed-point number representations
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sin(—180° + ) = —sin(#), cos(—180° + 6) = —cos(6) (2.95)

and

sin(—0) = —sin(#), cos(—0) = cos(0). (2.96)

The C55xx assembly routine (listed in Table 2.13) synthesizes the sine and cosine
functions, which can be used to calculate the angle 6 from —180° to 180°.

Since the absolute value of the largest coefficient given in this experiment is 5.325 196,
we must scale the coefficients or use a different Q format as shown in Figure 2.20. This can
be achieved by using the Q3.12 format, which has one sign bit, three integer bits, and
twelve fraction bits to cover the range (—8, 8), as illustrated in Figure 2.25(a). In the
example, we use the Q3.12 format for all coefficients, and map the angles in the range of
—n <6< tosigned 16-bit numbers (0x8000 < x < 0x7FFF) as shown in Figure 2.25(b).

When the assembly subroutine sine_cos is called, the 16-bit mapped angle
(function argument) is passed to the assembly routine using register TO. The quadrant
information is tested and stored in TC1 and TC2. If TC1 (bit 14) is set, the angle is
located in either quadrant II or IV. The program uses 2’s complement to convert the
angle to the first or third quadrant. The program also masks out the sign bit to calculate
the third quadrant angle in the first quadrant, and the negation changes the fourth
quadrant angle to the first quadrant. Therefore, the angle to be calculated is always
located in the first quadrant. Because the program uses the Q3.12 format for coef-
ficients, the computed result needs to be left-shifted 3 bits to scale back to the Q15
format. The files used for the experiment are listed in Table 2.14.

Procedures of the experiment are listed as follows:

1. Import the CCS project, and rebuild and load the program to the eZdsp.
2. Calculate the angles in the following table, and run the experiment to obtain the
approximation results and compare the differences:

0 30° 45° 60° 90° 120° 135° 150° 180°
cos(0)

sin(0)

0 —150°  —135° —120° —-90° —60° —45° -30° 0°
cos(0)

sin(6)

3. Modify the experiment to implement the following square root approximation equation:
Vx = 0.2075806 +1.454895x — 1.34491x> +1.106812x> — 0.536499x* 4 0.1121216x°.

This equation approximates the input variable within the range of 0.5 <x < 1. Based on
the x values listed in the following table, calculate /x:

X 0.5 0.6 0.7 0.8 0.9
JE
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Table 2.13 C55xx assembly program for approximation of sine and cosine functions

.def _sine_cos
; Approximation coefficients in Q12 format
.data
coeff; Sine approximation coefficients
.word 0x3240 ; cl= 3.140625
.word 0x0053 ; c2= 0.02026367
.word Oxaacc ; c3=-5.325196
.word 0x08b7 ; c4= 0.54467780
.word Oxlcce; c5= 1.80029300
; Cosine approximation coefficients
.word 0x1000 ; d0= 1.0000
.word Oxfff8 ; d1=-0.001922133
.word 0xb199 ; d2=—-4.90014738
.word Oxfbec3 ; d3=—-0.2648921
.word Ox50ba ; d4= 5.0454103
.word 0xe332 ; d5=—-1.800293
; Function starts
. text
_sine_cos
amov #14,AR2
btstp AR2,TO ; Testbit 15 and 14
nop

; Start cos (x)

amov #coeff +10,XAR2 ; Pointer to the end of coefficients
xcc _neg_x,TCl

neg TO ; Negate ifbit 14 is set
_neg_x
and #0x7fff,TO ; Mask out signbit
mov *AR2-<<#16,AC0; ACO=d5
|| bset SATD ; Set saturationbit
mov *AR2-<<#16,ACl; ACl =d4
||  bset FRCT ; Setup fractional bit
mac ACO,TO0,AC1 ; AC1 = (d5*x +d4)
||  mov *AR2-<<#16,AC0; ACO =d3
mac AC1,TO0,ACO ; ACO = (d5*x"2 +d4*x + d3)
|| mov *AR2-<<#16,ACl; ACl=d2
mac ACO0,TO0,ACl ; ACl = (d5*x"3 +d4*x"2 +d3*x +d2)
||  mov *AR2-<<#16,AC0; ACO=d1
mac AC1,TO0,ACO ; ACO = (d5*x"4 +d4*x"3 +d3*x"2 +d2*x +d1)
|| mov *AR2-<<#16,ACl; ACl=4d0
macr ACO,TO,ACl ; ACl = (d5*x"4 +d4*x"3 +d3*x"2 +d2*x +d1)

; *x +d0
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Table 2.13 (Continued)

|| xcc _neg_resultl,TC2
neg ACl

_neg_resultl
mov *AR2-<<#16,AC0; ACO=c5
||  xcc _neg_result2,TCl
neg ACl
_heg_result2
mov hi(saturate (AC1<<#3)), *AR0+ ; Return cos (x) in Q15

; Start sin(x) computation

mov *AR2-<<#16,ACl; ACl=c4

mac ACO0,TO0,AC1 ; ACl = (c5*x + c4)
|| mov *AR2-<<#16,AC0; ACO=c3
mac AC1,TO0,ACO ; ACO= (c5*x""2 +cd*x + c3)
|| mov *AR2-<<#16,ACl; ACl=c2
mac ACO0,TO0,AC1 ; ACl = (c5*x"3 +cd*x"2 +c3*x+c2)
|| mov *AR2-<<#16,AC0; ACO=cl
mac AC1,TO0,ACO ; ACO= (c5*x™ + c4*x"3 +¢c3*x"2+c2*x+cl)
mpyr TO,ACO,AC1 ; ACl = (cb*x"4 + c4*x"3 +c3*x"2 +c2*x +cl) *x
|| xcc _neg_result3,TC2
neg ACl

_neg_result3
mov hi (saturate (AC1<<#3)),*AR0- ; Return sin(x) in Q15

|| bclr FRCT ; Reset fractional bit
bclr SATD ; Reset saturationbit
ret
.end

4. Write a function to implement the inverse square root approximation equation as
follows:

1/y/x = 1.84293985 — 2.57658958x + 2.11866164x* — 0.67824984x°.

This equation approximates the input variable in the range of 0.5 <x < 1. Use this
approximation equation to compute 1/4/x in the following table:

X 0.5 0.6 0.7 0.8 0.9

1/y/x
Table 2.14 File listing for the experiment Exp2.2D
Files Description
sineCosineTest.c Program for testing function approximation
sine_cos.asm Assembly routine for sine and cosine approximation
tistdtypes.h Standard type define header file

c5505.cmd Linker command file
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Note that 1/4/x will result in numbers greater than 1.0. Use the Q1.14 format to increase
the dynamic range.
5. Implement the arctangent function expressed as follows:

tan ! (x) = 0.318253x 4 0.003314x> — 0.130908x° + 0.068542x* — 0.009195x°.

This equation approximates the input variable in the range of x < 1. Use this approxima-
tion equation to compute tan~!(x) for the x values listed in the following table:

X 0.1 0.3 0.5 0.7 0.9
tan ! (x)

2.6.3 Real-Time Signal Generation Using eZdsp

This section uses the C5505 eZdsp to generate tones and random numbers. The generated
signals will be played by the eZdsp in real time using the AIC3204 chip.

A. Noisy Tone Generation Using Floating-Point C
This experiment generates and plays a tone embedded in random noise using the C5505
eZdsp. Table 2.15 lists the functions used to generate the tone and random noise.
Table 2.16 lists the files used for the experiment.

Table 2.15 Floating-point C program for tone and noise generation

#define UINTQ14 0x3FFF
#define PI 3.1415926

// Variable definition
staticunsigned shortn;
static float twoPI_f Fs;

void initFTone (unsigned short £, unsigned short Fs)
{

n=0;

twoPI_f Fs=2.0*PI* (float)f/(float)Fs; // Define frequency
}

short fTone (unsigned short Fs) // Cosine generation

{

n++;
if (n>=Fs)
n=0;

return( (short) (cos (twoPI_f_ Fs*(float)n)*UINTQ14)) ;
}
void initRand (unsigned short seed) // Random number initialization
{
srand (seed) ;
}
short randNoise (void) // Random number generation

{
return ( (rand () -RAND_MAX/2)>>1) ;
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4.

B. Tone Generation Using Fixed-Point C

Table 2.16 File listing for the experiment Exp2.3A

Files

Description

floatPointTest.c

ftone.c
randNoise.c
vector.asm
dma.h
dmaBuff.h
i2s.h
Ipva200.inc
tistdtypes.h
myC55xUtil.1lib
c5505.cmd

Program for testing experiment
Floating-point C function for tone generation
C function for generating random numbers
Assembly program contains interrupt vector
Header file for DMA functions

Header file for DMA data buffer

i2s header file for i2s functions

C5505 processor include file

Standard type define header file

BIOS audio library

Linker command file

Procedures of the experiment are listed as follows:

. Copy the entire project from the companion software package to the working folder,
import the CCS floating-point project from the folder
build and load the program to the C5505 eZdsp.

. Connect a headphone to the output port of the C5505 eZdsp, run the program, and listen
to the audio output.

. Use an oscilloscope to examine the generated waveform from the audio output jack.

Identify the generated tone frequency.

Redo the experiment using different tone frequencies and SNRs.

..\Exp2.3\signalGen, and

The experiment given in Section 2.6.2C uses the cosine function written in C55xx
assembly language. This experiment mixes the same assembly routine with fixed-point C
programs. Table 2.17 lists the files used for the experiment.

Procedures of the experiment are listed as follows:

1. Import the fixed-point toneGen project, and build and load the program to the C5505

eZdsp.

Table 2.17 File listing for the experiment Exp2.3B

Files

Description

toneGenTest.c
tone.c
cos.asm
vector.asm
dma.h
dmaBuff.h
i2s.h
Ipva200.inc
tistdtypes.h
myC55xUtil.1lib
c5505.cmd

Program for testing experiment

C function controls tone generation
Assembly routine computes cosine values
Assembly program contains interrupt vector
Header file for DMA functions

Header file for DMA data buffer

i2s header file for i2s functions

C5505 processor include file

Standard type define header file

BIOS audio library

Linker command file
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2. Connect a headphone to the C5505 eZdsp, run the program, and listen to the audio
output.

3. Use an oscilloscope connected to the eZdsp audio output jack to verify the generated
waveform.

4. Redo the experiment using different tone frequencies.

C. Random Number Generation Using Fixed-Point C
The linear congruential sequence method is widely used because of its simplicity. The
random number generation can be expressed as

x(n) = lax(n — 1) + b] 04 11 2.97)

where the modulo operation (mod) returns the remainder after division by M. For this
experiment, we select M = 220 — 0x100000, a=2045, b =0, and x(0) =12 357. The C
program for the random number generation is listed in Table 2.18, where seed=x (0) =
12357.

Floating-point multiplication and division are very slow on fixed-point digital signal
processors such as the C5505. We can use a mask instead of the modulo operation for a
power-of-2 number. The runtime efficiency can be improved by the program listed in
Table 2.19. The files used for the experiment are listed in Table 2.20.

Procedures of the experiment are listed as follows:

1. Import the fixed-point randGenc project, and build and load the program to the C5505
eZdsp.

2. Connect a headphone to the C5505 eZdsp and run the program.

3. Listen to the audio output from both random number generators randNumberl () (in
Table 2.18) and randNumber2 () (in Table 2.19).

Table 2.18 C program for random number generation

// Variable definition
staticvolatile longn;
static short a;

void initRand (long seed)
{
n = (long) seed;
a=2045;
}
short randNumberl (void)
{
short ran;
n=a*n+1;
n=n- (long) ((float) (n*0x100000) / (float)0x100000) ;
ran= (n+1)/0x100001;
return (ran);
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Table 2.19 C program using mask for modulo operation

{

short randNumber?2 (void)

short ran;

n=a*n;
n=n&0xFFFFF000;

ran = (short) (n>>20) ;
return (ran) ;

4. Redo the experiment using M = 2*', a =69 069, b =0, and x(0) = 1 in (2.97) and verify

the result.

5. Redo the experiment using M = 23— 1,a=16807, b =0, and x(0) =1 in (2.97) and

verify the result.

6. Optimize the programs used for step 4 and step 5. Using CCS to measure their runtime

clock cycles, which random number generator is more efficient, and why?

. Random Number Generation Using C55xx Assembly Program

To further improve the efficiency, we use an assembly program for random number
generation. The assembly routine listed in Table 2.21 reduces the runtime clock cycles.
Table 2.22 lists the files used for the experiment.

Procedures of the experiment are listed as follows:

1. Import the randGen project, and build and load the assembly random number

generator program to the C5505 eZdsp.

2. Connect a headphone to the C5505 eZdsp and run the program.
3. Listen to the output to examine the assembly implementation of the random number

generator. Measure the clock cycles needed for the assembly program.

4. For 16-bit processors, a random number generator can be obtained using (2.97) with

M = 2'6, a=25173, b=0, and x(0) = 13 849; redo the experiment to simulate 16-bit
processors using the C or assembly program. C5505 temporary registers (T0-T3)
and auxiliary registers (ARO—AR7) are all 16-bit registers but C5505 accumulators

Table 2.20 File listing for the experiment Exp2.3C

Files Description
randGenCTest.c Program for testing experiment

rand.c C function generates random numbers
vector.asm Assembly program contains interrupt vector
dma.h Header file for DMA functions

dmaBuff.h Header file for DMA data buffer

i2s.h i2s header file for i2s functions
Ipva200.inc C5505 processor include file
tistdtypes.h Standard type define header file
myC55xUtil.1lib BIOS audio library

c5505. cmd Linker command file
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Table 2.21 C55xx assembly program of random number generator

.bss _n,2,0,2 ; long n
.bss _a,1,0,0 ; short a
.def _initRand
.def _randNumber
.sect ".text"
_initRand:
mov ACO,dbl (* (#_n)) ; n= (long) seed
mov #2045, * (#_a) ; a=2045
ret
_randNumber:
amov  #_n, XARO
mov *(#_a),TO
mpym  *ARO +, TO0,ACO ;n=a*n
mpymu *ARO-,TO0,AC1 ; This is 32x16 integermultiply
sfts ACO, #16

add AC1,ACO
Il mov #0xFFFF<<#16,AC2 ; n=n&0xFFFFF000
or #0xF000,AC2
and ACO,AC2
mov AC2,dbl (*ARO)

Il sfts AC2,#-20,AC0 ; ran = (short) (n>>20)
mov ACO,TO ; Return (ran)
ret
.end

(AC0-AC3) are 32-bit accumulators (40-bit with the guard bits). For this experiment,
avoid using the accumulators since 32-bit (40-bit) accumulators are not available for
16-bit processors. If this experiment is written in C, use the CCS disassembly window
to verify that the program does not use any accumulator.

Table 2.22 File listing for the experiment Exp2.3D

Files Description

randGenATest.c Program for testing experiment
Assembly routine generates random numbers

Assembly program contains interrupt vector

rand.asm
vector.asm

dma.h Header file for DMA functions
dmaBuff.h Header file for DMA data buffer
i2s.h i2s header file for i2s functions

Ipva200.inc
tistdtypes.h
myC55xUtil.1lib
c5505.cmd

C5505 processor include file
Standard type define header file
BIOS audio library

Linker command file
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Table 2.23 File listing for the experiment Exp2.3E

Files Description
signalGenTest.c Program for testing experiment

tone.c C function controls tone generation
cos.asm Assembly routine computes cosine values
rand.asm Assembly routine generates random numbers
vector.asm Assembly program contains interrupt vector
dma.h Header file for DMA functions

dmaBuff.h Header file for DMA data buffer

i2s.h i2s header file for i2s functions
Ipva200.inc C5505 processor include file
tistdtypes.h Standard type define header file
myC55xUtil.1lib BIOS audio library

c5505.cmd Linker command file

E. Signal Generation Using C55xx Assembly Program
This experiment combines the tone and random number generators for generating random
noise, tone, and tone with additive random noise. The files used for the experiment are
listed in Table 2.23.
Procedures of the experiment are listed as follows:

1. Import the signalGen project, and build and load the signal generator program to the
C5505 eZdsp.

2. Connect a headphone to the C5505 eZdsp and run the program.

3. Listen to the signal generated by the C5505 eZdsp. It will generate three different
signals in real time: random number, tone, and tone with random noise.

4. Modify the experiment so it is able to generate the following signals:
(a) Tones at different frequencies and sampling rates.
(b) Tones embedded in noise with different SNRs.
(c) Tones at different frequencies and sampling rates embedded in noise with different

SNRs.

Run the experiment to verify it works properly for these different settings.

Exercises

2.1. The all-digital touch-tone phones use the summation of two sine waves for signaling.
Frequencies of these sine waves are defined as 697, 770, 852, 941, 1209, 1336, 1477,
and 1633 Hz (see details in Chapter 7). Since the sampling rate used by the tele-
communications is 8000 Hz, convert those eight analog frequencies into terms of
radians per sample and cycles per sample. Also, generate 40 ms of these sine waves
using MATLAB™.

2.2. Compute the impulse response h(n) forn =0, 1, 2, 3, 4 of the digital systems defined by
the following I/O equations:
(@) y(n) =x(n) +0.75y(n — 1).
(b) y(n) —03y(n—1) — 0.4y(n — 2) = x(n) — 2x(n — 1).
(©) y(n) =2x(n) —2x(n — 1) + 0.5x(n — 2).
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2.3.
24.

2.5.
2.6.

2.7.

2.8.

2.9.

2.10.
2.11.

2.12.

2.13.

2.14.

2.15.

2.16.

Construct detailed signal-flow diagrams for the digital systems defined in Problem 2.2.

Similar to the signal-flow diagram for the IIR filter shown in Figure 2.11, construct a
general signal-flow diagram for the IIR filter defined in (2.38) for M# L — 1.

Find the transfer functions of the three digital systems defined in Problem 2.2.

Find the zero(s) and/or pole(s) of the digital systems given in Problem 2.2. Discuss the
stability of these systems.

For the second-order IIR filter defined in (2.38) with two complex-conjugate poles
defined in (2.52), if the radius r=0.9 and the angle 6 ==+0.25x, find the transfer
function and I/O equation of this filter.

A 2000 Hz analog sine wave is sampled with 10000 Hz sampling rate. What is the
sampling period? What is the digital frequency in terms of w and F? If there are 100
samples, how many sine wave cycles are covered? Use MATLAB™ to plot these 100
sine wave samples.

For the digital sine wave given in Problem 8, if we compute the DFT with N = 100, what is
the frequency resolution? If we display the magnitude spectrum as shown in Figure 2.16,
what is the value of k that corresponds to the peak spectrum? What happens if the
frequency of the sine wave is 1550 Hz and how can the problem be solved?

Similar to Table 2.2, construct a new table for 5-bit binary numbers.

Find the fixed-point 2’s complement binary representation with B = 6 for the decimal
numbers 0.5703125 and —0.640625. Also, find the hexadecimal representation of
these two numbers. Round the binary numbers to 6 bits and compute the corresponding
roundoff errors.

Similar to Example 2.22, represent the two fractional numbers in Problem 2.11 in
integer format for the C55xx assembly programs.

Represent the 16-bit number given in Example 2.25 in Q1.14, Q3.12, and Q15.0
formats.

If the quantization process uses truncation instead of rounding, show that the truncation
error, e(n) =x(n) —x(nT), will be in the interval —A < e(n) <0. Assuming that the
truncation error is uniformly distributed in the interval (—A, 0), compute the mean and
the variance of e(n).

Generate and plot (40 samples) the sinusoidal signals in (a), (b), and (d) using
MATLAB®:

(a) A=1, f=100Hz, and f; = 1000 Hz.

(b) A=1, f=400Hz, and f; = 1000 Hz.

(c) Discuss the difference of results between (a) and (b).

(d) A=1, f=600Hz, and f, = 1000 Hz.

(e) Compare and explain the results obtained from (b) and (d).

Using MATLAB™, draw a pole—zero diagram of the three digital systems given in
Problem 2.2.
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2.17. Use MATLAB®™ to display the magnitude and phase responses of the three digital

systems given in Problem 2.2.

2.18. Generate 1024 samples of pseudo-random numbers with zero mean and unit variance

using the MATLAB® function rand. Then use MATLAB® functions mean, std, and
hist to verify the results.

2.19. Generate 1024 samples of a sinusoidal signal at a frequency of 1000 Hz, amplitude

equal to unity, and sampling rate 8000 Hz. Mix the generated sine wave with the zero-
mean pseudo-random number of variance 0.2. What is the SNR (see Appendix A for the
definition of SNR in dB)? Calculate and display and the magnitude spectrum using
MATLAB®™.

2.20. Write a MATLAB® or C program to implement the moving-average filter defined in

(2.17). Test the filter using the corrupted sine wave generated in Problem 2.19 as input
for different values of L. Plot both the input and output waveforms and magnitude
spectra. Discuss the results related to the filter length L.

2.21. Given the difference equations in Problem 2.2, calculate and plot the impulse response

h(n), n=0, 1, . . ., 127 using MATLAB®™.

2.22. Similar to Example 2.28, use MATLAB™ functions quantizer and quantize to

convert the speech file timitl.asc given in Example 2.26 to 4-, 8-, and 12-bit data,
and use soundsc to play back the quantized signals.

2.23. Select the proper radix conversion functions listed in Table 2.3 to convert the white

noise generated in Example 2.29 to hexadecimal format.
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Design and Implementation
of FIR Filters

As discussed in Chapter 2, digital filters include FIR and IIR filters. This chapter introduces
digital FIR filters with a focus on the design, implementation, and application issues [1-10].

3.1 Introduction to FIR Filters

Some advantages of using FIR filters are summarized as follows:

. FIR filters are always stable.

. Design of linear phase filters can be guaranteed.

. Finite-precision errors are less severe in FIR filters.

. FIR filters can be efficiently implemented on most digital signal processors with optimized
hardware and special instructions for FIR filtering.

B W N =

The process of deriving filter coefficients that satisfies a given set of specifications is called
filter design. Even though a number of computer-aided tools such as MATLAB™ with related
toolboxes such as the Signal Processing Toolbox [11] and DSP System Toolbox (Filter Desing
Toolbox in older version [12]) are available for designing digital filters, we still need to
understand the basic characteristics of filters and become familiar with the techniques used for
implementing digital filters.

3.1.1 Filter Characteristics

Linear time-invariant filters are characterized by magnitude response, phase response,
stability, rising time, settling time, and overshoot. Magnitude and phase responses determine
the steady-state response of the filter, while the rising time, settling time, and overshoot
specify the transient response. For an instantaneous input change, the rising time specifies its
output-changing rate. The settling time describes how long it takes for the output to settle
down to a stable value, and the overshoot shows if the output exceeds the desired value.

Real-Time Digital Signal Processing: Fundamentals, Implementations and Applications, Third Edition.
Sen M. Kuo, Bob H. Lee and Wenshun Tian.
© 2013 John Wiley & Sons, Ltd. Published 2013 by John Wiley & Sons, Ltd.
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As illustrated in Figure 2.9 and defined in (2.31), the magnitude and phase responses of the
input signal, filter, and output signal can be expressed as

Y ()| = [X(w)||H ()] (3.1
and

¢y (@) = ¢x(0) + ¢y (®), (3.2)

where ¢y (w), ¢x(w), and ¢y (w) denote the phase responses of the output, input, and filter,
respectively. These equations show that the magnitude and phase spectra of the input signal
are modified by the filter. The magnitude response |H(w)| specifies the gain and the phase
response ¢y (w) affects the phase shift (or time delay) of the filter at a given frequency.

A linear phase filter has a phase response that satisfies

op(w) = —aw or ¢y(w)=71—aw. (3.3)

The group delay function of the filter is defined as

—d
Ta(w) = ?72(0))' (3.4)

Therefore, for the linear phase filter defined in (3.3), the group delay T4(w) is a constant « for
all frequencies. This filter avoids phase distortion because all frequency components in the
input signal are delayed by the same amount of time. Linear phase is important in many real-
world applications where the temporal relationships between different frequency components
are critical.

Example 3.1

Consider the simple two-point moving-average filter given in Example 2.14. The magni-
tude response is

|H(w)| = [1 4 cos(w)].

N —

Since the magnitude response falls off monotonically to zero at w = m, this is a lowpass
filter with the phase response

which is linear phase as shown in (3.3). Therefore, this filter has constant time delay

_ —doy ()

Ta(@) dw

=0.5.

These characteristics can be verified using the MATLAB™ script example3_1.m. The
magnitude and phase responses using freqgz (b, a) are shown in Figure 3.1. The group
delay is computed and displayed using grpdelay (b, a), which shows a constant delay of
0.5 for all frequencies.
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Figure 3.1 Magnitude and phase responses of two-point moving-average filter

3.1.2 Filter Types

A filter is usually defined in terms of its magnitude response, and there are four different types
of frequency-selective filters: lowpass, highpass, bandpass, and bandstop filters. Because the
magnitude response of a digital filter with real coefficients is an even function of w, the filter
specifications are usually defined in the frequency range of 0 < w < 7.

The magnitude response of an ideal lowpass filter is illustrated in Figure 3.2(a). The regions
0 <w < w. and w > w. are referred to as the passband and stopband, respectively, and the
frequency w. is called the cutoff frequency. An ideal lowpass filter has magnitude response
|H(w)| = 1 in the passband 0 < o < w, and |H(w)| = O for the stopband w > w,. Thus, the
ideal lowpass filter passes low-frequency components below the cutoff frequency and
attenuates high-frequency components above «.

The magnitude response of an ideal highpass filter is illustrated in Figure 3.2(b). A highpass
filter passes high-frequency components above the cutoff frequency w. and attenuates low-
frequency components below w.. In practice, highpass filters can be used to eliminate low-
frequency noise.

The magnitude response of an ideal bandpass filter is illustrated in Figure 3.2(c). The
frequencies w, and wy are called the lower and upper cutoff frequencies, respectively. The
ideal bandpass filter passes frequency components between the two cutoff frequencies w, and
wy, and attenuates frequency components below the frequency w, and above the frequency wy.

The magnitude response of an ideal bandstop (or band-reject) filter is illustrated in
Figure 3.2(d). A filter with a very narrow stopband is also called a notch filter. For example,
a power line generates a 60 Hz sinusoidal noise called power line interference or 60 Hz hum,
which can be removed by the notch filter with center frequency at 60 Hz.
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Figure 3.2 Magnitude responses of four different ideal filters

In addition to these frequency-selective filters, an allpass filter provides frequency response
|H(w)| = 1 for all w. From (3.2), allpass filters can be designed to correct the phase distortion
introduced by physical systems without changing the amplitudes of frequency components.
A very special case of the allpass filter is the ideal Hilbert transformer, which produces a
90° phase shift of the input signal.

A multiband filter has more than one passband or stopband. A special case of the multiband
filter is the comb filter. The comb filter has equally spaced zeros, with the shape of the
magnitude response resembling a comb. The difference equation of the comb filter is given as

y(n) = x(n) —x(n - L), (3.5)

where L is a positive integer. The transfer function of this FIR filter is

Hiz) =1-z%t= s (3.6)

Thus, the comb filter has L zeros equally spaced on the unit circle at the locations

=8/ 1=01,...,.L—1. (3.7)

Example 3.2

A comb filter with L =8 has eight zeros at

4 m/2 3u/4 swj4 3m/2 JIm/4
z=1,e"* e™? 3/ 7e”(—l),e”/ ,e7/2 T/
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Figure 3.3 Magnitude and phase responses of comb filter with L=38

for [ =0,1,...,7, respectively. The frequency response of this comb filter is plotted in
Figure 3.3 using the MATLAB™ script example3_2.m for L=S8.

Figure 3.3 shows that the comb filter can be used as a multiple bandstop filter to remove
narrowband noise at frequencies

w =2nl/L, 1=0,1,...,L/2—1. (3.8)

The centers of the passbands lie halfway between the adjacent zeros of the frequency
response, that is, at frequencies (2/+ 1)n/L, =0, 1, ..., L2 —1.

Comb filters are useful for passing or eliminating specific frequencies and their harmonics.
Using comb filters for attenuating periodic signals with harmonic-related components is more
efficient than designing individual filters for each harmonic. For example, the humming sound
produced by large transformers located in electric utility substations comprises even-num-
bered harmonics (120, 240, 360 Hz, etc.) of the 60 Hz power line frequency. When a signal is
corrupted by the transformer noise, the comb filter with notches at multiples of 120 Hz can be
used to eliminate those undesired harmonic components.

3.1.3 Filter Specifications

The characteristics of digital filters are often specified in the frequency domain, thus the
design is usually based on magnitude response specifications. In practice, we cannot achieve
the infinitely sharp cutoff as in the ideal filters illustrated in Figure 3.2. A practical filter has a
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Figure 3.4 Magnitude response and performance measurement of lowpass filter

gradual roll-off transition band from the passband to the stopband. The specifications are often
given in the form of tolerance (or ripple) schemes, and the transition band is specified to
permit the smooth magnitude roll-off.

The typical magnitude response of a lowpass filter is illustrated in Figure 3.4, where the
dashed horizontal lines in the figure indicate the tolerance limits. The magnitude response has
the peak deviation §, in the passband, and the maximum deviation §; in the stopband. The
frequencies w, and w, are the passband edge (cutoff) frequency and the stopband edge
frequency, respectively.

As shown in Figure 3.4, the magnitude of the passband (0 < @ < w,) is approximately
unity with an error of £4,. That is,

1 -6, <|Hw)| <1468, 0<w<w,. (3.9)

The passband ripple &, is the allowed variation in magnitude response in the passband. Note
that the gain of the magnitude response is normalized to one (0dB).
In the stopband, the magnitude response is approximately zero with an error of §;. That is,

|H(w)| <&, ws<w<m. (3.10)

The stopband ripple (or attenuation) & describes the attenuation for signal components
above w.

Passband and stopband deviations are usually expressed in decibels. The passband ripple
and the stopband attenuation are defined as

1+36
A, =201logo %) 4B (3.11)
1-6,

and

A = —201log;o8, dB. (3.12)
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Example 3.3

Consider a filter that has passband ripples within 4-0.01, that is, 8, = 0.01. From (3.11), we
have

1.01
Ay =20logo [~ ) = 0.1737 dB.
P Og‘°<o.99>

When the stopband attenuation is given as s = 0.01, we have

Ay = —2010g;(0.01) = 40 dB.

The transition band is the frequency region between the passband edge frequency w, and
the stopband edge frequency ws. The magnitude response decreases monotonically from the
passband to the stopband in this region. The width of the transition band determines how sharp
the filter is. Generally, a higher order filter is required for realizing smaller §, and §; and
narrower transition bands.

3.1.4 Linear Phase FIR Filters

The signal-flow diagram of the FIR filter is shown in Figure 2.6, and the I/O equation is
defined in (2.14). If L is an odd number, we define M = (L — 1)/2. Equation (2.14) can be
written as

2M
B(z) = ;bzz Z bz M) = M [Z hiz~ ] 3.13)

= zMH(2),
where
M
- Z hiz " (3.14)
=M
Let A; have the symmetry property
hy = h_y, [=0,1,...,M. (3.15)

From (3.13), the frequency response B(w) can be written as

B(w) = B(2)|._yo = e MH(w)

z7=e

— JwM[ § hl e le‘| _ efyuM
|=—

ho + h ejwl —jwl
’ ;l e ) (3.16)

— efjwM

M
ho + ZZhl cos(a)l)] .

=1

If L is an even integer and M = L/2, the derivation of (3.16) has to be modified slightly.



Design and Implementation of FIR Filters 109

Equation (3.16) shows that if A; is real valued,

M
H(w)=hy+2 Zh; cos (wl)
=1

is a real function of w. Thus, the phase and group delay of B(w) are

-M H >0
wio) = { M B 20 G172
and
_ —dgy(w) - [L)2, Lis even
Ta(w) = do M= { (L—1)/2, Lis odd. S

These equations show that the phase of the FIR filter is a linear function of w and the group
delay measured in samples is a constant M for all frequencies. However, there are sign changes
in H(w) corresponding to 180° phase shifts in B(w), and B(w) is only piecewise linear in the
passbands as shown in Figure 3.3.

If ; has the antisymmetry (negative symmetry) property

h=—h, 1=01,...,M, (3.18)

this implies 42(0) = 0. Following the similar derivation of (3.16), we also can show that the
phase of B(z) is a linear function of w.

In conclusion, an FIR filter has linear phase if its coefficients satisfy the positive symmetric
condition

by=bp_1-;, 1=0,1,...,L—1, (3.19)
or the antisymmetric condition
bj=—-br_1—;, 1=0,1,...,L—1. (3.20)

The group delay of a symmetric (or antisymmetric) FIR filter is T4(w) = (L — 1)/2, which
corresponds to the midpoint of the FIR filter. Depending on whether L is even or odd and
whether b; has positive or negative symmetry, there are four types of linear phase FIR filters.

The symmetry (or antisymmetry) property of a linear phase FIR filter can be exploited to
reduce the total number of multiplications required by filtering. Consider the FIR filter with
even number length L and positive symmetry as defined in (3.19). Equation (2.36) can be
modified as

H(z) =bo(1+2 ") b1z +252) -+ by (z‘””‘ + z‘L/z) . 321
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Figure 3.5 Signal-flow diagram of symmetric FIR filter; L is an even number

The realization of H(z) defined in (3.21) is illustrated in Figure 3.5 with the I/O equation
expressed as

y(n) = bolx(n) +x(n —L+ )] +bix(n—1)+x(n—L+2)]+---
+brjpg[x(n —L/24 1) + x(n — L/2)]
/21 (3.22)
= > bix(n =) +x(n—L+1+1).
=0

For the antisymmetric FIR filter, the addition of two signals is replaced by subtraction.
That is,

L/2-1

y(n) =" bifx(n — 1) = x(n — L+ 1 +1)]. (3.23)
=0

As shown in (3.22) and Figure 3.5, the number of multiplications is reduced to half by first
adding the pair of samples, then multiplying the sum by the corresponding coefficient. The
trade-off is that two address pointers are needed to point at both x(n — /) and x(n — L+ 1 +1)
instead of accessing data linearly through the same buffer with a single pointer. The
TMS320C55xx provides two special assembly instructions, FIRSADD and FIRSSUB, for
implementing the symmetric and antisymmetric FIR filters, respectively. An experiment using
FIRSADD will be presented in Section 3.5.3.

3.1.5 Realization of FIR Filters

An FIR filter can be operated either on a block-by-block basis or a sample-by-sample basis. In
block processing, the input samples are segmented into multiple data blocks. The filtering
operation is performed one block at a time, and the resulting output blocks are recombined to
form the overall output. The filtering process for each data block can be implemented using
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linear convolution, or by fast convolution, which will be introduced in Chapter 5. In sample-
by-sample processing, the input sample is processed in every sampling period after the current
input x(n) becomes available.

As discussed in Section 2.2.1, the output of a linear time-invariant system is the input
samples convoluted with the impulse response of the system. Assuming that the filter is casual,
the output at time n is computed as

y(n) =Y h(D)x(n—1). (3.24)

NgE

.\
Il
<}

The process of computing the linear convolution involves the following four steps:

1. Folding — fold x(I) about /=0 to obtain x(—I/).

2. Shifting — shift x(—[) by n samples to the right to obtain x(n — [).

3. Multiplication — multiply the overlapped /() and x(n — I) to obtain the products of A(l)x
(n—1) for all [.

4. Summation — sum all the products to obtain the output y(n) at time n.

Repeat steps 2 through 4 in computing the output of the system at other time instants n. Note
that convolution of the input signal of length M with an impulse response of length L results in
the output signal of length L+ M — 1.

Example 3.4

Consider the FIR filter consisting of four coefficients by, by, b, and b3. Then we have

=0
Linear convolution yields
n = an(o) = box(())
n = 1,y(1) = box(1) + b1x(0)
n = 2,y(2) = box(2) + b1x(1) + bx(0)
n = 3,¥(3) = box(3) + b1x(2) + byx(1) + b3x(0).

In general, we have
y(n) = box(n) + bix(n — 1) + box(n — 2) + b3x(n — 3), n>3.

The graphical interpretation is illustrated in Figure 3.6.

As shown in Figure 3.6, the input sequence is flipped around (folding) and then shifted to
the right one sample at a time to overlap the filter coefficients. At each time instant, the output
value is the sum of products of the overlapped coefficients with the corresponding input data
aligned below it. This flip-and-slide form of linear convolution can be illustrated as in
Figure 3.7. Note that shifting x(—/) to the right is equivalent to shifting b, to the left by one unit
at each sampling period.
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b.
b )
o T | b,
x(0) bgx(0)
n=0:
X1 box(1)
0 b1x(0)
n=1:
x@) X x(0) byx(2) b1 X(1)1P2X(0)
n=2:
b,x(n-2)
_1) X(n-2) bex(N—1
nz3: X(H)X(n ) X(=3)  pox(n) () b3x(n-3)

Figure 3.6 Graphical

interpretation of linear convolution, L =4

At time n = 0, the input sequence is extended by padding L — 1 zeros to its right. The only
non-zero product comes from by multiplied by x(0), which are time aligned. It takes the filter
L — 1 iterations before it is completely overlapped by the input sequence. Therefore, the first
L — 1 outputs correspond to the transient state of the FIR filtering. After n > L — 1, the signal
buffer of the FIR filter is full and the filter is in the steady state.

In FIR filtering, the coefficients are constants, but the data in the signal buffer (or tapped
delay line) changes every sampling period, 7. The signal buffer is refreshed in the fashion
illustrated in Figure 3.8, where the oldest sample x(n — L + 1) is discarded and the rest of the
samples are shifted one location to the right in the buffer. A new sample (from an ADC in real-
time applications) is inserted into the memory location labeled as x(n). This x(#), coming in at
time n, will become x(n — 1) in the next sampling period, then x(n — 2), and so on, until it

by b b

Y P— by

111

X(n) x(n=1)x(n-2)

L

x(n-3) x(0)

V() e y(0)

Figure 3.7 Flip-and-slide process of linear convolution
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Figure 3.8 Signal buffer refreshing for FIR filtering

simply drops off the end of the delay chain. Refreshing the signal buffer (as shown in Figure
3.8) requires intensive processing time if the data-move operations are not implemented by
hardware.

The most efficient method for refreshing a signal buffer is to arrange the signal samples in a
circular fashion as illustrated in Figure 3.9(a). Instead of shifting the data samples forward
while holding the fixed starting address of buffer as shown in Figure 3.8, the data samples in
the circular buffer do not move, but the buffer starting address is updated backwards
(counterclockwise). The current signal sample, x(n), is pointed by the start-address pointer
and the previous samples are already loaded sequentially in a clockwise direction. As a new
sample is received, it is placed at the position x(n) and the filtering operation is performed.
After calculating the output y(n), the start pointer is moved counterclockwise one position to
x(n — L+ 1) and waits for the next input signal to arrive. The next input at time n + 1 will be
written to the x(n — L + 1) position, and it is referred as x(n) for the next iteration. The circular
buffer is very efficient because the update is carried out by adjusting the start-address (pointer)
without physically shifting any data samples in memory.

Figure 3.9(b) shows the circular buffer for FIR filter coefficients, which allows the
coefficient pointer to wrap around when it reaches the end of the coefficient buffer. That

Signal buffer pointer Signal buffer pointer Coefficient

for nextx(n) lat time n l buffer pointer
x(n—L+1); x(n) _ b, b,

x(n—-L+2) X(n=1)

(a) Circular buffer for signals (b) Circular buffer for coefficients

Figure 3.9 Circular buffers for FIR filter. (a) Circular buffer for holding the signals. The start pointer to
x(n) is updated in the counterclockwise direction. (b) Circular buffer for FIR filter coefficients, the
pointer always pointing to by at the beginning of filtering
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is, the pointer moves from b;_; to by such that the FIR filtering will always start at the first
coefficient.

3.2 Design of FIR Filters

The objective of designing FIR filters is to determine a set of filter coefficients that satisfies the
given specifications. A variety of techniques have been developed for designing FIR filters.
The Fourier series method offers a simple way of computing FIR filter coefficients, and thus is
used to explain the principles of FIR filter design.

3.2.1 Fourier Series Method

The Fourier series method designs an FIR filter by calculating the impulse response of the
filter that approximates the desired frequency response. The frequency response of a filter is
defined using the discrete-time Fourier transform as

H(w) = i h(n)e ", (3.25)

n=—00

where the impulse response of the filter can be obtained using the inverse discrete-time
Fourier transform as

h(n) = %/ H(a))é"”’ do, —oo<n<oo. (3.26)

This equation shows that the impulse response h(n) is double-sided and has infinite
length.

For the desired FIR filter with frequency response H(w), the corresponding impulse
response h(n) (same as the filter coefficients) can be calculated by evaluating the integral
defined in (3.26). A finite-duration impulse response {4'(n)} can be obtained by truncating the
ideal infinite-length impulse response defined in (3.26). That is,

H(n) =

h(n), —-M<n<M
{ (3.27)

0, otherwise.

A causal FIR filter can be derived by shifting the /'(n) sequence to the right by M samples
and re-indexing the coefficients as

b=H(I-M), 1=01,...2M. (3.28)

Assuming L is an odd number (L =2M + 1), this FIR filter has L coefficients b}, =
0,1,...,L— 1. The impulse response is symmetric about b), due to the fact that h(—n) =
h(n) given in (3.26). Therefore, the transfer function B'(z) with coefficients defined in (3.28)
has linear phase and a constant group delay.
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Example 3.5

The ideal lowpass filter of Figure 3.2(a) has frequency response

1, o <o
H(w) = {07 otherwise. (3.29)

The corresponding impulse response can be computed using (3.26) as

/H eJ“’”da)*—/ " 4oy
27t

jon @e jwen —jwen
_Le _ et mer (3.30)
27 jn|_, 27 jn
sin(wen) e (a)cn)
= ——>=—sinc ,
n T T

where the sinc function is defined as

. sin (7
sinc (x) = ( x).
X
By setting all impulse response coefficients outside the range —M < n < M to zero, and
shifting M units to the right, we obtain the causal FIR filter of finite length L with

coefficients

we . |w(l—M)
— E—— 0<I<L-1

by={ = Smc[ P (3.31)
0, otherwise.

Example 3.6
Design a lowpass FIR filter with the following frequency response:
1, 0<f<1kHz
H(f) =
0, 1kHz <f <4kHz,

where the sampling rate is 8 kHz. The impulse response is limited to 2.5 ms.
Since 2MT =0.0025s and 7=0.000 125 s, we need M = 10. Thus, the actual filter has
21 (L=2M +1) coefficients, and 1 kHz corresponds to w. = 0.25x. From (3.31), we have

b, = 0.25sinc [0.25(/ — 10)], [=0,1,...,20.

Example 3.7

Design a lowpass filter of cutoff frequency w. = 0.4m with filter length L=061.
When L=61, M= (L — 1)/2=30. From (3.31), the designed filter coefficients are

b} = 0.4sinc[0.4(I — 30)], 1=0,1,...,60.

These coefficients are computed and the magnitude response of the designed filter is
plotted in Figure 3.10 using the MATLAB™ script example3_7.m.
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Figure 3.10 Magnitude response of lowpass filter designed by Fourier series method

3.2.2 Gibbs Phenomenon

As shown in Figure 3.10, the FIR filter obtained by simply truncating the impulse response of
the desired filter defined in (3.27) exhibits an oscillatory behavior (or ripples) in its magnitude
response. As the length of the filter increases, the number of ripples in both the passband and
stopband increases, and the width of the ripple decreases. The larger ripples occur near the
transition edges and their amplitudes are independent of L.

The truncation operation described in (3.27) can be considered as multiplication of the
infinite-length sequence h(n) by the finite-length rectangular window w(n). That is,

K (n) = h(n)w(n), —oo <n < oo, (3.32)

where the rectangular window w(n) is defined as

1, - M<n<M
w(n) = { (3.33)

0, otherwise.

Example 3.8

The oscillatory behavior of the truncated Fourier series representation of FIR filter
coefficients, observed in Figure 3.10, can be explained by the frequency response of
the rectangular window defined in (3.33). The frequency response can be expressed as

W(w) = H:ZM elon — Sin[(szf(z /12))”/ 2 (3.34)
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Figure 3.11 Magnitude responses of the rectangular windows for M =8 (top) and M =20 (bottom).

Magnitude responses of W(w) for M = 8 and 20 are generated using MATLAB® script
example3_8.m. As illustrated in Figure 3.11, the magnitude response has a mainlobe
centered at w = 0. All the other ripples are called sidelobes. The magnitude response has
the first zero at = 27/(2M + 1). Therefore, the width of the mainlobe is 47/(2M + 1).
From (3.34), it is easy to show that the magnitude of the mainlobe is |W(0)| = 2M + 1. The
first sidelobe is approximately located at frequency w; = 37/(2M + 1) with a magnitude
of |[W(wy)| =~ 2(2M + 1) /37 for M > 1. The ratio of the mainlobe magnitude to the first

sidelobe magnitude is

3
~ — = 13.5dB.
2

As w increases from O to m, the denominator becomes larger. This results in the damped
function shown in Figure 3.11. As M increases, the width of the mainlobe decreases.

The rectangular window has an abrupt transition to zero outside the range —M < n < M,
which causes the Gibbs phenomenon in the magnitude response. The Gibbs phenomenon can
be reduced either by using a window that tapers smoothly to zero at each end, or by providing a
smooth transition from the passband to the stopband. A tapered window will reduce the height
of the sidelobes and increase the width of the mainlobe, resulting in a wider transition at the
discontinuity. This phenomenon is often referred to as leakage or smearing, which will be

discussed in Chapter 5.
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3.2.3 Window Functions

A large number of tapered windows have been developed and optimized for different
applications. In this section, we restrict our discussion to the commonly used Hamming
window of length L =2M + 1. That is, w(n), n=0, 1, . . . , L — 1, and is symmetric about its
middle, n = M. Two factors that determine the performance of windows in FIR filter design are
the window’s mainlobe width and the relative sidelobe level. To ensure a fast transition from
the passband to the stopband, the window should have a small mainlobe width. On the other
hand, to reduce the magnitudes of passband and stopband ripples, the area under the sidelobes
should be small. Unfortunately, there is a trade-off between these two requirements for
choosing a suitable window.
The Hamming window function is defined as

2
w(n):O.54—O.46cos(%>, n=01,...,.L—1, (3.35)

which also corresponds to a raised cosine, but with different weights for the constant and
cosine terms. As shown in (3.35), the Hamming function tapers the end values to 0.03.
MATLAB® provides the Himming window function

w = hamming (L) ;

The Hamming window function and its magnitude response generated by MATLAB®™
script hamWindow . m are shown in Figure 3.12. The mainlobe width of the Hamming window
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Figure 3.12 Hamming window function (top) and its magnitude response (bottom), L =41
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is about the same as the Hanning window, but the latter has an additional 10 dB of stopband
attenuation (total of 41 dB). The Hamming window gives low ripple over the passband and
good stopband attenuation, and it is usually more appropriate for lowpass filter design.

Example 3.9

Design a lowpass FIR filter of cutoff frequency w. = 0.4 and order L =61 using the
Hamming window.

Using the MATLAB™ script (example3_9.m) similar to the one used in Example 3.7,
we plot the magnitude responses of designed filters in Figure 3.13 using both the
rectangular and Hamming windows. We observe that the ripples produced by the
rectangular window design are almost completely eliminated by the Hamming window
design. The trade-off for reducing the ripples is increasing transition width.

The procedure for designing FIR filters using Fourier series and windows is summarized as
follows:

1. Determine the window type that will satisfy the stopband attenuation requirements.
2. Determine the window size L based on the given transition width.

3. Calculate the window coefficients w(l), [=0, 1, ..., L—1.

4. Generate the ideal impulse response h(n) using (3.26) for the desired filter.
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Figure 3.13 Magnitude responses of designed lowpass filter using rectangular and Hamming windows,
L=61
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5. Truncate the ideal impulse response of infinite length using (3.27) to obtain
H(n),—M < n <M.
6. Make the filter causal by shifting M units to the right using (3.28) to obtain
1=0,1,...,L—1.
7. Multiply the window coefficients obtained in step 3 and the impulse response obtained in
step 6 to obtain the following filter coefficients:

by=bw(l), 1=0,1,... L—1. (3.36)

Applying a window to an FIR filter’s impulse response has the effect of smoothing the
resulting filter’s magnitude response. A symmetric window will preserve a symmetric FIR
filter’s linear phase response.

MATLAB™ provides a GUI tool called the Window Design & Analysis Tool (WinTool) that
allows users to design and analyze windows. It can be activated by entering the following
command in the MATLAB®™ command window:

wintool

It opens with a default 64-point Hamming window. With this tool, we can evaluate different
windows such as Blackman, Chebyshev, and Kaiser windows. Another GUI tool provided by
MATLAB™ for analyzing windows is wvtool, the window visualization tool.

3.2.4 Design of FIR Filters Using MATLAB™

FIR filter design algorithms use iterative optimization techniques to minimize the error
between the desired and actual frequency responses. The most widely used algorithm is the
Parks—McClellan algorithm for designing optimum linear phase FIR filters. This algorithm
spreads out the error to produce equal-magnitude ripples. In this section, we consider only the
design methods and filter functions available in the MATLAB ™ Signal Processing Toolbox,
which are summarized in Table 3.1. The MATLAB®™ DSP System Toolbox (Filter Design
Toolbox in older versions) provides more advanced FIR filter design methods.

For example, the firl and £ir2 functions design FIR filters using the windowed Fourier
series method. The function £irl designs FIR filters using the Hamming window as

b=firl (L, Wn) ;

Table 3.1 List of FIR filter design methods and functions available in MATLAB®™

Design methods Filter functions Description

Windowing firl, fir2, kaiserord Truncated Fourier series with windowing
methods

Multiband with firls, firpm, firpmord Equiripple or least squares approach

transition bands

Constrained least fircls, firclsl Minimize squared integral error over entire

squares frequency range

Arbitrary response cfirpm Arbitrary responses
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where Wn is the normalized cutoff frequency between 0 and 1 (w = m). The function £ir2
designs FIR filters with arbitrarily shaped magnitude response as

b=fir2 (L, £, m);

where the frequency response is specified by the vectors £ and m that contain the frequency and
magnitude, respectively. The frequencies in £ must be within 0 < £ < 1 in increasing order.
A more efficient algorithm designs optimum linear phase FIR filters based on the Parks—
McClellan algorithm, which uses the Remez exchange algorithm and Chebyshev approxi-
mation theory to design filters with an optimal fit between the desired and actual frequency
responses. The firpm function (remez in older versions) has the following syntax:

b=firpm(L, £, m);

This function returns a linear phase FIR filter with length L4 1 which has the best
approximation to the desired frequency response described by £ (the vector of frequency
band edges in pairs, in ascending order between 0 and 1) and m (the real vector with the same
size as £ which specifies the desired amplitude of the magnitude response of the resultant filter
b). This function will be used to design an FIR filter for experiment in Section 3.5.1.

Example 3.10

Design a linear phase FIR bandpass filter of length 18 with the passband from normalized
frequency 0.4 to 0.6.

This filter can be designed using MATLAB™ script example3_10.m. The desired and
obtained actual magnitude responses are shown in Figure 3.14.
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3.2.5 Design of FIR Filters Using the FDATool

The Filter Design and Analysis Tool (FDATool) is a GUI for designing, quantizing, and
analyzing digital filters. It includes a number of advanced filter design techniques and
supports all the filter design methods in the Signal Processing Toolbox. This tool has the
following uses:

1. Design filters by setting filter specifications.
2. Analyze designed filters.

3. Convert filters to different structures.

4. Quantize and analyze quantized filters.

In this section, we briefly introduce the FDATool for designing and quantizing FIR filters.
We can open the FDATool by typing

fdatool

in the MATLAB™® command window. The Filter Design & Analysis Tool window is shown
in Figure 3.15. We can choose from several response types: Lowpass, Highpass, Bandpass,

J Filter Design & Analysis Tool - [untitlec ] =[al x|
File Edit Analysis Targets View Window Hab
0 snaal,@m.@xm M EHNM2+ 0 BLORE R
— Current Filter Informati _Fiter Specificati
4 Mag. (dB)
Structure:  Direct-Form FIR | _L
Order S0 of Apass
Stable: Yes T T
Source:  Designed
Astop
| |
Store Filter ... | 0 } Fs;.-‘2 ™ Hz
Fiter Manager .. | Frass Fatop 2
— Resp Type — Fitter Ordar — Frequency Specifications _____ _ Magnitude Specifications ____
@ [Lowpass <] || ¢ specityorder fT— Unis: [Hz = T |
C [ighpass =]
A & Minimum order Fe: koo am b
(" Bandstop __ Options Fi 1 ﬁ h
 [oifferertiator -] o;uyrm po - o o
| DesionMethod | . Eek gl 2000
R merwmh 'I
o om Frwe 1]
Design Fiter

Figure 3.15 FDATool window
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Bandstop, and Differentiator. For example, to design a bandpass filter, select the radio button
next to Bandpass in the Response Type region on the GUIL It has multiple options for
Lowpass, Highpass, and Differentiator types.

It is important to compare the Filter Specifications region in Figure 3.15 to Figure 3.4. The
parameters Fpags, Fotops Apasss and Agtep correspond to w,, ws, Ap, and Ay, respectively. These
parameters can be entered in the Frequency Specifications and Magnitude Specifications
regions. The frequency units are Hz (default), kHz, MHz, or GHz and the magnitude options
are dB (default) or Linear.

Example 3.11

Design a lowpass FIR filter with the following specifications:

Sampling frequency F=8kHz,

Passband cutoff frequency F,,, =2kHz,
Stopband cutoff frequency Fyo, =2.5kHz,
Passband ripple Ap,=1dB,

Stopband attenuation A, =60 dB.

We can easily design this filter by entering parameters in the Frequency Specifications
and Magnitude Specifications regions as shown in Figure 3.16. Press the Design Filter
button to compute the filter coefficients. The Filter Specifications region will show the
Magnitude Response (dB) of the designed filter. We can analyze different characteristics
of the designed filter by clicking on the Analysis menu. For example, selecting the
Impulse Response available in the menu opens the new Impulse Response window to
display the designed FIR filter coefficients.

We have two options for determining the filter order: we can either specify the filter order
by Specify order, or use the default Minimum order. In Example 3.11, we use the default
minimum order, and the order (31) is shown in the Current Filter Information region. Note
that order =31 means the length of the FIR filter is L =32.

Once the filter has been designed (using 64-bit double-precision floating-point arithmetic
and representation) and verified, we can turn on the quantization mode by clicking the Set

Figure 3.16 Frequency and magnitude specifications for a lowpass filter
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Figure 3.17 Setting fixed-point quantization parameters in the FDATool

Quantization Parameters button on the sidebar shown in Figure 3.15. The bottom half

of the FDATool window will change to the new pane with the default Double-precision
floating-point as shown in the Filter arithmetic menu. The Filter arithmetic option allows
users to quantize the designed filter and analyze the effects with different quantization settings.
When the user has chosen the arithmetic setting (single-precision floating-point or fixed-point),
the FDATool quantizes the current filter according to the selection and updates the information
displayed in the analysis area. For example, to enable the fixed-point quantization settings in the
FDATool, select Fixed-point from the Filter arithmetic pull-down menu. The quantization
options appear in the lower pane of the FDATool window as shown in Figure 3.17.

In this figure, there are three tabs in the dialog window for users to select quantization tasks
from the FDATool:

1. The Coefficients tab defines the coefficient quantization.
2. The Input/Output tab quantizes the input and output signals.
3. The Filter Internals tab sets a variety of options for the arithmetic.

After setting the proper options for the desired filter, click on Apply to start the quantization
processes.

The Coefficients tab is the default active pane. The filter type and structure determine the
available options. Numerator word length sets the wordlength used to represent the
coefficients of FIR filters. Note that the Best-precision fraction lengths box is also checked
and the Numerator word length box is set to 16 by default. We can uncheck the Best-
precision fraction lengths box to specify Numerator frac. length or Numerator range
(+/-).

The filter coefficients can be exported to the MATLAB™ workspace as a coefficient file or
MAT-file. To save the quantized filter coefficients as a text file, select Export from the File
menu on the toolbar. When the Export dialog box appears, select Coefficient File (ASCII)
from the Export to menu and choose Decimal, Hexadecimal, or Binary from the Format
options. After clicking on the OK button, the Export Filter Coefficients to .FCF file dialog
box will appear. Enter a filename and click on the Save button.

To create a C header file containing filter coefficients, select Generate C header from the
Targets menu. For the FIR filters, variables used in the C header file are for numerator name
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Figure 3.18 Generate C header dialog box

and length. We can use the default variable names B and BL as shown in Figure 3.18 in C, or
change them according to the variable names defined in C that will include this header file. As
shown in the figure, we can use the default Signed 16-bit integer with 16-bit fractional
length, or select Export as and choose the desired data type. Clicking on the Generate button
opens the Generate C Header dialog box. Enter the filename and click on Save to save
the file.

3.3 Implementation Considerations

This section discusses finite-wordlength effects of digital FIR filters, and uses MATLAB®
and C to illustrate some important software implementation issues.

3.3.1 Quantization Effects in FIR Filters

Consider the FIR filter defined in (2.36). The filter coefficients, b;, are obtained from a filter
design package such as MATLAB™. These coefficients are usually designed and represented
by double-precision floating-point numbers and have to be quantized for implementation on
fixed-point processors. The filter coefficients are quantized and analyzed during the design
process. If the quantized filter no longer meets the given specifications, we will optimize,
redesign, restructure, and/or use more bits to satisfy the specifications.

Let b; denote the quantized values corresponding to b;. As discussed in Chapter 2, the
nonlinear quantization can be modeled as the linear operation expressed as

by = Qlbi] = b + e(1), (3.37)

where e(l) is the quantization error and can be assumed to be a uniformly distributed random
noise of zero mean.

The frequency response of the actual FIR filter with quantized coefficients b; can be
expressed as

B'(w) = B(») + E(0), (3.38)
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where
L—1 )
Ew) =) e(l)e (3.39)

N
Il
o

represents the error in the desired frequency response B(w). The error spectrum is bounded
by

LZ h|[e7 | < Z|e (3.40)

As shown in (2.83),
=275 (3.41)

Thus, (3.40) becomes
|E(w)| <27°L. (3.42)

This bound is too conservative because it can only be reached if all errors e(/) are of the same
sign and have the maximum value in the range. A more realistic bound can be derived
assuming e(l) are statistically independent random variables.

Example 3.12

This example first uses the least-square method to design the FIR filter. To convert it to the
fixed-point FIR filter, we use the filter construction function dfilt and change the
arithmetic setting for the filter to fixed-point arithmetic as follows:

hd=dfilt.dffir(b); $Create thedirect-formFIR filter
set (hd, "Arithmetic’,’ fixed’);

The first function returns the digital filter object, hd, of type df £ir (direct-form FIR
filter). We can use the MATLAB™ FVTool (Filter Visualization Tool) to plot the magnitude
responses of both the quantized filter and the corresponding reference filter.

The fixed-point filter object hd uses 16 bits to represent the filter coefficients. We can
make several copies of the filter using different wordlengths. For example, we can use 12
bits to represent the filter coefficients as follows:

hl =copy (hd) ; % Copy hd tohl
set (hl, ‘CoeffWordLength’,12); $Use 12 bits for coefficients

The MATLAB™ script is given in example3_12.m.
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3.3.2 MATLAB®™ Implementations

For evaluation purposes, it is convenient to use a powerful software package such as MATLLAB ®
for software implementation and testing of digital filters. MATLAB®™ provides the function
filter (or £i1tfilt) for FIR and IIR filtering. The basic form of this function is

y=filter (b, a, x);

For FIR filtering, the vector a = 1 and filter coefficients b; are contained in the vector b. The
input vector is x while the filter output vector is y.

Example 3.13

A 1.5 kHz sine wave with sampling rate 8 kHz is corrupted by white noise. This noisy signal
can be generated, saved in file xn_int.dat, and plotted by MATLAB®™ script exam-
ple3_13.m. In the program, the signal samples are normalized from the original floating-
point numbers and saved in the Q15 integer format using the following MATLAB™
commands:

xn_int =round (32767*in./max (abs (in))); $ Normalize to 16-bit integer
fid=fopen(‘'xn_int.dat’, ‘w’); Save signal toxn_int.dat
fprintf (fid, *%4.0f\n’,xn_int) ; Save in integer format

oe

o\°

FIR filter coefficients can be exported to the current MATLAB® workspace by selecting
File — Export. From the pop-up dialog box Export, type b in the Numerator box, and
click on OK. This saves the filter coefficients in vector b, which is available for use in the
current MATLAB® directory. Now, we can perform FIR filtering using the MATLAB®
function filter by the command:

y=filter(b, 1, xn_int);

The filter output is saved as vector y in the workspace, which can be plotted to compare
to the input waveform.

Example 3.14

This example evaluates the accuracy of the 16-bit fixed-point filter as compared to the
original double-precision floating-point (64-bit) version using random data as the input
signal. A quantizer is used to generate uniformly distributed white-noise data using the Q15
format as follows:

rand (‘state’,0); % Initializing the random number generator
g=quantizer([16,15], ‘RoundMode’, ‘round’) ;

xg = randquant (q,256,1); $ 256 samples in the range [-1,1)

xin=fi (xqg, true,16,15);

Now xin is the array of integers with 256 members, represented as a fixed-point object
(a £1i object). Now we perform the actual fixed-point filtering as follows:

y=filter (hd, xin);

The complete MATLAB®™ program is given in example3_14.m.
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3.3.3 Floating-Point C Implementations

The FIR filter implementation usually begins with floating-point C, migrates to fixed-point C,
and then to the assembly program if needed.

Example 3.15

The input data is denoted as x and the filter output is y. The filter coefficients are stored in
the coefficient array h[]. The filter tapped-delay line (signal vector) w[] keeps the past
data samples. The sample-by-sample floating-point C program is listed as follows:

void floatPointFir (float *x, float *h, short order, float *y, float *w)
{

shorti;

float sum;

w[0] =*x++; // Get current data todelay line
for (sum=0, i=0; i<order; i++4) // FIR filtering loop
{

sum+=h[1i] *w[i]; // Sum of products
}
*y++4 = sum; // Save filter output
for (i=order-1; i>0; i-) // Update signal buffer

{
wli] =w[i-1];

}

The signal buffer w [ ] is updated every sampling period as shown in Figure 3.8. For each
update process, the oldest sample at the end of the signal buffer is discarded and the
remaining samples are shifted one location down in the buffer. The most recent data sample
x(n) is inserted into the top location at w [ 0]. With the circular addressing mode available
on most digital signal processors such as the C55xx, shifting the data in the signal buffer
can be replaced with circular buffers to improve efficiency.

It is more efficient to implement DSP algorithms using a block processing technique.
For many practical applications such as wireless communications, speech processing,
and audio compression, the signal samples are often grouped into blocks or frames. An
FIR filter that processes data by frames instead of sample by sample is called a block
FIR filter.

Example 3.16

The block FIR filtering function processes one block of data samples for each function call.
The input samples are stored in the array x [ ] and the filtered output is stored in the array
v [1. In the following C program, the block size is denoted as b1kSize:

void floatPointBlockFir (float *x, short blkSize, float *h, short order,
float *y, float *w, short *index)



Design and Implementation of FIR Filters

129

short i, j, k;
float sum;
float *c;

k = *index;
for (j=0; j<blkSize; j++)

{

}

wlk] = *x++;
c=h;
for (sum=0, i=0; i<order; i++)
{
sum += *c++ * wlk++];
k $=order;
}
*y++ = sum;
k = (order +k-1)%order;

*index =k;

}
3.3.4

Fixed-Point C Implementations

// Block processing
// Get current data todelay line

// FIRfilter processing

// Simulate circular buffer

// Save filter output
// Update index for next time

// Update circular buffer index

The fixed-point implementation using fractional representation was introduced in Chapter 2.
The Q15 format is commonly used by fixed-point digital signal processors. In this section, we
use an example to introduce fixed-point C implementations of FIR filtering.

Example 3.17

For fixed-point implementation, we use the Q15 format to represent data samples in the
range of —1 to 1-27">. The ANSI C compiler requires the data type defined as long to
ensure that the product can be saved as left-aligned 32-bit data. When saving the filter
output, the 32-bit temporary variable sum is shifted 15 bits to the right to simulate the
conversion from 32-bit to 16-bit Q15 data after multiplication. The fixed-point C code is
listed as follows:

void fixedPointBlockFir (short *x, short blkSize, short *h, short order,
short *y, short *w, short *index)

short i, j, k;
long sum;
short *c;

k = *index;
for (j=0; j<blkSize; j++)

{

wlk] =*x++;
c=h;
for (sum=0, 1i=0; i<order; i++)

{

// Block processing
// Get current data todelay line

// FIRfilter processing
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sum += *c++ * (long)wlk++];

if (k == order) // Simulate circular buffer
k=0;
}
*y+4++4 = (short) (sum>>15) ; // Save filter output
if (k--<=0) // Update index for next time

k =order-1;
}

*index = k; // Update circular buffer index

}

3.4 Applications: Interpolation and Decimation Filters

In multi-rate signal processing applications, such as interconnecting DSP systems operated at
different sampling rates, changing sampling frequency is necessary. The process of converting
digital signals from the original sampling rate to different sampling rates is called sampling
rate conversion. The key operation for sampling rate conversion is lowpass FIR filtering.

Increasing the sampling rate by an integer factor U is called interpolation (or up-sampling),
while decreasing by an integer factor D is called decimation (or down-sampling). The
combination of interpolation and decimation with proper U and D factors allows the digital
system to change the sampling rate to any ratio. For example, in an audio system that uses
oversampling and decimation, the analog input can be first filtered by a low-cost analog
antialiasing filter and then sampled at a higher rate. The decimation process is then used to
reduce the sampling rate of the oversampled digital signal. In this application, the digital
decimation filter provides high-quality lowpass filtering and reduces the cost of using
expensive analog filters to reduce the overall system cost.

3.4.1 Interpolation

Interpolation can be done by inserting additional zero samples between successive samples of
the original low-rate signal and then applying a lowpass (interpolation) filter on the
interpolated samples. For the interpolation of ratio 1:U, (U — 1) zeros are inserted in between
the successive samples of the original signal x(n) of sampling rate f;, thus the sampling rate is
increased to Uf;, or the original sampling period T'is reduced to 7/U. This intermediate signal,
x(n'), is then filtered by a lowpass filter to produce the final interpolated signal y(n') at the
sampling rate of Uf,.

The most popular lowpass filter used for interpolation is a linear phase FIR filter. The
FDATool introduced in Section 3.2.5 can be used to design interpolation filters. The interpola-
tion filter B(z) operates at the high sampling rate f, = Uf, with the ideal frequency response

B(w) =

{U7 0<w<w (3.43)

0, w.<w<m,

where the cutoff frequency is determined as

o :% or f.=f/2U=f/2. (3.44)
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Since the insertion of (U — 1) zeros spreads the energy of each signal sample over U output
samples, the gain U compensates for the energy loss of the up-sampling process. The
interpolation increases the sampling rate; however, the effective bandwidth of the interpolated
signal is still the same as the original signal (f;/2), as shown in (3.44).

Assume the interpolation filter is an FIR filter of length L where L is a multiple of U.
Because the interpolation introduces (U — 1) zeros between successive samples of the input
signal, the required filtering operations may be rearranged to multiply only the non-zero
samples. Suppose these non-zero samples are multiplied by the corresponding FIR filter
coefficients by, by, bry, . . ., bp_y at time n. At the following time n (41, the non-zero
samples are multiplied by filter coefficients by, by1, boys1, - . ., bp_y+1. This alternate
process can be accomplished by replacing the high-rate FIR filter B(z) of length L with U
filters, B,,(z), m=0, 1, . . ., U— 1, of length L/U operated at the low (original) rate f;. The
computational efficiency of the filter structure comes from dividing the single L-point FIR
filter into U smaller filters of length L/U, and each filter operates at the lower sampling rate f;.
Furthermore, these U filters share a single signal buffer of size L/U to further reduce memory
requirements.

Example 3.18

Given the signal file wn8kHz.dat, which is sampled at 8kHz, MATLAB® script
example3_18.m can be used to interpolate it to 48 kHz. Figure 3.19 shows the spectra
of (a) the original signal, (b) the interpolated signal (by an interpolation factor of 6) before
lowpass filtering, and (c) after lowpass filtering. This example clearly demonstrates that the
lowpass filtering removes all folded image spectra as shown in Figure 3.19(b). Comparing
the spectra of the original signal (a) and the final interpolated signal (c), interpolation
increases the sampling rate without increasing the bandwidth (frequency contents) of
the signal. Some useful MATLAB™ functions used in this example will be presented in
Section 3.4.4.

3.4.2 Decimation

Decimation of a signal of sampling rate f by a factor D results in the lower sampling rate
fI' = f/D. The down-sampling by an integer factor of D may be simply done by discarding
(D — 1) samples for every D samples. However, decreasing the sampling rate by the factor D
reduces the bandwidth by the same factor D. Thus, if the original high-rate signal has
frequency components outside the new reduced bandwidth, aliasing will occur. This aliasing
problem can be solved by lowpass filtering the original signal x(n’) prior to the decimation
process. The cutoff frequency of the lowpass filter is given as

fe =112 =1/2D. (3.45)

This lowpass filter is called the decimation filter. The decimation filter output y(n') is down-
sampled to obtain the desired low-rate decimated signal y(n").

The decimation filter operates at the high rate f,. However, because only every Dth output
sample of the filter is needed, it is unnecessary to compute other (D — 1) output samples that
will be discarded. Therefore, the overall computation can be reduced by the factor of D.
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Figure 3.19 Spectra of interpolation signals: (a) original signal; (b) interpolated (by 6) signal before
lowpass filtering; and (c) after lowpass filtering

Example 3.19

The signal file wn48kHz . dat is sampled at 48 kHz. MATLAB™ script example3_19.m
can be used to decimate it to 8 kHz. Figure 3.20 shows the spectra of (a) the original signal,
(b) decimated by 6 without lowpass filtering, and (c) with lowpass filtering before the
decimation process. The spectrum shown in Figure 3.20(b) is distorted especially in the
low-magnitude segments. Figure 3.20(c) represents the spectrum from 0 to 4 kHz of Figure
3.20(a) because the high-frequency contents are eliminated by the lowpass filter. This
example shows the lowpass filtering before discarding the (D — 1) samples to prevent
aliasing, thus the decimation process reduces the signal bandwidth by the factor D as shown
in (3.45).
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Figure 3.20 Spectra of signals in decimation process: (a) original signal; (b) without lowpass filtering
before discarding samples; and (c) with lowpass filtering

3.4.3 Sampling Rate Conversion

The sampling rate conversion by a rational factor U/D can be done entirely in the digital
domain with proper interpolation and decimation factors. To minimize the reduction of signal
bandwidth, we must do this by first performing interpolation of the factor U, and then
decimating the interpolated signal by the factor D. For example, we can convert the broadcast
(32 kHz) digital audio signals to professional audio (48 kHz) using a factor of U/D = 3/2. That
is, we first interpolate the 32 kHz signal (16 kHz bandwidth) with U = 3, and then decimate the
resulting 96 kHz signal with D = 2 to obtain the desired 48 kHz (with 16 kHz bandwidth). It is
very important to note that we have to perform interpolation before decimation in order to
preserve the desired spectral characteristics. Otherwise, decimation may remove part of the
high-frequency components that cannot be recovered by interpolation. For example, if we first
decimate the 32 kHz signal (16 kHz bandwidth) with D =2 and then interpolate by U = 3, the
final bandwidth will be reduced to 8 kHz by the decimation with D =2.

The interpolation filter has the cutoff frequency given in (3.44), and the cutoff frequency of
the decimation filter is given in (3.45). Because the interpolation lowpass filter is applied to
the signal samples after inserting zeros and the decimation lowpass filter is applied before
discarding the signal samples, these two filters can be combined into a single lowpass filter.
Thus the frequency response of the lowpass filter for sampling rate conversion should ideally

have the cutoff frequency
1
f.= 5min (fs,f;’). (3.46)
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Example 3.20

Change the sampling rate of a sine wave from 48 kHz to 44.1 kHz using the MATLAB ®
script example3_20.m (adapted from the MATLAB™ Help menu for up£irdn).

For sampling rate conversion, the MATLAB® function gcd can be used to find the
conversion factor U/D. For example, to find the factors U and D for converting the audio
signal from a CD (44.1 kHz) for transmission using telecommunication channels (8 kHz),
the following commands can be used:

g=gcd (8000, 44100) ; % Find the greatest common divisor
U=28000/g; % Up-sampling factor
D=144100/g; % Down-sampling factor

In this example, we obtain U =80 and D =441 since g = 100.

3.4.4 MATLAB®™ Implementations

The interpolation process introduced in Section 3.4.3 can be implemented by the MATLAB™
function interp with the following syntax:

y =1interp (x, U);

The interpolated signal vector y is U times longer than the original input vector x.
The decimation for decreasing the sampling rate of a given signal can be implemented using
the MATLAB® function decimate with the following syntax:

y =decimate (x, D) ;

This function uses an eighth-order lowpass Chebyshev type I IIR filter by default. We can
employ the FIR filter by using the following syntax:

y=decimate(x, D, ‘fir’);

This command uses the 30-order FIR filter generated by fir1 (30, 1/D) for lowpass
filtering of the data. We can also specify the FIR filter of order L by using y = decimate
(x, D, L, ‘fir’).

Example 3.21

Given the speech file timit_4.asc, which is digitized by a 16-bit ADC with a sampling
rate of 16kHz, the following MATLAB®™ script (example3_21.m) can be used to
decimate it by a factor of 8 to 2 kHz:

load timit_4.asc —ascii; % Load speech file
soundsc (timit_4, 16000); % Playat 16 kHz

timit2 =decimate (timit_4,8,60, ‘fir’); $ Decimationby 8
soundsc (timit2, 2000) ; % Play the decimated speech

We can tell the sound-quality (bandwidth) difference by listening to the speech file
timit_4 with 8 kHz bandwidth and the file timit2 with 1kHz bandwidth. In the
MATLAB® script, we also interpolate the original 16 kHz signal to 48 kHz and play the
high-rate speech. Note that the sound quality of the interpolated 48 kHz signal is the same as
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the original 16 kHz signal since they both have the same bandwidth of 8 kHz. Note also that,
in the MATLAB™ script, we use the function soundsc, which performs an auto-scaling of
the signal to the maximum level without clipping.

The sampling rate conversion algorithm is supported by the MATLAB™ function up£i rdn.
This function implements the efficient polyphase filtering technique. For example, the
following command can be used for sampling rate conversion:

y =upfindn(x, b, U, D) ;

This function first interpolates the signal in the vector x with the factor U, filters the
intermediate resulting signal by the FIR filter given in the coefficient vector b, and finally
decimates the intermediate result using the factor D to obtain the final output vector y. The
quality of the sampling rate conversion result will depend on the quality of the FIR filter.
Another function that performs sampling rate conversion is resample. For example,

y =resample (x, U, D);

This function converts the sequence in the vector x to the sequence in the vector y with the
conversion ratio U/D. It implements the FIR lowpass filter using £ir1s with a Kaiser window.

MATLAB® also provides the function intf£ilt for designing interpolation (and decima-
tion) FIR filters. For example,

b=1intfilt (U, L, alpha);

designs a linear phase lowpass FIR filter with an interpolation ratio of 1:U, and saves the filter
coefficients in the vector b. The length of b is 2UL — 1, and the bandwidth of the filter is alpha
times the Nyquist frequency, where alpha =1 results in the full Nyquist interval.

3.5 Experiments and Program Examples

In this section, the C5505 eZdsp is used for FIR filtering experiments including real-time
demonstrations using C and C55xx assembly programs.

3.5.1 FIR Filtering Using Fixed-Point C

This experiment uses the fixed-point C program to implement the block FIR filter presented in
Section 3.3.4. The input signal sampled at 8000 Hz is saved in 16-bit Q15 format, which
consists of three sinusoidal components at frequencies of 800, 1800, and 3300 Hz. This
experiment uses a 48-tap bandpass FIR filter designed using the following MATLAB® script:

f=[00.30.40.50.61]; $Define frequency band edges
m=[(001100]; % Define desired magnitude response
b=firpm(47, £, m); % Design FIR filterwith 48 coefficients

The MATLAB™ function £1irpm designs an equiripple FIR filter with passband from 1600
to 2000 Hz. This bandpass filter will attenuate the 800 and 3300 Hz sinusoids. The input signal
file and the 48-tap bandpass filter will be used in experiments Exp3.1 through Exp3.4 to
compare different FIR filter implementation techniques. The files used for the experiments are
listed in Table 3.2.
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Table 3.2 File listing for the experiment Exp3.1

Files Description
fixedPointBlockFirTest.c Program for testing block FIR filter
fixedPointBlockFir.c C function for fixed-point block FIR filter
fixedPointFir.h C header file

firCoef.h FIR filter coefficients file

tistdtypes.h Standard type define header file
c5505.cmd Linker command file

input.pcm Input data file

Procedures of the experiment are listed as follows:

1. Import the CCS project from the companion software package and rebuild the project.

2. Load and run the program using the input data file input.pcm provided in the data folder.

3. Use MATLAB™ to plot the magnitude response of the bandpass FIR filter with filter
coefficients in the array firCoefFixedPoint[] listed in the header file firCoef.h.

4. Compare the filter output to the input by listening to the audio files. Compare the filter
performance by plotting the magnitude spectra of both input and output signals. What are
the differences between both signals, and why? Does the filter output signal’s character-
istic agree with the magnitude response of the filter shown in step 3?

5. Profile the FIR filtering program to evaluate its efficiency and identify the most time-
consuming operations.

6. Use the FDATool to design an equiripple FIR bandstop filter with the following specifications:

Sampling frequency F= 8000 Hz,
Passband cutoff frequency F,s; = 1400 Hz,
Stopband cutoff frequency Fp = 1700 Hz,
Stopband cutoff frequency Fp> = 1900 Hz,
Passband cutoff frequency Fpa> = 2200 Hz,
Passband ripple Ap,s1 =1dB,

Stopband attenuation Ay, =50dB,
Passband ripple Apuss> =1dB.

Redo step 4 of the experiment using this filter.

3.5.2 FIR Filtering Using C55xx Assembly Program

As presented in Appendix C, the C55xx processor has MAC (multiply—accumulate) instruc-
tions, circular addressing modes, and zero-overhead nested loops to efficiently implement FIR
filtering. This experiment implements the FIR filter with the C55xx assembly program using
the circular coefficient and signal buffers. The same bandpass filter and input signal file from
the previous experiment are used.

This experiment shows that the implementation of an FIR filter using the C55xx assembly
program needs order + 4 clock cycles to process each input sample. Thus, the 48-tap filter
requires 52 cycles (excluding the overhead) for generating one output sample. Table 3.3 lists
the files used for the experiment.
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Table 3.3 File listing for the experiment Exp3.2

Files Description
blockFirTest.c Program for testing block FIR filter
blockFir.asm Assembly program of block FIR filter
blockFir.h C header file

blockFirCoef.h FIR filter coefficients file
tistdtypes.h Standard type define header file
c5505.cmd Linker command file

input.pcm Input data file

Procedures of the experiment are listed as follows:

1. Import the CCS project from the companion software package and rebuild the project.

2. Load and run the program using the input data file input.pcm provided in the data folder.

3. Validate the filtering result using CCS to show that the 800 and 3300 Hz sinusoidal
components have been attenuated. Also, verify the experiment by comparing the output
file to the result obtained in Exp3.1.

4. Profile the assembly implementation of the FIR filter and compare it to the required clock
cycles for the fixed-point C experiment presented in Exp3.1.

5. Repeat the experiment using the filter designed in step 6 of Exp3.1.

3.5.3 Symmetric FIR Filtering Using C55xx Assembly Program

As discussed in Section 3.1.4, the linear phase FIR filter has symmetric or antisymmetric
coefficients. The C55xx provides two assembly instructions, FIRSADD and FIRSSUB, for
efficient implementation of the symmetric and antisymmetric FIR filters, respectively. This
experiment uses FIRSADD to implement a linear phase FIR filter with symmetric coefficients.
Since the bandpass FIR filter used for experiments Exp3.1 and Exp3.2 is a symmetric filter,
the same FIR filter and input signal file are used for this experiment. Note that only half of the
FIR filter coefficients are needed (e.g., 24 coefficients) to implement a symmetric FIR filter.
Two implementation issues should be carefully considered. First, as described in (3.22), the
instruction FIRSADD adds two corresponding signal samples, which may cause an undesired
overflow. Second, the FIRSADD instruction needs three reads (one coefficient and two signal
samples) in the same cycle, which may cause data bus contention. The first problem can be
solved by scaling down the input signal using the Q14 format and scaling up the filter output
signal to the Q15 format. The second problem can be resolved by placing the coefficient buffer
and the signal buffer in different memory blocks. We can use the pragma directive to place
program code and data variables into the desired memory locations. In this experiment, the
C55xx assembly implementation of the symmetric FIR filter takes (order/2) + 5 clock cycles
to process each signal sample. Thus, the 48-tap filter needs 29 cycles to generate one output
sample excluding the overhead. Table 3.4 lists the files used for the experiment.
Procedures of the experiment are listed as follows:

1. Import the CCS project from the companion software package and rebuild the project.
2. Load and run the program using the input data file input.pcm provided in the data folder.
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Table 3.4 File listing for the experiment Exp3.3

Files Description
symFirTest.c Program for testing symmetric FIR filter
symFir.asm Assembly routine of symmetric FIR filter
symFir.h C header file

symFirCoef.h FIR filter coefficients file
tistdtypes.h Standard type define header file
c5505.cmd Linker command file

input.pcm Input data file

3. Compare the output signal file to the output file obtained from Exp3.2 by computing the
difference between these two results. Is there any difference resulting from using the Q14
data operation required by implementation of the symmetric FIR filter?

4. Use MATLAB™ or CCS to plot both the input and output signals in the time domain (e.g.,
waveform) and frequency domain (e.g., magnitude spectrum) to examine the experiment
result.

5. Profile the clock cycles needed for the symmetric FIR filter and compare its efficiency to
the previous experiments. )

6. Design a 49-tap FIR bandpass filter using the following MATLAB® script:

f=[00.30.40.50.61];%Define frequency band edges
m=[001100]; % Define desiredmagnitude response
b=firpm (48, f,m); % Design FIR filterwith 49 coefficients

(a) Modify the symmetric block FIR filter assembly program to implement this symmetric
filter with odd-numbered order.

(b) Write a fixed-point C program to implement this block FIR filter using only the first 25
coefficients.

3.5.4 Optimization Using Dual-MAC Architecture

The efficiency of FIR filtering can be improved by using the dual-MAC architecture of the
C55xx. Two output samples y(n) and y(n+ 1) can be computed in one clock cycle by
performing two MAC operations in parallel, see Appendix C for details.

There are three issues to be considered when applying dual-MAC architecture. First, the
length of the signal buffer must be increased by one to accommodate an extra memory
location required for computing two output signals in parallel. Second, the implementation of
the FIR filter using dual MAC requires three memory reads (two signal samples and one filter
coefficient) simultaneously. To avoid memory bus contention, the signal buffer and the
coefficient buffer must be placed in different memory blocks. Finally, since the dual-MAC
computation results are kept in two accumulators, two memory stores are needed to save both
output samples. Dual-memory store instructions can be used to save both samples from
accumulators to the data memory in one cycle. However, the dual-memory store instruction
requires the data to be aligned on an even-word (32-bit) boundary. This alignment can be set
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Table 3.5 File listing for the experiment Exp3.4

Files Description
dualMacFirTest.c Program for testing dual-MAC FIR filter
dualMacFir.asm Assembly routine of dual-MAC FIR filter
dualMacFir.h C header file

dualMacFirCoef.h FIR filter coefficients file
tistdtypes.h Standard type define header file
c5505.cmd Linker command file

input.pcm Input data file

using the DATA_SECTION pragma and DATA_ALIGN pragma directives to tell the linker
where to place the output data samples.

The C55xx assembly implementation of the FIR filter using dual MAC needs (order/2) + 5

clock cycles to process each input signal. Thus, the 48-tap FIR filter needs 29 cycles to
generate one output sample excluding the overhead. This experiment uses the same bandpass
FIR filter and input signal file as the previous experiments. The files used for the experiment
are listed in Table 3.5.

—_

Procedures of the experiment are listed as follows:

. Import the CCS project from the companion software package and rebuild the project.
. Load and run the program using the input data file input.pcm provided in the data

folder.

. Use MATLAB™ or CCS to validate the experiment result by showing the 800 and 3300 Hz

sinusoidal components are attenuated. Compare the experiment output signal to the results
obtained from previous experiments. Is there any difference resulting from the dual-MAC
operations?

. Profile the dual-MAC FIR filter implementation and compare its efficiency to the results

from fixed-point C implementation, assembly implementation, and symmetric FIR filter
implementation in the previous experiments.

. Design a lowpass FIR filter with 24 coefficients using the FDATool. The filter specifica-

tions are:

Sampling frequency F;= 8000 Hz,
Passband cutoff frequency F,s = 1000 Hz,
Stopband cutoff frequency F,, = 1200 Hz,
Passband ripple A, =1dB,

Stopband attenuation Ay, =50 dB.

Use this new lowpass filter for the FIR filtering experiment. Compare the output and input
signals in both the time domain and frequency domain. Does the filter result meet the filter
specifications?

. Use the FDATool to redesign the FIR lowpass filter that meets the filter specifications given

in step 5. What will be the filter order? Redo the experiment and compare the result to
step 5.
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Table 3.6 File listing for the experiment Exp3.5

Files Description
realtimeFIRTest.c Program for real-time FIR filtering
dualMacFir.asm Assembly routine for dual-MAC implementation of FIR filter
firFilter.c FIR filter initialization and control
vector.asm Vector table for real-time experiment
dualMacFir.h C header file

dualMacFirCoef.h FIR filter coefficients file
tistdtypes.h Standard type define header file
dma.h Header file for DMA functions
dmaBuff.h Header file for DMA data buffer
i2s.h i2s header file for i2s functions
Ipva200.inc C5505 processor include file
myC55xUtil.lib BIOS audio library

c5505.cmd Linker command file

3.5.5 Real-Time FIR Filtering

In this experiment, the audio loopback experiment presented in Chapter 1 is modified for real-
time FIR filtering. Instead of passing the input signal directly to the output for audio loopback,
this experiment applies an FIR filter to the input signal and outputs the filtered signal. The FIR
filter used for the experiment is a lowpass filer with the following specifications:

Sampling frequency F; =48 kHz,
Passband cutoff frequency F,. =2kHz,
Stopband cutoff frequency Fgp =4 kHz,
Passband ripple Ay, =1dB,

Stopband attenuation Ay, =60 dB.

The sampling rate of the C5505 eZdsp is set at 48 000 Hz. The files used for the experiment
are listed in Table 3.6.
Procedures of the experiment are listed as follows:

—

. Import the CCS project from the companion software package and rebuild the project.

2. Connect a headphone to the eZdsp audio output jack, and connect an audio source to the
eZdsp audio input jack. Load and run the program.

3. Listen to the audio playback to verify that the frequency components higher than 2000 Hz
are attenuated by the lowpass filter with a cutoff frequency of 2000 Hz.

4. Use MATLAB™ to plot the magnitude response of the lowpass FIR filter with the filter
coefficients dualMacFirCoef [] in the header file dualMacFirCoef.h. Compare the
obtained passband ripple and stopband attenuation to the filter specifications.

5. Design an antisymmetric bandpass filter using the following MATLAB® script:

00.030.10.90.971]; $Define frequency band edges
00110077 % Define desiredmagnitude response

f=[
m=[
b=firpm (47, £, m, ‘h’); % 48-tapantisymmetric FIR filter
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(a) Examine the filter characteristics including the bandwidth, edge frequencies, stopband
attenuation, and the passband ripples.

(b) Either modify the symmetric block FIR assembly program for the antisymmetric FIR
filter implementation.

(c) Or write a fixed-point C program to implement this antisymmetric FIR filter. Use only
24 filter coefficients for the antisymmetric FIR filter.

Set the sampling frequency of eZdsp to 8000 Hz and redo the experiment using this filter. Pay
attention to the overflow problem. Evaluate the experimental results by listening to the
original and filtered signals.

3.5.6 Decimation Using C and Assembly Programs

This experiment implements a two-stage decimator with 2:1 and 3:1 decimation ratios using
two FIR filters. This decimation experiment uses the input, output, and temporary buffers. The
input buffer size equals the output frame size multiplied by the decimation factor. For
example, when the frame size is 96, the 48 000 to 8000 Hz decimation requires an input buffer
with a size of 576 (96%6) where 6 is the decimation factor. The temporary buffer size is
the input buffer size divided by the first decimation factor (which is 2 in this experiment).
Table 3.7 lists the files used for the experiment.
Procedures of the experiment are listed as follows:

. Import the CCS project from the companion software package and rebuild the project.
. Load and run the program to generate the decimation output using the input data file
tonelk_48000.pcm provided in the data folder.

3. Use MATLAB™ to plot the magnitude spectrum of decimation output to verify that it is a
1000 Hz tone at 8000 Hz sampling frequency. Play the decimation output signal and listen to it.

4. Profile the runtime efficiency of the assembly function for the decimation filter. Rewrite
this function using the fixed-point C program. Repeat the experiment and compare its
efficiency to the assembly implementation.

5. Design a 3:1 decimator. Modify the experiment to decimate the tone from the sampling rate
of 48000Hz to 16 000 Hz and verify the decimation result.

6. Can the filter coefficients given in coef24to8.h be used to decimate the tone sampled at

48000 to 16 000 Hz when the sampling rate of the eZdsp is set at 48 000 Hz? Why?

N =

Table 3.7 File listing for the experiment Exp3.6

Files Description
decimationTest.c Program for testing decimation experiment
decimate.asm Assembly routine of decimation filter
decimation.h C header file

coef48to24.h FIR filter coefficients for 2:1 decimation
coef24to8.h FIR filter coefficients for 3:1 decimation
tistdtypes.h Standard type define header file
c5505.cmd Linker command file

tonelk_48000.pcm Data file — 1 kHz tone at 48 kHz sampling rate
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Table 3.8 File listing for the experiment Exp3.7

Files Description
interpolateTest.c Program for testing interpolation experiment
interpolate.c C function for interpolation filter
interpolation.h C header file

coef8tol6.h FIR filter coefficients for 1:2 interpolation
coefl6to48.h FIR filter coefficients for 1:3 interpolation
tistdtypes.h Standard type define header file
c5505.cmd Linker command file

tonelk_8000.pcm Data file — 1 kHz tone at 8 kHz sampling rate

3.5.7 Interpolation Using Fixed-Point C

This experiment implements a two-stage interpolator with interpolation factors 2 and 3 to

change the sampling rate of the input signal from 8000 to 48 000 Hz. Two interpolation filters are

implemented using the fixed-point C program that mimics the circular addressing mode. The

circular buffer index is index. The coefficient array is h [ 1, and the signal bufferis w [ ]. Since it

is not necessary to filter the inserted zero data samples, the coefficient array pointer uses an index

offset equal to the interpolation factor. Table 3.8 lists the files used for the experiment.
Procedures of the experiment are listed as follows:

—

. Import the CCS project from the companion software package and rebuild the project.

2. Load and run the program to generate the interpolation output using the input data file
tonelk_8000.pcm provided in the data folder.

3. Verify the output signal is a 1000 Hz tone sampled at 48 000 Hz by counting the number of
samples in each cycle. (Hint: a 1000 Hz sine wave at 8000 Hz sampling rate contains eight
samples per cycle.)

4. Design a 1:4 interpolator using MATLAB™. Modify the experiment to interpolate the tone
from the sampling rate of 8000 Hz to 32 000 Hz. Verify the interpolation result by plotting
the magnitude spectrum of the output signal using MATLAB™ or CCS.

5. Use an assembly routine to implement the FIR filter for interpolation. (Hint: the key

difference between the assembly block FIR filter function blockFir.asm in Exp3.2 and

the interpolation FIR filter interpolate.c is the indexing of the interpolator filter
coefficient.) Redo the experiment using the assembly filter function. Verify the result using

MATLAB. Profile and compare the efficiency improvement achieved by using the

assembly function over the C function.

3.5.8 Sampling Rate Conversion

In this experiment, the sampling rate is converted from 48 000 to 32 000 Hz. To achieve this
goal, the signal is first interpolated from 48 000 to 96 000 Hz using a 1:2 interpolator, and then
the intermediate result is decimated to 32 000 Hz using a 3:1 decimator. Figure 3.21 illustrates
the procedures of sampling rate conversion from 48 000 to 32 000 Hz. The input signal file is
dual-tone multi-frequency (DTMF) tones representing “digit 5,” which contains two sinusoids
at frequencies 770 and 1336 Hz. The files used for the experiment are listed in Table 3.9.
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T2 = l3

w3 q ——>»
> Interpolate by 2 "| Lowpass filter ”| Decimation by 3

48 kHz 96 kHz 32 kHz 32 kHz

Figure 3.21 Flow diagram of sampling rate conversion

Procedures of the experiment are listed as follows:

. Import the CCS project from the companion software package and rebuild the project.
. Load and run the program to generate the output data file using the input data file

DTMF5s_48KHz . pcm provided in the data folder.

. Use MATLAB® or CCS to plot the magnitude spectrum of the output signal and verify that

the sample rate conversion results in the right frequencies of two tones.

. Use MATLAB™ for sampling rate conversion to convert a CD music file from 44 100 Hz

sampling rate to 48 000 Hz (Hint: refer to Example 3.20.) Verify the design and convert this
MATLAB™ experiment to a C5505 eZdsp experiment.

3.5.9 Real-Time Sampling Rate Conversion

This experiment uses the C5505 eZdsp to digitize an analog signal for real-time sampling rate
conversion. The conversion is only applied to the left channel of the signal while passing the
right-channel signal without processing for comparison purposes. The two-stage interpolation
for up-sampling from 8000 to 48 000 Hz and the two-stage decimation down-sampling from
48000 to 8000 Hz are used in the experiment. The files used for the experiment are listed in
Table 3.10.

Procedures of the experiment are listed as follows:

. Import the CCS project from the companion software package and rebuild the project.
. Connect a headphone to the eZdsp audio output jack and an audio source to the eZdsp

audio input jack. Load and run the program.

. Listen to the eZdsp audio output to evaluate the sampling rate conversion result by

comparing the left- and right-channel output audio signals.

Table 3.9 File listing for the experiment Exp3.8

Files Description

srcTest.c Program for testing sampling rate conversion
interpolate.c C function for interpolation filter
decimate.asm Assembly routine for decimation filter
interpolation.h C header file for interpolation
decimation.h C header file for decimation
coef48to96.h FIR filter coefficients for 1:2 interpolation
coef96to32.h FIR filter coefficients for 3:1 decimation
tistdtypes.h Standard type define header file

c5505.cmd Linker command file

DTMF5s_48KHz .pcm Data file - DTMF tone “digit 5 at 48§ kHz
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Table 3.10 File listing for the experiment Exp3.9

Files Description
realtimeSRCTest.c Program for testing sampling rate conversion
rtSRC.c Sampling rate conversion function
interpolate.c C function for interpolation filter
decimate.asm Assembly routine for decimation filter
vector.asm Vector table for real-time experiment
interpolation.h C header file for interpolation
decimation.h C header file for decimation
coef8tol6.h FIR filter coefficients for 1:2 interpolation
coefl6tod8.h FIR filter coefficients for 1:3 interpolation
coef48to24.h FIR filter coefticients for 2:1 decimation
coef24to8.h FIR filter coefficients for 3:1 decimation
tistdtypes.h Standard type define header file

dma.h Header file for DMA functions
dmaBuff.h Header file for DMA data buffer

i2s.h i2s header file for i2s functions
Ipva200.inc C5505 processor include file
myC55xUtil.lib BIOS audio library

c5505.cmd Linker command file

4. Design a decimation filter for 48 000 Hz to 24 000 Hz conversion and an interpolation filter
for up-sampling 24 000 Hz to 48 000 Hz. Modify the program to use these new filters for
real-time sampling rate conversion based on the same mechanism, that is, the left channel
for the sample rate conversion signal and the right channel for the pass-through signal. The
sampling rate of the eZdsp is set at 48 000 Hz. Compare the experimental results. Is there
any noticeable artifact?

Exercises

3.1. Consider the two-point moving-average filter given in Example 3.1. Compute the 3 dB
bandwidth of this filter for a sampling rate of 8 kHz.

3.2. Consider the FIR filter with the impulse response h(n) = {1, 1, 1}. Calculate the
magnitude and phase responses, and verify that the filter has linear phase.

3.3. Consider the comb filter given in Example 3.2 with a sampling rate of 8 kHz. A
periodic signal with fundamental frequency 500 Hz and harmonics at 1, 1.5, . . .,
3.5kHz is filtered by this comb filter. Which harmonics will be attenuated? Why?

3.4. Use the graphical interpretation of linear convolution given in Figure 3.6 to compute the
linear convolution of h(n) = {1, 2, 1} and x(n) defined as follows:
(@ x(n={1, —1,2, 1}.
(b) x(n)={1, 2, =2, =2, 2}.
() x(m)={1, 3, 1}.
Verify the results using MATLAB™.
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3.5.

3.6.

3.7.

3.8.

3.9.

3.10.

3.11.

3.12.

3.13.

The comb filter can also be described as

y(n) = x(n) + x(n — L).
Find the transfer function and zeros. Also, compute the magnitude response of this filter
using MATLAB™ and compare the results to Figure 3.3 (assume L = 8).

Assuming A(n) has the symmetry property h(n) =h(—n) for n=0, 1, . .., M, verify
that H(w) can be expressed as

H(w) = h(0) + XM:Zh(n)cos(wn).

The simplest digital approximation of a continuous-time differentiator is the first-order
operation defined as

y(n) = = [(n) = x(n = 1)].

1
T

Find the transfer function H(z), the magnitude response, and the phase response of the
differentiator. Verify the computed results using the frequency response plots in
MATLAB™.

Redraw the signal-flow diagram of the symmetric FIR filter shown in Figure 3.5 and
modify (3.22) and (3.23) for the case when L is an odd number.

Consider FIR filters with the following impulse responses:
(a) h(n): {_49 19 _19 _2’ 53 O’ _5’ 2, 1’ _la 4}
(b) h(n): {_4’ 17 _19 _23 59 63 59 _2, _1, 15 _4}~

Use MATLAB™ to plot the magnitude responses, phase responses, and locations of
zeros for both filters.

Sketch the pole-zero diagram and the magnitude response of the lowpass filter

) - 1 (75)

for L =8, verify the result using MATLAB™, and compare the result to Figure 3.3.

Use Examples 3.5 and 3.6 to design and plot the magnitude response of a linear phase
FIR highpass filter with cutoff frequency w, = 0.6 by truncating the impulse response
of the ideal highpass filter to length L =2M =1 for M =32 and 64. Verify the results
using MATLAB™.

Repeat Problem 3.11 using Hamming and Blackman window functions. Show that the
undesired oscillatory behavior can be reduced using the windowed Fourier series
method.

Design a bandpass filter

I, 1.6kHz <f <2kHz
0, otherwise

i) = {
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3.14.

3.15.

3.16.

3.17.

3.18.

3.19.

3.20.

3.21.

3.22.

3.23.

with a sampling rate of 8kHz and a duration of impulse response of 50 ms
using the Fourier series method with different window functions, and verify
the result using the MATLAB®™ function firl. Plot the magnitude and phase
responses.

Repeat Problem 3.13 using the FDATool with different design methods, and compare
the results to Problem 3.13.

Redo Example 3.13, quantize the designed filter coefficients using the fixed-point Q15
format, and save the coefficients in a C header file. Write a floating-point C program to
implement this FIR filter and test the result by comparing both input and output signals
in terms of time-domain waveforms and frequency-domain spectra. Also, implement
this filter using MATLAB®, and compare the output signal to the floating-point C
program output.

Redo Problem 3.15 using the fixed-point (16-bit) C program and plot the error signal
(difference) by subtracting the fixed-point C output from the previous floating-point C
program to evaluate numerical errors.

Redo Example 3.13 with different edge frequencies and ripples using the FDATool, and
summarize their relationship with the required filter orders. Also, quantize the designed
filters using fixed-point arithmetic with coefficient wordlength of 8, 12, and 16 bits.

List the window functions supported by the MATLAB®™ Wintool. Also, use this tool to
study the Kaiser window with different values of L and 8 and compare the results to the
popular Hamming window using the same L.

Write MATLAB® and C programs to implements a comb filter with L=28. The
program must have the input/output capability. Also, generate a sinusoidal signal that
contains frequencies w; = /4 and w, = 37/8. Test the filter using this sinusoidal
signal as the input signal. Explain the results based on the distribution of the zeros of the
filter and the associate magnitude response.

Given the speech file TIMIT_4.ASC (sampling rate 16 kHz) in the companion software
package, decimate it to a sampling rate of 8, 4, 2, and 1 kHz. Use the MATLAB®
function soundsc to examine different signal bandwidths by listening to the decimated
signals.

Use the sampling rate conversion techniques presented in this chapter to convert the
sampling rate of speech file TIMIT_4.ASC to 12, 5, and 3 kHz.

Given the speech file TIMIT_4.Asc, decimate it to a sampling rate of 1kHz, and
interpolate it back to 16 kHz. Listen to the output speech and compare the quality to the
original signal. Observe, and explain, the differences.

Given the speech file TIMIT_4.ASC, interpolate it to a sampling rate of 48 kHz,
and decimate it back to 16kHz. Listen to the output speech and compare the
quality to the output signal obtained by Problem 3.22. Observe, and explain,
the differences.
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4

Design and Implementation
of IIR Filters

This chapter presents the theory, design, analysis, realization, and application of digital IIR
filters [1-12]. We use experiments to demonstrate the implementation and applications of IIR
filters in different forms using fixed-point processors.

4.1 Introduction

Design of a digital IIR filter usually begins with designing an analog filter and applying a
mapping technique to transform the analog filter from the s-plane into the z-plane. Therefore,
this section briefly reviews the related principles of Laplace transforms, analog filters,
mapping properties, and frequency transformation.

4.1.1 Analog Systems

Given a causal continuous-time function, that is, x(#) =0 for # <0, the Laplace transform is
defined as

X(s) = / x(t)e ™ db, @.1)
where s is a complex variable defined as

s=o0+jQ, 4.2)

and o is a real number. The inverse Laplace transform is expressed as

0= [ xera @3)

x(t) = — X(s)e™ ds. .
27TJ o—joo

The integral is evaluated along the straight line o + j{) on the complex plane from () = —co

to () = oco.

Real-Time Digital Signal Processing: Fundamentals, Implementations and Applications, Third Edition.
Sen M. Kuo, Bob H. Lee and Wenshun Tian.
© 2013 John Wiley & Sons, Ltd. Published 2013 by John Wiley & Sons, Ltd.



Design and Implementation of IIR Filters 149

Equation (4.2) defines the complex s-plane with real axis o and imaginary axis j{. When
o =0, the values of s are on the j{ axis, that is, s = j{), and (4.1) becomes

X6)o = [ " (e ar = x(Q), (4.4)

oo

which is the Fourier transform of the signal x(7). Therefore, given a function X(s), we can
evaluate its frequency characteristics by substituting s = j{} if the region of convergence of the
Laplace transform includes the imaginary axis j{).

If x(7) is the input signal to the linear time-invariant (LTI) system with impulse response
h(t), the output signal y(f) can be computed as

y(t) = x(2) * h(t) = h(t) * x(¢)
_ /_ " (D)t — 7)dr = / " h(el — 1), *>

o —00

where * denotes linear convolution. Linear convolution in the time domain is equivalent to
multiplication in the Laplace (or frequency) domain, expressed as

Y(s) = H(s)X(s), (4.6)

where Y(s), X(s), and H(s) are the Laplace transforms of y(f), x(f), and h(¢), respectively.
The transfer function of an LTI system is defined as
Y(s) [~
H(s) = = h(t)e™ dt. 4.7
O =z = e @)
The general form of the system transfer function can be expressed by the following rational
function:

L-1
bz
S Lk i /S L 5" _ M) (4.8)
' ap+ais+ -+ aysM M D(s) '
D amz "
m=0

The roots of numerator N(s) are the zeros of H(s), the roots Qf denominator D(s) are the poles
of the system, and the order of the system is M. MATLAB® provides the function fregs to
compute the frequency response of analog system H(s).

Example 4.1

The causal signal x(¢) = e >u(t) is applied to an LTI system, and the output of the system
is y(t) = (e +e 2 — e ¥)u(t). Compute the system transfer function H(s) and the
impulse response h(f).

From (4.1), we have
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Similarly, we have

1 1 1 s+ 6s+7

Y(S):s+1+s+2_s+3:(s+1)(s+2)(s+3)'

From (4.7), we obtain the transfer function

Y(s) s*+6s+7 1 1
H(s) = = =14+— .
(5) X(s)  (s+1)(s+3) tri T3

Taking the inverse Laplace transform of the above H(s) term by term, we get the impulse
response as

The stability condition of an analog system can be analyzed by its impulse response A(t) or
its transfer function H(s). A system is stable if

lim (1) = 0. 4.9)

This condition requires that all the poles must lie in the left half of the s-plane, that is, o < 0. If
lim,_.,h(t) — oo, the system is unstable. This is equivalent to the system having one or more
poles located in the right half of the s-plane, or having multiple-order (repeated) pole(s) on the
jQ axis. Therefore, we can evaluate the stability of an analog system from its impulse response
h(?), or, more efficiently, from the pole locations of transfer function H(s).

4.1.2 Mapping Properties

The z-transform can be obtained from the Laplace transform by the change of variable
z=c¢e'T. (4.10)

This relationship represents the mapping of a region in the s-plane to the z-plane because both
s and z are complex variables. Since s = o + j{), we have

z=¢e"T e = |z, 4.11)
where the magnitude is
2| = 7" (4.12)
and the angle is
w=QT. (4.13)

When o =0 (the j{) axis on the s-plane), the amplitude given in (4.12) is |z| = I (the unit
circle on the z-plane), and (4.11) is simplified to z = ¢/?”. It is apparent that the portion of the
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7
Re[z]

7
/6<O/ >0
Do)

-zlT w=37rl2

s-plane z-plane

Figure 4.1 Mapping properties between the s-plane and the z-plane

jQ axis between ) = —7r/T and ) = 7/ T on the s-plane is mapped onto the unit circle on the
z-plane from —x to 7 as illustrated in Figure 4.1. As ) increases from 7/T to 37/T, this
results in another counterclockwise encirclement of the unit circle. Thus, as () varies from 0 to
o0, there are infinite numbers of encirclements of the unit circle on the z-plane in the
counterclockwise direction. Similarly, there are infinite numbers of encirclements of the unit
circle in the clockwise direction as () varies from 0 to —oc.

From (4.12), |z] < 1 when o < 0. Thus, each strip of width 27/T in the left half of the s-plane
is mapped inside the unit circle. This mapping occurs in the form of concentric circles in the
z-plane as o varies from 0 to —oo. Equation (4.12) also implies that |z| > 1 if 0 > 0. Thus, each
strip of width 27/T in the right half of the s-plane is mapped outside the unit circle. This
mapping also occurs in concentric circles in the z-plane as o varies from 0 to co.

In conclusion, the mapping from the s-plane to the z-plane is not a one-to-one function since
infinite points on the s-plane are mapped to a single point on the z-plane. This issue will be
discussed later in Section 4.2 when we design a digital IIR filter H(z) by transforming from an
analog filter H(s).

4.1.3 Characteristics of Analog Filters

The ideal lowpass filter prototype is obtained by finding a polynomial approximation to the
squared magnitude |H () 2, and then converting this polynomial into a rational function. The
approximations of the ideal prototype will be discussed briefly, based on Butterworth filters,
Chebyshev type I and type II filters, elliptic filters, and Bessel filters.

The Butterworth lowpass filter is an all-pole approximation to the ideal filter, which is
characterized by the squared magnitude response

1
HQ) =———7, 4.14
|H(Q))| )" (4.14)

where L is the order of the filter, which determines how closely the Butterworth filter
approximates the ideal filter. Equation (4.14) shows that |H(0)| = 1 and |H(€Q,)| = 1/V2
(or 20 logjo|H(Qp)| = —3 dB) for all values of L. Thus, (), is called the 3 dB cutoff frequency.
The magnitude response of a typical Butterworth lowpass filter decreases monotonically in
both the passband and stopband as illustrated in Figure 4.2. The Butterworth filter has a flat
magnitude response over the passband and stopband, hence is often referred to as the
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[H(Q)]
1 A

> Q)

Q, Q

Figure 4.2 Magnitude response of Butterworth lowpass filter

“maximally flat” filter. This flat passband is achieved at the expense of slow roll-off in the
transition band from €1 to ().

Although the Butterworth filter is easy to design, the rate of its magnitude response
decreases is slow in the frequency range ) > (), for small L. We can improve the speed of
roll-off by increasing the filter order L. Therefore, for achieving a desired transition band, the
Butterworth filter order is often higher than the order of other types of filters.

The Chebyshev filter has a steeper roll-off near the cutoff frequency than the Butterworth filter
by allowing a certain number of ripples in either the passband or stopband. There are two types of
Chebyshev filters. Type I Chebyshev filters are all-pole filters that exhibit equiripple behavior in
the passband and monotonic characteristic in the stopband, see the top plot of Figure 4.3. Type 11
Chebyshev filters contain both poles and zeros, and exhibit monotonic behavior in the passband
and equiripple behavior in the stopband, as shown in the bottom plot of Figure 4.3. In general, a
Chebysheyv filter can meet the given specifications with fewer poles than the corresponding
Butterworth filter and can improve the roll-off rate; however, it has a poorer phase response.

[H(€)|

1- 3

Qp Qs

Figure 4.3 Magnitude responses of Chebyshev type I (top) and type II lowpass filters
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Figure 4.4 Magnitude response of elliptic lowpass filter

The sharpest transition from passband to stopband for the given 8, ds, and L can be
achieved using the elliptic filter design. As shown in Figure 4.4, elliptic filters exhibit
equiripple behavior in both the passband and stopband. However, the phase response of an
elliptic filter is extremely nonlinear in the passband, especially near the cutoff frequency.
Therefore, elliptic filters are only used for applications in which the phase is not an
important design parameter.

In summary, the Butterworth filter has monotonic magnitude response at both the passband
and stopband with slow roll-off. By allowing ripples in the passband for the type I and in the
stopband for the type II, a Chebysheyv filter can achieve sharper roll-off with the same number
of poles. The elliptic filter has an even sharper roll-off than a Chebyshev filter of the same
order, but it comes with passband and stopband ripples. The design of these filters strives to
achieve the desired magnitude response with trade-offs in phase response and roll-off rate. In
addition, the Bessel filter is an all-pole filter that approximate linear phase in the sense of
maximally flat group delay in the passband. However, the steepness of roll-off must be
sacrificed in the transition band.

4.1.4 Frequency Transforms

We have discussed the design of prototype lowpass filters with cutoff frequency (,,. Although
the same process can be applied to design highpass, bandpass, and bandstop filters, it is easier
to obtain these filters by applying a frequency transformation method to the lowpass filters. In
addition, most classical filter design techniques generate lowpass filters only.

A highpass filter Hp,(s) can be obtained from the lowpass filter H(s) by

1
Hip(s) = H(s)|;2y )5 = H<;) (4.15)

For example, we have the Butterworth lowpass filter H(s) = 1/(s 4+ 1) for L= 1. From (4.15),
we obtain the highpass filter as

1
s+1

S
= . 4.16
s=1/s s+1 ( )

th(s) =

This example shows that the highpass filter Hy,(s) has an identical pole to the lowpass
prototype, but with an additional zero at the origin.
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A bandpass filter can be obtained from the lowpass prototype by replacing s with
(s + Q) /BW. That is,

Hup(s) = H(s)|,_ (2402 mw> 4.17)

where (), is the center frequency of the bandpass filter defined as

Q= Vs, (4.18)

where (), and (), are the lower and upper cutoff frequencies, respectively. The filter
bandwidth BW is defined as

BW = Q, — Q,. 4.19)
For example, based on a Butterworth lowpass filter with L =1, we have

1 BWs

s=(24+02)Bw  8*+BWs+ Q)

pr (9) =

Thus, we can obtain a bandpass filter of order 2L from a lowpass filter of order L.
Finally, a bandstop filter can be obtained from the corresponding highpass filter using the
following transformation:

Hus(5) = Hip(9)| (2 2 /mws- @.21)

4.2 Design of IIR Filters
As defined in (2.38), the transfer function of the digital IIR filter is

L—1
Z blzil
H(z)=———— (4.22)
1 + Z amz_m

m=1

This IIR filter can be realized by the following difference equation:

~

M
Y) = bix(n—1) = any(n—m). (4.23)
l§ m=1

Il
=}

The digital filter design problem is to determine the coefficients b; and a,, so that H(z) satisfies
the given specifications.

The purpose of designing a digital IR filter is to determine the transfer function H(z) which
approximates the prototype analog filter H(s). Two methods can be used to map the analog
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filter to the equivalent digital filter: the impulse-invariant method and the bilinear transform.
The impulse-invariant method preserves the impulse response of the original analog filter by
sampling its impulse response, but has inherent aliasing problems as discussed in Chapter 2.
The bilinear transform can preserve the magnitude response characteristics of the analog
filters, and thus is better for designing frequency-selective IIR filters. Detailed descriptions of
using the bilinear transform method for digital IIR filter design are presented in the following
sections.

4.2.1 Bilinear Transform

The procedure for designing digital filters using a bilinear transform is illustrated in
Figure 4.5. This method first maps the digital filter specifications to the equivalent analog
filter specifications. Then, the analog filter is designed according to the analog filter
specifications. Finally, the desired digital filter is obtained by mapping the analog filter
using the bilinear transform.

The bilinear transform is defined as

2(z—1\ 2(1-7"
=— =— . 4.24
’ T(z+l> T<1+z1> 424
Because both the numerator and denominator are ljnear functions of z, (4.24) is known as the
bilinear transform. Substituting s = j{) and z = &' into (4.24), we obtain

o2 (e -1
o=z (aw - 1). (4.25)

The corresponding mapping of frequencies is obtained as

2 w
Q= —tan(—) 426
75 ) (4.26)
or equivalently,
L [or
w = 2tan > ) 4.27)
Bilinear
Digital filter transform Analog filter
specifications| w—Q specifications
Analog filter
design
Bilinear
Digital filter transform | Analog filter
H(2) w—Q H(s)

Figure 4.5 Digital IIR filter design using the bilinear transform
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QT

Figure 4.6 Frequency warping of bilinear transform defined by (4.27)

These equations show that the entire j{) axis is compressed into the interval [—7 /T, 7 /T)|
for w in a one-to-one manner. The portion of 0 — oo in the s-plane is mapped onto the 0 — 7
portion of the unit circle, while the 0 — —oo portion in the s-plane is mapped onto the 0 — —x
portion of the unit circle. Each point in the s-plane is uniquely mapped onto the z-plane.

The relationship between the frequency variables ) and w is illustrated in Figure 4.6. The
bilinear transform provides a one-to-one mapping of the points along the j{) axis onto the unit
circle, or onto the Nyquist band |w| < 7. However, the mapping is highly nonlinear. The point
Q) =0 is mapped to w = 0 (or z=1), and the point {) = oo is mapped to w = 7 (or z=—1).
The entire band of QT > 1 is compressed into the region 7/2 < w < 7. This frequency
compression effect is known as frequency warping, and must be taken into consideration for
digital filter design using the bilinear transform. The effective solution is to pre-warp the
critical frequencies according to (4.26).

4.2.2 Filter Design Using the Bilinear Transform

The bilinear transform of an analog filter H(s) can be completed by replacing s with z using
(4.24). The filter specifications are given in terms of the critical frequencies of the digital filter.
For example, the critical frequency w for a lowpass filter is the bandwidth of the filter. The
three steps for IIR filter design using the bilinear transform are summarized as follows:

1. Pre-warp the critical frequency w. of the digital filter using (4.26) to obtain the
corresponding analog filter’s frequency ().
2. Scale the analog filter H(s) with (). to obtain the scaled transfer function as follows:

s
) = HO) o, = () @28)
3. Replace s using (4.24) to obtain desired digital filter H(z). That is,

H(z) = f](s) |s:2(zfl)/(z+l)T‘ (4.29)



Design and Implementation of IIR Filters 157

Example 4.2

Use the simple analog lowpass filter H(s) = 1/(s + 1) and the bilinear transform method
to design a digital lowpass filter with bandwidth 1000 Hz and sampling frequency 8000 Hz.

The critical frequency of the lowpass filter is the bandwidth, which can be computed as
w. = 27(1000/8000) = 0.257, and the sampling period is 7= 1/8000 seconds.

Step 1: Pre-warp the critical frequency from digital to analog as

2 2 0.8284
Q. = —tan(&) = —tan(0.1257) = ——.
T 2 T T

Step 2: Use frequency scaling to obtain

N 0.8284
H(s) = H(S)|s:.v/(0.8284/T) = sT +0.8284"

Step 3: Use the bilinear transform defined in (4.29) to obtain the desired transfer function

1+z7!

H(z) = H($)lsmae-ny/ernr = 02929 T4 aam 1

MATLAB® provides the impinvar and bilinear functions [13,14] to support the
impulse-invariant and bilinear transform methods, respectively. For example, we can perform
the bilinear transform for the given numerator and denominator polynomials as follows:

[NUMd, DENd]=bilinear (NUM, DEN, Fs, Fp) ;

where NUMd and DENd are the numerator and denominator coefficient vectors, respectively,
of the digital filter obtained from the bilinear transform. NUM and DEN are row vectors
containing numerator and denominator coefficients in descending powers of s, respectively,
Fs is the sampling frequency in Hz, and Fp is the pre-warped frequency.

Example 4.3

In order to design a digital IIR filter using the bilinear transform, we first design the analog
prototype filter. The numerator and denominator polynomials of the prototype filter are
then mapped to the polynomials of the digital filter using the bilinear transform. The
following MATLAB®™ script (example4_3.m) designs a Butterworth lowpass filter:

Fs=2000; % Sampling frequency

Wn =300; % Edge frequency

n=4; % Order of analog filter
[b, a] =butter (n, Wn, ‘s’); % Design analog filter

[bz, az] =bilinear (b, a, Fs, Wn) ; % Determine digital filter

freqz (bz, az, 512, Fs); % Display magnitude & phase
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4.3 Realization of IIR Filters

An IIR filter can be realized in different forms or structures. In this section, we discuss direct-
form I, direct-form II, cascade, and parallel IIR filter structures. These realizations are
equivalent mathematically, but they may have different behaviors in practical implementa-
tions due to the finite-wordlength effects.

4.3.1 Direct Forms

The direct-form I realization is defined by the input/output equation given in (4.23). This
filter has (L + M) coefficients and needs (L 4+ M + 1) memory locations to store {x(n —I),
[=0,1,...,L—1}and {y(n—m),m=0, 1, ..., M}. It also requires (L + M) multiplica-
tions and (L + M — 1) additions. The detailed signal-flow diagram for the case of L=M + 1 is
illustrated in Figure 2.11.

Example 4.4

Consider the second-order IIR filter

_ by + b1z + byz?

H(z) = . 4.30
@) 1+az7' +axz? (4.30)

The input/output equation for the direct-form I realization is
y(n) = box(n) + bix(n — 1) + bpx(n — 2) —ayy(n — 1) — apy(n — 2). (4.31)

The signal-flow diagram is illustrated in Figure 4.7.

As shown in Figure 4.7, the IIR filter H(z) can be interpreted as a cascade of two transfer
functions H;(z) and H(z). That is,

H(z) = Hi(2)H(z), (4.32)

Figure 4.7 Direct-form I realization of second-order IIR filter
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x(n) y(n)

w(n-2)

Figure 4.8 Direct-form II realization of second-order IIR filter

where H{(z) = by + b1z ' + byz7? and Hy(z) = 1/(1 + a1z7! + apz~2). Since multiplica-
tion is commutative, (4.32) can be rewritten as H(z) = H,(z)H,(z). Therefore, Figure 4.7 can
be redrawn by exchanging the order of H; (z) and H,(z), and combining two signal buffers into
one (since both buffers have the same signal samples) as illustrated in Figure 4.8. This more
efficient realization of a second-order IIR filter is called the direct-form II (or biquad), which
requires three memory locations as opposed to the six required by the direct-form I shown in
Figure 4.7. Therefore, the direct-form II is also called the canonical form since it needs a
minimum amount of memory.

As shown in Figure 4.8, the direct-form II second-order IIR filter can be implemented as

y(n) = bow(n) + byw(n — 1) + byw(n — 2), (4.33)
where

w(n) =x(n) —ayw(n — 1) — apw(n — 2). (4.34)

This realization can be expanded as in Figure 4.9 to realize the IIR filter defined in (4.22) with
M =L —1 and using the direct-form II structure.

x(n) @ w(n) b0 y(n)

\X‘%E’ﬂbi //

—ay bL 1

w(n—-L-1)

Figure 4.9 Direct-form II realization of general IIR filter, L=M + 1
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4.3.2 Cascade Realizations

By factoring the numerator and denominator polynomials of the transfer function H(z), an IIR
filter can be realized as a cascade of multiple second-order IIR filters when the filter order M is
an even number. Consider the transfer function H(z) given in (4.22), which can be expressed as

H(z) = boH\(2)H2(2) . .. Hy(2) = bo | | Hi(2), (4.35)
k=1

where k is the section index, K (= M/2) is the total number of sections, and Hy(z) is the second-
order filter expressed as

(z—z)z—zk)  1+byz ' +byz?

H,(z) = = )
) (z=pu)z—px) 1H+auz ' +anz?

(4.36)

If the filter order M is an odd number, one of the Hy/(z) is the first-order IIR filter expressed
as

I Uk 1 —|—b1kZ71

Hi(z) = = .
k( ) Z— Dk 1 +apz!

4.37)

The realization of (4.35) in cascade structure is illustrated in Figure 4.10. Note that any pair
of complex-conjugate roots must be grouped into the same section to guarantee that the
coefficients of Hy(z) are all real-valued numbers. Assuming that every Hy(z) is the second-
order IIR filter described by (4.36), the input/output equations describing the cascade
realization are

wi(n) = xx(n) — agwi(n — 1) — aywi(n — 2), (4.38)
yi(n) = wi(n) + buwr(n — 1) + bywi(n — 2), (4.39)
Xer1(n) = yi(n), (4.40)
fork=1,2, ..., K where x,(n) = box(n) and y(n) = yg(n).

It is possible to have many different cascade realizations of the same transfer function H(z)
by different ordering and pairing. Ordering means the order of connecting Hy(z), and pairing
means the grouping of poles and zeros of H(z) to form Hy(z) as shown in (4.36). In theory,
these different cascade realizations are identical; however, they will be different when the
filter is implemented using finite-wordlength hardware. For example, each section will have a
certain amount of roundoff noise, which is propagated to the next section. The total roundoff
noise at the final output will depend on the particular pairing/ordering.

xM) b

Figure 4.10 Cascade realization of digital filter
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In the direct-form II realization shown in Figure 4.9, the variation of one parameter will
affect all the poles of H(z). In the cascade realization, the variation of one parameter in Hy(z)
will only affect the pole(s) in that section. Therefore, the cascade realization is preferred in
practical implementations because it is less sensitive to parameter variation due to quantiza-
tion effects.

Example 4.5
Consider the second-order IIR filter
0.5(z% — 0.36)
H(iz7) =5 —"7—"—"2=.
=2 ron—-0n

By factoring the numerator and denominator polynomials of H(z), we obtain

0.5(1 +0.6z7")(1 — 0.6z7!
() = 2ULEOE U060

(14+0.9z71)(1 —0.8z71)

By different pairings of poles and zeros, there are four possible realizations of H(z) in terms
of using first-order sections. For example, we may choose

_ 1+0.6z7"
140.9z7!

11— 0.6z7!

Hl(Z) and Hz(Z) —T.SZ_].

The IIR filter can be realized by the cascade structure expressed as

H(Z) = OSH] (Z)HQ(Z) = OSHQ(Z)Hl (Z)

4.3.3 Parallel Realizations

The expression of H(z) using a partial-fraction expansion leads to another canonical structure
called the parallel realization, expressed as

H(z) =co+Hi(z) + Ha(z) + - - + Hk(2), (4.41)

where ¢ is a constant, and H(z) is the second-order IIR filter expressed as

box + bz
Hi(z) = , 4.42
(2) 1+auz ! +anz™? (4.42)
or one section is the first-order filter expressed as
Dok
Hi(z) =———— 4.43
k(z) 1 ¥ alkz,l ( )

if the filter order M is an odd number. The realization of (4.41) in a parallel structure is
illustrated in Figure 4.11.
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H.(2)
x(n) y(n)
(w0 | D

Hy (@)

Figure 4.11 Parallel realization of digital IIR filter

Example 4.6

Consider the transfer function H(z) given in Example 4.5, which can be expressed as

, H(z) 05(1+06z)(1-06z") A B C
H'(z) = = —~ == + ,
z z(14+09z71)(1-08z") =z z409 z-08

where

A =zH'(z)|,, =025

B = (z+09)H'(z)|,__go = 0.147

C = (z—0.8)H'(z)|,_o5 = 0.103.
Therefore, we obtain

0.147 0.103
H(z) =025+

1+0%4+1—0&4'

4.3.4 Realization of IIR Filters Using MATLAB®

Realization of IIR filters using the cascade structure involves the factorization of polynomials.
This can be done using the MATLAB® function roots. For example, the statement

r =roots (b);

returns the roots of the numerator vector b in the output vector r. Similarly, we can obtain the
roots of the denominator vector a. The coefficients of each section can be determined by pole—
zero pairings.

The MATLAB™ function t£2zp calculates the zeros, poles, and gain of a given transfer
function. For example, the statement

[Zl 12 C] :tf2zp(bl a);
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will return the zero locations in z, the pole locations in p, and the gain in c. Similarly, the
function

[b, al] =zp2tf(z,p,C);

forms the rational transfer function H(z) given a set of zeros in vector z, a set of poles in
vector p, and a gain in scalar c.

Example 4.7

The zeros, poles, and gain of the system defined in Example 4.5 can be obtained using the
MATLAB® script (example4_7.m) as follows:

b=1[0.5,0, -0.18]; % Numerator
a=1_[1,0.1, -0.7271; % Denominator
[z, p, c] =tf2zp(b,a) $Display zeros, poles, andgain

Running the program, we obtain z =0.6, —0.6, p = —0.9, 0.8, and c =0.5. These results
verify the derivation obtained in Example 4.5.

MATLAB® also provides the useful function zp2sos to convert a zero—pole—gain
representation to the equivalent representation of second-order IIR sections [15]. The function

[sos, G] =zp2sos(z, p, C);

finds the overall gain G and the matrix sos containing the coefficients of every second-order
IIR section determined from its zero—pole—gain form. The matrix sos is the 6 X K matrix
expressed as follows:

bot b by 1 an  ay
b by by 1 ap axn

SOs = , (4.44)

bk bixk b 1 aix ax
where each row k (k=1, 2, . . ., K) represents the kth second-order IIR filter Hy(z), which

contains the numerator and denominator coefficients, by, i=0, 1, 2, and ay, j=1, 2.
The overall transfer function is expressed as

K K 1 2
bor + bz + bz
szG”Hz:GlI , 4.45
© P () o L+ranz™! +ayz™? (549

where G is a scalar which accounts for the overall gain of the system. Similarly, the
MATLAB™ function [sos, G] = tf2sos (b, a) computes the matrix sos and the gain
G from the given numerator and denominator vectors b and a, respectively.
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The parallel realizations discussed in Section 4.3.3 are supported by the MATLAB®
function residuez. This function converts the transfer function expressed in (4.22) to the
partial-fraction expansion (or residue) form expressed in (4.41). The function

[r, p, c] =residuez (b, a);

returns the vectors where r contains the residues, p contains the pole locations, and ¢ contains
the direct terms.

4.4 Design of IIR Filters Using MATLAB®

This section introduces MATLAB® functions that can be used to design IIR filters, realize and

analyze the designed filters, and quantize filter coefficients for fixed-point implementations
[15,16].

4.4.1 Filter Design Using MATLAB®™

MATLAB® provides several functions for designing the Butterworth, Chebyshev type I,
Chebyshev type II, elliptic, and Bessel IIR filters in four different types: lowpass, highpass,
bandpass, and bandstop. In general, the IIR filter design requires two steps. First, compute the
minimum filter order N and the frequency-scaling factor wn from the given specifications.
Second, calculate the filter coefficients using these two parameters. In the first step of IIR filter
design, one of the following MATLAB® functions is used to estimate the filter order:

N, Wn] buttord (Wp, Ws, Rp, Rs)

N, Wn] = cheblord(Wp, Ws, Rp, Rs

Butterworth filter
Chebyshev type I filter
C

E

)i %
N, Wn] = cheb2ord (Wp, Ws, Rp, Rs); %
N, Wn] =ellipord(Wp, Ws, Rp, Rs)

hebyshev type IT filter

[
[
[
[ lliptic filter

The parameters wp and Ws are the normalized passband and stopband edge frequencies,
respectively. The range of Wp and Ws is from 0 to 1, where 1 corresponds to w = worf = f, /2.
The parameters Rp and Rs are the passband ripple and the minimum stopband attenuation
specified in dB, respectively. These four functions return the order N and the frequency-
scaling factor wWn, which are needed for the second step of IIR filter design.

In the second step, the IIR filter design process computes the filter coefficients using N and
wn obtained from the first step. MATLAB® provides the following IIR filter design functions
to calculate the filter coefficients:

[b, a] =butter (N, Wn) ;

[b, a] =chebyl (N, Rp, Wn) ;
[b, a] =cheby2 (N, Rs, Wn) ;
[b, a] =ellip (N, Rp, Rs, Wn) ;

These functions return the filter coefficients in row vectors b (contains numerator coefficients,
b;) and a (contains denominator coefficients, a,,). We can use butter (N,Wn, ‘high’) to
design a highpass filter. If wn is a two-element vector such as wn = [W1 W2], the function
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butter will return a bandpass filter of order 2N with the passband in between w1 and w2, and
butter (N,Wn, ‘stop’) designs a bandstop filter.

Example 4.8

Design a lowpass Butterworth filter with less than 1.0 dB of ripple from 0 to 800 Hz, and at
least 20dB of stopband attenuation from 1600 Hz to the Nyquist frequency 4000 Hz.
The MATLAB®™ script (example4_8.m) for designing the filter is listed as follows:

Wp =800/4000; %
Ws=1600/4000;
Rp=1.0;
Rs=20.0;

Passband frequency
Stopband frequency
Passband ripple
Stopband attenuation

0P oo

oe

oe

[N, Wn] =buttord (Wp, Ws, Rp, Rs) ;
[b, a] =butter (N, Wn) ;
freqgz (b, a, 512, 8000) ; %

First step
Second step
Display frequency response

oe

Instead of using the MATLAB® function freqz to display magnitude and phase
responses, we can use the flexible Filter Visualization Tool (FVTool) to analyze digital
filters. The command

fvtool (b, a)

launches the GUI FVTool and computes the magnitude response of the filter defined by the
numerator and denominator coefficients given in the vectors b and a, respectively.

Example 4.9

Design a bandpass filter with the passband from 100 to 200 Hz and the sampling rate is
1 kHz. The passband ripple is less than 3 dB and the stopband edges are 50 and 250 Hz with
at least 30dB of stopband attenuation.

The MATLAB™ script (example4_9.m) for designing and evaluating this filter is listed
as follows:

oo

Wp=[100 200]/500;
Ws =[50 250]1/500;

Passband frequencies
Stopband frequencies

oe

Rp = 3; % Passband ripple

Rs =30; % Stopband attenuation

[N, Wn] =buttord (Wp, Ws, Rp, Rs); % Estimate filter order

[b, a] =butter (N, Wn) ; % Design Butterworth filter
fvtool (b, a); % Analyze designed IIR filter

From the Analysis menu in the FVTool window, we select the Magnitude and Phase
Responses. The magnitude and phase responses of the designed bandpass filter are shown
in Figure 4.12.
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Magnitude (dB) and Phase Responses
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Figure 4.12 Magnitude and phase responses of bandpass filter

4.4.2 Frequency Transforms Using MATLAB™

The Signal Processing Toolbox provides the functions 1p2hp, 1p2bp, and 1p2bs to convert
the prototype lowpass filters to highpass, bandpass, and bandstop filters, respectively. For
example, the command

[numt, dent] = 1lp2hp (num, den, wo) ;
transforms the prototype lowpass filter to the highpass filter with cutoff frequency wo.

4.4.3 Filter Design and Realization Using the FDATool

In this section, we use the FDATool for designing, realizing, and quantizing IIR filters. To
design an IIR filter, select the radio button next to IIR in the Design Method region on the
GUI. There are seven options (from the pull-down menu) for Lowpass types, and several
different filter design methods for different response types.

Example 4.10

Design a lowpass IIR filter with the following specifications: sampling frequency
fs = 8kHz, passband cutoff frequency w, =2kHz, stopband cutoff frequency
ws = 2.5 kHz, passband ripple A, = 1dB, and stopband attenuation A, = 60 dB.

We can design an elliptic filter by clicking on the radio button next to IIR in the Design
Method region and selecting Elliptic from the pull-down menu. We then enter parameters
in the Frequency Specifications and Magnitude Specifications regions as shown in
Figure 4.13. After pressing the Design Filter button to compute the filter coefficients,
the Filter Specifications region changes to the Magnitude Response (dB) as shown in
Figure 4.13.
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Figure 4.13 Design of an elliptic IIR lowpass filter

We can specify the desired filter order by clicking on the radio button Specify order and
entering the filter order in the text box, or choose the default Minimum order. The order of
the designed filter is 6, which is stated in the Current Filter Information region (top left) as
shown in Figure 4.13. By default, the designed IIR filter is realized by cascading second-order
IIR sections using the direct-form II biquads shown in Figure 4.8. We can change this default
setting from Edit — Convert Structure, the dialog window displayed for selecting different
structures. We can reorder and scale second-order sections by selecting Edit — Reorder and
Scale Second-order Sections.

Once the filter has been designed and verified as shown in Figure 4.13, we can turn on the

quantization mode by clicking on the Set Quantization Parameters button . The bottom

half of the FDATool window will change to a new pane with the Filter arithmetic option,
allowing users to quantize the designed filter and analyze the effects of changing quantization
settings. To enable fixed-point quantization, select Fixed-point from the Filter arithmetic
pull-down menu. See Section 3.2.5 for details of these options and settings.

Example 4.11

Design a quantized bandpass IIR filter for a 16-bit fixed-point digital signal processor with
the following specifications: sampling frequency =8000 Hz, lower stopband cutoff
frequency Fgop1 =1200Hz, lower passband cutoff frequency F,s; = 1400Hz, upper
passband cutoff frequency F,,s» = 1600 Hz, upper stopband cutoff frequency Fy,,o = 1800
Hz, passband ripple = 1 dB, and stopband (both lower and upper) attenuation = 60 dB.
Start the FDATool and enter the required parameters in the Frequency Specifications
and Magnitude Specifications regions, select the elliptic IIR filter type, and click on
Design Filter. The order of the designed filter is 16 with eight second-order sections. Click
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Quantigzed S05 matrix:

1 -1.442626353125 1 1 -0.80755615234375 0.94775390625

1 0.2017822265625 1 1 -0.685546875 0.9462890625

1 -1.11370849609375 1 1 -0.8975830078125 0.98077392578125

1 -0.35791015625 1 1 -0.6136474609375 0.97955322265625
Quantized Scale Factors:

0.09100341796875

0.09100341796875

0.3792724609375

0.3792724609375

Reference S0S5 matrix:

1 -1.4426457356639371 1 1 -0.80758037773723901 0.9477601749661968
1 0.20175861869884926 1 1 -0.68556453894167657 0.94631236163284504
1 -1.1137377328480738 1 1 -0.8975583707515371 0.98080193156894147
1 -0.35788604023451132 1 1 -0.61365277529418827 0.97953908588048008

Reference Scale Factors:
0.090994140334780968
0.090994140334780968
0.37924885680628034
0.37924885680628034

Figure 4.14 Quantized and reference filter coefficients

on the Set Quantization Parameters button, and select the Fixed-point option from the
pull-down menu of Filter arithmetic and use the default settings. After designing and
quantizing the filter, select the Magnitude Response Estimate option on the Analysis
menu to estimate the frequency response of the quantized filter. The magnitude response of
the quantized filter is displayed in the analysis area. We observe that the quantized filter has
a satisfactory magnitude response, primarily because the FDATool implements the IR
filter using a cascade of second-order sections, which is more resistant to coefficient
quantization errors.

We also select Filter Coefficients from the Analysis menu, as display them in Fig-
ure 4.14. It shows both the quantized coefficients (top) and the original coefficients
(bottom) using the double-precision floating-point format.

We can save the designed filter coefficients in a C header file by selecting Generate C
header from the Targets menu. The Generate C Header dialog box appears. For an IR filter,
variable names in the C header file are numerator (NUM), numerator length (NL), denominator
(DEN), denominator length (DL), and number of sections (NS). We can use these default
variable names, or change them to match the names used in the C programs that will include
this header file. Click on Generate and the Generate C Header dialog box will appear. Enter
the filename and click on Save to save the file. The IIR filter coefficients used by the
experiments presented in Section 4.7 are generated by the FDATool.

4.5 Implementation Considerations

This section discusses important considerations for implementing IIR filters, including
stability and finite-wordlength effects.

4.5.1 Stability

The IIR filter is stable if all the poles lie inside the unit circle. That is,

Pl <1, m=1,2,...,M. (4.46)
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In this case, lim,_A(n) = 0. If there is any pole located outside the unit circle, that is,
|| > 1 for any m, the IIR filter is unstable since lim,,_,..h(n) — oo. In addition, the IIR filter
is unstable if H(z) has multiple-order (repeated) pole(s) on the unit circle. However, the IIR
filter is marginally stable (or oscillatory bounded) if the poles on the unit circle are first-order
(non-repeated) poles such that the impulse response

lim h(n) = c, (4.47)

n—o0

where c is a non-zero constant. For example, if H(z) = 1/1 + z~!, there is a first-order pole on
the unit circle at z = —1, and the impulse response oscillates between =+1 since
h(n) = (-1)",n>0.

Example 4.12

Consider an IIR filter with the transfer function
1
o

HE) =15

The impulse response of the system is i(n) = a",n > 0. If |a| < 1, the pole is located
inside the unit circle and lim,_A(n) = lim,_..a" — 0, so this IIR filter is stable. If
|a| > 1, the pole is outside the unit circle and lim,,_,,,a" — 00, so this IIR filter is unstable.
However, if a =1, the pole is on the unit circle and lim,_,,,a" — 1, so this IIR filter is
marginally stable.

In addition, consider a system with the transfer function

where there is a second-order pole at z = 1. The impulse response of the system is i(n) =n,
which is an unstable system since lim,_,,,h(n) — co.

Consider the second-order IIR filter defined by (4.30). The denominator can be factored as
ltaiz ' vaz?=(1-pz ") (1—pz) =1-(p, +p)z ' +piprz 2,
thus
ap=—(p; +p,) and ax =pp,. (4.48)

The poles must lie inside the unit circle for stability, that is, |p;| < 1 and |p,| < 1.

Therefore, we must have

laz| = |pi1py| < 1 (4.49)

for a stable system. The corresponding condition on a; can be derived from the Schur—Cohn
stability test as
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Figure 4.15 Region of coefficient values for the stable second-order IIR filters

lai| < 1+ ay. (4.50)

Stability conditions (4.49) and (4.50) for the second-order IIR filters are illustrated in
Figure 4.15, which shows the resulting stability triangle in the a,—a,-plane. That is, the
second-order IIR filter is stable if and only if the point (a;, a,) defined by the coefficients lies
inside the stability triangle.

4.5.2 Finite-Precision Effects and Solutions

In practical applications, the coefficients obtained from filter design are quantized to a finite
number of bits for implementation. The filter coefficients, b; and a,,, obtained by MATLAB ®
are represented using the double-precision floating-point format. Let ) and @), denote the
quantized values corresponding to b; and a,,, respectively. The transfer function of the
quantized IIR filter is expressed as

L—1

> b
H()=—5—. 4.51)
14+ > dz™

m=1

If the wordlength is not sufficiently large, some undesirable effects may occur. For
example, the magnitude and phase responses of H'(z) may be different from those of the
desired H(z). If the poles of H(z) are close to the unit circle, some poles of H'(z) may
move outside the unit circle after coefficient quantization, resulting in an unstable filter.
These undesired effects are more serious when higher order IIR filters are implemented
using direct-form realizations. The cascade (or parallel) realization is recommended for
implementation of high-order narrowband IIR filters that have closely clustered poles.
Note that the cascade realization is used by MATLAB™ to realize any IIR filter of order
higher than 2.
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Example 4.13

Consider an IIR filter with the transfer function

1

H =
(&) = T 08517 01822

where the poles are located at z = 0.4 and z = 0.45. This filter can be realized in the cascade
structure as H(z) = Hi(z)H»(z), where

1 1

&) = g1 o Hole) =155

If this IIR filter is implemented using 4-bit (a sign bit plus three data bits, see Table 2.2)
fixed-point hardware, 0.85 and 0.18 are quantized to 0.875 and 0.125, respectively.
Therefore, the direct-form realization is described as

1

H'(7) = .
(&) =T 08751 1 0.125:2

The poles of the direct-form H'(z) become z=0.1798 and 0.6952, which are significantly
different from the original 0.4 and 0.45.

For the cascade realization, the coefficients 0.4 and 0.45 are quantized to 0.375 and 0.5,
respectively. Thus, the quantized cascade filter is expressed as

1 1
H// — .
@) (1 - 0.375z1) <1 - o.5z1>

The poles of H"(z) are z=0.375 and 0.5. Therefore, the poles of cascade realization are
closer to the desired H(z) at z=0.4 and 0.45.

Rounding of the 2B-bit product to B bits introduces roundoff noise. The order of the cascade
sections influences the power of roundoff noise at the filter output. In addition, when digital
filters are implemented using fixed-point processors, we have to optimize the signal-to-
quantization-noise ratio. This involves a trade-off with the probability of arithmetic overflow.
The most effective technique in preventing overflow is to use scaling factors at various nodes
within the cascaded filter sections. Optimal performance can be achieved by keeping the
signal level as high as possible at each section without getting overflow.

Example 4.14
Consider the first-order IIR filter with the scaling factor o described by

o

H(z) =—
(@) 1—az !’

where the stability condition requires that |a| < 1. The aim of including the scaling factor

« is to ensure that the values of output y(n) will not exceed one in magnitude. Suppose that
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x(n) is the sinusoidal signal of amplitude less than one at frequency wy; then the amplitude
of the output is determined by the gain |H(w)|. The maximum gain of H(z) is

o

Thus, if the input signals are sinusoidal, a suitable scaling factor is ¢ < 1 — |a].

4.5.3 MATLAB®™ Implementations of IIR Filters

The MATLAB® function f£ilter implements the IIR filter defined by (4.23). The basic
forms of this function are

y=filter (b, a, x);
y=filter (b, a, x, zi);

The first element a (1) of the vector a, that is, the first coefficient ay, must be one. The input
vector is x and the filter output vector is y. At the beginning, the initial conditions (data in the
signal buffers) are set to zero. However, they can be specified by the vector zi to reduce
transient effects.

Example 4.15

A given sine wave (150 Hz) is corrupted by white noise with SNR of 0 dB, and the sampling
rate is 1000 Hz. To enhance the sine wave, we need a bandpass filter with the passband
centered at 150 Hz. Similar to Example 4.9, we design a bandpass filter with the following
MATLAB® script:

Fs=1000; % Sampling rate
Wp=[140160]/(Fs/2);
Ws=[130170]1/(Fs/2);
Rp = 3; Passband ripple

Rs =40; Stopband ripple

[N, Wn] =buttord(Wp, Ws, Rp, Rs); % Calculate filter order
[b, a] =butter (N, Wn) ; % Design IIR filter

oe

Passband edge frequencies
Stopband edge frequencies

e oo

o

We can implement the designed filter to enhance the sinusoidal signal in the vector xn
using the following function:

y=1filter(b, a, xn); $IIR filtering

We plot the input and output signals in the xn and y vectors, which are displayed in
Figure 4.16. The complete MATLAB™ script for this example is given in example4_15.m.

MATLAB® also provides the second-order (biquad) IIR filtering function with the
following syntax:

y=sosfilt(sos,x)
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Figure 4.16 Input (top) and output (bottom) signals of the bandpass filter
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This function applies the input signal in the vector x to the IIR filter H(z) that is realized using
the second-order sections in sos as defined in (4.44).

Example 4.16

In Example 4.15, we designed the bandpass filter and implemented the direct-form IIR
filter using the function filter. In this example, we convert the direct-form filter to the
cascade of second-order sections using the following function:

sos = tf2sos (b,a);

The obtained sos matrix is as follows:

SOS =

N S S S e

We then perform the IIR filtering using the following function:

.0000
.0000
.0000
.0000
.0000
.0000
.0000

.0000
.0084
.0021
.9942
.0052
.9925
.9980

y=sosfilt(sos,xn);

oo r O P Oo

.0000
.0084
.0021
.9942
.0053
.9925
.9981

[ e

.0000
.0000
.0000
.0000
.0000
.0000
.0000

-1.
-1.
-1.
.0519
-1.
-1.
-1.

-1

1077
0702
1569

2092
0581
2563

lcNeoNeoNolNolNole]

The MATLAB™® program for this example is given in exampled_16.m.

.8808
.8900
.8941
.9215
.9268
L9711
.9735
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The Signal Processing Tool (SPTool) helps users to analyze signals, design and analyze
filters, perform filtering, and analyze the spectra of signals. We can open this tool by typing

sptool

in the MATLAB®™ Command Window. There are three windows that can be accessed within
the SPTool:

1. The Signals window is used to analyze the input signals. Signals from the workspace or a
file can be loaded into the SPTool by clicking on File — Import. The Import to SPTool
window allows users to select the data from either a file or the workspace.

2. The Filters window is used to design, analyze, and implement filters. This column uses the
fdatool to design and analyze filters.

3. We can compute the spectrum by selecting the signal, and then clicking on the Create
button in the Spectra column. To view the spectra of input and output signals, select the
spectrum of input and the spectrum of output, and click on the View button to display both
of them in the same window for easy comparison.

4.6 Practical Applications

In this section, we briefly introduce some practical applications of IIR filtering such as signal
generation and audio equalization. The design of the specific IIR filters for parametric
equalizers will be introduced in Chapter 10.

4.6.1 Recursive Resonators

Consider a simple second-order filter whose frequency response is dominated by a single peak
at frequency wy. To make a peak at frequency wg, we place a pair of complex-conjugate poles
inside the unit circle at

pi = rpee, (4.52)

where the radius (the distance from the origin to the pole) is within 0 < r, < 1. The transfer
function of this second-order IIR filter can be expressed as

A A
(1= rpeioz=1) (1 — ryeionz1) 1= 2rycos(wp)z ! + raz?
_ A
1t aiz ! Haz?

H(z) =
(4.53)

where A is a fixed gain used to normalize the filter’s gain at w, to unity such that |H(w)| = 1.
The direct-form realization is shown in Figure 4.17.

The filter gain at @, can be computed by replacing z in (4.53) by e/ and taking the absolute
value as

A
el = 10 g ey (1 = ry et eion)] ~ (439
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X(n) — () y(n)

2r, cosw,

Figure 4.17 Signal-flow diagram of the second-order resonator filter

This condition can be used to set the gain value as

A=](1=r) (1= rpe 3)| = (1= 1) /1~ 208 20n) + 7. (4.55)

The 3-dB bandwidth of the resonator is equivalent to

1 1
|H(w)* = 5 |H(wo)* = .. (4.56)

2 2
There are two solutions on both sides of wg, and the bandwidth is the difference between these
two frequencies. When the poles are close to the unit circle, the bandwidth is approximated as

BW = 2(1—rp). 4.57)

This design criterion determines the value of r, for a given BW. The closer ry, is to one, the
sharper the peak.
From (4.53), the input/output equation of the resonator can be expressed as

y(n) = Ax(n) — a1y(n — 1) — azy(n — 2), (4.58)

where

a; = —2rpcoswy  and  ap = rﬁ. (4.59)
This recursive oscillator is based on the marginally stable two-pole IIR filter where the complex-
conjugate poles lie on the unit circle (r, = 1) at the angles +wq for generating the sinusoidal
waveform at frequency wy. This recursive oscillator is the most efficient way of generating a sine
wave, particularly if quadrature signals (sine and cosine signals) are required.
MATLAB® provides the function iirpeak for designing IIR peaking filters with the
following syntax:

[NUM, DEN] = iirpeak (Wo, BW) ;

This function designs the second-order resonator with the peak at frequency wo and the 3 dB
bandwidth Bw. In addition, we can use [NUM,DEN] = iirpeak (Wo,BW,Ab) to design a
peaking filter with the bandwidth of Bw at level Ab in dB.
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Figure 4.18 Magnitude responses of resonators
Example 4.17

Design two resonators to operate at 10 kHz sampling rate that have peaks at 1kHz (0.27)
and 2.5kHz (0.57) and the 3 dB bandwidth of 500 Hz and 200 Hz, respectively. These
filters can be designed using the following MATLAB™ script (example4_17.m, adapted

from the Help menu):

Fs=10000;
Wo=1000/(Fs/2);

BW =500/ (Fs/2);

W1l =2500/(Fs/2);

BW1 =200/ (Fs/2);

[b,a] =iirpeak (Wo,BW) ;
[bl,al] =iirpeak(Wl,BWl) ;
fvtool (b,a,bl,al);

oe

Sampling rate

First filter peak frequency
First filter bandwidth
Second filter peak frequency
Second filter bandwidth
D
D
A

oe

o° oo o

o

esign first filter
esign second filter
nalyze both filters

oe

oe

The magnitude responses of both filters are shown in Figure 4.18. In the FVTool window,
we select Analysis — Pole/Zero Plot to display the poles and zeros of both filters, which
are shown in Figure 4.19. It can be clearly seen that the second filter (peak at 0.57) has a
narrower bandwidth (200 Hz) because its poles are close to the unit circle.

Similarly, MATLAB® provides the function iirnotch for designing IIR notch (narrow
bandstop) filters with the following syntax:

[NUM, DEN] = iirnotch (Wo, BW) ;

This function designs second-order notch filters with the center of the stopband at frequency

Wo and the 3-dB bandwidth Bw.
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Figure 4.19 Pole/zero plot of two resonators

4.6.2 Recursive Quadrature Oscillators

Consider two causal impulse responses

he(n) = cos(won)u(n) (4.60a)

and

hs(n) = sin(won)u(n), (4.60b)

where u(n) is the unit-step function. Taking the z-transform of both functions, the corre-
sponding system transfer functions are obtained as

1 — cos(wp)z ™!

H =
(2) 1 — 2cos(wp)z ™! + 772

4.61a)

and
sin(wp)z !

H = .
(2) 1 —2cos(wp)z~! + 772

(4.61b)

The combined recursive structure with two outputs to realize these two transfer functions is
illustrated in Figure 4.20. The implementation requires just two data memory locations and
two multiplications. The difference equations for generating output signals are expressed as

v.(n) = w(n) — cos(wg)w(n — 1) (4.62a)
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Figure 4.20 Recursive quadrature oscillators

and
ye(n) = sin(wp)w(n — 1), (4.62b)

where w(n) is the internal state variable that is updated as
w(n) = 2cos(wp)w(n — 1) — w(n —2). (4.63)
Applying the impulse signal A§(n) to excite the oscillator is equivalent to presetting the
following initial conditions:
w(=2)=—-A and w(—1)=0. (4.64)
The waveform accuracy of the generated sine wave is limited primarily by the wordlength
of the hardware. The quantization of the coefficient cos(wyp) in (4.62) and (4.63) will cause the
actual output frequency to differ slightly from the desired frequency wy.

For some applications, only a sine wave is required. From (4.58) and (4.59), using the
conditions that x(n) = A8(n) and r, = 1, we can generate the sinusoidal signal as

ys(n) = Ax(n) — ayy(n — 1) — azys(n — 2)
= 2cos(wg)ys(n — 1) — y,(n —2) (4.65)

with the initial conditions
y,(=2) = —Asin(wp) and y(—1)=0. (4.66)

The oscillating frequency defined by (4.65) is determined from its coefficient a; and its
sampling frequency f,, expressed as

f = cos <| 1|) Hz, (4.67)
2

where the coefficient |a;| < 2.
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4.6.3 Parametric Equalizers

The design of IIR peak, low-shelf, and high-shelf filters specifically for audio parametric
equalizers will be presented in Section 10.3. In this section, we design a simple IIR filter for a
parametric equalizer from the resonator given in (4.53) by adding a pair of zeros near the poles
at the same angles +wy. That is, placing a pair of complex-conjugate zeros at

z = r, et (4.68)
where 0 < r, < 1. Thus, the transfer function given in (4.53) becomes
(1 -, ei“’oz’l) (1 -, e’j“’oz’l)
(1 = rpeieoz1) (1 — rpeiooz1)

H(z) =

_ 2,2
1 —2r,cos(w ng +rz (4.69)

T1- 2rpcos(wo)z! + riz-

_ 1 +biz7 ' +byz?
l+aiz7 ' +az?’

When r, < rp, the pole dominates the zero because it is closer to the unit circle than the zero.
Thus, it will generate a peak at = wg. When r, > r,, the zero dominates the pole, thus providing
a dip in the frequency response. When the pole and zero are very close to each other, the effects of
the poles and zeros will be reduced, resulting in a flat response. Therefore, (4.69) provides a boost
ifr; < rp,oracutifr, > rp. The amount of boost or cut is controlled by the difference between r;,
and r,. The distance from 7, to the unit circle will determine the bandwidth of the equalizer.

Example 4.18

Design a parametric equalizer with the peak at frequency 1.5 kHz and the sampling rate is
10kHz. Assume the parameters r, = 0.8 and r, = 0.9. Part of the MATLAB™ script
(example4_18.m) is listed as follows:

rz=0.8; rp=0.9; % Define radii of zero andpole
b=[1, -2*rz*cos (w0), rz*rz]; $ Define numerator coefficients
a=[1l, -2*rp*cos (w0), rp*rpl; %$ Define denominator coefficients
fvtool (b,a); % Analyze the equalizer

Since r, < rp, this filter provides a boost.

4.7 Experiments and Program Examples

This section implements different forms and realizations of IIR filters using C and
TMS320C55xx assembly programs.

4.7.1 Direct-Form I IIR Filter Using Floating-Point C

The direct-form I IR filter defined by the input/output equation (4.23) is implemented using
the C function listed in Table 4.1. The input and output signal buffers are x and y, respectively.
The current input data is passed to the function via variable in, and the filter output is saved on
the top of the y buffer at the location y [ 0]. The IIR filter coefficients are stored in the arrays a
and b with lengths na and nb, respectively. This IIR filter processes one sample at a time, that
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Table 4.1 List of floating-point C function for direct-form I IIR filtering

double z1,z2;
short i;

for (i=nb-1; i>0; i--)
x[1] =x[i-1];

x[0] =in;

zl +=x[1] *b[i];
for (i=na-1; i>0; i--)

ylil =yl[i-1];

z2 +=yl[i] *al[il];

y[0] =z1-22;

for(z1=0, i=0; I<nb; i++)

for(z2=0, i=1; I<na; i++)

void floatPoint_IIR(double in, double *x, double *y,

double *b, short nb, double *a, short na)

// Update the buffer x[]

// Insert newdata tox[0]

// Filterx[] withcoefficientsinb[]

// Update y buffer

// Filter y[] with coefficients in afl]

// Place the final result toy[0]

is, sample-by-sample processing. The input signal for the experiment contains three sinusoids
at frequencies 800, 1800, and 3300 Hz. The IIR bandpass filter is designed using the following

MATLAB® script:

Rp=0.1;
Rs=60;

[N,Wn]=ellipord(836/4000,1300/4000,Rp,Rs);

[b,al=ellip(N,Rp,Rs,Wn);

[num,den]=iirlp2bp(b,a,0.5,[0.25, 0.75]); %

o o° oo

oo o°

©

Passband ripple
Stopband attenuation
Filter order & scaling
factor

Lowpass IIR filter
Bandpass IIR filter

This bandpass filter will pass an 1800 Hz sine wave and attenuate 800 and 3300 Hz sinusoids.
Table 4.2 lists the files used for the experiment.

Table 4.2 File listing for the experiment Exp4.1

Files

Description

floatPoint_directIIRTest.c
floatPoint_directIIR.c
floatPointIIR.h
tistdtypes.h

c5505.cmd

input.pcm

Program for testing floating-point IIR filter
C function for floating-point IIR filter

C header file

Standard type define header file

Linker command file

Input data file
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Procedures of the experiment are listed as follows:

1. Import the CCS project from the companion software package and rebuild the project.

2. Load and run the project to filter the signal in the given input data file.

3. Validate the output signal using CCS or MATLAB™ to analyze the magnitude spectrum of
the output signal to examine whether the 800 and 3300 Hz components are attenuated by
60dB.

4. Design an IIR filter with two stopbands centered at frequencies 800 and 3300 Hz, each
bandstop filter has bandwidth 400 Hz, and the stopband attenuation is 60 dB. Redo the
experiment and compare the magnitude spectrum of output signal to the result obtained in
step 3.

4.7.2 Direct-Form I IIR Filter Using Fixed-Point C

The fixed-point C implementation of IIR filters can be done by modifying the floating-point C
program from the previous experiment. It is important to note that the data type 1ong must be
used for integer multiplication. As discussed in Chapter 2, the product of the multiplication
resides in the upper portion of the 1ong variables when using integers to represent fractional
signal samples, such as using the Q15 data format. The fixed-point C function for the IIR filter
is listed in Table 4.3, where we use the Q11 format for filter coefficients and Q15 for signal
samples. Table 4.4 lists the files used for the experiment.

Table 4.3 Fixed-point C implementation of direct-form I IIR filter

void fixPoint_IIR (short in, short *x, short *y,
short *b, short nb, short *a, short na)

{
long zl,z2, temp;

short i;

for (i=nb-1; i>0; i--) // Update the buffer x[]
x[i] =x[1i-1];

x[0] =in; // Insert newdata tox[0]

for (z1=0, i=0; i<nb; i++) // Filter x[] with coefficients inb][]
z1l 4+= (long)x[i] *b[i];

for (i=na-1; i>0; i—-) // Update y[] buffer
yli]l =yl[i-11;

for (z2=0, i=1; i<na; i++) // Filter y[] with coefficients in a[]
z2 += (long)y[i] *al[il;

z1l=121-22; // Ql5data filteredusing Qll coefficient
z1 +=0x400; // Rounding
y[0] = (short) (zl - z2) ; // Place the final result iny[0]
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Table 4.4 File listing for the experiment Exp4.2

Files Description
fixPoint_directIIRTest.c Program for testing fixed-point IIR filter
fixPoint_directIIR.c C function for fixed-point IIR filter
fixPointIIR.h C header file

tistdtypes.h Standard type define header file
c5505.cmd Linker command file

input.pcm Input data file

noise.pcm Experiment testing data file

Procedures of the experiment are listed as follows:

—

. Import the CCS project from the companion software package and rebuild the project.

2. Load and run the project to filter the signal in the given input data file.

3. Use CCS to plot the magnitude spectrum of the output signal to examine whether 800 and
3300Hz sinusoidal components are attenuated by 60dB. Compare the result to the
floating-point C implementation result obtained in Exp4.1 to examine the finite-precision
effects, especially around the passband at 1800 Hz to observe the coefficients’ quantization
noise in fixed-point implementation of a high-order direct-form IIR filter.

4. Use noise.pcm (included in this experiment) as the input data file, and redo experiments
Exp4.1 and Exp4.2. Plot and compare the magnitude spectra of output signals obtained
from these two experiments. Also, compare these spectra to the magnitude response of the
bandpass filter.

5. Design a lowpass filter using MATLAB®™ to pass 800 Hz tone and attenuate frequency
components above 1200 Hz by 60dB. Redo the experiment using this new filter and
validate the experimental result by showing the magnitude spectrum of the output signal.

6. Design a highpass filter using MATLAB™, the passband starting at 2000 Hz with 45 dB

attenuation in the stopband. Redo the experiment using this new filter and verify the

filtering result.

4.7.3 Cascade IIR Filter Using Fixed-Point C

The cascade structure shown in Figure 4.8 uses direct-form II second-order IIR filters. As
mentioned earlier, the zero-overhead repeat loops, multiply—accumulate instructions, and
circular addressing mode are three important features of modern digital signal processors. To
better utilize these features, the cascade structures of second-order IIR sections are imple-
mented using the fixed-point C program. In the experiment, the C statements are arranged to
mimic the multiply—accumulate and circular addressing operations of the C55xx processors.
The fixed-point C program listed in Table 4.5 implements the IIR filter with Ns cascaded
second-order sections.

The coefficient and signal arrays are configured as circular buffers that simulate the
architecture of the C55xx. These circular buffers are shown in Figure 4.21. The signal buffer
for each second-order section contains two elements, wy(n — 1) and wy(n — 2), as defined by
the difference equations (4.38) and (4.39). The signal buffer is arranged to group together each
section’s signal elements at time n — 1 in the first half of the buffer, and all the elements at
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Table 4.5 Fixed-point C implementation of cascade IIR filter

void cascadeIIR (short *x, short Nx, short *y, short *coef, short Ns,
short *w)
{
shorti,j,n,m,1,s;
short templ6;
longw_0, temp32;

m=Ns*5; // Setup circular buffer coef[]
s=Ns*2; // Setup circularbuffer wl]
for (7=0,1=0,n=0; n<Nx; n++) // IIR filtering

{
w_0= (long)x[n]<<12; // Scale input to prevent overflow
for (i=0; i<Ns; i++)
{
temp32 = (long) (* (w+1)) * *(coef+3j); j++; 1=(1+Ns) $s;
w_0 -= temp32<<1;
temp32 = (long) (* (w+1)) * * (coef+3); j++;
w_0 -= temp32<<1;
w_0 +=0x4000; // Rounding
templ6 = * (w+1) ;
* (w+1) = (short) (w_0>>15); // Save in Q15 format
w_0 = (long) templ6 * * (coef+j); j++;
w_0<<=1;
temp32 = (long) * (w+1) * * (coef+7); j++; 1=(1L+Ns) $s;
w_0 += temp32<<1;
temp32 = (long) * (w+1) * * (coef+3); J=(3+1) om; 1=(1+1) $s;
w_0 += temp32<<1;
w_0 +=0x800; // Rounding
}
y[n] = (short) (w_0>>12) ; // Output in Q15 format
}

time n — 2 are placed in the second half of the buffer. The pointer address for the signal buffer
is initialized to start at the first sample, w; (n — 1). The address index offset equals the number
of sections. The filter coefficients are arranged in the order ay, ax, bak, box, and by, for each of
k cascaded IIR sections, and the coefficient pointer is initialized to point at the first coefficient,
ay;. Itis important to note that the specific coefficient ordering for by, bor, and by is due to the
implementation of the circular buffer required by the C55xx assembly programs, which is not
required by C programs. Such a special arrangement for this C program is intended to show
how it will be done by the assembly program in Section 4.7.5. The circular pointers for the
coefficient buffer ¢ [] and signal buffer w[] are updated by j=(j+1) m and 1=(1+1) %s,
where m and s are the sizes of the coefficient and signal buffers, respectively. In this
experiment, four second-order IIR sections (Ny =4) are used so m = 5Ny, =20 and
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Coefficient Signal
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Figure 4.21 Configuration of IIR filter coefficient and signal buffers

s = 2N, = 8. The filter coefficient vector C[] and the signal vector w[] are defined in the C
program fixPoint_cascadeIIRTest.c. By changing the filter order N, different IIR
filters with different orders can be tested using the same IIR filter function, fixPoint_-
cascadetIIR.c.

The test function reads in the filter coefficient header file, fdacoefsMATLAB.h, which is
generated by the FDATool. These coefficients are arranged in the order of ay, ax, bk, bor, and
by for the experiment. Table 4.6 lists the files used for the experiment, where the input data
file in. pcm consists of three sinusoids at 800, 1500, and 3300 Hz with 8000 Hz sampling rate.
The IIR filter will attenuate the 800 and 3300 Hz components in the input signal.

Table 4.6 File listing for the experiment Exp4.3

Files Description
fixPoint_cascadeIIRTest.c Program for testing cascade IIR filter
fixPoint_cascadetIIR.c C function for fixed-point second-order IIR filter
cascadeIIR.h C header file

tistdtypes.h Standard type define header file
fdacoefsMATLAB.h FDATool-generated C header file

tmwtypes.h Data type definition file for MATLAB® C header file
c5505.cmd Linker command file

in.pcm Input data file
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Procedures of the experiment are listed as follows:

1. Import the CCS project from the companion software package and rebuild the project.

2. Load and run the project to filter the input signal in the given data file.

3. Use MATLAB™ to plot the magnitude spectrum of input and output signals and compare
them.

4. Design a highpass filter that will attenuate frequencies below 1800 Hz at least 60 dB. Redo
the experiment using this highpass filter. Verify the filtering result. The 3300 Hz tone
should pass, while the 800 and 1500 Hz tones are attenuated.

5. Convert the direct-form I realization of the IIR filter presented in Exp4.2 to a cascade
second-order IIR filter. Redo experiment Exp4.2 using this cascade IIR filter. Compare and
analyze the differences of the filtering results to Exp4.2, which are caused by using
different structures.

4.7.4 Cascade IIR Filter Using Intrinsics

The C intrinsics are C functions that will produce optimized assembly statements in compile
time. These intrinsics are specified with a leading underscore and can be called by C
programs. For example, the multiply—accumulation operation, z+=x * y, can be implemented
by the following intrinsic:

short x,vy;
long z;

z=_smac(z,%X,Vy); // Performsigned z=z+x*y

This intrinsic performs the signed multiple—accumulation operation z+=xxy with the
following assembly instruction:

macm Xmem, Ymem, ACX
Table 4.7 lists the intrinsics supported by the TMS320C55xx C compiler.

Table 4.7 Intrinsics supported by the TMS320C55xx C compiler

C Compiler Intrinsics Description

short _sadd (short srcl, Adds two 16-bit integers with SATA set, producing a saturated
16-bit result
Adds two 32-bit integers with SATD set, producing a saturated

32-bit result

short src2);
long _lsadd(longsrcl,
long src2);

short _ssub (short srcl,
short src2);

long _lssub(longsrcl,
long src2);

short _smpy (short srcl,
short src2) ;

long _lsmpy (short srcl,
short src2);

long _smac (long src,
short opl, short op2) ;

Subtracts src2 from srcl with SATA set, producing a saturated
16-bit result
Subtracts src2 from srcl with SATD set, producing a saturated
32-bit result
Multiplies srcl and src2 and shifts the result left by one.
Produces a saturated 16-bit result. (SATD and FRCT are set)
Multiplies srcl and src2 and shifts the result left by one.
Produces a saturated 32-bit result. (SATD and FRCT are set)
Multiplies op1 and op2, shifts the result left by one, and adds it to
src. Produces a saturated 32-bit result. (SATD, SMUL, and
FRCT are set)

(continued)
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Table 4.7 (Continued)

C Compiler Intrinsics

Description

long _smas (long src,
short opl, shortop?2);

short _abss (short src) ;

long_labss (longsrc);

long _labss (longsrc);

short _sneg(short src) ;

long _lsneg(longsrc);

short _smpyr (short srcl,
short src2);

short _smacr (long src,
short opl, shortop?2);

short _smasr (long src,
short opl, shortop?2);

short _norm(short src) ;
short _lnorm(longsrc);
short _rnd(longsrc);

short _sshl (short srcl,
short src2);

long _1lsshl (longsrcl,
short src2);

short _shrs (short srcl,
short src2);

long _1lshrs(longsrcl,
short src2);

short _addc (short srcl,
short src2);

long _laddc(longsrcl,
short src2);

Multiplies opl and op2, shifts the result left by one, and subtracts
it from src. Produces a 32-bit result. (SATD, SMUL, and FRCT
are set)

Creates a saturated 16-bit absolute value.

_abss(0x8000) => 0x7FFF (SATA set)

Creates a saturated 32-bit absolute value.

_1abss(0x8000000) => 0x7FFFFFFF (SATD set)

Creates a saturated 32-bit absolute value.

_1abss(0x8000000) => 0x7FFFFFFF (SATD set)

Negates the 16-bit value with saturation

_sneg(0xffft8000) => 0x00007FFF

Negates the 32-bit value with saturation.

_1sneg(0x80000000) => 0x7FFFFFFF

Multiplies srcl and src2, shifts the result left by one, and
rounds by adding 2' to the result. (SATD and FRCT are set)
Multiplies opl and op2, shifts the result left by one, adds the
result to src, and then rounds the result by adding 215, (SATD,
SMUL, and FRCT are set)

Multiplies opl and op?2, shifts the result left by one, subtracts the
result from src, and then rounds the result by adding 2'°. (SATD,
SMUL, and FRCT set)

Produces the number of left shifts needed to normalize src
Produces the number of left shifts needed to normalize src
Rounds src by adding 2'°. Produces a 16-bit saturated result.
(SATD set)

Shifts srcl left by src2 and produces a 16-bit result. The result
is saturated if src2 is less than or equal to eight. (SATD set)
Shifts srcl left by src2 and produces a 32-bit result. The result
is saturated if src2 is less than or equal to eight. (SATD set)
Shifts srcl right by src2 and produces a 16-bit result. Produces
a saturated 16-bit result. (SATD set)

Shifts srcl right by src2 and produces a 32-bit result. Produces
a saturated 32-bit result. (SATD set)

Adds srcl, src2, and carry bit and produces a 16-bit result

Adds srcl, src2, and carry bit and produces a 32-bit result

In this experiment, the fixed-point C function for the cascade IIR filter from the previous
experiment is modified by using intrinsics. Table 4.8 lists the fixed-point C implementation
with coefficients represented by the Q14 format. Since N = 4, the filter length equals eight,
which is a power-of-2 number, thus the modulo operation “%s” is replaced with the “&s”
operation by changing s = 2Ny — 1 = 7 for updating the circular signal buffer. Table 4.9 lists
the files used for the experiment.
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Table 4.8 Implementation of cascade IIR filter using fixed-point C with intrinsics
voidintrinsics_IIR(short *x, short Nx, short *y,
short *coef, short Ns, short *w)
{
shorti,j,n,m,1,s;
short templ6;
longw_0;
m=Ns*5; // Setup circular buffer coef[]
s=Ns*2-1; // Setup circular buffer wl]
for (j=0,1=0,n=0; n<Nx; n++) // IIR filtering
{
w_0= (long)x[n]<<12; // Scale input to prevent overflow
for (i=0; i<Ns; i++)
{
w_0 =_smas(w_0,* (w+1), * (coef+j)); j++; 1=(1+Ns) &s;
w_0=_smas (w_0,* (w+1), * (coef+3)); j++;
templ6 = * (w+1) ;
* (w+1) = (short) (w_0>>15); // Save in Q15 format
w_0=_lsmpy (templ6, * (coef+3)); j++;
w_0 =_smac (w_0,* (w+1), * (coef+3j)); j++; 1=(1+Ns) &s;
w_0=_smac (w_0,* (w+1),* (coef+73)); j=(3+1) %m; 1= (1+1)&s;
}
y[n] = (short) (w_0>>12) ; // Output in Q15 format
}
}
Table 4.9 File listing for the experiment Exp4.4
Files Description
intrinsics_IIRTest.c Program for testing IIR filter using intrinsics
intrinsics_IIR.c Intrinsics implementation of second-order IIR filter
intrinsics_IIR.h C header file
tistdtypes.h Standard type define header file
fdacoefsMATLAB.h FDATool-generated C header file
tmwtypes.h Data type definition file for MATLAB® C header file
c5505.cmd Linker command file

in.pcm Input data file
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Procedures of the experiment are listed as follows:

1. Import the CCS project from the companion software package and rebuild the project.

2. Load and run the project to filter the input signal in the given data file.

3. Use MATLAB™ to plot the magnitude spectrum of the output signal and compare it to the
input signal.

4. Profile the clock cycles needed for this experiment and compare them to Exp4.3 to evaluate
the efficiency achieved by using C55xx intrinsics.

5. Use MATLAB™ to design a bandstop filter (such as using MATLAB® function iirnotch
introduced in Section 4.6.1) that will attenuate an 800 Hz sine wave by 60 dB. Repeat the
experiment using the notch filter. Use MATLAB™® to plot the magnitude spectrum of the
output signal and compare it to the magnitude spectrum of the input signal.

6. Modify the fixed-point C program presented in Exp4.2 by using C55xx intrinsics and redo
the experiment. Profile the required clock cycles needed for the fixed-point C with and
without using intrinsics.

4.7.5 Cascade IIR Filter Using Assembly Program

This experiment implements a cascade IIR filter using the C55xx assembly program and block
processing method. The IIR filter coefficients and signal samples are represented using the
Q14 format. To compensate for the scaled input signal, the filter output y(n) is scaled up to the
Q15 format and stored in memory with rounding.

For the cascade IIR filter with K second-order sections, the signal and coefficient buffers are
arranged as shown in Figure 4.21 for using the C55xx circular addressing mode. The fixed-
point C program from the previous experiments serves as an example to show the flow of the
C55xx assembly code, particularly the circular addressing operations. Table 4.10 lists the files
used for the experiment.

Procedures of the experiment are listed as follows:

1. Import the CCS project from the companion software package and rebuild the project.

2. Load and run the project to filter the input signal from the given data file. Verify the result
by comparing the output signal to the output signal obtained from the previous fixed-point
C experiments.

Table 4.10 File listing for the experiment Exp4.5

Files Description

asmIIRTest.c Program for testing assembly IIR filter

asmIIR.asm Assembly implementation of second-order IIR filter
asmIIR.h C header file

tistdtypes.h Standard type define header file
fdacoefsMATLAB.h FDATool-generated C header file

tmwtypes.h Data type definition file for MATLAB® C header file
c5505.cmd Linker command file

in.pcm Input data file
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3. Modify experiments Exp4.1 through Exp4.5 such that they all use the same input data file
in.pcmand the IIR bandpass filter fdacoe£sMATLAB. h provided by Exp4.5. Use CCS to
profile the required clock cycles of the IIR filters in experiments Exp4.1 through Exp4.5
and compare their efficiency.

4.7.6 Real-Time IIR Filtering

This experiment modifies the real-time FIR filtering program developed in Chapter 3 for real-
time IIR filtering. Table 4.11 lists the files used for the experiment.
Procedures of the experiment are listed as follows:

1. Import the CCS project from the companion software package and rebuild the project.

2. Connect a headphone to the eZdsp audio output jack and connect an audio source to the
eZdsp audio input jack. Load and run the program at a sampling rate of 48 000 Hz.

3. Listen to the audio playback from the headphone to verify that the high-frequency audio
components in the input signal are attenuated by the lowpass filter with 2000 Hz cutoff
frequency used by this experiment.

4. Use MATLAB™ to design a new lowpass IIR filter with 1200 Hz cutoff frequency at
8000 Hz sampling rate. Configure the eZdsp to run at 8000 Hz sampling rate using this new
lowpass filter for real-time experiments. Compare the result to the result from step 3 using
subjective evaluation.

5. Design a highpass filter that has a cutoff frequency of 1200 Hz at 8000 Hz sampling rate.
Modify the program such that the left-channel signal will be filtered by the lowpass filter
with cutoff frequency 1200 Hz (step 4), and the right-channel audio will be filtered by this
highpass filter. Listen to both channels of audio output to evaluate different filtering
effects. )

6. Use the MATLAB™ FDATool to design a lowpass and a highpass filter with a cutoff
frequency of 3000 Hz at 48 000 Hz sampling rate. Redo step 5 using the eZdsp running
at 48 000 Hz sampling rate.

Table 4.11 File listing for the experiment Exp4.6

Files Description
realtimeIIRTest.c Program for testing real-time IIR filter
iirFilter.c Filter control and initialization functions
asmIIR.asm Assembly program for second-order IIR filter
vector.asm Vector table for real-time experiment
asmIIR.h Header file for assembly IIR experiment

iir lp_2khz_48khz.h FDATool-generated C coefficients header file
tmwtypes.h Data type definition file for MATLAB® C header file
tistdtypes.h Standard type define header file

dma.h Header file for DMA functions

dmaBuff.h Header file for DMA data buffer

i2s.h i2s header file for i2s functions
Ipva200.inc C5505 processor include file
myC55xxUtil.lib BIOS audio library

c5505.cmd Linker command file
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Table 4.12 File listing for the experiment Exp4.7

Files Description
parametric_equalizerTest.c Program for testing parametric equalizer
fixPoint_cascadetIIR.c C function of parametric equalizer
cascadeIIR.h Header file for the experiment
tistdtypes.h Standard type define header file
c5505.cmd Linker command file

input.pcm Data file consists of two tones

4.7.7 Parametric Equalizer Using Fixed-Point C

This experiment designs and implements a parametric equalizer using resonators at 200 and
1000 Hz for the sampling rate of 8000 Hz. The experiment initializes the parameters of the
IR filters based on (4.69) using the selected rz and rp values from the table given in
parametric_equalizerTest.c. This table provides the equalizer gain with an adjustable
(dynamic) range of +6dB in 1dB steps. The default setting is to attenuate the 1000 Hz
component by 6 dB and boost the 200 Hz component by 6 dB. The direct-form II IIR filter is
used as the resonator. The equalizer coefficients are generated by the function coefGen ()
during the initialization stage. The experiment is implemented using fixed-point C. Table 4.12
lists the files used for the experiment.
Procedures of the experiment are listed as follows:

—

. Import the CCS project from the companion software package and rebuild the project.

2. Load and run the project using the data file provided by the companion software package.

3. Use the CCS graphical tool to plot and compare the magnitude spectrum of the equalizer’s
input and output signals. Change the default settings to use different resonator frequencies
and boost/attenuation levels (by changing rz and rp values in parametric_equali-
zerTest.c) to examine the equalization effects.

4. Design a new equalizer for the sampling rate of 48 000 Hz. Use the interpolator experiment
from Chapter 3 to convert the input data to 48 000 Hz. Redo the experiment using the new
equalizer and audio file at the sampling rate of 48 000 Hz.

5. Design a three-band equalizer at normalized frequencies 0.05, 0.25, and 0.5 with 8000 Hz

sampling rate based on the two-band equalizer used in previous steps. The equalizer must

have a dynamic range of =9 dB in 1 dB steps for each resonator (IIR filter) frequency. This
requires the design of a new set of tables similar to the tables gain200[][] and
gainl000[][] in parametric_equalizerTest.c used by the two-band equalizer.

Redo the experiment to verify the performance of the three-band equalizer.

4.7.8 Real-Time Parametric Equalizer

This experiment implements a two-band equalizer and tests its performance in real time using
the sampling rate of 8000 Hz. There are two default settings: the first one initializes
coefficients in c1[] for the equalizer having 6 dB gain at 1000 Hz and —6 dB attenuation
at 200 Hz for the treble effect. The second default setting initializes coefficients in c2 [] for
the equalizer having 6 dB gain at 200 Hz and —6 dB attenuation at 1000 Hz. The experiment
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Table 4.13 File listing for the experiment Exp4.8

Files Description
realtimeEQTest.c Program for testing real-time equalizer
equalizer.c Initialization and control functions
asmIIR.asm Assembly implementation of second-order IIR filter
vector.asm Vector table for real-time experiment
asmIIR.h Header file for assembly IIR filter
tistdtypes.h Standard type define header file

dma.h Header file for DMA functions
dmaBuff.h Header file for DMA data buffer
i2s.h i2s header file for i2s functions
Ipva200.inc C5505 processor include file
myC55xxUtil.lib BIOS audio library

c5505.cmd Linker command file

uses treble and bass filters having £6 dB range boost/attenuation and can be initialized with
different gain values from —6 to +6dB. Table 4.13 lists the files used for the experiment.
Procedures of the experiment are listed as follows:

. Import the CCS project from the companion software package and rebuild the project.

. Connect a headphone and an audio source to the eZdsp audio ports. Load and run the

program.

3. Listen to the audio output to evaluate the performance of the equalizer. Modify the default
setting by changing the resonator frequencies and gain/attenuation values. Redo the
experiment to evaluate different equalization effects.

4. Modify the experiment to run properly at the sampling rate 48 000 Hz.

5. Design a three-band equalizer with normalized resonator frequencies at 0.05, 0.25, and 0.5

with 8000 Hz sampling rate based on the two-band equalizer. The equalizer must have a

dynamic range of £9dB in 1 dB steps for each IIR filter. Redo the real-time experiment to

evaluate the performance of the new three-band equalizer.

N =

Exercises

4.1. Compute the Laplace transform of the unit-impulse function 4(f) and the unit-step
function u(r).

4.2. Given the analog system transfer function

2 3
H(s) =

T2 +3s5+2
find the poles and zero of the system and discuss its stability.
4.3. Given the digital system transfer function

Hz) = 0.5(z% +0.557 — 0.2)
YT 072 - 084 + 0.544°

realize the system using a cascade of direct-form II sections.
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4.4.

4.5.

4.6.

4.7.

4.8.

4.9.

Draw the direct-form I and II realizations of the transfer function

(22 +2z2+2)(z+0.6)

HE) = 08 1 08)(@ 1 0.0z 1 08)°

Given the IIR filter with transfer function

(14141427 + 271 +227" +272)
(1 —0.8z7! 4+ 0.64z72)(1 — 1.0833z! +0.25z72)’

H(z) =

find the poles and zeros of the filter, and use the stability triangle to check if H(z) is a
stable filter. Verify the results using MATLAB®.

Consider the second-order IIR filter defined by the input/output equation
y(n) =x(n) +aiy(n — 1) + ay(n —2), n=0.

Find the transfer function H(z), and discuss the stability conditions related to the
following cases:

l.at/4+a, <O0.

2. a}l/4+a; > 0.

3. al/4+ay =0.

A first-order allpass filter has the transfer function

7 '—a

T°

H@) =1——= =

(a) Draw the direct-form I and II realizations.

(b) Show that |H(w)| =1 for all w.

(c) Sketch the phase response of this filter. )

(d) Plot the magnitude and phase responses using MATLAB™ for different values of a.

Given the transfer function of a six-order IIR as

6+ 1777 43372 42573 42007 — 5275 4+ 87°
ol +277 4372423402274 -0325 0276

H(z)

factorize the transfer function and realize it as cascaded second-order IIR sections using
MATLAB™.

Given the fourth-order IIR transfer function

12 -2z 437272 42077

H = .
I oy s g

1. Factorize H(z) using MATLAB™.
2. Develop two different cascade realizations.
3. Develop two different parallel realizations.
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4.10.

4.11.

4.12.

4.13.

4.14.

4.15.

4.16.

4.17.

4.18.

4.19.

Design and plot the magnitude response of an elliptic IIR lowpass filter with the
following specifications using MATLAB™: passband edge at 1600 Hz, stopband
edge at 2000 Hz, passband ripple of 0.5 dB, and minimum stopband attenuation of
40dB with a sampling rate of 8000 Hz. Analyze the designed filter using the
FVTool.

Use the FDATool to design the IIR filter specified in Problem 4.10 using following
methods:

1. Butterworth.

2. Chebyshev type L

3. Chebyshev type II

4. Bessel.

Show both the magnitude and phase responses of the designed filters, and indicate the
required filter orders

Redo Problem 4.10 using the FDATool, compare the results to Problem 4.10, and design
a quantized filter using 16-bit fixed-point processors.

Redo Problem 4.12 for designing an 8-bit fixed-point filter. Compare the differences to
the 16-bit filter designed in Problem 4.12.

Design a Butterworth IIR bandpass filter with the following specifications: passband
edges at 450 and 650 Hz, stopband edges at 350 and 750 Hz, passband ripple of 1dB,
minimum stopband attenuation of 60 dB, and sampling rate of 8000 Hz. Analyze the
designed filter using the FVTool.

Redo Problem 4.14 using the FDATool, compare the results to Problem 4.14, and design
a quantized filter for 16-bit fixed-point digital signal processors.

Design a Chebyshev type I IIR highpass filter with passband edge at 700 Hz,
stopband edge at 500 Hz, passband ripple of 1 dB, and minimum stopband attenua-
tion of 32 dB. The sampling frequency is 2000 Hz. Analyze the designed filter using
the FVTool.

Redo Problem 4.16 using the FDATool, compare the results to Problem 4.16, and design
a quantized filter for 16-bit fixed-point processors.

Given the IIR lowpass filter with transfer function

0.0662(1 + 3z ' +3z72+279)

H =
(&) = 1709356: 7+ 056712 —0.101623

®

plot the impulse response using an appropriate MATLAB
result using the FVTool.

function, and analyze the

It is interesting to examine the frequency response of the second-order resonator filter
as the radius r, and the pole angle wy are varied. Use MATLAB™ to compute and plot
the magnitude responses for wy = /2 and various values of r,,. Also, compute and plot

the magnitude responses for r, = 0.95 and various values of wy.
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Frequency Analysis and the
Discrete Fourier Transform

This chapter introduces the properties, applications, and implementations of the discrete
Fourier transform (DFT) and the fast Fourier transform algorithms that are now widely used
for frequency analysis, fast convolution, and many other applications [1-9].

5.1 Fourier Series and Fourier Transform

This section briefly introduces the Fourier series for periodic analog signals, and the Fourier
transform for finite-energy analog signals.

5.1.1 Fourier Series

There are several different forms of Fourier series, such as trigonometric Fourier series. In this
chapter, we introduce only the complex Fourier series, which has a similar form to the Fourier
transform.

A periodic signal can be represented as the sum of an infinite number of harmonic-related
sinusoids or complex exponentials. The complex Fourier series representation of a periodic
signal x(f) with period Ty, that is, x(z) = x(¢ + Tp), is defined as

o8}

x(t) = Z el (5.1)

k=—00

where ¢, are the Fourier series coefficients, {}y = 27 /T is the fundamental frequency, and & is
the integer frequency index for the kth harmonic at frequency k().
The kth Fourier series coefficient ¢, is defined as

1

— x()e KWt gy, (5.2)
To Jo

Ck

Real-Time Digital Signal Processing: Fundamentals, Implementations and Applications, Third Edition.
Sen M. Kuo, Bob H. Lee and Wenshun Tian.
© 2013 John Wiley & Sons, Ltd. Published 2013 by John Wiley & Sons, Ltd.
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For an even function x(#), it is easier to calculate the interval from —7/2 to Ty/2. The term

1 [

=— x(r)dt
Ty Jo 0

€o

is called the DC (or dc) component because it equals the average of x(f) over one period.

Example 5.1

A rectangular pulse train is a periodic signal with period T; and can be expressed as

A, kTy—t/2<t<kTh+1/2
x(r) = {0, otherwise. (53)
where k=0, £1,+2, . .. ,and v < Tjis the width of a rectangular pulse with amplitude A.
Since x(7) is an even function, its Fourier coefficients can be calculated as
/2 —jkQot | 7/2 .
. 1 o/ Ao KO0t gp Ale .J ot _ Atsin(kQo7/2) (5.4)
To J_1,2 To | —kQo|_, Ty kQot/2

This equation shows that ¢; has the maximum value of At/T} at the DC frequency
0y = 0, gradually decays to zero as {}y — Fo00, and equals zero at frequencies that are
multiples of 7.

The plot of |ci| versus frequency index k is called the magnitude spectrum, which shows
that the power of the periodic signal is distributed at the frequency components k(). Since the
power of the periodic signal exists only at discrete frequencies k€)y, the signal has a line
spectrum. The space between two adjacent spectral lines is equal to the fundamental
frequency (). For the rectangular pulse train with a fixed period Ty, the effect of decreasing
T (narrowing the width of the rectangular pulse) is to spread the signal power over the entire
frequency range. On the other hand, when t is fixed but the period T increases, the spacing
between adjacent spectral lines decreases.

Example 5.2

Consider the pure sine wave expressed as
x(t) = sin(27fyt).

Using Euler’s formula and (5.1), we obtain

o0
o2fot _ efj27rf0t) _ Z e 2T

k=—00

1
sin(27fyt) = % (
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Therefore, the Fourier series coefficients are obtained as

1/2j, k=1
=% —1/2j, k=-1 (5.5)
0, otherwise.

This equation indicates that the power of a pure sine wave is only distributed at the
harmonics k ==+ 1, a perfect line spectrum.

5.1.2 Fourier Transform

‘We have shown that a periodic signal has a line spectrum, and the space between two adjacent
spectral lines is equal to the fundamental frequency )y = 27 /Tp. As the period Tj increases,
the line space decreases and the number of frequency components increases. If we increase the
period without limit (i.e., Ty — 00), the line spacing approaches zero with infinite frequency
components. Therefore, the discrete line components converge to a continuum of frequency
spectrum.

In practical applications, most real-world signals such as speech are not periodic. They can
be approximated by periodic signals with infinite period, that is, Ty — oo (or ¢ — 0), and
have continuous frequency spectra. Therefore, the number of exponential components in (5.1)
approaches infinity, and the summation becomes integration over the range (—oo, oc). Thus,
(5.1) becomes

x(1) ! / OOX(Q)ejQ’dQ. (5.6)

:E .

This is the inverse Fourier transform. Similarly, (5.2) becomes

X(Q) = / h x(r)e ¥ dr (5.7)

or

X(f) = / h x(t)e 2 dr. (5.8)

This is the Fourier transform (FT) of analog signal x(#).
Example 5.3

Calculate the Fourier transform of x(f) = e “u(r), where a > 0 and u(?) is the unit-step
function.
From (5.7), we have

X(Q) :/ e“”u(t)e‘lﬂ’dt:/ e (@t g

00 0

1
Ca+jQ’
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For the function x(¢) defined over a finite interval Ty, that is, x(f) =0 for |¢| > Ty/2, the
Fourier series coefficients ¢; can be expressed in terms of X({)) using (5.2) and (5.7) as

1
Cr = FOX(]CQ()) (59)

Therefore, the Fourier transform X (€)) of a finite interval function at a set of equally spaced
points on the () axis is specified by the Fourier series coefficients cy.

5.2 Discrete Fourier Transform

In this section, we introduce the discrete-time Fourier transform for the theoretical analysis of
discrete-time signals and systems, and the discrete Fourier transform, which can be computed
by digital hardware for practical applications.

5.2.1 Discrete-Time Fourier Transform

The discrete-time Fourier transform (DTFT) of a discrete-time signal x(n7) is defined as

o0

X(w)= > x(nT)e . (5.10)

n=—00

It can be shown that X(w) is a periodic function with period 2. Thus, the frequency range of a
discrete-time signal is unique over the range of (—m, m) or (0, 27).
The DTFT of x(nT) can also be defined using the normalized frequency as

o0

X(F)= > x(nT)e ™, (5.11)
where
o_ f
F=_——=
T (f/2)

defined in (2.8) is the normalized digital frequency in cycles per sample. Compare this
equation to (5.8): the periodic sampling imposes the relationship between the independent
variables ¢ and n as t=nT = nlf, It can be shown that

1 o0

X(F) == > X(F k). (5.12)

k=—00

This equation states that X(F) is the sum of an infinite number of X(f), which is the Fourier
transform of analog signal x(), scaled by 1/7, and then frequency shifted to kf;. It also states
that X(F) is a periodic function with period T = 1/f,.
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X(f)

AR

—fu 0 fm

(a) Spectrum of bandlimited analog signal.

X(f/fs)
...... _fS £ P
2 2
t t t t f
—fs -fu 0 fm fs

(b) Spectrum of discrete-time signal when the

sampling theorem fy, <fg /2 is satisfied.

X(F/f5)

t f
fg

><
_h><l\)|m_'"
<

(c) Spectrum of discrete-time signal that shows aliasing
when the sampling theorem is violated.

Figure 5.1 Spectrum replication of discrete-time signal caused by sampling

Example 5.4

Assume that the continuous-time signal x(7) is a bandlimited signal, that is, |X(f)| = 0 for
If| > fu» where f, is the bandwidth of signal x(z). The spectrum is zero for |[f| > f,, as
shown in Figure 5.1(a).

As illustrated in (5.12), sampling extends the original spectrum X(f) repeatedly on both
sides of the f axis. When the sampling rate f, is greater than or equal to 2f;,, that is,
Ju <f/2, the analog spectrum X(f) is preserved (without overlap) in X(F) as shown in
Figure 5.1(b). In this case, there is no aliasing because the spectrum of the discrete-time
signal is identical (except for the scaling factor 1/7T) to the spectrum of the analog signal
within the frequency range |f| < f,/2 or |F| < 1. Therefore, the analog signal x(f) can be
recovered from the sampled discrete-time signal x(rnT) by passing it through an ideal
lowpass filter with bandwidth f;, and gain 7. This verifies the sampling theorem, that is,
Sfu < f./2, introduced in Chapter 1.
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However, if the sampling rate f, < 2f),, the shifted replicas of X(f) will overlap with
adjacent ones as shown in Figure 5.1(c). This phenomenon is called aliasing since the
frequency components in the overlapped regions are corrupted, thus the analog signal x()
cannot be reconstructed from the sampled signal x(nT).

The DTFT X(w) is a continuous function of frequency w and the computation requires an
infinite-length sequence x(n). These two problems make the DTFT very difficult to compute.
We will define the discrete Fourier transform (DFT) in the following section for N samples of
x(n) and only compute DFT coefficients at N discrete frequencies. Therefore, the DFT is a
numerically computable transform that can be used for practical applications.

5.2.2 Discrete Fourier Transform

The DFT of the finite-duration signal x(n) of length N is defined as

N—-1
X(k) =" x(n)e P/Mkn g =0,1,...,N—1, (5.13)
n=0

where k is the frequency index, X(k) is the kth DFT coefficient, and the summation bounds
reflect the assumption that x(n) =0 outside the range 0 < n < N — 1. The DFT is equivalent
to taking N samples of DTFT X(w) over the interval 0 < w < 2, at N equally spaced discrete
frequencies wy = 2k/N, k=0, 1, ..., N— 1. Therefore, the space between two successive
X(k) is 27/N radians (or f,/N Hz), which is the frequency resolution of the DFT.

Example 5.5
If the signal x(n) is real valued and N is an even number, we can show that

N—1 N-1

X(0) = Zx(n)efjo = Zx(n)

n=0 n=0

and

T

X(N/2) = ie’j’mx(n) =Y (=1)"x(n).
n=0

n

Il
o

Therefore, the DFT coefficients X(0) and X(N/2) are real values. Note that if N is an odd
number, X(0) is still real but X(N/2) is not available.

Example 5.6

Consider the finite-length signal

x(n)=d", n=0,1,...,N—1,
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where 0 < a < 1. The DFT of x(n) is computed as

N—1 n
" e i(2k/N)n (a eqz;m/zv)
Z -2
1-(a eijnk/N) Ty
- 1_ae—j27ﬂ(/N :1_ae_j2n,k/N7 k:0717...,N—1.

The DFT defined in (5.13) can also be rewritten as

N—1
x(mWh k=0,1,...,N -1, (5.14)
n=0
where
, 27k 25k
Whn — gi(2m/N)kn cos< ’;j”) jsin( ’;}”) 0<kn<N-—1. (5.15)

The parameters Wy are called the twiddle factors of the DFT. It can be shown that
WY =e 27 =1=w), WN/ =e " =—1,and W, k=0,1,...,N — 1, are the N roots of
unity in a clockwise direction on the unit circle. The twiddle factors have the symmetry
property

WerNE = —wk o<k<N/2-1, (5.16)

and the periodicity property

WitV = wt. (5.17)

The inverse discrete Fourier transform (IDFT) is used to transform the frequency-domain
coefficients X(k) back to the time-domain signal x(n2). The IDFT is defined as

1 N—-1 ) 1 N—-1
x(n) = NZX(k)e](z”/mk” = NZX(k)W,;"", n=0,1,...,N—1. (5.18)
k=0 k=0

This is identical to the DFT with the exception of the normalizing factor 1/N and the opposite
sign of the exponent of the twiddle factors.

The DFT coefficients are equally spaced on the unit circle in the z-plane at frequency
intervals of f; /N (or 27 /N). Therefore, the frequency resolution of the DFT is A = f,/N. The
frequency sample X(k) represents the discrete frequency

fk:k%, fork=0,1,...,N — 1. (5.19)
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Because the DFT coefficient X(k) is a complex variable, it can be expressed in polar form as
X(k) = X (k)| Y, (5.20)

where the magnitude spectrum is defined as

X(0)] = \/{Re X(O]) + {Im [x(K)]}° (5.21)

and the phase spectrum is defined as

an~! Im [X (k)] ; e
s — t {Re [X(k)]}’ f Re[X(k)] >0 .
7r+tan1{£2 ggg} if Re[X(k)] <0

5.2.3 Important Properties

This section introduces several important properties of the DFT that are useful for analyzing
digital signals and systems.

A. Linearity: If {x(n)} and {y(n)} are digital signals of the same length, then

DFT[ax(n) + by(n)] = aDFT[x(n)] + bDFT[y(n)]

— aX(k) + bY(k), (5.23)

where a and b are arbitrary constants. Linearity allows us to analyze complicated
composite signals and systems by evaluating their individual frequency components.
The overall frequency response is the summation of individual results evaluated at every
frequency component.

B. Complex Conjugate: If the sequence {x(n), 0 <n <N — 1} is real valued, then

X(—k)=X(k), 1<k<N-1, (5.24)

where X* (k) is the complex conjugate of X(k). Defining M = N/2 if N is an even number, or
M= (N—1)/2 if N is an odd number, we have

XM+k)=X"(M—k), forl<k<M if Niseven (5.25a)
or

X(M+k) =X'(M—k+1), forl <k<M ifNis odd. (5.25b)
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Real Real

l !

X(0) X(1) ... X(M=2) X(M=1) X(M) X(M+1) X(M+2) ... X(N-1)
—

Complex conjugate

(a) N is an even number, M = N/2.

Real Middle

X(0) X(1) ... X(M=1) X(M) EX(M+1) X(M+2) ... X(N=1)
[ = ]

Complex conjugate

(b) N is an odd number, M = (N-1)/2.

Figure 5.2 Complex-conjugate property for N is (a) an even number and (b) an odd number

As illustrated in Figure 5.2, this property indicates that only the first (M 4 1) DFT
coefficients from k=0 to M are independent and need to be computed. For complex
signals, however, all N complex DFT coefficients carry useful information.

From the symmetry property, we obtain

X(k)| = [X(N —K)|, k=1,2,....M (5.26)

and
ok)=—¢p(N—k), k=1,2,....M. (5.27)

These equations show that the magnitude spectrum is an even function, and the phase

spectrum is an odd function.

C. DFT and the z-transform: The DFT coefficients can be obtained by evaluating the z-
transform of the length N sequence x(n) on the unit circle at N equally spaced frequencies
wy =2nk/N, k=0, 1, ..., N—1. That is,

X(k) :X(Z)|Z=Cj(2"/mk7 k:O,l,,N_ l (528)

D. Circular Convolution: If x(n) and h(n) are real-valued N-periodic sequences, y(n) is the
circular convolution of x(n) and A(n), which is defined as

N—-1

y(n) =h(n) @ x(n) = Zh(m)x((n —m)pean), n=0,1,....N—1, (5.29)

m=|
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x(n)

x(n—=N+1) x(n—1)

x(n-2)

Figure 5.3 Circular convolution of two sequences using the concentric circle approach

where ® denotes circular convolution and (n — m),, 4 v is the non-negative modular N
operation. Circular convolution in the time domain is equivalent to multiplication in the
frequency domain expressed as

Y(k) = X(k)H(k), k=0,1,...,N—1. (5.30)

Note that the shorter sequence must be padded with zeros in order to have the same length
for computing circular convolution.

Figure 5.3 illustrates the cyclic property of circular convolution using two concentric
circles. To perform circular convolution, N samples of x(n) are equally spaced around the outer
circle in a clockwise direction, and N samples of A(n) are displayed on the inner circle in a
counterclockwise direction starting at the same point. Corresponding samples on the two
circles are multiplied, and the products are summed to obtain the output value. The successive
value of the circular convolution is obtained by rotating the inner circle one sample in the
clockwise direction, and repeats the operation of computing the sum of corresponding
products. This process is repeated until the first sample of the inner circle lines up with
the first sample of the exterior circle again.

Example 5.7

Given two four-point sequences x(n) = {1, 2, 3, 4} and h(n)={1, 0, 1, 1}, and using the
circular convolution method illustrated in Figure 5.3, we obtain

1-141:24+1:340-4=6

—0-141-241:34+1-4=9
1-140-24+1-34+1-4=8
1-141:240-34+1-4=17.



Frequency Analysis and the Discrete Fourier Transform 205

Therefore, we have
y(n) = x(n) @ h(n) = {6,9,8,7}.
Note that the linear convolution of sequences x(n) and h(n) results in
y(n) = x(n) * h(n) = {1,2,4,7,5,7,4}.

This example can be verified by MATLAB™ script example5_7.m [10].

To use the DFT to perform linear convolution, we have to eliminate the circular effect by
using the zero-padding method. These two sequences must be zero padded to the length of
L+ M — 1 or greater, since the linear convolution of two sequences of lengths L and M results
in a sequence of length L + M — 1. That is, append the sequence of length L with at least M — 1
zeros, and pad the sequence of length M with at least L — 1 zeros.

Example 5.8

Consider the same sequences h(n) and x(n) as given in Example 5.7. If those four-point
sequences are zero padded to eight points as x(n) = {1,2,3,4,0,0,0,0} and h(n) = {1, 0, 1,
1, 0, 0, 0, 0}, the resulting circular convolution is

n=0,y0=1-140-2+0-34+0-440-0+1-0+1-04+0-0=1

n=1y1)=0-1+1-24+0-3+0-44+0-0+0-0+1-0+1-0=2
n=2,y2)=1-140-2+1-34+0-440-0+0-0+1-0+1-0=4

We finally have
y(n) = x(n) ® h(n) ={1,2,4,7,5,7,4,0}.

This result is identical to the linear convolution of the two sequences given in Example 5.7.
Thus, linear convolution can be realized by circular convolution with proper zero padding.
Zero padding can be implemented using the MATLAB™ function zeros (1, N), which
generates a row vector of N zeros. For example, the four-point sequence x(n) given in
Example 5.8 can be zero padded to eight points with the following command:

x=1[1, 2, 3, 4, zeros (1, 4)1;

MATLAB® script example5_8.m performs linear convolution using the DFT and zero
padding of sequences.

5.3 Fast Fourier Transforms

The difficulty in using the DFT for practical applications is its intensive computational
requirements. To compute each coefficient X(k) defined in (5.14), we need approximately N
complex multiplications and additions. Thus, approximately N> complex multiplications and
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(N2 — N) complex additions are required to compute N samples of X(k) for k=0, 1, ...,
N —1. Since a complex multiplication requires four real multiplications and two real
additions, the total number of arithmetic operations required for computing an N-point
DFT is proportional to 4N, which becomes a huge number for large N.

The twiddle factor W’,ﬁ}1 defined in (5.15) is a periodic function with limited distinct values
since

Wt = w{"man - for kn > N (5.31)

and W% = 1. Therefore, different powers of W’,ﬁ," have the same value. In addition, some twid-
dle factors have either real or imaginary parts equal to one or zero. By reducing these
redundancies, a very efficient algorithm called the fast Fourier transform (FFT) can be deriv-
ed, which requires only Nlog,N operations instead of N? operations. If N= 1024, the FFT
requires about 10* operations instead of 10° operations for the DFT.

The generic term FFT covers many different computation-efficient algorithms with
different features. Each FFT algorithm has different trade-offs in terms of code complexity,
memory usage, and computational requirements. In this section, we introduce two basic
classes of FFT algorithms: decimation-in-time and decimation-in-frequency. Also, we intro-
duce only the radix-2 algorithm such that N is a power-of-2 integer, that is, N = 2.

5.3.1 Decimation-in-Time

For the decimation-in-time algorithms, the sequence x(n), n=0, 1, ..., N—1, is first
divided into two shorter interwoven sequences: the even-numbered sequence

xi(m) =x(2m), m=0,1,...,(N/2) -1 (5.32)

and the odd-numbered sequence
xm)=x2m+1), m=0,1,...,(N/2)—1. (5.33)

Applying the DFT defined in (5.14) to these two sequences of length N/2, and combining the
resulting N/2-point X;(k) and X,(k), produces the final N-point DFT. This procedure is
illustrated in Figure 5.4 for N=8.

The structure shown on the right of Figure 5.4 is called the butterfly network because of
its crisscross appearance, which can be generalized as in Figure 5.5. Each butterfly involves
just a single complex multiplication by the twiddle factor W%, one addition, and one
subtraction.

Since N is a power-of-2 integer, N/2 is an even number. Each N/2-point DFT can be
computed by two smaller N/4-point DFTs. The second process is illustrated in Figure 5.6.

By repeating the same process, we will finally obtain a set of two-point DFTs. For example,
the N/4-point DFT became a two-point DFT in Figure 5.6 for N = 8. Since the first stage uses
the twiddle factor W = 1, the two-point butterfly network illustrated in Figure 5.7 requires
only one addition and one subtraction.
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Figure 5.4 Decomposition of N-point DFT into two N/2-point DFTs, N=38
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Figure 5.6 Flow graph illustrating second step of N-point DFT, N=38§

Figure 5.7 Flow graph of two-p